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Highlights 

 Sequential model-based design of experiments results in informative experimental data 

for estimating parameters and making predictions using fundamental models. 

 Inversion of Fisher Information Matrix (FIM) is required for model-based design of 

experiments. 

 The FIM may be noninvertible for complex chemical and pharmacological process 

models. 

 Parameter subset selection leaves out problematic parameters, resulting in a reduced FIM 

that is effective for experimental design. 
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ABSTRACT 

Sequential model-based A- and V-optimal experimental designs are known to be 

effective for maximizing the information content of data, leading to reliable parameter estimates 

and model predictions. A- and V-optimal designs require inversion of the Fisher Information 

Matrix (FIM), which may be noninvertible especially for fundamental models with many 

parameters. In this study, two different methodologies for selecting sequential approximately A- 

and V-optimal experiments are compared for situations where the FIM is noninvertible. The first 

approach, called Leave Out (LO) approach, finds and leaves out problematic parameters that 

make the FIM noninvertible and the second approach, called Pseudoinverse (PI) approach, uses a 

Moore-Penrose pseudoinverse of the FIM. Comparisons are carried out using a Michaelis 

Menten reaction dynamic model for production of a pharmaceutical agent. Monte Carlo 

simulations indicate, for both A- and V-optimal situations, that designed experiments using the 

LO approach are superior to designs obtained by the PI approach. 

Keywords: Sequential design of experiments; A-optimal; V-optimal; Noninvertible Fisher 

information matrix; Leave Out approach; Pseudoinverse approach. 
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1 INTRODUCTION 

Application of mathematical models for chemical and pharmacological processes is 

widespread since they can provide valuable information for process design and simulation 

(Pandey and Bharadwaj, 2016). Especially in pharmaceutical production processes, mathematical 

models offer crucial information at multiple stages in the drug development and scale-up the 

process, thereby saving time and effort. Empirical models are commonly used to aid the 

development of pharmaceutical production processes by providing equations that link 

experimental inputs to the outputs of interest (Benson, 2018; Boukouvala et al., 2011; 

Domagalski et al., 2015; Hallow et al., 2010; Huang et al., 2009). The main disadvantage of the 

empirical models is that they are usually not suitable for obtaining predictions for dynamic 

process behavior nor for predicting behavior outside the range of experimental conditions used in 

model development. For this reason, mechanistic (fundamental) models developed based on the 

physics and chemistry of the system are more desired (Birtwistle et al., 2013; Domagalski et al., 

2015). 

Fundamental models play a key part in the Quality by Design (QbD) paradigm (Hallow et 

al., 2010; Huang et al., 2009; Jain, 2014; Yu et al., 2014). QbD requires systematic incorporation 

of scientific knowledge and risk assessment principles to develop pharmaceutical products that 

lie within the acceptable predefined range required for patient safety (FDA, 2004; Jain, 2014; Yu 

et al., 2014). Mechanistic models are also used by pharmaceutical companies to develop 

continuous manufacturing processes, which are replacing traditional batch processes (Azzaro-

Pantel, 2018; Benyahia et al., 2012; Yu et al., 2014). Having predictive models that can relate 

process inputs (i.e., raw material attributes) to the model outputs (i.e., product attributes) is 

advantageous because models can be used for valuable quantitative risk assessments are multiple 
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stages of the drug production process (Azzaro-Pantel, 2018). Application of fundamental models 

for a variety of pharmaceutical processes has been discussed by several researchers (Benyahia et 

al., 2012; Gernaey and Gani, 2010; Hallow et al., 2010; Petrides et al., 2010, 2002; Poós and 

Szabó, 2017). For example, Hallow et al., (2010) developed a fundamental model to describe 

lactamization and ethanolysis reactions in a pharmaceutical production process (Hallow et al., 

2010). Benyahia et al., (2012) developed a plant-wide fundamental model for a continuous 

pharmaceutical manufacturing process with several unit operations (Benyahia et al., 2012). Poós 

and Szabó (2017) developed a fundamental model to investigate the effects of operating 

parameters that influence simultaneous heat and mass transfer in a fluidized bed dryer (Poós and 

Szabó, 2017).  

Fundamental models of chemical or biochemical processes often contain many unknown 

parameters that require estimation using informative experimental data (Maria, 2004). It is 

advantageous to carefully select experimental settings using a formal experimental design 

technique prior to performing new experiments (Atkinson, 1982). A variety of model-based 

design of experiment (MBDoE) techniques has been developed to assist modelers in selecting 

experiments that maximize the information content of the data (Box et al., 2005). Most common 

MBDoE techniques (e.g., A-, D- and E- optimal designs) have been developed to improve the 

quality of the parameter estimates (Franceschini and Macchietto, 2008), while other techniques 

(e.g., G- and V- optimal designs) assist modelers in improving the quality of model predictions at 

desired operating conditions (Liu and Neudecker, 1995). There are also MBDoE techniques 

(e.g., T-optimal design) aimed at model discrimination (i.e., to select the best model among 

several rival models) (Atkinson and Fedorov, 1975). Using MBDoE techniques is advantageous 

because they take into account the structure of the model as well as parameters and measurement 
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uncertainties when selecting new experiments (John and Draper, 1975; Welch, 1984). Using 

MBDoE, it is straightforward to select any number of experiments that match available resources 

for experimentation (Quaglio et al., 2018). 

Conventional MBDoE techniques involve solution of nonlinear constrained optimization 

problems to minimize uncertainties in parameter estimates or model predictions (Franceschini 

and Macchietto, 2008). As indicated by the objective functions in Table 1, these MBDoE 

calculations rely on the inverse of the Fisher Information Matrix (FIM) (Shirt et al., 1994; 

Walter and Pronzato, 1990). The FIM plays a significant role in MBDoE and parameter 

estimation problems because it carries information about how the model predictions are affected 

by changes in parameter values (Walter and Pronzato, 1990; Zhang and Edgar, 2008). For 

models that are linear in the parameters, the FIM is independent of the parameter values. 

However, for nonlinear models (which are commonly used to describe chemical and biochemical 

systems), the FIM is computed based on linearization of the model around its parameter values 

(Atkinson, 1982; Box et al., 2005; Box and Lucas, 2006; Ford et al., 1989; Pinto et al., 1990). 

Since the true parameter values are unknown, estimated or assumed parameter values are used. If 

parameter values used for linearization differ too much from their true values, the selected 

experimental settings obtained using MBDoE might be ineffective (Bauer et al., 2000). To avoid 

this problem, experiments can be designed and performed sequentially to update parameter 

values and experimental protocols (e.g., changes in the bounds of the design space) as new 

experimental information becomes available (Ford and Silvey, 1980). Sequential MBDoE is also 

appealing because it provides an opportunity to incorporate information from any old 

experimental data that may have been collected for other purposes.  These old data may contain 
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limited, but helpful, information to aid parameter estimation and design of new experiments  

(Bauer et al., 2000; Issanchou et al., 2005). 

Table 1. Optimality criteria for model-based design of experiments (Atkinson and Fedorov, 

1975; Dette and Wong, 1999; Franceschini and Macchietto, 2008; Liu and Neudecker, 1995; 

Shirt et al., 1994; Walter and Pronzato, 1990)  

Optimality Criterion Description Eq. # 

        ((   )
  ) 

A-optimal design minimizes total parameter 

variance. 
(1.1) 

      ((   )
  ) 

D-optimal design minimizes the volume of the 

joint confidence interval for the parameters. 
(1.2) 

       (   
  ) 

E-optimal design minimizes the largest 

eigenvalue of the FIM, thereby minimizing the 

uncertainties in the worst-case direction in the 

parameter space. 

(1.3) 

       (    ( (   )
    )) 

G-optimal design minimizes the maximum 

variance of model predictions at user-specified 

operating conditions of interest, specified using a 

matrix    This is equivalent to minimizing the 

largest value of the diagonal elements of 

 (   )    . 

(1.4) 

         ((   )
  ) 

T-optimal is used to discriminate between two 

rival models by treating one model as the true 

model. The selected experiments maximize the 

sum of squares of lack of fit for the second model. 

(1.5) 

        ( (   )
    ) 

V-optimal design minimizes the total variance of 

model predictions at user-specified operating 

conditions of interest, which are specified using 

matrix    This is equivalent to minimizing the 

trace of  (   )    . 

(1.6) 

Model users are often interested in using mathematical models to predict system 

responses over a region of interest (Welch, 1984). As shown in Table 1, G- and V-optimal 

designs focus on selecting experiments for obtaining accurate predictions at operating condition 
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specified by the modeler. These important settings, where reliable predictions are desired, are 

specified using the matrix W. G-optimal design minimizes the maximum variance of the model 

predictions and V-optimal design minimizes the total variance of the model predictions at the 

settings of interest (Liu and Neudecker, 1995; Welch, 1984). In this way, G-optimal design 

selects experiments to improve the worst-case model predictions at conditions specified by the 

matrix W. By contrast, V-optimal design selects experiments to improve the model predictions 

for all settings of interest in the W matrix (Welch, 1984).  There are relatively few applications 

of G- and V-optimal designs in the literature (François et al., 2004; Goos and Syafitri, 2014; Liu 

and Neudecker, 1995; Stigler, 1971; Wong, 1994). Wong (1994) compared G-optimal design 

with A-, D- and E-optimal designs for a variety of polynomial models (Wong, 1994). Liu and 

Neudecker (1995) and Goos & Syafitri (2014) designed V-optimal experiments for predicting 

properties of mixtures of several components (Goos and Syafitri, 2014; Liu and Neudecker, 

1995). Francois et al. (2004) used G- and V- optimal designs for a univariate nonlinear 

calibration model (François et al., 2004). Sequential model-based V-optimal design was used by 

Thompson et. al, (2010) to obtain accurate model prediction for the molecular-weight-

distribution of ethylene copolymers produced using Ziegler-Natta-catalyzed (Thompson et al., 

2010). In the current article, V-optimal design is considered for selecting experimental settings in 

a pharmaceutical production process where there is a desire to reduce the variance of model 

predictions at settings of interest.  To reduce parameter variance, we will also consider A-optimal 

designs, which have been more widely used (Barz et al., 2013; Bauer et al., 2000; López C. et al., 

2015; López C et al., 2013; Shirt et al., 1994; Walter and Pronzato, 1990).  

Obtaining A- and V-optimal experimental settings, using objective functions (1.1) and 

(1.6), requires an invertible FIM. However, for complex chemical and biochemical models with 
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many unknown parameters, the FIM may not be invertible (Barz et al., 2013; Ben-Zvi et al., 

2004; Cui et al., 2015; Issanchou et al., 2003; Karimi et al., 2012; Kou et al., 2005a; Littlejohns 

et al., 2010; López C. et al., 2015; López C et al., 2013; Murphy et al., 2004; Nguyen et al., 

2017; Thompson et al., 2010; Yue et al., 2006; Zhao et al., 2017). A singular FIM causes 

problems in both designing experiments and parameter estimation (S. Vajda et al., 1989). 

Reasons for a noninvertible FIM are problems with i) structural identifiability and ii) practical 

identifiability. A structural identifiability problem arises when the model is not well-structured 

so that unique estimates for the parameters cannot be obtained, even using a large quantity of 

noise-free data with well-designed experiments (Banga and Balsa-Canto, 2008; Ljung and Glad, 

1994). Structural identifiability issues can be addressed by obtaining new types of observations 

and by updating the model structure to include these observed responses. Also, the model can be 

reformulated or reparameterized to remove the non-identifiable parameters (Asprey and Naka, 

1999; Espie and Macchietto, 1988; McLean and McAuley, 2012; Quaglio et al., 2019). Several 

different approaches have been developed to investigate structural identifiability problems 

including: a Taylor-series-expansion approach (Pohjanpalo, 1978), a generating-series approach 

(Walter and Lecourtier, 1982), a similarity transformation approach (Sandor Vajda et al., 1989) 

and a differential algebra approach (Ben-Zvi et al., 2010; Ljung and Glad, 1994). Practical 

identifiability (also known as estimability) problems result from using insufficient experimental 

data during parameter estimation (McLean and McAuley, 2012; Petersen et al., 2001). A simple 

approach for investigating estimability is to check if the FIM is of full rank (Petersen et al., 

2001). If the rank of the FIM is lower than the number of parameters, the parameters cannot be 

estimated uniquely using the available experimental data (Holmberg, 1982). Conducting more 
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experiments may resolve estimability problems (McLean and McAuley, 2012). Note that the 

current article focuses mainly on problems of practical identifiability (estimability). 

A noninvertible FIM arises in many chemical, biochemical and pharmacological systems 

because experimental data may be limited and the models are often complex with a large number 

of unknown parameters (e.g., 10-80 parameters) (Balsa-Canto et al., 2010; Ben-Zvi et al., 2004; 

Butcher, 2005; Cho et al., 2003; Cui et al., 2015; DiMasi et al., 2003; Issanchou et al., 2003; 

Jain, 2014; Kou et al., 2005a; Littlejohns et al., 2010; Murphy et al., 2004; Nguyen et al., 2017; 

Thompson et al., 2010; Yue et al., 2006; Zhao et al., 2017). Several studies have addressed the 

problem of a noninvertible FIM when designing experiments using MBDoE (Barz et al., 2013; 

López C. et al., 2015; López C et al., 2013; Srinath and Gunawan, 2010; Thompson et al., 2010; 

Yue et al., 2006). Common approaches include parameter subset selection, e.g. (Chu et al., 2009; 

Kravaris et al., 2013; Wu et al., 2008), pseudoinverse methods, e.g. (Eghtesadi and McAuley, 

2016; Greville, 1959; Li and Yeh, 2012), Tikhonov regularization, e.g. (Hoerl and Kennard, 

1970; Johansen, 1997; Tibshirani, 2011; Tikhonov et al., 1978) and Bayesian approaches, e.g. 

(Chaloner and Verdinelli, 1995; Durán and White, 1995; Ruggoo and Vandebroek, 2004).  In a 

recent study, we considered the problem of a noninvertible FIM when selecting A-optimal 

settings using several case studies including a nonlinear dynamic model of a pharmaceutical 

production process (Shahmohammadi and McAuley, 2019). We compared the effectiveness of 

two approaches: i) use of a Moore-Penrose pseudoinverse (PI) of the FIM in place of        

when optimizing objective function in equation (1.1) and ii)  use of a parameter-subset selection 

technique to find problematic parameters, which are left out of the optimization, resulting in a 

reduced FIM,     . These case study results suggest  that A-optimal MBDoE using      leads 

to better parameter estimates than the Moore Penrose PI. One shortcoming of our previous study 
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is that the investigations were carried out on a simple models (i.e., linear models and a relatively 

simple nonlinear example). Further investigation on more complicated nonlinear models is 

required to validate the results. 

To our knowledge, there are no studies that address the problem of noninvertible FIM 

when selecting sequential V-optimal settings. An investigation into how to handle a singular 

FIM during V-optimal design is conducted in the current study. We are also interested to find 

out if it is better to fix problematic parameters (LO approach) at their nominal values to avoid 

creating an ill-conditioned problem or if it is better to use Pseudoinverse (PI approach) to address 

ill-conditioning during sequential MBDOE.  Therefore, the two main objectives of the current 

study are i) to use a more complicated pharmaceutical model to test conclusions from our 

previous study on how to handle noninvertible FIMs during A-optimal design and ii) to 

investigate the effectiveness of PI and LO methodologies for selecting sequential V-optimal 

settings when the FIM is noninvertible. In addition, we compare the resulting A-optimal and V-

optimal experimental designs to explore the benefits of V-optimal designs when accurate 

predictions are desired. The fundamental dynamic model investigated in this study is based on 

the system described by Domagalski et al. (2015) (Domagalski et al., 2015), which uses 

Michaelis−Menten kinetics and enzyme-catalyzed reactions  (Lehninger, 2009) of interest to our 

industrial sponsor. 

First, background information regarding the FIM and sequential A- and V-optimal design 

are presented. Next, details of the parameter-subset selection and Moore Penrose PI are provided, 

along with the procedure used for comparing the LO and PI approaches. The pharmaceutical 

case study and the corresponding dynamic model are then presented. Results obtained using 

Monte Carlo (MC) simulations are provided, revealing that the LO approach is superior to the PI 
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approach when the FIM is noninvertible, for both A- and V-optimal designs. Finally, results for 

A-optimal and V-optimal designs are compared with results from a more traditional approach 

where the modeler selects conditions from the corners of the permissible operating space.   

2 BACKGROUND INFORMATION 

2.1 Fisher Information Matrix for Nonlinear Models 

Consider a nonlinear model of the form: 

   (   )            (1) 

where        is a vector of stacked measured responses obtained from experimentation, g is 

the solution of a set of algebraic or differential equations that describe the behavior of the 

experiments,        is a matrix of experimental settings (for   runs with   decision variables 

specified for each).      is the vector of model parameters and      is the vector of random 

measurement noise, which is assumed to have a diagonal covariance matrix       . Note 

that, for dynamic multi-response models with   sampling times per run and   response variables, 

the total number of data values is      . A complete list of symbols and acronyms is 

provided in the nomenclature section at the end of the manuscript. 

Computation of the FIM for nonlinear models in the form of equation (1) depends on a 

parametric sensitivity matrix S      . The elements of S:  

    
  (   )

   
|
    

         (2)  

matrix may be obtained by linearizing the model around its initial parameter guesses     
 . 

Elements of S are scaled using measurement uncertainties and parameter uncertainties  to form a 

scaled local sensitivity matrix Z with elements (Thompson et al., 2009): 

       
   

   
         (3) 
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The scaling factor    
 is a user-specified uncertainty for the  th measurement, which 

might be obtained from replicated experiments. Similarly,     is a user-specified uncertainty for 

the initial guess of the  th parameter.  based on the modeler’s knowledge or assumption about 

what values might be reasonable (Thompson et al., 2010). As such, a small value of     indicates 

that the modeler is confident about the initial guess for the  th parameter. Scaling the elements of 

the sensitivity matrix is advantageous because it accounts for the modeler’s level of confidence 

about measurements and initial parameter guesses and it makes the elements of the sensitivity 

matrix dimensionless (Thompson et al., 2009). The FIM can be computed from the scaled 

sensitivity matrix: 

                (4) 

 When designing sequential model-based optimal experiments, Z contains two parts: 

  [
    
    

]         (5) 

where      corresponds to experimental settings and data from old experiments. The elements of 

      depend on the settings for new sequential experiments that will be designed. As a result,  

     (which contains                   rows and   columns) is fixed during sequential 

MBDoE and elements of       are determined based on the new experimental settings obtained 

by optimizer.  

The W matrix for V-optimal design is a scaled sensitivity matrix obtained based on 

operating the conditions of interest to the modeler. The elements of W are: 

    
  (    )

   

   

   

|
    

        (6) 

where the     
     is the matrix of operating conditions of interest for     sets of operating 

conditions at which accurate predictions are desired. 



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

14 

 

To obtain a sequential A- or  V-optimal design, the optimizer selects values of the 

operating conditions that minimize         (   
  )       ((   )  ) or 

        ( (   
  )  )       ( (   )    ). When designing experiments using 

several sequential in steps, the sensitivity matrix      is updated after each round of experiments 

to include additional rows resulting from the most recent experiments. It is also common to 

update      by re-linearizing around the improved parameter values obtained using the full sets 

of experiments to date.   

2.2 Approaches for dealing with a noninvertible FIM for parameter estimation  

 When the FIM is noninvertible only a subset of the model parameters can be estimated 

uniquely (Eghtesadi and McAuley, 2014; Kravaris et al., 2013; López C et al., 2013; Yao et al., 

2003). In this situation, the modeler may find problematic parameters that lead to noninvertiblity 

and fix them at their nominal values, so that the remaining (nonproblematic) parameters can be 

estimated. The problem of finding the subset of parameters that can be and should be estimated 

has long been of interest to many research groups (Burth, 1999; Chu et al., 2009; Eghtesadi et al., 

2013; Lund and Foss, 2008; Mallows, 1973; Neshat and Pope, 2017; Velez-Reyes and Verghese, 

1995; Yao et al., 2003). An orthogonalization-based ranking approach (see Table 2) developed 

by Yao et al. and Thompson et al.,(Thompson et al., 2009; Yao et al., 2003) has been used by 

many researchers e.g., (Casas-Orozco et al., 2018; Chu and Hahn, 2009; Jayasankar et al., 2009; 

Karimi et al., 2017, 2012; Kou et al., 2005b; Kravaris et al., 2013; Meshram et al., 2013; Ngo et 

al., 2013). This orthogonalization approach ranks parameters from most-estimable to least-

estimable to find the problematic parameters that make the FIM noninvertible. 

Steps used in the orthogonalization-based parameter ranking methodology are shown in 

Table 2. In step 1, the magnitude (i.e., sum of squares) of each column of Z is computed. In step 
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2, the parameter that corresponds to the column with the largest magnitude is selected as the 

most-estimable parameter. This column is put into the matrix    (i.e.,     for the first 

iteration). In step 3, using equation (2.1), the columns of the Z matrix are regressed onto columns 

of    . Residual matrix    is computed using equation (2.2) to remove correlation between 

unranked parameters, and parameters that have been already ranked.  In step 4, magnitudes of the 

columns of    are computed and the parameter corresponding to the column with the largest 

magnitude is selected as the next-most-estimable parameters. In step 5,   is augmented by 

including the column from Z corresponding to this parameter, resulting in     . Steps two to 

five are continued for           to produce a ranked list of up to   parameters. The ranking 

procedure stops after the iteration when   
    (i.e., the reduced FIM) becomes noninvertible. 

Problematic parameters (those that are unranked when the invertibility problem occurs) tend to 

be parameters that have small influence on model predictions of the available (or proposed) data, 

have effects that are correlated with those of other parameters, or have values that are well 

known by the modeler (i.e., parameters with relatively small    ). Unranked parameters can be 

fixed at their nominal values or can be removed from the model via simplifying assumptions 

(McLean and McAuley, 2012; Thompson et al., 2009).  

The orthogonalization-based ranking approach is helpful for avoiding numerical 

problems during parameter estimation. Nevertheless, estimating all of the ranked parameters may 

lead to overfitting of the available data (Chu et al., 2009; Wu et al., 2011, 2008). When a model 

suffers from overfitting, it may give an acceptable fit to the data but could lead to poor 

predictions for new settings that are not used during parameter estimation (Chu et al., 2009). To 

avoid overfitting and to obtain accurate model predictions, Wu et al.(2011) developed a mean-

squared-error (MSE) parameter subset selection criterion (Wu et al., 2011). Tables S1 and S2 
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(Supplementary information) show the detailed procedure for computing Wu’s critical ratio,    , 

and using it (along with the orthogonalization algorithm in Table 2) to select a subset of 

parameters that should be estimated. The parameter subset with the smallest value of the     is 

the one that is expected to give predictions with the smallest MSE (at conditions where 

experimental results are available).  The methodology in Tables S1 and S2 (Supplementary 

information) has been used for parameter subset selection and estimation in variety of models 

(e.g.,  Cui et al., 2015; Woloszyn et al., 2013; Karimi, Schaffer and McAuley, 2012; Cui et al., 

2013; Zhao et al., 2013) and will be used as a part of current study. 

Table 2. Orthogonalization algorithm (Thompson et al., 2009; Yao et al., 2003) 

1. For each column of scaled sensitivity matrix    compute the sum of squares (i.e., the Euclidean 

norm). Select the column with the largest magnitude as the most estimable parameter. Set 

      . 

2. Construct the matrix    by including the   selected columns from   that correspond to 

parameters that have been ranked. 

3. Use    to predict columns in   using ordinary least squares: 

 ̂  (  
   )

  
  
   (2.1) 

       and calculate the residual matrix: 

      ̂  (2.2) 

4. Calculate the magnitude of each column in   . The (   )th
-most estimable parameter 

corresponds to the column in    with the largest magnitude. 

5. Put the columns corresponding to the     parameters that have been ranked in the matrix   . 

6. Advance the iteration counter   by one and repeat Steps 2–5, until all parameters are ranked or 

until it is impossible to perform the least-squares prediction of   in step 3 due to matrix 

singularity. 

A common alternative to parameter subset selection for avoiding a noninvertible FIM 

during parameter estimation is to use a pseudoinverse (PI) of the FIM. The Moore Penrose PI, 

      , which is the most popular PI in the statistics literature (e.g., Greville, 1959; Rao, 1966; 

Nayak and Foudriat, 1974; Eldén, 1982; Li and Yeh, 2012) is computed using: 
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        [     ] *
   
  

+ [     ]       (7) 

           
             (8) 

where    and    correspond to nonzero singular values (i.e.,   ) of the FIM and    and    

correspond to zero or very small (smaller than a predefined threshold) singular values of the 

FIM. Other methods to address a noninvertible/singular FIM include using Bayesian approaches 

e.g., (Chaloner and Verdinelli, 1995) or Tikhonov regularization approaches (e.g., LASSO 

estimation or ridge regression (Hoerl and Kennard, 1970; Tibshirani, 2011)).  

In the current case-study paper, the methodology shown in Table 2 is adapted for use in 

sequential A-and V-optimal designs, to deal with the noninvertible FIM. As in our recent work, 

this approach is called the LO approach, and the effectiveness of the LO approach for MBDoE is 

compared with a Moore-Penrose-based PI approach. Often modelers might be interested in 

estimating the full sets of parameters, however, due to estimability (and possibly structural 

identifiability) problems, it might be impossible to estimate all of the parameters using the 

available dataset. In this situation, modelers might be interested in getting more informative data. 

The LO and PI approaches can help with sequential MBDoE to obtain data that will lead to 

better parameter estimates and model predictions even if the full set of parameters can not be 

estimated uniquely using the new data. After obtaining new data and estimating a large subset of 

parameters, modelers may decide to fix the remaining parameters at their nominal values or to 

remove them by simplifying the model.  

3 PROCEDURE FOR COMPARING THE LO AND PI APPROACHES 

Table 3 summarizes how MC simulations are used in this study to compare the LO and PI 

approaches. The first step is to generate simulated old experimental data. Next, a subset of the 

parameters is estimated from the old data.  In step 3, initial guesses for the decision variables and 
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the parameter estimates from step 2 are used to form an initial      matrix,      , and    

[
    
     

]. In step 4, the LO approach is used to design sequential A- or V-optimal experiments 

based on the reduced FIM,     . Note that for V-optimal design a reduced W matrix,   , is 

also constructed based on the ranked (nonproblematic) parameters. In step 5, the PI approach is 

used to select approximate A- or V-optimal settings. In step 6, simulated data are generated for 

the settings obtained from the LO and PI approaches. In step 7, parameters are estimated using 

the simulated data (old and new) for both approaches and      and       are computed for 

each approach using equations (3.1) and (3.2). Steps 1 to 7 are repeated 100 times (i.e., starting 

from 100 different old simulated datasets) so that boxplots can be constructed for the values of 

     and      , to compare the effectiveness of the LO and PI approaches. The reason for 

repeating the procedure 100 times is that we found 100 times is sufficient to show clear patterns 

in the behavior of the two approaches so that informed decisions can be made. A larger number 

of MC simulations could be conducted but would require additional computational expense, 

especially for the nonlinear parameter estimations. 

     in equation (3.1) is a measure of closeness of parameter estimates to their 

corresponding true values (used to generate the simulated data). This criterion is related to the A-

optimality criterion and, as such, is useful for comparing the effectiveness of the LO and PI 

approaches for A-optimal design when the FIM is noninvertible. Similarly,       is a measure 

of how close the model predictions are to the noise-free system outputs at the conditions of 

interest. This criterion is related to the V-optimality criterion and, as such, is useful for 

comparing the effectiveness of the LO and PI approaches for V-optimal design.  Note that, in 

real experimental design situations, true parameter values are unknown, and the modeler designs 

new sequential experiments only once. The MC simulation results in the current article are 
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valuable because they shed light on which approach, i.e., LO or PI, would be better on average 

for selecting new experimental conditions. 

Table 3. Procedure for comparing the effectiveness of LO and PI approaches for designing 

sequential A- and V-optimal experiments 

1. Use MC simulations to generate simulated data for old experimental settings (i.e., settings 

corresponding to     ), using the true parameter values       and noise variance   
  . 

2. Estimate parameters from the old synthetic data using the orthogonalization +     method in 

Table S2. 

3. Use the parameter estimates from step 2 and initial guesses for the decision variables to 

construct       as well as    [
    
     

]  where      .  

4. LO method: Rank parameters using the orthogonalization method in Table 2 and     Ranking 

stops when   
    (in step 2 of Table 2) becomes noninvertible (i.e., condition number   a user-

specified cut-off value). Classify the remaining unranked parameters as problematic parameters 

and fix them at their initial values. Form the reduced sensitivity matrix    using the ranked 

parameters and compute        
   . 

 A-optimal design: Use      in the objective function (1.1) in Table 1 to select 

approximately A-optimal values of the decision variables.  

 V-optimal design: Form the reduced sensitivity matrix    for the conditions of interests. 

Use      and    in objective functions (1.6) in Table 1 to select approximate V-optimal 

values of the decision variables.  

Using the updated   matrix, re-rank the parameters and update the list of problematic parameters. 

If the list of left-out parameter changes, update         
   (and    if applicable) and repeat the 

optimization. Continue until the list of left-out parameters does not change.  

5. PI method: Use        in place of       in objective functions for A- or V-optimal design to 

determine optimal values of the decision variables. A user-specified cut-off for the condition 

number is used to determine the number of singular values considered in       . 

6. For each approach (i.e., LO and PI): Use true values of the parameters       and noise variances 

  
  to generate simulated data for the proposed new experiments. 

7. Estimate parameters from available data (old and new) and compute:     and       

     (  ̂   
    )

 
  
  (  ̂       )  (3.1) 

        ( (    ̂)   (    
    ))

 

   ( (    ̂)   (    
    ))  (3.2) 

where  ̂     is the vector of estimated parameters (including the fixed values of any parameters 

that were held at initial guesses) and       is vector of true parameter values.     
    is a 

diagonal matrix containing squared values of the user provided parameter uncertainties    .  

8. Repeat steps 1-7 for 100 MC simulations 
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4 MICHAELIS−MENTEN CASE STUDY 

4.1 Reaction scheme and dynamic model 

The nonlinear dynamic batch-reactor model considered in the current study involves 

Michaelis−Menten kinetics for production of a pharmaceutical agent. The reaction scheme in 

Figure 1 was used by Domagalski et al. (2015) to build an empirical model using conventional 

DoE and response surface methodology (Domagalski et al., 2015). As shown in Figure 1, the 

reaction scheme starts with a reversible reaction between reagent SM1 and catalyst D to generate 

intermediate      . Next, intermediate       reacts with reagent SM2 to form the product P, 

releasing the catalyst D. The reaction scheme includes formation of four impurities:  product P 

and SM2 may react to form impurity I1, SM1 may hydrolyze due to the presence of water to 

form I2, catalyst D may deactivate with water to form impurity I3, and P may thermally degrade 

to form impurity I4. Simulated data generated by Domagalski et al., are consistent with the 

fundamental model equations in Table 4, which describe the time evolution of the reactants and 

product concentrations in a batch reactor. Equations (4-11) to (4-14) indicate that the 

concentrations of SM1, D, SM2, and P are measured, and these measurements have experimental 

errors.  
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Figure 1. Reaction scheme for Michaelis−Menten case study 

Table 4. Dynamic kinetic model 
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                       (4-4) 
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(4-7)  

     
  

            
(4-8)  

     
  

          
(4-9)  

     
  

      
(4-10)  

                (4-11)  

          (4-12)  

                (4-13)  
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          (4-14)  

Domagalski et al. (2015) reported a simulated dataset resulting from 60 different 

experimental settings selected using three rounds of virtual experimentation (i.e., 16 fractional 

factorial experiments and 4 center-point runs in each round of experimentation). Table 5 

provides the conditions for the center-point experimental run in their first round of 

experimentation. We assume that data from four old replicate runs at these conditions are 

available to the modeler, so these center-point settings are used to construct     . 

To reduce the complexity of the modeling problem, it is assumed that the volume of the 

solution and the water content are constant at         and      = 0.10 M, respectively. The 

duration of the simulated batch experiment is 6.0 h with measurements taken every 45 minutes, 

resulting in 9 sampling times, including the initial time    .  As a result, each run involves 

          measured values (i.e., 9 values each for     ,   ,      and   ). 

Table 5. Initial conditions for center-point batch reactor operation at         

State variable Units Initial condition 

     M   

    M       

      M      

      M   

    M   

      M 0.   

     M   

     M   

     M   

     M   

Domagalski et al., (2015) used assumed true values of the kinetic coefficients (see Table 6) 

to generate simulated data with independent normally-distributed random errors. Values in Table 

6 can be used to compute kinetic and equilibrium coefficients at different temperatures from the 

Arrhenius expressions: 
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  ( )           ( 
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))      (9) 

    ( )             ( 
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))     (10) 

where    is the  th kinetic coefficient,   is universal gas constant,   is the temperature in  , and 

    =313.15 K = 40 C is a reference temperature. In equation (10),     
 is the equilibrium 

kinetic coefficient for the reaction 1, and     is corresponding reaction enthalpy.  

Table 6. True values of the kinetic coefficients and equilibrium constant (Domagalski et al., 

2015)  

 Units                Value at 40 C      or     (     
  ) 

                                 

                         

                               

                              

                               

                              

                            

In the current study, parameter values in Table 6 and measurement noise variances in 

Table 7 are used to generate simulated datasets. Measurement variances in Table 7 are consistent 

with the variability of the center-point runs reported by Domagalski et al. (2015). Figure 2 

compares simulation results obtained using the true parameter values in Table 6 with simulated 

data obtained at     . The noise levels (    
                  

                

    
                  

              ) for generating simulated data points in Figure 2 

are consistent with those shown in Table 7. As shown in Figure 2b, the concentration of the 

catalyst drops rapidly to         , due to reaction (  ). Two different scenarios are considered 
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in this case study: i) operation at            , and ii) operation at a variety of different 

temperatures between 35   and 45 . It is assumed that the temperature is controlled accurately 

at the desired set points.  Design of A- and V-optimal experiments for both scenarios is described 

below, with further details provided in the supplementary information. 

 

 

 

Table 7. Measurement variances used for generating simulated data 
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Measured response (M)    
    (  ) 

               

              

               

              

 

Figure 2. Simulated data (symbols) and noise-free concentration profiles (curves) obtained at 40 

C using experimental settings in Table 5, kinetic coefficients in Table 6 and measurement errors 

in Table 7. i.e., a) SM1; b) D; c) SM2; d) P. 

Scenario I.  In the first scenario, the parameter vector contains six forward kinetic 

coefficients and      (i.e.,   [                      ]
 
). In the MBDoE and parameter 

estimation calculations, the parameter lower bounds are set at zero   (i.e., all the kinetic 

coefficients are positive) and their upper bounds are 5 times their corresponding true values in 
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Table 6. For designing A- or V-optimal experiments in scenario I, the decision variables are the 

initial concentrations for the reactants        and     (i.e.,   [               ]
 
). Table 8 

shows lower and upper bounds for these decision variables, which permit experimentation over a 

wider range of conditions than was considered by Domagalski et al., (2015). Table 9 shows four 

settings that are assumed to be of particular interest to the modeler, because of the low catalyst 

levels that are assigned.  In the V-optimal design calculations these settings are used to construct 

 . Note that the lowest catalyst level (0.0091 M) in Table 9 is lower than the lower bound for 

    in Table 8.  This situation is considered in Scenario I because it illustrates the flexible nature 

of V-optimal designs, wherein the specified operating conditions of interest are permitted to be 

outside of the range of conditions where the modeler is currently willing to experiment.  

Table 8.  Lower and upper bounds for the decision variables for the scenario I 

Decision variables 

  

Lower bound 

  

Upper bound 

  

               

             

               

Table 9.  Operating conditions of interest where accurate model predictions are desired for 

scenario I 

      ( )     ( )       ( ) 

                    

                    

                     

                     

Scenario II. In the second scenario, temperature is considered as an additional decision 

variable, i.e.,   [                  ]
 

. As a result, the parameter vector contains the seven 

parameters from scenario I, along with    for reaction I and six activation energies, i.e., 

  [                                                                            ]
 
. Lower 
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and upper bounds for all parameters are set at zero and five times the corresponding true values.  

Lower and upper bounds for decision variables            , and       are the same as in 

scenario I, with    bounded between 35   and 45  . Table 10 shows eight different operating 

conditions (at low catalyst conditions with high and low temperatures) where accurate model 

predictions are desired. These settings are used to compute W for Scenario II. 

Table 10. Eight operating conditions of interest for obtaining accurate model predictions in 

scenario II 

      ( )     ( )       ( )   ( ) 

                       

                       

                        

                        

                       

                       

                        

                        

5 RESULTS AND DISCUSSION 

5.1 Scenario I: Operation at      

Using the old data alone and initial parameter guesses chosen randomly between their 

lower and upper bounds, only 5 out of 7 parameters could be ranked because the FIM was 

noninvertible. For all initial parameter guesses tested (10 sets of values chosen randomly 

between lower and upper bounds) parameters    and    were left out of the ranked list using the 

orthogonalization algorithm in Table 2. Figure 3 shows parameter subsets that were selected 

using Wu’s     criterion (see Table S2), and their frequencies for the 100 sets of simulated old 

experiments. The parameter subset that was selected most often using the old data is      

[       ]
 
 using 71 out of 100 simulated old datasets. Estimated values of the selected 
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parameters (along with fixed values of the left-out parameters) were used to compute the initial 

elements of   and  .  

 

Figure 3. Frequency of selected and estimated subset of parameters using     criterion for 100 

simulated old datasets 

Table 11 shows the A-optimal settings that were selected using the LO and PI approaches 

in 100 MC simulations. Six different sets of conditions were selected using the LO approach and 

five were selected using the PI approach. In the most frequently selected conditions using the LO 

approach (LO-A-1),     is at its upper bound. In the most frequently selected condition for the 

PI approach (PI-A-1), both     and       are at their upper bounds. To obtain the experimental 

settings shown in Table 11, the LO approach ranked    as the top parameter followed by     

most of the time. Using the LO approach,    always (and sometimes    also) was left out and 

fixed at its nominal value, as shown in Figure S3 in the Supplementary Information. The PI 

approach fixed three singular values at zero in most cases when selecting new experiments. 
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 Table 11. A-optimal settings for one sequential run selected by the LO and PI 

approaches 

LO approach 

# 
      

(M) 

      

(M) 

      

(M) 
Frequency from 100 simulations 

LO-A-1 0.6773 0.5000 0.1029  60 

LO-A -2 0.7726 0.5000 1.5000  17  

LO-A -3 1.4838 0.3514 1.5000   13    

LO-A -4 1.5000 0.5000 1.0762   6      

LO-A -5 1.4969 0.4123 0.1036  2          

LO-A -6 0.9222 0.5000 0.3393  2          

PI approach 

# 
      

(M) 

      

(M) 

      

(M) 
Frequency from 100 simulations 

PI-A -1 0.7185 0.5000 1.5000  47  

PI-A -2 0.6696 0.4997 0.1052  26  

PI-A -3 0.9109 0.5000 1.5000   25    

PI-A -4 0.8417 0.1937 1.3397  2       

PI-A -5 1.1049 0.1460 1.5000  1          

New data were generated using the settings in Table 11 and parameters were estimated 

100 times using the combined old and new data. Figure 4 shows the subsets of the parameters 

that were estimated and their corresponding frequencies. The most commonly estimated 

parameters using experiments designed using the LO approach are     and     
; the PI approach 

resulted in      and    being estimated most often.  
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Figure 4. Frequency of selected and estimated parameter subsets for 100 (a) LO datasets and (b) 

PI datasets. 

Figure 5 shows corresponding boxplots for      (see Table 3) obtained using the various 

settings in Table 11. The results indicate that the LO approach is superior to the PI approach, on 

average, for this case study. These results are consistent with our previous study involving a 

Michael addition reaction with 5 parameters (Shahmohammadi and McAuley, 2019). 

 
Figure 5. Boxplots for 100 values of      when designing one sequential A-optimal experiment 

using LO and PI approaches 
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The performance of the LO and PI approaches for providing an accurate estimate of 

individual parameters was also investigated. As shown in Figure 6, both LO and PI approaches 

resulted in more accurate estimates for    and    . The main difference between the results for 

the two approaches is in estimating    ,    and   , where the LO approach provides more 

accurate parameter estimates on average compared to the PI approach. Note that       is 

computed from:  

       ∑ (
  
       ̂  

   
)   

   

 

        (11) 

where  ̂   is the estimate (or corresponding fixed value when the parameter is not estimated) of 

the  th parameter using the  th MC simulation. 

 

Figure 6.       for each parameter obtained when designing one A-optimal experiments using 

LO and PI approaches.  

Similarly, the LO and PI approaches were also compared for selecting V-optimal 

experiments. As shown in Figure 7, the LO approach results in model predictions that are closer, 

on average, to the corresponding noise-free values.  Table 12 summarizes the selected settings 
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for sequential V-optimal designs using LO and PI approaches. The most frequent settings 

selected by the LO approach has     near the lower bound and       at the upper bound. The 

second most frequent design chosen by the LO approach (LO-V-2) has    and      at the 

upper bounds. The PI approach tends to also select     and       at the upper bounds. Note that, 

after designing several additional experiments, all parameters became identifiable and resulted in 

invertible FIMs. Due to invertibility of the FIM, the LO and PI approaches resulted in identical 

settings for the A-optimal designs and identical settings for the V-optimal designs (results not 

shown). 

Table 12. V-optimal settings selected by LO and PI approaches and their frequencies 

LO approach 

# 
      

(M) 

      

(M) 

      

(M) 
Frequency from 100 simulations 

LO-V-1 0.7578 0.0797 1.5000  49  

LO-V -2 0.7640 0.5000 1.5000  23  

LO-V -3 1.5000 0.5000 1.4964  14     

LO-V -4 1.1046 0.0979 1.5000  13       

LO-V -5 0.9442 0.1313 1.5000  1          

PI approach 

# 
      

(M) 

      

(M) 

      

(M) 
Frequency from 100 simulations 

PI-V -1 0.7251 0.5000 1.5000  90  

PI-V -2 1.1287 0.2393 1.5000  10  
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Figure 7. boxplots for 100 values of       when designing one sequential V-optimal 

experiment using LO and PI approaches 

5.2 Scenario II: operation at a variety temperature between 35 and 45   

 In this scenario, the LO and PI approaches were used to simultaneously select two new 

sequential A- and V- optimal experiments for a situation where the temperature effect was 

considered, resulting in a more complicated model with 14 parameters. Similar to scenario I, 100 

sets of simulated old data were generated, and parameters were estimated for use in A- and V-

optimal designs. Using the old experimental settings alone,   , H and all of the activation of 

energies were left out of the ranked list, as expected, because there was no temperature variation 

in the old data. From the ranked list only    was estimated in 73 out 100 MC simulations and in 

the remaining 27 MC simulations    and    were estimated together. 

Table 13 shows the A-optimal settings that were selected. Note that, for all 100 MC 

simulations, the LO approach ranked           ,   ,    and    and always left out    ,   ,    

and   . The other five parameters were sometimes selected for consideration in     . For 
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example,    was selected in 53 out of 100 MC simulations and     was selected in 77 out 100 

MC simulations. As shown in Table 13, the selected temperature settings for the new runs were 

at either lower or upper bound using the LO approach. However, for the PI approach, 

temperatures were sometimes at the bounds and sometimes and sometimes in between. Using the 

LO approach, the optimizer never chose to replicate the same experiment. However, using the PI 

approach, the optimizer selected the same settings for both new experiments 45% of time. Figure 

8 compares      values obtained by the LO and PI approaches for designing two sequential A-

optimal experiments. As in scenario I, the LO approach provides superior results, on average 

compared to the PI approach. 

 

Figure 8. Comparison of LO and PI approaches for designing two sequential A-optimal 

experiments for the scenario II 
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Table 13. A-optimal settings selected by LO and PI approaches and their frequencies 

 LO approach 

#       (M)       (M)       (M) T ( ) Frequency from 100 simulations 

LO-A-1 
1.350 0.080 1.500 45.000 

 50  
1.500 0.173 1.428 35.000 

LO-A -2 
1.500 0.500 0.100 35.000 

 35  
0.818 0.134 1.500 35.000 

LO-A -3 
1.500 0.500 0.100 45.000 

 15     
1.500 0.308 0.914 35.000 

 PI approach 

#       (M)       (M)       (M) T ( ) Frequency from 100 simulations 

PI-A-1 
0.734 0.500 1.500 45.000 

 45  
0.734 0.500 1.500 45.000 

PI-A-2 
0.815 0.069 1.459 44.770 

 26  
0.595 0.470 1.441 44.884 

PI-A-3 
1.500 0.500 1.454 45.000 

 13  
0.724 0.500 1.500 40.000 

PI-A-4 
1.318 0.244 1.341 37.210 

 6  
0.756 0.435 1.439 40.606 

PI-A-5 
0.729 0.194 1.482 35.676 

 6  
1.486 0.294 1.497 35.000 

PI-A-6 
0.760 0.406 1.500 45.00 

 2  
0.834 0.207 1.500 35.00 

PI-A-7 
0.100 0.500 0.103 45.000 

 2  
0.778 0.500 1.500 45.000 

The LO and PI approaches were also used to design two new sequential V-optimal 

experiments (see Table 14). The LO approach resulted in three different sets of design settings 

with most popular conditions selected 52% of the time. No replicate experiments were selected. 

In all 100 MC simulations, the LO approach selected     close to the lower bound and       at 

its upper bound. The selected temperatures were always at the lower or upper bound. The PI 

approach also resulted in three different sets of run conditions using the 100 MC simulations. 
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The second most popular settings (selected 32% of the time) resulted in a replicated experiment. 

Figure 9 compares boxplots for 100 values of       obtained using the LO and PI approaches, 

indicating that the LO approach is superior to PI for this case study.  

Table 14. V-optimal settings selected by LO and PI approaches and their frequencies 

 LO approach 

#       (M)     (M)       (M) T ( ) Frequency from 100 simulations 

LO-V-1 
1.2421 0.0166 1.5000 45.000 

 52  

1.5000 0.0250 1.5000 35.000 

LO-V-2 
1.4873 0.0674 1.5000 45.000 

 38  
0.7710 0.0500 1.5000 45.000 

LO-V-3 
1.3129 0.0377 1.5000 45.000 

 10     
0.8637 0.0585 1.5000 45.000 

 PI approach 

#       (M)    (M)      (M) T ( ) Frequency from 100 simulations 

PI-V-1 
0.842 0.090 1.292 42.568 

 59 
0.624 0.139 1.500 35.000 

PI-V-2 
0.814 0.047 1.500 45.000 

 32  
0.814 0.047 1.500 45.000 

PI-V-3 
1.432 0.040 1.500 45.00 

 9  
0.761 0.382 1.500 45.00 
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Figure 9. Comparison on LO and PI approaches for designing two sequential V-optimal 

experiments for the scenario II 

5.3 Comparing results from A- and V-optimal designs 

Finally, A- and V-optimal designs were compared to illustrate the effectiveness of the LO 

methodology for their intended uses. As shown in Figure 10, the A-optimal designs produced 

better parameter estimates, on average, than the corresponding V-optimal designs.  By contrast, 

the V-optimal designs resulted in better model predictions, on average, at the conditions of 

interest.  The LO A- and V-optimal designs were both superior to a traditional approach (MS) 

where the modeler selects new conditions (randomly) from the corners of the operating space.  

Figure 11 summarizes the parameters that were estimated using the proposed LO A- and V- 

optimal MBDOE methodologies. In all 100 A-optimal design calculations, parameters 

          ,   ,    and    were estimated. Figure 11b shows that fewer parameters tended to be 

estimated from the V-optimal experiments, with          and     estimated most of the time. 

Parameters   ,   ,    and    were never estimated from the either A- and V-optimal 
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experiments, presumably due to their relatively small influence on the model predictions and 

their highly correlated effects with other parameters.  On average 6.0 parameters were estimated 

following the A-optimal experiments were as only 4.9 parameters were estimated from the V-

optimal experiments. This result is not surprising because the objective of the A-optimal design 

is to ensure that all the parameters are close to their true values, regardless of their influence on 

the model predictions whereas V-optimal design focuses on obtaining parameter values that lead 

to reliable predictions at the settings of interest.  

In summary, the results indicate that it is worth using an optimizer to perform MBDoE 

calculations when the FIM is noninvertible (due to the limited data and the experimental 

resources). We recommend using the LO approach, rather than a PI approach, because better 

results were obtained on average, for the scenarios that were considered.  A benefit of the 

proposed sequential MBDoE strategy, compared to traditional DoE is that any number of 

experiments can be designed, based on the model and the data that are currently available.  

Parameters that are not estimable from the available data are held at their initial guesses base on 

prior knowledge or scientific judgment.  Additional parameters are automatically included in the 

estimation as additional information becomes available. After performing each round of 

experimentation, additional sequential experiments can be designed, and these experiments can 

be simulated to assess which additional parameters are likely to become estimable based on the 

anticipated data. Modelers who are interested in estimating parameters that are excluded from the 

parameter subset, can explore the causes of non-estimability (e.g., using identifiability 

techniques (Balsa-Canto et al., 2010; Petersen et al., 2001; McLean and McAuley, 2012)) and 

may find that  additional measurements (e.g., concentrations of intermediate species) are 

required to obtain unique estimates of the non-estimable parameters. Based on the results in this 
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case study and from those provided in our previous paper, the LO approach seems to have 

superior results on average compared to the PI approach.  

It is not possible for us to prove the effectiveness of the proposed LO approach using 

limited case studies. To confirm the general validity of these results, further testing with 

additional models and data sets is warranted. Comparisons should also be made with sequential 

Bayesian design methods. Given that D-optimal is the most commonly used MBDoE technique 

(Franceschini and Macchietto, 2008; John and Draper, 1975; Pinto et al., 1990; Thompson et al., 

2010; Walter and Pronzato, 1990), it would be beneficial to evaluate the performance of the 

Leave Out approach for designing D-optimal experiments. Unfortunately, it is not 

straightforward to select a fair criterion to compare D-optimal LO and PI approaches. Recall that 

the      criterion is a good match for A-optimality and the       criterion is a good match for 

V-optimality. When the FIM is noninvertible, the determinant of the true FIM is zero and there 

is no obvious way to compute a simple criterion related to the joint confidence region for the 

parameters. As a result, D-optimal designs were not considered in the current case study. 
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Figure 10. Boxplots for comparing (a)      and (b)       obtained by A- and V-optimal 

designs and MS approach. 
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Figure 11. Estimated parameters after using LO methodology to design two new experiments, 

based on 100 MC simulations. 

6 CONCLUSIONS 

In this article, two different methodologies are compared for dealing with a noninvertible 

Fisher Information Matrix (   ) when designing A- and V-optimal experiments. The first 

methodology (the leave-out approach) uses a parameter subset selection technique to rank 

parameters and find problematic parameters that make the FIM noninvertible. By leaving out the 

problematic parameters, a reduced FIM can be used to design A- and V-optimal experiments. 
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The second methodology uses a pseudoinverse of the     in place of the noninvertible     

during sequential A- and V- optimal design (PI method). Monte Carlo simulations were used to 

generate simulated data for each approach so that the LO and PI approaches could be compared 

using a nonlinear Michaelis Menten dynamic reaction model. Two scenarios were considered: I) 

operations at    , II) operation at temperatures between 35   and 45   .   

The LO and PI approaches were compared for both scenarios, revealing that the LO 

approach is superior on average for both A- and V-optimal sequential designs. The results 

confirm that, even when the FIM is non-invertible, A-optimal settings are more effective for 

improving the parameter estimates and V-optimal settings are more effective for improving 

model predictions at operating conditions of interest. We believe that the LO procedure 

described in this study will be helpful for designing experiments for chemical and biochemical 

processes with large number of parameters. Specifically, it will be helpful for performing 

automated experimental design calculations where numerical difficulties may arise due to 

noninvertiblity of the FIM. 
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8 NOMENCLATURE 

Abbreviations  

FIM Fisher Information Matrix 

     Reduced FIM 

       Pseudoinverse of FIM 

LO Leave Out approach 

PI Pseudoinverse approach 

MS Modeler Selected approach 

MBDoE Model-Based Design of Experiment 

MC Monte Carlo Simulation 

MSE Mean-Squared Errors 

ODE Ordinary Differential Equation 

     
Sum of squared deviations between the parameter estimates their true 

values for parameter   

      
Sum of squared deviations between the model predictions at the 

conditions of interest and their noise free values 

Symbols 

      Initial concentration of component SM1 

    Initial concentration of component D 

      Initial concentration of component SM2 

     Time dependent concentration of component SM1 

   Time dependent concentration of component D 

     Time dependent concentration of component SM2 

   Time dependent concentration of component P 

     Time dependent concentration of component H2O 

      Time dependent concentration of intermediate SM1D 

    Time dependent concentration of impurity I1 

    Time dependent concentration of impurity I2 

    Time dependent concentration of impurity I3 

    Time dependent concentration of impurity I4 

   Concentration of  th component in the reactor 

  Vector of settings for the decision variables 

   ( ) Determinant 

 ( ) General model prediction 

   Model prediction corresponds to the  th measurement 

  Integration counter for the measured responses 

  Objective function for parameter estimation 

   Objective function when all parameters are estimated 

   Objective function when   parameters are estimated 

   A-optimality criterion 

   D-optimality criterion 

   E-optimality criterion 
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   V-optimality criterion 

  & j Iteration counter for the model parameters 

    th reaction rate coefficient 

    Equilibrium constant 

  Number of designed experiments 

  Number of run conditions 

  Number of parameters 

  Number sampling times 

   Residual matrix 

    Critical ratio criterion  

  Sensitivity matrix 

    Element of  th row and  th in sensitivity matrix 

    Scaling factor for the initial uncertainties in the  th model parameters 

    Standard deviation of the of the jth measurement 

     ( ) Sum of diagonal elements of a matrix 

  Number different response variables 

   Volume of solution in semi-batch reactor 

  Specific operating condition of interest 

  Designed matrix for linear model 

   Input settings corresponding to  th explanatory variables 

    th correspond experimental setting for the explanatory variables 

     or      Initial or old designed matrix 

     or      New designed matrix 

   Matrix of most-estimable parameters 

  Vector of   measured responses 

    th measured response 

  Scaled sensitivity matrix 

 ̂  Matrix of predictions for   

( )   Inverse of a matrix 
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