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Abstract

In this paper, I review collocation methods for solving the time-independent and the time-

dependent Schroedinger equation. Unlike traditional variational methods, collocation methods

do not require integrals and quadrature. Either collocation or quadrature is necessary if the

potential does not have a special form. If the basis is a direct product of univariate bases and

the quadrature grid is also a direct product, there exist variational methods that do not require

quadrature approximations for potential energy matrix elements. These methods, however, do

require storing, in computer memory, vectors with as many components as there are quadrature

points. For this reason direct-product variational methods are poor for problems with more than

five atoms. There are well established ideas for reducing the size of the basis in a variational

calculation. Three such ideas are: 1) prune the direct product basis; 2) use basis functions that

are products of multivariate functions; 3) optimise the basis functions (e.g. Multiconfiguration

time-dependent Hartree). Reducing the basis size, however, is not enough to the make variational

methods tractable because, for all three of these ideas, quadrature rears its ugly head. Collocation

is an attractive alternative to variational methods.
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I. INTRODUCTION

Many methods for studying the vibrational dynamics of molecules begin with (at least)

one Born-Oppenheimer potential energy surface(s) (PES) and solve a (ro-)vibrational time-

independent Schrödinger equation by computing solutions of a matrix eigenvalue problem.2–7

It is simpler to use perturbation theory and a zeroth-order harmonic oscillator/rigid rotor

model.10, but perturbation theory is inadequate for many molecules in at least some energy

regions. It is also possible to use matrix methods to solve the time-dependent Schrödinger

equation.8,9 The Hamiltonian that appears in the time-independent and time-dependent

Schrödinger equations is the sum of a kinetic energy operator (KEO) and a potential energy

surface (PES). In this paper, I shall assume that the PES is known in the form of a routine

that can be called to obtain the PES at a point. A point is a set of coordinate values that

describes the shape of the molecule. The coordinates will be referred to as shape coordinates.

It is usually also the case that the KEO is known in some convenient set of shape coordinates.

It may be advantageous not to use an analytic KEO, but to write a computer program that

numerically evaluates coefficients of derivatives in the KEO; the coefficient values depend

on the shape coordinates.11–15 It is also possible to work with a space-fixed KEO.16

Physicists and chemists call the most common matrix-based methods “variational” meth-

ods. Both the wavefunctions to be computed and the Hamiltonian operator are represented

in a basis and one solves, in the time-independent case, a matrix eigenvalue problem.2–4 The

obvious way to do a variational calculation is to compute and store all of matrix elements

of the KEO and the PES (and perhaps an overlap matrix) in a chosen basis and then to use

some eigensolver to solve the variational matrix eigenvalue problem. The size of the KEO

and the PES matrices is equal to the number of basis functions required to obtain converged

solutions of the Schrödinger equation. When doing a variational calculation, it is possible

to avoid storing and computing matrix elements of the KEO and the PES. It is common

to use a direct product (also called a tensor product) basis. Even for a molecule with only

four atoms, the size of a direct product basis is large. It is
∏D

c nc, where nc is the number

of basis functions for a single coordinate and D is the number of coordinates (dimensions).

One can solve the Schrödinger equation, without storing or computing matrix elements of

the KEO and the PES, by using iterative methods which require only that it be possible to

compute matrix-vector products (MVPs).17–26
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II. THE VARIATIONAL METHOD

In a variational calculation, one solves the Schrödinger equation by replacing ψn(x) in

Ĥψn(x) = Enψn(x) (1)

with

ψn(x) =
∑
i

uinbi(x) , (2)

where bi(x) is one of a set of known basis functions, multiplying on the left by bi′(x) and

integrating to obtain a matrix eigenvalue problem. The matrix eigenvalue problem is

HU = SUE , (3)

where S is an overlap matrix, H is a Hamiltonian matrix, and U is a matrix of eigenvectors.

It is common to choose basis functions so that, if integrals are done exactly, S = I and exact

closed-from equations for elements of the matrix representation of the KEO are known. In

this case it is only matrix elements of the PES that must be computed numerically.

Eq. (3) can be solved with an iterative eigensolver by computing MVPs with H. This is

straightforward if: 1) one uses a direct product orthogonal basis,

bi1,i2,··· ,iD(x(1), x(2)), · · · , x(D)) = b
(1)
i1

(x(1)) b
(2)
i2

(x(2)) · · · b(D)
iD

(x(D)); (4)

ic = 1, 2, · · · b+ 1; c = 1, 2, · · · , D ;

and 2) the KEO is a (known) sum of products (SOP) operator in the coordinates used to

define the basis; and 3) MVPs for the PES and the KEO can be computed by evaluating

sums sequentially; and 4) the molecule has fewer than 6 atoms so that the vectors can be

stored in computer memory; and 5) it is efficient to evaluate all matrix elements of the

PES with one multi-d product quadrature grid built from 1-D quadratures with fewer than

about 10 points for each coordinate. Problems which satisfy all of these conditions can

be solved with standard methods.20,26,27 When de-localized (or spectral) basis functions are
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used, MVPs for the PES are evaluated by summing first over basis labels and then over

quadrature labels.19–21,28 When discrete variable representation (DVR)20,29 basis functions

are used, MVPs for the KEO are evaluated, term by term, by summing18,30 over DVR labels

for derivative factors. Although nondirect product DVRs do exist,31,32 most DVR methods

rely on having a direct product basis and must contend with the need to store vectors on

a direct product grid.30 By not using a direct product of univariate functions as the basis,

one can significantly reduce the size of the vectors that must be stored. When used with a

variational method, however, one must then deal with quadrature.

When the conditions of the previous paragraph are not satisfied, quadrature is costly.

It is costly, whenever the basis functions are not products of univariate functions or the

quadrature points are not on a grid. For example, a distributed Gaussian basis33–35 is not

a direct product basis. When the basis or the quadrature point set is not a direct product,

one must compute MVPs with the matrix

BTWVdigB , (5)

where B is the matrix whose elements are bi(xa), xa is a quadrature point, W is a diagonal

matrix of weights, and Vdig is a diagonal matrix whose non-zero elements are values of the

PES at the quadrature points xa.

One alternative to using a basis of products of univariate functions is using a basis of

products of functions depending on several coordinates. For example, for a 6-D problem

with coordinates q1, q2, q3, q4, q5, q6, one might use basis functions that are products of two

functions depending on three coordinates,

bia(q1, q2, q3)bib(q1, q2, q3) . (6)

Such basis functions are commonly called “contracted”.5,36–38 In Multiconfiguration time-

dependent Hartree (MCTDH) theory, this idea is called ”mode combination”.39,40 A con-

tracted basis function can be written, bia(Qa)bib(Qb), where Qa and Qb each include three

coordinates and are sometimes called ”logical” coordinates. What stops one from following

a procedure much like the standard product basis method, but with a direct product basis

each of whose functions has the form of Eq. (6)? One problem is that it is harder to do

quadrature because one needs quadrature points and weights for the logical coordinates.
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There are few recipes for choosing efficient sets of multi-d quadrature points.41 The simplest

thing to do is to use a direct product quadrature for each logical coordinate. In that case, the

number of Qa points scales exponentially with the number of coordinates contained within

the logical coordinate. Another problem is that, unless the PES has some special form, the

obvious way to do the calculation requires storing vectors with as many components as there

are quadrature points for the full problem, i.e. on the product (Qa,Qb) grid. The size of

these vectors scales exponentially with the total number of coordinates, e.g., for a 6-D prob-

lem as n6, where n is the number of points for a single coordinate. Although contraction will

always reduce the size of the basis representation, if a direct product quadrature is used for

each logical coordinate, wavefunctions and the potential are still being evaluated and stored

on a grid as large as the grid used when the basis is not contracted. There are good tricks

for avoiding vectors with nD components,42 but the need to evaluate quadratures remains

an important problem when using contracted basis functions in a variational calculation.

III. THE COLLOCATION METHOD

The functions bi′(x) with which one multiplies on the left in order to obtain Eq. (3)

are often called test functions43. The need to compute (multi-dimensional) integrals can

be obviated by using as test functions Dirac delta functions. This is equivalent to solving

the Schrödinger equation by demanding that it be satisfied at a set of points, and is called

collocation43–46. The corresponding matrix equation is

HU = BUE . (7)

When the number of collocation points equals the number of basis function, all of the

matrices are square. Note that H,U, and E in Eq. (7) and Eq. (3) are not the same. In

Eq. (7),

H = T + VB , (8)

Tai = K̂bi(x)

∣∣∣∣
x=xa

; Vaa′ = V (xa)δaa′ . (9)

5



K̂ is the appropriate KEO. There is no need to compute integrals, but one must still choose

basis functions and now also collocation points.

Collocation has two important disadvantages. First, H is not symmetric. Second, the

eigenvalue problem of Eq. (7) is a generalized eigenvalue problem. Owing to the first

disadvantage, it is difficult to use iterative methods that require storing only a few vectors

(e.g. Lanczos methods which require storing only two vectors). Instead, Arnoldi methods are

used.47,48 The second disadvantage is more serious. For a generalized eigenvalue problem,

iterative methods require dealing with the inverse of B. There is a third disadvantage:

eigenvalues that are not converged may be complex, but in practice this is unimportant.

Collocation also has important advantages. Collocation makes it easier to optimise the

choice of coordinates and basis functions. In many variational calculations, coordinates and

basis functions are chosen to ensure that matrix elements of terms in the KEO or factors

in terms of the KEO are exact and available in closed form. For example, one uses normal

coordinates and harmonic oscillator basis functions or polyspherical coordinates49–52 and

Legendre and Chebyshev or plane-wave basis functions. In a variational calculation, it is

not so easy to tailor the choice of the coordinates or basis functions in order to reduce the

number of required basis functions. As a basis representation of the KEO is never computed,

collocation can be easily used with any coordinates and basis functions. This opens the door

to selecting the best coordinates and best functions. In the best coordinates, the KEO may

be complicated, however, it is straightforward to use collocation with a complicated KEO.

In curvilinear coordinates, the general KEO can be written,53

K̂ =
3Nat−6∑

j,l

(
Gjl(x)

∂

∂xj

∂

∂xl

)
+

3Nat−6∑
j

(
Hj(x)

∂

∂xj

)
+ V ′(x) .

When doing a variational calculation, it is necessary to compute matrix elements of Hj and

Gjl; when doing a collocation calculation, it is only necessary to evaluate Hj and Gjl at

points. When using collocation, there is no need to know Hj and Gjl everywhere, they

only need to be known at the collocation points.54 This facilitates using a “numerical”

KEO.11–13,15,30 It is also possible to use a space-fixed KEO and basis functions that are

functions of internal coordinates.16. Even when an analytic KEO is used, and no attempt is

made to optimise the coordinates or the basis, collocation greatly simplifies calculations if

the KEO has coordinate dependent coefficients. A second advantage of collocation is that

it completely eliminates the need to evaluate integrals of the PES. It is only necessary to
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evaluate the PES at the collocation points. In a variational calculation, one must be careful

to choose quadrature points so that integrals are accurate. In a collocation calculation, the

accuracy of the computed spectrum depends less sensitively on the choice of the points.

This is a third advantage. If it is possible to write the desired wavefunctions as exact

linear combinations of the basis functions then, in principle, any collocation points can be

used. This is true for the same reason that a function that is a linear combination of some

set of basis functions can be exactly interpolated using any points (as many as there are

basis functions). In practice, this means that if the basis-set error is small enough, it is

not necessary to choose the best possible points. On the other hand, by carefully choosing

where to put collocation points, it is possible to compute accurate energies without outing

points everywhere where the corresponding wavefunctions have significant amplitude.55,56

IV. RECTANGULAR COLLOCATION

In some cases, particularly if the basis is less good, it is advantageous to use more points

than basis functions and to “solve” a rectangular eigenvalue problem. Although there

are algorithms for rectangular problems,57,58 it is simpler to convert Eq. (7) into a square

problem by left multiplying by BT ,

(BTT +BTV B)U = BTBUE . (10)

This is an old idea.59–61 Eq. (10) can also be obtained from Eq. (3) by evaluating all of the

integrals with a quadrature with unit weights. Note, however, that BTT is not a symmetric

matrix. In a traditional FBR (finite basis representation) calculation,20 quadrature is not

used for elements of S in Eq. (3). Instead, exact equations are used (in most cases S

= I ). In a traditional FBR calculation, H in Eq. (3) is H = Kexact + V quad. Exact

equations are used for Kexact and only elements of the the potential matrix are computed

by quadrature. In contrast, in Eq. (10) all elements of all matrices are computed numerically.

Interestingly, the energies from Eq. (10) can be more accurate than those from a traditional

FBR calculation in which only the potential matrix elements are computed by quadrature. In

fact, eigenvalues of Eq. (10) may equal exact energies, even when quadrature approximations

to integrals are poor. It is important to choose points so that the condition number of BTB
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is not too large. Eq. (10) is useful because there is a large middle ground between point

sets so large that quadrature approximations for elements of the overlap matrix and the

potential are accurate and small point sets for which the condition number of BTB is a

problem. Manzhos and Carrington have used Eq. (10) to solve several vibrational and

electronic problems.55,56,58,62–64 Important information about choosing collocation points,

basis functions, and evaluating BTT is given in the cited papers. To date, when we use

rectangular collocation, the basis size is small enough that it is not costly to construct BTT ,

BTV B, and BTB and to use use a direct eigensolver.

V. CONVERTING EQ. 7 TO A REGULAR EIGENVALUE PROBLEM

If the basis size and the point set size are equal, one must solve

(T + V B)U = BUE . (11)

When the matrices are large, direct eigensolvers are costly and it is natural to attempt

to replace them with iterative methods. One way to do this is to re-write the generalized

eigenvalue problem as a regular eigenvalue problem, for example, by defining G = BU and

solving

(TB−1 + V )G = GE , (12)

which has the advantage of being a regular eigenvalue problem but the disadvantage of

requiring B−1. B−1 converts a vector labelled by collocation points to one labelled by basis

indices. If the collocation grid and the basis are both direct products, then B is a Kronecker

product,

B = B1 ⊗B2 · · ·BD , (13)

and

B−1 = B−1
1 ⊗B−1

2 · · ·B
−1
D . (14)

The size of the matrices Bc, c = 1, · · ·D is the number of basis functions (or number of

points) for a single coordinate. (Bc)ac,ic = b
(c)
ic

(x
(c)
ac ). The size of B is about 10D and the

size of Bc is about 10.

One might think that Eq. (14) is not useful because collocation is unnecessary when

the basis and the point set are direct products. However, standard DVR or quadrature
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variational methods are less good when direct product quadrature is inaccurate and it is

hard to make an accurate direct product quadrature for general (e.g. not polynomial-based)

direct product bases, e.g. MCTDH single-particle functions.

It is obviously not easy to compute B−1 when the basis and the collocation points are not

direct products. A simple and useful nondirect product basis is made by pruning a direct

product basis, each of whose functions is a product of univariate factors, and retaining only

functions whose indices satisfy a pruning condition, G(i1−1, i2−1, · · · , iD−1) ≤ b. Ideas for

making a grid adapted to a pruned basis were proposed by Smolyak.65,66 A Smolyak grid is

made by combining sets of points in different levels. Computing MVPs with B−1 is crucial

for devising an efficient collocation method with a pruned basis and a Smolyak grid. It is also

all that is needed to make a multi-d interpolant that enables one to write a function, known at

the points of the Smolyak grid, as a linear combination of the pruned basis functions.67 The

transformation from a vector labelled by collocation points to one labelled by basis indices is

similar to the well-known transformation from the discrete variable representation (DVR) to

the finite basis representation (FBR). That transformation matrix is usually denoted T .20,29

When both the FBR basis and the DVR grid are direct products, there are well-established

ideas for making T and using it to transform a vector labelled by (DVR) points by doing

sequential sums, one for each coordinate.18,68 Evaluating the sums sequentially makes the

transformation efficient. We have discovered a transformation that is also implemented

by doing sequential sums, but which works when both the basis and grid are not direct

products.67,69–71

To make the transformation efficient, it is essential to use univariate basis functions that

are zero at points in previous levels. Such basis functions are called hierarchical or ZAPPL

functions. A general recipe for making ZAPPL functions is given in Refs. 67,69,71,72. A

Smolyak grid is built from a set of contributing grids. The contributing grids are labelled

by a level for each coordinate. When the 1-D grid sequences, used to make the contributing

grids, are nested there is no need to sum over contributing grids.69,73 The transformation

equations are simplest when m`, the number of points in the `th level equals `, the level

label. They can be written and used with quite general basis pruning conditions,69,74,75

but everything is a bit simpler when basis functions are retained that satisfy the condition

(i1 − 1) + (i2 − 1) + · · ·+ (iD − 1) ≤ b. In that case,70
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B = CTB(kron)C , (15)

where C ∈ RNfull×Nsparse is a chopping matrix70,76 which is an Nfull×Nfull identity matrix from

which the columns for which ‖i− 1‖1 > b have been removed and B(kron) is a Kronecker

product with the form of Eq. (13). We want to calculate elements of the inverse of Eq.

(15) from elements of the inverses of small matrices for each coordinate and to apply B−1

to a vector labelled by grid indices by doing sums sequentially. We have shown that this

is possible67,70,71 if the individual Bc matrices are lower triangular, which is the case when

using ZAPPL functions, because

[
CTB(kron)C

]−1
= CT

[
B(kron)

]−1
C . (16)

Similar ideas can be used when m(`) 6= ` and with pruning conditions more complicated

than (i1 − 1) + (i2 − 1) + · · ·+ (iD − 1) ≤ b.69,71,74,75

VI. COLLOCATION IS ADVANTAGEOUS WHEN USING NESTED POINTS

WITH A PRUNED BASIS THAT HAS “STRUCTURE”

By judiciously choosing the pruning condition G(i1−1, i2−1, · · · , iD−1), it is straightfor-

ward to exclude functions so that the resulting pruned basis is “structured”. By a structured

basis, I mean a basis for which I can run through all the functions by performing a sequence

of loops over indices for the univariate functions. A key advantage of a structured basis is

that it makes it possible to evaluate MVPs efficiently. A direct product basis is the simplest

example of a structured basis. Direct-product structure is often used to evaluate MVPs

efficiently.18–20,27 For a structured, pruned basis, the upper limits of the loops for some co-

ordinates depend on indices for other coordinates (the basis is not a direct product). It is

nonetheless possible to do MVPs by evaluating sums sequentially.77

It is of course possible to use quadrature (and not collocation) to evaluate matrix elements

in a pruned basis. The simplest thing to do is to use a full direct product quadrature

grid.77 If the basis is structured, MVPs can be evaluated by doing sums sequentially, but

it is necessary to store vectors with as many components as there are points on the direct

product grid. In this case, although the basis size is reduced by pruning, the calculation
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is still costly because the quadrature grid is huge. It is better to replace the full direct

product quadrature grid with a Smolyak quadrature grid.65,66,78–82 When using a Smolyak

grid, calculations are most efficient if the Smolyak grid is made from 1-D quadrature rules

that are ”nested”. A grid is nested when all points in the grid for level ` are also in the grid

for level ` + 1. Nesting makes it possible, despite the fact that the basis and the grid are

not direct products, to evaluate MVPs by doing sums sequentially.73,78,79 However, imposing

the nested condition makes it more difficult to find good 1-D quadrature rules (e.g. Gauss

quadrature rules are not nested). It is especially difficult when the univariate functions

are not classical orthogonal polynomial (COP) basis functions. It is often advantageous

to use non-COP basis functions. It is possible to determine sets of nested points for non-

COP basis functions, however, quadrature approximations to integrals computed with these

nested points are not accurate.

When collocation is used instead of quadrature, nested points do work well, also for

non-COP basis functions, because accurate energy levels and wavefunctions can be obtained

from a collocation calculation, even if integrals evaluated by using the collocation points

as quadrature points are not accurate.54,69,75 We have used Pseudo-Gauss nested points

and Leja nested points.70,71,73–75 Univariate functions that are eigenfunctions of 1-D cut

Hamiltonians are often good non-COP basis functions. Products of such potential-optimised

basis functions are exact eigenfunctions of the separable Hamiltonian carved out of the full

Hamiltonian by throwing out all of the coupling. The single particle functions used in

MCTDH are another example of good non-COP functions.

VII. USING COLLOCATION WITH THE MULTI-CONFIGURATION TIME-

DEPENDENT HARTREE (MCTDH) METHOD

MCTDH is a very successful method for solving the Schrödinger equation.9,17,83 It can

be used to solve both the time-dependent Schrödinger equation and the time-independent

Schrödinger equation.9,83–85 MCTDH uses an efficient direct product basis. The MCTDH

univariate functions are called single-particle functions (SPFs). In order to solve the

Schrödinger equation with MCTDH, one must compute matrix elements of the Hamilto-

nian in a basis of products of SPFs. If the potential does not have a special form (often it is

a sum of products) then some form of quadrature is necessary. Collocation obviates the need
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to compute matrix elements in the basis of products of SPFs. One expects collocation to

work well with an MCTDH basis because the MCTDH basis is an optimised direct product

basis and it is easiest (Eq. (14)) to use collocation with a direct product basis. Another

solution to the quadrature problem is Manthe’s correlated DVR (CDVR). It is straightfor-

ward if the SPFs are univariate.86 When using multilayer and mode combination MCTDH,

CDVR is tricky.32,87

An MCTDH wavefunction is written

Ψ(x1, . . . , xD, t) =

n1∑
i1=1

. . .

nD∑
iD=1

Ai1,...,iD (t)ϕ
(1)
i1

(x1, t)ϕ
(2)
i2

(x2, t) . . . ϕ
(D)
iD

(xD, t) . (17)

In a standard MCTDH calculation, one solves two coupled differential equations that are

derived from a variational principle. The first equation is solved to calculate Ai1,...,iD (t). The

second equation is solved to calculate the SPFs, ϕ
(k)
ik

(xk, t). Because the standard MCTDH

equations require the so-called mean fields, one must derive new MCTDH-like equations, for

new Ai1,...,iD (t) coefficients and new SPFs ϕ
(k)
ik

(xk, t), in order to completely remove the need

for quadrature.88 With the choice of the right gauge, the collocation-MCTDH (C-MCTDH)

equations have exactly the same form as the standard MCTDH equations. With the gauge

chosen as explained in Ref. 88, the equation for Ai1,i2,...,iD (t) is

∑
i1,...,iD

i Ȧi1,...,iD (t)
D∏

k=1

ϕ
(k)
ik

(
r(k)ak

(t) , t
)

=
∑

i1,...,iD

〈r(1)a1
(t)| . . . 〈r(D)

aD
(t)| Ĥ |ϕ(1)

i1
(t)〉 . . . |ϕ(D)

iD
(t)〉Ai1,...,iD .

(18)

Note that on the left side there is a product of ϕ
(k)
ik

(
r
(k)
ak (t) , t

)
= 〈r(k)ak (t) |ϕ(k)

ik
(t)〉 = B

(k)
ak,ik

factors. Using Eq. (14) one obtains,

i Ȧi1,...,iD (t) =
∑

a1,...,aD

∑
j1,...,jD

[
B(1)−1

]
i1,a1

. . .
[
B(D)−1

]
iD,aD

Ha1,...,aD
j1,...,jD

Aj1,...,jD (t) . (19)

For the SPFs, one finds the equation,

∑
ik

ρ
(k)

i′k,ik
i |ϕ̇(k)

ik
(t)〉 =

∑
ik

Ĥ(k)

i′k,ik
|ϕ(k)

ik
(t)〉

−
∑
jk

∑
ik,ak

|ϕ(k)
ik

(t)〉
[
B(k)−1

]
ik,ak
〈r(k)ak

(t)|︸ ︷︷ ︸
=P̂ (k)

Ĥ(k)

i′k,jk
|ϕ(k)

jk
(t)〉 , (20)
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with the projector P̂ (k), the density matrix ρ
(k)

i′k,ik
=
∑(¬k)

j1,...,jD
A∗j1,...,i′k,...,jD

Aj1,...,ik,...,jD and the

(new) mean-field matrix

Ĥ(k)

i′k,ik
=

(¬k)∑
j1,...,jD

(¬k)∑
a1,...,aD

(¬k)∑
i1,...,iD

A∗j1,...,i′k,...,jD

∏
l 6=k

[
B(l)−1

]
jl,al

(⊗
l 6=k

〈r(l)al
(t)|

)
Ĥ

(⊗
l 6=k

|ϕ(l)
il

(t)〉

)
Ai1,...,iD .

(21)

The upper limit ¬k on the sum in the definition of the density matrix means that the sum

over jk is omitted.

Because Eqs. (19) and (20) have exactly the same form as the standard MCTDH equa-

tions, they can be solved using the machinery9,89,90 developed to solve the standard MCTDH

equations (with some small changes). To solve Eq. (20), we use collocation and a set of

points denser than the grid with which Eq. (19) is solved. We call the 1-D grids used to

solve Eq. (20), fine grids. It is not necessary that fine grid points also be on the (coarse)

grid used to solve Eq. (19). It is possible to use time-independent collocation points.

The C-MCTDH equations enable one to use the MCTDH idea with a PES that is not a

SOP. They do nothing to alleviate problems caused by the fact that MCTDH uses a direct

product basis. Two ideas have been proposed for mitigating the basis-size problem. One

is mode combination.39,40 Mode combination has been used with variational methods and

integrals for many years.91,92 Mode combination uses multivariate SPFs. They are functions

of so-called “logical” coordinates. If the coupling between coordinates within logical coordi-

nates is stronger than the coupling between coordinates in different logical coordinates, then

MC significantly reduces the cost of an MCTDH calculation. It is straightforward to gener-

alize the C-MCTDH equations so that they can be used with mode combination.93 We have

used two strategies for determining collocation points for use with mode combination: DVR

points and Leja points. 1-D DVRs and direct products of 1-D DVRs are standard. To find

DVR for multivariate logical coordinates we use the simultaneous diagonalization idea.31,32

These ideas have been used to compute energy levels of the methyl radical, methane, and

acetonitrile.93

The other idea for mitigating the basis-size problem is pruning. When used with SOP

PESs, pruning significantly reduces the basis size.94–97 It is also possible to combine pruning

with collocation.70 We used the ideas of section V to apply B−1 to a vector labelled by

points. The grid is a nested Smolyak grid built from 1-D Leja sequences. These ideas have

been used to compute energy levels of CH2NH.70
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VIII. CONCLUSION

In standard variational methods methods for solving both the time-dependent and the

time-independent Schrödinger equation, one substitutes a basis expansion for the wavefunc-

tion into the Schrödinger equation and finds expansion coefficients by left multiplying with a

basis function and integrating. Such calculations are plagued by the difficulty of computing

integrals with quadrature. When both the basis and the quadrature grid are direct products,

there is no need to compute integrals, but one must store vectors as large as the quadrature

grid. For a 12-D (6-atom) problem the quadrature grid typically has at least 1012 points. In

this case storing one vector requires thousands of GB of memory. It is possible to reduce the

size of the basis by not using a direct product. This, however, re-introduces the quadrature

problem. Collocation obviates integrals. It also facilitates dealing with a complicated kinetic

energy operator.

In this paper, I have briefly reviewed several ways of applying collocation. Applications

are given in the papers I have cited. When it is possible to use a small basis, rectangular

collocation works well. We have used it with a distributed Gaussian basis. A distributed

Gaussian basis has no structure. Calculations with matrices too big to store can be done

by using a structured basis and a structured grid that make it possible to evaluate matrix-

vector products by doing sums sequentially. The structured basis is obtained by pruning

a direct product basis. Collocation is especially useful when computing accurate integrals

with quadrature requires a quadrature grid much larger than the basis. This is often the

case when the basis is pruned.78,79 It is also the case when basis functions are products

of multivariate basis functions. Even when the basis functions are products of univariate

functions, collocation is advantageous when there are no good quadrature rules for the

univariate functions (e.g. MCTDH).

Although when using collocation there is no need for weights associated with the points,

it is necessary to choose points. It is not necessary that it be possible to compute accurate

integrals using the points, but it is important to avoid bad conditioning of the matrix problem

one does need to solve. Various recipes for choosing points work well. Collocation methods

are still being developed, but they are promising.
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