ESSAYS ON THE SPATIAL DISTRIBUTION OF
INCOME AND HOUSING IN CITIES

by

MENG LI

A thesis submitted to the
Department of Economics
in conformity with the requirements for
the degree of Doctor of Philosophy

Queen’s University
Kingston, Ontario, Canada
March, 2021

Copyright c MENG LI, 2021

Abstract

My dissertation consists of three main chapters on the spatial distribution of income
and housing in cities. Chapter 2 studies the potential role of alternative commuting
choices in determining the variations in residential patterns within a city. I develop an
assignment approach to the monocentric city model that features continuous income
distribution, income-dependent commuting costs, and endogenous housing supply. In
equilibrium, the relative location of households depends the relative size of the income
elasticity of marginal commuting costs and the income elasticity of housing demand.
I apply the approach to study the effects of commute mode choice on residential sorting. Having commute mode choice can potentially generate non-monotonic incomelocation relationships. The existence of such equilibria, however, is not guaranteed in
the model with commute mode choice.
Chapter 3 extends the approach developed in Chapter 2 to study the effects of
rising income inequality on residential patterns and house prices within a city. The
key feature of the model is that the net cost of living further the city centre consists of
a common component, and a component that is increasing with income. The model
can generate imperfect sorting of income across locations: there is income mixing at
non-central locations; households at the top and bottom of the income distribution
compete for central locations. When income inequality increases, the changes in
i

equilibrium resemble the gentrification phenomenon. A greenbelt places pressures on
house prices and reduces welfare when inequality increases, and the welfare loss is
most significant for low-income households.
Chapter 4 studies the role of endogenous neighbourhood amenities in driving the
concentration of rich households near the city center in a monocentric city model.
The two key assumptions of the model are: (i) rich households have higher preference
for city-type amenities; (ii) the amenity level depends on the location of high-income
households in the city: living closer to the rich provides better access to amenities.
I show that within the city, higher density near the city center facilitates provision
of amenities, making the central locations more attractive for the rich. Endogenous
amenities near the city center drive up unit housing price across the city.
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Chapter 1
Introduction

The distribution of income across locations within cities is highly uneven, and there
are large variations in the income-location relationships across cities and over time.
In European cities, for example, rich households tend to live close to the city center.
In America, cities were characterized by a long period of declining central cities and
the "flight" of affluent residents to the suburbs (Baum-Snow 2007b, Boustan 2010).
During the last three decades, however, cities in North America have experienced a
wave of "central city revival", during which well-educated, affluent residents moved
to central neighborhoods. How households of different income levels distribute themselves within a city is central for various economic issues, such as traffic congestion,
employment opportunities, and urban productivity. The impacts of local policies,
such as housing subsidies, transport infrastructure improvement, zoning laws, crucially depend on how these policies affect household location choices.
The goal of this dissertation is to understand the distribution of income and
housing in cities in a spatial economics framework. Spatial economics aims to identify
the centripetal and centrifugal forces that affect the distribution of economic agents
and activities across spaces at different geographic levels, from international, regional,
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to local.1 In this spirit, this dissertation studies the economic forces that determine
the distribution of income and housing within a city in a monocentric city setup.
The models in this dissertation bring together location, transport, land, and other
forces that affect household location choice in a competitive equilibrium framework.
Residential patterns in a city are the equilibrium outcomes of a trade-off between the
agglomeration and dispersion forces.
The classical monocentric model of urban land use (Alonso 1964, Mills 1984a,
and Muth 1969) associates the relative location of the rich and poor in a city to two
opposing forces: the income elasticity of commuting costs and the income elasticity of
housing demands. When commuting costs dominate, the rich prefer to live closer the
city center. When housing demand dominates, rich households prefer to live in the
suburbs where dwelling sizes are larger.2 This predication, however, is not validated
by recent empirical work.3 Furthermore, the income-location relationship in a city
are often non-monotonic,4 which is impossible to replicate in a stylized framework
with two income levels.
Previous works that address the above limitations of the canonical monocentric
model usually associate variations of income-location relationships to the distribution
of exogenous amenities within cities, such as historical monuments, natural landscapes, etc. (see, e.g., Brueckner 1999, Lin & Lee 2018, and Cuberes et al. 2019)
1

Proost and Thisse (2019) provides an review of recent development in spatial economics.
See Duranton et al. (2015) for a recent review of the urban land use theory.
3
Glaeser, Kahn, and Rappaport (2008) finds that the income elasticity of housing demand is too
small to explain the concentration of the poor in the city center. After controlling for households’ and
neighborhood’s characteristics, Cuberes et al. (2019) find that there is no deterministic relationship
between households’ income and distance to the center city in British cities.
4
Glaeser et al. (2008) find that the relationship between household income and the distance to
the city center in cities like Chicago, New York and Philadelphia exhibit a pronounced U-shape
pattern, and income tends to increase with distance in cities like Atlanta and Los Angeles.
2

3

Attributing the cross-city differences in residential patterns to exogenous neighborhood characteristics has two main limitations. First, these theories are not able to
address why the central city has become more attractive for high-income households
during the last three decades. Second, factors that affect household location choice,
such as school quality, crime rate, are usually jointly determined with the location of
different income groups, rather than being exogenous.
This dissertation contributes to the understanding of within-city residential patterns by extending the monocentric city framework in several different ways. The
conventional force in the monocentric city model, i.e., the relative strength of commuting costs and housing demand, is still at work in my models. In addition to
housing demand and proximity to the city center, I consider other elements that affect household location choice within a city. Specifically, I relate the variations in
residential patterns to phenomena that have been recently documented in the economics literature, which include increasing income inequality (Piketty & Saez 2003),
neighborhood externalities (Rossi-Hansberg et al. 2010), and non-homothetic preference for city-type amenities (Diamond 2016). In particular, Chapter 2 and Chapter 3
study how income inequality and income-dependent commuting costs affect residential patterns within a city. Chapter 4 investigates how non-homothetic preferences for
endogenous neighborhood amenities affect the relative locations of households within
a city.
In Chapter 2, I build a monocentric model with a continuous income distribution.
There are are relatively few such analyses, because with income-dependent housing
consumption and commuting costs, the model becomes a multi-dimensional sorting
problem which is challenging to work with. One exception is Gainge et al. (2017),
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which considers a two-dimensional city where each location differs by distance to
the city center and amenity levels. Households with the same income levels can be
“split” to two locations with different amenity levels. I develop an assignment model
approach similar to that in Sattinger (1993). Compared with the common bid-rent
approach in the literature, the assignment model approach taken in the first two chapters has two advantages. First, it is more convenient to characterize the equilibrium
sorting patterns. Second, once the equilibrium configuration is determined, the model
can be solved numerically to illustrate the spatial distribution of housing and prices
in equilibrium.5
One extension of the canonical monocentric city model is to allow for commute
model choice. For example, LeRoy and Sonstelie (1983) show that commute mode
innovation and changing commuting costs explains the historical changes in sorting
patterns. Based on the model in LeRoy and Sonstelie (1983), Glaeser et al. (2008)
argue that better access to public transit explains the concentration of urban poverty
near the city center. In Chapter 2, I generalize the model in Glaeser et al. (2008) by
having a continuous income distribution. The predictions of the model with commute
mode choice on the income-location relationships are consistent with those in Glaeser
et al. (2008). Specifically, because of the fixed cost for the fast mode, low-income
households would choose public transit and live close to the city center. The model can
generate cities consisting of multiple zones, with households using different commute
modes in each zone. The existence of such equilibria, however, is problematic with a
fixed cost for the fast mode.
5

In the monocentric city model with multiple income types, the relative location of households
is illustrated by the steepness of the bid-rent function. It is hard to determine the existence of
equilibrium; even if it does, solving the model is complicated, is possible. See Fujita (1989) for a
detailed illustration of the existence of equilibrium, and the solution method to the monocentric city
model with discrete income types.

5

Chapter 3 extends the assignment approach developed in Chapter 2 to a tractable
framework that can generate non-monotonicity in the income-location relationship.
The key assumption is the net costs of living further from the city center consist of
two components: a common component and a component that is increasing in household income. For example, if we focus on commuting costs, the first component could
include financial costs such as gas, insurance, etc, which depends only on distance.
The second component could reflect income-dependent time costs. Under some parameterization, the model generalizes the results on perfect sorting in Chapter 2;
under others, it also delivers novel predictions on sorting patterns of income within a
city. In particular, the model is able to generate imperfect sorting of income across
locations: in the suburbs, there are two income levels consuming different types of
houses at each location; near the city center, households at the top and bottom of the
income distribution compete for central locations. Such equilibrium configurations
are in line with the empirical regularities in income-location relationships in cities.
The model in Chapter 3 provides an explanation for the gentrification process in
the U.S. cities in recent decades. The mechanism is similar to Couture et al. (2019),
where higher income inequality and non-homothetic preferences for amenities induce
endogenous improvement in neighborhood quality in downtown areas. In my model,
because of non-homotheric commuting costs, higher inequality increases the rich’s
demand for central locations, which induces an endogenous response of the housing
supply. The rich’s demand for high-quality houses and fixed land supply at central
locations raise land rent, making it more expensive to supply low-quality housing to
poor residents. Facing higher housing costs, low-income households move to noncentral locations.

6

Chapter 4 studies the relationship between endogenous amenities and residential
patterns. I incorporate endogenous neighborhood amenities into a monocentric city
model with two income types. In addition to accessibility to the city center and
dwelling sizes, households also consider the amenity level when deciding where to live.
The quality and extent of neighborhood amenities depend on household’s locations.
The relevance of consumption externalities is illustrated by recent empirical works.
For example, Bayer et al. (2007) find that households are willing to pay more to
live in neighborhoods with wealthier and well-educated residents. Couture (2013)
shows that high density in cities facilitates consumption by reducing trip length and
increasing varieties of amenities.
The results in Chapter 4 imply that within a city, the central city has a comparative advantage in facilitating consumption amenities because of higher population
density. This result complements a growing literature in Urban Economics that highlights the role of cities as centers of consumption. Glaeser and Gottlieb (2006) first
point out the consumer city phenomena. Diamond (2016) shows that well-educated
workers tend to live in high wage, high rent cities, and the influx of high-skilled residents leads to endogenous improvement of amenities in the cities that they choose.
Baum-Snow and Hartley (2019) and Couture and Handbury (2017) both find that
improving neighborhood amenities in central neighborhoods is a main driving force
for the recent "central city revival".
From a methodological perspective, the approach in Chapter 2 and Chapter 3
belongs to recent works in Regional and Urban Economics that use the assignment
model to study the distribution of factors across sectors or cities.6 For example,
6

There is also a growing literature in trade economics that uses the assignment model to study
how cross-country differences in technology and endowment affect patterns of international trade.
Costinot and Vogel (2015) offers a detailed overview of recent work in this area.
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Behrens et al. (2014) look at sorting and selection of skills across cities. My work is
mostly related to Davis and Dingel (2020), who explain the distribution of skills and
sectors across cities in an assignment model. In their work, individuals of different
skills choose which city to live from a system of cities, and the location within the
city that they choose. In Chapter 2 and Chapter 3, I study the distribution of
different income levels within a city. Households of different income levels choose their
residential locations, as well as housing qualities at the chosen locations. Adding the
dimension of housing quality leads to the perfect sorting equilibria where households
of different income levels choose the same location, with different house types.
Although the monocentric city stylization is not a perfectly realistic description
of urban landscapes, the assumption that households must travel to the city center is
still valid. Recent empirical work suggesting that centralized employment remains an
empirically relevant feature of U.S. metropolitan areas.7 In addition to commuting,
access to consumption amenities is another reason for people to travel to central locations. The variety and number of consumption amenities, like restaurants, cinemas,
bars, etc, tend to be greater at central locations where density is higher (Couture
2013). Another feature of the monocentric city framework is that, the city is unable
to sprawl at the city center. Such a limitation in land supply is highly relevant for
the response of the local housing markets to changes in the economic environment.
The within-city distribution of income remains a central issue in Urban Economics;
7

For example, Rappaport (2014) document that for agglomerative occupations, the share of metro
employment in the CBD remains moderately high. Arribas-Bel and Sanz-Gracia (2014) examine the
distribution of centers with high employment density within 359 metropolitan areas in multiple years
, and find that the monocentric structure persists in a majority of metropolitan areas.

8

there is rapidly growing literature that uses quantitative spatial models to study residential sorting in cities.8 These works usually incorporate various agglomeration and
dispersion forces, and feature a large number of neighborhoods with heterogeneous
characteristics. These models are able to speak to the first-order feature of data,
which provides useful guidance on which mechanisms might be importance in determining household location choice in a city. My dissertation draws many elements
from this strand of literature. For example, Craig (2019) estimates a residential sorting model and finds that the willingness to pay for reducing commute time increases
with income. This empirical finding justifies the key assumption in Chapter 2 and
Chapter 3: the time costs to travel increase with income. The model in Chapter 4
with endogenous consumption externalities is inspired by works that emphasize the
role of non-homothetic preference for endogenous amenities in affecting residential
choices, such as Diamond (2016), Couture and Handbury (2017).
My dissertation demonstrates that the classic urban land use model continues to
be very useful in providing insights on the determination of residential patterns in
cities. While quantitative spatial models can incorporate various agglomeration and
dispersion forces, and the estimated model can be used to conduct policy counterfactuals, they do not deliver theoretical predictions. In quantitative models on residential sorting such as Su (2018) and Couture et al. (2019), income mixing at each
neighborhood is obtained by perturbing perfect sorting with idiosyncratic preferences
for locations. My theoretical models are able to clarify the conditions for different
8

Quantitative spatial models incorporate agglomeration and dispersion forces to study the relationship between productivity, density, and urban costs. These quantitative models account for a
large number of locations that are differentiated exogenously by given amenities or/and productivity difference. These models are tractable to undertake counterfactual exercises. Pioneering works
in this strand of literature include Ahlfeldt et al. (2015), Allen et al. (2015), and Redding et al.
(2016). Redding and Rossi-Hansberg (2017) provides a comprehensive review of recent development
in quantitative spatial economics.
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equilibrium configurations to arise, and imperfect sorting of income across locations
is the outcome from a multi-dimensional sorting problem. In summary, theoretical
and quantitative method in spatial economics complement each other in enhancing
our understanding of the spatial distribution of income and housing in cities and the
implications for urban policies.

10

Chapter 2
Income Heterogeneity, Commuting Costs, and
Household Location

2.1

Introduction

Commuting cost has traditionally been viewed as a key determinant of residential
patterns within a city. When choosing where to live in a city, households simultaneously take into account of housing costs, commuting time, and commute mode
choices. Understanding how commuting costs affect household’s residential location
is essential for many local urban policies, like public infrastructure investment, transit
subsidies. The interdependence of household’s income, commuting costs, and location
choice, however, is a complex issue. For example, commuting costs do not solely depend on commuting distance; households with different incomes have different costs
of commuting time. Whether households can afford automobiles depends on their
income levels, and determines whether it is feasible to live in the suburbs. In this
chapter, I seek to understand how the interactions between income heterogeneity and
commuting costs affect household location and housing quality within a city in an
equilibrium framework.
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How commuting costs affect residential patterns has been a central issue in urban
economics. The canonical monocentric model on urban land use (Alonso 1964, Muth
1969, and Mills 1984b) predicts that the relative location of the rich and poor households depends on the comparison between the income elasticity of commuting costs
and the income elasticity of housing demand. If the effects of commuting costs dominate, rich households will concentrate near the city center. Otherwise rich households
will live in the suburbs where dwelling sizes are larger. The prediction, however, does
not capture the observed income-location relationship in some cities.1 Moreover, for
the rich to live in the suburbs, the income elasticity of housing demand has to be
larger than recent empirical work suggests.2
To account for the observed variations in income-location relationships in cities,
LeRoy and Sonstelie (1983) extends the monocentric model with two income types
by allowing households to choose between two commute modes. They show that
commute mode innovation and declining material costs for the fast mode explain the
historical changes in residential patterns in U.S. cities. Based on the model in LeRoy
and Sonstelie (1983), Glaeser et al. (2008) argue that access to public transit near
the city center explains the concentration of urban poverty in the central city. These
results suggest that the interactions between income levels and commute mode choice
are highly relevant for residential patterns in a city.
This chapter first explores the extent to which the impacts of commuting costs on
residential patterns generalize to a monocentric model with a continuum of incomes.
In addition to a continuous income distribution, the model features income-dependent
commuting costs, and endogenous housing supply. The city is represented by a real
1

For example, Glaeser et al. (2008) document that the income gradients in cities like New York,
Philidelpha exhibit a U-shape pattern
2
See Glaeser et al. (2008).
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line, and each point on the line is a location. When deciding where to live within
the city, the household simultaneously chooses the residential location, as well as the
type of house at that location. There is a competitive construction industry that
supplies different housing qualities in the city. The main feature of the model is that
commuting costs are income-dependent. The relevance of such income-dependent
time costs is supported by recent empirical work, such as Craig (2019) 3 , Small et al.
(2005) and Koster and Koster (2015).
A key contribution of this chapter is the development of an assignment model
approach to the monocentric city model with continuous income distribution and
endogenous housing. Households with different income levels are assigned to different
types of houses at different locations; housing supply and prices adjust to support the
proposed assignment as an equilibrium. The model predicts that when we generalize
the canonical monocentric model by having a continuum of incomes, the relative
location of households depend on the comparison between the income elasticity of
time costs and the income elasticity of total housing expenditure. The trade-off for
households is their proximity to the city center and total housing expenditure, as
opposed to housing size in the model with two income types. This result suggests
that empirical works that test the prediction of the monocentric city model, which
usually regress lot size, or housing size on income and other household characteristics
to obtain the income elasticity of housing demand, may be a misleading exercise.
This chapter also provides a numerical solution to the monocentric city model
3

By estimating a discrete choice model of residential location and transit mode choice using household level data in Vancouver, Craig (2019) finds that there is significant variation across households
on the willingness to pay to reduce commute time. In particular, for the mean-income household, the
value of travel time is about $14 dollars per hour. For households with an income of three-hundred
thousand dollars per year, the estimated value of travel time is about $32 per hour. For the 25th
income percentile, the value is close to $12 dollars per hour.
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when income distribution is continuous. As Duranton et al. (2015) points out, while
the assignment model deals with income heterogeneity naturally, setting up the equilibrium condition in a monocentric city framework with continuous income distribution is not trivial. My model focuses on the long run equilibrium of the housing
market. Households choose indivisible housing quality at a location; houses of different qualities consist of different amounts of housing services. The unit price for
housing services and its differential links the submarkets of housing across locations.
I show that the solution to the model can be represented by a system of differential
equations, and whether the equilibrium exists can also be illustrated numerically.
To further explore whether commute mode choice helps to explain variations in
income-location relationship in cities, as in LeRoy and Sonstelie (1983) and Glaeser
et al. (2008), I extend the model by allowing households to choose between two
commute modes. The two commute modes differ by their fixed costs and traveling
speed. The slow mode is time-intensive, but to use the fast mode, the household has
to pay a fixed cost. Households with different income levels are assigned to different
types of housing, as well as the commute mode, at different locations. Conditional
on choosing one commute mode, the sorting patterns of households depends on the
income elasticity of marginal commuting costs. At the assigned location, the commute
mode must be optimal for the household. For example, if the household is assigned
to a location close enough to the city center, he will use the slow mode.
The model with commute mode choice generalizes some of the predictions in
Glaeser et al. (2008) on commute mode choice and distribution of income in cities.
Because of the fixed cost for the fast mode, poor households always live near the
city center and use the slow mode to commute. The equilibrium income-location
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relationship in the model with commute mode is qualitatively consistent with the
empirical features of income gradients in many cities. Similar to Glaeser et al. (2008),
the model can potentially generate a city with multiple zones, with different commute
modes being used in each zone. For example, the model can generate an equilibrium
which resembles the U-shape income gradient in some cities. Households at the top
of the distribution live close to the city center and use the slow mode, and income
decreases with distance. In the middle zone of the city, low-income households use
the slow mode; in the suburbs, households use the fast mode and income increases
with distance again.
Lastly, I demonstrate that even though the model with commute mode choice
can generate rich potential equilibrium configurations, finding solution to the model
remains a challenge in this environment with multi-dimensional heterogeneity. In
LeRoy and Sonstelie (1983) and Glaeser et al. (2008), commute mode choice and the
relative location of different income groups can be easily determined by the steepness
of the bid-rent function. Whether equilibrium exists, or what the solution to the
model looks like, are not addressed.4 Using the assignment approach, In this chapter,
I illustrate with numerical examples that with a continuum of incomes and commute
mode choice, equilibrium may not exist for a large part of the parameter space.

2.2

Related Literature

My paper contributes to the literature on the monocentric city model with continuous
income distribution. Research in this area is relatively limited. The few examples
4

As pointed out by Fujita (1989), the equilibrium to monocentric city model with multiple-income
types may not exist. Even when it does, it is complicated to solve the model.
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include Beckmann (1969), Montesano (1972), De Bartolome and Ross (2007),5 and
Gaigne et al. (2017). With a continuous income distribution, the common bid-rent
approach to the monocentric model is of limited applicability. In this paper, I propose
an assignment approach to the monocentric model with endogenous housing supply.
The determination of the income-location relationship is similar to that in Gaigne
et al. (2017).6 Gaigne et al. (2017) studies how heterogeneity in amenity levels across
locations affects the sorting patterns in cities. In this chapter, I focus on the interactions between income distribution and income-dependent commuting costs on
residential patterns in a city.
This paper is related to works on neighborhood change and variations in residential patterns. Brueckner et al. (1999) and Cuberes et al. (2019) both relate the
indeterminacy of income-location relationship to exogenous locations of local amenities. Lee and Lin (2018) document that neighborhood changes in U.S. cities are
common and frequent, and they show that change in residential patterns within a
city is anchored by superior natural amenities. In this chapter, I relate the variations
in income-location relationship in cities to income distribution and commuting costs.
The model is able to generate different equilibrium residential patterns, depending
on how commuting costs vary with income levels.
This chapter belongs to the literature that extends the monocentric city model
5

Beckmann (1969), and Montesano (1972) build a monocentric model with a continuous income
distribution, and the marginal commuting cost is a constant. As shown later in the paper, this can
be considered as a special case of my model. De Bartolome and Ross (2007) considers a monocentric
city with fiscal jurisdictions and a continuous income distribution. In their work, lot size is fixed,
so within a jurisdiction, income decreases with distance, and income gradients for two jurisdictions
overlap. In my model, households can choose housing quality at each location, and the model can
generate an equilibrium where households of different income levels live at the same location with
different types of houses.
6
A detailed discussion on the differences between Gaigne et al. (2017) and my model can be found
in Chapter 1 of this dissertation.
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by having different commute modes or traveling speeds. In addition to LeRoy and
Sonstelie (1983) and Glaeser et al. (2008), Baum-Snow (2007b) builds a monocentric model with heterogeneous traveling speed, and the model indicates that radial
highway accounts for the decline in central population. Compared with these analyses, the model in this chapter features a continuum of income levels and endogenous
housing supply. I develop an assignment approach to deal with the multi-dimensional
sorting problem when housing demand and commute mode choice both depend on
income levels. Depending on the interactions between commuting costs and income
distributions, the model is able to generate richer income-location relationships in
equilibrium.
This chapter is also closely related to works that use quantitative spatial models
to study the effects of commute mode choice on residential sorting in cities. These
models usually feature a discrete number of neighborhoods with heterogeneous characteristics, and are estimated using micro data to conduct counterfactuals. For example, Craig (2019) builds and estimates a residential choice model with commute mode
choice, and uses the model to evaluate the effects of new public transit line. Tsivanidis
(2018) studies the effects of improving public transit on low- and high-skilled workers.
Compared with these quantitative models, my work focuses on income heterogeneity,
commuting costs, and the housing market in a city. The primary goal is to generalize
the predictions in previous works on monocentric city model with richer income heterogeniety. The results clarify how the interactions between income distribution and
commute mode affect the distribution of income in a city.
The model in this chapter complements recent works that studies the interactions
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between different segments of the housing market using assignment models. Määttänen and Terviö (2014) show that the effects of increased income inequality on house
prices depend on the shape of the income distribution. Landvoigt et al. (2015) study
the cross section of house prices in San Diego during the 2000s boom. Nathanson
(2019) looks at the effects of construction at the lower end of the housing market
on prices and welfare when houses are indivisible. In those works, housing stock is
fixed, and houses differ by a single quality index. Sorting of households across housing quality is always perfect: richer households are assigned to better houses. My
model looks at the long run equilibrium of the housing market where the supply side
can fully adjust. Households are assigned to houses of different qualities at different
locations. In equilibrium, depending on income distribution and commuting costs,
sorting of income across locations can be imperfect.
The rest of this chapter proceeds as follows. Section 2.3 presents the model. Section 2.4 introduces the assignment approach to the model and proves a few analytical
implications. Then I extend the model by having commute mode choice, and illustrate possible income-location relationships in Section 2.5. In Section 2.5.3, I first
provide the numerical solutions to the model when only the slow mode is used, and
illustrate that the equilibrium with both modes being used does not exist. The last
section concludes.

2.3

The Model

In this section, I develop a model of residential sorting with income-dependent commuting costs. The setup of the model is identical to that of a canonical monocentric
city model, except that income distribution is continuous, and households can choose
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different housing qualities. I focus on the long run equilibrium where housing supply
can fully adjust. I am interested in how the interactions between income distribution
and commuting costs affect the distribution of income within a city.

2.3.1

Environment

The setup of the model follows that of a canonical monocentric model with endogenous
housing supply, except that the distribution of household income is continuous. Con 
sider a city populated by N households. Household income is denoted by y ∈ y, ȳ
and distributed according to a probability distribution function f (y). The city is
represented by the real line and each point on the line x ∈ (−∞, +∞) is a different
location. Point x = 0 is normalized as the center of the city.
Agents are fully mobile and can choose to live at any location within the city. All
residents have to travel to the city center x = 0 for work and to access amenities.7
Traveling incurs commuting costs T (y, x), which is

T (y, x) = τ (y)x.

(2.1)

where τ (y) is the time cost to travel one unit of distance. τ (y) is increasing in income
level, as the opportunity costs to travel is higher for richer households. To facilitate
the analysis, it is assumed that time cost τ (y) takes the following functional form:

τ (y) = ρ ∗ y γ ,

with ρ > 0 being the travel time, and γ being the income elasticity of marginal time
7

Cities have been traditionally viewed as centers for production. Glaeser and Gottlieb (2006)
argues that high density in urban areas facilitates the role of cities as centers for consumption.
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costs to travel 8 . Time costs increase both in traveling time and income levels.
The specification of income-dependent time costs generally captures the idea that
the cost or disutility from living further from the city center increases with income
level. Potentially there are several channels through which commuting costs to the city
center vary with income. For example, if the time value increases with income level,
the opportunity cost from traveling to the city center is higher for the rich. If highincome households consume more city-type amenities, such as theatres, cinemas, fancy
restaurants, etc, and there is a greater variety and higher density of such amenities
near the city center, then the disutility from living further from such amenities will
be higher for richer households.
Each household chooses a residential location within the city, and the housing
quality h at each location. Following Moen (1997) 9 , I assume that at each location,
there is a market maker that can separate the housing market into a continuum of
submarkets, each consisting of houses of quality h. The market maker announces the
prices for houses of different qualities P (h, x): in each submarket, houses are of the
same price, but the prices differ across submarkets. Households are free to choose
housing quality h, taking the prices for houses of different quality levels P (h, x) as
given.
8

In monocentric models with two income types, it is assumed that the marginal commuting costs
for each income type is a constant, and is higher for the rich than for the poor. In my model, how
much time costs vary with income level is governed by the parameter γ.
9
Moen (1997) constructs an competitive equilibrium for labor market with frictions. In the setup,
it is assumed that a market maker can separate the labor market into submarkets, each consisting
of a subset of unemployed workers and firms with vacancies. The firms in a give submarket search
for workers in the same submarket, and vice versa for the workers.
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Construction Sector

At each location x, there are L(x) units of land available, with L0 (x) ≥ 0. Construction firms in a perfectly competitive construction industry use land and capital
to produce housing services under constant returns to scale technology. Denote the
input of land as l, and capital as k. Assume that the production function for housing
is Cobb-Douglas:10 f (l, k) = lα k 1−α , with 0 < α < 1. Denote the rental price for land
as R(x), and the rent for best alternative land use as R. A location will be developed
whenever R(x) > R.
Assume that the rental price of capital is constant and exogenously given. The
unit cost function C(R(x), 1) is defined as the minimum cost to produce one unit of
housing service at x:
C(R(x), 1) = min R(x)l + rk
l,k

subject to

lα k 1−α ≤ 1.

Solving the minimization problem yields the unit cost function

C(R(x), x) = AR(x)α ,

where A =

r
1
.
αα (1−α)1−α

(2.2)

The cost to produce one unit of housing services is higher at

a location if land is more expensive. After applying Shepard’s lemma, it follows that
the conditional demand for land to produce one unit of housing is simply
dC(x)
= αAR(x)α−1 .
dR(x)
10

(2.3)

Ahlfeldt and McMillen (2014) estimate the elasticity of substitution of land for capital using data
from Berlin, Chicago and Pittsburgh. They find that the elasticity is close to one, which suggests
that a Cobb-Douglas production for housing is a reasonable specification.
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Given L(x) units of land at each location, the total housing services Q(x) supplied
at location x is
Q(x) =

R(x)1−α
L(x).
Aα

(2.4)

More housing services will be supplied, if the rental price for land R(x) is higher at
that location. Holding the rental price for land constant, more housing units will be
supplied if there is more land available at that location. Free entry of firms implies
that at each location, construction firms make zero profits, so the price for a house
of quality h equals its cost, that is

P (h, x) = C(R(x), 1) ∗ h = AR(x)α h.

(2.5)

Given the rental price for land R(x) at location x, the zero profit condition establishes
a one-to-one relationship between the rental price for land and the price for a house
at each submarket. It can be understood as the market maker offering the households
a "menu" at each location, which specifies the prices for houses of different qualities.
From the above zero profit condition, the unit price for housing service, denoted
as p(x), equals the unit cost, i.e.,

p(x) = AR(x)α

2.3.3

(2.6)

Household Problem

Each household derives utility from consumption good, c, and a house of quality h.
Assume that household utility is Cobb-Douglas. Taking the "menus" for different
houses at each location as given, a household with income level y simultaneously
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chooses a location within the city, and the house quality at that location. Conditional
on choosing to live at location x, the maximization problem of a household is simply
max
c,h

(1 − β) ln c(x) + β ln h(x)

subject to c(x) + P (h, x) = y − T (y, x),

(2.7)

P (h, x) = AR(x)α h.
For any given location x, the optimal housing quality of household of income level y
is

h(y, x) =

β (y − T (y, x))
.
AR(x)α

(2.8)

At each location x, housing consumption will be higher, if the household’s income net
of commuting cost is higher, or if rental price for land is lower. Plugging the demand
function h(y0 , x) and c(y0 , x) into the utility function yields the indirect utility for
the household if he chooses to live at location x

v(y, x) = K + ln (y − T (y, x)) − αβ ln R(x),

(2.9)

where K = (1−β) ln(1−β)+β ln( Aβ ). The optimal location of household with income
y, denoted as x∗ (y), should maximize his utility, i.e.,

x∗ (y) = argmax v(y, x)
x

(2.10)
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Equilibrium

With both income and location heterogeneity, the allocation of households across locations is a complicated problem: solving the model requires obtaining the distribution of prices and quantities over locations simultaneously. In equilibrium, household
location choice depends on prices and commuting costs, which in turn depend on
households’ locations. Potentially there are many sets of allocations and prices that
can be sustained as equilibria. The common approach to determine the equilibrium
location of different income types in the monocentric model, the bid-rent approach, is
of limit use in this setting.11 However, I show that under mild restrictions on commuting cost function and utility function, it is possible to characterize the income-location
relationship in equilibrium.12
The approach in this paper follows the example of the differential rent model
in Sattinger (1993).13 I proceed by first proposing a potential assignment relationship y ∗ (x), and then I find the conditions under which the proposed assignment is
an equilibrium and no other equilibrium could arise. I show that under each proposed income-location relationship,the equilibrium can be represented by a system
11

In the canonical monocentric model, the bid-rent function is defined as the maximum price a
household is willing to pay for a unit of housing at a location. In equilibrium, a location is allocated
to the income type with the highest bids. Application of the bid-rent approach requires that the
bid-rent functions of different income groups intersect only once and the steepness of the bid-rent
functions can be ordered. With a continuum of income levels, there is a continuum of equilibrium
utility levels. It is hard to define the bid-rent function with a continuous income distribution.
12
The bid-rent function is the inverse of household’s indirect utility function in the distance space.
In this paper, I show that it is easier to work with the indirect utility function with a continuous
distribution.
13
Sattinger (1993) presents a differential rent model with a continuum of worker talents and a
continuum of machine sizes. In his setup, when the production function is super-modular in talent
and machine size, the equilibrium allocation is a positive assortative matching: more talented workers
are assigned to better machines.
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of differential equations, consisting of the market clearing condition and the first order condition of the household optimal location choice. Before characterizing the
equilibrium income-location relationship, let us first define the equilibrium in this
environment.
 
Definition. Given an income distribution F (y), with y ∈ y, ȳ , a distribution of land
available across locations, L(x), and the value for alternative land use R, a residential
sorting equilibrium within a city consists of a set of locations X ∗ ∈ [0, +∞) that
get developed; the probability density of households across locations, H ∗ (y, x), or
equivalently, the assignment relationship y ∗ (x); rental price for land, R(x), and the
unit price for housing services, p(x); demand for consumption and housing services,
c(y, x) and h(y, x); input demand for housing production, k(x) and l(x); total quantity
of housing services supplied, Q(y, x); such that
1. h(y, x) and c(y, x) satisfy the household maximization problems (2.7) and (2.10),
with the associated unit house prices p(x);
2. taking the rental price for land R(x) as given, construction firms minimize cost
at each location x, and make zero profit;
3. the housing market clears, which requires
Z

∗

Z

h(y, x)N H (y, x)dx =
x∈X ∗

where

R

y∈y ∗ (x)

Q(y, x)dx,
x∈X ∗

Q(y, x)dy = Q(x);

4. For x ∈ X ∗ , R(x) ≥ R.

 
for all y ∈ y, ȳ ,

(2.11)
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Equilibrium Income-location Relationship

In this thesis, we only consider equilibria where X ∗ = [0, x̄], i.e., there is no undeveloped land within the city. How the city boundary, x̄, is determined will be shown
later.
Lemma 2.4.1. In equilibrium, the rental price for land R(x) is continuously differentiable in x ∈ [0, x̄].
Assume that the commuting cost function T (y, x) is differentiable, with a continuum of income levels and a continuum of locations, the rental price for land R(x) is
differentiable,14 otherwise households who locate at the kink point in equilibrium are
always better off deviating to adjacent locations.
Lemma 2.4.1 allows us to characterize household’s location choice within the city.
Differentiating the indirect utility (2.9) with respect to x gives the first order condition
that characterizes household’s optimal location choice
∂v(y, x)
= 0,
∂x

(2.12)

−Tx (y, x)
R0 (x)
= αβ
.
y − T (y, x)
R(x)

(2.13)

which can be organized as

The first order condition (2.13) says that, when choosing x, the household weights
the trade-off between proximity to the city center and unit price for housing service.
14

In the monocentric model with discrete income types, the equilibrium price function is the
upper-envelop of the bid-rent functions of different income types. The price function is continuous,
with kinks at the points where the bid-rent functions intersect.
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Around the optimum, the rate of change in income net commuting costs must equal
the growth rate of unit price.
Lemma 2.4.2. Assume that Tx (y, x) > 0. In equilibrium, the rental price for land
R(x) is decreasing in x ∈ [0, x̄].
It is straightforward from Equation (2.13) that the rental price for land decreases
with distance from the city center. As commuting costs increase with distance, the
households are willing to pay less for locations further from the city center. We can
have

R(x̄) = R.

(2.14)

In order for the solution of the first order condition to be the optimal location,
the households’ indirect utility function v(y0 , x) must be concave in x, i.e., the second
order condition for the household’s maximization problem must hold
∂ 2 v(y, x)
< 0.
∂x2
Lemma 2.4.3. If

∂v(y,x)
∂y∂x

(2.15)

6= 0, the optimal location for each income level is unique.

Proof. In Appendix A.1.1.
This proposition proves that if the marginal utility

∂v(y,x)
∂x

varies with income

level, then for each income type, the optimal location is unique. Having a continuum
of incomes makes the sorting problem concave. The proof proceeds by considering
another optimal location for a household, because there is a continuum of income
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levels and locations, the household always has incentive to deviate by living closer to
the original optimum.15
Next we consider the assignment relationship y ∗ (x) in the model when household’s
utility is Cobb-Douglas. For any proposed assignment y ∗ (x) to be an equilibrium, it
must satisfy the household’s first order condition (2.12), which is
∂v(y, x)
∂x

= 0,
y=y ∗ (x)

Under Cobb-Douglas utility, the above condition becomes

αβ

−Tx (y, x)
R0 (x)
=
R(x)
y − T (y, x)

.

(2.16)

y=y ∗ (x)

We can see that price p(x) and its differential at p0 (x) at location x depend on
the income level of the household that is assigned to x, and its commuting costs at x.
When income level changes at a location, price at that location adjusts accordingly.
Changes in price at location x also spill over to adjacent locations: price differentials
adjust such that the marginal households are indifferent over infinitesimal change in
distances.16
The validity of the proposed assignment y ∗ (x) can then be checked. For the
assignment y ∗ (x) to be an equilibrium, the second order condition of the household’s
15

This result contrasts with the prediction of the monocentric model with discrete income types,
where households of the same income level occupy a segment of the city, and price differentials make
the utility level equalized across locations within the segment.
16
In the canonical monocentric model with two income levels, utility equalization condition has to
hold: price differentials across locations must make the utility levels for the same income type equalized across locations. With a continuous distribution, the optimal location for each income type is
unique, so there is no "conventional" utility equalization condition. Equation (2.16), however, plays
a similar role: the price differential at a location should make the marginal households indifferent
over an infinitesimal change in distance.
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optimal location choice should be satisfied at y ∗ (x), that is,
∂ 2 v(y, x)
∂x2

< 0.
y=y ∗ (x)

For the rest of the analysis, we only consider equilibria where the assignment relationship y ∗ (x) is differentiable in x ∈ [0, x̄]. The following lemma characterizes how
income level varies with distance from the city center.
Lemma 2.4.4. For y ∈ [y0 , y1 ], if the households’ indirect utility v(y, x) is supermodular, then income increases with distance for y ∈ [y0 , y1 ]; if v(y, x) is submodular, in
equilibrium income decreases with distance.
Proof. In Appendix A.1.2.
This lemma states that, the optimal locations of households with different income
levels follow the same order of their marginal utility over locations
illustrated in Figure 2.1.17 If

∂v(y,x)
∂y∂x

∂v(y,x)
.
∂x

This is

> 0 for all x and y ∈ [y0 , y1 ], then there is com-

plementarity between income and distance: the richer households disproportionately
benefit more from living further from the city center. If

∂ 2 v(y,x)
∂x2

< 0 for all x and

y ∈ [y0 , y1 ], the richer households benefit from living closer to the city center.
This condition for determining the relative location of households with holds generally, regardless of preference and the functional form for commuting costs. Next we
consider the sorting patterns in the current specification where utility is Cobb-Douglas
and commuting costs are income-dependent.
17

This condition for determining the relative location of different income levels is analogous to the
one in monocentric model with discrete income types. In the model with discrete income types, the
locations of different incomes are ordered by the steepness of their bid-rent functions. Given that
the bid rent function is the inverse of the indirect utility function in the distance space, these two
conditions are analogous.
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Figure 2.1: Ordering of Households’ Optimal Locations
∂v(y,x)
∂x

∂v(y,x)
∂x

∂v(y5 ,x)
∂x

x∗1 x∗2 x∗3 x∗4

∂v(y1 ,x)
∂x

x∗5

x

x∗5 x∗4 x∗3 x∗2

x∗1

x

Note: Ordering of marginal utility for income in the range y ∈ {y1 , y2 , ..., y5 }, with y1 < y2 < ... < y5 , and ordering
of their optimal locations {x∗ (y1 ), x∗ (y2 ), ..., x∗ (y5 )}. In the left panel, marginal utility over locations increases with
income; in the right one, marginal utility over locations decreases with income.

Proposition 2.4.5. Assume that household’s utility is Cobb-Douglas over consumption and housing, and the commuting cost function T (y, x) = ρy γ x. If the income
elasticity of marginal commuting costs γ < 1, income increases with distance in equilibrium; if γ > 1, income decreases with distance in equilibrium.
Proof. By Lemma 2.4.4, if

∂v(y,x)
∂y∂x

> 0 for all y ∈ [y0 , y1 ], in equilibrium, income

increases with distance in this range. From Equation (3.7), this partial derivative is
∂v(y, x)
(1 − Ty )Tx
Txy
=
−
,
2
∂y∂x
(y − T (y, x))
y − T ((x), x)
where Tx , Ty , and Txy denote the partial derivative of T (y, x) with respect the the
variable in the subscripts. After re-arranging, it can be shown that

∂v(y,x)
∂y∂x

> 0 becomes

Txy
1 − Ty
<
.
Tx
y − T (y, x)
Dividing both sides by y1 , the above expression becomes the comparison between two
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elasticities:
d ln Tx
d ln(y − T (y, x))
<
,
d ln y
d ln y
where the term on the left hand side is the income elasticity of marginal commuting
costs. From housing demand (3.6), the total housing expenditure at a location is
always a constant fraction of income net of commuting costs:

P (h, x) = β (y − T (y, x)) .

So the the right hand side of the inequality equals the income elasticity of total
housing expenditure.
The relative location of households depends on the comparison between the income elasticity of marginal commuting costs and the income elasticity of housing
expenditure. In particular, when the income elasticity of commuting costs dominate,
income decreases with distance. When the income elasticity of housing expenditure
dominates, income increases with distance.
Proposition 2.4.5 is a generalization of the Alonso-Muth condition in the monocentric city model when income distribution is continuous.18 In this setup, this condition
holds because of Cobb-Douglas utility. In the indirect utility function, income net of
commuting costs is separable from the unit price. When varying around the optimal
location, the household will re-adjust consumption and housing bundle, such that
18

In the model with two income types, the relative location of income depends on the comparison
between the income elasticity of marginal commuting costs and the income elasticity of housing size.
This is actually consistent with the result in this paper. With two income levels, at the location
where the two bid-rent functions intersects, unit price p(x) is the same for households of both types,
thus the income elasticity of housing size equals the income elasticity of total housing expenditure.
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total housing expenditure is always a constant fraction of income net of commuting
costs.

2.4.2

Model Solution

In this section, I demonstrate the method to solve the model numerically. First, under
the given functional form for household utility and commuting costs, the equilibrium
sorting pattern is solely determined by the income elasticity of marginal commuting
costs, γ. Then for each equilibrium configuration, the model can be represented by a
system of ordinary equations, which can be simulated numerically with convenience.
First, let us consider the equilibrium when γ < 1. From Proposition (2.4.5), we
know that income increases monotonically with distance. Given that there is one-toone relationship between income and location, the probability density of households
with income y at location x, H ∗ (y, x) = f (y ∗ (x)).
The market clearing condition, Equation (2.11), can be rewritten as
Z

y ∗ (x)
∗

Z

x

Q(s)dx.

h(y, x)N f (y (x))dy =

(2.17)

0

y

Differentiating both sides with respect to x yields
dy ∗ (x)
Q(x)
=
.
∗
dx
N f (y (x))h(y ∗ (x), x)

(2.18)

After substituting for housing supply using Equation (2.4) and housing demand
using Equation (2.8) into the above expression, we obtain
dy ∗ (x)
R(x)L(x)
=
.
∗
dx
N f (y (x))αβ [y ∗ (x) − T (y ∗ (x), x)]

(2.19)
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In a competitive equilibrium, the slope of the assignment function is set such that
housing supply equals demand. The higher the supply of housing stock at a location,
Q(x), relative to the demand, the faster households should be assigned to locations
for market to clear. Intuitively, if there many houses concentrated around x, but
there are few households with income close to y ∗ (x), then households a lot richer or
poorer than y ∗ (x) will be assigned to locations close to x.
Substituting the zero profit condition, Equation (2.5), into the household first
order condition (2.13) gives
Tx (y ∗ (x), x)R(x)
dR(x)
=−
.
dx
αβ [y ∗ (x) − T (y ∗ (x), x)]

(2.20)

Under the proposed equilibrium in which income increases with distance, the
richest households y = ȳ live at x = 0, and the poorest households y = y live at
x = x̄. So the solution to the model is represented by the a system of ordinary
differential equations, consisting of Equation (2.19) and Equation (2.20), with the
boundary conditions y ∗ (0) = y, y ∗ (x̄) = ȳ, and R(x̄) = R. With the solutions
represented by a system of differential equations, the model is straightforward to solve
numerically.19 The existence and uniqueness of the class of equilibria considered here,
and the solution algorithm to solve the model are illustrated in the Appendix A.2.
Figure 2.2 shows the solution to this equilibrium configuration under a uniform
income distribution and parameter values in Table 2.1. In this equilibrium configuration, the rental price for land decreases with distance, and so does the unit price
for housing services. Richer households live in the suburbs with houses of higher
19

In monocentric model with discrete income types, solving the model involves obtaining a sequence of equilibrium utility levels, boundaries for different income levels, and equilibrium prices.
Solving the model is very complicated, if possible. See Fujita (1989) for details.
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Table 2.1: Parameter Values for the Numerical Example When γ < 1
Parameter symbol
Definition
α
weight for land in housing production
β
share of housing expenditure
r
rent for capital
ȳ
highest income
lowest income
y
ρ
traveling time for the slow mode
γ
income elasticity of time costs
N
total population
rent for alternative land use
R

Value
0.3
0.3
0.5
5
0.5
0.25
0.8
2
0.2

Figure 2.2: Numerical Solution: Income Increases with Distance
Income Level

5

Rental Price for Land

1.5

4
1

3
2

0.5

1
0

0
0

0.5

1

Distance to the City Center
Housing Quality

2

0

1

House Price

0.8

1.5

0.5

0.6

1
0.4
0.5
0.2

0
0

0.5

x

1

0

0.5

1

x

Note: This figure shows the numerical solution to the model when all households use the slow mode, and γ < 1.
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qualities. In this example, the price for a house increases with distance near the city
center, and decreases in the suburbs.
Next we consider the equilibrium when γ < 1. From Proposition (2.4.5), we know
that income decreases monotonically with distance in this case.The market clearing
condition, Equation (2.11) can be rewritten as
Z

ȳ
∗

Z

h(y, x)N f (y (x))dy =
y ∗ (x)

x

Q(s)dx.

(2.21)

0

Differentiating both sides with respect to x, and re-organizing gives
Q(x)
dy ∗ (x)
=−
.
∗
dx
N f (y (x))h(y ∗ (x), x)

(2.22)

The solution to the model when equilibrium is such that income decreases with
distance can be represented by the following system of differential equations:
dR(x)
Tx (y ∗ (x), x)R(x)
=−
,
dx
αβ [y ∗ (x) − T (y ∗ (x), x)]

(2.23)

R(x)L(x)
dy ∗ (x)
=−
,
∗
dx
N f (y (x))αβ [y ∗ (x) − T (y ∗ (x), x)]

(2.24)

with the the boundary conditions y ∗ (0) = ȳ, y ∗ (x̄) = y, and R(x̄) = R.
Figure 2.3 shows the numerical solution to this equilibrium configuration under a
uniform income distribution and parameter values in Table 2.2. In this equilibrium,
richer households live at better and more expensive houses in the central city.
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Table 2.2: Parameter Values for the Numerical Example When γ > 1
Parameter symbol
Definition
α
weight for land in housing production
β
share of housing expenditure
r
rent for capital
ȳ
highest income
lowest income
y
ρ
traveling time for the slow mode
γ
income elasticity of time costs
N
total population
rent for alternative land use
R

Value
0.3
0.3
0.5
2
0.025
0.25
0.8
1
0.2

Figure 2.3: Numerical Solution: Income Decreases with Distance
Income Level

2

Rental Price for Land

0.5

1.5
0.4
1
0.3
0.5
0

0.2
0

0.1

0.2

0.3

Distance to the City Center
Housing Quality

0.8

0

0.1

0.2

0.3

House Price

0.3

0.6
0.2
0.4
0.1
0.2
0

0
0

0.1

0.2

x

0.3

0

0.1

0.2

0.3

x

Note: This figure shows the solution to the model when all households use the fast mode, and γ > 1.
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Model Extension: Commute Mode Choice

In this section, I extend the model by allowing the households to choose between
two commute modes. Commuters can choose between two modes of commuting to
the city center, the fast and the slow mode, s ∈ {a, b}20 . The two commute modes
differ by speed and fixed cost: the fast mode is faster, but to use the fast mod e, the
household has to pay a fixed cost f .21 The commuting cost for a household with
income level y who chooses the slow mode at location x is simply

Tb (y, x) = ρb y γ x,

(2.25)

where ρb is the traveling time for one unit of distance for the slow mode,22 and γ
is the income elasticity of time costs. If the household chooses the fast mode, his
commuting costs are

Ta (y, x) = f + ρa y γ x,

where f is the fixed cost to use the slow mode, and ρa < ρb is the traveling time for
one unit of distance if the household uses the fast mode.
The household of income level y0 chooses a residential location within the city, the
commute mode, and housing quality at the chosen location. Conditional on choosing
a commute mode at a given location, the household’s utility maximization problem is
similar to 3.5. The indirect utility vs (y0 , x) of a household of income y0 if he chooses
20

the two commute modes are provisionally labeled as the automobile and the bus, respectively.
It is simply assumed that the fixed cost for the slow mode is zero. In reality, the financial cost
for public transit is negligible.
22
Alternatively, ρ can be interpreted as the disutility per unit time for each commute mode.
21
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to live at location x and uses commute mode s, with s ∈ {a, b} is

vs (y0 , x) = K + ln (y − Ts (y0 , x)) − αβ ln R(x),

(2.26)

where where K = (1 − β) ln(1 − β) + β ln( Aβ ). The optimal location of household
with income y0 who choose commute mode s, denoted as x∗ (y0 ), should maximize his
utility, i.e.,

x∗s (y0 ) = argmax vs (y0 , x)
x

At each location x, the household of income level y0 chooses the fast mode, if and
only if va (y0 , x) ≥ vb (y0 , x). Under Cobb-Douglas utility, the effects of unit price
and the effects of commuting costs on household location choice are separable, so
household will choose the commute mode with lower costs at a given location.
Lemma 2.5.1. For household with income level y, there exists a cutoff location
x̂(y) =

f
,
(ρb −ρa )y γ

such that if x ≥ x̂(y), the household will choose the fast mode a; if

x ≤ x̂(y), the household will choose the slow mode.
Proof. From the household indirect utility function (2.26), the household will choose
the fast mode at location x if and only if

ln (y − Ta (y, x)) − β ln p(x) ≥ ln (y − Tb (y, x)) − β ln p(x),

which simply becomes Ta (y, x) < Tb (y, x), as the effect of house prices cancel out. So
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x̂(y) can easily be solved as

x̂(y) =

f
.
(ρb − ρa )y γ

We can see that x̂(y0 ) increases in f : if the fixed cost is too high, the household
will only choose the fast mode if his residential location is far enough from the city
center. And x̂(y) decreases in the difference in traveling speed, ρb − ρa : if the saving
in time costs by using the fast mode is large enough, the household would choose the
fast mode even at locations close to the city center. Lastly, x̂(y) decreases in income
level y: if income level increases, the household can afford the fast mode at locations
closer to the city center.
Denote vs∗ (y0 , x), s ∈ {a, b} the maximum utility level the household with income
y0 can obtain of he chooses commute mode s, and v ∗ (y0 , x) the maximum utility level
the household obtains within the city:

v ∗ (y0 , x) = max {va∗ (y0 , x), vb∗ (y0 , x)} ,
with the associated maximizer x∗s being the optimal location. Figure (2.4) illustrates
the commute mode choice and the optimal location within the city.
Give the assumed functional form for the commuting costs Ts (y, x), s ∈ {a, b}, the
relative location of households using each commute mode is determined as follows.
Proposition 2.5.2. For households who choose the slow mode, if γ > 1, then income
decreases with distance; if γ < 1, then income increases with distance.
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Figure 2.4: Commute Mode and Location Choice.
v(y0 , x)

va (y0 , x)
vb (y0 , x)
x
x∗ (y0 ) x∗ (y0 )
b

a

The relative location of households using the slow mode only depends on the
income elasticity of time costs, γ. If time costs increase disproportionately more than
income does, for households that use the slow mode, richer ones will live closer to
the city center. If it is the other way around, income increases with distance for
households who use the slow mode.
Proposition 2.5.3. For households who choose the fast mode,
• if γ <

ȳ
,
ȳ−f

then income increases with distance

• If γ >

y
,
y−f

then income decreases with distance

• If

ȳ
ȳ−f

<γ <

y
,
y−f

then there exists an income level ŷ =

γf
,
γ−1

such that when

y ≤ y ≤ ŷ, income increases with distance; when ŷ < y ≤ ȳ, income decreases
with distance.
For households who use the fast mode, the size of the marginal commuting costs
depends on income levels. When either the effect of fixed cost or time costs dominates for all households who choose the fast mode, in equilibrium, income changes
monotonically with distance for households using the fast mode. When the fixed cost
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is moderate, for high-income household, the effect of time costs dominates; richer
households would like to live closer to the city center to save time. For low-income
households, they live closer to the city center to avoid income loss by long commuting.
Finally, let us consider the possibility where a household is assigned to two different locations, with different commute modes being used. Denote the location where
household uses the slow mode as x∗b (y), and the one where household uses the fast
mode at x∗a (y). In equilibrium, the utility level at these two locations must be equalized, that is

v(y, x∗a (y)) = v(y, x∗b (y)).

Differentiating both sides by y, and re-arranging gives
1 − ρb γy γ−1 x∗b (y)
1 − ρa γy γ−1 x∗a (y)
=
,
y − Ta (y, x∗a (y))
y − Tb (y, x∗b (y))

(2.27)

which gives the relationship of x∗a (y) and x∗b (y).23
Lemma 2.5.4. There exists an income level ỹ =

f ρb
,
ρb −ρa

such that x∗a (y) = x∗b (y).

Proof. The proof is obtained by equating x∗a (y) and x∗b (y) in the utility equalization
condition (2.27) and solve for y.
This lemma states that there is an income level who is indifferent between two
commute modes at his residential location in equilibrium. This income level ỹ is
23

Equation (2.27) is the utility equalization condition in differential form. In the monocentric
model with two income levels, household of each income type are different over a segment within
the city. In equilibrium, utility levels should be equalized across locations within the segment. In
this model with a continuum of income levels, given a commute mode, the optimal location for each
income type is unique. For the household to be indifferent over using different commute modes at two
locations, not only the utility levels at these two locations should be equalized, for an infinitesimal
change in income, the associated changes in utility levels should also be equalized.
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positively related to the fixed cost f , and the relative commuting time of two commute
modes,

ρa
.
ρb

2.5.1

Proposed Equilibrium Configurations

In this section, I illustrate the possible and income-location relationships and commute mode choice under different values for commuting costs. The sorting patterns
are consistent with the those predicted in LeRoy and Sonstelie (1983) and Glaeser
et al. (2008): the relative location of households and commute mode choice depend
on the interactions between income levels, fixed cost of the fast mode, and the income
elasticity of time costs. The city consists of different zones, with different commute
modes being used. Low-income households tend to use the slow mode and live close
to the city center. The users of the fast mode tend to live further from the city center.
At one location, potentially there could be more than one income levels; households of a given income can choose different commute modes at different locations.
The theoretical implications proved previously impose restrictions on the relationship
between location, income, and commute mode that could possibly arise. Given an
income distribution and commute costs functions, the relationship between the two
assignment relationships yb∗ (x) and ya∗ (x) must satisfy
• By Lemma 2.5.2 and Lemma 2.5.3, conditional on commute mode, the relative
location of households depend on the income elasticity of marginal commuting
costs.
• For household with income level y, it must be that x∗a (y) ≥ x∗b (y); i.e., the
assignment function for the fast mode, ya∗ (x), must be to the right of the one
for the slow mode, yb∗ (x).
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• By Lemma 2.5.4, the two assignment function ya∗ (x) and yb∗ (x) intersect at

ρb
.
x̂(ỹ), ỹ , with ỹ = ρbf−ρ
a
• Because of the fixed cost, in equilibrium, households near the city center always
use the slow mode.
Figure 2.5: Proposed Equilibrium: Income Increases with Distance
y

y

ȳ

ȳ
yb∗ (x)

ya∗ (x)

ỹ
y

y

yb∗ (x)
0

xb
(a) y < ỹ < ȳ

ya∗ (x)

x̄

x

xb xa

x̄

x

(b) ỹ < y

First we consider the sorting patterns when γ < 1, and both commute modes
are used in the city. Income increases with distance for households that use each
commute mode. Figure 2.5 shows the two possible equilibrium configurations in this
case. In Panel (a), the city consists of two zones: households in the inner zone use
the slow mode, and richer households in the outer zone use the fast mode. If the fixed
cost for the fast mode is relatively low for all low-income households, the city also has
a middle zone where both commute modes are used, as shown in Panel (a) in Figure
2.5.
Figure 2.6 shows the three possible equilibrium configurations when 1 < γ <

ȳ
.
ȳ−f

Household using the slow mode live in the central city, and income decreases with
distance. For households using the fast mode, the effect of housing demand dominates,
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Figure 2.6: Proposed Equilibrium: U-shape Income-location Relationship
y

y

y

ȳ

ȳ

ȳ

ỹ
y
0

ya∗ (x)

ỹ
y

yb∗ (x)
xb xa

ya∗ (x)

x̄

x 0

yb∗ (x)
xb xa

ya∗ (x)

ỹ
y
x̄

x 0

yb∗ (x)
xb xa

Note: Equilibrium income-location relationship when 1 < γ <

ȳ
ȳ−f

x̄

x

.

Figure 2.7: Proposed Equilibrium: Income Mixing
y
ȳ

ỹ
y
0

ya∗ (x)
yb∗ (x)
x̄

x

Note: Equilibrium income-location relationship when 1 < γ <

ȳ
ȳ−f

.

so richer households prefer to live further from the city center. In the middle of the
city, residents use both modes two commute. The residential patterns in this case
resemble the U-shape income gradients observed in some cities.
Figure 2.7 displays the possible equilibrium residential patterns when
y
.
y−f

ȳ
ȳ−f

<γ<

Because γ > 1, income decreases with distance for households who use the slow

mode. For households who use the fast mode, whether income increases or decreases
with distance depends on the income level. For households with income level greater
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Figure 2.8: Possible Equilibrium Configurations: Income Decreases with Distance
y

y

ȳ

ȳ
ỹ

ya∗ (x)
y
0

ya∗ (x)
y

yb∗ (x)
x b xa

x̄

x 0 xb

yb∗ (x)
xa

Note: Equilibrium income-location relationship when γ >

x

x̄
y
y−f

.

than ŷ, the effect of time costs dominates, they would like to live closer to the city
center. For households with income level less than ŷ, income increases with distance.
Households near the city center use the slow mode. Beyond income level ỹ, households
start using the fast mode. Residents in the middle of the city use both modes. In the
suburbs, households use the fast mode.
Figure 2.8 shows the two possible equilibrium configurations when γ >

y
.
y−f

In this

scenario, high-income households tend to live closer to the city center. Depending on
income level and commuting costs, the richest households can either live in suburban
locations right next to the central city and use the fast mode to travel, or live at the
city center and use the slow mode.

2.5.2

Income Distribution, Commuting Costs, and Residential Patterns

Figure 2.9 summarizes the potential equilibrium residential patterns under different
values for the fixed cost for the fast mode, and the income elasticity of time costs. The
rich choose to live in the suburbs when the effect of time costs is low. When γ < 1,
income increases monotonically with distance, regardless of the values for fixed cost.
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Figure 2.9: Commuting Costs, Income, and Residential Patterns
f
S

C

fˆ
S

S

f1 = ȳ(1 − γ1 )

M

f0 = y(1 − γ1 )

C
1

γ

Note: This figure shows the relative location of the rich households within the city under different values of f and γ.
The "S" regions are for equilibrium configurations where the richer households live in the suburbs. The "C" regions
are for equilibrium configurations where the richer households live around the city center. The "M" region is for the
mixing equilibrium configuration where both the richest and the poorest households tend to concentrate near the city
center.

When γ > 1 and f1 < f < fˆ, high-income households use the fast mode and live in
the suburbs.
From Figure 2.9, when γ > 1, decreasing in the fixed cost reverses the relative
location of different income groups within the city. Decreasing fixed cost from fˆ
first enables the high-income households to live in the suburbs. As the fixed cost
keeps falling, the fast mode becomes affordable to more households; eventually the
comparative advantage in using the fast mode is reversed. Households with relatively
lower income use the fast mode and live at non-central locations, and high-income
households live close to the city center to save traveling time.
Figure 2.9 implies that decreasing fixed cost, higher time value, together with
rising income inequality contribute to the recent “central city revival” in American
cities. When f < f1 and γ > 1, the equilibrium where both the rich and the poor
concentrate near the city center is more likely to arise if the income level for the
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richest households increases. Intuitively, as the rich get richer, their demand for
central locations increases due to higher time costs.

2.5.3

Model Solution

In this section, I derive the equilibrium conditions that a proposed equilibrium has
to satisfy, and solve the model numerically. I consider two equilibrium configurations
that are consistent with the observed income gradients. In the first one, income
increases monotonically with distance, as in Figure 2.5. In the second one, the incomelocation relationship exhibits a U-shape pattern, as in Figure 2.6. For each proposed
equilibrium, I first solve the model when only the slow mode is used, so that income
changes monotonically with distance. Then I show that under the parameter values
where both modes are used, the solution to the model does not exist.

Income Increases with Distance
Let us first consider the equilibrium when only the slow mode is used. Such equilibrium configuration represents the landscape for cities with small population or
relatively low income, such that only the slow mode is used. Denote the equilibrium
city size when all households use the slow mode as x̄b . The following proposition
states the condition under which the fast mode will not be adopted in the city.
Proposition 2.5.5. When γ < 1, if f > fˆ = (ρb − ρa )ȳ γ x̄b , then all households in
the city use the slow mode.
Proof. According to Lemma 2.5.1 , the richest household y = ȳ will choose the fast
mode if and only if x ≥ x̂(ȳ). When the equilibrium is such that all households use
the slow mode, and the equilibrium city size is x̄b , household of income y = ȳ has no
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incentive to deviate if

x̄b < x̂(ȳ) =

f
.
(ρb − ρa )ȳ γ

Because x̂(y) decreases in y, if even the richest household who live at the city edge
does not deviate from the equilibrium where all households use the slow mode, nor
will other households with lower income.
If the fast mode is too expensive for the city, it will not be used by any household.
The cutoff value for the fixed cost depends on the save in traveling time by using the
fast mode, the income level of the richest household, and the size of the city. This
result implies that when the fast mode first becomes available, it is more likely to be
adopted in larger cities with high income levels. The solution to the model when only
the slow mode is used is shown in Figure (2.2).
Next we need to check if the equilibrium where all households using the slow
mode is an equilibrium. From Proposition 2.5.5, the cutoff value for the fixed cost,
above which all households will use the slow mode, fˆ = 0.4385. In this example. we
set f = 0.35, and ρa = 0.1, therefore all households using the slow mode is not an
equilibrium. This is also illustrated in Figure 2.10, which shows the assigned location
for households of different income levels if they use the slow mode, x∗b (y), and the
cutoff location x̂(y), beyond which the household would like to use the fast mode. It
can be seen that in this example, there will be high-income households in the suburbs
who would like to use the fast mode.
Next we proceed to consider the equilibrium where both commute modes are used.
In the current numerical example, ỹ =

f ρb
ρb −ρa

= 0.5833, which is greater than y = 0.5.
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Figure 2.10: Optimal Commute Mode at the Assigned Location (γ < 1)
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Note: x∗ (y) is the optimal location for the household if he uses the slow mode. x̂(y) is the cutoff location for the
household with income y, beyond which he will use the fast mode.

Therefore equilibrium under the given parameter values is the one in the left panel
in Figure 2.5. For households with income y = ỹ to be indifferent between the two
commute mode at xb , it must be that xb = x̂(ỹ) = 3.8946. Given the value for
R, however, households with income y = ỹ would never choose x̂(ỹ) if she uses the
slow mode. Hence the proposed equilibrium where the two assignment functions both
increase and intersect at (x̂(ỹ), ỹ) does not exist.
When f = 0.2, we have ỹ = 0.33, which is less than y. The proposed equilibrium
under f = 0.2 is given by the right panel in Figure 2.5. Similar to the previous
example, it can be shown that such an equilibrium does not exist, as the low-income
households in the middle zone would not choose the slow mode at the assigned locations.
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Figure 2.11: Optimal Commute Mode at the Assigned Location (γ > 1)
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Note: x∗ (y) is the optimal location for the household if he uses the slow mode. x̂(y) is the cutoff location for the
household with income y, beyond which he will use the fast mode.

U-shape Income-location Relationship
Lastly, we consider if the proposed equilibrium where income-location relationship
exhibits a U-shape pattern exists. In this example, we choose f = 0.01, ρa = 0.15, and
ρb = 0.25; the other parameter values are the same as in Table (2.2). To check whether
all households using the slow mode is an equilibrium under the given parameter values,
we compare the assigned location x∗b (y) and x̂(y) in Figure 2.11. As we can see, given
that the fixed cost for the fast mode is relatively low in this example, the middleincome households who live in the middle zone of the city would deviate to the fast
mode.
In this example, the parameter values are chosen such that ỹ = y, so households
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with income y = y live at the bottom of the U-shape.24 Figure 2.12 shows one possible
equilibrium configuration under the given parameter values.25
Figure 2.12: Proposed Equilibrium: U-shape Income-location Relationship
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Note: one possible equilibrium configurations under parameter values in Table 2.2.

In this proposed equilibrium configuration, there exists an income level y = y 0 ,
such that households with income y < y ≤ y 0 are indifferent between using the slow
mode at location x = x∗b (y) near the city center, and using the fast mode at x = x∗a (y)
in the suburbs. Denote na (y) as the endogenous measure of households with income
level y < y ≤ y 0 who live at x = x∗a (y), and nb (y) as those who live at x = x∗b (y).
In equilibrium, the rental price R(x), and the measure of households na (y) and nb (y)
should be such that the utility levels at the two assigned locations are equalized. For

y ∈ y, y 0 , the solution to the model can be presented by the system of differential
24

Figure 2.6 shows the possible equilibrium configurations when y < ỹ. In these scenarios, the
city has a middle zone where the low-income households use the slow mode, and the relatively richer
households use the fast mode. In such equilibrium configurations, the rental prices in the middle
zone should be such that the two types of households both find the same location optimal. The
implication for this condition will be explained in detail in the next chapter. Here I focus a special
case where the assignment functions for two commute modes do not overlap. This special example
serves to illustrate that it is challenging to obtain parameter values such that the equilibrium exists.
25
There could potentially be another equilibrium configuration where households at the top of the
income distribution live near the city edge.
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equations as follows:
−1
τa0 (y)
τb0 (y)
na (y) =
−
∗
Ra (y) Rb (y)




1
τb00 (y)x
τa00 (y)x
N f (y)
0
−
− τb (y)
,
αβ y − Tb (y, x∗b (y)) y − Tb (y, x∗a (y))
Rb (y)


nb (y) = N f (y) − na (y),

(2.28)

(2.29)

αβ [y − Tb (y, x∗b (y)]
dx∗b (y)
= −nb (y)
,
dy
Rb (y)

(2.30)

dRb (y)
∂Tb (y, x)
= nb (y)
dy
∂x

(2.31)

,
x=x∗b (y)

dx∗a (y)
αβ [y − Ta (y, x∗a (y)]
= na (y)
,
dy
Ra (y)

(2.32)

∂Ta (y, x)
dRa (y)
= −na (y)
dy
∂x

(2.33)

.
x=x∗a (y)

The derivation of these equations can be found in Appendix A.3. In this equilibrium,
households with income level y 0 live at the city edge: x∗a (y 0 ) = x̄, and R(y 0 ) = R. The
assignment functions for two commute modes interact at y = y, so x∗a (y) = x∗b (y) =
x̂(y).
Under the parameter values in Table 2.2, households with the lowest income level
must live at x̂(y) = 4.04. Given the values for y and x̂(y), the above system of
differential equations does not have any solution. Therefore under the given parameter
values, the equilibrium where the income distribution in the two zones overlap does
not exist. This is because that given the commuting costs and rental price at the
city edge, R, households with income level y = y would never choose their assigned
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location x̂(y), such that they are indifferent over using both commute modes.
In summary, in the section, I demonstrate that it is non-trivial to generate the
non-monotonic income-location relationship in a model with commute mode choice,
in contrast with what Glaeser et al. (2008) suggests. In particular, I consider two
empirically relevant scenarios. In the first case, households with higher income use the
fast mode and live in the suburbs. In the second one income decreases with distance
and increases again. In both cases, I show that under the proposed equilibrium, some
households at the assigned locations always have incentive to deviate to the other
commute mode. These results indicate that commute mode choice alone does not
necessarily explain the sorting patterns of income in cities.

2.6

Conclusions

This chapter attempts to explain the variations in income-location relationships in
cities. I build a monocentric city model that features income heterogeneity, incomedependent commuting costs and endogenous housing. The main methodological contribution of the chapter is that I develop an alternative approach to the monocentric
city model. The approach is convenient enough to determine the equilibrium sorting
patterns for a broad class of commuting cost functions. Depending on the income
elasticity of marginal commuting costs, the model can generate different incomelocation relationships in equilibrium. With commute mode choice, the predictions of
the model on sorting patterns are qualitatively consistent with the observed variations
in income-location relationships in cities.
The assignment approach developed in this chapter is feasible to study the distribution of house prices and housing quality in cities. In this chapter, I show the
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numerical solution to the model under perfect sorting. Although the solutions to
the model with commute mode choice may not exist, the equilibrium configurations
demonstrate that richer heterogeneity in income and commuting costs can potentially
explains the variations of income-location relationships. Once the solution to the imperfect sorting equilibria can be obtained, the model can be used to answer more
interesting questions, such as the effects of changes in income inequality and urban
policies. In the next chapter, I apply the approach to a tractable framework to study
these questions.
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Chapter 3
Within-city Income Inequality, Neighborhood
Gentrification, and House Prices

3.1

Introduction

Since the 1990s, cities in North America have experienced a wave of "central city revival", during which the influx of affluent, well-educated residents into central neighborhoods drives up housing costs and displaces existing poor residents.1 This striking
gentrification phenomenon contrasts with a long, earlier period of declining central
cities and a “flight” of affluent residents to the suburbs (Baum-Snow 2007b, Boustan
2010). At the same time, it is widely discussed in the press that increasing inequality,
coupled with city-wide housing booms may have contributed to a "housing affordability" crisis. In this paper, I establish the link between these two trends in the
context of an equilibrium spatial model of the housing market. Income growth for
the rich increases their demand for central locations, where jobs and amenities are
concentrated but land supply is limited. Facing higher housing costs, many of the
1

Edlund et al. (2015) find that income level, house values, and rent have increases significantly
in census tracts in the downtown in the last three decades. Couture et al. (2019) document that the
propensity of the rich households to live in downtown neighborhoods has increased since the 1970s.
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relatively poor move to more affordable non-central locations.
This chapter aims to explain how household location and the housing market in
a city respond to changes in income inequality, and the implications for household
welfare and urban policies. I extend the framework developed in the previous chapter
in an environment where the net cost of living further from the city centre is a nonhomothetic function of distance and income. The model can generate equilibria in
which households at both ends of the income distribution prefer to live closer to the
city center: the rich have high opportunity cost to travel, and the poor are sensitive
to income loss due to commuting. When income inequality increases, higher time
costs for the rich increase their demand for high-quality houses near the city center,
where housing supply is limited by availability of land. Higher land rent near the
city center increases the cost of supplying low-quality houses that the existing poor
households demand, and they are "priced out" of central locations.
The first goal of this chapter is to account for variations in income-location relationships in cities. I start by documenting more facts on sorting patterns of income
in cities. First, the sorting of income across locations is not perfect; there is more
than one income level at each location. Second, the income gradients in cities exhibit
different patterns. For example, Glaeser et al. (2008) find that in cities like Atlanta
and Los Angeles, income tends to increase with distance from the city center. In
Chicago and New York, the income-location relationship exhibits a U-shape pattern.
Lastly, the location of the richest and poorest neighborhoods within may cities has
changed drastically during the last three decades. The richest neighborhoods have
become more concentrated near the city center; the poorest ones, that used to locate
near the city center, now tend to locate further from the city center.
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2

with a continuous

income distribution and endogenous housing. The setup is the same as in the previous
chapter: households of different income levels choose their residential locations within
the city, as well as their preferred housing quality at the chosen locations. In the
city, there is a competitive construction industry that supplies houses of different
quality levels. Residing at an increased distance from the city centre imposes costs
on households. The key assumption is the net costs of living further from the city
center consist of two components: a common component and a component that is
increasing in household income. For example, if we focus on commuting costs, the first
component could include financial costs such as gas, insurance, etc, which depends
only on distance. The second component could reflect income-dependent time costs.
In the model, the relative location of households depend on how the effects of
financial costs and time costs differ across income levels. For some parameterizations,
the model generates a monotonic income-location relationship. In these cases, it
generalizes the predictions of the standard monocentric model with two income types.
When the effects of time cost dominate for all income levels, in equilibrium, income
decreases monotonically with distance, as richer households would like to live closer
to the city center to save time. When the effects of financial costs dominate for all
2

While the assumption that the city is monocentric has never accurately described urban landscape, recent empirical evidence shows that the monocentric city assumption is still relevant. For
example, Rappaport (2014) finds that the share of urban employment in the CBD is 18.6 % in
mid-sized metros (with population of 1 to 2 millions) in the U.S., and the share of agglomerative
occupations, such as finance, insurance, and real estate, is even higher. Also, agglomerative occupations remain far higher in the CBD than in the remainder in mid-sized metros. On average,
agglomerative workers in a CBD experience a density that was 21 times higher. Baum-Snow (2014)
finds that in the 1960-2000 period, the share of urban job that shifted to the suburbs was only one
third of the share of residents that shifted there. Firms located in the CBDs tend to be larger and
more productive than firms located elsewhere in metros. (Black, Kolesnikova, and Taylor (2014))
The joint centralization of agglomerative occupations and productive firms tends to anchor the
geographic distribution of residents within cities.
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households, income increases monotonically with distance; the richer prefer to locate
in the suburbs where land is cheaper.
When the income elasticity of time costs is large enough, and the financial cost
is moderate, the effects of the two components of commuting costs differ by income
groups. For high-income households, the effects of time costs dominate, inducing
them to live closer to the city center as they get richer. Low-income households
are more sensitive to financial costs, and these households prefer to locate closer to
the city center as income decreases. In such equilibria, there is income mixing at
non-central locations. A location can be simultaneously occupied by two types of
households: the high-income households have higher time costs and live in better
houses; the low-income type live in houses of lower quality. There is competition for
central locations between households at both ends of the income distribution: both
the richest and the poorest households would like to live at the city center, where
the city is unable to sprawl to accommodate their housing demand. Depending on
which types of household benefit more from living closer to the city centre, the model
can generate different equilibrium configurations: there are two income levels at each
location in the suburbs; the city centre is either occupied by the richest, or the poorest,
or both.
A key contribution of this chapter is that I develop an assignment approach to
the monocentric model that can be used to study the distribution of income, housing
quality, and house prices in a city. While it is challenging to find solution to the
model in Chapter 2 with commute mode choice, the current model can be solved
numerically and used to evaluate how higher inequality affects the housing market in
the city. In this framework, rising inequality affects household’s locations and prices
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through two channels. First, income growth at the top of the distribution increases the
rich households’ willingness to pay for the their desired locations. Second, pressure on
house prices at certain locations spills over to other segments of the housing market in
the city, which induces households to re-sort within the city when income inequality
increases.
The theoretical predictions on imperfect sorting links gentrification to higher income inequality. Substantial income growth at the top of the distribution increases
the time costs of richer households, which makes them prefer to live closer to the city
center. As income becomes more concentrated at the top, the demand for central
locations increase significantly. In response to such changes in demand, the supply
side of the housing market adjusts endogenously by supplying high-quality houses
to the rich near the city center. Because there is no room for the city to sprawl to
accommodate for increased housing demand, land becomes more expensive at central locations, making it more costly to supply the low-quality house that the existing
poor households demand. As a result, low-income households move to more affordable
non-central locations.
I simulate the model numerically to evaluate the distributional effects of higher
inequality across locations and over households. The pressures on land rent near
the city center spill over to other segments of the city. The effects of higher income
inequality on housing quality and house prices differ for different segments of the
housing market. At a location where there are two income levels, the quality and price
for a house increases for the high-income households, and decrease for the low-income
households. Such changes are driven by the endogenous re-location of households
within the city when inequality increases. In the model, when income inequality
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increases, low-income households are able to move to non-central locations where the
housing supply can accommodate their housing needs, thus mitigating the welfare
gap from higher income inequality.
With both income and location heterogeneity, the model is flexible enough to
evaluate the distributional effects of urban policies that target certain locations or
income groups. I consider the effects of a specific zoning policy, the greenbelt that
prohibits construction beyond the city edge.3 With the greenbelt, housing supply in
the suburbs is restricted as the city is not able to sprawl. When inequality increases,
the greenbelt causes land rent to increase at all locations and reduces housing qualities
in the suburbs. The greenbelt is relatively more costly for low-income households who
would move further from the city center without the greenbelt.

3.2

Related Literature

This chapter contributes to the growing literature that explores the driving forces
of neighborhood gentrification.4 Recent examples include Guerrieri et al. (2013),5
Edlund et al. (2015), Su (2018), Couture and Handbury (2017), and Couture et al.
3

The greenbelt is a common land use zone designation that permanently retains undeveloped,
wild, or agricultural land surrounding urban areas. A greenbelt provides regulatory protection from
urban development to protect prime agricultural land. It also protects rural areas, heritage sites,
and sensitive ecological and hydrological features.
4
Explanations include aging cycle of housing stocks (Brueckner and Rosenthal 2009), the role of
reduction crime rates in the central city (Ellen et al. 2019)
5
Guerrieri et al. (2013) build a model where the rich households’ preferences for neighborhood
externalites cause low-price neighborhoods adjacent to rich ones to become gentrified during housing
booms. In my model, households at both the top and the bottom of the income distribution prefer
to live near the city center. When inequality increases, the “gentrified” locations are always next
to where the low-income households live, which is consistent with the prediction in Guerrieri et al.
(2013).
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(2019).6 A commonality of these papers is that the driving force for gentrification have
differential effects over income levels. For example, Su (2018) argues that high-skilled
workers’ increasing time value due to longer work hours accounts for neighborhood
gentrification. Couture et al. (2019) highlight the role of non-homothetic preferences
for amenities in central neighborhoods. My model features non-homothetic commuting costs: commuting costs consist of a component that increases with income level.
This income-dependent component can be broadly interpreted as income-variant time
values or preferences for central amenities, consistent with the stories in other papers.
Compared with works that study residential sorting in quantitative spatial models,
this chapter studies how the housing market in a city responds to higher inequality in a monocentric city model of urban land use. The model can generate income
mixing at a location, which is the result from a multi-dimensional sorting problem,
as opposed to from assuming that households have idiosyncratic preferences for different locations. The model explicitly predicts that when inequality increases, the
"displaced" poor residents move to regions adjacent to central locations occupied by
the rich, a result which is absent in above-mentioned works.
My work also provides additional insights on the welfare implications of gentrification and displacement. There is mixed evidence for displacement in gentrifying
6

Couture et al.(2019) study the effects of rising inequality on residential sorting and household
welfare. They build and estimate a quantitative spatial model with non-homothetic preferences
for neighborhood amenities and endogenous neighborhood development. Their model is able to
match the empirical regularity that the propensity to live in downtown for different income levels
exhibit a U-shape pattern. Income mixing at each neighborhood is achieved by perturbing perfect
sorting with idiosyncratic preferences for locations. My paper develops a monocentric model with a
continuum of income levels. Income mixing at a location is the equilibrium outcome of the multidimensional sorting problem of households across locations. The income-location relationships in the
imperfect sorting equilibria is qualitatively consistent the with empirical features of income-location
relationship in U.S. cities.
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neighborhoods. For example, Vigdor et al. (2002), Ellen and O’Regan (2011), Brummet and Reed (2019) find little evidence that incumbents residents are displaced by
gentrification. Waights (2014), however, finds that the poor renters in the UK are
more likely to exist gentrifying neighborhoods. Couture et al. (2019), Su (2018) both
find that welfare gap is widened more than the income gap once gentrifying forces are
accounted for. In my paper, whether or not displacement happens and the welfare
implications of income inequality when it does, depend on the income level of the
poor, transit costs ,and the response of housing supply.
This chapter also contributes to the literature on monocentric model with continuous income distribution. This includes Beckmann (1969), Montesano (1972),
De Bartolome and Ross (2007).7 The model in the chapter is closet to Gaigne et al.
(2017), who consider an environment with a continuum of incomes, and locations
differ by amenity levels as well as proximity to the city center. Their model can generates a non-monotonic income gradient, where households of the same income are
“split” between two locations with different amenity levels. In this chapter, I develop
an assignment approach to the monocentric city model.8 In my model, commuting
consists of financial and time costs, and households with different incomes value the
two costs differently. The model can generate sorting patterns that are qualitatively
7

Beckmann (1969), and Montesano (1972) build a monocentric model with a continuous income
distribution, and the marginal commuting cost is a constant. As shown later in the paper, this can
be considered as a special case of my model. De Bartolome and Ross (2007) considers a monocentric
city with fiscal jurisdictions and a continuous income distribution. In their work, lot size is fixed,
so within a jurisdiction, income decreases with distance, and income gradients for two jurisdictions
overlap. In my model, households can choose housing quality at each location, and the model can
generate an equilibrium where households of different income levels live at the same location with
different types of houses.
8
Although the method to characterize income-location relationships in the first two chapters
differs from that in Gaigne et al. (2017), both methods lead to the result that the slope of assignment
function has the same sign as the cross partial derivative of the indirect utility over locations.
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consistent with variations in income gradients in U.S. cities. In particular, in equilibrium, there can be income mixing; the changes in equilibrium outcomes resemble
neighborhood gentrification when inequality increases.
The rest of the paper is organized as follows. I start by documenting some facts
on within-city residential patterns to motivate the theoretical model. Then I present
the setup of the model and characterize the equilibrium income-location relationship.
After deriving the conditions to solve the model for each equilibrium configuration,
I use the model to study the effects of increasing income inequality on household
location, the local housing market, and the implications for household welfare. Lastly,
I use the model to evaluate the distributional consequences of a specific zoning policy,
the greenbelt, when income inequality increases.

3.3

Motivating Facts

In this section, I provide some facts on residential patterns in U.S. cities to motivate the theoretical model. The empirical evidence for neighborhood gentrification
has been provided by recent works. For example, Su (2018) documents the U-shape
income gradients in large U.S. cities, and finds that both income and housing values
have increased significantly in central neighborhoods. Couture et al. (2019) finds that
in 100 largest CBSA’s in the U.S., between 1970 and 2014, high-income households
have become more likely to live in downtown neighborhoods, and the poor less so. In
this section, I look at the income gradients and the location of low-income neighborhoods using Chicago and Detroit as illustrative examples. The goal is to demonstrate
the empirical regularities in income-location relationships that the theoretical model
aims to capture.
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Figure 3.1: Income Gradients of Chicago and Detroit
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Notes: This figures show the percentile rank of each census trace income against its distance to the city center. Each
dot represents a census tract within the CBSA. The lines are the kernel-weighted local polynomial smoothing curve,
and Epanechnikov kernel functions.

The data comes from the National Historical Geographic Information System
(Manson et al. 2017), which provides summary tables and geographic boundary
files of the Decennial Census and the ACS at the census tract level and enables me
to look at the distribution of neighborhood income within a city. In particular, I
consider the relationship between the rank of median census tract family income to
its distance to the center of the Core-Based Statistical Area (CBSA). City centers are
geographically located by the coordinates returned by Google Earth upon entering
each CBSA’s principle city’s name, as in Holian and Kahn (2012).9

3.3. MOTIVATING FACTS

64

Fact 1: within-city income-location relationships vary across cities and
change over time
First I revisit the well-documented fact that there are large variations in the incomelocation relationships across cities and over time. Figure 3.1 show the income gradients for Chicago and Detroit for the years 1990, 2000, 2010, and 2018. As can be
seen from the figure, the income gradient in Chicago is U-shaped, and the pattern has
become more pronounced over time. While in Detroit, the income tends to increase
with distance. Figure B.1 is a binscatter plot of the percentiles of census tract income
to their distances to the city center. In Chicago, high-income neighborhoods have become more concentrate near the city center since the 1990s. In Detroit, high-income
census tracts still tend to locate in the suburbs in 2018.

Fact 2: both the richest and poorest neighborhoods tend to cluster close
to the city center
While the income gradients in Figure 3.1 describe how income generally changes with
distance within the city, it does not reflect the fact that at a certain distance, there
is a cluster of census tracts with different income levels. Figure 3.2 shows the scatter
points of the income rank for each census tract within Chicago 2018. (A similar
graph for Detroit is provided in B.2.) We can see that in both cities, the lowestincome census tracts tend to concentrate near the city center, and relatively richer
census tracts tend to locate in the suburbs. What drives the differences in the shapes
of income gradients is the location of the richest neighborhoods. If the richest census
9

Although how Google Earth selects the centroids of a city is not clear, a close inspection of
these points show that the selections usually correspond to subjective judgment of CBD location.
The centroid returned is usually close to the main railway station, signature sights, or historical
monuments.
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Figure 3.2: Income Gradients High- and Low-income Census Tracts of Chicago in
1990 and 2018
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Notes: This figures show the percentile rank of each census trace income against its distance to the city center. Each
dot represents a census tract within the Chicago MSA. The lines are income gradients for census tracts above and
below the median, respectively, which are the kernel-weighted local polynomial smoothing curve, and Epanechnikov
kernel functions.

tracts are near the city center, the income gradient exhibits a U-shape pattern, like
Chicago. If the lowest-income census tracts cluster near the city center, the income
gradient is upward-sloping.
To reflect the fact that there are multiple income levels at each distance, and both
the richest and poorest census tracts tend to be close to the city center, Figure 3.2 and
B.2, I depict the income gradients for census tracts with median family income above
and below the median for Chicago and Detroit in 1990 and 2018. For high-income
census tracts, income tends to decrease with distance; for low-income census tracts,
income tends to increase with distance. Allowing for separate gradients for high- and
low-income neighborhoods is arguably a better description of the income-location
relationship within a city.
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Figure 3.3: Distributions of Highest- and Lowest-income Census Tracts in Chicago in
1990 and 2018
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Notes: The figures show the distributions of highest- and lowest-income census tracts within the city. Each dot
represents the percentage of the richest/poorest census tracts that location within that 5 kilometer concentric ring
from the city center. High-income census tracts are those with median income above 95th percentile within the city;
low-income census tracts are those with median income below the 5th percentile within the city.

Fact 3: high-income neighborhoods have become more concentrated near
the city center, and low-income ones have moved further from the city
center
Returning to Figure 3.1 and Figure 3.2, from 1990 to 2018, the income ranks for
neighborhoods within 10 kilometers from the city center in Chicago have increased
significantly, and the location of the bottom of the U-shape gradient has shifted
further from the city center. Figure 3.3 shows the distributions of census tracts with
median household income above/below the top/bottom 5th percentile in Chicago.
The richest census tracts used to cluster within 5 kilometers from the city center, as
well as in the suburbs in 1990. In 2018, more than half of the richest census tracts
are within 10 kilometers from the city center. At the same time, the share of the
lowest-income census tracts that locate within 5 kilometers from the city center fell
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from over 30% to less than 5% between 1990 and 2018, and the distribution for the
lowest-income census tracts have shifted farther away from the city center.

3.4

The Model

3.4.1

Environment

The model in this chapter is identical to the one in Chapter 2, except commuting
costs consist of two components: a common component and a component that varies
with income. The key assumption of the model is that that the marginal cost of
distance is non-homothetic in income. Commuting from the household’s residence to
the city center incurs commuting costs T (y, x), which is

T (y, x) = ax + τ (y)x.

(3.1)

where a is the financial cost to travel, which includes gas, maintenance, insurance, etc.
τ (y) is the time cost to travel one unit of distance. τ (y) is increasing in income level,
as the opportunity costs for commuting is higher for richer households. To facilitate
the analysis, it is assumed that time cost τ (y) takes the following functional form:

τ (y) = ρ ∗ y γ ,

with ρ > 0 being the travel time, and γ being the income elasticity of marginal time
costs to travel.10 Time costs increase both in distance and income levels.
Each household chooses a residential location within the city, and the housing
10

In monocentric models with two income times, it is assumed that the marginal commuting costs
for each income type is a constant, and is higher for the rich than for the poor. In my model, how
much time costs vary with income level is governed by the parameter γ.
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quality h at each location. Following Chapter 2, I assume that at each location, there
is a market maker that can separate the housing market into a continuum of submarkets, each consisting of houses of quality h. Households are free to choose housing
quality h, taking the prices for houses of different quality levels P (h, x) as given.

3.4.2

Construction Sector

The supply side of the housing market is the same as in Chapter 2. There is a
competitive construction industry that uses land and capital to supply houses under
constant return to scale technology A location will be developed, if the rental price
for land, R(x), is greater than the value for alternative land use, R. Given L(x) units
of land available at location x, the total amount of housing services supplied at x is

Q(x) =

R(x)1−α
L(x).
Aα

(3.2)

The free entry of firms implies that at each location, the profit for each quality level
is zero, that is

P (h, x) = C(R(x), 1) ∗ h = AR(x)α h.

(3.3)

From the above zero profit condition, the unit price for housing service, denoted
as p(x), equals the unit cost, i.e.,

p(x) = AR(x)α

(3.4)
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Household Problem

Each household derives utility from consumption good, c and a house of quality h.
Assume that household utility is Cobb-Douglas. Taking the "menus" for housing
quality at each location as given, a household with income level y0 simultaneously
chooses a location within the city, and the house quality at that location. Conditional
on choosing to live at location x, the maximization problem of a household is simply
max
c,h

(1 − β) ln c(x) + β ln h(x)

subject to c(x) + P (h, x) = y0 − T (y0 , x),

(3.5)

P (h, x) = AR(x)α h.
For any given location x, the optimal housing quality of household of income level h
is

h(y0 , x) =

β (y − T (y0 , x))
.
AR(x)α

(3.6)

At each location x, housing consumption will be higher, if the household’s income net
of commuting cost is higher, or if rental price for land is lower. Plugging the demand
function h(y0 , x) and c(y0 , x) into the utility function yields the indirect utility for
the household if he chooses to live at location x

v(y0 , x) = K + ln (y0 − T (y0 , x)) − αβ ln R(x),

(3.7)
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where K = (1−β) ln(1−β)+β ln( Aβ ). The optimal location of household with income
y0 , denoted as x∗ (y0 ), should maximize his utility, i.e.,
x∗ (y0 ) = argmax v(y0 , x)
x

3.5

Equilibrium

In this section, I apply the assignment approach developed in Chapter 2 to determine
the relative location of households in equilibrium. Same as in Chapter 2, here I consider the class of equilibria where X ∗ = [0, x̄] and R(x) is continuously differentiable.
I start by proposing a potential assignment relationship y ∗ (x), and then I find the
conditions under which the proposed assignment is an equilibrium.

3.5.1

Equilibrium Income-location Relationship

Given the specification for commuting costs where the marginal commuting cost consists of common and income-dependent components, the equilibrium sorting pattern
depends on how the relative strength of these two costs varies with income.
Proposition 3.5.1. Assume that the commuting costs function is given by T (y, x) =
ax + ρy γ x. If γ < 1, income increases with distance in equilibrium. If γ > 1, there
exists cutoff values a1 = τ (ȳ)(γ − 1) and a0 = τ (y)(γ − 1) , such that when a > a1 ,
income increases with distance; when a < a0 , income decreases with distance.
Proof. In Appendix B.2.1.
Proposition 3.5.1 proves that if either one of the commuting costs dominates for
all income levels, in equilibrium, the income of optimally located households always
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changes monotonically with distance. In particular, when the income elasticity of
time costs, γ, is less than one, in equilibrium, income always increases with distance.11
When γ > 1, if the financial cost, a, is high, then in equilibrium, only the rich can
afford suburban locations, and low-income households live in the central city. When
γ > 1 and a is small, rich households concentrate near the city center, and low
financial costs enable the low-income households to move to the suburbs.
Lemma 3.5.2. When γ > 1 and a0 < a < a1 , there exists a cutoff income level ŷ =
i γ1
h
 
a
,
such
that
when
y
∈
[ŷ,
ȳ],
income
decreases
with
distance;
when
y
∈
y, ŷ ,
ρ(γ−1)
income increases with distance.
Proof. The proof is straightforward from Proposition 3.5.1.
When neither the financial cost nor time cost dominates for all incomes, the effects
of the two types of commuting costs differ by income groups. This lemma implies that
for high-income households with income y > ŷ, the effect of time costs dominates:
households tend to live closer to the city center to save traveling time as they get
richer. When the income level is lower than ŷ, households become more reluctant to
paying pecuniary costs and live closer to the city center as they get poorer. From
Proposition 2.4.5, income decreases with distance within the high-income group, and
increases with distance within the low-income group.
Lemma 3.5.2 only determines the relative location of households within each income group. Next we need to determine the relative location between the two income groups. Let us denote the assignment relationship for households with income
11

Beckmann (1969) considers the monocentric model with a continuous distribution when marginal
commuting cost is a constant. His specification is a special case of this model when a = 0 and γ = 0.
In the equilibrium he studies, households locate such that income monotonically increases with
distance, which is consistent with the prediction of Proposition 3.5.1.
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∗
y ∈ y, ŷ as yL∗ (x), and that for households with income y ∈ [ŷ, ȳ] as yH
(x). We
consider a potential equilibrium which allows households of different income levels to
live at the same location. For this to happen, the following price match condition
must be satisfied, that is

β

∗
Tx (yH
Tx (yL∗ (x), x)
(x), x)
p0 (x)
=− ∗
=
−
.
∗
p(x)
yH (x) − T (yH
(x), x)
yL∗ (x) − T (yL∗ (x), x)

(3.8)

This condition is obtained by equating the first order conditions 2.16 for the two
types of households that are both assigned to location x. The equilibrium unit price
p(x) and its differential should be such that households with different income levels
and different commuting costs both find x optimal. Such an equilibrium is supported
by each household’s ability to adjust consumption and housing bundle when varying
locations within the city. Intuitively, facing the same unit house price at x, households
∗
with income yH
(x) choose households of better qualities, and households with income

yL∗ (x) choose lower-quality houses, such that they both prefer the same location, even
though they have different income levels and pay different commuting costs.
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Figure 3.4: Imperfect Sorting Equilibria
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Note: Different equilibrium configurations when γ > 1 and a0 < a < a1 .

Proposition 3.5.3. When γ > 1 and a0 < a < a1 , the allocation of households
i γ1
h
a
across locations is represented by a cutoff income level ŷ = ρ(γ−1) , two assignment
∗
(x) and yL∗ (x), and a cutoff location xc , such that
functions yH
∗
(x) ≤ ȳ, with
1. ŷ ≤ yH

∗ (x)
dyH
dx

< 0, and y ≤ yL∗ (y) ≤ ŷ, with

∗ (x)
dyL
dx

>0

∗
2. households with income y = ŷ live at the city edge x̄, i.e., yH
(x̄) = yL∗ (x̄) = ŷ

3. if

Tx (ȳ)
ȳ

=

Tx (y)
,
y

∗
then xc = 0, and yH
(0) = ȳ, yL∗ (0) = y; if

∗
xc > 0, and yH
(0) = ȳ, yL∗ (xc ) = y; if

Tx (ȳ)
ȳ

<

Tx (y)
,
y

Tx (ȳ)
ȳ

>

Tx (y)
,
y

then

then then xc > 0, and

∗
yH
(xc ) = ȳ, yL∗ (0) = y.

Proof. In Appendix B.2.2.
This proposition describes the sorting patterns when the effects of financial cost
and time cost differs by two income groups. For households with income level ŷ, the
effects of the two types of costs are equalized, and they choose to live at the city edge
x̄ in equilibrium. Beyond or above this income level, households’ demand for central
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locations increase. Households at both the top and the bottom end of the income
distribution have high demand for central locations. High-income households would
like to live closer to the city center in order to save time, and households with low
income levels live close to the city center to reduce income loss due to commuting.12
In these equilibrium configurations, there is competition for central locations near
x = 0: both the richest and poorest households have the highest demand for the city
center where jobs and amenities are concentrated, but land supply is fixed. Depending
on which type has comparative advantage in living at the city center x = 0, the
model can generate three equilibrium configurations which differ with respect to which
households locate in central locations. Figure 3.4 shows the three possible equilibrium
configurations. If the saving in marginal commuting costs relative to income level
from moving to x = 0 is higher for the richest households, i.e.,

Tx (ȳ)
ȳ

>

Tx (y)
,
y

central

locations will be occupied by high-income households. If the poorest benefit more from
living at the city center, central locations will be occupied by low-income households.
If the effects of moving to x = 0 are equalized, then the city center is occupied by
both the richest and the poorest.
The imperfect sorting equilibria in Figure 3.4 are qualitatively consistent with the
income-location relationships documented in Section 3.3. In each equilibrium configuration, both the richest and the poorest households prefer to live close to the city
center, in line with the fact that both the highest- and lowest-income neighborhoods
are over-represented in the central city. Each equilibrium configuration differs by the
12

Fujita (1989), DeSalvo (1985) both build a monocentric mode with pecuniary commuting cost
and time value for leisure, and their models generate a residential pattern in which both the rich
and the poor tend to concentrate near the city center. In these works, the existence of such an
equilibrium is illustrated by how the slope of the bid-rent function varies with income levels. My
model not only shows both the rich and the poor tend to concentrate near the city center, but there
is also competition for central locations. Besides characterizing the equilibrium income-location
relationship, I also propose a method to solve the model.
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income levels at locations near the city center, which is consistent with the fact that
the relative location of the poorest and richest neighborhoods differs across cities and
changes over time. In particular, Panel (b) of Figure 3.4 corresponds to the income
gradient in Chicago in 2018, where the richest neighborhoods locate in the central
city, and the poorest ones concentrate within 5 to 15 kilometers from the city center.
The U-shape income gradient can be interpreted as the overlay of the two assignment
functions in this case. In Panel (c), central locations are occupied by the poorest
households, resembling the income-location relationship in Detroit, where the overall
income gradient is upward-sloping.

3.5.2

Commuting Costs, Income Distribution, and Residential Patterns

Previous results show how the equilibrium income-location relationship varies in response to commuting costs and the support of the income distribution. These results
are summarized in Figure 3.5, which displays the equilibrium configuration under
different values of transit cost, a, and income elasticity of time costs, γ.
When the income elasticity, γ, is large and transit cost, a, is moderate, the model
can generate equilibria where both the rich and the poor tend to live close to the city
center. Whether such equilibrium configurations will arise depends on the relative
strength of the two components of commuting costs. It is easy to show that


da0 (γ)
= sy γ (γ − 1) ln y + 1 > 0,
dγ
and similarly

da1 (γ)
dγ

> 0. From Figure 3.5, the cutoff values for financial cost, a0 and

a1 , below and above which the "gentrified equilibrium" arises, increase in γ. The
intuition is that a larger γ reinforces the high-income households’ tendency to live
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Figure 3.5: Commuting Costs, Income Distribution, and Equilibrium Income-location
Relationship
a

a1

S

S

G
a0
C
γ

1

Note: Equilibrium residential patterns for different values of a and γ. The "S" region is for the "suburbanized"
equilibrium where income increases with distance. The "C" region is for the equilibrium where income decreases with
distance. The "G" region is for the "gentrified" equilibrium where households at the both end of the distribution live
at central locations.

near the city center. To sustain the equilibrium where both the rich and the poor
concentrate near the city center, the financial cost has to be larger so that low-income
households would like to live near the city center. Moreover, the effects of increasing
time value are not symmetric for a0 and a1 , as

da1 (γ)
dγ

>

da0 (γ)
.
dγ

Because when γ > 1,

time costs increase more than income growth, at the upper bound of the "gentrified"
region, the financial cost has to increase more aggressively to sustain the “gentrified
equilibrium” than at the lower bound.
We can also see the effects of reducing transit time, or increasing travel speed on
residential patterns from Figure 3.5. When travel time ρ decreases, it reduces both
a0 and a1 . For a financial cost that is large enough, the "suburbanized equilibrium"
is more likely to happen when transit time is reduced.13 For a low financial cost per
13

This prediction is consistent with Baum-Snow (2007b), in which high speed radial highways
causes population decline in the central city.
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kilometer, reducing traveling time makes the effect of transit cost relatively large. As
the effects of financial cost dominate, low-income households tend to live near the
city center.
The income distribution affects equilibrium residential patterns only through the
highest and lowest income levels. Income growth at the top of the distribution increases the tendency of rich households to concentrate near the city center, as their
time costs increase more than proportionately with income. The model also predicts
that income growth for low-income households and lower financial costs enable them
to move to non-central locations. If the income level for the poorest households remain low, they cannot afford non-central locations and are effectively “stuck” in the
central neighborhoods.14

3.6

Model Solutions

In this section, I derive the equilibrium conditions to solve the model when sorting
of income across locations is imperfect. The conditions to solve the model and the
solution for perfect sorting can be found in Section 2.4.2 in the previous chapter. I
focus on the equilibrium where the two assignment functions overlap at all locations
within the city, and show that the equilibrium can be represented by a system of
ordinary differential equations, which can be solved numerically.
Consider the equilibrium where both the richest and poorest live at x = 0, and
∗
the two assignment functions, yH
(x) and yL∗ (x) overlap at all distances from the city
∗
center. From Proposition (3.5.3), we know that yH
(x) decreases monotonically from
14

Glaeser et al. (2008) documents that urban poverty tends to concentrate in the central city,
and accessibility to public transit explains why the poor live in central neighborhoods. Couture
et al. (2019) documents that both the richest and the poorest households are over-represented in
the central city. The “gentrified equilibrium” in my model is consistent with these findings.
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the distance to the city center, and yL∗ (x) increases monotonically from the distance
to the city center. The market clearing condition Equation (2.11), can be rewritten
as
Z

∗ (x)
yL

Z

ȳ

Z

x

Q(s)dx.

(3.9)



∗
dyL∗ (x)
dyH
(x)
∗
∗
+ hH (x)N f (yH (x)) −
= Q(x).
dx
dx

(3.10)

h(y, x)N f (y)dy =

h(y, x)N f (y)dy +
∗ (x)
yH

y

0

Differentiating both sides gives

hL (x)N f

(yL∗ (x))

∗
(x) and yL∗ (x), we differentiate the price match
To obtain the relationship between yH

condition (3.8) with respect to x. After some manipulations, we obtain
"
#
∗
∗
∗
(x)
dyH
(x) (yL∗ (x))γ−1 dyL∗ (x)
(x) − γρyH
a + ρyH
∗
=
.
∗
dx
dx
a + ρyL∗ (x) − γρyL∗ (x) (yH
(x))γ−1
{z
}
|

(3.11)

∗ (x),y ∗ (x))
G(yH
L

Differentiating the price match condition with respect to x requires that the unit
price function p(x) is continuously differentiable: for any infinitesmal change in x,
the associated price differential p0 (x) cannot "jump".15
15

Equation (3.11) is similar to the "smooth pasting condition" in the optimal stopping problem
with continuous time. At the optimal stopping point, not only the value for waiting and stopping
should be equalized, the marginal value at the optimal stopping point should also be the same.
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Figure 3.6: Numerical Solution: Income and Population Density When Both the
Poorest and Richest Households at the City Center
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Note: Income level and average income across locations when the equilibrium is such that the richest and the poorest
both live at x = 0. The model is solved under a lognormal distribution for income.

Substituting this expression into the market clearing condition (3.10) and organizing, we can get



R(x)L(x)  ∗
dyL∗ (x)
∗
=
yL (x) − T yL (x), x N f yL∗ (x)
dx
αβ




∗
∗
∗
∗
∗
− yH (x) − T yH (x), x N f yH (x) G(yH (x), yL (x)) .

(3.12)

To sum up, the solution to the equilibrium where both the richest and the poorest live
at x = 0 is represented by a system of three differential equations: Equation (3.8),
∗
Equation (3.11), and Equation (3.12). And the initial conditions are yH
(0) = ȳ, and
∗
yL∗ (0) = y. At the city boundary x = x̄, we have yH
(x̄) = yL∗ (x̄) = ŷ, and R(x̄) = R.
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To illustrate how income distribution and commuting costs affect equilibrium residential patterns and other equilibrium outcomes, Figure 3.6 and Figure 3.7 display
the solution to the model under the proposed equilibrium configuration. The model
is solved under a truncated lognormal distribution for income as in Figure A.4.1. At
each location, there are two income levels; from the city center, income decreases with
distance from the highest income level, and increases with distance from the lowest
level.
The distribution of income and population across locations depends on the probability density of the income distribution, as well as the financial cost to travel, a.
In this example, the financial cost, a, is relatively low, which enables the low-income
households to move further from the city centre. In the suburbs, the distribution of
the housing stock is relatively more dispersed than the distribution of income, as a
result, the income gradient for the low-income households is relatively flat. Due to
low density of low-income households in the central city, the average income decreases
with distance. The overall population density decreases with distance from the city
center.
Figure 3.7 shows other equilibrium objects in this example. The gradients for
land rent and the unit price for housing service both decline with distance from the
city center. The price gradients are steeper in the central city, resulting from that
rich households demand high quality houses near the city center, where land is more
scarce. At each location, two sub-markets open up; houses of two quality types are
provided to the high- and low-income households at each location.
In the other two equilibrium configurations where the city center is either occupied
by only the richest or the poorest households, the city consists of two segments.
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Figure 3.7: Numerical Solution: Both the Poorest and Richest Households at the City
Center
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Note: Other equilibrium objects when the equilibrium is such that the richest and the poorest both live at x = 0. The

model is solved under a lognormal distribution for income.

Near the city center, income changes monotonically with distance, depending on
which income types live at the city center. Beyond xc , the two assignment functions
∗
(x) and yL∗ (x) overlap. The solution of the model under these configurations are
yH

represented by two sets of differential equations, which can be solved numerically.

3.7

Inequality and Neighborhood Gentrification

In this section, I study the effects of income inequality on equilibrium prices, household location, and welfare. I first show that when inequality changes, the equilibrium
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residential pattern depends only on the support of the income distribution and commuting costs.16 Then I evaluate the effects of rising inequality by comparing the
equilibrium outcomes of two different income distributions. Lastly, I use the model
to evaluate the effects of a specific zoning policy, the greenbelt, on prices and welfare
when inequality increases.
Proposition 3.7.1. Consider a city that starts with the equilibrium configuration
where both the richest and poorest households locate at x = 0. Suppose the city

experiences a change in income distribution from F (y), with support y ∈ y, ȳ , to

F 0 (y), with support y ∈ y 0 , ȳ 0 . For a given ȳ 0 , there exists an income level ỹ, such
that
1. if y 0 = ỹ, then the city center x = 0 is still occupied by both the richest and
poorest households
2. if y 0 > ỹ, then the poor in the city center x = 0 is fully displaced; only the
richest households live at the city center
3. if y 0 < ỹ, then the city center x = 0 is de-gentrified: only the poorest households
live at the city center
Moreover, ỹ increases with transit cost, a.
Proof. The proof is straightforward from Proposition B.2.2.
When income distributions changes, only the income levels of the richest and the
poorest, and commuting costs affect the equilibrium residential pattern. The model
predicts that if the income level of the poorest households remains low, in equilibrium,
16

This presumes a continuous income distribution with full support.
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Figure 3.8: Gentrification without Full Displacement: Income Gradient
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Note: This figure shows the income levels and average income rank across locations. The model is solved under two
lognormal distributions for income. The blue lines represent the gradients for the city before inequality increases, the
red ones are for the distribution with larger variance.

there will always be poor households in the city center. When income growth at the
end of the distribution is substantial and financial cost, a, is relatively low, low-income
households can re-locate to other parts of the city. This theoretical prediction makes
it possible to evaluate the effects of higher inequality on the distribution of income and
the local housing market in the long-run equilibrium. Specifically, I solve the model
under two different income distributions and compare the equilibrium outcomes.
To highlight the effects of income inequality on neighborhood gentrification and
displacement, I consider two initially identical cities that experience different changes
in income distributions. In the first city, income grows more substantially for households at the top of the distribution. In the second one, the income level for the poorest
households also increase. For illustrative purpose, I assume that both cities start with
the equilibrium configuration where central locations are occupied by the poor, and
the rich households live at locations adjacent to the central city. The changes in
income distributions in each example are illustrated in Figure B.3 and Figure B.4.
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Gentrification without Full Displacement Figure 3.8 shows the income levels across locations, and the income gradient when the income level of the poorest
households remains low after inequality increases. As predicted by Proposition 3.7.1,
central locations where the poorest households used to live, are occupied by both the
richest and the poorest households after income inequality increases. The city size
becomes larger after inequality rises. Income gradient for the high/low-income group
shifts up/down. Income growth for the rich induces them to live closer to the city
center due to disproportionate increase in time costs; at the same time, relatively rich
households amongst the low-income group move further from the city center.
The shape of the income gradient, which is the average income percentiles at each
location, depends on income levels across locations, as well as the shape of the income
distribution. Before inequality increases, the income gradient is steeper near the city
center, and gradually increases with distance. The shape of the income gradient
resembles that in Detroit, where the poorest neighborhoods concentrate near the city
center, and the richest ones locate at suburban locations adjacent to the central part
of the city. In this example, after inequality increases, the overall gradient declines
with distance from the city center.
Figure 3.9 shows the effects of higher inequality on the local housing market in this
example. Higher inequality causes land rent and therefore the unit price of housing
services to increase at all locations, even though more land gets developed near the
city edge. The gradient for land rent becomes steeper after inequality increases,
reflecting that the housing market becomes “tighter” closer to the city center: as the
rich households get richer, they demand higher-quality houses at locations closer to
the city center. Housing supply for high-quality sub-markets, however, is restricted,
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Figure 3.9: Gentrification without Full Displacement: Distributional Effects Across
Locations
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because there is no new land available in the city center.
Rising inequality induces households of different income groups to sort into different segments of the housing market within the city. Before inequality increases, at
locations near the city center, only the sub-markets for low-quality houses open up.
As the richest households move closer to the city center, high-quality and expensive
houses are built. At other parts of the city, the effects of higher inequality differ
for the high- and low-quality sub-markets. At each location, the quality and prices
for houses increase for the high-quality sub-markets, but decrease for the low-quality
sub-markets.
The gradient for population density declines with distance from the city center,
and the shape depends on the shape of the income distribution. Before inequality
increases, poverty is highly concentrated near the city center. Rising inequality makes
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Figure 3.10: Gentrification without Full Displacement: Distributional Effects Over
Households
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Figure 3.11: Income Growth and Welfare Change
6
5.5
5
4.5
4
3.5
3
2.5
2
1.5
0

0.2

0.4

0.6

0.8

1

Income Percentiles

Note: This figure shows changes in income level and household welfare at different income percentile when inequality
increases. Welfare change is measured as changes in compensating equivalent variation in consumption units from
income growth.

the central city more expensive, which leads to a significant drop in population density
at locations near the city center. Land beyond the original city edge gets developed;
as a result, the city becomes more spread out.
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Figure 3.10 shows the effects of higher inequality on equilibrium outcomes over
income percentiles. As inequality increases, relatively rich low-income households
move further from the city center. Households with income below the 5th percentile
faces higher unit prices for housing services, as they are “forced” to remain at central
locations, where unit prices are bid up by the richest households. Other low-income
households are able to move to houses of higher quality at non-central locations, where
land rent is lower.
Figure 3.11 shows the changes in welfare, measured by compensating equivalent
variation in consumption units, for households at different income percentiles when
inequality rises. In the long run, the effects of higher inequality on the welfare gap is
mitigated, because households in different income groups re-locate to different types
of houses at different locations, and the equilibrium housing supply fully adjusts
to accommodate for their housing needs. For the richer households, because of high
income elasticity of time costs, income growth increases their tendency to concentrate
near the city centre, where limited land supply causes pressures on land rent and house
prices. At the same time, low-income households who can afford the financial costs
move to houses of better qualities at non-central locations. As a result, the welfare
gap is smaller than that resulting purely from the change in income inequality.

Gentrification with Full Displacement Figure 3.12 shows the income levels
across locations and the income gradient in the second city where inequality increases,
but the income level of the poorest household grows more than those in the first city.
In this example, the poor residents near the city center are replaced by the richest
ones when inequality increases. The overall income gradient declines with distance,
with a discrete drop at the location where the poorest households live.
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Figure 3.12: Gentrification with Full Displacement: Income Gradient
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Figure 3.13: Gentrification with Full Displacement: Distributional Effects Across Locations
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The effects of higher inequality in this city on the housing market are displayed
in Figure 3.13. As in the previous example, the gradient for land rent shifts upwards
and becomes steeper. The change in the urban landscape near the city center is more
drastic than in the previous example: low-quality, cheap houses are fully replaced
by the best quality, most expensive ones. At locations where both the sub-markets
for the high- and low-quality houses open up, quality and prices for houses increase
in high-quality sub-markets, and decrease for the low-quality sub-markets. In this
scenario, income growth at the bottom of the distribution, together with a relatively
low financial cost of travel, enables the poor households to move to the suburbs,
where lower land rent enables them in live in houses of higher quality. As illustrated
in Figure 3.15, the effect of income growth on welfare is more significant for lowincome households.

Policy Analysis: the Greenbelt I consider the distributional effects of a specific
zoning policy, a greenbelt that prohibits housing construction beyond the existing city
edge. For illustrative purposes, suppose the city starts from the equilibrium configuration where the central city is occupied by the poor, and changes in inequality cause
the poor to be fully replaced by the rich. Figure 3.16 compares the income gradients
for the equilibrium where inequality is higher, with and without the greenbelt. From
the left panel, if there were no greenbelt, the city size would be larger in response to
rising inequality. The income gradient becomes steeper with the greenbelt: households of distinct income levels have to be assigned to locations with relatively small
differences in distances from the city center. In this example, the greenbelt causes
the overall income gradient to shift downwards, and the city becomes denser because
of the greenbelt.
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Figure 3.14: Gentrification with Full Displacement:
Households
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Note: This figure shows the equilibrium outcomes over different income percentiles when the poorest households
remain in the city center when inequality increases.

Figure 3.15: Gentrification with Full Displacement: Income Growth and Welfare
Change
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Figure 3.16: The Effects of the Greenbelt: Income Gradient
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Note: Income level and average income rank across locations with and without the greenbelt.

Figure 3.17: The Effects of the Greenbelt Across Locations
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Figure 3.18: The Effects of the Greenbelt Over Households
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Note: Equilibrium outcome over households with and without the greenbelt under the income distribution with higher
variance.

The greenbelt restricts housing supply from accommodating the needs of households with income levels close to y = ŷ, who would live beyond the greenbelt if there
were no such zoning policy. The greenbelt affects the local housing market through
re-allocations of households towards the city center, and the spillover effects of price
pressures from the sub-markets near the city edge. Rental prices for land increase at
all locations, even at central locations where income levels would be higher without
the greenbelt. The effects of the greenbelt differ on the high- and low-quality submarkets. At each location, the quality and prices decrease in the high-quality submarket,
and increase in the low-quality submarket.
Figure 3.19 compares the effects of rising inequality on equilibrium outcomes across
households with and without the greenbelt. The greenbelt causes all households,
except the richest ones, to live closer to the city center. The unit prices increase,
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and housing qualities decrease for all households because of the greenbelt, and the
effects are most significant for households with income ŷ, who lives at the city edge.
Because of Cobb-Douglas utility, house prices, or total housing expenditure, remains
the same.
Figure 3.19: The Effects of the Greenbelt: Welfare Loss
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Note: This figure shows the difference in compensating variation equivalent and growth in income relative to the
original income levels.

Figure 3.19 compares the welfare change from income growth with and without
the greenbelt. When inequality increases, the welfare loss is most significant for
households at the 60th percentile of the income distribution. These households used
to live at the city edge with the lowest unit price for housing service in the city.
When inequality increases, they re-locate closer to the city center, where land is more
expensive and housing costs are higher. From Figure B.6, we can also see that having
a greenbelt reduces welfare for all households when inequality increases. The welfare
loss is proportionately greater for low-income households.
In summary, my methodology is flexible enough to study the impacts of urban
policies that either target specific income groups or locations when income inequality
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increases. In the current example of the greenbelt, first of all, from Proposition
(3.7.1), the greenbelt does not change the equilibrium sorting patterns of income
within a city when inequality increases. The effects on urban landscape and the
housing market, however, is significant. Specifically, the greenbelt makes population
density and land rents increase at all locations, and housing qualities in the suburbs
decrease significantly when inequality increases. Lastly, despite a wide variety of
benefits, how the costs of the greenbelt are distributed across households is less known.
My results indicate that the greenbelt is disproportionately more costly for low-income
households, rather than the middle-income households who locate near the greenbelt.

3.8

Conclusions

This chapter presents a theoretical framework which links changes in income distribution to household locations, house prices, and welfare. I develop an assignment
approach to the monocentric city model with income-dependent commuting costs and
endogenous housing. The model not only generalizes the predictions of the canonical monocentric model with two income types, it is also able to generate imperfect
sorting of income across locations that are qualitatively consistent with real-world observations. Specifically, the U-shape income gradients in cities can be interpreted as
the overlay of the assignment functions for high- and low-income groups. The model
also addresses causes of recent gentrification phenomena in cities: when inequality
increases, the changes in equilibrium configurations are such that the concentration
of high-income households near the city center increases, and some incumbent poor
residents are pushed further from the city center due to higher housing costs.
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The model in this chapter provides a flexible framework to evaluate the distributional effects of urban policies on city-wide prices and household welfare. According
to the model, it is crucial to account for household location choice when designing
urban policies. For example, subsidizing the poor households would induce them
to move to non-central locations where the supply side adjustment is more flexible.
The effects of a zoning policy depend on where the policy is implemented, and which
households choose to live close to the location that the policy targets.
The model studies the long-run effects of higher income inequality on the local
housing market in a competitive equilibrium framework. There are no market frictions, and housing supply fully adjusts to changes in the economic environment and
household characteristics. Under Cobb-Douglas preferences over housing and consumption, adjustment in the quality of houses mitigates the effects of higher income
inequality on the welfare gap. It would be interesting to explore the welfare implications under different utility functions. For example, if households have to consume a
minimum amount of housing, low-income households may be hurt more when higher
inequality causes prices to increase.
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Chapter 4
Neighborhood Externalities, Commuting Costs, and
Residential Sorting

4.1

Introduction

The standard monocentric model developed by Alonso (1964), Mills (1967) and Muth
(1969) provides insights into the effects of income on household location. However,
the model fails to explains why affluent, well-educated residents are returning to city
centres during the last decades, despite improvement in transit infrastructure and declining cost for automobiles. In the previous two chapters, I have associated variations
in the sorting patterns of households in a city to income-dependent commuting costs.
In previous analysis, locations only differ by distance from the center, and there is no
heterogeneity in amenity levels across locations. In this chapter, I explore the fact
that neighborhood amenities are an important consideration when households choose
where to live within a city. Moreover, in this chapter, I allow for the fact that the
amenities in a neighborhood are endogenous, and depend on the types of households
that choose to live there. I formalize this idea is a spatial model of a city that features
two income types and neighborhood-specific amenities.
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In this chapter I link the locations of different income groups within a city to
endogenous neighborhood amenities. I consider a spatial model of a city with two
income types. The city is represented by a line, and each household chooses a location
within the city. Households have to travel to the city center for work and to access
exogeneous amenities, and traveling to the city center incurs income-dependent time
costs. Exogenous amenities, such as historical monuments, main railway station, and
natural amenities are fixed at the city center. A primary difference from a standard
monocentric city model is that households also derive utility from neighborhoodspecific amenities, which depend on the location of high-income households within
the city.
The key assumption of the model is that households have non-homothetic preferences for neighborhood amenities. It is assumed that each household’s utility is
increasing in their proximity to the amenities that are concentrated in the neighbourhoods where high-income households reside. Moreover, access to and therefore
the utility derived from these amenities is assumed to increase with income level.
Although I do not explicitly micro-found the mechanism, there are many potential channels through which households benefit from living close to those with high
incomes. For example, if there are increasing returns to scale in the production of
neighborhood amenities (number and variety of restaurants, easier access to services),
such amenities may be more common as the income of one’s neighbors increases. The
operation of venues like restaurants and cinemas crucially depends on high population
density to allow access to a large customer base. Living closer to the rich, who gain
higher utility from these amenities, means better access to these amenities.
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In this chapter I demonstrate how such externalities can generate the indeterminacy in income-location relationship in a spatial model of a city. I show that different
types of equilibria with income segregation may arise, depending on the interactions
between commuting costs and preferences for neighborhood-specific amenities. Endogenous neighborhood amenities may reinforce the rich households’ tendency to concentrate near the center, or foster the formation of rich neighborhoods in the suburbs,
depending on the size of the income elasticity of commuting costs. In particular, when
the income elasticity of commuting costs is high, rich households concentrate near the
city center, and neighborhood-specific amenities reinforce this tendency. When the
income elasticity of commuting costs is low, the equilibrium income-location relationship is indeterminate; the rich can either live in the central city or the suburbs.
The model sheds light on the causes of suburbanization and neighborhood gentrification. The equilibrium where the rich segregate in the suburbs can only exist
if the income elasticity of commuting costs is low enough, implying that decreasing
commuting costs is necessary for suburbanization to take place. When the preference
for externalities is non-homothetic, however, the equilibria where the rich move to
centres of cities can arise even for low commuting costs. Because the high density of
the central city increases the scale of externalities, rich households, who benefit more
from them, would optimally congregate there, even commuting from the suburbs is
not costly.
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Related Literature

My work contributes to the literature on endogenous amenities and residential sorting
in a city. Brueckner et al. (1997) propose an amenity-based theory that ties the location of income to the distribution of exogenous amenities. My model can be thought of
as an extension of their amenity-based model, where exogenous amenities are located
in the city center, and neighborhood-specific amenities are endogenously provided in
the rich neighborhoods. Lee and Lin (2018) consider a model with both exogenous
and endogenous amenities, and find that superior natural amenities, like beaches, lake
views, anchor the locations of rich neighborhoods within cities. My model shows that
non-homotheric preferences for neighborhood-specific amenities increase high-income
households’ tendency to concentrate near the city center, where exogenous amenities locate. The theoretical model and solution strategy in this chapter is similar to
Guerrieri et al. (2013), where neighborhood externalities cause poor neighborhoods
adjacent to rich ones to gentrify during city-wide housing booms. Here, however, I
incorporate spatial aspects that induce land rents to decline with distance from the
city centre.
This chapter complements works on non-homothetic preferences for local amenities. Using product level data, Handbury et al. (2015) finds evidence for nonhomothetic preferences for local consumption goods. Diamond (2016) shows that
local amenity values endogenously improve as the city is populated by more welleducated, high-skilled workers. My work is most closely related to Couture (2013),
which finds that the rising taste of well-educated, young residents for non-tradable
service amenities accounts for more than 40 percent of their moving to city centers.
In this paper, I highlight the role of non-homothetic preferences for neighborhood
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externalities in explaining the cross-city differences in income-location relationships.
My model also sheds light on the causes of suburbanization. One strand of literature emphasizes the role of transportation innovations and travel time considerations.
For example, Baum-Snow (2007b) shows that new highways are an important element
to explain urban population decentralization in a monocentric city model. Another
strand of the literature highlights fiscal and social problems of central cities. Problems
like low quality public schools, and high crime rates lead rich residents to migrate to
the suburbs, forming homogeneous communities.(Mills and Price (1984b)) My framework combines these two theories together by explicitly modeling both commuting
cost and non-homothetic preferences for endogenous amenities.
My work belongs to the emerging literature on the causes of the recent “central
city revival”. For example, Ellen et al. (2019) study the role of reduced crime rates in
central cities. Su (2018) and Edlund et al. (2015) highlight the demand for shorter
commutes by high-skilled workers. My mechanism is mostly related to Couture and
Handbury (2017) and Couture et al. (2019), in which well-educated, young residents’
non-homothetic preference for city-type amenities increase their demand for central
locations. In my paper, I study the interactions between commuting costs and nonhomothetic preference for endogenous amenities in a monocentric city model. My
results show that with non-homothetic preferences for neighborhood amenities, the
equilibrium where the rich concentrate near the city center is more likely to arise,
indicating that non-homothetic preferences for neighborhood externalities is a key
driving force for gentrification of the central cities.
The rest of this chapter is organized as follows. In the next section, I develop
a model of residential sorting and construct two types of equilibria with different
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income-location patterns. Then I solve for the constructed equilibria numerically
and explore the effects of externalities on equilibrium outcomes. The last section
concludes and discusses future work.

4.3

A Model of Residential Sorting

In this section, I develop a model of residential sorting. A key ingredient of the
model is the existence of residential externalities: households value amenities and
these amenities are concentrated in neighbourhoods where high income households
reside. I am interested in how the interactions between residential externalities and
commuting costs affect the equilibrium locational choices of different income types.

4.3.1

Setup

Consider a city populated by N households comprised of two types: a continuum
of rich households of measure NR and a continuum of poor households of measure
NP . Households of type s, s ∈ {R, P }, receive exogenous income endowment ys , with
yP < yR .
The city is represented by the real line and each point on the line x ∈ (−∞, +∞)
is a different location. Agents are fully mobile and can choose to live in any location
x. Point x = 0 is normalized as the center of the city. All residents have to travel
to the city center x = 0 for work and to access exogenous amenities. Traveling
incurs a pecuniary cost Ts (x) = τs x, s ∈ {R, P }. It is assumed that the marginal
commuting cost is higher for the rich, i.e., τR > τP , because the opportunity cost to
travel increases income.
The key assumption of the model is that there are positive location externalities:
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households benefit from living closer to rich households, whose presence at a location
increases the amenity level. In this paper, I focus on equilibria with full income
segregation, so a location is occupied either by the rich or the poor. Denote 1(x)
as an indicator function which equals 1 if location x is inhabited by rich households
and equals 0 otherwise. The effect of rich residents in location x on other households
decays exponentially with the distance between them. Let E(x) denote the total
value of amenities experienced by a household in location x. Denote the boundary
of the city as b. Denote the distance between x and a location s. The amenity value
E(x) takes the following functional form:
Z

b

E(x) =
−b

e−γ|x−m| 1(m)dm, ∀ m ∈ [−b, b] ,

(4.1)

where |x − m| is the distance between location x and location m. The indicator

1(m) = 1, if location m is occupied by rich households. Note that this specification
implicitly assumes that externalities increase with the density of rich households:
externalities are higher if rich household live closer to each other. The effects of
higher urban density on consumers is addressed by Glaeser and Gottlieb (2006)1 and
Couture (2013)2 . In this model, these externalities are captured by the fact that
households enjoy their houses more if they live in locations with higher externalities.
Households derive utility from consumption good c and housing services H(x).
Assume that utility takes the following functional form: u(c, H) = c1−β H β , for
s ∈ {R, P }. Housing service Hs (x) = h(x)E(x)δs , which depends on housing units
1

Glaeser and Gottlieb (2006) point out that higher density improves consumers’ access to a
greater variety of goods and services.
2
Couture (2013) shows that increased density enables consumers to gain access to more varieties
and save time through shorter commute.
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consumed and the level of externalities. It is assumed that δR ≥ δP , so that rich
households, who generate the externalities, value them at least as much as poor
households. In reality, certain public goods or services, like high-quality schools, are
financed locally and are more accessible to the rich. Some amenities at the neighborhood level, such as fancy restaurants and expensive entertainments, are more specific
to high income residents.
On the supply side, there is a perfectly competitive construction industry using
land and capital to produce housing under constant returns to scale technology. Construction firms produce f (x) units of housing services per unit of land at x. Denote
the rental price of land as R(x). Assume that the rental price of capital is constant
and exogenously given, so it can be omitted from the unit cost function C(R(x), 1).
Denote the price per unit of housing as P (x). At each location, the construction firms
make zero profits, so P (x) = c(R(x)). Denote R the value for best alternative land
use. Land will be developed whenever R(x) > R.

4.3.2

Equilibrium

The Bid-rent Function Ps (x, us ), the bid-rent function, is defined as the highest
price that households of type s are willing to pay to reside at location x give utility
level us while satisfying the budget constraint:

Ps (x, us ) ≡

max {P (x)|u(h, c) = us , cs (x) + hs (x)P (x) ≤ y s − τs x}, s ∈ {R, P }.

cs (x),hs (x)

(4.2)
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Let us replace c(x) with the restricted Hicksian demand for consumption good c(h(x), us ),
and solve for P (x) from the budget constraint. The maximization problem becomes
n y s − τ x − c(hs (x), us ) o
s
.
Ps (x, us ) = max
hs (x)
hs (x)

(4.3)

From the utility function, we can obtain c (hs (x), E(x), us ). Substituting this into the
above expression, and solving for hs (x) yields
us E(x)−δs β
h (x) =
(1 − β)1−β (ys − τs x)1−β
s



 β1
.

(4.4)

s

δ β
β
1
n y s − τ x − h− 1−β
u 1−β E − 1−β o
s
.
Ps (x, us ) = max
hs (x)
hs (x)

(4.5)

Reinserting hs (x) into the maximization problem yields

Ps (x, us ) = (1 − β)

1−β
β


β

1
us

 β1

1

s

[y s − τs x] β E(x)δ , s ∈ {R, P }

(4.6)

Given the externalities and commuting costs , a household of type s is willing to pay
Ps (x) for one unit of housing at location x, such that a common utility level us can be
obtained across locations that he chooses. This expression is intuitive, as households
are willing to pay higher unit prices for housing at locations which are closer to the
city center, or where neighborhood-specific amenities are higher.
The unit house price at location x is the upper envelope of two bid-rent functions,
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that is

P (x) = max{PR (x, uR ), PP (x, uP )}.

(4.7)

Supply Side At each location x, a representative construction firm chooses the
amount of land l(x) and capital k(x) needed to produce housing, taking as given
the rental price of land R(x). Assuming a Cobb-Douglous production function for
construction firms, we can define the unit cost function for the firms as
c(R(x), 1) = min

R(x)l(x) + r̄k(x),

l(x),k(x)

subject to

(4.8)
l(x)α k(x)1−α ≥ 1.

From the above cost minimization problem, we can obtain the unit cost to produce
one unit of housing service:

c(R(x), 1) = A ∗ R(x)α ,
α−1

where A = r̄1−α (1−α)
αα

(4.9)

. The cost of building one unit of housing is higher if land is

more expensive.
By Shepard’s Lemma, the Hicksian demand for land needed to produce one unit
of housing is given by
∂c(R(x))
1
=
= αAR(x)α−1 .
∂R(x)
f (x)

(4.10)

At each location, there is one unit of land. So the total units of housing produced at
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x is

f (x) =

1
R(x)1−α .
αA

Housing supply f (x) is increasing in R(x): more housing units will be produced if
the rental price for land is higher at a location.
The measure of households, or population density at x, is given by


f (x)
1
1
n(x) =
=
R(x).
h(x)
αβ ys − Ts (x)

(4.11)

Because of free entry, construction firms make zero profit at each location, so the
unit price for housing should equal the unit cost

P (x) = c(R(x)) = AR(x)α .

(4.12)

The zero profit condition establishes a one-to-one relationship between the unit housing price P (x) and the rental price of land R(x). Unit housing prices are higher where
land is more expensive.

Market Clearing Condition Denote by ns (x) the measure of households of type
s who live in location x and by hs (x) the number of housing units, or the size of the
house they choose. Market clearing requires
Z

+∞

ns (x)dx = Ns , s ∈ {R, P }.
−∞

(4.13)
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Equilibrium Definition An equilibrium is a sequence of price schedules {P (x), R(x)}x∈R ,
and allocations {nR (x), nP (x), hR (x), hP (x)}x∈R , such that households maximize utility, the construction sector minimizes costs and makes production zero profits, and
markets clear.

4.4

Equilibrium Construction

With income and location heterogeneity, the sorting problem is complicated and many
types of equilibrium may exist. In this paper, I focus on two types of equilibrium
with full separation. I first consider a “suburbanized equilibrium” where the poor concentrate in the city center and the rich live at the periphery. The locational pattern
is reversed in the “gentrified equilibrium” where the rich households live in the city
center. For each case, I first derive the conditions needed to solve the model under
the equilibrium definition. Then I check that the solution is indeed an equilibrium by
showing that the willingness to pay is higher for the type of households in their “proposed” neighborhood. In this section, I will only derive the equilibrium conditions to
solve the “suburbanized equilibrium”. The conditions for the “gentrified equilibrium”
can be found in the Appendix C.4.
Denote by z the point that separates both income types. Both z and the city
edge b are equilibrium objects. Given that the proposed equilibrium is symmetric in
x, from now on, I restrict attention to x ≥ 0.

4.4.1

The “Suburbanized Equilibrium”

Let us first consider the equilibrium where the poor households live in locations x ∈
[0, z), and the rich live in locations x ∈ (z, b]. Under this equilibrium configuration,
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Figure 4.1: The "Suburbanized Equilibrium": Amenity Level
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Note: This figure shows the externalities across locations within the city when the equilibrium is such that the rich in
the suburbs. In this example, the boundary for the poor and rich neighborhood z = 0.3578, and city size b = 0.8842.

the externality function (4.1) can be derived as:

E(x) =




 e−γ(z−x) −e−γ(b−x) ,

x ∈ [0, z)



 2−e−γ(x−z) −e−γ(b−x) ,

x ∈ [z, b]

γ

γ

(4.14)

Figure 4.1 shows the value derived from amenities E(x) as a function of location
x when the equilibrium is such that the rich live in the suburbs. Externalities first
increase with distance from the city center x = 0, reach the maximum at the center
of the rich neighborhood segments x = ± z+b
, and then decrease as we approach the
2
city boundary b.
Denote Rs (x) as the rental price at location x where type s households reside.
Households of type s are willing to pay Ps (x) for one unit of housing at that location.
From the price function (4.6) and zero profit condition (4.12), Rs (x) can be written
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as
1

δs

Rs (x) = Ks [ys − Ts (x)] αβ E(x) α , s ∈ {R, P }.

(4.15)

Ks , with s ∈ {R, P }, depend on the equilibrium utility level us as well as several
other exogenous parameters, and will be solved as an equilibrium object.
Rental price for land at the boundary of the city b is equal to its value for alternative land use, R:
1

δR

RR (b) = KR [yR − TR (b)] αβ E(b) α = R.

So KR can be written as
1

δR

KR = R [yR − TR (b)]− αβ E(b)− α .

(4.16)

At x = z which separates the two groups, the rental price must be the same for both
types:

RR (z) = RP (z).

From the expression for the rental price (4.15), the above expression can be written
as
1

δR

1

δP

KR [yR − TR (z)] αβ E(z) α = KP [yP − TR (z)] αβ E(z) α .
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Plugging in KR gives


yR − TR (z)
yP − TP (z)

KP = KR

1
 αβ

E(z)

δR −δP
α

(4.17)

Combining the measure of household (4.11) and the unit price (4.6), the market
clearing conditions can then be written as
Z

z

0

Z

b

z

1
nP (x)dx =
KP
αβ

Z

1
KR
nR (x)dx =
αβ

Z

z

0

z

b

δP
1
1
[yp − TP (x)] αβ −1 E(x) α dx = NP ,
2

(4.18)

δR
1
1
[yR − TR (x)] αβ −1 E(x) α dx = NR .
2

(4.19)

The solution to the model is represented by the four equations (4.16) to (4.19).
From these four equations we can solve for KP , KR , the neighborhood boundary z,
and the city boundary b. After obtaining z and b, we must verify that the solution
is indeed an equilibrium by checking that the rich are willing to pay more than the
poor to live in the rich neighborhood, and vice versa. Specifically,

PR (x) ≤ PP (x) for all x ∈ (0, z],
PR (x) > PP (x) for all x ∈ (z, b].

4.4.2

The Effects of Externalities on Households’ Locations

Proposition 4.4.1. When δR = δP , the “gentrified equilibrium” exists if and only if
T 0 R(yz)
hR (z)

>

TP0 (z)
;
hP (z)

the “suburbanized equilibrium” if and only if

0 (z)
TR
hR (z)

<

TP0 (z)
.
hP (z)

This proposition proves that neighborhood externalities do not affect the relative
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location of households within the city when both income types have the same preference for neighborhood externalities. When δR = δP , the relative location of the rich
and the poor depends on the relative strength of the income elasticity of marginal
commuting costs and the income elasticity of housing demand at the neighborhood
boundary z, which is consistent with the prediction of the canonical monocentric city
model without neighborhood externalities. When δR 6= δP , it is hard to determine the
relative location of two income types analytically. I will explored the equilibrium configurations numerically when the preferences for externalities differ by income levels
in Section 4.5.3.

4.5

Numerical Examples

In this section, I first solve for the “suburbanized equilibrium” and the “gentrified
equilibrium” numerically. Then I explore how the equilibrium income-location relationship varies with commuting costs and preferences for neighborhood amenities.
Specifically, I study which type of equilibrium exists when the values for τR and δR
are varied, holding everything else constant. The model is solved under the parameter
values in Table 4.1.

4.5.1

The “Suburbanized Equilibrium”

In this subsection, I solve for the “suburbanized equilibrium” under the specified
parameter values. I first obtain the city boundary b and neighborhood boundary z
from Equation (4.18) and (4.19). Then we need to verify that the solution is indeed
an equilibrium. Figure 4.2 plots the willingness to pay for the rich and poor across
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Table 4.1: Parameter Values for Numerical Examples
Parameter symbol
Definition
Value
α
expenditure share of land
0.5
β
income share of housing
0.2
R
rent for alternative land use
1
τR
marginal commuting cost for the rich
0.6
τP
marginal commuting cost for the poor
0.5
yR
income for the rich
1.5
yP
income for the poor
1
γ
decay rate for externality
3
δR
the rich’s preference for externality
1
δP
the poor’s preference for externality
1
NtR
measure of rich household
10
NtP
measure of poor household
10

Figure 4.2: The “Suburbanized Equilibrium”: Household’s Willingness to Pay
2
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Note: Willingness to pay for the rich and poor when τR = 0.6, and the equilibrium is such that the rich live in the
suburbs.
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locations under the “suburbanized equilibrium”. The willingness to pay for the rich is
higher than that for the poor in the suburbs, and the relationship is reversed in the
city center. This is consistent with the definition of the proposed equilibrium . Thus
the solution to Equation (4.18) and (4.19) is indeed an equilibrium.
After obtaining b and z, we can compute other equilibrium objects. The top panel
of Figure 4.3 shows the unit housing price P (x), housing size h(x) , total housing
expenditure h(x)n(x), and population density n(x) across locations in the city. In
this equilibrium, commuting costs increase with distance, but neighborhood-specific
externalities decline from the center of the rich neighborhood. The price gradient is
hump-shaped, reflecting the fact that scale of amenities reaches a maximum at the
center of the suburban neighborhood. In the poor neighborhood, the unit housing
price P(x) increases as we move away from the city center, reflecting the fact that
the benefit from living closer to the rich neighborhoods dominates that of locating
centrally. Poor households are willing to live in smaller houses at locations adjacent
to the rich neighborhood, where amenities are higher than other locations in the
poor neighborhood. High externalities in the middle of the rich neighborhood cause
households to concentrate near the neighborhood boundary z, where commuting costs
are moderate and externalities are high.
To see the effects of neighborhood externalities on the equilibrium outcomes, I
compute the equilibrium for the standard monocentric model without externalities
by setting δR = δP = 0. The bottom panel Figure 4.3 presents the equilibrium
gradients for the model without externalities. Gradients in each neighborhood are
monotonic, solely driven by linear commuting costs and the demand for housing. Rich
households live in larger dwellings in the suburbs, where unit prices are lower than in
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Figure 4.3: The “Suburbanized Equilibrium”: Numerical Solution
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Note: Solution to the model when τR = 0.6, and the equilibrium is such that the rich live in the suburb.
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Note: Solution to the model when there is no neighborhood externalities and the equilibrium is such that the rich live
in the suburb.
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the poor neighborhood. Without externalities, the size of the poor neighborhood is a
lot smaller, because living further from the city center only incurs commuting costs.
The equilibrium configuration with endogenous amenities in Figure 4.3 can be
interpreted as a polycentric city. Although jobs and exogenous amenities are concentrated at the city center, endogenous neighborhood amenities in the suburbs where
the rich households live lead to sub-centers in the middle of the city.3 This equilibrium
configuration arises for low income elasticity of commuting costs, indicating that the
polycentric city structure is more common for cities with low commuting costs, or
low value for exogenous amenities near the centre.
4.5.2

The “Gentrified Equilibrium”

In this subsection, I increase τR so that the rich would live near the city center in
equilibrium. Figure C.1 shows the willingness to pay for both income types across
locations. The rich are willing to pay more to live in the central city, consistent with
the definition of the proposed equilibrium. Such an equilibrium is sustained by the
fact that when commuting is expensive for the rich, they would like to live closer to
the city center, and externalities reinforce this tendency.
Figure 4.5 shows the numerical solution to the "gentrified equilibrium". Locations
further from the center becomes less attractive, as commuting costs increase and
externalities decay with distance. In the rich neighborhood, price declines as we move
further from the city center, and housing size becomes larger as land gets cheaper.
Total housing expenditure increases with distance, since the unit price declines at a
3

Fujita and Ogawa (1982) considers an urban land use with agglomeration in productions. In
their model, both the locations of firms and households are endogenous. The model can generate
cities that are either monocentric of polycentric, depending on the location choice of firms in the
city. In this chapter, I show that endogenous externalities can lead to sub-centers for consumption
under low income elasticity of commuting costs.
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Figure 4.4: The “Gentrified Equilibrium”: Household’s Willingness to Pay
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Note: Willingness to pay for the rich and the poor when τR = 0.9, and the equilibrium is such that the rich live near
the center.

slower rate than housing size increases. Population density follows the same pattern
as unit price. In the poor neighborhood, unit price declines and housing size increases
approaching the city boundary. Total housing expenditure declines, as the effect of
declining unit house prices dominates. Population density declines as we move closer
to the city boundary.
For comparison, I solve the model under the equilibrium configuration where the
rich live near the city center without externalities. The equilibrium gradients can
found at the bottom panel of Figure 4.5. In the “gentrified equilibrium” with externalities, the effects of externalities and commuting costs work in the same direction.
As a result, both the city as a whole and the rich neighborhood become more compact compared with then there are no externalities. The gradients with and without
externalities exhibit the same patterns. Prices and population density are higher with
externalities, especially in the rich neighborhood.
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Figure 4.5: The “Gentrified Equilibrium”: Numerical Solution
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Note: Solution to the model when τR = 0.9, and the equilibrium is such that the rich live near the city center.
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Note: Solution to the model when τR = 0.9, and there is no neighborhood externalities.
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Externalities, Commuting Costs, and Equilibrium Residential Patterns

In the previous examples, I generate a “suburbanized equilibrium” and a “gentrified
equilibrium” by solving the model for a fixed set of parameter values. To further
explore how the interactions between commuting costs and neighborhood externalities affect the relative location of the rich and the poor, I investigate which type of
equilibrium arises for different values of τR and δR .

Figure 4.6: Interactions Between Commuting Costs and Externalities: δR = δP
Suburbanization
Equilibrium
0.5

Gentrification
Equilibrium
τ1 = τ2 = 0.75

0.9

Note: Equilibrium income-location relationships under different values of τR . In this example, δR = δP = 0.2.

I first assume that the preference for neighborhood externalities is the same for
two income groups, i.e., δR = δP , and look at which type of equilibrium configuration
arises for different values of τR ∈ [0.5, 0.9]. Figure 4.6 shows the equilibrium location
of both households for different values of τR . In this case, there is no indeterminacy
in the equilibrium income-location relationship. Either the rich or the poor live near
the city center, depending on the value of τR . Externalities do not affect the relative
location of the rich and the poor, thus confirming Proposition 4.4.1.
To see the effects of neighborhood externalities, I set δR > δP , and compute
which type of equilibrium exists for different values of τR ∈ [0.5, 0.9]. Figure 4.7
shows the equilibrium configurations for different values of τR . We can see that there
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Figure 4.7: Interactions Between Commuting Costs and Externalities: δR > δP
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Note: Equilibrium income-location relationships under different values of τR . In this example, δR = 0.25 and
δP = 0.2.

Figure 4.8: Homothetic Preference for Externalities and Equilibrium Residential Patterns
τR
G
τ1 = τ2
S

δR
Notes: Relative location of the rich households for different values for τR and δR , when δR = δP . The "S" region is
for the equilibrium where the rich live in the suburbs, and the "G" region is for the equilibrium where the rich live
in the central city.

are two cutoff values for τR , such that when τR ∈ [τ1 , τ2 ], the equilibrium incomelocation relationship is indeterminate; when τR < τ1 , the unique equilibrium is the
“suburbanized equilibrium” where the rich live in the suburbs; when τR > τ2 , the
unique equilibrium is always the rich choose to live in the city center. Although low
commuting costs foster suburbanization, for medium values of the income elasticity
of commuting costs, the model predicts that the rich still prefer to live close to the
city center, because externalities increase the attractiveness of central locations.
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Figure 4.9: Non-homothetic Preference for Amenities and Equilibrium Residential
Patterns
τR
G
τ2
I
S

τ1
δR

Notes: Relative location of the rich households for different values for τR and δR , when δR > δP . The "S" region is
for the equilibrium where the rich live in the suburbs, and the "G" region is for the equilibrium where the rich live
in the central city. In the "I" region, the relative location of households is indeterminate.

To see the role of non-homothetic preference for amenities in affecting equilibrium residential patterns, I first set δR = δP , and check which type of equilibrium
configuration arises for different combinations of τR and δR . Figure 4.8 displays the
equilibrium configurations for different combinations of τR and δR . There is no indeterminacy in income-location relationship when δR = δP , depending on the size of τR ,
the rich either live in the city center or in the suburbs.
Next I set δR > δP , i.e., the rich benefit more from the amenities that they
generate. Figure 4.9 shows the relationship between δR and the two cutoff values for
τR within which the income-location relationship is indeterminate. When the income
elasticity of commuting costs dominates, the equilibrium is always such that the rich
in the city center. Because when it is too costly for the rich to commute, externalities
and commuting costs both reinforce the rich’s tendency to concentrate near the city
center.
As shown in Figure 4.9, the cutoff value τ1 , below which the equilibrium is such
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that the rich in the suburbs, decreases with δR . If the rich benefit a lot from externalities, the “suburbanized equilibrium”, where the rich live in the low-density suburbs, is
less likely to arise. The “gentrified equilibrium” is a more preferable configuration with
higher δR , because externalities are higher when the rich form high-density neighborhoods near the city center, than when they are scattered in low-density suburbs. This
result implies that for externalities to have effects on the residential patterns within
a city, the rich have to benefit more from neighborhood externalities than the poor
do.

4.6

Conclusion

This chapter explores the effects of neighborhood amenities on equilibrium residential
patterns in a spatial model of a city. Depending on the interactions between commuting costs and preferences for neighborhood amenities, the model is able to generate
different equilibrium income-location relationships. In particular, when the impacts
of externalities on rich households are high enough, the relative location of both income types is indeterminate. Such indeterminacy is absent in a standard monocentric
model without externalities. From a theoretical point of view, this result is interesting
in itself.
The results in this chapter demonstrate that the monocentric city model continues
to be a useful framework to make sense of the recent trend of “central city revival”.
With commuting costs continue to fall over time, why high-income households are
coming back to downtown areas remains a unresolved question in the monocentric
framework. The model in this chapter provides one explanation for this puzzle. Concentration of jobs and scarcity of land lead to high population density near the city
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center, which endogenously facilitates consumption amenities that the rich prefer.
Even it is not costly to commute from the suburbs, or if exogenous amenities in central cities no longer have much value, the rich would prefer central locations for better
access to consumption.
In this chapter, endogenous amenities are simply modeled as being driven by the
location choice of the rich, which, in turn have positive externalities on the utility of
other households. It would be interesting to model the supply of amenities explicitly.
The model does not distinguish different types of amenities. In reality, the nature
and types of amenities differ for central and suburban neighborhoods. For example,
entertainments and expensive consumption venues tend to locate near the city center;
public services, like good schools, may be more common in suburban areas. How
location-dependent amenities affect residential sorting in a city is an interesting issue
to be explored in the future.
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Chapter 5
Summary and Conclusions

Understanding the determinants of the spatial distribution of households with varying
income within a city remains a challenging issue. In this dissertation, I explore
possible causes for variations in residential patterns across cities and over time by
extending the canonical monocentric city framework. The results demonstrate that it
is crucial to have greater household heterogeneity in order to explain the complicated
sorting patterns of income within a city. Chapter 2 develops an assignment approach
to allow for generalizations of the canonical monocentric city framework and studies
the equilibrium implications of commuting mode choices. Chapter 3 studies the effects
of higher income inequality on neighborhood gentrification and the local housing
market. Chapter 4 emphasizes the role of household’s non-homothetic preferences for
endogenous neighborhood amenities.
In Chapter 2, I develop an assignment approach to the monocentric city model
when income distribution is continuous. The model predicts that the sorting patterns
depend on the size of the income elasticity of housing expenditure, instead of housing
size, as in models with two income levels. It is feasible to obtain estimates for income
elasticity of housing expenditure from household level data to explore the validity of
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the prediction of the model. This chapter develops a tractable approach to study the
sorting of households across housing qualities and locations. Whether it is possible
to generalize this approach to a broader class of multi-dimensional sorting problem is
worth of future inquiry.
Chapter 3 studies the effects of higher income inequality on sorting patterns and
the housing market in a city. For now, I only look at the sorting patterns of income
within cities. It is interesting to investigate the distribution of housing characteristics, such as housing age, housing type, and homeownership status within cities.
Some predictions of the model, for instance, that higher inequality affects housing
prices and housing qualities disproportionately more in central neighborhoods, can
be empirically tested with census tract level data. From the theoretical perspective,
the method developed in this chapter is amenable to further extensions, such as how
rising inequality and housing costs affects sorting across cities.
In Chapter 4, I emphasize the role of endogenous neighborhood amenities in affecting residential patterns in a city. When the income elasticity of commuting costs
is high, or if the value for central amenity is low, the model can generate a polycentric city, where endogenous neighborhood amenities in the suburbs leads to subcenters in the middle region of the city. Most empirical works on testing whether the
city is monocentric focus on concentration of employment. How the distribution of
consumption amenities affect household location and price gradients is a relatively
under-investigated issue.
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Appendix A
Income Heterogeneity, Commuting Costs, and
Household Location

A.1
A.1.1

Mathematical Proofs
Proof for Proposition 2.4.3

Proof. First let us consider the case when

∂v(y,x)
∂y∂x

> 0. Denote the optimal location

of households with income level y0 as x∗ (y0 ). From the first order condition of the
households’ optimal location choice 2.12, we have
∂v(y0 , x)
∂x

= 0.
x=x∗ (y0 )

Suppose within the city, there is another location x0 (y) that yields the same utility
as x∗ (y): v(y0 , x0 (y)) = ū. Without loss of generality, let’s assume that x0 (y) > x∗ (y).
Because there is a continuum of incomes, there exists some income level ỹ = y0 − ∆,
with ∆ > 0, such that when ∆ → 0, ỹ → y0 . Assume that x∗ (y) is a continuous
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function, we have

lim x∗ (ỹ) = x∗ (y0 ) = x0 (y0 ).

ỹ→y0

If ỹ is arbitrarily close to y0 , then the optimal location of ỹ should also be x∗ (y0 ) and
x0 (y0 ). Because

∂v(y,x)
∂y∂x

> 0,

lim−

ỹ→y

∂v(y,x)
∂x

∂v(ỹ, x)
∂x

is increasing in y. As ỹ < y0 , we have

<
x=x0 (y0 )

∂v(y, x)
∂x

= 0,
x=x0 (y0 )

which means that ỹ would be better off moving to a location x < x0 (y0 ), thus x0 (y0 )
cannot be an optimal location for income level y0 .
Similarly, it can be shown that when

∂v(y,x)
∂y∂x

< 0, the optimal location for each

income is unique.

A.1.2

Proof for Lemma 2.4.4

Proof. For the assignment function y ∗ (x) and the corresponding price p(x) to be
an equilibrium, both the first order condition (2.13) and the second order condition
(2.15) of the household’s maximization problem must hold. After plugging in the
assignment function y(x), the first order condition becomes
∂v(y, y ∗ (x))
= 0.
∂x
Differentiating the above expression with respect to x yields
∂ 2 v(y ∗ (x), x)
∂x∂y



dy ∗ (x)
dx



∂ 2 v(y ∗ (x), x)
+
= 0,
∂x2

(A.1)
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after re-organizing,
∂ 2 v(y ∗ (x), x)
∂ 2 v(y ∗ (x), x)
=
−
∂x2
∂x∂y
If

∂v(y,x)
∂x∂y



dy ∗ (x)
dx

> 0 for all x and all y in the income range, then

for all x and all y in the income range, then

∂v(y ∗ (x),x)
∂x∂y


< 0.

∂v(y ∗ (x),x)
∂x∂y

> 0. If

∂v(y,x)
∂x∂y

<0

< 0. So the derivative of the

assignment y ∗ (x) has the same sign with the partial derivative of the indirect utility
function.

A.2

Existence and Uniqueness of Equilibrium

The existence and uniqueness of equilibrium can be illustrated by the boundary rent
curve approach as in Fujita (1989). As an illustrative example, let us consider the
equilibrium configuration where income increases with distance. The solution to the
model under this equilibrium configuration is represented by
−Tx (y ∗ (x), x)R(x)
dR(x)
=
,
dx
αβ [y ∗ (x) − T (y ∗ (x), x)]

(A.2)

dy ∗ (x)
R(x)L(x)
=
,
dx
N f (y ∗ (x))αβ [y ∗ (x) − T (y ∗ (x), x)]

(A.3)

with the initial condition y ∗ (0) = ȳ, and the terminal condition y ∗ (x̄) = y, and
R(x̄) = R.
First of all, for a given value for the rental price at the city center R(0) = R0 , the
solution to the system of ordinary differential equations is unique. Under different
value of R0 , we simulate the above differential equations and obtain a sequence of
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Figure A.1: The Boundary Rent Curve
R

R̂(x)

R
b(R0 )

x̄

x

Note: The boundary rent curve R̂(x) is represented by the dark line. Blue lines are the simulated rental prices for
land across locations under different values of R0 , The highlighted one that intersects with R = R represents the
equilibrium rental price for land.

income levels and rental prices. At the point where the income level equals ȳ, we obtain the city boundary b(R0 ) under R0 , such that all population are accommodated
within this boundary point. By varying R0 , we obtain different values for the boundary points b. The boundary rent curve R̂(x) is the rental price at these boundary
points.
Figure A.1 shows the rental price for different values of R0 , and the boundary rent
curve R̂(x). In equilibrium, the market land rent must equal R̄ at the city boundary.
The equilibrium city boundary x̄, and the equilibrium rental price R(x) is given by
the point where the boundary rent curve R̂(x) meets R = R. The uniqueness and
existence equilibrium for other equilibrium configurations can be illustrated in the
same way.
The procedure to construct the boundary rent curve naturally lends to a numerical
algorithm to solve the model. Consider the equilibrium where income increases with
distance, the model can be solved by the following steps:
1. Guess some R0 for rental price at x = 0 and simulate the differential equations
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to obtain y(x) and R(x)
2. Obtain the boundary point b = b(R0 ) such that y(b) = ȳ
3. If R(b) > R, decrease the value for R0 and repeat the procedure starting from
the first step; if R(b) < R, increase the value for R0 and repeat the procedure
from the first step; if R(b) = R, we have found the equilibrium.

A.3

Conditions for the U-shape Equilibrium Configuration

This appendix derives the conditions to solve the model under the parameter values in
Table 2.2. For convenience, we write the commute cost functions for given income level
y as Ta = f + τa (y)x and Tb = τb (y)x, First of all, for 0 ≤ x < x̂(y), households with

income level y ∈ y, y 0 choose the slow mode b. From the households’ optimization
condition and the market clearing condition in the housing market, the differential
equations that characterize R(x) and y ∗ (y) can be derived as

dx∗b (y)
αβ [y − Tb (y, x∗b (y)]
= −nb (y)
,
dy
Rb (y)

(A.4)

dRb∗ (y)
∂Tb (y, x∗b (x))
= nb (y)
dy
∂x

(A.5)

.
x=x∗b (y)

with x∗b (ỹ) = 0, and x∗b (y) = x̂.
Households with lowest income level y choose to reside at x̂(y), which is determined
exogenously by the cost functions for two commute modes, and is simply

x̂ = x̂(y) =

f
.
τb (y) − τa (y)

(A.6)
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Households with income level y ∈ y, ỹ choose the fast mode a for x̂ < x ≤ x∗a (ỹ).
The differential equations that characterize R(x) and y ∗ (y) can be derived as
αβ [y − Ta (y, x∗a (y)]
dx∗a (y)
= na (y)
,
dy
Ra (y)

(A.7)

dRa (y)
∂Ta (y, x)
= −na (y)
dy
∂x

(A.8)

.
x=x∗a (y)

with x∗a (y) = x̂.

For households with income y ∈ y, ỹ to be indifferent between x∗b (y) and x∗a (y),
Ra (y), Rb (y), na (y) and nb (y) should be such that , the utility level at x∗b (y) and
x∗a (y) are equalized, i.e.,
v(y, x∗a (y)) = v(y, x∗b (y)),

which is

ln [y − Ta (y, x∗a (y))] − αβ ln Ra (y) = ln [y − Tb (y, x∗b (y))] − αβ ln Rb (y).

Differentiating the above expression with respect to y gives
dv(y, x∗b (y))
dv(y, x∗a (y))
=
dy
dy

(A.9)

This is the utility equalization condition in differential form: for any infinitesimal
change in income level y, the equilibrium prices and assignment should respond such
that the associated change in utility level should be the same. The derivative can be
written as
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LHS =

dTa (y,x∗a (y))
dy
Ta (y, x∗a (y))

1−
y−

− αβ

Ra0 (y)
.
Ra (y)

Notice that
dTa (y, x∗a (y))
∂Ta (y, x∗a (y)) ∂Ta (y, x∗a (y)) dx∗a (y)
=
+
dy
∂y
∂x
dy
From Equation (A.8)
1 dRa (y)
1
∂Ta (y, x∗a (y))
=−
=−
R0 (y).
∂x
na (y) dy
na (y) a
Plugging in Equation (A.7) gives
R0 (y)
∂Ta (y, x∗a (y)) dx∗a (y)
= −αβ a
[y − Ta (y, x∗a (y))] .
∂x
dy
Ra (y)
After simplification, we have

LHS =

∂Ta (y,x∗a (y))
∂y
Ta (y, x∗a (y))

1−
y−

Similarly, the right hand side is

RHS =

∂Tb (y,x∗b (y))
∂y
Tb (y, x∗b (y))

1−
y−
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Equating both sides gives
∂Ta (y,x∗a (y))
∂y
Ta (y, x∗a (y))

1−
y−

=

∂Tb (y,x∗b (y))
∂y
Tb (y, x∗b (y))

1−
y−

(A.10)

The above expression gives a relationship between x∗a (y) and x∗b (y), such that the
utility level at both locations are equalized. Notice that Equation (A.10) equates two
elasticity terms: at the optimal location x∗a (y) and x∗b (y), the income elasticity with
respect to income net of commuting cost should be equalized.
To obtain a relationship between na (y) and nb (y), we differentiate Equation A.10
with respect to y. This second derivative with respect to the utility level requires
that there is no kink vs0 (y, x) at the optimum.
Differentiating the left hand side of A.10 with respect to y gives

LHS =

2
− ∂∂yT2a

−

∂ 2 Ta dx∗a (y)
∂y∂x dy

y − Ta


−

1−

∂Ta
∂y

2

(y − Ta )2

 2 

2
1
∂ Ta
∂ 2 Ta αβna (y)
∂Tb
−
− 2 −
1−
.
∂y
∂y∂x Ra (y)
(y − Ta )2
∂y

1
=
y − Ta
Similarly,
2

RHS =

− ∂∂yT2b −

∗
∂ 2 Tb dxb (y)
∂y∂x dy

y − Tb

1
=
y − Tb



∂ 2 Tb
− 2
∂y




−

1−

∂Tb
∂y

2

(y − Tb )2

∂ 2 Tb αβnb (y)
1
+
−
∂y∂x Rb (y)
(y − Tb )2


2
∂Ta
1−
.
∂y
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Equating both sides gives a relationship between na (y), nb (y), Ra (y) and Rb (y)
∂ 2 Ta αβna (y)
∂ 2 Tb αβna (y)
+
∂y∂x Ra (y)
∂y∂x Ra (y)
1 ∂ 2 Tb
1 ∂ 2 Ta
1
=
−
+
2
2
y − Tb ∂y
y − Ta ∂y
(y − Tb )2
|

=

2
2


1
∂Tb
∂Ta
−
1−
1−
∂y
(y − Ta )2
∂y
{z
}
= 0 by Equation (6)

1 ∂ 2 Tb
1 ∂ 2 Ta
−
.
y − Tb ∂y 2
y − Ta ∂y 2

Given that the commuting costs takes the form Ts (y, x) = fs + τs (y)x, the above
condition can be simplified as
na (y)
τa0 (y)
Ra (y)

+

nb (y)
τb0 (y)
Rb (y)



1
τb00 (y)x∗b (y)
τa00 (y)x∗a (y)
=
−
.
αβ y − Tb (y, x∗b (y)) y − Tb (y, x∗a (y))

(A.11)

The total measure of households na (y) and nb (y) at x∗a (y) and x∗b (y) should satisfy

na (y) + nb (y) = N f (y),

which simply is

nb (y) = N f (y) − na (y).

(A.12)

Plugging nb (y) into Equation (2) gives
τ 0 (y)
τ 0 (y)
na (y) = a
− b
Ra (y) Rb (y)


−1 



1
τb00 (y)x∗b (y)
τa00 (y)x∗a (y)
N f (y)
0
∗
−
− τb (y)
.
αβ y − Tb (y, x∗b (y)) y − Tb (y, x∗a (y))
Rb (y)
(A.13)
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The solution to the U-shape residential pattern is characterized by the following
system of differential equations:

dx∗b (y)
αβ [y − Tb (y, x∗b (y)]
= −nb (y)
,
dy
Rb (y)

(A.14)

dRb (y)
∂Tb (y, x)
= nb (y)
dy
∂x

(A.15)

,
x=x∗b (y)

dx∗a (y)
αβ [y − Ta (y, x∗a (y)]
= na (y)
,
dy
Ra (y)

(A.16)

∂Ta (y, x)
dRa (y)
= −na (y)
dy
∂x

(A.17)

.
x=x∗a (y)

 
In summary, the equilibrium for y ∈ y, ỹ can be characterized by the six equations from Equation (A.12) to Equation (A.17), with six unknowns being the rental
prices Ra (y) and Rb (y), the optimal location x∗a (y) and x∗b (y), the measure of households na (y) and nb (y).
For locations near the central city, where households with income y 0 < y ≤ ȳ live,
the solution to the model is represented by the following differential equations.

with x∗b (ȳ) = 0.

dx∗b (y)
[y − Ta (y, x∗b (y)]
= −αβN f (y)
,
dy
Rb (y)

(A.18)

dRb (y)
∂Tb (y, x)
= N f (y)
dy
∂x

(A.19)

.
x=x∗b (y)
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Appendix B
Within-city Income Inequality, Neighborhood
Gentrification, and House Prices

B.1

Motivating Facts

.2

.2

Income Percentiles
.4
.6

Income Percentiles
.4
.6
.8

1

.8

Figure B.1: Income-location Relationship in Chicago and Detroit in 1990 and 2018
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Notes: This figures are the binscatter plots between the income ranks for census tracts and the distances to the city
center for Chicago and Detroit in 1990 and 2018.
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Figure B.2: Income Gradients of Detroit in 1990 and 2018
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B.2.1

Mathematical Proofs
Proof for Proposition 3.5.1

Proof. It is easy to show that

∂v(y,x)
∂y∂x

> 0 is equivalent to

g(a, γ, y) =

a
+ 1 − γ > 0.
τ (y)

 
If g(a, γ, y) > 0 for all y ∈ y, ȳ , then in equilibrium, income increases with distance.
Notice that when γ < 1, g(a, γ, y) =

a
τ (y)

> 0 for all y. When γ > 1, g(a, γ, y) is a

decreasing function in y. If f (ȳ) > 0, then f (y) > 0 for all y. This is equivalent to
a > τ (ȳ)(γ − 1).
Similarly, we can show that when γ > 1 and a < a0 = τ (y)(γ − 1), g(a, γ, y) < 0,
which implies that income decreases with distance in equilibrium.
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Proof for Proposition 3.5.3

Proof. The first part of the proposition is straightforward from the proof for Proposition 3.5.1. At y = ŷ, it must be that

g(y) =

from which we can obtain that ŷ =
By the Lemma 2.5.1,

∗ (x)
dyL
dx

a
+ 1 − γ = 0,
τ (y)
h

a
ρ(γ−1)

i γ1

. When y ≤ y ≤ ŷ, we have g(y) > 0.

> 0. When ŷ ≤ y ≤ ȳ, we have

∗ (x)
dyH
dx

< 0.

Let us proceed with the second part of the proposition. Denote the assignment
∗
∗
function as yL∗ (x) when y ≤ y ≤ ŷ, and as yH
(x) when ŷ < y ≤ ȳ. If both yH
(x)
∗
and yL∗ (x) choose to live at x in equilibrium, yH
(x) and yL∗ (x) must satisfy the price

match condition (3.8), which can be re-organized as

∗
∗
yH
(x) [a + ρ (yL∗ (x))γ ] = yL∗ (x) [a + ρ (yH
(x))γ ] .

 
It is convenient to treat one of the y ∗ (x)’s as a parameter b, with b ∈ y, ȳ . The
price match condition can be re-written as follows:

h(y; b) = −ρby γ + (a + ρbγ )y − ab = 0.

(B.1)

For any b, the solution to h(y; b) = 0 gives the income level of the households who
is willing to live at the same location with households y = b. Characterizing the
∗
relationship between yH
(x) and yL∗ (x) is equivalent to characterizing the solution to

(B.1).
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First, it is easy to see that y = b is always a solution to (B.1). Let us denote the
other solution to (B.1) as yc (b): for any b, yc (b) is the income level of households that
live at the same location.
It is easy to show that h(y; b) is concave function with two positive roots when
γ > 1, as

h0 (y; b) = −γρby γ−1 + (a + ρbγ ),
h00 (y; b) = −γ(γ − 1)ρby γ−2 < 0.

Plugging in b = ŷ =

h

a
ρ(γ−1)

i γ1

into h(y; b) = 0, we get

h0 (ŷ; b = ŷ) = −γbŷ γ + (a + ρŷ γ ) = 0,

which means that when yc (ŷ) = ŷ: ŷ is the only solution to h(y; b) = 0 when b = ŷ.
∗
(x) is decreasing in x, and yL∗ (x) is increasing in x, the two assignment
Because yH

functions can only intersect at the city edge x̄, with the income level being ŷ.
Finally, let’s determine the income level of households that reside at the same
location with the poorest households. When b = y, we have

h0 (y; b = y) = a + (1 − γ)ρy γ .

Recall that a > a0 = ρy γ (γ −1), we have h0 (y; b = y) > 0. Because h(y; b) is a concave
function, This implies that y = y is the smaller root for h(y; b = y) = 0, so y < yc (y).
We then need to determine the relationship between yc (y), and the highest income
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level ȳ. We know that yc (y) = ȳ, if and only if h(ȳ; b = y) = 0, that is
h(ȳ; b) = −ρy ȳ γ + (a + ρy γ ȳ) − ay = 0.

This can be re-arranged as
Tx (y)
Tx (ȳ)
=
.
ȳ
y
This condition says that, when the marginal commuting costs relative to income level
are equalized for y = y and y = ȳ, in equilibrium, there are two income levels at each
∗
(0) = ȳ, yL∗ (0) = y. Similarly, yc (y) < ȳ, if and only if
location x ∈ [0, x̄), and yH

h(ȳ; b = y) < 0; this is equivalent to
Tx (y)
Tx (ȳ)
>
.
ȳ
y
If the marginal commuting costs relative to income is greater for the richest households, in equilibrium, the poorest households would not match the unit prices at
locations near the city center, and they live at x = xc > 0. Lastly, yc (y) > ȳ, if and
only if h(ȳ; b = y) > 0; this is equivalent to
Tx (y)
Tx (ȳ)
<
.
ȳ
y
If the marginal commuting costs relative to income is greater for the richest households, in equilibrium, the richest households live at x = xc .
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Numerical Solutions
Income Distribution: Both the Richest and Poorest at the City
Center
Figure B.3: Probability Density for Income Distribution
Probability Density for Income
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Note: This figure shows the probability density for the truncated lognormal distribution when ȳ = 20, y = 3.99, µ = 3,
and σ = 0.9.
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Gentrification without Displacement of the Poorest Households

Figure B.4: Income Distributions: Gentrification without Displacement of the Poorest Households
Probability Density Function for Income
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B.3.3

Gentrification with Displacement of the Poorest Households

Figure B.5: Income Distributions: Gentrification without Displacement of the Poorest Households
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Welfare Loss from the Greenbelt
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Figure B.6: Welfare Loss from the Greenbelt when Inequality Increases
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Note: This figure shows the difference in compensating variation equivalent relative to the original income levels at
different income deciles.
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Appendix C
Neighborhood Externalities, Commuting Costs, and
Residential Sorting

In this appendix, I prove Proposition 4.4.1, and derive the equilibrium conditions for
the "gentrified Equilibrium" where the rich live in the city center.

C.1

Proof for the Proposition 4.4.1

Preferences over consumption, house size and location are given by

(1 − β) ln c + β ln h + δlnH(x)

The budget constraint is

c + Ps (x)h = ys − τs x, s ∈ {R, P }.
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Utility optimization implies that
c(x)
1−β
=
Ps (x)
h(x)
β
Plugging c(x) = ys − τs x − p(x)h(x) into the utility function, and differentiating with
respect to x gives
1 dh(x)
1
dh(x)
− (1 − β)
Ps (x)
=
h(x) dx
c(x)
dx


T (ys , x)
dPs (x)
1
1 dE(x)
+ h(x)
.
(1 − β)
− δs β
c(x)
dx
dx
E(x) dx
β

The first two terms on the left hand side cancel out, so the above expression becomes
dPs (x)
E 0 (x) cs (x) 1
τs
= δs
−
dx
E(x) hs (x) 1 − β hs (x)
= δs

C.2

τs
E 0 (x) Ps (x)
−
.
E(x) β
hs (x)

Sufficient Condition for the “Gentrified Equilibrium”

When the proposed equilibrium is the rich in the center, the rich’s willingness to pay
should be higher than that of the poor near the city center. We need to have

PR (x) ≥ PP (x) for all x ∈ (0, z],
PR (x) < PP (x) for all x ∈ (z, b].
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Recall that

Ps (x) = (1 − β)

1−β
β

β(

1
1 β1
) [ys − τs ] β E(x)δs ,
us

it is easy to check that
dPs (x)
< 0.
dx
So a necessary and sufficient condition for the solution to be an equilibrium is PR (x)
is steeper than PP (x), which requires
dPR (x)
dx
Evaluating

δR

Ps (x)
dx

<
x=z

dPP (x)
dx

.
x=z

at z gives

E 0 (x)
E(x)

x=z

E 0 (x)
PR (z)
τR
−
< δP
β
hR (z)
E(x)

x=z

PP (z)
τP
−
.
β
hP (z)

(A1.1)

Notice that when δR = δP , this condition becomes

−

τR
τP
<−
,
hR (z)
hP (z)

which is the same condition for the rich to live in the center as in the monocentric
model without externality. This condition says that the rich live near the city center,
when income elasticity of commuting cost is greater than income elasticity of housing
demand.
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When δR > δP , the equation (A1.1) can be arranged as

(δR − δP )

E 0 (x)
E(x)

x=z

R
After plugging in hs (x) = β yPss−τ
and
(x)

E 0 (x)
E(x)

(δR − δP ) (−γ) <

which always holds if

τR
yR −τR z

−

τP
yP −τP z

τR
τP
P (z)
<
−
.
β
hR (z) hP (z)
= −γ, this condition becomes
x=z

τP
τR
−
,
yR − τR z yP − τP z

(C.1)

> 0. So a sufficient condition for the “gentrifi-

cation equilibrium” to exist is
τP
τR
>
.
yR − τR z
yP − τP z
C.3

Sufficient Condition for the “Suburbanized Equilibrium”

When the proposed equilibrium is the rich in the center, the rich’s willingness to pay
should be higher than that of the poor near the city center. We need to have

PR (x) < PP (x) for all x ∈ (0, z],
PR (x) ≥ PP (x) for all x ∈ (z, b],

with

Ps (x) = (1 − β)

1−β
β

β(

1
1 β1
) [ys − T (ys , x)] β E(x)δs .
us
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It is easy to check that a necessary condition for the solution to be an equilibrium is
PR (x) is steeper than PP (x), which requires
dPR (x)
dx
Evaluating

δR

Ps (x)
dx

>
x=z

dPP (x)
dx

x=z

at z gives

E 0 (x)
E(x)

x=z

PR (z)
τR
E 0 (x)
−
> δP
β
hR (z)
E(x)

x=z

PP (z)
τP
−
.
β
hP (z)

(A1.3)

Notice that when δR = δP , this condition becomes

−

τP
τR
>−
,
hR (z)
hP (z)

The condition for the rich to live in the periphery is exactly the same as the one in
the standard monocentric model. When the income elasticity of housing demand is
greater than the income elasticity of commuting cost, the rich would like to live in
larger dwellings in the suburbs.
When δR > δP , the equation (A1.3) can be arranged as

(δR − δP ) γ >

which always holds if

τR
yR −τR z

<

τR
τP
−
,
yR − τR z yP − τP z

τP
.
yP −τP z

(A1.4)
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Figure C.1: The "Gentrified Equilibrium": Amenity Levels
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Note: In this example, the boundary for the two neighborhoods is z = 0.1433, and city size b = 0.5296

C.4

Conditions for the “Gentrified Equilibrium”

When the rich live in x ∈ (0, z)] and the poor live in x ∈ [z, b], the externality function
takes the following form

E(x) =



2−e−γ(x+z) −e−γ(z−x)



γ

for x ∈ [0, z)




 eγ(z−x) −e−γ(z+x)

for x ∈ [z, b]

γ

.

(A2.1)

Figure C.1 shows the level of neighborhood externalities across locations under the
equilibrium configuration where the rich concentrate near the center. Externalities
reach the maximum at x = 0 and declines with distance.

At city boundary x = b, the rent price for land R(b) should equal to the rent for

C.4. CONDITIONS FOR THE “GENTRIFIED EQUILIBRIUM”

alternative land use R, that is
δP

1

RP (b) = KP [yP − T (yR , b)] αβ E(b) α = R.

KP , can be written as
δP

1

KP = R [yP − T (yP , b)]− αβ E(b)− α .

At z, the rent for both types must be the same

RR (z) = RP (z),

which is
1

δR

1

δP

KR [yR − T (yR , z)] αβ E(z) α = KP [yP − T (yP , z)] αβ E(z) α .

KR can be solved as

KR = KP


yP − T (yP , z)
yR − T (yR , z)

1
 αβ

E(z)

δP −δR
α

yP − T (yP , z)
=R
[yR − T (yR , z)] [yP − T (yP , b)]

1
 αβ

δP

E(b)− α E(z)

δP −δR
α

.
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Market clearing conditions can be written as
z

Z
0

Z

1
nR (x)dx =
KR
αβ

Z

1
KP
αβ

Z

b

nP (x)dx =
z

z

δR
1
1
[yR − T (yR , x)] αβ −1 E(x) α dx = NR .
2

b

δP
1
1
[yP − T (yP , x)] αβ −1 E(x) α dx = NP .
2

0

z

After obtaining z and b, I need to verify that the solution is indeed an equilibrium,
by checking that the rich are willing to pay more than the poor to live in the rich
neighborhood, and the poor have higher willingness to pay in the poor neighborhood.
Specifically I need to check that

PR (x) > PP (x) for all x ∈ (0, z],
PR (x) ≤ PP (x) for all x ∈ (z, b].

