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The present study is concerned with the numerical simulation of the pressure-driven flow around a
confined cylinder subjected to a DC electric field. The flow situation differs from the conventional
von Kármán vortex street flow in terms of confinement. Additionally, the DC electric field induces a
very small but finite electrokinetic velocity at the cylinder surface in contrast to the no-slip velocity in
the conventional case. Various numerical simulations are performed in the Laminar Vortex Shedding
Regime to investigate the influence of the confinement and the direction and strength of the electric
field. For flows without electrokinetic manipulation, the blockage ratio shifts the critical Reynolds
number to higher values. Likewise, the dimensionless shedding frequency (Strouhal number) at a given
Reynolds number increases with increasing blockage ratio. For flows with electrokinetic manipulation,
the time that is required to obtain a steady Laminar Vortex Shedding Regime is reduced compared to
the corresponding pure pressure-driven flow. Steady electrokinetic manipulation does not influence
the dimensionless shedding frequency. The reduction of the transient is related to differences in the
flow topologies around the cylinder. The electrokinetic velocity breaks the axial flow symmetry of
the Laminar Steady Regime and therefore accelerates the onset of the Laminar Vortex Shedding
Regime. Published by AIP Publishing. https://doi.org/10.1063/1.5037595

I. INTRODUCTION

Electrokinetic phenomena become important in fluid sys-
tems with a high surface-area-to-volume ratio such as in
microfluidic devices. They arise from the interaction of an
external force with an electric double layer (EDL). An EDL is
formed when an electrically charged surface is in contact with
a liquid containing ions. Counter- and co-ions are attracted
and repelled, respectively. The excess of counter-ions violates
the electric neutrality of the liquid. Hence, an application of
an external electric field induces an electrostatic force in the
EDL. This drives the liquid in the EDL, while the adjacent
(electrically neutral) bulk liquid is dragged by viscous inter-
actions; the so-called electroosmosis or electrokinetic flow
(EKF). To induce a measurable EKF in a channel, its diame-
ter must be roughly less than a millimeter. Hence, EKF is not
only a surface-based phenomenon but also a typical micro-
scale phenomenon. Review on electrokinetic phenomena and
electrokinetic flows is available in Refs. 1–3.

The periodic separation of a flow around a bluff body
is called the von Kármán Vortex Street (KVS) and can be
observed on very different length scales. For example, it is
found in the trails behind ocean islands such as Madeira4 and
wind scrapers and chimneys5 but also on a much smaller length
scale such as in the wake of nuclear fuel rods or heat exchanger
pipes.6 The size (typical length scale) of the bluff body does
not play a role and flows around similar geometries with the

a)Electronic mail: dominik.barz@queensu.ca

same ratio of relevant forces—that is equal Reynolds numbers
Re—share identical characteristics.

The flow topology around the bluff body can vary con-
siderably with the Reynolds number. Here, we give a very
limited overview for the flow around an unbounded cylinder
based on the review of Williamson.7 Note that the ranges are
approximate values. At Re < 5, the streamlines are steady and
symmetric and follow the cylinder geometry. The range of Re
= 5–49 is called Laminar Steady Regime and is characterized
by a steady recirculation area consisting of two symmetric
vortices, placed on each side of the wake, that do not detach
from the cylinder. The flow at Re = 49–194 is called Lami-
nar Vortex Shedding Regime (LVSR). Here, the recirculation
area develops instabilities, initially from the downstream end
of the attached vortex pair, whose strength and amplification
grow as the Reynolds number grows. The wake oscillates peri-
odically, and the vortex shedding is parallel to the cylinder
axis; the flow can be considered as two-dimensional (2D).
This oscillating flow is dominated by a single frequency (or
mode), and the vortex street formation can be placed in the
class of dynamic systems which exhibit Hopf bifurcations.8

At Reynolds numbers higher than around 190, first the wake
and then the shear layer undergo a transition from a laminar to
a turbulent regime. The present work is limited to the LVSR,
and the different forms of the turbulent KVS are therefore not
discussed.

The present research is motivated by the question whether
a DC electric field applied to the EDL around a cylinder
impacts the properties of the KVS. It is very difficult to induce
a sufficiently strong electric field in the vicinity of a cylinder
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without disturbing the flow. We solve this problem by placing
the cylinder in a (mini- or micro)-channel. This has several
advantages: (i) required electric field strengths can be achieved
by incorporation of electrodes in the channel walls and with
realistic parameters; (ii) surface-area-to-volume is sufficient
to induce a small but relevant EKF in the cylinder EDL that
can influence the KVS. We call this electrokinetic manipula-
tion from now on; and (iii) the persevering problem of finding
correct boundary conditions for an unbounded cylinder flow
is avoided.

Vortex separation from a confined cylinder is a well but
mainly numerically investigated problem. Confined flows dif-
fer from their unbounded counterparts because of the shear
in the incoming velocity profile, the shear induced close to
the boundaries, and with the impermeability of the vortices
through the walls.9 The early numerical work of Chen et al.
showed that the critical Reynolds number Recr for the onset
of the Laminar Steady Regime increased with increasing ratio
of cylinder diameter d to channel height h, also called the
blockage ratio ε ≡ d/h. The accompanying eigenvalue compu-
tations predicted that the critical Reynolds number of the LVSR
increases with the blockage ratio up to around 0.5 and then
decreases again.10 Numerical simulations for different posi-
tions of the cylinder along the channel height were performed
by Zovatto and Pedrizzetti. For these asymmetric flows, a
higher critical Reynolds number for the transition from Lam-
inar Steady to LVSR is required.9 Further extensive numer-
ical simulations of a confined cylinder flow in the range of
0.1 ≤ Re ≤ 280 were performed by Sahin and Owens.11

The blockage ratio determines whether the change of critical
Reynolds number corresponds to a Hopf or a pitchfork bifur-
cation. At increased blockage ratio, the flow topology alters
significantly with vortices beginning to shed from both the
cylinder and the confinement walls. Once the critical Reynolds
number for the primary instability has been exceeded, the fre-
quency at which periodic laminar vortex shedding takes place
increases with increasing blockage ratio at a given Reynolds
number. A non-monotonic variation of the critical Reynolds
number with the blockage ratio in the LVSR is computed by
Kumar and Mittal.12 It was found that as the blockage ratio
increases, the critical Reynolds number for the onset of the
instability first decreases and then increases. By contrast, a
monotonic increase of the critical shedding frequency with
increasing blockage ratio was observed. There is very limited
experimental work on the topic. Rehimi et al. measured the
flow field around a confined cylinder with a blockage ratio
of ε = 1/3 using Particle Image Velocimetry. Their results
experimentally confirmed that high blockage ratios change the
topology of the LVSR. Vortices that are shed from the cylin-
der interact with the wall boundary layer and induce another
pair of (counter-rotating) vortices.13 In this regard, Griffith
et al.14 identified an additional rather similar vortex shedding
frequency mode at Re = 300 and ε = 0.5 in their numerical
results. They assume that the second frequency mode is due
to the wall beating, i.e., shedding of wall vortices. However,
these authors performed 2D numerical computations while Re
= 300 is clearly in the transitional (3D) flow regime.

In terms of electrokinetic manipulation of a KVS, we
are not aware of any relevant work in the literature but the

numerical study of Meisel and Ehrhard.15 In their work, an
oscillating electrokinetic flow is induced to generate an artifi-
cial vortex street behind a cylinder. The study was conducted
in the Laminar Steady Regime at Re = 10, where the electroki-
netic flow generates the periodic detachment of the (steady)
vortex pair. By contrast, the present work is carried out in the
LVSR at 50 . Re ≤ 180. Then, the KVS is a natural feature of
the pressure-driven flow and we investigate the influence of a
small and steady (electrokinetic) flow perturbation. In detail,
we perform simulations of a flow around a confined cylinder
for various Reynolds numbers and different blockage ratios
with and without electrokinetic manipulations.

This article is organized as follows. First, the prob-
lem is described and mathematically formulated. Second, we
present simulations concerned with the influence of the block-
age ratio on the vortex shedding of a pure pressure-driven
flow. These results are compared with literature data to val-
idate our methodologies. Third, we present simulations with
different electrokinetic manipulations and analyze the influ-
ence on various properties of the KVS. Some results of the
numerical simulation are explained by means of a scale anal-
ysis and a qualitative linear stability analysis. Finally, the
findings are summarized and useful future investigations are
identified.

II. PROBLEM STATEMENT AND MATHEMATICAL
FORMULATION

In this section, the general features of the flow problem are
described and the computational domain, governing equations,
boundary conditions and the numerical implementation are
specified.

A. Flow configuration

Since all simulations are carried out in the LVSR, the prob-
lem is treated as two-dimensional. The geometry for the flow
problem is given in Fig. 1, where the spatial fluid domain and
boundary i are denoted asΩ and ∂Ωi, respectively. The geom-
etry consists of an infinitely long cylinder of diameter d that is
symmetrically placed in a plane channel of height h. The cylin-
der is located at a distance of 2h and 8h to the channel inlet
and outlet, respectively. Preliminary computations show that
this position allows for the use of a fully developed laminar
flow profile as an inlet boundary condition. Likewise, we find
no influence of the outlet boundary condition on the formation
of the KVS. Two electrodes are located at the channel walls
in vicinity to the cylinder which allow spanning up an elec-
tric field. This induces an electrokinetic flow at the cylinder
interface. Note that the position and size of the electrodes are

FIG. 1. Schematic of the simulation domain for the confined flow around
a cylinder with an exemplary local wall-tangential and -normal coordinate
system. Gray lines indicate electrodes whose positions are varied in this study.
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varied to investigate the influence of different electrokinetic
manipulations.

B. Mathematical formulation

We use the following notation: all independent (time
and length) and dependent (velocities, pressure, and electric
potential) variables have a ∼ symbol if they have a physical
dimension, otherwise they are dimensionless. The numerical
simulation requires the solution of the momentum transport
and the electric potential in the domain. Here, the problem
arises that the EDL thickness is usually several magnitudes
of order smaller than the channel diameter. A first-principle
treatment would be very expensive, and we therefore apply
the method of matched asymptotic expansions to reduce the
numerical costs; the detailed derivation and verification of the
model are published elsewhere in Ref. 16.

The governing equations are related to a local tangential
and normal coordinate system x = (x1, x2)T with the origin
at the channel wall. The full model comprises the Poisson
equation for the electric potential ϕ. The flow u = (u1, u2)T

and pressure p field of the incompressible Newtonian liquid
is described by the time dependent Navier-Stokes equations
extended by an electrostatic force term. The variables are non-
dimensionalized with the electric potential scale ϕ0, maximum
velocity amplitude u0 of the pressure-driven flow, viscous pres-
sure scale p0 = µu0/d0, convective time scale t0, and the channel
height h. The simulation domain can be divided into two sub-
domains distinguished by whether an electrostatic force acts
on the liquid or not; i.e., the electrically neutral bulk liquid and
the electrically charged EDL. We find approximate analytical
solutions for electric potential, flow, and pressure within the
EDL, cf. Ref. 16. These solutions are converted into (tran-
sition) boundary conditions for the electrically neutral bulk
liquid which has to be solved numerically. In other words,
the simulation domain is bounded by the transition of neutral
liquid and EDL and not by the channel wall.

In detail, the electric potential is governed by the Laplace
equation in conjunction with a Neumann boundary condition
that is applied at all boundaries but the electrodes; i.e.,

∆ϕ ' 0 in Ω, (1)

∂x2ϕ ' 0 on ∂Ωw , ∂Ωc, ∂Ωin, ∂Ωout . (2)

At the electrodes, we prescribe Dirichlet conditions:

ϕ = Const. on ∂Ωet , ∂Ωeb. (3)

The governing equations of the flow field are the standard
incompressible Navier-Stokes and continuity equation

∇ · u = 0 in Ω, (4)

Rech(∂tu + (u · ∇)u) − ∆u + ∇p = 0 in Ω, (5)

where Rech =
u0h
ν

is the channel Reynolds number and ν is the

kinematic viscosity of the fluid. In the present case, having an
internal flow through the channel and an external flow around
the cylinder, both the channel and the cylinder Reynolds num-
ber Re = εRech describe the flow problem adequately. The
corresponding boundary conditions at the cylinder and channel

(EDL to bulk liquid) interface are

u ' −Π (∂x1ϕ, 0)T on ∂Ωc, ∂Ωw , (6)

∂x2 p ' 0 on ∂Ωc, ∂Ωw . (7)

The dimensionless group Π =
lDqζϕ0

u0hµ
can be interpreted as

the ratio of electric to viscous forces, where µ denotes the
liquid dynamic viscosity, lD denotes the Debye length, and
qζ denotes the charge density at the shear layer of the EDL.
Note that not only parameters like the charge density but
also the electric field distribution depends on the properties
of the channel material. Assuming common parameters for
water paired with a dielectric substrate such as glass having a
surface charge that does not arise from (electric) polarization
(qζ = 3.3 × 10−4 C/m2, lD = 210 nm, µ = 0.001 Pa s), we com-
pute thatΠ = 0.014 is a typical ratio of electric to viscous forces
in our problem. This value already indicates that we use only
small perturbations to influence the flow. The required poten-
tial differences between the electrodes are then of the order of
magnitude of 10 V for a channel of 1 mm height. To summarise,
any wall-tangential component of an electric field E = −∇ϕ at
the cylinder (EDL to bulk liquid) interface leads to a finite
velocity boundary condition. Note that this condition also ful-
fills the no-slip condition if there is no tangential component
of the electric field which is essentially the case for all wetted
boundaries but the cylinder. Any wall-normal component of an
electric field leads to a pressure change over the thickness of
the EDL, cf. Ref. 16. The resulting boundary condition at the
interface between EDL and electrically neutral bulk liquid is a
constant pressure in the normal direction which still depends
on the tangential coordinate; numerically we use the corre-
sponding Neumann condition. Finally, for the inlet boundary
we use a fully developed laminar flow profile while a constant
pressure along with no viscous stress boundary condition is
implemented at the outlet, which is

u −
(
0, 4(1/4 − x2

1)
)T
= 0 on ∂Ωin, (8)

p = 0,
(
∇u + ∇(u)T

)
n = 0 on ∂Ωout . (9)

All simulations start with a fluid at rest as an initial condi-
tion. If there is an electrokinetic manipulation, we ramp up the
influence of the electric field so that the maximum is achieved
at t = 0.1. For the characterization of the vortex shedding
regime, a dimensionless frequency, commonly referred to as
the Strouhal number, is used

St =
f̃ d
u0

, (10)

where f̃ is the dimensional frequency of the alternating shed-
ding vortices. To determine the vortex shedding frequency, it
is very common to analyze the lift coefficient

cL =
2|FL |

ρu2
0d
=

2|∮p̃ n ∂Ωc |

ρu2
0d

(11)

or the drag coefficient

cD =
2|FD |

ρu2
0d
=

2|∮(p̃ + τ̃w) t ∂Ωc |

ρu2
0d

, (12)
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where the pressure distribution and the shear stress τ̃w at the
cylinder interface are required. However, the EDL thickness in
the present numerical simulations is neglected. The pressure
in the EDL corresponds to the sum of the pressure at the transi-
tion and an additional electrically induced pressure according

to pEDL ' p(x1, 0) +
q2
ζ h

2u0µε
exp
(
−2 h
lD

x2

)
, where ε is the liquid

permittivity.16 This additional pressure term does neither con-
tribute to the lift nor to the drag force since its integration along
a cylinder interface is zero.

C. Simulation methodology

Calculations are performed on a Dell Precision Tower
5810 workstation equipped with 1 Quad-core Intel Xeon
E5-1620 v4 (3.5 GHz) CPU and 16 GB of main mem-
ory. The governing equations and corresponding boundary
conditions are implemented in the Finite Element Method
software COMSOL Multiphysics version 4.3b/5.0. To solve
the dimensionless model, we adjust the parameters of the
implemented dimensional equations by replacing the density
with the Reynolds number, set the viscosity to unity, etc.
The geometry as given in Fig. 1 is discretized with a reg-
ular mesh of quadrilateral elements. In detail, an O-grid is
used around the cylinder and all meshes are refined in the
vicinity of the boundaries to accurately resolve the enhanced
gradients of the flow field. Additionally, the length (aspect
ratios) of the elements is varied along the channel with a
decreasing length in the vicinity of the cylinder, while the
element length increases in the downstream direction. For
the fluid flow, a P2 + P1 scheme is applied for the dis-
cretization of the conservation equations by Galerkin’s method
with quadratic and linear functions to interpolate velocity and
pressure distributions in the elements, respectively. Quadratic
elements are used for the governing equation of the electric
potential.

There is a one-way coupling of electric potential and
flow field. Therefore, the simulation process is divided into
two steps. First, the steady solution of the electric poten-
tial is computed which is then used to compute the bound-
ary conditions of the flow field. For both steps, a direct
solver is chosen. The stationary step is solved with the
MUMPS (multifrontal massively sparse direct solver) algo-
rithm,17 while the time dependent step uses the PARDISO
(parallel sparse direct linear solver) algorithm.18 The implicit
second order backward differentiation formula (BDF)19 with
a upper limit time step of t = 0.01 is used as a time stepping
method.

Convergence of the solution at all time steps is achieved
when the Root Mean Square of the residuum, summed up over
all equations, remains less than 10−4. Note that per default, the
streamline and crosswind diffusion are enabled in COMSOL
for the sake of faster convergence. These stabilization meth-
ods result in dampening of instabilities and have to be disabled.
Mesh independency studies are performed and we refine the
mesh until a 10% increase of the element number changes the
Strouhal number of the vortex shedding by less than 0.2%,
which is a good compromise between accuracy and compu-
tational costs. Typically, such a mesh has more than 100 000
degrees-of-freedom.

III. RESULTS AND DISCUSSION

Section III is divided in two subsections. First, we present
results for a pure pressure-driven flow around a confined cylin-
der which serves as validation of the numerical methodology.
Next, we discuss results where the confined cylinder flow is
subjected to a steady electric field that induces an additional
electrokinetic flow. All simulations are performed in the 2D
Laminar Vortex Shedding Regime for representative block-
age ratios of ε = 0.1, 0.3, and 0.5. We also perform a scale
analysis to obtain further fundamental insight into the flow
phenomena. All Strouhal numbers are based on a Fast Fourier
Transformation Analysis (FFT) of the lift coefficient unless
otherwise indicated.

A. Pressure-driven flow around a confined cylinder

Simulations of a pure pressure-driven flow are performed
with the aim to infer the critical Reynolds number and the
correlation between Reynolds and Strouhal number.

1. Critical Reynolds number

The first computations aim to infer the critical Reynolds
number Recr , for a given blockage ratio ε, where vortex shed-
ding is observed. Table I summarizes the computed critical
Reynolds and the corresponding (critical) Strouhal number
Stcr along with the data reported by Chen et al.10 and Sahin
and Owens.11 In their work, the critical Reynolds numbers are
inferred by solving the generalized eigenvalue problem of a
linear stability analysis.

The critical Reynolds number of an unconfined flow
(ε = 0) was experimentally found by Williamson20 to be
Recr = 48.33. We observe vortex shedding for Recr = 51.25 for
the small confinement of ε = 0.1. This shift to a higher value
can clearly be explained by a damping effect due to the chan-
nel walls. In general, we observe that the higher the blockage
ratio, the higher the critical Reynolds number. There is a very
good agreement of the Recr values computed in this work and
those reported in the literature. Generally, we find values very
close to or somewhat less than those of Chen et al.10 The dif-
ference to the values of Sahin and Owen11 is always less than
1%. The comparison of the corresponding critical Strouhal
numbers Stcr also shows a very good agreement; though the
maximum deviation is at 1.7% somewhat higher. This is prob-
ably related to the FFT where the resolution of the frequency
depends on the sample number of the data set and on the imple-
mented algorithm. Note that there is strong indication that we
can compute critical Reynolds numbers closer or even identical

TABLE I. Comparison of the computed critical Reynolds and Strouhal
numbers with the literature.

Critical number ε Sahin and Owens11 Chen et al.10 This work

Recr 0.1 50.75 51.77 51.25
Stcr 0.121 0.112 0.119

Recr 0.3 94.40 94.85 95.00
Stcr 0.209 0.209 0.210

Recr 0.5 123.75 124.58 124.50
Stcr 0.339 0.338 0.341
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to the values of Sahin and Owen.11 For example, our simula-
tion at Re = 50.75 and ε = 0.1 features a monotonic increase
of the lift coefficient amplitude over time. However, even after
a 100 000 time steps (t = 1000) we do not observe the shed-
ding of the vortices. Based on other results, we extrapolate that
roughly a time of t ∼ 10 000 is required for the establishment
of a fully developed KVS at this Reynolds number. This is not
practical for this work since it is not concerned with improv-
ing the accuracy of Recr values reported in the literature. To
summarize, our numerical methods are able to reproduce the
onset of the KVS with a very good accuracy.

2. Strouhal number versus Reynolds number

Further investigations are performed to infer the correla-
tion between Strouhal and Reynolds numbers in the LVSR for
different blockage ratios. To get some fundamental insights, a
scale analysis of the wake flow is conducted first. For the sake
of simplicity, we use dimensional variables. In terms of an
unconfined flow, we partly follow the methodology of Dowell
and Jaworski21 and assume that the fully developed KVS can
be expressed with a steady base flow (super indexed ′) and a
perturbation (super indexed ′′) of the base flow. Thus, the axial
and normal scalar velocity and the pressure are

ũ1 = ũ′1 + ũ′′1 , ũ2 = ũ′2, p̃ = p̃′ + p̃′′. (13)

A homogeneous scaling is introduced, where all (dimen-
sional) spatial and time derivatives are assumed to be of the
following order:

∂

∂x̃1
,
∂

∂x̃2
∼

1
d

,
∂

∂ t̃
∼ f̃ . (14)

Relations (13) and (14) are introduced in the (dimen-
sional) equation of the axial momentum transport, and it is
further assumed that the unconfined base flow velocity ũ1

′

is similar to the convective velocity scale u0. We first com-
pare the viscous and the convective terms. It turns out that for
the Reynolds number range of interest, the viscous term can
be neglected. Comparing the transient term with a convective
term results in

f̃ d
u0
≡ St ∼ 1, (15)

if O(ũ′′1 ) ≤ O(u0) which is always the case as we can see in
the numerical results.

In terms of a confined flow, we realize that the maximum
velocity in the vicinity of the cylinder can be quite different
compared to the convective velocity scale (inlet flow ampli-
tude). Hence, we introduce the gap velocity uε ∼ u0/(1 − ε)
and repeat the scale analysis in a similar manner as for the
unconfined flow but using the gap velocity. Then, the Strouhal
number of the confined cylinder flow is similar to

St ∼
1

1 − ε
. (16)

We perform a set of simulations to infer the correlation
between Strouhal and Reynolds numbers in the LVSR for dif-
ferent blockage ratios. Figure 2 summarizes the simulation
results and compares them to the experiments of Williamson20

for ε = 0 as well as to Recr computed by Sahin and Owens11

(vertical dashed lines). For a constant Reynolds number and
an increasing blockage ratio, the Strouhal number noticeably

FIG. 2. Strouhal number versus the Reynolds number. Comparison of the
present study (solid markers) with experiments of Williamson20 (+marker)
for an unconfined pressure-driven flow. Connection between data points are
guides for the eyes. Vertical lines indicate critical Reynolds numbers as
computed by Sahin and Owens.11

increases. Given a constant blockage ratio, there is only a
relatively small increase of the Strouhal number when the
Reynolds number increases. This small increase is more pro-
nounced for the lowest blockage ratio of ε = 0.1, while for
ε = 0.3 and 0.5 the Strouhal number remains almost constant.
The comparison with the experimental data for ε = 0 clari-
fies that even the small confinement of ε = 0.1 results in a
higher critical Reynolds number. The difference between the
Strouhal numbers is relatively small with the unconfined flow
being shifted to slightly higher values; the maximum differ-
ence is only around 3%. Our computations also show a good
agreement with some of the results of Griffith et al.14 (data not
shown). These authors also performed 2D computations of
the flow past a confined cylinder and infer the Strouhal num-
ber of the vortex detachment as a function of the Reynolds
number. The deviations between the Strouhal numbers, for a
given Reynolds number, in that work and ours are around or
less than 2%. However, in that work considerably lower crit-
ical Reynolds numbers for the blockage ratios of ε = 0.3 and
0.5 are reported compared to Refs. 10 and 11 and the present
work.

If we quantitatively compare the results of scale analy-
sis and computations, there is only moderate agreement. The
computed Strouhal numbers are rather O(St) = 0.1, while the
scale analysis predicts O(St) = 1. Nevertheless, in terms of
qualitative agreement the scale analysis reflects the simula-
tion results very well: On the one hand, the Strouhal number
is mainly independent of the Reynolds number. That is, the
order of magnitude of the Strouhal number is constant within
a Reynolds number range having a constant order of mag-
nitude. On the other hand, a plot of the computed Strouhal
number versus the blockage ratio at a given Reynolds num-
ber (not shown) recovers a proportionality which is similar to
1/(1 − ε).

To summarize, we find a very good agreement between
the (critical) Reynolds and Strouhal numbers computed in this
work and those reported in Refs. 10, 11, and 14 confirming the
choice of the numerical schemes and parameters. Simulation
results show that the confinement increases the dimensionless
vortex shedding frequency, while a scale analysis clarifies that
this is related to increased gap velocity around the cylinder.
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B. Electrokinetic manipulation with a DC
electric field

Next, we investigate the influence of a DC electric field
acting on the cylinder. It is hypothesized that the induced
electrokinetic manipulation in the vicinity of the cylinder
influences the properties of the vortex shedding. First, we
introduce the different investigated electrode configurations
and discuss their influence on the flow topology around the
cylinder. Then, we analyze the lift coefficient cL and the drag
coefficient cD since they are integrals of the local shear and
pressure forces that act in parallel and normal direction to
the cylinder surface. Finally, the influence of the electroki-
netic manipulations on the vorticity in the cylinder wake is
investigated.

1. Electrical configurations and resulting
manipulations

Figure 3 comprises the three general electrode config-
urations that we investigate where the upper row illustrates
the different position of the electrodes (black bars) relative
to the cylinder. Note that we also vary the electrode polarity
so that the electric field changes its direction. The lower row
shows the electric field distribution resulting from numerical
simulations. For the sake of a better description, we intro-
duce an angular coordinate α starting from the front of the
cylinder in the clockwise direction. Hence, the indicated posi-
tions I, II, III, and IV correspond to an angle of 0◦, 90◦, 180◦,
and 270◦, respectively. In detail, Fig. 3(a) gives the config-
uration S1 where the electrode centers are aligned with the
vertical cylinder centerline. The electrode polarity is chosen
such that the induced electric field points mainly upwards; this
configuration is accordingly labeled S1U in this manuscript.
Here, the highest electric field strengths can be found at cylin-
der position I and III, while the lowest field strengths are
at II and IV. Recall that the induced electrokinetic flow at
the cylinder surface is directly proportional to the electric
field, cf. Eq. (6). For a pure pressure driven flow, locations
I and III correspond to the forward and rear stagnation point,
respectively. In the present case, we find the strongest elec-
trokinetic manipulation there while there is no electrokinetic
flow at II and IV. In other words, the electrokinetic stagna-
tion points are shifted for 90◦ compared to the pressure-driven

stagnation points. Eventually, it is easier to interpret the influ-
ence of the electric field distributions on the cylinder when they
are expressed by an equivalent (integral) electrostatic force
Fe = q∮E∂Ωc. In the present case where the field is symmetric
with respect to the vertical cylinder centerline, the resulting
equivalent electrostatic force solely acts on the cylinder in the
vertical direction.

Figure 3(b) shows a sketch of configuration S2 where the
electrodes are displaced along the channel wall so that the inner
electrode edges align with the vertical cylinder centerline. Two
different polarities are investigated for this electrode configu-
ration. Configuration S2D is the polarity where the resulting
electric field goes from the upper electrode down to the lower
electrode. The polarity with the field in the opposite (up) direc-
tion is accordingly labeled S2U. The electric field distribution
for case S2D indicates that the electrokinetic stagnation points
are shifted around 45◦ compared to the pressure-driven stagna-
tion points. Case S2U is equal in terms of distribution but the
field is in the reverse direction. In contrast to the previous case
S1, the equivalent electrostatic force acting on the cylinder has
components in vertical and horizontal directions. The horizon-
tal component points in the down- and upstream direction for
electrokinetic manipulation S2D and S2U, respectively.

Figure 3(c) sketches the electrode configuration S3 where
electrodes are virtually positioned at the channel in- and out-
let. That is, we just prescribe respective potentials at ∂Ωin,
∂Ωout , but there is no influence on the flow field. Such config-
urations can be realized by immersion of the electrodes in the
reservoirs that are connected to the channel in order to supply
and collect the liquid. The two different electrode polarities
that are investigated result in electric fields that point mainly
in the down- (S3D) or upstream (S3U) direction. Then, the
electrokinetic stagnation points for both configurations coin-
cide with the pressure-driven stagnation points. It is obvious
that the electric field distribution in both cases is symmet-
ric with respect to the horizontal cylinder centerline. Thus,
the equivalent electrostatic force has no vertical component
and acts solely in the downstream (S3D) or upstream (S3U)
direction.

Additionally, we observe that all configurations induce
electrokinetic flows close to the separation points which are
roughly located at 130◦ and 230◦ for the conventional LVSR.
However, some electrode configurations equally influence

FIG. 3. Sketch of electrode positions
(upper row) and resulting electric field
distributions (lower row): (a) Configu-
ration S1 where electrode centers are
aligned with the vertical cylinder center-
line; (b) Configuration S2 where elec-
trode centers are out of alignment;
(c) Configuration S3 where electrodes
are (virtually) located at the channel
inlet and outlet, respectively.
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both separation points, while others manipulate mainly one.
For example, S3D induces similar electrokinetic flows at the
upper and at the lower separation point. By contrast, case S2D
induces a considerable electrokinetic velocity at the upper sep-
aration point, but there is practically no electrokinetic flow at
the lower one.

Figure 4 shows the shear stresses along the cylinder
perimeter for a flow with Re = 60, Π = 0.014, and ε = 0.1
without and with different electrokinetic manipulations. We
choose early simulation times around τ ≈ 5, where the ampli-
tude of the developing lift coefficient is zero and the vortices
have not yet detached from the cylinder. In other words, the
flow is still in a “temporary” Laminar Steady Regime while
transitioning to the LVSR. This situation allows for an insight
into how the electrokinetic manipulation influences the flow
topology around the cylinder and the development of the VKS.
In detail, part (a) shows the wall shear stress at the cylinder sur-
face for the pure pressure driven flow. It is right away obvious
that the shear stress distribution is symmetric with respect to
the horizontal centerline of the channel. The wall shear stress is
zero at the forward and rear stagnation point and rises to a max-
imum at around 50◦ and 310◦. There are two other locations
at 120◦ and 240◦ with zero shear stress indicating the loca-
tions (saddle points) where the counter-rotating recirculation
flow in the rear meets the downstream flow. Figure 4(b) reveals
the influence of the different electrokinetic manipulations on
the wall shear stress. For the sake of a better illustration, we
solely focus on the rear of the cylinder. This is also the region
with the highest influence of the manipulation since there are
the lowest (pressure-driven) flow velocities. Inspection of the
figure clarifies that all cases with a vertical equivalent electric
field component (S1U, S2D, and S2U) have a nonsymmet-
ric wall shear stress distribution. It is noteworthy that S1U,
having the equivalent electrostatic force only in the vertical
direction, features a rear stagnation point at 183◦ with a zero
wall shear stress, while the others have finite minimum values.
All electrokinetic manipulations with a sole equivalent electro-
static force in the horizontal direction (S3D and S3U) maintain
the symmetry but do not have a location with zero wall shear
stress.

Next, we inspect the flow topologies in the vicinity of the
cylinder for the same conditions as for Fig. 4. For this purpose,

we compute instantaneous streamlines where we always use
the same (seeding) procedure so that differences in topology
are only related to the different electrokinetic manipulations.
Figure 5(a) shows the flow topology of the pure pressure-driven
flow (NF). At these conditions, the flow field, like the wall shear
stress, is symmetric with respect to the horizontal centerline of
the channel. We clearly identify the forward stagnation point I
where the flow symmetrically branches. The streamlines fol-
low the cylinder geometry until they meet at the separation
points, located at around α = 115◦ and 205◦, with those of
the counter-rotating recirculation zone and separate from the
cylinder. In the cylinder wake, the fluid is transported along
the horizontal centerline toward the rear stagnation point III.
From there, the flow branches and the streamlines follow the
cylinder geometry toward the separation points.

Figure 5(b) shows the flow topology for the same pressure-
driven flow with the additional electrokinetic manipulation
S1U; the corresponding electrokinetic flow can be qualita-
tively inferred from Fig. 3(a). There are distinct differences
compared to the pure pressure-driven flow. As can be seen
at the front and rear stagnation points, the electrokinetic flow
breaks the symmetry of the streamlines which is present for
a pure pressure-driven flow prior to vortex shedding. In other
words, streamlines originating from the upper channel half
cross the horizontal (symmetry-) centerline and move into the
lower channel half. This asymmetry is more pronounced, as
discussed above for the wall shear stress, and the streamlines
are more distorted at the rear stagnation point. We also observe
that this electrokinetic manipulation influences both separation
points by inducing electrokinetic flow in the direction of −α.
Inspection of the flow topologies of cases S2D and S2U, given
in Figs. 5(c) and 5(d), indicates that these manipulations break
the (initial) flow symmetry as well. Close to the stagnation
points, the fluid is pulled across the channel centerline in the
upper or lower direction depending on the direction of the elec-
tric field. We note that this displaced electrode arrangement,
for either the electric field direction, influences mainly the flow
topology at the upper separation point since the lower one is
close to the electrokinetic stagnation point.

By contrast, both electrokinetic manipulations S3D and
S3U maintain the early-on flow symmetry as can be seen in
Figs. 5(e) and 5(f). Nevertheless, a detailed inspection reveals

FIG. 4. Wall shear stress at the cylinder before vortex shedding at Re = 60, Π = 0.014, and ε = 0.1: (a) Distribution along the entire cylinder perimeter for case
NF (no electric field) and (b) distribution in the rear of the cylinder for cases NF, S1U (aligned electrodes, field up), S2D (displaced electrodes, field down), S2U
(displaced electrodes, field up), S3D (field downstream), and S3U (field upstream).
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FIG. 5. Instantaneous streamlines close to the cylinder surface before vortex shedding at Re = 60,Π = 0.014, and ε = 0.1 for different electrokinetic manipulations:
(a) NF (no electric field); (b) S1U (aligned electrodes, field up); (c) S2D (displaced electrodes, field down); (d) S2U (displaced electrodes, field up); (e) S3D
(field downstream); (f) S3U (field upstream). The insets are magnifications of the forward stagnation point I.

that there is a difference in terms of the flow topology close
to the separation points. In contrast to the displaced elec-
trode configuration, the upper and lower separation point is
equally influenced. For manipulation S3D, the electric field in
the downstream direction shifts both separation points toward
the rear stagnation point. By contrast, the upstream-directed
electric field in case S3U results in a shift toward the front stag-
nation point. Eventually, the comparison of all flow topologies
confirms and expands the findings of the wall shear stress.
Only electric field distributions which induce an equivalent
electrostatic force with a component in the vertical direction
break the initial flow symmetry. Nevertheless, we can still
expect deviations in the KVS characteristics between config-
urations with maintained symmetry since the separation and
rear stagnation points (cf. discussion wall shear stress) are
influenced.

2. Lift coefficient

The vertical force component resulting from the pressure
distribution around the cylinder, commonly referred to as the
lift coefficient, is extracted from the simulation results using
Eq. (11).

Figure 6 shows the temporal evolutions of the lift coeffi-
cient for a confined flow of Re = 60 and ε = 0.1 and for different
electrokinetic manipulations. In detail, Fig. 6(a) shows the lift
coefficient for the case NF without electrokinetic manipula-
tion. The lift coefficient amplitude slowly increases over time
until a steady state oscillation is achieved. The oscillations
for the different electrokinetic manipulations depicted in parts
(b)–(f) have quite diverse appearances compared to the pure
pressure-driven flow. Directly obvious is that all manipulations
resulting in a vertical equivalent electrostatic force component
shift the oscillation to higher or lower values depending on the
electrode polarity. This is understood since the lift coefficient
represents forces in the perpendicular direction to the main
flow.

To obtain a better comparability, we compute integral
characteristic parameters of the lift coefficient oscillation. It
turns out that the evolution of the amplitude can be fitted to

the logistic function α0+α1/(1 + α2 exp(−α3t)) with very high
accuracy. Here, α0 and α1 correspond to the average and the
amplitude of the steady-state oscillation, respectively. We use
the point of intersection of the tangent of the inflection point
and the tangent of the steady-state amplitude to infer the char-
acteristic (settling) time ts of the oscillation. Starting from a
fluid at rest, this is the time that it takes until the KVS is fully
developed as indicated by a constant lift coefficient amplitude
and frequency.

The regression and characteristic parameters for all cases
depicted in Fig. 6 are summarized in Table II. The electroki-
netic manipulation has a strong impact on the settling time of
the oscillation. For example, while the settling time of the pure
pressure-driven flow is ts = 26.4, the electrokinetic manipula-
tion S1U reduces it to 13.9. A more detailed inspection reveals
that only manipulations featuring a vertical equivalent electro-
static force component reduce the settling time. That is, the
cases S1U, S2U, and S2D where we also observe the symme-
try breaking of the initial flow around the cylinder as discussed
in Sec. III B 1. By contrast, when the equivalent electrostatic
force is solely directed in the horizontal direction (symmetry
maintained), the settling time is similar (S3U) or considerably
higher (S3D).

The inspection of the amplitude of the steady state oscil-
lation reveals a more complex behavior. The cases with the
pure pressure driven flow NF and the manipulation S1U,
with the equivalent electrostatic force only in the vertical
direction, have practically the same amplitude. Comparison
of S2D and S2U indicates a respective amplitude shift of
−0.007 and 0.008 compared to the case NF. Similar behav-
ior is found for case S3D and S3U having a shift of −0.02
and 0.02, respectively. The magnitude and the sign of the
shifts clarify that the lift coefficient amplitude is solely trig-
gered by the horizontal equivalent electrostatic force com-
ponent. Finally, comparison of the Strouhal number of the
steady state lift coefficient oscillations shows that there is no
influence of the electrokinetic manipulation. The very minor
differences are probably related to the limited accuracy of
the FFT.
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FIG. 6. Lift coefficient versus time for a flow with ε = 0.1, Π = 0.014, and Re = 60 for different electrokinetic manipulations: (a) NF (no electric field); (b) S1U
(aligned electrodes, field up); (c) S2D (displaced electrodes, field down); (d) S2U (displaced electrodes, field up); (e) S3D (field downstream); (e) S3U (field
upstream).

To summarize, electrokinetic manipulations with a ver-
tical equivalent electrostatic force component, that break the
initial symmetry of the flow around the cylinder, consider-
ably reduce the settling time compared to the pure pressure-
driven flow and also shift the oscillation on the y-axis. By
contrast, the magnitude of the steady state oscillation ampli-
tude is only influenced by the horizontal equivalent electro-
static force component. There is no correlation between the
shedding frequency and the application of the DC electric
field.

These results demonstrate that small perturbations
profoundly influence the transient and the steady state
characteristics of the KVS. A natural question arises—when
is the perturbation too small to have an impact? Hence, we
perform further simulations for a flow with Re = 60, ε = 0.1,
and the electrokinetic manipulation S2U where we vary the

TABLE II. Regression parameters, settling time, (steady-state) amplitude,
and Strouhal number of the lift coefficient oscillation for different electroki-
netic manipulations at Re = 60, Π = 0.014, and ε = 0.1.

Electrode configuration NF S1U S2D S2U S3D S3U

α0 0.000 0.037 �0.027 0.028 0.000 0.000
α2/105 2.537 0.003 0.006 0.008 20.306 28.163
α3 0.547 0.541 0.530 0.615 0.447 0.630
ts 26.4 13.9 15.7 14.2 36.9 26.7
ĉL(α1) 0.113 0.112 0.106 0.121 0.093 0.133
St 0.132 0.131 0.132 0.132 0.132 0.131

value of the Π group. The results are given in Fig. 7 in the
form of relative settling times, i.e., with respect to the set-
tling time of the corresponding pure pressure-driven flow with
Π = 0. As expected, these simulations show that the impact
on the settling time decreases when the Π group—the ratio of
electric to viscous forces—decreases. However, it can be seen
that there is still a noticeable influence for small and even very
small values of the Π group. A manipulation with Π ≈ 0.001
considerably reduces the relative settling time to around 0.8.
Even for a value of Π ≈ 5 × 10−5, a noticeable reduction to
0.95 is computed.

We further investigate the influence of the Reynolds num-
ber, blockage ratio, and electrokinetic manipulation on the
settling time but restrict the simulations to the cases NF, S1U,
S2D, and S2U. Figure 8(a) illustrates the settling times of a

FIG. 7. Relative settling time versus Π group for a flow with Re = 60,
ε = 0.1, and electrokinetic manipulation S2U. The line is guide to the eyes.
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FIG. 8. Settling time of the lift coeffi-
cient versus Reynolds number: (a) abso-
lute settling time for pure pressure-
driven flow (NF); relative (to NF) set-
tling time for different electrokinetic
manipulations with Π = 0.014 and for
blockage ratios ε of (b) 0.1, (c) 0.3, and
(d) 0.5. Lines are guides to the eyes.

pressure-driven flow (NF) with different Reynolds numbers
and blockage ratios. For a given blockage ratio, we observe
that the highest settling times are observed close to the critical
Reynolds number. When the Reynolds number increases, the
settling time significantly decreases. The variation spans three
orders of magnitude. We further observe that for a constant
Reynolds number, the settling time increases with the increase
of the blockage ratio.

Figure 8(b) depicts the influence of the different electroki-
netic manipulations on the settling time for flows with the
blockage ratio ε = 0.1. To facilitate the interpretation, we give
relative settling times by scaling the results with the respec-
tive settling time of the pure pressure-driven flow. We observe
that all electrokinetic manipulations considerably reduce the
settling time over the entire Reynolds number regime. Here,
configuration S1U has the highest impact resulting in the low-
est relative settling times compared to the other manipulations.
For cases S1U and S2D, we find a continuous increase of the
relative settling time when the Reynolds number increases.
For case S1D, however, a local minimum around Re ≈ 55 is
observed indicating a damping by this electrokinetic manipu-
lation at very low Reynolds numbers of the LVSR. Indeed,
here we do not observe an onset of the KVS at Reynolds
numbers close to the critical one. For example, when we ana-
lyze the transient lift coefficient for manipulation S1D and
Re = 51.25 (not shown), we observe that the amplitude
approaches a maximum relatively early and then asymptoti-
cally decreases over time. No vortex detachment is observed,
even after very long simulation times, and it seems that the
critical Reynolds number is increased by this manipulation.
For now, we abstain from further investigations of this phe-
nomenon since the computational cost to determine the critical
Reynolds numbers is very high. Nevertheless, this is in stark
contrast to the other cases S1U and S2U where the relative set-
tling time is consistently decreasing with decreasing Reynolds

number. For example, at Re = 51.25, the electrokinetic manip-
ulation S2U reduces the settling time to 17% of the respective
pressure-driven flow. Moreover, further computations for S2U
reveal an onset of the KVS at a value of Re = 50 which is
below the critical Reynolds number computed by Sahin and
Owens.11

Figure 8(c) shows the relative settling times for the block-
age ratio ε = 0.3. Any electrokinetic manipulation reduces
the relative settling time over the entire Reynolds number
range. There is again a minimum for case S2D, and the rela-
tive settling time increases again when the Reynolds number
approaches the critical values. Generally, we observe simi-
lar behavior as for the less confined flow but the influence at
higher Reynolds numbers is more pronounced and results in
somewhat lower relative settling times.

Finally, Fig. 8(d) shows the relative settling times for
flows with ε = 0.5. In contrast to the other confinements,
all electrokinetic manipulations reveal a minimum settling
time close to the critical Reynolds number. Manipulation
S2D even features a relative settling time larger than one.
In other words, it takes longer than the corresponding flow
without electrokinetic manipulation. This shows that the same
small perturbation can, depending on the Reynolds num-
ber, accelerate or damp the temporal evolution of the VKS.
Generally, we assume that for all cases with a minimum,
an explicit damping with values larger than one could be
computed. However, these computations take a very long
time and are based on guesses of the respective Reynolds
numbers.

We also investigate the influence of the electrokinetic
manipulation and the blockage ratio on the amplitude of the
steady state lift coefficient oscillation. The results are compiled
in Fig. 9 where part (a) shows the influence of the Reynolds
number and blockage ratio on the pure pressure-driven flow
(NF). For a constant blockage ratio, the amplitude increases as
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FIG. 9. Steady state amplitude of the
lift coefficient versus Reynolds num-
ber for different electrokinetic manipu-
lations and blockage ratios: (a) absolute
amplitude for pure pressure-driven flow
(NF); relative (to NF) amplitude for dif-
ferent electrokinetic manipulations with
Π = 0.014 and blockage ratios ε of
(b) 0.1, (c) 0.3, and (d) 0.5.

the Reynolds number increases. For a constant Reynolds num-
ber, there is a decrease of the amplitude when the blockage
ratio increases which can be attributed to the damping effect
of the confinement. Part (b) compares the influence of the dif-
ferent electrokinetic manipulations at ε = 0.1 in the form of
relative lift amplitudes. That is, the amplitudes are scaled with
those of the pure pressure-driven flow at the same Reynolds
number. While for higher Reynolds numbers, the influence of
the different electrokinetic manipulations is getting very small,
there can be distinct differences close to the critical Reynolds
number.

For case S1U, having a sole vertical equivalent electro-
static force, the relative lift amplitude is always around one
and therefore equal to that of the pure pressure-driven flow.
For case S2U, having a force component in the upstream direc-
tion, the relative lift amplitude is increasing significantly for
low Reynolds numbers of the LVSR. The maximum value is
around 1.5 at Re = 51.25. By contrast, the inversion of the
electric field (case S2D) results in a damping effect and the
amplitude decreases when we approach the critical Reynolds
number.

The same behavior is found for the other blockage ratios
as can be seen in parts (c) and (d) of Fig. 9. Plotting of the
absolute amplitudes over the Reynolds numbers at a constant
blockage ratio reveals that all curves have the same form. We
do not include these plots since the absolute difference between
the curves is rather small and the following is better illustrated
with the drag coefficient as shown below. A simple coordinate

transformation Re1 =
Re0

1 ± Π cos(ε)
is found, where Re0 is

the Reynolds number of the pure pressure-driven flow and Re1

of the electrokinetic manipulation, which results in an overlap
of the FED (S2D) and FEU (S2U) data with the curve of the
pure pressure-driven flow. The appearance of the cosine in the
scaling law confirms that this shift is related to the horizontal
component of the equivalent electrostatic force. A compo-
nent in the downstream and upstream direction decreases and
increases the Reynolds number, respectively. In other words,
the electrokinetic manipulation S2D results in a lift coefficient

that corresponds to that of a pure pressure-driven flow with a
lower Reynolds number which explains the damping effects
that we observe. If the shift is large enough to place the manipu-
lated flow in the laminar steady regime, we find a suppression
of the vortex detachment even though the flow is nominally
above the critical Reynolds number (of a corresponding pure
pressure-driven flow).

3. Linear stability analysis

The purpose of this section is to qualitatively relate the
settling times displayed in Table II to the spatial symmetry of
the electrode configurations shown in Fig. 3. To this end, we
consider a global streamwise-spanwise cartesian coordinate
system (x1, x2) centered at the cylinder axis. The flow develops
from an initial configuration u0 that is symmetric with respect
to the mirror reflection x2→−x2 to a von Kármán vortex street
that breaks the mirror-reflection symmetry. Here, we consider
the initial stages of the flow development in which the flow field
has the form u = u0 + δu, where δu is a small perturbation of
the initial flow configuration. Keeping terms up to linear order
in δu in the Navier-Stokes equation, we obtain

Rech[∂t(u0 + δu) + (u0 · ∇)u0 + (u0 · ∇)δu + (δu · ∇)u0]

−∆(u0 + δu) + ∇(p0 + δp) = fe. (17)

In this expression, p0 and δp are the pressure fields corre-
sponding to the initial configuration and the perturbation,
respectively. The volumetric force fe is due to the electric
field acting on the near-wall regions of the fluid carrying a
net charge. While in the rest of this manuscript, fe is translated
into a wall boundary condition, we keep its original form in
this section. Considering that u0 is a—yet unstable—solution
of the Navier-Stokes equation, we obtain from Eq. (17),

Rech[∂tδu + (u0 · ∇)δu + (δu · ∇)u0] − ∆δu + ∇δp = fe. (18)

To determine the perturbation velocity, this equation has
to be solved together with the continuity equation ∇·δu for a
given initial flow field u0. For what follows, it is convenient
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to introduce the parity operator Px2 that causes the mirror
reflection with respect to the plane x2 = 0. Under the action of
Px2 , the spatial coordinates are transformed according to

Px2 [(x1, x2)] = (x1,−x2), (19)

while the velocity field transforms according to

Px2 [(u1(x1, x2), u2(x1, x2))] = (u1(x1,−x2),−u2(x1,−x2)).
(20)

The volumetric force term in Eq. (18) can be classi-
fied with respect to its symmetry properties. For electrode
configuration S3, we have

Px2 [fS3] = fS3, (21)

while for the other two electrode configurations, the volumetric
force term is not invariant under Px2. Approximating the time
derivative in Eq. (18) using a forward Euler scheme with a
time increment ∆t, we obtain

δu(t + ∆t)
∆t

≈
δu(t)
∆t
− (u0 · ∇)δu(t) − (δu(t) · ∇)u0

+
1

Rech
(∆δu(t) − ∇δp(t) + fe). (22)

Let us assume that at time t, the perturbation δu is invariant
under Px2 . With the invariance of u0, we obtain the invariance
of the pressure field δp(t) under Px2 . To probe the invariance
of δu at time t + ∆t, we write

Px2

[
δu(t + ∆t)
∆t

]
≈ Px2

[
δu(t)
∆t
− (u0 · ∇)δu(t) − (δu(t) · ∇)u0 +

1
Rech

(∆δu(t) − ∇δp(t) + fe)

]

= Px2

[
δu(t)
∆t

]
− Px2 [u0 · ∇]Px2 [δu(t)] − Px2 [δu(t) · ∇]Px2 [u0]

+
1

Rech

(
Px2 [∆δu(t)] − Px2

[
∇δp(t)

]
+ Px2 [fe]

)
. (23)

It can easily be shown that under the assumptions made,
the terms involving the dot products between the velocity fields
and the nabla operator are invariant under Px2 . Therefore,

Px2

[
δu(t + ∆t)
∆t

]
≈
δu(t)
∆t
− (u0 · ∇)δu(t) − (δu(t) · ∇)u0

+
1

Rech

(
∆δu(t) − ∇δp(t) + Px2 [fe]

)
,

(24)

which means that, given an invariant initial perturbation, the
only effect that can remove the mirror-reflection symmetry of
the perturbation flow field is the volumetric force fe. If, on the
other hand, fe is mirror symmetric as well, the flow field will
remain in the space of mirror symmetric functions. However,
we know that the von Kármán vortex street breaks the mirror
symmetry with respect to x2, and in that case there would be
no way how the flow field can develop into a KVS. Of course,
in reality (and also in numerical experiments) there are pertur-
bations that break the mirror symmetry. This means that there
are two different pathways of the system to develop a KVS:
either by a volumetric force that breaks the mirror symmetry
or by a symmetry-breaking perturbation of the invariant flow
field u0.

Our linear stability analysis offers a qualitative explana-
tion for the results displayed in Table II. The settling times
obtained for the symmetry-breaking electrode configurations
(S1 and S2) are significantly smaller than the settling time
without an electric field. The reason is that in this case there
are two different mechanisms for the invariant initial flow
field to develop into a KVS. Otherwise the only pathway is
via a perturbation to the flow that breaks the mirror-reflection
symmetry.

4. Drag coefficient

We extract the drag coefficient of the fully developed
LVSR from the simulation results according to Eq. (12).
The corresponding time-averaged drag coefficients for var-
ious Reynolds numbers, electrokinetic manipulations, and
the blockage ratios ε = 0.1, 0.3, and 0.5 are given in
Figs. 10(a)–10(c), respectively. In general, the drag coefficient
for a given confinement decreases when the Reynolds number
increases. For the blockage ratio of ε = 0.1, the drag coefficient
approaches a more or less constant value at medium Reynolds
numbers of the LVSR. For the higher confinements, a con-
tinuous decrease is observed. In terms of a given Reynolds
number, the drag coefficient increases when the blockage
ratio increases. This should be mainly related to the higher
gap velocities due to the flow confinement which results in a
drag force that corresponds to a flow with a higher Reynolds
number. In terms of the influence of the electrokinetic manip-
ulations, we find that case S1U does not influence the drag
coefficient, while S2U and S2D always give higher and lower
values, respectively. This can be explained by considering the
equivalent electrostatic force acting on the cylinder. Electroki-
netic manipulation S1U results in a force solely in the vertical
direction and therefore does not contribute to the drag coeffi-
cient which represents forces in the horizontal direction. For
a given confinement, all curves have the same shape and it
appears that an electrokinetic manipulation with a horizontal
component merely shifts the curve on the y-axis. A simple

scaling law cD,1 =
cD,0

1 ± Π2 cos(ε)
, where cD ,0 is the drag coef-

ficient of the pure pressure-driven flow and cD ,1 is the drag
coefficient of the electrokinetic manipulation, can be used to
shift the curves of S2D and S2U onto the pressure-driven one.
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FIG. 10. Time-averaged drag coeffi-
cient versus Reynolds number for dif-
ferent electrokinetic manipulations and
a blockage ratio of (a) ε = 0.1; (b) ε
= 0.3; (c) ε = 0.5 as well as (d) Scaled
drag coefficients for ε = 0.3 where the
data collapse on a single curve identical
to that of the pure pressure driven flow.
Lines are guides to the eyes.

The sign in the denominator depends on the equivalent elec-
trostatic force direction where a component in the downstream
and upstream direction increases and decreases the denomina-
tor, respectively. Figure 10(d) shows the time-averaged drag
coefficient for the blockage ratio ε = 0.3 where the data of the
electrokinetic manipulations S2D and S2U are scaled so that
they collapse on the curve of the pure pressure-driven flow
with high accuracy.

To get a more detailed insight into the influence of the
different electrokinetic manipulations, we compare the steady

state oscillations of the drag coefficient at Re = 60, ε = 0.1,
and Π = 0.014 in Fig. 11.

Part (a) shows that the drag coefficient of the pure
pressure-driven flow corresponds to a harmonic oscillation
around 1.521 with an amplitude of 0.0007. As expected, the
corresponding Strouhal number of the steady-state oscilla-
tion is 0.263, the twofold value of the lift coefficient. This
is understood since the period of the drag coefficient is the
time between the shedding of upper and lower vortex. By con-
trast, the period of the lift coefficient is the time between the

FIG. 11. Drag coefficient versus time for a flow with ε = 0.1, Π = 0.014, and Re = 60: (a) NF (without electric field); (b) S1U (aligned electrodes, field up);
(c) S2D (displaced electrodes, field down); (d) S2U (displaced electrodes, field up); (e) S3D (field downstream); (f) S3U (field upstream).
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shedding of two vortices at the same location. Parts (b)–(f)
depict the drag coefficient oscillation for the different elec-
trokinetic manipulations. A striking observation is that con-
figurations S1U, S2D, and S2U feature two characteristic
frequencies. The additional frequency is the subharmonic
(n = 1/2) of the drag coefficient frequency, i.e., the Strouhal
number of the lift coefficient. This phenomenon is obviously
related to the vertical equivalent electrostatic force component
which triggers an oscillation where every second vortex at a
location sheds at a higher drag coefficient value. Note that the
FFT of the lift coefficient oscillation always gives a single char-
acteristic frequency. We cannot identify a simple correlation
between the integral drag coefficient parameters and the set-
tling time. It is only obvious that an acceleration of the VKS
development goes hand in hand with the appearance of the
subharmonic frequency. Hence, they are obviously a sign or a
result of the breaking of the (initial) flow symmetry due to the
vertical equivalent electrostatic force.

Figure 12 shows the lift versus the drag coefficient over
a period of the steady state vortex shedding for flows with
Re = 60,Π = 0.014, ε = 0.1, and different electrokinetic manip-
ulations. This phase plot gives an enhanced visualization of the
previous results since it displays both vertical and horizontal
forces that act on the cylinder at the same time. Part (a) gives
the phase plot of the pure pressure-driven flow. The observed
double loop is a consequence of the symmetric alternate shed-
ding, in which the lift coefficient has twice the period of the
drag coefficient. The individual single loops are symmetric to
each other with the symmetry line being located at cL = 0.
When we compare the pure pressure-driven flow trajectories
with those for flows with electrokinetic manipulations given
in parts (b)–(f), there are obvious differences. Any equivalent
electrostatic force component in the vertical direction shifts the

junction of the double loop on the vertical axis and breaks its
symmetry. A component in the up direction shifts the double
loop in the up direction and enlarges the upper loop. A compo-
nent in the down direction shifts the double loop in the down
direction and enlarges the lower loop. That is, the manipula-
tions S1U, S2U, and S2D that break the initial flow symmetry
around the cylinder, and therefore reduce the settling time, also
feature an asymmetric double loop where one loop is notice-
ably larger than its counterpart. It can also be seen right away
that an equivalent electrostatic force in the horizontal direction
has a direct influence on the amplitude of the lift coefficient
oscillation.

5. Vorticity in the wake

Another possibility to evaluate the influence of the elec-
trokinetic manipulation is to investigate the vorticityω =∇× u
at a certain position in the wake of the cylinder. Here, we sam-
ple the vorticity at the channel centerline at a distance of h to
the cylinder center; a location which is chosen such that the
detached vortices have to pass it.

Figure 13(a) shows the temporal evolution of the vortic-
ity in the cylinder wake for a pure pressure-driven flow with
Re = 60 and ε = 0.1. Similar to the lift coefficient, the vor-
ticity develops over time and becomes steady after a settling
time of around t = 23.3. In terms of electrokinetic manipu-
lation, the influence on the temporal evolution (settling time)
is similar to that of the lift coefficient and we abstain from
showing these results. Nevertheless, a FFT analysis of the
steady state vorticity oscillation, given in Fig. 13(b), reveals
some interesting aspects. In contrast to the lift coefficient, the
Fourier spectrum of the vorticity consists of four dominant fre-
quencies. Generally, we observe that the higher the Reynolds
number, the higher the number of dominant frequencies and

FIG. 12. Phase plot of lift and drag coefficient for ε = 0.1 and Re = 60: (a) NF (without electric field); (b) S1U (aligned electrodes, field up); (c) S2D (displaced
electrodes, field down); (d) S2U (displaced electrodes, field up); (e) S3D (field downstream); (f) S3U (field upstream).
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FIG. 13. Vorticity in the cylinder wake for pure pressure-driven flow with
ε = 0.1 and Re = 60: (a) temporal evolution and (b) frequency spectrum of the
steady state oscillation.

the higher their values. The lowest frequency always corre-
sponds to the Strouhal number (n = 1) of the lift coefficient.
The other frequencies are always odd superharmonics of the
Strouhal number with multiples of n = 3, 5, . . .. The con-
finement lowers the number of the dominant frequencies and
also decreases their values. Further comparison reveals that the
dominant frequencies of the vorticity spectrum correspond to
those of the horizontal velocity component. By contrast, the
spectrum of the vertical velocity component comprises even
multiples of the Strouhal number; that is n = 2, 4, 6. Note that if
we consider the drag coefficient frequency as harmonic mode
(n = 1), we again arrive at superharmonics with odd multiples
of n = 3, 5, 7.

The appearance of further characteristic frequencies can
be a sign for a flow transition (bifurcation). A flow may become
chaotic (turbulent) when it undergoes a number of transitions,
and different scenarios are known that result in chaotic flows
which depend on geometry, initial conditions, and other spe-
cific flow features.22 An example for frequency doubling is the
backward-facing step where the analysis of the (periodic) flow
reveals the appearance of further superharmonic frequencies
(n = 2, 3, 4, . . .) with increasing Reynolds number. Eventually,
an infinite number of superharmonic frequencies is observed
and chaos sets in Ref. 23.

For the cylinder wake, a sequence of period doubling
bifurcations, the so-called Feigenbaum scenario,24 can be
observed and is considered as a sign for the transition of a
2D to a 3D flow.7,25 In measured wake velocity spectra, not
only the n = 1/2 but also the n = 1/3 subharmonic mode can
be found in certain ranges of the Reynolds numbers.7 By con-
trast, Zhang et al. measured additional superharmonic modes
in the power spectrum with n = 2 at Re = 177 and n = 2, 3 at
Re = 217 which are assigned to three different 3D vortex
shedding modes.26

There is a another scenario that is related to the occurrence
of multiple dominant frequencies. At higher Reynolds num-
bers of the LVSR of a confined flow, there is also the possibility

of the so-called beating phenomenon when vortices shed from
the channel walls.11,13,14 We observe this phenomenon in our
simulation results as well but the superharmonic frequencies
can even be found at the lowest blockage ratio and Reynolds
numbers. Hence, we perform further limited simulations at
Re = 60 without confinement of the cylinder flow. This is
achieved by a ratio of the cylinder diameter to the height of
the simulation domain of 1/60 in conjunction with a no-stress
condition. In contrast to the confined case, we recover the n = 2
frequency (drag coefficient) in the vertical velocity spectrum
and the n = 1 frequency (lift coefficient) in the horizontal veloc-
ity spectrum. Hence, we are able to identify all (super) har-
monic modes of the Strouhal number n = 1, 3, 2, 5, 4 (in order
of signal strength) in the vorticity spectrum. On the one hand,
this clarifies that these additional frequencies are not related
to wall vortex shedding; they may be a sign for flow transition.
On the other hand, it demonstrates that the wall confinement
suppresses selected superharmonic frequencies in the veloc-
ity spectra. In detail, the walls suppress the even multiples
in the vertical velocity spectrum and the odd multiples in the
horizontal velocity spectrum.

We also inspect the influence of the Reynolds number,
blockage ratio, and the electrokinetic manipulation on the vor-
ticity amplitude (results not shown). For a constant blockage
ratio, the amplitude increases with increasing Reynolds num-
ber. For a constant Reynolds number, the damping effect of
the walls is distinct. For example, the vorticity amplitude at
Re = 150 decreases from around 35 to 4 when the block-
age ratio increases from 0.1 to 0.5. In terms of electroki-
netic manipulations, similar relationships as shown for the lift
coefficient in Fig. 9 are observed.

IV. CONCLUDING REMARKS

The present research is concerned with the numerical sim-
ulation of the pressure-driven flow around a confined cylinder
subjected to a DC electric field. In this setup, two distinc-
tions to the classic von Kármán vortex street can be noted.
One is the confinement of the flow field that differs from its
unbounded counterpart in terms of the shear in the incoming
velocity profile, shear induced in the vicinity of the bound-
aries, and with the impermeability of the channel walls for
vortices. The other is the DC electric field that induces a very
small electrokinetic velocity at the cylinder surface in contrast
to the flow situation arising from the no-slip velocity in the
conventional case. A comprehensive numerical study of these
electrokinetically manipulated flows is conducted in the Lam-
inar Vortex Shedding Regime. In detail, we first investigate
the influence of the blockage ratio on pressure-driven flows.
The simulation results show that the confinement increases the
critical Reynolds number and the Strouhal number of the vor-
tex shedding. A scale analysis reveals that the increase in the
Strouhal number is related to the increase in the gap veloc-
ity due to the confinement. The selected simulation results
are compared to the respective literature, and the very good
agreement validates the numerical schemes that we use in this
research.

In the next step, various electrokinetic manipulations are
investigated where we use electrode arrangements that span



082004-16 Barz, Scholz, and Hardt Phys. Fluids 30, 082004 (2018)

up different electric fields. The electric field induces electroki-
netic velocities at the cylinder surface which are very much
smaller than that of the channel flow. Nevertheless, the small
electrokinetic flow can have a considerable impact on the flow
topology around the cylinder. The use of an equivalent elec-
trostatic force, resulting from integration along the cylinder
surface, facilitates the result interpretation. We observe that a
force with a component in the vertical direction to the channel
breaks the (initial) axial flow mirror reflection symmetry of
the Laminar Steady Regime. This generally results in a con-
siderable reduction of the settling time; i.e., the time that it
takes until a steady vortex detachment is established. A quali-
tative linear stability analysis reveals that this can be explained
by the fact that a mirror-symmetry breaking force opens an
additional pathway for the flow to develop into a symmetry-
breaking configuration. Close to the critical Reynolds number,
a horizontal (symmetry conserving) equivalent electrostatic
force component in the upstream direction triggers the oppo-
site effect, i.e., a damping of the vortex shedding. A more
general, and logic observation is that the vertical force compo-
nent influences the characteristics of the lift coefficient, while
the horizontal force component influences the drag coefficient.
The Strouhal number of the vortex shedding (lift coefficient)
is not influenced by the electrokinetic manipulation with a
DC field.

However, a vertical equivalent electrostatic force com-
ponent triggers the appearance of a subharmonic oscillation
of the drag coefficient with the frequency of the lift coeffi-
cient. We also find a considerable influence of the electroki-
netic manipulation on the vorticity of the wake flow at low
Reynolds numbers of the Laminar Vortex Shedding Regime.
The vorticity spectra do not only comprise the vortex shed-
ding frequency but also various superharmonic frequencies.
Finally, the evaluations of lift and drag coefficient and vor-
ticity show that the same small perturbation can, depending
on the Reynolds number and field direction, have opposite
(acceleration and damping) influences on the properties of the
vortex street which just underlines the high complexity of such
manipulated flows.

In future work, a comprehensive stability analysis by
computing the eigenvalues of the problem should be pur-
sued. The question of the superharmonic modes in the
(velocity) vorticity spectrum deserves a closer look to clar-
ify whether they are related to the transition of flow to a
more complex state. Finally, another logical extension of
this work would be the manipulation with an AC electric
field of low frequency to identify lock-in states of the vortex
shedding.
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