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Abstract

Photonic crystal (PC) slabs are promising optical systems for manipulating the flow

of light on the nanoscale as a result of their combined in-plane lattice structure and

slab waveguide properties. By introducing a line defect to the two-dimensional lattice,

an efficient waveguide is formed that yields regions of fast and slow light. Although

conventional PC waveguides are relatively well understood and have been partly opti-

mized in terms of their intrinsic losses, they are prone to significant disorder-induced

backscattering and propagation losses. Topological PC slab waveguides have been

proposed as a means to help mitigate disorder-induced backscattering and offer ad-

ditional control of light-matter interactions. However, many topological structures

in optics are not yet well understood, due to being relatively new in the field of

nanophotonics. In this thesis, we first investigate the intrinsic losses of topological

PC slab waveguides using the semianalytical guided mode expansion method for per-

fectly periodic structures. We show that certain topological structures proposed in

the literature are in fact intrinsically very lossy, while other, more recent “valley Hall”

structures are able to achieve lossless propagation modes with good bandwidth. Sec-

ond, we study the role of structural disorder using a Bloch mode expansion technique,

which conveniently uses the solutions from the guided mode expansion as input. We

find that the disorder-induced modes and impact on the photonic density of states for

a topological structure is actually similar or worse than the W1 waveguide, and forms

cavity-like modes with very small mode volumes. Future work is required to investi-

gate how to mitigate the potential problems of disorder on these waveguides, and to

assess which structures are more robust when coupling to resonators and spin-charged

quantum emitters, where the topological waveguides show good promise.
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Chapter 1

Introduction

The fabrication of nanoscale devices has evolved significantly over the years, with a

trend of increasing integration and a small spatial footprint. This decrease in size

reduces the device’s power consumption and thus increases its overall efficiency, and

the integration with other components increases its applications. It is for this reason

that many companies in the electronics and optoelectronics industries tend to build

their devices as small as possible. This desire to fabricate smaller and more efficient

devices was predicted by Richard Feynman in his famous lecture “There’s Plenty of

Room at the Bottom”, in which Feynman discusses the control and manipulation of

matter on the nanoscale (Feynman 1960). The fabrication of such small devices was

a challenge back then, however today’s technology has allowed us to achieve this goal

through top-down and bottom-up nanofabrication techniques, such as lithography,

etching and deposition (Stepanova and Dew 2012; Betancourt and Brannon-Peppas

2006). These techniques have undoubtedly been optimized over the years thanks to

research in the field of nanotechnology, with today’s industries being able to manu-

facture precise designs on such a small scale.

These improving nanofabrication techniques have been exceptionally prevalent

in the photonics industry, thanks to the unique interactions that these nanoscale

devices have with light. This new branch of optics, known as nanophotonics, has
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challenged engineers and scientists to manipulate light in many innovative ways. No-

table nanophotonic devices these days have applications in medicine, energy, elec-

tronics and photonics, including integrated circuits, semiconductor quantum dots

and nanowires (Papadopoulos 2016; Cui 2017; Choy et al. 2014). Indeed, there has

also been much success in realizing and controlling a single photon source (Morozov

et al. 2020; Uppu et al. 2020; Tian et al. 2012; Yao et al. 2010). This ability to con-

trol light on the single photon scale has been revolutionary, impacting fundamental

optical research and emerging applications.

In this thesis, we investigate the properties of a certain class of nanophotonic

waveguide, using semiconductor photonic crystals (PCs), and specifically with prac-

tical photonic crystal slab (PCS) waveguides. In particular, we will study the complex

photonic band structure of a new class of PCS waveguide known as topological PCSs.

Topological PCS waveguides may allow the propagation of light without being overly

impacted by disorder or imperfections that would otherwise reflect it due to two ad-

jacent and topologically distinct lattice structures forming a topologically protected

waveguide at their interface. This possible immunity to disorder-induced backscatter-

ing differentiates it from conventional PC and PCS waveguide designs prone to this

backscattering, such as the W1 waveguide, which forms a waveguide from a line defect

(i.e., a single row of missing holes). We study both the intrinsic losses of different

topological designs and also assess how the photonic properties and band structure

change when structural disorder is accounted for in the PC lattice.

1.1 Photonic Crystals

Semiconductor PCs have become one of the most well-known structures to con-

trol the propagation and confinement of light within the past few decades. Pho-

tonic crystals are structures that have a periodic relative permittivity (dielectric con-

stant). Common semiconductor materials for fabricated PCs include silicon (Si) or

gallium arsenide (GaAs). The periodicity in the dielectric constant can be either one-

dimensional (1D), two-dimensional (2D) or three-dimensional (3D). Periodic PCs also



1.1. PHOTONIC CRYSTALS 3

Figure 1.1: Schematics of periodic photonic crystals in 1D, 2D and 3D, taken
from Joannopoulos 2008.

often appear in nature, with common examples being the structural colouration of iri-

descent butterfly wings, peacock feathers and beetle shells (Sun et al. 2013; Vigneron

and Simonis 2012; Biró et al. 2007; Zi et al. 2003). Figure 1.1 shows a simplified

diagram of how the periodicity in PCs can be arranged. Two excellent resources for

learning more about PCs are Joannopoulos 2008 and Sakoda 2005, which both give

in-depth descriptions of 1D, 2D and 3D PCs, as well as their applications.

The simplest example of a 1D PC consists of two alternating layers of materials

with different dielectric constants in one dimension, with the PC being homogeneous

in the two other dimensions. This type of PC is known as a multilayer film, which has

been investigated as early as the 19th century with simple Bragg reflectors (Patterson

2009; Chong et al. 1992). Similarly, a 2D PC has an in-plane periodicity and is

homogeneous in the out-of-plane dimension, such as periodic dielectric rods in air (Kee

et al. 1997). Finally, a 3D photonic crystal is periodic in all three spatial dimensions,

with an example being dielectric spheres in air (Kee et al. 1997). Notable research in

PCs, especially those in 2D and 3D, did not begin until the late 1980’s with research

by Yablonovitch 1987 and John 1987.

Even in 1D, we are able to discern one of the most important properties of PCs:

the formation of photonic band gaps (PBGs). Photonic band gaps are a frequency

range in which the PC prohibits the propagation of light in a certain direction due to
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destructive interference effects. These frequency ranges are typically seen in one or

two dimensions, however it is possible to engineer a PC such that the propagation of

a certain frequency range of light in all spatial directions is prohibited, known as a

complete photonic band gap (CPBG). These PBGs and CPBGs are extremely useful

for designing nanoscale waveguides or cavities when the propagation or confinement of

light is desired, respectively (Joannopoulos 2008; Yablonovitch 1993; Knight, Broeng,

et al. 1998; Ho et al. 1990; Yang 1999; Y. Zhang and B. Li 2006).

Today, PCs are found in a wide range of devices due to their usefulness in manipu-

lating light on the nanoscale. Arguably, PCs are most useful in their ability to control

and suppress spontaneous emission, which is applicable in improving the efficiency in

lasers or solar cells (le Feber et al. 2015; Yablonovitch 1987; Noda et al. 2007). Spon-

taneous emission control can partly be done using CPBGs, however a more practical

control is allowed in a slab configuration with a 2D lattice, which is discussed below.

Another common application to PCs is the introduction of defects within the lattice

structure, which can easily form waveguides (in the case of line defects) or cavities

(in the case of localized defects) (Ferrini et al. 2003; Notomi, Yamada, et al. 2001;

Akahane et al. 2003). Other examples of applications of PCs include reducing the

group velocity of light for applications of “slow light” on semiconductor chips (Krauss

2008; Baba 2008; Vlasov et al. 2005; B.-S. Song et al. 2005), achieving propagation of

light in optical fibres for telecommunications (Knight, Birks, et al. 1996; Frazão et al.

2008; Litchinitser et al. 2002) and applications in quantum computing due to their

interactions with quantum emitters (Chu et al. 2020; Langford et al. 2011; Nakamura

et al. 2004; Yoshie et al. 2004; Faraon et al. 2007).

1.1.1 Photonic Crystal Slabs

One particular type of 2D PC is the photonic crystal slab (PCS), which is arguably

the most practical and useful for integrated photonics. Unlike traditional 2D PCs

that are assumed to be homogeneous in the out-of-plane direction, PCSs have a finite

out-of-plane thickness; PCSs are a hybrid structure in that they combine the prop-

erties of 2D lattice structures, which control the in-plane propagation of light using
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Figure 1.2: Example 2D dielectric photonic crystal slab (PCS) arranged in a triangular
lattice pattern with slab thickness d = 0.57a and circular air holes of radius r = 0.25a. Its
photonic band structure is also shown, with the points of high symmetry, as well as the
light line, being indicated. This lattice structure forms a photonic band gap (PBG) between
ωa/2πc = 0.27 and ωa/2πc = 0.32. With a lattice constant of a = 240 nm, this PBG is of
62 THz, between 340 THz and 402 THz.

Bragg reflection, and slab waveguides, which control the vertical propagation of light

using total internal reflection (Sakoda 2005; Cartar 2017; Angelatos 2015). With a

finite thickness being considered, a PCS system now has three distinct layers: the

lower cladding, the core (containing the lattice structure) and the upper cladding. In

general, the cladding layers are treated as either air or a substrate (either semicon-

ductor or insulator), however it is possible to define an entirely new lattice structure

within the cladding layers.

One would ideally design a PCS such that light remains vertically confined via

total internal reflection (in other words, forming lossless guided modes), however if

light escapes the system into the claddings, the modes are lossy and can be termed

leakly modes or quasiguided (J. Hu and Menyuk 2009; Andreani and Gerace 2006;

Alpeggiani et al. 2017). The true guided modes within the slab’s core have no prop-

agation loss (in the absence of imperfections), and represent the same modes as in

a typical 2D PC, which are referred to as below the light line (and thus satisfy the
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Figure 1.3: Schematic of a W1 photonic crystal slab (PCS) waveguide (top). One row of
air holes is omitted; this line defect now acts as a waveguide for light. Scanning electron
microscope (SEM) images of the W1 waveguide are also shown, taken from Combrié et al.
2006 (bottom).

criterion for vertical confinement with respect to total internal reflection). Leaky

modes, on the other hand, describe the system’s intrinsic losses and are located above

the light line. Figure 1.2 shows an example 2D PCS and its photonic band structure

(dispersion), which shows the system’s frequencies ω as a function of Bloch wave

vector k. This example uses a triangular lattice of circular holes, with its dispersion

bands below the light line being guided and therefore lossless. The lossy modes above

the light line contain intrinsic losses and do not appear if the system were vertically

homogeneous. Additionally, we show a PBG that naturally forms from this system

between ωa/2πc = 0.27 and ωa/2πc = 0.32, where a is the lattice constant (pitch)

and c is the speed of light.

We can expand the idea of PCSs to include defects within the lattice structure.



1.1. PHOTONIC CRYSTALS 7

For example, if one were to include a line defect to the triangular lattice of circular

holes from Fig. 1.2 by removing one row of holes, the well-known W1 waveguide

would be obtained (Mann 2017; Combrié et al. 2006; Hugonin et al. 2007). It has

been shown that PCS waveguides and cavities perform extremely well at confining

and propagating light, even in the presence of disorder (Kuramochi et al. 2005; Rigal

et al. 2017; Vasco and Hughes 2018; Vasco and Hughes 2019; Crane et al. 2017; Z.

Zhang and Qiu 2004). We show in Fig. 1.3 a schematic of light propagating down a

W1 PCS waveguide, as well as some scanning electron microscope (SEM) images of

a fabricated W1 waveguide slab.

1.1.2 Topological Photonic Crystals

Recently, the research topic of topological photonics has emerged as a novel method

to engineer the flow of light, inspired by topological phases of matter in solid state

physics. Research in these solid state systems began in the 1980’s with the discovery

of the quantum Hall effect (Klitzing et al. 1980; von Klitzing 1986), which describes

how a 2D electron gas in the presence of a perpendicular magnetic field results in

a quantized Hall conductance equal to an integer multiple of e2/h, where e is the

charge of an electron and h is Planck’s constant. This integer multiple appearing in

the Hall conductance has been denoted as the Chern number, |C|, which is a “topo-

logical invariant” that describes the wave function of a system within its Brillouin

zone (Thouless et al. 1982; Kohmoto 1985). When two materials with different topo-

logical invariants are adjacent to one another and are put into contact, edge states are

formed, localized at the interface between the two bulk materials. These edge states

are at energies within the energy gap of the surrounding materials, which is referred to

as the “bulk-edge correspondance” (Qi et al. 2006; Hatsugai 1993a; Hatsugai 1993b).

Topological photonics uses the same idea as in topological electronic systems;

topological photonic structures form interfaces between two topologically distinct PC

lattice structures (i.e., different topological invariants) (Wang et al. 2020; M. Kim

et al. 2020; Ota et al. 2020; Xi et al. 2020; Lu, Joannopoulos, et al. 2014; Ozawa

et al. 2019). Conventional PC and PCS waveguide structures, on the other hand,
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use relatively simple designs (such as the line defect in the W1 waveguide), however

these designs are prone to disorder-induced backscattering (Verma et al. 2018; Gerace

and Andreani 2004; Minkov and Savona 2012; Gerace and Andreani 2005; Hughes

et al. 2005; Thomas and Houdré 2010; W. Song et al. 2010; Mann, Patterson, et al.

2015; Mohamed et al. 2018; Gerace and Andreani 2004). Topological photonic struc-

tures may help mitigate this issue of disorder-induced backscattering due to their

topologically protected edge state modes, which are of particular interest for PC and

PCS waveguides, as this immunity to structural disorder is able to allow scatter-free

propagation of light (Hafezi et al. 2013; Rechtsman et al. 2013; Wu and X. Hu 2015;

Paz et al. 2020; Barik, Karasahin, et al. 2018; Lu, Fang, et al. 2016). These topolog-

ical structures have also shown to have strong interactions with quantum emitters,

which shows them to be promising candidates for quantum technologies (Haldane and

Raghu 2008; Christiansen et al. 2019). Additionally, due to topological PC waveg-

uides being able to preserve their robustness even against tight bends, it has been

experimentally shown that the topologically non-trivial mode that is formed from

topological interfaces is significantly less prone to backscattering when coupled to a

ring resonator (Mehrabad et al. 2020). However, the intrinsic backscatter from the

waveguide modes has not really been reported in the literature in any systematic way.

Figure 1.4 shows an example of a topological PCS waveguide design by He et al.

2019, in which a 2D lattice design is affected by inversion symmetry. This particular

topological design shows to be quite promising at providing scatter-free propagation,

as seen in Figure 1.4, due to electromagnetic simulations showing the ability to eas-

ily bend beyond 90 degrees while retaining its high transmittance (He et al. 2019).

Although this is one example of a topological PC design, there has been a wide va-

riety of these topological designs having been proposed or fabricated within the past

years. Among other designs using inversion symmetry (Mann, Combrié, et al. 2013),

topological waveguides have also been shown to be formed using armchair or zigzag

interfaces (Anderson and Subramania 2017; Barik, Miyake, et al. 2016), as well as

straight interfaces (Shalaev et al. 2019).

The research on the optical properties of conventional waveguide designs have been



1.1. PHOTONIC CRYSTALS 9

Figure 1.4: Schematic of an example topological photonic crystal slab (PCS) waveguide
(top). The interface between two adjacent lattice structures acts as a waveguide, and
light propagates down this interface. Scanning electron microscope (SEM) images of three
variations of this design are shown (left), taken by He et al. 2019. Simulated electromagnetic
intensities (right) show that all three design variations confine the light to the interfaces
rather well and maintain high transmittance, despite the bends being above 90 degrees.
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greatly explored in recent years (Kuramochi et al. 2005; Patterson, Hughes, Schulz,

et al. 2009; Patterson, Hughes, Combrié, et al. 2009). However, due to topological

photonics being a relatively new field of research, there is much still unknown about

their properties. In particular, the intrinsic out-of-plane losses of topological PCS

structures are not well understood. To properly use these topological structures

to their full potential, it is essential to understand how these designs perform in

a slab arrangement, both with and without disorder. Comparing topological and

conventional PCS designs will additionally allow us to fairly assess any improvements

these topological structures may provide in terms of radiative losses. Only then can

we fully understand the strengths and weaknesses of these topological waveguide

structures, as well as determine ways to improve them, if necessary.

1.2 Layout of the Thesis

In this thesis, we investigate the important optical properties of PCS waveguides,

with a focus on efficiently computing the complex band structure, intrinsic losses,

and disorder-induced modes of such structures. We first discuss the computational

methods used to simulate the propagation of light in these structures, which allow

us to extract their intrinsic losses, disorder-induced resonances and electromagnetic

fields. Due to the recent exciting developments of a certain class of topological PCS

structures (Anderson and Subramania 2017; Barik, Miyake, et al. 2016; Parappurath

et al. 2020; Lu, Fang, et al. 2016; Wu and X. Hu 2015; Mehrabad et al. 2020; Paz

et al. 2020), we focus on investigating the performance of several topological designs,

as well as comparing their results with the well-known W1 waveguide (Vasco and

Hughes 2017; Patterson 2009; Patterson, Hughes, Combrié, et al. 2009; Kuramochi

et al. 2005; O’Faolain et al. 2007; J. Li et al. 2008; Mann, Combrié, et al. 2013).

In Chapter 2, two computational methods (which are provided by Andreani and

Gerace 2006 and Savona 2011) to obtain the electromagnetic properties of PCS waveg-

uides are described. The first method, aimed at computing band structure of perfect

PCS waveguides (i.e., no disorder), is the semianalytical method known as the guided
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mode expansion (GME) method (Andreani and Gerace 2006), which is a frequency-

dependent method that has the advantage of being much more efficient than tradi-

tional numerical Maxwell equation solvers, such as the finite-difference time-domain

(FDTD) (Yee 1966; Taflove and Hagness 2005; Sullivan 2000; Van Vlack 2012) and

plane wave expansion (PWE) methods (Johnson and Joannopoulos 2001); specifi-

cally, the former is often too computationally intense and the latter does not return

losses and modes above the light line. The GME only requires the unit cell of a

perfect lattice in one or two dimensions (in the case of waveguides, we only focus

on one periodic dimension). The second method discussed in Chapter 2, aimed at

computing disordered induced modes and modifications to the density of states for

disordered PCS waveguides (e.g., caused by fabrication imperfections), is the Bloch

mode expansion (BME) method (Savona 2011; Savona 2012; Minkov 2015), which

uses the results of the GME as input for its calculations. The BME is extremely

useful for simulating the propagation and confinement of light of structures subject

to disorder, unlike the GME, which is limited to perfectly periodic structures. We use

the GME in Chapter 3 to analyze the intrinsic propagation losses of four topological

PCS waveguide designs. The results from these GME simulations show that two of

the designs, which form armchair interface edge states, show significant losses in the

photonic band gap. The two other designs, which use inversion symmetry to form

their edge states, show lossless modes with good bandwidth. In Chapter 4, we use

the BME on one of the topological designs and compare the losses of its disordered

structure with those of the disordered W1 waveguide. We find that the topologi-

cal waveguide design is more prone to disorder-induced backscattering than expected

and, like the W1 waveguide, forms cavity modes. Finally, we provide conclusions and

offer suggestions for future work in Chapter 5.
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Chapter 2

Theory and Methods

In this chapter, we introduce Maxwell’s equations, Bloch mode theory and present

two methods of solving Maxwell’s equations for photonic crystal slab (PCS) systems.

First, we introduce a semianalytical method known as the guided mode expansion

(GME) method (Andreani and Gerace 2006) as a computationally efficient alternative

to existing numerical methods, such as the plane wave expansion (PWE) and finite-

difference time-domain (FDTD) methods. We use the GME technique in Chapter 3 to

analyze the intrinsic losses in topological PCS structures (specifically, using structures

proposed by Anderson and Subramania 2017; Barik, Miyake, et al. 2016; Shalaev et

al. 2019; He et al. 2019), without any structural disorder. We then present the Bloch

mode expansion (BME) technique (Savona 2011; Savona 2012; Minkov 2015) as a

method to model disorder in PCS systems, which uses results from the GME as input.

The BME is used in Chapter 4 to model disordered PCS structures. Finally, the

computational methods used for the implementation of these techniques are discussed.

2.1 Maxwell’s Equations

The electromagnetic fields of a system can be described by the solutions to Maxwell’s

equations. In total, there are four electromagnetic vector fields: two primary fields and

two auxiliary fields. The primary fields, E(r, t) and B(r, t), are the traditional elec-

tric field and magnetic field, respectively. The auxiliary fields, D(r, t) and H(r, t),

are the electric displacement and magnetic displacement fields, respectively, and are
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necessary for describing systems in photonic materials. Assuming there are no free

charges or currents in our system, Maxwell’s equations are

∇ ·D(r, t) = 0, (2.1)

∇ ·B(r, t) = 0, (2.2)

∇×E(r, t) = −
∂

∂t
B(r, t), (2.3)

∇×H(r, t) =
∂

∂t
D(r, t), (2.4)

where r = (x, y, z) is the spatial coordinate and t is time. However, in some cases

it may be convenient to represent Maxwell’s equations in terms of frequency rather

than time. Using the relation A(r, t) = Re[A(r, ω)e−iωt] for an arbitrary field A, we

can convert Eqs. (2.1)-(2.4) to the frequency domain,

∇ ·D(r, ω) = 0, (2.5)

∇ ·B(r, ω) = 0, (2.6)

∇×E(r, ω) = −iωB(r, ω), (2.7)

∇×H(r, ω) = iωD(r, ω), (2.8)

where ω = 2πf is the angular frequency and f is the frequency.

For linear and isotropic materials, we can relate the primary and the auxiliary

fields through the following relations:

∇×D(r, ω) = ε0ε(r, ω)E(r, ω), (2.9)

∇×B(r, ω) = µ0µ(r, ω)H(r, ω), (2.10)

where ε0 is the vacuum permittivity and µ0 is the vacuum permeability. The relative

permittivity (or dielectric constant), ε(r, ω), and the relative permeability, µ(r, ω),
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are material-dependent and are both equal to 1 in a vacuum. We only consider

non-magnetic materials in this thesis, and thus assume µ(r, ω) = 1.

We can rearrange Eqs. (2.7) - (2.10) to form the well-known electromagnetic wave

equation,
1

ε(r, ω)
∇× [∇×E(r, ω)] =

(ω
c

)2

E(r, ω), (2.11)

where c = 1/
√
ε0µ0 is the vacuum speed of light. To extract the electromagnetic

fields of a system and therefore find a solution to Maxwell’s equations, one must solve

Eq. (2.11) while enforcing Eq. (2.5) to obtain the electric field. The magnetic field is

then obtained through Eq. (2.7). Alternatively, one may rewrite Eq. (2.11) in terms

of H(r, ω) rather than E(r, ω) to obtain (Joannopoulos 2008)

∇×
[

1

ε(r)
∇×H(r, ω)

]
=
(ω
c

)2

H(r, ω), (2.12)

where we now must enforce Eq. (2.6) when solving this equation to obtain the mag-

netic field, and the electric field is obtained from Eq. (2.8). It is apparent that both

Eqs. (2.11) and (2.12) are formed as eigenvalue equations, with the eigenvalues being

(ω/c)2 in terms of the eigenfrequencies ω, and the eigenvectors being either E(r, ω) or

H(r, ω). The solutions to this eigenvalue problem depend on the boundary conditions

of the system in question.

2.2 Bloch Modes

Since the dielectric constant of PCs are periodic, one expects that the electromagnetic

fields in such structures to also be periodic. These types of periodic modes are known

as Bloch modes. In PC waveguide structures, Bloch modes can be written as a

combination of a purely periodic component ek(r) and a phase component eik·r,

E(r, ω) =

√
a

L
ek(r)eik·r, (2.13)



2.2. BLOCH MODES 15

x

y

z

y [a√3]
-0.5

0.5

2 3-1-2-3-4...

x [a]

Figure 2.1: Example supercell for the W1 waveguide photonic crystal slab structure, with
lattice constant a, located at the centre of the slab, at z = 0. The direction of propagation
is along the waveguide (i.e., in the x direction). The supercell extends infinitely in both the
−y and y directions and is repeated periodically in the x direction.

where k = (kx, ky, kz) is the Bloch wave vector, L is the length of the waveguide and

a is the lattice constant. We will only consider Bloch modes which are periodic in

the x direction for PC waveguides from now on. Figure 2.1 shows an example of such

a waveguide structure, with the unit cell located at z = 0 (i.e., at the centre of the

slab) is repeated periodically in the x direction. Since this unit cell extends infinitely

in the −y and y directions, we refer to this unit cell as a supercell.

Therefore, we can simplify Eq. (2.13) as (Kittel 2004; Patterson 2009; Sakoda

2005)

E(r, ω) =

√
a

L
ek(r)eikxx. (2.14)

Due to the periodic nature of these Bloch modes, which we can describe as ek(r) =

ek(x+ a, y, z), all modes that are offset by 2π/a in the kx direction are equivalent.

Bloch modes also have several interesting properties to keep in mind. Firstly,
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negating a Bloch wave vector gives the complex conjugate of a Bloch mode,

e−k = e∗k, (2.15)

and secondly, the Bloch modes are orthogonal, as described by (Sakoda 2005; Kittel

2004) ∫
unit cell

ε(r)e∗k(r)e−ikxx · ek′(r)eik
′
xxdr = δk,k′ , (2.16)

where the integration is done within the PC waveguide structure’s unit cell, i.e., the

section that is repeated periodically within our structure.

2.3 Common Numerical Methods for Solving Photonic Crystal Band

Structures

In most PC problems in optics, the starting point is to obtain the photonic band

structure and the Bloch modes from Maxwell’s equations. Solving Eqs. (2.1) to

(2.4) in a full 3D geometry is generally not possible analytically. For this reason,

well-known numerical methods are typically used to do so. Common examples of

numerical methods include the FDTD and PWE methods. These are not used in the

thesis, but are briefly described below, since it is important to be aware of the pros

and cons of these methods as well.

2.3.1 The Finite-Difference Time-Domain Method

The FDTD method, created by Yee 1966, has been a gold standard for numerical

Maxwell equation solvers throughout the years due to its intuitiveness and simplicity

to implement in code. Some resources to learn more about FDTD include Taflove

and Hagness 2005, which explains FDTD in great detail, and Sullivan 2000, which

focuses on teaching how to computationally implement it.

The FDTD method is generally used to obtain brute-force solutions, as it directly

solves Maxwell’s equations by iterating through time in a real space grid. It does so

by considering a 3D area known as a Yee cell, where each spatial component of both
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Figure 2.2: A Yee cell used for finite-difference time-domain simulations, which defines the
spatial arrangement of the electromagnetic field components, taken from Kraeck and Hahn
2014.

the electric field, E(r, t) and the magnetic field, H(r, t), are positioned as depicted in

Fig. 2.2. The values of E(r, t) and H(r, t) are then obtained by solving the Maxwell

curl equations, Eqs. (2.3) and (2.4). As an example, we consider the 1D case,

∂Ex
∂t

= − 1

ε0

∂Hy

∂z
,

∂Hy

∂t
= − 1

µ0

∂Ex
∂z

, (2.17)

where we can see that ∂H(r, t)/∂t depends only on E(r, t), and ∂E(r, t)/∂t depends

only on H(r, t). This straightforwardness holds true for the 2D and 3D cases.

This time-dependent method, although one of the most well-known in nanophoton-

ics, has the issue of being computationally inefficient for large system sizes, especially

in 3D. It requires for the entire computational domain to be gridded with Yee cells,

which is redundant for periodic systems. Because of this requirement, the runtime

for FDTD simulations can be needlessly long. Moreover, for very lossy modes above

the light line, it can be difficult and frequently impossible to resolve these in the

Fourier (frequency) domain. For modelling many unit cells in 3D, e.g., for including

disorder, the FDTD approach also becomes impractical, even on high performance

computers. For modelling PC cavity structures, and for obtaining the local density
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of states directly, then the FDTD method is excellent (Van Vlack 2012).

2.3.2 The Plane Wave Expansion Method

The PWE method, unlike the FDTD method, is a frequency-dependent solver that

solves the electromagnetic wave equation, Eq. (2.12), in frequency space,

∇×
[

1

ε(r)
∇×H(r, ω)

]
=
(ω
c

)2

H(r, ω), (2.18)

with the frequencies being obtained from the eigenvalues, (ω/c)2. To obtain these

eigenvalues, Bloch’s theorem is used here,

H(r, ω) = Hk(r)eik·r, (2.19)

and the periodic Bloch mode is expanded in the basis of the plane waves,

Hk(r) =
∑
m

hme
iGm·r, (2.20)

where Gm are the reciprocal lattice vectors for the periodic system and hm are the

plane wave amplitudes. There are several resources for the PWE technique available,

such as one by Johnson and Joannopoulos 2001, which explains the technique in great

detail, as well as discusses its significantly improved convergence over FDTD.

Due to being a frequency-dependent method, PWE is much more efficient than

time-dependent solvers such as FDTD (for perfect PC structures). Additionally,

PWE is able to define a periodic unit cell, rather than explicitly defining the system

at each spatial position. However, its major limitation is that it assumes periodicity

in all three spatial directions. Although not an issue for obtaining lossless modes

confined in the slab, PWE becomes unusable for PCS systems above the light line

since it assumes an infinite number of vertically stacked slabs in the z direction. This

limitation makes it impossible to quantify the PCS’s losses.
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2.4 The Guided Mode Expansion Method

The guided mode expansion (GME) method is a semianalytical alternative to existing

numerical methods to solve Maxwell’s equations, developed by Andreani and Gerace

2006. Like the PWE, the GME is a frequency-dependent solver that solves Maxwell’s

equations as an eigenvalue problem; in addition, it is useful for PCSs, as it does not

assume periodicity in the vertical direction, and thus has the correct open boundary

conditions away from the slab. This distinction with the PWE makes the GME the

optimal choice for PCS slab structures which are only periodic in-plane (Andreani

and Gerace 2006; Vasco and Hughes 2017; Sakoda 2005; Minkov 2015). The GME

method expands the magnetic field of the system in the basis of the slab’s effective

waveguide, which is shown in Fig. 2.3. In this effective waveguide, the three slab

layers (lower cladding, core, upper cladding) have a dielectric constant equal to the

spatial average for that layer. The GME solves the electromagnetic wave equation

from Eq. (2.12),

∇×
[

1

ε(r)
∇×H(r)

]
=
(ω
c

)2

H(r), (2.21)

where we can assume the dielectric function ε(r) is not dependent on frequency since

we will only consider semiconductor materials with negligible losses in the wavelength

regions of interest, such as silicon (Si) or gallium arsenide (GaAs) operating near the

telecom band (∼ 1.5 µm).

The GME exploits the property of PCSs in terms of (i) waveguide slabs properties

and (ii) 2D PC lattice properties. The electromagnetic fields obtained from Eq. (2.21)

are therefore seen as a combination of 2D plane waves in the x and y directions and

guided modes in the z direction. The GME solves this eigenvalue equation by first

expanding the magnetic field modes H(r) in the basis of the guided modes (Andreani

and Gerace 2006; Minkov 2015),

H(r) =
∑
µ

cµHµ(r), (2.22)
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Figure 2.3: The effective waveguide that is used in the GME computations. Each layer’s
dielectric constant, εj , is taken as the spatial average. The core layer has a thickness of d
in the z direction, and the two cladding layers are semi-infinite.

where the following orthonormality condition for the magnetic field is enforced:∫
unit cell

H∗µ(r) ·Hν(r)dr = δµ,ν . (2.23)

We can now rewrite Eq. (2.22) as a linear eigenvalue problem,

∑
ν

Hµνcν =
ω2

c2
cµ, (2.24)

where the Hermitian matrix Hµν (i.e., a matrix equal to its conjugate transpose,

Hµν = H†µν), which can be interpreted as the “Hamiltonian” matrix of this system,

is given by

Hµν =

∫
unit cell

1

ε(r)

(
∇×H∗µ(r)

)
· (∇×Hν(r)) dr. (2.25)

Since the GME expands the PCS modes in the basis of an effective homogeneous

waveguide, as shown in Fig. 2.3, we must now define the effective slab waveguide of

this system. To do so, we define a spatial average of the dielectric function for each of

the three layers j = {1, 2, 3} of our system, where j = 1 is the lower cladding, j = 2

is the core and j = 3 is the upper cladding.
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We define the spatial average of each layer as

εj =
1

A

∫
unit cell

εj(ρ)dρ, (2.26)

where ρ = (x, y) and A is the 2D area of the unit cell at z = 0. Since the lattice

structure is only defined in the x-y plane of our PCS, there is no need to integrate over

z. However, the condition ε2 > ε1,3 must be satisfied for our effective slab waveguide

to support guided modes. If our system only has a periodic lattice structure in the

core, layer j = 2, and semi-infinite air claddings for layers j = 1 and j = 3, we

can simplify our calculations by setting ε1,3 = εair ≈ 1 and using Eq. (2.26) to only

compute ε2.

The values for εj are subsequently needed to obtain the frequencies of the guided

modes, which can be obtained by solving implicit equations for both TE and TM po-

larization. However, for simplicity, we will only consider a single TE slab mode for the

remainder of this work. Therefore, only one equation is needed in our case (Andreani

and Gerace 2006):

qg(χ1g + χ3g) cos(qgd) + (χ1gχ3g − q2
g) sin(qgd) = 0. (2.27)

This equation is dependent on the thickness of the slab’s core layer, d, as well as the

following quantities in terms of the modulus of the 2D wave vector, g ≡ |g|:

χ1g =

(
g2 − ε1

ω2
g

c2

)1/2

, qg =

(
ε2
ω2
g

c2
− g2

)1/2

, χ3g =

(
g2 − ε3

ω2
g

c2

)1/2

, (2.28)

where χ1,3g are the imaginary parts of the wave vector in the claddings and qg is

the real part of the wave vector in the core. However, since we can assume that the

lower and upper claddings are symmetrical about the horizontal plane, we can let

χ1g = χ3g, simplifying Eq. (2.27) to

qg sin
qgd

2
− χ1g cos

qgd

2
= 0, (2.29)
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assuming photonic eigenmodes which are even with respect to the horizontal mirror

symmetry.

The guided modes depend on the wave vector g, which is defined to be in the

2D plane of our PCS system. However, these modes also satisfy Bloch theory, as

described in Sec. 2.2. Therefore, the wave vector can be written as g = k + G,

where k is the Bloch vector and G is the reciprocal lattice vector of the PCS’s

lattice structure. Additionally, since the guided modes are labelled with the index

αi = 1, 2, ... for any given wave vector g, we can combine all indices into a single

index µ ≡ (g, αi) ≡ (k +G, αi).

To find the matrix elements of Hµν from Eq. (2.25), we use this definition of the

index µ to represent the matrix row index, as well as ν ≡ (g′, α′i) ≡ (k + G′, α′i)

for the matrix column index. The full definition of these matrix elements consists

of a combination of the TE and TM components, however we shall only consider

the TE-TE definition, since we are only considering one TE slab mode (i.e., only

the in-plane electric field components, Ex(r) and Ey(r), and vertical magnetic field

component, Hz(r), are considered). The matrix elements have a contribution from

the core layer (Andreani and Gerace 2006),

H(2)
µν =

(ωµ
c

)2 (ων
c

)2

ε̂g · ε̂g′ε22η2(G−G′)

[(A∗2µA2ν +B∗2µB2ν)I2µ− + (A∗2µB2ν +B∗2µA2ν)I2µ+],

(2.30)

as well as a contribution from the cladding layers (Andreani and Gerace 2006),

H(1,3)
µν =

(ωµ
c

)2 (ων
c

)2

ε̂g · ε̂g′ [ε21η1(G−G′)B∗1µB1νI1µ+

ε23η3(G,G′)A∗3µA3νI3µ].

(2.31)

These matrix elements depend on several new quantities: Ijµ, Ajµ and Bjµ. The

Ijµ terms are the analytical definitions for the integral in z from Eq. (2.25). The Ajµ

and Bjµ terms, which we refer to as dispersion coefficients, are defined as quantities

dependent on the χ1,3g and qg terms from Eq. (2.28). The full definitions for Ijµ, Ajµ
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and Bjµ are outlined in Appendix A. The integrals in x and y from Eq. (2.25) are

equal to the ηj(G−G′) matrices,

ηj(G−G′) =
1

A

∫
unit cell

εj(ρ)−1ei(G−G
′)·ρdρ, (2.32)

and are defined as the inverse of the dielectric matrix εj(G−G′),

εj(G−G′) =
1

A

∫
unit cell

εj(ρ)ei(G−G
′)·ρdρ, (2.33)

which is the complex Fourier transform of the dielectric constant in the unit cell of

our PCS system.

However, rather than directly calculating Eq. (2.32), a much more computationally

efficient way to obtain the inverse dielectric matrix is by first calculating εj(G−G′),
then using standard numerical matrix inversion to obtain ηj(G − G′) = εj(G −
G′)−1. This method of obtaining the inverse dielectric matrix is known to have better

convergence as the number of plane waves increases (Andreani and Gerace 2006; Ho

et al. 1990; Lalanne and Morris 1996). Similar to Eq. (2.26), if the cladding layers

are simply composed of air, we only need to compute ε2(G −G′) for the core layer.

The cladding layer matrices are given by

ε1,3(G−G′) = εair1 ≈ 1, (2.34)

where 1 is the identity matrix and the dielectric constant of air, εair, is assumed to

be equal to 1.

The matrix elements of εj(G−G′) are analytically computed from the differences
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in reciprocal lattice vectors G,

ε(G−G′) =


ε(G1 −G1) ε(G1 −G2) . . . ε(G1 −GN)

ε(G2 −G1) ε(G2 −G2) . . . ε(G2 −GN)
...

...
. . .

...

ε(GN −G1) ε(GN −G2) . . . ε(GN −GN)

 , (2.35)

where N is the total number of reciprocal lattice vectors. A matrix element ε(G) can

be simplified from Eq. (2.33); the definitions of the simplified forms of these Fourier

transformations are given in Appendix B.

Once we have computed the matrix elements from Eqs. (2.30) and (2.31), we are

able to find the solution of the magnetic field, Hk(r), for any Bloch vector, k. We are

able to rewrite Eq. (2.22) as a sum of the guided modes of the effective waveguide,

Hguided
k+G,αi

(r), over the reciprocal lattice vectors G and the mode index αi:

Hk(r) =
∑
G,αi

c(k +G, αi)H
guided
k+G,αi

(r), (2.36)

where c(k +G, αi) are the eigenvectors of the Hµν matrix. Once the magnetic field

Hk(r) of our system is computed, we are able to find the electric field Ek(r) from

the following relation, which can be derived from Maxwell’s equations:

Ek(r) =
ic

ωε(r)
×Hk(r), (2.37)

where the electric field is orthonormal according to (Andreani and Gerace 2006; Vasco

and Hughes 2017; Minkov 2015)∫
unit cell

ε(r)E∗k(r) ·Ek′(r)dr = δk,k′ . (2.38)

Full analytical definitions for the magnetic field of the guided modes, Hguided
k+G,αi

(r), as

well as those for the electric field of the guided modes, Eguided
k+G,αi

(r), which are derived

from Eq. (2.37), can be found in Appendix C.
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2.4.1 Computation of the Intrinsic Waveguide Losses

Photonic modes located below the light line of our PCS system are known to be

lossless, i.e., having zero losses and therefore being truly guided modes. However, the

modes above the light line are subject to intrinsic losses due to out-of-plane scattering

and are thus referred to as quasiguided modes. These modes above the light line are

coupled to radiative slab modes. These intrinsic losses can be represented by the

imaginary part of the eigenfrequency, Im(ωk) for a Bloch vector k. Similarly to

Fermi’s golden rule from quantum mechanics, these losses can be computed using

time-dependent perturbation theory (Andreani and Gerace 2006):

− Im

ω2
k

c2

 = π
∑
G′

∑
λ

∑
j=1,3

|Hk,rad|2ρj

k +G′;
ω2
k

c2

 , (2.39)

where the sum over λ represents the sum over the TE and TM polarizations of interest,

ρj is the 1D photonic density of states (DOS) andHk,rad is the matrix element between

a quasiguided and a leaky radiation slab mode. The analytical definition for the DOS

in layer j = {1, 2, 3} is given by

ρj

g;
ω2

c2

 =
ε

1/2
j c

4π

θ

ω2 −
c2g2

εj

1/2

ω2 −
c2g2

εj

1/2
, (2.40)

where θ is the Heaviside step function, defined as

θ(f) =

 0 f < 0,

1 f ≥ 0,
(2.41)
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and, since the modes above the light line are coupled to radiative slab modes, the

Hk,rad matrix elements are given by (Andreani and Gerace 2006):

Hk,rad =

∫ 1

ε(r)
(∇×H∗k(r)) ·

(
∇×Hrad

k+G′,λ,j (r)
)
dr. (2.42)

Similar to the matrix elements from Eq. (2.25), these new matrix elements, Hµr =

Hk,rad, can be written as analytical definitions in terms of a core contribution,

H(2)
µr =

(ωµ
c

)2 ωr
c
ε̂g · ε̂g′ε22η2(G,G′)

[(A∗2µW2r +B∗2µX2r)I2− + (A∗2µX2r +B∗2µW2r)I2+],

(2.43)

and a cladding contribution,

H(1,3)
µr =

(ωµ
c

)2 ωr
c
ε̂g · ε̂g′ [ε21η1(G,G′)B∗1µ(W1rI1+ +X1rI1−)+

ε23η3(G,G′)A∗3µ(W3rI3− +X1rI1+)],

(2.44)

where the Ijµ, Ajµ and Bjµ terms are the same as in Eqs. (2.30) and (2.31). The Xjr

and Wjr terms, which we refer to as radiation coefficients, are given in Appendix A.

Once again, we only give the definitions for TE polarization for these new terms, as

well as only provide the matrix elements for TE-TE polarization in Eqs. (2.43) and

(2.44).

Using the expansion of the magnetic field from Eq. (2.36), the matrix elements

from Eq. (2.42) become

Hk,rad =
∑
G,αi

c∗(k +G, αi)Hguided,rad, (2.45)

where the matrix elements between a guided and a radiation slab mode of the effective

waveguide,

Hguided,rad =

∫ 1

ε(r)

(
∇× [Hguided

k+G,αi
(r)∗]

)
·
(
∇×Hrad

k+G′,λ,j (r)
)
dr, (2.46)
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have their analytical definitions given by Eqs. (2.43) and (2.44).

Once the imaginary component of the squared frequencies are obtained from

Eq. (2.39), the imaginary component of the frequencies are easily found from

Im(ωk) =
Im(ω2

k)

2 Re(ωk)
. (2.47)

From the imaginary component of the frequencies, the intrinsic losses can be

described by several different parameters. A rather straightforward parameter to

describe these losses is the quality factor of a resonance, Q, given by

Q =
Re(ωk)

2 Im(ωk)
. (2.48)

The mode group velocity, vg = dω/dk, represents the slope of the photonic band

diagram of our system. However, it is worth noting that a group velocity close

to zero (in other words, a slope near zero in our photonic band diagram) results

in a significant increase in losses (and the loss diverges at the mode edge, where

a perturbative theory is also not valid). In general, PCSs will have a maximum

achievable group index (c/vg) of several hundred (caused by fabrication disorder and

finite size effects), so this is not a practical limitation.

This method of obtaining the losses with the GME is not exact, of course: since we

use the modes of the effective homogeneous waveguide, rather than the radiative slab

modes, this formalism to compute the losses is approximate. However, due to these

losses being calculated through perturbation theory, this method is computationally

efficient and accurate for the modes of interest. Note also that this method of obtain-

ing the diffraction losses is useful for both line defects and high-Q cavities (Andreani

and Gerace 2006), and extensive convergence checks have been used to justify the

accuracy of the GME for PCS waveguides (Vasco and Hughes 2018).
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2.5 Introducing Disorder to Photonic Crystal Slab Waveguides

The GME, although a powerful tool that allows us to efficiently solve Maxwell’s

equations and obtain the intrinsic losses due to out-of-plane scattering, has one ma-

jor limitation: it assumes that our system has no structural disorder. Any results

obtained for the GME therefore do not agree quantitatively well with real, manu-

factured PCs, which are known to be extremely sensitive to disorder, especially in

the most interesting regime of slow light propagation (Gerace and Andreani 2005;

O’Faolain et al. 2007; Le Thomas et al. 2009).

Intrinsic (structural) disorder, which is always present in fabricated PC wave-

guides, is known experimentally to produce high-Q cavities (Vasco and Hughes 2019;

Minkov and Savona 2012), and theoretical models and experiments have shown that

the influence of disorder in PC waveguides can cause significant backscattering of

light (Hughes et al. 2005; Patterson, Hughes, Combrié, et al. 2009), which results in

strongly localized cavity modes, including those in the Anderson localization regime

(Vasco and Hughes 2018; Vasco and Hughes 2017; Crane et al. 2017). These cav-

ity modes tend to form near the photonic band edge and have been shown to have

applications in cavity quantum electrodynamics (QED) and lasing (Monthus 2018;

Sapienza et al. 2010; Liu et al. 2014). In addition, it has been proposed that exploit-

ing topological effects in PC waveguides may prevent disorder-induced backscatter-

ing (Arregui et al. 2021), and it has been shown experimentally that topologically

nontrivial waveguide modes are less susceptible to this backscattering when coupled

to ring resonators and spin-charged quantum emitters (Mehrabad et al. 2020).

In PCS waveguides, disorder is referred to as to as small perturbations in size and

x-y position for the holes in our system. An example of disorder in a W1 waveguide

is presented in Fig. 2.4. Disorder can be introduced to a system by defining the holes’

size and position as a Gaussian distribution, centered at the nominal values (Gerace

and Andreani 2005; Vasco and Hughes 2017). For example, a hole with index m at a
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Figure 2.4: Disordered W1 waveguide, with the nominal holes represented by dashed red
circles (disorder is exaggerated). Adding disorder breaks the periodicity of the waveguide
structure, and the nominal supercell can no longer be used.

nominal position (x
(0)
m , y

(0)
m ) is now defined by

(xm, ym) = (x(0)
m + δx, y(0)

m + δy), (2.49)

where δx and δy are the random fluctuations in position, determined by a Gaussian

distribution. Disorder in hole size depends on the shape of the hole, however for

simplicity we will consider circular holes with nominal radius r
(0)
m . The new hole

radii, affected by the random fluctuations of δr, are given by

rm = r(0)
m + δr. (2.50)

The Gaussian distributions affecting the radius and position are defined by stan-

dard deviations: σx and σy for position, and σr for radius. Manufactured PCSs are

already subject to some intrinsic disorder during the fabrication process, so we can
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define the total disorder, σ, for one parameter as

σ2 = σ2
i + σ2

e , (2.51)

where σi and σe are the intrinsic and extrinsic standard deviations, respectively.

Extrinsic disorder in this case refers to intentional disorder to our system, however

we do not consider any extrinsic disorder in any of our results in this thesis.

While some limited models to describe disorder in PC waveguides can use nu-

merically exact profiles in 1D or 2D models (Faggiani et al. 2016; Thyrrestrup et al.

2012; Garćıa et al. 2013), they are not true representations of the PCS structure,

and often return even qualitatively incorrect results for the disorder-induced modes

and localisation behaviour (Vasco and Hughes 2017). These limited models are often

employed due to the high computational cost of 3D models, such as FDTD, and thus

semianalytic approaches are needed to model PC slab structures.

The GME, although being able to compute the out-of-plane losses, cannot effi-

ciently introduce disorder to the system. Since the GME considers a single 2D unit

cell repeated periodically in both x and y, this technique works best for perfectly

periodic structures. Introducing disorder to our system breaks that periodicity, and

the GME can no longer be used to obtain accurate results. Significantly increasing

the unit cell size would be the only solution to this problem, however doing so would

be too computationally expensive. To resolve this issue, we use the BME method (de-

scribed below), which conveniently can use the results from GME as input to compute

disorder-induced modes, as well as their out-of-plane losses and electromagnetic field

modes in a fully 3D slab system.

2.6 The Bloch Mode Expansion Method

We next introduce the BME method as an efficient Maxwell equation solver for pho-

tonic structures affected by disorder over N unit cells in the dielectric profile. In the

BME, the eigenmodes of the disordered structure are expanded in the basis of the

regular, perfectly periodic structure, which are easily obtained from the GME. As a
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result, we are able to use selected dispersion bands from the GME as input to the

BME. In general, all GME bands should be used for accurate BME results. However,

if the disorder is small, only the bands close to the frequency region of interest are

required, which greatly reduces the computational requirements of the BME.

Similar to the GME, the BME solves the magnetic field as an eigenvalue equation.

We can rewrite Eq. (2.21) such that the magnetic field modes have the indices of Bloch

vector k and band index n:

∇×
[

1

ε(r)
∇×Hkn(r)

]
=
ω2
kn

c2
Hkn(r). (2.52)

Although these modes are no longer orthonormal, since they are in fact “quasinormal

modes” (Kristensen and Hughes 2013) (which are orthonormal, from a non-Hermitian

eigenvalue problem and open boundary conditions), it is a reasonable approximation

to assume that they are orthonormal according to (high-Q approximation)∫
Hkn(r)H∗k′n′(r)dr = δkk′δnn′ . (2.53)

Since we are considering a PCS structure with a disordered dielectric function in

this case (for the BME), we can replace the regular ε(r) with ε′(r), where

1

ε′(r)
=

1

ε(r)
+ δη(r), (2.54)

and δη(r) is the difference between the inverse dielectric of the regular and disordered

lattices. Additionally, we introduce a new index for the magnetic field modes, β,

since k space is no longer conserved in the presence of disorder. Equation (2.52) can

therefore be rewritten in terms of the disordered eigenmodes,

∇×
[

1

ε′(r)
∇×Hβ(r)

]
=
ω2
β

c2
Hβ(r), (2.55)

where these new disordered eigenmodes, Hβ, are expanded from the basis of the
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regular lattice:

Hβ(r) =
∑
kn

Uβ(k, n)Hkn(r). (2.56)

Inserting Eq. (2.56) into Eq. (2.55), we obtain the following eigenvalue problem:

∑
kn

Vkn,k′n′ +
ω2
kn

c2
δkk′δnn′

Uβ(k, n) =
ω2
β

c2
Uβ(k′, n′), (2.57)

where the matrix elements Vkn,k′n′ are defined as (Minkov 2015; Savona 2011; Savona

2012; Hussein 2009)

Vkn,k′n′ =

∫
δη(r)(∇×Hkn(r)) · (∇×H∗k′n′(r))dr. (2.58)

These matrix elements describe the disorder in our system, and are therefore equal

to zero if there is no disorder. Carrying out the integration over r allows us to write

these matrix elements in an analytical form:

Vkn,k′n′ =
∑
µ,µ′

cn(µ)c∗n′δη(g − g′)Mµµ′ , (2.59)

where the matrix elementsMµµ′ are (Minkov 2015; Savona 2011; Savona 2012; Hussein

2009)

Mµµ′ = 2ε22
ω2
µ

c2

ω2
µ′

c2
ε̂g · ε̂g′A2µA

∗
2µ′(I2+ + I2−). (2.60)

Here, we use the same notation for the index µ as the equations from the GME, and

the definitions for A2µ and I2± are described in Appendix A. For simplicity, since our

PCS is symmetrical about z = 0, we can set A2µ = A∗2µ = B2µ.

We can define the matrix δη(g − g′) from Eq. (2.59) as

δη(g − g′) = ε′(g − g′)−1 − ε(g − g′)−1, (2.61)

where the matrices ε′(g − g′)−1 and ε(g − g′)−1 can be found from standard matrix
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inversion. Building the ε′(g−g′) and ε(g−g) matrices is done similarly to Eq. (2.35),

however we must first ensure that the G vectors are defined in a square lattice of side

length 2Gmax. This configuration will result in Nx different Gx values and Ny different

Gy values. In the GME, the dielectric matrix ε(G−G′) is built from the differences

between the reciprocal lattice vectors G. The elements of these matrices denoted

with G−G′ are arranged as a Toeplitz matrix:

G−G′ =


Ĝ11 Ĝ12 . . . Ĝ1Nx

Ĝ21 Ĝ22 . . . Ĝ2Nx

...
...

. . .
...

ĜNx1 ĜNx2 . . . ĜNxNx

 , (2.62)

where each matrix element Ĝnm is a Toeplitz matrix of dimension Ny×Ny defined as

Ĝnm =


(Gn

x −Gm
x , G

1
y −G1

y) . . . (Gn
x −Gm

x , G
1
y −G

Ny
y )

(Gn
x −Gm

x , G
2
y −G1

y) . . . (Gn
x −Gm

x , G
2
y −G

Ny
y )

...
. . .

...

(Gn
x −Gm

x , G
Ny
y −G1

y) . . . (Gn
x −Gm

x , G
Ny
y −GNy

y )

 . (2.63)

This matrix configuration, where each matrix element of a Toeplitz matrix is itself

a Toeplitz matrix, is referred to as a Toeplitz-Block Toeplitz matrix (Minkov 2015).

Although the G vectors can instead be defined in a circular lattice of radius Gmax,

doing so is not recommended as a Toeplitz-Block Toeplitz matrix structure will not

be achieved with a circular area.

The structure of the dielectric matrices differs slightly for the BME. Rather than

being defined from G vectors, the BME’s dielectric matrices are defined in terms

of the g = G + k wave vectors. Due to this dependence on k, the matrices’ new

structure is as follows:

g − g′ = (G−G′) + (k − k′), (2.64)
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which we can redefine as

g − g′ =


Ĝ11 Ĝ12 . . . Ĝ1Nx

Ĝ21 Ĝ22 . . . Ĝ2Nx

...
...

. . .
...

ĜNx1 ĜNx2 . . . ĜNxNx

+


k11 k12 . . . k1K

k21 k22 . . . k2K

...
...

. . .
...

kK1 kK2 . . . kKK

 , (2.65)

where K is the total number of k points being considered in the system. Since

we are considering a waveguide system, the k = kx vectors are 1D, unlike the 2D

G = (Gx, Gy) vectors. For that reason, the k − k′ matrix is built as a standard

Toeplitz matrix, rather than a Toeplitz-Block Toeplitz matrix like the G−G′ matrix,

and we can set knm = knx − kmx . Once the δη(g− g′) matrix is found from Eq. (2.61),

the Vkn,k′n′ matrix elements can be computed and finding the eigenmodes now only

becomes a matter of solving the eigensystem defined in Equation (2.57) to obtain the

expansion coefficients Uβ(k′, n′).

2.6.1 Inverting a Toeplitz-Block Toeplitz Matrix

Since the ε(g−g′) and ε′(g−g′) matrices from Eq. (2.61) are now dependent on g for

the BME, rather than onlyG for the GME, traditional matrix inversion becomes com-

putationally expensive. This dependence on k, which we show in Eq. (2.65), therefore

significantly increases runtime. However, we can exploit an efficient technique known

as Toeplitz-block Toeplitz matrix inversion to reduce the necessary computational

power.

We define a Toeplitz-block Toeplitz matrix, R, as a Toeplitz matrix in which each

block matrix element is a Toeplitz matrix itself,

Rp,n+1 =


ρ0 ρ1 . . . ρn

ρ†1 ρ0 . . . ρn−1

...
...

. . .
...

ρ†n ρ†n−1 . . . ρ0

 , (2.66)



2.6. THE BLOCH MODE EXPANSION METHOD 35

where we take advantage of its persymmetric nature and define the off-diagonal ele-

ments as complex conjugates. We assume each block matrix ρ0, . . . , ρn is of size p×p,
and the full matrix Rp,n+1 is of size (n + 1) × (n + 1). From here on out, we will

be using the same notation as Minkov 2015: one-dimensional vectors will be denoted

by bold lowercase letters, whereas p× p matrices will be denoted by lowercase Greek

letters. Additionally, the complex conjugate and transpose of a matrix A will be

denoted by A∗ and AT , respectively.

For the GME’s ε(G − G′) and ε′(G − G′) matrices, we choose n = 2Nx and

p = 2Ny+1, which results in 2Nx+1 blocks of (2Ny+1)×(2Ny+1) Toeplitz matrices.

However, due to the BME’s ε(g − g′) and ε′(g − g′) matrices having a dependence

on k, one must take careful consideration of the matrices’ structure to ensure that a

proper Toeplitz-Block Toeplitz matrix is achieved. To do so, the matrices must be

constructed such that n = 2Nx and p = K(2Ny + 1), resulting in 2Nx + 1 blocks of

K(2Ny + 1)×K(2Ny + 1) Toeplitz matrices.

Since we can describe a Toeplitz matrix T entirely from its first row vector r and

its first column vector c, we can write T = [r, c]. Since every block matrix element

ρ0, . . . , ρn is Toeplitz, we can describe the full Toeplitz matrix Rp,n+1 using two vectors

of (n+ 1)p elements: s and t (Minkov 2015; Mukherjee and Maiti 1988),

s = {(ρ0)1j, (ρ1)1j, . . . , (ρn)1j}

= {s1 . . . sp, sp+1 . . . s2p, . . . , snp+1 . . . s(n+1)p},
(2.67)

t = {(ρ0)i1, (ρ1)i1 . . . (ρn)i1}

= {t1 . . . tp, tp+1 . . . t2p, . . . , tnp+1 . . . t(n+1)p},
(2.68)

where s contains the first rows of each matrix ρ0, . . . , ρn, and t contains their first

columns. Therefore, we can describe each block matrix element ρm as

ρm =
[
(smp+1 . . . s(m+1)p), (tmp+1 . . . t(m+1)p)

]
, (2.69)

for m = 0 . . . n. The reason we decide to describe the matrix Rp,n+1 in this way
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is because it is significantly more computationally efficient than to treat it as a full

(n+ 1)p× (n+ 1)p matrix.

After redefining Rp,n+1, we can now begin the algorithm, which we do so in two

distinct steps: (i) compute the p × p matrix αn and the array of p × p matrices

Ŵn = ω1 . . . ωn, and (ii) obtain the full inverse matrix R−1
p,n+1.

To first obtain αn and Ŵn, we require a recursive algorithm for m = 1 . . . n − 1,

where α1 and Ŵ1 are

α1 = ρ0 − ρ†1ρ−1
0 ρ1, (2.70)

Ŵ1 = {ω1} = −πpρ−1
0 ρ1, (2.71)

and the matrix πp is simply a p × p matrix with units along the cross-diagonal and

zeros everywhere else. The remaining values of αm+1 and Ŵm+1 are computed on

the basis of the values from the previous step αm and Ŵm, which are found using an

intermediate matrix βm (Minkov 2015; Mukherjee and Maiti 1988):

βm = πpρm+1 +
m∑
j=1

πpωm−j+1πpρj, (2.72)

ωj = ωj − πpω∗m−j+1(α−1
m )Tβm, j = 1 . . .m, (2.73)

Ŵm+1 = {ω1 . . . ωm,−(α−1
m )Tβm}, (2.74)

αm+1 = αm − β†m(α−1
m )Tβm. (2.75)

Finally, to compute the full inverse matrix R−1
p,n+1, we treat it similarly to the

matrix Rp,n+1 such that it’s a Toeplitz-block Toeplitz matrix with matrix elements τ :

η(G−G′) = R−1
p,n+1 =


τ1,1 τ1,2 . . . τ1,n τ1,n+1

τ †1,2 τ2,2 . . . τ2,n τ1,n

τ †1,3 τ †2,3 . . . τ2,n−1 τ1,n−1

...
...

. . .
...

...

 . (2.76)

The method we use to compute the full inverse matrix is to compute each τ
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row-by-row, starting with the first row,

T1 = {πp(α−1
n )Tπp, πp(α

−1
n )T Ŵn}. (2.77)

The subsequent rows of the upper quarter of the matrix are computed as (Minkov

2015; Mukherjee and Maiti 1988)

(Tm+1)q ≡ τm+1,m+q = (Tm)q + ω∗m(α−1
n )Tωm+q−1 − ωn−m+1α

−1
n ω∗n−m−q+2, (2.78)

where 1 ≤ q ≤ n + 1 − 2m and 1 ≤ m ≤ maxm. The maximum index for m is

equal to maxm = (n + 1)/2 for odd n and maxm = (n + 2)/2 for even n. Once we

have computed the upper quarter of R−1
p,n+1, we easily obtain the remaining matrix

elements through hermitivity and persymmetry.

2.6.2 Computation of Disorder-Induced Losses and Localized Modes

In an ideal, disorderless PCS system, the modes lying below the light line have zero

losses and are truly guided waveguide modes. As a consequence of introducing dis-

order to our structure, all modes are subject to a finite rate of radiation into the

cladding layers and are no longer lossless propagation modes. These disorder-induced

modes do not naturally occur in the perfect PCS structure and they exhibit local-

ization, similar to PC cavity modes. These modes can be influenced from intrinsic

or extrinsic (deliberate) disorder, as explained in Sec. 2.5. Introducing disorder now

allows us to nonperturbatively compute an entirely new band structure and the new

disordered modes that can form.

Computing the losses of these disorder-induced modes with the BME is done in a

similar manner to the intrinsic losses from the GME. Using the photonic analogue to

Fermi’s golden rule, we obtain the imaginary component of the frequency squared,

− Im

ω2
β

c2

 = π
∑
k

∑
G

∑
λ

∑
j=1,3

|Hβ,g,rad|2ρj

g;
ω2
β

c2

 , (2.79)
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which is a sum over the same parameters as Eq. (2.39), as well as the Bloch vectors k.

The photonic density of states is once again described by (2.40). From the expansion

coefficients Uβ(k′, n′) from Eq. (2.57), we can find the matrix elements between a

quasiguided and a radiation mode, Hβ,g,rad, as (Minkov 2015; Savona 2011; Savona

2012; Hussein 2009)

Hβ,g,rad =

∫ 1

ε′(r)
(∇×H∗β(r)) · (∇×Hrad

gλj(r))dr

=
∑
k′

∑
n′

∑
G′

∑
α′
i

U∗β(k′, n′)c∗n′(µ′)

∫ 1

ε′(r)
(∇×H∗µ′(r)) · (∇×Hrad

gλj(r))dr

=
∑
k′

∑
n′

∑
G′

∑
α′
i

U∗β(k′, n′)c∗n′(µ′)Hµ′,g,rad,

(2.80)

where the matrix elements Hµ′,g,rad can be written analytically in terms of a core

contribution,

H(2)
µ′,g,rad =

ω2
µ′

c2

ωr

c
ε̂g · ε̂g′ε22ε′−1

2 (g − g′)

A2µ′ [(W2r +X2r)I2− + (X2r +W2r)I2+],

(2.81)

and a cladding contribution,

H(1,3)
µ′,g,rad =δkk′

ω2
µ′

c2

ωr

c
ε̂g · ε̂g′ε21ε′−1

1 (G−G′)

B∗1µ′(W1rI1+ +X1rI1− +W3rI1− +X3rI1+).

(2.82)

We make the same assumptions as the matrix elements from Eqs. (2.30) and (2.31),

so we only provide the matrix elements for TE-TE polarization. The coefficients

Ajµ, Bjµ, Wjr, Xjr and Ij± are all defined in Appendix A. Additionally, we use

A2µ = A∗2µ = B2µ to simplify our analytical equations due to the symmetrical nature

of our PCS about z = 0.

Once the imaginary parts of the squared frequencies are obtained from Eq. (2.79),
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we can easily obtain the imaginary parts of the frequencies from

Im(ωβ) =
Im(ω2

β)

2 Re(ωβ)
, (2.83)

which describe the cavity-like losses of each disorder-induced mode in our system.

2.7 Computational Methods

All code developed and used in this thesis was designed and implemented from

scratch with MATLAB. There exist other codes implementing the GME and the BME

in Fortran, C++ and Python, which are not available to the public. However, while

undertaking the work in this thesis, there was a new software project made publicly

available, called legume, which is a GME package written in Python that uses the

autograd library to automatically compute the gradient of the eigenmodes and eigen-

frequencies (Minkov, Williamson, et al. 2020). The legume package was not used here

because it was released after the MATLAB GME code for this thesis was completed.

The code for this thesis was chosen to be done in MATLAB rather than Python due

to MATLAB’s ease of use, as well as its ability to easily manipulate matrices without

the need of external libraries. However, in a related co-authored project, the legume

package was used to significantly improve the bandwidth of existing topological PCS

structures by exploiting the autograd library to perform inverse design and improve

the bandwidth of topological PCS waveguide modes below the light line (Nussbaum

et al. 2021).

The simulations performing the GME from Chapter 3 were able to be easily run

in MATLAB without problem. The BME simulations from Chapter 4, however, were

performed via the Centre for Advanced Computing (CAC) (The Centre for Advanced

Computing, Queen’s University, Canada n.d.) due to the significant memory require-

ments. For further computational efficiency, MATLAB’s Parallel Computing Toolbox

was used for Chapter 4’s statistical results to allow the computations to be run in

parallel.
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Chapter 3

Theory of Intrinsic Propagation Losses in

Topological Edge States of Planar Photonic

Crystals

This work is published as E. Sauer, J. P. Vasco, and S. Hughes, “Theory of intrinsic

propagation losses in topological edge states of planar photonic crystals”, Phys. Rev.

Res. 2, 043109 (2020). It introduces topological PCS designs as structures proposed to

mitigate backscattering and presents details of the GME technique. Four topological

PCS designs were examined using the GME, two of which exhibit valley Hall effects.

Intrinsic losses of these structures were investigated in terms of group index and loss
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Abstract

Using a semianalytic guided mode expansion technique, we present theory

and analysis of intrinsic propagation losses for topological photonic crystal slab

waveguide structures with modified honeycomb lattices of circular or triangular

holes. Although conventional photonic crystal waveguide structures, such as the
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W1 waveguide, have been designed to have lossless propagation modes, they

are prone to disorder-induced losses and backscattering. Topological structures

have been proposed to help mitigate this effect as their photonic edge states

may allow for topological protection. However, the intrinsic propagation losses

of these structures are not well understood and the concept of the light line can

become blurred. For four example topological edge state structures, photonic

band diagrams, loss parameters, and electromagnetic fields of the guided modes

are computed. Two of these structures, based on armchair edge states, are

found to have significant intrinsic losses for modes inside the photonic band

gap, more than 100 dB/cm, which is comparable to or larger than typical

disorder-induced losses using slow-light modes in conventional photonic crystal

waveguides, while the other two structures, using the valley Hall effect and

inversion symmetry, are found to have a good bandwidth for exploiting lossless

propagation modes below the light line (at least in the absence of disorder).

3.1 Introduction

Semiconductor photonic crystals (PCs) are dielectric structures that allow the manip-

ulation of light on the nanoscale, achieved by tailoring the periodicity of the dielectric

constant (Sakoda 2005; Patterson, Hughes, Schulz, et al. 2009; Patterson 2009; Mann

2017). In particular, planar photonic crystal slabs (PCSs) have a two-dimensional

in-plane periodicity in their lattice structure, which can be used to realize slow-light

modes on semiconductor chips (Krauss 2008). The PCSs are often introduced with

defects within their lattice structures, e.g., to create waveguides (Notomi, Yamada,

et al. 2001; Patterson 2009; Vlasov et al. 2005; Baba 2008; Minkov and Savona 2015;

Matsuda et al. 2011; Y. Zhang and B. Li 2006; Mann 2017), which allow the propa-

gation of light in a particular direction, or trap light in cavities (Akahane et al. 2003;

B.-S. Song et al. 2005; Minkov, Savona, and Gerace 2017; Asano et al. 2017; Hennessy

et al. 2007; Yoshie et al. 2004; Ellis et al. 2011; Nozaki et al. 2010; Dharanipathy et

al. 2014; Notomi, Kuramochi, et al. 2008; Tanaka et al. 2008; Vasco, Vinck-Posada,

et al. 2013). The fabrication of these PCSs is made possible through semiconductor
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growth techniques (Patterson, Hughes, Schulz, et al. 2009), such as etching (Kitano

et al. 2015) and lithography (Chan et al. 2006).

In terms of understanding extrinsic (i.e., disorder-induced) propagation losses,

conventional PCS waveguide structures, such as the W1 waveguide (i.e., a single row

of missing holes), have been studied extensively (Patterson, Hughes, Schulz, et al.

2009; Patterson, Hughes, Combrié, et al. 2009). Kuramochi et al. (Kuramochi et

al. 2005) have achieved PCS waveguide losses as low as 5 dB/cm, and O’Faolain et

al. (O’Faolain et al. 2007) as low as 15 dB/cm. Variations of the W1 design can help

improve these numbers somewhat in terms of reducing the loss per group index (J. Li

et al. 2008; Mann, Combrié, et al. 2013). However, in all of these conventional designs,

operation near the mode edge (slow light regime) becomes impractical because of

significant disorder-induced backscattering (Patterson, Hughes, Combrié, et al. 2009;

Patterson, Hughes, Schulz, et al. 2009; Mann, Patterson, et al. 2015; Hughes et al.

2005; Gerace and Andreani 2005; Thomas and Houdré 2010; Mohamed et al. 2018;

Gerace and Andreani 2004; W. Song et al. 2010; Minkov and Savona 2012; Vasco and

Hughes 2019).

In recent years, it has been proposed that “topological” photonic structures can

help mitigate the problem of disorder-induced losses in PCS waveguides, thanks to

the special properties of their photonic edge states. These edge states of topological

waveguides may allow scatter-free propagation for nanoscale PCs and have applica-

tions in quantum technologies due to their strong interactions with quantum emit-

ters (Anderson and Subramania 2017; Barik, Miyake, et al. 2016; Parappurath et al.

2020; Lu, Joannopoulos, et al. 2014; Lu, Fang, et al. 2016; Wu and X. Hu 2015;

Mehrabad et al. 2020; Paz et al. 2020). Experimentally, electromagnetic modes for

these topological edge states have been measured by Barik et al. (Barik, Karasahin, et

al. 2018) in 2018, indicating that these topological edge states can function as waveg-

uides, with localized spin control. However, for these PCS geometries, the role of

intrinsic out-of-plane losses on the propagating modes is not well understood. Quan-

tifying such radiative losses is essential to properly characterize the topological edge

states in PCSs and, ultimately, to improve their performance and understanding.
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To accurately model the behaviour of light within PCSs, numerical solutions to

Maxwell’s equations in the full three-dimensional geometry are required (Patterson

2009; Zhao et al. 2007; Andreasen et al. 2008; Potravkin et al. 2012). For this purpose,

well-known numerical approaches, such as the finite-difference time-domain (FDTD)

method (Taflove and Hagness 2005) and the plane wave expansion (PWE) method (H.

Kim et al. 2012; Johnson and Joannopoulos 2001), have been commonly employed

during the last two decades. FDTD techniques directly solve Maxwell’s equations by

iterating through time, on a finite spatial grid. The FDTD method is numerically

exact (i.e., without approximations), however, it is a brute-force method which can

be computationally inefficient (Patterson 2009; Cartar 2017). This computational

inefficiency is especially problematic when computing modes above the light line in

three dimensions, and lossy waveguide modes can be hard or impossible to resolve

with a time-dependent solution. The PWE method, on the other hand, works in the

frequency domain rather than in the time domain; PWE solves Maxwell’s equations

as an eigenvalue problem and is significantly more efficient than FDTD. However, a

major limitation with PWE is that it assumes periodicity in all spatial directions and

can only be accurately used for lossless systems, such as standard PCS waveguides

operating below the light line (Patterson, Hughes, Schulz, et al. 2009; Joannopoulos

2008).

An alternative approach to the brute-force solvers like FDTD is the semianalyti-

cal method, originally proposed by Andreani and Gerace, known as the guided mode

expansion (GME) (Andreani and Gerace 2006) method. In GME, the magnetic field

of the PCS is expanded in the basis of the guided mode of the slab’s effective waveg-

uide, and the resulting eigenvalue equation is solved numerically. The benefits of the

GME method are twofold: (i) it is significantly more computationally efficient than

other numerical methods such as FDTD, because the matrix elements of the Maxwell

operator become analytical in the guided mode basis; and (ii) the imaginary part of

the eigenvalue, which accounts for the out-of-plane losses, can be obtained by using

time-dependent perturbation theory in the low-loss regime. This makes the GME an

ideal theoretical tool for numerically solving PCSs when the imaginary part of the
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mode frequency is much smaller than its real part. Thus, the GME method is an

excellent and efficient method of choice to analyze the photonic band structure and

intrinsic propagation losses of topological PCS waveguides.

In this work, we study four topological PCS waveguide designs that have been

recently presented in the literature. The PCS waveguides are analyzed using the

GME approach, where we compute the complex photonic band structure and quantify

the intrinsic radiation losses above the light line. We also identify the regions where

these out-of-plane losses are minimized and characterize the corresponding intensity

profiles of the waveguide modes. The first two structures are based on the designs from

Anderson and Subramania (Anderson and Subramania 2017) and Barik et al. (Barik,

Miyake, et al. 2016), which we show to be intrinsically lossy and form modes inside

the photonic band gap but above the light line, while the latter two structures, from

Shalaev et al. (Shalaev et al. 2019) and He et al. (He et al. 2019), do have have edge

states modes below the light line and are thus more promising in terms of mitigating

problems of intrinsic diffraction losses. Importantly, all these structures could be

efficiently redesigned using the GME to improve their loss characteristics, though we

will not study optimization techniques in this paper.

The layout of the rest of our paper is as follows: Sec. 3.2 introduces the main

designs of interest, Sec. 3.3 presents the GME theory and methods for computing

complex band structure and losses, and Sec. 3.4 presents our main results for the

four waveguide designs. Our conclusions are presented in Sec. 3.5. We also include

three Appendixes: in Appendix 3.7.1 we provide further details of the intrinsic loss

calculations and features; in Appendix 3.7.2 we provide more examples of the various

waveguide modes found by the GME; and in Appendix 3.7.3 we provide further

waveguide mode graphs to display the chiral properties of the edge state waveguide

modes, which have applications for coupling to quantum emitters with unidirectional

control.
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3.2 Designs for Topological Edge States in Photonic Crystal Waveguides

Figure 3.1 shows two schematic examples of PCS structures that support topological

edge states, using circles or triangles on a semiconductor slab (or membrane). The

interfaces in these two examples separate a topologically trivial lattice structure with

shrunken honeycomb clusters and a topologically nontrivial lattice structure with ex-

panded honeycomb clusters. These two designs, from Anderson and Subramania 2017

and Barik, Miyake, et al. 2016, use standard honeycomb lattices, with an armchair

interface separating expanded and shrunken honeycomb clusters. We refer to these

structures as armchair edge state designs. Anderson and Subramania (Anderson and

Subramania 2017) have presented theoretical photonic band structure calculations for

their design of circular holes, as well as power flow diagrams along the interface. How-

ever, propagation losses were not considered. For the design by Barik et al. (Barik,

Miyake, et al. 2016), impressive experimental measurements were also demonstrated

by coupling quantum dot emitters to the waveguide modes (Barik, Karasahin, et al.

2018). Some partial loss calculations for this structure are available in the Supple-

mental Material to Barik, Karasahin, et al. 2018, which are presented in the form of

a minimum propagation length using the FDTD technique. Experimentally, a loss

length of 22 µm was shown for this structure, and they predicted that a loss length of

up to 40 µm could be achieved with appropriate parameter adjustments. With such

a brute-force FDTD approach, the origin of such losses is not so clear; alternative

techniques are thus needed not only to highlight the underlying physics, but also to

efficiently explore the parameter space for lower loss designs.

Very recent designs from Shalaev et al. 2019 and He et al. 2019 use honeycomb

clusters with two alternating hole sizes and instead use inversion symmetry to achieve

a waveguide interface. The design proposed by Shalaev et al. (Shalaev et al. 2019) is

introduced as a topological insulator that exhibits the valley Hall effect at telecom-

munications wavelengths. A similar design by He et al. (He et al. 2019) also exhibits

valley Hall effects and has been experimentally investigated on top of a SiO2 sub-

strate. The design that we investigate below does not consider the substrate for
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Figure 3.1: Schematic three-dimensional models of two example topological PCS struc-
tures: one with circular holes and one with triangular holes. An interface, which acts as
a waveguide, separates two lattice structures (in this example, with expanded or shrunken
honeycomb lattices).

GME calculations, so that it is consistent with the three other designs, since air

bridge structures have less overlap with the light line. Impressive experiments have

been done with both these structures and low losses have been reported. We refer to

these two structures as valley Hall edge state designs.

3.3 Guided Mode Expansion Technique and Propagation Losses

For linear and non-magnetic media, one can rewrite Maxwell’s equations in the fre-

quency domain, such that a second-order eigenvalue equation in terms of the magnetic

field H(r) is obtained:

∇×
[

1

ε(r)
∇×H(r)

]
=
(ω
c

)2

H(r), (3.1)

where ε(r) is the dielectric constant of the slab. To solve this eigenvalue problem

using the GME method, the magnetic field is expanded in an orthonormal set of

basis states:

H(r) =
∑
µ

cµHµ(r), (3.2)

with the orthonormality condition,∫
unit cell

H∗µ(r) ·Hν(r)dr = δµ,ν . (3.3)



3.3. GUIDED MODE EXPANSION TECHNIQUE AND
PROPAGATION LOSSES 47

Then, Eq. (3.1) is rewritten as a linear eigenvalue problem,

∑
ν

Hµνcν =
ω2

c2
cµ, (3.4)

where the matrix elements Hµν are defined as

Hµν =

∫ 1

ε(r)

(
∇×H∗µ(r)

)
· (∇×Hν(r)) dr. (3.5)

To solve for Hµν , the GME method obtains the magnetic field for each Bloch

wave vector k as a sum of the guided modes over the reciprocal lattice vectors and

the mode index αi. Therefore, the GME for the magnetic field can be rewritten as

Hk(r) =
∑
G,αi

c(k +G, αi)H
guided
k+G,αi

(r), (3.6)

where G is a reciprocal lattice vector for the PCS’s lattice structure. The analytical

solution for the guided mode Hguided
k+G,αi

(r) varies depending on the slab’s layer and

whether the mode is transverse electric (TE) or transverse magnetic (TM) (Andreani

and Gerace 2006). Note that the matrix elements Hµν in Eq. (3.4) depend on the

Fourier transform of the inverse dielectric function in each slab layer j = {1, 2, 3},
through

ηj(G,G
′) =

1

A

∫
cell

εj(ρ)−1ei(G
′−G)·ρdρ, (3.7)

where A is the unit cell area, ρ = (x, y), and j represents one of the slab’s three

layers: the lower cladding, the core, and the upper cladding. However, from a numer-

ical perspective, it is much more convenient to calculate the matrix elements of the

dielectric function directly as (Andreani and Gerace 2006)

εj(G,G
′) =

1

A

∫
cell

εj(ρ)ei(G
′−G)·ρdρ, (3.8)

and use numerical matrix inversion to find ηj(G,G
′) = ε−1

j (G,G′). This is the
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approach that we take.

The guided mode basis is computed in an effective homogeneous slab whose di-

electric constant is usually taken as the spatial average of εj(ρ):

εj =
1

A

∫
cell

εj(ρ)dρ. (3.9)

Once the magnetic field is obtained from Eq. (3.6), the electric field is obtained by

Ek(r) =
ic

ωε(r)
×Hk(r), (3.10)

where ∫
unit cell

ε(r)E∗k(r) ·Ek′(r)dr = δk,k′ . (3.11)

Although performing the GME in this way is accurate for photonic modes below

the light line, it does not directly obtain out-of-plane (intrinsic) losses. However,

since such losses are small, one can can estimate these losses using perturbation

theory. Specifically, when a photonic mode escapes the slab’s core into the claddings,

it couples to lossy radiation modes and falls above the light line. The mode becomes

quasiguided and is now subject to intrinsic losses, which can be accurately computed

from the imaginary part of the eigenfrequency, Im(ω). Similarly to Fermi’s golden

rule from quantum mechanics, these losses can be computed by second-order time-

dependent perturbation theory (Andreani and Gerace 2006), from the photonic golden

rule:

− Im

ω2
k

c2

 = π
∑
G′

∑
λ

∑
j=1,3

|Hk,rad|2ρj

k +G′;
ω2
k

c2

 , (3.12)

where λ represents either a TE or TM mode, and the matrix element between a

guided and lossy radiation mode is given by

Hk,rad =

∫ 1

ε(r)
(∇×H∗k(r)) ·

(
∇×Hrad

k+G′,λ,j (r)
)
dr, (3.13)
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and ρj is the one-dimensional photonic density of states for a given wave vector

g = k +G in layer j:

ρj

g;
ω2

c2

 =
ε

1/2
j c

4π

θ

ω2 −
c2g2

εj

1/2

ω2 −
c2g2

εj

1/2
, (3.14)

with θ representing the Heaviside step function. Similarly to those for the guided

modes, the analytical definitions for the radiation modes Hrad
k+G′,λ,j(r) depend on the

slab’s layer and polarization (Andreani and Gerace 2006).

The imaginary part of the frequency is then easily obtained from

Im(ωk) =
Im(ω2

k)

2 Re(ωk)
. (3.15)

Subsequently, the power loss coefficient, α, is obtained from

α = 2
Im(ωk)

|vg|
, (3.16)

where vg = dω/dk is the mode group velocity. Another useful parameter for connect-

ing to experiments is power loss in decibels (dB), obtained from LossdB = 4.34α.

It is worth commenting on the expected accuracy of the GME loss calculations.

As expected from any perturbative approach, the GME method is an approximate

one and its predictions are accurate as long as the underlying assumptions are ful-

filled. For the photonic dispersion, structures with high-contrast refractive indices are

required in order to make a reliable description of PCS eigenmodes with the vertically

confined guided mode basis, while for the out-of-plane losses, the imaginary part of

the frequency, computed with Eqs. (3.12) and (3.15), must be much smaller than its

real part. These two conditions are perfectly satisfied in our cases of interest, where

air-bridge high-index slabs are considered and the ratio Im(ω)/Re(ω) is on the order
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of 10−4 for the largest losses computed below. Nevertheless, structures with weakly

confined modes in the vertical direction and with strong radiative losses components

are likely not suitable for the GME and could require first-principles simulations,

such as FDTD; such modes are not considered in this work, and the GME is a far

more efficient method to obtain the propagation losses of interest. We also stress that

the GME method presents a full vector and three-dimensional solution of Maxwell’s

equations for a wide range of PCS structures.

3.4 Numerical Results for the Complex Band Structures and Propagation

Losses

In this section, we apply the GME to the four topological PCS structures described in

Sec. 3.2, which we refer to as designs A (Anderson and Subramania 2017), B (Barik,

Miyake, et al. 2016), C (Shalaev et al. 2019) and D (He et al. 2019), respectively. For

each of the four designs, photonic band diagrams in the kx direction are computed,

along with the nominal light line, and the topological edge states are indicated. A

top-down view of each lattice structure’s supercell is shown, with the propagation

being in the x direction in each case. Since these band diagrams are symmetric about

kx = 0, only the results for kx ≥ 0 are shown. Zoom-ins of these guided bands of

interest are shown, along with their intrinsic losses presented in terms of the group

index, ng = |c/vg|, where vg is the group velocity, and the loss coefficient, α. Finally,

mode profiles of the (normalized) electric displacement field, D ≡ εE, are presented,

which provide a visual representation of how well the modes remain confined along

the waveguides for their respective topological structure.

Our computational implementation of the GME for the structures below was done

in MATLAB. To obtain all necessary results, the number of k points and the number of

basis states were chosen for the dispersion calculations. These numbers are dependent

on the PCS structure. For design A, a total of 81 basis states and 1002 k points were

used. For design B, 144 basis states were computed, with a total of 3002 k points.

Both design C and design D used 60 basis states, with C using 1502 k points and
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D using 1002 k points. For designs A, B, and D, the normalized cutoff in reciprocal

lattice vectors, Ga, was set to 30, whereas it was set to 40 for design C. These were

all checked carefully to ensure numerical convergence.

3.4.1 Armchair Interfaces of Circular Holes by Anderson and Subrama-

nia (Anderson and Subramania 2017) and of Triangular Holes by

Barik et al. (Barik, Miyake, et al. 2016)

We first show results for the PCS structure of the armchair interface of circular

holes, introduced by Anderson and Subramania (Anderson and Subramania 2017).

The GME computations use a slab dielectric constant of εs = 11.5, a slab thickness of

d = 0.25a, a hole radius of r = 0.13a, and a lattice constant of a = 870 nm. Assuming

that the radius of each honeycomb cluster is R and the lattice constant is a, the

topologically nontrivial side has expanded honeycomb clusters with Rexp = a/2.9 and

the topologically trivial side has shrunken honeycomb clusters with Rshr = a/3.1.

The lattice structure and photonic band diagram for this topological structure

is shown in Fig. 3.2. One might expect the topological edge states in this case to

be below the light line, however the GME identifies them to be above the light line,

which results in nonzero losses. It is also important to note that the propagation

losses here do not arise from backscattering but, rather, from radiation leaking out

vertically while the mode is propagating along the waveguide. However, we are not

considering any structural disorder.

Figure 3.3(a) shows a zoomed-in region of interest of the band structure, high-

lighting two edge state modes, labeled state 1 and state 2. The corresponding group

index and propagation losses are shown in Fig. 3.3(b). We identify a point of mini-

mum loss for state 2, at kxa = 0.091. The minimum loss coefficient is αmin = 1/97 a,

which yields a maximum loss length of Lα = 97a.

With the lattice constant of a = 870 nm, the minimum losses in this structure were

found to be equal to 510 dB/cm. This quantity is significantly larger than typical

disorder-induced losses of conventional PCS waveguide modes, which are around 5–30

dB/cm for the fast-light regime and around 100–1000 dB/cm for the slow-light regime
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x

y

Figure 3.2: Dispersion of the lossy armchair interface structure of circular holes, design
A (Anderson and Subramania 2017). Propagation is along x.

(ng ≈ 100) (Kuramochi et al. 2005; Gerace and Andreani 2005; O’Faolain et al. 2007;

Patterson, Hughes, Schulz, et al. 2009; Patterson, Hughes, Combrié, et al. 2009;

Mann, Combrié, et al. 2013). For thin samples, extrinsic (disorder-induced) losses

scale inversely with the group index squared (as a general approximation) (Hughes

et al. 2005; Patterson, Hughes, Schulz, et al. 2009). Intrinsic losses of W1 waveguides

(i.e., above the light line) have also been measured to be around 400 dB/cm (Ku-

ramochi et al. 2005), which is close to the values of the topological edge states here.

The x and y components of the Bloch-mode displacement fields D at z = 0 (i.e.,

in the vertical center of the slab) are shown in Figs. 3.3(c) and 3.3(d). These modes,

shown for state 1 and state 2 from Fig. 3.3(a), are taken at the points of minimum

loss. As expected, the modes remain mostly confined along the interface, however,

they are still relatively lossy and confinement seems to be somewhat poor for these

edge states.

We also studied the results for a similar PCS structure using the zigzag interface

of circular holes (Anderson and Subramania 2017), and found similar results (not

shown). The loss length was found to be equal to Lα = 166a, which is equivalent to

propagation losses of 173.5 dB/cm, given a waveguide lattice constant of a
√

3. The

smaller losses in this structure compared to its armchair counterpart partly stem also
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Figure 3.3: (a) Zoom-in to design A’s guided bands of interest, labeled state 1 and state 2.
Points of interest, which are found above the light line (but within the photonic band gap),
provide the minimum loss coefficient for state 2 (and therefore the maximum loss length)
and are indicated by circles. (b) The group index (top), ng = |c/vg|, and loss coefficient
(bottom), α, of state 1 and state 2, shown on a logarithmic scale. The two points of interest
are represented by circles. (c) Electric displacement field mode profiles of the x and y
components of state 1 at the point of interest. (d) Electric displacement field mode profiles
of state 2.

from its larger effective mode volume, Veff = 1/max[ε(r)|E(r)|2] (Manga Rao and

Hughes 2007), which influences the photonic golden rule calculations. Note that this

is an effective mode volume per unit cell (Manga Rao and Hughes 2007). As is clear

from Eqs. (3.12) and (3.13), losses are also influenced by complex interference effects

between the confined Bloch mode and the radiation modes. Although the zigzag

structure has somewhat lower losses, by approximately a factor of 2, the modes are

still above the light line and have significant losses throughout all of k space.
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Figure 3.4: Dispersion of the lossy armchair interface structure of triangular holes, design
B (Barik, Miyake, et al. 2016). Propagation is along x.

We next consider the PCS structure proposed by Barik et al. (Barik, Miyake, et al.

2016), which was also demonstrated experimentally by coupling spin-charged quan-

tum dots (Barik, Karasahin, et al. 2018). The GME computation uses the following

parameters: a slab dielectric constant of εs = 12.11, a slab thickness of d = 160a/445,

a length of one side of the equilateral triangular hole of L = 140a/445, and a lat-

tice constant of a = 445 nm. In this case, the topologically nontrivial side has

expanded honeycomb clusters with Rexp = 1.05a/3 and the topologically trivial side

has shrunken honeycomb clusters with Rshr = 0.94a/3.

Figure 3.4 displays the photonic band diagram for this topological structure and

its lattice design. Figure 3.5(a) shows a zoom-in of the region of interest, with two

identified edge state modes. Once again, we find that these modes are well above

the light line when inside the photonic band gap, though some of the modes fall

below the light line when below the photonic band gap. Specifically, state 1 resides

above the light line for |kxa| < 3.049, whereas state 2 resides above the light line

for |kxa| < 2.628. Within the photonic band gap region, minimum losses occur at

kxa = 0.018 (for state 2), and the corresponding group index and loss values are

shown in Fig. 3.5(b). Here, the loss coefficient achieved at the point of minimum loss

is equal to αmin = 1/79 a, which corresponds to a maximum loss length of Lα = 79a,

and the minimum propagation losses were found to be equal to 1242 dB/cm. Figures
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Figure 3.5: (a) Zoom-in to design B’s guided bands of interest, labeled state 1 and state 2.
Points of interest, which are found above the light line, provide the minimum loss coefficient
for state 2 and are indicated by circles. (b) The group index (top), ng, and loss coefficient
(bottom), α, of state 1 and state 2. The two points of interest are represented by circles.
(c) Electric displacement field mode profiles of the x and y components of state 1 at the
point of interest. (d) Electric displacement field mode profiles of state 2.

3.5(c) and 3.5(d) show the components of the guided modes’ displacement field for

this structure at z = 0. Similarly to design A, the modes remain mostly along the

interface, however, the edge state confinement is significantly worse in this case.

We note that Barik et al. have obtained experimental loss measurements on this

structure and extracted some values for the optimum loss length (Barik, Karasahin,

et al. 2018). Using their lattice constant of a = 445 nm, our normalized loss length

of Lα = 79a is equivalent to Lα = 35 µm. Comparing this loss length with their
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experimental value of 22 µm, it is clear that these two values are in reasonable agree-

ment, especially as we have not accounted for any other source of loss, and we have

extracted the theoretical lowest loss as a limit. We also expect fabrication imperfec-

tions to impact these numbers further.

While both design A and design B produce edge state modes that appear to

be intrinsically lossy, we stress that the physics of these topological structures is

much richer than that of regular PC modes (Barik, Miyake, et al. 2016; Anderson

and Subramania 2017), and these loss lengths are certainly large enough to probe

many finite-size waveguide effects, and for exploiting topology-dependent spin (Barik,

Karasahin, et al. 2018).

3.4.2 Valley Hall edge state structures by Shalaev et al. (Shalaev et al.

2019) and He et al. (He et al. 2019)

Next, we examine the recent PCS edge state structure by Shalaev et al. (Shalaev

et al. 2019), described earlier. The GME computations for this structure use a slab

dielectric constant of εs = 12.11, a slab thickness of d = 0.639a, equilateral triangular

hole lengths of L1 = 0.4a and L2 = 0.6a, and a lattice constant of a = 423 nm.

The full photonic band diagram, as well as the lattice design, for this topological

structure are shown in Fig. 3.6. Unlike designs A and B, its interface does not separate

two honeycomb lattice structures of expanded and shrunken clusters. Instead, a

standard honeycomb lattice of triangular holes with two alternating hole sizes has

inversion symmetry applied, and an interface is formed from the larger triangular

holes. As a consequence of the periodic nature of the GME in both the x and y

directions, an intermediate interface of smaller triangular holes forms beyond what

is shown in Fig. 3.6. The mode confined within the real interface of larger holes

is labeled state 1, whereas the artificial mode confined to the intermediate interface

of smaller holes is labeled state 2′; see Appendix 3.7.2 for more information on how

these artificial modes (with respect to the original lattice) are defined and obtained.

Another difference between this structure and designs A and B is that the guided

modes lie below the light line, as shown in the zoom-in of the band diagram in Fig.
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Figure 3.6: Dispersion of the edge state structure of triangular holes, design C (Shalaev
et al. 2019). Propagation is along x.

3.7(a). Figure 3.7(b) shows the corresponding group index, ng, and loss coefficient, α,

for these two modes. The point at which a mode crosses the light line is indicated by

a dotted vertical line. The mode point of interest in this case is arbitrarily chosen to

be below the light line. As expected from Fig. 3.7(b), the loss coefficient, α, becomes

0 when the mode falls below the light line. The various jumps in α versus wave vector

arise from crossings between the Bloch mode and the effective slab waveguide modes

(see Appendix 3.7.1). Also, the significant dip in α for state 2′ is a consequence of

the decreasing ng and the larger effective mode volume. As an example, when the

α values of state 1 and state 2′ are similar, we obtain effective mode volumes of

0.032 µm3 [or 0.264 (λ/ns)
3] for state 1 and 0.038 µm3 [or 0.489 (λ/ns)

3] for state 2′;

however, when α differs by orders of magnitude, the effective mode volumes increase

to 0.039 µm3 [or 0.391 (λ/ns)
3] for state 1 and 0.051 µm3 [or 0.650 (λ/ns)

3] for state

2′, which are comparable to W1-like effective mode volumes (Manga Rao and Hughes

2007).

Figures 3.7(c) and 3.7(d) show the components of the displacement field for both

the real and the artificial modes of this structure at z = 0. Unlike designs A and B, this

lattice structure shows a significant improvement in terms of waveguide confinement;

the edge state modes remain tightly confined to the interface in this case due to
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Figure 3.7: (a) Zoom-in to design C’s guided bands of interest, labeled state 1 and state 2′.
Note that state 2′ is in fact an edge state mode at the border of the supercell but constitutes
an alternative design. Points of interest, indicated by circles, were chosen to be below the
light line. (b) The group index (top), ng, and loss coefficient (bottom), α, of state 1 and
state 2′. The two points of interest are represented by circles, and the light line crossings
are indicated by dotted vertical lines. (c) Electric displacement field mode profiles of the x
and y components for state 1 at the point of interest. (d) Electric displacement field mode
profiles of state 2′; for simplicity, we show the edge state at the center and rearrange the
lattice accordingly (see Appendix 3.7.2).
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x
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Figure 3.8: Dispersion of the edge state structure of circular holes, design D (He et al.
2019). Propagation is along x.

having zero losses. For the local chiral properties of these modes, see Appendix 3.7.3.

Finally, we study another valley Hall edge state structure of He et al. (He et

al. 2019). For this design, the GME computations use a slab dielectric constant of

εs = 12.04, a slab thickness of d = 0.571a, hole radii of r1 = 0.105a and r2 = 0.235a,

and a lattice constant of a = 385 nm. This topological PC design is quite similar

to design C; a standard honeycomb lattice of two alternating circular hole sizes has

inversion symmetry applied to it, resulting in an interface formed by the larger circular

holes. Figure 3.8 displays this lattice structure, as well as the full photonic band

diagram. This structure has four significant edge state modes: two real modes, labeled

state 1 and state 2, and two artificial modes, labeled states 3′ and 4′. Similarly to the

artificial mode from design C, states 3′ and 4′ arise from an intermediate interface

formed beyond the supercell length (see Appendix 3.7.2).

Another similarity to design C is the fact that these edge state modes fall below

the light line, as shown in the zoom-in in Fig. 3.9(a). For states 1 and 2, the group

index, ng, and loss coefficient, α, are shown in Fig. 3.9(b); the losses for states 3′ and

4′ are omitted in this case, as the results for states 1 and 2 are more meaningful when

compared to the original waveguide design. Once again, the regions below the light

line for this structure provide zero losses, and the jumps in α are due to crossings
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Figure 3.9: (a) Zoom-in to design D’s guided bands of interest, labeled state 1 and state
2. States 3′ and 4′, formed at the border of the supercell, are indicated as dashed bands.
Points of interest, indicated by circles, were chosen to be below the light line. (b) The group
index (top), ng, and loss coefficient (bottom), α, of state 1 and state 2. The two points
of interest are represented by circles, and the light line crossings are indicated by dotted
vertical lines. (c) Electric displacement field mode profiles of the x and y components of
state 1 at the point of interest. (d) Electric displacement field mode profiles of state 2.

with the effective slab waveguide (see Appendix 3.7.1). For example effective mode

volumes of these modes, we obtain 0.009 µm3 [or 0.119 (λ/ns)
3] for state 1 and 0.008

µm3 [or 0.099 (λ/ns)
3] for state 2, which are significantly smaller than those for design

C. We also show the components of the displacement field for the two main modes of

this structure at z = 0 in Figs. 3.9(c) and 3.9(d). Regions of slow light, small losses,

and small effective mode volumes have applications for on-chip quantum light sources

including single-photon emitters (Manga Rao and Hughes 2007). Similarly to design
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C, this structure’s edge state modes are very tightly confined to the interface.

3.5 Conclusions

In this work, we have applied the GME method to study four topological PCS struc-

tures, all of which are modifications of the standard honeycomb lattice structure. Two

of these structures, designs A and B, proposed by Anderson and Subramania (An-

derson and Subramania 2017) and Barik et al. (Barik, Miyake, et al. 2016), consist

of armchair edge states, with an interface separating shrunken and expanded hon-

eycomb clusters. The edge states of these two PCS structures have been shown to

fall above the light line, and neither structure seemed to perform particularly well in

terms of minimizing propagation loss. Taking previously reported minimum losses of

15 and 5 dB/cm for the W1 waveguide for comparison (O’Faolain et al. 2007; Ku-

ramochi et al. 2005), these two topological structures show minimum losses of the

order of 102 and 103 dB/cm inside the photonic band gap. The electromagnetic fields

of the guided modes remain mostly along the structures’ interfaces, however, these

edge states could be more tightly confined.

The two other structures that we have analyzed, designs C and D, proposed by

Shalaev et al. (Shalaev et al. 2019) and He et al. (He et al. 2019), are valley Hall edge

state designs that use inversion symmetry to form an interface. The edge states of

both PCS structures fall below the light line, thus providing regions of zero intrinsic

losses (neglecting imperfections). The electromagnetic field mode profiles confirm that

these edge states are indeed tightly confined to their respective structure’s interface.

Compared to designs A and B, these valley Hall edge state designs seem far superior

as a result of their good bandwidth and lossless propagation modes. However, it

remains to be quantified how these structures are affected by structural disorder, a

topic we will explore in future work.

All of the presented edge state modes show interesting chiral features for the Bloch

mode polarization, which is useful for coupling to spin-charged quantum dots and

realizing unidirectional propagation (Söllner et al. 2015; Young et al. 2015). Further
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information on the chiral features of the Bloch modes is presented in Appendix 3.7.3.
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3.7 Appendices

3.7.1 Appendix A: Further Details on the Propagation Loss Features

In Figs. 3.7(b) and 3.9(b), we see several peaks and nontrivial features in the loss

coefficient α as a function of the wave vector. Apart from the influence of the group

index ng, these effects can be explained by considering the effective slab waveguide,

formed by the effective dielectric constant ε of the PCS structure’s core layer. The

guided modes of this effective slab are folded when considering the Bloch boundary

condition, and the PCS modes will inevitably cross with these guided modes. When

these bands cross, the effective slab’s guided modes act as a loss channel, thus briefly

increasing the losses of the PCS’s modes, represented by the frequency’s imaginary

component Im(ω). These peaks are more likely to appear for relatively thicker slabs

or those with low contrast in the refractive index.

Figures 3.10(a) and 3.10(b) demonstrate the origin of this phenomenon for designs

C and D of Shalaev et al. (Shalaev et al. 2019) and He et al. (He et al. 2019),

respectively. The two states of interest of these two topological PCS structures are

overlaid onto the guided modes of the effective slab to show the locations where the

bands intersect, which correspond to the locations of the jumps in α. Note that the

bands shown in this case are only TE-like modes. The other factors that influence

the loss calculations include the group index, ng, and the strength of the normalized

Bloch modes (or the effective mode volume (Manga Rao and Hughes 2007)); larger

ng and smaller effective mode volumes both increase the loss in the golden rule.
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Figure 3.10: Dispersion of the effective slabs of the edge state structures of (a) Shalaev et
al. (Shalaev et al. 2019) and (b) He et al. (He et al. 2019), designs C and D in the text,
respectively. The two waveguide modes of interest for both structures are overlaid onto this
photonic band diagram to show the various instances of band crossings. These crossings
result in peaks in Im(ω) due to the effective guided slab modes acting as loss channels.

3.7.2 Appendix B: Additional Mode Plots and Edge State Modes Iden-

tified at the Edge of the Guided Mode Expansion Supercell

The GME, being periodic in nature, presents a specified boundary condition when

building two-dimensional lattice structures. Unlike methods that can apply open

boundary conditions, such as the FDTD using perfectly matched layers, the GME

builds a lattice structure from an initial unit cell that is repeated periodically in two

dimensions. For regular nonwaveguide structures, a lattice can be easily built from

its clearly defined unit cell. However, waveguide-like structures require a much larger

supercell, which is in general a rectangular section of the lattice with an interface

located at the center. Unlike traditional unit cells, these supercells are only repeated

periodically in one dimension, which we define as x. The y dimension represents the

supercell’s length, which is assumed to be infinitely long.

Despite these supercells only being periodic in x, the GME still views them as

being periodic in both x and y. Therefore, a supercell length defined as ly will form

interfaces at y = ±nly, where n = {0, 1, 2, . . .}. In principle, we must ensure that

ly is large enough such that the neighbouring interfaces at y = ±ly do not interfere
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Figure 3.11: Electric displacement field mode profiles for state 2′ of the edge state struc-
ture of Shalaev et al. (Shalaev et al. 2019) (design C in the text). (a) The full supercell
of the real design is shown, demonstrating that state 2′ lies at the border of the supercell
at an intermediate interface. (b) The lattice structure is altered such that the intermedi-
ate interface is at the center of the supercell. State 2′ remains confined at this interface
nonetheless.

with the GME computations. For designs A and B, these periodic interfaces are

formed easily, as they are constructed from typical armchair interfaces. Designs C

and D, however, utilize inversion symmetry to form an interface, and thus to achieve

a perfectly periodic supercell in the y direction, inversion symmetry must be applied

twice. Doing so results in intermediate interfaces located at ±(n + 1/2)ly. The

calculations are still physical in the sense that the results have converged, and if we

increased the size of the supercell, we could get the same answer. Thus, the GME

can find other designs from the boundary of the supercell.

Due to the formation of these intermediate interfaces, new modes are formed.

These modes, although fictitious from the input design, can be viewed as a real

solution to a new design where the intermediate interface is located at y = 0. One

such artificial mode is shown in design C in the text, labeled state 2′. Figure 3.11

shows the full supercell of the electric displacement field modes of state 2′ using two

different approaches. In Fig. 3.11(a), the real lattice design is utilized to demonstrate
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Figure 3.12: Electric displacement field mode profiles for states 3′ and 4′ of the edge state
structure of He et al. (He et al. 2019) (design D in the text). (a) The full supercell of the
real design is shown, demonstrating that state 3′ lies at the border of the supercell at an
intermediate interface. (b) The lattice structure is altered such that the intermediate inter-
face is at the center of the supercell. State 3′ remains confined at this interface nonetheless.
(c) The full supercell of the real design is shown, demonstrating that state 4′ lies at the
border of the supercell at an intermediate interface. (d) The lattice structure is altered such
that the intermediate interface is at the center of the supercell. State 4′ remains confined
at this interface nonetheless.
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that the confinement occurs at the edge of the supercell at y = ±ly/2, where the

intermediate interface is located. An alternative view of this mode is shown in Fig.

3.11(b), where the intermediate interface is placed at y = 0. These two modes are

effectively identical, save a translation of ly/2 applied in the y direction.

The same phenomenon is found in design D in the text, albeit with two artificial

modes rather than one. Figures 3.12(a) and 3.12(b) show the electric displacement

field mode profiles of state 3′ and Figs. 3.12(c) and 3.12(d) show those of state 4′.

Once again, the full supercells are shown in these figures to emphasize the artifical

states being located at the edges of the supercells. We show once more alternative

views of these modes by wrapping the edges to the center, which can be seen as

entirely new topological PCS designs.

3.7.3 Appendix C: Chiral Features of the Bloch Modes

Here, we display the chiral features of the Bloch modes shown in the text to better

highlight the regions of circular polarization, which can be used to couple to spin-

charged dipole emitters (Barik, Karasahin, et al. 2018; Ho et al. 1990) and form one-

way edge states. Although not necessary for comprehension of the text, understanding

the chiral properties of these structures has significant value in terms of quantum

applications (Lang et al. 2015; Young et al. 2015). The method used to show the

chiral features of the text’s four structures is through the Stokes’ parameters S0,1,2,3

as a function of position r, which describe the polarization of the electric field E(r):

S0(r) = |Ex(r)|2 + |Ey(r)|2,

S1(r) = (|Ex(r)|2 − |Ey(r)|2)/S0(r),

S2(r) = 2 Re[E∗x(r)Ey(r)]/S0(r),

S3(r) = 2 Im[E∗x(r)Ey(r)]/S0(r).

(3.17)

The z component of the Bloch mode fields is negligible, and we show mode profiles

below at the slab center only, namely, at z = 0.

The main benefit of the Stokes’ parameters is that they can easily pinpoint the
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Figure 3.13: Polarization for design A’s
(a) state 1 and (b) state 2, represented
by the S3 Stokes’ parameter.

Figure 3.14: Polarization for design B’s
(a) state 1 and (b) state 2, represented
by the S3 Stokes’ parameter.

Figure 3.15: Polarization for design C’s
(a) state 1 and (b) state 2′, represented
by the S3 Stokes’ parameter.

Figure 3.16: Polarization for design D’s
(a) state 1 and (b) state 2, represented
by the S3 Stokes’ parameter.
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locations of polarization singularities, such as circular polarization (“C points”) and

linear polarization (“L lines”) (Young et al. 2015). The first parameter, S0, represents

the total electric field strength, which is found from its x and y components. The

other three Stokes’ parameters, −1 ≤ S1,2,3 ≤ 1, are the three Cartesian positions of

the Poincaré sphere (Lang et al. 2015). The parameter of interest here is S3, due to

its feature of being able to easily identify C points and L lines. Points where S3 = ±1

represent C points with left and right circular polarization, respectively; similarly,

points where S3 = 0 depict L lines.

To highlight the main chiral features, we show the text’s four structures in terms

of S3. Doing so is quite trivial, as the x and y components of the electric displacement

field D are available to us. Using the relation D ≡ εE, the Stokes’ parameters are

easily found for each structure’s supercell. The values of S3(r) for the eight states of

interest in the text are shown in Figs. 3.13-3.16, featuring designs A–D, respectively.

The polarizations of the lossy armchair PCS structures (designs A and B) are

very much alike due to their similar armchair configurations. We can see that these

structures tend to preserve both left and right circularly polarized C points within

the honeycomb clusters. There do not seem to be any other discernible features for

these two structures other than the scarcity of L lines.

For design C, there is a much more even distribution of C points than for the

previous two structures. However, due to having more locations with L lines, this

structure seems to be more versatile. State 1 and state 2′ are quite similar, yet state

1’s C points are slightly more defined than those of state 2′.

Design D’s chiral features are similar to those of designs A and B in the sense

that the C points tend to cluster, however, they do so around the holes. Additionally,

like design C, there are significantly more L lines in this case. It is also easier to

identify the interface of this structure, as the C points tend to gather around it. This

is consistent with results found by He et al., which demonstrate that left and right

circularly polarized C points are found at the center of the interface’s holes (He et al.

2019).
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Chapter 4

Introducing Intrinsic Disorder to Photonic Crystal

Slab Waveguides

In this chapter, we apply the Bloch Mode Expansion (BME) to the well-known W1

waveguide, as well as one of the topological structures from Chapter 3 (design D).

Based on the work of Vasco and Hughes 2017, carried out for the regular W1 wave-

guide, we choose two photonic dispersion bands for each structure as input to the

BME and obtain the density of states (DOS), averaged over 5 statistical realizations.

For each structure, we identify regions of slow group velocity (typically, near the mode

edge) that are nominally lossless, and show statistics of the quality factors and the

effective mode volumes from disorder-induced localized modes. Results show that the

topological waveguide is just as prone to disorder as the W1 waveguide and forms

even more localized cavity modes, which may have applications for on-chip QED

(quantum electrodynamics).

4.1 Simulating Disordered Photonic Crystal Slab Waveguides

The previous results shown in Chapter 3 of the thesis demonstrate the important op-

tical physics of several topological PCS waveguide structures, however those results

assume perfect periodicity in the PCS unit cells. In fabricated PCS waveguides, there

is always some intrinsic structural disorder present in the holes due to the manufac-

turing process (Gerace and Andreani 2005; Gerace and Andreani 2004; O’Faolain



4.1. SIMULATING DISORDERED PHOTONIC CRYSTAL SLAB
WAVEGUIDES 70

x

y

x

y

Figure 4.1: Photonic dispersion for (a) the periodic W1 PCS waveguide with supercell
dimensions of a × 5a

√
3 and (b) the periodic topological PCS waveguide with supercell

dimensions of a× 8.5a
√

3. The bands highlighted in orange are used as input to the BME
computations.

et al. 2007; Le Thomas et al. 2009). While the results shown in Chapter 3 show

interesting physics regarding the behaviour of these topological structures, they do

not replicate how they would realistically function in the real world. From this point

on, we shall assume that all PCS structures are subject to intrinsic disorder in the

holes’ position and size.

For this chapter, the BME method will be used to compare the effects due to

disorder for two PCS waveguide structures: (i) the well-known W1 waveguide and

(ii) the topological structure by He et al. 2019, which was designated as design D

in Chapter 3. Design D was chosen for these simulations due to being one of the

two lossless topological structures examined in Chapter 3, as well as having the same

hole shape as the W1 waveguide. For the W1 waveguide, we choose to use the same

parameters as those from Vasco and Hughes 2017, which have examined the effect due

to extrinsic disorder for the W1 waveguide. The W1 waveguide design here therefore

uses a lattice constant of a = 240 nm, a hole radius of 0.295a, a slab thickness of

d = 0.625a, a supercell length of ly = 5a
√

3 and a dielectric constant of εs = 12.11.

For the topological design, we choose to remain consistent with the parameters from

its original paper by He et al. 2019, with a lattice constant of a = 385 nm, hole radii

of r1 = 0.105a and r2 = 0.235a, a dielectric constant of 12.04, a slab thickness of
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d = 0.571a and a supercell length of ly = 8.5a
√

3.

For simplicity, and for the sake of preserving vertical symmetry in the slabs, we

do not assume any disorder in the z direction. The intrinsic disorder parameter that

we use for all subsequent results use a standard deviation of σi = 0.005a for both

the radius and position of the holes, which is the typical manufacturing disorder

for the fabrication of GaAs PC waveguides (Garćıa et al. 2013; Vasco and Hughes

2017). We do not consider extrinsic disorder here, so we set σe = 0. To perform the

BME for these structures, we must first perform the GME and obtain the photonic

dispersion. Figure 4.1 highlights the two dispersion bands for each structure that

are used as input to the BME. The bands that were chosen are located within the

PBG and therefore contain the regions near the mode edge, where the group velocity

approaches zero. These regions of slow light are more likely to form high-Q cavities

along the PCS structures’ waveguides.

4.2 Photonic Density of States for Structures of Interest

A useful parameter to consider when examining PC structures (ideal and disordered)

is the photonic local density of states (LDOS), which describes the number of dif-

ferent modes present at a particular frequency and position. However, when only

frequency dependence is required, such as for the BME dispersion, another useful

optical metric to consider is the spatially invariant density of states (DOS), which is

the spatial integration of the LDOS. To obtain the DOS from BME calculations is

rather straightforward; using a Green’s function formalism, we are able to derive an

expression for the DOS in terms of the complex BME eigenfrequencies, ω̃β.

We begin with a mode expansion of the transverse Green’s function (Vasco and

Hughes 2017; Yao et al. 2010),

←→
G (r, r′, ω) =

∑
β

ω2E∗β(r′)Eβ(r)

ω̃2
β − ω2

, (4.1)
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where the electric field is normalized as∫
unit cell

ε′(r)|Eβ(r)|2dr = 1, (4.2)

and the Green’s function from Eq. (4.1) is a solution to the point-source differential

equation, ∇×∇×−ω2

c2
ε(r)

←→G (r, r′, ω) =
ω2

c2

←→
I δ(r − r′), (4.3)

where
←→
I is the unit dyadic. If we define the projected LDOS in the n̂µ direction

as (Novotny and Hecht 2012)

ρµ(r, ω) =
2

πω

[
n̂µ · Im

{←→
G (r, r, ω)

}
· n̂µ
]
, (4.4)

we can obtain the projected Purcell Enhancement (PE) factor from the ratio between

the projected LDOS and the LDOS of the homogeneous bulk semiconductor slab,

ρ0
µ(r, ω):

PEµ(r, ω) =
ρµ(r, ω)

ρ0
µ(r, ω)

=
n̂µ · Im

{←→
G (r, r, ω)

}
· n̂µ

n̂µ · Im
{←→
G 0(r, r, ω)

}
· n̂µ

, (4.5)

which is relevant, e.g., for understanding how such structures control the spontaneous

emission for quantum emitters (Purcell effect).

The projection of the imaginary part of the Green’s function in the homogeneous

slab is (Patterson, Hughes, Dalacu, et al. 2009)

n̂µ · Im
{←→
G 0(r, r, ω)

}
· n̂µ =

ω3ns

2πc3
, (4.6)

and ns =
√
εs is the slab’s refractive index. Using Eqs. (4.1) and (4.6), the PE factor
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from Eq. (4.5) can be rewritten as

PEµ(r, ω) =
2πc3

ωns
Im

∑
β

|Eµ,β(r)|2

ω̃2
β − ω2

 . (4.7)

If we trace the Green function over the three spatial directions and integrate its

imaginary part over all space, we are able to calculate a dimensionless expression of

the DOS (Vasco and Hughes 2017; Fussell et al. 2008; Manga Rao and Hughes 2007),

DOS(ω) =
2πc3

ωns
Im

∑
β

1

ω̃2
β − ω2

 , (4.8)

where Eq. (4.2) is used to compute the electric field integral. This expression for the

DOS, in units of PE, is normalized to the DOS of the homogeneous bulk semicon-

ductor slab with refractive index ns.

The frequency regions of interest for the PCS structures were chosen to be those

containing modes below the light line up to and around the fundamental mode edge,

which also covers the slow light region where high-Q cavity modes typically form. In

the visible frequency regime, these have been measured directly and explained with

the BME approach (Crane et al. 2017). For the lossless modes below the light line, the

imaginary component of the sum in Eq. (4.8) becomes equal to aω/2vg(ω) (Manga Rao

and Hughes 2007), and thus we can analytically obtain the DOS of the unperturbed

band structure in terms of the group velocity, vg (assumed positive),

DOSunperturbed(ω) =
ac3π

ω2vg(ω)ns
. (4.9)

Using Eqs. (4.8) and (4.9), the DOS for the input GME bands highlighted in

Fig. 4.1 were calculated over 5 statistical realizations. We show in Fig. (4.2) the

averaged DOS for the W1 and the topological structure over N = 20 and N = 50

disordered unit cells. We can easily identify the regions of low group velocity, and we

show zoom-ins of these frequency regions of interest (highlighted in cyan), where we
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Figure 4.2: Comparison of the averaged DOS over 5 statistical realizations between the W1
waveguide and the topological structure for N = 20 and N = 50 disordered unit cells. Full
DOS for (a) the W1 waveguide and (c) the topological structure are shown, with reference
to the nominal GME dispersion bands. Locations of zero group velocity, which correspond
to flat dispersion bands, are indicated by dotted vertical lines (where the unperturbed DOS
diverges). Regions near the mode edge are indicated in cyan, with their zoom-ins being
shown in (b) for the W1 waveguide and (d) for the topological structure. The unperturbed
analytical DOS is also shown in these zoom-ins to act as a comparison with the disordered
structures.
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overlay the disordered DOS on top of the unperturbed DOS. As expected, the DOS

seems to cluster around divergences of unperturbed DOS, corresponding to locations

of zero group velocity, which is where we expect the high-Q cavity modes to form.

Interestingly, the topological structure seems to disperse its DOS among a larger

frequency range and has more trouble concentrating it near the mode edge compared

to the W1 waveguide. Additionally, the peaks of the N = 50 case are significantly

greater than those of the N = 20 case for the W1 waveguide (approximately 3 times

greater), however we see roughly the same sized peaks in both cases for the topological

structure. While the topological structure’s DOS peaks for both cases are greater than

those for the W1 waveguide at N = 20, the case of the W1 waveguide at N = 50

seems to perform the best among the four cases investigated.

4.3 Comparison of the Disordered Cavity Modes Near the Mode Edge

As shown in Fig. 4.2, we were able to identify the mode edge for the two PCS struc-

tures of interest, which is the region where the group velocity slows down and the

unperturbed DOS diverges. These regions contain the high-Q cavities, so we shall

only take into account the modes within the zoomed-in frequency ranges depicted in

Fig. 4.2.

For the modes located near the mode edge, the cavities are formed due to backscat-

tering as a result of the structural disorder in the PCS waveguide structure (Patterson,

Hughes, Combrié, et al. 2009; Vasco and Hughes 2019). The effective length of these

cavities is determined by a parameter known as the localization length, Lβ, which is

the length along the waveguide where the mode intensity is non-negligible. For any

disordered eigenmode Hβ(r), its localization length can be estimated by first defining

the following function:

ψ(x) =

∫
Ly

|Hβ(x, y, z = 0)|dy, (4.10)

where Ly is the length of the supercell in the y direction. The localization length is
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Figure 4.3: Histograms of (a) the quality factor and (b) the effective mode volume for the
disordered cavity modes near the mode edge of the W1 waveguide. The same histograms
are shown in (c) and (d) respectively for the topological waveguide structure. In all cases,
we show the data over 20 and 50 unit cells.

therefore defined as

Lβ =

[∫
L
ψ(x)2dx

]2∫
L
ψ(x)4dx

, (4.11)

which represents the inverse participation number (Savona 2011; Vasco and Hughes

2019) in units of length for a disordered eigenmode Hβ(r) in a waveguide of length

L.

For the modes located near the mode edge, we must filter out those which are

not cavity-like modes, i.e., those having large localization lengths. For the data sets

where the number of unit cells is equal to N = 20, we choose to restrict the modes

such that Lβ < 11; for N = 50, we choose modes with Lβ < 25. After filtering out

the modes for each respective data set, we show histograms of the quality factor, Q,

and the effective mode volume, Veff (in units of (λ/ns)
3), for the W1 waveguide and

the topological waveguide in Fig. 4.3.
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Figure 4.4: Averaged (a) quality factors and (b) effective mode volume for the disordered
W1 waveguide over 50 unit cells. The same averaged data sets are shown in (c) and (d)
respectively for the topological waveguide. The connecting lines are included to guide the
eye. Only the cases over 50 unit cells are considered here because the cases for 20 unit cells
are more prone to by edge effects and are not of interest.

We expect that the quality factor and the effective mode volumes to increase as

we increase N . This phenomenon can be seen for both cases of the W1 waveguide

and Veff for the topological waveguide, however we do not see a significant increase

in Q for the topological waveguide between N = 20 and N = 50. This result likely

occurs due to N = 20 being too small to assume an infinite waveguide, thus resulting

in supercell effects along the waveguide propagation direction. The data for the topo-

logical structure where N = 20 is therefore too small to extract valuable information

and the modes that form in those cases are likely unphysical artifacts as a result of

the small number of unit cells.

We show in Fig. 4.4 the averaged quality factors and effective mode volumes

for both structures for N = 50 and their respective localization lengths. Despite

N = 20 being large enough to obtain meaningful results for the W1 waveguide,
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Figure 4.5: Example electric field mode profiles for the disordered cavity modes over 50
unit cells for (a) the W1 waveguide and (b) the topological waveguide. We also show a
zoom-in to the topological waveguide’s cavity.

for consistency we shall omit all data sets where N = 20 for this figure. When

considering intrinsic disorder of 0.005a in both the hole size and position, both Q

and Veff are overall larger for the W1 waveguide than the topological waveguide,

which indicates that the topological waveguide is more prone to disorder-induced

backscattering than initially expected. Additionally, the significantly smaller effective

mode volumes for the topological waveguide suggests that this structure provides more

extreme localization compared to the W1 waveguide. However, it is worth mentioning

that these results are specific to the topological structure proposed by He et al. 2019.

Other topological PCS structures may behave differently when introduced to disorder.

One expects Q and Veff to increase as localization length increases. In general,

we see this occurrence in the N = 50 cases, however this increasing trend becomes

“broken” for the Q plots, especially for the W1 waveguide. This effect tends to occur

due to unwanted supercell effects that cannot be filtered out by simply restricting

Lβ. It is also important to note that these data sets only use modes over 5 statistical

realizations. For improved results, one must increase the number of realizations, as

well as increase N even further. However, these first results give a good general idea
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on the behaviour of these disordered PCS systems.

Finally, we show some example electric field profiles of these cavity modes near

the mode edge in Fig. 4.5 for the N = 50 case. We choose to show some of the

more high-Q cavity modes that are unaffected by supercell effects in this figure. As

it is clearly shown, the W1 waveguide’s cavity is overall much more pronounced than

the topological waveguide’s cavity, as was expected from its larger effective mode

volume and quality factor on average. The topological waveguide forms a cavity of

larger localization length and is more localized than the one for the W1 waveguide, as

expected from its overall smaller effective mode volume and quality factor. A zoom-in

to the topological waveguide’s cavity is also included in Fig. 4.5 due to being hard to

see compared to the W1 waveguide. A larger number of units cells will be required to

get better insight into longer structures; nevertheless, the code seems to be working

sensibly, and we anticipate being able to complete simulations for a larger number of

units cells in the near future.
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Chapter 5

Conclusions and Recommendations

5.1 Summary and Conclusions

In this thesis, we have examined the optical properties of topological photonic crys-

tal slab (PCS) waveguides using two Maxwell equation solvers: the guided mode

expansion (GME) and the Bloch mode expansion (BME) methods. As topological

PCS designs are relatively recent structures to control the propagation of light on

the nanoscale, they are not well understood in terms of their intrinsic loss properties.

For four perfectly periodic topological PCS waveguides structures, we applied the

GME to investigate their intrinsic loss properties. We found that two of the struc-

tures proposed by Anderson and Subramania 2017 and Barik, Miyake, et al. 2016,

which form topological edge states using an armchair interface between shrunken

and expanded honeycomb lattices, provided significant intrinsic losses due to their

edge states falling above the light line. The two other perfectly periodic topological

PCS waveguide structures by Shalaev et al. 2019 and He et al. 2019, which form

an interface using inversion symmetry applied to valley Hall edge state designs, were

shown to be much more promising in terms of their intrinsic losses. The edge states

of both structures fall below the light line, and provided good bandwidth and lossless

propagation modes.

Using the lossless topological PCS design by He et al. 2019, we compared its in-

trinsic losses with a well-known conventional PCS design, the W1 waveguide, using

the BME. With the GME’s photonic dispersion bands as input, we applied the BME
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to the two structures over 20 and 50 disordered unit cells. After identifying the re-

gions of slow light (i.e., near the mode edge) for these two disordered PCS designs,

we showed that 20 unit cells is not long enough to avoid supercell effects along the

waveguide propagation direction. From the results over 50 unit cells, we determined

that the topological design is more prone to disorder than the W1 waveguide, despite

topological PCS designs being expected to be immune to disorder-induced backscat-

tering. Although this topological PCS design is better at propagating light than the

W1 waveguide in theory (due to providing lossless propagation modes and good band-

width), introducing fabrication disorder showed that it is just as sensitive to disorder

and forms tightly localized modes.

5.2 Suggestions for Future Work

Following the results found throughout this thesis, future work could continue to use

the BME to better investigate how to mitigate disorder in waveguides or to realize

super high-Q modes with possibly very small mode volumes, which is interesting

for applications where a large LDOS is required. The next logical step would be

to expand upon the work done in Chapter 4 by performing the BME over a larger

number of disordered unit cells than 50, such as 80 and 100, to acquire a more

accurate comparison between the topological structure by He et al. 2019 and the W1

waveguide without the risk of supercell effects. Additionally, this work can be used

as a foundation for a more extensive statistical analysis using a much larger number

of realizations, such as 20. Next, introducing extrinsic disorder to the holes’ size

and position would allow us to further understand how the topological structure is

affected by disorder, as well as allow us to compare the results to existing ones for

the W1 waveguide by Vasco and Hughes 2017.

The BME can subsequently be used for a wider range of existing topological PCS

structures (Shalaev et al. 2019) or optimized structures from inverse design tech-

niques (Nussbaum et al. 2021), which would allow us to see if the results are consistent

with those using the structure by He et al. 2019, or if there are are certain ones that
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perform rather well in terms of mitigating the effects due to disorder. The disorder-

induced backscattering of these various PCS structures can thus be computed with

the BME, as well as mitigated using existing techniques, such as dispersion engineer-

ing, which has been shown to reduce losses in photonic crystal waveguides (Mann,

Patterson, et al. 2015). To extend this work even further, the BME can be used for

topological waveguides coupled to ring resonators and spin-charged quantum emitters,

which has been experimentally shown to be more promising at mitigating disorder

than typical topological waveguides (Mehrabad et al. 2020).
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Bradlyn, D. Bercioux, and A. Garćıa-Etxarri, “Tutorial: Computing Topolog-
ical Invariants in 2D Photonic Crystals”, Adv. Quantum Technol. 3, 1900117
(2020).

[103] N. N. Potravkin, I. A. Perezhogin, and V. A. Makarov, “Numerical solution
of Maxwell equations by a finite-difference time-domain method in a medium
with frequency and spatial dispersion”, Phys. Rev. E 86, 056706 (2012).

[104] X.-L. Qi, Y.-S. Wu, and S.-C. Zhang, “General theorem relating the bulk topo-
logical number to edge states in two-dimensional insulators”, Phys. Rev. B 74,
045125 (2006).

[105] M. C. Rechtsman, J. M. Zeuner, Y. Plotnik, Y. Lumer, D. Podolsky, F. Dreisow,
S. Nolte, M. Segev, and A. Szameit, “Photonic Floquet topological insulators”,
Nature 496, 196 (2013).

[106] B. Rigal, K. Joanesarson, A. Lyasota, C. Jarlov, B. Dwir, A. Rudra, I. Kulkova,
and E. Kapon, “Propagation losses in photonic crystal waveguides: effects
of band tail absorption and waveguide dispersion”, Opt. Express 25, 28908
(2017).

[107] K. Sakoda, Optical Properties of Photonic Crystals, 2nd ed., Springer Series in
Optical Sciences (Springer-Verlag, Berlin Heidelberg, 2005).

https://doi.org/10.1126/sciadv.aaw4137
https://doi.org/10.1103/PhysRevLett.102.253903
https://doi.org/10.1103/PhysRevB.80.125307
https://doi.org/10.1103/PhysRevB.80.125307
https://doi.org/10.1103/PhysRevB.80.195305
https://qspace.library.queensu.ca/handle/1974/5122
https://doi.org/10.1002/qute.201900117
https://doi.org/10.1002/qute.201900117
https://doi.org/10.1103/PhysRevE.86.056706
https://doi.org/10.1103/PhysRevB.74.045125
https://doi.org/10.1103/PhysRevB.74.045125
https://doi.org/10.1038/nature12066
https://doi.org/10.1364/OE.25.028908
https://doi.org/10.1364/OE.25.028908


BIBLIOGRAPHY 91

[108] L. Sapienza, H. Thyrrestrup, S. Stobbe, P. D. Garcia, S. Smolka, and P. Lodahl,
“Cavity Quantum Electrodynamics with Anderson-Localized Modes”, Science
327, 1352 (2010).

[109] E. Sauer, J. P. Vasco, and S. Hughes, “Theory of intrinsic propagation losses in
topological edge states of planar photonic crystals”, Phys. Rev. Res. 2, 043109
(2020).

[110] V. Savona, “Electromagnetic modes of a disordered photonic crystal”, Phys.
Rev. B 83, 085301 (2011).

[111] V. Savona, “Erratum: Electromagnetic modes of a disordered photonic crystal
[Phys. Rev. B 83, 085301 (2011)]”, Phys. Rev. B 86, 079907 (2012).

[112] M. I. Shalaev, W. Walasik, A. Tsukernik, Y. Xu, and N. M. Litchinitser, “Ro-
bust topologically protected transport in photonic crystals at telecommunica-
tion wavelengths”, Nat. Nanotechnol. 14, 31 (2019).
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Appendix A

Additional Definitions to Compute the Hµν and

Hµr Matrix Elements

The definition of the matrix elements from Eqs. (2.30) and (2.31) includes several

quantities that depend on the slab layer j = {1, 2, 3}. In this appendix, we define the

Ij terms, which are integrals in z derived from Eq. (2.23), as well as the Ajµ and Bjµ

dispersion coefficients. Firstly, we can split the z integral from Eq. (2.25) into three

analytical Ijµ terms,

I3µ =

∫ ∞
d/2

e−(χ3µ+χ3ν)(z−d/2)dz = (χ3µ + χ3ν)
−1,

I2µ± =

∫ d/2

−d/2
ei(qµ±qν)zdz =

sin((qµ ± qν)d/2)

(qµ ± qν)/2
,

I1µ =

∫ −d/2
−∞

e(χ1µ+χ1ν)(z+d/2)dz = (χ1µ + χ1ν)
−1.

(A.1)

where each z integral corresponds to one of the slab layers j. The dispersion coeffi-

cients Ajµ and Bjµ are solved from the following equations,

A2µ =
B1µ

2qµ
(qµ − iχ1µ)eiqµd/2, (A.2)

B2µ =
B1µ

2qµ
(qµ + iχ1µ)e−iqµd/2, (A.3)
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A3µ =
B1µ

2qχ3µ

[qµ(χ3µ − χ1µ) cos(qµd) + (q2
µ + χ1µχ3µ) sin(qµd)], (A.4)

as well as a relation that is derived from Eq. (2.23)’s normalization integral:

χ2
1µ + g2

2χ1µ

|B1µ|2 +
χ2

3µ + g2

2χ3µ

|A3µ|2

+ d

[
(g2 + q2

µ)(|A2µ|2 + |B2µ|2) + (g2 − q2
µ)(A∗2µB2µ +B∗2µA2µ)

sin(qµd)

qµd

]
= 1.

(A.5)

For the matrix elements from Eqs. (2.43) and (2.44), the Ij, Ajµ and Bjµ terms

are identical to those described above in Eqs. (A.1) to (A.5). However, this new set

of matrix elements, which represents those for the radiation modes outgoing in either

the lower or upper cladding, are dependent on a new set of radiation coefficients,

labelled Xjr and Wjr. These coefficient are solved from the following equations:W2r

X2r

 =
1

2q2g

 (q2g + q1g)e
iq2gd/2 (q2g − q1g)e

iq2gd/2

(q2g − q1g)e
−iq2gd/2 (q2g + q1g)e

−iq2gd/2

W1r

X1r

 , (A.6)

and W3r

X3r

 =
1

2q3g

(q3g + q2g)e
iq2gd/2 (q3g − q2g)e

−iq2gd/2

(q3g − q2g)e
iq2gd/2 (q3g + q2g)e

−iq2gd/2

W2r

X2r

 , (A.7)

where X1r = 1/
√
ε1 and W3r = 0 for the lower cladding, and X1r = 0 and W3r =

1/
√
ε3 for the upper cladding. The complex wave vectors, qjg , are defined as

qjg =

(
εj
ω2
g

c2
− g2

)1/2

. (A.8)

These terms are derived from Eq. (2.28), and, for simplicity, we do not split the terms

into real and imaginary parts and instead choose qjg to be in general complex.
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Appendix B

Fourier Transforms for Circular and Triangular

Holes

To analytically compute the matrix elements of Eq. (2.35), we can simplify the integral

from Eq. (2.33) to be in terms of a filling factor, f , which is the ratio of the area

of a single hole and the total area of the unit cell, A. When the resulting reciprocal

lattice vector is zero, the Fourier transform is given by

ε(G = 0) = fεhole + (1− f)εslab, (B.1)

where εhole is the dielectric constant of the hole (usually taken to be equal to that of

air, εair ≈ 1) and εslab is the dielectric constant of the slab. The Fourier transform

when G = (Gx, Gy) is nonzero varies depending on the shape of the holes. In this

work, two different hole shapes are considered: circular and triangular. The Fourier

transforms for these two hole shapes are shown below.

For circular holes of radius r, the Fourier transform is equal to

ε(G 6= 0) = 2f(εhole − εslab)
J1(Gr)

Gr
, (B.2)

where G ≡ |G|, J1 is the first-order Bessel function and the filling factor is given

by f = πr2/A. For triangular holes of side length L, Eq. (B.1) remains unchanged,
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however the Fourier transform is now given by

ε(G 6= 0) = f(εhole − εslab)[I(Gx, Gy) + I(−Gx, Gy)], (B.3)

where

I(Gx, Gy = 0) =
1

g2
x

(1− e−igx)−
i

gx
,

I(Gx, Gy 6= 0) =
i

gy
ei[(gy/3)−(gx/2)]

e−i(gy/2)j0

gx − gy
2

− j0

(gx
2

) , (B.4)

gx = GxL/2, gy =
√

3GyL/2 and j0(x) = sinx/x. The filling factor in this case now

takes the form f =
√

3L2/4A.
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Appendix C

Analytical Definitions of the Electromagnetic Field

Modes

The magnetic field, Hguided
µ (r), and electric field, Eguided

µ (r), of the guided modes

from the guided mode expansion (GME) are found from Eq. (2.37). We can rewrite

this equation to obtain analytical definitions for both fields in terms of the dispersion

coefficients Ajµ and Bjµ. An explanation of how to obtain the dispersion coefficients

for layer j is found in Appendix A, where j = {1, 2, 3} represents one of the three

layers in the PCS system (lower cladding, core and upper cladding). The analytical

definitions for the magnetic and electric field are therefore given by

Hguided
µ (r) =

eig·ρ
√
S



A3µ(χ3µĝ + igẑ)e−χ3µ(z−d/2), z >
d

2

A2µi(−qµĝ + gẑ)eiqµz +B2µi(qµĝ + gẑ)e−iqµz, |z| <
d

2

B1µ(−χ1µĝ + igẑ)eχ1µ(z+d/2), z < −
d

2

(C.1)

Eguided
µ (r) =

eig·ρ
√
S
i
ωµ

c
ε̂g



A3µe
−χ3µ(z−d/2), z >

d

2

A2µe
iqµz +B2µe

−iqµz, |z| <
d

2

B1µe
χ1µ(z+d/2), z < −

d

2
,

(C.2)
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where S is the normalization surface, r = (ρ, z) is the spatial coordinate and d is the

thickness of the slab. These guided modes are labelled with the index µ = (g, αi) =

(k + G, αi), where g is the wave vector, which is the sum of the Bloch vector k

and the reciprocal lattice vector G, and αi is the mode index. In this case, we

only show the equations for transverse electric (TE) polarization, since we are only

considering a single TE mode in this work. The analytical definitions for Hguided
µ (r)

and Eguided
µ (r) for transverse magnetic (TM) polarization are provided by Andreani

and Gerace 2006.
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