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Abstract5

Two-stage stochastic mixed-integer linear programming (MILP) problems can arise natu-

rally from a variety of process design and operation problems. These problems, with a

scenario based formulation, lead to large-scale MILPs that are well structured. When first-

stage variables are mixed-integer and second-stage variables are continuous, these MILPs

can be solved efficiently by classical decomposition methods, such as Dantzig-Wolfe decom-

position (DWD), Lagrangian decomposition, and Benders decomposition (BD), or a cross

decomposition strategy that combines some of the classical decomposition methods. This

paper proposes a new cross decomposition method, where BD and DWD are combined in

a unified framework to improve the solution of scenario based two-stage stochastic MILPs.

This method alternates between DWD iterations and BD iterations, where DWD restricted

master problems and BD primal problems yield a sequence of upper bounds, and BD relaxed

master problems yield a sequence of lower bounds. The method terminates finitely to an

optimal solution or an indication of the infeasibility of the original problem. Case study of

two different supply chain systems, a bioproduct supply chain and an industrial chemical

supply chain, show that the proposed cross decomposition method has significant compu-

tational advantage over BD and the monolith approach, when the number of scenarios is

large.
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1. Introduction8

Mixed-integer linear programming (MILP) paradigm has been applied to a host of prob-9

lems in process systems engineering, including but not limited to problems in supply chain10

optimization [1], oil field planning [2], gasoline blending and scheduling [3], expansion of11

chemical plants [4]. In such applications, there may be parameters in the model that are12

not known with certainty at the decision making stage. These parameters can be customer13

demands, material prices, yields of the plant, etc. One way of explicitly addressing the14

model uncertainty is to use the following scenario-based two-stage stochastic programming15

formulation:16

min
x0

x1,...,xs

s∑
ω=1

[cT0,ωx0 + cTωxω]

s.t. A0,ωx0 +Aωxω ≤ b0,ω, ∀ω ∈ {1, ..., s},

xω ∈ Xω, ∀ω ∈ {1, ..., s},

x0 ∈ X0,

(SP)

Here x0 = (x0,i, x0,c) includes the first-stage variables, where x0,i includes ni integer vari-17

ables and x0,c includes nc continuous variables. Set X0 = {x0 = (x0,i, x0,c) : B0x0 ≤18

d0, x0,i ∈ Zni , x0,c ∈ Rnc}. xω includes the second-stage variables for scenario ω and19

set Xω = {xω ∈ Rnx : Bωxω ≤ dω}. Parameter b0,ω ∈ Rm, and other parameters in problem20

(SP) have conformable dimensions. Note that the second-stage variables in (SP) are all21

continuous.22

Usually a large number of scenarios are needed to fully capture the characteristics of23

uncertainty; as a result, Problem (SP) becomes a large-scale MILP, for which solving the24

monolith (full model) using commercial solvers (such as CPLEX) may fail to return a so-25

lution or return a solution quickly enough. However, Problem (SP) exhibits a nice block26

structure that can be exploited for efficient solution. Figure 1 illustrates this structure. The27

structure of the first group of constraints in Problem (SP) is shown by part (1) of the figure,28
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Figure 1: The block structure of Problem (SP)

and the structure of the last two groups is shown by part (2).29

There exist two classical ideas to exploit the structure of Problem (SP). One is that,30

if the constraints in part (1) are dualized, Problem (SP) can then be decomposed over the31

scenarios and therefore it becomes a lot easier to solve. With this idea, the first group of32

constraints in Problem (SP) are viewed as linking constraints. Dantzig-Wolfe decomposition33

(DWD) [5] or column generation [6] [7] is one classical approach following this idea. In this34

approach, constraints in part (1) are dualized to form a pricing problem. The optimal35

solution of the pricing problem not only leads to a lower bound for Problem (SP), but also36

provides a point, or called a column, which is used to construct a restriction of set
∏s
ω=1Xω.37

With this restriction, a (restricted) master problem is solved, and the solution gives an38

upper bound for Problem (SP) and new dual multipliers for constructing the next pricing39

problem. Another approach following the same idea is Lagrangian decomposition/relaxation40

[8] [9] [10], where a lower bounding Lagrangian subproblem is solved at each iteration and41

the Lagrange multipliers for the subproblems can be generated by solving the non-smooth42

Lagrangian dual problem or by some heuristics. Since this idea relies on the fact that43

the dualization of the constraints in part (1) is not subject to a dual gap, these methods44

can finitely find an optimal solution of Problem (SP). If integer variables are present, the45
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methods have to be used in a branch-and-bound framework to ensure finite termination46

with an optimal solution [11] [10] [12], such as the branch-and-price method [13] [14] [11]47

[15] [16] [17] [18] [19] and the branch-price-cut method [20].48

The other idea to exploit the structure is based on the fact that, if the value of x0 is49

fixed, then the block column A0,1, · · · , A0,s in part (1) no longer links the different scenarios50

and therefore Problem (SP) becomes decomposable over the scenarios. With this idea, the51

first-stage variables are viewed as linking variables. Benders Decomposition (BD) [21] or52

L-shaped method [22] is a classical approach following this idea. In this approach, through53

the principle of projection and dualization, Problem (SP) is equivalently reformulated into54

a master problem, which includes a large but finite number of constraints, called cuts. A55

relaxation of master problem that includes a finite subset of the cuts can be solved to yield56

a lower bound for Problem (SP) as well as a value for x0. Fixing x0 to this value yields a57

decomposable upper bounding problem for Problem (SP). One important advantage of BD58

over DWD or Lagrangian decomposition is that, finite termination with an optimal solution59

is guaranteed, no matter whether x0 includes integer variables. However, when x0 is fixed60

for some problems, the primal problem can have degenerate solutions[23] [24] [25], resulting61

in redundant Bender cuts and slow convergence of the algorithm [26] [27].62

It is natural to consider synergizing the two aforementioned ideas for a unified decompo-63

sition framework that not only guarantees convergence for mixed-integer x0, but also leads64

to improved convergence rate. Van Roy proposed a cross decomposition method, which65

solves BD and Lagrangian relaxation subproblems iteratively for MILPs with decomposable66

structures [28]. The computational advantage of the method was demonstrated through ap-67

plication to capacitated facility location problems [24]. Further discussions on the method,68

including generalization for convex nonlinear programs was done by Holmberg [29] [30].69

One important assumption of this cross decomposition method is that, the (restricted or70

relaxed) master problems from BD and Lagrangian relaxation are difficult to solve and71

should be avoided as much as possible. However, this is usually not the case for Prob-72

lem (SP). Therefore, Mitra, Garcia-Herreros and Grossmann recently proposed a different73

cross decomposition method [31] [32], which solves subproblems from BD and Lagrangian74
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decomposition equally frequently. They showed that their cross decomposition method was75

significantly faster than BD and the monolith approach for a two-stage stochastic program-76

ming formulation of a resilient supply chain with risk of facility disruption [33] [34]. Both77

Van Roy and Mitra et al. assumed that all the subproblems solved are feasible.78

In this paper, we propose a new cross decomposition method which has two major

differences from the cross decomposition methods in the literature. First, we combine BD

and DWD instead of BD and Lagrangian decomposition in the method. Second, we solve

the subproblems in a different order. In addition, we include in the method a mechanism so

that the algorithm will not be stuck with infeasible subproblems. In order to simplify our

discussion, we rewrite Problem (SP) into the following form:

min
x0,x

cT0 x0 + cTx

s.t. A0x0 +Ax ≤ b0,

x ∈ X,

x0 ∈ X0,

(P)

where x = (x1, · · · , xs), X =
∏s
ωXω, c0 = (c0,1, · · · , c0,s), c = (c1, · · · , cs), b0 = (b0,1, · · · , b0,s),79

A0 = (A0,1, · · · , A0,s), A = diag(A1, · · · , As). Remember that due to the problem structure80

shown in Figure 1, when x0 is fixed or/and the first group of constraints are dualized, Prob-81

lem (P) becomes much easier. Since for most real-world applications, the values of decision82

variables are naturally bounded, we make the following assumption.83

Assumption 1. X0 and X are non-empty and compact.84

In fact, this assumption is not vital for the proposed method, but with it the discussion85

is more convenient.86

The remaining part of the article is organized as follows. In Section 2, we discuss87

classical decomposition methods and their relationships. Then, in Section 3, we present the88

new cross decomposition method, give the subproblems and discuss the properties of the89

subproblems. In Section 4, we give further discussions on the new method, including warm90

starting the algorithm with a Phase I procedure and adaptively alternate between DWD and91
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BD iterations. Two case studies; a bioproduct supply chain optimization problem and an92

industrial chemical supply chain problem, are presented to demonstrate the computational93

advantage of the new cross decomposition method in Section 5. The article ends with94

conclusions in Section 6.95

2. Classical Decomposition Methods96

In this section we discuss three classical decomposition methods, which are BD, DWD,97

and Lagrangian decomposition. We review some theoretical results that are important for98

understanding how and why our new cross decomposition method works. The results either99

have been proved in literature or are easy to prove. Proofs of all propositions in the paper100

are provided in Appendix.101

2.1. Benders decomposition102

We first explain BD from the Lagrangian duality perspective, such as in [35], rather than

from the linear programming (LP) duality perspective. There are two benefits in doing this

here. One is the convenience for associating BD to DWD and Lagrangian decomposition, the

other is the convenience for future extension of the cross decomposition to convex nonlinear

problems. In BD, an alternative problem that is equivalent to Problem (P) is considered.

We call this problem Benders Master Problem (BMP) in this paper, and it is given below:

min
x0,η

η

s.t. η ≥ inf
x∈X

(
cTx+ λTAx

)
+ (cT0 + λTA0)x0 − λT b0, ∀λ ∈ Λopt,

0 ≥ inf
x∈X

λTAx+ λT (A0x0 − b0), ∀λ ∈ Λfeas,

x0 ∈ X0.

(BMP)

This problem can be equivalently transformed from Problem (P), as explained in [35]. The

first group of constraints in Problem (BMP) are called optimality cuts, and the second group

of constraints are called feasibility cuts. λ represents Lagrange multipliers from dualizing

the linking constraints, and the different optimality or feasibility cuts are differentiated by
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the different multipliers involved. The multipliers in the optimality cuts are optimal dual

solutions of the following Benders Primal Problem (BPP), which is constructed at Benders

iteration k by fixing x0 to constant xk0 :

min
x

cT0 x
k
0 + cTx

s.t. A0x
k
0 +Ax ≤ b0,

x ∈ X.

(BPPk)

If Problem (BPPk) is infeasible for x0 = xk0 , then the following Benders Feasibility Problem

(BFP) is solved and its optimal dual solution is a multiplier for a feasibility cut:

min
x,z

||z||

s.t. A0x
k
0 +Ax ≤ b0 + z,

x ∈ X,

z ≥ 0,

(BFPk)

where || · || can be any norm function. The 1-norm is used in the case studies of this paper.103

Problem (BFPk) is always feasible and has a finite objective value if X is nonempty.104

Proposition 1. Problem (BMP) is equivalent to Problem (P) if Λopt is {λ ∈ Rm : λ ≥ 0}105

or the set of all extreme dual multipliers of Problem (BPPk), and Λfeas is {λ ∈ Rm : λ ≥ 0}106

or the set of all extreme dual multipliers of Problem (BFPk). Here extreme dual multipliers107

of a LP problem refer to extreme points of the feasible set of the LP dual of the problem.108

In BD, a relaxation of Problem (BMP) that includes part of the optimality and feasibility109

cuts, instead of Problem (BMP) itself, is solved at each iteration. This problem can be110

called Benders Relaxed Master Problem (BRMP). We will further discuss BRMP in the111

next section.112
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2.2. Dantzig-Wolfe decomposition113

DWD considers a different master problem, which is constructed by representing the

bounded polyhedral set X in Problem (P) with a convex combination of all its extreme

points. We call this problem Dantzig-Wolfe Master Problem (DWMP) and give it below:

min
x0,x

cT0 x0 + cTx

s.t. A0x0 +Ax ≤ b0,

x0 ∈ X0,

x ∈

{
x : x =

nF∑
i=1

θixi,

nF∑
i=1

θi = 1, θi ≥ 0 (i = 1, · · · , nF )

}
.

(DWMP)

The next proposition shows that, for Problem (DWMP) being equivalent to Problem (P),114

the points xi in Problem (DWMP) do not have to all be the extreme points.115

Proposition 2. Problem (DWMP) is equivalent to Problem (P) if E(X) ⊂ {x1, · · · , xnF } ⊂116

X, where E(X) denotes the set of all extreme points of X.117

In DWD, a restriction of Problem (DWMP) that includes part of the extreme points of

X, called Dantzig-Wolfe Restricted Master Problem (DWRMP), is solved at each iteration,

yielding an upper bound for Problem (P). The extreme points are selected from the solutions

of the following Dantzig-Wolfe Pricing Problem (DWPP):

min
x

(cT + (λk)TA)x

s.t. x ∈ X,
(DWPPk)

where the λk denotes Lagrange multipliers of the linking constraints for the previously solved118

DWRMP. We will further discuss on DWRMP in the next section.119

2.3. Lagrangian decomposition120

Lagrangian decomposition considers the following Lagrangian dual of Problem (P):

max
λ≥0

min
x0∈X0,x∈X

cT0 x0 + cTx+ λT (A0x0 +Ax− b0) (LD)
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Note that Problem (LD) is equivalent to Problem (P) only when there is no dual gap. How-

ever, this is generally not the case for MILPs. In iteration k of Lagrangian decomposition,

the following relaxation of Problem (P), called Lagrangian subproblem, is solved:

min
x0,x

cT0 x0 + cTx+ (λk)T (A0x0 +Ax− b0)

s.t. x0 ∈ X0,

x ∈ X.

(LSk)

It is not trivial to generate λk for (LSk) at each iteration. Several approaches have been used121

in the literature for multiplier generation, including solving the nonsmooth Lagrangian dual122

problem via some nonsmooth optimization methods such as subgradient methods [36] [37]123

[38], and solving restricted Lagrangian dual problems [28] [31]. The restricted Lagrangian124

dual master problem is given as:125

max
η0,λ

η0

s.t. η0 ≤ cT0 xi0 + cTxi + (λ)T (A0x
i
0 +Axi − b0), i ∈ Ik

λ ≥ 0,

(RLDk)

where xi0 are extreme points of X0 that are generated from previous iterations.126

Obviously, Problem (LSk) can be decomposed into a subproblem including x0 only and127

a subproblem including x only. The latter one is actually Problem (DWPPk). Thus we can128

view DWD as a variant of Lagrangian decomposition, which, in addition to what a regular129

Lagrangian decomposition approach does, also provides a systematic mechanism to generate130

Lagrange multipliers and problem upper bounds.131

The next proposition states that, for a group of given Lagrange multipliers, a Benders132

optimality cut can be constructed either from the solution of a BD subproblem or from a133

DWD subproblem.134

Proposition 3. Let λk represent Lagrange multipliers for the linking constraints in Problem
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(BPPk) and Problem (DWPPk), then

inf
x∈X

(
cTx+

(
λk
)T
Ax
)

+
(
cT0 + (λk)TA0

)
x0 − (λk)T b0

=objBPPk +
(
cT0 + (λk)TA0

) (
x0 − xk0

)
=objDWPPk +

(
cT0 + (λk)TA0

)
x0 − (λk)T b0,

where objBPPk , objDWPPk denote the optimal objective values of Problems (BPPk), (DWPPk),135

respectively, and xk denotes an optimal solution of Problem (BPPk) associated with λk.136

The next proposition states that a Benders feasibility cut can be constructed from the137

solution of Problem (BFPk).138

Proposition 4. Let λk represent Lagrange multipliers for the linking constraints in Problem

(BFPk), then

inf
x∈X

(λk)TAx+ (λk)T (A0x0 − b0)

=objBFPk + (λk)TA0

(
x0 − xk0

)
,

where objBFPk denotes the optimal objective values of Problems (BFPk) and xk denotes an139

optimal solution of Problem (BFPk).140

3. The New Cross Decomposition Method141

3.1. Different Cross Decomposition Strategies142

Figure 2 illustrates the diagrams of three cross decomposition strategies proposed by Van143

Roy (1983), Mitra et al. (2014), and this paper. Van Roy’s cross decomposition includes144

BD subproblems BPP and BRMP, and Lagrangian decomposition subproblems RLD and145

LS. Here RLD stands for restricted Lagrangian dual problem, which results from restricting146

set X in Problem (LD) to the convex hull of a number of extreme points of X. Since this147

cross decomposition method is designed for applications in which the master problems RLD148

and BRMP are much more difficult than problems BPP and LS, so it mostly solves BPP149

and LS iteratively and only solves RLD and BRMP when necessary.150
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(c)	  The	  cross	  decomposi/on	  strategy	  proposed	  in	  this	  paper	  

(b)	  The	  cross	  decomposi/on	  strategy	  in	  Mitra	  et	  al.	  (2014)	  (a)	  The	  cross	  decomposi/on	  strategy	  in	  Van	  Roy	  (1983)	  

BPP:	  Benders	  Primal	  Problem	  
BFP:	  Benders	  Feasibility	  Problem	  
BRMP:	  Benders	  Relaxed	  Master	  Problem	  
DWPP:	  Dantzig-‐Wolfe	  Pricing	  Problem	  	  
DWRMP:	  Dantzig-‐Wolfe	  Restricted	  Master	  Problem	  
LS:	  Lagrangian	  Subproblem	  
RLD:	  Restricted	  Lagrangian	  Dual	  Problem	  
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Lower&bound!

Upper&bound!
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LS 
Provides extra cuts  

Provides extra columns   

Lower&bound!

Upper&bound!

BRMP 

BPP/BFP DWRMP 

DWPP 
Provides extra cuts  

Provides extra columns   

Lower&bound!

Upper&bound!Upper&bound!

Figure 2: Three cross decomposition strategies

The cross decomposition proposed by Mitra et al. includes the same subproblems, but151

the order in which the subproblems are solved is different. As the method is designed for152

stochastic MILPs in which the master problems RLD and BRMP are usually easier than153

subproblems LS and BPP, it does not avoid solving RLD and BRMP as much as possible.154

Instead, it solves each of the four subproblems equally frequently. In addition, solutions of155

BPP are used to yield extra columns to enhance RLD and the solutions of LS are used to156

yield extra cuts to enhance BRMP. Although the extra cuts and columns make the master157

problems larger and more time consuming to solve, they also tighten the relaxed master158

problems and reduce the number of iterations needed for convergence.159

The cross decomposition method proposed in this paper was initially motivated by the160

complementary features of DWD and BD. So this method includes DWD iterations that161

solve DWRMP and DWPP and BD iterations that solve BPP/BFP and BRMP. The method162

alternates between several DWD iterations and several BD iterations. Just like in the163

cross decomposition proposed by Mitra et al., the solutions of BPP and DWPP are used164

to generate extra columns and cuts to enhance master problems DWRMP and BRMP.165

Compared to the other two cross decomposition methods, we believe that there are two166

major advantages of the method proposed in this paper:167
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1. The DWD restricted master problem DWRMP provides a rigorous upper bound for168

Problem (P), while the restricted Lagrangian dual RLD does not. Actually, according169

to Van Roy (1983), RLD is a dual of DWRMP. On the other hand, DWPP is similar170

to LS and either one can provide a cut to BRMP (according to the discussion in the171

previous section). Therefore, using DWD instead of Lagrangian decomposition in the172

cross decomposition framework is likely to achieve better convergence rate.173

2. Feasibility issues are addressed systematically. When BPP is infeasible, a Benders174

feasibility problem BFP is solved to allow the algorithm to proceed. In addition, a175

Phase I procedure is introduced to avoid infeasible DWRMP.176

In the next two subsections, we will give details for the subproblems solved in the pro-177

posed new cross decomposition method, and the sketch of the basic algorithm. In Section178

4, we will propose a Phase I procedure to avoid solving infeasible DWRMP and also discuss179

how to adaptively alternate between DWD and BD iterations.180

3.2. Subproblems in the New Cross Decomposition Method181

In the new cross decomposition method, we call either a BD iteration (i.e., the solution of

one BPP/BFP and one BRMP) or a DWD iteration (i.e. the solution of one DWRMP and

one DWPP) a CD iteration. At the kth CD iteration, subproblem BPP/BFP or DWPP to

be solved is same to Problem (BPPk)/(BFPk) or (DWPPk) given in Section 2. The BRMP

problem solved in the kth CD iteration can be formulated as follows:

min
x0,η

η

s.t. η ≥ objBPP i +
(
cT0 + (λi)TA0

) (
x0 − xi0

)
, ∀i ∈ T kopt,

0 ≥ objBFP i +
(
λi
)T
A0(x0 − xi0), ∀i ∈ T kfeas,

η ≥ objDWPP i +
(
cT0 + (λi)TA0

)
x0 − (λi)T b0, ∀i ∈ Ukopt,

x0 ∈ X0,

(BRMPkr )

where T kopt includes the indices of all previous iterations in which Problem (BPPk) is solved182

and feasible, T kfeas includes the indices of all previous iterations in which Problem (BFPk)183
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is solved, Ukopt includes the indices of all previous iterations in which Problem (DWPPk) is184

solved.185

Proposition 5. Problem (BRMPkr ) is a valid lower bounding problem for Problem (P)186

The DWRMP problem solved in the kth CD iteration can be formulated as follows:

min
x0,θi

cT0 x0 + cT

∑
i∈Ik

θixi


s.t. A0x0 +A

∑
i∈Ik

θixi

 ≤ b0,
∑
i∈Ik

θi = 1,

θi ≥ 0, ∀i ∈ Ik,

x0 ∈ X0,

(DWRMPk)

where the index set Ik ⊂
(
T kopt ∪ T kfeas ∪ Ukopt

)
, in other words, the columns considered187

in Problem (DWRMPk) come from the solutions of some previously solved BPP/BFP and188

DWPP subproblems. Note that here we assume that Ik is nonempty and it is such that189

Problem (DWRMPk) is feasible. In the next section, we will discuss how to ensure this190

through a Phase I procedure.191

Proposition 6. Problem (DWRMPk) is a valid upper bounding problem for Problem (P).192

3.3. Sketch of the New Cross Decomposition Algorithm193

A sketch of the new cross decomposition algorithm is given in Table 1. With the following194

assumption, the finiteness of the algorithm can be easily proved.195

Assumption 2. The primal and dual optimal solutions of an LP returned by an optimiza-196

tion solver are extreme points and extreme dual multipliers.197

This assumption is needed to prevent the generation of an infinite number of Lagrange198

multipliers that lead to the same feasible solution of Problem (P). This is a mild assumption199
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as most commercial solvers (such as CPLEX) return extreme optimal primal and dual200

solutions for LPs. With this assumption, Problem (BPPk) or (BFPk) can only yield a finite201

number of Lagrange multipliers.202

Theorem 1. If there are at most a finite number of DWD iterations between two BD203

iterations, then the cross decomposition algorithm described in Table 1 terminates in a finite204

number of steps with an optimal solution of Problem (P) or an indication that Problem (P)205

is infeasible.206

Proof. This proof is based on the finite convergence property of the BD method. It is well207

known that (e.g., [21], [39]), Problem (BPPk) will not yield the same Lagrange multipliers208

(for constructing cuts in Problem (BRMPkr )) twice unless the Lagrange multipliers are the209

ones associated with an optimal solution of Problem (P). And upon generation of optimal210

Lagrange multipliers for a second time, the upper bound from Problem (BPPk) and the211

lower bound from Problem (BRMPkr ) will coincide, leading to termination with an optimal212

solution of Problem (P). This procedure is finite as (a) only a finite number of Lagrange213

multipliers can be generated by Problem (BPPk) and (b) there are at most a finite number214

of DWD iterations between two BD iterations.215

If Problem (P) is infeasible, then the master problem (BMP) is infeasible. Note that216

according to Proposition 1, we can consider Problem (BMP) to involve a finite number of217

extreme dual multipliers. So Problem (BRMPkr ) needs only a finite number of steps to grow218

into Problem (BMP), and therefore after a finite number of steps, it must be infeasible219

which indicates the infeasibility of Problem (P).220

4. Further Discussions221

4.1. Phase I Procedure222

Problem (DWRMPk) is feasible only when at least one convex combination of the

columns {xi}i∈Ik is feasible for Problem (P). Here we introduce a Phase I procedure as

a systematic way to generate a group of columns that enable the feasibility of Problem

(DWRMPk) or indicate the infeasibility of Problem (P). Similar to the Phase I procedure

14



Table 1: Sketch of the New Cross Decomposition Algorithm

Initialization:
(a) Give set I1 that includes indices of a number of points in set X such that Problem (DWRMPk) is feasible.

Give termination tolerance ε.

(b) Let index sets U1
opt = T 1

opt = T 1
feas = ∅. Iteration counter k = 1, upper bound UBD = +∞, lower

bound LBD = −∞.

Step 1 (DWD iterations):
Execute the DWD iteration described below several times:

(1.a) Solve Problem (DWRMPk). Let xk
0 , {θi,k}

i∈Ik be the optimal solution obtained, and λk be Lagrange
multipliers for the linking constraints. If obj

DWRMPk < UBD, update UBD = obj
DWRMPk and the

incumbent solution (x∗0 , x
∗) = (xk

0 ,
∑

i∈Ik θ
i,kxi). If UBD ≤ LBD + ε, terminate and the incumbent

solution (x∗0 , x
∗) is an optimal solution for Problem (P).

(1.b) Solve Problem (DWPPk), let xk be the optimal solution obtained.

(1.c) Generate Ik+1, Uk+1
opt for adding columns and cuts to the master problems. Update k = k + 1.

Step 2 (BD iterations):
Execute the BD iteration described below several times, and then go to step 1.

(2.a) Solve Problem (BRMPk
r ). Let (ηk, xk

0 ) be the optimal solution obtained. If ηk > LBD, update LBD =

ηk. If UBD ≤ LBD+ε, terminate and the incumbent solution (x∗0 , x
∗) is an optimal solution for Problem

(P).

(2.b) Solve Problem (BPPk). If Problem (BPPk) is feasible and obj
BPPk < UBD, update UBD = obj

BPPk

and the incumbent solution (x∗0 , x
∗) = (xk

0 , x
k). If Problem (BPPk) is infeasible, solve Problem (BFPk).

No matter which problem is solved, let xk, λk be an optimal solution and the related Lagrange multipliers
for the linking constraints.

(2.c) Generate Ik+1, Tk+1
opt , Tk+1

feas for adding columns and cuts to the master problems. If Problem (BPPk)

is feasible, Tk+1
opt = Tk

opt ∪ {k}, T
k+1
feas = Tk

feas; otherwise, Tk+1
feas = Tk+1

feas ∪ {k}, T
k+1
opt = Tk+1

opt . Update

k = k + 1.

in simplex algorithm, this proposed Phase I procedure is to solve the following Feasibility

Problem instead of Problem (P) itself:

min
x0,x,z

||z||

s.t. A0x0 +Ax ≤ b0 + z,

x0 ∈ X0,

x ∈ X,

z ≥ 0,

(FP)

where || · || denotes any norm function, and the 1-norm is used for the case studies in the pa-223

per. In the Phase I procedure, Problem (FP) is solved via the proposed cross decomposition224

method, and this procedure is illustrated in Figure 3. In this procedure, each DWD iteration225

solves a restricted DWD master problem for Problem (FP), DWFRMP, and a DWD pricing226

problem for Problem (FP), DWFP. Each BD iteration solves a primal for Problem (FP),227
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BFP, and a BD relaxed master problem for Problem (FP). BFP at the kth CD iteration is228

same to Problem (BFPk), so we are to give the other three subproblems.229

BFP:	  Benders	  Feasibility	  Problem	  
BFRMP:	  Benders	  Feasibility	  Relaxed	  Master	  Problem	  
DWFP:	  Dantzig-‐Wolfe	  Feasibility	  Problem	  	  
DWFRMP:	  Dantzig-‐Wolfe	  Feasibility	  Restricted	  Master	  	  	  	  
Problem	  
	  

BFRMP 

BFP DWFRMP 

DWFP 
Provides extra cuts  

Provides extra columns   

Lower&bound!

Upper&bound!Upper&bound!

Figure 3: Diagram of the Phase I procedure

Problem BFRMP solved at the kth CD iteration is:

min
x0,η

η

s.t. η ≥ objBFP i +
(
λi
)T
A0(x0 − xi0), ∀i ∈ T kfeas,

η ≥ objDWFP i + (λi)T (A0x0 − b0), ∀i ∈ Ukfeas,

x0 ∈ X0,

(BFRMPk)

where T kfeas includes the indices for all previous BD iterations and Ukfeas includes the indices230

for all previous DWD iterations. λi denotes Lagrange multipliers for the linking constraints231

for Problem (BFPi) or for Problem (DWFPi), and xi0 denotes the fixed x0 value for Problem232

(BFPi). As a result of Proposition 5, Problem (BFRMPk) is a valid lower bounding problem233

for Problem (FP).234
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Problem DWFRMP solved at the kth CD iteration is:

min
x0,z,θi

||z||

s.t. A0x0 +A

∑
i∈Ik

θixi

 ≤ b0 + z,

∑
i∈Ik

θi = 1,

θi ≥ 0, ∀i ∈ Ik,

x0 ∈ X0,

z ≥ 0,

(DWFRMPk)

where Ik = T kfeas ∪ Ukfeas. As a results of Proposition 6, Problem (DWFRMPk) is a valid

upper bounding problem for Problem (FP). Note that the Phase I procedure starts with

solving Problem (DWFRMPk) (for k=1), in which the index I1 has to include at least one

column. In order to generate an initial column, called x0, for I1, the following initial pricing

problem is solved:

min
x

cTx

s.t. x ∈ X.
(IPP)

Note that if Problem (IPP) is infeasible, then set X is empty and therefore Problem (P) is235

infeasible.236

Problem DWFP solved at the kth iteration is:

min
x

(λk)TAx

s.t. x ∈ X,
(DWFPk)

where λk includes Lagrange multipliers for the linking constraints in Problem (DWFRMPk).237

The following theorem results from applying Theorem 1 to Problem (FP).238

Theorem 2. The Phase I procedure illustrated in Figure 3 g terminates finitely with an239
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optimal solution of Problem (FP) or an indication that Problem (FP) is infeasible. If the240

optimal objective value of Problem (FP) is greater than 0, then Problem (P) is infeasi-241

ble; otherwise, Problem (P) is feasible and Problem DWRMP is feasible with the columns242

generated in the Phase I procedure.243

Note that the optimal value of Problem (FP) cannot be negative, so the Phase I procedure244

can terminate when the current upper bound is 0 (no matter what the current lower bound245

is). In this case, the 0 upper bound comes from either the optimal value of Problem BFP or246

the optimal value of Problem DWFRMP, and therefore the solution of one of the problems247

provides a feasible column, with which Problem (DWRMPk) is feasible.248

After completing the Phase I procedure, the algorithm starts the Phase II procedure that249

solves Problem (P) using the cross decomposition strategy. In the Phase II procedure, the250

iteration counter k continues to increase from its value at the end of the Phase I procedure,251

and the index sets Ik, T kfeas also grows from the ones at the end of the Phase I procedure.252

The index set Ukfeas remains the same as the one at the end of the Phase I procedure because253

Problem (DWFPk) is never solved in the Phase II procedure.254

With the results from the Phase I procedure, the BD relaxed master problem in Phase

II can be updated as:

min
x0,η

η

s.t. η ≥ objBPP i +
(
cT0 + (λi)TA0

) (
x0 − xi0

)
, ∀i ∈ T kopt,

0 ≥ objBFP i +
(
λi
)T
A0(x0 − xi0), ∀i ∈ T kfeas,

η ≥ objDWPP i +
(
cT0 + (λi)TA0

)
x0 − (λi)T b0, ∀i ∈ Ukopt,

0 ≥ objDWFP i + (λi)T (A0x0 − b0), ∀i ∈ Ukfeas,

x0 ∈ X0.

(BRMPk)

Note that the cuts in this problem come from the subproblems solved in both the Phase I255

procedure and the Phase II procedure. The following proposition states the validity of the256

cuts.257
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Proposition 7. Problem (BRMPk) is a valid lower bounding problem for Problem (P).258

Now we give a cross decomposition algorithm that combines the Phase I and the Phase259

II procedures to systematically solve Problem (P). In either phase, the algorithm alternates260

between one DWD iteration and one BD iteration. The solutions of subproblems in the261

DWD iterations are all used to construct extra cuts to enhance Problem BFRMP/BRMP,262

while the solutions of subproblems in the BD iterations are all used to construct extra263

columns to enhance Problem DWFRMP/DWRMP. The details of the algorithm is given in264

Table 2. According to Theorems 1 and 2, the algorithm has finite convergence property.265

Corollary 1. Cross Decomposition Algorithm 1 given in Table 2 terminates in a finite266

number of steps with an optimal solution for Problem (P) or an indication that Problem (P)267

is infeasible.268

4.2. Adaptive Alternation Between DWD and BD Iterations269

Cross Decomposition Algorithm 1 shown in Table 2 alternates between one DWD itera-270

tion and one BD iteration. However, in some cases it may be better to perform several DWD271

iterations or BD iterations in a row. For example, if the solution of a DWD restricted master272

problem decreases the current upper bound significantly, then the DWD pricing problem273

is likely to generate a good column for another DWD iteration to further reduce the gap;274

in this case, the algorithm should go to another DWD iteration rather than going to a BD275

iteration. If the solution of a BD primal problem cannot decrease the current upper bound,276

the column from the solution is not likely to enhance the DWD restricted master problem277

for further decrease of the upper bound; in this case, the algorithm should go to another278

BD iteration rather than going to a DWD iteration.279

As a result, we introduce a different cross decomposition algorithm, which adaptively280

determines the type of the next iteration according to the following rules:281

1. After a DWD iteration, solve Problem BFRMP (for Phase I) or BRMP (for Phase II).282

If the decrease of the upper bound in the DWD iteration is more than the increase of283

the lower bound (resulting from the solution of BFRMP/BRMP), then the algorithm284

will go to another DWD iteration. Otherwise, the algorithm will go to a BD iteration.285
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Table 2: Cross Decomposition Algorithm 1

Initialization

(a) Select a point from set X (e.g., by solving Problem (IPP)). Let x0 be the selected point and I1 = {0}.
If X is empty, then Problem (P) is infeasible.

(b) Give termination tolerance ε. Let index sets U1
opt = T 1

opt = T 1
feas = ∅, iteration counter k = 1, bounds

for Problem (FP) UBDF = +∞, LBDF = −∞, bounds for Problem (P) UBD = +∞, LBD = −∞.

Cross Decomposition Phase I

Step 1 (DWD iteration):

(1.a) Solve Problem (DWFRMPk). Let λk be the obtained Lagrange multipliers for the linking constraints. If
obj

DWFRMPk < UBDF , update UBDF = obj
DWFRMPk .

(1.b) Solve Problem (DWFPk), let xk be the optimal solution obtained.

(1.c) Update Ik+1 = Ik ∪{k}, Uk+1
feas = Uk

feas ∪{k}, U
k+1
opt = Uk

opt, k = k+ 1. If UBDF ≤ ε, end Phase I and

go to Phase II.

Step 2 (BD iteration):

(2.a) Solve Problem (BFRMPk), update LBDF = obj
BFRMPk . If LBDF > ε, terminate and Problem (P) is

infeasible.

(2.b) Solve Problem (BFPk), and let xk, λk be the obtained optimal solution and the related Lagrange multi-
pliers for the linking constraints. If obj

BFPk < UBDF , update UBDF = obj
BFPk

(2.c) Update Ik+1 = Ik ∪ {k}, Tk+1
feas = Tk

feas ∪ {k}, T
k+1
opt = Tk

opt, k = k+ 1. If UBDF ≤ ε, end Phase I and

go to Phase II; otherwise, go to step (1.a).

Cross Decomposition Phase II

Step 1 (DWD iteration):

(1.a) Solve Problem (DWRMPk). Let xk
0 , {θi,k}

i∈Ik be the optimal solution obtained, and λk be Lagrange
multipliers for the linking constraints. If obj

DWRMPk < UBD, update UBD = obj
DWRMPk and the

incumbent solution (x∗0 , x
∗) = (xk

0 ,
∑

i∈Ik θ
i,kxi). If UBD ≤ LBD + ε, terminate and (x∗0 , x

∗) is an

optimal solution for Problem (P).

(1.b) Solve Problem (DWPPk), let xk be the optimal solution obtained.

(1.c) Update Ik+1 = Ik ∪ {k}, Uk+1
opt = Uk

opt ∪ {k}, U
k+1
feas = Uk

feas, k = k + 1.

Step 2 (BD iteration):

(2.a) Solve Problem (BRMPk), update LBD = obj
BRMPk . If UBD ≤ LBD+ ε, terminate and (x∗0 , x

∗) is an
optimal solution for Problem (P).

(2.b) Solve Problem (BPPk). If Problem (BPPk) is feasible and obj
BPPk < UBD, update UBD = obj

BPPk

and the incumbent solution (x∗0 , x
∗) = (xk

0 , x
k). If Problem (BPPk) is infeasible, solve Problem (BFPk).

No matter which problem is solved, let xk, λk be an optimal solution and the related Lagrange multipliers
for the linking constraints.

(2.c) If Problem (BPPk) is feasible, Tk+1
opt = Tk

opt ∪ {k}, T
k+1
feas = Tk

feas; otherwise, Tk+1
feas = Tk

feas ∪ {k},
Tk+1
opt = Tk

opt. Update Ik+1 = Ik ∪ {k}, k = k + 1. Go to step (1.a).
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2. After a BD iteration, solve Problem DWFRMP (for Phase I) or DWRMP (for Phase286

II). If the optimal value of the problem is better than the current upper bound, then287

the algorithm will go to a DWD iteration. Otherwise, the algorithm will go to another288

BD iteration.289

The details of this different algorithm is given in Table 3.290

Proposition 8. In Cross Decomposition Algorithm 2 shown in Table 3, there cannot be an291

infinite number of DWD iterations between two BD iterations.292

According to Theorems 1, 2 and Proposition 8, the algorithm also has the finite conver-293

gence property.294

Corollary 2. Cross Decomposition Algorithm 2 given in Table 3 terminates in a finite295

number of steps with an optimal solution for Problem (P) or an indication that Problem (P)296

is infeasible.297

5. Case Study Results298

5.1. Case Study Problems299

We demonstrate the advantages of the proposed CD methods using two case study300

problems. Case study A is a bio-product supply chain optimization (SCO) problem, which301

was originally studied in [40] but modified into a two-stage stochastic MILP problem in302

[41]. The supply chain has four layers involving different operations such as preprocessing,303

conversion and product distribution. The goal of the strategic SCO is to determine the304

optimal configuration of the supply chain network and the technologies used in the processing305

plants, such that the total profit is maximized and the customer demands at the demand306

locations are satisfied. Two uncertain parameters, demand for electricity and corn stover307

yield are considered. They are assumed to be independent of each other and follow uniform308

distributions. The first-stage decisions are whether or not specific units or technologies309

are to be included in the supply chain and these are represented by binary variables. The310

second-stage decision variables are material or product flows that are determined by the311
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Table 3: Cross Decomposition Algorithm 2

Initialization

(a) Select a point from set X (e.g., by solving Problem (IPP)). Let x0 be the selected point and I1 = {0}.
If X is empty, then Problem (P) is infeasible.

(b) Set termination tolerance ε. Let index sets U1
opt = T 1

opt = T 1
feas = ∅, iteration counter k = 1, bounds for

Problem (FP) UBDF = +∞, LBDF = −∞, bounds for Problem (P) UBD = +∞, LBD = −∞.

Cross Decomposition Phase I

Step 1 (DWD iteration):

(1.a) Solve Problem (DWFRMPk). if obj
DWFRMPk > UBDF − ε, ∆DW = 0 go to step (2.a); otherwise

calculate ∆DW = UBDF −obj
DWFRMPk , update UBDF = obj

DWFRMPk , and let λk be the obtained
Lagrange multipliers for the linking constraints.

(1.b) Solve Problem (DWFPk), let xk be the optimal solution obtained.

(1.c) Update Uk+1
feas = Uk

feas ∪{k}, U
k+1
opt = Uk

opt, I
k+1 = Ik ∪{k}. If UBDF ≤ ε, k = k+ 1, end Phase I and

go to Phase II

Step 2 (BD iteration):

(2.a) Solve Problem (BFRMPk). If obj
BFRMPk > ε, terminate and Problem (P) is infeasible. Calculate

∆BD = obj
BFRMPk − LBDF , update LBDF = obj

BFRMPk . If ∆BD ≥ ∆DW , go to step (2.b);
otherwise, go to step (1.a).

(2.b) Solve Problem (BFPk). Let xk, λk be an optimal solution and the related Lagrange multipliers for the
linking constraints.

(2.c) Update Tk+1
feas = Tk

feas ∪ {k}, T
k+1
opt = Tk

opt. If obj
BFPk < UBDF − ε, Ik+1 = Ik ∪ {k}; otherwise,

Ik+1 = Ik. If min{UBDF, obj
BFPk} ≤ ε, k = k + 1, end Phase I and go to Phase II.

(2.d) If obj
BFPk < UBDF , UBDF = obj

BFPk ; set k = k + 1 and go to step (1.a).

Cross Decomposition Phase II

Step 1 (DWD iteration):

(1.a) Solve Problem (DWRMPk). Let xk
0 , {θi,k}

i∈Ik be the optimal solution obtained, and λk be the related

Lagrange multipliers for the linking constraints. If obj
DWRMPk > UBD−ε, go to step (2.a). Otherwise,

calculate ∆DW = UBD − obj
DWRMPk , update UBD = obj

DWRMPk , and the incumbent solution

(x∗0 , x
∗) = (xk

0 ,
∑

i∈Ik (θi)kxi).

(1.b) Solve Problem (DWPPk), let xk be the optimal solution obtained.

(1.c) Update Uk+1
opt = Uk

opt ∪ {k}, U
k+1
feas = Uk

feas, Ik+1 = Ik ∪ {k}.

Step 2 (BD iteration):

(2.a) Solve Problem (BRMPk). If UBD ≤ obj
BRMPk + ε, terminate and (x∗0 , x

∗) is an optimal solution for
Problem (P). Calculate ∆BD = obj

BRMPk −LBD, update LBD = obj
BRMPk . If ∆BD ≥ ∆DW , go to

step (2.b); otherwise, go to step (1.a).

(2.b) Solve Problem (BPPk). If Problem (BPPk) is feasible and obj
BPPk < UBD, the incumbent solution

(x∗0 , x
∗) = (xk

0 , x
k). If Problem (BPPk) is infeasible, solve Problem (BFPk). No matter which problem is

solved, let xk, λk be an optimal solution and the related Lagrange multipliers for the linking constraints.

(2.c) If Problem (BPPk) is feasible, Tk+1
opt = Tk

opt ∪ {k}, Tk+1
feas = Tk

feas. Update UBD =

min{UBD, obj
BPPk}. Then set Ik+1 = Ik ∪ {k}, k = k + 1 and go to step (1.a).

(2.d) If Problem (BPPk) is infeasible, Tk+1
feas = Tk

feas ∪ {k}, T
k+1
opt = Tk

opt, k = k + 1, go to step (1.a).
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operation of the supply chain, and they are represented by continuous variables. The model312

contains 18 binary variables, 2376s + 7 continuous variables and 3192s + 10 constraints,313

where s is the number of scenarios.314

Case study B is a two-stage stochastic MILP formulated by McLean et al. [42] for315

optimization of an industrial chemical supply chain. The supply chain involves different316

grades of Primary Raw Material (PRM) that is converted in 5 manufacturing plants for317

onward delivery to customers. The aim of the SCO problem is to determine the optimal318

capacities of the plants, such that the total profits are maximized and customer demands319

are satisfied. The uncertainty considered is minimum demands, and it is modeled using two320

uniformly distributed random variables described in [42]. The first-stage decisions are the321

capacities of plants represented by integer variables. The second-stage decision variables are322

material or product flows that are determined by the operation of the supply chain, and they323

are represented by continuous variables. Consequently, the model contains 5 positive integer324

variables (all bounded from above by 20), 8210s + 6 continuous variables and 14770s + 11325

constraints.326

5.2. Implementation327

The two case studies were performed on a virtual machine created on a computer allo-328

cated with a 3.4GHz CPU and 4GB RAM. The virtual machine runs Linux operating system329

(Ubuntu 14.04). All decomposition algorithms and the subproblems were implemented on330

GAMS 24.6.1 [43]. CPLEX 12.6.3 [44] was used as the LP and MILP solver for all algo-331

rithms. Four solution approaches were compared in the case studies, namely, monolith, BD,332

CD1, and CD2. Here monolith refers to solving the problem directly using CPLEX, CD1333

and CD2 refer to the first and the second CD algorithms, respectively. A GAMS extension,334

which is called GUSS [45], was utilized in all of the three decomposition methods (with335

default GUSS options), in order to achieve efficient model generation and solution for the336

decomposed scenario problems.337

The relative tolerance used for all approaches was 10−3. For monolith approach, the338

initial point was generated by CPLEX via its preprocessing procedure. For BD, the initial339
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values for all first-stage variables were 0. CD1 and CD2 generated the initial columns x0 by340

solving Problem (IPP). For case study A, (IPP) is very easy to solve so the CD methods341

obtained an optimal solution of (IPP) as the initial column. For case study B, however,342

solving (IPP) to optimality is very time-consuming and therefore only a feasible solution of343

(IPP) was obtained and used as the initial column.344

In addition, CPLEX was set to use interior point method for the LP/MILP subproblems345

for case study B, as it can significantly reduce the solution time. But interior point method346

does not have significant benefit for case study A subproblems, so the default solution347

method option of CPLEX was used for case study A.348

5.3. Results and Discussion349

The computational results for case study A with the four solution approaches are sum-350

marized in Tables 4, 5, 6 and 7, and those for case study B in Tables 8, 9, 10 and 11.351

For both case studies, all approaches lead to the same optimal objective values (within the352

specified tolerance). The monolith approach is faster than the decomposition approaches for353

small numbers of scenarios, but with the increase of number of scenarios, its performance354

deteriorates rapidly because it does not exploit the decomposable structure present in the355

problem. For case study A, CD1 and CD2 are faster than BD, as they both can significantly356

reduce the number of BD iterations with the DWD iterations. In addition, CD2 is faster357

than CD1 for the cases in which it can reduce the number of BD iterations with much fewer358

DWD iterations. Note that CD2 is not always better than CD1, as the rules it follows359

to determine the next iteration is only likely (and cannot guarantee) to avoid ineffective360

DWD iterations. For case study B, the performance of BD is very good as no more than361

50 BD iterations are needed for convergence. For this case study, CD1 is worse than BD,362

because it does not significantly reduce the number of BD iterations but needs a relatively363

large number of DWD iterations. On the other hand, CD2 can reduce the number of BD364

iterations at the expense of only a few DWD iterations. As a result, CD2 requires fewer365

total iterations than BD (except for the 361 scenario case where BD requires fewer total366

iterations but more total solution time). These results indicate that CD2 is a better choice367
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than CD1 if we need an approach that can consistently outperform BD.368

Note that each of the tables for the decomposition approaches shows two different total369

times. ”Total solver time” refers to the total time for CPLEX to solve all the LP/MILP370

subproblems. ”Total run time” refers to the wall time for solving the problem, including371

the total solver time as well as the computing overhead. The computing overhead mainly372

comes from the frequent loading of scenario data and generation of scenario subproblems373

in the GAMS environment. If the decomposition approaches had been implemented with a374

platform/language that incurs little computing overhead (such as C++), the total run times375

could be significantly reduced. But even with the large computing overhead, the total run376

times of the three decomposition approaches are still much less than the monolith approach377

for large problems cases.378

The advantages of the proposed decomposition methods can also be seen from how the379

bounds of each decomposition method change at each iteration. Figure 4 shows for case380

study A how the upper and lower bounds (UBD and LBD) in the decomposition methods381

improve over the iterations. It can be seen that, compared to BD, CD1 and CD2 both382

generate tighter upper bounds and reach the optimal solution much faster. Although BD383

may generate better lower bounds at the first several iterations, CD1 and CD2 start to384

generate similarly good lower bounds fairly quickly. This is because a good upper bounding385

problem (DWRMP or BPP) solution is likely to yield a good BD cut, and CD1 and CD2386

apparently can generate such solution earlier. This can be seen more clearly from case387

study B bound evolution curves shown in Figure 5. For this case study, CD1 and CD2 again388

generate better upper bounds at the first several iterations, and CD2 also generate better389

lower bounds at the beginning (which is due to the better upper bounding solutions used to390

construct the BD cuts). Since CD1 needs to follow a large number of DWD iterations that391

cannot improve the bounds, it has very slow convergence. But CD2 improve the bounds392

much more efficiently than CD1, and it requires fewer number of iterations than BD (except393

for the 361 scenario case in which BD requires 3 less iterations). These results indicate that,394

the main advantage of CD1/CD2 over BD is the generation of better upper bounds, and the395

other advantage is that the better upper bounding solutions can sometimes lead to better396
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Table 4: Results for case study A - Monolith (Unit for time: sec)

Number of scenarios 9 49 121 225 289 361

Optimal obj. (Million $) -73.44 -75.53 -75.81 -75.88 -75.92 -75.93

Total solver time 70 1133 2559 8553 20990 43503

Total run time 71 1142 2571 8988 21105 43646

Table 5: Results for case study A - BD (Unit for time: sec)

Number of scenarios 9 49 121 225 289 361

Number of iterations 312 436 398 470 411 389

Optimal obj. (Million $) -73.44 -75.53 -75.80 -75.90 -75.91 -75.94

Time for BPP/BFP 414 3127 6829 15990 14311 20593

Time for BRMP 41 91 95 124 35 74

Total solver time 455 3218 6924 16114 14393 20668

Total run time 793 4010 7930 17879 15882 22609

Table 6: Results for case study A - CD1 (Unit for time: sec)

Number of scenarios 9 49 121 225 289 361

Num. of BD iterations 73 134 102 140 137 118

Num. of DWD iterations 73 134 102 140 137 118

Total num. of iter. 146 268 204 280 274 236

Optimal obj. (Million $) -73.44 -75.53 -75.81 -75.86 -75.92 -75.94

Time for IPP/DWPP/DWFP 75 770 1571 4119 5141 5631

Time for DWRMP/DWFRMP 17 475 869 3510 3021 3442

Time for BPP/BFP 67 626 1147 3213 3765 3976

Time for BRMP/BFRMP 5 8 4 9 10 19

Total solver time 164 1879 3591 10851 11938 12957

Total run time 291 2759 4922 15301 16064 18734

Table 7: Results for case study A - CD2 (Unit for time: sec)

Number of scenarios 9 49 121 225 289 361

Num. of BD iterations 233 128 130 131 98 79

Num. of DWD iterations 8 5 3 5 5 3

Total num. of iter. 241 133 133 136 103 82

Optimal obj. (Million $) -73.44 -75.53 -75.80 -75.88 -75.91 -75.94

Time for IPP/DWPP/DWFP 9 25 38 128 159 105

Time for DWRMP/DWFRMP 11.1 13.8 35 71 77 68

Time for BPP/BFP 213 654 1413 3251 2609 2699

Time for BRMP/BFRMP 16 6 5 5 4 2

Total solver time 249 699 1489 3455 2848 2872

Total run time 454 923 1901 4650 3783 3762
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Table 8: Results for case study B - Monolith (Unit for time: sec)

Number of scenarios 9 25 49 121 225 361

Optimal obj. (Million $) -21592 -21613 -21615 – † –‡ –‡

Total solver time 1258 6457 17454 – – –

Total run time 1263 6473 17524 – – –
†: Out of memory with 4GB RAM. With 8GB RAM, no integer solution returned within 36000 seconds.
‡: Out of memory with 8GB RAM.

Table 9: Results for case study B - BD (Unit for time: sec)

Number of scenarios 9 25 49 121 225 361

Number of iterations 39 46 47 45 40 46

Optimal obj. (Million $) -21602 -21610 -21612 -21614 -21615 -21615

Time for BPP/BFP 161 306 618 1641 2563 5243

Time for BRMP 0.3 0.3 0.3 0.4 0.3 0.3

Total solver time 162 306 618 1642 2563 5244

Total run time 272 452 835 2081 3186 6375

Table 10: Results for case study B - CD1 (Unit for time: sec)

Number of scenarios 9 25 49 121 225 361

Num. of BD iterations 34 34 31 36 35 43

Num. of DWD iterations 35 35 32 37 36 44

Total num. of iter. 69 69 63 73 71 87

Optimal obj. (Million $) -21608 -21613 -21615 -21616 -21616 -21616

Time for IPP/DWPP/DWFP 135 250 437 1046 1849 3603

Time for DWRMP/DWFRMP 0.6 1.2 2.9 6.0 10.0 35.7

Time for BPP/BFP 64 154 284 848 1842 4090

Time for BRMP/BFRMP 0.6 0.7 0.5 0.4 0.3 0.4

Total solver time 201 406 725 1901 3701 7729

Total run time 390 651 1049 2615 4992 10776

Table 11: Results for case study B - CD2 (Unit for time: sec)

Number of scenarios 9 25 49 121 225 361

Num. of BD iterations 29 33 35 33 33 40

Num. of DWD iterations 4 8 8 7 5 9

Total num. of iter. 33 41 43 40 38 49

Optimal obj. (Million $) -21608 -21613 -21615 -21616 -21616 -21616

Time for IPP/DWPP/DWFP 42 109 222 458 731 1437

Time for DWRMP/DWFRMP 0.4 1.0 1.9 5.0 8.1 25

Time for BPP/BFP 46 170 352 770 1580 3202

Time for BRMP/BFRMP 0.3 0.3 0.4 0.3 0.2 0.4

Total solver time 89 281 576 1233 2319 4665

Total run time 168 433 814 1678 3014 6182
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lower bounds. Compared to CD1, CD2 is able to consistently exploit these advantages to397

outperform BD, as it avoids solving DWD subproblems that are unlikely to improve the398

bounds.399

6. Conclusions400

This paper proposes a new cross decomposition framework for solving Problem (P).401

Different from the existing cross decomposition methods in the literature, this framework402

exploits the synergy between BD and DWD (rather than Lagrangian decomposition) to403

achieve improved solution efficiency. In this framework, a sequence of upper bounds for404

Problem (P) are generated via solving BD primal problems and DWD restricted master405

problems, and a sequence of lower bounds are generated via solving BD relaxed master406

problems, where some BD cuts are generated via solving DWD pricing problems. A phase407

1 procedure to warm start the solution procedure is also developed, so the framework can408

deal with infeasible problems or problems for which initial feasible solutions are difficult to409

find. With this new framework, two cross decomposition algorithms, CD1 and CD2, are410

developed. CD1 alternates between one BD iteration and one DWD iteration, while CD2411

determines the type of the next iteration adaptively.412

The performance of the new CD approaches is demonstrated in comparison with the413

monolith and BD approaches, via case study of a bio-product SCO problem and an industrial414

chemical SCO problem. In both cases, the three decomposition methods outperform the415

monolith approach significantly when the number of scenarios is large. In the first case416

study where BD convergences slowly, both CD1 and CD2 require much fewer iterations417

and therefore less total solver times; when the number of scenarios is 361, CD2 reduces the418

solution time by more than 80% over BD (and 90% over the monolith approach). In the419

second case study where BD converges quickly, CD2 is still faster than BD but CD1 is slower420

due to the many ineffective DWD iterations. These results indicate that, for problems for421

which BD is not efficient enough (e.g., due to the ”tailing effect”), the proposed CD methods422

are good alternatives for exploiting the problem structure. In addition, for problems for423

which BD is already efficient, CD2 may still be a better alternative, but its advantage over424
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Figure 4: Comparison of bound evolution in different decomposition methods (case study A)
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Figure 5: Comparison of bound evolution in different decomposition methods (case study B)
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BD may not be very significant. For example, if a two-stage MILP problem has a tight LP425

relaxation, BD is likely to be efficient and the advantages of the proposed CD methods may426

not be significant. But if this problem has a weak LP relaxation, BD is not likely to be427

efficient and the proposed CD methods can be much better alternatives.428

The proposed CD framework applies to two-stage MILPs where the second-stage vari-429

ables are continuous. Obviously, it also applies to two-stage LP problems. Extension of430

the current CD framework to MILPs with second-stage integer variables and MINLPs is431

a potential future research direction. This extension can be developed based on general-432

ized versions of BD [35] [46] and DWD methods [47]. Furthermore, while we only discuss433

the application of CD to two-stage stochastic programs in this paper, the application to434

multi-stage programs is viable and it is another potential future research direction.435
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List of Acronyms

BD Benders decomposition

BFP Benders feasibility problem

BPP Benders primal problem

BMP Benders master problem

BRMP Benders relaxed master problem

CD Cross decomposition

DWD Dantzig-Wolfe decomposition

DWMP Dantzig-Wolfe master problem

DWRMP Dantzig-Wolfe restricted master problem

DWFRMP Dantzig-Wolfe feasibility restricted master problem

DWPP Dantzig-Wolfe pricing problem

DWFP Dantzig-Wolfe feasibility pricing problem

IPP Initial pricing problem

LD Lagrangian decomposition

LP Linear Programming

MILP Mixed-integer linear program/programming

RLD Restricted Lagrangian dual problemn

SCO Supply chain optimization

SP Stochastic programming
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Appendix443

Proof of Proposition 1. The equivalence holds when Λopt = Λfeas = {λ ∈ Rm : λ ≥ 0} due444

to the strong Lagrangian duality [35]. Furthermore, from the LP duality, Λopt or Λfeas only445

needs to include all extreme dual multipliers of Problem (BPPk) or Problem (BFPk) for the446

equivalence of Problem (BMP) and Problem (P) [39].447

Proof of Proposition 2. Since X is a bounded polyhedral set, conv(E(X)) = X, so

conv({x1, · · · , xnF }) ⊃ conv(E(X)) = X.

On the other hand, {x1, · · · , xnF } ⊂ X implies

conv({x1, · · · , xnF }) ⊂ X.

Therefore, conv({x1, · · · , xnF }) = X and Problem (DWMP) is equivalent to Problem (P).448

449

Proof of Proposition 3. According to strong duality of Problem (BPPk),

objBPPk = inf
x∈X

(
cT0 x

k
0 + cTx+ (λk)T (A0x

k
0 +Ax− b0)

)
= inf
x∈X

(
cTx+ (λk)TAx

)
+ (cT0 + (λk)TA0)xk0 − (λk)T b0,

so

objBPPk +
(
cT0 + (λk)TA0

) (
x0 − xk0

)
= inf
x∈X

(
cTx+ (λk)TAx

)
+ (cT0 + (λk)TA0)x0 − (λk)T b0,

Similarly, according to strong duality of Problem (DWPPk),

objDWPPk = inf
x∈X

(
cTx+ (λk)TAx

)
,
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so

objDWPPk +
(
cT0 + (λk)TA0

)
x0 − (λk)T b0

= inf
x∈X

(
cTx+

(
λk
)T
Ax
)

+
(
cT0 + (λk)TA0

)
x0 − (λk)T b0.

450

Proof of Proposition 4. According to strong duality of Problem (BFPk),

objBFPk = inf
x∈X,z≥0

(
||z||+ (λk)T (A0x0 +Ax− b0 − z)

)
= inf
z≥0

(||z|| − (λk)T z) + inf
x∈X

(λk)TAx+ (λk)T (A0x
k
0 − b0)

Since objBFPk is finite and infx∈X(λk)TAx is finite (as set X is compact), infz≥0(||z|| −

(λk)T z) is finite. When z = 0, ||z|| − (λk)T z = 0, so infz≥0(||z|| − (λk)T z) ≤ 0. Next

we prove that infz≥0(||z|| − (λk)T z) = 0 by contradiction. Suppose ∃ẑ > 0 such that

∃ε > 0, ||ẑ|| − (λk)T ẑ ≤ −ε, then ∀α > 0, ||αẑ|| − (λk)Tαẑ ≤ −αε, which implies that

infz≥0(||z||−(λk)T z) = −∞, which contradicts that infz≥0(||z||−(λk)T z) is finite. Therefore,

∀z > 0, ||z|| − (λk)T z) ≥ 0, so infz≥0(||z|| − (λk)T z) = 0. As a result, the above expression

can be simplified as:

objBFPk = inf
x∈X

(λk)TAx+ (λk)T (A0x
k
0 − b0),

so

objBFPk + (λk)TA0

(
x0 − xk0

)
= inf
x∈X

(λk)TAx+ (λk)T (A0x
k
0 − b0) + (λk)TA0

(
x0 − xk0

)
= inf
x∈X

(λk)TAx+ (λk)T (A0x0 − b0).

451

Proof of Proposition 5. According to Proposition 3, the first and the third group of con-452

straints in Problem (BRMPkr ) are valid Benders optimality cuts, and according to Proposi-453
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tion 4, the second group of constraints in Problem (BRMPkr ) are valid Benders feasibility454

cuts. So according to Proposition 1, Problem (BRMPkr ) is a relaxation of Problem (BMP)455

and therefore a valid lower bounding problem for Problem (P).456

Proof of Proposition 6. Since the columns xi involved in Problem (DWRMPk) come from457

the solutions of Problems (BPPk), (BFPk), and (DWPPk), so they are all points in set X.458

Therefore, the feasible set of Problem (DWRMPk) is a subset of that of the master problem459

(DWMP), and so according to Proposition 2, Problem (DWRMPk) is a valid upper bounding460

problem for Problem (P).461

Proof of Proposition 7. According to Propositions 3 and 4, the first three groups of con-

straints are valid cuts for the BD relaxed master problem. So it is left to prove that the

fourth group of constraints are also valid cuts. ∀i ∈ Ukfeas, according to strong duality of

Problem (DWFPi),

objDWFP i = inf
x∈X

(λi)TAx,

so

objDWFP i + (λi)T (A0x0 − b0) = inf
x∈X

(λi)TAx+ (λi)T (A0x0 − b0).

Thus the fourth group of constraints in Problem (BRMPk) are valid cuts, according to462

Proposition 1. Therefore, Problem (BRMPk) is a valid lower bounding problem for Problem463

(P).464

Proof of Proposition 8. This can be proved by showing that the optimal value of Problem465

DWRMP or DWFRMP cannot keep decreasing for an infinite number of iterations. Let’s466

consider Problem DWRMP first. After each DWD iteration, Problem DWRMP is updated467

with a column that is the solution of Problem DWPP. The solution of DWPP returned by a468

solver is one of the extreme points of set X (considering Assumption 2), so the total number469

of new columns can be generated from solving Problem DWPP is finite. As a result, Problem470

DWRMP will remain the same after a finite number of steps and its optimal objective value471

will not change thereafter. Similarly, the optimal value of Problem DWFRMP will not472

change after a finite number of steps.473
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