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Abstract

The ability of pipelines to store gas by increasing their operating pressure, or linepack-

ing, is a common operational practice used to mitigate future operational uncertainty. The

optimal operation of a gas pipeline network considering linepacking is determined by weigh-

ing the trade-off between storing linepack and compressor power consumption. Existing

compressor performance models do not accurately capture the rigorous nonlinear operating

relationships, and the more accurate widely-used models are computationally complex. This

paper develops a novel integer-linear data-driven compressor performance model which is

shown to be both more accurate than the best existing model, and less computationally

complex. An integer-linear gas transportation model that captures future operational un-

certainty using a two-stage multi-period stochastic framework is introduced and solved in a

case study on a subnetwork of the Norwegian natural gas network. The case study demon-

strates the novel model is highly accurate and can be optimized quickly enough for real-time

decision support.
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1. Introduction

Natural gas has become a vital energy source due to its use in efficient electricity gen-

eration, and its low combustion emissions relative to other fossil fuels. Currently natural

gas accounts for an estimated 22% of the total global energy demand, and conservative

estimates in sustainable energy growth predicts the share of natural gas to grow to 25% of

the global energy demand by 2040 [1]. The large and growing demand for natural gas makes

the operational challenges associated with its transportation ever-important. Further, with

distributed energy resources gaining a mounting impact on the energy demand, the com-

plexion of the energy industry is changing. These changes are creating unique operational

challenges, and amplifying existing ones. One such operational challenge is the uncertainty

in future gas pipeline operating conditions.

Natural gas transportation companies must react to a number of variable operating

conditions that are out of their control [2]. The available gas supply is frequently changing

in large transportation systems due to the presence of planned and unplanned equipment

shutdowns. Customer demand is subject to change as a result of variable weather conditions,

and gas price volatility. The variability in operating conditions make the optimal operation

of a gas transportation network a difficult problem, as pipeline operators cannot just assess

the current state of the system when making decisions. Pipeline operators must consider

how future operating conditions might change, and determine how to best prepare for the

events that might unfold.

Although future uncertainty has been an operational challenge for natural gas trans-

portation since its inception, recent trends in the electricity market have amplified the

amount of uncertainty present. The popularity of natural-gas-fired power plants has grown

rapidly in recent years, increasing the integration between electricity and natural gas net-

works [3]. As a result, uncertainty in the electricity market influences the uncertainty in

natural gas network operation more than ever before. The amount of uncertainty has been

further enlarged by growth of intermittent renewable electricity generation, increasing the

variability in electricity supply [4].

Gas storage is a valuable tool that can be used to prepare for a future change in operating
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conditions [5]. By using gas storage as a buffer, a change in customer demand can be made

without effecting the supply-side operation for some amount of time. Not only does this

allow for a more stable supply-side operation, it also allows certain demand fluctuations to

be met that would be impossible to meet without a buffer. Further, a change in gas supply

can be made without effecting the network’s ability to meet customer demand for some

period of time. This enables the network to offer a higher security of supply.

The importance of storage capacity is recognized by gas transportation companies as they

invest substantially in gas storage facilities throughout transportation networks. However,

pipelines have the ability to act as storage vessels through what is referred to as linepacking,

and in large transportation networks the storage capacity available through linepacking is

significant [2]. For existing pipeline networks the pipeline storage capacity is available with

no upfront capital investment, so this capability should be utilized to increase the efficiency

of the operation as much as possible.

Pipeline physics dictate that many combinations of inlet and outlet pressures are able to

achieve a desired gas flow rate through a pipeline. Each combination results in different gas

pressures within the pipeline, and accordingly different masses of gas stored in the pipeline,

or amounts of linepacking. Therefore, pipeline operators have many options for how to op-

erate a pipeline to achieve a desired gas throughput. If the operator’s goal is to achieve the

minimum compressor power consumption, then they should opt for the lowest gas pressure

into the pipeline, corresponding to the lowest mass of gas stored in the pipeline. If the

operators goal is to store as much gas in the pipeline as possible, then they should opt for

the highest gas pressure into the pipeline. In reality, operators want to both minimize com-

pressor power consumption while maximizing the amount of linepacking. These competing

objectives mean that an optimal linepacking policy must balance the trade-off between the

cost of compressor power consumption, and the potential future benefit of linepacking. The

compressor performance model has a direct influence on the cost of storing gas through

linepack, and so the accuracy of the compressor performance model is critically important

in determining the optimal linepacking policy.

To problem of determining the linepacking policy which optimally balances compressor
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power consumption and the expected future benefit of linepacking is referred to as the

optimal linepacking problem. It is important to solve the optimal linepacking problem

within minutes to be useful for operational support applications, as it needs to be solved

in real-time to respond to changing network conditions. When the linepacking problem is

being solved for long-term planning purposes, it is often solved numerous times in a large

batch of trials, so solution times within minutes are still needed to be useful for practitioners.

To-date, the literature addressing the optimal linepacking problem, and optimal nat-

ural gas transportation in general, has used compressor performance models which differ

significantly from actual compressor performance. Further, the more accurate widely-used

models introduce substantial computational complexity into the optimization model, pro-

hibiting their application to problems of practical size. Compressor performance can only

rigorously be described through operational data, meaning that empirical relationships need

to be extracted for implementation in optimization models. The most detailed compressor

performance models seen in the literature use third-order polynomials that have been fitted

to actual compressor performance data [6, 7, 8]. The nonconvexity of the third order-

polynomials make global optimization difficult, and we show that even these models are

insufficient to capture the nonlinear relationships that describe compressor performance. In

an attempt to reduce computational complexity, other work simplifies the compressor model

further by assuming the compressor efficiency as constant [9], or consider a completely lin-

ear model [10, 11, 12]. Despite an accurate prediction of compressor power consumption

as critical in determining the optimal linepacking policy, work on the optimal linepacking

problem have employed the same inaccurate compressor performance models. Abbaspour et

al. seek to minimize the compressor fuel consumption required to achieve a known linepack

profile. They use a second-order polynomial approximation for the compressor performance

model [13]. Borraz-Snachez offers a novel method of modeling linepack and demonstrates

this in an MINLP model which seeks to maximize gas throughput, but does not consider the

operation of compressor stations or uncertainty in the model [14]. Zarvala considers a more

comprehensive linepack management problem which allows the desired linepack profile to

be a decision variable, and future uncertainty is considered in a two-stage framework. He
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uses a nonlinear theoretical equation that relates gas pressure rise and flow rate to power

consumption, but ignores the nonlinear behavior of compressor efficiency with operating

conditions [15]. Most recently, Tran et al. consider how to transition to a desired network

linepack profile in a way that minimizes deviation from the targeted linepack profile, or

minimizes the cost of supplying gas to the network, but disregards compressor costs and

future uncertainty [16].

The inadequate treatment of compressor performance modeling in previous work is the

motivation for this paper. We present a data-driven compressor performance model that

more accurately approximates real compressor operating data than the most detailed models

used to-date. However, it is trivial to obtain an accurate model that sacrifices computational

complexity, this could be achieved simply through high-order polynomial approximations.

Our model is unique because it is computationally simple, which we demonstrate by solving

the optimal linepacking problem subject to gas supply uncertainty in a case study on a

subnetwork of the Norwegian pipeline network. The network is modeled using real pipeline

data provided by Gassco, the Norwegian gas network operator [17]. To obtain the accu-

rate and computationally simple compressor performance model we apply a piecewise-linear

approximation technique from the literature [18] to the compressor operating data, yield-

ing a piecewise-linear model with the fewest number of linear segments needed to achieve

the target maximum approximation error. We apply the same piecewise-linear approxima-

tion technique to all nonlinear relationships needed to model natural gas transportation,

enabling the introduction of an MILP gas transportation model that can provide highly

accurate solutions, and can be solved in practically useful times on networks of practical

importance. A major limitation of the piecewise-linear approximation technique used is that

it can only produce convex/concave piecewise-linear functions, whereas compressor power

consumption is described as a nonconvex function of gas outlet pressure and volumetric

flow rate. We demonstrate how to overcome this limitation by decomposing the compres-

sor power consumption function into two relationships which can both be approximated by

convex/concave piecewise-linear functions.

By approximating the rigorous nonlinear relationships by piecewise-linear functions the
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Set Description
A Set of network arcs
Ac Set of compressor network arcs
Ap Set of pipeline network arcs
Ii Set of ingoing arcs arcs at node i
K Set of scenarios {1, . . . , NK}
Np Set of network nodes without external supply or demand
Nprod Set of network production nodes
Nexp Set of network export nodes
Oi Set of outgoing arcs at node i
T Set of time periods {1, . . . , NT }
Tsu Set of supply uncertainty time-periods
Trec Set of linepack recovery time-periods
Uij Set of compressor units at compressor network arc (i, j)

Table 1: Sets used for modeling the linepack problem.

model can be solved to global optimality quickly. We owe this to the astronomical improve-

ment in the computational power of MILP solvers. In the past 25 years, it is estimated

that the overall speedup factor of MILP solvers is approximately 800 billion [19]. As a

result, we are able to model large-scale transportation networks and consider uncertainty

using a two-stage multi-period stochastic framework while remaining tractable. Previous

nonlinear approaches are unable to achieve such a detailed treatment of uncertainty due to

the intractability of large-scale MINLPs/NLPs for global optimization and the polynomial

growth in problem size with network size, number of scenarios, and number of periods.

Section 2 of this paper introduces how gas supply uncertainty is captured in the linepack-

ing model. Section 3 is devoted to the optimization model used to obtain optimal piecewise-

linear approximations for convex/concave functions. Section 4 discusses the modeling of

compressor station physics and introduces the novel modeling method. Section 5 discusses

the modeling of gas pipeline physics and how the integer-linear modeling approach is applied

to capture nonlinearity. Two case studies that demonstrate the benefits of the integer-linear

modeling approach are shown in Section 6. The paper is concluded in Section 7 and discusses

future work.
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Parameter Description Unit

Cij Resistance of pipeline (i, j) MMSCM
day·bar

Dij Diameter of pipeline (i, j) m
Hiju1, Hiju2, Hiju3, Hiju4 Coefficients of compressor unit u at arc (i, j) kJ

kg·rpm2 , kJ·hr
kg·rpm·m3

adiabatic head cubic polynomial kJ·hr2
kg·m6 ,kJ·hr

3·rpm
kg·m9

Eiju1, Eiju2, Eiju3, Eiju4 Coefficients of compressor unit u at arc (i, j) −, hr·rpm
m3

efficiency cubic polynomial hr2·rpm2

m6 , hr3·rpm3

m9

J Security of supply parameter -
Lij Length of pipeline (i, j) m
Mw Molecular weight of gas g

mol

MBig,v
iju Big-M constant for compressor unit u m3

hr

at arc ij inlet volumetric flow rate constraint
Pk Probability of scenario k occurring -
Qdem

itk Mass flow rate of gas demanded at node i MMSCM
day

during time period t for scenario k
at export node

Qprod
itk Gas production capacity at node i MMSCM

day

during time period t for scenario k

R Gas constant m3bar
K·mol

Smin
iju , Smax

iju Speed limits of compressor unit u at arc (i, j) rpm

Ssurge,op
iju , Sstonewall

iju Throughput limits of compressor m3

hr·rpm
unit u at arc (i, j)

T op
ij , Z

op
ij Gas temperature and compressibility at typical K,−

operating conditions of pipeline (i, j)
T std, Zstd, P std Gas temperature, compressibility, and K,−, bar

pressure at standard conditions
T in
ij , Z

in
ij , P

in
ij Gas temperature, compressibility, and pressure K,−, bar

at inlet of the compressor station at arc (i, j)
Wt Duration of time period t day
κiju Isentropic exponent of compressor unit u -

at arc (i, j)

Table 2: Parameters used for modeling the linepack problem.
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Variable Description Unit Domain
gijtku Power consumption of compressor unit u at arc (i, j) MW R≥0

during time period t for scenario k
hadijtk Adiabatic head of compressor units at arc (i, j) kJ

kg R≥0
during time period t for scenario k

litk Mass flow rate of gas demand that is unmet at export MMSCM
day R≥0

node i during time period t for scenario k
mijtk Mass of linepack in pipeline (i, j) MMSCM R≥0

during time period t for scenario k
oijtku Binary variable denoting if compressor unit u at arc (i, j) - {0, 1}

is operating during time period t for scenario k
pitk Pressure of gas at network node i bar R≥0

during time period t for scenario k
pinijtk Pressure of gas flowing into arc (i, j) bar R≥0

during time period t for scenario k
poutijtk Pressure of gas flowing out of arc (i, j) bar R≥0

during time period t for scenario k
pavgijtk Average gas pressure of pipeline (i, j) bar R≥0

during time period t for scenario k
qinijtk Mass flow rate of gas flowing into arc (i, j) MMSCM

day R≥0
during time period t for scenario k

qoutijtk Mass flow rate of gas flowing out of arc (i, j) MMSCM
day R≥0

during time period t for scenario k
qsupitk Mass flow rate of gas being produced at node i MMSCM

day R≥0
during time period t for scenario k

qexpitk Mass flow rate of gas being exported from node i MMSCM
day R≥0

during time period t for scenario k
sijtku Speed of compressor unit u at arc (i, j) rpm R≥0

during time period t for scenario k

vinijtku Inlet volumetric flow rate at compressor unit u m3

hr R≥0
at arc (i, j) during time period t for scenario k

ηadijtku Adiabatic efficiency of compressor unit u - R≥0
at arc (i, j) during time period t for scenario k

Table 3: Variables used for modeling the linepack problem. R≥0 is the set of all nonnegative real numbers.
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2. Two-Stage Stochastic Linepack Model

2.1. Two-Stage Framework

This paper seeks to optimize the operation of gas pipeline linepack storage to mitigate

the influence of future supply shortages on meeting customer demand. To determine an

optimal linepack policy is to consider the trade-off between the value of holding a certain

level of linepack, and the network operating costs required to achieve that level of linepack.

Holding linepack is only valuable if future conditions are subject to change, so to obtain an

estimate of the linepack value it is necessary to consider how future conditions might change.

This observation is the motivation for using a two-stage stochastic modeling framework to

capture the influence of uncertainty in future gas supply on the optimal linepacking policy.

Figure 1 shows the two-stage multi-period framework used. The set of time periods

considered T is divided into the first-period, followed by the set of supply uncertainty periods

Tsu, followed by the set of linepack recovery periods Trec, such than T = {1} ∪ Tsu ∪ Trec.

The first-stage is simply the first-period, where the pipeline network is operated at steady-

state, and the total natural gas supply from network production nodes Nprod is equal to

the total gas demand at network export nodes Nexp. In this stage the optimal level of

linepack held during normal network operation is determined, with consideration of the

possible realizations of uncertainty in future gas supply. The second-stage is comprised of

both the uncertain supply periods and the linepack recovery periods. In the second-stage

the uncertainty in future gas supply has been realized, and for each outcome the level of

linepack set in the first-stage is used to determine the optimal response. Each possible

realization of supply uncertainty occurs with a given probability Pk for all k ∈ K, where K

represents the set of uncertain supply scenarios. The linepack recovery periods are needed to

restore the level of linepack set in the first-stage, should it be decreased to meet demand in

the uncertain supply periods. This is important for the continuous operation of the pipeline

network.
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Figure 1: Two-stage framework used to capture the influence of supply uncertainty on the optimal linepack-
ing policy.

2.2. Balancing Compressor Power and Linepacking Trade-Off

A formulation that captures the competing objectives of the costs and benefits of holding

a certain linepack level is needed. It can be difficult to quantify the relative trade-off

between compressor power cost and the security of supply afforded by linepacking in a

single objective function. To overcome this, we propose an objective function that seeks

to minimize compressor power cost, subject an additional constraint which enforces the

expected unmet gas demand during the uncertain supply periods to be no greater than

some portion of the total gas demand, as follows:

min
∑

(i,j)∈Ac

∑
t∈T

∑
k∈K

∑
u∈Uij

PkWtgijtku (1)

∑
k∈K

Pk

∑
t∈Tsu

litk ≤ J
∑
t∈Tsu

Qdem
i ∀i ∈ Nexp, (2)

where the parameter J is a constant between 0 and 1 that can be adjusted to enforce

different levels of security of supply. Security of supply is defined as the percentage of gas
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demand that the pipeline operator meets, and is therefore represented by (1− J) ∗ 100.

The following constraints define unmet gas demand and enforced it to be zero during

the first-stage and linepack recovery periods:

litk = Qdem
itk − q

exp
itk ∀i ∈ Nexp, t ∈ T, k ∈ K, (3)

litk = 0 ∀i ∈ Nexp, t ∈ {1} ∪ Trec, k ∈ K, (4)

The reason for the potential for some gas demand to be unmet is that the uncertain

supply scenarios correspond to different production capacities at production nodes, which

may result in less gas being supplied to the network than gas being demanded from the

network. The following constraint imposes the maximum gas supplied from production

nodes:

qsupitk ≤ Q
prod
itk ∀i ∈ Nprod, t ∈ T, k ∈ K. (5)

2.3. Nodal Conservation of Mass

We define the set of ingoing and outgoing arcs at node i as Ii = {a ∈ A : a = (j, i)} and

Oi = {a ∈ A : a = (i, j)}, respectively. The set of constraints used to enforce conservation

of mass at each node in the network are:

∑
a∈Ii

qoutatk =
∑
a∈Oi

qinatk ∀i ∈ Np, t ∈ T, k ∈ K, (6)

∑
a∈Ii

qoutjitk + qsupitk =
∑
a∈Oi

qinijtk ∀i ∈ Nprod, t ∈ T, k ∈ K, (7)

∑
a∈Ii

qoutjitk =
∑
a∈Oi

qinijtk + qexpitk ∀i ∈ Nexp, t ∈ T, k ∈ K. (8)
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2.4. Pipeline Conservation of Mass

The pipelines are modeled similar to tanks, where linepack is analogous to the liquid

level of a tank, and the accumulation of linepack is proportionate to the pipeline’s net mass

flow. The first-stage is operated at steady-state, so following constraint is used to enforce

no accumulation of gas in the pipeline:

qinij1k = qoutij1k ∀(i, j) ∈ Ap, k ∈ K. (9)

Arcs which represent compressor stations do not have the ability to store linepack, so

the following constraint is needed:

qinijtk = qoutijtk ∀(i, j) ∈ Ac, t ∈ T, k ∈ K. (10)

In passive arcs the accumulation of linepack due to an imbalance in gas inflow and

outflow is accounted for through the following equation:

mij,t+1,k = mijtk + qinijtkWt − qoutijtkWt ∀(i, j) ∈ Ap, t ∈ {1, . . . , |T| − 1}, k ∈ K. (11)

A terminal condition is added to ensure that the linepack level set in the first-stage is

recovered by the end of the second-stage [20]:

mij1k = mijt̂k + qin
ijt̂k

Wt − qoutijt̂k
Wt ∀(i, j) ∈ Ap, t̂ = |T|, k ∈ K. (12)

2.5. Pipeline Physics

As mass accumulates in a pipeline, the pressure of the pipeline also rises, which influences

the physics that govern gas flow through the pipeline. To complete the linepacking model

it is necessary to define the relationship between linepack and pipeline pressure [20]:

mijtk =
πD2

ijLijM
w

4RT op
ij Z

op
ij

pavgijtk ∀(i, j) ∈ Ap, t ∈ T, k ∈ K, (13)
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where the estimate of average pipeline pressure is calculated through [21]:

pavgijtk =
2

3

(
pinijtk + poutijtk −

pinijtkp
out
ijtk

pinijtk + poutijtk

)
∀(i, j) ∈ Ap, t ∈ T, k ∈ K. (14)

Finally, the nonlinear pipeline pressure-flow relationship can be defined, which indirectly

defines the relationship between gas flow rate and linepacking:

qinijtk + qoutijtk

2Cij
≤
√

(pinijtk)2 − (poutijtk)2 ∀(i, j) ∈ Ap, t ∈ T, k ∈ K, (15)

where Cij is a pipeline specific parameter that depends on pipeline properties such

as length, diameter, roughness, and gas properties such as compressibility [22, 23]. This

relationship is able to be written as an inequality because of the use of pressure regulators

in gas transportation networks [23].

2.6. Compressor Performance Model

There is not a complete set of analytical expressions that rigorously describe compressor

performance, but here we will identify the important relationships that need to be consid-

ered for natural gas transportation modeling. In Section 4 we will show how to model these

relationships. A compressor performance model is needed to quantify the power consump-

tion required to operate the gas network, and to ensure that the selected operation is within

the physical limitations of the compressor equipment.

The power consumption of a compressor depends on two main controllable quantities,

the pressure change ratio across the compressor station, and the inlet volumetric gas flow

rate. In the Norwegian gas transportation network, and presumable many others, the ma-

jor compressor stations are located close to gas reservoirs and are supplied with gas at a

fixed constant pressure. Therefore, the dependence of compressor power on the pressure

change ratio simplifies to a dependence on just the gas outlet pressure. The following ex-

pressions describe how compressor power is dependent on compressor outlet pressure and

inlet volumetric gas flow rate [6]:
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gijtku =
hadijtkq

in
ijtku

ηadijtku
∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij , (16)

poutijtk = F 1(sijtku, v
in
ijtku) ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij , (17)

hadijtk = F 2(sijtku, v
in
ijtku) ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij , (18)

ηadijtku = F 3(sijtku, v
in
ijtku) ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij , (19)∑

u∈Uij
vinijtku = qinijtk

P std

ZstdT std

Zin
ij T

in
ij

P in
ij

∀(i, j) ∈ Ac, t ∈ T, k ∈ K, (20)

where F 1, F 2, and F 3 are nonlinear relationships that are described by a set of compres-

sor performance curves. Figure 2 shows an example of the compressor performance curves

representative of the compressor units in the Norwegian pipeline system. The curves are all

speed contours, and are generated by collected data on the actual compressor units during

operation.

The set of performance curves allow the compressor power consumption to be determine

for any given outlet pressure and inlet volumetric flow rate. Using the known outlet pressure,

the operating speed of the particular compressor unit can be read from the ”Outlet Pressure

vs Flow” performance curves. With the operating speed of the compressor unit and the inlet

volumetric flow rate, the adiabatic head and efficiency of the particular compressor unit can

be read from the ”Head vs Flow” and ”Efficiency vs Flow” performance curves. Finally,

converting volumetric flow rate to mass flow rate using Equation (20), all of the quantities

needed for computing compressor power consumption through Equation (16) are obtained.

While it is easy to determine the compressor power through reading the performance curves,

there exists no theoretical equations to accurately capture the relationships they describe.

As a result, to implement the relationships described by the performances curves in an

optimization problem it is necessary to approximate F 1, F 2, and F 3.

The compressor performance curves not only describe the relationships between the key

compressor operating variables, but also define the feasible operating window, which reflects

the physical compressor unit limitations. A centrifugal compressor unit is limited by the
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Figure 2: A typical set of compressor performance curves, provided by Gassco.

maximum operating speed, minimum operating speed, maximum allowable gas flow rate

(stonewall limit), and minimum allowable gas flow rate (surge limit) through the following

constraints [24]:

Smin
iju ≤ sijtku ≤ Smax

iju ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij , (21)

Ssurge,op
iju ≤

vinijtku
sijtku

≤ Sstonewall
iju ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij . (22)

In practice, the operational surge limit used enforces a greater minimum gas flow rate

than the guaranteed surge limit. This safety margin allows a sudden reduction in gas supply

to the compressor without causing catastrophic damage to the compressor unit, as gas can

quickly be recycled back to the unit to avoid dropping below the actual design surge limit.

Knowing this, we model the linepacking problem with the operational surge limit in this

paper.
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2.7. Nonanticipativity Constraints

Nonanticipativity constraints are used in stochastic optimization to enforce that all pe-

riods in the two-stage formulation which have the same information must make the same

operating decisions [25]. Given that all scenarios have the same information available to

make a decision in the first-stage, a set of constraints is required to enforce all decision

variables to be the same across all scenarios in the first-stage:

pinijtk = pinijt,k+1 ∀(i, j) ∈ Ap, t = 1, k ∈ {1, . . . , |K| − 1}, (23)

poutijtk = poutijt,k+1 ∀(i, j) ∈ A, t = 1, k ∈ {1, . . . , |K| − 1}, (24)

qoutijtk = qoutijt,k+1 ∀(i, j) ∈ A, t = 1, k ∈ {1, . . . , |K| − 1}, (25)

vinijtku = vinijt,k+1,u ∀(i, j) ∈ Ac, t = 1, k ∈ {1, . . . , |K| − 1}, u ∈ Uij . (26)

3. Piecewise-Linear Method of Handling Model Nonlinearity

The compressor performance model, pipeline pressure-flow relationship, and average

pressure over pipeline distance equations are highly nonlinear and contribute the majority

of computational complexity to the gas transportation model. The large size of practical

transportation networks, and the growth in problem size with additional scenarios and

time periods considered in the two-stage framework, prohibits an optimization model that

uses this set of nonlinear equation from being solved within reasonable solution times by

current state-of-the-art solvers. Accordingly, it is necessary to use simplified equations

that approximate the nonlinear relationships to reduce model complexity. Many of the

simplifications proposed to-date sacrifice significant model accuracy in their approach, so

their application severely limits the practical usefulness of the solutions they produce [22].

This provides the motivation for us to apply a more suitable approximation method to

the nonlinear mechanistic models, referred to hereafter as optimal piecewise-linear function

generation (PLFG). PLFG allows us to determine accurate approximations of nonlinear

relationships, even if the exact relationships are only described through data.
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Set Description
Dtrn Set of training data-points
Dtst Set of testing data-points
P Set of linear segments in continuous piecewise-linear function
F Set of continuous piecewise-linear functions

Table 4: Sets used for piecewise-linear function modeling.

Parameter Description
X Explanatory datapoint values
Y Response datapoint values
MBig Big-M Constant
A Linear segment coefficients of explanatory variables
B Linear segment coefficient intercept

Table 5: Parameters used for piecewise-linear functions modeling.

3.1. Optimal Piecewise-Linear Function Generation

Piecewise-linearization of nonlinear relationships is often an effective method for reducing

the complexity of an optimization model to increase solution efficiency [26, 27, 28]. Many

of the common piecewise-linearization techniques manually determine the break-points of

the linear segments and the orientation of the linear segments follow, or they manually

determine the orientation of the linear segments and the position of the break-points follow.

The drawback of these methods is that they offer no guarantee of producing an optimal

approximation, where optimal means the lowest approximation error for the number of

linear segments used. When the nonlinear relationships are complex, and especially when

they are more than 2-dimensional, the manual piecewise-linearization approach is likely to

Variable Description Domain
e Maximum relative approximation error R≥0
f Continuous piecewise-linear function -
y Approximated response value R
a Linear segment coefficients of explanatory variables R
b Linear segment coefficients of intercept R
z Linear segment activation binary variable {0, 1}
x Explanatory decision variable R

Table 6: Variables used for piecewise-linear function modeling.

17



produce significantly suboptimal approximations.

The piecewise-linearization technique suggested here offers the guarantee of producing

the optimal piecewise-linear approximation, and can be applied to data for which no analyt-

ical function exists. The PLFG technique determines the positioning of the linear segments

such that they fit the relationships with the minimal error, and the approximation domain

for individual piecewise components is implicitly defined. The approximation produced from

this method is a continuous convex/concave piecewise-linear function, and so it will only

produce a close approximation if it is applied to data that can be approximated closely by

a convex/concave curve. Hereafter we will refer to data or relationships that can be closely

approximated by a convex/concave curve as approximately convex/concave.

PLFG uses a mixed-integer linear program (MILP) with two main inputs. The first input

is the training data-points that describe the relationship being approximated, (Xi, Yi) for all

i ∈ Dtrn, where Xi ∈ Rn, Yi ∈ R. The second input is the set of continuous piecewise-linear

functions to consider F, or similarly the number of linear segments in the piecewise-linear

function. The problem is to determine the continuous piecewise-linear function f ∈ F that

solves [18]:

min
f

e

s.t. e|Yi| ≥ |yi − Yi| ∀i ∈ Dtrn,

yi = f(Xi) ∀i ∈ Dtrn,

f ∈ F.

(PLFG0)

To avoid accepting biased approximations, cross-validation using training and testing

data is needed [29]. In all cases, 80% of the complete data-set is randomly assigned as

training data (Dtrn) for the piecewise-linear function to be fit to, and the remaining 20% is

assigned as testing data (Dtst) for the goodness of fit to be calculated from. The measures

used to assess the goodness of fit throughout the paper are the maximum relative percentage

error (MRE) and average relative percentage error (ARE), defined as follows:
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MRE = max
i∈Dtst

{∣∣∣∣∣yi − YiYi

∣∣∣∣∣× 100

}
, (27)

ARE =
1

|Dtst|
∑

i∈Dtst

∣∣∣∣∣yi − YiYi

∣∣∣∣∣× 100. (28)

To model the PLFG MILP it is customary to introduce a binary variable zir for each

linear segment r ∈ P, and each datapoint i ∈ Dtrn. The binary variable is used to represent

which of the linear segments is used to approximate the datapoint. The following MILP

model is used for PLFG approximation of approximately convex data:

min
ar,br,zir

e

s.t. |Yi|e ≥ yi − Yi ∀i ∈ Dtrn,

|Yi|e ≥ Yi − yi ∀i ∈ Dtrn,

yi ≥ arXi + br ∀r ∈ P, i ∈ Dtrn,

yi ≤ arXi + br +MBig(1− zir) ∀r ∈ P, i ∈ Dtrn,∑
r∈P

zir = 1 ∀i ∈ Dtrn,

(PLFG1)

where ar ∈ Rn and br ∈ R are the coefficients being determined for the r ∈ P linear

segments, and MBig is a sufficiently large constant. This model is a variation of the well-

known model seen in Toriello and Vielma [18]. It should be noted that the MILP shown

in Problem (PLFG1) can easily be adapted to PLFG of concave curves as multiplying the

data points of such curves by −1 produces a convex curve.

3.2. Implementing Piecewise-Linear Functions in Optimization Models

Implementing convex/concave piecewise-linear functions in an optimization model de-

pends on how the piecewise-linear function is used in the model. Firstly, it is important

to realize that a convex (concave) piecewise-linear function is always equal to the maxi-

mum (minimum) of the set of linear segments which describe it. Recognizing this, if ever
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it is sufficient for a convex (concave) piecewise-linear function to be represented by its epi-

graph (hypograph) in an optimization model, then no binary variables are required for its

implementation. This is due to it being sufficient to describe the convex (concave) piecewise-

linear function as being greater (less) than or equal to the set of line segments over the entire

domain. This situation arises when a convex (concave) piecewise linear function is being

minimized (maximized), or when a convex (concave) piecewise-linear function lower (up-

per) bounds a feasible space. Otherwise, binary variables are required to implement the

piecewise-linear function so that the function value is forced tight to the greatest (least) lin-

ear segment. Multiple possible formulations exist for achieving an integer implementation

of a convex piecewise-linear function f made up of r ∈ 1, . . . , p linear segments [30], but the

method chosen here is the Big-M formulation to represent f = maxr∈P{Arx+Br}:

y ≥ Arx+Br ∀r ∈ P,

y ≤ Arx+Br +MBig(1− zr) ∀r ∈ P,∑
r∈P

zr = 1.

(29)

For concave piecewise-linear functions this formulation is modified to represent f =

minr∈P{Arx+Br}:

y ≥ Arx+Br −MBig(1− zr) ∀r ∈ P,

y ≤ Arx+Br ∀r ∈ P,∑
r∈P

zr = 1.

(30)

Therefore, when binary variables are required to implement the piecewise-linear function,

the above formulation requires one binary variable for each linear segment. The Big-M

(MBig) parameter should be chosen to make the formulation as tight as possible. In the

case of convex/concave piecewise-linear functions, the tightest Big-M corresponds to the
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maximum difference between any two of the hyperplanes making up the piecewise-linear

function, over the feasible domain of the piecewise-linear function. Although outside the

scope of this paper, it should be noted that other formulations exist for implementing

piecewise-linear functions of r linear segments which only require log(r) binary variables,

which may yield an improvement in computational performance [31].

4. Approximating Compressor Station Physics

As discussed in Section 2.6, there is no analytical set of equations to rigorously model

compressor performance. Specifically, the relationships of Equations (17)-(19) can only be

rigorously described through the compressor performance curves of Figure 2. As a result,

modeling natural gas transportation requires approximation of the relationships that govern

compressor performance.

Existing compressor performance modeling approaches can be broken down into two

main categories:

1. Approximations that are highly simplified to allow quick solution times [9, 10, 11, 12,

32, 33], but are very inaccurate when compared to actual compressor performance

curves [22].

2. Approximations that are highly complex to allow for a more accurate representation of

the compressor performance curves [6, 7, 8], but the complexity results in long solution

times [22].

Given the importance of an accurate compressor power consumption prediction in de-

termining the optimal linepacking policy, neither approach is useful for quickly obtaining a

highly accurate optimal linepacking policy. To overcome this, a novel data-driven integer-

linear compressor performance model is introduced. First we present the widely-accepted

existing approximation approach which is commonly regarded an accurate method of cap-

turing the compressor performance relationships. Then the novel compressor performance

model is developed and shown to be more accurate than the widely-accepted existing ap-

proach, while reducing the model complexity substantially.
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4.1. Existing Compressor Performance Approximation Approach

In this subsection we will discuss the widely-accepted compressor performance model

used for capturing the performance curve relationships [7, 34]. This model does not directly

consider the relationship between compressor outlet pressure and the compressor’s operating

state, as depicted by Equation (17) and the ”Outlet Pressure vs Flow” performance curves.

Instead, a thermodynamic equation is used to relate the compressor adiabatic head with

pressure change through [35]:

hadijtk =
Zin
ij T

in
ij R

Mw

κiju
κiju − 1

((poutijtk

P in
ij

)κiju−1

κiju − 1

)
∀(i, j) ∈ Ac, t ∈ T, k ∈ K. (31)

The assumptions needed to derive Equation (31) result in it not fully capturing the real

physics governing the relationship between adiabatic head and pressure change. Further

error is introduced through Equation (31) as κ is commonly assumed to be a constant, but

in reality has a complex relationship with temperature and pressure [22].

To complete the compressor performance model the following equations are used to

describe Equations (18) and (19):

hadijtk
s2ijtku

= Hiju1 +Hiju2

vinijtku
sijtku

+Hiju3

(vinijtku
sijtku

)2
+Hiju4

(vinijtku
sijtku

)3
(32)

∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

ηadijtku = Eiju1 + Eiju2

vinijtku
sijtku

+ Eiju3

(vinijtku
sijtku

)2
+ Eiju4

(vinijtku
sijtku

)3
(33)

∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

where the constants Hijuc, Eijuc for all (i, j) ∈ Ac, u ∈ Uij , c ∈ {1, . . . , 4} are empirical

parameters determined by performing cubic polynomial regressions on performance data

like that in the ”Head vs Flow” and ”Efficiency vs Flow” curves of Figure 2.
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Figure 3: Approximation of compressor performance curves obtain through cubic polynomial regression.

Equations (21) and (22) are used to define the compressor operating window, where

the design parameters that define the limits are typically provided with the compressor

performances curve by the manufacturer [6]. Figure 3 shows the cubic polynomials obtained

through regression on Figure 2, and the approximation of the compressor operating window.

It can be seen that the operating window approximation does not capture the true feasible

operating points exactly, with the actual minimum and maximum speed contours being

outside the approximate operating window entirely.

Using the empirical relationships shown in Figure 3, we simulated the compressor power

consumption using Equations (31)-(33). The result can be seen in Figure 4, where the cal-

culated compressor power is compared to the actual compressor power. Here, the actual

compressor power was found using the method described in Section (2.6). Figure 4 shows

that despite using a complex set of nonlinear equations to capture the compressor perfor-

mance relationships, considerable error is present in the approximation, with an ARE of

5.3% and a MRE of 10.6% for the testing data. The complexity introduced in the gas trans-

portation model if Equations (31)-(33) are used for the compressor performance model is the

motivation for developing a piecewise-linear compressor performance model. The error seen

in the existing approximation through Figure 4, which is well-regarded as the most accurate

existing compressor performance model, will be used to benchmark if an approximation with

less complexity can be obtained without sacrificing model error.
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Figure 4: Comparison of actual compressor power consumption data with approximate power consumption
calculated using the common cubic polynomial approximation method.

4.2. Novel Piecewise-Linear Compressor Performance Model

We apply the PLFG method described in Section 3 to approximate the compressor

performance relationships described by Equations (16)-(20). Notice that by fixing outlet

pressure and inlet volumetric flow rate all of the other five variables in Equations (16)-

(20) become known. Therefore, it is possible to model compressor power consumption as

a single empirical function of outlet pressure and inlet volumetric flow rate (g(pout, vin)).

However, this relationship is not approximately convex/concave and so the PLFG method

described in Section 3 cannot be used to produce an accurate approximation. To overcome

this limitation, we must decompose the targeted relationship into two relationships which

are both individually approximately convex/concave.

It is also possible to express compressor power consumption as a function of compressor

adiabatic head and inlet volumetric flow rate (g(had, vin)), as compressor power consump-

tion can be obtained by fixing these variables. However, it is necessary to relate compressor

power consumption with outlet pressure so that its relationship with linepacking can be

modeled. This can be achieved by modeling the relationship between compressor adia-

batic head and outlet pressure (had(pout)). In effect, we can express g(pout, vin) through

g(had, vin) composed with had(pout). This is useful because g(had, vin) can be shown to

be approximately convex, and had(pout) can be shown to be approximately concave. As a
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Figure 5: Piecewise-linear function produced from applying the PLFG MILP to the actual g(had, vin)
relationship. By using four planes a MRE of 1.36% is obtained. Different colours of the piecewise-linear
curve correspond to different hyperplanes.

result, we can apply the PLFG MILP individually to g(had, vin) and had(pout) to obtain a

piecewise-linear approximation of the nonconvex compressor power consumption function

g(pout, vin), with an accuracy that is dependent on the number of linear segments used in

the piecewise-linear approximations.

A highly accurate approximation was deemed to be one that approximates the actual

relationship with a MRE of 1.5%. Data on the g(had, vin) relationship was obtained by

combining Equations (16) and (20), with the actual performance curve data describing

Equations (18) and (19). This data was input into the PLFG MILP, and the number

of linear segments used for the piecewise-linear function was incremented until the MRE

dropped below 1.5%. The resulting piecewise-linear function with four planes approximates

the actual g(had, vin) relationship with a MRE of 1.36% for both the training and testing

data, which can be seen in Figure 5. This piecewise-linear function is able to be implemented

in an optimization model without requiring any binary variables, as the compressor power

only appears in the objective function that is being minimized, and the compressor power

relationship is convex.

The same approach was taken to obtain a piecewise-linear approximation of compressor

head as a function of outlet pressure (had(pout)). Data for this relationship was obtained

using the ”Outlet Pressure vs Flow” and ”Compressor Head vs Flow” performance curves.

It was found that the PLFG MILP is able to produce a piecewise-linear function with two
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Figure 6: Piecewise-linear function produced from applying the PLFG MILP to the actual Had(Pout)
relationship. By using two lines a MRE of 1.49% is obtained.

lines that has a MRE of 1.49% for both the training and testing data, which can be seen

in Figure 6. Implementing this piecewise-linear function requires the use of only a single

binary variable to determine which line segment is active for a given outlet pressure.

Figure 7 compares the compressor power consumption predicted using the piecewise-

linear performance model to the actual compressor power consumption, where it can be

seen that the set of piecewise-linear approximations accurately capture the actual compres-

sor power relationship. By comparing Figures 3 and 7 it is obvious that the piecewise-linear

model is substantially more accurate than the cubic polynomial model. Only two piecewise-

linear functions are needed to describe the compressor power consumption model with an

average error of 0.6% for the testing data, requiring just a single binary variable per com-

pressor unit to implement in an optimization model. This is in comparison with the cubic

polynomial compressor power consumption model of Equations (16) and (31)-(33), which

requires four complex nonlinear equations to approximate the actual compressor power

consumption physics with an average error of 5.3% for the testing data. Further, both com-

pressor speed and efficiency are not needed in the piecewise-linear compressor performance

model.

The compressor operating window can be defined with respect to compressor head,

as shown in Figure 3. We used a single line segment to approximate each of the four

operating bounds. To ensure that a model using the approximate operating window is
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Figure 7: Comparison of actual compressor power consumption data with approximate power consumption
calculated by combining the set of piecewise-linear functions generated.

guaranteed to yield a solution that lies within the true operating window, each bound was

approximated with a line segment that lies entirely within the true operating window. Figure

8 shows how the four compressor head bounds have been constructed. Although the linear

approximation of the operating window is a restriction of the true operating window, it is

less restricting than the operating window obtained using the cubic approximation seen in

Figure 3. Additionally, the linear approximation forms a convex region, and so implementing

the approximation in an optimization model can be done without the use of binary variables.

4.3. Modeling Multiple Compressor Unit Stations

In order to model the performance of compressor stations that contain multiple com-

pressor units, it is necessary to introduce additional binary variables into the formulation.

We denote these binary variable as oijtku, which indicates if compressor unit u ∈ Uij , at

the compressor station on arc (i, j) ∈ Ac, is operating during time period t ∈ T, for scenario

k ∈ K. If the compressor unit is operating, then oijtku is defined such that it takes a value

of 1, otherwise it takes a value of 0. The following constraint enforces that no gas can be

supplied to an inactive compressor unit:

vinijtku ≤M
Big,v
iju oijtku ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij , (34)

where MBig,v
iju is the maximum allowable volumetric flow through compressor unit u at
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Figure 8: Linear approximation of the compressor operating window.

arc (i, j). The same binary variable enforces or relaxes the surge, stonewall, minimum speed,

and maximum speed limits if the compressor unit is active or inactive through a Big-M for-

mulation. Lastly, compressor power consumption is enforced to be zero when a compressor

unit is inactive using a similar Big-M formulation. The details of these constraints are de-

pendent on the compressor performance model used, and so their details have been left to

the Appendix.

5. Approximating Pipeline Physics

5.1. Pressure-Flow Relationship

Applying the PLFG MILP to simulated data points produced from Equation (15), we

are able to approximate the righthand side of the pressure-flow relationship using 6 planes,

for an ARE of 0.75% for the testing data. Note that MRE hasn’t been reported here as

even slight absolute approximation error for data-points near to 0 can have deceivingly

large relative approximation errors. Figure 9 shows the piecewise-linear function used to

approximate the pressure-flow relationship. Given that the righthand side of pressure-flow

relationship is a concave function, and the lefthand side of the relationship is bounded from
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Figure 9: Piecewise-linear function produced from applying the PLFG MILP to simulated data-points from
the pressure-flow relationship. By using 6 planes an ARE of 0.75% is achieved. Different colours of the
piecewise-linear curve correspond to different hyperplanes.

above by the righthand side, no binary variables are required to implement the concave

piecewise-linear function in an optimization model.

5.2. Average Pipeline Pressure Relationship

The final nonlinear equation to apply the PLFG MILP to is the relationship of average

pipeline pressure along its length to pipeline inlet and outlet pressure, or Equation (14).

From Figure 10 we can see that the average pipeline pressure is convex with respect to

inlet and outlet pressure, and so the PLFG MILP can be applied to obtain an accurate

approximation. Two planes can be used to produce a piecewise-linear function with a MRE

of 0.65% for the testing data. The complete integer-linear linepacking model can be seen in

Appendix A.2.

6. Case Study

Two gas networks are used in the case study to assess the accuracy and computational

complexity of the novel linepacking model developed. Network 1 is a simple gun-and-barrel

pipeline network so that the optimal linepacking results can be displayed clearly. By also

studying a more complex network, the change in solution time with problem size can be

assessed. Network 2 is seen in Figure 12, and is a subnetwork of the Norwegian pipeline

network which has been identified as high importance for developing a linepacking policy.
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Figure 10: Piecewise-linear function produced from applying the PLFG MILP to simulated data-points from
the average pipeline pressure relationship. By using 2 planes a MRE of 0.65% is achieved. Different colours
of the piecewise-linear curve correspond to different hyperplanes.

The optimization software used for the case study was GAMS version 26.1.1 [36]. For

the bulk of the case study, the MINLP solver used was BARON version 18.11.12 [37, 38],

and the MILP solver used was CPLEX version 12.8 [39]. An extended computational study

was also performed to investigate the performance of other solvers. In this study we also

applied SCIP version 5.0 [40, 41] to solve the MINLPs, and GUROBI version 8.1 [42] to solve

the MILPs. In all trials, the solvers were given a single thread for performing optimization.

In all trials GAMS was ran on an Oracle VirtualBox version 5.1.26 with the Ubuntu 16.04

operating system, a CPU frequency of 3.60GHz, and 4GB of RAM. The simulation used to

investigate the optimization results was ran on Matlab version 2018a [43].

6.1. Linepack Models

Three different linepacking models were investigated in the case studies so that a perfor-

mance comparison could be made. The full details of the three models can be seen in the

Appendix, but essentially the three models are:

1. A simplified MILP model (LPM lin) made up of linear relationship approximations

commonly found in gas transportation literature (Appendix A.1), adapted closely

from the linear approximations seen in [10].
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2. The novel MILP model (LPMPL) that uses the novel piecewise-linear approximations

developed in this paper (Appendix A.2).

3. An MINLP model (LPMNL) made up of the widely-accepted existing nonlinear rela-

tionship approximations/theoretical equations (Appendix A.3), adapted closely from

the nonlinear relationships seen in [7].

To assess the accuracy of each of the models, a simulator was built that uses the actual

compressor performance curves in Figure 2 as the basis for the compressor performance

model, and the theoretical equations that described pipeline physics described in Section 5.

Appendix A.4 provides the full details of the simulator used for validation.

6.2. Network 1 Case Study

The first pipeline network investigated is a simple gun-and-barrel network, with a com-

pressor station located at the inlet of the network. The compressor station is comprised of 4

individual compressor units acting in parallel, each of which can either be active or inactive.

The compressor units are governed by the compressor performance curves seen in Figure 2.

The full definition of the sets and parameters used for modeling this network can be found

in Appendix B.1.

Two separate trials were created for this simple network, to observe how the optimal

linepacking policy changes. Both trials consider a three day operating period, where the first

day is at steady-state, the second day is subject to supply uncertainty, and in the third day

the supply uncertainty is resolved and linepacking can be recovered. During the linepack

recovery periods the gas supply capacity was set to 1.5 times greater than the normal gas

supply capacity. The trials differ in the uncertainty in supply during the second day, and

the constraint on expected unmet demand. Trial A considers the second day to have no

change in gas supply with a probability of 90%, and a complete shutdown in gas supply

with a probability of 10%. For this trials the expected unmet demand was constrained to

be no greater than 5% of total demand. Trial B is less aggressive, assuming a 90% chance

of no change in gas supply and a 10% chance of only a half reduction in gas supply, but the

expected unmet demand was constrained to be no greater than 2.5% of total demand.
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LPM lin LPMPL LPMNL

Solver CPLEX CPLEX BARON

Optimal Value (MW
day ) 85.89* 85.85 81.63

Simulation Value (MW
day ) - 86.24 85.85

% Error gc - 0.44 4.92
Trial A 1st-stage Pin (bar) 185.03 189.09 188.81

Solution Time (s) 0.05 0.25 3600

Optimal Value (MW
day ) 66.23* 66.26 64.01

Simulation Value (MW
day ) - 67.05 67.19

% Error gc - 1.18 4.73
Trial B 1st-stage Pin (bar) 149.56 152.75 142.50

Solution Time (s) 0.07 0.43 3600
*Optimal solution found to provide infeasible operation in simulator.

Table 7: Network 1 case study results.

6.2.1. Results and Discussion

The result of running all three models described earlier on the these two case studies

can be seen in Table 7, where the error is calculated by running the optimal solutions on

the simulator. It can be seen that the error in LPMNL is greater than LPMPL, due to

the error introduced through the polynomial approximation of the compressor performance

relationships. It should also be noted that LPMNL only returned a feasible solution after

an hour of run time. Both LPM lin and LPMPL were able to be solved to global optimums

within 1 second for both trials. Although LPM lin was able to be solved quickly, the simula-

tor proves that the optimal solutions obtained are infeasible with respect to the compressor

operating window and pipeline pressure limitations. The LPMPL model is found to be

highly accurate when validated on the simulator, and the solutions are found to be feasible.

A graphical representation of the LPMPL case study results can be seen in Figure

11. Given that only one of the two supply scenarios considers a change in the normal gas

supply, the results shown in Figure 11 are only for the scenario with variable gas supply.

Where appropriate, both the optimization and simulation results are plotted to demonstrate

the accuracy of the optimization results obtained from LPMPL. Some logical trends are

observed in both case study results. When the inflow and outflow of gas from the pipeline are

equal, such as in the first period, the average pipeline pressure does not change throughout
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Figure 11: Graphical representation of LPMPL case study results on Network 1.

the period. When the inflow is less than the outflow, such as in the second period, the

average pressure is seen to diminish throughout the stage. During the recovery periods to

return the average pipeline pressure to its initial value, the gas inflow to the pipeline is

greater than the outflow.

6.3. Network 2 Case Study

A second case study was performed to assess the ability for the novel linepacking model

to obtain an optimal linepacking policy for a network of practical size. Additionally, the

constraint on expected unmet demand is varied to observe the influence on the optimal

linepacking policy obtained, and to demonstrate how the model might be used to assess the

trade-off between security of supply and compressor power consumption.

The pipeline network investigated can be seen in Figure 12. The Kollsnes compressor

station is comprised of 6 units, and the Karsto compressor station is comprised of 3 units.

As in the first example, the compressor units are governed by the compressor performance
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Figure 12: Subnetwork of the Norwegian pipeline network used as Network 2 in the case study.

curves seen in Figure 2. The pipelines observed in the network are modeled using real

pipeline data from the Norwegian pipeline network, provided by Gassco.

This case study considers also considers a three day operating period as the Network 1

case study. Three uncertain supply scenarios were considered at the Kollsnes production

terminal, which was assigned a normal gas supply capacity of 140 MMSCM/day:

1. In day two there is no change in supply, which occurs with a probability of 0.8.

2. In day two the amount of supply is cut in half, which occurs with a probability of 0.15.

3. In day two the supply is completely shut off, which occurs with a probability of 0.05.

The full definition of the sets and parameters used for modeling this network can be

found in Appendix B.1.

6.3.1. Results and Discussion

Table 8 shows the solution times for all trials ran, where the first column indicates the

constraint on expected security of supply for each trial ((J − 1) ∗ 100). The LPM lin model

is observed to obtain the quickest solution of all the models with an average of 3.7 s for

feasible problems, as would be expected. The LPMPL model was able to find an optimal

solution within a reasonable amount of time for all of the trials ran, with an average solution
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Expected Security of Supply LPM lin LPMPL LPMNL

Solver CPLEX CPLEX BARON
80.0% 2.3† 21.6 -*
90.0% 3.4† 85.6 -*
94.0% 3.4† 35.3 -*
94.5% 3.3† 37.1 -*
95.2% 2.7† 30.2 -*
95.7% 2.4† 88.8 -*
96.0% 5.9† 175.7 -*
96.5% 4.9† 7.4** -*
96.8% 5.4† 8.2** -*
97.0% 1.9** 5.1** -*
*No feasible solution found after 12 hours of run time.
**Solver reported infeasibility.
† Solver found optimal solution, but simulator determined that
solution to be infeasible.

Table 8: Solution times (s) of Network 2 trials.

time of 67.8 s for feasible problems. The LMPNL was unable to obtain a feasible solution

after 12 hours of run time in all cases.

Although the LPMPL model required more time to obtain an optimal solution than the

LPM lin model, the quality of the solution obtain from the LPMPL model is substantially

greater. Upon testing the optimal solutions produced from the LPMPL model on the

simulator, it was determined that the optimal solution was on average 1.04% different from

the solution obtained through simulation. This result is shown in Figure 13B, where the

difference between the simulator solution and the optimizer solution can be seen to be only

marginally different. In contrast, the solutions from the LPM lin model were all determined

to be infeasible on the simulator. For this reason, simulator solutions for LPM lin are not

shown in Figure 13B.

The trends observed in Figures 13A and B show that to provide additional security

of supply through linepacking the first-stage compressor pressure and expected compressor

power costs increase exponentially. However, below an expected security of supply of roughly

94%, the first-stage compressor pressure plateaus. The reason for this plateau is that once

the security of supply constraint is lower than some amount it becomes unnecessary to set

the first-stage compressor outlet pressure higher than what would simply minimize the first-
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Figure 13: Network 2 case study results showing the trend of the Kollsnes compressor power consumption
and 1st-stage discharge pressure as the expected unmet demand constraint is varied over the trials.

stage compressor power. Therefore, depending on the future uncertainty in supply, there is

an expected security of supply threshold below which the optimal first-stage solution simply

corresponds to the minimum compressor power consumption required to meet the first-stage

operating conditions.

For the LPMPL model, to ensure an expected security of supply greater than 94%,

linepack is required to be stored during normal operation so that demand can be met even

when a supply shortage has occurred. As a result, the compressor power and discharge

pressure trends rise exponentially until the maximum expected security of supply of 96%

is reached. This maximum security of supply is a result of the compressor and pipeline

pressure limit of 210 bar. The results show that in order to achieve the additional 2% of

expected security of supply, an extra 6.5% of compressor power is required.

6.3.2. Extended Computational Study

Additional trials on Network 2 were performed to further investigate the computational

performance of the three models considered. The LPM lin and LPMPL models were solved

using both CPLEX version 12.8 and GUROBI version 8.1, and the LPMNL model was

solved using SCIP version 5.0 and BARON version 18.11.12 [37, 38]. A total of 25 random

trials were generated by varying the probability of the supply uncertainty scenarios, and the

gas demand from the the Zeebrugge export terminal. Five samples for the probability of a

complete gas supply shut off from Kollsnes were chosen from the uniform distribution ranging

0.05 to 0.15, with the probability of no change in gas supply fixed at 0.8, and the probability
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Statistic LPM lin LPMPL LPMNL

Number of Equations 4230 6918 4020
Number of Variables 2736 3030 3303
Number of Discrete Variables 189 483 189
Number of Non Zero Elements 13240 21934 10762
Solver CPLEX GUROBI CPLEX GUROBI BARON SCIP
Average Solution Time (s) 3.6 3.2 37.2 28.5 * *
Solution Time Std. Dev. (s) 1.0 0.8 9.9 12.0 * *
*No feasible solutions found after 1 hour of run time.

Table 9: Key statistics of extended computational study.

of a gas supply reduction by half making up the difference. These were combined with five

samples of the gas demand at Zeebrugge chosen from the uniform distribution ranging 65

MMSCM/day to 75 MMSCM/day, where the deviation from the normal demand of 70

MMSCM/day was compensated by a change in demand at the Easington demand node.

In all trials the expected unmet demand was limited to 8% of total demand.

Table 9 shows the key statistics summarizing the computational performance of the three

models over the 25 trials. The results reinforce the trends observed in the previous trials.

LPM lin is able to be solved the quickest, with an average solution time of 3.6 s using

CPLEX and 3.2 s using GUROBI. LPMPL was able to be solved with an average solution

time of 37.2 s on CPLEX and 28.5 s on GUROBI. LPMNL was unable to report a feasible

solution in under an hour for any of the 25 random trials when using BARON or SCIP.

7. Conclusion

A novel piecewise-linear linepacking model has been introduced that considers future

operational uncertainty using a two-stage stochastic framework. Previous linepacking mod-

els have considered compressor performance models which do not accurately capture actual

compressor performance. To overcome this limitation, we have introduced an piecewise-

linear compressor performance model that closely approximates rigorous compressor perfor-

mance data. The case study results presented here demonstrate that this piecewise-linear

modeling approach has the ability to significantly reduce model complexity, while retaining

or even improving model accuracy, compared to the commonly used nonlinear models.
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The piecewise-linear modeling approach introduced here has enabled the global solu-

tion of the optimal linepacking policy on a large-scale natural gas network within times of

practical use for online decision support. The solution obtained has also been shown to

be more accurate than the common existing approaches found in the literature. To model

the dynamics of the pipeline over multiple time periods a pseudo steady-state model has

been employed to avoid the need to consider the complex set of partial differential equa-

tions that describe pipeline transient behavior. Future work should seek the formulation

of a tractable model which describes pipeline dynamics more rigorously. Additionally, the

piecewise-linear modeling approach that has been demonstrated here is limited to approxi-

mating relationships that are ”approximately” convex or concave. Future work should seek

an efficient PLFG MILP that could extend this method to general non-convex relationships

of any dimension.
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Appendix A. Linepacking Models Investigated

Parameter Description Unit

Ag
iju1r, A

g
iju2r, B

g
ijur Coefficients of linear segment r in g(vin, had) function MW ·hr

m3 ,MW ·kg
kJ ,MW

for compressor unit u at arc (i, j)
Ah

ijur, B
h
ijur Coefficients of linear segment r in had(pout) function kJ

kg·bar ,kJkg
for compressor unit u at arc (i, j)

As,lo
ijur, B

s,lo
ijur Coefficients of linear segment r that kJ·hr

kg·m3 ,kJkg
lower bounds had as a function of vin

for compressor unit u at arc (i, j)
As,up

ijur, B
s,up
ijur Coefficients of linear segments r that kJ·hr

kg·m3 ,kJkg
upper bounds had as a function of vin

for compressor unit u at arc (i, j)
Aq

ij1r, A
q
ij2r, B

q
ijr Coefficients of linear segment r in q(pin, pout) function MMSCM

day·bar ,MMSCM
day·bar ,

at arc (i, j) MMSCM
day

Ap
1r, A

p
2r, B

p Coefficients of linear segment r in pavg(pin, pout) function −,−, bar
Had,lo

iju , Had,up
iju Upper and lower bounds on had kJ

kg

for compressor unit u at arc (i, j)

MBig,g
iju ,MBig,h

ij Big-M constant for compressor unit u MW

at arc (i, j) power consumption and head limit constraints
P lo
i , P

up
i Upper and lower bounds on gas pressure at node i bar

V in,lo
iju , V in,up

iju Upper and lower bounds on vin m3

h

for compressor unit u at arc (i, j)

Table A.10: Additional parameters used for modeling LPM lin, LPMPL, LPMNL.
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Appendix A.1. Linear Linepacking Model (LPM lin)

min
∑

(i,j)∈Ac

∑
t∈T

∑
k∈K

∑
u∈Uij

PkWtgijtku

s.t. Expected Security of Supply Constraints (2) - (5),

Nodal Conservation of Mass Constraints (6) - (8),

Pipeline Conservation of Mass Constraints (9) - (12),

Linepack-Average Pressure Constraint (13),

pavgijtk =
pinijtk + poutijtk

2
∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

qinijtk + qoutijtk

2
≤ Aq

ij1rp
in
ijtk +Aq

ij2rp
out
ijtk +Bq

ijr ∀(i, j) ∈ Ap, t ∈ T, k ∈ K, r ∈ {1, . . . , 6},

Ag
iju1v

in
ijtku +Ag

iju2h
ad
ijtk +Bg

iju − (1− oijtku)MBig,g
iju ≤ gijtku ≤MBig,g

iju oijtku

∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

hadijtk = Ah
ijup

out
ijtk +Bh

iju ∀(i, j) ∈ Ac, t ∈ T, k ∈ K,

Conversion from Mass to Volumetric Flow Rate Constraint (20),

Had,lo
iju ≤ hadijtk ≤ H

ad,up
iju ∀(i, j) ∈ Ac, t ∈ T, k ∈ K,

V in,lo
iju oijtku ≤ vinijtku ≤ V

in,up
iju oijtku ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

Nonanticipativity Constraints (23) - (26),

pinijtk ≤ pitk ∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

pjtk ≤ poutijtk ∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

P lo
i ≤ pitk ≤ P

up
i ∀i ∈ N, t ∈ T, k ∈ K.

40



Appendix A.2. Integer-Linear Linepacking Model (LPMPL)

min
∑

(i,j)∈Ac

∑
t∈T

∑
k∈K

∑
u∈Uij

PkWtgijtku

s.t. Expected Security of Supply Constraints (2) - (5),

Nodal Conservation of Mass Constraints (6) - (8),

Pipeline Conservation of Mass Constraints (9) - (12),

Linepack-Average Pressure Constraint (13),

pavgijtk = max
r∈{1,...,2}

{Ap
1rp

in
ijtk +Ap

2rp
out
ijtk +Bp

r} ∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

qinijtk + qoutijtk

2
≤ Aq

ij1rp
in
ijtk +Aq

ij2rp
out
ijtk +Bq

ijr ∀(i, j) ∈ Ap, t ∈ T, k ∈ K, r ∈ {1, . . . , 6},

Ag
iju1rv

in
ijtku +Ag

iju2rh
ad
ijtk +Bg

ijur − (1− oijtku)MBig,g
iju ≤ gijtku ≤MBig,g

iju oijtku

∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij , r ∈ {1, . . . , 4},

hadijtk = min
r∈{1,...,2}

{Ah
ijurp

out
ijtk +Bh

ijur} ∀(i, j) ∈ Ac, t ∈ T, k ∈ K,

Conversion from Mass to Volumetric Flow Rate Constraint (20),

As,lo
ijurv

in
ijtku +Bs,lo

ijur − (1− oijtku)MBig,h
ij ≤ hadijtk ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij , r ∈ {1, 2},

hadijtk ≤ A
s,up
ijurv

in
ijtku +Bs,up

ijur + (1− oijtku)MBig,h
ij ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij , r ∈ {1, 2},

vinijtku ≤M
Big,v
iju oijtku ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

Nonanticipativity Constraints (23) - (26),

pinijtk ≤ pitk ∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

pjtk ≤ poutijtk ∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

P lo
i ≤ pitk ≤ P

up
i ∀i ∈ N, t ∈ T, k ∈ K,

where the min{} and max{} operators are implemented using the Big-M formulation

discussed in Equations (29) and (30).
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Appendix A.3. Nonlinear Linepacking Model (LPMNL)

min
∑

(i,j)∈Ac

∑
t∈T

∑
k∈K

∑
u∈Uij

PkWtgijtku

s.t. Expected Security of Supply Constraints (2) - (5),

Nodal Conservation of Mass Constraints (6) - (8),

Pipeline Conservation of Mass Constraints (9) - (12),

Linepack-Average Pressure Constraint (13),

pavgijtk =
2

3

(
pinijtk + poutijtk −

pinijtkp
out
ijtk

pinijtk + poutijtk

)
∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

qinijtk + qoutijtk

2Cij
≤
√

(pinijtk)2 − (poutijtk)2 ∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

gijtku =
hadijtk
ηadijtku

qinijtku ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

hadijtk =
ZinT inR

Mw

κ

κ− 1

((poutijtk

P in

)κ−1
κ − 1

)
∀(i, j) ∈ Ac, t ∈ T, k ∈ K,

hadijtk
s2ijtku

= Hiju1 +Hiju2

(vinijtku
sijtku

)
+Hiju3

(vinijtku
sijtku

)2
+Hiju4

(vinijtku
sijtku

)3
∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

ηadijtku = Eiju1 + Eiju2

(vinijtku
sijtku

)
+ Eiju3

(vinijtku
sijtku

)2
+ Eiju4

(vinijtku
sijtku

)3
∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

Conversion from Mass to Volumetric Flow Rate Constraint (20),

oijtkuS
min
iju ≤ sijtku ≤ Smax

iju ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

oijtkuS
surge,op
iju ≤

vinijtku
sijtku

≤ Sstonewall
iju ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

vinijtku ≤M
Big,v
iju oijtku ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

Nonanticipativity Constraints (23) - (26),

pinijtk ≤ pitk ∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

pjtk ≤ poutijtk ∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

P lo
i ≤ pitk ≤ P

up
i ∀i ∈ N, t ∈ T, k ∈ K.
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Appendix A.4. Equations in Linepacking Simulation Model (LPMSim)

Expected Power Consumption =
∑

(i,j)∈Ac

∑
t∈T

∑
k∈K

∑
u∈Uij

PkWtgijtku,

Expected Security of Supply Constraints (2) - (5),

Nodal Conservation of Mass Constraints (6) - (8),

Pipeline Conservation of Mass Constraints (9) - (12),

Linepack-Average Pressure Constraint (13),

pavgijtk =
2

3

(
pinijtk + poutijtk −

pinijtkp
out
ijtk

pinijtk + poutijtk

)
∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

qinijtk + qoutijtk

2Cij
≤
√

(pinijtk)2 − (poutijtk)2 ∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

gijtku =
hadijtk
ηadijtku

qinijtku ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

Equation (17) using ”Outlet Pressure vs Flow” Performance curve data in Figure 2,

Equation (18) using ”Head vs Flow” Performance curve data in Figure 2,

Equation (19) using ”Efficiency vs Flow” Performance curve data in Figure 2,

Conversion from Mass to Volumetric Flow Rate Constraint (20),

oijtkuS
min
iju ≤ sijtku ≤ Smax

iju ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

oijtkuS
surge,op
iju ≤

vinijtku
sijtku

≤ Sstonewall
iju ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

vinijtku ≤M
Big,v
iju oijtku ∀(i, j) ∈ Ac, t ∈ T, k ∈ K, u ∈ Uij ,

Nonanticipativity Constraints (23) - (26),

pinijtk ≤ pitk ∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

pjtk ≤ poutijtk ∀(i, j) ∈ Ap, t ∈ T, k ∈ K,

P lo
i ≤ pitk ≤ P

up
i ∀i ∈ N, t ∈ T, k ∈ K.
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Appendix B. Sets and Parameters for Case Studies

Appendix B.1. Network 1 Case Study

Set Definition
A {(1, 2), (2, 3)}
Ac {(1, 2)}
Ap {(2, 3)}
K {1, 2}
Np {2}
Nprod {1}
Nexp {3}
T {1, 2, 3, 4, 5}
Tsu {2, 3}
Trec {4, 5}
Uij U12 = {1, 2, 3, 4}

Table B.11: Sets used for Network 1 case study.

Parameter Value
Cij C23 = 0.6265
Dij D23 = 1.118
Hiju1, Hiju2, Hiju3, Hiju4 H12u1 = 1.831× 10−6, H12u2 = 3.322× 10−6, H12u3 = −1.821× 10−6,

H12u4 = 1.479× 10−7 for all u ∈ U12

Had,lo
iju , Had,up

iju Had,lo
12u = 80, Had,up

12u = 140 for all u ∈ U12

Eiju1, Eiju2, Eiju3, Eiju4 E12u1 = −15.981, E12u2 = 152.700, E12u3 = −74.508,
E12u4 = 10.010 for all u ∈ U12

Lij L23 = 4× 105

Mw 0.0173

MBig,v
iju ,MBig,g

iju ,MBig,h
ij MBig,v

12u = 17000,MBig,g
12u = 60 for all u ∈ U12, MBig,h

12 = 1000

P lo
i , P

up
i P lo

1 = 75, P lo
2 = P lo

3 = 70, Pup
i = 210 for all i ∈ {1, 2, 3}

Qdem
itk Qdem

3tk = 65 for all t ∈ T, k ∈ K
Qprod

itk Qprod
11k = 65 for all k ∈ K

R 8.314× 10−5

Smin
iju , Smax

iju Smin
12u = 5088, Smax

12u = 7318 for all u ∈ U12

Ssurge,op
iju , Sstonewall

iju Ssurge,op
12u = 1.467, Sstonewall

12u = 2.050 for all u ∈ U12

T op
ij , Z

op
ij T op

23 = 273.150, Zop
23 = 0.720

T std, Zstd, P std 273.150, 1.000, 1.013
T in
ij , Z

in
ij , P

in
ij T in

12 = 273.15, Zin
12 = 0.809, P in

12 = 75

V in,lo
iju , V in,up

iju V in,lo
12u = 9000, V in,up

12u = 15000 for all u ∈ U12

Wt W1 = 1,W2 = W3 = W4 = W5 = 0.5
κiju κ12u = 1.429 for all u ∈ U12

Table B.12: Parameters used for Network 1 case study.
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Appendix B.2. Network 2 Case Study

Set Definition
A {(1, 2), (2, 3), (2, 4), (3, 4), (3, 5), (3, 6), (4, 7), (4, 8), (4, 9), (8, 10), (9, 10), (11, 12), (12, 4), (12, 8)}
Ac {(1, 2), (11, 12)}
Ap {(2, 3), (2, 4), (3, 4), (3, 5), (3, 6), (4, 7), (4, 8), (4, 9), (8, 10), (9, 10), (12, 4), (12, 8)}
K {1, 2, 3}
Np {2, 4, 5, 6, 9, 12}
Nprod {1, 3, 11}
Nexp {7, 8, 10}
T {1, 2, 3, 4, 5, 6, 7}
Tsu {2, 3, 4}
Trec {5, 6, 7}
Uij U12 = {1, 2, 3, 4, 5, 6},U11,12 = {1, 2, 3}

Table B.13: Sets used for Network 2 case study.
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Parameter Value
Cij C23 = 0.571, C24 = 0.571, C34 = 0.654, C35 = 0.654, C36 = 0.544,

C47 = 0.382, C48 = 0.388, C49 = 0.517, C8,10 = 1.312, C9,10 = 0.305,
C12,4 = 0.227, C12,8 = 0.434

Dij D23 = 1.016, D24 = 1.016, D34 = 0.762, D35 = 1.016, D36 = 1.118,
D47 = 1.067, D48 = 1.016, D49 = 0.914, D8,10 = 1.016, D9,10 = 0.914,
D12,4 = 0.711, D12,8 = 1.067

Hiju1, Hiju2, Hiju3, Hiju4 Hiju1 = 1.831× 10−6, Hiju2 = 3.322× 10−6, Hiju3 = −1.821× 10−6,
Hiju4 = 1.479× 10−7 for all (i, j) ∈ Ac, u ∈ Uij

Had,lo
iju , Had,up

iju Had,lo
iju = 80, Had,up

iju = 140 for all (i, j) ∈ Ac, u ∈ Uij

Eiju1, Eiju2, Eiju3, Eiju4 Eiju1 = −15.981, Eiju2 = 152.700, Eiju3 = −74.508,
Eiju4 = 10.010 for all (i, j) ∈ Ac, u ∈ Uij

Lij L23 = 2.99× 105, L24 = 3× 105, L34 = 3.8× 104, L35 = 8.08× 105,
L36 = 5.36× 105, L47 = 8.40× 105, L48 = 6.20× 105, L49 = 2.03× 105,
L8,10 = 4.7× 104, L9,10 = 4.40× 105, L12,4 = 2.28× 105, L12,8 = 6.20× 105

Mw 0.0173

MBig,v
iju ,MBig,g

iju ,MBig,h
ij MBig,v

iju = 17000,MBig,g
iju = 60,MBig,h

ij = 1000 for all (i, j) ∈ Ac, u ∈ Uij

P lo
i , P

up
i P lo

1 = P lo
11 = 75, P lo

i = 70 for all i ∈ {2, . . . , 10, 12},
Pup
i = 210 for all i ∈ {1, . . . , 12}

Qdem
itk Qdem

5tk = 40, Qdem
6tk = 70, Qdem

7tk = 50, Qdem
8tk = 60, Qdem

10tk = 65 for all t ∈ T, k ∈ K
Qprod

itk Qprod
11k = 140, Qprod

31k = 65, Qprod
11,1k = 80 for all k ∈ K

R 8.314× 10−5

Smin
iju , Smax

iju Smin
iju = 5088, Smax

iju = 7318 for all (i, j) ∈ Ac, u ∈ Uij

Ssurge,op
iju , Sstonewall

iju Ssurge,op
iju = 1.467, Sstonewall

iju = 2.050 for all (i, j) ∈ Ac, u ∈ Uij

T op
ij T op

ij = 273.150 for all (i, j) ∈ Ap

Zop
ij Zop

23 = 0.720, Zop
24 = 0.727, Zop

34 = 0.714, Zop
35 = 0.775, Zop

36 = 0.757,

Zop
47 = 0.784, Zop

48 = 0.765, Zop
49 = 0.735, Zop

9,10 = 0.847, Zop
8,10 = 0.897,

Zop
9,10 = 0.714, Zop

9,10 = 0.715

T std, Zstd, P std 273.150, 1.000, 1.013
T in
ij , Z

in
ij , P

in
ij T in

ij = 273.15, Zin
ij = 0.809, P in

ij = 75 for all (i, j) ∈ Ac

V in,lo
iju , V in,up

iju V in,lo
iju = 9000, V in,up

iju = 15000 for all (i, j) ∈ Ac, u ∈ Uij

Wt W1 = 1,W2 = W3 = W4 = W5 = 1/3
κiju κiju = 1.429 for all (i, j) ∈ Ac, u ∈ Uij

Table B.14: Parameters used for Network 2 case study.
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