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Abstract

Recirculation is present in nearly every fluid system, and often jeopardizes the sys-

tem’s primary function. This thesis is motivated by recirculation in the cardiovascu-

lar system and how it impacts disease. Developing methods of both measuring and

analyzing path-dependent dynamics of recirculating flows is critical to influence diag-

nostics and therapeutics. The studies in this thesis encompass both state-of-the-art

measurement science and recirculating fluid dynamics using both steady and pulsatile

flows, and are abstracted to apply generally to recirculation in many systems. A La-

grangian measurement technique, capable of extracting path-dependent quantities,

is developed and utilized throughout the four major works to plot the trajectories

of hundreds of thousands of unique fluid parcels as they flow through an idealized

stenosis geometry. As a step towards in vivo investigations, a novel technique called

echo-Lagrangian particle tracking is introduced, which couples the Lagrangian tool

with ultrasound imaging. Recirculating-fluid entrainment and depletion mechanics

are revealed and suggest that mixing is enhanced by periodic vortex formation in

pulsatile flows. Finally, depletion efficiency is compared for flow in a pure-liquid, as

well as dilute and dense suspensions. Together, these results begin to expose the com-

plex vortex dynamics that contribute to elevated transit times in pulsatile, two-phase

flows.

i



Co-Authorship

This thesis contains four multi-authored works, three of which have been accepted for

publication, and one that has been submitted and is currently under review. Each of

the published (and submitted) works, in Chapters 3–6, have been included in their

entirety with minor modifications for consistency. The following is a declaration of

co-authorship for the work, including the corresponding citation information:

1. Jeronimo, M. D., Zhang, K., and Rival, D. E. (2019) Direct La-

grangian measurement of Particle Residence Time. Experiments in

Fluids, 60(72)

This study, which comprises Chapter 3, has been accepted by Experiments in Fluids.

The copyright of this article is transferred to Springer-Verlag GmbH Germany, but

the authors retain the right “to reproduce, or to allow a third party Assignee to

reproduce the Article in whole or in part in any printed volume (book or thesis) written

by the Author(s). Dr. Kai Zhang provided input and assistance when setting up

optics, seeding the flow, and with preliminary image processing. The remainder of the

apparatus was developed by Mr. Mark Jeronimo (myself), who was also responsible

for all data processing. Mr. Jeronimo wrote the article in its entirety.

2. Jeronimo, M. D. and Rival, D. E. (2020) Particle Residence Time in

pulsatile post-stenotic flow. Physics of Fluids, 32(045110)

ii

 https://doi.org/10.1007/s00348-019-2718-1
 https://doi.org/10.1007/s00348-019-2718-1
 https://doi.org/10.1007/s00348-019-2718-1
https://doi.org/10.1063/1.5144388
https://doi.org/10.1063/1.5144388


This work (Chapter 4) has been accepted by Physics of Fluids. In accordance with

AIP Publishing’s License to Publish Agreement, the authors maintain copyright to the

work and it may be reproduced in print collections written by the author, including

a thesis. Data collection, analysis and writing was completed entirely by Mr. Mark

Jeronimo.

3. Jeronimo, M. D., Najjari, M. R., and Rival, D. E. (2020) Echo-

Lagrangian particle tracking: An ultrasound-based method for ex-

tracting path-dependent flow quantities. Measurement Science and

Technology, 31(5)

This study makes up Chapter 5 of the thesis and was accepted for publication in

Measurement Science and Technology. Copyright was transferred to IOP Publishing,

but the named authors retain the right to include the Accepted Manuscript in a thesis

or dissertation: ©IOP Publishing. Reproduced with permission. All rights reserved.

The co-author, Dr. Mohammad Reza Najjari, partook in apparatus development

and data collection using an ultrasound system. Data processing and writing was

performed by Mr. Mark Jeronimo.

4. Jeronimo, M. D. and Rival, D. E. (2020) On the lifespan of recircu-

lating suspensions with pulsatile flow. Journal of Fluid Mechanics,

(under review)

Chapter 6 comprises the above study that has been submitted to the Journal of Fluid

Mechanics and is currently under review.

All co-authors listed in the studies above provided guidance and insight to their

respective works in the form of meetings and editing of draft manuscripts.

iii

https://doi.org/10.1088/1361-6501/ab6761
https://doi.org/10.1088/1361-6501/ab6761
https://doi.org/10.1088/1361-6501/ab6761
https://doi.org/10.1088/1361-6501/ab6761


Acknowledgments

I have known from the day I began my PhD that I wouldn’t be able to tackle it

alone. I am so lucky to have received the support I did and I can only hope that each

individual that helped make this thesis a reality knows how grateful I am.

First, I would thank Dr. David Rival for his encouragement, his tutelage, and for

talking me into this degree in the first place. I came to Dr. Rival as a line cook at a

burger bistro and his enthusiasm and belief in me inspired me to pursue this degree.

Thank you to Dr. Kai Zhang and Dr. Reza Najjari for being founts of knowledge

and sharing their expertise in the laboratory; this journey would have been much

more difficult without your guidance. A special thank you to Onno Oosten for his

technical assistance and for coming into an otherwise empty McLaughlin Hall during

the COVID-19 pandemic so I that could complete my experiments.

Sonja, you’ve provided more than you could possibly know. I am forever grateful

for your support and love through the highs and lows, and for the inspirational post-

it notes that are still stuck to my laptop. To Josh and Louis, your friendship and

support went a long, long way. Thank you for making MCL 221 tolerable, and thank

you for all the trivia and board game nights (sadly cut short by the pandemic).

And last, but certainly not least, thank you to my family: Mom, Dad, Beth, Paul.

You have motivated me, distracted me (when I needed it!), and always kept my spirits

high. Thank you, thank you, thank you... because it can’t be said enough.

iv



Contents

Abstract i

Co-Authorship ii

Acknowledgments iv

Contents v

List of Tables viii

List of Figures ix

List of Acronyms and Symbols xxvi

Chapter 1: Introduction 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Organization of thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

Chapter 2: Background 7
2.1 Separated flow and recirculation . . . . . . . . . . . . . . . . . . . . . 7
2.2 Pulsatile pipe flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2.1 Modeling an oscillating flow . . . . . . . . . . . . . . . . . . . 10
2.2.2 Strouhal vs Womersley . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Flow through stenoses . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3.1 Stenosis modeling . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3.2 Post-stenotic flow dynamics . . . . . . . . . . . . . . . . . . . 16

2.4 Measurement techniques . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.4.1 Eulerian and Lagrangian reference frames . . . . . . . . . . . 17
2.4.2 Advantages of Lagrangian particle tracking . . . . . . . . . . . 18
2.4.3 Ultrasound imaging . . . . . . . . . . . . . . . . . . . . . . . . 20

v



Chapter 3: Direct Lagrangian measurements of Particle Residence
Time 28

3.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.3.1 In vitro experimental facility . . . . . . . . . . . . . . . . . . . 31
3.3.2 Particle detection and tracking . . . . . . . . . . . . . . . . . 33
3.3.3 Flow conditions . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.3.4 Pathline extension . . . . . . . . . . . . . . . . . . . . . . . . 37

3.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.4.1 Trajectory-based particle labelling . . . . . . . . . . . . . . . . 38
3.4.2 Calculating Particle Residence Time . . . . . . . . . . . . . . 42

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

Chapter 4: Particle Residence Time in pulsatile post-stenotic flow 50
4.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.3.1 Experimental facility . . . . . . . . . . . . . . . . . . . . . . . 55
4.3.2 Pulsatile flow conditions . . . . . . . . . . . . . . . . . . . . . 56
4.3.3 Particle detection and tracking . . . . . . . . . . . . . . . . . 58
4.3.4 Pathline extension . . . . . . . . . . . . . . . . . . . . . . . . 61
4.3.5 Categorizing particle tracks . . . . . . . . . . . . . . . . . . . 63

4.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.4.1 Tracking particle motion . . . . . . . . . . . . . . . . . . . . . 65
4.4.2 Comparing Particle Residence Times . . . . . . . . . . . . . . 67

4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

Chapter 5: Echo-Lagrangian particle tracking: An ultrasound-based
method for extracting path-dependent flow quantities 76

5.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.3.1 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . 80
5.3.2 Pulsatile flow conditions . . . . . . . . . . . . . . . . . . . . . 82
5.3.3 Seeding particles . . . . . . . . . . . . . . . . . . . . . . . . . 83
5.3.4 Contrast imaging parameters . . . . . . . . . . . . . . . . . . 85
5.3.5 B-mode image preprocessing . . . . . . . . . . . . . . . . . . . 87
5.3.6 Echo-Lagrangian particle tracking . . . . . . . . . . . . . . . . 89
5.3.7 EchoLPT validation . . . . . . . . . . . . . . . . . . . . . . . 90

vi



5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
5.4.1 Post-stenotic flow behaviour . . . . . . . . . . . . . . . . . . . 92
5.4.2 Measuring PRT . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

Chapter 6: On the lifespan of recirculating suspensions with pul-
satile flow 101

6.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
6.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.2.1 Depletion of a recirculating fluid . . . . . . . . . . . . . . . . . 102
6.2.2 Steady versus pulsatile flows . . . . . . . . . . . . . . . . . . . 103
6.2.3 Mixing in suspensions . . . . . . . . . . . . . . . . . . . . . . 105
6.2.4 Measuring depletion efficiency . . . . . . . . . . . . . . . . . . 105

6.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
6.3.1 Experimental Facility . . . . . . . . . . . . . . . . . . . . . . . 106
6.3.2 Hydrogel particles - making a dense suspension . . . . . . . . 108
6.3.3 Steady and pulsatile flow parameters . . . . . . . . . . . . . . 110
6.3.4 2D particle tracking . . . . . . . . . . . . . . . . . . . . . . . . 111
6.3.5 Pathline extension . . . . . . . . . . . . . . . . . . . . . . . . 113

6.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 114
6.4.1 Extracting path-dependent dynamics . . . . . . . . . . . . . . 115
6.4.2 Depletion in pure-liquid flows . . . . . . . . . . . . . . . . . . 121
6.4.3 Depletion in dilute and dense suspensions . . . . . . . . . . . 129

6.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

Chapter 7: Synthesis 137
7.1 Measuring Particle Residence Time . . . . . . . . . . . . . . . . . . . 138
7.2 Recirculation, entrainment and depletion . . . . . . . . . . . . . . . . 140
7.3 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
7.4 Closing remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

Bibliography 145

Appendix A: Buckingham Pi dimensional analysis 163

Appendix B: Particle tracking procedure 165
B.1 Optical Particle Tracking Velocimetry steps . . . . . . . . . . . . . . 165
B.2 Echo-Lagrangian particle tracking . . . . . . . . . . . . . . . . . . . . 167

Appendix C: Minimum acceptable track length 168

vii



Appendix D: Path extension script (MATLAB) 170
D.1 Pathline extension master script . . . . . . . . . . . . . . . . . . . . . 170
D.2 Making backwards and forwards flow maps (B/F) . . . . . . . . . . . 172
D.3 LOWESS fitting function . . . . . . . . . . . . . . . . . . . . . . . . . 173
D.4 Extending raw particle tracks . . . . . . . . . . . . . . . . . . . . . . 173
D.5 Labelling extended particle tracks . . . . . . . . . . . . . . . . . . . . 176

Appendix E: On the measurement of 3D flows 178

Appendix F: Effect of LOWESS span 180

Appendix G: Spatial resolution of particle tracking and pathline ex-
tension 184

Appendix H: Accuracy of flow maps for pathline extension 186

List of Tables

4.1 Mean PRT by trajectory (colour) category at Rem = 9600. . . . . . 70

5.1 EchoLPT ultrasound imaging parameters (for current setup) . . . . . 86

6.1 Parameter space and range used in the current study . . . . . . . . . 110

C.1 Particle density and mean track length with different minimum accept-

able track lengths during PTV processing . . . . . . . . . . . . . . . . 169

viii



List of Figures

1.1 Flow map illustrating the major studies included in this thesis. The

studies are aimed at the development of new measurement tools (purple

box) and advancing our understanding of recirculating fluid dynamics

(blue box) by introducing optical and ultrasound techniques, and in-

vestigating the effects of pulsatility on recirculation. . . . . . . . . . . 6

2.1 A schematic representation of a recirculation region that has formed

behind an idealized stenosis. High-speed fluid in the jet is separated

from low-speed and reverse flow in the recirculation region by a shear

layer that extends out from the edge of the stenosis. . . . . . . . . . . 8

2.2 The profile of pulsatile pipe flows change shape with increasing α. At

(a) α = 3 viscous effects dominate and the waveform is parabolic. At

(b) α = 7, the fluid inertia becomes more influential, while increasing

α further to (c) α = 15 means inertia is completely dominant and the

profile flattens across most of the pipe diameter. The curves of each

plot represent the profile at different phase angles [degrees] over half a

pulse. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

ix



2.3 (a) Schematic representation of ultrasound emission and echo reception

with a linear transducer. For clarity a single piezo-electric element

is highlighted. High frequency sound waves leave the element and

are partially reflected each time they encounter a change in acoustic

impedance (Zi). Echoes, like those generated by contrast microbub-

bles, are received by the same transducer element and converted into

spatial information that can then be translated into a (b) B-mode im-

age. Panel (c) shows the basic steps involved in calculating velocity

vectors fields from ultrasound images using ultrasound image velocime-

try (UIV), as described in the text. . . . . . . . . . . . . . . . . . . . 21

3.1 Optical flow-loop test facility. The stenosis model is installed in the op-

tical test section that is enclosed in a water-filled, octagonal imaging

chamber. Custom unsteady flow profiles are generated by the pro-

grammable piston pump. . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.2 (a) A schematic of the stenosis model installed in test section of flow

loop. The measurement domain is immediately behind the axisymmet-

ric constriction where a thick laser sheet illuminates tracer particles so

they can be imaged with a high-speed camera. (b) A cross-sectional

slice, along the centre plane of the light sheet, of the stenosis model

used in this study. The field of view is highlighted using a white box;

within this domain scattered Lagrangian vector data (blue arrows) is

processed into long pathlines (orange and black lines). . . . . . . . . . 33

x



3.3 (a) Raw pathline data, prior to track extension, for particles exiting

the stenosis model from the left (black/red) and recirculating from

downstream (orange/green). Flow is steady and only particles that

were tracked over 100 time steps are shown for clarity. Pathlines are

colour-labelled according to Section 3.4.1. (b) In order to extend parti-

cle tracks beyond their original length, the displacement of the nearest

1% of all particles from one frame to the next (blue area) is used to

predict the trajectory of the tracer in question. Particles at ti−1 are

used to extend the path backwards, and those at tj+1 for forwards-time

extension. (c) Extended pathlines are colour-labelled based on their

trajectory through the field of view and how they interact with the

flow structures therein. The grey portion of the tracks represents the

length they are extended. Note: this schematic is not to scale. . . . . 36

3.4 Particles coloured according to one of six categories based on their tra-

jectory under steady flow conditions. At t∗ = 0 the flow u(t) passes

through the stenosis (grey wedge) and into the field of view. Parti-

cle distribution is illustrated at five different instances spanning the

recording and reveals entrainment and recirculation. There is some

overlap in the predicted motion that results in a portion of the blue

particles to be hidden at small t∗. “Movie 3-1.wmv” shows the entire

2000 frame recording. . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

xi



3.5 Colour-labelled particles at five instances over a single pulse of an un-

steady flow. Particles are coloured based on their trajectory over the

recording time and how they interact with the shear layer and recir-

culation region. “Movie 3-2.wmv” shows the full development of the

pulsatile flow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.6 Scatter plot of particles coloured by instantaneous PRT when subjected

to a steady flow profile. New particles enter through the stenosis throat

and from downstream, while others are trapped behind the stenosis

for a significant portion of the recording. “Movie 3-1.wmv” shows the

growth of each particle’s PRT in a steady flow. . . . . . . . . . . . . . 43

3.7 Particles are coloured by their cumulative PRT at various points along

a pulsatile waveform. “Movie 3-2.wmv” shows the full history of the

particles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.8 Integral measurement of the Bulk PRT of all particles ((a) & (b)) and

Jet PRT for the particles entering the field of view from the stenosis

throat ((c) & (d)). Frames (a) and (c) correspond to a steady flow,

whilst (b) and (d) are for the unsteady case. The gray lines are indi-

vidual, uncorrelated tests and the black line is the mean. . . . . . . . 45

3.9 The Mean PRT of pathlines in each trajectory category (as defined in

3.4.1) are compared for the steady and unsteady cases. Error bars are

one standard deviation and reveal large variance in PRT of recirculat-

ing particles versus those exiting the stenosis. . . . . . . . . . . . . . 46

xii



4.1 Particle Residence Time (PRT) is visually described by the particle

pathline that enters a measurement domain (dashed box) at t0 and

exits at tn. The pathline’s colour represents the instantaneous growth

of the particle’s PRT as it remains in the domain. In this study, PRT

is measured for a periodic, unsteady flow through an idealized stenosis

geometry such that PRT = (tn − t0)/T , where T is the period of the

unsteady waveform. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.2 Large experimental flow loop carries pulsatile flow through an optical

test section by controlling the flow rate and waveform using a control-

lable circumferential piston pump. A water-filled, octagonal imaging

chamber surrounds the test section of pipe housing an idealized steno-

sis model (red) and minimizes distortion from the curved pipe walls

via refractive index matching. Reproduced with permission from Exp.

Fluids 60, 72 (2019) (Jeronimo et al., 2019b). Copyright 2019 Springer

Nature. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

xiii



4.3 (a) A cross-sectional slice, along the centre plane of the light sheet

of the stenosis model, as used in this study. The curve of the steno-

sis throat reduced the diameter of the pipe by 50%, and the cross-

sectional area by 75%, before rapidly expanding to create a jet and a

large recirculation region. The region of interest is highlighted using a

white box; within this domain scattered Lagrangian vector data (blue

arrows) was processed into long pathlines (orange and black lines). Re-

produced with permission from Exp. Fluids 60, 72 (2019) (Jeronimo

et al., 2019b). Copyright 2019 Springer Nature. (b) The pulsatile flow

profiles investigated are characterized by a mean Reynolds number,

Rem, and an amplitude ratio, λ = (Reo−Rem)/Rem, where Reo is the

Reynolds number associated with the magnitude of oscillations from

the mean. Experiments were normalized by the period (T ), which is a

function of the Strouhal number of the flow. The two amplitude ratios

investigated are shown as red (λ = 0.50) and blue (λ = 0.95) lines over

a single cycle (0 < φ < 2π). . . . . . . . . . . . . . . . . . . . . . . . 57

xiv



4.4 A pathline (solid red line) is drawn connecting the tracked position of

a particle from ti to ti+2. In order to extend the particle track for-

ward, beyond its original length, to ti+3 the displacement (represented

by black arrows) of other particles measured over that time step are

considered. The movement of the nearest 1% of all particles (black cir-

cles within the blue area) are used to predict the displacement of the

tracer in question. Forward extension continues in this fashion until

the particle leaves the domain (tn), whereas backward-time extension

traces the particle back to its source (t0). . . . . . . . . . . . . . . . . 62

4.5 Extended pathlines are colour-labelled based on their trajectory through

the region of interest and how they interact with the flow structures

therein. The gray portion of the tracks represents the length they are

extended. Note figure not to scale. Reproduced with permission from

Exp. Fluids 60, 72 (2019) (Jeronimo et al., 2019b). Copyright 2019

Springer Nature. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.6 Trajectory-labelled particles at five phase angles (φ) compared at each

Rem over a single pulse at St = 0.15 and λ = 0.50. Particles are

coloured based on their trajectory over the recording time and how

they interact with the shear layer and recirculation region. Jet flow is

from left to right and originates from a stenosis whose edge is positioned

at (0, 0). At Rem = 14400 the camera’s field of view was adjusted to

account for a higher frame rate; no information was tracked in the grey

area. This figure is supplemented by the video “Movie 4-1.mp4” that

shows the movement of fluid, labelled by trajectory, over an entire cycle. 66

xv



4.7 The same particles from Figure 4.6 for Rem = 4800, 9600 and 14400,

St = 0.15 and λ = 0.50 are labelled by their instantaneous PRT. In-

stantaneous PRT grows as a particle remains within the measurement

domain. At φ = π/2 there is evidence of low PRT particles mixing with

high PRT fluid, while at φ = 2π there is a clear distinction between the

mean PRT of particles within the recirculation region at Rem = 4800

and 14400. Jet flow is from left-to-right and originates from a stenosis

whose edge is positioned at (0, 0). At Rem = 14400 the camera’s field

of view was adjusted to account for a higher frame rate; no informa-

tion was tracked in the grey area. The growth of instantaneous PRT is

shown over an entire cycle in the supplementary video “Movie 4-2.mp4”. 68

4.8 The distribution of the PRT of fluid entrained from the jet into the

recirculation region (red particles) and have passed through the mea-

surement domain exhibit a distinct increase as the Strouhal number is

increased for (a) Rem = 4800, (c) Rem = 9600 and (e) Rem = 14400.

When λ is increased (b, d, f) there is evidence of increased mixing into

the recirculation region after exiting the stenosis and PRT increases for

each case, except for Rem = 4800. PRT is normalized by the period of

each waveform and the dashed lines represent the mean PRT at each St. 71

4.9 Comparison of particle roll-up at the end of the acceleration phase

(φ = π/2), for increasing amplitude ratio, λ and Strouhal number, St,

which contributes to increased PRT of the entrained fluid. Data shown

is for pulsatile flow at Rem = 9600. . . . . . . . . . . . . . . . . . . . 73

xvi



5.1 Path-dependent variables, like PRT, can be derived from both Eulerian

and Lagrangian methods. The method described herein demonstrates

how the more direct Lagrangian approach can be accomplished using

ultrasound imaging. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.2 (a) Schematic of pulsatile flow, u(t), through an axisymmetric stenosis

model. A linear-array ultrasound transducer situated at the stenosis

exit records the motion of microbubbles suspended in the fluid. (b)

Cross-section of the stenosis and field-of-view. The sector width of the

ultrasound beam is set to 50% to maximize the acquisition rate, but

shifts the measurement domain (blue outline) away from the wall of

stenosis. This figure is not to scale. . . . . . . . . . . . . . . . . . . . 81

5.3 A comparison of B-mode images captured by seeding a quiescent fluid

with (a) polyamide particles; (b) hollow glass spheres; and (c) an ul-

trasound contrast agent, Definity microbubbles. The contrast agent is

specifically designed for ultrasound imaging and yields a higher signal-

to-noise ratio and less particle ambiguity compared to the other seeding

materials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.4 EchoLPT uses (a) low-seeding density B-mode images that are (b)

preprocessed, using background and smoothing filters, to reduce par-

ticle image ambiguity and increase contrast. (c) Particles within the

measurement domain are detected in each frame using peak detection.

Detected particles are highlighted in red. The measurement domain is

designated by a blue outline. . . . . . . . . . . . . . . . . . . . . . . . 88

xvii



5.5 A pathline (solid red line) is drawn connecting the tracked positions

of a particle from ti to ti+2. In order to extend the particle track for-

ward, beyond its original length, to ti+3 the displacement (represented

by black arrows) of other particles measured over that time step are

considered. The movement of the nearest 10% of all particles (black

circles within the blue area) are used to predict the displacement of the

tracer in question. Forward extension continues in this fashion until

the particle leaves the domain (tn), whereas backward-time extension

traces the particle back to its source (t0). . . . . . . . . . . . . . . . . 91

5.6 (a) Example of a raw image used for validation. The particle image

density is made higher for use with UIV. (b) EchoLPT data is interpo-

lated onto an Eulerian grid and the average velocity profile for steady

flow through a straight pipe is compared to UIV results and the the-

oretical, Hagen-Poiseuille solution. The ability to match this profile

verify the quality of the ultrasound-based measurements in this study. 92

5.7 Tracked microbubbles are categorized based on their trajectory through

the measurement domain and coloured accordingly. Jet particles (black)

move quickly through the domain, while red and green particles mix

with the fluctuations of the pulsatile flow. Blue particles remain within

view throughout the motion, pink fluid is flushed out, and orange par-

ticles account for small amounts of retrograde flow. . . . . . . . . . . 93

xviii



5.8 Flow through a stenosis model is tracked using echoLPT. Individual

particle trajectories are mapped and labelled according to their trajec-

tory through the measurement domain following the method described

by Jeronimo et al. (2019b). Pulsatile flow at each of the Rem tested is

compared for α = 15 and λ = 1.0. . . . . . . . . . . . . . . . . . . . . 94

5.9 PRT is extracted from a post-stenotic flow using echoLPT by mapping

the trajectory of each particle that enters the measurement domain.

The tracked microbubbles are coloured according to their instanta-

neous PRT over the course of a single pulse. These results are for a

pulsatile flow with α = 15 and λ = 1.0 at each Rem tested. . . . . . . 96

5.10 PRT can be calculated for any subset of the measurement domain.

Here the instantaneous PRT is plotted for particles entering three sub-

regions, outlined in red, over the course of five pulses. At Rem = 64,

α = 15 and λ = 1.0, the mean PRT in each of the regions is 0.13 (top),

0.88 (bottom-left) and 1.20 (bottom-right). . . . . . . . . . . . . . . . 97

5.11 The PRT of pulsatile flows is compared by plotting the probability

density function of the PRT of red-labelled particles that pass through

the measurement domain: (a) PRT decreases with increasing Rem at

α = 15 and λ = 1.0; and (b) α increases PRT, while λ decreases mean

PRT at Rem = 64. For all cases the PRT of pulsatile flow is increased

compared to steady flow at the same Rem. Dashed lines represent the

mean PRT (PRT ) of each flow. . . . . . . . . . . . . . . . . . . . . . 98

xix



6.1 Flow through an axisymmetric stenosis geometry causes the depletion

of fluid recirculating downstream of the obstruction. Black and red

lines represent fluid exiting the axisymmetric stenosis throat, while

the blue and green lines denote fluid that is depleted from the region

by the inflow or that enters from downstream, respectively. (a) Steady

flow can be associated with Kelvin-Helmholtz (K-H) instabilities along

the shear layer (dotted red area), while for (b) pulsatile flow forming

a vortex ring at every pulse (dotted blue area). In the current study,

the focus is on the behaviour of the recirculating fluid (blue arrows) in

response to the jet fluid (red arrows). . . . . . . . . . . . . . . . . . . 104

6.2 (a) A render of the optical test section and fluid reservoir. Flow is from

left to right through the stenosis model (circled), which is immediately

followed by the region of interest used for 2D-PTV. (b) A close-up view

of the test section with a 90o cutaway of the stenosis model showing

its curvature. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.3 A cross-sectional slice, along the centre plane of the light sheet of the

stenosis model, as used in this study. The axisymmetric stenosis re-

duced the diameter of the pipe by 50%, and the cross-sectional area

by 75%, before rapidly expanding to create a jet and a large recircu-

lation region. The region of interest is highlighted using a white box;

within this domain scattered Lagrangian vector data (blue arrows) was

processed into long pathlines (orange and black lines). . . . . . . . . . 108

xx



6.4 The pulsatile flows investigated are characterized by a amplitude ratio,

λ = uo/um, and a Strouhal number, St = fpd/um, where d is the

stenosis throat diameter and fp is the frequency. This schematic shows

the relative size of the three amplitude ratios (solid lines) and the

frequency of the three Strouhal numbers (dashed lines). . . . . . . . . 111

6.5 Fluid parcels in the measurement domain are categorized according to

their source position and trajectory thereafter. The volume of recir-

culating fluid is depleted by the motion of entrained jet fluid in the

case of steady and pulsatile inlet flow. Vortex formation and shedding

apparent during the acceleration phase (t/T = 0− 0.250) for pulsatile

flow is absent in the steady flow. K-H instabilities are seen throughout

for the steady flow case. At t/T = 0.750, pulsatile flow reaches a min-

imum velocity and very little entrained (red) fluid enters the domain.

Flows are compared at Rem = 4800, λ = 0.50 and St = 0.08. This

steady and pulsatile flow comparison is animated in “Movie 6-1.mp4”. 116

6.6 The PRT of fluid in the recirculation region is compared for steady

(left) and pulsatile flow (right) at Rem = 4800 (λ = 0.50 and St =

0.08). Concentrations of stagnant fluid, as well as the source of new

high-PRT fluid, are easily identified. The mean PRT is higher in the

steady flow case, while the vortex formed by the pulsatile flow ex-

changes new jet fluid for high-PRT fluid trapped in the recirculation

region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

xxi



6.7 Normalized, out-of-plane vorticity (ω∗z) is computed for each Lagrangian

tracer using their velocity along extended pathlines for steady (left)

and pulsatile flow (right) with Rem = 4800, λ = 0.50 and St = 0.08.

The vorticity maps clearly reveal vortex formation and shedding in the

pulsatile flow case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

6.8 Fluid is gradually depleted from the recirculation region downstream of

a stenosis model in pure-liquid flows: (a) Steady flow at increasingRem;

(b) Pulsatile flows with increasing λ at St = 0.08 and Rem = 4800;

and (c) Pulsatile flows with increasing St at λ = 0.50 and Rem = 4800. 122

6.9 Depletion of recirculating fluid subjected to pulsatile flows of increasing

λ. Rem is held constant in each row: (a)-(c) Rem = 4800, (d)-(f)

Rem = 9600, and (g)-(i) Rem = 14400. The columns, from left to

right, represent flow at St = 0.04, 0.08 and 0.15, respectively, in order

to highlight the influence of λ. . . . . . . . . . . . . . . . . . . . . . . 124

6.10 Three pulsatile flows are compared at Rem = 14400 and St = 0.08

for increasing λ. Trajectory-based labeling at three instances during

flow acceleration (t/T increases down each column) reveals growth of

a coherent structure when λ > 0.50. The same behaviour can be

observed in suspensions, as shown in “Movie 6-2.mp4” for Rem = 9600,

St = 0.15 and Φ = 5%. . . . . . . . . . . . . . . . . . . . . . . . . . . 125

xxii



6.11 Depletion efficiency (η) of steady and pulsatile flows at (a) Rem = 4800,

(b) Rem = 9600 and (c) Rem = 14400. The steady flow efficiency is

represented by a common point at St = 0 and a dashed line. Vortex

formation in λ > 0.50 cases results in more efficient recirculating-fluid

depletion than steady flow at all Rem investigated. . . . . . . . . . . 126

6.12 Circulation (Γ∗) of scattered fluid parcels plotted against t/T in order

to compare vortex strength for increasing (a) λ and (b) St. Vortex

strength grows with λ, but the normalized circulation is relatively in-

sensitive to changes in St and Rem. The shaded areas represent one

standard deviation uncertainty based on the circulation of multiple

pulses. In (b), the magnitude of all three curves fall roughly within

the uncertainty of the St = 0.15 case. . . . . . . . . . . . . . . . . . . 127

6.13 Depletion of recirculating fluid subjected to pulsatile flows of increas-

ing St. Rem is held constant in each row: (a)-(c) Rem = 4800, (d)-

(f) Rem = 9600, and (g)-(i) Rem = 14400. The columns, from left to

right, represent flow at λ = 0.25, 0.50 and 0.95, respectively, in order

to highlight the influence of St. . . . . . . . . . . . . . . . . . . . . . 128

6.14 Three pulsatile flows are compared at Rem = 9600 and λ = 0.50 for

increasing St. From t/T = 0 to 0.250 (increasing down each column)

a vortex ring forms and sheds. At St = 0.04 (left column) vortex

formation is absent. Similarly, “Movie 6-3.mp4” shows the same effect

animated across multiple pulses for flow at Rem = 4800 and λ = 0.50

in a pure liquid. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

xxiii



6.15 The depletion efficiency of steady and pulsatile flows in dilute (Φ = 5%)

and dense suspensions (Φ > 10%) with increasing Rem, St and λ.

The rows, from top to bottom, represent suspension flows with (a)-

(c) Φ = 5%, (d)-(f) Φ = 10%, and (g)-(i) Φ = 20%, respectively. . . . 131

6.16 Three pulsatile flows are compared at Rem = 14400, λ = 0.50 and

St = 0.15 for increasing Φ. The concentration of the suspensions has no

observable effect on the vortex formation and shedding processes that

were observed for pure-liquid flows during the initial acceleration from

t/T = 0− 0.250. “Movie 6-4.mp4” shows a side-by-side comparison of

these flow cases over an entire pulse. . . . . . . . . . . . . . . . . . . 133

6.17 Circulation within the measurement domain is compared, as a mea-

sure of vortex strength, for increasing Φ. No significant variance is

observed for increasing volume fraction (Φ) in pulsatile flow cases,

as is reflected in the depletion efficiency of these flows. The light-

blue shaded area represents one standard deviation around the mean

pulse in the Φ = 10% suspension. All curves fall roughly within these

bounds, particularly during vortex formation (around t/T = 0.4). Ex-

ample shown for flow at Rem = 14400, λ = 0.50 and St = 0.15. . . . . 134

F.1 The influence of the LOWESS fitting function’s span is visualized by

increasing the percentage of particle images considered in each calcu-

lation from 0.33% to 10%. A small span value yields noisy results and

fluid parcels become scattered through the domain when extended.

On the other hand, increasing the search radius too far can completely

smooth out fluid structures that are crucial to analysis. . . . . . . . . 181

xxiv



F.2 Two measured particle tracks (black) are extended using flow maps

constructed using a LOWESS surface fit to produce long fluid trajec-

tories (red and blue). The different line styles demonstrate the effect

of changing the span of the fitting function. A span of 1% is used for

the optical measurements throughout this thesis. . . . . . . . . . . . . 183

H.1 Panels (a) and (b) show two different views of the same flow map. The

flow map shows the x displacement at each position in the domain

interpolated from the scattered measurement data (red dots) using a

LOWESS fit. The accuracy of the surface fit is estimated by compar-

ing the known displacements to the flow map value at the same co-

ordinates. Note that the surface is opaque and some of the measured

data (red dots) are hidden, which makes the distribution of particles

appear uneven. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

H.2 Residual plot of the displacement of particles over a single time step as

measured using 2D-PTV and calculated using a flow map. The even

spread of points around zero difference suggests that the flow map is

well fit to the measured data and can be used to estimate the mean

error of pathline extension. . . . . . . . . . . . . . . . . . . . . . . . . 188

xxv



List of Acronyms and Symbols

Acronyms

2D Two-Dimensional

3D Three-Dimensional

B-mode Brightness Mode

CFD Computational Fluid Dynamics

EchoLPT Echo-Lagrangian Particle Tracking

Echo-PIV Echo-Particle Image Velocimetry

K-H Kelvin-Helmholtz (Instability)

LDV Laser Doppler Velocimetry

LOWESS Locally Weighted Scatter Plot Smooth

LPT Lagrangian Particle Tracking

MI Mechanical Index

MRI Magnetic Resonance Imaging

PIV Particle Image Velocimetry

ppp Particles Per Pixel

PRT Particle Residence Time

PSF Point Spread Function

PTV Particle Tracking Velocimetry

xxvi



RF Radio Frequency

SAP Suber-Absorbent Polymer

STB Shake-The-Box

UIV Ultrasound Image Velocimetry

UVP Ultrasound Velocity Profiling

Symbols

Latin

A∗ Amplitude of pressure gradient [−]

d Stenosis throat diameter [m]

dp Particle diameter [m]

D Pipe diameter [m]

f Frequency [Hz]

fp Pulsation frequency [Hz]

~g Gravitational acceleration [m/s2]

J0 Bessel function (order zero) [−]

L Length [m]

n Instantaneous number of particles [−]

N0 Initial number of particles [−]

P Pressure [N/m2]

PRT Mean Particle Residence Time [−]

R Pipe radius [m]

R(t) Remaining recirculating fluid [%]

|R| Reflection coefficient (power) [−]

xxvii



Re Reynolds number [−]

Rem Mean Reynolds number [−]

Reo Oscillatory Reynolds number [−]

St Strouhal number [−]

t Time [s]

t0 Time particle enters domain [s]

ti Time at some time step i [s]

tn Time particles exits domain [s]

t∗ Normalized (convective) time [−]

T Period [s]

T ∗ Normalized (convective) period [−]

u Axial flow velocity [m/s]

um Mean jet velocity [m/s]

uo Peak jet velocity [m/s]

V Characteristic velocity [m/s]

~V Velocity field [m/s]

x Axial dimension [m]

x(t) Position particle exits domain [m]

x0 Position particle enters domain [m]

y Dimension normal to wall [m]

Zi Acoustic impedance [kg/(m2s)]

Greek

α Womersley number [−]

xxviii



Γ Circulation [m2/s]

Γ∗ Normalized circulation [−]

η Depletion efficiency [−]

λ Amplitude ratio [−]

µ Dynamic viscosity [Ns/m2]

ν Kinematic viscosity [ms2]

Π Pi group [−]

ρ Density [kg/m3]

φ Phase angle [rad]

Φ Suspension volume fraction [%]

Ψ Measurement domain

ω Angular velocity [rad/s]

ωz
∗ Vorticity (out-of-plane) [−]

xxix



1

Chapter 1

Introduction

Separation is ubiquitous in fluid systems, whether beneficial or detrimental to their

overall function. In the presence of an adverse pressure gradient, such as that cre-

ated by the expansion of an internal channel or the curve of an airfoil, the rapid

deceleration of fluid close to the surface may cause boundary layer separation, which

results in a region of recirculation. For an internal flow, this recirculation region is

characterized by retrograde flow and increased vorticity, mixing and transit times.

Countless studies, particularly in the field of aerodynamics, have focused on mitigat-

ing separation and the associated fluid dynamics. Strong pressure differentials and

retrograde flow will frequently cause increased drag, buffeting and vibrational noise.

Recirculation, however, is not always preventable. In a medical context, the complex

internal geometries of the cardiovascular system frequently cause separation. While

a common occurrence in the vicinity of valves and vessel bifurcations, separation in

the worst cases can cause or aid in the development of cardiovascular diseases. These

diseases cause local expansions or contractions of blood vessels (such as aneurysms

or stenoses), and the resultant separation decreases blood flow and blood pressure to

vital organs and tissues further downstream.
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1.1 Motivation

The studies in this thesis were motivated by dynamics of recirculating blood flow,

and how they contribute to disease progression and influence surgical intervention.

Traditionally, accurately quantifying blood flow through large vessels has been diffi-

cult for a multitude of reasons. Flow through complex geometries, that change from

patient to patient, is often unsteady and in a transitional regime, while blood itself

is a non-Newtonian fluid. In addition, most in vivo measurement techniques are ex-

pensive and potentially harmful, and lack the spatial and temporal resolutions for

accurate velocimetry. Instead, many studies are forced to use in vitro experiments

with gross approximations of the properties and behaviour of blood and blood vessels

(Vlachopoulos et al., 2011). Despite the development of numerous constitutive blood

models, many studies continue to assume blood acts as Newtonian fluid, ignoring

the presence of red blood cells, and use water as a substitute (Sequeira and Janela,

2007). Additionally, blood vessels may be modeled as straight, rigid pipes, while in

actuality, large arteries close to the heart are known to deform considerably. Finally,

flow is assumed to be steady and laminar. As a result much is still misunderstood

regarding blood recirculation dynamics resulting from pathological vessels. In partic-

ular, recirculation downstream of a constriction has been linked to increased Particle

Residence Time (PRT), which contributes to increased plaque deposition and further

narrowing of the vessel.

1.2 Objectives

Particle Residence Time is a Lagrangian quantity (path-dependent). Working in a La-

grangian reference frame is particularly useful for quantifying separated flows where
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it is desirable to extract information from fluid parcels entering into the recircula-

tion region and interacting with near-surface regions. Lagrangian measurement tools

are capable of high dynamic range and spatial resolution, while providing access to a

range of path-dependent quantities, however, they remain under-utilized, particularly

for in vivo applications. The need for Lagrangian measurements presents an inter-

esting intersection between recirculating flow dynamics and measurement science,

from which the objectives of this thesis are defined. The first objective is to develop a

method of extracting path-dependent quantities, like PRT, from a region of separated

flow that is compatible with in vivo imaging modalities. Second, is to draw insight

into recirculation dynamics through the extracted path information of entrained and

high-PRT fluid parcels. Finally, two of the assumptions regarding blood, listed above,

are addressed by investigating the impacts of pulsatility and suspended particles on

recirculation. While this thesis is inspired by blood flow dynamics, the objectives are

easily abstracted and applied to many recirculating flows. The following section of

this chapter outlines the specific contributions of the thesis and how they fulfill the

objectives listed above.

1.3 Organization of thesis

This thesis explores the use of Lagrangian particle tracking to extract path-dependent

information from recirculating flows. This is achieved using an idealized stenosis

model, which has direct implications for biological applications, but can be applied

to a number of scenarios that feature a large recirculation region. This thesis is

a combination of measurement science, using both optical and ultrasound imaging

modalities, and fluid dynamics related to the study of pulsatile recirculating flows.
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The following is an outline of the chapters of this thesis, which is also visually depicted

in Figure 1.1.

Chapter 2 provides important background information relating to recirculation,

pulsatility and Lagrangian measurement techniques. The dynamics of separated and

post-stenotic flows are each explored with particular attention to the influence of

pulsatility. Important dimensionless groups that are used in the subsequent chapters

are also defined. Finally, the value of Lagrangian information is discussed, as well

as the state of the art Lagrangian measurements techniques using both optical and

ultrasound imaging systems.

In Chapter 3, a novel method of quantifying PRT, based on Lagrangian particle

tracking, is introduced. The technique draws pathlines from scattered tracer data,

and is tested using a simple stenosis geometry. In particular, PRT values downstream

of the stenosis reveal differences between the behaviours of steady and pulsatile flows.

The technique is designed as a simple, two-dimensional measurement tool that can

be used not only to calculate PRT, but many path-dependent metrics.

In Chapter 4, a parametric study is performed that investigates the effects of

pulsatility on the PRT of fluid passing through the same stenosis model. Using the

techniques introduced in Chapter 3, PRT data is extracted for pulsatile flows with

increasing mean Reynolds number, pulsation frequency and amplitude. The pathlines

of jet fluid that is entrained into the recirculation region are then compared in order

to determine the influence of each parameter on post-stenotic mixing. Although this

study is motivated by cardiovascular flows, the PRT results and mixing dynamics are

generally applicable to pulsatile flows.

Chapter 5 introduces and validates one of the first instances of Lagrangian particle



1.3. ORGANIZATION OF THESIS 5

tracking using ultrasound images. Motivated by the need for accessible in vivo ve-

locimetry, ultrasound imaging procedures are described specifically for particle track-

ing and the calculation of path-dependent quantities. Tracer particle options and

image processing steps are discussed in detail. Proof-of-concept experiments are per-

formed following a similar format to those described in Chapter 4 to identify PRT

differences in steady and pulsatile flows, with changing velocity, frequency and am-

plitude.

In Chapter 6 the mixing dynamics within a recirculation region are investigated by

means of a depletion efficiency. Lagrangian analysis is performed to determine the role

of vortex formation in the exchange of fluid across a shear layer separating a jet and a

recirculation region. Recirculating-fluid depletion is discussed for increasing degrees

of pulsatility in the inlet flow, and is compared for dilute and dense suspensions made

using a super-absorbent hydrogel polymer. This study explores the potential value

of pulsatile flow over steady flow at promoting mixing and the depletion of high-PRT

fluid from a recirculation region.

The major findings of each of the previous chapters are synthesized in Chapter 7.

Furthermore, potential directions for future work are outlined.

Finally, appendices have been included that provide additional detail that will aid

in reproducing the experiments and analyses performed in this thesis. In particular,

sample MATLAB code is given for pathline extension, as well as details pertain-

ing to particle detection and matching criteria, and processing steps for optical and

ultrasound images.
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Figure 1.1: Flow map illustrating the major studies included in this thesis. The stud-
ies are aimed at the development of new measurement tools (purple box)
and advancing our understanding of recirculating fluid dynamics (blue
box) by introducing optical and ultrasound techniques, and investigating
the effects of pulsatility on recirculation.
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Chapter 2

Background

Each of the following four chapters are comprised of studies that contain their own

introductions. This chapter provides additional information to support those stud-

ies. First, a brief introduction to recirculation and pulsatile flow theory (including

a discussion of Womersley and Strouhal numbers) is given in Sections 2.1 and 2.2,

respectively. This is followed by a survey of in vivo stenotic flow research, as well

as in vitro and in silico models in Section 2.3. Finally, Lagrangian and ultrasound

measurement techniques are discussed as they pertain to the various studies in this

thesis.

2.1 Separated flow and recirculation

Flow separation occurs in the presence of an adverse pressure gradient, as may exist

on the suction side of an airfoil or in an expanding channel. The pressure force acts

to slow down the fluid. If the adverse pressure gradient is large, the momentum of

the fluid nearest a surface may not be sufficient to overcome the pressure force and

will cause the flow to stop and reverse. The region of retrograde flow causes the

boundary layer to separate and be deflected away from the surface. Significant effort
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Shear layer

High-speed jet

Recirculation region Reattachment

Idealized
stenosis

Figure 2.1: A schematic representation of a recirculation region that has formed be-
hind an idealized stenosis. High-speed fluid in the jet is separated from
low-speed and reverse flow in the recirculation region by a shear layer
that extends out from the edge of the stenosis.

is dedicated to preventing separation in most fluid systems as it drastically increases

drag and pressure losses in external and internal flows, respectively. The studies

in the subsequent chapters focus on an idealized stenosis geometry, where a sudden

expansion causes flow separation and a large region of recirculating flow.

The region of reverse flow created by flow separation is referred to as a recirculation

region and is separated from the free-stream flow by a shear layer. For an internal

expansion, the shear layer extends out from the separation point and may reattach

to the channel wall downstream where the fluid momentum is able to overcome the

pressure gradient again. The shear layer, which separates relatively high-velocity

flow from the recirculation region, is a band of flow with a strong velocity gradient

that results in the formation of vortices, as depicted in Figure 2.1. These vortices

entrain fluid from the recirculation region across the shear layer causing a momentum

exchange that decreases the velocity gradient and eventually leads to reattachment of

the shear layer. Although, separated flows are highly unstable and their separation

and reattachment points are rarely fixed. The recirculation region is bounded by the

shear layer and channel walls, and its size fluctuates with the reattachment point.
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The recirculation region is often characterized by a large vortical structure with a

low circulation velocity. Ultimately, recirculating flow (and separation in general)

is not well understood analytically. Each of the studies in this thesis investigates

recirculating flows and entrainment in the presence of steady and pulsatile flows.

2.2 Pulsatile pipe flow

Pulsatile flow is the superposition of steady and oscillatory velocity profiles where

there is net flow in one direction. Due to the direct and obvious application of pulsatile

flows to the human body and our health, the vast majority of published data is

concerned with dimensions, velocities and frequencies occurring in blood vessels. For

developed, laminar pipe flow, the steady component can be described by the Hagen-

Poiseuille law. The unsteady component, however, is considerably more complex and

was first described in 1952 when McDonald (1952) captured high-speed footage of

blood flow in the aorta of a rabbit and reported that there is an oscillation to the flow

velocity. By tracing the movement of injected oxygen bubbles in the blood stream

over a full cardiac cycle and calculating a velocity from the positional data, the flow

was seen to quickly accelerate during systole (when the heart’s ventricles contract

and expel blood through the aortic valve) before slowing and eventually reversing. In

Section 2.2.1, the derivation of an oscillatory velocity profile and the impact of the

Womersley number are discussed. Following that, Section 2.2.2 discusses the use of

a Strouhal number, instead of the Womersley number, for describing pulsatile flows.
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2.2.1 Modeling an oscillating flow

Following the direct measurement of unsteady arterial flows in rabbits and dogs (Mc-

Donald, 1952, 1955), Womersley (1955) sought to derive the relationship between an

oscillating pressure gradient and the flow rate and velocity. The following equations

were defined under the assumption of fully-developed, laminar flow of a Newtonian

fluid through a rigid, cylindrical pipe. The Navier-Stokes equation (in cylindrical

coordinates) for the axial momentum of a time-dependent, oscillating flow in a round

pipe can be written:

∂2u

∂r2
+

1

r

∂u

∂r
− 1

ν

∂u

∂t
= −A

∗

ρ
eiωt, (2.1)

where u is the axial velocity, and ρ and ν are the density and kinematic viscosity

of the fluid, respectively. The pressure gradient (A∗eiωt) is sinusoidal with a pulse

frequency fp = ω/2π and amplitude A∗. Womersley (1955) proceeds via substitution

to reach a solution for the velocity profile (u(r)) involving Bessel functions of order

zero (J0):

u(r) =
A∗

ρ

1

iω

{
1−

J0

(
α r
R
i3/2
)

J0 (αi3/2)

}
eiωt, (2.2)

where R is the radius of the pipe and α = R
√

2πf
ν

is the Womersley number. Wom-

ersley further derives a time-dependent flow rate from Equation 2.2 that is a function

of α and follows the sinusoidal shape of the input pressure gradient. The Womersley

number is a dimensionless parameter that describes the ratio of the transient inertial

forcing from oscillatory flow relative to the viscous forcing. At low Womersley num-

bers, the changes in flow rate are gradual (low frequency) and the flow has time to

react; viscous forcing dominates and the velocity profile is near-parabolic, as shown

in Figure 2.2(a). As the Womersley number is increased, the fluid inertia begins to
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(a) α = 3 (b) α = 7 (c) α = 15

Figure 2.2: The profile of pulsatile pipe flows change shape with increasing α. At
(a) α = 3 viscous effects dominate and the waveform is parabolic. At
(b) α = 7, the fluid inertia becomes more influential, while increasing
α further to (c) α = 15 means inertia is completely dominant and the
profile flattens across most of the pipe diameter. The curves of each plot
represent the profile at different phase angles [degrees] over half a pulse.

dominate: the profile flattens out in the core, there is flow reversal at the walls and

the maximum velocity no longer occurs at the tube’s centre (see Figure 2.2(b)). At

high Womersley numbers (Figure 2.2(c)), inertia is completely dominant and a flat

profile resembling slug flow pulses back and forth (Hale et al., 1955; Womersley, 1955;

Westerhof et al., 2018).

A measured pressure gradient can be reduced to the sum of sinusoidal harmonics

via Fourier analysis (Hale et al., 1955; McDonald, 1955). Each harmonic generates an

unsteady flow, with a unique α, following the sinusoidal form of Equation 2.2. The

superposition of the flow rate of each signal produces the total flow rate, which cor-

responds to the initial, measured pressure gradient. McDonald (1955) demonstrated

that the flow rate resembles the shape of the pressure waveform but with a short

phase lag due to the fluid’s inertia. The sum of sine waves represents the oscillating

part of the flow (net zero), while the addition of the steady part will fully describe
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the pulsatile flow.

2.2.2 Strouhal vs Womersley

The Womersley number is widely accepted as the parameter describing the signifi-

cance of inertial effects in oscillatory and pulsatile flow. However, another dimension-

less number, the Strouhal number, is also proportional to the frequency of a pulsatile

flow. This section will explain why the Strouhal number, alongside the Reynolds

number and the oscillatory-to-steady velocity amplitude ratio, is used in Chapters 3,

4 and 6 instead of the Womersley number.

To derive the form of the dimensionless Strouhal number, we begin with the

incompressible Navier-Stokes equation:

ρ

[
∂~V

∂t
+
(
~V · ~∇

)
~V

]
= −~∇P + ρ~g + µ∇2~V , (2.3)

where ~V is the velocity field, P is the pressure, ~g is the gravitational acceleration,

and µ is the dynamic viscosity of the fluid. Equation 2.3 can be non-dimensionalized

using characteristic scaling parameters of the system in question. This results in a

form that contains recognizable dimensionless parameters:

[
fD

V

]
∂~V ∗

∂t
+
(
~V ∗ · ~∇∗

)
~V ∗ = −

[
P0 − P∞
ρV 2

]
~∇∗P ∗+

[
gD

V 2

]
~g∗+

[
µ

ρV D

]
∇∗2~V ∗, (2.4)

where the ∗ represent dimensionless variables, and the first set of terms in square

brackets is known as the Strouhal number: St = fD/V .

The Strouhal number (St) is often used to characterize vortex shedding, but is

also an important parameter in oscillatory flow theory (in which case f is defined as
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the pulsation frequency, D is the pipe diameter and V is a characteristic velocity).

The Strouhal number is the ratio of inertial forces due to oscillatory flow and inertial

forces due to convective acceleration, and can be related to the Womersley number

when combined with the Reynolds number:

St×Re =
fD

V

V D

ν
=

4R2f

ν
=

2

π
α2. (2.5)

Rohlf and Tenti (2001) reassessed the role of the Womersley number in pulsatile

blood flow using the Casson model of blood (a non-Newtonian rheological model).

Their mathematical analysis led them to the conclusion that blood flow was regulated

by two dimensionless numbers: the Reynolds number and Strouhal number, while

the Womersley number is a function of their product (Equation 2.5). The Womersley

number does not depend on the flow velocity and, thus, the same Womersley number

can represent vastly different flow conditions and is insufficient for scaling pulsatile

flow models. Rohlf and Tenti (2001) concluded Re and St are more suitable for

describing pulsatile flows, while the Womersley number should instead be used to

distinguish between flow regimes where non-Newtonian effects should be considered

(α < 1) and those where blood behaves similarly to a Newtonian fluid (α > 1).

To further support the use of Strouhal number as the frequency dependent param-

eter in Chapters 3, 4 and 6, Appendix A contains a dimensional analysis of the six

independent variables in question using the Buckingham Pi theorem (Buckingham,

1914).
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2.3 Flow through stenoses

Our cardiovascular health is a huge driving force for research. The study of blood flow

(hemodynamics) is of particular interest due to its connection to the development of

life-threatening diseases, including atherosclerosis, and the formation of aneurysms

and thrombi. Atherosclerosis is the narrowing of arteries due to the build up of

atheromatous plaque – commonly referred to as a stenosis – and is the leading cause

of mortality and morbidity in the western world (Steinman 2002, National Heart

2016). The cause of atherosclerosis is associated with a genetic predisposition for

the disease and systemic factors, and is not entirely understood to date. It has been

suggested that stenoses form in regions of low wall shear stress often attributed to

disturbed flows near bifurcations and high curvature (Berger and Jou 2000, Wester-

hof et al. 2010). Berger and Jou (2000) provide a thorough review of atherosclerosis,

blood flow and studies of stenotic flows. Early investigations of hemodynamics were

done in vivo, but required invasive catheter-tip velocity probes (Gabe et al., 1969)

or exposed arteries in animal subjects (Hale et al., 1955; McDonald, 1952, 1955).

Similar studies can now be done less invasively with magnetic resonance (Kitajima

et al., 2008; Stalder et al., 2011) or ultrasound imaging (Zhang et al., 2011; Pinter

et al., 2015) techniques, but remain impractical due to excessive cost and poor ac-

curacy. Furthermore, both approaches struggle to capture the acceleration of blood

flow through stenosed vessels. In lieu of in vivo experimentation, which lack spatial

and temporal resolution, many researchers turned to in vitro and in silico stenosis

models to better understand stenotic flows, as discussed below.
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2.3.1 Stenosis modeling

Using X-ray, ultrasound and magnetic resonance images, physiologically-accurate

stenosis phantoms can be produced for experimental or computational studies. Back

et al. (1984) investigated the change in flow resistance with the deposit of plaque

in the coronary artery by creating a cast from a human cadaver and measuring the

instantaneous flow velocity (with a Doppler flowmeter) and pressure drop across the

stenosis. Using magnetic resonance images along 60 coronal planes, Stroud et al.

(2001) accurately constructed a computational model of a severely-stenosed carotid

artery bifurcation and calculated wall shear stresses in the complex geometry for both

steady and pulsatile inlet flow conditions. While both of these modeling approaches

yield accurate reproductions of the diseased vessels they are costly and unique to

individual patients, and thus, the effort is often statistically insignificant (Sengupta

et al., 2012). Instead, idealized stenosis models are frequently employed (as with the

studies in this thesis).

Stenoses are characterized by the the percentage reduction in the vessel diame-

ter (or area). As the disease progresses, the narrowing of the vessel reduces blood

flow and blood pressure to tissues downstream. Stenoses are generally only consid-

ered medically relevant when the reduction in area is over 70% (approximately 50%

change in diameter) – below this value there is not much effect on the flow or pressure

drop through the stenosis (Young, 1979; Ku, 1997). Furthermore, the shape of the

stenosis is nearly negligible compared to the overall change in the vessel diameter

(Young, 1979). Hence, many studies, both experimental and numerical, have used

idealized stenosis models with a diametric reduction of at least 50%. Some stud-

ies have approximated a simple orifice plate as a stenosis, but most use a steady or
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sinusoidal reduction of the diameter towards a narrow throat. While smooth, axisym-

metric stenosis models following a sinusoidal curve, like those produced by Blackburn

et al. (2008); Varghese et al. (2007a); Vétel et al. (2009); Bluestein et al. (1997), are

most common, much work has been invested in understanding the effect of steno-

sis morphology, including surface irregularities (Stroud et al., 2000) and eccentricity

(Tambasco and Steinman, 2003; Varghese et al., 2007a; Paul and Molla, 2012).

2.3.2 Post-stenotic flow dynamics

The studies involving idealized stenosis models – mentioned above – have investi-

gated a multitude of flow phenomena. Stenoses are widely associated with separation

in the expansion region of the stenosis where a strong shear layer develops between

the jet and a recirculation region. The critical Reynolds number for separation has

been documented as low as 10 for stenotic diameter reduction of 50%, while turbu-

lence has been observed with upstream-Reynolds numbers of 300 (Ku, 1997). Several

studies have thoroughly investigated turbulence and transition mechanics for stenotic

flows and the influence of steady and unsteady flows (Blackburn et al., 2008; Vétel

et al., 2008; Varghese et al., 2007a). Meanwhile, others have taken a medical focus

and described the effect of Non-Newtonian fluids (Walker et al., 2013; Shupti et al.,

2015), compliant walls (Shupti et al., 2015), and path-dependent mechanics, includ-

ing shear exposure and platelet activation potential (Bluestein et al., 1997; Tambasco

and Steinman, 2003).



2.4. MEASUREMENT TECHNIQUES 17

2.4 Measurement techniques

2.4.1 Eulerian and Lagrangian reference frames

The vast majority of fluid dynamics research, dating back through the past century,

has been approached within an Eulerian reference frame. An Eulerian perspective

is used to measure fluid properties, with some temporal resolution, within a fixed

domain. Laser Doppler velocimetry (LDV) is an early example of an Eulerian point-

measurement, which uses the interference pattern of two intersecting laser beams to

measure the local velocity of particulate (or seeding) in the fluid. Light scattered by

the particles is Doppler shifted and the frequency of the scattered light is propor-

tional to the flow velocity. LDV is still used in research and commercially because

it is non-invasive and has an exceptionally high temporal resolution (useful for tur-

bulence measurements). The most popular Eulerian tool for fluid experimentalists,

however, is certainly Particle Image Velocimetry (PIV), which has seen continual im-

provements and development since its inception (Adrian, 1984, 2005). In brief, PIV

is an Eulerian velocimetry technique that produces velocity vector fields by corre-

lating the displacement of seeded tracer particles between consecutive frames. The

field is defined at several grid points according to the subdivision of the measurement

domain into small interrogation windows. State-of-the-art correlation algorithms are

incredibly refined and PIV is easily adapted for almost any experimental setup, or

computational model.

A Lagrangian reference frame and Particle Tracking Velocimetry (PTV) are the

counterparts to Eulerian measurements and PIV, respectively. In a Lagrangian frame-

work, the positions of individual fluid parcels are defined over time as they move

through a measurement domain. The concept of particle tracking has been long
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established as an effective flow visualization technique and the advent of PIV as-

sisted in extending from simple particle trajectories to Lagrangian particle velocities

(the material derivative of a fluid parcel’s position). In 1988, Adamczyk and Rimai

(1988) constructed the first automated, two-dimensional particle tracking velocime-

ter (2D-PTV) with which velocity information could be automatically extracted from

particle-track video of seeded flows. Much like PIV, PTV algorithms compare particle

image displacements between consecutive images, but instead of correlating particles

within an interrogation window, PTV detects and matches unique particles across

many frames. Particle detection and matching is typically a function of peak inten-

sity comparison within an acceptable velocity threshold, but is severely limited by

high particle image density. As a result, PTV was quickly over-shadowed by PIV –

which continues to be the popular choice for most fluid studies. Raffel et al. (2018)

provides thorough descriptions of both Eulerian and Lagrangian velocimetry tech-

niques.

2.4.2 Advantages of Lagrangian particle tracking

Despite being under-utilized, Lagrangian data has its advantages. PTV measure-

ments produce pathlines that describe the motion of fluid parcels through space and

time, making them ideal for investigating transport phenomena. Pathlines contain the

information necessary to directly calculate the material derivative (useful for extract-

ing the pressure field or Lagrangian acceleration) and identify Lagrangian coherent

structures (Shadden et al., 2006). Long pathlines are capable of describing the entire

history of a fluid parcel and are integral to studying entrainment (Rosi and Rival,

2018) and measuring path-dependent quantities, like particle residence time. For the
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study of recirculating flows, in this thesis, the ability for PTV to resolve velocities

in near-wall and high-shear regions is particularly important. PIV struggles in these

same scenarios where biasing errors arise within half of an interrogation window width

from the wall (Kähler et al., 2012). Furthermore, Lagrangian measurements are bet-

ter suited to the high dynamic velocity range of separated flows (Kähler et al., 2012;

Dabiri and Pecora, 2019), thus improving the accuracy of particle tracks compared

to what would be feasible using synthetically-seeded Eulerian vector fields. Kähler

et al. (2012) also showed that the primary source of random error in PTV data is

overlapping particle images. If the particle image density is controlled, though, parti-

cle detection uncertainty can be an order of magnitude smaller than errors associated

with PIV. Lagrangian data, however, is not well suited for calculating spatial gradi-

ents (e.g., vorticity) and requires grid interpolation, whereas the same gradients are

readily available with Eulerian vector fields. Additionally, particle matching is com-

putationally taxing and was originally limited to lower particle densities and, hence,

lower spatial resolution than Eulerian velocimetry.

The resolution gap between Eulerian and Lagrangian techniques has all but van-

ished at present with Shake-The-Box (STB) methods (Schanz et al., 2016) produc-

ing three-dimensional Lagrangian data at resolutions exceeding those possible with

tomographic PIV (Scarano, 2013). Despite its recent popularity and impressive visu-

als, STB is impractical for many experimental studies. Like tomographic-PIV, STB

requires the physical space to accommodate a multi-camera system that is very time-

consuming to calibrate. 2D-PTV remains an effective, albeit under-utilized, mea-

surement technique and viable approach to Lagrangian data collection when more

complex three-dimensional (3D) techniques are impractical or infeasible. 2D-PTV is
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employed in each of the studies in this thesis to extract path-dependent Lagrangian

values.

2.4.3 Ultrasound imaging

Ultrasound imaging is a well-established imaging modality that sees widespread clin-

ical use (e.g., echocardiography). Ultrasound technology is being continually devel-

oped and ultrasound has thus recently grown increasingly popular in research settings.

As a flow measurement tool, the technique is a non-invasive and readily available

method of accessing optically-opaque fluids. This section is aimed at providing a

brief introduction to ultrasound imaging, as well as how the modality is being used

by present-day fluid dynamics researchers.

Ultrasound imaging basics

Ultrasound imaging concerns the creation of pulses of high-frequency (> 20 kHz),

longitudinal sound waves and the reception of their reflections (typically described

as echoes). Linear phased-array transducers are the most common modern-day ul-

trasonic transducers for both diagnostic medicine and experimental fluid mechanics.

The transducer is an array of piezo-electric elements (typically made from lead zir-

conate titanate or polyvinylidene fluoride) that are made to vibrate in response to an

alternating electric current (Wells, 2006). The deformation of each element at high

frequency, and over a short period, generates pressure wave pulses that propagate

away from the transducer at the speed of sound within the respective medium. Med-

ical ultrasound devices generally use sound waves in the 1-20 MHz range depending

on the application and balance that is required between resolution and penetration
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Figure 2.3: (a) Schematic representation of ultrasound emission and echo reception
with a linear transducer. For clarity a single piezo-electric element is
highlighted. High frequency sound waves leave the element and are par-
tially reflected each time they encounter a change in acoustic impedance
(Zi). Echoes, like those generated by contrast microbubbles, are received
by the same transducer element and converted into spatial information
that can then be translated into a (b) B-mode image. Panel (c) shows
the basic steps involved in calculating velocity vectors fields from ultra-
sound images using ultrasound image velocimetry (UIV), as described in
the text.

depth (Chan and Perlas, 2010).

The high-frequency sound wave travels away from the transducer element until it

reaches an interface between two mediums of different acoustic properties. At this

interface, the wave is partially reflected, creating a wave (referred to as an echo)

that travels back to the transducer, and partially transmitted (as depicted in Figure

2.3(a). The power of the reflected wave is a function of the acoustic impedance (Zi)

of the two mediums (subscripts 1 and 2) at the interface, as described by the Fresnel
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equations:

|R| =
(
Z2 − Z1

Z2 + Z1

)2

, (2.6)

where |R| is the power of the reflected wave. The echo travels back to the trans-

ducer and is recorded. Ultrasound transducers act as both emitters and receivers of

sound waves – the same piezo-electric elements, when deformed by impinging pres-

sure waves, produce an electric signal. The now-attenuated transmitted wave may

continue to travel through the new medium until reaching another interface where

the same phenomenon occurs and another echo is produced. This process repeats

until the original signal is completely attenuated by reflection and scattering. The

time it takes for each of the reflected waves to return to the transducer can be used

to calculate the distance to the interface (e.g., the wall of a blood vessel or contrast

agent bubble) that caused each reflection. Ultrasound waves are emitted in pulses,

with a preset pulse repetition frequency, to allow for the incident waves to reach the

desired depth and be reflected back before another pulse can be sent. The maximum

time of flight – a function of the scan depth – of the wave pulses is one factor that

limits ultrasound frame rates.

The echoes that are received by the piezo-electric element during a pulse generate

an electrical signal that is referred to as radio frequency (RF) data. The time-resolved

RF data from an element represents the time of flight of each echo along a single scan

line and can be converted to distances using the local speed of sound. The result

is the reflection intensity as a function of the distance from the element. When an

ultrasound wave passes from one medium to another, it may produce a strong spectral

reflection that clearly defines the position of the interface (e.g., the wall of an acrylic

pipe or a bone) relative to the transducer element. When RF data is collected for an
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array of adjacent transducer elements, it can be visualized as a brightness-mode (or

B-mode) image. Figure 2.3(b) shows a B-mode image of microbubbles in a compliant

latex tube. B-mode images are the most common representation of 2D ultrasound

data and reveal regions of differing acoustic impedance. Linear transducers construct

the images by sequentially emitting and receiving ultrasound waves from up to 512

elements. The transducer used in Chapter 5 contains 128 elements arrayed in a

linear pattern. Ultrasound beam formation is often thought of as a sequential scan

from one element to the next. In actuality, beam forming is the precise control of the

interference pattern of multiple elements. Exciting different arrangements of elements

with distinct time delays allows the ultrasound beam to be focused at a desired depth,

or depths with multiple foci (Wells, 2006). These beam forming processes occur with

each “sweep” of the elements in order to produce a single B-mode image. As a

result, the frame rate is directly proportional to the sweep duration. Despite the

limitations to frame rate (which is a hindrance to velocimetry applications), B-mode

images can be used to qualitatively delineate structures from one another, identify

abnormalities, or even map mechanical properties, such as Young’s modulus and

Poisson’s ratio (using a technique named elasticity imaging (Wells, 2006)), without

the need for optical access.

Ultrasound velocimetry

Dating back several decades, ultrasound imaging has been applied to measuring car-

diovascular flows (e.g., quantifying regurgitation through the mitral valve). The ear-

liest attempts were simple point measurements using short ultrasound pulses, while
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present-day techniques use Doppler or correlation-based methods for an accurate mea-

sure of flow behaviour (Jensen et al., 2016a,b). Regardless of the approach, the use of

a contrast agent can drastically increase the signal intensity of echoes received from

the flow. An ultrasonic contrast agent is typically a solution of microbubbles contain-

ing air or a low-solubility gas encapsulated in a lipid or albumin shell (Wells, 2006).

A solution of microbubbles was used in the example given in Figure 2.3 to generate

a vector field. The key characteristic of a contrast agent for ultrasound imaging is an

exceptionally high acoustic impedance. A large impedance discrepancy between the

microbubbles and the working fluid creates high-intensity echoes that clearly highlight

flow motion. Furthermore, the microbubbles are several orders of magnitude smaller

than the wavelength of the ultrasound, and can be made to resonate at ultrasonic

frequencies, enhancing the reflected signal further (Mukdadi et al., 2004). For diag-

nostic applications, large concentrations of the microbubbles are locally injected into

the bloodstream allowing the blood to be clearly distinguished from the surrounding

tissues. The use of microbubbles is referred to as contrast-enhanced ultrasound imag-

ing and is crucial for correlation and tracking measurements. The following briefly

describes Doppler imaging and ultrasound imaging velocimetry (UIV) and their use

in clinical and research settings.

Clinical ultrasound machines use Doppler information to extract the speed and

direction of flow. Ultrasound waves incident on particles, such as red blood cells or

contrast microbubbles, moving in a flow produce echoes with a different frequency,

i.e., there is a Doppler shift between the source and reflected sound waves. The

frequency shift can be related to the scatterer’s speed along the direction of the

ultrasound beam. Motion perpendicular to the beam can be measured with some
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additional effort by tilting the ultrasound probe and accounting for the angle of inci-

dence between the beam and the flow direction. A technique named Colour Doppler

combines B-mode images with Doppler information to plot flow measurements in re-

lation to the local anatomy (Jensen et al., 2016a). Colour Doppler is typically used

for simple visualizations of blood flow, or lack thereof, where regions of the ultra-

sound images are coloured red or blue, in real-time, to distinguish between motion

towards or away from the transducer (Macfarlane et al., 2010). In addition to the

angle-sensitivity of Colour Doppler velocimetry, the technique suffers from aliasing

where inadequate sampling of the Doppler signal leads to misinterpretation of the

Doppler shift (Evans et al., 2011). Further development of Doppler-based velocime-

try led to Power Doppler which is more sensitive, nearly angle independent, and not

as susceptible to aliasing (Macfarlane et al., 2010). Unfortunately, Power Doppler

can only measure velocity magnitude and cannot resolve its direction. Further itera-

tions of these Doppler techniques exist, with varying degrees of complexity, including

the extraction of two-component velocity vectors, but this information is perhaps

more easily attained using correlation-based velocimetry (if instantaneous, real-time

information is not required).

The first instance of coupling correlation-based particle image velocimetry (PIV)

and ultrasound images was a study by Crapper et al. (2000). They quantified

sediment-laden flows with an accuracy of ±15% compared to references values. The

technique quickly became a popular means of analyzing non-transparent fluids or flows

where optical access was not possible. The technique adopted the name ultrasound

image velocimetry (UIV) or Echo-PIV, as coined by Kim et al. (2004), whose study

clearly outlined the methodology and its validity for fluid applications. UIV typically
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obtains two-component velocity vector fields from contrast-enhanced ultrasound im-

ages. The process is nearly identical to that of optical PIV with the primary challenge

and difference being the preparation of the ultrasound images, which generally have

a much lower spatial and temporal resolution than their optical counterpart. First,

using microbubbles as flow tracers, a flow can be recorded as a time-series of B-mode

images. The images are divided into small interrogation windows containing approx-

imately ten microbubble images and cross-correlated from one time step to the next.

The resulting correlation plane describes the displacement of particles between the

two frames and the coordinates of the dominant peak represents the most probable

displacement. As such, each interrogation window yields a velocity vector describing

the local velocity field at that instant. Repeated over the entire area of interest and

for each time step yields a time-resolved velocity vector field. A schematic represen-

tation of the UIV process is illustrated in Figure 2.3(c). UIV is now utilized in clinical

research, particularly for the analysis of vortices in the left ventricle (Kheradvar et al.,

2010; Sengupta et al., 2012), or flow through the carotid bifurcation (Zhang et al.,

2011). UIV has also been adopted by fluid mechanics researchers, including in vitro

studies of wall shear stress and rheological measurements, among others (Poelma

et al., 2012; Gurung et al., 2016; Gurung and Poelma, 2016). Poelma (2017) provides

a comprehensive review of the UIV technique, while the ultrasound-based measure-

ments will continue to see development alongside those of the underlying hardware

(e.g., improved resolution and frame rate). UIV represents an attractive alternative

to more expensive and/or dangerous modalities, like magnetic resonance or X-ray

imaging, for Eulerian investigations of non-optically accessible flows. However, few

studies exist from a Lagrangian perspective using ultrasound images. In Chapter 5 a
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novel technique called echo Lagrangian particle tracking that is capable of extracting

path-dependent dynamics from B-mode images is introduced.
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Chapter 3

Direct Lagrangian measurements of Particle

Residence Time

3.1 Abstract

A method is presented for measuring Particle Residence Time (PRT) directly from

Lagrangian data. PRT is defined as the time a parcel of fluid spends in a region of

interest. In this study a two-dimensional particle tracking velocimetry technique is ap-

plied to demonstrate the basic working principle. To test the concept, measurements

were performed for a fully-turbulent, unsteady flow through an idealized stenosis

model with a large recirculation region. The pulsatile waveform was characterized by

a mean Reynolds number of 9600, Strouhal number of 0.075 and amplitude ratio of

0.5. Lagrangian tracking is used to follow tracer particles as they exit the stenosis

and are entrained across the shear layer into the recirculation region. Short particle

tracks are extended forwards and backwards using a technique developed by Rosi and

Rival (2018), such that particles entering the measurement domain are tracked con-

tinuously. Identifying the origin of unique particles, and the trajectory they follow
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to reach their terminal positions, elicits significant insight from categorizing path-

lines as belonging to the jet or being entrained into or caught in the recirculation

region. PRT is directly related to path length and is computed at every instant along

each pathline. Labelling particles according to their trajectory revealed differences

in steady and unsteady flow that are quantified via PRT. The steady case accrued

greater PRT on average but, in the unsteady case, pulsatility resulted in greater PRT

of particles entrained from the jet. In both cases, instantaneous PRT measurements

along extended particle tracks allowed the source and trajectory of high PRT particles

to be identified.

3.2 Introduction

Characterization of path-dependent dynamics plays an important role over a broad

range of fluid scales, particularly for biomedical, environmental and meteorological

flows. One such metric is Particle Residence Time (PRT), which is defined as the

time a fluid parcel spends in a region of interest. PRT is typically investigated to

identify regions of a flow where fluid parcels become stagnant, most commonly due to

separation and recirculation. For instance, researchers studying hemodynamics are

principally interested in quantifying PRT in regions of high or fluctuating wall shear

stress. Long residence times have been shown to correlate to increased deposition of

plaques that are carried by blood, and promote thrombogenesis and atherosclerosis

(Martorell et al., 2014; Long et al., 2014; Tambasco and Steinman, 2003). Stud-

ies using computational fluid dynamics (CFD) have evaluated the effect of stenoses

(Kunov et al., 1996; Tambasco and Steinman, 2003), aneurysms (Rayz et al., 2010;

Suh et al., 2011), and cardiac-assist devices (Prosi et al., 2007; Long et al., 2014)
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on PRT when compared to healthy vessels, but experimental studies are few and

far between. Tsao et al. (1992) and Balducci et al. (2004) each use in vitro particle

tracking through a stenosis model and artificial valve, respectively, to gather La-

grangian data and measure local residence time. In both cases, the methods used are

restricted by short particle tracks and time-averaged calculations. Tsao et al. (1992)

designate small control volumes, only 3 mm in length, while Balducci et al. (2004)

report tracking only 50 tracers for 10–50 consecutive time steps. Neither method is

able to describe how an individual particle’s movement is linked to its PRT over long

distances. Measurements along the trajectory of individual fluid parcels are limited

with simple particle tracking, and not possible with popular, Eulerian techniques, like

particle image velocimetry (PIV). Currently, there is no experimental technique for

the calculation of individual PRT over long trajectories.

The requirement for trajectory-based measurements makes experimental methods

in a Lagrangian reference frame crucial. Particle tracking velocimetry (PTV) is a

well established technique, in two- and three-dimensions, for tracking and drawing

flow tracer pathlines. In recent years, tracking methods saw a surge in popular-

ity when the technique’s low particle density, a major disadvantage, was drastically

increased via the advent of Shake-The-Box (STB) (Schanz et al., 2016). STB algo-

rithms can track individual particles over long distances with pixel densities similar

to tomographic-PIV (Scarano, 2013), but require a complex system of cameras and

calibration. Furthermore, imaging at such high densities is not feasible in some envi-

ronments. In the case of arterial flows or movement on the scale of tidal or weather

systems, a single approach for path-dependent measurements, like PRT, on any scale
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would be indispensable. Similarly, three-dimensional data provides a clearer under-

standing of flow dynamics, but adds a layer of complexity to the experiment and is not

practical in all scenarios. Two-dimensional PTV (2D-PTV) remains a powerful tool

and, with proper control of particle density, can track particles across long distances

in complex flows. In this study, a straightforward, single-camera setup is used for

proof of principle to calculate the PRT throughout. Particle tracks are extended to

reveal their time-history following techniques outlined by Rosi and Rival (2018). The

method described herein is applicable to a wide range of flows and data types that are

not amenable to 3D-PTV or STB, including (low resolution) ultrasound recordings

(Poelma, 2017; Kim et al., 2004), synthetic-aperture radar (Luckman et al., 2007) or

satellite images (Klemas, 2010).

The current study uses 2D-PTV to demonstrate the scalable tool for measuring

Particle Residence Time in complex flows. First, Section 3.3 details the single-camera

setup used to track particle movement through an in vitro stenosis model. Lagrangian

data is processed into pathlines that are extended to describe individual particle

trajectories and compute PRT. In Section 3.4, the differences between a steady and

pulsatile flow are illustrated by colour-labelling particles based on their displacement

or PRT, and calculating unique and bulk PRT values.

3.3 Methods

3.3.1 In vitro experimental facility

Figure 3.1 shows the room-scale facility used to conduct an experimental evaluation

of PRT using 2D-PTV. Water was drawn from a reservoir by a programmable circum-

ferential piston pump (WrightFlow TRA10 Model 1300) and circulated through an
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Figure 3.1: Optical flow-loop test facility. The stenosis model is installed in the opti-
cal test section that is enclosed in a water-filled, octagonal imaging cham-
ber. Custom unsteady flow profiles are generated by the programmable
piston pump.

optically-accessible test section. The test section is a 1 m length of acrylic pipe with

an internal diameter D = 7.62 cm and is situated approximately 45 diameters down-

stream of the pump – turbulent flow conditions can be considered fully developed.

When enclosed within a water-filled octagonal tank, the test section was optically

transparent and any aberrations or distortion caused by the curved walls of the pipe

were eliminated. As a test case for the measurement of PRT, an idealized stenosis

model was installed in the test section (see Figure 3.2). The geometry of the model

can be described as a gradual axisymmetric contraction of the internal pipe diameter

followed by a sudden expansion. The diameter is reduced by 50% (75% reduction in

area) along the smooth sinusoidal curve given by y(x) for −0.5 6 x/L < 0:

y(x) =
1

2
[d+ (D − d)sin2(

πx

2L
)], (3.1)
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Figure 3.2: (a) A schematic of the stenosis model installed in test section of flow
loop. The measurement domain is immediately behind the axisymmetric
constriction where a thick laser sheet illuminates tracer particles so they
can be imaged with a high-speed camera. (b) A cross-sectional slice,
along the centre plane of the light sheet, of the stenosis model used in
this study. The field of view is highlighted using a white box; within this
domain scattered Lagrangian vector data (blue arrows) is processed into
long pathlines (orange and black lines).

where x is the position along the pipe, d = D/2 is the stenosis throat diameter and

L = 7.62 cm is the length of the stenosis. This shape is typical of stenosis models

found in the literature (Blackburn and Sherwin, 2007). For x > 0, the stenosis ends

abruptly with a sudden radial expansion to D. This geometry was selected for its

ability to generate a large recirculation region.

3.3.2 Particle detection and tracking

Flow through and behind the stenosis was recorded with a single high-speed CCD

camera (FASTCAM Mini WX100) fixed at the side of the tank; see Figure 3.2. Using

a f = 60 mm Nikon lens, the camera captured an area 6.5 cm by 3.0 cm at the

bottom of the pipe immediately behind the stenosis model. The camera resolution

was 2048 x 1024 pixels and the frame rate was 1000 Hz. The unsteady (pulsatile)

flow case was synced with the camera to record one pulse at a time using a digital
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acquisition device (National Instruments MyDAQ). PTV was used to locate particle

positions in every frame and draw a pathline for each as they move through the

measurement domain. The working fluid (water) is seeded with polyamide particles

with a mean diameter of dp ≈ 55 µm. The tracer particles have a Stokes number

on the order of 0.0001 and can be assumed to closely follow the flow. The particle

image density was on the order of 0.001 particles per pixel (ppp) and approximately

2500 particles were identified in any given frame without ambiguity. The suspended

particles were illuminated by a 3 W diode-pumped continuous solid-state 532 nm

laser. The light sheet was configured to a thickness of 5 mm to minimize particle loss

due to out-of-plane motion. In flows that exhibit turbulence, out-of-plane particle loss

can be compensated for by increasing the light sheet thickness, however the associated

reduction of the light sheet’s energy density can lead to loss-of-correlation in densely-

seeded particle image velocimetry (PIV) (Scharnowski et al., 2017; Raffel et al., 2018).

With PTV, a thick sheet allows particles to be tracked over longer distances despite

small out-of-plane motion provided there is no particle image overlap (Cierpka et al.,

2013; Schanz et al., 2016). The flows under investigation are complex and turbulent

and some particle dropout is expected and deemed acceptable. Rosi et al. (2015)

identify out-of-plane fluctuations as an indirect source of error in 2D measurements

that is inversely proportional to the light sheet thickness so long as the desired density

of valid tracks is maintained. A series of 2000 images was used to track tracer particle

displacement. LaVision’s DaVis 8.4.0 2D-PTV algorithm was used to locate and

track particles. First, particle images were identified in each frame via peak detection

using a Gaussian fit. Having found the tracer positions for the entire image series,

each particle images’ match, from frame to frame, was established by peak matching
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(Dracos, 1996). The displacement of a particle and the time between frames were

used to plot a vector for each matched particle. A vector was verified by checking

the spatial coherence of the vector field in its neighbourhood. When complete, the

positions of each particle through time were connected to form tracks. The particle

tracks were then filtered by path length and if a track extended across less than five

consecutive images it was discarded. The minimum requirement of five images was

chosen based on the values investigated in Appendix C. Approximately 1500 particle

tracks satisfied this condition at each time step, reducing the effective particle image

density to 0.0007 ppp. Some unextended pathlines are shown in Figure 3.3(a).

3.3.3 Flow conditions

In the current study, steady and pulsatile flows are compared to one another. The

steady flow has a Rem = 9600. The pulsatile waveform consists of the same steady

component (Rem = 9600) superimposed on a sinusoid with frequency fp = 0.5 Hz.

In a stenosed blood vessel, flow is characterized by the healthy (upstream) vessel

diameter and flow rate. However, for this study, all convective scales are normalized

using the conditions at the throat of the stenosis: characteristic length d and mean

jet velocity um. The mean velocity upstream was measured using PIV. Assuming the

same volumetric flow rate through the stenosis, the velocity at the throat um is four

times greater. The Reynolds number is Rem = umd/ν, where ν = 1.004mm2/s is the

kinematic viscosity, and the unsteady profile is characterized by a Strouhal number

St = fpd/um and an amplitude ratio λ = (Reo − Rem)/Rem, where Reo is the peak

Reynolds number of the oscillatory component. The Womersley number is perhaps a

more commonly used dimensionless parameter for describing pulsatile flow, but the
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Figure 3.3: (a) Raw pathline data, prior to track extension, for particles exiting the
stenosis model from the left (black/red) and recirculating from down-
stream (orange/green). Flow is steady and only particles that were
tracked over 100 time steps are shown for clarity. Pathlines are colour-
labelled according to Section 3.4.1. (b) In order to extend particle tracks
beyond their original length, the displacement of the nearest 1% of all
particles from one frame to the next (blue area) is used to predict the
trajectory of the tracer in question. Particles at ti−1 are used to extend
the path backwards, and those at tj+1 for forwards-time extension. (c)
Extended pathlines are colour-labelled based on their trajectory through
the field of view and how they interact with the flow structures therein.
The grey portion of the tracks represents the length they are extended.
Note: this schematic is not to scale.
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Womersley number does not depend on the flow velocity and is in fact a function of

the product of the Reynolds and Strouhal numbers (Rohlf and Tenti, 2001).

3.3.4 Pathline extension

PTV processing produces short particle tracks that can be extended to reveal the

complete trajectory a particle maps through the measurement domain. Pathlines were

extended beyond their measured length following the method described by Rosi and

Rival (2018), which was inspired by flow-map compilation techniques (Raben et al.,

2014; Brunton and Rowley, 2010). The pathline-extension method extends paths

forwards and backwards in time using flow maps fitted at each time step. Flow maps

were fit using a locally-weighted scatter-plot smoothing algorithm (within MATLAB

R2018a) that considered all pathlines that existed at previous or subsequent time

steps. The MATLAB code used for pathline extension has been included in Appendix

D. A backwards- and forwards-time flow map was generated at each time step by

considering each particle position from the original recording and how the nearest

1% of all Lagrangian tracers (Rosi and Rival, 2018) – approximately 15 particles –

moved into the preceding or proceeding time step, respectively. A backwards-time

fit is illustrated in Figure 3.3(b) at the time step ti. The influence of the number

of neighbouring tracers used by the fitting function was evaluated in this study, and

by Rosi and Rival (2018), and revealed that selecting too few tracers yielded noisy

results, while too many smoothed out flow physics (the evaluation of the span of the

fitting function is included in Appendix F). As in Figure 3.3(b), pathlines were then

extended until the beginning or end of the recording, or until they convected out of

the field of view, according to the flow maps. Pathlines that would extend outside
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of the field of view were terminated at the periphery. This can occur in backwards-

or forwards-time extension and resulted in a small number of nonphysical, erroneous

pathlines that begin or end at the wall of the stenosis or pipe. The resulting pathlines

were then smoothed using a third-order Savitzky-Golay filter spanning five frames.

Following extension, the mean path length increased by 40-fold and more pathlines

enter into the field of view at each time step. As a result, the particle image density

goes from 0.0007 ppp to 0.0324 ppp.

3.4 Results and discussion

The following sections outline the qualitative and quantitative evaluations of the ex-

tended particle pathlines in the region downstream of an axisymmetric contraction

followed by a sudden expansion that simulates a stenosis. Particles are categorized

according to their origin and how they move through the field of view. PRT mea-

surements are presented and discussed for the bulk fluid, individual particles and the

trajectory-based categories. Differences in the fluid motion and PRT for the steady

and pulsatile cases are highlighted.

3.4.1 Trajectory-based particle labelling

The steady and unsteady cases are both characterized by the same mean jet velocity

and Reynolds number Rem = 9600. The pulsatile flow profile has an amplitude ratio

λ = 0.5 and the Strouhal number, based on the mean jet velocity, is St = 0.075. Sets

of 2000 images were recorded at 1000 Hz for both steady and unsteady flow cases.

Time-series data t∗ was normalized using the recording length and pulse period for
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the steady and pulsatile cases, respectively. The scattered Lagrangian data was pro-

cessed into pathlines and extended following the steps described in Section 3.3.4.

Approximately 150,000 unique pathlines were drawn. Pathline extension increased

the average path length from 22 time steps to over 800 and, as a result, an average of

68,000 particles were present in each frame, effectively increasing the particle image

density from 0.0007 to 0.0324. To evaluate the movement of tracers qualitatively,

particles were colour-labelled based on their source and terminal locations, and tra-

jectory through the field of view. A line was drawn at y/d = 0 to differentiate between

particles that remained in the jet and those that were entrained into the recirculation

region. Pathlines were put into one of six categories as follows:

1. Particles that exit the stenosis and remain in the jet for their entire length

(black);

2. Entrained pathlines that exit the stenosis and interact with the shear layer

(red);

3. Pathlines that originate in the recirculation zone and are flushed downstream

over the course of the recording (pink);

4. Pathlines that enter the field of view from downstream, change direction, and

exit again from the same direction are deemed recirculating (green);

5. Particles that make up the bulk of the reverse flow entering into the recircu-

lation zone from downstream and remaining within view (orange);

6. Particles that are relatively stagnant and remain within the field of view for

the entire recording (blue).

Black and red particles originate in the jet, while pink and blue particles occupy

the recirculation region at t∗ = 0. Green and orange-labelled tracers both begin
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Figure 3.4: Particles coloured according to one of six categories based on their trajec-
tory under steady flow conditions. At t∗ = 0 the flow u(t) passes through
the stenosis (grey wedge) and into the field of view. Particle distribution
is illustrated at five different instances spanning the recording and reveals
entrainment and recirculation. There is some overlap in the predicted mo-
tion that results in a portion of the blue particles to be hidden at small
t∗. “Movie 3-1.wmv” shows the entire 2000 frame recording.

downstream of the field of view and both have significant negative axial velocities

The colour labels are visually described in Figure 3.3(c).

Figures 3.4 and 3.5 are scatter plots of flow tracers that have been coloured ac-

cording to the six categories. These figures are supplemented by the “Trajectory”

animation in “Movie 3-1.wmv” and “Movie 3-2.wmv”, respectively. The ability to

identify the origin of each particle and how it moves through the region of interest

elicits significant insight from particle tracking, even for complex, turbulent flows.

The colour labels make a clear distinction between particles that form a jet exiting

the stenosis throat and those that have slowed or changed direction in the recircu-

lation region. A shear layer extends out from the edge of the stenosis and fast red
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Figure 3.5: Colour-labelled particles at five instances over a single pulse of an un-
steady flow. Particles are coloured based on their trajectory over the
recording time and how they interact with the shear layer and recircula-
tion region. “Movie 3-2.wmv” shows the full development of the pulsatile
flow.

particles are seen to be entrained across it and begin to mix with the slower moving

pink particles below. The shear layer widens as x/d increases and the rollup of Kelvin-

Helmholtz instabilities can be clearly identified along the interface in Figure 3.4 at

t∗ = 0.75 and Figure 3.5 at t∗ = 0.25. There is an apparent increase in the ratio of red

to black particles when the flow is made unsteady and the red particles are entrained

closer to the stenosis. The main source of reverse flow is green and orange particles.

In both the steady and unsteady cases, there is substantial penetration of the green

pathlines toward the stenosis wall before being swept downstream. However, after

the same period of time, a larger percentage of stagnant, blue particles have been

displaced by orange particles deep into the recirculation zone in the unsteady case.
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3.4.2 Calculating Particle Residence Time

PRT is a measure of how long a parcel of fluid spends in a region of interest and

is an important path-dependent metric. In this study, PRT has been measured as

the length of a particle’s pathline within the field of view and is normalized via the

mean jet velocity (um) and the diameter of the stenosis throat (d). The region of

interest for a stenosis geometry is typically the recirculation region where PRT can

be used as an indicator for plaque deposition or fluctuating wall shear stress in blood

vessels (Kunov et al., 1996; Tambasco and Steinman, 2003; Suh et al., 2011; Long

et al., 2014; Martorell et al., 2014). In this study, the whole field of view was used

to calculate PRT using scattered Lagrangian data and extended pathlines. PRT is

a direct function of the measurement domain size and this technique can easily be

applied to any subregion of interest. In the region behind the stenosis model, a

particle that is labelled black in Figure 3.4 remains in the jet and has PRT ≈ 0.8.

Low velocity particles in the recirculation zone (pink and blue) have PRT > 8. PRT

can be visualized via time-series integral values or measured for individual or groups

of particles, e.g. the categories used to generate Figures 3.4 and 3.5.

Continuously following a particle from the moment it enters the field of view

means the instantaneous PRT of each particle – which increases so long as a parti-

cle exists in the measurement domain – is known throughout the recording. Figures

3.6 and 3.7 show the particles coloured by instantaneous PRT for the steady and

unsteady cases, respectively. The full time-series of these figures are shown in the

supplementary videos: “Movie 3-1.wmv” and “Movie 3-2.wmv” for steady and pul-

satile flow, respectively. Unlike the calculations performed by Tsao et al. (1992) and

Balducci et al. (2004), PRT is known for each particle at each time step and no time



3.4. RESULTS AND DISCUSSION 43

u(t)

t* = 0 t* = 0.25

t* = 1.00t* = 0.50 t* = 0.75

P
R
T

 [
 -
 ]

Stenosis

Figure 3.6: Scatter plot of particles coloured by instantaneous PRT when subjected
to a steady flow profile. New particles enter through the stenosis throat
and from downstream, while others are trapped behind the stenosis for a
significant portion of the recording. “Movie 3-1.wmv” shows the growth
of each particle’s PRT in a steady flow.

or spatial averaging was necessary. In both the steady and unsteady case, there is an

accumulation of low velocity fluid at the stenosis wall, emphasized by large residence

times at late t∗. However, after t∗ = 0.50 there is a much larger concentration of high

PRT particles in the steady case. Conversely, there is a continuous influx of low PRT

particles from the top-left (jet) and bottom-right (recirculating) of each frame under

steady and pulsatile flow profiles. With path-specific information the origin of high,

or low, PRT particles can be identified.

Integrating across the instantaneous PRT of all particles in the field of view at

each instant of the time-series yields a time-resolved, mean PRT. Figures 3.8(a) and

3.8(b) plot the mean PRT of all particles (Bulk PRT) against normalized time for

steady and unsteady flow, respectively. Over the course of the recording (one cycle
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Figure 3.7: Particles are coloured by their cumulative PRT at various points along
a pulsatile waveform. “Movie 3-2.wmv” shows the full history of the
particles.

of the pulsatile waveform and two seconds in each case), particles in the steady flow

accumulate higher Bulk PRT than under pulsatile flow. This suggests that particles

in the recirculation region are more readily flushed and replaced when in the presence

of pulsatility. Analysis of the recirculating flow suggests there is a correlation between

the acceleration phase of the pulse and an influx of fluid from downstream that flushes

existing fluid out of the recirculation region. During the deceleration phase, particles

are comparatively stagnant, but the net effect over a full cycle is still lower Bulk PRT

compared to the same period in a steady flow. If, instead of using the bulk fluid,

the particles that exit the stenosis are isolated, the opposite relation between PRT of

the steady and unsteady cases is true. Figures 3.8(c) and 3.8(d) show that the Jet

PRT is higher for pulsatile flow. This result is consistent with the large number of

Entrained particles in Figure 3.5 that penetrate into the recirculation region and aid
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(a) Bulk PRT in steady flow (b) Bulk PRT in unsteady flow

(c) Jet PRT in steady flow (d) Jet PRT in unsteady flow

Figure 3.8: Integral measurement of the Bulk PRT of all particles ((a) & (b)) and Jet
PRT for the particles entering the field of view from the stenosis throat
((c) & (d)). Frames (a) and (c) correspond to a steady flow, whilst (b) and
(d) are for the unsteady case. The gray lines are individual, uncorrelated
tests and the black line is the mean.

in displacing stagnant particles (as identified and discussed in Section 3.4.1). The

above results are consistent across five data sets (non-consecutive) with each flow

profile; see grey lines in Figure 3.8. The absence of a trend in the pulsatile PRT

curves is not surprising for a fully-turbulent flow, but it may also be noted that the

recirculation of fluid from downstream is not in phase with the upstream forcing. The

comparisons made between steady and unsteady flows are suspected to be a function
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Figure 3.9: The Mean PRT of pathlines in each trajectory category (as defined in
3.4.1) are compared for the steady and unsteady cases. Error bars are
one standard deviation and reveal large variance in PRT of recirculating
particles versus those exiting the stenosis.

of the chosen Strouhal number (St = 0.075) and the difference in PRT is expected to

increase with St.

Finally, PRT can be used to compare the trajectory categories that are listed in

Section 3.4.1 and used to colour Figures 3.4 and 3.5. The final PRT for each particle

is averaged by category and presented in Figure 3.9. Again, the trend is for particles

in the recirculation region to exhibit longer PRT in the steady case, while the PRT

of particles entrained from the jet is shorter. Also of note, the highest PRT pathlines

are those that begin inside the recirculation region and remain caught there. The

random nature of the recirculation region is characterized by the large error bars

for particles that did not recently exit the stenosis – there is very little variance in

the Entrained and Jet particle PRT. By this method, PRT can be measured and

compared for particles categorized by any criteria (e.g. crossing thresholds, or origin

and terminal positions).
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3.5 Conclusions

Particle Residence Time (PRT) is a path-dependent metric that quantifies the time

a fluid parcel spends in a region of interest and has applications at scales ranging

from biomedical flows to meteorological phenomena. A Lagrangian method for mea-

suring PRT by tracking and extending particle trajectories is presented. PRT was

measured from the extended pathlines without the need for computer simulation. An

idealized stenosis model was selected as a test case for its ability to generate a large

region of slow, recirculating flow. 2D-PTV was used to draw pathlines for tracers

flowing through the stenosis and into the recirculation region behind it. Both steady

and pulsatile flows were evaluated and compared. The mean Reynolds number for

both cases is 9600. The oscillatory component of the pulsatile flow is characterized

by an amplitude ratio λ = 0.5 and Strouhal number St = 0.075. 2D recordings are

practical but subject to particle loss due to out-of-plane motion in complex flows. By

illuminating the flow with a 5 mm-thick laser sheet and ensuring no particle image

ambiguity, losses were minimized. The raw data yielded pathlines tracking particles

across an average of 22 image frames. Using pathline extension techniques adapted

from Rosi and Rival (2018), trajectories were extended to over 800 frames. Long path-

lines describe the complete history of a fluid parcel within the measurement domain.

Categorizing particles based on their source and movement thereafter revealed flow

structures, such as vortices in the recirculation region and Kelvin-Helmholtz instabil-

ities, downstream of the stenosis. PRT was then calculated for individual particles

as well as trajectory-based categories.

The method described here relates tracer path length directly to PRT. The PRT

of 150,000 individual particles was measured, the longest of which clearly highlighted
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the large recirculation zone immediately behind the stenosis model. Particles expelled

from the throat of the constriction either remained in the high-velocity jet or were

entrained across the shear layer into the recirculation region and had PRT values of

approximately 0.8 and 3.2, respectively. The highest PRT values (> 8) were found

to be for particles that were already caught in the recirculation region. Integrating

across the instantaneous PRT for all particles demonstrated significant differences

between the steady and pulsatile flows. In a pulsatile flow, the alternating phases of

acceleration and deceleration promoted particle flush out and stagnation, respectively,

and resulted in shorter mean PRT. However, isolating the particles that had passed

through the stenosis showed more mixing across the shear layer and, subsequently,

longer PRT in the unsteady case. The PRT values and comparisons presented are

expected to change significantly with the Strouhal number St and amplitude ratio

λ. The evaluation of flows based on these criteria and PRT serve as follow-up to the

current study.

In this study, PRT is used as an example of a path-dependent quantity that is ex-

tracted from long-track Lagrangian data. PRT is a clear indicator of separation and

recirculation and has many applications. One possible application of this technique is

tracking the dispersal of contaminants in bodies of water using satellite images (North

et al., 2011; Klemas, 2010; Periáñez, 2004). In cardiovascular flows, researchers have

already linked PRT to regions of fluctuating wall shear stress and plaque deposition

– both precursors to common cardiovascular diseases. However, the majority of the

biomedical studies have been done in silico (Kunov et al., 1996; Tambasco and Stein-

man, 2003; Prosi et al., 2007; Rayz et al., 2010; Suh et al., 2011; Long et al., 2014),

and those that are experimental (Tsao et al., 1992; Balducci et al., 2004) are limited
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to spatially averaged calculations. The technique described here is an in vitro ap-

proach that could have direct application to in vivo measurements using ultrasound

particle tracking (similar to ultrasound image velocimetry (Poelma, 2017; Kim et al.,

2004) of blood flow in the near future.
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Chapter 4

Particle Residence Time in pulsatile post-stenotic

flow

4.1 Abstract

Particle Residence Time (PRT), a measure of a fluid element’s transit time through a

region of interest, is a clear indicator of recirculation. The PRT of fluid recirculating

downstream of an idealized stenosis geometry is found to vary dramatically under

pulsatile flow conditions. Two-dimensional particle tracking velocimetry is used to

track particles directly as they exit the stenosis geometry and are entrained into the

region of recirculation immediately downstream. A Lagrangian approach permits long

pathlines to be drawn describing each particles’ motion from the instant they enter the

domain. PRT along each pathline is compared here for three mean Reynolds numbers;

specifically Rem = 4800, 9600 and 14400. The pulsatile waveforms are characterized

by a Strouhal number of 0.04, 0.08 and 0.15, and an amplitude ratio of 0.50 and

0.95. As the mean Reynolds number is increased, higher fluid velocities are shown

to lower PRT. However, the strength of PRT is truly revealed when highlighting the

influence pulsatility has on the degree of mixing beyond the stenosis throat. Higher
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Strouhal numbers correlate with roll-up across the shear layer and increased PRT

distribution at all Reynolds numbers in consideration. Similarly, strong temporal

velocity gradients generated by a high amplitude ratio carry large volumes of fluid

from the jet deep into the recirculation region, contributing to greater PRT.

4.2 Introduction

Particle Residence Time (PRT) is a path-dependent quantity that highlights regions of

recirculation and stagnation by tagging fluid parcels in a Lagrangian framework. PRT

is potentially an invaluable tool for a broad range of fluid scales, including biomedical,

environmental and industrial flows. Tracking ocean currents oil spill trajectory and

residence time can be monitored (Klemas, 2010; North et al., 2011), while measuring

the dispersion of fuel within recirculating flows is important in internal combustion

engines (Hardalupas et al., 1992). However, PRT measurements are of particular

interest to the study of hemodynamics, where it has been linked to thrombosis growth

and atherosclerosis (Ku, 1997; Tambasco and Steinman, 2003; Martorell et al., 2014;

Long et al., 2014). Hence, while PRT can be applied to many recirculating flows to

elucidate mixing dynamics, the bulk of existing PRT research has focused on studying

the behaviour of blood flow through diseased vessels. The PRT of blood flow through

aneurysms (Rayz et al., 2010; Suh et al., 2011; Shadden and Arzani, 2014), stenoses

(Tambasco and Steinman, 2003) and cardiac-assist devices (Prosi et al., 2007; Long

et al., 2014) have all been evaluated using numerical simulations, and these have been

limited to low Reynolds numbers or Reynolds-averaging techniques. These studies, at

times, use varying definitions of residence time that are outlined by Reza and Arzani

(2019). Examples of experimental residence time measurements are very limited and
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do not match the current state of particle tracking. Tsao et al. (1992) measured

PRT for fluid passing through a stenosis geometry, but were constrained to very

small control volumes, low particle densities and lack particle trajectory information.

Balducci et al. (2004) presented mean residence times, interpolated on to a grid, from

particle tracks within an artificial heart model to reveal regions of high stress exposure.

However, their results were limited to only 50 tracers per frame, tracked over 10–50

time steps. These systems lack the ability to produce a complete reconstruction of

fluid parcel trajectories that are necessary for PRT measurements.

In this study, PRT is chosen as a measure of residence time because the Lagrangian

approach permits particles to be mapped through their entire motion and PRT can

be extracted at any point. PRT is defined as the length of time a fluid parcel remains

within a region of interest (Ψ), normalized by the periodic motion of the flow:

PRT(x0, t0; Ψ) = min(t/T ∈ (0,∞)) s.t. x(x0, t0 + t) /∈ Ψ , (4.1)

where x0 is a particle’s position at t0, T is the period of a periodic pulsatile flow, Ψ is

the measurement domain and x(t) is the position the particle exits the domain. The

measurement technique uses two-dimensional particle tracking velocimetry (2D-PTV)

and a track extension step to plot particle trajectories from their source to terminal

positions, as described by Jeronimo et al. (2019b). Using a Lagrangian reference frame

allows PRT to be readily measured from experimentally tracked seeding, as illustrated

in Figure 4.1. Furthermore, no spatial or temporal averaging is required and PRT can

be measured instantaneously for each and every particle that is tracked within the

domain. By tracking individual particles, high PRT particles can be mapped back to

their source and used to quantify the interactions they are subjected to by complex
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Figure 4.1: Particle Residence Time (PRT) is visually described by the particle path-
line that enters a measurement domain (dashed box) at t0 and exits at
tn. The pathline’s colour represents the instantaneous growth of the par-
ticle’s PRT as it remains in the domain. In this study, PRT is measured
for a periodic, unsteady flow through an idealized stenosis geometry such
that PRT = (tn− t0)/T , where T is the period of the unsteady waveform.

flow conditions and/or geometries.

Pulsatile flow through a stenosis geometry was chosen as a test case to demon-

strate new insight into flow physics using PRT measurements. When subjected to

pulsatile flow, this canonical geometry produces complex turbulent flow, rich in vor-

tical structures, and a large recirculation region that will create a broad distribution

of residence times. Thanks to its clinical relevance, the stenosis geometry has been

well documented for steady (Ahmed and Giddens, 1983; Griffith et al., 2008; Vétel

et al., 2008; Samuelsson et al., 2015) and pulsatile flow profiles (Gach and Lowe, 2000;

Long et al., 2001; Blackburn and Sherwin, 2007; Varghese et al., 2007b; Peterson and

Plesniak, 2008). A pulsatile inlet condition has been shown to produce a vortex-

ring structure in the post-stenotic region that convects downstream with each cycle

(Varghese et al., 2007b; Sherwin and Blackburn, 2005). The vast majority of stenotic

flow studies are simulation-based and have explored the effects of area reduction,

eccentricity and velocity profile, as well as instability modes, reattachment length

and transition behaviour. Experimental approaches using particle image velocimetry

(Vétel et al., 2008), laser Doppler anemometry (Ahmed and Giddens, 1983, 1984) and



4.3. METHODS 54

magnetic resonance imaging (Gach and Lowe, 2000) lack Lagrangian information and

none of these aforementioned studies attempt to measure PRT.

The focus of the present study is to investigate how pulsatility affects mixing and

recirculation via the measurement of path-specific PRT, a quantity that is under-

represented in experimental studies. Jeronimo et al. (2019b) introduced and described

a novel experimental PRT measurement technique and revealed increased PRT within

pulsatile post-stenotic flow compared to steady flow at the same Reynolds number.

Here, the extent to which a pulsatile flow’s Reynolds number, Strouhal number and

amplitude ratio each impact PRT is investigated and compared to vortical structure

formation downstream of an idealized stenosis throat. Section 4.3 outlines how a

simple, single-camera experimental setup can, when combined with path extension

processes, be used to track the movement of each particle that passes through the

measurement domain, despite being limited to two dimensions. From the Lagrangian

data, PRT is calculated and compared for increasing mean Reynolds number, Strouhal

number and amplitude ratio in Section 4.4. The influence of each dimensionless

group is discussed by analyzing the trajectory and PRT of fluid that passes through

the stenosis, and how they impact mixing dynamics. PRT is an under-documented

quantity that is shown to reveal distinct physical insight in regions of flow separation

and recirculation.

4.3 Methods

Measuring path-dependent dynamics requires a Lagrangian perspective. This sec-

tion outlines the facility and equipment used to record the motion of seeded particles

as they pass through a 3D-printed stenosis model under pulsatile inlet conditions.
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Figure 4.2: Large experimental flow loop carries pulsatile flow through an optical test
section by controlling the flow rate and waveform using a controllable
circumferential piston pump. A water-filled, octagonal imaging chamber
surrounds the test section of pipe housing an idealized stenosis model
(red) and minimizes distortion from the curved pipe walls via refractive
index matching. Reproduced with permission from Exp. Fluids 60, 72
(2019) (Jeronimo et al., 2019b). Copyright 2019 Springer Nature.

Experimentally-gathered particle pathlines are extended to reveal their entire trajec-

tory; details of the pathline extension technique are provided.

4.3.1 Experimental facility

An experimental evaluation of PRT, using Lagrangian tracking (2D-PTV), was per-

formed in a large flow loop (see Figure 4.2). The working fluid (water) was drawn

from a large reservoir by a programmable circumferential piston pump (WrightFlow

TRA10 Model 1300). An optically-accessible test section (1 m-long acrylic pipe with

an internal diameter of D = 7.62 cm) was installed approximately 45 diameters down-

stream of the pump to ensure fully-developed turbulent inlet flow conditions. The

test section was enclosed in a water-filled octagonal tank to minimize optical aber-

rations or distortion caused by the curved walls of the pipe. An idealized stenosis
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model, chosen as a test case to evaluate the effects of pulsatility on PRT, was in-

stalled in the test section (see Figure 4.2 and Figure 4.3(a)). The stenosis model is a

gradual axisymmetric contraction of the internal pipe diameter followed by a sudden

expansion. The diameter of the pipe is effectively reduced by 50% (equating to a 75%

reduction of the cross-sectional area) along the smooth sinusoidal curve given by y(x)

for −0.5 6 x/L < 0:

y(x) =
1

2
[d+ (D − d)sin2(

πx

2L
)] , (4.2)

where x is the position along the pipe, d = D/2 is the stenosis throat diameter and

L = 7.62 cm is the length of the stenosis. The curve described by y(x) is typical of

stenosis models found in the literature (Ahmed and Giddens, 1983; Blackburn and

Sherwin, 2007). For x > 0, the stenosis ends abruptly with a sudden radial expansion

to D. This geometry generates a large recirculation region immediately downstream

of the stenosis model that extends out from the throat opening.

4.3.2 Pulsatile flow conditions

The effect of pulsatility on PRT was investigated by varying the mean Reynolds num-

ber, Strouhal number and amplitude ratio of the unsteady inlet flow. Turbulent flow

was supplied at three mean Reynolds number, Rem = 4800, 9600 and 14400. Pul-

satile flow was generated by superimposing a periodic sinusoid with frequency, fp,

and a steady-flow component with Rem. All convective scales are normalized using

the conditions at the exit of the stenosis, as is typical of existing research on axisym-

metric sudden expansions (Furuichi et al., 2003; Tinney et al., 2006): characteristic

length d and mean jet velocity um. The mean velocity upstream was measured using
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Figure 4.3: (a) A cross-sectional slice, along the centre plane of the light sheet of the
stenosis model, as used in this study. The curve of the stenosis throat
reduced the diameter of the pipe by 50%, and the cross-sectional area by
75%, before rapidly expanding to create a jet and a large recirculation
region. The region of interest is highlighted using a white box; within
this domain scattered Lagrangian vector data (blue arrows) was processed
into long pathlines (orange and black lines). Reproduced with permission
from Exp. Fluids 60, 72 (2019) (Jeronimo et al., 2019b). Copyright
2019 Springer Nature. (b) The pulsatile flow profiles investigated are
characterized by a mean Reynolds number, Rem, and an amplitude ratio,
λ = Reo/Rem, where Reo is the Reynolds number associated with the
magnitude of oscillations from the mean. Experiments were normalized
by the period (T ), which is a function of the Strouhal number of the flow.
The two amplitude ratios investigated are shown as red (λ = 0.50) and
blue (λ = 0.95) lines over a single cycle (0 < φ < 2π).

particle image velocimetry (PIV). Assuming the same volumetric flow rate through

the stenosis, the velocity at the throat um is four times greater. The Reynolds number

is Rem = umd/ν, where ν ≈ 1 mm2/s is the kinematic viscosity of water at 20oC, and

the unsteady profile is characterized by a Strouhal number St = fpd/um and an am-

plitude ratio λ = Reo/Rem, where Reo is the peak Reynolds number of the oscillatory

component (as depicted in Figure 4.3(b)). Three Strouhal numbers (St = 0.04, 0.08

and 0.15) and two amplitude ratios (λ = 0.50 and 0.95) were chosen to study how the

degree of pulsatility influences PRT in a post-stenotic flow. Smaller values of λ were
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excluded as the flow becomes quasi-steady as λ approaches zero, particularly at low

St. Jeronimo et al. (2019b) reported an increase in PRT of post-stenotic fluid for a

pulsatile flow (λ = 0.50) compared to a steady one (λ = 0). The upper limit on λ was

set below one to avoid flow reversal upstream (oscillatory flow) and to prevent the

pump reaching a flow rate of zero. Each set of test conditions was given time to fully

develop and to ensure start-up effects are ignored before recording for eight seconds.

For each value of St (0.04, 0.08 and 0.15), the recording captured one, two and four

pulses, respectively. The pulsatile waveforms in Figure 4.3(b) have been normalized

by their period, T , and the results in Section 4.4.2 are compared over a single pulse

using a phase angle (φ = 0 to 2πt/T ).

4.3.3 Particle detection and tracking

Flow dynamics in the post-stenotic region were recorded using a single, high-speed

CMOS camera (FASTCAM Mini WX100) positioned orthogonal to the test section.

The camera’s field of view, using a f = 60 mm Nikkor lens, is an area 6.5 cm by 3.0

cm immediately behind the stenosis model and at the bottom of the pipe. The camera

resolution was 2048 x 1024 pixels and the frame rate was adjusted from 500-3000 Hz

depending on the combination of Rem and λ. The exposure time was varied, from

1/5000 s to 1/10000 s, to prevent particle streaking. The camera was synced with

the periodic flow to begin recording when the velocity reached the mean Reynolds

number at φ = 0 of the pulse (as depicted in Figure 4.3(b)) and continued recording

for up to four periods. The frame rates were chosen to ensure particle displacements

did not exceed 15 pixels in high velocity regions. Due to the limited storage capacity

of the CMOS camera, one, two or four periods were recorded at a time for St = 0.04,
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0.08 or 0.15, respectively.

Lagrangian tracking requires the flow to be seeded with tracers capable of closely

following the flow. Here, polyamide particles, with a mean diameter of dp ≈ 55 µm

and Stokes number on the order of 0.0001, were used as seeding particles. The particle

image density was on the order of 0.002 particles per pixel (ppp) and approximately

3500 particles were identified in any given frame. The particle density was controlled

to ensure particle ambiguity, which can affect particle matching, was minimized. The

suspended flow tracers were illuminated by a 3 W diode-pumped continuous solid-

state 532 nm laser configured as a 5 mm-thick light sheet. Thick laser sheets are

not commonplace for 2D-optical measurements as the reduction of the light sheet’s

energy density can lead to loss-of-correlation in densely-seeded PIV (Scharnowski

et al., 2017; Raffel et al., 2018). However, for 2D-PTV, a thick sheet can compensate

for out-of-plane motion and result in longer particle tracks, provided there is no

particle image overlap (Cierpka et al., 2013; Schanz et al., 2016). Rosi et al. (2015)

identify out-of-plane fluctuations as an indirect source of error in 2D measurements

that is inversely proportional to the light sheet thickness so long as the desired density

of valid tracks is maintained. Out-of-plane motion in post-stenotic flows may result

from jet deflection from the pipe’s centreline as demonstrated by Vétel et al. (2008)

for low Re flows and Varghese et al. (2007b) for eccentric constrictions. Vétel et al.

(2008) describe the generation of streamwise vorticity and circumferential swirling as

a result of jet skewness but document the disappearance of the flow asymmetry above

Re = 1160. The Rem evaluated in the current study significantly exceed this threshold

and the jet can be assumed axisymmetric. However, despite employing a relatively-

thick sheet, the three-dimensional (3D) nature of turbulent flow will result in some
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out-of-plane motion that leads to particle loss. The small number of lost particles

is deemed acceptable and it is shown that the use of simple, 2D measurements does

not detract from the ability to reveal differences in PRT between pulsatile flows

of varying strength. Furthermore, Zhang et al. (2019) demonstrated how pathline

extension techniques (described in the following section) can be incorporated with

more complex 3D imaging systems, such as Shake-The-Box, while tracking carrier

and suspended phases in a confined vortex ring.

LaVision’s DaVis 8.4.0 2D-PTV algorithm was used to detect, match and track

particles. Performing peak detection on the recorded images using a Gaussian fit

identified thousands of particles in each frame. Unlike correlation-based velocimetry,

the positional uncertainty of PTV is a function of particle overlap and ambiguity

and, hence, decreases with the particle image density (Kähler et al., 2012). At the

chosen particle density, and a particle image diameter of approximately 4 pixels, the

error associated with a 2D Gaussian fit is on the order of 0.1 pixels. Peak matching

(Dracos, 1996) paired the detected particles from frame to frame, within an allowable

velocity range, to calculate individual velocity vectors. The spatial coherence of each

vector was verified against its neighbours and those that were valid were connected

to form tracks. The particle tracks were then filtered by path length and if a track

extended across less than five consecutive images it was discarded. Approximately

2500 particle tracks satisfied this condition at each time step, reducing the effective

particle image density to 0.001 ppp. Changing the minimum track length from five

time steps to two had no significant effect on the number of valid tracks, and short

tracks are liable to introduce noise. Increasing the acceptable track length, instead,

lowered the particle density and had negative repercussions for particle extension,
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described below.

4.3.4 Pathline extension

PTV processing produces short particle tracks that can be extended to reveal the path

tracer particles mapped through the measurement domain. Pathlines were extended

beyond their raw, measured length, following the method described by Jeronimo

et al. (2019b), which was inspired by flow-map compilation techniques (Raben et al.,

2014; Brunton and Rowley, 2010; Rosi and Rival, 2018), to reveal the entire history of

each tracer particle that was detected within the measurement domain. The pathline-

extension method draws paths forwards and backwards in time using flow maps fitted

at each time step. A flow map is a surface fitting function that can be used to calculate

a particle’s displacement at any time step beyond its original track length. At each

time step, backwards- and forwards-time flow maps were fit, using a locally-weighted

scatter-plot smoothing (or LOWESS) algorithm, to map particle displacements one

step backwards and forwards. The flow maps are fit at each particle position based on

the displacement of the nearest 1% of all other Lagrangian tracers – approximately

25 particles. A forwards-time fit is illustrated in Figure 4.4 at the time step ti+2.

Selecting too few tracers to construct the fitting functions yielded noisy results, while

too many smoothed out flow physics – this effect was observed by plotting the results

using 0.33% and 10% of the particles, respectively. As in Figure 4.4, pathlines were

then extended until the beginning or end of the recording, or until they convected

out of the region of interest, according to the flow maps.

In order to evaluate the accuracy of each fit and their use for pathline extension,

raw particle displacements were compared to the computed displacement when a
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Figure 4.4: A pathline (solid red line) is drawn connecting the tracked position of
a particle from ti to ti+2. In order to extend the particle track forward,
beyond its original length, to ti+3 the displacement (represented by black
arrows) of other particles measured over that time step are considered.
The movement of the nearest 1% of all particles (black circles within the
blue area) are used to predict the displacement of the tracer in question.
Forward extension continues in this fashion until the particle leaves the
domain (tn), whereas backward-time extension traces the particle back to
its source (t0).

fitting function was fed the corresponding raw initial position data. The average

residual between the actual displacement and the flow map was under 0.5% relative

to the mean displacement. Pathlines that would extend outside of the region of

interest were ended at the periphery. This can occur in backwards- or forwards-time

extension and resulted in a small number of non-physical, erroneous pathlines that

start or end at the wall of the stenosis or pipe. These pathlines may result from

out-of-plane motion near the walls that carries particles out of the light sheet, and

contribute to approximately 8% of the detected tracers, which are excluded from

PRT calculations. The resulting pathlines were then smoothed using a third-order

Savitzky-Golay filter spanning five frames. The following section demonstrates how

the extended pathlines can be categorized to reveal interesting flow dynamics from a

Lagrangian perspective. While path-dependent information can be extracted at any

point along each trajectory, accurate measurement of turbulence statistics requires
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much larger sample sizes and was not the goal of the current study.

4.3.5 Categorizing particle tracks

Pathline extension is a powerful tool for qualitatively visualizing flows that can be

combined with path-dependent information, like PRT, to gain significant insight into

complex flow dynamics. For each set of flow conditions considered, hundreds of

thousands of unique particles were tracked and then extended through a post-stenotic

region. The extended pathlines reveal the history of each particle from the moment

they enter the measurement domain until their exit. For a set of 6000 images, pathline

extension increased the mean raw path length from 22 to 1320 time steps. Increasing

the length of particle tracks has the added effect of increasing the particle image

density. Each particle is now present in many more frames, and the effective particle

image density was increased from 0.001 ppp to 0.048 ppp. Visualizing the motion

of the individual fluid parcels was made possible by categorizing particles according

to their behaviour, and source and terminal locations. A line extending horizontally

from the edge of the stenosis exit (y/d = 0) was used to distinguish between particles

that remained in the jet and those that were entrained into the recirculation region.

Pathlines were given one of six colour labels, as depicted in Figure 4.5 and listed

below:

� Particles that exit the stenosis and remain in the jet for their entire length (black);

� Entrained pathlines that exit the stenosis and interact with the shear layer (red);

� Pathlines that originate in the recirculation zone and are flushed downstream

over the course of the recording (pink);

� Pathlines that enter the region of interest from downstream, change direction,
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Figure 4.5: Extended pathlines are colour-labelled based on their trajectory through
the region of interest and how they interact with the flow structures
therein. The gray portion of the tracks represents the length they are
extended. Note figure not to scale. Reproduced with permission from
Exp. Fluids 60, 72 (2019) (Jeronimo et al., 2019b). Copyright 2019
Springer Nature.

and exit again from the same direction are deemed recirculating (green);

� Particles that make up the bulk of the reverse flow entering into the recircu-

lation zone from downstream and remaining within view (orange); and

� Particles that exist and remain within the region of interest from the beginning

of the recording are considered stagnant (blue).

At φ = 0, fluid parcels that occupy the recirculation region are coloured pink or

blue. Fluid that enters the domain after φ = 0 is labelled either black or red if it

originated from the stenosis, and green or orange if its source is downstream (i.e., has

negative axial velocity). These categories are not only a visualization tool but also

provide a clear method of distinguishing the PRT of fluid based on its trajectory.
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4.4 Results and discussion

The following sections present the results of the Lagrangian tracking and pathline

extension, and highlight the distinct fluid physics that can be measured using PRT.

First, Section 4.4.1 highlights particle trajectories through the measurement domain.

The trajectory categories listed in Section 4.3.5 are used to isolate specific fluid sources

and discuss the growth of PRT, in Section 4.4.2. PRT is calculated for each tracked

particle and the total PRT of fluid that exits the stenosis throat and passes through

the region of interest is used to describe the effects of St and λ on mixing in the

post-stenotic recirculation region.

4.4.1 Tracking particle motion

Figure 4.6 shows the movement of fluid exiting the stenosis, at St = 0.15 and λ = 0.50,

over a single pulse labelled according to Section 4.3.5 (five phase angles from φ = 0

to 2π). By extending and colouring each particle track we are able to visualize

large-scale flow structures that are not apparent with 2D-PTV alone. Figure 4.6 is

supplemented by “Movie 4-1.mp4” where the movement of particles can be observed

over a full cycle at Rem = 9600, St = 0.15 and λ = 0.50. The colour labels make a

clear distinction between particles that form a jet exiting the stenosis throat and those

that have slowed or changed direction in the recirculation region. With each pulse of

the unsteady flow a large influx of fluid can be seen circulating back into the domain

from downstream, displacing low velocity particles. A shear layer extends out from

the edge of the stenosis along which fast-moving red particles roll up and mix with

low-energy pink particles below. Figure 4.6 compares the development of flow over

a single pulse for three Reynolds numbers for the same St and λ. During the initial
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Figure 4.6: Trajectory-labelled particles at five phase angles (φ) compared at each
Rem over a single pulse at St = 0.15 and λ = 0.50. Particles are coloured
based on their trajectory over the recording time and how they interact
with the shear layer and recirculation region. Jet flow is from left to
right and originates from a stenosis whose edge is positioned at (0, 0).
At Rem = 14400 the camera’s field of view was adjusted to account for a
higher frame rate; no information was tracked in the grey area. This figure
is supplemented by the video “Movie 4-1.mp4” that shows the movement
of fluid, labelled by trajectory, over an entire cycle.
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acceleration phase of each pulse (0 < φ < π/2), and at each Rem, a large vortical

structure forms that sweeps particles from the jet deep into the recirculation region.

The creation of a vortex ring with each pulse is a documented and fundamental feature

of pulsatile flow through a stenosis (Sherwin and Blackburn, 2005; Varghese et al.,

2007a; Blackburn and Sherwin, 2007). As the flow decelerates (π/2 < φ < 3π/2) there

is a decrease in the red-to-black particle ratio entering the domain and entrainment

from the jet into the recirculation region at subsequent times decreases. Furthermore,

with the deceleration and roll-up of the vortical structure, there is an influx of fluid

from downstream that displaces the high-PRT blue particles. As Rem increases the

fluid that recirculates from downstream does not penetrate as far toward the stenosis

wall, during φ = 3π/2 to 2π. As a result, there is less fluid flushed from the domain

with each pulse at high Rem and there are more stagnant, high PRT particles at the

end of the cycle. In the final frame (φ = 2π), flow through the stenosis is accelerating

and the jet is once again dominated by red particles that will form another large

structure with the following pulse.

4.4.2 Comparing Particle Residence Times

Particle tracking and pathline extension allow information to be extracted from thou-

sands of unique pathlines at any instant in time. In this study, PRT, defined as the

length of time a fluid parcel remains within a region of interest, is calculated using

particle track lengths within the measurement domain – this measurement domain

can easily be refined to any region within the camera’s field of view. Figure 4.7

compares the instantaneous PRT, normalized by period, of pulsatile flow at each of

the three mean Reynolds numbers evaluated, and constant St = 0.15 and λ = 0.50.
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Figure 4.7: The same particles from Figure 4.6 for Rem = 4800, 9600 and 14400, St =
0.15 and λ = 0.50 are labelled by their instantaneous PRT. Instantaneous
PRT grows as a particle remains within the measurement domain. At
φ = π/2 there is evidence of low PRT particles mixing with high PRT
fluid, while at φ = 2π there is a clear distinction between the mean PRT
of particles within the recirculation region at Rem = 4800 and 14400.
Jet flow is from left-to-right and originates from a stenosis whose edge
is positioned at (0, 0). At Rem = 14400 the camera’s field of view was
adjusted to account for a higher frame rate; no information was tracked in
the grey area. The growth of instantaneous PRT is shown over an entire
cycle in the supplementary video “Movie 4-2.mp4”.
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“Movie 4-2.mp4” shows the movement of tracked fluid in Figure 4.7 animated over

an entire cycle. Note that the particles in Figure 4.7 are the same as those coloured

in Figure 4.6. The period was chosen as a normalization factor to highlight how

particle-specific PRT grows over a single pulse when compared between each set of

flow conditions. This method of normalization clearly identifies and differentiates

between particles that remain within the domain (blue – high PRT), are confined to

the jet (black – low PRT), or are mixed into the recirculation region (red – depen-

dent on flow conditions, see below). Instantaneous PRT is a time-resolved, particle-

specific measurement that highlights which particles remain in the region of interest

for longest and how they move through the domain. Many of the same behaviours

that were observed in Section 4.4.1 are also obvious through instantaneous PRT. At

φ = π/2, low PRT particles from the jet mix into the recirculation region as entrain-

ing structures, generated by the pulsatile flow, roll up. The PRT of particles that roll

up generally grow much larger than those that remain in the jet. The average PRT

of particles remaining in the domain increases substantially with Reynolds number,

as depicted by the large portion of high PRT particles at φ = 2π at Rem = 14400

in Figure 4.7. The mean PRT values at φ = 2π are 0.58, 0.75 and 0.88 for each

of the Rem tested, respectively. Table 4.1 summarizes the mean PRT according to

trajectory category (colour label) for flow at Rem = 9600 and each combination of

St and λ. The PRT of entrained particles is discussed in detail below, but the values

in Table 4.1 show a clear increase in PRT with St. The strong velocity gradient at

λ = 0.95 pulls more particles into the recirculation region (PRT of red particles in-

creases), but restricts flow entering from downstream (green PRT decreases). Reverse

flow (orange particles) has been excluded because the PRT is limited by the end of
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Table 4.1: Mean PRT by trajectory (colour) category at Rem = 9600.

Flow Parameters Mean PRT

St λ
Jet Entrained Flushed Recirculating

(Black) (Red) (Pink) (Green)

0.04
0.50 0.04 0.07 0.35 0.19
0.95 0.05 0.13 0.33 0.17

0.08
0.50 0.07 0.21 0.35 0.32
0.95 0.08 0.33 0.36 0.25

0.15
0.50 0.11 0.37 0.54 0.32
0.95 0.14 0.59 0.50 0.23

the recording, and stagnant (blue) particles have PRT=1 by definition. While there

is error associated with the positional information of each particle track, as discussed

above for PTV particle detection and pathline extension, the error is small and will

only impact PRT calculations near the boundaries of the domain where a particle

may be incorrectly positioned outside the region of interest. That is to say, the PRT

is ultimately a function of the time spent within the domain and not its position.

Similarly, the temporal resolution (frame rate) and resulting frame-to-frame displace-

ment relates to PRT uncertainty. The uncertainty increases at low frame rates, where

the moment a particle enters or leaves the domain may not be captured, but does not

exceed ±0.01 for the measurements herein.

Comparisons can be made between the final PRT of fluid (the total amount of

time it takes a particle to exit the domain) to highlight pulsatility’s influence on mix-

ing in post-stenotic flows, by plotting the distribution of individual PRT. Figure 4.8

contains the probability distribution functions (PDF) of the PRT of entrained (red)

particles. The PDF is plotted for each combination of Rem and λ, for increasing St.

Highlighting the fluid that begins in the jet but is drawn into the recirculation region

(i.e., red particles) allows insight to be drawn regarding the effects of pulsatility on
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(a) Rem = 4800 and λ = 0.50 (b) Rem = 4800 and λ = 0.95

(c) Rem = 9600 and λ = 0.50 (d) Rem = 9600 and λ = 0.95

(e) Rem = 14400 and λ = 0.50 (f) Rem = 14400 and λ = 0.95

Figure 4.8: The distribution of the PRT of fluid entrained from the jet into the recir-
culation region (red particles) and have passed through the measurement
domain exhibit a distinct increase as the Strouhal number is increased
for (a) Rem = 4800, (c) Rem = 9600 and (e) Rem = 14400. When λ
is increased (b, d, f) there is evidence of increased mixing into the re-
circulation region after exiting the stenosis and PRT increases for each
case, except for Rem = 4800. PRT is normalized by the period of each
waveform and the dashed lines represent the mean PRT at each St.
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jet behaviour, without an overwhelming amount of high PRT values from stagnant

fluid (e.g., blue particles) obfuscating the results. By definition, the behaviour of red

particles is directly linked to vortex generation and strength. Other particles can

be analyzed but exhibit a very narrow band of PRT values (black jet particles) or

a broad range (recirculating green particles may enter and exit quickly or be swept

toward the stenosis). The following analysis is further restricted to pathlines that can

be drawn from one side of the domain to the other during a single pulse. Pathlines

that begin in the region of interest or are stunted by the end of the recording are

excluded because they have artificially low PRT. What is immediately apparent from

each frame of Figure 4.8 is an increase in the PRT of entrained (red) particles as the

Strouhal number is increased. The shift of the PRT distribution toward higher values

as St increases in the post-stenotic flow reveals that an elevated rate of pulsation pro-

motes mixing across the shear layer. Instabilities along the shear layer draw jet-borne

particles into a region of lower-velocity fluid and prolong transit times through the

measurement domain. Figure 4.9 shows the effect increasing St has on the trajectory

of red particles at λ = 0.50 and 0.95. The trend for increasing the amplitude ratio

from λ = 0.50 to 0.95 is more subtle, but also results in an increase in the mean

PRT of red particles passing through the region of interest at Rem = 9600 and 14400.

The large velocity gradients generated at λ = 0.95 spreads the PDF more smoothly

across higher PRT values. The greater peak velocity drives particles from the jet

deeper into the recirculation region, toward the pipe wall (this is clearly illustrated

in Figure 4.9 for St = 0.04 and 0.15), whilst the period of little to no forcing from

the pump (φ = 3π/2 at λ = 0.95) causes particles to spread and mix. The combined

effect is to increase PRT at all Strouhal numbers. At Rem = 4800, this trend is lost
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Figure 4.9: Comparison of particle roll-up at the end of the acceleration phase (φ =
π/2), for increasing amplitude ratio, λ and Strouhal number, St, which
contributes to increased PRT of the entrained fluid. Data shown is for
pulsatile flow at Rem = 9600.

and the mean PRT decreases with an increase in λ. At Rem = 4800 and λ = 0.95,

the upstream Reynolds number (based on the full diameter of the pipe, D) may be

sufficiently low during the low-velocity portion of each pulse to allow turbulence to

decay and flow to relaminarize upstream of the stenosis (Trip et al., 2012; Xu et al.,

2017). Relaminarization appears to mitigate mixing in the post-stenotic flow and

lower PRT. Focusing on the fluid entrained into the recirculation region (red parti-

cles) allows clear visualization of periodic vortex formation within the post-stenotic

region. Analysis of particle trajectories revealed increased mixing at both higher

values of St and λ and a direct correlation to elevated PRT.
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4.5 Conclusions

This study evaluates the effects of pulsatility on post-stenotic flow using a Lagrangian-

based quantity referred to as Particle Residence Time. PRT is a path-dependent

measurement of the time a fluid element remains within in a region of interest and

has direct application to a range of flow scales, from physiological vasculature to

meteorological phenomena. Using a single-camera 2D-PTV system, fluid motion was

tracked immediately downstream of an idealized stenosis geometry. Comparison of

the Lagrangian pathlines revealed significant increases in PRT when pulsatile flow

conditions were changed. Increasing the Strouhal number (St = 0.04, 0.08 and 0.15),

which is a function of the frequency of pulsation, and the amplitude ratio (λ = 0.50

and 0.95) were each shown to promote mixing in the recirculation region and lengthen

transit times.

Using a Lagrangian framework to map the trajectory of individual fluid elements

passing through a stenosis model revealed entrainment into the recirculation zone,

and their PRT allowed a quantitative analysis of pulsatile inlet conditions. Large

flow structures that promote mixing across the shear layer were made apparent by

categorizing fluid elements based on their movement through the measurement do-

main. The end of the acceleratory phase of each pulse was led by the formation and

convection of a vortex ring that entrained fluid from the stenotic jet into the recir-

culation region behind the stenosis, regardless of Reynolds number. For each tracked

particle, the instantaneous and total PRT were computed directly from its pathline

and used to highlight the effects of changing Rem, St, and λ. Instantaneous PRT

measurements revealed the source and trajectory of fluid that gained elevated PRT.

Isolating the total PRT of particles that entered the domain through the stenosis
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allowed quantitative comparisons to be made between pulsatile flows. The PRT dis-

tribution amongst jet particles showed the expected decrease in PRT with increasing

mean jet velocity (∝ Rem). Increasing the Strouhal number led to increased PRT

at every combination of Rem and λ in consideration. The increased PRT correlated

with augmented mixing from the jet into the recirculation zone in the post-stenotic

region. Increasing the amplitude ratio had a similar effect on the distribution of

PRT. At λ = 0.95, strong velocity gradients generated deeper penetration into the

recirculation region by jet particles and shifted the PRT distribution toward larger

values.

This study demonstrated, for the first time, the influence pulsatile flow charac-

teristics (mean Reynolds number, Strouhal number and amplitude ratio) have on the

PRT of fluid downstream of a stenosis geometry using Lagrangian particle tracking.

PRT measurement is immediately applicable to the biomedical community. The re-

sults found for the pulsatile flows in this study would suggest that elevated heart

rates and strong velocity gradients, that may arise due to a stenosis, will promote

recirculation and stenotic growth (Tambasco and Steinman, 2003; Martorell et al.,

2014). The authors foresee the application of the analysis herein to in vivo images,

most likely using ultrasound techniques (Jeronimo et al., 2020). However, PRT mea-

surements are widely applicable to a broad range of flows scales as an indicator of

mixing, and recirculation.
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Chapter 5

Echo-Lagrangian particle tracking: An

ultrasound-based method for extracting

path-dependent flow quantities

5.1 Abstract

Eulerian, ultrasound-based velocimetry has become a popular tool for evaluating non-

optically accessible flows, and has demonstrated great potential for medical flows.

In contrast, the current study presents a Lagrangian method of extracting path-

dependent dynamics from time-resolved ultrasound images referred to here as echo-

Lagrangian particle tracking (EchoLPT). Ultrasound system parameters specific to

Lagrangian tracking are detailed for recording pulsatile flow through an idealized

stenosis model. Furthermore, seeding materials and image processing procedures are

discussed in order to improve signal-to-noise ratio and minimize particle image am-

biguity. The pathlines that result from echoLPT reveal mixing downstream of the
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stenosis, and yield time-resolved, path-dependent information. As a means to demon-

strate the value of echoLPT, Particle Residence Time (PRT) in the post-stenotic re-

gion is calculated. PRT is the length of time a fluid parcel remains within a region

of interest, and is used to highlight the effects of pulsatility. For the pulsatile flows

tested, PRT is shown to increase with the frequency of pulsation as fluid is swept

into the recirculation region, while PRT is decreased with increasing mean Reynolds

number and amplitude ratio.

5.2 Introduction

In recent years, ultrasound imaging velocimetry (UIV), or echo-PIV, has been intro-

duced and developed as a new tool for fluid dynamicists to study flows that are not

optically accessible (Crapper et al., 2000; Kim et al., 2004; Leow and Tang, 2018). The

technique has drawn considerable interest from its ability to non-invasively measure

in vivo, cardiovascular flows (Hong et al., 2008; Zhang et al., 2011). The ultrasound

modality, also used by Doppler-based ultrasound velocity profiling (UVP), joins sev-

eral other techniques, such as X-ray and magnetic resonance imaging (MRI), for

opaque-flow velocimetry. UVP, reviewed in detail by Jensen et al. (2016a,b), is an

Eulerian technique capable of producing results similar to UIV and has excellent tem-

poral resolution, but requires a second transducer or signal modulation to yield two

velocity components. MRI-based measurements boast a higher signal-to-noise ratio,

compared to ultrasound, but have poor spatial and temporal resolution for velocime-

try, and the cost can be inhibitive for many applications (Elkins and Alley, 2007;

van Ooij et al., 2011). X-ray techniques are capable of Lagrangian particle tracking



5.2. INTRODUCTION 78

(LPT, or also known as PTV) but, in their current state, they are limited to slow ac-

quisition rates (∼ 50 Hz) and very low Reynolds numbers (Re < 1), and must adhere

to safety regulations for in vivo tests (Kertzscher et al., 2004; Lee and Kim, 2005;

Im et al., 2007). There have been a plethora of improvements to ultrasound-based

velocimetry, as outlined by Poelma (2017), and including the recent incorporation of

particle tracking to improve Eulerian field measurements by Sampath et al. (2018),

but there is still no ultrasound-based LPT tool capable of extracting path-dependent

flow quantities. Most recently, Ackermann and Schmitz (2016) as well as Song et al.

(2018) have developed an ultrasonic method for tracking the movement of an ultra-

sound contrast agent through in vivo microvessels. While their techniques reveal the

position and velocity of microbubbles that can be used to describe the anatomy of

the micro-vascular network, their movement is confined to minuscule channels on the

order of 50 µm and a detailed reconstruction of the flow behaviour is not possible.

In large-diameter vessels ∼ O(10 mm), path-dependent (Lagrangian) hemodynamics

are not clearly understood, especially in the presence of cardiovascular complications

like stenoses and aneurysms, and thus require a direct-tracking approach to properly

understand flow-derived risk factors.

Ultrasound-based particle tracking and path-dependent dynamics have many im-

mediate applications over a broad range of fluid scales, including the study of multi-

phase or sediment-laden flows, and understanding the intricacies of blood flow through

diseased vessels. One such Lagrangian metric is Particle Residence Time (PRT),

which is defined as the length of time a fluid parcel remains within a region of inter-

est, and is an indicator of mixing and recirculation. Jeronimo et al. (2019b) presented

a technique for measuring PRT using two-dimensional LPT, and demonstrated the
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B-mode image PRT

Particle Tracking

Cross-Correlation Synthetic Seeding

Lagrangian

Eulerian Interpolation

Figure 5.1: Path-dependent variables, like PRT, can be derived from both Eulerian
and Lagrangian methods. The method described herein demonstrates
how the more direct Lagrangian approach can be accomplished using
ultrasound imaging.

value of PRT extraction for unsteady flows through an in vitro stenosis model. In

vivo, elevated PRT has been linked to increased plaque deposition, which promotes

atherosclerotic development, in large blood vessels that are accessible using ultra-

sound imaging (Tambasco and Steinman, 2003). Figure 5.1 shows two approaches for

measuring PRT from ultrasound images. Current UIV techniques (Eulerian) require

the additional step of synthetically seeding the computed velocity field to map particle

displacements and calculate PRT. A Lagrangian approach, however, provides a di-

rect path to the same information, as introduced for ultrasound imaging by Jeronimo

et al. (2019a).

In the current study, a procedure coined echo-Lagrangian particle tracking (echoLPT)

is described as a novel method to extract Lagrangian metrics from time-resolved ultra-

sound images. Careful consideration is given to optimizing ultrasound parameters and
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image pre-processing steps for accurate particle detection and tracking. To demon-

strate the feasibility and value of echoLPT, PRT is measured within a post-stenotic

recirculation region, and shown to reveal distinct differences based on the degree of

pulsatility.

5.3 Methodology

5.3.1 Experimental setup

Experiments were performed in a table-top flow loop. A physiological piston pump

(CompuFlow 1000, Shelley Medical Systems) drives flow laden with ultrasound con-

trast agent through an acrylic pipe with an inner diameter (D) of 22 mm and wall

thickness of 1.6 mm. Approximately 100D downstream of the pipe entrance is a 3D-

printed, idealized stenosis model consisting of a smooth contraction of the flow loop’s

internal pipe diameter, followed by a sudden expansion, as depicted in Figure 5.2.

The diametrical contraction of the stenosis wall follows the smooth sinusoidal curve

given by y for −0.5 ≤ x/L < 0:

y(x) =
1

2

[
d+ (D − d) sin2

(
πx

2L

)]
, (5.1)

where x is the distance along the pipe, d = D/2 is the diameter of the stenosis throat,

and L = 22 mm is the length of the stenosis model. The stenosis geometry creates

a recirculation region immediately downstream of the expansion, and is one of many

poorly understood in vivo geometries that would be targeted for LPT analysis.

An ultrasound transducer acts as a transmitter and receiver of high frequency

sound waves that are reflected at interfaces between mediums of different acoustic
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Stenosis Model

u(t)
Swept Scan

Ultrasound Probe

(a) Test-section schematic

dDx
y D

D/2

Sector Width

(b) Cross-sectional view

Figure 5.2: (a) Schematic of pulsatile flow, u(t), through an axisymmetric stenosis
model. A linear-array ultrasound transducer situated at the stenosis exit
records the motion of microbubbles suspended in the fluid. (b) Cross-
section of the stenosis and field-of-view. The sector width of the ultra-
sound beam is set to 50% to maximize the acquisition rate, but shifts the
measurement domain (blue outline) away from the wall of stenosis. This
figure is not to scale.

impedances. A 128-element linear-array transducer (BK Medical) was aligned with

the centreline of the pipe and affixed just downstream of the stenosis model. The

test section, which includes the stenosis model and transducer head (depicted in Fig-

ure 5.2(a)), is submerged in water to mitigate strong reflections caused by the acoustic

impedance difference between the transducer and air. Care must be taken to choose

materials for the test section that minimize reflections of the incident ultrasound sig-

nal. Acrylic and elastomeric materials (e.g., Sylgard-184) have impedances similar to

that of the working fluid, a glycerol-water solution. However, Sylgard-184 has a large

attenuation coefficient and quickly attenuates the strength of acoustic signals, and

was discarded in favour of acrylic. The strength of the transmitted signal is still sub-

stantially weakened using an acrylic flow loop – considerably so when compared to an

equivalent optical setup – and there are bright reflection artifacts near the upper wall

of the test section. As a result, the echoLPT measurement domain covers the bottom
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half of the pipe (D/2) and extends approximately one diameter (D) axially. In order

to maximize the frame rate (discussed further in Section 5.3.4), the sector width is

reduced to 50%, which shifts the measurement domain away from the stenosis wall,

as seen in Figure 5.2(b).

5.3.2 Pulsatile flow conditions

The value of echo-Lagrangian particle tracking is highlighted by measuring the PRT

of post-stenotic, pulsatile flows. The pulsatile flows tested are the sum of steady

and oscillatory (sinusoidal) components. A mean Reynolds number (Rem) defines

the steady component, while the unsteady component is a function of the Wom-

ersley number (α = D
2

√
2πfp/ν, where fp is the pulsation frequency and ν is the

kinematic viscosity) and an amplitude ratio (λ = (Reo − Rem)/Rem, where Reo is

the peak Reynolds number of the oscillatory component). Three Reynolds numbers

were compared (Rem = 32, 64 and 128), as well as two amplitudes ratios (λ = 0.5

and 1.0). At λ = 1.0, the flow rate is zero momentarily but never reverses. Two

Womersley numbers (α = 15 and 20) were chosen for their relevance to large artery

blood flow. The working fluid, an aqueous solution with 40% w/w glycerol, has a

kinematic viscosity, ν, of 3.4 × 10−6 m2/s. The Rem range is limited by the frame

rate of the ultrasound transducer, but the recent development of plane-wave imaging

could increase the acquisition rate into the kHz range (Leow et al., 2015), and enable

the investigation of high-Re turbulent flows (La Porta et al., 2001). Nevertheless, the

above flow conditions will serve to demonstrate how echoLPT can be used to extract

Lagrangian particle sources and path-dependent quantities.
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5.3.3 Seeding particles

To extract Lagrangian information from the post-stenotic flow it must be seeded with

tracer particles that faithfully follow the flow and exhibit very high echogenicity (the

ability to reflect incoming ultrasound waves). Traditionally, specially-designed ultra-

sound contrast agents are used for clinical ultrasound applications as well as in many,

biomedically-inspired, UIV studies. However, seeding particles commonly used for

PIV can also be used, as demonstrated by UIV using synthetic Nylon 12 particles

(Gurung and Poelma, 2016) and ultrasound speckle velocimetry using hollow glass

spheres (Gallot et al., 2013). In deciding on a tracer medium for echoLPT exper-

iments, three particles were compared: (a) polyamide particles, 20 µm; (b) hollow

glass spheres, 9−13 µm; and (c) an ultrasound contrast agent, 1−10 µm (as shown in

Figure 5.3). While the synthetic and glass particles effectively act as scatterers, the re-

sultant images suffer from low signal-to-noise ratios and are unsuitable for Lagrangian

tracking. In comparison, the contrast agent produces significantly less background

noise and individual particle images can easily be discerned from one another. For the

echoLPT measurements demonstrated in the current study, the ultrasound contrast

agent, Definity microbubbles (Lantheus Medical Imaging), is used. The microbub-

bles are neutrally-buoyant, single micron-sized lipid-encapsulated perfluoropropane

bubbles that have very high acoustic impedance and a Stokes number well below 1,

and do not act as a dispersed phase within the single-phase working fluid. Definity

has previously been used in UIV studies at similarly low Rem in vivo and in vitro

(Kheradvar et al., 2010; Walker et al., 2014).

In clinical applications, large volumes of contrast agent are used to effectively illu-

minate bulk blood flow, but the concentration must be carefully controlled for fluids
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(a) Polyamide particles (b) Hollow glass spheres (c) Ultrasound contrast agent

Figure 5.3: A comparison of B-mode images captured by seeding a quiescent fluid
with (a) polyamide particles; (b) hollow glass spheres; and (c) an ul-
trasound contrast agent, Definity microbubbles. The contrast agent is
specifically designed for ultrasound imaging and yields a higher signal-
to-noise ratio and less particle ambiguity compared to the other seeding
materials.

research. UIV studies have evaluated the effect of contrast agent concentration on

velocimetry results and quote values in the range 800− 2000 bubbles/mL for in vitro

experiments (Kim et al., 2004; Niu et al., 2011). For the purpose of microbubble track-

ing, the concentration is reduced to approximately 500 bubbles/mL, or 250 bubbles

in the measurement domain. The resultant detected particle image density is 0.005

particles per pixel (ppp). EchoLPT is highly sensitive to particle image density, much

more so than UIV, due to its anisotropic, in-plane resolution. The axial resolution

(along the beam) is constant, but the lateral resolution (along the direction of flow)

is typically worse and deteriorates with distance from the focal point (the middle of

the measurement domain in the current study). Primarily, the loss in resolution is

caused by the spreading of the ultrasound beam and the resultant point spread func-

tion (PSF) of the contrast agent. A high concentration of microbubbles lowers the

quality of particle detection by increasing particle image ambiguity – an issue that

is exacerbated by the variability of the PSF, which distorts tracer images according
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to their distance from the focus (Contreras Ortiz et al., 2012). The coupled effect

jeopardizes particle detection and matching by producing densely-packed regions of

blurry particle images that are difficult to discern from one and another. The chosen

bubble concentration, within a narrow sector, ensures each bubble is identifiable and

their shape does not change significantly between frames.

5.3.4 Contrast imaging parameters

A SonixTouch Q+ (BK Medical) ultrasound system is configured to maximize the

frame rate and minimize particle ambiguity. The imaging parameters for the current

experiment are discussed in detail here and summarized in Table 5.1. Note that

the values in Table 5.1 should not be thought of as strict limits as they are specific

to the experimental setup (e.g., pipe diameter). The frequency, line density and

sector width of the emitted sound waves, and the gain and dynamic range of the

received signal were all adjusted to optimize the brightness-mode (B-mode) images

for echoLPT. At a frequency of 14 MHz, the gain and dynamic range of the system

control image quality, where quality is judged by particle image shape and contrast,

i.e. signal-to-noise ratio. For a given scan depth, the transducer’s line density and

sector width directly influence the frame rate. Here, a maximal frame rate of 173 Hz

was achieved at a depth of 2.5 cm by setting the sector width to a minimum (50%) and

the line density to 192 to retain good lateral resolution. The frame rate is a limiting

factor on the flow conditions that can be investigated, and the Rem and λ measured

were chosen to constrain frame-to-frame bubble displacement to a maximum of 12

pixels. The ultrasound beam has a thickness of approximately 2 mm (10% of the

diameter of the pipe) so this two-dimensional technique is actually operating on a
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Table 5.1: EchoLPT ultrasound imaging parameters (for current setup)

Parameter Description
Ultrasound system SonixTouch Q+
Transducer Linear L14-5/38, element pitch: 0.3 mm

Frequency: 14 MHz
Beam line density 192
Acoustic power 33%
Gain 20%
Dynamic range 50%
Depth of scan 2.5 cm (range: 2− 9 cm)
Depth of focus 1.7 cm
At focus:

Axial resolution 0.3 mm
Lateral resolution 0.5 mm

Field of view 21.8 cm × 11.1 cm
Image acquisition rate 173 Hz
Maximum measured velocity 14.7 cm/s
Contrast agent Definity microbubbles (Lantheus Medical Imaging),

Bubble diameter: 1− 10 µm
Ideal particle image density 0.005 particles per pixel (see Figure 5.3(c))
Maximum particle image density0.008 particles per pixel (see Figure 5.6(a))

volume. However, Jeronimo et al. (2019b) showed that thick-sheet measurements can

minimize particle loss due to out-of-plane motion without contributing significantly

to tracking error.

The final B-mode image parameter that was adjusted was the acoustic power

output of the ultrasound transducer. The power is a function of the frequency and

pressure of the sound waves (often measured as a mechanical index, MI), and directly

corresponds to the intensity of the reflected signal. While studying a similar geometry,

Walker et al. (2014) had difficulty observing microbubbles recirculating close to the

wall and speculated that the bubbles did not follow the flow into those regions. In this

study, we demonstrate how extended exposure to high acoustic power can rupture
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microbubbles. “Movie 5-1.mp4” shows contrast microbubbles bursting as the acoustic

power is quickly increased from low power to high. By reducing the power output,

microbubbles could clearly be detected throughout the measurement domain. Also

apparent in “Movie 5-1.mp4” is a downward motion of the contrast agent, in an

otherwise quiescent fluid, when the power is increased. Flow is generated by acoustic

forcing by the high power sound waves (typically referred to as acoustic streaming

(Poelma, 2017)) and affects all seeding particle types tested, as seen in “Movie 5-

2.mp4” for hollow glass spheres. Rupture and acoustic streaming are avoided by

recording at low acoustic power.

5.3.5 B-mode image preprocessing

Figure 5.4(a) shows an example of a B-mode image collected for echoLPT using the

parameters discussed in Section 5.3.4. The low particle image density and ease with

which individual microbubbles can be identified are ideal for Lagrangian tracking. The

aforementioned ultrasonic reflections near the top of the field of view are apparent and

a smaller domain (outlined in blue in Figure 5.4(b)) was selected for measurements.

Despite the care that was taken while capturing the B-mode images, the signal-to-

noise ratio is still relatively low and images must be thoroughly filtered before the

detection and tracking processes. First, images are scaled using the sector width

(50%), number of elements in the transducer (128) and horizontal pixel pitch of each

element (0.3 mm) to compute the width of the field of view. Subtraction of the mean

image intensity across all images removes stationary features, like reflection artifacts

and noise, from the background of each frame. The images are then smoothed using

a Gaussian smoothing filter, with a 9× 9 pixel fit to account for large bubble images.
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(a) Raw B-mode image (b) Preprocessed (c) Detected particles

Figure 5.4: EchoLPT uses (a) low-seeding density B-mode images that are (b) prepro-
cessed, using background and smoothing filters, to reduce particle image
ambiguity and increase contrast. (c) Particles within the measurement
domain are detected in each frame using peak detection. Detected parti-
cles are highlighted in red. The measurement domain is designated by a
blue outline.

The Gaussian filter rounds particles by smearing the peak intensity of each particle

slightly. To refocus the particle images a sharpening filter is applied that reduces

particle size once again to produce high contrast images. Figure 5.4(b) shows the

result of the preprocessing steps. Due to the thickness of the measurement plane and

noise inherent to the ultrasound modality, there is still considerable variability in the

shape, size and intensity of particles. Each of these inconsistencies have been linked

to errors in PIV measurements where they affect a particle image’s contribution to the

correlation function (Adrian and Westerweel, 2011; Raffel et al., 2018). Lagrangian

tracking algorithms are not affected in this regard as they look for particle-specific

matches from one frame to the next. The image enhancement methods described

were sufficient to effectively track microbubbles downstream of the stenosis model.



5.3. METHODOLOGY 89

5.3.6 Echo-Lagrangian particle tracking

Path-dependent dynamics are extracted from the preprocessed images using echoLPT

following three steps: particle detection, particle tracking and path extension. Parti-

cle detection, using LaVision DaVis 8.4, is performed via peak thresholding, based on

a case-specific intensity threshold and particle fit mode, that accurately returns the

position of microbubbles detected at each time step. An 11× 11 pixel Gaussian fit is

employed to identify the relatively large particle images (up to 15 pixels wide away

from the focus) captured using an ultrasound contrast agent. Despite the distorted

shape of some of the particles, applying a Gaussian fit did not affect the ability to

track said particle images. Figure 5.4(c) shows an overlay of the detected particles

(red) on the filtered image. Detected particles are tracked from frame to frame using

a peak-matching algorithm that searches within an allowable displacement range and

maximum relative acceleration. The range is flow-specific and, because it is applied

across the entire domain, can lead to erroneous matches for large dynamic ranges,

e.g. a particle within the low-velocity recirculation region behind the stenosis may

be assigned a non-physical velocity that is more appropriate for jet flow. Each par-

ticle’s displacement is verified by checking the spatial coherence of particle velocities

in its vicinity. Particles that find a valid match from one time step to the next are

connected to form tracks. The pathlines produced are short, as is typical of optical

LPT, so they must be extended to extract their full trajectory. Path extension fol-

lows the method described and implemented in Rosi and Rival (2018) and Jeronimo

et al. (2019b). Microbubble trajectories are traced backwards and forwards based on

flow maps fit to the raw scattered echoLPT data at each time step using a locally-

weighted regression (or LOWESS) algorithm. A flow map is a surface fitting function
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that considers the displacement of physical particle images, both forward and back-

ward in time, and the nearest 10% of the detected particles to each, to extend the

particle’s motion past their tracked pathline. 10% of the neighbouring particle images

corresponds to approximately 20 particles for these ultrasound images. For reference,

an optical setup, capable of greater particle image density, may only require 1% of

neighbouring particles to reach the same number. In Figure 5.5 a track is extended

forwards from ti+2 to ti+3 using a flow map fit based on the measured displacement

of microbubbles within the blue area. While particle ambiguity limits the seeding

density for echoLPT, flow map compilation requires a minimum microbubble con-

centration – too low and the flow maps may predict strong, non-physical velocity

gradients. Forwards- and backwards-time flow maps are used to extend each track

to its terminal position and back to its source. A unique track for each detected mi-

crobubble contains time-resolved positional data. After extending the particle tracks

they are filtered a final time: if any single step is greater than the original allowable

displacement range then the entire track is deleted.

5.3.7 EchoLPT validation

Validation of the ultrasound setup and echoLPT was performed by comparing the

measurement of a steady, straight pipe flow to results using UIV and a theoretical

Hagen-Poiseuille profile. Figure 5.6 shows an example of the B-mode images used

for this comparison (note the microbbuble concentration is increased for UIV) and

the three profiles calculated using UIV, echoLPT and theory. The mean velocity

profile plotted with UIV was done using a sliding sum-of-correlation algorithm and

24 × 24 pixel interrogation windows with 75% overlap. The Lagrangian information
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Figure 5.5: A pathline (solid red line) is drawn connecting the tracked positions of
a particle from ti to ti+2. In order to extend the particle track forward,
beyond its original length, to ti+3 the displacement (represented by black
arrows) of other particles measured over that time step are considered.
The movement of the nearest 10% of all particles (black circles within the
blue area) are used to predict the displacement of the tracer in question.
Forward extension continues in this fashion until the particle leaves the
domain (tn), whereas backward-time extension traces the particle back to
its source (t0).

generated using echoLPT was interpolated on to an Eulerian grid and averaged across

the width of the domain to give a profile that closely matches the theoretical result.

The computed velocities are scan corrected, as described by Poelma (2017). While

Figure 5.6(b) demonstrates that Eulerian data is accessible from Lagrangian tracks,

the following section will focus on and highlight the Lagrangian quantities that can be

extracted using echoLPT, which are otherwise unobtainable with existing ultrasound

techniques.
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(a) Raw image for UIV (b) UIV result for steady flow

Figure 5.6: (a) Example of a raw image used for validation. The particle image
density is made higher for use with UIV. (b) EchoLPT data is interpolated
onto an Eulerian grid and the average velocity profile for steady flow
through a straight pipe is compared to UIV results and the theoretical,
Hagen-Poiseuille solution. The ability to match this profile verify the
quality of the ultrasound-based measurements in this study.

5.4 Results

To demonstrate the value of the echoLPT technique, this section describes the flow in

a post-stenotic region qualitatively, and quantitatively using PRT. First, microbub-

bles are categorized based on the extended trajectory they plot through the measure-

ment domain in Section 5.4.1. The pathlines reveal mixing in the recirculation region

downstream of the stenosis and the generation of a vortical structure with each pulse

of the flow rate. In Section 5.4.2, the PRT of individual microbubbles is calculated

and used to highlight differences in various pulsatile flow.

5.4.1 Post-stenotic flow behaviour

Over a recording period of five seconds (865 frames) an average of 50,000 unique

microbubbles were tracked for each combination of flow parameters tested. The mean

track length for those tracers was extended from only 4 frames to approximately
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Figure 5.7: Tracked microbubbles are categorized based on their trajectory through
the measurement domain and coloured accordingly. Jet particles (black)
move quickly through the domain, while red and green particles mix with
the fluctuations of the pulsatile flow. Blue particles remain within view
throughout the motion, pink fluid is flushed out, and orange particles
account for small amounts of retrograde flow.

210 frames. Path extension allowed each physical particle track to exist in frames

they were not originally detected in, which is equivalent to synthetically increasing

the detected particle image density to 0.15 ppp. Qualitative information is obtained

from the extended particle trajectories by colour-labelling particle images based on

their source and terminal positions (see Figure 5.7). Microbubbles that enter the

measurement domain above the edge of the stenosis (y/D > −0.25) are coloured

black or red, where red particles mix into the recirculation region and black ones do

not. Blue particles remain within the domain throughout the recording, while pink

particles are flushed out by green particles entering from upstream (y/D ≤ −0.25).

Small volumes of fluid recirculating into the measurement domain from downstream

are labelled orange.

Figure 5.8 shows the motion of microbubble flow tracers downstream of the steno-

sis model, at α = 15 and λ = 1.0, compared for each of the mean Reynolds numbers

tested. The figure shows a single period of the pulsatile flow, beginning from the

second pulse (φ = 2π) of the recording. Particle tracking reveals distinct differences
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Figure 5.8: Flow through a stenosis model is tracked using echoLPT. Individual par-
ticle trajectories are mapped and labelled according to their trajectory
through the measurement domain following the method described by
Jeronimo et al. (2019b). Pulsatile flow at each of the Rem tested is com-
pared for α = 15 and λ = 1.0.

in the behaviour of the flow at Rem = 32 compared to the other two: Large volumes

of blue and pink particles remain within the domain throughout the pulse and there
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is very little mixing of the red and green particles. At Rem = 64 the net flow close

to the wall is still small, but the formation of a large vortex ring at the beginning

of each pulse (φ = 2π and 4π) is observed. The vortical structure (previously re-

ported for pulsatile stenotic flows by Sherwin and Blackburn (2005) and Varghese

et al. (2007b)) sweeps red particles down into the recirculation region and then con-

vects downstream. The periodic motion of the recirculation region and the vortex

ring at Rem = 64 can be seen in “Movie 5-3.mp4” over five periods. For Rem = 128,

most of the initial fluid has already been flushed from view after a single pulse and

it appears the vortex roll-up is shifted further downstream and not fully captured in

the transducer’s narrow field of view.

5.4.2 Measuring PRT

EchoLPT allows information to be extracted from every microbubble that passes

through the stenosis geometry along the time-resolved pathlines depicted in Fig-

ure 5.8. The value of the echoLPT technique is demonstrated by calculating the PRT

along each pathline. PRT is a path-dependent quantity defined as the length of time

a fluid parcel remains within a region of interest, normalized by the period of the

pulsatile flow, and relates directly to the length of the pathlines drawn in the post-

stenotic measurement domain. The growth of microbubble PRT in the recirculation

region over a single pulse (2π < φ < 4π) is shown in Figure 5.9 for each of the Rem in-

vestigated. The time-resolved PRT of the fluid over a series of pulses can be observed

in “Movie 5-3.mp4” for Rem = 64, α = 15 and λ = 1.0. When animated, the motion

of some particles experience jitter. The jitter is the result of changes to the particle
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Figure 5.9: PRT is extracted from a post-stenotic flow using echoLPT by mapping
the trajectory of each particle that enters the measurement domain. The
tracked microbubbles are coloured according to their instantaneous PRT
over the course of a single pulse. These results are for a pulsatile flow
with α = 15 and λ = 1.0 at each Rem tested.
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Figure 5.10: PRT can be calculated for any subset of the measurement domain. Here
the instantaneous PRT is plotted for particles entering three subregions,
outlined in red, over the course of five pulses. At Rem = 64, α = 15
and λ = 1.0, the mean PRT in each of the regions is 0.13 (top), 0.88
(bottom-left) and 1.20 (bottom-right).

image shape from frame-to-frame that shifts the position of the particle’s peak inten-

sity. Fortunately, the resultant displacements are small and have no significant effect

on path length or PRT calculations. The results in this section were measured for

the entire measurement domain, as indicated in Figure 5.2(b), however, PRT can be

calculated for any subset of the domain, i.e., to compare PRT within the jet versus

the near-wall region (Figure 5.10). The mean PRT for particles that entered one of

the three demarcated regions in Figure 5.10 are 0.13 (top), 0.88 (bottom-left) and

1.20 (bottom-right), over five periods (φ = 10π) at Rem = 64, α = 15 and λ = 1.0.

The effect pulsatility has on post-stenotic flow is evaluated by plotting the prob-

ability distribution (PDF) of the total PRT of select fluid parcels. Specifically, the

impact of Rem, α and λ are judged by only comparing the PRT of particles that were

labelled red (in Figure 5.8) and pass through the measurement domain during the

recording, i.e., the PRT was not shortened by the beginning or end of the recording.

Figure 5.11(a) is the PDF of the PRT of red particles compared for each Rem at
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(a) Effect of Rem (b) Effects of α and λ

Figure 5.11: The PRT of pulsatile flows is compared by plotting the probability den-
sity function of the PRT of red-labelled particles that pass through the
measurement domain: (a) PRT decreases with increasing Rem at α = 15
and λ = 1.0; and (b) α increases PRT, while λ decreases mean PRT at
Rem = 64. For all cases the PRT of pulsatile flow is increased compared
to steady flow at the same Rem. Dashed lines represent the mean PRT
(PRT ) of each flow.

α = 15 and λ = 1.0. The mean PRT decreases with increasing Rem for every combi-

nation of flow conditions tested, as is expected of flows with a higher mean velocity.

The shape of the PDF, however, is indicative of the flow behaviour seen in Figure 5.8:

(i) at Rem = 32, there is little to no mixing and PRT fall within a narrow range; (ii)

at Rem = 64, vortex growth affects some red particles more than others and spreads

the PRT distribution; and (iii) at Rem = 128, the narrow band of PRT is the result

of only a portion of the vortical structure being captured within the measurement

domain. The effects of increasing the frequency and amplitude are highlighted by ob-

serving the PRT of pulsatile flow at Rem = 64, as seen in Figure 5.11(b). The mean

PRT is prolonged at higher α, and microbubbles that are mixed into the recirculation

region remain within the domain for more than a single pulse. The generation of a

vortex ring with each pulse sweeps particles from the jet down and backwards, and

delays their traversal of the domain. Increasing λ causes a small decrease in the mean

PRT at each value of α. The larger velocity gradient quickly propels fluid through the
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domain and limits mixing; this effect is stronger at higher α. The value of echoLPT

is clearly demonstrated by measuring the effects of pulsatility on PRT for flow at

Rem = 64.

5.5 Conclusions

After years of development, optical PIV and LPT techniques are now well-established

tools for the study of complex fluid physics. The introduction of UIV provided a

means of performing Eulerian field measurements in opaque and in vivo flows, but

there is still no approach for the extraction of Lagrangian metrics. In the current

study, the feasibility of ultrasound-based particle tracking is demonstrated using a

novel method, named echo-Lagrangian particle tracking, of measuring path-dependent

dynamics. Optimization of echoLPT, including imaging parameters, material choices

and seeding particles, is discussed in detail. The technique is showcased by tracking

the behaviour of pulsatile flows through an idealized stenosis geometry and comparing

the time-resolved PRT of individual fluid parcels.

Ultrasound images have a characteristically low signal-to-noise ratio and the record-

ing process must be tailored for particle tracking. The acoustic power and seeding

particles, and their concentration, were each chosen to minimize surface reflections

and particle ambiguity, while ultrasound parameters, including line density and scan

depth, were adjusted to maximize frame rate. Particle detection and tracking require

that B-mode images are pre-processed to amplify the signal-to-noise ratio. Back-

ground, smoothing, and sharpening filters assist in isolating microbubbles that can

be tracked and extended to map their entire trajectory. EchoLPT was capable of

tracking thousands of unique flow tracers as they exited a stenosis. The ability to
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monitor particle-specific characteristics, like PRT, is of great value to the medical

community. PRT was measured for each microbubble that entered the region of in-

terest and elucidates differences in pulsatile flow behaviour for increasing Rem, α and

λ. As a means of demonstrating the value of the current approach, it was shown that

higher values of α encouraged mixing into the near-wall region and prolonged PRT,

while large velocity gradients increased particle turnover and decreased PRT.

The current echoLPT technique remains grounded by the limitations and quality

of ultrasound imaging. The field of view, depth of scan, dynamic range and streamwise

resolution all limit the frame rate. As a result, the flows tested were restricted to

low Reynolds numbers and amplitude ratios. Fluctuating particle image shape and

strong surface reflections each affect the ability to detect and track tracer particles

over long distances. While acquisition rates and image quality will inevitably improve

with advancements of the underlying ultrasound technology (plane-wave imaging has

potential for high-frame rate ultrasound (Rodriguez et al., 2013; Leow et al., 2015)),

future studies will attempt to account for irregular (non-Gaussian) particle image

shape, using a custom detection algorithm, and incorporate existing UIV techniques

to improve particle matching.
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Chapter 6

On the lifespan of recirculating suspensions with

pulsatile flow

6.1 Abstract

A Lagrangian analysis is performed in order to measure the rate at which recircu-

lating fluid is replaced (depleted) in pulsatile flows. Experiments are conducted for

pure liquid as well as suspensions with volume fractions of Φ = 5, 10 and 20%. Using

Lagrangian tracking and pathline extension techniques, the depletion of the recircula-

tion region is quantified via trajectories of individual fluid parcels exiting the domain.

Pulsatile flows with varying concentrations of hydrogel beads, up to a volume fraction

of 20%, are compared at mean Reynolds numbers of Rem = 4800, 9600 and 14400,

while the Strouhal number (St = 0.04, 0.08 and 0.15) and amplitude ratio (λ = 0.25,

0.50 and 0.95) are systematically varied. A so-called depletion efficiency is calculated

for each test case which is shown to increase with increasing Strouhal number and

increasing amplitude ratio. The introduction of a second (solid) phase does not alter

these efficiency trends. However, increasing the suspension volume fraction is shown

to suppress fluid transport across the shear layer, slowing depletion and decreasing
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the overall depletion efficiency for low-amplitude and steady flows. For most pulsatile

cases, periodic vortex formation is found to significantly increase depletion efficiency

through enhanced entrainment of recirculating fluid. Conversely, low-amplitude pul-

satile flows are dominated by Kelvin-Helmholtz instabilities, which do not penetrate

into the recirculation region, and thus, their depletion efficiency is markedly lower as

a result.

6.2 Introduction

Recirculating flow is ubiquitous, whether beneficial (e.g. enhanced mixing) or detri-

mental (e.g. increased drag) to overall function. Recirculation is characterized by a

region of separation that features retrograde flow, increased mixing, and trapped fluid

parcels. In a combustor, fuel-rich cold air must effectively mix with hot combustion

products (Gruber et al., 2004; Cai et al., 2018). Also, efficient mixing and control

of residence times is crucial in flow reactors (Gobert et al., 2017; Reis et al., 2019).

In a biological context, however, recirculating blood flow behind a stenosis or in an

artificial heart can lead to complications if allowed to stagnate (Sonntag et al., 2014;

Martorell et al., 2014). Thus, effective mixing and fluid exchange across the shear

layer, between the freestream and a recirculation region, play a key role in a myriad

of industrial and biological applications alike.

6.2.1 Depletion of a recirculating fluid

Figure 6.1 depicts mixing between a steady or unsteady jet and an adjacent recir-

culation region, where entrainment across the shear layer allows recirculating fluid

to be flushed from the domain. In the current study, this action, and its associated
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rate, are referred to as depletion and depletion efficiency, respectively. To date, few

studies within the fluids community have evaluated recirculation depletion mechanics

and their efficiency. A study by Noack et al. (2004) on optimal mixing analysis in

recirculation zones demonstrated that one could increase depletion of fluid from a re-

circulation zone by modifying vortex motion to maximize flux and decrease Particle

Residence Time (PRT). Piccolo et al. (2001) identified an increase in the transport

rate of fluid behind a backwards-facing step as a function of the Strouhal number of

the external flow. Sonntag et al. (2014) applied a similar concept to the “washout”

efficiency of an artificial heart using pulsatile flow and measured the volume of fluid

depleted for different inlet configurations. However, to the authors’ knowledge, no

study exists comparing the depletion efficiency for steady and pulsatile flows. Fur-

thermore, the physical mechanisms responsible for these mixing processes are poorly

understood.

6.2.2 Steady versus pulsatile flows

In this study an idealized stenosis geometry is used to generate a large recirculation

region within which the depletion efficiency of pulsatile flows is investigated, in pure

liquid, dilute and dense suspensions. For a pulsatile inlet condition, the growth, prop-

agation and shedding of a coherent vortex ring, as illustrated in Figure 6.1(b), has

been documented in the post-stenotic region during the acceleration and deceleration

phases of each pulse (Varghese et al., 2007b; Blackburn and Sherwin, 2007; Blackburn

et al., 2008). When the flow is steady, however, mixing is limited to Kelvin-Helmholtz

(K-H) instabilities along the shear layer, and the formation of strong coherent struc-

tures is thus absent (Varghese et al., 2007a; Cantwell et al., 2010). It is these coherent
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Figure 6.1: Flow through an axisymmetric stenosis geometry causes the depletion of
fluid recirculating downstream of the obstruction. Black and red lines
represent fluid exiting the axisymmetric stenosis throat, while the blue
and green lines denote fluid that is depleted from the region by the inflow
or that enters from downstream, respectively. (a) Steady flow can be
associated with Kelvin-Helmholtz (K-H) instabilities along the shear layer
(dotted red area), while for (b) pulsatile flow forming a vortex ring at
every pulse (dotted blue area). In the current study, the focus is on the
behaviour of the recirculating fluid (blue arrows) in response to the jet
fluid (red arrows).

structures that are a significant contributor to entrainment within the recirculation

region and may accelerate depletion (Shadden et al., 2006). In a similar fashion,

Ruiz et al. (2010) explored the viability of vortex-enhanced propulsion by means of

a pulsed jet. They demonstrate that the generation of coherent vortical structures

in an unsteady jet can improve propulsive efficiency when compared to an equivalent

steady jet. In fact, Ruiz et al. (2010) identify conditions whereby the added power

consumption of the unsteady flow is offset by the performance increase. This re-

sult begs the question: Can pulsatile internal flow featuring the roll-up of large-scale

vortex rings improve mixing and the overall depletion efficiency?
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6.2.3 Mixing in suspensions

Extending this question of pulsatile depletion efficiency to dilute and dense suspen-

sions is not straight-forward, and vortex-dominated mixing dynamics, unlike in pure-

liquid flows, are not well understood. Characterizing the behaviour of these suspen-

sions is heavily predicated on the interaction between the solid, suspended phase and

the liquid carrier. Furthermore, and until recently, it has been difficult to investi-

gate suspensions experimentally – particularly those of significant solid-liquid vol-

ume fractions – due to their opacity, which hinders traditional optical measurement

techniques. The current study extends its analysis of depletion efficiency to dilute

and dense suspensions by using a refractive index matching technique (Wiederseiner

et al., 2010). Recently, studies using super-absorbent hydrogel beads have demon-

strated turbulence attenuation and vortex-formation dynamics in dense suspensions

with volume fractions up to approximately 20% (Zhang and Rival, 2018; Zhang et al.,

2019; Zhang and Rival, 2020). However, much is still unknown about the contribution

of the suspended phase in the entrainment process of pulsatile, recirculating flows.

6.2.4 Measuring depletion efficiency

The objective of the current study is to characterize how efficiently steady and pul-

satile flows can deplete a recirculating region of stagnant fluid. Section 6.3 describes

the use of Lagrangian measurement techniques to track fluid parcels exiting a steno-

sis and their interaction with the recirculation region. The interactions occurring

across the shear layer are observed in Section 6.4.1 and are investigated for increasing

Reynolds number and varying degrees of pulsatility (unsteadiness). In Section 6.4.2

key depletion mechanisms are quantified and discussed with the aim of assessing the
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Figure 6.2: (a) A render of the optical test section and fluid reservoir. Flow is from
left to right through the stenosis model (circled), which is immediately
followed by the region of interest used for 2D-PTV. (b) A close-up view
of the test section with a 90o cutaway of the stenosis model showing its
curvature.

depletion efficiency for steady and pulsatile flow. Furthermore, in Section 6.4.3, the

Lagrangian analysis of recirculating fluid is extended to dilute and dense suspensions

in order to investigate how the presence of suspended particles alters fluid entrainment

across the shear layer.

6.3 Methods

6.3.1 Experimental Facility

The depletion efficiency of steady and pulsatile flow was evaluated using the flow

loop and idealized stenosis model shown in Figure 6.2. The working fluid – either

pure water or a suspension of aqueous hydrogel beads in deionized water (described

in detail in Section 6.3.2) – was pumped from the reservoir and around the flow loop

using a programmable circumferential piston pump (Wrightflow TRA10 Model 1300).
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Two-dimensional particle tracking velocimetry (2D-PTV) was performed in the test

section, a 1 m-long acrylic pipe with an internal diameter of D = 7.6 cm housing

the stenosis model, as illustrated in Figure 6.2(a). The onset of the pipe’s constric-

tion (stenosis) was situated approximately 60 diameters downstream of the nearest

corner to ensure turbulent flow conditions could be considered fully-developed. The

constriction was adapted from generic stenosis models typically found in the litera-

ture (Blackburn and Sherwin, 2007) and consists of a contraction of the inner pipe

diameter by 50% (the throat area is 25% of the pipe’s cross-sectional area) immedi-

ately followed by a sudden expansion back to D (see Figure 6.3). The axisymmetric

contraction is described by the smooth sinusoidal curve, y(x) for −0.5 6 x/L < 0, as

follows:

y(x) =
1

2
[d+ (D − d)sin2(

πx

2L
)], (6.1)

where x is the position along the pipe, d = D/2 is the stenosis throat diameter and

L = 7.6 cm is the length of the stenosis. This canonical geometry generates a large

region of recirculating fluid that was crucial to studying the effects of pulsatility on the

depletion efficiency of pure-liquid flow, as well as dilute and dense suspension flows.

The acrylic test section (containing the stenosis model) was encased in an octagonal

tank, which, when filled with water, rendered the curved walls of the pipe optically

transparent and reduced the effect of any aberrations. A high-speed CMOS camera

(FASTCAM Mini WX100), with a f = 60 mm Nikon lens and set at a resolution of

2048 x 1120 pixels, recorded flow exiting the throat of the stenosis. The camera was

positioned to capture a region of interest 6.1 cm by 3.8 cm (1.6d by 1.0d), extending

downstream from the edge of the stenosis and radially from the wall to the pipe
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Figure 6.3: A cross-sectional slice, along the centre plane of the light sheet of the
stenosis model, as used in this study. The axisymmetric stenosis reduced
the diameter of the pipe by 50%, and the cross-sectional area by 75%,
before rapidly expanding to create a jet and a large recirculation region.
The region of interest is highlighted using a white box; within this domain
scattered Lagrangian vector data (blue arrows) was processed into long
pathlines (orange and black lines).

centreline (as shown in Figure 6.3). The frame rate (up to 2000 Hz) and shutter

speed were changed according to the peak Reynolds number to ensure inter-frame

particle displacements did not exceed a maximum of 15 pixels. A 3 W diode-pumped

continuous solid-state laser (532 nm) was used to produce a laser sheet along the

axis of the pipe such that 2D-PTV could be performed in the region immediately

following the sudden expansion. For pulsatile flow cases, the camera and mean flow

profile were synced using a digital acquisition device (National Instruments USB-

6351) so to always begin recording at the same instant of each pulse (t/T = 0).

6.3.2 Hydrogel particles - making a dense suspension

Recirculation region dynamics were studied for both pure water and suspensions.

The suspensions were mixed using deionized water and hydrogel beads made of a

super-absorbent polymer (SAP), purchased from Emerging Technologies (LiquiBlock
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2G-110), that are uniformly disperse in water. The hydrogel particles have a water

absorption coefficient of 450 grams of water per gram of the polymer. When fully sat-

urated in water, the particles’ refractive index matches that of water and the resulting

suspensions are optically transparent (Wiederseiner et al., 2010). Furthermore, the

high absorbency of the polymer means the mass and, hence, density of the solid-liquid

mixture is practically identical to that of pure water. When saturated, the beads’

diameter ranges from dp = 0.8–1.4 mm (0.01D–0.02D) and the mean aspect ratio

is one. The settling velocity of the hydrogel beads was measured at approximately

0.6± 0.3 mm/s (Zhang and Rival, 2018) and is very low compared to the convective

speeds of the system.

For the current study, the working fluid was characterized by the volume fraction,

Φ, of solid hydrogel beads to deionized water. Dilute (Φ = 5%) and dense (Φ =

10 − 20%) suspensions, as well as pure-liquid flows (Φ = 0) were each evaluated. A

dense suspension is classically defined as one where the inter-particle spacing is on

the same order or smaller than the diameter of the solid particles. Large volumes

of each suspension were prepared in batches by first degassing the deionized water,

then thoroughly mixing in the hydrogel particles, and then finally degassing again.

The suspension was added to the flow-loop reservoir and allowed to pump through

the test section for approximately one hour before testing to ensure the hydrogel

was uniformly distributed throughout the post-stenotic region. As Φ is increased, the

number of hydrogel-water interfaces between the camera and imaging plane increases.

At each interface there is a slight refractive index mismatch that begins to significantly

degrade image quality above Φ = 20%, where imaging occurs through approximately

40 interfaces.
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Table 6.1: Parameter space and range used in the current study

Parameter Range
Rem 4800, 9600, 14400
St 0.04, 0.08, 0.15
λ 0.25, 0.50, 0.95
Φ [%] 0, 5, 10, 20

6.3.3 Steady and pulsatile flow parameters

The depletion of recirculating fluid from the post-stenotic region was investigated for

increasing mean Reynolds number (Rem), Strouhal number (St) and amplitude ratio

(λ), as well as the four volume fractions (Φ) previous outlined. Table 6.1 shows the

range of values of each parameter. The Reynolds numberRem = umd/ν of the working

fluid was calculated using the mean flow velocity (um) and the kinematic viscosity (ν)

of the liquid phase. All relevant convective scales were normalized by the throat of

the contraction where the characteristic length is d = 3.8 cm. The pulsatile test cases

are periodic and can be described as the sum of a sinusoid – with frequency fp and

amplitude uo – and a steady flow with a mean velocity um, measured using particle

image velocimetry (PIV) of the jet, as depicted in Figure 6.4. In dimensionless form,

pulsatile flow is characterized by a Strouhal number St = fd/um and an amplitude

ratio λ = uo/um. The period (T ) ranges from 0.66 s to 8 s at the extremes of St

and um. The upper limit on λ was set below one to avoid flow reversal upstream

(oscillatory flow) and to prevent the pump reaching a flow rate of zero. Comparing

the behaviour of pure-liquid flow with that of a suspension can be very challenging.

Suspensions cannot be assumed to act as a continuum and the application of an

effective viscocity and matching Reynolds number is not sufficient (Guazzelli and

Pouliquen, 2018; Zhang and Rival, 2020). In the current study, results are compared
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Figure 6.4: The pulsatile flows investigated are characterized by a amplitude ratio,
λ = uo/um, and a Strouhal number, St = fpd/um, where d is the stenosis
throat diameter and fp is the frequency. This schematic shows the relative
size of the three amplitude ratios (solid lines) and the frequency of the
three Strouhal numbers (dashed lines).

for matching mean velocity (um) through the stenosis at each volume fraction, but, for

simplicity, are referred to according to their equivalent pure-liquid Reynolds number

(ranging from 4800 to 14400).

6.3.4 2D particle tracking

Lagrangian particle tracking of the liquid phase was performed in the region down-

stream of the stenosis model by seeding the working fluid with 55 µm polyamide tracer

particles (LaVision 1108947). The tracer particles have a Stokes number on the order

of 0.0001 and are assumed to reliably follow the motion of the liquid. Note that,

while the motion of the seeding particles is affected by the presence of the hydrogel

beads, the solid phase itself is not directly tracked. Particle detection and matching is
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negatively affected by high particle image density as particle identification becomes

ambiguous. Here, the particle image density is approximately 0.0015 particles per

pixel (ppp) and 3000 particles are detected in each frame. Given the turbulent nature

of the flows under investigation, there is likely to be particle loss due to out-of-plane

motion with a thin light sheet. Rosi et al. (2015) discuss out-of-plane motion as an

indirect source of error in 2D tracking measurements that is inversely proportional to

the laser sheet thickness so long as the reduction of the sheet’s energy density does not

jeopardize particle image density. To ensure tracers can be tracked across as many

frames as possible, the laser sheet was set to a thickness of 5 mm. For 2D tracking

measurements, where particle density (and overlap) is relatively low, a thick light

sheet compensates for out-of-plane motion and yields longer particle tracks (Cierpka

et al., 2013). However, the thick sheet does introduce spatial averaging across the

depth of the laser sheet (on the order of 0.06D).

2D-PTV was performed using LaVision DaVis 8.4.0 software. Images were first

filtered using a mean background subtraction across all frames, as well as a second

mean subtraction over only 15 frames to remove small reflection artifacts from the

pipe wall. Particle detection used a Gaussian fit followed by peak intensity detection

to find particles in each frame. Velocity vectors were then drawn for each particle’s

displacement by connecting them from frame to frame using peak matching within

an allowable velocity range (Dracos, 1996). The spatial coherence of each displace-

ment vector is compared to neighbours within a 50-pixel radius before verifying the

displacement as valid and drawing a track between the corresponding frames. The

uncertainty in detecting a particle’s position using PTV depends on particle overlap

and ambiguity and, hence, increases at high particle image density. The density is
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carefully controlled to avoid particle ambiguity and with a particle image diameter

of approximately 4 pixels, the positional uncertainty is on the order of 0.1 pixels for

a 2D Gaussian fit (Kähler et al., 2012). Full particle tracks are filtered once more to

eliminate very short tracks that would otherwise contribute to noise. A valid track

must extend across at least five consecutive frames and no single step may differ by

more than 20% of the previous step; i.e., a sudden acceleration from one displacement

to the next would be non-physical. Increasing the acceptable track length lowered

the number of valid tracks, while decreasing the threshold had no significant effect

on track density. Ultimately, low track density and very short tracks both had a

negative effect on pathline extension and influenced the chosen threshold. The fol-

lowing section describes how approximately 2000 valid particle tracks in each frame

are extended to reveal their history.

6.3.5 Pathline extension

The source and terminal positions of each tracer particle that was tracked moving

through the measurement domain was computed by extending pathlines to reveal

their individual trajectories. Pathline extension, as described by Jeronimo et al.

(2019b) and Jeronimo and Rival (2020), uses a set of flow maps fit to the displace-

ments measured for each time step. This extension method was inspired by flow-map

compilation techniques (Brunton and Rowley, 2010; Raben et al., 2014; Rosi and

Rival, 2018). Flow maps are a surface fit of the displacements of particles between

consecutive frames and were computed for both forwards and backwards time steps

using a locally-weighted scatter-plot smoothing algorithm (LOWESS). The end points

of each measured track were then extended by interpolating from the time-resolved
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flow maps. The uncertainty associated with extending pathlines can be estimated by

comparing the known, measured displacements of particles at a given time step to

the displacements predicted by the flow map for that time step. Computing the mag-

nitude of the residuals between measurements and the flow map yields a normalized

mean error of 0.05 or 5% (a detailed explanation of this calculation is provided in

Appendix H). The resulting pathlines describe the lifespan of each unique fluid parcel

within the measurement domain and can be used to extract path-dependent quanti-

ties, including PRT and velocity. The extended pathlines have an average length of

approximately 1000 time steps – fifty times their original length. A detailed descrip-

tion of the pathline extension methodology can be found in Jeronimo et al. (2019b)

and Jeronimo and Rival (2020).

6.4 Results and discussion

Pathline extension reveals the trajectories of every unique particle that is detected

in the measurement domain along which path-dependent dynamics can be extracted.

Section 6.4.1 highlights the methods of categorizing and quantifying scattered La-

grangian data that is most useful for tracking depletion and vortex dynamics in the

recirculation region. The mechanisms that are identified therein are investigated in

sections 6.4.2 and 6.4.3 to reveal the effects of pulsatility and suspension density on

depletion efficiency, in both pure-liquid and suspension flows.
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6.4.1 Extracting path-dependent dynamics

Trajectory-based labeling

Lagrangian pathline extension allows the time-resolved positional information de-

scribing the transit of individual flow tracers through the measurement domain to be

extracted from scattered 2D-PTV data. Using this information, the tracked liquid-

phase fluid parcels can be labelled by any number of means, e.g., by source coordinates

or time spent in a specific region. To highlight the depletion of recirculating fluid,

fluid parcels are categorized by their initial position and their interaction with the

shear layer that extends out from the edge of the stenosis throat. Figure 6.5 shows

scattered particles coloured according to the flow depiction in Figure 5.1. The four

flow categories are defined as follows: fluid initially in the recirculation region (any

particle below y/d = 0 at t/T = 0) is blue (Recirculating); jet fluid is coloured red if

it crosses the line y/d = 0 into the recirculation region (Entrained) and is otherwise

black (Jet); and green particles represent fluid entering the domain after t/T = 0

and from the right-hand side of the frame (Downstream). Note that the top row of

Figure 6.5 actually depicts a moment very shortly after t/T = 0 such that the vortical

structures already forming at t/T = 0 can be observed.

The side-by-side comparison of fluid motion within the recirculation region when

subjected to steady and pulsatile inlet flow (in Figure 6.5) highlights the key difference

between their depletion mechanisms. For steady flow, the turbulent jet is separated

from the recirculation region by a shear layer, wherein K-H instabilities result that

entrain small volumes of recirculating fluid; such small vortical structures are observed

continually, as plotted in Figure 6.5 over a period of T = 4 seconds. Retrograde flow

from downstream is observed to consistently enter the region, and contributes to
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Steady Pulsatile

Jet Entrained

Recirculating Downstream

Vortex shedding

Beginning of 
new vortex

Vortex formation

K-H instabilities

K-H instabilities

Figure 6.5: Fluid parcels in the measurement domain are categorized according to
their source position and trajectory thereafter. The volume of recirculat-
ing fluid is depleted by the motion of entrained jet fluid in the case of
steady and pulsatile inlet flow. Vortex formation and shedding apparent
during the acceleration phase (t/T = 0−0.250) for pulsatile flow is absent
in the steady flow. K-H instabilities are seen throughout for the steady
flow case. At t/T = 0.750, pulsatile flow reaches a minimum velocity and
very little entrained (red) fluid enters the domain. Flows are compared
at Rem = 4800, λ = 0.50 and St = 0.08. This steady and pulsatile flow
comparison is animated in “Movie 6-1.mp4”.
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displacing recirculating fluid. The pulsatile flow is characterized by the formation of

a vortex that is growing from t/T = 0− 0.125. As the acceleration comes to an end

(t/T = 0.250), and the flow begins to slow, the vortex structure sheds and advects

downstream, carrying fluid entrained from the recirculation region with it (see the

blue fluid parcels rolled into the red jet fluid). These vortex forming and shedding

processes are periodic and the beginning of a new vortex can be seen forming at the

end of the pulse (t/T = 0.875). In between the vortices, and during the deceleration,

fluid from downstream flows into the domain and displaces recirculating fluid towards

the centre of the pipe where it can be forced out of the region. During this same period

of the pulsatile flow (t/T = 0.500−0.750) there is significantly less jet fluid entrained

(red) across the shear layer. These dynamics – for both the steady and pulsatile flow

– can be seen in “Movie 6-1.mp4” for the flow conditions described in Figure 6.5. In

the select cases where λ = 0.95 and the jet velocity approaches zero at t/T = 0.750,

the amount of retrograde flow increases significantly, fluid is no longer trapped by

the presence of a strong jet, and a large number of fluid parcels exit the recirculation

region. These depletion mechanisms, and the influence of mean and pulsatile flow

parameters, are discussed in more detail in the following sections.

Particle Residence Time

The scattered Lagrangian data can also be described by its Particle Residence Time

(PRT) within the domain, as described by Jeronimo et al. (2019b) and Jeronimo and

Rival (2020). PRT is defined as the length of time a fluid parcels spends in a region of

interest, and can be directly computed from the extended pathlines. Figure 6.6 shows

the acceleration phase of a pulsatile flow (and an equivalent duration of steady flow)
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Steady Pulsatile

Entrainment of high-PRT fluid

Stagnant fluid

Low-PRT jet

Figure 6.6: The PRT of fluid in the recirculation region is compared for steady (left)
and pulsatile flow (right) at Rem = 4800 (λ = 0.50 and St = 0.08).
Concentrations of stagnant fluid, as well as the source of new high-PRT
fluid, are easily identified. The mean PRT is higher in the steady flow
case, while the vortex formed by the pulsatile flow exchanges new jet fluid
for high-PRT fluid trapped in the recirculation region.

labelled by the normalized PRT of particles, and identifies regions of high and low

PRT. Low-PRT jet fluid is easily distinguished from fluid that mixes into the recircu-

lation region, causing its PRT to grow. For both flows, there is a large concentration

of high-PRT fluid near the walls of the pipe and stenosis that is not easily displaced.

Jeronimo and Rival (2020) reported an increase in the PRT of entrained jet fluid

with the introduction, and strength, of pulsatility, and its direct correlation to large

vortex structures. In the current study, the focus is to evaluate how efficiently stag-

nant, high-PRT fluid can be depleted from the recirculation region. Key differences
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in the PRT of fluid parcels subjected to steady and pulsatile flows are identified in

Figure 6.6. At each instant, the steady jet is predominantly low-PRT fluid suggesting

that the K-H instabilities do not entrain jet fluid deep into the recirculation region,

which, in turn, would promote depletion. As a result, there is a large volume of

high-PRT fluid in the steady flow case. By comparison, the average PRT of jet fluid

is greater for the pulsatile flow due to vortex formation that entrains new, high-PRT

fluid down into the recirculation region. Over the course of the acceleration, the

large vortex pushes high-PRT fluid out of the domain resulting in a smaller amount

of stagnant fluid compared to the steady case. The entrainment of high-PRT fluid

during the growth and shedding of a coherent structure in the pulsatile flow suggests

a higher depletion efficiency; more in-depth analysis of depletion efficiency for steady

and pulsatile flows continues in section 6.4.2.

Vorticity

Using the time-resolved, scattered positional data available for each pathline, the

velocity along the trajectories can be computed using a central difference method

and the known frame-to-frame time step. The coherent vortical structures observed

in Figure 6.5 can be quantified by calculating the out-of-plane vorticity (ωz
∗) of the

affected fluid parcels. To calculate vorticity, the Lagrangian velocity data is first in-

terpolated onto a rectilinear grid, with a resolution of 0.005d, and then differentiated.

Spatial gradients were performed using a central differencing approach. The vortic-

ity was then normalized using a convective time (um/d) and interpolated back on to

the scattered data such that each pathline contains the vorticity history of the fluid

parcel. Plotting the Lagrangian data coloured by vorticity clearly reveals structures
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Steady Pulsatile

Vortex formation

Vortex sheddingK-H instabilities

Figure 6.7: Normalized, out-of-plane vorticity (ω∗z) is computed for each Lagrangian
tracer using their velocity along extended pathlines for steady (left) and
pulsatile flow (right) with Rem = 4800, λ = 0.50 and St = 0.08. The vor-
ticity maps clearly reveal vortex formation and shedding in the pulsatile
flow case.

forming along the shear layer that extend out from the edge of the stenosis throat

at y/d = 0, as shown in Figure 6.7. These structures contribute to the depletion

of the recirculation region by entraining fluid and carrying it downstream. A clear

distinction can be made between the steady and the pulsatile flow in Figure 6.7. At

t/T = 0.125 one can observe the roll-up of a vortex ring that continues to grow and

then detach (t/T = 0.250) in the presence of pulsatile flow. The steady flow vor-

ticity field features only K-H instabilities in the shear layer. This difference agrees

with previous studies on steady and unsteady flows (with λ = 0.66) through stenoses

(Varghese et al., 2007a,b), and is the primarily contributor to increased depletion in
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the pulsatile flow, as discussed below. Furthermore, in section 6.4.2, the extracted

vorticity data is used to compute circulation as a measure of vortex strength and

provides a means of comparing pulsatile flows of varying frequency and amplitude.

6.4.2 Depletion in pure-liquid flows

By tracking the motion of fluid that begins within the recirculation region downstream

of the contraction, the original number of fluid parcels can be monitored as they

interact with the jet and are swept further downstream. The depletion of this volume

of fluid is tracked for varying steady flows (section 6.4.2) and pulsatile flows (section

6.4.2), which are subsequently compared with one another using depletion efficiency.

Steady flow

Steady flow through the stenosis generates a large recirculation region that traps fluid

for an extended period of time. Figure 6.8(a) shows the time-resolved depletion of the

fluid volume that was in the recirculation region at the beginning of the recording.

The fluid is gradually displaced by K-H instabilities that form along the shear layer

separating the jet and recirculation region, as seen in Figures 6.5 and 6.7. This deple-

tion mechanism does not change with increasing Rem, and over the same convective

time (t∗ = tum/d) the volume depleted only grows moderately at Rem = 14400 (as

seen in Figure 6.8(a)). The depletion efficiency can be significantly amplified by in-

troducing an unsteady component to the flow (as discussed below, with reference to

Figure 6.11).
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(a) Steady flow (b) Pulsatile flow, St = 0.08 (c) Pulsatile flow, λ = 0.50

Figure 6.8: Fluid is gradually depleted from the recirculation region downstream of
a stenosis model in pure-liquid flows: (a) Steady flow at increasing Rem;
(b) Pulsatile flows with increasing λ at St = 0.08 and Rem = 4800; and
(c) Pulsatile flows with increasing St at λ = 0.50 and Rem = 4800.

Pulsatile flow

The fluctuating velocity gradients present in pulsatile flows change the flow dynamics

in the post-stenotic region by promoting the formation of a vortex ring, and there-

fore can drastically alter depletion. Figure 6.8(b) and 6.8(c) show the time-resolved

depletion for pulsatile flows of increasing λ and St, respectively. For low frequency

pulses (low St) and small amplitude fluctuations the effects of pulsatility are small

and provide little to no benefit over steady flow. However, it is immediately apparent

how further increases to St and λ significantly improve depletion efficiency. The in-

fluence of pulse frequency and amplitude ratio on vortex formation and the depletion

of the recirculation volume is described in more detail below.

Influence of amplitude ratio In order to compare the depletion of recirculating

fluid for various pulsatile cases particle motion is tracked over a single pulse at the

given flow conditions. The volume of recirculating fluid remaining in the domain
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(R(t)) is calculated as a percentage of the original volume:

R(t) =
n(t)

N0

× 100%, (6.2)

where n and N0 represent the instantaneous and initial number of fluid parcels de-

tected in the domain. Figure 6.9 plots the time-resolved volume depletion of the

recirculation region, normalized by the appropriate pulse period T , for increasing λ.

For all combinations of Rem and St, it is apparent that increasing the amplitude ratio

enhances depletion. Figure 6.10 reveals that the large acceleration at high λ initiates

and feeds vortex formation at the beginning of each pulse. The vortex grows during

the acceleration phase and entrains large quantities of fluid from the recirculation

region that are promptly carried downstream. The supplementary media “Movie 6-

2.mp4” provides an example of this behaviour, but for a dilute suspension (discussed

in section 6.4.3), animated across multiple pulses. Figure 6.9 shows that the volume

of fluid remaining after a single pulse is smallest when λ is maximized for each value

of Rem and St. This observation suggests vortex growth and entrainment increases

with λ, depleting more fluid per pulse. However, when λ = 0.25, the acceleration to

the peak velocity (reached at t/T = 0.250) is incapable of supporting vortex forma-

tion for all St values (see Figure 6.10). Instead, the depletion mechanism for these

small-amplitude pulsatile flows is limited to K-H instabilities – closely resembling a

steady flow – and is reflected by the low depletion rates seen in Figure 6.9.

The influence of λ on recirculating-fluid depletion is best illustrated using the de-

pletion efficiency (η), which can be defined as the fraction of the original recirculation
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(a) Rem = 4800, St = 0.04 (b) St = 0.08 (c) St = 0.15

(d) Rem = 9600, St = 0.04 (e) St = 0.08 (f) St = 0.15

(g) Rem = 14400, St = 0.04 (h) St = 0.08 (i) St = 0.15

Figure 6.9: Depletion of recirculating fluid subjected to pulsatile flows of increasing
λ. Rem is held constant in each row: (a)-(c) Rem = 4800, (d)-(f) Rem =
9600, and (g)-(i) Rem = 14400. The columns, from left to right, represent
flow at St = 0.04, 0.08 and 0.15, respectively, in order to highlight the
influence of λ.
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Figure 6.10: Three pulsatile flows are compared at Rem = 14400 and St = 0.08
for increasing λ. Trajectory-based labeling at three instances during
flow acceleration (t/T increases down each column) reveals growth of a
coherent structure when λ > 0.50. The same behaviour can be observed
in suspensions, as shown in “Movie 6-2.mp4” for Rem = 9600, St = 0.15
and Φ = 5%.

region volume that is depleted per unit convective period (T ∗ = Tum/d):

η =
1− (R(T )/100)

T ∗
, (6.3)

where R(T ) is the percentage of recirculating fluid remaining in the domain after one

period. Figure 6.11 shows the depletion efficiency of each combination of pulsatile

flow parameters compared against a steady flow (St = 0) of the same mean Reynolds

number. It is immediately apparent that increasing λ has a positive shift on the
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(a) Rem = 4800 (b) Rem = 9600 (c) Rem = 14400

Figure 6.11: Depletion efficiency (η) of steady and pulsatile flows at (a) Rem = 4800,
(b) Rem = 9600 and (c) Rem = 14400. The steady flow efficiency is
represented by a common point at St = 0 and a dashed line. Vortex
formation in λ > 0.50 cases results in more efficient recirculating-fluid
depletion than steady flow at all Rem investigated.

efficiency, and all pulsatile flows are more efficient at depleting recirculating fluid

than for steady flow. The only exceptions are for low λ where K-H instabilities

cannot match the ability of periodic vortex formation (in high-λ cases) to deplete

recirculating fluid.

For those flows that are vortex-enhanced, depletion efficiency is directly linked

to vortex strength, which can be quantified by calculating the normalized circula-

tion (Γ∗ = Γ/umd). Here, Γ∗ is defined as the integral of all vorticity extracted

from the scattered Lagrangian particles in the region of interest (see Figure 6.7). Fig-

ure 6.12(a) presents the circulation of pulsatile flows with increasing λ at Rem = 4800

and St = 0.15. The circulation oscillates periodically with a small phase delay from

the sinusoidal flow rate such that the maximum (negative) circulation occurs shortly

after t/T = 0.250. The circulation growth corresponds to vortex formation in the

post-stenotic region and peak Γ∗ can be used as a measure of vortex strength. Vortex

strength increases with λ and directly correlates to improved depletion efficiency, as

seen in Figure 6.11(a). For comparison, Γ∗ is presented for the λ = 0.25 case where,
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(a) λ influence (Rem = 4800; St = 0.15) (b) St influence (Rem = 14400; λ = 0.95)

Figure 6.12: Circulation (Γ∗) of scattered fluid parcels plotted against t/T in order to
compare vortex strength for increasing (a) λ and (b) St. Vortex strength
grows with λ, but the normalized circulation is relatively insensitive
to changes in St and Rem. The shaded areas represent one standard
deviation uncertainty based on the circulation of multiple pulses. In (b),
the magnitude of all three curves fall roughly within the uncertainty of
the St = 0.15 case.

despite a small periodic increase in vorticity, there is no vortex formation. Addition-

ally, in the absence of vortex growth the variance in circulation is very small.

Influence of Strouhal number In order to establish the effect that Strouhal num-

ber has on recirculating flows, the amplitude and Reynolds numbers are kept constant

while St is increased. Figure 6.13 shows the time-resolved depletion of pure-liquid

flows over the span of a single pulse for each combination of inlet conditions. As St

is increased the depletion per pulse decreases. Note that when comparing St cases

the pulse period (T ) changes and the depletion per pulse can instead be thought of

as decreasing with T . To understand this relationship we refer back to Figure 6.11

where the depletion efficiency increases with St for all Rem and λ. Furthermore, Fig-

ure 6.12(b) demonstrates that St has little to no effect on vortex strength, and thus,

depletion efficiency (in Figure 6.11) increases with St due to the increased frequency
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(a) Rem = 4800, λ = 0.25 (b) λ = 0.50 (c) λ = 0.95

(d) Rem = 9600, λ = 0.25 (e) λ = 0.50 (f) λ = 0.95

(g) Rem = 14400, λ = 0.25 (h) λ = 0.50 (i) λ = 0.95

Figure 6.13: Depletion of recirculating fluid subjected to pulsatile flows of increas-
ing St. Rem is held constant in each row: (a)-(c) Rem = 4800, (d)-
(f) Rem = 9600, and (g)-(i) Rem = 14400. The columns, from left to
right, represent flow at λ = 0.25, 0.50 and 0.95, respectively, in order to
highlight the influence of St.
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of vortex formation, and not vortex strength. The shaded region in Figure 6.12(b)

demonstrates the uncertainty in Γ∗ and it is clear, despite small phase differences,

that the vortex strength is nearly identical for all three Strouhal numbers.

Figure 6.14 shows the post-stenotic region during the acceleration phase of pul-

satile flows with different St, and constant λ = 0.50 andRem = 9600. When St = 0.08

or greater, fluid parcels exiting the stenosis during the acceleration roll up to form a

vortex that entrains recirculating fluid and advects downstream. This depletion mech-

anism is the same as that described for λ > 0.50 cases. However, when St = 0.04

and λ 6 0.50 the gradual change in jet velocity will not support vortex formation

and depletion is once again limited to K-H instabilities. The absence of a vortex at

St = 0.04 and λ = 0.50 is consistent for all Rem investigated. An example of the in-

fluence of St on depletion at Rem = 4800 and λ = 0.50 is shown in “Movie 6-3.mp4”.

Increasing either St or λ from these values results in vortex growth and a significant

increase in depletion efficiency, as seen in Figure 6.11.

Influence of Reynolds number Increasing the mean Reynolds number of pul-

satile flow through the stenosis model had no significant effect on the normalized

depletion efficiency of recirculating fluid (see Figure 6.11). For the three Rem in-

vestigated, there was no difference found in the depletion mechanism or bulk flow

behaviour for any combination of the pulsatile flow parameters.

6.4.3 Depletion in dilute and dense suspensions

The addition of hydrogel beads to the working fluid represents suspensions of Φ =

5%, 10% and 20% that affect the depletion efficiency of steady and pulsatile flows

alike, as summarized in Figure 6.15. The following sections describe the effect volume
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Figure 6.14: Three pulsatile flows are compared at Rem = 9600 and λ = 0.50 for
increasing St. From t/T = 0 to 0.250 (increasing down each column) a
vortex ring forms and sheds. At St = 0.04 (left column) vortex formation
is absent. Similarly, “Movie 6-3.mp4” shows the same effect animated
across multiple pulses for flow at Rem = 4800 and λ = 0.50 in a pure
liquid.

fraction has on steady and pulsatile depletion and depletion efficiency.

Steady flow

Much like pure-liquid flows, the primary depletion mechanism for steady flow in

suspensions is associated with K-H instabilities along the shear layer that entrain

small volumes of fluid from the recirculation region. Similarly, Reynolds number has

no significant effect on the depletion efficiency of suspensions as well. For the dilute

suspension (Φ = 5%), the flow dynamics between the separated jet and recirculation
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(a) Φ = 5%, Rem = 4800 (b) Rem = 9600 (c) Rem = 14400

(d) Φ = 10%, Rem = 4800 (e) Rem = 9600 (f) Rem = 14400

(g) Φ = 20%, Rem = 4800 (h) Rem = 9600 (i) Rem = 14400

Figure 6.15: The depletion efficiency of steady and pulsatile flows in dilute (Φ = 5%)
and dense suspensions (Φ > 10%) with increasing Rem, St and λ. The
rows, from top to bottom, represent suspension flows with (a)-(c) Φ =
5%, (d)-(f) Φ = 10%, and (g)-(i) Φ = 20%, respectively.

fluid closely resemble those of the pure-liquid steady flow. However, as Φ is increased

the K-H instabilities that form along the shear layer are visibly suppressed: vortices

are smaller in diameter and fail to entrain fluid from deep in the recirculation region.

This suppression is directly reflected by a decreasing depletion efficiency for increasing

volume fraction (see the dashed lines in Figure 6.15).
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Pulsatile flow

In the case of pulsatile flows the method of entrainment (and recirculation-region

depletion) is surprisingly unchanged with the addition of a solid phase for suspensions

up to Φ = 20%, when compared to pure-liquid flow. Once again, for pulsatile flow,

recirculating-fluid depletion is promoted by vortex formation in all suspensions where

λ = 0.95, or λ = 0.50 and St > 0.04. Figure 6.16 shows consistent vortex formation

with pulsatile flow at Rem = 14400, λ = 0.50 and St = 0.15 in suspensions of

increasing hydrogel concentration; Φ has no observable effect on the flow dynamics

or depletion mechanism. This comparison is animated in the supplementary media

“Movie 6-4.mp4”. After the primary vortex ring is shed, smaller instabilities – similar

to those in a steady flow – promote further entrainment. As with the pure-liquid cases,

depletion is associated with K-H instabilities for all λ = 0.25 flows and they do not

exhibit vortex-ring formation.

The depletion efficiency for dilute and dense suspensions for all combinations of

Rem, St and λ are compared in Figure 6.15. The depletion efficiency of pulsatile

flows that form a vortex are all more efficient than steady flow at the same Rem,

regardless of Φ. The same efficiency trends that were reported for pure-liquid flows

are observed for increasing St and increasing λ, and thus, the depletion efficiency in

suspensions increases with both parameters. Changes to the Reynolds number do

not affect flow behaviour and have no significant impact on the depletion efficiency

of pulsatile flows. For λ > 0.50, the growth of vorticity in the post-stenotic region

is not affected, and Γ∗ is unchanged, by increasing Φ (see Figure 6.17). The shaded

area in Figure 6.17 represents one standard deviation uncertainty for flow in the 10%

suspension and reveals little to no variance in the peak circulation magnitude with
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Figure 6.16: Three pulsatile flows are compared at Rem = 14400, λ = 0.50 and
St = 0.15 for increasing Φ. The concentration of the suspensions has no
observable effect on the vortex formation and shedding processes that
were observed for pure-liquid flows during the initial acceleration from
t/T = 0 − 0.250. “Movie 6-4.mp4” shows a side-by-side comparison of
these flow cases over an entire pulse.

changes to Φ. The influence of Φ is more apparent for low-amplitude flows where

there is no vortex formation. At λ = 0.25, the depletion efficiency decreases as the

density of the suspension increases and the suspended particles limit mixing across

the shear layer. This suppression of mixing in dense suspensions, for steady and low-

amplitude flows, can be attributed to a decreasing effective (single-phase) Reynolds

number as Φ increases. However, this argument can not be extended to the results of

flows featuring vortex growth. The lack of a trend between depletion efficiency and

volume fraction for these high-λ cases is rather unexpected.
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Figure 6.17: Circulation within the measurement domain is compared, as a measure
of vortex strength, for increasing Φ. No significant variance is observed
for increasing volume fraction (Φ) in pulsatile flow cases, as is reflected
in the depletion efficiency of these flows. The light-blue shaded area
represents one standard deviation around the mean pulse in the Φ = 10%
suspension. All curves fall roughly within these bounds, particularly
during vortex formation (around t/T = 0.4). Example shown for flow at
Rem = 14400, λ = 0.50 and St = 0.15.

6.5 Conclusions

This study took advantage of Lagrangian measurements of path-dependent dynamics

to track the depletion of a recirculation region volume in pure-liquid and suspension

flows. A large recirculation region was generated using an idealized stenosis model

in order to evaluate the recirculating-fluid depletion efficiency of steady and pulsatile

flows. Experiments were conducted at mean Reynolds numbers of Rem = 4800, 9600

and 14400, while the amplitude ratio (λ = 0.25, 0.50 and 0.95) and Strouhal number

(St = 0.04, 0.08 and 0.15) of the pulsatile flows were systematically varied. The same

set of flow parameters was compared for pure liquid, and dilute and dense suspensions

(volume fractions of Φ = 5, 10 and 20%), which were mixed using super-absorbent

hydrogel beads. Coupling Lagrangian particle tracking and pathline extension tech-

niques allowed the complete trajectory of all fluid parcels in the recirculation region

to be extracted. For each pathline, the time-resolved position, PRT and vorticity
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were used to quantitatively evaluate the depletion of an initial volume of fluid from

the recirculation region.

Tracking high-PRT fluid, in pure liquid and suspensions, revealed a substantial

increase in depletion efficiency when pulsatility was introduced at all Reynolds num-

bers investigated. The primary depletion mechanism for pulsatile flows (with an

amplitude ratio greater than λ = 0.25) was identified as periodic vortex formation

during the initial acceleration of each pulse. These vortex structures entrained and

displaced large volumes of fluid and were shown to grow in strength, and hence, deple-

tion efficiency with increasing λ. St had no effect on the amount of vorticity gained

by fluid parcels exiting the stenosis throat, but high-St flow increased the depletion

efficiency by generating vortices more frequently. In low-amplitude pulsatile flows,

as well as steady flows, vortex formation was absent and the depletion efficiency was

significantly lower. Instead, recirculating-fluid depletion was associated with K-H

instabilities along the shear layer. For all cases, Rem caused little to no change in

the depletion efficiency over the same convective time. All of the above trends were

found to apply to flows in pure-liquid and suspension. Furthermore, there were no

changes to the flow dynamics or depletion mechanisms observed with the addition of a

suspended (solid) phase. For steady and low-amplitude pulsatile flows, which feature

instability-driven depletion, increasing the volume fraction suppressed mixing across

the shear layer and decreased efficiency at each Rem. Surprisingly, no such change

was observed when increasing the concentration of hydrogel beads in the suspension

flows where vortex formation occurred.

This study has demonstrated the advantage of pulsatile over steady flow to prevent

the accumulation of very high-PRT fluid within a recirculation region. Recirculation
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regions are prominent in industrial and biological fluid systems, alike, and are typi-

cally a deterrent to optimal function. The results presented here suggest the use of

pulsatile flow should be implemented, where possible, to encourage vortex-enhanced

mixing within recirculation regions and reduce the amount and residence time of

trapped fluid. Of course, the analysis performed in this study was aimed solely at

understanding the fluid dynamics of recirculating-fluid depletion and, in application,

the additional power consumption of the pulsatile flows should be considered.
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Chapter 7

Synthesis

The human cardiovascular system is rife with complex fluid dynamics across a mul-

titude of scales and flow regimes, from transitional pulses exiting the aortic valve

to near-Stokesian flow in our capillary beds, not to mention the complications that

are introduced by pathological changes. Our cardiovascular health inspires continual

technological advances to assess disease progression in vivo, as well as attempts at

simplified models used in the laboratory to investigate fluid mechanics. The latter

typically requires idealized assumptions to narrow the number of variables. This thesis

endeavoured to improve our understanding of post-stenotic fluid dynamics through

the development of new measurement techniques and the investigation of pulsatile

flow dynamics in liquids and suspensions that are applicable to many recirculating

flows. In Chapter 1 three objectives were outlined within the broad categories of

measurement science and recirculation dynamics. The body of this thesis addressed

these objectives through the use of experiments designed using optical and ultrasound

imaging and a parameter space defined by Reynolds number, Strouhal number, ampli-

tude ratio and volume fraction. The remainder of this chapter summarizes the main

findings of this work and directions for future work, followed by closing remarks.



7.1. MEASURING PARTICLE RESIDENCE TIME 138

7.1 Measuring Particle Residence Time

Particle Residence Time (PRT) has been identified as a crucial parameter in cardio-

vascular disease progression – associated with increased plaque deposition – but is

similarly important in many flows as a clear indicator of separation and recirculation.

PRT is a path-dependent quantity that describes the transit time of a fluid parcel

through a region of interest and can be extracted directly from a parcel’s trajectory

given a Lagrangian reference frame. In Chapter 3, a novel experimental method of

measuring PRT was presented. The technique used established 2D-PTV algorithms

combined with pathline extension to plot particle tracks that contain the time-resolved

coordinates of each fluid parcel from the moment it enters the measurement domain

and until it exits. Extended pathlines were shown to be 40 times longer, on average,

than the raw track data. Unique PRT values directly correlate to the length of the

particle tracks, but the spatial data can also be used to calculate other quantities,

like velocity or enstrophy, as was demonstrated by Rosi and Rival (2018). In Chapter

3, particle tracks immediately downstream of an idealized stenosis were categorized

according to the path they followed through the measurement domain. The pathline

categories, including entrained jet fluid and reverse flow, revealed differences in the

PRT of steady and pulsatile flows. For both flows, there was marked increased in PRT

for jet fluid that was entrained across the shear layer versus the fluid that remained in

the jet, and another larger jump in PRT for fluid that began within the recirculation

region. The pulsatile flow exhibited longer mean PRT for entrained jet fluid, but

relatively shorter PRT for fluid trapped in the recirculation region. These findings

encouraged an investigation of the pulsatile dynamics of recirculating flow within an

expanded parameter space in Chapters 4 and 6. The results of those measurements
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are discussed in the Section 7.2.

In Chapter 5, the Lagrangian measurement tool was extended to ultrasound imag-

ing. Named echo-Lagrangian particle tracking, the technique is the first of its kind

to extract particle-specific, path-dependent information using the ultrasound modal-

ity. EchoLPT provides an essential tool for the assessment of opaque flows that are

not amenable to traditional optical measurements, such as sediment-laden or in vivo

flows. Furthermore, ultrasound systems are relatively inexpensive and readily avail-

able in most clinical settings compared to other techniques, like magnetic resonance

imaging. The study provided a detailed description of the steps involved in ultrasound

image collection, pre-processing, particle tracking and pathline extension. Particu-

lar attention was given to the choice of seeding particles (ultrasonic contrast agents

demonstrated the best signal-to-noise ratio) and contrast imaging parameters used to

balance image quality with maximized frame rate. EchoLPT was validated against

UIV results, and then used to track thousands of microbubbles flowing through a

stenosis geometry at Reynolds numbers up to 128. Steady and pulsatile flows were

compared qualitatively, and quantitatively using PRT within the measurement do-

main. Steady flows, as well as those at very low Re, exhibited very little mixing and

jet-fluid PRT values were correspondingly low. With increasing Re and pulsation

frequency, roll-up of jet and recirculating fluid was evident, and PRT increased as

the jet fluid was encouraged to mix deep into the recirculation region. The proof-of-

concept experiments of echoLPT provide a promising alternative for fluid dynamicists

when optical access is not possible. However, the technique is still held back by the

underlying ultrasound system capabilities, and frame rate limitations severely restrict

the dynamic range of echoLPT.
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7.2 Recirculation, entrainment and depletion

Access to Lagrangian information allows insight to be drawn from the trajectories and

interactions of individual fluid parcels. Using the Lagrangian technique described in

Chapter 3, the dynamics of recirculating flow were investigated in Chapters 4 and 6

with a focus on jet fluid entrainment and recirculation volume depletion, respectively.

In each case, the effect and degree of pulsatility was investigated for post-stenotic

recirculation.

The study in Chapter 4 extended directly from the differences observed in Chap-

ter 3 between steady and pulsatile flow behaviour and PRT. The pulsatile parameter

space was expanded to include three Reynolds numbers (Rem = 4800, 9600 and

14400), three Strouhal numbers (St = 0.04, 0.08 and 0.15) and two amplitude ratios

(λ = 0.50 and 0.95). In all cases, the periodic pulsing of the inlet flow was shown to

initiate vortex formation, which entrained jet fluid across the shear layer. Entrain-

ment resulted in higher normalized PRT values (compared to a steady flow) and was

enhanced by increasing the Strouhal number and amplitude ratio. The results of the

study suggest that vortex formation, caused by pulsatile flow conditions, increases

PRT of fluid exiting the stenosis. Additionally, PRT increased with vortex strength,

which was itself directly proportional to the amplitude of the pulses. These conclu-

sions were further supported by the study in Chapter 6, which evaluated the lifespan

of recirculating fluid.

In Chapter 6, the same stenosis geometry was investigated while expanding the

parameter space to include steady and λ = 0.25 pulsatile flows. Furthermore, this

study focused on the depletion of recirculating fluid (as opposed to the behaviour of jet

fluid) as a function of vortex structures formed at the exit of the stenosis. Lagrangian
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tracking and pathline extension revealed the trajectories of high-PRT recirculating

fluid that were gradually flushed out of the recirculation region. Significant differences

were found between the depletion statistics of steady flows versus pulsatile flows, and

it was suggested that the absence of large vortex formation in the steady cases was the

primary cause of this difference. For all pulsatile cases where λ > 0.50 (except when

St = 0.04), periodic vortex formation was observed during the acceleration phase of

each pulse. The vortex entrained large volumes of fluid from the recirculation region

and carried it downstream as the vortex was shed. Depletion efficiency was shown

to be directly proportional to vortex strength, which increased with λ, and pulse

frequency (St). Depletion of the recirculation region in the presence of steady flow

was significantly slower as entrainment was limited to small disturbances along the

shear layer associated with Kelvin-Helmholtz instabilities. This finding coincides with

the results from Chapters 3 and 4 where less mixing corresponded to shorter PRT

values of the jet fluid. Interestingly, with λ = 0.25, no vortex was observed in the

recirculation region, and the fluid trajectories closely resembled those of a steady flow.

The study suggests that the velocity gradient of low amplitude and long wavelength

pulses was incapable of supporting vortex growth, resulting in small shedding vortices

similar to K-H instabilities.

The investigation of depletion mechanics was extended to dilute and dense suspen-

sions in Chapter 6. Super-absorbent hydrogel beads were added to the working liquid

to create suspensions of volume fraction Φ = 5%, 10% and 20%. Using refractive-

index matching techniques, the liquid phase was tracked within the recirculation

region. It was expected that the addition of a solid phase would alter the recircula-

tion dynamics, however there was no observed change in depletion efficiency trends,
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or suppression of vortex formation with Φ up to 20%, compared to pure-liquid flows.

The result is interesting regardless and a step towards understanding the behaviour

of dense suspensions.

7.3 Outlook

The motivation of this thesis was to access and assess the complex hemodynamics

that arise due to cardiovascular complications. Taking a step back, the approach

was generalized so as to contribute to quantifying pulsatile flow dynamics and their

interactions with regions of separated flow. Inspiration was taken from biological ge-

ometries and flow conditions, but the results and measurement techniques are widely

applicable to recirculating flows. From the conclusions summarized above, however,

new questions and opportunities for development arise for future researchers. The

Lagrangian measurement technique employed throughout this thesis was shown to be

an effective method of extracting path-dependent quantities using optical and ultra-

sound images. The experimental setup was designed to be simple and accessible to

demonstrate the value of 2D-PTV, even in the evaluation of complex flow dynamics.

Hundreds of thousands of unique fluid parcels were tracked within a region of inter-

est and their PRT and positional data were used to quantify mixing and depletion

mechanisms in steady and pulsatile flows. Depletion efficiency results suggested that

implementing pulsatile flow could be advantageous for applications where stagnation

(high-PRT fluid) is an issue, however, the additional energy required to generate

unsteady flow should be considered in future studies. While vortex formation and

shedding processes were observed and contributed to mixing and depletion, addi-

tional insight may be drawn from three-dimensional particle tracking. In particular,
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3D information may be of value in the near-wall regions where a portion of particle

tracks are lost. Furthermore, the investigation of depletion efficiency would benefit

from an elongated measurement domain that spans the entire recirculation region and

captures the (fluctuating) reattachment point.

The need for in vivo blood flow analysis is obvious and, despite the Lagrangian

techniques developed in Chapter 5, there is still work to be done. This work was

intended as a stepping stone towards in vivo echoLPT, in which sense it can be con-

sidered a success, but it is now left to be attempted in a clinical setting. No doubt

particular care will need to be taken capturing and processing patient images, which

lack the clean lines of an acrylic pipe, but there is currently no other technique for

extracting path-dependent quantities directly from ultrasound images. PRT values

downstream of a stenosis or within an aneurysm could be instrumental in assessing

risk and to determine when surgical intervention is required. Perhaps the first logi-

cal step, however, is to apply PRT measurements to realistic anatomical geometries,

and/or incorporate compliance and a physiologically-accurate unsteady flow. Since

ultrasound hardware is being continually updated, improvements to frame rate and

image quality will have a direct and positive impact on velocimetry. Already re-

searchers have begun experimenting with ultra-fast, plane-wave ultrasound imaging

and have demonstrated frame rates in the kHz range (Montaldo et al., 2009; Leow

et al., 2015; Leow and Tang, 2018).

Finally, the work in this thesis touched on the behaviour of dense suspensions

and how they affect depletion efficiency. Surprisingly, the suspended phase had no

discernible effect on vortex formation or the depletion trends that were measured for

increasing Rem, St and λ. As the volume fraction of the suspensions is increased
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past 20% (the volume fraction, or hematocrit, of blood is approximately 45%), it is

expected that there will be a point where the solid particles will suppress coherent

structure growth and depletion will slow. This threshold adds to the long list of

unknowns regarding the fluid dynamics of two-phase flows – partially attributed to

the difficulty of traditional optical measurements – and this challenge is left to the

next batch of researchers.

7.4 Closing remarks

The cardiovascular system, and blood itself, are incredibly complex and, while this

thesis was motivated by flows in the human body, the scope of this work had to be

narrowed to a small subset of what remained to be investigated. This thesis has

developed measurement techniques that may contribute to future in vivo investiga-

tions, proposed a method of extracting path-dependent dynamics, and quantified the

entrainment and depletion mechanics of recirculating fluid in pulsatile and two-phase

flows. It is hoped that these contributions may advance our understanding of recir-

culating flows, and encourage in vivo ultrasound measurements using a Lagrangian

frame of reference in the near future.
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Martorell, J., Santomá, P., Kolandaivelu, K., Kolachalama, V. B., Melgar-Lesmes,

P., Molins, J. J., Garcia, L., Edelman, E. R., and Balcells, M. (2014). Extent of

flow recirculation governs expression of atherosclerotic and thrombotic biomarkers

in arterial bifurcations. Cardiovascular Research, 103(1):37–46.

McDonald, D. A. (1952). The velocity of blood flow in the rabbit aorta studied with

high-speed cinematography. The Journal of Physiology, 118(3):328–339.

McDonald, D. A. (1955). The relation of pulsatile pressure to flow in arteries. The

Journal of Physiology, 127(3):533–552.

Montaldo, G., Tanter, M., Bercoff, J., Benech, N., and Fink, M. (2009). Coherent

plane-wave compounding for very high frame rate ultrasonography and transient

elastography. IEEE Transactions on Ultrasonics, Ferroelectrics and Frequency Con-

trol, 56(3):489–506.



BIBLIOGRAPHY 154

Mukdadi, O. M., Kim, H.-B., Hertzberg, J., and Shandas, R. (2004). Numerical mod-

eling of microbubble backscatter to optimize ultrasound particle image velocimetry

imaging: initial studies. Ultrasonics, 42(10):1111–1121.

Niu, L., Qian, M., Yan, L., Yu, W., Jiang, B., Jin, Q., Wang, Y., Shandas, R.,

Liu, X., and Zheng, H. (2011). Real-time texture analysis for identifying optimum

microbubble concentration in 2-D ultrasonic particle image velocimetry. Ultrasound

in Medicine & Biology, 37(8):1280–1291.
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Appendix A

Buckingham Pi dimensional analysis

This appendix details the selection of the three dimensionless variables used in Chap-

ters 3, 4 and 6 through the implementation of a Buckingham Pi analysis (Buckingham,

1914).

Pulsatile flow through a stenosis model involves six dimensional variables. The

sinusoidal waveform is characterized by mean (um [m/s]) and peak velocities (uo

[m/s]), as well as a pulsation frequency (fp [s−1]). The other variables include the

fluid properties (density ρ [kgm−3] and dynamic viscosity µ [kgm−1s−1]) and the

stenosis throat diameter (d [m]), which was selected as a characteristic length. The

six variables are described by three dimensions (m, s, and kg) so three or fewer Pi

(Π) groups (dimensionless groups) are expected. By selecting three variables that do

not form a Pi group themselves and adding one of the additional variables at a time

we can derive the three Π groups.

For example, select ρ, d and um and combine with fp and solve for the unknown

exponents in the power product such that the product has no unit:

Π1 = daum
bρcfp = ma(ms−1)b(kgm−3)cs−1 = kg0m0s0, (A.1)
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where the integer exponents a, b and c can be solved for via a series of equations for

each dimension. Setting a = 1, b = −1 and c = 0 solves Equation A.1 and yields the

first dimensionless group:

Π1 =
fpd

um
= [St] , (A.2)

where St is the Strouhal number.

Repeating the same process with uo and then µ, instead of fp, produces the other

two dimensionless groups that fully define the problem at hand:

Π2 =
uo − um
um

= [λ] , and (A.3)

Π3 =
ρumd

µ
= [Rem] , (A.4)

where λ is the oscillatory amplitude ratio and Rem is the Reynolds number of the

steady component (and mean Reynolds number of the pulsatile flow). The systems

variables are completely defined without the use of the Womersley number (α). How-

ever, selecting three different variables to start forming Π groups results in a different

set of dimensionless parameters, e.g. α, Rem and Reo as used by Trip et al. (2012).
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Appendix B

Particle tracking procedure

This appendix provides a more detailed look at the steps involved in obtaining raw

particle track information from a time-series of optical and ultrasound images. In-

cluded are the specific settings used in the commercial software LaVision DaVis 8.4.0.

B.1 Optical Particle Tracking Velocimetry steps

The following steps apply for optical images that have been collected using the setup

and seeding particles described in Chapters 3, 4 and 6. The methods sections of

each of those studies includes details such as frame rate, shutter speed, and seeding

particle type and diameter. The steps are as follows:

1. Mean background subtraction: Images are first imported into MATLAB 2020a

and a mean image is calculated by summing the intensity of each pixel over

the entire series of images and then dividing by the total number of images.

The mean pixel intensity is nearly zero everywhere except stationary surfaces

or reflections. The mean image is subtracted from each image in the series to

remove surfaces and noise;
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2. Subtract time filter: The background-subtracted images are filtered again by

subtracting a moving average using a 15-image span. This step removes any un-

wanted reflections that vibrate slightly and were not removed by the background

subtraction;

3. Smooth and sharpen: Particle images are smoothed using a Gaussian smooth-

ing function with a 5×5 pixel fit, which rounds particles by spreading the peak

intensity about the fit area. Following smoothing, the particle images are re-

focused using a sharpening filter to create bright, round particles images with

high contrast;

4. Multiply: A final filter is applied that simply subtracts a constant intensity

count (adjusted per image series) from the entire image. The pixel intensities

are then multiplied by a factor of ten to increase contrast and ensure only actual

particles are detected in the following steps;

5. Masking: The filtered images are masked to exclude any areas captured outside

of the measurement domain, including the walls of the stenosis and pipe;

6. Particle detection: Particles are detected using a peak intensity threshold that is

manually determined per data set to ensure no noise is included and to ensure

the proper particle image density is met. Particles above the threshold are

identified based on a Gaussian fit up to 5× 5 pixels;

7. Particle tracking: Detected particles are tracked from frame to frame by peak

(intensity) matching within an allowable velocity range. The camera’s frame

rate was set to ensure the maximum axial displacement did not exceed 15 pixels.
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Each particle match is checked for spatial coherence within its neighbourhood

(10 closest neighbours with a maximum search range of 50 pixels);

8. Time-series filtering: The complete particle tracks are filtered and any track

that is less than 5 frames in length or has any one displacement that changes

by more than 20% from one step to the next is deleted;

9. Export: Finally, the scattered Lagrangian data, containing the positional infor-

mation and ID of each particle image, is exported to a single DAT file that can

be imported into MATLAB for pathline extension.

B.2 Echo-Lagrangian particle tracking

The novel technique introduced in Chapter 5 (EchoLPT) is given a detailed descrip-

tion in the body of the thesis. The preprocessing and particle tracking steps closely

follow those from the above section on optical PTV. Using ultrasound images, the

only significant changes to the detection and matching algorithms are made to ac-

count for lower image quality and larger particle image diameters. The smoothing

filter is changed to a 9× 9 pixel Gaussian fit and the particle detection fit allows for

particles up to 11× 11 pixels.
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Appendix C

Minimum acceptable track length

This appendix discusses valid tracking criteria for two-dimensional particle tracking

velocimetry by demonstrating the influence of the minimum acceptable track length.

The minimum acceptable track is five images long in each of the studies in Chapters

3-6.

The particle tracking algorithm in LaVision DaVis 8.4.0 uses peak matching,

within a user-defined velocity range (recording settings were adjusted such that dis-

placements in the jet did not exceed 15 pixels), to track particle images from frame to

frame. However, in order for a track to be considered valid it must have been tracked

across a minimum number of consecutive frames. Table C.1 compares the number of

valid particles detected per frame for different minimum track lengths, and highlights

the influence raw track length has on the extended data set. The information in

Tables C.1 corresponds to data from the study detailed in Chapter 3. Increasing the

acceptable track length to eight frames significantly lowers the number of particles

detected in each image. As a result, the average raw track length increases but their is

a negative effect on the final extended track length and the number of unique particles

tracked throughout the recording. Decreasing the minimum track length, however,
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Table C.1: Particle density and mean track length with different minimum acceptable
track lengths during PTV processing

Minimum track length [frames] 2 5 8
Particles per frame (raw) 1435 1432 1270
Particles per frame (extended) 68816 68049 41210
Particle image density (raw) [ppp] 0.0007 0.0007 0.0006
Particle image density (extended) [ppp] 0.0328 0.0324 0.0197
Mean track length (raw) [frames] 18.6 18.8 26.3
Mean track length (extended) [frames] 862.5 863.5 850.4
Unique particles 169432 167312 106366

has very little effect on the particle image density or the average track length (both

before and after extension). The minimum track length can be confidently set at five

time steps without fear of losing valuable information, and without including very

short tracks that will contribute to noise.
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Appendix D

Path extension script (MATLAB)

The MATLAB script in Section D.1 is the master that calls each of the necessary

functions for pathline extension. These subfunctions are included in the subsequent

sections of this appendix and include data handling, flow map compilation, extension,

smoothing and labelling. Each of the functions is commented in green font. These

extension functions were used in each of the studies in the body of this thesis, and

only required small modifications for use with data collected from ultrasound images

in Chapter 5. Simple functions that split the data into manageable chunks and then

reassemble them are not included, for brevity.

D.1 Pathline extension master script

1 %Initialize parameters (example)
2 fps = 1000;
3 Re = 9600;
4 Lambda = 0.5;
5 St = [0.04, 0.08, 0.15];
6 period = [4,2,1];
7 Vol = 10;
8 rec = 4;
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9 delayT = [0.12, 0.15, 0.135]; %account for small lag between ...
recording and sinusoid

10

11 D = 1.5*25.4; %Throat diameter
12 threshold = 4; %only consider pathlengths greater than threshold ...

(filtering)
13 bins = 50; %number of files to split data into for extension
14

15 for run=1:length(St) %Loop through different St for given Re and ...
Lambda

16

17 delay = delayT(run);
18 offset = delay*fps;
19 opt=0;
20

21 T = exp.data(end,4)+1; %total recording time
22 t = T/fps; %time step between frames
23 %Restructure DaVis data
24 [pdata] = a1 restructure expdata(exp,fps,D,threshold);
25

26 % -- % LOOKUP GENERATOR % -- %
27 %Sort pathline data from pdata into "time steps" x "particle ...

number" matrices
28 [Xlookup, Ylookup, Plookup]=a2 Lookupgenerator(pdata, T);
29

30 %ADD WALLS
31 %Add stationary particles along walls to prevent flow through ...

surfaces
32 L1 = 128; L2 = 45;
33 xBC = linspace(0,1.6,L1);
34 xAB = zeros(1,L2);
35 yBC(1,1:L1) = -0.5;
36 yAB = linspace(-0.5,0,L2);
37 xWalls = repmat(([xAB, xBC]),size(Xlookup,1),1); %use ...

these for fit
38 yWalls = repmat(([yAB, yBC]),size(Xlookup,1),1);
39 xFit = [Xlookup, xWalls]; yFit = [Ylookup, yWalls];
40

41 %Split data to make it manageable
42 a3 SplittingData
43

44 % -- % FLOW MAP MAKER (LOWESS FIT) % -- %
45 % Time step by time step, forwards and backwards flow maps are ...

fit to the particle displacements. A LOWESS fit is applied in ...
a4i lowessfit.m. You can control the span to access fewer or ...
more points to fit the function at each point. Too few points ...
results in noisy results, while too many will filter out ...
physics (see \ref{app:C}).
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46

47 %Create Fit function FLOW MAPS (B/F) within Flowfits.m is the ...
function a4 lowessfits.m where you can set the span of the fit ...
(default span = 0.01)

48 [B,F] = a4 Flowfits(xFit,yFit);
49

50 % -- % TRACK EXTENSION % -- %
51 % Extend each track using the flow maps B/F within a parfor loop. ...

ExtendingbyParts calls a5 TrackExtension.m to do the actual ...
extension. Within you can set the bounds of your FOV. Any ...
track that extends beyond bounds is terminated.

52

53 a5 ExtendingbyParts Parfor
54 a6 CombineIntoFlowmap %Recompile everything into X and Y flowmaps
55

56 % -- % Smoothing, Filtering, Labelling and plotting % -- %
57 % Smooth tracks using a 3rd order Savitsky-Golay smoothing function
58

59 [XflowmapS, YflowmapS] = a7 SmoothTracks(XflowmapLM, YflowmapLM);
60

61 Trec = round(T,-3);
62

63 if offset>1 && opt==0
64 XflowmapS(1:round(offset)-1,:)=[];
65 YflowmapS(1:round(offset)-1,:)=[];
66 XflowmapS((rec*fps)+1:end,:)=[];
67 YflowmapS((rec*fps)+1:end,:)=[];
68 XflowmapS(:,¬any(¬isnan(XflowmapS), 1))=[];
69 YflowmapS(:,¬any(¬isnan(YflowmapS), 1))=[];
70 end
71

72 % Trajectory-based labeling
73 [label,LabelInfo]= Labeltracks quick(XflowmapS, YflowmapS);
74 % Calculate PRT
75 PRT = sum(¬isnan(XflowmapS),1)./(period(run)*fps);
76 end

D.2 Making backwards and forwards flow maps (B/F)

1 function [B,F] = a4 Flowfits(Xlookup,Ylookup)
2 %FORWARD MAPS
3 for tstep=1:(size(Xlookup,1)-1)
4 Pinterp=find(sum((Xlookup(tstep:(tstep+1),:) 6=0))==2);
5 F.(sprintf('FX %d', tstep))=...
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6 a4i lowessfit(Xlookup(tstep,Pinterp)', ...
Ylookup(tstep,Pinterp)', Xlookup(tstep+1,Pinterp)');

7 F.(sprintf('FY %d', tstep))=...
8 a4i lowessfit(Xlookup(tstep,Pinterp)', ...

Ylookup(tstep,Pinterp)', Ylookup(tstep+1,Pinterp)');
9 end

10 %BACKWARD MAPS
11 for tstep=fliplr(2:(size(Xlookup,1))) %(2:4836)
12 Pinterp=find(sum((Xlookup((tstep-1):tstep,:) 6=0))==2);
13 B.(sprintf('FX %d', tstep))=...
14 a4i lowessfit(Xlookup(tstep,Pinterp)', ...

Ylookup(tstep,Pinterp)', Xlookup(tstep-1,Pinterp)');
15 B.(sprintf('FY %d', tstep))=...
16 a4i lowessfit(Xlookup(tstep,Pinterp)', ...

Ylookup(tstep,Pinterp)', Ylookup(tstep-1,Pinterp)');
17 end
18 end

D.3 LOWESS fitting function

1 function [fitresult] = a4i lowessfit(XXX, YYY, ZZZ)
2 % Create surface fit using current position andd position one ...

time step backwards or forwards.
3

4 [xData, yData, zData] = prepareSurfaceData( XXX, YYY, ZZZ );
5

6 % Set up fittype and options.
7 ft = fittype( 'lowess' );
8 opts = fitoptions( ft );
9 opts.Span = 0.01; % Span controls number of particles to ...

consider in fit
10 opts.Normalize = 'on';
11

12 % Fit model to data.
13 [fitresult, gof] = fit( [xData, yData], zData, ft, opts );
14 end

D.4 Extending raw particle tracks

1 % a5 ExtendingbyParts Parfor
2 % Use parellel computing to extend each particle track ...

(computationally and time expensive)
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3

4 parpool(10)
5 parfor j = 1:bins+1
6 filename = strcat(FolderName,'\',sprintf('Parts %02d.mat',j));
7 trackdata = load(filename);
8 [Xflowmap2, Yflowmap2] = a5i TrackExtension(trackdata.Xpart, ...

trackdata.Ypart, trackdata.Ppart, B, F);
9 mapdata(j).X = Xflowmap2;

10 mapdata(j).Y = Yflowmap2;
11 end
12 delete(gcp)

1 function [Xlookup, Ylookup] = ...
a5i TrackExtension(Xlookup,Ylookup,Plookup,B,F)

2 %Extending tracks in X/Ylookup using flow maps (B/F).
3

4 N=length(Xlookup); %number of particle tracks to extend
5

6 % Identify start/end points for extension and which particles are ...
affected at each time step

7 for tstep=1:size(Xlookup,1) %loop through each time step
8 i=1;
9 j=1;

10 for part = 1:size(Xlookup,2) %and through each raw ...
particle track

11 if tstep≥round(Plookup(2,part))
12 tempF(1,i) = part; %Extend forwards from this tstep
13 i=i+1;
14 elseif tstep == 1 && Plookup(1,part)==1
15

16 elseif tstep≤round(Plookup(1,part))
17 tempB(1,j) = part; %Extend backwards from this tstep
18 j=j+1;
19 end
20 end
21 % Create cell arrays of particles that need to be extended ...

forwards/backwards at each time step
22 if exist('tempF','var')==1
23 FORW{tstep} = tempF;
24 clear tempF
25 end
26 if exist('tempB','var')==1
27 BACK{tstep} = tempB;
28 clear tempB
29 end
30 end
31
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32 % Extending forwards:
33 for tstep=round(min(Plookup(2,:))):size(Xlookup,1)
34 % load lowess fits from last non-zero position
35 fx n1=F.(sprintf('FX %.0f',tstep-1));
36 fy n1=F.(sprintf('FY %.0f',tstep-1));
37 forwards = FORW{1,tstep};
38 % Extend all required particles 1 step forwards using positions ...

at t+1
39 Xlookup(tstep,forwards)= ...
40 fx n1(Xlookup(tstep-1,forwards),Ylookup(tstep-1,forwards));
41 Ylookup(tstep,forwards)= ...
42 fy n1(Xlookup(tstep-1,forwards),Ylookup(tstep-1,forwards));
43 % Create logic check for boundaries of FOV -- set edges of your FOV
44 right = Xlookup(tstep,:)>1.6;
45 left = Xlookup(tstep,:)<0;
46 top = Ylookup(tstep,:)>0.5;
47 bottom = Ylookup(tstep,:)<-0.5;
48 % Set particle positions to NaN if outside FOV
49 Xlookup(tstep,right) = NaN; Ylookup(tstep,right) = NaN;
50 Xlookup(tstep,left) = NaN; Ylookup(tstep,left) = NaN;
51 Xlookup(tstep,top) = NaN; Ylookup(tstep,top) = NaN;
52 Xlookup(tstep,bottom) = NaN; Ylookup(tstep,bottom) = NaN;
53 % Any further extension of NaN values with result in NaN, as desired
54 end
55

56 % Extending backwards:
57 for tstep=fliplr(1:round(max(Plookup(1,:))))
58 % load lowess fits from last non-zero position
59 fx p1=B.(sprintf('FX %.0f',tstep+1));
60 fy p1=B.(sprintf('FY %.0f',tstep+1));
61 backwards = BACK{1,tstep};
62 % Extend all required particles 1 step backwards using positions ...

at t+1
63 Xlookup(tstep,backwards)= ...
64 fx p1(Xlookup(tstep+1,backwards),Ylookup(tstep+1,backwards));
65 Ylookup(tstep,backwards)= ...
66 fy p1(Xlookup(tstep+1,backwards),Ylookup(tstep+1,backwards));
67 % Create logic check for boundaries of FOV
68 right = Xlookup(tstep,:)>1.6;
69 left = Xlookup(tstep,:)<0;
70 top = Ylookup(tstep,:)>0.5;
71 bottom = Ylookup(tstep,:)<-0.5;
72 % Set particle positions to NaN if outside FOV
73 Xlookup(tstep,right) = NaN; Ylookup(tstep,right) = NaN;
74 Xlookup(tstep,left) = NaN; Ylookup(tstep,left) = NaN;
75 Xlookup(tstep,top) = NaN; Ylookup(tstep,top) = NaN;
76 Xlookup(tstep,bottom) = NaN; Ylookup(tstep,bottom) = NaN;
77 end
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78 end

D.5 Labelling extended particle tracks

1 function [label]=Labeltracks quick(Xflowmap, Yflowmap)
2 %Assigns a colour label to each track based on its start and end ...

positions
3 %and its interaction with line y/d = 0;
4 %Outputs the colour label and the avg length of each colour category
5 %measured in seconds;
6 %Threshold definitions and colours varied slightly per study.
7

8 label = zeros(1,length(Xflowmap));
9 %% Colours used in Chapter 3 and 4

10 % 1-Black, 2-Red, 3- Lime, 4-Orange, 5-Blue, 6-Violet
11 for i=1:length(Xflowmap) %Loop through each unique track
12 clear count count2 Ppoints
13 Ppoints = find(¬isnan(Xflowmap(:,i))); %find non-NaN cells
14 if isempty(Ppoints)==1
15 Ppoints = size(Yflowmap,1);
16 label(1,i) = NaN;
17 end
18 if Yflowmap(Ppoints,i)>0 %Jet fluid
19 if BlackTime ==0
20 BlackTime = length(Ppoints);
21 else
22 BlackTime = [BlackTime, length(Ppoints)]; %Length of ...

each black track is stored
23 end
24 label(1,i) = 1; %Black
25 elseif Yflowmap(Ppoints(1),i)>0 %Entrained (jet) fluid
26 if RedTime ==0
27 RedTime = length(Ppoints);
28 else
29 RedTime = [RedTime, length(Ppoints)];
30 end
31 label(:,i) = 2; %Red
32 elseif Xflowmap(Ppoints(1),i)>1.5 %Reverse flow
33 if Xflowmap(Ppoints(end),i)>1.5 %Recirculating fluid
34 if GreenTime ==0
35 GreenTime = length(Ppoints);
36 else
37 GreenTime = [GreenTime, length(Ppoints)];
38 end
39 label(:,i) = 3; %Green
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40 else
41 if OrangeTime ==0
42 OrangeTime = length(Ppoints);
43 else
44 OrangeTime = [OrangeTime, length(Ppoints)];
45 end
46 label(:,i) = 4; %Orange
47 end
48 elseif Yflowmap(Ppoints,i)<0 %Stagnant fluid
49 if Xflowmap(Ppoints(end),i)>1.5 %Flushed fluid
50 if VioletTime ==0
51 VioletTime = length(Ppoints);
52 else
53 VioletTime = [VioletTime, length(Ppoints)];
54 end
55 label(:,i) = 6; %Violet
56 else
57 if BlueTime ==0
58 BlueTime = length(Ppoints);
59 else
60 BlueTime = [BlueTime, length(Ppoints)];
61 end
62 label(:,i) = 5; %Blue
63 end
64 elseif Yflowmap(Ppoints(1),i)<0 %Flushed fluid
65 if VioletTime ==0
66 VioletTime = length(Ppoints);
67 else
68 VioletTime = [VioletTime, length(Ppoints)];
69 end
70 label(:,i) = 6; %Violet
71 else
72 label(:,i) = 6;
73 end
74 end
75

76 %Track Info - based on frame numbers
77 AvgJet = mean(BlackTime); %
78 AvgEntDown = mean(RedTime);
79 AvgEntUp = mean(VioletTime);
80 AvgStag = mean(BlueTime);
81 AvgReverse = mean(OrangeTime);
82 AvgRecirc = mean(GreenTime);
83 AvgGrey = mean(GreyTime);
84 end
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Appendix E

On the measurement of 3D flows

The optical measurements reported in Chapters 3, 4 and 6 were performed using

a two-dimensional particle tracking velocimetry (2D-PTV) setup. The apparatus

included a single high-speed camera and a continuous laser that was configured to

produce a thick (5 mm) light sheet. The experimental setup was intended to be

simple and accessible, and was designed with current clinical ultrasound transducers in

mind. The vast majority of the current-generation of ultrasound probes – particularly

those that would be capable of the frame rates necessary for particle tracking – are

2D and produce a beam that is thick relative to the size of human blood vessels

(e.g., a 2 mm beam is approximately 10% of the diameter of a large vessel like the

aorta). The optical measurements that were performed used a similarly-thick sheet to

demonstrate the information that can be extracted despite the use of a non-traditional

optics configuration. The turbulent, pulsatile, post-stenotic flows that were studied

are certainly complex and will contain 3D effects, but it was not the intention of this

thesis to address the 3D nature of these flows. The use of a thick laser sheet accounts

for some out-of-plane motion, allowing for longer tracks to be measured before they

are extended. Pathline extension then uses flow maps constructed from physical,
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in-plane measurements such that the extraction of path-dependent quantities is not

significantly affected losses due to 3D motion. However, pathline extension is not

restricted to 2D data and similar techniques have already been applied to 3D Shake-

The-Box measurements, as presented by Zhang et al. (2019) and Rosi and Rival

(2018).
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Appendix F

Effect of LOWESS span

This appendix describes the span of the locally-weight scatter-plot smoothing algo-

rithm (LOWESS) used during pathline extension and how it affects extension. The

algorithm was applied in each of the studies that make up the body of this thesis,

with optical and ultrasound images, alike.

Lagrangian particle tracking yields thousands of data points representing the co-

ordinates of detected particle images in each captured frame. These particles are

matched, where possible, creating short pathlines with known inter-frame displace-

ments. During path extension, these displacements are used to fit flow-map surfaces

that represent the expected displacement at any position in the domain, both for-

wards and backwards in time. The fitting function is a LOWESS algorithm (within

MATLAB R2020a) that uses a locally-weighted linear regression to fit a smoothed

surface to the data. The span defines the percentage of the total number of data

points for each displacement that are considered in the regression. Effectively, the

span controls the radius within which particles are considered neighbours. The larger

this search radius (larger span) the smoother the surface is, and small flow features

may be lost.
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(a) 0.33% (b) 1%

(c) 3.3% (d) 10%

Figure F.1: The influence of the LOWESS fitting function’s span is visualized by
increasing the percentage of particle images considered in each calculation
from 0.33% to 10%. A small span value yields noisy results and fluid
parcels become scattered through the domain when extended. On the
other hand, increasing the search radius too far can completely smooth
out fluid structures that are crucial to analysis.

In this appendix, the effect of the regression’s span on the extended pathlines is

evaluated by varying the span and observing the impact it has on the trajectories of

fluid parcels in the measurement domain. Using a data set from Chapter 3, Figure

F.1 shows positions of particles at the same instant in time when changing the fit span

from 0.33% to 10%. For all optical image processing the span was set at 1%, which

corresponded to approximately 15-20 particles. It is apparent that by increasing the

span to 3.3% or 10% the pathlines become increasingly smooth and particle colours

are clearly segmented from one and another. Decreasing the span to 0.33% has the
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opposite effect: the result is noisy, particles are not influenced by the behaviour of

their neighbours, and a small portion of the particles become randomly scattered

throughout (e.g., single red particles speckled amongst the blue and green tracers).

A span of 1% (or ∼ 20 particles) strikes a good balance between noise and over-

smoothing – fluid parcels do not jitter and jump, and flow structures observed in the

raw images are clearly translated to the extended pathlines.

The effect of the LOWESS span on individual pathlines is further illustrated by

plotting the pathlines extended by flow maps fit using a span of 0.33%, 1%, 5%, 10%

and 20% (see Figure F.2). As a demonstration, two measured particle tracks (black

lines) are extended while changing the fitting functions span. The resultant pathlines

(varying line styles) can be used to identify the smoothing of trajectories and impact

of using a large search radius in computing flow maps. The red pathline, exiting from

closer to the centre of the stenosis throat, follows a fairly simple trajectory that is

shifted down towards y/d = 0 as the span is increased and more of the low velocity

particles in the recirculation region are included in the flow map calculation. The path

length of the various red pathlines (proportional to its PRT) is relatively unaffected

by the span. With a span of 1% (as used in Chapters 3, 4 and 6), the blue pathline

draws a path from the stenosis exit down into the recirculation region. At 0.33% the

pathline is more erratic, while increasing the span to 10 or 20% drastically changes

the trajectory. Displacements are increasingly affected by very low velocities fluid

near the walls, causing the pathlines to be erroneously drawn back into the wall of

the stenosis. With a span of 20%, the length of the blue track is approximately three

times longer and would have a significant impact on PRT measurements. In both

cases, the short pathlines measured using 2D-PTV have been extended to describe a
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Figure F.2: Two measured particle tracks (black) are extended using flow maps con-
structed using a LOWESS surface fit to produce long fluid trajectories
(red and blue). The different line styles demonstrate the effect of chang-
ing the span of the fitting function. A span of 1% is used for the optical
measurements throughout this thesis.

trajectory all the way through the measurement domain.
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Appendix G

Spatial resolution of particle tracking and pathline

extension

With proper care, the resolution of particle tracking velocimetry is very high, and

is particularly well-suited to near-wall measurements where PIV struggles. This ap-

pendix discusses PTV resolution and how it is affected when extending particle tracks

to describe their whole trajectory.

The resolution of particle detection and tracking using 2D-PTV is a function of

the particle image density and particle image diameter. Kähler et al. (2012) used

simulated images to measure the RMS-uncertainty of displacements calculated using

correlation-based methods (as used with PIV) and various PTV detection algorithms,

relative to the particle image diameter. The studies described in the main body of this

thesis used a 2D Gaussian fit for centroid estimation which, using a mean particle

image diameter of 4 pixels, has a random error of approximately 0.01 pixels (an

order of magnitude smaller than PIV correlation). Accurate particle detection is

further limited by particle image overlap, so by ensuring the seeding concentration is

sufficiently low (approximately 0.001 ppp throughout) the error remains small, while
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maximizing the number of detected particles and valid frame-to-frame matches.

Using a low particle image density allows the centroids to be detected and matched

with a high degree of accuracy and precision, but lowers the spatial resolution of the

flow maps used for pathline extension. The flow maps are fit using a LOWESS re-

gression algorithm that considers a span of 1% of the nearest particles (the effect of

changing the span is discussed in Appendix F). From any point in the measurement

domain, the span effectively defines the size of the search radius when fitting the

surface to the measured particle displacements. Increasing the span, considers more

distant particle motion, while increasing the particle density reduces the distance you

have to search to find the same number of particles. A large span or very sparse seed-

ing will significantly reduce the spatial resolution of pathline extension predictions,

and may completely smooth out small-scale flow physics. In this thesis, approxi-

mately 2000 particles are detected in the 2048 × 1152 pixel (1.6d × d) domain and

flow map fitting considers local groups of 20 particles. At any point in the domain

those 20 particles fall within a search radius of approximately 60 pixels (0.05d), which

can be thought of as the spatial resolution of pathline extension.
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Appendix H

Accuracy of flow maps for pathline extension

This appendix discusses the uncertainty introduced when extending pathlines using

flow map compilation techniques. This measure of uncertainty applies to each of the

studies described in this thesis and is a function of how closely a surface can be fit to

measured particle displacements between each frame of a given recording.

During pathline extension of the short tracks measured using 2D-PTV or echoLPT,

a series of forwards- and backwards-time flow maps are generated. A flow map is a

surface fit to the measured particle displacements for each time step, and are used to

predict the extension of each pathline past its measured length. The accuracy of the

surface fit and the uncertainty of predicting new particle positions can be evaluated

by comparing the measured displacements (for a given time step) to those on the flow

map surface. Figure H.1 shows the scattered, measured axial displacements (∆x)

plotted on top of the flow map that describes the expected displacement anywhere in

the domain.

Using the scattered data and values from the flow map, residuals can be calculated

to evaluate the fit. Figure H.2 plots the residual of the measured and predicted

displacements as a function of axial distance from the stenosis. The residuals appear
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(a) Isometric view (b) Side view

Figure H.1: Panels (a) and (b) show two different views of the same flow map. The
flow map shows the x displacement at each position in the domain
interpolated from the scattered measurement data (red dots) using a
LOWESS fit. The accuracy of the surface fit is estimated by comparing
the known displacements to the flow map value at the same coordinates.
Note that the surface is opaque and some of the measured data (red dots)
are hidden, which makes the distribution of particles appear uneven.

to be evenly distributed around zero and do not depend on x-position, suggesting

a good fit. The flow map and residuals examples given in Figures H.1 and H.2,

respectively, are representative of the flow maps fit at each time step. Furthermore,

the error associated with pathline extension at each time step can be quantified using

the normalized mean residual with the following formula:

Normalized mean error =
1

n

n∑
i=1

∣∣∣∣∆xi, measured −∆xi, flow map

∆xi, measured

∣∣∣∣ , (H.1)

where n is the number of particles that measured moving between the two frames of

interest and the i subscript represents the individual particles whose displacement is

measured and predicted (using the flow map). The mean error is approximately 0.05

(or 5%) for any given flow map.
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Figure H.2: Residual plot of the displacement of particles over a single time step as
measured using 2D-PTV and calculated using a flow map. The even
spread of points around zero difference suggests that the flow map is well
fit to the measured data and can be used to estimate the mean error of
pathline extension.
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