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Abstract

In optomechanical systems, the radiation forces exerted by photons are exploited to
manipulate and measure mechanical motion, finding applications is optics, nanophotonics, mechanics, and gravitational wave detection. To understand and design such
structures, the optical and mechanical mode behavior must be well understood and
characterized. For example, one should have a good idea of how the design parameters of a system a↵ect the underlying modes, how the modes interact with their
surroundings (dissipation), and how the modes interact with each other. The recent
development of quasinormal-mode (QNM) theory in cavity optics, which allows for a
quantitatively accurate model of realistic cavities subject to energy losses and interference, has proven to be very powerful in nanophotonics design and simulations. In
this thesis, we introduce a QNM theory of mechanical open-cavity modes, and use it
to study the elastic mode behavior of optomechanical resonators subject to intrinsic
loss and mode coupling, including a quantitative description of the elastic Purcell effect. In addition, we present controllable designs of exceptionally high quality-factor
mechanical modes for coupled optomechanical cavities. Our semi-analytical theory
is exemplified and confirmed by full three-dimensional numerical calculations on optomechanical beams, and the general findings apply to a wide range of mechanical
cavity modes. This QNM formalism, when also coupled with a QNM theory of optical cavities, o↵ers a unified framework for describing a wide range of optomechanical
structures where dissipation is an inherent part of the resonator modes.
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Chapter 1
Introduction

The study of physics on the mesoscopic scale (from nanometers to micrometers) has
inspired the next era of technology and applied science, impacting next-generation
nano and quantum technologies. The realization of quantum information technologies
will allow us to make unprecedented leaps in artificial intelligence, cybersecurity,
and computational chemistry, as well as revolutionize drug development, financial
modeling, and climate forecasting. Quantum technologies hold promise to permeate
through every aspect of modern society.
However, pursuing the realization of even basic quantum information protocols
has given rise to a number of challenging questions: how does one achieve quantum
transduction, that is, the process of converting quantum information from one form
(optical, electrical, mechanical) to another? How can this information be stored
and how can it be measured? The promising field of optomechanics may be a good
candidate for addressing these questions (Aspelmeyer et al. 2014). Optomechanics is
the study of structures which lie at the crossroad between photonics, the study of light,
and mechanics, the study of physical motion. These systems utilize the coupling of
their mechanical and photonic properties to create fundamentally di↵erent properties
that can be engineered to manipulate the flow of light.
In optomechanical systems, the radiation forces exerted by light are exploited to
induce, control, and measure mechanical motion in resonators over a wide range of

2

length scales. In ultra-sensitive mechanical systems, the force exerted from a single
photon, the smallest unit of energy for light, can change the mechanical trajectory,
causing a complex feedback. This coupling between optical modes and mechanical
motion is an increasingly rich area of study in physics and engineering. Indeed, the
direct applications of optomechanics vary widely, from the transduction and storage
of quantum information (Lauk et al. 2020; Mitchell et al. 2019; Fiore et al. 2011;
Bagheri et al. 2011), to ultra-sensitive mass sensing (Yu et al. 2016; Liu et al. 2013).
In mechanics and photonics, resonance modes are formed when standing waves
are produced at fixed frequencies, like when a guitar string is plucked or a drum is
struck. Certain devices, like guitars and drums, are designed to isolate or localize these
modes in a confined area and are referred to as cavity resonators. Resonance modes
are not limited to mechanical vibrations; optical cavities, which are a fundamental
component of lasers, are an essential aspect of photonics and cavity QED (quantum
electrodynamics). Optomechanics combines both mechanical and optical modes in
the same system and exploits the interaction between them.
Innovation in this emerging field calls for increasingly complex designs which are
difficult to model using traditional brute force approaches. Before fabrication and
experimentation, the optical and mechanical resonance behavior of a structure must
be well characterized and predicted. We require theories which not only quantify
the underlying physics, but also simplify the computationally expensive numerical
modelling requirements. While optical mode theories have seen recent advancements
that have shown to be very powerful in the design and realistic modelling of optical
cavities (and are required for mode quantization), elastic mode theories for mechanical
cavities have not been given the same treatment.
In this thesis, we present a new formalism for describing realistic mechanical
cavities, and in the process discover new mechanical mode e↵ects in optomechanical
cavities that may prove to be valuable in future system designs and applications. This
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Modern optomechanical systems can take the form of ultra-thin membranes, microring resonators, and nano-structures acting as a photonic crystal (Yablonovitch 1987;
Krauss et al. 1996) and a phononic crystal (Kushwaha et al. 1993; Sigalas and
Economou 1993; Maldovan 2013) simultaneously (Laude 2016; Rolland et al. 2012;
El Hassouani et al. 2010; Djafari-Rouhani et al. 2016; Kipfstuhl et al. 2014), which
have been shown to have direct applications in on-chip quantum information processing (Eichenfield et al. 2009; Chan et al. 2012; Kalaee et al. 2016; Pitanti et al. 2015;
Krause et al. 2012; Winger et al. 2011).
One of the most successful optomechanical crystals (and the type we explore in this
thesis) are 1D-like beam structures first proposed by Eichenfield et al. 2009 and later
optimised by Oskar Painter et. al. at Caltech (Chan et al. 2012). Its unique design
of varying the shapes of elliptical holes along the nanobeam results in a phononic
crystal cavity that supports localized mechanical vibrational modes, as well a photonic

Phys. Lett.cavity
101, 081115
crystal cavity that traps optical modes Appl.
with impressive
lifetimes (2012)
and small
mode volumes. The spatial overlap between the optical and mechanical modes results
in strong optomechanical coupling (see Fig. 1.2). This particular design is seen in
much of recent optomechanical applications (Kalaee et al. 2016; Pitanti et al. 2015;
Krause et al. 2012; Winger et al. 2011), most notably in demonstrating coherent

(b)

quantum transaction (Balram et al. 2016). However, in order for this technology

(d)
Figure 1.2: Example optomechanical crystal nanobeam cavity, designed by Oskar Painter’s
group. (Top) Normalized optical mode profile. (Bottom) Normalized mechanical mode
profile. Figure taken from Chan et al. 2012.

to reach its full potential in terms of its applications, the optical and mechanical

1.2. MODELLING CAVITY MODES
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resonance modes must be well modelled and characterized. We require a strong
understanding of the underlying un-coupled modes and how the modes interact with
their surroundings as well as with each other. Although such models do exist for
optics, they are not as developed in mechanics.
1.2

Modelling cavity modes

In optics and mechanics, there are essentially two types of cavities; closed and open
cavities, which mathematically solve exactly the same equation, but with di↵erent
boundary conditions—fixed (closed) or open. Closed cavities are resonators that are
treated as having no intrinsic energy loss (i.e., losses due to the geometrical design
of the system). An example of a closed cavity is an optical resonator with two
perfectly reflecting mirrors, or a waveguide with periodic boundary conditions. In
these systems, the modes are perfectly contained within the cavity and such modes are
called normal modes (NMs), and they have real eigenfrequencies. However, this idyllic
picture is not accurate for real-world systems with significant loss, and only works best
for high quality factor (i.e., low energy loss) systems, and even these are ill-defined.
In fact, all practical cavities (with any sort of input-output) are subject to finite loss,
and are more appropriately modelled as open cavity systems. Open resonators “leak”
a portion of the mode from the cavity and into the surroundings, and such modes are
known as quasinormal modes (QNMs), with complex eigenfrequencies. An example
open optical cavity would have partially transmitting mirrors such that a portion of
the confined light is able to escape the resonator. The recent development of QNM
theory in optics (and also plasmonics) has proven to be very powerful in photonics
design and simulations (P. T. Kristensen et al. 2012; Philip Trøst Kristensen and
Stephen Hughes 2014; Franke, Richter, et al. 2020; Lasson et al. 2015; Lalanne et al.
2018), as it not only models realistic cavities subject to energy losses, but describes
profound interference with other resonance modes as well. Until recently (the work
in this thesis), there has been no equivalent for mechanical cavity modes to the best

1.3. LAYOUT OF THE THESIS
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of our knowledge.
1.3

Layout of the Thesis

In this thesis, we introduce a new QNM theory for mechanical cavity modes and use
it to study the mechanical behavior of complex optomechanical cavities with intrinsic
losses. With this formalism, we accurately model finite-loss mechanical cavities as
well as systems experiencing mode interference phenomena that cannot be described
analytically with current models. We then go on to explore interesting mechanical
mode enhancement e↵ects discovered during our study of coupled mechanical cavities that may be applicable to future designs of optomechanical devices, possibly
exploiting emerging ideas of dissipative feedback.
In Chapter 2, we present the theoretical background for NMs and QNMs, as well
as the computational methods used to obtain them numerically for arbitrary 3D
resonators. We carry out an analytical Green’s function expansion, which can be
used to quickly solve a wide range of force-displacement problems in an analogous
way to how the photon Green’s function is used to study a wide range of lightmatter investigations in optics (Yao, Rao, et al. 2010). We then present a generalized
(complex and position-dependant) elastic e↵ective mode volume Ṽe↵,m (r), a key figureof-merit in mode descriptions, using a QNM normalization, and show the problems
with using a normal-mode volume Ve↵ . We show how Purcell’s formula for elastics,
recently introduced using NM theory (Schmidt et al. 2018), can be obtained more
generally in terms of the complex mode volume, and confirm the accuracy of the
theory by comparing with numerically-exact simulations in Chapter 3. Here we also
show the essential role of the QNM phase in explaining and modelling coupled QNMs
(which has no concept with NM theories) using coupled cavities exhibiting a Fano-like
resonance (a phase-dependant interference e↵ect with various applications). We also
point out the drastic failure of using a NM approach (the usual approach) to model
such systems. In Chapter 4, we explore the mechanical resonant modes of two coupled

1.3. LAYOUT OF THE THESIS
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identical optomechanical cavities. We find significant Fabry-Pérot-like modes with
theoretically infinite lifetimes (at certain spatial separations) as well as high localized
intensity in the hole region, where coupling with the optical mode occurs. Further
studies of these cavities may lead to new applicable mechanisms to enhance elastic
mode lifetimes and optomechanical coupling in optomechanical systems. Finally, in
Chapter 5, we present conclusions and some recommendations for future work.
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Chapter 2
Theory and Computational Methods

2.1

Linear Theory of Elasticity and Mechanical Modes

Vibrational modes of solids can be calculated using a simplification of the nonlinear
theory of elasticity, namely, the linear theory of elasticity (Slaughter 2002), where one
assumes infinitesimal deformations and stress forces that do not result in “yielding”
(deformation point of no elastic return).
We first express Newton’s second law in terms of the displacement vector u(r, t):
r · (r, t)

⇢(r)ü(r, t) =

f (r, t),

(2.1)

where ⇢ is the mass per unit volume, f (r, t) is the force vector or force per unit volume,
and

is the stress tensor. Assuming a harmonic solution of the form, u(r, t) =

u(r, ⌦)e

i⌦t

, and in the absence of a force excitation, we obtain the mechanical wave

equation:
r · (r, ⌦) + ⌦2 ⇢(r)u(r, ⌦) = 0,

(2.2)

which is analogous to the Helmholtz equation in optics:
r ⇥ r ⇥ E(r, !)

c20
✏(r, !)E(r, !) = 0,
!2

(2.3)

2.1. LINEAR THEORY OF ELASTICITY AND MECHANICAL
MODES
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where E is the electric field, ! is the angular frequency, and c0 is the speed of light.
The stress tensor can be expressed as (Snieder 2002)
ij (r, ⌦)

where @k ⌘

@
@xk

= cijkl @k ul (r, ⌦),

(2.4)

is the partial derivative with respect to the xk direction, and cijkl

is the fourth-order elasticity tensor (where one sums over repeated indices as with
Einstein summation convention) and can be expressed, in matrix notation, as
2

c
6 1111
6
6c2211
6
6
6c3311
6
6
6c2311
6
6
6c3111
4
c1211

c1122 c1133 c1123 c1131 c1112
c2222 c2233 c2223 c2231
c3322 c3333 c3323 c3331
c2322 c2333 c2323 c2331
c3122 c3133 c3123 c3131
c1222 c1233 c1223 c1231

3

2

C
7
6 11
7
6
6C12
c2212 7
7
6
7
6
6C
c3312 7
7 ⌘ 6 13
7
6
6C14
c2312 7
7
6
7
6
6C15
c3112 7
5
4
c1212
C16

C12 C13 C14 C15 C16
C22 C23 C24 C25
C23 C33 C34 C35
C24 C34 C44 C45
C25 C35 C45 C55
C26 C36 C46 C56

3

7
7
C26 7
7
7
C36 7
7.
7
C46 7
7
7
C56 7
5
C66
(2.5)

For orthotropic materials, this reduces to
2

C11 C12 C13

0

0

0

3

6
7
6
7
6C12 C22 C23 0
0
0 7
6
7
6
7
6C13 C23 C33 0
0
0 7
6
7.
6
7
6 0
0
0 C44 0
0 7
6
7
6
7
6 0
0
0
0 C55 0 7
4
5
0
0
0
0
0 C66

(2.6)

Applying boundary conditions to Eqs (2.2) and (2.3) yield eigenvalue problems
where the solutions are modes of the system that correspond to eigenfrequencies.
Closed or periodic boundary conditions yield normal modes with real eigenfrequencies
while open boundary conditions yield quasinormal modes with complex frequencies.

2.1. LINEAR THEORY OF ELASTICITY AND MECHANICAL
MODES

2.1.1
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Normal Modes

Subjecting Eq. (2.2) to periodic or hard-wall boundary conditions yields “normal
modes”, qm , from the following eigenvalue problem:
⇢(r)⌦2m qmi (r)+@j (cijkl @k qml (r)) = 0,

(2.7)

where the eigenfrequencies are real and do not account for dissipation. These normal
modes are normalized such that:
hqm |qn i =

Z

V

dr⇢(r)q⇤m (r)

· qn (r) =

Z

V

dr⇢(r)q†m (r)qn (r) =

m,n ,

(2.8)

(where we have used the definition of a dot product in matrix notation: u · v = uT v)
and have the completeness relation:
I (r

r0 ) =

X

⇢(r)qm (r)q†m (r0 ),

(2.9)

m=1,2,···

where the dagger denotes the complex conjugate of the transpose: q† = (qT )⇤ . This
is similar to the usual Hermitian eigenvalue problem in quantum mechanics (Griffiths
and Schroeter 2018).
2.1.2

Green’s Function Expansion for Normal Modes

In scattering problems, it is useful to find the Green’s function of the system, since it
can then be used to solve various problems in an analytical way (e.g., it immediately
describes the local density of states and the scattering strength of a dipole source). In
elastics, the Green’s function describes the displacement at a position r that is caused
by some point force at position r0 . The elastic Green’s function can be used to solve
a wide range of force-displacement problems in an analogous way to how the photon
Green’s function is being used to carry out light-matter investigations in optics (Yao,
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Rao, et al. 2010). The elastic Green’s function G can be defined from:
@j (cijkl @k Gln (r, r0 ; ⌦)) + ⇢(r)⌦2 Gin (r, r0 ; ⌦) =

in

(r

r0 ),

(2.10)

where the ith component of a unit force in the n direction at location r0 is given by
in

(r

r 0 ).

The displacement can be written in terms of the Green’s function G as (Snieder
2002):

ui (r) =

Z

V

Gin (r, r0 ) · fn (r)dr0
I
+ {Gin (r, r0 )ŝj cnjkl @k0 ul (r0 )
S

un (r0 )ŝj cnjkl @k0 Gil (r, r0 )}dr0 , (2.11)

where ŝ is the normal vector of S, the surface forming the outer boundary of the
elastic body. For an elastic body surrounded by empty space, we have a stress-free
surface where the traction acting on S is (Snieder 2002):
ŝ ·

= ŝj cijkl @k ul = 0

(2.12)

at S. In this case, the second term in Eq. (2.11) vanishes. In the case of a point force
excitation, f (r, t) = fd (r

r0 ) (t), then
u(r, ⌦) = G(r, r0 ; ⌦) · fd (r0 ),

(2.13)

where fd is a point force at position r0 .
For the normal mode case, we expand the Green’s function G in terms of NMs as
a sum over the vector field products as:
G(r, r0 ; ⌦) =

X

m=1,2,···

Am (⌦)qm (r)q†m (r0 ),

(2.14)
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Figure 2.1: Example elastic body. The Green’s function, G, in Eq. 2.13 gives the displacement u at position r due a point force fd at position r0

where the expansion coefficients Am are to be determined. We now have
X

Am [⇢(r)⌦2 qmi (r) + @j (cijkl @k qml (r))]qmi (r0 ) =

in

(r

r0 ),

(2.15)

m

which we can rewrite using Eq. (2.7) as
X

Am [⌦2

⌦2m ]⇢(r)qm (r)q†m (r0 ) = I (r

r0 ),

(2.16)

m

where I is a unit dyadic of a 3x3 matrix. Multiplying both sides by q†m0 (r) and
integrating over the mode volume:
X
m

Am [⌦

2

⌦2m ]

Z

V

dr⇢(r)q†m0 (r)qm (r)

q†m (r0 )

=

Z

V

drq†m0 (r)I (r

Using our normalization condition from Eq. (2.8), hqm0 |qm i =
Am (r0 , ⌦) =
and
G(r, r0 ; ⌦) =

1
⌦2

⌦2m

,

X qm (r)q† (r0 )
m
.
2
2
⌦
⌦
m
m=1,2,···

m0 ,m ,

r0 ).

(2.17)

we find
(2.18)

(2.19)
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Quasinormal Modes for Mechanics

Applying fixed (or periodic) boundary conditions to Eq. (2.2) will result in normal modes. However, applying outgoing boundary conditions will yield the spatially
divergent QNMs with complex eigengrequencies. This is because (away from the
˜
resonator) the QNMs have the form q̃(x) ⇠ eik̃x , where k̃ = 2⇡ ⌦/v
is the complex
wavevector with a negative imaginary component, resulting in a diverging wave as x
increases. Note, however, that in the time domain the modes are non-divergent as
q̃(x, t) = q̃(x, ⌦)e

˜
i⌦t

, decaying with time. Figure 2.2 presents a simple schematic

of a closed and open resonator, harboring NMs and QNMs, respectively. In an elas-

Figure 2.2: Example closed and open elastic resonators. A string is attached between two
walls, another string is attached to the other side of one wall. (Top) Both walls are hard
and do not allow any vibrations to transfer to the string on the left. This acts as a closed
resonant cavity supporting a normal mode in between the two walls. (Bottom) The wall
on the right is slightly movable, and allows a portion of the vibrations to leak into the string
on the right. This acts as an open cavity, supporting a quasinormal mode that diverges
for positions away from the cavity.

tic resonator medium with open boundary conditions, the resonator modes q̃m are
obtained from:
˜ 2m q̃mi (r)+@j (cijkl @k q̃ml (r)) = 0,
⇢(r)⌦

(2.20)
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> 0) is the complex eigenfrequency, q̃m (r) are the QNMs

and the mechanical quality factor is defined by
Qm =

˜ m)
Re(⌦
⌦m
⌘
.
˜
2 m
2Im(⌦m )

(2.21)

The problem at hand is the same as the normal mode problem, the only di↵erence
being the boundary conditions that now produce complex eigenfrequencies because
of finite mode loss.
For conservative (lossless) systems, the conditions set on the boundary result in
a Hermitian problem (note that problems with periodic boundary conditions may
not always be Hermitian: lossy bound waveguides modes are complex, though the
imaginary part describes the loss per length, e.g., in a lossy fiber). In the Hermitian
case, ⌦m is real and the eigenfunctions qm form a complete orthogonal set. In this
case, each mode has a double pole (⌦m and ⌦

m

⌘

⌦m ) as follows from Eqs (2.7)

and (2.19), where we usually ignore the negative frequencies, similar to the rotating
wave approximation of a two level atom interacting with an oscillating field (where
one can neglect the rapidly oscillating terms).
˜ m and ⌦
˜
For open systems, using Eq. (2.20), we have poles at ⌦

m

⌘

˜ ⇤ with
⌦
m

˜ m ] < 0 satisfying the outgoing wave condition on the boundary. However, since
Im[⌦
˜ 2m 6= ⌦
˜ 2 m , q̃m and q̃
⌦

m

are linearly independent and we therefore have a doubling

of modes compared with the conservative case. It then follows that the normal mode
Green’s function expansion in Eq. (2.19) is not appropriate for the case of an open
system, as might be expected, since it fails to account for the QNM phase at equal
space positions, namely it uses a conjugated mode product (i.e., q ⇤ q), while the QNM
form must use an unconjugated mode product (i.e., qq).
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Green’s Function Expansion and a simple Normalization for Quasinormal Modes

Here we introduce a Green’s function expansion for QNMs, following an approach
similar to (Leung et al. 1994), for 1D systems, which has also been generalized to
3D optical systems (P. T. Kristensen et al. 2012; Philip Trøst Kristensen, Ge, et al.
2015).
We begin with the one-dimensional elastic wave equation:
@ 2 q(x)
C 2
+ ⇢⌦2 q(x) = 0,
@ x
where C is the sti↵ness, and v =

p

(2.22)

C/⇢ describes the speed of the wave. We can

think of q(x), e.g., as the transverse vibrations of a string with linear density ⇢(x).
We consider the case of a string fixed at one end (x = 0), and attached to a large
mass on the other end (x = a) such that there is some leakage from the cavity region
(0 < x < a) into the mass. In optics, this is analogous to a 1D Fabry-Pérot cavity
with a partially transmitting mirror on one side.
The Green’s function for this system is defined by:
C

@ 2 G(x, x0 )
˜ 2 G(x, x0 ) =
+ ⇢⌦
@ 2x

(x

x0 ).

(2.23)

Treating Eq. 2.23 as a Sturm-Liouville problem (i.e. a second order linear di↵erential
equation that can be written in the form: (p(x)y 0 )0 + (q(x) + r(x))y = 0, were p, q
and r are coefficient functions and
solution by
0

G(x, x ; !) =

8
>
<
>
:

is an unknown parameter), we can represent the

1
q (x, ⌦)qR (x0 , ⌦),
CW (⌦) L

0 < x < x0 ,

1
q (x0 , ⌦)qR (x, ⌦),
CW (⌦) L

0

(2.24)

0 < x < x,

where we have introduced the auxiliary functions qL (x, ⌦) and qR (x, ⌦), which satisfy
Eq. (2.22) as with the left and right boundary conditions, respectively (qL (x = 0) = 0
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and qR (x) = eikx as x ! 1), and W (⌦) is defined as the Wronskian:
W (⌦) = qL (x, ⌦)qR0 (x, ⌦)

qL0 (x, ⌦)qR (x, ⌦),

(2.25)

which we can show is independent of x by taking the derivative @W/@x = 0. Note
that at x = x0 , G is made to be continuous.
In the complex frequency domain, G is meromorphic (i.e., a function of a complex
variable that is analytic everywhere in the complex plane except for isolated poles)
˜ m such that W (⌦
˜ m ) = 0. At the zeros of W , q̃L (x, ⌦)
with simple poles at ⌦ = ⌦
˜ m ) = Am qR (x, ⌦
˜ m ). In this
and qR (x, ⌦) become linearly dependent: qm (x) ⌘ qL (x, ⌦

case, it does not matter whether x < x0 or x > x0 since we now have qL (x)qR (x0 ) =
Am q̃m (x)q̃m (x0 ) = qL (x0 )qR (x) and G becomes symmetric. The zeros of the Wronskian
therefore give rise to eigenfunctions (QNMs, when the boundary conditions are open)
qm (x) that satisfy both the left and right boundary conditions with eigenfrequencies
˜ m . Since G is meromorphic, we can use the Mittag-Le✏er theorem (More 1971;
⌦
Bang and Grareev 1981) to expand it as
0

G(x, x ; ⌦) =

X Rm (x, x0 )
m

⌦

˜m
⌦

.

(2.26)

˜m
where Rm (x, x0 ) are the residues of G at the poles ⌦
Rm (x, x0 ) = lim (⌦
˜m
⌦!⌦

The task at hand is to find
˜ m:
and qR , where ⌦ ⇡ ⌦

0
˜ m )G(x, x0 ; ⌦) = qm (x)qm (x )
⌦
C @W
| ˜m
@⌦ ⌦=⌦

@W
| ˜m.
@⌦ ⌦=⌦

(2.27)

We start with the defining equations for qL

@ 2 qL (x, ⌦)
C
+ ⇢⌦2 qL (x, ⌦) = 0,
2
@ x

(2.28)
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˜ m)
@ 2 qR (x, ⌦
˜ 2 qR (x, ⌦
˜ m ) = 0.
+ ⇢⌦
m
2
@ x

(2.29)

Multiplying Equations (2.28) and (2.29) by qR and qL , respectively, then subtracting
leads to
˜ 2 )⇢qL (x, ⌦)qR (x, ⌦
˜ m)
⌦
m

(⌦2

= qL (x, ⌦)C

˜ m)
@ 2 qR (x, ⌦
@ 2x

2
˜ m )C @ qL (x, ⌦) . (2.30)
qR (x, ⌦
@ 2x

Integrating both sides in the limit of an infinite length l:

(⌦

˜2 )
⌦
m

2

Z

l

˜ m)
⇢qL (x, ⌦)qR (x, ⌦
"

˜ m)
@qR (x, ⌦
= C qL (x, ⌦)
@x

˜ m ) @qL (x, ⌦)
qR (x, ⌦
@x

#

R

, (2.31)
0

where we have used integration by parts on the right hand side and R is the boundary
of l. At R, qR and qL are outgoing waves and we can write
(⌦

˜2 )
⌦
m

2

Z

˜ m ) = i C (⌦
˜ m ⌦)qL (R, ⌦)qR (R, ⌦
˜ m)
⇢qL (x, ⌦)qR (x, ⌦
v
l
"
#
˜ m)
@qR (x, ⌦
@q
(x,
⌦)
L
˜ m)
C qL (x, ⌦)
qR (x, ⌦
@x
@x

, (2.32)
x=0

where we have used k = ⌦/v after taking the partial derivatives of qR and qL with
˜ m gives
respect to x. Di↵erentiating with respect to ⌦ at ⌦ = ⌦
˜m
2⌦

Z

l

⇢q̃m (x)q̃m (x) = i⇢vq̃m (R)q̃m (R)
"
˜ m)
@
@qR (x, ⌦
C
qL (x, ⌦)
@⌦
@x

˜ m ) @qL (x, ⌦)
qR (x, ⌦
@x

#

. (2.33)
˜m
x=0,⌦=⌦
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Finally, we recognize the C @W
| ˜ m term on the right hand side and we are left with
@⌦ ⌦=⌦
C

@W
| ˜ =
@⌦ ⌦=⌦m

˜ m hhq̃m |q̃m ii,
2⌦

(2.34)

where we have introduced the normalization (“norm”):
hhq̃m |q̃n ii = lim

l!1

Z

⇢q̃m (x)q̃n (x) + i
l

⇢v
q̃ (R)q̃n (R).
˜m + ⌦
˜n m
⌦

(2.35)

The Green’s function expansion for mechanical QNMs is therefore
G(x, x0 ; ⌦) =

X

qm (x)qm (x0 )
.
˜ m (⌦
˜ m ⌦)
2⌦
m=±1,±2,···

(2.36)

In three dimensions, the point force and the displacement vectors both have three
components, and the Green’s function (now a tensor) is now:
G(r, r0 ; ⌦) =

X

q̃m (r)[q̃m (r0 )]T
.
˜ m (⌦
˜ m ⌦)
2⌦
m=±1,±2,···

(2.37)

The derivation above is very similar to how one can obtain the photon Green’s function in optics,
GPh (r, r0 ; !) =

X

c2 f̃n (r)[f̃n (r0 )]T
,
2˜
!n (˜
!n !)
n=±1,±2,···

(2.38)

(where f̃n are the optical QNMs with eigenfrequencies !n ). Note that alternative
expansion forms are possible, which can be related to each other through a sum rule
(Philip Trøst Kristensen et al. 2020; Muljarov and Langbein 2016).
The completeness relation for QNMs is
I (r

r0 ) =

X

1
⇢(r)q̃m (r)[q̃m (r0 )]T ,
2
m=±1,±2,···

(2.39)

which is also found in (Bang and Grareev 1981; Lee et al. 1999). Note the additional
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1/2 in Eq. (2.39) when compared to the Eq. (2.9) can be attributed to the e↵ective
doubling of modes as we now have m = ±1, ±2, · · · , and q̃

m

= q̃⇤m (r).

To have quantities that better relate to a mode volume in optics, which is also a
key quantity in Purcell’s formula, we next define an alternative QNM through
Q̃m (r) =

p
⇢(r) q̃m (r),

(2.40)

so that Q̃2m has units of inverse volume. We can then define the inner product as:
hhQ̃m |Q̃n ii = lim

V !1

Z

V

vs
Q̃m (r) · Q̃n (r)dr + i
˜m + ⌦
˜n
⌦

Z

S

Q̃m (r) · Q̃n (r)dr =

m,n .

(2.41)

Note that the surface term in Eq. (2.41) is an isotropic approximation of the wave
speed at the boundary S of the volume V . In three-dimensional anisotropic materials,
the fourth order elasticity tensor cijkl has di↵ering components for each dimension,
and having an exact description at the surface would require a more involved and
careful derivation. It is this stress-strain relationship that adds an additional layer
of mathematical complexity in elastics when compared to working with the wave
equation for optics or even acoustic pressure waves.
In our numerical studies, we find that the surface term has a minute contribution to
the overall normalization, though it would be useful to derive a more exact derivation
in future work, possibly also using PML regularization (Sauvan et al. 2013). For large
simulation domains where this term can be appreciable, then the surface integral can
also be regularized (Philip Trøst Kristensen, Ge, et al. 2015). Here we have used
the shear speed of sound as the mechanical cavities we explore are dominated by
transverse waves. Though, an argument could be made for the longitudinal wave
velocity being more appropriate farther away from the cavity. There have been various
approaches to obtain normalized QNMs in optics (P. T. Kristensen et al. 2012; Philip
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Trøst Kristensen and Stephen Hughes 2014; Philip Trøst Kristensen, Ge, et al. 2015;
Sauvan et al. 2013; Lalanne et al. 2018; Muljarov, Langbein, and Zimmermann 2010;
Bai et al. 2013; Zschiedrich et al. 2018), and Eq. (2.41) is analogous to the optical
QNM normalization by Lai et al.,

hhf̃m |f̃n ii = lim

V !1

Z

V

nB c
✏(r)f̃m (r) · f̃n (r)dr + i
!
˜m + !
˜n

Z

A

f̃m (r) · f̃n (r)dr =

m,n ,

(2.42)

and was used to introduce the idea of a “generalized mode volume” (which is now
complex) with optical cavities (P. T. Kristensen et al. 2012). Compared to its optical
counterpart, we have e↵ectively made the substitutions: (i) speed of light, c ! shear
speed of sound in bulk material vbs ; and (ii), refractive index nB ! material density ⇢.
Note that Eq. (2.41) needs a careful regularization if evaluated over a large simulation
volume (Philip Trøst Kristensen, Ge, et al. 2015), otherwise, the volume integral will
be dominated by the diverging mode far away from the cavity region. Although both
terms individually diverge, together they converge if computed carefully, which may
also require numerical regularization techniques.
2.2.2

Generalized E↵ective Mode Volume

A key design parameter from optical cavity physics, known as the e↵ective mode
volume (Philip Trøst Kristensen and Stephen Hughes 2014) Ve↵ or, equivalently in
mechanics, the e↵ective motional mass me↵,m = ⇢Ve↵,m (Pinard et al. 1999; Gillespie
and Raab 1995; Eichenfield et al. 2009), which is more commonly used in the optomechanics literature (Kipfstuhl et al. 2014; Li et al. 2015; Zheng et al. 2012; Chan et al.
2012; Kalaee et al. 2016; Djafari-Rouhani et al. 2016). Historically, the e↵ective mode
volume is seen as a measure of the spatial confinement of the mode in a cavity. It can
be used to calculate other significant properties such as the Purcell factor (a measure
of enhanced emission of an oscillating dipole, which scales with Q/Ve↵ , which is a key
figure of merit for light-matter interactions in optical cavity physics).
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The common approach to obtaining mode volumes in the literature (Schmidt et al.
2018; Eichenfield et al. 2009; Kipfstuhl et al. 2014; Djafari-Rouhani et al. 2016), is
to define the e↵ective mode volume, in the present case for acoustic modes, using a
normal mode normalization:

NM
Ve↵,m
=

Z

dr|Q̃m (r)|2

max[|Q̃m (r)|2 ]

,

(2.43)

where Q̃m is actually the QNM spatial profile (assuming this is a cavity mode computed with open boundary conditions) but without the normalization of Eq. (2.41).
However, Eq (2.43) is problematic as the value diverges as a function of space for any
dissipative modes. In essence, it uses a theory for the normal modes Qm , which are
solutions to a Hermitian eigenvalue problem, and so it is incorrect to then use a QNM
as the mode solution. This theory works well for cavities with a very high Q (though
is still problematic), but clearly fails for lower Q-factors.
To fix this problem, the QNM normalization condition in Eq. (2.41) allows one to
obtain a complex (or generalized) e↵ective mode volume for a mechanical mode:
Ṽe↵,m (r) =

hhQ̃m |Q̃m ii
,
Q̃2m (r)

(2.44)

Im
where Ṽe↵,m = Ve↵,m + iVe↵,m
, for a specific mode m. Note also that we allow the

e↵ective mode volume to be a function of space here as it formally characterises the
mode strength squared at those positions, and is not directly related to the integrated
mode volume (which diverges), as is the case in optics:
Ṽe↵,µ (r) =

hhf̃µ |f̃µ ii
.
✏(r)f̃µ2 (r)

(2.45)

For closed cavities, the field squared happens to be related to the total volume of the
mode if evaluated at the field maximum. In QNM theory, the total mode volume is
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ill defined, as it diverges for any open cavity resonator. Thus one can refer to this
quantity as a “localized mode volume,” where the volume is a useful figure of merit
for certain applications of interest. As we will show later, the phase of the QNM can
have profound consequences, and is essential to the general theory.
2.2.3

Elastic Purcell Factor

In optics, the Purcell factor describes the enhanced spontaneous emission for a dipole
emitter inside an optical cavity (Philip Trøst Kristensen and Stephen Hughes 2014)
(or near any resonant mode structure), while in mechanics, it describes the enhanced
displacement for a point force. The modal Purcell factor theory has been well exploited in optical cavity physics and cavity-QED for decades, and the underlying
physical insight in terms of cavity mode properties would be hard to underestimate
as a design tool. However, Purcell factor calculations, especially for complex 3D
beams, require tedious numerical simulations per source point position, which can
take anywhere between multiple hours to a few days per point. The Purcell factors
can be obtained directly from the Green’s function, and so it is desirable to construct
G in an analytical form, from the cavity modes of interest, since it can then be used
to provide the decay properties of the system over a wide range of positions and
frequencies, all obtained from the QNM spatial profile and complex eigenfrequency.
Thus, here we aim to derive the expression for an elastic Purcell factor, similar to the
work of (Schmidt et al. 2018), who used a normal mode expansion, but now in terms
of the more appropriate QNM Green’s functions.
The mechanical Purcell factor evaluated for an elastic emitter (coupled to a QNM),
fd = fd n, oriented along direction n, at some position r0 and at a frequency ⌦ can
be written as
FP (r0 , ⌦) =

P (r0 )
Im[fd⇤ · G(r0 , r0 ; ⌦) · fd ]
=
,
P0 (r0 )
Im[fd⇤ · G0 (r0 , r0 ; ⌦) · fd ]

(2.46)

where G0 is the background Green’s function in a infinite homogeneous medium.
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One can think of Eq. (2.46) as a generalized enhancement factor or generalized Purcell
factor, as no mode expansions have been performed yet (which is necessary to connect
to the usual single mode Purcell formula).
The terms P and P0 are the radiated power from a point force (at position r0 )
in an inhomogeneous and homogeneous medium, respectively. Using an analogous
approach to Poynting’s theorem, P0 is formally defined from (Novotny and Hecht
2006; Schmidt et al. 2018):
P0 (r0 ) =

⌦
Im[fd⇤ · u(r0 )],
2

(2.47)

which can be derived analytically for an isotropic medium using the Green’s function
for an infinite homogeneous medium (Snieder 2002; Ben-Menahem and Singh 1981):

G0 (d) =

ikl
(1)
(1)
[Ih0 (kl d) + (I 3d̂d̂T )h2 (kl d)]
12⇡( + 2µ)
iks
(1)
[ 2Ih0 (ks d) + (I
12⇡µ

(1)

3d̂d̂T )h2 (ks d)], (2.48)
(1)

(1)

where kl and ks are the longitudinal and transverse wave-numbers, and h0 and h2
are the spherical Bessel functions of the first kind of the 0th and 2nd order:
(1)

h0 =
(1)
h2

and d = r
source.

r0 , d = |r

=

✓

i
x

i
3
x2

eix
,
x
3i
x3

(2.49)
◆

eix ,

(2.50)

r0 | is the location of the observation point relative to the
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Following (Schmidt et al. 2018), we write:
⌦
Im[fd⇤ · G0 (r, r0 ; ⌦) · fd ]
r!r0 2

⌦
ikl |fd |2
iks |fd |2
(1)
(1)
(1)
(1)
= Im
[h0 (kl d) 2h2 (kl d)]
[ 2h0 (ks d) 2h2 (ks d)]
2
12⇡( + 2µ)
12⇡µ

2
ikl d
⌦
ikl |fd |
e
i
ikl d
iks |fd |2 eiks d
i
= Im
[1
+
]
[ 1
]
,
2
2
2
2⇡( + 2µ) (kl d)
kl d
2
2⇡µ (ks d)
ks d d!0

P0 (r0 ) = lim

where we have taken the limit of r ! r0 , approaching r0 along the axis of fd . Similar
to methods used in optics, we can use the expansion
eikl/s d ⇡ 1 + ikl/s d

(kl/s d)2
2

i(kl/s d)3
,
6

(2.51)

to obtain
P0 (r0 ) =

⌦|fd |2 kl
⌦|fd |2 ks
+
.
24⇡( + 2µ)
12⇡µ

(2.52)

We now use the Lamé parameter relations to simplify the above in terms of vl and
vs as
P0 (r0 ) =

⌦2 |fd |2 ↵
,
12⇡⇢(r0 )

(2.53)

where
1
↵ = vl 3 + vs 3 ,
2

(2.54)

and we can now write Eq. (2.46) as
Fp (r0 , ⌦) = ⌘n

6⇡⇢(r0 )Im[fd⇤ · G(r0 , r0 ; ⌦) · fd ]
,
⌦|fd |2 ↵

(2.55)

where we have introduced a numerically determined constant ⌘n (which depends on
the point force direction in general) to account for elastic anisotropy of the medium;
for relatively isotropic crystals, ⌘n ⇡ 1.
The Green’s function can now be used with our generalized e↵ective mode volume
Ṽe↵ and Eq. (2.55) for a multi-mode approximation of a cavity enhancement, and for
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various other problems in optomechanics. We obtain the multi-QNM Green’s function
expansion evaluated at a point r0 within the resonator:
"
#
X Q̃m (r0 )[Q̃m (r0 )]T
6⇡⇢(r0 )
Fp (r0 , ⌦) = ⌘n
Im fd⇤ ·
·f .
˜ m (⌦
˜ m ⌦) d
⌦|fd |2 ↵
⇢(r
)2
⌦
0
m

(2.56)

For a slightly more familiar form, we can also write this in terms of the (complex)
e↵ective mode volume as:
"
#
X
6⇡⇢(r0 )
1
Fp (r0 , ⌦) = ⌘n
⇥ Im
,
˜ m (⌦
˜ m ⌦)Ṽm,e↵ (r0 )
⌦↵
⇢(r
)2
⌦
0
m

(2.57)

where we have assumed that the excitation force is projected along the dominant field
direction, namely |Q̃|2 = |Q̃ · n|2 , which is the usual assumption in Purcell’s formula.
Finally, using Eq. (2.55), we have the enhanced emission rate for a single QNM:
Fp (r0 ) = ⌘n

6⇡Qm
,
⌦3m ↵Ve↵,m (r0 )

(2.58)

in which we assume that the Green’s function response is dominated by a single mode,
and the response is on-resonance (⌦ = ⌦m ). Compared with the original Purcell factor
equation for optics, we find the same relationship between Ve↵ and Q:
3
FP = 2
4⇡
where

0

✓

0

n

◆2

Q
,
Ve↵

(2.59)

is the free space wavelength, n is the refractive index. Equation (2.58) is the

elastic Purcell factor evaluated at the resonant mode ⌦m at the source point, whereas
Eq. (2.57) is generalized for various positions and frequencies. Our expression is
consistent with the expression recently presented by (Schmidt et al. 2018), but with
a “corrected” and generalized e↵ective mode volume, consistent for an open cavity
mode with complex eigenfrequencies and an unconjugated norm. Note also that our
Green’s function explicitly includes the QNM phase, which we show below is essential
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for describing the response function of several QNMs, which can yield highly nonLorentzian lineshapes. For background media that are relatively isotopic, ⌘n ⇡ 1 (as
we find for crystalline Si below), and one can simply drop this factor from the Purcell
formula and main equations.
2.3

Computational Methods

In this thesis, we are interested in modelling optomechanical crystal (OMC) cavities
on dielectric nanobeams. We consider the impressive nanobeam structure developed
by Painter and collaborators (Chan et al. 2012), consisting of periodic holes with a
lattice taper region, in which the hole spacing and size changes. The taper region
causes a Fabry-Pérot like e↵ect, resulting in spatially overlapping localized optical and
mechanical modes. We adapt the original structure to produce higher loss QNMs by
using only a small number of holes to form the OMC cavity. This is so that we
may test our QNM normalization at low-Q, where the normal mode approximation
breaks down more dramatically. The nanobeam is modeled as silicon in free space
with elasticity matrix elements (C11 , C12 , C44 ) = (166, 64, 80) GPa. Cavity design
parameters are specified in Fig. 2.3 along with the beam dimensions.
Each cavity design exhibits single mode behaviour over the frequency ranges of
interest. We conduct our numerical investigations using the finite element analysis
(FEM) commercial software, COMSOL.
2.3.1

Calculating Numerical Mechanical QNMs

In order to obtain the QNMs, we employ the eigenfrequncy solver in COMSOL’s
solid mechanics module, which e↵ectively solves the eigenvalue problem resulting
from Eq. (2.2) for a given structure. The beam is simulated to be infinitely long by
implementing perfectly matched layers (PMLs), which simulate outgoing boundary
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Figure 2.3: Design specifications of the optomechanical nanobeam cavity, with unit cell
parameters a, hx , and hy . Dimensions: w = 0.53 µm and t = 0.22 µm. The beam is
simulated to be infinitely long using perfectly matched layers. The origin of this coordinate
system, (x, y, z) = (0, 0, 0), is placed at the center of hole-0 at half beam thickness. The
3-hole cavity design uses the holes: -1, 0, and 1.

conditions. The QNM is extracted from the displacement values for a given eigenfrequency:
q̃(r) = (Ũ , Ṽ , W̃ ),

(2.60)

where Ũ , Ṽ , and W̃ are the x ,y, and z components of the complex displacement,
respectively. Fig. 2.4 shows an example QNM calculation for a five-hole beam, where
one can see the PMLs absorbing (rather than reflecting, as with a closed boundary condition) the outgoing wave. The PML simulation parameters are written in
Table 2.1 below.
2.3.2

Numerical Purcell Factor

The numerically exact Purcell factor is calculated from
FPexact (r0 ) =

Pinhom (r0 )
,
P0

(2.61)
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Figure 2.4: Mechanical breathing mode |u(r)| of eigenfrequency ⌦m = 5.212 + i0.0413 GHz
of a silicon nanobeam with l = 11.0µm, w = 0.53µm, and t = 0.22µm. Dark red regions
indicate the maximum displacement, while dark blue region indicate minimum displacement.
The beam has two PMLs of length 1.5µm on both sides and 5 holes at the beam center. (a)
Top view of mode profile (b) 1D plot of the relative displacement amplitude as a function
of position on the beam. Note that shaded areas indicate the PML regions of the model.

where Pinhom is the power emission from a point load in the inhomogeneous structure
(in this case the beam cavity), and P0 from a homogeneous sample. We employ
the frequency domain solver in COMSOL to obtain full numerical calculations. The
power emission spectrum is obtained numerically by integrating the mechanical flux
I over a small sphere around the point load. The mechanical flux is given by
I=

· v,

(2.62)

where v is the velocity vector.
Power flow calculations in COMSOL were found to be extremely sensitive to mesh
geometry, with Pinhom (nanobeam cavity) and P0 (homogeneous bulk material) fluctuating dramatically with small changes in mesh parameters. However, Pinhom /P0

2.3. COMPUTATIONAL METHODS

29

was found to be more convergent provided that the mesh geometry in the simulation of the beam be exactly identical to the simulation mesh of the homogeneous
medium. This was achieved by using the same geometry and mesh points for both
Pinhom and P0 simulations, with the material parameters surrounding the beam (see
Fig. 2.5a) changed from silicon (homogeneous case) to a fictitious material with elasticity (C11 , C12 , C44 ) = (0, 0, 0) GPa and a density of 0.001 kg/m3 in order to approximate a vacuum (inhomogeneous case). The fictitious material is necessary as meshes
in the COMSOL solid mechanics solver must be assigned a material, and the chosen
elasticity and density for the vacuum approximation suffice. In fact, we found that
using any density less than 0.01 kg/m3 has negligible e↵ect on the calculated Pinhom
and the calculated eigenfrequencies of the QNMs (which agree with the in-vacuum
simulations).

Table 2.1 outlines the COMSOL mesh parameters used in our simu-

Max. element size
Min. element size
Max. element growth rate
Curvature factor
Resolution of narrow regions
Max. point load element size

1000 [nm]
0.1 [nm]
1.5
0.6
0.5
0.2 [nm]

Table 2.1: COMSOL simulation mesh parameters used.
lations, which were found to give consistent (and computationally feasible) solutions
provided that an appropriate mesh element size is used for the point load. For absorbing boundary conditions, PMLs with polynomial coordinate stretching are used
with the scaling factor and curvature parameter set to 1.
Figures 2.5b and 2.5c outline the PML simulation domains and their meshing
type (see figure caption text). Fig. 2.6 shows a parameter sweep of the maximum
mesh element size assigned to the point load, where we can see convergence with small
fluctuation for element sizes larger than 0.1 nm. For calculations in this work, a point
load mesh element size of around 0.2 nm is used. Small shifts in this parameter (in the
region of convergence) e↵ectively minutely changes the simulation mesh, resulting in

2.3. COMPUTATIONAL METHODS

30

Figure 2.5: The COMSOL simulation geometry used for coupled modes consists of 30.5
µm long nanobeam (see Figs. 2.3 and 3.2a for beam design) with a 2.25 µm PML in the
x direction. The radial PML is 1.5 µm thick and is separated by a 1 µm bu↵er from the
beam center. a Domain highlighted in blue indicates the embedded nanobeam with silicon
material parameters. The surrounding domains (grey) use fictitious material parameters
approximating a vacuum for inhomogeneous simulations, and use silicon material parameters for the homogeneous simulation. b Regions highlighted in blue show the PML domain,
where we have cut out a quadrant of the radial PML to show the interior domains. c Domains highlighted in yellow show the radial PML regions, using a swept mesh with 5 layers.
Remaining domains (grey) use a free tetrahedral mesh (see Table 2.1 for mesh parameters).
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Figure 2.6: COMSOL simulations of the numerical Purcell factor (Eq. 2.61) of a mechanical
mode at a single arbitrary frequency and point force position for various maximum point
load mesh element sizes.

the fluctuations around the solution. In order to account for this, we take the average
solution of simulations with slightly varied mesh sizes.
2.4

Transfer matrix method

For some phononic crystals with more than one cavity, it is useful to also explain
the transmission coefficient due to an incident wave. The transmission of a system
can provide insightful information on frequency position and strength of resonant
modes in the system. The structures explored in this work are long homogeneous
nanobeams with cavities consisting of a group of holes placed at varying distances
along the beam. If one would like to know the frequency response of the crystal as
a function of the separation distance between cavities, full numerical simulations are
required for each separation. Alternatively, we can treat the system as an e↵ective
one dimensional crystal and use the transfer matrix method (Katsidis and Siapkas
2002) to calculate the transmission coefficient for a nanobeam with any number of
cavities at any position, provided that we have the complex transmission of the single
cavity case.
The transfer matrix M relates the transmitted field through some crystal structure
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with an incident field:
0

1

ũ+
@ incident A
ũincident

=M

0

1

ũ+
@ transmitted A
ũtransmitted

,

(2.63)

where ũincident is the complex field right before the structure, ũtransmitted is the complex
field right after the structure, and +/- denote the forward and backward propagating waves, respectively. To use the transfer matrix method with a phononic crystal
nanobeam, we treat the cavity as a mirror with complex, frequency dependant reflection and transmission coefficients, r and t, respectively. Once the reflection and
transmission coefficient for one cavity are obtained, we can write the transfer matrix
for some “mirror” i (Torrese et al. 2004):
0

1 ri

1

1@
A.
t i ri 1

Ai =

(2.64)

As the wave propagates through the waveguide, the change in phase can be described through the propagation matrix (Torrese et al. 2004),
0

Pi = @

e

i

0

0
e

i

1

A,

(2.65)

where the phase constant is given by
=
where

2⇡L

,

(2.66)

is the wavelength and L is the propagation distance.

For the case of a waveguide with two cavities (1 and 2) separated by some distance
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L, the final transfer matrix is given by:
0
1
m11 m12
A = A1 P1 A2 .
M =@
m21 m22

(2.67)

+
Assuming ũ+
incident = 1 and ũincident = 0, the transmittance can be calculated as

ũ+
T = transmitted
ũ+
incident
2.4.1

2

=

1
.
|m11 |2

(2.68)

Numerical Reflection and Transmission Coefficients

Finding the numerical frequency dependant reflection and transmission coefficients
using COMSOL is similar process to calculating the numerical Purcell factor. A
point force oriented in the direction of propagation in the beam is placed far away
from the cavity in order to launch an incident field. Monitors (cross sections in the
beam) are placed before and after the cavity region, where the structure between
the two monitors are defined as the “mirror.” The placement of the monitors can
be arbitrarily far from the cavity region, though one should make sure that they are
far enough that they contain the cavity region mode. For a five-hole cavity case, we

Figure 2.7: Monitor positions relative to the cavity. In this case, we have the monitors 2.5
µm away from the center of the cavity, far enough away such that only the waveguide mode
is present. The cavity ’mirror’ is defined as what is between these two monitors. The source
is a point force along the x direction placed 50 µm away from the cavity. The incident field
is obtained at the same position (using the same simulation geometry and mesh, but with
filled holes) as the reflection monitor relative to the source to avoid additional propagation
phase calculations.

have defined a mirror region of 5 µm, as shown in Fig. 2.7. Two simulations are
needed to obtain the reflection and transmission coefficients: (i) nanobeam geometry
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that contains the hole cavity used to calculate the total field before the cavity and
the transmitted field; (ii) the homogeneous beam geometry without the cavity with
the monitors placed the same distance away from the source, used to calculate the
incident field. For some cavity i, we have ri and ti calculated by
ri =

Ũtotal Ũincident
,
Ũincident

(2.69)

Ũtransmitted
,
Ũincident

(2.70)

ti =

where Ũ is the x-component (direction of the waveguide) of the complex displacement
field. The total and transmitted fields are calculated at a monitor before and after
the cavity, respectively (see Fig. 2.7).
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Chapter 3
Elastic Purcell factors and Fano resonances of
coupled optomechanical cavities

3.1

E↵ective mode volumes and Purcell factors of single cavities

We now corroborate our mechanical QNM theory against rigorous numerical calculations, obtained for fully three-dimensional mechanical cavities of practical interest in
optomechanics. We employ the frequency domain solver in COMSOL to obtain full
numerical calculations.
Figures 3.1 b,d show the semianalytical enhancement rate FP (⌦) calculated using
3H
5H
˜ 3H
Eq. (2.57) with Ṽe↵
(r0 ) and Ṽe↵
(r0 ) for the dominant QNM modes of interest, ⌦

˜ 5H , respectively. In order to determine ⌘n , anisotropic material parameters are
and ⌦
applied to a numerical model of a homogeneous sample in which the simulation parameters produce a power spectrum agreeing with the analytical expression in Eq. (2.53)
when isotropic material parameters are used. For our case, we use (and have numerically verified) the isotropic approximation of ⌘n = P0iso (⌦)/P0aniso (⌦) ⇡ 1, where P0iso

and P0aniso are the radiated power from a point load in an isotropic and anisotropic
homogeneous medium, respectively. Also plotted in Fig. 3.1 b,d is the numerically obtained Purcell factor FPexact calculated from full three-dimensional frequency domain
point load simulations. To account for numerical fluctuations (see Chapter 2.3.2),
the average of multiple simulations were conducted in which the mesh parameters
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Figure 3.1: a,c Real part of the complex e↵ective mode volume Ve↵,m using the QNM
mode normalization from Eq. (2.41) (solid line) and normal-mode (‘NM’) normalization
from Eq. (2.43) (dashed) for a three-hole and five-hole nanobeam OMC cavity, respectively,
evaluated at r0 = (0.0, 235.5, 0.0) nm. Blue shading indicates hole positions with respect
to the shown mode profile, which is symmetrical about the y-axis at the cavity center. b,d
Enhancement rate FP calculated using the Green function expansion (Eq. (2.57)) (with an
isotropic material approximation ⌘n = 1) for the QNMs of interest (solid line). Numerical
exact (e.g., with no approximations) Purcell factor Eq. (2.61)) obtained from averaged
numerical point load simulation from COMSOL (see text). Shaded lines show plus/minus
one standard deviation of the numerical solution with mesh sensitivity included.

are slightly changed. Within this fluctuation, we find excellent agreement between
the full numerical simulations and the semianalytical Green function expansion, with
the single QNM approximation being sufficient in describing the dominant resonance
response of the system. It is worth mentioning that our modal description provides
the enhancement of an emitter at various locations and frequencies given a sufficient
number of QNMs (and often just one QNM) which can be calculated in minutes on a
single computer. In contrast, usually one must perform a frequency domain calculation at a single point load position, which can take anywhere from hours to days for
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a sufficient spectrum to be resolved.
3.1.1

Fano resonances of coupled mechanical quasinormal modes

A Fano resonance is a well-known scattering phenomenon that results in asymmetric spectral line shapes. They have been shown to exist in various physical systems, finding applications in photonics (Limonov et al. 2017), plasmonic metamaterials (Khanikaev et al. 2013; B. Luk’yanchuk et al. 2010), and optomechanics (Qu
and Agarwal 2013; Abbas et al. 2019). In optics, systems that exhibit these phasedependant interference e↵ects may provide new methods of manipulating light propagation. Applications include sensing, lasing, and optical switching (Heuck et al. 2013;
B. S. Luk’yanchuk et al. 2013; Chen et al. 2015; Limonov et al. 2017). Experimental evidence of Fano resonances in coupled nanomechanical resonators has also been
demonstrated (Stassi et al. 2017).
Fano resonance phenomena in optomechanical systems can potentially be used
for processing classical and quantum information, where the hybridized mechanical
modes exhibiting Fano excitation line shapes allow for an on-chip platform for storage and photonic-phononic quantum state transfer, demonstrated experimentally by
studying the coherent mixing of mechanical excitations within optomechanical cavities (Lin et al. 2010). Often Fano-resonances are associated with the interference
between a bound resonance and a continuum, such as through a cavity and waveguide, but two coupled resonators can also yield a Fano resonance. For example, hybrid
plasmonic-dielectric systems can show a significant Fano resonance (Barth et al. 2010;
Doeleman et al. 2016; Kamandar Dezfouli et al. 2017), which can be explained using
optical QNM theory (Kamandar Dezfouli et al. 2017) with only two coupled QNMs,
and also gives rise to new regimes in quantum optics (Franke, Stephen Hughes, et al.
2019; Franke, Richter, et al. 2020). The investigation of coupled mechanical modes
in optomechanical systems often relies on computing the power spectral density with
finite element methods; these are typically used for initial rudimentary descriptions,
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so there is significant motivation to be able to describe such e↵ects at the level of an
intuitive and accurate mechanical mode theory.
Having demonstrated the validity of the generalized e↵ective mode volume with
the single mode approximation, we now consider coupled QNMs. The optomechanical
cavity used above can support both high-Q and low-Q modes, depending on the
design and quantity of holes used. We consider an OMC nanobeam structure with
two cavities, one designed for relatively high-Q modes (5H), and one for low-Q modes
(3H).
Figure 3.2a shows the nanobeam structure, using the same cavity design parameters outlined in Fig. 2.3 and a separation of 4 µm between the two cavities. We look at
two resonant QNMs of interest that are close in frequency with spectral overlap. The
˜ 1 /2⇡ = 5.172
first of which, QNM 1 with eigenfrequency ⌦

i0.012 GHz (Q1 = 216),

is dominated by the three-hole cavity (mode profile is shown in Figure 3.2d). The
˜ 2 /2⇡ = 5.171
second, QNM 2 with ⌦

i0.002 GHz (Q2 = 1293), is dominated by the

five-hole cavity (Fig. 3.2e).
We evaluate the the generalized e↵ective mode volume near the antinode of the
three-hole cavity at r0 = (2300.0, 235.0, 0.0) nm, and use the multi-QNM Green
function expansion to describe the frequency response at this position in Fig. 3.2b.
˜ 3H and ⌦
˜ 5H ),
Here we seem the hybridization of the individual modes studied earlier (⌦
where QNM 2 exhibits a Fano-resonance that results in an interference e↵ect in the
total Purcell factor. Note that we have used a 3rd mode in our approximation, QNM
˜ 3 /2⇡ = 5.232
3 (⌦

i0.041 GHz, Ṽe↵,3 (r0 ) =

0.280

0.006 µm3 ), to allow for a total

Purcell factor that is positive and well behaved in a large frequency range of interest
(while the total Purcell factor is physically meaningful, contributions from individual
modes may not always be); note, however, this mode has negligible contribution to the
main dominant response (between 5.15 and 5.19 GHz), and the two-QNM description
sufficiently describes the system response. Once again we find excellent agreement
with FEM point load simulations (see Fig. 3.2b).
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a

b

c

Figure 3.2: a Optomechanical crystal beam geometry, consisting of a three-hole and
a five-hole cavity separated by 4 µm. Zoom-in box shows the simulated point load
orientation (aligned with the breathing mode’s dominant polarization) and position at
r0 = (2300.0, 235.0, 0.0) nm. b Purcell simulation with a three-mode approximation of the
total Purcell factor at the same r0 (solid line) calculated using Eq. 2.57 (using an isotropic
material approximation ⌘n = 1) . Contributions from each individual modes are shown
with dashed lines. Inset shows a clearer view of QNM 3, where un-shaded region indicates
the frequency range of main plot. Circles show averaged numerical FEM calculations of
FPexact (Eq. 2.61), with the shaded region showing +/- one standard deviation. c Total
enhancement calculated using the normal-mode approximation (where the e↵ective mode
volume is obtained from Eq. 2.43), compared with FEM numerical solution. d,e,f Mode
˜ 1 /2⇡ = 5.172 i0.012 GHz), QNM 2 (⌦
˜ 2 /2⇡ = 5.171 i0.002 GHz),
profiles of QNM 1 (⌦
˜
and QNM 3 (⌦3 /2⇡ = 5.232 i0.041 GHz), respectively. Color bar indicates the minimum
and maximum displacement relative to each individual mode. Note that these modes are
not the original modes, but hybrid modes including the dissipation-induced coupling.
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For a more intuitive understanding of the role of the mode phase

m (r0 )

= arg(Q̃(r0 )),

with two QNMs, we can write Eq. (2.57) in terms of the two dominant QNMs (QNM
1 and QNM 2) as:
Fp (r0 , ⌦)|cos+sin

✓
3⇡ 2 ⌘n
⌦1 ⌦
= 2
cos 2 1 (r0 ) +
sin 2 1 (r0 ) |Q̃1 (r0 )|2 L1 (⌦)
⌦↵
1
◆

⌦2 ⌦
2
sin 2 2 (r0 ) |Q̃2 (r0 )| L2 (⌦) , (3.1)
+ cos 2 2 (r0 ) +
2

where we use the normalized Lorentzian function,
Lm (⌦) =

(⌦m

m /⇡
⌦)2 +

2
m

,

(3.2)

and we assume the force dipole is projected along the dominant field direction, namely
|Q̃|2 = |Q̃ · n|2 , though this can easily be generalized. To better clarify the underlying
physics of the various phase terms, we also define two other functions, one that
neglects the sin contributions:
Fp (r0 , ⌦)|cos =

3⇡ 2 ⌘n
cos 2 1 (r0 )|Q̃1 (r0 )|2 L1 (⌦)
⌦2 ↵
+ cos 2 2 (r0 )|Q̃2 (r0 )|2 L2 (⌦) , (3.3)

and one that neglects the phase completely:
Fp (r0 , ⌦)|abs =

⌘
3⇡ 2 ⌘n ⇣
2
2
|
Q̃
(r
)|
L
(⌦)
+
|
Q̃
(r
)|
L
(⌦)
.
1
0
1
2
0
2
⌦2 ↵

(3.4)

All three agree (Eqs. (3.1),(3.3), (3.4)) only when cos(2 1 ) = cos(2 2 ) = 1, and
sin(2 1 ) = sin(2 2 ) = 0. Note also that Eq. (3.4) has the form of a normal-mode
solution, though its e↵ective mode volume is di↵erent, and the latter will in general
be overstated (yielding a smaller Purcell factor value).
For our numerical example, the QNM phase values at the point of interest are
2 1 (r0 ) = 0.3204 and 2 2 (r0 ) = 2.4643 for QNM 1 and QNM 2, respectively. While
the QNM 1 phase shift

1

is relatively small, the near 180o phase shift of Q̃22 (r0 )
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results in the negative contribution to the overall enhancement. From these phase
values, the cosine values are cos(2 1 ) ⇡ 0.95 and cos(2 1 ) ⇡

0.7, so the latter will

contribute as a negative Lorentzian lineshape. Figure 3.3 shows the Purcell factor
predictions from Eqs. (3.1), (3.3), and (3.4), which clearly demonstrate the role of the
phase terms. We can also see that neglecting the phase of the mode fails to describe
the interference e↵ect (Figure 3.3a). Considering only the cosine terms still provides
a negative contribution from QNM 2 (this is equivalent to only using the real part
of Ṽe↵,1 ), however, the asymmetry of the line shape requires the full phase. In fact,
the sin terms are sin(2 1 ) ⇡ 0.31 and sin(2 1 ) ⇡ 0.36, which are significant and
certainly cannot be ignored in general. Indeed, the pronounced Fano feature can only
be correctly described when the complete phase is used (see Fig. 3.3b).

Figure 3.3: Two QNM expansion (a) and single mode expansion of QNM 2 (b) using all
phase terms (Eq. (3.1)), the cos term only (Eq. (3.3), and without any phase dependence
(Eq. (3.4)).

3.1. EFFECTIVE MODE VOLUMES AND PURCELL FACTORS OF
SINGLE CAVITIES
42

Equation (3.1) provides a clear understanding of phase interactions between coupled modes. However, rather than work with the complex phases, it can be convenient
to work in the complex e↵ective mode volume picture, i.e., Eq. (2.57), which is in the
spirit of Purcell’s formula. A simple way to do this is to write Eq. (3.1) in terms of
the real and imaginary parts of the generalized e↵ective mode volume:
!
!#
1
⌦1 ⌦
1
Re
+
Im
L1 (⌦)
Ṽe↵,1 (r0 )
Ṽe↵,1 (r0 )
1
!
!#
!
1
⌦2 ⌦
1
+ Re
+
Im
L2 (⌦) ,
Ṽe↵,2 (r0 )
Ṽe↵,2 (r0 )
1

3⇡ 2 ⌘n
Fp (r0 , ⌦) ⇡ 2
⌦↵
"

"

(3.5)

where we have e↵ectively replaced the sin and cos terms, as well as |Q̃m |2 , with the
real and imaginary parts of 1/Ṽe↵,m . It is now easier to see that the normal-mode
NM
solution using the entirely real Ve↵,m
(Schmidt et al. 2018) will always be a simple

sum of two Lorentzians:
3⇡ 2 ⌘n
FpNM (r0 , ⌦) ⇡ 2
⌦↵

L1 (⌦)
L2 (⌦)
+ NM
NM
Ve↵,1 (r0 ) Ve↵,2 (r0 )

!

,

(3.6)

as plotted in Fig. 3.2c, which shows a drastic failure of the normal-mode theory. Note
that Eq. (3.6) for a single mode is equivalent to the one used in the introduction to
the elastic Purcell e↵ect (Schmidt et al. 2018).
At the dipole location of interest, the generalized e↵ective mode volumes of the
QNMs of are interest are Ṽe↵,1 (r0 ) = 0.058

0.019i µm3 and Ṽe↵,2 (r0 ) =

0.399

0.321i µm3 for QNM 1 and QNM 2, respectively. The negative nature of Ṽe↵ at r0 is
simply a result of the phase shift caused by the interaction between the two cavity
resonances. This is also seen with QNMs in optics (Lasson et al. 2015; Kamandar
Dezfouli et al. 2017), where the QNM phase causes the Fano-like resonance. Using
quantized QNMs in quantum optics gives essentially the same result as classical QNM
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theory in the bad cavity limit (within numerical precision), but where the interpretation is now through o↵-diagonal mode coupling (Franke, Stephen Hughes, et al.
2019); here the dissipation-induced interference cannot be explained by normal-mode
quantum theories such as the dissipative Jaynes-Cumming model. In this regard, it
would be very interesting to develop a quantized QNM theory for mechanical modes
as well.
3.2

Supplemental calculations

Below we present additional calculations and analysis.

Figure 3.4: a Two-mode approximation of the total Purcell factor of the single five-hole
cavity nanobeam at r0 = (0.0, 235.5, 0.0) nm calculated using Eq. (2.57). Dashed lines show
˜ 5H and secondary mode ⌦
˜ 5H .
the individual mode contributions of the the primary mode ⌦
s
5H
˜ s (QNM 3 in the main text).
b Mode profile near the five hole cavity of ⌦

3.2.1

Analysis of quasinormal-mode three

The third mode included in the Purcell factor in Fig. 3.2, ‘QNM 3’, has no qualitative influence on the main Fano feature we are modeling. In essence, it merely
produces a small background bump in the total enhancement far in frequency from
the hybridized modes of interest. However, without its inclusion we have nonphysical
negative enhancement, so it is needed in general to quantitatively connect to the total
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Purcell factor over a relatively broad frequency range. From our calculations, QNM
3 is likely a modification of a (second) mode that arises in the single cavity five-hole
˜ 5H .
structure at a slightly higher frequency than the primary mode of interest, ⌦

˜ 3H ) and
Figure 3.5: Peak enhancement of the dominant QNM for the a three-hole cavity (⌦
˜ 5H ) at a range of x and y evaluation points in the center of the beam
b five-hole cavity (⌦
(z = 0 µm). c shows cross-sections at y = 0.2355 µm (a, blue dashed) and x = 0 µm (b,
purple dashed).

Figure 3.4 shows (a) the two-mode approximation of the total Purcell factor of the
single five-hole cavity nanobeam at r5H
0 , along with (b) the spatial profile of QNM
3. This is the same structure used in Fig. 3.1c, d, in which we used a one-mode
˜ 5H /2⇡ = 5.168
approximation using only the primary mode of interest ⌦

i0.002

˜ 5H /2⇡ = 5.210
GHz. Here we also include the nearest resonant mode at ⌦
s

i0.051

5H,s
GHz. With a quality factor of 53 and Ṽe↵
= 0.229

0.124i µm3 , its contribution

˜ 5H , showing that
to the total day rate over this frequency range is overshadowed by ⌦
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Figure 3.6: a three-mode approximation of the total Purcell factor near the five-hole cavity
region of the coupled cavity structure (r0 = ( 2000.0, 235.5, 0.0) nm). b Zoom-in of a, with
contributions from each individual modes shown (dashed lines). c zoom-in of the beam
geometry shown in Fig. 3.2a. Red point indicates the evaluation point at this r0 . Note that
we see QNM 1 exhibit a negative contribution to the total Purcell factor at this position,
but it is overwhelmed by the relatively large enhancement of QNM 2.

the single-mode expansion in Fig. 3.1d is a sufficient approximation. In addition to
˜ 5H and
having comparable quality factors and relative distances in frequency from ⌦
˜ 5H and QNM 3 have similar mode profiles at the five-hole
QNM 2, respectively, ⌦
s
˜ 5H /2⇡ = 5.168
cavity region, leading us to conclude that QNM 3 is simply ⌦

i0.002

GHz adapted to the addition of the three-hole cavity on the same beam.
3.2.2

Purcell Factor at di↵erent positions

The choice of the evaluation point r0 = (0.0, 235.5, 0.0) nm is significant since the
QNMs of interest for the single cavity structures are relatively strong at this position.
˜ 3H and ⌦
˜ 5H modes on two cross-sectional
Figure 3.5 shows the peak Purcell factor of ⌦
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lines around this point. The evaluation point for the coupled cavity structure in
Fig. 3.2 was chosen simply because it exhibited a pronounced Fano feature. However, for completeness, we also include the total enhancement of the coupled cavity
structure evaluated near the five-hole cavity region in Fig. 3.6.
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Chapter 4
Engineering high-Q resonances of coupled
optomechanical cavities

4.1

Coupled Mechanical Cavities

In the previous chapter, we explored an optomechanical nano-beam with a three-hole
cavity and five-hole cavity producing a Fano-like resonance, where the two dominant
breathing modes of each cavity interacted to e↵ectively reduce the motion at one
cavity at a certain frequencies. In this chapter, we explore the mechanical resonances
of a beam with two identical cavities and find new mechanical modes with exceptionally high quality factors appearing close in frequency to the single cavity breathing
mode. The dominant breathing mode of the five-hole cavity explored in the previous
chapters is shown below in Fig. 4.1.

Figure 4.1: QNM displacement profile |q̃0 | of a single 5-hole cavity, with QNM param˜ 0 /2⇡ = 5.1586
eters: ⌦

i0.0019 GHz, Q0 = 1336.

Supporting a quality factor of Q ⇡ 1300, the cavity in Fig. 4.1 (the same singlecavity design used in the previous chapter, see Figs. 2.3 and 3.1) was derived from
the original structure (Chan et al. 2012) to harbor mechanical modes with modest
Q-factors. It is surprising, therefore, to find that the coupling of two of these same
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Figure 4.2: a Optomechanical crystal beam geometry, consisting of a two coupled 5-hole
cavities separated by 8750 nm (chosen as an example) from the cavity centers. Zoom-in
box shows the simulated point load orientation and position at r0 = (4375.0, 235.0, 0.0)
nm. b Numerical total Purcell factor FP of the uncoupled mode in the single cavity beam
(red dashed) compared with the two modes ( QNM a , QNM b) appearing in the same
frequency region in the double cavity beam (blue dashed) at r0 . Single cavity FP was
evaluated at the same position relative to the center of the cavity: r0 = (0.0, 235.5, 0.0)
nm (see Fig. 3.1). c Zoom in of the QNM a region of the double cavity enhancement,
compared with FEM numerical point load simulations of FPexact (circles). d,e Mode profiles
˜ a /2⇡ = 5.1535e9 i6.2088e2 GHz, Qa = 4.1 million), and QNM b (⌦
˜ b /2⇡ =
of QNM a (⌦
5.1591e9 + i1.0614e6 GHz, Qb = 2430), respectively. Color bar indicates the minimum and
maximum displacement relative to each individual mode.

cavities on a beam introduces a series of new mechanical QNMs with Q-factors that
are orders of magnitude larger than the single cavity mode.
Figure 4.2 shows an example two-cavity beam consisting of identical 5-hole cavities
separated by 8750 nm. In comparison to the single cavity breathing mode, the coupled
cavity supports two eigenmodes in the same frequency region which we temporarily
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call QNM a (q̃a ) and QNM b (q̃b ). The mode, q̃a , seems to exhibit Fabry-Pérot
(FP) e↵ects with the two cavities acting like mirrors, at the same time maintaining
the breathing-like profile of the original uncoupled mode at each cavity. The most
notable feature is the enhanced Purcell factor and mechanical Q of around 4.1 million.
It is interesting that the coupling of an additional identical cavity can introduce
mechanical modes with exponentially longer lifetimes that still exhibit high stress in
the hole-region, which is where overlap with the optical mode occurs and is essential
for optomechanical coupling. Studying this phenomenon in the presented structures
may lead to new designs of optomechanical cavities with longer vibrational lifetimes,
and o↵er new ways to control resonances via a dissipative feedback process, where
the round trip phase of the waveguide section plays a key role.
The complex eigenfrequencies and profiles of these QNMs vary with the separation
distance between the two cavities, in a rather complex fashion. In Fig. 4.3 below, we
˜ m calculated using the eigenfrequency solver in COMpresent the eigenfrequencies ⌦
SOL for the two-cavity system for a wide range of separation distances between the
cavities. We notice a pattern of the eigenmode frequencies that cycles approximately
every 700 nm, which is equal to half the wavelength of the propagating part of the
QNM. However, each individual resonant mode does not seem to cycle in frequency,
but rather a new mode takes its place in complex frequency space.
By looking at the shape and behavior of the modes, it is clear the FP e↵ects are
at play. We can see this from the mode shape, where the two cavities act like mirrors,
and through the modulation of the eigenfrequencies – cycling every integer multiple
of half the wavelength of the waveguide mode. Not only do the resonance frequencies
shift with separation distance, but their respective lifetimes also significantly vary.
Figure 4.4 shows a plot of the quality factor corresponding to the eigenmode
frequencies plotted in Fig. 4.3. Note that the quality factor in Fig. 4.4a is plotted
only for the frequency points shown in Fig. 4.3. This is due to the time-consuming
process of tracking and extracting modes with changing frequency from di↵erent
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Figure 4.3: Real part of the eigenfrequencies of calculated QNMs (named Modes 1-4 arbitrarily, but still distinct from one another) as a function of cavity separation distance
between two coupled 5-hole cavities. Dashed line shows the eigenfrequency of the uncoupled
˜ 0 . Shaded purple region indicates the span of the eigenfrequencies
cavity QNM of interest, ⌦
used to calculate and fit the quality factor in Fig. 4.4b.

COMSOL simulation geometries. The complications increase as the mode frequencies
diverge away from an an initial guess frequency (in our case, around 5.16 GHz), thus
requiring to solve for a larger number of modes at the same time, from which one
must manually find the correct eigenmode from a series of fictitious modes arising
from meshing inconsistencies, for each separation distance.
Studying the Q-factor as a function of cavity separation distance, we once again
see a cyclical pattern, with an exponential increase at certain separation distances in
an asymptotic fashion. Figure 4.4b shows the Q-factor for QNM 3 (chosen arbitrarily)
for a finer set of separation distances around the “asymptote.” We also find that mode
simulations in COMSOL are extremely sensitive to meshing and PML numerics, which
makes it very difficult to calculate accurate complex eigenfrequencies for very highQ modes with accuracy. To better estimate a numerical mean, we therefore employ
multiple simulations with slightly di↵erent meshing and PML parameters and plot the
mean of the eigenfrequency calculated at each separation distance. At approximately
8055 nm, we calculate eigenmodes with Q-factors of up to 300 million. However, the
large (orders of magnitude) fluctuation calculated between minute separation points
suggests that this limit is due to meshing and PML reflections. By fitting the real
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Figure 4.4: a Quality factor (Q) of resonance modes between 5.145 and 5.165 GHz (around
the original uncoupled mode of interest) as a function of cavity separation distances between
two coupled 5-hole cavities. Green dashed line shows the quality factor of the uncoupled
cavity QNM. Shaded purple region indicates the span of separation distances studied in
b. Note that the Q-factor data is only plotted for the eigenfrequencies plotted in Fig. 4.3.
Blue dashed line indicates the end of QNM 1 and data and the start of QNM 3 data. While
the yellow dashed line indicates where the QNM 2 data ends and QNM 4 data begins. b
Zoom-in of the high-Q region of QNM 3 around 8055 nm separation (cut o↵ from the
y-axis of a to show the features of the low-Q region). This peak was picked at random,
and quick calculations show the same behaviour at the other peaks. COMSOL is sensitive
to simulation geometry and meshing, resulting in numerical fluctuations. The blue dots
are calculated from the mean eigenfrequency (for a particular cavity separation distance)
from four COMSOL simulations in which the distance from the perfectly matched layer
(PML) is slightly changed. Solid line is a calculated from a polynomial fit of the real
and imaginary parts of the mean eigenfrequencies. Orange shaded region: calculated by
adding and subtracting one standard deviation of the mean eigenfrequencies to account for
numerical fluctuations. The upper bound goes to infinity. Note that as these Q values are
calculated from the mean.

and imaginary eigenfrequencies (separately) as a function of separation distance, we
can interpolate the theoretical Q-factor from the trend. By considering plus/minus
one standard deviation of the frequency fluctuations for each separation distance, we
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Figure 4.5: Purcell factor FP , at r0 = (L/2, 235.0, 0.0) nm of a double 5-hole cavity beam
for a range of separation distances (L) spanning one cycle in the eigenfrequency pattern
seen in Fig. 4.3. For example, FP for L = 7.4 µm looks identical to FP at L = 6.7 µm.

find that the imaginary part of the eigenfrequencies goes to zero, indicating that Q
should theoretically go to infinity at the optimal cavity separation distance.
Figure 4.5 shows the total Purcell factor for a set of cavity separation distances
spanning one “cycle” of eigenfrequency patterns. The enhancement looks identical for
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every separation distance in steps of 700 nm starting from approximately 3 µm (any
less and the pattern vanishes as the two cavities merge into one large cavity). Note
that there is a significantly high Q and Purcell factor near 5.11 and 5.15 GHz. These
variations in mode frequencies and lifetimes may seem random at first glance, but as
we show in the next section, we can accurately predict these modes by studying the
transmission and reflection of a single cavity, which pick up signatures of the QNM
resonances.
4.2

Simple model and physical intuition of coupled cavity waveguides

Here we discuss a simple model of a coupled cavity waveguide in order provide a
better idea of where the new resonances come from. Looking at the mode profile in
Fig. 4.2d, we can see the waveguide mode forming in the region between the cavities,
with each set of holes reflecting a portion of the elastic wave. In between two reflecting
cavities, standing waves are formed at frequencies governed by separation distance
between the cavities. Assuming that these FP e↵ects are indeed present, we can
take inspiration from some existing analytical models that describe coupled cavity
waveguide systems to provide a rough model of the main underlying physics.
In (Regidor and Stephen Hughes 2021), the authors considered qubit (quantum
bits, or two level systems) mirrors in a waveguide geometry, a regime that was recently
realized experimentally (Mirhosseini et al. 2019). Each qubit behaves as a resonant
mirror with a Lorentzian-like reflectivity:
Er (r; x ! 1)
i!0 ei
r0 (!) = h
= 2
,
E (r; x ! 1)
!0 ! 2 i!0
where

is a positional dependent phase,

(4.1)

is the total decay rate into the waveguide,

!0 is the resonance frequency of the qubit (mirror), and k = k(!). When the two
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qubit mirrors are separated by a distance L, the total reflectivity is
⇥
⇤
r0 (!) 1 + e2ikL + 2r1 (!)e2ikL
r(!) =
,
1 r02 (!)e2ikL

(4.2)

which is just the solution expected from a 1d cavity with two identical mirrors with
a complex reflection coefficient, r0 . The authors also derived the modified decay rate
from a probe qubit or dipole, at the center of the two mirrors, as

˜p =

p

"

#

r0 (!) eikL/2 + r0 (!)eikL/2 eikL
1 + eikL r0 (!) + (eikL/2 + eikL/2 eikL r0 (!))
1 r02 (!)e2ikL

,

(4.3)
which is an exact solution. Note that

p

is the complex decay rate without the coupled

cavity system (single qubit mirror), in other words the term in square brackets fully
accounts for the modification to a single qubit decay (and thus the Purcell factor),
mediated by the coupled cavity (qubit) system. It also accounts for frequency shifts.
Thus we can conclude that the total Purcell factor for the two qubit mirror is
FP2

cav

= FP1
"

cav

⇥

r0 (!) eikL/2 + r0 (!)eikL/2 eikL
Re 1 + eikL r0 (!) + (eikL/2 + eikL/2 eikL r0 (!))
1 r02 (!)e2ikL

#

,

(4.4)
where each qubit acts as a point-dipole cavity. This solution was derived using Green
function theory, and can be generalized for di↵erent probe (dipole) positions. However, the main physics is already clear. When the following two conditions are met,
r0 (!) !

1,

2k(!)L ! n(2⇡),

(4.5)
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where n is an integer, then the modified Purcell factor will tend to infinity. This was
precisely the regime used in the experiments of (Mirhosseini et al. 2019) to realize
strong coupling with qubit mirrors in circuit QED. In these experiments, they used
the lowest phase matching conditions, with L = /2, so n = 1.
Beyond this simple model of qubit mirrors (which is exactly solvable), there also
exists related coupled-mode solutions for coupled cavity systems in photonic crystal
waveguides. In (S. Hughes 2007; Yao and S. Hughes 2009), an approximate analytical
Green function solution was derived to describe two planar photonic crystal cavities
that are coupled indirectly through an integrated waveguide. In their system, a second
cavity far away from the first can induce large frequency shifts and increase the local
density indefinitely though the newly introduced Bloch modes in the waveguide. Once
again, in this system, we have FP-like phase matching conditions that allows one to
precisely control the Purcell e↵ect and strong coupling behavior by tuning the round
trip phase. While the phase terms are quite di↵erent when one adds in a finite cavity,
the main FP resonances from the round trip phase is the same in either model.
Guided by these related model solutions for integrated optical systems, and our
numerical solutions, we can now propose a simple and approximate model for the
enhancement e↵ects at one cavity (a) due to a second cavity (b) a distance L away,
and directly coupled through the waveguide:
# "
"
#
i
6⇡
e
1
FP2cav (ra , ⌦) ⇡
Im
Re
,
˜ 0 (⌦
˜ 0 ⌦)Ṽ0,e↵ (ra )
⌦↵
1 + e2ikL rb2 (⌦)
2⌦

(4.6)

where Ṽ0,e↵ (ra ) is the e↵ective mode volume of the single cavity breathing mode at
˜ 0 is the single cavity breathing mode eigenfrequency, rb
some point near cavity a, ⌦
is the complex, frequency-dependant reflection coefficient of cavity b, k = 2⇡⌦/vg is
the wave vector, and

is an additional arbitrary phase. Starting from the elastic

Purcell factor equation (Eq. (2.57)) derived in Sec. 2.2.3, we introduced the reflection
coefficient of the second cavity and the round trip phase of the waveguide mode.
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While the physics of these systems are similar in principle, here we are dealing with
cavities that have a finite spacial extent, that are more complex than a single dipole
oscillator. The cavity separation L, for instance, is defined as the separation between
the cavity centres. However, since the cavities are not planar or point-like mirrors, the
e↵ective “mirror” length, say Le↵ , is what governs the resulting resonance frequencies,
and may not always be equal to L. Additional phase terms to account for this may be
in order, but for now we find a reasonably satisfying agreement with the full numerical
solutions. It is clear from the general form of the analytic Purcell factor equation, that
new modes must appear as a consequence of the phase-matching condition between
the two cavities coupled by the waveguide modes, where the QNM fields between the
two cavities contain parts of the waveguide modes with real frequencies. In essence,
the cavities act as mirrors that reflect a portion of the elastic waves on the beam. In
between the two reflecting cavities, standing waves are formed at frequencies governed
by cavity separation distance and the mode lifetimes and strength are dependent on
the reflection coefficient of the cavities at these resonance frequencies.
Guided by the numerically-exact solution (of course with some numerical uncertainties) in Fig. 4.5, the arbitrary phase term in Eq. (4.6) was included as it was found
to adjust the amplitude of the main cavity breathing mode relative to the FP modes.
Figure 4.7 shows the total Purcell factor FPapprox of a two-cavity system calculated
using Eq. (4.6) for a full phase period. In comparison to the full numerical solution in
Fig. 4.5, we see qualitatively good agreement with the system modes that are introduced by the cavity coupling. While Eq. (4.6) clearly affirms our intuition about the
physics of the system, there are some subtle di↵erences between this simple model
and the actual behavior of the resonant modes. Looking at Fig. 4.3 and Fig. 4.5, for
any given cavity separation distance, there is always a resonant mode present near
the single cavity breathing mode eigenfrequency (around 5.16 GHz). For simplicity,
we will refer to this resonance closest to this frequency as the “natural cavity state.”
Judging from the QNM profile of one of these natural cavity states in Fig. 4.2e, we
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Figure 4.6: Analytical Purcell factor FP2cav (ra ), using Eq. (4.6), evaluated at cavity a

(ra = (L/2, 235.0, 0.0) nm). Note that the added phase ei in Eq. (4.6) slightly changes the
amplitude of the FP-like modes relative to the unperturbed resonance near 5.16 GHz. In
this plot, = 0.2 was found to provide the closest Purcell factors to the QNM solution in
Fig. 4.5. Plotted at various steps through a full phase period of 2kL, from 2kL = ⇡ (dark
blue) to 2kL = ⇡ (green).

make the assumption that these modes are simply the single-cavity breathing modes,
where each cavity is only slightly perturbed by the other. This would make sense as
the single-cavity transmission near the breathing mode frequency is 1, and the FP
e↵ects are not present. Note, however, that as the cavity separation changes, the
mode shifts in frequency and exits this so called natural cavity (nearly unperturbed)
state to evolve into the FP-like modes with enhanced Q-factors observed at lower
frequencies, while another resonance mode takes its place (see Fig. 4.3). In contrast,
the simple model of Eq. 4.6 assumes a static unperturbed breathing mode resonance,
with the FP resonances added to the system by multiplication.
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Figure 4.7: Full numerical QNM solution to the Purcell factor (orange solid) and approximate analytical Purcell factor FP2cav (ra ) (blue dashed) for a few cavity separation distances,
using Eq. (4.6) with values of kL that provided the best match. FP2cav (ra ) describes the
enhanced FP modes well at frequencies far away from the breathing mode frequency. The
di↵erence in models is more apparent near the natural cavity resonance, where FP2cav (ra )
assumes a static breathing mode frequency and Q-factor, while in the real system it varies
in both.

The primary approximation of the model is that this static mode consists of the
same eigenfrequency, Q-factor, and e↵ective mode volume as the single-cavity breathing mode for every cavity separation distance. Whereas in the actual system, the
natural cavity mode not only shifts in frequency, but so does the the Q-factor (see
Fig. 4.4a). In addition, as we can see from the QNM mode profiles in Figs. 4.2 d,e,
the breathing pattern of the mode at the cavity region is no longer symmetric about
each cavity center as the eigenfrequency changes. This introduces additional deviation from the simple model as the position-dependant e↵ective mode volume at the
cavity region changes with frequency and separation distance. Overall, our simple
model is a good approximation to the full QNM solution, and confirms our physical
intuition about the mechanics of the system. It is clear, however, that additional
intricate phase e↵ects (such as the additional frequency-dependant phase terms in
Eq. (4.4)) are yet to be correctly described in Eq. (4.6).
For a more accurate description of the resonances, and also accounting for the
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finite size of the cavities, we next study the cavity transmission properties (single
cavity and double cavities) with the transfer matrix method in Sec. 4.3.
4.3

Transmission Calculations and Transfer Matrix Method

Transmission calculations can provide similar insight on eigenfrequency positions and
mode lifetimes as Purcell factor calculations. Figure 4.8 compares the transmission
of an example two-cavity beam with the total Purcell factor over the same frequency
region. The single-cavity transmission and Purcell factor are also included. We
can identify the resonance modes as matching peaks in both the transmission line
and Purcell factor calculation. In fact, the cavity transmission may provide an even

Figure 4.8: a Transmission |t|2 of a waveguide with a single 5-hole cavity (orange dashed)

and double cavity separated by 8000 nm (blue solid). b Log-scale of the Purcell factor
for single (orange dashed) and double (blue solid) 5-hole cavity beams evaluated antinode
over the same frequency range. As expected, the higher order modes are quite weak, but
explain the transmission plot at higher frequencies.
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clearer indication of low-Q modes that are too weak to notice in the total enhancement
lineshape. For example, in Fig. 4.8a, the higher order modes in the single cavity (as
discussed in Fig. 3.4) and the coupled cavities can be seen in the higher frequency
region of the transmission, but are hardly noticeable in the Purcell factor plot.
An added value of carrying out transmission calculations is the ability to easy
explore di↵erent waveguide structures while reducing the number of simulations with
di↵ering geometry. Calculating and extracting QNMs for a large number of cavity
separation distances can be tedious and time-consuming, as one needs to run simulations for each new design parameter. Fortunately, we are studying nanobeam
waveguides that behave as a quasi one-dimensional system and can use the transfer matrix method (TMM) to calculate the transmission of multiple cavity systems
separated by any distance using only the single cavity transmission and reflection
coefficient, since we are dealing with linear propagation.
Figure 4.9 shows the transmission, |t|2 , of a two-cavity waveguide of various separation distances, calculated using both TMM from a single-cavity transmission and
full numerical COMSOL simulations of two-cavity waveguides (as outlined in Section 2.4). We see excellent agreement between the two approaches, which confirms
that TMM can be used to accurately provide the transmission of the system. With
TMM, not only can we easily study how the resonant modes evolve for any cavity
separation, but we can later explore the response of a beam with more than two
cavities, all from a single frequency domain simulation (if the cavities di↵er in design,
a frequency-dependent transmission and reflection profile for each type of cavity is
required).
4.4

Properties of the Single Cavity Transmission

The single cavity transmission features alone can confirm the physical intuition laid
out in our simple model above, where it was shown analytically that as the length
of the cavity separation is changed, the resonance frequencies shift and the Q-factor
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Figure 4.9: Transmission |t|2 of a double-cavity waveguide for various cavity separation
distances calculated using the transfer matrix method with the single-cavity transmission
and reflection (solid line) and calculated from a two-cavity COMSOL simulation (circles).
Additional numerical transmission points were calculated around the high-Q modes for
6.7 µm and 6.85 µm.

varies. We have already shown how the eigenfrequencies of a two-cavity system change
as a function of cavity separation distance in Fig. 4.3. We have also shown how the
Q-factor of these QNMs changes as a function of separation distance in Fig. 4.4. Now
we would like to know the relationship between the mode eigenfrequency and its Qfactor. By looking at the single cavity transmission, we can predict the frequencies
at which the resonances of a two-cavity beam (with the optimal cavity separation
distance) will have the longest lifetime. Our physical intuition tell us that we should
expect the highest Q-factor modes to be at frequencies where the frequency-dependent
transmission is at its lowest. Indeed, this is what we observe in Fig. 4.10, where we
have plotted the transmission for a single 5-hole cavity in Fig. 4.10a, and the quality factor for a single QNM (e.g., QNM 2 in Fig. 4.3) of a two-cavity beam as a
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function of changing eigenfrequency in Fig. 4.10b. Here we have essentially taken
the Q-factor values in Fig. 4.4a and plotted them as a function of the real eigenfrequencies in Fig. 4.3 (i.e the eigenfrequencies of a single QNM for cavity separation
distances spanning one “cycle”) The Q-factor data points in Fig. 4.10b are therefore

Figure 4.10: a Transmission |t|2 of a waveguide with a single 5-hole cavity. b Quality factor Q of the two-cavity resonance modes as a function of their eigenfrequency
˜ m /2⇡] (over the same frequency region as a), which shifts due to changing sepRe[⌦
aration distance between two 5-hole cavities (though not linearly). We expect to
see the largest Q-factor when the QNM eigenfrequency is where the transmission is
the lowest (seen near 5.109 GHz and 5.155 GHz). Note that a and b were calculated using separate COMSOL simulations with di↵erent mesh geometries, as such, a
small frequency shift was added to the eigenfrequencies in b to account for numerical
discrepancies.
obtained from the eigenfrequency solver in COMSOL which extracted QNMs of a
two-cavity beam with various separation (each point is from a di↵erent simulation).
This calculation is completely independent from the frequency domain solver used to
obtain the transmission profile of the single cavity in Fig. 4.10a, and there is clearly
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an excellent correspondence. Note that the connection between Fig. 4.10b and the
cavity separation distance is not immediately clear. Generally speaking, as the separation distance is decreased, the eigenfrequency shifts to greater frequencies, though
the relationship is not linear (see Fig. 4.3).
The transmission in Fig. 4.10a reaches zero near 5.109 GHz and 5.155 GHz. It is
at these frequencies that the quality factor goes to infinity and the phase matching
condition in Eq. (4.6) is maximized. This makes sense as the standing waves between
the cavities at these frequencies cannot leak through the cavity due to the complete
reflection (at these frequencies). It is still unclear why the transmission is zero at
these frequencies, though it is obviously related to the QNM poles. Looking at the
real and imaginary parts in Fig. 4.12, both components cross the zero at the same
frequencies. However, there does not seem to be defining features or patterns in
each of the components. In fact, there are no other nearby resonance modes in this
frequency region. This suggests that the dips in transmission are a property of the
breathing mode of interest (Fig. 4.1). We also see a nearby dip in the single 3-hole
cavity transmission (plotted in Fig. 4.11), but over a larger frequency range – this
is expected as 3-hole breathing mode (see Fig. 3.1b) has a smaller Q-factor and
therefore larger bandwidth. Note that for the 3-hole cavity, we do not see the second
transmission dip at the lower frequencies, this may be due to the presence of another
resonant mode near 4.4 GHz.
At this time, it is still unclear why the cavity transmission behaves this way near
these breathing modes, or how di↵erent cavity designs will play a role. Certainly, this
phenomenon is worth investigating further as a promising mechanism that may find
use in future optomechanical cavities.
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Figure 4.11: a Single-cavity transmission |t|2 of a waveguide with a single 3-hole
cavity.
4.5
4.5.1

Supplemental Calculations
Real and imaginary parts of the complex transmission

Figure 4.12: a Real and imaginary parts of the single-cavity mechanical transmission for
a 5-hole cavity. b Absolute value of transmission.
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Fitting the quality factor

In order to determine whether the high Q-factor calculations in Fig. 4.4 were limited
by the sensitivity of the numerical solver, several simulations COMSOL simulations
were employed with slightly varying simulation parameters. The average real and
imaginary eigenfrequency at each separation distance was used to estimate the limits
of the quality factor in this delicate region.

Figure 4.13: Mean real a and imaginary b parts of the eigenfrequency as a function of
cavity separation distance for QNM 3, calculated by taking the average frequency from four
COMSOL simulations (with minutely varied PML parameters) at each cavity separation
distance. Solid line is a polynomial fit of the mean. Shaded region was calculated using a
polynomial fit of the mean standard deviation (STD). Note that the STD lower bound of
the imaginary part was reduced to avoid having a negative frequency.
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Figure 4.14: Quality factor as a function of cavity separation distance calculated from four
separate COMSOL simulations. Solid line and shaded region calculated from the mean and
standard deviation of the simulations (same as Fig. 4.4b).

4.5.3

Small cavity separations

˜ 0 for double cavities
Figure 4.15: Real part of the two nearest eigenfrequencies around ⌦
as a function of separation distance. Distances before the thick orange dashed line indicate
separation distances at which the two cavities have overlapping holes.
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Chapter 5
Conclusions and Recommendations for Future
Work

5.1

Summary and Conclusions

We have presented a QNM formalism for mechanical cavity modes and shown that
the commonly used normal-mode description is in general problematic for cavity
resonances with finite loss. We have introduced and employed a complex, positiondependant e↵ective mode volume for mechanical modes using a QNM normalization
which can be used to solve various force-displacement problems. For validation of
the theory, we carried out an analytical Green function expansion using QNMs with
the an elastic Purcell factor expression, and found excellent agreement with rigorous
numerical simulations for 3D optomechanical beams, using COMSOL, with no fitting
parameters. This same level of agreement is obtained at various force positions, but
no additional calculations is needed for the QNM approach. Indeed the QNM Green
function can be used to solve a wide range of problems, with orders of magnitude
speed up in the computational time, while providing clear physical intuition about
the underlying physics compared to brute force numerical solutions.
We then demonstrated the accuracy of the QNM theory in explaining complex
interference e↵ects of coupled cavity modes, and pointed out the drastic failure of
the usual normal-mode theory. Specifically, we explicitly showed the essential role
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of the QNM phase in yielding a Fano-like resonance and explained this analytically
and numerically from interference e↵ects that are completely absent in a normalmode theory. This QNM approach can serve as a robust and valuable tool in the
understanding and development of emerging optomechanical technologies.
Finally, we explored the elastic resonant modes of waveguides with two identical
optomechanical cavities. We find Fabry-Pérot-like modes with extremely large quality factors and high localization in the hole region, where coupling with the optical
mode occurs. By studying the transmission of a single cavity beam, we are able to
predict the frequencies and lifetimes of the QNMs appearing in a two-cavity beam for
any cavity separation distance. Further studies of these cavities may lead to new applicable mechanisms to enhance elastic mode lifetimes and optomechanical coupling
in optomechanical systems.
5.2

Suggestions for Future Work

In most optomechanical mode theories to date, the optomechanical coupling rate g0
is rarely taken from a first-principles model, which is in contrast to modal methods in
optics where it is more common to adopt an analytical approach based on the optical
modes of the structure. Yet there is clearly a need to describe emerging e↵ects such as
mode-to-mode transcription and reservoir engineering in terms of the underlying mode
properties of the mechanical cavity modes, both in classical and quantum mechanical
problems. In this thesis, we have laid the groundwork for mechanical QNM theory,
but have yet to explore how to consolidate it with optical QNMs for a unified modal
framework describing optomechanical coupling.
Very recently, it has been shown how to quantize optical QNMs (Franke, Stephen
Hughes, et al. 2019; Franke, Richter, et al. 2020), where the dissipation becomes
an essential component in explaining the breakdown of the Jaynes-Cumming model
for several modes, causing intrinsic quantum mechanical coupling between classically
orthogonal modes. It would interesting to explore the idea of quantized mechanical
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QNMs, and see what coupled quantized mechanical oscillators could benefit from such
a picture for certain applications such as ultra-sensitive mass sensing or information
processing using hybrid quantum systems (Brown et al. 2011).
Regarding our study of coupled optomechanical cavities, there is still much to
explore. The Fano resonances of coupled cavities described in Chapter 3 and the large
(mode) lifetime enhancement e↵ects seen in Chapter 4 were used as a proof of principle
and testing ground for our modelling techniques. Further studies on the design and
parameters of these structures can provide a better understanding of how their physics
can be applied to practical optomechanical systems. Particularly, one expects to be
able to analytically describe the single-cavity transmission using the cavity QNMs in
the frequency region of interest, e.g., using QNM coupled mode theory. Furthermore,
looking at the modest success of our simple model in Chapter 4.2, one also expects
to be able to accurately describe the decay rate of the double-cavity system from the
QNMs of a single cavity. Finally, we recommend the study of optical QNMs in these
coupled-cavity structures and their interaction with the mechanical modes, in hopes
that a new class of optomechanical crystal designs emerges.
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