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Abstract 

Numerical modelling of excavations in rock has advanced considerably in recent decades. While 

continuum numerical models form their basis in methods which can be verified by analytical solutions, 

discontinuum and hybrid numerical modelling software are challenging to verify. This necessitates the 

development of processes that can verify individual aspects of complex models. The combined finite-

discrete element method (FDEM) allows for the numerical representation of progressive fracture in a 

simulated elastic material. The FDEM is a powerful tool for modelling instability around tunnels in brittle 

rock; however, significant verification of the method is required for its use in predictive modelling in 

critical engineering projects. To verify the FDEM for the purpose of modelling instability around tunnels 

in brittle rock, a multi-method and multi-scale stepwise verification approach is proposed.  

Multi-scale verification is required due to the practical limitations of current computational power. 

Simulation of a laboratory scale tests generally requires a mesh size not significantly larger than the 

median grain size of the material, limiting the size of elements to a few millimeters for most rock types. 

In tunnel scale models, a larger element sizes must be used. To relate the input parameters obtained from 

the laboratory scale calibration to parameters which can be used in tunnel-scale modelling, a gradual 

upscaling process for Unconfined Compressive Strength (UCS) test simulations is developed. The results 

of the upscaling process provide guidance for input parameter selection for tunnel-scale models, and 

insight into scale effects in FDEM models. 

In multi-method verification, equivalent modelling scenarios are represented using analytical and 

numerical methods of increasing complexity, to allow individual model behaviours to be progressively 

verified. A pseudo-discontinuum finite element method (FEM) approach is compared with the FDEM for 

modelling fracture propagation.  Agreement of results is found for simulated non-frictional materials; 

however, for frictional materials, results agreement is not achieved. Further assessment of tunnel model 

response to pseudo-discontinuum FEM and FDEM input parameters will lead to improvement of input 

parameter and result equivalency between methods. 
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Chapter 1 

Introduction 

1.1 Purpose of Study 

Utilization of underground space has grown with the demand for energy, minerals, and urban 

infrastructure. Sustainable underground development means meeting the needs of the present, while 

conserving the natural and built environments for future generations. With the increase in underground 

development, and the development of new technologies, excavations are constructed in increasingly 

complex ground, including deep excavations subject to high in situ stress conditions. The use of 

underground space for the ultra-long-term storage of radioactive nuclear waste is being considered in 

multiple countries. Spent nuclear fuel, which can take one million years to reach safe levels of radiation, 

requires storage facilities that can be stable for this timeframe (NWMO 2016). Considering this 

timeframe, the design of underground repositories must consider changing in situ stress conditions due to 

tectonic activity and changes in levels of glaciation, as well as effects of a changing climate.  

1.1.1 Long Term Underground Storage of Nuclear Waste in Canada 

Nuclear power plants have been producing electricity commercially in Canada since the 1960s. Today, 

nuclear power produces approximately 15 percent of Canada’s electricity (Statistics Canada 2019). As 

demand for both energy and climate responsibility grows, nuclear power has become an increasingly 

important part of the global energy conversation. With increased nuclear power production, there is in 

turn an increased need for the safe management of the spent nuclear fuel and associated low and 

intermediate level waste.  

Since Canada’s first full scale CANDU reactor started operating in 1967, over 2 million used nuclear fuel 

bundles have been generated. As of 2019, these bundles are stored where they are produced, on an interim 

basis (NWMO 2010, 2019). In Canada, the Nuclear Waste Management Organization (NWMO) is 

responsible for designing and implementing Canada’s plan for the safe, long-term storage of Used Fuel 
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Containers (UFCs). NWMO’s plan, known as Adaptive Phased Management (APM), requires used UFC 

to be contained and isolated in a deep geological repository.  

The deep geological repository (DGR) is a multiple-barrier system designed to safely and permanently 

contain and isolate used nuclear fuel, with a design life of one million years (Jensen et al. 2009). Design 

of an underground structure for a span of a million years is unprecedented. Many design variables that are 

taken as static for shorter term design, such as climate, level of glaciation, and tectonic setting, can 

change over this period. (Mohamed and Paleologos 2008). The physical stability of the rockmass 

containing the DGR could be impacted by a change of in situ stress conditions from any of these factors.  

1.1.2 Necessity for Numerical Modelling in DGR Design 

In order to produce the best possible predictions of geomechanical behaviour of the rockmass containing 

the DGR, the use of state-of-the-art numerical modelling tools is necessary. As human access to the 

excavation will be restricted to only the beginning of the project design life, the design must be tested in 

various conditions that could occur over one million years, such as glaciation, tectonic activity and 

climate change. Due to the critical nature and expected design life of the project, multiple levels of 

redundancy are built into the design process. In the context of geomechanical modelling, this requirement 

for redundancy means that the same behaviour must be replicated by various numerical methods. Simple 

numerical methods can be used to verify behaviours in more complex models, and the results of complex 

predictive models using various methods (such as continuum and discontinuum) can be compared. 

Models can also be validated by physical testing data, such as strength testing of the host rock, and 

existing tunnel overbreak profiles.  

Due to the host rock’s natural degree of variability and heterogeneity, the sensitivity to various modelling 

input parameters must be assessed. Numerical models can be very sensitive to geomechanical inputs. 

Assessing the sensitivity of the models, as well as confirming their validity and verifying their 

mathematical accuracy for the purpose in which they are being used, are crucial steps of the design 

process for DGRs.  
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The body of research on predictive geomechanical modelling of the DGR tunnels is vast and growing 

(NWMO 2018). For the potential DGR sites situated in crystalline rock, continuum, discontinuum, and 

hybrid models have been used with varying degrees of success, to model behaviour around the DGR 

tunnels in brittle rock. In many cases, this involves creating models of existing tunnels situated in similar 

conditions to the DGR, as well as comparing predictive models with analytical solutions. Past and 

ongoing research on modelling brittle behaviour around DGR tunnels includes the use of continuum 

methods, particle-based discontinuum models, and hybrid block-based continuum-discontinuum models. 

1.2 Key Thesis Concepts 

While the background information on the technical content of this thesis is summarized in Chapter 2, a 

few topics are crucial for understanding the thesis outline and scope in the following sections. These 

concepts are summarized below, and references are provided to their relevant expanded background 

sections, where applicable.  

1.2.1 Calibration of Geomechanical Models 

Calibration of numerical models involves the systematic variation of input parameters to match a target 

output behaviour. In geomechanics, calibration often produces non-unique results, as input parameters are 

often not directly measurable, and in many cases, variable. Calibration is improved when combined with 

sensitivity analysis, to examine the effect of each parameter on the system’s behaviour. 

1.2.2 Verification and Validation of Geomechanical Models 

Verification and validation in geomechanics are independent, yet often confused processes, and a model 

can be verified but not validated, or visa versa. Strictly speaking, these processes are impossible for 

inherently open earth systems, as modelling results are always non-unique (Oreskes et al. 1994). Contrary 

to this, without these processes, the results of numerical models would largely lose predictive value, so 

careful integration of these processes is required for practical modelling applications.  
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In numerical modelling, verification means the assertion or establishment of mathematical truth. 

Especially for predictive models, where results cannot be compared to an existing case, the establishment 

of mathematical truth is fundamental to proving the accuracy and precision (Section 1.2.4) of the model.  

Validation refers to the confirmation of the acceptability of the model for the purpose in which it is being 

used, or in other words, the model’s legitimacy. The general purpose of model validation is to establish 

predictive reliability, by comparing with independently derived numerical data.  

A verified model can be invalid if used for an unacceptable purpose. A practical example of a verified but 

invalid numerical model is the use of a continuum model for a moderately fractured rockmass under low 

confinement, where block detachment is the expected mode of failure. In this example, while the solution 

could be mathematically accurate and precise (as defined in Section 1.2.4), and the numerical method 

could be verified, the solution would miss relevant information, and therefore would be invalid for the 

purpose of modelling the expected failure mode of block detachment.  

Equally, the process of validating a model for a specific purpose does not inherently provide verification. 

In discontinuum numerical modelling, the predicted overbreak in a tunnel model may correspond to the 

expected failure mode and match the profile of an existing tunnel case; however, these results alone do 

not prove that each component of the numerical method is producing precise and accurate results. Rather, 

the results only prove that the overall product matches the expected solution. In some cases, non-verified 

models can lose their validity when applied to scenarios distinct from those in which they were originally 

validated.  

1.2.3 Stepwise Verification of Numerical Methods 

While simple verification methods such as closed form solutions are available for some numerical 

methods, complex numerical methods require a multifaceted verification approach. The process of 

stepwise verification of a numerical modelling method includes building from basic principles, to 

verifying simple numerical methods, and using a combination of simple numerical methods and analytical 

solutions to verify complex numerical methods.  
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1.2.4 Accuracy and Precision of Numerical Models 

In numerical modelling, accuracy and precision are components in asserting the overall “correctness” of a 

model. Accuracy and precision are two independent quantities, meaning that a result can be precise but 

not accurate, or visa versa.  

1.2.4.1 Accuracy of Numerical Models 

Accuracy refers to how closely a value agrees with the true value. In numerical models, inaccuracies are 

generally attributed to either the accuracy of input data, or the accuracy of the solution (numerical 

method) itself. Due to the often heterogeneous and anisotropic nature of geo-materials, the former is 

common, and often expected in geomechanical models. Some inaccuracy can be expected in input 

parameters for numerical models, in which the rockmass is largely idealized. Due to this commonality, 

inaccuracies arising from the variability of geomaterials are often accounted for in design, or in other 

words, are a known unknown.  

In contrast to inaccuracies attributed to either the accuracy of input data, numerical method inaccuracies 

arise within the solution scheme itself. In the context of numerical methods solving PDEs, where the 

problem is assumed to have an exact solution, the model makes a guess towards a numerical solution to 

the problem, often assisted by dividing the problem into a discrete number of steps. Any numerical 

method should be convergent in the mathematical sense such that it produces the exact solution to PDEs 

as grid size decreases (Ferziger, 1988).  

Practically, all computational numerical methods have some numerical inaccuracy. Errors arise from 

various components of numerical methods, including iteration procedure, grid generation and 

discretization. In some numerical methods, the establishment of convergence requires multiple iterations. 

Iterations are stopped once a prescribed convergence tolerance is reached. Convergence error is defined 

as the difference between the current iterative solution and the exact solution of the equations. Larger 

tolerance values can produce larger numerical inaccuracies, as convergence tolerance applies to each step, 

and error may accumulate over a series of iterations. While inaccuracies arising from natural variability of 
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geomaterials are often known unknowns, accounted for in design, numerical inaccuracies can often be 

unknown unknowns when proper attention is not paid by the modeller to the inherit inaccuracies and 

assumptions of the numerical method. 

1.2.4.2 Precision of Numerical Models 

Rather than describing how closely a value aligns to a true value, the precision of a numerical quantity is 

a measure of the detail in which the quantity is expressed. Precision in numerical models is typically 

described in terms of the number of digits used to describe a number. In numerical modelling, the 

precision of a computer program is either specified by the user or is inherent to the program and device. 

Precision is often the source of rounding errors in computation, as the number of digits used to store a 

number will be limited. Loss of precision due to roundoff error can cause losses in accuracy of numerical 

modelling results. 

1.2.5 Continuum and Discontinuum Numerical Modelling 

Materials in geomechanical models can be represented either as a continuum or a discontinuum. In a 

continuous model, the domain is treated as one continuous body, where material detachment does not 

occur. Common numerical methods in continuous models include: the finite element method (FEM), the 

finite difference method (FDM), and the boundary element method (BEM).  

Discontinuous models treat the domain as an assemblage of discrete blocks, particles, or elements. The 

discrete element method (DEM) is a discontinuum technique commonly used in geomechanics.  

Though often referred to as DEM programs, the block-based discontinuum software is commonly used as 

a hybrid. In the Universal Distinct Element Code (UDEC - Itasca Consulting Group Inc. 2014), the 

material inside blocks utilizes the FDM to solve deformations in the continuum, and the DEM is utilized 

for block movement and interaction. Additionally, the combined finite-discrete element method (FDEM), 

is a hybrid between the FEM and DEM.  



 

 

 

7 

1.2.6 Pseudo-Discontinuum Modelling 

The category of pseudo-discontinuum models refer to models which are solved using solely continuum 

methods but are constructed in a manner in which fracture can be explicitly represented. Pseudo-

discontinuum that utilize the FEM, with the addition of joint elements to represent interblock or 

intrablock structure, grains, or potential fracture pathways, are also referred to as FE-interface methods, or 

extended FEM (Riahi et al. 2010).  

1.2.7 The Finite-Discrete Element Method (FEM) 

The FEM software RS2 (RocScience 2017, 2019) is used in this thesis as a verification tool for FDEM 

models. The FEM, as implemented in RS2, is summarized in Section 2.2. 

1.2.8 The Combined Finite-Discrete Element Method (FDEM) 

The FDEM software Irazu (Geomechanica Inc. 2019) is used for much of the numerical modelling work 

in this thesis. The FDEM, as implemented in Irazu, is summarized in Section 2.3. 

1.2.9 Explicit and Implicit 

The terms explicit and implicit have two common uses in the field of geomechanics and numerical 

modelling. Most commonly, the terms explicit and implicit are used to describe solution schemes in 

numerical modelling.  

In explicit numerical methods, a direct computation of the dependent variables can be made in terms of 

known quantities. Explicit numerical methods involve time-stepping, meaning the state of the system at a 

future time is calculated from the state of the system at the current time. The finite difference method 

(FDM) and the distinct element method (DEM) are explicit numerical methods. 

In implicit numerical methods, the dependent variables are defined by coupled sets of equations, and 

either a matrix or iterative technique is used to obtain the solution. The FEM is an implicit numerical 

modelling method. 
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Confusion arises in geomechanical modelling by the use of the terms explicit and implicit to describe 

representation of modelled behaviour. In numerical modelling of brittle materials, the term explicit is used 

to refer to the explicit representation of fracture. In contrast, implicit is used to refer to a numerical 

method which implies fracturing but does not explicitly represent it.  

In this thesis, both definitions of the terms explicit and implicit are used, and the distinction between the 

definitions is clarified by context in each case. 

1.2.10 Upscaling of Geomechanical Models 

Chapter 4 focuses on upscaling of FDEM models. For numerical modelling of rock behaviour around 

tunnels, properties measured in a laboratory are often useful for representing the material properties of the 

rockmass. To calibrate a modelled material to a given physical material, laboratory tests can be 

numerically simulated. In continuum models, the behaviour experienced at a laboratory (rock core) scale 

can typically be related, without scale dependency, to the intact properties of the modelled rockmass. In 

discontinuum models, where behaviour is dependent on pre-determined potential fracture pathways, an 

upscaling process must be completed to relate these behaviours. The need for upscaling stems 

fundamentally from practical computational limitations, as the information for each block, element, or 

particle in a discontinuum simulation must be stored and updated by the computer. The size of 

discontinuum components used in a laboratory scale simulation cannot be practically used in an 

excavation scale simulation. The process of upscaling aims to maintain the integrity of the original 

laboratory scale calibration, while increasing the computational efficiency of the excavation scale model. 

1.2.11 Brittle Rock Failure 

Brittle failure in rock occurs by extensile cracking, typical initiated by microscopic material flaws 

(Griffith 1921, 1924). The mechanics of brittle failure are distinct from shear failure, and thus require 

different numerical representation (e.g. Hajiabdolmajid et al. 2002; Diederichs 2003, 2007). Brittle rock 

failure mechanics, brittle rockmass behaviour around tunnels, and numerical representation of brittle 

behaviour are described in detail in Sections 2.4 and 2.5. 
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1.3 Software and Computer Configuration  

1.3.1 Numerical Modelling Software 

Two numerical modelling software have been utilized for the work in this thesis. RS2 is a CPU based 2D 

FEM program. Two versions of RS2 were used in this thesis (RocScience 2017: RS2 version 9.0, and 

RocScience 2019: RS2 version 10.0 a.k.a. RS2 2019). Irazu is a GPU based 2D FDEM program. The 

Irazu models in this thesis were completed in Irazu version 3.4 (Geomechanica Inc. 2019). 

1.3.2 Model Construction and Analysis Software 

In addition to numerical modelling software, various software packages were used for construction and 

analysis of numerical modelling results. UDEC (Itasca Consulting Group Inc. 2014) was used to create 

trigon joint networks, which were imported as .dxf files into RS2. The RS2 modeller was used to 

construct all aspects of the FEM models, except for trigon joint networks. RS2 Interpret (version 10.0) 

was used to visualize and process RS2 model outputs. 

The open source finite element mesh generating software Gmsh (Geuzaine and Remacle 2009) was used 

to create the finite element mesh for Irazu models. The Irazu user interface was used to build all aspects 

of FDEM models, except for the finite element mesh. Paraview (Ahrens et al. 2005) was used to visualize 

and process Irazu model outputs. A monitoring code for laboratory test simulations, developed by 

Geomechanica Inc., was implemented in Paraview.  

1.3.3 Computer Specifications 

The RS2 models in this thesis were run using an Intel® Core™ i7-4770K CPU at 3.50 GHz with 32.0 GB 

of RAM, on a windows (version 7) operating system. The Irazu models in this thesis were run using a 

GeForce RTX 2080 Ti GPU with 64.0 GB of RAM on an Ubuntu (version 18) operating system.  
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1.4 Research Objectives 

The use of the FDEM for tunnel modelling in the DGR context requires thorough verification of each 

component of the chosen FDEM software. While continuum methods are easily verified through 

analytical solutions, the increased complexity of the FDEM necessitates an increasingly complex 

verification process. 

Irazu (Geomechanica Inc. 2019) is a 2-dimensional FDEM software, which evolved out of research at the 

University of Toronto (e.g. Mahabadi et al. 2010a, 2010b, 2012; Lisjak et al. 2012, 2014).  

The overarching purpose of the research presented in this thesis is to use Irazu to model tunnels situated 

in brittle crystalline (granitic) rock under high in situ stresses, as a contribution to research efforts 

associated with the design and implementation of the Canadian DGR. The completion of this objective 

requires a multi-step process, as shown in Figure 1-1. Basic crack element and triangular element 

behaviour (repulsion, sliding, slipping, and opening) must be verified at a microscopic scale. For the rock 

type selected for tunnel modelling (granite – described in Section 3.2), laboratory test simulations must be 

calibrated to match physical testing results from equivalent tests in granite. Numerical scale effects must 

also be examined, by gradually upscaling laboratory simulations. The FDEM is also verified by 

comparing joint element behaviour to crack element behaviour, by completing the same process with a 

pseudo-discontinuum FEM model. In the pseudo-discontinuum FEM model, voronoi or trigon joint 

networks represent potential fracture pathways. These solutions are also compared with elastic FEM 

continuum analysis, a FEM continuum solution for brittle rock (Damage Initiation Spalling Limit: 

Diederichs 2007) and analytical solutions for (Kirsch 1898). 
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Figure 1-1: Stepwise verification process for modelling tunnels in brittle rock using the FDEM, 

including calibration, the study of scale effects, and comparison of FEM and analytical solutions.  
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1.4.1 Thesis Scope 

In order to meet the research objectives, the scope of this thesis contains the following: 

1. Conduct a critical literature review of numerical methods for modelling brittle behaviour in hard 

rock, including a general overview of numerical modelling methods in geomechanics (Chapters 1 

and 2), and a detailed summary of numerical modelling methods used in this thesis (Chapter 2). 

2. Conduct a detailed study on laboratory scale model calibration using the Irazu FDEM software, 

calibrating results to match LdB granite testing data (Chapter 3). 

3. Conduct a detailed study on laboratory scale model calibration using the RS2 FEM software, 

using a pseudo-discontinuum approach, involving voronoi blocks to represent potential failure 

pathways, calibrating results to match LdB granite testing data (Chapter 3). 

4. Create gradually upscaled FDEM models of UCS tests to determine numerical scale effects, and 

based on these findings, suggest an upscaling process to relate properties of calibrated laboratory 

scale simulations, to properties that can be implemented in tunnel models (Chapter 4). 

5. Create FDEM models of an existing tunnel case study with input parameters determined by the 

gradual upscaling process (Chapter 5).  

6.  Discuss a multi-method path to verification for FDEM tunnel models, which builds from simple 

analytical solutions, conventional and non-conventional continuum approaches, discontinuum and 

pseudo-discontinuum solutions (Chapters 5 and 6).  
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1.5 Thesis Outline 

An outline of the technical content in this thesis is presented in Figure 1-2. The outline presents 

interrelated components between chapters.  

 

Figure 1-2: Outline of technical content and interrelated components in thesis document  
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1.5.1 Thesis Organization  

This thesis has been prepared in accordance with the requirements outlined by the School of Graduate 

Studies at Queen’s University, Kingston, Ontario, Canada. This thesis consists of six (6) chapters and four 

(4) appendices. The topics covered include: 

▪  Background materials on brittle failure in rock and numerical modelling approaches used to 

model this behaviour 

▪ Verification of crack element behaviour in hybrid finite-discrete element models 

▪  Scale effects in FDEM models  

▪ Development of a gradual upscaling process to relate the results of laboratory scale calibrations to 

tunnel model input parameters 

▪  A multi-method stepwise verification process for using the hybrid finite-discrete element to 

model failure around tunnels in brittle rock 

The main portions of this work are contained in Chapters 3, 4, 5, and 6. References are presented at the 

end of each chapter. The thesis document is composed of the following chapters and appendices: 

Chapter 1 – Introduction: This chapter serves as an overview of the research scope and objectives and 

provides crucial background information relevant to the research objectives. 

Chapter 2 – Review of Numerical Methods for Modelling Brittle Behaviour in Hard Rock: This chapter 

presents a critical literature review of the mechanics of brittle behaviour of hard rock, and numerical 

methods used to model the behaviour, including continuum, discontinuum and hybrid approaches.  

Chapter 3 – Pseudo-Discontinuum Finite Element Method and Finite-Discrete Element Method 

Approaches to Calibration of Laboratory Scale Models: This chapter summarizes the laboratory 

properties of LdB granite and presents a calibration process for laboratory scale models using a pseudo-

discontinuum FEM approach, and the FDEM.  

Chapter 4 – Investigation of Numerical Scale Effects in Finite-Discrete Element Method Models: This 

chapter demonstrates an upscaling process for relating micro-mechanical parameters acquired for 

calibrated models of laboratory simulations, to micro-mechanical parameters that may be used in models 
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of tunnels in the same rock, in Irazu FDEM. Numerical scale effects in FDEM simulations are also 

investigated in this chapter. 

Chapter 5 – A Multi-Method Stepwise Verification Approach for Simulating Damage around Tunnels in 

Brittle Rock: This chapter establishes a verification process for modelling behaviour of tunnels in brittle 

rock using the FDEM method, by relating solutions of increasing complexity. The process begins by 

relating analytical elastic solutions, to behaviour of continuum and pseudo-discontinuum (FEM) models. 

These behaviours are then related to the behaviour simulated in hybrid finite-discrete element models. 

Chapter 7 – Conclusions: This chapter summarizes the key findings of this research, contributions made 

to the scientific and engineering communities, and recommendations for future research. 

Appendix A – Verification of RS2 Joint Element Behaviour: This appendix contains a verification of 

joint element behaviour in RS2 using the Mohr-Coulomb constitutive model under tension, compression, 

and shear. 

Appendix B – Verification of Irazu Crack Element Behaviour: This appendix contains an investigation 

on the mobilization of friction in Irazu FDEM models, by simulating variations of a model of sliding 

block on an inclined plane. 

Appendix C – Computational Time of Select Simulations: This appendix contains typical computational 

times for RS2 and Irazu simulations. 

Appendix D – Publications and Contributions based on this Body of Research: This appendix contains a 

list of completed publications and presentations based on this body of research.  
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Chapter 2 

Numerical Methods for Modelling Brittle Behaviour in Hard Rock 

2.1 Introduction 

Modelling of geomechanical problems often involves complex issues related to several variables and their 

corresponding coupling effects. Compared to engineered materials which have known properties and 

behaviours, geo-materials often exhibit complex, non-linear, and heterogeneous behaviour. In addition to 

the material properties, geomechanical problems are also impacted by complex in situ geological 

conditions, such as varying and non-linear in situ stress conditions. Due to these behaviours and 

conditions, there is often a lack of straightforward analytical solutions to geomechanical problems, and 

those that do exist often make assumptions that do not reflect the real world, leading to a need for 

numerical models to handle the associated variability and complexity. 

Even within the field of geomechanics, there are various types of numerical models available. Basic 

geomechanical problems typically involve solving for one, or a combination of the following: 

displacement, pore water pressure, temperature, and chemical concentrations. The applications of these 

numerical analyses are typically used for engineered structures, such as tunnels, foundations, and dams, or 

natural hazards such as landslides.  

For the assessment of the stability of underground structures, mechanical analysis is required. This type of 

analysis assesses the displacements around an underground excavation. In some cases, a coupled hydro-

mechanical, thermo-mechanical or hydro-thermo-mechanical method may also be useful for this 

application. When selecting a numerical method for modelling underground excavations, the 

characteristics of the materials and their expected behaviour should be considered. Conventionally, two 

general approaches are used in numerical modelling: continuum and discontinuum. Continuum methods 

treat the rockmass as one continuous body, with displacement compatibility strictly enforced between 

elements (Jing 2003). Discontinuum methods treat the rockmass as a collection of distinct blocks or 
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particles, which can separate and interact. Common continuum and discontinuum, as well as continuum-

discontinuum hybrid methods that are used in geomechanics are reviewed in the following sections and 

are summarized in Figure 2-1. The choice between these methods is dependent on the geological 

conditions including the degree of jointing in a rockmass and the in situ stress conditions. 

 

 

Figure 2-1: Non-exhaustive range of popular numerical methods used in 2D-geomechanical 

modelling. Pure continuum and pseudo-discontinuum models employ only continuous methods 

(FEM, FDM, or BEM), hybrid models employ a combination of DEM with FEM or FDM, and pure 

discontinuum models employ only the DEM  
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2.1.1 Continuum Methods 

The continuum approach is primarily used to model homogeneous rockmass behaviour, although recent 

developments have allowed for continuum models to integrate structural elements and anisotropic 

behaviour (Figure 2-1). The three predominant continuum-based methods in geomechanics include: the 

Boundary Element Method (BEM, Crouch and Starfield, 1983), the Finite Difference Method (FDM, 

Courant et al. 1967), and the Finite Element Method (FEM, Clough 1960). 

The BEM is a purely continuum approach, which involves the discretization of boundaries (excavations, 

ground surface, faults, etc.) into a finite number of boundary elements. The BEM approach involves 

solving linear partial differential equations and attempts to use the given boundary conditions to fit 

boundary values into an integral equation. In geomechanics, the BEM can be used for problems such as 

the assessment of stress and displacements around an excavation in a continuous and homogenous 

material, or for fault and fracture analysis in an infinite medium.  

The FDM involves the discretization of a continuum into zones, connected at grid points. Every 

derivative in the set of governing equations is replaced directly by an algebraic expression written in 

terms of the field variables at these discrete points. Within each zone, the variables are undefined. 

Equations of motion are solved explicitly in FDM, meaning the model advances iteratively towards a final 

solution.  

Like the FDM, the FEM discretizes the continuum domain into elements. Unlike the FDM, the FEM uses 

an implicit solution scheme, which involves solving a complete matrix to global equilibrium for each load 

or displacement step. The formulation of this solution is described in detail in Section 2.2.  

The FEM and FDM in most cases produce nearly identical results. In general, the explicit solution scheme 

of the FDM is preferable for large strain problems, while the implicit solution scheme of the FEM is ideal 

for small strain problems. Both methods are adequate for modelling various geomechanical problems, 

especially in cases where the material is expected to behave continuously.  As is the case for all 

continuum methods, in geomechanical modelling of brittle materials, the FEM and FDM are both 

handicapped by their inability to model fracture elements. Block rotations, complete detachment, and 
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large-scale fracture opening cannot be accurately represented with these methods and the general 

continuum assumption is that fractured elements cannot be torn apart. 

The FEM can, in some cases, be extended to model a pseudo-discontinuum. This method of 

representation generally fits into the category of continuum-interface methods, which is described as a 

combination of continuum methods with special joint/interface elements that model discontinuous 

behaviour (Riahi et al. 2010). Pseudo-discontinuous Finite Element (FE)-interface models can be created 

by introducing a joint network of these interface elements to represent joints and discontinuities at a large 

scale, or potential fracture pathways or grain boundaries on a small scale. The FE-interface method can be 

computationally efficient compared to discontinuum methods; however, a pseudo-discontinuum 

representation still lacks the ability to represent the mechanics of a detached material. 

2.1.2 Discontinuum Methods 

In the context of geomechanical modelling, discontinuum models represent material as a collection of 

blocks, elements, or particles. The Discrete Element Method (DEM, Cundall, 1971) is a discontinuum 

modelling method that describes a collection of computer programs that provide the capability to 

represent the motion of multiple intersecting discontinuities explicitly. A discrete element code typically 

embodies an efficient algorithm for detecting and classifying contacts. As defined by Cundall and Hart 

(1992), the name “discrete element” describes a computer program that: 

a) Allows finite displacements and rotations of discrete bodies, including complete detachment; and 

b) Recognizes new contacts automatically as the calculation progresses. 

The DEM can be sub-divided into four general classes of software: Distinct Element Programs, Modal 

Methods, Discontinuous Deformation Analysis, and Momentum-Exchange Methods. 

Distinct element programs use an explicit time-marching scheme to solve equations of motion directly. In 

the distinct element method, a rockmass is represented as an assembly of discrete blocks, elements, or 

particles. Joints are viewed as interfaces between distinct bodies, or in other words, discontinuities are 

treated as boundary conditions. Contact forces and displacements at the interfaces are found through a 
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series of calculations that trace block movements which result from the propagation of disturbances 

caused by applied loads or body forces through the system. The solution scheme for the distinct element 

method is identical to that of the explicit finite-difference method (FDM). Dynamic behaviour is 

represented by a time-stepping algorithm in which the size of the timestep is limited by the assumption 

that velocities and accelerations are constant within each timestep. 

2.1.3 Continuum-Discontinuum Hybrid and Combined Methods 

Hybrid models are used in rock mechanics and rock engineering to explicitly represent material 

discontinuities and fractures, while also allowing for the elastic and plastic deformation of continuous 

portions of the problem domain. Most recently, FDM/DEM and FEM/DEM (a.k.a. FDEM) hybrid 

methods are used to model fracture in brittle rock, among other applications. The FDM/DEM model is 

most notably implemented in Itasca’s UDEC software, where deformable blocks can be separated by 

discontinuities. The FEM/DEM model, commonly referred to as the finite-discrete element method 

(FDEM), was initially developed by Munjiza et al. (1995) and is implemented in Geomechanica’s Irazu 

software (Geomechanica Inc. 2019). 

Modern hybrid and combined methods involve the implementation of multiple numerical modelling 

methods over concurrent domains. In the FDEM, the FEM and DEM solutions are combined, stresses and 

displacements are solved within triangular elements using the FEM, while a fracturing model is used to 

represent cracking along element edges, and the DEM is used to represent movement and interaction of 

detached elements. Similarly, in UDEC the FDM is utilized within deformable blocks to solve for stress 

and displacement, and the DEM is used to represent movement and interaction of detached elements.  

The combined formulation in these models differs from older hybrid methods, which involve separating 

the model domain into continuous and discontinuous portions (Jing 2003). In these older models, far field 

stresses were represented using a continuum technique (commonly BEM), while material near an 

excavation was represented as blocks, and displacements were solved using the DEM.   
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2.2 The Finite Element Method 

The finite element method (FEM) is one of the most popular numerical modelling methods in rock 

mechanics and rock engineering (Pande et al. 1990, Wittke 1990, Bobet 2010, Puzrin 2012) due to its 

flexibility in handling material inhomogeneity and anisotropy, complex boundary conditions and dynamic 

problems (Jing 2003). The method is based on the discretization of the continuum into smaller, internally 

contiguous, regularly shaped elements which all intersect at their respective nodes. The elements are 

connected to adjacent elements, as well as boundary lines, at these nodal points. The displacements within 

each element are determined based on the displacement of their respective nodes, which must always 

balance for the model to be in equilibrium. The five (5) main steps to calculate stresses and strains using 

Finite Element Analysis are listed below, and described in the following section (Pande et al. 1990, 

Wittke 1990, Jing 2003, Puzrin 2012): 

(1) Discretization of the domain 

(2) Approximations of displacements and calculation of strain within each element 

(3) Derivation of the stiffness matrix  

(4) Assembly of global algebraic equations and solution of unknown nodal displacements 

(5) Calculation of stresses and strains from displacements. 

2.2.1 Description of Calculation Steps 

(1) Discretization of the domain 

Domain discretization involves dividing a continuous medium into smaller, internally contiguous, 

regularly shaped elements. In 2D finite element analysis, elements can be 3 or 6-noded triangles or 4 or 8-

noded quadrilaterals (Figure 2-2).  
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Figure 2-2: 2-D triangular and quadrilateral finite elements (left) and degrees of freedom schematic 

for a 3-noded triangular element in x-y space, with displacement components ux and uy at each 

node, and resultant forces Fy and Fx (right) 

 

The elements in finite element models are connected to adjacent elements, as well as boundary lines, at 

nodal points. Nodes are connected along element meshes, which are represented as elastic springs. Each 

node has two degrees of freedom, unless constrained by a boundary condition, meaning a 3-node 

triangular element has six degrees of freedom. The displacements at these nodes are the main unknowns 

which the model must solve for. 

(2) Approximations of displacements and calculation of strain within each element 

Displacement over an element is approximated with a trial function of the element’s nodal displacements. 

The trial function must satisfy the governing probabilistic density function (PDF) and is given by:  

[u] = [N][un]  

Where [N] is the matrix of interpolation, [u] is the displacement at any point in the element, and [un] is the 

displacement at each node. Strain () within an element can be calculated by: 

ε = [L][N][un] = [B][un]  

Where [L] is the 2D strain-displacement relations, and [B] is the linear displacement variation (constant).   

3-noded triangle

6-noded triangle

4-noded quadrilateral
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(3) Derivation of the stiffness matrix  

The stiffness matrix is derived from material and geometric properties of an element using the principle of 

minimum potential energy. The stiffness matrix [Kn] is defined as:  

[Kn] = 𝑉𝑒[B]
T[D][B]  

Where Ve is the volume of the element and [D] is the elasticity matrix. Stiffness relates the displacements 

at nodal points to applied forces at nodes. The distributed forces applied to a body are converted to 

equivalent concentrated forces at nodes. Nodal forces [qn] are given by: 

[qn] = [Kn][un] + [𝑓𝑛] 

Where [fn] are the initial state of stress and the body forces. 

(4) Assembly of global algebraic equations and solution of unknown nodal displacements 

A global stiffness matrix, [Kn], can be assembled from individual element stiffness matrices. The global 

force vector [qg] is given by:  

[qg] = [Kg][u𝑔] + [𝑓𝑔] 

(5) Calculation of stresses and strains from displacements. 

From global displacements [ug], stress (σ) and strain (ε) can be calculated as: 

ε = [B][ug]          σ = [D][ε] 

2.2.2 Representation of Joint Elements 

The representation of rock fractures in finite element models has been motivated by increasingly complex 

rock problems and the need to model explicit structure (Goodman et al. 1968, Zienkiewicz et al. 1970, 

Ghaboussi et al. 1973, Goodman 1976, Katona 1983, Desai et al. 1984). The Goodman joint element 

(Goodman et al. 1968), which is readily incorporated into the FEM process, represents the contact stresses 

and relative displacements along rock fractures of theoretically zero thickness by incorporating a linear 

relation of joint normal stiffness (Kn) and joint shear stiffness (Ks). In FEM, the local equilibrium of a 

Goodman joint element is given by:  

[kG]uG = fG 
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Where [kG]is a symmetric matrix with entries defined by normal and shear stiffness, element length, and 

orientation to the global coordinate system. The vector uG is the nodal displacement vector of the nodes (i, 

j, k, l in Figure 2-3) defining the joint element. The vector fG is the nodal force vector. 

Since FEM assumes that the domain is continuous, joint elements in finite element models cannot 

experience detachment or large-scale deformation. Instead, displacements of joint elements are on the 

same magnitude as the displacement of the adjacent continuum elements (Jing 2003), and detachment is 

simulated by a reduction in post-peak normal stiffness of the joint element. Strength of joint elements is 

simulated by a constitutive model, most commonly Mohr Coulomb or Barton-Bandis (1990). 

 

 
Figure 2-3: Goodman joint element of zero thickness for FEM models, of length L with four nodes 

(i, j, k, l) (modified from Jing 2003) 

 

2.3 The Combined Finite-Discrete Element Method 

The combined finite-discrete element method (FDEM), developed initially by Munjiza et al. (1995), is a 

numerical method that permits the dynamic solution of multiple interacting bodies. Simulations in this 

method begin with one or more intact bodies, which allow elastic deformation, translation, rotation, 

interaction and fracture. Newly created bodies can subsequently incur further movement, interaction, 

deformation, and fracture. This approach employs a combination of the FEM to assess the deformation 

and evaluation of failure criterion for fracturing, and the DEM to detect new contacts and deal with 

translation, rotation, and interaction of the discrete bodies.  

The following sections summarize the FDEM following the general format of the Irazu FDEM theory 

manual (Geomechanica Inc. 2018).  
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2.3.1 Governing Equation 

In FDEM, intact bodies are discretized with a 3-noded triangular mesh. The equations of motion are 

solved using an explicit second-order forward finite difference integration scheme. The general governing 

equation can be expressed as (Munjiza et al. 1995): 

[𝑀]
𝛿2𝑥

𝛿𝑡2
+ [𝐶]

𝛿𝑥

𝛿𝑡
= 𝐹  

Where [M] is the lumped mass diagonal matrix, [C] is the viscous damping diagonal matrix, x is the 

nodal displacement vector, and F is the nodal force vector. The nodal force vector can be described as 

follows: 

𝐹 = 𝑓𝑒𝑥𝑡(𝑥) + 𝑓𝑐(𝑥) + 𝑓𝑓𝑙(𝑥) − 𝑓int(𝑥) 

Where fint are the internal resisting elastic (fe), crack (fb), and reinforcement (fr) forces, fext are applied 

external loads, fc are contact forces, and ffl are fluid-pressure forces.  

The governing equation can therefore also be expressed as (as presented in Geomechanica Inc. 2018): 

[𝑀]
𝛿2𝑥

𝛿𝑡2
+ [𝐶]

𝛿𝑥

𝛿𝑡
+ 𝑓𝑖𝑛𝑡(𝑥) − 𝑓𝑒𝑥𝑡(𝑥) − 𝑓𝑐(𝑥) − 𝑓fl(𝑥) = 0   

2.3.2 Numerical integration scheme 

At each time step of the FDEM simulation, the governing equation is integrated to update nodal 

coordinates. Velocity (v) is obtained as: 

𝑣 =  (
𝛿2𝑥

𝛿𝑡2
)𝑡+Δ𝑡 = (

𝛿2𝑥

𝛿𝑡2
)𝑡 +

𝑓

𝑚
Δt 

Where m is the nodal mass and f is the sum of force vectors applied to the node. The updated nodal 

position is determined as:  

𝑥𝑡+Δ𝑡 = 𝑥𝑡 + 𝑣𝑡+Δ𝑡Δt 

To obtain numerical stability, the time step, Δt, must be smaller than a critical value, which is determined 

by the smallest element size in the model, and the P-wave velocity of the elastic medium. Numerical 

stability is also affected by the viscous damping coefficient and the crack element penalties (described in 

Sections 2.3.5 and 2.3.6). 
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2.3.3 Irazu Main Simulation Loop 

The main simulation loop in Irazu (Geomechanica Inc. 2019) commences by first identifying contacting 

triangular elements. Nodal forces associated with interaction, deformation, fracturing, and any other 

internal or external loading are subsequently calculated. The equation of motion is then integrated using 

these forces to determine updated nodal coordinates. The loop is repeated for a specified number of time 

steps. 

2.3.4 Deformation of Finite Elements 

In the finite element analysis portion of the simulation, elastic deformation is calculated within the 

continuum using constant strain triangular elements. From the finite elastic strains, the element stresses 

are calculated using an isotropic or transversely isotropic constitutive relationship. Equivalent nodal 

forces are subsequently calculated to solve the equation of motion over the integration step. These forces 

are calculated for all unexcavated elements. 

The strain calculated at each time step is based on the deformation between the initial condition of each 

element (at time t), and its current condition (at time t+Δt). The deformation of a particular finite element 

is described using three systems of reference, (Geomechanica Inc. 2018) as shown in Figure 2-4: 

• Global frame: defined by a pair of orthogonal unit vectors (i,j) that coincide with (x,y) of the 

Cartesian coordinate system 

• Initial local frame: defined in fixed space by a pair of non-orthogonal, non-unit vectors (i,j) and is 

made to coincide with the edges of finite elements  

• Deformed local element: defined by a pair of non-orthogonal non-unit vectors (i,j) and move with 

the edges of finite elements 

From the strain tensor, stresses can be calculated using constitutive laws. In the isotropic plane strain 

condition, stresses are calculated from Young’s Modulus, E, and Poisson’s ratio, ν:  

 

[

𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑥𝑦
𝜎𝑦𝑥

] =
𝐸

(1 + 𝜈)(1 − 2𝜈)
[

1 − 𝜈 𝜈 0 0
𝜈 1 − 𝜈 0 0
0 0 1 − 2𝜈 0
0 0 0 1 − 2𝜈

] [

휀𝑥𝑥
휀𝑦𝑦
휀𝑥𝑦
휀𝑦𝑥

] 
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Nodal forces of triangular elements are calculated from the normal vectors of the edge opposite to the 

node, and the traction of each element edge. For node 1 of an element with nodes 1, 2 and 3 (as in Figure 

2-4), the nodal force is: 

𝑓1 =
1

2
[
𝜎𝑥𝑥 𝜎𝑥𝑦
𝜎𝑦𝑥 𝜎𝑦𝑦

] [
𝑦𝑐3 − 𝑦𝑐2
𝑥𝑐2 − 𝑥𝑐3

] 

 

 

Figure 2-4: Deformation of triangular constant-strain elements: initial (xi,yi) and current (xc,yc),or 

deformed, plotted on coincident axes of x,y (global reference frame) and i,j (local frame) 

 

2.3.5 Interaction between Discrete Elements 

The FDEM simulation in Irazu represents interacting discrete elements by a method like that used in 

DEM codes. Contacting couples are detected using a spatial hashing contact detection algorithm. 

Interaction forces resulting from the detected contacts can subsequently be defined and these contact 

interaction forces are calculated for all pairs of elements which overlap in space. 

2.3.5.1 Repulsive Forces 

 Repulsive forces between contacting elements are applied in the normal direction, to enforce 

impenetrability of the bodies. These forces are calculated using the distributed contact force penalty 

function method (Munjiza and Andrews 2000), which assumes an overlap of contacting couples. 

Repulsive forces are calculated based on the size and shape of the overlapping area. 

x,i
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(xi3, yi3)

(xi1, yi1) (xi2, yi2)
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As described and illustrated by Tatone and Grasselli (2015), two contacting discrete bodies are 

represented as the target, Et, and the contactor, Ec. The overlapping area of these two bodies is S= Et∩Es, 

which is bounded by ΓEt∩Ec (Figure 2-5).  

 

 

Figure 2-5: Illustration of infinitesimal repulsive forces generated due to an infinitesimal 

penetration of two discrete bodies, Et and Ec (after Tatone and Grasselli 2015) 

 

The infinitesimal repulsive interaction force, df, generated by the overlapping area, dA, is given by the 

difference in gradients of the element’s potential functions, φc and φt at points Pt and Pc: 

𝑑𝑓 = [grad𝜙𝑐(𝑃𝑐) − grad𝜙𝑡(𝑃𝑡)]𝑑𝐴 

The total repulsive force on the contactor body Ec is the summation of all the infinitesimal repulsive 

forces within the overlapping area, S, expressed as an integral of the difference of potential function 

gradients: 

𝑓𝑐 = ∫ [grad𝜙𝑐(𝑃𝑐) − grad𝜙𝑡(𝑃𝑡)]𝑑𝐴
𝑆=𝐸𝑡∩𝐸𝑐

 

The potential function for bodies Ec and Et can be expressed as the summation of the potential function 

for each triangular element within the bodies, and likewise the total repulsive forces can be expressed as 

the summation of repulsive forces for each triangular element within the bodies. 

A coupling effect is produced by the interaction between the edge of a contacting element and the target 

element, and between the edge of a target element and the contacting element. For a singular triangular 
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element (e.g. Eti), the potential (φi) at each point P within the element is given by a function of the normal 

penalty, pn, and the areas A1, A2 and A3,which compose area A of the triangular element, formed by 

connecting the triangular elements three nodes at the point P:  

𝜑𝑖(𝑃) = 𝑝𝑛 ∙ min{ 3𝐴1/𝐴, 3𝐴2/𝐴, 3𝐴3/𝐴}  

The potential function is equal to pn at the centre of the element, and equal to zero along the element 

edges. The potential within each element, and for overlapping elements, is interpolated between the 

values at the centroid and nodes. The area representing the distribution of potential on a contacting 

element edge defines the contact force exerted on that edge and is applied as a nodal force.  

As potential within the element is directly related to the normal penalty, a condition of impenetrability is 

approached as the normal penalty tends to infinity. In practice, some finite value of pn must be adopted; 

however, it must be sufficiently large to have a negligible effect on overall stiffness.  

2.3.5.2 Frictional Forces 

Frictional forces are applied in the tangential direction between contacting couples using a Coulomb-type 

friction law (Mahabadi et al. 2012). Due to the explicit integration scheme of the FDEM, frictional forces 

are not simply applied as a function of normal stress, but rather mobilized over some finite amount of 

displacement. In the FDEM, this finite displacement is determined by the tangential penalty, pt. 

The sliding distance along interacting elements is the product of relative velocity of the interacting 

elements, the size of the timestep, and the unit vector coincident with the interacting element edge. 

Tangential stress, σt, is calculated as the minimum of the product of the tangential penalty, pt, the element 

edge length, h, and the sliding distance, δs, or the friction coefficient, μ (tanϕ), and the normal stress, σn:  

|𝜎𝑡𝑎𝑛𝑔| = min[𝑝𝑡 ∙ ℎ ∙ |𝛿𝑠|, |𝜇 ∙ σn|] 

In a similar fashion to repulsive forces, tangential stresses are applied as equivalent nodal forces 

distributed between nodes of interacting elements edges (Eti in Figure 2-6), and as reactionary forces on 

the nodes of the other interacting element edges (Ecj in Figure 2-6).  
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As the rate of friction mobilization is tied to the tangential penalty, a condition of complete and 

immediate friction mobilization is approached, as this penalty tends to infinity. Practically, a balance must 

be achieved between a penalty value large enough to not significantly reduce the overall stiffness of the 

model but not too large to cause temporal integration problems in the solution scheme.  

In addition to its impact on overall stiffness, a tangential penalty that leads to inadequate or incomplete 

mobilization of friction will reduce the overall shear strength of the model as the contribution of friction 

to shear strength will not be present. Practically, the calibration of tangential penalty will be unique to 

element size, as friction mobilization depends on both the tangential penalty and the element length.   

 

 

Figure 2-6: Definition of tangential force as a function of the relative sliding distance between 

interacting elements (modified from Tatone and Grasselli 2015)  

σ𝑡   = 𝜇 ∙ σn

σ𝑡   = 𝜇 ∙ σn
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2.3.6 Damage and Fracture 

The initiation and propagation of fractures in FDEM are simulated using the concepts of non-linear 

fracture mechanics (NLFM) (Dugdale 1960, Barenblatt 1962). This theory describes the fracture process 

zone (FPZ), which is a zone characterized by non-linear behaviour, that forms as the tensile strength of 

the material is exceeded at the tip of an opening (Mode I) crack. The FPZ in brittle geo-materials is 

characterized by material interlocking and micro-cracking. While the material is damaged in this zone, the 

transfer of load across fracture walls can still occur (Labuz et al. 1985). An analogous behaviour also 

occurs ahead of crack tips subjected to Mode II (shear) loading (Tatone and Grasselli 2015). 

2.3.6.1 Cohesive Crack Elements 

The FPZ is approximated in FDEM models using four-noded cohesive crack elements (Figure 2-7). The 

crack elements are inserted coincident with the edges of triangular finite elements, meaning cracks may 

only develop along any finite element edge (coincident with crack elements). Depending on local stresses 

and relative crack wall displacements, the crack elements may yield and fail by opening (Mode I), sliding 

(Mode II), or a combination of both. 

Prior to yielding, the stiffness of a crack element is controlled by the fracture penalty, pf. Though in the 

FDEM yielding should occur exclusively on an elemental level (Tatone and Grasselli 2015), a finite 

stiffness is required for temporal integration. A stiffer fracture penalty gives a reduced contribution to 

overall stiffness, and thus as the fracture penalty tends to infinity, its contribution to overall stiffness tends 

to zero. As the fracture penalty determines the slope of the linear portion of the curves in Figure 2-8, it 

accordingly controls the degree of opening or slip at which the peak strength (fs or ft) is reached. On a 

practical level, this means that the fracture penalty must be calibrated to account for both stiffness and 

strength, as changing the fracture penalty for a given set of crack interface strength parameters would 

change the emergent strength of the simulated material. 
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2.3.6.2 Isotropic Constitutive Behaviour  

Mode I fracture initiation and propagation occurs when the opening of a crack element, o, reaches a 

critical value, op, corresponding to the intrinsic tensile strength of the element ft (Hillerborg et al. 1976). 

As the crack opens beyond this point, the normal stress is assumed to gradually decrease, until reaching a 

residual opening value, or, at which point a traction-free surface is formed. According to the slip 

weakening model, Mode II fracture initiation and propagation occurs when the tangential slip of a crack 

element, s, reaches a critical value sp, corresponding to the intrinsic shear strength of the element, fs 

(Figure 2-8). Further slip beyond the critical value leads to a gradual decrease in tangential stress until s 

exceeds the residual slippage, sr, at which point a physical discontinuity is formed in shear. At this point 

all cohesion is lost, and the residual shear strength drops to a residual, purely frictional strength, of 

σntan(ϕ). Mixed mode fracture initiation and propagation can occur when Mode I and II displacements 

occur simultaneously. While crack displacements can be quite large in mixed mode failure, the respective 

opening, o, and slip, s, in such cases may be less than their residual values (or and sr). In Irazu FDEM, the 

following coupling criterion must be satisfied for mixed mode failure to occur (Figure 2-8): 

(
𝑜 − 𝑜𝑝
𝑜𝑟 − 𝑜𝑝

)

2

+ (
𝑠 − 𝑠𝑝
𝑠𝑟 − 𝑠𝑝

)

2

≥ 1  

The point at which the material yields is dependent on the respective values of ft or fs, for Modes I and II 

yielding. After yield, at op, sp, or a combination of the two, energy is gradually dissipated as the crack 

yields until it breaks at or, sr, or through the coupling criterion above. The amount of energy dissipated is 

controlled by fracture energies GfI and GfII (Mode I and II, respectively) and are equal to the area under 

the curve for the respective Modes I and II charts in Figure 2-8. The gradual strength reduction curves in 

Figure 2-8 (Tatone and Grasselli 2015) are based on the softening law (Munjiza et al. 1999), which 

incorporates a heuristic function (Evans and Marathe 1968) to approximate the shape. The fracture 

energies include contributions of the surface energy of the newly created crack surfaces, and the energy 

consumed in the damage process and by friction.  
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Figure 2-7: Conceptual model of Mode I and II fracture in rock (top), theoretical FPZ model for 

Mode I (Labuz et al. 1985) and II (Hillerborg et al. 1976) fracture (middle), and FDEM numerical 

model consisting of 3-node triangular elements connected with 4-node crack elements used to 

implement Mode I and II FPZ models (bottom) (from Tatone and Grasselli 2015)  

Mode I Mode II



 

36 

 

 

 

 

Figure 2-8: Fracture model of Irazu FDEM code, illustrating a cohesive model for Mode I (top-left) 

a slip-weakening model for Mode II (bottom-left), and a mixed mode (I-II) fracture initiation 

criterion (top-right), (from Tatone and Grasselli 2015, Geomechanica Inc. 2018) 
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2.4 Brittle Rockmass Behaviour around Underground Excavations 

Failure mechanics around underground excavations are controlled by both the characteristics of the 

rockmass and the in situ stress magnitudes and orientations (Martin et al. 1999). The characteristics of the 

rockmass are controlled by both the intact rock properties, and the degree of jointing and other 

disturbances (summarized in Figure 2-9). For low in situ stress regimes failure is typically gravity driven, 

occurring through sliding of blocks in moderately fractured rockmasses or unravelling in heavily 

fractured rockmasses. In hard rock, where in situ stresses are high, failure can occur through brittle or 

shear mechanisms. Theses failure mechanisms will occur based on both the rock’s intact properties, and 

degree of jointing. In heavily fractured rock, shear mechanisms dominate, leading to squeezing or 

swelling of the rockmass. In intact or moderately fractured rock under high stress, brittle mechanisms 

dominate, and damage occurs by propagation of extensile cracks parallel to the excavation boundary.  

2.4.1 Spalling and Strain Bursting 

Brittle failure can occur by spalling or strain bursting. The term spalling refers to the development of 

visible extension fractures under compressive loading near the boundary of an excavation (Diederichs 

2007). Spalling can be violent or non-violent. In crystalline rock, spalling processes control rock damage 

around excavations under high magnitude compressive stresses. Notch geometries are also common 

around circular tunnels in anisotropic stress fields and form due to increasing confinement away from the 

tunnel boundary, which allows the ground to self stabilize (Diederichs 2007).  

In addition to spalling, brittle failure can also occur by strain bursting, which is defined as the violent 

rupture of a volume of wall rock under high stress (Diederichs 2007). Strain bursting is associated with 

spalling, in that spalling damage can happen before strain bursting occurs. Instability created by the 

formation of parallel thin slabs in spalling is what provides for sudden energy release. 



 

38 

 

 

Figure 2-9: Modes of tunnel instability as a function of RMR and in situ stress regime, brittle 

failure regions highlighted in grey (modified from Hoek et al. 1995, Martin et al. 1999)  



 

39 

 

2.4.2 Characterization of the Excavation Damage Zone 

Around any underground excavation, there is an alteration in stress state of the rock adjacent to the 

excavation surface. As induced stresses around the opening exceed the strength of the rock, fracture 

propagation and accumulation can occur on a micro- and meso-scale. The zone in which these irreversible 

fractures occur is referred to as the excavation damage zone (EDZ). 

The basic premise of the EDZ is that the most damage occurs immediately surrounding the excavation, 

and the density and interconnectivity of induced fractures decrease away from the excavation boundary 

(Perras and Diederichs 2016a). Inside the EDZ, a construction damage zone (CDZ) may also occur and is 

fully dependent on excavation methodology.  

The generalized EDZ, which can develop independent of the excavation method is composed of 

concentric annuli (Emsley et al. 1997, Tsang et al. 2005, Lanyon 2011, Siren et al. 2015). The progression 

of zones, from the innermost zone outward is, the highly damaged zone (HDZ), the inner and outer 

excavation damage zones (EDZi and EDZo), and the excavation influence zone (EIZ).  

These zones are defined by the stress-strain behaviour of the rock. The outermost region defines the 

mechanical limit of excavation influence. Rock inside the EIZ experiences elastic (recoverable) strain 

(Perras and Diederichs 2016b).  The EDZi and the EDZo define a transitional zone, from small isolated 

fractures in the EDZo, to larger, partially continuous fractures in the EDZi. Inside the EDZi, a highly 

damaged zone may exist. This zone is caused by high stress levels, and presents a high degree of 

interconnected fractures, especially when coupled with structural and geometric effects. Spalling is also 

commonly observed in this zone.  

The HDZ is controlled by nonlinear behaviour. Extensional crack propagation at lower confining stresses 

causes spalling in the HDZ near the excavation boundary at stresses below the yield envelope for lab 

samples. This can be observed in the S-shaped curve in Figure 2-10. 

Limits of the EDZ also correspond to crack initiation (CI) and crack damage (CD) limits. As seen in 

Figure 2-10, the EDZ is separated from the EIZ by the CI threshold. At crack initiation, there is an onset 

of inter and intra granular cracking as a function of the heterogeneity and volume of the existing natural 
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material flaws. Flaws are exfoliated by cracks, and cracks propagate in the loading direction. The value of 

CI has been observed to range from 33 to 50% of the UCS at the tunnel boundary (Martin et al. 1999, 

Diederichs 2002, Diederichs et al. 2002). The CI envelope has a minor confinement dependence (Pelli et 

al. 1991), described by Martin (1993), in the equation: 

𝐶𝐼 = 𝐶𝐼𝑢𝑛𝑐𝑜𝑛𝑓𝑖𝑛𝑒𝑑 + 𝐵𝜎3 

Where B ranges from 1.5 to 2.5. The CD threshold describes the limit between the EDZi, and the HDZ. 

Above this threshold, interaction between cracks is observed, and there is unstable crack propagation, 

until the ultimate strength is reached. The CD threshold occurs at about 80% of the rock’s UCS 

(Diederichs et al. 2004) and is significantly dependent on confinement.  

 

 

Figure 2-10: Damage zones corresponding to the DISL brittle modelling approaches (Diederichs 

2003, 2007, figure from Cain and Diederichs 2016)  
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2.5 Numerical Representation of Brittleness in Rock 

In simple terms, brittleness is defined by a material’s lack of ductile behaviour (Hetenyi 1966). When 

subjected to load, brittle materials break without significant plastic deformation, and absorb relatively 

little energy prior to fracture. Bishop (1967), defined the brittleness index (IB) as: 

𝐼𝐵 =
𝜏𝑓 − 𝜏𝑟

𝜏𝑓 
  

Where τf is the peak strength and τr is the residual strength. While this formula can describe peak and 

post-peak behaviour, it fails to account for pre-peak behaviour. To address this, Hajiabdolmajid (2001) 

suggested a strain dependent measurement of brittleness (IB), defined by: 

IBε =
εf

𝑝 − ε𝑐
𝑝

ε𝑐
𝑝  

Where εf
p and εc

p
 are the magnitudes of residual strength as a function of shear strain, for friction and 

cohesion, respectively. This index considers the brittle failure response which is characterized by both the 

loss of system cohesion due to bond breaks associated with crack accumulation, and the increase in 

frictional mobilization as cracks begin to coalesce and shear displacement occurs along them. 

2.5.1 Griffith Tensile Theory 

Numerical representation of brittle fracture dates back to Griffith (1921, 1924), who proposed that tensile 

failure in brittle materials, such as glass, initiates at the tips of pre-existing minute defects and flaws. 

Griffith’s original work (1921) dealt with material subject to tensile stress; however, it was later extended 

to deal with biaxial compression loading (Griffith 1924).  The governing equation for tensile failure under 

biaxial compression, where defects are represented by flat elliptical disks, is given by:  

(𝜎1 − 𝜎3)
2 = 8 ∙ 𝑇 ∙ (𝜎1 + 𝜎3) 

Where T represents the material’s tensile strength, and σ1 and σ3 represent the major and minor principal 

stresses, respectively.  Murrell (1958) related the Griffith theory to rock. Work in the late 1950’s and 

1960’s (Murrell 1963, 1964) extended Griffith’s two-dimensional theory to three dimensions. These 
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extensions involved examining the stresses induced around open penny-shaped cracks in a semi-infinite 

body subject to triaxial stresses. It was shown that the intermediate stress has little effect on crack tip 

stresses, hence the criterion is essentially equivalent to loading a penny shaped crack in a biaxial stress 

field (Figure 2-11). 

The original Griffith theory was derived from analyses of crack initiation at or near the tips of open 

elliptical cracks. Hence, the original theory does not consider frictional effects induced by applied load. 

To account for closed cracks in rock, McClintock and Walsh (1962) suggest that Griffith cracks can be 

predicted using the conventional Mohr-Coulomb equation. 

 

Figure 2-11: Tensile crack propagation from inclined elliptical Griffith crack in a biaxial 

compressive stress field (Hoek and Martin 2014) 

2.5.2 The Stress Intensity Approach 

In linear elastic fracture mechanics, the stress field near a crack tip is a function of the location, the 

loading conditions, and the geometry of the specimen. At the tip of a crack, the state of stress tends to 

infinity, and decreases gradually with distance from the tip, as described by Westergaard (1939) and Irwin 

(1957). The stress distribution (σij) near the end of the crack tip can be expressed as a function of the 

stress intensity factor (SIF), K, which gives the overall intensity of the stress distribution, and the position 

of the point i,j from the crack tip in polar coordinates (r, θ): 

𝜎𝑖𝑗( , 𝜃) =
𝐾

√2𝜋  
𝑓𝑖𝑗(𝜃) 

The SIF varies with loading condition and geometry and is described differently for each fracture mode 

(modes I, II and III). For the specific case of mode I fracture of a central crack of width 2a in an infinite 

plate, the SIF is given by: 
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𝐾 = 𝜎√𝜋   

As fracture progresses, a plastic zone is formed near the crack tip, where the stresses exceed the materials 

yield stress. As the SIF is increased either by raising the imposed stress (σ) or by increasing the length of 

the crack (a), an increase in either of these values leads to an increased plastic zone.  

2.5.3 Background on Continuum Strength Models  

The Hoek-Brown (HB) and Mohr-Coulomb (MC) failure criteria can be used to model failure in hard 

rock, represented as a continuum. Conventional use of these models implemented in FEM and FDM 

codes involves strain-weakening of material parameters. 

2.5.3.1 Mohr-Coulomb Failure Criterion 

The Mohr-Coulomb failure criterion is the most commonly used constitutive model in geotechnical 

engineering. The criterion uses a linear relationship between normal and shear stress at yield to define the 

strength properties of a material (Coulomb 1776). The relationship is modelled as: 

𝜏′ =  ′ + 𝜎𝑛′tan (𝜙
′) 

Where τ’ is the shear strength at failure for a given normal stress σn’, c’ is cohesive strength and ϕ’ is the 

angle of internal friction. Under triaxial confinement, the relationship between the major (σ1’) and minor 

(σ3’) principal stresses is modelled as (Hoek 1994, Hoek et al. 2002): 

𝜎1
′ = (

2 ′( 𝑜𝑠𝜙′)

1 − 𝑠𝑖 𝜙′ ) + 𝜎3
′ (

1 + 𝑠𝑖 𝜙′

1 − 𝑠𝑖 𝜙′) 

2.5.3.2 Hoek-Brown Failure Criterion 

The Hoek-Brown failure criterion was developed by Hoek and Brown (1980) to provide practical input 

parameters for computational modelling of underground excavations in hard rock. The failure criterion 

was initially developed to represent intact rock but was later modified to better represent rockmass 

conditions (Hoek 1994, Hoek and Brown 1997). The failure criterion is defined by the major and minor 

principal stresses, as well as the unconfined compressive strength of the intact sample (σci).  Instead of 

using friction and cohesion, as is used in the Mohr-Coulomb criterion, Hoek-Brown uses the parameters 
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m, and s, where m is related to friction, and s to cohesion. The Hoek-Brown failure criterion is described 

by the follow equation: 

𝜎1
′ = 𝜎3

′ + 𝜎𝑐𝑖 (𝑚
𝜎3
′

𝜎𝑐𝑖
+ 𝑠)

0.5

 

2.5.4 Modifications for Rockmass Strength 

The numerical representation of rockmass behaviour using continuum approaches requires modification 

from representation of intact rock to account for rock structure and surface conditions. The Geological 

Strength Index (GSI) (Hoek, 1994; Hoek et al., 1995) is a characterization system for rockmasses that is 

dependent on direct geological field observations. The GSI of a rockmass ranges from 0 to 100, and 

represents the degree of structure, and the surface conditions of the rock (shown in Figure 2-12).  

The development of the Generalized Hoek-Brown (GHB) criterion in the 1990’s (Hoek 1994, Hoek and 

Brown 1997) incorporated the Geological Strength Index (GSI) into the criterion, and added the 

parameter D, which is used to describe the degree of blast-induced damage in a rockmass, and ranges 

between 0 and 1. The GHB criterion also notably substitutes the exponent 0.5 for the general parameter a, 

which is related to the degree of rock breakage.  In the GHB, the parameter m is either mi for intact rock, 

or mb for a rockmass. The GHB is given by: 

𝜎1
′ = 𝜎3

′ + 𝜎𝑐𝑖 (𝑚𝑏

𝜎3
′

𝜎𝑐𝑖
+ 𝑠)

𝑎

  

To correlate rock properties to field observations, the GSI is used to estimate Hoek-Brown parameters. 

The relation between GSI and the parameters are described as: 

𝑚𝑏 =
𝑚𝑖(𝐺𝑆𝐼 − 100)

28 − 14𝐷
        𝑠 = exp (

𝐺𝑆𝐼 − 100

9 − 3𝐷
)           =

1

2
+

1

6
(𝑒−

𝐺𝑆𝐼
15 − 𝑒

−20
3 ) 
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Figure 2-12: General chart for GSI estimates from geological observations  

(Hoek and Marinos 2000) 
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2.5.5 Continuum Strength Models for Brittle Rock Behaviour  

While the Mohr-Coulomb and Generalized Hoek-Brown models have been shown to be effective in many 

cases, especially for shear-based failure, brittle mechanisms are not captured through their conventional 

use. In intact or sparsely fractured brittle rock, deformation occurs through brittle extensile cracking 

mechanisms rather than shear mechanisms (Diederichs 2003, 2007). A modified strength model is 

required due to the nature of the progressive yield of brittle material through extensile fracture (Hoek and 

Brown 1997, Hajiabdolmajid et al. 2002, Diederichs 2007).  

It is well established that brittle failure in rock occurs through a loss of cohesion and mobilization of 

friction. Mobilization of friction was originally studied in granular materials (Schmertmann and Osterberg 

1960). The theory was extended to suggest that in rock, prior to yield, only the cohesive component of 

strength exists, and that friction only mobilizes after inter-grain shearing breaks cohesive bonds and the 

rock begins to dilate (Martin 1997, Diederichs 1999, 2003, 2007). The strain dependent Cohesion 

Weakening Friction Strengthening (CWFS) continuum model (Hajiabdolmajid et al. 2002) and the 

Damage Initiation Spalling Limit (DISL) continuum model (Diederichs et al. 2004, Diederichs 2007) both 

mimic cohesion loss and friction mobilization in rock by adjusting pre- and post-peak parameters. 

2.5.5.1 The Cohesion Weakening Friction Strengthening Approach 

The CWFS model (illustrated in Figure 2-13) assumes that the cohesional component of strength is the 

predominant strength component at the early stages of failure and loss of cohesion due to tensile cracking 

and eventual coalescence of cracks is the predominant failure process which leads to brittle behaviour. 

The reduction of cohesion and increase in friction occur as the plastic strain limits of the model are 

reached, typically with cohesion loss occurring before full friction mobilization.  

2.5.5.2 The Damage Initiation Spalling Limit Approach 

Recognizing that the failure mode is dependent on both stress regime, and rock characteristics, the DISL 

method (Diederichs 2003, 2007) represents the transition from shear failure at high confinement, to brittle 

failure at low confinement. At low confinements, the rock experiences tensile failure, occurring as 
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spalling failure at an excavation scale, and axial splitting at a laboratory scale. Two simplified envelopes 

are used in the DISL. The damage initiation threshold (CI) defines the point at which plastic damage 

occurs. The spalling confinement limit is the bound for tensile damage. Distributed damage and acoustic 

emissions occur between these thresholds, in the strain hardening region. At the upper yield limit, or 

crack damage threshold (CD), defined by the long-term strength of laboratory samples, shear failure in 

both the excavation and laboratory specimens occur. In the DISL model the in situ strength follows the 

“S” shaped curve, which separates regions of strain weakening and strain hardening. The curve is defined 

by the CI envelope at low confinements, the spalling limit envelope at intermediate confinements, and the 

CD envelope at high confinements (Figure 2-14).  

 

Figure 2-13: Schematic of the CWFS strength model (Hajiabdolmajid et al. 2002), showing cohesion 

loss and frictional strength mobilization as a function of plastic strain 

 

Figure 2-14: Schematic of the DISL strength model, showing strain weakening and hardening 

behaviour (Diederichs 2007).  
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2.5.6 Discontinuum Models for Brittle Rock Behaviour  

The DEM can describe a granular medium, in which brittle cracking occurs along grain boundaries. At 

the laboratory scale, particles or blocks can be used to represent material grains at the scale of a few 

millimeters.  

2.5.6.1 Particle Based Models 

Particle based models, originally developed to simulate the micromechanical behaviour of non-cohesive 

media, such as sand and gravel (Cundall and Strack 1979), have also been developed to model cohesive 

geo-materials, using a bonded-particle model (BPM) (Potyondy and Cundall 2004). In BPM, crack 

initiation is simulated by breaking bonds, and crack propagation occurs by the coalescence of cracks.  

2.5.6.2 Block Based Models 

Block based models, such as Itasca’s UDEC, divide a computational domain using a finite number of 

intersecting discontinuities. Blocks are discretized into finite difference zones for stress and strain 

calculations. Although explicit representation of fracture is limited to displacements (sliding and opening) 

of existing discontinuities, a grain-based model (GBM) approach can be utilized in UDEC using voronoi 

joint networks. The voronoi blocks can be used to represent grain boundaries or potential fracture 

pathways in the modelled material (Lorig and Cundall 1989). This approach is widely used for modelling 

fracture in engineered and natural materials (Christianson et al. 2006, Damjanac et al. 2007, Yan 2008, 

Kazerani and Zhao 2010, Lan et al. 2010, Alzo’ubi 2012, Kazerani et al. 2012, Gao and Stead 2014, 

Ghazvinian et al. 2014, Gao et al. 2016). The CWFS model can be applied for UDEC-GBMs and has 

been shown to improve predictions of volumetric strain in rock (Shin 2010). 

While new fractures are propagated using the voronoi approach, an important distinction is that this 

method does not employ fracture mechanics, and thus disregards fracture toughness, stress intensity 

factors, and the fracture process zone (FPZ) (Lisjak and Grasselli 2014).  
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2.5.6.3 Pseudo-Discontinuum Models 

A relation can cautiously be made between material modelled using the voronoi approach in UDEC and 

material modelled with a voronoi joint network in FEM codes. In the FEM, joint elastic behaviour is 

represented in a similar fashion to UDEC, using joint normal stiffness and joint shear stiffness; however, 

post-yield representation of joint behaviour is not realistic, as large displacements (sliding or opening) are 

not properly represented in FEM codes. Pseudo-discontinuum models using the FE-interface method have 

been shown to have some computational advantages over discontinuum techniques (Riahi et al. 2010) and 

has been used to explicitly represent interblock and intrablock structure around excavations (Day et al. 

2015, 2019). 

2.5.6.4 Hybrid Models 

Utilization of the FDEM to model brittle fracture has advantages over discrete element methods. The 

FDEM employs non-linear fracture mechanics to represent the FPZ ahead of crack tips. Fracture initiation 

is simulated by the breakage of the cohesive crack elements (Munjiza et al. 1999) and fractures may 

propagate by the progressive yielding of adjacent crack elements. The brittleness of a material in FDEM 

codes can be controlled by micro-mechanical input parameters, which account for fracture toughness and 

fracture energy, an ability that is unique from conventional DEM codes. The FDEM has been used in 

recent years to model brittle failure, notably in granite (Mahabadi et al. 2010b, Lisjak et al. 2013, Vazaios 

et al. 2018b, 2018a, 2019) and Opalinus clay (Lisjak et al. 2012, 2016). 
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Chapter 3 

Pseudo- Discontinuum Finite Element Method and Combined Finite-Discrete 

Element Method Approaches to Calibration of Laboratory Scale Models 

3.1 Introduction 

Discontinuum and pseudo-discontinuum approaches can be used to explicitly represent material grains in 

laboratory scale models of brittle rock. These approaches can be included in DEM models, such as BPMs 

and block-based models, FEM models with an integrated joint network, and combined FDEM models. 

The goal of the grain-based model (GBM) is to represent the macroscopic behaviour of a material through 

the interaction of its micro-mechanical constituents. As a result, the laboratory acquired properties cannot 

be used directly as input parameters, due to the micro-mechanical parameters representing the interaction 

between each constituent in the model, rather than overall model behaviour. Instead, the micro-

mechanical parameters must be determined through an iterative calibration procedure, in which the micro-

mechanical input parameters are adjusted until the target behaviour overall in the models is comparative 

to the laboratory results. The calibration process is further strengthened through sensitivity analysis of 

model setup and micro-mechanical input parameters (Potyondy and Cundall 2004).  

3.1.1 Influence of Discontinuities in Geomechanical Models 

Discontinuities in geomechanical models create a jump in the displacement, strain, and stress fields, and 

influence the material strength and stiffness. Natural discontinuities in rock (joints, faults, and bedding 

planes) have a tendency to reduce the overall strength and stiffness of a material. Artificial discontinuities 

in numerical models (crack elements in FDEM models and voronoi in GBMs) can be calibrated to match 

the strength and stiffness of the continuous modelled material.  

In finite element models, discontinuities are represented by joint elements, this extension of the FEM is 

often referred to as the combined FE-interface, or continuum-interface method. Where the numerical 

modelling method used is purely FEM, such as in RS2, and the FE-interface method constitutes a pseudo-
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discontinuum approach. In contrast to FE-interface methods, discrete element techniques can represent 

true detachment along discontinuities. FE-interface methods and the DEM can represent analogous 

behaviour before detachment along discontinuities; however, representation of detached material in FE-

interface methods is not meaningful.  

3.1.2 Voronoi and Trigon Grain-Based Models 

Voronoi and trigon networks can be used to explicitly model grain boundaries in discontinuum and 

pseudo-discontinuum models. With this approach, voronoi/trigon edges are represented as joints, with 

specified stiffness and strength. Displacement and yield on these joints constitute crack propagation in the 

model. In discontinuum models, detachment of grains can be explicitly represented, whereas in pseudo-

discontinuum models, material detachment is mimicked through a reduction of the joint normal stiffness 

after tensile failure.  

3.2 Laboratory Properties of Lac du Bonnet Granite 

Laboratory testing of Lac du Bonnet (LdB) granite has been carried out since 1980 by the University of 

Manitoba, AECL Research and CANMET. The two primary sources for samples tested in these facilities 

were the Cold Spring Quarry and the Underground Research Laboratory (URL), both located in the Lac 

du Bonnet batholith, near Lac du Bonnet, Manitoba. The LdB granite is considered a standard granite 

based on its uniaxial compressive strength and Young's modulus, according to the Deere classification 

system (Deere 1980). While testing results for both wet and dry samples of LdB granite are available, 

only dry samples will be considered for the purposes of modelling in this work. 

3.2.1 Elastic Behaviour 

Elastic properties, Young’s Modulus (E) and Poisson’s Ratio (ν), in rock mechanics testing are measured 

through uniaxial compressive (UCS) tests. The tangent Young’s Modulus at 50% uniaxial compression, 

and the Poisson’s Ratio, for LdB granite collected near surface (0-200 m) at the URL are 69±5.8 GPa and 
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0.26±0.4, respectively. For LdB granite collected at the Cold Spring Quarry, these values are 71±4.7 GPa 

and 0.25±0.04 (Martin 1993).  

3.2.2 Standard Laboratory Strengths 

The average dry compressive strength for LdB granite is 200±22 MPa for samples collected near surface 

(0-200 m) at the URL, and 228 MPa ±15 MPa for samples collected at the Cold Spring Quarry. Dry 

tensile strength of LdB granite as measured by Brazilian indirect tensile strength (BTS) tests is 9.3±1.3 

MPa for samples collected near surface (0-200 m) at the URL, and 13.5 MPa ±1.2 MPa for samples 

collected at the Cold Spring Quarry (Martin 1993). The Hoek-Brown (HB) failure criterion is fit to 

triaxial testing data of samples from the URL by Martin (1993) in Figure 3-1. The equivalent Mohr-

Coulomb (MC) failure criterion represented are converted from Martin’s HB fit. 

 

 

Figure 3-1: Failure envelope from triaxial testing of Lac du Bonnet granite from 0-200 m at the 

URL (Martin 1993), showing best fit to the Hoek-Brown failure criterion  and equivalent fit to the 

Mohr-Coulomb failure criterion.   
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3.2.3 Crack Initiation and Crack Damage 

The progressive failure of LdB granite occurs by the accumulation of tensile micro-cracks in the direction 

of major principal stress (Martin and Chandler 1994). The crack initiation threshold (CI), defined as the 

point where stable, but systematic damage occurs by the accumulation of micro-cracks (Diederichs 2007), 

occurs at approximately 0.2-0.4σci in LdB granite (Martin and Chandler 1994, Martin and Kaiser 1996, 

Eberhardt et al. 1998, Diederichs 2007). Crack damage (CD), which is defined as the interaction and 

unstable propagation of accumulated micro-cracks, occurs at approximately 0.8 σci in LdB granite 

(Eberhardt et al. 1998).  

3.2.4 Fracture Toughness 

The Mode I fracture toughness, KIC, of LdB granite taken from the URL was established using three 

independent ISRM standard methods (ISRM 2007, 2015): the three-point Chevron beam test; the short 

rod test, and the burst test (Haimson and Zhao 1991). Fracture toughness was determined to range from 

l.49 to 2.02 MPa√m, with a mean of 1.72 MPa√m. 

3.2.5 Scale Effects 

The effect of scale on UCS was measured for intact specimens ranging in diameter from 33 to 300 mm, 

with constant height to diameter ratios of 2.5 by Jackson and Lau (1990).The results, summarized in 

Figure 3-2 show a modest decay in peak strength with increased scale, converging at about 80% of the 

UCS of a standard sized (63 mm diameter) specimen. The CD and CI thresholds were recorded for the 

same sample size range as UCS; however, no scale effect was observed (Martin and Chandler 1994). 

The effect of scale on Brazilian tensile strength was measured for specimens ranging in diameter from 25 

to 102 mm (Nowakowski 1984, Wiseman 1991). For specimens of diameter greater than 50 cm, the 

tensile strength converges at 10 MPa.  
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Figure 3-2: Summary of UCS, CD and CI, as a function of scale for intact LdB granite taken from 

the 240 Level of the URL (Martin and Chandler 1994) 

3.3 Continuum Finite Element Approach for Simulating Laboratory Tests  

The 2D finite element program RS2 version 9.0 (RocScience 2017, 2019) can be used to simulate 

physical laboratory tests through a staged, pseudo-static analysis, where loads or displacements are 

applied incrementally. In this work, continuum finite element models are used for the purpose of 

comparing with and verifying behaviour of pseudo-discontinuum finite element models (Section 3.4). 

Continuum FEM models in this section were completed in RS2 version 9.0 (RocScience 2017). 

Models of UCS, TCS and BTS tests were created with 2D specimen dimensions equivalent to laboratory 

testing ISRM standards (Bieniawski and Hawkes 1978, Bieniawski and Bernede 1979). The models of 

UCS and TCS tests have a height of 150 mm and a width of 60 mm (2.5:1 ratio), and BTS tests have a 

diameter of 60 mm. the models are created with a plane-strain out-of-plane condition. 

The general process for calibrating laboratory scale continuum models (Figure 3-3) includes a sensitivity 

analysis for mesh size and loading rate, calibration of elastic input parameters E and ν to match their 

plane-strain equivalents, and calibration of strength input parameters to match the strength envelope, or 

bulk strength behaviour, for the material (UCS, BTS and triaxial envelope). 
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Figure 3-3: Outline of calibration process for continuum RS2 laboratory scale models 

 

 

Figure 3-4: Model setup for UCS (left) and BTS (right) continuum laboratory simulations in RS2. 

Triaxial model setup is equivalent to UCS setup, with an additional stress boundary condition 

applied on the vertical sides of the specimen and platen and monitoring points 
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3.3.1 Model Setup 

Continuum simulations of UCS, TCS and BTS tests in RS2 with dimensions consistent with laboratory 

testing standards are shown in Figure 3-4. Load is applied to the top and bottom platens in the model, to 

permit stresses to be evenly distributed across the top and bottom of the sample. The application of load 

to both ends of the sample differs from real laboratory procedures for UCS testing, where load is applied 

to only the top of the sample. This approach is used to increase computational efficiency in FDEM 

models, where velocity boundary conditions are applied, and higher magnitude velocities can lead to 

numerical instabilities. The approach is used in FEM modelling for consistency.  

In continuum analysis, boundaries between the sample and platen can be defined as material contacts, so 

that the stiffness and strength of the interface does not affect stress transferred to the sample, and relative 

displacement along the boundary may not occur, as adjacent elements share nodes across the material 

boundary. The stiffness of the platen is E=200 GPa, ν=0.3. 

3.3.1.1 Effect of Loading Rate 

To simulate movement of the platens and compression of the specimen, incremental displacements are 

applied to the platens in a pseudo-static staged model. In elastic continuum simulations, the stress-strain 

response is not sensitive to loading rate. The same response is simulated by applying displacements in one 

loading stage, as is simulated by incrementally applying displacements over one hundred (100) stages 

(Figure 3-5). Stages in RS2 represent loading states at which the model is solved to global equilibrium. 

Gradual loading of a UCS test model through a series of stages in an RS2 simulation creates pseudo-static 

conditions.  

The effect of loading rate and mesh size in inelastic models can be assessed by comparing the peak 

strength of a UCS model, with the analytical solution for the failure criterion used in the model. The peak 

strength, σc, of an intact UCS sample with MC parameters is given by: 

𝜎𝑐 = 2 ∙
co s𝜑𝑖

1 − si n𝜑𝑖
 

Where c represents cohesion, and ϕi represents the internal angle of friction.  
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In inelastic models, non-linear behaviour occurs at and after the yielding of the first element. Unlike 

elastic analysis, where the response is independent of the size of loading steps, the resolution of the 

inelastic model output is determined by the size of incremental displacements. Table 3-1 outlines the 

input parameters used in the sensitivity analysis including the expected compressive strength in a UCS 

simulation based on the analytical solution determined from the equation above. The expected UCS is 

216 MPa.  

The peak strengths for loading rates varying from 0.25-0.0008 mm per platen, per stage, are shown in 

Figure 3-6. At loading rates of 0.025 mm per platen, per stage, and less, peak strength converges to a 

consistent value of 209 MPa. For higher displacement rates, peak behaviour of the material is not 

captured with adequate resolution (with respect to output frequency), and the apparent peak strength in 

these models is reduced. This is illustrated in Figure 3-6. 

3.3.1.2 Effect of Element Size 

In finite element analysis, the size of mesh elements effects the spatial accuracy of the model. Smaller 

elements, and thus a denser distribution of nodes, give a more detailed solution. In continuum UCS 

models, the size of finite elements effects the pattern of yielded elements, or spatial resolution, but not the 

overall peak strength. Figure 3-7 shows the lack of sensitivity of the UCS model peak strength to element 

size. The data is shown for loading rates of 0.003 mm and 0.006 mm per platen, per stage. 

 

Table 3-1: Elastic and MC failure criterion material parameters used in loading rate and element 

size sensitivity analysis of the stress-strain response in simulated continuum UCS tests in RS2, and 

the expected (target) emergent values based on analytical solutions of elastic response and UCS 

 E (GPa) ν c (MPa) T (MPa) ϕi UCS (MPa) 

Input 69 0.22 30 10 59 - 

Target 72.5 0.283 - - - 216 
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Figure 3-5: Sensitivity of axial stress-strain response to loading rate in continuum RS2 UCS 

simulations. For 0.6 mm of total axial displacement (0.3 mm per platen in opposite directions), the 

same axial stress-strain response is achieved by one loading step where displacement per stage (dps) 

is 0.3mm (per platen), and 100 loading steps where dps=0.003mm (per platen). 

  

Figure 3-6: Sensitivity of axial stress-strain response to loading rate in continuum RS2 UCS 

simulations.  
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Figure 3-7: Sensitivity of peak strength to mesh element size in continuum RS2 UCS simulations.  

3.3.2 Elastic Response 

In elastic plane strain analysis, the emergent values of E and ν correspond to the input values by the 

following equations: 

𝜈𝑜𝑢𝑡 =
𝜈𝑖𝑛

1 − 𝜈𝑖𝑛
 and 𝐸𝑜𝑢𝑡 =

𝐸𝑖𝑛

1 − 𝜈𝑖𝑛 
2
 

 

Where the subscripts in and out refer to input and output values. The elastic response in Figure 3-5 

(E=72.5 GPa, ν =0.283) is consistent with the expected plane-strain response based on the above 

equation, for the values listed in Table 3-1. 

3.3.3 Calibration of Bulk Strength Parameters 

In RS2, material strengths of rock are most commonly defined by MC or HB constitutive models, where 

pre-yield (peak) and post-yield (residual) parameters are specified. The transition of strength parameters 

from peak to residual is instantaneous upon yield. The MC constitutive model defines material strength 

with the parameters c (cohesion), ϕ (angle of internal friction), and T (tensile strength). The MC 

constitutive model is selected from laboratory scale calibration of continuum models as to provide 
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comparison with the MC input parameters assigned to joints in pseudo-discontinuum models. The 

generalized stress-strain response in shear and tension for the MC constitutive model is shown in Figure 

3-8. 

In inelastic models, strength results for continuum simulations should correspond directly to input 

strength parameters.  The expected compressive strength is given by: 

𝜎1 = 2 ∙
co s𝜙

1 − si n𝜙
+ 𝜎3  

1 + sin𝜙

1 − sin𝜙
  

Where σ1 represents the major principal compressive stress at failure and σ3 represents the minor principal 

compressive (confining) stress at failure. The MC triaxial envelope from LdB granite (Figure 3-1) can be 

directly represented with continuum models of laboratory tests, as shown in Figure 3-9. Minor deviations 

from the theoretical envelope can be attributed to residual strength parameters which are not accounted 

for in the theoretical solution. 

 In these models, peak input parameters are set to match the laboratory acquired values, and residual 

parameters for T and c are set to zero. The peak and residual friction angles are both set to 52.3°.  

 

Figure 3-8: Generalized stress-strain response of models in RS2, in tension (left) and shear (right), 

for both bulk material and joints, using the MC constitutive model  
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Figure 3-9: Mohr-Coulomb fit of triaxial testing of Lac du Bonnet granite from 0-200 m at the URL 

(Martin 1993), and results of BTS, UCS, and TCS continuum simulations in RS2 with input 

parameters equivalent to MC fit shown. 

3.4 Pseudo-Discontinuum Finite Element Approach for Simulating Laboratory Tests 

While RS2 is a continuum program, and cannot explicitly represent material fracturing, progressive 

failure associated with crack propagation can be simulated using a GBM, through the yielding of pre-

existing discontinuities. Discontinuities in RS2 are conventionally used to model existing rock joints, 

bedding and faults within a rockmass. To implement discontinuities as potential fracture pathways, a 

“joint network” of voronoi or trigon-voronoi tessellated blocks is implemented in the model. The effect of 

discontinuities must be minimized by calibrating the stiffness properties of the discontinuities (Kn and Ks) 

to a high enough value so as to not reduce the overall stiffness behaviour of the modelled material. This 

approach allows the jointed model to behave in an elastically equivalent manner to a continuum 

simulation. To represent fracturing as a failure mechanism, the contained material within voronoi or 

trigon grains is modelled as elastic, while the strength parameters of the discontinuities are calibrated so 

that the overall model behaviour matches the desired material strength.  

Models utilizing the pseudo-discontinuum approach should have similar joint behaviour to deformable 

block-based models (i.e. UDEC by Itasca) before fracture occurs. The behaviour diverges after joint yield, 
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since RS2 is purely a FEM model while UDEC utilizes the DEM and can simulate discontinuous 

behaviour after cracks form, such as block detachment, interaction, rotation, and translation.  

Pre-yield behaviour is also partially analogous to the FDEM, as joint elements (FEM) and crack elements 

(FDEM) can have set stiffness and failure criterion, and the material contained in each block (FEM) and 

triangular element (FDEM) is elastic. The models diverge upon crack initiation in FDEM models, as the 

fracture process zone (FPZ), represented in FDEM models, is not represented in FEM models. Joint 

element yield is instantaneous in FEM models, rather than gradual as in FDEM models. 

3.4.1 Grain Based Model Generation using a Voronoi Tessellation  

Voronoi and trigon joint networks can be generated in UDEC (2014) using a voronoi tessellation. RS2 

also contains a voronoi generation tool; howeverm current versioning (RocScience 2017, 2019) of the 

software does offer a tool for trigon network generation.  

In 2D voronoi tessellation seed points are randomly populated within the model using a Poisson’s 

process. For each randomly populated seed point, lines are generated so that the region surrounding each 

seed point includes all the space that is closer to that seed point than any other. The boundaries generating 

the tessellation are used to represent grain boundaries and intra-grain flaws in intact rock. To create a 

trigon geometry in UDEC, polygons generated by a voronoi tessellation are further sub-divided into three 

sub-triangular blocks. In UDEC, the randomness of seed dispersion is controlled by the number of 

iterations taken to disperse seeds, where at each iteration, the seed is moved closer to the centroid of the 

voronoi, which reduces randomness in the shape of the voronoi polygons. More iterations lead to a less 

random voronoi network. Voronoi and trigon geometries generated in UDEC with varying iteration 

counts are displayed in Figure 3-10. It can be observed that randomness in shape and size is more 

sensitive to iteration count for voronoi blocks, and less so for trigon blocks, where shape is consistently 

random. Voronoi tessellation in RS2 follows a similar methodology; however, only four options for block 

randomness are available, as shown in Figure 3-11. 
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Figure 3-10: Visual representation of randomness of voronoi and trigon blocks generated in UDEC 

 

 

Figure 3-11: Visual representation of randomness of voronoi blocks generated in RS2 
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Models in Sections 3.4.2 through 3.4.4 were simulated in RS2 version 9.0 (RocScience 2017). Versioning 

is compared in Section 3.4.4. Trigon jointed simulations of UCS, TCS and BTS tests in RS2 with 

dimensions consistent with laboratory testing standards (ISRM 2007, 2015) are shown in Figure 3-12. 

Applied axial stresses in UCS and TCS models are measured along the sample-platen contact. Strains in 

UCS and TCS samples are calculated from displacements measured at the sample top, bottom, and sides. 
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do not give meaningful results, as the contribution of joint stiffness is not accounted for in measurements 

taken at a single point. Stresses in the BTS models are measured at points in the centre of the sample. The 

location of the points of measurement are indicated in Figure 3-12. Joint end conditions are set to open 

within the sample, meaning that nodes are not shared across joint contacts. This is so that intact blocks 

separated by joints may move independently, which also provides consistency with FDEM models. 

Boundaries between the sample and platens are also defined as open joint contacts.  

 

Figure 3-12: Model setup for UCS (left) and BTS (right) pseudo-discontinuum, with trigon joint 

network, laboratory simulations in RS2. Triaxial model setup is equivalent to UCS setup, with an 

additional stress boundary condition applied on the vertical sides of the specimen and platen 
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3.4.3 Calibration of Elastic Behaviour 

Elastic response in a jointed model is controlled by bulk elastic parameters, E and ν, and joint normal and 

shear stiffness parameters, Kn and Ks. In continuum analysis (Section 3.3), the elastic response exactly 

matches the values of E and ν predicted from the plane strain equations. With the addition of 

discontinuities, the joint stiffness parameters must be calibrated to match the expected plane strain elastic 

response of the sample.  

To determine normal and shear stiffness terms that replicate the correct elastic response for LdB granite, a 

series of UCS simulations with varying normal and shear stiffness terms were completed. Holding bulk 

elastic parameters consistent with acquired laboratory values of E=69 GPa, and ν=0.22 (Martin 1993), 

increasing the magnitudes of joint stiffness produced a stiffened axial response (increased Young’s 

Modulus), and a softer lateral response (increased Poisson’s ratio).  

The emergent values of E and ν, for values of Kn and Ks ranging from 102Elab to 106E lab, are summarized 

in Figure 3-13 and Table 3-2. In the case of LdB granite, an adequately correct elastic response can be 

simulated with joint stiffness terms 105 times greater than the laboratory obtained Young’s Modulus (E), 

and bulk elastic values equal to those obtained in laboratory testing. Above this threshold, the change in 

overall stiffness is not significant. Below this threshold, overall stiffness is sensitive to Kn and Ks 

magnitudes (shown graphically in Figure 3-13). Reducing the shear stiffness value by half, while keeping 

the value for normal stiffness at 105E, further improves stress-strain response (results shown in Table 3-2 

and illustrated in Figure 3-13).  

The selection of a Kn value of 105E, and Ks value of either Kn or 0.5Kn is sufficient for simulating LdB 

granite. In this work, equal values of Kn and Ks were selected, in order to better align with FDEM 

tangential and normal penalty values, which are found to simulate a sufficient elastic response for LdB 

granite in UCS test simulations in the mm-based Irazu unit system when equal in magnitude (Section 

3.5.2).
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Table 3-2: Summary of elastic response (E and ν) in continuum and trigon jointed UCS RS2 models. Values of Kn and Ks which simulate 

values of E and ν close to the target response and highlighted in green 

  

Input Output 
Young's 

Modulus 
(GPa) 

Poisson's 
Ratio 

Joint Normal 
Stiffness 
(GPa/m) 

Joint Shear 
Stiffness (GPa/m) 

Trigon 
Average Edge 
Length (mm) 

Kn/Ks 
Young's 

Modulus (GPa) 
Poisson's Ratio 

Target  

69 0.22 

- 
72.5 0.282 

Continuum 72.7 0.284 

Trigon 

6.9E+3 (102Elab) 6.9E+3 (102Elab) 

2 

1 8.1 0.029 

6.9E+4 (103Elab) 6.9E+4 (103Elab) 1 39.3 0.152 

6.9E+5 (104Elab) 6.9E+5 (104Elab) 1 65.6 0.261 

6.9E+6 (105Elab) 6.9E+6 (105Elab) 1 70.5 0.281 

6.9E+7 (106Elab) 6.9E+7 (106Elab) 1 71.0 0.283 

6.9E+5 (104Elab) 6.9E+4 (103Elab) 10 54.5 0.376 

6.9E+6 (105Elab) 6.9E+5 (104Elab) 10 68.9 0.295 

6.9E+7 (106Elab) 6.9E+6 (105Elab) 10 70.8 0.285 

6.9E+6 (105Elab) 3.45E+5 (104Elab) 2 72.2 0.283 
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Figure 3-13: Effect of joint normal and joint shear stiffness on emergent Young’s Modulus and 

Poisson’s Ratio for Kn=Ks (top) and Kn=2Ks (bottom) in trigon jointed UCS RS2 models.   
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3.4.4 Calibration of Joint Strength Parameters 

The strength of joint elements in RS2 are represented by the MC failure criterion, with three (3) 

parameters: friction, ϕ, cohesion, c, and tension, T. Different values can be assigned for pre-peak and 

post-peak (residual) states. The combination of these parameters which is required to match UCS, BTS 

and TCS strengths can be non-unique.  

Joint tensile strengths in RS2 can be directly related to the results of a direct tension test, and therefore the 

target tensile strength can be used as an input for T. It is generally accepted that all tensile strength is lost 

after a bond is broken, so an input of zero residual tensile strength is appropriate. The validity of these 

input parameter has been confirmed through a block pull-apart simulation (Appendix A). 

The shear strength of a material is composed of cohesional and frictional components. The input values 

for peak cohesion, c and friction, ϕ, are calibrated to match the desired shear strength of the material, 

determined by the triaxial strength envelope. 

Though residual values for cohesion are assignable in RS2, in discontinuum models, (Christianson et al. 

2006, Ghazvinian et al. 2014, Stavrou and Murphy 2018, Farahmand et al. 2018), it is generally accepted 

that friction is the only parameter which retains strength post-peak, as cohesion and tensile strength are 

rapidly lost when material fractures (Schmertmann and Osterberg 1960, Martin 1997, Diederichs 1999, 

2003, 2007). It is therefore reasonable to set both residual tension and cohesion to zero. 

Before appropriate input peak and residual values of friction can be determined, a sensitivity analysis 

must be performed to determine the effect of each parameter in the model. Calibration of peak friction in 

FEM simulations typically starts at the laboratory testing acquired value for the angle of internal friction 

of the material. The effect of residual friction on emergent UCS is displayed in Figure 3-14. 

Approximately 20 MPa of the model UCS is lost by reducing residual friction, ϕr, from peak friction, ϕp, 

(59°) to zero (0°).  
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Figure 3-14: RS2 Sensitivity of UCS to residual cohesion for FEM pseudo-discontinuum 

simulations 

In FDEM simulations, the frictional component is not lost after fracture occurs. For the purpose of 

relating results from these FEM simulations to simulations completed using the combined FDEM, a 

residual friction angle equal to peak is selected for initial iterations of pseudo-discontinuum FEM model 

calibration. To obtain parameters which simulate the target UCS, BTS and triaxial envelope for the 

modelled material the values of peak cohesion, cp, and peak friction ϕp, were systematically varied. In 

these models, the residual and peak friction value were equal and non-zero values of residual tension and 

cohesion were excluded.  

Combinations of cp and ϕ (ϕp= ϕr) that simulate a specific UCS (212+/-3 MPa and 220+/-5 MPa) are 

related linearly as shown in Figure 3-15. From these input parameter values, triaxial tests are conducted to 

obtain the triaxial strength envelope for the target material (Figure 3-16). Peak cohesion and friction 

values of 70 MPa and 52°, respectively, simulate an appropriate triaxial envelope for LdB granite, and are 

consistent with continuum model results. The axial stress-strain response for a UCS test simulation with 

these input parameters in shown in Figure 3-17. Fracture in the sample occurs at an approximate angle of 

75-90°.It is apparent that the input friction angle in both continuum and pseudo-discontinuum simulation 

approaches controls the slope of the envelope. It is notable that the cohesion input value required to 

simulate the envelope for pseudo-discontinuum models is approximately double that of continuum 

models. The significance of this observation, and validity of the pseudo-discontinuum models completed 

in this calibration is discussed in the following section.   
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Figure 3-15: RS2 FEM pseudo-discontinuum calibration of ϕ and cp to UCS results for LdB Granite 

 

 

 

 

 

Figure 3-16: RS2 FEM continuum and pseudo-discontinuum calibrated triaxial envelopes for LdB 

Granite 
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Figure 3-17: Axial stress-strain response and fracture pattern for a pseudo-discontinuum FEM UCS test model in RS2 9.0, calibrated to 

match a UCS of 212 MPa for LdB Granite (c=70 MPa, ϕ= 52°, T=10MPa)
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3.4.5 Challenges in Pseudo-Discontinuum Modelling 

The implementation of voronoi and trigon networks for the purpose of grain-based FEM models poses 

certain challenges. The RS2 version 9.0 computation engine has difficulty modelling the propagation of 

cracks in a pseudo-discontinuum GBM. As the engine limits the number of iterations for each step, 

essentially limiting the number of “guesses” the computer makes at a solution, an equilibrium solution is 

often not reached for the model stage in which failure is observed (non-convergence). This occurred 

consistently throughout the sensitivity analysis and in the calibrated model discussed in the previous 

section. This issue is problematic for pseudo-discontinuum modelling and causes uncertainty in results. 

Non-convergence is to some extent expected for pseudo-discontinuum models in RS2. As RS2 is truly a 

continuum program, there is difficulty representing material detachment in pseudo-discontinuum models. 

Further, the underlying formulation of the FEM includes solving the matrix to global equilibrium. This 

means that unbalanced forces, occurring from fracturing the rock, are not easily accepted in the 

formulation, as the global solution attempts to iterate towards a minimization of energy in the system. The 

fracturing of material inherently involves the release of energy, so non-convergence due to excess energy 

in the system at the time of fracture may be a realistic representation.  

The significance of this non-convergence should not be dismissed; however, the feasibility of inquiry into 

the mathematical non-convergence of RS2 simulations, without examining the underlying code of the 

RS2 computational engine itself, is limited to determining the stage(s) and loading step(s) at which non-

convergence occur(s), and the calculated solid tolerance at that loading step. With this information, it is 

difficult to determine the meaning of non-convergence, and the significance of the behaviour in any 

stages following non-convergence. To better understand the effect and significance of non-convergence in 

pseudo-discontinuum FEM models, it is pertinent to answer two questions:  

1. What does non-convergence mean in this context and is the behaviour modelled in the steps 

following non-convergence meaningful? 
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2. Does the non-convergence and simultaneous apparent failure represent the actual stress at which 

the sample should fail, based on the input parameters? 

With these questions in mind, a comparison of the RS2 trigon model results (version 9.0) with an 

analytical solution, and equivalent models in version 10.0 of RS2 (RocScience 2019), and Irazu, was 

completed. The comparison is based on the analytical solution for UCS, based on the MC parameters: 

𝑈𝐶𝑆 =
2 (cos(𝜑))

1 − sin(𝜑)
 

Assuming this equation is valid for the MC input parameters for joint elements, the analytical solution for 

UCS of the following input parameters is 232 MPa: 

cp= 40 MPa (cr=0) 

ϕp= 52° (ϕr=52°) 
Tp= 10 MPa (Tr=0) 

 

When these parameters are implemented in a RS2 9.0 trigon model, the resultant UCS is obtained at the 

stage where non-convergence occurs and is approximately 140 MPa.  

Implementing these same parameters into the exact same model in RS2 10.0 (RocScience 2019), yields 

different results, primarily for pre-peak behaviour and convergence. The changes in pre-peak behaviour 

are most likely due to a change in convergence criteria between RS2 version 9.0 and 10.01. Non-

convergence did not occur in the RS2 10.0 run. Instead of an instantaneous decrease in stress associated 

with apparent crack propagation, as observed in version 9.0, apparent failure in version 10.0 is less 

obvious. Though a change in stress-strain response due to the softening of joint stiffness in tension 

occurs, failure in version 10.0 was inferred based on the accumulation of cracks. A critical accumulation 

of cracks that can be assumed to cause failure in a true discontinuum model occurs between 215 and 230 

MPa in the RS2 10.0 model. Crack induced non-linearity of the stress-strain response appears to occur 

after approximately 200 MPa. This result is closer to the analytical solution for UCS of 232 MPa.   

                                                      

1 At the time of this document’s submission, the author has been in contact with the developer of RS2, Rocscience 

Inc., regarding differences in the convergence between versions; however,, a conclusion on the effect of the change 

in convergence on these models has not been communicated by Rocscience. 
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The progression of failure in equivalent RS2 9.0 and 10.0 models are shown in Figure 3-20 and Figure 

3-21, respectively. Elastic behaviour up to the first yielded crack is effectively identical in both models, 

after which behaviour diverges (as shown in Figure 3-24).  

At 0.18% axial strain (approximately 140 MPa), the model in RS2 9.0 experiences apparent unstable 

crack growth, at the stage concurrent with non-convergence. After the initial stage of instability, crack 

accumulation continues, and the model continues to take on axial stress. The model in RS2 10.0 has 

consistent and stable crack growth, beyond the equivalent stages which the model in RS2 9.0 experiences 

non-convergence. Failure in the RS2 10.0 model is assumed to occur close to 0.30% axial strain, based on 

the crack density accumulated at that point; however, a drop in stress at failure is not observed.  

The comparison between RS2 versions demonstrates the differences in model convergence. While RS2 

10.0 gives a UCS closer to the analytical solution, the lack of stress decrease post-peak does not reflect 

real behaviour. While a post-peak stress decrease does occur in RS2 9.0, this post-peak effect is assumed 

to be associated with numerical instability.  

The effect of model geometry was investigated by constructing multiple models with varying geometries. 

New trigon networks (like that displayed in Figure 3-12) were created in UDEC. As the voronoi 

tessellation process in UDEC uses random seeds, each network was slightly varied. A comparison of the 

axial response of trigon models with varying (randomized) network geometries is shown in Figure 3-18. 

The effect of model geometry was also investigated through the implementation of a voronoi network. A 

(non-trigon) voronoi model was also completed in both versions of RS2. The voronoi network selected 

has a slightly more regular geometry than the trigons (Figure 3-19). 

In the voronoi model, non-convergence also occurred in RS2 9.0; however, the differences between the 

two voronoi models is less extreme than with trigon geometry, as can be observed in each model’s axial 

stress-strain curve (Figure 3-24). Comparing voronoi models, crack accumulation is more stable in the 

RS2 10.0 model (Figure 3-22 and Figure 3-23). Axial stress banding (Figure 3-22) and softening (Figure 

3-24) are observed in the RS2 9.0 voronoi model. There are no indications of failure in the stress-strain 
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curve of the RS2 10.0 model; failure is only indicated from a significant accumulation of cracks. The 

voronoi models, in both RS2 versions, gave stronger and stiffer responses than the trigon models. In 

general, it is easier for cracks to propagate in a trigon geometry, as relatively linear, and critically inclined 

potential fracture pathways are more likely in trigon geometry (Azocar 2016). This is evident when 

observing the fracture patterns of each sample, where trigon models exhibit the extension of axial cracks, 

while voronoi models show less interconnectivity between fractures.  

 

 

Figure 3-18 : Sensitivity of axial stress-strain response to randomized trigon geometry in FEM 

pseudo-discontinuum models of UCS tests  
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Figure 3-19: Model setup for UCS pseudo-discontinuum (voronoi joint network), laboratory 

simulations in RS2. 
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Figure 3-20: Progressive failure of a UCS test simulation with trigon geometry, in RS2 9.0. 

Axial Stress 
(MPa)

Axial Strain 0.14% 0.18% 0.18% 0.21% 0.38%
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Figure 3-21: Progressive failure of a UCS test simulation with trigon geometry, in RS2 10.0 

 

 

 

 

 

Axial Stress 
(MPa)

Axial Strain 0.14% 0.21% 0.26% 0.30% 0.34%
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Figure 3-22: Progressive failure of a UCS test simulation with voronoi geometry, in RS2 9.0. 

Axial Stress 
(MPa)

Axial Strain 0.19% 0.26% 0.28% 0.30% 0.34%
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Figure 3-23: Progressive failure of a UCS test simulation with voronoi geometry, in RS2 10.0 

 

Axial Stress 
(MPa)

Axial Strain 0.19% 0.26% 0.28% 0.30% 0.34%
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The results of the RS2 10.0 trigon models were also compared with an approximately equivalent Irazu 

FDEM model. The following fracture parameters are considered approximately equivalent to the joint 

element parameters used in the RS2 models: 

cp= 40 MPa (cr=0) 

ϕp= 52° (ϕr=52°) 
Tp= 10 MPa (Tr=0) 

GfI= GfII=10-3 N/m  

 

The reduction of fracture energies (GfI and GfII) to unrealistically low values (Whittaker et al. 1992, 

Geomechanica Inc. 2019) is done to mimic the instantaneous yield that occurs in RS2.With these input 

parameters, the resultant UCS of the FDEM model was 212 MPa, close to the RS2 9.0 and 10.0 voronoi 

and RS2 10.0 trigon model results (Figure 3-24). The result of the RS2 9.0 trigon model more closely 

approximates the CI threshold (0.4-0.5 UCS), of the RS2 9.0 and 10.0 voronoi and RS2 10.0 trigon 

models. 

 

Figure 3-24: A comparison of UCS test results for models in RS2 versions 9.0 and 10.0, for trigon 

and voronoi geometries, with equivalent Irazu FDEM model results 
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Returning to the two questions postulated earlier in this section, the investigation of geometry (trigon and 

voronoi) and numerical modelling method (FEM and FDEM) can provide some insight into the question 

of the significance of non-convergence in RS2 9.0 trigon models: 

 

1. What does non-convergence mean in this context and is the behaviour modelled in the steps 

following non-convergence meaningful? 

 

Non-convergence could mean multiple things in this context. In the case of the trigon geometry, the non-

convergence seems to be caused by irregular geometry. This becomes apparent when comparing RS2 9.0 

trigon and voronoi model results. In the trigon models, the computational engine is unable to find a 

satisfactory solution, so apparent “unstable” crack growth occurs. The “unstable” crack growth may or 

may not be meaningful. If considered meaningful, this could represent the model failing at CI instead of 

at the true intact material UCS. If crack growth is not considered meaningful, and rather an artifact of 

geometry or numerical method, then the stress at which non-convergence occurs could not be correlated 

to CI. The conclusion for both cases is that only the behaviour (generally elastic) up to non-convergence 

can be considered meaningful. The meaningfulness of the stages following non-convergence could not be 

determined. 

 

2. Does the non-convergence and simultaneous apparent failure actually represent the stress at 

which the sample should fail, based on the input parameters? 

 

Though non-convergence in some instances could coincide with crack propagation, which is indicative of 

failure, the stress applied at the apparent failure and non-convergence step is likely not the UCS of the 

material. Though computational and mathematical differences do exist between FEM and FDEM, 

including input parameters (specifically penalties and fracture energies in FDEM), the effects of the 
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unique FDEM input parameters can be minimized to mimic FEM parameters, by calibrating elastic 

behaviour, and minimizing fracture energies. The result of a FDEM model with equivalent parameters 

give a UCS close to the analytical solution, meaning that the breaking strength (140 MPa) occurring at 

numerical instability in the RS2 9.0 trigon model, is likely not the true UCS. This conclusion does not, 

however, preclude the possibility of the point at which non-convergence occurs having some meaning. 

The axial stress at the stage at which non-convergence occurs in the RS2 9.0 trigon model coincides with 

the range of axial stresses at which CI can be visually approximated in the RS2 10.0 trigon model. 

Based on the conclusion that the calibration of a trigon UCS model in RS2 9.0 (with input parameters 

listed in Figure 3-16) does not produce a true UCS, it can be assumed that the calibration completed in the 

previous section is not valid for the target material (LdB granite), and the input parameters listed in Figure 

3-24 better approximate the UCS of LdB granite in RS2 trigon and voronoi models.  

Confirmation of the ability of these input parameters to simulate the appropriate strength envelope is not 

straightforward. Visual inspection is heavily relied upon in UCS simulations in RS2 10.0 to determine 

peak strength, as the stress-strain curves acquired from the sample-platen contact do not show a reduction 

of stress at failure. Instead, it can be assumed that failure occurs after a critical accumulation of cracks; 

however, this method is not exact, and gives a range of possible values. In TCS models, the method of 

visual inspection would be less reliable, as some cracking can occur in TCS samples before total failure 

occurs. The stage of failure therefore cannot be asserted with confidence. The choice of input parameters 

to mimic the triaxial envelope relies on observations from RS2 9.0 models. The good fit of pseudo-

discontinuum modelling data to the triaxial envelope presented in Figure 3-16 suggests that a friction 

angle of 52° for joint elements gives a very good approximation of the analytical friction angle acquired 

from testing data (Martin 1993).  
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3.5 Combined Finite-Discrete Element Approach for Simulating Laboratory Tests  

The FDEM can be used to explicitly represent damage and fracture in material. Unlike the pseudo-

discontinuum described in Section 3.4, true material detachment can occur in FDEM models. The DEM is 

employed to represent detached material, and thus the post peak behaviour can be considered meaningful. 

In FDEM models, input parameters are applied to both the three-noded triangular elements, and the four-

noded crack elements. Triangular elements are considered elastic, and fracture occurs along the crack 

elements, which coincide with the edges of the triangular elements. The elastic behaviour of the triangular 

elements is controlled by the viscous damping coefficient, and the elastic bulk parameters, including 

density (ρ), elastic modulus (E) and Poisson’s ratio (ν). Interaction between elements is controlled by the 

fracture penalty (pf), normal penalty (pn), and tangential penalty (pt). The onset of fracture along crack 

elements is controlled by the tensile strength (ft), cohesion (c), the internal angle of friction (ϕi or 

equivalent friction coefficient μ) , and Mode I (GfI) and II (GfII) fracture energies. 

The calibration process for FDEM models, outlined in Figure 3-25, is based on that established by Tatone 

and Grasselli (2015), and consists of four iterative steps, which include running a series of UCS, BTS and 

TCS models . The purpose of the process is to find micro-mechanical input parameters that result in a 

triaxial envelope which closely approximates that produced in laboratory testing. 

 

Figure 3-25: Flowchart outlining the calibration procedure for FDEM models (after Tatone 2014)  
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3.5.1 Model Setup 

The calibration process begins by determining the mesh properties and appropriate loading rates for UCS 

and BTS models in the combined FDEM program Irazu (Geomechanica Inc. 2019). The dimensions of 

these models are matched to those used in laboratory tests. The two-dimensional laboratory test 

specimens include a 150 mm × 60 mm rectangular model for UCS and TCS test simulations, and a 60 

mm diameter circular model for BTS test simulations. To investigate mesh dependency, multiple UCS 

and BTS simulations were run for varying mesh sizes ranging from 0.75 mm to 5 mm, with all other input 

parameters being constant (Figure 3-26 top and middle).  The input parameters used in model setup 

calibration are displayed in Table 3-3. The bulk input parameters (ρ, E and ν) correspond to LdB granite; 

however, the crack element parameters (μ, c, ft, GfI, GfII, pf, pn, and pt) for the purpose of this calibration 

alone and are not intended to be reflective of LdB granite material properties.  

In UCS samples, a trend of increasing strength with element size is apparent. Larger elements decrease 

the ratio of elements to specimen diameter, limiting potential fracture pathways, and thus increasing the 

breaking strength of the sample. UCS results converge at mesh element sizes of 2 mm and smaller, and 

thus a 2 mm element size is appropriate, to minimize the number of elements and therefore computation 

time. A trend between element size and BTS is not apparent. 

Loading rate, based on two rigid platens moving towards each other at the same rate in opposite 

directions, was obtained through a similar sensitivity analysis (Figure 3-26 bottom). Though these 

velocities are not representative of real platen velocities used in laboratory testing, in the simulations 

performed, strength values converged to a consistent value with velocities below 0.2 m/s per platen. With 

consideration of the simulation efficiency, a velocity of 0.1 m/s was determined to be satisfactory. 

Table 3-3: Material input parameters used in FDEM model setup calibration 

Density, 

ρ 

Young’s 

Modulus, 

E 

Poisson’s 

Ratio, ν 

Friction 

Coefficient, 

μ 

Cohesion, 

c 

Tensile 

Strength, 

ft 

Mode I 

Fracture 

Energy, 

GfI 

Mode I 

Fracture 

Energy, 

GfII 

Penalties, 

pf, pn, pt 

2600 

kg/m3 
69 GPa 0.22 1.7 (ϕ=59°)  30 MPa 5 MPa 2 N/m 200 N/m 

10E 

(default) 
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Figure 3-26: Mesh sensitivity of UCS (top) and BTS (middle) test FDEM simulations. UCS results 

converge at mesh element size of 2 mm and smaller. Larger element sizes yield higher strengths. 

Platen velocity sensitivity of UCS and BTS test FDEM simulations (bottom). Strengths are 

insensitive to platen velocities below 0.2 m/s  
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3.5.2 Calibration of Penalty Terms 

To determine penalty terms that replicate the correct elastic response for LdB granite, a series of UCS 

simulations with varying penalty terms were completed, following the approach described by Tatone and 

Grasselli (2015). A mesh element size of 2 mm and a platen velocity of 0.1 m/s were used for this 

calibration. The results of these simulations are described below and shown in Figure 3-27 through Figure 

3-31. While holding bulk elastic parameters consistent with acquired physical laboratory values (E=69 

GPa, ν=0.22), increasing all penalty terms by the same magnitude produces an overall stiffened response 

in the lateral and axial directions, as shown in Figure 3-27. An increase of the tangential penalty has the 

effect of stiffening the lateral strain response and does not have a noticeable effect on the axial strain 

response, as shown in Figure 3-28. An increase in the normal penalty pn has the effect of stiffening the 

axial strain response, and softening the lateral strain response, as shown in Figure 3-29. An increase in the 

fracture penalty, pf produces an overall stiffened response in the lateral and axial directions as shown in 

Figure 3-30 and Figure 3-31. For LdB granite, an adequate elastic response can be simulated with penalty 

terms 10 times greater than the Young’s Modulus (E), and bulk elastic inputs (E and ν) equal to those 

obtained in laboratory testing. While increasing penalty terms give a more realistic response to the target 

values, the increased penalties necessitate a smaller timestep, and thus are less computationally efficient. 

 

Figure 3-27: Effect of penalty term magnitude on elastic response in UCS test FDEM simulations. 

Increase in all penalty terms give a stiffer elastic response. 
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Figure 3-28: Effect of tangential penalty, pt, on elastic response, with baseline pf and pn equal to E. 

Increase in pt gives a stiffer response for lateral strain. Axial strain is not significantly affected. 

 

Figure 3-29: Effect of normal penalty, pn, on elastic response, with baseline pf and pt equal to E. 

Increase in normal penalty gives an stiffer axial response and softer lateral response.  
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Figure 3-30: Effect of fracture penalty, pf, on elastic response, with baseline pt and pn equal to E. 

Increase in fracture penalty gives an overall stiffer elastic response.  

 

Figure 3-31: Effect of fracture penalty, pf, on elastic response, with baseline pt and pn values equal to 

10E. Increase in fracture penalty gives an overall stiffer elastic response.   
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3.5.3 Calibration of Fracture Parameters 

The strength of the crack elements is controlled by five parameters; tensile strength (ft), cohesion (c), 

fracture energies (GfI and GfII) representing the energy required to break the contact in tension (Mode I) 

and shear (Mode II), respectively, and finally a frictional coefficient (μ=tanϕi). The combination of these 

parameters required to match UCS, BTS and biaxial strengths is non-unique. To address this, additional 

calibration targets can be included in the calibration process, such as fracture pattern and fracture mode. 

Sensitivity to these parameters can also be evaluated in large scale models, by completing an upscaling 

study for multiple combinations of parameters (Chapter 4).  

Calibration of fracture parameters requires an iterative approach, as the five (5) parameters must be 

systematically varied. Two (2) iterations of the calibration process were completed.  

3.5.3.1 1st Iteration 

Setting all penalties to 10E, and ϕi to 59°, combinations of the parameters c, ft, GfI and GfII were varied to 

achieve a target UCS of 213 MPa, and a target BTS of 10 MPa. Figure 3-32 depicts combinations of the 

fracture parameters c, ft, GfI and GfII that produce results consistent with physical laboratory (UCS and 

BTS) tests for the LdB granite. Fracture patterns at failure for each combination of parameters depicted in 

Figure 3-32 are shown in Figure 3-33, Figure 3-34, and Figure 3-35. The gradual propagation of fracture 

is represented by a cohesive crack model (Section 2.3.6.1) and can be observed in the figures as 

“yielding” progressing to “breaking”, as defined in each legend. The fracture patterns displayed in these 

figures occurred at the timestep immediately following failure. The expected failure mode in UCS tests is 

through a combination of axial splitting and shear planes. As such, a fracture pattern with a mix of axial 

tensile and shear cracks is expected in the model. Major failure planes should be inclined at 75° 

(45°+ϕ/2); however, minor deviations from this angle due to mesh sensitivity can be expected. 

Calibrated combinations of parameters, where ft=10 MPa, were implemented in TCS models to check 

triaxial envelope fit. For these models, the friction angle of 59° was discovered to be too high, yielding a 
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steeper than desired envelope, as shown in Figure 3-36. Reducing the modelled friction angle reduces the 

slope of the envelope.  

 

 

Figure 3-32: Combinations of fracture parameters (c, ft, GfI & GfII) that yield a simulated UCS and 

BTS that closely approximate laboratory values for LdB granite 
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Figure 3-33: Fracture pattern for FDEM models with ft=12MPa ϕi=59° 
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Figure 3-34: Fracture pattern for FDEM models with ft=10MPa ϕi=59° 
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Figure 3-35: Fracture pattern for FDEM models with ft=8MPa ϕi=59°
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Figure 3-36: Failure envelope from triaxial FDEM models with varying values of cohesion input 

parameter, and constant ft=10MPa, ϕi=59°, and HB and MC fits to Triaxial laboratory data for  

Lac du Bonnet Granite (Martin 1993). 

3.5.3.2 2nd Iteration 

To determine an appropriate friction angle, both ft and GfI were held constant at respective values of 10 

MPa and 10 N/m. Combinations of c and GfII, for ϕ=52°, which approximate a UCS of 213+/-2 MPa are 

shown in Figure 3-37. Fracture patterns at failure for each combination of parameters depicted in Figure 

3-37 are shown in Figure 3-39. Two combinations of parameters shown in Figure 3-39 (c=34 MPa and 

c=40 MPa) were implemented in TCS models and were found to produce a satisfactory approximation of 

the triaxial strength envelope for LdB granite (Figure 3-38). 

3.5.3.3 Variation of Fracture Penalty 

The fracture penalty was found to be suitable at magnitudes of both 10E and 100E in Section 3.4.3. For 

computational efficiency, the models in this section have been completed with pf=10E which resulted in a 

pf of 6.9×1011 GPa; however, a variation of pf to 100 E was also completed, to examine the effects on 

strength. The input parameters for this variation are listed in Table 3-4 as “Combination ID 4”.  

The fracture penalty affects the rate at which crack elements open in tension or slide in shear, and 

therefore pf and strength can be expected to be negatively correlated. An increase in pf may also better 
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mimic results of pseudo-discontinuum FEM simulations, in which joint element yield is instantaneous. In 

addition to combinations of c and GfII, completed in the 1st and 2nd iterations of the calibration, with 

ft = 10 MPa, and pf = 6.9×1011 GPa, combinations of these parameters with pf=6.9×1012 are also shown in 

Figure 3-37. Two combinations of parameters with pf=6.9×1012 GPa were implemented in TCS models 

and were found to produce a satisfactory approximation of the triaxial strength envelope for LdB granite 

(Figure 3-38), the parameters and resulting UCS fracture pattern shown in Figure 3-40. 

 

Figure 3-37: Combinations of fracture parameters (c, GfII) for pf=6.9E+11 and pf=6.9E+12, that 

yields a simulated UCS that closely approximates laboratory values for LdB granite 

 

Figure 3-38: Irazu FDEM calibrated triaxial strength envelopes for LdB Granite for four (4) sets of 
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Figure 3-39:  Fracture pattern for FDEM models with ft=10MPa, ϕi=52° 
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Figure 3-40: Fracture pattern for FDEM models with ft=10MPa, pf=6.9×1012 
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3.5.4 Summary of Non-Unique Calibrated Parameters 

Four sets of input parameters were used to mimic the triaxial envelope shown in Figure 3-38. These 

combinations are summarized in Table 3-4; however, it is important to note that these combinations are 

not exhaustive. As shown in Figure 3-37, many combinations of parameters simulate the UCS for LdB 

granite, and of these combinations, only a few were tested. It is worth noting that a satisfactory triaxial 

envelope fit is not inherent for every combination in Figure 3-37. Each combination must be implemented 

in TCS models to test the fit.  

Table 3-4: Combinations of Irazu FDEM crack element input parameters used to simulate the 

triaxial envelope for LdB granite 

Combination ID 1 2 3 4 

Fracture Penalty, pf (GPa) 690 690 6900 6900 

Normal Penalty, pn (GPa mm) 690 690 690 690 

Tangential Penalty, pt (GPa/mm) 690 690 690 690 

Cohesion, c (MPa) 40 34 44 34 

Tensile Strength, ft (MPa) 10 10 10 10 

Friction Coefficient, μ 1.28 1.28 1.54 1.43 

Mode I Fracture Energy, GfI (N/m) 10-3 10 10-3 10 

Mode II Fracture Energy, GfII (N/m) 10-3 150 10-3 100 

3.6 Conclusions 

The numerical models presented in this chapter were completed with the goal of showing a simultaneous, 

multi-method, calibration for LdB granite. Relating the effects of input parameters in continuum FEM, 

pseudo-discontinuum FEM and FDEM on emergent model behaviour is a step on the path to verification 

of FDEM models. A summary of notable models completed in this chapter is provided in Table 3-5 

(FEM) and Table 3-6 (FDEM). 

A summary of the calibration and stepwise verification process undertaken in this chapter is shown in 

Figure 3-41. Analytical solutions for uniaxial compressive test acquired values, UCS, E, and ν, form a 

basis for verification of all models. Model results at each progressing step are compared and calibrated 

where appropriate.   
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The modelling completed in this chapter shows a progression from simple analytical solutions and target 

laboratory test behaviour to simple continuum models that are easily verified.  The pseudo-discontinuum 

model, involving the addition of joints to mimic a GBM is calibrated to match the continuum model. The 

versioning issue between RS2 9.0 and 10.0 causes difficulty in determining appropriate input parameters 

for joint elements, but the comparison with continuum FEM and FDEM input parameters provide some 

indication that the true UCS is not achieved in models where non-convergence occurs, and thus a 

cohesion input value closer to the laboratory acquired values, and values used in other modelling methods 

is more appropriate.  

The overall behaviour of FDEM models are verified by analytical and continuum solutions. Though not 

providing full verification due to versioning and non-convergence issues, the comparison of FDEM 

models with pseudo-discontinuum models completed in RS2 10.0 is also useful, as it can be determined 

that similar values of cohesion, friction, and tensile strength values produce similar strengths in UCS 

simulations.  

Input parameters unique to the FDEM are difficult to verify through the multi-method stepwise process. 

Improvement in multi-method verification of laboratory scale FDEM models could be achieved by 

considering the integration of a DEM based software, such as UDEC, into the process. The 

implementation of UDEC would allow for the connection between pseudo-discontinuum FEM and 

FDEM results, as the non-convergence issues experienced in RS2 models would not be experienced in 

UDEC models, due to its explicit calculation scheme.  

In the absence of UDEC models, confidence in results of Irazu models is improved by sensitivity 

analysis. As shown in Figure 3-32 and Figure 3-37, a mathematical relationship can be established for a 

combination of the common input parameters (tensile strength & cohesion) and FDEM unique parameters 

(Mode I & II fracture energy) required to achieve a target UCS. 

The sensitivity of FDEM models to various input parameters is explored further in the following chapters, 

through upscaling and implementation in tunnel models of calibrated parameters. 
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Figure 3-41: Summary of calibration and stepwise verification process for laboratory scale models 
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Table 3-5: Summary of notable FEM UCS calibration models for LdB granite 

 
Method 

Continuum 

FEM 
Trigon FEM Voronoi FEM 

 Software RS2 9.0 RS2 9.0 R  S2 9.0 RS2 10.0 RS2 9.0 RS2 10.0 
In

p
u

t 

Poisson’s Ratio 0.22 0.22 0.22 0.22 0.22 0.22 

Young’s Modulus (GPa) 69 69 69 69 69 69 

Cohesion (MPa) 36.4 70 40 40 40 40 

Tensile Strength (MPa) 10 10 10 10 10 10 

Friction Angle, ϕi 52.3° (59°) 52° 52° 52° 52° 52° 

Joint Normal Stiffness (GPa/m) - 6.9×106 6.9×106 6.9×106 6.9×106 6.9×106 

Joint Shear Stiffness (GPa/m) - 6.9×106 6.9×106 6.9×106 6.9×106 6.9×106 

T
ar

g
et

 

Poisson’s Ratio 0.282 

Young’s Modulus (GPa) 72.5 

UCS (MPa) 213 

MC Triaxial Envelope Angle 52.3° 

E
m

er
g

en
t 

Poisson’s Ratio 0.284 0.282 0.282 0.282 0.282 0.282 

Young’s Modulus (GPa) 72.7 72.4 72.4 72.4 72.4 72.4 

UCS (MPa) 209 211 140 215-230 215-230 - 

MC Triaxial Envelope Angle 52° 54° - - - - 

 Shown in - Figure 3-17 Figure 3-20 Figure 3-21 Figure 3-22 Figure 3-23 
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Table 3-6: Summary of notable FDEM UCS calibration models for LdB granite 

 
Method FDEM 

 Software Irazu 
In

p
u

t 

Poisson’s Ratio 0.22 0.22 0.22 0.22 

Young’s Modulus (GPa) 69 69 69 69 

Cohesion (MPa) 40 34 44 34 

Tensile Strength (MPa) 10 10 10 10 

Friction Angle, ϕi 52° (μ=1.28) 52° (μ=1.28) 57° (μ=1.54) 54° (μ=1.43) 

Mode I Fracture Energy, GfI (N/m) 10-3 10 10-3 10 

Mode II Fracture Energy, GfII (N/m) 10-3 150 10-3 100 

Fracture Penalty, pf (GPa) 690 690 6900 6900 

Normal Penalty, pn (GPa mm) 690 690 690 690 

Tangential Penalty, pt (GPa/mm) 690 690 690 690 

T
ar

g
et

 

Poisson’s Ratio 0.282 

Young’s Modulus (GPa) 72.5 

UCS (MPa) 213 

MC Triaxial Envelope Angle 52.3° 

E
m

er
g

en
t Poisson’s Ratio 0.309 0.309 0.315 0.315 

Young’s Modulus (GPa) 71.1 71.1 71.6 71.6 

UCS (MPa) 214 212 211 213 

MC Triaxial Envelope Angle 53° 52° 53° 54° 

 Shown in Figure 3-39 Figure 3-39 Figure 3-40 Figure 3-40 
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Chapter 4 

Investigation of Numerical Scale Effects in  

Combined Finite-Discrete Element Method Models 

4.1 Introduction 

Understanding the role that scale plays in the mechanical behaviour of rock and rockmasses is an 

important aspect of rock engineering design. Although in situ testing of rock strength and deformability 

has been performed at a tunnel scale (e.g. the AECL mine-by-experiment test tunnel), the majority of rock 

mechanics testing is done in a laboratory setting, with standard block sizes of a few centimetres (ISRM 

2007, 2015). Understanding scale effects in intact rock and rockmasses allows laboratory testing data, 

which is often easier and less expensive to acquire than in situ testing data, to be used in a meaningful 

way in engineering design. 

It is well established that the mechanical behaviour of rock is dependent on the volume being loaded or 

deformed (Mogi 1961, Protodiakonov and Koifman 1963, Hoskin and Horino 1969, Bieniawski 1972, 

Pratt et al. 1972, Hoek and Brown 1980, Brace 1981, Darlington et al. 2011), and that the uniaxial 

compressive strength of intact rock decreases as specimen size increases (Hoek and Brown 1980). Scale 

effects have also been studied in rock joints (Bandis et al. 1981) and rockmasses (Hoek and Diederichs 

2006).  

It is important to differentiate between scale effects related to heterogeneity at a macro scale, or rockmass 

scale (jointing and lithology changes), heterogeneity at a micro-scale (intact rock scale), such as material 

flaws and mineral grain sizes and orientations, and scale effects that may develop purely from the 

numerical modelling software used to study them. In numerical methods that use a discontinuum 

representation of material, the length and spatial density of material interfaces can impact the emergent 

mechanical behaviour.  
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4.1.1 Requirement for Upscaling of Geomechanical Models 

The need for upscaling of geomechanical models arises from practical limitations in computational 

power. In geomechanical models, physical material is generally represented by a predetermined number 

of constituents (typically elements, zones, particles, or blocks). The information for each of these items 

must be stored and updated by the computer as the model progresses; therefore, computational time varies 

with model size. Larger models, with more constituents, will generally take longer to solve than their 

equivalent counterpart with less constituents.  

The challenge presented by scale in geomechanical modelling comes from the need for adequate 

resolution to represent the physical behaviour of the problem being assessed. In FEM models, mesh 

elements are joined at nodes, and the calculations for behaviour of each element occurs at these nodes. 

The solution at the nodes must satisfy each point within the mesh element connected to the node. If mesh 

elements are too large, the model cannot capture the behaviour within the element.  

In discontinuum and pseudo-discontinuum models, the same challenges exist, with the addition of the 

representation of fracture. When a laboratory-sized sample is represented numerically, the size of the 

elements within the sample are generally close to the grain size of the rock, so that the model more 

accurately represents the failure behaviour observed in the laboratory (i.e. a certain number of potential 

failure pathways must be present). To be able to obtain these results, the element sizes will be on the 

order of a few millimeters.  

For tunnelling applications, a model with elements only a few millimeters across is not practical with the 

current computational abilities of existing software and hardware, due to the increase in number of 

elements and associated calculations. This creates an inherent incompatibility between the use of 

parameters calibrated for laboratory scale models with smaller element sizes, and the application of these 

same calibrated parameters to simulate tunnel scale models with larger element sizes. Though scaling 

relationships exist (as discussed in Section 4.1.4), these are generally to account for physical rock strength 

decay with scale, rather than the numerical effects. While similar heterogeneities of grain orientation can 

exist in GBMs and physical rock specimens, it is imperative to ensure that numerical effects, such as 
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length dependency, resolution and numerical instability, are not confused with physical effects such as 

heterogeneity at a micro-scale (intact rock scale), including material flaws, and the sizes and orientations 

of mineral grains. 

Some modern approaches to account for scale effects in geomechanical models (e.g. Mas Ivars et al. 

2011, Stavrou and Murphy 2018, Stavrou et al. 2019) substitute calibrated laboratory properties with 

equivalent properties determined through empirical relationships for intact rock (commonly Hoek and 

Brown 1980). These properties are applied to an upscaled simulation which aim to account for 

heterogeneities and material flaws that are not explicitly represented.  

To address uncertainties in upscaled behaviour an upscaling procedure was developed to relate the 

properties of calibrated models of UCS laboratory tests, to properties that could be used in large-scale 

tunnel models with elements of a larger size. The process of upscaling is required, as the micro-

mechanical input parameters for laboratory scale models with grain-scale elements are unique to their 

size, and therefore cannot be simply implemented for larger elements. Given unlimited computational 

power, elements with equal size and micro-mechanical parameters as those used in small-scale laboratory 

simulations could be implemented directly into tunnel-scale models; however, with practical 

computational limitations, the micro-mechanical parameters determined through calibration of laboratory 

sample simulations must be related to micro-mechanical parameters of (typically larger) elements of 

appropriate size for tunnel-scale modelling. 

4.1.2 Numerical Scale Effects 

Numerical scale effects are defined as any effects or changes in the mechanical behaviour that are fully 

attributed to the numerical method, setup, or input parameters of the numerical model when there is a 

change in scale. Numerical scale effects can be both inherent to the method used, such as material 

parameters which scale at a non-similar rate to other parameters (numerical parametric scale effects), or a 

by-product of model setup, such as necessary changes in the element size to maintain computational 

efficiency. Unintended, and often unnoticed, numerical scale effects can also occur due to the ability of 
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the computational engine to process model inputs and geometry. GPU-based numerical methods, such as 

Irazu FDEM, have been known to produce rounding errors when the input parameters or element edge 

lengths are too small, relative to the unit system used in the computation (Mahabadi 2019 pers. comm.). 

Rounding errors leading to non-mobilization of friction along Irazu crack elements are demonstrated in 

Appendix B. In Irazu models where many elements are used, velocity oscillations (Section 4.3.1) can 

occur randomly throughout the model, leading to early crack propagation and failure in UCS simulations.  

Numerical scale effects are most prominent in discontinuum numerical models, where model behaviour is 

dependent on the number of distinct elements, blocks, or particles composing the model domain. While in 

continuum models, the discretization of the domain into elements or zones controls the resolution of the 

model, in discontinuum models, the discretization can also directly control the mechanical behaviour.  

The study of scale effects based on numerical input parameters and element or block orientation is distinct 

from the intact scale effects attributed to material flaws in homogenous material, as the only source of 

heterogeneity in these models arises from heterogeneity of crack (FDEM) or joint (FEM, DEM) element 

length and orientation.  

The formation of a microstructure or fabric by introducing discontinuities in geomechanical models is 

known to introduce scale effects, where behaviour is governed by the size of discrete bodies relative to 

the overall scale of a problem (Riahi et al. 2010). Absolute discontinuity length in geomechanical models 

can induce numerical scale effects. In Irazu, it has been shown that the effect of the tangential penalty is 

dependent on crack element length (Mahabadi and Tatone 2019). 

4.1.3 Rockmass Scale Effects 

Rockmass scale effects are associated with macro-scale heterogeneities such as jointing and lithology 

changes. Structurally driven failure can control the overall rockmass as critically inclined structures in a 

rockmass can lead to failure along preferential planes. For stress driven failures, the overall strength and 

stiffness of discontinuities can still play a role in the reduction of rockmass strength. 
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Rockmass scale effects are not captured at a small sample size relative to the scale of the rockmass, such 

as samples tested in the laboratory. Strengths measured for the intact portion of a rockmass generally 

exceed overall rockmass strength. As the volume of the rockmass under consideration increases, the 

spatial density of jointing changes until a representative volume of material is reached (Hoek and Brown 

1980, 1997). At this volume, joints have the potential to play a significant role in reducing overall 

strength and stiffness of the rockmass. This scale effect is integrated into the GSI approach for rockmass 

characterization (Hoek 1994) as the GSI selected is based on the scale of works being carried out.  The 

scale effect is also pertinent to the integration of discrete fracture networks (DFNs) in geomechanical 

numerical models.  

4.1.4 Intact Rock Scale Effects 

In intact rock, the scale effect is often explained in the context of material flaws at the grain scale, where 

samples of larger dimensions are increasingly heterogeneous, in terms of grain shape, size, and 

orientation, and have a higher probability of having critically oriented defects that aid in the creation of 

failure pathways (Hoek and Brown 1997). These “weak links” lead to reduced laboratory strengths 

(Diederichs 2003, Masoumi 2013).  

For unconfined specimens, an inverse relationship between UCS and specimen size has been 

demonstrated for a wide range of lithologies. It is suggested that the strength reduction is due to the 

increased number of grains in the sample as the size increases, and thus increased opportunity for failure 

through and around those grains; however, as the sample size increases to its representative size, a 

constant value for strength will eventually be reached (Hoek 2007).  

This intact strength decay scale effect has been studied in Lac du Bonnet (Jackson and Lau 1990, Martin 

1993), Blanco Mera (Quiñones et al. 2017) and Stanstead (Walton 2017) granites, as well as various other 

rock types (Mogi 1961, Bieniawski 1967, Hunt 1973, Hoek and Brown 1980, Cunha 1990, Hawkins 

1998, Darlington et al. 2011, Zhang et al. 2011, Masoumi 2013, Kaklis et al. 2015).   
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4.1.4.1 Empirical Strength-Scale Relationships 

Various attempts have been made to provide an empirical strength-scale relationship for intact rock. The 

widely cited empirical scale relationship between specimen diameter and UCS is presented by Hoek and 

Brown (1980): 

𝜎𝑐
𝜎𝑐50

= (
50

𝑑
)
0.18

 

Where σc is the UCS of the selected specimen, σc50 is the UCS of a specimen with a 50 mm diameter, and 

d is the selected specimen diameter in mm. This relationship was formed based on a review of data from 

studies of scale effects in various rock types, as shown in Figure 4-1.  

 

 

Figure 4-1: Influence of specimen size upon the strength of intact rock  

(Hoek and Brown 1980, modified by Hoek 2007) 
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Since the proposal of the Hoek-Brown relationship, further studies have questioned the validity of the 

exponent of 0.18.  Common modifications including an exponent value of 0.22 in place of 0.18 (Cunha 

1990) and a generalized term, k (Yoshinaka et al. 2008). 

Based on a review of data from studies of scale effects in hard rock (Mogi 1961, Lundborg 1967, 

Nishimatsu et al. 1969, Pratt et al. 1972, Kramadibrata and Jones 1993, Silva et al. 1993), Yoshinaka et 

al. (2008), proposed a generalized equation, so that the exponent of 0.18 in the Hoek-Brown equation is 

replaced by k, which ranges from 0.1 to 0.8 for most cases. More specifically this value ranges from 0.15 

to 0.3 in smaller specimens, and from 0.1 to 0.3 for homogenous, hard, strong rock. The generalized 

equation is given by: 

𝜎𝑐
𝜎𝑐50

= (
50

𝑑
)
𝑘

 

The k modification appears justified when examining the basis for the Hoek-Brown relationship, which 

included testing data from marble, limestone, basalt, basalt-andesite lava, gabbro, norite and quartz 

diorite. Examining Figure 4-1, the quality of the curve fit for each rock type varies, suggesting that a k 

value could be unique to each rock type. It is also noted that the rock types in Figure 4-1 are generally 

hard, strong, and homogenous or near-homogenous, so the orginal k value of 0.18 is consistent with the 

suggested range of 0.1 to 0.3. 

Recognizing that grain size must be considered when selecting the minimum diameter for compressive 

strength testing (ISRM 2007, 2015), Martin et al. (2011) proposed a modification of Hoek and Brown’s 

scaling relationship, normalized for diameter, and concludes that the Hoek-Brown equation underpredicts  

UCS. This modification diverges from the Hoek -Brown (1980) original format, and is suggested in the 

form of: 

𝑈𝐶𝑆 = 0.81 + (
0.4

Exp (
D

1.21)
) 

Where D is the normalized diameter. This relationship causes a mathematical lower bound at 

approximately 80% UCS, which is consistent with the typically observed lower bound on UCS in other 
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work (Hoek and Brown 1980, Jackson and Lau 1990, Eberhardt et al. 1998, Yoshinaka et al. 2008). 

Examining the basis for the Martin et al. modification in Figure 4-2, it is notable that the addition of 

concrete (Blanks and McNamara 1935), in which scale effects are less significant, may mathematically 

affect the implied relationship more than the normalization of diameter. Darlington et al (2011) completed 

a review and statistical analysis of existing scaling data and concluded that scale relationships are highly 

material dependent. In this work, the multifractal scaling law (MFSL), typically applied to cementitious 

materials (Carpinteri et al. 1995), was found to most closely model the strength-scale relationship for the 

rock types studied. It was noted that power relationships (Hoek and Brown 1980, Cunha 1990, Yoshinaka 

et al. 2008) of strength-scale give a zero asymptote at infinite size, while empirical evidence suggests 

strength converges at a constant, non-zero value. Due to its mathematical formulation as a square root 

function, the MFSL predicts large specimens to have a finite asymptotic minimum strength. It is noted 

that this fit overestimates large specimens’ strength by 10% (Darlington et al. 2011).  

 

 

Figure 4-2: Summary of UCS data, normalized to the minimum representative diameter, based on 

material grain size (data: Blanks and McNamara 1935, Hoek and Brown 1980, Jackson and Lau 

1990, figure: Martin et al. 2011) 
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The strength-scale relationships presented in various studies (Hoek and Brown 1980, Cunha 1990, 

Yoshinaka et al. 2008, Darlington et al. 2011, Martin et al. 2011) clearly show that one unique scaling 

relationship does not exist for all rock types. Power relationships (Hoek and Brown 1980, Cunha 1990, 

Yoshinaka et al. 2008) are most commonly used to describe scale effects but lose mathematical accuracy 

at large dimensions. Other relationships (Martin et al. 2011) appear a close fit to the data on which they 

form their basis but have not been universally proven. Most critical analysis in these studies suggests that 

scale is heavily dependent on material type, and as such a relationship must be determined for each 

material based on empirical data.  

4.1.5 Shape Effects 

The geometry of intact laboratory samples has also been shown to effect strength. ISRM standards (2007, 

2015) suggest a height to diameter ratio of at least 2:1 for uniaxial and triaxial compressive tests. It has 

been shown that below this ratio, there is a significant increase in apparent strength of samples (John 

1972, Hawkins 1998, ISRM 2007). This strength increase is intuitive, as a change in sample diameter 

without increasing height, both marginally increases the effective confinement of grains within the sample 

and limits the angle of the critical failure plane across the sample. This effect is also observed in situ, as 

the strength of rock pillars in excavations has been shown to be highly dependent on their height to width 

ratio (Hedley and Grant 1972, Lunder and Pakalnis 1997, Martin and Maybee 2000). 
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4.2 FDEM Models for Upscaled UCS Test Simulations 

In FDEM models, material fracture occurs along four-noded crack elements, which are located along the 

edges of three-noded triangular elements. In laboratory scale models, these elements are a few millimeters 

in length; however, for tunnel scale modelling, an element size of a few centimetres is required due to 

limitations in computational power. The upscaling procedure described in this section investigates the 

UCS scale effect in four (4) different numerical representations of LdB granite. As noted in Section 3.5.4, 

calibration produces non-unique result;, numerical representation of LdB granite in FDEM models is in 

no way limited to the parameters used in this section. The variation of parameters is intended to represent 

a range of possible combinations. Especially in FDEM models, where the total energy required to break 

bonds is dependent on the combination of ft and GfI parameters in Mode I, and ϕ, c and GfII in Mode II, 

the variations provide insight into each parameter’s contribution to the scale effect. 

4.2.1 Input Parameters 

As discussed in Chapter 3, the results of FDEM laboratory scale calibrations are non-unique. Multiple 

combinations of parameters can produce a realistic fracture pattern and UCS for LdB granite. Given this 

conclusion, and the desire to assess sensitivity of scale effects to input parameters, multiple combinations 

of laboratory scale calibrated strength values for crack elements were upscaled, by a process of gradually 

increasing the dimensions of the sample, maintaining a height to width (h:w) ratio of 2.5:1. The input 

parameters of upscaled models discussed in this section are listed in Table 4-1. The range of combinations 

of input parameters selected (Models 1 through 4 in Table 4-1) allows for basic qualitative analysis of the 

impact of individual parameters of scale effects. Their selection does not constitute a judgement on their 

relative appropriateness to represent LdB granite over other combinations presented in Chapter 3 (see the 

discussion on non-uniqueness of calibration in Section 3.5.4). 

Combinations of input parameters identified as Model 1 through Model 3 are calibrated at the laboratory 

scale to match the triaxial envelope of LdB granite, as shown in Figure 3-38. Model 1 and Model 3 

minimize fracture energies so that only ϕ, c and ft can be assumed to have an impact on the material 
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strength. In contrast, fracture energies in Model 2 and Model 4 are high enough to impact the strength and 

fracturing behaviour of the material and are within a practical range as defined by their relationship 

(Whittaker et al 1992, Geomechanica Inc. 2019) to surface energies for LdB granite (Martin 1993). The 

fracture penalty in Model 3 is an order of magnitude higher than the other models, allowing for the scale 

effect of this penalty to be examined. Model 1 to Model 3 have a Poisson’s ratio equal to the intact 

material, while the Poisson’s ratio in Model 4 is slightly reduced. The initial element to diameter ratio in 

model 4 also differs from other models, as the element size is 3 mm as opposed to 2 mm. Model 4 has a 

slightly increased friction angle, which corresponds to the peak friction angle of LdB granite (Martin 

1993); however, in triaxial simulations, the mobilization of strength with increased confinement is 

excessive when compared to triaxial laboratory test results, as presented in Chapter 3, leading to a steeper 

triaxial envelope than that measured for LdB granite.  

Table 4-1: Calibrated input parameters and for upscaled UCS test Irazu simulations  

Model ID 1 2 3 4 

Element Size (mm) 2 2 2 3 

Irazu Unit System mm mm mm mm 

Load Rate (m/s, per platen) 0.1 0.1 0.1 0.03 

Poisson’s Ratio 0.22 0.22 0.22 0.18 

Young’s Modulus (GPa) 69 69 69 69 

Viscous Damping Factor 1 1 1 1 

Fracture Penalty, pf (GPa) 690 690 6900 690 

Normal Penalty, pn (GPa mm) 690 690 690 690 

Tangential Penalty, pt (GPa/mm) 690 690 690 690 

Cohesion, c (MPa) 40 34 44 30 

Tensile Strength, ft (MPa) 10 10 10 15 

Friction Coefficient, μ 1.28 1.28 1.54 1.7 

Mode I Fracture Energy, GfI (N/m) 10-3 10 10-3 2 

Mode II Fracture Energy, GfII (N/m) 10-3 150 10-3 20 

Calibrated to LdB triaxial envelope yes yes yes no 

Resultant UCS (MPa, at lab size) 214 212 211 206 
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4.2.2 Upscaling Procedure 

Simulations of UCS tests were gradually upscaled to examine strength decay effects. The input 

parameters listed in Table 4-1, acquired from calibration of standard sized models (150 mm × 60 mm), 

were implemented in a series of gradually upscaled and downscaled models, ranging from sizes of  

50mm × 20 mm to 2000 mm × 800 mm. In each class of model (Models 1 through 4), all input parameters 

are internally constant.  

Two approaches were taken to upscaling, to study different phenomenon, related to absolute element size 

and model size ratios. The first includes models where element size was also left constant, so that the 

effect of increasing element to diameter ratio could be examined. This upscaling approach is referred to as 

Constant Element Size (CES) upscaling. The CES approach is more analogous to scale effects in intact 

rock, where the number of grains in the same increases with size. The second upscaled the size of 

elements proportional to the sample size, so that the element to diameter ratio always remained the same, 

regardless of sample size, allowing for examination of the effect of magnitude of element size. This 

upscaling approach is referred to as proportional upscaling and Constant Ratio (CR) upscaling. 

In the work presented in this chapter, models were upscaled to a maximum size of 2000 mm × 800 mm. 

In CES models, computational time steeply increases with upscaling, as the number of elements 

increases. Computational times for select models are listed in Appendix C.  

 A schematic of both upscaling approaches is illustrated in Figure 4-3. The value of e1 illustrated in this 

figure corresponds to the element sizes listed in Table 4-1 for each class of models. The value of e2 is 30 

mm in fully upscaled models. The value of e2 is considered suitable for tunnel modelling, for an intended 

tunnel diameter of 3.5 m (Chapter 5), based on previous FDEM modelling work (Vazaios 2018, Vazaios 

et al. 2018). Dimensions of the element and sample size for both the CES and CR upscaling iterations, for 

Models 1 through 4 are listed in Table 4-2. It is noted that not all upscaled sizes are listed as complete for 

each class of models. Results from some simulations were discarded due to numerical instability, while 

other simulations were not completed due to time restraints.  
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Table 4-2: List of upscaled UCS test Irazu simulations 

 Sample Height × Width Element 

Size 

Model 1 Model 2 Model 3 Model 4 

C
o

n
st

an
t 

E
le

m
en

t 
S

iz
e 

50mm × 20mm, 2 mm ✓ ✓ ✓ × 

80mm × 32mm, 2 mm ✓ ✓ × × 

100mm × 40mm 2 mm ✓ ✓ × × 

150mm × 60mm 2 mm ✓ ✓ × ✓ 

300mm × 120mm 2 mm ✓ ✓ ✓ ✓ 

600mm × 240mm 2 mm ✓ ✓ ✓ ✓ 

900mm × 360mm 2 mm ✓ ✓  × 

1500mm × 600mm 2 mm ✓ ✓ × ✓ 

2000mm × 800mm 2 mm ✓ ✓ ✓ × 

P
ro

p
o

rt
io

n
al

 150mm × 60mm 2 mm × ✓ × × 

600mm × 240mm 8 mm × ✓ × × 

2000mm × 800mm 30 mm × ✓ × × 

 

 

Figure 4-3: Generalized gradual upscaling procedure for UCS test models  
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4.2.3 Elastic Scale Effects 

Scale effects on stiffness were examined for both constant element size upscaling and constant element to 

diameter ratio upscaling. All models in this section were run in the mm-based unit system. 

4.2.3.1 Constant Element Size Upscaling 

A qualitative examination of the results for the four CES upscaled models indicates that there is no major 

scale effect on stiffness (shown in Figure 4-4). In UCS simulations, the emergent Young’s modulus varies 

from 70.0 to 72.1 GPa. This result is consistent with other studies that show no scale effect on stiffness in 

UCS numerical simulations (Zhang et al. 2011, Walton 2017). 

While there is no noticeable elastic scale effect in simulations, a decay in stiffness is typically seen in 

upscaled UCS tests on intact rock. The Young’s modulus of LdB granite has been shown to decay to, and 

converge at, approximately 60 GPa for specimens 100 mm in diameter and wider (Jackson and Lau 1990, 

Yoshinaka et al. 2008).  The non-presence of this effect in elastic numerical simulations may be 

associated with minor material heterogeneities in physical intact rock (which are not present in 

numerically simulated rock) that causes an overall softening response which only has a significant impact 

in larger samples. 

4.2.3.2 Constant Ratio Upscaling 

To study elastic scale effects in CR upscaled UCS tests, the properties from Model 2 were implemented in 

three sizes. The UCS sample sizes included: standard laboratory scale size of 150 mm × 60 mm, with 2 

mm elements, an intermediate upscaled size of 600 mm × 240 mm, with 8 mm elements, and a fully 

upscaled size of 2000 mm × 800 mm, with 30 mm elements. The element to diameter ratio in the 

laboratory and intermediate sizes is 30:1 and is 27:1 for the fully upscaled size. The reduced ratio for the 

fully upscaled model is due to computational and time restraints and is considered in result interpretation.  

In the mm-based unit system, UCS simulations with Model 2 input properties do not lead to a stiffness-

scale effect, as shown in Figure 4-4.   
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Figure 4-4: Effect of increasing diameter size on Young's modulus in UCS test Irazu simulations 

 

4.2.4 Strength Scale Effect 

Scale effects on UCS were examined for both CES upscaling, and CR to diameter ratio upscaling. All 

models in this section were run in the mm-based unit system. 

4.2.4.1 Constant Element Size Upscaling 

In UCS test simulations, where element size, h:w ratio (2.5:1) ,and input parameters are constant, there is 

a general trend of decreasing strength with increasing model size. The models outlined in Table 4-1 were 

upscaled to final sizes of 2000 mm × 800 mm for Models 1 to 3, and 1500 mm × 600 mm for Model 4. 

Intermediately sized models were created to capture the gradual decay effect, and the sizes simulated are 

summarized in Table 4-2. 

There is variation in the magnitude of the strength decay effect captured in Models 1 through 4. The 

proportion of strength lost relative to the laboratory scale UCS (%UCSlab) at the final size for each model, 

compared to the Hoek-Brown (1980) predicted strength (%UCSlab) for intact rock at the same final size, 

are listed in Table 4-3.  
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Table 4-3: Magnitude of strength decay from upscaled UCS simulations, compared to UCSlab and 

the empirical Hoek-Brown (1980) strength scale relationship for intact rock 

Model ID Model 1 Model 2 Model 3 Model 4 

Sample Dimensions 
2000 mm × 800 

mm 

2000 mm × 

800 mm 

2000 mm × 

800 mm 

1500 mm × 

600 mm 

UCS at Upscaled Size 103 MPa 153 MPa 146 MPa 134 MPa 

% UCSlab at Upscaled Size 48% 72% 70% 67% 

% UCSlab at Upscaled Size, predicted 

by Hoek-Brown (1980) 
61% 64% 

 

A data regression analysis was completed to determine a curve of best fit for each model, as well as for all 

model combinations representing LdB granite in this upscaling study (Models 1 through 4 for all sizes 

listed in Table 4-2). The regression was completed using the least squares method, which utilizes the 

Pearson product moment correlation coefficient r, to solve for the coefficient of determination, R2. This 

data regression method is inherently linear; however, it can be modified for power and logarithmic curve 

fitting by manipulating the form of the representative equations as follows: 

𝑦 =  𝑥𝑏 → ln(𝑦) = ln( ) + 𝑏 ln(𝑥)                                 𝑦 =  ln(𝑥) + 𝑏 → 𝑒𝑦 = 𝑥𝑎𝑒𝑏 

Where a and b are constants. Pearson function based regressions are insensitive to curvilinear relations, 

and therefore the residual results (r and R2) should be interpreted with some caution. Residuals in this 

section are intended to be illustrative of relative differences in fit.  

The linear, logarithmic and power regressions for Model 1 through Model 4, and the combination of all 

Model sets, are summarized in Table 4-4 and are represented graphically in Figure 4-5 and Figure 4-6. 

Table 4-4: Linear, logarithmic, and power regressions for upscaled UCS test Irazu simulations 

 Model 1 Model 2 Model 3 Model 4 All Models 

Linear 
-0.0008d+1.018 

R2=0.9520 

-0.0004d+1.042 

R2=0.9037 

-0.0005d+1.012 

R2=0.4290 

-0.0005d+0.970 

R2=0.8639 

-0.0006d+1.019 

R2=0.7021 

Log. 
-0.151ln(d)+1.559 

R2=0.8737 

-0.097ln(d)+1.396 

R2=0.9680 

-0.157ln(d)+1.642 

R2=0.8035 

-0.143ln(d)+1.574 

R2=0.9930 

-0.132ln(d)+1.520 

R2=0.8013 

Power 
(41/d)0.203 

R2=0.8436 

(57/d)0.107 

R2=0.9547 

(59/d)0.176 

R2=0.7522 

(59/d)0.175 

R2=0.9980 

(50/d)0.161 

R2=0.7423 

Highest 

R2 
Linear Logarithmic Logarithmic Power Logarithmic 
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Figure 4-5: Graphical representation of linear, logarithmic, and power regressions for upscaled 

UCS test Irazu simulations (Model 1 through Model 4) 
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Figure 4-6: Graphical representation of linear, logarithmic, and power regressions for upscaled 

UCS test Irazu simulations (combined data of Model 1 through Model 4) 
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Section 4.3). While an attempt has been made to minimize sources of numerical instability, minor 
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linear relationships is non-trivial, as the rate at which predicted strength as size increases would tend to an 

unrealistic value of zero (0) vastly differs between non-linear and linear relationships. While it is difficult 

to model the relationship at increased sizes due to computational limitations, it is reasonable to assume 

that some asymptote for strength would occur. Therefore, the results of power regressions are selected for 

analysis, for ease of comparison with empirical power relationships (Hoek and Brown 1980, Yoshinaka et 

al. 2008). 

In intact rock, the scale effect is partially explained by an increasing number of grains, and thus potential 

failure pathways. For upscaled models with a constant element size, a direct comparison can be made to 

intact rock scale effects, taking elements as an analogue for grains. For this reason, the results of 

upscaling are compared with intact rock empirical strength-scale relationships. 

The upscaled strength prediction given by the Hoek-Brown scale relationship (Hoek and Brown 1980) for 

intact rock at 2000 mm height is 0.61UCS for the original formulation, and 0.63UCS when adjusted for 

an original modelled diameter of 60 mm, with a formula of: 

𝜎𝑐
𝜎𝑐60

= (
60

𝑑
)
0.18

 

In this formula, σc50 is substituted with σc60; however, both values are meant to represent the standard 

laboratory scale UCS, which is simulated in this work with dimensions of 150 mm × 60 mm. Using the 

modified equation and substituting the original Hoek-Brown exponent of 0.18 with 0.16 for k, as 

recommended for LdB granite (Yoshinaka et al. 2008), gives a predicted strength of 0.64UCS. When the 

Yoshinaka et al equation is adjusted for a 60mm diameter, the predicted strength is 0.66UCS. 

The power regression for the entire combined modelling dataset (Table 4-4) has the formula: 

𝜎𝑐
𝜎𝑐60

= (
50

𝑑
)
0.161

 

This formula matches closely with the Yoshinaka et al. equation (shown in Figure 4-9). Power regressions 

for each model, plotted with empirical strength-scale relationships for intact rock, are shown Figure 4-7. 
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The power regression fit lines, and upscaling data for Models 1 through 4 are presented in Figure 4-8. The 

power regression fit line for all combined modes is compared to empirical strength relationships for intact 

rock in Figure 4-9.  

 

Figure 4-7: Graphical representation of empirical strength scale relationship for intact rock, and 

power data regression trendlines for Models 1 through 4, and all models combined  
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Figure 4-8: Inferred power strength-scale relationship for upscaled UCS test Irazu simulations 

(Model 1 through Model 4) 

 

 

Figure 4-9: Inferred power strength-scale relationship for upscaled UCS test Irazu simulations 

(combined data of Model 1 through Model 4) and empirical strength-scale relationships for intact 
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4.2.4.1.1 Discussion of Element Size as a Basis for Strength-Scale Relationships 

Though originally formulated to correlate sample diameter and strength, scale relationships (Hoek and 

Brown 1980, Yoshinaka et al. 2008) can also be interpreted in terms of grain size. The original Hoek-

Brown relationship forms its basis on hard and mainly igneous rocks, including granite (Protodiakonov 

and Koifman 1963, Hoskin and Horino 1969), basalt, basalt-andesite lava, gabbro (Protodiakonov and 

Koifman 1963), norite (Bieniawski 1967) and quartz-diorite (Pratt et al. 1972), as well as marbles (Mogi 

1961, Protodiakonov and Koifman 1963), and limestone (Protodiakonov and Koifman 1963).  

The variation in grain size between these rock types makes the range of grain to diameter ratio in Hoek 

and Brown’s analysis very wide. The original data used by Hoek and Brown is not normalized for grain 

size and does not establish a mathematical relationship between grain size to diameter ratio, and UCS.  

Following the assumption that the grain to diameter ratio, rather than absolute size, should control 

strength, the standardized 50 mm diameter basis for the Hoek-Brown scale relationship could be replaced 

by a representation of the grain to diameter ratio. For the CES upscaling data, the data for each model was 

normalized for element to diameter ratio, and the modified power regression curves were created and are 

shown in Figure 4-10. The adjusted power regression curves for the normalized diameter are presented in 

the general form of the Hoek-Brown (1980) equation: 

 
𝜎 
𝜎 𝑙 𝑏

= (
𝑏
𝑑
)

𝑘

 

Where the base, b, for un-normalized data ranges from 41 to 59 (Table 4-4), the b for normalized data 

ranges from 20 to 30, as shown in Figure 4-8 and Figure 4-10, respectively. The value of σclab is 

equivalent to the UCS with standard laboratory dimensions. The exponent, k, obtained for the un-

normalized power regressions, provided in Table 4-4, is unchanged for each respective normalized 

regression shown in Figure 4-10. For Model 2 through Model 4, the base values, b, for each respective 

regression equation corresponds directly (Model 2 and Model 4) or approximately (Model 3) to that 

model’s initial element to diameter ratio, indicating some mathematical relationship between the base, b, 

and initial element to diameter ratio is possible. 
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Figure 4-10: Inferred power strength-scale relationship for upscaled UCS test Irazu simulations 

(Models 1 through 4), normalized for element to diameter ratio 

4.2.4.1.2 Fracture Patterns in Upscaled Simulations 

The fracture patterns at failure for upscaled UCS simulations are shown in Figure 4-11 through Figure 

4-18. In the FDEM, the gradual propagation of fracture is represented by a cohesive crack model (Section 

2.3.6.1). The specified fracture energies for each model determine the rate at which cracks break apart, 

after reaching a yield point determined by their tensile strength input (ft) or cohesion and friction inputs (c 

and μ). For Model 1 (Figure 4-11 and Figure 4-12) and Model 3 (Figure 4-15 and Figure 4-16), where 

fracture energies are set to unrealistically low values, gradual crack yielding is not represented. For Model 

2 (Figure 4-13 and Figure 4-14) and Model 4 (Figure 4-17 and Figure 4-18), progressive fracture can be 

observed as “yielding” progressing to “breaking”, as defined in each legend. 

Comparing fracture patterns at scale within each model set, crack accumulation appears to be more evenly 

distributed in smaller models (150 mm × 60 mm and 300 mm × 120 mm sizes). In large models, a single 

or double (X-shaped) shear band commonly occurs, with tensile cracks propagating axially.  

Differences in strength and fracture pattern do not occur in re-runs of the same model in which the input 

parameters are held constant; however, some differences occur when the timestep is varied.
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Figure 4-11: Fracture patterns in upscaled UCS test FDEM simulations with Model 1 input parameters, for sizes: 150 mm × 60 mm,  

300 mm × 120 mm and 600 mm × 240 mm, with 2 mm element size 
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Figure 4-12: Fracture patterns in upscaled UCS test FDEM simulations with Model 1 input parameters for sizes: 900 mm × 360 mm,  

1500 mm × 420 mm and 2000 mm × 800 mm, with 2 mm element size  
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Figure 4-13: Fracture patterns in upscaled UCS test FDEM simulations with Model 2 input parameters, for sizes: 150 mm × 60 mm,  

300 mm × 120 mm and 600 mm × 240 mm, with 2 mm element size  
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Figure 4-14: Fracture patterns in upscaled UCS test FDEM simulations with Model 2 input parameters for sizes: 900 mm × 360 mm,  

1500 mm × 600 mm and 2000 mm × 800 mm, with 2 mm element size  
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Figure 4-15: Fracture patterns in upscaled UCS test FDEM simulations with Model 3 input parameters, for sizes: 150 mm × 60 mm,  

300 mm × 120 mm and 600 mm × 240 mm, with 2 mm element size
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Figure 4-16: Fracture patterns in upscaled UCS test FDEM simulations with Model 3 input 

parameters, for size 2000 mm × 800 mm, with 2 mm element size 
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Figure 4-17: Fracture patterns in upscaled UCS test FDEM simulations with Model 4 input parameters, for sizes: 150 mm × 60 mm,  

300 mm × 120 mm and 600 mm × 240 mm, with 3 mm element size
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Figure 4-18: Fracture patterns in upscaled UCS test FDEM simulations with Model 4 input 

parameters, for size 1500 mm × 600 mm, with 3 mm element size 
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4.2.4.2 Constant Element to Diameter Ratio Upscaling 

To study strength scale effects in near-constant element to diameter ratio UCS tests, the input parameters 

from Model 2 were implemented in three sizes. The UCS sample sizes included: standard laboratory scale 

of 150 mm × 60 mm, with 2 mm elements, an intermediate upscaled size of 600 mm × 240 mm, with 8 

mm elements, and a fully upscaled size of 2000 mm × 800 mm, with 30 mm elements. The element to 

diameter ratio in the laboratory to intermediate and fully upscaled sizes are 30:1 and 27:1, respectively. 

In the mm-based unit system, UCS simulations with Model 2 input properties for constant ratio upscaling 

do not show a strength decay effect, as shown in Figure 4-19. The fracture patterns for these models are 

shown in Figure 4-20 and show no distinct change in fracture pattern or fracture mode with scale.  

Considering the SIF approach discussed in Section 2.5.2, where the stress near the crack tip is described 

as a function of crack length and applied stresses, it is noted that absolute size of the crack elements does 

not cause apparent weakening of the modelled material. The representation of crack strength in the Irazu 

software appears to be dependent on the number of crack elements forming a crack, rather than the 

physical length of the crack itself. 

 

Figure 4-19: Strength decay effect in FDEM UCS test simulations with model 2 properties, for 

constant element size and constant element to diameter ratio models 
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Figure 4-20: Fracture patterns in upscaled UCS test FDEM simulations with Model 2 input parameters, for sizes: 150 mm × 60 mm,  

600 mm × 240 mm and 2000 mm× 800 mm, with element sizes of 2 mm, 8 mm, and 30 mm respectively 
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4.2.5 Irazu Unit System Scale Effects  

The base units in all Irazu models are Length (L), Mass (M) and Time (T) units are m, kg, and s, 

respectively; however, it is possible to build models in four (4) available unit systems for modelling, as 

presented in Table 4-5. Typically, the mm-based unit system is used for laboratory scale models, the 

m-based system is used for excavation scale models, and the km-based system is used for extensive field 

scale models.  

Given the objective of the upscaling process presented in this work, it is necessary to either transition 

between mm-based and m-based unit systems at a certain model size, or to confirm that a single unit 

system is suitable for both laboratory and excavation scale simulations. The minimum element size for the 

laboratory scale models in this work is 2 mm (based on model setup calibration in Section 3.5.1). For 

tunnel scale models, the appropriate size of elements immediately surrounding the tunnel boundary is a 

few centimetres, based on continuum recommendations for brittle rock (Perras and Diederichs 2016), and 

previous FDEM work (e.g. Lisjak et al. 2015, Vazaios et al. 2018). The element size selected for tunnel 

modelling in this work is 3 cm (Chapter 5). 

To investigate the effect of the unit systems (m-based or mm-based) in Irazu, the properties of Model 2 

were adjusted for the m-based system. The tangential penalty, calibrated to 10E in the mm-based unit 

system was adjusted to 10,000E for the m-based system, based on the unit conversion of GPa/mm to 

GPa/m between systems. Though the same unit conversion applied to the normal penalty, pn, a reduction 

in penalty values below Young’s Modulus is not advisable (Geomechanica Inc. 2019), so pn was not 

reduced for these models.  

For clarity in the remainder of this section, the mm-based model will continue to be referred to as Model 

2, and the m-based model will be referred to as Model 2-SI. The properties of Models 2 and 2-SI are 

summarized in Table 4-6.  
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Table 4-5: Unit correspondence for Irazu FDEM models (Geomechanica Inc. 2018) 

Quantity Option 1 Option 2 Option 3 Option 4 

Length µm mm m km 

Time µs ms s ks 

Velocity µm/µs mm/ms m/s km/ks 

Acceleration µm/µs2 mm/ms2 m/s2 km/ks2 

Force fN µN N MN 

Stress/Pressure fN/µm2 µN/mm2 N/m2 kN/km2 

Fracture Energy fN/µm µN/mm N/m MN/km 

Kinetic Energy zJ nJ J GJ 

Density fg/µm3 µg/mm3 kg/m3 Tg/km3 

Viscous Damping fg/(µm·µs) µg/(mm·ms) kg/(m·s) Tg/(km·ks) 

Mass flow rate  fg/(µs) µg/(ms) kg/s Tg/ks 

Volumetric flow rate µm3/(µs) mm3/(ms) m3/s km3/(ks) 

Kinematic viscosity µm2/(µs) mm2/(ms) m2/s km2/(ks) 

Dynamic viscosity  Pa·µs Pa·ms Pa·s Pa·ms 

Permeability  µm2 mm2 m2 km2 

Mass flux  fg/(µm2µs) µg/(mm2ms) kg/(m2s) Tg/(km2ks) 

Volumetric flux  µm/µs mm/ms m/s km/ks 

 

Table 4-6: Input parameters for mm-based and m-based variations of Model 2 

Model ID 2 2-SI 

Element Size  2 mm 0.002 m (2 mm) 

Irazu Unit System mm m 

Load Rate (m/s, per platen) 0.1 0.1 

Poisson’s Ratio 0.22 0.22 

Young’s Modulus (GPa) 69 69 

Viscous Damping Factor 1 1 

Fracture Penalty, pf (GPa) 690 690 

Normal Penalty, pn (GPa mm) 690 690 

Tangential Penalty, pt (GPa/mm) 690 690,000 

Cohesion, c (MPa) 34 34 

Tensile Strength, ft (MPa) 10 10 

Friction Coefficient, μ 1.28 1.28 

Mode I Fracture Energy, GfI (N/m) 10 10 

Mode II Fracture Energy, GfII (N/m) 150 150 

Calibrated to LdB triaxial envelope yes no 

Resultant UCS (MPa, at lab size) 212 - 
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4.2.5.1 Tangential Penalty Scale Effects 

The relationship between emergent UCS and element size in m-based unit system simulations has 

recently been discussed by Geomechanica Inc. Recent information provided by Geomechanica Inc. 

(Mahabadi and Tatone 2019) on calibration of 2D models demonstrates that the UCS is dependent on the 

tangential penalty in m-based unit system models, and that the ideal value of the tangential penalty 

increases for decreased element size. The suggested relationship between tangential penalty and element 

size for the m-based unit system models is presented in Figure 4-21. According to this relationship, the 

tangential penalty required for an element size of 2 mm is greater than 105 E; however, a penalty value of 

a magnitude of 105 E would necessitate a significant decrease in timestep size to maintain numerical 

stability. 

The models presented in this section were completed before the tangential penalty scale effect was 

communicated by Geomechanica Inc. The tangential penalty is constant for all simulations in this section. 

 

Figure 4-21: Relationship between tangential penalty, pt, and element size in m-based unit system 

Irazu 2D models to achieve an ideal emergent UCS as suggested by Geomechanica Inc.  

(from Mahabadi and Tatone 2019)  
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4.2.5.2 Elastic Scale Effects 

A qualitative examination of the results of the upscaled models with input parameters corresponding to 

Model 2-SI indicates a major scale effect in the m-based unit system. Though element to diameter ratio in 

the three sizes of UCS simulation were held relatively constant (with the exception of the largest size 

having a 27:1 ratio), the elastic response varies, as shown in Figure 4-22. The target values for Young’s 

Modulus and Poisson’s Ratio are 72.5 GPa and 0.283, respectively (determined in Section 3.3.2). A 

largest absolute element size gives a stiffer response, with a Young’s Modulus of 70.1 GPa, and a 

Poisson’s Ratio of 0.275. This effect varies from the observed elastic behaviour in the four constant 

element size upscaled models and indicates that penalty value inputs are unique to element size. Though 

Figure 4-21 strictly describes strength response, it is reasonable to assume that elastic response is also 

affected, since the tangential penalty controls lateral movement between elements.  

 

 

Figure 4-22: Effect of simultaneously increasing diameter and element size (constant ratio) on 

unconfined Young's Modulus and Poisson’s Ratio in FDEM UCS simulations using the m-based 

unit system 
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4.2.5.3 Strength Scale Effects 

The strength response for constant element to diameter ratio upscaling using the m-based unit system, 

with input parameters corresponding to Model 2-SI,  shows a strength increase effect as the absolute size 

of the elements and specimen increases, as shown in Figure 4-23. This effect differs from that which 

occurs using the mm-based unit system, where absolute element size does not impact strength, if element 

to diameter ratio remains constant (shown in Figure 4-23 for comparison). This effect is likely linked to 

the tangential penalty, which remains constant for all simulations. Adjusting the tangential penalty for 

each simulation based on element size could theoretically allow each model to be calibrated to the same 

strength; however, this becomes unrealistic for element sizes on the scale of millimeters, as a significant 

decrease in timestep would be required, leading to impractically long model run times.  

 

Figure 4-23: The relationship between emergent UCS and sample size, for constant element to 

diameter ratio in FDEM UCS test simulations in mm-based and m-based unit systems. 
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A set of input parameters calibrated in the m-based unit system were used to study the strength-scale 

relationship in CES upscaled UCS test simulations. As demonstrated in Chapter 3, calibration of FDEM 

models is non-unique. Sixteen (16) combinations of parameters which produce the same emergent UCS 

and BTS in the m-based system are displayed in Figure 4-24. The input parameters selected from these 

combinations and resultant emergent UCS for calibrated laboratory scale simulations are listed in Table 

4-7, and is referred to as Model 5-SI. 

For constant element size upscaled simulations, a strength decay effect can be observed as sample size, 

and thus element to diameter ratio increases. This effect is shown in Figure 4-25. Examining the upscaling 

strength data from m-based simulations, a power relationship, as inferred for mm-based simulations, is 

not apparent, and a linear relationship seems more appropriate for the data range available.  

 

Table 4-7: Input parameters for constant element size upscaling using the m-based unit system 

Model ID 5-SI 

Element Size (mm) 2 

Irazu Unit System m 

Load Rate (m/s, per platen) 0.1 

Poisson’s Ratio 0.22 

Young’s Modulus (GPa) 69 

Viscous Damping Factor 1 

Fracture Penalty, pf (GPa) 690 

Normal Penalty, pn (GPa mm) 690 

Tangential Penalty, pt (GPa/mm) 690 

Cohesion, c (MPa) 85 

Tensile Strength, ft (MPa) 10 

Friction Coefficient, μ 1.7 

Mode I Fracture Energy, GfI (N/m) 5 

Mode II Fracture Energy, GfII (N/m) 100 

Calibrated to LdB triaxial envelope No 

Resultant UCS (MPa, at lab size) 198 
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Figure 4-24: Combinations of parameters c, ft, GfI and GfII which produce a resultant UCS of 

200 MPa, and a resultant BTS of 10 MPa in the m-based system 

 

Figure 4-25: Strength-scale relationship in m-based unit system UCS test FDEM simulations, 

compared to mm-based unit system strength-scale relationships   
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Fracture patterns for m-based upscaled simulations corresponding to the data presented in Figure 4-25 are 

shown in Figure 4-27, Figure 4-28, and Figure 4-29 for various simulated specimen sizes. Examining the 

fracture pattern for m-based simulations, a consistent trend is observed for all sizes. Failure begins 

through the development of shear planes, typically originating from the specimen-platen contact. This is 

different from fracture patterns in mm-based models, which typically originate within the specimen. 

Shear planes are inclined at 45° to 60°. After shear plane development, tensile cracks extend axially from 

the shear planes through the specimen.  

Though shear planes are not uncommon in laboratory testing as a failure mode for granite UCS tests, the 

inclinations of the planes in the upscaled models indicates that the friction angle specified in the models 

(ϕ=59°), is not fully activated. The analytical solution for the angle (θ) of the critical failure plane in a 

laboratory specimen is: 

𝜃 = 45 +
𝜙

2
 

Based on this formula, the expected angle of the failure plane is approximately 75°. The expected angle of 

failure for a sample with no mobilized friction is approximately 45°. Though specifying the angle of 

failure can be subjective, and based on observation, the predominance of 45-60° shear planes indicates 

that friction does not mobilize in these models. Additionally, a higher than expected cohesion input value 

is required to obtain a UCS of approximately 200 MPa in the laboratory scale simulation. This indicates 

that the shear strength of the modelled material with the input parameters listed in Table 4-7 is fully 

dependent on cohesion due to the non-mobilized friction. 

To confirm this theory, triaxial test FDEM simulations were run, using the same input properties specified 

for Model 5-SI. The compressive strength envelope obtained from these tests is shown in Figure 4-26. 

As noted in Section 4.2.5.1, a higher tangential penalty is required for smaller element sizes in m-based 

models.  It is possible that friction could be mobilized in m-based models with a sufficiently large 

tangential penalty, but due to computational and time limitations this has been excluded from this work. 
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Figure 4-26: Compressive strength envelope obtained from m-based UCS and TCS test FDEM 

simulations, showing a shallower than expected angle of increased strength with confinement. An 

effective angle of internal friction of approximately 10° is back calculated from these results, 

indicating that the specified friction component (59°) is not mobilized 
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Figure 4-27: Fracture patterns in upscaled UCS test FDEM simulations with Model 5-SI input parameters, for sizes: 0.15 m × 0.06 m,  

0.3 m × 0.12 m and 0.45 m × 0.18 m, with 0.002 m element size  
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Figure 4-28: Fracture patterns in upscaled UCS test FDEM simulations with Model 5-SI input parameters, for sizes: 0.6 m × 0.24 m,  

0.9 m × 0.36 m and 1.2 m × 0.48 m, with 0.002 m element size  
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Figure 4-29: Fracture patterns in upscaled UCS test FDEM simulations with Model 5-SI input parameters, for sizes: 1.35 m × 0.54 m,  

1.5 m × 0.6 m and 2.0 m × 0.8 m, with 0.002 m element size 
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4.2.6 Calibration of Upscaled Element Size for Tunnel Modelling 

To determine input parameters that can be used in tunnel modelling, the scaled strength of UCS test 

simulations with a size of 2000 mm × 800 mm in the mm-based unit system is used as a calibration target 

for UCS test using the m-based unit system. This cross-calibration between unit systems is done in order 

to acquire appropriate input parameters for tunnel modelling. The CES (Section 4.2.3.1) scaled strength 

for a sample of 2000 mm × 800 mm ranged from 48% to 72% of the laboratory scale UCS in mm-based 

FDEM simulations (Table 4-3). The overall power regression (Table 4-4) of the data gives a value of 64% 

of the laboratory scale UCS.  

The m-based unit system is generally considered to be appropriate for tunnel modelling (Geomechanica 

Inc. 2018), and thus a UCS test calibration process in the m-based system was completed for a 2.0 m × 

0.8 m UCS model with 0.03 m elements following the steps provided in Chapter 3. The tangential penalty 

in these m-based calibration simulations was increased by three (3) orders of magnitude from the default 

value of 10E. The rationale for this increase is discussed in Section 4.2.5. Figure 4-30 shows 

combinations of input parameters for these simulations, and emergent UCS values. Parameter 

combinations as a starting point for tunnel modelling within the range of 48% to 72% UCS can be 

selected from this chart. 

.  

Figure 4-30: Emergent UCS values for m-based FDEM simulations with 2.0 m × 0.8 m dimensions, 

and an element size of 0.03 m 
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4.3 Guidelines for Upscaling Irazu FDEM Models 

There is no available literature on implementing an upscaling process in FDEM models, meaning that the 

work presented here does not have a precedent for comparison. Instead, the results are compared with 

pseudo-discontinuum FEM scale effects, and intact rock scale effects.  

The default setup of the mm-based unit system is well suited to simulating laboratory scale tests with 

standard dimensions and grain scale elements, such as UCS, BTS and TCS tests (Tatone and Grasselli 

2015). The transition from laboratory scale simulations to excavation scale simulations poses challenges 

in maintaining numerical stability. In CES upscaling (Section 4.2.3.1), results for larger simulations come 

at increased computational costs. As model size increases, the number of elements, and thus 

computational time, exponentially increases. The issues listed in the following sections are common to 

upscaled Irazu FDEM models, in both CES and CR approaches. 

4.3.1 Velocity Oscillations  

Numerical instabilities refer to the result of the Irazu computational engine being unable to perform one 

of its core capabilities (Geomechanica Inc. 2018). Numerical instabilities can present in the form of 

velocity oscillations, which can occur in a few elements (locally), or throughout the entire model 

(globally). While global velocity oscillations can typically be eradicated by reducing the timestep, 

localized velocity oscillations are relatively independent of timestep size. In the modelling completed for 

this thesis, localized velocity oscillation occurred most often in models with many elements. Beyond 

timestep effects, localized velocity oscillations are most instinctively explained by mesh irregularities; 

however, visual inspection of the mesh elements gives no obvious indication of irregularity. As fracture 

often initiates from the location of velocity oscillations, a numerical scale effect is possible in CES 

upscaling. Attempts to eradicate localized velocity oscillations in upscaled UCS simulations were 

unsuccessful and led to the exclusion of approximately 10-20% of the upscaled UCS simulation results, 

leading to inconstancies in the amount of upscaling data available for each combination of input 

parameters. The root cause of this issue should be addressed at a software level. 
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4.3.2 Tangential Penalty and Non-Mobilization of Friction 

It has been established that the tangential penalty in the m-based unit system creates a numerical scale 

effect. The tangential penalty must be modified based on element size in the model, as shown in  

Figure 4-21 (Tatone and Grasselli 2015). Maintaining a constant tangential penalty through the upscaling 

process leads to non-mobilization of friction in models, as discussed in Section 4.2.5.3. For laboratory 

scale simulations, the recommended tangential penalty of greater than 105E in the m-based system and the 

associated computational requirements of a reduced timestep to maintain numerical stability, will in most 

cases result in calibration within the mm-based unit system. For excavation scale models in the m-based 

system however, the penalty must often still be modified based on element size. It is notable that the 

combinations of element size and tangential penalty selected in recent tunnel-scale FDEM modelling 

work of LdB granite (Vazaios et al. 2018), does not produce a mobilization of friction. Instead, failure 

occurs in UCS models by the initiation of shear planes inclined at 45-60°, with tensile cracks extending 

axially from the shear planes, similar to the results presented in Section 4.2.5.3.  

4.3.3 Timestep Adjustments 

For models with adjusted penalty values (pf, pn and pt) higher than the program default, a timestep 

adjustment is often required to maintain numerical stability. Some guidance is provided in the Irazu 

manual (Geomechanica Inc. 2018); however, a trial-and-error method is typically required to find the 

maximum timestep which maintains numerical stability of the simulation. Suitability of the timestep size 

is determined by examining model velocities and stress strain relationships. Velocity oscillations 

throughout the entire model indicate that the timestep must be reduced. Oscillations in the stress-strain 

curve in UCS simulations also indicate that the timestep must be reduced. Both these effects should be 

examined as part of each calibration process for FDEM models.  
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4.4 FEM Models for Upscaled UCS Test Simulations 

The pseudo-discontinuum approach in the FEM software RS2 (RocScience 2019: version 10.0), discussed 

in Chapter 3, was used for verification of FDEM upscaling results. As post-peak behaviour in pseudo-

discontinuum FEM models is not meaningful, and no loss of strength occurs at failure, the accumulation 

of cracks in pseudo-discontinuum FEM models, rather than the stress response at failure, are used as an 

approximate verification tool. FEM upscaling results are compared to the results obtained from FDEM 

upscaling for both CES and CR approaches. Input parameters for all models are listed in Table 4-8 and 

are closely equivalent to the input parameters used in Model 2 (mm-based) of the Irazu simulations.  

Table 4-8: Input parameters for pseudo-discontinuum RS2 UCS test simulations 

Input Parameter Value 

Material Model Elastic 

Poisson’s Ratio 0.22 

Young’s Modulus (GPa) 69 

Joint Model Mohr-Coulomb 

Joint Peak Cohesion (MPa) 40 (cr=0) 

Joint Peak Tensile Strength (MPa) 10 (Tr=0) 

Joint Peak Friction Angle, ϕi (°) 52 (ϕr=0)  

Joint Normal Stiffness, Kn (GPa/m) 6.9×106 

Joint Shear Stiffness, Ks (GPa/m) 6.9×106 

4.4.1 Constant Trigon Size Upscaling 

The strength scale effects in Irazu models discussed in Section 4.2.4 are verified by RS2 models with 

potential fracture pathways composed of trigon joint elements. The absolute average length of the trigons 

remains constant, as the UCS test specimen dimensions increase (analogous to the CES upscaling 

approach). Strength results are compared for UCS test simulations with specimen sizes of 150mm × 60 

mm and 300 mm × 120 mm, and with an average trigon joint length of 2 mm. As discussed in Chapter 3, 

it is difficult to capture UCS using the pseudo-discontinuum approach in RS2; however, the axial stress-

strain curves and crack accumulations can be examined and compared between models (shown in Figure 

4-31). 
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Figure 4-31: Axial stress strain curves for RS2 UCS test simulations of sizes 150mm × 60 mm and 300 mm × 120 mm, with 2 mm trigon 

joint elements. 

0

50

100

150

200

250

300

0.00% 0.10% 0.20% 0.30% 0.40% 0.50%

A
xi

al
 S

tr
es

s 
(M

P
a)

Axial Strain (%)

150mm 300 mm

300 mm x 120 mm150 mm x 60 mm

1st crack 150 mm @ 95 MPa

1st crack 300 mm @ 70 MPa M
o

d
el

s 
@

 1
95

 M
P

a



 

 

 

163 

The elastic portion of axial stress-strain curves are not dependent on trigon to diameter ratio, indicating 

that the joint stiffness parameters (Kn and Ks) used are large enough to not reduce the overall stiffness of 

the simulated specimen in UCS tests. Trigon to diameter ratio appears to influence the strength at which a 

critical amount of cracks accumulate in simulated UCS specimens. A larger accumulation of cracks 

occurs in the larger model at equivalent stress, indicating a strength-scale effect Examining the fracture 

patterns in Figure 4-31, for an applied axial stress of 195 MPa, it is apparent that the 300 mm × 120 mm 

specimen has accumulated enough cracks to experience fracture (failure at UCS) in a true discontinuum 

model; however, in this FEM model, only a slight axial stress reduction occurs, as the frictional strength 

of unfractured joint elements continues to contribute to strength. The 150 mm × 60 mm specimen shows 

significantly less crack accumulation, and UCS is not apparent. The first initiation of cracking occurs at 

an earlier stress in the 300 mm × 120 mm specimen, compared to the 150 mm × 60 mm specimen. 

4.4.2 Constant Trigon to Diameter Upscaling 

To study scale effects in proportionally upscaled UCS tests, the properties from Table 4-8 were 

implemented in for a 150 mm × 60 mm model with 2 mm trigon elements, and a 1500 mm × 600 mm 

model with 20 mm trigon elements. Comparing the axial stress strain curves and crack accumulations at 

200 MPa axial stress, there is no apparent numerical stiffness-scale or strength-scale effect based on 

absolute joint element size. 

4.4.3 Comparison of Pseudo-Discontinuum FEM and FDEM Models 

The FDEM simulations of upscaled UCS tests in the mm-based system show a strength-scale effect in 

CES upscaled models, similar to that seen in intact rock (Hoek and Brown 1980, Cunha 1990, Yoshinaka 

et al. 2008). Pseudo-discontinuum FEM models following the CES approach appear to also show a 

strength decay effect; however, a sufficient number of models were not completed in this work for a 

quantitative comparison of FDEM and FEM trends in strength decay. Numerical scale effects observed in 

the m-based system in the FDEM (i.e. tangential penalty vs element size and mobilization of friction) are 

not apparent in FEM models.   
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Figure 4-32: Axial stress strain curves for RS2 UCS test simulations of sizes 150mm × 60 mm and 1500 mm × 600 mm, with 2 mm and 20 

mm trigon joint elements, respectively. No strength-scale relationship is indicated.
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4.5 Summary and Conclusions 

The work presented in this chapter examines scale effects occurring in UCS simulations, using both the 

FDEM and pseudo-discontinuum FEM. These scale effects are not intended to mimic those observed in a 

rockmass, where the occurrence of joints and structure can decrease the overall strength at scale. The 

equivalency of scale effects in models of gradually increasing size to the intact rock scale effect is 

examined. Purely numerical scale effects associated with the FDEM are also examined through 

proportional (constant element to diameter ratio) upscaling. 

4.5.1 Elastic Scale Effects in FDEM Models 

The stiffness-scale relationship in gradually upscaled UCS test FDEM simulations is presented in Section 

4.2.3 (mm-based system) and 4.2.5.2. (m-based system). 

Elastic scale effects are not present in upscaled FDEM simulations completed using the mm-based unit 

system. Elastic penalty values (pf, pn and pt) can be calibrated at a laboratory scale, using the process 

outlined in Chapter 3, based on Tatone and Grasselli (2015). The effect of elastic penalty values on axial 

and lateral stiffness response does not vary with scale. This is true for both constant element size 

upscaling, where the dimensions of the simulated sample are increased, but the element size remains the 

same, and proportional upscaling, where dimensions and element size are increased at the same rate 

(element to diameter ratio remains approximately the same). 

A notable scale effect associated with the penalty values occurs when using the m-based unit system as 

the same input parameters result in a simulated elastic response which becomes stiffer as element size is 

increased. This scale effect is numerical, and only occurs in the m-based unit system. The effect specified 

here is only proven (in this work) for simulated specimen dimensions ranging from 0.15m × 0.06 m to 2.0 

m × 0.8 m, with element sizes ranging from 0.002 m to 0.03 m; however, information communicated by 

Geomechanica Inc. (Figure 4-21) provides data that indicates a scale effect for element sizes ranging from 

approximately 1-2 cm to 100 m.   
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4.5.2 Strength Scale Effects in FDEM Models 

The strength-scale relationship in as determined through gradually upscaled UCS test FDEM simulations 

is presented in Section 4.2.4.1 and summarized in the sections below. 

4.5.2.1 Constant Element Size Upscaling (mm-based system) 

Four (4) sets of input parameters (Model 1 through Model 4) are implemented in the constant element 

size upscaling process, run in the mm-based unit system. It is notable that while all four sets of input 

parameters produce the same UCS and BTS values, all behaviours (e.g. fracturing modes, described in 

Chapter 3) are not considered to be equivalent. While each set of parameters is considered reasonably 

equivalent to LdB granite, each set produces a fundamentally different modelled material.  

Determining the distinct scale effects of each input parameter is challenging, as the scale effects for only 

four (4) parameter combinations have been studied, and each parameter has not been independently 

varied. Given the results of upscaling Model 1 and Model 2 (mm-based system), there appears to be some 

indication that reducing fracture energies leads to a more prominent strength decay scale effect (shown in 

Figure 4-8); however, this relationship could be explored in further work. Other variations of parameters 

for upscaling include the variation of fracture penalty (Model 3); however, a significant conclusion on any 

numerical scale effects induced by the fracture penalty cannot be determined based on the modelling data. 

Overall, constant element size upscaled modelling results indicate some non-linear decay of strength, as a 

function of model dimensions. While data regressions performed cannot definitively determine the 

mathematical nature of the relationship, either power or logarithmic equations best represent the trends of 

the data.  

Empirical relationships for intact rock (Hoek and Brown 1980) and for LdB granite (Yoshinaka et al. 

2008) are a close fit to the modelling data. Though there is variation in the trend and quality of data 

regressions for each upscaled model set with consistent combinations of parameters (Model 1 through 

Model 4), the power relationship which best fits all upscaling data points combined, closely approximates 

the Yoshinaka et al. equation for LdB granite. Both equations are as follows: 
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Yoshinaka et al. scaling equation for intact LdB granite:    
𝜎𝑐

𝜎𝑐50
= (

50

𝑑
)
0.16

 

Power data regression of upscaled simulations of UCS tests on LdB granite: 
𝜎𝑐

𝜎𝑐50
= (

50

𝑑
)
0.161

 

Where σc is the intact UCS at a given diameter, d, and σc50 is the intact UCS for a standard sizes 

laboratory specimen. The form of both equations is based on the Hoek-Brown (1980) scaling relationship 

for intact rock (Figure 4-1). 

4.5.2.2 Constant Element Size Upscaling (m-based system) 

A strength-decay relationship is also indicated for m-based unit system upscaled models. A set of input 

parameters (identified as Model 5-SI) which accurately simulate the UCS and BTS of LdB granite was 

implemented in gradually upscaled UCS models, (Section 4.2.5.3) following the same process 

implemented in the mm-based system. The strength decay effect appears to follow a more linear trend 

than the mm-based upscaled models, though magnitude of strength decay is similar (compared in  

Figure 4-25). 

A numerical strength-scale effect is also present in the m-based system. The input parameters used in 

Model 5-SI gives a result which does not fully mobilize the input friction angle of 59°. This is proven 

through a series of TCS simulations which give an angle of internal friction of approximately 10°. This 

value is back calculated from the simulated triaxial envelope (Figure 4-26). The speculated cause of the 

non-mobilization is the tangential penalty, which has recently been demonstrated to be length dependent 

(Mahabadi and Tatone 2019). The possibility of a rounding error of the specified element length, 

occurring in the Irazu computational engine in the m-based system has also been suggested (Mahabadi 

2019 pers. comm.). On an elemental level, before friction can take effect, the tangential stress must reach 

a critical value, determined by the specified friction angle and the normal stress; however, the 

accumulation of tangential stress before this value is reached is a product of the tangential penalty and 

element length (Figure 2-6 in Section 2.3.5.2). Therefore, a rounding down of element length, or a too 

low tangential penalty, both lead to the same condition of non-mobilization of friction.   
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It can therefore be concluded that in the m-based system, a strength-scale effect based on element to 

diameter ratio, similar to that observed in the mm-system and in intact rock, and a numerical scale effect 

due to non-mobilization of friction, are both present. 

4.5.2.3 Proportional Upscaling (mm-based system) 

Numerical scale effects of length dependent parameters were investigated through proportional constant 

element to diameter ratio) upscaling. Element size in models was increased from 2 mm to 30 mm, 

proportional with specimen dimensions, and the same result is achieved regardless of absolute size of the 

elements and simulated specimen.  

4.5.2.4 Proportional Upscaling (m-based system) 

The proportional upscaling process implemented for the mm-based system was also implemented in the 

m-based system. In m-based system simulations, an opposite scale effect from constant element size 

upscaling occurs. As absolute size of the elements and simulated specimen increase, the UCS increases. 

With consideration of the scale effects attributed to the tangential penalty, and the lack of strength-scale 

relationship in proportionally upscaled mm-based simulations, it can be concluded that this scale effect is 

purely numerical, and specific to the m-based unit system. 

4.5.3 Contribution to the Stepwise Verification Process 

This chapter comprises the upscaling portion of the stepwise verification process. The stepwise 

verification process for the FDEM requires simulation of equivalent behaviour using multiple methods. 

Although similar trends in strength decay with increasing element (or trigon) to diameter ratio occur in 

both Irazu and RS2 models of UCS tests, full verification of the stiffness-scale and strength-scale 

relationships observed in FDEM models is not achieved. The use of a block based equivalent FDM/DEM 

model (e.g. UDEC) would act as a supplementary verification tool for the upscaled models, as the crack 

propagation and material detachment aspects of the FDEM are not captured in RS2 pseudo-discontinuum 

models.   
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Chapter 5 

A Multi-Method Stepwise Verification Approach for  

Simulating Damage around Tunnels in Brittle Rock  

5.1 Introduction 

Stresses that exist in undisturbed rock are related to the weight of overlying material and the geological 

conditions (Hoek and Brown 1980). The excavation of underground openings in rock creates a disruption 

in the stress field, and a new set of stresses are induced in the rock surrounding the opening. The 

magnitudes and directions of induced stresses are related to the in situ stress conditions, the characteristics 

of the rockmass, such as material anisotropy and heterogeneity, and the geometry of the excavation. In 

underground excavation design, an understanding of these induced stresses is essential, as the strength of 

the rock surrounding the excavation may be exceeded, creating instability, and potentially compromising 

the integrity of the excavation (Hoek 2007). 

The mechanical stability of the rockmass surrounding underground excavations is paramount in 

underground excavation design. In civil and mining underground construction projects, understanding the 

ground conditions leads to optimized construction procedures and support design. Failure to mitigate 

ground problems can lead to significant project delays. Numerical modelling tools, combined with 

previous personal experiences, and analytical and empirical solutions, improve underground excavation 

design by facilitating the prediction of ground behaviour. Numerical methods are used to assess both 

gravity driven (structural) failure, and stress driven (shear or brittle) failure. For underground excavations 

intended for human use and operation (e.g. underground mines, rail tunnels, and hydro-electric caverns), 

numerical models aid in assessment of stability and the design of ground support systems. For ultra-long-

term underground excavations, such as DGRs for nuclear waste storage, numerical models allow for the 

assessment of mechanical stability and the development of the excavation damage zone under varying 

ultra-long-term conditions, such as tectonic and glacial stresses.  
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5.1.1 Underground Excavation Design 

Challenges in geotechnical design of underground excavations vary. Many excavations are designed with 

very short lifespans with respect to geologic time. Mining infrastructure is designed for temporary use 

while civil infrastructure is designed with a life span of 50 – 100 years. 

Excavations in mining are generally designed to maintain stability in the short term, where the duration of 

intended use is related to the time required to extract the material of interest. Temporary mine openings, 

such as stopes and pillars, do not require long-term support; however, after significant mine development 

has occurred, these are often constructed in highly complex stress fields, and face major instability 

problems. Design of these excavations is aided by data collected in the earlier stages of mining and may 

require more sophisticated and rigorous ground control, compared to earlier stages (Hoek et al. 1995).  

 Larger mining excavations, such as shafts, shaft stations, haulages, ramps, ore-passes, underground 

crusher chambers, underground garages, electrical substations and refuge stations, are intended to last for 

the life of the mine, typically at least a few decades, and thus are designed to sustain large deformations 

due to changes in the stress field as the mine develops.  

Civil engineering tunnels and caverns, such as road and railway tunnels, rail stations, hydro-electric 

generating stations, civil defence chambers, and underground storage caverns, have typical lifespans of  

50 – 100 years (Hoek and Brown 1980). These excavations require rigorous permanent support systems, 

as many of these excavations are for public use, and typically any form of instability cannot be tolerated. 

Many civil engineering excavations allow for ongoing access and maintenance throughout their lifetime.  

Ultra-long-term underground excavations, such as DGRs for nuclear waste storage, are designed to 

outlast human intervention. Due to their lifespan, typical “permanent” ground support measures, such as 

concrete liners are not alone considered sufficient for maintaining stability, as these excavations are 

inaccessible for maintenance and repair. The physical stability of the rock surrounding the excavation is 

therefore paramount in excavation design. Considering the ultra-long-term lifespan of these excavations, 

changes in tectonic and glacial conditions can be expected, introducing an additional design variable of a 

changing in situ stress field. 
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The required lifespan of underground excavations can often be correlated to the resources allocated to its 

development, including investigation and design efforts. While mining operations cannot typically justify 

high levels of investigation for single sites, large-scale projects, such as power generating stations can 

include years of research and development. Due to the implications of ultra-long term underground 

nuclear waste storage, the process of site characterization, and research and development of new and 

existing technologies for DGR design can take decades.  

5.1.2 Numerical Representation of Brittle Failure around Underground Excavations 

As described in Section 2.4, instability of hard rockmasses near excavations can be broadly divided into 

two categories: structurally controlled, gravity driven fallout, and strength controlled, or stress driven 

rockmass yield. Moderately jointed rockmasses typically experience block fallout. This type of failure is 

particularly problematic under low confinement, where blocks are not “locked in” by surrounding 

material. Gravity driven failure is also present in heavily fractured rockmass and can occur as unravelling 

and chimney failures. 

 Stress driven failure is dependent on the characteristics of the rockmass. Shear failure occurs as 

squeezing or swelling, in disturbed and low strength intact rock, especially under high stress conditions.  

In contrast to shear failure, brittle stress driven failure occurs in high strength intact rock under high 

stress. Stress driven brittle failure, in the form of spalling or strain bursting, can be expected where 

massive to blocky rockmass conditions coincide with high in situ stresses (Described in Section 2.4.1). 

The response of brittle rockmass to an induced stress field due to excavation is controlled by confinement 

reduction and tensile damage. Brittle failure occurs by the accumulation and propagation of micro and 

macro cracks, which are difficult to model using conventional, shear-based, continuum modelling tools.  

Advancements in the last decades have led to the development of a framework for designing deep tunnels 

in brittle rock (e.g. Martin et al. 1999, Kaiser 2006, Diederichs 2007). Various numerical methods have 

been used to assess brittle fracturing around underground excavations, including continuum techniques 
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(Hajiabdolmajid et al. 2002, Diederichs 2007), DEM techniques (e.g. Potyondy and Cundall 2004, Shin 

2010), and combined FDEM techniques (e.g. Lisjak et al. 2014).  

Continuum techniques recognize that brittle failure occurs through tensile damage under low confinement 

and are based on decreasing the cohesional component and increasing the frictional component.  

Discontinuum methods (DEM and FDEM) for representing brittle behaviour allow for the explicit 

representation of fracture development and propagation.  

5.1.3 Case Study: AECL’s Mine-by-Experiment 

The Underground Research Laboratory (URL), constructed between 1983 and 1989, was commissioned 

by Atomic Energy of Canada Limited (AECL), and is located approximately 120 km NW of Winnipeg, 

Manitoba, Canada, within the Canadian Shield in the Lac du Bonnet (LdB) granite batholith. The 

mechanical properties of the LdB granite as determined from samples taken near surface (0-200 m) at the 

URL, based on testing by Martin (1993), are listed in Table 5-1.  

The URL provides a well-characterized and well-documented in situ environment of a relatively 

undisturbed rockmass (Hajiabdolmajid 2001), which has been significant in the field of brittle rock 

behaviour research. The objective of the experiment was to investigate brittle failure processes under well 

studied and understood conditions, and to act as a proxy to assess predictive capability of numerical 

models by capturing the geometry of brittle failure (Hajiabdolmajid et al. 2002). 

 

Table 5-1: Experimental values (average value and range) of mechanical properties of intact  

Lac du Bonnet granite (Martin 1993) 

Mechanical Property Value 

Young’s Modulus, E (GPa) 69 ± 5.8 

Poisson’s Ratio, ν  0.26 ± 0.04 

Unconfined Compressive Stress, UCS (MPa) 200 ± 22 

Tensile Strength (MPa) 9.3 ± 1.3 

Peak Friction Angle (°) 59 

Crack Initiation Stress (CI) (MPa) 90 

Crack Damage Stress (CD) (MPa) 172 
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The mine-by-experiment test tunnel was constructed as a circle with a diameter of 3.5 meters at a depth of 

420 meters (Chandler 2003). The rockmass at the 420 level can be considered a relatively fracture free, 

massive LdB granite. The LdB granite at in the vicinity of the test tunnel can be classified as hard, 

massive, and brittle, which at some extent can be assumed to be homogeneous and isotropic. 

The 420 level of the URL is located within a stress domain where the horizontal stress ratios are relatively 

high when compared with other areas of the URL. The measured stresses are listed in Table 5-2. The test 

tunnel is approximately aligned with σ2 (Martin 1997). 

Table 5-2: URL test tunnel stress tensor as determined at the end of the experiment (Martin 1997). 

Principal Stress Trend ° Plunge ° Magnitude (MPa) 

σ1 145 11 60±3 

σ2 054 08 45±4 

σ3 290 77 11±4 

 

The URL test tunnel was constructed using a non-explosive technique involving line-drilling and 

hydraulic rock splitting, to avoid the effects of blasting damage (Read and Martin 1996). Brittle spalling 

was observed slightly after excavation of the tunnel. High stress concentrations at the roof and floor of the 

tunnel, due to highly anisotropic stress conditions, led to the formation of a v-shaped notch profile as a 

result of spalling processes (Martin et al. 1997). Study of excavation damage around the tunnel led to the 

conclusion that compressive induce damage had been constrained within the notch region, and the 

surrounding rockmass was had self-stabilized (Read 1996).  

The URL test tunnel is a classical example of the characteristic notch overbreak profile, and is a widely 

used case study in the field of numerical modelling of brittle rock behaviour (e.g. Martin and Kaiser 1996, 

Read 1996, Potyondy and Cundall 1998, 2004, Martin et al. 1999, Hajiabdolmajid et al. 2002, Diederichs 

2007, Zhao et al. 2010, Vazaios et al. 2018). At the URL, the notch extends 1.3 radii (1.3 R) from the 

centre of the tunnel in the roof, with a more modest overbreak profile in the floor (shown in Figure 5-1). 
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Figure 5-1: Photograph of the URL mine-by-experiment test tunnel showing the damage profile 

and orientation of principal stresses(Martin 1997, modified by Diederichs 2007) 

5.1.4 Necessity for Predictive Modelling of DGR Tunnels under Varying Stress Conditions 

An in-depth understanding of potential instability around nuclear waste shafts, tunnels and caverns is 

paramount with respect to DGR design. The design life for the Canadian DGR is one million years 

(Jensen et al. 2009). Over this ultra-long-term period, a change in in situ stress conditions can be 

expected, due to changing tectonic and climatic conditions. Failure modes around tunnels are partially 

dependent on stress conditions. Brittle spalling and bursting are commonly associated with anisotropic 

stress fields in hard brittle rock. Changing stress ratios in situ can lead to further development of damage. 

As part of the design process for the DGR, it is necessary to understand how changing stress conditions 

impact mechanical stability of underground excavations.  
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5.2 Modelling Methods for Tunnel Scale Problems 

Until the 1990’s, tunnel construction was almost exclusively based on experience. While some well-

established analytical solutions and simple numerical models have been used to predict the stress field 

around underground openings, the development of modern numerical modelling software has aided 

significantly in the predictive capabilities in tunnel design. Increasingly sophisticated models are 

particularly useful for tunnels in anisotropic, heterogeneous and otherwise complex rockmasses, as well 

as tunnels in rock that experiences brittle failure under stress.  

5.2.1 Analytical Solutions 

The stress and deformation field around underground excavations can be predicted by analytical solutions 

(Brady and Brown 2013). Closed form solutions are available for simple excavation shapes, such as 

circles and ellipses, in a homogeneous and elastic medium. 

5.2.1.1 Cylindrical Hole in an Infinite Elastic Medium 

Stresses around a circular opening in an infinite elastic space are given by the Kirsch solution (Kirsch 

1898), which considers an anisotropic far-field stress state. The radial, tangential and shear stresses are 

represented by σr, σθ and τrϕ, and are calculated as follows: 

𝜎𝑟 =
𝑝
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Where r and θ are polar coordinates, p is the in situ stress in the vertical direction, k is the in-plane 

horizontal stress ratio, and a is the radius of the tunnel. The stress field around a circular opening is 

illustrated in Figure 5-2. 
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Figure 5-2: Illustration of stress field around a circular opening under stress field p 

Tangential and radial strains, εr and εϕ, in an elastic rockmass are functions of displacement. Tangential 

and radial displacements around a circular opening are given by: 
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Where G and ν represents the respective shear modulus and Poisson’s ratio of the material.  

5.2.2 Continuum FEM Models  

Continuum methods are commonly used to model tunnel scale problems, due to their computational 

efficiency and versatility. The FEM is a standard feature in calculation of stresses and displacements in 

tunnels. Tunnel scale models can be represented through 2D or 3D FEM formulations, where the plane-

strain out-of-plane boundary condition is used in 2D models. Tunnel excavation in 2D FEM models is 

simulated by reducing the induced stress on the tunnel boundary from pre-excavation stress, to an 

excavated state. This method of gradual simulated excavation produces pseudo-static conditions and is 

used to simulate 3D face effects as the tunnel face progresses forward, in a 2D model. This technique is 

used widely in 2D tunnel modelling.  

 RS2 is commonly used for modelling rock and soil behaviour in geomechanics and geotechnical 

engineering, and the Mohr-Coulomb and Hoek-Brown constitutive models are commonly used in this 
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code to simulate rock behaviour. Behaviour of brittle rock in RS2 is simulated with the DISL constitutive 

model (Diederichs 2007), which modifies Mohr-Coulomb and Hoek-Brown parameters to mimic the 

effects of brittle fracture mechanisms.  

5.2.3 Pseudo-Discontinuum FEM Models  

In recent years, joint elements have been readily integrated into FEM codes. Joint elements are used to 

represent discontinuities, such as joints, bedding planes faults and veins, as well as intrablock and 

interblock structure through a voronoi network (e.g. Day et al. 2019). While complete detachment of 

material blocks cannot be replicated in FEM models, the implementation of joint elements is still useful in 

indicating what type of behaviour may be expected around an excavation. The implementation of joint 

elements into voronoi networks in FEM models can allow a pseudo-representation of fracture propagation 

around an excavation.  

In voronoi-based pseudo-discontinuum FEM models, enclosed material within voronoi grains can be 

represented as elastic or plastic. Elastic representation forces yield to only occur along voronoi 

boundaries, while plastic representation allows yield to occur within voronoi blocks.  

In a typical RS2 model for a circular tunnel in brittle rock material, using a pseudo-discontinuum voronoi 

approach, voronoi blocks compose the area surrounding the excavation. The extent of the voronoi is 

dependent on the expected depth of yield and is decided on a case-by-case basis, as joint elements are 

computationally expensive (both in mesh generation and FEM simulation). The material surrounding the 

jointed region can be modelled as elastic.  

5.2.4 Combined FDEM Models  

The progressive failure process which occurs around tunnels in hard rock can be modelled with a FDEM 

approach. In FDEM models, bulk elastic processes are equivalent to that of the FEM. Fracture is 

explicitly simulated according to the nonlinear elastic fracture mechanics principles (Dugdale 1960, 

Barenblatt 1962).  
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Tunnel models are created with small triangular elements relative to the excavation size (typically 1-3% 

of the tunnel diameter) within a domain containing the excavation (typically 3-5 times the tunnel 

diameter). Fracture propagation is permitted to occur within this domain, along the edges of triangular 

elements. There is gradual enlargement of triangular elements toward the outer boundary for the purpose 

of computational efficiency.  

5.3 Stepwise Verification of Tunnel Scale FDEM Models 

To complete the tunnel scale portion of the stepwise verification approach for the FDEM, the same tunnel 

model is simulated by solutions of gradually increasing complexity. The process of stepwise verification 

for tunnel models is described in Figure 5-3. 

Elastic behaviour can be verified for all methods by the kirsch solution. To verify inelastic behaviour, a 

FEM-DISL model, commonly used in RS2 to model brittle failure around excavations, is used to achieve 

a failure profile and ground reaction curve. The yielded portion of the DISL model represents the volume 

of rock in which spalling occurs, a verified FDEM model should have a failure profile approximately 

corresponding to the profile of yielded elements in an equivalent DISL model.  

A pseudo-discontinuum voronoi-based FEM approach is used to explicitly model fracturing around 

tunnels, by considering yielded joint elements to be analogous to fractures. In a purely elastic pseudo-

discontinuum model, joint stiffness parameters (Kn and Ks), obtained through calibration (Chapter 3) are 

used as a starting point for modelling, and are calibrated to match the elastic solution for convergence 

predicted by analytical and continuum solutions. Following tunnel scale calibration, an inelastic elastic 

pseudo-discontinuum model is used to predict the extent of fracturing around the tunnel. The GRC 

obtained from the inelastic model is compared with the DISL GRC. 

A FDEM model, with input parameters obtained through upscaling (Chapter 4), is used to explicitly 

model fracturing around tunnels. Elastic behaviour in FDEM models is verified by analytical, continuum, 

and pseudo-discontinuum solutions. The stress and displacement behaviour in FDEM models is compared 

with that in the DISL and pseudo- discontinuum models. As FDEM model behaviour is discontinuous, an 
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exact match should not be expected. Extent of fracture in FDEM models is compared with the extent of 

fracture in pseudo-discontinuum models, and the yield profile in DISL models.  

 

 

Figure 5-3: A stepwise verification process for elastic and inelastic behaviour components in FDEM 

tunnel models, building from the kirsch solution for elastic stress and deformations, to FEM 

continuum models, to FEM pseudo-discontinuum models to FDEM models
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5.4 Numerical Simulation of the AECL URL Test Tunnel 

The mine-by-experiment test tunnel was constructed as a circle with a diameter of 3.5 meters. The in situ 

stress conditions and host rock properties for the tunnel are listed in Table 5-1 and Table 5-2, 

respectively. The test tunnel is a commonly used case study in numerical modelling and is often 

referenced in literature discussing brittle fracture processes, and the characteristic notch geometry of 

circular tunnel failure profiles. To validate modelling results, the URL mine-by-experiment test tunnel is 

modelled using all methods outlined in the stepwise verification process.  

5.4.1 Analytical Solution for Tunnel Closure 

For an elastic material, the kirsch solution for stress around the circular opening of the test tunnel gives 

maximum and minimum stresses of 169 MPa and -27 MPa (tension) for the tunnel walls parallel with 

major and minor principal stresses, respectively. Radial displacements at these points are 0.5 mm and 2.7 

mm, respectively, and are illustrated in Figure 5-4. 

 

Figure 5-4: Illustration of the Kirsch solution for stress and displacements around a circular tunnel 

in an elastic medium, under equivalent major and minor principal stresses to the 

URL test tunnel  
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5.4.2 Continuum FEM Models  

5.4.2.1 Geometry and Mesh Configuration  

The geometry of the FEM model of the URL test tunnel consists of a circular tunnel with a diameter of 

3.5 m. The tunnel is located at the centre of a circular domain with a radius of 20 m (Figure 5-5). Mesh 

elements increase in size radially towards the external boundary and are approximately 6 cm at the tunnel 

boundary. 

5.4.2.2 Stress Regime and Excavation Sequence 

In situ stresses, corresponding to those measured at the 420 level of the URL (Martin et al. 1997) are 

applied at the beginning of the simulation. The model is divided into twenty-two (22) stages, over which 

excavation is simulated. Excavation is simulated by reducing the induced stress on the tunnel boundary 

from 100% of pre-excavation stress, to 0% of pre-excavation stress, in 5% increments. This method of 

gradual simulated excavation produces pseudo-static conditions. This method is used to simulate 3D face 

effects as the tunnel face progresses forward, in a 2D model. This technique is used widely in 2D tunnel 

modelling.  

5.4.2.3 Input Parameters 

Prior to inelastic analysis, a purely elastic simulation was performed, to obtain radial stresses and 

displacements around the tunnel opening. The elastic input parameters (E and ν) used to simulate LdB 

granite are 69 GPa, and 0.22, respectively (as confirmed in Chapter 3 through UCS test simulation).  

To simulate the brittle response of the LdB granite rockmass with the FEM model, the DISL approach is 

employed. The DISL input parameters are listed in Table 5-3. The S-shaped curve for the DISL model 

with these parameters is shown in Figure 5-6.  
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Figure 5-5:RS2 Continuum FEM tunnel model configuration of geometry and stress state for the 

URL test tunnel. 
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Table 5-3:  Input parameters for LdB granite in the FEM-DISL model 

Parameter Peak Residual 

Young’s Modulus, E (GPa) 69 69 

Poisson’s Ratio, ν   0.22 0.22 

Intact UCS (MPa) 235 235 

mb 1 7 

s 0.033 0.000001 

a 0.25 0.75 

 

 

Figure 5-6: DISL Hoek-Brown envelope for LdB granite, based on Diederichs (2007), Griffith (for 

reference) as per Diederichs 1999  
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5.4.3 Pseudo-Discontinuum FEM Models  

5.4.3.1 Geometry and Mesh Configuration  

The geometry of the pseudo-discontinuum FEM model of the URL test tunnel consists of a circular tunnel 

with a diameter of 3.5 m. The tunnel is located at the centre of an 80 m × 80 m square domain, (Figure 

5-7). The circular tunnel domain (A) consists of the tunnel core (excavation). The circular innermost 

domain (B) surrounding the tunnel consists of elements of a voronoi joint network, with an average length 

of 0.03 m, with outer dimensions of 10.5 m × 10.5 m. The area surrounding the inner domain (domains C 

and D) consists of elements ranging in size from 0.03 m to 0.1 m. It is noted that a larger, gradually 

increasing outward, element size should be used in domains C and D. The use of 0.03 m to 0.1 m mesh 

elements is due to difficulty in applying a graded mesh to the model in the user interface. 

The inner domain (B), of 10.5 m × 10.5 m, represents the region in which spalling processes are expected, 

based on the actual URL tunnel. The voronoi size in the inner domain must be small enough to capture 

brittle mechanisms and model fracture patterns that are independent of the joint network geometry, as the 

contained material inside voronoi blocks is modelled as elastic. A voronoi size of 3 cm immediately 

surrounding the tunnel boundary is consistent with continuum modelling recommendations for tunnels in 

brittle rock (Perras and Diederichs 2016) and is used to remain consistent with the FDEM models, 

(discussed in Section 5.4.4). The purpose of the wide outer domain (D) is to avoid stress effects at the 

model boundary. 

5.4.3.2 Stress Regime and Excavation Sequence 

The stress regime and excavation sequence for pseudo-discontinuum FEM models is identical to that 

described in Section 5.4.2.2 for continuum FEM models. 
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Figure 5-7: RS2 Pseudo-discontinuum FEM tunnel model configuration of geometry and stress 

state for the URL test tunnel. Irregular shaped voronoi in domain B have an average edge length of 

0.03 m 
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5.4.3.3 Input Parameters 

To confirm the elastic behaviour of pseudo-discontinuum FEM models, a verification of joint stiffness 

parameters Kn and Ks was performed. The rationale for this verification is to confirm if values obtained 

through calibration of UCS test models produce the tunnel elastic convergence response predicted by an 

elastic continuum tunnel model. The input parameters for both elastic models are listed in Table 5-4. 

Table 5-4: Elastic input parameters for continuum and pseudo-discontinuum FEM simulations of 

the URL test tunnel 

 Parameter Peak Residual 

Continuum 
Young’s Modulus, E (GPa) 69 69 

Poisson’s Ratio, ν   0.22 0.22 

Pseudo-

Discontinuum 

Young’s Modulus, E (GPa) 69 69 

Poisson’s Ratio, ν   0.22 0.22 

Kn (GPa/m) 6.9E+6 6.9E+2 

Ks (GPa/m) 6.9E+6 6.9E+6 

 

Based on these elastic input parameters, the maximum radial stress experiences at the tunnel boundary in 

both was approximately 2.68 mm, at an angle inclined 0° from the orientation of the major principal stress 

(11 from horizontal° on the tunnel wall). This result closely aligns with the kirsch solution for 

displacement, which is 2.71 mm. 

Using the elastic input parameters determined above, various combinations of joint strength parameters 

were implemented in tunnel models. These input parameters, listed in Table 5-5 approximately 

correspond to input parameters for FDEM models, listed in Table 5-6, and will act as a verification tool 

for the FDEM models. While in FDEM, friction between crack elements is not lost after yield, 

calibrations of pseudo-discontinuum models in Section 3.4 show that models with a non-zero friction 

angle continue to accumulate stress after failure. The simulation of total loss of friction after failure in 

pseudo-discontinuum models (Section 3.4.4), more closely approximates post-peak behaviour in FDEM 

simulations (Section 3.5.3). Tunnel simulations with both no loss of friction (V-URL-1) and total loss of 

friction (V-URL-2 through 5) are performed and compared.  
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Table 5-5: Combinations of joint input parameters for pseudo-discontinuum FEM simulations of 

the URL test tunnel 

  Model ID 

 Joint Input 

Parameter 

V-URL-1 V-URL-2 V-URL-3 V-URL-4 V-URL-5 V-URL-6 

P
ea

k
 

Cohesion, c (MPa) 25 20 20 20 50 50 

Friction Angle, ϕ (°) 52 52 52 52 10 0 

Tension, T (MPa) 10 10 10 5 10 10 

R
es

id
u

a
l Cohesion, c (MPa) 0 0 0 0 0 0 

Friction Angle, ϕ (°) 0 52 0 0 0 0 

Tension, T (MPa) 0 0 0 0 0 0 

5.4.4 Combined FDEM Models 

5.4.4.1 Geometry and Mesh Configuration  

The geometry of the FDEM model of the URL test tunnel consists of a circular tunnel with a radius of 

1.75m. The tunnel is located at the centre of a 60 m × 60 m square domain, which is divided into three 

domains, in addition to the circular tunnel domain (Figure 5-8). The circular tunnel domain (A) consists 

of the tunnel core (excavation), with elements ranging from 0.03 m on the tunnel boundary, to 0.5 m in 

the circle centre. The innermost domain (B) surrounding the tunnel consists of elements of a constant size 

of 0.03 m, with outer dimensions of 10 m × 10 m. Immediately surrounding the inner domain, and 

intermediate domain (C) consists of elements ranging from 0.03 m to 1.5 m, with outer dimensions of 20 

m × 20 m. The outer most domain (D) consists of elements ranging in size from 1.5 m to 4 m. The 

increase in element size away from the excavation is done to increase computational efficiency, while still 

maintaining a domain large enough to avoid boundary stress effects. The inner domain (B), of 10 m × 10 

m, represents the region in which spalling processes are expected, based on the actual URL tunnel. The 

element size in the inner domain must be small enough to capture spalling and fracturing mechanisms, 

and model fracture patterns which are independent of the mesh (Gao and Stead 2014, Farahmand and 

Diederichs 2015, Tatone and Grasselli 2015). An element size of 3 cm immediately surrounding the 

tunnel boundary has been used to successfully minimized mesh effects in FDEM simulations of the URL 

test tunnel (Vazaios et al. 2018). The intermediate domain (C), acts as a transitional zone between the 3 
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cm elements, and larger elements in the outer domain. The purpose of the wide outer domain (D) is to 

avoid stress effects at the model boundary, so a large element size is suitable, as fracturing is not expected 

in this region. 

 

Figure 5-8: Irazu FDEM tunnel model configuration of geometry and stress state for the URL test 

tunnel. Domains A, B, C, and D are composed of elements with respective sizes of 0.03-0.5 m, 0.03 

m, 0.03-1.5 m and 1.5-4m. 

5.4.4.2 Stress Regime and Excavation Sequence 

In situ stresses, corresponding to those measured at the 420 level of the URL (Martin et al. 1997) are 

applied at the beginning of the simulation. Initially, a FEM simulation takes place, to establish a geostatic 

stress state in the model. Following the FEM run, the tunnel excavation (domain A) takes place over a 

series of steps in the simulation. Material excavation is simulated by slowly lowering the stiffness of the 

core material, to simulate 3D face effects as the tunnel face progresses forward. This technique is known 

as the face replacement method and is used widely in 2D tunnel modelling. The purpose of this method is 

to simulate the GRC in a stepwise fashion, as the softening of the core induces a reduction of pressure 

applied to the tunnel boundary. The final value of the elastic modulus in the core should simulate an 
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internal pressure that does not significantly impact the evolution of damage around the tunnel; however, 

lowering this modulus, and thus the applied pressure, to zero is not necessary. For unsupported 

excavations, a reduction of the core modulus to a value close to atmospheric pressure (5-6 orders of 

magnitude below the Young’s modulus) is realistic for long term stability. When designing a supported 

excavation, less of a reduction would occur, as it would be anticipated that support would be installed 

before all internal pressure dissipated. In the case of unsupported excavations, the main purpose of the 

face replacement method is numerical stability.  

5.4.4.3 Input Parameters 

The choice of input parameters was based on the upscaling study completed in Chapter 3. The result of 

the study is an upscaled strength, lower than the laboratory scale UCS, due to strength decay effects. The 

reduced upscaled strength was used to perform a large scale UCS calibration to obtain initial input 

parameters for elements of appropriate size for tunnel modelling. In this case, a size of 3 cm was selected, 

based on continuum recommendations for an element size 2% of the tunnel radius (Perras 2014, Perras 

and Diederichs 2016), previous work in FDEM tunnel modelling (Vazaios 2018, Vazaios et al. 2018) , 

and practical limitations in computational power. The input parameters identified as URL-1 in Table 5-1 

were obtained from the upscaling analysis. In a 2.0 m × 0.8 m UCS test simulations, these parameters 

result in a modelled UCS of 143 MPa, approximately 68% of the intact UCS for LdB granite (Figure 4-

30).  

As will be discussed in Section 5.5.3, the input parameters of URL-1 do not simulate any spalling in the 

roof and floor of the modelled URL test tunnel. A systematic variation of parameters was carried out to 

determine the sensitivity of tunnel model response to input parameters, these models are identified as 

URL-2 through URL-6, and their respective input parameters are listed in Table 5-1. The model identified 

as URL-7 was created to replicate models completed in other research (Vazaios 2018, Vazaios et al. 

2018), so that a comparison of results can be made. 
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Table 5-6: Input parameters for modelling the URL test tunneled using the FDEM. URL-1 is calibrated to an upscaled UCS of 143 MPa 

for a 0.2 m by 0.8 m simulated specimen. URL-2 through URL-6 have systemically varied parameters from URL-1, and URL-7 is based 

on work by Vazaios (Vazaios 2018, Vazaios et al. 2018) 

Model ID URL-1  URL-2  URL-3  URL-4  URL-5  URL-6  URL-7  

Element Size at Tunnel Boundary (cm) 3 3 3 3 3 3 3 

Irazu Unit System m m m m m m m 

Poisson’s Ratio 0.22 0.22 0.22 0.22 0.22 0.22 0.22 

Young’s Modulus (GPa) 69 69 69 69 69 69 69 

Viscous Damping Factor 1 1 1 1 1 1 1 

Fracture Penalty, pf (GPa) 690 690 690 690 690 690 690 

Normal Penalty, pn (GPa m) 690 690 690 690 690 690 690 

Tangential Penalty, pt (GPa/m) 690,000 690,000 690,000 690,000 690,000 690,000 690 

Cohesion, c (MPa) 25 20 20 20 20 20 50 

Tensile Strength, ft (MPa) 10 10 10 5 5 5 10 

Friction Coefficient, μ 1.28 1.28 1.28 1.28 1.28 1.00 1.70 

Mode I Fracture Energy, GfI (N/m) 10 10 1 1 0.01 1 300 

Mode II Fracture Energy, GfII (N/m) 100 100 10 10 0.1 10 1900 

Timestep Size 1×10-8 1×10-8 1×10-8 1×10-8 1×10-8 1×10-8 5×10-8 
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5.4.5 Variation of Stress Conditions 

In addition to numerical simulation of the URL test tunnel, it is useful to study the failure profile under 

different stress conditions. Tunnels in the DGR are likely to undergo various stress conditions in their 

one-million-year design life, due to factors like glaciation and tectonism. An in situ stress regime 

approximating 1 km depth, with a horizontal stress ratio KH=2.0 (in-plane) and Kh=1.5 (out-of-plane) was 

used in modelling. The major, intermediate (out of plane), and minor principal stresses in this regime are 

60 MPa, 45 MPa, and 30 MPa, respectively.  

For ease of comparison, the same tunnel geometry and model setup used for models described earlier in 

this section was utilized. The same input parameters are used in both DISL models. The input parameters 

for used in pseudo-discontinuum FEM and FDEM simulations correspond to the combinations listed for 

V-URL-4 (FEM) and URL- 5 (FDEM). 

5.4.5.1 Analytical Solution for Tunnel Closure 

For an elastic material, the kirsch solution for stress around the circular opening of a 3.5 m diameter 

tunnel gives maximum and minimum stresses of 55 MPa and 11 MPa for the tunnel boundary parallel 

with major and minor principal stresses, respectively. Radial displacements at these points are 0.4 mm 

and 2.4 mm, respectively. 

5.5 Modelling Results 

5.5.1 Continuum Finite Element Method Models 

The results of the FEM continuum simulation of the URL test tunnel are used as a verification tool for the 

elastic behaviour and depth of yield in pseudo-discontinuum FEM and FDEM models.  

5.5.1.1 AECL URL Mine-by-Experiment Test Tunnel 

The DISL approach used for this analysis models a notch shaped geometry in roof and floor of the 

circular tunnel. As depicted in the photograph of the breakout profile, (Figure 5-1), the distance from the 

centre of the tunnel to the extent of the notch is 1.3 times the radius of the tunnel (R=1.75). The distance 



 

 

 

196 

from the centre of the tunnel to the extent of the failure profile in the model is approximately 1.22 R and 

is consistent with the general shape observed in the tunnel. The results of the continuum FEM analysis, 

including the depth of yield, and contours of principal major and minor stresses, and displacement 

magnitudes are shown in Figure 5-10. 

5.5.1.2 Variation of Stress Conditions 

The results of the continuum FEM analysis described in Section 5.4.5 are shown in Figure 5-11. The 

distance from the centre of the tunnel to the extent of the failure profile in the model is approximately 

1.22 R. Figure 5-9 shows the yield profiles for DISL models under both stress conditions. 

 

 

Figure 5-9: Extent of yielded elements in DISL-FEM simulated tunnel models with varying stress 

conditions 

σ1=60 MPa 

σ3=30 MPa

σ1=60 MPa 

σ3=11 MPa

11°
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Figure 5-10: Major principal stress, σ1 (top), minor principal stress σ3 (middle), and displacement 

magnitude (bottom) contours and outline of yielded elements (black) around a DISL-FEM 

simulated URL test tunnel. Input parameters correspond to Table 5-3 
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Figure 5-11: Major principal stress, σ1, (top), minor principal stress σ3 (middle) and displacement 

magnitude (bottom) contours and outline of yielded elements around a DISL-FEM simulated 

tunnel with major and minor principal in situ stresses of 60 MPa and 30 MPa, respectively. Input 

parameters correspond to Table 5-3  
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5.5.2 Pseudo-Discontinuum FEM Models  

The results of the pseudo-discontinuum FEM simulation of the URL test tunnel are used as a verification 

tool for the elastic behaviour, depth of yield and fracture propagation in FDEM models. In voronoi based 

pseudo-discontinuum models, fracture propagation is represented by the yielding of joints. While explicit 

detachment of material is not represented, a qualitative analysis of the extent of the fractured zone allows 

for comparison with DISL FEM and FDEM modelling results. 

5.5.2.1 AECL URL Mine-by-Experiment Test Tunnel 

The URL test tunnel was simulated with six (6) sets of voronoi joint properties (listed in Table 5-5 and 

referred to by model IDs of V-URL-1 to V-URL-6). This variation allows for the assessment of 

sensitivity of fracture pattern to input parameters. The profile of yielded joint elements, and contours for 

major and minor principal stress and displacement magnitude are shown in Figure 5-12 through Figure 

5-17. 

Examining the yielded joints around the tunnel models, it is apparent that the slight variations in cohesion 

and tensile strength between models V-URL 1 through V-URL 4, does not produce a noticeably different 

fracture pattern. In these models, tensile zones (σ3 < 0) produce an accumulation of fracture. This effect is 

predominant in the tunnel sidewalls. The notch profile in the roof and floor, characteristic of tunnels in 

brittle rock under anisotropic stress fields, is not predominant, though some tensile fracturing occurs close 

to the excavation boundary, parallel to the tunnel walls and floor. These fractures are assumed to be 

tensile, and are induced by a high concentration of compressive stress under low confinement 

The V-URL-1 model has a cohesion input of 25 MPa. Compared to the model V-URL-3, which has the 

same input parameters, except for cohesion, which is reduced to 20 MPa, it is notable that significantly 

less cracking occurs throughout the model in V-URL-1, indicating that the magnitude of input cohesion 

effects failure profile. The V-URL-3 model has a non-zero residual friction value. Comparing V-URL-2 

and V-URL-3, the effect of implementing a residual friction value is not visually apparent in the pattern 

of fracture around the excavation. V-URL-4 has a reduced tensile strength (5 MPa). Compared to the 
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mode V-URL-3, which has the same input parameters, except for cohesion, which is 10 MPa, the effect of 

lowering tensile strength to 5 MPa is not visually apparent in the pattern of fracture around the 

excavation.  

The combination of parameters in V-URL-5 and V-URL-6 are intended to approximately replicate the 

FDEM model URL-7, in its lack of friction mobilization. A friction angle of 10° is selected for V-URL-5, 

to correspond with triaxial simulation test results, which back-calculate an angle of friction of 10° from 

the modelled material (Figure 4-26). No frictional strength is assigned in V-URL-6, to assess sensitivity 

to the friction angle input parameter. The relatively low value of friction and high value of cohesion in 

these model lead to a more defined roof and floor notch failure profile, with interconnection of cracks 

aligned in varying directions. The extent from the centre of the tunnel to the end of the notch simulated by 

interlocking cracks is approximately 1.15R for V-URL-5 and 1.28 R in V-URL-6.  
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Figure 5-12 : Major principal stress, σ1, (top), minor principal stress σ3 (middle) and displacement 

magnitude (bottom) and yielded joints (red) around a pseudo-discontinuum FEM simulated URL 

mine-by-experiment test tunnel at zero internal pressure. Input parameters correspond to  

V-URL-1 in Table 5-5.  

σ1=60 MPa 

σ3=11 MPa

11°
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Figure 5-13: Major principal stress, σ1, (top), minor principal stress σ3 (middle) and displacement 

magnitude (bottom) and yielded joints (red) around a pseudo-discontinuum FEM simulated URL 

mine-by-experiment test tunnel at zero internal pressure. Input parameters correspond to  

V-URL-2 in Table 5-5. 

σ1=60 MPa 

σ3=11 MPa
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Figure 5-14: Major principal stress, σ1, (top), minor principal stress σ3 (middle) and displacement 

magnitude (bottom) and yielded joints (red) around a pseudo-discontinuum FEM simulated URL 

mine-by-experiment test tunnel at zero internal pressure. Input parameters correspond to  

V-URL-3 in Table 5-5. 

σ1=60 MPa 

σ3=11 MPa

11°
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Figure 5-15: Major principal stress, σ1, (top), minor principal stress σ3 (middle) and displacement 

magnitude (bottom) and yielded joints (red) around a pseudo-discontinuum FEM simulated URL 

mine-by-experiment test tunnel at zero internal pressure. Input parameters correspond to  

V-URL-4 in Table 5-5. 

σ1=60 MPa 

σ3=11 MPa

11°
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Figure 5-16: Major principal stress, σ1, (top), minor principal stress σ3 (middle) and displacement 

magnitude (bottom) and yielded joints (red) around a pseudo-discontinuum FEM simulated URL 

mine-by-experiment test tunnel at zero internal pressure. Input parameters correspond to  

V-URL-5 in Table 5-5. 

σ1=60 MPa 

σ3=11 MPa

11°
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Figure 5-17: Major principal stress, σ1, (top), minor principal stress σ3 (middle) and displacement 

magnitude (bottom) and yielded joints (red) around a pseudo-discontinuum FEM simulated URL 

mine-by-experiment test tunnel at zero internal pressure. Input parameters correspond to  

V-URL-6 in Table 5-5.

σ1=60 MPa 

σ3=11 MPa

11°
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5.5.2.2 Variation of Stress Conditions 

A simulation of the pseudo-discontinuum tunnel model described in Section 5.4.5 was completed with 

equivalent model input parameters to V-URL-4. The profile of yielded joint elements, and contours for 

major and minor principal stress and displacement magnitude are shown in Figure 5-19. Compared to the 

simulation of the V-URL-4 model (under URL stress conditions), shown in Figure 5-12 through Figure 

5-17, the extent of fracture is significantly less, the reduced stress anisotropy leads to fewer zones of low 

confinement, and thus less tensile fracture.  

Modelling this tunnel using the DISL (Section 5.5.1.2) under the same stress conditions leads to more 

extensive overbreak. The distance from the centre of the tunnel to the extent of the notch in the equivalent 

DISL model is 1.36R. There is no indication of notch development in the pseudo-discontinuum model, 

which leads to the conclusion that the joint input parameters used in this model may over-represent the 

strength of the rockmass. The comparison of overbreak between the two models is shown in Figure 5-19. 

 

Figure 5-18: Yielded zone in DISL-FEM model (green) and yielded joint elements  in a FEM 

pseudo-discontinuum model (red) of a 3.5 m diameter tunnel. Depth of failure in the DISL model is 

greater in the roof and floor, while an even distribution of cracks surrounds the tunnel in the 

pseudo- discontinuum model 

DISL Yield Profile

Yielded Voronoi Joints
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Figure 5-19: Major principal stress σ1 contours and yielded joints around a FEM simulated 3.5 m 

diameter tunnel at zero internal pressure, in a stress field of σ1=60 MPa and σ3=30 MPa . Input 

parameters correspond to V-URL-4 in Table 5-5  

σ1=60 MPa 

σ3=30 MPa
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5.5.3 Combined Finite-Discrete Element Method Models 

5.5.3.1 AECL URL Mine-by-Experiment Test Tunnel 

Simulation of the URL test tunnel using the FDEM was completed for seven (7) combinations of 

parameters (listed in Table 5-6 and referred to by model IDs of URL-1 through URL-7).  

In all FDEM models of the URL (URL-1 through URL-7), tensile cracking occurs in the walls. This 

cracking, and associated seismic outputs, are consistent with acoustic emissions observed in the test 

tunnel (Martin 1997).  

The extent of the failure profile in the tunnel roof and floor in each model is listed in Table 5-7. Notch 

profile development in the roof and floor of the tunnel is present in models URL-2 through URL-7. Most 

significant notch development occurs in models where specified friction angle (URL-6) or resultant 

modelled friction angle (URL-7, due to tangential penalty reduction and non-mobilization of friction) are 

comparatively low. These results indicate that the formation of the failure profile is sensitive to friction. 

The failure profiles created by fracture propagation, and the contours of major and minor principal 

stresses, displacements and velocities, are shown in Figure 5-20 through Figure 5-27, for all FDEM 

models of the URL test tunnel.  

 

 

Table 5-7: Number of timestep and extent of notch failure profile development in FDEM URL 

models 

Model ID URL-1  URL-2  URL-3  URL-4  URL-5  URL-6  URL-7  

Timestep Size 1×10-8 1×10-8 1×10-8 1×10-8 1×10-8 1×10-8 5×10-8 

# of Timesteps 40×106 30×106 25×106 50×106 15×106 7×106 10×106 

Depth of notch profile (m) 0 0.1 0.25 0.2 0.3 1.1 0.8 

Depth of notch profile from 

Tunnel Centre (Radii) 

0 1.05 1.14 1.11 1.17 1.62 1.45 
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Figure 5-20: Major principal stress, σ1 (A), minor principal stress (B), displacement magnitude (C) 

and velocity magnitude (D) contours and fracturing around a FDEM simulated URL mine-by-

experiment test tunnel at 40,000,000 time steps. Input parameters correspond to URL 1 in Table 5-6 
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Figure 5-21: Major principal stress, σ1 (A), minor principal stress (B), displacement magnitude (C) 

and velocity magnitude (D) contours and fracturing around a FDEM simulated URL mine-by-

experiment test tunnel at 30,000,000 time steps. Input parameters correspond to URL 2 in Table 5-6 
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Figure 5-22: Major principal stress, σ1 (A), minor principal stress (B), displacement magnitude (C) 

and velocity magnitude (D) contours and fracturing around a FDEM simulated URL mine-by-

experiment test tunnel at 25,000,000 time steps. Input parameters correspond to URL 3 in Table 5-6 
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Figure 5-23: Major principal stress, σ1 (A), minor principal stress (B), displacement magnitude (C) 

and velocity magnitude (D) contours and fracturing around a FDEM simulated URL mine-by-

experiment test tunnel at 50,000,000 time steps. Input parameters correspond to URL 4 in Table 5-6 
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Figure 5-24: Major principal stress, σ1 (A), minor principal stress (B), displacement magnitude (C) 

and velocity magnitude (D) contours and fracturing around a FDEM simulated URL mine-by-

experiment test tunnel at 15,000,000 time steps. Input parameters correspond to URL 5 in Table 5-6 
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Figure 5-25: Major principal stress, σ1 (A), minor principal stress (B), displacement magnitude (C) 

and velocity magnitude (D) contours and fracturing around a FDEM simulated URL mine-by-

experiment test tunnel at 7,000,000 time steps. Input parameters correspond to URL 6 in Table 5-6 
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Figure 5-26: Enlargement of Figure 5-25 velocity contours.  

Input parameters correspond to URL 6 in Table 5-6 
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Figure 5-27: Major principal stress, σ1 (A), minor principal stress (B), displacement magnitude (C) 

and velocity magnitude (D) contours and fracturing around a FDEM simulated URL mine-by-

experiment test tunnel at 10,000,000 time steps. Input parameters correspond to URL 7 in Table 5-6 
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5.5.3.2 Variation of Stress Conditions 

The same modelling process was undertaken for the FDEM model described in Section 5.4.5, where the 

in situ stress regime is varied, but the model geometry, excavation sequence, and mesh remain the same. 

The input properties for this model correspond to those used in URL-5.  

Examining the failure profile in the FDEM simulation of URL-5 (Figure 5-24) and the failure profile in 

the FDEM tunnel model with varied stress conditions of KH=2.0 (Figure 5-29) it can be observed that the 

failure profile in both models is a characteristic brittle notch geometry. For the variation of stress 

conditions (KH=2.0) model, no tensile fracturing occurs in the tunnel walls. This result is expected, as less 

anisotropic stress conditions (KH=5.46 in URL models versus KH=2.0) result in lower magnitudes of 

induced tension in the tunnel wall, and thus less tensile fracturing. 

 

Figure 5-28: Comparison of yield profile and fracturing in DISL (black), pseudo-discontinuum 

(red) and FDEM (blue) models of a 3.5 m diameter tunnel  

 

DISL Yield Profile (FEM)
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Figure 5-29: Major principal stress, σ1 (A), minor principal stress (B), displacement magnitude (C) 

and velocity magnitude (D) contours and fracturing around a FDEM simulated 3.5 m diameter 

tunnel at 30,000,000 time steps. Input parameters correspond to URL 5 in Table 5-6, stress regime 

corrosponds to that described in Section 5.4.5 
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5.5.3.3 Analysis of Excavation Response and Field Displacement Measurements 

The approach to assessing FDEM tunnel model response outlined by Vazaios et al. (2018) was employed 

for the models of the URL. This approach involves comparing the minor principal stresses (listed as radial 

stresses but obtained as minor principal stresses) and radial displacements measured near the tunnel 

boundary in FDEM models, to the minor principal stresses and radial displacements measured on the 

tunnel boundary in a DISL model of the same tunnel. A ground reaction curve (GRC) is produced from 

these results. The approach is extended to include the longitudinal displacement profile approach; 

however, only the GRC portion of the approach is replicated in this work.  

In order to assess the response of the modelled rockmass during the advancement of the tunnel (core 

replacement method), points on the excavation boundary were monitored using Paraview (Ahrens et al. 

2005). The monitoring points are situated on the roof and floor of the tunnel, at radial coordinates (r, θ) of 

approximately (1.75, 349°) and (1.75, 169°) from the centre of the tunnel, at on the right wall of the 

tunnel, at radial coordinates of (1.75, 79°), to align with orientations of principal stresses (plunging 11° 

from horizontal). A ground reaction curve is obtained from the monitoring points, in each model, and is 

compared the DISL FEM simulation of the URL. 

Utilization of this method leads to an approximately linear GRC curve obtained from the FDEM models, 

before reaching zero confinement, or fracturing. The GRCs for all FDEM URL models are shown in 

Figure 5-30. Comparing the GRCs, it is apparent that though in FDEM simulations, the theoretical elastic 

yield (0.5 mm in the roof and floor, and 2.7 mm in the wall) is not reached pre-yield, and significant 

displacement occurs after fracturing. This observation is consistent with expected behaviour for models 

which involve material fracturing due to stress. 

The GRCs for the URL models, and the equivalent tunnel models with a variation of stresses to KH=2.0, 

were both obtained, from DISL-FEM and FDEM results. The GRCs are compared in Figure 5-31. In this 

figure, it can be observed that the DISL and FDEM curves for the KH=2.0 models more closely 

correspond than the respective URL stress condition models.  
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While this analysis approach allows for visualization of the response of the modelled material to gradual 

excavation (core-replacement method), significant limitations are present when employing this approach 

in an anisotropic stress field. Under isotropic conditions, the radial pressure on the boundary of a circular 

tunnel are equal at all points. Under isotropic stress conditions, the minor principal stress on the boundary 

would correspond to the radial stress, while the major principal stress on the boundary would correspond 

to the tangential stress. In the anisotropic stress fields modelled in this work, radial stress cannot be 

directly correlated to the minor principal stress. Rather, the radial stress must be measured by taking the 

stress vector in the direction normal to the tunnel boundary.  

 

Figure 5-30: Average minor principal stress (σ3) versus average radial displacement monitored 

along the excavation boundary in FDEM and DISL-FEM models of the URL test tunnel, 

 resulting in a ground-reaction curve 
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Figure 5-31: Average minor principal stress (σ3) versus average radial displacement monitored 

along the excavation boundary in FDEM and DISL-FEM models of the URL test tunnel under 

varying stress conditions, resulting in a ground-reaction curve 

5.6 Summary and Conclusions  

The objective of the work presented in this Chapter is to provide multi-method stepwise verification for 

FDEM models at the tunnel scale. For elastic behaviour, the kirsch solution was used as a base tool. The 

kirsch solution verifies elastic continuum and pseudo-discontinuum FEM models (Section 5.4.3.3). The 

yield profile modelled using the DISL approach in FEA in RS2 is used as a verification tool for the depth 

of fracture in pseudo-discontinuum FEM and FDEM models. A ground reaction curve is obtained from 

inelastic simulations, and a cross method comparison of radial pressure-displacement relations is made.  

5.6.1 Summary of Results 

Two (2) stress scenarios were modelled in all methods. Each model is a 3.5 m diameter tunnel in an 

anisotropic stress field. The models of the URL test tunnel are under a stress regime of σ1=60 MPa, σ2=45 

MPa (out-of-plane) and σ3=11 MPa, where σ1 is oriented 11° from the horizontal (Listed in Table 5-1). 

The second model has slightly adjusted stress conditions, where σ1=60 MPa, σ2=45 MPa (out-of-plane) 

and σ3=30 MPa (described in Section 5.4.5). This stress regime is intended to approximately represent the 

stress state of a tunnel at 1 km depth, with a horizontal stress ratio of KH=2.0 and Kh=1.5. 
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5.6.1.1 Continuum FEM Models 

Two (2) scenarios were modelled using the DISL FEM approach. The results of the URL tunnel model 

show a formation of a notch failure profile in the tunnel floor and roof, consistent with observations at the 

URL. The extent of the modelled notch failure profile under both stress conditions is approximately 

1.22R. The depth of yield itself is validated by the URL test-tunnel case study (Section 5.1.3) in which 

the maximum extent of the notch was 1.3R.  

5.6.1.2 Pseudo-Discontinuum Models 

In voronoi based pseudo-discontinuum FEM models, fracture propagation is represented by the yielding 

of joints. The URL test tunnel was simulated with six (6) sets of voronoi joint properties. This variation 

allows for the assessment of sensitivity of fracture pattern to input parameters. These combinations are 

listed in Table 5-5 in Section 5.4.3.3, and are referenced by their model IDs, V-URL-1 to V-URL-6. 

It was determined through sensitivity analysis, that slight variations (+/- 5 MPa change) of cohesion and 

tensile strength inputs does not change the failure profile in tunnel models. Interconnected yielded 

elements in models with +/- 5 MPa cohesion and tensile inputs only occur in the tensile zone at the tunnel 

walls, to approximately the same depth. The same effect occurs for changes in residual friction input and 

is observed by comparing V-URL-2 and V-URL-3, where a residual friction value is implemented.  

Significant changes in results occur when the tunnel is simulated with low friction and high cohesion 

input parameters (V-URL-5 and V-URL-6). In these models, the characteristic notch profile is formed in 

the roof and floor of the tunnel. The extent from the centre of the tunnel to the end of the notch simulated 

by interconnected cracks is approximately 1.15R for V-URL-5 and 1.28 in V-URL-6. The notch profile in 

V-URL-6 most closely approximates the URL as shown in Figure 5-1. 

For the second stress scenario (KH=2.0), input parameters from V-URL-4 were used. In this stress 

scenario, the pseudo-discontinuum FEM model did not predict failure in the form of formation of notch 

geometry. Instead, cracks formed uniformly around the tunnel; however, these cracks were not 

interconnected.  
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5.6.1.3 Combined FDEM Models 

Using the FDEM, seven (7) combinations of input parameters were implemented for the URL stress 

scenario. The input parameters from URL-5 were implemented for the second stress scenario. This 

variation of parameters was done to assess sensitivity of breakout profile to input parameters and 

determine which set of input parameters most closely replicates the URL notch failure profile. In the 

model using input parameters determine from upscaling analysis (URL-1), no fracturing occurred in the 

tunnel roof and floor. The lack of formation of the brittle notch indicates that these parameters create too 

strong of a rockmass. Slightly lowering the strength by systematically altering input parameters allows for 

sensitivity analysis. Slight reduction in shear strength parameters, cohesion, and Mode II fracture energy, 

increase the depth of the notch profile. Slight reduction in tensile parameters, tensile strength and Mode I 

fracture energy, do not impact the depth of the notch profile. The most significant variation completed in 

the sensitivity analysis was change in friction and tangential penalty, both of which impact the 

mobilization of friction and effective frictional strength of the material. Decreasing the angle of friction 

from 52° to 45°, causes the depth of the notch to increase from approximately 1.1 R (URL-4), to 

approximately 1.6R (URL-6). Decreasing the tangential penalty from 104E (URL-through URL-6) to 10E 

(URL-7) causes the effective friction to drop to approximately 10° (as discussed in Section 4.2.5.3). This 

reduction in effective friction leads to a failure profile of 1.45R. 

5.6.2 Equivalency of Results 

To establish a multi-method stepwise verification process for FDEM tunnel models, individual aspects of 

FDEM tunnel models must be verified by analytical solutions and other verified numerical models. An 

analysis of the equivalency of behaviour, for similar models, using different methods, is part of the 

verification process. The kirsch solution and DISL are used as verification tools for each pseudo-

discontinuum FEM and FDEM model. The failure profile at the URL test tunnel is used to validate tunnel 

models.  
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5.6.2.1 Elastic Equivalency  

The kirsch solution is used as a basis for elastic verification. As described in 5.4.1 and 5.4.5.1, the 

expected elastic deformation for the point on the tunnel boundary parallel with the minor and major 

principal stresses are 0.5 mm and 2.7 mm in the URL stress regime, and 0.4 mm and 2.4 mm in the stress 

regime described in 5.4.5. Elastic behaviour in FEM models are verified in Section 5.4.3.3, for the URL 

stress regime.  

5.6.2.2 Depth of Yield and Fracture Propagation Equivalency 

The depth of yield in FDEM models is verified by the DISL solution. The DISL model for the URL 

predicted a maximum depth of yield in the notch of 1.22R. The depth of yield itself is validated by the 

URL test-tunnel case study (Section 5.1.3) in which the maximum extent of the notch was 1.3R.  

It should be noted that a differences between the result of the DISL model and the results of the pseudo-

discontinuum FEM and FDEM models should not be attributed to modelling method, as the input 

parameters used in the DISL model are not related to those in the FDEM model. The DISL model is 

calibrated to the URL test tunnel failure profile, rather than equivalent to other models.  

A method comparison can however be made between the pseudo-discontinuum FEM and FDEM models, 

as the similar input parameters (e.g. cohesion, tensile strength, friction) are equivalent, and an attempt was 

made to calibrate the non-similar input parameters (e.g. fracture energies, penalties, joint stiffness) to 

minimize their effects. Pseudo-discontinuum FEM and FDEM models with approximately equivalent 

parameters are listed in Table 5-8. 

Table 5-8: Approximately equivalent Pseudo-discontinuum FEM and FDEM URL tunnel model 

input parameters 

FDEM Model Pseudo-Discontinuum FEM 

(Voronoi) Model 

URL-1 V-URL-1 

URL-2, URL-3 V-URL 2, V-URL-3 

URL-4, URL-5, URL-6 V-URL-4 

URL-7 V-URL-5, V-URL-6 
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There is difficulty in modelling notch geometry in pseudo-discontinuum models. As is observed in failure 

profiles for pseudo-discontinuum models, much failure occurs in tensile areas of the model, rather than 

areas under highly anisotropic stress (tunnel roof and floor in the URL). Figure 5-32, Figure 5-33 and 

Figure 5-34 show a comparison of yield profiles between the three modelling methods. Figure 5-32, 

which compares URL-5 with V-URL-4, shows little agreement in fracture pattern. While tensile 

fracturing occurs in the sidewalls in both models, the extent of tensile fracture in the pseudo-discontinuum 

FEM model is more prominent. Brittle spalling fracture occurs in the roof and floor in the FDEM model, 

forming a notch geometry, and does not occur in the pseudo-discontinuum FEM model.  

A better agreement between pseudo-discontinuum FEM and FDEM models is shown in Figure 5-33 and 

Figure 5-34 where URL-7 is compared with V-URL-5 and V-URL-6, respectively. Limited tensile 

fracture occurs in the sidewalls in both models. There is close match in the depth of the modelled notch 

between pseudo-discontinuum and DISL models. Though the extent of fracture in the FDEM model is 

greater, the FEM profiles roughly correspond to notch formed by interconnected cracks in the roof in the 

FDEM model. Though these sets of parameters (URL-7 with V-URL-5 and V-URL-6), simulate the same 

failure profile, the numerical scale effects (discussed in Section 2.4.5) induced by the low tangential 

penalty (10E) in the FDEM model cannot be disregarded in the context of overall validation and 

verification. While the FDEM tunnel model alone could be viewed as valid, meaning the expected 

behaviour of tunnel overbreak is simulated by the model, validation of the input parameters is lost when 

other models using the same parameters are considered, such as the triaxial test in Section 4.2.5.3. 

It is notable that in both models, the angle of friction appears to have the most significant influence over 

notch geometry. Where the friction angle is low, but compensated for with an increased cohesive value, in 

pseudo-discontinuum FEM models, the notch geometry is formed. In FDEM models, models with lower 

friction inputs (URL-6) or friction mobilization (URL-7) form a significantly more prominent notch 

geometry. This effect is not easily replicated through adjustment of cohesion and tensile strength input 

values.  
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Under the second stress regime, the pseudo-discontinuum FEM model using V-URL-4 input parameters 

did not predict failure in the form of formation of notch geometry. Instead, cracks formed uniformly 

around the tunnel; however, these cracks were not interconnected. A notch geometry was modelled in an 

equivalent FDEM model and extends approximately 1.17R from the centre of the tunnel (Figure 5-28). 

While input parameter sets (listed in Table 5-8) are considered equivalent, it is evident that they do not all 

produce equivalent results. Friction, which appears to have a significant effect on the extent of modelled 

fracture propagation, is modelled differently between the FEM and FDEM. In the FEM modelling in this 

work, two distinct friction input parameters (peak and residual) are specified in each model. In FDEM 

models, friction is mobilized as a function of tangential sliding (as described in Section 2.3.5.2). The 

effect of non-similar representations of friction between methods is a possible cause of non-equivalence 

of modelling results with ostensibly equivalent input parameters. 

 

Figure 5-32: A comparison of model yield profile and fracturing for DISL FEM (green), pseudo-

discontinuum FEM V-URL-4 (red) and FDEM URL-5 (blue) representations of the URL test tunnel 
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Figure 5-33: A comparison of model yield profile and fracturing for DISL FEM (green), pseudo-

discontinuum FEM V-URL-5 (red) and FDEM URL-7 (blue) representations of the URL test tunnel 

 

Figure 5-34: A comparison of model yield profile and fracturing for DISL FEM (green), pseudo-

discontinuum FEM V-URL-5 (red) and FDEM URL-7 (blue) representations of the URL test tunnel 
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5.6.3 Contribution to the Stepwise Verification Process 

This chapter comprises the multi-method tunnel modelling portion of the stepwise verification process. 

The stepwise verification process for the FDEM requires simulation of equivalent behaviour using 

multiple methods. In this chapter, equivalent models are tested in using the pseudo-discontinuum FEM 

approach and the FDEM. Equivalency of input parameters is approximate; however, an effort is made to 

minimize the effects of non-similar input parameters. Input parameters for the continuum DISL FEM 

approach and the other methods are non-similar, and thus equivalent input parameters between the DISL 

are not established. The DISL approach is used for verification of elastic behaviour and depth of yield in 

pseudo-discontinuum FEM and FDEM models. The pseudo-discontinuum FEM models are used to verify 

fracture propagation in FDEM models. Agreement between numerical modelling methods is achieved for 

low friction angle input parameter combinations. 
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Chapter 6 

Conclusions 

6.1 Overview of Thesis Objective 

The main objective of this thesis was to provide a pathway to verification for simulation of tunnel-scale 

problems using the FDEM, specifically for tunnels situated in brittle crystalline (granitic) rock under high 

in situ stresses. While tunnel modelling in the FDEM has been completed by various researchers (e.g. 

Lisjak et al. 2015, Vazaios et al. 2018), its implementation into Canadian DGR research requires a 

verification of each component of the FDEM, from a laboratory scale to a tunnel scale.  

The verification of tunnel models in brittle rock requires a multi-step and multi-path process, which 

gradually builds in scale and in complexity of methods. The main objective of the stepwise verification 

process is to confirm each component of the FDEM tunnel model with either a less complex numerical 

method (e.g. FEM), or a less complex physical model setup (e.g. sliding block, UCS simulation).  

Verifications of elemental behaviour acts as a basis for verifications of increasing scale. Standard 

laboratory scale models act as an intermediate scale verification step, and allow for the calibration of 

laboratory strengths, and comparisons between numerical methods. The gradual upscaling process for 

pseudo-discontinuum and continuum models serves as a link between standard laboratory scale and 

tunnel scale behaviour, so that laboratory strengths can be related to input parameters in tunnel modelling. 

At standard laboratory, upscaled laboratory and tunnel scales, behaviour between numerical modelling 

methods is compared. Comparison is achieved by implementation of equivalent input parameters between 

methods, where the effect of non-similar parameters is minimized.  
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6.2 Summary of Work 

This thesis presents a stepwise verification process for modelling tunnels in brittle rock using the FDEM. 

The process is composed of verifications on four (4) scales: micromechanical, laboratory, upscaled 

laboratory and tunnel. Micromechanical verification is completed in Appendices A and B, where 

behaviour of joint elements (RS2) and crack elements (Irazu) are investigated. Laboratory scale 

verification is presented in Chapter 3. Laboratory test models are calibrated to match the laboratory 

strengths of LdB granite, using continuum FEM, pseudo-discontinuum FEM, and FDEM approaches. A 

study of numerical and modelled scale effects in FDEM models is presented in Chapter 4, in which 

numerical scale effects, attributed to element size and input parameters, are discussed. The AECL URL 

mine-by-experiment test tunnel, and a tunnel with the same geometry under different stress conditions, 

are modelled using the DISL FEM approach, pseudo-discontinuum FEM approach, and the FDEM 

approach, in Chapter 5. Multiple combinations of equivalent input parameters in pseudo-discontinuum 

FEM and FDEM models are implemented, and the equivalence of results is assessed. 

6.2.1 Status of the Development of the Stepwise Verification Process 

The work in this thesis covers the steps outlined in Figure 6-1. The process follows a multi-pathway 

approach. Progression from a micromechanical scale, to laboratory scale and tunnel scale allows for 

verification of individual behaviours in models, and the integration of calibration and scale effects into the 

modelling process. Progression from simple analytical solutions, to numerical solutions of increasing 

complexity allows for the gradual integration of increasingly complex behaviour, which leads to 

confidence building in modelling results in complex models. 

In this thesis, verification components for joint and crack elements at the micromechanical scale (first row 

of Figure 6-1) are completed in Appendices A and B. Laboratory scale calibration and multi-method 

verification of continuum FEM, pseudo-discontinuum FEM and FDEM models (second row of Figure 

6-1) are completed in Chapter 3. The upscaling study for FDEM models (third row of Figure 6-1) 

completed in Chapter 4 allows for the relation of calibration results to input parameters for tunnel models. 
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A limited upscaling study for pseudo-discontinuum FEM models is also completed in Chapter 4; 

however, quantitative results are not implemented for tunnel models. A multi-method approach to tunnel 

modelling (fourth row of Figure 6-1) is completed in Chapter 5.  

 

Figure 6-1: Repeat of Figure 1-1: Stepwise verification process for modelling tunnels in brittle rock 

using the FDEM, including calibration, the study of scale effects, and comparison of FEM and 

analytical solutions.  
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6.3 Summary of Conclusions 

Conclusions for each individual component of the stepwise verification process are discussed in their 

respective appendices and chapters. The following sections include a summary of these conclusions, and a 

discussion of their interconnectedness and significance with respect to one another.  

6.3.1 Micromechanical Scale 

On the micromechanical level, tensile strength of crack elements (Irazu) and joint elements (RS2) are 

verified through a direct tension test in Appendices A and B, respectively. Shear strength and stiffness of 

joint elements in RS2 are verified in Appendix B. The peak normal stiffness of RS2 joint elements is 

verified in compression and tension; however, the residual normal stiffness cannot be verified, and tensile 

yielded joints under re-compression lose their yield flag, and thus do not experience the residual stiffness 

behaviour specified in the model. This condition constitutes a limitation of the RS2 software which makes 

pseudo-discontinuum models unverifiable in a post peak state. The significance of this limitation is 

unclear and must be determined for models at an elemental scale. 

6.3.2 Laboratory Scale  

On a laboratory scale, attempts were made to relate pseudo-discontinuum voronoi and trigon jointed RS2 

models to FDEM models. Lack of convergence and unrealistic post-peak behaviour in RS2 led to the 

conclusion that post-peak behaviour of a voronoi or trigon joint network is invalid in UCS test 

simulations using the pseudo-discontinuum FEM approach. The equivalency of the breaking strength of 

UCS tests modelled in Irazu however can be related to a critical accumulation of cracks in equivalent 

pseudo-discontinuum voronoi and trigon jointed RS2 models. The correlation of crack accumulation in 

RS2 to UCS in Irazu is approximate; however,, when equivalent input parameters are implemented in 

both methods, the results are comparable. In the case of modelling completed in Chapter 3, FDEM results 

are within 15% (30 MPa for a 200 MPa UCS in FDEM models) of pseudo-discontinuum FEM results.  
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6.3.3 Upscaling and Scale Effects 

6.3.3.1 Simulated Intact Rock Scale Effects 

Gradual upscaling in Irazu allowed for verification of scale effects in FDEM models. Strength-scale 

decay effects mimicking the intact rock scale effects (Hoek and Brown 1980) were present in upscaled 

UCS simulations involving the implementation of constant element sizes in models of increasing 

dimensions. Proportionally upscaled UCS simulations, where element to diameter ratio remained 

approximately consistent, but absolute size was increased, did not produce any scale effects in the 

millimetre based Irazu unit system.  

While limited upscaling work in RS2 was completed, a similar trend in constant element size upscaling to 

intact rock scale effects was observed, through examination of crack accumulations at equivalent stresses 

in models of varying scale. Numerical scale effects related to joint element length in RS2 were not 

discovered, and identical behaviour was simulated in proportionally upscaled models. 

6.3.3.2 Numerical Parameter Scale Effects 

Laboratory, upscaled, and tunnel modelling using the metre-based unit system in Irazu prove the length 

dependency of the tangential penalty. When implementing a tangential penalty with a magnitude of 10E, 

it was discovered that the friction angle specified in model setup did not have any effect on modelled 

material strength. This effect was proven through simulation of UCS and TCS tests. In UCS simulations, 

the angle of failure of the simulated specimens with a friction angle input of 59° resembled that of a 

frictionless material, failing at approximately 45°. In TCS simulations, only marginal strength increases 

occurred with increasing confinement, producing a triaxial strength envelope which indicated an effective 

friction angle much lower than the specified value. 

The conclusion of these findings is that upscaling in FDEM models requires multi-scale verifications, as 

scale dependency of parameters can lead to a loss of verification at scale. All tunnel scale models 

simulated with the FDEM should be accompanied by verifications for the specific element size used. 

Simulation of a UCS test as a verification and calibration tool for tunnel models is insufficient and does 
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not provide verification of frictional strength. Verification of friction mobilization should be completed 

by calibrating a laboratory simulation to a triaxial strength envelope for all element sizes used, and 

critically examining fracture patterns and failure angles in UCS simulation results.   

6.3.4 Tunnel Scale 

On a tunnel scale, the case study of the AECL URL mine-by-experiment test tunnel was used as a 

validation tool for DISL-FEM, pseudo-discontinuum FEM, and FDEM models. Stepwise verification at 

the tunnel scale consisted of comparing elastic behaviour of all models with the analytical kirsch solution 

and comparing depth of yield and fracturing in numerical simulations.  

This comparison led to a cross-method distinction between equivalencies in input parameters and 

equivalencies in behaviour. The DISL-FEM model was used to compare GRCs and depth of yield in 

pseudo-discontinuum FEM, and FDEM models. Tunnel models were simulated with equivalent 

parameters in pseudo-discontinuum FEM and FDEM models, where the effect of non-similar input 

parameters was minimized. To verify FDEM models with pseudo-discontinuum models, the same 

behaviour must be simulated with equivalent input parameters.  

Comparing multiple combinations of input parameters across both methods, the best agreement of 

fracture propagation was found for models with a low friction input parameter. This conclusion is 

consistent with failure theories for rock, which suggest that only the cohesive component of strength 

exists, and that friction only mobilizes after inter-grain shearing breaks cohesive bonds and the rock 

begins to dilate (Martin 1997, Diederichs 1999, 2003, 2007), and draws parallels with continuum 

numerical modelling approaches for brittle rock (Hajiabdolmajid et al. 2002, Diederichs 2003, 2007). 

For models with friction angles close to those determined from triaxial envelopes for the modelled 

material, the pseudo-discontinuum approach was ineffective in simulating brittle spalling behaviour.  
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6.4 Specific Contributions of this Body of Research 

Original contributions from this body of work include: 

1. The development of a calibration process for voronoi and trigon based (grain-based) pseudo-

discontinuum UCS simulations. Though voronoi and trigon approaches to representation of rock 

in FEM models have been used in previous work, no calibration process for these models is 

outlined in literature. Chapter 3 outlines a procedure used for calibration, and the modelling 

challenges associated. 

2. Parameter equivalence between joint element and crack element input parameters. Parameter 

equivalence between pseudo-discontinuum FEM and FDEM models was achieved in Chapter 3 

by minimizing the effects of non-similar parameters. This solution is not exact, as the 

minimization of non-similar parameters has not been confirmed through extensive sensitivity 

analysis, the Mohr-Coulomb strength parameters can be related between methods and give 

approximately similar UCS test results.  

3. The establishment of a strength-scale relationship for FDEM UCS test simulations using a 

constant element size. The strength-scale relationship established in Chapter 4, mimics the intact 

rock strength scale-relationship described by Hoek and Brown (1980). The modelling results 

allow for a correlation of UCS model strength with size. 

4. The confirmation and consequences of numerical scale effects in the metre-based unit system in 

Irazu, and suggestions for verification of element behaviour in tunnel models using the FDEM. 

Non-mobilization of friction occurred in various models constructed in the m-based unit system 

in Chapter 4. The non-mobilization was discovered through triaxial test simulations, which 

yielded very little increased strength with confinement. The use of the m-based unit system for 

element sizes between 0.002 and 0.03 m, with default (10E) penalties was shown to be ineffective 

in mobilizing friction. These findings are significant to previous work which involved the use of 
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default penalties (Vazaios 2018, Vazaios et al. 2018), and also explains the requirement for 

unreasonably high cohesion and fracture energies in this work. 

5. Equivalency of model results between pseudo-discontinuum FEM and FDEM models. Although 

multiple combinations of input parameters were tested for equivalency between FEM and FDEM 

models in Chapter 5, some sets of equivalent parameters gave more equivalent results than 

others. In general, it was found that a low friction angle and high cohesion value better replicated 

a notch failure profile in pseudo-discontinuum FEM models, and thus gives a closer 

approximation to the fracture profile in an equivalent FDEM model. 

6. A stepwise verification process for modelling tunnels in brittle rock using the FDEM. The 

stepwise verification process presented in this Chapter 1, and implemented through Chapters 3, 

4 and 5, acts as a starting point for future research, and provides guidelines on relating the results 

of laboratory scale calibrations, to input parameters used in tunnel scale models.  

6.5 Recommendations for Future Work 

The stepwise verification process developed in this thesis, and the work completed comprises some, but 

not all, of the possible pathways to verification of the FDEM. Based on the approach adopted, the results 

reported in this thesis and the acquired experience during this research program, the following 

recommendations for future research in the field of FDEM modelling of tunnels in brittle rock should be 

considered: 

(1) Develop guidelines for pseudo-discontinuum FEM modelling 

The calibration of trigon and voronoi UCS test models in RS2 presented difficulties in the form of 

non-convergence behaviour, discrepancies in calculation between RS2 versions, and 

interpretation of the point of simulated specimen failure. Further sensitivity analysis of UCS 

simulation joint strength and stiffness parameters should be undertaken, in an effort to develop a 

standard modelling procedure. Before proceeding with this work, the discrepancies in versioning 
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should be addressed. Further consultation with RocScience Inc. is recommended before this work 

proceeds. 

The pseudo-discontinuum approach to tunnel scale modelling should also continue to be 

developed. The approach taken in this work was to substitute parameters equivalent to those 

determined through FDEM upscaling into tunnel scale models, rather than to base parameters on 

laboratory scale calibration or upscaling in RS2. The validity of this approach as a standalone 

method, rather than just a verification tool for FDEM, should be investigated.  

The results of modelling using this method indicate that a high value of cohesion and low value 

of friction best reproduce the characteristic brittle notch failure profile. A sensitivity analysis and 

detailed calibration should be completed for a tunnel in brittle rock under an anisotropic stress 

field, such as the models completed in Chapter 5.  

(2) Investigate the disagreement in pseudo-discontinuum models between the peak input parameter 

required to achieve laboratory strengths in UCS and TCS simulations, and the friction input 

parameter required to simulate a brittle spalling failure profile in tunnel models. 

While a low friction angle simulates the expected brittle spalling behaviour in pseudo-

discontinuum models of tunnels, the results of laboratory scale calibration in Chapter 3 show that 

friction contributes the simulated strength of UCS test specimens. To relate the input parameters 

determined through laboratory scale calibration, to those used in tunnel modelling, the effects of 

friction input parameters in laboratory simulations should be further investigated. The role of 

residual friction should be examined through a detailed sensitivity analysis of UCS and TCS 

strengths in laboratory models, and brittle spalling failure in tunnel models. 

(3) Investigate Scale Effects of input parameters through constant element size upscaling of FDEM 

Models 

A strength decay scale effect was determined for constant element size upscaling in FDEM 

models. This effect closely mimicked the empirical relationships (Hoek and Brown 1980, 
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Yoshinaka et al. 2008) for the intact rock scale effect. Of the combinations of parameters 

considered in upscaling, each set had a slightly distinct scale effect. Determining the distinct scale 

effects of each input parameter is challenging, as the scale effects for only four (4) parameter 

combinations have been studied, and each parameter has not been independently varied. It is 

suggested to conduct a systematic sensitivity analysis for gradually upscaled UCS test FDEM 

simulations. Each parameter should be systematically varied to determine its effect on strength-

scale decay. 

(4) Investigate unexplained numerical instabilities in the FDEM, and establish guidelines for 

verifying numerical stability and reducing instabilities in FDEM modelling 

Numerical instabilities in FDEM models in Irazu are often caused by an inadequately sized 

timestep. Lowering the timestep allows for the calculation to generally proceed in a more stable 

manner; however, any decrease in time step will increase computational time.  

While the timestep in Irazu models is well calibrated to suit the default penalty values (10E), and 

the velocities and stresses applied in Irazu verification models (Geomechanica Inc. 2018) and 

published guidelines  for calibration (Tatone and Grasselli 2015), variation in penalties and 

velocities can cause numerical instability which can be unknown to the user. Though it is 

typically intrusive for advanced users to check for instabilities, practical guidelines should be 

developed to ensure consistency in work. These guidelines should include, but not be limited to: 

checking for velocity oscillations in the output files and running a sliding block test for the 

element size selected for modelling. 

Though global velocity oscillations can often be dispelled by a reduction in the timestep, 

localized velocity oscillations do not have a clear cause. The occurrence of these oscillations 

should be investigated, as they have the potential to significantly decrease the apparent strength 

of a simulated material by causing early crack propagation. 
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(5) Improve the stepwise verification process by the implementation of UDEC as an intermediate 

verification step.  

The original formulation of the stepwise verification process involved the implementation of the 

DEM software UDEC as an intermediate step between pseudo-discontinuum FEM, and FDEM. 

The implementation of UDEC allows for further verification of FDEM models, as the detachment 

of material can be represented, eliminating the challenges associated with post-peak behaviour in 

FEM models. The Mohr-Coulomb joint model, implemented in RS2 and UDEC, allows for 

verification between models. The same calibration and process followed for FDEM should be 

implemented in UDEC, allowing for further verification of the simulated intact rock scale effect. 

 

In conclusion, the body of this research proposes a process for stepwise verification of the FDEM, for 

modelling tunnels in brittle rock. The work outlined in this thesis is a significant contribution towards 

this process and towards the full verification of tunnel-scale FDEM models; however, there are 

clearly additional research efforts which will contribute significant and useful insights toward this 

process.  
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Appendix A 

Verification of RS2 Joint Element Behaviour 

A.1 Overview of RS2 Joint Element Behaviour  

Joints elements in RS2 represent interfaces along which movement can take place. A Joint is assigned 

strength and stiffness properties. Relative movement of the two sides of a joint may be elastic, or 

inelastic.  

The elastic behaviour of joint elements assigned the Mohr-Coulomb constitutive model is controlled by 

joint normal and shear stiffness (Kn and Ks). Joint stiffness are defined in units of Pressure per Length 

(Pa/m). The inelastic behaviour of joint elements assigned the Mohr-Coulomb constitutive model is 

controlled by cohesion (c), friction (ϕ) , and tension (T). 

A.1.1 Theoretical Joint Element Behaviour 

According to defined values of Kn and Ks, the respective normal and shear stress experienced by a joint 

element is a function of normal (un) and shear (us) displacement. For the arbitrarily selected Kn and Ks 

values of 105 MPa/m and 104 MPa/m, the expected normal (σn) and shear (τ) stresses are as follows:    

𝜎𝑛 = 𝐾𝑛𝑢𝑛 = 105𝑢𝑛 

𝜏 = 𝐾𝑠𝑢𝑠 = 104𝑢𝑠 

For inelastic joints, the respective stresses at which joint elements experience tensile and shear failure are 

T and c+σntan(ϕ).  For the arbitrarily selected Mohr-Coulomb parameters of T=1 MPa, c=1 MPa and 

ϕ=35°, the expected stresses at failure are: 

Tensile Failure → σn = 1 MPa (in tension) 

Shear Failure → τ =c+σntan(ϕ) = 1+σntan(35°) 

While residual stiffness is not assigned in the Mohr-Coulomb joint model, a normal stiffness reduction 

can be applied through the RS2 project settings. This value, r, changes the joint normal stiffness from Kn 

to r∙Kn.   
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A.1.2 Model of Joint Element Behaviour 

RS2 models were created to verify normal (tension and compression) and shear joint element behaviour. 

Models were run in both version 9.0 and 10.0 of RS2.  

To verify joint behaviour in tension and compression, a staged analysis in was used to pull apart and re-

compress a joint. The model configuration is shown in Figure A-1. The results for joint pull apart and re-

compression are shown in Figure A-2. The joint element follows the stress-displacement relationship 

defined by Kn for the elastic portion in tension. After yield in tension at 1 MPa, normal stress reduces to 

zero at a non-similar rate between RS2 versions. The rates, shown in Figure A-1, do not reflect the 

specified value of Kn in tension, at 0.01Kn (where r=0.01). After reaching zero normal stress, 

recompression is applied. In compression, the yield flag is lost for the joint element, and elastic behaviour 

reverts back to Kn. 

To verify the shear behaviour of joints, a staged analysis was used to simulate sliding along a joint under 

a 1 MPa confining stress. The applied shear load is incrementally increased, as shown in Figure A-3.  

The result of the joint shearing is shown in Figure A-4. Though 1 MPa of stress is applied to the side of 

the model, only 0.5 MPa of normal stress is experienced along the joint (as measured in RS2 interpret). 

The rate of shear stress vs shear displacement corresponds to the specified value of Ks. The shear stress 

experienced at failure is 1.4 MPa, which corresponds to the theoretical shear strength given by the 

equation for shear strength τ =c+σntan(ϕ)=1+0.5tan(35°). 
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Figure A-1: Configuration of a RS2 block model for joint tension and compression verification  

 

 

 

Figure A-2: Stress-displacement path of a joint pull-apart and re-compression simulation  
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Figure A-3: Configuration of a RS2 block model for joint shear verification  

 

 

Figure A-2: Stress-displacement path of a joint shearing simulation  
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A.2 Summary of Joint Element Verification 

The behaviour of joints under shear, compression, and tension was verified in this section.  

Under tension, yield occurs at a stress equivalent to the specified tensile strength input parameter. The 

normal stiffness under tension corresponds to the specified normal stiffness Kn. The normal stiffness 

under compression also corresponds to the specified normal stiffness Kn.  

In shear, the shear stress experienced at failure corresponds to the equation τ =c+σntan(ϕ), for the 

specified values of ϕ and c, and the shear stiffness corresponds to the specified value of Ks.  

The loss of yield flag for recompressed joints prevents the true verification of joint behaviour under 

tension and recompression. In real geo-materials, joint “healing” to original strength and stiffness would 

not occur. This effect causes concern in pseudo-discontinuum modelling and could lead to under-

prediction of fracture propagation.  
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Appendix B 

Verification of Irazu Crack Element Behaviour 

Verification examples are outlined in the Irazu FDEM Verification Manual (Geomechanica Inc. 2016). In 

addition to these verifications, the mobilization of friction was tested by simulating a block sliding on an 

inclined plane. 

B.1 Block Sliding on an Inclined Plane 

The example of a block sliding on an inclined plane is used to verify friction mobilization. This example 

considers a triangular block with zero initial velocity sliding down a plane inclined at 45° under the 

influence of gravity (g = 9.81 m/s2). All nodes of the base block are pinned, excluding the upper interface, 

and all nodes of the sliding block are free. The configuration is shown in Figure B-1.  

 

 

Figure B-1: Configuration of a sliding block model in Irazu, with a sliding plane oriented at 45°. 

Displacements are measuring in the top left corner of the upper block 
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B.1.1 Analysis of Friction Angle Effects 

To test the effect of specified friction angle, when the inclination of the friction angle is close to that of 

the inclined plane, the and Irazu simulation of the sliding block test was completed with the input 

parameters and run options summarized in Table B-1. 

 

Table B-1: Input parameters for Irazu sliding block simulations 

Model # B1 B2 

Model Setup & Run Options   

Element Size (m) 0.2 0.2 

Unit System m m 

Number of Timesteps 106 107 

Timestep Size (s) 4.7e-7 4.7e-7 

Material Elastic Properties   

Density (kg/m3) 2600 2600 

Young’s Modulus (GPa) 69 69 

Poisson’s Ratio 0.22 0.22 

Viscous Damping Coefficient. 1 1 

Constitutive Law Plane Strain 

Material Strength Properties   

Friction Coefficient, μ 1.1 1.01 

Cohesion, c (MPa) 10-6 10-6 

Tensile Strength, ft (MPa) 10-6 10-6 

Mode I Fracture Energy, GfI (N/m) 10-6 10-6 

Mode II Fracture Energy, GfII (N/m) 10-6 10-6 

Penalties   

Fracture Penalty, pf (GPa) 690 690 

Normal Penalty, pn (GPa mm) 690 690 

Tangential Penalty, pt (GPa/mm) 690 690 
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B.1.1.1 Analytical Solution 

For friction coefficients of 1.01 and 1.1, equivalent to 45.3° and 47.7°, sliding should not occur on a plane 

inclined at 45°. The factor of safety equation for a sliding block on a plane inclined at an angle θ, where 

the friction angle is represented by ϕ, and there is no cohesion, is given by: 

𝐹𝑆 =
 𝑜𝑠(𝜃) tan(𝜙)

sin(𝜃)
 

For ϕ = 45.3°, the factor of safety is equal to 1.01, and therefore sliding should not occur. For ϕ = 47.7°, 

the factor of safety is equal to 1.1, and therefore sliding should not occur.  

B.1.1.2 Modelling Results 

Plots of displacements of the sliding block with respect to time as computed with Irazu are shown in 

Figure B-2. Examining these figures, it is clear that friction does not mobilize when the angle of internal 

friction is equal 45.3° This result directly conflicts with the analytical solution for factor of safety of a 

block against sliding. Friction is mobilized when the angle of internal friction is equal to 47.7°. These 

results indicate that friction mobilization is dependent on friction angle but does not directly correspond 

to the friction angle specified. Some rounding error may be indicated. 

Figure B-2: Displacement versus time for simulations of a block with 0.2 m mesh elements sliding 

on an inclined plane with varying friction angle 
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B.2.1 Analysis of Element Size Effects 

To access the effect of element size on friction  mobilization, the input parameters listed for Model B1 in 

Table B-1 were implemented for a 0.03 m element size. Plots of displacements of the sliding block with 

respect to time as computed with Irazu are shown in Figure B-3.  

Examining the results, it is clear that mobilization of friction is mesh element length dependent, as 

decreasing the mesh size without altering other input parameters leads to non-mobilization of friction. 

 

Figure B-3: Displacement versus time for simulations of a block sliding on an inclined plane with 

varying mesh element sizes 
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Appendix C 

Computational Time of Numerical Simulations 

 

The simulations presented in this thesis were carried out using the FEM RS2 software by RocScience Inc. 

and the FDEM Irazu software by Geomechanica Inc. Run times of selected simulations are reported in the 

Table C-1. Typical mesh and joint network generation times are also reported. Joint networks were 

created in UDEC and RS2. UDEC joint network generation times greatly exceed times for RS2. Mesh is 

generated in RS2 for RS2 simulations, and in gmsh for FDEM simulations. 

The RS2 simulations were carried out using elastic, and elasto-plastic continuum models, and pseudo-

discontinuum, bulk elastic, yielding joint, voronoi and trigon voronoi models. Irazu simulations consist of 

elastic triangular elements with yielding crack elements.  
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Table C-1: Run times and mesh and geometry generations times of select RS2 and Irazu Models 

Model Software 
Element 

Size (m) 

Grain 

Size 

(m) 

Number 

of 

Elements 

Time step size (s) 

(FDEM)/Number 

of stages (FEM) 

Total Joint 

Network 

Generation 

Time (RS2) 

Total Joint 

Network 

Generation 

Time (UDEC) 

Total Mesh 

Generation 

Time  

Total Run 

Time 

UCS 

(continuum) 
RS2 0.02 - 3,000 101 Stages - - < 5 sec 1 min 

UCS 

(voronoi) 
RS2 0.01 0.02 20,000 101 Stages < 30 sec < 1 hr 1 min 5 min 

UCS Irazu 0.02 - 7,000 1,500,000 steps - - < 5 sec 45 min 

Tunnel 

(continuum) 
RS2 0.6 - 400,000 22 stages - - < 5 sec 5 min 

Tunnel 

(voronoi) 
RS2 0.1 0.3 500,000 22 stages < 30 sec 

> 3 weeks  

(not attained) 
1 – 14 days 

30 - 60 

min 

Tunnel Irazu 0.3 - 300,000 10,000,000 steps - - < 5 sec 24 - 72 hrs 
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Appendix D 
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Fully Refereed Conference Papers (1) 

1. Markus, S.L., Diederichs, M.S., and Vazaios, I. 2019. Establishing a Stepwise Verification and 

Upscaling Process for Modelling Brittle Failure in Rock using the FDEM Method. In 

Proceedings of the 14th International Congress of Rock Mechanics, Iguazú Falls, Brazil.  

Posters produced from Research Activities (1) 

2. Dadashzadeh, N., Markus, S.L., and Diederichs, M.S., 2019. EDZ Analysis with Discontinuum 

Modelling: Reliability, Sensitivity and Verification. Poster presented at the NWMO 17th Annual 

Geoscience Seminar, Toronto, Canada. 


