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Abstract 

Computational modal analysis via finite element analysis is a well-established method for modal 

parameter estimation. The resultant modal parameters are crucial inputs for vibro-acoustic finite element 

analyses and require accurate modal models. The work presented here aims to provide insight into the 

techniques necessary to model business jet fuselages with prestressed skin panels through computational 

modal analysis of two substructures of a generic business jet design. The two substructures were 

assembled under manufacturing limitations which resulted in bending pre-stress within skin panels. The 

effect of bending pre-stress in skin panels was empirically determined through the use of experimental 

modal analysis of two geometrically similar assemblies with differing levels of bending pre-stress. This 

study found bending pre-stress in flat plates to increase natural frequencies while having a negligible 

effect on mode shapes. Preliminary computational modal analysis models of the substructures were 

developed without accounting for pre-stress to determine the significance of internal loading. These 

results revealed that pre-stress was only significant in one of the substructures. Furthermore, pre-stress 

effects were found to only be significant when skin resonant modes were present. A unique model 

updating technique was introduced to provide the same effects as bending pre-stress. The robustness of 

this technique to various design changes was tested via a sensitivity analysis. This test confirmed that the 

technique was effective in providing a consistent increase in skin natural frequencies without changing 

mode shapes. This test also revealed that the technique is limited in bandwidth depending on the design. 

The updating technique was applied to the substructure model that was previously confirmed to suffer 

from significant pre-stress effects. The updated model improved the natural frequency and mode shape 

correlation across all metrics. A frequency response analysis was performed on the updated model to 

provide further validation of the technique and model. The computational frequency response analysis 

provided sufficient proof that the updated model produced improved frequency response plots when 

compared to the preliminary model. 
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Chapter 1 

Introduction 

1.1 Background 

Noise and vibration mitigation is a significant engineering problem encountered within the 

business jet industry. Amongst other design factors, interior cabin noise is critical for successfully 

developing an aircraft program for certification and market competitiveness. Interior cabin noise 

in an aircraft is produced by two sources; acoustic and mechanical [1]. Acoustic sources are 

noises developed at the turbulent boundary later at the outside surface of the fuselage skin, the 

engines, and other aircraft systems, which propagate through the air and into the cabin. 

Mechanical sources include off-balance forces within the engines and other systems, creating 

structural vibrations throughout the fuselage, which in turn produce acoustic noise within the 

cabin.   

In traditional aircraft, the formulation of structure-born noise within the cabin can be 

categorized in three stages, the excitation source, the transmission path, and the acoustic noise 

[2]. The excitation source is typically produced by off-balance forces due to rotation in the 

engines. This produces vibrations that propagate through the transmission path to excite the 

structural components surrounding the interior cabin. The structural vibrations of the cabin walls 

interact with the cabin air to generate noise within the cabin. Business jets typically feature large 

engines mounted to the rear fuselage due to clearance and performance advantages. This greatly 

reduces the transmission path for structure-born interior cabin noise as the wings do not aid in 

dissipating vibrations. As such, a greater emphasis is placed on vibro-acoustics within business 

jets. 

Numerical analysis of vibro-acoustic systems is commonly performed using finite element 

analysis (FEA). FEA is used as a tool to accurately predict modal properties of the airframe 
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structure, modal properties of the air within the cabin, and the acoustic response due to external 

excitation. The results of the structural modal analysis are typically validated with experimental 

data before further analyses are performed [3] [4]. This involves construction of a physical model 

before experimental modal analysis (EMA) is performed. This validation step ensures the 

findings of the computational model are accurate before further steps within the vibro-acoustic 

analysis are performed.  

1.2 Research Motivation 

The overarching goal of this research project is to establish computational modelling 

techniques that can be applied in industry to reduce structure-born interior cabin noise caused by 

engine excitation in business jets. The findings from this research will aid our industry partner in 

studying the vibro-acoustic effects of various design changes. The first step in achieving the 

research goal is to conduct both computational and experimental modal analyses to a generic 

business jet design. The focus of the work presented here is to develop computational techniques 

to extract modal parameters of prestressed subassemblies of the generic business jet design. This 

work enables future research to be conducted on larger assemblies of the generic business jet 

design, such that vibro-acoustic analyses can occur. 

Previous work done by Warwick et al. [5], and Chamberlain and Mechefske [6] involved 

developing a generic business jet design which closely resembled the rear fuselage section of a 

modern business jet currently on the market. Warwick et al. [5] performed CMA on a support 

frame, while Chamberlain and Mechefske [6] successfully performed EMA validation of the 

same component in isolation. The generic business jet design assumes an engine excitation 

frequency of 117.7 Hz applied on the engine pylons attached to the fuselage. Research involving 

this design is focused on reducing resonances of structural components and assemblies within 

10% of this frequency. This research provides a proof of concept which can then be applied in 

industry for vibro-acoustic analyses. These findings provided the ground work for further studies 
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performed by Warwick et al. [7] [8] [9] which successfully determined the validity of using 

topology optimization in the field of vibro-acoustics.  The next step in this research, as outlined 

by Chamberlain and Mechefske [6], is to perform CMA and EMA on larger substructure 

assemblies of this design with subsequent models covering larger sections of the overall generic 

business jet design.  

1.3 Scope 

The research presented in this work expands on the findings of Chamberlain and Mechefske 

[6], using FEA as a tool to perform CMA of two substructures of the overall generic business jet 

design. The EMA validation and comparison of this work was performed by Donaldson and 

Mechefske [10]. The use of both CMA and EMA enables two sets of modal properties to be 

compared and provides a stronger case for the validity of the methodologies used in both 

procedures. The use of experimental validation required a physical model to be manufactured, 

which resulted in the presence of pre-stress in skin panels in the physical models due to 

manufacturing limitations, as the skin panels could not be pre-rolled to the conical shape of the 

fuselage model [11]. The production of test apparatuses involved bending skin panels to a conical 

shape before being joined to structural members. This differs from the residual stresses within the 

skin panels of pre-rolled skin panels found in industry. The bending pre-stress created a possible 

source of error when comparing computational and experimental results. Therefore, this research 

aims to define the effects of bending pre-stress in skin panels, determine the necessity to model 

the effects, and determine methods for accounting for the increased stiffness.  

The first step in analyzing the effects of pre-stress in these models was to perform EMA on 

two geometrically similar test pieces, one with a prestressed flat plate and one with a rolled flat 

plate without pre-stress. This provided details on the expected trends in natural frequencies of 

prestressed substructures. A preliminary CMA was performed on each substructure with their 

results compared to EMA results to determine the significance of pre-stress effects. The findings 
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from the preliminary models concluded that pre-stress effects were significant in one of the 

substructures. A unique model updating technique was found to approximate the effects of pre-

stress, however, the validity of this technique could not be established by theory. To confirm the 

updating technique’s ability to model pre-stress, a sensitivity analysis was performed to find the 

limitations of the technique. The updating technique was successfully applied to the erroneous 

substructure, producing similar modal properties and frequency response functions to the 

experimental data. This validation procedure follows the theoretical practices established in 

literature [3].   

1.4 Content Outline 

This thesis is split into eight chapters; an introduction chapter, six body chapters, and a 

concluding chapter. The first body chapter, Chapter 2, covers a literature review of theory and 

previous papers addressing the topics covered in this work. Chapter 3 displays the overall design 

of each substructure including dimensions, materials, and its assembly. The next chapter, Chapter 

4, describes the work done to empirically determine the effects of pre-stress and the noticeable 

trends one would expect as bending pre-stress is applied to a flat plate. Chapter 5 reports on the 

preliminary substructure models and the findings of the subsequent computational analyses. 

Chapter 6 introduces initial attempts to account for bending pre-stress and the successful unique 

updating technique. Furthermore, this chapter describes the sensitivity analysis and the resulting 

limitations of this technique. The final body chapter, Chapter 7, outlines the various methods of 

validation performed on the updated substructure model. The final chapter of this thesis 

concludes the findings and sets out the next steps and procedures to continue the work done on 

this research project. 
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Chapter 2 

Literature Review 

2.1 Modal Analysis 

In order to analyze the vibro-acoustic response of the substructures, the dynamic response 

of the models need to be determined first. The dynamic response is based upon the modal 

properties of each substructure, this can be obtained using modal analysis.  

In both experimental and computational modal analysis, continuous systems are discretized into a 

set number of degrees of freedom (DOF). The governing equation of motion of the DOFs in an 

undamped system is shown in Eq. 2.1, 

[𝑀]{�̈�(𝑡)} + [𝐾]{𝑈(𝑡)} = {𝐹(𝑡)}                                                (2.1) 

where [M] is the mass matrix, [K] is the stiffness matrix, {U(t)} and {Ü(t)} are displacement and 

acceleration vectors of the DOFs respectively, and {F(t)} is external force vector. Given n DOFs, 

[M] and [K] are n by n sized, and {U}, {�̈�(𝑡)}, and {F} are column vectors of size n. This model 

which represents the structure as a series of discrete masses and stiffness elements is called the 

spatial model [3]. In other examples of modal analysis, damping elements may be included in the 

spatial model.  

Under free vibrations, no external forces are applied to the system. Therefore, assuming a 

sinusoidal displacement of {U} = {X}cos(ωt), Eq. 2.1 simplifies to Eq. 2.2 which is an 

eigenvalue problem.  

([𝐾] − 𝜔2[𝑀]){𝑋} cos(𝜔𝑡) = {0}                                                (2.2) 

Mathematically, a non-zero value for the amplitude, {X}, exists when Eq. 2.3 is satisfied, 

𝑑𝑒𝑡([𝐾] − 𝜔2[𝑀]) = 0                                                         (2.3) 

where ω is the natural frequency. Therefore, discretization of a structure into n DOFs results in n 

eigenvalues and n eigenvectors of size n. Each eigenvector is called a mode shape, and 
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corresponds to a specific natural frequency. The relative values of the mode shapes can be 

determined by substituting a natural frequency value into Eq. 2.2. Representation of a structure in 

terms of natural frequencies, corresponding mode shapes, and in some cases modal damping is 

called the modal model [3].  

Organizing the mode shapes as a series of column vectors is defined as the mode shape 

matrix, and is shown in Eq. 2.4, 

[𝑋] =  [{
𝑋1

⋮
𝑋𝑛

}

1

{
𝑋1

⋮
𝑋𝑛

}

2

 … {
𝑋1

⋮
𝑋𝑛

}

𝑛

]                                              (2.4) 

where each column vector is the corresponding mode shape for mode 1 through n. Since mode 

shapes found via modal analysis are relative, the eigenvectors are typically scaled to unit modal 

mass (UMM) [12]. The modal mass of mode i is the ith diagonal value in the modal mass matrix 

shown in Eq. 2.5. 

[
�̅�1   

 ⋱  
  �̅�𝑛

]  = [𝑋]𝑇[𝑀][𝑋]                                                    (2.5) 

The UMM normalized mode shape vector of mode i is defined by Eq. 2.6. Organizing the UMM 

normalized mode shape vectors as a series of column vectors produces the UMM normalized 

mode shape matrix. 

{Φ𝑖} =  
{𝑋𝑖}

√𝑀𝑖
̅̅ ̅

                                                                   (2.6) 

Under the assumption of linear modal analysis, the eigenvectors are orthogonal. Therefore, the 

principle of modal superposition holds true, which states that the response of a system is a linear 

combination of mode shapes. This is summarized in Eq. 2.7, 

{𝐴} =  ∑{Φ𝑖}𝑃𝑖(𝑡)

𝑛

𝑖

=  {Φ1}𝑃1(𝑡) + ⋯ + {Φ𝑛}𝑃𝑛(𝑡)                               (2.7) 
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where {A} is the response vector of all DOFs, Pi is the modal participation factor of the ith mode. 

Pre-multiplying both the mass matrix and stiffness matrix by the transpose of the UMM 

normalized mode shape matrix and post multiplying each matrix by the UMM normalized mode 

shape matrix results in diagonal matrices as shown in Eq. 2.8 and 2.9. 

[Φ]𝑇[𝑀][Φ] = [𝐼]                                                              (2.8) 

[Φ]𝑇[𝐾][Φ] = [
𝜔1

2   
 ⋱  
  𝜔𝑛

2
] = [𝜔2]                                             (2.9) 

Therefore, Eq. 2.1 can be rewritten as Eq. 2.10, also known as the modal space equation [4]. 

{�̈�} + [𝜔2]{𝑃} =  [Φ]𝑇{𝐹(𝑡)}                                                 (2.10) 

The goal of both experimental and computational modal analysis is to model a system as 

a modal model. Computational modal analysis performed using finite element analysis (FEA) 

uses the finite element method to produce the spatial model, resulting in an eigenvalue problem 

which is solved to produce a modal model. Experimental modal analysis uses response and input 

measurements on a physical model to produce a modal model. Both forms of modal analysis 

provide a unique method to produce the same result, validating the results found with either 

method. Modal analysis theory spans far beyond what is described in this chapter. More 

explanations and theory are covered in textbooks such as “Modal Testing: Theory, Practice and 

Application” by D.J. Ewins [3], “Modal Testing: A practitioner’s Guide” by Peter Avitabile [4], 

and “Theoretical and Experimental Modal Analysis” by Maia and Silva [13]. 

2.1.1 Experimental Modal Analysis (EMA) 

Experimental modal analysis is based on generating a series of frequency response 

functions (FRF). A FRF is a measurement of an output response to a unit input force between two 

DOFs. In an idealized system without damping, a FRF equation can be found starting with the 
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governing equation shown in Eq. 2.1, and substituting a harmonic displacement and force such 

that {U} = {X}eiωt and {F} = {F}eiωt, resulting in Eq. 2.11. 

([𝐾] − 𝜔2[𝑀]){𝑋}𝑒𝑖𝜔𝑡 =  {𝐹}𝑒𝑖𝜔𝑡        (2.11) 

Reorganizing Eq. 2.11 produces the equation for a FRF, as shown in Eq. 2.12. This is defined as a 

receptance FRF as the response is a measurement of displacement. Alternative FRF 

measurements exist such as mobility and accelerance which defines the response as velocity or 

acceleration respectively. 

𝐻(𝜔) =
{𝑋}

{𝐹}
=  

1

([𝐾] − 𝜔2[𝑀])
                                               (2.12) 

In reality all systems are damped, and as such an imaginary component is present in the FRF 

formula when conducting EMA. Eq. 2.12 with damping effects is shown in Eq. 2.13. 

𝐻(𝜔) =
{𝑋}

{𝐹}
=  

1

[𝐾] − 𝜔2[𝑀] + 𝑖(𝜔[𝐶])
                                      (2.13) 

FRFs can be measured between any two DOFs within the array of DOFs in an experimental 

model. A FRF matrix is defined in Eq. 2.14, 

[𝐻(𝜔)] =  [
𝐻11 ⋯ 𝐻𝑛1

⋮ ⋱ ⋮
𝐻1𝑛 … 𝐻𝑛𝑛

]    (2.14) 

where the columns represent FRFs with a constant input DOF, and rows represent FRFs with a 

constant response DOF. 

 Several methods of EMA exist including single input single output (SISO), single input 

multiple output (SIMO), multiple input single output (MISO), multiple input multiple output 

(MIMO). SISO is the simplest in practice as it measures a single diagonal measurement within 

the FRF matrix, but is limited to small bandwidths and responses that are dominated by a single 

mode at any given frequency. SIMO and MISO measure a full column or row of the FRF matrix 

respectively. Linear modal analysis assumes reciprocity between input and output DOFs, 
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meaning the FRF matrix is symmetric. This allows a reciprocity test to be conducted to confirm 

the linearity of the test apparatus by comparing two FRF measurements with the input and output 

DOFs reversed. MIMO is the most involved method and measures every FRF in the matrix, as 

such it is the most complete method. 

 The process of EMA starts with the test engineer measuring input and output signals in 

the time domain using a data acquisition system (DAQ). Commercial (or “in-house”) software is 

used to process the data typically using a fast Fourier transform (FFT), filtering, and other signal 

processing tools to produce FRFs. The frequency domain FRFs are extracted directly from the 

DAQ before curve fitting is performed to extract natural frequencies, mode shapes, and critical 

damping ratios. Refer to “Vibration Analysis, Instruments and Signal Processing” by Jyoti Sinha 

[14] and “Noise and Vibration Analysis: Signal Analysis and Experimental Procedures” by 

Anders Brandt [15] for more details of the signal processing procedure.  A test engineer 

performing EMA should be aware of the potential experimental errors and assumptions made. 

Refer to “Modal Testing: A Practitioner’s Guide” by Peter Avitabile [4] for a practical guide to 

EMA. 

2.1.2 Computational Modal Analysis (CMA) 

The use of FEA for modal analysis has been well established in the literature [16]. FEA 

allows for nodes to be defined as DOF locations with anywhere between 1 and 6 DOF directions 

per node. The finite element method (FEM) is used to create elements that connect the nodes to 

represent material. The FEM is able to produce a mass matrix and stiffness matrix definition 

between nodes using the modulus of elasticity (E), Poisson’s ratio, density, and other properties 

depending on the material definition. Formulation of both matrices are well documented in 

several textbooks relating to the topic, such as “Concepts and Applications of Finite Element 

Analysis” by Cook et al. [17]. 
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In this work, Altair HyperWorks was used as the primary FEA software for CMA. The 

work conducted involved linear modal analysis and assumed the materials to be homogeneous 

and isotropic. These assumptions allowed the models to be undamped, and computationally 

inexpensive when compared to non-linear modal analysis or the use of non-linear materials. In 

the presented work here, eigenvalue problems were solved within HyperWorks using the Lanczos 

algorithm, although several other solution methods are available within Optistruct [18]. The use 

of modern computers and commercial FEA software allows for modal analyses to be performed 

with a significantly larger set of DOFs relative to an experimental setup using accelerometers. 

This enables CMA to produce faster results with significantly more detailed mode shapes (subject 

to some limitations and assumptions). 

2.1.3 Summary 

Modal analysis is the process of determining the dynamic properties of a system. EMA 

and CMA use different approaches to model and determine the modal properties of a system. The 

use of both methods aids in validating the results of either method as each provide a unique 

advantage. The experimental approach provides realistic results with damping effects but has 

more potential sources of error due to the nature of the testing. The use of ISO standard 7626-5 

[19] throughout this work minimizes the effects of experimental error. The computational 

approach involves several assumptions which allow quicker results and better mode shape 

visualization. The use of both methods is recommended in most cases according to the literature 

as this helps quantify the accuracy of the results [3]. 

2.2 Model Validation 

The experimental and computational results of a modal analysis include a set of natural 

frequencies and mode shapes for each mode found within the analysis. In theory, when 

performing modal analyses, both methods produce the same number of modes, in the exact same 

order, with matching natural frequency values, and the same mode shapes. In practice this is 
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extremely unlikely due to modelling error, assumptions made, and other sources of error that may 

occur using either method. As such, model validation processes exist to compare the degree of 

agreement between the two sets of modal results. 

2.2.1 Correlated Mode Pairs (CMP) 

The first step in validating the modal models is to identify and organize the modes from 

both the experimental and computational results into correlated mode pairs (CMP) [3]. CMPs are 

determined through visual correlation of mode shapes in both the experimental and computational 

results. This organizes both sets of modal results such that the correct modes are compared for 

further correlation. It is not uncommon for the two sets of results to have a different number of 

modes found. Furthermore, it is possible for some modes found via one method to not be found in 

the other. The use of CMPs discards all modes in either set of results which do not have a visually 

similar counterpart. However, it is important to note the number of modes not found in either 

method and the reasons behind why any given mode is not found using the other method. 

2.2.2 Natural Frequency Correlation 

Natural frequency results are typically compared using a linear regression. The 

experimental and computational natural frequencies are plotted in ascending CMP order in a XY 

plot. A linear regression in theory should produce a slope of 1 with an intercept of 0 and a 

coefficient of determination of 1. This is rarely the case in practice, therefore the generally 

accepted criterion is a slope between a value of 0.9 and 1.1 [3]. The intercept and coefficient of 

determination are rarely discussed in theory, however, in general it is assumed that the two values 

should be close to their ideal values within reason. Further natural frequency correlation is 

commonly done by calculating the discrepancy between the natural frequencies of a CMP found 

experimentally and computationally. These results are typically displayed in the form of a table to 

reveal trends that may not be apparent in the linear regression.   
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2.2.3 Mode Shape Correlation 

Natural frequency correlations provide a quick and easy comparison between the two sets 

of results since it simply compares the eigenvalues of both sets of solutions. However, that 

correlation assumes the correct modes were compared. In order to validate the findings, 

correlation between the pairs of eigenvectors or mode shapes need to be measured as well. 

2.2.3.1 Modal Assurance Criterion (MAC) 

The most common method of mode shape correlation is the modal assurance criterion 

(MAC). The MAC is a measure of the least square deviation of the mode shapes from perfect 

correlation. The MAC is displayed as a matrix of size n by n, given n CMPs. The individual value 

of each component of the MAC matrix is calculated using Eq. 2.15 

MAC(𝑖, 𝑗) =
|{𝑋}𝑇

𝑋𝑗
{𝑋}𝐴𝑖|

2

({𝑋}𝑇
𝑋𝑗

{𝑋}𝑋𝑗) ({𝑋}𝑇
𝐴𝑖

{𝑋}𝐴𝑖)
                                    (2.15) 

where {X}Ai is the mode shape vector of the ith CMP in the computational results, and {X}Xj is the 

mode shape vector of the jth CMP in the experimental results. Under linear modal analysis theory, 

all mode shape vectors should be linearly independent from one another, and as such the MAC 

value of diagonal values should be 1 and off-diagonal values should be 0. As such a MAC matrix 

comparing every combination of experimental and computational mode shapes should result in 

the identity matrix. In practice this is rarely the case and therefore correlation between mode 

shapes is considered good when the diagonal values of the MAC matrix are above 0.8 and off-

diagonal values below 0.2 [3]. When the diagonal values are above 0.9 and off-diagonal values 

are below 0.1, the mode shapes are considered well correlated [3]. The MAC is commonly used 

due to its simplicity and robustness. It remains unchanged due to scaling changes and reversed 

directions in either set of mode shapes. However, the MAC places greater emphasis on DOFs 

with larger amplitudes. Therefore, differences in mode shapes at locations where deflection is 
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close to zero may not be reflected in the MAC matrix, possibly providing a false positive mode 

shape correlation. 

2.2.3.2 Pseudo-Orthogonality Check (POC) 

A mode shape correlation method that provides equal weighting to all DOFs is the 

pseudo-orthogonality check (POC). This measurement takes advantage of the intrinsic 

orthogonality between mode shapes in a linear analysis, as shown in Eq. 2.16, 

[𝛷]𝐴
𝑇[𝑀][𝛷]𝑋 = [𝐼]                                                          (2.16) 

where [Φ]A is the UMM normalized computational mode shapes, [Φ]X is the UMM normalized 

experimental mode shapes, [M] is the mass matrix, and [I] is the identity matrix. In theory this 

equation should hold true if all mode shape vectors were identical in the experimental and 

computational results. Eq. 2.16 introduces the mass matrix and also requires the UMM 

normalized mode shapes of both data sets to be equal in size to the mass matrix. The mass matrix, 

and UMM normalized mode shapes of all FEA DOFs can be easily extracted from most 

commercial FEA software. However, the UMM normalized mode shapes of experimental results 

are typically significantly smaller in size due to the limited number of response DOFs used. The 

POC therefore is named as such because either the mass matrix must be reduced and used in 

conjunction with tested DOFs in both experimental and computation results, or the experimental 

mode shapes need to be expanded to the size of the mass matrix and the computational mode 

shapes with all FEA DOFs included. 

 The system equivalent reduction expansion process (SEREP) is a process developed by 

O’Callahan et al. [20] to aid in the POC procedure [21]. Using the SEREP for reducing the mass 

matrix, the SEREP defines a transformation matrix shown in Eq. 2.17, 

[𝛤] = [ 
[𝛷𝐴𝑎𝑐𝑡𝑖𝑣𝑒

]

[𝛷𝐴𝑑𝑒𝑙𝑒𝑡𝑒𝑑
]
] [𝛷𝐴𝑎𝑐𝑡𝑖𝑣𝑒

]
†
      (2.17) 
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where [Φ]Aactive represents the computational UMM normalized mode shapes of DOFs used in the 

experimental test, [Φ]Adeleted represents the computational UMM normalized mode shapes of 

DOFs used within the FEA model but not in the experimental model, and the obelisk symbolizes 

a generalized inverse. The reduced mass matrix can then be produced by pre-multiplying the 

mass matrix by the transpose of [Γ] and post-multiplied by [Γ]. This simplifies to Eq. 2.18, 

[𝑀]𝑟 = [𝛷𝐴𝑎𝑐𝑡𝑖𝑣𝑒
]

†𝑇
[𝛷𝐴𝑎𝑐𝑡𝑖𝑣𝑒

]
†
      (2.18) 

where [·]T symbolizes a transpose, and [·]† symbolizes a generalized inverse. The overall POC 

equation can now be written as Eq. 2.19. 

POC =  [𝛷𝐴𝑎𝑐𝑡𝑖𝑣𝑒
][𝑀]𝑟[𝛷]𝑋                 (2.19) 

Refer to papers authored by O’Callahan [20], O’Callahan et al. [21], and Avitabile and Pechinsky 

[22] for more details on the POC process and SEREP. In theory the POC should still produce the 

identity matrix, however, this is not common. Therefore, the same general rules regarding 

diagonal and off-diagonal values within the MAC also apply to the POC.  

2.3 Model Updating 

Model updating is a process in which a computational model is refined to better predict 

the results found in an experimental model [3]. Typically model updating is performed on a case-

by-case basis with limitations and a well-defined scope. The textbook “Modal Testing theory, 

practice and application” by D. J. Ewins [3] defines a valid updated model in five levels of 

accuracy. The first level of a valid model accurately predicts natural frequencies and mode shapes 

within the measured frequency bandwidth of the experimental test. The second level produces 

accurately predicted FRFs at the measured DOFs within the bandwidth defined by the 

experimental test. The third level accurately predicts modal properties at a new set of DOFs 

within the same bandwidth. The fourth level is similar to the second but involves the new set of 

DOFs. The final level defines a valid model as one which can accurately predict FRFs over an 

increased frequency range at measured and unmeasured DOFs. Validation beyond the second 
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level would require a second EMA test to confirm the validity of a model updating technique. As 

such a second EMA test is logically the next step required after initial model updating validation 

is completed. 

2.4 Effect of Pre-stress on Modal Properties 

Pre-stressed modal analysis has been performed in several research papers [23-26]. 

Research conducted by Kupnik et al. determined that modelling pre-stress was crucial in 

producing accurate FEA results since pre-stress was a significant source of stiffening [23]. This 

places an emphasis on modelling pre-stresses in FEA models for accurate results. Bedri and Al-

Nais’s research found a linear relationship between pre-stress level and percent increase in natural 

frequencies when conducting prestressed CMA using ANSYS [24]. This allows for the effects of 

pre-stress to be easily determined in the resulting modal properties of two differing modal 

analyses, because the results of a pre-stressed EMA model should produce a constant percent 

change in natural frequencies when compared to an unstressed CMA model. The work done by 

Lieven and Greening determined that the only modal properties that are affected by pre-stress are 

the natural frequencies, while mode shapes remain unchanged [25]. The findings allow for the 

mode shape correlation techniques previously discussed to be valid when comparing different 

models regardless of whether pre-stress effects were modelled. A paper by Treyssede determined 

that bending pre-stress in planar beams produced a stiffening effect as natural frequencies 

increased [26].  

These papers aid in predicting the effects one would expect when comparing the modal 

properties of a CMA model of an unstressed fuselage substructure and an EMA model of a 

fuselage substructure with skin panels under bending pre-stress. One should expect the natural 

frequencies of skin panel modes of the experimental model to be higher than the natural 

frequencies of the same modes in the computational model. Furthermore, these modes should 

have a somewhat consistent percent increase in natural frequency. The mode shapes found in both 
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methods should still correlate well since the pre-stress should not have produced changes in the 

resonant mode shapes.  

The stiffening effects of pre-stress is caused by changes in the geometry under loading. 

At times, theses geometric changes are significant and cause a change in stiffness. This 

phenomenon is well documented with most commercial FEA software providing nonlinear FEA 

controls to properly account for geometric stiffening [27]. In many cases where preloading does 

not cause significant geometric changes, linear static FEA is appropriate. However, in cases 

where large deflection, or large strain occurs, nonlinear FEA is required. Although several 

industries have defined rules of thumb for when nonlinearity is a significant source of error, the 

best procedure is to run both a linear and nonlinear FEA to compare the results. 
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Chapter 3 

Substructure Design 

The two substructures analyzed in this work are based upon subsections of the overall 

half scale generic business jet design developed by Chamberlain [28], and Warwick [29]. The 

semi-monocoque aluminum design was developed in collaboration with corporate partners within 

the business jet aerospace industry. The original design used 7075 alloyed aluminum aligning 

with common practice within the aerospace industry. However, the researchers involved in this 

project do not intend for the structure to bear any loads. Therefore, the substructure components 

were constructed with 5000 and 6000 series aluminum alloys, reducing cost and improving 

manufacturability. The use of 5000 and 6000 series aluminum over 7075 aids in manufacturing as 

the decreased strength results in better formability. The construction procedure relies on pre-

stress applied by hand, as a result the use of a significantly easier to form material substitution 

enabled the substructures to be built within a lab environment. This substitution should not cause 

a significant change in modal properties of a similar design made with 7075 alloyed aluminum 

since the material properties of all aluminum alloys used are similar in modulus of elasticity, 

density, and Poisson’s ratio. Table 3.1 lists the materials and thicknesses for all components in the 

substructures. For more information on the design process of the overall fuselage design, refer to 

Chamberlain [28], and Warwick [29].  

Table 3.1: Component Material List 

Part Material Thickness (inch) 

Bulkheads Al 5052 (H32) 1/16 

Skin Al 6061-T6 0.05 

Yokes Al 6061-T6 0.5 

RESF and FESF Al 6061-T6 1/16 

Stringers Al 6063-O 1/8 

Frames Al 6063-T53 0.1 



 

18 

 

3.1 Substructure 1 

The first substructure analyzed in this work consists of the rear-most 12-inch section of 

the overall half scale generic business jet design. It features a bulkhead, three skin sections, 36 

stringers, and one set of frames. Figure 3.1 depicts substructure 1 with the four components 

labelled.   

 

Figure 3.1 Labeled Diagram of Substructure 1 

3.1.1 Bulkhead 

The bulkhead was waterjet cut from a sheet of 0.06-inch thick sheet of 5052 alloyed 

aluminum. This component features 36 equally spaced semicircular cutouts along its 

circumference to allow stringers to pass through the plane of the bulkhead. The engineering 

drawing of this component is shown in Figure 3.2. 
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Figure 3.2: Engineering Drawing of the Rear Bulkhead 

3.1.2 Frames 

The outer flanges of the frames feature a 7.5° decline to accommodate the conical shape 

of the substructure. Each frame comes in a pair, since manufacturing constraints prevented a full 

360° frame to be produced. Each individual frame was constructed in a multi-staged process, 

starting with a 6063 alloyed aluminum square tube. This tube was rolled to the desired bending 

radius, before cut in half to form a rolled C channel. A specialized tool was created to bend the 

outer flanges by 7.5°. The final stage, used a CNC mill to cut the semicircular cutouts. This 

manufacturing process unfortunately created slight deviances from the desired bending radius of 

each frame and varied by up to 0.5 inches. However, this was considered an acceptable source of 

error since previous attempts by Chamberlain [27] to produce frames via rolling C channels, and 

single point incremental forming were unsuccessful. These manufacturing processes exceeded the 

capabilities of the in-house machine shop, therefore, the frames were outsourced to PVC 

Architectural Inc. The engineering drawing of the frame can be seen in Figure 3.3. All other 

components were manufactured in-house for cost and time savings. 
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Figure 3.3: Engineering Drawing of the Frame 

3.1.3 Skin 

The skin is composed of 3 identical sections of flat aluminum sheets. The sections were 

cut from a 0.05-inch sheet of 6061 alloyed aluminum using a waterjet cutter. The rivet holes for 

stringer attachment were also cut using the waterjet cutter. This process was chosen as 288 holes 

had to be made on each section of skin for stringer attachment. The stringers and skin did not 

have any manufacturing defects beyond machining tolerances, therefore, the waterjet cutter 

provided significantly improved accuracy and time savings. The dimensions of the flat skin 

section can be seen in Figure 3.4. 

 

Figure 3.4: Flat Dimensions of Skin 
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3.1.4 Stringers 

The stringers in both substructures were produced from pre-cut 6063 alloyed aluminum T 

bars of standard size. Milling was used to cut material from the top flange to size, and drill 

precise rivet holes. The engineering drawing for the stringers can be seen in Figure 3.5. 

 

Figure 3.5: Engineering Drawing of Stringers 

3.2 Substructure 2 

Substructure 2 consists of the sections of the fuselage that support the engines in the 

overall design. This section spans from the rear engine support frame (RESF) to the front engine 

support frame (FESF) with 6 inches of skin paneling overhanging the frames in each direction. 

The substructure consists of a RESF, a FESF, 4 pairs of frames, 30 stringers, and 4 sections of 

skin. Figure 3.6 displays a labeled diagram of the substructure. 

 

Figure 3.6: Labelled Diagram of Substructure 2 



 

22 

 

3.2.1 Engine Support Frames and Yokes 

The manufacturing process and design process of the two engine support frames and their 

respective pair of yokes is covered in Chamberlain’s thesis [28]. The engineering drawing for the 

completed FESF and RESF with their respective yokes can be seen in Figure 3.7 and Figure 3.8 

respectively. The yokes are the primary connection between the engine attachment and the 

fuselage. 

 

Figure 3.7: FESF Drawing 

 

Figure 3.8: RESF Drawing 
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3.2.2 Frames 

The four pairs of frames used in substructure 2 were manufactured using the same 

process used for producing the frames in substructure 1 as described in chapter 3.1.2. The only 

changes to the engineering drawing in Figure 3.3 for the four frames are the bending radii. The 

outer bending radii of the frames in substructure 2 are 22.32 inches, 21.00 inches, 19.62 inches, 

and 18.23 inches. All frames featured the same 7.5° declined outer flange to accommodate a 

conical skin.  

3.2.3 Skin 

The skin in substructure 2 was sectioned into 4 equal sized pieces. The same 

manufacturing process used in producing the skin in substructure 1 was also used for the skin in 

this substructure. However, the use of yokes in this substructure, required radial rectangular cuts 

along the sections of the skin for the yokes to penetrate the skin. As a result, two sections of skin 

had cutouts for the yokes and fewer rivet holes as stringers do not penetrate through the yokes. 

Figure 3.9 displays the dimensions of the flat skin sections before rivet holes and cutouts for yoke 

penetration were made. 
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Figure 3.9: Substructure 2 Skin Dimensions 

3.2.4 Stringers 

The stringers in substructure 2 were produced using the same procedure as the stringers 

in substructure 1. The only difference is an increased length of 43.79 inches. Refer to Figure 3.5 

for the dimensions of the cross sections of the stringers. 

3.3 Assembly 

Assembly of each substructure was limited to hand tools and was performed primarily by 

two people at any given time. Due to the conical shape of each skin panel, rolling aluminum 

sheets to their desired shape was not feasible without specialized tooling. The conical shape of 

skin panels was achieved via rivet joints to the frames throughout each substructure. 

Geometrically this does not change the design, however pre-stress remains within the skin panels 

after fabrication. 
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3.3.1 Joints 

Components within the substructures were joined using either 0.125-inch aluminum blind 

rivets, 0.1875-inch aluminum blind rivets, or 0.5-inch steel bolts. The 0.125-inch rivets were used 

to join stringers to flat skin panels, and the outer flanges of frames to the skin. These rivets were 

placed such that the distance between rivets and component edges were no more than 1 inch. The 

0.1875-inch rivets were used to join the RESF, FESF, and rear bulkheads to the base of their 

respective frames. These rivets were placed in two radial rows, at every 5° other than at the 

semicircular cut-outs. The 0.5” steel bolts were used to attach the yokes to the RESF and FESF. 

The locations and details on the joining of the yokes and engine support frames can be seen in the 

work presented by Chamberlain [28]. Examples of the distribution of rivet holes can be seen in B 

1 and B 2 located in Appendix B, for the rivet holes of frames and stringers respectively. 

Other than the rivet holes that were cut onto sections of skin during the waterjet cutting 

process, all rivet holes were manually drilled using a power drill. Although this method is more 

time consuming and less accurate, it was necessary due to the slight manufacturing defects in the 

frames, causing deviances in hole locations. Rivets were applied using a pneumatic rivet gun for 

joint quality and consistency.  

3.3.2 Assembly Order 

The order used to assemble each substructure was chosen to reduce the complexity, 

allowing each substructure to be completed by two people. The yokes were bolted to the engine 

support frames first as their joints are difficult to reach once the conical shape of the structure has 

been completed. The stringers were joined to skin sections while the sheet metal was still flat, 

since attaching stringers to a conical skin would significantly increase build time and complexity. 

Frames that were designed to be attached to an engine support frame or a bulkhead were joined to 

their respective frame before the skin was joined to reduce the need to reach within the structure. 

The last components to be assembled were the skin panels, which were held by hand in a conical 
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shape before being joined to the outer flanges of the frames. This introduces a bending pre-stress 

on the completed skin panels as the skin was not pre rolled to a conical shape. This process leads 

to a source of error as literature predicts this to increase natural frequencies on the skin. However, 

this process was necessary since production of conical skin sections could not be done at the 

machine shop within the premises. The last step of the assembly also introduces geometric error 

as the positioning of frames relative to skin panels are subject to human error. However, the 

overall deviance from the original design in positioning is considered negligible as the deviances 

should not exceed 0.5 inches.  
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Chapter 4 

Effect of Pre-Stress 

A possible source of error when comparing the modal properties of the substructures 

found via EMA and CMA is the bending pre-stress within the skin panels. Research within the 

field of prestressed modal analysis suggests that bending pre-stress will cause natural frequencies 

of skin modes to increase without changing the resonant mode shapes [24-26]. However, it is 

unknown whether the deviances in natural frequency results between EMA and CMA are 

measureable in the substructures and future models of the generic business jet design. 

Furthermore, these papers studies tensile preloading rather than bending loads. Bending loads act 

as both a compressive and tensile load on opposite sides of the neutral axis. Therefore, it is 

unclear whether bending pre-stress creates a stiffening effect and the extent of these effects. An 

EMA study was conducted to confirm the expected trends concluded by previous works and to 

determine whether the bending pre-stress effects in the substructures can be measured. 

4.1 Methodology 

4.1.1 Model Description 

To study the effects of bending pre-stress within the context of the substructure skin 

panels, EMA was performed on two geometrically similar test pieces. Both test pieces include a 

cylindrical sheet of aluminum riveted to a rolled aluminum square tube. The first test piece used a 

flat rectangular aluminum sheet held into a cylindrical shape by rivet joints. The second test piece 

used the same aluminum sheet rolled to the outer bending radius of the square tube before being 

riveted to the tube. This setup creates two test pieces that are geometrically the same, but one test 

piece contains residual pre-stress in the sheet metal. The engineering drawings of the tube and the 

assembled sheet can be seen in Figure 4.1. The sheet and square tube were joined using four 

0.125-inch aluminum blind rivets, and a 0.5-inch steel eyebolt such that the testing apparatuses 
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could be hung from a bungee cord, simulating a free-free boundary condition. The five joints 

were equally spaced along the circumference of the square tube, with the eyebolt in the centre of 

mass of the test pieces. Testing was conducted on the pre-stressed model, before the same plate 

and tube were repurposed for construction of the second test piece. This prevented any errors that 

may occur due to manufacturing tolerances, DOF locations, and joint locations since all markings 

were reused when constructing the second test piece. 

 

Figure 4.1: Engineering Drawing of Test Apparatus 

Since the goal of this study was to discover the trends in bending pre-stress of skin panels 

and to determine whether the effects can be measured in future models of the generic business jet 

design, a bending radius larger than the largest full scale bending radius in the generic business 

jet design was used. Therefore, it is assumed that the pre-stress effects found within this study 

would be amplified in any future studies of the generic business jet design. 

4.1.2 Procedure 

SIMO impact modal analysis was conducted on 225 equally spaced DOFs located along 

the curved sheet metal to obtain the modal properties of just the area of pre-stress. Figure 4.2 
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shows the test apparatus and the labeled DOFs. Future testing of the generic business jet design 

should not exceed 200 Hz as the engine excitation frequency of the design is 117.7 Hz, therefore, 

a bandwidth of 0-220 Hz was used in this study.  

 

Figure 4.2: Test Apparatus 

Impact modal analysis was conducted using the model 086C01 impact hammer from 

PCB Piezotronics, and model 352C22 uniaxial accelerometers from PCB Piezotronics. Refer to 

the data sheets for the specifications of the testing equipment [30] [31]. A Bruel & Kjaer Photon+ 

4 channel DAQ system was used and BNC cables connected the force transducer and 

accelerometers to the DAQ. Bruel & Kjaer’s RT Pro Photon+ software was used for signal 

processing and FRF data collection. ME’Scope by Vibrant Technology was used for curve fitting 

and extraction of modal properties. 

Testing was conducted following the procedure used by Chamberlain [28] and followed 

the advice established by ISO 7626-5 [19]. This follows several industry standard procedures 
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such as root mean square averaging of 5 impacts per DOF, a 20 dB limit on input decay along the 

bandwidth, and rejection of double hits. Further details on the best testing practices for modal 

testing are covered by Avitabile [4].  

4.2 Results 

4.2.1 Natural Frequency Correlation 

The natural frequencies and mode shapes were extracted from ME’scope for data 

analysis. The uncertainty in the natural frequency values is assumed to be ±0.3 Hz due to the 

bandwidth of frequency bins. Within the 220 Hz bandwidth, 8 resonant modes were found in each 

test piece. The modes were organized into CMPs for natural frequency comparisons. Figure 4.3 

displays the results of the linear regression between the two sets of natural frequencies. This 

shows that the natural frequencies fall within the generally accepted natural frequency correlation 

metric of a slope between 0.9 and 1.1. The linear regression suggests that within the bandwidth of 

interest, each natural frequency of the prestressed test piece was higher than its unstressed 

counterpart. The discrepancy is shown in greater detail in Table 4.1. 

 

Figure 4.3: Linear Regression of Natural Frequencies within the Pre-Stress Study 

y = 0.9839x + 7.0417
R² = 0.991

0

50

100

150

200

250

0 50 100 150 200 250

P
re

st
re

ss
ed

 P
la

te
 N

at
ru

al
 F

re
q

u
en

cy
 (

H
z)

Rolled Plate Natural Frequency (Hz)

Pre-Stress Effects Natural Frequency Comparison



 

31 

 

 

 

 

Table 4.1: Natural Frequency Comparison within Pre-Stress Study 

CMP Rolled Plate (Hz) Prestressed Plate (Hz) Discrepancy (%) 

1 49.4 50.4 1.98 

2 74.5 78.3 4.85 

3 104 106 1.89 

4 98.3 112 12.23 

5 113 126 10.32 

6 153 155 1.29 

7 187 189 1.06 

8 207 210 1.43 

4.2.2 Mode Shape Correlation 

Comparison of the two sets of experimental mode shapes was done using the MAC, as a 

mass matrix is needed to perform the POC. The results of the MAC can be seen in Figure 4.4. All 

diagonal values achieved a value of 1, rounded to the nearest thousandth. All off-diagonal values 

were below 0.1 other than correlation between prestressed mode 5 and unstressed mode 1 with a 

value of 0.1067.  
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Figure 4.4: Pre-Stress Study MAC Results 

4.3 Discussion 

This study showed that a relatively small bending pre-stress caused a small but noticeable 

increase in natural frequencies. The findings align with previous research as all modes increased 

somewhat consistently with the exception of CMP 4 and 5 which increased by 12.23% and 

10.32% respectively. Although the natural frequency increase was noticeable under testing, the 

correlation of natural frequencies showed that the effects were insignificant. Since the bending 

radius is lower in the substructures, the findings suggest that the bending pre-stress in the skin 

panels should be noticeable but its significance is unknown. 

The MAC showed strong correlation and confirms the findings of Lieven and Greening 

as pre-stress caused no changes in mode shapes [25]. This is significant as this confirms that the 

MAC and POC can be used when conducting mode shape correlation between a prestressed 

experimental model and unstressed computational model. 
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Chapter 5 

Preliminary Substructure Models 

The next step in producing accurate CMA models of the substructures was to produce 

preliminary substructure models. These unstressed models were compared to experimental results 

of the prestressed model by Donaldson and Mechefske, isolating the effects of pre-stress in each 

substructure [10]. The goal of these preliminary computational models was to determine the need 

for updating techniques, since the percent increase in natural frequencies created by pre-stress is 

unknown. Preliminary CMA was performed through the creation of finite element models using 

Hypermesh, and solved using Optistruct. 

5.1 Methodology 

FE models were based upon computer aided design (CAD) geometries created in 

SolidWorks. The mid-surface of all components were extracted to create a shell assembly. All 

structural components were modeled using first order shell elements with 6 DOF per node. This 

enabled the FE models to be created with fewer elements as solid elements require multiple 

elements along the thickness. The use of shell elements is appropriate as demonstrated by 

Warwick, where first order shell elements produced similar results to solid elements during CMA 

of one of the components given high mesh densities [29]. Therefore, given a sufficiently fine 

mesh, the results of a shell model should be adequate. The physical substructures were joined 

primarily with aluminum blind rivets and 36 steel bolts. These joints were modeled using 

cylindrical beam elements with 6 DOF per node such that DOF continuity remained.  

The preliminary CMA models were solved using the Lanczos method under a free-free 

boundary condition. A bandwidth of 1-200 Hz was used to avoid rigid body modes while 

capturing all vibrational modes within the first 200 Hz. Convergence tests were performed on 

each model for mesh sensitivity such that discretization errors were reduced. A mesh size was 
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considered converged when the average change in natural frequencies across all modes was less 

than 1%. As such, the error in all computational natural frequency results is assumed to be ± 1%, 

All materials were modeled as homogenous isotropic materials, using a constant value for 

modulus of elasticity, density, and Poisson’s ratio. 

Results were organized into CMPs through visual correlation of experimental mode 

shapes in ME’Scope and computational mode shapes in HyperView. Natural frequency 

correlation was initially performed using a linear regression. Additionally, the natural frequencies 

of each CMP were compared in a table such that trends found in the preliminary models could be 

found. Mode shape correlation was performed using the POC. This was produced using a Matlab 

script, following the SEREP for reducing the computational mass matrix for the POC.  

5.1.1 Substructure 1  

Substructure 1 converged with a mesh size of 1.25 mm, using 912,149 elements. 99.9% 

of all shell elements are 4 noded quadrilateral elements, with the remaining elements consist of 3 

noded triangular elements. All quadrilateral elements did not exceed the minimum angle limit of 

45° and maximum angle limit of 135°. All interior angles of triangular elements were between the 

range of 20°-120°. All other mesh quality metrics such as aspect ratio, warpage, and jacobian 

ratio were set to default limits within Hypermesh and less than 1% of all elements exceeded the 

recommended limits in any given metric. Rivets were modeled as cylindrical beams with the 

nominal rivet diameter modeled as the cylindrical beam diameter. The converged FE model of the 

substructure is shown in Figure 5.1. The materials of each component and the respective material 

properties used in the model are shown in Table 5.1.  

The computational equivalent to experimental DOF locations were extracted from the 

computational model with 73 DOFs on the bulkhead, and 72 DOFs on the skin. All DOF nodes 

were assigned to various local coordinate systems such that the DOF direction aligns normal to 

the component surface, mimicking a uniaxial accelerometer. The closest node to the exact 



 

35 

 

location of the experimental DOF was chosen as the computational DOF. This introduces a 

negligible amount of error as the exact location was limited to 1.25 mm away from the 

experimental DOF location due to mesh discretization. However, the experimental error in DOF 

placement is assumed to be significantly greater than 1.25 mm. Rivet locations are subject to a 

similar error as the closest node to the actual position of rivets was used. This is negligible as 

construction error far exceeds the slight variation in rivet placement. 

 

Figure 5.1: FE Model of Substructure 1 (Left) and Mesh Detail (Right) 

Table 5.1: FE Material Properties of Substructure 1 

Part Material E (GPa) Poisson's Ratio Rho (kg/m3) Thickness (mm) 

Bulkhead Al 5052 (H32) 70.3 0.33 2680 1.6 

Skin Al 6061-T6 68.9 0.33 2700 1.27 

Stringers Al 6063-O 68.9 0.33 2700 3.175 

Frames Al 6063-T53 68.9 0.33 2700 2.54 

1/8 inch Rivets Al 6061 68.9 0.33 2700 Radius = 1.6 

3/16 inch Rivets Al 6061 68.9 0.33 2700 Radius = 2.4 

5.1.2 Substructure 2 

The converged model of substructure 2 was created using 1,249,353 elements using a 

mesh size of 2.5 mm. Quadrilateral elements made up 99.8% of shell elements with the remaining 



 

36 

 

elements made up of triangular elements. The same quality requirements used regarding mesh 

quality in substructure 1 were used in substructure 2. Rivets were modeled similarly to the 

previous model using the nominal rivet size as the beam diameter. The converged FE model can 

be seen in Figure 5.2. The material properties of components within the model are listed in Table 

5.2. 

The same modelling techniques that were used in the first substructure were used in the 

second. As such, it is assumed that the error associated with using the closest node for DOF and 

rivet locations is negligible. Ninety-nine DOFs were placed on the FESF using the normal 

direction from the engine support frame surface as the DOF direction. Similarly, 97 DOFs were 

placed on the RESF using the normal direction for the DOFs. Initially, several DOFs were placed 

on the skin, however, the CMA results and preliminary EMA results showed no skin modes occur 

within the 1-200 Hz analysis bandwidth. Therefore, the final preliminary model did not include 

DOFs on the skin panels. 

 

Figure 5.2: FE Model of Substructure 2(Left) and Mesh Detail (Right) 
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Table 5.2: FE Material Properties of Substructure 2 

Part Material E (GPa) Poisson's Ratio Rho (kg/m3) Thickness (mm) 

Skin Al 6061-T6 68.9 0.33 2700 1.27 

Stringers Al 6063-O 68.9 0.33 2700 3.175 

Frames Al 6063-T53 68.9 0.33 2700 2.54 

Yokes Al 6061-T6 68.9 0.33 2700 12.5 

ESF Al 6061-T6 68.9 0.33 2700 1.6 

1/8 inch Rivets Al 6061 68.9 0.33 2700 Radius = 1.6 

3/16 inch Rivets Al 6061 68.9 0.33 2700 Radius = 2.4 

5.2 Results 

5.2.1 Substructure 1 

5.2.1.1 Natural Frequency Correlation 

CMA of the first substructure resulted in 18 resonance modes. Eleven of these modes 

were visually correlated to experimental modes and sorted into CMPs. Several modes came in 

pairs with nodal regions and resonant regions reversed. An example of this can be seen in Figure 

5.3. These modes typically differed by hundredths of a hertz in natural frequencies, making 

experimental differentiation between the pairs difficult. This resulted in 3 modes which could not 

be identified in the experimental model. The remaining 4 modes found in the computational 

model but not found in the experimental model fell beyond the 200 Hz experimental bandwidth 

and were therefore ignored in the comparison. The CMPs of the first substructure can be 

categorized into two groups; resonance of the skin, and resonance of the bulkhead. Examples of 

these two types of resonance modes can be seen in Figure 5.4. 
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Figure 5.3: Reversed Mode Pairs 

 

Figure 5.4: Example of Bulkhead Mode (Left) and Skin Mode (Right) 

Linear regression of the natural frequencies resulted in a slope of 0.94, which falls within 

the generally accepted range of 0.9 to 1.1. The intercept of the linear regression remained low 

with a value of 1.05 Hz, and the coefficient of determination shows low variance amongst the 

data. The results of the linear regression can be seen in Figure 5.5. 



 

39 

 

 

Figure 5.5: Linear Regression of Preliminary Substructure 1 Natural Frequencies 

Although the linear regression was successful, the figure does not aid in determining the need for 

model updating. The details of the natural frequency comparison can be seen in Table 5.3 

with skin resonant modes highlighted. This table shows that skin resonant modes were 

consistently 10-14 % under stiffened in the computational model, while bulkhead resonant modes 

achieved significantly better accuracy. The significant difference in discrepancy between the two 

locations along with the findings from Chapter 4 show that skin bending pre-stress effects were 

significant in the first substructure. 
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Table 5.3: Natural Frequency Comparison of Preliminary Substructure 1 Model 

Substructure 1 CMP Experimental (Hz) Preliminary Model (Hz) Discrepancy (%) 

1 31.3 27.2 -13.22 

2 41.1 43.6 6.00 

3 69.7 61.4 -11.89 

4 71.6 62.4 -12.90 

5 83.3 86.5 3.83 

6 86.2 87.8 1.84 

7 105 93.0 -11.39 

8 142 142.1 0.07 

9 155 162.6 4.87 

10 170 152.9 -10.07 

11 172 153.2 -10.95 

5.2.1.2 Mode Shape Correlation 

The POC was computed and successfully validated mode shape correlation. The POC 

matrix is displayed in Figure 5.6. The diagonal values were all above 0.94, and most off-diagonal 

terms were below 0.2 with the exception of correlation between computational mode 10 and 

experimental mode 11 with a value of 0.2299. 

 

Figure 5.6: Preliminary Substructure 1 POC 
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5.2.2 Substructure 2 

5.2.2.1 Natural Frequency Correlation 

The computational model of substructure 2 resulted in 35 modes, only consisting of FESF 

and RESF resonant modes. Twenty-five of these modes were visually correlated to experimental 

results. One mode which was expected to be found in the experimental data could not be visually 

correlated, while the remaining 9 modes exceeded the bandwidth of the experimental model. 

 Due to experimental limitations, the modes were separated into resonances of the two 

engine support frames. Initial linear regression of the FESF and RESF natural frequencies are 

shown in Figure 5.7 and Figure 5.8 respectively. Both linear regressions confirm natural 

frequency correlation as the slopes are 1.0009 and 1.0609 for the FESF and RESF respectively. 

However, this suggests that correlation between computational and experimental natural 

frequencies was better in the FESF modes. 

 

Figure 5.7: Initial FESF Natural Frequency Linear Regression 
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Figure 5.8: Initial RESF Natural Frequency Linear Regression 

The detailed comparison of natural frequencies can be seen in Table 5.4 and Table 5.5. The first 3 

CMPs in the FESF and first 2 CMPs in the RESF display large discrepancies when compared to 

other modes. Donaldson and Mechefske hypothesize that this is due to experimental error since a 

true free-free boundary condition is not possible in EMA [10]. Furthermore, CMP 12 of the FESF 

may be erroneous due to its mode shape correlation. As such, the highlighted modes in Table 5.4 

and Table 5.5 should be taken with caution.  
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Table 5.4: FESF Natural Frequency Comparison 

FESF CMP Experimental Results (Hz) Computational Results (Hz) Discrepancy (%) 

1 21 15.2 -27.74 

2 33.8 20.8 -38.52 

3 41.6 30.2 -27.32 

4 46.8 43.3 -7.38 

5 66.5 60.8 -8.52 

6 79.1 77 -2.67 

7 96.5 94.3 -2.29 

8 115 105.8 -7.98 

9 127 124.2 -2.19 

10 137 133.3 -2.69 

11 151 138.3 -8.42 

12 158 149 -5.69 

13 163 151.9 -6.81 

14 170 168.9 -0.65 

15 188 175.7 -6.56 

 

Table 5.5: RESF Natural Frequency Comparison 

RESF CMP Experimental Results (Hz) Computational Results (Hz) Discrepancy (%) 

1 25.5 17.7 -30.75 

2 32.5 20.6 -36.58 

3 41.6 36.4 -12.57 

4 75.8 66.4 -12.36 

5 89 85.1 -4.44 

6 136 119.7 -11.98 

7 153 141.9 -7.28 

8 157 147.1 -6.3 

9 177 159 -10.16 

10 197 176.1 -10.59 

 

A linear regression was performed again excluding the erroneous data to confirm natural 

frequency correlation. This is shown in Figure 5.9 and Figure 5.10 for the FESF and RESF 

respectively. The data shows that the slopes remain within the accepted range while improving 
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the intercept values closer to the theoretically ideal value of zero. This further solidifies the 

correlation of natural frequencies between the computational and experimental models. 

 

 

Figure 5.9: FESF Natural Frequency Linear Regression 
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Figure 5.10: RESF Natural Frequency Linear Regression 

 

5.2.2.2 Mode Shape Correlation 

The POC was performed on the FESF and RESF separately since modal properties from 

the EMA results were separated. The POC of the FESF is shown in Figure 5.11. This matrix 

shows the error associated with CMP 12 as mentioned in section 5.2.2.1. The diagonal value of 

CMP 12 was 0.6745 and similarly the off-diagonal correlation between computational mode 10 

and experimental mode 11 was 0.6774. A possible explanation for this is the similarity between 

the two mode shapes and the low density of accelerometers near the area of resonance. The two 

similar mode shapes can be seen in Figure 5.12. Therefore, CMP 12 was considered erroneous 

and highlights the significance of using mathematical mode shape correlation methods such as the 

POC rather than relying on visual correlation. The POC matrix for non-erroneous modes of the 

FESF was successful as all diagonal terms were above 0.91. All off-diagonal terms were below 

0.2 except for correlation between computational mode 13 and experimental mode 11 with a 
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value of 0.2915. Overall the POC of the FESF is considered well correlated under the general 

guidelines set by D.J. Ewins [3]. 

 

 

Figure 5.11: POC of the FESF 

 

Figure 5.12: CMP 11 (Left) and CMP12 (Right) of the FESF 

The POC of the RESF modes is shown in Figure 5.13. The POC of non-erroneous RESF 

modes is adequately correlated under the general guidelines as the diagonal values are above 0.82 

and all off-diagonals were below 0.3 with the exception of correlation between computational 

mode 10 and experimental mode 7 with a value of 0.3269. Although the results of the POC for 
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the RESF are not as significant as the results from the FESF, coupling the findings from both 

mode shape correlation checks confirms that the correct modes were compared. 

 

Figure 5.13: POC of the RESF 

5.3 Discussion 

5.3.1 Substructure 1 

The computational natural frequencies of substructure 1 suggest that the skin modes were 

significantly under stiffened when compared to the bulkhead modes. Following the findings from 

chapter 4, it can be assumed that this was caused due to skin pre-stress. These findings are not 

initially obvious following the standard practice of using a linear regression to compare natural 

frequencies. Therefore, it is suggested that future modelling of this generic business jet design 

with prestressed skin to follow the procedure conducted in this study to analyze the extent of the 

stiffening effects. Moving forward, the preliminary model of substructure 1 requires a model 

update to sufficiently account for pre-stress effects. The updating technique should improve the 
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computational model’s ability to predict the increased natural frequencies of skin modes while 

having a negligible effect on bulkhead modes. 

The low discrepancy of the bulkhead modes suggests that the current modelling 

technique of using shell elements and beam elements to represent the physical model is 

appropriate. Furthermore, the well correlated mode shapes shown by the POC matrix reveals that 

the physical substructure model can be assumed to be linear with minimal error.  

5.3.2 Substructure 2 

The absence of skin modes in substructure 2 suggests that skin bending pre-stress is not a 

significant source of error. This is further confirmed as the natural frequency discrepancy was not 

consistent across the entire bandwidth as experienced in substructure 1. Therefore, substructure 2 

did not require a model update. This is significant since a computational model is typically more 

time efficient and can be used to predict whether skin modes are present within the bandwidth of 

interest. 

The modal properties found experimentally and computationally aligned well in the 

FESF modes as both natural frequency correlation and mode shape correlations of non-erroneous 

data were successful. However, the RESF results were not as successful as adequate correlation 

was achieved in both correlation methods. The increased chances of construction error and 

increased geometric complexity of substructure 2 may be a source of error. This could potentially 

be explained by non-linearity caused by joints. This hypothesis is explained by Chamberlain as 

non-linearity errors were present during EMA of the engine support frame near the yokes [28]. 

These errors were significant enough to be noticed when testing substructure 2 but did not 

invalidate the findings. However, this may become significant as larger models of the generic 

business jet design are analyzed. 
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Chapter 6 

Model Updating Technique 

The stiffening effects of bending pre-stress on the skin of the first substructure needed to 

be modelled such that the updated computational model can accurately predict modal properties. 

The primary goal of this study is to develop a technique that increases the natural frequencies of 

skin modes while maintaining negligible changes in the natural frequencies of bulkhead modes. 

The POC matrix of the substructure 1 preliminary model revealed that mode shapes were 

accurately modeled. Therefore, emphasis was placed on developing a technique which can be 

applied to the preliminary model such that accuracy will not be reversed. This results in a 

simplistic modelling technique that can be applied to the preliminary model without the re-

creation of computational models. This approach aligns with the research goals of the project as 

future computational models will include larger sections of the generic business jet design. 

Development of a modelling technique which does not require remodeling of the computational 

model will significantly reduce the development time of future work. 

These goals limit the tools that can be applied for modelling the stiffening effect. The 

preliminary model is composed of several shell components joined together with beam elements. 

Therefore, modelling the act of bending the flat skin before joining the panels to frames is not 

possible without remodeling. This process would create further complexity as the large 

displacement of the skin would most likely require nonlinear analyses. This limits the technique 

to the addition or modification of boundary conditions, external loads, and material properties. 

Therefore, the technique is unique to application on the first substructure, and use beyond 

updating the first substructure would be inappropriate unless the technique is validated for other 

specific uses. 
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6.1 Preliminary Techniques 

At first glance, modification of the boundary condition would be the ideal method for 

model updating due to its simplicity as additional load steps would not be necessary. However, 

changes to the boundary condition would produce a fixed support modal analysis, and its results 

could not be compared to the results of a free support modal analysis [3]. The use of a fixed CMA 

would require a similarly fixed EMA, which is uncommon due to the added complexity in 

adequate clamping and its effects causing nonlinearity. Therefore, the addition of a boundary 

condition to the modal analysis load step was not considered. 

The initial attempts to update the first substructure involved the addition of loading 

conditions and boundary conditions in an independent load step prior to the free support modal 

analysis load step. The use of an independent load step allows for the increased stiffening caused 

by loading to influence the modal analysis while loading and boundary conditions are not present 

for the modal analysis. Various attempts were made by applying point loads, pressures, and 

distributed point loads applied radially outwards and inwards in an attempt to mimic the loading 

necessary to bend the skin panels into shape. The forces and pressures were derived from beam, 

and plate mechanics theory found in ‘Theory of Plates and Shells’ by Timoshenko and 

Woinowsky-Krieger [32]. However, all attempts were unsuccessful as the changes to natural 

frequencies were minute, inconsistent, and affected the natural frequencies of bulkhead modes as 

much as skin modes. Table 6.1 describes 4 of the most successful models, and Table 6.2 shows 

the results of these models in comparison to the experimental results and the preliminary model. 

Further details on the natural frequency results of each preliminary technique can be seen in 

Appendix A.  
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Table 6.1: Model Descriptions of the Most Successful Preliminary Techniques 

Model Name Loading Type Direction Location Boundary Condition 

Model 4 6 Point forces Radially 
Outward 

Skin edges, at aft, 
fore, and mid 

section 

Fixed at middle of 
skin panel 

Model 15 2 Moments Bending 
Radially 
Inward 

Skin edges, at mid 
section 

Fixed at middle of 
skin panel 

Model 55 Tensile force at 
all frame-skin 

rivets 

Radially 
Outward 

All beam elements 
connecting skin 

panels to frames 

Fixed at frames 

Model 60 Constant 
Pressure 

Radially 
Outward 

Entire skin panel Fixed at frames 

 

Table 6.2: Average Absolute Skin Discrepancy of Preliminary Techniques 

Model 
Name 

Average Absolute 
Skin Discrepancy (%) 

Preliminary 
Model 

7.9 

Model 4 8.8 

Model 15 8.8 

Model 55 8.7 

Model 60 6.3 

6.2 Stringer Stiffening Technique 

6.2.1 Methodology 

The last series of attempts to develop a model updating technique involved material 

property modifications to various components. The advantage of these methods is the ability to 

change local stiffness to a component without changing the local stiffness of neighbouring 

components. However, the joints may cause the local stiffness changes to increase the overall 

stiffness of components in assembly. The primary disadvantage is that these methods invalidate 
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the computational model for use beyond modal analysis. For example, performing a stress 

analysis on these computational models with material property changes would not be accurate. 

Therefore, application of these methods must be applied in an independent FEA model rather 

than as a different load step within a larger FEA model. For the purposes of this work, this is not 

an issue as a free support modal analysis is the only result needed from this FEA model. Another 

major disadvantage is that these methods do not align with any theoretical background, and as 

such the changes in material property values are arbitrary. Therefore, the use of these methods 

must be studied on a case to case basis since there is no current literature to support the validity of 

these methods. 

The first attempts applied changes to the density, or modulus of elasticity (E) of the skin 

or the stringers. These were preferred over changes to the Poisson’s ratio or element thicknesses 

as flexural rigidity of a plate is inversely proportional to the square of Poisson’s ratio and 

proportional to the cube of material thickness. However, modulus of elasticity is linearly 

proportional to flexural rigidity of a plate as can be seen in Equation 6.1.  

𝐷 =  
𝐸𝑡3

12(1 − 𝜈2)
                                                               (6.1) 

Where, E is modulus of elasticity, t is the material thickness, and ν is Poisson’s ratio. Therefore, 

changes to flexural rigidity could be applied via modification of E, and further changes to 

Poisson’s ratio or material thickness can be applied if natural frequencies are increased 

inconsistently. The skin and stringers were the only components considered for material changes 

as these two components make up the skin panels before being prestressed. 

6.2.2 Results 

The most successful method involved increasing the modulus of elasticity of the 

stringers. When the modulus of elasticity was doubled in value for the stringers, the natural 

frequencies of the skin modes were increased anywhere between 15.2%-16.7% across the 
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bandwidth. Furthermore, the largest change in natural frequencies of bulkhead modes was 0.12%. 

This accurately describes the effects of bending pre-stress as the natural frequencies of skin 

modes increased consistently across all modes with negligible change in the natural frequencies 

of bulkhead modes. The results of this updating technique compared to the preliminary FE model 

can be seen in Table 6.3 with skin resonant modes highlighted.  

Table 6.3: Stringer Stiffening Technique Results 

CMP Experimental Preliminary Model Discrepancy (%) 2E stringers Discrepancy (%) 

1 31.3 27.2 -15.24 31.6 1.10 

2 41.1 43.6 5.66 43.6 5.63 

3 69.7 61.4 -13.50 71.9 3.10 

4 71.6 62.4 -14.82 73.3 2.30 

5 83.3 86.5 3.69 86.6 3.80 

6 86.2 87.8 1.81 87.8 1.85 

7 105 93.0 -12.86 109.2 3.83 

8 142 142.1 0.07 142.2 0.17 

9 155 162.6 4.65 162.7 4.73 

10 170 152.9 -11.20 177.1 4.02 

11 172 153.2 -12.29 178.5 3.65 

 

 The other three techniques involving material property changes to the skin or stringers 

were not as successful as the stringer elasticity modification technique. The techniques of 

reducing the stringer density and increasing skin elasticity produced an inconsistent increase in 

natural frequencies in skin modes as modes at higher frequencies experienced a larger increase in 

natural frequencies. The technique of reducing the skin material density managed to increase the 

natural frequencies of skin modes consistently, however, the bulkhead modes were affected by 

this method. The discrepancy of each method in comparison to experimental data is summarized 

in Table 6.4 with skin modes highlighted. 
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Table 6.4: Results of Material Property Model Updating Techniques 

CMP Preliminary Model 
Discrepancy (%) 

Stringer 1/2 Density 
Discrepancy (%) 

Skin 2E 
Discrepancy (%) 

Skin 1/2 Density 
Discrepancy (%) 

1 -15.24 1.04 -4.43 -1.61 

2 5.66 6.95 5.79 6.63 

3 -13.50 3.62 -1.10 0.13 

4 -14.82 2.51 -2.52 -1.03 

5 3.69 4.21 3.87 4.09 

6 1.81 2.30 1.89 2.19 

7 -12.86 4.48 0.91 0.68 

8 0.07 0.12 0.16 0.11 

9 4.65 5.24 4.82 5.08 

10 -11.20 6.05 5.40 2.06 

11 -12.29 5.17 4.82 1.08 

 

The mode shapes of the stringer elasticity modification technique produced a similar 

POC matrix to the preliminary model, proving that the mode shapes were unaffected by the 

updating technique. The POC matrix is shown in Figure 6.1, with all diagonal values above 0.94 

and all off-diagonal values below 0.2 with the exception of correlation between computational 

mode 10 and experimental mode 11 with a value of 0.21.  

 

Figure 6.1: POC of Stringer Elasticity Modification Technique 
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6.2.3 Discussion 

A unique updating technique was discovered and achieved the two objectives of this 

study. The technique used simple changes to the original model such that remodelling was not 

required, and accounted for the changes in natural frequencies due to skin pre-stress. The use of 

this method is not supported by any theoretical work to date, therefore, further validation is 

necessary for its use on a case to case basis. The magnitude of increase in the modulus of 

elasticity is arbitrary and must be fine-tuned for use in substructure 1 updating. This technique 

resulted in similar mode shape correlation as the preliminary model, proving that the technique 

does not change the mode shapes of the original model. 

This technique is simplistic in its application and is proven to have the same effects on 

natural frequencies as bending pre-stress on skin panels. Unfortunately, since there is no 

supporting theory to justify its use beyond the understanding that increasing the modulus of 

elasticity increases local stiffness, the results of this technique require analysis such that resultant 

modal properties are accurate. Further development of this technique may result in justifying its 

use for future models of the generic business jet fuselage design. 

6.3 Stringer Stiffening Validation 

6.3.1 Methodology 

Simply increasing the modulus of elasticity of the stringers to account for skin pre-stress 

effects has the potential to significantly reduce the time needed to analyse future models of the 

generic business jet design. Before this method can be attempted in future models where skin 

panels are prestressed, the modelling technique should be proven to be valid for several similar 

structures to substructure 1 regardless of design changes. Furthermore, the limitations of this 

method should be defined before it can be used in works beyond updating substructure 1. 

To validate the stringer stiffening technique’s ability to model skin bending pre-stress and 

to find the limitations of this technique, a sensitivity analysis was conducted. The stringer 
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stiffening technique was considered successful in section 6.2 as it increased the natural 

frequencies of skin modes consistently across all modes, while having a negligible effect on 

bulkhead modes. As such, the sensitivity analysis started with a base model similar to 

substructure 1 but featured a larger bending radius to represent future models of the generic 

business jet model. A larger bending radius is appropriate as the first substructure represented the 

smallest section of the fuselage and future models would include larger bending radii. Various 

other models were created with design changes to bending radii, stringer material thicknesses, 

lengths of skin, and number of overall stringers. CMA was performed on each model once with 

all material modeled as aluminum 6061, and once with the modulus of elasticity doubled in value 

with all other material properties unchanged. Although the bandwidth is arbitrary in these 

analyses as the models do not represent a specific component, a bandwidth of 1-200 Hz was used 

to ensure several modes were found. The skin and bulkhead resonant modes were visually 

correlated and separated into CMPs. The natural frequency changes were recorded to confirm if 

the technique was capable of consistently increasing the natural frequencies of skin modes while 

having a negligible effect on bulkhead modes. Orthogonality checks (OC) were used to confirm 

that the correct modes were used for natural frequency comparisons. Furthermore, the OC can 

reveal whether the stringer stiffening technique is valid as previous research confirms that pre-

stress should not change the mode shapes [26]. The OC matrices were calculated using 144 skin 

DOFs, 199 bulkhead DOFs, and the SEREP reduced mass matrix to reduce computation time.  

6.3.2 Model Descriptions 

The sensitivity analysis started with a base model with similar proportions to substructure 

1. The bending radius of the base model was 26.5 inches as this is the bending radius of the 

largest frame in the half scale generic business jet design. All models were designed for ease of 

meshing as the models simply needed to represent the general design of the generic business jet 

design, but did not need to be physically built. Therefore, the skin panels were cylindrical rather 
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than conical, and both the bulkhead and frames in all models do not feature the cutouts present in 

the substructures for stringer penetration. These changes to the design allow for global meshing 

controls to produce meshes constructed of only 4 noded quadrilateral shell elements, with no 

elements exceeding the limits of the mesh quality metrics described in section 5.1. The rivets 

were placed in a similar layout to substructure 1 and modeled using cylindrical beam elements 

with 6 DOFs per node. The modelling techniques used in the preliminary models were used in the 

development of each model of the sensitivity analysis. The bulkhead of the base model is simply 

a thin circular sheet of aluminum. The engineering drawing of the base model bulkhead is shown 

in Figure 6.2. The frames are made of two 180° sections, mimicking the design of all the frames 

in the generic business jet design. The design specifications are depicted in Figure 6.3. Figure 6.4 

displays the drawings of the skin which is separated into 3 sections. The engineering drawing of 

the stringers used in the base model is shown in Figure 6.5. All components were joined together 

in the models in the same layout as substructure 1 using beam elements to represent rivets.  

 

Figure 6.2: Engineering Drawing of Base Model Bulkhead 



 

58 

 

 

Figure 6.3: Engineering Drawing of Base Model Frame 

 

Figure 6.4: Engineering Drawing of Base Model Skin 
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Figure 6.5: Engineering Drawing of Base Model Stringer 

A summary of the design changes of the other models and their designated model name 

can be seen in Table 6.5. These models keep all other design dimensions equal to the base model 

such that the effects of each design change can be isolated. 

Table 6.5: Sensitivity Analysis Model Descriptions 

Model 

Name 
Design of Model 

Base 

Bending radius = 26.5 inches, stringer 

thickness = 0.125 inch, length of skin = 

12 inches, stringer every 10° 

Small R Bending radius = 13 inches 

Large R Bending radius = 53 inches 

1/16t Stringer thickness = 1/16 inch 

0.25t Stringer thickness = 0.25 inch 

6" Skin Length of skin = 6 inches 

24" Skin Length of skin = 24 inches 

18 

Stringers 
Stringer at every 20° increment 

9 Stringers Stringer at every 40° increment 
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A mesh convergence test was performed on the base model, small radius model, large 

radius model, 6 inch skin model, and 24 inch skin model to reduce discretization error. The 

models with differing stringer thicknesses used the converged mesh of the base model as the 

stringer thickness is a material property for shell elements rather than a geometric change to the 

mesh. Similarly, the models with fewer stringers used the converged mesh of the base model as 

stringers were simply removed and no other geometric changes occurred. Mesh sizes were 

considered converged when the average change in natural frequencies of the first 10 skin modes 

and first 10 bulkhead modes was less than 1%. Therefore, the error associated with these 20 

modes is assumed to be ±1%. The converged mesh sizes for each model are listed in Table 6.6. 

Figure 6.6 displays the converged FE model of base model.  

Table 6.6: Converged Mesh Sizes of Sensitivity Analysis Models 

Model Name Converged Mesh Size (mm) 

Base 3.5 

Small R 2.5 

Large R 3.5 

1/16t 3.5 

0.25t 3.5 

6" Skin 3.5 

24" Skin 3.5 

18 Stringers 3.5 

9 Stringers 3.5 
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Figure 6.6: FE Model of Base Sensitivity Analysis Model 

6.3.3 Results 

In all models, over 100 modes were found within the chosen bandwidth. As such, the 

results and analysis focused on the first 10 skin modes and first 10 bulkhead modes. The 

sensitivity analysis revealed that the stringer stiffening technique can successfully model skin 

bending pre-stress in various substructure models of the generic business jet design. Table 6.7 

shows the average frequency shift of the first 10 skin modes, the average frequency shift of the 

first 10 bulkhead modes, and the standard deviation of both averages. These results show that the 

technique successfully increases the natural frequencies of skin modes with relatively low 

deviation across the various modes. Furthermore, the bulkhead modes were consistently 

unaffected as the average frequency shifts of the first 10 bulkhead modes was typically 2 orders 

of magnitude lower and similarly low relative deviation across all bulkhead modes. 
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Table 6.7: Sensitivity Analysis Results 

Model 

Name 

Avg. Frequency Shift of 

First 10 Skin modes 

Std. 

Dev. 

(%) 

Avg. Frequency Shift of 

First 10 Bulkhead modes 

Std. 

Dev. (%) 

Base 7.08% 0.52 -0.003% 0.044 

Small R 17.27% 0.42 0.020% 0.013 

Large R 2.06% 0.31 0.007% 0.009 

1.6t 6.82% 0.51 0.013% 0.009 

6.35t 3.68% 0.13 0.016% 0.025 

6" Skin 1.51% 0.25 0.009% 0.003 

24" Skin 14.60% 0.66 0.017% 0.011 

18 Stringers 1.98% 0.40 0.008% 0.004 

9 Stringers 2.22% 1.10 -0.014% 0.060 

 

An orthogonality check was performed on each model, comparing the model with 

aluminum stringers and the model with double stringer modulus of elasticity. This was done to 

ensure the correct mode shapes were compared and to reveal whether this technique is adequate 

in modelling skin pre-stress since mode shapes should not change under pre-stress. The OC 

matrices in all models were successful in proving that the correct mode shapes were compared for 

the first 10 skin modes and first 10 bulkhead modes as the diagonal values were above 0.95 and 

diagonal values were below 0.1. However, the quality of the OC results started to degrade at 

higher frequencies. After a certain point along the frequency domain, the OC resulted in poor 

correlation, suggesting that this method is limited in bandwidth. Figure 6.7 displays the OC of the 

model with the worst mode shape correlation, the Large R model. At mode shape 36 and beyond, 

the OC degrades to a point where correlation cannot be verified. Therefore, the updating 

technique would no longer be valid at the frequency of bulkhead mode 36, since the mode shapes 

are no longer similar. Figure 6.8  displays the OC of the model with the best mode shape 

correlation which does not experience the same sudden degradation in correlation values. This 
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shows that various models have different bandwidth limits, and this technique needs to be 

analyzed computationally using a mode shape correlation test to confirm its viability. 

 

Figure 6.7: Worst Performing Mode Shape Correlation of the Sensitivity Analysis 

 

Figure 6.8: Best Performing Mode Shape Correlation of the Sensitivity Analysis 

6.3.4 Discussion 

The natural frequency comparisons show that this updating technique can be successfully 

implemented on the generic business jet design to account for the effects of bending pre-stress. 
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The results suggest that the smaller the bending radius, the more sensitive the natural frequency 

shifts are to this technique. However, the deviance is smaller relative to the frequency shift as the 

bending radius is smaller. The data suggests that the stringer thickness is not significantly 

sensitive to the technique, however, a thicker stringer may reduce relative deviation in frequency 

shifts. This study showed that a longer sections of skin are more sensitive to this technique with a 

lower deviation. The number of stringers in the model appears to be the most significant factor in 

this technique’s success as fewer stringers results in significant changes to the relative variance of 

the frequency shift. Overall, the stringer stiffening method can be implemented with greater 

success in models with smaller bending radius, larger stringer thicknesses, longer lengths of skin, 

and more equally spaced stringers. This sensitivity analysis suggests that the technique has the 

potential to successfully model pre-stress in future models of the generic business jet as the 

bending radii of the design are equal to or smaller than the base model’s bending radius, feature 

the same stringer thickness as the base model, contain sections with longer skin lengths than 12 

inches, and feature 36 stringers. 

The mode shape correlations of the various models show that the technique is limited in 

bandwidth. Significant changes to the mode shapes to a point where the orthogonality check 

cannot be passed is not acceptable when accounting for the effects of pre-stress. Therefore, 

application of this technique should be studied on a case to case basis to prevent inappropriate 

use. Although one cannot confirm whether this technique is a viable method to account for skin 

pre-stress in all future models of the generic business jet design, this study proves that the 

technique is robust and has the potential to be successfully used. Furthermore, the simplicity of 

this method allows future researchers to implement this technique as an initial attempt to stiffen 

skin panels before proceeding with more complex methods if necessary. 
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Chapter 7 

Updated Substructure Model 

The preliminary model of the first substructure was updated by applying the stringer 

stiffening technique. The updating technique was applied by running several CMA models with 

different modulus of elasticity values for the material in the stringers. Based on natural frequency 

comparisons, an elastic modulus value of 123.3GPa or 1.79 times the original value was 

determined to minimize the discrepancy between experimental and computational natural 

frequencies. 

Following the guidelines established by several textbooks on modal analysis, the updated 

substructure model must be validated to define its limitations. The limitations of this updated 

model in its current state are defined by the limitations of the stringer stiffening method which 

has only been proven to be valid for free support modal analyses. This can be verified by 

comparing the modal properties of the updated model and the experimental results within the 

established bandwidth of interest. This is defined by D.J. Ewins as the first level of accuracy in an 

updated model [3]. The next level of accuracy is defined by the model producing accurate FRFs 

at the measured DOFs within the bandwidth of interest. This can be validated by using the same 

updated model in a frequency response analysis, mimicking the experimental setup. The FRF 

plots produced by the computational model can be compared to the experimental raw data to 

confirm its accuracy. 

7.1 Methodology 

7.1.1 Modal Analysis 

The first level of accuracy must be established for the updated model to be considered 

successful. This was done by performing a free support CMA on the updated model. Following 

the methodology of the preliminary substructure 1 model, a 1-200 Hz bandwidth was used to 
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avoid rigid body modes. The computational results and experimental results by Donaldson and 

Mechefske were organized into CMPs such that natural frequencies can be compared [10]. 

Natural frequency correlation was conducted by performing a linear regression between the 

experimental and computational results. The natural frequency data was displayed in a table such 

that changes from the preliminary model to the updated model are highlighted. The POC was 

performed using the SEREP to reduce the computational mass matrix for mode shape correlation. 

Furthermore, the POC matrix was compared to the POC matrix of the preliminary model to 

ensure mode shapes did not change during updating. 

CMA of the updated model started with the converged preliminary model of the first 

substructure using the same DOFs. The stringers were assigned to an independent material using 

the same properties as aluminum 6061 except the modulus of elasticity was set to 123.3 GPa. All 

other components and modelling techniques from the first substructure remained unchanged. As 

such, the inaccuracies in DOF locations and rivet locations due to discretization are assumed to be 

negligible as established in section 5.1.1. 

7.1.2 Frequency Response Analysis 

A frequency response analysis was performed to achieve the second level of accuracy 

defined by Ewins [3]. The goal of this study is to examine the changes in frequency responses 

from the preliminary model to the updated model. The results from the two frequency response 

analyses will be compared to raw experimental data collected by Donaldson and Mechefske [10]. 

FRF plots generated in the two computational models are extracted and plotted along the same 

axis as raw experimental data to display the improvements due to application of the updating 

technique. 

To adequately represent the test setup used in experimental data collection, a free-free 

boundary condition was mimicked using two 2 noded spring elements with 6 DOFs per node. The 

stiffness of the spring was set to 0.001 N/m for translational DOFs and 0.001 N-m/rad for 
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rotational DOFs. One end of these lightly stiffened springs were attached to the node closest to 

the eyebolts of substructure 1, as in the experimental setup. The other end was given a fixed 

boundary condition, mimicking where the bungee cords attached to the support structure in the 

experiments. An axial load of 1 N was applied to the closest node to where the shaker table input 

was located in the experiments. The acceleration data in units of g’s were extracted from the same 

DOFs used in all previous models of the first substructure such that accelerance frequency 

responses in g/N could be measured. The acceleration data was extracted at every 0.5 Hz 

increment from 25 Hz to 180 Hz in both models. A damping value of 0.325% critical damping 

was applied to all modes, as this was the average damping found across all modes in the 

experimental model. This is a potential source of error, however, the damping values in 

experimental modes were all below 0.5% and as such the error is assumed to be negligible. An 

example of the boundary conditions and loading can be seen in Figure 7.1 with the black triangles 

representing a fixed boundary condition in all 6 DOFs, and the red triangles representing a unit 

axial load. 

 

Figure 7.1: Frequency Response Analysis Setup 
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7.2 Modal Analysis Results 

The linear regression between natural frequencies of the updated model and experimental 

model improved the slope, intercept, and coefficient of determination when compared to the 

natural frequency correlation between the preliminary model and experimental model. The slope 

improved from 0.94 to 1.02, proving that the natural frequency correlation improved as the 

theoretically ideal value is 1. Although the intercept and coefficient of correlation are not 

typically measured in modal analysis, the updated model’s linear regression produced a value 

closer to an intercept of 0 and a coefficient of correlation of 1. This shows that the updated model 

produces less variance in natural frequencies. The natural frequency correlation of preliminary 

model is displayed in Figure 7.2, and the natural frequency correlation of the updated model is 

displayed in Figure 7.3. 

 

Figure 7.2: Linear Regression of Preliminary Model and Experimental Model Natural 

Frequencies 
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Figure 7.3: Linear Regression of Updated Model and Experimental Model Natural 

Frequencies 

In section 5.2.1 it was shown that the linear regression does not adequately display 

potential trends in the discrepancy due to skin pre-stress as skin resonant modes had consistently 

higher discrepancies. A table of the natural frequencies of the experimental, preliminary, and 

updated models is shown in Table 7.1 with skin modes highlighted. The table confirms that the 

discrepancies in skin modes have been reduced to a range of -1.5% to +1.7%. Furthermore, 

bulkhead mode discrepancies are constant with a slight change of up to 0.1% in the updated 

model. 
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Table 7.1: Natural Frequency Comparison of the Updated Model 

CMP Experimental 
Preliminary 
Model (Hz) 

Discrepancy 
(%) 

Updated 
Model (Hz) 

Percent Error 

1 31.3 27.2 -13.22 30.8 -1.47 

2 41.1 43.6 6.00 43.6 5.96 

3 69.7 61.4 -11.89 70.0 0.50 

4 71.6 62.4 -12.90 71.3 -0.35 

5 83.3 86.5 3.83 86.6 3.94 

6 86.2 87.8 1.84 87.8 1.88 

7 105 93.0 -11.39 106.3 1.25 

8 142 142.1 0.07 142.2 0.17 

9 155 162.6 4.87 162.7 4.95 

10 170 152.9 -10.07 172.8 1.64 

11 172 153.2 -10.95 174.1 1.20 

 

The POC of the updated model successfully proves that the updating technique did not 

cause a significant change in the mode shapes. The diagonal values of the POC remain above 

0.94 while off-diagonal values were below 0.2 with the exception of correlation between 

computation mode 10 and experimental mode 11 which improved from a value of 0.2299 to a 

value of 0.2108. The POC matrix of the updated model is shown in Figure 7.4.  

 

Figure 7.4: POC of the Updated Substructure 1 Model 
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7.3 Frequency Response Results 

The frequency response analysis provided further validation of the updating technique 

and the updated model. The FRFs of bulkhead DOFs show negligible change between the 

response of the preliminary model and the updated model. The response at one of the bulkhead 

DOFs is shown in Figure 7.5, with the yellow line representing the preliminary model, the blue 

line representing the updated model, and the red line representing raw experimental data. The plot 

shows all three lines following a similar pattern with neither the preliminary nor updated FRF 

plots producing significantly more accurate frequency responses. Furthermore, raw experimental 

data is typically curve fitted to extract modal parameters, creating a slight deviance from what is 

shown in red. Therefore, the slight deviances between raw data and both computational FRFs can 

be considered negligible. This validates the criteria of the updating technique having a negligible 

effect on the bulkhead. 

 

Figure 7.5: FRF Comparison of DOF 30 
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The response at all skin DOFs show significant improvement in frequency response 

prediction. This is shown in Figure 7.6 displaying the FRFs of one of the skin DOFs, DOF 80. 

Similar to Figure 7.5, the yellow, blue, and red lines represent the preliminary, updated, and raw 

experimental data, respectively. This plot shows a significant improvement from the preliminary 

model to the updated model as the blue line aligns significantly better with the red line than the 

yellow line. The improved responses validate the accuracy of the updated model and provide 

proof for the validity of the updating technique.  

 

Figure 7.6: FRF Comparison of DOF 80 

Frequency response plots across all DOFs aligned with the findings represented by DOF 

30 for bulkhead DOFs and DOF 80 for skin DOFs. More examples of FRF comparison plots are 

displayed in Figure 7.7 for bulkhead DOFs and Figure 7.8 for skin DOFs. The locations of these 

DOFs are displayed in Figure 7.9. 
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Figure 7.7: Additional FRF Comparisons of Bulkhead DOFs 
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Figure 7.8: Additional FRF Comparisons of Skin DOFs 
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Figure 7.9: Updated Substructure 1 DOF Locations 

7.4 Discussion 

The updated model was verified to produce both accurate modal properties and frequency 

response functions at the tested DOFs across the bandwidth of interest. Therefore, the technique 

and model have achieved the second level of accuracy for updated models defined by D.J. Ewins 

[3]. In conclusion, this model is limited in its bandwidth of 1-200Hz, and DOFs used in the 

experimental and computational models. However, the model is valid for both modal analyses 

and frequency response analyses. 

The updated model produced improved natural frequency predictions, proven by the 

linear regression between the natural frequencies of the updated model and experimental model. 

The mode shape correlation improved slightly after model updating. Theoretically a successful 

updating technique to account for bending pre-stress should not change the mode shapes, and 

therefore the POC should not change. However, all diagonals and off-diagonals of the POC 

matrix changed by less than 0.01, with the exception of correlation between computational mode 
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10 and experimental mode 11 which improved by 0.02. These changes in the POC matrix were 

minute and improved the correlation, therefore, the slight changes are assumed to be acceptable. 

The frequency response analyses verified that the updated model produced more accurate 

responses at the skin while the bulkhead remained mostly unchanged. This proves that the 

updating technique was able to achieve the same effects discovered in section 5 due to bending 

pre-stress. This study suggests that the stringer stiffening technique may be a viable option for 

accounting for pre-stress in future models of the generic business jet design.  
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Chapter 8 

Conclusions 

8.1 Findings 

Bending pre-stress within the skin of fuselage assemblies was empirically determined to 

increase natural frequencies while maintaining the same mode shapes when compared to 

unstressed assemblies. The EMA study of pre-stress effects determined that the changes in natural 

frequencies due to skin bending can be detected even in bending radii larger than that of the full-

scale generic business jet design. Preliminary computational models determined that skin bending 

pre-stress was only significant in the first substructure. These models revealed that the effects of 

pre-stress are only significant when skin resonant modes are present. Furthermore, the first 

substructure model revealed that the natural frequencies of skin modes were consistently 

increased by 10%-13.5% while bulkhead resonant modes were accurately predicted by the 

computational model.  

A unique model updating technique was developed to accurately model the effects of pre-

stress without the need for remaking FE models. The technique was verified to consistently 

increase the natural frequencies of skin modes while having a negligible effect on bulkhead 

modes regardless of several design changes. However, this technique was found to be limited in 

bandwidth as the mode shapes could not be correlated after a certain frequency depending on the 

design. It was confirmed that the technique showed promising results but should be used on a 

case to case basis with thorough analysis of its effects before use.  

The updating technique was applied to the computational model of substructure 1 to 

account for skin bending pre-stress. The updated model improved natural frequency predictions, 

mode shape correlation, and frequency response predictions when compared to the preliminary 

model. The updated model achieved the minimum accuracy needed to produce computational 

vibro-acoustic analyses.   
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The modelling procedure established in this work provides a guideline for future CMA 

models of the generic business jet design featuring skin pre-stress. This work suggests that future 

models should first be analyzed as a free support modal analysis such that the presence of skin 

resonant modes within the bandwidth can be found. If skin resonant modes are present, the 

difference in discrepancy of natural frequencies in skin modes should be noted. If the discrepancy 

is significant, the stringer stiffening technique should be applied to the model with varying levels 

of elastic modulus increases in stringer material. A natural frequency and mode shape correlation 

should be performed and compared with the preliminary model to ensure the updating technique 

accounted for skin bending and did not change mode shapes. Further validation according to the 

definitions of accuracy in update models by D. J. Ewins should be performed depending on the 

end goal of the model [3]. 

8.2 Future Work 

Future work on the generic business jet design involves the development of larger 

experimental and computational substructures of the fuselage. The next model to be created 

involves a section of the fuselage that spans from the rear passanger cabin bulkhead to the tail end 

such that vibro-acoustic analyses can begin. A preliminary CMA model of the next structure was 

developed and revealed several skin modes between the tail end and the RESF within the 

bandwidth of interest. These findings resulted in the decision to add two equally spaced pairs of 

frames between the tail end and the RESF to stiffen the skin panels in that area. This design 

change was motivated by the desire to avoid skin modes as the vibro-acoustic analysis places 

emphasis on analyzing the pressurized bulkhead.  

Further research should be done on validating the stringer stiffening technique. This work 

would provide more details on the limitations of the technique and potentially improve the 

technique for use beyond the work presented here. This can be done by attempting to achieve 

higher levels of accuracy in the updated substructure 1 model following the guidelines by Ewins 
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[3]. This would involve EMA on a new set of DOFs, and CMA on those new DOFs for the third 

level of accuracy, and a frequency response analysis at the new DOFs for the fourth level of 

accuracy. 
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Appendix A 

Data Tables 

CMP Experimental Model 4 Discrepancy (%) Model 15 Discrepancy (%) 

1 31.3 27.3 -14.7 27.06 -15.7 

2 41.1 43.7 5.9 43.26 5.0 

3 69.7 61.6 -13.2 61.16 -14.0 

4 71.6 62.2 -15.1 62.10 -15.3 

5 83.3 86.7 3.9 86.23 3.4 

6 86.2 88.0 2.0 87.51 1.5 

7 105 93.0 -12.9 92.67 -13.3 

8 142 142.4 0.3 141.89 -0.1 

9 155 162.7 4.8 162.28 4.5 

10 170 152.5 -11.5 152.06 -11.8 

11 172 153.4 -12.2 152.69 -12.6 

Average Absolute Skin 
Discrepancy (%) 

 

  8.8  8.8 

 

CMP Experimental Model 
55 

Discrepancy (%) Model 60 Discrepancy (%) 

1 31.3 27.30 -14.7 28.72 -8.2 

2 41.1 43.63 5.8 43.53 5.9 

3 69.7 61.76 -12.9 63.27 -9.2 

4 71.6 62.11 -15.3 64.37 -10.1 

5 83.3 86.65 3.9 86.54 3.9 

6 86.2 87.91 1.9 87.81 1.9 

7 105 93.10 -12.8 95.66 -8.9 

8 142 142.33 0.2 142.21 0.1 

9 155 162.70 4.7 162.61 4.9 

10 170 152.93 -11.2 156.53 -7.9 

11 172 153.15 -12.3 157.29 -8.5 

Average Absolute 
Skin Discrepancy (%) 

 

  8.7  6.3 

A 1: Natural Frequency Results of Preliminary Model Updating Techniques 

  



 

81 

 

Appendix B 

Additional Figures 

 

B 1: Example of Rivet Hole Locations on a Frame 

 

B 2: Example of Rivet Hole Locations on the Stringer of the Substructure 2 
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