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Abstract 

This thesis focuses on developing advanced fundamental models for production of 

polytrimethylene ether glycol (PO3G) from bio-based 1,3 propanediol. These models describe the 

time-varying concentrations of monomer, oligomers, end-groups and by-products (i.e.,  

unsaturated ends, water, and propanal) during PO3G production in a batch reactor system with an 

overhead condenser. A comprehensive dataset from industrial sponsor, E. I. du Pont Canada, is 

used to support parameter estimation and model validation. Using model predictions and the 

available data, the current research provides a better understanding about the influences of process 

operating conditions on PO3G production rate and product properties. 

Novel probability factors are developed to permit simplification of model equations when 

accounting for the complex influence of super-acid catalyst on the polycondensation rate. The 

model is extended through multiple steps to account for: i) the dynamic behaviour of the condenser, 

ii) the inhibitory influence of water on polycondensation kinetics, iii) formation, consumption, and 

evaporation of cyclic oligomers, and iv) the effects of temperature. Model parameters are ranked 

from most-estimable to least-estimable using orthogonalization-based parameter-ranking 

techniques, and a mean-squared-error criterion is used to determine which parameters are 

estimable. Parameter estimation is performed using industrial data obtained from eight batch-

reactor runs at temperatures ranging from 160 to 180 ̊C and using super-acid catalyst levels from 

0.10 to 0.25 wt%. 

The resulting PO3G models and parameter estimates provide good predictions of industrial data 

and will be useful for selecting operating conditions for commercial PO3G production. The PO3G 

models (along with the current parameter estimates) can also be used to select the operation 
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settings for future experimental runs, which will produce more reliable parameter estimates and 

consequently, more accurate model predictions. The author recommends using a sequential 

Bayesian model-based design of experiment (MBDOE) approach when designing new PO3G 

experiments. This method is recommended because Monte-Carlo simulations results reveal that 

new parameter estimates obtained using the designed experiment will be more accurate, on 

average, compared to parameter estimates obtained using new experiments selected from among 

the corners of the permissible design space. 
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Nomenclature and References 

A list of the notation used in Chapters 2, 3, 4 and 5 is provided in the Nomenclature section for 

these chapters. 

References cited in Chapters 1 to 6 are listed at the end of the corresponding chapters.  
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Chapter 1 

Introduction 

1.1 Background 

Since the invention of the first synthetic polymer in 1907,1 polymers have become highly useful 

and convenient materials that are used in many products of the modern life. In 2019, the global 

market for polymers was valued at USD 568.9 billion with forecasted annual growth of 3.2% from 

2020 to 2027.2 Use of synthetic polymers dominates over traditional materials (e.g., wood, stone, 

metal, glass, ceramics, leather, etc…) due to their low cost, durability, versatility, and ease of 

manufacture. Applications of polymers can be found in packaging, construction, consumer goods, 

automotive parts, electrical devices, agriculture, medical devices, etc...3-5 Unfortunately, the 

production of conventional polymers relies on finite fossil resources and contributes to 

environmental problems.4, 6  

The next generation of polymers includes bio-based polymers derived from biological sources 

(e.g., microorganisms, renewable feedstocks). Compared with conventional polymers, bio-based 

polymers have reduced environmental footprint and offer a potential to reduce dependence on 

fossil resources.4-6  Table 1.1 shows an overall comparison between conventional and bio-based 

polymers. Bio-based polymers can be biodegradable (e.g., polylactic acid, thermoplastic starches 

(TPS), polyhydroxyalkanoates (PHAs), polytrimethylene ether glycol (PO3G)), or they can be 

non-biodegradable (e.g., bio-based polyamides, biopolyethylene). Due to the shift toward a more 

sustainable economy, the production of bio-based polymers is expected to grow significantly.6, 7 

Favorable government initiatives toward bio-based polymers, along with strict regulatory policies 

on the consumption of conventional plastics also drives the growth of R&D in bio-based polymers. 
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On the other hand, the high cost of production associated with bio-based polymers, when compared 

to petroleum-based polymers, may limit the growth of the bio-based polymer market. 

Table 1. 1: Comparison between conventional and bio-based polymers5 

 Conventional Polymers Bio-based Polymers 

Pros • Low cost 

• Durable  

• Easy processing and handling 

• Save energy and resources compared 

with traditional materials 

• Recycling is possible 

• Made from renewable resources 

• Lower environmental footprint 

• Easier processing and handling 

• Attractive properties 

• Most are biodegradable 

Cons • Fossil-based 

• High environmental footprint 

• Most are non-biodegradable 

• Ecotoxicity (e.g., toxic additives, 

microplastics) 

• Difficult to recycle 

• Costly 

• Production could involve uses of 

genetically modified organisms 

• Potential of food competition 

• Some cannot be recycled due to 

degradation 

 

The bio-based polymer of interest in this research is polytrimethylene ether glycol (PO3G) made 

from corn-based 1,3-propanediol (bio-PDO), which was commercialized by du Pont under the 

trademark Cerenol®. Cerenol® is 100% renewably-sourced and has superior characteristics 

compared to petroleum-based polyethers, including excellent biodegradability, high reactivity, low 

toxicity, high oxidative stability and overall easier handling, processing and transporting.8-10 Table 

1.2  shows a list of  value-added properties of Cerenol®, compared with other petroleum-based 
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polyethers like polytetramethylene ether glycol (PTMEG) or poly propylene glycol (PPG). A 

broad range of applications of Cerenol® can be found in inkjet inks, flexible coatings, 

biodegradable lubricants, elastic fibers and thermoplastic elastomers.8-10 Cerenol®-base 

commercial products include Hytrel® thermoplastic elastomers, liquid performance coatings, and 

Imron® polyurethane enamels.8 

Table 1. 2: Value-added properties of Cerenol® vs. petroleum-based polyethers9 

Property Cerenol® PTMEG PPG 

Source Bio-based Petroleum-based Petroleum-based 

Reactivity High High Low 

Melting point Low/ No melt High No melt 

Viscosity Low High Very Low 

Oxidative stability Superior Superior Inferior 

 

Commercial PO3G is produced in batch, semi-continuous and continuous reactors.11-17 The 

operating conditions (e.g., catalyst level and temperature) vary depending on the desired molecular 

weight and the end-use properties of the final products.11, 13-16 Influences of process operating 

conditions on product properties and production rates during PO3G production have been studied 

via a few fundamental PO3G models.18-22 The earliest PO3G models were developed by Mueller 

et al. using a reaction scheme that accounts for the influence of acids on polymerization of 1,3-

propanediol.18, 19 Mueller’s models predict time-varying concentrations of monomer and water in 

the reactor liquid and in the vapour removed via nitrogen sparging, but ignore the formation and 

evaporation of oligomers. Values of kinetic parameters are not reported in their publications. Cui 

et al. later extended Mueller’s mechanism to account for formation of propanal and for 

transetherification reactions.20 Using an extended mechanism, Cui developed a series of three 

models that account for formation and evaporation of linear oligomers.20-22 Cui et al. used 
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estimability analysis techniques23, 24 to rank the kinetic and transport parameters in their models 

from most estimable to least-estimable, and used a mean-squared-error criterion25, 26 to select the 

estimable parameters. Their parameter estimation uses experimental data reported by Xie,10 which 

was obtained from four batch-reactor runs at 180 ̊C with different levels of super-acid catalyst 

(triflic acid). Cui’s final PO3G model and parameter estimates give a reasonable fit to the industrial 

data, but their predictions for linear oligomer concentrations in the reactor are too high at long 

reaction times. 

Both Mueller and Cui neglected the formation and evaporation of cyclic oligomers in their PO3G 

models. Cyclic oligomers of two to seven monomer units can be generated in PO3G production 

via end-biting and back-biting reactions.12, 17 End-biting occurs when two hydroxyl ends of a linear 

oligomer undergo polycondensation, resulting in a cyclic molecule with the same number of 

carbon atoms as the initial linear chain. Back-biting reactions, on the other hand, break a linear 

polymer molecule into a cyclic oligomer and a shorter linear chain. The reverse of the back-biting 

reaction is a ring-opening polyaddition process. Formation of cyclic oligomers in PO3G 

production may reduce the overall polycondensation rate (as these oligomers do not have reactive 

end groups), which leads to reduced molecular weight of the resulting polymer. On the other hand, 

cyclic oligomers may be consumed via polyaddition (ring-opening) reactions, thereby contributing 

to an increase in polymer molecular weight and the overall rate of polymerization in PO3G 

production. 

1.2 Thesis Objectives 

The current thesis focuses on developing more accurate and more comprehensive PO3G models, 

which can provide better understanding of how the process operation settings influence the 
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polycondensation kinetics, equilibrium, and mass-transfer during PO3G production. Detailed 

objectives of this thesis include: 

i) to develop an improved PO3G model that accounts for the dynamic behaviour of the 

overhead condenser, while also accounting for the inhibitory influence of water on 

polycondensation kinetics. 

ii) to extend the model to account for generation, ring-opening, and evaporation of cyclic 

oligomers and to use the model to better understand which cyclization mechanism (i.e., 

back-biting or end-biting) is dominant during PO3G production and to assess whether 

polyaddition of cyclic oligomers plays an important role during PO3G production.   

iii) to account for the effects of temperature on kinetics and mass-transfer during PO3G 

production so that the model can be used industrially to aid selection of reactor operating 

conditions. 

iv) to use the improved PO3G model to design new experiments that could be conducted in 

future to produce more reliable parameter estimates and model predictions.  

In all of the proposed work, parameter estimation is performed using a two-step estimability 

analysis procedure. Model parameters are ranked from most-estimable to least-estimable using 

orthogonalization-based parameter-ranking techniques,23 ,24 and Wu’s mean-squared-error-based 

(MSE) criterion25, 26 is used to select which parameters are estimable. Details of the 

orthogonalization-based algorithm and Wu’s MSE criterion are provided in Appendix I. 

1.3 Thesis Outline 

The next four chapters in this thesis are manuscripts that have been published in journals or have 

been submitted for publication. In chapter 2, an improved PO3G model is developed to provide a 
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more accurate description of the reactor system and condenser. The model accounts for: i) 

polycondensation reactions and side reactions in the liquid phase, ii) liquid hold-up in the 

condenser system, iii) updated mass-transfer expressions for volatile species, and iv) the inhibitory 

effect of water on polycondensation kinetics and equilibrium. Formation and evaporation of cyclic 

oligomers are neglected in this model. Novel probability factors are proposed for simplification of 

the model equations. Data collected from four batch-reactor runs conducted at 180 ̊C using 

different levels of super-acid catalyst are used to aid parameter estimation. The resulting model 

equations and parameter estimates provide a substantial improvement in fit to the industrial data. 

The contents of Chapter 2 were published in Macromolecular Reaction Engineering.  

In Chapter 3, the PO3G model in Chapter 2 is extended to account for formation and evaporation 

of cyclic oligomers. Simulation results from Chapter 3 reveal the importance of ring-opening 

polyaddition reactions in  PO3G production.  In Chapter 4, the PO3G model in Chapter 3 is further 

extended to account for the influences of temperature on reaction kinetics and mass-transfer. The 

model contains a total of 49 ODEs and 70 kinetic, transport and thermodynamic parameters. A 

comprehensive dataset (with 2046 data values collected from eight experimental runs with 

temperatures ranging from 160 to 180 ̊C  and super-acid catalyst levels ranging from 0.1 to 0.25 

wt%) is used to support parameter estimation and model validation.  Chapter 3 and Chapter 4 were 

published in Macromolecular Theory and Simulations. In Chapter 5, the PO3G model (and the 

corresponding parameter estimates) in Chapter 4 is used to select operation settings for new PO3G 

experiments using a sequential Bayesian model-based design-of-experiments method. The new 

experiments are aimed at obtaining parameter estimates that are more accurate than the values 

reported in Chapter 4. Chapter 5 was submitted to AIChE Journal. Finally, Chapter 6 summarizes 

the overall conclusions and recommendations arising from the research reported in this thesis.   
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Supporting materials for the manuscripts in Chapters 2, 3, 4, and 5 are provided in the appendices 

at the end of this thesis. An additional conference paper entitled “Parameter Subset Selection in 

Differential Equation Models with Dead Time” is  also included in Appendix I. This paper focuses 

more on development of estimability analysis methods that account for time delay associated with 

transportation in piping, and is included in Appendix I for completeness of the current thesis. 
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Chapter 2 

An Improved Model for Polyether Production from 1,3-Propanediol1 

2.1 Abstract 

A dynamic mathematical model is developed for production of Cerenol® polyether from 1,3-

propanediol in a batch reactor system. The model accounts for polycondensation reactions and side 

reactions in the liquid phase and for mass-transfer of volatile species to the vapor. Parameters are 

estimated using measured liquid-phase concentrations of monomer, oligomers, water and end 

groups as well as the mass and composition of condensate collected from the overhead condenser 

system.  The proposed model uses novel probability factors to keep the model equations relatively 

simple while accounting for the complex influence of superacid catalyst on reaction rates.  The 

model is a significant advance over previous Cerenol® models because it better accounts for mass-

transfer rates and for the dynamic behavior of the condenser.  In addition, the proposed model 

accounts for the inhibitory influence of water on polycondensation kinetics due to hydration of 

hydroxyl ends.  The model equations and parameter estimates provide a substantial improvement 

in fit to the data, especially for long reaction times and high catalyst levels, resulting in a 97% 

reduction in the value of the weighted-least squared objective function compared to equations and 

parameters from a previous model. 

 

 

 
1 This chapter has been published in Macromolecular Reaction Engineering, 2020, 14, 3, 1900045. 

https://doi.org/10.1002/mren.201900045 

 Mr. Aly Elraghy, Dr. Rupert E. Spence, and Dr. Kim McAuley are co-authors of this journal article. 

https://doi.org/10.1002/mren.201900045
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2.2 Introduction 

In recent years, bio-based poly(trimethylene) ether glycol (PO3G) has been manufactured using 

renewable feedstocks.[1-18] The trademark for this class of polymers is Cerenol® and the monomer 

is bio-based 1,3-propanediol (bio-PDO), which was commercialized by DuPont.[1-13] The 

production of Cerenol® occurs at relatively low temperatures and pressures in comparison to 

processes for petroleum-based polyether diols, making the production process more sustainable 

and inherently less hazardous.[14, 15] PO3G is biodegradable, has low toxicity, low viscosity, and 

low melting point compared to petroleum-based polyether diols.[14-16] Because of its favorable 

properties, PO3G is used in various applications including cosmetics, breathable membranes, 

biodegradable lubricants, architectural coatings, adhesives and elastomeric fibers.[17,18] 

Several mathematical models have been developed to obtain improved understanding of the 

influence of process operating conditions on product properties and production rates during PO3G 

production. [19-23] Mueller et al. developed the first fundamental PO3G model, which accounts for 

the influence of two different acid catalysts. [20] Their model predicts time-varying concentrations 

of propanediol and water in the reactor liquid and in the vapor that is removed via nitrogen 

sparging.  Their model also predicts number-average molecular weight and concentrations of 

hydroxyl and unsaturated end groups in the polymer. Their model does not include evaporation of 

oligomers (e.g., linear, dimer, trimer, etc.) from the reaction mixture. Although Mueller et al. report 

values for equilibrium constants for some of the acid-base protonation/deprotonation reactions in 

their model, they do not report values for any of the kinetic parameters used to obtain their model 

predictions.   
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Cui et al. extended Mueller’s reaction scheme to account for formation of propanal (a side product) 

and for transetherification reactions that randomize the molecular weight distribution when 

monomer and oligomers evaporate from the liquid phase.[21-23] They used data from the batch 

reactor system in Figure 2.1,[21-23] to estimate parameters in a series of three models with 

increasing levels of sophistication.  As shown in Figure 2.1, nitrogen is bubbled through the liquid 

phase to remove water from the reaction mixture so that PO3G with a high degree of 

polymerization (DP) can be produced.  A portion of the monomer (and oligomers) evaporate with 

the water. Samples of the reactor liquid and the condensate were collected over the course of each 

batch reactor run and were subsequently analyzed, providing information about reaction kinetics 

and evaporation rates. 

The first model of Cui et al. predicts the time evolution of DP, along with concentrations of water, 

monomer, propanal and unsaturated ends.   Evaporation rates of water, monomer and propanal are 

also predicted. Cui et al. used estimability analysis techniques[26, 28] to rank the kinetic and transport 

parameters in their model from most-estimable to least-estimable and used a mean-squared-error 

Figure 2. 1: PO3G reactor and condenser system[21-23] 
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criterion[25, 27] to determine that 8 of their 14 model parameters could be estimated from four 

dynamic batch-reactor runs conducted at 180 °C using different concentrations of super-acid 

catalyst.[21] Cui’s first model neglected evaporation of oligomers and assumed that mass-transfer 

coefficients for water and monomer are constant over the duration of each batch run. 

Unfortunately, this model gives relatively poor predictions, especially of DP at long reaction 

times.[21] Cui et al. performed a second modeling study to investigate the influence of DP on mass-

transfer rates to determine whether time-varying mass-transfer coefficients could help to improve 

the model predictions.[22] Cui et al. showed that increases in bubble residence time due to 

increasing viscosity have an important influence on mass-transfer rates and extended their previous 

model to account for these effects.  Although predictions improved somewhat, predictions of DP 

at long reaction times and of residual monomer concentrations in the liquid phase were 

unsatisfactory.[22] A third model was developed to account for evaporation of linear oligomers (i.e., 

dimer to pentamer), which was neglected in previous models, even though these species make up 

approximately 10 wt % of the condensate collected from the overhead stream shown in Figure 

2.1.[23] This third model resulted in better predictions of DP (which is still underpredicted at long 

reaction times) but provided a relatively poor fit to data for monomer concentrations in the reactor, 

especially at long reaction times.  Under-prediction of DP and over-prediction of the monomer 

concentration at long reaction times suggest that the overall rate of polycondensation predicted by 

Cui’s model is too low, especially during the final low-water stage of the batch reactor 

experiments.  This problem may result from inappropriate reaction kinetics or mass-transfer 

expressions.   Including mass transfer of oligomers in the model resulted in four additional mass-

transfer parameters. [23] Cui et al. showed that these four new parameters could be estimated from 

the available data, along with 11 of the 14 other model parameters.[23] Although qualitative 



15 
 

predictions of the linear oligomer concentrations in the reactor liquid were good, Cui et al. noted 

that the predicted maxima in the dimer, trimer and tetramer concentrations occurred earlier than 

the maxima in the corresponding measured concentrations.  Also, predicted oligomer 

concentrations in the reactor were too high at long times.  Cui et al. suggested that discrepancies 

in the predictions could be because: i) simplifying assumptions were made about the overhead 

condenser system (i.e., no time delay in the piping and negligible liquid hold-up in the condenser); 

ii) mass-transfer expressions for monomer and water were developed based on restricted 

experimental vapor-liquid equilibrium (VLE) data; iii) there may be deficiencies in the reaction 

scheme used to develop the model (e.g., the formation of cyclic oligomers is neglected).[23] In the 

improved model developed in this paper, we address these issues (except for cyclic-oligomer 

formation, which is the topic of ongoing research).  

Cui’s models and the model of Mueller et al. neglected the dynamics of the overhead condenser 

system, assuming that water, monomer and oligomers that evaporate from the reaction mixture 

appear instantaneously in the liquid condensate that enters the condensate collector (see Figure 

2.1).[19-23] However, there is a substantial hold-up of accumulated liquid in the condenser, which 

introduces an additional lag in the measured condensate concentrations.  Time delay associated 

with flow through the overhead piping may also influence the condensate concentration 

measurements that were used for model-fitting by Cui et al. In the current article, the model is 

extended to account for the mass of liquid in the condenser and for time delay, leading to two 

additional parameters that appear in the model. 

Mass-transfer expressions developed by Cui et al. rely on experimental VLE data shown in Figure 

2.2.[22] Figure 2.2a) shows the vapor pressure of water, PW, plotted vs. the corresponding 

equilibrium volume fraction of water, 𝐹𝑣𝑊
∗ , in molten PO3G. The dashed curve is a prediction at 
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180 ̊C from a Flory-Huggins based correlation developed by Xie.[16] Xie’s correlation was fitted 

using data obtained over a relatively narrow composition range. Figure 2.2b), showing the 

corresponding vapor pressure of monomer, PL1, considers a wider range of volume fractions 

because the experiments conducted in the reactor shown in Figure 2.1 start with pure 1,3-

propanediol at the beginning of each batch.  The monomer volume fraction in the liquid decreases 

over time due to polymerization and evaporation. The curve in Figure 2.2b) is a cubic spline fit to 

VLE data for the monomer.[22] In the current modeling study, two additional parameters are 

introduced to the water VLE model to obtain good fits to the dynamic reactor operating data.  Cui’s 

cubic spline expressions for monomer VLE[22] are used without any changes.  

Figure 2. 2: Vapor-liquid equilibrium correlations for a) water and b) monomer 

at 180 °C and experimental data at several temperatures[16, 22] 

a) 

b) 
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The mass-transfer expressions developed by Cui et al. assume that partial pressures of water and 

monomer in the bubbles are uniform (from bubble to bubble), regardless of their vertical position 

within the reactor (i.e., that the bubble phase is well-mixed due to recirculation and coalescence of 

bubbles within the reacting mixture).[22] However, as nitrogen bubbles rise from the bottom of the 

reactor to the liquid surface, partial pressures of monomer and water in the bubbles may vary 

considerably with vertical position. Bubbles that form near the nitrogen inlet will have near-zero 

concentrations of water and monomer, whereas bubbles that emerge at the top surface of the liquid 

will tend to have higher concentrations.  The amount of back-mixing and coalescence of bubbles 

within the reactor is not well understood and could be small.  To deal with this uncertainty, an 

adjustable bubble-backmixing parameter is included in the model proposed in the current article.   

In the reaction mechanisms used in the models of Cui et al. and Mueller et al., it is assumed that 

the rate constant (and equilibrium constant) for the main polycondensation reaction is independent 

of the water concentration.[19-23] However, this assumption may not be valid and may be an 

important source of the discrepancies between Cui’s model predictions and the dynamic PO3G 

data. The research group of Yin et al. showed that water has an important inhibitory effect on the 

rate of etherification reactions. [29-31] For example, Yin et al. investigated the etherification of 

ethanol and tert-butyl alcohol to produce ethyl tert-butyl ether, with and without added water, in 

the presence of an acid catalyst.[29] They found that initial reaction rates without added water were 

about 15 times higher (at 323 K) than corresponding reaction rates in the presence of water at a 

concentration of 12 wt%.[29] In a follow-up study, Yang produced tert-amyl methyl ether from 

methanol and tert-amyl alcohol and found that this etherification reaction was also greatly inhibited 

by added water. [30, 31] A similar inhibition effect of water has been found for esterification[32, 33] 

and amidation reactions and has been incorporated in a recent nylon copolymerization model.[34] 
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Several empirical correlations have been developed to account for the inhibiting effect of water on 

esterification and etherification reaction rates.  For example, Okamoto[32] proposed the following 

expression: 

𝑘 =
𝑘0

′

1 + 𝑎[𝑊]
                                                (2.1) 

to obtain the water-dependent reaction rate constant k for esterification, based on a water-free rate 

constant k’0 and the water concentration [W]. The fitted parameter a is temperature-dependent.  

Yin and Yang[29-31] modified the denominator of Okamato’s expression and used it to successfully 

predict rates of etherification reactions using: 

𝑘 =
𝑘0

′

1 + 𝑎[𝑊]2
                                               (2.2) 

Later, Liu investigated the effect of water on acid-catalyzed esterification of acetic acid and 

methanol and determined that 𝑘 ∝ [𝑊]−0.83.[33] Unfortunately, Liu’s reaction rate equation is not 

applicable at an initial batch reactor condition where the concentration of water is zero, but it can 

be extended to a more generally applicable form:  

𝑘 =
𝑘0

′

1 + 𝑎[𝑊]𝑏
                                             (2.3) 

where -b is the estimated reaction order of water when [W] is large.   

The main goals of the current modeling study are to extend Cui’s PO3G model to account for: i) 

liquid hold-up and time-delay in the condenser system, ii) uncertainties in water VLE and bubble 

circulation behavior and iii) possible inhibitory effects of water on the rate of polycondensation. 

In addition, Cui’s reaction scheme is simplified to remove inestimable parameters related to 
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several side reactions.  The revised model is then be used to re-estimate the model parameters, 

providing a substantial improvement in the fit to the data. 

The remainder of the paper is organized as follows.  The available kinetic data are described, 

followed by the revised reaction scheme and the corresponding model equations.  Note that these 

new dynamic mass-balance equations are an important advance over the balances developed by 

Cui et al., because they incorporate probability factors that greatly simplify the equation 

structure.[35] Results of parameter estimates and model predictions are then shown and discussed. 

Finally, recommendations are made to further improve the model (e.g., by including the formation 

of cyclic oligomers).  

2.3 Kinetic Data 

Industrial data were obtained from the batch reactor system shown schematically in Figure 2.1.[21-

23] In the dynamic experiments, an initial charge of bio-PDO was fed to the reactor and maintained 

at a desired temperature of 180 °C. Agitation and sparging with N2 was established before adding 

a super-acid catalyst (Triflic acid) to start the reaction. As the polycondensation reactions proceed, 

oligomers are produced and accumulate in the liquid phase. Water, monomer and oligomers diffuse 

from the liquid into nitrogen bubbles which exit the liquid into the reactor headspace. Samples of 

the liquid in the reactor and the condensate were removed at selected times for analysis. Four 

experimental runs were conducted using initial catalyst concentrations between 0.10% and 0.25% 

by weight. Measurements available from polymer melt include:  

1) Concentration of monomer (ppm by weight);  

2) Concentration of water (wt%);  

3) Concentration of linear oligomers (i.e., dimer to heptamer) (ppm by weight);  
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4) Concentration of cyclic oligomers (i.e., dimer to octamer) (ppm by weight);  

5) Unsaturated end group concentration (mmol/kg); 

Measurements available from the condensate include:  

1) Water concentration (wt% of overall condensate);  

2) Monomer concentration (ppm by weight);  

3) Linear oligomers (i.e., dimer to pentamer) (ppm by weight);  

4) Cyclic oligomers (i.e., dimer to heptamer) (ppm by weight);  

5) Total mass of collected condensate (g) 

Note that concentrations in the condensate are reported in different units than were used by Cui et 

al. (previously in mol %).  Also, data for the total mass of collected condensate are used for the 

first time in the current parameter estimation study. Hydroxyl end-group data for the molten 

polymer used by Cui et al. to compute experimental DP values in previous modeling and parameter 

estimation studies[21-23] are excluded from the current study because a recent analysis reveals 

inconsistencies with the oligomer concentration data.  Details are provided in Appendix II-I.  

2.4 Model Development 

Table 2.1 shows the updated reaction mechanism used in the model.  The left-hand column 

provides structural information, showing the polymer end groups and ether links, whereas the 

right-hand column shows the same reactions in terms of symbols used in the model equations.  

Hydroxyl ends are denoted as O, ether links as E, unsaturated ends as U, secondary carbocation 

ends as Cs, and water as W. The subscript p indicates that a functional group or species is 

protonated. Reaction 2.1.1 shows the equilibrium for protons exchanging between hydroxyl ends 
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and water with K1 as the equilibrium constant. Cui’s models also considered equilibrium 

protonation of ether functional groups, which is neglected in the proposed simplified model. As 

shown in Appendix II-A, this assumption is appropriate because Cui’s model equations and 

parameter estimates indicate that the concentration of protonated ether links is negligible compared 

to the concentrations of protonated hydroxyl ends and protonated water.  

Reaction 2.1.2 is the main polycondensation reaction, which consumes hydroxyl ends, with 

forward rate constant k2 (kg mmol-1 h-1) and reverse rate constant k2r (kg mmol-1 h-1). As indicated 

in Assumption 2.2.1 in Table 2.2, the polycondensation reaction requires one of the participating 

hydroxyl ends to be protonated.  The reverse (hydrolysis) reaction is also acid catalyzed (i.e., it 

involves protonated water).  Side Reactions 2.1.3, 2.1.4, and 2.1.5 produce unsaturated ends and 

secondary carbocation ends where k3 (h
-1) is the rate constant for the end degradation reaction, k4 

(kg mmol-1 h-1) is the rate constant for protonation of a terminal double bond and k5 (h
-1) is the rate 

constant for formation of a secondary carbocation end from a protonated hydroxyl end. Note that 

the formation of a secondary carbocation from hydration of an unsaturated end is a multi-step 

reaction.[21] For simplicity, reaction 2.1.4 only shows the overall reaction.   Reactions 2.1.6 and 

2.1.7 account for formation of propanal (denoted by AD), which is observed experimentally.[21-23] 

It is assumed that reversible Reaction 2.1.6 is sufficiently fast to be in equilibrium (Assumption 

2.2.8).   Note that Reactions 2.1.6 and 2.1.7 are shown separately in Table 2.1, but we treat the 

protonated secondary hydroxyl end Osp as a short-lived intermediate (Assumption 2.2.8) that does 

not accumulate in the reactor system so that the forward rate constant for Reactions 2.1.6 and 2.1.7 

combined is k7K6 (h
-1).  In Cui’s earlier models, these two reactions were treated separately, but an 

estimability analysis revealed that parameter K6 cannot be estimated independently from k7 using 

the available industrial data. As a result, we simplified the model to contain the lumped parameter 
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k7K6. Reaction 2.1.8 accounts for transetherification between oligomeric and polymer chains.  The 

transetherification reaction is included in the model because it influences the rate at which linear 

oligomers are regenerated from long polymer chains to replenish oligomer molecules that 

evaporate from the reaction mixture. We assume that transetherification occurs between 

protonated hydroxyl groups and ether links.  Cui’s models also included transetherification 

involving unprotonated hydroxyl ends and protonated ether links, but based on the rate constants 

estimated by Cui et al., the rate of this alternative reaction is much slower than Reaction 2.1.8 and 

can be ignored.    

 

Table 2. 1: Simplified mechanism for PO3G  production in batch reactor[21-23] 
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Table 2.2 lists the assumptions used to develop the ordinary differential equations (ODEs) in Table 

2.3. Assumptions 2.2.1 to 2.2.6 were made previously by Cui et al.[21-23] Assumptions 2.2.7 to 

2.2.13 are new assumptions justified via simulation studies (shown elsewhere) involving Cui’s 

model. Assumptions 2.2.7 to 2.2.11 reduce the number of material-balance equations and kinetic 

parameters in the model.  Assumptions 2.2.12 and 2.2.13 are new assumptions related to the 

dynamic condenser system model.[24]  

Table 2. 2: Assumptions used to develop the proposed PO3G model[21-24] 

2.2.1 
Protonated species do not react with each other due to repulsion between positive 

charges.  Reactions occur only in the liquid phase.  

2.2.2 

The exchange of protons between hydroxyl ends and water is sufficiently fast to be in 

equilibrium.  All hydroxyl ends on monomers, oligomers and on polymer chains have 

equal probability of being protonated. The probability of any molecule being 

protonated at more than one location is negligible. 

2.2.3 

Transetherification between linear chains is sufficiently fast to randomize the chain 

ends to distribute the unsaturated ends randomly among molecules of different chain 

lengths.   

2.2.4 

Water, monomer, propanal and linear oligomers (dimer to pentamer) are able to 

evaporate from the liquid to the bubbles.  Hexamer and heptamer are less volatile and 

do not evaporate. 

2.2.5 

Partial pressures of propanal, dimer, trimer, tetramer and pentamer in the nitrogen 

bubbles and head space are sufficiently small to be set at zero in the corresponding 

mass-transfer expressions. 

2.2.6 Formation and evaporation of cyclic oligomers are neglected in the current model.   

2.2.7 

The proportion of protonated water is negligible in comparison with the concentration 

of neutral water. The proportions of protonated hydroxyl ends, unsaturated ends and 

secondary carbocation ends are negligible in comparison with the concentration of 

neutral hydroxyl ends.  The concentration of protonated ether links is small and can be 
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neglected when distributing the protons arising from the super-acid catalyst between 

hydroxyl ends and water. 

2.2.8 
Protonated secondary hydroxyl ends produced via Reaction 2.1.6 are short-lived and 

do not accumulate in the reactor. 

2.2.9 

Propanal is produced primarily from protonated secondary hydroxyl groups on long 

polymer chains.  Generation of propanal from secondary hydroxyl groups on 

monomers and oligomers (dimers to heptamers) can be neglected.   

2.2.10 Transetherification occurs between protonated hydroxyl ends and neutral ether links.      

2.2.11 The ideal gas law is assumed for the vapor in the reactor head space. 

2.2.12 

Because a small amount of monomer evaporates before the catalyst is added to the 

reactor, the initial liquid in the condenser is pure monomer.  The mass of the liquid in 

the condenser remains constant over time.   

2.2.13 

Nitrogen in the overhead stream exits the condenser in the vapor. Monomer and linear 

oligomers that evaporate from the reactor exit the condenser in the liquid.  Water and 

propanal partition between the liquid and vapor phases according to partition 

coefficient values, which are assumed to be constant and perfectly known. 

 

2.4.1. Reactor Model Equations 

The ODEs in Table 2.3 are dynamic material balances on chemical species and functional groups, 

with all concentrations in mmol kg-1 and time in hours.  Equation 2.3.1 is a balance on the total 

mass m (kg) of the liquid mixture in the reactor, which decreases over time due to evaporation of 

water, propanal, monomer and volatile oligomers (see Assumption 2.2.4).  Mass-transfer 

coefficients kW, kAD and kL(i) are in kg m-2 h-1 and Ab  (m
2 kg-1) is the interfacial area of the nitrogen 

bubbles per unit mass of reactor liquid.  [W], [AD] and [L(i)] are concentrations of water, propanal, 

monomer and oligomers in the reactor liquid, respectively. [W]*, [AD]* and [L(i)]* are 

corresponding hypothetical concentrations of these species that would be in equilibrium with the 

corresponding partial pressures in the reactor headspace.  Expressions for [W]*
 and [L(1)]*

 are 
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provided in Appendix II-F (i.e., Equations II-F1.1 and II-F1.2) whereas [AD]* and [L(i)]*
 with i=2 

to 5 are set at zero (Assumption 2.2.5).  𝐹𝑣𝑊
∗  and 𝐹𝑣𝐿(1)

∗ , which appear in Equations II-F1.1 and II-

F1.2 are corresponding equilibrium volume fractions of water and monomer in the polymer phase, 

computed using cubic spline fitting of the VLE data of Xie.[16] The resulting VLE expression used 

for computing 𝐹𝑣𝑊
∗  from PW at 180 ̊ C relies on interpolation between Xie’s data obtained at 160 ̊ 

C and 185 ̊ C. Because Xie’s VLE data for water are only available over a limited range of 

conditions (see Figure 2.2a)), two additional fictitious data points (i.e. PW (0.001) and PW (0.02)) 

are included in the cubic spline fit and appear in the model as adjustable parameters. Using the 

additional parameters results in improved modeling of the full range of water VLE that is 

encountered in the dynamic data. Details are provided in Appendix II-C.  The monomer cubic-

spline VLE expression used for computing 𝐹𝑣𝐿1
∗  from PL(1) is the same as developed by Cui et al.  

In Equations II-F1.1 and II-F1.2, 𝜌𝑊, 𝜌𝐿(1), and 𝜌 are densities of water, monomer, and polymer, 

respectively (in kg m-3) computed using industrial correlations. MW, MAD and ML(i) are molar 

masses of the corresponding species in kg mmol-1.  

The updated mass-transfer terms in ODE 2.3.1 include an adjustable bubble-backmixing parameter 

γ, which accounts for uncertainty in the amount of bubble recirculation that occurs.  Cui et al. 

assumed that bubbles are well-mixed within the reactor liquid, corresponding to γ=1.0 (i.e., Cui 

assumed that the typical partial pressure of water in the bubbles is equal to the corresponding 

partial pressure in headspace).  Smaller values of γ account for the near-zero partial pressures of 

water and monomer in bubbles that are near to the nitrogen inlet. For example, γ =0.5 indicates 

that a typical bubble has water and monomer partial pressures that are half-way between zero and 

the corresponding headspace partial pressures.   
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Equation 2.3.2 is a balance on the super-acid catalyst, with [cat] in mmol kg-1, which changes over 

time due to the time-varying mass of the liquid in the reactor. Note that, for compactness, 
𝑑𝑚

𝑑𝑡
 

appears on the right-hand sides of ODEs 2.3.2 to 2.3.12.  When solving the differential equations 

numerically, the right-hand side of ODE 2.3.1 was substituted for 
𝑑𝑚

𝑑𝑡
 in each ODE.  ODE 2.3.3 is 

a material balance on unreacted monomer, L(1). The first two terms on the right-hand side account 

for monomer consumption and generation by Reaction 2.1.2 and its reverse. The factor f1 is the 

fraction of hydroxyl ends in the reaction mixture that are protonated and f2 is the fraction of water 

molecules that are protonated. Factor fE1 is the fraction of ether links that are next to the end of a 

linear chain (and hence can produce L(1) via hydrolysis reactions). Expressions for these and other 

probability factors that appear in the model have been derived and appear in Table 2.4, along with 

other algebraic expressions required to solve the model equations. The third and fourth terms in 

ODE 2.3.3 account for monomer consumption and generation by Reaction 2.1.8. The fifth term 

accounts for evaporation of monomer into the bubbles. The final term accounts for the change in 

monomer concentration associated with the loss in total mass of the reaction mixture. 

Similarly, ODEs 2.3.4 and 2.3.5 are balances on volatile oligomers (dimer to pentamer), and non-

volatile oligomers (hexamer and heptamer), respectively, in the liquid phase.  The factor fEi is 

fraction of ether links that are i units from an end of a linear chain.  This fraction is important 

because it determines the proportion of hydrolysis (reverse of Reaction 2.1.2) and 

transetherification (Reaction 2.1.8) reactions that lead to cleavage of oligomers from the ends of 

polymer chains. 

ODEs 2.3.6 to 2.3.10 are material balances for water, propanal, hydroxyl ends, unsaturated ends, 

and secondary carbocation ends, respectively, wherein f3 is the fraction of ends that are 
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unsaturated. ODEs 2.3.11 and 2.3.12 are material balances for the total number of linear molecules 

𝜆𝑡𝑜𝑡
0  (i.e, polymer chains, linear oligomers and monomer) in mmol kg-1 and the total number of 

(reacted and unreacted) monomer units 𝜆𝑡𝑜𝑡
1 , respectively, also in mmol kg-1. ODE 2.3.13 is a set 

of material balances for volatile species in the reactor headspace. Partial pressures appear on the 

left-hand side because the ideal gas law is assumed in the vapor phase (Assumption 2.2.11).  

Details concerning the derivation of these ODEs can be found in Appendix II-B.  Note that the 

ODEs in Table 2.3 and the probability factors in Table 2.4 (i.e., Equations 2.4.1 to 2.4.5) are 

considerably simpler than the corresponding ODEs and larger number of probability factors 

derived by Cui et al.[21-23] due to Assumptions 2.2.7 to 2.2.11.  The validity of these assumptions, 

over the range of reactor operating conditions encountered during the experiments, has been 

confirmed using Cui’s model (see Appendix II).  

Equation 2.4.6 shows the relationship between the equilibrium constant K2 for the condensation 

reaction (Reaction 2.1.2) and Xie’s apparent equilibrium constant K2 app, which he measured 

experimentally at several different temperatures.  In Cui’s previous models, the parameter K2 was 

inestimable from the kinetic data. In the current model, we treat Xie’s apparent equilibrium 

constant K2 app as a relatively well-known parameter, based on his experimental results. Equations 

2.4.7 and 2.4.8 account for the inhibitory influence of water on the polycondensation rate constant 

and equilibrium constant, respectively, with the new unknown parameter KH reducing the 

condensation rate constant and the equilibrium constant as the water concentration increases. 
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Table 2. 3: Differential equations for PO3G model in reactor 

𝑑𝑚

𝑑𝑡
= − 𝑚𝑘𝑊𝐴𝑏([𝑊] − 𝛾[𝑊]∗)𝑀𝑊 − 𝑚𝑘𝐴𝐷𝐴𝑏([𝐴𝐷] − 𝛾[𝐴𝐷]∗)𝑀𝐴𝐷

−  𝑚 ∑ 𝑘𝐿(𝑖)

5

𝑖=1

𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗)𝑀𝐿(𝑖) 

(2.3.1) 

𝑑[𝑐𝑎𝑡]

𝑑𝑡
= −

[𝑐𝑎𝑡]

𝑚

𝑑𝑚

𝑑𝑡
 (2.3.2) 

𝑑[𝐿(1)]

𝑑𝑡
= − 4𝑘2𝑓1[𝐿(1)][𝑂] + 𝑘2𝑟𝑓𝐸1[𝐸]𝑓2[𝑊] − 𝑘8𝑓12[𝐿(1)][𝐸]

+
1

2
𝑘8𝑓1[𝑂]𝑓𝐸1[𝐸] − 𝑘𝐿(1)𝐴𝑏([𝐿(1)] − 𝛾[𝐿(1)]∗)

−
[𝐿(1)]

𝑚

𝑑𝑚

𝑑𝑡
 

(2.3.3) 

𝑑[𝐿(𝑖)]

𝑑𝑡
= − 4𝑘2𝑓1[𝐿(𝑖)][𝑂] + 𝑘2𝑓1 ∑ 2

𝑖−1

𝑘=1

[𝐿(𝑘)]2[𝐿(𝑖 − 𝑘)]

− 𝑘2𝑟(𝑖 − 1)[𝐿(𝑖)]𝑓2[𝑊] + 𝑘2𝑟𝑓𝐸𝑖[𝐸]𝑓2[𝑊]

− 𝑘8𝑓12[𝐿(𝑖)][𝐸] − 𝑘8(𝑖 − 1)[𝐿(𝑖)]𝑓1[𝑂] +
1

2
𝑘8𝑓1[𝑂]𝑓𝐸𝑖[𝐸]

+
1

2
𝑘8 ∑ 𝑓1

𝑖−1

𝑘=1

2[𝐿(𝑘)]𝑓𝐸𝑖−𝑘[𝐸] − 𝑘𝐿(𝑖)𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗)

−
[𝐿(𝑖)]

𝑚

𝑑𝑚

𝑑𝑡
 

where i = 2, 3, 4, 5 

(2.3.4) 
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𝑑[𝐿(𝑖)]

𝑑𝑡
= − 4𝑘2𝑓1[𝐿(𝑖)][𝑂] + 𝑘2𝑓1 ∑ 2

𝑖−1

𝑘=1

[𝐿(𝑘)]2[𝐿(𝑖 − 𝑘)]

− 𝑘2𝑟(𝑖 − 1)[𝐿(𝑖)]𝑓2[𝑊] + 𝑘2𝑟𝑓𝐸𝑖[𝐸]𝑓2[𝑊]

− 𝑘8𝑓12[𝐿(𝑖)][𝐸] − 𝑘8(𝑖 − 1)[𝐿(𝑖)]𝑓1[𝑂] +
1

2
𝑘8𝑓1[𝑂]𝑓𝐸1[𝐸]

+
1

2
𝑘8 ∑ 𝑓1

𝑖−1

𝑘=1

2[𝐿(𝑘)]𝑓𝐸𝑖−𝑘[𝐸] −
[𝐿(𝑖)]

𝑚

𝑑𝑚

𝑑𝑡
 

where i = 6, 7 

(2.3.5) 

𝑑[𝑊]

𝑑𝑡
= + 𝑘2𝑓1[𝑂]2 − 𝑘2𝑟[𝐸]𝑓2[𝑊] + 𝑘3𝑓1[𝑂] + 𝑘5𝑓1[𝑂] − 𝑘7𝐾6[𝐶𝑠][𝑊]

− 𝑘𝑊𝐴𝑏([𝑊] − 𝛾[𝑊]∗) −
[𝑊]

𝑚

𝑑𝑚

𝑑𝑡
 

(2.3.6) 

𝑑[𝐴𝐷]

𝑑𝑡
= + 𝑘7𝐾6[𝐶𝑠][𝑊] − 𝑘𝐴𝐷𝐴𝑏([𝐴𝐷] − 𝛾[𝐴𝐷]∗) −

[𝐴𝐷]

𝑚

𝑑𝑚

𝑑𝑡
 (2.3.7) 

𝑑[𝑂]

𝑑𝑡
= − 2𝑘2𝑓1[𝑂]2 + 2𝑘2𝑟[𝐸]𝑓3[𝑊] − 𝑘3𝑓1[𝑂] − 𝑘5𝑓1[𝑂]

+ 𝑘7𝐾6[𝐶𝑠][𝑊] −  2 ∑ 𝑘𝐿(𝑖)

5

𝑖=1

𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗)

−
[𝑂]

𝑚

𝑑𝑚

𝑑𝑡
 

(2.3.8) 

𝑑[𝑈]

𝑑𝑡
= + 𝑘3𝑓1[𝑂] − 𝑘4[𝑈]𝑓2[𝑊] − ∑ 𝑘𝐿𝑢(𝑖)

5

𝑖=1

𝐴𝑏(2𝑓3[𝐿(𝑖)] − 𝛾[𝐿𝑢(𝑖)]∗)

−
[𝑈]

𝑚

𝑑𝑚

𝑑𝑡
 

(2.3.9) 

𝑑[𝐶𝑠]

𝑑𝑡
= + 𝑘4[𝑈]𝑓2[𝑊] + 𝑘5𝑓1[𝑂] − 𝑘7𝐾6[𝐶𝑠][𝑊]  −

[𝐶𝑠]

𝑚

𝑑𝑚

𝑑𝑡
 (2.3.10) 



30 
 

𝑑𝜆𝑡𝑜𝑡
0

𝑑𝑡
= − 𝑘2𝑓1[𝑂]2 + 𝑘2𝑟[𝐸]𝑓2[𝑊] + 𝑘7𝐾6[𝐶𝑠][𝑊]

− 𝑘𝐴𝐷𝐴𝑏([𝐴𝐷] − [𝐴𝐷]∗) −  ∑ 𝑘𝐿(𝑖)

5

𝑖=1

𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗)

−
𝜆𝑡𝑜𝑡

0

𝑚

𝑑𝑚

𝑑𝑡
 

(2.3.11) 

𝑑𝜆𝑡𝑜𝑡
1

𝑑𝑡
= − 𝑘𝐴𝐷𝐴𝑏([𝐴𝐷] − 𝛾[𝐴𝐷]∗) − ∑ 𝑖

5

𝑖=1

𝑘𝐿(𝑖)𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗)

−
𝜆𝑡𝑜𝑡

1

𝑚

𝑑𝑚

𝑑𝑡
 

(2.3.12) 

𝑑𝑃𝑥

𝑑𝑡
= [𝑘𝑊𝐴𝑏𝑚([𝑥] − 𝛾[𝑥]∗) − 𝐹𝑔𝑡𝑜𝑡

𝑃𝑥

𝑃𝑡𝑜𝑡
]

𝑅𝑇

𝑉𝑔𝑎𝑠
 

where x = W, AD, L(i), i= 1, 2, 3, 4, 5 

(2.3.13) 
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Table 2. 4: Probability Factors and Algebraic Expressions for Reactor Model 

Expression Description  

𝑓1 =
[𝑂𝑝]

[𝑂]
=

𝑓2

𝐾1
 

Fraction of hydroxyl ends that are 

protonated 
(2.4.1) 

𝑓2 =
[𝑊𝑝]

[𝑊]
=

[𝑐𝑎𝑡]

[𝑊] +
[𝑂]
𝐾1

 Fraction of water molecules that are 

protonated 
(2.4.2) 

𝑓3 =
[𝑈]

[𝑂]
 

Fraction of ends that are 

unsaturated 
(2.4.3) 

𝑓𝐸𝑖 = 2
𝜆𝑡𝑜𝑡

0 − ∑ [𝐿(𝑗)]𝑖
𝑗=1

[𝐸]
 

Fraction of ether links that are i 

units from an end of a linear chain 
(2.4.4) 

[𝐸] = 𝜆𝑡𝑜𝑡
1 − 𝜆𝑡𝑜𝑡

0  Concentration of ether links (2.4.5) 

𝐾2 =
𝐾2 𝑎𝑝𝑝

𝐾1
 

Equilibrium constant for 

condensation reaction 
(2.4.6) 

𝑘2 =  
𝑘2𝑟𝑒𝑔

1 + 𝐾𝐻[𝑊]
 

Condensation rate constant 

accounted for inhibitory effect of 

water 

(2.4.7) 

𝐾2 =
𝐾2𝑟𝑒𝑔

1 +  𝐾𝐻[𝑊]
 

Condensation equilibrium 

accounted for inhibitory effect of 

water 

(2.4.8) 

 

2.4.2. Condenser Model 

The overhead vapor stream from the reactor headspace contains nitrogen, water, propanal, 

monomer, and volatile oligomers.  This stream is fed to the condenser, as shown in Figure 2.1, 

which operates at 10 ̊C and atmospheric pressure. One of the assumptions in the earlier models of 

Cui et al., is that the condenser operates as a perfect instantaneous separator with all of the nitrogen 

exiting in the vapor and other species exiting only in the liquid.[23] Cui’s model neglects dynamics 
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due to the liquid hold up in the condenser and any time delay associated with flow through the 

overhead piping.[23] She suggested that the neglected condenser dynamics could be an important 

cause of the relatively poor fit to oligomer concentration data.[23] The current model relaxes Cui’s 

assumptions by treating the condenser system as an equilibrium flash unit with first-order 

dynamics and time delay. 

 

 

Equilibrium flash calculations performed using Aspen HYSYS○R  confirm that essentially all of the 

nitrogen remains in the vapor stream, and that nearly all of the monomer and linear oligomers 

condense into the liquid phase. However, water and propanal partition into both phases.  This 

partitioning is accounted for in the current model using partition coefficients KW and KAD, which 

are assumed to be constant at KW=0.01204 and KAD=1.8518 at 10 ̊C and atmospheric pressure (see 

Assumption 2.2.13).    

Overhead 

vapor from 

reactor 𝐹𝑔𝑡𝑜𝑡 

Instantaneous 

flash 

T = 10oC 

P = 1 atm 

Condenser 

liquid, 𝑚𝐿𝑐
 

Condensate 

collector 

liquid, mcc 

Figure 2. 3: Schematic process for condenser 

model 

Lf 
[W]c, 

[L(i)]c, 

[AD]c 
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Two parameters appear in the extended model to account for the condenser dynamics: the mass of 

liquid accumulated in the condenser 𝑚𝐿𝑐 (kg) and the time delay 𝜃𝑑 (h) associated with flow 

through the overhead piping (i.e., from the reactor vessel to the condenser and from the condenser 

to the condensate accumulator). 𝑚𝐿𝑐
appears in the ODEs in Table 2.5, which describe the time-

varying concentrations of water [W]c, propanal [AD]c, monomer [L(1)]c and linear oligomers 

[L(i)]c, i=2..5 in the liquid in the condenser.  The condenser system is modeled as if it were an 

instantaneous flash unit with the resulting liquid fed to a well-mixed tank, as shown in Figure 2.3. 

The first term on the right-hand side of ODE 2.5.1, 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑥𝑊, is the flow rate of water from the 

instantaneous flash into the condenser liquid, where 𝐹𝑔𝑡𝑜𝑡 is the total molar flowrate of overhead 

vapor from the reactor, Lf is the fraction of this vapor that condenses in the flash and xw is the mole 

fraction of water in this liquid stream.  Note that the flow rate 𝐹𝑔𝑡𝑜𝑡 can be calculated using 

Equations 2.6.1 and 2.6.2 because the pressure in the headspace is constant (i.e., the total molar 

inflow rate to the headspace is equal to the total outflow rate). Both Lf  and xw (along with the other 

liquid mole fractions) are obtained via the flash Equations 2.6.3 to 2.6.7 in Table 2.6. Derivations 

of Equations 2.6.3 to 2.6.7 are provided in Appendix II-D. The second term on the right-hand side 

of ODE 2.5.1, 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓
[𝑊𝑐], is the flow rate of water exiting the condenser before entering the 

condensate collector. 𝑀𝐿𝑓
 is the average molecular weight of the liquid flowing from the flash into 

the condenser, which is obtained using Equation 2.6.8.  

The ODEs in Table 2.5 are solved along with algebraic Equations 2.6.1 to 2.6.8. Equations 2.6.9 

and 2.6.10 are used to account for the time delay in concentrations of species entering the 

condensate collector and in 𝑚𝑐𝑐 (kg), the mass of the liquid in the condensate collector. The 

subscript d indicates a delayed state variable. Parameters θd and 𝑚𝐿𝑐 are estimated from the 
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experimental data along with the kinetic, equilibrium and mass-transfer parameters that appear in 

the reactor model in Tables 2.3 and 2.4. 

Table 2. 5: Differential equations for condenser and condensate collector 

𝑑[𝑊𝑐]

𝑑𝑡
= (𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑥𝑊 − 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓

[𝑊𝑐])
1

𝑚𝐿𝑐
 (2.5.1) 

𝑑[𝐴𝐷𝑐]

𝑑𝑡
= (𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑥𝐴𝐷 − 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓

[𝐴𝐷𝑐])
1

𝑚𝐿𝑐
 (2.5.2) 

𝑑[𝐿(𝑖)𝑐]

𝑑𝑡
= (𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑥𝐿(𝑖) − 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓

[𝐿(𝑖)𝑐])
1

𝑚𝐿𝑐
               

𝑤ℎ𝑒𝑟𝑒 𝑖 =  1, 2, 3, 4, 5 

(2.5.3) 

𝑑𝑚𝑐𝑐

𝑑𝑡
= 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓

 (2.5.4) 

 

Table 2. 6: Algebraic expressions for condenser model 

𝐹𝑔𝑥 = 𝑚𝑘𝑋𝐴𝑏([𝑋] − 𝛾[𝑋]∗) 

where x is W, AD, and L(i) with i = 1, 2, 3, 4, 5 

(2.6.1) 

𝐹𝑔𝑡𝑜𝑡 = 𝐹𝑊 + 𝐹𝐴𝐷 + ∑ 𝐹𝑔𝐿(𝑖) + 𝐹𝑔𝑁2

5

𝑖=1

 (2.6.2) 

𝑧𝑥 =
𝐹𝑔𝑥

𝐹𝑔𝑡𝑜𝑡
 

where x is W, AD, and L(i) with i = 1, 2, 3, 4, 5 

(2.6.3) 
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𝐿𝑓 =
𝑧𝑊𝐿𝑓

𝐾𝑊 + 𝐿𝑓(1 − 𝐾𝑊)
+

𝑧𝐴𝐷𝐿𝑓

𝐾𝐴𝐷 + 𝐿𝑓(1 − 𝐾𝐴𝐷)
+ 𝑧∑ 𝐿(𝑖) (2.6.4) 

𝑥𝑊 =
𝑧𝑊

𝐾𝑊 + 𝐿𝑓(1 − 𝐾𝑊)
   (2.6.5) 

𝑥𝐴𝐷 =
𝑧𝐴𝐷

𝐾𝐴𝐷 + 𝐿𝑓(1 − 𝐾𝐴𝐷)
 (2.6.6) 

𝑥∑ 𝐿(𝑖) =
𝑧∑ 𝐿(𝑖)

𝐿𝑓
      (𝑖 = 1 … 5)  (2.6.7) 

𝑀𝐿𝑓
= 𝑥𝑊𝑀𝑊 + 𝑥𝐴𝐷𝑀𝐴𝐷 + 𝑥∑𝐿(𝑖)𝑀∑𝐿(𝑖)              

where i = 1…5 

(2.6.8) 

[𝑋𝑐𝑑](𝑡) = [𝑋𝑐](𝑡 − 𝜃𝑑) 

where X is W, AD, and L(i) with i = 1… 5 

(2.6.9) 

𝑚𝑐𝑐𝑑(𝑡) = 𝑚𝑐𝑐(𝑡 − 𝜃𝑑) (2.6.10) 

 

2.4.3. Modeling the Inhibitory Influence of Water on Polycondensation Kinetics 

and Equilibrium 

Previous models by Mueller et al. and Cui et al. assumed that the polycondensation rate constant 

and equilibrium constant are independent of water.[19-23] The proposed model accounts for 

hydration of hydroxyl ends and for polycondensation reactions involving hydrated ends as shown 

in Table 2.7. Together these side reactions account for the inhibitory influence of water on 

polycondensation. 
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As shown in Reaction 2.7.1, hydrated ends 𝑂𝐻 are assumed to be in fast equilibrium with regular 

unhydrated hydroxyl ends Oreg.  Reaction 2.7.2 accounts for the reduced reactivity of these 

hydrated ends compared with regular hydroxyl ends (i.e., 𝑘2𝐻 < 𝑘2𝑟𝑒𝑔). Reactions 2.7.1 and 2.7.2 

both contribute to the overall rate of polycondensation, leading to: 

𝑟2 = 𝑘2[𝑂][𝑂𝑝] = 𝑘2𝑟𝑒𝑔[𝑂𝑟𝑒𝑔][𝑂𝑝] + 𝑘2𝐻[𝑂𝐻][𝑂𝑝]     (2.4) 

where [𝑂] = [𝑂𝑟𝑒𝑔] + [𝑂𝐻] is the total concentration of regular and hydrated hydroxyl ends. 

Equation 2.4 can be rearranged to solve for the overall polycondensation rate constant:   

𝑘2 =
𝑘2𝑟𝑒𝑔[𝑂𝑟𝑒𝑔] + 𝑘2𝐻[𝑂𝐻]

[𝑂]
=

𝑘2𝑟𝑒𝑔[𝑂𝑟𝑒𝑔] + 𝑘2𝐻[𝑂𝐻]

[𝑂𝑟𝑒𝑔] + [𝑂𝐻]
                                (2.5) 

Substituting the equilibrium expression [𝑂𝐻] = 𝐾𝐻[𝑂𝑟𝑒𝑔][𝑊] into Equation 2.5 gives:  

 𝑘2 =
𝑘2𝑟𝑒𝑔[𝑂𝑟𝑒𝑔] + 𝑘2𝐻𝐾𝐻[𝑂𝑟𝑒𝑔][𝑊]

[𝑂𝑟𝑒𝑔] + 𝐾𝐻[𝑂𝑟𝑒𝑔][𝑊]
=

𝑘2𝑟𝑒𝑔 + 𝑘2𝐻𝐾𝐻[𝑊]

1 + 𝐾𝐻[𝑊]
                      (2.6)  

Assuming that 𝑘2𝐻𝐾𝐻[𝑊] ≪  𝑘2𝑟𝑒𝑔, the overall rate constant becomes 𝑘2 = 
𝑘2𝑟𝑒𝑔

1+𝐾𝐻[𝑊]
 which is 

Equation 2.4.7 in Table 2.4.  Note that this water-dependent rate constant has the same type of 

water-dependence as Equation 2.1 used by Okamoto et al. for esterification reactions involving 

small molecules. 
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Table 2. 7: Side reactions that influence polycondensation kinetics and 

equilibrium 

𝑂𝑟𝑒𝑔 + 𝑊    
𝐾𝐻

⇌   𝑂𝐻 (2.7.1) 

𝑂𝑝 + 𝑂𝐻     
𝑘2𝐻

⇌
𝑘2𝐻𝑟

    𝐸 + 𝑊𝑝 + 𝑊 (2.7.2) 

𝑂𝑝 + 𝑂𝑟𝑒𝑔    

𝑘2𝑟𝑒𝑔

⇌
𝑘2𝑟𝑒𝑔𝑟

  𝐸 + 𝑊𝑝 (2.7.3) 

The overall equilibrium constant for polycondensation is:  

𝐾2 =
[𝐸][𝑊𝑝]

[𝑂𝑝][𝑂]
                                                              (2.7) 

Substituting [𝑂] = [𝑂𝑟𝑒𝑔] + [𝑂𝐻] and [𝑂𝐻] = 𝐾𝐻[𝑂𝑟𝑒𝑔][𝑊] into Equation 2.7 gives:  

𝐾2 =
[𝐸][𝑊𝑝]

[𝑂𝑝]([𝑂𝑟𝑒𝑔] + 𝐾𝐻[𝑂𝑟𝑒𝑔][𝑊])
=

[𝐸][𝑊𝑝]

[𝑂𝑝][𝑂𝑟𝑒𝑔](1 + 𝐾𝐻[𝑊])
             (2.8) 

Substituting 𝐾2𝑟𝑒𝑔 for 
[𝐸][𝑊𝑝]

[𝑂𝑝][𝑂𝑟𝑒𝑔]
 in Equation 2.8 gives  𝐾2 = 

𝐾2𝑟𝑒𝑔

1+𝐾𝐻[𝑊]
 which is Equation 2.4.12 in 

Table 2.4. Estimation of k2reg and K2reg (instead of k2 and K2) and including the additional parameter 

𝐾𝐻 result in a proposed model with 21 parameters. 

2.5 Parameter Estimation and Simulation Results 

The following objective function was used for parameter estimation:  
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𝐽 =
1

𝑠𝑦 𝑝𝑝𝑚
2

∑([𝐿(1)]𝑚 − [𝐿(1)])2 +
1

𝑠𝑦 𝑝𝑝𝑚
2

∑([𝐿(𝑖)]𝑚 − [𝐿(𝑖)])2 +
1

𝑠𝑊
2 ∑([𝑊]𝑚 − [𝑊])2

+
1

𝑠𝑦 𝑝𝑝𝑚
2

∑([𝐴𝐷]𝑚 − [𝐴𝐷])2 +
1

𝑠𝑦 𝑈
2 ∑([𝑈]𝑚 − [𝑈])2

+
1

𝑠𝑦𝑐 𝑝𝑝𝑚
2

∑([𝐿(1)𝑐𝑑]𝑚 − [𝐿(1)𝑐𝑑])2 +
1

𝑠𝑦𝑐 𝑝𝑝𝑚
2

∑([𝐿(𝑖)𝑐𝑑]𝑚 − [𝐿(𝑖)𝑐𝑑])2

+
1

𝑠𝑊𝑐
2 ∑([𝑊𝑐𝑑]𝑚 − [𝑊𝑐𝑑])2 +

1

𝑠𝑦𝑐 𝑝𝑝𝑚
2

∑([𝐴𝐷𝑐𝑑]𝑚 − [𝐴𝐷𝑐𝑑])2  

+
1

𝑠𝑚𝑐𝑐
2

∑(𝑚𝑐𝑐𝑑𝑚
− 𝑚𝑐𝑐𝑑)2 

The first six terms on the right-hand side include the measured concentrations of species in the 

liquid phase (i.e., monomer [𝐿(1)]𝑚, linear oligomers [𝐿(𝑖)]𝑚, i=2…7, water [𝑊]𝑚, propanal 

[𝐴𝐷]𝑚 and unsaturated ends [𝑈]𝑚). The next five terms include measured delayed concentrations 

of the species exiting the condenser (i.e., monomer [𝐿(1)𝑐𝑑]𝑚, linear oligomers  [𝐿(𝑖)𝑐𝑑]𝑚, 

i=2…5, water [𝑊𝑐𝑑]𝑚, and propanal [𝐴𝐷𝑐𝑑]𝑚). The final term includes the measured mass of 

liquid in the condensate collector, 𝑚𝑐𝑐𝑑𝑚
.  

The weighting factors 𝑠𝑦 𝑝𝑝𝑚 (ppm), 𝑠𝑦 𝑈 (mmol/kg), 𝑠𝑊 (wt%), 𝑠𝑦𝑐 𝑝𝑝𝑚 (ppm), 𝑠𝑊𝑐 (wt%), and 

𝑠𝑚𝑐𝑐
 (kg) account for uncertainties in the various measurements. Note that a common weighting 

factor 𝑠𝑦 𝑝𝑝𝑚 is used to account for uncertainty in measurements of monomer, oligomers, and 

propanal in liquid phase. The value shown in Table II-G1 in Appendix II-G is 5% of the average 

measured value for these species over the range of experimental conditions in the data because we 

have greater trust (in a relative sense) in measurements of species with higher concentrations than 

those with lower concentrations. Weighting factor  𝑠𝑦 𝑈 for unsaturated ends is equal to 𝑠𝑦 𝑝𝑝𝑚, 

with the units converted to account for reporting of unsaturated ends in mmol/kg rather than ppm. 
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The weighting factor for water in the liquid phase 𝑠𝑊 is 5% of the average measurement of water 

in the liquid phase.  Similarly, 𝑠𝑦𝑐 𝑝𝑝𝑚 is set at 5% of the mean measurement of the species 

concentrations of monomer, oligomers and propanal in the condensate.  Similarly, 𝑠𝑊𝑐 and 𝑠𝑚𝑐𝑐
 

are set at 5% of the average values of corresponding measurements.   

In the current study, parameter estimation is performed using three steps. In the first step, values 

of the 17 kinetic and mass-transfer parameters in Table 2.8 are estimated in the simplest revised 

model, which accounts for condenser dynamics, but uses the prior VLE expressions for water and 

monomer developed by Xie[16] and Cui et al.[22], respectively. In this simplest improved model the 

bubble backmixing parameter γ is set at 1.0 to correspond to the complete backmixing assumption 

of Cui et al.[21-23], and the polycondensation kinetic parameter k2 and equilibrium parameter K2 are 

assumed to be independent of water.  In step 2 the VLE expressions are replaced by Equations II-

F1.3 and II-F1.4, with the corresponding parameters PW(0.001) and PW(0.02) for the water VLE 

introduced into the list of parameters. In addition, the adjustable bubble-backmixing parameter is 

estimated to account for uncertainty in the bubble circulation pattern. In step 3, the model is 

extended further to account for the inhibitory effect of water, using Equations 2.4.7 and 2.4.8, so 

that k2reg, K2reg, and KH are estimated instead of k2 and K2. In all three steps, the model parameters 

are optimized using a total of 682 data values obtained from four dynamic experiments conducted 

using different catalyst levels. The optimization is conducted using the Lsqnonlin optimizer in 

MATLAB with relative and absolute tolerance settings at 10-6 for the first and second steps and at 

10-6 and 10-8, respectively, for the third step. These settings were adjusted by trial-and-error to 

ensure convergence of the objective function and parameter estimates to precise values. 
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Table 2.8 shows initial guesses (and lower and upper bounds) for the 17 kinetic parameters 

considered in step one of the estimation process, obtained from the converged estimates of Cui et 

al.[23] The upper bounds were set to reflect our prior uncertainty in the parameter values, with the 

upper bounds for poorly-known parameters (e.g., kW) set at 1000 times the corresponding initial 

guesses. The parameters were ranked from most estimable to the least estimable using an 

orthogonalization-based parameter-ranking tool.[26, 28] The top 16 parameters from the ranked list 

were selected using Wu’s mean-squared-error-based criterion[25, 27] to obtain reliable model 

predictions. The remaining parameter k8, which is the transetherification coefficient, was not 

selected for estimation and was held fixed at its initial guesses. As shown in Table 2.8, the 

additional parameters mLc and θd that account for the condenser dynamics and delay are estimable. 

The estimate for mLc (ranked 8th), which accounts for the mass of the liquid hold-up in the 

condenser is a physically reasonable value of 0.29 kg. The time delay θd (ranked 14th) converges 

to its lower bound at zero, indicating that delay due to transportation in piping is small. The 

objective function from step one is J1=5.776×103, which is a 94% improvement compared to 

J0=9.575×104 obtained when Cui’s parameter values are used in the model equations.  The main 

improvement to the fit is associated with better predictions of the water concentration in the reactor 

and species concentrations in the condensate (see Figures II-E1h), II-E2, II-E3h), II-E4, II-E5h), 

II-E6, II-E7h) and II-E8 in Appendix II-E).  Unfortunately, the fit to concentrations of monomer 

and oligomers in the reactor, and to the mass of liquid accumulated in the condensate collector are 

still not acceptable (see Figures II-E5 and II-E7 in Appendix II-E), especially for the higher-

catalyst runs.  
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Table 2. 8: Parameter estimation for the improved PO3G model – step 1 

Parameter Rank Units 
Initial 

value[23] 

Lower 

bound 

Upper 

bound 
Estimate 

𝐾1 1 - 93 1 105 6755.4 

𝑘2 5 kg·mmol-1·h-1 8×10-3 8×10-4 0.1 0.10 

𝐾2 𝑎𝑝𝑝

𝐾1
 

16 
- 3.17 0.1 10 9.99 

𝑘3 7 h-1 0.65 0 1000 185.90 

𝑘4 2 kg·mmol-1·h-1 0.003 0 1000 562.27 

𝑘5 6 h-1 1.5×10-5 0 1000 266.19 

𝑘7𝐾6 12 h-1 0.02 0 100 6.8×10-3 

𝑘8 17 kg·mmol-1·h-1 10-5 10-6 10-4 + 

𝑘𝑊 3 kg·m-2·h-1 7000 0 103×𝑘𝑊0 3409 

𝑘𝐴𝐷 10 kg·m-2·h-1 1370 0 103×𝑘𝑊0 6.95×106 

𝑘𝐿(1) 4 kg·m-2·h-1 22.5 0 103×𝑘𝐿(1)0 12.03 

𝑘𝐿(2) 9 kg·m-2·h-1 0.75 0 10×𝑘𝐿(2)0 2.10 

𝑘𝐿(3) 11 kg·m-2·h-1 0.25 0 10×𝑘𝐿(3)0 1.11 

𝑘𝐿(4) 13 kg·m-2·h-1 0.1125 0 10×𝑘𝐿(4)0 1.12 

𝑘𝐿(5) 15 kg·m-2·h-1 0.06 0 10×𝑘𝐿(5)0 0.59 

𝑚𝐿𝑐
 8 kg 0.15 0.001 1.5 0.30 

𝜃𝑑
 14 h 0.2 0 0.5 0.00 

 

Table 2.9 shows results from steps 2 and 3 of the parameter estimation, with the same methodology 

used for ranking, selecting and estimating the parameters. Note that the ranked order shown in 

Table 2.9 is for step 3. Parameter k8 remained inestimable, because of its small influence on the 

model predictions. One of the new VLE parameters PW(0.02) was also inestimable in steps 2 and 

3 and remained fixed at its initial value of 500 mmHg, presumably because high water partial 

pressures were not encountered in the experimental runs used for parameter estimation. The other 
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new VLE parameter PW(0.001) was ranked 15th in step 3, indicating its important influence on the 

model predictions, along with the bubble-backmixing parameter γ (ranked 14th in step 3). After 

step 2, the objective function became J2=3.450×103, which is a 40% improvement compared to J1. 

A better fit to the data was obtained for all species, but the model still gives poor fit for oligomer 

concentrations at long reaction times, suggesting that the consumption rate of oligomers is too 

slow. The time delay parameter θd was at its lower bound, and statistical analysis revealed that θd 

and mLc were highly negatively correlated. Therefore, we removed the time delay parameter θd 

(and Equation 2.6.10) in the model used in step 3. A new parameter KH was added in step 3 to 

account for the inhibitory influence of water. During step 3, the additional parameter KH ranked 

7th, indicating that water inhibition seems to have an important influence on the polycondensation 

reaction (Reaction 2.1.2). Parameter k5, which accounts for the formation of secondary 

carbocations from protonated hydroxyl ends, converged to zero, suggesting that Reaction 2.1.5 

can removed from the model in future modeling studies. Step 3 results in J3=2.834×103, which is 

a further 18% improvement compared to J2.  Note that the values of some parameter values 

changed considerably between steps 2 and step 3 (e.g., K1 changed from 4563 to its lower-bound 

value of 1.00). A correlation matrix (See Appendix II-H) reveals that the estimate for K1 is highly 

correlated with the new parameter KH, presumably because both parameters account for the 

reduction in the rate of polycondensation at high water levels). Standard deviations for the 

estimated parameters are also reported in Appendix II-H, providing information about which 

parameter values are statistically different from zero. 
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Table 2. 9: Parameter estimation for the improved PO3G model – steps 2 and 3 

Parameter Rank Unit 
Initial 

value[23] 

Lower 

bound 

Upper 

bound 

Estimates 

from step 

2 

Estimates 

from step 

3 

𝐾1 3 - 93 1 105 4563 1.00 

𝑘2𝑟𝑒𝑔 6 kg·mmol-1·h-1 8×10-3 8×10-4 0.1  0.068 

𝐾2𝑟𝑒𝑔

𝐾1
 

18 
- 5 0.1 10  

2.67 

𝑘3 8 h-1 0.65 0 1000 669.24 0.31 

𝑘4 1 kg·mmol-1·h-1 0.003 0 1000 0.061 0.80 

𝑘5 5 h-1 1.5×10-5 0 1000 1.8×10-3 0.00 

𝑘7𝐾6 13 h-1 0.02 0 200 2.5×10-4 151.38 

𝑘8 19 kg·mmol-1·h-1 10-5 10-6 10-4 + + 

𝑘𝑊 2 kg·m-2·h-1 7000 0 103×𝑘𝑊 𝑜 1644 1749.80 

𝑘𝐴𝐷 11 kg·m-2·h-1 1370 0 103×𝑘𝑊 𝑜 255.5 6.96×106 

𝑘𝐿(1) 4 kg·m-2·h-1 22.5 0 103×𝑘𝐿(1)𝑜 9.03 16.22 

𝑘𝐿(2) 10 kg·m-2·h-1 0.75 0 10×𝑘𝐿(2)𝑜 2.00 1.67 

𝑘𝐿(3) 12 kg·m-2·h-1 0.25 0 10×𝑘𝐿(3)𝑜 0.87 0.57 

𝑘𝐿(4) 16 kg·m-2·h-1 0.1125 0 10×𝑘𝐿(4)𝑜 1.05 0.57 

𝑘𝐿(5) 17 kg·m-2·h-1 0.06 0 10×𝑘𝐿(5)𝑜 0.59 0.39 

𝑚𝐿𝑐
 9 kg 0.15 0.001 1.5 0.36 0.10 

𝜃𝑑
 n/a h 0.2 0 0.5 0.00  

𝑃𝑊(0.02) - mmHg 500 388.83 8151.67 + + 

𝑃𝑊(0.001) 15 mmHg 250 10 352.26 342.48 10.00 

γ 14 - 0.9 0 1 0.00 0.10 

𝐾𝐻
 7 mmol-1· kg 2×10-3 0 1 n/a 0.017 

𝑘2  kg·mmol-1·h-1 8×10-3 8×10-4 0.1 0.10  

𝐾2 𝑎𝑝𝑝

𝐾1
  - 5 0.1 10 9.99  
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Figure 2.4 and Figure 2.5 compare the fits for species concentrations in the reactor and in the 

condensate, respectively, to the measured data (*) obtained from experiments using 0.15 wt% 

super-acid catalyst (run 2).  This is the second-lowest catalyst level used by Xie in his 

experiments.[16] Predictions are shown using Cui’s parameter estimates (dashed black line), 

parameter estimates from step 2 (dotted red line) and parameter estimates from step 3 (solid blue 

line) of the estimation. The error bars show the estimated standard deviation for the measured 

values. Figure 2.6 and Figure 2.7 show similar comparisons for predictions and data obtained 

using the highest catalyst level (0.25 wt%, run 4). Similar fits to the data were obtained for two 

additional runs (with catalyst levels of 0.1 wt% in run 1, and 0.20 wt% in run 3) and results are 

provided in Appendix II-E.  Note that no data were available for the concentration of water in the 

polymer phase in the lowest-catalyst experiment. Also note that model predictions from step 1 are 

excluded from Figures 2.4 to 2.7 to avoid clutter, and are shown in Appendix II-E. 

As shown in Figure 2.4, the step 3 model and parameter values give the best overall fit to the data 

obtained using the 0.15 wt% super-acid catalyst. As shown in Figure 2.4a), all of the models tend 

to predict monomer concentrations [L(1)] that are too low at early times (i.e., suggesting that that 

the predicted rate of consumption of L(1) by polycondensation is too high).  In Figure 2.4b) to 

2.4g), the concentrations of the linear oligomers all appear to increase too quickly and reach their 

maxima at times that are too early, also suggesting that the predicted polycondensation rate is too 

high. The improved fit obtained using the step 3 model and parameters, compared with steps 1 and 

2, (especially at long times) indicates that including the inhibitory influence of water on the 

polycondensation kinetics and equilibrium is important. The main improvement associated with 

the revised models in steps 2 and 3 is revealed in Figure 2.4h) where Cui’s model over-predicts 
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the water concentration at t<6 h, and the fits obtained from the revised models (in steps 1, 2 and 

3)  are considerably better, presumably due to Equations 2.5.1 to 2.5.4 for the condenser dynamics.  

Figure 2.5 compares the predictions obtained for species concentrations in the condensate, along 

with the mass of liquid accumulated in the condensate collector. As shown in Figure 2.5a) to 2.5g), 

better predictions are obtained from steps 2 and 3 compared to step 0 for concentrations of 

monomer, oligomer and water in the condensate, as well as for the mass of the liquid accumulated 

in the condensate collector.  There is very little improvement in fit from step 2 to step 3 in Figure 

2.5, because including the inhibitory influence of water does not influence the mass-transfer rates 

and condenser dynamics in an important way.  
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Figure 2. 4: Comparison of model predictions and data obtained using 0.15 wt% 

super-acid catalyst: * measured values,  predictions from -- step 0, ··· step 2 and  ̶  

step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) 

pentamer, f) hexamer g) heptamer and h) water in the liquid phase in the reactor. 

b) a) 

d) c) 

f) e) 

h) g) 
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Figure 2. 5: Comparison of model predictions and data obtained using 0.15 wt% 

super-acid catalyst: * measured values,  predictions from -- step 0, ··· step 2 and  ̶  

step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) 

pentamer, f) water in the condensate exiting the condenser and g) mass of liquid 

accumulated in the condensate collector. 

b) 
a) 

d) c) 

f) e) 

g) 
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Figure 2.6 and Figure 2.7 show fits to the data obtained at the highest catalyst level (run 4). Similar 

trends to those in Figure 2.5 are observed for predictions of monomer and oligomer concentrations 

in the polymer phase, with the best fit arising from step 3. The fitted model seems to predict a 

polycondensation rate that is too high (see Figure 2.6a) to 2.6g)), where monomer consumption is 

too fast and the oligomers that are generated are consumed too quickly. The predictions for 

monomer and oligomers from step 2 are noticeably better than step 1 (see Figures II-E5 and II-E7 

in Appendix II-E).  The improved fit indicates that updated VLE expression for water and the 

updated bubble-back-mixing parameter γ are important for obtaining better predictions of 

evaporation rates, especially for the high-catalyst runs (runs 3 and 4).  The predictions from step 

3 are considerably better than the predictions from step 2, suggesting that the inhibitory influence 

of water plays an important role in the reaction system, especially for obtaining a good fit at long 

reaction times.  As shown in Figure 2.6h) and Figure II-E7h) in Appendix II-E, the main reason 

for reduction in the objective function during the step 1 estimation is the improvement in fit to the 

water concentration data for the highest-catalyst run. This improvement indicates that including 

the condenser dynamics results in improved predictions of mass-transfer rates, especially for 

water. In Figure 2.7 (and Figures II-E2, II-E4, II-E6 and II-E8 in Appendix II-E) the fits to the 

condensate data are considerably better than those obtained by Cui et al., also indicating that it is 

important to include the condenser dynamics in the model. 
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Figure 2. 6: Comparison of model predictions and data obtained using 0.25 wt% 

super-acid catalyst: + measured values,  predictions from -- step 0, ··· step 2 and 

 ̶  step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) 

pentamer, f) hexamer g) heptamer and h) water in the liquid phase in the reactor. 

b) a) 

d) c) 

f) e) 

h) g) 
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Figure 2. 7: Comparison of model predictions and data obtained using 0.25 wt% 

super-acid catalyst: + measured values,  predictions from -- step 0, ··· step 2 and 

 ̶  step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) 

pentamer, f) water in the condensate exiting the condenser and g) mass of liquid 

accumulated in the condensate collector. 

b) a) 

d) c) 

f) e) 

g) 
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Based on results from three steps of estimation, the most important improvement to the model is 

including the condenser dynamics (i.e., the biggest percentage reduction of the objective function 

is from J0 to J1).  It is interesting to note that the final model does not include the time delay 

parameter θd because it is highly negatively correlated with the mass of the liquid accumulated in 

the condenser 𝑚𝐿𝑐 and has converged to zero during step 2. The second-most-important 

improvement of the model is associated with revising the water VLE expression and releasing 

Cui’s assumption of perfect bubble-backmixing within the reactor vessel. It is interesting that the 

final estimated VLE parameter PW(0.001) is at its lower bound.  A small value of PW(0.001) 

reduces the evaporation rate of water when the concentration of water in the polymer phase is 

small (i.e., at the start and the end of the reaction).  More experimental VLE data are required to 

assess whether the corresponding VLE predictions for water are accurate.  Note that parameter 

PW(0.02), which was introduced to account for a lack of water VLE data at higher  water 

concentrations, was not selected for estimation.  An acceptable fit to the data was obtained using 

the initial guess of PW(0.02)=500 mmHg.  It is also interesting that γ=0.10, suggesting that very 

little backmixing of bubbles occurs.  It seems that bubbles near the bottom of the vessel may have 

considerably lower water and monomer concentrations than bubbles emerging into the headspace 

at the top surface of the liquid. The third-most-important improvement to the model is the addition 

of the inhibitory influence of water. Including this effect improves the fitted oligomer 

concentrations, especially at long reaction times. Finally, there is still a small discrepancy in the 

fit to monomer and oligomer concentration data, especially at low reaction times.  This lack of fit 

may be due to the generation and evaporation of cyclic oligomers, which are neglected in the 

current model. Reactions involving cyclic oligomers (and associated cyclic oligomer concentration 

data) will be considered in future modeling work.  The improved model developed in the current  
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article will provide an important basis for building this more-comprehensive model. 

2.6 Conclusions 

The current study extends and simplifies the PO3G model developed by Cui et al. to provide a 

more accurate description of the reactor system and condenser.  Probability factors are developed 

to account for different types of polymer chain ends (i.e., protonated hydroxyl ends, unprotonated 

hydroxyl ends and unsaturated ends), which permits considerable simplification of the dynamic 

material-balance equations.  After this initial simplification, the model is extended to account for: 

i) condenser dynamics and possible deadtime, ii) revised bubble-backmixing and vapor-liquid-

equilibrium behavior and iii) the inhibitory influence of water on polycondensation kinetics. 

Parameter estimation is conducted in three steps using a parameter-subset-selection method[25, 27]  

to determine which parameters can and should be estimated from the available industrial data[16]. 

Parameter estimates from step 1 resulted in a 94% improvement in the weighted-least-squares 

objective function, compared to parameter values reported by Cui et al,[23]  Incorporation of 

improved mass-transfer expressions in step 2 further reduced the value of the objective function 

by 40% and gave a noticeably better fit to the data, especially for the monomer and oligomer 

concentrations in the high-catalyst runs.  The final step of the estimation, including the inhibitory 

influence of water, resulted in a further 18% improvement in the value of the objective function.  

Although the proposed model is a substantial improvement over previous PO3G models in the 

literature, there are still some small discrepancies in the dynamic behavior of water, monomer and 

oligomer concentrations in the reactor that seem to be associated with an overall polycondensation 

rate that is too high at low reaction times.  In future, a more advanced model will be developed to 

account for the generation, consumption and evaporation of cyclic oligomers.  
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2.7 Nomenclature 

Ab specific interfacial contact area on bubbles m2·kg-1 

AD propanal molecule  

Cs secondary carbocation end  

E ether link on a linear chain  

f1 fraction of hydroxyl ends that are protonated  

f2 fraction of water molecules that are protonated  

f3 fraction of ends that are unsaturated  

fEi fraction of ether links that are i units from an end of a linear 

chain 

 

Fgtot total molar flowrate of overhead vapor from the reactor mmol·h-1 

Fgx molar flowrate of overhead vapor of species x from the reactor 

(x = AD, W, L(i), N2) 

mmol·h-1 

K1 equilibrium constant of protonated/deprotonated hydroxyl ends  

KH equilibrium constant of hydrated/unhydrated hydroxyl ends mmol-1·h 

k2 rate constant for condensation reactions between hydroxyl 

ends 

kg·mmol-1·h-1 

k2r rate constant for reverse condensation reactions between 

hydroxyl ends 

kg·mmol-1·h-1 

k2H rate constant for condensation reactions involving hydrated 

hydroxyl ends 

kg·mmol-1·h-1 

k2Hr rate constant for reverse condensation reactions involving 

hydrated hydroxyl ends 

kg2·mmol-2·h-1 

k2reg rate constant for condensation reactions involving regular 

unhydrated hydroxyl ends 

kg·mmol-1·h-1 

k2regr rate constant for reverse condensation reactions involving 

regular unhydrated hydroxyl ends 

kg·mmol-1·h-1 

k3 rate constant for end degradation reaction h-1 

k4 rate constant for protonation of a double bond kg·mmol-1·h-1 

k5 rate constant for formation of a secondary carbocation h-1 

K6 equilibrium constant for formation of secondary hydroxyl ends  

k7 rate constant for formation of propanal h-1 

k8 rate constant for transetherification reactions between chains 

involving protonated hydroxyl ends 

kg·mmol-1·h-1 

kAD partition coefficient of propanal  

kW partition coefficient of water  

kx mass-transfer coefficient of species x evaporating into bubbles 

(x = AD, W, L(i), C(i)) 

kg·m-2·h-1 

Lf fraction of overhead vapour that condenses in the flash unit  

L(i) linear chain with two hydroxyl ends and i monomer units  

m mass of the reaction mixture kg 

mcc mass of liquid accumulated in the condensate collector kg 

mLc mass of liquid accumulated in the condenser kg 

O hydroxyl end  

OH hydrated hydroxyl end  
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Oreg regular unhydrated hydroxyl end  

Osp protonated secondary hydroxyl end  

Px partial pressure of species x in the headspace (x = AD, W, L(i)) mmHg 

Ptot total pressure in the headspace (Ptot = 760) mmHg 

R ideal gas constant (R = 62.3637×10-6) m3·mmHg·mmol-

1·K-1 

t time h 

T temperature K 

U unsaturated end  

Vgas volume taken up by the vapor in the headspace (Vgas=14×10-3) m3 

W water  

xx
 mole fraction of species x in the liquid stream condensed in the 

flash (x = AD, W, L(i)) 

 

[X]* hypothetical concentration that is in equilibrium with the 

concentration of species X in the reaction mixture (X = AD, W, 

L(i)) 

mmol.kg-1 

θd time delay in associated with flow through the overhead piping h 

Subscripts 

c state in the condenser  
d state of being delayed  
p state of being protonated  
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Chapter 3 
 

An Improved PO3G Model - Accounting for Cyclic Oligomers2 

3.1. Abstract 

A comprehensive model is developed for polycondensation of 1,3-propanediol in a batch reactor. 

The model accounts for formation, consumption and evaporation of cyclic oligomers. 

Measurements of species and end-group concentrations in the reactor and collected condensate are 

used to estimate 36 kinetic and mass-transfer parameters. The model and parameter estimates 

provide good fits to cyclic-oligomer data obtained using four different levels of super-acid catalyst. 

Predictions from the model reveal that end-biting reactions are important for formation of cyclic 

oligomers during early stages of each batch-reactor run, whereas back-biting reactions become 

important at longer reaction times. Simulation results reveal that ring-opening polyaddition 

reactions contribute significantly to growth of polymer chains at long reaction times.  

  

 
2 This chapter has been published in Macromolecular Theory and Simulations, 2020, 29, 4, 2000023. 
https://doi.org/10.1002/mats.202000023  

Dr. Wei J. Cui and Dr. Kim McAuley are co-authors of this journal article. 

https://doi.org/10.1002/mats.202000023
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3.2. Introduction 

Condensation polymerization processes for polyethers, polyamides and polyesters produce cyclic 

oligomers as side-products.[1-14] Concentrations of cyclic oligomers can range from 2 to 20 wt % 

[15-17] and tend to increase with time during batch polymerization.[1-3,5,8] Several research groups 

have reported the formation of cyclic oligomers with two to seven monomer units during the 

production of polytrimethylene ether glycol (PO3G), which was commercialized by DuPont under 

the trademark Cerenol®.[18-22] Cerenol®, which is produced by polymerization of bio-sourced 1,3-

propanediol, is an ingredient in bio-based cosmetics, highly-functional lubricants, gear oils, 

adhesives, high-performance coatings and elastomeric fibers.[18-22,33-41] Because cyclic oligomers 

do not have reactive end groups, their presence may reduce the overall polycondensation rate, 

leading to a reduced average molecular weight of the polymer.[18,21,22] On the other hand, cyclic 

oligomers can be consumed via polyaddition (ring-opening) reactions and may therefore contribute 

to increased molecular weight and overall rate of polymerization.  

Formation of cyclic oligomers occurs via both end-biting and back-biting reactions.[4,12,13,23-27] 

End-biting occurs when two ends of a linear oligomer undergo polycondensation to produce a 

cyclic molecule with the same number of monomer units as the initial linear chain. Back-biting 

reactions, on the other hand, break a linear polymer molecule into a cyclic oligomer and a shorter 

linear chain. The reverse of the back-biting reaction is a ring-opening (polyaddition) process.[15] 

Cyclic oligomers are problematic in industrial processes because they can evaporate from the 

molten polymer mixture and may cause problems during downstream processing.[46,47,50] For 

example, cyclic oligomers of polyethylene terephthalate (PET) impair polymer spinning and lead 

to unwanted deposits of solid material on spinning machines.[46,47] Moreover, cyclic oligomers can 
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adversely affect the properties of final products. For example, cyclic oligomers in 

polytetramethylene ether glycols cause deterioration in mechanical properties.[49,50] In addition, 

they can exude at the surface of finished products and can be leached out by solvents, leading to 

changes in product properties (e.g., loss of dimensional stability).[49] On the other hand, ring-

opening polyaddition, which is the reverse of  cyclization, is sometimes an attractive route for 

producing polymers with high molecular weight, because no condensate by-product needs to be 

removed.[12,13,46-48,51] For example, Nylon 6 is produced commercially via ring-opening 

polymerization of ɛ-caprolactam, rather than by polycondensation of aminocaproic acid.[57]  

Improved knowledge of the kinetics and equilibrium of cyclization reactions is important for 

predicting the concentrations of cyclic oligomers and their influence on the overall kinetics of 

polymerization processes. An early theory by Jacobson and Stockmayer[1] revealed that the 

concentration of cyclic molecules tends to decrease progressively with the number of repeat units 

in the ring, assuming that i) Flory’s equal reactivity of end groups applies, ii) concentrations of 

linear polymer chains in the solution follow a Gaussian distribution and iii) ring strain is not 

important. Later, statistical and experimental research by the groups of Semlyen and Montaudo 

showed that the concentrations of cyclic molecules at equilibrium decrease approximately 

proportionally to n-2.5 (where n is the number of repeat units in the cycle) if back-biting is the 

dominant mechanism of ring formation, and approximately proportionally to n-1.5 if end-biting is 

dominant.[4,8,11,28-32,56]  

Several mathematical models of  PO3G production have been reported, with early models 

neglecting oligomer formation and evaporation.[19,20,42,43] Recent models consider the influence of 

linear oligomers, with cyclic oligomers ignored.[44, 45] Our most-recent model[45] accounts for the 

inhibitory influence of water on polycondensation kinetics and for dynamic behaviour of the 
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overhead condenser. This model provides a significantly better fit to industrial PO3G data than 

previous models that ignored these phenomena.  However, there are noticeable discrepancies 

between predictions and data for linear oligomer concentrations, as well as for the mass of 

condensate generated during the experiments.  

The current article focuses on modeling of cyclic oligomer formation during the production of 

Cerenol® PO3G. A series of batch polycondensation experiments was performed by DuPont (see 

Figure 3.1) wherein concentrations of linear and cyclic oligomers were measured over time.  

Overhead condensate was collected to determine evaporation rates for water, monomer and 

oligomers.[18-20,42-45]  This comprehensive dataset makes it possible to fit parameters in the 

proposed kinetic model, which accounts for cyclic-oligomer formation, cyclic-oligomer 

evaporation and  cyclic-oligomer consumption via ring-opening reactions. The modeling 

developments reported in this article are further improvements over two previous PO3G models 

that accounted for linear-oligomer formation and evaporation, but ignored the influences of cyclic 

oligomers. [44,45]  

Figure 3. 1: PO3G reactor and condenser system[42-45] 
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The remainder of this article is organized as follows.   First, the experimental data are described. 

Then an updated PO3G reaction scheme accounting for formation of cyclic oligomers via end-

biting and back-biting reactions is presented, followed by the corresponding dynamic model 

equations. Wu’s mean-squared-error criterion is used to show that all of the cyclic-oligomer-

related parameters that appear in the model are estimable using the available data. [52-55] Model 

parameters are estimated using a weighted-least squares objective function and the simulation 

results are compared with data.  Simulation results indicate that end-biting reactions are important 

at the beginning of the reaction, whereas back-biting reactions become more important at longer 

reaction times.  

3.3. Kinetic Data 

A schematic diagram of the laboratory-scale reaction system used to generate the data is shown in 

Figure 3.1.[42-45] In this system, monomer and super-acid catalyst are first charged to the reactor 

which is maintained at a desired temperature of 180 ̊C. Nitrogen is fed to the bottom of the reactor, 

generating bubbles that help to remove water, which is a byproduct of the polycondensation, so 

that high average molecular weight can be achieved. Overhead gas from the reactor flows to a 

condenser so that water and oligomers can be collected and quantified. Four experimental runs 

were conducted using initial catalyst concentrations of 0.10 wt%, 0.15 wt%, 0.20 wt% and 0.25 

wt%, respectively. Molten polymer from the reactor was collected at various times during each 

run and the following measurements were obtained:  

1) Concentration of monomer (ppm by weight);  

2) Concentration of water (wt%);  

3) Concentration of linear oligomers (i.e., dimer to heptamer) (ppm by weight);  
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4) Concentration of cyclic oligomers (i.e., dimer to heptamer) (ppm by weight);  

5) Unsaturated end group concentration (mmol/kg); 

The condensate entering the condensate collector was also sampled and the following 

measurements were obtained:  

1) Water concentration (wt% in condensate);  

2) Monomer concentration (ppm by weight);  

3) Linear oligomer concentrations (i.e., dimer to pentamer) (ppm by weight);  

4) Cyclic oligomer concentrations (i.e., dimer to heptamer) (ppm by weight);  

5) Total mass of condensate in the condensate collector (g) 

3.4. Model Development 

3.4.1. Reaction Mechanism and Model Assumptions 

Table 3.1 shows the reaction mechanism used in the proposed model. The left column shows 

structural information, focusing on polymer end groups and ether links.  The right column shows 

the same reactions using symbols that appear in the model equations.  Hydroxyl ends are shown 

as O, ether links as E, unsaturated ends as U, secondary carbocation ends as Cs, and water as W. A 

linear chain with i repeat units is denoted as L(i) and a ring with i repeated units is denoted as C(i). 

The subscript p indicates that a functional group or species is protonated. Note that reactions 3.1.1 

to 3.1.9 were considered in a recent model that focused on linear oligomers.[45] Reactions 3.1.10 

and 3.1.11 are introduced in the current extended mechanism to account for formation and 

consumption of cyclic oligomers. 
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Reaction 3.1.1 shows the equilibrium for protons exchanging between hydroxyl ends and water 

with K1 as the equilibrium constant. Reaction 3.1.2 is the main polycondensation reaction, which 

consumes hydroxyl ends, with forward rate constant k2 (kg mmol-1 h-1) and reverse rate constant 

k2r (kg mmol-1 h-1). Side Reactions 3.1.3 and 3.1.4 produce unsaturated ends and secondary 

carbocation ends where k3 (h
-1) is the rate constant for the end degradation reaction and k4 (kg 

mmol-1 h-1) is the rate constant for protonation of a terminal double bond. Note that in our most-

recent model we also considered formation of secondary carbocation ends from protonated 

hydroxyl ends. However, this reaction is excluded in the updated mechanism because our previous 

model and parameter estimation study suggested that the rate of secondary carbocation end 

generation from protonated hydroxyl ends is negligible compared to the rate of secondary 

carbocation end formation via protonation of terminal double bonds. Reactions 3.1.5 and 3.1.6 

account for formation of propanal (denoted by AD). The protonated secondary hydroxyl end Osp 

is treated as a short-lived intermediate that does not accumulate in the reactor system, so a 

combined forward rate constant K5k6 (h-1) for Reactions 3.1.5 and 3.1.6 is used in the current 

model.  Reaction 3.1.7 with rate constant k7 (kg mmol-1 h-1) accounts for transetherification 

between oligomeric and polymer chains, which influences the rate at which linear oligomers are 

regenerated from long polymer chains, thereby replenishing oligomer molecules that evaporate 

from the reaction mixture.  

Reactions 3.1.8 and 3.1.9 were introduced in our previous model to account for the inhibitory 

influence of water on polycondensation kinetics and equilibrium.[45] Reaction 3.1.8 describes the 

equilibrium between hydrated hydroxyl ends OH and regular hydroxyl ends O, with equilibrium 

constant KH. Reaction 3.1.9 accounts for slower polycondensation of OH compared to O, using 

forward rate constant k2H and reverse rate constant k2Hr. 
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Reactions 3.1.10 and 3.1.11 are introduced in the proposed updated mechanism to account for 

formation and consumption of cyclic oligomers. End-biting cyclization (Reaction 3.1.10) 

consumes linear oligomers of various lengths to produce cyclic oligomers that have the same 

number of monomer units. A different value of the forward rate constant is required for end-biting 

of linear oligomers with different numbers of repeat units (e.g., k10, 2 in h-1 is the rate constant for 

cyclic dimer formation via end-biting). The reverse of Reaction 3.1.10 is a hydrolysis reaction that 

opens ether links on cyclic oligomers with rate constant k2r (Assumption 3.2.15). Reaction 3.1.11 

is a back-biting cyclization reaction that breaks linear polymer molecules into cyclic oligomers 

and shorter linear chains. For example, a protonated hydroxyl end on a linear tetramer molecule 

can back-bite its middle ether link to generate a cyclic dimer and a linear dimer.  The rate constant 

for this reaction, k11, 2 (h
-1), depends on the size of the cycle that is generated, but not on the length 

of the initial linear oligomer. The reverse of Reaction 3.1.11 is a ring-opening-polyaddition 

reaction,[15] which is assumed to have the same rate constant k7 as the transetherification reaction 

for linear chains (Assumption 3.2.15). Table 3.2 lists the assumptions that are used to develop the 

proposed model. Assumptions 3.2.1 to 3.2.12 are key assumptions from our previous models, with 

assumptions 3.2.4 and 3.2.5 modified here to account for cyclic oligomer evaporation.[42-45] 

Assumptions 3.2.13 to 3.2.15 are new assumptions concerned with formation and consumption of 

cyclic oligomers. 
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Table 3. 1: Mechanism for PO3G  production in batch reactor[45] 
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Table 3. 2: Assumptions used to develop the proposed PO3G model 

3.2.1 
Reactions occur only in the liquid phase. Protonated species do not react with each 

other due to repulsion between positive charges.   

3.2.2 

The exchange of protons between hydroxyl ends and water is sufficiently fast to be in 

equilibrium.  All hydroxyl ends on monomers, oligomers and on polymer chains have 

equal probability of being protonated. The probability of any molecule being 

protonated at more than one location is negligible. Protonation of ether links is 

negligible, because protons from the super-acid catalyst are more attracted to hydroxyl 

ends and water than to ether functional groups.  

3.2.3 

Transetherification between linear chains is sufficiently fast to randomize the chain 

ends, distributing the unsaturated ends randomly among molecules of different chain 

lengths.   

3.2.4 

Water, monomer, propanal, linear oligomers (dimer to pentamer) and cyclic oligomers 

(dimer to hexamer) are able to evaporate from the liquid to the bubbles.  Linear 

hexamer and heptamer are less volatile and do not evaporate. Cyclic heptamer does not 

evaporate. 

3.2.5 

Partial pressures of propanal, linear dimer to pentamer and cyclic dimer to hexamer in 

the nitrogen bubbles and head space are sufficiently small to be set at zero in the 

corresponding mass-transfer expressions. 

3.2.7 

The proportion of protonated water is negligible in comparison with the concentration 

of neutral water. The proportions of protonated hydroxyl ends, unsaturated ends and 

secondary carbocation ends are negligible in comparison with the concentration of 

neutral hydroxyl ends.  The concentration of protonated ether links is small and can be 

neglected when distributing the protons arising from the super-acid catalyst between 

hydroxyl ends and water. 

3.2.8 
Protonated secondary hydroxyl ends produced via Reaction 3.1.5 are short-lived and 

do not accumulate in the reactor. 

3.2.9 

Propanal is produced primarily from protonated secondary hydroxyl groups on long 

polymer chains.  Generation of propanal from secondary hydroxyl groups on 

monomers and oligomers (dimers to heptamers) can be neglected.   
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3.2.10 The ideal gas law is assumed for the vapor in the reactor head space. 

3.2.11 

Because a small amount of monomer evaporates before the catalyst is added to the 

reactor, the initial liquid in the condenser is pure monomer.  The mass of the liquid in 

the condenser remains constant over time.   

3.2.12 

Nitrogen in the overhead stream exits the condenser in the vapor. Monomer and  

oligomers that evaporate from the reactor exit the condenser in the liquid.  Water and 

propanal partition between the liquid and vapor phases according to partition 

coefficient values, which are assumed to be constant and perfectly known. 

3.2.13 

The smallest cyclic species considered contains two monomer units (producing an 

eight-membered ring).  Formation of cyclic oligomers with more than seven monomer 

units is neglected.  

3.2.14 

Back-biting of polymer chains to form rings can occur in linear molecules with three 

or more monomer units (as shown in Reaction 3.1.11). These backbiting reactions 

produce shorter linear chains as a side product.  Material balances for monomers and 

for linear chains with two to seven monomer units neglect the generation of these small 

linear molecules via backbiting of longer linear molecules containing between eight 

and fourteen units.  This assumption is valid because the rates of these reactions are 

small compared to rates of formation of monomer and linear oligomers via other 

mechanisms.  The main reason for neglecting these reaction products is that including 

them in the model would lead to closure problems.  

3.2.15 

The reaction rate constant of ring-opening transetherification (Reaction 3.1.11) for any 

ether link on a cyclic oligomer is assumed to be the same as k7 the reaction rate constant 

for transetherification reactions involving linear chains. Similarly, the rate constant for 

hydrolysis of any ether link on a cyclic oligomer (reverse of Reaction 3.1.10) is 

assumed to be the same as the constant k2r for hydrolysis of ether links in linear chains 

(reverse of Reaction 3.1.2). 
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3.4.2. Model Equations 

The proposed PO3G reactor model consists of 15 ODEs in Table 3.3 and 8 algebraic equations in 

Table 3.4. Five ODEs in Table 3.5 and 9 algebraic equations in Table 3.6 are used to model the 

condenser and the condensate collector. All concentrations are in mmol kg-1 and time is in hours. 

The ODEs are expressed using probability factors (i.e., f1, f2, f3 and fEi) that simplify the model 

equations based on the assumptions provided in Table 3.2. For example, f1 is the fraction of 

hydroxyl ends in the reaction mixture that are protonated, f2 is the fraction of water molecules that 

are protonated, and f3 is the fraction of linear chain ends that are unsaturated. Factor fEi is the 

fraction of ether links that are i units from the end of a linear chain, which is used to determine the 

proportion of hydrolysis (reverse of Reaction 3.1.2) and transetherification (Reaction 3.1.7) and 

back-biting reactions that produce linear and cyclic oligomers containing i monomer units. 

Expressions for these and other probability factors appear in Table 3.4.   

Equation 3.3.1 is a balance on the total mass m (kg) of the liquid mixture in the reactor, which 

decreases over time due to evaporation of water, propanal, monomer and volatile oligomers (see 

Assumption 3.2.4).  Mass-transfer coefficients kW, kAD, kL(i) and kC(i) are in kg m-2 h-1. The 

interfacial area of the nitrogen bubbles per unit mass of reactor liquid is Ab  (in m2 kg-1).  

Concentrations of water, propanal, monomer, linear oligomers and cyclic oligomers in the reactor 

liquid are denoted as [W], [AD], [L(i)] and [C(i)], respectively. Corresponding hypothetical 

concentrations of these species, which would be in equilibrium with the partial pressures in the 

reactor headspace, are [W]*, [AD]*, [L(i)]* and [C(i)]*, respectively.  Expressions for [W]*
 and 

[L(1)]*
 are provided elsewhere[45] whereas [AD]*, [L(i)]*

 with i=2 to 5 and [C(i)]* with i=2 to 6 are 

set at zero (Assumption 3.2.5).  MW, MAD, ML(i) and MC(i) are molar masses of the corresponding 

species in kg·mmol-1. The adjustable bubble-backmixing parameter γ accounts for the uncertainty 
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in the amount of bubble recirculation that occurs.  Note that our previous PO3G batch-reactor 

model contained a simplified version of Equation 3.3.1,[45] without the highlighted term that 

accounts for cyclic oligomer evaporation.  

Equation 3.3.2 is a balance on the super-acid catalyst, with [cat] in mmol kg-1, which changes over 

time due to the decreasing mass of the liquid in the reactor. Note that, for compactness, 
𝑑𝑚

𝑑𝑡
 appears 

on the right-hand sides of ODEs 3.3.2 to 3.3.14, and is substituted for 
𝑑𝑚

𝑑𝑡
 in each ODE when 

solving these differential equations numerically.  

Equation 3.3.3 is a material balance on unreacted monomer, L(1). The first term on the right-hand 

side accounts for monomer consumption by polycondensation reactions. Note that the rate constant 

𝑘2
𝑊  and equilibrium constant 𝐾2

𝑊 are used to account for the inhibitory influence of water on 

polycondensation kinetics and equilibrium. Expressions for 𝑘2
𝑊 and 𝐾2

𝑊 are provided in Equations 

3.4.7 and 3.4.8 in Table 3.4. The parameter KH that appears in these equations reduces the 

polycondensation rate constant 𝑘2
𝑊

 and the equilibrium constant 𝐾2
𝑊 as the water concentration 

increases.[45] Equation 3.3.3 is the same as the dynamic monomer mass balance in our previous 

work[45] except for the two highlighted terms. Highlighted term  −𝑘72𝑓1[𝐿(1)] ∑ 𝑖𝐶(𝑖)7
𝑖=2  accounts 

for the consumption of protonated monomer molecules that participate in polyaddition reactions 

with cyclic oligomers (reverse of Reaction 3.1.11). The second highlighted term  

∑ 𝑘11,𝑖−12𝑓1[𝐿(𝑖)]7
𝑖=3  accounts for back-biting reactions of protonated linear oligomers, which 

generate protonated L(1) as the left-over linear fragment (Reaction 3.1.11).  

Similarly, ODEs 3.3.4, 3.3.5 and 3.3.6 are balances on volatile linear oligomers (dimer and trimer 

to pentamer), and non-volatile linear oligomers (hexamer and heptamer), respectively, in the liquid 
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phase. Compared with the corresponding ODEs in our previous model,[45] these ODEs include 

highlighted new terms involving cyclic oligomers. For example, the balance on linear pentamer 

L(5) (see ODE 3.3.5) includes six new terms.  The first accounts for consumption of L(5) molecules 

that end-bite to make cyclic pentamer C(5). The second accounts for generation of L(5) from cyclic 

pentamers that are hydrolyzed by protonated water. The third and fourth account for the 

consumption and generation, respectively, of L(5) via ring-opening polyaddition reactions (reverse 

of Reaction 3.1.11). The last two highlighted terms account for consumption and generation of 

L(5) via back-biting reactions (Reaction 3.1.11). For example, a L(5) molecule is consumed when 

it back-bites to make a ring and a shorter linear chain (e.g., a tetramer ring and a protonated 

monomer). On the other hand, a L(5) molecule can be generated when a linear chain with at least 

seven units back-bites to form of L(5) and a cyclic molecule (e.g., L(7) can back-bite to generate 

a protonated L(5) molecule and a cyclic dimer). 

ODE 3.3.7 is a set of new balances on cyclic oligomers. The first term on the right-hand side 

accounts for formation of cyclic oligomers via end-biting reactions. For example, cyclic dimers 

are generated from L(2) with rate constant k10, 2. The second term accounts for loss of cyclic 

oligomers due to ring-opening via hydrolysis reactions. The factor i appears in this expression 

because a cyclic oligomer with i repeat units contains i ether links that are equally-like to be 

hydrolyzed.  The third term accounts for generation of i-membered rings from linear chains that 

have more than i repeat units, via back-biting reactions. For example, a cyclic dimer can be 

generated from back-biting reactions of linear trimer, tetramer, pentamer, hexamer, etc., 

respectively, with rate constant k11, 2. The fourth term accounts for consumption of cyclic oligomers 

via ring-opening polyaddition reactions. The fifth accounts for evaporation of cyclic oligomers to 

the headspace. Note that the mass-transfer coefficient for cyclic heptamer is assumed to be zero 
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(Assumption 3.2.4). The final term accounts for changes in the mass of the polymeric liquid as 

volatile species (e.g., monomer, water, propanal, linear oligomers and cyclic oligomers) evaporate 

to the headspace. 

ODEs 3.3.8 to 3.3.12 are material balances for water, propanal, hydroxyl ends, unsaturated ends, 

and secondary carbocation ends, respectively. ODE 3.3.13 is a material balance for the total 

number of linear molecules 𝜆𝑡𝑜𝑡
0  (i.e, monomer, linear oligomer and polymer chains) in mmol kg-

1. ODE 3.3.14 is a material balance for the total number of both reacted and unreacted monomer 

units 𝜆𝑡𝑜𝑡
1 , also in mmol kg-1. ODE 3.3.15 is a set of material balances for volatile species in the 

reactor headspace, which were derived using the ideal gas law (Assumption 3.2.10). Details of 

ODEs 3.3.8 to 3.3.15 are provided elsewhere.[45]  

Tables 3.5 and 3.6 provide ODEs and algebraic expressions used for modelling the overhead 

condenser shown in Figure 3.1.  This condenser model was developed by treating the condenser 

as an instantaneous equilibrium flash unit (at 10 ̊C and 1 atm), followed by a mixing tank.  The 

ODEs in Table 3.5 are the same as those in our previous study,[45] except for additional ODEs 

(shown by ODE 3.5.4, with i=2…7) to account for time-varying concentrations of cyclic oligomers 

in the condenser. Algebraic expressions in Table 3.6 are also similar to expressions in our previous 

study.[45] The only difference is that Equations 3.6.2 to 3.6.4, and Equation 3.6.9 include 

highlighted new terms that account for cyclic oligomers. Time delay in the condenser system 

associated with overhead piping is ignored because our earlier modeling study revealed that this 

time delay is negligible.[45] In the ODEs in Table 3.5, 𝐹𝑔𝑡𝑜𝑡𝐿𝑓 is the liquid flow rate from the 

instantaneous flash into the hypothetical well-mixed condenser tank.  Equation 3.6.2 is used to 

determine 𝐹𝑔𝑡𝑜𝑡, the total molar flowrate (in mmol h-1) of overhead vapor from the reactor.  Cubic 
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equation 3.6.3 is used to solve for Lf , which is the fraction of this vapor that condenses in the 

equilibrium  flash.  In ODE 3.5.1, xW is the mole fraction of water in this liquid stream. Other terms 

appearing in the ODEs in Table 3.5 include 𝑀𝐿𝑓
 and 𝑚𝐿𝑐, where 𝑀𝐿𝑓

 (kg mmol-1) is the average 

molecular weight of the liquid flowing from the flash into the condenser and 𝑚𝐿𝑐 (kg) is the 

constant mass of liquid accumulated in the condenser. In ODE 3.5.5, mcc (kg) is the mass of liquid 

accumulated in the condensate collector. Expressions for 𝑀𝐿𝑓
, xW and mole fractions of other 

species in the liquid from the equilibrium flash are provided in Table 3.6. 

Table 3. 3: Differential equations for PO3G model in reactor 

𝑑𝑚

𝑑𝑡
= − 𝑚𝑘𝑊𝐴𝑏([𝑊] − 𝛾[𝑊]∗)𝑀𝑊 − 𝑚𝑘𝐴𝐷𝐴𝑏([𝐴𝐷] − 𝛾[𝐴𝐷]∗)𝑀𝐴𝐷

−  𝑚 ∑ 𝑘𝐿(𝑖)

5

𝑖=1

𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗)𝑀𝐿(𝑖)

−  𝑚 ∑ 𝑘𝐶(𝑖)

7

𝑖=2

𝐴𝑏([𝐶(𝑖)] − 𝛾[𝐶(𝑖)]∗)𝑀𝐶(𝑖) 

(3.3.1) 

𝑑[𝑐𝑎𝑡]

𝑑𝑡
= −

[𝑐𝑎𝑡]

𝑚

𝑑𝑚

𝑑𝑡
 (3.3.2) 

𝑑[𝐿(1)]

𝑑𝑡
= − 4𝑘2

𝑊𝑓1[𝐿(1)][𝑂] + 𝑘2𝑟𝑓𝐸1[𝐸]𝑓2[𝑊] − 𝑘7𝑓12[𝐿(1)][𝐸]

+
1

2
𝑘7𝑓1[𝑂]𝑓𝐸1[𝐸] − 𝑘72𝑓1[𝐿(1)] ∑ 𝑖𝐶(𝑖)

7

𝑖=2

+ ∑ 𝑘11,𝑖−12𝑓1[𝐿(𝑖)]

7

𝑖=3

− 𝑘𝐿(1)𝐴𝑏([𝐿(1)] − 𝛾[𝐿(1)]∗) −
[𝐿(1)]

𝑚

𝑑𝑚

𝑑𝑡
 

(3.3.3) 
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𝑑[𝐿(2)]

𝑑𝑡
= − 4𝑘2

𝑊𝑓1[𝐿(2)][𝑂] + 4𝑘2
𝑊𝑓1[𝐿(1)]2 − 𝑘2𝑟[𝐿(2)]𝑓2[𝑊] + 𝑘2𝑟𝑓𝐸2[𝐸]𝑓2[𝑊]

− 𝑘7𝑓12[𝐿(2)][𝐸] − 𝑘7[𝐿(2)]𝑓1[𝑂] +
1

2
𝑘7𝑓1[𝑂]𝑓𝐸2[𝐸]

+
1

2
𝑘72𝑓1[𝐿(1)]𝑓𝐸1𝐸 − 𝑘10,22𝑓1[𝐿(2)] + 𝑘2𝑟𝑓2[𝑊]2[𝐶(2)]

− 𝑘72𝑓1[𝐿(2)] ∑ 𝑖𝐶(𝑖)

7

𝑖=2

+ ∑ 𝑘11,𝑖−22𝑓1[𝐿(𝑖)]

7

𝑖=4

− 𝑘𝐿(2)𝐴𝑏([𝐿(2)] − 𝛾[𝐿(2)]∗) −
[𝐿(2)]

𝑚

𝑑𝑚

𝑑𝑡
 

(3.3.4) 

𝑑[𝐿(𝑖)]

𝑑𝑡
= − 4𝑘2

𝑊𝑓1[𝐿(𝑖)][𝑂] + 𝑘2
𝑊𝑓1 ∑ 2

𝑖−1

𝑘=1

[𝐿(𝑘)]2[𝐿(𝑖 − 𝑘)]

− 𝑘2𝑟(𝑖 − 1)[𝐿(𝑖)]𝑓2[𝑊] + 𝑘2𝑟𝑓𝐸𝑖[𝐸]𝑓2[𝑊] − 𝑘7𝑓12[𝐿(𝑖)][𝐸]

− 𝑘7(𝑖 − 1)[𝐿(𝑖)]𝑓1[𝑂] +
1

2
𝑘7𝑓1[𝑂]𝑓𝐸𝑖[𝐸]

+
1

2
𝑘7 ∑ 𝑓1

𝑖−1

𝑘=1

2[𝐿(𝑘)]𝑓𝐸𝑖−𝑘[𝐸] − 𝑘10,𝑖2𝑓1[𝐿(𝑖)] + 𝑘2𝑟𝑓3[𝑊]𝑖[𝐶(𝑖)]

− 𝑘72𝑓1[𝐿(𝑖)] ∑ 𝑘𝐶(𝑘)

7

𝑘=2

+ 𝑘7 ∑ 𝑘[𝐶(𝑘)]2𝑓1[𝐿(𝑖 − 𝑘)]

𝑖−1

𝑘=2

− ∑ 𝑘11,𝑘2𝑓1[𝐿(𝑖)]

𝑖−1

𝑘=2

+ ∑ 𝑘11,𝑘−𝑖2𝑓1[𝐿(𝑘)]

7

𝑘=𝑖+2

− 𝑘𝐿(𝑖)𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗) −
[𝐿(𝑖)]

𝑚

𝑑𝑚

𝑑𝑡
 

where i = 3, 4, 5 

(3.3.5) 
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𝑑[𝐿(𝑖)]

𝑑𝑡
= − 4𝑘2

𝑊𝑓1[𝐿(𝑖)][𝑂] + 𝑘2
𝑊𝑓1 ∑ 2

𝑖−1

𝑘=1

[𝐿(𝑘)]2[𝐿(𝑖 − 𝑘)]

− 𝑘2𝑟(𝑖 − 1)[𝐿(𝑖)]𝑓2[𝑊] + 𝑘2𝑟𝑓𝐸𝑖[𝐸]𝑓3[𝑊] − 𝑘7𝑓12[𝐿(𝑖)][𝐸]

− 𝑘7(𝑖 − 1)[𝐿(𝑖)]𝑓1[𝑂] +
1

2
𝑘7𝑓1[𝑂]𝑓𝐸1[𝐸]

+
1

2
𝑘7 ∑ 𝑓1

𝑖−1

𝑘=1

2[𝐿(𝑘)]𝑓𝐸𝑖−𝑘[𝐸] − 𝑘10,𝑖2𝑓1[𝐿(𝑖)] + 𝑘2𝑟𝑓2[𝑊]𝑖[𝐶(𝑖)]

− 𝑘72𝑓1[𝐿(𝑖)] ∑ 𝑘𝐶(𝑘)

7

𝑘=2

+ 𝑘7 ∑ 𝑘[𝐶(𝑘)]2𝑓1[𝐿(𝑖 − 𝑘)]

𝑖−1

𝑘=2

− ∑ 𝑘11,𝑘2𝑓1[𝐿(𝑖)]

𝑖−1

𝑘=2

−
[𝐿(𝑖)]

𝑚

𝑑𝑚

𝑑𝑡
 

where i = 6, 7 

(3.3.6) 

𝑑[𝐶(𝑖)]

𝑑𝑡
= +𝑘10,𝑖2𝑓1[𝐿(𝑖)] − 𝑘2𝑟𝑓3[𝑊]𝑖[𝐶(𝑖)] + 𝑘11,𝑖2𝑓1 (𝜆𝑡𝑜𝑡

0 − ∑[𝐿(𝑘)]

𝑖

𝑘=1

)

− 𝑘7𝑓1[𝑂]𝑖[𝐶(𝑖)] − 𝑘𝐶(𝑖)𝐴𝑏([𝐶(𝑖)] − 𝛾[𝐶(𝑖)]∗) −
[𝐶(𝑖)]

𝑚

𝑑𝑚

𝑑𝑡
 

where i = 2, 3, 4, 5, 6, 7 

(3.3.7) 

𝑑[𝑊]

𝑑𝑡
= + 𝑘2

𝑊𝑓1[𝑂]2 − 𝑘2𝑟[𝐸]𝑓3[𝑊] + 𝑘3𝑓1[𝑂] − 𝐾5𝑘6[𝐶𝑠][𝑊] + ∑ 𝑘10,𝑖2𝑓1[𝐿(𝑖)]

7

𝑖=2

− 𝑘2𝑟𝑓3[𝑊] ∑ 𝑖[𝐶(𝑖)]

7

𝑖=2

− 𝑘𝑊𝐴𝑏([𝑊] − 𝛾[𝑊]∗) −
[𝑊]

𝑚

𝑑𝑚

𝑑𝑡
 

(3.3.8) 

𝑑[𝐴𝐷]

𝑑𝑡
= + 𝐾5𝑘6[𝐶𝑠][𝑊] − 𝑘𝐴𝐷𝐴𝑏([𝐴𝐷] − 𝛾[𝐴𝐷]∗) −

[𝐴𝐷]

𝑚

𝑑𝑚

𝑑𝑡
 (3.3.9) 

𝑑[𝑂]

𝑑𝑡
= − 2𝑘2

𝑊𝑓1[𝑂]2 + 2𝑘2𝑟[𝐸]𝑓2[𝑊] − 𝑘3𝑓1[𝑂] + 𝐾5𝑘6[𝐶𝑠][𝑊]

− 2 ∑ 𝑘10,𝑖2𝑓1[𝐿(𝑖)]

7

𝑖=2

+ 2𝑘2𝑟𝑓3[𝑊] ∑ 𝑖[𝐶(𝑖)]

7

𝑖=2

−  2 ∑ 𝑘𝐿(𝑖)

5

𝑖=1

𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗) −
[𝑂]

𝑚

𝑑𝑚

𝑑𝑡
 

(3.3.10) 
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𝑑[𝑈]

𝑑𝑡
= + 𝑘3𝑓1[𝑂] − 𝑘4[𝑈]𝑓2[𝑊] − ∑ 𝑘𝐿𝑢(𝑖)

5

𝑖=1

𝐴𝑏(2𝑓3[𝐿(𝑖)] − 𝛾[𝐿𝑢(𝑖)]∗) −
[𝑈]

𝑚

𝑑𝑚

𝑑𝑡
 (3.3.11) 

𝑑[𝐶𝑠]

𝑑𝑡
= + 𝑘4[𝑈]𝑓3[𝑊] − 𝐾5𝑘6[𝐶𝑠][𝑊]  −

[𝐶𝑠]

𝑚

𝑑𝑚

𝑑𝑡
 (3.3.12) 

𝑑𝜆𝑡𝑜𝑡
0

𝑑𝑡
= − 𝑘2

𝑊𝑓1[𝑂]2 + 𝑘2𝑟[𝐸]𝑓3[𝑊] + 𝐾5𝑘6[𝐶𝑠][𝑊] − 𝑘𝐴𝐷𝐴𝑏([𝐴𝐷] − 𝛾[𝐴𝐷]∗)

− ∑ 𝑘10,𝑖2𝑓1[𝐿(𝑖)]

7

𝑖=2

+ 𝑘2𝑟𝑓2[𝑊] ∑ 𝑖[𝐶(𝑖)]

7

𝑖=2

−  ∑ 𝑘𝐿(𝑖)

5

𝑖=1

𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗) −
𝜆𝑡𝑜𝑡

0

𝑚

𝑑𝑚

𝑑𝑡
 

(3.3.13) 

𝑑𝜆𝑡𝑜𝑡
1

𝑑𝑡
= − 𝑘𝐴𝐷𝐴𝑏([𝐴𝐷] − 𝛾[𝐴𝐷]∗) − ∑ 𝑖

5

𝑖=1

𝑘𝐿(𝑖)𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗)

− ∑ 𝑖𝑘10,𝑖2𝑓1[𝐿(𝑖)]

7

𝑖=2

+ 𝑘2𝑟𝑓2[𝑊] ∑ 𝑖2[𝐶(𝑖)]

7

𝑖=2

− ∑ 𝑖𝑘11,𝑖2𝑓1 (𝜆𝑡𝑜𝑡
0 − ∑[𝐿(𝑘)]

𝑖

𝑘=1

)

7

𝑖=2

+ ∑ 𝑖𝑘7𝑓1[𝑂]𝑖[𝐶(𝑖)]

7

𝑖=2

−
𝜆𝑡𝑜𝑡

1

𝑚

𝑑𝑚

𝑑𝑡
 

(3.3.14) 

𝑑𝑃𝑥

𝑑𝑡
= [𝑘𝑥𝐴𝑏𝑚([𝑥] − 𝛾[𝑥]∗) − 𝐹𝑔𝑡𝑜𝑡

𝑃𝑥

𝑃𝑡𝑜𝑡
]

𝑅𝑇

𝑉𝑔𝑎𝑠
 

where x = W, AD, L(i) with i = 1, 2, 3, 4, 5 and C(k) with k = 2, 3, 4, 5, 6, 7 

(3.3.15) 

 

Table 3. 4: Probability Factors and Algebraic Expressions for Reactor Model 

Expression Description  

𝑓1 =
[𝑂𝑝]

[𝑂]
=

𝑓2

𝐾1
 

Fraction of hydroxyl ends that are 

protonated 
(3.4.1) 

𝑓2 =
[𝑊𝑝]

[𝑊]
=

[𝑐𝑎𝑡]

[𝑊] +
[𝑂]
𝐾1

 Fraction of water molecules that are 

protonated 
(3.4.2) 

𝑓3 =
[𝑈]

[𝑂]
 

Fraction of ends that are 

unsaturated 
(3.4.3) 
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𝑓𝐸𝑖 = 2
𝜆𝑡𝑜𝑡

0 − ∑ [𝐿(𝑗)]𝑖
𝑗=1

[𝐸]
 

Fraction of ether links that are i 

units from an end of a linear chain 
(3.4.4) 

[𝐸] = 𝜆𝑡𝑜𝑡
1 − 𝜆𝑡𝑜𝑡

0  Concentration of ether links (3.4.5) 

𝐾2 =
𝐾2 𝑎𝑝𝑝

𝐾1
 

Equilibrium constant for 

condensation reaction 
(3.4.6) 

𝑘2
𝑊 =  

𝑘2

1 + 𝐾𝐻[𝑊]
 

Condensation rate constant 

accounted for inhibitory effect of 

water 

(3.4.7) 

𝐾2
𝑊 =

𝐾2

1 +  𝐾𝐻[𝑊]
 

Condensation equilibrium 

accounted for inhibitory effect of 

water 

(3.4.8) 

 

Table 3. 5: Differential equations for condenser and condensate collector 

𝑑[𝑊𝑐]

𝑑𝑡
= (𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑥𝑊 − 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓

[𝑊𝑐])
1

𝑚𝐿𝑐
 (3.5.1) 

𝑑[𝐴𝐷𝑐]

𝑑𝑡
= (𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑥𝐴𝐷 − 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓

[𝐴𝐷𝑐])
1

𝑚𝐿𝑐
 (3.5.2) 

𝑑[𝐿(𝑖)𝑐]

𝑑𝑡
= (𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑥𝐿(𝑖) − 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓

[𝐿(𝑖)𝑐])
1

𝑚𝐿𝑐
               

𝑤ℎ𝑒𝑟𝑒 𝑖 =  1, 2, 3, 4, 5 

(3.5.3) 

𝑑[𝐶(𝑖)𝑐]

𝑑𝑡
= (𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑥𝐶(𝑖) − 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓

[𝐶(𝑖)𝑐])
1

𝑚𝐿𝑐
               

𝑤ℎ𝑒𝑟𝑒 𝑖 = 2, 3, 4, 5, 6, 7 

(3.5.4) 

𝑑𝑚𝑐𝑐

𝑑𝑡
= 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓

 (3.5.5) 
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Table 3. 6: Algebraic expressions for condenser model 

𝐹𝑔𝑋 = 𝑚𝑘𝑋𝐴𝑏([𝑋] − [𝑋]∗) 

where X is W, AD, L(i) with i = 1, 2, 3, 4, 5, and C(k) with k = 2, 3, 4, 5, 6, 7 

(3.6.1) 

𝐹𝑔𝑡𝑜𝑡 = 𝐹𝑊 + 𝐹𝐴𝐷 + ∑ 𝐹𝑔𝐿(𝑖)

5

𝑖=1

+ ∑ 𝐹𝑔𝐶(𝑖)

7

𝑖=2

+ 𝐹𝑔𝑁2
 (3.6.2) 

𝐿𝑓 =
𝑧𝑊𝐿𝑓

𝐾𝑊 + 𝐿𝑓(1 − 𝐾𝑊)
+

𝑧𝐴𝐷𝐿𝑓

𝐾𝐴𝐷 + 𝐿𝑓(1 − 𝐾𝐴𝐷)
+ 𝑧∑ 𝐿(𝑖) + 𝑧∑ 𝐶(𝑖) (3.6.3) 

𝑀𝐿𝑓
= 𝑥𝑊𝑀𝑊 + 𝑥𝐴𝐷𝑀𝐴𝐷 + 𝑥∑𝐿(𝑖)𝑀∑𝐿(𝑖) + 𝑥∑𝐶(𝑘)𝑀∑𝐶(𝑘)             

where i = 1, 2, 3, 4, 5 and k = 2, 3, 4, 5, 6, 7 

(3.6.4) 

𝑧𝑋 =
𝐹𝑔𝑋

𝐹𝑔𝑡𝑜𝑡
 

where X is W, AD, L(i) with i = 1, 2, 3, 4, 5, and C(k) with k = 2, 3, 4, 5, 6, 7 

(3.6.5) 

𝑥𝑊 =
𝑧𝑊

𝐾𝑊 + 𝐿𝑓(1 − 𝐾𝑊)
   (3.6.6) 

𝑥𝐴𝐷 =
𝑧𝐴𝐷

𝐾𝐴𝐷 + 𝐿𝑓(1 − 𝐾𝐴𝐷)
 (3.6.7) 

𝑥∑ 𝐿(𝑖) =
𝑧∑ 𝐿(𝑖)

𝐿𝑓
      (𝑖 = 1, 2, 3, 4, 5)  (3.6.8) 

𝑥∑ 𝐶(𝑖) =
𝑧∑ 𝐶(𝑖)

𝐿𝑓
      (𝑖 = 2, 3, 4, 5, 6, 7)  (3.6.9) 
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3.5. Parameter Estimation and Simulation Results 

The following objective function was used for parameter estimation:  

𝐽 =
1

𝑠𝑦 𝑝𝑝𝑚
2

∑ ∑([𝐿(𝑖)]𝑚 − [𝐿(𝑖)])2

7

𝑖=1

+
1

𝑠𝑊
2 ∑([𝑊]𝑚 − [𝑊])2

+
1

𝑠𝑦 𝑝𝑝𝑚
2

∑([𝐴𝐷]𝑚 − [𝐴𝐷])2 +
1

𝑠𝑦 𝑈
2 ∑([𝑈]𝑚 − [𝑈])2

+
1

𝑠𝑦𝑐 𝑝𝑝𝑚
2

∑ ∑([𝐿(𝑖)𝑐]𝑚 − [𝐿(𝑖)𝑐])2

5

𝑖=1

+
1

𝑠𝑊𝑐
2 ∑([𝑊𝑐]𝑚 − [𝑊𝑐𝑑])2

+
1

𝑠𝑦𝑐 𝑝𝑝𝑚
2

∑([𝐴𝐷𝑐]𝑚 − [𝐴𝐷𝑐])2  +
1

𝑠𝑚𝑐𝑐
2

∑(𝑚𝑐𝑐𝑚
− 𝑚𝑐𝑐)2

+ ∑
1

𝑠𝐶(𝑖)
2 ∑([𝐶(𝑖)]𝑚 − [𝐶(𝑖)])2 + ∑

1

𝑠𝐶(𝑖)𝑐

2 ∑([𝐶(𝑖)𝑐]𝑚 − [𝐶(𝑖)𝑐])2

7

𝑖=2

7

𝑖=2

 

The first 8 terms in this objective function are included in the objective function used in our 

previous model.[45] The first four terms account for squared errors between measured and predicted 

concentrations of monomer, linear oligomers, water, propanal and unsaturated ends in the reactor. 

The next four terms accounts for squared errors between measured and predicted values of 

monomer, linear oligomers, water and propanal concentrations in the condenser and of the 

accumulated mass in the condensate collector. Measured concentrations are denoted by subscript 

m. Numerical values of the weighting factors 𝑠𝑦 𝑝𝑝𝑚 (ppm), 𝑠𝑦 𝑈 (mmol/kg), 𝑠𝑊 (wt%), 𝑠𝑦𝑐 𝑝𝑝𝑚 

(ppm), 𝑠𝑊𝑐 (wt%), and 𝑠𝑚𝑐𝑐
 (kg), which account for uncertainties in various measurements, are 

the same with those used in our previous study.[45] The highlighted new terms in the objective 

function account for squared errors between measured and predicted concentrations of cyclic 

oligomers in the reactor and in the condensate collector. Weighting factors for the measured 
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concentrations of cyclic oligomers in the reactor  are 10% of the average measured value for each 

different size of cyclic oligomer (e.g., the weighting factor 𝑠𝐶(2) = 0.1 ∑[𝐶(2)]𝑚/43 because 43 

measured values of [C(2)] were available for use in parameter estimation).  Further details about 

numerical values of the weighting factors and the numbers of available measurements (used to 

compute the summation terms in the objective function) are provided in Appendix III-A. 

The current model contains 36 parameters, which are listed in Table 3.7. The first 19 parameters 

were estimated using our previous model, providing initial parameter guesses for the current 

study.[45] The 17 new parameters in Table 3.7 include mass-transfer coefficients for cyclic 

oligomers, as well as end-biting and back-biting rate constants.  Initial guesses for these new 

parameters were obtained via preliminary simulations.  Lower and upper bounds, based on 

physically-plausible ranges for the parameters, were enforced during parameter estimation. All of 

the parameters were ranked from most-estimable to least-estimable using an orthogonalization-

based parameter-ranking method.[52,53] Wu’s mean-squared-error-based parameter-subset-

selection criterion[54, 55] was then used to determine that all 36 parameters are estimable using the 

available data.   

Due to the expanded data set and extended model equations that account for cyclic oligomer 

formation and consumption, some parameter estimates in Table 3.7 are considerably different than 

their corresponding estimates from our previous study.  For example, the updated estimate of 

polycondensation rate constant k2 is ~ 3 three times smaller than our previous estimate. Also, 

parameter KH, which accounts for the inhibitory influence of water on polycondensation, is smaller 

by a factor of ~3.  A higher estimated value of the bubble-back-mixing parameter γ, compared to 

our previous study, suggests that some re-circulation of bubbles occurs within the reacting mixture. 

The estimated transetherification rate constant k7 is higher by a factor of ~45000 compared to the 
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value used in our previous study.  Note that k7 was unestimable using the previous model and data 

set, so a very uncertain initial guess was used for the simulations in our previous study. In our 

extended model development, we assume that polyaddition reactions that add cyclic oligomers to 

the polymer (reverse of Reaction 3.1.11) have rate constant k7.  As a result, the cyclic oligomer 

concentration data contains information about k7, permitting estimation of this parameter. The 

estimate k7 =0.45 kg mmol-1 h-1 is consistent with Assumption 3.2.3. Two parameters (i.e., K1 and 

PW(0.001)), whose estimates were previously at their lower bounds shown in Table 3.7, moved 

away from the bounds. Overall, accounting for formation, consumption and evaporation of cyclic 

oligomers has little influence on the fit to the linear oligomer data (i.e., the sum of the first 8 terms 

in the current objective function is nearly the same (within 1%) as the reported final value of the 

objective function in our previous study).  We are more confident, however, in the estimates 

provided in Table 3.7 compared with those in our previous study because they can explain the 

behaviour of additional types of data (i.e., cyclic oligomer concentrations in the reactor and 

condensate).  Note that there are considerable correlations among the estimates of some of the 

model parameters (e.g., the estimate of k2 is highly correlated with the estimate of KH and the 

estimate of k7 is highly correlated with rate constants for end-biting and backbiting).  Further 

information about parameter correlation and about uncertainties associated with the parameter 

estimates in Table 3.7 is provided in the Appendix III-B.  All estimate parameter values, except 

for PW(0.02), are significantly different than zero at the 95% confidence level. 

As shown in Table 3.7, the estimated mass-transfer coefficients for cyclic oligomers decrease with 

increasing number of repeat units. This trend makes physical sense because smaller molecules 

have larger diffusivities in the liquid phase and can evaporate more easily into the bubbles, 

compared with larger molecules.  Furthermore, it makes sense that cyclic oligomers have higher 
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estimated mass-transfer coefficients than corresponding linear oligomers, because linear oligomers 

contain hydroxyl ends that are attracted to a variety of functional groups in the liquid phase.  The 

estimated values of end-biting and back-biting rate constants suggest that formation of cyclic 

trimer and tetramer are favored compared to formation of smaller and larger cyclic molecules.  

This trend suggests that ring strain may be important in smaller cyclic molecules. Note that end-

biting and back-biting rate constants in Table 3.7 are shown in terms of ratios with respect to the 

end-biting and back-biting rate constants for cyclic dimer (i.e., 𝑓10,   3 =
𝑘10,   3

𝑘10,   2
 and 𝑓11,   3 =

𝑘11,   3

𝑘11,   2
).  

 Table 3. 7: Parameter estimation for the improved PO3G model 

Parameter Rank Units 
Lower 

bound 

Upper 

bound 

Estimate from 

previous 

study[45] 

Converged 

value 

𝐾1 32 - 1 1×105 1.00 1.38 

𝑘2 1 kg mmol-1 h-1 8×10-4 0.1 0.068 0.02 

𝐾2 𝑎𝑝𝑝

𝐾1
 

33 
- 0.1 10 2.67 8.90 

𝑘3 23 h-1 0 1000 0.31 0.77 

𝑘4 7 kg mmol-1h-1 0 1000 0.80 14.29 

𝐾5𝑘6 31 h-1 0 200 151.38 2.50 

𝑘7 2 kg·mmol-1·h-1 1×10-6 1 10-5 0.45 

𝑘𝑊 34 kg m-2 h-1 0 7×106 1749.80 1778.72 

𝑘𝐴𝐷 35 kg m-2 h-1 0 7×106 6.96×106 9.65×103 

𝑘𝐿(1) 30 kg m-2 h-1 0 22500 16.22 15.69 

𝑘𝐿(2) 15 kg m-2 h-1 0 7.5 1.67 1.74 

𝑘𝐿(3) 16 kg m-2 h-1 0 2.5 0.57 0.82 

𝑘𝐿(4) 19 kg m-2 h-1 0 1.125 0.57 0.97 

𝑘𝐿(5) 20 kg m-2 h-1 0 0.6 0.39 0.49 
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𝑚𝐿𝑐
 4 kg 0.001 1.5 0.10 0.16 

𝑃𝑊(0.02) 36 mmHg 388.83 8151.67 500 683.08 

𝑃𝑊(0.001) 29 mmHg 10 352.26 10.00 24.75 

γ 11 - 0 1 0.10 0.23 

𝐾𝐻
 3 mmol-1 kg 0 1 0.017 0.006 

𝑘𝐶(2) 28 kg m-2 h-1 0 15000  154.91 

𝑘𝐶(3) 21 kg m-2 h-1 0 4000  65.32 

𝑘𝐶(4) 18 kg m-2 h-1 0 2000  22.70 

𝑘𝐶(5) 9 kg m-2 h-1 0 9  0.85 

𝑘𝐶(6) 5 kg m-2 h-1 0 3  0.77 

𝑘10,   2 8 h-1 0.20 22  12.66 

𝑓𝑘10,   3
 10 - 0.30 30  2.73 

𝑓𝑘10,   4
 17 - 1.00 100  1.64 

𝑓𝑘10,   5
 12 - 0.70 70  2.49 

𝑓𝑘10,   6
 14 - 0.60 60  1.19 

𝑓𝑘10,   7
 13 - 0.40 40  1.01 

𝑘11,   2 6 h-1 0 2  1.45 

𝑓𝑘11,   3
 22 - 0 400  2.83 

𝑓𝑘11,   4
 27 - 0 200  12.63 

𝑓𝑘11,   5
 24 - 0 100  5.78 

𝑓𝑘11,   6
 26 - 0 50  4.56 

𝑓𝑘11,   7
 25 - 0 30  2.78 
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The current model and parameter estimates provide good fits to the cyclic oligomer data. Figure 

3.2 shows fits to concentrations of cyclic oligomers in the reactor from runs obtained using 0.15 

wt% super-acid catalyst (in blue) and 0.25 wt% super-acid catalyst (in red).  The error bars in 

Figure 3.2 (and in all figures in this article) are estimated standard deviations for the measured 

values. As shown in Figure 3.2, the higher catalyst concentration leads to faster formation of cyclic 

oligomers.  Smaller cyclic oligomers such as C(2) and C(3) form at earlier reaction times and reach 

their maximum concentrations earlier, compared with larger cyclic oligomers, presumably because 

smaller linear oligomers (which can end-bite) tend to form earlier than longer linear oligomers.  

Note that cyclic tetramer C(4) reaches the highest maximum concentration among the cyclic 

oligomers produced.  Figure 3.3 shows corresponding fits to cyclic-oligomer concentration data 

for the condensate. The concentrations of C(2) to C(6) increase throughout the runs and are very 

small compared to the corresponding concentrations of linear oligomers. Similar fits to the data 

were obtained for two additional runs (with catalyst levels of 0.1 wt% and 0.20 wt%) and results 

are provided in Appendix III-C.  Fits to the linear oligomer data are provided in Appendix III-D. 

There is very little difference between predicted linear oligomer concentrations using the current 

model and parameter estimates, compared to their predictions using the previous model and 

estimates. 
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Figure 3. 2: Comparison of model predictions and data at 180 ̊C for cyclic oligomer 

concentrations using different levels of super-acid catalyst. In a), at 0.15 wt% super-acid 

catalyst:  measured [C(2)] ∆ and predicted [C(2)] - -, measured [C(3)] *  and predicted 

[C(3)]  ̶  , at 0.25 wt% super-acid catalyst : measured [C(2)] ◊ and predicted  [C(2)] ···, 

measured [C(3)] ○ and predicted [C(3)]  ̵ · ̵ . In b), at 0.15 wt% super-acid catalyst: 

measured [C(4)] *  and predicted [C(4)]  ̶  , measured [C(6)] ∆ and predicted [C(6)] - -,  

at 0.25 wt% super-acid catalyst : measured [C(4)] ○ and predicted [C(4)]  ̵ · ̵ , measured 

[C(6)] ◊ and predicted  [C(6)] ···. 

a) b) 
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Figure 3.4 shows that end-biting and back-biting reactions are important for forming cyclic 

oligomers over the course of the batch reaction, based on simulations conducted using 0.15 wt% 

catalyst. Generation of C(2) is mostly via end-biting during the initial stages of the run.  However, 

at longer reaction times, C(2) generation via back-biting becomes more important.  A similar trend 

was observed for all other catalyst levels used to conduct the experiments, and for cyclic oligomers 

with larger ring sizes. It is worth noting that the theory of Jacobson and Stockmayer[1] does not 

apply to the current PO3G system because the assumptions used in their theory are not valid.  Both 

end-biting and back-biting reactions are important over the course of the batch, and the chain-

length distribution for the linear polymer chains does not follow a Gaussian distribution because 

linear oligomers can evaporate. Also, we believe that ring strain may be significant in the cyclic 

Figure 3. 3: Comparison of model predictions and data at 180 ̊C for cyclic oligomer 

concentrations using different levels of super-acid catalyst. Measures values of  [C(2)]c *, 

[C(4)]c ○ and [C(6)]c ∆, predictions of  [C(2)]c  ̶   , [C(4)]c ̵  ̵  and [C(6)]c ··· at a) 0.15 wt%  

and b) 0.25 wt% super-acid catalyst. 

a) b) 
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dimer, because estimated end-biting and back-biting rate constants indicate that formation of cyclic 

trimer and tetramer molecules is preferred.  

 

Figure 3.5 compares predicted rates of polymerization via polycondensation reactions and via 

ring-opening polyaddition reactions for a run with 0.15 wt% super-acid catalyst. At the beginning 

of the reaction, ether links are mainly added to the polymer chains via polycondensation reactions. 

At longer reaction times, however, the rate of link addition by adding cycles to the polymer chains 

becomes more important.  Figure 3.5 also shows that the rate of polymer consumption by formation 

of cyclic oligomers is small compared to the rate of polymer formation by adding cyclic oligomers.  

Similar trends are predicted for all other catalyst levels used to conduct the experiments (see 

Appendix III-E.  

 

Figure 3. 4: Simulated rates of C(2) formation via end-biting reactions  ̶  and via back-

biting reactions  ̵  ̵  using 0.15 wt% super-acid catalyst, a) at early stages of the reaction 

and b) ) over the course of the batch run. 

a) 

b) 
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3.6. Conclusions 

A comprehensive PO3G model is developed that accounts for formation, consumption and 

evaporation of cyclic oligomers. It is an improvement over previous studies, which neglected the 

influence of cyclic oligomers. All 36 kinetic, equilibrium and mass-transfer parameters that appear 

in the model are estimable from the available industrial data. The model and parameter estimates 

are able to provide good fits to cyclic-oligomer data (and linear-oligomer data) obtained using four 

different levels of super-acid catalyst. Predictions from the model reveal the important influence 

of end-biting and back-biting reactions on PO3G production. End-biting reactions are important 

for formation of cyclic oligomers during the early stages of each batch reactor run, whereas back-

biting reactions become important at longer reaction times. Simulation results reveal that ring-

opening polyaddition reactions contribute significantly to growth of polymer chains at long 

reaction times.  In the future, the current model will be extended to account for the effects of 

Figure 3. 5: Simulated rates of polymerization by polycondensation  ̵  ̵  and by adding 

cycles of all different sizes  ̶  during a run with 0.15 wt% super-acid catalyst; rate of link 

loss by formation of cycles ··· during the same run. 
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temperature, so that operation at a variety of temperatures can be simulated, permitting 

optimization studies for selecting PO3G operating conditions.  

3.7. Nomenclature 

Ab specific interfacial contact area on bubbles m2·kg-1 

AD propanal molecule  

C(i) cyclic oligomer with i monomer units  

Cs secondary carbocation end  

E ether link on a linear chain  

f1 fraction of hydroxyl ends that are protonated  

f2 fraction of water molecules that are protonated  

f3 fraction of ends that are unsaturated  

fEi fraction of ether links that are i units from an end of a linear 

chain 

 

Fgtot total molar flowrate of overhead vapor from the reactor mmol·h-1 

Fgx molar flowrate of overhead vapor of species x from the reactor 

(x = AD, W, L(i), N2) 

mmol·h-1 

K1 equilibrium constant of protonated/deprotonated hydroxyl ends  

KH equilibrium constant of hydrated/unhydrated hydroxyl ends mmol-1·h 

k2 rate constant for condensation reactions between hydroxyl 

ends 

kg·mmol-1·h-1 

k2r rate constant for reverse condensation reactions between 

hydroxyl ends 

kg·mmol-1·h-1 

k2H rate constant for condensation reactions involving hydrated 

hydroxyl ends 

kg·mmol-1·h-1 

k2Hr rate constant for reverse condensation reactions involving 

hydrated hydroxyl ends 

kg2·mmol-2·h-1 

𝑘2
𝑊 overall rate constant for polycondensation reaction that 

accounts for the inhibitory effect of water 

 

𝐾2
𝑊 overall equilibrium constant for polycondensation reaction that 

accounts for the inhibitory effect of water 

 

k3 rate constant for end degradation reaction h-1 

k4 rate constant for protonation of a double bond kg·mmol-1·h-1 

K5 equilibrium constant for formation of secondary hydroxyl ends  

k6 rate constant for formation of propanal h-1 

k7 rate constant for transetherification reactions between chains 

involving protonated hydroxyl ends 

kg·mmol-1·h-1 

k8, i Rate constant for end-biting rection producing cyclic dimer h-1 

k9, i Rate constant for back-biting rection producing cyclic dimer h-1 

KAD partition coefficient of propanal  

KW partition coefficient of water  

kx mass-transfer coefficient of species x evaporating into bubbles 

(x = AD, W, L(i), C(i)) 

kg·m-2·h-1 
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Lf fraction of overhead vapour that condenses in the flash unit  

L(i) linear chain with two hydroxyl ends and i monomer units  

m mass of the reaction mixture kg 

mcc mass of liquid accumulated in the condensate collector kg 

mLc mass of liquid accumulated in the condenser kg 

O hydroxyl end  

OH hydrated hydroxyl end  

Osp protonated secondary hydroxyl end  

Px partial pressure of species x in the headspace (x = AD, W, L(i)) mmHg 

Ptot total pressure in the headspace (Ptot = 760) mmHg 

R ideal gas constant (R = 62.3637×10-6) m3·mmHg·mmol-

1·K-1 

t time h 

T temperature K 

U unsaturated end  

W water  

xx
 mole fraction of species x in the liquid stream condensed in the 

flash (x = AD, W, L(i)) 

 

[X]* hypothetical concentration that is in equilibrium with the 

concentration of species X in the reaction mixture (X = AD, W, 

L(i)) 

mmol.kg-1 

Subscripts 

c state in the condenser  
p state of being protonated  
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Chapter 4 
 

Parameter Estimation in a PO3G Model with Temperature Effects3 

4.1. Abstract 

A comprehensive dataset containing 1779 measured values, collected from 7 experimental runs, is 

used for parameter estimation in a model for batch polycondensation of bio-based 1,3-propanediol. 

The data are from dynamic experiments conducted between 160 and 180 ̊C using a super-acid 

catalyst with concentrations between 0.1 and 0.25 wt%. The model accounts for generation, 

consumption and evaporation of linear and cyclic oligomers, the inhibitory influence of water on 

the rate of polycondensation, and the dynamic behavior of an overhead condenser.  In total, the 

model contains 70 kinetic, transport and thermodynamic parameters. A mean-squared-error 

criterion reveals that the influence of temperature on mass-transfer coefficients is significant. The 

model provides a good fit to the data and also gives reliable predictions of validation data that are 

not used in parameter estimation. Typical deviations between model predictions and data are 

within 1.75% of average measured values for linear and cyclic oligomers. 

  

 
3 This chapter has been published in Macromolecular Theory and Simulations, 2021, 30, 1, 2000061. 

https://doi.org/10.1002/mats.202000061  

Dr. Rupert E. Spence and Dr. Kim McAuley are co-authors of this journal article. 

https://doi.org/10.1002/mats.202000061
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4.2. Introduction 

Bio-based poly(trimethylene) ether glycol (PO3G) is a polyether that was commercialized by 

Dupont in 2008 under the trademark Cerenol®.[1-3] The production of Cerenol®, which uses bio-

based 1,3-propanediol (Bio-PDO®) as the monomer, has a reduced environmental footprint due 

to reductions in consumption of fossil energy and in emissions of greenhouse gases.[1,2] Compared 

to petroleum-based polyethers (e.g. polytetramethylene ether glycol, PTMEG, or poly propylene 

glycol, PPG), Cerenol® has value-added characteristics such as excellent biodegradability, low 

volatility, non-flammability, high flashpoint, less reactivity, low toxicity, high oxidative stability 

and overall easier handling and processing.[1,4] Cerenol® is used in a range of applications 

including inkjet inks, flexible coatings, biodegradable lubricants, elastic fibers, and thermoplastic 

elastomers.[1-4] 

During the commercial production of PO3G the polycondensation rate is kinetically controlled.[3] 

The preferred temperatures are between 160 ̊C and 210 ̊C, with reaction times of 6 to 40 hours, 

depending on the desired final molecular weight and end-use properties.[3,16-26] Higher 

temperatures result in faster polycondensation, but also lead to faster reaction rates for unfavorable 

side reactions (e.g., degradation reactions related to unsaturated ends and formation of cyclic 

oligomers) that could reduce the quality of the final polymer product.[5,6] Several mathematical 

models have been developed for production of PO3G from 1,3-propanediol in batch reactors at a 

fixed temperature of 180 ̊C.[5-11] To our knowledge, there are no studies in the academic literature 

on the effects of temperature on reaction rates and mass-transfer rates during PO3G production. 

Mueller et al. developed the first fundamental models of PO3G production, proposing a reaction 

mechanism that accounts for the influence of sulfuric acid and of super-acid (tetrafluoroethane 
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sulfonic acid or triflic acid) on polymerization of 1,3-propanediol.[5,6] Mueller’s models were able 

to predict time-varying concentrations of monomer and water in the reactor liquid and in the vapor 

removed via nitrogen sparging. However, these models did not account for formation and 

evaporation of volatile oligomers (i.e., linear dimer to pentamer and cyclic dimer to hexamer). 

Their proposed mechanism also did not account for reactions that produce side products (e.g., 

propanal) and for transetherification reactions that randomize the molecular weight distribution 

when monomer and oligomers evaporate from the liquid phase. Mueller et al. indicated that their 

experimental results were obtained at three different temperatures, but the values of these 

temperatures were not reported.  It seems that they estimated kinetic parameters and activation 

energies using their data, but none of their parameter estimates were published.  

Cui et al. later extended Mueller’s reaction scheme to account for formation of propanal and for 

transetherification reactions, developing a series of three models with increasing levels of 

sophistication.[7-9] Cui’s models accounted for time-varying mass-transfer rates of volatile 

molecules, and for formation and evaporation of linear oligomers. Cui et al. used estimability 

analysis techniques[12,13] to rank the kinetic and transport parameters in their models from most 

estimable to least-estimable and used a mean-squared-error criterion[14,15] to select the estimable 

parameters. Their parameter estimation was performed using experimental data reported by Xie[3]  

obtained from a batch-reactor system operated at 180 ̊C (see Figure 4.1) using four different super-

acid catalyst levels. Cui’s models were able to provide a relatively good fit to linear oligomer 

concentrations in the reactor liquid. However, the predicted maxima in linear oligomer 

concentrations occurred earlier than the maxima in corresponding measured concentrations.  Also, 

the predicted linear oligomer concentrations in the reactor were too high at long times. Cui et al. 

suggested that discrepancies in the predictions could arise from simplifying assumptions about the 
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overhead condenser system and deficiencies in the reaction scheme used to develop the model 

(e.g., the formation of cyclic oligomers was neglected). 

In a recent study,[10] we analyzed Cui’s model predictions and parameter estimates and found that 

very few hydrogen ions arising from the catalyst are associated with ether links along the polymer 

chains.  Instead, these protons associate predominantly with hydroxyl ends and water, which is the 

side product generated by polycondensation.[10] This realization prompted us to simplify Cui’s 

reaction scheme, thereby removing some inestimable parameters from the model.  The model was 

then extended through multiple steps[10,11] of improvements to account for: i) the dynamic 

behaviour of the overhead condenser, ii) revised assumptions about mass-transfer rates, iii) the 

inhibitory influence of water on polycondensation kinetics, and iv) the generation and evaporation 

of cyclic oligomers. Novel probability factors were used in the models to keep the model equations 

relatively simple while accounting for the complex influence of the super-acid catalyst on reaction 

rates. The improved models resulted in a substantial improvement in fit to the industrial data, 

especially at long reaction times and high catalyst levels. Predictions from the most-recent model 

reveal that end-biting reactions are important for formation of cyclic oligomers during the early 

stages of PO3G production, whereas back-biting reactions become important at longer reaction 

times.[11] Also, simulation results suggest that ring-opening polyaddition reactions contribute 

significantly to growth of polymer chains at long reaction times. 

The models that we developed thus far are based on four dynamic data sets collected at 180 ̊C, 

using four different super-acid catalyst levels (i.e., 0.10, 0.15, 0.20 and 0.25 wt%). In the current 

study, we use additional dynamic data from three runs using 0.15 wt% catalyst at different 

temperatures (i.e., 160 ̊C, 165 ̊C, and 175 ̊C).  The new data sets are used to estimate additional 

parameters related to effects of temperature on kinetics and mass-transfer during PO3G production 
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in an industrial batch-reactor system. The resulting PO3G model and parameter estimates are then 

tested over a broader range of conditions with temperatures ranging from 160 ̊C to 180 ̊C and 

catalyst levels of 0.10, 0.15, 0.20 and 0.25 wt%. 

The remainder of this article is organized as follows. The experimental data are described, followed 

by the description of the PO3G model used for parameter estimation. Activation energy 

parameters, along with the kinetic and transport parameters used in the model, are ranked from 

most estimable to least-estimable using an estimability analysis technique.[12,13] Wu’s mean-

squared-error criterion[14,15] is then used to select estimable parameters. Finally, parameter 

estimation results are shown and model predictions are compared with the data.  The predictive 

ability of the model is verified using data collected at 170 ̊C, which are not used for parameter 

fitting.  

4.3. Available Data 

4.3.1. Kinetic Data 

In the reactor system shown in Figure 4.1, 1,3-propanediol monomer is first charged to the reactor, 

which is controlled at a desired temperature. Agitation and sparging with N2 are then established 

and super-acid catalyst is added to start the reaction. Over the course of the batch reaction, 

oligomer and polymer molecules are produced and accumulate in the liquid phase. Water is the 

by-product of the main polycondensation reaction (i.e., Reaction 4.1.2 shown in Table 4.1). Water, 

monomer, and other volatile molecules (i.e., propanal (produced in Reaction 4.1.6), and oligomers) 

diffuse from the liquid into nitrogen bubbles, which exit the liquid into the reactor headspace. The 

overhead gas flows to a condenser and the liquid condensate is collected.  Samples of the liquid in 

the reactor and of the condensate entering the condensate collector were obtained at various times 
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during each run and were subsequently analyzed by gas chromatography and proton nuclear 

magnetic resonance (NMR). Previous modeling studies relied on four experimental runs at 180 ̊C 

conducted using different levels of super-acid catalyst.[7-11] In the current study, additional data are 

obtained from four experimental runs with temperatures ranging from 160 ̊C to 175 ̊C, using a 

catalyst concentration of 0.15 wt%. Data at 160 ̊C, 165 ̊C, and 175 ̊C are used along with the old 

180 ̊C data for parameter estimation. Data at 170 ̊C are not used when estimating the model 

parameters, but are saved for model validation.  

Measurements available from the monomer/polymer liquid phase include: 

1) Concentration of monomer (ppm by weight);  

2) Concentration of water (wt%);  

3) Concentration of linear oligomers (i.e., dimer to heptamer) (ppm by weight);  

4) Concentration of cyclic oligomers (i.e., dimer to heptamer) (ppm by weight);  

5) Concentration of unsaturated ends (mmol/kg); 

Measurements available from the condensate include:   

 1) Water concentration (wt% in condensate);  

2) Monomer concentration (ppm by weight);  

3) Linear oligomer concentrations (i.e., dimer to pentamer) (ppm by weight);  

4) Cyclic oligomer concentrations (i.e., dimer to heptamer) (ppm by weight);  

5) Total mass of condensate accumulated in the condensate collector (g) 



101 
 

In total, 2046 data values from 8 batch reactor runs are available to support the current modeling 

effort.  We believe that this is one of the most-comprehensive data sets that has ever been used to 

aid development of a fundamental model for condensation/ring-opening polymerization. 

 

4.3.2. Vapour-liquid Equilibrium Data 

Figure 4.2 shows the available VLE data for monomer at 160 and 180 ̊C, and for water at 160 and 

185 ̊C, respectively, where PL1 and PW are the partial pressures of monomer and water in the vapor, 

and 𝐹𝑣𝐿1
∗  and 𝐹𝑣𝑊

∗  are the corresponding volume fractions of monomer and water in the liquid 

phase at equilibrium.[3] In Figure 4.2a, empirical correlations between PL1 and 𝐹𝑣𝐿1
∗   at 160 and 

180 ̊C were obtained by fitting cubic smoothing splines to the data. Each spline is forced to pass 

through the origin. The empirical VLE curves shown for intermediate temperatures of 165, 170 

and 175 ̊C were obtained by interpolation between the curves at 160 ̊C and 180 ̊C. Similarly, in 

Overhead vapour 

N2 feed 

Vapour 

Condenser 

Liquid 

Condensate collector 

Figure 4. 1: PO3G reactor and condenser system[7-11] 
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Figure 4.2b, cubic splines were fitted to the available VLE data for water at 160 and 185 ̊C.  

Unfortunately, these data were collected over a relatively narrow composition range (i.e., 0.001 <

𝐹𝑣𝑊
∗ < 0.007) compared to that encountered in the kinetic experiments. The splines pass through 

four fictitious data points (plotted as ∗ in Figure 4.2b) corresponding to 𝑃𝑊
160(0.0005) and 

𝑃𝑊
160(0.02), 𝑃𝑊

185(0.0005) and 𝑃𝑊
185(0.02). These fictitious VLE data points are treated as 

adjustable parameters during parameter estimation, so that good fits to the reactor and condenser 

operating data can be obtained.  Figure 4.2b shows the final estimates of 𝑃𝑊
160(0.0005), 

𝑃𝑊
160(0.02), 𝑃𝑊

185(0.0005) and 𝑃𝑊
185(0.02), which are provided in the Parameter Estimation and 

Simulation Results later in this article. Note that 𝑃𝑊
185(0.0005) and 𝑃𝑊

185(0.02) are estimated as 

ratios with respect to 𝑃𝑊
160(0.0005) and 𝑃𝑊

160(0.02), respectively (i.e., 𝑓𝑃𝑊
185(0.005) =

𝑃𝑊
185(0.0005)

𝑃𝑊
160(0.0005)

 

and 𝑓𝑃𝑊
185(0.02) =

𝑃𝑊
185(0.02)

𝑃𝑊
160(0.02)

).  A complete list of the symbols used in this manuscript is provided in 

the Nomenclature section of Chapter 4. VLE behavior for water at intermediate temperatures (i.e., 

165, 170, 175 and 180 ̊C) where no data are available were obtained by interpolating between the 

splines at 160 and 185 ̊C.  
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Figure 4. 2: Vapor-liquid equilibrium correlations for a) monomer at  –♦–160 C, – –165 

C, ···170 C, –·–175 C, and –■–180 C and b) for water at –♦–160 C, – –165 C, ···170 

C, –·–175 C,  ––180 C, and –▲– 185 C.[3] 



104 
 

4.4. Model Descriptions 

The PO3G model used for parameter estimation in the current article was developed in our most-

recent study based on the reaction mechanism in Table 4.1.[11] Each of the eleven reactions is 

shown in two ways.  The column on the left in Table 4.1 provides structural information, focusing 

on polymer end groups and ether links that participate in the reactions.   The column on the right 

shows the same reactions using symbols that appear in the model equations.  Hydroxyl ends are 

shown as O, ether links as E, unsaturated ends as U, secondary carbocation ends as Cs, water as W 

and propanal as AD. A linear chain with i repeat units is denoted as L(i) and a ring with i repeat 

units is denoted as C(i). The subscript p indicates that a functional group or species is protonated.  

Reaction 4.1.1 is the equilibrium for protons exchanging between hydroxyl ends and water with 

K1 as the equilibrium constant. Reaction 4.1.2 is the main polycondensation reaction, consuming 

hydroxyl ends with forward rate constant k2 (kg mmol-1 h-1). The reverse of Reaction 4.1.2 is a 

hydrolysis reaction with rate constant k2r (kg mmol-1 h-1). Reactions 4.1.3 and 4.1.4 are side 

reactions that produce unsaturated ends and secondary carbocation end groups, respectively, where 

k3 (h-1) is the rate constant for the end degradation reaction and k4 (kg mmol-1 h-1) is the rate 

constant for protonation of a terminal double bond. Reactions 4.1.5 and 4.1.6 account for formation 

of propanal with a combined forward rate constant K5k6 (h
-1).  This lumped rate constant is used 

because the protonated secondary hydroxyl end Osp is a short-lived intermediate that does not 

accumulate appreciably in the reactor system.  This modeling assumption is listed in Table 3.2 in 

Chapter 3, along with all other assumptions used for model development.  Reaction 4.1.7 accounts 

for transetherification reactions between oligomeric and polymer chains using rate constant k7 (kg 

mmol-1 h-1). This reaction determines the rate at which linear oligomers are regenerated to 

replenish oligomer molecules that evaporate from the reaction mixture. Reactions 4.1.8 and 4.1.9 
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describe the inhibitory influence of water on polycondensation kinetics and equilibrium. They 

account for the slower rate of polycondensation involving hydrated hydroxyl ends OH compared 

to regular hydroxyl ends (see Reaction 4.1.2).  The overall rate of Reaction 4.1.9 depends on the 

forward rate constant k2H and reverse rate constant k2Hr. Hydrated hydroxyl ends OH are assumed 

to be in equilibrium with regular hydroxyl ends O, with equilibrium constant KH. Reactions 4.1.10 

and 4.1.11 describe a series of end-biting and back-biting reactions, respectively, to account for 

the formation and consumption of cyclic oligomers. A forward rate constant k10, i (h
-1) is required 

for end-biting reactions that generate cyclic oligomers with i repeat units, and a forward rate 

constant k11, i (h
-1) is required for back-biting reactions that produce cyclic oligomers with i repeat 

units. 

In the interest of brevity, only four representative equations from the list of 49 ordinary differential 

equations (ODEs) that appear in the model are described here (see Table 4.2).  Details about the 

remaining 45 ODE material balances are described elsewhere[11] and a complete list of model 

equations is provided in Tables 3.3 to 3.6 in the Chapter 3.   

Equation 4.2.1 is a mass balance on the reactor contents. The total mass m (kg) of the reactor liquid 

mixture decreases over time because water, propanal, monomer and volatile oligomers evaporate 

from the liquid into the nitrogen bubbles that exit into the headspace. Mass-transfer coefficients of 

these corresponding species are kW, kAD, kL(i) with i=2..5 and kC(i) with i=2..7 (in kg m-2 h-1).  In 

Equation 4.2.1, Ab is the interfacial area of the nitrogen bubbles per unit mass of reactor liquid (in 

m2 kg-1). The model contains material-balance ODEs that predict concentrations of water [W], 

propanal [AD], monomer [L(1)], linear oligomers [L(i)] and cyclic oligomers [C(i)]. All of these 

concentrations in the reactor liquid are in mmol kg-1.  Other material balances that are used to 

predict concentrations of catalyst [cat] and reactive end-groups (i.e., hydroxyl ends [O], 
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unsaturated ends [U] and secondary carbocation ends [Cs]) as well as the zeroth and first moments 

of the total chain-length distribution for linear species, 𝜆𝑡𝑜𝑡
0  and 𝜆𝑡𝑜𝑡

1 , respectively, are provided in 

Table 3.3 in Chapter 3. 

The mass-transfer expressions in Equation 4.2.1 contain hypothetical concentrations of species 

that would be in equilibrium with the partial pressures in the bubbles exiting into the headspace 

(i.e., [W]*, [AD]*, [L(i)]* and [C(i)]*). Temperature-dependent VLE correlations used to solve for 

[W]* and [L(1)]* are shown in Figure 4.2. Because the concentrations of propanal and oligomers 

in the nitrogen bubbles are very low (Assumption 3.2.5 in Table 3.2 in Chapter 3) and no VLE 

data are available for these species, a value of zero is used for [AD]*, [L(i)]* with i=2..5 and [C(i)]* 

with i=2..7. The adjustable bubble-backmixing parameter γ in Equation 4.2.1 accounts for 

uncertainty about whether the nitrogen bubbles recirculate in the liquid due to stirring or they travel 

mostly upward through the liquid phase (i.e., γ=1.0 corresponds to well-mixed bubbles and 𝛾 ≈ 

0.5 corresponds to bubbles that rise without significant recirculation).   MW, MAD, ML(i) and MC(i) 

are molar masses of the corresponding species (in kg mmol-1). 

Equation 4.2.2 is a material balance on hydroxyl ends. The first term on the right-hand side 

accounts for consumption of hydroxyl ends by polycondensation (see Reaction 4.1.2). The number 

2 appears because two hydroxyl ends are consumed in each polycondensation reaction. The rate 

constant 𝑘2
𝑊  is used to account for the inhibitory influence of water on polycondensation kinetics. 

Expressions for 𝑘2
𝑊 and for the equilibrium constant 𝐾2

𝑊 are provided in Table 3.4 in Chapter 3. 

The factor f1 is used to account for the probability that a hydroxyl end in the reaction mixture is 

protonated. The second term accounts for hydroxyl ends generated by hydrolysis (reverse of 

Reaction 4.1.2). Two hydroxyl ends are generated when a protonated water molecule breaks an 

ether link on an oligomer/polymer chain. The factor f2 is used to account for the probability of a 
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water molecule in the reaction mixture being protonated. Note that both factors f1 and f2 depend 

on the catalyst concentration used in each run. Expressions for f1, f2 and other probability factors 

that appear in the model equations are provided in Table 3.4 in Chapter 3. The third and fourth 

terms in Equation 4.2.2 account for the consumption of hydroxyl ends when they degrade to form 

unsaturated ends (Reaction 4.1.3) and to form propanal (Reaction 4.1.5 followed by Reaction 

4.1.6). The fifth term accounts for consumption of hydroxyl ends by end-biting reactions, wherein 

two hydroxyl ends on the same linear oligomer molecule react to form a ring (Reaction 4.1.10). 

The sixth term account for generation of hydroxyl ends when a cyclic oligomer is ring-opened by 

a protonated water molecule (reverse of Reaction 4.1.11) resulting in a linear chain with two 

hydroxyl end groups. The rate constant for this reaction is assumed to be equal to the 

transetherification rate constant used for Reaction 4.1.7 (Assumption 3.2.15 in Table 3.2 in 

Chapter 3). The seventh term accounts for the loss of hydroxyl ends due to linear oligomers 

evaporating into the nitrogen bubbles. The final term accounts for the change in concentration of 

hydroxyl ends associated with the reduction in total mass of the reaction mixture.  

Equation 4.2.3 describes the time-varying concentration of water in the overhead condenser, [Wc] 

(mmol kg-1) and is part of a dynamic condenser model, which is based on an instantaneous 

equilibrium flash at 10 C̊ and 1 atm, combined with a well-mixed condenser tank (see section 

2.4.2).  In Equation 4.2.3, 𝐹𝑔𝑡𝑜𝑡𝐿𝑓 is the liquid flow rate from the instantaneous flash into the 

hypothetical well-mixed condenser tank, and xW is the mole fraction of water in this liquid stream. 

The average molecular weight of the liquid flowing from the flash into the condenser is 𝑀𝐿𝑓
(kg 

mmol-1). Algebraic expressions used to solve for 𝐹𝑔𝑡𝑜𝑡, Lf, xW, 𝑀𝐿𝑓
and other terms that appear in 

the condenser model, are provide in Table 3.6 in Chapter 3. The total mass of liquid that 

accumulates in the condenser, 𝑚𝐿𝑐 (kg) is assumed to be constant and is a model parameter 
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requiring estimation. Equation 4.2.4 describes the mass of the liquid 𝑚𝑐𝑐 (kg) that has accumulated 

in the condensate collector. 

 

 

 

Table 4. 1: Mechanism for PO3G  production in batch reactor[11] 
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Table 4. 2: Representative differential equations in the the PO3G model 

𝑑𝑚

𝑑𝑡
= − 𝑚𝑘𝑊𝐴𝑏([𝑊] − 𝛾[𝑊]∗)𝑀𝑊 − 𝑚𝑘𝐴𝐷𝐴𝑏([𝐴𝐷] − 𝛾[𝐴𝐷]∗)𝑀𝐴𝐷

−  𝑚 ∑ 𝑘𝐿(𝑖)

5

𝑖=1

𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗)𝑀𝐿(𝑖)

−  𝑚 ∑ 𝑘𝐶(𝑖)

7

𝑖=2

𝐴𝑏([𝐶(𝑖)] − 𝛾[𝐶(𝑖)]∗)𝑀𝐶(𝑖) 

(4.2.1) 

𝑑[𝑂]

𝑑𝑡
= − 2𝑘2

𝑊𝑓1[𝑂]2 + 2𝑘2𝑟[𝐸]𝑓2[𝑊] − 𝑘3𝑓1[𝑂] + 𝐾5𝑘6[𝐶𝑠][𝑊]

− 2 ∑ 𝑘10,𝑖2𝑓1[𝐿(𝑖)]

7

𝑖=2

+ 2𝑘2𝑟𝑓3[𝑊] ∑ 𝑖[𝐶(𝑖)]

7

𝑖=2

−  2 ∑ 𝑘𝐿(𝑖)

5

𝑖=1

𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗) −
[𝑂]

𝑚

𝑑𝑚

𝑑𝑡
 

(4.2.2) 

𝑑[𝑊𝑐]

𝑑𝑡
= (𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑥𝑊 − 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓

[𝑊𝑐])
1

𝑚𝐿𝑐
 (4.2.3) 

𝑑𝑚𝑐𝑐

𝑑𝑡
= 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓

 (4.2.4) 

 

When considering the effects of temperature on reaction rates, Arrhenius equations of the form:   

𝑘𝑙 = 𝑘𝑟𝑒𝑓,𝑙 [
−𝐸𝑙

𝑅
(

1

𝑇
−

1

𝑇𝑟𝑒𝑓
)]           (4.1) 

are used to reduce correlation among model parameters during estimation.[27,28] In Equation 4.1, 

kref,l is the rate constant for the lth reaction at the reference temperature Tref (K), El is the 

corresponding activation energy (kJ mol-1) and R is the ideal gas constant.  A reference temperature 

of 453.15 K = 180 ̊C was selected so that parameter estimates obtained from previous modeling 
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studies at 180 ̊C provide good starting values for kref, l for each of the reactions in Table 4.1. 

Similarly, equilibrium constants are expressed using: 

𝐾𝑙 = 𝐾𝑟𝑒𝑓,𝑙 [
−∆𝐻𝑙

𝑅
(

1

𝑇
−

1

𝑇𝑟𝑒𝑓
)]                (4.2) 

Mass-transfer coefficients are also assumed to have Arrhenius behaviour: 

𝑘𝑚𝑥 = 𝑘𝑚𝑟𝑒𝑓,𝑥 [
−𝐸𝑚𝑥

𝑅
(

1

𝑇
−

1

𝑇𝑟𝑒𝑓
)]   (4.3) 

where x=W, AD, L(1)..L(5), C(2)..C(6), because several studies have shown that the effects of 

temperature on mass-transfer coefficients can be described effectively using Arrhenius 

equations.[29-33]  

4.5. Parameter Estimation and Simulation Results 

The following objective function[11] is used for parameter estimation:  

𝐽 =
1

𝑠𝐿 𝑝𝑝𝑚
2 ∑ ∑([𝐿(𝑖)]𝑚 − [𝐿(𝑖)])2

7

𝑖=1

+
1

𝑠𝑊
2 ∑([𝑊]𝑚 − [𝑊])2

+
1

𝑠𝐿 𝑝𝑝𝑚
2 ∑([𝐴𝐷]𝑚 − [𝐴𝐷])2 +

1

𝑠𝑦 𝑈
2 ∑([𝑈]𝑚 − [𝑈])2

+
1

𝑠𝐿𝑐 𝑝𝑝𝑚
2 ∑ ∑([𝐿(𝑖)𝑐]𝑚 − [𝐿(𝑖)𝑐])2

5

𝑖=1

+
1

𝑠𝑊𝑐
2 ∑([𝑊𝑐]𝑚 − [𝑊𝑐])2

+
1

𝑠𝐿𝑐 𝑝𝑝𝑚
2 ∑([𝐴𝐷𝑐]𝑚 − [𝐴𝐷𝑐])2  +

1

𝑠𝑚𝑐𝑐
2

∑(𝑚𝑐𝑐𝑚
− 𝑚𝑐𝑐)2

+ ∑
1

𝑠𝐶 𝑝𝑝𝑚
2 ∑([𝐶(𝑖)]𝑚 − [𝐶(𝑖)])2

7

𝑖=2

+ ∑
1

𝑠𝐶𝑐 𝑝𝑝𝑚
2 ∑([𝐶(𝑖)𝑐]𝑚 − [𝐶(𝑖)𝑐])2

7

𝑖=2

     (4.4) 
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The first four terms account for deviations between measured and predicted concentrations of 

monomer, linear oligomers, water, propanal and unsaturated ends in the reactor liquid. The next 

three terms account for deviations between measured and predicted concentrations of monomer, 

linear oligomer, water and propanal in the condensate.  The final three terms are related to the 

mass of the liquid accumulated in the condensate collector and to cyclic oligomer concentrations 

in the reactor and in the liquid entering the condensate collector. Measured values are denoted by 

subscript m. The weighting factors 𝑠𝐿 𝑝𝑝𝑚 (ppm), 𝑠𝑦 𝑈 (mmol/kg), 𝑠𝑊 (wt%), 𝑠𝐿𝑐 𝑝𝑝𝑚 (ppm), 𝑠𝑊𝑐 

(wt%),  𝑠𝑚𝑐𝑐
 (g), 𝑠𝐶 𝑝𝑝𝑚 (ppm) and 𝑠𝐶𝑐 𝑝𝑝𝑚 (ppm) account for uncertainties in measurements of 

the corresponding species. Values of these weighting factors and a description of the assumptions 

used to obtain them are provided in Table IV-A1 in Appendix IV. 

Parameter estimation was performed in two steps. In Step 1, the influence of temperature on mass-

transfer coefficients was neglected, by assuming that activation energies in Equation 4.3 are zero, 

to keep the number of model parameters as small as possible (i.e., 58 parameters). In Step 2, the 

effects of temperature on mass-transfer coefficients are included by estimating the corresponding 

mass-transfer activation energies, resulting in a total of 70 parameters. Table 4.3 provides a list of 

the 34 parameters required to simulate PO3G production at the reference temperature of 180 ̊C.  

The initial guesses shown in the table are parameter estimates from a previous study.[11] Table 4.4 

provides a list of the additional 36 parameters introduced to account for effects of temperature, 

along with their initial guesses,  their lower and upper bounds used during parameter estimation. 

All of the parameters were ranked from most estimable to least-estimable,[12,13] and their 

corresponding positions on the ranked list obtained from Step 2 are shown in Tables 4.3 and 4.4. 

Parameter estimates from both Step 1 and Step 2 are also reported in Tables 4.3 and 4.4, along 

with their estimated standard deviations from Step 2. Wu’s mean-squared-error criterion[14,15] was 
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used to determine the subset of parameters that should be selected for parameter estimation to 

avoid overfitting.  In Step 1, all 58 parameters were selected for estimation.  In Step 2, 68 out of 

70 parameters were selected and two parameters (𝑓𝑃𝑊
185(0.02) and 𝐸𝑘𝐴𝐷

) were held at their initial 

guesses.  As shown in Tables 4.3 and 4.4, final estimates for 36 parameters (shown in bold) are 

significantly different from zero at the 95% confidence level.  Estimates of the other 34 parameters, 

which are not significantly different from zero, should be used when making model predictions.  

The subset-selection analysis conducted using Wu’s criterion suggests that these final estimates 

should give better model predictions, on average, than when the corresponding initial guesses are 

used instead. It is also worth noting that some parameter estimates changed by orders of magnitude 

compared with their estimates from our previous study (see Table 4.3).  For example, kAD changed 

by three orders of magnitude, presumably due to high correlation with the estimate for k3. A 

correlation matrix for the estimated parameters is provided in Table IV-B1 in Appendix IV. The 

estimate for parameter K5k6 changed by two orders of magnitude, presumably because there is very 

little information in the data about the appropriate value for this lumped parameter.  The 

approximate 95% confidence interval for K5k6 includes zero (see Table 4.3), indicating that the 

estimate for this parameter is not very reliable. The value of the weighted-least-squares objective 

function in Equation 4.4 decreased from 9174 in Step 1 to 5980 in Step 2, which is a 35% decrease.  

Using Wu’s means-squared-error criterion[14,15] revealed that model predictions obtained using the 

parameter values from Step 2 should be more reliable than predictions obtained using parameter 

estimates from Step 1 (i.e., the reduction in the objective function indicates that the data are not 

over-fitted by the extra parameters introduced to account for the influence of temperature on mass-

transfer coefficients).  
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Table 4. 3: Parameter estimation results at 180 ̊C 

Parameter Rank Units 
Lower 

bound 

Upper 

bound 

Estimate from 

previous 

study[11] 

Converged 

value – Step 1 

Converged 

value – Step 2 
�̂�𝜃 

𝐾1 2 - 1.0 1×105 1.38 9.479 1.014 27.458 

𝑘2 4 kg mmol-1 h-1 8×10-4 10 0.02 0.465 0.053 1.370 

𝐾2 𝑎𝑝𝑝

𝐾1
 64 - 0.10 10 8.90 5.281 0.500 1.690 

𝑘3 8 h-1 0 1000 0.77 1.835 0.933 8.274 

𝑘4 53 kg mmol-1h-1 0 1000 14.29 0.359 412.889 2593.823 

𝐾5𝑘6 65 h-1 0 200 2.50 127.001 122.637 1.67×105 

𝑘7 13 kg·mmol-1·h-1 1×10-6 10 0.45 3.816 1.222 1.714 

𝑘𝑊 1 kg m-2 h-1 0 7×106 1778.72 1750.507 1540.990 0.241 

𝑘𝐴𝐷 52 kg m-2 h-1 0 7×106 9.65×103 3.045×106 2.109×106 2.03×105 

𝑘𝐿(1) 3 kg m-2 h-1 0 22500 15.69 22.528 14.547 0.664 

𝑘𝐿(2) 42 kg m-2 h-1 0 7.5 1.74 0.489 1.516 1.265 

𝑘𝐿(3) 50 kg m-2 h-1 0 2.5 0.82 0.143 0.472 4.265 

𝑘𝐿(4) 55 kg m-2 h-1 0 1.125 0.97 0.082 0.379 5.404 

𝑘𝐿(5) 59 kg m-2 h-1 0 0.6 0.49 0.075 0.238 8.697 

𝑚𝐿𝑐
 26 kg 0.001 1.5 0.16 0.027 0.020 10.506 

γ 41 - 0 1.0 0.23 1.000 0.207 2.278 

𝐾𝐻
 7 mmol-1 kg 0 1.0 0.006 0.173 0.017 1.699 

𝑘𝐶(2) 5 kg m-2 h-1 0 15000 154.91 336.787 138.207 2.653 

𝑘𝐶(3) 10 kg m-2 h-1 0 4000 65.32 37.547 43.126 1.092 

𝑘𝐶(4) 9 kg m-2 h-1 0 2000 22.70 5.122 9.301 1.124 

𝑘𝐶(5) 49 kg m-2 h-1 0 9.0 0.85 0.349 0.586 2.950 

𝑘𝐶(6) 56 kg m-2 h-1 0 3.0 0.77 0.134 0.363 5.847 

𝑘10,   2 25 h-1 0 200 12.66 46.041 37.416 2.985 

𝑓𝑘10,   3
 38 - 0 30 2.73 7.572 2.975 2.782 
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𝑓𝑘10,   4
 18 - 0 100 1.64 0.094 2.319 3.167 

𝑓𝑘10,   5
 20 - 0 70 2.49 1.624 1.658 4.026 

𝑓𝑘10,   6
 23 - 0 60 1.19 3.388 1.445 4.517 

𝑓𝑘10,   7
 29 - 0 40 1.01 4.493 1.230 5.202 

𝑘11,   2 33 h-1 0 2.0 1.45 0.946 1.354 3.052 

𝑓𝑘11,   3
 6 - 0 400 2.83 12.650 3.958 2.703 

𝑓𝑘11,   4
 19 - 0 200 12.63 164.602 31.171 2.885 

𝑓𝑘11,   5
 28 - 0 100 5.78 79.957 18.533 3.083 

𝑓𝑘11,   6
 39 - 0 50 4.56 45.306 11.737 3.258 

𝑓𝑘11,   7
 44 - 0 30 2.78 22.258 6.955 3.691 

 

Table 4. 4: Parameter estimation results – additional parameters  

Parameter Rank Units 
Lower 

bound 

Upper 

bound 
Initial guess 

Converged 

value – Step 1 

Converged 

value – Step 2 
�̂�𝜃 

∆𝐻𝐾1
 62 kJ mol-1 -400 2000 600 -71.645 -79.460 32.061 

𝐸𝑘2
 11 kJ mol-1 0 2000 200 264.933 115.340 2.666 

(∆𝐻𝐾2 𝑎𝑝𝑝

− ∆𝐻𝐾1
) 

66 kJ mol-1 -250 0 -40 -251.035 -157.663 4.532 

𝐸𝑘3
 54 kJ mol-1 0 2000 200 4.606 122.844 18.605 

𝐸𝑘4
 63 kJ mol-1 0 4000 200 2314.535 451.338 362.957 

(∆𝐻𝐾5

+ 𝐸𝑘6
) 

68 kJ mol-1 -4000 4000 400 360.288 189.364 1.78×105 

𝐸𝑘7
 16 kJ mol-1 0 2000 200 451.014 408.458 0.810 

∆𝐻𝐾𝐻
 30 kJ mol-1 -400 1000 400 154.113 -17.793 18.713 

𝐸𝑘10,   2
 14 kJ mol-1 0 4000 200 734.772 747.092 1.844 

𝐸𝑘10,   3
 12 kJ mol-1 0 4000 200 494.616 408.809 0.881 
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𝐸𝑘10,   4
 31 kJ mol-1 0 4000 200 39.722 1606.830 25.044 

𝐸𝑘10,   5
 27 kJ mol-1 0 4000 200 1701.543 2565.871 504.303 

𝐸𝑘10,   6
 37 kJ mol-1 0 4000 200 1439.894 2240.207 243.956 

𝐸𝑘10,   7
 40 kJ mol-1 0 4000 200 863.901 1620.730 60.087 

𝐸𝑘11,   2
 

36 kJ mol-1 0 2000 200 316.793 299.089 1.094 

𝐸𝑘11,   3
 

34 kJ mol-1 0 2000 200 1009.399 388.655 1.521 

𝐸𝑘11,   4
 

22 kJ mol-1 0 2000 200 547.319 350.279 0.889 

𝐸𝑘11,   5
 

45 kJ mol-1 0 2000 200 436.031 346.575 0.939 

𝐸𝑘11,   6
 

47 kJ mol-1 0 2000 200 414.600 331.612 1.024 

𝐸𝑘11,   7
 48 kJ mol-1 0 2000 200 385.468 314.906 1.226 

𝑃𝑊
160(0.0005) 58 mmHg 10 72 33.5 10.001 10.007 497.204 

𝑃𝑊
160(0.02) 67 mmHg 115 1750 175 1124.214 1012.427 284.040 

𝑓𝑃𝑊
185(0.0005)

 
61 - 1.5 10 4 1.500 1.504 497.667 

𝑓𝑃𝑊
185(0.02)

 
70 - 3.85 10 4 4.252 - - 

𝐸𝑘𝑊
 32 kJ mol-1 0 400 40  86.469 0.417 

𝐸𝑘𝐴𝐷
 69 kJ mol-1 0 400 40  - - 

𝐸𝑘𝐿1
 15 kJ mol-1 0 2000 40  192.280 0.324 

𝐸𝑘𝐿2
 17 kJ mol-1 0 2000 40  119.491 1.586 

𝐸𝑘𝐿3
 24 kJ mol-1 0 2000 40  131.420 5.602 

𝐸𝑘𝐿4
 21 kJ mol-1 0 2000 40  262.627 12.608 

𝐸𝑘𝐿5
 35 kJ mol-1 0 2000 40  452.796 35.580 

𝐸𝑘𝐶2
 51 kJ mol-1 0 400 40  13.971 44.506 

𝐸𝑘𝐶3
 46 kJ mol-1 0 400 40  90.064 1.902 

𝐸𝑘𝐶4
 43 kJ mol-1 0 400 40  57.180 2.279 

𝐸𝑘𝐶5
 57 kJ mol-1 0 400 40  6.506 61.627 

𝐸𝑘𝐶6
 60 kJ mol-1 0 400 40  117.757 18.783 
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Figure 4.3 and Figure 4.4 show that the model provides a good fit to the industrial data. These 

figures show predictions and data for representative species in the reactor and in the condensate 

for the runs conducted at 160 ̊C, 165 ̊C and 180 ̊C using a catalyst level of 0.15 wt%. The error 

bars show one standard deviation for the measured values. The predictions (solid curves) rely on 

parameter estimates from Step 2. Note that fits to the data for the other species in the reactor and 

in the condensate using the same conditions are provided in Appendix IV. Fits to the data for the 

other conditions described in section 4.2.1 (e.g., at 175 ̊C using 0.15 wt% catalyst and at 180 ̊C 

using 0.1, 0.2, and 0.25 wt% catalyst) are also provided in Appendix IV.  Note that the quality of 

the fits is similar to that shown in Figures 4.3 and 4.4.   

As shown in Figures 4.3a and 4.3b, the initial rate of water generation and monomer consumption 

is highest at the highest operating temperature due to the faster rate of polycondensation.  All of 

the linear oligomer concentrations (only [L(2)] and  [L(4)] are shown in Figures 4.3c and 4.3d) 

start at a concentration of zero and increase to a maximum value before decreasing to very low 

final concentrations.  The maximum concentrations in linear oligomers are reached more quickly 

when the reactor is operated at higher temperatures.  The model also correctly predicts that 

maximum concentrations for small linear oligomers are reached earlier in the batch than the 

maximum concentrations of longer linear oligomers.  For example, for the run conducted at 165 ̊C 

the maximum in [L(2)] is reached after about 15 h and the maximum in [L(4)] is reached after 

about 20 h.  The model also predicts that the maximum concentrations of linear oligomers decrease 

with oligomer size.  For example, the maximum in [L(2)] is approximately 2000 mmol kg-1 and 

the maximum in [L(4)] is approximately 500 mmol kg-1.  Figures 4.3e and 4.3f reveal that the 

concentrations of cyclic oligomers are considerably lower than the corresponding linear-oligomer 

concentrations.  The cyclic oligomer with the highest maximum concentrations during the runs is 
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C(4), presumably because the formation of cycles with four repeat units is preferred. This 

observation is consistent with the parameter estimates of 𝑓𝑘11,   4
=

𝑘11,   4

𝑘11,   2
= 31.17 in Table 4.3 

being the highest ratio parameter for back-biting reactions.  The model predicts that the 

concentrations of larger cyclic oligomers, like C(4), continue to increase throughout each batch 

run.  Note that the measured concentrations of C(2), which are shown in Figure 4.3e, are very low 

and are near the detection limit of the gas chromatograph, which is why many of the error bars go 

past the bottom of the figure.  

As shown in Figure 4.4a, the mass of the condensate accumulated in the condensate collector 

increases faster during the runs conducted at higher temperatures. This makes sense because, at 

high temperature, water and oligomers are generated more quickly due to faster polycondensation 

and can therefore evaporate more quickly. Also, the estimated activation energies for mass-transfer 

coefficients indicate that mass-transfer coefficients are significantly higher at higher temperatures, 

which contributes to faster mass-transfer rates. Water is the main component in the condensate. 

For all runs, the concentration of water in the condensate begins at zero and increases quickly as 

each batch proceeds (see Figure 4.4b). The concentration of monomer in the condensate decreases 

over time as monomer in the reactor is consumed to generate water, oligomers and polymer. At 

each temperature, concentrations of cyclic oligomers in the condensate are higher than the 

corresponding concentrations of linear oligomers (see Figures 4.4d and 4.4f) because cyclic 

oligomers are more volatile.  
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Figure 4. 3: . Fits to reactor data at  –×–160 C, –○–165 C, and –∗–180 C using a 

catalyst level of 0.15 wt%: a) water, b) monomer, c) linear dimer, d) linear tetramer, e) 

cyclic dimer and f) cyclic tetramer  
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Figure 4. 4: Fits to condensate data at  –×–160 C, –○–165 C, and –∗–180 C using a 

catalyst level of 0.15 wt%: a) accumulated mass in the condensate collector, b) water, c) 

monomer, d) linear tetramer, e) cyclic dimer and f) cyclic tetramer.  
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Figure 4.5 and Figure 4.6 show that the model equations and the parameter estimates in Tables 

4.3 and 4.4 also result in good predictions of data that were not used for model fitting.  The results 

in these figures are for the run conducted at 170 ̊C using a catalyst level of 0.15 wt%. As shown in 

Figure 4.5a, the model correctly predicts that water is generated very quickly during the initial 

stages of the batch and that the water concentration reaches a maximum and then decreases over 

time due to evaporation. Time-varying concentrations of monomer and oligomers are also well-

predicted (see Figures 4.5b to 4.5f). The concentrations of larger cyclic oligomers (e.g., C(4), C(5), 

C(6) and C(7)) are predicted to increase monotonically during this batch run. As shown in Figure 

4.6, the predicted concentrations of small molecules exiting the overhead condenser agree well 

with the experimental data.  
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Figure 4. 5: Comparison of model predictions   ̶   and reactor data * at 170 C using 

catalyst level of 0.15 wt% for: a) water, b) monomer, c) linear dimer, d) linear tetramer, 

e) cyclic dimer and f) cyclic tetramer  
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Figure 4. 6: Comparison of model predictions   ̶  and condensate data * at 170 C using 

catalyst level of 0.15 wt% for: a) the mass of liquid accumulated in the condensate 

collector,  b) water,  c) monomer, d) linear tetramer, e) cyclic dimer and f) cyclic 

tetramer 
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4.6. Conclusions 

We present what is, to our knowledge, the most-comprehensive data set that has been used to 

support mathematical modeling of a condensation polymerization process and we use the data to 

estimate 68 kinetic, transport and thermodynamic parameters. The data were obtained from 8 

experimental runs conducted at temperatures ranging from 160 to 180 ̊C using super-acid catalyst 

levels between 0.1 and 0.25 wt%. The data obtained at 180 ̊C with different catalyst levels were 

used to develop isothermal polymerization models in our previous studies.[7-11] The new data, 

obtained at 160, 165, 170 and 175 ̊C with a catalyst level of 0.15 wt% are presented here for the 

first time. A fundamental model is described that accounts for the effects of temperature on 

reaction kinetics and mass-transfer during PO3G production in an industrial batch reactor system. 

The model accounts for: i) time-varying mass-transfer rates of volatile molecules from the liquid 

phase to the vapor, ii) formation, consumption and evaporation of linear and cyclic oligomers, iii) 

the dynamic behavior of the overhead condenser, and iv) the inhibitory influence of water on 

polycondensation kinetics. 

Parameter estimation was performed in two steps using a weighted-least-squares objective 

function. In Step 1, the influence of temperature on reaction kinetics and phase equilibria was 

considered, while assuming that mass-transfer coefficients for volatile molecules are temperature-

independent, resulting in a model with 58 unknown parameters.  We used a mean-squared-error 

selection criterion[14,15] to show that all 58 parameters are estimable. In Step 2, the influence of 

temperature on mass-transfer coefficients was accounted for, using Arrhenius expressions, 

resulting in a model with 70 parameters in total. Estimates of 36 of the 70 parameters were 

significantly different from zero at the 95% confidence level. The value of the objective function 

from Step 2 decreased by 35% compared with the value obtained in Step 1. A mean-squared 
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prediction-error criterion[14,15] revealed that model predictions using parameter estimates from Step 

2 are more reliable, indicating that the effect of temperature on mass-transfer coefficients is 

important and should be accounted for when simulating PO3G production.  

The resulting PO3G model and its parameter estimates were tested by comparing the model fit to 

the data over the complete range of experimental conditions used for parameter estimation. The 

predictive ability of the model was also verified using data at 170 ̊C, which were not included in 

the parameter estimation.  Typical deviations between model predictions and the data for 

concentrations of oligomers (both linear and cyclic) in the reactor are within 1.75% of their average 

measurements.  

The model and data reveal that, at every temperature used, the concentrations of linear oligomers 

increase, reach their maxima and then decrease during each batch run.  Concentrations of cyclic 

oligomers, however, tend to increase monotonically throughout the runs, which lasted up to 50 h. 

The data reveal that concentrations of cyclic oligomers in the reactor tend to be much lower than 

concentrations of linear oligomers.  However, in the condensate, concentrations of cyclic 

oligomers are higher than the concentrations of corresponding linear oligomers due to higher mass-

transfer rates for cyclic molecules.  

In the future, the current model and parameter estimates will be useful for selecting reactor-

operating conditions for commercial PO3G production.  The model and parameter estimates will 

also be used in a model-based design-of-experiments study to select conditions for new 

experiments aimed at obtaining improved parameter estimates.  
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4.7. Nomenclature 

Ab specific interfacial contact area on bubbles m2·kg-1 

AD propanal  

cat catalyst  

Cs secondary carbocation end  

C(i) cyclic oligomer with i repeated units   

E ether link on a linear chain  

El activation energy for reaction (l) kJ·mol-1 

f1 fraction of hydroxyl ends that are protonated  

f2 fraction of water molecules that are protonated  

f3 fraction of ends that are unsaturated  

fEi fraction of ether links that are i units from an end of a 

linear chain 

 

Fgtot total molar flowrate of overhead vapor from the reactor mmol·h-1 

Fgx molar flowrate of overhead vapor of species x from the 

reactor (x = AD, W, L(i), N2) 

mmol·h-1 

𝐹𝑣𝐿1
∗  Volume fraction of monomer in the liquid phase at 

equilibrium 

 

𝐹𝑣𝑊
∗  Volume fraction of water in the liquid phase at equilibrium  

K1 equilibrium constant of protonated/deprotonated hydroxyl 

ends 

 

KH equilibrium constant of hydrated/unhydrated hydroxyl 

ends 

 

k2 rate constant for condensation reactions between hydroxyl 

ends 

kg·mmol-1·h-1 

k2r rate constant for reverse condensation reactions between 

hydroxyl ends 

kg·mmol-1·h-1 

k2H rate constant for condensation reactions involving hydrated 

hydroxyl ends 

kg·mmol-1·h-1 

k2Hr rate constant for reverse condensation reactions involving 

hydrated hydroxyl ends 

kg2·mmol-2·h-1 

𝑘2
𝑊 overall rate constant for polycondensation reaction that 

accounts for the inhibitory effect of water 

 

𝐾2
𝑊 overall equilibrium constant for polycondensation reaction 

that accounts for the inhibitory effect of water 

 

k3 rate constant for end degradation reaction h-1 

k4 rate constant for protonation of a double bond kg·mmol-1·h-1 

K5 equilibrium constant for formation of secondary hydroxyl 

ends 

 

k6 rate constant for formation of propanal h-1 

k7 rate constant for transetherification reactions between 

chains involving protonated hydroxyl ends 

kg·mmol-1·h-1 

k10, i rate constant for end-biting reaction producing cyclic 

oligomer with i repeated units 

h-1 
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k11, i rate constant for back-biting reaction producing cyclic 

oligomer with i repeated units 

h-1 

KAD partition coefficient of propanal  

KW partition coefficient of water  

kx mass-transfer coefficient of species x evaporating into 

bubbles (x = AD, W, L(i), C(i)) 

kg·m-2·h-1 

kref,l rate constant for reaction (l) at the reference temperature  

Kref,l equilibrium constant for reaction (l) at the reference 

temperature 

 

Lf fraction of overhead vapour that condenses in the flash unit  

L(i) linear chain with two hydroxyl ends and i monomer units  

L(i)p linear chain with i monomer units and one protonated 

hydroxyl end 

 

m mass of the reaction mixture kg 

mcc mass of liquid accumulated in the condensate collector kg 

mLc mass of liquid accumulated in the condenser kg 

MX molar masses of species X (X = AD, W, L(i), and C(i)) kg·mmol-1 

MLf average molecular weight of the liquid flowing from the 

flash into the condenser 

kg·mmol-1 

O hydroxyl end  

OH hydrated hydroxyl end  

Op protonated hydroxyl end  

Osp protonated secondary hydroxyl end  

PX partial pressure of species x in the headspace (X = AD, W, 

L(i), and C(i)) 

mmHg 

Ptot total pressure in the headspace  mmHg 

𝑃𝑊
160(0.0005) partial pressure of water in vapor when 𝐹𝑣𝑊

∗  =0.0005 in 

batch run at 160 ̊C 

mmHg 

𝑃𝑊
160(0.02) partial pressure of water in vapor when 𝐹𝑣𝑊

∗  =0.02 in batch 

run at 160 ̊C 

mmHg 

𝑃𝑊
185(0.0005) partial pressure of water in vapor when 𝐹𝑣𝑊

∗  =0.0005 in 

batch run at 185 ̊C 

mmHg 

𝑃𝑊
185(0.02) partial pressure of water in vapor when 𝐹𝑣𝑊

∗  =0.02 in batch 

run at 185 ̊C 

mmHg 

R ideal gas constant  

t time hour 

T temperature K 

U unsaturated end  

W water  

Wp protonated water  

xX
 mole fraction of species X in the liquid stream condensed 

in the flash (x = AD, W, L(i)) 

 

[X]* hypothetical concentration that is in equilibrium with the 

concentration of species X in the reaction mixture (X = AD, 

W, L(i)) 

mmol.kg-1 

γ bubble-backmixing parameter  
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∆H enthalpy of reaction (l) kJ mol-1 

𝜆𝑡𝑜𝑡
0  zeroth moment of the total chain-length distribution for 

linear species 

 

𝜆𝑡𝑜𝑡
1  first moment of the total chain-length distribution for 

linear species 
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Chapter 5 
 

Model-based Design of Experiments for Polyether Production from  

Bio-based 1,3-Propanediol4 

5.1. Abstract 

Sequential model-based design of experiments (MBDOE) is used to select operating conditions 

for new experiments in a batch-reactor that produces bio-based poly(trimethylene) ether glycol 

(PO3G).  These Bayesian A-optimal experiments are designed to obtain improved estimates of the 

70 fundamental-model parameter estimates, while accounting for the model structure and for data 

from eight previous industrial batch-reactor runs. Settings are selected for three decision variables:  

reactor temperature, initial catalyst level, and initial water concentration. If only one new 

experiment is conducted, it should be run at high temperature, with relatively high concentrations 

of catalyst and initial water.  When two new runs are conducted, one should use an intermediate 

catalyst concentration. The effectiveness of the proposed MBDOE approach is tested using Monte-

Carlo simulations, revealing that the selected experiments are superior compared to new 

experiments selected randomly from corners of the permissible design space. 

  

 
4 This chapter was submitted to AIChE Journal. Dr. Ali Shahmohammadi and Dr. Kim McAuley are co-authors of 

this journal article. 
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5.2. Introduction 

Cerenol® is a class of bio-based poly(trimethylene) ether glycol (PO3G) that has been 

manufactured and trademarked by Dupont since 2008.1 - 3 The monomer used for producing 

Cerenol® is corn-based 1,3-propanediol derived from a glucose fermentation process (Bio-

PDO®),4 so that Cerenol® is thoroughly renewably-sourced. Cerenol® offers a variety of value-

added properties (e.g., excellent biodegradability, low toxicity, high oxidative stability, etc.), and 

is used in a wide range of applications including automotive coatings, cosmetics, elastic fibers, 

and thermoplastic elastomers.1 - 3, 5 

Cerenol® is produced in batch, semi-continuous and continuous reactors using super-acid catalyst. 

Operating conditions such as catalyst concentration and temperature vary depending on the desired 

molecular weight and the end-use properties of the final products.3, 6 – 14 The influences of these 

conditions on product properties and production rates have been studied via several fundamental 

PO3G models.15 - 22 Mueller et al. developed first PO3G models using a reaction scheme that 

accounts for the influence of acids on polymerization of 1,3-propanediol.15, 16 Their models predict 

time-varying concentrations of monomer and water in the reactor liquid and in the vapor that 

evaporates from the reactor, but they ignore the formation and evaporation of oligomers. Values 

of kinetic parameters are not reported in their publications. Cui et al. extended Mueller’s 

mechanism to account for side reactions (e.g., formation of propanal and transetherification 

reations), and developed a series of PO3G models that account for formation and evaporation of 

linear oligomers.17 - 19 Their studies used estimability analysis techniques23, 24 to rank the kinetic 

and transport parameters in their models from most estimable to least-estimable.  Wu’s mean-

squared-error criterion 25, 26 was then used to select the parameters that are estimable from the 

available industrial data. Cui’s parameter estimation study relied on data3 obtained from four 
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batch-reactor runs conducted at 180 ̊C  with different super-acid catalyst levels.  Cui’s final PO3G 

model and parameter estimates give a reasonable fit to the industrial data. However, their predicted 

overall rate of polycondensation is too low, especially during the final stage of the batch reactor 

experiments, resulting in a poor fit to data obtained at long reaction times. 

Recently, we updated Cui’s reaction scheme by removing some negligible side reactions (i.e., a 

reaction involving saturated end-groups and a reversible reaction involving protonation of ether 

links).20 - 22 The PO3G model was then extended through multiple steps to account for: i) the 

dynamic behaviour of the overhead condenser, ii) revised assumptions about mass-transfer rates, 

iii) the inhibitory influence of water on polycondensation kinetics, iv) the generation and 

evaporation of cyclic oligomers, and v) the effects of temperature on kinetics and mass-transfer. 

Our most-recent PO3G model contains a total of 49 ordinary differential equations (ODEs) and 70 

kinetic, transport and thermodynamic parameters.22 We use industrial data set3 from eight 

experimental runs conducted at temperatures ranging from 160 to 180 ̊C  and super-acid catalyst 

levels ranging from 0.1 to 0.25 wt% to estimate parameters and assess the predictive ability of the 

model. We determined that 68 of a total of 70 parameters were estimable from the available data.  

The resulting PO3G model and parameter estimates provide a good fit to the data, but confidence 

intervals for many of the model parameters are very wide. 22 

Our PO3G modeling studies provide an enhanced understanding of the influences of process 

operating conditions on product properties and polymerization rates in Cerenol® production. 

However, because the available data are limited, we were not able to obtain accurate estimates of 

all of the kinetic, transport, and thermodynamic parameters in the models. The objective of the 

current study is to select operating conditions for a few additional experiments that would be 

helpful in achieving improved parameter estimates and more-reliable model predictions. 
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Conducting experimental runs can be expensive and time-consuming. To ensure that as much 

information as possible can be obtained from the new experiments, we use sequential model-based 

design of experiments (MBDOE) techniques.  

MBDOE takes into account the structure of the model when selecting new experimental conditions 

to minimize uncertainties in parameter estimates or model predictions. 27, 28 Sequential MDBOE 

methods are particularly useful in industrial settings because they account for available data from 

previous experiments when selecting conditions for new experiments that will also be used for 

parameter estimation.29 - 31 Common MBDOE calculations (e.g., A-, D- and E-optimal designs) 

rely on the inverse of the Fisher Information Matrix ( FIM ).32 - 34 When models are linear in the 

parameters, the FIM depends only on the experimental settings and measurement uncertainties, 

and is independent of the parameter values.35, 36 For nonlinear models, computation of the FIM 

relies on linearization of the model equations around estimated or assumed parameter values.32, 36 

– 38 As a result, the elements of the FIM depend on these parameter values.   

A complication that is often encountered during sequential MBDOE for complex models, such as 

the PO3G model in the current article, is that the FIM may be noninvertible. A noninvertible FIM 

arises when there is insufficient information in the data to estimate all of the model parameters 

uniquely.  Several approaches have been considered to overcome this problem, including 

parameter-subset-selection-based methods, where the unestimable parameters are left out of the 

MBDOE analysis.39, 40  In this way, new experiments can be designed to improve the accuracy of 

the estimable parameters. An alternative approach is to use Bayesian MBDOE methods that rely 

on modeler-supplied prior information about some or all of the model parameters.41 - 44  This 

information may be sufficient to make the augmented Bayesian FIM invertible. Shahmohammadi 

et al. recently proposed a simple Bayesian approach, which uses prior parameter information that 
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is similar to the information required for orthogonalization-based estimability ranking.41 A simple 

A-optimal-design case study, involving a kinetic model for pharmaceutical production, was used 

to show that Shahmohammadi’s approach gave superior parameter estimates compared to a 

parameter-subset-selection approach.  In current study, we use Shahmohammadi’s sequential 

Bayesian MBDOE method to select experimental conditions for several new PO3G batch-reactor 

runs.  The methodology is sequential because the proposed new runs are designed based on 

information contained in old data that have already been used for preliminary parameter 

estimation. An A-optimal design criterion is used (rather than D- or E- optimal design) because A-

optimality focuses on the accuracy of the individual parameter estimates.41 As a result, it is 

relatively easy to use Monte Carlo (MC) simulations to test and verify the effectiveness of the 

proposed methodology.41 

The remainder of this article is organized as follows. First, old kinetic data from industrial PO3G 

batch reactor experiments are described. Next, the PO3G model equations are introduced, along 

with the model parameters that require estimation.  Available prior knowledge about these 

parameters is discussed.  Next, the sequential Bayesian A-optimal design process is described and 

the resulting settings for new experiments are presented. Finally, MC simulations are used to test 

the effectiveness of the proposed approach.  

5.3. Background 

5.3.1. Kinetic Data 

Figure 5.1 shows the batch-reactor system used by DuPont to conduct the experimental runs that 

were previously used for model development and parameter estimation.3, 17 - 22 At the start of each 

experiment, the desired operating temperature was selected, and monomer (1,3-propanediol) was 
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charged to the reactor, which is sparged with nitrogen to help remove water generated by the main 

polycondensation reaction. Each batch reactor run starts when a specified amount of super-acid 

catalyst (triflic acid) is added to the liquid phase. Over the course of the run, monomer is consumed 

to produce oligomer and polymer chains, which accumulate in the liquid phase. N2 bubbles 

containing volatile by-products of the reactions (e.g., water, propanal, and some oligomers) travel 

through the liquid to the reactor headspace. The overhead gas flows to a condenser and liquid 

condensate is collected. During each run, samples of both the liquid in the reactor and the 

condensate entering the condensate collector are collected at various times. These samples were 

subsequently analyzed by gas chromatography and proton nuclear magnetic resonance (NMR). 

The available industrial data set consists of eight experimental runs, which were conducted at five 

different temperatures between 160 and 180 ̊C and four levels of super-acid catalyst between 0.10 

and 0.25 wt%.3 Table 5.1 shows the experimental settings for these eight runs. No initial water 

was used in these experiments.  Table 5.2 summarizes the measurements available from the 

monomer/polymer liquid phase and from the condensate during each run.  In total, 2046 data 

values were collected from the 8 experimental runs.  In the current study, A-optimal settings for 

new additional experiments will be selected, given that these 2046 prior data values are already 

available for use in parameter estimation. 

Table 5. 1: Xie’s experimental settings3 

Temperature 

(̊C) 
180 180 180 180 160 165 170 175 

Cat. 

Concentration 

(wt%) 

0.10 0.15 0.20 0.25 0.15 0.15 0.15 0.15 

Initial Water 

Concentration 

(wt%) 

0 0 0 0 0 0 0 0 
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Table 5. 2: Available data from Xie’s comprehensive data set3 

 Liquid phase Condensate 

Concentration of monomer (ppm by weight) ✔ ✔ 

Concentration of oligomers (ppm by weight) ✔ ✔ 

Concentration of water (wt%) ✔ ✔ 

Concentration of unsaturated ends (mmol/kg) ✔  

Total mass of condensate accumulated in the 

condensate collector (g) 
 ✔ 

 

Liquid 

Overhead vapour 

N2 feed 

Vapour 

Condenser 

Condensate collector 

Figure 5. 1: PO3G reactor and condenser system3, 17 - 22 
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5.3.2. Model Equations and Model Parameters 

The PO3G model used for designing new experiments in the current article was developed based 

on the reaction mechanism in Table 5.3.21, 22 The mechanism includes eleven reactions, which are 

shown in two ways. The column on the left in Table 5.3 provides structural information for the 

molecules participating in the reactions, focusing on polymer end groups and ether links. The same 

reactions are presented in the column on the right using symbols that appear in the model 

equations. Hydroxyl ends are shown as O, ether links as E, unsaturated ends as U, secondary 

carbocation ends as Cs, water as W and propanal as AD. A linear chain with i repeat units is denoted 

as L(i). A cyclic oligomer with i repeat units is denoted as C(i). Protonated functional groups and 

protonated molecules are indicated using the subscript p. 

In Table 5.3, reaction (5.3.1) shows the equilibrium for protons exchanging between hydroxyl ends 

and water with the equilibrium constant K1. Reaction (5.3.2) is the main polycondensation reaction, 

in which hydroxyl ends are consumed with forward rate constant k2 (kg mmol-1 h-1). The reverse 

of reaction (5.3.2) is a hydrolysis reaction with rate constant k2r (kg mmol-1 h-1). Reaction (5.3.3) 

is a side reaction in which unsaturated ends are produced from degradation of hydroxyl ends (with 

rate constant k3 (h
-1)).  In reaction (5.3.4) secondary carbocation end groups are produced from 

protonation of unsaturated ends with rate constant k4 (kg mmol-1 h-1). Reactions (5.3.5) and (5.3.6) 

account for formation of propanal with a lumped rate constant K5k6 (h
-1). This lumped rate constant 

is used because protonated secondary hydroxyl end Osp is treated as a short-lived intermediate that 

does not accumulate appreciably in the reacting mixture. Reaction (5.3.7) accounts for 

transetherification between oligomeric and polymer chains with rate constant k7 (kg mmol-1 h-1). 

Transetherification reactions determine the rate at which linear oligomers are regenerated from 

long polymer chains to replenish the oligomer molecules that evaporate from the reaction mixture. 
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Reactions (5.3.8) and (5.3.9) account for the inhibitory influence of water on polycondensation 

kinetics and equilibrium. Hydrated hydroxyl ends OH are assumed to be in equilibrium with regular 

hydroxyl ends O, with equilibrium constant KH. Polycondensation involving hydrated hydroxyl 

ends, with forward rate constant k2H and reverse rate constant k2Hr, has a slower reaction rate 

compared to the main reaction (5.3.2). Reactions (5.3.10) and (5.3.11) account for the formation 

of cyclic oligomers via end-biting and back-biting reactions, respectively. End-biting reactions 

that produce rings with i repeat units have forward rate constant k10, i (h
-1). Similarly, back-biting 

reactions that generate rings with i repeat units have forward rate constant k11, i (h
-1). The reverse 

of reaction (5.3.10) is a hydrolysis reaction, which is assumed to have the same rate constant k2r 

as the reverse of the main polycondensation reaction (5.3.2). The reverse of reaction (5.3.11) is a 

ring-opening polyaddition reaction, which contributes to the growth of polymer chains and is 

assumed to have the same rate constant k7 as the transetherification reaction.21, 22 

Our most-recent PO3G model, which was developed to account for the influence of temperature 

on the reactions in Table 5.3, has a total of 49 ODEs and 70 kinetic, transport, and thermodynamic 

parameters.22 Table 5.4 shows three of the 49 ODEs.  The first is a material balance on the mass 

m (kg) of the reaction mixture, the second is a material balance on unreacted monomer L(1) in the 

reactor, and the third is a material balance on the monomer in the overhead condenser L(1)c. The 

remaining 46 ODEs, along with a complete list of model equations and all assumptions that were 

used when developing the model, are provided in Tables 3.2 to 3.6 in Chapter 3. Equation (5.4.1) 

describes dynamic changes in m due to evaporation of volatile species such as water, propanal, 

monomer and oligomers into nitrogen bubbles that pass through the liquid phase and exit into the 

headspace. Mass-transfer coefficients of these species are kW, kAD, kL(i) with i=1..5 and kC(i) with 

i=2..7 (in kg m-2 h-1).  The interfacial area Ab (m
2 kg-1) of the nitrogen bubbles per unit mass of 
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reactor liquid is calculated using a correlation that accounts for changes in liquid viscosity as the 

polymerization proceeds.20 - 22 In the model, all species and end-group concentrations have units 

of mmol per kg of liquid.  Hypothetical concentrations of water, propanal, monomer and oligomers 

that would be in equilibrium with their average partial pressures in the bubbles (i.e., [W]*, [AD]*, 

[L(i)]* and [C(i)]*), are obtained from temperature-dependent VLE correlations.20 - 22 Note that 

because the concentrations of propanal and oligomers in the nitrogen bubbles are assumed to be 

very low, and no VLE data are available for these species, a value of zero is used for [AD]*, [L(i)]* 

with i=2..5 and [C(i)]* with i=2..7. Uncertainty about whether the nitrogen bubbles tend to 

recirculate in the liquid due to stirring or they travel mostly upward through the liquid phase is 

accounted by an adjustable bubble-backmixing parameter γ (i.e., γ=1.0 corresponds to bubbles that 

are well-mixed within the liquid and 𝛾 ≈ 0.5 corresponds to bubbles that rise without significant 

recirculation).   MW, MAD, ML(i) and MC(i) are molar masses of the corresponding species (in kg 

mmol-1). 

Equation (5.4.2) is a dynamic material balance on the monomer. The first term on the right-hand 

side accounts for consumption of monomer by polycondensation. In equation (5.4.2), factor f1 

accounts for the probability that a hydroxyl end in the reaction mixture is protonated. The overall 

rate constant 𝑘2
𝑊  (which depends on k2, KH and [W]) accounts for the inhibitory influence of water 

on polycondensation kinetics. Algebraic expressions for 𝑘2
𝑊 and for the equilibrium constant 𝐾2

𝑊 

are provided in Table 3.4 in Chapter 3. The second term in equation (5.4.2) accounts for generation 

of monomer via hydrolysis (reverse of reaction (5.3.2)). The factor f2 is used to account for the 

probability of a water molecule in the reaction mixture being protonated. Expressions for f1, f2 and 

other probability factors that appear in the ODEs are provided in Table 3.4 in Chapter 3. The third 

and fourth terms in equation (5.4.2) account for consumption and regeneration of monomer via 
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transetherification (reaction (5.3.7)). The fifth term accounts for the consumption of monomer via 

ring-opening reactions (reverse of reaction (5.3.11)). The sixth term accounts for generation of 

monomer via back-biting reactions of oligomer chains (reaction (5.3.11)). The seventh term 

accounts for removal of water from the liquid phase by evaporation. The final term accounts for 

the change in concentration of monomer associated with the reduction in total mass of the reaction 

mixture.   

Equation (5.4.3) describes the time-varying concentration of monomer in the overhead condenser, 

[L(1)c]. In the model, the condenser, which was operated at 10 ̊C and 1 atm, is treated as an 

instantaneous equilibrium flash combined with a well-mixed tank to account for the liquid 

accumulation within the condenser.  In equation (5.4.3), 𝐹𝑔𝑡𝑜𝑡𝐿𝑓 is the flow rate of the liquid 

flowing from the instantaneous flash into the tank, and xL(1) is the mole fraction of monomer in this 

liquid stream. The average molecular weight of this liquid is 𝑀𝐿𝑓
(kg mmol-1). Algebraic 

expressions for 𝐹𝑔𝑡𝑜𝑡, Lf, xL(1), 𝑀𝐿𝑓
, and other terms that appear in the condenser model are 

provided in Table 3.6 in Chapter 3. In equation (5.4.3), the total mass of liquid that accumulates 

in the condenser, 𝑚𝐿𝑐 (kg) is assumed to be constant and is treated as a model parameter. The 

model includes additional 33 ODEs that describe time varying concentrations within the reactor 

(i.e., for water [W], propanal [AD], linear oligomers [L(i)], cyclic oligomers [C(i)] , catalyst [cat], 

hydroxyl ends [O], unsaturated ends [U] and secondary carbocation ends [Cs], along with the 

zeroth and first moments of the total chain-length distribution for linear species).22 Additional 13 

ODEs describe time-varying concentrations of water [Wc], propanal [AD], and volatile oligomers 

([L(i)c] and [C(i)c]) in the condenser liquid, along with total mass of liquid that has accumulated 

in the condensate collector.22   
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Table 5. 3: Mechanism for PO3G  production in batch reactor21,22 
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Table 5. 4: Representative differential equations in the PO3G model 

𝑑𝑚

𝑑𝑡
= − 𝑚𝑘𝑊𝐴𝑏([𝑊] − 𝛾[𝑊]∗)𝑀𝑊 − 𝑚𝑘𝐴𝐷𝐴𝑏([𝐴𝐷] − 𝛾[𝐴𝐷]∗)𝑀𝐴𝐷

−  𝑚 ∑ 𝑘𝐿(𝑖)

5

𝑖=1

𝐴𝑏([𝐿(𝑖)] − 𝛾[𝐿(𝑖)]∗)𝑀𝐿(𝑖)

−  𝑚 ∑ 𝑘𝐶(𝑖)

7

𝑖=2

𝐴𝑏([𝐶(𝑖)] − 𝛾[𝐶(𝑖)]∗)𝑀𝐶(𝑖) 

(5.4.1) 

𝑑[𝐿(1)]

𝑑𝑡
= − 4𝑘2

𝑊𝑓1[𝐿(1)][𝑂] + 𝑘2𝑟𝑓𝐸1[𝐸]𝑓2[𝑊] − 𝑘7𝑓12[𝐿(1)][𝐸]

+
1

2
𝑘7𝑓1[𝑂]𝑓𝐸1[𝐸] − 𝑘72𝑓1[𝐿(1)] ∑ 𝑖𝐶(𝑖)

7

𝑖=2

+ ∑ 𝑘11,𝑖−12𝑓1[𝐿(𝑖)]

7

𝑖=3

− 𝑘𝐿(1)𝐴𝑏([𝐿(1)] − 𝛾[𝐿(1)]∗) −
[𝐿(1)]

𝑚

𝑑𝑚

𝑑𝑡
 

(5.4.2) 

𝑑[𝐿(1)𝑐]

𝑑𝑡
= (𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑥𝐿(1) − 𝐹𝑔𝑡𝑜𝑡𝐿𝑓𝑀𝐿𝑓

[𝐿(1)𝑐])
1

𝑚𝐿𝑐
 

(5.4.3) 

 

In total, the PO3G model has70 kinetic, transport, and thermodynamic parameters. Table 5.5 

shows a list of the kinetic parameters that appear in the reaction mechanism in Table 5.3 (including 

activation energies and reaction enthalpies, which are used to account for the influence of 

temperature). Table 5.6 shows a list of the mass-transfer parameters along with their activation 

energies. Tables 5.5 and 5.6 show values of the parameter estimates obtained in our previous 

parameter estimation study using the available industrial data, along with their estimated standard 

deviation (SD).  Estimates of the rate constants, equilibrium constants and mass-transfer 

coefficients shown in Tables 5.5 and 5.6 correspond to a reference temperature of 180 C. Also 

included in Table 5.6 are VLE parameters that are used to calculate [W]*,22 along with the bubble 

back-mixing parameter γ and the mass of liquid in the condenser 𝑚𝐿𝑐. Using the available data we 

were able to estimate 68 out of the 70 parameters in our recent parameter estimation study.  The 
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two parameters that could not be estimated and were left fixed at their initial guesses are 𝐸𝑘𝐴𝐷
 and 

𝑓𝑃𝑊
185(0.02)

 (values shown in italic).   

Equation (5.1) shows the objective function that was used for parameter estimation. The first five 

terms on the right-hand side account for deviations between measured and predicted 

concentrations of monomer, linear oligomers, cyclic oligomers, water, propanal, and unsaturated 

ends in the reactor liquid. The next four terms account for deviations between measured and 

predicted concentrations of monomer, linear oligomer, cyclic oligomers, water, and propanal in 

the condensate.  The final term is related to the mass of liquid accumulated in the condensate 

collector. Measured values are denoted by subscript m. The weighting factors 𝑠𝐿 𝑝𝑝𝑚 (ppm), 𝑠𝐶 𝑝𝑝𝑚 

(ppm), 𝑠𝑊 (wt%), 𝑠𝑦 𝑈 (mmol/kg), 𝑠𝐿𝑐 𝑝𝑝𝑚 (ppm), 𝑠𝐶𝑐 𝑝𝑝𝑚 (ppm), 𝑠𝑊𝑐 (wt%), and  𝑠𝑚𝑐𝑐
 (g) account 

for uncertainties in measurements of the corresponding species. Values of these weighting factors 

are provided in Table 5.7. Table 5.8 shows initial guesses and the lower and upper bounds used 

during parameter estimation for 6 of the 70 parameters.  The lower and upper bounds for all of the 

parameters, along with their initial guesses, are provided in Appendix V-A. As shown in Tables 

5.5 and 5.6, only 36 parameter estimates obtained using the available data are significantly 

different from zero (values shown in bold), based on their approximate 95% confidence levels.  

An important objective of the current study is to use a simplified Bayesian MBDOE method to 

select conditions for new experiments.  These experiments will be selected to provide narrower 

confidence intervals for the parameters that have already been estimated and to estimate the two 

parameters that are currently unestimable.  
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𝐽 =
1

𝑠𝐿 𝑝𝑝𝑚
2 ∑ ∑([𝐿(𝑖)]𝑚 − [𝐿(𝑖)])2

7

𝑖=1

+
1

𝑠𝐶 𝑝𝑝𝑚
2 ∑ ∑([𝐶(𝑖)]𝑚 − [𝐶(𝑖)])2

7

𝑖=2

+
1

𝑠𝑊
2 ∑([𝑊]𝑚 − [𝑊])2 +

1

𝑠𝐿 𝑝𝑝𝑚
2 ∑([𝐴𝐷]𝑚 − [𝐴𝐷])2

+
1

𝑠𝑦 𝑈
2 ∑([𝑈]𝑚 − [𝑈])2 +

1

𝑠𝐿𝑐 𝑝𝑝𝑚
2 ∑ ∑([𝐿(𝑖)𝑐]𝑚 − [𝐿(𝑖)𝑐])2

5

𝑖=1

+
1

𝑠𝐶𝑐 𝑝𝑝𝑚
2 ∑ ∑([𝐶(𝑖)𝑐]𝑚 − [𝐶(𝑖)𝑐])2

7

𝑖=2

+
1

𝑠𝑊𝑐
2 ∑([𝑊𝑐]𝑚 − [𝑊𝑐])2

+
1

𝑠𝐿𝑐 𝑝𝑝𝑚
2 ∑([𝐴𝐷𝑐]𝑚 − [𝐴𝐷𝑐])2  

+
1

𝑠𝑚𝑐𝑐
2

∑(𝑚𝑐𝑐𝑚
− 𝑚𝑐𝑐)2                                                    (5.1) 

Table 5. 5: Kinetic parameters in PO3G model 

Parameter Units 

Estimate 

from 

previous 

study 22 

SD Parameter Units 

Estimate 

from 

previous 

study 22 

SD 

𝐾1 - 1.014 27.458 ∆𝐻𝐾1
 kJ mol-1 -79.460 32.061 

𝑘2 kg mmol-1 h-1 0.053 1.370 𝐸𝑘2
 kJ mol-1 115.340 2.666 

𝐾2 𝑎𝑝𝑝

𝐾1
 - 

0.500 1.690 ∆𝐻𝐾2 𝑎𝑝𝑝

𝐾1

 
kJ mol-1 -157.663 4.532 

𝑘3 h-1 0.933 8.274 𝐸𝑘3
 kJ mol-1 122.844 18.605 

𝑘4 kg mmol-1h-1 412.889 2593.823 𝐸𝑘4
 kJ mol-1 451.338 362.957 

𝐾5𝑘6 h-1 122.637 1.67×105 ∆𝐻𝐾5𝑘6
 kJ mol-1 189.364 1.78×105 

𝑘7 kg·mmol-1·h-1 1.222 1.714 𝐸𝑘7
 kJ mol-1 408.458 0.810 

𝐾𝐻
 mmol-1 kg 0.017 1.699 ∆𝐻𝐾𝐻

 kJ mol-1 -17.793 18.713 

𝑘10,   2 h-1 37.416 2.985 𝐸𝑘10,   2
 kJ mol-1 747.092 1.844 

𝑓𝑘10,   3
 - 2.975 2.782 𝐸𝑘10,   3

 kJ mol-1 408.809 0.881 
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𝑓𝑘10,   4
 - 2.319 3.167 𝐸𝑘10,   4

 kJ mol-1 1606.830 25.044 

𝑓𝑘10,   5
 - 1.658 4.026 𝐸𝑘10,   5

 kJ mol-1 2565.871 504.303 

𝑓𝑘10,   6
 - 1.445 4.517 𝐸𝑘10,   6

 kJ mol-1 2240.207 243.956 

𝑓𝑘10,   7
 - 1.230 5.202 𝐸𝑘10,   7

 kJ mol-1 1620.730 60.087 

𝑘11,   2 h-1 1.354 3.052 𝐸𝑘11,   2
 kJ mol-1 299.089 1.094 

𝑓𝑘11,   3
 - 3.958 2.703 𝐸𝑘11,   3

 kJ mol-1 388.655 1.521 

𝑓𝑘11,   4
 - 31.171 2.885 𝐸𝑘11,   4

 kJ mol-1 350.279 0.889 

𝑓𝑘11,   5
 - 18.533 3.083 𝐸𝑘11,   5

 kJ mol-1 346.575 0.939 

𝑓𝑘11,   6
 - 11.737 3.258 𝐸𝑘11,   6

 kJ mol-1 331.612 1.024 

𝑓𝑘11,   7
 - 6.955 3.691 𝐸𝑘11,   7

 kJ mol-1 314.906 1.226 

 

Table 5. 6: Mass-transfer parameters and their activation energies 

Parameter Units 

Estimate 

from 

previous 

study 22 

SD Parameter Units 

Estimate 

from 

previous 

study 22 

SD 

γ - 0.207 2.278 𝑚𝐿𝑐 kg 0.020 10.506 

𝑘𝑊 kg m-2 h-1 1540.990 0.241 𝐸𝑘𝑊
 kJ mol-1 86.469 0.417 

𝑘𝐴𝐷 kg m-2 h-1 
2.109×10

6 
2.03×105 𝐸𝑘𝐴𝐷

 kJ mol-1 41.84 - 

𝑘𝐿(1) kg m-2 h-1 14.547 0.664 𝐸𝑘𝐿1
 kJ mol-1 192.280 0.324 

𝑘𝐿(2) kg m-2 h-1 1.516 1.265 𝐸𝑘𝐿2
 kJ mol-1 119.491 1.586 

𝑘𝐿(3) kg m-2 h-1 0.472 4.265 𝐸𝑘𝐿3
 kJ mol-1 131.420 5.602 

𝑘𝐿(4) kg m-2 h-1 0.379 5.404 𝐸𝑘𝐿4
 kJ mol-1 262.627 12.608 

𝑘𝐿(5) kg m-2 h-1 0.238 8.697 𝐸𝑘𝐿5
 kJ mol-1 452.796 35.580 

𝑘𝐶(2) kg m-2 h-1 138.207 2.653 𝐸𝑘𝐶2
 kJ mol-1 13.971 44.506 

𝑘𝐶(3) kg m-2 h-1 43.126 1.092 𝐸𝑘𝐶3
 kJ mol-1 90.064 1.902 

𝑘𝐶(4) kg m-2 h-1 9.301 1.124 𝐸𝑘𝐶4
 kJ mol-1 57.180 2.279 
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𝑘𝐶(5) kg m-2 h-1 0.586 2.950 𝐸𝑘𝐶5
 kJ mol-1 6.506 61.627 

𝑘𝐶(6) kg m-2 h-1 0.363 5.847 𝐸𝑘𝐶6
 kJ mol-1 117.757 18.783 

𝑃𝑊
160(0.0005) mmHg 10.007 497.204 𝑓𝑃𝑊

185(0.0005)
 

- 1.504 497.667 

𝑃𝑊
160(0.02) mmHg 1012.427 284.040 𝑓𝑃𝑊

185(0.02)
 

- 4 - 

 

 

Table 5. 7: Measurement SD used as weighting factors in objective function (5.1) 

Weighting factor Units Value 

𝑠𝐿 𝑝𝑝𝑚 ppm 2.80×104 

𝑠𝐶 𝑝𝑝𝑚 ppm 3.03×102 

𝑠𝑊 wt% 2.5×10-2 

𝑠𝐿𝑐 𝑝𝑝𝑚 ppm 8.45×103 

𝑠𝐶𝑐 𝑝𝑝𝑚 ppm 9.10×102 

𝑠𝑊𝑐 wt% 3.9 

𝑠𝑚𝑐𝑐
 g 73.64 

 

 

Table 5. 8: Lower bounds and upper bounds of selected parameters 

Parameter Lower bound Upper bound Initial guess 

𝑘2 8×10-4 10 0.02 

𝐸𝑘2
 0 2000 200 

𝐾2 𝑎𝑝𝑝

𝐾1
 0.10 10 8.90 

∆𝐻𝐾2 𝑎𝑝𝑝

𝐾1

 -250 0 -40 

𝑘𝐿(1) 0 22500 15.69 

𝐸𝑘𝐿1
 0 2000 40 
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5.3.3. Simplified A-optimal Bayesian MBDOE 

Recently, Shahmohamadi and McAuley developed a simplified Bayesian A-optimal objective 

function for use in sequential MBDOE: 41 

𝐽𝐴 = trace((𝐙𝐓𝐙 + 𝐈)−1)                      (5.2) 

In equation (5.2), 𝐙 is a N × p scaled sensitivity matrix, and I is a p × p identity matrix, where N is 

the total number of data values that will be used for parameter estimation and p is the number of 

model parameters. Elements of 𝐙 are computed using: 

𝑍𝑖𝑗 =
𝜕g𝑖

𝜕𝜃𝑗
 
𝑠𝜃𝑗

𝑠𝑦𝑖

                                           (5.3) 

where 𝑔𝑖 is the model prediction of the ith data value and 𝜃𝑗  is the jth parameter requiring estimation.  

The scaling factor 𝑠𝜃𝑗
 is a user-supplied standard deviation that reflects the modeler’s prior 

uncertainty about the jth parameter value. The scaling factor 𝑠𝑦𝑖
 is a user-supplied standard 

deviation that reflects the uncertainty in the measurement of the ith data value. When designing 

experiments to improve the parameter estimates in the current model, partial derivatives 
𝜕g𝑖

𝜕𝜃𝑗
 were 

obtained using finite difference approximations. Each parameter was perturbed, one at a time, 

away from its initial parameter value (i.e., by 5% of its initial value). The corresponding change 

in the value of each model prediction, ∆𝑔𝑖, was determined via simulation and was used to 

calculate  
𝜕g𝑖

𝜕𝜃𝑗
≈

∆g𝑖

∆𝜃𝑗
.  In the current study, parameter estimates shown in Tables 5.5 and 5.6, which 

were obtained using industrial data in our previous study,22 were used to compute 
∆g𝑖

∆𝜃𝑗
. Scaling 

factors 𝑠𝜃𝑗
 were computed using the parameter bounds shown in Table 5.8 (and in Appendix V). 
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Prior information about each parameter was specified using a normal distribution whose standard 

deviation  𝑠𝜃𝑗
 is 1/6 of the distance between the corresponding lower and upper bounds.  

In equation (5.2), 𝐙𝐓𝐙 + 𝐈 is a simplified Bayesian Fisher information matrix, where 𝐙𝐓𝐙 

corresponds to the information contained in the data and the identity matrix reflects the modeler’s 

prior knowledge about plausible parameter values.41 In sequential A-optimal MBDOE 

calculations, like those in the current article, the scaled sensitivity matrix contains two parts: 

 𝐙 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰
]                          (5.4) 

In equation (5.4), the elements of 𝐙𝐨𝐥𝐝 are computed based on experimental settings and data from 

past experiments.  This top portion of 𝐙 does not change during MBDOE calculations. The bottom 

part in 𝐙𝐧𝐞𝐰 is computed using the proposed settings for new experiments. The elements of 𝐙𝐧𝐞𝐰  

are updated when the optimizer updates its decision variables, which are proposed experimental 

settings for new reactor run(s). In the current study, 𝐙𝐨𝐥𝐝 was computed using the experimental 

conditions shown in Table 5.1.  It has 2046 rows, which correspond to data values in the industrial 

data set used for preliminary parameter estimation.22 The elements of 𝐙𝐧𝐞𝐰 are computed using 

the  decision variables for the proposed new run(s).  For example, when one new run is designed  

𝐙𝐧𝐞𝐰 has 580 rows, corresponding to predictions of the 580 data values that would be collected 

during the proposed new run.   When two new runs are designed simultaneously,  𝐙𝐧𝐞𝐰 has 1160 

rows.  The elements of  𝐙𝐧𝐞𝐰 are updated when the optimizer selects updated values for the 

decision variables (i.e., the reactor temperature T, the initial concentration of catalyst [Cat]0 wt%, 

and the initial concentration of water [W]0 wt%) because these decision variables influence the 

model predictions 𝑔𝑖 used to compute 𝐙𝐧𝐞𝐰. 
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5.4. Selected Settings for New Experiments Obtained using MBDOE 

Objective function (5.2) was used to select operating conditions for one new experiment (and then 

for two new experiments) aimed at improving the accuracy of the parameter estimates. Figure 5.2 

shows the design space for the new experiments.  Notice that the ranges of permissible 

temperatures and catalyst concentrations are wider than the corresponding ranges of experimental 

settings for the old data reported in Table 5.1.  For all of the experiments in Table 5.1, only 

monomer and catalyst were initially added to the reactor, and water was generated over time.  The 

proposed design space considers adding some water, up to 10 wt%, at the start of the new designed 

experiments. Each new experiment will have a fixed duration of 10 hours, with samples of the 

reactor liquid and condensate collected for analysis every 0.5 hours.     

Table 5.9 shows the selected optimal settings obtained using objective function (5.2) when either 

one new experiment or two new experiments are designed. These results suggest that if only one 

new experiment can be performed, it should be conducted using the highest possible temperature 

and a high catalyst level, with an initial water concentration near the upper bound. This result 

makes sense because no data have previously been collected from runs such a high temperature 

185 
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Figure 5. 2: Design space for new experiment(s) 
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and high catalyst concentration (see Table 5.1).  Furthermore, it makes sense that water is added 

to the reaction mixture because one of the problems encountered when estimating the model 

parameters from the old data is that several VLE parameters for water were difficult to estimate 

due to relatively low water concentrations in all of the runs.22 Data collected from an experiment 

conducted with added initial water should be helpful in estimating some or all of the water VLE 

parameters and for estimating kinetic parameters for reactions that involve water.  Table 5.9 also 

shows that, if two new experiments can be performed, both should be conducted at high 

temperatures with a high initial water concentration.  One of the two experiments should use a 

high catalyst concentration and the other should use a moderate catalyst concentration.  To reduce 

the chances of identifying local minima, the optimization was repeated several times, using 

different corners of the design space as initial guesses. We confirmed the optimality of the results 

in Table 5.9 (and the suitability of numerical tolerances used for the fmincon optimizer in 

MATLAB) by plotting the value of JA in equation (5.2) vs. each of the decision variables, with the 

other decision variables held constant at their converged values.  These plots (Figures V1 and V2 

in Appendix V confirm that the results reported in Table 5.9 are indeed minima.   

Table 5. 9: Selected operating conditions for new experiments 

No. of new 

experiments 

Temperature (̊C) 

Catalyst 

Concentration 

(wt% on dry basis) 

Water 

Concentration 

(wt%) 

1 Experiment 185.0 0.28 9.10 

2 Experiments 

183.5 0.18 10.00 

185.0 0.26 9.75 
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If new experimental conditions were selected in different ways (i.e., using the proposed MBDOE 

approach and a more conventional approach based on the experimenter’s judgment), it would be 

difficult to use the resulting experiments to assess which settings resulted in the most improvement 

to the parameter estimates.  The reasons for this difficulty are:  i) if the new experiments are only 

performed once, then which experiment(s) provide better results depends somewhat on luck due 

to the different random measurement errors encountered in different experiments, and ii) the 

underlying true values of the parameters would still be unknown.  To overcome these issues a MC 

simulation study has been conducted and is described below.  

5.5. Using MC Simulations to Test the Effectiveness of the Proposed MBDOE Method 

In this section, the effectiveness of the proposed A-optimal Bayesian MBDOE method is assessed 

using MC simulations. Synthetic data were generated for the PO3G batch-reactor system shown 

in Figure 5.1, using the PO3G model equations described in section 5.2.2. Parameter values 

estimated from industrial data (shown in Tables 5.5 and 5.6) were used as true parameter values 

𝜽𝒕𝒓𝒖𝒆.  The standard deviations in Table 5.7 were used as true standard deviations for normally-

distributed measurement noise included in the synthetic data.  

In the current study, eight sets of synthetic old data were generated using the experimental settings 

in Table 5.1. For each synthetic old data set, a corresponding set of parameter estimates �̂�𝒐𝒍𝒅 was 

obtained using objective function (5.1). Lower and upper bounds shown in Table V1 in Appendix 

V were used during parameter estimation. For each set of synthetic old data, the parameters were 

ranked from most-estimable to least-estimable, and Wu’s MSE criterion was used to determine 

which parameters are estimable, following the same process as in our PO3G parameter-estimation 
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studies.17 – 22 The resulting eight sets of �̂�𝒐𝒍𝒅 values are reported in Table V2 in Appendix V. A 

sum of squared deviations for each set of �̂�𝒐𝒍𝒅 values was calculated using: 

𝑆𝑆𝐷𝜃         = ∑ (
𝜃𝑗 − 𝜃𝑗

𝑡𝑟𝑢𝑒

𝑠𝜃𝑗

)

270

𝑗=1

              (5.5)  

where the scaling factor 𝑠𝜃𝑗
 was set at 1/6 of the distance between the lower and upper bound for 

each of the 70 model parameters.  Part a) of Figure 5.3 shows a plot of the resulting SSDθ values 

for the eight sets of �̂�𝒐𝒍𝒅.  The scatter in the results arises due to the different random-number 

sequences used when generating the 8 old data sets.   

Next, each set of simulated old data (and the corresponding parameter estimates) was used to 

design one new experimental run using the proposed sequential Bayesian A-optimal MBDOE 

approach. Objective function (5.2) was used to select settings for T, [Cat]0 wt%, and [W]0 wt% for a 

new experiment, as was done using the industrial data in section 5.3. The resulting eight sets of 

selected settings are reported in Table V3 in Appendix V. As expected, the resulting experimental 

settings are similar to, but not exactly the same as, settings in Table 5.9 obtained using the real 

data. The highest possible temperature was selected for all eight proposed experiments. A high 

catalyst level and a high initial water concentration were also selected for most of the eight 

proposed experiments. These eight sets of experimental settings were then used to generate new 

synthetic data. Data from each new synthetic run was then combined with the corresponding 

synthetic old data so that parameters could be re-estimated. The resulting eight sets of parameter 

estimates �̂�𝒏𝒆𝒘 are reported in Table V4 in Appendix V. The SSDθ values for these eight sets of  

�̂�𝒏𝒆𝒘 were calculated using equation (5.5) and are shown in part b) of Figure 5.3. These results 

reveal that using additional data from one new designed experiment resulted in parameter estimates 
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that are noticeably closer to the true parameter values than when only the synthetic old data was 

available for parameter estimation.  Results in part c) of Figure 5.3 summarize the improvement 

in the parameter estimates when two new experiments are designed and simulated based on the 

eight old synthetic data sets.  As expected, the synthetic data from two new experiments resulted 

in superior parameter values compared with data from only one new synthetic experiment.  

Results in parts d) and e) of Figure 5.3 are shown to compare the effectiveness of the proposed 

MBDOE approach with what might happen if an experimentalist selected new settings randomly 

from among the corners of the design space shown in Figure 5.2.   Eight sets of synthetic corner 

data were generated using the eight corner settings and were combined with the eight sets of 

synthetic old data.  To generate part e) of Figure 5.3, two randomly-selected corner data sets were 

combined with each set of synthetic old data. When performing these random assignments, we 

ensured that each synthetic old data set was paired with two distinct corners and that each corner 

was paired with two different old data sets. As shown in parts d) and e) of Figure 5.3, using data 

from one or two corner experiments improved the accuracy of the parameter estimates compared 

to when only old data was used for parameter estimation (part a)). However, the results in parts d) 

and e) are considerably worse than the corresponding results in parts b) and c), indicating the that 

proposed MBDOE methodology is superior to selecting random corners of the design space for 

new experiments for this case study.   
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We were interested to find out which parameter estimates benefitted most from the new designed 

experiments.  Table 5.10 shows a list of the nine parameters whose estimates were improved the 

most (by more than 90%) by using additional data from one new MBDOE experiment.  The root-

mean-squared-error (RMSE) value for each of the parameters (based on all eight synthetic data 

sets) was calculated using: 

𝑅𝑀𝑆𝐸𝑗 =
√

∑ (
𝜃𝑗 − 𝜃𝑗

𝑡𝑟𝑢𝑒

𝑠𝜃𝑗

)
𝑘

8
𝑘=1

8
                 (5.6) 

As shown in Table 5.10, improvements in these MBDOE parameter estimates are considerably 

better than those obtained using additional random corner runs. As expected, estimates of most 

Figure 5. 3: SSDθ for parameter estimates obtained using a) old settings alone, 

b) old settings plus 1 MBDOE experiment, c) old settings plus 2 MBDOE 

experiments, d) old settings plus 1 corner experiment, and e) old settings plus 2 

corner experiments. 
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parameters were improved more when data from two MBDOE runs was used compared to when 

only one MBDOE run was used to re-estimate the parameters. When all 70 parameters are 

considered, the average improvement in the RMSE resulting from one MBDOE experiment is 

49.6%, whereas the average improvement resulting from one corner-point experiment is only 

25.2%. 

Figure 5.4 shows the number of parameter estimates that are significantly different from zero at 

the 95% confidence level for all old and new sets of synthetic parameter estimates. A repeated 

value is indicated by a symbol with a dot. As shown in Figure 5.4, the number of significant 

parameter estimates increased considerably when additional data from one MBDOE run were used 

to aid parameter estimation. This number increased even further when data from two MBDOE 

experiments were used. Using additional data from one and two corner experiments also helped to 

increase the number of parameter estimates that are significantly different from zero, but the 

MBDOE results are better on average.  

Table 5. 10: Percentage improvement in RMSE for the most-improved parameter 

estimates 

Parameter 

∆RMSE (%) 

MBDOE Corner 

1 run  2 runs 1 run 2 runs 

𝑘𝐶(5) 93.0 94.7 5.9 93.3 

𝐸𝑘10,   4
 96.7 96.7 61.1 89.5 

𝐸𝑘10,   5
 97.6 99.2 41.3 87.2 

𝐸𝑘10,   6
 96.4 98.1 66.9 81.8 

𝐸𝑘10,   7
 94.2 92.9 50.1 94.1 

𝐸𝑘11,   6
 90.5 94.2 90.1 92.0 

𝐸𝑘11,   7
 91.4 93.5 87.4 91.9 

𝑃𝑊
160(0.0005) 96.0 99.2 41.1 94.9 

𝑃𝑊
160(0.02) 98.0 99.3 0.7 7.3 
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5.6. Conclusions 

In this study, a simplified sequential A-optimal MBDOE method is used to design new 

experimental runs for a PO3G batch-reactor system, using a fundamental PO3G model and 

industrial data. Operating conditions selected for each new run include: reactor temperature, initial 

catalyst level, and initial concentration of water.  The permissible ranges of these experimental 

settings are wider than those used in previous industrial experiments.  A Bayesian objective 

function is used to account for prior knowledge about physically-realistic parameter values, 

thereby overcoming problems with a singular Fisher Information Matrix, which would need to be 

inverted using traditional MBDOE methods. 

Figure 5. 4: Number of significant parameter estimates at the 95% confidence 

level when parameter estimates were obtained using a) old settings alone, b) old 

settings plus 1 MBDOE experiment, c) old settings plus 2 MBDOE experiments, 

d) old settings plus 1 corner experiment, and e) old settings plus 2 corner 

experiments. 
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The MBDOE results indicate that, if one new experimental run can be performed, it should be 

conducted at the highest permissible temperature (i.e., 185 ̊C), with a high level of catalyst (i.e., 

0.28 wt%) and a high-water concentration (i.e., 9.10 wt%). If two new experiments can be 

performed, both experiments should be conducted at high temperatures (i.e., 183.5 ̊C, 185 ̊C), with 

high initial water concentrations (i.e., 10.00 wt%, 9.75 wt%), and both moderate and high catalyst 

concentrations (i.e., 0.18 wt%, 0.26 wt%).  

Monte-Carlo simulations are used to compare the effectiveness of the proposed MBDOE method 

with and alternative more-traditional approach where the modeler selects corner points (at random) 

from the permissible design space. Eight sets of synthetic old data are generated using the 

experimental settings corresponding to the industrial data, resulting in eight sets of synthetic old 

parameter estimates. The proposed MBDOE approach is then used to design one new experiment 

for each set of the synthetic old data and then two new experiments based on the synthetic old data. 

The resulting designed experiments are then simulated and used along with corresponding 

synthetic old data to re-estimate the parameters. A performance measure (the scaled sum-of-

squared-deviations between the true parameter values and their estimates) is used to confirm that 

the new parameter estimates are considerably more accurate compared than those obtained using 

the synthetic old data alone. We show that the number of parameter estimates that are significantly 

different from zero (at the 95% confidence level) increases when additional MBDOE runs are used 

for parameter estimation. As expected, the parameter estimation results improve when additional 

data from two MBDOE experimental runs is avalailable, compared with the situation when only 

one new MBDOE run is performed.  

Also in this MC study, results obtained using the MBDOE approach are compared with those 

obtained when new experimental runs are randomly selected from among the corners of the 
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permissible design space. Additional data from randomly-selected corner experiments also 

improves the parameter estimates, as expected, but the simulation results confirm that experiments 

designed using MBDOE are superior. For example, the parameter estimates obtained using one 

new MBDOE experiment are 24.4% closer, on average, to their true values than parameter 

estimates obtained using one new corner-point experiment. 

5.7. Nomenclature 

Ab specific interfacial contact area on bubbles m2·kg-1 

AD propanal  

cat catalyst  

Cs secondary carbocation end  

C(i) cyclic oligomer with i repeated units   

E ether link on a linear chain  

El activation energy for reaction (l) kJ·mol-1 

f1 fraction of hydroxyl ends that are protonated  

f2 fraction of water molecules that are protonated  

f3 fraction of ends that are unsaturated  

fEi fraction of ether links that are i units from an end of a 

linear chain 

 

Fgtot total molar flowrate of overhead vapor from the reactor mmol·h-1 

Fgx molar flowrate of overhead vapor of species x from the 

reactor (x = AD, W, L(i), N2) 

mmol·h-1 

𝐹𝑣𝐿1
∗  Volume fraction of monomer in the liquid phase at 

equilibrium 

 

𝐹𝑣𝑊
∗  Volume fraction of water in the liquid phase at equilibrium  

K1 equilibrium constant of protonated/deprotonated hydroxyl 

ends 

 

KH equilibrium constant of hydrated/unhydrated hydroxyl 

ends 

 

k2 rate constant for condensation reactions between hydroxyl 

ends 

kg·mmol-1·h-1 

k2r rate constant for reverse condensation reactions between 

hydroxyl ends 

kg·mmol-1·h-1 

k2H rate constant for condensation reactions involving hydrated 

hydroxyl ends 

kg·mmol-1·h-1 

k2Hr rate constant for reverse condensation reactions involving 

hydrated hydroxyl ends 

kg2·mmol-2·h-1 

𝑘2
𝑊 overall rate constant for polycondensation reaction that 

accounts for the inhibitory effect of water 
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𝐾2
𝑊 overall equilibrium constant for polycondensation reaction 

that accounts for the inhibitory effect of water 

 

k3 rate constant for end degradation reaction h-1 

k4 rate constant for protonation of a double bond kg·mmol-1·h-1 

K5 equilibrium constant for formation of secondary hydroxyl 

ends 

 

k6 rate constant for formation of propanal h-1 

k7 rate constant for transetherification reactions between 

chains involving protonated hydroxyl ends 

kg·mmol-1·h-1 

k10, i rate constant for end-biting reaction producing cyclic 

oligomer with i repeated units 

h-1 

k11, i rate constant for back-biting reaction producing cyclic 

oligomer with i repeated units 

h-1 

KAD partition coefficient of propanal  

KW partition coefficient of water  

kx mass-transfer coefficient of species x evaporating into 

bubbles (x = AD, W, L(i), C(i)) 

kg·m-2·h-1 

kref,l rate constant for reaction (l) at the reference temperature  

Kref,l equilibrium constant for reaction (l) at the reference 

temperature 

 

Lf fraction of overhead vapour that condenses in the flash unit  

L(i) linear chain with two hydroxyl ends and i monomer units  

L(i)p linear chain with i monomer units and one protonated 

hydroxyl end 

 

m mass of the reaction mixture kg 

mcc mass of liquid accumulated in the condensate collector kg 

mLc mass of liquid accumulated in the condenser kg 

MX molar masses of species X (X = AD, W, L(i), and C(i)) kg·mmol-1 

MLf average molecular weight of the liquid flowing from the 

flash into the condenser 

kg·mmol-1 

O hydroxyl end  

OH hydrated hydroxyl end  

Op protonated hydroxyl end  

Osp protonated secondary hydroxyl end  

PX partial pressure of species x in the headspace (X = AD, W, 

L(i), and C(i)) 

mmHg 

Ptot total pressure in the headspace  mmHg 

𝑃𝑊
160(0.0005) partial pressure of water in vapor when 𝐹𝑣𝑊

∗  =0.0005 in 

batch run at 160 ̊C 

mmHg 

𝑃𝑊
160(0.02) partial pressure of water in vapor when 𝐹𝑣𝑊

∗  =0.02 in batch 

run at 160 ̊C 

mmHg 

𝑃𝑊
185(0.0005) partial pressure of water in vapor when 𝐹𝑣𝑊

∗  =0.0005 in 

batch run at 185 ̊C 

mmHg 

𝑃𝑊
185(0.02) partial pressure of water in vapor when 𝐹𝑣𝑊

∗  =0.02 in batch 

run at 185 ̊C 

mmHg 

R ideal gas constant  
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t time hour 

T temperature K 

U unsaturated end  

W water  

Wp protonated water  

xX
 mole fraction of species X in the liquid stream condensed 

in the flash (x = AD, W, L(i)) 

 

[X]* hypothetical concentration that is in equilibrium with the 

concentration of species X in the reaction mixture (X = AD, 

W, L(i)) 

mmol.kg-1 

γ bubble-backmixing parameter  

∆H enthalpy of reaction (l) kJ mol-1 

𝜆𝑡𝑜𝑡
0  zeroth moment of the total chain-length distribution for 

linear species 

 

𝜆𝑡𝑜𝑡
1  first moment of the total chain-length distribution for 

linear species 

 

MBDOE model-based design of experiment  

FIM Fisher Information Matrix  

Z scaled sensitivity matrix  

I identity matrix  

N number of data values  

p number of parameters  

θ vector of parameters  

θj parameter number j  

gi model prediction of the ith data value  

𝑠𝜃𝑗
 scaling factor for θj  

𝑠𝑔𝑖
 scaling factor for gi  

[Cat]0 (wt%) initial concentration of catalyst in wt%  

[W]0 (wt%) initial concentration of water in wt%  

SSDθ sum of squared deviations of parameters  

RMSEj Root mean-squared-error of the jth parameter  
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Chapter 6 

Summary, Conclusions, and Recommendations 

6.1. Summary  

In this research, a series of advanced PO3G models has been developed to provide better 

understanding about the influences of process operating conditions on production of PO3G in a 

batch-reactor system. The improved PO3G models are extended through multiple steps to account 

for: i) the dynamic behaviour of the overhead condenser, ii) the inhibitory influence of water on 

polycondensation kinetics and equilibrium, iii) the formation, evaporation, and ring-opening 

polyaddition of cyclic oligomers, and iv) the effect of temperature. Novel probability factors are 

developed to keep the model equations (ODEs) straightforward when accounting for the complex 

influence of super-acid catalyst on reaction rates. A comprehensive dataset from E.I. du Pont,1 

which was obtained from eight batch-reactor runs at different temperatures using four levels of 

super-acid catalyst, is used to aid parameter estimation and model validation. Estimable parameters 

are selected using a two-step estimability analysis, in which the  model parameters are ranked from 

most-estimable to least-estimable,2,3 and a mean-squared-error criterion is used to determine the 

subset of parameters that should be estimated 4,5.  

The resulting PO3G models and parameter estimates are used to simulate and predict time-varying 

concentrations of monomer, oligomers, end-groups, water, and propanal in the reactor liquid and 

in the condensate. These models and their corresponding parameter estimates provide good fit to 

industrial data. The final model (and its parameter estimates) is also used to design new batch 

experimental runs, which could be conducted in the future to help obtain more reliable parameter 

estimates and model predictions. 
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The first stage of this research (Chapter 2) involves simplifying Cui’s 6-8 reaction mechanism. 

Cui’s model predictions and parameter estimates are analyzed, revealing that reactions associated 

with protonation of ether links are negligible and therefore can be removed from the reaction 

scheme.  The model is then extended to account for the dynamic behaviour of the overhead 

condenser and possible time delay associated with piping, and for the inhibitory influence of water 

on polycondensation kinetics and equilibrium. Novel probability factors are developed for polymer 

chain ends (i.e., protonated hydroxyl ends and unsaturated ends), ether links at different positions 

on polymer chains, and protonated water, allowing the model ODEs to be relatively simple and 

tractable. Assumptions associated with bubble-backmixing and vapour-liquid equilibrium 

behaviour are also revised. Industrial data collected from four batch-reactor runs at 180 ̊C using 

four levels of super-acid catalyst (triflic acid) are used during parameter estimation. The resulting 

PO3G model and parameter estimates in Chapter 2 provide a substantial improvement in fit to the 

data and result in a 97% reduction in the value of the weighted-least-squares objective function, 

compared to Cui’s model and parameter estimates.  

In Chapter 3, the PO3G model in Chapter 2 is extended to account for generation, consumption, 

and evaporation of cyclic oligomer. The reaction mechanism is extended to account for formation 

of cyclic oligomers via end-biting and back-biting reactions, and for consumption of cyclic 

oligomers via hydrolysis and ring-opening polyaddition reactions. The updated PO3G model has 

49 ODEs and 36 parameters. All of these 36 parameters are estimable using the industrial data 

collected from four batch runs at 180 ̊C using super-acid catalyst levels from 0.10 to 0.25 wt%. 

The resulting model and parameter estimates provide good fits to industrial data. Model 

predictions reveal that both end-biting and back-biting reactions are important in PO3G 
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production. Simulation results also reveal that ring-opening polyaddition reactions contribute 

substantially to growth of polymer chains at long reaction times.   

In Chapter 4, the effect of temperature is included in the improved PO3G model. Modified 

Arrhenius expressions are used to account for the effect of temperature on polycondensation 

kinetics (and equilibrium) and mass-transfer, resulting in a final model with 70 kinetic, transport, 

and thermodynamic parameters. A comprehensive dataset, which was obtained from eight batch-

reactor runs using four levels of super-acid catalyst (i.e., 0.10, 0.15, 0.20, 0.25 wt%) at different 

temperatures ranging from 160 to 180 C̊, is used to aid parameter estimation and model validation. 

This industrial dataset is, perhaps, the most-comprehensive dataset that has ever been used to 

support mathematical modeling of a condensation polymerization process. Estimability analysis 

of the model parameters reveals that 68 (out of 70) parameters should be selected for parameter 

estimation. The final model equations and parameter estimates provide a good fit to industrial data. 

In Chapter 5, the comprehensive PO3G model and industrial dataset described in Chapter 4 are 

used to conduct a model-based design of experiments (MBDOE) study. One, and then two new 

experimental runs for PO3G production in batch reactor system are designed using a simplified 

Bayesian method 9. These proposed experiments are aimed at providing more-accurate parameter 

estimates and consequently more-reliable model predictions. Monte-Carlo simulations are then 

used to validate the effectiveness of the proposed MBDOE method. 

6.2. Conclusions and Recommendations 

The modelling effort in this research provides improved understanding about influences of process 

operation settings on polycondensation rate and product properties in PO3G production in a batch 

reactor system. Specific conclusions that can be drawn from this research include: 
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1) The PO3G models developed in this research are significantly advanced compared to 

previous PO3G models in the literature. They account better for: i) the dynamic behaviour 

of the overhead condenser, ii) the inhibitory influence of water on polycondensation 

kinetics, iii) the formation, consumption, and evaporation of cyclic oligomers, and iv) the 

effect of temperature during production of PO3G in the batch reactor system. The complex 

influence of super-acid catalyst on polycondensation rates is also better accounted using 

the novel probability factors developed in these models.  

2) Model predictions reveal that end-biting reactions are important for formation of cyclic 

oligomers during early stages of each batch reactor run, whereas back-biting reactions 

become important at longer reaction times. Simulation results also reveal that ring-opening 

polyaddition reactions are important for growth of polymer chain length. 

3) During each batch run, the concentrations of linear oligomers increase and reach their 

maxima, then decrease at long reaction times. Concentrations of cyclic oligomers, 

however, tend to increase monotonically throughout the runs. Model predictions and data 

reveal that concentrations of cyclic oligomers in the reactor tend to be much lower than 

concentrations of corresponding linear oligomers.  In the condensate, on the other hand, 

concentrations of cyclic oligomers are higher than concentrations of the corresponding 

linear oligomers, due to higher mass-transfer rates of cyclic molecules.  

4) Shahmohammadi and McAuley’s sequential Bayesian MBDOE method was relatively 

simple to use when designing new experiments for the PO3G system and resulted in 

settings for new experiments that make physical sense. The results of the MBDOE study 

reveal that new experiments should be conducted at high temperatures, with high initial 

concentrations of water, and moderate to high levels of super-acid catalyst. Simulations 
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results confirmed that new parameter estimates obtained using the proposed designed 

experiments would be more accurate, on average, than parameter estimates that would be 

obtained using experiments selected in a more conventional way (i.e., when new 

experiments are selected from corners of the permissible design space).   

The following recommendations are made based on the results from this research: 

1) The current PO3G model (and its corresponding parameter estimates) should be used for 

selecting operating conditions for commercial production of PO3G.  It should be relatively 

straightforward to extend the current batch-reactor models to simulate the operation of 

continuous PO3G reaction systems.  Estimates of kinetic and thermodynamic parameters 

obtained in the current study should be applicable to a wide variety of reactor 

configurations.  However, mass-transfer coefficients will need to be re-estimated to 

account for different types of reactor geometry. 

2) If more batch-reactor experiments can be conducted in the future, the additional data can 

be used to re-estimate the parameters to obtain more reliable parameter estimates and more 

accurate model predictions. In particular, it will be helpful to conduct additional 

experiments with some water added to the reaction system so that kinetic and 

thermodynamic parameters related to reactions with water can be better estimated. 

3) If more vapour-liquid equilibrium (VLE) data can be obtained in the future, a VLE model 

using equations of state with parameter fitting can also be developed to replace the current 

empirical VLE calculations in the model, so that more reliable predictions can be obtained. 

4) I recommend that Shahmohammadi’s MBDOE methodology should be used to design 

sequential experiments for other chemical process models, especially when the nonlinear 
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model equations are complicated and the available experimental data leads to a singular 

Fisher Information Matrix.  
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Abstract: A methodology is proposed for parameter ranking and parameter 

subset selection for nonlinear ordinary differential equation (ODE) models with 

time delay, in which delay is treated as an unknown model parameter.  The 

methodology builds on earlier algorithms for ranking model parameters in 

systems without time delay (Yao et al., 2003; Thompson et al., 2009) and for 

finding the optimum number of parameters for estimation (Wu et al., 2011; 

McLean and McAuley, 2012a). A polymerization reactor system for producing 

bio-source polyether is used to illustrate the effectiveness of the proposed 

method in comparison with prior results obtained by Cui et al. (2015) who 

neglected the time delay.  

Keywords: mathematical models, time-delay estimation, identifiability, 

parameter estimation, differential equations, nonlinear equations, algorithms 

 

. INTRODUCTION 

Fundamental models are used for scale-up, control, and optimization of chemical processes. 

Obtaining accurate model predictions requires estimation of model parameters and often making 

decisions about which parameters should be estimated from available data and which should be 

fixed at reasonable values or removed via model simplification (Walter and Pronzato, 1997; Chu 

et al., 2009; McLean and McAuley, 2012a; Kravaris et al., 2013). Several algorithms have been 

developed to determine which parameters can and/or should be estimated.  The most popular 

methods rely on forward-selection to rank the parameters from most estimable to least estimable 

(Yao et al., 2003; Lund and Foss, 2008; Thompson et al., 2009). A mean-squared-error selection 
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criterion is then used to find an appropriate number of parameters to estimate to obtain reliable 

predictions (Wu et al., 2011; McLean et al., 2012b; Eghtesadi and McAuley, 2016). For example, 

Table 1 shows an orthogonalization-based parameter-ranking algorithm and Table 2 shows an 

algorithm for selecting parameters to obtain low mean-squared prediction errors.  

Algorithms in Tables 1 and 2 and other related subset selection methods were developed for 

parameter selection in dynamic models without time delay (e.g., Chu et al., 2009). Sometimes, 

however, modelers need to account for significant delay.  In situations, where delays are associated 

with measurements or with piping that is not part of a recycle stream, deadtime can be handled 

during parameter estimation either by shifting the experimental data backward in time or shifting 

the predictions forward.  If the delay arises in an internal recycle stream, deadtime must be 

considered within the model (e.g., using delay differential equations).   

The objective of this article is to show how algorithms in Tables 1 and 2 can be extended to rank 

parameters and select appropriate subsets for estimation when deadtime appears as an unknown 

model parameter.  We use a polymerization system with unknown time delay and unknown mass 

hold-up due to an overhead condenser to illustrate the proposed methodology.   

2. PROPOSED METHODOLOGY 

Consider an ordinary differential equation (ODE) model with time delay of the form: 

 ),,()( mθuxfx =t                                          (1a) 

 0xx =)( 0t                                                    (1b) 

 εθuxgy md += ),,,()( t,θt d                         (1c) 
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where x is a vector of state variables, t is time, f is a vector of non-linear functions, u is a vector of 

input variables, θm is the vector of unknown model parameters that appear in the ODEs, x0 is a 

vector of initial conditions for the state variables, y is a vector of measured output variables (some 

of which are affected by an unknown time delay θd), gd is a vector of model predictions that 

accounts for this time delay in the affected responses and ε is a vector of zero-mean random 

variables. For simplicity, the time delay θd does not influence any of the state variables within the 

ODEs in (1a), but the proposed methodology could be readily used for more complex systems with 

time delay in the state variables rather than simple additive delay.   

In (1c) the delay influences some but not all of the outputs. For example, a prediction of the ith 

delayed response is ),,,(),,,,( dd θttθ −= mimdi θuxgθuxg where gi is the nonlinear mapping that would 

apply for the ith response if there were no delay in the system.  

Table 1. Orthogonalization algorithm for ranking model parameters (Yao et al., 2003; 

Thompson et al., 2009) 

1 Calculate the magnitude (i.e., the Euclidean norm) of each column in the scaled sensitivity 

matrix Z. The most estimable parameter corresponds to the column in Z with the largest 

magnitude. Set k = 1. 

2 Put the k columns from Z that correspond to parameters that have been ranked into matrix 

Xk. 

3 Use Xk to predict columns in Z using ordinary least-squares 

ZXXXXZ T
kk

T
kkk

1)(ˆ −=  (1.1) 

and calculate the residual matrix 

kk ZZR ˆ−=  (1.2) 

4 Calculate the magnitude of each column in Rk. The (k+1)th-most estimable parameter 

corresponds to the column in Rk with the largest magnitude. 

5 Increase k by 1, and put the columns corresponding to the k + 1 parameters that have been 

ranked in matrix Xk. 

6 Advance the iteration counter k and repeat Steps 3 to 5, until all parameters are ranked or it 

is impossible to perform the least-squares prediction of Z in Step 3 due to matrix singularity.  
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The parameter ranking algorithm in Table 1, which was developed for systems without time delay, 

relies on a scaled sensitivity matrix Z with p columns and N rows, where p is the number of model 

parameters and N is the number of data values available for parameter estimation. For example, 

consider a chemical reactor system where d different types of responses variables (e.g., d different 

composition variables) are measured n times each during r different dynamic experimental runs, 

then N = dnr. The element in the ith row and jth column of Z is: 

i

m,j

j,k
y

θ

m,j

i

s

s

θ

g







mθ

 

where gi is the prediction of the ith data value, i = 1…N, sθm,j is a scaling factor accounting for the  

uncertainty in the initial guess for parameter θm,j and syi  is a weighting factor that accounts for 

uncertainties in measurements associated with the ith measured value (Thompson et al., 2009). The 

elements of Z are computed numerically by solving sensitivity equations or by using difference 

approximations involving perturbations in parameter values from their initial guesses. The 

prescribed scaling makes the elements of Z dimensionless so that ZTZ is a Fisher information 

matrix. Each row in Z corresponds to a measured value that is available to estimate the parameters. 

Table 2. Algorithm to find the Optimum Number of Parameters for Estimation (Wu et al., 

2011; McLean and McAuley, 2012a) 

1 Rank model parameters from most to least estimable using the orthogonalization algorithm 

in Table 1. 

2 Use weighted least-squares regression to estimate the first parameter from the list, with all 

others fixed at initial guesses. Next, estimate the top two parameters, followed by the top 

three parameters and so on, until all the ranked parameters have been estimated. Denote the 

value of the objective function with the top k parameters estimated and the remaining (p–k) 

parameters held fixed as Jk. Weighting factors used in the objective function for parameter 

estimation should be consistent with measurement uncertainties 
iys used for scaling during 

parameter ranking.                     

3 Compute the critical ratio 
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)/()(, kpJJr pkkC −−=               (2.1)                                       

for k = 1... p – 1. 

where Jk is the objective function when the top k parameters have been estimated.: 

4 For each value of k, compute the corrected critical ratio 

( )1,, −
−

= kCKubkCC r
N

kp
r               (2.2)                                

where 










+−
−= kCkCkCKub r

kp
rr ,,,

2

2
,1max              (2.3)                   

5 Select the value of k corresponding to the lowest value of rCC,k as the appropriate number of 

parameters to estimate. 

 

In the parameter ranking algorithm in Table 1, the first step is to calculate the magnitude of each 

column in Z. Columns with large magnitudes correspond to parameters that have large influence 

on the response variables, relative to their corresponding initial uncertainty. The parameter with 

the largest overall influence, which is ranked first by the algorithm, is the most estimable 

parameter. Steps 2 to 4 are used to account for and remove the effects of correlation among the 

parameters. Using this algorithm, influential parameters that are initially poorly known appear near 

the top of the ranked list, whereas unimportant parameters and parameters whose values are 

already well-known rank near the bottom. 

In the proposed methodology, the un-delayed predictions are replaced by the corresponding 

delayed predictions in the Z matrix; As a result, the scaled sensitivity coefficients become: 

i

j

jk
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where θ is the vector of model parameters augmented by the time delay parameters.  
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θ      (2) 

In (2), only one time-delay parameter θd is shown for simplicity, but multiple time-delay 

parameters could be added to the parameter vector for systems with multiple unknown delays. The 

Z matrix corresponding to (2) contains an additional column, which contains scaled sensitivity 

coefficients with respect to with respect to θd. The corresponding column of sensitivities can be 

calculated using difference approximations: 
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3. EXAMPLE 

The system for polyether production from 1,3-propanediol shown in Fig. 1 is used to illustrate the 

proposed methodology. In this process, an initial amount of liquid monomer is added to the batch 

reactor and then catalyst is added to start the polymerization. As polymerization proceeds, water 

and oligomers are produced. Nitrogen gas is sparged into the reactor to assist with water removal 

so that high-molecular weight polyether can be produced. Water diffuses from the reaction mixture 

into the nitrogen bubbles, which carry water vapour (and also some volatile oligomers) into the 

reactor headspace. The overhead vapour flows to a condenser and the resulting liquid is collected 

and analysed.  Time delay arises because of time spent by vapour and liquid in the piping that leads 

to and from the condenser. Experimental data are available from liquid samples of the reactor 

contents (un-delayed responses for 12 state variables) and for the liquid sampled at the entrance to 

the condensate collector (delayed responses for 8 state variables). Cui et al. (2015) developed an 

ODE model for the reactor system, neglecting the time delay and the dynamics associated with 

accumulation of liquid species in the condenser.  They used the available data to select and estimate 
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15 of the 18 kinetic and mass-transfer parameters that appear in the ODEs. Unfortunately, poor 

fits were obtained for some of the data, presumably because the time delay and condenser hold-up 

had been neglected.  

Table 3 shows additional model equations that we developed to describe the operation of the 

condenser system. ODEs (3.1) to (3.3) and (3.5) describe time-varying concentrations of water 

[W]c, propanal [AD]c, monomer [L(1)]c and volatile linear oligomers [L(q)]c, q=2..5 (i.e., dimer to 

pentamer) in the condenser liquid that would correspond to the condensate concentration 

measurements if there were no delay.  The first term on the right-hand side of (3.1) is the flow rate 

of water into the condenser liquid, where Fgtot is the total molar flowrate of overhead vapour from 

the reactor, Lf is the fraction of this vapour that condenses (determined from an instantaneous flash 

calculation) and xW is the mole fraction of water in this liquid inflow stream. 

 

Fig. 1. PO3G reactor and condenser system (Cui et al., 2015) 
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Table 3. Differential equations for condenser and condensate collector 

( )
c

cLfgtotWfgtot
m

1
][WMLFxLF

dt

d[W]
f

−=c                                                                       (3.1) 

( )
c
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m

1
][ADMLFxLF

dt

d[AD]
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−=c                                                                    (3.2) 

( )
c

cLfgtotL(q)fgtot
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m
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][L(q)MLFxLF

dt

qLd
f

−=
)]([

                                                           (3.3) 

where q = 1, 2, 3, 4, 5 

)θ(t[X](t)[X] dccd −=                                                                                                      (3.4) 

where X is W, AD, L(q) with q = 1, 2, 3, 4, 5 

fLfgtot
cc MLF

dt

dm
=                                                                                                         (3.5) 

)()( dcccc tmtm
d

−=                                                                                                        (3.6) 

 

The second term on the right-hand side of (3.1) accounts for water that leaves the condenser, 

assuming that the condenser liquid is well mixed.  Note that MLf is the average molar mass of the 

liquid in the condenser, which is computed from the liquid composition. The unknown mass hold-

up in the condenser, mc, is an additional model parameter that requires estimation.  ODEs (3.2) 

and (3.3) are similar in structure to ODE (3.1) and do not contain any additional parameters. ODE 

(3.5) is a mass balance that predicts mcc, the total mass of liquid that would have accumulated in 

the condensate collector if there were no time delay in the system. Equations (3.4) and (3.6) 

account for the time delay θd in the concentrations of the condensate entering the condensate 

collector and in the mass of liquid in the condensate collector. The subscript d indicates that these 

predictions account for the delay.  The equations in Table 3 were used to augment the model of 

Cui et al., increasing the total number of unknown parameters from 18 to 20 due to the additional 
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parameters mc and θd. Time delay arises from two sections of piping, but Laplace transforms can 

be used to confirm that only a single total-delay parameter θd is warranted in the model. 

The following objective function was used for parameter estimation and for computation of the 

MSE-based criterion rcc using the algorithm in Table 2: 
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The first six terms on the right-hand side involve measured concentrations (denoted by the 

subscript m) of species in the reactor including monomer [L(1)]m, linear oligomers [L(q)]m, q = 2 

to 7, water [W]m, propanal [AD]m, hydroxyl ends [O]m, and unsaturated ends [U]m. The next three 

terms involve measurements of species concentrations leaving the condenser, which were 

influenced by time delay. The final term involves measurements of the mass of liquid in the 

condensate collector, which are also influenced by the time delay. Altogether, 727 data values 

were available to fit the 20 model parameters.  These data arose from four dynamic experiments 

conducted using four different catalyst levels (Cui et al., 2015).  Note that concentration 

measurements were available for oligomeric species with lengths up to 7; however, hexamer and 

heptamer are sufficiently non-volatile that their concentrations in the condenser liquid are 

negligible. Measurement uncertainty weighting factors sX that appear in the denominators of the 

various terms in the objective function were set based on measurement uncertainty information 
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provided by the industrial sponsor who performed the experiments (Cui et al., 2015).  These same 

uncertainties were used as the corresponding syi values in the ranking algorithm (see Table 1).  

All of the sensitivity coefficients required to rank the parameters were obtained using difference 

approximations wherein each parameter was adjusted one-at-a-time by 5 % of its initial guess. It 

is important to use reasonably large perturbations in the parameters so that the predicted changes 

∆gd in the responses are large compared to numerical errors associated with solving the ODEs. Cui 

et al. (2015) provide values of the initial guesses and uncertainty scaling factors for the 18 kinetic 

and mass-transfer parameters that appear in the original delay-free model.  Initial guesses for mc 

and θd were set at 0.15 kg and 0.15 h, respectively, based on our knowledge of the size and typical 

flow rates in the condenser system. The lower bounds for these additional parameters were set at 

0.1 kg and 0.05 h, respectively, and the corresponding upper bounds were set at 0.5 kg and 0.5 h. 

The corresponding uncertainties smc and sθd required for the parameter ranking algorithm in Table 

1 were set at half the distance between the respective upper and lower bounds.  No adjustments to 

the ranking algorithm in Table 1 were required to accommodate the time delay beyond including 

the corresponding time-delay column in the scaled sensitivity matrix and formulating the model 

equations so that the delay parameter θd appears explicitly in (3.4) and (3.6). No changes to the 

algorithm in Table 2 were required to accommodate the unknown time-delay parameter.  

4. RESULTS 

The complete set of model parameters (including mc and θd) was ranked from most estimable to 

least estimable, with mc appearing 10th and θd appearing 11th. Use of the selection algorithm in 

Table 2 indicated that 18 parameters should be estimated using the available data. Note that one 

of the parameters (the equilibrium constant for polycondensation) that Cui et al. could not estimate 

using the delay-free model became estimable (with its rank improving to 13th) using the extended 
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model that accounts for delay. Using the resulting estimates for the 18 parameters resulted in an 

objective function value of J = 3.6 × 105 compared with 7.6 × 106 obtained from (4) using the 

parameter estimates and model of Cui et al., which did not account for delay and condensate hold-

up.   

Selected model predictions for several of the state variables obtained using the proposed 

methodology are shown in Fig. 2 and Fig. 3. Fig. 2 compares predictions of the model with time 

delay (solid curve) and Cui’s predictions without time delay (dashed curve) with experimental data 

for mcc, the mass of liquid accumulated in the condensate collector during one of the runs (see Fig. 

1).  As expected, the model (and associated parameter estimates) that accounts for time delay and 

condensate hold-up provides a much better fit to the data.  

Fig. 3 shows comparisons between the model predictions with experimental data for the 

concentration of dimer and tetramer in the polymerization reactor.  These data were obtained 

during the same experimental run as the data in Fig. 2.  As shown by the dashed curves, one of the 

problems with the previous delay-free model and parameter estimates of Cui et al. (2015) is that 

they predict maxima in the concentrations of these (and the other oligomers) that are earlier in time 

than the corresponding maxima in the measured data. The extended model (and parameter 

estimates obtained using the proposed methodology) predicts locations for maxima that are close 

to those for the experimental maxima.  

We note, however, that there is considerable mismatch between the predicted and measured 

oligomer concentrations at long reaction times, suggesting that estimates for the equilibrium 

constant for polycondensation and/or the mass-transfer coefficient for removal of water may be 

too small.  As a result, we suspect that the optimizer (lsqnonlin in MATLAB) may have converged 

to a local optimum. Users of the proposed methodology should be aware of the possibility of 
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finding local minima, especially when using models with numerous parameters that have a 

nonlinear influence on the model predictions (McLean et al., 2012b).  To deal with this issue, we 

recommend re-starting the parameter ranking, selection and estimation procedure at a variety of 

different initial guesses from within the set of possible parameter values.  These initial guesses can 

either be selected randomly or based on the engineering judgment of the modeler (Woloszyn and 

McAuley, 2011).  The proposed extension that readily accounts for time-delay as one of the 

parameters will enable our ongoing study of the parameter space in order to find a better minimum 

for J and a corresponding better fit to the polymerization data.  

 

Fig. 2. Model prediction for mass accumulated in the condensate collector (× measured data, -- 

prediction without time delay, − prediction with time delay) 

 

Fig. 3. Model prediction for concentration of dimer and tetramer in the reactor (dimer: × 

measured data, -- prediction without time delay, ─ prediction with time delay; tetramer: * 

measured data, - - prediction without time delay, − prediction with time delay) 
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4. CONCLUSIONS 

A proposed extension is developed for a methodology that ranks parameters according to their 

estimability and selects an appropriate subset for estimation.  This methodology uses difference 

approximations for sensitivity coefficients making it straightforward to consider unknown time 

delay as a parameter that may require estimation. The proposed methodology relies on earlier 

algorithms for ranking model parameters (Yao et al., 2003; Thompson et al., 2009) and for finding 

the optimal number of parameters for estimation (Wu et al., 2011; McLean and McAuley, 2012a). 

However, a similar approach could also be used for handling time delay in other sensitivity-based 

selection techniques. (Weijers and Vanrolleghem, 1997; Sun and Hahn, 2006; Chu and Hahn, 

2007; Chu et al., 2009; Eghtesadi and McAuley, 2016).  

A polymerization batch reactor model is used to illustrate the effectiveness of the proposed 

method.  An improved fit to the data is obtained compared with prior model fits obtained by Cui 

et al. (2015) using a delay-free model. Although, the resulting estimates lead to better predictions 

on average, it is apparent that a more rigorous estimation procedure should be attempted, starting 

from a variety of initial parameter guesses to explore whether the optimum with J = 3.6 × 105 is 

only a local optimum.  If a better optimum cannot be found, we may need to extend the model to 

account for formation of cyclic oligomers, which have been ignored in the current reactor model 

(Cui, 2014). Incorporating additional reactions and species will lead to additional ODEs and model 

parameters, making it even more important to have available an easy-to-use parameter ranking and 

selection tool that accounts for time delay and will prevent over-fitting while determining an 

appropriate subset of parameters to estimate. 
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Appendix II – Supporting Information for Chapter 2 

II-A - Derivation of the Probability Factors (fi) Shown in Table 2.4 

II-A.1 - Justification of Assumption 2.2.7 

Simulation studies involving Cui’s model and parameters[23] were performed to justify the validity 

of Assumption 2.2.7, which was used to simplify the ODEs. The total concentration of water in 

the reaction mixture, [W]tot, includes the concentrations of neutral water and protonated water. As 

shown in Figure II-A.1, the proportion of protonated water is negligible in comparison with the 

proportion of neutral water and hence can be neglected when calculating the total concentration of 

water in the reaction mixture: 

[𝑊] ≈ [𝑊]𝑡𝑜𝑡 

The total concentration of ends in the reaction mixture is the sum of the concentrations of regular 

hydroxyl ends, protonated hydroxyl ends, unsaturated ends and secondary carbo cation ends. As 

shown in Figure II-A.2, the concentrations of protonated hydroxyl ends, unsaturated ends and 

secondary carbocation ends are negligible in comparison with the concentration of regular 

hydroxyl ends. Therefore, the concentration of regular hydroxyl ends can be an approximate of the 

total concentration of ends in the reaction mixture: 

[𝑂] ≈ [𝑂]𝑡𝑜𝑡 

In addition, Figure II-A.3 shows that the concentration of protonated ether links is negligible 

compared with the concentrations of protonated hydroxyl ends and protonated water. 

Consequently, the total concentration of a linear species, L(i)tot, which includes the concentrations 

of regular chains (with two regular hydroxyl ends), protonated chains (one hydroxyl end is 
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protonated), unsaturated chains ( one or both ends are unsaturated), chains with a secondary carbo 

cation end, and chains with a protonated ether link can be approximated by the concentration of 

its regular chains: 

[𝐿(𝑖)] ≈ [𝐿(𝑖)]𝑡𝑜𝑡 

 

 

 

 

Figure II-A.1. Fraction of concentration of protonated water over concentration of neutral 

water with catalyst concentrations at a) 0.1 wt %, b) 0.15 wt %, c) 0.2 wt % and d) 0.25 wt % 

a) b) 

c) d) 
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Figure II-A.2. Fractions of concentrations of ··· protonated hydroxyl ends, -- unsaturated ends 

and  ̶ secondary carbocation ends over concentration of regular hydroxyl ends with catalyst 

concentrations at a) 0.1 wt %, b) 0.15 wt %, c) 0.2 wt % and d) 0.25 wt % 

a) b) 

c) d) 
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II-A.2 – Derivation of f1 

Assuming that protonated hydroxyl ends are always in equilibrium with regular hydroxyl ends, the 

equilibrium constant for protonation/deprotonation reaction of hydroxyl ends is: 

𝐾1 =
[𝑂][𝑊𝑝]

[𝑂𝑝][𝑊]
                      (II − A. 1) 

Equation (IIA.1) can be rearranged to solve for the fraction of protonated hydroxyl ends in the 

reaction mixture 
[𝑂𝑝]

[𝑂]
 in terms of the equilibrium constants K1 and the fraction of protonated water 

molecules in the reaction mixture 
[𝑊𝑝]

[𝑊]
, where: 

[𝑂𝑝]

[𝑂]
=

1

𝐾1

[𝑊𝑝]

[𝑊]
                    (II − A. 2) 

Figure II-A.3. Concentrations of  ̵̶  protonated hydroxyl end,  ̵̵  ̵  ̵  protonated ether link and ··· 

protonated water with catalyst concentrations at a) 0.1 wt %, b) 0.15 wt %, c) 0.2 wt % and d) 

0.25 wt % 

d) 

b) a) 

c) 
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Define the probability factors 𝑓1 = 
[𝑂𝑝]

[𝑂]
 and 𝑓2 = 

[𝑊𝑝]

[𝑊]
, equation (II.2) becomes 𝑓1 = 

𝑓2

𝐾1
, which is 

equation (2.4.1) in Table 2.4. 

II-A.3 – Derivation of f2 

Based on the principle of mass conservation, the total concentration of protons released by the 

super-acid catalyst (which is equivalent to the concentration of the super-acid catalyst) is equal to 

the sum of the concentrations of protonated hydroxyl ends and protonated water. Note that the 

protonation of ether links is neglected for simplification of the model (see Figure II-A.3). 

[𝑐𝑎𝑡] = [𝑂𝑝] + [𝑊𝑝]                     (II − A. 3) 

Solving for [𝑂𝑝] and [𝑊𝑝] using the probability factor f2 and equation (2.4.1) gives: 

[𝑂𝑝] = 𝑓2

[𝑂]

𝐾1
                                 (II − A. 4) 

and 

[𝑊𝑝] = 𝑓2[𝑊]                                (II − A. 5) 

Substituting equations (II-A.4) and (II-A.5) to equation (II-A.3) gives: 

[𝑐𝑎𝑡] = 𝑓2

[𝑂]

𝐾1
+ 𝑓2[𝑊]               (II − A. 6) 

Equation (II-A.6) can be rearranged to solve for the probability factor f2 in terms of [W], [O] and 

K1: 

𝑓2 =
[𝑐𝑎𝑡]

[𝑊] +
[𝑂]
𝐾1

 

which is equation (2.4.2) in Table 2.4. 
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II-A.4 – Derivation of f3 

The factor f3 is the fraction of unsaturated ends in the reaction mixture and can be calculated from 

the concentration of unsaturated ends over the concentration of hydroxyl ends: 

𝑓3 =
[𝑈]

[𝑂]
 

which is the equation (2.4.3) in Table 4.  

IIA.5 – Derivation of fEi 

Consider any linear chains that has at least two monomer units L(i), i ≥ 2. Because each linear 

chain has two ends, the number of ether links that are one unit away from an end is twice the 

number of linear chains: 

[𝐸1] = 2(𝜆𝑡𝑜𝑡
0 − [𝐿(1)])                    (II − A. 7) 

Note that because each dimer molecule has only one ether link, equation (II-A.7) counts twice the 

number of ether links on dimer molecules. This number is countered by other probability factors 

when solving for numerical solutions of ODEs. 

The total concentration of ether links in the reaction mixture, [E], can be calculated using equation 

(2.4.5) in Table 2.4: 

[𝐸] = 𝜆𝑡𝑜𝑡
1 − 𝜆𝑡𝑜𝑡

0  

The fraction of ether links that are one unit away from an end, fE1 is:  

𝑓𝐸1 =
[𝐸1]

[𝐸]
=

2(𝜆𝑡𝑜𝑡
0 − [𝐿(1)])

[𝐸]
        (II − A. 8) 
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The general form of equation (II-A.8) is equation (2.4.4) in Table 2.4 and can be applied to solve 

for any fraction of ether links that are ith
 units from an end of a linear chain: 

𝑓𝐸𝑖 = 2
𝜆𝑡𝑜𝑡

0 − ∑ [𝐿(𝑗)]𝑖
𝑗=1

[𝐸]
 

Note again that any linear chain that has an even number of monomer units, L(i), i=2,4,6, has only 

one ether link that is 
𝑖

2
 units from either ends, but this problem is countered when solving for the 

numerical solutions of the ODEs by other probability factors appears in the ODEs.  

II-B - Derivation of additional ODEs for PW, PAD and PL(i) 

Consider the vapour volume in the headspace: 

Accumulation of water in headspace (mmol) = water evaporating from liquid (mmol) 

– water vapour to splash (mmol) 

Δ [
𝑃𝑊𝑉𝑔𝑎𝑠

𝑅𝑇
] = 𝑘𝑊𝐴𝑏𝑚([𝑊] − [𝑊]∗)Δt − 𝐹𝑔𝑡𝑜𝑡

𝑃𝑊

𝑃𝑡𝑜𝑡
Δt           (II − B. 1) 

where PW is the partial pressure of water in the headspace, Vtot is the total volume of the reactor 

(0.022 m3), m is the mass of the reaction mixture (kg), ρmixture is the density of the reaction mixure 

(kg.m-3), R is ideal gas constant (62.3637 L·mmHg/mol·K = 62.3637×10-6 m3·mmHg/mmol·K), 

T is temperature (K).  The volume changing in the gas phase is assumed to be negligible. 

The density of the reacting mixure ρmixture in equation (II-B.1) is obtained using the following 

equation: 

𝜌𝑚𝑖𝑥𝑡𝑢𝑟𝑒 =
𝑚𝐿(1) + 𝑚𝑝𝑜𝑙 + 𝑚𝑊

𝑚𝐿(1)

𝜌𝐿(1)
+

𝑚𝑝𝑜𝑙

𝜌𝑝𝑜𝑙
+

𝑚𝑊

𝜌𝑊
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where mL(1), mpol, mW are the masses of monomer, long-chain polymer, and water in reaction 

mixture, respectively; ρL(1),  ρpol, ρW, are the densities of monomer, long-chain polymer, and water 

in reaction mixture, respectively. 

Dividing both sides of equation (II-B.1) by ∆t gives: 

∆𝑃𝑊

∆𝑡
= [𝑘𝑊𝐴𝑏𝑚([𝑊] − [𝑊]∗) − 𝐹𝑔𝑡𝑜𝑡

𝑃𝑊

𝑃𝑡𝑜𝑡
]

𝑅𝑇

𝑉𝑔𝑎𝑠
              (II − B. 2) 

As ∆t goes to zero, equation (II-B.2) becomes: 

𝑑𝑃𝑊

𝑑𝑡
= [𝑘𝑊𝐴𝑏𝑚([𝑊] − [𝑊]∗) − 𝐹𝑔𝑡𝑜𝑡

𝑃𝑊

𝑃𝑡𝑜𝑡
]

𝑅𝑇

𝑉𝑔𝑎𝑠
              (II − B. 3) 

The general form of equation (II-B.3) is ODE (2.3.13) in Table 2.3, which apply for all volatile 

species in the reactor headspace (e.g., propanal, monomer and oligomers).  

II-C - Water VLE expressions 

Figure II-C1 shows the correlations between PW and 𝐹𝑣𝑊
∗  obtained from using VLE expression 

for water developed by Cui et al (step 0) and from using updated VLE expression for water in steps 

2 and 3 of the revised model. In steps 2 and 3 of the revised model, a cubic spline is fitted to the 

available water VLE data along with the two additional parameters PW(0.001) and PW(0.02) to 

obtain the correlations between PW and 𝐹𝑣𝑊
∗ . Consider PW over a range l, the corresponding 𝐹𝑣𝑊

∗  

can be determined in terms of the corresponding coefficients aW, bW, cW and dW using: 

𝐹𝑣𝑊 𝑙
∗ = 𝑎𝑤𝑃𝑊 𝑙

3 + 𝑏𝑤𝑃𝑊 𝑙
2 + 𝑐𝑤𝑃𝑊 𝑙 + 𝑑𝑤 

where aW, bW, cW and dW are obtained using the function pchip in MatLab.  
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II-D - Condenser model and ODEs 

Consider the overhead vapour, 𝐹𝑔𝑡𝑜𝑡, flowing into the condenser at 1 atm and 10oC. Let 𝑉𝑓 be the 

fraction of the vapour feed that exits in the vapour phase, and 𝐿𝑓 be the fraction that exits the 

equilibrium flash as liquid. Let 𝑧𝑋 be the mole fraction of species X in the feed to the equilibrium 

flash, 𝑦𝑋 be the mole fraction of species X in the vapour exiting the flash unit, and 𝑥𝑋 be the mole 

fraction of species X exiting the equilibrium flash in the liquid phase, where X is nitrogen, water, 

propanal, monomer, and linear oligomers (dimer to pentamer)  

Equation (2.6.2) in Table 2.6 is used to calculated 𝐹𝑔𝑡𝑜𝑡 in terms of the flow rates of water, 

propanal, monomer, oligomers, and nitrogen. The flow rates of water, propanal, monomer and 

oligomers are calculated using equation (2.6.1).  𝐹𝑔𝑁2
 (mmol h-1) in equation (2.6.2) is the flow 

rate of nitrogen bubbles to the reactor vessel. The mole fractions of water, propanal, monomer and 

oligomers in the feed to the equilibrium flash are equal to the fractions of their flow rates over the 

total flow rate 𝐹𝑔𝑡𝑜𝑡 (equation (2.6.3)). 

Figure II-C1. Vapour-liquid equilibrium correlations in ··· step 0, ̵ · step 2 and  ̶  step 3 
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Assuming water and propanal partition between the two phases gives:  

𝑧𝑊 = 𝑦𝑊𝑉𝑓 + 𝑥𝑊𝐿𝑓                                                           (II − D. 1) 

𝑧𝐴𝐷 = 𝑦𝐴𝐷𝑉𝑓 + 𝑥𝐴𝐷𝐿𝑓                                                        (II − D. 2) 

 and the partition coefficients for water and propanal are defined as: 

𝐾𝑊 =
𝑦𝑊

𝑥𝑊
                                                                              

𝐾𝐴𝐷 =
𝑦𝐴𝐷

𝑥𝐴𝐷
                                                                             

Substituting Vf for (1 − 𝐿𝑓) , 𝑦𝑊 = 𝐾𝑊𝑥𝑊 and 𝑦𝐴𝐷 = 𝐾𝐴𝐷𝑥𝐴𝐷 into equations (II-D.1) and (II-D.2), 

respectively, gives: 

𝑧𝑊 = 𝐾𝑊𝑥𝑊(1 − 𝐿𝑓) + 𝑥𝑊𝐿𝑓                                         (II − D. 3) 

𝑧𝐴𝐷 = 𝐾𝐴𝐷𝑥𝐴𝐷(1 − 𝐿𝑓) + 𝑥𝐴𝐷𝐿𝑓                                     (II − D. 4) 

Equations (II-D.3) and (II-D.4) can be rearranged to solve for zW and zAD, respectively, becoming 

equations (2.6.5) and (2.6.6) in Table 6, respectively: 

𝑥𝑊 =
𝑧𝑊

𝐾𝑊 + 𝐿𝑓(1 − 𝐾𝑊)
                                                   

𝑥𝐴𝐷 =
𝑧𝐴𝐷

𝐾𝐴𝐷 + 𝐿𝑓(1 − 𝐾𝐴𝐷)
                                                

Assuming all monomer and linear oligomers are in the liquid exiting the equilibrium flash gives: 

𝑧∑ 𝐿(𝑖) = 𝑥∑ 𝐿(𝑖)𝐿𝑓         (𝑖 = 1 … 5)                                 (II − D. 5) 
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Similarly, equation (II-D.5) can be rearranged and become equation (2.6.7) in Table 2.6 to solve 

for 𝑥∑ 𝐿(𝑖): 

𝑥∑ 𝐿(𝑖) =
𝑧∑ 𝐿(𝑖)

𝐿𝑓
      (𝑖 = 1 … 5) 

The liquid stream that exits the equilibrium flash is consisted of water, propanal, monomer and 

oligomers condensed into the liquid phase: 

𝐿𝑓  = 𝐿𝑓𝑥𝑊 + 𝐿𝑓𝑥𝐴𝐷 + 𝐿𝑓𝑥∑ 𝐿(𝑖)                                     (II − D. 6) 

Substituting xW, xAD and 𝑥∑ 𝐿(𝑖) for their corresponding terms (using equations (2.6.5) to (2.6.7)), 

equation (II-D.6) becomes: 

𝐿𝑓   =
𝑧𝑊𝐿𝑓

𝐾𝑊 + 𝐿𝑓(1 − 𝐾𝑊)
+

𝑧𝐴𝐷𝐿𝑓

𝐾𝐴𝐷 + 𝐿𝑓(1 − 𝐾𝐴𝐷)
+ 𝑧∑ 𝐿(𝑖) 

which is equation (2.6.4) in Table 2.6. 

II-E - Model Fit to Data Using Models and Parameter Values of Steps 0, 1, 2, and 3 
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Figure II-E2. Comparison of model predictions and data obtained using 0.10 wt% 

super-acid catalyst: × measured values,  predictions from -- step 0,  ̵ · step 1, ··· step 2 

and  ̶  step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) 

pentamer, f) water in the condensate exiting the condenser and g) mass of liquid 

accumulated in the condensate collector. 

b) a) 

d) c) 

f) e) 

g) 
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Figure II-E3. Comparison of model predictions and data obtained using 0.15 wt% 

super-acid catalyst: * measured values,  predictions from -- step 0,  ̵ · step 1, ··· step 2 

and  ̶  step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) 

pentamer, f) hexamer g) heptamer and h) water in the liquid phase in the reactor. 

b) a) 

d) c) 

f) e) 

h) g) 
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Figure II-E4. Comparison of model predictions and data obtained using 0.15 wt% 

super-acid catalyst: * measured values,  predictions from -- step 0,  ̵ · step 1, ··· step 2 

and  ̶  step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) 

pentamer, f) water in the condensate exiting the condenser and g) mass of liquid 

accumulated in the condensate collector. 

b) a) 

d) c) 

f) e) 

g) 
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Figure II-E5. Comparison of model predictions and data obtained using 0.20 wt% 

super-acid catalyst: ○ measured values,  predictions from -- step 0,  ̵ · step 1, ··· step 2 

and  ̶  step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) 

pentamer, f) hexamer g) heptamer and h) water in the liquid phase in the reactor. 

b) a) 

d) c) 

f) e) 

h) g) 
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Figure II-E6. Comparison of model predictions and data obtained using 0.20 wt% 

super-acid catalyst: ○ measured values,  predictions from -- step 0,  ̵ · step 1, ··· step 2 

and  ̶  step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) 

pentamer, f) water in the condensate exiting the condenser and g) mass of liquid 

accumulated in the condensate collector. 

b) a) 

d) c) 

f) e) 

g) 
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Figure II-E7. Comparison of model predictions and data obtained using 0.25 wt% 

super-acid catalyst: + measured values,  predictions from -- step 0,  ̵ · step 1, ··· step 2 

and  ̶  step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) 

pentamer, f) hexamer g) heptamer and h) water in the liquid phase in the reactor. 

b) a) 

d) c) 

f) e) 

h) g) 
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Figure II-E8. Comparison of model predictions and data obtained using 0.25 wt% 

super-acid catalyst: + measured values,  predictions from -- step 0,  ̵ · step 1, ··· step 2 

and  ̶  step 3 for concentrations of a) monomer, b) dimer, c) trimer, d) tetramer, e) 

pentamer, f) water in the condensate exiting the condenser and g) mass of liquid 

accumulated in the condensate collector. 

b) a) 

d) c) 

f) e) 

g) 
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II-F - Algebraic Equations used in Model 

Table II-F1. Probability Factors and Algebraic Expressions for Reactor Model 

Expression Description  

[𝑊]∗ =
𝐹𝑣𝑊

∗ 𝜌𝑊

𝑀𝑊𝜌
 

Hypothetical concentration of water 

that would be in equilibrium with 

the partial pressure in the vapor 

bubbles [Cui et al.] 

(II-F1.1) 

[𝐿(1)]∗ =
𝐹𝑣𝐿(1)

∗ 𝜌𝐿(1)

𝑀𝐿(1)𝜌
 

Hypothetical concentration of 

monomer that would be in 

equilibrium with the partial pressure 

in the vapor bubbles [Cui et al.] 

(II-F1.2) 

𝐹𝑣𝑊 𝑙
∗ = 𝑎𝑤𝑃𝑊 𝑙

3 + 𝑏𝑤𝑃𝑊 𝑙
2 + 𝑐𝑤𝑃𝑊 𝑙 + 𝑑𝑤 

VLE expression for computing 𝐹𝑣𝑊 
∗  

using cubic spline 
(II-F1.3) 

𝐹𝑣𝐿(1) 𝑙
∗ = 𝑎𝐿1𝑃𝐿(1) 𝑙

3 + 𝑏𝐿1𝑃𝐿(1) 𝑙
2

+ 𝑐𝐿1𝑃𝐿(1) 𝑙 + 𝑑𝐿1 

VLE expression for computing 

𝐹𝑣𝐿(1)
∗  using cubic spline 

(II-F1.4) 

 

II-G - Weighting Factors used in Chapter 2 

Table G1. Weighting factors chosen for the corresponding terms in the objective function 

Weighting factor Units Value 

𝑠𝑦 𝑝𝑝𝑚  ppm 27924 

 𝑠𝑦 𝑈 mmol/kg 480.78 

 𝑠𝑊  wt% 2.75×10-2
 

𝑠𝑦𝑐 𝑝𝑝𝑚  ppm 9993.4 

 𝑠𝑊𝑐 wt% 3.81 

 𝑠𝑚𝑐𝑐
 g 76.31 
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II-H - Correlation Matrix for Estimable Parameters in Chapter 2 
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Parameter Final Estimate Standard Deviation

1.00 5.77

0.07 0.03

2.67 2.24

0.31 0.92

0.80 10.11

0.00 8.24E-04

151.38 9.28E+06

1749.79 44.06

6.97E+06 1.59E+12

16.22 1.93

1.67 0.29

0.57 0.34

0.57 0.38

0.39 0.42

0.10 0.04

10.00 371.29

0.10 0.07

0.02 0.01

Table II-H2. Final estimates and 

standard deviations of estimated 

parameters in step 3 
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The standard deviations for the jth estimable parameter shown in Table II-H2 are calculated using: 

�̂�𝜽𝒋
= 𝒔𝜽𝒋√𝒗𝒂𝒓(�̂�𝒋)

𝒔
 

where  𝒔𝜽𝒋
 is the scaling factors for jth estimable parameter, and 𝒗𝒂𝒓(𝜽�̂�)

𝒔
  is the estimated scaled 

variance of the jth estimable parameter, which is the jth diagonal element of 𝒄𝒐𝒗(�̂�)
𝒔
.  

The scaled covariance matrix 𝒄𝒐𝒗(�̂�)
𝒔
 is calculated using: 

𝒄𝒐𝒗(�̂�)
𝒔

=
𝐽

𝑁 − 𝑘
(𝑿𝑇𝑿)−1 

where J is the weighted least-squares objective function, N is the total number of data values, k is 

the number of estimable parameters, and X is the scaled sensitivity matrix for the estimable 

parameters. 
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II-I - Justification for removing the hydroxyl end data from the parameter estimation 

The calculations below provide an illustration of the discrepancies between measured 

concentrations of hydroxyl end groups (by NMR in meq kg-1) and measured concentrations of 

linear oligomers (in ppm). In these calculations, the ppm measurements of linear oligomer 

concentrations were assumed to be in ppm by mass (i.e., 1000 ppm corresponds to 0.1 wt%). This 

assumption was confirmed by Dupont. 

The calculations are divided into two parts. In the first part, the measured concentrations of 

hydroxyl end groups [O]m are assumed to be the total number of hydroxyl end groups in a particular 

sample (i.e., the total number of hydroxyl end groups on all unreacted monomer, oligomers, and 

polymers). In the second part, calculations are performed by assuming that [O]m is the measured 

concentration of hydroxyl end groups on all species except the monomers. We show that both 

assumptions result in large inconsistencies between the hydroxyl end data and the oligomer data. 

This is our reason for excluding the [O]m data from the objective function used for parameter 

estimation. 

1) First Part – Assuming that [O]m includes all hydroxyl ends 

At any reaction time, [O]m should be equal to or greater than the sum of hydroxyl end groups on 

short oligomers (i.e., L(1) to L(7)), whose measurements were provided by Dupont: 

[𝑂]𝑚  ≥    2 × ([𝐿(1)]𝑚 + [𝐿(2)]𝑚 + [𝐿(3)]𝑚 + [𝐿(4)]𝑚 + [𝐿(5)]𝑚 + [𝐿(6)]𝑚 + [𝐿(7)]𝑚) 

The number two appear on the right-hand side because each linear chain has two hydroxyl ends.  

Consider an experimental run conducted at 180 oC using 0.15 wt% catalyst. After 2 hours of 

operation the value of [O]m is expected to be, based on the data from this run: 
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[𝑂]𝑚   ≥ 2 × ([
702555

76.095
] + [

235448

134.18
] + [

54555

192.26
] + [

10690

250.34
] + [

1992

308.42
] + [

435

366.5
]

+ [
134

424.59
]) 

[𝑂]𝑚  ≥ 22643.48
𝑚𝑚𝑜𝑙

𝑘𝑔
 

where the numbers in the numerators on the right-hand side are the measured concentrations of 

L(1) to L(7), and the numbers in the denominators on the right-hand side are the molecular weights 

of the corresponding species. The measured concentration of hydroxyl end groups after 2 hours of  

reaction provided in the data set is 13969.173 meq kg-1, which is equivalent to [O]m = 13969.173 

mmol kg-1. This measurement is lower than the sum of hydroxyl end groups on measured L(1) to 

L(7), which is 22643.48 mmol kg-1, indicating that the [O]m data are not consistent with the first 

assumption. Similar calculations for other experimental runs and run times show a similar problem.  

It is impossible for there to be more hydroxyl groups on the monomer and oligomers up to 

heptamer than in the sample as a whole. 

2) Second Part – Assuming that [O]m includes only dimer, trimer, tetramer,… long polymers 

Let folig be the fraction of short oligomers (i.e., L(2) to L(7)) in the total amount of oligomers and 

polymers in the reaction mixture. The fraction folig can be calculated in terms of hydroxyl end 

groups as follows: 

𝑓𝑜𝑙𝑖𝑔  =
 2 × ([𝐿(2)]𝑚 + [𝐿(3)]𝑚 + [𝐿(4)]𝑚 + [𝐿(5)]𝑚 + [𝐿(6)]𝑚 + [𝐿(7)]𝑚)

[𝑂]𝑚
 

Using the assumption in part 2, [O]m is the concentrations of hydroxyl end groups on only 

oligomers and polymers, so folig is expected to be near 1.0 in the early stages of the reaction, and 

should then decrease over the course of the reaction as longer chains are produced. However, 
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Figure II-I1 shows that folig does not follow the expected decreasing trend. Instead, folig calculated 

using the provided [O]m data increases with reaction time during the first half of the reaction period 

and decreases only at longer reaction times. 

 

Figure II-I1. Calculated fraction of short oligomers in the total polymer + oligomers based on 

[O]m data and assumption in part 2 

Based on the calculations in part 1 and part 2 above, we conclude that  the [O]m data used in the 

modelling work of Cui et al.[21-23] are inconsistent with the data for linear oligomers. Because the 

oligomer measurements are more reliable, the [O]m data are excluded from the PO3G modelling 

work in this thesis.  



211 
 

Appendix III – Supporting Information for Chapter 3 

III-A – Weighting factors used Chapter 3 

Table III-A1. Weighting factors for the corresponding terms in the objective function 

Weighting factor Units Value 

𝑠𝑦 𝑝𝑝𝑚  ppm 27924 

 𝑠𝑦 𝑈 mmol/kg 480.78 

 𝑠𝑊  wt% 2.75×10-2
 

𝑠𝑦𝑐 𝑝𝑝𝑚  ppm 9993.4 

 𝑠𝑊𝑐 wt% 3.81 

 𝑠𝑚𝑐𝑐
 g 76.31 

𝑠𝐶(2) ppm 29.65 

𝑠𝐶(3) ppm 89.22 

𝑠𝐶(4) ppm 231.24 

𝑠𝐶(5) ppm 171.96 

𝑠𝐶(6) ppm 132.86 

𝑠𝐶(7) ppm 90.06 

𝑠𝐶(2)𝑐 ppm 483.06 

𝑠𝐶(3)𝑐 ppm 733.46 

𝑠𝐶(4)𝑐 ppm 559.35 

𝑠𝐶(5)𝑐 ppm 73.78 

𝑠𝐶(6)𝑐 ppm 18.35 
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III-B – Parameter correlation matrix entries greater than or equal to 0.75 or less than or 

equal to -0.75 

Table III-B1. Correlation matrix of estimated parameters 

 
𝑲𝟏 𝒌𝟐 

𝑲𝟐 𝒂𝒑𝒑

𝑲𝟏
 𝑲𝟓𝒌𝟔 γ 𝑲𝑯 𝒌𝟕 𝒌𝟏𝟎,   𝟐 𝒌𝟏𝟏,   𝟐 

𝑲𝟏 
    0.77     -0.90       

𝒌𝟐 
          0.85       

𝑲𝟐 𝒂𝒑𝒑

𝑲𝟏
 

0.77         -0.75       

𝒌𝟒 
      -0.78           

𝒌𝑳(𝟏) 
        0.87         

𝑲𝑯 
-0.90 0.85 -0.75             

𝒌𝟕 
              0.99 0.94 

𝒌𝟏𝟎,   𝟐 
            0.99   0.91 

𝒌𝟏𝟏,   𝟐 
            0.94 0.91   
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Table III-B2. Final estimates and standard deviations of estimated parameters 

Parameter Converged value Standard deviation 

𝐾1 1.38 7.52×10-5 

𝑘2 0.02 4.38×10-8 

𝐾2 𝑎𝑝𝑝

𝐾1
 8.90 7.08×10-4 

𝑘3 0.77 1.72×10-5 

𝑘4 14.29 0.013 

𝐾5𝑘6 2.50 0.044 

𝑘7 0.45 2.75×10-6 

𝑘𝑊 1778.72 1.18×10-3 

𝑘𝐴𝐷 9.65×103 28.51 

𝑘𝐿(1) 15.69 4.40×10-5 

𝑘𝐿(2) 1.74 6.74×10-6 

𝑘𝐿(3) 0.82 7.98×10-6 

𝑘𝐿(4) 0.97 8.76×10-6 

𝑘𝐿(5) 0.49 9.56×10-6 

𝑚𝐿𝑐 0.16 5.85×10-7 

𝑃𝑊(0.001) 24.75 5.75×10-3 

γ 0.23 1.87×10-6 

𝐾𝐻 0.006 2.57×10-8 

𝑘𝐶(2) 154.91 1.73×10-4 

𝑘𝐶(3) 65.32 8.67×10-5 

𝑘𝐶(4) 22.70 3.90×10-5 

𝑘𝐶(5) 0.85 1.94×10-6 

𝑘𝐶(6) 0.77 1.55×10-6 

𝑘10,   2 12.66 7. ×10-5 

𝑓𝑘10,   3
 2.73 3.23×10-6 
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𝑓𝑘10,   4
 1.64 8.51×10-6 

𝑓𝑘10,   5
 2.49 8.58×10-6 

𝑓𝑘10,   6
 1.19 6.17×10-6 

𝑓𝑘10,   7
 1.01 5.39×10-6 

𝑘11,   2 1.45 7.98×10-6 

𝑓𝑘11,   3
 2.83 5.65×10-6 

𝑓𝑘11,   4
 12.63 2.60×10-5 

𝑓𝑘11,   5
 5.78 1.53×10-5 

𝑓𝑘11,   6
 4.56 1.12×10-5 

𝑓𝑘11,   7
 2.78 7.47×10-6 
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III-C – Model fit to cyclic oligomer data 

 

 

 

Figure III-C1. Comparison of model predictions and data obtained using 0.10 wt% 

super-acid catalyst: × measured values and  ̶  predictions for concentrations of cyclic a) 

dimer, b) trimer, c) tetramer, d) pentamer, e) hexamer f) heptamer in the liquid phase in 

the reactor. 

b) a) 

d) c) 

f) e) 
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Figure III-C2. Comparison of model predictions and data obtained using 0.15 wt% 

super-acid catalyst: * measured values and  ̶  predictions for concentrations of cyclic a) 

dimer, b) trimer, c) tetramer, d) pentamer, e) hexamer f) heptamer in the liquid phase in 

the reactor. 

b) a) 

d) c) 

f) e) 
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Figure III-C3. Comparison of model predictions and data obtained using 0.20 wt% 

super-acid catalyst: ○ measured values and  ̶  predictions for concentrations of cyclic a) 

dimer, b) trimer, c) tetramer, d) pentamer, e) hexamer f) heptamer in the liquid phase in 

the reactor. 

b) a) 

d) c) 

f) e) 
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Figure III-C4. Comparison of model predictions and data obtained using 0.25 wt% 

super-acid catalyst: + measured values and  ̶  predictions for concentrations of cyclic a) 

dimer, b) trimer, c) tetramer, d) pentamer, e) hexamer f) heptamer in the liquid phase in 

the reactor. 

b) a) 

d) c) 

f) e) 



219 
 

 

 

 

 

 

 

 

Figure III-C5. Comparison of model predictions and data obtained using 0.10 wt% 

super-acid catalyst: × measured values and  ̶  predictions for concentrations of cyclic a) 

dimer, b) trimer, c) tetramer, d) pentamer, e) hexamer in the condensate exiting the 

condenser. 

b) a) 

d) c) 

e) 
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Figure III-C6. Comparison of model predictions and data obtained using 0.15 wt% 

super-acid catalyst: * measured values and  ̶  predictions for concentrations of cyclic a) 

dimer, b) trimer, c) tetramer, d) pentamer, e) hexamer in the condensate exiting the 

condenser. 

b) a) 

d) c) 

e) 
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Figure III-C7. Comparison of model predictions and data obtained using 0.20 wt% 

super-acid catalyst: ○ measured values and  ̶  predictions for concentrations of cyclic a) 

dimer, b) trimer, c) tetramer, d) pentamer, e) hexamer in the condensate exiting the 

condenser. 

b) a) 

d) c) 

e) 
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Figure III-C8. Comparison of model predictions and data obtained using 0.25 wt% 

super-acid catalyst: + measured values and  ̶  predictions for concentrations of cyclic a) 

dimer, b) trimer, c) tetramer, d) pentamer, e) hexamer in the condensate exiting the 

condenser. 

b) a) 

d) c) 

e) 
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III-D – Model fit to linear-oligomer data 

 

 

 

 

Figure III-D1. Comparison of model predictions and data obtained using 0.10 wt% 

super-acid catalyst: × measured values and  ̶  predictions for concentrations of linear a) 

monomer, b) dimer, c) trimer, d) tetramer, e) pentamer, f) hexamer g) heptamer and h) 

water in the liquid phase in the reactor. 

b) a) 

d) c) 

f) e) 

h) g) 
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Figure III-D2. Comparison of model predictions and data obtained using 0.15 wt% 

super-acid catalyst: * measured values and  ̶  predictions for concentrations of linear a) 

monomer, b) dimer, c) trimer, d) tetramer, e) pentamer, f) hexamer g) heptamer and h) 

water in the liquid phase in the reactor. 

b) a) 

d) c) 

f) e) 

h) g) 
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Figure III-D3. Comparison of model predictions and data obtained using 0.20 wt% 

super-acid catalyst: ○ measured values and  ̶  predictions for concentrations of linear a) 

monomer, b) dimer, c) trimer, d) tetramer, e) pentamer, f) hexamer g) heptamer and h) 

water in the liquid phase in the reactor. 

b) a) 

d) c) 

f) e) 

h) g) 
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Figure III-D4. Comparison of model predictions and data obtained using 0.25 wt% 

super-acid catalyst: + measured values and  ̶  predictions for concentrations of linear a) 

monomer, b) dimer, c) trimer, d) tetramer, e) pentamer, f) hexamer g) heptamer and h) 

water in the liquid phase in the reactor. 

b) a) 

d) c) 

f) e) 

h) g) 
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Figure III-D5. Comparison of model predictions and data obtained using 0.10 wt% 

super-acid catalyst: × measured values and  ̶  predictions for concentrations of linear  

a) monomer, b) dimer, c) trimer, d) tetramer, e) pentamer, f) water in the condensate 

exiting the condenser and g) mass of liquid accumulated in the condensate collector.  

No water concentration data are available for this run. 

b) a) 

d) c) 

f) e) 

g) 
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Figure III-D6. Comparison of model predictions and data obtained using 0.15 wt% 

super-acid catalyst: * measured values and  ̶  predictions for concentrations of linear a) 

monomer, b) dimer, c) trimer, d) tetramer, e) pentamer, f) water in the condensate 

exiting the condenser and g) mass of liquid accumulated in the condensate collector. 

b) a) 

d) c) 

f) e) 

g) 
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Figure III-D7. Comparison of model predictions and data obtained using 0.20 wt% 

super-acid catalyst: ○ measured values and  ̶  predictions for concentrations of linear a) 

monomer, b) dimer, c) trimer, d) tetramer, e) pentamer, f) water in the condensate 

exiting the condenser and g) mass of liquid accumulated in the condensate collector. 

b) a) 

d) c) 

f) e) 

g) 
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Figure III-D8. Comparison of model predictions and data obtained using 0.25 wt% 

super-acid catalyst: + measured values and  ̶  predictions for concentrations of linear a) 

monomer, b) dimer, c) trimer, d) tetramer, e) pentamer, f) water in the condensate 

exiting the condenser and g) mass of liquid accumulated in the condensate collector. 

b) a) 

d) c) 

f) e) 

g) 
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III-E – Rates of polymerization via polycondensation and ring-opening polyaddition 

reactions 

 

 

  

Figure III-E1. Simulated rates of polymerization by polycondensation  ̵  ̵  and by adding 

cycles of all different sizes  ̶  during a run with a) 0.10 wt%, b) 0.15 wt%, c) 0.20 wt% 

and d) 0.25 wt% super-acid catalyst; rate of link loss by formation of cycles -.- during 

corresponding run. 

b) a) 

d) c) 
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Appendix IV – Supporting Information for Chapter 4 

IV-A – Weighting Factors used in Chapters 4 

Table IV-A1. Weighting factors for the corresponding terms in the objective 

function 

Weighting factor Units Value 

𝑠𝐿 𝑝𝑝𝑚 ppm 2.80×104 

𝑠𝑊 wt% 2.5×10-2 

𝑠𝐿𝑐 𝑝𝑝𝑚 ppm 8.45×103 

𝑠𝑊𝑐 wt% 3.9 

𝑠𝑚𝑐𝑐
 g 73.64 

𝑠𝐶 𝑝𝑝𝑚 ppm 3.03×102 

𝑠𝐶𝑐 𝑝𝑝𝑚 ppm 9.10×102 
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IV-B – Parameter correlation matrix for estimated parameters 

Parameter correlation information is provided in Table IV-B1. Entries that are greater than or 

equal to 0.75 or less than or equal to -0.75 are shown in bold and are highlighted. The 

correlations shown correspond to the following order of parameter: 

 

  

Number Parameter Number Parameter Number Parameter Number Parameter 

1 𝐾1 18 𝑘𝐶(2) 35 ∆𝐻𝐾1
 52 𝐸𝑘11,   5

 

2 𝑘2 19 𝑘𝐶(3) 36 𝐸𝑘2
 53 𝐸𝑘11,   6

 

3 
𝐾2 𝑎𝑝𝑝

𝐾1
 20 𝑘𝐶(4) 37 ∆𝐻𝐾2 𝑎𝑝𝑝

𝐾1

 54 𝐸𝑘11,   7
 

4 𝑘3 21 𝑘𝐶(5) 38 𝐸𝑘3
 55 𝐸𝑘𝑊

 

5 𝑘4 22 𝑘𝐶(6) 39 𝐸𝑘4
 56 𝐸𝑘𝐿1

 

6 𝐾5𝑘6 23 𝑘10,   2 40 ∆𝐻𝐾5𝑘6
 57 𝐸𝑘𝐿2

 

7 𝑘7 24 𝑓𝑘10,   3
 41 𝐸𝑘7

 58 𝐸𝑘𝐿3
 

8 𝑘𝑊 25 𝑓𝑘10,   4
 42 ∆𝐻𝐾𝐻

 59 𝐸𝑘𝐿4
 

9 𝑘𝐴𝐷 26 𝑓𝑘10,   5
 43 𝐸𝑘10,   2

 60 𝐸𝑘𝐿5
 

10 𝑘𝐿(1) 27 𝑓𝑘10,   6
 44 𝐸𝑘10,   3

 61 𝐸𝑘𝐶2
 

11 𝑘𝐿(2) 28 𝑓𝑘10,   7
 45 𝐸𝑘10,   4

 62 𝐸𝑘𝐶3
 

12 𝑘𝐿(3) 29 𝑘11,   2 46 𝐸𝑘10,   5
 63 𝐸𝑘𝐶4

 

13 𝑘𝐿(4) 30 𝑓𝑘11,   3
 47 𝐸𝑘10,   6

 64 𝐸𝑘𝐶5
 

14 𝑘𝐿(5) 31 𝑓𝑘11,   4
 48 𝐸𝑘10,   7

 65 𝐸𝑘𝐶6
 

15 𝑚𝐿𝑐 32 𝑓𝑘11,   5
 49 𝐸𝑘11,   2

 66 𝑃𝑊
160(0.0005) 

16 γ 33 𝑓𝑘11,   6
 50 𝐸𝑘11,   3

 67 𝑃𝑊
160(0.02) 

17 𝐾𝐻 34 𝑓𝑘11,   7
 51 𝐸𝑘11,   4

 68 𝑓𝑃𝑊
185(0.0005) 
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IV-C – Model predictions 

1) T = 160 ̊C and [cat] = 0.15 wt%  

 

Figure IV-C1. Comparison of model predictions   ̶   and reactor data * at 160 ̊C using 

catalyst level of 0.15 wt% for a) monomer in the reactor, b) monomer in the 

condensate, c) water in the reactor, d) water in the condensate,  and e) the mass of 

liquid accumulated in the condensate collector. 
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Figure IV-C2. Comparison of model predictions   ̶   and reactor data * at 160 ̊C using 

catalyst level of 0.15 wt% for oligomers in the reactor: a) linear dimer, b) linear 

trimer, c) linear tetramer, d) linear pentamer, e) linear hexamer, f) linear heptamer, 

g) cyclic dimer, h) cyclic trimer, i) cyclic tetramer, j) cyclic pentamer, k) cyclic 

hexamer, and l) cyclic heptamer. 
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Figure IV-C3. Comparison of model predictions   ̶   and reactor data * at 160 ̊C using 

catalyst level of 0.15 wt% for oligomers in the condensate: a) linear dimer, b) linear 

trimer, c) linear tetramer, d) linear pentamer, e) cyclic dimer, f) cyclic trimer, g) 

cyclic tetramer, h) cyclic pentamer, and i) cyclic hexamer. 
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2) T = 165 ̊C and [cat] = 0.15 wt% 

 

Figure IV-C4. Comparison of model predictions   ̶   and reactor data * at 165 ̊C using 

catalyst level of 0.15 wt% for a) monomer in the reactor, b) monomer in the 

condensate, c) water in the reactor, d) water in the condensate,  and e) the mass of 

liquid accumulated in the condensate collector. 
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Figure IV-C5. Comparison of model predictions   ̶   and reactor data * at 165 ̊C using 

catalyst level of 0.15 wt% for oligomers in the reactor: a) linear dimer, b) linear 

trimer, c) linear tetramer, d) linear pentamer, e) linear hexamer, f) linear heptamer, 

g) cyclic dimer, h) cyclic trimer, i) cyclic tetramer, j) cyclic pentamer, k) cyclic 

hexamer, and l) cyclic heptamer. 
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Figure IV-C6. Comparison of model predictions   ̶   and reactor data * at 165 ̊C using 

catalyst level of 0.15 wt% for oligomers in the condensate: a) linear dimer, b) linear 

trimer, c) linear tetramer, d) linear pentamer, e) cyclic dimer, f) cyclic trimer, g) 

cyclic tetramer, h) cyclic pentamer, and i) cyclic hexamer. 
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3) T = 170 ̊C and [cat] = 0.15 wt% 

 

Figure IV-C7. Comparison of model predictions   ̶   and reactor data * at 170 ̊C using 

catalyst level of 0.15 wt% for a) monomer in the reactor, b) monomer in the 

condensate, c) water in the reactor, d) water in the condensate,  and e) the mass of 

liquid accumulated in the condensate collector. 
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Figure IV-C8. Comparison of model predictions   ̶   and reactor data * at 170 ̊C using 

catalyst level of 0.15 wt% for oligomers in the reactor: a) linear dimer, b) linear 

trimer, c) linear tetramer, d) linear pentamer, e) linear hexamer, f) linear heptamer, 

g) cyclic dimer, h) cyclic trimer, i) cyclic tetramer, j) cyclic pentamer, k) cyclic 

hexamer, and l) cyclic heptamer. 
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Figure IV-C9. Comparison of model predictions   ̶   and reactor data * at 170 ̊C using 

catalyst level of 0.15 wt% for oligomers in the condensate: a) linear dimer, b) linear 

trimer, c) linear tetramer, d) linear pentamer, e) cyclic dimer, f) cyclic trimer, g) 

cyclic tetramer, h) cyclic pentamer, and i) cyclic hexamer. 
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4) T = 175 ̊C and [cat] = 0.15 wt% 

 

Figure IV-C10. Comparison of model predictions   ̶   and reactor data * at 175 ̊C 

using catalyst level of 0.15 wt% for a) monomer in the reactor, b) monomer in the 

condensate, c) water in the reactor, d) water in the condensate,  and e) the mass of 

liquid accumulated in the condensate collector. 
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Figure IV-C11. Comparison of model predictions   ̶   and reactor data * at 175 ̊C 

using catalyst level of 0.15 wt% for oligomers in the reactor: a) linear dimer, b) linear 

trimer, c) linear tetramer, d) linear pentamer, e) linear hexamer, f) linear heptamer, 

g) cyclic dimer, h) cyclic trimer, i) cyclic tetramer, j) cyclic pentamer, k) cyclic 

hexamer, and l) cyclic heptamer. 
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Figure IV-C12. Comparison of model predictions   ̶   and reactor data * at 175 ̊C 

using catalyst level of 0.15 wt% for oligomers in the condensate: a) linear dimer, b) 

linear trimer, c) linear tetramer, d) linear pentamer, e) cyclic dimer, f) cyclic trimer, 

g) cyclic tetramer, h) cyclic pentamer, and i) cyclic hexamer. 
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5) T = 180 ̊C and [cat] = 0.15 wt% 

 

Figure IV-C13. Comparison of model predictions   ̶   and reactor data * at 180 ̊C 

using catalyst level of 0.15 wt% for a) monomer in the reactor, b) monomer in the 

condensate, c) water in the reactor, d) water in the condensate,  and e) the mass of 

liquid accumulated in the condensate collector. 
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Figure IV-C14. Comparison of model predictions   ̶   and reactor data * at 180 ̊C 

using catalyst level of 0.15 wt% for oligomers in the reactor: a) linear dimer, b) linear 

trimer, c) linear tetramer, d) linear pentamer, e) linear hexamer, f) linear heptamer, 

g) cyclic dimer, h) cyclic trimer, i) cyclic tetramer, j) cyclic pentamer, k) cyclic 

hexamer, and l) cyclic heptamer. 
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Figure IV-C15. Comparison of model predictions   ̶   and reactor data * at 180 ̊C 

using catalyst level of 0.15 wt% for oligomers in the condensate: a) linear dimer, b) 

linear trimer, c) linear tetramer, d) linear pentamer, e) cyclic dimer, f) cyclic trimer, 

g) cyclic tetramer, h) cyclic pentamer, and i) cyclic hexamer. 
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6) T = 180 ̊C and [cat] = 0.10 wt% 

 

Figure IV-C16. Comparison of model predictions   ̶   and reactor data * at 180 ̊C 

using catalyst level of 0.10 wt% for a) monomer in the reactor, b) monomer in the 

condensate, c) water in the reactor, d) water in the condensate,  and e) the mass of 

liquid accumulated in the condensate collector. 
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Figure IV-C17. Comparison of model predictions   ̶   and reactor data * at 180 ̊C 

using catalyst level of 0.10 wt% for oligomers in the reactor: a) linear dimer, b) linear 

trimer, c) linear tetramer, d) linear pentamer, e) linear hexamer, f) linear heptamer, 

g) cyclic dimer, h) cyclic trimer, i) cyclic tetramer, j) cyclic pentamer, k) cyclic 

hexamer, and l) cyclic heptamer. 
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Figure IV-C18. Comparison of model predictions   ̶   and reactor data * at 180 ̊C 

using catalyst level of 0.10 wt% for oligomers in the condensate: a) linear dimer, b) 

linear trimer, c) linear tetramer, d) linear pentamer, e) cyclic dimer, f) cyclic trimer, 

g) cyclic tetramer, h) cyclic pentamer, and i) cyclic hexamer. 
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7) T = 180 ̊C and [cat] = 0.20 wt% 

 

Figure IV-C19. Comparison of model predictions   ̶   and reactor data * at 180 ̊C 

using catalyst level of 0.20 wt% for a) monomer in the reactor, b) monomer in the 

condensate, c) water in the reactor, d) water in the condensate,  and e) the mass of 

liquid accumulated in the condensate collector. 
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Figure IV-C20. Comparison of model predictions   ̶   and reactor data * at 180 ̊C 

using catalyst level of 0.20 wt% for oligomers in the reactor: a) linear dimer, b) linear 

trimer, c) linear tetramer, d) linear pentamer, e) linear hexamer, f) linear heptamer, 

g) cyclic dimer, h) cyclic trimer, i) cyclic tetramer, j) cyclic pentamer, k) cyclic 

hexamer, and l) cyclic heptamer. 
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Figure IV-C21. Comparison of model predictions   ̶   and reactor data * at 180 ̊C 

using catalyst level of 0.20 wt% for oligomers in the condensate: a) linear dimer, b) 

linear trimer, c) linear tetramer, d) linear pentamer, e) cyclic dimer, f) cyclic trimer, 

g) cyclic tetramer, h) cyclic pentamer, and i) cyclic hexamer. 
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8) T = 180 ̊C and [cat] = 0.25 wt% 

 

Figure IV-C22. Comparison of model predictions   ̶   and reactor data * at 180 ̊C 

using catalyst level of 0.25 wt% for a) monomer in the reactor, b) monomer in the 

condensate, c) water in the reactor, d) water in the condensate,  and e) the mass of 

liquid accumulated in the condensate collector. 
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Figure IV-C23. Comparison of model predictions   ̶   and reactor data * at 180 ̊C 

using catalyst level of 0.25 wt% for oligomers in the reactor: a) linear dimer, b) linear 

trimer, c) linear tetramer, d) linear pentamer, e) linear hexamer, f) linear heptamer, 

g) cyclic dimer, h) cyclic trimer, i) cyclic tetramer, j) cyclic pentamer, k) cyclic 

hexamer, and l) cyclic heptamer. 
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Figure IV-C24. Comparison of model predictions   ̶   and reactor data * at 180 ̊C 

using catalyst level of 0.25 wt% for oligomers in the condensate: a) linear dimer, b) 

linear trimer, c) linear tetramer, d) linear pentamer, e) cyclic dimer, f) cyclic trimer, 

g) cyclic tetramer, h) cyclic pentamer, and i) cyclic hexamer. 
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Appendix V – Supporting Information for Chapter 5 

V-A – Lower and Upper Bounds for Parameter Estimates 

Table V1: Lower and Upper Bounds for Parameter Estimates 

Parameter 
Lower 

bound 

Upper 

bound 

Initial 

guess 
Parameter 

Lower 

bound 

Upper 

bound 

Initial 

guess 

𝐾1 1.0 1×105 1.38 ∆𝐻𝐾1
 -400 2000 600 

𝑘2 8×10-4 10 0.02 𝐸𝑘2
 0 2000 200 

𝐾2 𝑎𝑝𝑝

𝐾1
 0.10 10 8.90 ∆𝐻𝐾2 𝑎𝑝𝑝

𝐾1

 -250 0 -40 

𝑘3 0 1000 0.77 𝐸𝑘3
 0 2000 200 

𝑘4 0 1000 14.29 𝐸𝑘4
 0 4000 200 

𝐾5𝑘6 0 200 2.50 ∆𝐻𝐾5𝑘6
 -4000 4000 400 

𝑘7 1×10-6 10 0.45 𝐸𝑘7
 0 2000 200 

𝐾𝐻 0 1.0 0.006 ∆𝐻𝐾𝐻
 -400 1000 400 

𝑘10,   2 0 200 12.66 𝐸𝑘10,   2
 0 4000 200 

𝑓𝑘10,   3
 0 30 2.73 𝐸𝑘10,   3

 0 4000 200 

𝑓𝑘10,   4
 0 100 1.64 𝐸𝑘10,   4

 0 4000 200 

𝑓𝑘10,   5
 0 70 2.49 𝐸𝑘10,   5

 0 4000 200 

𝑓𝑘10,   6
 0 60 1.19 𝐸𝑘10,   6

 0 4000 200 

𝑓𝑘10,   7
 0 40 1.01 𝐸𝑘10,   7

 0 4000 200 

𝑘11,   2 0 2.0 1.45 𝐸𝑘11,   2
 0 2000 200 

𝑓𝑘11,   3
 0 400 2.83 𝐸𝑘11,   3

 0 2000 200 

𝑓𝑘11,   4
 0 200 12.63 𝐸𝑘11,   4

 0 2000 200 

𝑓𝑘11,   5
 0 100 5.78 𝐸𝑘11,   5

 0 2000 200 

𝑓𝑘11,   6
 0 50 4.56 𝐸𝑘11,   6

 0 2000 200 

𝑓𝑘11,   7
 0 30 2.78 𝐸𝑘11,   7

 0 2000 200 

𝑘𝑊 0 7×106 1778.72 𝐸𝑘𝑊
 0 400 40 

𝑘𝐴𝐷 0 7×106 9.65×103 𝐸𝑘𝐴𝐷
 0 400 40 

𝑘𝐿(1) 0 22500 15.69 𝐸𝑘𝐿1
 0 2000 40 

𝑘𝐿(2) 0 7.5 1.74 𝐸𝑘𝐿2
 0 2000 40 

𝑘𝐿(3) 0 2.5 0.82 𝐸𝑘𝐿3
 0 2000 40 

𝑘𝐿(4) 0 1.125 0.97 𝐸𝑘𝐿4
 0 2000 40 

𝑘𝐿(5) 0 0.6 0.49 𝐸𝑘𝐿5
 0 2000 40 

𝑘𝐶(2) 0 15000 154.91 𝐸𝑘𝐶2
 0 400 40 

𝑘𝐶(3) 0 4000 65.32 𝐸𝑘𝐶3
 0 400 40 

𝑘𝐶(4) 0 2000 22.70 𝐸𝑘𝐶4
 0 400 40 

𝑘𝐶(5) 0 9.0 0.85 𝐸𝑘𝐶5
 0 400 40 

𝑘𝐶(6) 0 3.0 0.77 𝐸𝑘𝐶6
 0 400 40 

𝑚𝐿𝑐 0.001 1.5 0.16 γ 0 1.0 0.23 

𝑃𝑊
160(0.0005) 10 72 33.5 𝑓𝑃𝑊

185(0.0005) 1.5 10 4 

𝑃𝑊
160(0.02) 115 1750 175 𝑓𝑃𝑊

185(0.02) 3.85 10 4 
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V-B – Optimality of the Selected Settings 

 

Figure V1. Optimality of selected a) T, b) [Cat]0 wt%, and c) [W]0 wt% when 

designing one new experiment using industrial data 

Figure V2. Optimality of selected a) T, b) [Cat]0 wt%, and c) [W]0 wt% when 

designing two new experiments using industrial data 
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V-C – MC Study - Synthetic Old Parameter Estimates 

Table V2: Synthetic old parameter estimates 

Parameter 
Parameter Estimates 

Set 1 Set 2 Set 3 Set 4 Set 5 Set 6 Set 7 Set 8 

𝐾1 2.567 1.300 2.175 1.001 1.715 1.960 1.026 1.854 

𝑘2 0.047 0.050 0.060 0.056 0.052 0.051 0.051 0.044 
𝐾2 𝑎𝑝𝑝

𝐾1
 0.431 0.401 0.510 0.483 0.383 0.440 0.450 0.380 

𝑘3 1.312 0.978 1.605 1.042 1.349 0.974 1.343 1.043 

𝑘4 5.017 21.979 1.203 927.546 6.238 10.054 530.632 234.580 

𝐾5𝑘6 124.475 53.830 7.117 109.269 1.046 2.125 0.001 84.615 

𝑘7 1.210 1.268 1.276 1.198 1.517 1.212 1.231 1.260 

𝐾𝐻 0.014 0.016 0.019 0.018 0.017 0.016 0.017 0.013 

𝑘10,   2 39.016 48.305 41.243 43.761 54.564 44.287 46.132 38.661 

𝑓𝑘10,   3
 2.928 2.221 2.847 2.442 2.361 2.539 2.440 2.988 

𝑓𝑘10,   4
 2.400 1.932 2.907 2.297 1.875 2.290 1.997 2.483 

𝑓𝑘10,   5
 1.307 1.538 1.847 1.592 1.377 1.570 1.674 2.038 

𝑓𝑘10,   6
 1.556 0.667 0.652 1.311 0.286 0.915 0.896 1.062 

𝑓𝑘10,   7
 1.149 1.195 1.802 1.185 1.165 0.990 1.179 1.256 

𝑘11,   2 1.281 2.140 1.628 1.459 2.284 1.783 1.687 1.354 

𝑓𝑘11,   3
 4.516 2.661 4.060 3.520 3.167 2.938 3.120 3.698 

𝑓𝑘11,   4
 32.103 20.423 25.458 26.495 22.488 22.738 25.167 30.467 

𝑓𝑘11,   5
 19.703 11.486 14.014 16.641 14.400 14.320 13.634 17.640 

𝑓𝑘11,   6
 12.376 8.688 10.743 8.993 9.667 9.309 10.171 13.153 

𝑓𝑘11,   7
 5.925 4.812 2.991 7.021 4.279 4.759 6.010 7.697 

𝑘𝑊 1536.532 1519.365 1512.479 1518.339 1491.846 1519.315 1543.253 1524.272 

𝑘𝐴𝐷 1.163E+06 2.100E+06 4.352E+05 2.557E+06 1.446E+06 9.660E+05 6.202E+04 4.872E+06 

𝑘𝐿(1) 14.415 13.693 14.227 14.203 13.259 14.278 14.514 14.246 

𝑘𝐿(2) 1.534 1.560 1.435 1.510 1.685 1.506 1.532 1.451 

𝑘𝐿(3) 0.820 0.854 0.529 0.570 0.593 0.615 0.693 0.719 

𝑘𝐿(4) 0.680 0.646 0.671 0.725 0.565 0.547 0.471 0.563 

𝑘𝐿(5) 0.578 0.600 0.578 0.483 0.327 0.424 0.500 0.312 

𝑘𝐶(2) 139.286 105.363 135.233 118.159 117.026 109.387 110.567 136.872 

𝑘𝐶(3) 41.043 44.618 41.389 46.351 44.450 42.854 45.563 42.100 

𝑘𝐶(4) 9.406 9.404 9.935 10.306 10.358 9.612 9.495 9.487 

𝑘𝐶(5) 0.561 0.668 1.210 0.837 0.679 0.617 0.713 0.767 

𝑘𝐶(6) 0.552 0.687 0.796 1.027 1.362 0.958 0.601 0.838 

𝑚𝐿𝑐 0.020 0.015 0.020 0.023 0.023 0.016 0.017 0.009 

γ 0.188 0.150 0.204 0.197 0.156 0.187 0.223 0.186 

∆𝐻𝐾1
 -6.131 -1.711 -26.772 -152.696 -169.497 254.679 -2.010 -75.684 

𝐸𝑘2
 83.050 91.605 61.947 103.573 42.150 57.176 115.312 34.314 

∆𝐻𝐾2 𝑎𝑝𝑝

𝐾1

 
-127.523 -160.932 -128.145 -120.811 -168.999 -145.870 -123.116 -157.642 
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𝐸𝑘3
 28.263 42.084 56.702 7.477 5.440 55.789 55.656 82.904 

𝐸𝑘4
 417.587 425.843 254.073 777.479 441.056 2066.020 3111.211 768.936 

∆𝐻𝐾5𝑘6
 -2828.774 339.809 317.773 303.137 393.877 370.948 -1188.995 -268.725 

𝐸𝑘7
 409.386 438.750 444.395 425.773 396.600 420.789 413.656 417.033 

∆𝐻𝐾𝐻
 -56.711 -47.889 -73.963 -22.038 -82.233 -84.927 -16.676 -104.598 

𝐸𝑘10,   2
 596.536 637.126 580.023 579.511 573.811 662.179 472.980 553.824 

𝐸𝑘10,   3
 424.718 422.443 444.009 422.712 402.254 417.384 409.324 416.873 

𝐸𝑘10,   4
 1503.397 1065.348 1267.230 1100.257 1383.356 3726.074 1745.198 1242.093 

𝐸𝑘10,   5
 671.616 2208.181 889.238 1250.836 1257.220 2692.781 3957.183 1075.257 

𝐸𝑘10,   6
 2706.427 322.971 332.243 2997.288 254.554 736.608 317.881 2617.922 

𝐸𝑘10,   7
 1327.642 391.727 669.790 782.104 2123.669 355.094 387.431 354.341 

𝐸𝑘11,   2
 240.116 305.610 232.275 277.267 223.934 289.052 235.218 215.601 

𝐸𝑘11,   3
 397.734 414.839 402.649 439.746 342.578 448.091 442.893 399.407 

𝐸𝑘11,   4
 352.694 373.762 371.347 352.676 333.563 355.905 359.795 353.717 

𝐸𝑘11,   5
 350.958 358.679 365.233 356.504 341.942 365.713 349.639 342.083 

𝐸𝑘11,   6
 330.324 453.113 443.028 320.121 392.224 354.751 511.699 341.895 

𝐸𝑘11,   7
 292.033 687.044 278.762 321.344 263.731 498.844 485.784 531.402 

𝐸𝑘𝑊
 85.941 87.878 83.983 85.531 85.910 86.026 83.043 84.648 

𝐸𝑘𝐴𝐷
 41.840 40.000 40.000 41.840 40.000 40.000 40.000 40.000 

𝐸𝑘𝐿1
 192.319 190.690 188.128 190.410 185.801 188.646 191.334 188.814 

𝐸𝑘𝐿2
 118.974 121.224 108.916 120.961 137.817 119.377 107.730 108.720 

𝐸𝑘𝐿3
 188.151 149.622 119.493 95.157 94.251 106.324 134.308 146.119 

𝐸𝑘𝐿4
 199.821 153.280 159.528 229.481 167.478 140.888 125.964 144.996 

𝐸𝑘𝐿5
 196.258 213.619 166.220 132.790 86.864 93.912 179.840 111.145 

𝐸𝑘𝐶2
 129.008 99.849 175.175 106.287 155.581 91.029 190.920 168.385 

𝐸𝑘𝐶3
 72.699 96.615 89.732 84.927 92.765 86.418 94.677 85.077 

𝐸𝑘𝐶4
 47.960 51.267 60.349 61.250 68.208 66.039 63.654 56.835 

𝐸𝑘𝐶5
 5.140 1.609 20.523 45.381 0.355 2.321 11.442 3.035 

𝐸𝑘𝐶6
 2.441 13.055 25.735 55.759 5.323 6.468 3.842 36.448 

𝑃𝑊
160(0.0005) 16.591 13.931 32.104 12.633 34.782 14.164 15.649 14.706 

𝑃𝑊
160(0.02) 128.531 1528.949 1092.389 885.553 1313.349 231.350 1437.867 120.039 

𝑓𝑃𝑊
185(0.0005) 4.433 1.849 2.683 5.497 2.329 2.124 1.668 1.596 

𝑓𝑃𝑊
185(0.02) 4.000 4.000 4.000 4.000 4.000 4.000 4.000 4.000 
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V-D – MC Study - Designing One New Experiment 

Table V3: Selected operating conditions for one new experiment – MC study 

No. T (C̊) [cat]wt% [W]wt% 

1 185.0 0.14 8.01 

2 185.0 0.26 8.75 

3 185.0 0.30 8.36 

4 185.0 0.12 8.76 

5 185.0 0.28 8.04 

6 185.0 0.19 2.46 

7 185.0 0.23 8.09 

8 185.0 0.18 2.19 

 

 

Table V4: Synthetic new parameter estimates obtained using additional data from one new designed 

experiment 

Parameter 
Parameter Estimates 

Set 1 Set 2 Set 3 Set 4 Set 5 Set 6 Set 7 Set 8 

𝐾1 1.003 1.004 1.199 1.001 1.862 1.118 1.001 1.000 

𝑘2 0.054 0.049 0.053 0.056 0.053 0.054 0.052 0.052 
𝐾2 𝑎𝑝𝑝

𝐾1
 0.480 0.423 0.489 0.486 0.405 0.478 0.480 0.470 

𝑘3 1.256 1.060 1.138 1.079 1.376 0.994 0.988 1.031 

𝑘4 69.698 521.992 402.288 7.127 3.754 268.299 302.220 158.728 

𝐾5𝑘6 101.050 139.156 102.896 110.434 131.221 134.217 114.038 129.843 

𝑘7 1.226 1.209 1.193 1.215 1.425 1.201 1.221 1.213 

𝐾𝐻 0.017 0.015 0.017 0.018 0.017 0.017 0.017 0.017 

𝑘10,   2 43.341 39.763 37.880 43.373 53.771 38.654 38.358 37.622 

𝑓𝑘10,   3
 2.679 2.716 2.981 2.613 2.306 2.886 2.937 2.900 

𝑓𝑘10,   4
 2.080 2.064 2.500 2.168 1.801 2.399 2.226 2.347 

𝑓𝑘10,   5
 1.192 1.488 1.617 1.525 1.310 1.730 1.640 1.806 

𝑓𝑘10,   6
 1.408 1.242 1.396 0.979 0.846 1.170 1.467 1.221 

𝑓𝑘10,   7
 0.808 1.570 1.161 1.208 0.918 1.034 1.378 1.374 

𝑘11,   2 1.412 1.370 1.369 1.455 1.684 1.380 1.353 1.381 

𝑓𝑘11,   3
 4.071 4.127 4.354 3.552 3.864 3.450 3.834 3.639 

𝑓𝑘11,   4
 29.813 30.990 30.216 28.829 29.154 30.501 31.615 29.659 

𝑓𝑘11,   5
 18.231 18.491 17.761 17.555 18.371 17.995 18.376 17.567 

𝑓𝑘11,   6
 11.175 11.591 11.068 11.045 11.228 11.612 11.708 11.471 

𝑓𝑘11,   7
 6.582 6.685 6.469 6.968 6.739 6.483 6.998 7.050 

𝑘𝑊 1543.778 1538.608 1536.743 1532.913 1510.917 1532.676 1539.524 1537.510 

𝑘𝐴𝐷 2.695E+06 1.825E+06 2.117E+06 2.486E+06 4.752E+06 2.064E+06 2.142E+06 2.701E+06 
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𝑘𝐿(1) 14.612 14.414 14.589 14.345 13.927 14.652 14.445 14.511 

𝑘𝐿(2) 1.517 1.524 1.451 1.488 1.627 1.458 1.484 1.456 

𝑘𝐿(3) 0.739 0.751 0.555 0.581 0.580 0.624 0.616 0.674 

𝑘𝐿(4) 0.545 0.515 0.611 0.584 0.475 0.507 0.435 0.506 

𝑘𝐿(5) 0.499 0.453 0.498 0.520 0.459 0.479 0.368 0.344 

𝑘𝐶(2) 124.392 130.760 137.390 121.789 114.376 128.950 135.641 136.832 

𝑘𝐶(3) 41.122 41.521 41.152 44.016 42.495 44.329 44.473 44.147 

𝑘𝐶(4) 9.343 9.362 9.536 9.561 9.233 9.212 9.251 9.701 

𝑘𝐶(5) 0.566 0.594 0.613 0.598 0.594 0.583 0.586 0.619 

𝑘𝐶(6) 0.496 0.491 0.491 0.489 0.517 0.509 0.383 0.500 

𝑚𝐿𝑐 0.022 0.015 0.020 0.022 0.015 0.016 0.019 0.019 

γ 0.201 0.188 0.212 0.203 0.184 0.207 0.210 0.202 

∆𝐻𝐾1
 -125.962 -124.214 -70.641 -156.683 -168.117 -123.117 -102.272 -124.844 

𝐸𝑘2
 96.912 99.598 113.568 113.550 70.706 106.578 113.163 111.930 

∆𝐻𝐾2 𝑎𝑝𝑝

𝐾1

 
-151.749 -166.603 -150.162 -136.931 -157.767 -153.221 -156.731 -150.607 

𝐸𝑘3
 26.989 75.477 97.292 21.425 8.619 21.296 94.565 72.548 

𝐸𝑘4
 640.496 45.657 668.312 350.504 403.088 684.462 663.424 311.446 

∆𝐻𝐾5𝑘6
 184.053 175.880 107.909 281.978 185.125 193.944 171.658 158.199 

𝐸𝑘7
 404.331 415.915 414.189 410.150 379.960 415.658 413.692 409.870 

∆𝐻𝐾𝐻
 -35.435 -33.999 -18.505 -10.280 -51.983 -22.450 -18.218 -19.506 

𝐸𝑘10,   2
 662.096 637.736 697.208 588.683 553.949 692.404 663.012 652.110 

𝐸𝑘10,   3
 422.980 410.303 423.118 419.283 384.232 411.924 411.848 405.902 

𝐸𝑘10,   4
 1574.594 1611.140 1557.209 1577.599 1578.738 1587.690 1619.569 1610.984 

𝐸𝑘10,   5
 2637.616 2587.311 2561.784 2548.928 2543.655 2539.137 2566.270 2531.672 

𝐸𝑘10,   6
 2205.032 2280.023 2239.957 2326.312 2318.286 2304.460 2234.155 2295.421 

𝐸𝑘10,   7
 1706.769 1513.495 1614.600 1583.031 1622.221 1676.388 1569.336 1585.231 

𝐸𝑘11,   2
 278.656 277.858 281.748 268.933 209.257 283.386 288.708 268.205 

𝐸𝑘11,   3
 380.410 386.591 373.695 408.342 347.006 422.590 395.590 409.309 

𝐸𝑘11,   4
 349.607 355.404 355.797 350.266 321.661 350.178 353.581 350.481 

𝐸𝑘11,   5
 343.603 347.688 355.415 350.904 327.325 350.945 349.772 341.042 

𝐸𝑘11,   6
 324.815 320.725 332.736 334.394 311.060 334.534 329.700 326.599 

𝐸𝑘11,   7
 310.693 325.316 319.196 305.974 274.605 309.743 316.822 317.535 

𝐸𝑘𝑊
 86.416 87.865 86.099 86.537 85.772 87.598 85.619 85.863 

𝐸𝑘𝐴𝐷
 41.840 41.840 41.840 41.840 41.840 41.840 29.036 41.840 

𝐸𝑘𝐿1
 193.165 194.508 190.361 190.707 188.497 191.719 192.482 191.048 

𝐸𝑘𝐿2
 117.687 118.082 109.046 118.723 132.755 116.278 106.816 109.613 

𝐸𝑘𝐿3
 170.121 132.360 122.301 97.680 91.488 109.482 125.412 138.372 

𝐸𝑘𝐿4
 161.676 112.401 148.455 164.520 141.525 135.661 158.405 132.716 

𝐸𝑘𝐿5
 155.030 144.202 168.020 156.679 132.206 106.258 238.257 338.554 

𝐸𝑘𝐶2
 59.639 76.605 48.977 100.551 136.159 62.029 59.807 82.609 

𝐸𝑘𝐶3
 72.053 88.622 88.891 78.188 89.372 91.900 94.327 90.213 

𝐸𝑘𝐶4
 46.597 53.611 59.156 54.476 61.385 63.549 60.941 55.712 
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𝐸𝑘𝐶5
 3.946 0.777 0.367 1.096 1.036 4.293 7.072 0.442 

𝐸𝑘𝐶6
 3.455 18.959 30.488 20.443 0.723 0.195 109.734 12.591 

𝑃𝑊
160(0.0005) 10.001 10.020 10.000 10.389 11.282 10.110 10.000 10.490 

𝑃𝑊
160(0.02) 718.893 1236.479 1165.768 1332.426 817.289 870.920 893.179 1228.849 

𝑓𝑃𝑊
185(0.0005) 1.500 1.501 1.501 1.586 1.564 1.516 1.500 1.506 

𝑓𝑃𝑊
185(0.02) 4.000 4.000 4.000 4.000 4.000 4.000 3.889 4.000 

 

V-E – MC Study - Designing Two New Experiments 

Table V5: Selected operating conditions for two new experiments – MC study 

No. 
1st experiment 2nd experiment 

T (C̊) [cat]wt% [W]wt% T (C̊) [cat]wt% [W]wt% 

1 185.0 0.30 9.85 178.6 0.30 4.58 

2 185.0 0.05 9.57 185.0 0.29 9.91 

3 185.0 0.11 9.66 185.0 0.28 8.30 

4 184.5 0.05 8.00 185.0 0.25 9.82 

5 184.0 0.21 4.07 185.0 0.22 8.37 

6 184.2 0.12 9.07 185.0 0.27 9.21 

7 184.7 0.05 9.18 185.0 0.27 9.63 

8 185.0 0.05 0.11 184.4 0.28 0.03 

 

Table V6: Synthetic new parameter estimates obtained using additional data from 2 new designed experiments 

Parameter 
Parameter Estimates 

Set 1 Set 2 Set 3 Set 4 Set 5 Set 6 Set 7 Set 8 

𝐾1 1.000 1.001 1.006 1.241 1.102 1.090 1.011 1.018 

𝑘2 0.054 0.053 0.054 0.053 0.053 0.054 0.054 0.055 
𝐾2 𝑎𝑝𝑝

𝐾1
 0.498 0.470 0.492 0.479 0.478 0.496 0.478 0.502 

𝑘3 0.954 1.053 1.095 1.194 1.322 1.147 1.030 1.066 

𝑘4 402.379 379.104 338.644 200.944 226.802 556.698 859.403 531.017 

𝐾5𝑘6 120.563 56.472 129.659 112.798 98.746 113.094 109.393 81.159 

𝑘7 1.217 1.207 1.175 1.212 1.229 1.207 1.189 1.194 

𝐾𝐻 0.017 0.017 0.017 0.017 0.017 0.017 0.017 0.018 

𝑘10,   2 37.648 39.070 39.505 38.351 43.567 38.124 41.436 38.094 

𝑓𝑘10,   3
 2.942 2.704 2.725 2.916 2.445 2.868 2.685 2.786 

𝑓𝑘10,   4
 2.307 2.083 2.543 2.455 1.942 2.406 1.926 2.284 

𝑓𝑘10,   5
 1.639 1.567 1.596 1.668 1.488 1.628 1.457 1.610 

𝑓𝑘10,   6
 1.441 1.204 1.238 1.272 1.281 1.322 1.374 1.335 

𝑓𝑘10,   7
 1.201 1.658 0.977 1.321 0.721 1.048 1.119 1.216 

𝑘11,   2 1.346 1.389 1.396 1.316 1.451 1.404 1.398 1.329 

𝑓𝑘11,   3
 3.954 4.071 4.065 3.909 3.687 3.894 3.657 3.843 
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𝑓𝑘11,   4
 31.194 30.679 29.217 31.757 30.079 29.919 29.898 30.585 

𝑓𝑘11,   5
 18.490 17.924 16.888 19.103 17.940 17.853 17.362 18.212 

𝑓𝑘11,   6
 11.783 11.832 10.834 11.939 10.532 11.396 11.692 11.549 

𝑓𝑘11,   7
 6.866 6.565 6.509 7.634 6.863 6.517 7.172 7.070 

𝑘𝑊 1542.595 1536.450 1539.358 1534.173 1543.903 1532.557 1544.083 1545.164 

𝑘𝐴𝐷 2.113E+06 3.585E+06 2.348E+06 1.569E+06 2.137E+06 2.472E+06 1.984E+06 3.838E+06 

𝑘𝐿(1) 14.599 14.503 14.628 14.452 14.443 14.513 14.562 14.631 

𝑘𝐿(2) 1.495 1.500 1.427 1.500 1.654 1.553 1.496 1.518 

𝑘𝐿(3) 0.518 0.756 0.531 0.582 0.571 0.666 0.597 0.686 

𝑘𝐿(4) 0.404 0.531 0.656 0.527 0.461 0.597 0.505 0.491 

𝑘𝐿(5) 0.261 0.503 0.481 0.455 0.201 0.431 0.482 0.364 

𝑘𝐶(2) 137.657 135.312 130.741 139.116 123.870 132.191 123.475 136.454 

𝑘𝐶(3) 43.313 42.915 42.459 43.840 44.263 43.438 43.706 43.797 

𝑘𝐶(4) 9.307 9.502 9.459 9.399 9.273 9.457 9.304 9.532 

𝑘𝐶(5) 0.582 0.606 0.607 0.579 0.587 0.601 0.601 0.594 

𝑘𝐶(6) 0.364 0.442 0.462 0.348 0.392 0.431 0.434 0.412 

𝑚𝐿𝑐 0.020 0.021 0.021 0.021 0.019 0.021 0.020 0.020 

γ 0.207 0.202 0.212 0.210 0.205 0.201 0.214 0.206 

∆𝐻𝐾1
 -82.127 -139.684 -61.824 -129.640 -119.861 -103.530 -20.418 -108.882 

𝐸𝑘2
 114.809 93.140 109.753 106.803 110.322 112.579 119.276 119.484 

∆𝐻𝐾2 𝑎𝑝𝑝

𝐾1

 
-155.859 -156.377 -150.673 -147.830 -151.911 -162.031 -138.622 -148.143 

𝐸𝑘3
 119.378 90.471 62.718 46.034 18.684 63.373 44.441 83.138 

𝐸𝑘4
 618.666 463.732 641.105 633.526 667.752 713.713 724.842 256.188 

∆𝐻𝐾5𝑘6
 198.401 162.547 123.732 11.252 187.851 196.335 189.437 192.872 

𝐸𝑘7
 409.157 408.597 421.925 415.498 405.223 411.402 423.467 412.364 

∆𝐻𝐾𝐻
 -18.377 -41.168 -24.288 -21.087 -21.439 -18.458 -15.892 -12.746 

𝐸𝑘10,   2
 746.371 737.456 730.176 752.333 706.254 770.201 637.035 765.303 

𝐸𝑘10,   3
 410.703 401.886 425.720 420.629 401.822 413.070 421.868 408.991 

𝐸𝑘10,   4
 1608.363 1616.569 1550.315 1581.649 1611.318 1584.643 1642.493 1607.793 

𝐸𝑘10,   5
 2568.932 2567.387 2560.267 2556.779 2540.376 2562.358 2580.247 2564.191 

𝐸𝑘10,   6
 2239.281 2286.943 2276.819 2282.380 2227.713 2265.371 2225.869 2256.983 

𝐸𝑘10,   7
 1630.096 1505.238 1683.536 1584.763 1755.988 1682.972 1614.753 1603.475 

𝐸𝑘11,   2
 298.818 298.335 292.926 299.375 277.835 303.349 282.919 292.232 

𝐸𝑘11,   3
 389.053 375.670 374.046 404.228 385.640 388.110 409.489 397.558 

𝐸𝑘11,   4
 351.443 350.976 361.226 353.806 344.023 346.830 360.556 353.399 

𝐸𝑘11,   5
 346.438 340.889 358.770 352.361 342.715 349.307 357.528 343.674 

𝐸𝑘11,   6
 332.095 320.547 338.640 335.358 322.798 333.078 342.437 326.180 

𝐸𝑘11,   7
 314.025 320.666 328.174 309.699 292.645 310.173 332.190 315.635 

𝐸𝑘𝑊
 86.513 86.392 86.095 86.097 86.771 87.816 85.041 86.223 

𝐸𝑘𝐴𝐷
 36.692 41.840 41.840 41.840 41.840 41.840 41.840 41.840 

𝐸𝑘𝐿1
 192.429 194.670 190.932 190.882 191.886 191.937 193.494 191.881 

𝐸𝑘𝐿2
 117.271 116.174 106.970 119.212 133.652 123.541 105.401 114.091 
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𝐸𝑘𝐿3
 136.947 131.737 117.550 102.015 88.358 116.213 116.951 137.648 

𝐸𝑘𝐿4
 229.567 116.678 150.157 154.069 139.134 162.748 134.727 130.084 

𝐸𝑘𝐿5
 409.029 158.223 164.957 200.983 455.359 112.592 179.569 197.406 

𝐸𝑘𝐶2
 15.939 16.701 30.011 15.741 53.097 12.352 87.095 21.135 

𝐸𝑘𝐶3
 88.908 91.545 92.433 81.405 91.541 88.848 90.987 89.242 

𝐸𝑘𝐶4
 55.700 51.535 56.216 53.239 58.271 63.696 61.952 51.484 

𝐸𝑘𝐶5
 6.448 2.578 0.963 6.923 10.086 5.584 2.019 2.041 

𝐸𝑘𝐶6
 116.205 51.981 41.013 131.744 103.953 62.702 46.871 79.711 

𝑃𝑊
160(0.0005) 10.002 10.000 10.041 10.295 10.000 10.000 10.007 10.012 

𝑃𝑊
160(0.02) 994.965 1030.145 724.340 949.216 1062.983 1114.737 1032.002 1531.319 

𝑓𝑃𝑊
185(0.0005) 1.500 1.500 1.502 1.513 1.500 1.500 1.500 1.537 

𝑓𝑃𝑊
185(0.02) 3.936 4.000 4.000 4.000 4.000 4.000 4.000 4.000 

 

V-F – MC Study - Simulating One Corner Experiment 

Table V7: Synthetic new parameter estimates obtained using additional data from one corner experiments 

Parameter 
Parameter Estimates 

Set 1 Set 2 Set 3 Set 4 Set 5 Set 6 Set 7 Set 8 

𝐾1 2.181 1.027 2.619 1.000 1.550 1.233 1.054 1.001 

𝑘2 0.045 0.053 0.056 0.055 0.052 0.053 0.044 0.051 
𝐾2 𝑎𝑝𝑝

𝐾1
 0.415 0.439 0.483 0.484 0.417 0.474 0.409 0.462 

𝑘3 1.275 1.019 1.566 1.094 1.309 0.934 1.046 1.093 

𝑘4 294.180 299.397 249.322 6.479 18.386 499.807 111.634 241.965 

𝐾5𝑘6 56.539 100.650 90.437 131.348 114.336 115.164 101.674 100.580 

𝑘7 1.209 1.199 1.246 1.193 1.370 1.208 1.246 1.189 

𝐾𝐻 0.013 0.017 0.017 0.018 0.017 0.017 0.014 0.016 

𝑘10,   2 38.971 44.671 40.021 42.008 47.699 38.909 45.777 37.489 

𝑓𝑘10,   3
 2.917 2.277 2.881 2.523 2.463 2.944 2.498 2.878 

𝑓𝑘10,   4
 2.393 1.945 2.892 2.381 1.952 2.349 1.838 2.308 

𝑓𝑘10,   5
 1.202 1.478 1.866 1.650 1.505 1.672 1.406 1.761 

𝑓𝑘10,   6
 1.568 1.084 1.147 1.349 1.006 1.135 1.371 1.289 

𝑓𝑘10,   7
 1.152 1.740 1.811 1.234 1.076 1.038 1.328 1.358 

𝑘11,   2 1.278 2.031 1.587 1.453 1.780 1.384 1.487 1.360 

𝑓𝑘11,   3
 4.515 2.700 4.066 3.583 3.561 3.551 3.446 3.734 

𝑓𝑘11,   4
 32.174 20.500 25.923 26.493 26.885 30.751 29.381 29.497 

𝑓𝑘11,   5
 20.783 11.748 14.112 16.657 16.313 18.316 16.747 17.291 

𝑓𝑘11,   6
 12.349 7.995 10.073 9.038 10.234 12.101 10.699 11.312 

𝑓𝑘11,   7
 5.949 3.813 3.031 6.994 5.955 6.445 6.445 6.943 

𝑘𝑊 1536.789 1530.186 1516.948 1521.293 1518.525 1535.926 1538.840 1538.233 

𝑘𝐴𝐷 6.290E+06 3.053E+06 1.590E+06 2.315E+06 1.598E+06 2.066E+06 3.397E+06 3.806E+06 

𝑘𝐿(1) 14.440 14.103 14.654 14.346 13.983 14.685 14.244 14.510 
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𝑘𝐿(2) 1.536 1.560 1.443 1.503 1.670 1.465 1.469 1.447 

𝑘𝐿(3) 0.821 0.856 0.524 0.565 0.609 0.618 0.667 0.695 

𝑘𝐿(4) 0.676 0.650 0.675 0.734 0.557 0.530 0.424 0.535 

𝑘𝐿(5) 0.585 0.586 0.573 0.493 0.436 0.468 0.457 0.435 

𝑘𝐶(2) 139.281 108.612 135.855 122.686 121.640 130.062 114.793 135.759 

𝑘𝐶(3) 41.191 45.156 41.460 46.721 44.384 43.336 45.369 43.383 

𝑘𝐶(4) 9.410 9.659 9.899 10.476 9.694 9.220 9.292 9.917 

𝑘𝐶(5) 0.536 0.695 1.200 0.838 0.629 0.591 0.599 0.631 

𝑘𝐶(6) 0.548 0.695 0.771 1.054 0.543 0.509 0.490 0.516 

𝑚𝐿𝑐 0.019 0.020 0.021 0.026 0.020 0.018 0.020 0.018 

γ 0.188 0.177 0.226 0.208 0.190 0.208 0.200 0.201 

∆𝐻𝐾1
 54.670 -28.555 1.737 -133.230 -154.010 -123.280 -122.505 -128.399 

𝐸𝑘2
 124.471 103.310 82.354 81.966 99.527 104.119 109.487 110.524 

∆𝐻𝐾2 𝑎𝑝𝑝

𝐾1

 -128.499 -182.208 -143.123 -131.756 -156.968 -154.798 -166.729 -147.875 

𝐸𝑘3
 33.031 71.479 110.627 7.325 11.813 1.065 69.155 83.379 

𝐸𝑘4
 650.254 665.740 62.414 368.925 518.264 747.561 1167.788 315.452 

∆𝐻𝐾5𝑘6
 189.183 -159.116 207.889 175.401 205.072 190.872 295.732 161.574 

𝐸𝑘7
 415.110 421.881 433.300 422.113 386.633 413.208 413.142 409.217 

∆𝐻𝐾𝐻
 -12.699 -35.677 -57.673 -48.931 -25.151 -24.369 -19.305 -20.794 

𝐸𝑘10,   2
 597.722 609.760 564.199 509.108 551.987 719.900 483.127 656.871 

𝐸𝑘10,   3
 428.583 409.573 434.036 419.614 388.004 413.561 411.197 406.466 

𝐸𝑘10,   4
 1615.218 914.247 1313.078 1112.945 1592.294 1580.204 1627.298 1586.500 

𝐸𝑘10,   5
 2200.417 1964.546 871.932 1337.580 2531.215 2543.587 2564.429 2533.372 

𝐸𝑘10,   6
 3486.977 2738.500 1822.970 2232.588 2295.908 2302.338 2204.968 2270.625 

𝐸𝑘10,   7
 1384.320 1052.963 651.472 781.579 1612.219 1663.585 1524.064 1594.058 

𝐸𝑘11,   2
 240.719 292.144 224.855 244.458 216.853 288.248 228.664 264.755 

𝐸𝑘11,   3
 409.618 394.113 392.059 435.076 356.345 417.958 401.706 412.061 

𝐸𝑘11,   4
 355.597 363.394 362.002 350.801 329.372 348.982 355.637 349.500 

𝐸𝑘11,   5
 355.193 349.663 355.159 354.828 330.544 351.204 350.667 338.085 

𝐸𝑘11,   6
 331.832 332.804 342.574 318.970 317.719 337.886 329.367 323.854 

𝐸𝑘11,   7
 293.623 317.284 269.780 319.549 277.557 307.177 318.429 314.595 

𝐸𝑘𝑊
 86.279 86.613 83.864 84.626 85.976 87.875 84.761 85.908 

𝐸𝑘𝐴𝐷
 41.840 41.840 41.840 41.840 41.840 41.840 41.840 41.840 

𝐸𝑘𝐿1
 193.600 192.403 192.572 192.372 189.294 192.373 191.303 190.884 

𝐸𝑘𝐿2
 118.867 119.996 110.353 118.378 136.021 116.932 103.113 108.521 

𝐸𝑘𝐿3
 186.232 148.297 110.706 91.976 96.936 107.773 128.877 139.854 

𝐸𝑘𝐿4
 197.508 150.121 150.665 234.213 164.543 137.624 110.468 135.345 

𝐸𝑘𝐿5
 193.811 206.180 157.495 137.366 129.153 100.874 160.763 236.624 

𝐸𝑘𝐶2
 133.954 105.618 172.741 162.596 148.218 47.060 179.599 84.385 

𝐸𝑘𝐶3
 73.355 96.506 89.045 84.651 93.437 88.359 95.048 87.769 

𝐸𝑘𝐶4
 48.934 51.510 59.297 60.105 63.348 62.669 60.436 57.964 

𝐸𝑘𝐶5
 2.449 4.849 17.167 37.674 1.210 2.167 2.339 0.702 
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𝐸𝑘𝐶6
 2.552 21.209 28.982 54.042 0.385 0.487 28.743 7.909 

𝑃𝑊
160(0.0005) 16.808 12.239 20.212 26.563 10.259 10.000 10.000 10.005 

𝑃𝑊
160(0.02) 132.474 1713.763 658.102 796.816 1588.489 1649.652 911.703 1079.115 

𝑓𝑃𝑊
185(0.0005) 4.779 2.277 4.737 3.735 1.515 1.500 1.500 1.531 

𝑓𝑃𝑊
185(0.02) 4.000 4.000 4.000 4.000 4.000 4.000 4.000 4.000 

 

V-G – MC Study - Simulating Two Corner Experiments 

Table V8: Synthetic new parameter estimates obtained using additional data from one corner experiments 

Parameter 
Parameter Estimates 

Set 1 Set 2 Set 3 Set 4 Set 5 Set 6 Set 7 Set 8 

𝐾1 1.384 1.000 1.296 1.463 1.324 1.113 1.012 1.019 

𝑘2 0.049 0.051 0.058 0.052 0.050 0.055 0.043 0.053 
𝐾2 𝑎𝑝𝑝

𝐾1
 0.452 0.455 0.509 0.457 0.428 0.477 0.402 0.490 

𝑘3 1.251 0.988 1.495 1.034 1.251 1.109 1.051 0.964 

𝑘4 34.162 120.832 9.631 382.514 347.907 420.006 136.678 403.277 

𝐾5𝑘6 101.992 56.044 78.928 175.914 125.336 140.255 95.496 138.983 

𝑘7 1.174 1.207 1.222 1.230 1.279 1.207 1.234 1.210 

𝐾𝐻 0.015 0.016 0.019 0.017 0.016 0.017 0.014 0.017 

𝑘10,   2 37.192 37.608 44.226 42.146 45.239 37.837 46.045 37.314 

𝑓𝑘10,   3
 2.966 2.826 2.574 2.734 2.448 3.003 2.448 2.951 

𝑓𝑘10,   4
 2.425 2.191 2.467 2.178 1.941 2.394 1.795 2.304 

𝑓𝑘10,   5
 1.240 1.590 1.388 1.502 1.472 1.780 1.378 1.663 

𝑓𝑘10,   6
 1.615 1.318 0.985 1.031 1.049 1.212 1.361 1.423 

𝑓𝑘10,   7
 1.195 1.640 0.959 1.144 1.034 1.071 1.322 1.256 

𝑘11,   2 1.252 1.342 1.455 1.406 1.625 1.425 1.497 1.347 

𝑓𝑘11,   3
 4.552 4.224 4.024 3.787 3.552 3.590 3.383 3.875 

𝑓𝑘11,   4
 31.977 31.524 28.763 30.630 27.318 30.283 29.099 30.974 

𝑓𝑘11,   5
 20.530 18.986 17.247 18.874 16.690 17.565 16.544 18.330 

𝑓𝑘11,   6
 12.205 12.427 11.129 11.767 10.173 11.328 10.579 11.737 

𝑓𝑘11,   7
 5.855 6.744 6.332 7.438 6.236 6.427 6.381 6.881 

𝑘𝑊 1539.127 1541.854 1527.527 1539.261 1534.126 1522.877 1540.705 1542.605 

𝑘𝐴𝐷 1.852E+06 1.475E+06 1.404E+06 3.414E+06 2.127E+06 2.426E+06 5.573E+06 2.098E+06 

𝑘𝐿(1) 14.484 14.369 14.466 14.319 14.293 14.510 14.195 14.551 

𝑘𝐿(2) 1.539 1.524 1.412 1.493 1.712 1.495 1.484 1.486 

𝑘𝐿(3) 0.813 0.751 0.529 0.591 0.583 0.679 0.671 0.533 

𝑘𝐿(4) 0.679 0.483 0.552 0.620 0.503 0.595 0.426 0.417 

𝑘𝐿(5) 0.589 0.489 0.564 0.515 0.341 0.519 0.452 0.251 

𝑘𝐶(2) 141.400 137.690 121.869 128.790 118.804 132.526 113.367 137.449 

𝑘𝐶(3) 41.349 42.552 42.141 43.528 43.407 43.210 45.800 43.249 

𝑘𝐶(4) 9.516 9.548 9.430 9.593 9.380 9.256 9.313 9.367 
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𝑘𝐶(5) 0.550 0.598 0.593 0.586 0.602 0.602 0.603 0.585 

𝑘𝐶(6) 0.561 0.488 0.510 0.478 0.528 0.500 0.509 0.368 

𝑚𝐿𝑐 0.021 0.020 0.021 0.022 0.018 0.020 0.021 0.019 

γ 0.192 0.192 0.208 0.204 0.193 0.200 0.198 0.206 

∆𝐻𝐾1
 82.061 -86.284 -87.985 -134.634 -88.555 -113.943 -87.894 -76.630 

𝐸𝑘2
 108.358 102.335 103.161 99.929 110.067 88.547 109.673 112.858 

∆𝐻𝐾2 𝑎𝑝𝑝

𝐾1

 
-134.881 -168.121 -148.240 -156.548 -157.284 -166.771 -173.068 -157.392 

𝐸𝑘3
 18.356 74.817 105.639 39.486 15.385 41.144 44.202 107.815 

𝐸𝑘4
 387.627 274.296 27.788 736.270 20.469 741.346 229.406 403.408 

∆𝐻𝐾5𝑘6
 163.040 -29.963 189.084 159.587 156.917 -504.687 175.310 181.740 

𝐸𝑘7
 405.534 414.277 417.056 412.648 404.904 414.379 416.540 408.458 

∆𝐻𝐾𝐻
 -32.915 -34.436 -30.480 -26.238 -23.251 -45.333 -21.265 -21.215 

𝐸𝑘10,   2
 560.228 629.774 569.841 751.875 576.295 703.618 475.210 736.351 

𝐸𝑘10,   3
 420.130 408.148 423.243 422.185 402.805 414.480 411.840 407.636 

𝐸𝑘10,   4
 1833.720 1619.198 1531.728 1582.098 1617.369 1584.580 1634.397 1604.614 

𝐸𝑘10,   5
 2087.637 2583.554 2583.604 2563.428 2546.983 2539.565 2569.405 2563.536 

𝐸𝑘10,   6
 2999.430 2270.685 2324.128 2319.417 2292.849 2300.789 2205.359 2243.255 

𝐸𝑘10,   7
 1532.598 1553.250 1668.881 1607.347 1617.852 1683.743 1524.659 1610.741 

𝐸𝑘11,   2
 224.283 279.096 231.124 304.862 236.380 287.216 223.576 296.276 

𝐸𝑘11,   3
 399.004 383.142 365.033 410.449 372.465 414.929 401.572 394.855 

𝐸𝑘11,   4
 348.075 355.945 354.570 353.901 340.187 352.406 355.015 350.773 

𝐸𝑘11,   5
 347.266 349.943 356.013 356.109 341.560 351.442 349.452 344.619 

𝐸𝑘11,   6
 324.157 328.911 336.172 338.965 324.487 335.383 327.972 330.260 

𝐸𝑘11,   7
 285.513 325.456 319.550 310.111 289.995 312.629 317.161 312.966 

𝐸𝑘𝑊
 85.623 86.788 85.339 86.569 87.294 86.769 86.221 86.489 

𝐸𝑘𝐴𝐷
 41.840 41.840 41.840 41.840 41.840 41.840 41.840 35.022 

𝐸𝑘𝐿1
 193.543 192.660 191.724 190.502 191.490 191.339 190.503 191.904 

𝐸𝑘𝐿2
 119.808 117.098 107.819 118.126 136.694 118.917 111.240 116.155 

𝐸𝑘𝐿3
 175.258 131.679 112.608 97.049 88.898 117.905 127.447 131.688 

𝐸𝑘𝐿4
 191.667 103.993 126.705 166.933 144.767 160.002 111.165 221.601 

𝐸𝑘𝐿5
 197.050 174.112 155.946 163.066 95.548 120.190 158.999 418.784 

𝐸𝑘𝐶2
 150.330 76.226 134.746 3.562 135.164 57.279 189.378 20.777 

𝐸𝑘𝐶3
 72.793 90.216 91.167 75.805 91.241 87.155 97.520 89.733 

𝐸𝑘𝐶4
 47.921 52.891 54.841 53.911 60.621 60.759 62.060 56.035 

𝐸𝑘𝐶5
 7.010 3.897 0.286 10.065 1.823 3.633 1.558 6.370 

𝐸𝑘𝐶6
 1.646 23.123 3.131 30.534 0.723 9.334 17.711 115.454 

𝑃𝑊
160(0.0005) 11.700 10.112 10.428 10.227 10.351 10.037 10.000 10.000 

𝑃𝑊
160(0.02) 1340.279 1361.685 703.854 1203.526 1656.176 1471.665 769.493 957.571 

𝑓𝑃𝑊
185(0.0005) 6.331 1.533 1.659 1.517 1.618 1.504 1.500 1.500 

𝑓𝑃𝑊
185(0.02) 4.000 4.000 4.000 4.000 4.000 4.000 4.000 3.992 
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V-H – MC Study – Improvements in Parameter Estimates 

V9. Percentage improvement in RMSE of parameters estimates 

Parameter 

∆RMSE (%) 

MBDOE Corner 

1 run 2 runs 1 run 2 runs 

𝐾1 64.1 89.5 15.1 70.3 

𝑘2 59.2 89.4 7.6 9.4 
𝐾2 𝑎𝑝𝑝

𝐾1
 40.6 78.0 23.2 33.6 

𝑘3 35.9 41.2 13.0 22.6 

𝑘4 29.5 46.7 33.3 35.2 

𝐾5𝑘6 84.1 66.7 66.9 58.7 

𝑘7 32.5 77.9 47.7 74.1 

𝐾𝐻 53.3 81.1 42.6 66.3 

𝑘10,   2 32.7 43.0 -16.0 8.0 

𝑓𝑘10,   3
 58.9 88.1 50.3 68.1 

𝑓𝑘10,   4
 22.4 16.0 0.8 -12.3 

𝑓𝑘10,   5
 21.1 30.1 2.0 14.5 

𝑓𝑘10,   6
 37.1 34.1 1.7 26.7 

𝑓𝑘10,   7
 14.3 26.5 -5.3 3.3 

𝑘11,   2 32.6 82.4 49.7 74.0 

𝑓𝑘11,   3
 62.9 86.2 48.7 68.1 

𝑓𝑘11,   4
 60.0 89.7 12.5 19.0 

𝑓𝑘11,   5
 42.3 61.4 24.4 37.2 

𝑓𝑘11,   6
 25.5 66.6 -2.5 35.8 

𝑓𝑘11,   7
 66.6 76.2 5.7 71.4 

𝑘𝑊 93.0 94.7 5.9 93.3 

𝑘𝐴𝐷 76.7 90.0 39.5 74.5 

𝑘𝐿(1) 23.7 67.5 33.8 41.3 

𝑘𝐿(2) 34.1 43.4 16.5 32.0 

𝑘𝐿(3) 25.4 28.0 -0.9 23.0 

𝑘𝐿(4) -0.7 54.4 3.5 0.5 

𝑘𝐿(5) 52.7 76.1 58.9 56.0 

𝑘𝐶(2) -9.1 -18.3 -31.0 10.3 

𝑘𝐶(3) 74.2 89.9 37.6 74.4 

𝑘𝐶(4) 59.8 78.8 23.9 51.4 

𝑘𝐶(5) 79.2 83.9 27.0 72.5 

𝑘𝐶(6) 85.3 79.4 21.1 67.4 

𝑚𝐿𝑐 77.9 72.6 7.5 60.9 

γ 85.5 82.4 10.6 70.6 

∆𝐻𝐾1
 60.6 70.1 46.4 54.1 

𝐸𝑘2
 63.3 81.8 62.1 73.6 
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∆𝐻𝐾2 𝑎𝑝𝑝

𝐾1

 
61.8 62.3 26.0 52.5 

𝐸𝑘3
 7.7 24.6 1.5 11.5 

𝐸𝑘4
 80.5 81.9 70.4 75.1 

∆𝐻𝐾5𝑘6
 89.1 78.3 61.6 43.0 

𝐸𝑘7
 41.3 58.9 26.9 70.8 

∆𝐻𝐾𝐻
 71.1 82.8 62.8 73.3 

𝐸𝑘10,   2
 34.5 75.0 -1.5 12.2 

𝐸𝑘10,   3
 25.2 41.0 11.4 46.2 

𝐸𝑘10,   4
 96.7 96.7 61.1 89.5 

𝐸𝑘10,   5
 97.6 99.2 41.3 87.2 

𝐸𝑘10,   6
 96.4 98.1 66.9 81.8 

𝐸𝑘10,   7
 94.2 92.9 50.1 94.1 

𝐸𝑘11,   2
 32.7 82.0 0.6 10.1 

𝐸𝑘11,   3
 42.6 69.4 34.6 56.5 

𝐸𝑘11,   4
 21.0 54.0 24.7 62.7 

𝐸𝑘11,   5
 27.8 40.4 24.1 50.5 

𝐸𝑘11,   6
 90.5 94.2 90.1 92.0 

𝐸𝑘11,   7
 91.4 93.5 87.4 91.9 

𝐸𝑘𝑊
 55.4 58.5 20.6 65.6 

𝐸𝑘𝐴𝐷
 - - - - 

𝐸𝑘𝐿1
 44.6 64.7 61.3 66.9 

𝐸𝑘𝐿2
 11.1 6.6 -3.2 14.3 

𝐸𝑘𝐿3
 17.9 31.3 1.0 13.1 

𝐸𝑘𝐿4
 -16.5 -12.3 -6.2 -12.8 

𝐸𝑘𝐿5
 8.7 19.7 5.8 8.3 

𝐸𝑘𝐶2
 46.7 77.0 5.5 21.2 

𝐸𝑘𝐶3
 -5.9 54.8 5.0 -14.0 

𝐸𝑘𝐶4
 26.4 38.0 29.6 33.9 

𝐸𝑘𝐶5
 68.8 76.6 18.8 75.1 

𝐸𝑘𝐶6
 1.6 50.2 -0.5 1.6 

𝑃𝑊
160(0.0005) 96.0 99.2 41.1 94.9 

𝑃𝑊
160(0.02) 62.7 63.3 10.7 38.2 

𝑓𝑃𝑊
185(0.0005) 98.0 99.3 0.7 7.3 

𝑓𝑃𝑊
185(0.02)

 
- - - - 

 

 

 

 

 


