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Abstract 
Mineral processing comprises several stages including comminution, as crushing and 
grinding, and concentration through froth flotation. Complementary equipment is 
utilized to control particle size between stages. Models describing each stage and 
equipment were reviewed in terms of their formulation, being all of them valid for 
steady-state operations. It is also noted the nature of the models studied, fluctuating 
from phenomenological, empirical, and populations balance models. Besides, the 
models used in residence time distribution (RTD) determination are presented 
separately since their structure depends on equipment dimensions instead of process 
performance, and include time progress. The importance of RTD modeling lies in the 
likelihood of using this data to estimate the blending effect in mineral processing. 
Consequently, with the wide spectrum of models reviewed, it is possible to ground the 
proposal of building an integrated dynamic simulator capable of representing the plant 
performance and giving concentrate and tailings composition as an outcome.         
 

1. Introduction 
Mineral processing plants are composed of a series of comminution stages, which cause the ore liberation, 
and a subsequent flotation stage that allows selectively concentrating the ore. Comminution stages 
comprise crushing, autogenous or semi-autogenous grinding, as well as conventional grinding. Also, a 
typical circuit in mineral processing is supported with classification equipment that ensures a desirable 
product size between stages. These types of equipment are screens and hydrocyclones, where the first is 
commonly used in dry processes such as crushing, and the second one is utilized in the presence of water 
during grinding.  

Since the mineral processing stages are widely used, modeling methodologies have been posed to 
represent each one of the operations performed by the equipment involved in mineral processing. In this 
manner, several models have been proposed and modified over time, to simulate steady-state operations. 
These models serve as a tool to evaluate mineral processing performance or as a sizing instrument, that 
is, to determine the operational parameters that lead to a given product size specification.  

However, dynamic components, such as material residence time, have not been included within these 
operation models and are calculated in a manner that is unrelated to the stage phenomenology, being 
controlled mostly by geometric equipment parameters. Thus, knowing the ore composition obtained with 

                                                           
1 Cite as: Moraga C, Kracht W, Ortiz JM (2020) Mineral Processing Modeling: a Review, Predictive Geometallurgy 
and Geostatistics Lab, Queen’s University, Annual Report 2020, paper 2020-13, 211-236. 
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mineral processing models plus the residence time information, the complete structure of the products 
(concentrate and tailings) can be estimated considering the blending generated by circulating material 
streams and diverse time permanence in each stage.  

In this work, the different models used to characterize all the equipment utilized in mineral processing 
stages are thoroughly reviewed. Alternatives for modeling each stage are analyzed and the nature of the 
models is presented. The aim is to identify suitable models to integrate into a fully connected mineral 
processing simulator that should be capable of predicting the concentrate and tailings composition 
respectively. 

 

2. Mineral processing models 

2.1. Crushing models 
Crushing is the first stage in the mineral processing plant in which the size reduction of run-of-mine (ROM) 
material is performed. The crushing process is accomplished using compression of ore rocks against the 
rigid steel surfaces of the crushers, and to a lesser extent by impact with these surfaces. The energy 
consumed by this process highly depends on the ore hardness (crushability) as well as the feed size 
material and its desired product size. For this purpose, it has been largely proven that the best model to 
represent comminution processes in mineral processing is the Bond comminution law instead of Kick and 
Von Rittinger alternatives. Equation 1 shows the expression used to calculate the crushing power 
consumption 𝑃  expressed in [kW] based on the Bond comminution law, using the fresh material flow G  
in [t/h], the crushability work index W  in [kWh/t], the feed and product characteristic sizes 𝐹 , 𝑃  in 
[μm] (Wills & Finch, 2016a): 

P = 10 ∙ G ∙ W ∙
1

P
−

1

F
 (1) 

The comminution of the ROM material can include several crushing stages named primary, secondary, 
and tertiary crushing, depending on the plant configuration adopted. Usual alternatives of crushing 
machines are the jaw crushers, gyratory crushers, and cone crushers either standard and short-head types 
(Wills & Finch, 2016b). Table 1 presents the typical equipment used in every crushing stage:  

Table 1. Types of crushing machines used in different crushing stages. 

Crushing Machine Primary Crushing Secondary Crushing Tertiary Crushing 

Jaw Crusher X   
Gyratory Crusher X   
Cone Crusher  X X 

An appropriate crushing model must be capable to predict the particle size distribution obtained due to 
the crushing machine action. In this manner, the model should integrate the feed material properties - 
such as particle size and hardness - and the equipment operative parameters like discharge aperture or 
setting. Two models were reviewed, King and Whiten, where the first can be utilized to characterize the 
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primary crushing through jaw crushers and the second shows a greater versatility, being applicable to all 
the types of crushing machines.  

 

2.1.1 King model  
King considers that particle size distribution at the crusher’s discharge is independent of the feed size 
distribution. The most important parameter in this model is the setting discharge and to a lesser extent 
the material properties (King, 2001). 

Thus, the particle size distribution is characterized by a parameter r as follows:  

r =
d

OSS
 (2) 

With d  as the particle size of class i in [mm], and OSS the open size setting of the crusher in [mm]. 

A parameter PT is specified to relate material properties with the crushing work index. The values for this 
parameter are shown in Table 2. 

Table 2. Values for the PT parameter at King’s fragmentation model. 

Crushing Work Index 
[kWh/t] 

Material Characteristics PT 

5-10 Soft 90 
Soft spongy 85 

10-13 Medium 90 
Medium spongy 85 

> 13 Hard brittle 90 
Hard tough 82 
Hard slabby 75 

Two additional parameters are derived from PT as follows: 

K = ln
1

1 − P

.

 (3) 

K = 0.5 ∙ ln
1

1 − P

.

 (4) 

Where the term P  is expressed by the relation: 

P = 1 − exp −
0.5

K

.

 (5) 

Finally, the particle size distribution obtained at the crusher discharge is calculated by the following 
relation: 
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P(D) =

⎩
⎪
⎨

⎪
⎧ 1 − exp −

r

K

.

     ;  if   r > 0.5

1 − exp −
r

K

.

    ;  if    r ≤ 0.5

 (6) 

This model fits better the case of a primary jaw crusher, than secondary and tertiary crushing stages (King, 
2001). Although this model is very simple to implement its main deficiency is that the feed size has no 
impact on the product size distribution and hence it is possible to achieve the same result with two 
completely different feed size distributions. Additionally, the classification of the PT parameter is done as 
a result of a subjective appraisal. These two exposed defects may lead to an inappropriate outcome when 
the crushing model performance is evaluated.  

 

2.1.2 Whiten model 
The model proposed by Whiten is widely accepted and is included in several simulation software. 
Moreover, this model applies to most crushing operations and machines. This model is based on 
performing a population balance to the size classes transforming the feed size distribution into a product 
size distribution. In order to solve the population balance, a breakage function B and a classification 
function C are used, both of which are expressed as matrix arrangements of 𝑛 × 𝑛 elements, where 𝑛 
represents the number of size classes defined to characterize the distribution. Breakage is a lower 
triangular matrix with 𝑏  elements that correspond to the fraction of ore with size j that got reduced 
through crushing to size i. Classification is a diagonal matrix with 𝑐  elements corresponding to the 
reduction rate of each size i or the fracture classification . Using the identity matrix I and knowing the feed 
size distribution given by the vector f it is possible to calculate the product size distribution p by solving 
the following population balance equation expressed in matrix form (Napier-Munn, Morrell, Morrison, & 
Kojovic, 1996; Whiten, 1972): 

p = (I − C) ∙ (I − BC) ∙ f (7) 

To calculate the breakage matrix, Austin and Luckie (Austin & Luckie, 1972) proposed a method that 
includes the geometric mean between size classes 𝑑  in [mm], and three coefficients that have to be 
adjusted. These parameters are 𝛼  which represents the fine particles production coefficient, 𝛼  
accounting the fine particle production index, and 𝛼  as the coarse particle production index. The formula 
to obtain B is: 

B , = α
d

d
+ (1 − α )

d

d
 (8) 

In the formula, the term j is the mother size class (original particle size) and i corresponds to the size 
classes where the particles end due to the comminution. Therefore, equation 8 is a representation of 
every column of the B matrix. The term d1 is the maximum particle size of the distribution. The typical 
range of values for the alpha coefficients in crushing stage are: 𝛼  from 0.0 to 0.4, 𝛼  from 0.5 to 1.0, and 
𝛼  from 2.0 to 8.0. 
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To determine the classification function it is necessary to know the closed side setting (CSS) caused by 
using a given discharge opening in the crusher. Thus the parameters 𝐾 = 𝑘 ∙ 𝐶𝐶𝑆, 𝐾 = 𝑘 ∙ 𝐶𝐶𝑆, and 
𝐾  are proposed to calculate the classification matrix applying the relation:  

C , =

⎩
⎪
⎨

⎪
⎧ 1                              d > K

1 −
d − K

K − K
          K < d < K

0                             d < K

 (9) 

Equation 9 is utilized to calculate the diagonal elements of the classification matrix and the rest of the C i,j 
elements are zeros when 𝑖 ≠ 𝑗. Some typical values are: 𝑘  from 0.5 to 0.95, 𝑘  from 1.7 to 3.5, and 𝐾  
from 1.7 to 3.5. As expected, the model formulated by Whiten requires a fitting parameter procedure to 
properly represent a specified crushing stage, thus a crushing characterization campaign is needed before 
using the model. Nevertheless, its versatility allows characterizing every crushing stage, no matter the 
properties of the treated material, by using any crushing machine.  

Consequently, having the alphas and k terms, six parameters need to be determined to calibrate the entire 
crushing model.  

 

2.2. Conventional grinding models 
Conventional grinding in mineral processing is a key comminution stage and is typically performed in 
tumbling mills using steel balls as grinding medium. Formerly it was common to find tumbling mills using 
steel rods as a first stage grinding but this technology has been neglected through time and replaced by 
ball mills grinding in combination with autogenous grinding (AG)/ semi-autogenous grinding (SAG) and 
crushing.  

Because of the nature of the grinding process, the main mechanisms that involve this stage are 
comminution by impact and attrition. The energy spent in size reduction through tumbling mills is the 
highest of the whole mineral processing plant and, in the case of the Chilean copper industry, it represents 
about 50% of the energy consumption of the mining process (Cochilco, 2013). The power consumed by 
grinding can be estimated using the Bond relation that requires knowing the material hardness expressed 
by the work index W  in [kWh/t], the feed flow G  in [t/h], and the sizes F  and P  that represent the 
80% feed and product sizes respectively (Wills & Finch, 2016c). 

P = 10 ∙ G ∙ W ∙ E ∙
1

P
−

1

F
 (10) 

It can be seen from Equation 10, that a set of six correction factors must be estimated to achieve a correct 
power consumption assessment. These factors relate to the grinding type (wet or dry), type of circuit 
(open or closed), mill diameter correction, feed oversize correction, product fine particles correction, and 
reduction ratios. These factor estimations are solved by empirical relations which are presented in Table 
3: 
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Table 3. Conventional tumbling mills grinding correction factors. 

Correction Factor Expression 
Grinding Type 
Correction 

E =
1         wet grinding
1.3     dry grinding

 

Circuit Type 
Correction 

[1.035 – 1.70] Tabulation based on the desired percentage under a reference 
screen size. 

Diameter Correction E =
2.44

D

.

 

Feed Oversize 
Correction 

E =

1                                                     if F ≤ F

R + (W − 7) ∙
F
F

− 1

R
     if F > F

 

F =

⎩
⎪
⎨

⎪
⎧

16000 ∙
13

W
;  rods

4000 ∙
13

W
;  balls

 

Fine Particles 
Correction E =

1                           if P ≥ 70μm
(P + 10.3)

1.145 ∙ P
     if P < 70μm

 

Reduction Ratio 
Correction 

E =
1                           if − 2 < R − R < 2

1 +
( )

                          other cases
  ; R = 8 + 5 ∙    ; rod mills 

 

E =
1                           if R ≥ 6
( . )

( . )
           if R < 6

  ; ball mills 

The terms D and L presented in Table 3 corresponds to the mill diameter and mill length expressed in 
meters. In regard to the parameters of the oversize feed correction factor, the term R80 is the reduction 
ratio F80/P80, and F0 is an empirical factor that depends on the ore work index (Wi) and grinding type (rod 
mill or ball mill). Finally, in the case of the reduction ratio correction factor, the term Rro is an empirical 
factor that relates the mill geometry, mill diameter and mill length, when the grinding through rod mills 
is used.  

On the other hand, it is possible to calculate the power consumption through mechanical considerations. 
Under this approach, the power is estimated taking into account the mill charge, geometry, and 
operational parameters. In this manner, the power consumption by mechanical considerations involves 
the mill diameter (D), grinding medium charge (J) expressed as a fraction of the mill volume, and the mill 
rotation speed expressed as a fraction of the critical speed (N/Nc). The relation that allows calculating the 
power consumption [kW/t of steel] in rod mill systems is: 

𝐾𝑊 = 1.752 ∙ 𝐷 . ∙ (6.3 − 5.4 ∙ 𝐽) ∙
𝑁

𝑁
 (11) 
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In the case of ball mills, the power consumption [kW/t of steel] is calculated using:   

KW = 4.879 ∙ D . ∙ (3.2 − 3 ∙ J) ∙
N

N
∙ 1 −

0.1

2
∙

+ S  (12) 

The term S  is used when the mill diameter exceeds 10 [ft], in which case the maximum ball size (B) affects 
the power: 

S = 1.102 ∙
B − 12.5 ∙ D

50.8
 (13) 

In practical terms both ways of calculating the energy are valid and in combination are used to perform 
the sizing of the tumbling mill.  

The tumbling mill has been modeled using a population balance methodology to describe the 
fragmentation phenomenon occurring within it. The most accepted fragmentation model to calculate 
grinding size product is the one proposed by Herbst-Fuerstenau which depends on the feed material 
properties, as well as the geometric and operative parameters of the grinding machine.  

 

2.2.1. Herbst-Fuerstenau model 
The particle size distribution obtained after the grinding process is estimated using a population balance 
through the breakage (B) and selection functions (S). Analogously to the crushing case, the breakage 
function is a lower triangular matrix with 𝑏  elements that represent the mineral fraction of size j that 
ends up in the size class i because of the grinding process. The selection function is a diagonal matrix with 
𝑠  elements and represents the size reduction rate of the size class i. The population balance is solved 
considering the identity matrix I, and relating the feed size vector f with the product size vector p adopting 
the following formula (Herbst & Fuerstenau, 1980; Napier-Munn et al., 1996): 

p = [I + (I − B) ∙ S] ∙ f (14) 

The breakage matrix can be estimated using the afore reviewed relation proposed by Austin and Luckie 
(Austin & Luckie, 1972) and depicted by Equation 8. In the case of grinding, the typical range of values for 
the alpha coefficients are: 𝛼  from 0.0 to 0.4, 𝛼  from 0.5 to 1.0, and 𝛼  from 2.0 to 8.0. 

The selection function represents the rate of reduction and can be calculated with the relation proposed 
by Herbst-Fuerstenau, which involves the energy specific selection function of the first size class 𝑆  
expressed in [t/kWh], the particle size of the first class 𝑑  in [mm], the class particle size 𝑑  in [mm], and 
two dimensionless parameters 𝜉  and 𝜉 . The formula used to build the selection matrix is (Herbst & 
Fuerstenau, 1980; King, 2001): 

ln
S

S
= ξ ∙ ln

d

d
+ ξ ∙ ln

d

d
 (15) 
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Typical values for the parameters 𝜉  and  𝜉  range from [0.0-1.0].  

Knowing the mechanic power consumed in grinding, the selection function can be scaled-up using the 
specific energy consumption through the following relation: 

S ∙ τ = S ∙
P

G
 (16) 

In Equation 16 the term 𝑆  is the breakage rate of size class i in [1/h], 𝜏 is the material mean residence 
time [h], 𝑃 is the mechanic power consumed by the mill [kW], and 𝐺  is the mass flow rate of solids 
through the mill [t/h]. Observing that mass holdup in the mill can be expressed as 𝐻 = 𝐺 ∙ 𝜏, then the 
previous equation can be conveniently rewritten as: 

S = S ∙
P

H
 (17) 

A fitting parameter procedure is necessary to describe a particular operation using the Herbst-Fuerstenau 
model. In this manner, a characterization campaign should be executed achieving a correct parameter 
adjustment that allows performing good quality grinding modeling.  

 

2.3. Autogenous and semi-autogenous grinding models 
Autogenous grinding (AG) corresponds to the comminution process in which size reduction is possible 
employing tumbling mills without the aid of grinding media, and using large lumps of rock instead. This 
operation is not always feasible, as the presence of hard rocks makes difficult the particle disintegration. 
Under this scenario, a small number of steel balls are usually charged within the mill to assist in size 
reduction. This operative configuration is known as Semi-Autogenous grinding (SAG) and is largely used 
in the mining industry.  

Typically, the breakage process in an AG or SAG mills is mostly driven by the impact of rocks and grinding 
medium, both falling from a height and by hitting each other. Therefore, these types of mills generally 
have a larger diameter to length ratio, allowing the transportation of the charge to an appropriate height. 
Common values for this ratio (D/L) are 2 to 3 times. To a lesser extent, in this kind of grinding the 
comminution is also achieved by attrition between rocks and steel balls. 

Autogenous and Semi-Autogenous grinding generally generates intermediate particle sizes which are hard 
to reduce, named pebbles. To assure an adequate particle size and reduce the pebbles formation, the 
AG/SAG mill is usually employed in a closed-circuit that includes an additional size reduction equipment 
and a classification unit. Thus, it is common to find AG/SAG circuits following the configurations: SAG-
Pebble’s crusher-Screen; SAG-Ball Mill-Hydrocyclone; SAG-Hydrocyclone (Gupta & Yan, 2016). 

Unlike the crushing and conventional grinding, in AG/SAG operations, the Bond relation is not applicable. 
Instead, the power consumption is estimated considering the geometry of the mill – diameter (D), and 
length (L) expressed in [m] – and operational parameters such as the fraction of critical rotation speed 
(N/Nc) and the charge apparent density (𝜌 ) in units of [t/m3]. Thus the power in [kW] is calculated 
using: 
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P = 2.208 ∙ D . ∙ L ∙ ρ ∙
N

N
 (18) 

Like in all comminution processes, the most used model to describe the grinding product achieved by the 
operation is based on population balance and it is formulation is reviewed in the following section. 

 

2.3.1. Whiten model 
The most common framework to determine the size reduction process in a grinding mill is the population 
balance model. Whiten developed this approach and delivered a helpful way to calculate the particle size 
produced by an AG/SAG operation (Napier-Munn et al., 1996; Whiten, 1974). The model is composed of 
two relations presented in Equations 19 and 20: 

f − Rs + ARs − Ds = 0 (19) 

  

p = Ds (20) 

The previous equations relate the vector of the product particle size distribution (p) with the vector of 
feed particle size distribution (f), breakage rate (R), discharge function (D), appearance or breakage 
distribution function (A), and the mill content (s). Combining Equations 19 and 20 and rearranging them 
in terms of matrix expressions, the product vector can be calculated as: 

p = D ∙ (D + R − A ∙ R) ∙ f (21) 

In Equation 21, R is a diagonal matrix giving the breakage rate of each component of (s), A is a lower 
triangular matrix in which the column i gives the average distribution of component i, D is a diagonal 
matrix that gives the fraction of the mill contents going to mill product. 

The appearance function 𝐴 describes the way that an ore particle breaks when energy is imparted to it. 
Some laboratory techniques have been developed by the JKMRC to characterize the breakage process, 
including the twin pendulum device (Narayanan & Whiten, 1987) and a tumbling test (Morrell, Finch, 
Kojovic, & Delboni, 1996). However, when data available is not sufficient to determine the 𝐴 matrix, it is 
often assumed to be a standard form as follows (Broadbent & Callcott, 1956): 

A d , d =

1 − exp −
d
d

1 − exp(−1)
 (22) 

In the above expression, the term 𝑑  is the particle size of class i, and 𝑑  is referred to the original particle 
size of class j.  

The discharge function 𝐷 is related to the maximum discharge rate through the mill grate. This function 
has a shape characterized by two regions as it is shown in Figure 1 (Bueno, Kojovic, Powell, & Shi, 2013; 
Napier-Munn et al., 1996). In the model, 𝑥  is the effective grate aperture and 𝑥  is the maximum particle 
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size that is not subject to classification, i.e. that behaves like water in terms of classification (Morrell, 2004; 
Morrell et al., 1996). 

 

Figure 1. Discharge function representation (Morrell et al., 1996). 

The breakage rate function 𝑅 is related to particle size, generally takes the shape shown in Figure 2 and it 
can be interpreted as the mass transfer rate from coarse to smaller size fractions. This distribution is fitted 
to cubic splines using five points that typically take the following values: 0.25, 4, 16, 44, and 128 [mm] 
(Morrell et al., 1996). The breakage rate distributions are affected by different operational conditions such 
as ball charge, mill filling, feed size distribution, and mill speed (Bueno et al., 2013).  

The breakage rate depends on the appearance function used, which can be measured employing the JK 
Drop Weight Test (JKDWT). Thus, to determine the 𝑅 matrix, an experimental procedure must be 
performed. 

 

Figure 2. Representation of the breakage rate function R (Morrell et al., 1996). 
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2.4. Screen classification models 
In most crushing circuits, the product generated by the crusher ought to satisfy a required particle size 
which should not exceed a limit value. This quality control procedure is done through classification 
equipment known as the screen. The machine is composed of one or more decks in which an arrangement 
of a wire type material forms a mesh through which the ore with a smaller size than the aperture of the 
mesh is sent out the circuit to the next comminution stage. The material that does not fulfill the required 
size is sent back to the crushing stage for a new opportunity to be reduced. Usually, the screen is placed 
in a tilt angle (18°-25°) and is aid by a vibration mechanism to promote the material flow through the 
surface of the deck. 

This simple equipment allows the size classification of a coarse material but the process is not completely 
effective. In this way, a model to determine the classification efficiency and allow simulation of a real-life 
operation is needed. An alternative for modeling the screening process is the model proposed by Karra 
reviewed in the following section.  

 

2.4.1. Karra model 
The classification model proposed by Karra (Karra, 1979) is based on the capacity of the screen to transmit 
undersize material proportional to the screen area. In this model, the basic capacity is modified by 
different factors that allow incorporating variations of the feed material and screen from standard test 
conditions. 

The theoretical amount of undersize material that can be transmitted by the screen is calculated taking 
into account a series of seven correction factors: 

G , = A ∙ B ∙ C ∙ D ∙ E ∙ F ∙ G ∙ A  (23) 

The terms on Equation 23 are G ,  which is the screen capacity or quantity of undersize material in 
the feed expressed in [t/h], A is the basic capacity factor, B is the oversize factor, C is the half-size factor, 
D is the deck location factor, E is the wet screening factor, F is the bulk density factor, G  is the near size 
capacity factor, and A  is the screen area in [mm2]. Each one of these factors is related to the quality 
of the feed and the screen type. In order to determine the factor values, Karra firstly defines the effective 
throughfall aperture of the screen (h ) in terms of the nominal screen aperture (h) in [mm], the diameter 
of the screen wire (d ) in [mm], and the inclination angle of the deck (θ). The relation to estimate the h  
value is given by: 

h = (h + d ) ∙ cos θ − d  (24) 

Once the value of h  is obtained, the capacity factors can be determined by the following empirical 
relations. 

Basic capacity factor A 

A =
12.13 ∙ h . − 10.3           h < 51 [mm]

0.34 ∙ h + 14.41                 h < 51 [mm]
 (25) 
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Oversize factor B 

B =
1.6 − 1.2 ∙ F (h )                 F (h ) ≤ 0.87

4.275 − 4.25 ∙ F (h )         F (h ) > 0.87
 (26) 

Where F  as the cumulative size distribution of oversize expressed as a fraction. 

 

Half-size factor C 

C =

⎩
⎨

⎧
0.7 + 1.2 ∙ F (0.5 ∙ h )                               F (0.5 ∙ h ) ≤ 0.3

2.053 ∙ F (0.5 ∙ h ) .                0.3 < F (0.5 ∙ h ) ≤ 0.55

3.35 ∙ F (0.5 ∙ h ) .                    0.55 < F (0.5 ∙ h ) ≤ 0.8

5.0 ∙ F (0.5 ∙ h ) − 1.5                               F (0.5 ∙ h ) > 0.8

 (27) 

With F  as the cumulative undersize distribution expressed as a fraction. 

 

Deck location factor D 

D = 1.1 − 0.1 ∙ S (28) 

With S = 1 for the top deck, S = 2 for the second deck, and so on. 

 

Wet screening factor E 

Let T = 1.26 ∙ h  then the E factor is defined by: 

E =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

1                                                                 T < 1
T                                                        1 ≤ T < 2
1.5 + 0.25 ∙ T                                 2 ≤ T < 4
2.5                                                     4 ≤ T < 6
3.25 + 0.125 ∙ T                          6 ≤ T < 10
4.5 + 0.25 ∙ T                             10 ≤ T < 12
2.1 + 0.05 ∙ T                             12 ≤ T < 16
1.5 + 0.0125 ∙ T                        16 ≤ T < 24
1.35 + 0.00625 ∙ T                   24 ≤ T < 32
1.15                                                         T > 32

 (29) 

 

Bulk density factor F 

F =
ρ

1600
 (30) 

With ρ  as the material bulk density expressed in [t/m3]. 
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Near-size capacity factor 𝑮𝒄 

G = 0.975 ∙ 1 − F (1.25 ∙ h ) + F (0.75 ∙ h )
.

 (31) 

In real operations, not all the undersize material is transmitted because of several physical factors that 
impair the efficiency of the classification equipment. This effect is described by the screening classification 
efficiency or partition function which is based on the Rosin-Rammler distribution and is defined by: 

c(d ) = 1 − exp[−0.693(d /d ) . ] (32) 

In Equation 32 the terms d  is the particle size belonging to the size class i in units of [mm], and d  is the 
size at which a particle has the same probability of being classified in undersize or oversize [mm]. This 
relation conveys the efficiency of transference of particles of size d  to oversize. The parameter d  can 
be estimated using the following relation: 

d

h
=

G

K .
 (33) 

The term K in the above equation is defined by: 

K =
G , ∙ F , (h )

A ∙ B ∙ C ∙ D ∙ E ∙ F ∙ A
 (34) 

With G ,  as the mass flow rate of the feed [t/h], and F ,  the cumulative undersize distribution in the 
feed.  

Figure 3 depicts an example of ideal and real classification given by the partition function. The ideal 
situation is when a complete classification efficiency is achieved generating a perfect split for oversized 
and undersized materials (red line). In real operation though, the screening efficiency distribution must 
be considered which is represented by the blue curve shown in the graph.   

 

Figure 3. Ideal and real partition curves for a generic screening operation. Data obtained via simulation for a screen cut-size of 
75 [mm]. 
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2.5. Hydrocyclone classification models 
Hydrocylone is the equipment used to selectively separate by size ore contained in a pulp. The 
fundamental of its operation is the harness of the centrifugal force produced by the pulp fed into the 
hydrocyclone at a certain pressure and the creation of a vortex in the central zone of the apparatus. 
Centrifugal force drags the coarse fraction of the solid phase to the walls of the equipment where they 
find their path out of it through the underflow discharge. Meanwhile, the fine fraction of the material is 
driven toward the vortex which takes them out of the system through an overflow aperture. 
Consequently, the hydrocyclone generates two streams of material: one containing coarse material and 
water, and the other containing fine particles and water. 

The geometry of the equipment is a major subject topic since it determines the classification performance. 
Practically all the models that have been developed to represent this operation include the geometric 
parameters of the hydrocyclone as the hydrocyclone diameter (D ), the hydrocyclone inlet diameter (D ), 
hydrocyclone vortex finder diameter (D ), the hydrocyclone spigot diameter (D ), and the free vortex 
height (h). In Figure 4 is depicted a schematic of the hydrocyclone geometry with its respective 
components.  

 

Figure 4. Scheme of hydrocyclone geometry parameters. 

Two alternatives to modeling the hydrocyclone classification are reviewed, Plitt and Nageswararao. Both 
models are empirical and were developed through the adjustment of a great amount of experimental 
data with operational and geometric parameters. The modeling gives the partition curve as well as the 
water recovery obtained by the operation, a fundamental factor to assess the pulp composition, and that 
allows solving the water balance in a grinding circuit.  
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2.5.1. Plitt model 
The model proposed by Plitt was developed by choosing geometrical and operational variables that were 
adjusted to several empirical relations to predict the classification efficiency of a single 
hydrocyclone.Error! Reference source not found. Plitt uses the Rosin-Rammler distribution to describe 
the partition curve which can be determined by the following formula (Nageswararao, Wiseman, & 
Napier-Munn, 2004; Plitt, Conil, & Broussaud, 1990):  

C(d ) = 1 − exp −0.693 ∙
d

d
 (35) 

In equation 35 the term d  is the particle size of class i expressed in [μm], α is the dimensionless 
classification index, and d  is the corrected cut-size in [μm]. The term d  arises from the need to 
correct the operational efficiency curve generated by every classification unit in which a short-circuiting 
effect is observed because finer particles present a liquid-like behavior when are subject to the 
classification process, and therefore the partition curve does not represent the pure effect of size 
classification (Nageswararao, 1999; Wills & Finch, 2016d). Hence, the corrected cut-size is the appropriate 
term to characterize the classification achieved through hydrocyclones. The proposed empirical relation 
for calculating the d  value is (Nageswararao et al., 2004):  

d = F ∙
50.5 ∙ D . ∙ D . ∙ D . ∙ exp(0.08 ∙ C )

D . ∙ h . ∙ Q . ∙ (ρ − ρ ) .
 (36) 

Where F  is a calibration factor, Q is the throughput of the hydrocyclone in [l/min], ρ  and ρ  are the 
densities of feed solids and fluid medium respectively in [t/m3], and D , D , D , D , and h are the 
hydrocyclone geometric parameters expressed in [cm]. 

To determine the classification index 𝛼, the following calculation methodology must be followed: 

 Estimate the hydrocyclone feed pressure. 
 Estimate the volumetric flow split (underflow/overflow). 
 Estimate the volumetric recovery of feed slurry to underflow. 
 Estimate the 𝛼 parameter. 

Thus, as the first step, the feed pressure is calculated with: 

P = F ∙
1.88 ∙ Q . ∙ exp (0.55 ∙ C )

D . ∙ D . ∙ h . ∙ D + D
.  (37) 

Where F  is a calibration factor and C  is the volumetric fraction of feed solids. 

Then the volumetric flow split (S), which account for the volumetric flowrate in underflow to overflow 
ratio, can be estimated by:  

S = F ∙
1.9 ∙

D
D

.

∙ h . ∙ D + D
.

∙ exp (0.54 ∙ C )

D . ∙ P .
 (38) 

Where F  is a calibration factor. 
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Once the flow split is known, the volumetric recovery of feed slurry to underflow (R ) can be calculated 
with the relation: 

R =
S

1 + S
 (39) 

And finally, the index parameter is determined by: 

α = F ∙ 1.94 ∙ exp −1.58 ∙ R ∙
D ∙ h

Q

.

 (40) 

Where F  is a calibration factor. 

Using the Plitt model and knowing the size distribution at the feed, the water recovery at the underflow 
can be estimated as well, by the following relation: 

R =
R − C ∙ 1 − ∑ f ∙ exp −0.6931 ∙

d
d

1 − C ∙ 1 − ∑ f ∙ exp −0.6931 ∙
d

d

 (41) 

Where f  is the size distribution of feed solids of the size class i. 

Plitt model includes several calibration factors (𝐹 ) that must be adjusted with real data to get a 
representative efficiency curve of the operational hydrocyclone performance.  

In Figure 5, an example of a classification efficiency curve is shown as a function of the particle size. The 
curve indicates that for larger particle sizes the efficiency turns to be higher, therefore larger particles are 
properly classified to the oversize stream. 

 
Figure 5. Example of a simulated partition curve for a hydryclone battery calculated with the Plitt model. 

 

2.5.2. Nageswararao model 
A model to represent the hydrocyclone classification was proposed by Nageswararao based on the 
calibration of several data collected in different operations (Nageswararao et al., 2004). Compared with 
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the Plitt model, Nageswararao uses more parameters that need to be adjusted, because it does rely on 
typical values as a first approximation. In this model, the classification function is calculated for each class 
size (d ) using the corrected classification size (d ), and the hydrocyclone efficiency curve shape 
parameter (α). The equation used to estimate the classification function is: 

C(d ) =

exp α ∙
d

d
− 1

exp α ∙
d

d
+ exp(α) − 2

 (42) 

Some requirement for Nageswararao model are that α must be determined separately by test work and 
is specific for each type of material. 

Considering the hydrocyclone geometric parameters (D , D , D , D , h and θ), the feed pressure (P), the 
pulp density (ρ ), the acceleration due to gravity (g), and the hindered settling factor (λ), the value of the 
corrected classification size is estimated using the following empirical relation: 

𝑑

𝐷
= 𝐴 ∙ 𝐷 ∙

𝐷

𝐷
∙

𝐷

𝐷
∙

𝐷

𝐷
∙

ℎ

𝐷
∙ 𝜃 ∙

𝑃

𝜌 ∙ 𝑔 ∙ 𝐷
∙ 𝜆  (43) 

The equation to determine the hydrocyclone throughput (Q) is:  

𝑄

𝐷 ∙
𝑃
𝜌

= 𝐵 ∙ 𝐷 ∙
𝐷

𝐷
∙

𝐷

𝐷
∙

ℎ

𝐷
∙ 𝜃  

(44) 

Nageswararao proposed the following equations to estimate the flow distribution utilizing the water 
recovery at the underflow (R ) and the pulp recovery at the underflow (R ): 

𝑅 = 𝐶 ∙
𝐷

𝐷
∙

𝐷

𝐷
∙

𝐷

𝐷
∙

ℎ

𝐷
∙ 𝜃 ∙

𝑃

𝜌 ∙ 𝑔 ∙ 𝐷
∙ 𝜆  (45) 

  

𝑅 = 𝐷 ∙
𝐷

𝐷
∙

𝐷

𝐷
∙

𝐷

𝐷
∙

ℎ

𝐷
∙ 𝜃 ∙

𝑃

𝜌 ∙ 𝑔 ∙ 𝐷
 (46) 

The many terms appearing in the equations formulated by Nageswararao identified as 𝑎 , 𝑏 , 𝑐 , 𝑑 , 𝑒 , 𝑓 , 
𝑔 , 𝐴 , 𝐵 , 𝐶 , and 𝐷  are the parameters that must be fitted to model an accurate performance of the 
operation. This implies that the implementation of the model is accompanied by a rigorous data collection 
campaign. 

 

2.6. Flotation models 
In mineral processing plants, the concentration is performed using froth flotation as a method to separate 
the ore from the gangue. The mineral that has achieved an adequate size in the previous comminution 
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stages is sent to the flotation plant, where it is concentrated through a series of stages to reach a proper 
grade to be marketed. Typical particle size values for a proper flotation performance are around 150 [μm]. 

As it is well known, flotation is carried out in vessels, named flotation cells, in a three-phase system 
composed of solid, gas, and liquid phases. The selective separation of ore and gangue is driven by the 
physical chemistry property related to material wettability. Thus, there are minerals prone to present 
affinity with water, named hydrophilic, which remain held in the liquid phase and then removed from the 
cell through the tailings discharge. On the other hand, the minerals showing poor affinity with water or 
which their incipient aversion to it is enhanced using reagents, named hydrophobic, will tend to attach to 
the gas phase presented in form of gas bubbles and be finally collected on the top of the cell making the 
concentrate.    

Achieving the best possible technical and economic performance is essential for any concentrator plant. 
This is accomplished using the combination of three flotation stages: rougher, cleaner, and scavenger. 
This configuration has been adopted by almost every concentrator plant. Nevertheless, various plant 
configurations can be used depending on the type of mineral treated, available technology, expected 
performance, etc. Modern flotation plants have adopted the structure presented in Figure 6. Rougher and 
scavenger stages are generally carried out employing mechanical flotation cells while the cleaner stage is 
usually done in flotation columns. This difference implies that both types of flotations have to be modeled 
individually to simulate the complete concentration process.   

 

Figure 6. Generic scheme of a three-stage flotation plant with rougher, cleaner, and scavenger flotations. 

 

2.6.1. Mechanical cells 
Both rougher and scavenger stages are performed in a bank of mechanical cells in series. This type of cell 
produces an agitated system which promotes the contact between ore particles and bubbles that are 
reported at the top of the cell and form the concentrate. On the other hand, the gangue is discharged 
through the bottom of the cell and is conveyed to the next unit or leaves the bank arrangement. 
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Each cell composing a flotation bank can be modeled in terms of recovery using kinetic flotation models. 
The most used models in flotation are the first-order model and the Klimpel model (Wills & Finch, 2016e). 
Both models use kinetic parameters along with the material residence time within the equipment to 
describe the rate at which the concentration is achieved. The main difference is the meaning of the kinetic 
constant, being in the first-order model the average value of the sample instead of the Klimpel model 
where a rectangular distribution of kinetic constants is used and the higher value of them is selected as 
the sample representative. Although the two models use the same parameters and alike structure, it has 
been noted that the Klimpel gives a better fitting with real data. 

The first-order model of a bank of n cells operating in series has the following relation: 

R = R [1 − (1 + kτ) ] (47) 

Where 𝑅  is the recovery at infinite flotation time or the maximum possible recovery achieved by the 
process expressed in percentage, k is the kinetic constant in [min ], and τ is the mean residence time in 
a single cell in [min]. 

The Klimpel model for a flotation bank of n cells in terms of ore recovery can be calculated with:      

R = R 1 −
ln(1 + kτ)

kτ
 (48) 

The kinetic parameters in the model are determined from laboratory tests while the mean residence time 
can be estimated knowing the cell volume and throughput. 

Both ore and gangue recovery can be determined by assigning specific values to the kinetic parameters 
for each mineral species. This allows predicting the concentrate composition based on the flotation 
performance of ore and gangue, separately. Another approach to estimate the gangue recovery is through 
flotation entrainment (Wills & Finch, 2016e). It has been determined that entrainment can be expressed 
as a function of water recovery thus a relation linking water and gangue recovery is held as: 

R = ENT ∙ R  (49) 

Where R  is the recovery of gangue due to entrainment in [%], R  is the water recovery in [%], and 
ENT is the entrainment factor. 

Using the aforementioned equations, the flotation processes can be modeled for an arrangement of any 
mechanical cells and determine the resulting concentrate and tailings composition. 

 

2.6.2. Flotation columns 
Flotation columns are generally used to perform the cleaner flotation stage due to their geometric 
characteristics and operational advantages as height, deep froths phases, almost no agitation, and froth 
washing, which make them better suited to produce a required high-grade concentrate.  

Flotation columns are characterized by their height and cross-sectional area. Thus, to design a column 
equipment, laboratory tests need to be done relating the column geometry with metallurgical indicators 
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such as recovery and grade. Knowing the values of feed composition, design parameters, and expected 
concentrate grade, the relations can be used to estimate the cleaner stage performance. The formulas 
used to design flotation columns are: 

A =
G

AU
 (50) 

  

A =
G

CL
=

G ∙
L
L

∙ R

CL
 (51) 

Where the terms A is the cross-sectional area of the flotation column in [m2], G  and G  are the mass 
flow rate at feed and concentrate respectively [ton/h], L  is the feed grade in [%], L  is the concentrate 
grade [%], R is the mineral recovery [%], AU is the unit area factor in [tons of feed/h/m2], and CL the 
carrying capacity factor in [tons of concentrate/h/m2]. 

The modeling of the column flotation process distinguishes two regions in the equipment, the collection, 
and froth zones. Assuming this, the overall recovery of the process is calculated as a combination of 
recoveries in both zones (Dobby & Finch, 1991): 

R =
R R

(1 − R + R R )
 (52) 

Where R  is the collection zone recovery expressed in [1/%] and R  is the froth zone recovery in [1/%]. 

According to this relation and taking into account that the column flotation dispersion can be modeled 
with a 1 large tank and 2 tanks in series model, a kinetic relation is proposed to determine the recovery 
(Yianatos, Bucarey, Larenas, Henríquez, & Torres, 2005): 

𝑅 = 𝑅 1 −
1

𝑘(𝜏 − 𝜏 )

1

𝑘𝜏 + 1
− 1 + 𝛼𝑙𝑛

𝑘𝜏 + 1

𝑘𝜏 + 1
 (53) 

  

α =
τ

τ − τ
 (54) 

Where τ  and τ  are the mean residence time in the large tank and small tanks respectively in [min]. 

 

2.7. Residence time distribution models 
Although the stages of mineral processing are modeled to predict product composition like size 
distribution or oregrades, they are not capable of calculating the blending associated with the ore passing 
through the stage. This blending can be thought of as the combined effect of recirculation and differences 
in time permanence in the equipment. When the residence time is known, a tool to estimate the blending 
effect results because the equipment discharge can be modeled as time series with each period associated 
with specific residence times. 



 
© Predictive Geometallurgy and Geostatistics Lab, Queen’s University 231 

 

Residence time distribution (RTD) is defined as the complete time that material remains in an equipment 
or stage from its input to its output. The RTD is related to the machine size, and the degree of agitation in 
the system, as well as the properties of the particles and pulp, including the size distribution and the rate 
of the flow. Due to the nature of some processes, it is possible to find stages that differ on their rate of 
agitation, a characteristic that produces a rate-discharge spectrum from plug flow to perfect mixer.  

It is possible to describe the RTD through the use of two ideal models that can be applied to account for 
two extreme situations. The first case corresponds to a plug flow model in which because of the lack of 
agitation in the system the residence time is the same for every particle that goes into the process. The 
second case is the perfect mixer model which assumes that every particle in the system is well agitated 
and therefore has the same probability to leave the process at a given time. However, in realistic 
operations, the residence time can be modeled as a result of a combination of those models and 
consequently, the RTD is something between plug flow and perfect mixer. To describe the RTD for real-
life processes, several models have been proposed which are the outcome of the combination of two or 
more stages of both ideal situations. In Table 4 a list of the most used RTD models in mineral processing 
is presented, and schematics of RTD obtained with plug flow, perfect mixer model, and axial dispersion 
models are depicted in Figure 7.   

Table 4. Typical RTD models and their use in mineral processing. 

Model Conventional 
Grinding 

AG/SAG 
Grinding 

Flotation 
(Mechanical Cells) 

Flotation 
(Column cells) 

Plug Flow    X 
Perfect Mixer   X  
Axial Dispersion X X   
LTST X X X  
1LT2ST X X  X 
2 Perfect Mixers in 
Parallel  

   X 

N Perfect Mixers in 
Series 

  X  

 

 

Figure 7. Schematics of RTD models. On the left plug flow (red) and perfect mixer (blue); On the right axial dispersion. 

In the next sections, the RTD models previously presented are reviewed, and their structures and 
parameters are presented. As will be seen, the models are displayed in the form of transfer functions 
representing the evolution of the time residence throughout the stage. 
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2.7.1. Plug flow 
The plug flow model in time (t) is better suitable for non-agitated systems, like columnar flotation. In this 
model, every particle of the sample has the same residence time and is defined with the following formula 
(Gao, Muzzio, & Ierapetritou, 2012): 

E(t) = H(t − τ) (55) 

Where H is a step function taking the value 0 when t<0 and 1 when t>0, and τ is the mean residence time 
in [min].  

 

2.7.2. Perfect mixer 
The perfect mixer model is commonly used in systems with a great degree of agitation, like mechanical 
flotation cells, and is defined by the equation (Gao et al., 2012): 

E(t) =
1

τ
exp −

t − t

τ
 (56) 

Where τ is the mean residence time expressed in [min], and t  is a dead time parameter in [min]. The 
dead time accounts for a lag period until the material is discharged.  

 

2.7.3. Axial dispersion 
The axial dispersion model allows building the RTD curve knowing the mean residence time of the material 
(τ) within the mill and a specific parameter called the axial dispersion coefficient or diffusion coefficient 
(A) which has dimensionless units. It had been noticed that the axial dispersion factor has a correlation 
with the n equal fully mixed reactors model and that the value for a typical ball mill operation is around 
0.18 (H. Cho & Austin, 2002; Nomura, 2012). The model is represented by the following relation: 

E(t) =
1

τ√4πAθ
exp −

(1 − θ)

4Aθ
 (57) 

Where θ is defined as t/τ. 

The axial dispersion model has been mainly used to represent the conventional grinding and AG/SAG 
grinding stages. 

 

2.7.4. Large tank and small tank in series (LTST) 
The LTST model assumes that the RTD behaves as an arrangement of two agitated tanks in series (a large 
tank and a small tank) and even though is more suitable for flotation stages it has also been used to 
characterize the RTD resultant of grinding processes (H. Cho & Austin, 2002) and the RTD in cleaner 
flotation columns (Yianatos, Vinnett, Panire, Alvarez-Silva, & Díaz, 2017). In its formulation, the mean 
residence time of the stage is divided into two fractions corresponding to a large tank (τ ) and a small tank 
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(τ ), both expressed in [min]. A dead time contribution (τ ) is included as well, to account for the lag 
effect.  

The model is defined by the equation: 

E(t) =
1

(τ − τ )
∙ exp −

(t − τ )

τ
− exp −

(t − τ )

τ
 (58) 

 

2.7.5. 1 large tank and 2 small tanks in series (1LT2ST) 
The 1LT2ST model is similar to the LTST adding an additional tank to the arrangement. This model has 
been shown to be flexible and fit the RTD curves for different ball mill geometries (H. C. Cho, Kim, Lee, & 
Kim, 2011). Also, this model is suitable to fit the flotation column RTD in the cleaner flotation stage 
(Yianatos et al., 2005). The parameters of the model are the mean residence time of the large tank (τ ), 
the two small tanks (τ ) and the dead time (τ ), all expressed in [min].  

The model is defined by the following equation: 

E(t) =
τ ∙ τ

(τ − τ )
∙ exp −

t

τ
− exp −

t

τ
−

t ∙ τ

(τ − τ )
∙ exp −

t

τ
 (59) 

 

2.7.6. 2 perfect mixers in parallel 
The model of 2 perfect mixers in parallel is included as a possible functional alternative to represent the 
RTD in the cleaner flotation stage when flotation columns are used (Yianatos et al., 2017). This model 
allows representing a fraction of a by-pass flow employing a fast perfect mixer which is weighted by the 
α parameter and divides the mean residence time into two fractions, τ  and τ  expressed in [min], for 
both mixers. 

The model is expressed by the equation: 

E(t) =
α

τ
∙ exp −

(t − τ )

τ
+

1 − α

τ
∙ exp −

(t − τ )

τ
 (60) 

Where α is a weight parameter that represents the ratio between the two mixers and takes values ranging 
from [0-1].  

 

2.7.7. N-perfect mixers in series 
The n-perfect mixers model is mostly used for characterizing the RTD in conventional flotation cell banks 
(Yianatos, Bergh, Vinnett, Panire, & Díaz, 2015). Nevertheless, this model has been used to fit the RTD in 
a ball mill circuit as well (H. Cho & Austin, 2002). The model assumes the existence of an arrangement of 
N tanks in series and uses the mean residence time of a single tank (τ ) as a time parameter. This model 
takes the shape of a gamma function which is represented by the Г parameter in the equation (Gao et al., 
2012). A dead time factor (τ ) is also included to represent the possible effect of plug flow in the model.  
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The N-perfect mixer model is defined by the relation: 

E(t) =
(t − τ )( ) ∙ exp −

(t − τ )
τ

τ ∙ Г(N)
 (61) 

 

3. Final Comments 
It is possible to represent every mineral processing stage through modeling methods that go from balance 
population in comminution, empirical relations in classification, and phenomenological models in 
flotation. However, these models are not available to calculate the residence time distribution of the 
treated material in a mineral processing stage on their own and an external modeling tool is needed to 
estimate the RTD. There is a wide spectrum of transfer function based models that allow calculating the 
RTD but some process characteristics must be considered before selecting any of them, such as presence 
of agitation or nature of the process itself.   

Despite the diverse nature of the reviewed models, it is conceivable that they can be connected as a chain 
of processes where the outcome of a stage serves as the input parameter for the next one. Integrating 
the RTD analysis in the modeling, a better representation of the material behavior and its evolution can 
be achieved. Then it is possible to think about setting up a method to evaluate the blending effect 
produced by the plant configuration (recirculating material) and the equipment characteristics, along with 
the composition assessment through stage outcomes.  

With this information, practically every plant configuration can be assessed using simulation as an 
instrument to probe its response to eventual changes in ore properties or perturbations. Nevertheless, it 
is important to notice that the software used for simulation purposes has to contain a dynamic 
component, since results are time sensitive because of the nature of the RTD models. Under this 
approach, a valid alternative to modeling is Matlab’s Simulink which comprises time progress and permits 
programming every model independently and link them, if necessary. Hence, the next step of this research 
is to program the models integrating the interaction between them and assess the results in terms of 
mineral processing performance. 

 

4. References 
Austin, L. G., & Luckie, P. T. (1972). The estimation of non-normalized breakage distribution parameters 

from batch grinding tests. Powder Technology, 5(5), 267–271. 
https://doi.org/https://doi.org/10.1016/0032-5910(72)80030-5 

Broadbent, S. R., & Callcott, T. G. (1956). A matrix analysis of processes involving particle assemblies. 
Philosophical Transactions of the Royal Society of London. Series A, Mathematical and Physical 
Sciences, 249(960), 99–123. 

Bueno, M. P., Kojovic, T., Powell, M. S., & Shi, F. (2013). Multi-component AG/SAG mill model. Minerals 
Engineering, 43–44, 12–21. https://doi.org/https://doi.org/10.1016/j.mineng.2012.06.011 



 
© Predictive Geometallurgy and Geostatistics Lab, Queen’s University 235 

 

Cho, H., & Austin, L. G. (2002). The equivalence between different residence time distribution models in 
ball milling. Powder Technology, 124(1), 112–118. https://doi.org/https://doi.org/10.1016/S0032-
5910(01)00480-6 

Cho, H. C., Kim, K. H., Lee, H., & Kim, D. J. (2011). Study of residence time distribution and mill hold-up 
for a continuous centrifugal mill with various G/D ratios in a dry-grinding environment. Minerals 
Engineering, 24(1), 77–81. https://doi.org/https://doi.org/10.1016/j.mineng.2010.10.013 

Cochilco. (2013). Actualización de Información sobre el Consumo de Energía asociado a la Minería del 
Cobre al año 2012. COCHILCO. 

Dobby, G. S., & Finch, J. A. (1991). Column flotation: A selected review, part II. Minerals Engineering, 
4(7), 911–923. https://doi.org/https://doi.org/10.1016/0892-6875(91)90073-5 

Gao, Y., Muzzio, F. J., & Ierapetritou, M. G. (2012). A review of the Residence Time Distribution (RTD) 
applications in solid unit operations. Powder Technology, 228, 416–423. 
https://doi.org/https://doi.org/10.1016/j.powtec.2012.05.060 

Gupta, A., & Yan, D. (Eds.). (2016). Chapter 9 - Autogenous and Semi-Autogenous Mills. In Mineral 
Processing Design and Operations (Second Edition) (pp. 263–285). 
https://doi.org/https://doi.org/10.1016/B978-0-444-63589-1.00009-5 

Herbst, J. A., & Fuerstenau, D. W. (1980). Scale-up procedure for continuous grinding mill design using 
population balance models. International Journal of Mineral Processing, 7(1), 1–31. 
https://doi.org/https://doi.org/10.1016/0301-7516(80)90034-4 

Karra, V. K. (1979). Development of a model for predicting the screening performance of a vibrating 
screen. Cim Bulletin, 72(804), 167–171. 

King, R. P. (2001). 5 - Comminution operations. In R. P. King (Ed.), Modeling and Simulation of Mineral 
Processing Systems (pp. 127–212). https://doi.org/https://doi.org/10.1016/B978-0-08-051184-
9.50009-2 

Morrell, S. (2004). A new autogenous and semi-autogenous mill model for scale-up, design and 
optimisation. Minerals Engineering, 17(3), 437–445. 
https://doi.org/https://doi.org/10.1016/j.mineng.2003.10.013 

Morrell, S., Finch, W. M., Kojovic, T., & Delboni, H. (1996). Modelling and simulation of large diameter 
autogeneous and semi-autogeneous mills. International Journal of Mineral Processing, 44–45, 289–
300. https://doi.org/https://doi.org/10.1016/0301-7516(95)00031-3 

Nageswararao, K. (1999). Normalisation of the efficiency curves of hydrocyclone classifiers. Minerals 
Engineering, 12(1), 107–118. https://doi.org/https://doi.org/10.1016/S0892-6875(98)00123-X 

Nageswararao, K., Wiseman, D. M., & Napier-Munn, T. J. (2004). Two empirical hydrocyclone models 
revisited. Minerals Engineering, 17(5), 671–687. 
https://doi.org/https://doi.org/10.1016/j.mineng.2004.01.017 

Napier-Munn, T. J., Morrell, S., Morrison, R. D., & Kojovic, T. (1996). Mineral comminution circuits: their 
operation and optimisation. 



 
© Predictive Geometallurgy and Geostatistics Lab, Queen’s University 236 

 

Narayanan, S., & Whiten, W. (1987). Determination of comminution characteristics from single-particle 
breakage tests and its application to ball-mill scale-up. Trans. Inst. Min. Metall.(Sec. C), 97, 115–
124. 

Nomura, S. (2012). Dispersion properties for residence time distributions in tumbling ball mills. Powder 
Technology, 222, 37–51. https://doi.org/https://doi.org/10.1016/j.powtec.2012.01.034 

Plitt, L. R., Conil, P., & Broussaud, A. (1990). An improved method of calculating the water-split in 
hydrocyclones. Minerals Engineering, 3(5), 533–535. https://doi.org/https://doi.org/10.1016/0892-
6875(90)90046-E 

Whiten, W. J. (1974). A matrix theory of comminution machines. Chemical Engineering Science, 29(2), 
589–599. https://doi.org/https://doi.org/10.1016/0009-2509(74)80070-9 

Whiten, W. j. (1972). The simulation of crushing plants with models developed using multiple spline 
regression. Journal of the Southern African Institute of Mining and Metallurgy, 72(10), 257–264. 

Wills, B. A., & Finch, J. A. (2016a). Chapter 5 - Comminution. In B. A. Wills & J. A. Finch (Eds.), Wills’ 
Mineral Processing Technology (Eighth Edition) (pp. 109–122). 
https://doi.org/https://doi.org/10.1016/B978-0-08-097053-0.00005-4 

Wills, B. A., & Finch, J. A. (2016b). Chapter 6 - Crushers. In B. A. Wills & J. A. Finch (Eds.), Wills’ Mineral 
Processing Technology (Eighth Edition) (pp. 123–146). 
https://doi.org/https://doi.org/10.1016/B978-0-08-097053-0.00006-6 

Wills, B. A., & Finch, J. A. (2016c). Chapter 7 - Grinding Mills. In B. A. Wills & J. A. Finch (Eds.), Wills’ 
Mineral Processing Technology (Eighth Edition) (pp. 147–179). 
https://doi.org/https://doi.org/10.1016/B978-0-08-097053-0.00007-8 

Wills, B. A., & Finch, J. A. (2016d). Chapter 9 - Classification. In B. A. Wills & J. A. Finch (Eds.), Wills’ 
Mineral Processing Technology (Eighth Edition) (pp. 199–221). 
https://doi.org/https://doi.org/10.1016/B978-0-08-097053-0.00009-1 

Wills, B. A., & Finch, J. A. (2016e). Chapter 12 - Froth Flotation. In B. A. Wills & J. A. Finch (Eds.), Wills’ 
Mineral Processing Technology (Eighth Edition) (pp. 265–380). 
https://doi.org/https://doi.org/10.1016/B978-0-08-097053-0.00012-1 

Yianatos, J., Bergh, L., Vinnett, L., Panire, I., & Díaz, F. (2015). Modelling of residence time distribution of 
liquid and solid in mechanical flotation cells. Minerals Engineering, 78, 69–73. 
https://doi.org/https://doi.org/10.1016/j.mineng.2015.04.011 

Yianatos, J., Bucarey, R., Larenas, J., Henríquez, F., & Torres, L. (2005). Collection zone kinetic model for 
industrial flotation columns. Minerals Engineering, 18(15), 1373–1377. 
https://doi.org/https://doi.org/10.1016/j.mineng.2005.01.014 

Yianatos, J., Vinnett, L., Panire, I., Alvarez-Silva, M., & Díaz, F. (2017). Residence time distribution 
measurements and modelling in industrial flotation columns. Minerals Engineering, 110, 139–144. 
https://doi.org/https://doi.org/10.1016/j.mineng.2017.04.018 

  


