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Abstract

Geostatistical simulation is used in uncertainty quantification and management in many
fields of Earth Sciences. Conventional tools account only for two-points statistics and are
unable to capture complex features. Multiple-point statistics (MPS) simulations provide
improved flexibility to reproduce complex features and can be used for categorical and
continuous variables, or even in a multivariate context, but these methods also bring new
challenges in regards to inference, computational implementation and validation. In this
paper, we review the methods and tools necessary to implement and use MPS methods.
The place of multiple-point simulation is discussed and a review of the building blocks
required to implement a MPS method are presented. We describe the main methods
and discuss some of the assumptions, challenges and limitations of these methods. MPS
simulation expands the toolkit of earth scientists and may be key to assess transfer
functions that are dependent on specific connectivity patterns.

Keywords: Pattern frequency, verbatim copy, cumulants, random function, multivariate modeling,
reconstruction.

1. Introduction

Geostatistics offers a toolkit for spatial data analysis, taking advantage of the spatial correlation when
integrating data for local and global estimation (Matheron, 1973). Furthermore, the simulation tools avail-
able allow for uncertainty quantification, which is key for decision making (Journel, 1989). The most popular
simulation tools, namely Sequential Gaussian (sgsim) and Sequential Indicator Simulation (sisim), base the
inference of the conditional distribution on kriging, characterizing the spatial continuity with a variogram
or a covariance function, which synthesizes the relationship between pairs of points. Turning bands (tbsim)
imposes the reproduction of two-point statistics by means of a spatial covariance through the simulation of
one-dimensional random function models (Chiles and Delfiner, 1999). All other multiGaussian simulation
methods also rely on a covariance function.

The variogram and covariance are thus called two-point statistics and only characterize the spatial con-
tinuity by imposing relationships between pairs of points in space. As a consequence, these methods can
be used to capture limited patterns. The relationships between several points simultaneously are a conse-
quence of the assumptions of the particular method. Therefore, it is not feasible to ensure the reproduction
of high-order statistics (also known as patterns or multiple-points) and complex features such as connectivity,
hierarchical relationships and non-linear shapes.

In response, Multiple-Point Statistics (MPS) simulation provide a framework to go beyond bivariate
moments, handling complex and heterogeneous geological structures (Guardiano and Srivastava, 1993). In
order to achieve that goal, MPS algorithms need to infer statistics of the phenomenon behaviour from one
or several sets of training data or training images, whose natures can be scattered or exhaustive. Broadly
explained, these training data provide the structural information of patterns for one or more attributes,
while the available information (hard/soft data) constrains the simulations by conditioning each realization.
In other words, values simulated at unknown locations are drawn from the training data subject to all
conditioning information inside a certain region.

1Cite as: Avalos S, Ortiz JM (2020) Multiple-point statistics: tools and methods, Predictive Geometallurgy and Geostatistics
Lab, Queen’s University, Annual Report 2020, paper 2020-03, 33-60.
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The first steps to capture these high-order relationships were taken using a connectivity measure over
multiple steps (Journel and Alabert, 1989) in binary cases.

In this paper we present the most popular MPS algorithms, and discuss the building blocks of all
MPS algorithms. We also introduce their implementations, provide some pseudocodes, and discuss some
applications.

2. A brief history and overview

In 1993 the first MPS algorithm, Enesim (Extended Normal Equation SIMulation), was proposed by
Guardiano and Srivastava (although Deutsch had already used some of these concepts with simulated an-
nealing in 1992). Their main idea was to visit unsampled nodes, using a predefined random path, and
each time extracting a template with the surrounding informed nodes, which become the conditioning in-
formation. Then, by scanning the training data with this template and finding replicates that matched the
conditioning data, the frequency distribution of all possible values at the unsampled location (relative to
the conditioning data positions) is built and the simulated value is drawn using the Monte Carlo approach.

The method was imporved dramatically by Strebelle in his seminal paper (Strebelle, 2002), where the
Snesim algorithm was proposed, which scans the training data only once storing all pattern frequencies in a
search tree. This makes the algorithm much more efficient than Enesim that required scanning the training
image every time to infer the conditional distribution. Since then, many other algorithms have arisen, each
one proposing variations to a more general MPS algorithm.

Chronologically, among the most relevant algorithms, we can find:

Filtersim (Zhang et al., 2006) which proposes the use of a set of predefined filters to scan the training
and conditioning data to extract features and then reproduce them using a distance function.

Direct Sampling (Mariethoz et al., 2010) simulates values by drawing the first and closest match, in the
training data, between a conditioning template and the values in the training data, using the same
template under certain threshold constrains, avoiding building a pattern frequency distribution.

Simulated Annealing (Peredo and Ortiz, 2011) fills the simulated domain with random values, then using
a predefined template the distributions of pattern frequencies are extracted from both the simulated
domain and the training data. An objective function uses the mismatches between the statistics of
those distributions and randomly nodes are perturbed in the simulation domain yielding to a new state
of the objective function. The value modifications are accepted or rejected under certain criteria.

Impala (Straubhaar et al., 2011) algorithm works similar to Snesim but storing the pattern frequencies
in a list approach instead of a search tree.

Ccsim (Tahmasebi et al., 2012) uses a cross-correlation function between data found in the simulation
domain and training data using an adaptive recursive template and an overlapping strategy during
simulation.

Several others strategies to account for multiple point statistics have been proposed in recent years, as
optimization strategies, Kalman filters, neural networks and bayesian modeling, and it is expected to see
more alternatives in the short future.

Nowadays, most of these methods are used within larger frameworks, coupled with others techniques
as statistical modeling, stochastic optimization and machine/deep learning, and not in isolation. Excellent
reviews of multiple-point simulation methods can be found (Tahmasebi, 2018) and further theoretical and
practical details are also available (Hu and Chugunova, 2008; Mariethoz and Caers, 2014). Although MPS
methods use similar building blocks, their notations and definitions are not always unified. There are good
papers working in this direction (Mariethoz and Caers, 2014; Tahmasebi, 2018) and the following definitions
are based on those efforts, with slight modifications to increase the internal coherence of this article.
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3. Terms definition

One of the difficulties in describing the MPS techniques is the surprising degree at which terms are
interrelated. To avoid redundancies and lay groundwork, we describe key and common terms below.

Training data A conceptual grid-like topology representation of the studied phenomenon. Nodes in this
grid are denoted as y.
The training data may have a scattered nature when gaps exist in the data, out of range values or
empty nodes coexist with known information. It is said that the training data is exhaustive when every
node is informed. We just need to be able to infer relationships between attributes and locations over
the training data. Exhaustive training data are commonly referred as Training Images, (TI). From
now on, we use the Training Image concept to refer to both scattered and exhaustive training data,
since inference of multiple point configurations can be done in both cases and the only limitation is to
have enough replicates for meaningful inference.

Modeling domain (D) Also called Simulation Grid. This is a grid-like topology, usually a surface or
volume, where MPS simulations are carried out. Nodes in this grid are denoted as x.
The domain could be modelled as a structured or unstructured grid, being structured grids preferred on
many MPS applications due their computational efficiency and algorithmic simplicity. When working
on structured grids, they are entirely characterized by (1) the dimensional extension and (2) the size of
each basic unit (cells) or the number of nodes (the centres of each unit). Each node x ∈ D has as many
attributes as variables under study including also the spatial (and potentially temporal) coordinates.
Unconditional simulations are performed on empty domains while conditional simulations require hard
and/or soft data in some of the nodes.

Neighborhood (Nn(x)) centered at an unsampled location x, the neighborhood reflects a modeling as-
sumption about the extent of a significant spatial relationship between the nodes. Here, n nodes
are considered to account for multiple-point relationships and nodes beyond the neighborhood are
discarded from all statistical inference. This is a Markovian-like assumption about the data in the
neighborhood screening data that are outside it.
The n nodes can be defined either as the n-closest nodes centered at x, or as fixed vectors with x as
origin. Saying that Nn(x) is centered at x is a convention meaning that the multiple-point statistics
are associated to x but not necessarily corresponding to the geometric center. Figure 1(a) shows the
neighborhood area while Figure 1(b) shows the hard data considered in the multiple-point statistics
inference.
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Figure 1: Neighborhood scheme. (a) The neighborhood area. (b) The hard data used for multiple-point statistics inference.

Template Specific neighborhood with fixed number of nodes n and relative positions with respect to x.
Using templates as neighborhood have programming advantages in terms of storing information
(multiple-point statistics with respect to x) and for some algorithm implementations is a require-
ment. Figure 2 illustrates five different templates with 3, 5, 8, 8 and 12 nodes and different shapes.
Notice that the templates may have disjoint nodes.

Figure 2: Five different templates considering 3, 5, 8, 8 and 12 nodes centered at x .

Data event (dn′(x)) Set of n′ informed nodes (n′ ≤ n), inside a neighborhood Nn(x). The data event is
then defined by the values and their relative positions.
The data event can be seen as a complex object (or pattern) where values and relative positions
are stored. Let u0 be the location of the unsampled node of interest x, and ui (1 ≤ i ≤ n′) the
sampled nodes in the neighborhood, with Z(ui) the sample values. The data event dn′(x) is then
fully characterized by the set of pairs

{(
Z(ui), hi

)}n′

i=1, where hi is the lag vector between ui and
u0. Figure 3 shows a data event d3(x) coming from a neighborhood N12(x) where only 3 nodes are
currently informed. In the literature, the nomenclature for this data event can also be found as dev(x)
or simply by N(x).
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Figure 3: Example of a data event d3(x) with three known locations inside a N12(x) neighborhood.

Padded and eroded Domain The final simulated domain can be fully populated if a padded domain is
considered by using a specific template Nn(x) over D, and therefore be able to simulate all points in
the margins, or a smaller eroded domain can be informed if the template is placed inside the original
domain.
The padding process consists of adding a contour of empty nodes in such a way that by placing the
center x at each corner of the original domain, the template Nn(x) remains inside the final padded
domain (Figure 4). Note that the final result corresponds only to the original domain D.
The eroding process consists of scanning the original domain D with the template Nn(x) so the center
x delimits the eroded grid (Figure 4).

Figure 4: Final simulated domains by using padding or eroding techniques with a specific template Nn(x) over the original
domain D.
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4. Inference of MPS

4.1. Considerations
Inference is one of the most significant challenges of multiple-point simulation methods. The key idea

behind characterizing the local uncertainty distribution at each location, conditioned by the known values
within the search neighborhood, that is, finding the conditional distribution at the unsampled node or nodes
given the data event, is to find enough replicates to learn the possible outcomes. As the dimensionality of
the conditioning event increases, the likelihood of finding exact matches of the conditioning event in the
training data becomes smaller. This can be solved by having a large amount of training information.

In practice, however, actual information of the domain is scarce and training information is sought after
from analogues, or from interpretations. The most common approach to have abundant training information
is to use a training image, large enough to find a sufficient number of replicates of the data events. This
allows building the conditional distribution of the unsampled location robustly. However, it has been shown
that in order to have a good inference of the conditional distributions, the number of replicates found in the
training data needs to be large, and in practice, this limitation is disregarded, which results in a very heavy
reliance in the training image used. Furthermore, this implies that many particular features of the training
image are tranferred to the simulated models.

4.2. Training images
Training Images are one of the most critical aspects concerning MPS modeling in terms of their impact

in the results. They are considered as a conceptual representation of the features of tthe phenomenon. In
that sense, a TI (or better, a set of them) is assumed as a unique realization of a random variable Z that
includes the main structural properties such as structural geometry, categorical hierarchies, multivariate
relationships, spatial continuity, among others.

Although there are great TIs repositories 2, the availability of TIs still remains scarce, mainly due to the
wide range of possible phenomenon and their intrinsic complexity (difficult to build a fair representation).
Nevertheless, there are methods suitably adapted to generate TIs:

Outcrop modeling: applied to continuous and categorical attributes. This was one of the first approaches
proposed to build TIs. It consists on capturing images of related zones (real images), digitizing and
transforming them into suitable TIs for similar areas. When dealing with real images, outcropping is
mainly limited to two dimensions. The recent use of lidar (laser-based measurements systems) and
photogrammetry techniques has led to implement Virtual Outcrops (VO) or 3D high-resolution models.
VOs provide high quality and highly informed images suitable for three dimensional TI creation.
The zones definition along with the methodology for digitizing them are driven by expert knowledge
and data availability. For instance, Klise et al. (2009) perform a 2D sand segmentation of a braided
sand deposit by combining (1) a real digital photo (0.5×2.2 m2) and (2) the mean and standard
deviation of a lidar-based intensity, arguing that local intensities accurately defined boundaries between
different permeability zones. Pickel et al. (2015) perform a 3D fluvial face modeling by combining (1)
a 15000 m2 lidar-based scan of a cliff face, and (2) several overlapped digital images obtained by a
Nikon camera. The first provides also a 3D mesh in which the second is projected. Hodgetts (2013)
provides an insightful review of the outcropping techniques. Workflows for collection, processing and
interpretation are described along with the advantage/disadvantage and correct use of digital attributes
such as intensity, RGB colour channels, waveform data, hyperspectral imagery, among others. The
article also refers 24 peer-reviewed articles on lidar-based outcrop modeling, applied in the petroleum
industry. Lastly, Figure 5 shows an example of a two dimensional outcrop modeling by transforming
RBG input data into a three facies classification.

2Source: www.trainingimages.org (Mariethoz and Caers, 2014).
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Figure 5: Example of a 2D outcrop modeling, from an RGB image to a 3 facies model.

Object-based (or boolean) methods: applied to categorical attributes. The entire TI is populated with
objects whose shapes, spatial distributions and between-objects rules are previously defined. TIs are
created by proven and well-known stochastic algorithms (Lantuéjoul, 2013). Boolean methods suffer
from (1) a lack of structural flexibility due to the predefined objects, and (2) a significant time to
condition the TI to data, since this is often done via simulated annealing. Handling small amounts of
conditioning data can be straightforward, but for dense conditioning data more advanced techniques
are required (Hauge et al., 2017). Holden et al. (1998) provide an exhaustive review of the object-based
approach applied on fluvial reservoirs.
There are some programs/codes to build Object-based TI, with strengths and weaknesses according
to the modelled phenomenon. For instance, Fluvsim (Deutsch and Tran, 2002) is an open-source
Fortran code for modeling complex fluvial systems. Unconditional and conditional fluvial TIs can be
created. Hard data conditioning is carried out by non-random perturbations and simulated annealing.
TiGenerator (Maharaja, 2008) provides a 3D TI generator (SGeMS plug-in) with four parametric
and non-parametric shapes including potential overlapping and erosion rules. A library of fortran codes
along with descriptions and examples can be found in Pyrcz et al. (2008). Lastly, Figure 6 illustrates
three different possible TIs, created using TiGenerator (Maharaja, 2008), containing sinusoid and
ellipsoid objects.

Figure 6: Examples of three 2D object-based training images containing sinusoid and ellipsoid objects. Realizations created
using the SGeMS plug-in TiGenerator (Maharaja, 2008).

Process methods: techniques that generate TIs by solving equations in time and/or space. According to
the nature of the equations, these can be classified as process-based (solving physical equations) or
process-mimicking (using simple forward models).

• Process-based models: applied to continuous and categorical variables. The TI is built compu-
tationally using predefined phenomenological models and rules, usually physical, that serve as
constrains. Results are significantly more realistic than other methods. However, process-based
models are computationally demanding, complex to condition and require expert knowledge for
an adequate tuning of empirical parameters.
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• Process-mimicking models: applied to continuous and categorical variables. Similar to process-
based models except that there are no physical differential equations to solve. They seek to
generate end-result representations similar to process-based methods by employing simpler for-
ward models. They are therefore faster than process-based techniques but equally difficult to
condition.

Process-based models are widely applied in environmental analysis (Mäkelä et al., 2000; Jager et al.,
2006; Cuddington et al., 2013) and hydrology (Fatichi et al., 2016). When looking at their applica-
bilities to TI generation, processes are not always described completely by physical formulations. For
instance, Cojan et al. (2005) include stochasticity in the implementation of the Saint-Venant Equations
for meandering channels evolution, yielding to a process-based stochastic approach. The Fortran code
program ALLUVSIM (Pyrcz, 2004; Pyrcz et al., 2009) allows the simulation of fluvial systems by
following a serie of rules combined with physical equations.
Although process-mimicking methods simplify the complexity of solving equations in process-based
methods, they still require a delicate definition of parameters. Comunian et al. (2014) define the
best set of parameters for a fluvial system, while extending the methodology to any other process-
mimicking approach, by using the statistical properties of an available dataset and geological expert
knowledge into FLUMY (Lopez et al., 2001). The FLUMY software also allows the simulation of
fluvial reservoirs. To expose and contrast these techniques, Figure 7 illustrates the resulting TI by a
process-based model, using the Meanderpy python package developed by Sylvester et al. (2011), and
a process-mimicking model that accounts for linear and sinusoidal functions.

Figure 7: Examples of meanders modeling by (left) a process-based model, using the Meanderpy python package (Sylvester
et al., 2011) , and (right) a process-mimicking model using linear and sinusoidal functions.

From simplistic to complex TIs: instead of assuming a TI as a final global representation, they can be seen
as an elementary block from which to build bigger TIs with a larger pattern diversity using pre-defined
and random transformations. Mariethoz and Kelly (2011) demonstrate the potential of this technique
with results in 2D and 3D by using transform-invariant distance as transformation functions.

All previous approaches can be used alone or combined. For instance, the conditioning problem on
mimicking and process based methods can be achieved by applying an MPS algorithm using a TI generated
by one of those methods and conditioning it to the available data. Similarly, the inflexibility of object-based
methods can be improved by providing shape objects generated by localized process-based techniques or
outcrop modeling.

When a spatial phenomenon is assumed to remain similar at any point in the domain, it is referred as
a stationary phenomenon. Formally, assuming a strict stationarity implies that the probability distribution
function of the variable is invariant under any arbitrary translation (Chiles and Delfiner, 1999). As clearly
mentioned by Mariethoz and Caers (2014), defining stationarity or nonstationarity of an attribute is fun-
damentally a property of the model and not a property of the attribute itself. Usually, a nonstationary
stochastic function can be split into a stationary stochastic function plus a deterministic trend component.

The resulting TIs, using the previous techniques, may or may not be interpreted as stationary. For
instance, object-based methods that apply hierarchical constrains along with random simulations, may
usually result in conceptual models easily recognized as stationary. In contrast, solving physical equation
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in process-based methods may yield to a nonstationary model representation. We emphasize that assuming
nonstationarity is a model property that yields to different approaches on how to handle trends during MPS
simulations.

5. Conditioning

Hard data Known information with defined locations characterizing at least one attribute.

Hard data must be adequately migrated to the closest node x ∈ D to perform conditional simulations.
Examples of hard data are the exploration/blasting wells in mining and petroleum, and geochemical surface
measurements in environmental analysis.

Soft data Secondary information, locally or entirely distributed along the modeling domain.

Soft data may have multiple sources of information. Their relationships with the principal attributes
must be known a priori to properly incorporate the benefits during simulations. The relationships are
usually inferred based on collocated data rather than explicit equations. Several approaches have been
proposed to ensemble multiple secondary information (Journel, 2002; Hong and Deutsch, 2008a,b). The
resulting representative single secondary variable, or simply the original secondary information, has often a
probabilistic nature, in the form of a probability map. Among common sources of secondary information
are remote sensing images (Boucher, 2009) and seismic-derived data (Strebelle et al., 2002).

Multi-grid A nested grids approach to capture short and long range structural continuities and relation-
ships, using the same domain and same template.

The aim is to simulate the modeling domain from a coarse grid to a dense and final grid. Both the
template Nn(x) and the considered nodes in the domain D are spatially scaled by 2(g−1) − 1 nodes of
distance between original nodes, where g corresponds to the grid level. Assuming G levels of multi-grid, the
process starts by simulating the coarsest grid where nodes are separated by 2(G−1) − 1. Simulated values
are frozen and considered as conditioning data for lower grid levels (G − 1, G − 2, ..., 1). Some algorithms
propose to simulate again those nodes while other accept them as final predictions. Figure 8 illustrates the
previous concepts. Three levels of multi-grid are depicted using a 3 × 3 square template, centered at the
geometric center. The top-left image shows the nodes considered to account for multiple-point statistics,
the higher the grid level the sparser the conditioning data. The bottom images show locations of the center
when predictions are carried out at each grid level.
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Figure 8: Scheme of multi-grid. (Top-left) A representation of conditioning data locations using a 3× 3 template grid at three
different grid levels. (Bottom) Marks of where the center of the template is situated when predictions are carried out at each
level.

6. Pattern reproduction

6.1. Pixel vs Patch
MPS approaches started as conventional pixel-based sequential methods, where one node was simulated

at a time, based on the conditioning information provided by neighboring samples or previously conditioned
points. This approach is simple but inefficient. It also creates problems in connectivity of objects, in
categorical simulation.

An alternative to simulating nodes is to simulate full patches of nodes. This has two main advantages:

1. Speed: the number of patches to simulate is much smaller than the number of nodes.
2. Connectivity: the patches capture relationships between the pixels and therefore are more amenable

to reproducing connected objects.

Patch-based simulation also brings different challenges. When pasting together two patches, the rela-
tionship between all the nodes must be taken into account. It is frequent to find artifacts in patch based
simulation. Another problem often found i patch based simulation is that large portions of the simulated
realizations are verbatim copies of the original image, that is, the algorithm is somehat biased towards an
image reproduction goal, rather than capturing and reproducing the continuity features.

6.2. Raster vs Random path
Path Corresponds to a sequence of locations that covers the entire simulation domain.

MPS algorithms make use of different path approaches. Depending on the algorithm strategy, the domain
is covered in a sequential manner by using a unilateral path (raster path) or randomly with a random path,
as shown in Figure 9.
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Figure 9: Example of path sequence in the eroded simulation grid. (Left) Unilateral path horizontally from top-left. (Right)
Random path.

6.3. Methods
So far, we have presented the building blocks of most MPS techniques. The strategies in which they are

combined and used are diverse, leading to differences between MPS algorithmic approaches. These differences
yield MPS algorithms with different strengths and weaknesses according to the modeling context. The main
classifications are:

1. Pixel-based algorithms. When inferring the neighborhood center value, this and only this node is
simulated. Basically most previous definitions have been done using a pixel-based approach to clarify
concepts. Here, the data event dn′(x) conditions the expected value at x and only this location. The
Snesim (Strebelle, 2002), Impala (Straubhaar et al., 2011) and Direct Sampling (Mariethoz et al.,
2010) algorithms are among these methods.

2. Patch-based algorithms. Also mentioned as pattern-based algorithms. The simulated zone, inside
the template, is no longer a single node but rather a pattern, constituted by two or more nodes. All
previous descriptions remain functional and suitable to this approach. Here, the data event dn′(x)
conditions not only the center x but also the associated nodes in a previously defined pattern. The
Simpat (Arpat, 2005), Filtersim (Zhang et al., 2006) and Ccsim (Tahmasebi et al., 2012) algorithms
are found in this category.

During simulations, pixel-based and patch-based algorithms go sequentially along a predefined path to
cover entirely the simulated domain, and are referred to as Sequential simulation methods. Patch-based
methods are often faster than pixel-based but they are generally harder to condition. Both pixel and patch
based methods are prone to artifacts generation (inconsistencies) and error accumulation during simulation
(Abdollahifard, 2016). Figure 10 (left) illustrates a template of N12(x) in a pixel-based method while
Figure 10 (right) illustrates a template of N12(x) in a patch-based approach that uses a small pattern of
five nodes.

Figure 10: Examples of pixel-based (left) and patch-based definition (right).
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3. Optimization-based algorithms. Instead of simulating the domain in a sequential manner, optimization-
based algorithms simulate the domain once and then proceed to iteratively refine, modify and adapt
the whole domain, or parts of it, to achieve a predefined criteria, usually a cost function minimiza-
tion. Common cost functions deal with pattern histogram matching, grid energy and pattern entropy.
The Textural Synthesis (Wei, 2001; Mariethoz and Lefebvre, 2014), Image Quilting (Efros and
Freeman, 2001; Mahmud et al., 2014), Simulated Annealing (Peredo and Ortiz, 2011) and other
proposed models (Kalantari and Abdollahifard, 2016; Yang et al., 2016; Pourfard et al., 2017) belong
to this category.

4. Neural Networks-based algorithms. Neural networks (NN) are widely used to map known inputs
with desirable outputs. Their use in MPS is not new (Caers and Journel, 1998; Caers, 2001) but
have seen a remarkable increment in the past years due to the emergence of deep learning techniques
(Goodfellow et al., 2016). These techniques can be used in a sequential manner over the domain,
iteratively as optimization-based methods or as a combination of both.
Neural networks are parametrized by weights and biases, which are referred as inner parameters. A NN
architecture/model accounts for (1) weights and biases in internal connectors, (2) external connectors
between sub-models, and (3) hyper-parameters that characterize the entire model and the training
process. Inner parameters are trained by optimizers which intrinsically use gradient-based techniques
to find the global minimum of a loss function. Here, the difficulty relies on (1) building suitable NN
models according to the modelled context, (2) define a suitable loss function in the MPS framework
and (3) finding an adequate representation of the modelled phenomenon so the solution exists during
training, and it is stable and general enough for prediction in a similar context. Among the common
NN architectures used in MPS are Generative Adversarial Neural Networks (Dupont et al.,
2018; Laloy et al., 2018; Chan and Elsheikh, 2019), Variational Autoencoders (Laloy et al.,
2017) and Convolutional Neural Networks (Huang et al., 2017; Di et al., 2018; Avalos and
Ortiz, 2019a,b).

In addition of the previous categories, the MPS algorithms can be also divided into (1) those that require
to build a conditional probability distribution function (cpdf) prior or during simulation, and (2) those that
do not require the cpdf. Following these categorization, the most common MPS algorithmic approaches are
described next.

6.4. MPS algorithms that infer a conditional probability distribution function
Recalling the Enesim (Guardiano and Srivastava, 1993) algorithm approach, the general steps for MPS

algorithms that require to build a conditional probability distribution function are: along a predefined path
and at each unknown location x:

1. Compute the respective data event dn′(x) from the available conditioning data
2. Integrate any possible source of secondary information S(x)
3. For a random variable z(x), create the cpdf (Equation 1) from the Training Image
4. Draw by Monte Carlo simulation a predicted value z∗ from the previous cpdf and freeze it at x
5. Repeat the process at the next unknown location in the path until the entire domain is simulated.

The algorithm 1 summaries these steps.
the required conditional distribution is:

F
(
z(x)|dn′(x), S(x)

)
(1)

Theoretically, the F (·) function of Equation 1 is a priori unknown. We rely on the statistical properties
of the TI to account for a large number l of random i.i.d. samples

{
zi(y)|

(
dn′(y) ' (dn′(x), S(x))

)}l
i=1 ∈
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TI, since the empirical distribution Fl
(
z(y)|dn′(y)

)
computed from the TI approximates the theoretical

distribution F
(
z(x)|dn′(x), S(x)

)
(Vapnik, 2013) with uniform convergence (Equation 2).∣∣∣F (z(x)|dn′(x), S(x)

)
− Fl

(
z(y)|dn′(y)

)∣∣∣ −−−→
l→∞

0 (2)

Algorithm 1. General sequential MPS algorithm
Input: [Required] Random variable (z). Training Image (TI). Modeling Domain (D). Neighborhood (Nn(x)).

Internal algorithm parameters.
Input: [Optional] Hard data. Soft data (S(x)).
Output: A fully informed modeling domain.

1 D ← hard data ; // Migrate hard data to nodes x in D
2 D ← soft data S(x) ; // Integrate soft information at each nodes x in D
3 Path← sequence of x ∈ D ;
4 while running over Path do
5 if z(x) is unknown then
6 Use Nn(x) to define the data event dn′ (x) ;
7 while Scanning the TI, at each location do
8 if dn′ (y) '

(
dn′ (x), S(x)

)
then

9 Add z(y) to the set {zi(y)} ; // {zi(y)} begins empty
10 end
11 end
12 With {zi(y)}l

i=1 compute Fl(z(y)|dn′ (y)) ;
13 From Fl(z(y)|dn′ (y)) randomly draw a value z∗ ;
14 z(x)← z∗ ; // Freeze z∗ in D(x)
15 end
16 end

Several approaches have been proposed to account for the samples
{
zi(y)|

(
dn′(y)

}l
i=1 ∈ TI as search

trees, listing and clustering. Each method has strengths and weaknesses according to the nature of the
studied phenomenon, making them more suitable in certain situations. The present section describes the
main methods. With illustrative purpose, a small section of an arbitrary training image (Figure 11) is used
across the following descriptions to depict pattern extraction, storage and recovery by each method.

Figure 11: Small section of 11 × 11 coming from an arbitrary 2D and binary training image. This TI section is used across
the following description to illustrate pattern extraction, storage and recovery by each method.

6.4.1. Snesim (2002)
The Snesim (Strebelle, 2002) (Single Normal Equation Simulation) algorithm belongs to the pixel-based

method category. It utilizes a pre-defined and fixed neighborhood Nn(·) to store and then retrieve patterns
from the TI, which is done previous to the simulation. Snesim was conceived for categorical variables, but
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continuous attributes can be handled by thresholding with (K − 1) values.3
Snesim implements the ideas of Guardiano and Srivastava (1993) by scanning the TI only once and

storing the results in a tree data structure, previous to the simulation stage, instead of rescanning it for
every new data event.

Let Nn(y) be a pre-defined template, dn(y) be its associated data event and K be the number of possible
attribute states (sk with k ∈ [1,K]). By scanning the training image, the corresponding pattern to dn(y)
is stored in a search tree where the root level accounts for the center value state z(y) = sk and the other
n levels account for the possible K states at one template specific location. For instance, Figure 12 (top)
illustrates the pattern storage procedure for three data events d4(y), each one following a specific branch of
the tree. Note that the tree has 5 levels. Nodes in the branch represent the number of pattern occurrence
so their values increase by 1 every time a data event is assigned to that branch while scanning the TI. Once
the entire TI is scanned, any possible configuration of data event, found in the TI, can be retrieved from
the search tree.

Figure 12: Illustrations of the Snesim pattern storage (top) and pattern retrieval (bottom) procedures.

During simulations, Snesim follows the same process as any other sequential simulation method. Let
x ∈ D be an unknown location in the domain D and dn′(x) its associated data event derived from the

template Nn(x) (so n′ ≤ n), the cpdf is built up retrieving the frequencies of each state sk as ck(dn′(x))
c(dn′(x))

3Strebelle recommends K ≤ 4. This restrictions was done to ensure enough RAM and CPU capability. Nowadays a greater
K value can be used while keeping n (from Nn(x)) reasonably small (∼ 10).

© Predictive Geometallurgy and Geostatistics Lab, Queen’s University 46



from the search tree. Then, randomly sampling the cpdf, a state s∗k is drawn and assigned to x. For instance,
Figure 12 (bottom) illustrates an informed search tree and the retrieved probabilities for predicting black
or white nodes, subject to three different data events derived from the same template N4(·) that was used
to create the search tree. These probabilities are the cpdf in each case.

Snesim allows the use of multi-grids and soft data integration (Strebelle, 2002; Liu, 2006). In a multi-
grid scenario, different TI may be used at each level and the pattern storage and retrieval follow the same
procedures described previously but with a template and simulated domain according to the respective
level (see Figure 8, in the previous section). The soft data integration is usually tackled as a probability
aggregation problem via Broadley’s Formula (Bordley, 1982) or the tau-nu model (Journel, 2002; Polyakova
and Journel, 2007) based both on odd ratios.

Let P (sk), P
(
sk|dn′(x)

)
= ck(dn′(x))

c(dn′(x)) and P
(
sk|S(x)

)
be the target state proportion, the expected

probability of sk subject to the hard data event and the localized soft data at x, respectively. The aggregate
probability of P

(
sk|dn′(x), Sx

)
via tau-nu model is computed by solving the system:

P
(
sk|dn′(x), Sx

)
= 1

1 + x
,

x

x0
=
(x1

x0

)τ1(x2

x0

)τ2
,

x0 = 1− P (sk)
P (sk) , x1 =

1− P
(
sk|dn′(x)

)
P
(
sk|dn′(x)

) , x2 =
1− P

(
sk|S(x)

)
P
(
sk|S(x)

) (3)

where {τ1, τ2} = {1, 1} is suggested when assuming a standardized form of conditional independence (Ma-
riethoz and Caers, 2014) but modified according to the problem context (Krishnan, 2004) if required.

All previous steps are summarized in algorithm 2.

Algorithm 2. Snesim algorithm
Input: [Required] Random variable (z). Training Image (TI). Modeling Domain (D). neighborhood (Nn(x)).

Number of categories (K) or threshold values (K − 1).
Input: [Optional] Hard data. Soft data (S(x)).
Output: A fully informed modeling domain.

1 if Z is continuous then
2 Apply (K − 1) thresholds over z in TI ; // Pre-processing continuous attributes
3 end
4 Create an empty Search Tree ;
5 while Scanning the TI do
6 Compute the data event dn(y) ;
7 Increase by 1 the nodes value of the branch associated with the data event dn(y) ; // Pattern storage
8 end
9 D ← hard data, if available ; // Hard conditioning

10 Path← sequence of x ∈ D ;
11 while running over Path do
12 if z(x) is unknown then
13 Use Nn(x) to define dn′ (x) ;
14 From the Search Tree, retrieve probability of P

(
sk|dn′ (x)

)
= ck(dn′ (x))/c(dn′ (x)) ; // Pattern retrieval

15 if soft data S(x) is available then
16 Compute the probability aggregation P

(
sk|dn′ (x), S(x)

)
; // Soft conditioning

17 end
18 Compute the local cpdf and randomly draw a state value s∗k so z(x)← s∗k ; // Random sampling
19 end
20 end

6.4.2. Filtersim (2006)
Filtersim (Zhang et al., 2006) (Filter-based simulation) is a patched-based method that also scans the

TI previous to the simulation, capturing patterns from a fixed Nn(y) template whose dimensions are odd
numbers to ensure the existence of a center node. As its name suggests, Filtersim uses a set of F−filters
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(with same dimensions as Nn(y)) to perform the sum of the element-wise multiplication between the pattern
values and the values of each filter. Therefore, the information carried by a pattern is reduced to a single
vector F × 1 after filtering. Particularly, each filter linearly transforms the TI into a score map. Thus,
each location y ∈ TI has a F × 1−score vector representation. This implies a considerable dimensionality
reduction as F << n.

Filtersim can be applied over continuous and categorical variables. For a categorical attribute with
G categories, Wu et al. (2008a) recommend to transform the attribute into G binary indicators. Then,
each category is treated as continuous. Therefore, the following algorithmic descriptions are made for
continuous attributes, without loss of generality. For simplicity, lets take a 2D example with a square
template N(2p+1)(2p+1)(y) so patterns have n = (2p+ 1)× (2p+ 1) nodes. Zhang et al. (2006) propose the
use of filters that at least capture averages, gradients and curvatures such as the following, for u = −p, ..., p
and v = −p, ..., p:

f1(u, v) = 1− |u|
p

, f2(u, v) = 1− |v|
p

, f3(u, v) = u

p
, f4(u, v) = v

p
, f5(u, v) = 2|u|

p
− 1 , f6(u, v) = 2|v|

p
− 1 (4)

The score value by applying the f−filter is obtained as Sf =
∑p
v=−p

∑p
u=−p pat(u, v) ·f(u, v). Figure 13

(a) illustrates the score representation process over two different patterns coming from the small section
TI. When all F filters have been applied, the entire TI has been reduced to a score space of F -dimension.
Similar F -score vectors usually represent similar patterns. Then, the F−score vectors are clustered into K
different classes by either the K-means or the cross partition algorithms.

The K-means algorithm follows as:
1. Let K be the total number of classes and Xv the position in the score space of each vector represen-

tation.
2. Start by either:

(a) Place randomly K centroids X k in the space and associate each vector with the closest centroid,
or

(b) Randomly cluster all elements in the score space intoK different groups and compute the centroids
X k of each one of them.

3. Compute the total within-cluster sum of squares (WCSS) between each element of a group and its

centroid over all groups as, WCSS =
K∑
k=1

∑
Xv∈C(k)

||Xv − X k||2, where C(k) represents all vectors in

group k.
4. Compute the new centroid position X k of each class as X k = 1

|C(k)|
∑

Xv∈C(k)

Xv.

5. Iterate, by repeating steps 3 and 4, until centroids no longer change.

On the other hand, the cross partition algorithm subdivides the F−dimensional score space into MF

cells by dividing the histogram of values at each score map into M ∈ N (usually, 2 ≤ M ≤ 10) equally
frequent intervals. Most cells contain several F−score vectors while empty cells are not longer considered in
the following steps. For instance, Figure 13 (b) shows a simple example of K-mean partition (K = 3) and
cross partition (M = 4).

Once all F−score vectors have been clustered, those clusters are referred as parent classes, each one
represented by a so-called parent prototype (protp). Prototypes are computed by averaging all F−score
vectors values inside the class, as illustrated in Figure 13 (c). So far, each class has an internal pattern
diversity in their score dimensionality. The diversity index (DI) is measured as:

DI = 1
F

F∑
f=1

wf · σ2
f , σ2

f = 1
c

C∑
i=1

(Sif −mf )2 , mf = 1
C

C∑
i=1

Sif (5)

where C, wf and Sif represent the number of patterns (F−score vectors) in the class, the weight for filter
f th, and the score value of filter f th of the ith pattern. Classes whose DI is over a certain threshold value
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are clustered again, yielding to sub-classes whose prototypes are mentioned as children prototypes (protc).
This procedure is repeated until all DIs are in the acceptable range.

Figure 13: Illustrations of the Filtersim procedures. (a) Sum of the element-wise multiplication between filters and patterns
yielding a F × 1 score vector representation of patterns. (b) Clustering in the score space via K−means clustering or Cross
partition. (c) Prototype of a pattern class. (d) Example of pixel and score based distances to define the closest prototype with
respect to the data event. (e) Final result of transferring values from a randomly selected pattern to unknown location.
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Algorithm 3. Filtresim algorithm
Input: [Required] Random variable (z). Training Image (TI). Modeling Domain (D). Template (Nn(x)). Inner

Pattern (IP). Filters (F ).
Input: [Inner parameters] Cluster method (K-mean or cross partition). Number of classes (K) or number of bins

(M). Distance function (score-based or pixel-based). Weights of hard/soft data types (W1,W2,W3).
Maximum diversity (DImax).

Input: [Optional] Hard data. Soft data. Number of categories (G).
Output: A fully informed modeling domain.

1 if z(·) is categorical, with G categories then

2 Create G sets of binary indicators as Ig(x) =
{

1 z(x) ∈ gth category,
0 otherwise.

; // Pre-processing categorical z(·)

3 else
4 G← 1 and maintain the raw random variable ;
5 end
6 Compute the F -filters of size Nn(x) ;
7 while Scanning the TI do
8 for g ← 1 to G do
9 Extract the data event dn(y) using the template Nn(y) ;

10 Perform the sum of the element-wise multiplication between each f ∈ F filter ;
11 Store the resulting value in the corresponding f th score map ; // Pattern storage
12 end
13 end
14 Perform clustering algorithm over the F -dimensional score space ;
15 Compute the parent prototype (protp) of every class ;
16 Sub-divide classes with diversity index ≥ DImax and compute the children prototypes (protc) ;
17 D ← hard data, if available ; // Hard conditioning
18 D ← soft data, if available ; // Soft conditioning
19 Path← sequence of x ∈ D ;
20 while running over Path do
21 if z(x) is unknown then
22 Use Nn(x) to define dn′ (x) ;
23 Apply the F filters over dn′ (x) resulting in a F -dimension representation

(
Fdn′ (x)

)
;

24 Obtain the closest prototype by using a pixel-based distance d
(
protp, dn′ (x)

)
or score-based distance

d
(
protp, Fdn′ (x)

)
. If the parent class has children classes, find the closest protc ; // Pattern retrieval

25 From the closest class, randomly draw a pattern pat∗ ; // Random sampling
26 Collocate the central node of pat∗ at x, freeze all pat∗ values, inside IP, at unknown nodes in Nn(x);
27 end
28 end

Once the patterns have been stored, the simulation procedure may begin. Along a random path and
at every unsampled location x ∈ D, the data event dn′(x) is extracted. The closest protp to dn′(x) (see
Figure 13 (d)) is obtained by a distance function (δ) that can be either:

1. Pixel-based distance: measures the pixel-to-pixel difference between collocated nodes in protp and
dn′(x) as:

δ =
T∑
i=1

wi · d
(
protp(x0 + hi), dn′(x + hi)

)
(6)

where T is the total number of nodes in the template; x0 is the prototype central node; hi is
the vector between central node and current node ith; d(·, ·) is a distance function, Euclidean and
Manhattan are commonly used; and wi is the weight associated to the data type as {w1, w2, w3} =
{W1/N1,W2/N2,W3/N3} for hard data, previously simulated data and external information with W1 ≥
W2 ≥W3, W1 +W2 +W3 = 1 and {N1, N2, N3} being the number of hard data, previously simulated
data and external information nodes in the data event, or

2. Score-based distance: measures the score-to-score difference after applying the F−filters to dn′(x) and
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the respective F−score vector representation of protp as:

δ =
F∑
f=1

d
(
S
protp(x0)
f , S

dn′ (x)
f

)
(7)

with d(·, ·) being a distance function. Despite the distance approach, unknown nodes can be handled
either by ignoring them or by dual templates as proposed by Arpat and Caers (2005).

From the closest class found, draw a pattern randomly. If the closest class has internal sub-classes, the
closest protc is chosen and the pattern is drawn from that class. An inner pattern (IP) is a collocated
sub-template of the current neighborhood. Nodes inside IP that are unknown in N(x) are frozen in D (see
Figure 13 (e)). The process keeps going until all unknown nodes in the path have been simulated.

Filtersim is suitable for two and three dimensional applications (Zhang et al., 2006; Wu et al., 2008b),
and the use of multi-grids have a straightforward implementation due to the structure of the method.
External information, such as soft probabilities, can be integrated via external conditioning tuning the inner
parameter value w3. However, if more than one external variable is available, pre-processing them into a
single attribute is required. Lastly, while working efficiently in the univariate case, bivariate and multivariate
approaches require a more demanding implementation. All previous steps are summarized in algorithm 3.

6.4.3. Impala (2011)
Impala (Straubhaar et al., 2011) (Improved Parallel multiple-point Algorithm using a List Approach) is a

pixel-based algorithm, primarily designed for categorical variables. Proposed, implemented and parallelized
by Straubhaar et al. (2011), Impala also scans the TI only once prior to simulation, but instead of storing
patterns in a search tree or in a reduced dimensionality by filters, Impala stores the pattern information
using a list approach, similar to the proposed list approach in a unilateral path by Parra and Ortiz (2010).

When the TI attribute values are continuous, Impala requires application of (K − 1) thresholds to
create a set of K categories. Thereafter, the algorithm flows as for treating one categorical variable with K
different states. Lets z(·) be the TI random variable with sk, k ∈ [1,K] its possible states and Nn(y) be the
predefined template to capture and retrieve patterns. The algorithm reorganizes the template values into a
one-dimensional vector [z(u1)...z(ui)...z(un)] where z(ui) represents the state of the ith node in Nn(y) with
relative position hi respect to y (see Figure 3).

By scanning the TI, the data event dn(y) is extracted via Nn(y) and vectorized. Similar data events may
have a different state for the central node, therefore the possible states are represented by a one-dimensional
vector [f1...fk...fK ] where fk reflects the frequency of state sk for a particular data event configuration. Thus,
the TI is scanned capturing every dn(y) ∈ TI and z(y) = sk increasing its frequency counter fk. Finally,
all patterns found in the TI are stored in a complex list object (d, c) where d represents the spectrum of all
possible patterns and c the corresponding frequencies of the central node states for a particular data event.

Once the list has been built, it is possible to retrieve the cpdf of states subject to a data event during
simulation. Let dn′(x) be a data event with x ∈ D and n′ ≤ n, Impala requires to define a minimum
frequency criteria (Cmin) in case that there is not an exact match between dn′(x) and dn(y) (data events
from the TI) or the number of matched nodes between them j (1 ≤ j ≤ n′) is less than the nodes in the
current data event. The index C

(j)
k accounts for the total sum of frequencies, fk, where dj(x) fits and

matches in dn(y). Here, the maximum j index, subject to C(j) =
∑K
k=1 C

(j)
k ≥ Cmin, is selected and the

corresponding cpdf is retrieved as:

P
(
z(x) = sk|dj(x)

)
=

max j

C
(j)
k

C(j) (8)

If the criteria is not met or no similar data event is listed, then the prior pdf from the TI is used. A s∗k
is drawn from the cpdf and assigned to x ∈ D, then the process keeps going until all unknown nodes in the
path have been simulated.
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Algorithm 4. Impala algorithm
Input: [Required] Random variable (z). Training Image (TI). Modeling Domain (D). neighborhood (Nn(x)).

Number of categories (K) or threshold values (K − 1). Minimum frequency (Cmin).
Input: [Optional] Hard data.
Output: A fully informed modeling domain.

1 if Z is continuous then
2 Apply (K − 1) thresholds over z in TI ; // Pre-processing continuous attributes
3 end
4 (d, c)← {∅, ∅}. Create an empty List ;
5 while Scanning the TI do
6 Compute the data event dn(y), vectorized it into dtemp ;
7 if dtemp @ ∈ d then
8 (d, c)← (d, c) + {dtemp, [f1...fk...fK ]}. Add dtemp to d and its initial frequency vector [f1...fK ] = [0...0] ;
9 end

10 fk ←
(
fk + 1 : z(y) = sk

)
at the corresponding frequency vector in c, subject to dtemp ; // Pattern storage

11 end
12 D ← hard data, if available ; // Hard conditioning
13 Path← sequence of x ∈ D ;
14 while running over Path do
15 if z(x) is unknown then
16 Use Nn(x) to define dn′ (x) ;
17 From the (d,c) list, define the maximum j (1 ≤ j ≤ n′) value such that:
18 C

(j)
k

=
∑

dj (x)∈d

fk ∈ c , C(j) =
∑

k = 1KC
(j)
k
≥ Cmin ;

19 Compute the cpdf as P
(
z(x) = sk|dj(x)

)
=
C

(j)
k

C(j) ; // Pattern retrieval

20 if the above criteria is not met then
21 Use the a-priori (global) distribution from (d,c) ;
22 end
23 Randomly draw a state value s∗k so z(x)← s∗k ; // Random sampling
24 end
25 end

Integration of an external variable, usually as soft probabilities, requires that this variable must be
exhaustively known and collocated with the training image, so a third dimension can be added to each
element in the (d, c) list. Particularly, lets m(y) = [m1(y)...mK(y)] be the external variable, the list
elements are then expressed as (d, c,m).

As mentioned by Straubhaar et al. (2011), the list may be previously sorted to ensure a fast cpdf retrieval,
with the potential of parallelization. All previous steps are summarized in the algorithm 4.

6.5. MPS algorithms without building the Conditional Cumulative Distribution Function
6.5.1. Direct Sampling (2010)

Direct Sampling (DS) (Mariethoz et al., 2010) is a pixel-based algorithm, which proposes a fundamental
variation to algorithm 1 by stating that the combined process of obtaining {zi}li=1, computing Fl(z|dn′(y))
and drawing z∗ can be approximated by taking the first close match dn′(y) ' dn′(x) in the TI. This saves
memory since the TI information is not stored in any way but the TI must be visited each time for the
simulation of each x unknown node.

At each unknown node x along a random path in D the data event dn′(x) is extracted from a predefined
neighborhood Nn(x)4. A sequential search (unilateral path) over the TI starts over a randomly selected
node y extracting the data event dn′(y). A distance function measures the distance (mismatch) between
events: d

〈
dn′(x), dn′(y)

〉
. If the distance is above a threshold value τ the scanning of the TI continues, until

a match is found, that is, until d〈·, ·〉 < τ , or a predefined percentage of the TI is scanned without finding
a match, in which case a random data event dn′(y) is selected from the TI. Once an acceptable dn′(y) is

4Mariethoz et al. (2010) proposes to use the n closest neighbors instead of a predefined neighborhood.
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obtained, its center value z(y) is assigned to D(x), and the entire process is performed again over the next
unknown node x until D is fully simulated.

DS is suitable for continuous and categorical variables, 2D and 3D, and the multivariate implementation
is straight forward (Mariethoz et al., 2010). Selecting the appropriate distance formula is also discussed.
While DS works well in a pixel-based framework, it may struggle reproducing the pattern histogram.

Algorithm 5. General Direct Sampling algorithm.
Input: [Required/Optional] Same as algorithm 1
Input: [Inner parameters] Threshold (τ). Fraction of TI (fracTI). Distance function (d〈·, ·〉).
Output: A fully informed modeling domain.

1 D ← hard data ;
2 Path← sequence of x ∈ D ;
3 while running over Path do
4 if z(x) is unknown then
5 Use Nn(x) to define dn′ (x) ;
6 Start at a random node y ;
7 while Scanning less than fracTI of the TI do
8 Calculate the distance d

〈
dn′ (x), dn′ (y)

〉
;

9 if d
〈
dn′ (x), dn′ (y)

〉
≥ τ then

10 Repeat distance measurement with the next node y ;
11 else
12 Keep dn′ (y) and skip the while loop ;
13 end
14 end
15 if none dn′ (y) has been kept then
16 Randomly select a data event dn′ (y) ∈ TI
17 end
18 Once dn′ (y) has been obtained, freeze the central value z(y) in D(x) ;
19 end
20 end

6.5.2. Simulated Annealing
In the MPS framework, Simulated Annealing (SA) was implemented and parallelized by Peredo and

Ortiz (2011), although the idea was originally proposed by Deutsch (1992).
Using a predefined template Nn(x), pattern frequencies in the TI are captured. The resulting distribution

of frequencies is used as target statistics.
For simulation, the modeling domain D is initialized with random values honouring the hard data values

and the global histogram. The initial patterns frequencies from D are captured and the initial mismatch
between current D statistics and target statistics are measured. Their mismatch define the initial state of
an objective function (O).

Randomly, nodes are perturbed varying their individual values one at a time, or swapping values between
two locations in the simulation domain. Once one node is modified the mismatch between the current and
target statistics is calculated, defining a new state of the objective function (Onew). Accepting or rejecting
the perturbation is decided using the probability given by a Boltzmann distribution. This probability
distribution is made of: 1 if the new objective function is less than or equal to the previous state (Onew ≤
Oold) or exp((Oold −Onew)/τ) otherwise, where τ represents the product of the Boltzmann constant kb and
the current temperature T . This algorithm mimicks the physical process of annealing a metal to bring it to
a state of lower Gibbs energy. The decision function previously outlined accepts all favorable perturbations
and conditionally accept some unfavorable perturbations, allowing the algorithm to move from local optima,
and approach the gloabl optimum. This global optimum is a state where the reference statistics are matched
perfectly by the simulated model at its current state.

While the modeling domain is being perturbed the temperature T is adjusted according to an annealing
schedule or criteria. The objective function is minimized until certain criteria is achieved and the simulation
stops, otherwise the process keeps running over random nodes.
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As mentioned by Peredo and Ortiz (2011) although the parallelization strategy considerably reduces the
simulation time, the required time by SA increases exponentially with respect to the template size.

The most important decisions implementing simulated annealing are the definition of the objective func-
tion, which will indicate the statistics that need to be reproduced, and the annealing schedule, in order to
ensure convergence to a reasonable minimum.

6.5.3. Ccsim (2012)
Ccsim (Tahmasebi et al., 2012) is a pattern-based algorithm, designed for continuous and categorical

variables. Proposed and implemented by Tahmasebi et al. (2012), Ccsim avoids the creation of a pattern
database, reducing considerably the CPU and memory requirements in contrast with the previous techniques.
The novelties of Ccsim are (1) the use of a cross-correlation function between the data event and any sector
of the training image, (2) an overlapping strategy during simulation, and (3) an adaptive recursive template
splitting over a raster path.

The cross-correlation function seeks to find the closest pattern in the TI, TI(x+ i, y+ j) displaced (i, j)
from (x, y), that matches the data event dn(x, y) by maximizing C(i, j) =

∑lx−1
x=0

∑ly−1
y=0 TI(x + i, y + j) ·

dn(x, y), assuming here a sector of size lx× ly. Tahmasebi et al. (2012) also propose the use of a normalized
CC function that is less sensitive to changes of illumination/intensities in the TI.

Ccsim performs conditional and unconditional simulations. As it requires the use of a unilateral path,
several artifacts may occur in zones with hard samples, which imposes some differences between the condi-
tional and unconditional simulation algorithms.

For unconditional simulations: along the raster path located in D, suggested at the bottom left corner,
a pattern is randomly simulated. The algorithm moves to the next node in the path and extract the
associated data event dn(x, y), considering an overlap region OL with respect to the previous pattern. Using
a tolerance δ between the current OL region and the new predicted pattern plus the CC function and visual
inspection, a new pattern is selected and simulated. A tolerance of 0 would lead to smooth boundaries but
less stochasticity in the realizations. The process continues until the entire domain is simulated.

In the case of conditional simulation: a two-step searching is required, while keeping all other steps
similar to the unconditional approach. The first one identifies all possible patterns that match exactly the
conditional samples while the second step establishes the pattern that better matches the data event (similar
to Parra and Ortiz (2010)). Problems may arise if the TI is not informative enough or if it is too large,
leading to either not finding a suitable match or spending too much time searching. The problem is tackled
by either (1) constantly increasing the threshold value δ, which leads to poor realizations, or (2) the data
event is recursively split into smaller data events d(s)

n and the simulation process is carried out for each one
of these small sectors.

6.5.4. Textural Synthesis
Textural synthesis techniques replicate patterns, found in a reference texture, over object’s surfaces or

other domains. Textural synthesis methods (Wei, 2001) are widely used in computer vision and they strongly
resemble with the MPS simulation. There is a great potential on bridging both techniques (Mariethoz and
Lefebvre, 2014) with several challenges still to be solved. In particular, most textural synthesis method work
in unconditional simulation frameworks. Parra and Ortiz (2010) and Parra and Ortiz (2011) propose an
algorithm that is able to incorporate the sample conditioning into the textural synthesis approach.

Let Nn(x) be a causal pattern (causal template) in which the central node is located at some corner of
the neighborhood. It is so-called causal in the sense that the rest of nodes are responsible for the conditional
distribution of the central node. A classical textural synthesis algorithm works as follows, for a fixed causal
template and from a reference texture: (1) compute the cumulative conditional probability at the center
node given the information of the other nodes, (2) define a unilateral path along the entire domain, (3) at
each unknown node, retrieve the most probable category or draw a category from the cpdf, move forward
in the unilateral path and repeat the process until the entire domain has been simulated.

To actually account for sample information, Parra and Ortiz (2011) propose to merge the causal template
with a rectangular (non-causal template) whose dimensions are odd numbers to ensure the existence of a
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central node. The algorithm for conditional simulation can be briefly explained as (1) build a database
of all possible patterns and central node frequencies in a list format (Parra and Ortiz, 2010), (2) along a
regular path visit unknown nodes and search in the previous database the associated frequencies under the
conditioning information inside the causal plus non-causal template, (3) repeat over the next unknown node
until the entire domain is fully informed.

6.5.5. Neural Networks
The idea of using Neural Networks in MPS has at least 20 years (Caers and Journel, 1998; Caers,

2001) but over the past few years new deep neural network architectures (LeCun et al., 2015) have regained
attention. Generative Adversarial Neural Networks (GANs) are being used increasingly to mimic/reconstruct
the global distributions of categorical variables (Dupont et al., 2018; Laloy et al., 2018; Chan and Elsheikh,
2019). Variational Autoencoders (VAE) have also being studied (Laloy et al., 2017) to create consistent
geological models from basic Gaussian noise inputs. However, the internal layers of the VAE used by Laloy
et al. (2017) are actually made up by convolutional gates.

Although Convolutional Neural Networks (CNN) are not internally driven to reproduce global distri-
butions as GANs do, they stand out by their abilities of extract features from grid-like topological inputs.
Their main characteristic of sharing inner parameters across the network leads to architectural properties of
scale, shift and distortion invariance, making CNNs a powerful tool for feature extraction (Zeiler and Fergus,
2014). Those properties mean that, regardless where and how a specific raw feature appears in the input,
a suitable and well-trained CNN is able to capture that feature. As many of the geoscience problems can
actually be represented as 1D, 2D or 3D grid-like problems, CNN presents an interesting field of research
(Huang et al., 2017; Di et al., 2018; Avalos and Ortiz, 2019a).

All neural network are parameterized by weights (W) and biases (b). They are trained by optimizers
which intrinsically use gradient-based techniques to find the global minimum of a loss function. It is during
these training processes that the networks tune their inner parameters Θ = {W,b} to suitably match inputs
to desirable outputs.

6.6. Non-stationarity
A review about how to proceed with nonstationarity in MPS simulations, using stationary or nonsta-

tionary TIs, can be found in Mariethoz and Caers (2014). Some of those methods are:

• Zonation: the modeling domain is divided in several stationary zones. Each zone is related with a
TI, that may or may not be the same, and its internal properties (orientations, affinity, scales, etc).
MPS simulations are then performed over the entire domain. This approach is prone to artifacts
at zones boundaries, such as strong discontinuities. This can be solved by (1) assigning transition
patterns in the boundary area, and (2) provide probabilities of using the related TIs in the boundary
area. For instance, Straubhaar et al. (2011) recreate a 2D sea-river-lake-sand image using the Impala
algorithm, splitting the domain into 20 different zones. Figure 14 (left) illustrates a 5 zones zonation
for a rectangular hypothetical domain.

• Soft probability: many, if not all, MPS algorithms have the potential to incorporate the likelihood
of drawing some specific value at some specific point as an external probability information. The
soft probability approach uses this potential to model the deterministic trend component based on
a probability map resulting from a reliable external source. The MPS algorithm is then performed
over the entire domain guided by the probability map during simulation. For instance, Mariethoz
et al. (2015) applied facies proportions as an exhaustive soft probability to locally control realizations
using and modifying the internal distance of the Direct Sampling algorithm. For instance, Figure 14
(center) illustrates a soft probability map for the same hypothetical domain. These trend maps can
be integrated using the τ model previously discussed.

• Control maps: resembling to an aggregation of the previous two methods, the control maps technique
uses a dimensionless continuous auxiliary variable, defined on the simulated domain and the TI, that
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modifies the internal process of an MPS algorithm, specifically the computation of the conditional
distribution function at each location. For instance, Chugunova and Hu (2008) modify the Search
Tree construction in the Snesim algorithm; Mariethoz et al. (2010) incorporate control maps into the
Direct Sampling algorithm as an additional attribute; and Straubhaar et al. (2011) improve the
Impala algorithm using a control map derived from the training image that represents the distance
with respect to a predefined line (sea border). Lastly, Figure 14 (right) illustrates a control map over
the same hypothetical domain.

Figure 14: Example of different non-stationary control. (Left) A zonation by dividing the domain into 5 different zones,
(center) a soft probability map, and (right) an imposed control map.

Lastly, when 3 dimensional TIs are required and only 2D TIs are currently available, there are approaches
to integrate them (Comunian et al., 2012; Kessler et al., 2013) by either creating a 3D pattern database
coming from the intersection of the available information, or integrating the 2D TIs into a 3D simulation
algorithm.

7. Discussion

There are many approaches available to simulate accounting for pattern statistics and reproduce complex
features of different geological settings. These algorithms have grown from some relatively simple original
ideas, such as the sequential method, use of TI for inferring pattern statistics and cost functions to measure
similarity (either locally or globally).

The performance of MPS simulation methods has consequently improved, however there are many out-
standing issues and dangers in using these methods.

1. Variability of simulations. Since MPS methods are not based on random function models, the vari-
ability expected in an ensemble of simulations cannot be checked and validated. The only approaches
that can provide some insight as to whether a given set of MPS realizations depict the right variability
(and thus, correctly characterize the uncertainty due to the limited sampling over the domain) is by
means of cross-validation and accuracy plots.

2. Validation of simulations. The resulting simulations are expected to reproduce the hard data at con-
ditioning locations, the soft data by reproducing the probability maps imposed, the global histogram
from a representative distribution inferred from the hard data or imposed externally, and different
continuity measures. Which continuity measures are actually reproduced will depend on the algo-
rithm. Simulations should be checked against basic statistics (histogram, variograms, MP-histograms
for some patterns). In addition to this, the results should be visually realistic, and reproduce the ex-
pected features of a specific geological setting. This makes validation of MPS realizations, challenging
as there is subjectivity in what is considered “valid”.

3. Scale and resolution. One of the limitations of MPS algorithms is that the scale and resolution of the
training data defines the possible scale of the simulation. It is impossible to change the support or
the resolution of the simulation (node spacing) without some assumption about how the multi-point
distribution changes. Som models have been proposed to solve this issue, but it remains a modeling
decision.
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