Advanced Digital Modulation Formats For
Optical Coherent Transmission Systems

by

Ahmed I. Abd El-Rahman

A thesis submitted to the
the Department of Electrical and Computer Engineering
in conformity with the requirements for
the degree of Doctor of Philosophy

Queen’s University
Kingston, Ontario, Canada
May 2019

Copyright c Ahmed I. Abd El-Rahman, 2019

Abstract

Field modulation with coherent detection leverages the use of optical channel bandwidth and allows mitigating transmission impairments by exploiting the two quadrature components of the optical carrier and providing a linear electrical-to-optical
(EO) and optical-to-electrical (OE) conversion. In addition, polarization multiplexing represents an effective means to double the information rate of single-polarization
systems. The advent of high-speed digital signal processing (DSP) engines and highspeed data converters has enabled the reliable transmission of bit rate in excess of
400 Gbit/s at achievable symbol rate using spectrally efficient dual-polarization (DP)
M-ary quadrature amplitude modulation (DP-MQAM) and forward error correction
(FEC) schemes. The evolution of such systems towards higher capacity depends
on designing signaling schemes which increase the information rate in the presence
of linear and nonlinear impairments. QAM constellation shaping has emerged as a
practical approach for tailoring modulation formats to be more power efficient and
more tolerant to fiber nonlinearities.
The major contribution of this thesis is to extensively analyze the role of constellation shaping in boosting the transmission capacity of modern coherent systems. This
includes describing a simplified approach to estimate the system performance of arbitrary modulation formats following nonlinear transmission. The approach employs
i

well-established models for intra- and inter- nonlinear effects and hence requires less
computational effort compared to the more accurate split-step Fourier simulation.
Additionally, I proposed a novel framework for optimized constellation design. The
framework uses genetic algorithms to optimize multidimensional QAM constellation
subset selection and has the potential to provide a methodical alternative to existing non-trivial constellation design approaches. Using this approach, I could obtain
optimized 4D and 8D constellations. Finally, I thoroughly investigated the system
performance of probabilistically shaped (PS) and uniform DP-64QAM constellations
in the presence of polarization-dependent loss (PDL). An accurate simulation model
was employed to evaluate the fluctuations of the bit-wise (BW) achievable information
rate (AIR) due to PDL. Moreover, extensive laboratory experiments were conducted
to demonstrate the statistical behaviour of the BW AIR. A single-span loop setup
with partially automated equipment allowed accurate emulation of distributed link
PDL as well as capturing a sufficient number of PDL instances.
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MB Maxwell Boltzman.
MI Mutual Information.
MIMO Multiple Input Multiple Output.
MMI Multidimensional Mutual Information.
NLIN Nonlinear Interfernce Noise.
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PB Polarization Balanced.
PBC Polarization-Beam Combiner.
PC Personal Computer.
PDF Probability Density Function.
PDL Polarization-Dependent Loss.
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PE Power Efficiency.
PMD Polarization-Mode Dispersion.
PMF Probability Mass Function.
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PolCon Polarization Controller.
PPB Power and Polarization Balanced.
PS Probabilistic Shaping.
PS-QPSK Polarization-Swichted Quadrature Phase Shift Keying.
Q Quadrature.
QAM Quadrature Amplitude Modulation.
QPSK Quadrature Phase Shift Keying.
RC Raised Cosine.
RD Radius Directed.
ROADM Reconfigurable Optical Add Drop Multiplexer.
RRC Square-Root Raised-Cosine.
SE Spectral Efficiency.
SER Symbol-Error Ratio.
SMF Single-Mode Fiber.
SNR Signal-to-Noise Ratio.
SOP State-of-Polarization.
SPM Self-Phase Modulation.
viii

SSFM Split-Step Fourier Method.
SW Symbol-Wise.
UB Union Bound.
VOA Variable Optical Attenuator.
WDM Wavelength Division Multiplexed.
XPM Cross-Phase Modulation.
XPolM Cross-Polarization Modulation.
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Chapter 1
Introduction

1.1

Constellation shaping

The information rate (bits/1-dimensional symbol) to be reliably transmitted over an
additive white Gaussian noise channel (AWGN) is upper-bounded by the Shannon
capacity obtained for Gaussian modulation [1].

C (bits/1-dimensional symbol) =

1
log2 (1 + SNR),
2

(1.1)

where C is the channel capacity (bits/1-dimensional symbol) and SNR is the signalto-noise ratio.
The use of shaped quadrature amplitude modulation QAM constellations to approach the Shannon capacity has recently received substantial attention [2], [3]. Relative to uniform QAM, geometric and probabilistic shaping (GS and PS) allow optimizing the signal properties for linear and weakly nonlinear transmission [4], [5]. In this
regard, information theory provides mathematical tools which are widely employed
in the assessment and the eventual performance optimization of modern optical fiber
transmission systems [6], [7].

1.2. CONTRIBUTIONS

2

Intra- and inter-channel fiber nonlinear effects limit the achievable information
rate (AIR) in coherent optical fiber transmission systems [8]. Comprehensive analysis of nonlinear signal propagation under different system conditions is essential to
characterize the impact of fiber nonlinearities on system performance and design mitigation techniques. Because numerical solutions of the propagation equation require
intense computational effort, simplified approximate techniques for evaluating system
performance, which are valid for arbitrary modulation formats, are of interest.
Most of the research involving shaped constellations as an efficient alternative
to uniform signaling has been aimed at estimating the shaping benefits (e.g., optical signal-to-noise ratio (OSNR) gains and bit rate adaptation [9], [10]) following
weakly nonlinear transmission. Evaluations of system performance have considered
the impact of amplified spontaneous emission (ASE) noise and fiber nonlinear effects.
However, other transmission impairments are also important in practical systems and
impact shaping gains. For example, dual-polarization (DP) systems are affected by
polarization-dependent loss (PDL) which refers to the dependence of the attenuation
of an optical component on the state-of-polarization (SOP) of the input signal [11].
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1.2.3

Original contributions

• In this work, I provide a detailed description of a generic multichannel procedure
that can be used to estimate the performance of arbitrary modulation formats
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in the weakly nonlinear propagation regime [12], [13]. The procedure is based on
well-established approximations that assume negligible polarization-mode dispersion (PMD) and weak nonlinearity and explicitly captures the properties of
the modulation format [8], [14]. For instance, the proposed procedure accommodates intentionally introduced correlation between different dimensions of the
optical carrier by using actual symbols rather than symbol statistics. This allows an initial assessment of system performance for novel signal constellations
in fully loaded systems with a modest computational effort. The multidimensional error vector magnitude (EVM) and symbol-wise (SW) AIR are used as
assessment metrics [15]. I wrote multiple Matlab functions to implement the
proposed procedure.
• In terms of devising design approaches for optimized signal constellations, I
propose a novel technique which uses genetic algorithms to optimize QAM constellation subset selection [4]. By QAM constellation subset selection, I refer to
locating a subset of signal vectors achieving desired linear and nonlinear properties within a specific QAM set in a way that is fundamentally different from the
well-known set partitioning. As will be shown, the objective function mainly
includes the SW AIR for a given range of SNR values [16], [17]. Nevertheless,
terms accounting for different constellation properties, e.g., polarization balance
can be added. Using this methodology, different variations of a known power
and polarization balanced (PPB) constellation (4 bits/8D symbol) [18] and
a polarization-balanced version of the polarization-switched quadrature-phaseshift-keying (PB-PS-QPSK, 6 bits/8D symbol) can be obtained by optimizing
the 8D QPSK subset selection at an appropriate constellation entropy (CE,
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bits/multidimensional symbol). The results suggest that the PPB constellation
and its polarization-unbalanced versions are the closest 8D QPSK subsets to the
Shannon limit at 4 bits/8D symbol. Moreover, an optimized constellation at 6
bits/4D symbol can be obtained by optimizing the 4D 16QAM subset selection.
I wrote specific Matlab functions which implement different genetic algorithms
and used the built-in Matlab GA optimization function.
• I present a detailed study of the impact of PDL on the bit-wise (BW) AIR for
PS and uniform DP-64QAM constellations using extensive Matlab simulations
[15], [19]. The simulation used an accurate model which I implemented in
Matlab to emulate the impact of PDL on both the signal and noise and allow
executing a sufficiently large number of runs within hours. I also conducted
extensive experiments to demonstrate the fluctuations in BW AIR due to PDL
for PS and uniform DP-64QAM constellations [20]. I developed specific Matlab
scripts to control the experimental equipment and enable partially automated
measurements. This way, a sufficient number of PDL instances to accurately
cover its probability density function (PDF) could be experimentally captured.
Both simulation and experimental results demonstrate that the PDFs for the
BW AIR and the effective SNR resemble shifted, mirror-image Maxwell PDFs.
The shaping gain and transmission-distance increase are identified in terms
of the outage probability at a given transmission distance and the achievable
transmission distance for a given outage probability, respectively.

1.3. THESIS ORGANIZATION
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Thesis organization

This thesis is organized as follows: Chapter 2 provides a brief system-level description of the coherent transceiver key functionalities and overviews some background
tools that are employed within the remaining parts of the thesis. In Chapter 3, the
nonlinear system assessment approach is presented. Chapter 4 discusses the proposed
constellation design framework. The system performance of shaped and uniform DP64QAM in the presence of PDL is evaluated in Chapter 5. Finally, the thesis is
concluded in Chapter 6.

7

Chapter 2
Background

2.1

Digital coherent systems

Modern coherent transmission systems heavily rely on high-speed digital signal processing (DSP) engines to compensate for fiber impairments, perform polarization
de-multiplexing, and provide many other required functionalities [21].

2.1.1

Coherent transmitter

An illustrative block diagram of a coherent transmitter is presented in Fig. 2.1.
Binary data is applied to a DSP block which may include forward error correction
(FEC) coding, bit-to-symbol mapping, digital pulse shaping and pre-compensation
for expected transmission impairments. Complex valued samples following the DSP
block are separated into four tributaries in order to modulate the in-phase (I) and
quadrature phase (Q) components of the optical carrier in X- and Y- polarizations.
Modulator drive signals are generated using high-speed digital-to-analog converters
(DACs). Optical modulation is performed using a nested I-Q Mach-Zehnder modulator. Optical waveforms in X- and Y- polarizations are combined using a polarization
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Figure 2.1: Dual-polarization coherent transmitter; DSP: Digital signal processing,
DAC: Digital-to-analog converter; PBC: Polarization beam combiner.
beam combiner (PBC) and launched into the fiber.

FEC coding
FEC coding refers to adding redundancy, i.e., FEC coding overhead (OHF EC ), to
the transmitted data in order to enable data error detection and correction. FEC
encoding and decoding are widely deployed in advanced coherent systems to enhance
the system performance by reducing the post-FEC bit-error ratio (BER) to acceptable
levels (10−15 ) [3], [6], [22]. FEC codes vary in their implementation complexities and
performance aspects [23], [24]. Examples of such aspects include:
• Coding gain which can be defined as the reduction in the SNR required to
achieve a given BER or the reduction in the BER achieved at a given SNR due
to the error correction capabilities.
• Burst-error capability which refers to the capability of the FEC code to correct
burst errors, i.e., blocks of consecutive erroneous bits.
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Figure 2.2: (a) Binary versus (b) non-binary FEC encoding.
• Required pre-FEC BER threshold: Each FEC scheme is characterized by a
certain pre-FEC BER threshold above which the scheme becomes unable to
correct errors in the incoming data.
• post-FEC BER floors: Each FEC scheme can reduce the number of errors in
the incoming data to a given post-FEC BER floor.
In terms of the encoder input data type, FEC codes can be classified as binary
and non-binary [15]. Fig. 2.2 shows the encoder structure for both types. As shown
in Fig. 2.2 (a), information bits are encoded using a binary FEC code and a memoryless mapper converts encoded bits into a constellation vector. At the receiver,
BW decoding is implemented to recover the transmitted bits. On the other hand,
as illustrated in Fig. 2.2 (b), non-binary encoding implies performing bit-to-symbol
mapping followed by encoding of the symbols using a non-binary FEC code. The
receiver uses SW decoding to recover the transmitted symbol sequence.
FEC codes are also characterized by the type of information used in the decoding
process being either hard or soft. In the former case, hard decisions are applied to the
sample values at the input of the decoder to produce symbol values1 . In the latter
1

In case of binary FEC, symbols are de-mapped to bits.
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case, the loss of information due to hard decisions is avoided by calculating soft log
likelihood ratios which are used in an iterative decoding process [15].

Pulse shaping
Pulse shaping is used to design the signal spectrum such that it meets spectral efficiency requirements and allows dense multiplexing of optical channels. To limit
the signal bandwidth without introducing inter-symbol interference (ISI) in the time
domain, pulse shaping which satisfies the Nyquist ISI-free criteria is applied to the
encoded symbol sequence [25]. A well-known example of ISI-free pulses is the raisedcosine (RC) family whose spectra can be written as

Z(f ) =





Ts



 
Ts
2








0 ≤ |f | ≤

1 + cos

πTs
(|f |
ρ

−

1−ρ
)
2Ts



1−ρ
2Ts

≤ |f | ≤

|f | >

0

1−ρ
,
2Ts
1+ρ
,
2Ts

(2.1)

1+ρ
,
2Ts

where the real numbers Ts and 0 ≤ ρ ≤ 1 signify the symbol period and the raisedcosine roll-off factor, respectively. These two parameters determine the pulse bandwidth because the spectrum is zero for |f | >

1+ρ
.
2Ts

Fig. 2.3 depicts the spectra of RC

pulses having ρ = 0, 0.5, and 1. An ideal rectangular spectrum corresponds to ρ = 0.
The spectral occupancy increases to 1/Ts when ρ = 1. For QAM modulation, the
passband signal bandwidth is given by

Rs ≤ BW ≤ 2Rs

for 0 ≤ ρ ≤ 1.

(2.2)
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Figure 2.3: RC filter frequency response for three examples the roll-off factor, ρ =
0, 0.5, 1.
Matched-filter receivers are optimal receivers in the sense of maximizing the output
signal SNR [25]. Accordingly, a received waveform is passed through a filter whose
response is matched to the transmitted pulse shape. To this end, a square-root raisedcosine (RRC) pulse shape is conveniently used because it enables matched filtering at
the receiver side. The RRC spectrum and its corresponding time domain expression
are given by
1

P (f ) = |Z(f )| 2 ,

(2.3)
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(2.4)
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Compensation for propagation impairments
As will be discussed in subsequent sections, a signal propagating through a single
mode fiber (SMF) is vulnerable to different transmission impairments, e.g., chromatic
dispersion (CD), PMD, PDL, and fiber nonlinear effects. Based on the targeted
system performance, DSP algorithms which compensate for expected transmission
impairments can be implemented at the transmitter (pre-compensation), the receiver
(post-compensation), or split between both sides [26], [27].

Digital-to-analog conversion
High-speed DACs represent a key enabling feature of modern coherent transmitters
[21]. In addition to allowing the use of powerful DSP engines, near-arbitrary signal
constellations can be efficiently generated at high symbol rates using high-speed DACs
with appropriate bit resolutions, sampling rates, and bandwidths. According to the
Nyquist sampling theorem, a digital waveform can be accurately mapped to the analog
domain if the DAC sampling rate is more than twice the maximum frequency of the
analog signal [25]. For example, the maximum symbol rate that can be generated
using a 65 GSa/s DAC is 65 Gbaud assuming a Nyquist pulse shaping, i.e., a RC
pulse shape with ρ = 0.
For N nominal resolution bits, the conversion process comprises quantizing an
input signal level to one of 2N quantization levels. As a result of the finite number of resolution bits, the output signal SNR is degraded due to quantization noise.
Practical DACs suffer from electronic noise, clock jitter, and other performance degrading aspects which distort the output signal [21]. Therefore, the converter noise
floor is higher than that set by its resolution bits; the converter effective number of
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Figure 2.4: Dual-polarization coherent receiver; PBS: Polarization beam splitter;
PMS: Polarization maintaining combiner. BPD: Balanced photo-detector;
ADC: Digital-to-analog converter.
bits (ENOB), which is frequency-dependent, is less than N bits. For instance, a 32Gbaud 16QAM (CE, 4 bits/2D symbol) signal can, in principle, be generated using
two synchronized ideal 2-bit DACs. However, for practical DACs, the required bit
resolution per DAC is increased to 6 bits [28]. The ENOB is a convenient metric
for characterizing the DAC performance as it reflects many converter imperfections.
Defining the signal-to-noise-plus-distortion ratio (SNDR) as

SNDR =

Signal Power
,
Noise Power + Signal Distortion Power

(2.5)

the relation between a converter’s ENOB and the signal-to-noise-plus-distortion ratio
(SNDR) is given by [21]

ENOB =

2.1.2

SNDR (dB) − 1.76 dB
.
6.02

(2.6)

Coherent receiver

As illustrated in Fig. 2.4, a coherent receiver employs a polarization and phase diverse
configuration to align and mix the received signal with an optical carrier generated
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by a free-running local-oscillator (LO) laser. This configuration is followed by a pair
of balanced photo-detectors (BPD) for each polarization to produce four electrical
signals that represent the four components of the received signal, namely, the I and
Q components of X- and Y- polarizations (Ix , Qx , Iy , Qy ). Let Es and ELO be the
transmitted and LO continuous wave (CW) signals, respectively. Accordingly,

Es (t) = As (t)exp(jωs t),

(2.7)

ELO (t) = ALO exp(jωLO t),

(2.8)

where As (t), ALO , ωs , and ωLO denote the time-varying complex signal envelope,
the LO constant complex envelope, the signal and LO angular frequencies, respectively. For a given polarization, the complex envelope of the transmitted signal can
be restored from the output photo-current Ic of the balanced photo-detectors.

Ic = II + jIQ = R

p
Ps (t)PLO exp(j(ωof f set t + θs (t) + φn (t))),

(2.9)

with R, Ps , and PLO being the photo-diode responsivity, signal power |As (t)|2 /2,
and LO power |ALO |2 /2, respectively. ωof f set = |ωs − ωLO | represents an angular
frequency offset between the transmitter and LO lasers. θs (t) is the modulation angle
of the transmitted signal complex envelope. φn (t) is the combined phase noise of the
transmitter and LO lasers.
The four analog electrical signals are digitized by means of four high-speed analogto-digital converters (ADCs). The Nyquist sampling theorem implies that the minimum ADC sampling rate be greater than twice the maximum frequency of the electrical signal to avoid aliasing in the frequency domain. Assuming RRC pulse shaping
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(Eqs. (2.3) and (2.4)), the minimum number of samples/symbol ranges from 1 to
2 corresponding to 0 ≤ ρ ≤ 1. In the digital domain, the following functions are
successively conducted [26].

Compensation for front-end imperfections and quadrature imbalance
This step refers to compensating for timing misalignment and loss of orthogonality
between I-Q branches in non-ideal 90o hybrids as well as amplitude differences due
to possible mismatches between photo-detector responsivities. In other words, this
function converts a set of non-orthogonal vectors into a set a of orthonormal vectors. In this regard, a widely used algorithm is the Gram-Schmidt orthogonalization
procedure [29].

Resampling to 2 samples/symbol:
The equalization of static channel effects requires an adequate number of samples/symbol
(1 to 2 depending on ρ). On the other hand, adaptive equalization of channel timevarying effects can be performed at the symbol rate, i.e., 1 sample/symbol. However,
increasing the sampling rate above 1 sample/symbol would enable the equalizer to reject out-of-band noise and improve its robustness against timing errors [30]. Typically,
time-domain channel equalizers employ Ts /2-spaced finite-impulse-response (FIR) filters [26].

Fixed equalization of accumulated CD
CD is a linear phenomenon which signifies the nonlinear dependence of the wave
propagation constant on the frequency of a propagating wave. Accordingly, different
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spectral components of a propagating optical pulse suffer different time delays which
leads to ISI. For an optical fiber of length L, the following transfer function describes
the fiber dispersion [31]


λ2c DL 2
f ,
H(f ) = exp jπ
c

(2.10)

where λc is the optical carrier wavelength, D is the fiber dispersion coefficient (17
ps/nm.km for standard SMF), and c is the speed of light in free space. Eq. (2.10)
ignores fiber nonlinear effects and considers the 2nd -order dispersion only. In legacy
fiber optic transmission systems, specific dispersion-compensating fibers (DCF) or
modules (DCM) were introduced in the transmission link to compensate for CD based
on well-defined dispersion maps [18]. In coherent systems, provided that Eq. (2.10)
parameters are known, the transfer function representing CD can be more efficiently
equalized, either fully or partially, using digital filters at the transmitter, at the
receiver or split between the transmitter and the receiver.

Clock recovery
Because the transmitter and receiver clocks operate asynchronously, this function
estimates where samples of the received signal are with respect to the symbol period.
After this, optimum sampling instants are determined and re-timing is performed.
Digital filter and square exemplifies a common clock recovery algorithm [32].

Adaptive equalization for dynamic channel effects
Ideal SMFs (with perfectly cylindrical core and uniform diameter) support two orthogonally polarized propagation modes having the same mode index, i.e., the same
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X Constellation After CMA Adaptive Equalizer
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Figure 2.5: QPSK signal constellation following CMA AE.
propagation constant (degenerate modes). Practical SMFs are typically characterized by birefringence which signifies a difference in propagation constants between
the modes propagating along the fiber X- and Y- polarization [31]. Thus, a propagating signal SOP is randomly rotated and the signal is affected by various polarization
effects, e.g., PMD and PDL. A DP transmission can viewed as a 2 × 2 multiple input
multiple output (MIMO) system with an input output relation given by


 
 
Ex,out (t) hxx (t) hxy (t) Ex,in (t)
,

=
∗
Ey,out (t)
Ey,in (t)
hyy (t) hyx (t)
{z
}
|

(2.11)

hf iber

where ∗ denotes the convolution operation. With the channel response being unknown and time-varying, an adaptive equalizer (AE) is needed to acquire hf iber (t) and
track its variation with respect to time. That is, the AE jointly conducts polarization
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de-multiplexing, and tracks and equalizes time-varying channel effects such as PMD,
residual dispersion, and filtering effects. Adaptation algorithms which are based on
the least-mean square (LMS) error criterion are widely used in coherent system AEs
[26]. The equalizer can be either blindly adapted to the channel response or with
the aid of training data [33]. In the former case, the adaptation process avoids using training sequences by exploiting a signal specific feature. For example, the error
function of the constant modulus algorithm (CMA) aims at restoring the constant
modulus feature of QPSK constellations [34]. By doing this, the correlation between
the symbols, i.e., the channel-introduced ISI, is removed [26]. Fig. 2.5 shows the
points of a QPSK signal constellation following the CMA stage tracing a noisy circle.
Blind equalization allows a significant reduction in the transmission overhead.

X Constellation After Frequency Correction - Morelli
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Figure 2.6: QPSK signal constellation following the FOE using Morelli’s algorithm
[40].
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X Constellation After Phase Correction with Pre-Decision
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Figure 2.7: QPSK signal constellation following CPE using the pre-decision algorithm
[41].
Carrier recovery (CR)
The transmitter and LO lasers are not phase-locked. As in Eq. (2.9), mixing the
received signal with the LO CW signal downconverts the received signal to an intermediate frequency ωof f set . Fig. 2.5 illustrates the rotating constellation prior to
the CR stage. In addition, practical lasers have a non-zero linewidth leading to a
time-varying laser phase noise φn (t) [35]. The intermediate carrier is recovered by
estimating ωof f set and φn (t) in Eq. (2.9) [35], [36]. The signal constellation points
following the frequency offset and carrier phase estimation (FOE and CPE) stages
are illustrated in Fig. 2.6 and Fig. 2.7, respectively. Compensation of frequency
offset and laser phase noise can be performed either jointly [37], [38] or separately
[39–41]. The salient feature in the CR operation is to remove the phase modulation
and estimate the frequency offset and carrier phase noise. Accordingly, most of the
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CR algorithms depend on the modulation format [39], [38], [42]. Moreover, an accurate phase reference is required as CR algorithms estimate the carrier relative phase.
Large amounts of phase noise at high symbol rate may result in errors in tracking
the phase reference, i.e., rotations of the signal constellation relative to the decision
boundaries. This type of error, referred to as cycle slips, produces a persistent high
symbol error rate that must be identified and corrected. Examples of crucial CR
design aspects include the algorithm complexity and tolerance to laser linewidth and
cycle slips [35], [38], [39], [42].

2.2

Fiber nonlinear effects

The origin of fiber nonlinear effects is the medium nonlinear optical response to an
intense optical field [43]. These effects can be categorized into scattering effects
and the Kerr effect. In the latter case, phenomena such as nonlinear refraction are
observed2 at relatively low launch powers (∼ -1 dBm) and hence have a detrimental
impact on wavelength division multiplexed (WDM) system performance.
In DP systems, the temporal and spatial evolution of a pulse as it propagates
through the fiber can be described using the nonlinear Schrödinger equation [8]. Due
to fiber nonlinear effects, a propagating signal exhibits a nonlinear phase shift φN L =
γPo z with γ, Po , and z being the fiber nonlinear coefficient, signal peak power, and
transmission distance, respectively. Accordingly, a nonlinear length can be defined
as LN L = (γPo )−1 [43]. Furthermore, assuming a constant birefringence, the signal
SOP changes periodically with a period referred to as the birefringence beat length
[31]. Practical SMFs can be viewed as a concatenation of fiber sections, each of which
2

The fiber refractive index acquires a dependence on the light intensity. That is, variations in
the propagating signal intensity modulate the refractive index of the fiber core.
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has a constant birefringence. As such, an input polarized electric field can be treated
as randomly polarized after a given length identified as the polarization correlation
length Lc . A detailed description of Lc and its relation to the beat length and the
length of the fiber section can be found in [44]. The nonlinear Schrödinger equation
reduces to the Manakov equation when LN L is much larger than Lc , i.e., when the
signal experiences a sufficiently large number of random polarization rotations within
LN L [8], [14].
β 00 ∂ 2 A(z, t) α
8γ
∂A(z, t)
+j
+ = A(z, t) + j |A(z, t)|2 A(z, t),
2
∂z
2
∂t
2
9

(2.12)

with A(z, t) = [Ax (z, t), Ay (z, t)]T , β 00 , α, γ being the pulse complex envelope Jones
vector as a function of distance z and time t, group velocity dispersion, attenuation
coefficient, and nonlinear coefficient, respectively.
Kerr nonlinearities result in the following nonlinear distortions:
• self-phase modulation (SPM): A nonlinear phase distortion affecting an arbitrary optical signal which is proportional to variations of its own intensity.
• cross-phase modulation (XPM): A nonlinear phase distortion on a given optical
signal which is proportional to variations in the intensities of co-propagating
optical signals.
• cross-polarization modulation (XPolM): A cross-channel interaction signifying
a nonlinear polarization crosstalk in one optical channel which depends on the
relative SOPs of interacting channels.
• four-wave mixing (FWM): A parametric process in which three photons of energies e1 , e2 , and e3 interact to produce a fourth photon with energy e4 . As
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this is a coherent process, frequencies and wavenumbers of the four photons
must be matched to guarantee conservation of energy and momentum, respectively. This process causes propagating signals to exhibit nonlinear phase and
amplitude jitter.
SPM is identified as an intra-channel effect (only one channel is involved in the nonlinear interaction), whereas XPolM is an inter-channel effect (multiple channels are
involved in the nonlinear interaction). XPM and FWM can be either intra- (when
the nonlinear interaction involves different spectral components within a single optical signal) or inter-channel effects. Knowing the transmitted signal at the transmitter
side allows pre-compensation for expected intra-channel nonlinearities. On the other
hand, inter-channel effects are treated as random noise referred to as nonlinear interference noise (NLIN) [45]. In the systems of interest, the inter-channel FWM
contribution to inter-channel NLIN can be safely neglected [45], [46].
In order to emphasize different nonlinear contributions, a system with two channels, namely, A1 exp(jω1 t − β1 z) and A2 exp(jω2 t − β2 z), is considered. Without loss
of generality, let channel 1 be the channel under test (probe) and channel 2 be the
interfering channel (pump). In this case, Eq. (2.12) can be expanded as

β 00 ∂ 2 A1x α
8γ 
∂A1x
+j 1
+ A1x = j
|A1x |2 + |A1y |2 A1x
2
∂z
2 ∂t
2
9
∂A1y
β 00 ∂ 2 A1y α
+j 2
+ A1y
∂z
2 ∂t2
2

(2.13)

+(2|A2x |2 + |A2y |2 )A1x + A2x A∗2y A1y ,

8γ 
|A1y |2 + |A1x |2 A1y
= j
9
+(2|A2y |2 + |A2x |2 )A1y + A2y A∗2x A1x . (2.14)

By inspecting the right-hand sides of Eqs (2.13) and (2.14), it can be inferred that
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the 1st and 2nd terms correspond to the SPM and XPM contributions, respectively.
The 3rd term reveals the polarization crosstalk (XPolM) on the probe channel. This
crosstalk is weighted by the product of the pump channel X and Y symbols. Eqs.
(2.13) and (2.14) are numerically evaluated using the split-step Fourier method (SSFM).
The mathematical concept of this method states that for small fiber lengths, the exact
solution can be approximated by independently solving for the linear and nonlinear
(dispersion-less) parts of (2.13) and (2.14). Thus, SSFM includes subdividing the
length of a fiber link into small steps and performing the approximate solution step
by step for the whole length of the fiber link. The accuracy of the solution is inversely
proportional to the step size.
The system tolerance to fiber nonlinear effects depends on many elements of the
system configuration. For example, time-domain overlap between colliding pulses
is required in order for nonlinear interaction to effectively take place. Hence, the
dispersion encountered by the signal tends to average out nonlinearities as it increases
the time walk-off between different pulses and causes rapid time spread of the signal
profile along the fiber. For long-haul dispersion-uncompensated (DU) transmission,
i.e., with the compensation for CD being fully performed in the digital domain, the
Gaussian noise (GN) model treats nonlinear interference as additive Gaussian noise
and provides a simple statistical framework to evaluate its power spectral density
[47]. The GN model does not account for the dependence of NLIN on the modulation
format. Time domain perturbation analysis has revealed a strong dependence of the
NLIN on the transmitted symbol sequence [8], and accordingly the GN model has
been extended to include fourth and sixth order correlations of the signal spectrum
[48], [49]. A study in terms of pulse collisions has shown that the impact of the
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transmitted symbol sequence on the generated NLIN is correlated with the system
configuration, i.e., span length, type of amplification, and so on [45]. For instance,
the impact diminishes and the NLIN tends to be circularly symmetric for DU links
having relatively long spans (∼ 100 km) and lumped amplification, i.e., with the loss
in the signal power due to fiber attenuation being offset following each span by an
optical amplifier (typically erbium-doped fiber amplifier (EDFA)). For shorter spans
(∼ 50 km) and distributed amplification, i.e., Raman amplification, the engendered
NLIN is strongly affected by the geometry of the transmitted constellation, both with
and without in-line dispersion compensation. Being a main hurdle towards capacity
upgrade, mitigation techniques for fiber nonlinear effects are of major interest.

Examples of nonlinearity mitigation techniques
A variety of DSP algorithms with varying degrees of computational complexity are
available to boost the system performance in the presence of fiber nonlinearities [50].
Perturbation-based compensation, digital backpropagation (DBP), Volterrra series
equalizers, and machine-learning techniques exemplify such algorithms [27], [51–53].
In the context of low complexity solutions, multidimensional modulation has been
extensively explored with the aim of devising signal constellations that mitigate the
effects of fiber nonlinearities. Intuitively, waveforms with less intensity variation
generate lower amounts of nonlinear interference. Therefore, constant modulus constellations have better nonlinear performance compared to multi-modulus ones [54],
[55]. Furthermore, increasing the constellation dimensionality yields the required
flexibility to optimize the power efficiency and introduce specific correlations between
different dimensions in ways that reduce the generation of nonlinear effects during
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signal propagation [18], [56], [57].

2.3

Constellation optimization in multi-dimensional spaces

Digital modulation designates mapping a digital sequence to analog waveforms which
can be reliably transmitted over a communication channel. This process includes
converting a sequence of binary data to a symbol sequence that is specific to each
modulation format, pulse shaping, and modulating a high frequency carrier [25].
For an arbitrary M -level (M constellation points) modulation format, each symbol
aggregates log2 M bits and is selected out of a finite set of N -dimensional signal vectors. Based on maximum a posteriori (MAP) detection and assuming equi-probable
symbols, symbol decisions are made in favor of the signal vector with the minimum
Euclidean distance relative to the received sample value. In other words, a symbol error occurs when the received sample value lies outside the decision region surrounding
the correct signal vector. Because analytical expressions for the symbol-error ratio
(SER) are not known when such regions are irregular, it is more convenient to formulate an upper bound (Union Bound (UB)). The asymptotic power efficiency (PE)
and the SER UB for an AWGN channel are given by

γef f =

SER ≤

d2min
d2
= min log2 M,
4Eb
4Es

M M
1 X X1
dkj
erfc( √ ),
M k=1 j=1 2
2 No

(2.15)

(2.16)

j6=k

with dmin , dkj , No , Eb , and Es denoting minimum and pairwise Euclidean distances
between constellation points, noise power spectral density, average bit and symbol
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energies, respectively. The spectral efficiency (SE (bits/s/Hz)) is determined by the
number of bits per symbol as well as the signal bandwidth which depends on the used
pulse shape. While exploring different modulation formats, the same pulse shaping
may conveniently be assumed and the CE, i.e., the number of bits per symbol, can
be used to describe the SE.
An adequate performance metric for an arbitrary modulation format can be the
SNR sensitivity which signifies the SNR required to obtain a predefined BER. For
optical systems, it is more convenient to use the OSNR defined as the optical signal
power measured in its noise-equivalent bandwidth (Be ) divided by the optical noise
power measured over 0.1-nm (Bo =12.5 GHz) bandwidth of the noise spectrum

OSN R =

Be
SN R.
Bo

(2.17)

This sensitivity is said to be improved when the targeted BER is attained at lower
SNR. For a given spectral efficiency, this can be achieved by jointly optimizing the
locations and the labeling of constellation points in an N-dimensional signal space
[54]. According to Eqs. 2.15 and 2.16, symbol errors are more likely to arise from
confusing a given signal vector with one of its closest neighbours. In the limit of linear
noise, which is independent of the modulation format, it is hence sufficient to select
constellation points in a way that maximizes dmin for a given Es and assign symbols
to different points such that most probable symbol errors produces the minimum
number of bit errors, e.g., Gray encoding. On the other hand, additional measures
have to be considered to improve the nonlinear tolerance of the signal constellation
[55]. In both cases, increasing the signal space dimensionality has the potential to
provide the required design flexibility at the expense of increased system complexity
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Figure 2.8: Constellation diagrams for QPSK and 4-level PAM.
[46]. The trivial example shown in Fig. 2.8 illustrates the first case. Es represents the
distance from origin averaged over all symbols. Although having the same spectral
efficiency (2 bits per symbol), QPSK is more power efficient (γef f,QP SK = 1) than
4-level pulse amplitude modulation (PAM) (γef f,P AM = 1/2). However, it requires
modulating the two quadrature components of the carrier which increases the system
complexity.
In DP coherent systems employing conventional 2D modulation formats, the
complex-valued QAM symbols transmitted in parallel over X- and Y- polarizations
are independent of each other. The complex-valued electric field in X- and Y- polarizations can be represented by the following Jones vector








EX  Ex,r + iEx,i 
E= =
,
Ey,r + iEy,i
EY

(2.18)

Alternatively, the four degrees of freedom shown in Eq. (2.18) can be considered as
a 4-dimensional (4D) signal space and hence a 4D representation of the electric field
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can be expressed as [56]



E
 x,i 


Ex,q 


E=
.
E 
 y,i 


Ey,q

(2.19)

With 4D optimization, new constellations which can fill the gap in spectral and/or
power efficiencies between conventional DP-QAM formats have been devised [46],
[58], [59]. For instance, polarization-switched QPSK (PS-QPSK), in which one QPSK
symbol is transmitted over either X- or Y- polarization in each symbol period, represents an intermediate CE of 3 bits/4D symbol between DP binary-phase-shift-keying
(DP-BPSK, 2 bits/4D symbol) and DP-QPSK (4 bits/4D symbol) [56]. Moreover,
using time domain or frequency domain approaches, signal space dimensions can be
increased beyond four [57]. In this context, power-efficient 8D modulation formats
have been proposed and demonstrated for coherent optical systems [18], [60]. Consequently, the CE and PE (transmission reach) can be traded off at finer granularity to
substantially improve the channel bandwidth utilization [56]. On the other hand, the
design of modulation formats for coherent optical systems should consider constellation robustness against fiber nonlinear effects because otherwise the gain in linear
performance can be overwhelmed by weak nonlinear tolerance. Furthermore, because
computational complexities make practical implementation of DBP and perturbationbased compensation challenging, nonlinear tolerant signal constellations can provide
a reduced-complexity mitigation technique for fiber nonlinearities [18].
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Achievable information rates

In the presence of FEC encoding, the mutual information (MI) and the generalized mutual information (GMI) provide accurate estimates of the information bits
per symbol as well as the required FEC overhead for systems employing soft-decision
non-binary and binary FEC schemes, respectively [6], [15]. For multidimensional constellations, the MI and GMI can be evaluated using multivariate probability density
functions [61].
The MI I(X; Y ) between channel input and output random variables X and Y is
defined as

I(X; Y ) = EXY


pY |X (y|x)
,
log2
pY (y)

(2.20)

where E denotes expectation and pY |X and pY are the conditional memoryless channel
transition probability and channel output PDFs, respectively. X and Y represent the
input symbols and signal sample values after receiver DSP, respectively. Based on the
weak law of large numbers, (2.20) can be approximated using Monte Carlo integration,
i.e., for K transmitted input-output symbol pairs [61]

K 
pY |X (yi |xi )
1 X
I(X; Y ) ≈
log2
,
K i=1
pY (yi )

(2.21)

with I(X; Y ) tending to the exact value for large enough K. pY |X (y|x) is not known
for fiber channels. Accordingly, a lower bound on I(X; Y ) can be found by invoking
the auxiliary channel concept in which it is assumed that the samples were transmitted
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over an auxiliary channel with transition density qY |X (y|x) [16], [15]

K 
qY |X (yi |xi )
1 X
log2
,
I(X; Y ) ≥
K i=1
qY (yi )

(2.22)

where the right-hand side represents a SW AIR [15], and qY (y) is obtained as

qY (y) =

X

qY |X (y|x)PX (x),

(2.23)

x

with PX (x) being the probability mass function (PMF) of X.
Binary soft-decision FEC schemes are widely used in state-of-the-art coherent
transceivers [7], [6]. In this case, pragmatic FEC decoders use bit-wise metrics, and
hence the BW AIR reliably predicts the post-FEC BER performance and determines
the information rate. Accordingly, a soft bit-wise de-mapper is employed before the
FEC decoding stage to translate each incoming sample value Y to m = log2 (M ) loglikelihood ratios corresponding to the symbol bit levels B = {b1 , . . . , bm }. M is the
cardinality of the constellation vector set (M = 64 for 64QAM). For independent bit
Q
levels, i.e., PB (B) = m
i=1 PBi (Bi ), the BW AIR is given by [22]

AIRBW =

m
X

I(Bi ; Y ),

(2.24)

i=1

where the index i signifies the bit level. Eq. (2.24) represents the sum of MIs of m
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parallel bit-wise channels. Using Monte Carlo integration for K transmitted inputoutput symbol pairs, the BW AIR can be obtained as [6], [15], [62]

AIRBW

K
1 X
≈
[− log2 PX (xk )]
K k=1
K
m
bk,i
1 XX
−
[log2 (1 + e(−1) Λk,i )],
K k=1 i=1

(2.25)

with bk,i being the transmitted bits and Λk,i being the log-likelihood ratios as given
by
P

x∈X1i

qY |X (yk |x)PX (x)

x∈X0i

qY |X (yk |x)PX (x)

Λk,i = log P
= log

qY |Bi (yk |1)
PB (1)
+ log i ,
qY |Bi (yk |0)
PBi (0)

(2.26)

where X1i and X0i represent the constellation vectors for which the i th bits are 1 and
0, respectively. The dependence of the MI and the GMI on the SNR for two different
modulation formats, namely, 16QAM and 64QAM, is plotted in Figs. 2.9 and 2.10.
The shown results assume Gray encoding. Both the MI and the GMI increase when
the SNR increases. This increase is approximately linear in the SNR range of 0 to 11
dB and 0 to 16 dB for 16QAM and 64QAM, respectively. As the SNR increases beyond
these ranges, the relation between the MI/GMI and the SNR becomes sublinear until
a saturation level which corresponds to nominal CEs of each constellation (4 bits/2D
symbol for 16QAM and 6 bits/2D symbol for 64QAM) is reached. At a given SNR
and assuming ideal FEC encoding and appropriate decoding, the difference between
the obtained MI/GMI and the CE reflects the FEC overhead required for reliable
transmission. With the MI and GMI being symbol-level and bit-level metrics, only
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Figure 2.9: The dependence of the MI and GMI AIR on the SNR, 16QAM.
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Figure 2.10: The dependence of the MI and GMI AIR on the SNR, 64QAM.
the GMI depends on the bit labels. In the limit of high SNR, the dominating bit errors
depend on the minimum Euclidean distance of the signal constellation. Relative to
16QAM, 64QAM requires a higher SNR value to reach its CE. When Gray encoding
is used, one symbol error causes only one bit error. Accordingly, for high enough
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SNR, the MI and the GMI curves coincide. A relatively small penalty from using
bit-wise decoder arises at lower SNR values.
The SW and BW AIR calculations used in the following sections are based on
Eqns. (2.23), (2.25) and (2.26) with the assumption that qY |X is a non-circularly
symmetric, bivariate Gaussian PDF for which correlated noise and adaptive mean
concepts are used to estimate the mean (µ) and variance (σ 2 ) from the received
signal sample values following the DSP chain as in [61]. The estimated values of µ
and σ 2 were also used to calculate the effective SNR [63]
M
P

SN Ref f =

PX (xi )|µi |2

i=1
M
P

.

(2.27)

PX (xi )σi2

i=1

2.5

Probabilistic shaping

PS refers to imposing a given probability mass function (PMF) that is not uniform
on the channel input symbols. PS provides high flexibility in tuning the constellation
power and spectral efficiencies which enables adapting the transmission distance and
bit rate with fine granularity [9], [10]. Combined with FEC codes, transmission
distances in excess of 6000 km and a bit-rate granularity of 0.5 bits/2D symbol using
PS have been experimentally demonstrated [2], [10]. As such, Maxwell Boltzmann
(MB) distributions can closely approximate the Gaussian distribution for discretealphabet QAM constellations, thus allowing near-optimal shaping gains
2

e−νx
,
−νx02
x0 ∈X e

PXMB (x) = P

(2.28)
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Figure 2.11: 1D probabilistic amplitude shaping
where ν is a scaling factor which determines the constellation entropy and hence the
shaping rate [62]. This parameter is optimized under a specific SNR constraint known
as the shaping SNR [17], [22], [62].

Probabilistic amplitude shaping
The generation of a symbol sequence with an arbitrary empirical PMF is possible
using a constant composition distribution matcher (CCDM) followed by a systematic
FEC encoder. This scheme is known as probabilistic amplitude shaping [22]. The
salient feature of probabilistic amplitude shaping is to factorize a given symbol χ into
amplitude and sign
χ = Ac · S,

(2.29)

where Ac = |χ| and S = sign(χ). The CCDM takes kc input bits and produces
an amplitude sequence of length nc . The actual rate of the CCDM is

kc
nc

and the

amplitudes in the output sequence have the target empirical probabilities. As nc
increases, the actual rate of the CCDM approaches the desired constellation entropy.
The systematic encoder produces uniformly distributed signs which are appended to
the shaped amplitudes. It has been shown that the distribution of the produced
double-sided symbols follows the same distribution as the CCDM output amplitudes
(Ac ) [22]. Fig. 2.11 shows a block diagram representing the basic concept underlying
the probabilistic amplitude shaping scheme. Consider a target 1D symbol carrying
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b bits. The scheme employs a CCDM to generate 2b−1 independent and identically
distributed (iid) amplitudes (Ac ) having a given empirical PMF. Each amplitude is
assigned a binary label consisting of b − 1 bits and following the Gray code
b−1

B Ac 7−→ bAc (Ac ) ∈ {0, 1}2

.

(2.30)

The generated binary sequence is used by a systematic encoder to calculate parity
bits which are de-mapped to sign digits according to the following rule

B S 7−→




b−1 (0) = −1,
S

(2.31)



b−1
S (1) = 1.
Finally, double-sided symbols (e.g., χ = ±1, ±3, ...) are obtained by multiplying the
amplitudes with the sign digits (χ = A · S). The product of two 1D shaped constellations constitute a 2D shaped QAM constellation.

Probabilistically shaped DP-64QAM
In addition to tuning the parameter ν in Eq. (2.28), rate adaption implies tuning the
number of parity bits, i.e., the FEC overhead, to match the change in the CE. The
relation between the CE and a threshold BW AIR (AIRBW,th ) for a given OHF EC is
given by [9]
CE = AIRBW,th +

OHF EC
log2 M,
1 + OHF EC

(2.32)

where OHF EC is the number of redundant bits/2D symbol used for FEC. For instance,
a BW AIR threshold of 4.69 bits/2D symbol can be realized using a PS 64QAM
constellation with entropy of 5.69 bits/2D symbol and OHF EC = 0.2 or using a
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Figure 2.12: (a) Uniform DP-64QAM and (b) PS DP-64QAM; 28 Gbaud, RRC with
ρ = 0.15.
uniform 64QAM constellation with entropy of 6 bits/2D symbol and OHF EC = 0.28.
Fig. 2.12 (a) and (b) shows experimentally obtained signal constellations following
offline DSP for PS DP-64QAM (CE = 5.69 bits/2D symbol) and uniform DP-64QAM,
respectively. The symbol rate was set to 28 Gbaud. The signal were pulse shaped
with an RRC filter (Eqs (2.3) and (2.4)) with ρ = 0.15. The mismatch between the
channel SNR, i.e., the actual SNR of the received signal, and the shaping SNR has
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Figure 2.13: The theoretical dependence of the GMI on the SNR for shaped and
uniform DP-64QAM. For each range of SNR values, a corresponding
PMF is determined such that the incurred SNR penalty is less than 0.1
dB relative to the ideal case (an optimized PMF for each SNR value)
[17].
been thoroughly investigated for AWGN and nonlinear fiber propagation [17], [62].
The reported results show that a limited number of shaping PMFs (shaping entropies)
can be used for a relatively large range of channel SNR values with the incurred SNR
sensitivity penalty due to the shaping and channel SNR mismatch being less than
0.1 dB. Curves representing the theoretical dependence of the GMI on the SNR for
PS and uniform 64QAM are plotted in Fig. 2.13. Four different shaping rates, i.e., 4
different values of ν, were used to cover the shown SNR range instead of optimizing
the shaping rate for each SNR value [17]. Table 2.1 shows the 1D double-sided PMF
values which are used to cover different SNR ranges. Relative to optimal ν values,
the shaping rate suboptimality yielded an SNR penalty
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Table 2.1: Input symbol PMFs covering the SNR ranges shown in Fig. 2.13.

Input

Channel SNR (dB)

PX

PMF 1

[5 − 16.2]

[0.042, 0.093, 0.158, 0.207, 0.207, 0.158, 0.093, 0.042]

PMF 2

[16.2 − 19.3]

[0.079, 0.113, 0.145, 0.163, 0.163, 0.145, 0.113, 0.079]

PMF 3

[19.3 − 22.2]

[0.109, 0.122, 0.132, 0.137, 0.137, 0.132, 0.122, 0.109]

PMF 4

[22.2 − 25]

[0.124, 0.125, 0.126, 0.126, 0.126, 0.126, 0.125, 0.124]

of only 0.1 dB. Table 2.1 shows the 1D double-sided PMF values which are used to
cover different SNR ranges. Relative to optimal ν values, the shaping rate suboptimality yielded an SNR penalty of only 0.1 dB. A stem plot of the four PMFs is shown
in Fig. 2.14. The PMF corresponding to the lowest SNR range resembles a Gaussian
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Figure 2.14: Stem plot of 1D double-sided PMF.
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distribution. As the SNR increases, the PMFs evolve from being Gaussian towards a
uniform distribution.

2.6

Summary

This chapter presented an overview of modern coherent systems. Key enabling functionalities of the optical coherent transceiver were highlighted. The chapter also
briefly discussed fiber nonlinear effects as a major capacity-limiting factor in coherent transmission systems. Equations for SW and BW AIRs were described and the
basic concept of probabilistic shaping for coherent systems was introduced.
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Chapter 3
Simplified procedure for assessing the system
performance following nonlinear transmission

3.1

Introduction

Multidimensional modulation has been extensively explored in the context of devising
signal constellations that mitigate the effects of fiber nonlinearities with low complexity [18]. To simplify the analysis, statistical models, which analyze the impact of fiber
nonlinear effects on the system performance, often assume 2D symbols with statistically independent transmitted data on the two polarizations [47], [49]. Optimized
multidimensional constellations violate this assumption. Neglecting the correlation
between the transmitted data on the two polarizations may significantly affect the
NLIN estimation, in particular for weakly dispersive systems [64]. Moreover, extending the existing theoretical models to multidimensional signaling is non-trivial and
hence a preliminary assessment of system performance with multidimensional formats
following nonlinear transmission may require time-consuming multichannel simulation. To this end, Eqs. (2.13) and (2.14) are numerically evaluated using the SSFM.
In this context, I describe a broadly applicable procedure to estimate the impact of
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intra-channel nonlinearities and inter-channel NLIN on the system performance. The
proposed procedure provides a valid approximation of full-system SSFM simulation.
Examples of performance assessment metrics include the multidimensional EVM and
the SW AIR.

3.2

Principle of the proposed procedure

In coherent systems, compensation of fiber linear impairments with relatively small
OSNR penalties is achieved using sophisticated DSP. Assuming that the receiver DSP
functions are near-ideal, the system performance for a given modulation format is predominantly determined by its tolerance to uncompensated nonlinear signal distortion
stemming from Kerr intra- and inter-channel nonlinearities as well as accumulated
ASE noise. Thus, the proposed procedure broadly includes signal generation, signal impairment with intra- and inter-channel nonlinearities, noise loading, simplified
signal detection, and EVM or SW AIR calculations.
The procedure is demonstrated for both conventional 2D and multidimensional
constellations, single and multichannel transmission, dispersion-managed (DM), i.e.,
with inline dispersion compensation, and DU links with lumped amplification [12],
[13], [65]. Different system configurations are distinguished by the specific calculations
embedded in the broadly applicable procedure.
An illustrative block diagram of the 3-stage procedure is shown in Fig. 3.1. A key
feature in the proposed procedure is the ability to separate intra-channel and interchannel nonlinearities generated during propagation through the link into two independent blocks. For practical fibers, where birefringence causes significant amounts
of polarization rotation within the nonlinear length, these effects are mathematically
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Figure 3.1: Proposed simplified WDM transmission system.
described using the coupled Manakov propagation equations for the two waveforms in
X- and Y-polarizations (Eqs. 2.13 and 2.14) [66]. Intra-channel nonlinearities are calculated according the time-domain first-order perturbation solution of the Manakov
equations [8]. To obtain the inter-channel nonlinear effects, the Manakov equations
are solved using the approximate frequency-domain Volterra expansion [14].
As shown in Fig. 3.1, a pseudo-random symbol sequence is generated by mapping
a pseudo-random bit sequence to signal vectors which define the modulation format
under test. Next, intra-channel nonlinear perturbations are applied to the symbol sequence based on the additive-multiplicative model [8], [67]. As described by the next
equation, this model subdivides intra-channel nonlinear perturbations into nonlinear phase perturbations accounting for SPM and intra-channel XPM (multiplicative
factor) and nonlinear amplitude perturbations accounting for intra-channel FWM
(additive factor). For conciseness, I consider equations for the X-polarization signal.
Similar equations apply for the Y-polarization signal. Without loss of generality, the
symbol at time index 0 at the output of this stage can be written as [65]

 (j∆φx )
in
,
Aout
0,x = A0,x + ∆Ax e

(3.1)
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out
(j∆φx )
where Ain
0,x and A0,x are the input and output symbols, respectively. ∆Ax and e

represent the additive and multiplicative factors, respectively. The amplitude and
phase nonlinear perturbations ∆Ax and ∆φx are approximate solutions of the singlechannel Manakov equations. These solutions are obtained using time domain firstorder perturbation analysis and are given by [8], [67]
X

3/2

∆Ax = P0

(An,x A∗m+n,x Am,x + An,y A∗m+n,y Am,x )Cm,n ,

(3.2)

m6=0,n6=0

∆φx = P0 Im

X

2

2

2

2



(2|Am,x | + |Am,y | )Cm,0 + (|A0,x | + |A0,y | )C0,0 ,

(3.3)

m6=0

with P0 , Am,x and Am,y , and Cm,n being the launch power, symbol sequences for the
X- and Y-polarization signals, and nonlinear perturbation coefficients, respectively.
m and n are time indices. For a given distance L, an arbitrary pulse shape, and
assuming matched filtering, the normalized nonlinear coefficients are expressed as [8],
[27]
8
Cm,n (L) = j γ
9

Z
0

L

Z

∞

A∗ (z, t)A(z, t − mT )

−∞

A(z, t − nT )A∗ (z, t − mT − nT )f (z)dtdz,

(3.4)

where γ is the nonlinear coefficient, f (z) = exp[−α mod(z, Lspan )] is the signal power
profile along the link, α is the fiber attenuation coefficient, Lspan is the span length,
and A(z, t) is the dispersed pulse shape at a distance z (with zero time shift corresponding to the matched filtering). In the case of ideal Raman amplified links, the
power profile f (z) is constant over the span length.

3.2. PRINCIPLE OF THE PROPOSED PROCEDURE

44

Next, the procedure accounts for inter-channel NLIN which, as stated earlier,
stems from the nonlinear interactions between multiple co-propagating channels and
can be broadly categorized as XPM, XPolM, and FWM. As proposed in [14], the
Manakov equations are solved in the frequency domain using a Volterra expansion.
The main assumption of this approach is weak nonlinearity so that the Volterra
expansion can be limited to the third order. I use this solution to model inter-channel
nonlinearities. Perturbed symbols are pulse-shaped at a relatively high oversampling
rate. The resultant waveform E(t) is rotated by a time-varying XPM Jones matrix
R(t) which models the effects of XPM and polarization crosstalk in terms of a time
varying induced phase noise rxy/yx (t) and polarization crosstalk θx/y (t). The Jones
vector representing the optical field following this second stage is given by

Eout (t) = R(t)Ein (t),

(3.5)

where R(t) is

 e
R(t) = ejθ 

)
(j ∆θ
2

p
(1 − |rxy |2 )
rxy


ryx

.
∆θ p
e(−j 2 ) 1 − |ryx |2

(3.6)

In (3.6), θ = (θx + θy )/2 and ∆θ = θx − θy are common and differential XPM
phase noise terms, respectively. For a dense WDM (DWDM) system consisting of M
channels and a transmission link having N spans, rxy/yx and θx/y are expressed as

rxy/yx (t) = F

−1


F(

M X
N
X

m=2 n=1

jem,x/y,n (0, t −

τm,n )e∗m,y/x,n (0, t


− τm,n ))Hm,n (ω) , (3.7)
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−1


F(

M X
N
X
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j2|em,x/y,n (0, t − τm,n )| + |em,y/x,n (0, t − τm,n )| )Hm,n (ω) ,
2

2

m=2 n=1

(3.8)
with τm,n and em,x/y,n (0, t − τm,n ) being the differential delay and waveform of the
M th interfering channel at the beginning of the N th span, respectively. F denotes the
Fourier transform operation. Hm,n (ω) represents the frequency response of the XPM
low-pass filter which can be approximated for ultra-long fiber by
0

Hm,n (ω) = (8/9α)/(1 − j(∆βm,n )ω),

(3.9)

0
0
0
(ω) is the group velocity difference between the probe
(ω)−β0,n
(ω) = βm,n
where ∆βm,n
0
channel and the mth interfering channel at the beginning of the nth span. ∆βm,n
(ω)

increases as the frequency spacing between the interacting channels increases. Moreover, for a given interfering channel, τm,n increases with N for DU links and for DM
links in which inline dispersion management is partial, i.e., residues of CD accumulate
following each span.
An extensive investigation of the dominant nonlinear effects has shown that polarization crosstalk is the dominant contribution in DM systems while XPM and SPM
dominate in DU links [68]. DU are considered in the results sections of this chapter
whereas DM links are considered in the results section of Chapter 4. For the DM
link example, the calculations of (3.4), (3.7), (3.8), and (3.9) assume that 90% of
the accumulated dispersion following each span is compensated by a lossless linear
DCF, i.e., nonlinearities experienced by the signal arise from propagation through
the SMF only. For example, in evaluating (3.4), (3.7), (3.8), the waveforms A(z, t),
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em,x,n (0, t) and em,y,n (0, t) depend on the dispersion map. Inline dispersion compensation is based on specific dispersion maps in which positive and negative dispersion
fibers are arranged following well-established principles. As such, the inline dispersion compensation does not perfectly compensate the SMF span dispersion to avoid
incurring large XPM penalties [18]. The final stage in the channel modeling is the
noise loading. The OSNR in decibels (dB) of a received signal after linear propagation with periodic amplification and amplifier noise figures is given by the well-known
relation [69]

OSN R = 58 + P0 − Lossspan − Noise Figure (dB) − NdB ,

(3.10)

where Lossspan is the power loss per span in dB (10 log10 (α)× span length) , NdB is
the total number of spans expressed in dB (10 log10 N ), and P0 is the launch power
in dBm. Subsequently, a simplified signal detection process is applied. This refers to
matched filtering, clock recovery to determine the optimum sampling phase followed
by down sampling. The procedure assumes ideal compensation for fiber dispersion,
local oscillator frequency offset, and laser phase noise. However, these effects could
easily be included. Finally, in this chapter, the system performance is evaluated using
the EVM
EVM =

E {|Aerr |2 }
E {|Arx − Atr |2 }
=
,
E {|Atr |2 }
E {|Atr |2 }

(3.11)

where Arx is the received signal vector (received sample value), Atr is the transmitted
signal vector (ideal constellation point), and Aerr , illustrated in Fig. 3.2, is the error
vector between the transmitted and received signal vectors. As shown in the figure,
this vector captures the properties of both amplitude and phase distortions. It should
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Figure 3.2: Error vector; Atx is an ideal constellation point; Arx is the received sample
value; the difference between the vectors Atx and Arx is the error vector
Aerr .
be noted that other performance metrics, e.g., SW AIR (Eq. (2.22)) and BW AIR
(Eq. (2.25)) can also be used.
Specific Matlab functions were developed to implement the procedure of Fig. 3.1
and its different stages. Unlike SSFM simulation, intra-channel nonlinear perturbations and the inter-channel nonlinear matrix are applied in one computational step.
Evaluating the performance of a multichannel multi-span transmission system using
the proposed procedure can be roughly tens of times faster than SSPM simulation1 .

3.3

Demonstration of the proposed procedure for 2D modulation formats

First, the approach is investigated for single-channel DU transmission with conventional 2D modulation formats, namely, DP-QPSK, DP-8QAM, and DP-16QAM [12].
1

This depends on the used processors and possibilities of parallelization of the computations.
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Figure 3.3: QPSK, 8QAM and 16QAM constellation diagrams.

Figure 3.4: Minimum Euclidean distance for QPSK (rectangles) and 16QAM (crosses)
with average powers of both constellations normalized to unity.
For this example, inter-channel effects are excluded, i.e., the 2nd stage of the procedure (Fig. 3.1) is turned off. The conventional 2D EVM is used as a performance
assessment metric, i.e., Eq. (3.11) is used with signal vectors being 2D. Constellation
diagrams of the 3 formats are shown in Fig. 3.3. Moduli of studied constellations vary
from being constant for QPSK to being variable with 2 levels for 8QAM and 3 levels
for 16QAM. Moreover, having the largest minimum Euclidean distance at the same
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Figure 3.5: Calculated nonlinear EVM vs launch power for different 32-Gbaud modulation formats at 3000 km.
signal power, a QPSK signal requires the lowest SNR to achieve the same BER relative to 8QAM and 16QAM signals. A simple illustrative comparison between QPSK
and 16QAM constellations in terms of the minimum Euclidean distance is provided
in Fig. 3.4. The average power for both constellations is normalized to 1. The figure
shows the larger minimum Euclidean distance for QPSK.
In Fig. 3.5, the nonlinear tolerance of the DP-QPSK, DP-8QAM, and DP-16QAM
formats to intra-channel nonlinearities is obtained by evaluating the EVM as a function of the launch power in the absence of the noise-loading stage, i.e., only the
1st stage in Fig. 3.1 is turned on. For all formats, the EVMs increase with the
launch power as fiber nonlinear effects increase with the signal power. DP-QPSK
and DP-16QAM exhibit the lowest and the largest EVM for the launch power values
under test, respectively. In other words, the results clearly illustrate the increase in
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the engendered nonlinear effects as the amplitude variation of the modulated signal
increases.

3.3.1

Verification against full-system SSFM Matlab simulations

Simulation setup
The proposed model is compared to full-system SSFM Matlab simulations of DU
transmission links for 32-Gbaud DP-QPSK at 6000 km and 32-Gbaud DP-16QAM
at 3000 km. Laser phase noise and frequency offset were considered in the simulations. The linewidths of the transmitter and local oscillator lasers were set to 100
kHz. A frequency offset of 100 MHz was used. The received signal was match-filtered.
Compensation for quadrature imbalance using Gram-Schmidt orthogonalization was
performed followed by digital square and filter clock recovery. The X- and Y- polarization signals were resolved using the CMA for DP-QPSK. For DP-16QAM, the
CMA was used for preconvergence followed by the radius-directed (RD) algorithm
[26]. Pre-decision phase recovery and a two-stage blind phase-search algorithm were
employed for DP-QPSK and DP-16QAM, respectively [42], [41]. FOE using Morelli’s
4th -power algorithm was used for both cases [26], [40].

Simulation results
Fig. 3.6 shows the dependence of the BER on the per-channel launch power. The
estimated results using the proposed procedure are labeled as “model” in the legends.
BER was obtained by direct bit-error counting. For the model, the BER was calculated from the EVM [70]. The plots reveal that the range of launch power can be
subdivided into two main regions separated by the power level for which the system
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Figure 3.6: The dependence of the BER on the launch power for 32-Gbaud DP-QPSK
at 6000 km and DP-16QAM at 3000 km.
performance is optimum, i.e., the EVM is minimum. This power is identified as the
optimum launch power. Within the linear regime, i.e., for power levels less than the
the optimum launch power, ASE noise prevails over fiber nonlinearities and the EVM
is reduced as the launch power increases. Beyond the optimum launch power, nonlinear effects becomes dominant relative to ASE noise and hence the EVM increases
as the launch power increases leading to typical performance curves shown in Fig.
3.6. The estimated EVM shows the same trend and optimum launch power as the
simulated EVM for both constellations. For DP-QPSK, the agreement between the
model and full-system simulation is good whereas for DP-16QAM, a relatively minor difference is observed. This difference is attributed to the higher sensitivity of
DP-16QAM to laser phase noise as well as the expected deviation between the EVM
estimated BER and the bit error count.
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3.3.2

Verification against experimental results

Experimental setup
Fig. 3.7 shows the experimental setup. de Bruijn bit sequences of length 219 were
generated and mapped to the appropriate DP-QAM symbols. For DP systems, the
symbol rate is given by
symbol rate =

bit rate
,
2 log2 (M )

(3.12)

where M is the number of constellation points. A bit rate of 128 Gbit/s was used
for the DP-QPSK and DP-8QAM signals. Using Eq. (3.12), this corresponds to
symbol rates of 32 Gbaud and 21.3 Gbaud, respectively. Bit rates of 128 Gbit/s and
256 Gbit/s were considered for the DP-16QAM signals in order to consider the same
format with 2 different symbol rates (16 Gbaud and 32 Gbaud, respectively). RRC
pulse shaping with ρ = 0.1 was used for all cases. The modulator drive signals were
determined offline and loaded into the programmable memory of a Ciena WaveLogic
3 transceiver which included 4 synchronized DACs operating at 39.4 GSa/s. The
wavelength was set to 1557.36 nm. The output signal was applied to a recirculating
loop with 4 spans and a loop-synchronous polarization scrambler (LSPS). Each span
consisted of 76 km of SSMF, an EDFA, and a tunable optical bandpass filter (OBPF).
The number of loops through which the signal passed is determined by the target
transmission distance. To emulate straight-line transmission in terms of polarization
rotations due to fiber birefringence, i.e., to break the periodicity of the loop as seen
by the launched signal, the LSPS synchronously scrambles the SOP of the signal
prior to each loop. Relative to the signal’s bandwidth, the ASE noise has a large
bandwidth. The OBPF following each EDFA prevents it from being saturated by
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Figure 3.7: Experimental setup; EDFA: Erbium doped fiber amplifier; AOM:
Acousto-optic modulator; VOA: Variable optical attenuator; SSMF: Standard single mode fiber; OBPF: optical bandpass filter.
filtering out the out-of-band accumulated ASE noise. For each launch power, five
data sets comprised of 218 symbols were captured using a coherent receiver and two
synchronized 80 GSa/s real-time sampling oscilloscopes. The EVM was determined
following offline processing with standard DSP algorithms. These algorithms included
matched filtering, Gram-Schmidt orthogonalization to compensate for quadrature
imbalance, and digital square and filter clock recovery. For DP-QPSK, polarization
demultiplexing used the CMA, and CPE used the pre-decision algorithm [26], [42].
For DP-8QAM and DP-16QAM, the polarization demultiplexing stage included the
CMA for preconvergence followed by the RD algorithm [26]. The two-stage blind
phase search was used for the CPE. FOE using Morelli’s 4th -power algorithm was
used for the 3 modulation formats [26], [40].
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Experimental results
In Fig. 3.8, estimated and experimental results for a 32-Gbaud DP-QPSK signal at
6000 km and a 21-Gbaud DP-8QAM signal at 3000 km are compared. Estimated
and experimental results for 16-Gbaud and 32-Gbaud DP-16QAM signals at 3000
km are shown in Fig. 3.9. The estimated and experimental results follow a similar
trend and yield the same optimum launch power for all three cases. In back-toback experiments, a higher OSNR is required relative to the theoretical performance
to achieve a predetermined BER for a given modulation format. This difference
captures the experimental implementation penalty. The offset between the estimated
and experimental results is attributed to an implementation penalty that was also
observed in back-to-back experiments. However, this offset is somewhat reduced in
the nonlinear regime which I attribute to the CPE being able to remove some of the

36

EVM (%)

30
24
18
DP-QPSK (Model)
DP-QPSK (Experiment)
DP-8QAM (Model)
DP-8QAM (Experiment)

12
6
-4

-3

-2

-1

0

1

2

Launch Power (dBm)

Figure 3.8: The dependence of the EVM on the launch power for 32-Gbaud DP-QPSK
at 6000 km and 21-Gbaud DP-8QAM at 3000 km.
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Figure 3.9: The dependence of the EVM on the launch power for 16-Gbaud and 32Gbaud DP-16QAM at 3000 km.
nonlinear phase for the experimental results.

3.4

Demonstration of the proposed procedure for optimized multidimensional modulation

The benefits of the multichannel procedure are demonstrated for two examples of
optimized multidimensional constellations in long-haul DU systems using extensive
Matlab simulations [65]. Both intra- and inter-channel nonlinear effects are included.
The first example is the 8D PPB constellation proposed as an alternative to DP-BPSK
[18]. Results were obtained for DP-BPSK for comparative purposes. The second
example, i.e., 7b-8D format with parity [60], is an 8D subset of DP-QPSK with a CE
of 7 bits/8D symbol. An illustrative diagram showing the symbol construction of 8D
constellations is provided in Fig. 3.10. The 8 dimensions span the constellation I and

3.4. DEMONSTRATION OF THE PROPOSED PROCEDURE FOR
OPTIMIZED MULTIDIMENSIONAL MODULATION
56

Figure 3.10: Symbol construction for 8D constellations.
Q components in X- and Y- polarizations over two consecutive time slots, namely,
slot A and slot B.

3.4.1

PPB constellation

The PPB constellation is an optimized 8D subset of 8D QPSK which outperforms
DP-BPSK in both the linear and nonlinear performance at the same CE (4 bits/8D
symbol). The design of the constellation starts from a variant of a standard biorthogonal 8D constellation with 4 bits/8D symbol and improved power efficiency
relative to DP-BPSK [57]. In such a constellation, one QPSK symbol is transmitted
in either X- or Y- polarization of a single time slot (slot A or B) with zeros transmitted
elsewhere (polarization- and time-switched QPSK).
Despite the larger minimum Euclidean distance relative to DP-BPSK, poor nonlinear performance of this constellation is expected due to its large power variations.
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Table 3.1: Examples of PPB constellation bit-to-symbol mapping [18].

Slot A

Slot B

Binary Value

0000

0001

X-Pol

−1 − i

−1 − i

Y-Pol

1+i

−1 + i

SA = (S1 , S2 , S3 )

(0,-4,0)

(0,0,-4)

X-Pol

1+i

-1+i

Y-Pol

1+i

-1-i

SB = (S1 , S2 , S3 )

(0,4,0)

(0,0,4)

This problem is tackled by successively applying 8D unitary matrix transformations
such that, without affecting the gain in minimum Euclidean distance over DP-BPSK,
the resulting signal exhibits a constant power and a zero degree of polarization (DOP)
over the two time slots.
Illustrative examples of the PPB constellation bit-to-symbol mapping are shown
in Table 3.1. The examples refer to mapping the bit sequences 0000 and 0001 to two
8D symbols with each symbol consisting of 4 complex-valued 2D QPSK symbols to
be transmitted over slots A and B of X- and Y- polarizations. SA

or B

= (S1 , S2 , S3 )

denotes the Stokes vector representing the complex-valued DP electric field with S1 =
|Ex |2 − |Ey |2 , S2 = 2 Re{E∗x Ey }, and S3 = 2 Im{E∗x Ey }. The presented examples
show that large variations in signal power are eliminated by transmitting two QPSK
symbol in both time slots. This reduces SPM and XPM significantly. Additionally,
the transmitted symbols are carefully selected such that the Stokes vectors of the
two time slots are equal and opposite in sign. In this manner, the signal is switched
between two orthogonal states of polarization at a rate that is equal to the symbol
rate, which substantially suppresses XPolM.
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Figure 3.11: XOR operations to obtain the parity bit for the 7b-8D constellation.
y/ ϭ ϱ ϭ ϱ y/ ϭ ϯ ϱ ϳ
yY Ϯ ϲ Ϯ ϲ yY Ϯ ϰ ϲ ϴ
z/ ϯ ϳ ϯ ϳ z/ ϭ ϯ ϱ ϳ
zY ϰ ϴ ϰ ϴ zY Ϯ ϰ ϲ ϴ
dŝŵĞ

;ϭͿ

dŝŵĞ

;ϮͿ

Figure 3.12: Examples of possible mapping rules for the 7b-8D parity constellation
[60].
3.4.2

7b-8D format with parity

As stated earlier, this constellation is an 8D subset of 8D QPSK for which the 8th
bit is a parity bit. Fig. 3.11 illustrates the flow of pairwise XOR operations which
can be successively applied to 7 digits (D1 to D7 ) to obtain the 8th parity digit (D8 ).
Fig. 3.12 provides possible rules, namely, map 1 and 2, for mapping the digits (D1
to D8 ) onto slots A and B of X- and Y- polarizations. For map 1, slot A conveys the
digits D1 to D4 with D1 and D2 being mapped to the I and Q components of the Xpolarization field whereas D3 and D4 are mapped to the I and Q components of the
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Y- polarization field. D5 to D8 are similarly mapped but onto slot B. Having a CE
of 7 bits/8D symbol, the 7b-8D format can fill the gap in CEs between 8D PS-QPSK
(6 bits/8D symbol) and 8D QPSK (8 bits/8D symbol).

3.4.3

Simulation results

The estimated system performance is verified against full-system SSFM Matlab simulations for a single channel and for the center channel of a 9-channel WDM system.
For DP-BPSK and the 8D PPB constellation, the simulation assumed a 15000-km
(200 × 75 km span) DU transmission link with lumped amplification, a symbol rate
of 35 Gbaud, and RRC pulse shaping with a roll-off factor of 0.05. These parameters
were changed to 7500 km, 36.5 Gbaud, and 0.01, respectively, for the 7b-8D parity
constellation. For all cases, the channel spacing was 37.5 GHz. Laser linewidth and
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Figure 3.13: Dependence of the 8D EVM on the launch power, DP-BPSK.
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frequency offset were set to 100 KHz and 1 MHz, respectively. The receiver DSP
started with matched filtering, Gram-Schmidt orthogonalization to compensate for
quadrature imbalance, and digital square and filter clock recovery [26]. The polarization demultiplexing stage employed data-aided LMS AE for all formats. CPE was
performed using a second-order phase-locked loop for DP-BPSK [37] and pre-decision
phase recovery for the other formats [42]. The frequency offset was estimated and
removed using Morelli’s 4th -power FOE algorithm for the 3 cases [26], [40]. The results for DP-BPSK, the 8D PPB constellation, and the 7b-8D parity constellation are
presented in Figs. 3.13, 3.14, and 3.15, respectively. The depicted results show good
agreement between estimated and simulated 8D EVMs. For comparative purposes,
I arbitrarily set a pre-FEC threshold BER of 2 × 10−2 and used a corresponding
pre-FEC threshold EVM.
As an example of the model capabilities, results for 51 channels are shown. For
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Figure 3.14: Dependence of the 8D EVM on the launch power, PPB constellation.
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Figure 3.15: Dependence of the 8D EVM on the launch power, 7b-8D parity constellation.
instance, in contrast to DP-BPSK, the 8D PPB constellation allows extending the
transmission reach beyond 15000 km in a fully loaded system. Note that the FEC
threshold expressed in EVM is dependent on the constellation geometry and hence
it differs according to the modulation format. Referring to the simple illustration in
Fig. 3.4 as an example, QPSK has a larger minimum Euclidean distance and hence
tolerates a larger amount of noise to achieve the same BER as 16QAM. Accordingly,
the same FEC BER threshold corresponds to a larger EVM for QPSK compared
to 16QAM. Moreover, for given transmission parameters, the EVM originating from
the accumulated ASE noise does not depend on the signal constellation. Thus, in
comparing two formats (with the same spectral efficiency), the difference between
EVMs is indicative of the amount of nonlinearity induced by each constellation.
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Figure 3.16: Dependence of the 8D EVM on the number of channels, PPB constellation vs. DP-BPSK. These results were obtained using the described
procedure.
The proposed multichannel model can be used to determine the relative contributions of inter- and intra-channel nonlinearities and their impact on system performance. For example, to identify the tolerance of a given format to inter-channel
nonlinearities, I quantify the EVM at optimum launch power2 as the number of
channels increases in Figs. 3.16 and 3.17. These results assume the same system
parameters as in Figs. 3.13–3.15 and are obtained in the presence of and in the
absence of intra-channel nonlinear effects. As can be seen in Fig. 3.16, DP-BPSK
exhibits a larger EVM for both cases relative to the 8D PPB constellation. Moreover,
the figure shows that, for DP-BPSK and the 8D PPB constellation, the impact of
inter-channel nonlinearities becomes larger compared to intra-channel effects as the
2

Note that the optimum launch power changes by varying the number of channels.
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Figure 3.17: Dependence of the 8D EVM on the number of channels, 7b-8D parity
constellation. These results were obtained using the described procedure.
number of channels exceeds 10 and 20 channels, respectively. It is also noted that,
although the DP-BPSK EVM curves tend to increase with the number of channels
in all cases, an onset of a saturated behaviour starts at 20 channels for the 8D PPB
constellation. This is interpreted by the PPB constellation being more tolerant to
XPolM which is the dominant effect in DM systems [18].
The mapping of 8D orthogonal signal vectors onto a 4D optical carrier may affect
the nonlinear performance of an 8D format [60]. In Fig. 3.17, the nonlinear tolerance
of a 7b-8D parity constellation employing two different mapping rules, labeled as map
1 and map 2 (Fig. 3.12), is investigated. Compared to map 1, map 2 exhibits a slightly
higher tolerance to intra-channel nonlinear effects and almost the same tolerance to
inter-channel effects when the number of channels is below 10. Beyond this value, the
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EVM induced by inter-channel nonlinearities for map 2 becomes larger. Moreover,
the contribution of inter-channel nonlinearities becomes dominant for both mapping
rules and hence the overall performance of map 2 deteriorates relative to map 1. The
reasons behind such behaviour were not investigated as the main aim of these results
is to emphasize the capabilities of the proposed procedure.

3.5

Summary

A procedure for estimating the performance of DWDM systems employing multidimensional modulation formats has been proposed. The procedure has broad applicability and is useful as an alternative to full-system SSFM simulations and other
well-established approximations. Using this procedure, it was shown that the 8D
PPB constellation can achieve a transmission reach in the excess of 15000 km with
51 channels. A multichannel comparison between two different mapping rules for
the 7b-8D parity constellation revealed which is better in fully loaded transmission
systems.
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Chapter 4
Multidimensional QAM optimized subset selection

4.1

Introduction

In coherent systems, designing signaling schemes which increase the information rate
in the presence of linear and nonlinear impairments is crucial for efficient transmission.
As such, it is more practical to rely on QAM formats and their subsets due to their
relative simplicity in generation using IQ modulators. Furthermore, probabilistic and
geometric shaping are powerful tools for tailoring QAM formats to achieve desired
constellation properties. Although the former can substantially improve the power
efficiency of multi-moduli high-cardinality QAM constellations [71], the latter is effective for both constant modulus and multi-moduli formats. In [72], probabilistically
shaped real-valued modulation for nonlinearity mitigation has been experimentally
demonstrated. On the other hand, 4D set-partitioning exemplifies subset selection
of DP-QAM constellations which allows obtaining power efficient constellations at
reduced CEs [56], [73]. As discussed in the previous chapter, 8D modulation provides
another possibility to improve the power efficiency by extending the signal space dimensions using either two carrier frequencies or two consecutive time slots [57], [60].
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In [18], the 8D signal space was constructed using two consecutive time slots as depicted in Fig. 3.10. Orthogonal linear transformations was applied to a biorthogonal
8D constellation to achieve a PPB subset of DP-QPSK at 4 bits/8D symbol, namely,
the PPB constellation. By employing coding theory for constellation design, the PPB
constellation can also be viewed as the 16 codewords of the (8,4) extended Hamming
code. A detailed description of this approach can be found in [46].

4.2

Optimization of the QAM subset selection using genetic algorithms

Optimization problem formulation
As an alternative to existing nontrivial constellation design methodologies [46], I
propose a more generic framework for multidimensional QAM constellation subset
selection [4]. Unlike conventional set-partitioning, I formulate the subset selection of
higher-order QAM as a combinatorial optimization problem thus enabling the joint
optimization of different constellation properties through an objective function. For
instance, starting from the DP-QPSK set of constellation vectors over two consecutive
time slots (256 8D vectors), one can obtain optimized subsets of 16, 32, 64, 128
8D vectors corresponding to CEs of 4, 5, 6, 7 bits/8D symbol, respectively. More
explicitly, 256 elements representing all possibilities of 2D QPSK symbols in X- and
Y- polarizations over two consecutive time slots constitute the starting set, which I call
the ground set S. Each element s is written as [A1x , A1y , A2x , A2y ] with A being a 2D
QPSK symbol and the subscripts denoting the respective time slot and polarization.
As an illustration of the concept, I consider two optimized 8D subsets at 4 and 6
bits/8D symbol. In the case of 4 bits/8D symbol, for example, the search space spans
all possible combinations of 16-point subsets s = {s1 , s2 , ..., s16 }, where si  S, and the
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solution sopt is the subset which maximizes/minimizes a predefined objective function
(subject to some constraint). In this case, despite the relatively small constellation

size, the number of possible combinations 256
exceeds 1025 , making an exhaustive
16
search infeasible.
By considering the AWGN channel, the optimization process targets the constellation linear properties only. In this case, a simple objective function aimed at
minimizing the gap between the SW AIR at a given SNR and the nominal CE can
take the following form

sopt = min[CE − AIRSW,SN R ].
s

(4.1)

Note that by assuming an AWGN channel, the SW AIR reaches its upper limit which
is the multidimensional MI (MMI) calculated using Eq. (2.21). I use the term MMI as
long as only AWGN is considered. A fiber channel is investigated in the results section
and hence the term MMI is replaced by its lower bound SW AIR calculated using Eq.
(2.22). In such an optimization process, it is required to remove the dependence of the
AIR on the bit-to-symbol mapping, as the main target of the algorithm is to optimize
the selection of the constellation points using a predefined objective function. Thus,
it is more suitable to employ the MI for AIR prediction in the objective function than
the GMI.
With the objective function being discrete, the optimization problem is not convex.
For such problems, genetic algorithms (GA) represent an adequate search technique
because the objective function is used directly rather than its derivatives [74]. Unlike
standard optimization algorithms, GA-based optimization searches for optimized solutions rather than analytically solving for such solutions. The searched part of the
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solution space is largely determined by the starting point, the SNR value, optimization parameters (e.g., number of generation and population size), and the algorithms
for selection, mutation, and cross-over. Thus, searching for a solution to (4.1) while
fixing the SNR value and using a specific set of optimization parameters and algorithms may only yield a local minimum because of the inherent properties of the
GA. To explore the solution space more fully, the evaluation of (4.1) is repeated for
several values of the SNR and different GAs. From the set of subset solutions, the
constellation subset that provides results closest to the Shannon limit is then selected.

Genetic algorithms
GAs mimic the natural evolution process in which the fittest individuals are selected
from a given population to produce offspring to be added to the next generation.
Careful selection of parents improves the chance of offspring being more fit. GA
optimization uses probabilistic transition rules to move from one solution to a more
fit solution, i.e., a solution which improves the objective (fitness) function. The
optimization process begins by creating a first generation which contains a population
of size i individuals, i.e., i possible subsets. This is achieved by arranging the Grayencoded ground set elements in a look-up table and randomly selecting 2CEsubset entries
representing the elements of each subset. For instance, the 8D QPSK subset optimized
selection starts by creating a 256-element look-up table. These elements correspond to
mapping Gray-encoded binary 00000000 (1st entry) to binary 11111111 (256th entry)
to 8D QPSK symbols. The first generation is populated by i subsets (individuals)
each having 2CEsubset elements which are randomly selected from the look-up table1 .
1

The Gray encoding is not necessarily preserved in the selected subset due to random selection
of elements. However, this does not affect the MMI as discussed in Chapter 2.

4.2. OPTIMIZATION OF THE QAM SUBSET SELECTION USING
GENETIC ALGORITHMS
69
Next, individuals are scored according to the value of the fitness function for each
subset. To this end, a 219 -bit deBruijn bit sequence is generated and bit-to-symbol
mapping is performed using the elements of each subset. The following operations
are applied to produce successive generations.
1. Selection which designates choosing the fittest individuals to be parents of
the next generation. In other words, these individuals undergo crossover and mutation operations to produce more fit offspring and create the population of the next
generation.
2. Cross-over in which random parts of two different parents are combined to
produce two new individuals (children). One possibility of crossover is single-point
crossover in which a random crossover point is chosen and two new individuals are
created by exchanging the elements of their parents after this point.
3. Mutations which refers to generating a child by performing small random
changes to an incoming parent. Accordingly, one or more elements of a given parent are randomly chosen and replaced. This operation maintains diversity in the
population and enables a broader search for an optimized solution.
As the number of generations increases, the algorithm evolves toward an optimized solution and stops when a predefined stopping criterion is met. Examples of
stopping criteria include exceeding a certain number of generations with no significant improvement in the fitness function or exceeding a predefined run time. The
key distinguishing features between different GAs are the algorithms used to perform
the different operations at each generation. To implement the proposed framework,
I developed specific Matlab functions which employed the Matlab genetic algorithms
solver.
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Power- and polarization-balanced 8D QPSK subsets
Terms addressing different constellation properties, e.g., constellation nonlinear tolerance, can be added to (4.1). Nonlinear terms can contain functions of the signal
intensity variations to suppress SPM and XPM. Moreover, it is noticed from the
Manakov equations (Eqns. (2.13) and (2.14)) that polarization crosstalk, which is
the dominant nonlinear effect in DM links, can be mitigated if the constellation has
the following temporal correlation over two consecutive time slots [18]

A1x A∗1y + A2x A∗2y = 0.

(4.2)

As S in the studied example (DP-QPSK set of constellation vectors over two consecutive time slots) has a constant modulus, only polarization balance is required
to improve the constellation nonlinear tolerance. Thus, I introduce a polarizationbalance metric as
P B = E{|A1x A∗1y + A2x A∗2y |},

(4.3)

with E denoting the mean-value operation taken over all possible constellation vectors.
A modified objective function is formed by adding a weighted polarization-balance
metric to (4.1)
min [λP B + CE − M M ISN R ] ,
s

(4.4)

where λ controls the impact of each term on the fitness function. It is set to 0 when
only the MMI is considered and to 0.05 when the optimization targets both MMI and
polarization balance. The latter value was determined heuristically. For the 8D 16
vector subset selection problem, i.e., for CE = 4 bits/8D symbol, I first considered
λ = 0 and SNR values of 0, 1, 2, 3, 4, and 5 dB. At each SNR value, three different
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Figure 4.1: Evolution of the fitness function as the number of generations increases
for two cases: (a) SNR = 3 dB, 1000 generations and population size of
1000 individuals, and (b) SNR = 3 dB, 600 generations and a population
size of 350 individuals.
selection criteria were tested, namely tournament, roulette, and remainder selection,
with scattered crossover and single-point mutation [74]. Two different population
sizes of 350 and 1000 were explored. Solutions achieving the best fitness, i.e., the
minimum score, were attained at SNR = 3 dB whereas using other SNR values yielded
either constellations which exhibit less MMI gain over DP-BPSK relative to the PPB
constellation (local minima), or no improvement in the MMI performance relative
to DP-BPSK. As stated earlier, this can be attributed to the inherent properties of
GAs. The evolution of the best fitness and the fitness averaged over all individuals as
the number of generations increases are illustrated in Fig. 4.1. For both population
sizes, the improvement in the fitness function is relatively steep for the generations
prior to 100. As the number of generation increases beyond 100, the improvement in
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the fitness function becomes slower. The fitness function reached a steady state when
the number of generations approached 450. No significant improvement in the fitness
function was noticed by increasing the number of generations beyond this value.
By setting λ = 0.05 and the population size to 350 individuals, different versions
of the PPB constellation were obtained after 200 generations using different selection criteria. Although changing the optimization parameters (e.g., selection criteria,
number of generations, and population size) allowed more thorough exploration of the
search space, all attained solutions exhibit the same gain as PPB constellations compared to DP-BPSK. In other words, obtained sets have the same MMI performance
as the PPB constellation but with different entries for the 16 entries of interest. I also
note that some of the optimization scenarios led to constellations having less MMI
gain over DP-BPSK relative to the PPB constellation (local minima). This suggests
that, for QAM constellation subset selection, the PPB constellation and its variations
represent the family of DP-QPSK 8D subsets having the closest MMI performance
to the Shannon limit.
Fig. 4.2 shows the theoretical MMI performance as a function of SNR for 8D
DP-BPSK, the PPB constellation, an example of a polarization unbalanced version
of the PPB constellation, and an example of local minima. These results were obtained using simple Monte-Carlo simulations with only noise loading and no DSP.
To this end, the following steps were performed. A 218 -bit deBruijn sequence was
generated and mapped to symbols selected from the constellation set under test. The
target SNR determined the noise power. Gaussian noise samples with the appropriate
variance were generated and loaded to the symbol sequence. The MMI was calculated using (2.21) and (2.23). The figure shows that the PPB constellation is more
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Figure 4.2: Dependence of the theoretical MMI on signal to noise ratio for the PPB
constellation (SNR = 3 dB and λ = 0.01), DP-BPSK, polarizationunbalanced version of the PPB constellation (SNR = 3 dB and λ = 0),
and a constellation representing a local minimun. In addition to the
Shannon limit, the MMI for unshaped DP-QPSK is also plotted.
power efficient relative to DP-BPSK. In other words, the MMI performance curve of
the PPB constellation and its polarization-unbalanced version reaches the saturation
level, i.e., the CE (4 bits/8D symbol), at approximately 2 dB lower in SNR relative
to 8D DP-BPSK. The performance curve of the local minimum example lies between
the PPB constellation and 8D DP-BPSK curves.
PS-QPSK is a 4D constellation known as the most power-efficient modulation
format having a 1.76 dB gain in the asymptotic power efficiency relative to DPBPSK [56]. The proposed optimization approach allows obtaining an 8D polarizationbalanced format (the signal vector extends over two consecutive time slots and satisfies
(4.3)) having the same CE and power efficiency as PS-QPSK, namely, PB-PS-QPSK
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Figure 4.3: Dependence of theoretical MMI on signal to noise ratio for PPB constellation, DP-BPSK, PB-PS-QPSK, PS-QPSK, and DP-QPSK. Solid black
curve is the Shannon limit.
(6 bits/8D symbol). This solution was reached after 450 generations with λ = 0.05
and population size of 350 individuals. Unlike the case of the PPB constellation,
only one polarization-balanced solution could be obtained at 6 bits/8D symbol in
different optimization scenarios. That is, increasing the number of generations and
the population size and using different GA algorithms for cross-over and mutation
always yielded PB-PS-QPSK. This suggests that PB-PS-QPSK coincides with PB8D-64 [75]. Fig. 4.3 illustrates the theoretical MMI as a function of SNR for 8D DPBPSK, PPB constellation, PS-QPSK, PB-PS-QPSK, and 8D DP-QPSK (unshaped
QPSK constellation). Unlike the PPB constellation which outperforms 8D DP-BPSK
in terms of both power efficiency and nonlinear tolerance, PB-PS-QPSK is merely a
polarization-balanced version of PS-QPSK with the same power efficiency.
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Table 4.1: Look-up table entries.
Optimized constellation

8,22,23,26,29,32,38,56,62,63,68,

6 bits/4D symbol

70,74,77,80,82,85,88,92,94,95,104,
108,110,111,113,116,118,119,122,
125,128,134,146,152,156,158,159,
174,182,183,192,197,200,206,207,
212,214,215,218,221,224,228,230
237,240,242,243,245,248,249,252,
254,255

Accordingly, it exhibits the same linear transmission behaviour as PS-QPSK. However, PB-PS-QPSK is expected to outperform PS-QPSK when polarization crosstalk
dominates over other nonlinearities, i.e., in DM links.

DP-16QAM 4D partitioning
I consider the 4D DP-16QAM ground set encoding all possibilities of 8 bits/4D symbol
(256 4D vectors) [4]. In other words, the optimization process starts by constructing
a look-up table containing the 28 4D DP-16QAM vectors. The target subset has a
spectral efficiency of 6 bits/4D symbol, i.e., successive generations are populated by
sets containing 26 entries which are randomly selected from the 28 -entry look-up table.
Using the fitness function given by (4.1), the search was performed over SNR values
ranging from 8 to 12 dB. Scattered crossover and random single-point mutation were
used, and three different selection criteria were tested, namely, roulette, tournament,
and remainder selection. The population size and the number of generations were set
to 350 individuals and 600 generations, respectively. The subset achieving the lowest
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Figure 4.4: Dependence of theoretical MMI on signal to noise ratio for optimized
constellation (6 bits/4D symbol), and DP-8QAM (SP-64QAM).
value of the fitness function was attained using tournament selection at an SNR of 11
dB. Look-up table entries of this subset are given in Table 4.1. The table entries are
arranged in ascending order of the constellation vectors, i.e., the 1st entry corresponds
to constellation vector 000000, the 2nd entry corresponds to 000001, and so on.
The MMI dependence on SNR is shown in Fig. 4.4. Compared to DP-8QAM
(star 8QAM, Fig. 3.3), this subset achieves a maximum MMI gain of approximately
0.18 bits/4D symbol at SNR = 8 dB. This gain is expected to increase by applying
probabilistic shaping. With an asymptotic power efficiency (γef f ) of −0.66 dB, the
optimized subset outperforms DP 8-QAM by approximately 1.3 dB.
Although the optimization has been pursued in terms of only the linear properties of the constellation with the algorithm aimed only at improving the AIR at a
given SNR, it is possible to modify the objective function to target the constellation
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nonlinear properties such as the signal intensity variations.

Nonlinear channel as an objective function
The studied examples show that, using the objective function, the proposed framework has the potential to direct the search process towards solutions having desired
linear and nonlinear properties at different CEs. As an alternative to the AWGN
model, the proposed procedure shown in Fig. 3.1 can, in principle, be employed to
estimate the nonlinear channel prior to SW AIR calculations as described in Chapter
3. A recent experimental comparison of different probabilistic shaping methods employing different optimization approaches has revealed that the improvements in SW
AIR depend on the optimization strategy [63]. Accordingly, I expect that the results
could be different if the AWGN channel is replaced by the NL channel estimation procedure, particularly, for system configurations where the NLIN noise deviates from
being Gaussian-distributed, e.g., on relatively short spans (∼ 50 km). Nonetheless,
if each generation has a population of 350 individuals and the algorithm takes up to
several hundreds of generations to converge, the required computational effort would
be excessive. Furthermore, in the SW AIR calculations (Eq. (2.22)), the quantity
qY /X (y/x) is calculated for each signal vector in the constellation set, and thus the
complexity in calculating the SW AIR scales with the constellation size. Accordingly,
parallelization of the computation becomes more important for constellations with
higher spectral efficiency.
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In this section, the procedure described in Chapter 3 is used to verify the estimated
SW AIR (i.e., the final stage in Fig. 3.1 includes SW AIR calculations rather than
EVM calculations) against the simulated SW AIR for a single channel and for the
center channel of a 5-channel DWDM system. In addition, the results provide a
comparison in terms of the SW AIR between the optimized constellations and their
counter parts, i.e., conventional modulation formats having appropriate CE. The link
uses DCF to compensate for 90% of the dispersion accumulated after each span. The
remaining 10% is digitally compensated at the receiver. The PPB constellation and
DP-BPSK signals were transmitted over 12,000 km (75 km × 160 spans). This was
changed to 10, 000 km (75 km × 134 spans) for PS-QPSK and PB-PS-QPSK.
The full-system simulation represented a realistic scenario. The LO frequency
offset and laser linewidth were set to 1 MHz and 100 kHz, respectively. The receiver
DSP steps comprised matched filtering, Gram-Schmidt orthogonalization to compensate for quadrature imbalance, and digital square and filter clock recovery [26]. Next,
a data-aided LMS-trained MIMO adaptive equalizer was applied to resolve the X- and
Y-polarization signals. Carrier-phase estimation was performed using a second order
phase-locked loop for DP-BPSK [37] and pre-decision phase recovery for the other
formats [42]. The final stage included a decision-directed LMS-trained equalizer to
resolve residual inter-symbol interference. The SW AIR calculations used Eqs. (2.21)
and (2.23) with the assumption that qY |X is a non-circularly symmetric, multivariate
Gaussian PDF for which correlated noise and adaptive mean concepts are used to
estimate the mean (µ) and variance (σ 2 ) from the received signal sample values as in
[61].
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The model described in Chapter 3 does not include a CPE stage. As stated earlier,
the results focus on DM links for which the polarization crosstalk is the dominant
nonlinear effect relative to XPM and SPM. As a result, it is expected that the absence
of CPE in estimating the system performance using the proposed model will have a
minor effect on the accuracy of the procedure. However, the proposed procedure
is generic and was demonstrated in Chapter 3 for dispersion uncompensated links
[65]. In such cases, SPM and XPM become the dominant nonlinear effects and either
adding CPE to the proposed procedure or turning off the laser phase noise in the
split-step simulation might become necessary for a fair comparison particularly when
multilevel constellations are considered.
For the single-channel case, the results for the PPB constellation and DP-BPSK,
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Figure 4.5: Dependence of simulated and estimated 8D SW AIR on launch power for
the PBB constellation and DP-BPSK following single-channel nonlinear
transmission over a 12,000-km DM link at 35 Gbaud.
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Figure 4.6: Dependence of simulated and estimated 8D SW AIR on launch power for
PB-PS QPSK and PS-QPSK following single-channel nonlinear transmission over a 10,000-km DM link at 35 Gbaud.
and for PB-PS-QPSK and PS-QPSK, are shown in Figs. 4.5 and 4.6, respectively.
In Figs. 4.7 and 4.8, the multichannel results are presented. For all cases, the launch
power is the per-channel launch power, and the estimated results using the proposed
model are labeled “model” in the legends. The results show good agreement between
simulated and estimated values of the SW AIR. As expected, the advantage of the
PPB constellation over DP-BPSK appears in both linear- and nonlinear-limited regions. In contrast, PB-PS-QPSK exhibits the same linear performance, but higher
nonlinear tolerance, compared to PS-QPSK. This is interpreted by PB-PS-QPSK being a polarization-balanced version of PS-QPSK. That is, both constellations have
the same power efficiency but polarization balance improves the performance of PBPS-QPSK in the presence of XPolM.
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Figure 4.7: Dependence of simulated and estimated 8D SW AIR on launch power for
the PBB constellation and DP-BPSK following multichannel nonlinear
transmission over a 12,000-km DM link at 35 Gbaud.
The estimation procedure provides a good approximation of the system performance relative to the SSF simulation. Deviation from the results for full-system
simulation is expected, particularly as the engendered nonlinearities become stronger
in the multichannel cases, i.e., as the launch power is increased beyond the optimum
power. This can be attributed to the CPE being able to partially mitigate the impact
of the nonlinear phase noise which renders the model slightly pessimistic compared to
SSF simulation. However, for all comparative results (single channel and five channels), the largest error between the estimated and simulated system performance is
observed in Fig. 4.8, (PB-PS-QPSK, single-channel case) at 2 dB beyond the optimum launch power, and that is is less than 0.1 bits/8D symbol (approximately
0.06 bits/8D symbol). Accordingly, these results demonstrate that the procedure
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Figure 4.8: Dependence of simulated and estimated 8D SW AIR on launch power for
PB-PS-QPSK and PS-QPSK following multichannel nonlinear transmission over a 10,000-km DM link at 35 Gbaud.
is sufficiently accurate for a preliminary assessment of the system performance, and
the results also suggest that for a large number of channels, e.g., 41 channels, the
estimation is still valid, although less accurate than SSF simulation. Given the computational time required to simulate the performance for a large number of channels,
I could not verify the procedure for 41 channels given the required memory and processing capabilities. As an example of the model capabilities, only estimated results
for 41 channels are shown. In this case, the PPB constellation can deliver SW AIR
0.11 that is bits/8D symbol higher than DP-BPSK at optimum launch power. This
difference increases to 0.2 bits/8D symbol at −3 dBm (in the nonlinear regime). A
similar advantage for PB-PS-QPSK over PS-QPSK (0.09 bits/8D symbol at optimum
power and 0.25 bits/8D symbol at −3 dBm) is shown in Fig. 4.8.
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Figure 4.9: Dependence of the information rate at optimum launch power of the center channel on the number of WDM channels for the PBB constellation
and DP-BPSK following nonlinear transmission over a 12,000-km DM
link at 35 Gbaud.
Based upon the system configuration under test, the proposed multichannel model
has the potential to determine the impact of constellation design on the system performance as well as the relative contributions of inter- and intra-channel nonlinearities.
With the same system parameters as before, the dependence of the information rates
at optimum launch power of the center channel on the number of WDM channels
is shown in Figs. 4.9 and 4.10. These curves were estimated using the procedure
shown in Fig. 3.1. At 35 Gbaud, the PPB constellation yields an increase in information rate of 1 Gbit/s compared to DP-BPSK for the single-channel case. This
advantage increases with the number of channels yielding a difference of 2 Gbit/s for
41 channels. On the other hand, PB-PS-QPSK outperforms PS-QPSK by 0.5 Gbit/s
in the single-channel case. This advantage increases with the number of channels,
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Figure 4.10: Dependence of the information rate at optimum launch power of the
center channel on the number of WDM channels for PB-PS-QPSK and
PS-QPSK following nonlinear transmission over a 10,000-km DM link at
35 Gbaud.
reaching 1.5 Gbit/s at 41 channels. This result shows the effectiveness of polarization
balancing in suppressing cross-polarization modulation.

4.4

Summary

A optimization algorithm for QAM geometric shaping has been proposed. It provides
a general and flexible design tool which allows tailoring the QAM subset selection according to the required transmission properties. It was shown that different variations
of a known 8D PPB constellation and PB-PS-QPSK can be obtained using this algorithm. The proposed approach was also used to optimize the 4D subset selection
of DP-16QAM at CE of 6 bits/4D symbol. The estimated SW AIR for the 8D PPB
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constellation and DP-BPSK, and also for PB-PS-QPSK and PS-QPSK agrees with
simulation results for single-channel and five-channel systems. The performance evaluation procedure was used to compare the nonlinear tolerance of these formats in
terms of the information rate for fully-loaded (41-channel) DWDM transmission systems. It was shown that the PPB constellation outperforms DP-BPSK by 2 Gb/s in
information rate at a symbol rate of 35 Gbaud for a 12,000-km DM transmission link.
On the other hand, due to polarization balancing only, PB-PS-QPSK can achieve an
increase of 1.5 Gb/s in information rate compared to PS-QPSK at a symbol rate of
35 Gbaud for a 10,000-km DM transmission link.
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Chapter 5
Implications of distributed link PDL on BW AIR
for PS and uniform DP-64QAM

5.1

Introduction

Practical optical elements exhibit polarization dependent loss (PDL) in case of passive
elements, e.g., reconfigurable optical add drop multiplexer (ROADM), or polarization
dependent gain (PDG) in case of amplifiers. As a result, a signal applied to an optical
element experiences a maximum or minimum loss when its state of polarization (SOP)
is aligned with or perpendicular to the PDL axis of an optical component, respectively.
Due to birefringence in single-mode fibers (SMFs), the variations of the attenuation
with the signal SOP are random. Hence, the amount of PDL seen by a propagating
signal is a random quantity. A statistical characterization of the PDL expressed
in dB has shown that it follows a Maxwell PDF with a linear accumulation of the
mean-square PDL [11].
PDL causes random fluctuations in a received optical OSNR, i.e., random differences in X- and Y- polarization SNRs, and loss of orthogonality between the Xand Y-polarization components of a signal leading to a detrimental effect on system
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performance. Thus, PDL has been thoroughly studied to understand its behavior and
devise possible compensation techniques. Theoretical analysis of the PDL physics has
been pursued for different single polarization and DP transmission systems [11], [76].
Moreover, recent examples of approaches which can be used to estimate and monitor
the SNR fluctuations due to PDL can be found in [77] and [78], respectively. The
interaction between fiber NLIN and PDL has been studied using Matlab simulations
and laboratory experiments with the conclusion that this interaction is significantly
reduced for long-haul DU systems [79], [80]. The impact of PDL on the Q-factor in
the presence of different NLIN compensation methods has been investigated with the
aim of determining methods which are resilient to PDL [81], [82]. Finally, examples
of compensation for the effects of PDL are provided in [83] and [84].
In this chapter, the impact of PDL on the BW AIR for PS and uniform DP64QAM is firstly compared using simulations which accurately emulate the effects of
PDL. Next, I experimentally demonstrate the fluctuations in BW AIR due to PDL
for PS and uniform DP-64QAM constellations. As will be described, distributed
link PDL emulation is adopted in the experimental setup. I analyze the statistical
variations of the SNR and BW AIR. The shaping gain and transmission distance
increase are identified in terms of the outage probability at 1200 km and the achievable
transmission distance for a given outage probability, respectively.

5.2
5.2.1

Theoretical background of PDL
Brief description of the PDL phenomenon

The SOP of a signal propagating through SMF is rotated randomly due to birefringence. Consequently, the angle of light incident on a given optical element with
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Figure 5.1: The impact of PDL on the orthogonality of X and Y polarizations.
respect to the element’s PDL axes is random and the attenuations experienced by the
X- and Y-polarization components of a signal vary randomly as a DP signal passes
through successive PDL elements. Simple examples illustrating two cases for the angle of incidence which correspond to two different PDL instances are portrayed in
Fig. 5.1. In the first case, the SOP of the incident light is aligned with the PDL
axes of the optical element. In terms of attenuation difference between X- and Ypolarizations, this refers to the worst-case scenario in which one polarization suffers maximum attenuation while the other polarization suffers minimum attenuation.
Nevertheless, the orthogonality between the two polarizations is maintained at the
output. In the second case, the SOP of the incident signal and the element PDL axes
are not aligned. The signal on each polarization is projected onto the PDL axes with
different projections suffering different attenuations. As a result, the angle between
the output signals on X- and Y- polarizations is no longer 90o . The first example

5.2. THEORETICAL BACKGROUND OF PDL

89

can be considered as a special case of the more generic second example. In practical transmission scenarios, a propagating signal experiences a random combination
of PDL instances. Accurate investigation of the PDL statistics implies emulating a
sufficient number of PDL instances.
ASE noise is unpolarized, i.e., the noise powers on X- and Y- polarizations are
originally equal. PDL polarizes the accumulated noise by causing variations in the
noise powers for the two polarization components. An accurate emulation should take
this effect into consideration.

5.2.2

Mathematical formulation of PDL phenomenon

The Jones vector for a DP signal following a PDL element can be written as [80]












0
  EXin 
 EXout   1
q
R
,
=

1+|Γ|
0
EYin
EYout
1−|Γ|

(5.1)

where |Γ| is the magnitude of the PDL vector Γ. EXout , EYout , EXin , and EYin represent
the X- and Y-components of the output and input signals. R is a polarization rotation
matrix which aligns the incident Jones vector to the PDL axes. A conventional form
of R is given by [26], [80]


R=


cos θ

sin θ exp(−iφ) 
,
− sin θ exp(iφ)
cos θ

(5.2)

with θ being the angle of the light incident on the PDL element relative to Γ and
φ representing the phase retardation between the X- and Y- polarizations. PDL is
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defined as the ratio between the maximum and minimum attenuations [11]

P DL (dB) = 10 log10

1 + |Γ|
.
1 − |Γ|

(5.3)

The minimum and maximum attenuations refer to θ = 0o and 90o , respectively.

Random polarization rotations
Accurate emulation of the PDL statistical behaviour implies generating a sufficient
number of uniformly distributed random polarization rotations, i.e., the signal SOPs
following random rotations should uniformly cover the Poincaré sphere [11]. These
rotations are applied to the signal prior to the PDL element to mimic polarization rotations due fiber birefringence in practical fiber propagation and produce a sufficient
number of PDL instances. Conventionally, rotation Jones matrices defined by Eq.
(5.2) are used with θ and φ each being randomly drawn from a uniform distribution
over [0, 2π]. Nevertheless, this family of rotation matrices is not closed under multiplication because multiplying two matrices of this form would produce a third matrix
which does not follow Eq. (5.2), i.e., the resultant matrix does not necessarily have
real elements along the diagonal. Moreover, it can be shown that orientations of the
produced output Stokes vectors are clustered in some regions with higher probability
rather than being uniformly distributed over the Poincaré sphere. Alternatively, as
proposed in [85], I use the most generic form of Jones rotation matrices with rotation
angles δ, θ, β, and φ




 cos θ exp(iβ) sin θ exp(−iφ) 
U = exp(iδ) 
.
− sin θ exp(iφ) cos θ exp(−iβ)

(5.4)
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A family of rotation matrices having the form of U is closed under multiplication. Additionally, uniform coverage of the Poincaré sphere can be achieved using N random
matrices with carefully selected angles. To this end, δ, β, and φ must be uniformly
distributed over [0, 2π], and the PDF of θ must be given by pθ (θ) = sin 2θ with
θ ∈ [0, π/2], i.e., cos θ is uniformly distributed over [−1, 1]. This specific PDF for θ
√ √
can be generated by replacing sin 2θ with 2 sin θ cos θ = 2 r 1 − r with r uniformly
distributed over [0, 1].

5.3

PS DP-64QAM and uniform DP-64QAM

Using Eq. (2.32), a BW AIR threshold of 4.69 bits/2D symbol can be realized using a
PS DP-64QAM constellation with entropy of 5.69 bits/2D symbol and OHF EC = 0.2
or using a uniform DP-64QAM constellation and OHF EC = 0.28 (Eq. (2.32)). I
target this threshold BW AIR for both schemes at a symbol rate of 28 Gbaud. This
corresponds to a 250-Gb/s net bit rate with 26% and 34% total overhead for the
shaped and uniform DP-64QAM constellations, respectively [86]

AIRBW,th =

Rb 1 + OHtotal
.
2Rs OHF EC

(5.5)

For the shaped constellation, the MB PMF parameter ν is chosen to yield a singlesided amplitude PMF corresponding to the levels {1, 3, 5, 7} of { 0.197, 0.156, 0.0977,
0.0496}. By comparing the PMF used here to the PMFs reported in [17] and [62],
it can be inferred that the probability values are approximately equal to those of the
PMF which is optimized for a shaping SNR of 15 dB and covers an SNR range of
12.2 to 16.6 dB. As shown in the next section, the shaped constellation enables an
SNR gain at AIRBW,th = 4.69 bits/2D symbol of approximately 0.7 dB.
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The BW AIR calculations are based on Eqs. (2.25) and (2.26) with the assumption
that qY |X is a non-circularly symmetric, bivariate Gaussian PDF for which correlated
noise and adaptive mean concepts are used to estimate the mean (µ) and variance
(σ 2 ) from the received signal sample values following the DSP chain as in [61].

5.4

Matlab simulation

A key finding of [80] was that the interplay between PDL and fiber nonlinear effects
has a minimal impact on the system performance, and that the accumulation of
PDL along the transmission link does not affect the optimum launch power for DU
systems. The Matlab simulation aims at accurately modeling the impact of PDL
on the transmitted signal and accumulated ASE noise while avoiding nonlinear signal
propagation using either approximate procedures or SSFM. Hence, a sufficient number
of runs to simulate instances of PDL which cover its PDF is possible with a relatively
small computational effort.

5.4.1

Model

As illustrated in Fig. 5.2, a recirculating loop comprising a polarization controller
(PolCon), a PDL emulator (PDLE), and an ASE noise source are used to accurately
emulate the effect of PDL as in a realistic transmission scenario. The signal and
noise paths are separated to allow monitoring the noise power and SNR fluctuations
individually. This model was implemented in Matlab as follows. Two de-correlated
217 pseudo-random symbol sequences were generated. For PS DP-64QAM, shaped
real-valued symbols for I and Q components were generated separately. This involved
employing the probabilistic amplitude-shaping scheme to generate shaped amplitudes.
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Figure 5.2: PDL Matlab emulation model. PolCon: Polarization controller; PDLE:
PDL emulator; Pol Demux: Polarization demultiplexer.
A specific code implementing the constant composition distribution matcher can be
found in [87]. Sign bits were generated using a built-in Matlab function which implements a low-density parity check (LDPC) FEC encoder as defined in the second
generation Digital Video Broadcasting standard (DVB-S.2). Double-sided 1D I and
Q symbols were combined to form complex QAM symbols. The launch power was
set to −1 dBm1 and RRC pulse shaping with ρ = 0.15 was used for both cases. The
PolCon rotated the waveform Jones vector at the beginning of each loop such that for
a sufficiently large number of runs the applied polarization rotations uniformly cover
the Poincaré sphere. To this end, 3000 polarization rotation matrices were generated
according to Eq. (5.4) and used in the simulation. A per-span PDL of 0.25 dB,
which follows the PolCon, was emulated as in (5.1). The ASE noise stage comprises
generating complex Gaussian-distributed sample values with power being determined
by assumed fiber loss and EDFA parameters. The fiber attenuation was set to 0.2
dB/km, i.e., assuming a 76-km fiber span2 , an amplifier gain of 15.2 dB was required
to offset the fiber loss. As stated earlier, the Matlab emulation model portrayed
in Fig. (5.2) considers a purely linear fiber propagation exhibiting only power loss.
Hence, the span length determines only the total number of PDL elements and the
1

The choice of the launch power is arbitrary since the emulation model does not consider fiber
nonlinearities.
2
This length corresponds to the laboratory experimental setup.

5.4. MATLAB SIMULATION

94

total amount of accumulated ASE noise for a given transmission distance.
As will be shown in the laboratory experiments section, the target AIRBW,th can
be experimentally attained in the absence of added PDL at transmission distances of
approximately 1900 km and 1600 km using standard blind receiver DSP for shaped
and uniform constellations, respectively. For 76-km spans, these distances correspond
to 25 and 21 spans, respectively. Assuming one PDL element per span, shaped and
uniform signals encounter 25 and 21 PDL elements for the achieved transmission
distances, respectively. The per-span ASE noise power was adjusted to yield the
target AIRBW,th after 25 (shaped) and 21 (uniform) spans by artificially tuning the
used amplifier noise figure. The generated per-span ASE noise powers were the same
for both cases.
An overall rotation matrix consisting of the matrix multiplication of individual
rotation matrices was constructed. The loop output was polarization de-multiplexed
using the inverse of the overall rotation matrix. The received X- and Y-polarization
signals were passed through a simplified DSP chain including matched filtering, clock
recovery to determine the correct sampling phase, and down sampling. The received
sample values corresponding to each transmitted symbol were normalized to standard
uniform and shaped 64QAM constellation points. For all cases, 3000 simulation runs
were carried out with the BW AIR being calculated for each run3 . I also estimated
the effective SNR using Eq. (2.27). The used simplified model allows executing 3000
runs within hours.
The variations of the estimated SNR and the BW AIR values are statistically
characterized by histograms with bin sizes optimized using the Knuth algorithm [88].
For simplicity, to approximate the PDFs, the discrete points showing the dependence
3

This relatively large number of runs was executed within approximately 10 hours.
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Figure 5.3: Estimated SNR (squares) and noise power (circles) trajectories for arbitrary run number, PS DP-64QAM, 25 spans.
of the normalized bin value on the bin centers were connected for all plots.

5.4.2

Simulation results

The impact of PDL on the signal and noise powers is emphasized by investigating the
SNR and BW AIR results for PS DP-64QAM following 25 spans using the setup shown
in Fig. 5.2. For comparative purposes, results were also obtained for the case where
the impact of PDL on ASE noise is not taken into consideration. This was achieved
by removing the ASE noise sources and applying conventional noise loading prior to
the polarization demultiplexing. For the distributed noise case, the SNR (squares)
and noise power (circles) values corresponding to arbitrary run numbers are shown
in Fig. 5.3. The trajectories vividly express the noise power and SNR imbalance on
the two polarizations caused by different instances of PDL. Unlike conventional noise
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loading, the noise powers are precisely anti-correlated, i.e., different PDL instances
caused anti-correlated attenuations on the two polarizations. The SNR by definition
is the ratio of the signal power to the noise power. A decrease (increase) in the noise
power does not necessarily lead to an SNR improvement (deterioration) because the
signal power is not fixed. Due to random polarization rotations, signals on both
polarizations are randomly coupled. As a result, PDL causes loss of orthogonality
between the X- and Y- signal components. The SNRs for both polarizations exhibit
opposite and similar reductions for different instances of PDL with the anti-correlation
being noticeably less than for the noise power case.
The PDFs for the SNR with distributed noise (squares) and noise loading (pentagons and hexagons) following 25 spans for PS DP-64QAM are shown in Fig. 5.4.

Probability Density Function

The corresponding and BW AIR PDFs are depicted in Fig. 5.5. For distributed
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Figure 5.5: PDFs for the BW AIR for the distributed noise (squares) and noise loading (NL, hexagons), PS DP-64QAM, 25 spans.
noise, the PDFs resemble shifted, mirror-image Maxwell distributions for the PDL.
The setup preserves a linear relation between the PDL statistics and the resulting
SNR variations. In the SNR range under test (approximately 12 to 16 dB), the relation between the SNR and BW AIR is almost linear (Fig. 2.13). Thus, a linear
relation between the BW AIR and PDL statistics can also be observed from Fig.
5.4. Moreover, loading the ASE noise equally on both polarizations overestimates
the penalty due to PDL by reducing the ranges of the SNR and BW AIR by approximately 1 dB and 0.4 bits/2D symbol, respectively. Similar reductions are noticed
in the corresponding mean values. The standard deviations are increased slightly.
The resulting PDFs tend to resemble a Gaussian distribution rather than a shifted,
mirror-image Maxwell distribution.
The SNR and BW AIR PDFs for shaped DP-64QAM and uniform DP-64QAM

Probability Density Function
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Figure 5.6: PDFs of the estimated SNR, PS DP-64QAM and DP-64QAM, 21 spans.
following 21 PDL elements (1596 km) are compared in Figs. 5.6 and 5.7, respectively.
The shape, mean, and standard deviations of the SNR PDFs are similar for both
constellations, suggesting that, relative to uniform signaling, imposing a Maxwell
Boltzman PMF on the input symbols does not affect the impact of PDL. As such,
the BW AIR PDFs show approximately 0.21 bits/2D symbol gain difference in the
ranges of BW AIR as well as in the mean values between the shaped and uniform
constellations, corresponding to approximately the back-to-back BW AIR shaping
gain.
The outage probability is defined as Poutage = Prob {AIRBW < AIRBW,th } for
both polarizations, where AIRBW,th = 4.69 bits/2D symbol. For 3000 runs, this

Probability Density Function
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Figure 5.7: PDFs of the BW AIR, PS DP-64QAM and DP-64QAM, 21 spans.
probability is directly calculated from the data as

Poutage =

number of times {AIRBW < AIRBW,th }
.
3000

(5.6)

Figs. 5.5 and 5.7 show that Poutage = 1 for 25 and 21 PDL elements (i.e., transmission
distances of 1900 and 1596 kms, respectively) for shaped and uniform DP-64QAM,
respectively. These distances were attainable in the absence of PDL. The dependence
of the outage probability on reduced distances for both schemes is presented in Fig.
5.8. Relative to uniform DP-64QAM, PS allows reducing the outage probability by a
maximum factor of 10 at 16 PDL elements (1216 km). For an outage probability of
3 × 10−3 (obtained by interpolation), shaped and uniform constellations can achieve
13 PDL elements (988 km) and 11 PDL elements (836 km) transmission, respectively.
Compared to PDL free transmission, the gain in reach due to shaping is reduced by
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Figure 5.8: Dependence of the outage probability (PS DP-64QAM and DP-64QAM)
on the transmission distance (number of PDL elements).
approximately 152 km as extending the reach implies encoutering more PDL elements.
To maintain the same outage probability for different distances, I employed PS
to adapt the bit rate at the same total OH by changing AIRBW,th as in Eq. 2.32.
To this end, the AIRs for which Poutage = 3 × 10−3 at each distance were determined
using the outage probability results obtained for AIRBW,th = 4.69 bits/2D symbol.
The dependence of the bit rate (Gbits/s) achieving the defined outage probability on
the transmission distance is plotted in Fig. 5.9. For verification, the constellation
entropies were adjusted and the simulations were repeated, given the adapted bit
rates for 6 points on the curve. A linear inverse relation between the bit rate and
transmission distance is evident from Fig. 5.9 for a fixed outage probability of 3×10−3 .
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Figure 5.10: Bulk PDL simplified experimental setup; BBS: broadband source
5.5

Laboratory experiment

Either bulk or distributed link PDL emulation approaches can be adopted for the
experimental emulation of PDL [80], [83]. A block diagram illustrating a simplified
experimental setup for the former is portrayed in Fig. 5.10. The setup employs
a PolCon followed by a PDLE to set an amount of bulk PDL, corresponding, for
instance, to the sum of the mean-square PDL of a given number of PDL elements. A
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BBS to generate ASE noise and VOA to set the required OSNR compose the ASE
noise loading stage applied after the PDLE. In the latter, a straight-line transmission
link with a given number of fiber spans is constructed. Each span comprises an
EDFA to offset the span loss, a PolCon, and a PDLE. Although distributed link PDL
emulation is more complicated to implement, importantly it takes the distributed
nature of PDL as well as its effect on the distributed ASE noise into consideration.
For both approaches, the statistical nature of PDL represents a challenge in terms
of laboratory experiments as it necessitates performing a relatively large number of
measurements in order to generate sufficient realizations of the PDL to accurately
mimic its PDF. In [80], a DP-QPSK transceiver was used to perform real time measurements of the system BER and Q-factor following DU transmission through eight
nominally identical 80-km fiber spans, each of which had a PolCon and PDLE. I
employ a setup consisting of a DP-64QAM transmitter, a single-span loop setup having a computer-controlled PolCon and a PDLE, and a computer-controlled coherent
receiver. This partially automated setup accelerates the measurement process and
enables a sufficiently accurate characterization of the link PDL.

5.5.1

Experimental setup

The experimental setup is shown in Fig. 5.11. Two uncorrelated 217 pseudo-random
symbol sequences were generated and pulse-shaped off-line using a RRC filter with ρ
= 0.15. For the case of the PS DP-64QAM constellation, the probabilistic amplitude
shaping scheme was employed to generate shaped amplitudes by including a distribution matcher and employing the probabilistic amplitude shaping scheme prior to
the bit-to-symbol mapping stage as described in the simulation subsection [22]. The
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Figure 5.11: PDL single span experimental setup; PBC: Polarization beam combiner;
PC control: Personal computer control.
digital waveforms were uploaded to the memory of a 4-channel 65-GSa/s arbitrary
waveform generator (AWG) with the signal symbol rate set to 28 Gbaud. The output
I and Q RF signals were fed to two IQ modulators. The optical waveforms for X- and
Y- polarizations were combined using a polarization beam combiner (PBC).
The DP optical waveform was amplified and launched into a recirculating loop
having a single 76-km fiber span followed by an EDFA with 5-dB noise figure and
OBPF to prevent the amplifier from being saturated by out-of-band ASE noise. The
signal launch power was set by the VOA. The loop also comprised a PDLE preceded
by a PolCon which acts as LSPS. Based on the targeted distance, the LSPS used a
random sequence of rotation matrices with length equal to the corresponding number
of loops to rotate the signal SOP before each loop circulation. For example, a distance
of 1200 km (16 loop circulations) required a random sequence containing 16 rotation
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matrices. This sequence of rotation matrices determined the signal SOP and hence
the amount of PDL experienced. An additional EDFA followed by an OBPF was
used to offset the insertion losses of the LSPS, PDLE, AOM, and 3-dB coupler prior
to the fiber span.
The loop output was amplified, filtered, and digitized using a 4-channel 80-GSa/s
coherent receiver. To accurately investigate the statistical properties of the BW AIR
due to PDL, 1000 measurements were performed for each case. To this end, 1000
LSPS rotation sequences were generated off-line according to Eq. (5.4). A specific
Matlab script controlled the LSPS and the coherent receiver to perform the following
basic steps for the target number of measurements (1000 measurements):
• Upload a rotation sequence to the LSPS.
• Capture a data set which represents the PDL instance corresponding to the
uploaded rotation sequence.
The offline DSP chain consisted of standard QAM algorithms for both uniform
and shaped constellations. This included matched filtering, Gram-Schmidt orthogonalization to compensate for quadrature imbalance, and digital square and filter clock
recovery [26]. Next, compensation for chromatic dispersion was performed in the frequency domain. Adaptive equalization used the CMA (for pre-convergence) and RD
algorithm to resolve the X- and Y-polarization signals and reduce inter-symbol interference. The number of taps for the CMA and RD equalizers were set to 5 and 51
taps, respectively. CPE was performed using the two-stage blind phase search algorithm [89], [41]. The number of test phases for the 1st and 2nd stages were 64 and 128,
respectively. Finally, a 51-tap decision-directed LMS equalizer was included to further
resolve residual inter-symbol interference followed by the BW AIR calculations.
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Experimental results and discussion

The PDL of a practical optical component, such as a ROADM, can typically be
0.5 to 1 dB [90]. The PDL of the components used to implement the recirculating
loop was separately measured using a PDL meter. With the PDLE set to 0 dB, the
resulting per-loop PDL was 0.8 dB. Accordingly, the effect of the loop intrinsic PDL
is non-negligible for a single-span loop compared to a multiple-span loop given the
same target transmission distance. For instance, assuming a 76-km span and a target
transmission distance of approximately 300 km, the optical signal passes through the
loop components (e.g., AOM, 3 dB coupler, 2 EDFAs, 2 OBPFs, LSPS) 4 times for
the single-span loop as opposed to only once for a 4-span loop.
Prior to studying the impact of PDL on the system performance for the two constellations, two transmission experiments were conducted to determine the optimum
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Figure 5.12: Dependence of the BW AIR on the transmission distance for shaped and
uniform DP-64QAM constellations, 4-span loop experimental setup.
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Figure 5.13: Dependence of the BW AIR on the SNR for shaped and uniform DP64QAM constellations, 4-span loop experimental setup.
launch power and quantify the reach increase due to shaping in the absence of added
PDL. To this end, a conventional 4×76-km span recirculating loop setup was used
(similar to Fig. 3.7) because, for this setup, the number of passes through the loop
components and consequently the SNR fluctuations due to their PDL are significantly
reduced compared to a single-span recirculating loop. In the first experiment, I identified the optimum launch power to be 0 dBm for both constellations by fixing the
transmission distance to 1216 km and sweeping the signal power from -4 to 2 dBm
using the VOA. The optimum launch power was used for all reported results. Next,
a transmission experiment was performed for shaped and uniform constellations to
obtain the BW AIR and the effective SNR at different transmission distances. To reduce the measurement error as much as possible, data files for each point on the curve
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of a given constellation were captured in the same experimental session and the experiments for both constellations were conducted successively with the experimental
conditions being unchanged.
The dependence of the BW AIR on the effective SNR and the corresponding
dependence of the BW AIR on the transmission distance are plotted in Figs. 5.12
and 5.13, respectively. As shown in Fig. 2.13, a uniform symbol distribution is the
optimum in the limit of high SNR. As the SNR decreases, the optimum shaping distribution becomes more Gaussian. This interprets the crossing points which is noticed
at a SNR of approximately 18 dB. Compared to the uniform DP-64QAM constellation, the shaped constellation achieves a maximum SNR gain of approximately 0.7 dB
at the threshold BW AIR of 4.69 bits/2D symbol. This SNR gain corresponds to an
increase in the transmission distance of approximately 300 km. In other words, being
more power efficient relative to uniform DP-64QAM, the shaped constellation outperforms uniform DP-64QAM in terms of the transmission distance by approximately
300 km for the same threshold BW AIR. This result is used as benchmark of PDL free
transmission for the to subsequently discussed cases of PDL. Moreover, the shaping
gain increases as the SNR decreases until it reaches a maximum of approximately 0.2
bits/2D symbol at 14 dB.
Next, the experimental setup as changed to the single-span recirculating loop
portrayed in Fig. 5.11 to assess the implications of PDL on the BW AIR for both
constellations. The transmission distance was set to 1216 km. Figs. 5.14 and 5.15
show histograms which statistically characterize the variations of the effective SNR
and BW AIR for uniform DP-64QAM due to the intrinsic loop PDL only. Similar
results for the PS DP-64QAM constellation are presented in Figs. 5.16 and 5.17. The
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Figure 5.14: Histogram of the effective SNR and corresponding shifted, mirror-image
Maxwell PDF fit, uniform DP-64QAM constellation, 0.8 dB per loop
PDL, 1216 km (16 loops). The mean and standard deviation for the
observations SNR are 15.5 dB and 0.10 dB, respectively. The corresponding estimated PDF parameters are a = 0.15 dB and s = 15.78
dB.
histogram bin sizes were optimized using the Knuth algorithm [88] and the bin values
were normalized to obtain a PDF. As can be observed, the profiles resemble shifted,
mirror-image Maxwell PDFs which can be mathematically expressed as [91]
r
f (x) =

with mean µpdf = 2a

q

2
π

2 (s − x)2 e−(s−x)
π
a3

2
and variance σpdf
=

2 /(2a2 )

U (s − x),

a2 (3π−8)
.
π

(5.7)

s is the PDF shift and U (x)

is the unit step function. Equation (5.7) applies to the SNR (in dB) which can be
negative. A truncated version of (5.7) for which 0 ≤ x ≤ s is used for the BW AIR,
which is non-negative,
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Figure 5.15: Histogram of the BW AIR and corresponding shifted, mirror-image
Maxwell PDF fit, uniform DP-64QAM constellation, 0.8 dB per loop
PDL, 1216 km (16 loops). The mean and standard deviation for the
observations BW AIR are 4.79 bits/2D symbol and 0.032 bits/2D symbol, respectively. The corresponding estimated PDF parameters are a =
0.047 bits/2D symbol and s = 4.87 bits/2D symbol. Poutage = 2.0×10−3 .
f (x)U (x)
ftr (x) = R s
f (x)dx
0

(5.8)

with the normalization accounting for the truncation, i.e., to ensure that the PDF
integrates to 1 despite the truncation. To fit the histogram profiles for the SNR and
BW AIR, I used (5.7) or (5.8), respectively, with the PDF parameters a and s being
optimized to minimize the following weighted square error

2
2
SEw = (µpdf − µdata )2 + λ(σpdf
− σdata
)2 ,

(5.9)

2
where λ is an optimization weight, and µdata and σdata
are the mean and variance of
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the experimental data (SNR or BW AIR), respectively. λ was manually tuned until
the PDF mean and variance had a balanced impact on the optimization process. The
2
2
which are close to µdata and σdata
resultant parameters a and s yielded µpdf and σpdf

with SEw < 10−5 .
In terms of the effective SNR expressed in dB, the PDF resembles a mirror-image
version of the PDL PDF as can be inferred from Figs. 5.14 and 5.16. In other words,
the experimental setup preserved a linear relation between the PDL statistics and
the resulting SNR variations. By comparing the effective SNR results for uniform
and shaped constellations, a difference of 0.13 dB is noticed in the mean effective
SNR. Additionally, the standard deviation is slightly higher. We attribute this to
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Figure 5.16: Histogram of the effective SNR and corresponding shifted, mirror-image
Maxwell PDF, shaped DP-64QAM constellation, 0.8 dB per loop PDL,
1216 km (16 loops). The mean and standard deviation for the observations SNR are 15.37 dB and 0.15 dB, respectively. The corresponding
estimated PDF parameters are a = 0.22 dB and s = 15.73 dB.
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Figure 5.17: Histogram of the BW AIR and corresponding shifted, mirror-image
Maxwell PDF fit, shaped DP-64QAM constellation, 0.8 dB per loop
PDL, 1216 km (16 loops). The mean and standard deviation for the
observations BW AIR are 4.94 bits/2D symbol and 0.040 bits/2D symbol, respectively. The corresponding estimated PDF parameters are a =
0.065 bits/2D symbol and s = 5.04 bits/2D symbol. Poutage = 1.6×10−6 .
using standard QAM receiver DSP which may be more efficient for the uniform DP64QAM constellation relative to shaped constellations, in particular in the limit of
high PDL [92].
Fig. 5.13 shows that the relation between the BW AIR and effective SNR is
almost linear in the SNR range under test (approximately 14 to 16 dB). Thus, a
linear relation between the BW AIR and PDL can also be observed from Figs. 5.15
and 5.17. The figures also reveal that a shaping gain in the BW AIR mean value of
0.15 bits/2D symbol is achieved.
The outage probability can, after some algebraic manipulation, be expressed in
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terms of the cumulative distribution function of the PDF (Eq. (5.8)), denoted Ftr (x)

Poutage = 1 − Ftr (s − AIRBW,th ).

(5.10)

Ftr (x) is evaluated using the error function as [91]

Poutage

r


2
2
s − AIRBW,th
(s − AIRBW,th )e(s−AIRBW,th ) /(2a ) 2
√
= 1 − erf
+
. (5.11)
a
π
2a

For the shaped constellation Poutage = 1.6 × 10−6 and for the uniform constellation
Poutage = 2.0×10−3 , i.e., the SNR shaping gain translates to a reduction of the outage
probability by a factor of 1250.
Measurements were also performed with the PDLE set to 0.5 dB, i.e., 1.3 dB perloop PDL. To express the statistical behaviour more clearly, only the fitted PDFs that
corresponds to Figs. 5.14 to 5.17 are plotted in Figs. 5.18 and 5.19. It can be inferred
from Fig. 5.18 that increasing the amount of link PDL yielded a approximately 0.4dB reduction in the effective SNR mean as well as a 0.01-dB increase in the standard
deviation for both constellations. Differences in the effective SNR mean, standard
deviations and distribution tails between shaped and uniform constellations are still
noticeable with almost the same values as in the previous case.
The BW AIR gain due to shaping increases as the SNR decreases (Fig. 5.13).
Comparing the shaped and uniform constellations (Figs. 5.18 and 5.19) shows that
the change in the SNR PDF due to shaping yields an increase in the mean BW AIR
of 0.18 bits/2D symbol (compared to 0.15 bits/2D symbol from Figs. 5.15 and 5.17).
As calculated using (5.11), for the shaped constellation Poutage = 1.1 × 10−3 and for
the uniform constellation Poutage = 4.4 × 10−1 (Fig. 5.19). In this case, the SNR
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shaping gain yields a reduction of the outage probability by a factor of 400.
For all studied cases, the SNR fluctuations due to PDL create a mismatch between
shaping SNR, i.e., the SNR for which the shaping PMF was optimized, and the actual
received signal SNR (effective SNR). Given the random and time-varying nature of
the SNR fluctuations due to PDL, adapting the shaping rate to such variations would
be impractical as it requires accurate estimation of the time-varying channel PDL
at the receiver [77], [78], conveyance of the PDL to the transmitter, and continual
changes to the shaping PMF. As can be seen in Figs. 5.14, 5.16, and 5.18, the SNR

Shaped DP-64QAM
Uniform DP-64QAM

Figure 5.18: PDFs for the effective SNR for shaped and uniform DP-64QAM constellations, 1.3 dB per-loop PDL, 1216 km (16 loops). For the PS DP64QAM constellation, the mean and standard deviation for the observations SNR are 15.07 dB and 0.16 dB, respectively. The corresponding
estimated PDF parameters are a = 0.24 dB and s = 15.45 dB.For the
uniform DP-64QAM constellation, the mean and standard deviation for
the observations SNR are 15.17 dB and 0.11 dB, respectively. The corresponding estimated PDF parameters are a = 0.16 dB and s = 15.43
dB.

5.5. LABORATORY EXPERIMENT

114

14
Shaped DP-64QAM

Probaility Density Function

12

Uniform DP-64QAM

10

8

6

4

2

0
4.5

4.6

4.7

4.8

4.9

5.0

BW AIR (bits/2D symbol)

Figure 5.19: PDFs for the BW AIR for shaped and uniform DP-64QAM constellations, 1.3 dB per-loop PDL, 1216 km (16 loops). For the PS DP-64QAM
constellation, the mean and standard deviation for the observations BW
AIR are 4.87 bits/2D symbol and 0.040 bits/2D symbol, respectively.
The corresponding estimated PDF parameters are a = 0.073 bits/2D
symbol and s = 4.98 bits/2D symbol. Poutage = 1.1 × 10−3 . For
the uniform DP-64QAM constellation, the mean and standard deviation for the observations BW AIR are 4.69 bits/2D symbol and 0.035
bits/2D symbol, respectively. The corresponding estimated PDF parameters are a = 0.050 bits/2D symbol and s = 4.77 bits/2D symbol.
Poutage = 4.4 × 10−1 .
fluctuations for the two PDL cases lie in the SNR range covered by the PMF used
here and the average SNR (approximately 15 to 15.5 dB ) is close to the shaping SNR
(15 dB) showing that the impact of shaping mismatch is minimal (less than 0.1 dB).
Finally, the increase in transmission distance due to shaping was quantified in
terms of the outage probability with a per-loop PDL of 1.3 dB. Measurements were
repeated for different distances and the outage probability was calculated for each
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Figure 5.20: Dependence of the outage probability on the transmission distance for
the shaped and uniform DP-64QAM constellations.
distance using Eq. (5.11). A comparison between the shaped and uniform constellations is presented in Fig. 5.20. Extending the transmission distance to exploit the
shaping SNR gain implies encountering more PDL elements and thus a decrease in
the received SNR compared to PDL-free transmission. For Poutage ≤ 3 × 10−3 , the
shaped and uniform constellations achieved transmission distances of 1216 km and
1064 km, respectively. The choice of a threshold outage probability for comparative purposes is somewhat arbitrary with various references using different threshold
outage probabilities. Relative to the 4-span loop results, the transmission distance
increase due to shaping was reduced by 50%, i.e., from 300 km to 150 km.

5.6. SUMMARY

5.6

116

Summary

The impact of distributed link PDL on the BW AIR and effective SNR for shaped and
uniform DP-64QAM constellations operating at 250 Gb/s has been investigated using
Matlab simulations and experimentally demonstrated using a single-span recirculating
loop. The profiles of the obtained histograms of the effective SNR and BW AIR
resembled shifted, mirror-image Maxwell PDFs for two different PDL values. The
simulation results demonstrated a 50% transmission reach reduction for an outage
probability of 3 × 10−3 . The experimental results showed that, for a transmission
distance of 1216 km (16 loops) and a per-loop PDL of 1.3 dB, the shaping gain led
to a reduction of the outage probability by a factor of 400 relative to the uniform
DP-64QAM constellation. The results also showed a 50% reduction in transmission
distance increase due to shaping for an outage probability less than or equal to 3 ×
10−3 .
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Chapter 6
Conclusions and future work

6.1

Conclusions

Digital modulation represents a key enabling feature to push the capacity of modern fiber optic coherent systems towards the ultimate Shannon limit. Recently, a
substantial amount of research effort has been exerted to devise optimized signal
constellations and analyze the system performance for such formats under different
transmission scenarios. To this effect, information theory has been efficiently utilized.
In this research, a method for analyzing the system performance of arbitrary
modulation formats following nonlinear transmission was proposed. The method was
compared to full system SSF simulations and experimentally demonstrated for conventional 2D constellations. The method was also verified using Matlab simulations
for multidimensional optimized constellations. Multidimensional EVM and multidimensional SW AIR were used as performance metrics. The obtained results demonstrated that the proposed method accurately reflects various transmission effects and
hence provides a valid computational-efficient alternative, that is transparent to the
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used modulation format, to time-consuming full system SSF simulations. In a challenging industrial environment, for example, this can be of major importance given
the potential of optimized multidimensional modulation in boosting the system capacity and provided that the simulation time is crucial.
Most of existing constellation design approaches rely on intuitive perspectives. On
the other hand, conventional optimization of the constellation geometry often assumes
that the constellation points can be defined over a continuum and uses continuous
objective function optimization techniques. This results in constellations which may
not be suitable for practical implementations. Alternatively, I proposed a framework
which can efficiently fill this gap by providing a methodical and practical constellation
design approach. The framework targets QAM constellations to select QAM subsets
having improved linear and nonlinear properties. A simple cost function was employed
to obtain optimized 8D and 4D modulation formats.
Probabilistic shaping has the potential to significantly improve constellation power
efficiency and provide an efficient tool for tuning the transmission bit rate and distance at relatively fine granularity. Hence, it is anticipated to have a major role in
next generation modems. On the other hand, the adverse effect of PDL on the system
performance performance imposes strong limitations on dual polarization transmission system, in particular, due to its statistical nature. Thus, the impact of PDL
on the system performance of DWDM transmission systems has continuously been
targeted by researchers. To the best of our knowledge, the performance of probabilistically shaped DP-64QAM and uniform DP-64QAM in the presence of PDL has
been investigated for the first time using extensive Matlab simulations and laboratory experiments. I used a time-efficient simulation model and a simplified laboratory
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experimental setup to accurately mimic the effect of distributed link PDL. Conventionally, BER and Q-factors fluctuations due PDL were investigated. In this work,
the PDL implications on the BW AIR have been statistically analyzed for both constellations. This directly reflects the limitations on the system capacity due to PDL
as well as the variations in the FEC OH required to maintain a predefined system
performance. In addition, a practical evaluation of the the shaping reach increase for
given outage probabilities was presented. As extending the transmission reach means
encountering more PDL elements, it has been shown that the nominal shaping reach
increase was reduced by taking the impact of PDL on the system performance into
consideration.

6.2

Future work

The broad applicability of the proposed performance assessment approach enables it
to incorporate different propagation impairments and accommodate various system
configurations. For instance, transmission impairments like PMD and PDL can be
included while keeping the receiver structure simple. A more complete picture of the
system performance can be achieved with minor computational effort relative to full
system SSF simulations.
The constellation design methodology can in principle use more complex cost functions, e.g., the performance assessment approach proposed in Chapter 1. However,
parallel computation would be mandatory in such cases. The natural extension of
the proposed methodology is to consider the role of the bit-to-symbol mapping on the
constellation performance. In this case, the BW AIR should replace the SW AIR. It
is still to be investigated if FEC design can also be included.
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Quantifying the impact of PDL equalization techniques in reducing the BW AIR
fluctuations due to PDL remains an open research point. Possibly, an optimized
shaping PMF could be devised based on considering the random fluctuations in the
SNR imbalance between the two polarization signals due to PDL.
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