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Abstract 
 

This thesis introduces a new strategy to develop a comprehensive stochastic polymer-

ization simulation with the capacity of considering the secondary reactions attributed 

to the radical acrylate/methacrylate/styrene polymerization carried out at high tem-

peratures via semi-batch reactor operation. Unlike the conventional deterministic 

method of polymerization modeling (i.e., method of moments), the resulting kinetic 

Monte Carlo (KMC) model can predict the distribution of comonomer units among 

polymer chains. A combination of acceleration methods is implemented to effectively 

reduce the computational cost of these simulations while preserving the accuracy of 

the solution. KMC model output is not only compared to a deterministic model imple-

mented in Predici® but experimentally challenged by comparing predictions to the 

properties of polymer samples extracted after crosslinking of resin synthesized in a set 

of 2-hydroxyethyl acrylate (HEA)/butyl methacrylate (BMA) copolymerizations.  

While the simulation time has been greatly reduced, the KMC method is still compu-

tationally costly relative to deterministic methods. Thus, a methodology has been de-

veloped to use the instantaneous copolymer composition and number-average chain 

lengths output from a deterministic model to estimate the instantaneous mole and 

weight fractions of polymer chains with respect to the number of comonomer units 

they possess, with the cumulative quantities calculated through suitable integration.  

Derivative-free optimization algorithms (e.g., Pattern Search and Particle Swarm) are 

combined with the accelerated kinetic Monte Carlo model to develop strategies to im-

prove the traditional starved-feed policy often used by industry. Starved-intervals are 

introduced as an approach to modify the monomer and initiator feeding strategy. This 

concept is demonstrated using a simpler deterministic model based on the method of 
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moments as a case study. A feeding schedule formulated by utilizing the Pattern 

Search optimization algorithm combined with the KMC model demonstrates remark-

able improvement compared to the traditional starved-feed policy; in fact, this nonlin-

ear feeding strategy reduces the total reaction time from 6 hours to less than 2 hours 

while the quality of polymer product is improved. This strategy is experimentally ver-

ified both at Queen’s University and Axalta Coasting Systems research facility. 
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𝑟𝑖  Monomer reactivity ratios  

𝑅𝑁 Random number 

𝑠𝑖 Radical reactivity ratios 

𝑡𝑓 Final reaction time 

𝑈(𝑛,𝑚)
[𝐵]

 Macromonomer chain with n monomer, m monomer, and B 
branches 

𝑉𝑀𝐶[𝑆] KMC simulation volume 

𝑉𝑟 Reactor Volume 

𝑤(𝑛)
𝑖𝑛𝑠𝑡 Instantaneous weight fraction of chains with a length of n 

𝑤[0]
𝐸𝑠𝑡. Estimated weight fraction of non-functional chains 

𝑤𝐹=𝑗
𝑖𝑛𝑠𝑡 Weight fraction of chains with the comonomer functionality equal 

to j 

𝑥wp Polymer weight fraction in the solution 

𝑥𝐹=𝑗
𝑖𝑛𝑠𝑡 Mole fraction of chains with the comonomer functionality equal to j 

𝑥𝑗 Mole fraction of reactant j 

𝛿𝑗 𝛿1 and 𝛿2 represent unit vectors (1,0) and (0,1), respectively 

𝜃𝑗
𝑖𝑛𝑠𝑡 Instantaneous radical fraction with the j-type terminal position 

𝜆𝑘 kth moment of growing polymer chains 

𝜇𝑘 kth moment of dead polymer chains 

𝜌𝐵 Branching density 

𝜌𝑗 Molar density of reactant j 

𝜓𝑥 Cumulative reaction rate of KMC channel number x  

𝜔𝑖 Weighing factor number i 

Δ𝑡 Time interval 

𝛿 Termination mode coefficient 

𝜏 Reaction time step 

𝜖 Objective function  

𝜔 Correction factor 

𝜙 Time-dependent scaling factor 

 

 

 



 

-1- 

 | Introduction 

The ground-breaking research of Staudinger and Mark in the early 20th century ignited 

the existence of the field now known as polymer science. [1] Staudinger provided the 

first evidences of high molecular-weight organic molecules in an era where the scien-

tific community believed that organic molecules with a molecular weight of greater 

than 5000 g/mol did not exist. He introduced the terminology to describe what 

we now know as polymerization, i.e., a series of reactions that sequentially connect 

low molecular weight molecules together into high molecular weight material via co-

valent bonds, [2] a concept supported by Mark’s pioneering study of the crystallinity 

of naturally occurring polymers such as cellulosics and silk using x-ray diffraction. [3] 

It was recognized even then that the distributions of molar mass and comonomer units 

among the polymer chains greatly influence the end-use performance and application 

of polymer products. Thus, scientists have attempted to characterize and mathemati-

cally predict the structure of polymer chains for many decades. Initiated by the pio-

neering works of Kuhn, Chalmers, Schulz, and Flory, the chain-length distribution was 

introduced to the mathematical description of product properties resulting from the 

kinetic mechanisms associated with addition polymerization.[1] Kraemer and Lansing 

illustrated that the statistical averages of this distribution (number-, weight-, and Z-

average molecular weights) are measurable via osmotic pressure and viscosity meas-

urements.[1,4,5] In 1944, the copolymer composition equations were developed by Al-

frey and Goldfinger,[6] Mayo and Lewis,[7] and Wall.[8] The reaction engineering per-

spective on polymerization started to emerge[1] via Denbigh’s observation that a nar-

rower chain-length distribution (i.e., lower polymer dispersity) is obtained in a 

continuous well-mixed reactor operating at steady-state condition compared to batch 
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or tubular reactors, in the absence of long-chain branching.[9] This remarkable work 

first demonstrated that polymer properties are influenced by the combination of 

polymerization recipe and reactor conditions with the kinetics of the system. Such sen-

sitivity toward the reactor operating condition (i.e., feed, mixing, reactor temperature, 

etc.) can significantly alter the physical and chemical properties of polymers produced.  

While commercial polymers range from high-volume commodities to high-value low-

volume materials, in all cases designing the material for a targeted application needs 

an understanding of how operating condition influences molecular structure. Acrylic 

resins manufactured for the paints and coatings fall within this product spectrum; for 

automotive applications, a wide range of products are made by varying composition 

to balance customer demands for improved performance without increasing cost. Of 

particular interest to this research is the desire to control the homogeneity of the resin 

with respect to the chemical composition, as this affects end-use rheological properties 

(e.g., viscosity), crosslinking efficiency, film glossiness (i.e., reflection of light), thermal 

properties, and film strength (i.e., impact resistance and hardness of film).[10] Often 

manufactured in a semi-batch process, development of efficient simulation tools to de-

scribe the dynamic evolution of the copolymer composition distribution and improved 

operating strategy requires the combination of advanced mathematical modeling and 

reactor optimization techniques.  

Recognizing the available theoretical and experimental tools for enhancing materials 

capabilities allows the design of novel advanced polymers. Multi-component poly-

meric materials (i.e., those synthesized using a mixture of monomers) are widely in 

use to impart a specific set of properties for a given application not achievable from a 

blend of homopolymers. Functionalized copolymer chains are often synthesized as a 
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first step, with final properties of the material developed through subsequent reaction. 

Through direct copolymerization, the functional monomer is included in the recipe to 

add functionality onto the polymer chains backbones as a pendant group. These are 

generally produced by free radical polymerization (FRP) chemistry, as Ziegler–Natta 

or metallocene catalysts used for coordination polymerization undergo catalyst poi-

soning in the presence of functional polar monomers (e.g., glycidyl methacrylate, hy-

droxyethyl acrylate, etc.).[11]  

Peroxides and azo compounds are commercially employed as initiators for FRP, as 

they exhibit low to no sensitivity toward impurities or the heteroatoms (N, O, halo-

gens).[11,12] The initiator thermally decomposes, forming highly reactive primary free 

radicals lacking an electron in valence pair. Propagation allows the primary radical to 

grow in length by sequential monomer additions until it ends by a chain transfer event 

or termination reaction where two radicals can form a stable covalent bond. Thus, in 

the presence of vinyl monomers (i.e., compounds with double bond functionality), the 

mixture of monomers combines into linear or branched, short or long chains depend-

ing on the reaction condition. Although the formation of chains decreases the entropy 

(by reducing the system’s disorder), the reaction is highly favored through a significant 

release of energy. The polymerization rate, however, is influenced by the adjacent re-

peating units next to the radical center of the growing chain. Depending on the 

polymerization procedure, a variety of primary or secondary reaction mechanisms can 

influence the final structure of a polymer chain.[12] 

 



 

-4- 

This thesis focuses on the improvement of semi-batch starved-feed radical copolymer-

ization processes through the development and application of a comprehensive sto-

chastic model to represent the complex reaction system. Since polymers are often func-

tionalized for end-use applications, knowledge of the average composition and molec-

ular weights of the product is often not sufficient, as the distribution of the reactive 

moieties among the chains affects the polymer product performance. Minimizing the 

fraction of functional monomer used in the production of low molecular-weight resins 

for solvent-borne coatings is a challenge that can be tackled via accelerated stochastic 

modeling approaches as well as optimization techniques via dosing strategies. Since 

this opportunity is strongly connected with precise predictions, the development of 

acceleration techniques is a pivotal part of the project. The aim of the optimization ef-

forts is to maintain the relative concentrations of the reactants constant throughout the 

polymerization process by adapting nonlinear feeding policies derived based on both 

the developed models and experimental investigations.  

A model provides an approximate representation of the real system while a simulation 

is the process of using the model to study the behavior of an actual or a theoretical 

system. [13] Thus, models are used in a simulation to study an existing or a proposed 

characteristic of a system, often by altering the associated variables. A deterministic 

model uses a set of algebraic and differential equations formulated to represent the 

system, while Monte Carlo (MC) methods are stochastic techniques, meaning they are 

based on random numbers to investigate a phenomenon. In terms of polymer reaction 

engineering, Kinetic Monte Carlo (KMC) is a simulation algorithm that utilizes a prob-

ability function based on rate equations to predict reaction events. Compared to deter-
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ministic methods such as the method of moments, KMC provides the capability to pre-

dict the structure of individual polymer chains (e.g., location of comonomer functional 

groups or branch points) that, with a suitable sample size, also yield estimates of aver-

age properties of the system. The Gillespie’s algorithm [14] is widely used to represent 

polymerization due to its relative ease of implementation and its precision in predict-

ing a variety of polymer properties. However, the Gillespie-based KMC algorithms are 

highly time-consuming. [15] 

This Ph.D. thesis will focus on the potential control variables in free radical polymeri-

zation to achieve desired distributions of comonomer among the macromolecules at a 

minimum cost based on off-line measurements and simulations. Chapters 2 and 3 pre-

sent the development and verification of a comprehensive accelerated stochastic model 

for this purpose, while Chapters 4 and 5 provide insights into how the model can be 

further utilized, exploring the opportunity of transferring the stochastically derived 

chain fractions per comonomer functionality back to the deterministic model. Finally, 

Chapter 6 demonstrates the use of stochastic simulator to improve the quality of pol-

ymer products via a modified feeding strategy. Each chapter offers a compact intro-

duction and objective before unraveling the achieved contribution of the author. Chap-

ter 7 describes the long-term objectives and future works recommended by the author 

to bring the project to the next level. Chapter 8 addresses the citations made through-

out this thesis in one place. Ultimately, the extra details related to each chapter are 

accordingly categorized in Appendices A, B, C, and D to keep the main document as 

concise as possible. 
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 | Acceleration of Monte-Carlo Simulation* 

While average composition can be modeled using deterministic methods, stochastic 

modeling tools such as the Kinetic Monte Carlo (KMC) methodology are required to 

track the placement of comonomer (often functional groups) across the polymer chain-

length distribution.[16–20] Utilizing a probability function based on rate equations to 

predict reaction events, KMC is capable of predicting the explicit sequences of the in-

dividual chains. Such detailed information allows the estimation of the full polymer 

weight distribution under conditions of stationary and non-stationary radical genera-

tion, as well as the specific locations of cross-links, pendant double bonds, and comon-

omer units (among other features) in the population of chains that can be compared to 

measured properties such as swelling behavior and gel fractions, and bivariate copol-

ymer composition–chain-length distributions inferred by crystallization behavior, or 

electron spray ionization mass spectra.[17,21–23]  

However, the time-consuming computational calculations required to obtain this de-

tailed information often limit the utilization of the KMC method. To maintain accu-

racy, the simulation volume must be large enough such that the number of molecules 

of each species (e.g., monomers, radicals, polymer chains, etc.) remains representative 

of its actual population, and the number of species required correlates directly with 

the computational effort. As their concentration is orders of magnitude lower than the 

other components, it is the treatment of radicals that becomes critical for an accurate 

representation of FRP. The average number of radicals in the system must be kept at 

                                                           

*This chapter is based on the manuscript published in Industrial & Engineering Chemistry Research; A. 

Nasresfahani, R.A. Hutchinson, Modeling the Distribution of Functional Groups in Semibatch Radical 

Copolymerization: An Accelerated Stochastic Approach, Ind. Eng. Chem. Res. 57 (2018) 9407–9419. 
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two or greater to properly address bimolecular termination reactions and predict pre-

cisely the reaction rates.[16,24–26] 

The objective of this section is to reduce the computational workload required to rep-

resent semi-batch FRP by introducing a correction factor to maintain a constant simu-

lation volume despite the addition of fresh feed. This approach is outlined in the fol-

lowing sections, and combined with other strategies suggested in recent litera-

ture[15,16, 20, 25,27,28] to reduce the computing time while preserving the precision 

of the KMC calculations. Further discussion of these techniques is provided below as 

we describe the stepwise improvements implemented to accelerate the solution of a 

case study previously developed to represent the distribution of functional groups in 

a low MW copolymer produced by the semi-batch operation.[16] The final implemen-

tation is capable of reducing the computational time from 50 to less than 2 minutes 

while maintaining a high level of accuracy. 

 Description of the Copolymerization Procedure  

Based on a previous investigation in the group,[16] the semi-batch test-case recipe was 

developed to produce a copolymer consisting predominantly of butyl methacrylate 

(BMA) with just enough glycidyl methacrylate (GMA) comonomer to yield chains with 

an average of one GMA unit per chain. With a number-average chain-length of 20, 

thus, the monomer mole fraction is 5%. Adapted from a patent filed by Barsotti et 

al.,[29] a solution of tert-butyl peracetate (TBPA), BMA, and GMA is continuously fed 

to a 1.0 L semi-batch reactor for 4 hours. The reactor, well-controlled at 138 ˚C, is filled 

with 230 mL (200 g) xylene before feeding a total mass of 500 g consisting of 0.9082 g/g 

BMA, 0.0478 g/g GMA, and 0.044 g/g TBPA. The addition of feed, as well as the for-
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mation of polymers (of higher density than monomer), alters the reaction volume con-

tinuously during polymerization. The density of the copolymer formed is considered 

to be 1.078 g/mL.[16] 

 

Table 2.1. The reaction mechanism and kinetic rate coefficients implemented to describe 
the radical copolymerization of BMA and GMA in a semi-batch reactor.[16,30] 

Reaction Type Reaction Scheme Kinetic Parameters 

Initiation 𝑇𝐵𝑃𝐴 
   𝑓𝑘𝑑   
→     2𝐼 

𝐼 + 𝑀𝑖

   𝑘𝑝
𝑖𝑖   

→   𝑃1
𝑖  

𝑘𝑑 = 1.32 × 10−3 (
1

𝑠
) 

𝑓 = 0.515 

Propagation 
𝑃𝑛
𝑖 +𝑀𝑗

   𝑘𝑝
𝑖𝑗
   

→   𝑃𝑛+1
𝑗

 𝑘𝑝
𝑖𝑗
= 4.69 × 103

𝐿

𝑚𝑜𝑙 ∙ 𝑠
 

Chain Transfer 
𝑃𝑛
𝑖 +𝑀𝑗

   𝑘𝑡𝑟
𝑖𝑗
   

→   𝑃1
𝑗
+ 𝐷𝑛 

𝑃𝑛
𝑖 + 𝑆 

   𝐶𝑠
𝑖𝑘𝑝

𝑖𝑖   
→      𝐼 +  𝐷𝑛 

𝑘𝑡𝑟
𝑖𝑗
= 0.266 

𝐿

𝑚𝑜𝑙 ∙ 𝑠
 

𝐶𝑠
𝑖 = 3.54 × 10−4 

Termination 
𝑃𝑛
𝑖 + 𝑃𝑟

𝑗    (1−𝛿)𝑘𝑡   
→        𝐷𝑛+𝑟 

𝑃𝑛
𝑖 + 𝑃𝑟

𝑗    𝛿𝑘𝑡   
→    𝐷𝑛 + 𝐷𝑟  

𝑘𝑡 = 4.89 × 107
𝐿

𝑚𝑜𝑙 ∙ 𝑠
 

𝛿 = 0.65 

 

 

The simplified copolymerization scheme implemented to represent the reaction sys-

tem includes initiation, propagation, chain transfer, and termination, with the associ-

ated rate coefficients summarized in Table 2.1. In addition, the reactivity of BMA and 

GMA is assumed equal such that the overall copolymer composition is always identi-

cal to the monomer composition (5 mol.% GMA) throughout the simulated reaction. 

Under these idealized conditions, the focus of the simulation is on the distribution of 

the GMA units among the copolymer chains as a function of chain-length rather than 

representing composition drift over time. A KMC model based on the Gillespie’s algo-

rithm was previously implemented to show that, with this recipe and assumed ideal 

kinetics, only a quarter of the chains produced have the desired functionality of one 

GMA unit per polymer molecule, with close to half of the chains produced (mainly 
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low MW material from the distribution) containing no functional groups; the complete 

simulation required 66 min to reach a satisfactory accuracy.[16] 

 Improved Implementation of Gillespie’s Algorithm 

 The Gillespie’s direct method[14] is adapted to implement the stochastic algorithm, as 

also used widely in previous works.[15, 17,21–23] Figure 2.1 provides a simple over-

view of the main steps often considered in KMC simulations. If N elementary reactions 

shape the stochastic events, the chosen reaction is the one with the closest higher cu-

mulative probability compared to a first randomly-generated number (RN1, bounded 

between 0 and 1). Since the simulation occurs at the molecular level, the units of rate 

coefficients are converted to the number of reactant molecules using the simulation 

volume and Avogadro’s number. According to the Gillespie’s direct method, bimolec-

ular reactions between the same species are considered to be two times more probable 

than bimolecular reactions between different species from a microscopic perspective. 

The radical species are randomly selected from the ensemble in the case of propaga-

tion, termination, or transfer reactions. Once the reaction step is completed, the time is 

increased through the selection of a second random number, RN2, again selected from 

a uniform distribution of random numbers bounded between 0 and 1.[31]  

KMC simulations involve a large number of stochastic events, for which each event 

requires updating of the associated information about the chain(s) such as radical iden-

tity, chain-length, monomer sequences, etc. The number of radicals within a simulation 

volume is often limited to less than a hundred. However, the dead population of pol-

ymer chains accumulates over the entire course of polymerization, imposing a massive 

storage requirement. Thus, an efficient data storage scheme is required to reduce com-

putational effort and minimize the storage size needed. The strategy adopted depends 
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on the particular molecular properties of importance; here, the information of interest 

is the location and the number of comonomer units among the chains of different 

lengths. 

 

Figure 2.1. A schematic representation of the typical steps through which the KMC simula-
tion proceeds toward the desired reaction time. The probability axis is shown for a system 
with N different reactions. 𝑅𝑁1 and 𝑅𝑁2 are random numbers. 𝑅𝑥 is the rate of reaction num-
ber x. 𝝉 is the reaction time elapsed due to the occurrence of 𝜷 as a randomly chosen reaction.  

 

 

Coded arrays are generally used to store the specific microstructure of each chain. The 

length of each array can be reduced by orders of magnitude by compressing the infor-

mation into the number and length of sequences for each chain. Assuming two types 

of monomer exist in the reaction, an example of such coded array can be 

[0,1,0,0,0,1,0,0,0] where “0” and “1” inside the array indicate the monomer and comon-

omer, respectively. The coded array can be further compressed by storing the sequence 

lengths of the monomer or comonomer units in the chain, reducing the length of the 
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arrays significantly.[20, 26,32] The scheme developed in this work is made even more 

efficient by taking advantage of the low comonomer content and chain-lengths consid-

ered; thus, it is possible to capture the chain-length and the positions of the comonomer 

within the chains via one variable and one array, respectively (Figure 2.2). For exam-

ple, consider a chain of length 14 with the following sequence of monomer units: 

[0,0,0,0,1,0,0,1,0,0,0,1,0,0]. It is more compact to capture this structure as [14][5,8,12] 

(i.e., describing total chain-length and the positions of comonomer units) than 

[4,1,2,1,3,1,2] (i.e., sequence lengths). This strategy, however, is only superior if the 

comonomer sequence lengths are short as in the current case under consideration; for 

a copolymer of more equal composition, the sequence-length storage scheme[20] is 

more suitable.  

Typically, the analysis and sorting of the stored data are postponed to the end of the 

simulation. However, the binary trees introduced by Chaffey-Millar et al.[28] and em-

phasized by Van Steenberge et al.[27] parallelize the calculation of the chain-length 

distribution and the comonomer composition of macromolecules with the stochastic 

simulation. In this strategy, the desired properties (e.g., chain sequences, comonomer 

positions, etc.) are kept as a leaf under the last nodes in a tree structure that represents 

the degrees of polymerization. In our example, the leaves categorize the chains accord-

ing to the number of GMA functional units (F) containing zero, one, two, or above two 

groups per chain, as illustrated in Figure 2.2. As also represented in the figure, the last 

nodes are concatenated to the libraries that store the explicit information regarding the 

chains sequences. Thus, the algorithm parallelizes the analysis and assessment of the 

information over the course of the simulation at each update step. The calculations of 

the concentrations, molecular-weight averages, and distributed quantities – both the 
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chain-length distribution and the number of GMA units per chain as a function of 

length – are all completed during the simulation without any post-processing treat-

ment.  

 

Figure 2.2. Dead chains storage scheme implemented in the KMC algorithm; ‘F’ categorizes 
the population with respect to the number of functional group (i.e., GMA) per chain.  

 

The initial ensemble size is derived using the quasi-steady-state assumption (QSSA) to 

maintain a predetermined average number of radicals generated and terminated 

throughout the polymerization. [16] To extend this concept efficiently to a semi-batch 

system, we introduce in the following equation, 𝐼2̅ as an integrated quantity per liter 

of reactor volume, representing the total concentration of initiator fed to the reactor 

during the semi-batch reaction. From this, the average total number of radicals, �̅�𝑡𝑜𝑡, is 

estimated under QSSA. Therefore, the resizing factor, 𝑅𝐹[𝑆], a dimensionless quantity, 

defines the control volume (CV) size required to represent the 1 L reactor. By selecting 

a sampling number, S ∈ [1, 2, 3, …, 50], the ensemble size can be established prior to 

the simulation: 
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�̅�𝑡𝑜𝑡 = √
2𝑓𝑘𝑑𝐼2̅
𝑘𝑡

 

 

�̅�𝑡𝑜𝑡 = (𝑁𝐴𝑉𝑟)√
2𝑓𝑘𝑑𝐼2̅
𝑘𝑡

 𝑅𝐹[𝑆] =
𝑆

�̅�𝑡𝑜𝑡
=

𝑆

𝑁𝐴𝑉𝑟
√

𝑘𝑡

2𝑓𝑘𝑑𝐼2̅
 

Eq. 2.1 
 

Eq. 2.2 Eq. 2.3 

where 𝑁𝐴 is Avogadro’s number. Thus, the control volume, 𝐶𝑉[𝑆], is simply 𝑅𝐹[𝑆]𝑉𝑟 

where 𝑉𝑟 is 1 liter, as outlined in the copolymerization procedure described in the pre-

vious section. Through this strategy, the KMC simulation volume, 𝑉𝑀𝐶[𝑆], is a time-

dependent quantity that accounts for the total volume of molecules fed into the prede-

fined 𝐶𝑉[𝑆]. Thus, the simulation volume increases corresponding to volume added as 

fresh feed, while also accounting for the change in system density as monomers are 

converted to polymer. Based on the resizing factor, therefore, the KMC feed stream is 

𝑅𝐹[𝑆]𝐹𝑒𝑒𝑑𝑖 in which 𝐹𝑒𝑒𝑑𝑖 denotes the feed rate of the reactant i to the 1 L reactor ac-

cording to the provided recipe. The sampling number, S, should be large enough to 

ensure that the defined control volume, 𝐶𝑉[𝑆], has the capacity of accommodating an 

adequate instantaneous number of radicals during the entire course of the simulation.  

 Constant Control Volume with Time-dependent Simulation Volume  

In the previous work by Parsa et al.,[16] the accuracy of the solution was first verified 

by comparing the KMC predictions of reaction rates (monomer concentration profiles), 

average molecular weights, and the full polymer molar mass distribution (MMD) with 

the output generated from a deterministic model implemented in Predici®, before ex-

amining the distribution of GMA units among the polymer chains. These results are 

the starting point for the current investigation, to verify the model implementation and 

to develop a benchmark solution to assess the accuracy of results generated using 
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smaller simulation volumes as well as accelerated simulation strategies. 𝐶𝑉[𝑆=40] cor-

responds to the previous results used to match the output from the deterministic 

model.[16] To demonstrate that there is a negligible alteration among the distributions, 

the molecular-weight averages, and the monomer concentrations at larger volumes 

than 𝐶𝑉[𝑆=40], the KMC algorithm was also executed for 𝐶𝑉[𝑆=50]. The stochastic algo-

rithm was executed in MATLAB® R2017b via a personal computer using a core-i7 3.4 

GHz Intel processor. As shown in Figure 2.3, the calculated output – both average MW 

and monomer concentration profiles as well as the distribution of comonomer units 

(the latter quantity not available from a deterministic model) – overlap perfectly with 

each other, indicating that no further improvement is obtained. Therefore, the sam-

pling number of fifty is used as a reference for which the results are considered fully 

accurate. Although the results derived for S=40 completely match with Parsa et al.,[16] 

the clock time required to complete the simulation is 40 min here compared to 66 min 

in the previous work. The improvements realized in this implementation are mainly 

due to the different strategy adopted here in defining the efficient storage system used, 

and software or hardware updates.  
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Figure 2.3. Time evolution of average molecular weights (A right axis), cumulative mole 
fractions of chains containing n GMA group denoted as F=n (A left axis), and monomer 
concentration profiles (inset B) computed for the ensembles attributed to S= 40 and 50. The 
number distributions (B) of the final polymer product are presented for all chains (Overall) 
as well as for chains with specific GMA functionality. 

 

 

 

 

 

 

0 25 50 75 100 125 150 175 200 225 250

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0

1000

2000

3000

4000

5000

6000

7000

8000

F>2

F=2

F=1

 Sampling Number=50

F=0

 Sampling Number=40

C
u

m
u

la
ti

v
e 

M
ol

e 
F

ra
ct

io
n

Time (min)

 Sampling Number=50

 Sampling Number=40

M
W

 (
g

/m
ol

e)

0 20 40 60 80 100 120

0.00

0.01

0.02

0.03

0.04

0.05

Overall

F=0

F=1

F=2
F>2

0.00

0.05

0.10

0.15

0.20

0 50 100 150 200 250

0.000

0.005

0.010

0.015

0.020

B
M

A
 C

on
c.

 (
M

ol
/L

)

Time (min)

G
M

A
 C

on
c.

 (
M

ol
/L

)

C
u

m
u

la
ti

v
e 

M
ol

e 
F

ra
ct

io
n

 Sampling Number=40

 Sampling Number=50

Chain-Length



 

-17- 

Table 2.2. The total computational time requirements and the total cumulative average er-
rors computed for KMC simulation of semi-batch BMA/GMA copolymerization as a func-
tion of sampling number. Errors are calculated using results for S=50 as reference “true” 
values. 

 

  
 
𝑆 

 

 Cumulative Average Errors*  

 
𝑅𝐹[𝑆] × 1017 

 

𝐸𝑀 +𝐸𝑀 

2

  𝑎

  
𝐸𝑀𝑛+𝐸𝑀𝑤

2

   𝑏
  

𝐸𝐹0+𝐸𝐹 +𝐸𝐹 +𝐸𝐹≥3

4

    𝑐

  𝑇 𝑚𝑒∗∗ 
(𝑚 𝑛) 

50 3.8569 - - - 50 

40 3.0856 0.34 0.05 0.18 40 

30 2.3142 1.01 0.21 0.32 30 

20 1.5428 2.24 0.66 0.57 20 

16 1.2342 3.43 0.85 0.97 16 

12 0.9256 5.34 1.53 1.38 12 

10 0.7714 6.70 1.89 1.79 9.0 

9 0.6942 7.70 2.23 2.06 8.2 

8 0.6171 9.13 2.56 2.35 7.2 

7 0.5399 10.7 2.93 2.85 6.3 

6 0.4628 13.1 3.65 3.89 5.2 

5 0.3857 16.7 4.66 5.26 4.1 

4 0.3085 21.8 6.21 7.44 3.3 

3 0.2314 30.9 7.55 10.1 2.5 

2 0.1542 45.3 8.42 14.9 1.6 

1 0.0771 68.3 26.0 27.2 0.8 

 

∗ 𝑬𝒙 = | 
∫𝒙[𝑹𝒆𝒇]𝒅𝒕−∫𝒙 𝒅𝒕

∫ 𝒙[𝑹𝒆𝒇]𝒅𝒕
 | × 𝟏𝟎𝟎 for monomer concentrations,a average polymer MWs,b and chain composition dis-

tributions.c ** Measured internally through MATLAB® stopwatch timer 

 

Table 2.2 summarizes the reduction in computational time required as the control vol-

ume was reduced by lowering S from 50 to 1, as well as the associated increase in er-

rors, calculated as a cumulative average of the least absolute errors concerning the 

monomer concentrations, molecular-weight averages, and mole fractions of chains 

containing 0, 1, 2, or above 2 comonomer units (i.e., 𝐹0, 𝐹1, 𝐹2, 𝐹≥3). Variations from the 

“true” values (as represented by the simulation results obtained from S=50) are signif-

icant for S10. Thus, the advantage of the reduced simulation time is accompanied by 

an increased error, as illustrated by Figure 2.4-B. However, a significant amount of the 

error stems from the initial stages of the semi-batch reaction, as shown in Figure 2.4-

A. To preserve the desired accuracy, therefore, the sampling number should be large 
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enough to capture the initial dynamic behavior of the reactor when radical concentra-

tions are at their lowest.  

 

 

 

Figure 2.4. The monomer concentration profiles calculated for S = 5, 10, 20, and 50 (A). The 
mean time-averaged errors and computational times for KMC simulation of semi-batch co-
polymerization (B). See Table 2.2 for further details. 
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Figure 2.5. The instantaneous number of radicals contained within different control vol-
umes as a function of reaction time for the simulations selected from Table 2.2. 

 

In Figure 2.4, the slope attributed to the total cumulative average errors begins to ex-

ponentially increase for S values below 20 while the curve associated with the compu-

tational time experiences almost no alteration in its slope. The increased error is due to 

the erroneous calculation of reaction rates executed by the stochastic technique at the 

lower simulation volumes. These inaccuracies can be rationalized by observing the 

patterns of radical birth during the simulation. Once the size of the simulation volume 

is lowered below S=20, a zero-one radical condition becomes more frequent in the sim-

ulated ensemble, as indicated in Figure 2.5. Thus, the concentration of the radicals in 

the small ensemble becomes unrealistically high, embedding a significant error in the 

calculated rates. The simulation allows the radical to grow until the next radical ar-

rives, at which point the termination reaction becomes dominant. Using a larger S 

value prevents the simulation from becoming trapped in situations where only one 

radical exists in the system (Figure 2.5). A scaling method to address this issue will be 
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introduced after presenting a means to address the increased calculational time asso-

ciated with increasing simulation volumes.  

 Time-dependent Control Volume with Adjusted Simulation Volume 

 The volume of polymerization mixture increases continuously during semi-batch op-

eration. Correspondingly, the simulation volume is being enlarged during the KMC 

calculation, having a direct influence on the computational workload. However, as 

shown by the set of simulations summarized in Table 2.2 and Figure 2.4-A, it is the 

initial stage of the process, corresponding to the semi-batch start-up with no initiator 

contained in the initial reactor charge, that is the most difficult to accurately represent. 

With initiator molecules and thus radicals at their lowest values, the initial simulation 

volume must be chosen to be large enough to converge the stochastic iterations and 

preserve the accuracy of the results. However, the remainder of the simulation does 

not require such a large ensemble size. Once the initiator molecules have had a chance 

to accumulate in the system, the simulation volume becomes inevitably larger than the 

optimal size required, lengthening the calculation time.  

To balance the need for a larger initial control volume for accuracy with the reduction 

in computational effort, the ensemble has been discretized. A correction factor (𝜔  1) 

is introduced to adjust the simulation volume to its initial value throughout the calcu-

lation at set intervals. Thus, 𝜔 is defined as the ratio between a prior simulation volume 

and the current one, with Δ𝑡 chosen to be 60 seconds in order to maintain an almost-

constant simulation volume: 

 

𝜔 =
𝑉𝑀𝐶(𝑡)

𝑉𝑀𝐶(𝑡 + Δ𝑡)
 

 

 

     Eq. 2.4 
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Figure 2.6. Simulation volumes used to represent semi-batch reactor operation using a con-
stant control volume with time-varying simulation volume (A), and a constant simulation 
volume with time-dependent control volume (B). Results are shown for S=50 (left axis) and 
S=5 (right axis). 
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a control volume that decreases from its high initial value (needed at the start of reac-

tion due to the low number of radicals) gradually and continuously during the simu-

lation.  

The two approaches are contrasted in Figure 2.6. With a constant control volume, the 

simulation volume increases as new feed molecules are added to the system (Figure 

2.6-A), a straightforward implementation that mimics the physical process. The modi-

fied methodology keeps the simulation volume constant (reset to its initial value every 

minute), such that the control volume (representing the 1 L reactor) decreases contin-

uously, as shown in Figure 2.6-B. As also shown in the figure, both simulation and 

control volumes are 10 times smaller for S=5 compared to with S=50. 

Figure 2.7 illustrates the flowchart implemented, with the effect of these changes on 

the 𝑅𝐹[𝑆] values summarized in Table 2.3. Note that 𝑅𝐹[𝑆] changes by a factor of 2.5 for 

all values of S, with a corresponding change in 𝐶𝑉[𝑆]. As seen by comparing the results 

to those in Table 2.2, the correction factor (𝜔) introduced to keep simulation volume 

constant accelerates the solution considerably, with the time required to complete the 

simulation for the sampling numbers of 50, 40, 30, and 20 reduced by 13, 12, 9, and 6 

minutes, respectively.  

As expected, the reduced computational time is accompanied by an increase in error. 

However, the error for S  20 increases only slightly compared to the Table 2.2 values, 

with solutions remaining accurate within 5%. The relative errors increase with decreas-

ing S, as also observed for the “constant control volume, increasing simulation vol-

ume” results reported in Table 2.2. Thus, the correction factor provides a simple and 

effective approach in lowering the calculational cost, but only provided that the initial 

control volume is sufficiently large to suppress the errors associated with low radical 
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numbers at start-up. Extending the approach to the lower values of S can be accom-

plished using recently-proposed acceleration methods discussed below.  

 

 

 

Figure 2.7. The flowchart implemented to maintain a constant KMC simulation volume to 
represent semi-batch operation.  
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Table 2.3. The total computational time requirements and the total error percentages com-
puted for a series of sampling numbers by maintaining the reaction volume at a constant 
level. Errors are calculated using results for S=50 from Table 2.2 as reference “true” values. 

 

 

𝑆 

 Cumulative Average Errors*  

 

𝑅𝐹[𝑆] × 1017 
𝐸𝑀 

+ 𝐸𝑀 

2

      𝑎

 
𝐸𝑀𝑛

+ 𝐸𝑀𝑤

2

    𝑏

  
𝐸𝐹0 + 𝐸𝐹 + 𝐸𝐹 + 𝐸𝐹≥3

4

    𝑐

 
𝑇 𝑚𝑒∗∗ 

(𝑚 𝑛) 

50 3.8569 1.5086 0.94 0.04 0.21 37 

40 3.0856 1.2071 1.59 0.17 0.29 28 

30 2.3142 0.9055 2.68 0.50 0.31 21 

20 1.5428 0.6040 4.94 0.90 0.82 14 

16 1.2342 0.4834 6.59 1.44 1.28 8.7 

12 0.9256 0.3628 9.63 2.14 2.07 6.4 

10 0.7714 0.3025 12.3 2.91 2.84 6.3 

9 0.6942 0.2724 13.9 3.33 3.36 4.6 

8 0.6171 0.2422 16.3 3.87 3.69 4.0 

7 0.5399 0.2121 19.3 4.81 4.59 3.5 

6 0.4628 0.1820 23.9 5.78 6.11 3.0 

5 0.3857 0.1519 29.4 6.72 7.46 3.0 

4 0.3085 0.1218 37.8 8.32 10.5 2.0 

3 0.2314 0.0917 48.1 9.10 13.4 1.5 

2 0.1542 0.0615 62.2 13.3 19.1 1.2 

1 0.0771 0.0314 79.5 33.2 32.0 0.7 

∗ 𝑬𝒙 = | 
∫𝒙[𝑹𝒆𝒇]𝒅𝒕−∫𝒙 𝒅𝒕

∫𝒙[𝑹𝒆𝒇]𝒅𝒕
 | × 𝟏𝟎𝟎 for monomer concentrations,a average polymer MWs,b and chain com-

position distributionsc ** Measured internally through MATLAB® stopwatch timer 

 

 Improved Accuracy through Scaling of Reaction Rates 

With low control/simulation volumes, the KMC solution fails to accurately represent 

the macroscopic system due to consecutive inaccurate and divergent KMC decisions 

originating from an erroneous probability axis (related to the “zero-one” radical prob-

lem). The methodologies introduced to address this issue can be categorized into two 

approaches. The first, adopted in this work, attempts to reconcile the reaction rates in 

parallel with the KMC simulation,[25,33] while the second category, known as hybrid 

methods, utilizes predetermined reaction rates calculated through a deterministic 

modeling strategy such as the method of moments.[34–36] Both approaches allow a 

successful KMC solution at low simulation volumes by constructing a reliable proba-
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bility axis. Herein, we implement the scaling method introduced to reconcile the reac-

tion rates (in particular, the termination rates) and greatly improve accuracy for S  20. 

Combined with the time-dependent control volume (𝜔 correction factor from Eq.2.4), 

significant savings in computational time are achieved.  

The implementation is adapted from the scaling method developed by Gao et al.[25] 

to greatly reduce the number of molecules in a KMC simulation volume while main-

taining an accurate representation of reaction rate, accelerating simulation of free rad-

ical batch copolymerization by two orders of magnitude. The procedure starts with the 

idea that the simulation volume requires a minimum of two radicals throughout the 

polymerization to be representative of the termination phenomena; while decreasing 

the simulation volume further does not change the number of radicals produced from 

an initiation step, the sudden corresponding increase in the radical concentration 

within the simulation volume affects the ratio of termination to propagation rates such 

that the radicals have a higher propensity for termination compared to the “real” mac-

roscopic system. As a result, the average molecular weights become lower than the 

true values. As developed by Gao et al.,[25] 𝜙 is a dimensionless, time-dependent scal-

ing factor (  1) defined by:  

𝜙 =
2

𝑁𝑡𝑜𝑡
 √

𝑘𝑡
𝑘𝑑[𝐼2]

(  
𝑥𝑗

𝜌𝑗
𝑗

)

−1

 

 

 
     

      Eq.2.5 
 

where [𝐼2], 𝑥𝑗, 𝜌𝑗, and 𝑁𝑡𝑜𝑡 are the initiator concentration, the mole fractions and molar 

densities of the monomers and solvent, and the total number of unreacted molecules 

(i.e., xylene, BMA, GMA, and initiator) within the simulation ensemble, respectively. 

𝑘𝑡 and 𝑘𝑑 are the continuum rate coefficients. This scaling neutralizes the artificial in-
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fluence of the erroneous radical concentration at simulation volumes below the mini-

mum (i.e., the volume corresponding to two radicals) via dividing the reaction rates 

by 𝜙 or 𝜙2, depending on whether the reaction is first order (e.g., propagation rates), 

or second-order (e.g., termination rates) with respect to the radical concentration. Thus, 

𝜙 indicates the species population ratio of an optimal ensemble containing two radicals 

to the simulated one.[25] Since the scale factor requires an update at each KMC itera-

tion, the related calculations must be embedded prior to the reaction selection shown 

in the Figure 2.7 algorithm.  

 

Figure 2.8. Mean time-averaged errors (left axis) and computational times (right axis) for 
KMC simulation of semi-batch copolymerization. The total errors are calculated based on 
the mean of the cumulative average errors reported in Table 2.2 (without scaling and correc-
tion factors), Table 2.3 (without scaling, with correction factors), and Table 2.4 (with scaling, 
with and without correction factors). 

 

Table 2.4 summarizes the results of the series of KMC simulations with the scaling 

factor implemented for both the “constant control volume” cases (no 𝜔 correction fac-

tor) reported in Table 2.2, and the “constant simulation volume” (with 𝜔 correction 
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volumes associated with S > 20 do not require a “confined space” correction for radical 

concentrations (and thus reaction rates). The scaling method successfully suppresses 

the errors by resolving the compartmentalization of radicals; similar patterns in radical 

number are observable for S=1 with scaling compared to the ensemble where the scal-

ing factor was not applied (see Appendix A).  

 

Table 2.4. The total computational time requirements and the total error percentages calcu-
lated based on whether only the scaling method 𝝓 is applied or accompanied by the imple-
mentation of the correction factor 𝝎. 

 

   

 
𝑺 

 

 Cumulative Average Errors*  

 
𝝓 

 
𝝎 

 

𝑹𝑭[𝑺] × 𝟏𝟎𝟏𝟕 

 

𝑬𝑴𝟏
+ 𝑬𝑴𝟐

𝟐

     𝒂

 
𝑬𝑴𝒏

+ 𝑬𝑴𝒘

𝟐

   𝒃

 
𝑬𝑭𝟎 + 𝑬𝑭𝟏 + 𝑬𝑭𝟐 + 𝑬𝑭≥𝟑

𝟒

    𝒄

 
𝑻𝒊𝒎𝒆∗∗ 
(𝒎𝒊𝒏) 

  20 1.5428 2.00 0.52 0.45 21 

   1.5428 0.6037 1.99 0.66 0.65 12 

  16 1.2342 2.13 0.52 0.38 16 

   1.2342 0.4830 2.07 0.49 0.56 10 

  12 0.9256 2.10 0.40 0.70 12 

   0.9256 0.3624 2.01 0.71 0.51 7.4 

  10 0.7714 1.95 0.49 0.54 10 

   0.7714 0.3021 2.01 0.37 0.50 5.9 

  9 0.6942 1.84 0.46 0.46 9.3 

   0.6942 0.2719 2.11 0.42 0.30 5.4 

  8 0.6171 2.03 0.49 0.58 8.2 

   0.6171 0.2417 2.14 0.52 0.43 4.8 

  7 0.5399 1.79 0.61 0.60 7.1 

   0.5399 0.2116 2.03 0.36 0.30 4.2 

  6 0.4628 1.85 0.31 0.14 6.2 

   0.4628 0.1814 2.08 0.49 0.30 3.6 

  5 0.3857 1.86 0.38 0.75 5.2 

   0.3857 0.1512 2.06 0.30 0.30 3.0 

  4 0.3085 2.15 0.93 0.48 4.1 

   0.3085 0.1211 1.76 0.63 0.57 2.4 

  3 0.2314 1.85 0.92 0.80 3.1 

   0.2314 0.0909 1.87 0.82 0.81 1.9 

  2 0.1542 1.84 0.71 0.54 2.1 

   0.1542 0.0607 1.19 0.68 0.60 1.2 

  1 0.0771 1.83 1.13 0.53 1.1 

   0.0771 0.0306 0.80 1.93 1.76 0.6 
 

∗ 𝑬𝒙 = | 
∫𝒙[𝑹𝒆𝒇]𝒅𝒕−∫𝒙 𝒅𝒕

∫𝒙[𝑹𝒆𝒇]𝒅𝒕
 | × 𝟏𝟎𝟎 for monomer concentrations,a average polymer MWs,b and chain com-

position distributionsc.** Measured internally through MATLAB® stopwatch timer 
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Indeed, the errors associated with applying both the correction factor 𝜔 and the scaling 

factor 𝜙 are comparable to those for the corresponding cases for which only the scaling 

factor was implemented, with the small differences attributable to random fluctuations 

around the expected profiles rather than a constant bias. However, the solution is ac-

celerated effectively by introducing 𝜔 to maintain the simulation volume constant, re-

ducing the computational times by approximately 30-40%. Figure 2.8 provides a 

graphical comparison of the different techniques; while the scaling methodology sub-

stantially reduces the simulation error, its combination with the volume correction, 

accelerates the simulation, as seen by the lowered slope in the plot of simulation time 

against sampling number. Utilizing both methods simultaneously further accelerate 

the algorithm to converge the stochastic data toward the true values.  

 

 Time-dependent Control and Simulation Volumes 

Although the error is small, the results attributed to S=1 (Table 2.4 entry with scaling 

and correction factor applied) is distinguishable in the initial stage of the reaction com-

pared to the “true” solution calculated for S=50, in terms of the mole fraction of chains 

containing discrete numbers of GMA functional units (Figure 2.9). The error can be 

attributed to the randomness of the stochastic technique, meaning that the population 

of polymer chains formed in the extremely small simulation volume is insufficient to 

represent the macroscopic system. A classic example of this type of error is the stochas-

tic estimation of the heads/tails probability of a coin, as the coin must be repeatedly 

flipped for a large number of trials to reach an accurate value.[37] Similarly, an accu-

rate estimation of the area underneath of a curve by MC sampling requires a large 

number of random points.[15] Thus, even with a precise probability axis, a sufficient 

number of chains must be produced in the simulation to converge the results toward 
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a satisfactory precision. As mentioned earlier, the concentrations of species are very 

low in the start-up of the semi-batch process operated under the starved-feed policy 

with only solvent present initially. As this stage of the process demands a much larger 

control volume than at later times to capture the details correctly, we introduce a pro-

cedure that initializes the simulation with a larger ensemble that decreases in size with 

time to lessen the computational cost.  

 

Figure 2.9. Variation in control and simulation volumes with time for “Sampling Num-
ber=[50-1]” case (main plot). Cumulative mole fractions with respect to the number of GMA 
group denoted as F for this optimized case compared to simulations with S=50 (Table 2.2) 
and with S=1 (Table 2.4 with correction factor) (inset plot).  
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min from the beginning of the copolymerization. As this reduction occurs, the simula-

tion volume is also adjusted, always taking into account the fresh feed added to the 

process (Figure 2.9). Afterward, the simulation proceeds normally according to the 

flowchart shown in Figure 2.7, with a constant simulation volume and a decreasing 

control volume. To maintain the reaction probabilities precisely, the scaling factor 𝜙 is 

applied to the entire simulation.  

The accuracy is improved by adopting this strategy, as seen in the prediction of the 

distribution of GMA units in the early stages of the semi-batch reaction (Figure 2.9 

inset plot); the cumulative average error over the initial 35 minutes is reduced from 

5.2% to 0.3%. While the accuracy of the “true” (S=50) solution is approached, the sim-

ulation time is greatly reduced, from 50 to 2 min, as the majority of the calculations are 

performed with S=1. This technique of manipulating the control volume, while devel-

oped specifically for this example, can be adapted to accurately represent other situa-

tions for which radical concentrations are particularly low. 

As mentioned earlier, the concept of binary trees is used to simultaneously store and 

analyze the stochastic data. Since the systematic volume reduction occurs at every mi-

nute until the 35th minute of the reaction, the simulation exhibits thirty-six distinguish-

able ensembles having different initial volumes. For instance, the chains produced 

within the first minute of the reaction cannot be exposed to the population of chains 

generated within the second minute. To derive a cumulative property, the volume ra-

tio of the ensembles should be considered as a coefficient to weight the corresponding 

property derived from a different ensemble. The postprocessing of the explicit chain 
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sequences can be also achieved similar to this concept. In this work, however, the re-

sults are obtained in parallel with the KMC simulation and directly from the storage 

scheme shown graphically in Figure 2.2. 

 Summary 

Investigation of semi-batch starved-feed systems through stochastic simulations pro-

vides the opportunity of improving not only the quality of materials but the cost-effi-

ciency of this common industrial approach for producing solvent-borne automotive 

coatings. As these polymers are often functionalized for end-use applications, 

knowledge of the average composition and molecular weights of the product is often 

not sufficient, as the distribution of the reactive moieties among the chains affects per-

formance. Minimizing the fraction of functional monomer used in the production of 

low molecular-weight resins for solvent-borne coatings is a challenge that can be tack-

led via accelerated stochastic modeling approaches. Since this opportunity is strongly 

connected with the computational time of these simulations, the development of accel-

eration techniques is pivotal. The improved KMC solution developed in this chapter is 

first demonstrated through consideration of a case-study describing the radical copol-

ymerization of glycidyl methacrylate (GMA) and butyl methacrylate. As a summary, 

an ideal copolymerization kinetic scheme (consisting only of initiation, propagation, 

termination and chain transfer to solvent) is considered combined with a semi-batch 

operating strategy. The solution provides standard model outputs (i.e., average MW, 

monomer concentration profiles, etc.) as well as computing the complete copolymer 

composition distribution in a fraction of the simulation time previously required. The 

significant reduction in computation time is achieved through improved implementa-

tion of the Gillespie’s algorithm for accelerating the solution of semi-batch operation 
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coupled with the utilization of binary trees for storage of output. While the typical 

ensemble of molecules representing semi-batch operation expands naturally due to the 

feeding process, the efficient approach developed as part of this research resizes the 

ensemble to maintain the simulation volume constant, hence reducing computational 

load. In parallel, a scaling factor is utilized to prevent the simulation from encountering 

the effects of radical compartmentalization. The resulting description of the explicit 

sequence of chains is calculated in less than 2 minutes, a solution time not much greater 

than that required to solve deterministic models, which cannot supply this detailed 

information. Thus, the accelerated KMC methodology provides a solid foundation for 

the optimization of the solvent-borne automotive coatings with the desired population 

of polymer chains synthesized under industrial conditions. As the next step towards 

this goal, the kinetic scheme utilized herein will be extended to include complexities 

such as penultimate copolymerization kinetics, depropagation, and reactions involv-

ing the formation and consumption of mid-chain radicals. 
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 | Integration of Experiments with Accelerated Kinetic 
Monte Carlo Stochastic Simulations†  

This chapter describes the extension of the comprehensive stochastic simulator to con-

sider all probable secondary reactions essential for the description of high-temperature 

free radical acrylate/methacrylate copolymerization. The model predictions are com-

pared to a set of experiments for semi-batch copolymerization of 2-hydroxyethyl acry-

late (HEA) with butyl methacrylate under starved-feed condition. Macroscopic prop-

erties – free monomer and molecular weight (MW) average profiles, final polymer mo-

lecular mass distributions, and the variation of acrylate composition with time– are 

reasonably well predicted over the range of initiator and comonomer levels studied. 

The simulation output also predicts the weight fraction and MW averages of the poly-

mer chains that contain no HEA functionality, results that are compared to the experi-

mental extractables obtained after crosslinking the copolymer resin. The general trends 

are well-captured, indicating that the model can be utilized in the future to optimize 

recipe and operating conditions to minimize the production of the non-functional ma-

terial.  

 

 

 

                                                           

† This chapter is based on the manuscript published in Chemical Engineering Journal; A. Nasresfahani, 

L.A. Idowu, R.A. Hutchinson, Extractable content of functional acrylic resins produced by radical co-

polymerization: A comparison of experiment and stochastic simulation, Chem. Eng. J. 378 (2019) 122087. 

The experimental part of this chapter is carried out by Loretta Idowu (M.Sc. student) in collaboration 

with Axalta Coating Systems.  
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 Extractable Content of Functional Acrylic Resins Produced by Radical 

Copolymerization: The Challenges and Objectives 

The ability to robustly polymerize inexpensive monomers in a variety of reaction me-

dia makes radical polymerization (RP) the industrial method of choice to produce 

functionalized dispersants and surfactants.[38] Acrylates and methacrylates are pre-

ferred monomers for binder resins for automotive coatings, providing superior chem-

ical and mechanical properties as well as excellent photostability and resistance to hy-

drolysis.[39–43] In addition, the ability to equip the polymer backbone with functional 

groups (hydroxyl, epoxy, amide, carboxylic acid, etc.) simply through monomer choice 

facilitates a variety of post-polymerization crosslinking options. Led by consumer ex-

pectations for improved appearance and longevity without increased cost, the indus-

try is constantly seeking to improve their formulations and methodologies, as well as 

to reduce the level of solvents and energy required during application.[40,44] Synthe-

sizing low molecular weight functional acrylic polymer chains is one solution that has 

been adopted to face this challenge. For instance, the primary alcohol in 2-hydroxy-

ethyl acrylate (HEA) not only incorporates post-modification capabilities (i.e., cross-

linking or grafting) to the resulted resin but boosts the overall polymerization rate.[39–

44]  

The final product resulting from RP synthesis is a mixture of chains with short lifetimes 

(<1 s) produced at different reaction times over the course of a batch, which typically 

proceeds for several hours. As it is crucial to tightly control the reaction conditions, 

these low molar mass polymers are produced via high-temperature (>100 ˚C) starved-

feed radical solution semi-batch copolymerization to improve product uniformity. The 

concentrations of reactants are kept low by setting the feed rates of monomers and 

initiator to roughly match their consumption rates in the vessel. Thus, the variation in 
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copolymer composition and molar masses throughout the reaction is minimized by 

dictating near steady-state operating conditions.[45–50]  

Radical acrylate/methacrylate copolymerization under these higher temperature 

starved-feed conditions favors the formation of acrylate-based mid-chain radicals 

(MCR)[51,52] as well as the depropagation of methacrylate units on the chain-end of 

growing radicals[30]. Both phenomena are a strong function of chain composition, as 

depropagation occurs only with methacrylate diads at the growing radical chain-end. 

Also, the backbiting mechanism by which a secondary propagating radical (SPR) ab-

stracts a hydrogen atom to create a tertiary MCR radical via a six-membered transition 

state requires both an acrylate radical and an acrylate unit in the pen-penultimate chain 

position. A less-frequent pathway leading to MCR is intermolecular hydrogen abstrac-

tion, by which the radical center is transferred to another macromolecule. To simply 

compare these two reaction paths, increasing the polymer content in solution increases 

the occurrence of intermolecular chain transfer (i.e., long-chain branching) compared 

to intramolecular chain transfer, which becomes more probable under solvent-rich 

conditions, elevating the amounts of short-chain branching. Both mechanisms are fa-

vored under the low monomer concentrations of starved-feed operation; however, 

while backbiting occurs at significant rates throughout the entire course of the reaction, 

the intermolecular chain transfer to polymer mechanism has an increased influence on 

chains topologies towards the end of the reaction when polymer concentration is the 

highest, approaching 60-70 wt.% in the solution. The effect of MCR formation on the 

product MW and topology is further complicated by the occurrence of -scission as a 

competing pathway to monomer addition to the MCR. While monomer addition cre-

ates a branch point, scission yields a product chain that contains terminal unsaturation 
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(i.e., a macromonomer). These macromonomer chains have the propensity to further 

react under starved-feed conditions.[51–59]  

To overcome the design challenges in synthesizing engineered materials, mathemati-

cal models and simulators are essential in bridging kinetic and process conditions to 

the resulting structures. We have recently shown that coupling the so-called scaling 

method[25,33] with a volume correction approach significantly decreases the compu-

tational time required for kinetic Monte Carlo (KMC) simulation, approaching that of 

the deterministic method known as the method of moments.[60] The KMC output, 

however, provides detailed information not available from deterministic models, such 

as the placement of comonomer (often functional) units in the chains across the molar 

mass distribution.[15–18,23] Gaining such information becomes pivotal for low molar 

mass coating resins to balance the desire to reduce the amount of (more expensive) 

functional monomer in the recipe while also minimizing the fraction of non-functional 

chains (i.e., chains without a comonomer unit) in the product.  

The initial development considered only the basic set of mechanisms defined for radi-

cal copolymerization (i.e., initiation, propagation, transfer to solvent/monomer, and 

termination), showing that a significant fraction of chains would not contain the de-

sired functionality if both comonomer content (5 mol.%) and average chain-length (20 

units) were kept low, even for the case of an ideal copolymerization.[16,60] Herein, we 

report the expansion of our previous basic model to include all secondary reactions 

(methacrylate depropagation, MCR formation and consumption, macromonomer for-

mation and consumption) essential for an accurate representation of the radical copol-

ymerization of acrylate with methacrylate under the higher-temperature starved-feed 

conditions commonly used in the coating industry. After verifying the development 
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through comparison of the stochastic predictions of the accelerated KMC model to the 

previously established deterministic modeling technique implemented in Pred-

ici®,[46,49] it is used to analyze a new set of experimental data for the starved-feed 

copolymerization of HEA with butyl methacrylate (BMA) conducted with varying 

HEA and initiator levels. In particular, the utility of the model is assessed by compar-

ing predictions of the properties and amount of non-functional polymer versus that of 

experimentally determined after extracting material from cross-linked films formed 

from the copolymers. 

 Experimental  

Butyl methacrylate (BMA, 99% purity containing 10 ppm monomethyl ether hydro-

quinone as inhibitor), 2-hydroxyethyl acrylate (HEA, 96% purity containing 200-650 

ppm monomethyl ether hydroquinone as inhibitor), tert-butyl peracetate solution 

(TBPA, 50 wt.% in mineral spirits), 5-methyl-2-hexanone (MIAK, 99% purity), tetrahy-

drofuran (THF, 99% purity containing 250 ppm butylated hydroxytoluene as a stabi-

lizer), anhydrous dimethyl sulfoxide d-6 (DMSO-d6, containing 99.9% D), and HPLC-

grade acetone (≥ 99.8% purity) were purchased from Sigma-Aldrich. 4-Methoxyphenol 

(MEHQ, 98% purity) was purchased from Alfa Aesar. All materials were used as re-

ceived without further purification to mimic industrial practices. 

3.2.1 Description of Experimental Procedures and Analyses 

In total, there are six cases studied theoretically and experimentally challenging our 

understanding of the process. The impact of different comonomers and initiator con-

tent at 138 ˚C under the semi-batch starved-feed policy on the amounts of extractable 

polymer chains is explored. The synthesis and characterization of the resins are com-

pleted at Queen’s University, while the amounts of extractable species are determined 
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by Axalta Coating Systems through an isocyanate-based crosslinker boosted with a tin 

catalyst.  

As a summary of the semi-batch procedure, 242 g total mass consisting of TBPA initi-

ator solution and a homogeneous mixture of BMA and HEA is fed at a constant rate 

over 6 h to the stirred reactor. The reaction vessel is initially filled with 130 g of MIAK 

and maintained at 138 ± 0.5 ˚C. Assuming 100% monomer conversion, the reactor ide-

ally can reach the maximum amount of 65 wt.% polymer content at the end of the 

feeding period. Both the comonomer composition (6.25, 12.5 and 25.0 wt.% HEA) and 

the amount of initiator (2.0 and 4.0 mol.% relative to total monomer fed) are varied 

within the experimental set. Based on the duration of the feeding process, the flow rate 

into the 0.6 L reactor is 0.7 gmin1. Up to ten samples of 2–3 mL are acquired over the 

course of reactions to monitor the time-varying behaviors. All samples are immedi-

ately quenched by the addition of MEHQ inhibitor (1 gL1 in xylene) and stored in the 

freezer before being subjected to gas chromatography (GC) and size exclusion chro-

matography (SEC) to obtain residual monomer concentrations and polymer molar 

mass distributions (MMD), respectively.  

Simulations are performed in both Predici® and the developed kinetic Monte Carlo 

(KMC) stochastic simulator. A reliable stochastic representation can be achieved in 

about 20 minutes (32 GB RAM, Core-i7 4790 3.60 GHz). The detailed information re-

garding the acceleration techniques established in the KMC model is outlined in the 

previous chapter. 

Both the operating procedure and sample analyses are carried out according to the 

previous studies.[30,48,49] GC-samples are diluted (1/300 w/w ratio) in acetone and 

analyzed using a Varian CP-3800 GC setup, consisting of a CP-8410 auto-sampler, CP-
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117 isothermal split/splitless injector (with a 9:1 split), 30M Agilent Varian 

(Chrompack) GC Columns (CP-Sil 8CB), oven, and flame ionization detector (FID). The 

quantitative analysis of residual monomers is based on the external calibration curves 

reported in Appendix B. SEC samples, prepared in tetrahydrofuran (THF), are all an-

alyzed with a WATERS 2960 separation module with a WATERS 410 differential re-

fractometer (DRI) and a Wyatt Instruments Dawn EOS 690 nm laser photometer multi-

angle light scattering (LS) detector. For relative molar masses, polystyrene standards 

between 870 and 875 000 g mol−1 were used for the calibration of the separation per-

formed by 4 Styragel columns (HR 0.5, 1, 3, 4) maintained at 35 ˚C, with a sample so-

lution flow rate of 0.3 mLmin−1. Proper transformation of relative molar masses with 

known Mark–Houwink-Sakurada parameters allows for a suitable comparison and 

verification between RI and LS results. The results presented are from DRI detection, 

due to the superior signal to noise response.[49]  

A standard clear-coat testing formulation is performed to extract the non-functional 

oligomers using hexamethylene diisocyanate (Desmodur® N 3300 A) as the curing 

agent. After purifying the acquired resins from the reactor, the solids are dissolved in 

butyl acetate to prepare 45 wt.% solutions. To enhance the diisocyanate reactivity, 700 

ppm dibutyltin dilaurate are added with a small molar excess of -NCO relative to the 

hydroxyl groups, -OH, in the system (i.e., ~1.05). For wetting the substrates, 0.25 wt.% 

BYK-306, a commercial silicone-containing additive from BYK Additives & Instru-

ments, is applied to the surface. Drawdowns are prepared on thermoplastic polyolefin 

panels using easy film removal via an 8-mm blade. Before being exposed to 60 ˚C for 

30 min and 140.6 ˚C for 30 min, the panels are cured at ambient. After 30 days, analyt-

ical extraction is performed on the panels by scraping an approximately 25.4×76.2 mm2 
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portion of the coating and placing them into scintillation vials containing 25 g dichloro-

methane (DCM). The extracted solutions are filtered before evaporating DCM. At this 

point, the samples weights are precisely measured, verifying by GC that no volatile 

component remained. Accordingly, weight percentages of the non-volatiles extracted 

species from the coated films are determined and the samples subjected to SEC analy-

sis. 1H nuclear magnetic resonance (NMR) was carried out on a Bruker 400 MHz spec-

trometer at room temperature to further assess the extractables in DMSO-d6, following 

procedures outlined elsewhere.[61] A discussion of reproducibility of the semi-batch 

process and analytical techniques related to the work discussed in this chapter can be 

found in Loretta A. Idowu’s thesis.[62] 

 Implementation of Gillespie’s Algorithm 

Table 3.1 provides the set of primary reactions – initiation, propagation, termination, 

and chain transfer to solvent and monomer – needed to describe any radical copoly-

merization system, with the added complication of considering the influence of penul-

timate units on both propagation and termination rates. 𝑃(𝑛,𝑚)
𝑖𝑗,[𝐵]

 is the growing second-

ary (chain end) radical, possessing 𝑛/𝑚 methacrylate/acrylate units with [B] branches. 

The terminal and penultimate units can be recognized by 𝑗 and  , respectively. 𝛿𝑖 is the 

unit vector specifying the initiated polymer chain (𝑃𝛿𝑖
𝑖𝑖,[0]

). The termination products 

are differentiated as to whether they carry a reactive double bond (𝑈(𝑛,𝑚)
[𝐵]

; i.e., a mac-

romonomer) or not (𝐷(𝑛,𝑚)
[𝐵]

).  

The set of basic mechanisms is augmented by the secondary reactions summarized in 

Table 3.2 that range from the depropagation of methacrylates[30] to the formation and 

consumption of both macromonomer chains and acrylate MCRs, the latter denoted as 
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Q(𝑛,𝑚)
𝑥𝑖𝑙𝑖,[𝐵]

 with xili being the monomeric sequence adjacent to the radical center. In gen-

eral format, the mid-chain radicals are referred to Q(𝑛,𝑚)
[𝐵]

. This comprehensive set of 

mechanisms was previously implemented in a deterministic-based model imple-

mented in Predici®.[46,49] The depropagation requires at least two consecutive meth-

acrylate units on the radical chain-end, while backbiting occurs with three consecutive 

acrylate units or with a methacrylate unit sandwiched between the two reacting acry-

late units, as shown in Table 3.2. The addition of a macromonomer (formed from ter-

mination by disproportionation as well as scission of an MCR) to an SPR leads to an 

MCR structure, raising the probability of scission which is addressed via a treatment 

originally introduced by Wang et al.[47] For intermolecular chain transfer, the number 

of acrylate units of a dead polymer chain determines the probabilities from which it is 

chosen in a random fashion. The kinetic coefficients specific to BMA/HEA copolymer-

ization were taken from previous work[45,46] and are summarized in Appendix B.  

Data storage is a vital aspect in KMC simulations as it allows the tracking of species 

with respect to the reaction channels defined. Since the dead polymers (𝐷(𝑛,𝑚)
[𝐵]

 or 𝑈(𝑛,𝑚)
[𝐵]

) 

may become reactive through intermolecular chain transfer, the storage scheme should 

provide the minimum required info (i.e., the total number of monomer/comonomer 

units and branches), referred to as history in the storage schemes tabulated in Appen-

dix B.  

The overall vector of repeat units, which includes the total number of monomer and 

comonomer denoted as 𝑛 and 𝑚, are distinguished from the SPR active branch by 𝑛𝑝 

and 𝑚𝑝. Also, the depropagation or backbiting flag indicates the capacity of a given 

SPR to become involved in the depropagation or backbiting channel. The storage struc-

ture for an MCR, Q(𝑛,𝑚)
[𝐵]

, considers its type (𝑙) that can be either 1 or 2, specifying the 
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penultimate unit. This method of storing species enables the stochastic model to rap-

idly track, distinguish, and, if needed, select the different categories of radicals in the 

growing reaction volume. In terms of macromonomers, history is the only requirement 

in the category (see Appendix B). The macromonomers and dead polymer chains are 

grouped under the title of “dead species”, sorted and categorized based on their degree 

of polymerization and number of comonomer units. For example, 𝐹[𝑚] (acrylate func-

tionality) is the frequency of dead species with 𝑚 comonomer units for a given degree 

of polymerization (𝐷𝑃𝑛). 

 

Table 3.1. Primary radical copolymerization reactions included in the KMC model, with in-
dices 1 and 2 indicating BMA and HEA, respectively. 𝜹𝟏 and 𝜹𝟐 represent unit vectors (𝟏, 𝟎) 
and (𝟎, 𝟏), respectively. The penultimate model coupled with the geometric mean approxi-
mation is considered to model the termination reactions.[46,63] 

Primary Reactions           𝒌, 𝒍, 𝒋 and 𝒊 = 𝟏 𝒐𝒓 𝟐 

Reaction Type Scheme 

Initiation 𝐼2
𝑘𝑑
→ 2𝑓𝑑𝐼 

𝐼 +𝑀𝑖

𝑘𝑝
𝑖𝑖,𝑖

→   𝑃𝛿𝑖
𝑖𝑖,[0]

 

Propagation 
𝑃(𝑛,𝑚)
𝑖𝑗,[𝐵]

+𝑀𝑘

𝑘𝑝
𝑖𝑗,𝑘

→  𝑃(𝑛,𝑚)+𝛿𝑘

𝑗𝑘,[𝐵]
 

Chain Transfer to Solvent 
𝑃(𝑛,𝑚)
𝑖𝑗,[𝐵]

+ 𝑆
𝐶𝑠
𝑗
𝑘𝑝
𝑗𝑗,𝑗

→    𝐷(𝑛,𝑚)
[𝐵]

+ 𝐼 

Chain Transfer to Monomer 
𝑃(𝑛,𝑚)
𝑖𝑗,[𝐵]

+𝑀𝑘

𝑘𝑡𝑟𝑀
𝑗𝑘

→  𝐷(𝑛,𝑚)
[𝐵]

+ 𝑃𝛿𝑘
𝑘𝑘,[0]

 

Termination 

               via [Disproportionation] 

               via [Combination] 

𝑃(𝑛,𝑚)
𝑖𝑗,[𝐵]

+ 𝑃
(𝑛′,𝑚′)

𝑙𝑘,[𝐵′] 𝑘𝑡𝑑
𝑖𝑗,𝑙𝑘

→   𝑼(𝒏,𝒎)
[𝑩]

+ 𝐷
(𝑛′,𝑚′)

[𝐵′]
 

𝑃(𝑛,𝑚)
𝑖𝑗,[𝐵]

+ 𝑃
(𝑛′,𝑚′)

𝑙𝑘,[𝐵′] 𝑘𝑡𝑐
𝑖𝑗,𝑙𝑘

→   𝐷
(𝑛+𝑛′,𝑚+𝑚′)

[𝐵+𝐵′]
 

 

 

 

The output of the KMC model well overlaps the previously developed deterministic 

model implemented in Predici®[49] for all six cases studied in this chapter, implying 

that the complex set of mechanisms has been properly implemented in the stochastic 

model and that the simulation volume is sufficiently large to accurately represent the 
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system. As an advantage of utilizing the accelerated stochastic model, the functionality 

of all dead chains is readily accessible at any given time of the polymerization. The 

number of branches is also available for each chain as the considered set of schemes 

(Table 3.1 and 3.2) fully captures the most probable scenarios leading to short or long-

chain branching. The extended description of the reactions along with the associated 

assumptions can be found in our previous publications.[45,46] 

 

Table 3.2. Secondary reactions included in the KMC model, with 1 and 2 indicating BMA 
and HEA, respectively. 

Secondary Reactions           𝒋 = 1,  𝒊 = 2,  𝒂𝒏𝒅 𝒌, 𝒍, 𝒙 = 𝟏 or 𝟐   

Reaction Type Scheme 

Depropagation  
𝑃(𝑛,𝑚)
𝑗𝑗,[𝐵] 𝑘𝑑𝑝

→  𝑃(𝑛,𝑚)−𝛿𝑗

𝑙𝑗,[𝐵]
+𝑀𝑗 , 𝑚 ≥ 2 

Backbiting  
𝑃(𝑛,𝑚)
𝑖𝑙𝑖,[𝐵] 𝑓𝑏

𝑙𝑘𝑏
→  Q(𝑛,𝑚)

𝑖𝑙𝑖,[𝐵]
 , 𝑛 + 𝑚 ≥ 4 

MCR Scission  
Q(𝑛,𝑚)
𝑖𝑙𝑖,[𝐵] 𝑓𝑠𝑐𝑖

𝑙 𝑘𝑠𝑐𝑖
→    𝑈(𝑛,𝑚)−𝛿𝑖−𝛿𝑙

[𝐵]
+ 𝑃𝛿𝑖+𝛿𝑙

𝑙𝑖,[0]
 

Q(𝑛,𝑚)
𝑥𝑖𝑙𝑖,[𝐵] 𝑓𝑠𝑐𝑖

𝑥 𝑘𝑠𝑐𝑖
→    𝑈2𝛿𝑖+𝛿𝑙

[0] + 𝑃(𝑛,𝑚)−2𝛿𝑖−𝛿𝑙

𝑘𝑥,[𝐵]
 

Propagation of MCR  

 
Q(𝑛,𝑚)
[𝐵]

+𝑀𝑘

𝑘𝑝
𝑡 /𝑟𝑖𝑘 
→    𝑃(𝑛,𝑚)+𝛿𝑘

𝑘𝑘,[𝐵+1]
 

Termination of MCR 

 

        

 

 

Q(𝑛,𝑚)
[𝐵]

+ Q
(𝑛′,𝑚′)

[𝐵′] 𝑘𝑡𝑐
𝑞𝑞

→ 𝐷
(𝑛+𝑛′,𝑚+𝑚′)

[𝐵+𝐵′+2]
 

𝑃(𝑛,𝑚)
𝑘𝑙,[𝐵]

+ Q
(𝑛′,𝑚′)

[𝐵′] 𝑘𝑡𝑐
𝑝𝑞

→  𝐷
(𝑛+𝑛′,𝑚+𝑚′)

[𝐵+𝐵′+1]
 

Q(𝑛,𝑚)
[𝐵]

+ Q
(𝑛′,𝑚′)

[𝐵′] 𝑘𝑡𝑑
𝑞𝑞

→ 𝐷(𝑛,𝑚)
[𝐵]

+ 𝐷′
(𝑛′,𝑚′)

[𝐵′]
 

𝑃(𝑛,𝑚)
𝑘𝑙,[𝐵]

+ Q
(𝑛′,𝑚′)

[𝐵′] 𝑘𝑡𝑑
𝑝𝑞

→  𝐷(𝑛,𝑚)
[𝐵]

+𝐷′
(𝑛′,𝑚′)

[𝐵′]
 

Simplified Treatment for  

Macromonomer Reactions [47] 

 

𝑃(𝑛,𝑚)
𝑘𝑙,[𝐵] + 𝑈

(𝑛′,𝑚′)

[𝐵′] 𝑘𝑚𝑎𝑐𝑟𝑜
𝑙𝑥

→    𝑃
(𝑛+𝑛′,𝑚+𝑚′)+𝜹𝒙

𝒙𝒙,[𝐵′+𝐵+1]
 

𝑃(𝑛,𝑚)
𝑘𝑙,[𝐵] + 𝑈

(𝑛′,𝑚′)

[𝐵′] 𝑘𝑒𝑥𝑐ℎ𝑎𝑛𝑔𝑒
𝑙𝑥

→       𝑈(𝑛,𝑚)
[𝐵] + 𝑃

(𝑛′,𝑚′)

𝒙𝒙,[𝐵′]
 

Termination via Primary Radical 𝐼 + 𝑃(𝑛,𝑚)
𝑖𝑗,[𝐵]

 𝑜𝑟 Q(𝑛,𝑚)
[𝐵]   𝑘𝑡𝑠 

→   𝐷(𝑛,𝑚)
[𝐵]
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 Secondary Reactions Imprints 

The imprint of a secondary reaction on the characteristics of the copolymerization sys-

tem is dependent upon operating conditions and copolymer composition, as well as 

the relative values of the associated rate coefficients. For example, reducing the amount 

of acrylate in the recipe decreases the significance of the secondary MCR reactions but 

increases the impact of methacrylate depropagation, while increasing reaction temper-

ature increases the importance of all secondary reactions. One of the experimental rec-

ipes examined in this study, a feed consisting of 25 wt.% HEA (remainder BMA) and 

2 mol.% TBPA relative to total monomer, is used to demonstrate the influence of the 

secondary reactions known to be important for acrylate and methacrylate radical 

polymerizations. The feed is added at a constant rate over 6 h to a reactor with MIAK 

solvent maintained at 138 ˚C, such that the final mixture contains 35 wt.% solvent. The 

simulated output shown in Figure 3.1 consists of the concentration profiles of free 

monomer – both BMA and HEA – in the reactor (A), the number- (𝑀𝑛) and weight- 

(𝑀𝑤) average polymer molar mass profiles (B), and the molar mass distributions 

(MMD) of the final polymer product (C). Four simulations of the system were done, 

starting with the basic set of radical polymerization mechanisms (initiation, propaga-

tion, termination, transfer to solvent and monomer, as summarized by Table 3.1), then 

sequentially adding in methacrylate depropagation, acrylate MCR formation, and con-

sumption (denoted as scission), and reactions involving macromonomer as a reactant.  

For this methacrylate-rich recipe, adding depropagation to the mechanistic set has a 

clear effect on the consumption of methacrylate, as reflected by the increase in the level 

of unreacted BMA in the reactor from ~0.1 to 0.3 moleL1.  
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Figure 3.1. Impacts of secondary reactions on A) free monomer levels, B) number-average 
(𝑴𝒏) and weight-average (𝑴𝒘) polymer molar masses, and C) molar mass distribution of the 
final product for BMA/HEA (75/25 w/w) polymerization conducted under starved-feed 
semi-batch conditions. 
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MW averages at later times and the final polymer MMD is minimal, as the high instan-

taneous monomer conversion means that roughly the same number of total monomer 

units is being incorporated into the same number of polymer chains. With only 25% of 

acrylate in the system, the addition of MCR reactions has little influence on rate or 

polymer MW, as the fraction of chains that undergo backbiting (a reaction that requires 

an acrylate unit in both the ultimate and pen-penultimate positions of the growing 

radical) is small. However, a significant number of macromonomer chains in the sys-

tem are still formed through termination by disproportionation, such that when the 

reaction of those chains is considered, both 𝑀𝑛 and 𝑀𝑤 (and the final product MMD) 

are elevated towards significantly higher values (Figure 3.1). 

 Macroscopic Model Predictions versus Experimental 

Although it is feasible to improve the predictions of the model for a certain case study 

through optimization of the related parameters, the emphasis here is to present pre-

dictions using a universal model for radical copolymerization of acrylate/methacry-

late through previously assessed kinetic coefficients. The employed kinetic coefficients 

are the result of almost a decade of experimental and theoretical research on the pri-

mary/secondary reaction mechanisms of acrylate and methacrylate families partially 

referenced here.[30, 45, 67,68, 46–49, 61,64–66] The tabulated parameters can be found 

in Appendix B. 

The six cases studied differ only in the amounts of HEA comonomer (25.0, 12.5, or 6.25 

wt.%) and TBPA initiator (2.0 or 4.0 mol.% relative to monomer) fed to the reactor. The 

gravimetric analysis reveals that the model accurately anticipates the final solid mass 

fractions within roughly 5% of the experimentally derived data. Figure 3.2 illustrates 
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the capacity of the model to capture the experimental trends observed for the free mon-

omer/comonomer (i.e., BMA/HEA) levels in the reactor as well as the average comon-

omer composition (𝐹𝐻𝐸𝐴) with respect to the reaction time. While there are minor mis-

matches, the consumption and incorporation behaviors of the reactive species are well 

depicted by the model. Noteworthy to mention, the incorporation of HEA becomes 

nearly constant after passing 100 min of the total 6 h reaction time, indicating the 

starved-condition is successfully achieved (Figure 3.2). Moreover, the average polymer 

molar masses are adequately estimated by the model shown in Figure 3.3. While free 

monomer levels decrease only slightly when the initiator level is increased from 2 to 4 

mol.% TBPA (a result of the starved-feed operation), the polymer average molar 

masses decrease significantly.  

Increasing the HEA level from 6.25 to 25.0 wt.% in the recipe results in a slight decrease 

in the level of free BMA in the reactor, as the influence of depropagation lessens. A 

slight influence on polymer molar masses can also be observed: as the probability of 

MCR formation increases with increased acrylate content, there is a subsequent in-

crease in both the formation of short-chain branches and the rate of chain scission, the 

latter leading to lowered average chain lengths. However, this effect is mitigated by 

the propagation of the resulting macromonomers, which introduces long chain 

branches to the topologies of the macromolecules.  

Figure 3.4 compares the modeled MMDs of the final polymer product to those meas-

ured by SEC. As expected from the examination of 𝑀𝑛 and 𝑀𝑤 values, decreasing the 

amount of comonomer or initiator pushes the distribution towards higher values, 

stretching the high molar mass tail from 4.50 to 4.75 on the logarithmic scale. It should 

be noted that SEC is relatively insensitive to the oligomers having less than four repeat 
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units. This could be the main reason that the low molar mass tails within the experi-

mental data are roughly indifferent to the amount of comonomer and initiator in-

cluded in the polymerization recipes. 

 

 

 

 

Figure 3.2. Comparison of the simulated monomer/comonomer concentrations in the reac-
tion media and mole fraction of HEA In the copolymer, 𝑭𝑯𝑬𝑨, with the experimental data 
obtained via gas chromatography. The plots are titled according to the weight percentage of 
the comonomer and the molar percentage of the initiator in each recipe. Note that the scale 
for 𝑭𝑯𝑬𝑨 (right axes) decreases from top to bottom, to improve the clarity of data presenta-
tion. 
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Figure 3.3. Simulated evolution of polymer molar-mass averages compared to the SEC-
measured experimental data. The plots are titled according to the weight percentage of the 
comonomer and the molar percentage of the initiator in each recipe. 
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Lowering the amount of HEA causes a decrease in chain branching, as fewer radicals 

are present with acrylate units in both the ultimate and pen-penultimate position. Ac-

cording to the stochastic calculations, there are 1.0 and 2.0 (6.25 wt.% HEA), 0.8 and 1.6 

(12.5 wt.% HEA), and 0.65 and 1.5 (25 wt.% HEA) branches per hundred repeat units, 

with the higher branching level in each pair resulting from the higher initiator loading 

(4.0 vs. 2.0 mol.% relative to monomer). As methacrylate termination is predominantly 

by disproportionation, the higher TBPA levels lead to greater levels of macromonomer 

formation, which in return increases branching levels through macromonomer addi-

tion. Although not a focus of this investigation, the use of KMC provides additional 

information about the distribution of branches, as captured through plots of the 

branching density (𝜌𝐵) as a function of chain-length in Appendix B. In addition, the 

branch distributions (see Appendix B) follow a Gaussian behavior, 𝑓(𝑥) =

∑ (𝑎𝑖 𝑒𝑥𝑝 ( (
𝑥−𝑏𝑖

𝑐𝑖
)
2

))𝑖 , similar to the molar mass distributions plotted in Figure 3.4. 

As branched chains have a lower viscosity than the linear chains of equivalent molar 

mass, such information may become more relevant when tuning the viscosity of the 

resin is crucial to reduce the amount of volatile solvent required in the application of 

coatings. 
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Figure 3.4. Simulated versus the normalized experimental SEC data. Each subplot is titled 
according to the weight percentage of the comonomer and the molar percentage of the ini-
tiator.  
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 Modeling of Extractables Versus Experimental 

While overall copolymer composition may be well-controlled by the semi-batch oper-

ation, previous KMC studies have shown that the probability of generating chains 

without the desired functionality increases with decreasing chain-length in the distri-

bution.[16,60] Thus, both lowering the average polymer molar mass (by increasing in-

itiator level), and lowering the amount of functional comonomer in the recipe should 

increase the non-functional polymer fraction in the product.  As described in the ex-

perimental section, an isocyanate-based crosslinker assisted with a tin catalyst allows 

extracting the non-reactive portion of prepared resins. As summarized in Table 3.3, 

the experimental results follow these expectations, with the mass fraction of extracta-

bles increasing from 0.6 wt.% for the recipe with 25 wt.% HEA produced using 2 mol.% 

TBPA to 8.10 wt.% for the recipe with 6.25 wt.% HEA produced using 4 mol.% TBPA. 

The average molar masses of the extractables are also summarized in Table 3.3, with 

the MMDs compare to those of the original resins shown in Figure 3.3. Note that low 

molar mass species with chain lengths below four can be partially/fully evaporated 

during the purification of the resins, or not measured accurately during SEC analysis, 

as calibration standards start at 870 g mol−1. Despite these uncertainties, it is evident 

that the MMDs of the extractables shift to lower values as the HEA content in the orig-

inal resin increases from 6.25 to 25.0 wt.%, with corresponding 𝑀𝑛 values decreasing 

from ~1800 to ~800 g mole−1. Surprisingly, there is not a significant difference in the 

MMDs of the extractables from the resins produced at a constant HEA level, even 

though the fraction of extractable material is higher for the resins produced with 4 

mol.% TBPA and, as seen in Figure 3.3, clear differences are seen in the MMDs of the 

original resins produced with high (4 mol.%) and low (2 mol.%) initiator. 
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It can be assumed that the extractable resin consists of predominantly BMA units, with 

the chains containing hydroxyls becoming crosslinked during the reaction with the 

isocyanate. No evidence of hydroxyl groups could be seen by proton NMR, confirming 

that levels are below the detection limits (~0.5 mol.%) of the technique. Also, ESI-MS 

spectroscopy of the samples are in agreement with the 1H NMR characterization out-

come; The information regarding the ESI-MS characterization, conducted by Loretta 

Idowu, can be found in the author’s publication.[69]  

Thus, it is reasonable to compare the amounts and molar masses of these materials to 

predictions from the KMC simulations, equating the population of chains without any 

hydroxyl functionality to the experimental extractables.  

As depicted in Figure 3.5, decreasing the amount of HEA from 25.0% to 6.25 wt.% 

causes a noticeable increase in the cumulative mole fraction of BMA homopolymer 

chains (i.e., non-functional chains) in the system, with the amount also increasing as 

the MW of the resin is lowered at a constant HEA level by increasing initiator amount. 

It is interesting to note that the fraction of non-functional chains is lowered at the start 

of the reaction: as shown in Figure 3.5, the first 2 hours is characterized by the produc-

tion of material with higher HEA content than average. However, the values level out 

for the latter part of the reaction, as relative concentrations of reactants (TBPA, HEA, 

and BMA) become invariant with time. While the predicted mole fraction of non-func-

tional material reaches close to 30% for the resin containing 6.25 wt.% HEA produced 

with 4 mol.% TBPA, it is the mass fraction of material that should be compared to the 

extractable quantity. This amount is easier to visualize by examining Figure 3.6, which 

compares the entire simulated MMD to the sub-distributions containing exactly 0, 1, 2 
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and >2 HEA units for the two extreme cases – the resin containing 25 wt.% HEA pro-

duced with 2 mol.% TBPA, and that produced with 4 mol.% TBPA containing 6.25 

wt.% HEA. For both cases, the non-functional chains are, as might be expected, found 

in the low MM tail of the distribution. The full set of the simulated MMDs showing the 

sub-divisions is contained in Appendix B. 

 

Figure 3.5. The evolution of non-functional chains during polymerization stochastically de-
termined. The case studies are numbered according to Table 3.3. 

 

Table 3.3. Comparison of the average characteristics of the extracted chains versus the prop-
erties derived from the model attributed to the non-functional oligomers. 

# Case Study *𝑴𝒘
𝑬𝒙𝒑.

 *𝑴𝒏
𝑬𝒙𝒑.

 *𝑴𝒘
𝑬𝒔𝒕. *𝑴𝒏

𝑬𝒔𝒕. **Extrac.% ***𝒘[𝟎]
𝑬𝒔𝒕.% 

1 25 wt.% - 2 mol.% 1045 796 551 346 0.6 0.13 

2 25 wt.% - 4 mol.% 1036 821 533 336 0.7 0.39 

3 12.5 wt.% - 2 mol.% 1291 965 1318 711 1.4 1.06 

4 12.5 wt.% - 4 mol.% 1639 1175 1199 657 2.3 2.69 

5 6.25 wt.% - 2 mol.% 3349 1780 2529 1286 3.4 4.87 

6 6.25 wt.% - 4 mol.% 3587 1952 2185 1118 8.1 10.17 

 

*MW values in g/mol. **Represents the final accumulative mass percentage of extractables obtained 
experimentally. ***Represents the final accumulative mass percentage of the non-functional chains es-
timated stochastically. 
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Figure 3.6. Final molar mass distributions for the two extreme case studies with respect to 
their functionality of comonomer denoted as F.  

 

 

Figure 3.7. Final weight percentages determined for classified populations of chains by their 
comonomer functionality computed through the accelerated KMC simulator. 
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𝑬𝒔𝒕.) compared to the experimentally determined ex-

tractable fractions in Table 3.3. The predictions are quite reasonable, capturing the in-
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HEA, to the much higher level (>8 wt.%) seen for the resin containing 6.25 wt.% HEA 

produced with 4 mol.% TBPA. As the amount materials extracted from samples with 

comonomer content higher than 6.25 wt.% are extremely low, the experimental values 

will have high sensitivity towards any contamination such as the additives and com-

pounds used in the coating procedure described in Experimental Section. Thus, while 

the relative mismatches become progressively larger as lowered amounts of extracta-

bles are obtained, the corresponding trends are well-captured. As seen in Figure 3.5, a 

50% reduction in the comonomer content increases the percentage of non-functional 

chains by a factor of three whereas such a change in the amount of initiator results in 

a 50% decrease. This characteristic is observed in experimental data categorized in Ta-

ble 3.3 where the mass fraction of extractables varies from 0.6% to 8.1 wt.% through 

respectively altering HEA and TBPA from 25.0 to 6.25 wt.% and 2.0 to 4.0 mol.%.  

Additional validation of the modeling approach and predictions is seen in the average 

molar mass values, also compared to experimental results in Table 3.3. In agreement 

with experiment, the predicted 𝑀𝑛 and 𝑀𝑤 values of the non-functional material in-

creases as the HEA content is lowered from 25.0 to 6.25 wt.%, but do not vary signifi-

cantly with the TBPA initiator level. While some differences in the predicted and meas-

ured average MM values are observed, these might be expected due to the difficulties 

in using SEC on such low MW material.  
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Figure 3.8. Molar mass distributions of the extractables compared with the distributions of 
the non-functional material stochastically derived. Each subplot is titled according to the 
weight percentage of the comonomer and the molar percentage of the initiator relative to 
the total monomer.  
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Figure 3.8 provides a visual comparison between the experimental extractables and 

estimated SEC distributions of the non-functional chains, with the predicted peak po-

sitions and even the shapes of the distributions reasonably matching experiment. The 

best predictions of the shape of the experimental distributions are seen for the 6.25 

wt.% HEA cases, for which the extractable amounts are the greatest; simulations do 

not match the multi-modalities measured for the experiments in which the extractable 

content was very low, <2 wt.%.  Thus, while higher sensitivity to contamination may 

be associated with the low extractables content from the resins produced with 12.5 and 

25.0 wt.% HEA, the trends are well-predicted and both the amounts and the MMDs of 

the experiment with 6.25 wt.% HEA and extractable amount higher than 3 wt.% pro-

vide a good agreement with the resulted predictions demonstrated. 

 Summary 

Reducing the amount of volatile solvent used for the application of coatings can be 

achieved at lower viscosities by reducing the molar mass of the polymeric binder resin. 

However, the stochastic nature of radical polymerization penalizes this approach by 

decreasing the fraction of chains containing the functional comonomer units needed 

for the crosslinking reactions upon application. 

We have developed and applied a stochastic modeling technique that includes all of 

the mechanistic complexities – penultimate copolymerization kinetics, depropagation, 

and reactions involving the formation and consumption of both mid-chain radicals and 

terminal double bonds – required to capture the characteristics of acrylate/methacry-

late free radical high-temperature copolymerization. Despite the introduction of these 

additional reaction pathways, efficient data storage and acceleration techniques reduce 

the computational time required for the solution of the full model to reasonable times, 
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~20 min for a typical 6-hour semi-batch copolymerization run under starved-feed con-

ditions. After verification by comparing to the output (monomer concentration, copol-

ymer composition, and polymer average MM profiles as well as MMDs) calculated 

using a previously-formulated deterministic model, the KMC model is utilized to sim-

ulate six BMA/HEA experiments conducted with varying comonomer and initiator 

levels. 

As well as providing reasonable predictions of polymer average molar masses and 

MMDs, free monomer levels and copolymer composition for the series of experiments, 

predictions of both the mass fraction and molar masses of non-functionalized chains 

are in good agreement with the experimental investigation of the properties of the pol-

ymeric material extracted from crosslinked films formed from the BMA/HEA copoly-

mer resins. It is found that decreasing HEA from 25.0 to 6.25 wt.% in the comonomer 

mixture and increasing initiator level from 2 to 4 mol.% increased the fraction of ex-

tractables from 0.6 to 8.1 wt.%. These results are well-predicted by the KMC model 

assuming that the extractable material is entirely BMA homopolymer chains, an as-

sumption supported by NMR and ESI-MS characterization of the experimental sam-

ples. In addition, the changes in polymer MMs of the extractables measured by SEC 

with synthesis conditions are also well-predicted by the KMC model. With this exper-

imental verification, the model formulation provides a solid ground for optimizing the 

production of acrylic resins to obtain the desired population of polymer chains synthe-

sized under industrial conditions. In the future, the modeling approach will be used to 

develop nonlinear feeding strategies to decrease the total polymerization time tradi-

tionally required by a starved-feed policy while also minimizing the production of 

non-reactive chains. 
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 |A Deterministic Approach to Estimate Functionality of 
Chains Produced by Radical Copolymerization‡   

Producing solvent-born functional polymer chains is a common practice in the coating 

and paint industry. A prime instance of such materials is the functional resins synthe-

sized under starved-feed semi-batch policy via free radical copolymerization at high 

temperatures. While methacrylate dominates the chains backbones, a low percentage 

of functional acrylic comonomer is statistically distributed throughout the chains. The 

average comonomer composition traditionally modeled via deterministic methods is 

no longer an adequate measure of product performance in this scenario, as it does not 

capture the result that many chains in the system do not contain the desired function-

ality. Thus, stochastic modeling methods such as kinetic Monte Carlo (KMC) are em-

ployed to capture the placement of the functional comonomer across the polymer dis-

tribution; the advanced knowledge that ultimately boosts the efficiency of the process 

and the quality of final products. However, obtaining such information may require 

time-consuming computations, limiting the utilization of the method. In contrast to the 

stochastic approach, it is demonstrated that accurate predictions are obtainable over a 

wide spectrum of reaction conditions from semi-batch startup to the final stages of the 

copolymerization. Thus, the functionality of polymer chains is estimated with a prom-

ising precision in a fraction of the computational time required for the stochastic meth-

ods. 

Herein, this chapter explores the possibility of embedding the concept of polymer 

chain functionality from an elaborated stochastic model to a deterministic model to 

                                                           

‡ This chapter is based on the manuscript submitted to Macromolecules; A. Nasresfahani, R.A. 

Hutchinson, A Deterministic Approach to Estimate Functionality of Chains Produced by Radical Co-

polymerization in the Presence of Secondary Reactions, Macromolecules (2020), submitted. 
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capture the distribution of functional groups for the chain-length distribution. The fol-

lowing sections demonstrate a potential analytical solution trying to resemble the 

KMC output. Accomplishing this objective alleviates sole dependency on sophisticated 

stochastic copolymerization models for obtaining fractions of functional polymers. A 

series of analytical expressions are derived and modified to reproduce the values gen-

erated via a previously experimentally evaluated comprehensive kinetic Monte Carlo 

simulator. To our knowledge, the deterministic model[45,49] (implemented in Pred-

ici®) and the stochastic model[60,69] (implemented in MATLAB®) exploited in this 

publication, are among the most advanced models introduced for free radical copoly-

merization.  

 Modeling Procedure 

Radical functionalization of methacrylate-rich polymer chains with an acrylic func-

tional monomer at the temperatures often utilized to produce coating resins is influ-

enced by the depropagation of a methacrylate unit from the growing radical chain-

end. The impact of this first-order reaction on the copolymer composition can be pro-

found as the experimental copolymer composition values may be drastically different 

compared to the Mayo-Lewis predictions where depropagation is assumed negligible. 

It has been demonstrated that the Lowry case one[70,71] representation of depropaga-

tion is valid for the copolymerization of methacrylates with styrene or acrylates; i.e., 

depropagation only occurs with a methacrylate diad at the radical chain end.[70,71] 

The derivations and detailed discussions surrounding the depropagation mechanism 

and estimation of copolymer composition can be found in the previous publica-

tions.[69–72] Our objective here is to exploit previously established knowledge regard-

ing the secondary kinetic mechanisms and the instantaneous copolymer composition 
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influenced by depropagation to obtain a reliable representation of polymer chains with 

respect to their functionality of comonomer using a deterministic modeling approach. 

A reaction mixture consisting of tert-butyl peracetate (TBPA) initiator, BMA as the 

principal monomer, HEA as functional comonomer, and 5-methyl-2-hexanone (MIAK) 

as a solvent is chosen as the case study to represent methacrylate-rich FRP recipes with 

a functional acrylate comonomer. Simulations that correspond to a specific instantane-

ous condition are first considered, to explore the accuracy of the proposed strategy 

before conducting full simulations of the semi-batch system. As illustrated by Figure 

4.1, the comonomer weight percentage (i.e., wt.% HEA) and initiator mole percentage 

relative to the total monomer mass (i.e., mol.% TBPA) are varied from 4 to 20% and 

from 1 to 17%, respectively, keeping reaction temperature constant at 138 ˚C. A fixed 

total amount of monomers in the simulation (242 g) is assumed, based upon a recent 

lab-scale experimental investigation.[69] As previous studies have demonstrated, the 

equilibrium monomer concentration is correlated with the polymer content.[30,73] 

Therefore, the impact of depropagation is explored by setting the depropagation rate 

coefficient (kdep) to values that correspond to low, intermediate and high polymer 

weight fractions (0, 0.30, and 0.60) as well as varying the total monomer concentration 

through manipulation of the amount of solvent (130, 65, 32.5, and 16.25 g MIAK) in the 

system. Thus, the simulations cover the changing conditions encountered during semi-

batch polymerization, as well as a wide window of copolymer compositions and mo-

lecular weights (MW), with functional monomer content between 4 and 20 mol.%, and 

instantaneous chain lengths as low as 6 to as high as 306 units.  
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Figure 4.1. Parameter space: comonomer weight fraction versus initiator mole percentage 
subjected to reaction media.  

 

The KMC model is used to produce 15 × 104 individual dead chains at each predeter-

mined instantaneous operating conditions within the parameter space (Figure 4.1). 

The information associated with the acceleration techniques developed for the stochas-

tic kinetic Monte Carlo model is fully detailed in our previous publications.[60,69] The 

set of primary reactions – initiation, penultimate propagation and termination kinetics, 

and chain transfer to solvent and monomer – are summarized in Table 4.1, with the 

secondary reactions – methacrylate depropagation and the formation and consump-

tion of acrylate mid-chain radicals – summarized in Table 4.2.  𝑃(𝑛,𝑚)
𝑖𝑗,[𝐵]

 is the growing 

secondary (chain end) radical, possessing 𝑛/𝑚 methacrylate/acrylate units with [B] 

branches. The terminal and penultimate units are specified by 𝑗 and  , respectively, 

with the unit vector  𝛿𝑖 used to specify the initiated polymer chain as 𝑃𝛿𝑖
𝑖𝑖,[0]

; 𝛿1 and 𝛿2 

represent unit vectors (1,0) and (0,1), respectively. Q(𝑛,𝑚)
𝑥𝑖𝑙𝑖,[𝐵]

, with xili monomeric sequence 

adjacent to the radical center, is a mid-chain radical possessing [B] branches. At least 

two consecutive methacrylate units are needed on the radical chain-end to depropa-

gate, while three consecutive acrylate units or a methacrylate unit located between the 

two acrylate units are required to undergo backbiting. The termination can result in a 
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dead chain with a double bond (𝑈(𝑛,𝑚)
[𝐵]

; i.e., a macromonomer) or not (𝐷(𝑛,𝑚)
[𝐵]

); the reac-

tions related to macromonomers propagation are not considered in instantaneous sim-

ulations in order to avoid specifying the composition and MWs of the polymer in the 

reactor. Other than this simplification, the instantaneous kinetic model specified in Ta-

ble 4.1-2 is as used in our previous study.[69] It is assumed that the rate coefficients 

for the addition of the first comonomer unit to the primary radical formed by initiator 

decomposition (𝑘𝑖𝑛𝑖
𝑖 ) are equal to the corresponding propagation (𝑘𝑝

𝑖𝑖,𝑖) values, such 

that first addition of HEA is much faster than addition of BMA; as shown later, this 

assumption can have a significant effect on the distribution of comonomer units among 

the shorter chains in the system. 

 

Table 4.1. Primary radical copolymerization reactions included in the KMC model, with in-
dices 1 and 2 indicating BMA and HEA, respectively. The kinetic coefficient are detailed 
elsewhere.[60,69] 

Primary Reactions           𝒌, 𝒍, 𝒋 and 𝒊 = 𝟏 𝐨𝐫 𝟐 

Reaction Type Reaction Scheme 

Initiation 𝐼2
𝑘𝑑
→ 2𝑓𝑑𝐼 

𝐼 + 𝑀𝑖

𝑘𝑖𝑛𝑖
𝑖

→   𝑃𝛿𝑖
𝑖𝑖,[0]

 

Propagation 
𝑃(𝑛,𝑚)
𝑖𝑗,[𝐵]

+𝑀𝑘

𝑘𝑝
𝑖𝑗,𝑘

→  𝑃(𝑛,𝑚)+𝛿𝑘

𝑗𝑘,[𝐵]
 

Chain Transfer to Solvent 
𝑃(𝑛,𝑚)
𝑖𝑗,[𝐵]

+ 𝑆
𝐶𝑠
𝑗
𝑘𝑝
𝑗𝑗,𝑗

→    𝐷(𝑛,𝑚)
[𝐵]

+ 𝐼 

Chain Transfer to Monomer 
𝑃(𝑛,𝑚)
𝑖𝑗,[𝐵]

+𝑀𝑘

𝑘𝑡𝑟𝑀
𝑗𝑘

→  𝐷(𝑛,𝑚)
[𝐵]

+ 𝑃𝛿𝑘
𝑘𝑘,[0]

 

Termination 

               via [Disproportionation] 

               via [Combination] 

𝑃(𝑛 ,𝑚 )
𝑖𝑗,[𝐵 ] + 𝑃(𝑛 ,𝑚 )

𝑙𝑘,[𝐵 ]
𝑘𝑡𝑑
𝑗,𝑘

→  𝑈(𝑛 ,𝑚 )
[𝐵 ] + 𝐷(𝑛 ,𝑚 )

[𝐵 ]  

𝑃(𝑛 ,𝑚 )
𝑖𝑗,[𝐵 ] + 𝑃(𝑛 ,𝑚 )

𝑙𝑘,[𝐵 ]
𝑘𝑡𝑐
𝑗,𝑘

→  𝐷(𝑛 +𝑛 ,𝑚 +𝑚 )
[𝐵 +𝐵 ]  
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Table 4.2. Secondary reactions included in the KMC model, with 1 and 2 indicating BMA 
and HEA, respectively. The kinetic coefficient are detailed elsewhere.[60,69] 

Secondary Reactions                       𝒋 = 1  ∎  𝒊 = 2  ∎  𝒌, 𝒍 and 𝒙 = 𝟏 or  𝟐             

Reaction Type Reaction Scheme 

Depropagation  
𝑃(𝑛,𝑚)
𝑗𝑗,[𝐵] 𝑘𝑑𝑝

→  𝑃(𝑛,𝑚)−𝛿𝑗

𝑙𝑗,[𝐵]
+𝑀𝑗 , 𝑚 ≥ 2 

Backbiting  
𝑃(𝑛,𝑚)
𝑖𝑙𝑖,[𝐵] 𝑓𝑏

𝑙𝑘𝑏
→  Q(𝑛,𝑚)

𝑖𝑙𝑖,[𝐵]
 , 𝑛 + 𝑚 ≥ 4 

MCR Scission  
Q(𝑛,𝑚)
𝑖𝑙𝑖,[𝐵] 𝑓𝑠𝑐𝑖

𝑙 𝑘𝑠𝑐𝑖
→    𝑈(𝑛,𝑚)−𝛿𝑖−𝛿𝑙

[𝐵] + 𝑃𝛿𝑖+𝛿𝑙
𝑙𝑖,[0]

 

Q(𝑛,𝑚)
𝑥𝑖𝑙𝑖,[𝐵] 𝑓𝑠𝑐𝑖

𝑥 𝑘𝑠𝑐𝑖
→    𝑈2𝛿𝑖+𝛿𝑙

[0] + 𝑃(𝑛,𝑚)−2𝛿𝑖−𝛿𝑙

𝑘𝑥,[𝐵]
 

Propagation of Mid-Chain Radicals (Q(𝒏,𝒎)
[𝑩]

) Q(𝑛,𝑚)
[𝐵]

+𝑀𝑘

𝑘𝑝
𝑡 /𝑟𝑖𝑘 
→    𝑃(𝑛,𝑚)+𝛿𝑘

𝑘𝑘,[𝐵+1]
 

Termination of Mid-Chain Radicals 

 

        

 

 

Q(𝑛 ,𝑚 )
[𝐵 ] + Q(𝑛 ,𝑚 )

[𝐵 ]
𝑘𝑡𝑐
𝑞𝑞

→ 𝐷(𝑛 +𝑛 ,𝑚 +𝑚 )
[𝐵 +𝐵 +2]  

𝑃(𝑛 ,𝑚 )
𝑘𝑙,[𝐵 ] + Q(𝑛 ,𝑚 )

[𝐵 ]
𝑘𝑡𝑐
𝑝𝑞

→  𝐷(𝑛 +𝑛 ,𝑚 +𝑚 )
[𝐵 +𝐵 +1]  

Q(𝑛 ,𝑚 )
[𝐵 ] + Q(𝑛 ,𝑚 )

[𝐵 ]
𝑘𝑡𝑑
𝑞𝑞

→ D(𝑛 ,𝑚 )
[𝐵 ] + D(𝑛 ,𝑚 )

[𝐵 ]  

𝑃(𝑛 ,𝑚 )
𝑘𝑙,[𝐵 ] + Q(𝑛 ,𝑚 )

[𝐵 ]
𝑘𝑡𝑑
𝑝𝑞

→  D(𝑛 ,𝑚 )
[𝐵 ] + D(𝑛 ,𝑚 )

[𝐵 ]  

Primary Radical Termination 𝐼 + 𝑃(𝑛,𝑚)
𝑖𝑗,[𝐵]

 𝑜𝑟 Q(𝑛,𝑚)
[𝐵]   𝑘𝑡𝑠 

→   𝐷(𝑛,𝑚)
[𝐵]

 
 

 

 

The KMC model provides a stochastic representation of the joint chain-length and 

functional group distributions. In this work, we also estimate these instantaneous dis-

tributions from analytical expressions developed to calculate the mole (𝑥𝐹=𝑗
𝑖𝑛𝑠𝑡) and 

weight (𝑤𝐹=𝑗
𝑖𝑛𝑠𝑡) fraction of chains containing a specific number of HEA units per chain 

(𝑗 = 0,1,2, …) using as input only the average chain-length (𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅) and the average in-

stantaneous polymer composition, 𝐹𝑥
𝑖𝑛𝑠𝑡. Although strictly valid for linear polymer 

chains and when termination by combination is not a major MW-controlling mecha-

nism, the Schulz-Flory theory is used to calculate the probability of growth and thus 

the chain-length distribution from a single input, 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅.[74–77] This chain-length dis-

tribution is coupled with the assumption that the instantaneous composition is inde-

pendent of chain-length at a given instant of time to yield the expressions summarized 

in Table 4.3 for 𝑓(𝑛)
𝑖𝑛𝑠𝑡, 𝑤(𝑛)

𝑖𝑛𝑠𝑡, 𝑥𝐹=𝑗
𝑖𝑛𝑠𝑡, and 𝑤𝐹=𝑗

𝑖𝑛𝑠𝑡, the instantaneous mole and weight fraction 
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of chains with a length of 𝑛, and the mole and weight fraction of chains with the comon-

omer (HEA) functionality equal to 𝑗, respectively. While Table 4.3 reports the equa-

tions for 𝑗=0, 1, and 2, it is possible to further expand the generalized expression to 

obtain higher orders. Very recently, the probability of functional junctions with a spe-

cific number of bonds from chain ends was similarly obtained by Lang and Müller,[78] 

as well as Albers et al.[79] in the analysis of a cross-linking polymerization media to 

investigate gel-point and water swelling behaviors. In addition, the expressions in Ta-

ble 4.3 for 𝑗=0 are in agreement with a recent publication by Van Steenberge and 

Hutchinson.[75] It should be noted that the Stockmayer[80] distribution is discarded 

as it is not a suitable analytical approach to represent polymer chains with low degrees 

of polymerization (i.e., oligomers).[75,81] 

 

Table 4.3. Analytical expressions describing the instantaneous mole and weight fraction of 

chains with the functionality of HEA being j=0,1,2 (i.e., 𝒙𝑭=𝒋
𝒊𝒏𝒔𝒕 and 𝒘𝑭=𝒋

𝒊𝒏𝒔𝒕). 𝑭𝒙
𝒊𝒏𝒔𝒕 represents the 

average copolymer composition of the monomer of interest in polymer chains. 

𝒑 = 𝟏  (𝑫𝑷𝒏
𝒊𝒏𝒔𝒕̅̅ ̅̅ ̅̅ ̅̅ ̅)

−𝟏
 𝒇(𝒏)

𝒊𝒏𝒔𝒕 = 𝒑𝒏−𝟏 (𝟏  𝒑) 𝒘(𝒏)
𝒊𝒏𝒔𝒕 = 𝒏 (𝟏  𝒑) 𝒑𝒏−𝟏(𝟏  𝒑) 

𝒋   0 1 2 

𝒙𝑭=𝒋
𝒊𝒏𝒔𝒕 

 
 (

𝑛
𝑛  𝑗) 

∞

𝑛=1

(1  𝐹𝑥
𝑖𝑛𝑠𝑡)𝑛−𝑗(𝐹𝑥

𝑖𝑛𝑠𝑡)𝑗  𝑓(𝑛)
𝑖𝑛𝑠𝑡 

(𝐹𝑥
𝑖𝑛𝑠𝑡  1)(𝑝  1)

(𝐹𝑥
𝑖𝑛𝑠𝑡 𝑝  𝑝 + 1)

    
𝐹𝑥
𝑖𝑛𝑠𝑡(𝑝  1)

(𝑝 (𝐹𝑥
𝑖𝑛𝑠𝑡  1) + 1)2

   
(𝐹𝑥

𝑖𝑛𝑠𝑡)2 𝑝(𝑝  1)

(𝑝(𝐹𝑥
𝑖𝑛𝑠𝑡   1) + 1)3

 

𝒘𝑭=𝒋
𝒊𝒏𝒔𝒕 

 
 (

𝑛
𝑛  𝑗) 

∞

𝑛=1

(1  𝐹𝑥
𝑖𝑛𝑠𝑡)𝑛−𝑗(𝐹𝑥

𝑖𝑛𝑠𝑡)𝑗 𝑤(𝑛)
𝑖𝑛𝑠𝑡 

 
(𝐹𝑥

𝑖𝑛𝑠𝑡  1)(𝑝  1)2

(𝑝(𝐹𝑥
𝑖𝑛𝑠𝑡   1) + 1)2

 
𝐹𝑥
𝑖𝑛𝑠𝑡(𝑝  1)2(𝑝(1  𝐹𝑥

𝑖𝑛𝑠𝑡 ) + 1)

(𝑝(𝐹𝑥
𝑖𝑛𝑠𝑡   1) + 1)3

 
(𝐹𝑥

𝑖𝑛𝑠𝑡)2 𝑝(𝑝   1)2(𝑝(1  𝐹𝑥
𝑖𝑛𝑠𝑡 ) + 2)

(𝑝(𝐹𝑥
𝑖𝑛𝑠𝑡   1) + 1)4

 

 
 

 

It is emphasized that the only inputs to these analytical distribution expressions are 

𝐹𝑥
𝑖𝑛𝑠𝑡 and the chain growth probability 𝑝 that is calculated from 𝐷𝑃𝑛

𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅. However, the 

expressions assume that both quantities are independent of chain-length; if valid, in-
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serting accurate instantaneous average chain-length and copolymer composition val-

ues calculated by a detailed kinetic model can result in valid 𝑥𝐹=𝑗
𝑖𝑛𝑠𝑡 and 𝑤𝐹=𝑗

𝑖𝑛𝑠𝑡 with sat-

isfactory precision. The validity of these assumptions in the presence of depropaga-

tion[30, 67,72] and other secondary reactions initiated by backbiting are examined by 

comparing the predictions of this treatment to output from the full KMC representa-

tion.  

 The validity of the Deterministic Approach Compared to the 

Stochastic Model 

With known comonomer composition, the instantaneous copolymer composition can 

be calculated for the range of comonomer and initiator levels summarized in Figure 

4.1 using the Mayo-Lewis and Lowry case I representations, as well as with the full 

KMC mechanistic model. Both the Mayo-Lewis and Lowry Case I equations assume 

radical stationarity and the long-chain hypothesis in their derivations, with Lowry 

Case I correcting the copolymer composition for the effect of depropagation for radi-

cals with a methacrylate diad at the chain end according to the equations summarized 

in Table 4.4. The Mayo-Lewis treatment underestimates the instantaneous copolymer 

composition if depropagation becomes dominant, as shown by previous experimental 

studies for methacrylate-rich copolymerization recipes.[49,61]  

Figure 4.2 plots the copolymer composition curves for six case studies in total. The 

subplots labeled as A1, A2, and A3, demonstrate the impact of depropagation on the 

instantaneous copolymer composition at different polymer weight fractions (i.e., 𝑥𝑤𝑝, 

which affects the value of kdep). The second row of subplots labeled as B1, B2, and B3, 

demonstrates the influence of solvent level (i.e., monomer concentrations) with 𝑥𝑤𝑝 set 
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to zero. The collection of plots examines the major factors that influence the incorpo-

ration of the functional HEA units – monomer concentrations and polymer content – 

while also varying chain-length through initiator level. Thus, they map the range of 

conditions encountered during isothermal starved-feed semi-batch copolymerization 

of methacrylate-rich recipes. Since there are no simplifying assumptions in the KMC 

model, the values derived from this approach are considered to be the true instantane-

ous copolymer composition modeled for all scenarios. The compositions calculated us-

ing the Mayo-Lewis equation deviate significantly from these true values under all 

conditions. (Note that with no depropagation, the values obtained from the Lowry case 

one and Mayo-Lewis are identical, as shown in Appendix C.) Predictions of the copol-

ymer compositions using the Lowry case one formulation closely tracks the composi-

tion from the full KMC calculations. The range of 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 values for each value of 𝑓𝐻𝐸𝐴 

arises from the influence of the TBPA level on total monomer concentration in both the 

Lowry Case I model and the KMC calculations. 

During semi-batch operation, variation in monomer concentrations and polymer con-

tent is inherent. Both effects are important, as at constant monomer concentration the 

depropagation rate differs depending on the level of polymer in the reactor. At the 

initial startup of semi-batch operation, where a negligible mass of polymer is present, 

depropagation has a larger influence compared to the final stage of copolymerization, 

where the polymer weight fraction (𝑥𝑤𝑝) reaches 0.6.[45,73] Thus, different copolymer 

compositions can be attributed to the same comonomer composition due to the influ-

ence of depropagation. This behavior has been observed experimentally in a semi-

batch study; during the startup transient period, 𝐹𝐻𝐸𝐴 is decreased while 𝑓𝐻𝐸𝐴 remained 

at almost a constant level during six-hour polymerization.[49] In addition, the polymer 
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chains produced at low polymer contents (i.e., startup condition) have a lower average 

chain-length compared to those produced at higher 𝑥𝑤𝑝 at the same initiator and mon-

omer concentrations. It is evident that the Mayo-Lewis underpredicts the incorpora-

tion of the HEA in the copolymer over the entire course of the polymerization, as it 

neglects the influence of methacrylate depropagation on the structure of polymer 

chains (Figure 4.2).  

 

Table 4.4. Analytical expressions for obtaining the instantaneous average copolymer com-
position based on Lowry case one.  

 𝑷(𝒏,𝒎)
𝒙𝟏  is a propagating radical with BMA unit at the terminal position with 𝒏 units of BMA and 

𝒎 units of HEA – 𝒙 can be 1 or 2 representing BMA or HEA 

 

Depropagation Reaction Scheme:  𝑷(𝒏,𝒎)
𝒙𝟏 +𝑴𝟏   

           𝒌𝒑
𝒙𝟏,𝟏           

→          

           𝒌𝒅𝒑           
←         

   𝑷(𝒏+𝟏,𝒎)
𝟏𝟏  

 𝜽𝒋
𝒊𝒏𝒔𝒕 is the instantaneous radical fraction with the j-type terminal position. 𝒇𝒊𝒏𝒔𝒕 is monomer 

composition 

 

 

𝜽𝟏
𝒊𝒏𝒔𝒕 =

𝒇𝟏
𝒊𝒏𝒔𝒕(∑ 𝒌𝒑

𝒊𝟐,𝟏 𝑷𝒊𝟐
𝟐
𝒊=𝟏 )

𝒇𝟏
𝒊𝒏𝒔𝒕(∑ 𝒌𝒑

𝒊𝟐,𝟏 𝑷𝒊𝟐
𝟐
𝒊=𝟏 ) + 𝒇𝟐

𝒊𝒏𝒔𝒕(∑ 𝒌𝒑
𝒊𝟏,𝟐 𝑷𝒊𝟏

𝟐
𝒊=𝟏 )

 

𝜽𝟐
𝒊𝒏𝒔𝒕 = 𝟏  𝜽𝟏

𝒊𝒏𝒔𝒕 

 Instantaneous BMA composition within the chains based on Lowry Case one ([𝑴] is the total 
concentration of monomers in mol/L)[70,71] 

 

𝑭𝟏
𝒊𝒏𝒔𝒕 =

𝒇𝟏
𝒊𝒏𝒔𝒕(∑ 𝒌𝒑

𝒊𝒋,𝟏
 𝑷𝒊𝒋

𝟐
𝒊,𝒋=𝟏 𝜽𝒋

𝒊𝒏𝒔𝒕)  
𝒌𝒅𝒑𝑷𝟏𝟏𝜽𝟏

𝒊𝒏𝒔𝒕

[𝑴]

𝒇𝟏
𝒊𝒏𝒔𝒕(∑ 𝒌𝒑

𝒊𝒋,𝟏
 𝑷𝒊𝒋

𝟐
𝒊,𝒋=𝟏 𝜽𝒋

𝒊𝒏𝒔𝒕)  
𝒌𝒅𝒑𝑷𝟏𝟏𝜽𝟏

𝒊𝒏𝒔𝒕

[𝑴]
+ 𝒇𝟐

𝒊𝒏𝒔𝒕(∑ 𝒌𝒑
𝒊𝒋,𝟐
 𝑷𝒊𝒋

𝟐
𝒊,𝒋=𝟏 𝜽𝒋

𝒊𝒏𝒔𝒕)

 

 Depropagation kinetic coefficient (𝒙𝒘𝒑 is polymer weight fraction)[30] 

 
𝒌𝒅𝒑(𝒔𝒆𝒄

−𝟏) = 𝟏𝟎𝟔(𝟏. 𝟕𝟔  𝟏. 𝟑𝟕𝒙𝒘𝒑) 𝒆𝒙𝒑 ( 
𝟔𝟐𝟒𝟎

𝑻 + 𝟐𝟕𝟑. 𝟏𝟑
) 

 𝑷𝒊𝒋 is the probability of j-type radicals to have i-type penultimate position[70,71] 

 
𝑷𝟐𝟐 =

𝒌𝒑
𝟏𝟐,𝟐(𝟏  𝒇𝟏

𝒊𝒏𝒔𝒕)

𝒌𝒑
𝟐𝟐,𝟏𝒇𝟏

𝒊𝒏𝒔𝒕 + 𝒌𝒑
𝟏𝟐,𝟐(𝟏  𝒇𝟏

𝒊𝒏𝒔𝒕)
      , 𝑷𝟏𝟐 = 𝟏  𝑷𝟐𝟐 , 𝑷𝟐𝟏 = 𝟏  𝑷𝟏𝟏 

𝒌𝒅𝒑(𝑷𝟏𝟏)
𝟐

[𝑴]
 (𝒌𝒑

𝟐𝟏,𝟏𝒇𝟏
𝒊𝒏𝒔𝒕 + 𝒌𝒑

𝟏𝟏,𝟐(𝟏  𝒇𝟏
𝒊𝒏𝒔𝒕) +

𝒌𝒅𝒑

[𝑴]
)𝑷𝟏𝟏 + 𝒌𝒑

𝟐𝟏,𝟏𝒇𝟏
𝒊𝒏𝒔𝒕 = 𝟎 
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Figure 4.2. Comparison of the instantaneous copolymer compositions obtained from KMC, 
Mayo-Lewis, and Lowry case one approach calculated at three different polymer contents 
(A) and solvent levels (B); s0=130 g. 

 

For the second row of Figure 4.2 (B1, B2, and B3), the amount of MIAK is reduced from 

𝑠0=130 g to 0.5𝑠0, 0.25𝑠0, and 0.125𝑠0 while keeping the monomer and initiator mass 

constant. Hence, the concentrations of BMA, HEA, and TBPA in solution increase two-

, four-, and eight-fold, respectively, compared to Figure 4.2-A1 for which the instanta-

neous [BMA], [HEA], and [TBPA] concentrations range from 0.21-0.33, 0.013-0.085, and 

0.003-0.048 mol/L when comonomer and initiator levels are varied according to Figure 

4.1. (See Appendix C for more details on the range of concentrations examined.) Since 

depropagation is essentially an equilibrium reaction, a higher BMA concentration re-

duces its impact, such that the differences between the KMC calculations and the 

Mayo-Lewis predictions are reduced from Figure 4.2-A1 to Figure 4.2-B3. The Lowry 

Case I calculation provides a reasonable estimate of copolymer composition over the 

complete range of conditions examined, with minor deviations for the highest initiator 
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concentrations and lowest comonomer levels. However, these conditions are not ex-

pected to be important during typical semi-batch operation, as the number-average 

molecular weight is usually larger than 1500 g/mol (i.e., chain-length > 10). 

The analytical expressions in Table 4.3 require an estimate of 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅ as well as 𝐹𝐻𝐸𝐴

𝑖𝑛𝑠𝑡 to 

calculate the distribution of functional comonomer units as a function of chain length. 

There are no easy analytical expressions available for 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅ in the presence of the nu-

merous side-reactions in the system (Table 4.2). Thus, the value calculated using the 

KMC model has been combined with the three values of 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 derived from the Mayo-

Lewis, Lowry Case I, and KMC approaches to evaluate the usefulness of the 𝑥𝐹=𝑗
𝑖𝑛𝑠𝑡 and 

𝑤𝐹=𝑗
𝑖𝑛𝑠𝑡 expressions over the parameter space shown in Figure 4.1. The estimates are 

compared to the “true” values calculated using the full KMC model, whose output has 

been validated through comparison to the experiment.[69] Since 𝑤𝐹=𝑗
𝑖𝑛𝑠𝑡 represents the 

most relevant quantity in industrial perspective, information regarding 𝑥𝐹=𝑗
𝑖𝑛𝑠𝑡, which 

demonstrates similar trends, is placed in Appendix C. The three scenarios corre-

sponded to Figure 4.2–A1, –A3, and –B1 are presented here, with the remaining results 

summarized in Appendix C.  

Figure 4.3, 4.4, and 4.5 compare the KMC standalone results against the values esti-

mated using the analytical functions, with perfect agreement appearing on the dash-

line. For each figure, the subplots illustrate different instantaneous functionality (𝑗 =

 0, 1, 2, >2) for an identical scenario (i.e., polymer content and solvent level) as initiator 

and comonomer content are varied. Note that the initiator level goes to the extremely 

high level of 20 mol.% relative to monomer in the parameter space visualized in Figure 

4.1. The reason to select such a wide range of conditions is not only to challenge the 

proposed deterministic approach but also to visualize the error that arises from the 
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simplifying assumptions made in the derivation of the analytical expressions in Table 

4.3. The general trends observed in these graphs are the inherent reflection of the math-

ematical expressions in Table 4.3, to the instantaneous growth probability (𝑝, a func-

tion of 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅), as well as the copolymer composition (𝐹𝐻𝐸𝐴

𝑖𝑛𝑠𝑡). 

  

 

Figure 4.3. Evaluation of instantaneous weight fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC inputs (in red squares), Mayo-Lewis 
inputs (in black circles), and Lowry case one inputs (in blue crosses) calculated at 𝒙𝒘𝒑 = 0 

and 130g MIAK.  

 

Figure 4.3 reviews the situation for which the influence of depropagation is greatest, 

representing the semi-batch startup with no polymer present and low reactant concen-

trations. With the Mayo-Lewis equation significantly underpredicting the values of 

𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 (Figure 4.2-A1), the predictions of 𝑤𝐹=0

𝑖𝑛𝑠𝑡 and 𝑤𝐹=1
𝑖𝑛𝑠𝑡 (i.e., the weight fraction of pol-

ymer containing no HEA or a single HEA group) are greatly overpredicted. Using 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 

calculated according to Lowry Case I closely matches the predicted distribution of the 

functional groups calculated using 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 from the full KMC model. However, for both 
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cases, the analytical expressions slightly overpredict the fraction of non-functional 

chains (𝑤𝐹=0
𝑖𝑛𝑠𝑡) in the system compared to the calculations from the full model. As the 

instantaneous operation condition moves from the top-left (i.e., high HEA, low TBPA) 

to the bottom-right (low HEA, high TBPA) of the parameter space (Figure 4.1), the 

deviation from the true values (i.e., the dashed lines of Figure 4.3) becomes larger. As 

will be detailed later, this divergence from the expected values is caused largely by the 

violation of the assumption that the comonomer composition is constant and inde-

pendent of chain length. Overall, however, the reasonable agreement obtained sup-

ports the concept of using the probability distributions of Table 4.3 to estimate 𝑥𝐹=𝑗
𝑖𝑛𝑠𝑡 

and 𝑤𝐹=𝑗
𝑖𝑛𝑠𝑡. 

 

Figure 4.4. Evaluation of instantaneous weight fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC input (in red squares), Mayo-Lewis 
input (in black circles), and Lowry case one input (in blue crosses) calculated at 𝒙𝒘𝒑 = 0.6 

and 130g MIAK.  
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Figure 4.4 evaluates the same reaction system at the final stages of semi-batch copoly-

merization, thus containing 60 wt.% polymer in the reaction solution, corresponding 

to Figure 4.2-A3. In the presence of polymer, the influence of depropagation is reduced 

compared to Figure 4.3, even though the monomer concentrations remain low. While 

the Mayo-Lewis calculation is still clearly erroneous, the other predictions closely ap-

proximate the “true” 𝑤𝐹=𝑗
𝑖𝑛𝑠𝑡 obtained based on the KMC model. The same conclusion 

can be drawn for the final set of simulations presented in Figure 4.5, for which the 

reactant (i.e., BMA, HEA, and TBPA) concentrations are doubled at the initial stage of 

polymerization (i.e., corresponding to the case shown in Figure 4.2-B1). 

Figure 4.3-4.5 demonstrate that the concept of simply using 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅ and 𝐹𝐻𝐸𝐴

𝑖𝑛𝑠𝑡  coupled 

with the probability distribution theory formulae delivers a promising set of estima-

tions not only for 𝑤𝐹=𝑗
𝑖𝑛𝑠𝑡 but also 𝑥𝐹=𝑗

𝑖𝑛𝑠𝑡 as presented in Appendix C. Nonetheless, some 

deviation from the full stochastic model is observed. To better understand the source 

of this error, we can use the output of the full stochastic KMC model to examine the 

validity of the important assumptions underlying the Table 4.3 equations; i.e., the 

probability of chain growth and comonomer composition are both independent of 

chain-length.  
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Figure 4.5. Evaluation of instantaneous weight fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) calculated at 𝒙𝒘𝒑 = 0 and 65g MIAK.  

 

To demonstrate the influence of the reaction pathways on the assumptions described 

above, a specific mixture with 10 mol.% TBPA and 10 wt.% HEA is taken from the 

conditions corresponding to Figure 4.2-A1, i.e., with 130 g MIAK and no polymer pre-

sent. Kinetic complexity is systematically added to the system, starting with Case X1 

that considers only the standard copolymerization mechanisms of Table 4.1, initiation, 

propagation, termination, and transfer to solvent. Case X1 also contains two additional 

assumptions, that termination occurs entirely by disproportionation, and that only 

BMA adds to the primary radical (i.e., 𝑘𝑖𝑛𝑖
𝐵𝑀𝐴= 𝑘𝑝

𝐵𝑀𝐴and 𝑘𝑖𝑛𝑖
𝐻𝐸𝐴 = 0). Adding initiation 

with HEA (i.e., 𝑘𝑖𝑛𝑖
𝐻𝐸𝐴= 𝑘𝑝

𝐻𝐸𝐴) to the base case creates the second case, X2. In the third 

case, X3, termination by combination is also added, followed by the addition of 

depropaagtion for case X4. Case X5 considers the complete set of reactions described 
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in Table 4.1-4.2, including acrylate backbiting and subsequent  -scission and propa-

gation/termination of the midchain radical. The final case is X6, which is equivalent to 

X5 but once again excludes the initiation reaction with HEA (𝑘𝑖𝑛𝑖
𝐻𝐸𝐴 = 0). KMC simula-

tions for each of these cases have been run to calculate full chain-length and composi-

tion distributions. In addition, the 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅ output from the KMC simulation is used to 

calculate the number (𝑓(𝑛)
𝑖𝑛𝑠𝑡) and weight (𝑤(𝑛)

𝑖𝑛𝑠𝑡) distributions calculated according to 

the Table 4.3 Schulz-Flory formulae. A comparison of the two results for each case is 

presented in Figure 4.6, as well as plots comparing the dependency of 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 as a func-

tion of chain-length to the average value. It should be noted that the amount of HEA 

incorporated into the copolymer is significantly lower for Cases X1-X3 than X4-X6; the 

difference is due to the assumption that depropagation does not occur in the first three 

cases. Correspondingly, the values of 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅ are higher without depropagation, lead-

ing to a lowered 𝑓(𝑛 = 1) value for Cases X1-X3 compared to X4-X6. 

 

 
 

 

Figure 4.6. Comparison of stochastic with analytical instantaneous mole fraction, weight 
fraction, average copolymer content under the influence of various reaction pathways based 
on 10 mol.% TBPA, 10 wt.% HEA, and 130g MIAK.  

 



 

-77- 

 

Figure 4.6 (cont’d). Comparison of stochastic with analytical instantaneous mole fraction, 
weight fraction, average copolymer content under the influence of various reaction path-
ways based on 10 mol.% TBPA, 10 wt.% HEA, and 130g MIAK.  

 

An inspection of Figure 4.6 demonstrates that the 𝑓(𝑛)
𝑖𝑛𝑠𝑡 and 𝑤(𝑛)

𝑖𝑛𝑠𝑡 distributions calcu-

lated using the analytical expressions in Table 4.3 with 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅ are in good agreement 

with outputs from the full stochastic model in all cases. The agreement is exact for case 

X1, with small deviations arising for short-chain lengths (n < 10) as the kinetic com-

plexity is increased for the rest of the cases. However, the value of 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 varies signifi-

cantly with chain-length in all cases. The HEA fraction of the short chains exceeds the 

average value for Cases X2-X5, in which HEA is assumed to add to the initiator-de-

rived radical at a rate equal to its propagation. When this initiation mechanism is re-

moved for Case X1 and X6, in contrast, the shortest chains contain a lower fraction of 

HEA than the average value. The influence of the other kinetic complexities – deprop-

agation and acrylate side-reactions – on the comonomer composition distribution is 

small compared to this influence of the probability of initiation. As a practical assump-

tion in mechanistic modeling of radical polymerization, the values of 𝑘𝑖𝑛𝑖
𝑖  are often set 
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equal to their homo-propagation rate constants,[45, 69,82] which vary considerably for 

acrylates, methacrylates, and styrene. Based on this assumption, 𝑘𝑖𝑛𝑖
𝐻𝐸𝐴 is twenty-seven 

times higher than 𝑘𝑖𝑛𝑖
𝐵𝑀𝐴 for Cases X2-X5, leading to the increased levels of HEA content 

in the shorter chains compared to the average value shown in Figure 4.6, with the com-

position plateauing to the average 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 value as chain-length increases.  

The results in Figure 4.6 are generated for a system containing 10 wt.% HEA and 10 

mol.% TBPA. However, the findings can be considered general, as supported by a com-

plete set of simulations run over the complete parameter space (Figure 4.1) of initiator 

and comonomer levels. This output is presented as a series of animated figures§  over-

laying stochastic 𝑓(𝑛)
𝑖𝑛𝑠𝑡 and  𝑤(𝑛)

𝑖𝑛𝑠𝑡 versus the most probable distributions, as well as the 

dependency of 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 as a function of chain-length. These simulations are conducted 

using the set of kinetic coefficients from the full BMA/HEA copolymerization model 

summarized in Table 4.1-4.2 (i.e., Case X5), as these were also used to generate the 

estimates 𝑤𝐹=𝑗
𝑖𝑛𝑠𝑡 plotted in Figure 4.3-4.5. The overprediction of the fraction of chains 

not containing any HEA functionality (i.e., 𝑤𝐹=0
𝑖𝑛𝑠𝑡) arises from the assumption in the 

Table 4.3 equations that 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 is independent of chain length. As the full stochastic 

model correctly calculates that the HEA content of the shorter chains is enriched, it 

correspondingly calculates that the fraction of non-functional fraction is reduced. Since 

the error arises from the portion of the distribution with less than 10 repeat units, the 

impact that this error has on the estimation of non-functional fractions is increased as 

𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅ decreases. Thus, a measure of cumulative errors calculated for the complete set 

                                                           

§ The supplementary media is accessible through   
[https://cloudfiles.engineering.queensu.ca/url/jqsx2q2aqzzdku2v] 
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of case studies corresponding to Figure 4.2 follows a power-law trend as a function of 

𝜃 = 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅𝐹𝑥

𝑖𝑛𝑠𝑡 where the absolute error is inversely correlated with 𝜃 (Appendix C).  

This investigation demonstrates that although the instantaneous distribution of 

comonomer groups among polymer chains can be calculated from 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅

  and 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 

values using distribution functions, error arises from the violation of the assumption 

that 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 is independent of chain length. However, the impact of this error decreases 

with increasing 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅. Furthermore, many poorly-understood factors can affect the 

composition of short growing chains, including the relative reactivity of the monomers 

towards the primary initiator radicals (Case X5 versus X6 in Figure 4.2), and even the 

possible dependency of 𝑘𝑝 on chain length, a factor not considered in this study. Thus, 

these errors and uncertainties must be weighed against the advantages of the modeling 

strategy, namely, that the comonomer distributions in the polymer can be calculated 

analytically using 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅ and 𝐹𝐻𝐸𝐴

𝑖𝑛𝑠𝑡 outputs from a deterministic model. In addition, the 

approach is viable even within a stochastic simulator, as the steps for capturing and 

storing extra details required for 𝑤𝐹=𝑗
𝑖𝑛𝑠𝑡 and 𝑥𝐹=𝑗

𝑖𝑛𝑠𝑡 can be avoided, leading to further 

computational acceleration. Finally, it is noted that the assumption that 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 is chain-

length independent not only provides closed-form expressions for 𝑥𝐹=𝑗
𝑖𝑛𝑠𝑡 and 𝑤𝐹=𝑗

𝑖𝑛𝑠𝑡, but 

that the distribution functions overestimate the fraction of the undesired non-func-

tional chains (𝑤𝐹=0
𝑖𝑛𝑠𝑡   in Figure 4.3-4.5), thus providing a conservative estimate for de-

sign purposes. 

 

 Application of the Instantaneous Deterministic Approach 

To complete the validation of our approach, we use 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅ and 𝐹𝐻𝐸𝐴

𝑖𝑛𝑠𝑡 outputs based on 

our deterministic model implemented in Predici®[46,49] to generate estimates of the 
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fraction of non-functional material, rather than calculating the amounts from the full 

output of the elaborated KMC simulator. The ultimate use of the 𝑤𝐹=𝑗
𝑖𝑛𝑠𝑡 and 𝑥𝐹=𝑗

𝑖𝑛𝑠𝑡 esti-

mates emerge in the cumulative measures: if 𝑤𝐹=𝑗
𝑖𝑛𝑠𝑡 and 𝑥𝐹=𝑗

𝑖𝑛𝑠𝑡 are properly predicted by 

the analytical functions, the cumulative fraction of chains (concerning the number of 

comonomer units) can be approximated with a sufficient degree of accuracy compared 

to the KMC standalone approach. Conversion to cumulative quantities is achieved by 

imposing a weighing factor on the instantaneous measures according to the following 

expressions: 

𝑥𝐹=𝑗 = ( 𝐷𝑛

∞

𝑛=1

)

−1

 |𝑥𝐹=𝑗
𝑖𝑛𝑠𝑡  𝐷𝑛

𝑖𝑛𝑠𝑡

∞

𝑛=1

|

𝑖

𝑖=1 Δ𝑡𝑖

 
 

       Eq. 4.1 

𝑤𝐹=𝑗 = ( 𝑛𝐷𝑛

∞

𝑛=1

)

−1

 |𝑤𝐹=𝑗
𝑖𝑛𝑠𝑡  𝑛𝐷𝑛

𝑖𝑛𝑠𝑡

∞

𝑛=1

|

𝑖

𝑖=1 Δ𝑡𝑖

 
 

       Eq. 4.2 

𝐷𝑛 and 𝐷𝑛
𝑖𝑛𝑠𝑡 respectively represent the cumulative and the instantaneous number of 

dead polymer chains with chain-length of 𝑛, with Δ𝑡𝑖 the time interval over which the 

instantaneous quantities are measured, limiting to zero (i.e., Δ𝑡𝑖  0). To challenge our 

methodology, twenty-four cases are simulated, based upon a recent experimental 

study of BMA/HEA semi-batch starved-feed copolymerization. 242 g of BMA and 

HEA mixed with TBPA initiator is fed at a constant flowrate over 6 hours to a stirred 

reactor initially filled with 130 g of MIAK and maintained at 138 ˚C to ultimately pro-

duce a final solution containing 65 wt.% polymer. As summarized in Table 4.5, exper-

iments were conducted at 3 levels of HEA (6.25, 12.5, and 25 wt.%) in the comonomer 

mixture and 2 levels of initiator (2 and 4 mol.% relative to monomer).[69] To further 

test the algorithm, the same recipes were examined using a 3-hour feed, with addi-
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tional simulation results for 2 and 4 h feeding times provided in Appendix C. To cal-

culate the cumulative 𝑤𝐹=𝑗 and 𝑥𝐹=𝑗, the required information was extracted from 

Predici® and post-processed via MATLAB® according to Eq. 4.1-4.2 where the profiles 

are equally sliced with ∆𝑡 ≈ 2 s; from there, the instantaneous values are simply ob-

tained. 

Table 4.5 specifies the comonomer weight percentage, initiator mole percentage rela-

tive to the monomers, and feeding period used to evaluate the cumulative quantities 

𝑤𝐹=𝑗 and 𝑥𝐹=𝑗 using output from the deterministic Predici® model that includes all 

relevant side reactions, including macromonomer propagation, as described else-

where.[49] To provide a compact overview while avoiding lengthiness of the full rep-

resentation, the time-dependent concentration profiles, molecular weight averages, 

and comonomer composition are among the polymerization characteristics detailed in 

Appendix C. Noteworthy to mention, these outputs match those from the KMC im-

plementation, as previously verified.35 

 

Table 4.5. The copolymer case studies considered for evaluating the cumulative estimates 
with distinguishable colored symbols assigned to each case.  

# 1 2 3 4 5 6 7 8 9 10 11 12 

wt.% HEA 6.25 12.5 25.0 6.25 12.5 25.0 6.25 12.5 25.0 6.25 12.5 25.0 

mol.% TBPA 4 4 4 2 2 2 4 4 4 2 2 2 

Feeding Period (hr) 3 3 3 3 3 3 6 6 6 6 6 6 

Symbol × ○ □ × ○ □ × ○ □ × ○ □ 
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Figure 4.7. Evaluation of cumulative weight fraction estimates with respect to HEA posses-
sion (0, 1, 2, >2) obtained for the copolymer case studies summarized in Table 4.5. 

 

Figure 4.7 summarizes the performance of the deterministic model in Predici® coupled 

with the probability distribution expressions of Table 4.3 compared to the calculations 

from the full KMC model (dashed lines). The plots contrast the case studies according 

to their unique colored symbols as summarized in Table 4.5; simulation runs at the 

different HEA levels (i.e., 6.25%, 12.5%, and 6.25%) for the same copolymerization rec-

ipe (initiator level and feed time) have the same color but different symbols. The pre-

dicted weight fraction of non-functional chains (𝑤𝐹=0) produced during the reaction 

increases from 0.6% (2 mol.% initiator, 25 wt.% HEA) to above 10% (4 mol.% initiator, 

6.25 wt.% HEA) with the 6-hour feed-time (Figure 4.7). These predictions are in excel-

lent agreement with those calculated from the KMC implementation, and also with the 

experimental determination of the non-functional fraction.[69] The distribution func-

tions overestimate the “true” KMC values as expected considering the instantaneous 

case studies demonstrated in Figures 4.3-4.5, thus providing a conservative estimate 

of non-functional material. However, the deterministic simulation can be completed 

more than 10 faster than the KMC model, which roughly takes 20 min for the full 
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simulation. The agreement between the estimates from the deterministic and the KMC 

implementations is also seen for 𝑤𝐹=1, 𝑤𝐹=2, and 𝑤𝐹>2. 

While these simulations demonstrate the practical utility of the approach, a word of 

caution is in order. The calculated instantaneous values tend to be less reliable at low 

comonomer contents at the startup stage where polymer chains of shorter length are 

formed under low monomer concentration conditions, as described by the Figure 4.2-

A1 scenario associated with Figure 4.3. However, the case studies show that the impact 

of this error on the cumulative values (i.e., 𝑤𝐹=𝑗 and 𝑥𝐹=𝑗) is not large under typical 

operating conditions, such that the deterministic approach can adequately represent 

the cumulative estimates stochastically obtained with a maximum error of ~10%. 

Moreover, a similar performance is achieved for the cumulative mole fractions (i.e., 

𝑥𝐹=𝑗) as well as for the estimations related to the case studies associated with a 3-hour 

feeding period, as documented in Appendix C.   

 Summary 

With non-functional methacrylate and styrene units typically the major components of 

low molecular weight acrylic resins synthesized for automotive coatings, modeling the 

distribution of the functional acrylic comonomer units distributed throughout the 

chains becomes important to predict product performance when the resin is post-pro-

cessed or cross-linked. We have developed a methodology based upon Schulz-Flory 

probability expressions to estimate the distribution of functionality within polymer 

chains in a fraction of the computational time required for a full stochastic model. Ad-

dressing the most influential secondary mechanism for the incorporation of comono-

mer into the polymer chains, i.e. depropagation, can be accomplished through the 

Lowry case one implementation, as demonstrated by comparing predicted copolymer 
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compositions to those calculated using a stochastic KMC implementation that includes 

all of the side reactions that occur during high-temperature polymerization to produce 

acrylic resins. The instantaneous copolymer composition and number-average chain 

lengths output from a deterministic model are used to calculate the instantaneous mole 

and weight fractions of polymer chains according to the number of comonomer units 

they possess, with the cumulative quantities calculated through suitable integration. 

Compared to a stochastic model, this strategy provides reasonably accurate predic-

tions over a wide spectrum of reaction conditions, from semi-batch transient startups 

to the final stages of the polymerization. Thus, characterizing the chains based on their 

functionality becomes a transferrable concept from a stochastic model to a determinis-

tic implementation that runs more than 10× faster.  

While this implementation reduces our dependency on sophisticated stochastic 

polymerization models, the predictions of the distribution of comonomer units are of 

reduced accuracy. Nonetheless, these analytical expressions can serve as a tool in our 

deterministic modeling toolbox in the absence of a comprehensive kinetic Monte Carlo 

simulator, or for situations where less critical scrutiny is required regarding the cumu-

lative 𝑤𝐹=𝑗 and 𝑥𝐹=𝑗 values. Exploiting the analytical approach embedded in a stochas-

tic simulator also provides benefits concerning model solution time and ease of imple-

mentation.  
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 Including Styrene in the Stochastic Simulator as the Third 
Monomer 

Coatings based on acrylate and methacrylate monomers are the leading polymer tech-

nology in the automotive industry. Aside from the process parameters, there are phys-

ical attributes transferred to the resins from the material factors. The polymerization 

system can involve multiple alkene monomers with or without reactive functional 

groups such as epoxy, acrylic/methacrylic acid, and aliphatic mono-alcohols with dif-

ferent numbers of carbon spacers (i.e., methyl, ethyl, butyl, isobutyl, tert-butyl, ethyl-

hexyl, and isodecyl). Compared to acrylate rich resins, chains with high methacrylate 

content exhibits greater hardness and resistance to solvents. Long aliphatic monomers 

may boost solubility, wetting, and flexibility of the coatings prepared from resins while 

short aliphatic repeating units, on the other hand, increases hardness and durability 

with a promoted diffusion resistance.[83,84]  As discussed in the previous chapters, for 

crosslinking, the acrylic resins may contain hydroxyl groups through the incorporation 

of comonomers such as 2-hydroxy(ethyl/propyl) acrylate/methacrylate. In contrast to 

polyesters synthesized via step-growth polymerization, the functional groups are ran-

domly distributed within the polymer chains.  

One of the most industrially vital comonomers is styrene. In addition to its relatively 

inexpensive cost compared to the other monomers**, styrene’s aromatic structure pro-

vides a rigid building block leading to higher stiffness in methacrylic/acrylic resins 

with an increased solution viscosity. This leads to an enhanced photostability, mechan-

ical and chemical resistance. Since the clearcoat layer protects the integrity of lower 

                                                           

** According to Sigma-Aldrich Corporation, 2.5 L Styrene: 65 CAD, 1 L BMA: 63 CAD, and 1 L HEA: 

187 CAD. 

https://www.sigmaaldrich.com/
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coatings layers (Figure 5.1), the addition of styrene in the polymerization recipes is 

typically essential. However, the level of styrene incorporation should be controlled, 

as too high levels inhibit the required flexibility of the cross-linked polymer network, 

lowering resistance to cracks after exposure to UV light.[83,84]  

Similar to the hydroxyl groups, the incorporation of styrene must be considered in 

industrial coating recipes to capture its influence on polymerization rate, copolymer 

composition, and MW, leading to the required physical and mechanical properties 

(e.g., flexibility, chemical resistance, adhesion, and mechanical impact). Therefore, as 

the third monomer, styrene is included in the KMC simulator to expand the capacity 

of our modeling toolbox. 

 

 

Figure 5.1. Representation of a typical automotive coating layer deposition.[84] 
 

The KMC terpolymer simulator is developed starting from the copolymer KMC model 

and reaction schemes described in the previous chapters. In fact, styrene does not re-

quire extra reaction channels as it does not introduce any new reaction mechanisms 

(i.e., reaction subroutines) compared to the copolymer KMC model. Since the initiator 

is used at high concentrations, the styrene thermal initiation is considered to have a 

negligible impact, and styrene does not depropagate nor trigger backbiting. Due to its 

slower polymerization reactivity compared to methacrylate or acrylate monomers, it 
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forms shorter polymer chains under comparable conditions in the absence of second-

ary reactions, i.e., at low temperatures and high monomer concentrations. The kinetic 

coefficients related to the styrene/BMA/HEA polymerization system (i.e., mono-

mer/radical reactivity ratios) are found within previous pulsed-laser-polymerization 

studies.[85] To verify the success of the development, the stochastic results are com-

pared with a deterministic model implemented in Predici® for a series of terpolymer-

ization recipes shown in Table 5.1.  

Table 5.1. Summary of semi-batch recipes (isothermal reaction condition at 138 ˚C with 130 
g MIAK and 242 g total monomer mass) considered for comparison of KMC macroscopic 
outputs with the deterministic results from Predici®.  

 

 

 

 

# 

 

 

BMA 

wt.% 

 

 

HEA 

wt.% 

 

 

STY 

wt.% 

 

 

I2 

Mol.% 

 

Feed 

Time 
(h) 

Approximate Computational Time (min)* 

Predici® 11 – Dist. 
Mode 

KMC** – MATLAB® 
2019a 

1  70 5 25 4 4 4 12< 

2  75 15 10 2 4 10 25< 

3  35 15 50 2 4 9 16< 

4  45 5 50 2 4 5 11< 

5  85 5 10 2 4 4 25< 

6  60 15 25 4 4 7 14< 

     *Minimum CPU time required to obtain accurate outputs **Under acceleration mode 

 

Interestingly, the computational time does not drastically increase. Compared to the 

copolymer model, the slower relative propagation rate of styrene results in lower total 

reaction rates (∑ 𝑅𝑥
𝑁
𝑥=1 ) which leads to larger stochastic time steps (i.e., 𝜏): 

𝜏 =  𝑙𝑛𝑅𝑁 ( 𝑅𝑥

𝑁

𝑥=1

)

−1

 

 
     Eq. 5.1 

  

To avoid the lengthiness of the discussion, the comparison is only presented for Recipe 

#1 and #2. As illustrated in Figure 5.2 and 5.3 subplots, the macroscopic properties 
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such as reactants concentrations, molar mass averages, cumulative HEA/STY fractions 

in polymer chains, and polymer mass fraction are in satisfactory agreement with the 

deterministic solution. Noteworthy to mention, the Predici® model is based on a 

BMA/STY/BA model published by Wang and Hutchinson in 2010.[46] In terms of 

overall molar mass distributions, almost identical results are obtained as plotted in 

Figure 5.4.  

 

 

 

 

Figure 5.2. Comparison of the terpolymer models implemented deterministically and sto-
chastically through Predici® and KMC for polymerization Recipe #1. 

 

The stochastic model, unlike the deterministic implementation, tracks the functionality 

of the chains over the polymerization time such that the overall molar mass distribu-

tions can be distinguished by the functionality of hydroxyl or styrene units per chain. 

While Figure 5.5 demonstrates the evolution of chains mole fractions with respect to 
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the reaction time, Figure 5.6 recognizes the distribution of chains underneath the over-

all molar mass distribution. These figures show the capacity of the KMC terpolymer 

simulator to categorize chain distributions based on the functionality (F) of sty-

rene/HEA per chain being zero, one, two, or greater. The stochastic model provides 

detailed information regarding polymer chains sequences as the polymer chains are 

theoretically synthesized within the simulator’s ensemble during polymerization. In 

future works, these results should be experimentally challenged similar to the discus-

sions delivered in Chapter 3 where extractables are obtained and compared with the 

estimated non-functional chains mass fractions. 

 

 

 

 

 

Figure 5.3. Comparison of the terpolymer models implemented deterministically and sto-
chastically through Predici® and KMC for polymerization Recipe #2. 
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Figure 5.4. Comparison of overall molar mass distributions obtained from the terpolymer 
models implemented deterministically and stochastically through Predici® and KMC for 
polymerization Recipe #1 (left) and #2 (right). 

 

 

 

 

Figure 5.5. Time-dependent mole fraction of polymer chains with respect to their function-
ality (F) of hydroxyl (first column) and styrene (second column) derived for polymerization 
Recipe #1 (first row) and #2 (second row) via KMC simulator. 
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Figure 5.6. Final cumulative molar mass distribution of dead chains with respect to their 
functionality (F) of styrene (second column) and hydroxyl (first column) derived for 
polymerization Recipe #1 (first row) and #2 (second row) via KMC simulator. 

 

 

Although small, the occasional mismatches concerning the KMC and Predici® outputs 

seen in the average properties are attributed to the simplifying assumptions related to 

the radical probability functions embedded in the deterministic model as briefly dis-

cussed in Appendix C. It should be noted that these discrepancies are not related to 

the KMC ensemble size as enlarging the simulation size could not alter the resulted 

output.  
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 Evaluating the Deterministic approach for Terpolymerization††  

After verification of the KMC terpolymerization implementation, the model was used 

to evaluate the application of the deterministic approach outlined in Chapter 4 to esti-

mate the distribution of comonomer (functional) groups among the polymer chains. It 

is expected that the formulation can also be applied to multi-monomer recipes, as the 

expressions introduced in Table 4.3 require only 𝐷𝑃𝑛
𝑖𝑛𝑠𝑡̅̅ ̅̅ ̅̅ ̅̅ ̅

  and 𝐹𝐻𝐸𝐴
𝑖𝑛𝑠𝑡 values as inputs. In 

addition, similar to the examination of hydroxyl groups, chains functionalities for sty-

rene can be calculated, as they may influence the physical and mechanical properties 

(e.g., flexibility, chemical resistance, adhesion, and mechanical impact) of the final 

coating.  

To verify the success of the development, the stochastic results are compared with the 

deterministic model implemented in Predici® for a series of terpolymerization recipes 

shown in Figure 5.7. Similar to the copolymer recipes, the terpolymerization occurs by 

feeding 242 g monomer solution mixed with TBPA initiator at a constant flowrate to a 

stirred reactor initially filled with 130 g of MIAK and maintained at 138 ˚C. The mac-

roscopic properties such as reactants concentrations, molar mass averages, cumulative 

HEA/STY fractions in polymer chains, and polymer mass fraction are in agreement 

with the deterministic solution. Utilizing Eq. 4.1-4.2 to sum the instantaneous fractions 

from the probability distribution expressions calculated using the deterministic model 

output, the cumulative fractions (i.e., 𝑥𝐹=𝑗 or 𝑤𝐹=𝑗) are calculated concerning both the 

number of styrene or hydroxyl units per chain. The results are visualized in Figure 5.7,  

                                                           

†† This section is included, along with the material in Chapter 4, in the manuscript submitted to Macro-

molecules; A. Nasresfahani, R.A. Hutchinson, A Deterministic Approach to Estimate Functionality of 

Chains Produced by Radical Copolymerization in the Presence of Secondary Reactions, Macromolecules 

(2020), submitted. 
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Figure 5.7. Evaluation of cumulative weight fraction estimates attributed to chains contain-
ing HEA (first column) or STY (second column) (0, 1, 2, >2 units) obtained for the terpolymer 
case studies summarized with distinguishable colored symbols assigned to each case as rep-
resented in Table 5.1. 

 

with the set of symbols representing the various recipes included with Table 5.1. The 

first column of subplots compares the cumulative HEA mass fractions from this treat-

ment to those calculated by the KMC model, and the second column shows the results 

related to the styrene units. Once again, the deterministic approach represents satis-

factory estimates compared to the stochastically derived values. Recipe #5, possessing 

only 5 wt.% HEA content with 4 mol.% initiator level shows the greater error within 

the estimates attributed to the HEA functionality (Figure 5.7) as suggested from the 
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cumulative error plots obtained for the instantaneous case-studies attributed to Figure 

4.2 scenarios (Appendix C). On contrary, the estimates of chain fractions with specific 

styrene contents from the treatment are in closer proximity to the values from the full 

KMC model, as the combination of high styrene content (25 wt.%) and initiator level 

avoid violation of the assumptions considered for obtaining the deterministic deriva-

tions. A similar performance is also achieved for the cumulative mole fractions (i.e., 

𝑥𝐹=𝑗) as documented in Appendix C.   

 Summary 

Styrene is an important comonomer in various polymerization recipes due to its lower 

cost and the properties that it imparts to coatings such as enhanced photostability, me-

chanical and chemical resistance. Thus, the KMC model is extended to accommodate 

styrene as the third monomer in the recipe. Since the deterministic terpolymerization 

model implemented in Predici® showed a close agreement with the stochastic outputs, 

the cumulative predictions of the distribution of comonomer units are examined 

through comparing a case study including six semi-batch terpolymerization recipes. 

The satisfactory agreement between the deterministic and stochastic approaches sug-

gest the great opportunity of applying the methodology established in Chapter 4 for 

two monomer systems to multi-monomer recipes.   
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 |Starved Intervals: Optimization of Semi-Batch Solution 
Radical Copolymerization via Stochastic Modeling and Derivative-Free 
Optimization Algorithms‡‡ 

Free radical polymerization (FRP) remains the predominant commercial route for the 

production of functionalized polymers due to its capability to produce a broad spec-

trum of materials from relatively inexpensive monomers in aprotic or protic solvents 

in the presence of impurities such as monomer stabilizers and oxygen.[38] Solvent-

borne automotive coatings and surfactant-free compositions used in pharmaceutical 

industries are examples of higher value materials industrially manufactured through 

FRP using operating strategies developed to ensure robust control of average copoly-

mer composition and polymer molecular weights.[86–90] Uniform operating condi-

tions must be maintained, as the final product consists of a mixture of chains with short 

lifetimes (< 1s) produced at different times throughout the overall reaction, which of-

ten proceeds for several hours. 

Although average copolymer composition is controllable, the distribution of comono-

mer units among the chains is based on their random incorporation, restricting the 

opportunity of tailoring microstructure. Chains of higher molecular weight (MW) con-

tain a sufficient number of repeat units (e.g., >100) such that their individual composi-

tions closely match the average composition of all chains produced at that instant in 

time. However, the random placement of functional groups creates more of a problem 

when producing low MW material by FRP, as the probability of generating chains 

without the desired functionality increases with decreasing chain-length in the distri-

bution.[16, 26,91–93]  

                                                           

‡‡ Based on a manuscript prepared for submission in Chemical Engineering Journal A. Nasresfahani, D. 
Schiavi, M. C. Grady, R.A. Hutchinson, Chem. Eng. J. [to be Submitted, May 2020]. 
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Since it is often difficult to produce specialty polymers in small volumes in continuous 

reactors in a cost-effective fashion, batch or semi-batch polymerization reactors are 

typically utilized. For instance, emulsion, suspension, and precipitation polymers are 

mostly made by discontinuous polymerization processes.[94] The differences related 

to the reactor configurations are briefly summarized in Table 6.1.  

 

Table 6.1. Overall comparison of different polymerization operations.[95] 

 Batch/Semi-Batch Process Continuous Process 

 
Product type 

Small volume specialty polymers ob-
tained via heterogeneous polymeriza-
tion system (e.g., emulsion, suspension, 
precipitation) 

High volume commodity poly-
mers 

Typical  
reactor type 

Mechanically agitated reactor with a 
heating jacket or condenser 

CSTR, tubular reactor, fluidized 
bed reactor, or loop reactors 

Typical operations Nonstationary dynamic process Steady-state 

 
 
 
Control objectives 

 

 Designing control trajectories via 
feed-back tracking of control vari-
ables 

 Obtaining optimal time, tempera-
ture, initial conditions, etc. 

 Steady-state operating condi-
tions by maintaining a stable 
steady-state condition 

 Optimal grade transition 
control via online product 
characterization  

 
 
 
Constraints 

 Strong process non-linearity 

 Batch time can be short, making 
property monitoring or product 
sampling difficult. 

 Reactor heat removal can be diffi-
cult for large reactors causing run-
away reactions 

 Strong process non-linearity 

 Large loss of product in the 
case of control failure 

 Online monitoring or direct 
properties control can be 
achieved 

 Parametric sensitivity and 
oscillations  

 Runaway reactions 

 

This chapter advances the concept of a traditional feeding policy of semi-batch copol-

ymerization, known as starved-feed. As shown in previous chapters, the policy of feed-

ing all reactants at a constant rate to the vessel ensures that polymer with uniform MW 

and copolymer composition is produced. However, deviations from the target are still 
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observed early in the feeding period. Thus, polymer quality can be improved by mod-

ifying this simple feed strategy. In this chapter, the comprehensive kinetic Monte Carlo 

formulation established in the previous chapters is combined with optimization algo-

rithms to search for the optimal amounts of reactant (i.e., monomer, comonomer, and 

initiator) to be fed over a given period of the reaction time. This not only allows further 

improvement in the polymer quality, but also allows shortening of the lengthy feed 

times traditionally used in the manufacturing of acrylic copolymer resins. The ap-

proach developed in this chapter does not require the on-line characterization of pol-

ymer chains as it maintains the robustness of operating under starved-feed conditions 

that leads to uniform copolymer composition and MWs. The utility of the strategy is 

verified through a comparison of model predictions to the off-line analysis of copoly-

mer produced using a range of feeding policies. 

 Semi-Batch Starved-Feed Operation 

To improve polymer resin uniformity, the synthesis strategy often adopted is semi-

batch starved-feed reactor policy. The system is referred to as “starved” when the con-

centrations of reactants in the reaction media are kept low by setting the feed rates of 

the reactive species to roughly match their consumption rates.[45, 48, 73,96,97] In a 

batch operation, the comonomer composition can significantly vary during polymeri-

zation while in a semi-batch operation, this undesirable behavior can be largely elimi-

nated, as qualitatively shown in Figure 6.1. Upon using a starved-feed policy, the 

comonomer composition hovers around the starting point composition, removing the 

time-dependent behavior seen in the batch operation (Figure 6.1). 

Production of low molecular-weight coatings is a common example of using this ap-

proach at an industrial scale. In contrast to a batch process, variations in comonomer 
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composition and molecular weight are substantially avoided by maintaining a nearly 

constant concentration ratio of the reactants under semi-batch operation.[50] In fact, 

industry often exploits semi-batch reactors for low-volume production of high-value 

polymer resins where the reactors are tightly controlled according to an optimal recipe, 

containing the solvent amount, reactor temperature profile, and flowrates. The 

polymerization recipes result from a combination of empirical knowledge, trial and 

error, and dynamic optimization.[98] The polymerization is commonly done near-iso-

thermally often at the reflux temperature of the reaction mixture. Manipulation of the 

feed streams, thus, becomes a gateway to improve polymer product quality. For exam-

ple, the product molecular weight is controllable via the feed ratio of monomer(s) to 

the initiator, periodically or continuously injected into a certain amount of heated sol-

vent.  

 

Figure 6.1. Qualitative comparison between semi-batch and batch operation considering the 
evolution of comonomer composition in polymer chains versus free monomer in reaction 
media.  

 

In industry, the monomer feed may be premixed according to the desired values of the 

comonomer composition, but the initiator (at a level to achieve the desired molecular 

weight) would be injected as a separate stream for safety reasons. The initiator quickly 
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decomposes to radicals as it enters the reaction media, as its half-life is short (on the 

order of minutes) at the reaction temperature compared to the overall batch time 

(hours) with initiator fed also under starved-feed strategy to control polymer MW. 

Noteworthy to mention, the solvent act as a heat removal device, absorbing the gener-

ated heat and dissipating it via reflux. Although the product polymer may reach up to 

50-65 wt.% of the solution, the viscosity remains relatively low due to the low molecu-

lar weight of the polymer produced (𝐷𝑃𝑛   100). The reaction media has a high tem-

perature (T>100 ̊ C) which also reduces the viscosity. These operating conditions avoid 

the occurrence of a significant gel-effect, such that polymerization rate (and thus prod-

uct MW) remains relatively constant as the polymer content increases to its final value. 

The importance of intermolecular radical transfer reactions, however, increases with 

increasing polymer content, which can impact the final uniformity of polymer prod-

ucts for acrylate-rich recipes. Since the unreacted starting materials usually present at 

low concentrations, the resulted polymer mixture is directly usable in high-solid con-

tent coatings without any purification.[98–101]  

Although the outstanding characteristic of semi-batch starved-feed is its flexibility in 

either tailoring the properties of the chains and removing the released heat, the low 

productivity of starved operation (i.e., lengthiness of the process) is a key drawback 

that requires the utilization of larger reactors to meet desired production targets.[101] 

The challenge, thus, is to adequately predict the dynamics of the system to be able to 

maintain uniform product properties while reducing reaction times. Ultimately, the 

optimality of a procedure depends on the operational safety policy (i.e., practical lim-

itations such as feed flowrates boundaries) which may impose a considerable impact 

on polymer product properties.  
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 Model-Based Optimization in Polymerization Reaction Engineering  

Controlling the polymerization dynamics is a challenging task due to the difficulties 

in specifying control objectives concerning polymer structure, the high heats of reac-

tion in radical systems, viscosity control issues at high conversions, and ultimately 

complicated non-linear process dynamics.[102] Producing tailor-made polymer struc-

tures while maintaining safe and profitable operation remains a constant challenge for 

the industry.[94] The continued evolution of computer-aided control algorithms 

makes this task feasible through the implementation of elaborate state estimators to 

capture complex non-linear process dynamics.[103] Detailed polymerization models 

provide process knowledge through mathematical expressions and a set of ordinary 

differential equations. Compared to the empirical models, often the kinetic models 

based on mass and energy balances provide the best possible insight into process be-

havior. The polymerization kinetics must be well understood before developing a con-

trol strategy. Thus, a combination of suitable dynamic optimization techniques with 

an accurate dynamic reactor model is a prerequisite for polymerization control design 

to succeed.[32,102] 

Optimal control theory[104] is a powerful methodology for optimizing systems de-

scribed mathematically by a set of first-order non-linear differential equations or rep-

resented by stochastic modeling techniques. It serves as a function optimizing the per-

formance of a system that varies with time, or any other independent variable. The 

control is regarded as optimal in the sense that a scalar objective function is maximized 

or minimized with respect to constraints on the states (i.e., behavior of the system) and 

the controls. When applied to polymerizations, studies typically combine a series of 
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objectives into one scalar function via weighting factors where minimization or maxi-

mization is desired for various system characteristics such as polymer dispersity, reac-

tion time, monomer conversion, number-average degree of polymerization, etc. The 

decision variables can be the initial concentration of initiator or monomers, reactants 

feed schedule, as well as the polymerization temperature.[105] Nonetheless, establish-

ing a strategy for controlling polymerization requires recognizing the system’s inputs 

and outputs; the ones that can be manipulated or adjusted and those that are affected 

by the former in a cause-effect relationship.[102] The polymerization process outputs 

are often classified into end-use properties (e.g., tensile strength, solubility, bulk den-

sity, color, refractive index, particle size/shape, etc.), controlled parameters affecting 

product quality (e.g., MW, MWD, monomer conversion, copolymer composition dis-

tribution, copolymer sequence distribution, branching, etc.), and controlled parame-

ters specifying operating conditions (e.g., temperatures, pressures, and flow rates, 

coolant or heating medium flowrates, feed rate of monomer/solvent/initiator, agitator 

speed, etc.).[95,106–108]  

As an alternative to online measurements of polymer properties,[109] the model-based 

control strategies are developed by replacing the polymerization reactor with its cor-

responding state-model (i.e., model-based optimizations based on deterministic mod-

els through the method of moments[98,110] or stochastic ones via KMC[111,112]) as-

suming it represents the process sufficiently accurate when the disturbances are insig-

nificant. As a typical practice, simplified linear models are often used for control pur-

poses derived via deterministic linearization methods or from the empirical identifica-

tion techniques to input-output measurements.[113] 
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The implementation of optimal control theory coupled with fundamental kinetic mod-

els has been demonstrated in several academic studies. For instance, batch isothermal 

radical homopolymerization of styrene[114,115] has been optimized to minimize the 

reaction time to achieve a predetermined conversion and number average chain-length 

(DPn) through manipulation of the reaction temperature and initial initiator concen-

tration with enforced boundary conditions. A similar approach was used for the opti-

mization of isothermal batch methyl methacrylate radical homopolymerization[116] 

with a multi-objective function formulated (i.e., minimization of the final reaction time, 

dispersity index of the polymer product, and residual monomer at the final conversion 

with an enforcing constraint on DPn), again using reaction temperature and initial in-

itiator concentration as manipulated variables. It should be noted that the simultane-

ous achievement of multi-objective formulations may not always be feasible, as the 

objectives may contradict with each other.[104] Manipulating the weighting factors, 

thus, becomes a means to gauge the overall objectives prioritized according to the tech-

nological requirements. As a result, the user decisions become important in the opti-

mization.[94,115–120]  

In terms of dynamic optimization problems, recursive algorithms use the polymeriza-

tion simulator to obtain the best control values at the current reaction time and for 

extrapolation into the future.[121] In a successful control scenario, the input-output 

information to the model must result in convergence towards the target set-points. The 

result is, however, considered to be suboptimal as it may not guarantee the conver-

gence or stability; in practice, the open-loop implementation of the computed input 

trajectories is only optimal provided that the polymerization kinetic model is perfect 

and there is no significant disturbance during the process.[94] This strategy has been 
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applied to various batch, semi-batch, and continuous stirred tank reactors[122–124] 

where the polymerization model forecasts the output, minimizing the difference be-

tween the model predictions and the desired output. It exhibits valuable opportunities 

for improving the control of polymerization reactors.[103] The system model is used 

in a sequential manner to update the optimization problem for the next time interval. 

The reaction time is divided into several control intervals, considering an optimal con-

trol trajectory for polymer properties that can be molecular weight or copolymer com-

position.[125] This procedure offers a flexible optimization procedure based on the 

system model (either stochastic or deterministic) using targeted set-points.[122] It has 

been widely applied to various dynamic optimization problems related to the 

polymerization reactions.[121–129] 

 Starved-Intervals: Proof of a Concept 

To establish the starved-Intervals, the reaction time is discretized into predefined time 

intervals at which monomer(s) and initiator are fed into a fixed amount of solvent with 

independent constant flowrates. At each time interval, plausible optimal flowrates are 

estimated through the definition of an optimization problem that recognizes various 

constraints, conditions, and targeted set-points in the objective function (described 

later). In combination, the derivative-free global optimization solvers pushes the 

polymerization toward a desired condition mathematically defined via an objective 

function. In this way, the dynamic optimization problem manifests itself in an offline, 

open-loop manner with no feedback control by utilizing a stochastic polymerization 

model. The attempt here is not only to control the copolymer composition and chain-

length, but to reduce the lengthiness of the process time while maintaining adequate 

heat removal by preserving the starved condition by setting flowrate boundaries.  
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In this section, a preliminary assessment of a strategy is introduced (Figure 6.2) and 

the starved-feed high-temperature polymerization policy. A simplified moment-based 

version of the copolymerization process is implemented before using the recipe opti-

mization through the comprehensive KMC model. The reaction temperature is as-

sumed to be constant near the reflux condition of the solvent/reaction mixture. At each 

time interval, plausible optimal values for injecting starting materials are estimated by 

defining an optimization problem that recognizing various constraints, conditions, 

and trajectories. The aim, therefore, is to maintain the ratio of the reactants fixed 

throughout the polymerization process by adapting starved-feed intervals.  

The method of moments has been widely applied in modeling various polymerization 

processes for decades. This method is easy to use and computationally inexpensive. 

One of the major advantages of the method of moments is that it simplifies a theoreti-

cally infinite number of mass balance equations into a manageable set of equations, 

predicting average properties of the polymers such as molecular weights, comonomer 

composition, and etc.[101,130,131]  

The derivation of the moments model, developed as a first step of the optimization 

strategy before using the KMC model, is detailed in Appendix D. Thus, the polymeri-

zation scheme considered with the moments model does not include the secondary 

reactions or penultimate kinetics. The set of equations is solved and optimized through 

MATLAB® utilizing fmincon and ODE functions. 

A semi-batch reaction is performed in a 1 L reactor with an agitator and a reflux con-

denser. A solution of the initiator (tert-butyl peracetate), monomer-1 (butyl methacry-

late), and monomer-2 (styrene) are continuously fed to the reactor for a period of 4 

hours. Before feeding, the reactor is filled with 215 g solvent (e.g. xylene) and set to the 
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reflux temperature of the solvent (i.e., 138 ˚C). Monomer mixtures (492 g total, 70 wt.% 

monomer-1/monomer-2) and initiator (13.1 g total) are continuously added at a con-

stant rate over 4 hours.  

The copolymerization occurs homogeneously and the reactor operates isothermally at 

138 ˚C. Depropagation, styrene self-initiation, and inhibition reactions are assumed 

negligible and the termination rate coefficients are considered constant. The pumps’ 

dynamics are assumed to be known with the associated dead time insignificant. The 

feed flowrates of the monomers and initiator can be controlled independently and in-

stantaneously. Maintaining the mass or concentration ratios of free monomer, comon-

omer, and initiator constant throughout the polymerization allows the production of 

polymer chains with constant properties (i.e., average molecular weights and copoly-

mer composition).  

6.3.1 Simulation Results – Base Case 

The process is first simulated using the standard operating procedure of constant mon-

omer and initiator flows under starved-feed conditions to develop a base case solution 

for comparing the optimized recipes via starved-feed intervals in an offline and open-

loop fashion. The typical behavior of starved-feed operation is observed, with both the 

reactor volume and polymer yield exhibiting a linear correlation with time (Figure 6.2). 

As the concentrations of starting materials pass their maxima, the cumulative polymer 

MW averages reach the desired values. While the difference is less than 10%, copoly-

mer composition does not become fully aligned with the target value until 150 min 

from the start of the polymerization (Figure 6.2). After four hours, 80% of the reactor 

volume is filled, containing 410 g polymer in solution. 
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Figure 6.2. Evolution of free monomer, comonomer, solvent, and initiator concentrations 
along with characteristics of the polymer produced according to the simulation base case. 
Reaction volume and polymer yield are also depicted as a function of time. 

 

6.3.2 Optimization Description: Starved-Feed Intervals 

The objective function considers several features including: 1) Reducing the off-spec 

polymer chains in terms of the number average molecular weight and the average co-

polymer composition, 2) Minimizing the unreacted monomers at the end of the process  
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, and 3) Maximizing the production of the desired copolymers. To satisfy the criteria 

described above, the process is divided into two phases. The first phase maximizes the 

production of the desired copolymers up to 60% of the specified reaction volume, 

whereas the second phase also minimizes the level of unreacted monomers while still 

tightly controlling the desired properties. The process is set to be terminated once the 

reactor volume reaches 80% of its maximum. 

The first phase objective function (V < 0.6 L) is written as: 

 

𝜖1 = |
𝑀𝑤,𝑖

𝑐𝑢𝑚.  𝑀𝑤[𝑇𝑎𝑟𝑔𝑒𝑡]

𝑀𝑤[𝑇𝑎𝑟𝑔𝑒𝑡]

|

𝑖

+ |
𝐹𝑖
𝑐𝑢𝑚.  𝐹[𝑇𝑎𝑟𝑔𝑒𝑡]

𝐹[𝑇𝑎𝑟𝑔𝑒𝑡]
|

𝑖

+
1

1 + 𝑃𝑜𝑙𝑦𝑚𝑒𝑟𝑀𝑎𝑠𝑠(𝑡𝑓) 
 

(Eq. 6.1) 

The second phase objective function (V ≥ 0.6 L) is expressed as: 

 

𝜖2 = |
𝑀𝑤,𝑖

𝑐𝑢𝑚.  𝑀𝑤[𝑇𝑎𝑟𝑔𝑒𝑡]

𝑀𝑤[𝑇𝑎𝑟𝑔𝑒𝑡]

|

𝑖

+ |
𝐹𝑖
𝑐𝑢𝑚.  𝐹[𝑇𝑎𝑟𝑔𝑒𝑡]

𝐹[𝑇𝑎𝑟𝑔𝑒𝑡]
|

𝑖

+
10−3

1 + 𝑃𝑜𝑙𝑦𝑚𝑒𝑟 𝑀𝑎𝑠𝑠(𝑡𝑓) 
+
𝑉

2
(𝑀1 +𝑀2) 

(Eq. 6.2) 

 

The first two terms in the 𝜖 functions address the desired polymer chain-length and 

comonomer content whereas the third term accelerates the polymerization rate. Addi-

tionally, the last term of the second objective dictates that the monomer/comonomer 

availability in the reaction media imposes a penalty. 𝑃𝑜𝑙𝑦𝑚𝑒𝑟𝑀𝑎𝑠𝑠 is a scalar value rep-

resenting the cumulative polymer mass available in the reactor at the endpoint time 

(𝑡𝑓) of the current optimization interval. Placing the polymer mass in the denominator 

in the last term of the objective function aims to increase the polymerization rate (thus 

reducing overall reaction time), while the 𝐹[0] + 𝐹[1]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  in the numerator inhibits the pro-

duction of non-functional chains, of importance to product application.[60,69]  
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Figure 6.3. Time-dependent concentrations of the reactants in the vessel along with the re-
action volume, polymer yield, and characteristics of the polymer produced for the improved 
polymerization recipe. 

 

The summation is over time intervals, such that the target values are maintained over 

the complete course of the polymerization semi-batch process. Based on polymeriza-

tion in a one-liter lab-scale reactor vessel, the flow rates of the feeds are bounded be-

tween zero and 0.5 mmol/s (i.e., 3.3, 2.6, and 3.3 mL/min for BMA, STY, and TBPA, 
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respectively). If needed, the feed change can be constrained to allow a change of only 

50% of what the optimizer requests. The reaction time is discretized into two-minute-

intervals where the feed rates are considered constant. The optimization problem, 

however, is based on 10 minutes into the future from which it decides how to manip-

ulate the feed flow rates. Thus, 𝑡𝑓 in the objective functions correspond to the final 

point of the ten-minute interval into the future. Ultimately, the optimizer searches for 

the best feasible values to minimize the objective function within the defined bounda-

ries.  

 

Figure 6.4. The optimal feeding rates found via the strategy of starved-intervals. Each dash 
shows a time-interval of two minutes. 

 

To improve a recipe with specified targets, the optimizer requires values of the initial 

monomer, comonomer, and initiator feed flow rates, the designated offline time-inter-

val, and the coefficient that allows the optimization algorithm to alter the feed flow 

rates. For this study and based on polymerization in the one-liter lab-scale reactor ves-
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sel, the values are set to [0.1, 0.06, 0.011] mmol/s, 120 s, and 0.5, respectively. The quan-

tities of the target properties are 10 kg/mol (weight average MW) and 0.62 (BMA mole 

fraction in the polymer). The model coefficients are taken from literature, as summa-

rized in Appendix D. 

 

 

Figure 6.5. Evolutions of the reactants concentrations, the characteristics of the polymer pro-
duced, reaction volume, and polymer mass for the second improved polymerization recipe.  
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As shown in Figure 6.3, the resulted simulation provides successful control over the 

polymer properties where the objectives satisfied at each time-interval guide the co-

polymerization to the desired trajectories. This strategy allows not only maximizing 

the production of the desired copolymers but minimizing the unreacted monomers. 

The desired properties are tightly controlled, with the final reactant concentrations 

kept at values similar to the base-case. The process yields 490 grams of polymer, yet 

the reaction time is reduced to 200 from 240 minutes. The feed is scheduled as shown 

in Figure 6.4. 

 

Figure 6.6. The optimal feeding rates found via the strategy of starved-intervals for the sec-
ond case study. Each dash shows a time-interval of two minutes. 

 

To test the generality of the approach, the target polymer properties (set-points) are 

changed to new the values for a different recipe illustrated in Figure 6.5. The initial 

feed values are also changed to 0.200, 0.468, and 0.011 mmol/s for BMA, STY, and the 

initiator, respectively. The time-intervals remain the same as the previous case (i.e., 2 
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minutes). The results are summarized in Figures 6.5 and 6.6. Once again, the simula-

tion satisfies the final objectives by rapidly reaching the desired trajectories. Through 

the scheduled flowrates (Figure 6.6), the process reaches the desired product in a short 

period where the final concentrations of the reactants are kept low and the process 

yields 430 g polymer in 240 minutes.  

 

 Application of Starved-Feed Intervals Using the KMC Model 

The strategy of dividing the polymerization time into multiple constant “sub-optimal” 

feeding periods opens a promising avenue to improve the polymerization recipes. In 

this section, this concept is implemented by exploiting the KMC model that includes 

the full complexities of radical polymerization operated at high temperatures. The 

gained insights via the method of moments are applied to the accelerated KMC model, 

achieving a realistic optimization for the polymer resins manufactured under indus-

trial operating conditions. However, solving such a mathematical problem requires the 

utilization of derivative-free optimization algorithms. 

6.4.1 Derivative-Free Optimization Methods: Black-Box Searching Algorithms 

In an optimization problem, the derivatives of functions that mathematically define a 

system of interest have a pivotal role. In fact, obtaining local or global minimums re-

quires continuously differentiable functions, where the gradients are equal to zero. 

However, the derivatives are not always available or reliable. For instance, applying 

finite-difference derivative approximation is not useful when the function evaluation 

is time-consuming or it contains significant noise. Derivative-free optimization meth-

ods are a class of nonlinear techniques to remove the necessity of having differentiable 

functions. These algorithms are introduced to boost the efficiency of the search for the 
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most optimal condition, satisfying a set of desired characteristics of a complex sys-

tem.[132]  

In contrast to the continuum kinetic models (e.g., the MOM), the stochastic based func-

tions such as KMC cannot be optimized by gradient-based techniques as the method 

does not provide the derivative information. In recent years, a variety of derivative-

free optimization algorithms has been applied to the stochastic polymerization models 

using various multi-objective functions.[17, 111,133] MATLAB® Global Optimization 

Toolbox offers several solvers. The most commonly recommended algorithms for non-

smooth evaluation functions (e.g., KMC) are Particle Swarm and Pattern Search.[134] 

Particle Swarm optimization is categorized as a population-based algorithm originally 

established by Eberhart and Kennedy[135] in 1995. This method simultaneously ini-

tializes a population of random starting points to search toward potential solutions, 

so-called particles. Randomized velocities are assigned to move these particles toward 

different directions of the parameter space. Thus, no initial guesses are required and 

acceleration in finding the solution is achievable when the algorithm is parallelized 

within several computing units. A particle stores its coordinate in the parameter space 

along with the associated value of the objective function. Its primitive mathematical 

calculations make this method computationally inexpensive and extremely effi-

cient.[135–137]  

Perhaps, the most interesting qualitative description of Particle Swarm theory is of-

fered by Maurice Clerc in 1999: “All for one and one for all. Suppose you and your friends 

are looking for a treasure in a field. Each digger has an audio detector and can communicate to 

his n nearest neighbors, the level of the sound he hears and his own position. So each digger 

knows whether one of his neighbors is nearer to the objective than him and, if it is the case, can 
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move more or less towards this damned lucky guy, depending on how much he trusts him. So, 

all together, you may find the treasure more quickly than if you were alone.”[136] 

The Pattern Search technique, developed by Torczon[138] in 1997, uses a series of 

searching algorithms with fixed step sizes that can be coupled with the well-known 

Evolutionary Operation (EVOP) using two-level factorial design. The objective func-

tion is sequentially or simultaneously evaluated for a finite set of neighboring points 

on a constructed discrete mesh at each iteration. Upon an improvement on the re-

turned value from the objective function, the mesh is expanded. Otherwise, the mesh 

is contracted with a set of neighboring new points, constructing another factorial de-

sign assessment. It should be noted that in the parallel mode, the optimizer must finish 

all simultaneous function evaluations before deciding how to proceed next. However, 

in the sequential mode, the optimizer immediately proceeds to the current lowest ob-

jective values without assessing the other levels. Since the exploratory moves are inde-

pendent of the neighboring points in parallel mode, this may affect the results obtained 

as opposed to the sequential function evaluation. In overall, Pattern Search provides 

an effective approach for engineering problems with an expensive function evalua-

tion.[138–141]  

6.4.2 Implementation 

Section 3.2, Chapter 3 provided the recipe utilized as the base case for this section with 

the copolymer wt.% and initiator mole percentage being 6.25 wt.% and 2 or 4 mol.%, 

respectively. The simulated and experimental evaluations are previously provided in 

Section 3.5, Chapter 3. Note that the system is back to the BMA/HEA copolymeriza-

tion, including all side-reactions, rather than the simplified BMA/STY case considered 

earlier in this chapter.  
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Similar to the description provided in the previous section, Figure 6.7 indicates how 

the KMC model can be linked to optimization algorithms (e.g., Pattern Search or Par-

ticle Swarm). In this implementation, the objective function(s), optimization settings 

(e.g., the number of starved-intervals, evaluation function error tolerance, maximum 

number of search iteration allowed, etc.), and the initial feed-rates are specified before 

entering the flowchart loop described in Figure 6.7. Afterward, the optimizer com-

mences the search for the most optimal flowrates by considering the current state of 

KMC simulation as the initial input. It continuously evaluates a range of feed-rates 

within the defined boundaries to minimize the provided objective function using the 

KMC model. Upon obtaining the most optimal solution, the KMC simulator uses the 

optimizer’s output to push the reaction time (i.e., the state of the simulation) forward.  

The loop shown in Figure 6.7 continues until it satisfies the if statement. Noteworthy 

to mention, the outcome of this procedure greatly depends on the objective function(s) 

as well as the chosen optimization settings. The objective function used here is in the 

form of: 

𝜖 = 𝜔1 |
𝐹𝑖
𝑐𝑢𝑚.  𝐹[𝑇𝑎𝑟𝑔𝑒𝑡]

𝐹[𝑇𝑎𝑟𝑔𝑒𝑡]
|

𝑖

+ 𝜔2 |
𝑀𝑤,𝑖

𝑐𝑢𝑚.  𝑀𝑤[𝑇𝑎𝑟𝑔𝑒𝑡]

𝑀𝑤[𝑇𝑎𝑟𝑔𝑒𝑡]

|

𝑖

+
𝜔3 + 𝜔4(𝐹[0] + 𝐹[1]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )

2

1 + 𝑃𝑜𝑙𝑦𝑚𝑒𝑟𝑀𝑎𝑠𝑠(𝑡𝑓)
  

(Eq. 6.3) 

where 𝜔1, 𝜔2, 𝜔3, and 𝜔4 are assigned to weight the 𝜖 function depending on the rela-

tive importance of the multiple objectives that may need to be satisfied, and where 

𝐹[0] + 𝐹[1]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  represents the average mole fraction of chains with one or zero functionality 

of the comonomer. This objective function is flexible, and can be modified dependent 

on product specifications or process constraints. Placing the polymer mass in the de-

nominator in the last term of the objective function aims to increase the polymerization 

rate while the 𝐹[0] + 𝐹[1]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  in the numerator inhibits the production of undesired chains. 
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As discussed previously, the optimization algorithm considers the current simulation 

interval given by the KMC simulator (Figure 6.7) and evaluates the objective function 

with different feed-rates over 𝑛 time intervals, assuming the flowrates remain fixed for 

𝑛 interval(s) from the current reaction time. For instance, if 𝑡0 minutes have passed 

since the start of copolymerization and if time intervals are in 𝜏 minutes, the optimizer 

will evaluate the objective function for 𝑡0 to 𝑡𝑓 = 𝑡0 + 𝑛𝜏 minutes of the polymerization 

time. When the optimal values are found or the maximum number of iterations is ex-

hausted, the KMC simulator pushes the reaction time 𝜏 minutes ahead and returns its 

final state to the optimizer as the new initial condition (Figure 6.7).  

 

Figure 6.7. The optimization flowchart utilizing the accelerated KMC model.  

 

This implementation trains the optimizer to less frequently change the allocated feed-

rates. The optimizer uses the KMC model to obtain the polymer properties (e.g., the 

average molecular weights, copolymer composition, cumulative mole fractions with 

respect to their functionality, polymer mass, etc.) at every minute for the period of 𝑡0 

to 𝑡𝑓 = 𝑡0 + 𝑛𝜏 minutes for a given set of inputs. Each feed flowrate is limited to a cer-
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tain boundary, enforcing starved-feed operation. The final cumulative copolymer com-

position, the weight fraction of polymer in the solution, and average molecular weights 

are considered as the overall optimization hard constraints whereas there is no direct 

constraint on the reaction time or the total amount of materials injected to the reactor. 

Thus, the copolymerization continues until the polymer weight fraction exceeds 60 

wt.% of the reaction solution as illustrated in Figure 6.7. 

6.4.3 Controlling Polymer Properties 

To incorporate the chains functionality along with the average molecular weight and 

comonomer composition to the objective function (𝜖), the weights 𝜔1, 𝜔2, 𝜔3, and 𝜔4 

are set at 0.4, 2, 0, and 0.1, respectively: 

 

𝜖𝐴 = 0.4 |
𝐹𝑖
𝑐𝑢𝑚.  𝐹[𝑇𝑎𝑟𝑔𝑒𝑡]

𝐹[𝑇𝑎𝑟𝑔𝑒𝑡]
|

𝑖

+ 2 |
𝑀𝑤,𝑖

𝑐𝑢𝑚.  𝑀𝑤[𝑇𝑎𝑟𝑔𝑒𝑡]

𝑀𝑤[𝑇𝑎𝑟𝑔𝑒𝑡]

|

𝑖

+
0.1(𝐹[0] + 𝐹[1]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )

2

1 + 𝑃𝑜𝑙𝑦𝑚𝑒𝑟𝑀𝑎𝑠𝑠(𝑡𝑓)
 

Eq. 6.4 

 

These weight factors are found via trial and error based on optimizer performance vis-

ually observed from the graphs, as well as from the insights obtained from implement-

ing the optimization procedures used in MATLAB® through the preliminary 

investigation outlined in Section 6.4. This is an illustrative example, with the exact 

form of the objective function and weighting factors to be set based upon consultation 

with our industrial collaborator, Axalta Coating Systems. The time interval (𝜏) is con-

sidered to be 6 min while the optimizer assumes that the potential optimal values re-

main valid for another interval (𝑛 = 2). Thus, the objective function is evaluated from 

𝑡0 to 𝑡𝑓 = 𝑡0 + 2𝜏 min of the reaction time. Similar to the base case summarized in Table 

6.2, the targeted final cumulative copolymer composition (HEA content) is 8.3%. The 

desired 𝑀𝑤 are set to 7.2 and 12 kg/mol to be compared with the 4 mol.% and 2 mol.% 
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TBPA (relative to monomer) starved-feed base recipes. According to Figure 6.7, the 

copolymerization progress continues until the polymer weight fraction approximately 

reaches 60 wt.% of the reaction media. The monomer, comonomer, and initiator 

flowrates are allowed to be varied within a minimum of 0.38, 0.16, and 0.04 based on 

practical limitations of a home-made syringe pump discussed in Section 6.4.4 (Figure 

6.14), to a maximum of 3.8, 1.6, and 0.4 g/min such that the concentration profiles stay 

low enough to be comparable to the traditionally observed starved-feed operation, re-

spectively. The Pattern Search algorithm uses a mesh tolerance of 105, maximum func-

tion evaluation of 184, and the maximum iteration of 84 in a sequential manner where 

the algorithm does not use a complete poll. These factors are determined via trial and 

error, as well as the recommended options offered by Global Optimization Toolbox, 

MathWorks§§. Using a typical workstation (32 GB RAM, Core-i7 4790 3.60 GHz), the 

total computational times are 24 and 48 hours for the cases related to initiator mole 

percentages of 4 and 2, respectively. However, parallelizing the Pattern Search algo-

rithm can result in acceleration by a factor of three-to-four times.  As the Particle 

Swarm algorithm is an exhaustive search method, it often requires larger sets of itera-

tions compared to the Pattern Search algorithm. Since its functionality is strongly lim-

ited to cluster computing rather than a typical workstation, Pattern Search is chosen as 

the primary solver. An almost identical control is achieved over the polymer properties 

compared to the Pattern Search algorithm. The outputs, as well as the details of the 

Particle Swarm algorithm, are provided in Appendix D; the simulations are executed 

on a twenty-four-core computing unit at the Centre for Advanced Computing, Queen’s 

                                                           

§§ https://www.mathworks.com/products/global-optimization 
  https://www.mathworks.com/help/gads/how-to-use-parallel-processing 
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University. It should be noted this method uses a stochastic method to search the pa-

rameter space, thus, the feed flowrates requested by the optimizer may change for re-

peated runs. The algorithm maximum set of iterations is set to be three in parallel mode 

(i.e., 3x30 maximum iterations in total) utilizing a function tolerance of 105; The overall 

execution time are 10 and 19 hours for the cases related to initiator mole percentage of 

4 and 2, respectively. A comparison of objective function values derived based on Par-

ticle Swarm and Pattern Search optimization algorithm is fully summarized in Appen-

dix D.  

Due to the stochastic nature of Particle Swarm algorithm, the flowrates obtained can 

be different for repeated optimization trials; However, the resulted objective function 

remains similar and comparable. 

 

Table 6.2. Comparison of the base case with the KMC-based optimization output, aiming 
for the final weight-average molecular weight of 12 and 7.2 kg/mol with 8.3 mol.% HEA.   

 

 A Base-Case  

Optimization Function 𝝐𝑨 - 

Initiator in the Recipe - 2 mol.% 4 mol.% 

Flowrates (g/min)  

Variable 

HEA: 0.04 

BMA: 0.61 

TBPA: 0.01 

0.04 

0.59 

0.02 

Final Reaction Time (min) 92 97 360 360 

𝑭[𝟎] + 𝑭[𝟏] 0.42 0.58 0.44 0.58 

Final Dispersity 2.34 2.29 2.32 2.30 

Total Comonomer Fed (g) 17.90 17.33 14.58 14.07 

Final Polymer Content (wt.%) 61  61  59  59  

Total Unreacted BMA (mol/L) 0.44 0.38 0.36 0.32 

wt.% of non-Functional Chains 4.18 9.38 4.83 10.1 

Final mol fraction HEA in copolymer 0.084 0.084 0.083 0.083 

Final 𝑴𝒘 (kg/mol) 1.2.1 7.22 11.7 7.31 
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Table 6.2 offers a quantitative overview comparing the optimized recipes and the tra-

ditional starved-feed policy. Figure 6.8 and 6.10 illustrate the corresponding trends in 

terms of the reactants concentrations (A, B, and F), molecular weight averages (C), 

copolymer composition (D), and weight percentage of polymer (E) in the reactor com-

pared to the base case. The materials flowrates and fraction of functional/non-func-

tional chains (i.e., F[0,1,2,>2]) are the subplots of Figure 6.9 and 6.11. The final distri-

butions of the obtained polymer product are included in Figure 6.12.  

While the optimizer has achieved similar final polymer properties compared to the 

base-case, the success of the starved-intervals is evident in the significant reduction of 

the reaction time from 6 hours to less than 2 hours (Table 6.2). Although the polymer-

ization media experiences different flowrates, the evolution of functionality of polymer 

chains and the reactants concentrations are quite similar to the traditional recipe (i.e., 

the base-case). This emphasis on the sub-optimality of the traditional recipe in control-

ling the comonomer composition which further led to an effective minimization of 

non-functional chains. As shown in Figure 6.8 and 6.10, directing the copolymerization 

towards the condition takes only 20 minutes of reaction time dictated by the limitations 

or boundaries described for the optimization problem. In fact, the optimizer ensures 

higher concentrations of monomers to satisfy the need to increase the polymer mass 

produced with the desired properties. By rapidly increasing the amount of methacry-

late, the influence of depropagation is alleviated compared to the constant 6 h feed 

strategy, reaching the targeted average chain-length much more quickly. Note that the 

initiator flowrates assigned to the final intervals (Figure 6.9 and 6.11) tend to be higher, 

impacting the concentration of TBPA as a result. This behavior can be attributed to the 
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decreased influence of methacrylate depropagation on the average degree of polymer-

ization as polymer content reaches higher levels. 

As a promising feature, 𝝐𝑨 exhibits an unbiased sensitivity to the comonomer compo-

sition and molecular weight, maintaining the homogeneity of the polymer chains pro-

duced over the entire reaction time. Once the molecular weight averages and copoly-

mer composition are fixed at the desired conditions, the mole fraction of undesirable 

chains approaches to constant level exhibiting plateau (Figure 6.9 and 6.11) similar to 

the trends seen in the base case. This could be attributed to the intrinsic nature of free 

radical polymerization where the monomers are statistically or randomly incorporated 

into the growing chains with a range of kinetic chain-length. The plateau remains at a 

level imposed by the target cumulative 𝑀𝑤 and comonomer composition as seen in the 

previous chapter. Since the optimizer rapidly reaches its desired steady-state condition 

concerning the targeted properties, the impact of the non-steady-state portion of co-

polymerization is rather negligible on the amount of non-functional chains. This be-

havior is contrasted via Figure 6.12. The final polymer mixtures are also directly usable 

in high-solid coating formulations (i.e., without purification) due to the low concentra-

tions of the unreacted starting materials (Figure 6.8 and 6.10). 
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Figure 6.8. Comparison of the optimization output (red symbols/axes) with the base-case 
(black symbols/axes), targeting the weight-average molecular weight of 12 kg/mol. The x-
axes are the corresponding reaction time plotted in minutes. 

 

 

Figure 6.9. The optimal feed flowrates (left) with the corresponding time-dependent mole 
fractions of chains (right), targeting the weight-average molecular weight of 12 kg/mol. The 
red rectangles represent the optimization initialization period. 
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Figure 6.10. Comparison of the optimization output (red symbols/axes) versus the base-case 
(black symbols/axes), targeting the weight-average molecular weight of 7.2 kg/mol. The x-
axes are the corresponding reaction time plotted in minutes. 

 

 

Figure 6.11. The optimal feed flowrates (left) with the resulted time-dependent mole frac-
tions of chains (right), targeting the weight-average molecular weight of 7.2 kg/mol. The red 
rectangles represent the optimization initialization period. 
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Figure 6.12. Evolution of the non-functional chains during the polymerization for base-case 
and optimized recipes. 

 

  

  
 

Figure 6.13. The final distribution of polymer product obtained for 𝑴𝒘 of 12 kg/mol (left) 
and 7.2 kg/mol (right) with respect to the functionality of chains (F) corresponding to the 
base-case (first row) and the optimized cases (second row).  

 

Noteworthy to mention, the feed flowrates requested by the optimizer (in Figure 6.9 

and 6.11) feature its desire to less frequently alter the rates as the average time of a 
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constant-flow period is significantly higher than the imposed 𝜏 value priority set to 6 

minutes, showing the success of the established dynamic optimization. This could be 

attributed to the time-overlap of the trajectories, as well as the Pattern Search algorithm 

itself. While Figure 6.13 illustrates almost identical distributions of the polymer prod-

uct, Figure 6.8 and 6.10 capture how the optimizer chases the base-case trends in much 

shorter reaction times with improved achievement of uniform copolymer composition 

(C) and average molecular weights (D) with the targeted values. The sub-distributions, 

as well as the KMC optimization details, are fully included in Appendix D.  

6.4.4 Experimental Studies 

The theoretical assessment of the starved-interval feeding policy requires experimental 

evaluation to prove its capability and a method of choice for laboratory, pilot plant, 

and industrial use. In addition to running the optimized recipes and comparing prod-

uct properties to predictions, the practicality of operating the feeding systems under 

the assumed physical and practical boundaries and limitations need to be assessed, 

with the optimization function being carefully modified accordingly.  

As a temporary solution, a home-made dosing system was designed and built by as-

sembling syringe pumps, 3D printed plastic parts, and a series of electronics. This low-

cost system was wirelessly controlled via MATLAB® using two Arduino® DUE pro-

cessors (Figure 6.14). It allowed an independent feeding of monomer, comonomer, and 

initiator to the semi-batch reactor that was necessary for testing the optimized feeding 

policy; as opposed to the traditional type of feeding where a single feed stream, con-

sisting of a pre-mixed solution of monomer, comonomer and initiator is used. The sys-

tem, however, required various calibrations (e.g., motors rotations versus output mass 

of the substance stored in a syringe) and several pre-tests before it became operational. 
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In the future, a commercial dispensing unit with high accuracy must be considered 

(e.g., neMESYS Precision Syringe Pump from Cetoni*** or a microfluidic flow controller 

from ELVEFLOW†††) to deliver precise flowrates.  

With the help of the developed dosing unit, the KMC-based optimization aimed for 

the final weight-average molecular weight of 7.2 kg/mol with 8.3 mol.% HEA is ex-

perimentally verified. This experiment is identical to the case study described in the 

previous section. 

 

 

Figure 6.14. The dosing unit consists of three independent glass syringe pumps. The system 
is entirely built and designed by the author. 

 

 

As illustrated in Figure 6.15, the experimental work exhibits a satisfactory agreement 

with the optimization predictions where the copolymer composition and the weight-

average molecular weight reaches their targets as anticipated. Similar to the experi-

mental procedures described in Chapter 3, the polymerizing mixture is sampled at 

different reaction times through which the evolution of MW, monomer/comonomer 

                                                           

*** https://www.cetoni.com/products/ 
††† https://www.elveflow.com/microfluidic-flow-control-products/ 
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concentration, polymer percentage, etc. are characterized in an off-line fashion through 

SEC and GC.  

 

 

 

Figure 6.15. Comparison of the theoretical optimization predictions (lines) versus the exper-
imental lab carried out at Queen’s University (symbols), targeting the weight-average mo-
lecular weight of 7.2 kg/mol with 8.3 mol.% HEA at 138±0.5 ˚C in MIAK solvent under a 
blanket of N2 stream. 

 

The suggested starved-interval feeding policy requires experimental evaluation to 

prove its capability. In addition to running the optimized recipes and comparing prod-

uct properties to predictions, the practicality of operating the feeding systems under 

the assumed physical and practical boundaries and limitations can be assessed in the 

lab, to test and modify the optimization function as necessary before implementation 

at a larger scale. With the help of three independent dosing units, the KMC-based op-

timization described. The reaction was conducted for the first 75 min of the optimized 
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100 min feed schedule to limitations of the lab-scale pumping system capacity. There-

fore, the final polymer content reached is ~50 wt.%. Notice that the flowrates associ-

ated with the initialization period (i.e., the first feed-intervals visualized in Figure 6.9 

and 6.11) are excluded from the experimental runs.  

6.4.5 Scale-Up Experimental Runs 

Spending three weeks at the Axalta research and development facility (Philadelphia, 

USA) in November 2019 was a great opportunity to test the reproducibility of the same 

recipe scaled up by a factor of ten. Several calibration attempts were made to ensure 

the available pumps (i.e., Masterflex® variable-speed console drives with PTFE-tub-

ing-head) at Axalta were accurate enough for this operation.  

 

Table 6.3. The experimental study obtained at Axalta Coating Systems R&D facility (Phila-
delphia, USA), targeting the weight-average molecular weight of 7.2 kg/mol with 8.3 mol.% 
HEA at 138˚C±3 in MIAK solvent in 5L reactor vessel.‡‡‡ 

 

Time 

(minutes) 

FHEA 

% 

Mn 

(g/mol) 

Mw 

(g/mol) 

Polymer 

wt.% 

5 2.6 1272 8057 3.3 

10 6.7 2413 7578 8.1 

15 7.6 2555 6742 13 

25 7.7 3610 7282 22 

45 7.6 3938 8583 36 

75 8.0 3950 7833 48 

Desired Target 8.3 - 7200 - 

 

 

Since the reaction time was reduced to 75 min as opposed to the regular 6 hours of 

feeding with much lower flowrates, the chance of reaction runaway was the focus of 

                                                           

‡‡‡ This work is a result of close collaboration with Axalta’s senior engineers and technicians (Dr. Mi-

chael C. Grady and Dr. David Schiavi, Mark Carbonara and Adam M. Aldridge) under supervision of 

Axalta’s safety officers Marc Tomaselli and Robert Rovinsky.  
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discussions with the technical group at the company. Several precautions were placed 

under the supervision of Axalta safety staff to effectively eliminate any unforeseen in-

cident. Thus, a high-flowrate pump was dedicated to be ready to deliver a killing ben-

zoquinone solution that could be manually triggered by the technicians in charge while 

safety officers and engineers were observing the reaction progress. The original 

polymerization recipe was ultimately conducted after the success of running the di-

luted versions of the recipe with 75, 50, and 25 wt.% solvent in the flowrates. These 

diluted runs showed no extreme heat removal on the condenser or the temperature 

controller performance as the solvent reflux was experimentally proven to be normal. 

Although the radical polymerization is extremely exothermic, the cold feed (i.e., the 

addition of monomers and initiator at 25 ˚C to the reactor) and efficient heat removal 

allows the reaction temperature to remain almost constant. Similar to the experimental 

study carried out at Queen’s University, the scaled-up experiment illustrated a satis-

factory set of outcomes as tabulated in Table 6.3. These results are measured through 

Axalta analytical labs. Although the reduction in the reaction time was significant, the 

cold-feed at ambient temperature was key in removing the heat from the reactor by 

assisting the condenser. 

 Optimization with Monomer Preloaded 

Observing the optimized cases described in the previous section reveals that the opti-

mizer works towards filling the reaction vessel as fast as possible to effectively mini-

mize the objective function values obtained at initial time-intervals. This behavior is 

attributed to the objective function where the average chain-length and polymerization 

rate are the key factors. In fact, the optimizer tries to reach higher concentrations of 
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monomers, satisfying the need to increase the polymer mass produced with the de-

sired properties. By rapidly increasing the amount of methacrylate, the depropagation 

influence is alleviated compared to the constant 6 h feed strategy, reaching the targeted 

average chain-length much more quickly. This valuable observation suggested that 

further gains could be realized by preloading a portion of the monomers in the reactor 

before the injection of the initiator to start the reaction so that the optimizer does not 

need to work as hard to satisfy the need to add monomer quickly at the start of the 

reaction. To obtain the initial amount of monomers to precharge, the Pattern Search 

algorithm is first executed to match the targeted Mw, as well as the desired copolymer 

composition at the start of the reaction. The initiator amount to be fed to the vessel is 

still assumed to be 2 or 4 mol.% relative to the total monomers. Once the initial search 

is completed, the output is passed to the dynamic optimization loop (Figure 6.8) as 

detailed in the previous section. Notice that while the monomer quantities are recog-

nized as the initial concentration values in the reaction media, the initiator value is 

passed to the optimization solver only as an initial guess for computing the first opti-

mal TBPA flowrate. Thus, the dynamic optimization starts with precharged monomers 

with no initiator. As shown in Figure 6.16 and 6.18, the approach eliminates the tran-

sition period observed in the molecular weight averages and mole fraction of non-

functional chains seen in the previous optimizations (Figure 6.8 and 6.10).  The feed 

schedules are visualized with the initial amounts tabulated in Figure 6.17 and Figure 

6.19 for the two case studies targeting 12 kg/mol and 7.2 kg/mol with 8.3 mol.% HEA, 

respectively. The experimental evaluation of these two theoretical case studies remains 

as future work. 
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Figure 6.16. Theoretical performance of the optimized case study with preloaded monomers, 
targeting the weight-average molecular weight of 12 kg/mol. 

 

100 min Initial Amount (g) Total Amount fed (g) 

BMA 20.6 222 

HEA 0.39 18.9 

TBPA 0 8.72 
 

 

Figure 6.17. The optimal feed flowrates with the monomers preloaded, (left) with the re-
sulted time-dependent mole fractions of chains (right), targeting the weight-average molec-
ular weight of 12 kg/mol. 
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Figure 6.18. Theoretical performance of the optimized case study with preloaded monomers, 
targeting the weight-average molecular weight of 7.2 kg/mol. 

 

80 min Initial Amount (g) Total Amount fed (g) 

BMA 16.8 246 

HEA 0.19 18.9 

TBPA 0 18.3 
 

 

Figure 6.19. The optimal feed flowrates with the monomers preloaded, (left) with the re-
sulted time-dependent mole fractions of chains (right), targeting the weight-average molec-
ular weight of 7.2 kg/mol. 
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 Summary 

Since polymers are often functionalized for end-use applications, knowledge of the 

average composition and molecular weights of the product is often not sufficient, as 

the distribution of the reactive moieties among the chains affects performance. Mini-

mizing the fraction of functional monomer used in the production of low molecular-

weight resins for solvent-borne coatings is a challenge that can be tackled via acceler-

ated stochastic modeling approaches as well as optimization techniques via nonlinear 

dosing strategies. Since this opportunity is strongly connected with the precise predic-

tions of polymer properties, the development of acceleration techniques is a pivotal 

part of the project. Discretizing the polymerization time into multiple constant starved-

feed periods proved to be beneficial in advancing the polymerization recipe. This con-

cept is initially tested via the method of moments and further coupled with the accel-

erated KMC model to integrate a series of complexities of radical polymerization car-

ried out at high temperatures. A derivative-free optimization algorithm known as Pat-

tern Search is utilized to efficiently solve the optimization problem. The insights 

gained allow achieving a realistic optimization for producing the desired polymer res-

ins. In fact, the developed concept of starved-intervals is a promising strategy com-

pared to the traditional semi-batch recipes commonly used for manufacturing high-

value polymer resins. However, the improvement is limited to the practical or physical 

boundaries of delivering precise amounts of reactants at a given time. Nevertheless, 

shortening the total reaction time by 75% along with improving the quality of the prod-

uct and the productivity of the process should rapidly offset the process cost, i.e., the 

required dosing systems. 
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 | Contributions and Recommendations 

 Contributions 

A combination of approaches has been implemented in a stepwise fashion to greatly 

accelerate the KMC representation of this radical polymerization system. First, a cor-

rection factor was developed to maintain a constant simulation volume to improve the 

efficiency of the solution, followed by scaling of the reaction rates to preserve accuracy 

at low control volumes and further reduce computational effort. A novel strategy for 

storing the explicit chain sequences and parallel analysis of the stochastic data was also 

implemented, with the computational time required to accurately represent a semi-

batch radical copolymerization test case reduced from 50 to less than 2 min. Thus, the 

accelerated stochastic approach provides a foundation for future optimization of feed-

ing strategies to minimize the fraction of non-functionalized chains formed during the 

production of low molar mass copolymers.[60] 

The accelerating techniques were then used with a comprehensive stochastic simulator 

developed to consider all probable secondary reactions essential for the description of 

high-temperature acrylate/methacrylate radical copolymerization. A study compar-

ing model predictions to an experimental study of the semi-batch copolymerization of 

2-hydroxyethyl acrylate (HEA) with butyl methacrylate (BMA) under starved-feed 

condition demonstrates the advantages of the stochastic approach. Not only are mac-

roscopic properties – free monomer and molar mass (MW) average profiles, final pol-

ymer molecular mass distributions, and the variation of acrylate composition with 

time– well predicted over the range of initiator and comonomer levels studied, but also 

the weight fraction and MW averages of the polymer chains that contain no HEA func-

tionality (i.e., the extractable content obtained after crosslinking the copolymer resin). 
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The study demonstrates that the model can be utilized as a valuable tool for industry 

to optimize recipe and operating conditions that minimize the production of non-func-

tional material.[69] The model was then extended to allow simulation of a sty-

rene/acrylate/methacrylate terpolymerization system. 

In a second application, the comprehensive accelerated KMC model was integrated 

with derivative-free optimization algorithms to solve for an improved reactant feeding 

strategy based on an objective function defined to keep polymer properties (average 

MW and copolymer composition) at their target value throughout the reaction while 

minimizing the non-functional fraction of material and reducing the overall batch time. 

The concept of starved-intervals is successfully tested using a lab-scale system con-

structed by the author at Queen’s University to independently control the feed rates of 

monomer, comonomer, and initiator while maintaining starved-feed conditions. The 

strategy was then scaled-up by a factor of ten at Axalta Coating Systems research and 

development facility using the same recipe, producing uniform product on target 

while reducing reaction time from six hours to seventy-five minutes. Such an increase 

in productivity should more than offset the equipment cost required for delivering 

precise amounts of reactants fed individually at an optimized time-varying schedule.  

Finally, to enhance our deterministic modeling toolbox, a series of mathematical ex-

pressions to calculate the instantaneous distribution of polymer chains containing a 

specific number of comonomer units were derived based on the Schulz-Flory proba-

bility distribution. The representation was compared to instantaneous distributions 

from the established KMC implementation, as well as to the total polymer fractions 

with specific functionality accumulated throughout the semi-batch operation. The mis-
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match between the stochastic (true) output and the deterministic/Schulz-Flory ap-

proach was shown to arise from the assumption that copolymer composition is con-

stant with chain-length, as shorter chains can contain either a lesser or greater comon-

omer content, depending upon its relative addition rate to primary radicals. Under 

most conditions of practical interest, the expressions adequately represent the instan-

taneous distributions and fractions of polymer chains containing a specific number of 

comonomer units. The representation was then applied to calculate the corresponding 

cumulative measures for both copolymers and terpolymers with satisfactory precision, 

using only the output values of average chain-length and copolymer composition from 

the deterministic model. Thus, this implementation allows the estimation of specific 

chain functionalization, such as the fraction of material not containing functional 

groups, in a fraction of the time required by the stochastic implementation. 

 Recommendations 

This project had two intertwined fronts, the expansion of modeling tools to represent 

the complexities of higher temperature radical polymerization, and the utilization of 

the tools to better understand and improve the process, including the off-line optimi-

zation of polymerization recipes. Assessing our understanding of the distribution of 

the non-functional polymer chains produced is pivotal to the application of the accel-

erated KMC model. While the model has been verified by a comparison of predictions 

to an experimental HEA/BMA study conducted at 138 ˚C, additional experiments 

should be conducted over a wider range of operating conditions relevant to the indus-

trial polymerization recipes.  An increased data set will provide more information re-

garding the secondary reactions and their impacts on the polymer properties and 

distributions, and allow better estimation of the associated kinetic rate coefficients. As 
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confidence in the model and its predictions are extended, so will be the range of its 

applications for process and product improvements.  

Extending the KMC simulator (with accompanying experimental verification) to ac-

commodate even a higher number of monomer types would be beneficial, as industrial 

recipes often contain both functional and non-functional acrylate and/or methacrylate 

units. A 5-monomer implementation, consisting of non-functional acrylate, functional 

acrylate, non-functional methacrylate, functional methacrylate, and styrene, will pro-

vide the flexibility required to represent most industrial recipes, combined with ac-

commodation for multiple initiators and solvents. The modular nature of the KMC 

model should allow this expansion, as the number and type of kinetic mechanisms 

remain the same. In addition, estimation of the sensible heat released by polymeriza-

tion has recently been added to the KMC implementation. This model feature can be 

used to precisely frame the heat removal requirement as a function of optimized feed 

flowrates; also, constraints regarding heat production can be included in the objective 

function. Finally, the utilization of the KMC model would be increased through the 

development of a graphical user interface and a component database. 

My research group has just published an interesting paper[142] focusing on maximiz-

ing macromonomer content produced by starved-feed high-temperature acry-

late/methacrylate semi-batch polymerization. Simulating the experimental results via 

the established KMC model would advance our knowledge about acrylate-rich reci-

pes, as this thesis focused on the application of the model to methacrylate-rich recipes. 

The stochastic model can not only track the terminal double bond formation, but also 

the branching points within the polymer distribution. The optimization approach can 
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assist in the development of strategies to further increase the fraction of chains con-

taining terminal double bonds, as this functionality increases the range of applications 

of the material.  

There are many opportunities to expand the semi-batch optimization strategy demon-

strated in this project, most related to applying the concept to industrial systems. These 

include a demonstration of the strategy for the production of a higher volume com-

mercial recipe that allows a complete cost-benefit analysis. Adding a constraint term 

to the objective function related to the energy balance (i.e., the energy produced by 

reaction minus that consumed by heating of reactants fed) would limit the optimized 

feeding strategies to those that are practically realizable. As new optimized polymeri-

zation procedures are developed for specific recipes and reactors, they must be exper-

imentally verified, focusing on the polymer product characteristics including the ho-

mogeneity of the resin for the chemical composition as well as the feasibility of safely 

and accurately implementing the optimized feeding strategy. To deliver smooth and 

precise flowrates at a lab-scale, a commercial dispensing unit with high accuracy is 

needed (e.g., neMESYS Precision Syringe Pump from Cetoni§§§ or a microfluidic flow 

controller from ELVEFLOW****) where the flowrates are monitored online as the 

polymerization progresses.  

Finally, the optimization strategy should be applied to the deterministic model cou-

pled with the calculation of non-functional fraction using the analytical distribution 

functions developed in this thesis. Computational efforts would be substantially re-

                                                           

§§§ https://www.cetoni.com/products/ 
**** https://www.elveflow.com/microfluidic-flow-control-products/ 
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duced if it can be demonstrated (and experimentally verified) that this strategy pro-

vides similar results to the optimizations conducted using the KMC stochastic model.  

In the era of artificial intelligence learning and problem-solving, the modeling and op-

timization approach established in this thesis can become a common industrial practice 

to improve process efficiencies and to aid the development of new products. 
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Appendix A: Chapter 2 

 

Figure A1. Simulation output with time-independent control volume as described in Sec-
tion 2.2 with S=1 (no scaling method). 
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Figure A2. The fraction of chains with different levels of GMA functionality calculated with 
time-independent control volume as described in Section 2.2 with S=1 (no scaling method). 

 

 

Figure A3. The distributions of chains with varying GMA functionality, simulated with 
time-independent control volume as described in Section 2.2 with S=1 (no scaling method). 
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Figure A4. Simulation output with time-dependent control volume as described in Section 
2.4 with S=1 (with scaling method). 
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Figure A5. The fraction of chains with different levels of GMA functionality calculated with 
time-dependent control volume as described in Section 2.4 with S=1 (with scaling method). 

 

  

Figure A6. The distributions of chains with varying GMA functionality, simulated with 
time-dependent control volume as described in Section 2.4 with S=1 (with scaling method). 
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Figure A7. The time-dependent control/simulation volume case-study described in Section 
2.5. 
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Figure A8. The fraction of chains with different levels of GMA functionality calculated with 
the time-dependent control/simulation volume case-study described in Section 2.5. 

 

 

Figure A9. The distributions of chains with varying GMA functionality, calculated with the 
time-dependent control/simulation volume case-study described in Section 2.5. 
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Appendix B: Chapter 3 
 

Table B1. The kinetic parameters utilized for the development of the stochastic model. 

Primary Reactions                                      1 =  Methylacrylate [BMA]          2  =  Acrylate [HEA] 

Reaction Type Parameters 

Initiation 𝑓𝑑 = 0.5 

𝑘𝑑(𝑠
−1) = 6.78𝑒15 𝑒𝑥𝑝( 1.7714𝑒4/(138 + 273.15)) 

Propagation 𝑘𝑝
11,1(𝐿 𝑚𝑜𝑙−1𝑠−1) = 3.802𝑒6 𝑒𝑥𝑝( 2754/(138 + 273.15)) 

𝑘𝑝
22,2(𝐿 𝑚𝑜𝑙−1𝑠−1) = 1.72𝑒7 𝑒𝑥𝑝( 2.018𝑒3/(138 + 273.15)) 

𝑟𝐻𝐸𝐴[12] = 0.49   ∴   𝑟𝐵𝑀𝐴[21] = 0.72  ∴    𝑠𝐻𝐸𝐴 = 𝑠𝐵𝑀𝐴 = 1 

𝑘𝑝
21,1 = 𝑘𝑝

11,1 × 𝑠𝐵𝑀𝐴   ∴     𝑘𝑝
12,2 = 𝑘𝑝

22,2 × 𝑠𝐻𝐸𝐴 

𝑘𝑝
11,2 = 𝑘𝑝

11,1/𝑟𝐵𝑀𝐴   ∴     𝑘𝑝
22,1 = 𝑘𝑝

22,2/𝑟𝐻𝐸𝐴 

𝑘𝑝
12,1 = 𝑘𝑝

22,1 × 𝑠𝐻𝐸𝐴   ∴    𝑘𝑝
21,2 = 𝑘𝑝

11,2 × 𝑠𝐵𝑀𝐴 

Chain Transfer to Solvent 𝐶𝑠
1  = 14 𝑒𝑥𝑝( 4𝑒3/(138 + 273.15)) 

𝐶𝑠
2 = 55 𝑒𝑥𝑝( 4.4435𝑒3/(138 + 273.15)) 

Termination  

 

𝑘𝑡
11(𝐿 𝑚𝑜𝑙−1𝑠−1) = 1𝑒9 ∗ 𝑒𝑥𝑝( 1.241𝑒3/(138 + 273.15))  

𝑘𝑡
22(𝐿 𝑚𝑜𝑙−1𝑠−1) = 3.89𝑒9 ∗ 𝑒𝑥𝑝( 1.01𝑒3/(138 + 273.15))  

𝑘𝑡
12,12 = (𝑘𝑡

11 × 𝑘𝑡
22)0.5   ∴    𝑘𝑡

21,21 = 𝑘𝑡
12,12 

𝑘𝑡𝑐𝑜 = (𝑝11√𝑘𝑡
1,1 + (𝑝12 + 𝑝21)√ 𝑘𝑡

12,12 + 𝑝22√𝑘𝑡
2,2)

2

 

𝑘𝑡𝑑
1,1 = 0.65 𝑘𝑡𝑐𝑜  ∴  𝑘𝑡𝑑

2,2 = 0.05 𝑘𝑡𝑐𝑜  ∴   𝑘𝑡𝑑
1,2 = 0.3 𝑘𝑡𝑐𝑜  ∴  𝑘𝑡𝑑

2,1 = 𝑘𝑡𝑑
1,2 

𝑘𝑡𝑐
1,1 = 𝑘𝑡𝑐𝑜 (1  0.65)  ∴  𝑘𝑡𝑐

2,2 = 𝑘𝑡𝑐𝑜 (1  0.05)  ∴  𝑘𝑡𝑐
1,2 = 𝑘𝑡𝑐𝑜 (1  0.35) 

Secondary Reactions       

Reaction Type Parameters 

Depropagation  𝑘𝑑𝑝(𝑠
−1) =  𝑘𝑝

11,1(1.76𝑒6  1.37𝑒6 𝑥𝑤𝑝) 𝑒𝑥𝑝( 6240/(138 + 273.13)) 

Backbiting  𝑘𝑏(𝑠
−1) =  4.35𝑒7 𝑒𝑥𝑝( 3933/(138 + 273.15)) 

𝑓𝑏
1 = 0.6  ∴   𝑓𝑏

2 = 1 

Scission  𝑘𝑠𝑐𝑖(𝑠
−1) = 3.3𝑒9 𝑒𝑥𝑝( 7989.1/(138 + 273.15)) 

𝑓𝑠𝑐𝑖
1 = 10   ∴   𝑓𝑠𝑐𝑖

2 = 1 

Propagation of Midchain Radical   

𝑘𝑝
𝑡 = 1.2𝑒6 𝑒𝑥𝑝( 3440/(138 + 273.15)) 

Macromonomer Propagation 𝑓𝑝𝑚𝑎𝑐𝑟𝑜
= 0.55 

Termination of Midchain Radi-
cals 

 

𝑓𝑡𝑒𝑟 = 0.74 𝑒𝑥𝑝(1.3427𝑒3/(138 + 273.15)) 

            𝑘𝑡
𝑞𝑞

= 𝑘𝑡𝑐𝑜(𝑓𝑡𝑒𝑟)
−1       ∴       𝑘𝑡

𝑝𝑞
 = (𝑘𝑡𝑐𝑜𝑘𝑡

𝑞𝑞
)
0.5

 

 𝛼𝑞𝑞 = 0.9                 ∴      𝛼𝑞𝑝 = 0.7 

𝑘𝑡𝑐
𝑞𝑞

= (1  𝛼𝑞𝑞) 𝑘𝑡
𝑞𝑞
    ∴     𝑘𝑡𝑑

𝑞𝑞
= 𝛼𝑞𝑞  𝑘𝑡

𝑞𝑞
 

𝑘𝑡𝑐
𝑞𝑝

= (1  𝛼𝑞𝑝) 𝑘𝑡
𝑝𝑞
    ∴     𝑘𝑡𝑑

𝑞𝑝
= 𝛼𝑞𝑝 𝑘𝑡

𝑝𝑞
 

Simplified Treatment for  

Macromonomer Reactions 𝑀𝑓 =
𝑀1

𝑟𝐻𝐸𝐴
+𝑀2    ∴    𝑘𝑚𝑎𝑐𝑟𝑜

𝑙𝑥 =
𝑘𝑝
𝑡𝑀𝑥 (𝑘𝑝

𝑙𝑙𝑙𝑓𝑝𝑚𝑎𝑐𝑟𝑜
)

𝑟𝐻𝐸𝐴 (2𝑘𝑠𝑐𝑖 + 𝑘𝑝
𝑡𝑀𝑓)

 

Macromonomer Exchange  

 𝐵 = 𝑘𝑑𝑝  + 𝑘𝑝
111𝑀1𝑠𝐵𝑀𝐴 +

𝑘𝑝
111𝑀2

𝑟𝐵𝑀𝐴
 ∴  𝑃11 =

𝐵  √𝐵2  4 𝑘𝑑𝑝 𝑘𝑝
111𝑀1𝑠𝐵𝑀𝐴

2 𝑘𝑑𝑝
 

     

    𝐴′ = 𝑠𝐻𝐸𝐴𝑘𝑝
222𝑀2  ∴   𝐵′ = 𝑘𝑝

222 𝑀 

𝑟𝐻𝐸𝐴
      𝑃22 =

𝐴′

𝐴′+𝐵′
   ∴  𝑃12 = 1  𝑃22 

 

𝑘𝑒𝑥𝑐ℎ𝑎𝑛𝑔𝑒
𝑙𝑥 =

𝑘𝑠𝑐𝑖 (𝑘𝑝
𝑙𝑙𝑙𝑓𝑝𝑚𝑎𝑐𝑟𝑜

)

2𝑘𝑠𝑐𝑖 + 𝑘𝑝
𝑡𝑀𝑓

𝑃𝑥2  

Termination via Primary Radical   𝑘𝑡𝑠 (𝐿 𝑚𝑜𝑙
−1𝑠−1) = 109 
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Table B2. Storage schemes considered for the secondary propagating radicals, mid-chain 
radicals, macromonomer, and dead polymer chains. 

Secondary Propagating Radicals, 𝑷(𝒏,𝒎)
𝒊𝒋,[𝑩]

 

#  
History 

Sequence 
of Active 
Branch 

Penultimate  
Unit 

Terminal  
Unit 

 Depropagation  Backbiting 

… 𝑛𝑝+𝑚𝑝 𝑚𝑝 [𝐵] […..]   𝑗 False/True False/True 

Mid-Chain Radicals, Q(𝒏,𝒎)
𝒙𝒊𝒍𝒊,[𝑩]

 

# Chain Sequences History  Type [𝒍]  Identity [𝒙] 

… […] 𝑛𝑝+𝑚𝑝 𝑚𝑝 [𝐵] 1 or 2 1 or 2 

Macromonomers, 𝑼(𝒏,𝒎)
[𝑩]

  

# History 

... 𝑛𝑝+𝑚𝑝 𝑚𝑝 [𝐵] 

Dead Species Including 𝑫(𝒏,𝒎)
[𝑩]

 and 𝑼(𝒏,𝒎)
[𝑩]

 

# Category Individual Chains Acrylate Functionality 

 
… 
 

 
𝐷𝑃𝑛,𝑚𝑖𝑛 = 𝑚 𝑛(𝑚 + 𝑛) 

 

# 𝑚 [𝐵] 𝐹[0] 𝐹[1] 𝐹[2] 𝐹[≥3] 𝑇𝑜𝑡𝑎𝑙𝐹 

... ... ... ... ... ... ... ... 

... ... ... 

 
... 

 
... 

# 𝑚 [𝐵] 𝐹[0] 𝐹[1] 𝐹[2] 𝐹[≥3] 𝑇𝑜𝑡𝑎𝑙𝐹 

... ... ... ... ... ... ... ... 

... ... ... 

 
... 

 
𝐷𝑃𝑛,𝑚𝑎𝑥 = 𝑚𝑎𝑥(𝑚 + 𝑛) 

# 𝑚 [𝐵] 𝐹[0] 𝐹[1] 𝐹[2] 𝐹[≥3] 𝑇𝑜𝑡𝑎𝑙𝐹 

... ... ... ... ... ... ... ... 

... ... ... 
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Figure B1. GC calibration plot along with the fitting adequacy assessment obtained for 
BMA.  

 

  

 

Figure B2. GC calibration plot along with the fitting adequacy assessment obtained for 
HEA.  
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Figure B3. Final molar mass distributions with respect to their functionality of comonomer 
denoted as F for the studied cases.  
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Figure B4. Estimated weight fraction of chains with respect to the functionality of HEA de-
noted as F for 25 wt.% HEA and 2 mol.% TBPA. 𝒘𝒊 represents the fraction of chains with i 
degree of polymerization for a specified F while 𝒘𝒕𝒐𝒕𝒂𝒍 is the mass ratio of chains categorized 
in a given distribution relative to the complete distribution. 

 

 

Figure B5. Estimated weight fraction of chains with respect to the possession of HEA de-
noted as F for 25 wt.% HEA and 4 mol.% TBPA. 
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Figure B6. Estimated weight fraction of chains with respect to the functionality of HEA de-
noted as F for 12.5 wt.% HEA and 2 mol.% TBPA. 

 

 

 

Figure B7. Estimated weight fraction of chains with respect to their functionality of HEA 
denoted as F for 12.5 wt.% HEA and 4 mol.% TBPA. 
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Figure B8. Estimated weight fraction of chains with respect to the functionality of HEA de-
noted as F for 6.25 wt.% HEA and 2 mol.% TBPA. 

 

 

Figure B9. Estimated weight fraction of chains with respect to their functionality of HEA 
denoted as F for 6.25 wt.% HEA and 4 mol.% TBPA. 
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Figure B10. Final branching density (𝝆𝑩) profiles of the case studies. 
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Appendix C: Chapters 4 and 5 

Instantaneous Case Studies 

 
Figure C1. Parameter space for the case study (top right) at Xwp=0 with 130g MIAK solvent. 
Instantaneous comonomer compositions based on KMC, Lowry case one, and Mayo-Lewis. 
The corresponding concentration of BMA, HEA, and TBPA according to the Parameter space 
(bottom subplots).  

 
Figure C2. Evaluation of instantaneous mole fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC inputs (in red squares), Mayo-Lewis 
inputs (in black circles), and Lowry case one inputs (in blue crosses) calculated at Xwp= 0 
and 130g MIAK.  
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Figure C3. Parameter space for the case study (top right) at Xwp=0.3 with 130g MIAK sol-
vent. Instantaneous comonomer compositions based on KMC, Lowry case one, and Mayo-
Lewis. The corresponding concentration of BMA, HEA, and TBPA according to the Param-
eter space (bottom subplots).  

 

 
Figure C3. Evaluation of instantaneous mole fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC inputs (in red squares), Mayo-Lewis 
inputs (in black circles), and Lowry case one inputs (in blue crosses) calculated at Xwp= 0.3 
and 130g MIAK.  
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Figure C4. Evaluation of instantaneous weight fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC inputs (in red squares), Mayo-Lewis 
inputs (in black circles), and Lowry case one inputs (in blue crosses) calculated at Xwp= 0.3 
and 130g MIAK.  

 

Figure C5. Parameter space for the case study (top right) at Xwp=0.6 with 130g MIAK sol-
vent. Instantaneous comonomer compositions based on KMC, Lowry case one, and Mayo-
Lewis. The corresponding concentration of BMA, HEA, and TBPA according to the Param-
eter space (bottom subplots).  
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Figure C6. Evaluation of instantaneous mole fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC inputs (in red squares), Mayo-Lewis 
inputs (in black circles), and Lowry case one inputs (in blue crosses) calculated at Xwp= 0.6 
and 130g MIAK.  

 

 

Figure C7. Parameter space for the case study (top right) at Xwp=0 with 65g MIAK solvent. 
Instantaneous comonomer compositions based on KMC, Lowry case one, and Mayo-Lewis. 
The corresponding concentration of BMA, HEA, and TBPA according to the Parameter space 
(bottom subplots).  
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Figure C8. Evaluation of instantaneous mole fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC inputs (in red squares), Mayo-Lewis 
inputs (in black circles), and Lowry case one inputs (in blue crosses) calculated at Xwp= 0 
and 65g MIAK. 

 

 

Figure C9. Parameter space for the case study (top right) at Xwp=0 with 32.5g MIAK solvent. 
Instantaneous comonomer compositions based on KMC, Lowry case one, and Mayo-Lewis. 
The corresponding concentration of BMA, HEA, and TBPA according to the Parameter space 
(bottom subplots).  
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Figure C10. Evaluation of instantaneous mole fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC inputs (in red squares), Mayo-Lewis 
inputs (in black circles), and Lowry case one inputs (in blue crosses) calculated at Xwp= 0 
and 32.5g MIAK.  

 

 

Figure C11. Evaluation of instantaneous weight fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC inputs (in red squares), Mayo-Lewis 
inputs (in black circles), and Lowry case one inputs (in blue crosses) calculated at Xwp= 0 
and 32.5g MIAK.  
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Figure C12. Parameter space for the case study (top right) at Xwp=0 with 16.25g MIAK sol-
vent. Instantaneous comonomer compositions based on KMC, Lowry case one, and Mayo-
Lewis. The corresponding concentration of BMA, HEA, and TBPA according to the Param-
eter space (bottom subplots).  

 

 
Figure C13. Evaluation of instantaneous mole fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC inputs (in red squares), Mayo-Lewis 
inputs (in black circles), and Lowry case one inputs (in blue crosses) calculated at Xwp= 0 
and 16.25g MIAK.  
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Figure C14. Evaluation of instantaneous weight fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC inputs (in red squares), Mayo-Lewis 
inputs (in black circles), and Lowry case one inputs (in blue crosses) calculated at Xwp= 0 
and 16.25g MIAK.  

 

 
Figure C15. Parameter space for the case study (top right) without depropagation. Instanta-
neous comonomer compositions based on KMC, Lowry case one, and Mayo-Lewis. The cor-
responding concentration of BMA, HEA, and TBPA according to the parameter space (bot-
tom subplots).  
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Figure C16. Evaluation of instantaneous mole fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC inputs (in red squares), Mayo-Lewis 
inputs (in black circles), and Lowry case one inputs (in blue crosses) calculated without 
depropagation.  
 

 
Figure C17. Evaluation of instantaneous weight fraction estimates with respect to their func-
tionality of comonomer (0, 1, 2, >2) obtained via KMC inputs (in red squares), Mayo-Lewis 
inputs (in black circles), and Lowry case one inputs (in blue crosses) calculated without 
depropagation.  
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[A1] Xwp=0 with 𝐬𝟎 MIAK 

 

[B1] Xwp=0 with 0.5𝐬𝟎 MIAK 

 
 

[A2] Xwp=0.3 with 𝐬𝟎 MIAK 

 

 
[B2] Xwp=0 with 0.25𝐬𝟎 MIAK 

 
 

[A3] Xwp=0.6 with 𝐬𝟎 MIAK 

 

 
[B3] Xwp=0 with 0.125𝐬𝟎 MIAK 

 
 

  

𝑬𝒊 = 𝒆𝒙|𝒊 + 𝒆𝒘|𝒊 ≈
𝒂

(𝜽𝒊)
𝒃
 𝒆𝒙 =  (𝒙𝑭=𝒋

𝑳𝟏  𝒙𝑭=𝒋
𝒕𝒓𝒖𝒆)

𝟐

𝟐

𝒋=𝟎

 𝒆𝒘 =  (𝒘𝑭=𝒋
𝑳𝟏  𝒘𝑭=𝒋

𝒕𝒓𝒖𝒆)
𝟐

𝟐

𝒋=𝟎

 

 

𝜽𝒊 = 𝑫𝑷̅̅ ̅̅ 𝒏|𝒊 𝑭𝒙|𝒊 
𝒊𝒏𝒔𝒕  

 

Figure C18. Error subplots associated with the instantaneous estimates (𝒙𝑭=𝒋
𝑳𝟏  and 𝒘𝑭=𝒋

𝑳𝟏 ) for 

the scenarios described in the case studies A and B.  
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Cumulative Case Studies #1 - Copolymerization 

 

 

Figure C19. Evolution of polymer average characteristics (i.e., [BMA], [HEA], [TBPA], mo-
lecular-weight averages, Xwp, cumulative comonomer composition, and polymer mass) as 
well as the stochastic simulation properties with respect to the reaction time for case #1. 
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Figure C20. Evolution of polymer average characteristics (i.e., [BMA], [HEA], [TBPA], mo-
lecular-weight averages, Xwp, cumulative comonomer composition, and polymer mass) as 
well as the stochastic simulation properties with respect to the reaction time for case #2. 
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Figure C21. Evolution of polymer average characteristics (i.e., [BMA], [HEA], [TBPA], mo-
lecular-weight averages, Xwp, cumulative comonomer composition, and polymer mass) as 
well as the stochastic simulation properties with respect to the reaction time for case #3. 
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Figure C22. Evolution of polymer average characteristics (i.e., [BMA], [HEA], [TBPA], mo-
lecular-weight averages, Xwp, cumulative comonomer composition, and polymer mass) as 
well as the stochastic simulation properties with respect to the reaction time for case #4. 
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Figure C23. Evolution of polymer average characteristics (i.e., [BMA], [HEA], [TBPA], mo-
lecular-weight averages, Xwp, cumulative comonomer composition, and polymer mass) as 
well as the stochastic simulation properties with respect to the reaction time for case #5. 
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Figure C24. Evolution of polymer average characteristics (i.e., [BMA], [HEA], [TBPA], mo-
lecular-weight averages, Xwp, cumulative comonomer composition, and polymer mass) as 
well as the stochastic simulation properties with respect to the reaction time for case #6. 
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Figure C25. Evolution of polymer average characteristics (i.e., [BMA], [HEA], [TBPA], mo-
lecular-weight averages, Xwp, cumulative comonomer composition, and polymer mass) as 
well as the stochastic simulation properties with respect to the reaction time for case #7. 
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Figure C26. Evolution of polymer average characteristics (i.e., [BMA], [HEA], [TBPA], mo-
lecular-weight averages, Xwp, cumulative comonomer composition, and polymer mass) as 
well as the stochastic simulation properties with respect to the reaction time for case #8. 
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Figure C27. Evolution of polymer average characteristics (i.e., [BMA], [HEA], [TBPA], mo-
lecular-weight averages, Xwp, cumulative comonomer composition, and polymer mass) as 
well as the stochastic simulation properties with respect to the reaction time for case #9. 
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Figure C28. Evolution of polymer average characteristics (i.e., [BMA], [HEA], [TBPA], mo-
lecular-weight averages, Xwp, cumulative comonomer composition, and polymer mass) as 
well as the stochastic simulation properties with respect to the reaction time for case #10. 
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Figure C29. Evolution of polymer average characteristics (i.e., [BMA], [HEA], [TBPA], mo-
lecular-weight averages, Xwp, cumulative comonomer composition, and polymer mass) as 
well as the stochastic simulation properties with respect to the reaction time for case #11. 
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Figure C30. Evolution of polymer average characteristics (i.e., [BMA], [HEA], [TBPA], mo-
lecular-weight averages, Xwp, cumulative comonomer composition, and polymer mass) as 
well as the stochastic simulation properties with respect to the reaction time for case #12. 
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# 1 2 3 4 5 6 7 8 9 10 11 12 

wt.% HEA 6.25 12.5 25.0 6.25 12.5 25.0 6.25 12.5 25.0 6.25 12.5 25.0 

Mol.% TBPA 4 4 4 2 2 2 4 4 4 2 2 2 

Feeding Period (hr) 3 3 3 3 3 3 6 6 6 6 6 6 

Symbol × ○ □ × ○ □ × ○ □ × ○ □ 

 

 

Figure C40. Evaluation of cumulative mole fraction estimates with respect to HEA posses-
sion (0, 1, 2, >2) obtained for the case studies with 3 and 6 hours feeding time. 

 

Cumulative Case Studies #2 - Copolymerization 

 

wt.% HEA 6.25 12.5 25.0 6.25 12.5 25.0 6.25 12.5 25.0 6.25 12.5 25.0 

Mol.% TBPA 4 4 4 2 2 2 4 4 4 2 2 2 

Feeding Period (hr) 2 2 2 2 2 2 4 4 4 4 4 4 

Symbol × ○ □ × ○ □ × ○ □ × ○ □ 
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Figure C41. Evaluation of cumulative weight fraction estimates with respect to HEA posses-
sion (0, 1, 2, >2) obtained for the case studies with 2 and 4 hours feeding time. 

 

 

Figure C42. Evaluation of cumulative mole fraction estimates with respect to HEA posses-
sion (0, 1, 2, >2) obtained for the case studies with 2 and 4 hours feeding time. 
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Cumulative Case Studies #3 - Terpolymerization 

 

 
# 

BMA 
wt.% 

HEA 
wt.% 

Styrene 
wt.% 

I2 
Mol.% 

Feeding 
Time (hr) 

Representative 
Symbol 

1 45 5 50 2 4 
 

2 85 5 10 2 4 
 

3 35 15 50 2 4 
 

4 75 15 10 2 4 
 

5 70 5 25 4 4 
 

6 60 15 25 4 4 
 

 

  

Figure C43. Evaluation of cumulative mole fraction estimates with respect to HEA (left) and 
styrene (right) possession (0, 1, 2, >2) obtained for the case studies related to the terpolymer-
ization runs. 
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Figure C44. Evolution of terpolymerization average macroscopic properties for recipe #1. 
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Figure C45. Evolution of terpolymerization average macroscopic properties for recipe #2. 
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Figure C46. Evolution of terpolymerization average macroscopic properties for recipe #3. 
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Figure C47. Evolution of terpolymerization average macroscopic properties for recipe #4. 
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Figure C48. Evolution of terpolymerization average macroscopic properties for recipe #5. 
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Figure C49. Evolution of terpolymerization average macroscopic properties for recipe #6. 
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Why mismatches may exist between the two models?  

While the agreement between the deterministic and KMC model is almost identical, 

mismatches occasionally appear as seen in Figure 5.2 and 5.3. Since increasing the 

KMC simulation volume did not eliminate the mismatches nor change the stochastic 

outputs, it is concluded that the underlying reason behind these mismatches is not the 

inherent randomness of KMC but rather the assumptions made in the Predici® model. 

Therefore, this section takes a closer look at the assumptions embedded in the deter-

ministic implementation of the terpolymer model.  

This section does not aim to provide the Predici® model implementation in details, but 

rather focus on the core underlying reason(s) that the stochastic model can be different 

to some extent even though small. The implementation and performance of the Pred-

ici® model are well-documented and established almost a decade ago in a series of 

publications[45,46,143] that the author strongly recommends interested readers to re-

view. Thus, the following discussions are only complementary to these publications. 

Depropagation does not have a closed moment equation as it depends on 𝑃𝑛=1
𝑖𝑗

 (i.e., the 

concentration of growing primary radicals with chain-length one) unless 𝑃𝑛=1
𝑖𝑗

 is as-

sumed negligible compared to the zeroth moment (i.e., total growing radicals concen-

tration). Thus, the distribution mode tends to be more reliable than the method of mo-

ments in the Predici® implementation. Also, the deterministic approach implemented 

in Predici® is essentially a terminal model that uses a set of radical probability expres-

sions to guess the penultimate and pen-penultimate units of the primary and second-

ary radical chains. These expressions are derived under the long-chain hypothesis, as-

suming radical stationarity, and 𝑃𝑛=1
𝑖𝑗

 being assumed negligible compared to the radi-
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cals zeroth-moment as implemented by Wang and Hutchinson.[46] In contrast, the sto-

chastic model does not require approximation of penultimate nor pen-penultimate 

monomer-type as such information is inherently available within the simulator ensem-

ble. This is the underlying reason that mismatches may occur compared to the KMC 

model. The Predici® implementation is essentially a terminal model elevated to a pe-

nultimate one through calculating the required sequences based upon the probabilities 

(derived under long-chain hypothesis and assuming the polymer composition is inde-

pendent of chain-length).  

By considering the penultimate unit of the radicals, there are 33 propagation reactions 

for terpolymerization as shown in Scheme C1. The probability of finding penultimate 

unit i in adjacent next to the terminal unit j regardless of chain-length, 𝑝𝑖𝑗, defines the 

radical type formed without implementing a full penultimate model (i.e., without de-

fining penultimate moments). The statistical estimation of the radical sequence is de-

fined as follows:  

 

 

Eq. C1 

 

Eq. C2 

 
Eq. C3 

 

 

where 𝑃𝑖𝑗 (i.e., ∑ 𝑃𝑛
𝑖𝑗∞

𝑛=1 ) represents the radicals ending in ij. Therefore, the radical con-

centrations are estimated through 𝑃𝑖𝑗 = 𝑝𝑖𝑗𝑃
𝑗  and 𝑃𝑥𝑖𝑗 = 𝑝𝑥𝑖𝑝𝑖𝑗𝑃

𝑗 for obtaining penul-

timate and pen-penultimate reactions. These probabilities are derived as functions of 

monomer fractions and rate coefficients by performing balances on radical species as-

suming long-chain-hypothesis (i.e., the monomers consumed during initiation, chain 
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transfer reactions, etc. are insignificant compared to the propagation) and radical sta-

tionarity on radical species, 𝑃𝑖𝑗. To include the depropagation, it is assumed ∑ 𝑃𝑛
𝑗∞

𝑛=3 ≫

∑ 𝑃𝑛
𝑗2

𝑛=1 , i.e. the minimum chain-length of a degrading primary radical is three, and the 

consumption of radical species via termination/transfer reactions are all considered 

negligible as it can be interpreted from Scheme C1 and Table C2. This assumption 

allows avoiding the moment-closure problem, making the set of ordinary differential 

equations solvable at an instant of time. Considering Eq. C1-C3, as well as Table C2, 

the probability functions are accessible. Although maybe negligible (i.e., within exper-

imental error), the mismatch can exist between the Predici® model and KMC due to 

the aforementioned assumptions. 

 

Table C2. The associated terpolymerization set of equations for calculating the radical prob-
abilities considering penultimate kinetics and depropagation.[46] 

 

𝒊𝒋  
𝒅𝑷𝒏

𝒊𝒋

𝒅𝒕

∞

𝒏=𝟏

= 𝟎  

11      
113 112 311 21121 31 111 3 11 2 31 1 211 1 0p p dep p pp k M p k M k p kp p M Mp k p  

22    
223 221 322 12222 3 22 1 32 2 12 2 0p p p pp k M p k M p k M p k M  

33    
331 332 133 23333 1 33 2 13 3 23 3 0p p p pp k M p k M p k M p k M  

32         
323 321 322 332 132 232

2 3
32 3 32 1 32 2 33 2 13 2 23 2 0p p p p p pp k M p k M p k M P p k M p k M p k M P  

23         
233 231 232 223 323 123

3 2
23 3 23 1 23 2 22 3 32 3 12 3 0p p p p p pp k M p k M p k M P p k M p k M p k M P  

12         
123 121 122 112 312 212

2 1
12 3 12 1 12 2 11 2 31 2 21 2 0p p p p p pp k M p k M p k M P p k M p k M p k M P  

21          
213 211 212 221 321 121

1 2
21 3 21 1 21 2 22 32 2 12 11 11 0p p P dep p p pp k M p k M p k M k P p k p k p k Pp p M  

13         
133 131 132 113 313 213

3 1
13 3 13 1 13 2 11 31 21 3 0p p p p p pp k M p k M p k M P p k p k p k M P  

31          
313 311 312 331 131 231

1 3
31 3 31 1 31 2 33 13 3 13 21 11 0p p p dep p p pp k M p k M p k M k P p k p k p k Pp p M  

 

 

 



 

-198- 

 

Scheme C1. Terpolymerization propagation/depropagation reaction schemes considering 
probability functions.[46] 

 

 

Figure C50. Comparison of Predici® and KMC outputs for recipe #1 when the depropaga-
tion channel is removed from the complete reaction list. 
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These probabilities not only affect the propagation reaction rates, but the impact can 

be seen on the termination of radicals through the following equations (i.e., Eq. C4, C5) 

known as “Walling” termination model where 𝛿𝑡𝑑𝑖𝑗 and 𝛿𝑡𝑐𝑖𝑗 are constant factors for 

the termination kinetic coefficients attributed to the disproportionation (𝑘𝑡𝑑𝑖𝑗) and 

combination (𝑘𝑡𝑐𝑖𝑗) mode.[46] 

𝑘𝑡,𝑡𝑒𝑟𝑝𝑜 = ( 𝑃𝑗
3

𝑗=1
)

−1

  (𝑘𝑡𝑖𝑗)
0.5

𝑝𝑖𝑗𝑃
𝑗

3

𝑗=1

3

𝑖=1

 

 

Eq. C4 

𝑘𝑡𝑑𝑖𝑗 = 𝛿𝑡𝑑𝑖𝑗 (𝑘𝑡,𝑡𝑒𝑟𝑝𝑜)
2
    𝑜𝑟      𝑘𝑡𝑐𝑖𝑗 = 𝛿𝑡𝑐𝑖𝑗 (𝑘𝑡,𝑡𝑒𝑟𝑝𝑜)

2
 Eq. C5 

 

𝑘𝑝𝑖𝑖𝑗 =
 𝑘𝑝𝑖𝑖𝑖
𝑟𝑖𝑗

      ≠ 𝑗        𝑜𝑟      𝑘𝑝𝑖𝑗𝑥 = 𝑘𝑝𝑗𝑗𝑥  𝑠𝑖𝑗     ≠ 𝑗 

 

 

     

 Eq. C6 

 

Figure C50 illustrates the mild improvements in HEA concentration obtained between 

KMC and the Predici® implementations by setting the depropagation rate coefficient 

to zero for recipe#1. Also, a comparison was conducted with all radical reactivity ratios 

(𝑠𝑖𝑗) set to one, so that the chain growth follows terminal propagation kinetics; i.e., the 

propagation reactions no longer depend on the radical penultimate unit according to 

Eq. C6. In addition, all reaction schemes including the depropagation are considered. 

Compared to Figure 5.2, Figure C51 shows the discrepancies in the HEA concentration 

profile are reduced while the initiator and BMA profiles associated with the determin-

istic and stochastic models overlap with each other. Contrasting the case study related 

to Figure C51 to Figure C50 indicates that the depropagation reaction is less important 

compared to the impact influenced by the radical probability functions. From this in-

vestigation, the small mismatches observed between the two models can thus be at-

tributed to the approximations introduced in the Predici® implementation for the cal-

culation of radical sequence probabilities. 
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Figure C51. Comparison of Predici® and KMC outputs for recipe #1 when the radical 
growth is considered terminal (i.e., 𝒔𝒊𝒋=1) including the complete reaction set. 
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Appendix D: Chapter 6 

Deriving the Rate Equations 

A basic set of free radical copolymerization schemes includes initiation, propagation, 

chain transfer, and termination. The associated rate coefficients are summarized below. 

The model assumes terminal model kinetics, with no depropagation, styrene self-initi-

ation, and inhibition reactions. Respectively, 𝐼2, 𝑀𝑖 𝑜𝑟 𝑗, 𝐼, and 𝑆 represent initiator (tert-

butyl peracetate), monomers, free-radical initiator, and solvent (xylene). While i or j 

equal to one denotes butyl methacrylate (BMA or monomer-1), i or j equal to two rep-

resents styrene (St, monomer-2, or comonomer). Moreover, 𝑃𝑛
𝑖 is a growing radical 

with n monomeric repeat units where i shows the type of the radical. Thus, 𝑃1
𝑖 denotes 

radical-i copolymer chains with only one repeat unit. On the other hand, 𝐷𝑛 represents 

the dead polymer chains produced from the termination or chain transfer reac-

tions.[101]  

Initiation 𝐼2
   𝑘𝑑   
→   2𝑓𝐼 

Propagation 
𝐼 + 𝑀𝑖

   𝑘𝑝
𝑖𝑖   

→   𝑃1
𝑖 

𝑃𝑛
𝑖 +𝑀𝑗

   𝑘𝑝
𝑖𝑗

   
→   𝑃𝑛+1

𝑗
 

Chain Transfer  
𝑃𝑛
𝑖 +𝑀𝑗

   𝑘𝑡𝑟
𝑖𝑗

   
→   𝑃1

𝑗
+ 𝐷𝑛 

𝑃𝑛
𝑖 + 𝑆 

   𝐶𝑠
𝑖𝑘𝑝

𝑖𝑖   
→      𝐼 +  𝐷𝑛 

Termination  
𝑃𝑛
𝑖 + 𝑃𝑟

𝑗    (1−𝛿)𝑘𝑡   
→       𝐷𝑛+𝑟 

𝑃𝑛
𝑖 + 𝑃𝑟

𝑗    𝛿𝑘𝑡   
→    𝐷𝑛 + 𝐷𝑟 

 

The kinetic rate coefficients and model parameters for butyl methacrylate (1), styrene 

(2) copolymerization are tabulated below.[97,144] 
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Reaction Type 
Value at 138    ͦC 

Initiation 
𝑓 = 0.515 
𝑘𝑑(𝑠

−1) = 1.32 × 10−3 

Propagation 
𝑘𝑝
11(𝐿 𝑚𝑜𝑙−1𝑠−1) = 4.69 × 103 

𝑘𝑝
22(𝐿 𝑚𝑜𝑙−1𝑠−1) = 3.16 × 103 

𝑟1 =
𝑘𝑝
11

𝑘𝑝
12
= 0.42, 𝑟2 =

𝑘𝑝
22

𝑘𝑝
21
= 0.61  

Termination 
𝑘𝑡(𝐿 𝑚𝑜𝑙

−1𝑠−1) = 4.5 × 108 
𝛿 = 0.65 

Transfer to Solvent 
𝐶𝑠
1 = 1 × 10−4 

𝐶𝑠
2 = 7.87 × 10−5 

Transfer to Monomer 
(𝑳 𝒎𝒐𝒍−𝟏𝒔−𝟏) 

𝑘𝑡𝑟
11 = 0.27 
𝑘𝑡𝑟
22 = 0.427 

𝑘𝑡𝑟
𝑖𝑗
( ≠ 𝑗) = 𝑘𝑡𝑟

𝑗𝑗
 
𝑘𝑝
𝑖𝑗

𝑘𝑝
𝑗𝑗

 

Density ( 𝒌𝒈 𝑳−𝟏) 
𝜌𝑀 

= 0.782 

𝜌𝑀 
= 0.827 

𝜌𝑠𝑜𝑙𝑣𝑒𝑛𝑡 = 0.713 
𝜌𝑝𝑜𝑙𝑦𝑚𝑒𝑟 = 1.079 

Molecular Weights  

(𝒌𝒈 𝒎𝒐𝒍−𝟏)  

𝑀𝑊𝑀 
= 0.1422 

𝑀𝑊𝑀 
=  0.10415 

𝑀𝑊𝑠𝑜𝑙𝑣𝑒𝑛𝑡 = 0.10617 
𝑀𝑊𝐼 = 0.13216 

 

The method of moments is used to model the copolymerization process. This method 

is easy to use and computationally inexpensive.[101,131] 

𝑟
[𝑃𝑛= 

𝑖 ]
= 𝑘𝑝

𝑖𝑖[𝐼][𝑀𝑖] + [𝑀𝑖]  𝑘𝑡𝑟
𝑗𝑖
𝑃𝑛
𝑗

𝑗𝑛

 [𝑃1
𝑖] ( 𝑘𝑝

𝑖𝑗
[𝑀𝑗]

𝑗

+ 𝑘𝑡𝑟
𝑖𝑗
[𝑀𝑗]

𝑗

+ 𝐶𝑠
𝑖𝑘𝑝

𝑖𝑖[𝑆] + 𝑘𝑡  𝑃𝑟
𝑗

𝑗𝑟

) 

𝑟
[𝑃𝑛≥ 

𝑖 ]
= [𝑀𝑖] 𝑘𝑝

𝑗𝑖
[𝑃𝑛−1

𝑗
]

𝑗

 [𝑃𝑛
𝑖] ( 𝑘𝑝

𝑖𝑗
[𝑀𝑗]

𝑗

+ 𝑘𝑡𝑟
𝑖𝑗
[𝑀𝑗]

𝑗

+ 𝐶𝑠
𝑖𝑘𝑝

𝑖𝑖[𝑆] + 𝑘𝑡  𝑃𝑟
𝑗

𝑗𝑟

) 

𝑟[𝐷𝑛] =  𝑘𝑡𝑟
𝑖𝑗
[𝑀𝑗][𝑃𝑛

𝑖]

𝑗𝑖

+ [𝑆] 𝐶𝑠
𝑖𝑘𝑝

𝑖𝑖[𝑃𝑛
𝑖]

𝑖

+
(1  𝛿)𝑘𝑡

2
   𝑃𝑛−𝑟

𝑖

𝑟

𝑃𝑟
𝑗

𝑗𝑖

+ 𝛿𝑘𝑡 𝑃𝑛
𝑖

𝑖

  𝑃𝑟
𝑗

𝑗𝑟

 

𝑟[𝑀𝑖]
=  [𝑀𝑖] (𝑘𝑝

𝑖𝑖[𝐼] + (𝑘𝑝
𝑗𝑖
 𝑃𝑛

𝑗

𝑛

)

𝑗

+ (𝑘𝑡𝑟
𝑗𝑖
 𝑃𝑛

𝑗

𝑛

)

𝑗

) 

𝑟[𝑆] =  [𝑆] (𝐶𝑠
𝑖𝑘𝑝

𝑖𝑖 𝑃𝑛
𝑖

𝑛

)

𝑖

 

𝑟[𝐼] = 2𝑓𝑘𝑑[𝐼2] + [𝑆] (𝐶𝑠
𝑖𝑘𝑝

𝑖𝑖 𝑃𝑛
𝑖

𝑛

)

𝑖

 [𝐼] 𝑘𝑝
𝑖𝑖[𝑀𝑖]

𝑖
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𝑟[𝐼 ] =  𝑘𝑑[𝐼2] 

Definitions of the Moments – k ∈ {0,1,2} 

𝑟
𝜆𝑘
𝑖 =  𝑛𝑘𝑟[𝑃𝑛𝑖 ]

∞

𝑛=1

= 𝑟
[𝑃 

𝑖]
+ 𝑛𝑘𝑟[𝑃𝑛𝑖 ]

∞

𝑛=2

 

𝜆𝑘 = 𝜆𝑘
𝑖

𝑖

 

𝑟𝜇𝑘 =  𝑛𝑘𝑟[𝐷𝑛] 

∞

𝑛=1

 

Utilizing the Moments Definitions - i,j ∈{1,2} 

 Growing Copolymer Chains: 

𝑟
𝜆𝑘
𝑖 = 𝑘𝑝

𝑖𝑖[𝐼][𝑀𝑖] + [𝑀𝑖] 𝑘𝑡𝑟
𝑗𝑖
𝜆𝑘
𝑗

𝑗

+ [𝑀𝑖]  𝑘𝑝
𝑗𝑖(𝑛 + 1)𝑘[𝑃𝑛

𝑗
]

𝑗𝑛=1

 𝜆𝑘
𝑖  𝑘𝑝

𝑖𝑗
[𝑀𝑗]

𝑗

 ( 𝑘𝑡𝑟
𝑖𝑗
[𝑀𝑗]

𝑗

+ 𝐶𝑠
𝑖𝑘𝑝

𝑖𝑖[𝑆] + 𝑘𝑡𝜆0)𝜆𝑘
𝑖  

 𝑟
𝜆𝑘
𝑖 = 𝑘𝑝

𝑖𝑖[𝐼][𝑀𝑖] + (𝑘𝑡𝑟
1𝑖𝜆𝑘

1 + 𝑘𝑡𝑟
2𝑖𝜆𝑘

2)[𝑀𝑖] + [𝑀𝑖] (𝑛 + 1)𝑘(𝑘𝑝
1𝑖[𝑃𝑛

1] + 𝑘𝑝
2𝑖[𝑃𝑛

2])

𝑛=1

 (𝑘𝑝
𝑖1[𝑀1] + 𝑘𝑝

𝑖2[𝑀2])𝜆𝑘
𝑖

 (𝑘𝑡𝑟
𝑖1[𝑀1] + 𝑘𝑡𝑟

𝑖2[𝑀2] + 𝐶𝑠
𝑖𝑘𝑝

𝑖𝑖[𝑆] + 𝑘𝑡𝜆0)𝜆𝑘
𝑖  

𝑟𝜆0 = 𝑘𝑝
11[𝐼][𝑀1] + 𝑘𝑡𝑟

21[𝑀1]𝜆0
2 + 𝑘𝑝

21[𝑀1]𝜆0
2  𝑘𝑝

12[𝑀2]𝜆0
1  (𝑘𝑡𝑟

12[𝑀2] + 𝐶𝑠
1𝑘𝑝

11[𝑆] + 𝑘𝑡𝜆0)𝜆0
1  

𝑟𝜆0 = 𝑘𝑝
22[𝐼][𝑀2] + 𝑘𝑡𝑟

12[𝑀2]𝜆0
1 + 𝑘𝑝

12[𝑀2]𝜆0
1  𝑘𝑝

21[𝑀1]𝜆0
2  (𝑘𝑡𝑟

21[𝑀1] + 𝐶𝑠
2𝑘𝑝

22[𝑆] + 𝑘𝑡𝜆0)𝜆0
2  

𝑟𝜆  = 𝑘𝑝
11[𝐼][𝑀1] + 𝑘𝑡𝑟

21[𝑀1]𝜆1
2 + [𝑀1] (𝑘𝑝

11𝜆0
1 + 𝑘𝑝

21(𝜆1
2 + 𝜆0

2))  𝑘𝑝
12[𝑀2]𝜆1

1

 (𝑘𝑡𝑟
12[𝑀2] + 𝐶𝑠

1𝑘𝑝
11[𝑆] + 𝑘𝑡𝜆0)𝜆1

1 

𝑟𝜆  = 𝑘𝑝
22[𝐼][𝑀2] + 𝑘𝑡𝑟

12[𝑀2]𝜆1
1 + [𝑀2](𝑘𝑝

12(𝜆1
1 + 𝜆0

1) + 𝑘𝑝
22𝜆0

2)  𝑘𝑝
21[𝑀1]𝜆1

2

 (𝑘𝑡𝑟
21[𝑀1] + 𝐶𝑠

2𝑘𝑝
22[𝑆] + 𝑘𝑡𝜆0)𝜆1

2 

𝑟𝜆  = 𝑘𝑝
11[𝐼][𝑀1] + 𝑘𝑡𝑟

21[𝑀1]𝜆2
2 + [𝑀1] (𝑘𝑝

11(𝜆0
1 + 2𝜆1

1) + 𝑘𝑝
21(𝜆2

2 + 𝜆0
2 + 2𝜆1

2))  𝑘𝑝
12[𝑀2]𝜆2

1

 (𝑘𝑡𝑟
12[𝑀2] + 𝐶𝑠

1𝑘𝑝
11[𝑆] + 𝑘𝑡𝜆0)𝜆2

1  

𝑟𝜆  = 𝑘𝑝
22[𝐼][𝑀2] + 𝑘𝑡𝑟

12[𝑀2]𝜆2
1 + [𝑀2] (𝑘𝑝

12(𝜆2
1 + 𝜆0

1 + 2𝜆1
1) + 𝑘𝑝

22(𝜆0
2 + 2𝜆1

2))  𝑘𝑝
21[𝑀1]𝜆2

2

 (𝑘𝑡𝑟
21[𝑀1] + 𝐶𝑠

2𝑘𝑝
22[𝑆] + 𝑘𝑡𝜆0)𝜆2

2 
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 Dead Copolymer Chains: 

𝑟𝜇𝑘 =  𝑘𝑡𝑟
𝑖𝑗
𝜆𝑘
𝑖 [𝑀𝑗]

𝑗𝑖

+ [𝑆] 𝐶𝑠
𝑖𝑘𝑝

𝑖𝑖𝜆𝑘
𝑖

𝑖

+
(1  𝛿)𝑘𝑡

2
  [  (𝑛 + 𝑟)𝑘𝑃𝑛

𝑖𝑃𝑟
𝑗

𝑟=1𝑛=1

]

𝑗𝑖

+ 𝛿𝑘𝑡𝜆0𝜆𝑘 

 𝑟𝜇𝑘 = (𝑘𝑡𝑟
11[𝑀1] + 𝑘𝑡𝑟

12[𝑀2])𝜆𝑘
1 + (𝑘𝑡𝑟

21[𝑀1] + 𝑘𝑡𝑟
22[𝑀2])𝜆𝑘

2 + [𝑆](𝐶𝑠
1𝑘𝑝

11𝜆𝑘
1 + 𝐶𝑠

2𝑘𝑝
22𝜆𝑘

2)

+
(1  𝛿)𝑘𝑡

2
  [  (𝑛 + 𝑟)𝑘𝑃𝑛

𝑖𝑃𝑟
𝑗

𝑟=1𝑛=1

]

𝑗𝑖

+ 𝛿𝑘𝑡𝜆0𝜆𝑘 

𝑟𝜇0 = (𝑘𝑡𝑟
11[𝑀1] + 𝑘𝑡𝑟

12[𝑀2])𝜆0
1 + (𝑘𝑡𝑟

21[𝑀1] + 𝑘𝑡𝑟
22[𝑀2])𝜆0

2 + [𝑆](𝐶𝑠
1𝑘𝑝

11𝜆0
1 + 𝐶𝑠

2𝑘𝑝
22𝜆0

2)

+
(1 + 𝛿)𝑘𝑡

2
(𝜆0)

2  

𝑟𝜇 = (𝑘𝑡𝑟
11[𝑀1] + 𝑘𝑡𝑟

12[𝑀2])𝜆1
1 + (𝑘𝑡𝑟

21[𝑀1] + 𝑘𝑡𝑟
22[𝑀2])𝜆1

2 + [𝑆](𝐶𝑠
1𝑘𝑝

11𝜆1
1 + 𝐶𝑠

2𝑘𝑝
22𝜆1

2)

+
(1  𝛿)𝑘𝑡

2
  [  (𝑛 + 𝑟)𝑃𝑛

𝑖𝑃𝑟
𝑗

𝑟=1𝑛=1

]

𝑗𝑖

+ 𝛿𝑘𝑡𝜆0𝜆1 

 𝑟𝜇 = (𝑘𝑡𝑟
11[𝑀1] + 𝑘𝑡𝑟

12[𝑀2])𝜆1
1 + (𝑘𝑡𝑟

21[𝑀1] + 𝑘𝑡𝑟
22[𝑀2])𝜆1

2 + [𝑆](𝐶𝑠
1𝑘𝑝

11𝜆1
1 + 𝐶𝑠

2𝑘𝑝
22𝜆1

2) + 𝑘𝑡𝜆0𝜆1 

𝑟𝜇 = (𝑘𝑡𝑟
11[𝑀1] + 𝑘𝑡𝑟

12[𝑀2])𝜆2
1 + (𝑘𝑡𝑟

21[𝑀1] + 𝑘𝑡𝑟
22[𝑀2])𝜆2

2 + [𝑆](𝐶𝑠
1𝑘𝑝

11𝜆2
1 + 𝐶𝑠

2𝑘𝑝
22𝜆2

2)

+
(1  𝛿)𝑘𝑡

2
  [  (𝑛2 + 𝑟2 + 2𝑟𝑛)𝑃𝑛

𝑖𝑃𝑟
𝑗

𝑟=1𝑛=1

]

𝑗𝑖

+ 𝛿𝑘𝑡𝜆0𝜆2 

 𝑟𝜇 = (𝑘𝑡𝑟
11[𝑀1] + 𝑘𝑡𝑟

12[𝑀2])𝜆2
1 + (𝑘𝑡𝑟

21[𝑀1] + 𝑘𝑡𝑟
22[𝑀2])𝜆2

2 + [𝑆](𝐶𝑠
1𝑘𝑝

11𝜆2
1 + 𝐶𝑠

2𝑘𝑝
22𝜆2

2) + 𝑘𝑡𝜆2𝜆0

+ (1  𝛿)𝑘𝑡(𝜆1)
2 

 Monomers Consumption Rates:  

𝑟[𝑀𝑖] =  [𝑀𝑖] (𝑘𝑝
𝑖𝑖[𝐼] + 𝑘𝑝

𝑗𝑖
𝜆0
𝑗

𝑗

+ 𝑘𝑡𝑟
𝑗𝑖
𝜆0
𝑗

𝑗

) 

 𝑟[𝑀 ] =  [𝑀1](𝑘𝑝
11[𝐼] + 𝑘𝑝

11𝜆0
1 + 𝑘𝑝

21𝜆0
2 + 𝑘𝑡𝑟

11𝜆0
1 + 𝑘𝑡𝑟

21𝜆0
2) 

 𝑟[𝑀 ] =  [𝑀2](𝑘𝑝
22[𝐼] + 𝑘𝑝

12𝜆0
1 + 𝑘𝑝

22𝜆0
2 + 𝑘𝑡𝑟

12𝜆0
1 + 𝑘𝑡𝑟

22𝜆0
2) 

 Solvent Consumption Rate:  

𝑟[𝑆] =  [𝑆] 𝐶𝑠
𝑖𝑘𝑝

𝑖𝑖𝜆0
𝑖

𝑖

 𝑟[𝑆] =  [𝑆](𝐶𝑠
1𝑘𝑝

11𝜆0
1 + 𝐶𝑠

2𝑘𝑝
22𝜆0

2) 
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 Rate of Free Radical Initiator:  

𝑟[𝐼] = 2𝑓𝑘𝑑[𝐼2] + [𝑆] 𝐶𝑠
𝑖𝑘𝑝

𝑖𝑖𝜆0
𝑖

𝑖

 [𝐼] 𝑘𝑝
𝑖𝑖[𝑀𝑖]

𝑖

= 2𝑓𝑘𝑑[𝐼2] + [𝑆](𝐶𝑠
1𝑘𝑝

11𝜆0
1 + 𝐶𝑠

2𝑘𝑝
22𝜆0

2)  [𝐼](𝑘𝑝
11[𝑀1] + 𝑘𝑝

22[𝑀2]) 

 Initiator Consumption Rate:  

𝑟[𝐼 ] =  𝑘𝑑[𝐼2] 

Semi-batch Reactor Mass Balances 

𝑑𝜆𝑘
𝑖

𝑑𝑡
(𝑚𝑜𝑙 𝑠−1) =

𝑟
𝜆𝑘
𝑖

𝑉
 

𝑑𝜇𝑘
𝑑𝑡

(𝑚𝑜𝑙 𝑠−1) =
𝑟𝜇𝑘
𝑉

 

𝑑𝑀𝑖

𝑑𝑡
(𝑚𝑜𝑙 𝑠−1) = �̇�𝑖 +

𝑟[𝑀𝑖]

𝑉
 

𝑑𝑆

𝑑𝑡
(𝑚𝑜𝑙 𝑠−1) =

𝑟[𝑆]

𝑉
 

𝑑𝐼

𝑑𝑡
(𝑚𝑜𝑙 𝑠−1) =

𝑟[𝐼]

𝑉
 

𝑑𝐼2
𝑑𝑡

(𝑚𝑜𝑙 𝑠−1) = 𝐼2̇ +
𝑟[𝐼 ]

𝑉
 

𝑉(𝐿) = (𝑆 
𝑀𝑊𝑠𝑜𝑙𝑣𝑒𝑛𝑡

𝜌𝑠𝑜𝑙𝑣𝑒𝑛𝑡
) + ( 𝑀𝑗 

𝑗

𝑀𝑊𝑀𝑗

𝜌𝑀𝑗

) + (𝜇0  
𝑀𝑛

𝑐𝑢𝑚

𝜌𝑝𝑜𝑙𝑦𝑚𝑒𝑟
) + (𝐼2  

𝑀𝑊𝐼 

𝜌𝐼 
)

⏞      
𝑛𝑒𝑔𝑙𝑖𝑔𝑖𝑏𝑙𝑒

 

Polymer Properties Based on the Moments Definitions 

Composition:  𝐹𝑗
𝑖𝑛𝑠𝑡 =

𝑑𝑀𝑗

𝑑𝑡
( 

𝑑𝑀𝑗

𝑑𝑡
)

−1

  𝐹𝑗
𝑐𝑢𝑚 =

∫𝑟𝑀 
𝑑𝑡

∫ 𝑟𝑀 
𝑑𝑡 + ∫ 𝑟𝑀 

𝑑𝑡
 

𝑀𝑛
𝑖𝑛𝑠𝑡 = ( 𝐹𝑗

𝑖𝑛𝑠𝑡𝑀𝑊𝑗)(
∑
𝑑𝜆1

𝑖

𝑑𝑡
+
𝑑𝜇1
𝑑𝑡

∑
𝑑𝜆0

𝑖

𝑑𝑡
+
𝑑𝜇0
𝑑𝑡

)  𝑀𝑛
𝑐𝑢𝑚 = ( 𝐹𝑗

𝑐𝑢𝑚𝑀𝑊𝑗) (
𝜆1 + 𝜇1
𝜆0 + 𝜇0

) 

𝑀𝑤
𝑖𝑛𝑠𝑡 = ( 𝐹𝑗

𝑖𝑛𝑠𝑡𝑀𝑊𝑗)(
∑
𝑑𝜆2

𝑖

𝑑𝑡
+
𝑑𝜇2
𝑑𝑡

∑
𝑑𝜆1

𝑖

𝑑𝑡
+
𝑑𝜇1
𝑑𝑡

) ≅ ( 𝐹𝑗
𝑖𝑛𝑠𝑡𝑀𝑊𝑗)(

𝑑𝜇2
𝑑𝑡

𝑑𝜇1
𝑑𝑡

⁄ ) 
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Supplementary Information Related to the KMC Optimized Recipes  

 

Figure D1. KMC simulated distributions resulted from the Pattern Search optimization al-
gorithm targeting the weight average molecular weight of 12 kg/mol.  
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Figure D2. KMC simulated distributions resulted from the Pattern Search optimization al-
gorithm targeting the weight average molecular weight of 7.2 kg/mol. 
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Figure D3. KMC optimization outputs from the Particle Swarm optimization algorithm tar-
geting the weight average molecular weight of 12 kg/mol. 
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Figure D4. KMC optimization outputs derived from the Particle Swarm optimization algo-
rithm targeting the weight average molecular weight of 7.2 kg/mol. 
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Figure D5. The optimal feed flowrates derived from the Particle Swarm optimization algo-
rithm (left) with the resulted time-dependent mole fractions of chains (right), targeting the 
weight-average molecular weight of 12 kg/mol. 

 

 

Figure D6. The optimal feed flowrates derived from the Particle Swarm optimization algo-
rithm (left) with the resulted time-dependent mole fractions of chains (right), targeting the 
weight-average molecular weight of 7.2 kg/mol. 
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Table D1. Comparison of the objective function values derived based on Particle Swarm 
and Pattern Search optimization algorithm summarized corresponding to the intervals.  

 Pattern SearchA Particle SwarmB 

Initiator Con-
tent in Recipe 4 mol.% 2 mol.% 4 mol.% 2 mol.% 

Interval Num-
ber 

Objective Function Objective Function 

1 12.5823 12.1008 12.6852 11.9904 

2 1.89421 2.23326 1.71639 1.81705 

3 0.86042 1.07678 0.32037 0.39554 

4 0.85301 0.76585 0.14883 0.23944 

5 0.60898 0.44172 0.07543 0.17469 

6 0.50904 0.33123 0.10947 0.07350 

7 0.45584 0.27007 0.13559 0.12920 

8 0.40408 0.19144 0.13211 0.20692 

9 0.39752 0.16985 0.12803 0.09484 

10 0.26171 0.08801 0.04493 0.05836 

11 0.14408 0.04939 0.05031 0.05990 

12 0.06052 0.05386 0.04223 0.03022 

13 0.04995 0.05437 - 0.03550 

14 0.03328 0.03613 - 0.10780 

15 0.03103 0.04702 - - 

16 - 0.08928 - - 

17 - 0.17434 - - 

Average  

Computa-
tional Time of 
an Interval 

 

73 min 

 

65 min 

 

50 min 

 

62 min 

 

A: In parallel mode on 4-Core Workstation 
B: In parallel mode on 24-Core Cluster Computing Unit  

 
 

 

As described in the main context, the parameter space or the optimizer’s search do-

main is a cube containing the most optimal points with respect to the objective func-

tion. The graphs below partially visualize the objective function evaluation within the 

parameter space at every time interval during the optimization. The blue points are 

the most optimal combination of initiator, monomer, and comonomer for a specific 

starved-interval. It should be noted that although the value of 𝝉 is 6 min, the optimizer 

evaluates 12 min into the future. These objective evaluations are done utilizing the 

cluster computing provided by Queen’s University Center of Advance Computing.  



 

-212- 

 

Figure D7. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol. 

 

Figure D8. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol. 
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Figure D9. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol. 

 

Figure D10. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol.  
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Figure D11. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol. 

 

Figure D12. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol.  
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Figure D13. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol. 

 

Figure D14. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol.  
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Figure D15. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol. 

 

Figure D16. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol. 
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Figure D17. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol. 

 

Figure D18. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol. 
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Figure D19. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol. 

 

Figure D20. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 12 kg/mol. 
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Figure D21. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 7.2 kg/mol. 

 

Figure D22. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 7.2 kg/mol.  
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Figure D23. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 7.2 kg/mol. 

 

Figure D24. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 7.2 kg/mol. 
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Figure D25. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 7.2 kg/mol. 

 

Figure D26. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 7.2 kg/mol.  
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Figure D27. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 7.2 kg/mol. 

 

Figure D28. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 7.2 kg/mol.  
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Figure D29. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 7.2 kg/mol. 

 

Figure D30. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 7.2 kg/mol.  
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Figure D31. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 7.2 kg/mol. 

 

Figure D32. Visualization of the parameter space with respect to the objective function, tar-
geting the weight-average molecular weight of 7.2 kg/mol. 


