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Abstract 

MBN probes measure Magnetic Barkhausen Noise (MBN), a magnetic signal produced when the 

magnetization of a ferromagnetic material changes state. Usually a dipole (two-pole) MBN probe is 

employed, which needs to be physically raised, and re-oriented, in order to induce and observe MBN 

signals from different directions. A tetrapole (four-pole) MBN probe, however, can use the principle of 

superposition to accomplish the same. Superposition allows tetrapole probe measurements to be 

performed more rapidly and without the repositioning errors associated with the dipole probe. 

However, past results from tetrapole MBN probes were inexplicably different from those obtained using 

a dipole MBN probe. The physics underlying a tetrapole MBN probe was the focus of the present thesis 

research. 

It was found that flux superposition is nonlinear in ferromagnetic material, whereas theory originally 

developed for tetrapole probe superposition had assumed linearity. In-sample flux density was modelled 

incorporating the effects of nonlinearity and anisotropy. It was also found that,  

• The MBN probe’s measure of in-sample flux density is usually inaccurate due to nonlinearity and 

flux spread in the sample, however the measure is accurate for a specific range of flux densities. 

• In-sample surface flux density is proportional to the square-root of the sum square of the MBN 

signal, and hence, may be inferred from the MBN. 

• There is a fundamental connection between MBN and ferromagnetic processes such as 

hysteresis and initial magnetization. An empirical magnetization model was developed, and 

derivation of a first-principles micromagnetics model was initiated.  

This work has explained the formerly inexplicable data obtained from performing superposition 

measurements using the tetrapole MBN probe, making the probe useable at low applied fields in a 

sample having a single easy axis. To simplify confounding factors, however, it is recommended that 

future material studies using MBN be done using the dipole MBN probe. 
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Chapter 1: Introduction 

The objective of the thesis research was to investigate the physics underlying a tetrapole (i.e. four-

poled) Magnetic Barkhausen Noise (MBN) probe. MBN probes are used to measure Magnetic 

Barkhausen Noise, which is a magnetic signal produced when a ferromagnetic material changes its state 

of magnetization. Most MBN studies and applications employ a dipole (two-pole) MBN probe, which 

needs to be physically raised, and re-oriented, in order to observe MBN signals from different 

orientations on a test sample. A tetrapole MBN probe does not require physical re-orientation, since it 

can use the principle of superposition to change the direction of the magnetic field it applies to the 

sample. Superposition allows tetrapole probe measurements to be performed more rapidly and without 

the repositioning errors associated with the dipole probe. 

After the MBN tetrapole probe design was originally published [1] [2], many investigators [3] [4] 

enthusiastically began building their own versions of the tetrapole probe and using their probes to 

perform measurements. However, it was realized that results from tetrapole MBN probes were 

unexpectedly different from those obtained using a dipole MBN probe. 

This was the original motivation for this thesis investigation: why do tetrapole MBN probes NOT behave 

in a simple and predictable way? The unexpected nature of the tetrapole results suggested that there 

was a significant gap in the physical understanding of ferromagnetism, and how this relates to Magnetic 

Barkhausen Noise. In fact, what began as a study to develop a model for tetrapole probe MBN results, 

became an investigation that challenged some commonly accepted facts about ferromagnetism, 

magnetic flux superposition, and Magnetic Barkhausen Noise.  



2 
 

1.1 Magnetic Barkhausen Noise (MBN) Probes 

Dipole and tetrapole MBN probes [1] [2] [5] (and also tripole MBN probes [6], which were not 

investigated in this work) operate by generating alternating magnetic fields in a sample using drive coils, 

and by measuring the resulting Magnetic Barkhausen Noise at the sample surface using a pickup coil 

(this is often referred to as a “surface MBN” measurement). Figure 1.1.1 shows the basic layout of a) 

dipole and b) tetrapole probes. These probes sit on the sample surface. The drive coils produce time-

varying magnetic fields in the sample, and the MBN signal is detected by a pickup coil situated normal to 

the sample surface and located between the poles of the probe. Many probes have additional sensors, 

such as feedback coils or Hall sensors, to monitor the magnetic field generated in the sample [3] [7] [8] 

[9].  

a)  b)  

Figure 1.1.1: a) Dipole and b) tetrapole MBN Probes. Drive coils generate field in a ferromagnetic sample. 

The pickup coil measures the MBN signal. Magnetic anisotropy measurements are accomplished by a) 

rotating the drive coil manually around the pickup coil, which remains stationary, or b) varying strength 

of drive coils to rotate field by superposition. 

Magnetic anisotropy, i.e. the extent to which the sample magnetic properties depend on the applied 

magnetic field direction, is often a quantity of interest [8] [10] [11]. Dipole and tetrapole MBN probes 

are used to determine magnetic anisotropy by measuring MBN signals in different applied magnetic field 

directions. With dipole MBN probes (Figure 1.1.1a), the applied field direction is varied by manually 

rotating the probe about the pickup coil [5] [10] [11]. This manual rotation is time-consuming and may 



3 
 

lead to a variation in probe liftoff, which affects MBN signals [3] [8]. Tetrapole MBN probes (shown in 

Figure 1.1.1b) vary the applied magnetic field direction rapidly and in-place, by superposition of the 

orthogonal fields from the two pairs of drive coils [12] [13] [14]. Note that a tetrapole probe may be 

converted into a dipole probe by deactivating one of the pole pairs [15]. 

Magnetic anisotropy measurements are typically displayed using “angular” MBN plots, as shown in 

Figure 1.1.2 for a mild steel sample. Figure 1.1.2a shows that typical dipole MBN measurements can 

readily identify the direction and relative magnitude of magnetic anisotropy in a material, with the easy 

axis direction indicating the direction along the sample that is easiest to magnetize. In Figure 1.1.2a the 

“easy axis” direction is that with the largest MBN signal. For a given sample, it would be expected that 

tetrapole probe anisotropy measurements made using magnetic field superposition would produce the 

same result as dipole probe anisotropy measurements obtained using manual probe rotation. In 

general, however, this is not the case, as shown in Figure 1.1.2b which is the tetrapole MBN result for 

the same sample as Figure 1.1.2a. Furthermore, the tetrapole results vary depending on the orientation 

of the magnet poles relative to the easy axis; Figure 1.1.2b shows data taken with one pair of the 

tetrapole poles aligned at 0, 30 and 45 to the easy axis.  
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Figure 1.1.2: Angular MBN plots; example MBN data (radius) is plotted as a function of applied field 

direction (angle) measured by a) a dipole probe and b) a tetrapole probe, each under the same 

measurement conditions. Three sets of example tetrapole probe MBN data are shown, where the probe 

is oriented 0° (o), 30° (∆) and 45° (□) relative to the easy axis. 

Earlier attempts to model the difference between dipole and tetrapole measurements using a 

micromagnetics approach [16] were unsatisfactory. A purely empirical formula was also suggested [17], 

but being without theory, was of limited use. Until the origin of the tetrapole probe anisotropy result is 

fully understood and can be modelled, interpretation of the direction and magnitude of the sample 

magnetic easy axis from a tetrapole probe result cannot be achieved. 

1.2 Objective 

The original aim of the research was to uncover the origin of the tetrapole probe anisotropy result, for 

example as shown in Figure 1.1.2. What was available at the start of the thesis work were in-house built 

probes [3], a basic theory for the dipole probe result [10], and an empirical fitting equation for the 

tetrapole probe data [17]. This thesis very well could have ended up being 100+ pages of theoretical 

speculation and discounted hypotheses, had it not been for a little divine inspiration. 
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The underlying assumption in originally developing flux superposition for the tetrapole probe was that, 

below magnetic saturation, magnetization effects are supposedly linear [3]. This assumption turned out 

to be incorrect, leading to two main problems: 

1. The magnetic field generating the MBN signal was unknown, and 

2. The linear vector addition model of flux superposition was inaccurate. 

The first problem meant that there was no way of determining the magnetic field in the sample 

responsible for generating MBN. To solve Point #1 above, the research attempted to find a relationship 

between the MBN itself and the in-sample magnetic field. 

The second problem required modeling the effect of nonlinearity in flux superposition. This ultimately 

required modelling magnetization processes, which is itself a century-old problem. To solve Point #2 

above, first a rudimentary model of flux superposition was developed, then the research attempted to 

develop a more fundamental model. 

1.3 Organization of Thesis 

The organization of the thesis is summarized below in Figure 1.4.1. Chapters 1 to 3 contain the 

background and literature review material that underpin the development of the thesis work. The new 

work in the thesis is dealt with in Chapters 4-8: 

• Chapter 4 investigates the physics involved in operating the dipole MBN probe, from classical 

electromagnetics overviewed in Section 2.2. Chapter 4 finds that the former methods for 

measuring in-sample magnetic field – which corresponds to the generated MBN – are ineffective 

due to nonlinearity, motivating Chapter 5.  

• Chapter 5 establishes a theoretical relationship between MBN and magnetic field in a sample, 

based on the magnetic object model (Section 2.3) and former MBN models (Section 2.4). This 
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allows in-sample magnetic field to be measured indirectly from the MBN, enabling the 

investigation of flux superposition in Chapter 6. 

• Chapter 6 models in-sample magnetic field arising from flux superposition. The model is basic 

but effective, accounting for anisotropy using an anisotropy tensor, and nonlinear magnetization 

using a cubic function. The cubic approximation only holds for low magnetic fields, motivating 

Chapter 7. 

• Chapter 7 models nonlinear magnetization, particularly initial magnetization. The model 

performs well against other models in the literature (Section 2.5), but is largely empirical. This 

motivated development of a micromagnetics based derivation, initiated in Chapter 8. 

• Chapter 8 presents the beginnings of a micromagnetics model of ferromagnetism based on the 

magnetic object model reviewed in Section 2.3. The aim was to eventually come up with a 

combined model of initial magnetization, magnetic hysteresis and Magnetic Barkhausen Noise, 

however this was not accomplished during the thesis research. 

 

Figure 1.4.1: Thesis organization and concept-flow from left to right. 𝐵 is the in-sample magnetic field, 

alternatively called flux density to distinguish from the magnetic field applied by the MBN probe, MO 

stands for “magnetic object”, MBNe is MBN energy, which is proportional to the sum square of the MBN 

signal, and mdl is short for “model”.  
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Chapter 2: Literature Review 

Synopsis: Chapter 2 reviews the existing literature relevant to the thesis work.  

• Section 2.1 overviews MBN and the state of the art in MBN experimentation. 

• Section 2.2 overviews the classical electromagnetic theory relevant to MBN drive and pickup coils, 

for analyzing the design of the MBN probe in Chapter 4.  

• Section 2.3 overviews ferromagnetism and the magnetic object model. The magnetic object model 

forms the basis of understanding of ferromagnetic processes. Chapters 5 and 8 build off of the 

magnetic object model.  

• Section 2.4 overviews the existing, leading micromagnetics theories of Magnetic Barkhausen Noise 

(MBN), one based on avalanche statistics [18] [19] [20], one on domain energy minimization [10] 

[11] [21]. Chapter 5 investigates the dependence of MBN on surface flux density.  

• Section 2.5 overviews models of ferromagnetic hysteresis in present use, namely those of Priesach 

[22] [23], Jiles-Atherton [24] and Włodarski [25]. Chapter 7 proposes an additional model that 

performs well against those in the literature. 

2.1 State of the Art of MBN Experimentation 

Magnetic Barkhausen Noise (MBN) arises due to local, abrupt changes in magnetization during the 

magnetization process (described in Section 2.3, Figure 2.3.1). These abrupt changes produce a low 

amplitude, high frequency noise signal (shown in Figure 2.3.2). As discussed in Section 1.1, drive coils of 

an MBN probe (probe shown in Figure 1.1.1) produce the magnetizing applied field, and pickup coils 

measure the MBN from the surface of the sample. The applied field may be monitored by feedback coils 

or Hall sensors, or by using the drive coil’s back emf [3] [7] [8] [9] [14]. Field monitoring is necessary due 

to the nonlinear nature of the magnetization process.  
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MBN probes come in a variety of shapes and sizes. The probe may have a C-core, U-core, rectangular 

core, or be coreless [26], have a single core as in the dipole probe, or a double core as in the tetrapole 

probe [3] [14], or be a coil around the sample (encircle MBN) [27]. MBN probe cores have been made 

with Mn-Zn and Ni-Zn ferrites [28], iron [26], Supermendur [3] [29], 78 Permalloy [30], and Si-Fe steel 

[9]. The drive coil can be mounted on the upper area of the core (in the middle) [26], however, because 

of increased core-loss with increased core length [30], it is usually preferable to mount drive coils at the 

ends of the core, as shown in Figure 1.1.1 [3] [30] [31] [32]. Pickup coils usually have an air core or 

ferrite core [33], and are preferably a pancake coil if mounted on the sample surface [34]. Alternatively, 

pickup coils may be wrapped around the sample (encircle MBN) [27]. Copper shielding around the 

pickup coil improves signal to noise ratio [9]. Many probes are built inhouse by researchers, but there 

are commercial vendors of MBN probes and measurement systems, including Stresstech, the Fraunhofer 

Institute, Introscan and the QASS company. The specific probe used in this work is detailed in Chapter 3. 

Since the MBN signal is sensitive to many physical parameters, MBN has been used for a wide variety of 

nondestructive testing (NDT) applications, including but not limited to, the characterization of: 

• Grinding burn [1], 

• Heat treatment [35], 

• Stress [10], 

• Oil and gas pipelines [10], 

• Nuclear reactor feeder tubes [3], 

• Inline and offline mechanical parts [1], 

• Temper embrittlement [5], 

• Sample fabrication, crystallographic texture, grain size and microstructure, magnetic easy axis 

and more [5]. 
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MBN measurement is emerging as a promising NDT technique since it is sensitive to a large variety of 

parameters. However, this sensitivity has also slowed its adoption as an NDT technique by industry, 

because it is difficult to isolate the individual contributions of the myriad of parameters that affect the 

overall signal. Studying the effects of various parameters on MBN remains a rich area for research. 

2.2 Physics Basis for MBN Pickup and Drive Coils  

In classical electromagnetic theory [36] [37] [38], electric charges produce an electric field �⃑� , and 

moving electric charges produce a magnetic field �⃑� . Fields impose forces between charges; a field allows 

one charge to act upon another from a distance. Electric permittivity of free space 휀0 and magnetic 

permeability of free space 𝜇0 are constants that describe the extent to which a vacuum supports an 

electric and magnetic field, respectively. The charge density 𝜌 is the electric charge per unit volume, and 

the current density 𝐽  is the electric charge passing through a unit area per unit time. Most electric and 

magnetic phenomena are summarized by Maxwell's equations, which are: 

(I) Gauss's law, 

∇ ∙ �⃑� =
1

휀0
𝜌 

(2.2.1) 

(II) Gauss's law of magnetism, 

∇ ∙ �⃑� = 0 

(2.2.2) 

(III) Faraday's law, 

∇ × �⃑� = −
𝜕�⃑� 

𝜕𝑡
 

(2.2.3) 

(IV) and Ampère's law with Maxwell's correction, 



12 
 

∇ × �⃑� = 𝜇0𝐽 + 𝜇0휀0

𝜕�⃑� 

𝜕𝑡
 

(2.2.4) 

A useful expression for calculating the magnetic field from a steady line current 𝐼 in a wire, measured at 

a distance 𝜂 from the increments 𝑑𝑙 ′ along the wire (the prime symbol ′ indicating a field source), is the 

Biot-Savart law (which is related to Ampère's law, Equation 2.2.4). The Biot-Savart law is given as, 

�⃑� =
𝜇0

4𝜋
𝐼 ∫

𝑑𝑙 ′ × �̂�

𝜂2
  

(2.2.5) 

Either Ampère's law or the Biot-Savart law can be used to obtain the approximate magnetic field for the 

interior of a narrow 𝑁-turn solenoid, i.e. inside a cylindrical coil of wire, with an inner radius 𝑟𝑖, outer 

radius 𝑟0, and length ℓ, as shown in Figure 2.2.1, 

�⃑� = 𝜇0

𝑁𝐼

ℓ
 �̂� 

(2.2.6) 

where �̂� is the direction along the length of the coil.  

a)    b)  

Figure 2.2.1: Coil (i.e. solenoid) of finite width and length with N turns, a) schematic and b) Biot-Savart 

law integration. Cross-sectional area 𝑎 is taken to be 𝜋𝑟𝑖
2, since high-permeability material (i.e. with 𝜇 ≫

𝜇0) is usually used to amplify the magnetic fields in the interior of the coil. 
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The voltage 𝑉𝑒𝑚𝑓 induced across this 𝑁 turn coil due to a changing magnetic field is given by Faraday's 

law, Equation 2.2.3, which in integral form is,  

𝑉𝑒𝑚𝑓 = −
𝑑

𝑑𝑡
∫ �⃑� ∙ 𝑑𝑎  

(2.2.7) 

where 𝑑𝑎  is a small portion of the area of the loop, times the vector normal to the area of the loop. For 

the 𝑁 turn coil with a cross-sectional area 𝑎 and with a uniform magnetic field aligned along the length 

of the coil, Faraday's law Equation 2.2.7 approximately simplifies to, 

𝑉𝑒𝑚𝑓 = −𝑁𝑎
𝑑𝐵

𝑑𝑡
 

(2.2.8) 

A form of Equation 2.2.8 which is perhaps more familiar to those who study electric circuits is given as,  

𝑉𝑒𝑚𝑓 = 𝐿
𝑑𝐼

𝑑𝑡
 

(2.2.9) 

where 𝐿 is called the “self inductance” of a coil. In other words, Faraday's law implies that a coil induces 

a voltage across itself if the electric current through the coil changes. Substituting Equation 2.2.6 into 

Equation 2.2.8, the resulting self inductance of a coil is approximately given as, 

𝐿 = 𝜇
𝑁2𝑎

ℓ
= 𝜇𝑛2𝜏 

(2.2.10) 

where 𝜏 is the volume of the coil and 𝑛 = 𝑁/ℓ is the number of turns per unit length. Equations 2.2.9 

and 2.2.10 approximately hold for a coil with an air core, or with a core having linear magnetic 

permeability. When a coil is used to generate either a static or a time-varying magnetic field in a sample, 

via the Biot-Savart law or Ampère's law, it is often called a “drive coil” or “excitation coil”. Another coil 

may be used to measure the magnetic field in the magnetic circuit via Faraday's law; this is usually called 
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a “feedback coil”. The “pickup coil” placed on the sample surface to detect the MBN signal (Figure 2.2.1) 

also operates according to Faraday’s Law. Note that, according to Equation 2.2.9, a drive coil may double 

as a feedback coil; this is examined in Chapter 4. Furthermore, note that magnetic field lines may be 

amplified by using a material in the core of the pickup coil that has a magnetic permeability 𝜇 greater 

than the permeability of free space.  

2.3 Ferromagnetism, Domain Energies and the Magnetic Object Model 

Ferromagnetism is the nonlinear magnetization of ferromagnetic materials in response to a magnetizing 

applied field, such as shown in Figure 2.3.1. The Magnetic Object (MO) model [21] [39] [40] [41] [42] 

takes a micro-magnetics approach to modelling ferromagnetism based on energy minimization. The MO 

model provides a fundamental understanding for the processes of ferromagnetic hysteresis (Figure 

2.3.1) and the Magnetic Barkhausen Noise signal (MBN, Figure 2.3.2). Models of MBN are discussed in 

Section 2.4, and MO theory is used to explain MBN results in Chapter 5.    

While the concept of the MO model is effective in explaining the fundamental physics of 

ferromagnetism, further development of the model is necessary. For example, the magnetic object 

model has yet to be adapted to disordered ferrous glasses [43], and presently, it incompletely models 

the effects of a nonzero applied magnetic field. Chapter 8 builds on the fundamental ideas on the MO 

model, namely domain analysis and energy minimization, to begin the derivation of a new 

micromagnetics model of ferromagnetism. 
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Figure 2.3.1: Illustration of a ferromagnetic hysteresis loop. As applied field is increased, magnetization 

follows the upward arrow. For sufficiently large applied field, material magnetization ceases to increase, 

i.e. we say the material has reached magnetic saturation. When the applied field is then reduced, the 

material magnetization follows a different path down, i.e. we say the material exhibits hysteresis. Upon 

close inspection of the magnetization curve, we see that it is not smooth, but rather it is composed of 

smooth reversible segments and discontinuous irreversible segments, which are random in length and 

magnitude. The discontinuous segments are the source of small, random, high frequency magnetic 

signals, which we call Magnetic Barkhausen Noise (MBN), pictured in Figure 2.3.2.  

 

Figure 2.3.2: Example MBN signal generated by one period cosine applied field 𝐻. 

Ferromagnetic materials behave nonlinearly, exhibiting behaviors such as saturation and hysteresis, as 

shown in Figure 2.3.1. Magnetic saturation occurs when a steel cannot be magnetized any further, and 

hysteresis refers to the fact that a current magnetization state depends on past magnetization history.  
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Classically, the "applied magnetic field" produced by a solenoid in free space is denoted 𝐻, and the 

"material magnetization" 𝑀 refers to the magnetic field produced by the ferromagnetic material. The 

sum of 𝐻 and 𝑀 times the magnetic permeability of free space 𝜇0 is termed the "magnetic flux density" 

𝐵, given by: 

𝐵 = 𝜇0(𝑀 + 𝐻) 

(2.3.1) 

Magnetic materials that exhibit linear magnetization [36] [38], with magnetic permeability 𝜇 greater 

than 𝜇0, are called paramagnetic materials. In a paramagnetic material, the atoms behave like atom-

sized dipole magnets, that have fixed positions, but that are free to rotate. One such atom is artistically 

depicted in Figure 2.3.3 and may represent an atom from either a paramagnetic or ferromagnetic 

material. The magnetic field produced by one such atomic dipole magnet is also referred to as the 

atom’s magnetic moment, shown with an arrow in Figure 2.3.3. 

 

Figure 2.3.3: Artistic impression of a magnetized iron atom with four unpaired spin electrons, with 

magnetic moment �⃑⃑� . 
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For a paramagnetic material, the minimum energy configuration, which balances the torques each atom 

applies to its neighbors, is one where neighboring atomic magnetic moments align anti-parallel to each 

other, effectively cancelling out each other's magnetic field, as shown in Figure 2.3.4a. In the presence 

of an applied field, the atomic magnets increase their alignment with the field, but only slightly, since 

the field due to the neighboring atoms is usually much stronger than the applied field. 

a)   b)  

Figure 2.3.4: Atomic magnetic moments (arrows) in 2D a) paramagnetic and b) ferromagnetic material. 

a) neighboring moments cancel each other's fields in paramagnetic material. b) In ferromagnetic 

materials, moments align to form domains (three domains are shown) separated by domain walls (in 

gray). 

In ferromagnetic materials such as cobalt, nickel and iron (iron atom shown in Figure 2.3.3) [21] [38] [41] 

[44], the atoms also behave like atom-sized dipole magnets, with fixed positions but free rotation. The 

important distinction, however, is that atoms of ferromagnetic materials are affected by exchange 

energy, which is a quantum-mechanical effect that causes parallel alignment to be favourable for 

neighboring atomic magnet moments [40]. Due to the exchange energy, the moments of vast numbers 

of atomic magnets co-align to form “domains” of uniform magnetic alignment (shown in Figure 2.3.4b). 

The torque on the domain’s atomic magnetic moments – the torque is applied by the magnetic field of 

neighboring domains – leads neighboring domains to align anti-parallel to each other. In the presence of 

an external applied field, domains aligned with the field grow at the expense of anti-aligned domains, 

producing a magnetization in the direction of the applied field.  
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The domain structure is strongly influenced by the relative positions of the atoms within the material, 

positions which are mostly defined by the material's crystallography and stress state. Most 

ferromagnetic materials are composed of crystallographic grains, for example cubic or hexagonal [45]. 

The magnetic object (MO) model [21] [38] [39] [40] [41] [46] considers the formation of domains within 

idealized crystallographic grains, the grains being the "magnetic objects", or MOs, as shown in Figure 

2.3.5. 

     

Figure 2.3.5: MO representation of an ideal cubic grain in a relatively flat material. The MO has length 𝑎, 

width 𝑏 ≤ 𝑎, thickness 𝑇 ≪ 𝑏. The central region – of width “d” – is the “moment-producing region”, 

where 0 ≤ 𝑑 ≤ 𝑏. 

The grains of most real materials are not perfect cubes or hexagons, however the properties studied in 

the ideally ordered cases (e.g. picture frame samples cut from perfect, single crystal iron [47]) are often 

transferrable to cases that have varying degrees of disorder (e.g. from relatively ordered electrical 

steels, to somewhat disordered polycrystalline steels [48]). In real crystallographic materials, the 

material is structured in a very orderly way, except for random imperfections and features that 

segregate orderly regions [40] [41] [42] [45], as depicted in Figure 2.3.6. These regions (consider these 

as random variables) are ordered the same way due to their equivalent crystallography (i.e. they have 

properties that are identical but randomly distributed), and in the zero-magnetization limit with flux 

closure, the regions act largely independent of each other. The central limit theorem from probability 

theory [49] states that for a sequence of identically distributed and independent random variables, their 
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cumulative sum is normally distributed about an average. Therefore, by the central limit theorem, such 

a material may be modelled by a single MO that represents the average properties of the various orderly 

regions of the material. This is the assumption of the existing MO model. 

However, as the applied field is increased and as the various ideally crystallographic regions within the 

material become magnetized, the regions no longer act independently, but rather affect the 

magnetization of one another, and so the central limit theorem no longer directly applies. The 

interaction between these regions depends on the distribution of their properties such as their sizes, 

shapes and positions. The existing MO model has yet to account for this distribution, thus, as yet, there 

is no analytical analysis of totally disordered material such as amorphous ferrous glasses. However, 

numerical models are under development and have demonstrated some success [43]. 

 

Figure 2.3.6: Most real crystallographic materials are composed of regions of crystallographic uniformity. 

By the central limit theorem, under flux closure conditions, the material may be represented by a single 

magnetic object. However, during magnetization, there are more involved interactions between the 

various regions.  
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According to the existing magnetic object (MO) model, the formation of domains within a magnetic 

object (as shown in Figure 2.3.5) follows energy minimization considerations [5] [21] [38] [40] [41] [50], 

where the total energy 𝑈 of the magnetic object is the sum of five main energy components:  

1. the exchange energy 𝑈𝑒𝑥, that aligns the moments of atomic magnets parallel to each other,  

2. the crystallographic anisotropy energy 𝑈𝑎𝑛, that aligns atom magnetic moments parallel to the 

principal axes of the MO (i.e. along the edges),  

• alternatively, at low applied fields, the exchange and crystallographic anisotropy energies 

may be expressed as domain wall energy 𝑈𝛾, explained further below, 

3. the magnetostatic energy 𝑈𝑚𝑠, that aligns domains anti-parallel to each other, 

4. the pole energy 𝑈𝑝, which aligns the moments of atomic magnets parallel to the surrounding 

magnetic field, and 

5. the magnetoelastic energy 𝑈𝑒𝑙, which balances magnetic and mechanical stress energies. 

Each of these energy components is described in more detail below.    

The exchange energy 𝑼𝒆𝒙 arises in a ferromagnetic material due to the interaction of neighboring 

atoms' unpaired electrons [38] [40] [41]. According to the Pauli-exclusion principal and Hund's rule, 

electrons being added to an orbital tend to first all adopt the same spin in order to reduce overall 

energy. The spinning unpaired electrons are what generate an atom’s magnetic moment. Because the 

orbitals of neighboring atoms overlap and influence each other in a ferromagnetic material, electrons of 

neighboring atoms tend to adopt the same spin; that is to say, the magnetic moments of neighboring 

atoms tend to mutually align. The exchange energy is the potential energy due to misalignment 

between the magnetic moments of neighboring atoms. Mathematically, the exchange energy 𝑈𝑒𝑥  

between two atomic magnets 𝑖 and 𝑗 is a function of the magnitude of the distance between them 
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‖𝑟𝑖⃑⃑ − 𝑟�⃑⃑� ‖, and the magnitude and relative direction of their magnetic moments �⃑⃑� 𝑖 ∙ �⃑⃑� 𝑗. The total 

exchange energy is given in summation form as [40], 

𝑈𝑒𝑥 = 2∑∑𝐽𝑒𝑥(‖𝑟𝑖⃑⃑ − 𝑟�⃑⃑� ‖) �⃑⃑� 𝑖 ∙ �⃑⃑� 𝑗
𝑗≠𝑖𝑖

 

(2.3.2) 

where 𝐽𝑒𝑥 is the exchange integral [51], which falls off quickly with distance, so the exchange energy is 

largely only effective as far out as adjacent atoms, on the order of ¼ nm [40]. As discussed earlier, the 

exchange energy is responsible for the existence of domains in ferromagnetic materials. 

The crystallographic anisotropy energy 𝑼𝒂𝒏 is related to exchange energy and is thought to be due to 

covalent-like bonding between neighboring atoms, in that electron spin tends to align along the axis of 

the bond [38] [40] [41]. In theory, 𝑈𝑎𝑛 is symmetrical, but uniaxial preference may be introduced by 

magnetic annealing, rolling, crystallographic transformations, and more. In a ferromagnetic material 

with isotropic cubic crystallography, the crystallographic anisotropy energy 𝑈𝑎𝑛 is expanded as,  

𝑈𝑎𝑛 = 𝐾1(𝛼1
2𝛼2

2 + 𝛼1
2𝛼3

2 + 𝛼2
2𝛼3

2) + 𝐾2𝛼1
2𝛼2

2𝛼3
2 + ⋯ 

(2.3.3) 

where 𝐾1 ≫ 𝐾2 ≫ ⋯ are constants, and 𝛼𝑖 are cosines of the angle between the atomic magnetic 

moment orientation �̂� and crystallographic easy axis direction [100], [010] or [001] (i.e. 𝑥, �̂�, or �̂�). The 

constant 𝐾2 is usually insignificant, except when the cubic crystal has been sliced along the [111] (i.e. 

(𝑥 + �̂� + �̂�)/√3) direction. Importantly, the crystallographic anisotropy energy causes domains to be 

aligned along one of the crystallographic easy-axis directions. 

The domain wall energy 𝑼𝜸 is due to the exchange and crystallographic anisotropy energies. The 

exchange and crystallographic anisotropy energies act locally and therefore are effectively minimized 

across whole domains, except at domain boundaries, where atomic magnets transition their orientation 

across the domain boundaries. This domain wall transition region is associated with an effective 
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"domain wall energy" 𝑈𝛾  that may be used in domain analysis in place of exchange and crystallographic 

anisotropy energies [40] [41]. The domain wall energy is proportional to the volume of the domain wall, 

as well as the difference in moment orientation of the two neighboring domains. Domain wall energy is 

given as, 

𝑈𝛾 = 𝛾𝑎 

(2.3.4) 

where 𝛾 is a proportionality constant depending on the change in moment orientation between 

neighboring domains, and 𝑎 is the area of the domain wall. Increasing domain wall energy tends to 

reduce the number of domains in a domain configuration. Approaching magnetic saturation, exchange 

and crystallographic anisotropy energy no longer manifest themselves as domain wall energy, because 

domain rotation becomes the main magnetization mechanism. Thus, Figures 2.3.5 and 2.3.6 correspond 

to the case of low field magnetization. 

The magnetostatic energy 𝑼𝒎𝒔 is the energy stored in the magnetic field 𝑀 produced by the collection 

of atomic magnetic moments (i.e. the MO), as well as in the field 𝐻 that is applied to the ferromagnetic 

material [36] [38] [40] [41]. Classically, it is defined as, 

𝑈𝑚𝑠 =
1

𝜇0
∫𝐵 ∙ 𝐵 𝑑𝜏 

(2.3.5) 

which is proportional to the volume integral of the self inner-product of the magnetic flux density, over 

all space. For a domain, assuming a magnetic charge formulation of the magnetic field (which technically 

is incorrect, as will be discussed in Chapter 8), the magnetostatic energy due to a uniformly magnetized 

domain under zero applied field is given as [40], 

𝑈𝑚𝑠 =
𝑁

2𝜇0
𝑀𝑠

2𝑣 

(2.3.6) 
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where 𝑁 is a form factor that depends on the domain configuration, 𝑣 is the domain volume, and 𝑀𝑠 is 

the domain magnetization. For example, for a material with cubic crystallography and alternating slices 

of oppositely oriented magnetization, the magnetostatic energy with zero applied field is given as [40], 

𝑈𝑚𝑠 ∝ 𝑀𝑠
2𝑑2ℓ 

(2.3.7) 

where 𝑑 is the thickness of each slice (see Figure 2.3.5) and ℓ is the slice length. At zero applied field, the 

magnetostatic energy causes a system of domains to adopt a flux-closed configuration, i.e. have no net 

magnetic moment, as shown in Figure 2.3.5 for 𝑑 = 0.  At a nonzero applied field, the magnetostatic 

energy would cause the system of domains to produce a net magnetic moment to oppose the applied 

field (i.e. 𝑀 ≈ −𝐻 to minimize the integrand 𝐵 ∙ 𝐵 of Equation 2.3.5, where 𝐵 = 𝜇0(𝑀 + 𝐻)). However, 

since with ferromagnetism, material magnetization 𝑀 is much larger than the applied magnetic field 𝐻, 

the direct effect of 𝐻 on the magnetostatic energy is vanishingly small. 

The pole energy 𝑼𝒑 is due to the torque on an atomic dipole magnet in the presence of an applied 

magnetic field [40] [42]. The pole energy is given as the angular potential energy of an incremental 

volume of the material, with a certain dipole moment density and surrounding magnetic field, 

integrated over the volume of the material, 

𝑈𝑝 ∝ −
1

𝜇0
∫�⃑⃑� ∙ �⃑� 𝑑𝜏 

(2.3.8) 

where 𝜏 is the volume of the grain, and �⃑⃑�  is the moment density. For a flux-closed domain 

configuration, �⃑⃑� ∙ �⃑� = 𝜇0𝐻 cos 𝜃, and since 𝐵 and the atomic magnetic moments making up the 

domain are uniformly oriented, the integral becomes a simple sum over all the domains [40, p. 491]. The 

pole energy becomes, 
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𝑈𝑝 ∝ −𝑚𝐻 ∑𝜏𝑖 cos(𝜃 − 𝜙𝑖)

𝑖

 

(2.3.9) 

where 𝜃 is the direction of 𝐵, and 𝜙𝑖 is the orientation of the moment density 𝑚 of the 𝑖th domain, 

which has volume 𝜏𝑖. The pole energy causes material magnetization when the material is subjected to 

an applied field. 

The magnetoelastic energy 𝑼𝒆𝒍 arises due to magnetostriction, whereby the magnetic force pushing 

apart neighboring atomic magnets is counteracted by the elasticity of the material [38] [40] [41]. The 

energy per unit volume due to nearest neighbor pairs in a cubic lattice is given by, 

𝑈𝑚𝑎𝑔𝑒𝑙 = 𝐵1 (𝑒𝑥𝑥 (𝛼1
2 −

1

3
) + 𝑒𝑦𝑦 (𝛼2

2 −
1

3
) + 𝑒𝑧𝑧 (𝛼3

2 −
1

3
)) + 𝐵2(𝑒𝑥𝑦𝛼1𝛼2 + 𝑒𝑦𝑧𝛼2𝛼3 + 𝑒𝑧𝑧𝛼3𝛼1) 

(2.3.10) 

where 𝑒𝑖𝑗  are the components of the strain tensor, 𝛼𝑖 are the direction cosines along the 

crystallographic axes with respect to the magnetization direction, and, 

𝐵1 = 𝑁𝑝 (
𝜕𝑙

𝜕𝑟
) 𝑟0 

𝐵2 = 2𝑁𝑝𝑙 

(2.3.11) 

where 𝑁𝑝 is a proportionality factor, 𝑟0 would be the distance between atoms had they not been 

magnets, and 𝑙 is the length in the direction of elongation. The elastic energy per unit volume of a cubic 

crystal is given by, 

𝑈𝑒𝑙𝑎𝑠 =
1

2
𝑐11(𝑒𝑥𝑥

2 + 𝑒𝑦𝑦
2 + 𝑒𝑧𝑧

2 ) +
1

2
𝑐44(𝑒𝑥𝑦

2 + 𝑒𝑦𝑧
2 + 𝑒𝑧𝑥

2 ) + 𝑐12(𝑒𝑦𝑦𝑒𝑧𝑧 + 𝑒𝑧𝑧𝑒𝑥𝑥 + 𝑒𝑥𝑥𝑒𝑦𝑦) 

(2.3.12) 

where 𝑐11, 𝑐44 and 𝑐12 are the elastic moduli. The magnetoelastic energy is then, 

𝑈𝑒𝑙 = 𝑈𝑒𝑙𝑎𝑠 + 𝑈𝑚𝑎𝑔𝑒𝑙  

(2.3.13) 
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The magnetoelastic energy generally reduces the size of domains [21] [40] and, under applied stress, 

may lead domains to re-orient themselves along one of the crystallographic easy axes [52]. Since 

magnetoelastic energy is generally of lower magnitude than crystallographic anisotropy energy, 

magnetoelastic energy will not induce domains to re-orient off axis [41]. The magnetoelastic energy 

underlies the relationship between material stress and magnetization. 

The Total Energy 𝑼: In the low-field regime, the total energy 𝑼 of a MO is therefore the sum of the 

energies due to the domain wall 𝑈𝛾  (which replaces the exchange and crystallographic anisotropy 

energies) magnetostatic 𝑈𝑚𝑠, magnetoelastic 𝑈𝑒𝑙  and pole 𝑈𝑝 energies,  

𝑈 = 𝑈𝛾 + 𝑈𝑚𝑠 + 𝑈𝑒𝑙 + 𝑈𝑝 

(2.3.14) 

With no applied magnetic field, the pole energy and magnetostatic energies are made zero by a flux-

closed domain configuration, as shown in Figure 2.3.7. The number 𝑛 of 180° domain walls then can be 

determined by minimizing the domain wall energy 𝑈𝛾  and the magnetoelastic energy 𝑈𝑒𝑙. For the 

domain configuration given in Figure 2.3.7, from Equation 2.3.6 the domain wall energy 𝑈𝛾  is given as 

[52], 

𝑈𝛾 = 𝛾180°𝐴180° + 𝛾90°𝐴90° = 𝛾180°𝑇(𝑎𝑛 − 𝑏) + 𝛾90°𝑇√2𝑏 

(2.3.15) 

where 𝛾 is the energy per unit of domain wall area 𝐴 of 180° and 90° domain walls, and 𝑎, 𝑏 and 𝑇 are 

the dimensions of the cubic-crystallography MO, 𝑎 being the longest and 𝑇 the shortest, as shown in 

Figure 2.3.5. The magnetoelastic energy 𝑈𝑒𝑙  derived from Equation 2.3.13 for the domain configuration 

of Figure 2.3.7 is given as [5] [53], 

𝑈𝑒𝑙 = −
3

4
𝜆100𝜎𝑇𝑏 (𝑎 + (𝑎 −

𝑏

𝑛
) cos 2𝜃) 

(2.3.16) 



26 
 

where 𝜎 is the applied stress at an angle 𝜃 to the 180° domain wall direction, and 𝜆100 is the saturation 

due to magnetostriction also along the 180° domain wall direction, of which there are 𝑛. The total 

energy is the sum of the magnetoelastic and domain wall energies Equations 2.3.15 and 2.3.16. Taking 

the derivative of the total energy with respect to number 𝑛 of 180° domain walls and setting to zero 

yields the optimal number of 180° domain walls, 

0 =
𝜕𝑈𝑇

𝜕𝑛
=

𝜕𝑈𝛾

𝜕𝑛
+

𝜕𝑈𝑒𝑙

𝜕𝑛
= 𝛾180°𝑇𝑎 −

3

4
𝜆100𝜎𝑇

𝑏2

𝑛2
cos 2𝜃 

(2.3.17) 

𝑛 = √
3

4

𝜆100𝜎𝑏2 cos 2𝜃

𝛾180𝑎
 

(2.3.18) 

Note that 𝑛 in Equation 2.3.18 is rounded to the nearest integer, since 𝑛 is a count of 180° domain walls. 

Also note that 𝑛 must be at least 𝑛 = 1, since without domain walls, the magnetostatic energy 𝑈𝑚𝑠 

would no longer be minimized. Also, strain changes the spacing between atoms, which has an effect on 

the exchange energy [5], however the effect is relatively small. And finally, Equation 2.3.17 assumes that 

magnetostatic energy is zero. In reality, stress has been observed to induce a small amount of magnetic 

field in ferromagnetic material [52].  

a)   b)   c)  

Figure 2.3.7: Magnetic object with a flux closed domain configuration when no magnetic field is applied, 

with a) 1, b) 2, and c) 3 180° degree domain walls. Number of domain walls increases with increasing 

tensile stress along the 180° degree domain wall direction. 
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When an external magnetic field 𝑯 is applied, there is incentive for the spins to align with the field 

because of the pole energy 𝑈𝑝. To increase alignment while maintaining minimum energy, domains 

most closely aligned with the applied field grow at the expense of neighboring domains by domain wall 

motion, as shown in Figures 2.3.8.  

         a)   b)  c)  

Figure 2.3.8: Magnetic objects exhibiting domain growth under an applied field at 𝜃 equal to a) 0°, b) 30° 

and b) 90° to the easy axis of the MO. The 180° domain walls displace outwards to allow the central 

domain to grow. 

In this case, atomic magnetic moments along the border between domains join the domain that is most 

closely aligned with the applied magnetic field. The new domain configuration causes flux lines to 

escape the boundaries of the MO. Here, the crystallographic anisotropy energy 𝑈𝑎𝑛 is again nearly zero 

by having the spins align with the walls of the grain, however the magnetostatic energy 𝑈𝑚𝑠 is not zero 

since the grain now has a net magnetic moment. The magnetostatic energy 𝑈𝑚𝑠 is taken to be of the 

same form as Equation 2.3.7 and is given as, 

𝑈𝑚𝑠 =
1

2
𝑁𝑑𝑇𝑀𝑠

2𝑑2 

(2.3.19) 

where 𝑁𝑑 is a form factor, 𝑇 is the MO thickness shown in Figure 2.3.5, 𝑀𝑠 is the MO magnetization, and 

𝑑 is the width of the moment-producing region of the MO as shown in Figure 2.3.5. 𝜇0√𝑈𝑚𝑠 is the 

magnitude of the net moment of the MO. The pole energy, which is responsible for magnetizing the MO, 

is derived from Equation 2.3.9 and is given as, 
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𝑈𝑝 = −𝜉𝑝𝑇𝑀𝑠𝑑𝑎𝐻 cos𝜃 

(2.3.20) 

where 𝜉𝑝 is another form factor, 𝑎, 𝑑 and 𝑇 are the length, width and thickness of the moment 

producing region of the MO as shown in Figure 2.3.5, and 𝜃 is the angle between the applied field 𝐻 and 

the MO magnetic moment direction.  

In the case of low stress (e.g. 20% below yield stress), the magnetostatic energy and the pole energy 

overwhelm both the magnetoelastic energy and the domain wall energy. The optimal width 𝑑 of the 

moment-producing region may then be found by taking the derivative of the total energy and setting to 

zero [42], 

0 =
𝜕𝑈𝑚𝑠

𝜕𝑑
= 𝑁𝑑𝑇𝑀𝑠

2𝑑 − 𝜉𝑝𝑇𝑀𝑠𝑎𝐻 cos 𝜃 

(2.3.21) 

𝑑 =
𝜉𝑝𝑎𝐻 cos 𝜃

𝑁𝑑𝑀𝑠
 

(2.3.22) 

Domain wall motion is impeded by non-magnetic inclusions within grains, inhomogeneous strain, crystal 

impurities, and other irregularities within a material, called pinning sites [5] [24]. Pinning and unpinning 

of domain walls (known simply as “pinning”) causes the local, abrupt changes in magnetization called 

Magnetic Barkhausen Noise (MBN), which was first discovered by Barkhausen in 1919 [54] (shown in 

Figure 2.3.2). Pinning also causes the material magnetization to depend on its former magnetization 

state, i.e. hysteresis, as shown in Figure 2.3.1. Sections 2.4 and 2.5 overview some of the most 

commonly cited models of MBN and hysteresis, respectively, in the literature. 

2.4 Models of Magnetic Barkhausen Noise 

Two of the most widely cited models of MBN are the 1990 Alessandro et al. “ABBM” model [19] [55], 

and the 1994 Krause et al. model [5] [10] [11]. The ABBM model [19] [55] is a statistical model 
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developed for the very low frequency applied field regime (<< 1 Hz), while the Krause et al. model [5] 

[10] [11] is based on energy minimization and is applicable to higher frequency applied fields (~ 1 to 

1000 Hz). Both models assume that domain wall velocity 𝑣 is proportional to the magnitude of the 

applied field 𝐻, i.e. that, 

𝑣 ∝ 𝐻 − 𝐻𝑐 

(2.4.1) 

where 𝐻𝑐 is the coercive field, which is the applied field required for the domain wall to overcome 

pinning at a particular pinning site, i.e. 𝑣 = 0 for 𝐻 < 𝐻𝑐. Both models also assume that the MBN 

measured by the pickup coil is proportional to domain wall velocity 𝑣 from Equation 2.4.1.  

The ABBM Model: From here, Alessandro et al. [19] modelled domain walls as moving in a randomly 

perturbed medium (the perturbations being the pinning sites) according to a stationary Markov process 

[49], and they derived a gamma distribution for the sizes of the Barkhausen pulses; their derivation is 

recounted in the following Equations 2.4.2 through to 2.4.11.  

The coercive field 𝐻𝑐 from Equation 2.4.1 reflects the perturbations in the medium, i.e. the pinning, and 

is a random function of domain wall position. Hence, the flux Φ emitted by the domain follows a 

random walk [49] (i.e. the signal may increment up or down some random amount over one time 

iteration) with a Gaussian distributed [49] random step size 𝑑𝑊. The relationship may be described as, 

𝑑𝐻𝑐

𝑑Φ
+

𝐻𝑐 − 〈𝐻𝑐〉

𝜉
=

𝑑𝑊

𝑑Φ
 , 

(2.4.2) 

where 𝜉 is a constant, and where the walk is described by the first and second moments of the step 

size 𝑑𝑊 (the first moment 〈∘〉 is the mean, and the second moment 〈|∘|2〉 is the variance plus the 

squared mean [49]), 
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〈𝑑𝑊〉 = 0 , 

〈|𝑑𝑊|2〉 = 2𝐴 𝑑Φ , 

(2.4.3) 

where 𝐴 is a constant. Equation 2.4.1 is redeveloped to model the voltage signal generated by the 

domain wall motion, as 

𝜎𝐺Φ̇ = 𝐻 − 𝐻𝑐 

(2.4.4) 

where 𝜎 is the conductivity of the material, 𝐺 is a coefficient, and Φ̇ is the time rate of change of the flux 

through the pickup coil, which, by Faraday's law, is the pickup coil voltage signal. The flux is itself 

induced by the moving domain walls. The applied magnetic field 𝐻 is rewritten as the applied magnetic 

field 𝐻𝑎 minus a magnetostatic contribution 𝐻𝑚 from the domain; this is to account for the fact that the 

domain wall gets harder to move as material magnetization approaches saturation. The applied field 𝐻𝑎 

is assumed to have a constant time rate of change. The time rate of change of the magnetostatic field 

�̇�𝑚 is proportional to the time rate of change of the flux produced by the domain, i.e. 

�̇�𝑚 = Φ̇/𝑆𝜇 

(2.4.5) 

where 𝜇 is the material magnetic permeability and 𝑆 is a coefficient. The time rate of change of the 

applied field �̇�𝑎 is proportional to the drive coil current, i.e. 

�̇�𝑎 = 𝐼/̇𝜇 

(2.4.6) 

Then the time derivative of Equation 2.4.4 may be written as, 

𝑑Φ̇

𝑑𝑡
+

Φ̇ − 𝑆𝐼̇

𝜏
= −

1

𝜎𝐺

𝑑𝐻𝑐

𝑑𝑡
 

(2.4.7) 

where 𝜏 is a time constant, 
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𝜏 = 𝜎𝐺𝑆𝜇 

(2.4.8) 

After combining and manipulating Equations 2.4.2 to 2.4.8 (the details [19] being omitted here for 

brevity), one can show that, after performing a change of variables, the following differential equations 

are obtained, 

𝑑𝑧

𝑑𝑡
+

𝑧 − 𝑐

𝜏
=

𝑑ℎ𝑐

𝑑𝑡
 

𝑑ℎ𝑐

𝑑𝑡
+

𝑧

𝑐

ℎ𝑐 − 〈ℎ𝑐〉

𝜏𝑐
=

𝑑𝑤

𝑑𝑡
 

〈|𝑑𝑤|2〉 = 2𝑧
𝑑𝑡

𝜏
 

(2.4.9) 

where ℎ𝑐 is proportional to 𝐻𝑐, 𝑑𝑤 is proportional to 𝑑𝑊, 𝑧 = 𝑐Φ̇/𝑆𝐼 ̇and 𝑐 = 𝑆𝐼(̇𝜎𝐺)2/𝐴𝜏. At high 

domain wall velocities, as 𝑐 ≫ 1, the probability distribution that satisfies the system of Equations 2.4.9 

is the Gaussian distribution, 

𝑃0(�̃�) ∝ exp (−(�̃� − �̃�)2/2�̃�)  

(2.4.10) 

where �̃� = 𝑐(1 + 𝜏/𝜏𝑐) and �̃� = (�̃�/𝑐)𝑧 are reparameterizations of 𝑐 and 𝑧. At intermediate velocities, 

the system of Equations 2.4.9 are approximately satisfied by the Gamma distribution, 

𝑃0(�̃�) ∝ �̃�𝑐̃−1exp (−�̃�)  

(2.4.11) 

To summarize, the model by Alessandro et al. [19] assumes that Barkhausen events are directly 

correlated with domain wall motion. The model assumes that pinning follows a random walk with a 

Gaussian distributed step size with respect to domain wall position, and that the magnetic field acting 

on the domain wall is counteracted by the inclination of the domain wall to tend towards flux closure. 

The model results in a Gaussian distribution of Barkhausen events for sufficiently high velocity domain 



32 
 

wall motion, and a Gamma distribution for intermediate velocity domain wall motion. The Gamma 

distribution predicted by the ABBM model [19] is used in Chapter 7 to justify there being a power law 

relationship between applied field and step increase in magnetization.  

The Krause et al. model: Krause et al. [10] modelled domain wall motion as arising due to energy 

minimization, as in the magnetic object (MO) model (Section 2.3). Their derivation is recounted below. 

The change in energy Δ𝑈 associated with domain wall displacement Δ𝑑 is, 

Δ𝑈 = −2𝑀𝑠Δ𝑑𝐻∥ 

(2.4.12) 

where 𝑀𝑠Δ𝑑 is the change in MO magnetic moment, 𝑀𝑠 is saturation magnetization density, and 𝐻∥ is 

the component of field applied parallel to the MO magnetic moment, which is also parallel to the 180° 

domain wall. Equation 2.4.12 is essentially the change in pole energy from Equation 2.3.9. Starting from 

𝑑 = 0 in the flux closed case, the change in domain wall position is given as, 

Δ𝑑 =
2

𝐶
𝑀𝑠𝐻∥ 

(2.4.13) 

where 𝐶 is a coefficient. Therefore, the change in energy due to a displaced domain wall can be written 

as, 

Δ𝑈 = −
4

𝐶
𝑀𝑠

2𝐻∥
2 

(2.4.14) 

By Equation 2.4.4, which relates domain wall velocity 𝑣 from Equation 2.4.1 with the pickup coil signal 

Φ̇, the change in energy due to a displaced domain wall is proportional to the squared pickup coil signal 

(Φ̇)
2

, i.e. 
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(Φ̇)
2
= −

𝐶

4𝜎𝐺𝑀𝑠
2 Δ𝑈 

(2.4.15) 

where 𝐻𝑐 has been neglected. Hence, combining Equations 2.4.14 and 2.4.15, MBN energy is 

proportional to 𝐻∥
2, the square of the applied field which is parallel to the magnetic moment of the MO. 

Proceeding to sum together over a distribution of randomly oriented MOs, yields the Krause et al [10] 

equation for angular dependent MBN energy, 

𝑀𝐵𝑁𝑒 = 𝛼 cos2(𝜃 − 𝜙) + 𝛽 

(2.4.16) 

where 𝜃 is the direction of the applied field, 𝜙 is now the bulk easy axis direction, and 𝛼 and 𝛽 are 

coefficients that describe the alignment and misalignment, respectively, of the magnetic objects and the 

magnetic easy axis. 

Chapter 5 arrives at a very similar expression for 𝑑 as Equation 2.4.13. Furthermore, without invoking 

the magnetic object model, Chapter 6 arrives at the same expression as Equation 2.4.16 for angular 

dependent MBN energy from a dipole probe. Unlike the Krause et al. [10] and ABBM [19] models, 

however, Chapter 5 assumes that domain wall position, rather than velocity, is proportional to 𝐻 − 𝐻𝑐. 

This alternative assumption is supported by numerical simulation of the domain structure of an MO 

under an applied field in Chapter 8. 

2.5 Models of Ferromagnetic Hysteresis 

Early work to describe and quantify the process of ferromagnetism, including hysteresis (shown in Figure 

2.3.1), was performed in the late eighteen hundreds by notable figures such as Weber [56], Wiedemann 

[57], Maxwell [58] and Ewing [59]. Maxwell attempted to analytically derive a theory of hysteresis by 

explaining it in terms of interactions between elements of an array of magnetic moments. Ewing took up 

where Maxwell left off, with Langevin eventually describing paramagnetism in 1905 [60] [61]. However, 
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the mechanism for ferromagnetic hysteresis remained an open question. Section 2.5 reviews three of 

the most often cited models of ferromagnetic hysteresis: the Preisach [22] [23], Jiles-Atherton [24], and 

Włodarski [25] models. 

The Preisach model: In 1935, Preisach [22] [23] proposed a numerical model for hysteresis that 

considered a continuous hysteresis loop to be the sum of many smaller rectangular hysteresis loops. The 

model is successful in approximating continuous hysteresis loops to an arbitrary level of fineness; that is, 

the more rectangular loops that are used, the more precise the model. 

The rectangular hysteresis loops are modelled as imperfect relay functions. A relay, or switch, function 

may either be on or off, in response to an input 𝑥. An imperfect relay 𝑓(𝑥) is a relay that switches on at 

𝑥 = 𝛼, and switches off at 𝑥 = 𝛽, where 𝛼 > 𝛽 ∈ ℝ, as shown in Figure 2.5.1. In contrast, a perfect 

relay has switching at 𝛼 = 𝛽, like a step function.  

 

Figure 2.5.1: An imperfect relay with max output 𝑌, minimum output 0, and switching at 𝛼 and 𝛽. Red, 

increasing 𝑥. Blue, decreasing 𝑥. 

The Preisach model states that a ferromagnetic hysteresis loop is a sum of imperfect relays [22] [23]. 

These relay functions describe local, irreversible changes in magnetization, corresponding to atomic 

magnetic moments collectively jumping between minimum energy spin configurations. Some quantity of 

magnetic relays have switching at a specific 𝛼 and 𝛽, another quantity of relays have switching at 

different 𝛼 and 𝛽, and so on. For applied field 𝐻 increasing with time 𝑡, the equation for magnetization 
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𝑀 is a sum of all the relays that are flipped positive, minus the ones that remain negative. Therefore, 

magnetization is described by [22] [23], 

𝑀(𝑡) = ∬ 𝜇(𝛼, 𝛽)
𝛼≥𝛽

𝛾𝛼𝛽𝐻(𝑡) 𝑑𝛼 𝑑𝛽 

(2.5.1) 

where 𝜇(𝛼, 𝛽) is a weighting function, describing the combined number and magnitudes of all local, 

irreversible magnetization changes with switching at 𝛼 and 𝛽, and where 𝛾𝛼𝛽 is the relay function that 

models the magnetic switching, given by, 

𝛾𝛼𝛽(𝑥𝑡) = {

             1,          if 𝑥𝑡 ≥ 𝛼
          −1,          if 𝑥𝑡 ≤ β

𝛾𝛼𝛽(𝑥𝑡−1),          otherwise
 

(2.5.2) 

Note that 𝜇(𝛼, 𝛽)/𝑀𝑠𝑎𝑡 represents a joint-probability distribution [49] of positive switches 𝛼 and 

negative switches 𝛽, where 𝑀𝑠𝑎𝑡 is the saturation magnetization.  

The Preisach model is somewhat abstract, does not reveal much about the underlying physics of the 

irreversible magnetization changes, and practical implementation of the model is usually numerical and 

time intensive. However, the Preisach model of hysteresis successfully models ferromagnetic hysteresis 

data to an arbitrary level of precision [23]. Chapter 7 borrows the idea of a distribution of switches to 

model initial magnetization. 

The Jiles-Atherton model: In 1986, D.C. Jiles and D.L. Atherton [24] published a model of hysteresis 

based on domain wall motion. The theory divides the magnetization curve 𝑀 into reversible 𝑀𝑟𝑒𝑣 and 

irreversible 𝑀𝑖𝑟𝑟  components, as such, 

𝑀 = 𝑀𝑟𝑒𝑣 + 𝑀𝑖𝑟𝑟  

(2.5.3) 
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The reversible component of magnetization 𝑀𝑟𝑒𝑣 is due to continuous domain wall bulging (which may 

be nonphysical, since it works against the anisotropy energy discussed in Section 2.3), whereas the 

irreversible component 𝑀𝑖𝑟𝑟  is due to discontinuous domain wall displacement. Pinning of domain wall 

motion leads to hysteresis, whereas the absence of pinning yields the anhysteretic from paramagnetism 

[60] [61]. Experimentally, an anhysteretic magnetization curve may be obtained for a sample, by 

performing a series of degaussing stages, while maintaining a DC bias field [62]. The anhysteretic is 

modelled as, 

𝑀𝑎𝑛 = 𝑀𝑠𝑓(𝐵 + 𝛼𝑀) 

(2.5.4) 

where 𝑀𝑠 is the saturation magnetization, 𝐵 is the flux density in the vicinity of the domains, and 𝛼𝑀 is 

the influence of nearest neighbor domains. 𝛼𝑀 is approximated as the average bulk magnetization 𝑀 

times 𝛼, where 𝛼 is a coefficient. 𝑓 is the cumulative distribution function (cdf) of the displaced domain 

walls as a function of the "effective field" 𝐻𝑒, which the authors write as 𝐻𝑒 = 𝐵 + 𝛼𝑀. The authors 

admit to arbitrarily choosing the cdf to be,  

𝑓(𝐻𝑒) = coth (
𝐻𝑒

𝑎
) − (

𝑎

𝐻𝑒
) 

(2.5.5) 

where 𝑎 is a coefficient. Equation 2.5.5 is based on the Langevin expression from paramagnetism [61], 

where 𝑎 = 1. 

The magnetization due to the irreversible domain displacement, 𝑀𝑖𝑟𝑟, is modelled as a balance of 

"energies", between the pinning energy 𝑈𝑝𝑖𝑛 and the work done by the magnetic field 𝑈𝑚𝑓. The pinning 

energy is derived to be,  

𝑈𝑝𝑖𝑛(𝑀) = 𝑘 ∫ 𝑑𝑀
𝑀

0

 

(2.5.6) 
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where 𝑘 is a coefficient. The work done by the magnetic field is stated to be, 

𝑈𝑚𝑓 = ∫ 𝐻 𝑑𝐵 =
1

𝜇0
∫ 𝐵 𝑑𝐵 − ∫ 𝑀 𝑑𝐵 

(2.5.7) 

Note that Equation 2.5.7 is not the same as the energy stored in the magnetic field [36], i.e. the 

magnetostatic energy given by Equation 2.3.5. Neither is it the pole energy (Equation 2.3.8); indeed, the 

paper [36] does not make it clear where Equation 2.5.7 comes from. Zirka et al. [63] contend that 

Equation 2.5.7 in fact does not represent an energy at all. 

Combining Equations 2.5.6 and 2.5.7 yields, 

∫ 𝑀 𝑑𝐵𝑒 = ∫ 𝑀𝑎𝑛(𝐻𝑒) 𝑑𝐵𝑒 − 𝑘∫ (
𝑑𝑀

𝑑𝐵𝑒
)𝑑𝐵𝑒 

(2.5.8) 

And differentiating yields, 

𝑀𝑖𝑟𝑟 = 𝑀𝑎𝑛 − 𝛿𝑘 (
𝑑𝑀

𝑑𝐵𝑒
) 

(2.5.9) 

where 𝛿 may be +1 or -1 depending on whether the applied field is increasing or decreasing, and where 

𝐵𝑒 is an "effective field" [24].  

The authors model the reversible component of magnetization, 𝑀𝑟𝑒𝑣, due to domain wall bulging, 

following previous work by Globus et al. [64] as, 

𝑀𝑟𝑒𝑣 = 𝑐(𝑀𝑎𝑛 − 𝑀) 

(2.5.10) 

where 𝑐 is a coefficient. Summing the 𝑀𝑖𝑟𝑟  and 𝑀𝑟𝑒𝑣 together gives the total magnetization, 

𝑀 = 𝑀𝑎𝑛 − 𝛿
𝑘

𝑐 + 1
(
𝑑𝑀

𝑑𝐵𝑒
) 

(2.5.11) 
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With the anhysteretic 𝑀𝑎𝑛 described by Equation 2.5.5, Equation 2.5.11 is a nonlinear differential 

equation with a nontrivial solution. Note that, from a curve fitting point of view, Equation 2.5.11 (with 

fitting parameter 𝛿𝑘/(𝑐 + 1)) is indistinguishable from Equation 2.5.9 (with fitting parameter 𝛿𝑘). The 

implication is that, one would never be able to deduce from the model to what extent the 

magnetization relies on continuous processes, and to what extent discontinuous. 

Though it is one of the most widely cited models, several works have shown that the Jiles-Atherton 

model is without physical basis [63] [65] [66] [67]. Therefore, its application should remain limited to 

empirical modelling. The model has been shown to fit mild, low loss electrical and pipeline steel with 

reasonable accuracy [24]. 

Many other hysteresis models have been proposed since the eighties, for example [25] [43] [68] [69] 

[70] and [71], to name a few. It is worth mentioning one particular empirical hysteresis model that out-

performs the Jiles-Atherton model and others in the literature, in terms of generality, simplicity and 

accuracy.  

The Włodarski model: Published in 2007, the Włodarski model [25] is an empirical model of hysteresis 

that fits sigmoid-type functions following several simple constraints. The particular sigmoid-type 

functions are odd saturation functions, i.e. 1) they are continuous functions that increase monotonically, 

2) they converge to a unit constant when taken to infinity, and 3) they are doubly symmetrical about the 

origin, i.e. 𝑓(−𝑥) = −𝑓(𝑥). Some examples of functions that satisfy these conditions may be the 

Langevin function [61] (Equation 2.5.5 with 𝑎 = 1), the hyperbolic tangent function, or a rational 

function such as 𝑓(𝑥) = 𝑥/√(𝑥2 + 1). 

For describing hysteresis, two identical sigmoids are multiplied together, with the following constraints: 

1) one being forced through the positive coercive field 𝐻𝑐, and one through the negative, 2) both 

saturating at the same value ±1 at the same rate 𝜉, and 3) both meeting at the point where applied field 
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is reversed, i.e. at (𝐻𝑚𝑎𝑥,𝑀𝑚𝑎𝑥/𝑀𝑠𝑎𝑡), where 𝑀𝑠𝑎𝑡 is the saturation magnetization. The equation which 

satisfies these constraints, and therefore, which describes magnetic hysteresis, is given by, 

𝑀 = ∓𝑀𝑚𝑎𝑥 ±
𝑀𝑠𝑎𝑡

2
[𝑓 (

𝐻 + 𝐻𝑐

𝜉
) − 𝑓 (

∓𝐻𝑚𝑎𝑥 + 𝐻𝑐

𝜉
)] [𝑓 (

𝐻 − 𝐻𝑐

𝜉
) − 𝑓 (

∓𝐻𝑚𝑎𝑥 − 𝐻𝑐

𝜉
)] 

(2.5.12) 

where 𝑀 is magnetization and 𝐻 is applied field. The simple and elegant Włodarski model accurately fits 

a wide variety of hysteresis loops, and fitting parameters obtained from fitting the major hysteresis loop 

can be used to predict minor loops and initial magnetization. As of writing this thesis, Włodarski model is 

perhaps the most useful model in the literature for practical hysteresis modelling applications. 
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Chapter 3: Experimental Technique 

Synopsis: The following chapter details the equipment and procedures used to make the Magnetic 

Barkhausen Noise (MBN) measurements (analyzed in Chapters 4 to 6), and the magnetic hysteresis 

measurements (analyzed in Chapter 7). Section 3.1 focusses on the MBN probe considered in Chapters 4 

to 6, and Section 3.3 describes how hysteresis data was obtained for Chapter 7. Section 3.2 briefly 

summarizes improvements made to equipment and software, measurements taken, and training 

provided, both as a summer student before starting the masters research, and as a masters student 

after starting the masters research. 

3.1 MBN Procedure and Setup 

Figure 1.1.1 showed isometric views of generic dipole and tetrapole MBN probes used to perform 

Magnetic Barkhausen Noise measurements. The particular designs used for the current thesis were a 

modified version of Steve White's original tetrapole probe, the SL4P probe [3], as well as an 

accompanying dipole probe. The dipole and tetrapole probes are illustrated in Figures 3.1.1 and 3.1.2, 

which show side and bottom views. An annotated photograph of the tetrapole probe is shown in Figure 

3.1.3. This tetrapole probe, in particular, was the object of study for the thesis research.  

 

Figure 3.1.1: Side-view diagram of dipole MBN probe, which has one U-core. See also Figure 1.1.1a. 
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a)   b)  

Figure 3.1.2: Bottom-view diagram of a) dipole MBN probe, and b) tetrapole MBN probe. The dipole 

MBN probe has one U-core, while the tetrapole probe has two overlapped U-cores. The overlap is shown 

more clearly in Figure 1.1.1b.  

 

Figure 3.1.3: Annotated photograph of one of the tetrapole probes investigated for the thesis research. 

Aluminum case is about 1"x2"x3". 

The tetrapole probe shown in Figures 3.1.2 and 3.1.3 consists of four drive coils and four feedback coils, 

one of each mounted on the pole ends of two overlapping Supermendur [29] U-cores, the feedback coils 

being flush to the pole face. A pickup coil was mounted flush to the edge of a ferrite core centered 

between the four poles of the probe. The faces of all four poles were coplanar, i.e. if the probe were to 

be placed on a flat surface, all four pole faces would contact the sample surface with no gaps and no tilt. 

The pickup coil is backed by a compressible sponge to ensure good contact with the sample. To prevent 

edge effects, the sample is always chosen to be wider than the probe. 
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The drive and feedback coils encircled a cross-sectional area of 10.5 mm by 4.80 mm, with 500 and 100 

turns, respectively, of 36 gauge copper wire, and respectively were 6.5 mm and 1.5 mm long. The 

resistances and inductances of each of the drive coils are summarized in Table 3.1.1. The total average 

flux path length through each Supermendur U-core was estimated to be 80.4 mm for the shorter U-core, 

and 96.8 mm for the taller. The pickup coil consisted of 400 turns of 45 gauge copper wire surrounding a 

1.0 mm ferrite core, and the coil was 1.0 mm long.  

Table 3.1.1: Probe drive coil resistances and inductances. 

Channel n 
drive coil 

Resistance 
(Ω) 

Inductance 
(mH) 

1 (Red) 25.1 11.8 

2 (Yellow) 25.2 11.7 

3 (Blue) 25.2 11.6 

4 (Green) 25.2 12.2 

 

Drive coil frequencies of between 20 and 120 Hz were used, with amplitudes between 2 and 12 V. The 

drive coils would operate under either voltage control or flux control to apply a magnetic field to the 

sample. In voltage control, a constant amplitude sinusoidal voltage waveform was supplied to the drive 

coils. In flux control, flux amplitude measured by the feedback coils at the ends of the poles was kept 

constant, by using a proportional error controller to adjust the voltage supplied to the drive coils. Flux 

control supposedly accounts for nonuniform liftoff [3]; however, Chapter 4 discusses why this is not the 

case in practice. 

Although the drive coil frequency is relatively low, the MBN typically has a high frequency, in excess of 1 

kHz (for power spectrum, see [3]). As a result, the skin depth effect in conductors limits the depth of 

penetration of MBN technique to within about 1 mm [72]. The MBN generates a voltage signal in the 

pickup coil that is fed into a 10 gain amplifier, then through a 1 kHz high-pass filter, and finally through 

another 50 gain amplifier, totalling 500 gain. The resulting MBN pickup coil voltage over one drive coil 

excitation cycle is shown in Figure 3.1.4. The MBN sampling rate was 2 MHz.  
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Figure 3.1.4: Example applied (drive) magnetic flux density (- -) and corresponding raw pickup coil 

voltage (–) [3]. 

The MBN signal was processed to obtain a result that is termed the “MBN Energy” [5] [10] [11]. To 

obtain a MBN energy (MBNe) result from the “raw data” shown in Figure 3.1.4, the signal was filtered 

digitally using a Butterworth filter (3-400kHz), before being squared, then averaged over 16 excitation 

cycles (that is, 16 periods of the sinusoidal applied field). The resulting MBN envelope is shown for 

different drive coil frequencies in Figure 3.1.5. The MBN envelope was integrated to obtain a single 

MBNe value [73]. This MBNe value is shown in Figure 3.1.6 as a function of drive coil frequency, for two 

different types of steel. 
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a)      b)  

Figure 3.1.5: Example MBN envelope processed from a pickup coil voltage signal, from a) magnetically 

soft IF steel (–) and b) magnetically hard 1075 steel (–). Drive voltage amplitude at 2.0 V with frequencies 

25 Hz (···), 50 Hz (- -), and 120 Hz (–). 

 

Figure 3.1.6: Example plot of MBN energy versus drive coil frequency, for two different types of steels. IF 

(interstitial-free) steel is magnetically soft, and 1075 steel is magnetically hard. Filled data points 

correspond to the example MBN envelopes shown in Figure 3.1.5. 

Additional supporting equipment for the MBN measurement system consisted of a power supply and 

signal processor, and software run on a laptop. Both the hardware and software were based on an 

original design by Steve White [3], which was further modified by Paul McNairnay [16]. Further 
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improvements were added as part of the current thesis work. A rotation guide mounted on the surface 

of the sample aided in setting probe angles for manual probe orientation, and ensured that pickup coil 

position remained consistent during measurements involving probe re-orientation. Contact pressure 

between the probe and the sample surface was either maintained by hand or with a clamp.  

The MBN data acquisition software allowed the following parameters to be varied:  

• The frequency and amplitude of the applied field generated by the drive coils. 

• The “angle” of the superimposed magnetic field. This angle is assumed by the software to be a 

linear addition of the two orthogonal applied fields. At 0° and 90° only one pair of drive coils 

were activated. 

• The number of measurement trials. 

• The number of trials the program discarded from the start of each measurement. The data from 

the first trials were usually grossly distorted, since for those trials the analogue voltage 

controllers were still in the process of driving the system towards steady state. 

• How the probe controlled the applied field, i.e. using voltage control or flux control.  

• A variable to sweep, such as voltage, flux, frequency, position, superposition angle, etc. Start, 

finish, numbers of steps and step size could be specified; the program would automatically 

increment the sweep variable in a linear fashion. 

During a typical MBN measurement, the operating frequency for the drive coil was about 50 Hz 

(hardware allowed 5-200 Hz), and usually twenty repeat measurements were performed, with the first 

four being discarded. The remaining 16 would be used for the MBNe calculation. A Degauss cycle would 

be performed immediately preceding and following each set of twenty measurements to remove any 

residual magnetization in the sample. Flux control was used to account for liftoff variations [7]. To 

choose an operating flux density for flux control, a flux density sweep was performed over a range large 
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enough (for example 200 to 800 mT for mild steel, or 100 to 300 mT for silicon steel) to produce a 

sigmoid shape when plotting the resulting MBNe versus Flux density, shown for example in Figure 3.1.7. 

The “operating flux density” is chosen to be the highest flux value in the linear region of the plot. This 

operating point has been shown to produce the MBN signal with the highest signal-to-noise ratio, while 

still maintaining linear behavior of the MBN [48]. 

 

Figure 3.1.7: Flux density sweep and resulting MBNe (o) for choosing the operating flux density for a 

silicon steel sample. A trendline is fit to the selected linear region (●), and the highest flux density from 

the linear region (◼), 250 mT, is chosen. 

When positioning the probe for a measurement, the probe was usually aligned along the easy axis of the 

sample to maximize measurement sensitivity. The probe was always placed on the sample with motion 

strictly perpendicular to the sample surface to prevent measurement errors due to pickup coil tilt or 

displacement, and to avoid damaging the probe. The probe was firmly held against the sample’s surface 

so that pressure was constant and evenly distributed amongst the pole faces, in order to ensure good 

coupling and consistent liftoff. Coupling uniformity was controlled by monitoring the feedback coil signal 

during measurement, and by redistributing pressure as needed to equalize the amplitudes of the 

feedback coil signals. This was necessary because the flux control system does not, in practice, 

effectively compensate for liftoff variations; this is further discussed in Chapters 4 to 6. Liftoff variations 
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could also be reduced by adding an arbitrary liftoff (about 0.1 mm) between the poles and the surface, 

for example using a thick sheet of paper with a hole cut out for the pickup coil. The pickup coil suffers 

severe signal drop-off with liftoff, so it was kept in contact with the sample surface. 

3.2 Equipment Build  

Prior work was performed on MBN data acquisition software as a summer student, largely under the 

direction of Dr. Underhill, before starting the MSc program. These tasks are listed was follows:  

• Deciphering and organizing the LabVIEW code of the MBN acquisition software. 

• Restructuring the code to be variable-oriented. 

• Simplifying the flux control system by removing the analogue component and converting the 

software component into a simple PE controller. 

• Adding data display, saving and reloading features. 

• Writing the "MBN Data Acquisition Software Manual". 

• Winding over two hundred drive, feedback and pickup coils for tetrapole probe fabrication. A 

large number of coils were wound, in part, to ensure that the probes' drive and feedback coils 

were properly balanced. Balanced meaning that, the resistances and the inductances of the 

drive coils were equal, and the resistances and the inductances of the feedback coils were equal. 

• Dimensioning and ordering Supermendur [29] U-cores for new tetrapole probes. 

• Fabricating four and a half of Dr. Underhill's version of Steve White's SL4P probe [3]. 

• Installing strain gauges for stress-dependent MBN measurements. 

• Spending many hours collecting MBN data. 

• Trained others on how to operate the MBN data acquisition software and equipment. 
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The following additional adjustments were made to the equipment as part of the MSc work: 

• Improving the software waveform amplitude estimate for flux control. 

• Writing stand-alone MBN analysis software, mostly using code copied from the MBN data 

acquisition software. The stand-alone software used a simplified MBN energy calculation that 

was mathematically equivalent to what was calculated by the older software, however without 

the digital high-pass filter. The stand-alone software loaded data about an order of magnitude 

faster than the original MBN data acquisition program. 

• Introducing several new analysis features into the MBN analysis software, such as performing 

pulse height counts. 

3.3 Hysteresis Procedure and Setup 

Figure 3.3.1 shows a circuit diagram of the transformer circuit used to perform magnetic hysteresis and 

DC magnetization experiments in the thesis work. The experiment transformer was standard 

prefabricated equipment typically used in second year physics labs. A U4-1663 oscilloscope was used to 

measure the drive voltage across 𝑅1 and the receive voltage across 𝐶. The isolation transformer used to 

clean the signal fed to the experiment equipment was a type 200c Variac manufactured by General 

Radio Co. The variable output autotransformer was a Powerstat type 116B manufactured by The 

Superior Electric Co.  
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Figure 3.3.1: Schematic of experimental circuit for hysteresis measurements. Current 𝐼 through the 𝑛1 

turns of the transformer drive coil was monitored by measuring the voltage drop across resistor 𝑅1. The 

drive coil produced magnetic flux through the yoke and sample, flux that induced a voltage in the 𝑛2 

turns of the receive coil. Resistor 𝑅2 minimized the current to reduce back emf in the receive circuit, and 

capacitor 𝐶 removed any DC field components and integrated the flux density rate of change over time. 

For the particular setup of this experiment, applied magnetic field 𝐻 and magnetic flux density 𝐵 are 

given as: 

𝐻 =
𝑛1

𝑙𝑅1
𝑉𝑅1

 

(2.3.1) 

𝐵 =
𝑅2𝐶

𝑛2𝑎
𝑉𝑐 

(2.3.2) 

Where 𝑛1 is the number of turns of the drive coil, 𝑛2 is the number of turns of the receive coil, 𝑙 is the 

average length of the flux paths, 𝑎 is the cross-sectional area of the sample, 𝑅 is resistance, 𝐶 is 

capacitance, 𝑉𝑅1
 is the voltage across resistor 1 and 𝑉𝑐 is the voltage across the capacitor. Table 3.3.1 

summarizes the quantitative properties of the circuit, 

Table 3.3.1: Transformer circuit parameters and uncertainties. 

Circuit 
parameter 

Parameter 
value 

Value 
uncertainty 

Parameter 
units 

𝑛1 160 0 turns 

𝑛2 150 0 turns 

𝑅1 100 50 mΩ 

𝑅2 1000 10 kΩ 

𝐶 500 10 nF 
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Scaled alternating current (AC) was used directly from the power grid, and so the voltage waveform was 

sinusoidal at a frequency of 60.0 ± 0.3 Hz. The value for frequency was obtained from fitting 3 periods of 

𝑉𝑅1
 data with a sinusoid, and the error is a 95% confidence interval calculated using the standard 

deviation of the residuals. 

Figure 3.3.2 shows the dimensions of two example samples, the dimensions of the iron laminate yoke, 

and the assumed form of the flux path. The path length through the yoke was calculated by taking the 

inner distance between the yoke legs, adding that to two times the length of each leg, plus twice of π/2 

times the thickness of the lower bar over two, i.e. 

𝑙𝑦 = [(100 − 2 × 28) + 2(102 − 28) + 2
𝜋

2

28

2
]mm = 236 ± 9 mm 

The path length through the sample was calculated by adding the inner distance between the legs of the 

yoke to twice of π/2 times the thickness of the sample over two, for example, 

𝑙𝑓 = [(100 − 2 × 28) + 2
𝜋

2

28

2
]mm = 88 ± 5 mm 

𝑙𝑠 = 85 ± 5 mm 

 

Figure 3.3.2: Dimensions of ferromagnetic components of experiment equipment. Assumed flux path 

shown as dotted gray line. 

In the experiment, the voltage output of the variable transformer was incrementally increased. 𝑉𝑅1
 and 

𝑉𝐶 data were collected at each increment for each of the samples to generate a family of minor 
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hysteresis loops for each. The extremes of the minor loops were used to generate the DC magnetization 

curves. Chapter 7 analyzes data obtained using these equipment and procedures. 
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Chapter 4: Circuit Behavior of the MBN Probe 

Synopsis: In Section 2.2, it was mentioned that the back emf of a drive coil could potentially be used to 

monitor flux density 𝐵. On the Magnetic Barkhausen Noise (MBN) probe used for this thesis work (see 

Chapter 3), the flux density 𝐵 is monitored using feedback coils, shown in Figure 4.1.1. The discussion in 

Chapter 4 considers that comparing the drive coil and feedback coil measurements for 𝐵 reveals further 

information about the probe/sample system during a MBN measurement, such as probe liftoff and 

sample magnetic reluctance. Liftoff dependent dissimilarity between drive and feedback coil 

measurements for 𝐵 explains the observation from Chapter 3 that flux control does not properly 

compensate for liftoff. Chapter 4 also points out that the flux density generating the MBN is presently 

not measured by the MBN probe. This motivates using MBN as an indirect measure of 𝐵, as done in 

Chapter 5. 

4.1 Circuit Theory for Measuring 𝐵 

Figure 4.1.1 shows the MBN probe system, including the drive coil (excitation coil) and feedback coil, 

which together make up the flux density production and monitoring system of the probe [7] (also 

discussed in Chapter 3). The drive coil induces an applied field 𝐻 by the Biot-Savart law (see Section 2.2). 

𝐻 produces magnetic flux density 𝐵 along the flux path (the dotted line in Figure 4.1.1), which is guided 

by the U-core into the sample. This 𝐵 induces a voltage in the feedback coil according to Faraday's law 

(see Section 2.2), from which the 𝐵 in the sample is inferred. 
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Figure 4.1.1: Schematic of MBN probe flux density production and monitoring system. The drive coils 

produce the magnetic flux density in the U-core and sample along the flux path, and the feedback coils 

monitor the flux density. 

The drive coil behaves as a series inductor-resistor circuit, shown in Figure 4.1.2a. Drive coil voltage 𝑉 is 

the voltage source, 𝐼𝑅 is the voltage drop across resistor 𝑅 by Ohm’s law, and 𝑑ΦDrive/𝑑𝑡 is the back 

emf. Therefore, 

𝑉 =
𝑑ΦDrive

𝑑𝑡
+ 𝐼𝑅 

(4.1.1) 

Note that 𝑑ΦDrive/𝑑𝑡 is induced by the circuit flux density 𝐵, according to Faraday's law, 

𝑑ΦDrive

𝑑𝑡
=

𝑑

𝑑𝑡
∫ 𝐵 ∙ 𝑑𝑎 

(4.1.2) 

The feedback coil behaves as an isolated inductor, shown in Figure 4.1.2b. 𝑑ΦFeed/𝑑𝑡 is the back emf of 

the feedback coil, also induced by the circuit flux density 𝐵 according to Faraday's law.  

a)          b)        

Figure 4.1.2: Circuit diagram model of a) drive coil and b) feedback coil. 
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Considering that the drive and feedback coils both have the same cross-sectional area, their back emfs 

may be related by, 

1

𝑁𝐹𝑒𝑒𝑑

𝑑ΦFeed

𝑑𝑡
= 𝑐

1

𝑁𝐷𝑟𝑖𝑣𝑒

𝑑ΦDrive

𝑑𝑡
 

(4.1.3) 

where 𝑁𝐹𝑒𝑒𝑑 and 𝑁𝐷𝑟𝑖𝑣𝑒  are the number of turns for the feedback and drive coils, respectively, and 𝑐 is a 

ratio. Assuming no power loss, flux short-circuiting nor nonlinear behaviors, the feedback and drive coils 

should measure the same 𝐵, i.e 𝑐 = 1. As an aside, Equation 4.1.3 happens to model power 

transformers, where 𝑐 is known as the coupling coefficient [36] [74] [75]; here 𝑐 is called the “flux 

retention ratio”. 

In the present MBN system, the feedback coil back emf 𝑑Φ𝐹𝑒𝑒𝑑/𝑑𝑡, drive voltage 𝑉, current 𝐼 and 

resistance 𝑅 are all measured directly. Combining Equations 4.1.1 and 4.1.3, 

1

𝑁𝐹𝑒𝑒𝑑

𝑑Φ𝐹𝑒𝑒𝑑

𝑑𝑡
= 𝑐

1

𝑁𝐷𝑟𝑖𝑣𝑒

(𝑉 − 𝐼𝑅)  

(4.1.5) 

As mentioned above, the flux retention ratio 𝑐 between feedback coil back emf (Equation 4.1.5 left) and 

drive coil back emf (Equation 4.1.5 right) should be unity. However, a non-unity value of 𝑐 may be 

caused by flux short-circuiting and in-sample power loss; this is treated theoretically in section 4.2, 

which follows. Note that the magnetic flux density 𝐵 may be obtained by Faraday’s law, i.e. integrating 

either the left or right hand side of Equation 4.1.5 with respect to time, and dividing the result by the 

cross-sectional area of the U-core. 

4.2 Modelling Flux Retention Using Analogous Circuits 

In this section, conditions are derived under which the flux retention ratio 𝑐 is non-unity. It is also shown 

that the flux density throughout the flux circuit in Figure 4.1.1 is not constant; the flux density 𝐵𝐷 
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measured by the drive coil is not the same as the flux density 𝐵𝐹 measured by the feedback coil. 

Furthermore, for nonzero liftoff ℎ and nonzero sample magnetic reluctance ℛ, neither 𝐵𝐷 nor 𝐵𝐹 is the 

same as the flux density in the sample. 

Note, magnetic reluctance is defined as the extent to which a material resists being permeated by a 

magnetic field [74]. Magnetic reluctance is inversely proportional to the magnetic permeability of a 

material, as well as a material’s cross-sectional area, and is directly proportional to the flux path length 

through a material.  

Steve White [3] worked off of Sadiku [74] to model the flux path (see Figure 4.1.1) produced by the MBN 

probe, by analogy to electric circuits. He represented the following elements of the probe/sample 

system as the corresponding components of an electric circuit,  

• the drive coil (also called a “flux source” [3]) as a current source with current 𝑑𝐵𝐷/𝑑𝑡,  

• the liftoff as a variable resistor with resistance ℎ𝑎/𝜇0, with ℎ being liftoff height and 𝑎 the cross-

sectional area of the flux through the air,  

• the sample as a resistor with resistance ℛ accounting for permeability, coercivity, eddy-currents, 

flux path length, and sample cross-sectional area, 

• the feedback coil as an Ammeter, and 

• the Supermendur U-core as a short-circuit, since it has unusually high magnetic permeability 

[29].  

A similar approach is taken here, with the exceptions shown in Figure 4.2.1 allowing for two situations: 

• the possibility that flux may bypass the sample and the feedback coil and simply loop back into 

the drive coil with resistance ℓ𝐷/𝜇0 (Figure 4.2.1) or  
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• the possibility that flux may bypass the sample, but loop through both the drive coil and 

feedback coils, (Figure 4.2.1) with resistance ℓ𝐹/𝜇0. 

Here, ℓ𝐷 and ℓ𝐹 account for path length and area of the respective flux paths through air. Furthermore, 

it is known from experimentation on the MBN probe that, in reality, there are significant power losses in 

the U-core due to eddy-currents. The effect of core losses is absorbed by the other resistance terms: 

ℓ𝐷/𝜇0, ℓ𝐹/𝜇0 and ℛ. The circuit diagram for the proposed flux circuit behavior is given in Figure 4.2.2.  

 

Figure 4.2.1: Zoomed-in schematic of MBN probe flux density drive and monitoring system, with flux 

paths (- -) modified from Figure 4.1.1 given with magnetic reluctances. In reality, there would be a 

continuum of flux paths, however they may be approximately sorted into these three distinct categories. 

Also, the U-core is not a true short-circuit, however the effects of its magnetic reluctance are absorbed 

into ℓ𝐷/𝜇0, ℓ𝐹/𝜇0 and ℛ. The magnetic reluctances are modelled as resistances in Figure 4.2.2. 
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Figure 4.2.2: Magnetic circuit representation of flux density drive and monitoring system shown in Figure 

4.2.1. By symmetry, and assuming uniform liftoff, the probe/sample system may be represented in half-

space, hence the circuit diagram is representative of the entire probe and sample system. 

The circuit Figure 4.2.2 is solved, through application of Thevenin equivalent resistance followed by 

application of the current divider circuit formula. The flux retention ratio 𝑐 between feedback and drive 

coil flux density rate of change may be written as,  

𝑐 =
𝑑𝐵𝐹/𝑑𝑡

𝑑𝐵𝐷/𝑑𝑡
=

ℓ𝐹
−1(𝑎ℎ + 𝜇0ℛ) + 1

(ℓ𝐷
−1 + ℓ𝐹

−1)(𝑎ℎ + 𝜇0ℛ) + 1
 

(4.2.1) 

Equation 4.2.1 reveals interesting flux density behaviours: 

• For high liftoff ℎ or high sample magnetic reluctance ℛ, such as when a measurement is performed 

without a sample, the amount of flux density 𝐵 bypassing both the sample and feedback coil is 

maximized and the flux retention 𝑐 approaches a non-unity constant.  

• For near-zero ℎ and ℛ, such as with good coupling to a high-permeability, low-conductivity sample, 

the difference between measured flux densities 𝐵𝐷 and 𝐵𝐹 is lowest, and 𝑐 is unity.  

Typical MBN measurements are performed with low but nonzero ℎ and ℛ. For fitting 𝑐 as a linear 

function of liftoff ℎ, a first order Taylor series expansion of Equation 4.2.1 for small 𝑎ℎ + 𝜇0ℛ gives, 

𝑐 ≈ 1 − ℓ𝐷
−1(𝑎ℎ + 𝜇0ℛ) 

(4.2.2) 
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The slope 𝑚 and the Y-intercept 𝑏 of a linear fit to flux retention 𝑐 determined for a variety of liftoffs ℎ 

would be given as, 

𝑚 = −𝑎ℓ𝐷
−1 

(4.2.3) 

𝑏 = 1 − 𝜇0ℛ 

(4.2.4) 

where 𝑎 is the cross-sectional area of the flux path through air between the probe and sample, ℛ is 

magnetic reluctance of the sample, and ℓ𝐷 is related to the flux path length through air from one end of 

the drive coil directly to the other. Figure 4.2.2 and Equation 4.2.1 suggest that the flux in the sample 

cannot be known from the feedback coils, because it is not known how much flux bypasses the sample 

after passing through the feedback coils. Since, when taking the Taylor series expansion (Equation 

4.2.2), the quantity ℓ𝐹 disappears, it could be said, for low liftoff and low sample reluctance, that the 

flux measured by the feedback coil is approximately the same as the total flux that enters the sample. 

However, the field spreads out once it leaves the probe, so the flux density at any particular point in the 

sample will be lower (for plate samples) than at the feedback coil. Exactly how much lower could be the 

topic for an entirely separate thesis.   

4.3 Experimental Results and Discussion 

In order to experimentally compare drive coil and feedback coil back emf values, voltage controlled 

MBN measurements were performed on four different steel samples:  

• HY80, which is a high strength carbon steel used to build pressure vessels, 

• Interstitial free (IF) steel, which is a very low carbon steel, 

• 1074 carbon steel, which is a high carbon steel, and 

• 300M, which is 4340 carbon steel used to make aircraft landing gear.   
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Measurements were taken at various voltages, frequencies and liftoffs according to the procedure 

outlined in Chapter 3. Table 4.3.1 summarizes the parameters varied in the measurements.  

Table 4.3.1: Measurement parameters including steel sample, drive frequency and voltage, and 

introduced liftoff. 

Sample Frequencies  
(Hz) 

Voltages  
(V) 

Liftoffs  
(mm) 

HY80 20, 60, 100 
 

3, 6, 9, 12 0, 0.2, 0.4 

IF Steel 20, 40, 60, 80, 
100, 120 

2, 4, 6, 8, 10, 
12 

0, 0.1, 0.2, 0.3 

300M 20, 40, 60, 80, 
100, 120 

12 0, 0.1, 0.2, 0.3, 
0.4 

1074 20, 40, 60, 80, 
100, 120 

12 0, 0.1, 0.2, 0.3, 
0.4 

 

Feedback 𝑑𝐵𝐹/𝑑𝑡 and drive 𝑑𝐵𝐷/𝑑𝑡 – where 𝑑𝐵/𝑑𝑡 = 1/𝑁𝑎𝑐 ∙ 𝑑Φ/𝑑𝑡, 𝑎𝑐 being the cross-sectional 

area of the U-core – were compared according to Equation 4.1.5, where drive coil resistance 𝑅 and flux 

retention 𝑐 were allowed to vary freely. Fitted drive coil resistance 𝑅 remained constant at about 30 Ω 

across all the data, and flux retention 𝑐 varied only with respect to liftoff and samples used, as expected. 

Example plots are shown in Figure 4.3.1a for the four different samples under a common set of 

conditions (drive field at 12V, 60Hz, and 0.2mm liftoff). Figure 4.3.1b shows the results for varying liftoff. 

Feedback 𝑑𝐵𝐹/𝑑𝑡 and drive 𝑑𝐵𝐷/𝑑𝑡 was most dissimilar for the highest flux densities – i.e. highest 

voltage and lowest frequency at lowest liftoff, see Chapter 5 Figure 5.4.2 – because the applied field 

approaches the nonlinear regime in these ferromagnetic samples. Recall from discussion of Equation 

4.1.5, similarity between feedback and drive flux density requires linearity. However, the fit was still 

reasonable; Figure 4.3.1b shows the worst case fitting between Feedback and drive 𝑑𝐵/𝑑𝑡 at 0 mm 

liftoff for 1074 steel. Figure 4.3.2 shows flux retention 𝑐 plotted as a function of liftoff ℎ and fit with 

Equation 4.2.2. 
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a)  b)  

Figure 4.3.1: Drive coil 𝑑𝐵𝐷/𝑑𝑡 vs feedback coil 𝑑𝐵𝐹/𝑑𝑡, a) for different steel samples at one liftoff and 

b) for a single steel sample at various liftoffs.  

a) Drive field at 12 V, 60 Hz, with 0.2 mm liftoff. The linearity of the curves implies excellent match 

between drive and feedback measurements. Different materials produce lines with different 

slopes 𝑐. 

b) 1074 carbon steel, for drive field at 12 V and 20 Hz. Increasing liftoff decreases the slope 𝑐 of the 

lines. 0 mm liftoff represents the maximum flux density delivered to the sample, and makes 

nonlinear effects apparent: the looping behavior is visible since 𝑑𝐵𝐷/𝑑𝑡 and 𝑑𝐵𝐹/𝑑𝑡 are not 

perfect sinusoids. 

 

Figure 4.3.2: Flux retention 𝑐 versus probe liftoff ℎ for all 4 steel samples, with Equation 4.2.2 fit (–). 

Drive field at 12 V and 20 Hz. Slopes −𝑎ℓ𝐷
−1 and intercepts 1 − 𝜇0ℛ given by Equations 4.2.3 and 4.2.4. 

Max difference in 𝑐 is about 5% per 0.1 mm change in liftoff. Note, sample surface condition would 

influence the measured value for liftoff.  
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The key takeaways of Figures 4.3.1 and 4.3.2 are: 

• Figure 4.3.1 shows that 𝑑𝐵𝐹/𝑑𝑡 and 𝑑𝐵𝐷/𝑑𝑡 are, by and large, the same, but scaled relative to 

each other by the flux retention ratio 𝑐, confirming Equation 4.1.5.  

• Figure 4.3.2 shows that, at low liftoff ℎ, 𝑐 may be modelled as a linear function of liftoff, as per 

Equation 4.2.2.  

• Figure 4.3.2 implies that liftoff affects the accuracy of the measure of 𝐵, implying that the flux 

control system (described in Chapter 3) does accurately account for liftoff variations. 

Table 4.3.2 reports the slopes and Y-intercepts of Equation 4.2.2 fit to the liftoff dependent flux 

retention data, shown in Figure 4.3.2. For curiosity’s sake, Figure 4.3.3 plots the slopes as a function of 

sample magnetic reluctance ℛ calculated from the Y-intercepts via Equation 4.2.4. The slopes are equal 

to 𝑎ℓD
−1, where ℓD

−1 describes the magnetic reluctance of the path through air around the drive coil, and 

𝑎 is the cross-sectional area of the flux through the air as it exits the probe and enters the sample. 

Table 4.3.2: Fitted slope and Y-intercept from flux retention data fit with Equation 4.2.2, shown in Figure 

4.3.2. Slope is −𝑎ℓ𝐷
−1 from Equation 4.3.3, and magnetic reluctance ℛ is calculated as (1 − 𝑏)/𝜇0 from 

Equation 4.3.4, where 𝑏 is Y-intercept. Factors affecting magnetic reluctance, such as relative 

permeability µᵣ, thickness, width and resistivity ρ (4-point method), are given for curiosity’s sake. 

Sample Slope 
(mm¯¹) 

Y-intercept 
(H/m) 

ℛ  
(km/H) 

µᵣ Thickness 
(mm) 

Width 
(mm) 

ρ 
(µΩ∙cm) 

1074 -0.281 0.931 55.2 330 [76] 0.75 31 17.0 [__] 

300M -0.363 0.952 38.4 80 [77] 7.6 25 72.0 [78] 

HY80 -0.220 0.886 90.6 50 [79] 3.0 33 11.0 [80] 

IF Steel -0.453 0.958 33.4 2400 [81] 1.10 31 13.3 [__] 
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Figure 4.3.3: Parameter 𝑎ℓ𝐷
−1 from Table 4.3.2 plotted against sample magnetic reluctance ℛ, with 

empirical power-law fit. The parameter 𝑎ℓ𝐷
−1 is proportional to the cross-sectional area 𝑎 of the flux 

exiting the probe and entering the sample. The figure shows that 𝑎 constricts with increasing ℛ. 

Figure 4.3.3 suggests that, in the air gap between the probe and the sample, there is greater flux spread 

with decreasing ℛ. This is counter-intuitive; getting to the bottom of this result is left for future work. 

Figure 4.3.2 and Equation 4.2.2 show that using the flux retention ratio (or coupling coefficient) 𝑐, 

calculated from feedback 𝑑𝐵𝐹/𝑑𝑡 and drive 𝑑𝐵𝐷/𝑑𝑡, could allow inference of additional properties of 

the sample, such as those factors which affect magnetic reluctance, for example, magnetic permeability 

[74]. Or, the flux retention ratio could be used to determine probe-to-sample liftoff if measuring a well 

characterized sample.  

The maximum variation in 𝑐 was about 5% for a change in liftoff of 0.1 mm. Considering that, for most 

measurements, the liftoff is 0.1 mm or less, the feedback coils could be removed without much affecting 

the accuracy of the measurement of the flux exiting the probe and entering the sample. Furthermore, 

only a differential measurement of the flux in the two legs of the probe is needed to observe and 

manually correct nonuniform liftoff. Removing the feedback coils would simplify probe design and may 

allow further miniaturization of the probe.  
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The theory underlying Equation 4.2.2 confirms that, at low liftoff and for most samples, the flux through 

the feedback coils is the flux exiting the probe and entering the sample. However, the feedback coil 

measurement cannot say anything about how the flux lines spread in the air before reaching the sample, 

or how they spread in the sample. The spread would need to be modelled, or measured directly using 

in-sample coils (or another sensing technique, such as by Stupakov [82]), in order to be properly 

characterized. The surface flux density at the pickup coil (see Figure 3.1.1) is of most interest, because 

that is where the flux density generates the measured MBN. If permeability were linear, the surface flux 

density at the pickup coil would be proportional to the flux density as measured at the feedback coils; 

however, permeability, and ferromagnetism in general, is nonlinear, as discussed in Section 2.3. 

Determining the flux density distribution in the sample is left for future work. 

4.4 Conclusions 

There is a difference in measured flux density 𝐵 depending on whether it is measured from the feedback 

coil or the drive coil of the MBN probe, due to variations in probe liftoff and sample properties. From 

this difference in measurement, it is theoretically possible to infer probe liftoff, as well as electric and 

magnetic characteristics of the sample. Alternatively, the difference in measured 𝐵 may be considered 

small enough that the feedback coils may be removed, simplifying the MBN probe design. Either way, 

because the measure of 𝐵 changes with liftoff, the present design for flux control cannot accurately 

compensate for nonuniform liftoff.  

The presented magnetic circuit model confirms that, at low, uniform liftoff and for a sample with low 

magnetic reluctance, the feedback coils measure the total flux exiting the probe and entering the 

sample. However, the feedback coils cannot measure the flux density in the sample, which is different 

than in the probe U-core due to the field spreading once it enters the sample, and due to the nonlinear 
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effects of ferromagnetism. As discussed in up-coming Chapter 5, Sample flux density is the more 

desirable quantity to measure; modeling it is left for future work. 

Acknowledgements: Thanks to Mehrdad Kashefi Torbati for performing the measurements used in this 

chapter. 
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Chapter 5: Relationship Between MBN Energy and Surface Tangential 

Flux Density 

Synopsis: MBN energy (MBNe) and MBN root mean square (MBNrms) are highly sensitive to 

experimental parameters that are difficult to control, such as probe liftoff and magnetizing waveform 

shape, frequency and magnitude. In Chapter 5, the magnetic object (MO) model [5] [10], earlier 

reviewed in Section 2.3, is used to relate MBN energy to a more predictable quantity, the tangential 

surface flux density of a material, and finds a squared relationship, which is in keeping with former 

theory [10] [11] and empirical observations [83] [84]. This finding is critical for further theory 

development in Chapter 6. 

5.1 Theory I: Encircle MBN and the Magnetic Object Model  

This theory section links MBN to flux density for encircle MBN measurements, using the magnetic object 

(MO) model. 

The formation of domains within a MO (shown in Figure 5.2.1) follows energy minimization [5] [21] [38] 

[40] [41] [50], as discussed in Section 2.3. Chapter 5 primarily investigates the sum of the magnetostatic 

𝑈𝑚𝑠 and pole energies 𝑈𝑝 introduced in Section 2.3. Under low-stress conditions, these are the 

dominant energy terms during the process of magnetization occurring during a typical MBN 

measurement.  
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Figure 5.2.1: MO representation of a relatively flat material with cubic crystallography. The MO has 

length 𝑎, width 𝑏 ≤ 𝑎, thickness 𝑇, and moment-producing region width 𝑑, where 0 ≤ 𝑑 ≤ 𝑏. 

From Section 2.3, the magnetostatic energy for the cubic MO illustrated in Figure 5.2.1 is given as [85], 

𝑈𝑚𝑠 =
1

2
𝑁𝑑𝑇𝑀𝑠

2𝑑2 

(5.2.1) 

where 𝑁𝑑 is a form factor, 𝑇 is the MO thickness, 𝑀𝑠 is the saturation magnetization density, and 𝑑 is 

the width of the moment-producing region of the MO.  𝜇0√𝑈𝑚𝑠 is the magnitude of the net moment of 

the MO. The pole energy is given as [86], 

𝑈𝑝 = −𝜉𝑝𝑇𝑀𝑠𝑑𝑎𝐻 cos𝜃 

(5.2.2) 

where 𝜉𝑝 is a form factor, 𝑎, 𝑑 and 𝑇 are the length, width and thickness of the moment producing 

region of the MO as shown in Figure 5.2.1, and 𝜃 is the angle between the applied field 𝐻 and the 

orientation of the MO. 

When an external magnetic field 𝐻 is applied, the MO becomes magnetized by domain wall motion to 

reduce the pole energy 𝑈𝑝, but the magnetization is limited by the magnetostatic energy 𝑈𝑚𝑠. The 

optimal 𝑑 that minimizes the total energy may then be found by taking the derivative of 𝑈𝑝 + 𝑈𝑚𝑠, and 

setting the derivative to zero, 
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0 =
𝜕𝑈𝑚𝑠

𝜕𝑑
+

𝜕𝑈𝑝

𝜕𝑑
= 𝑁𝑑𝑇𝑀𝑠

2𝑑 − 𝜉𝑝𝑇𝑀𝑠𝑎𝐻 cos 𝜃 

(5.2.3) 

so that, 

𝑑 =
𝜉𝑝𝑎𝐻 cos 𝜃

𝑁𝑑𝑀𝑠
 

(5.2.4) 

Energy minimization provides the driving force for domain wall motion, however this motion is impeded 

by non-magnetic inclusions within grains, inhomogeneous strain, crystal impurities, and other 

irregularities within a material, called pinning sites [5] [24]. Pinning energy is the energy barrier that the 

domain wall must overcome to leave one pinning site and jump to the next. Pinning effectively 

discretizes 𝑑, such that 𝑑 can only take on certain values [5] [43], as shown in Figure 5.2.2.  

a)   b) c)   d)  

Figure 5.2.2: Pinning effectively discretizes 𝑑, as shown, for example, in the schematic from a to d. a) A 

field is applied to the MO. Once the pinning energy is overcome, b) the 180° domain wall jumps to the 

next pinning site. c) When the applied field is removed, the MO may maintain its magnetization due to 

the pinning energy i.e. remanence. d) The MO may return to the flux closed domain configuration for a 

sufficiently strong reverse applied field i.e. coercive field. Transitioning from a to b, the pinning limits the 

positions available to the 180° domain wall, which limits the number possible sizes of 𝑑. 

When a domain wall jumps between pinning sites, it is called a Barkhausen event. A Barkhausen event 

produces a measurable change in magnetization of the MO, which is proportional to the square root of 

the associated change in magnetostatic energy. The change in magnetostatic energy is calculated by 

substituting the width prior to and after the Barkhausen event, from Equation 5.2.4, into Equation 5.2.2,  
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Δ𝑈𝑚𝑠 =
1

2

𝑇

𝑁𝑑
 𝜉𝑝

2𝑎2(𝐻𝑓
2 − 𝐻𝑖

2) cos2 𝜃 

(5.2.5) 

where 𝐻𝑖 and 𝐻𝑓 are the applied magnetic field before and after the Barkhausen event. Equation 5.2.5 

applies to a material modelled as a single MO (consistent with the Krause et al. model [10] [11] Section 

2.4), which holds under zero-field conditions.  

Under an applied magnetic field, self-induced pole energy (like 𝑈𝑝, but with contributions from the 

magnetizations of the MOs) must be accounted for by considering a distribution of many, interacting 

MOs, where each MO may represent a different sized crystal grain within a ferromagnetic material. The 

field applied to any one MO becomes 𝐵/𝜇0, where 𝐵/𝜇0 is the sum of both the applied field 𝐻 and the 

magnetization 𝑀 of the system of MOs. The flux density 𝐵𝑓 after a Barkhausen event is the same as the 

flux density 𝐵𝑖  prior to the next event, since domain walls jump from one pinning site to the next. 

Therefore, by Equation 5.2.5, the sum of the changes in energy due to 𝑁 Barkhausen events is,  

∑ Δ𝑈𝑚𝑠 𝑛

N

n=1

∝ ∑ 𝐵𝑛
2 − 𝐵𝑛−1

2

N

n=1

= 𝐵𝑁
2 − 𝐵0

2 

(5.2.6) 

Accounting for this, and assuming that the pinning sites are uniformly distributed across the MO (similar 

to the ABBM model [18] [55] Section 2.4), then the sum of the changes in energy due to the Barkhausen 

events (Equation 5.2.6) is proportional to the square of the magnitude of AC magnetic flux density (i.e. 

𝐵2). Therefore, encircle Barkhausen energy is expected to be proportional to 𝐵2, as has been 

demonstrated empirically [83] [84] [87]. 

5.2 Theory II: Link to Surface MBN 

This theory section identifies the link between domain wall motion and surface MBN measurements. 
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During domain wall motion, when the atomic dipole moments (which form due to electron spin [21] 

[41]) in the path of the domain wall change orientation, they exhibit precession [40] [50] [88] [89], as 

shown in Figure 5.3.1. Precession causes flux to escape normal to the surface of the MO in proportion to 

the number of atomic magnetic moments that have re-oriented. As the domain walls sweep across the 

sensing area of the pickup coil of a surface MBN probe, the normal flux components induce a voltage in 

the pickup coil by Faraday’s law. 

                              a)  

                b)  

Figure 5.3.1: Atomic magnetic moments () form uniformly aligned domains (left ↑, right ↓) separated 

by domain walls (|) [40]. Note that an actual domain wall would be hundreds of atoms across [21] [41]. 

a) in steady state, the moment spin exhibits no precession (i.e. wobble). b) Under an applied magnetic 

field (𝐻), the domain aligned with the field (left ↑) grows at the expense of the anti-aligned domain 

(right ↓), by domain wall motion (| moves right). The change in alignment of the atomic magnetic 

moments induces a proportional change in spin precession () that decays exponentially with time [40, 

p. 565]. 

Magnetic Barkhausen Noise (MBN) energy is calculated as [5], 

𝑀𝐵𝑁𝑒 = ∫ 𝑉𝑝
2

𝑇

0

𝑑𝑡 

(5.3.1) 
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where 𝑉𝑝 is the voltage signal from the pickup coil, which is placed normal to the surface of the sample, 

and where 𝑇 is the period of the flux density waveform, which has frequency 𝑓. In discrete terms, as 

occurs with actual MBN measurements, the MBN energy is calculated as, 

𝑀𝐵𝑁𝑒 =
1

𝑁𝑓
∑ 𝑉𝑝 𝑛

2

𝑁

𝑛=1

 

(5.3.2) 

where 𝑁𝑓 is the sampling rate, that is the number of samples 𝑁 collected over a time period 1/𝑓, 𝑓 

being the drive waveform frequency. The pickup coil voltage is given by Faraday’s law, 

𝑉𝑝 = −
𝑑Φ

𝑑𝑡
 

(5.3.3) 

Where Φ is the flux normal to the sample surface due to the Barkhausen events and ensuing spin 

precession. The flux is the flux density through the coil, times the area of the coil and the number of 

turns. The local magnetic flux density in the sample transitions by an amount Δ𝐵 ∝ √(𝐵𝑓
2 − 𝐵𝑖

2) which is 

the change in moment √Δ𝑈𝑚𝑠 of the MO by Equation 5.2.5. The local magnetic flux density changes at a 

rate Δ𝐵/Δ𝑡 determined by the (approximately) terminal domain wall velocity for the material [90] [91], 

shown in Figure 5.3.2a. Since the local magnetic flux density forms a ramp function over one Barkhausen 

event (Figure 5.3.2a), the time rate of change of the local magnetic flux density is a pulse function, as 

shown in Figure 5.3.2b, with width Δ𝑡 and height Δ𝐵/Δ𝑡. 
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a)  b)  

Figure 5.3.2: Magnetic response of a single Barkhausen event occurring over a time interval Δ𝑡 with rate 

Δ𝐵/Δ𝑡, plotted as a) local flux density and b) local flux density rate of change. The change in local flux 

density Δ𝐵 is proportional to the change in moment of the MO, which is proportional to √(𝐵𝑓
2 − 𝐵𝑖

2). 

Barkhausen pulse height Δ𝐵/Δ𝑡, also the local flux density rate of change, has a component normal to 

the sample surface due to spin moment precession. The normal component is proportional to Δ𝐵/Δ𝑡 

and, by Faraday’s law Equation 5.3.3, induces a voltage in the pickup coil. Since the pinning sites were 

assumed to be uniformly distributed, and since domain walls move at a terminal domain wall velocity 

(on the order of 20 m/s [91]), the averages of the quantities 1/Δ𝑡 are constant. Therefore, on average, 

the voltage signal induced in the pickup coil by a single Barkhausen event is proportional to the change 

in moment of the MO, proportional to √(𝐵𝑓
2 − 𝐵𝑖

2). The change in moment may be rewritten as, 

√𝐵𝑓
2 − 𝐵𝑖

2 = √(𝐵 + 𝑑𝐵/2)2 − (𝐵 − 𝑑𝐵/2)2 

= √2𝐵 𝑑𝐵 

(5.3.4) 

where 𝑑𝐵 = 𝐵𝑓 − 𝐵𝑖  is the change in applied flux density needed to invoke a transition between pinning 

sites, and 𝐵 = 1/2 (𝐵𝑓 + 𝐵𝑖) is the average flux density required to access those particular pinning sites. 

Since the pinning sites are uniformly distributed, the quantity 𝑑𝐵 is triangularly distributed with mean 

zero. The standard deviation of √(2𝐵 𝑑𝐵) is proportional to √𝐵. 

Under an applied AC field with sufficient frequency, many Barkhausen events occur simultaneously. The 

sum of the voltages induced in the pickup coil is proportional to the sum of the change in moments (sum 
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of the √2𝐵 𝑑𝐵) given by Equation 5.3.4. By the central limit theorem [49], the sum of the √2𝐵 𝑑𝐵 is 

normally distributed with mean zero and standard deviation proportional to √𝐵 times √𝑛, where 𝑛 is 

the number of Barkhausen events that occur. Increasing the frequency 𝑓 of the applied AC field does not 

increase the number of Barkhausen events occurring over a single period (over time, yes, but period is 

1/𝑓), therefore does not increase 𝑛. However, since the pinning was assumed to be uniformly 

distributed with respect to 𝐵, increasing the amplitude 𝐵 of the applied AC field proportionally increases 

the number of overcome pinning sites 𝑛. Therefore, 𝑛 is proportional to 𝐵, and the standard deviation 

of the sum of the pickup coil voltages induced by the Barkhausen events is proportional to √𝐵 times √𝐵, 

which is just 𝐵. In Equation 5.3.2, the sampled voltage is squared before being summed together to get 

MBNe. Therefore, as for encircle MBN, surface MBN energy should also be proportional to 𝐵2. 

5.3 Experimental Results 

Frequency dependent MBN energy measurements were undertaken on a range of different 

ferromagnetic samples to investigate the predicted linearity between flux density and surface MBN 

energy. Additional properties of the samples are summarized in Table 5.4.1 for comparison with the 

slopes of the linear fits.  

Measurements were performed using the equipment and procedures outlined in Chapter 3. Figure 5.4.1 

shows frequency dependent MBN data (MBNe vs drive coil frequency) at select voltages for eight 

samples of varying magnetic properties: interstitial free, 1018, 1075, and 1095 steels, which are in order 

of increasing carbon content and magnetic hardness, and DP600 (dual phase), B3 SRA (polymorphous), 

300M and amorphous steels. Figure 5.4.2 shows the flux density as measured by the feedback coils of 

the probe. 
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Figure 5.4.1: Experimentally measured values of MBN energy vs drive coil frequency.  

 

Figure 5.4.2: Flux density amplitude measured by the feedback coils, plotted against frequency 𝑓, for 

each of the samples considered in the previous figure.    

MBN power (MBNe × 𝑓) was analyzed, rather than the usual MBN energy, because there was a small 

background energy contribution that, when integrated over one MBN envelope having a period of 1/𝑓, 

introduced a very large 1/𝑓 term that dominated the signal for small 𝑓 and compromised the regression 
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analysis, as shown in Figure 5.4.4. Aside from the background noise, it was expected from the theory 

that MBN energy normalized with respect to surface flux density squared would be constant with 

respect to drive field frequency.  

Linear regression was performed on MBN power (MBNe × 𝑓) normalized by flux density squared 

measured at the feedback coils, with linear slopes 𝛼 reported in Table 5.4.1. Five of the ten data sets 

behaved linearly as expected, as shown in Figure 5.4.3a. However, five data sets exhibited quadratic 

behavior with respect to frequency, shown in Figure 5.4.3b, which was not accounted for by the model. 

Notably, the 1018 steel dataset with drive voltage 1 V behaved linearly, while data taken with higher 

drive voltages on the same sample behaved nonlinearly. Normalized MBN energy data is also shown in 

Figure 5.4.4 for the five linear data sets. 

a)         b)   

Figure 5.4.3: Normalized MBN power data (which is proportional to peak MBN). a) Linear fit (–) indicates 

data in agreement with theory. b) Quadratic fit (∙∙∙) shows data not fully explained by theory. Note that 

1018 steel data taken at 1 V is linear, but 3 and 5 V data is nonlinear. 
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Figure 5.4.4: Normalized MBNe data fit with a constant. The 1/f component visible at low frequency is 

due to the constant background being integrated along with the MBN over one flux density waveform 

period, which has a period of 1/f. 

Table 5.4.1: Parameters of the data sets which exhibited linearity. For each data set: the name of the 

steel sample, drive voltage V, sample thickness T, and linear trendline slope α is given. 

Steel 
Sample 

V 
(V) 

T (mm) 
± 0.05 

α 

1018 1 0.71 22700 

1075 2 0.75 4780 

1095 4 0.83 1310 

300M 7 7.68 364 

DP600 2 1.00 6160 

 

Of the five data sets that do follow the model, the 1018, 1075 and 1095 steel samples, in order of 

increasing magnetic hardness due to carbon content, exhibit decreasing 𝛼, where 𝛼 is the 

proportionality between MBN energy and flux density squared. Generated MBN depends in part on the 

ease of movement of the domain walls, therefore 𝛼 may be inversely correlated with the carbon 

content of the steels [76]. Alternatively, the variation in 𝛼 may be due to variation in sample thickness 

[48] or drive voltage, which would affect the flux density generating the MBN. 
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5.4 Discussion of Misfit Data 

It is probable that nonlinearity in the magnetization process caused the appearance of the quadratic 

dependence shown in Figure 5.4.3b. As per procedure in Chapter 3, the highest voltage in the linear 

region of the voltage vs MBNe curve was selected as the operating voltage for each data set. It is likely 

that the selected voltage was (unintentionally) slightly outside the linear region for three of the ten data 

sets.  

The higher voltages of 3 and 5 V for the 1018 steel, however, were chosen deliberately to investigate the 

effect of using voltages outside the linear region of the voltage vs MBNe curve. Hysteresis loops for the 

1018 steel for 1, 3 and 5 V at frequency 5 Hz are shown in Figure 5.5.1, and show increasing nonlinearity 

with increasing voltage. Note from Figure 5.4.3: the 1 V data set behaved linearly, while the 3 and 5 V 

data sets were quadratic. 

a) b) c)  

Figure 5.5.1: Hysteresis loops for 1018 steel at 5 Hz and a) 1 V, b) 3 V and c) 5 V. Nonlinearity is shown 

qualitatively by hysteresis loops’ asymmetry about the dotted black line. Increasing nonlinearity is seen 

with voltage increasing into the saturation regime of the 1018 steel sample.  
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As discussed in Chapter 4, the surface flux density where MBN is measured is less than the flux density 

measured by the feedback coils, due to field spreading upon reaching the sample. At low frequency, i.e. 

high flux density (see Figure 5.4.2), parts of the sample may be nearing saturation, whereas at higher 

frequency and lower flux density, the sample as a whole would behave more linearly. This leads to a 

frequency dependence in how the field spreads in the sample, leading to the quadratic behavior shown 

in Figure 5.4.2b. Modeling the in-sample field spread is left for future work.    

5.5 Conclusions 

Theory was derived from the magnetic object model stating that there should be a squared relationship 

between MBN energy and surface magnetic flux density, in keeping with empirical observations of 

encircle MBN. Due to the design of the dipole probe, which is a surface MBN probe, with feedback coils 

on the ends of the probe poles rather than around the surface of the sample, the surface flux density 

could not be measured directly. Even so, proportionality was found between the square of the flux 

density measured at the probe poles, and the MBNe, for five of the data sets. However, the 

proportionality did not hold for the other five data sets, likely because of unmodelled nonlinear 

ferromagnetic effects causing a difference between the in-sample flux density and the flux density 

measured at the poles of the probe. Future work may include modeling these effects – or, a means of 

directly measuring the surface flux density of the material may be pursued for future probe designs. 

Normalizing the MBN with respect to surface flux density would allow removal of some of the 

parameters affecting MBN, making MBN measurements less complicated to interpret. 

Acknowledgements: Thanks to Mehrdad Kashefi for providing two data sets used in a pilot study. 
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Chapter 6: MBN and Nonlinear, Anisotropic Flux Density Superposition 

Synopsis: Magnetic permeability is nonlinear for sufficiently high magnitude fields and is typically 

anisotropic with respect to field direction. In Chapter 6, an equation for the magnetic flux density 

generated by superposition of orthogonal fields from a tetrapole probe in a ferromagnetic, anisotropic, 

single net easy-axis material, is derived, along with an equation for magnetic Barkhausen noise rms and 

energy. The model approximates the nonlinear superposition as cubic, inline with analogous optics 

results, and is accurate for low applied fields.  

This modelling was needed because, as discussed in Chapter 4, the feedback coils do not give an 

accurate measure of the surface flux density generating the MBN. The models were validated through 

indirect measurements of surface flux density using MBN, as developed in Chapter 5. 

6.1 Introduction 

In the present work, magnetic permeability is likened to its counterpart in electrostatics, namely electric 

permittivity. Anisotropic and nonlinear electric permittivity has been studied for a mode-coupled 

twisted birefringent optical fiber [92] [93] [94] [95] [96] [97], where two orthogonal and coupled modes 

of light interact as they propagate along the length of the fiber. The refractive index of the fiber material 

is intensity dependent, and the resulting permittivity is approximately cubic [92]. Ellipticity of, or 

residual strain in, the fiber necessitates the use of an anisotropic permittivity matrix [92].  

A birefringent optical fiber can be considered an analogue to a tetrapole MBN probe/sample system. In 

both systems, there is an anisotropic and nonlinear interaction between orthogonal waves: two 

orthogonal modes of light for the birefringent fiber, and two orthogonal applied fields for the tetrapole 

probe. In the current work, the permittivity model for the birefringent fiber is adapted towards a model 

of magnetic permeability for the tetrapole probe. The resulting model is similar to others in magnetism: 
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examples include a tensor model for linear anisotropic permeability [98], and a model for nonlinearly 

propagating field in a system of four magnons (quantized spin waves) [99]. 

To validate a theoretical model for magnetic field superposition, ideally the magnetic flux density 

tangential to the sample surface needs to be measured. In general, as discussed in Chapter 3, dipole and 

tetrapole MBN probes do not measure this magnetic flux density directly. However, below magnetic 

saturation, the root mean square (rms) of an MBN signal is proportional to the amplitude of the AC 

magnetic flux density in the sample [11] [83] [84]. Both are proportional to the square root of MBN 

energy (MBNe), as discussed in Chapter 5. Thus MBNe results obtained from dipole and tetrapole MBN 

probes can validate a theoretical model for magnetic flux superposition. 

6.2 Theory 

The magnetic flux density 𝑩 in a ferromagnetic material is related to the applied field 𝑯 by [36], 

𝑩 = 𝜇0𝝁𝒓𝑯 

(6.2.1) 

where 𝜇0 is the magnetic permeability of free space, and 𝝁𝒓 is the relative magnetic permeability of the 

material. 𝝁𝒓 is not constant, but rather a function of the direction and magnitude of 𝑯. This is clear from 

experimentation: the slope of 𝝁𝒓 versus 𝑩/𝜇0𝑯 is typically not a constant [36] [100] [101] [102], and 

when magnetizing in more than one dimension, 𝝁𝒓 often needs to be represented as a tensor [103] 

[104] [105].  

In optics, the 2D electric permittivity tensor for a medium with a single easy axis has been derived in 

reference [96]. Analogously in magnetics, the 2D magnetic permeability tensor has been derived by Li et 

al. [98] as, 

𝜇0𝝁𝒓 = 𝑹𝝁𝑹𝑇 

(6.2.2) 
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The terms in Equation 6.2.2 can be defined with the help of the angular MBN plot shown in Figure 6.2.1, 

where the sample easy axis is at an angle 𝜙 with respect to the X-axis of the probe. The tetrapole probe 

orientation is indicated in the background of Figure 6.2.1, with the four magnet poles shown (shaded). In 

Equation 6.2.2, 𝝁 is the permeability tensor in the easy axis direction 𝜙, 𝑹 is a rotation matrix that is 

used to rotate the reference frame of the permeability tensor to align it with respect to the tetrapole 

probe orientation, and 𝑹𝑇 is the transpose of 𝑹.  Since surface MBN is a near-surface measurement [5], 

the probe/sample system may be well approximated as 2D. The 2D permeability tensor 𝝁 is given as, 

𝝁 = [
𝜇 + 𝜇𝑑 0

0 𝜇 − 𝜇𝑑
] 

(6.2.3) 

where 𝜇 is the isotropic component of permeability and 𝜇𝑑 is the anisotropic component. The rotation 

matrix 𝑹 used in Equation 6.2.2 is given by, 

𝑹 = [
cos𝜙 sin𝜙

− sin𝜙 cos𝜙
] 

(6.2.4) 
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Figure 6.2.1: Angular plot of MBN signal from a tetrapole probe, as a function of superposition direction 

𝜃. The sample easy axis direction is indicated by 𝜙. The 4 poles of the tetrapole probe are shown shaded 

in the background. Straight arrows show drive coil field directions 𝐻𝑥 along one pair of poles, and 𝐻𝑦 

along the orthogonal pair of poles. The magnetic permeability is given by: 

• 𝜇 + 𝜇𝑑, along the easy axis direction (–) 

• 𝜇 − 𝜇𝑑 , perpendicular to the easy axis direction (···) 

• 𝜇 + 𝜇𝑑 cos 2𝜙, along the probe orientation direction (-·-) 

As discussed in Chapter 2, ferromagnetism is a nonlinear phenomenon [36] [38]. A cubic approximation 

for fields in nonlinear media for optics has been described in references [93] [94] [95] [97], and for 

ferromagnetism in reference [99]. The cubic approximation for flux density 𝐵 with respect to applied 

field 𝐻 takes the form 𝐵 = (1 + 𝑐|𝐻|2)𝐻, with 𝜇0𝜇𝑟 = 1 + 𝑐|𝐻|2, where 𝑐 is the coefficient that 

quantifies the cubic nonlinearity in 𝐵. An approximation for the sum of two orthogonal flux densities in a 

planar, isotropic ferromagnetic material, may be written as, 

𝑩 = [
𝐻𝑥 + 𝑐|𝐻𝑥|

2𝐻𝑥

𝐻𝑦 + 𝑐|𝐻𝑦|
2
𝐻𝑦

] 

(6.2.5) 

Equation 6.2.5 applies when performing initial magnetization, that is, when the magnetization of the 

ferromagnetic material is increased from a neutral state. The increase may be in DC magnetic flux 

density, or AC flux density amplitude. A tetrapole probe imposes AC applied fields with amplitudes 𝐻𝑥 =
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|𝐻| cos𝜃 and 𝐻𝑦 = |𝐻| sin 𝜃, with |𝐻| being the desired magnitude and 𝜃 the desired direction of the 

superimposed fields. During an angular dependent measurement, the material is reverted to a 

magnetically neutral state before incrementing 𝜃 and re-applying the applied fields, satisfying the 

conditions for Equation 6.2.5. Because |𝐻| is kept constant throughout the measurement, the derivation 

may be simplified by letting |𝐻| = 1, without loss of generality. 

Combining Equation 6.2.1 for flux density, Equations 6.2.2 to 6.2.4 for anisotropic permeability, and 

Equation 6.2.5 for nonlinear permeability, one obtains the following expression for the magnetic flux 

density induced in the sample by a tetrapole probe, expanded as, 

𝑩 = [
𝜇 + 𝜇𝑑 cos 2𝜙 −𝜇𝑑 sin2𝜙
−𝜇𝑑 sin 2𝜙 𝜇 − 𝜇𝑑 cos2𝜙

] ∙ [
(1 +

1

2
𝑐) cos 𝜃 +

1

2
𝑐 cos 2𝜃 cos 𝜃

(1 +
1

2
𝑐) sin𝜃 −

1

2
𝑐 cos 2𝜃 sin𝜃

] 

= (1 +
1

2
𝑐) [

𝜇 cos 𝜃 + 𝜇𝑑 cos(𝜃 + 2𝜙)

𝜇 sin 𝜃 − 𝜇𝑑 sin(𝜃 + 2𝜙)
] +

1

2
𝑐 cos(2𝜃) [

𝜇 cos 𝜃 + 𝜇𝑑 cos(𝜃 − 2𝜙)

−𝜇 sin𝜃 + 𝜇𝑑 sin(𝜃 − 2𝜙)
] 

(6.2.6) 

The derivation for Magnetic Barkhausen Noise energy (MBNe, defined in Chapter 5 Equation 5.2.7), 

assumes that MBNe is proportional to the square of the amplitude of the AC magnetic flux density that 

initiates the MBN, as observed elsewhere [83] [84] [87] and as derived in Chapter 5. It is also assumed 

that the effect of environment noise on the MBN signal is negligible. In other words, it is assumed that 

𝑀𝐵𝑁𝑒 = 𝛼‖𝑩‖2 

(6.2.7) 

where 𝛼 is a coefficient of proportionality that depends on probe liftoff, pickup-coil properties, and 

numerous other variables. The following equation is obtained from Equations 6.2.6 and 6.2.7, 
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𝑀𝐵𝑁𝑒 = [𝛼(𝜇2 + 𝜇𝑑
2) (1 +

1

2
𝑐)

2

− 2𝛼𝜇𝜇𝑑 (1 +
1

2
𝑐)

2

− 2𝛼𝜇𝜇𝑑 (1 +
1

2
𝑐) 𝑐]

+ [4𝛼𝜇𝜇𝑑 ((1 +
1

2
𝑐)

2

+
1

2
(1 +

1

2
𝑐) 𝑐)] cos2(𝜃 + 𝜙)

+ [2𝛼𝜇𝜇𝑑 (1 +
1

2
𝑐) 𝑐] cos2(𝜃 − 𝜙) + [𝛼(𝜇2 + 𝜇𝑑

2) (1 +
3

4
𝑐) 𝑐 −

1

2
𝛼𝜇𝜇𝑑𝑐2] cos2(2𝜃)

+ [𝛼𝜇𝜇𝑑𝑐2] cos2(2𝜃) cos2(𝜃 − 𝜙) 

(6.2.8) 

The terms enclosed by the square brackets are constant with respect to superposition angle 𝜃. Hence, 

the five groupings in square brackets may be written as constant coefficients 𝛽, 𝛼1, 𝛼2, 𝛼3 and 𝛼4, 

respectively. Therefore Equation 6.2.8 becomes, 

𝑀𝐵𝑁𝑒 = β + α1 cos2(𝜃 + 𝜙) + 𝛼2 cos2(𝜃 − 𝜙) + 𝛼3 cos2(2𝜃) + 𝛼4 cos2(2𝜃) cos2(𝜃 − 𝜙) 

(6.2.9) 

where 𝜃 is the superposition angle and 𝜙 is the easy axis, both with respect to the probe orientation 

(see Figure 6.2.1), and where 𝛽, 𝛼1, 𝛼2, 𝛼3 and 𝛼4 are coefficients dependent on isotropic and 

anisotropic permeability 𝜇 and 𝜇𝑑, nonlinearity 𝑐 and constant of proportionality 𝛼. A few notable 

points from this result are:  

1) Equation 6.2.9 above is made equal to a previously reported empirical fitting equation [17] by 

letting 𝛼4 = 0.  

2) Letting 𝜃 = 0 yields the original dipole probe MBNe fitting equation derived in references [10] 

[11] as recounted in Section 2.4.  

3) Equation 6.2.9 models MBNe at low applied fields, whereas the square root of Equation 6.2.9 

models MBN rms at low fields.  

4) The square root of Equation 6.2.8 gives magnetic flux density magnitude ‖𝑩‖ at low applied 

fields, and is proportional to MBN rms. 
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5) Neglecting to set ℎ = 1 in Equations 6.2.5 and 6.2.4 of the derivation, and setting 𝜃 and 𝜙 to be 

constant e.g. 𝜙 = 𝜃 = 0, yields a cubic approximation for magnetic flux density 𝑩 as a function 

of applied field 𝑯, consistent with Equation 6.2.5. However, fitting the cubic equation is difficult 

due to statistical correlation between odd-power polynomials. 

6.3 Experimental Measurement and Comparison with Theory 

The sample was a 1200 mm by 105 mm sheet of 3.0 mm thick mild steel. The sample was stressed to 

about 130 MPa to produce measurable anisotropy [106] [107]. Measurements were obtained from the 

sample surface in the as-manufactured condition, which was also corrosion free. Dipole and tetrapole 

probe MBN data was collected, according to procedures outlined in Chapter 3. Dipole probe MBN data 

was collected using the tetrapole probe, by deactivating one pair of its drive coils and using the probe as 

if it were a dipole probe. This method is valid according to finite element modelling done by Underhill et 

al. [19].  

Figure 6.3.1 shows dipole probe MBN rms data (circles) taken along the easy axis of this sample, using a 

dipole probe configuration, for various amplitudes of AC applied field. The theoretical result is shown as 

a dotted line. The comparison was done to investigate the efficacy of the cubic approximation 

introduced before Equation 6.2.5, over a range of applied field amplitudes. This figure shows that the 

cubic approximation for magnetic flux density and MBN rms seemed to break down above 65 Am¯¹ – i.e. 

for applied fields greater than 65 Am¯¹, it cannot be said that flux density is cubic with respect to applied 

field. 
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Figure 6.3.1: MBN rms results from the steel sample, (o) using a dipole probe configuration at various 

applied field amplitudes. Fit of Equation 6.2.5 (···) to cubic region (•) verifies that nonlinear flux density is 

approximately cubic at low fields.  

Figure 6.3.2 shows tetrapole probe MBNe angular dependent data [17] (red open circles), fitted to 

Equation 6.2.9 (solid red line) using fitting parameters 𝜇, 𝜇𝑑, 𝜙 and 𝑐, and assuming a constant of 

proportionality 𝛼 = 1 mV²·s. The data was taken at various probe orientations, with applied field of 66 

Am¯¹ at 50 Hz. Figure 6.3.2 shows good agreement between the data and Equation 6.2.9 fit. The 

estimated and nominal easy axes (𝜙) differ by at most about 15°, for example in Figure 6.3.2a and d, and 

the estimate has a standard error of 9°. In contrast, the standard error on the easy axis estimated using 

the dipole probe fitting equation [10] [11] on the tetrapole probe data is 13°. 
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Figure 6.3.2: Equation 6.2.9 fit (–) to angular dependent MBNe data (o) taken with a tetrapole probe. 

Easy axis (…) is oriented a) 90°, b) 75°, c) 60° and d) 45° to the probe, shown with easy axis estimate (–). 

Figure 6.3.3 plots the fitting coefficients against nominal easy axis. As shown, the fit parameters 

obtained for isotropic and anisotropic permeability 𝜇 and 𝜇𝑑, and nonlinearity 𝑐, largely remain constant 

with respect to the nominal easy axis. However, the anisotropic permeability 𝜇𝑑 and easy axis 𝜙 vary 

slightly. The variation in 𝜇𝑑 and 𝜙 may be due to unmodelled higher-order components of the applied 

field, or due to eddy-current losses in the sample. Sample eddy current losses would be maximized at 𝜃 

= 45° when both orthogonal pole-pairs are operating at 1/√2 of the nominal field amplitude, and 

minimized at 𝜃 = 0° or 90° when one pole-pair is at full power and the other deactivated. It follows that 
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the eddy current losses at 𝜃 = 45° would be 2x1/√2 = √2 times the losses at 𝜃 = 0° or 90°. Note, 𝜇𝑑 and 𝜙 

are expected to vary together since they are coupled in Equation 6.2.6. 

a) b)  

Figure 6.3.3: Fitting coefficients a) 𝜇, 𝜇𝑑, 𝑐 and b) 𝜙 from Equation 6.2.9 fit plotted against nominal easy 

axis (….). Assumed 𝛼 = 1 mV²·s, 𝑏 = 0 mV²·s. 

Figure 6.3.4 shows the dipole probe MBNe data and fit, for the mild steel sample. The data was 

constructed by taking the 𝜃 = 0° and 90° data points from each tetrapole probe orientation. The fit was 

calculated from Equation 6.2.9 using the averages of 𝜇, 𝜇𝑑, 𝑐 and 𝜙, averaged over probe orientation. 

Figure 6.3.4 shows minor mismatch between the fields from the two orthogonal pole-pairs. 

Furthermore, the data in Figure 6.3.4 appears elongated relative to its Equation 6.2.9 fit. These results, 

and the results shown in Figure 6.3.3, suggest that the applied field amplitude ventured slightly outside 

the range for which the model is most accurate. 
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Figure 6.3.4: Equation 6.2.9 fit (–) to equivalent dipole probe MBNe data (o), constructed by taking 𝜃 = 0° 

and 90° tetrapole probe MBNe versus probe orientation. Average of fitting parameters used: 𝜇 = 4.6, 

𝜇𝑑 = 1.0 and 𝑐 = 0.8. Nominal (…) and fit (–) easy axes are at 90° and 86.2°, respectively, relative to the 

sample.  

Overall, the model provides an excellent fit of the data with fitting coefficients being largely 

independent of probe orientation. The model is applicable at low applied fields to flat, single net easy-

axis materials, whose initial magnetization curve and/or MBN rms flux sweep curve may be 

approximated by a cubic. The model has not been tested for high-frequency applied fields, and breaks 

down for high-amplitude applied fields where the cubic approximation no longer holds, as shown in 

Figure 6.3.1. Further iteration of the model would replace the cubic approximation with a full magnetic 

hysteresis model, for example from Chapter 7, and account for eddy-current effects. An improved 

validation could use appropriate sensors to measure sample tangential field directly [3] [8] [9], rather 

than deducing tangential field indirectly from the MBN measurement as done in this work. 

The model in its present state allows use of the tetrapole probe for rapid characterization of magnetic 

anisotropy of single net easy-axis, ferromagnetic materials. The model may also be applied to dipole 

probe data by setting 𝜃 = 0, and noting that easy axis 𝜙 is relative to probe orientation. It is clear from 

the model that fixing 𝜙 and varying 𝜃, as during field superposition with a tetrapole probe (shown in 



96 
 

Figure 6.3.2), yields a different result than fixing 𝜃 and varying 𝜙, as occurs during physical rotation of a 

dipole probe (shown in Figure 6.3.4). 

6.4 Conclusions 

A model was presented that facilitates use of a tetrapole probe to rapidly characterize the magnetic 

anisotropy of a ferromagnetic sample. The model describes the magnetic flux density and resulting 

MBNe generated by a tetrapole probe in a ferromagnetic, anisotropic, single net easy-axis material. 

Validation was performed using MBNe data obtained from a rolled mild steel plate. The model is 

applicable at low frequency/low amplitude applied magnetic fields, which are low amplitude enough 

that the initial magnetization curve of a material may be approximated by a cubic. 
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Chapter 7: Magnetic Step and Feedback Model of Ferromagnetism 

Synopsis: Chapter 7 details an empirical model of ferromagnetism, along with a suggested theoretical 

explanation which the author has dubbed the “Magnetic Step and Feedback” model. The cubic used to 

model nonlinearity in Chapter 6 may be substituted with the initial magnetization curve presented here 

to more accurately model flux superposition at higher applied fields.  

In developing this model, it is postulated that the magnitude and quantity of Barkhausen events follow a 

power-law probability distribution [55] [108] with respect to the magnetizing field magnitude. Since, as 

discussed in Section 2.3, the Barkhausen events correspond to “step” changes in the bulk magnetization, 

it follows that the magnetization of a ferromagnetic material is governed by a power distribution of 

these step changes, termed here as "magnetic steps". It is also postulated that these magnetic steps 

induce further magnetization, in a positive feedback loop. The following details a novel model of initial 

magnetization in terms of these power law distributed magnetic steps with feedback. While several 

other researchers have found similar relationships [109] [110] [111], none have presented the following 

theory to account for the behaviour.  

7.1 Theory, Phenomenology of Ferromagnetism 

In the classical formulation of ferromagnetism (as discussed in Section 2.3), when an external magnetic 

field 𝐻 is applied to a ferromagnetic material, magnetization 𝑀 occurs. The total resulting flux density 𝐵 

is a function of the applied field and the total magnetization, 

𝐵 = 𝜇0(𝐻 + 𝑀) 

(7.1.1) 

where 𝜇0 is the permeability of free space.  

As discussed in Section 2.3, during magnetization of a ferromagnetic material (and somewhat below the 

saturation point), magnetic domains most closely aligned with the applied field grow at the expense of 
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neighboring domains, by domain wall motion [5] [24] [38]. Furthermore, groups of domains in regions of 

the material having homogeneous crystallography, may be modeled as being magnetic objects (MOs) 

(illustrated in Figure 2.3.6). The magnetization of neighboring magnetic objects adds to the applied field 

in the vicinity of a magnetic object – a positive feedback loop. At a sufficiently high applied field, all the 

magnetic objects of the material become magnetically aligned, and magnetization saturates [36] [38]. 

From these properties, a phenomenological model for the initial magnetization 𝑀 is derived, as follows.  

Let a "magnetic step" be defined as the change in magnetization upon the occurrence of a Barkhausen 

event (defined in Chapter 5), where a domain wall jumps from one pinning site to the next, causing a 

small change in the magnetic moment of the corresponding MO. More broadly, a magnetic step may 

also be associated with: domain annihilation and creation, interaction between magnetic moments or by 

another magnetization mechanism [5] [39] [57] [59]. Domain vector rotation [40], a continuous 

magnetization mechanism, may be considered as a magnetic step with infinitesimal step size.  

It is proposed that a magnetic step may be modelled by a relay function. The relay function, or step 

function, was first used to explain ferromagnetism by Priesach [22] (discussed in Section 2.5, however its 

application here is somewhat different, as Preisach was not modelling the same kind of magnetic steps). 

The relay may either be on or off (+ or 0, as opposed to + or – as in the Preisach relay), in response to an 

input. The relay may have a non-unit output and a nonzero switching (like the Preisach relay). The 

output of a magnetic step would be the change in magnetization associated with the step. Note that, for 

a model of initial magnetization, it is inconsequential whether the relays are perfect or not, since only 

their activation is considered. 

It is proposed that a power law [108] governs the distribution of output strength versus switching 

threshold of magnetic steps. This is in keeping with experiment observations of MBN induced by low 

frequency applied field (< 1 Hz), which exhibit power law behavior up until an exponential cut-off point 
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(for example, the ABBM model reviewed in Section 2.4) [19] [55]. Therefore, the instantaneous change 

in magnetization with respect to the number of exceeded switching thresholds follows a power-law 

distribution, with probability density function, 

𝑓(ℎ) = 𝛼/(ℎ + 1)𝛼+1,        ℎ ≥ 0 

(7.1.2) 

where ℎ is the local magnetic field in the vicinity of the changing MOs (whose changes in moment are 

magnetic steps), and where 𝛼 is the distribution parameter, which describes the power-law distribution 

of switching thresholds of the magnetic steps. A large 𝛼 indicates a large population of easily activated 

magnetic steps. 

It is proposed that, during magnetization, the relationship between the applied field 𝐻 and the local 

field ℎ follows positive feedback. The positive feedback is due to the self-reinforcement between 

neighboring magnetic objects (MOs): the magnetic moment of one MO induces a pole energy [42] in the 

neighboring MO, increasing that MOs magnetic moment, and so on (see Appendix A). The positive 

feedback results in a square relationship between ℎ and 𝐻, 

ℎ = 𝜉𝐻2 

(7.1.3) 

with constant of proportionality 𝜉. From Equation 7.1.3, the rate of change of local sample field ℎ with 

respect to applied field 𝐻 is, 

𝑑ℎ/𝑑𝐻 ∝ 2𝜉𝐻 

(7.1.4) 

Bulk magnetization results from activating magnetic steps. The input to the relay (that models a 

magnetic step) is the local field ℎ. The rate of bulk magnetization 𝑑𝑀/𝑑𝐻 may be modeled as the rate of 

change of magnetization 𝑑ℎ/𝑑𝐻 of a magnetic step, times the instantaneous proportion 𝑓 of steps with 

exceeded switching thresholds. From Equations 7.1.2, 7.1.3 and 7.1.4, 
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𝑑𝑀

𝑑𝐻
∝

𝑑ℎ

𝑑𝐻
𝑓(ℎ) = (2𝜉𝐻) 

𝛼

(𝜉𝐻2 + 1)𝛼+1
 

(7.1.5) 

Equation 7.1.5 is integrated with respect to 𝐻 to obtain the cumulative sum of activated magnetic steps; 

that is, the initial magnetization curve 𝑀. The magnetization at saturation, i.e., the magnetization when 

all of the switching thresholds have been exceeded, is 𝑀𝑠𝑎𝑡. Therefore, initial magnetization 𝑀 may be 

written as, 

𝑀 = 𝑀𝑠𝑎𝑡 (1 −
1

(𝜉𝐻2 + 1)𝛼
) 

(7.1.6) 

Magnetic Flux density 𝐵 may be calculated by substituting Equation 7.1.6 into Equation 7.1.1, 

𝐵 = 𝜇0𝑀𝑠𝑎𝑡 (1 −
1

(𝜉𝐻2 + 1)𝛼
) + 𝜇0𝐻 

(7.1.7) 

7.2 Experimental Results 

Magnetic flux density measurements were obtained using a transformer circuit, detailed in Chapter 3. 

Five different samples were tested: silicon iron, mild steel, ferrite, and two ARMCO m6 steels (grain-

oriented electrical steel), one with the length oriented along, and the other orthogonal to, the rolling 

direction. All but the ferrite were laminates, with various lamination thicknesses reported in Table 7.2.1. 

The magnetic flux density data was fit using Equation 7.1.7. Figure 7.2.1 shows the experimental data for 

the initial magnetization curves for each sample (data points) with the solid lines indicating fit using 

Equation 7.1.7.  
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Figure 7.2.1: Initial magnetization data (experimental data as points) fit with Equation 7.1.7 (lines). 

The results show very good agreement between experiment and theory. Table 7.2.1 reports the values 

of the fitting parameters 𝑀𝑠𝑎𝑡, 𝜉, 𝜇0 and 𝛼 from Equation 7.1.7. These fitting parameters may depend 

on the measurement technique and on the size and shape of the samples.  

Table 7.2.1: Sample lamination thicknesses, fitting parameters (Equation 7.1.7) from magnetization data 

fit Figure 7.2.1, and goodness of fit. 

Sample 𝑡 
(mm) 

𝑀𝑠𝑎𝑡 
(T) 

𝜉 
(mA²) 

𝛼 𝜇0 
(µH/m) 

𝑅2 

Silicon 
Iron 

0.47 0.86 59.17 0.29 0.64 0.9995 

ARMCO 
Rolling 

0.35 0.83 82.64 0.29 0.23 0.9986 

ARMCO 
Hard 

0.35 0.55 14.79 0.87 35 0.9993 

Mild 
Steel 

1.33 0.54 0.18 1.69 12 0.9995 

Ferrite 
  

NA 0.18 34.60 1.82 17 0.9993 
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A few comments regarding the fitting parameters: 

• The saturation magnetization 𝑀𝑠𝑎𝑡 is lowest in the ferrite, as would be expected [112].  

• The feedback parameter 𝜉 is lowest for the mild steel. The mild steel laminations were thick-cut, 

allowing the formation of significant eddy-currents, which counter the applied field [36].  

• Comparing the feedback parameter 𝜉 for the two ARMCO steels – as expected, the ARMCO 

Rolling, where the applied field is aligned with the rolling direction, or easy axis, has a higher 𝜉 

than the ARMCO hard.    

• The distribution parameter 𝛼 is highest in the ferrite and mild steel samples. A higher 

distribution parameter suggests a larger proportion of easily activated magnetic steps, and a 

smaller proportion of high-magnitude magnetic steps. It would be expected that the ferrite, 

which saturated at the lowest value, would be easiest to magnetize. The reason mild steel does 

not saturate sooner, however, is because generated eddy currents counteract the effect of the 

high distribution parameter.  

7.3 Discussion 

The above theory development appears to be relatively successful in predicting the initial magnetization 

curve data for selected samples. However, adapting the model to fully describe ferromagnetic hysteresis 

is not yet complete. Replacing Equation 7.1.3 with a quadratic having square, linear and constant terms 

produces curves that appear to fit hysteresis data, as shown in Figure 7.3.1. However, when fitting the 

curves, the model error function has many local minima and the parameters are highly correlated, so 

the curves are of little practical use. Also, these curves only describe S-shaped hysteresis loops. This 

additional modelling work is discussed further in Appendix B. Possibly a better approach to modelling 

hysteresis would be to work Equation 7.1.7 into the mathematics of the Włodarski model [25] discussed 

in Section 2.5. 
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Figure 7.3.1: Magnetic hysteresis loops, data (points) and Equation 7.1.7 fit (lines), with modified 

Equation 7.1.3. Y-axis is not to scale. 

7.4 Conclusions 

An empirical fitting equation was presented that very accurately fits initial magnetization curve data. 

Supporting theory was suggested, where it was proposed that small changes in magnetization, arising 

predominantly from changes in moment of MOs during Barkhausen events, may be modelled by step 

functions that have switching thresholds, “magnetic steps”. The theory assumes that the quantity and 

magnitude of the magnetic steps are power-law distributed with respect to switching thresholds. It was 

proposed that magnetization is a self-reinforcing process, resulting in a quadratic relationship between 

applied field and local field. From these propositions, an expression for ferromagnetic initial 

magnetization, as a function of applied field, was derived (Equation 7.1.6). From this expression 

followed an equation for the magnetic flux density within a material (Equation 7.1.7). Both expressions 

hold for initial magnetization of a non-magnetized sample, and for magnetic flux density amplitude 

arising from AC magnetization conditions. 

Acknowledgements: ARMCO m6 samples were provided by Vahe Ohanian from Mapes and Sprowl 

Steel. 
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Chapter 8: 2D Magnetic Field of a Planar System of Domains, e.g. an MO 

Synopsis: The theoretical derivation of Chapter 7 for the initial magnetization curve seemed reasonable, 

however the most credible equation would be derived from first principles. To this end, Chapter 8 starts 

at the very beginning: modeling the magnetic field produced by a ferromagnetic domain as discussed in 

Section 2.3. An example energy minimization implementation is shown for a single MO, and it confirms 

the accuracy of what was assumed in Chapter 5, that domain wall position is proportional to 𝐻, contrary 

to the literature reviewed in Section 2.4. Though far from being a complete model of ferromagnetism 

and MBN, Chapter 8 signifies a first step using the preferred approach.  

To that end, the magnetic field due to a 2D triangular domain shown in Figure 8.1.1 is derived 

analytically. The triangular geometry is chosen since it is simple, but facilitates generalization to more 

complicated geometries. The derivation of the field is done twice, once in terms of magnetic dipole 

moment density and once in terms of magnetic charges, and is found to be the same in either case. The 

result for the magnetic field of the triangular domain is then generalized to apply to any system of 

various polygonal domains. Two examples are presented that are relevant to the MO model: the 

magnetic field due to a rectangular region of uniformly aligned magnetic dipole moments, and the 

conditions for flux closure. The examples are applied to a numerical model of the pole energy (defined 

in Section 2.3) of a magnetic object (MO) under an applied field.  

8.1 Field Due to a Triangular Domain, Starting from Magnetic Dipole Moment Density 

Typically, magnetic fields of ferromagnetic domains are simulated using magnetic charges [38] [39] [40] 

[41] [42] [50]. However, since magnetic charges do not exist in nature [36], an equivalent, but more 

physically realistic, formulation is used here: the spinning, unpaired electrons that are responsible for 

ferromagnetism are represented as spinning charged spheres. The magnetic field due to a spinning 

charged sphere is equivalent to a magnetic dipole moment [36], and hence the magnetic field of an 
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entire domain may be modelled as arising from a sum of the magnetic dipole moments within that 

domain. This sum is mathematically represented as an integral over an area density of magnetic dipole 

moments (in units Am²/m², or A). 

Figure 8.1.1 shows a triangular 2D magnetic domain of uniformly aligned magnetic dipole moments, 

having vertices at (0,0), (0, y0) and (x0, 0). The magnetic dipole moment area density of this domain is  

�⃑⃑� , and the magnetic field at point 𝑃, due to this domain, is determined. A triangular domain is chosen 

because it is the simplest geometry that possesses a domain wall having any arbitrary angle. Dipole 

moment area density �⃑⃑�  is allowed any orientation, to enable generalization of the theory to more 

complicated domain structures. 

  

Figure 8.1.1: Triangular domain, with vertices at (0,0), (0, y0) and (x0, 0), and with magnetic dipole 

moment area density �⃑⃑� . The magnetic field is evaluated at a point 𝑃 defined by vector 𝑟 , where 𝑃 is a 

distance 𝜂 away from an area element of the domain, which has position 𝑟 ′. 

Vector 𝑟 ′ defines the position of the unit area of the domain being integrated over, and vector 𝑟  defines 

the position at which the magnetic field is being evaluated. The magnetic field �⃑� 𝑑𝑖𝑝 at point 𝑃 due to a 

single, infinitesimal dipole moment at point 𝑟 ′ is given in Griffiths as [36], 

�⃑� 𝑑𝑖𝑝 =
𝜇0

4𝜋

1

𝜂3
(3(�⃑⃑� ∙ �̂�)�̂� − �⃑⃑� ) 

(8.1.1) 
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where 𝜇0 is the permeability of free space and �⃑⃑�  is the magnetic moment of the infinitesimal dipole 

moment. Note that �⃑⃑�  is also the magnetic dipole moment area density; to get the magnetic field due to 

a single infinitesimal dipole moment, we’ve integrated the area density over an infinitesimal area (i.e. 

we haven’t integrated anything yet). 𝜂 = 𝑟 − 𝑟 ′ is the separation vector between 𝑃 and 𝑟 ′, also defined 

as, 

𝜂 = (𝑥 − 𝑥′)𝑥 + (𝑦 − 𝑦′)�̂� 

(8.1.2) 

where 𝑟 = (𝑥, 𝑦) and 𝑟 ′ = (𝑥′, 𝑦′). The square magnitude of 𝜂  is given as, 

𝜂2 = (𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2 

(8.1.3) 

The magnetic field of the entire domain is given as the field due to the area density of magnetic dipole 

moments (Equation 8.1.1) integrated over the area of the triangular domain, 

�⃑� = ∫ ∫ �⃑� 𝑑𝑖𝑝

𝑦0−
𝑦0
𝑥0

𝑥′

0

𝑑𝑦′
𝑥0

0

𝑑𝑥′ 

(8.1.4) 

Solving Equation 8.1.4 (see Appendix C) leads to a final expression for the magnetic field at point 𝑃, 

resulting from the magnetic dipole moment area density of a triangular domain,  

�⃑� =
𝜇0

4𝜋

(

 (
𝑦𝑥 − (𝑥 − 𝑥0)�̂�

√(𝑥 − 𝑥0)
2 + 𝑦2

)  
�⃑⃑� ∙ (𝑦𝑥 − (𝑥 − 𝑥0)�̂�)

(𝑥 +
𝑥0
𝑦0

𝑦 − 𝑥0) 𝑦
+ (

(𝑦 − 𝑦0)𝑥 − 𝑥�̂�

√𝑥2 + (𝑦 − 𝑦0)
2
)  

�⃑⃑� ∙ ((𝑦 − 𝑦0)𝑥 − 𝑥�̂�)

𝑥 (𝑦 +
𝑦0
𝑥0

𝑥 − 𝑦0)

− (
𝑦𝑥 − 𝑥�̂�

√𝑥2 + 𝑦2
)  

�⃑⃑� ∙ (𝑦𝑥 − 𝑥�̂�)

𝑥𝑦

)

  

(8.1.5) 
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8.2 Field Due to a Triangular Domain, Starting with Magnetic Charges 

The magnetic field due to the same triangular 2D domain of Section 8.2, shown in Figure 8.2.1, is 

calculated using a “magnetic charges” concept. Here it is shown that both the magnetic charge 

interpretation, and the magnetic dipole moment area density interpretation, produce the same final 

mathematical result for the magnetic field of a domain.   

 

Figure 8.2.1: Triangular domain, with domain walls having magnetic line charges 𝜆𝑚, with, 

• 𝜆𝑚 0 = �⃑⃑� ∙ (−�̂�) along the wall from (0,0) to (x0, 0), 

• 𝜆𝑚 1 = �⃑⃑� ∙ (−�̂�) along the wall from (0,0) to (0, y0), and  

• 𝜆𝑚 2 = �⃑⃑� ∙ 𝑣 along the wall from (0, y0) to (x0, 0), 

where �⃑⃑�  is dipole moment area density, oriented along angle 𝜚. The magnetic field is evaluated at a 

point 𝑃 defined by vector 𝑟 , where 𝑃 is a distance 𝜂 away from a line element at position 𝑟 ′ along one of 

the domain walls. �̂� points along the domain wall from (0, y0) to (x0, 0), to which 𝑣 is perpendicular. 𝑣 

makes an angle 𝜙 with the X-axis. 

As an analog to the magnetic field case, the electric field �⃑�  at 𝑃, due to an electric charge at 𝑟 ′ in Figure 

8.2.1 is given by Coulomb’s law [36], 

�⃑� =
1

4𝜋휀0
∫

𝜆(𝑟′)

𝜂2
 �̂� 𝑑ℓ′ 

(8.2.1) 

Where 𝜆 is the density of electric charges along a line. The magnetic field �⃑�  due to a “magnetic charge 

line density” takes the same form as Coulomb’s law, as shown in Plonus [38], 
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�⃑� =
𝜇0

4𝜋
∫

𝜆𝑚(𝑟′)

𝜂2
 �̂� 𝑑ℓ′ 

(8.2.2) 

where 𝜆𝑚 is the magnetic charge line density analogous to electrostatic case 𝜆 as used in Griffiths [36], 

and where the other variables are the same as those defined for Equation 8.1.1. The magnetic charge 

line density of each wall of the triangular domain is calculated by taking the dot product of the dipole 

moment area density vector �⃑⃑�  (which has angle 𝜚) with the unit vector normal to the wall. Substituting 

𝜆𝑚 and Equations 8.1.2 and 8.1.3 for 𝜂  into Equation 8.2.2 gives,  

�⃑� =
𝑚𝜇0 sin 𝜚

4𝜋
∫

(𝑥′ − 𝑥)�̂� + (−𝑦)�̂�

((𝑥′ − 𝑥)2 + (−𝑦)2)
3
2

𝑥0

0

𝑑𝑥′ +
𝑚𝜇0 cos 𝜚

4𝜋
∫

(−𝑥)�̂� + (𝑦′ − 𝑦)�̂�

((−𝑥)2 + (𝑦′ − 𝑦)2)
3
2

𝑦0

0

𝑑𝑦′

−
𝑚𝜇0 cos(𝜚 − 𝜙)

4𝜋
∫

(𝑢′ − 𝑢)�̂� + (𝑣0 − 𝑣)𝑣

((𝑢′ − 𝑢)2 + (𝑣0 − 𝑣)2)
3
2

𝑢0

𝑢𝑖

𝑑𝑢′ 

(8.2.3) 

where �̂� points parallel to the diagonal domain wall from (0, 𝑦0) to (𝑥0, 0) and 𝑣 points perpendicularly 

to the same domain wall in the direction 𝜙. Evaluating the integrals of Equation 8.2.3 gives the final 

expression for the magnetic field of a triangular domain with magnetic charge line density, which is 

identical to Equation 8.1.5 (see Appendix C). This shows (unsurprisingly, see Griffiths [36, pp. 166-168] 

and Plonus [38, pp. 322-338]) that the magnetic dipole moment area density formulation is equivalent 

to the magnetic charge formulation, when calculating the magnetic field due to a domain of aligned 

atomic magnetic moments. 

8.3 2D Expansion of the Analysis to a Polygon Domain Structure 

In this section, the analysis moves from a triangular domain to a polygonal one, and a general expression 

for the magnetic field due to a domain configuration of various 2D polygonal domains is derived. The 

complete derivation can be found in Appendix C.  
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First, the bottom right corner of the triangular domain of Figures 8.1.1 and 8.2.1 is translated to the 

point (휀, 𝛿) as shown in Figure 8.3.1. 

 

Figure 8.3.1: Triangular domain from Figure 8.1.1 and 8.2.1, translated. 𝜑 is the angle between the two 

domain walls that have normal vectors �̂�+𝑛 and �̂�−1 pointing towards the interior of the domain. 

After applying the translation, (𝑥, 𝑦) is the point 𝑃 at which the magnetic field is evaluated ((𝑟, 𝜃) in 

polar coordinates), (휀, 𝛿) is the corner of the domain shown in Figure 8.3.1 ((𝓇𝑛, 𝜗𝑛) in polar 

coordinates), and 𝜑 is the angle between the two adjoining domain walls. In terms of vectors, sin𝜑 may 

be written as sin𝜑 = ‖�̂�−𝑛 × �̂�𝑛‖, where �̂�−𝑛 and �̂�𝑛 are the unit vectors normal to the walls of the 

domain that join at point (𝓇𝑛, 𝜗). Normal vectors �̂�−𝑛 and �̂�𝑛 point towards the interior of the domain. 

Applying these to the first term of Equation 8.1.5, and writing in terms of coordinate-free vectors allows 

generalization to the magnetic field due to an arbitrary polygonal domain (shown in Appendix C), which 

is, 

�⃑� =
𝜇0

4𝜋
∑

𝑟 𝑛 × �⃑⃑� × 𝑟 𝑛
‖𝑟 𝑛‖

 
‖�̂�−𝑛 × �̂�𝑛‖

(𝑟 𝑛 ∙ �̂�−𝑛)(𝑟 𝑛 ∙ �̂�𝑛)

𝑁−1

𝑛=0

 

(8.3.1) 

where 𝜇0 is the permeability of free space, 𝑁 is the number of domain corners, 𝑟 𝑛 are the positions of 

the domain corners, �⃑⃑�  is the dipole moment area density, 𝑟  is the position of the test point 𝑃, and �̂�−𝑛 

and �̂�𝑛 are the normal vectors of the domain boundaries to either side of the 𝑛th corner of the domain. 
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�̂�−𝑛 and �̂�𝑛 point inwards towards the interior of the domain. Equation 8.3.1 is equivalent to the 

following equation, for the magnetic field of a generic polygonal domain in cartesian coordinates, 

�⃑� =
𝜇0

4𝜋
∑  

(𝑟𝑛𝑦�̂� − 𝑟𝑛𝑥�̂�)(𝑟𝑛𝑦𝑚𝑥 − 𝑟𝑛𝑥𝑚𝑦) sin𝜑𝑛

𝑟𝑛(𝑟 𝑛 ∙ �̂�−𝑛)(𝑟 𝑛 ∙ �̂�𝑛)

𝑁−1

𝑛=0

 

(8.3.2) 

where 𝜑𝑛 is the angle between the edges connecting to the 𝑛th corner, or vertex, of the domain. To 

generalize to a system of domains, �⃑⃑�  may be written as �⃑⃑� 𝑛 to reflect the different magnetic moments 

of separate domains. Note that, for a system of domains, 𝑛 still indexes vertices, not domains. 

Furthermore, a vertex is indexed multiple times depending on how many domains share the same 

vertex.  

8.4 Application of Equation 8.3.2 to a Rectangular Domain 

Equation 8.3.2 is used to calculate the magnetic field due to a rectangular domain shown in Figure 8.4.1. 

This calculation is useful for determining the magnetic field of a MO of the type discussed in Section 2.3, 

and is applied to a numerical simulation in Section 8.7.  

 

Figure 8.4.1: Rectangular domain with magnetic moment aligned in the �̂� direction. 



115 
 

The following parameters describe the rectangular domain of Figure 8.4.1: 𝜑𝑛 = 𝜋/2, 𝑁 = 4, �⃑⃑� = 𝑚�̂�, 

−�̂�+0 = −�̂�−1 = �̂�+2 = −�̂�−3 = 𝑥 and −�̂�−0 = �̂�+1 = �̂�−2 = �̂�+3 = �̂�. Applying these to Equation 

8.3.2 yields, 

�⃑� =
𝜇0𝑚

4𝜋
∑

(𝑟𝑛𝑦�̂� − 𝑟𝑛𝑥�̂�)𝑟𝑛𝑥

𝑟𝑛𝑟𝑛𝑥𝑟𝑛𝑦(−1)𝑛

3

𝑛=0

 

(8.4.1) 

Algebraic manipulation simplifies Equation 8.4.1 to, 

�⃑� =
𝜇0𝑚

4𝜋
∑

(−1)𝑛

𝑟𝑛
(𝑥 −

𝑟𝑛𝑥

𝑟𝑛𝑦
�̂�)

3

𝑛=0

 

(8.4.2) 

Rewriting Equation 8.4.2 in terms of 𝑥 and 𝑦 gives the final expression for the magnetic field from a 

rectangular domain, 

�⃑� =
𝜇0𝑚

4𝜋
∑

(−1)𝑛

√(𝑥𝑛 − 𝑥)2 + (𝑦𝑛 − 𝑦)2
(𝑥 −

(𝑥𝑛 − 𝑥)

(𝑦𝑛 − 𝑦)
�̂�)

3

𝑛=0

 

(8.4.3) 

8.5 Application of Equation 8.3.2 to Flux Closure Between Two Polygonal Domains 

The domain geometries under which the magnetic field vanishes, i.e. flux closure, is evaluated for the 

shared corner of two generic domains with the same magnitude of magnetic dipole moment area 

density. The result verifies that flux closure domains from the MO model, described in Section 2.3, really 

do bring the magnetic field of a flux-closed MO to zero. Figure 8.5.1 illustrates the conditions for flux 

closure. 
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Figure 8.5.1: Flux closure configuration. The magnetic field evaluated at the node from domain 0 cancels 

the magnetic field evaluated at the shared node from domain 1.  

Consider, for simplicity, a shared vertex of two domains such that one domain wall is on the X-axis and 

the other two domain walls are an angle ±𝜑 to the X-axis. The moment has positive Y component and is 

parallel to the two angled domain walls, i.e., 𝑛−0 = (𝑚𝑦𝑥 + 𝑚𝑥�̂�)/𝑚, 𝑛+0 = �̂�, 𝑛−1 = −�̂� and 𝑛+1 =

(𝑚𝑦𝑥 − 𝑚𝑥�̂�)/𝑚. Applying these conditions to Equation 8.3.2, the magnetic field of the shared vertex 

is, 

�⃑� =
𝜇0 sin𝜑

4𝜋
(𝑟𝑦�̂� − 𝑟𝑥�̂�) (

𝑚(−𝑟𝑦𝑚𝑥 − 𝑟𝑥𝑚𝑦)

(𝑟𝑦𝑚𝑥 + 𝑟𝑥𝑚𝑦)𝑟𝑦
+

𝑚(𝑟𝑦𝑚𝑥 − 𝑟𝑥𝑚𝑦)

(−𝑟𝑦)(𝑟𝑦𝑚𝑥 − 𝑟𝑥𝑚𝑦)
) 

(8.5.1) 

Equation 8.5.1 simplifies to, 

�⃑� =
𝜇0 sin𝜑

4𝜋
(𝑟𝑦�̂� − 𝑟𝑥�̂�)(1 − 1) = 0 

(8.5.2) 

More generally, the coordinate system may be rotated to apply this result to any flux closure 

configuration. An alternative approach to show flux closure in this case is to use the magnetic charges 
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approach directly: the line charge density on the two angle lines is zero since �⃑⃑�  is parallel, and the line 

charge density on the X-axis is, 

𝜆𝑚 = �⃑⃑� 0 ∙ �̂�−0 + �⃑⃑� 1 ∙ �̂�+1 = 𝑚sin𝜑 − 𝑚 sin𝜑 = 0 

(8.5.3) 

So by inspection, it can be seen from the magnetic charges approach that Figure 8.5.1 shows a flux 

closure situation. 

8.6 Numerical Simulation of MO Magnetization 

The analytical model of the magnetic fields of a general system of domains (Equation 8.3.2) may be 

implemented in a numerical micromagnetic magnetization model that calculates the changes in domain 

configurations in response to an applied field 𝐻, by minimizing numerically calculated pole energy. An 

example of this is done here on a magnetic object (MO) with eight 180° domain walls, as shown in Figure 

8.6.1. Such a model would be applicable to relatively thin plates and thin films, and may also be useful 

for modelling MBN. 

The magnetic field produced by the MO is calculated from Equation 8.4.3. The domain structure of the 

MO is optimized based on an energy minimization similar to that overviewed in Section 2.3 – the 

exchange energy and crystallographic anisotropy energy are minimized by using the domain 

configuration of Figure 8.6.1, and the magnetoelastic energy does not make a significant contribution. 

This leaves the pole energy 𝑈𝑝 and the magnetostatic energy 𝑈𝑚𝑠 to consider. 
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Figure 8.6.1: A Magnetic Object (MO) having eight 180° domain walls. Note that the four non-flux closed 

regions were assigned the same width 𝑑 to simplify the analysis. In reality, the widths 𝑑 would be 

approximately the same for a very wide MO with a very large number of 180° domain walls. 

The pole energy 𝑈𝑝 is due to the torque on each atomic dipole moment in the presence of a magnetic 

field 𝐵, summed over all the atomic dipole moments within the volume of the ferromagnetic material 

[40] [42], 

𝑈𝑝 ∝ −∫ �⃑⃑� ∙ �⃑� 𝑑𝜏 

(8.6.1) 

When an external magnetic field 𝐻 is applied, the atomic dipole moments experience a torque caused 

by their interaction with 𝐻, leading them to align parallel to 𝐻, in turn causing the domain structure to 

form a nonzero 𝑑. The alignment of the atomic dipole moments with 𝐻 decreases the component of the 

pole energy 𝑈𝑝 caused by the 𝐻 component of 𝐵 (where 𝐵 = 𝜇0(𝑀 + 𝐻)). However, the nonzero 𝑑 

causes magnetization 𝑀 of the MO, where 𝑀 applies a torque on the atomic dipole moments in 

opposition to the torque due to 𝐻. The component of 𝑈𝑝 caused by 𝑀 counteracts an increase in 𝑑. 

Thus, 𝑈𝑝 causes the MO to respond to the applied field 𝐻 by taking on an optimum value for 𝑑 that 

changes as a function of 𝐻.  

In contrast, theory from the literature presented in Section 2.3 considers only the 𝐻 component of 𝐵 

when calculating the pole energy 𝑈𝑝. To account for the effect of nonzero 𝑑, the literature makes use of 
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the magnetostatic energy 𝑈𝑚𝑠, defined as the energy stored in the magnetic field over all of space [36] 

[40], 

𝑈𝑚𝑠 =
1

2𝜇0
∫�⃑� ∙ �⃑� 𝑑𝜏 

(8.6.2) 

However, for calculating 𝑈𝑚𝑠, the literature ignores the 𝐻 component of 𝐵, and only considers the 

magnetization 𝑀 of the MO. In this case, the energy optimization of 𝑈𝑚𝑠 + 𝑈𝑝 is very simple to calculate 

analytically, as is done in Chapter 5.  

In what follows, the more difficult calculation of the pole energy 𝑈𝑝 using the entirety of 𝐵, is done 

numerically. The fields and energy were calculated at uniform intervals across the MO using Equations 

8.5.3 and 8.6.2. The applied field magnitude 𝐻 and the width 𝑑 of the net-positive magnetized regions 

were varied, and the resulting simulated pole energy (which was noisy on account of evaluating the 

magnetic field at only a finite number of positions) was fit very well with parabolas that were functions 

of 𝑑, 

𝑈𝑝 = 𝑎𝑑2 + 𝑏𝑑 + 𝑐 

(8.6.3) 

Figure 8.6.2 shows example numerically simulated data fit with the parabolas Equation 8.6.3, and Figure 

8.6.3 shows all the parabolic fits to the data.  
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Figure 8.6.2: Numerically simulated pole energy 𝑈𝑝 versus widths 𝑑 of the non-flux closed regions 

(defined in Figure 8.6.1), for various applied fields 𝐻 (units of A/m). Simulated data is fit with parabola 

Equation 8.6.3.  

 

Figure 8.6.3: The Equation 8.6.3 fits to simulated pole energy 𝑈𝑝 for various applied fields 𝐻 (lighter 

colour => higher 𝐻) and widths 𝑑 of the non-flux closed regions (defined in Figure 7.1).  

The coefficients of the parabolas (Equation 8.6.3) fitted to the 𝑈𝑝 vs 𝑑 data are plotted as a function of 

𝐻 in Figure 8.6.4, and are fit very well by straight lines. The minima of the parabolas of 𝑑 are plotted as a 

function of 𝐻 in Figure 8.6.5. Figure 8.6.5 shows that 𝑑, and therefore, the magnetization of the MO, 
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increases approximately as a ramp function of 𝐻, with clipping at 𝑑 = 0 & 1. The nonconstant segments 

of the curve are given by the equation of optimization of the parabolas from Figure 8.6.3, 

𝑑 = −𝑏(𝐻)/2𝑎(𝐻) 

(8.6.4) 

where the parabolas are given by Equation 8.6.3. Coefficients 𝑎 and 𝑏 are functions of 𝐻 as defined by 

the lines of best fit from Figure 8.6.4. 

 

Figure 8.6.4: Coefficients 𝑎 (○), 𝑏 (□) and 𝑐 (◇) of the parabolic curves (Equation 8.6.3) from Figure 8.6.3, 

with linear fits (–). 
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Figure 8.6.5: The 𝑑 value minima (□) of the parabolas from Figure 8.6.3. The minima are fit with 

Equation 8.6.2 (–), where 𝑎 and 𝑏 are linear functions of 𝐻 with slope and intercept given in Figure 8.6.4. 

MO magnetization and optimal 𝑑 (𝑑 that minimizes the energy 𝑈𝑝) increases approximately as a ramp 

function (∙∙∙) of 𝐻. 

The delayed ramping behavior shown in Figure 8.6.5 is interesting because it demonstrates that the 

existence of coercivity (i.e. MO magnetization staying zero until some nonzero 𝐻) does not require the 

addition of pinning sites to the model. It also suggests that the magnetic steps from Chapter 7 may 

possibly be more accurately modelled as truncated ramp functions rather than instantaneous switches. 

Note that the numerical model shown above did not account for pinning; this is left for future work. 

Usually when numerically modeling micromagnetic systems, the field and torque of each of the 

magnetic moments are simulated individually [43]; here however, whole domains of aligned magnetic 

moments have been modelled using Equation 8.3.2. Modelling whole domains this way may be more 

useful than numerically modelling each individual iron atom, since more atoms could be represented at 

once while using fewer computation resources. However, the atoms that compose the domain wall 

would not be represented, since the calculation of the magnetic field of a domain makes the 

approximation that domain walls are infinitesimally thin. It is also assumed that spin orientation is 
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uniform within a domain, which does not always hold, for example during domain vector rotation that 

occurs near magnetic saturation [40]. 

8.7 Conclusions 

The general magnetic field due to a collection of polygonal domains was derived analytically, where 

each domain is 2D and has infinitesimal-width domain walls and uniform magnetic dipole moment area 

density. The field was derived using two equivalent approaches: the magnetic dipole moment area 

density approach, and the magnetic charge line density approach. The model was evaluated first for the 

triangular domain geometry, then generalized to apply to any domain geometry – for example, the 

rectangular domain geometry, that was evaluated explicitly. Conditions for flux closure, i.e. field 

cancelation at a shared vertex between two domains, was derived.  

The analytical expression for the magnetic field was applied to a numerical evaluation of the pole energy 

of a magnetic object (MO) for a variety of applied field and magnetization conditions. The numerical 

model found that, due to the pole energy alone, the MO exhibited an optimum magnetization that was 

a function of the field applied to the MO. Future work may include deriving the magnetic field due to a 

3D domain, or applying the 2D result to a more complicated domain configuration. It may be that a 

model of a 2D system of randomly sized domains could simulate the magnetic hysteresis behavior that is 

commonly seen in real materials.    
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Chapter 9: Discussion, Conclusions and Future Work 

The original motivation for this thesis investigation was to answer the question, why do tetrapole MBN 

probes not behave in a simple and predictable way? Namely, why does attempting to control applied 

field direction via flux superposition produce a different MBN signal from manually rotating a dipole 

probe?  

To answer this, some of the tenets underlying the work of White [3] and others [4] [5] [14] [13] [15] 

[113] needed to be revisited. Steven White was the former PhD student with this research group who 

designed flux control and the tetrapole MBN probe (based on one built by Vengrinovich [14]). White 

acknowledged that the feedback coils do not reveal the in-sample flux density, and that ferromagnetism 

is nonlinear, but stated that linear models are sufficient for flux control [3, p. 71]. This is because only 

the nonlinear effects of saturation were considered; the nonlinearity occurring at low field during initial 

magnetization was overlooked [3, p. 57] [15] [113]. Following from a linear model, any nonlinear 

attribute of the MBN is ascribed to either the sample or the MBN itself [3, pp. 255-256] [4]. 

Furthermore, although the flux in the sample is unknown, linearity implies that the flux in the sample is 

proportional to the flux measured by the feedback coils. This allows one to use linear vector addition to 

determine the proportionate amount of flux in the sample when performing flux superposition [3, p. 78] 

[4] [13] [14]. 

The key assumption was that, below saturation, magnetization effects are linear. In reality, this is not 

the case; magnetization effects are nonlinear, both in the saturation regime and in the low field regime. 

As a result, neither flux control nor flux superposition operate in the way they were originally intended.  

This present research work attempted to account for the effects of nonlinearity in both the saturation 

and low-field regime. Furthermore, this research work sought additional ways to measure the flux 



126 
 

density using the given probe configuration; to that end, the research work sought to establish a link 

between MBN and the flux density that induces it. 

9.1 MBN Measurement Procedure  

Chapter 3 details the equipment and procedures used to make measurements of MBN. The particular 

probe design used for the current masters research was a modified version of Steve White's original 

tetrapole probe [3], as well as an accompanying dipole probe.  

To choose an operating flux density for flux control, a flux density sweep was performed over a range 

large enough to produce a sigmoid shape when plotting the resulting MBN energy versus Flux density, 

shown for example in Figure 9.1.1 (also Figure 3.1.7). The “operating flux density” was chosen to be the 

highest flux density value in the linear region of the plot. It was thought that this operating point would 

produce the MBN signal with the highest signal-to-noise ratio, while still maintaining linear behavior of 

the MBN [48]. 

 

Figure 9.1.1: Flux density sweep and resulting MBNe (o) for choosing the operating flux density for a 

silicon steel sample, as shown in Chapter 3. A trendline is fit to the selected linear region (●), and the 

highest flux density from the linear region (◼), 250 mT, is chosen. This is to maximize signal-to-noise ratio 

while supposedly avoiding nonlinear effects. 
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As for the flux control system, it does not, in practice, effectively compensate for liftoff variations. For 

best measurement repeatability, liftoff was kept uniform by monitoring the signals from each of the 

feedback coils during measurement, and by redistributing the holding force applied to the legs of the 

probe in order to equalize the amplitudes of the feedback coil signals. The reason this works is answered 

in Chapter 4. 

9.2 Feedback Coil Measurement of In-Sample Flux Density 

For the MBN probe used for this thesis work, the flux density is monitored using feedback coils. Chapter 

4 investigated the use of drive coil back emf as well. It was found that the measurement of flux density 

differed between the feedback and drive coils depending on probe liftoff and sample magnetic 

reluctance, as shown in Figure 9.2.1 (also Figure 4.3.2.). 

 

Figure 9.2.1: Flux retention 𝑐 between drive and feedback coils, versus probe liftoff ℎ, with Equation 4.2.2 

fit (–). Drive field at 12 V and 20 Hz. Max difference in 𝑐 is about 5% per 0.1 mm change in liftoff. Note, 

sample surface condition would influence the measured value for liftoff.  

Figure 9.2.1 shows that the accuracy of the measurement of flux leaving the probe U-core and entering 

the sample is sensitive to probe liftoff and sample properties. This explains why, as reported in Chapter 

3, it was observed in experiments that flux control was not helpful for compensating for nonuniform 
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probe liftoff, and why nonuniform liftoff needed to be physically corrected by changing the distribution 

of the force holding the probe against the sample. 

Furthermore, it is known from MFL experiments that, although feedback coils can approximately 

measure the flux leaving the probe and entering the sample, the feedback coils cannot measure the flux 

density in the sample, which is different than in the probe U-core due to the field spreading once it 

enters the sample [114]. Nor is in-sample flux density proportional to flux density measured by the 

feedback coils, since the nonlinear effects of ferromagnetism prevents linear proportionality. Sample 

flux density is the more desirable quantity to measure, since that is what produces the measured MBN, 

as discussed in Chapter 5.  

9.3 Relating MBN to In-Sample Flux Density 

In Chapter 5, the magnetic object (MO) model [5] [10] was used to relate MBN energy to the tangential 

surface flux density of a sample. Chapter 5 found a squared relationship, which is in keeping with former 

theory [10] [11] and empirical observations [83] [84]. This allows the pickup coil to be used to infer the 

in-sample flux density.  

Figure 9.3.1 (also Figure 5.4.3) shows linear regression performed on MBN power (MBN energy (MBNe) 

times frequency 𝑓) normalized by flux density squared 𝐵2 measured at the feedback coils. It is expected 

that MBN energy divided by squared flux density is constant, therefore 𝑓 ∝ 𝑀𝐵𝑁𝑒/𝐵2 × 𝑓. For five of 

the ten data sets, the flux density applied was well within the linear region of the flux density versus 

MBN energy curve of Figure 9.1.1, and the data shown in Figure 9.3.1a exhibited the expected 

proportionality (i.e. that MBNe/𝐵2 is constant). However, for the other five data sets, the flux density 

applied was outside of the linear region of the Figure 9.1.1 curve, and the data exhibited nonlinearity, as 

shown in Figure 9.3.1b. Notably, the 1018 steel dataset with drive voltage 1 V behaved linearly, while 
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data taken with higher drive voltages on the same sample behaved nonlinearly, thus showing that 

nonlinearity is not a function of which sample is used. 

a)  b)  

Figure 9.3.1: Normalized MBN power data (𝑀𝐵𝑁𝑒/𝐵2 × 𝑓) versus frequency 𝑓. a) Linear fit (–) indicates 

data displaying constant proportionality between MBN energy and squared in-sample flux density. b) 

Quadratic fit (∙∙∙) shows data taken with inaccurate estimates of in-sample flux density, estimates made 

using the feedback coils. Note that 1018 steel data taken at 1 V is linear, but 3 and 5 V data is nonlinear. 

This is an example of how the feedback coils do not give an accurate estimate of the flux density in the 

sample that generates the MBN, due to nonlinear effects. Even so, in this particular case, the problem of 

nonlinear effects could have been avoided in these experiments by choosing an operating flux density 

more firmly in the linear region of the flux density versus MBN energy curve, rather than following the 

Chapter 3 recommendation in choosing the greatest flux density in the linear region, as shown in Figure 

9.1.1. This does not solve the problem for flux superposition, however, as discussed in Chapter 6. 

9.4 Flux Superposition and MBN 

In Chapter 6, the magnetic flux density generated by superposition of orthogonal fields from a tetrapole 

probe was modelled for a ferromagnetic, anisotropic, single net easy-axis material. As shown in Figure 
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9.4.1 (also Figures 6.3.2 and 6.3.4), the MBN produced by flux superposition [3] is very different from 

the MBN produced by manually rotating the probe; therefore, a separate model is needed from the one 

originally developed for the dipole probe. To validate the model, a measurement of the in-sample 

magnetic flux density was needed, so the result from Chapter 5 that squared flux density is proportional 

to MBN energy was applied. 

a) b)  

Figure 9.4.1: Model of flux density squared Equation 6.2.9 fit (–) to MBNe data (o) from a) flux 

superposition and b) physically rotating the probe. Easy axis (…) is oriented 90° to the probe, shown with 

easy axis estimate (–).  

During flux superposition, the flux from each orthogonal U-core varies from 0 to 100% of the nominal 

operating flux over the course of a flux superposition sweep, in order to vary the direction of the in-

sample flux density. Hence, the flux density (of the U-core) crosses into the lower nonlinear region of 

the flux density versus MBN energy curve (keeping in mind that sample flux density ∝ √MBNe), shown in 

Figure 9.1.1. Had the applied field simply been rotated, as with the dipole probe, the flux density would 

have stayed away from the lower extreme of the flux density versus MBN energy curve. Thus, as shown 

in Figure 9.4.1, flux superposition produces a different MBN response than were the probe rotated.  

MBN energy data from a flux superposition measurement was reasonably modelled by representing the 

lower region of Figure 9.1.1 as a cubic, and incorporating an anisotropy tensor. However, a more 
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accurate model would include a better representation of the flux density versus MBN energy curve of 

Figure 9.1.1. This was done in Chapter 7. 

9.5 Model of Initial Magnetization and AC Flux Density Amplitude 

Chapter 7 detailed a semi-empirical model of the initial magnetization curve, validated using magnetic 

flux density measurements obtained from a transformer circuit. Figure 9.5.1 (also Figure 7.2.1) shows 

the experimental data for the initial magnetization curves (data points) with the solid lines indicating fit 

using the model. The model holds for initial magnetization of a non-magnetized sample, and for 

magnetic flux density amplitude arising from AC magnetization conditions. 

 

Figure 9.5.1: Initial magnetization data (experimental data as points) fit with empirical model Equation 

7.1.7 (lines). 

Considering the proportionality between MBN energy and squared in-sample surface flux density found 

in Chapter 5, the flux density versus MBN energy curve from Figure 9.1.1 represents the square of an 

initial magnetization curve, such as from Figure 9.5.1. Therefore, a better model of flux superposition 

(from Chapter 6) would include a better model of initial magnetization – for example, the semi-empirical 

model proposed in Chapter 7. 
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The fitting performance of the initial magnetization model was effective enough to compete with other 

literature models of ferromagnetism. However, it is not sufficiently satisfying to have an empirical model 

only; a first-principles model of ferromagnetism derived from micromagnetics would be more desirable. 

Furthermore, theory in literature, and theory developed in Chapter 5, suggests that there is an intimate 

connection between MBN and ferromagnetism. It would be desirable, in modelling ferromagnetism 

from micromagnetics, to model MBN as well. 

9.6 First-Principles Micromagnetics Modelling of Ferromagnetism 

In ferromagnetic materials, the atoms behave like atom-sized dipole magnets, with fixed positions but 

free rotation. Due to the exchange energy, atomic dipole magnets co-align to form “domains”, as shown 

in Figure 9.6.1 (also Figure 2.3.4). The torque on the domain’s atomic magnetic moments, due to the 

magnetic field of neighboring domains, leads neighboring domains to align anti-parallel to each other. In 

the presence of an external applied field, domains aligned with the field grow at the expense of anti-

aligned domains, producing a magnetization in the direction of the applied field. 

 

Figure 9.6.1: Atomic magnetic moments (arrows) in 2D ferromagnetic material. Moments align to form 

domains (three domains are shown) separated by domain walls (in gray). 

In Chapter 5 it was noted that, during domain wall motion, when the atomic dipole moments over which 

the domain wall has swept change orientation, they exhibit precession [40] [50] [88] [89]. Precession 

causes flux to escape normal to the surface of the MO in proportion to the number of atomic magnetic 
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moments that have re-oriented. The pickup coil of surface MBN probes measure these normal flux 

components at the same time as the domain walls sweep across the sensing area of the pickup coil. This 

is the link between MBN and ferromagnetism. 

In Chapter 8, the magnetic field due to any system of various 2D polygonal domains was derived 

analytically. The result was applied to a numerical model of the pole energy of a magnetic object (MO) 

under an applied field shown in Figure 9.6.2 (also Figure 8.6.1), where the pole energy arises from the 

torques on the atomic dipole moments. A first-principles model of hysteresis and MBN may be derived 

by modeling a 2D system of randomly sized domains. 

 

Figure 9.6.2: A Magnetic Object (MO) having eight 180° domain walls, under the action of an applied 

field 𝐻. The widths 𝑑 increase as a function of 𝐻. 

If a first-principles joint model of ferromagnetism and MBN could be derived, that would be the pinnacle 

of ferromagnetism research. It would simultaneously explain the tetrapole MBN result, as well as MBN 

in general. Unfortunately, this was not accomplished during the present research, however there was 

time enough to initiate the process and suggest a path forward. 

9.7 Conclusion 

The original motivation for this thesis investigation was to answer the question, why do tetrapole MBN 

probes not behave in a simple and predictable way? Namely, why does attempting to control applied 
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field direction via flux superposition produce a different MBN signal from manually rotating a dipole 

probe? The answer: 

1. MBN is generated by moving domain walls, which move in response to the applied flux density. 

Therefore, the measured MBN signal depends very much on the flux density near the sample 

surface under the pickup coil of the MBN probe. 

2. The flux density is measured at the feedback coils of the MBN probe, before the flux enters the 

sample. Therefore, the flux density inside the sample is not directly measured. In fact, as 

observed in MFL measurements [114], it is expected that the flux spreads out upon entering the 

sample – by an amount depending on the properties of the applied field and sample – lowering 

the sample flux density as compared to what is measured at the feedback coils. 

3. Ferromagnetism is nonlinear. Therefore, the sample flux density is not a linear function of 

feedback coil flux density. This means that classical electromagnetic theory, which is based on 

linear permeability, cannot alone determine the flux density inside the sample. Furthermore, 

linear vector superposition cannot predict the field due to two superimposed orthogonal fields. 

In short, the answer to the question is that, MBN generated by flux superposition with the tetrapole 

probe does not behave like MBN generated by physically rotating the applied field as with the dipole 

probe, because flux superposition is not linear and because the equations used to perform the 

superposition assume linearity. 

A reasonable first attempt was made to model in-sample flux density during flux superposition, 

incorporating the effects of nonlinearity and anisotropy (Point #3). Furthermore, it was shown 

theoretically that in-sample surface flux density is proportional to the square-root of the MBN energy it 

produces (Point #1). Progress was made towards more detailed modeling of the nonlinearity of 



135 
 

ferromagnetism, including an empirical magnetization model and a micromagnetics model (further to 

Point #3).  

That is to say, Point #1 is largely satisfied, while Point #3 requires further work. Point #2 remains largely 

unaddressed.  

9.8 Future Work 

The most promising avenues for future work are: 

• to continue to develop the micromagnetics model of magnetization from Chapter 8, and  

• either to model flux spread in the sample, or directly measure the flux density in the sample.  

It remains to incorporate a more sophisticated (non-cubic) model of ferromagnetism into the 

superposition model from Chapter 6, to more accurately model tetrapole MBN energy. The Chapter 7 

model may suffice; however, it would be more desirable to derive a model of ferromagnetism from the 

micromagnetics approach taken in Chapter 8. It would be desirable that such a model describe 

ferromagnetic hysteresis as well as MBN.  

With regards to in-sample flux density, there are two possible routes for measuring the in-sample 

surface flux density under the pickup coil, that is the flux density that generates the MBN: the flux 

density may either be theoretically predicted, or directly measured. If theoretically predicted, the way in 

which flux spreads in a material needs to be modelled from classical electromagnetism, and this needs 

to be combined with the ferromagnetic hysteresis model. If measured directly, designing a sensor to 

measure in-sample surface flux density in the same place where MBN is measured (for example, stacked 

hall sensors or magnetometers [82]) would allow use of the tetrapole probe without needing to model 

the fields.  
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Comparing the dipole and tetrapole probes, the dipole probe is easier to build and simpler to model. 

The tetrapole probe is, hypothetically, more convenient to use for field rotation studies. The tetrapole 

probe itself costs about twice as much as the dipole probe, due to both the single and the double U-core 

being composed of Supermendur, but this is inconsequential since the probe is only a fraction of the 

cost of the overall MBN system. The main factor limiting the usefulness of the tetrapole probe is the 

unpredictability of the applied magnetic field it produces during flux superposition. 

It is critical, for drawing conclusions about a sample from the measured MBN signal, measured from 

either the dipole or tetrapole MBN probe, that the in-sample surface flux density is also known. Until 

such a time as such a sensor is developed, or as a model of flux superposition is developed, it is 

recommended that future MBN research be performed using the dipole MBN probe (because rotation 

by superposition causes applied flux density to venture into the low-field nonlinear region), and that the 

linear region of the flux density versus MBN energy curve (as shown in Figure 9.1.1, but not including the 

points near the red square point) be the sole region of operation. Otherwise, the behavior of the 

measured MBN signal would be confounded by the nonlinear behavior of the unmeasured surface flux 

density that is generating the MBN.  
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Appendix A: Feedback Model of Ferromagnetism 

In Chapter 7, a squared relationship between applied field 𝐻 and magnetic object (MO) magnetization 

𝑀 was assumed in the derivation of the magnetization curve (Equation 7.1.3). Here, the source of the 

relationship is suggested, and modelled: there is feedback between MO magnetization and internal field 

which results in a 1 to 2 order dependence of 𝑀 on 𝐻. Note, the model description and derivation refers 

to concepts introduced in Sections 2.3 and 2.5. 

A.1 Introduction 

Figure A.1.1 shows a feedback diagram representation of the modelled dependence of 𝑀 on 𝐻. The 

model assumes uniformly distributed activation thresholds for the magnetic steps (defined in Chapter 

7); however, the model could be adapted to account for Pareto distributed activation thresholds. The 

applied field 𝐻 initiates the internal field ℎ0. The internal field overcomes pinning and bias field 𝑐 > 0 

(Am⁻¹) to induce step magnetization 𝑚𝑛 = ℎ𝑛 − 𝑐 in the MO. The magnetized MO produces additional 

internal field ℎ𝑛 = 𝑔𝑚𝑛, where 𝑔 ∈ [0,1] is a scalar multiplier. The process repeats until the internal 

field ℎ𝑛 is no longer strong enough to overcome pinning and bias field 𝑐. The total magnetization of the 

MO is the sum of the internal fields ℎ𝑛, shown in Figure A.1.1. 
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Figure A.1.1: Feedback model of system of magnetic steps with uniformly distributed activation 

thresholds. Constant 𝑐 ≥ 0 Am⁻¹ resists effect of internal field ℎ𝑛 on magnetization 𝑚𝑛. Gain 𝑔 ∈ [0,1] 

scales contribution of 𝑚𝑛 to ℎ𝑛. Feedback stops at iteration 𝑁 − 1, where ℎ𝑁 − 𝑐 < 0. 

A.2 Zero Pinning Case 

First, MO magnetization 𝑀 is calculated for zero bias field and zero pinning 𝑐 = 0 Am⁻¹, as shown in 

Figure A.2.1. 

 

Figure A.2.1: Feedback model, with gain element 𝑔 ∈ [0,1), pinning constant 𝑐 = 0 Am⁻¹ subtracted. 

The recursive equations for internal field are, 

ℎ0 = 𝐻 

ℎ𝑛 = 𝑔ℎ𝑛−1 

(A.2.1) 

The iterative equation for the total MO magnetization is then, 
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𝑀 = ∑ 𝑔𝑛𝐻

∞

𝑛=0

 

(A.2.2) 

Recognizing that Equation A.2.2 is a geometric series, solving yields, 

𝑀 = 𝐻 lim
𝑛→∞

1 − 𝑔𝑛+1

1 − 𝑔
 

𝑀 =
1

1 − 𝑔
𝐻 

(A.2.3) 

Therefore, accounting for gain alone, the MO magnetization is proportional to the applied field. 

A.3 Unit Gain Case 

Second, MO magnetization 𝑀 is calculated for scalar gain 𝑔 = 1, shown in Figure A.3.1. Experimentally, 

this case seems most common, since magnetization curves are approximately quadratic for low applied 

field 𝐻 (Rayleigh law), and hysteresis loops are approximately linear for applied field 𝐻 in the 

neighborhood of the coercive field. 

 

Figure A.3.1: Feedback model, with pinning constant 𝑐 ≥ 0 Am⁻¹ subtracted, gain element 𝑔 = 1. 

The recursive equations for internal field are, 

ℎ0 = 𝐻 

ℎ𝑛 = ℎ𝑛−1 − 𝑐 

(A.3.1) 

The iterative equation for the total magnetization is then, 
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𝑀 = ∑ 𝐻 − 𝑛𝑐

𝑁−1

𝑛=0

 

(A.3.2) 

Solving Equation A.3.3 yields, 

𝑀 = 𝐻𝑁 − 𝑐 ∑ 𝑛

𝑁−1

𝑛=0

 

𝑀 = 𝐻𝑁 −
𝑐

2
𝑁(𝑁 − 1) 

(A.3.4) 

The number of feedback iterations 𝑁 before ℎ𝑁 − 𝑐 < 0, i.e. before the internal field is reduced to zero, 

is, 

𝑁 = ⌊
𝐻

𝑐
⌋ ≈

𝐻

𝑐
 

(A.3.5) 

Substituting Equation A.3.5 into Equation A.3.4 yields, 

𝑀 = 𝐻
𝐻

𝑐
−

𝑐

2

𝐻

𝑐
(
𝐻

𝑐
− 1) 

=
𝐻2

𝑐
−

𝑐

2

𝐻

𝑐

𝐻 − 𝑐

𝑐
 

𝑀 =
1

2

𝐻2

𝑐
+

1

2
𝐻 

(A.3.6) 

For large 𝑐, Equation A.3.6 is approximately, 

𝑀 ≈
1

2
𝐻 

(A.3.7) 

Equation A.3.7 would apply to the coercive points of square-type hysteresis loops from magnetically 

hard materials. For the S-type loops from magnetically soft materials, the square term in Equation A.3.6 

would still be significant at the coercive points. For small 𝑐, Equation A.3.6 is approximately, 
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𝑀 ≈
1

2

𝐻2

𝑐
 

(A.3.8) 

Equation A.3.8 applies to the initial magnetization curve, where there isn’t much resistance to 

magnetization. Equation A.3.8 justifies the square relationship between applied field and MO 

magnetization proposed in Chapter 7 for modelling initial magnetization curves. 

A.4 Non-unit Gain and Nonzero Pinning Constant Case 

Third, MO magnetization 𝑀 is calculated for 𝑔 ∈ [0,1) and 𝑐 > 0 Am⁻¹, shown in Figure A.4.1. This case 

is more general, and may account for more properties of the physical system. 

 

Figure A.4.1: Feedback model, with gain element 𝑔 ∈ [0,1) and pinning constant subtraction 𝑐 > 0 Am⁻¹. 

The recursive equations for internal field are, 

ℎ0 = 𝐻 

ℎ𝑛 = 𝑔(ℎ𝑛−1 − 𝑐) 

(A.4.1) 

The iterative equation for the total magnetization is then, 

𝑀 = 𝐻 + 𝑔(𝐻 − 𝑐) + 𝑔(𝑔(𝐻 − 𝑐) − 𝑐) + 𝑔(𝑔(𝑔(𝐻 − 𝑐) − 𝑐) − 𝑐) + ⋯+ ℎ𝑁−1 

(A.4.2) 

Solving Equation A.4.2 yields, 

𝑀 = ∑ 𝑔𝑛𝐻

𝑁−1

𝑛=0

− ∑(𝑁 − 𝑛)𝑔𝑛𝑐

𝑁−1

𝑛=1

 

= 𝐻 ∑ 𝑔𝑛

𝑁−1

𝑛=0

− 𝑐𝑔𝑁 ∑ 𝑔𝑛

𝑁−2

𝑛=0

+ 𝑐𝑔 ∑ 𝑛𝑔𝑛−1

𝑁−1

𝑛=0
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= 𝐻
1 − 𝑔𝑁

1 − 𝑔
− 𝑐𝑔𝑁

1 − 𝑔𝑁−1

1 − 𝑔
+ 𝑐𝑔

𝑑

𝑑𝑔

1 − 𝑔𝑁

1 − 𝑔
 

= 𝐻
1 − 𝑔𝑁

1 − 𝑔
− 𝑐𝑔

𝑁(1 − 𝑔𝑁−1)(1 − 𝑔)

(1 − 𝑔)2
+ 𝑐𝑔

−𝑁𝑔𝑁−1(1 − 𝑔) + (1 − 𝑔𝑁)

(1 − 𝑔)2
 

𝑀 = 𝐻
1 − 𝑔𝑁

1 − 𝑔
+ 𝑐𝑔 (

1 − 𝑔𝑁

(1 − 𝑔)2
−

𝑁

1 − 𝑔
) 

(A.4.3) 

To find the number of feedback iterations 𝑁 before ℎ𝑁 − 𝑐 < 0, ℎ𝑛 is first solved as, 

ℎ𝑛 = ⋯𝑔(𝑔(𝑔(𝐻 − 𝑐) − 𝑐) − 𝑐)… 

= 𝑔𝑛𝐻 − 𝑔𝑐 − 𝑔2𝑐 − ⋯− 𝑔𝑛−1𝑐 

ℎ𝑛 = 𝑔𝑛𝐻 −
1 − 𝑔𝑛

1 − 𝑔
𝑐 

(A.4.4) 

𝑁 is approximately the root of Equation A.4.4 (namely, 𝑁 is an integer, but the root of Equation A.4.4 

may be continuous), 

𝑔𝑁𝐻 −
1 − 𝑔𝑁

1 − 𝑔
𝑐 = 0 

(1 − 𝑔)𝑔𝑁𝐻 − 𝑐 + 𝑐𝑔𝑁 = 0 

𝑐 + (1 − 𝑔)𝐻 = 𝑐𝑔−𝑁 

ln(𝑐 + (1 − 𝑔)𝐻) = −𝑁 ln(𝑔) + ln(𝑐) 

𝑁 =
1

ln(𝑔)
(ln(𝑐) − ln(𝑐 + (1 − 𝑔)𝐻)) 

𝑁 = log𝑔 (
𝑐

𝑐 + (1 − 𝑔)𝐻
) 

(A.4.5) 

𝑁 is here substituted into a subexpression from Equation A.4.3, 

1 − 𝑔𝑁

1 − 𝑔
=

1

1 − 𝑔
(1 −

𝑐

𝑐 + (1 − 𝑔)𝐻
) 

=
1

1 − 𝑔

(1 − 𝑔)𝐻

𝑐 + (1 − 𝑔)𝐻
 

=
𝐻

𝑐 + (1 − 𝑔)𝐻
 

(A.4.6) 
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Substituting the subexpression Equation A.4.6 back into Equation A.4.3 yields, 

𝑀 =
𝐻2

𝑐 + (1 − 𝑔)𝐻
+

𝑐𝑔

1 − 𝑔
(

𝐻

𝑐 + (1 − 𝑔)𝐻
− log𝑔 (

𝑐

𝑐 + (1 − 𝑔)𝐻
)) 

(A.4.7) 

A.5 Discussion 

Figure A.5.1 below plots Equation A.4.7 for various values of 𝑔 ∈ [0,1) and 𝑐 > 0 Am⁻¹. The limit as 𝑐 

approaches 0 and as 𝑔 approaches 1 are given by Equations A.2.3 and A.3.6, respectively, and are 

plotted in red. These are theoretical magnetization curves for uniformly distributed magnetization 

thresholds, and they approximate magnetization curves for low levels of magnetization. The case with 𝑔 

and 𝑐 small produces a square relationship between MO magnetization and applied field (Equation 

A.2.8). Equation A.2.8 justifies the square relationship proposed in Equation 7.1.3 of Chapter 7 used for 

deriving the magnetization curve. 
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Figure A.5.1: Equation A.4.7 plotted in blue, with c = 1 Am⁻¹ and g = 0.75 in cyan. Left, c is varied, limit as 

c goes to 0 (Equation A.2.3) plotted in red. Right, g is varied, limit as g goes to 1 (Equation A.3.6) plotted 

in red.  
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Appendix B: Magnetic Step and Feedback Model of Ferromagnetism 

The theory developed in Chapter 7 appears to be relatively successful in predicting the initial 

magnetization curve data for selected samples. However, adapting the model to fully describe 

ferromagnetic hysteresis is not yet complete. Replacing Equation 7.1.3 with a quadratic having square, 

linear and constant terms (justified in Appendix A) produces curves that appear to fit hysteresis data, as 

shown in Figure B.4.1. However, the model error function has many local minima and the parameters 

are highly correlated, so the curves are of little practical use. Also, these curves only describe S-type, and 

possibly square-type (not tested) hysteresis loops.  

B.1 Theory for Ferromagnetic Hysteresis 

Replacing Equation 7.1.3 with a quadratic having square, linear and constant terms (justified in Appendix 

A), the modified equation for magnetic flux density 𝐵 for describing hysteresis loops is, 

𝐵 = 𝜇0𝑀𝑠𝑎𝑡 (1 −
1

(𝑎𝐻2 + 𝑏𝐻 + 𝑐)𝛼
) + 𝜇0𝐻 

(B.1.1) 

where 𝜇0 is the permeability of free space, 𝑀𝑠𝑎𝑡 is the saturation magnetization, 𝐻 is the applied field, 𝛼 

is the distribution parameter, with high 𝛼 implying a large number of easily overcome magnetization 

thresholds, and 𝑎, 𝑏 and 𝑐 are the coefficients in the quadratic relationship between 𝐻 and magnetic 

object (MO) magnetization, with large 𝑐 and small 𝑎 implying a large coercive field 𝐻𝑐. The point in the 

hysteresis cycle at which 𝐻 reverses is at applied field 𝐻𝑚𝑎𝑥, with magnetization 𝑀𝑚𝑎𝑥, where the 

equation for 𝑀 is found by comparison of 𝐵 = 𝜇0𝑀 + 𝜇0𝐻 with Equation B.1.1. Equation B.1.1 models 

magnetic flux density in three distinct regions of the ferromagnetic hysteresis loop: initial magnetization, 

demagnetization, and remagnetization, as follows: 
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• Quadratic feedback is strongest during initial magnetization from 𝐻 = 0 to 𝐻𝑚𝑎𝑥, with 𝑏 = 0 

and 𝑐 = 1, as the material is magnetized from a neutral state.  

• Feedback is weakest during demagnetization from 𝐻 = 𝐻𝑚𝑎𝑥 to −𝐻𝑐 as the magnetized 

material resists the change in 𝐻.  

• During remagnetization from 𝐻 = −𝐻𝑐 to −𝐻𝑚𝑎𝑥, two processes occur, which result in 

medium-strength feedback: a) high threshold magnetic steps maintain positive magnetization, 

while b) low threshold magnetic steps adopt negative magnetization.  

Prior magnetization affects the apparent distribution of magnetic steps, affecting 𝛼 and 𝑀𝑠𝑎𝑡. 

Coefficients 𝑎, 𝑏 and 𝑐 may be solved for in terms of more relatable parameters, such as the coercive 

field 𝐻𝑐, remnant magnetization 𝑀𝑟, and max point on the hysteresis loop (𝐻𝑚𝑎𝑥,𝑀𝑚𝑎𝑥), as is done in 

the following. 

B.2 Constraining the Fit to Magnetic Hysteresis Curves 

The hysteresis curves are constrained such that the demagnetization and remagnetization curves meet 

at the extremes of the hysteresis cycle, (𝐻𝑚𝑎𝑥,𝑀𝑚𝑎𝑥) and (−𝐻𝑚𝑎𝑥, −𝑀𝑚𝑎𝑥), and at the coercive points 

(𝐻𝑐 , 0) and (−𝐻𝑐 , 0), where the rate of magnetization is also continuous. The de-magnetization curves 

pass through the remnant magnetization points (0,𝑀𝑟) and (0, −𝑀𝑟). i.e., setting 

𝑀𝑑𝑒𝑚(𝐻) = 𝑀𝑠𝑎𝑡𝑑 (1 −
1

𝑑𝑒𝑛𝑑(𝐻)𝛼𝑑
) 

(B.2.1) 

for the de-magnetization curve 𝐻𝑚𝑎𝑥 down to −𝐻𝑐, and, 

𝑀𝑟𝑒𝑚(𝐻) = 𝑀𝑠𝑎𝑡𝑟 (1 −
1

𝑑𝑒𝑛𝑟(𝐻)𝛼𝑟
) 

(B.2.2) 
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for the re-magnetization curve 𝐻𝑐 up to 𝐻𝑚𝑎𝑥 (with terms being defined by comparison with Equation 

B.1.1), there are the following constraints, 

𝑀𝑑𝑒𝑚(−𝐻𝑐) = 0 

𝑀𝑑𝑒𝑚(𝐻𝑚𝑎𝑥) = 𝑀𝑚𝑎𝑥 

𝑀𝑑𝑒𝑚(0) = 𝑀𝑟 

𝑀𝑟𝑒𝑚(𝐻𝑐) = 0 

𝑑𝑀𝑟𝑒𝑚(𝐻𝑐)

𝑑𝐻
=

𝑑𝑀𝑑𝑒𝑛(−𝐻𝑐)

𝑑𝐻
 

𝑀𝑟𝑒𝑚(𝐻𝑚𝑎𝑥) = 𝑀𝑚𝑎𝑥 

(B.2.3) 

These constraints result in the following expressions, 

𝑑𝑒𝑛𝑑(𝐻) =
𝐻

𝐻𝑚𝑎𝑥

𝐻 + 𝐻𝑐

𝐻𝑚𝑎𝑥 + 𝐻𝑐
(

𝑀𝑠𝑎𝑡𝑑

𝑀𝑠𝑎𝑡𝑑 − 𝑀𝑚𝑎𝑥
)
1/𝛼𝑑

−
𝐻

𝐻𝑐

𝐻𝑚𝑎𝑥 − 𝐻

𝐻𝑐 + 𝐻𝑚𝑎𝑥

+
(𝐻 + 𝐻𝑐)(𝐻𝑚𝑎𝑥 − 𝐻)

𝐻𝑐𝐻𝑚𝑎𝑥
(

𝑀𝑠𝑎𝑡𝑑

𝑀𝑠𝑎𝑡𝑑 − 𝑀𝑟
)
1/𝛼𝑑

 

(B.2.4) 

for de-magnetization and, 

𝑑𝑒𝑛𝑟(𝐻) = 1 +
(𝐻 − 𝐻𝑐)

2

(𝐻𝑚𝑎𝑥 − 𝐻𝑐)
2 ((

𝑀𝑠𝑎𝑡𝑟

𝑀𝑠𝑎𝑡𝑟 − 𝑀𝑚𝑎𝑥
)
1/𝛼𝑟

− 1) +
(𝐻 − 𝐻𝑐)(𝐻𝑚𝑎𝑥 − 𝐻)

𝐻𝑚𝑎𝑥 − 𝐻𝑐
𝒟 

(B.2.5) 

for re-magnetization, with, 

𝒟 =
𝑀𝑠𝑎𝑡𝑑𝛼𝑑

𝑀𝑠𝑎𝑡𝑟𝛼𝑟
(
𝐻𝑚𝑎𝑥 + 𝐻𝑐

𝐻𝑐𝐻𝑚𝑎𝑥
(

𝑀𝑠𝑎𝑡𝑑

𝑀𝑠𝑎𝑡𝑑 − 𝑀𝑟
)
1/𝛼𝑑

−
2𝐻𝑐 + 𝐻𝑚𝑎𝑥

𝐻𝑐(𝐻𝑐 + 𝐻𝑚𝑎𝑥)

−
𝐻𝑐

𝐻𝑚𝑎𝑥(𝐻𝑐 + 𝐻𝑚𝑎𝑥)
(

𝑀𝑠𝑎𝑡𝑑

𝑀𝑠𝑎𝑡𝑑 − 𝑀𝑚𝑎𝑥
)
1/𝛼𝑑

 ) 

(B.2.6) 

Equations B.2.4 to B.2.6 substitute into Equations B.2.1 and B.2.2 to produce constrained versions of 

Equation B.1.1, which are useful for fitting hysteresis data. 
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B.3 Fitting Hysteresis Curves 

Several challenges may arise when fitting ferromagnetic hysteresis data. First, the commonly used least-

squares method [115] assumes that all measurement error is contained in the dependent variable, in 

this case 𝐵. However, both 𝐵 and 𝐻 contain measurement error. Hence, least-squares 

disproportionately favours fitting the steeply-sloped portions of the magnetization curves. Weighted 

least-squares is a possible solution. 

Second, using the least squares method in this case leads to many local minima in the error function 

[115], causing the fitting result to be very sensitive to parameter bounds and first guess. Methods to 

mitigate this include: 

• Putting tight bounds around fitting parameters that can be read directly off the plot, for 

example coercive field 𝐻𝑐, the maximum point on the hysteresis curve (𝐻𝑚𝑎𝑥 ,𝑀𝑚𝑎𝑥), and the 

remnant magnetization 𝑀𝑟.  

• For the major hysteresis loop and the initial magnetization curve, obtaining an estimate of (what 

the apparatus measures as) 𝜇0 by fitting the saturation region with a straight line, which will 

have slope 𝜇0.  

• Obtaining the initial guesses for the parameters of the minor loops from the fitted parameters 

of the major loop.  

• Ensuring that the data is symmetrical about (0,0). Alternatively, allowing small fitted offsets for 

𝐻 and 𝐵. 

• Rather than manually guessing a number of different starting parameters, using a global 

optimization algorithm, such as the simulated annealing algorithm [116] or the algorithm 

proposed in Appendix I, in place of the usual gradient decent algorithm.  
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B.4 Experiment Results and Discussion 

Magnetic flux density measurements were obtained using a transformer circuit, detailed in Chapter 3. 

Five different samples were tested: silicon iron, mild steel, ferrite, and two ARMCO m6 steels (grain-

oriented electrical steel), one with the length oriented along, and the other orthogonal to, the rolling 

direction. All but the ferrite were laminates, with various lamination thicknesses reported in Table 7.2.1. 

The magnetic flux density data was fit using Equation B.1.1. Figure B.4.1 shows the experimental data 

for the hysteresis curves for each sample (data points) with the solid black lines indicating fit using 

Equation B.1.1. Note that the fitting was so sensitive that Figure B.4.1 could not be reproduced within a 

reasonable enough timeframe so as to fix the scaling in the Y-axis. It took many hours of trial and error 

adjustments of the constraints and the initial guesses of the parameters before arriving at Figure B.4.1 in 

the first place. 

 

 
Figure B.4.1: Magnetic hysteresis loops, data (points) and Equation B.1.1 fit (lines). Y-axis is not to scale. 

The fact that very different values for the parameters of Equation B.1.1 can produce very similar looking 

curves arouses some suspicion: are the fits so good because the theory is correct, or because the fitting 

curves are just extremely flexible? Furthermore, Chapter 8 raises some questions as to the legitimacy of 
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the Chapter 7 theory, namely that, in Chapter 8, quadratic feedback was not observed among 

neighboring domains within a modelled MO subject to an applied field.  

Empirically, Equation 7.1.7 for describing initial magnetization is simply a Burr distribution with 

parameter 𝑐 = 2 [117], times the saturation magnetization. An alternative derivation to the one in 

Chapter 7 may go as follows: one may say that the orientations of the MOs are normally distributed 

about one of the orthogonal crystallographic easy axis directions. In that case, were they all the same 

size, their combined magnetization would follow a Rayleigh distribution [118]. It is known from 

experiment and theory that Barkhausen events follow a Gamma distribution [19] [55], implying the sizes 

of domains is Gamma distributed. The combined distribution of MO orientations and sizes leads to the 

Burr distribution presented in Chapter 7 [119]. This alternative derivation suggests that, if the only 

available information is an empirical formula, any derivation for it amounts to mathematical 

speculation.  

Really there is no reason a Gamma distribution couldn’t have been applied instead of Burr distribution. 

A Gamma distribution, which is caused by a power-law with an exponential cut-off, is more in keeping 

with experimental observations of MBN [19] [20] and is also predicted by the Alessandro et al model 

[19] [55] of MBN. The Gamma distribution has already been used to describe other, non-magnetic forms 

of hysteresis [120].  

Or, perhaps it would be more fitting to derive a distribution from the work of Hentchel et al. [43] – 

whose work models the micromagnetics of atomic magnetic moments – since that is more grounded in 

fundamental phsyics. For the same reason, it may also be more fruitful to model the optimal domain 

configuration of a collection of randomly sized MOs using the methods proposed in Chapter 8, and then 

derive a statistical distribution from there for the initial magnetization curve. The Włodarski model [25] 
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could be applied to derive the math for the corresponding hysteresis loops; this is preferrable to 

following the approach outlined in this appendix. 
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Appendix C: 2D Magnetic Field of a Planar System of Domains 

The following presents the detailed derivations referred to over in Chapter 8, and also presents one 

additional calculation. Derivations include: 

• 2D Magnetic field of a triangular domain having a magnetic dipole moment area density. 

• 2D Magnetic field of a triangular domain using the approach of magnetic charges. 

• 2D Magnetic field of a generalized system of 2D domains. 

• 3D Magnetic field of a 2D rectangular domain having a magnetic dipole moment area density. 

C.1 Triangular Domain, Magnetic Dipole Moment Area Density 

Figure C.1.1 shows a triangular 2D magnetic domain of uniformly aligned magnetic dipole moments, 

having vertices at (0,0), (0, y0) and (x0, 0). The magnetic dipole moment area density of this domain is  

�⃑⃑� , and the magnetic field at point 𝑃, due to this domain, is determined. A triangular domain is chosen 

because it is the simplest geometry that possesses a domain wall having any arbitrary angle. Dipole 

moment area density �⃑⃑�  is allowed any orientation, to enable generalization of the theory to more 

complicated domain structures. 

  

Figure C.1.1: Triangular domain, with vertices at (0,0), (0, y0) and (x0, 0), and with magnetic dipole 

moment area density �⃑⃑� . The magnetic field is evaluated at a point 𝑃 defined by vector 𝑟 , where 𝑃 is a 

distance 𝜂 away from an area element of the domain, which has position 𝑟 ′. 
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Vector 𝑟 ′ defines the position of the unit area of the domain being integrated over, and vector 𝑟  defines 

the position at which the magnetic field is being evaluated. The magnetic field �⃑� 𝑑𝑖𝑝 at point 𝑃 due to a 

single, infinitesimal dipole moment at point 𝑟 ′ is given in Griffiths as [36], 

�⃑� 𝑑𝑖𝑝 =
𝜇0

4𝜋

1

𝜂3
(3(�⃑⃑� ∙ �̂�)�̂� − �⃑⃑� ) 

(C.1.1) 

where 𝜇0 is the permeability of free space and �⃑⃑�  is the magnetic moment of the infinitesimal dipole 

moment. Note that �⃑⃑�  is also the magnetic dipole moment area density; to get the magnetic field due to 

a single infinitesimal dipole moment, we’ve integrated the area density over an infinitesimal area (i.e. 

we haven’t integrated anything yet). 𝜂 = 𝑟 − 𝑟 ′ is the separation vector between 𝑃 and 𝑟 ′, also defined 

as, 

𝜂 = (𝑥 − 𝑥′)𝑥 + (𝑦 − 𝑦′)�̂� 

(C.1.2) 

where 𝑟 = (𝑥, 𝑦) and 𝑟 ′ = (𝑥′, 𝑦′). The square magnitude of 𝜂  is given as, 

𝜂2 = (𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2 

(C.1.3) 

The magnetic field of the entire domain is given as the field due to the area density of magnetic dipole 

moments (Equation C.1.1) integrated over the area of the triangular domain, 

�⃑� = ∫ ∫ �⃑� 𝑑𝑖𝑝

𝑦0−
𝑦0
𝑥0

𝑥′

0

𝑑𝑦′
𝑥0

0

𝑑𝑥′ 

(C.1.4) 

Applying a change of variables, and substituting Equations C.1.2 and C.1.3 into Equation C.1.1, and the 

result into Equation C.1.4, 
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�⃑� =
𝜇0

4𝜋
∫ ∫

3(𝑚𝑥𝑥
′ + 𝑚𝑦𝑦

′)(𝑥′�̂� + 𝑦′�̂�)

(𝑥′2 + 𝑦′2)5/2
−

𝑚𝑥�̂� + 𝑚𝑦�̂�

(𝑥′2 + 𝑦′2)3/2

𝑦0−𝑦−
𝑦0
𝑥0

(𝑥′+𝑥)

−𝑦

𝑑𝑦′
𝑥0−𝑥

−𝑥

𝑑𝑥′ 

(C.1.5) 

Equation C.1.5 is integrated with respect to 𝑑𝑦′ using the following integration formulae, 

∫
1

(𝑥′2 + 𝑦′2)3/2
𝑑𝑦′ =

𝑦′

𝑥′2(𝑥′2 + 𝑦′2)1/2
 

(C.1.6) 

∫
𝑦′2

(𝑥′2 + 𝑦′2)5/2
𝑑𝑦′ =

𝑦′3

3𝑥′2(𝑥′2 + 𝑦′2)3/2
 

(C.1.7) 

∫
𝑦′

(𝑥′2 + 𝑦′2)5/2
𝑑𝑦′ =

1

3(𝑥′2 + 𝑦′2)3/2
 

(C.1.8) 

∫
1

(𝑥′2 + 𝑦′2)5/2
𝑑𝑦′ =

𝑦′(3𝑥′2 + 2𝑦′2)

3𝑥′4(𝑥′2 + 𝑦′2)3/2
 

(C.1.9) 

Integrating Equation C.1.5 using Equations C.1.6 to C.1.9 yields, 

�⃑� =
𝜇0

4𝜋
∫

3𝑚𝑥𝑥
′2𝑦′(3𝑥′2 + 2𝑦′2)�̂�

3𝑥′4(𝑥′2 + 𝑦′2)3/2
+

3𝑥′(𝑚𝑦�̂� + 𝑚𝑥�̂�)

3(𝑥′2 + 𝑦′2)3/2
+

3𝑚𝑦𝑦
′3�̂�

3𝑥′2(𝑥′2 + 𝑦′2)3/2

𝑥0−𝑥

−𝑥

−
𝑦′(𝑚𝑥�̂� + 𝑚𝑦�̂�)

𝑥′2(𝑥′2 + 𝑦′2)1/2
| 

𝑦0−𝑦−
𝑦0
𝑥0

(𝑥′+𝑥)

 −𝑦                            

𝑑𝑥′ 

(C.1.10) 

Algebraic simplification of Equation C.1.10 leads to, 

�⃑� =
𝜇0

4𝜋
∫

𝑚𝑥𝑦
′3�̂�

𝑥′2(𝑥′2 + 𝑦′2)3/2
+

𝑦′(2𝑚𝑥�̂� − 𝑚𝑦�̂�)

(𝑥′2 + 𝑦′2)3/2
−

𝑥′(𝑚𝑦�̂� + 𝑚𝑥�̂�)

(𝑥′2 + 𝑦′2)3/2
| 

𝑦0−𝑦−
𝑦0
𝑥0

(𝑥′+𝑥)

 −𝑦                            

𝑥0−𝑥

−𝑥

𝑑𝑥′ 

(C.1.11) 
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Evaluating the limits of the integration in Equation C.1.11 gives, 

�⃑� =
𝜇0

4𝜋
∫

𝑚𝑥(𝑦0 − 𝑦 − (𝑦0/𝑥0)(𝑥
′ + 𝑥))

3
�̂�

𝑥′2 (𝑥′2 + (𝑦0 − 𝑦 − (𝑦0/𝑥0)(𝑥
′ + 𝑥))

2
)
3/2

𝑥0−𝑥

−𝑥

+
(𝑦0 − 𝑦 − (𝑦0/𝑥0)(𝑥

′ + 𝑥))(2𝑚𝑥�̂� − 𝑚𝑦�̂�)

(𝑥′2 + (𝑦0 − 𝑦 − (𝑦0/𝑥0) (𝑥
′ + 𝑥))

2
)
3/2

−
𝑥′(𝑚𝑦�̂� + 𝑚𝑥�̂�)

(𝑥′2 + (𝑦0 − 𝑦 − (𝑦0/𝑥0)(𝑥
′ + 𝑥))

2
)
3/2

𝑑𝑥′

−
𝜇0

4𝜋
∫ −

𝑚𝑥𝑦
3�̂�

𝑥′2(𝑥′2 + 𝑦2)3/2
+

𝑦(2𝑚𝑥�̂� − 𝑚𝑦�̂�)

(𝑥′2 + 𝑦2)3/2
−

𝑥′(𝑚𝑦�̂� + 𝑚𝑥�̂�)

(𝑥′2 + 𝑦2)3/2

𝑥0−𝑥

−𝑥

𝑑𝑥′ 

(C.1.12) 

The integral of Equation C.1.12 is evaluated using the following integration formulae, 

∫
1

𝑥′2(𝑥′2 + 𝑦2)3/2
𝑑𝑥′ = −

2𝑥′2 + 𝑦2

𝑥′𝑦4√𝑥′2 + 𝑦2
 

(C.1.13) 

∫
1

(𝑥′2 + 𝑦2)3/2
𝑑𝑥′ =

𝑥′

𝑦2√𝑥′2 + 𝑦2
 

(C.1.14) 

∫
𝑥′

(𝑥′2 + 𝑦2)3/2
𝑑𝑥′ = −

1

√𝑥′2 + 𝑦2
 

(C.1.15) 

∫
(𝑎 − 𝑏𝑥′)3

𝑥′2(𝑥′2 + (𝑎 − 𝑏𝑥′)2)3/2
𝑑𝑥′ = −

2𝑥′2 + (𝑎 − 𝑏𝑥′)2

𝑎𝑥′√𝑥′2 + (𝑎 − 𝑏𝑥′)2
 

(C.1.16) 

∫
(𝑎 − 𝑏𝑥′)

(𝑥′2 + (𝑎 − 𝑏𝑥′)2)
3
2

𝑑𝑥′ =
𝑥′

𝑎√𝑥′2 + (𝑎 − 𝑏𝑥′)2
 

(C.1.17) 

∫
𝑥′

(𝑥′2 + (𝑎 − 𝑏𝑥′)2)
3
2

𝑑𝑥′ = −
(𝑎 − 𝑏𝑥′)

𝑎√𝑥′2 + (𝑎 − 𝑏𝑥′)2
 

(C.1.18) 
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Integrating Equation C.1.12 using the integration Equations C.1.13 to C.1.18 yields, 

�⃑� =
𝜇0

4𝜋

(

 −
𝑚𝑥 (2𝑥′2 + (𝑦0 − 𝑦 − (𝑦0/𝑥0)(𝑥

′ + 𝑥))
2
)𝑥

𝑥′(𝑦0 − 𝑦 − (𝑦0/𝑥0)(𝑥
′ + 𝑥))√𝑥′2 + (𝑦0 − 𝑦 − (𝑦0/𝑥0)(𝑥

′ + 𝑥))
2

+
𝑥′

𝑥′

𝑥′(2𝑚𝑥�̂� − 𝑚𝑦�̂�)

(𝑦0 − 𝑦 − (𝑦0/𝑥0)(𝑥
′ + 𝑥))√𝑥′2 + (𝑦0 − 𝑦 − (𝑦0/𝑥0)(𝑥

′ + 𝑥))
2

+
𝑥′

𝑥′

(𝑚𝑦𝑥 − 𝑚𝑥�̂�)(𝑦0 − 𝑦 − (𝑦0/𝑥0)(𝑥
′ + 𝑥))

(𝑦0 − 𝑦 − (𝑦0/𝑥0)(𝑥
′ + 𝑥))√𝑥′2 + (𝑦0 − 𝑦 − (𝑦0/𝑥0)(𝑥

′ + 𝑥))
2
|

𝑥0 − 𝑥
 
 

−𝑥     

−
𝜇0

4𝜋
(−

𝑚𝑥(−𝑦)3(2𝑥′2 + 𝑦2)�̂�

𝑥′(−𝑦)4√𝑥2 + 𝑦2
+

𝑥′

𝑥′

𝑥′(−𝑦)(2𝑚𝑥�̂� − 𝑚𝑦�̂�)

(−𝑦)2√𝑥′2 + 𝑦2

+
𝑥′(−𝑦)

𝑥′(−𝑦)

𝑚𝑦�̂� + 𝑚𝑥�̂�

√𝑥′2 + 𝑦2
|

𝑥0 − 𝑥
 
 

−𝑥     
  

(C.1.19) 

Evaluating the limits of integration of Equation C.1.19, and recognizing that portions may be written as 

vector products leads to, 

�⃑� =
𝜇0

4𝜋
(−(

(−𝑦)𝑥 − (𝑥0 − 𝑥)�̂�

√(𝑥0 − 𝑥)2 + (−𝑦)2
)  

�⃑⃑� ∙ ((−𝑦)�̂� − (𝑥0 − 𝑥)�̂�)

(𝑥0 − 𝑥)(𝑦0 − 𝑦 −
𝑦0
𝑥0

𝑥)

+ (
(𝑦0 − 𝑦)𝑥 − (−𝑥)�̂�

√(−𝑥)2 + (𝑦0 − 𝑦)2
)  

�⃑⃑� ∙ ((𝑦0 − 𝑦)𝑥 − (−𝑥)�̂�)

(−𝑥) (𝑦0 − 𝑦 −
𝑦0
𝑥0

𝑥)

+ (
(−𝑦)�̂� − (𝑥0 − 𝑥)�̂�

√(𝑥0 − 𝑥)2 + (𝑦0 − 𝑦)2
)  

�⃑⃑� ∙ ((−𝑦)�̂� − (𝑥0 − 𝑥)�̂�)

(𝑥0 − 𝑥)(−𝑦)

− (
(−𝑦)�̂� − (−𝑥)�̂�

√(−𝑥)2 + (−𝑦)2
)  

�⃑⃑� ∙ ((−𝑦)𝑥 − (−𝑥)�̂�)

(−𝑥)(−𝑦)
) 

(C.1.20) 

Algebraic simplification leads to the final expression for the magnetic field from the magnetic dipole 

moment density of a triangular domain,  
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�⃑� =
𝜇0

4𝜋

(

 (
(−𝑦)�̂� − (𝑥0 − 𝑥)�̂�

√(𝑥0 − 𝑥)2 + (−𝑦)2
)  

�⃑⃑� ∙ ((−𝑦)𝑥 − (𝑥0 − 𝑥)�̂�)

(𝑥0 − 𝑥 −
𝑥0
𝑦0

𝑦) (−𝑦)

+ (
(𝑦0 − 𝑦)𝑥 − (−𝑥)�̂�

√(−𝑥)2 + (𝑦0 − 𝑦)2
)  

�⃑⃑� ∙ ((𝑦0 − 𝑦)𝑥 − (−𝑥)�̂�)

(−𝑥) (𝑦0 − 𝑦 −
𝑦0
𝑥0

𝑥)

− (
(−𝑦)�̂� − (−𝑥)�̂�

√(−𝑥)2 + (−𝑦)2
)  

�⃑⃑� ∙ ((−𝑦)𝑥 − (−𝑥)�̂�)

(−𝑥)(−𝑦)

)

  

(C.1.21) 

C.2 Triangular Domain, Magnetic Charges 

The magnetic field due to the same triangular 2D domain of Section C.1, shown in Figure C.2.1, is 

calculated using a “magnetic charges” concept. Here it is shown that both the magnetic charge 

interpretation, and the magnetic dipole moment area density interpretation, produce the same final 

mathematical result for the magnetic field of a domain.   

 

Figure C.2.1: Triangular domain, with domain walls having magnetic line charges 𝜆𝑚, with, 

• 𝜆𝑚 0 = �⃑⃑� ∙ (−�̂�) along the wall from (0,0) to (x0, 0), 

• 𝜆𝑚 1 = �⃑⃑� ∙ (−�̂�) along the wall from (0,0) to (0, y0), and  

• 𝜆𝑚 2 = �⃑⃑� ∙ 𝑣 along the wall from (0, y0) to (x0, 0), 

where �⃑⃑�  is dipole moment area density, oriented along angle 𝜚. The magnetic field is evaluated at a 

point 𝑃 defined by vector 𝑟 , where 𝑃 is a distance 𝜂 away from a line element at position 𝑟 ′ along one of 

the domain walls. �̂� points along the domain wall from (0, y0) to (x0, 0), to which 𝑣 is perpendicular. 𝑣 

makes an angle 𝜙 with the X-axis. 
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As an analog to the magnetic field case, the electric field �⃑�  at 𝑃, due to an electric charge at 𝑟 ′ in Figure 

C.2.1 is given by Coulomb’s law [36], 

�⃑� =
1

4𝜋휀0
∫

𝜆(𝑟′)

𝜂2
 �̂� 𝑑ℓ′ 

(C.2.1) 

Where 𝜆 is the density of electric charges along a line. The magnetic field �⃑�  due to a “magnetic charge 

line density” takes the same form as Coulomb’s law, as shown in Plonus [38], 

�⃑� =
𝜇0

4𝜋
∫

𝜆𝑚(𝑟′)

𝜂2
 �̂� 𝑑ℓ′ 

(C.2.2) 

where 𝜆𝑚 is the magnetic charge line density analogous to electrostatic case 𝜆 as used in Griffiths [36], 

and where the other variables are the same as those defined for Equation C.1.1. The magnetic charge 

line density of each wall of the triangular domain is calculated by taking the dot product of the dipole 

moment area density vector �⃑⃑�  (which has angle 𝜚) with the unit vector normal to the wall. Substituting 

𝜆𝑚 and Equations C.1.2 and C.1.3 for 𝜂  into Equation C.2.2 gives,  

�⃑� =
𝑚𝜇0 sin 𝜚

4𝜋
∫

(𝑥′ − 𝑥)�̂� + (−𝑦)�̂�

((𝑥′ − 𝑥)2 + (−𝑦)2)
3
2

𝑥0

0

𝑑𝑥′ +
𝑚𝜇0 cos 𝜚

4𝜋
∫

(−𝑥)�̂� + (𝑦′ − 𝑦)�̂�

((−𝑥)2 + (𝑦′ − 𝑦)2)
3
2

𝑦0

0

𝑑𝑦′

−
𝑚𝜇0 cos(𝜚 − 𝜙)

4𝜋
∫

(𝑢′ − 𝑢)�̂� + (𝑣0 − 𝑣)𝑣

((𝑢′ − 𝑢)2 + (𝑣0 − 𝑣)2)
3
2

𝑢0

𝑢𝑖

𝑑𝑢′ 

(C.2.3) 

where �̂� points parallel to the diagonal domain wall from (0, 𝑦0) to (𝑥0, 0) and 𝑣 points perpendicularly 

to the same domain wall in the direction 𝜙. Evaluating the integrals of Equation C.2.3 gives, 
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�⃑� =
𝑚𝜇0 sin𝜚

4𝜋
(

1

√(𝑥′ − 𝑥)2 + (−𝑦)2
(−�̂� +

𝑥′ − 𝑥

−𝑦
�̂�) |

𝑥0 
 

0  

+
𝑚𝜇0 cos𝜚

4𝜋
(

1

√(−𝑥)2 + (𝑦′ − 𝑦)2
(
𝑦′ − 𝑦

−𝑥
𝑥 − �̂�) |

𝑦0 
 

0  

−
𝑚𝜇0 cos(𝜚 − 𝜙)

4𝜋
(

1

√(𝑢′ − 𝑢)2 + (𝑣0 − 𝑣)2
(−�̂� +

𝑢′ − 𝑢

𝑣0 − 𝑣
𝑣) |

𝑢0 
 
𝑢𝑖

 

(C.2.4) 

Substitutions are made below to write the third integral of Equation C.2.4 in terms of 𝑥 and 𝑦. The 

vectors �⃑�  and 𝑣  are given by, 

�⃑� = sin𝜙 𝑥𝑥 − cos𝜙 𝑦�̂� 

(C.2.5) 

𝑣 = cos𝜙 𝑥𝑥 + sin𝜙 𝑦�̂� 

(C.2.6) 

Note that, 

sin𝜙 =
𝑥0

√𝑥0
2 + 𝑦0

2
 

(C.2.7) 

cos𝜙 =
𝑦0

√𝑥0
2 + 𝑦0

2
 

(C.2.8) 

Therefore, 

�⃑� =
𝑥𝑥0𝑥 − 𝑦𝑦0�̂�

√𝑥0
2 + 𝑦0

2
 

(C.2.9) 

𝑣 =
𝑥𝑦0𝑥 + 𝑥0𝑦�̂�

√𝑥0
2 + 𝑦0

2
 

(C.2.10) 
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The initial point of 𝑢 is, 

𝑢𝑖 = −
𝑦0

2

√𝑥0
2 + 𝑦0

2
 

(C.2.11) 

whereas the final point of 𝑢 is, 

𝑢0 =
𝑥0

2

√𝑥0
2 + 𝑦0

2
 

(C.2.12) 

𝑣 is offset by the constant, 

𝑣0 =
𝑥0𝑦0

√𝑥0
2 + 𝑦0

2
 

(C.2.13) 

It can be shown using Equations C.2.9 to C.2.13 that, upon evaluating the limits of integration, the base 

of the denominator of the third term of Equation C.2.4 can be written as, 

(𝑢𝑖 − 𝑢)2 + (𝑣0 − 𝑣)2 = (−𝑥)2 + (𝑦0 − 𝑦)2 

(C.2.14) 

and, 

(𝑢0 − 𝑢)2 + (𝑣0 − 𝑣)2 = (𝑥0 − 𝑥)2 + (−𝑦)2 

(C.2.15) 

It can also be shown using Equations C.2.9 to C.2.13 that, upon evaluating the limits of integration, the 

vector component of the third term of Equation C.2.4 can be written as, 

−�̂� +
𝑢𝑖 − 𝑢

𝑣0 − 𝑣
𝑣 =

√𝑥0
2 + 𝑦0

2

𝑥0𝑦0 − 𝑥𝑦0 − 𝑥0𝑦
(−(𝑦0 − 𝑦)𝑥 + (−𝑥)�̂�) 

(C.2.16) 

and, 
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−�̂� +
𝑢𝑖 − 𝑢

𝑣0 − 𝑣
𝑣 =

√𝑥0
2 + 𝑦0

2

𝑥0𝑦0 − 𝑥𝑦0 − 𝑥0𝑦
(𝑦𝑥 + (𝑥0 − 𝑥)�̂�) 

(C.2.17) 

Substituting Equations C.2.14 to C.2.17 into Equation C.2.4 and evaluating the limits of integration 

yields, 

�⃑� = −
𝑚𝜇0

4𝜋

1

√(−𝑥)2 + (−𝑦)2
((− sin𝜃 +

−𝑦

−𝑥
cos 𝜃)𝑥 + (−cos 𝜃 +

−𝑥

−𝑦
sin𝜃) �̂�)

+
𝑚𝜇0

4𝜋

1

√(𝑥0 − 𝑥)2 + (−𝑦)2
(−�̂� +

𝑥0 − 𝑥

−𝑦
�̂�)

−
𝑚𝜇0

4𝜋

1

√(𝑥0 − 𝑥)2 + (−𝑦)2

√𝑥0
2 + 𝑦0

2

𝑥0𝑦0 − 𝑥𝑦0 − 𝑥0𝑦
(−(−𝑦)�̂� + (𝑥0 − 𝑥)�̂�)

+
𝑚𝜇0

4𝜋

1

√(−𝑥)2 + (𝑦0 − 𝑦)2
(
𝑦0 − 𝑦

−𝑥
𝑥 − �̂�)

+
𝑚𝜇0

4𝜋

1

√(−𝑥)2 + (𝑦0 − 𝑦)2

√𝑥0
2 + 𝑦0

2

𝑥0𝑦0 − 𝑥𝑦0 − 𝑥0𝑦
(−(𝑦0 − 𝑦)𝑥 + (−𝑥)�̂�) 

(C.2.18) 

Note that the dot product of the magnetic moment vector and the �̂� axis may be written as, 

𝑚cos(𝜃 − 𝜙) = 𝑚 cos 𝜃 cos𝜙 + 𝑚 sin 𝜃 sin𝜙 

= 𝑚𝑥 cos𝜙 + 𝑚𝑦 sin𝜙 

=
𝑚𝑥𝑦0

√𝑥0
2 + 𝑦0

2
+

𝑚𝑦𝑥0

√𝑥0
2 + 𝑦0

2
 

(C.2.19) 

Substituting Equation C.2.19 into Equation C.2.18 yields, 

�⃑� = −
𝜇0

4𝜋

1

√(−𝑥)2 + (−𝑦)2
(−𝑚𝑥(−𝑦) + 𝑚𝑦(−𝑥))

−(−𝑦)�̂� + (−𝑥)�̂�

(−𝑥)(−𝑦)

−
𝜇0

4𝜋

1

√(𝑥0 − 𝑥)2 + (−𝑦)2
(−𝑚𝑥(−𝑦) + 𝑚𝑦(𝑥0 − 𝑥))

(−𝑦)𝑥 − (𝑥0 − 𝑥)�̂�

(−𝑦) (𝑥0 − 𝑥 −
𝑥0
𝑦0

𝑦)

−
𝜇0

4𝜋

1

√(−𝑥)2 + (𝑦0 − 𝑦)2
(−𝑚𝑥(𝑦0 − 𝑦) + 𝑚𝑦(−𝑥))

(𝑦0 − 𝑦)𝑥 − (−𝑥)�̂�

(−𝑥) (𝑦0 −
𝑦0
𝑥0

𝑥 − 𝑦)
 

(C.2.20) 
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Recognizing that parts of Equation C.2.20 may be written in terms of vector products, the final 

expression for the magnetic field of a triangular domain with magnetic line charge is given is, 

�⃑� =
𝜇0

4𝜋

(

 (
(−𝑦)�̂� − (𝑥0 − 𝑥)�̂�

√(𝑥0 − 𝑥)2 + (−𝑦)2
)  

�⃑⃑� ∙ ((−𝑦)𝑥 − (𝑥0 − 𝑥)�̂�)

(𝑥0 − 𝑥 −
𝑥0
𝑦0

𝑦) (−𝑦)

+ (
(𝑦0 − 𝑦)𝑥 − (−𝑥)�̂�

√(−𝑥)2 + (𝑦0 − 𝑦)2
)  

�⃑⃑� ∙ ((𝑦0 − 𝑦)𝑥 − (−𝑥)�̂�)

(−𝑥) (𝑦0 − 𝑦 −
𝑦0
𝑥0

𝑥)

− (
(−𝑦)�̂� − (−𝑥)�̂�

√(−𝑥)2 + (−𝑦)2
)  

�⃑⃑� ∙ ((−𝑦)𝑥 − (−𝑥)�̂�)

(−𝑥)(−𝑦)

)

  

(C.2.21) 

Equation C.2.21 is identical to Equation C.1.21. This shows (unsurprisingly, see Griffiths [36, pp. 166-168] 

and Plonus [38, pp. 322-338]) that the magnetic dipole moment area density formulation is equivalent 

to the magnetic charge formulation, when calculating the magnetic field due to a domain of aligned 

atomic magnetic moments. 

C.3 2D Polygon Domain Structure 

Equation C.1.21 (equivalently Equation C.2.21) is generalized to obtain a general Equation for a system 

of various polygonal domains. First, the bottom right corner of the triangular domain of Figure C.1.1 is 

translated to the point (휀, 𝛿) as shown in Figure C.3.1. 
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Figure C.3.1: Triangular domain from Figures C.1.1 and C.2.1, translated. 𝜑 is the angle between the two 

domain walls that have normal vectors �̂�+𝑛 and �̂�−1 pointing towards the interior of the domain. 

After applying the translation, (𝑥, 𝑦) is the point 𝑃 at which the magnetic field is evaluated ((𝑟, 𝜃) in 

polar coordinates), (휀, 𝛿) is the corner of the domain shown in Figure C.3.1 ((𝓇𝑛, 𝜗𝑛) in polar 

coordinates), and 𝜑 is the angle between the two adjoining domain walls. After applying the translation, 

the denominator of the first term of Equation C.1.21 becomes, 

(휀 − 𝑥 −
𝑥0

𝑦0

(𝑦 − 𝛿)) (𝛿 − 𝑦) 

= (휀𝛿 +
𝑥0

𝑦0
𝛿2) + (𝑥𝑦 +

𝑥0

𝑦0
𝑦2) − 𝑥𝛿 − 휀𝑦 − 2

𝑥0

𝑦0
𝑦𝛿 

= (𝓇𝑛
2 cos 𝜗𝑛 sin 𝜗𝑛 + cot𝜑𝓇𝑛

2 sin2 𝜗𝑛) + (𝑟2 cos 𝜃 sin 𝜃 + 𝑟2 cot𝜑 sin2 𝜃) − 𝑟𝓇𝑛 cos 𝜃 sin 𝜗𝑛

− 𝑟𝓇𝑛 cos 𝜗𝑛 sin𝜃 − cot𝜑 𝑟𝓇𝑛 sin𝜃 sin 𝜗𝑛 

=
1

sin𝜑
(𝓇𝑛

2 sin 𝜗𝑛 (cos 𝜗𝑛 sin𝜑 + cos𝜑 sin𝜗𝑛) + 𝑟2 sin𝜃 (cos 𝜃 sin𝜑 + sin 𝜃 cos𝜑)

− 𝑟𝓇𝑛 sin𝜗𝑛 (cos 𝜗𝑛 sin𝜑 + cos𝜑 sin 𝜗𝑛) − 𝑟𝓇𝑛 sin 𝜃 (cos 𝜗𝑛 sin𝜑 + cos𝜑 sin 𝜗𝑛)) 

=
1

sin𝜑
(𝓇𝑛

2 sin 𝜗𝑛 sin(𝜗𝑛 + 𝜑) + 𝑟2 sin 𝜃 sin(𝜃 + 𝜑) − 𝑟𝓇𝑛 sin𝜗𝑛 sin(𝜃 + 𝜑)

− 𝑟𝓇𝑛 sin𝜃 sin(𝜗𝑛 + 𝜑)) 

=
1

sin𝜑
(𝓇𝑛 sin 𝜗𝑛 − 𝑟 sin 𝜃)(𝓇𝑛 sin(𝜗𝑛 + 𝜑) − 𝑟 sin(𝜃 + 𝜑)) 

(C.3.1) 
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In terms of vectors, sin𝜑 may be written as, 

sin𝜑 = ‖�̂�−𝑛 × �̂�𝑛‖ 

(C.3.2) 

where �̂�−𝑛 and �̂�𝑛 are the vectors normal to the edges of the domain that join at point (𝓇𝑛, 𝜗𝑛). �̂�−𝑛 

and �̂�𝑛 point towards the interior of the domain. Note that, 

𝓇𝑛 sin 𝜗𝑛 − 𝑟 sin 𝜃 = (𝓇 𝑛 − 𝑟 ) ∙ �̂�𝑛 

(C.3.3) 

and that, 

𝓇𝑛 sin(𝜗 + 𝜑) − 𝑟 sin(𝜃 + 𝜑) = (𝓇 𝑛 − 𝑟 ) ∙ �̂�−𝑛 

(C.3.4) 

Therefore, substituting Equations C.3.2 to C.3.4 into Equation C.3.1 yields, 

1

sin𝜑
(𝓇𝑛 sin𝜃𝑛 − 𝑟 sin 𝜃)(𝓇𝑛 sin(𝜗𝑛 + 𝜑) − 𝑟 sin(𝜃 + 𝜑)) 

=
((𝓇 𝑛 − 𝑟 ) ∙ �̂�−𝑛)((𝓇 𝑛 − 𝑟 ) ∙ �̂�𝑛)

‖�̂�−𝑛 × �̂�𝑛‖
 

=
(𝑟 𝑛 ∙ �̂�−𝑛)(𝑟 𝑛 ∙ �̂�𝑛)

‖�̂�−𝑛 × �̂�𝑛‖
 

(C.3.5) 

Where 𝑟 𝑛 is the vector between the 𝑛th corner of the domain and the point where the magnetic field is 

evaluated. Note also that, 

((−𝑦)𝑥 − (−𝑥)�̂�) ( �⃑⃑� ∙ ((−𝑦)𝑥 − (−𝑥)�̂�)) = 𝑟 × �⃑⃑� × 𝑟  

(C.3.6) 

Therefore, Equations C.1.21, C.3.5 and C.3.6 give the magnetic field due to an arbitrary polygonal 

domain, 
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�⃑� =
𝜇0

4𝜋
∑

𝑟 𝑛 × �⃑⃑� × 𝑟 𝑛
‖𝑟 𝑛‖

 
‖�̂�−𝑛 × �̂�𝑛‖

(𝑟 𝑛 ∙ �̂�−𝑛)(𝑟 𝑛 ∙ �̂�𝑛)

𝑁−1

𝑛=0

 

(C.3.7) 

Where 𝜇0 is the permeability of free space, 𝑁 is the number of domain corners, 𝑟 𝑛 are the positions of 

the domain’s corners, �⃑⃑�  is the dipole moment area density, 𝑟  is the position of the test point, and �̂�−𝑛 

and �̂�𝑛 are the normal vectors of the domain boundaries to either side of the nth corner of the domain. 

�̂�−𝑛 and �̂�𝑛 point inwards towards the interior of the domain. Equation C.3.7 is equivalent to the 

following equation, for the magnetic field of a generic polygonal domain in cartesian coordinates, 

�⃑� =
𝜇0

4𝜋
∑  

(𝑟𝑛𝑦�̂� − 𝑟𝑛𝑥�̂�)(𝑟𝑛𝑦𝑚𝑥 − 𝑟𝑛𝑥𝑚𝑦) sin𝜑𝑛

𝑟𝑛(𝑟 𝑛 ∙ �̂�−𝑛)(𝑟 𝑛 ∙ �̂�𝑛)

𝑁−1

𝑛=0

 

(C.3.8) 

where 𝜑𝑛 is the angle between the edges connecting to the 𝑛th corner, or vertex, of the domain. To 

generalize to a system of domains, �⃑⃑�  may be written as �⃑⃑� 𝑛 to reflect the different magnetic moments 

of separate domains. Note that, for a system of domains, 𝑛 still indexes vertices, not domains. 

Furthermore, a vertex is indexed multiple times depending on how many domains share the same 

vertex.  

C.4 3D Field of a 2D Rectangular Domain 

The 3D magnetic field of a rectangular domain shown in Figure C.4.1 is calculated from the dipole 

moment area density. A general expression for the 3D magnetic field of any 3D domain has yet to be 

derived, as it is a prohibitively expansive calculation. However, it has been derived in Plonus for a 

rectangular prism domain, using magnetic charges [38]. A derivation is performed here for a 2D 

rectangle domain, using dipole moment area density, in order to demonstrate how the problem of 

getting the 3D field this way might be approached.  
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Figure 8.4.1: Rectangular domain with magnetic moment aligned in the �̂� direction. 

The separation vector 𝜂 = 𝑟 − 𝑟 ′ between 𝑃 and 𝑟 ′, is defined as, 

𝜂 = (𝑥 − 𝑥′)�̂� + (𝑦 − 𝑦′)�̂� + (𝑧 − 𝑧′)�̂� 

(C.4.1) 

where 𝑟 = (𝑥, 𝑦, 𝑧) and 𝑟 ′ = (𝑥′, 𝑦′, 𝑧′). The square magnitude of 𝜂  is given as, 

𝜂2 = (𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2 + (𝑧 − 𝑧′)2 

(C.4.2) 

The magnetic field of the entire domain is given as the field due to the area density of magnetic dipole 

moments (Equation C.1.1) integrated over the area of the square domain. Substituting Equations C.4.1 

and C.4.2 yields, 

�⃑� =
𝜇0

4𝜋
∫ ∫

3𝑚𝑦′(𝑥′�̂� + 𝑦′�̂� + 𝑧′�̂�)

(𝑥′2 + 𝑦′2 + 𝑧′2)
5
2

−
𝑚�̂�

(𝑥′2 + 𝑦′2 + 𝑧′2)
3
2

𝑦0−𝑦

−𝑦0−𝑦

𝑑𝑦′
𝑧0−𝑧

−𝑧0−𝑧

𝑑𝑧′ 

(C.4.3) 

For computing the integration of C.4.3, the following integration formulae are used, 

∫
1

(𝑥′2 + 𝑦′2 + 𝑧′2)
3
2

𝑑𝑦′ =
𝑦′

(𝑥′2 + 𝑧′2)(𝑥′2 + 𝑦′2 + 𝑧′2)
1
2
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(C.4.4) 

∫
𝑦′2

(𝑥′2 + 𝑦′2 + 𝑧′2)
5
2

𝑑𝑦′ =
𝑦′3

3(𝑥′2 + 𝑧′2)(𝑥′2 + 𝑦′2 + 𝑧′2)
3
2

 

(C.4.5) 

∫
𝑦′

(𝑥′2 + 𝑦′2 + 𝑧′2)
5
2

𝑑𝑦′ = −
1

3(𝑥′2 + 𝑦′2 + 𝑧′2)
3
2

 

(C.4.6) 

Applying integration formulae Equations C.4.3 to C.4.6 to Equation C.4.3 gives, 

�⃑� =
𝜇0𝑚

4𝜋
∫

3𝑦′3�̂�

3(𝑥′2 + 𝑧′2)(𝑥′2 + 𝑦′2 + 𝑧′2)
3
2

−
3(𝑥′𝑥 + 𝑧′�̂�)

3(𝑥′2 + 𝑦′2 + 𝑧′2)
3
2

𝑧0−𝑧

−𝑧0−𝑧

−
𝑦′�̂�

(𝑥′2 + 𝑧′2)(𝑥′2 + 𝑦′2 + 𝑧′2)
1
2

|
 𝑦0−𝑦

 −𝑦0−𝑦
𝑑𝑧′ 

(C.4.7) 

Simplifying Equation C.4.7, 

�⃑� =
𝜇0𝑚

4𝜋
∫

𝑦′3 − 𝑦′3 − (𝑥′2 + 𝑧′2)𝑦′

(𝑥′2 + 𝑧′2)(𝑥′2 + 𝑦′2 + 𝑧′2)
3
2

�̂� −
𝑥′�̂� + 𝑧′�̂�

(𝑥′2 + 𝑦′2 + 𝑧′2)
3
2

|
 𝑦0−𝑦

 −𝑦0−𝑦

𝑧0−𝑧

−𝑧0−𝑧

𝑑𝑧′ 

(C.4.8) 

Further simplifying Equation C.4.8, 

�⃑� =
𝜇0𝑚

4𝜋
∫ −

𝑥′𝑥 + 𝑦′�̂� + 𝑧′�̂�

(𝑥′2 + 𝑦′2 + 𝑧′2)
3
2

|
 𝑦0−𝑦

 −𝑦0−𝑦

𝑧0−𝑧

−𝑧0−𝑧

𝑑𝑧′ 

(C.4.9) 

Note that the simplicity of Equation C.4.9 is due to the initial choice of the orientation of the coordinates 

for the rectangular domain – with the magnetic dipole moment area density along the Z-axis and the 

domain centered in the Y-Z plane – and how spherical coordinates are defined. The integration formula 

is applied to Equation C.4.9,  
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∫
𝑧′

(𝑥′2 + 𝑦′2 + 𝑧′2)
3
2

𝑑𝑧′ = −
1

√𝑥′2 + 𝑦′2 + 𝑧′2
 

(C.4.10) 

Applying Equation C.4.10 to Equation C.4.9 gives, 

�⃑� =
𝜇0𝑚

4𝜋
(

�̂�

√𝑥′2 + 𝑦′2 + 𝑧′2
−

(𝑥′�̂� + 𝑦′�̂�)𝑧′

(𝑥′2 + 𝑦′2)√𝑥′2 + 𝑦′2 + 𝑧′2
) |

 𝑦0−𝑦

 −𝑦0−𝑦
|
 𝑧0−𝑧

 −𝑧0−𝑧
 

(C.4.11) 

Let 𝑟𝑛 = √𝑥𝑛
′2 + 𝑦𝑛

′2 + 𝑧𝑛
′2, then Equation C.4.11 yields the final expression for the 3D magnetic field due 

to a 2D rectangular domain having a dipole moment area density, 

�⃑� =
𝜇0𝑚

4𝜋
∑

(−1)𝑛

𝑟𝑛
(�̂� −

(𝑥𝑛𝑥 + 𝑦𝑛�̂�)𝑧𝑛

𝑥𝑛
2 + 𝑦𝑛

2 )

3

𝑛=0

 

(C.4.12) 

From Equation C.4.12, it is not immediately obvious how the 2D general magnetic field Equation C.3.7 

might be represented in 3D. Deriving the general magnetic field for the 3D case is left for future work. 

As an aside, an approximation for the magnetostatic energy of a rectangular domain was calculated as 

well. However, given that the end result was unwieldly, was only a zereoth-order approximation and 

only applies to one MO with two 180° domain walls, the calculation is not shown here. Furthermore, as 

discussed in Chapter 8, it is preferrable to use the pole energy only, rather than including the 

magnetostatic energy, in the analysis of the energetics of a domain structure.  

References 

[36]  D. J. Griffiths, Introduction to Electrodynamics, Third Edition, Upper Saddle River, New Jersey: 

Prentice Hall, 1999.  

[38] M. A. Plonus, Applied Electro-Magnetics, New York: McGraw Hill, Inc., 1978.  

 

  



180 
 

Appendix D: Solenoid Field and Inductance 

The approximate magnetic field for the interior of a narrow (near-infinitely long) 𝑁-turn solenoid is 

derived, as well as the self-inductance of the solenoid. These expressions are not new, and simpler 

derivations exist. However, the derivation given here exactly determines the magnetic field along the 

axis of a finite-dimensioned 𝑁-turn solenoid; only in the last few steps is the approximation made such 

that the solenoid is infinitely long. It was difficult to find this particular derivation in the literature, 

therefore it was redone here. It was originally thought that the equation for the magnetic field along the 

axis could be applied to the Chapter 4 result to explain the discrepancy between the feedback and drive 

coil measurements of flux density, however a simpler and more likely explanation has since been found 

and is reported in Chapter 4. The derivation of the magnetic field has been placed here among the 

appendices in case another use for it arises. 

D.1 Magnetic Field of a Solenoid 

Either Ampère's law or the Biot-Savart law can be used to obtain the approximate magnetic field for the 

interior of a narrow 𝑁-turn solenoid, i.e. inside a cylindrical coil of wire, with an inner radius 𝑟𝑖, outer 

radius 𝑟0, and length ℓ, as shown in Figure D.1.1, 

�⃑� = 𝜇0

𝑁𝐼

ℓ
 �̂� 

(D.1.1) 

where �̂� is the direction along the length of the coil and 𝐼 is the current through the wire. How this 

approximate formulation may be derived is shown here using the Biot-Savart law. The derivation is more 

advanced than what is found in most textbooks because it also derives the magnetic field along the axis 

of the finite solenoid. 
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a)    b)  

Figure D.1.1: Coil (i.e. solenoid) of finite width and length and N turns, a) schematic and b) Biot-Savart 

law integration. 

The Biot-Savart law for the field produced by a current density is, 

�⃑� =
𝜇0

4𝜋
∫

𝐽 (𝑟′) × �̂�

𝜂2
𝑑𝜏′ 

(D.1.2) 

where 𝐽  is volume current density 𝜂 is the separation vector between a volume element of the coil and 

the point 𝑃 along the axis where the magnetic field is measured. The other parameters for Equation 

D.1.2 are defined above in Figure D.1.1.  

The current density 𝐽  is dominated by its circumferential �̂� component; the axial �̂� and radial �̂� 

components are considered insignificant (especially for a coil with an even number of layers to cancel 

the �̂� components) and are ignored, 

𝐽 =
𝑁𝐼

ℓ(𝑟𝑜 − 𝑟𝑖)
�̂� 

(D.1.3) 

where 𝑁 is the number of turns of wire, and 𝐼 is the current through the wire. Each volume element of 

the coil is given by, 
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𝑑𝜏′ = 𝑟′𝑑𝑟′𝑑𝜑𝑑𝑧′ 

(D.1.4) 

The distance 𝜂 between each volume element and the point of interest 𝑃 is given by (see Figure D.1.1b), 

𝜂2 = 𝑟′2 + 𝑧′2 

(D.1.5) 

As a vector, 𝜂  takes the form, 

𝜂 = −𝑟′�̂� + 𝑧′�̂� = −𝑟′ cos𝜑 𝑥 − 𝑟′ sin𝜑 �̂� + 𝑧′�̂� 

(D.1.6) 

The cross product �̂� × �̂�, which occurs when combining Equations D.1.2 and D.1.3, is evaluated to be, 

�̂� × �̂� = �̂� ×
𝜂 

𝜂
= (− sin𝜑 𝑥 + cos𝜑 �̂�) ×

1

𝜂
(−𝑟′ cos𝜑 𝑥 − 𝑟′ sin𝜑 �̂� + 𝑧′�̂�) =

𝑟′�̂� + 𝑧′�̂�

𝜂
 

(D.1.7) 

where the radial �̂� component points away from the z-axis. When taking the integral over d𝜑, the radial 

�̂� components cancel. Altogether, 

�⃑� =
𝜇0

4𝜋
∫ ∫ ∫

1

𝜂2

𝑁𝐼

ℓ(𝑟𝑜 − 𝑟𝑖)

𝑟′�̂�

𝜂
𝑟′

𝑟𝑜

𝑟𝑖

𝑑𝑟′
2𝜋

0

𝑑𝜑
𝑧+ℓ

𝑧

𝑑𝑧′ 

(D.1.8) 

�⃑� =
𝜇0𝑁𝐼

4𝜋ℓ(𝑟𝑜 − 𝑟𝑖)
∫ ∫ ∫

𝑟′2

(𝑟′2 + 𝑧′2)3 2⁄

𝑟𝑜

𝑟𝑖

𝑑𝑟′
2𝜋

0

𝑑𝜑
𝑧+ℓ

𝑧

𝑑𝑧′�̂� 

(D.1.9) 

Evaluating the integral yields the magnetic field along the Z-axis, i.e. through the center axis of the coil, 

�⃑� =
𝜇0𝑁𝐼

𝑟𝑜 − 𝑟𝑖
(
𝑧 + ℓ

2ℓ
ln(

√(𝑧 + ℓ)2 + 𝑟𝑜
2 + 𝑟𝑜

√(𝑧 + ℓ)2 + 𝑟𝑖
2 + 𝑟𝑖

) −
𝑧

2ℓ
ln(

√𝑧2 + 𝑟𝑜
2 + 𝑟𝑜

√𝑧2 + 𝑟𝑖
2 + 𝑟𝑖

)) �̂� 

(D.1.10) 

There is interest in evaluating the approximate field produced near the top of the coil. This is done by 

evaluating the field as the length of the coil goes to infinity. Let, 
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𝑢 =
√(𝑧 + ℓ)2 + 𝑟𝑜

2 + 𝑟𝑜

√(𝑧 + ℓ)2 + 𝑟𝑖
2 + 𝑟𝑖

 

(D.1.11) 

and note that from Equation 1.1.16, 

lim
ℓ→∞

𝑢 = 1 

(D.1.12) 

Apply the log-line inequality, 

𝑢 − 1

𝑢
≤ ln(𝑢) ≤ 𝑢 − 1 

(D.1.13) 

with equality if and only if 𝑢 = 1. Therefore, 

lim
ℓ→∞

𝑧 + ℓ

2
ln (𝑢) = lim

ℓ→∞

𝑧 + ℓ

2
(
√(𝑧 + ℓ)2 + 𝑟𝑜

2 + 𝑟𝑜 − √(𝑧 + ℓ)2 + 𝑟𝑖
2 + 𝑟𝑖

√(𝑧 + ℓ)2 + 𝑟𝑜
2 + 𝑟𝑜

) 

(D.1.14) 

lim
ℓ→∞

𝑧 + ℓ

2
ln (𝑢) = lim

ℓ→∞

𝑧 + ℓ

2

1

𝑧 + ℓ
((ℓ + 𝑧)√1 +

𝑟𝑜
2

(ℓ + 𝑧)2
+ 𝑟𝑜 − (ℓ + 𝑧)√1 +

𝑟𝑖
2

(ℓ + 𝑧)2
+ 𝑟𝑖) 

(D.1.15) 

Applying the binomial theorem expansion, 

√1 + 𝑥 = 1 +
1

2
𝑥 −

1

8
𝑥2 +

1

16
𝑥3 − ⋯ 

(D.1.16) 

the limit is obtained as, 

lim
ℓ→∞

𝑧 + ℓ

2
ln (𝑢) = lim

ℓ→∞

1

2
(𝑟𝑜 − 𝑟𝑖 + (ℓ + 𝑧)(1 − 1 +

1

2

𝑟𝑜
2

(ℓ + 𝑧)2
−

1

2

𝑟𝑖
2

(ℓ + 𝑧)2
+ 𝒪(3))) 

(D.1.17) 
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lim
ℓ→∞

𝑧 + ℓ

2
ln (𝑢) =

1

2
(𝑟𝑜 − 𝑟𝑖) 

(D.1.18) 

Hence, the limit of �⃑�  is, 

lim
ℓ→∞

�⃑� =
𝜇0𝑛𝐼

𝑟𝑜 − 𝑟𝑖
(
1

2
(𝑟𝑜 − 𝑟𝑖) −

𝑧

2
ln (

√𝑧2 + 𝑟𝑜
2 + 𝑟𝑜

√𝑧2 + 𝑟𝑖
2 + 𝑟𝑖

)) �̂� 

(D.1.19) 

where 𝑛 = 𝑁/ℓ is the number of turns per unit length. From Equation D.1.19, we have that the 

magnetic field at one end of the coil, i.e. at 𝑧 = 0, is �⃑� = 𝜇0𝑛𝐼/2 �̂�. To approximate the magnetic field in 

the interior of the coil, and far away from either end, the magnetic flux density is evaluated as the 

length ℓ of the coil goes to infinity, and as the position 𝑧 of point 𝑃 goes to negative infinity, while 

keeping ℓ much bigger than |𝑧|. This is done by taking Equation D.1.19 to the limit as 𝑧 → −∞. The 

calculation is similar as for the ℓ → ∞ calculation used to obtain Equation D.1.19, and yields, 

lim
𝑧→−∞

( lim
ℓ+𝑧→∞

�⃑� ) =
𝜇0𝑛𝐼

𝑟𝑜 − 𝑟𝑖
(
1

2
(𝑟𝑜 − 𝑟𝑖) +

1

2
(𝑟𝑜 − 𝑟𝑖)) �̂� = 𝜇0𝑛𝐼�̂� 

(D.1.20) 

which is twice the field as at the ends of the coil. Equation D.1.20, �⃑� = 𝜇0𝑛𝐼�̂�, is equivalent to D.1.1, 

which is the usually quoted result for the approximate field produced in the interior of a coil.  

D.2 Self Inductance of a Solenoid 

The self inductance of a coil is approximately given as, 

𝐿 = 𝜇
𝑁2𝑎

ℓ
= 𝜇𝑛2𝜏 

(D.2.1) 

where 𝜏 is the volume of the coil and 𝑛 = 𝑁/ℓ is the number of turns per unit length. Equation D.2.1 

approximately holds for a coil with an air core, or with a core having linear magnetic permeability. How 

the approximate formulation may be derived is shown below, making use of Faraday's law. As with the 
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previous derivation, this is more advanced than the standard textbook derivation, because it also 

accounts for variation in the magnetic field along the axis of a finite solenoid. 

The self inductance 𝐿 of a single conducting loop is given as, 

𝐿 =
1

𝐼
∫ �⃑� ∙ 𝑑𝑎  

(D.2.1) 

For the cylindrical coil shown in Figure D.1.1, the vector area element is given as, 

𝑑𝑎 = 𝑟 𝑑𝑟 𝑑𝜑 �̂� 

(D.2.3) 

and the summation over the areas of all the loops of the coil is done over 𝑑𝑧. It is assumed that 

magnetic field �⃑�  is uniform over the area elements of the coil, for given heights 𝑧. This assumption is 

approximately true for the interior of the coil, which is to be integrated over during the calculation of 𝐿. 

Variations in �⃑�  for different heights 𝑧 are to be accounted for. It is assumed that the interior of the coil is 

filled with a material having permeability 𝜇 that is much higher than the permeability 𝜇0 of free space. 

Then, the significant component of inductance arises from the interior of the coil, while the component 

due to the field through the wall of the coil is insignificant. The inductance is hence defined as, 

𝐿 =
1

𝐼
∫ ∫ ∫ �⃑� ∙ �̂� 𝑛𝑟

𝑟𝑖

0

𝑑𝑟
2𝜋

0

𝑑𝜑
0

−ℓ

𝑑𝑧 

(D.2.4) 

𝐿 =
𝑛𝜋𝑟𝑖

2

𝐼
∫ �⃑� ∙ �̂�

0

−ℓ

𝑑𝑧 

(D.2.5) 

Substituting in Equation D.1.10 for the magnetic field produced by the coil, 

𝐿 =
𝜇𝑛2𝜋𝑟𝑖

2

𝑟𝑜 − 𝑟𝑖
∫

𝑧 + ℓ

2
ln(

√(𝑧 + ℓ)2 + 𝑟𝑜
2 + 𝑟𝑜

√(𝑧 + ℓ)2 + 𝑟𝑖
2 + 𝑟𝑖

) −
𝑧

2
ln (

√𝑧2 + 𝑟𝑜
2 + 𝑟𝑜

√𝑧2 + 𝑟𝑖
2 + 𝑟𝑖

)
0

−ℓ

𝑑𝑧 

(D.2.6) 
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where 𝑛 is the number of turns 𝑁 per unit length ℓ; remaining parameters are defined in Figure D.1.1.  

Evaluating the integral yields, 

𝐿 =
𝜇𝑛2𝜋𝑟𝑖

2

𝑟𝑜 − 𝑟𝑖
(
ℓ2

2
ln (

√ℓ2 + 𝑟𝑜
2 + 𝑟𝑜

√ℓ2 + 𝑟𝑖
2 + 𝑟𝑖

) +
1

2
𝑟𝑜√ℓ2 + 𝑟𝑜

2 −
1

2
𝑟𝑖√ℓ2 + 𝑟𝑖

2) 

(D.2.7) 

Using the log-line inequality Equation D.1.13 and the Binomial Theorem expansion Equation D.1.16, the 

limit of the inductance 𝐿 as the length ℓ of the coil goes to infinity is, 

lim
ℓ→∞

𝐿 = 𝜇𝑛2𝜋𝑟𝑖
2ℓ 

(D.2.8) 

Taking the limit ℓ → ∞ has yielded the approximate self-inductance of a long cylindrical coil. Equation 

D.2.8 is equivalent to Equation D.2.1, the usually quoted result for the inductance of a coil. 
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Appendix E: Estimating Sample Magnetic Permeability 

Magnetic permeability 𝜇 for the samples tested in Chapter 5 was estimated by performing linear 

regression on hysteresis loops. This was a reasonable method to use because the hysteresis loops were 

largely elliptical (especially at low applied field and high frequency) and therefore, the slope of the linear 

regression line would be largely equal to the tangents to the loops at the coercive points.  

E.1 Experiment 

Figure E.1.1 shows example fits. The applied field was calculated from 𝐻 = 2𝑁𝐼/ℓ (Equation 2.2.6), 

there being 𝑁 = 500 turns for each of the two drive coils with drive current 𝐼, and the flux path length ℓ 

was estimated to be 85 mm. The magnetic field was calculated from the feedback coil voltage as 𝐵 =

−1/2𝑁𝑎∫ 𝑉𝑒𝑚𝑓 𝑑𝑡 (from Equation 2.2.8), there being 𝑁 = 100 turns for each of the two feedback coils 

with cross-sectional area 𝑎 = 50.4 mm², and 𝑉𝑒𝑚𝑓 was the voltage induced by the magnetic flux density 

via Faraday’s law.  

 

Figure E.1.1: Hysteresis loops of 1018 steel with drive voltage 5 V. Linear regression (○–○) is performed 

on the loops to obtain an approximate magnetic permeability 𝜇. Nonlinearity at high applied field (low 

frequency) makes the estimate less accurate. 
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Since the permeability of the probe's Supermendur U-core is very large, on the order of 80 mH/m [121] 

as compared to 0.1 mH/m for typical carbon steels, the measured permeability is dominated by the 

sample permeability (with a possibly significant contribution coming from the air gap between probe 

and sample). Permeability varied as a function of applied field frequency 𝑓, as shown in Figure E.1.2, 

possibly due to eddy currents that induce core loss, or to changes in magnetic flux density as shown in 

Figure 5.4.2. However, a significant component of the permeability remained constant with respect to 

changes in frequency. A single value for permeability was calculated for each data set by averaging 

permeability over frequency, and the standard deviation was taken to be the error. Permeabilities are 

reported in Table E.1.1, and are somewhat similar to some literature values. 

 

Figure E.1.2: Magnetic permeability 𝜇 plotted against frequency 𝑓. Although permeability varies 

significantly with frequency, there is a large constant component. 
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Table E.1.1: Physical properties of the samples studied in Chapter 5. The first five data sets exhibited the 

expected trends and agreed with theory. Table contains: samples measured, drive coil voltages, sample 

permeability from experiment and literature, resistivity (4-point method), thickness and width. 

Steel 
Sample 

V 
(V) 

Exp. µ 
(µH/m) 

Lit. µ  
(µH/m) 

ρ  
(µΩ∙cm) 

T  
(mm)  
± 0.05 

Width 
(mm) 
± 0.05 

1018 1 370 ± 50 1600 [76] 13.7 ± 6.7_  0.71 31 

1075 2 460 ± 70 410 [76] 17.0 ± 0.9_ 0.75 31 

1095 4 390 ± 40 380 [76] 19.2 ± 1.0_ 0.83 30 

300M 7 440 ± 50 100 [77] 72.0 ± 7.2_ 7.68 NA 

DP600 2 350 ± 40 290 [122] 21.0 ± 1.0_ 1.00 31 

1018 3 450 ± 50 1600 [76] 13.7 ± 0.7_  0.71 31 

1018 5 460 ± 40 1600 [76] 13.7 ± 0.7_  0.71 31 

Amor. 2 620 ± 40 NA 45.9 ± 10.5 0.25 30 

B3 SRA 3 500 ± 30 NA 51.1 ± 8.7_  0.38 30 

IF 1 500 ± 20 2400 [81] 13.3 ± 0.5_  1.10 31 

 

E.2 Discussion 

Future estimates of permeability may be made using linear regression of the loops at low flux densities, 

however when nonlinearity becomes apparent at high flux densities, permeability should be calculated 

the proper way, by performing linear regression in the region around the coercive fields only. In light of 

the analogous flux circuit theory presented in Chapter 4 and the ensuing discussion, using the hysteresis 

loops presented here to model permeability is not good enough, since: 

• there are, in reality, core losses and nonlinear behavior in the supermendur U-core that need to 

be accounted for, and 

• the airgap presents a very large contribution to magnetic reluctance of the flux path through the 

sample. 

To improve the method, the Supermendur U-cores need to be more thoroughly characterized, and the 

method of varying liftoff in Chapter 4 may be used to account for the reluctance of the airgap. 
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Appendix F: Approximating the Burchell Model to Get Surface 𝐵 

The ideal for MBN measurement technique would be to directly measure the applied magnetic flux 

density where MBN is sampled, in order to know exactly what applied field is inducing the MBN signal. 

Unfortunately, it is difficult to measure the in-sample field without in-sample feedback coils such as 

those used in encircle MBN measurements. The encircle MBN configuration is impractical for most NDT 

applications. As such, the MBN probe considered in this work uses feedback coils, as described in 

Chapter 3, which can only measure the field leaving the probe and presumably entering the sample. 

Laura Burchell [123] made a first attempt at modelling the magnetic flux density in the sample as a 

function of depth into the sample. The equation for the magnetic flux density is expressed as an infinite 

sum, making the Burchell model somewhat computationally intensive as a fitting equation in an iterative 

least-squares fitting algorithm. Therefore, several approximations are found to make the equation more 

useful for data fitting purposes. The Burchell model in its original form is preferrable for simulation 

purposes. 

F.1 Burchell Model Review 

Theory is summarized here from Burchell [123] for estimating the flux density at the sample surface, 

knowing the flux density through the feedback coils as described in Chapter 3.  

The magnetic flux density produced by a dipole probe on a flat plate is approximated as the flux density 

produced by an infinite sheet current �⃑⃑� = 𝐾0 cos(𝜔𝑡) 𝑥 a distance 𝑧 = ℓ above the surface of the plate, 

having amplitude 𝐾0 and angular frequency 𝜔. The plate material is assumed to have linear, isotropic 

and homogeneous conductivity 𝜎 and permeability 𝜇, and uniform thickness 𝑧 = 0 to −𝑇. Figure F.1.1 

shows the flat plate sample and sheet current. 
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Figure F.1.1: Cross-sectional diagram of the infinite flat plate sample and the infinite current density. The 

infinite current density 𝐾 is at a distance ℓ above the sample and runs tangential to the sample surface. 

The infinite plate sample has thickness 𝑇. 

Following the methodology outlined by Dodd and Deeds [124] [125], Burchell [123] derives the magnetic 

flux density through the plate using the magnetic vector potential 𝐴 [123]. Paralleling Dodd [124] [125], 

the diffusion equation for the magnetic vector potential is calculated from Maxwell’s equations to be, 

∇2�⃑⃑� = −𝜇�⃑⃑� + 𝜇𝜎
𝜕�⃑⃑� 

𝜕𝑡
 

(F.1.1) 

The solution to the diffusion Equation F.1.1 takes the form, 

𝐴 = ∑ 𝐶(𝑛)𝑒𝜅𝑧 + 𝐷(𝑛)𝑒−𝜅𝑧

∞

𝑛=0

𝑥 

(F.1.2) 

where 𝐶 and 𝐷 are coefficients, and, 

𝜅 = Re {√𝑛2 + i𝜔𝜇𝜎} 

(F.1.3) 

The magnetic vector potential must be continuous across the infinite and constant sheet current, and 

across the top and underside of the plate [36]. The first derivative of the magnetic vector potential 

across the sheet current must be the induced magnetic flux density, and the first derivative across the 

top and underside of the plate must be continuous [36]. Applying these constraints, it follows that, 
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�⃑⃑� = 𝜇𝐾0 cos(𝜔𝑡) ∑ 𝑒−𝑛ℓ
(𝑛 + 𝜅)𝑒𝜅(𝑇+𝑧) − (𝑛 − 𝜅)𝑒−𝜅(𝑇+𝑧)

(𝑛 + 𝜅)2𝑒𝜅𝑇 − (𝑛 − 𝜅)2𝑒−𝜅𝑇

∞

𝑛=0

�̂� 

(F.1.4) 

where 𝜇 is the magnetic permeability of the material, 𝑇 is sample thickness and 𝑧 is depth into the 

sample. The applied field from the dipole probe is modelled as the planar, uniform current density 

𝐾0 cos(𝜔𝑡) having amplitude 𝐾0 and angular frequency 𝜔 and sitting at a distance ℓ above the sample. 

Note that ℓ > 0, or else the sum in Equation F.1.4 would never converge. The magnetic flux density 

output by the dipole probe is monitored by feedback coils wrapped around the poles of the probe, just 

above the surface of the sample. Therefore, let 𝜇𝐾0 = 𝐵0 the flux density measured at the feedback 

coils. The magnetic flux density is calculated from the magnetic vector potential Equation F.1.4 from the 

relationship 𝐵 = ∇ × 𝐴, and is found to be, 

�⃑⃑� = 𝐵0 cos(𝜔𝑡) ∑ 𝜅𝑒−𝑛ℓ
(𝑛 + 𝜅)𝑒𝜅(𝑇+𝑧) + (𝑛 − 𝜅)𝑒−𝜅(𝑇+𝑧)

(𝑛 + 𝜅)2𝑒𝜅𝑇 − (𝑛 − 𝜅)2𝑒−𝜅𝑇

∞

𝑛=0

�̂� 

(F.1.5) 

The Burchell model [123], which develops into Equation F.1.5, reveals the variation in the flux density 

throughout the thickness of the sample, decaying linearly for thin plates and exponentially for thick 

plates. However, since the Burchell model assumes an infinite tangential sheet current, the model 

ignores any horizontal spread of the magnetic flux density, which is thought to have a significant effect 

on fields generated with the physical probe. Also, the Burchell model does not account for the 

nonlinearity in 𝜇 that is found in real ferromagnetic materials, so it is not able to account for the 

different rates of approach to magnetic saturation through the thickness of the sample. The Burchell 

model reveals that with higher drive coil frequency, a greater proportion of the flux concentrates at the 

sample surface, so that the effect of nonlinear permeability (which presently is unmodelled) should 

increase with increasing frequency. It is also unclear how, precisely, to relate the infinite plane current 
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density to the physical MBN probe, and what precise physical parameters of the probe would 

correspond to the distance ℓ of the current sheet above the sample. 

F.2 Burchell Model Approximation I 

It is desirable to approximate the Burchell model [123] (Equation F.1.5) so that the model is more 

practical to use for curve-fitting. MBN is high frequency, > 1 kHz, and so in conductors, is approximately 

a surface measurement [5]. Then, the depth region of interest is approximately only at the immediate 

surface. Applying the condition 𝑧 ≈ 0 to Equation F.1.5, 

�⃑� = 𝐵0 cos(𝜔𝑡) ∑ 𝑒−𝑛ℓ (
𝑛

𝜅
 
(𝑛 + 𝜅)𝑒𝜅𝑇 − (𝑛 − 𝜅)𝑒−𝜅𝑇

(𝑛 + 𝜅)𝑒𝜅𝑇 + (𝑛 − 𝜅)𝑒−𝜅𝑇
+ 1)

−1∞

𝑛=0

�̂� 

(F.2.1) 

In the high frequency, high conductivity limit, 𝑛2 ≪ 𝑖𝜔𝜇𝜎 up until 𝑛 > 𝑁, which is where the terms in 

the series become insignificant (𝜔𝜇𝜎 may vary from 10³ to 10⁶, see the back of the envelope calculation 

after Equation F.2.3 below). Therefore, from Equation F.1.3,  

𝜅 ≈ √𝜔𝜇𝜎/2 

(F.2.2) 

which is inverse of the skin depth 𝛿 of the material. Next, the substitution 𝑛 ± 𝜅 ≈ ±𝜅 is made into 

Equation F.2.1 since 𝑛2 ≪ 𝑖𝜔𝜇𝜎, 

�⃑� ≈ 𝐵0 cos(𝜔𝑡) ∑ 𝑒−𝑛ℓ (
𝑛

𝜅
 coth(𝜅𝑇) + 1)

−1
𝑁

𝑛=0

�̂� 

(F.2.3) 

Doing a back of the envelope calculation, magnetic permeability 𝜇 for steel is about 10¯³ H/m, 

conductivity for steel is about 10⁶ Ω¯¹, and the angular frequency 𝜔 of the applied field for the MBN 

experiments is substantially less than 2X10³ Hz. So by Equation F.2.2, 𝜅 is at most 1000 in SI units. The 
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samples under study have thickness 𝑇~1 mm, so 𝜅𝑇 is on the order of 1 or less. This satisfies the 

conditions of the approximation, 

coth(𝑥) ≈
1

𝑥
+

𝑥

3
 

(F.2.4) 

which is substituted into Equation F.2.3 to obtain, 

�⃑� ≈ 𝐵0 cos(𝜔𝑡) ∑ 𝑒−𝑛ℓ (
𝑛

𝜅
 (

1

𝜅𝑇
+

𝜅𝑇

3
) + 1)

−1𝑁

𝑛=0

�̂� 

≈ 𝐵0 cos(𝜔𝑡) ∑ 𝑒−𝑛ℓ (
𝑛

𝜅2𝑇
+ 1)

−1
𝑁

𝑛=0

�̂� 

(F.2.5) 

To simplify further, the inequality is applied, 

1

𝑥1
+

1

𝑥2
+ ⋯+

1

𝑥𝑁
≥

𝑁2

𝑥1 + 𝑥2 + ⋯+ 𝑥𝑁
 

(F.2.6) 

which may be readily derived from the relation 𝑥 + 1/𝑥 ≥ 2, with equality if and only if 𝑥 = 1. Since 

𝑒𝑛ℓ𝑛/𝜅2𝑇 is on the order of one, it is acceptable to apply Equation F.2.6 as an approximation. Also at 

this time, the 𝑛 = 0 term is taken out as a constant. Therefore, F.2.5 becomes, 

�⃑� ≈ 𝐵0 cos(𝜔𝑡) × (1 + (𝑁 − 1)2 (∑ 𝑒𝑛ℓ (
𝑛

𝜅2𝑇
+ 1)

𝑁

𝑛=1

)

−1

) �̂� 

= 𝐵0 cos(𝜔𝑡) × (1 + (𝑁 − 1)2 (
1

𝜅2𝑇
∑ 𝑛𝑒𝑛ℓ

𝑁

𝑛=1

+ ∑ 𝑒𝑛ℓ

𝑁

𝑛=1

)

−1

) �̂� 

(F.2.7) 

Since it is not known what precise physical quantity corresponds to ℓ, where ℓ is the distance of the 

infinite current plane above the sample, and since it is not known exactly how large 𝑁 should be taken 

to be, the best that can be done to simplify Equation F.2.7 is to replace the two sums with two free 
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fitting parameters, 𝛼1
′  and 𝛼2

′ . It is possible that 𝛼1
′  and 𝛼2

′  should stay constant with respect to a certain 

probe configuration, hence it is possible that they may be determined empirically for a particular probe. 

Equation F.2.7 becomes, 

�⃑� ≈ 𝐵0 cos(𝜔𝑡) × (1 + 𝛼1
′ (

𝛼2
′

𝜅2𝑇
+ 1)

−1

) �̂� 

(F.2.8) 

Note that Equation F.2.8 is also a first order approximation of Equation F.2.5 with 𝛼1
′ = 𝑒−ℓ and 𝛼2

′ = 1. 

Equation F.2.8 presents an approximation of the Burchell model [123] of surface flux density Equation 

F.1.5.  

F.3 Burchell Approximation II 

Here, a more precise Taylor series expansion is calculated that is accurate for small 𝑇, useful for 

analyzing data. Revisiting Equation F.2.1, 

�⃑� = 𝐵0 cos(𝜔𝑡) ∑ 𝑒−𝑛ℓ (
𝑛

𝜅
 
(𝑛 + 𝜅)𝑒𝜅𝑇 − (𝑛 − 𝜅)𝑒−𝜅𝑇

(𝑛 + 𝜅)𝑒𝜅𝑇 + (𝑛 − 𝜅)𝑒−𝜅𝑇
+ 1)

−1∞

𝑛=0

�̂� 

(F.2.1) 

For the samples investigated in this study, 𝑇 is small, around 1 mm, and 𝜅𝑇 is on the order of 1 or so, 

therefore, a Taylor series expansion is taken around 𝑇 = 0. To simplify the following algebra, let, 

𝑓𝑛 =
(𝑛 + 𝜅)𝑒𝜅𝑇 − (𝑛 − 𝜅)𝑒−𝜅𝑇

(𝑛 + 𝜅)𝑒𝜅𝑇 + (𝑛 − 𝜅)𝑒−𝜅𝑇
 

(F.3.1) 

then, 

𝑓𝑛(𝑇 = 0) =
𝜅

𝑛
 

(F.3.2) 

and 
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𝑑𝑓𝑛
𝑑𝑇

=
(𝜅(𝑛 + 𝜅)𝑒𝜅𝑇 + 𝜅(𝑛 − 𝜅)𝑒−𝜅𝑇)((𝑛 + 𝜅)𝑒𝜅𝑇 + (𝑛 − 𝜅)𝑒−𝜅𝑇)

((𝑛 + 𝜅)𝑒𝜅𝑇 + (𝑛 − 𝜅)𝑒−𝜅𝑇)
2

−
((𝑛 + 𝜅)𝑒𝜅𝑇 − (𝑛 − 𝜅)𝑒−𝜅𝑇)(𝜅(𝑛 + 𝜅)𝑒𝜅𝑇 − 𝜅(𝑛 − 𝜅)𝑒−𝜅𝑇)

((𝑛 + 𝜅)𝑒𝜅𝑇 + (𝑛 − 𝜅)𝑒−𝜅𝑇)
2  

= 𝜅 − 𝜅𝑓𝑛 

(F.3.3) 

Equations F.3.1 and F.3.3 are used to calculate the first five derivatives of Equation F.2.1. Noting that in 

the Taylor series, 𝜅𝑇 ≫ 𝜅𝑇2, the calculation of the fourth and fifth derivatives is simplified by 

considering only the highest order terms of 𝜅. The derivatives of Equation F.2.1 are summarized in Table 

F.2.1 as 𝑔𝑚, where, 

𝑑𝑚�⃑� 

𝑑𝑇𝑚
= 𝐵0 cos(𝜔𝑡) ∑ 𝑒−𝑛ℓ (

𝑛

𝜅
 𝑓𝑛 + 1)

−𝑚−1

𝑔𝑚

∞

𝑛=0

�̂� 

(F.3.4) 

Table F.2.1: Summary of 𝑔𝑚 coefficients from Equation F.3.4, for 𝑚 ∈ [0,5]. For 𝑚 = 4,5, only highest 

order terms of 𝜅 and 𝑓𝑛 are included. 

𝑚 𝑔𝑚 

0 1 
1 (𝑓𝑛 − 1)𝑛 
2 (𝑓𝑛 − 1)(𝑛𝑓𝑛 − 2𝑛 − 𝜅)𝑛 
3 (𝑓𝑛 − 1)(𝑛2𝑓𝑛

2 − 6𝑛2𝑓𝑛 − 4𝑛𝜅𝑓𝑛 + 6𝑛𝜅 + 6𝑛2 + 𝜅2)𝑛 
4 (𝑛3𝑓𝑛

4 − 11𝑛2𝜅𝑓𝑛
3 + 11𝑛𝜅2𝑓𝑛

2 − 𝜅3𝑓𝑛)𝑛 
5 (2𝑛4𝑓𝑛

5 − 37𝑛3𝜅𝑓𝑛
4 + 77𝑛2𝜅2𝑓𝑛

3 − 27𝑛2𝜅3𝑓𝑛
2 + 𝜅4𝑓𝑛)𝑛 

 

The condition 𝑇 = 0 is then substituted into Equation F.3.4 using Equation F.3.2, and the result is 

approximated by 𝜅𝑇 ≫ 𝜅𝑇2. To simplify the final Taylor series expression, the geometric series identity 

is applied, to let, 

ℒ = ∑
𝑒−𝑛ℓ

2

∞

𝑛=0

=
2

2 − 𝑒−ℓ
 

(F.3.5) 
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where ℒ is a parameter that depends on the probe construction and liftoff. Therefore, the Taylor series 

expansion of the magnetic flux density for small 𝑇 is, 

�⃑� = 𝐵0ℒ cos(𝜔𝑡) (1 +
1

2
𝜅𝑇 −

1

24
𝜅3𝑇3 +

1

120
𝜅5𝑇5 − 𝒪(7)) �̂� 

(F.3.6) 

F.4 Discussion 

Figure F.4.1 shows the magnetic flux densities calculated from Equations F.1.6, F.2.8 and F.3.6 plotted 

against 𝜅2, where 𝜅2 = 𝜔𝜇𝜎/2 or 𝜅2 = 𝜋𝜇𝜎𝑓, 𝑓 being applied field frequency. The Taylor series 

Equation F.3.6 is more accurate that the first approximation Equation F.1.6 at lowest frequencies, 

however the first approximation is more accurate over the entire Burchell model Equation F.1.6. 

 

Figure F.4.1: Surface magnetic flux density amplitude calculated from the Burchell model Equation F.2.1 

[123], the first approximation Equation F.2.8, and the Taylor series expansion Equation F.3.6. The models 

are plotted against 𝜅2, which is proportional to the waveform frequency. 𝐵0 = 1 T, ℓ = 10 cm, 𝑇 = 1 

mm. Note, the Taylor series has one fewer degrees of freedom than first approximation. 

Any one of Equations F.1.6, F.2.8 or F.3.6 may be used to calculate the surface magnetic flux density, 

which generates the MBN. For simulation, it would be best to use the Burchell model Equation F.2.1 
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because that is the most accurate representation of the flux density. For fitting experiment data, it may 

be best to use Equation F.2.8 since it is much simpler and therefore, would allow the least-squared 

fitting algorithm to converge in a timely manner. The Taylor series Equation F.3.6 is, in hindsight, a poor 

choice of approximation because Taylor series are poor at approximating saturation functions such as 

the Burchell model. This is because finite Taylor series diverge for sufficiently large 𝜅, while saturation 

functions approach a constant. Rather than use a Taylor series, it is preferable to approximate 

saturation type functions using a continued fraction. 

Figure F.4.1 shows that, under flux control conditions where feedback coil flux density 𝐵0 is kept 

constant, sample surface flux density should increase with frequency. Chapter 5 shows theoretically that 

MBN energy (MBNe) should be proportional to squared surface flux density (i.e. MBNe/𝐵2 equals a 

constant). Hence, Figure F.4.1 shows that MBN energy normalized by square flux density (MBNe/𝐵0
2), 

where flux density 𝐵0 is measured at the feedback coils, should appear to increase with respect to drive 

frequency, for very low frequencies. With 𝜅2 = 2, as with Figure F.4.1, the corresponding drive frequency 

would be on the order of 1 mHz for typical steels. This is below the testing ability of the MBN system, 

which can go about as low as 5 Hz, or 𝜅2 ≈ 30 000. For 𝜅2 much greater than 2, the Figure F.4.1 curve 

tends to a constant. Hence, frequency dependent flux spread through the depth of the samples typically 

studied is not expected to be a significant effect, at least not in a linear material. Future work should 

focus on modelling horizontal flux spread (for example, using finite poles rather than an infinite sheet 

current), as well as flux spread in a material having nonlinear permeability 𝜇. 
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Appendix G: Linear Analytical Model of Tetrapole Probe Fields  

For calculating the applied magnetic field generated by the tetrapole probe in the plane of a flat sample, 

the probe was modelled as a system of four magnetic charges, as shown in Figure G.1.1. While there are 

no magnetic charges in nature, only electric charges, it was possible to make the analogy to 

electrostatics due to the specific geometry of the problem [36, pp. 258, 327]. 

G.1 Theory 

The following details the calculation of the planar magnetic field at the center of four in-plane magnetic 

charges 𝑞 meant to represent the tetrapole probe, as shown in Figure G.1.1. The magnetic field is 

approximated to the sixth order. 

 

Figure G.1.1: Probe modelled as system of four magnetic charges. 

The first three nonzero terms of the series expansion for 1/𝓇 were used to approximate the field in the 

region around the origin in Figure G.1.1, where 𝓇 is the distance between a magnetic charge and the 

point where the field is measured. The scalar magnetic potential 𝑉 for the system is, 
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𝑉 =
𝜇

4𝜋
(
𝑞𝑥

𝓇1
+

𝑞𝑦

𝓇2
−

𝑞𝑥

𝓇3
−

𝑞𝑦

𝓇4
) 

(G.1.1) 

where 𝜇 is the magnetic permeability of the material, 𝑞 is magnetic charge, and 𝓇𝑛 is the distance 

between charge 𝑛 and the measurement point (𝑟, 𝜃). 1/𝓇 is expanded as [36], 

1

𝓇
=

1

√𝑟2 + (𝑟′)2 − 2𝑟𝑟′ cos 𝜃′
=

1

𝑟′
∑ (

𝑟

𝑟′
)
𝑛

𝑃𝑛(cos 𝜃′)

∞

𝑛=0

 

(G.1.2) 

where 𝑟′ is the distance between a charge and the origin, and 𝜃′ is the angle between the charge and 

the measurement point. The cosines of angles 𝜃𝑛
′  are given as, 

cos𝜃1
′ =

𝑥

𝑟
, cos 𝜃2

′ =
𝑦

𝑟
, cos 𝜃3

′ =
−𝑥

𝑟
, cos 𝜃4

′ =
−𝑦

𝑟
, 𝑟′ = 𝑅 

(G.1.3) 

where (𝑥, 𝑦) are the cartesian coordinates of the measurement point, and 𝑅 is a constant. With 

substitution into Equation G.1.1 in mind, Equation G.1.2 and parameterization G.1.3 are combined to 

give, 

1

𝓇1
−

1

𝓇3
=

1

𝑅
∑ (

𝑟

𝑅
)
𝑛

𝑃𝑛 (
𝑥

𝑟
)

∞

𝑛=0

−
1

𝑅
∑ (

𝑟

𝑅
)
𝑛

𝑃𝑛 (
−𝑥

𝑟
)

∞

𝑛=0

 

=
2

𝑅
∑ (

𝑟

𝑟′
)
2𝑛+1

𝑃2𝑛+1 (
𝑥

𝑟
)

∞

𝑛=0

 

=
2𝑟

𝑅2

𝑥

𝑟
+

2𝑟3

𝑅4
(
5

2
(
𝑥

𝑟
)
3

−
3

2

𝑥

𝑟
) +

2𝑟5

𝑅6
(
63

8
(
𝑥

𝑟
)
5

−
70

8
(
𝑥

𝑟
)
3

+
15

8
 (

𝑥

𝑟
)) + ⋯ 

=
2𝑥

𝑅2
+

2

𝑅4
(
5

2
𝑥3 −

3

2
𝑥3 −

3

2
𝑥𝑦2)

+
2

𝑅6
(
63

8
𝑥5 −

70

8
𝑥5 −

70

8
𝑥3𝑦2 +

15

8
𝑥5 +

15

8
𝑥𝑦4 +

30

8
𝑥3𝑦2) + ⋯ 

=
2𝑥

𝑅2
+

2𝑥

𝑅4
(𝑥2 −

3

2
𝑦2) +

2𝑥

𝑅6
(𝑥4 − 5𝑥2𝑦2 +

15

8
𝑦4) + ⋯ 

(G.1.4) 

and, by symmetry, 
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1

𝓇2
−

1

𝓇4
=

2𝑦

𝑅2
+

2𝑦

𝑅4
(𝑦2 −

3

2
𝑥2) +

2𝑦

𝑅6
(𝑦4 − 5𝑦2𝑥2 +

15

8
𝑥4) + ⋯ 

(G.1.5) 

Equations G.1.4 and G.1.5 substitute into Equation G.1.1 to give the sixth order approximation for the 

magnetic scalar potential 𝑉,  

𝑉 =
𝜇

4𝜋
(𝑞𝑥 (

1

𝓇1
−

1

𝓇3
) + 𝑞𝑦 (

1

𝓇2
−

1

𝓇3
)) 

=
𝜇

2𝜋
(𝑞𝑥 (

𝑥

𝑅2
+

𝑥

𝑅4
(𝑥2 −

3

2
𝑦2) +

𝑥

𝑅6
(𝑥4 − 5𝑥2𝑦2 +

15

8
𝑦4) + ⋯)

+ 𝑞𝑦 (
𝑦

𝑅2
+

𝑦

𝑅4
(𝑦2 −

3

2
𝑥2) +

𝑦

𝑅6
(𝑦4 − 5𝑦2𝑥2 +

15

8
𝑥4) + ⋯)) 

(G.1.6) 

The negative gradient of 𝑉 from Equation G.1.6 is taken to complete the linear analytical model of the 

magnetic field produced by the tetrapole probe,  

𝐵 = −∇𝑉 ≈
−𝜇

2𝜋
(𝑞𝑥 (

1

𝑅2
+

1

𝑅4
(3𝑥2 −

3

2
𝑦2) +

1

𝑅6
(5𝑥4 − 15𝑥2𝑦2 +

15

8
𝑦4)) 𝑥

+ 𝑞𝑥 (−3
𝑥𝑦

𝑅4
+

1

𝑅6
(−10𝑥3𝑦 +

15

2
𝑥𝑦3)) �̂�

+ 𝑞𝑦 (
1

𝑅2
+

1

𝑅4
(3𝑦2 −

3

2
𝑥2) +

1

𝑅6
(5𝑦4 − 15𝑦2𝑥2 +

15

8
𝑦4)) �̂�

+ 𝑞𝑦 (−3
𝑦𝑥

𝑅4
+

1

𝑅6
(−10𝑦3𝑥 +

15

2
𝑦𝑥3)) 𝑥) 

(G.1.7) 

The approximation is valid close to the origin, where the pickup coil measures MBN. Each of the poles of 

the tetrapole probe output an applied field depending on the desired amplitude 𝐻 and direction 𝜃 of 

the superimposed field. So let, 

𝑞𝑥 = 𝐻 cos 𝜃 

𝑞𝑦 = 𝐻 sin𝜃 

(G.1.8) 
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where 𝜃 scales the output of each drive coil to rotate the field at the origin by vector superposition. 

Equations G.1.7 and G.1.8 give the applied magnetic field flux density in the vicinity of the Tetrapole 

probe’s pickup coil. The model agrees with finite element modeling [113] [15], but not with 

superposition data, since neither this calculation nor the finite element modeling account for 

nonlinearity and anisotropy. Incorporating the effects of nonlinearity and anisotropy is left for future 

work. 
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Appendix H: Magnetic After Effect 

When a magnetic field is applied to a ferromagnetic material, the material magnetization takes time to 

respond; this is called the magnetic after effect [40]. With increasing AC applied field frequency, the 

magnetic after effect causes increasing phase shift and reduced flux density amplitude. The magnetic 

after effect is a separate phenomenon from eddy currents. While it is generally agreed that the 

magnetic after effect is due to the cumulative sum of changes in magnetization delayed by different 

times [40], the exact physical mechanism is not agreed upon. Snoek first postulated that it is due to 

migrating carbon interstitials [126] [127], while Néel attributed it to thermal fluctuations [128], while 

Ohta proposed it was due to lattice vacancies [129]. These mechanisms, and their effect on 

magnetization processes [40] [128] [130], are the most prominently cited. In this work, it is contended 

that the effect is due to domain wall pinning, consistent with similar claims in the literature [40] [128] 

[130], since domain wall pinning is itself affected by all of the aforementioned processes. Pinning is also 

the cause of Magnetic Barkhausen Noise (MBN) [72], as discussed in Chapters 2.3 and 5, therefore it is 

claimed that there should be correspondence between MBN and magnetic after effect. 

H.1 Theory 

The duration of Barkhausen events is random and is known to follow a gamma distribution, from 

empirical measurements of MBN induced by nearly DC applied fields [19] [55]. Barkhausen events are 

associated with the movement of domain walls between pinning sites [72]. The irreversible component 

of the magnetization curve is also associated with such domain wall motion [24] [43] [55]. It follows that 

the magnetic after effect would be due to delays corresponding to domain walls overcoming pinning 

energies and then jumping; delays that, like Barkhausen event duration, are gamma distributed. 

Therefore, the magnetic after effect is modelled as random time delay of the flux density waveform, 
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𝐵(𝑡, 휀) = 𝐵0 cos(𝜔(𝑡 + 휀)) 

(H.1.1) 

where 𝑡 is time, 𝐵0 is flux density amplitude under nearly DC applied field conditions, and 휀 is the 

random time delay due to pinning energies. 휀 follows a gamma distribution, defined as, 

𝑓𝜀(𝑥) = {𝜆𝑒−𝜆𝑥−𝑟
(𝜆𝑥 + 𝑟)𝑟−1

Γ(𝑟 − 1)
𝑥 ≥ −

𝑟

𝜆
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

(H.1.2) 

where 𝑥 is the amount of time between 𝑟 events, where the events are occurring at a rate 𝜆. In the 

literature, 𝑟 is proportional to the applied field rate [19] [55]. For 𝑟 = 1, the gamma distribution is 

equivalent to an exponential distribution, which, in general, is most commonly used to model random 

arrival times. As the product 𝑟𝜆2 tends to infinity, the gamma distribution tends to a Gaussian 

distribution, which models most phenomena involving variation about an average point. Note that, since 

time delay 휀 is gamma distributed, the variance of the time delay is,  

𝑉𝑎𝑟(휀) = 𝜎𝜀
2 =

𝑟

𝜆2
 

(H.1.3) 

The flux density waveform is the average result of the many individual domain walls overcoming their 

pinning energies. Therefore, the flux density waveform may be modeled as the expectation of Equation 

H.1.1, as, 

𝐸𝑥𝑝(𝐵(𝑡, 휀)) = ∫ 𝐵(𝑡, 𝑥)𝑓𝜀(𝑥)
∞

−∞

𝑑𝑥 = ∫ 𝐵0 cos(𝜔(𝑡 + 𝑥)) 𝜆𝑒−𝜆𝑥
(𝜆𝑥)𝑟−1

Γ(𝑟 − 1)

∞

0

𝑑𝑥 

(H.1.4) 

The integral Equation H.1.4 may be solved by applying the Laplace transform of the gamma distribution, 

which is, 

 



207 
 

∫ 𝑒𝑖𝜔𝑥 𝜆𝑒−𝜆𝑥
(𝜆𝑥)𝑟−1

Γ(𝑟 − 1)
 𝑑𝑥

∞

0

=
𝜆𝑟

(𝑖𝜔 + 𝜆)𝑟
 

(H.1.5) 

Applying Equation H.1.5 to Equation H.1.4 with 𝑡 = 0, along with Euler's formula, Equation H.1.4 yields, 

𝐸𝑥𝑝(𝐵(0, 휀)) = 𝐵0 (
1

2

𝜆𝑟

(𝑖𝜔 + 𝜆)𝑟
+

1

2

𝜆𝑟

(−𝑖𝜔 + 𝜆)𝑟
) 

= 𝐵0

𝜆𝑟

2

(𝑖𝜔 + 𝜆)𝑟 + (−𝑖𝜔 + 𝜆)𝑟

(𝜔2 + 𝜆2)𝑟
 

= 𝐵0

𝜆𝑟

2

(√𝜔2 + 𝜆2)
𝑟

(𝜔2 + 𝜆2)𝑟
(𝑒

𝑖𝑟 atan(
𝜔
𝜆
)
+ 𝑒

−𝑖𝑟 atan(
𝜔
𝜆
)
) 

= 𝐵0

𝜆𝑟

(√𝜔2 + 𝜆2)
𝑟 cos (𝑟 atan (

𝜔

𝜆
)) 

(H.1.6) 

From Equation H.1.3 of the variance of the gamma distribution, Equation H.1.6 is put into a more 

physically interpretable form,  

𝐸𝑥𝑝(𝐵(0, 휀)) = 𝐵0 (
𝜎𝜀

2𝜔2

𝑟
+ 1)

−
𝑟
2

cos (𝑟 atan (
𝜎𝜀𝜔

√𝑟
)) 

(H.1.7) 

Likewise, applying Equation H.1.5 to Equation H.1.4 with 𝑡 = −𝜋/2𝜔 yields, 

𝐸𝑥𝑝 (𝐵 (−
𝜋

2𝜔
, 휀)) = 𝐵0 (

𝜎𝜀
2𝜔2

𝑟
+ 1)

−
𝑟
2

sin (𝑟 atan (
𝜎𝜀𝜔

√𝑟
)) 

(H.1.8) 

Combining Equations H.1.7 and H.1.8 through the trigonometric relation, 

cos(𝜔𝑡 + 𝜔휀) = cos(𝜔𝑡) cos(𝜔휀) − sin(𝜔𝑡) sin(𝜔휀) 

(H.1.9) 

Therefore, the magnetic flux density due to the magnetic after effect is,  
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𝐵 = 𝐵0 (
𝜎𝜀

2𝜔2

𝑟
+ 1)

−
𝑟
2

cos (𝜔𝑡 + 𝑟 atan (
𝜎𝜀𝜔

√𝑟
)) 

(H.1.10) 

It is observable from Equation H.1.10 that the parameter which is most critical to the existence of the 

magnetic after effect is the variance 𝜎𝜀
2 of the time delay. If all the domain walls were to jump always in 

unison, i.e. if 𝜎𝜀
2 were zero, the only frequency dependent effect on flux density magnitude would be 

from eddy currents.  

For most materials, 𝑟 is on the order of one or two [19] [40], however solely for curiosity's sake, suppose 

𝑟 were very large. Then applying the limit definition of 𝑒, 

𝑒𝑥 = lim
𝑛→∞

(1 +
𝑥

𝑛
)
𝑛

 

(H.1.11) 

the amplitude of the flux density from Equation H.1.10 would approximately become, 

|𝐵| = 𝐵0𝑒
−
1
2
𝜎𝜀

2𝜔2

 

(H.1.12) 

The usefulness of Equation H.1.12 is, of course, doubtful, since 𝑟 is seldom very large, but it is an 

interesting result, because this is what the magnetic after effect would look like were the time delays to 

follow a Gaussian distribution having mean zero and variance 𝜎𝜀
2, as may be verified by the reader.  

Throughout the derivation, it was assumed that the distribution of pinning energies remains constant 

with respect to applied field amplitude. In fact, this is not generally the case. For instance, what happens 

when all the domain walls have been moved, is that the dominant magnetization mechanism becomes 

domain vector rotation, which is continuous and is not time-delayed [40]. However, changes in time 

delay distribution would also change the shape of the flux density waveform. Thus, if the flux density 
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waveform is well approximated by a sinusoid, as at low to medium applied fields, then the magnetic 

after effect is well approximated by Equation H.1.10.  

The effect of eddy currents hasn't been considered in this model, but as may be observed in the 

following section, the magnetic after effect appears to be the dominant source of variation in the flux 

density waveform data.  

H.2 Experimental Results and Discussion 

Frequency dependent flux density data was collected at select voltages for eight samples of varying 

magnetic properties: interstitial free, 1018, 1075, and 1095 steels, which are in order of increasing 

carbon content and magnetic hardness, and DP600, B3 SRA, 300M and amorphous steels. Figures H.2.1 

and H.2.2 show flux density amplitude and phase shift fit using magnetic after effect Equation H.1.10. 

The fitting parameters are reported in Table H.2.1 for each data set. Noticeably, the phase-shift constant 

𝜙0 does not significantly change between data sets, as expected.  
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a) b)  

Figure H.2.1: a) Flux density amplitude and b) flux density phase shift vs frequency of carbon steel 

samples, fit with magnetic after effect Equation H.1.10. 

a) b)  

Figure H.2.2: a) Flux density amplitude and b) flux density phase shift vs frequency of various steel 

samples, fit with magnetic after effect Equation H.1.10. 
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Table H.2.1: Experiment and fitting parameters. Table includes sample names, drive voltage 𝑉 the data 

set was taken at, fitted DC flux density 𝐵0, pinning-induced time delay 𝜎2, rate parameter 𝑟, and 

constant phase shift 𝜙0. See Table E.1.1 for sample resistivity, permeability, and dimensions. 

Steel 
Sample 

V  
(V) 

B₀  
(mT) 

σ²  
ms² 

r 
  

φ₀  
(°) 

1018 1 170 4200 0.85 97 

1018 3 610 4700 0.90 95 

1018 5 1000 4400 0.93 95 

1075 2 450 5400 0.85 96 

1095 4 700 4000 0.87 95 

300M 7 1370 4400 0.92 95 

Amor. 2 440 4200 1.00 96 

B3 SRA 3 550 3500 1.01 96 

DP600 2 320 3900 0.86 95 

IF 1 210 4800 0.79 96 

 

The rate parameters 𝑟 all appear to be quite close to 1, implying that the time delays are all close to 

being exponentially distributed. The phase shift constant 𝜙0 also appears not to change much with 

respect to sample, which is expected: this is because most of the frequency dependence in the phase of 

the flux density is accounted for by Equation H.1.10. The DC flux density 𝐵0 does not reveal much new 

information as compared to performing a proper magnetic hysteresis experiment. 𝐵0 tends to be largest 

for the highest drive voltages. The variance 𝜎2 of the pinning-induced time delay varies from 3500 ms² 

in the B3 SRA sample up to 5400 ms² in the 1075 sample. It is not entirely clear at this time what 𝜎2 

correlates with in terms of the properties of the sample. 

H.3.1 Magnetic After Effect Confounded with Inductance 

Curiously, Equation H.1.10 appears to fit voltage-controlled data; one might have expected that 

Equation H.1.10 should rather model current controlled data – noting that current is proportional to 

applied field – seeing as the theory was derived for the delayed reaction of the magnetic material to the 

applied field, not to the drive voltage. Furthermore, the drive coil, U-core and sample form an LR circuit, 

as discussed in Chapter 4. The AC current in a series LR circuit is given as, 
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𝐼 = 𝑉0 (
𝐿2𝜔2

𝑅2
+ 1)

−
1
2

sin (𝜔𝑡 − 𝑎𝑡𝑎𝑛 (
𝐿𝜔

𝑅
)) 

(H.3.1) 

Equation H.3.1 is a standard result from circuit theory that models the current 𝐼 in an LR circuit with a 

voltage drop of 𝑉0 across the drive coil, composed of inductor 𝐿 and resistor 𝑅. From 𝐵 = 𝜇𝐻, and 𝐻 =

𝑁𝐴𝐼/ℓ, the magnetic flux density produced by the drive coil would be, 

𝐵 =
𝜇𝑁𝐴𝑉0

ℓ
(
𝐿2𝜔2

𝑅2
+ 1)

−
1
2

sin (𝜔𝑡 − 𝑎𝑡𝑎𝑛 (
𝐿𝜔

𝑅
)) 

(H.3.2) 

where 𝜇 is magnetic permeability of the sample, U-core and airgap, 𝑁 is the number of turns on the 

drive coil, 𝐴 is the cross-sectional area of the drive coil, and ℓ is the approximate length of the flux path 

through the sample and U-core. Equation H.3.2 is identical in form to Equation H.1.10, except that 𝑟 in 

this case is fixed to 1, which happens to be close to the fitted value of 𝑟 for all the data. The presence of 

the constant voltage 𝑉0 parameter explains why the fit applies so well to voltage-controlled flux density 

data. Equation H.3.2 also intrinsically accounts for eddy-currents, which are a significant player in the 

MBN probe and sample system; the derivation for Equation H.1.10, however, completely left out the 

effects of eddy currents. 

The effects of the drive coil inductance (Equation H.3.2) is essentially indistinguishable from magnetic 

after effect as defined in Equation H.1.10. Figure H.3.1 compares the fitting performance of Equations 

H.3.2 and Equation H.1.10 on a data set where a discrepancy is visible in the fitted curves. For having an 

additional free parameter (namely, 𝑟), Equation H.1.10 does not provide a significantly more accurate fit 

than Equation H.3.2.  
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a) b)  

Figure H.3.1: a) Flux density amplitude and b) flux density phase shift vs frequency of 1018 carbon steel, 

with comparison of the fits of both the magnetic after effect Equation H.1.10 (∙∙∙) and the LR circuit 

Equation H.3.2 (- -). Having an additional free parameter has not drastically improved the fitting 

performance of Equation H.1.10. 

Unfortunately, it appears as though the gamma distributed time delay has been a red-herring, for this 

particular application. However, the nontrivial mathematics presented here may find an application 

elsewhere, hence its inclusion here as an Appendix.  
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Appendix I: Global Random Optimization Algorithm 

Several of the parameters in the hysteresis model of Appendix B are highly correlated, and so when 

choosing the parameters to minimize fitting error, the error function has a lot of local minima, which 

makes fitting unstable. Some effort was spent towards designing a global optimization algorithm that 

would be robust to the presence of local minima. The algorithm may be a novel contribution to the field 

of random optimization. 

I.1 Literature Review 

The goal of an optimization algorithm is to find the global minimum of a cost function, for example, the 

global minimum of the sum of squares of residuals, i.e. least squares, which is often used in fitting. Most 

optimization algorithms employ some form of gradient descent to direct them towards a minimum. 

While gradient descent is effective for finding a minimum, it does not in general find the lowest 

minimum, unless there is only one minimum. Many algorithms also assume, sometimes incorrectly, that 

the parameters of the cost function are uncorrelated. The optimization algorithm described below is a 

more robust algorithm for guessing the global minimum. It does not rely on function gradients to direct 

convergence, and it accounts for correlation between parameters. 

Superficially, the proposed optimization algorithm is similar to the random optimization algorithm 

invented by J. Matyas in 1965 [131]. That algorithm by J. Matyas involves iterating on three steps: 

1. Guess a point X, where X~norm(X*,1) is a choice of parameters. 

2. If cost(X) < cost(X*), set X* = X. 

3. Repeat. 

N. Baba [132] and R. Wets [133] conducted analysis on the algorithm to determine such properties as 

conditions for convergence, and C. Dorea [134] estimated the approximate number of iterations 
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needed. In 1990, M. Sarma [135] disproved the convergence results empirically, finding that the 

algorithm takes too long to converge to be useful for practical applications. Since then, general interest 

in the algorithm has largely dissipated. 

I.2 Proposed Algorithm 

The proposed optimization algorithm is similar to the one by J. Matyas [131], however with some 

important distinctions. The proposed algorithm uses its knowledge about past guesses to inform its 

confidence in its present guess. It also considers correlation between parameters when making new 

guesses. If the guessed minimum varies considerably between recent iterations, the algorithm loses 

confidence that it had guessed the minimum correctly. If there are several local minima spaced 

somewhat far apart from each other, the algorithm widens its guessing so as to cover a larger area, in 

case there are more minima the algorithm may be missing. All this it does naturally and elegantly 

through its development of its confidence in its guesses of the global minimum. The algorithm follows 

the steps below; 

1. Guess a point X, where X~norm(X₀, σ) is a choice of parameters. X₀ is the initial guess supplied 

by the user, and σ is standard deviation wide enough to cover the likely range within which the 

global minimum may reside. 

2. If cost(X) < cost(X₀), set X* = X. Otherwise, set X* = X₀. 

3. Calculate the weighted variance matrix Var(X) of X. This calculation is described in more detail in 

Section I.3 below. 

4. Get the eigen vectors U and eigen values λ of Var(X). Note, this is the same as principal 

components analysis [115]; λ are the variances along the directions of highest variance of X, 

with the directions being specified by rotation matrix U. This is to account for correlation 

between components of X, i.e., between cost function parameters. 
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5. Guess a point Z, where Z~norm(0, √λ). 

6. Transform the guess by setting X = ZUT + X*. 

7. If cost(X) < cost(X*), set X* = X. 

8. Repeat from step 3 up to an arbitrary number of times, or until the standard deviation of the 

costs of the guesses falls below some arbitrary threshold. 

I.3 Calculating the Variance Matrix 

For calculating the weighted variance matrix of X, preference is given to more recent guesses of X, and 

to guesses that resulted in lower cost. The variance matrix can be thought of as the range within which 

the algorithm believes the global minimum cost resides.  

To give more weight to more recent guesses, the following function for expectation is used, 

𝐸𝑛(ξ) =
𝑀 − 1

𝑀
𝐸𝑛−1(ξ) +

1

𝑀
ξn 

(I.3.1) 

Where ξ is some random variable, 𝑛 is the iteration number and 𝑀 is an arbitrary positive integer. 

Equation I.3.1 accomplishes two things: one, it ensures that the search range does not change too 

quickly from the initial guess, and two, it ensures that new guesses are treated equally, regardless of 

how long the algorithm has been iterating for. In a sense, it is like a running average; the larger the 𝑀, 

the slower and smoother the change in expectation. 

Let ℎ(𝑋) denote the cost of 𝑋. To give more weight to guesses with low cost, the variance of 𝑋 is 

estimated from the variance of 𝑋/ℎ(𝑋), 

𝑉𝑎𝑟 (
𝑋

ℎ(𝑋)
) = 𝐸 (

𝑋𝑋𝑇

ℎ2(𝑋)
) − 𝐸 (

𝑋

ℎ(𝑋)
) 𝐸𝑇 (

𝑋

ℎ(𝑋)
) 

(I.3.2) 



218 
 

It is assumed that 𝑋 is largely independent of ℎ(𝑋), i.e. that ℎ(𝑋) is largely random noise or made up of 

random bumps. A consequence of this assumption is that the algorithm is less able to distinguish, from 

the variance alone, a forest of pins from a cluster of ping-pong balls, for example. However, this 

information is incorporated indirectly into the variance through the changing of the best guess of the 

minimum cost, and through the cost weighting. So, the variance can be approximated by, 

𝑉𝑎𝑟 (
𝑋

ℎ(𝑋)
) ≈ 𝐸(𝑋𝑋𝑇)𝐸 (

1

ℎ2(𝑋)
) − 𝐸(𝑋) 𝐸𝑇(𝑋)𝐸2 (

1

ℎ(𝑋)
) 

(I.3.3) 

Recall that, 

𝐸(𝜉2) ≥ 𝐸2(𝜉) 

(I.3.4) 

with equality if and only if 𝜉 is deterministic, i.e. equality holds only when 𝜉 takes on one value. Applying 

Equation I.3.3 to Equation I.3.4 yields, 

𝑉𝑎𝑟 (
𝑋

ℎ(𝑋)
) ≥ 𝐸(𝑋𝑋𝑇)𝐸 (

1

ℎ2(𝑋)
) − 𝐸(𝑋) 𝐸𝑇(𝑋)𝐸 (

1

ℎ2(𝑋)
) 

(I.3.5) 

Dividing the right hand side of the equation by the expectation of one over the squared cost yields the 

variance matrix of X. So now, set 

𝑉𝑎𝑟(𝑋) ≜ (𝐸 (
𝑋𝑋𝑇

ℎ2(𝑋)
) − 𝐸 (

𝑋

ℎ(𝑋)
) 𝐸𝑇 (

𝑋

ℎ(𝑋)
))/𝐸 (

1

ℎ2(𝑋)
) 

(I.3.6) 

Choosing to set the variance this way causes the variance to remain steady when the cost function is 

largely everywhere the same, but to converge when the cost function is lower in one particular region 

over another. This allows the algorithm to concentrate its guessing if it is confident about its choice of 
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global minimum, and to keep its guessing broad when it appears that a better guess for the global 

minimum is possible. 

I.4 Simulation Results and Discussion 

Some example optimization scenarios are shown in Figures I.4.1 through I.4.4 below. 

 

Figure I.4.1, Forest: Contour plot of parameters 1 and 2 against cost function, with local maxima (–) and 

minima (–), evaluated guesses (·), running guess of global minimum (o) and final guess (X) of global 

minimum. The cost function is a forest of cosine pins atop a shallow parabolic hill, with eight global 

minima along the outskirts. Bottom left stats record final iteration n (arbitrary), mean cost m, standard 

deviation σ of relative cost, and variance matrix. 

The Forest scenario in Figure I.4.1 is an example of where a gradient descent algorithm would be utterly 

helpless unless the initial guess was within ±10% of the global minimum. The proposed algorithm has 

successfully chosen one of the eight global minima, however it rightfully feels a certain lack of 
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confidence about its guess. The covariance between the two fitting parameters is negative, which hints 

at the gradual slope down from the center of the contour plot. 

 

Figure I.4.2, Hills: Contour plot of parameters 1 and 2 against cost function, with local maxima (–) and 

minima (–), evaluated guesses (·), running guess of global minimum (o) and final guess (X) of global 

minimum. The cost function is a range of cosine hills superimposed upon a shallow parabolic valley, with 

a center global minima. Bottom left stats record final iteration n (arbitrary), mean cost m, standard 

deviation σ of relative cost, and variance matrix. 

The Hills scenario in Figure I.4.2 is another topography with several local minima, however there is a 

definite global minimum in the center. The proposed algorithm can be seen moving somewhat 

cautiously on account of the local minima, but once it has settled on the correct valley, it zeroes in on 

the global minimum relatively quickly. 
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Figure I.4.3, Trough: Contour plot of parameters 1 and 2 against cost function, with local maxima (–) and 

minima (–), evaluated guesses (·), running guess of global minimum (o) and final guess (X) of global 

minimum. The cost function is an absolute value trough with cosine wrinkles and a parabolic center-

bulge, with two global minima at either end of the trough. Bottom left stats record final iteration n 

(arbitrary), mean cost m, standard deviation σ of relative cost, and variance matrix. 

The Trough scenario in Figure I.4.3 is an example of extreme correlation between fitting parameters. 

The proposed algorithm recognizes this correlation and proceeds to focus its guessing along the 

relatively even bottom of the trough. 
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Figure I.4.4, Pit: Contour plot of parameters 1 and 2 against cost function, with local maxima (–) and 

minima (–), evaluated guesses (·), running guess of global minimum (o) and final guess (X) of global 

minimum. The cost function is a parabolic pit with a center global minimum. Bottom left stats record 

final iteration n, mean cost m, standard deviation σ of relative cost (cutoff at 0.05), and variance matrix. 

The Pit scenario in Figure I.4.4 is a scenario for which a gradient descent algorithm would be at its best. 

The proposed algorithm finds the minimum of the parabolic pit comparatively slowly, however it does 

converge on the minimum, and it converges with sufficient confidence so as to end its iterating early. 

I.5 Application to Hysteresis Curve Fitting 

Despite the promising results from the initial tests in Figures I.4.1 through I.4.4, there were problems 

encountered while applying this algorithm to fit hysteresis data from Appendix B. The chief problem was 

that the cost of certain guesses could be extremely large, which would drive down the variance too 

soon, and cause the algorithm to prematurely narrow its searching range. The algorithm also took a long 

time to converge, especially as the number of fitting parameters increased. A hybrid solution involved 
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using the algorithm to make a good first guess, and employing a gradient decent algorithm to finish the 

convergence. So while the global random optimization algorithm holds promise, it needs further 

development to become useful. It is also unclear whether the algorithm would perform any better than 

other global optimization algorithms already in use, one of the more sophisticated being simulated 

annealing [116]. 
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