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Abstract 
The study of geostatistics involves the inference and modelling of multivariate random 
functions. Frequently, this includes the assumption of multipoint Gaussianity 
(“multiGaussianity”) of the underlying multivariate random function. The properties of 
a multipoint Gaussian random function allow for ease of mathematical operation and 
parametric modelling; facilitating a measure of uncertainty in estimation through 
sequential Gaussian simulation. The assumption of multipoint Gaussianity is rarely 
tested, and it is not guaranteed that such an assumption is appropriate for the spatial 
phenomenon under study. By identifying a “measure” of how far a phenomenon 
appears to deviate from bi-variate Gaussianity, it may be possible to better understand 
the accuracy of traditional Gaussian based predictive models. Ultimately such a 
measure of bi-Gaussianity may inform the selection of a different model for the random 
function and a as a result, a different approach to assessing uncertainty in estimation. 
Variograms of order ω provide a tool to quantitatively check the bi-Gaussianity of a 
data set. This approach also provides a metric that can be considered a “measure” of 
how close to bi-Gaussianity a given data set is. In this study, the variograms of order ω 
are applied to a number of reference data sets to generate a relative measure of bi-
Gaussianity. Application of this tool in real world scenarios may allow for improved 
understanding of uncertainty in our estimates of mineral resources.  

 

1. Introduction 

1.1. Importance of the multiGaussian assumption in geostatistics 
 

The assumption of multiGaussianity provides the theoretical basis for many methods in geostatistics, 
particularly sequential Gaussian simulation. The specific indicator properties of a multi-point Gaussian 
variable (i.e., indicator variogram) are used to define the local cumulative conditional distribution function 
(“ccdf”). This local distribution function determines the range probabilities of potential values at the 
unsampled location, providing a measure of “local” uncertainty. Goovaerts (1997) notes that “such a 
model of local uncertainty allows one to evaluate the risk involved in any decision making process”. 

Sequential simulation extends this approach to estimate global uncertainty amongst a population of 
unsampled locations, applying Monte-Carlo simulation along with the local ccdf’s of unsampled locations 
to arrive at a simulated point value. Sequential simulation takes a random path through unsampled 
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locations and once a simulated value is determined at a given location, it is assumed fixed and 
incorporated into the ccdf’s for subsequently simulated unsampled locations. Repeating this sequential 
simulation provides multiple potential realizations of the unsampled locations providing, in aggregate, a 
measure of uncertainty of the entire unsampled set of locations. Such an approach can allow us to provide 
a measure of certainty related to our grade and tonnage estimates, e.g., the probability across 1000 
simulations that a given block is ore or waste. 

According to Goovaerts (1997), “The easiest way to derive [local] ccdfs consists of assuming a model for 
the entire spatial law of the Random Function.” This parametric approach is in contrast to the indicator 
approach which makes no assumptions and is solely based on available data. While the indicator approach 
avoids the need for estimation of a model and parameters for the random function, it has specific and 
relevant challenges in implementation such as uncontrolled interclass transitions and randomness within 
classes (Machuca-Mory et al., 2008). The assumption of a model and subsequent estimation of the 
parameters for that model forms the basis of the parametric approach. The model chosen must be 
applicable to all realizations of the Random Function across the domain in question.  

The basic assumption most frequently used for parametric models is that the random function is 
multiGaussian. This is due to the properties of the Gaussian model making it tractable and efficient for 
computations and analysis, not necessarily because it is viewed as theoretically representative of the 
domained variable under study. Conveniently, for analytical purposes, the multiGaussian model is fully 
characterized by its mean and variance which can be determined through simple kriging (Goovaerts, 
1997). 

The theoretical basis for assuming normality (Gaussian distribution) for variables in earth science is 
questionable; many such variables are frequently observed to be non-symmetric in nature (Goovaerts P., 
1997). These variables, such as grades of metal, often show clustering of very high values, which cannot 
be adequately modelled by a multi-Gaussian assumption (Emery, 2002). In practise, the “law of large 
numbers” is sometimes applied as justification for assuming that geological variables are multipoint 
normally distributed, however given the discrete areas under measurement this is a poor substitute for a 
test that provides clarity on the quality of the multiGaussian assumption’s applicability to the data set. 

 

1.2. Tests of multiGaussianity 
 

Emery (2005) noted that the use of “parametric models raise[s] the question on how to check… 
compatibility with the available data”. Single point (or univariate) normality (Gaussianity) testing consists 
of measuring the properties of the histogram of samples to determine if it has a distribution that is 
Gaussian. In instances where the histogram is not Gaussian, the lack of single point normality is 
addressable through use of a normal transform (Gaussian anamorphosis) to map the data into a univariate 
normal distribution. Univariate normality (whether naturally occurring or achieved through a Gaussian 
anamorphosis) is a necessary condition for the random function to be multiGaussian, but it does not 
demonstrate that the random function is multivariate Gaussian (Goovaerts, 1997).  A check of two point 
and N-point normality of the normal score transformed data is also required. While multipoint Gaussianity 
testing is extremely challenging, various approaches to assessing bi-Gaussianity do exist (Emery, 2005). 
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Confirming (or not) bi-Gaussianity of a data set, while not sufficient to prove multiGaussianity, can provide 
increased confidence in the use (or rejection) of the multiGaussian assumption. 

In the case of a biGaussian random function model, the joint probability density function can be written 
as a function of the correlation coefficient, and when displayed graphically has a specific set of elliptical 
isodensity curves (Emery, 2005). A simple test is to plot such curves for a variable and examine how closely 
the data match the elliptical theoretical (Emery, 2005). Consistent with the specific pattern of the joint 
distribution (i.e., concentric ellipses), bi-Gaussian distributions have specific theoretical indicator 
variograms. The empirical indicator variograms of a data set at selected percentiles (often chosen as 25th 
and 75th percentiles) can be checked against the theoretical indicator variograms, providing another test 
of bi-Gaussianity (Emery and Kremer, 2008). This approach can also be used to check whether a data set 
matches other theoretical bivariate distribution, provided that it is possible to determine theoretical 
indicator variograms for the bivariate function. Testing bi-Gaussianity by comparing empirical and 
theoretical variograms is challenging due to the need to compute many indicator variograms. 

1.3. Variograms of order ω 
 

A quantitative approach to testing bi-Gaussianity involves the ratio of the madogram and variogram per 
the below equation (Matheron, 1982): 

ϒ( )

ϒ ( )
= √𝜋                                                                                        (1)  

This equation is a specific case of the boarder approach considering variograms of different orders (Emery, 
2005): 

⩝ 𝜔 𝜖 ]0,2] 
√ ϒ ( )

[ϒ( )] ( )
= 1                                                                    (2) 

Prior work using the variograms of order ω has focused on checking bi-Gaussianity as an indication of 
whether the multi-Gaussian assumption is appropriate for a given data set. This work focuses on 
calculating the “amount” which a group of data sets differs from the measure of perfect bi-Gaussianity 
expressed in equation 2. 

 

2. Methodology 

2.1. Reference Data Sets 
 

Discrete images were used as sample data sets. These images were sourced from publicly available files 
posted by MIT Vismod (MIT, 2019). Each image was downloaded in the form of a ppm file in ASCII format 
and converted to a greyscale JPEG format with individual pixel values taking the form of an integer ranging 
from zero to 255. For the purpose of variogram calculations, distance was calculated based on pixels with 
one pixel being one unit of “distance”. The images were converted into arrays of dimension consistent 
with their pixel dimensions. The reference data sets were transformed to normal score values using the 
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univariate Gaussian anamorphosis. Three of the sample greyscale image data sets (prior to normal score 
transform) are shown in figure 1, figure 2 and figure 3. 

 

Figure 1: Greyscale display of data set IM_1: 
 

 

Figure 2: Greyscale display of data set IM_4: 
 

 

Figure 3: Greyscale display of data set IM_43: 
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2.2. Variogram Calculation 
 

The variogram of order ω is defined by equation 3 below (Emery, 2005). It can be seen that in the case of 
ω=1 and ω=2 the calculation becomes the standard semi-madogram and semi-variogram respectively. 

ϒ (ℎ) =   𝐸 [|𝑌(𝑥 + ℎ) − 𝑌(𝑥)| ]                                                                   (3) 

For each greyscale image data set, the variogram is calculated on an omnidirectional basis with a specific 
lag distance and lag tolerance measured in pixels. Each experimental variogram becomes a 1xn array of 
values with n being the number of lags considered. The variograms of order ω for the three data sets 
shown in figures 1, 2 and 3 are shown below in figures 4, 5 and 6 respectively. 

Figure 4: Variograms of order ω for IM_1 data set: 

 

Figure 5: Variograms of order ω for IM_4 data set: 

 

Figure 6: Variograms of Order ω for IM_43 data set: 
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2.3. Relationship Between Variograms of Different Orders 
 

Equation 2 will be used as our primary test metric at each respective lag distance / order ω combination. 
The results of the test for a given image, can be represented by a matrix of dimension specified by number 
of lags and the number of orders ω (both of which are subjective selections). At each “lag and order ω” 
combination, our metric is based on the magnitude of the residual relative the theoretical value of 1 
expected in the perfect bi-Gaussian case. The larger the value of the residual, the “farther” the data set is 
from bi-Gaussianity. The result is an array of residuals across orders ω and lags representing the reference 
image. Figures 7, 8 and 9 below show the residual values (calculated from equation 2) plotted against lag 
distance for three of the greyscale data sets. 

Figure 7: Equation 2 residual value for IM_1: 

 

Figure 8: Equation 2 residual value for IM_4: 

 

Figure 9: Equation 2 residual value for IM_43: 
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2.4. Single Point Measure of BiGaussianity 
 

We can now calculate the mean error by lag or by order ω as shown below (by lag) in figures 10, 11 and 
12 and then the mean of the mean errors to find a single numeric metric measuring the amount of 
deviation from the bi-Gaussian assumption.  

Figure 10: Average residual of equation 2 by lag for IM_1: 

 

Figure 11: Average residual of equation 2 by lag for IM_4: 

 

Figure 12: Average residual of equation 2 by lag for IM_43: 
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3. Results 
  

3.1. Validation Against a Bi-Gaussian Data Set 
 

In order to evaluate whether the test metric created by the average residual of equation 2 holds true in 
the case of bi-Gaussianity, a two dimensional array (100x100) is created with values drawn at random 
from the standard normal distribution. The resulting average test metric value across lags and orders ω 
was 0.0003. It is expected that as the array size approaches infinite this value would trend to zero. By 
comparison, the three data sets illustrated in section 2.4, subject to Gaussian anamorphosis had average 
test metrics of 0.006, 0.06 and 0.05 respectively, one or two orders of magnitude greater than the true 
normal example. 

3.2. Metric Scale Considerations 
 

An effective scale requires a maximum and minimum value against which to reference results. We know 
(and have demonstrated in section 3.1) that a true bi-Gaussian distribution has a test metric of zero. We 
now consider what a test metric would be for a fully continuous distribution (i.e. point value). In this fully 
continuous case, all values are the same so all variograms (regardless or order) become zero. In the limit, 
equation 2 indicates that the test metric should trend to a value of one as the number of data points with 
different values trends to zero.  

To demonstrate this, we consider a normal distribution (as generated in section 3.1) and for any value 
whose magnitude is below a threshold value we swap in the single point estimate (which we set equal to 
0.0). We start the threshold close to 0 and then move the threshold higher and repeat. When the 
threshold reaches infinite then we have reached the “point distribution”. A selection of the two 
dimensional distributions, in histogram format are shown below in figures 13, 14 and 15.  
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Figure 13: Histogram of two dimensional randomly drawn standard Gaussian data set: 

 

Figure 14: Histogram of two dimensional randomly drawn partially truncated standard Gaussian data set: 

 

Figure 15: Histogram of two dimensional randomly drawn significantly truncated standard Gaussian data set: 

 

 

This truncation is done to indicate what value the test metric approaches as the distribution approaches 
continuity. The two dimensional greyscale array starts as random noise and slowly becomes more and 
more continuous with increasing number of values becoming the mean value. The results shown below 
in figure 16 indicate that as the two dimensional distribution has fewer and fewer discontinuities, the test 
metric appears to approach a value of one.  
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Figure 16: Equation 2 residual for truncated two dimensional  Gaussian distributions: 

 

 

3.3. Metric Variation Across Data Sets 
 

The metric, based on the equation 2 residual, was calculated across 45 data sets, following Gaussian 
anamorphosis. The results are shown in figure 17 below.  

Figure 17: Equation 2 residual for 45 data sets; IM_1 through IM_45: 

 

The mean value is 0.015, the median value is 0.009 and the minimum value is 0.001. The individual values 
for the 45 data sets analyzed vary considerably with ~50% of the data sets at least one order of magnitude 
greater than the bi-Gaussian proxy case. 

 

3.4. Impact of Univariate Gaussian Anamorphosis 
 

The condition of univariate normality is necessary but not sufficient to ensure biGaussianity. Indeed, 
Emery (2005) notes that in order for the ratio in equation 2 to provide a test of bi-Gaussianity, the data 
used to calculate the variograms of order ω must be univariate Gaussian. It is relevant to calculate the 
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variograms and test metric over the same 45 images without applying a Gaussian anamorphosis and 
compare them to our results in section 3.3. The residual test metric values for the data sets without 
Gaussian anamorphosis are shown in figure 18 below. 

Figure 18: Equation 2 residual for 45 data sets; IM_1 through IM_45 with no Gaussian anamorphosis performed: 

 

The mean in the case of untransformed data sets was 0.04, the median 0.019 and the minimum 0.002. 
Running the test on the normal score vs raw univariate data, on average “improves” the bi-Gaussianity of 
the data, with the test metric decreasing ~60% (figure 19). Generally, many of the same images show high 
test metrics in both raw and normal score cases (figure 20). In two cases, the normal score data actually 
show a “worse” or higher test metric (figure 19). 

Figure 19: Comparison of equation 2 residual with and without Gaussian anamorphosis for IM_1 through IM_45: 
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Figure 20: Equation 2 residual, comparison of ranks of IM_1 through IM_45 with and without Gaussian 
anamorphosis: 

 

 

 

3.5. Impact of Variogram Structure on Test Metric 
 

In order to consider what impact variogram structure has on the test metric for bi-Gaussianity, we create 
and analyze unconstrained Gaussian and non Gaussian simulations using a varying parameters for range, 
sill and nugget of the variogram. Sets of Gaussian simulations can be transformed to non-Gaussian 
simulations by use of simple operations on sets of Gaussian simulations (Lantuejoul, 1994; Emery and 
Kremer, 2008), in this case i) the maximum of two Gaussian simulations and ii) the square of a Gaussian 
simulation. Such approaches to simulating non-Gaussian random functions can provide improved 
outcomes in estimation of grade and tonnage through allowing greater clustering of grades (Emery and 
Kremer, 2008). Figure 21 below shows one simulation realization for our Gaussian and non-Gaussian 
scenarios under varying range and structure parameters.  
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Figure 21: Select realizations of unconstrained simulations with varying degrees of variogram structure: 

 

 

The test metric was then calculated for each simulation and averaged across the 100 simulations done 
under each variogram parameter scenario as displayed in figure 22, 23 and 24. 
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Figure 22: Average equation 2 residual for 100 unconstrained Gaussian simulations with varying degrees of 
variogram structure  

 

Figure 23: Average equation 2 residual for 100 unconstrained non-Gaussian “χ2” simulations with varying degrees 
of variogram structure 

 

Figure 24: Average equation 2 residual for 100 unconstrained non-Gaussian (max of two Gaussian) simulations with 
varying degrees of variogram structure 
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The results in figures 23, 24 and 25 show that the non Gaussian simulations, on average have higher test 
metrics than the Gaussian simulations, in particular in the case of the squared Gaussian distribution. The 
only scenarios where this was not the case were max of two gaussians with very small nugget effect. It is 
also observed that whether Gaussian or non-Gaussian, the greater structure we see in the simulations 
(i.e. high range and low nugget) the greater the test metric (implying greater “distance” from bi-
Gaussianity). An exception to this was the case of the gaussian squared where a small shift lower in test 
metric was observed for lower nugget contribution and larger range scenarios. This ergodicity effect 
would probably disappear by enlarging the simulated domain. 

 

 

4. Conclusions 
 

Variograms of order ω provide a quantitative assessment tool for biGaussianity. This can be used to 
determine how much structure may be present in a given data set. It can also be used to determine if a 
Gaussian assumption for the multi-variate random function is appropriate for performing sequential 
simulation. In cases where a large test metric is observed, it may be appropriate to consider whether a 
different bi-variate random function family is better suited to model the data (e.g, bi-gamma).  

Future research will focus on assessing the relative fit of other bi-variate function families and use of such 
bivariate function families in sequential simulation using methods such as disjunctive kriging. It may also 
be possible to consider fitting of a destructuration parameter, using the variograms of order ω to better 
model spatial correlation of extreme grades in simulation. 
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