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ABSTRACT 
 
Whereas much is known about the complex viscosity of polymeric liquids, far less is 

understood about the behaviour of this material function when macromolecules are 
confined. By confined, we mean that the gap along the velocity gradient is small enough 
to reorient the polymers. We examine classical analytical solutions [Park and Fuller, 
JNNFM, 18, 111 (1985)] for a confined rigid dumbbell suspension in small-amplitude 
oscillatory shear flow. We test these analytical solutions against the measured effects of 
confinement on both parts of the complex viscosity of a carbopol suspension and three 
polystyrene solutions.  
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I. INTRODUCTION 
 

One good way of explaining the elastic properties of liquids in the bulk is by 
considering their orientation distributions under flow [1,2,3,4]. Integrating these 
distributions in phase space yields the rheological properties (Section IX. of [5,6]]). 
When the macromolecule is replaced by identical spheres of fixed center-to-center 
separation, J, we call its replacement a rigid dumbbell. We choose the rigid dumbbell 
suspension because it is the simplest relevant model macromolecule. By relevant, we 
mean that, at least qualitatively, it captures the observed behaviours for the most 
measured viscoelastic material functions [7,8].  

In small-amplitude oscillatory shear flow, we subject the elastic liquid to the 
homogeneous cosinusoidal velocity gradient: 

K!(M, N) = K"
M
ℓ
cosTN (1) 

and thus a homogeneous cosinusoidal shear rate in simple shear flow (Eq. (26) of [9]): 

U̇ =
K"
ℓ
≡ U̇" cosTN (2) 

which nondimensionalizes as (Eq. (27) of [9]): 

XU̇ ≡ XU̇" cos XT(N X⁄ ) (3) 

where X is the fluid relaxation time, and where all symbols, dimensional and 
dimensionless are defined in Table 1 and Table 2. By small-amplitude, we normally mean 
(Eq. (29) of [9]): 

XU̇" < 1 (4) 

or its companion, from rigid dumbbell theory: 

XU̇" ≪
1

12√2
 (5) 

We then measure the single-harmonic shear stress response (Eq. 4.4-3 of [10]): 
_#$(N)
U̇"

≡ [a%(T) + a&]cosTN + a%%(T)sinTN (6) 

where we define the complex viscosity as [11,12,13]: 

a∗ ≡ a% − ga%% (7) 

where a% is the real part, and a%%, minus the imaginary. When the polymeric liquid 
touches the wall the macromolecules near the wall reorient (see Figure 1). So long as the 
gap is large, ℓ ≫ J(, the measured a∗ will be its bulk value and will just depend upon T, 
and its orientation distribution will satisfy the diffusion equation (Eq. (15) of [5]): 

6X
jk
jN

= Λk − 6XU̇" cos XT(N X⁄ )Ωk (8) 

However, if the gap is not large, then a∗ will depend upon both T and the 
macromolecular confinement [14]: 

n ≡
J(
ℓ

 (9) 
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and the orientation distribution will depend on M and depart from Eq. (8) as follows 
(combining Eq. (8) with Eq. (1) of [15]): 

6X
jk
jN

= Λk − 6XU̇" cos XT(N X⁄ )Ωk − $
)n
# j

#k
jM#

 (10) 

where (Eq. (2) of [5]): 

−
1

sin o
jk
jo

± n
jk
jM

= 0 (11) 

at (Eq. (2) of [15]): 

M = $
#(1 ± n cos o) (12) 

Eqs. (10) through (12) thus define how confinement affects macromolecular orientation 
in small-amplitude oscillatory shear flow of rigid dumbbell suspensions. Whereas in Eq. 
(9), Park and Fuller interpret the persistence length of macromolecular confinement, J(, 
as J (after Eq. (3) of [15]), Stasiak and Cohen interpret J( as 2XU̇"J [14]. In this paper, we 
shall measure J(. 

The well-known expressions for the parts of the bulk complex viscosity are (Eq. (8) of 
[5]): 
a%(T) − a&
rstX

= 1 −
3
5

(XT)#

1 + (XT)#
=

1
1 + (XT)#

w1 +
2
5
(XT)#x (13) 

and: 
a%%(T)
rstX

=
3XT

5(1 + (XT)#)
 (14) 

where, in the limits as XT → 0, we get: 
a" − a&
rstX

= 1 (15) 

and: 
a"%%

rstX
= 0 (16) 

where, in the limits as XT → ∞, we get: 
a* − a&
rstX

=
2
5

 (17) 

and: 
a*%%

rstX
= 0 (18) 

and, for the rigid dumbbell (Eq. (6) of [5]): 

X ≡
{J#

12st
≡
|}a&J#

4st
 (19) 

which is well-known. For an osculated dumbbell: 
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X ≡
{J#

12st
≡
|a&J+

4st
 (20) 

so that: 

J = �
4stX
|a&

!
 (21) 

which we will use below. 
One of the great challenges in microfluidics is understanding the fluid microstructure 

near its confining walls [16,17,18]. To deepen this understanding experimentally we 
turn to thin-film rheology, where rheological material functions are measured as 
functions of confinement (by varying the gap). In this paper, we turn our attention 
specifically to the complex viscosity measured as a function of confinement [19,20]. 

 
II. METHOD 
 

As the gap decreases, and thus the macromolecular confinement increases, the wall 
reorientations begin to decrease the measured value of a% by an amount that depends 
on the confinement. For the rigid dumbbell suspension, the well-known results for the 
parts of the confined complex viscosity for small confinement, when 0 ≤ n ≤ 1 (Eqs. (2-
57a) and (2-57b) of [19]):  

a%(T, n) − a&
rstX

=
1

1 + (XT)#
Å
1 − n

1 − n
2
w1 +

2
5
(XT)#x +

n
2

1 − n
2
w
1
2
+
1
20
(XT)#xÇ (22) 

and: 

a%%(T, n)
rstX

=
3XT

5(1 + (XT)#)
Å
1 − 5n8
1 − n

2
Ç (23) 

which expand as: 
a%(T, n) − a&

rstX
=

1
1 + (XT)#

Ñ1 −
n
4
+
11n#

40
−
19n+

80
−⋯á (24) 

and: 
a%%(T, n)
rstX

=
3XT

5(1 + (XT)#)
Ñ1 −

n
8
−
n#

16
−
n+

32
−⋯á (25) 

where, in the limits as XT → 0, we get: 

a" − a&
rstX

=
1 − 3n4
1 − n

2
= 1 −

n

4 à1 − n
2â

= 1 −
1
4
n −

1
8
n# −⋯ (26) 

and: 
a"%%

rstX
= 0 (27) 

from which we learn that the zero-shear value of a%% is unaffected by confinement. From 
Eqs. (22) and (23), we learn that rigid dumbbell confinement theory predicts the fitted 
value of J( to be independent of both XT and XU̇". From Eq. (26), we learn that the 
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polymer contribution to the zero-shear viscosity descends with confinement, and that as 
confinement decreases, its unconfined value is not approached asymptotically. Eq. (26) 
agrees with Eq. (25) of [20] for its special case of zero-shear, where ä(N) = (1; N) = 1, as it 
must. Eq. (26) also agrees with Eq. (25b) of [15], and with Eq. (38a) of [15] for its special 
case of zero-shear, as it must. In the limit of vanishing confinement, as	n → 0, Eqs. (22) 
and (23) reduce to the well-known expressions for the bulk complex viscosity, Eqs. (13) 
and (14), as they must. Further, in the limit of vanishing confinement, Eqs. (26) and (27) 
reduce to the well-known expressions for the bulk zero-shear viscosity and a"%%, Eqs. (15) 
and (16), as they must. 

For large confinement, when n ≥ 1 (Eqs. (2-58a) and (2-58b) of [19]): 
a%(T, n) − a&

rstX
=

1
1 + (XT)#

ç
1
2n#

+ é−
1
4n#

+
3

10n)
è (XT)#ê (28) 

and: 
a%%(T, n)
rstX

=
3XT

5(1 + (XT)#)
ç
5
4n#

é1 −
2
5n#

èê (29) 

which are the counterparts to Eqs. (22) and (23). 
Nondimensionalizing and normalizing Eqs. (22) and (23) with Eq. (26) yields, for 0 ≤

n ≤ 1: 
a% − a&
a" − a&

=
(15n − 16)(XT)# + 30n − 40
(30n − 40)(XT)# + 30n − 40

=
(15n − 16)(XT)# + 30n − 40

30(1 + (XT)#) àn − 4n3 â
 (30) 

and: 

a%%

a" − a&
=

3XT
5(1 + (XT)#)

Å
1 − 5n8

1 − 3n4

Ç =
3XT(5n − 8)

10(1 + (XT)#)(3n − 4)
 (31) 

which, in the limit of vanishing confinement, give the bulk values: 

a% − a&
a" − a&

=
1 + #

,(XT)
#

1 + (XT)#
 (32) 

and: 
a%%

a" − a&
=
3
5

XT
(1 + (XT)#)

 (33) 

whose counterparts are Eqs. (22) and (23). In this paper, we will use Eqs. (22) and (23) to 
deepen our understanding of confinement, and Eqs. (32) and (33) to compare with the 
available confined complex viscosity measurements. 

Examining Eq. (9), we see that experimental measurements of confinement can be 
arrived at by varying either the persistence length of the orientation, J( [21,22,23], or by 
varying the gap, ℓ. However, increasing J( confounds increases in both bulk properties, 
X and a", with confinement. For evaluating theory, such as Eqs. (22) and (23) [or their 
companions, Eqs. (30) and (31)] we thus much prefer varying the gap, ℓ (Fig. 9 of [24], 
Fig. 11 of [25]). 
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III. RESULTS 
 

Plotted from Eqs. (22) and (28), Figure 2 shows that, for a suspension of rigid 
dumbbells, confinement decreases the real part of the complex viscosity at all 
frequencies. From Eq. (23) and (29), Figure 3 shows likewise for minus the imaginary 
part. Examining the left side of Figure 2, we see that the zero-shear viscosity decreases 
with confinement, as Eq. (26) predicts. Examining Eq. (22), we see that we can measure 
the confinement persistence length J( by fitting Eq. (22) to a%(T, n) measurements. We 
shall do so presently.  
 

a. Worked Example: Carbopol 
 

We next test Eq. (22) against experimental measurements of a%(T, n) for a neutralized 
aqueous 0.15 weight percent carbopol suspension at room temperature. Whereas 
carbopol particles are less than 10 microns across (Fig. 12 of [25]), their much larger 
flocculated structure is the relevant orienting body causing the complex viscosity. 
Figure 4 (or on log scales, Figure 5) shows that for the flocculated carbopol suspension, 
rigid dumbbell theory describes adequately the real part of the complex viscosity XT <
5. Less adequately, as Figure 6 (or on log scales, Figure 7) shows, does rigid dumbbell 
theory describe minus the imaginary part of the complex viscosity. For the latter, we 
find qualitative agreement, but not quantitative. 

From the lower curve in Figure 4 we learn that Eq. (28) fits the confinement 
measurements for the value n = 0.60. From Eq. (9) we then discover that for the 
flocculated carbopol structures, viewed through the lens of rigid dumbbell theory, J( =
0.60(145	ëm) = 87	ëm. 
 

b. Worked Example: Atactic Polystyrene 
 

Rheological experiments were performed at t = 24℃ with the strain-controlled 
rheometer ARES (TA Instrument), using a 25mm parallel disk geometry, at variable 
gap. We characterized our nearly monodisperse atactic polystyrene, for which î- =
200,000	g/gmol [degree of polymerization 1921, ó∗ ≅ 0.01	g/ml] and î- î.⁄ = 1.01, 
dissolved in diethylphthalate at three concentrations in small-amplitude oscillatory 
shear flow generated between parallel disks. This polystyrene has been studied 
previously [26], though not in solution. Since the entanglement molecular weight of 
polystyrene is î/ = 18,100	g/gmol, each polystyrene chain is 11 entanglement lengths, 
that is, î- î/⁄ = 11. Table 3 lists the concentrations of the semi-dilute, threshold, and 
concentrated polystyrene solutions that we have studied. To define semi-dilute, threshold, 
and concentrated, we rely on Figure 1 of [27]. All complex viscosity measurements were 
made at a shear strain amplitude of 0.30, where U̇" is evaluated at the disk rim, 
producing Weissenberg numbers in excess of those given by Eqs. (4) and (5) (see Table 
3). For all three polystyrene solutions of this subsection, no nonlinearity is observed up 
to shear strain amplitudes of 0.50. The viscosity of diethylphthalate at t = 24℃ is a& =
0.086	Pa	s [28].  

In Section IIIa, we began with a set of a%(T, n) curves, then fitted X and a" of Eq. (13) 
to the measured bulk a%(T, 0) curve. By contrast, for the atactic polystyrene solution 
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examples to follow, we proceed from the complex viscosity measured at a single 
frequency, as a function of confinement, a%(T0 , n). Evaluating Eq. (24) at zero 
confinement yields, from the intercept, the quadratic: 

(XT0)# −
rst

(a%(T0 , n) − a&)T0
XT0 + 1 = 0 (34) 

so that: 

XT0 =
õ ± úõ# − 4

2
 (35) 

where: 

õ ≡
rst

(a%(T0 , n) − a&)T0
 (36) 

yielding: 

XT0 =
1
2

rst
(a%(T0 , n) − a&)T0

−
1
2
�w

rst
(a%(T0 , n) − a&)T0

x
#
− 4 (37) 

which we will use to get X for each solution, and then fit J( to the measured a%(T0 , n) 
curve for each solution. 

We next proceed with our new complex viscosity confinement measurements on 
three concentrations of the atactic polystyrene solution, chosen for their three different 
states of entanglement: semi-dilute (óî- ó∗⁄ = 10 × 101 	g L⁄ ), threshold (óî- ó∗⁄ =
20 × 101 	g L⁄ ), and concentrated (óî- ó∗⁄ = 30 × 101 	g L⁄ ). For the semi-dilute solution, 
Figure 8 compares rigid dumbbell confinement theory, Eq. (22), with the measured real 
part of the complex viscosity versus dimensionless confinement. We find good 
agreement in that (1) a% descends with n, and (2) that the initial slope is nonzero, 
negative, and specifically: 
}a%

}n
û
2→"

≅ −
1
4

 (38) 

that is, the coefficient of the first order term in the expansion, Eq. (24). For the threshold 
solution, Figure 9 compares the confinement theory, Eq. (22), with the measurements. 
We again find good agreement: (1) a% descends with n, and (2) Eq. (38) is confirmed. For 
the concentrated solution, Figure 10 tests confinement theory, Eq. (22), against the 
measurements. Again, for the concentrated solution, (1) a% descends with n, and (2) Eq. 
(38) is confirmed. 

Table 3 lists the fitted values of X, a", and J( for the three polystyrene solutions of 
this subsection. Both X and a" increase with concentration. From Table 3, we find that 
the fitted persistence length of the orientation, J(, does not depend on concentration. 
We find the J( fitted to the confinement experiments to be much larger than the contour 
length of the rigid polystyrene chain (J0 = 860	nm): 
J(
J0
≅ 150 (39) 

The value of J( fitted to the confinement experiments for the polystyrene solutions of 
0.13	mm is not too far from the value fitted for the carbopol suspension of 0.087	mm (of 
Subsection IIIa above). From Table 3, we also find that the center-to-center dumbbell 
length, J, calculated from Eq. (21) increases with concentration. 
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For the semi-dilute and threshold polystyrene solutions, we find that: 
a%%(T0 , n)
a%(T0 , n)

≪ 1 (40) 

Our measurements thus produced no useful tests of Eq. (23). However, Eq. (40) did not 
obtain for our concentrated polystyrene solution measurements. Figure 11 tests Eq. (23) 
for the effect of confinement on the fluid elasticity against our concentrated polystyrene 
solution measurements. We find good agreement in that (1) a%% descends with n, and (2) 
that the initial slope is nonzero, negative, and specifically: 
}a%%

}n
û
2→"

≅ −
1
8

 (41) 

that is, the coefficient of the first order term in the expansion, Eq. (25). However, as was 
the case for the carbopol agglomerate suspension (Subsection IIIa above), Eq. (23) 
overpredicts a%%, in this case, by a factor of 2. 

Rigid dumbbell confinement theory, Eqs. (22) and (23), predicts the fitted value of J( 
to be independent of XT and XU̇". Table 3 lists the ranges of XT and XU̇" over which our 
oscillatory shear flow experiments were taken. Table 3 shows that J( does indeed 
appear to be independent of the XT and XU̇".  

 
IV. CONCLUSION 
 

In the literature, we find few complex viscosity confinement measurements. All but 
one of those we do find are for high confinement, where the a%(T, n) is increasing with n 
(Fig. 9 of [24]). We know of no complex viscosity confinement data at all for polymer 
solutions. The literature will thus benefit from our new such confinement data for 
polystyrene in solution at low confinement (Figure 8, Figure 9, and Figure 10). 

We have focused on the complex viscosity for which we began with the well-known 
confinement relations of [15], that is, Eqs. (22) and (23). Our literature review revealed 
just one set of complex viscosity confinement measurements performed at low enough 
confinement to see a%(T, n) decrease with n (Fig. 11 of [25]). We find that the rigid 
dumbbell theory evaluated for complex viscosity at low confinement [Eqs. (22) or (30)] 
is accurate for the real part of the complex viscosity for the aqueous carbopol 
suspension, and for all three of our organic polystyrene solutions. Specifically, in every 
instance, we find a% departing from zero confinement with a slope of −1 4⁄ , as the rigid 
dumbbell confinement theory predicts. We also find that the rigid dumbbell theory at 
low confinement [Eqs. (23) or (31)] to be qualitatively correct for minus the imaginary 
part. From the polystyrene solutions we learn that the fitted persistence length of the 
orientation, J(, does not depend on concentration. We find for both agglomerated 
aqueous carbopol suspensions or organic polystyrene solutions, J( fitted to the 
confinement experiments to be about 0.1	mm, namely, two orders of magnitude larger 
than the macromolecular structures under study. 

Whereas confinement relations are well-known for the complex viscosity in 
confinement [15], to our knowledge, no such confinement relations exist for the normal 
stress differences in small-amplitude oscillatory shear flow. Such relations have been 
derived for suspensions of rigid dumbbells in the bulk (Eqs. (13) and (21) of [29]). We 
leave the exploration of confinement and normal stress differences in small-amplitude 
oscillatory shear flow for another day. 
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We also expect future work on the steady-shear viscosity in low confinement. For 
this, for the rigid dumbbell suspension, we begin with the well-known result (Eq. (25a) 
of [15]): 
a(XU̇) − a&
(a" − a&)|24"

=
1 + 1

1 − 3n 4⁄ ∑ °$#n¢£5(1) + n§£5(1) + (1 − n)
#
,•(s, 1,2)(6)

#5(XU̇)#5¶*
54$

1 + n 2⁄
1 − n 2⁄ ∑ ¢£5(1)(6XU̇)#5*

54$
 

(42) 

where "#•(s, 1,2)(6)
#5 corresponds to the exact coefficients §5 in Table III of [30] so that: 

a(XU̇) − a&
(a" − a&)|24"

=
1 + 1

1 − 3n 4⁄ ∑ °$#n¢£5(1) + n§£5(1) + (1 − n)§5(XU̇)
#5¶*

54$

1 + n 2⁄
1 − n 2⁄ ∑ ¢£5(1)(6)#5(XU̇)#5*

54$
 (43) 

which in the limit as XU̇ → 0, recovers Eq. (26), as it must. For ¢£5(1) and §£5(1) of Eq. 
(43), recursive relations are given respectively by Eqs. (19e) and (27a) of [15]. We leave 
the evaluations of these coefficients for another day.  

Future work shall also refocus on the normal stress difference coefficients in steady-
shear flow at low confinement. For the first normal stress coefficient, we begin with the 
well-known result, Eq. (26) of [15] with recursive relations Eqs. (27a) and (27b) of [15]. 
For the second normal stress coefficient in steady-shear flow at low confinement, 
nothing is known. We leave these explorations for a later date. 

Whereas Section 1. of [20] derives the orientation distribution function for a 
suspension of rigid dumbbells between the walls of a confining simple shear flow 
fixture in small-amplitude oscillatory shear flow, we know of no experimental 
measurement of the orientation distribution gradient caused by the confinement. We 
leave this daunting task for another day. 

When using the references cited herein, it is best to be mindful of corresponding 
ganged errata in [31]. 
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Table 1: Dimensional Variables 
 

Name Symbol Dimension 
Angular Frequency T N6$ 
Bead Diameter } î 
Bead Fraction Coefficient { î/N 
Boltzmann’s Constant s î

J#N#t
/dumbbell 

Center Position of Rigid Dumbbell M J 
Complex Viscosity a∗ î/JN 
Confinement Gap ℓ J 
Concentration, Cornet Critical ó∗ î/mole 
Concentration, Mass ó î/JN 
Concentration, Molar r 1/îJ# 
Length, Center-to-Center Between Molecules J J 
Length, Contour J0 J 
Length, Persistence J( J 
Current Time N N 
Frequency, Function of Confinement T0 N6$ 
Energy Values in Molecular-Scale Systems st îJ#/N# 
Minus Imaginary Part of Nonlinear Complex 
Viscosity 

a%% î/JN 

Molecular Weight, Critical Entanglement î/ î/mole 
Molecular Weight, Number-Average î. î/mole 
Molecular Weight, Weight-Average î- î/mole 
Real Part of Nonlinear Complex Viscosity a% î/JN 
Relaxation Time of Solution X N 
Shear Rate Amplitude U̇" N6$ 
Shear Rate Tensor U̇ N6$ 
Single-Harmonic Shear Stress Response _#$ î/JN# 
Solvent Viscosity a& î/JN 
Temperature t t 
Velocity Gradient, Homogeneous Cosinusoidal K! J/N 
Velocity of Moving Plate K" cosTN J/N 
Viscosity, Zero-Shear of Real Part a" î/JN 
Viscosity, Zero-Shear of Minus Imaginary Part a"%% î/JN 
Viscosity, Infinite Shear Rate of Real Part a* î/JN 
Viscosity, Infinite Shear Rate of Minus Imaginary Part a*%%  î/JN 

 
Legend: î ≡ mass, J ≡ length, N ≡ time, t ≡ temperature 
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Table 2: Dimensionless Variables and Groups 
 

Name Symbol Range 
Coefficient in Eqs. (35) and (36) õ ≥ 0 
Confinement n ≥ 0 
Operator in Eq. (10) Defined by Eq. (4) of [15] Ω  
Operator in Eq. (10) Defined by Eq. (5) of [15] Λ  
Deborah Number, Oscillatory Shear XT ≥ 0 
Entanglement Length î- î/⁄  > 0 
First Normal Stress Coefficient, from [15] §£5(1) > 0 
First Normal Stress Coefficient, from [30] §5 > 0 
First Shear Stress Coefficient, from [15] ¢£5(1) > 0 
Probability Density for Internal Configuration of a Dumbbell k  
Polar Angle o  
Polydispersity î- î.⁄  > 0 
Weissenberg Number XU̇" ≥ 0 
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Table 3: Polystyrene Solution R

esults 

 

!,#
$/#

& 
'
! ,()*/+ 

,̇
",+ #$ 

./0,1) 
2,+ 

3
" ,1)	+ 

5,#
#

 
Eq. (21) 

2'
!  

2,̇
" 

5% ,#
#

 

0.050 
50.1 

15.0 
0.617	 

0.34 
0.21 

2.74×
10 #& 

17.03 
5.10 

0.13 
0.10 

50.1 
15.0 

1.235 
0.65 

0.80 
3.41×

10 #& 
32.57 

9.75 
0.13 

0.15 
31.6 

9.5 
1.852 

1.00 
1.85 

3.93×
10 #& 

31.60 
9.50 

0.13 
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Figure 1: Macromolecular reorientation near wall for fluid at rest. 
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Figure 2: Universal dimensionless plots for !! vs "# at varying confinement [Eqs. (22) 
(red) and (28) (black)]. 
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Figure 3: Universal dimensionless plots for !!! vs "# at varying confinement [Eq. (23) 
(red) and (29) (black)]. 
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Figure 4: Upper curve (red) is Eq. (30) fitted to !!(#) measurements of aqueous 
carbopol suspension at ℓ = 199	+m (hollow circles in Fig. 11(a) of [25]) with " = 1.3	s 
and !" = 1.0	Pa ∙ s. Lower curve (blue) is Eq. (28) fitted to !!(#, 5) measurements at ℓ =
145	+m (hollow inverted triangles in Fig. 11(a) of [25]) with " = 1.3	s, !" = 1.0	Pa ∙ s, and 
5 = 0.60.  
 
  

0 
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Figure 5: Upper curve (red) is Eq. (30) fitted to !!(#) measurements of aqueous 
carbopol suspension at ℓ = 199	+m (hollow circles in Fig. 11(a) of [25]) with " = 1.3	s 
and !" = 1.0	Pa ∙ s. Lower curve (blue) is Eq. (28) fitted to !!(#, 5) measurements at ℓ =
145	+m (hollow inverted triangles in Fig. 11(a) of [25]) with " = 1.3	s, !" = 1.0	Pa ∙ s, and 
5 = 0.60. 
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Figure 6: Upper curve is Eq. (31) fitted to !!!(#) measurements of aqueous carbopol 
suspension at ℓ = 199	+m (solid circles in Fig. 11(a) of [25]) with " = 1.3	s and !" =
1.0	Pa ∙ s. Lower curve is Eq. (29) fitted to !!!(#, 5) measurements at ℓ = 145	+m (solid 
inverted triangles in Fig. 11(a) of [25]) with " = 1.3	s, !" = 1.0	Pa ∙ s, and 5 = 0.60. 
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Figure 7: Upper curve (red) is Eq. (31) fitted to !!!(#) measurements of aqueous 
carbopol suspension at ℓ = 199	+m (solid circles in Fig. 11(a) of [25]) with " = 1.3	s and 
!" = 1.0	Pa ∙ s. Lower curve (blue) is Eq. (29) fitted to !!!(#, 5) measurements at ℓ =
145	+m (solid inverted triangles in Fig. 11(a) of [25]) with " = 1.3	s, !" = 1.0	Pa ∙ s, and 
5 = 0.60. 
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Figure 8: Eq. (22) fitted to !!(## , 5) measurements of polystyrene in diethylphthalate at 
9 = 0.05	mg/mL with =>? = 0.617	Pa, ? = 24℃ and ## = 50.1	rad/s, with " = 0.34	s and 
E = 0.13	mm. Semi-dilute; 9F$ 9∗⁄ = 10 × 10& 	g L⁄ . 
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Figure 9: Eq. (22) fitted to !!(## , 5) measurements of polystyrene in diethylphthalate at 
9 = 0.1	mg/mL with =>? = 1.235	Pa, ? = 24℃ and ## = 50.1	rad/s, with " = 0.65	s and 
E = 0.13	mm. Between semi-dilute and entangled; 9F$ 9∗⁄ = 20 × 10& 	g L⁄ . 
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Figure 10: Eq. (22) fitted to !!(## , 5) measurements of polystyrene in diethylphthalate at 
9 = 0.15	mg/mL with =>? = 1.852	Pa, ? = 24℃ and ## = 31.6	rad/s, with " = 1.00	s and 
E = 0.13	mm. Entangled; 9F$ 9∗⁄ = 30 × 10& 	g L⁄ . 
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Figure 11: !!!(## , 5) from Eq. (23) evaluated using parameters from Eq. (22) fitted to 
!!(## , 5) measurements of polystyrene in diethylphthalate at 9 = 0.15	mg/mL with 
=>? = 1.852	Pa, ? = 24℃ and ## = 31.6	rad/s, with " = 1.00	s and E = 0.13	mm. 
Entangled; 9F$ 9∗⁄ = 30 × 10& 	g L⁄ . 
 
 
  



 23 

VII. REFERENCES 
 
1 Kirkwood, J.G. and P.L. Auer, “The Viscoelastic Properties of Solutions of Rod-Like 
Macromolecules,” The Journal of Chemical Physics, 19, 281 (1951). 
2 Kirkwood, J.G. and R.J. Plock, “Non-Newtonian Viscoelastic Properties of Rod-Like 
Macromolecules in Solutions,” The Journal of Chemical Physics, 24, 665 (1956). 
3 E.W. Paul, “Non-Newtonian Viscoelastic Properties of Rodlike Molecules in Solution: 
Comment on a Paper by Kirkwood and Plock,” The Journal of Chemical Physics, 51, 1271 
(1969). 
4 E.W. Paul, “Some Non-Equilibrium Problems for Dilute Solutions of Macromolecules. 
Part I: The Plane Polygonal Polymer,” Ph.D. Thesis, Department of Chemistry, 
University of Oregon, Eugene, OR (1970). 
5 Bird, R.B., A.J. Giacomin, A.M. Schmalzer and C. Aumnate, “Dilute Rigid Dumbbell 
Suspensions in Large-Amplitude Oscillatory Shear Flow:  Shear Stress Response,” The 
Journal of Chemical Physics, 140(7), 074904 (2014), pp. 1-16.  Errata:  Ganged after Ref. 116 
of [6].   
6 Saengow, C., A.J. Giacomin and C. Kolitawong, “Exact Analytical Solution for Large-
Amplitude Oscillatory Shear Flow from Oldroyd 8-Constant Framework: Shear Stress,” 
Physics of Fluids, 29(4), 043101 (April, 2017), pp. 1-23. Errata: In column 4 of rows 12 and 
13 of TABLE IV., "' = +" = +( should be +( = −"(; 	"' = +" and +( = "(; 	"' = +". 
7 Bird, R.B. and A.J. Giacomin, “Polymer Fluid Dynamics: Continuum and Molecular 
Approaches,” Annual Review of Chemical and Biomolecular Engineering, 7, 479–507 (2016).7  
Errata:  Ganged in Ref. 26 of [6].   
8 Bird, R.B., H.R. Warner, Jr. and D.C. Evens, “Kinetic theory and rheology of dumbbell 
suspensions with Brownian motion,” Advanced Polymer Science, 8, 1 (1971). 
9 Kanso, M.A., A.J. Giacomin, C. Saengow and J.H. Piette, “Macromolecular 
Architecture and Complex Viscosity,” Physics of Fluids, 31(8), 087107 (August, 2019), pp. 
1-28.  Editor’s pick.   
10 Bird, R.B., R.C. Armstrong and O. Hassager, Dynamics of Polymeric Liquids, Vol. 1, 1st 
ed., Wiley, New York (1977). 
11 Gemant, A., “Komplexe Viskosität,” Naturwissenschaften, 23(25), 406-407 (1935). 
12 Gemant, A., “The Conception of a Complex Viscosity and its Application to 
Dielectrics,” Transactions of the Faraday Society, 31(175, Part II), 1582-1590 (1935). 
13 Bird, R.B. and A.J. Giacomin, “Who Conceived the Complex Viscosity?,” Rheologica 
Acta, 51(6), 481-486 (2012). 
14 Stasiak, W. and C. Cohen, “Dilute Solutions of Macromolecules in a Rectilinear 
Poiseuille Flow,” Journal of Chemical Physics, 78(1) (1983), pp. 553-559. 
15 Park, O.O. and G.G. Fuller, “Dynamics of Rigid and Flexible Polymer Chains in 
Confined Geometries Part I: Steady Simple Shear Flow,” Journal of Non-Newtonian Fluid 
Mechanics, 15, (1984), pp. 309-329. 



 24 

 
16 Hsiao, K.W., J. Dinic, Y. Ren, V. Sharma and C.M. Schroeder, “Passive Non-Linear 
Microrheology for Determining Extensional Viscosity,” Physics of Fluids, 29, (2017), pp. 
1-12. 
17 Varchanis, S., C.C. Hopkins, A.Q. Shen, J. Tsamopoulos and S.J. Haward, 
“Asymmetric Flows of Complex Fluids Past Confined Cylinders: A Comprehensive 
Numerical Study with Experimental Validation,” Physics of Fluids, 32, (2020), pp. 1-18. 
18 Janssen, P.J.A., P.D. Anderson and M. Loewenberg, “A Slender-Body Theory for Low 
Viscosity Drops in Shear Flow Between Parallel Walls,” Physics of Fluids, 22, (2010), pp. 
1-10. 
19 Park, O.O., “Dynamics of Rigid and Flexible Polymer Chains,” PhD Thesis, Stanford 
University, Stanford, CA (June, 1985). 
20 Park, O.O. and G.G. Fuller, “Dynamics of Rigid and Flexible Polymer Chains in 
Confined Geometries Part II: Time-Dependent Shear Flow,” Journal of Non-Newtonian 
Fluid Mechanics, 18, (1985), pp. 111-122. 
21 Woo, N.J., E.S.G. Shaqfeh, B. Khomami, “Effect of Confinement on Dynamics and 
Rheology of Dilute DNA Solutions. I. Entropic Spring Force Under Confinement and a 
Numerical Algorithm,” Journal of Rheology, 48(2), (2004), pp. 281-298. 
22 Woo, N.J., E.S.G. Shaqfeh, B. Khomami, “Effect of Confinement on Dynamics and 
Rheology of Dilute Deoxyribose Nucleic Acid Solutions. II. Effective Rheology and 
Single Chain Dynamics,” Journal of Rheology, 48(2), (2004), pp. 299-318. 
23 Parisi, D., D. Truzzolillo, V.D. Deepak, M. Gauthier and D. Vlassopoulos, “Transition 
From Confined to Bulk Dynamics in Symmetric Star-Linear Polymer Mixtures,” 
Macromolecules, 52, (2019), pp. 5872-5883. 
24 Leungo, G., F.J. Schmitt, R. Hill and J. Israelachvili, “Thin Film Rheology and 
Tribology of Confined Polymer Melts: Contrasts with Bulk Properties,” Macromolecules, 
30, (1997), pp. 2482-2494. 
25 Davies,G.A. and J.R. Stokes, “Thin Film and High Shear Rheology of Multiphase 
Complex Fluids,” Journal of Non-Newtonian Fluid Mechanics, 148, (2008), pp. 73-87. 
26 Costanzo, S., R. Pasquino, J. Läuger and N. Grizzuti, “Milligram Size Rheology of 
Molten Polymers,” Fluids, 4(1) (2019), pp. 1-11.  
27 Magda, J.J. and S.G. Baek, “Concentrated Entangled and Semidilute Entangled 
Polystyrene Solutions and the Second Normal Stress Difference,” Polymer, 35(6) (1994), 
pp. 1187-1194. 
28 Bueche, F. and M. Davison, “Viscosity-Temperature Relation for Diethyl Phthalate,” 
Journal of Chemical Physics, 45(11) (1966), pp. 4361-4362. 
29 Schmalzer, A.M., R.B. Bird and A.J. Giacomin, “Normal Stress Differences in Large-
Amplitude Oscillatory Shear Flow for Dilute Rigid Dumbbell Suspensions,” Journal of 
Non-Newtonian Fluid Mechanics, 222, 56-71 (2015).  Errata: In Eq. (6), “38725” should be 
“38728”; Above Eqs. (14) and (25), “significant figures” should be “16 significant 
figures”.   



 25 

 
30 Piette, J.H., L.M. Jbara, C. Saengow and A.J. Giacomin, “Exact Coefficients for Rigid 
Dumbbell Suspensions for Steady Shear Flow Material Function Expansions,” Physics of 
Fluids, 31(2), 021212 (2019), pp. 1-15.  Erratum:  Above Eq. (83), “one other” should be 
“one other use”. 
31 Coombs, S.J. A.J. Giacomin and R. Pasquino, “Confinement and Complex Viscosity,” 
PRG Report No. 077, QU-CHEE-PRGTR—2021-77, Polymers Research Group, Chemical 
Engineering Dept., Queen’s University, Kingston, CANADA (March, 2021), pp. 0-29. 


