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Abstract

The first formal step in geostatistical workflows consists of establishing domains and
making the stationarity assumption for each domain. The validity of the stationarity
assumption relies on samples within each domain to be statistically and spatially con-
tinuous. Domains are usually established by grouping data with similar categories into
domains, for example a few geological units with matching properties could be grouped
together into a single domain. However, in the case of a univariate data set with no
categorical information, the current domaining methods are limited to either purely spa-
tial clustering such as K-means clustering or purely statistical methods such as grade
domaining. Both purely spatial and statistical domaining methods are unsuitable for
establishing adequate domains due to the stationarity assumption validity. A practical
workflow has been developed which balances statistical and spatial clustering for univari-
ate data scattered in three-dimensional (3D) space. The established methodology also
provides a technique for determining the optimal number of domains by splitting the
data set into a training and validation subset to evaluate the weighted fit for different
sets of domains.

The unsupervised clustering workflow is applied to an exploratory drill hole data set
from an undisclosed copper porphyry deposit which is currently an active open pit mine.
The methodology is tested for the geostatistical domaining of ore grades in the context
of resource estimation using the data set which is comprised of soluble copper (Cus)
ore grade. The established workflow was successful and resulted in the discovery of
three domains with an 8%/36%/57% split to be the optimal number of domains for the
exploratory Cus data set. Although the example presented here is ore grade domaining
for resource estimation, the workflow can be applied to any univariate data set scattered
in 3D space.

1. Introduction

Domaining is the first formal step in the geostatistical workflow for numerically modeling geological en-
vironments. Samples in three-dimensional (3D) space are typically assigned to domains by grouping points
with consistent categorical properties based on geological information such as lithology, alteration type, or
geochemistry. In the absence of geological information, there are currently no standardized methods for
establishing domains in a univariate data set which contains no categorical information. Emery and Ortiz
(2005) discuss the challenge of domaining univariate data and address the pitfalls associated with the method
in common practice: grade zoning in the case of resource estimation. Domaining by using intervals of the
univariate variable results in a deterioration of the final estimate and introduces precision and conditional
bias (Emery and Ortiz, 2005).
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Due to the stationarity assumption in geostatistical algorithms, domains should be both statistically and
spatially continuous (Cressie, 2015). Martin and Boisvert (2018) discuss the trade-off related to statistical
and spatial clustering, as one is improved the other is impaired. Most domaining methods tend to preserve
the spatial contiguity of each domain while disregarding the ideal statistical distribution in the domain
and the impact on the stationarity assumption as in the case of K-means clustering (Martin and Boisvert,
2018). A balance is required between the statistical and spatial contiguities as running an estimate at either
extreme will not provide adequate results (Martin and Boisvert, 2018).

A work flow for the geostatistical domaining of a univariate data set is presented which selects the optimal
number of domains for the given data set and balances the statistical and spatial contiguity of each domain.
The approach considers the domaining of soluble copper (Cus) grade which is measured as a percentage
of the total rock sample. Although presented here is the modeling of ore grade in the resource estimation
context, the established methodology can be applied to other geological parameters scattered in space such
as rock mass ratings, geochemical concentrations, or geotechnical soil classifications, among any others.

2. Methodology

The proposed workflow for establishing domains in univariate data is shown in in Figure 1 and consists of
three major steps: (i) Determining the optimal combination of lognormal distributions, (ii) Random, initial
domain assignment which respects the optimal statistical distributions, and (iii) Reassigning the domains of
each sample to balance the spatial and statistical contiguity of samples within one domain and thus increase
the dissimilarity with samples in other domains. The methodology first imposes the optimal statistical
distribution and then attempts to improve the spatial distribution while minimizing the distortion of the
statistical properties.

The original data set should also be split into a testing and validation subset to determine the optimal
number of domains before running the complete data set through the proposed workflow using the optimal
number of domains.
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Figure 1: The generalized workflow for establishing domains in univariate data sets with balanced statistical and spatial
contiguities.

2.1. Lognormal Distributions Optimization
An assumption of the type of distribution is required to determine the ideal distributions for the potential

domains within the data. Lognormal distributions are typically found in nature and adequately describe
behaviours in several scientific fields such as biology, chemistry, geology, and mining among others (Gaddum,
1945; Limpert et al., 2001). Since an assumption is required for the type of distributions hidden within the
data set, the lognormal distribution is chosen as ore grades are lognormally distributed (Journel, 1980).

Mixing two populations each with their own underlying lognormal distributions causes breaks in the
mixed distribution which can be visualized using a probability plot. Figure 2 shows the cumulative density
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function (CDF) of two synthetic lognormal distributions which when combined create a distribution with
a break in the probability plot due to the mixture of two populations as shown in Figure 2. The ideal
lognormal distribution of each domain which would have the best statistical contiguity can be determined
by optimally fitting the combined domain distribution to the original data distribution.

Figure 2: Synthetic data showing the: (a) Cumulative distribution function of two lognormal distributions and (b) Probability
plot of the two synthetic domains and of the combined domains.

The ideal lognormal distributions are determined by setting up an optimization problem comparing the
input univariate distribution with the combined distribution from the potential domains. The decision
variables are the mean, variance, and weight of each domain, and the objective function minimizes the sum
of the squared differences between the CDF value of the original distribution and combined domains as
shown in (1).
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CDF value F
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)
is calculated by summing the weight wj multiplied by the CDF value F (zj) for each

domain j up to D domains. Since the sum of all the weights will equal 1, there will be 3D − 1 decision
variables which depends on the number of domains set which must be defined before running the optimization
algorithm. The output of the optimization are the parameters of the distributions (means and variances)
and the respective weights.

2.2. Initial Domain Assignment
The proportion of points assigned to each domain must match the weight for each respective domain

from the ideal lognormal distributions found in the optimization. Since the domains do not all have an equal
number of points, the domains with fewer points tend to be more noisy than those with a greater proportion
of points. The assignment of a domain to each sample is designed to achieve the same mean and variance as
the ideal lognormal distribution for that domain, but disregards the spatial location of the samples. Most of
the data points will swap domains once the proposed unsupervised reassignment algorithm is run to improve
the spatial contiguity at the cost of deviating from the ideal lognormal statistical distributions which will
balance out the statistical and spatial clustering.

2.3. Unsupervised Reassignment Algorithm
To increase the spatial contiguity of each domain and balance out the statistical and spatial clustering,

an unsupervised reassignment algorithm was created. The reassignment for all samples in each domain was
run using Algorithm 1 to improve the spatial contiguity at the cost of marginally deviating from the optimal
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statistical distributions. The reassignment is influenced by the set tolerance and only allows samples which
grades differ by the defined tolerance to swap domains thus somewhat preserving the optimal statistical
distributions. Higher tolerances will result in better spatial contiguity while lower tolerances result in less
deviation from the optimal statistical distributions.

Algorithm 1: Unsupervised clustering reassignment algorithm for two domains
Input Define and initialize all input variables from the initially domained data set
x(1) = Domain 1, x(2) = Domain 2
z(xi)(1) = Grade of sample i in domain 1, z(xj)(2) = Grade of sample j in domain 2
µ

(1)
x = Domain 1 coordinates centroid, µ(2)

x = Domain 2 coordinates centroid
σ2(1)

x = Domain 1 coordinates spread, σ2(2)
x = Domain 2 coordinates spread

W = Weight in domain 1, (1−W ) = Weight in domain 2
Tol = Tolerance /* User defined tolerance in the same unit as input data */
/* Domains are denoted by super-script in parenthesis and the reassigned domains

are denoted with the prime symbol ′ */
Procedure Domain reassignment
/* Repeat until stopping criteria reached: When the new iteration’s domain spread

equals the previous iteration’s domain spread. */

1 while σ2(1)
x ! = σ2(1′)

x do
2 for each sample i in domain 1 do

/* Set potential domains (y) equal to current domains */
3 y(1) = x(1)

4 y(2) = x(2)

5 for each sample j in domain 2 do
6 if |z(xi)(1) − z(xj)(2)| < Tol then
7 y

(1)
i = x

(2)
j

8 y
(2)
j = x

(1)
i

/* Check if spread decreases and centroids are farther apart */

9 if
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then

/* Swap domains of points */

10 x
(1′)
i = x

(2)
j

11 x
(2′)
j = x

(1)
i

12 else
/* If no improvement, do not swap */

13 x
(1′)
i = x

(1)
i

14 x
(2′)
j = x

(2)
j

15 end
16 end
17 end
18 end
19 end

end Procedure
Output Domained data with balanced spatial and statistical contiguity for input tolerance
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2.4. Determining the Optimal Number of Domains
Hastie et al. (2009) discusses some of the practical issues in clustering, one of which is how to establish

the optimal number of domains in a dataset. Picking too many domains often results in an overfitting effect
which introduces a high variance, picking too few domains on the other hand leads to an underfitting effect
which will have a higher bias (Hastie et al., 2009). Having either a high bias or high variance will cause
error in the final results thus the two parameters must be balanced when picking the number of domains.
Figure 3 illustrates the concept between under and over fitting using a simple polynomial example on a
synthetic data set.

Figure 3: Synthetic data illustrating the concept of under and over fitting. In relation to the number of domains chosen:
(a) Represents overfitting due to too many domains, (b) Represents underfitting due to not having enough domains, and (c)
Represents a good balance between over and under fitting by selecting an appropriate number of domains.

The validation approach for determining the optimal number of domains will consist of first splitting the
data set into a 60%/40% training and validation data subset as shown in Figure 4. Using the 60% training
data, the univariate domaining workflow shown in Figure 1 will be run using different numbers of domains.
In this case, four domain sets will be run including sets of: (i) Two domains, (ii) Three domains, (iii) Four
domains, and (iv) Five domains. After establishing domains in the training set, each sample in the 40%
validation set will be assigned a domain using the nearest neighbor approach from the domained training
data.

Now using the statistical distributions from the assigned 40% validation data, the CDF of the newly
assigned points will be compared to the CDF from the ideal lognormal distributions to assess the quality of
fit. The sum of the squared residuals for each domain from the CDF of the ideal lognormal distribution and
validation distributions is used as the objective function for determining the optimal number of domains as
shown in (2).

Objective function =
D∑

i=1
WiRi, Ri =

n∑
j=1

(Vj − Lj)2 (2)

Where Wi is the weight and Ri is the sum of square residuals for each domain i up to D domains. The sum
of square residuals are the squared differences between the validation CDF value Vj , and the ideal lognormal
CDF value Lj evaluated at every point j sampled in n, one of the residual plots is shown in Figure 4 as
an example. Evaluating each subset of domains using (2), the normalized objective function was plotted in
Figure 4 showing three domains to be the optimal number of domains for the tested Cus dataset.
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Figure 4: Inputs and output for determining the optimal number of domains for the Cus data set. (a) Shows the split training
and validation data location, (b) Shows the ideal CDF and the CDF from the nearest neighbor assigned validation domain
for domain 1 in the case of three total domains, and (c) Shows the results of testing the validation approach on the various
domain sets.

3. Application

The Cus data set comes from an undisclosed copper porphyry deposit which is currently an active open
pit mine. The complete Cus data set consists of multiple boreholes at an approximate spacing of 50 by 50 m
in easting and northing and samples are taken roughly every 2 m in elevation resulting in a total of 15,431
samples as shown in Figure 5. The Cus grade has a mean of 0.174%, standard deviation of 0.111% and
ranges from 0.005% to 2.720%. Since the optimal number of domains was found to be three, the univariate
domaining workflow shown in Figure 1 will be run for three domains using all the samples.
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Figure 5: The Cus data set visualized in easting, northing, elevation and Cus grade.

3.1. Applying the Unsupervised Clustering Workflow
The first step in the univariate domaining workflow is to run the optimization function shown in (1)

to determine the ideal lognormal distributions of each domain. Figure 6 shows the empirical CDF of the
complete Cus grade data, the ideal lognormal CDF of each domain and the resulting CDF of the combined
domains. The values for the ideal lognormal distributions of each domain are summarized in Table 1.
Figure 6 shows how each domain is perfectly lognormal and when combined, achieve the best fit with the
global data.

Figure 6: Ideal lognormal distributions found through optimization shown in a: (a) CDF plot where the combined domains
achieved a minimum objective function value of 0.0025, and (b) Probability plot showing how each domain is perfectly lognormal
and when combined, fit the global data.
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Table 1: Ideal lognormal values for the optimal distributions of each domain.

Domain Weight Samples Mean Standard Deviation
1 0.076 1,173 -1.683 0.181
2 0.356 5,493 -2.129 0.780
3 0.568 8,765 -1.822 0.452

Once the ideal lognormal distributions are determined, the samples are randomly assigned to an initial
domain while ensuring that the resulting distributions match the weights and ideal lognormal values in
Table 1. Since the initial assignment of domains is random, there is no clear sense of spatial contiguity in
any domain as shown in Figure 7. The centroids of each domain are all very close to each other due to the
three domains overlapping significantly in space.

Figure 7: Initial domain assignment in which the distributions of all domains match the ideal lognormal distributions.

After the initial domain assignment to each sample, the Cus grade data was run through the unsupervised
clustering reassignment algorithm shown in Algorithm 1, using a tolerance of 0.01%. The samples with
reassigned domains resulted in a better spatial contiguity thus balancing the statistical clustering with the
spatial clustering as shown in Figure 8.
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Figure 8: Final domain assignment with improved spatial contiguity at the cost of deviating from the ideal statistical dis-
tributions. A 3D view is shown with different 2D sections to better illustrate the spatial distribution of the samples and
centroids.

3.2. Comparing the Statistical, Spatial and Balanced Clustering
The initial assignment of each sample to a domain represents the statistical clustering since the dis-

tribution of each domain will best match the ideal lognormal distributions. The unsupervised clustering
workflow represents the balanced clustering since both the statistical and spatial components were consid-
ered. A modified K-means clustering was run to represent the spatial clustering with the initial centroid
location identical to those found in the balanced clustering and the number of samples in each domain
constrained to match the number of samples to allow for a fair comparison. Figure 9 shows the location of
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the samples and their centroids for the statistical, spatial and balanced clustering.

Figure 9: Location of samples and their centroids for the: (a) Initial domain assignment representing statistical clustering,
(b) Modified K-means clustering representing spatial clustering, and (c) Final domain assignment balancing the statistical and
spatial clustering.

The deviation from the ideal lognormal distributions was quantified and visualized using the absolute
difference in the mean and standard deviation. The statistical clustering has the smallest deviation from
the ideal distributions while the spatial clustering represents the highest deviation from the ideal lognormal
distributions as shown in Figure 10. The balanced clustering deviates by a weighted average Cus grade of
0.0007% from the mean and 0.0018% from the standard deviation for the three domains.
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Figure 10: Absolute deviations for each domain and the weighted average for all domains from the ideal (a) Mean, and (b)
Standard deviation (std dev).

A traditional K-means clustering was used to quantify the deviation of each clustering type from the ideal
spread. The traditional K-means clustering represents the highest spatial contiguity which is not captured
in the purely spatial clustering since the modified K-means clustering was run for fair comparison. The
objective function of the traditional K-means clustering by MacQueen (1967) is shown in (3) and was run to
quantify the deviation from the ideal spread for the purely statistical, purely spatial and balanced clustering
approaches.

minimize
{

K∑
k=1

n∑
i=1

(
x

(k)
i − x̄(k)

)}
(3)

Where K is the total number of k clusters, x(k)
i is each data point i for n points which belongs to each

cluster k, and x̄(k) is the centroid in cluster k.

The deviation from the ideal spread was calculated using (4) which takes into account the spatial weights
in each of the three principal directions: easting, northing, and elevation.

K∑
k=1

p∑
i=1

Wiσ
2(k)

i (4)

Where K is the total number of k clusters, Wi is the weight in the principal direction i, σ2(k)
i is the variance

in the principal direction i for cluster k for all the three principal directions p.

The normalized differences from (4) between the traditional K-means clustering and statistical, spatial,
and balanced clustering is shown in Figure 11. In this case the statistical clustering deviated the most from
the ideal spread while the spatial clustering deviated the least.
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Figure 11: Normalized deviation from the ideal spread for the statistical, spatial and balanced clustering.

4. Conclusions

A practical workflow which balances statistical and spatial clustering has been developed for the do-
maining of univariate data in 3D space. The established methodology is thorough and allows for the user to
determine the optimal number of domains for a given data set. Although the example presented here is ore
grade domaining for resource estimation, the workflow can be applied to any univariate data set scattered
in 3D space.

In the case of the Cus data set, three domains with an 8%/36%/57% split were found to be the optimal
number of domains. Samples were initially assigned to domains such that their distribution best matched
the ideal statistical distributions found through optimization. The samples were reassigned to different
domains with the unsupervised reassignment algorithm using a tolerance of 0.01% to increase the spatial
contiguity which led to an increased deviation from the ideal statistical distributions, thus balancing the
statistical and spatial clustering. A higher tolerance would cause the spatial contiguity to increase at the
cost of deviating further from the ideal statistical distributions, the opposite is also true when using a lower
tolerance. Further testing through estimation could determine what exact balance between statistical and
spatial clustering is optimal.

Future work should consider extending the methodology into a multivariate framework. A data set with
categorical data can be used to validate how well the methodology would work in the multivariate case by
assessing how many samples are correctly and incorrectly classified into their respective categories.
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