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Abstract

The revolutionary discoveries made in quantum theory have caused a surge of tech-

nological innovation — from the laser to the modern computer. As we gain a deeper

understanding of the quantum world, we are beginning to enable the control of quan-

tum systems and the use of their innate properties to our advantage. We now have

the possibility to achieve quantum computing, quantum simulation, and quantum

cryptography among many other novel technologies. To help drive this innovation,

it is imperative to have accurate and reliable theoretical models. One key system of

interest is a simple two-level atom interacting with a quantized single-mode cavity.

The currently accepted models for this system make approximations that can break

down when the atom-cavity coupling becomes sufficiently large. Namely, in the ultra-

strong coupling (USC) regime, we can see ambiguous, gauge-dependent predictions.

In this thesis, we develop and utilize gauge-invariant master equation techniques to

properly simulate this coupled system in arbitrary coupling regimes. We first intro-

duce the necessary theoretical background, followed by an analysis of the effects of the

“gauge-correction” on the cavity emitted spectra, along with a few other observables

of interest in cavity quantum electrodynamics. We then extend our model to include

a second atom as a weakly-coupled detector (sensor). Finally, we make this second

atom ultrastrongly coupled as well, and analyze the effects of changing the proper-

ties of the second atom relative to the first. We see that, in the USC regime, the

gauge-correction causes profound and qualitative changes to all the observables stud-

ied. These results provide important ramifications for our theoretical understanding

of these systems and show that many previously reported results in the USC regime

are incorrect and ambiguous, as they do not satisfy gauge invariance.
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Chapter 1

Introduction

At the beginning of the 20th century, the physics community began to see a mon-

umental change in the way the natural world is described at the smallest of scales.

In 1900, Max Planck, building on previous experimental studies, proposed the first

quantum theory — the distribution law for black-body radiation (Klein 1961). In

this (first) theory, energy is divided into discrete elements, today called ‘quanta’.

Albert Einstein was able to build upon this theory in 1905 to describe the photoelec-

tric effect (Einstein 1905), in which light particles, called ‘photons’, also fall under

this discrete energy description. As this branch of physics gained more and more

attention, it was finally given the name ‘quantum mechanics’ in the early 1920s.

Following this foundational work (along with many other important additions),

the technological world has been thrust into a series of astonishing advancements,

completely revolutionizing many aspects of human life. The way we share and access

information, communicate as a species, and explore the natural world today largely

depend on technology that was at least in part developed through a better under-

standing of quantum theory. Through the quantum description, we can understand

how sub-atomic particles, such as electrons and photons, behave. This description

of electrons, for example, laid the foundation for the modern computer, and under-

standing photon behaviour led to the development of the laser. This first series of

advancements is coined the first quantum revolution. While quantum theory was es-

sential to understand the operation of these devices, it still remained to take advantage
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of the fundamental properties of quantum mechanics to push further advancements.

We are now doing exactly this and entering the so-called second quantum revolu-

tion (Dowling and Milburn 2003; Buluta et al. 2011; Georgescu and Nori 2012). In this

next stage, we will use the rules of quantum mechanics to develop new technologies,

fundamentally different to anything seen before. The difference in these developments

is the addition of control over the quantum realm. In the first quantum revolution, we

could merely understand how existing systems behave, but we lacked influence over

that behaviour. We can now create quantum systems and states that most likely do

not exist elsewhere in the universe, exhibiting novel properties which we can take ad-

vantage of. These platforms can allow unprecedented levels of quantum measurement

and control over superposition, uncertainty, entanglement, and coherence. This will

offer avenues into the exploration of second-generation quantum technologies, includ-

ing the broad goal of quantum information processing. Indeed, these systems are key

to achieving quantum computing, which offers a potentially exponential speedup for

solving certain problems that are practically impossible for classical computers (Li

et al. 2001). Further applications are possible in quantum simulation, cryptography,

and imaging, among many others (Georgescu and Nori 2012).

As an example of an experimentally accessible platform to study quantum phe-

nomena, we can create artificial atoms with tunable properties, such as flux qubits (Ma-

jer et al. 2005) and, what we typically have in mind here (because of their practical-

ity in optical technologies), quantum dots (Sreenivasan 1981; Kastner et al. 1994).

Quantum dots have electrons that are confined in three spatial dimensions and can be

excited to form an exciton (electron-hole pair) by binding with the created hole. Due

to the spatial confinement, these excitons can act as artificial atoms, exhibiting dis-

crete energy states and atom-like wave functions (Reed et al. 1988), with mesoscopic

characteristics and large dipole moments. Quantum dots can be tuned to control the

number of electrons present, making them an excellent base to study myriad quan-

tum effects inaccessible with real atoms (Ashoori 1996). Further, the spacing between

energy levels can be controlled, with the potential to create an approximate two-level

system (TLS), where higher excited levels (|e2+〉, see Fig. 1.1) are inaccessible.
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Figure 1.1: Schematic image of a quantum dot with a possible energy diagram. (a)
Transmission electron microscopy image of an array of quantum dots, reproduced
from (Grundmann 1999). (b) A three-dimensional scanning tunnelling microscope
image of a single quantum dot, reproduced from (Marquez et al. 2001). (c) A possible
energy level diagram of a quantum dot, modelling an atom. Possibly tunable such
that only the first excited state is significantly involved in the electron dynamics.

Figure 1.2: (a) Fabry–Pérot optical cavity with (b) quantized energy level diagram.
Figure (a) reproduced under the CC BY 2.0 license from James Millen (UCL Physics
& Astronomy).

https://creativecommons.org/licenses/by/2.0/
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Along with the quantized nature of energy states in atoms, the quantization of light

offers another aspect of quantum mechanics to probe. Indeed, the ability to control

the properties of light is an integral part of second-generation quantum technologies.

For example, knowing the quantum properties of light led to the first-generation

abilities to engineer Lamb shifts (Yao, Van Vlack, et al. 2009), detect spontaneous

emission (Van Vlack et al. 2012), and create the laser (Maiman et al. 1960). To

move into the second-generation, one intriguing platform for studies of the quantum

properties of light (and the one considered throughout this thesis) is the optical

Fabry–Pérot cavity. In this system, light can be confined to a level at which the

quantum nature of the photons is highly significant, i.e., a classical treatment of the

light reflecting back and forth between the mirrors does not suffice. At low intracavity

volume, the frequencies of light that can be supported are sparsely distributed, thus

providing the possibility to create an approximate single-mode cavity (Vahala 2003).

In this single-mode approximation, the cavity has a characteristic resonance frequency

with some bandwidth that is determined by the quality factor of the cavity, and all

the photons fall within this frequency range. The state of the simple uncoupled cavity

is then just the number of photons within it (see Fig. 1.2). Further, the single mode

can be tuned to a frequency of interest (Dolan et al. 2010).

While the fundamental theory of quantum mechanics can be considered as a nearly

complete description of the basics, there is still much work to be done to explore the

range of possible applications and understand the workings of new devices within

the second quantum revolution. For this reason, it is important to push the bounds

of theoretical studies. In this thesis, we do exactly this, using a recently expanded

theory to computationally explore a quantum system in newly experimentally acces-

sible regimes. Specifically, we combine the two systems mentioned above, an artificial

atom (TLS) and an optical cavity, to explore the field of cavity quantum electrody-

namics (cavity-QED), paying close attention to regimes where these subsystems are

ultrastrongly coupled to each other.
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Figure 1.3: Schematic cavity-QED setup and model. In (a) we show a schematic
micropillar cavity coupled with an incorporated quantum dot, emitting a photon
through the top of the cavity. (b) shows a scanning electron micrograph of a physical
setup. In (c) we show the coupled system from an energy level perspective, including
the coupling between the subsystems and potential laser drive and output (loss)
channels, discussed in Ch. 2. Figures (a) and (b) from (Vahala 2003) and (Pelton
et al. 2002) respectively.

1.1 Cavity Quantum Electrodynamics

When we couple an atom and a cavity, they form a system that presents an ideal

platform for the investigation of the interactions between light and matter. This is,

in part, due to the tunable nature of not only the constituent subsystems but also

of the interactions between them. Purcell discovered in 1946 that the spontaneous

emission rate of an emitter depends on the electromagnetic environment within which

it exists (Purcell 1995). This means that the strength of the interaction between light

and matter can essentially be tuned by controlling their environment (Frisk Kockum

et al. 2019). This discovery formed the basis for the field of cavity-QED.

Physicists quickly caught on to the potential of this new field and, in the early

1980s, the field began to get off the ground experimentally. In 1983, experimentalists

first observed an enhancement of the spontaneous emission from a single atom by

coupling it to a cavity (Goy et al. 1983), a direct proof of Purcell’s work. Later in the

same year, the same group increased the coupling strength enough to observe Rabi
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oscillations, a repetitive exchange of energy between the atom and the cavity (Kaluzny

et al. 1983). This result was obtained with a collection of atoms but it was soon

refined to a single atom (Meschede et al. 1985). The observation of Rabi oscillations

is a direct proof that one can fundamentally alter the behaviour of the coupled system

by changing the interaction strength between the constituent systems.

With the early experimental success of cavity-QED came also significant theo-

retical advancements, essential to the understanding of these systems. Perhaps the

most important innovation was the development of the theory of open quantum sys-

tems (E. B. Davies and E. Davies 1976). The idea behind open quantum systems is

as follows. It is of course impossible to simulate or even derive a Hamiltonian for the

entire universe. There is always some system we are interested in studying, that is

annoyingly perturbed by its interactions with the outside world. Previously, we might

have ignored these interactions (treating the system as closed) but this does not tell

the entire picture. Instead, we must acknowledge the reality of these interactions, and

develop a theoretical framework to describe them. The development of this enhance-

ment of quantum mechanics allows us to understand more processes than previously

possible. Importantly, open quantum system theory allows for non-unitary evolution,

including losses and decoherence mediated by the system’s interactions with the en-

vironment. This provides a foundational advancement in our ability to model the

behaviour of realistic quantum systems.

The general method we employ throughout this thesis is the quantum master

equation approach (H. J. Carmichael 2013). In this approach, we begin with the

unitary evolution of the system of interest as a Hamiltonian, followed by the addition

of various non-unitary terms describing the interactions between the system and the

environment. While the overall prescription is relatively simple, care must be taken

when the atom-cavity coupling is high enough. We use the dimensionless parameter

η = g/ω0 (i.e., the cavity-emitter coupling rate divided by the atomic transition

frequency) to quantify the coupling, and when η & 0.1, we enter the ultrastrong

coupling (USC) regime of cavity-QED. It is at this point when further considerations

must be taken into account in order to properly achieve gauge invariance (Settineri,
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Di Stefano, et al. 2021). Specifically, in the dipole gauge, one must use atom-altered

cavity operators and in the Coulomb gauge, the Hamiltonian has drastic differences

from the previously accepted model. In either case, this amounts to making a ‘gauge

correction’. These issues arise due to the truncation of the atomic system to a finite

(namely two) number of eigenstates (Stokes and Nazir 2020), which we will discuss

further in Chapter 2. For now, we just note the difference between the gauge issues

caused by this truncation and the validity of the two-level approximation. Even if all

of the higher atomic levels do not contribute to the dynamics, making the two-level

approximation reasonable, actually truncating the system to two levels still causes

problems which we solve in this thesis.

Before these considerations in the USC regime became apparent, the weak and

strong coupling regimes were established and experimentally verified. These two

regimes are differentiated by the strength of relative losses. The weak coupling regime

is associated with losses that are large enough to restrict the ability for excitations

to transfer between the subsystems. In the strong coupling regime, however, the

rate of decoherence is smaller than the rate of excitation exchange, which is precisely

what allows for the Rabi oscillations mentioned above. Now, in the USC regime,

rather than still lower losses, we have the requirement that the coupling strength is

a significant fraction of the bare system energies. To explore these coupling regimes,

we use a quantized cavity interacting with a (two-level) atom, the cornerstone model

of cavity-QED, shown in Fig. 1.3. This system can be easily swept through all of the

mentioned coupling regimes.

1.2 Layout of the Thesis

In this thesis, we use the quantum Rabi model to study the coupled atom-cavity

system. We explore the dynamics of the system by pumping it either coherently or

incoherently using an appropriate master equation. The master equations allow us to

simulate the dynamics of the system including also several decay processes, modelling

the system’s open interactions with an outside environment. We use both the dipole
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gauge and Coulomb gauge models to definitively show that we have ensured gauge

invariance in all the regimes we study (and show when the standard approaches fail).

In this introductory chapter, we have given an overview of the importance of

closely studying advanced quantum systems and discussed the history and important

aspects of cavity-QED. Next, in Chapter 2, we present the main theory which we use

throughout this thesis. This includes a first-principles derivation of the Hamiltonians,

outlining the procedure we use to ensure gauge invariance. We derive the cavity-

QED master equation mentioned above including interactions with baths. We explore

system pumping and derive some observables. We discuss how to self-consistently

expand the model by including a second atom and finally summarize some of our

computational methods. Chapter 3 consists of a submitted manuscript on the results

of our gauge independent theory, showing the effect of the gauge correction on the

spectra and a few other key observables. In Chapter 4, we discuss the use of a

second atom specifically as a more physical model of a point detector. We couple this

sensor atom to the system and show that it can qualitatively reproduce the spectra.

Chapter 5 extends the previous chapter by now considering this second atom as a true

part of the main system. We go back to the previous methods of computing spectra

and discuss how altering the second atom’s properties can modify the spectra. Finally,

in Chapter 6 we offer some conclusions and give some recommendations for future

work. After the conclusions, we include Appendix A which provides a pedagogical

review of the Bogoliubov transformation used in deriving the Hamiltonians.
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Chapter 2

Theory and Methods

In this chapter, we present background theory on modelling the behaviour of open

quantum optical systems. We begin by deriving closed system Hamiltonians of broad

interest in cavity-QED, including the quantum Rabi model in the dipole gauge and

Coulomb gauge. We then introduce interactions with photonic baths through a deriva-

tion of master equations. We add system driving to our model and also explore the

effects of the type of bath spectral function used. We define a few key observables of

interest, used later, and show how to extend the quantum Rabi model to include mul-

tiple atoms. Finally, we briefly discuss the computational methods used throughout

the thesis.

2.1 Gauge Invariant Hamiltonians

The first step in achieving our goal of a self-consistent model is to ensure that our

Hamiltonians are gauge invariant, as should be required of all physics theories. The

reason this becomes a problem of interest in the first place is due to our desired

truncation of the atomic system to its lowest two eigenstates in forming the two-level

system (TLS). Practically, it is impossible to simulate the formally infinite Hilbert

space spanned by any real atom. We must therefore make a choice about how much

information to retain about the atomic system, and also what is accessible experimen-

tally. Historically, considering an atom to be a simple TLS has been of much interest

in the theory and is experimentally reasonable. While the cavity system has the same
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issue, we straightforwardly truncate to the lowest number of levels above which we

see no change in the computational solution. However, for the atomic system, it has

recently been shown that care is required to preserve gauge invariance when trun-

cating in the ultrastrong coupling (USC) regime (Stokes and Nazir 2020). Formally

preserving gauge invariance without further work requires keeping an infinite number

of energy levels (Rouse et al. 2021). This has been a topic of controversy for several

decades (Lamb et al. 1987), but recent self-consistent theory at the system Hamilto-

nian level (Di Stefano et al. 2019; Savasta, Di Stefano, et al. 2021) has restored gauge

invariance for systems without an infinite Hilbert space. Addressing this controversy

in a way that ensures gauge invariant results, with bath coupling and system driving,

will form a key component of the thesis.

2.1.1 Standard Coulomb Gauge (without gauge corrections)

Here, we briefly outline the common (and perhaps naive) approach to deriving the

main system Hamiltonian in the Coulomb gauge, which results in what we refer to as

the ‘uncorrected’ Hamiltonian. We later show that this Hamiltonian results in gauge-

dependent results that significantly differ from the correct results in the USC regime.

It is known that this procedure must be altered in the USC regime (Di Stefano et al.

2019), and we present the corrected theory (Settineri, Macrí, et al. 2018; Settineri,

Di Stefano, et al. 2021; Savasta, Di Stefano, et al. 2021) below.

We consider first a simple cavity-QED system made up of a single atom coupled

to a single-mode optical cavity. The atom is a dipole of mass m and charge q which

we will approximate as a two-level system (TLS) below. We first adopt the Coulomb

gauge and conduct the minimal coupling replacement to account for the coupling of

the EM field to the mechanical particle (Di Stefano et al. 2019). Then, after a dipole

approximation, we obtain1,

ĤC =
(p̂− qÂ(x))2

2m
+ V (x) + ~ωcâ†â, (2.1)

1We consider here only motion in one dimension, though these results can be generalized to three
dimensions.
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where Â(x) is the vector potential, p̂ is the electron’s momentum, and V (x) is the

local potential in which the atom sits. Here â† and â are the photon creation and

annihilation operators and ωc is the cavity frequency. In the dipole approximation,

we take the vector potential to be constant with respect to position and consider only

the dipole moment of the charge distribution, adequate for the system considered

here, neglecting all multipole moments.

We now expand the first (kinetic energy) term in Eq. (2.1) and group the terms,

ĤC =

(
p̂2

2m
+ V (x)

)
+

(
~ωcâ†â+

q2Â2

2m

)
− qp̂Â

m
. (2.2)

This allows us to identify the first bracketed term as the bare Hamiltonian of the

atom, the second as the energy of the cavity mode, and the third as the interaction

between the two,

Ĥd =
p̂2

2m
+ V (x), (2.3)

Ĥc = ~ωcâ†â+D(â+ â†)2, (2.4)

Ĥint = −qp̂Â
m

, (2.5)

where D = q2A2
0/2m which is bounded by D ≥ gη (Nataf and Ciuti 2010; Frisk

Kockum et al. 2019) and Â = A0(â + â†). The bare atom Hamiltonian can be

diagonalized straightforwardly as

Ĥd =
∑
n

~ωn |ψn〉 〈ψn| , (2.6)

where we are still considering a many-level dipole with eigenstates |ψn〉 at frequen-

cies ωn. We then conduct a Bogoliubov transformation (Yoshihara et al. 2017; De

Bernardis et al. 2018; see also Appendix A) on the bare cavity term to write it as,

Ĥc = ~ω̃cĉ†ĉ, (2.7)
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where ω̃c ≡
√
ω2
c + 4Dωc/~ and we use the relation â+ â† =

√
ωc/ω̃c(ĉ+ ĉ†). Finally,

the interaction term can be written as,

Ĥint = −qp̂Â
m

= −qA0

m

√
ωc
ω̃c

∑
n,k

p̂nk |ψn〉 〈ψk| (ĉ+ ĉ†), (2.8)

where p̂nk = 〈ψn| p̂ |ψk〉 and we have inserted the identity (1 =
∑

n |ψn〉 〈ψn|) twice.
Our cavity term is now in the desired form and all that is left to do is truncate

the remaining two terms into the TLS subspace. This two-level truncation consists

simply of restricting the sums in Eqs. (2.6) and (2.8) to only include the first two

states, namely the ground state |ψ0〉 = |0〉 and the first excited state |ψ1〉 = −i |1〉,
which is chosen so that the interaction term below is real. This truncation assumes

that the two-level approximation is valid and that the transition frequency between

the first two states is on or near resonance with the cavity, i.e., ω10 ≈ ωc where

ωnk ≡ ωn − ωk. First, for the dipole term, we have

Ĥd =
~ω10

2
σ̂z, (2.9)

where we use calligraphic fonts for operators in the restricted TLS space and we have

introduced the first of the usual Pauli matrices defined by σ̂z = |1〉 〈1| − |0〉 〈0|.
For the interaction term, we first move into the position representation by using

the general relation p̂nk = imωnkx̂nk (De Bernardis et al. 2018), for comparing with

the dipole gauge below, giving,

Ĥint = −iqA0

√
ωc
ω̃c

∑
n,k

ωnkx̂nk |ψn〉 〈ψk| (ĉ+ ĉ†). (2.10)

Then, introducing the dipole moment d̂10 = −q 〈0| x̂ |1〉 and restricting the sum as

above, we have

Ĥint = d̂10ω10A0

√
ωc
ω̃c

(ĉ+ ĉ†)σ̂y = ~gC(ĉ+ ĉ†)σ̂y, (2.11)
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where gC =
√
ωc/ω̃cA0ω10d̂10/~. With this, we can write our uncorrected (marked

with a superscript ‘UC’) Coulomb gauge quantum Rabi Hamiltonian as,

ĤUC
C = ~ω̃cĉ†ĉ+

~ω10

2
σ̂z + ~gC(ĉ+ ĉ†)σ̂y. (2.12)

2.1.2 Standard Dipole Gauge (without gauge corrections)

In order to test the gauge invariance of our theory, we desire the Rabi Hamiltonian in

another gauge. We choose the dipole gauge (multipolar gauge after a dipole approxi-

mation) for convenience. Deriving the Hamiltonian in this gauge is done by a simple

gauge transformation of the Coulomb gauge Hamiltonian in Eq. (2.1). We write the

dipole gauge quantum Rabi Hamiltonian as,

ĤD = Û1ĤCÛ
†
1 = Û1

[
p̂2

2m
+
q2Â2

2m
− qp̂Â

m
+ V (x) + ~ωcâ†â

]
Û1

†
, (2.13)

with the unitary operator Û1 = exp[−iqx̂Â/~]. We will evaluate this transformation

term by term, making use of the Baker-Campbell-Hausdorff formula,

eXY e−X = Y + [X, Y ] +
1

2
[X, [X, Y ]] +

1

3!
[X, [X, [X, Y ]]] + · · · , (2.14)

though here we will only need the first three terms. Since the terms V (x) and q2Â2/2m

commute with Û1, they transform to themselves. The remaining three terms trans-

form as,

Û1

(
p̂2

2m

)
Û †1 =

1

2m

(
p̂2 + 2qp̂Â+ q2Â2

)
, (2.15)

Û1

(
−qp̂Â
m

)
Û †1 =

−qÂ
m

(
p̂+ qÂ

)
, (2.16)

Û1

(
~ωcâ†â

)
Û †1 = ~ωc

(
â†â− iqx̂A0

~
(â− â†) +

q2x̂2A2
0

~2

)
, (2.17)
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Combining these terms we get,

ĤD =
p̂2

2m
+ V (x̂) + 2Dx̂2mωc/~ + ~ωcâ†â+ iqA0ωc(â

† − â)x̂, (2.18)

with D = q2A2
0/2m as above.

Now, we follow a similar procedure to the above and first diagonalize the Hamil-

tonian for the dipole,

Ĥd =
p̂2

2m
+ V ′(x) =

∑
n

~ω′n |ψ′n〉 〈ψ′n| , (2.19)

where the potential, now altered by an additional term due to the cavity coupling, is

V ′(x) = V (x) + 2Dx̂2mωc/~. (2.20)

We are now only left with the last term in Eq. (2.18), for which we again follow

a similar procedure to the above. We insert the identity twice and write x̂′nk =

〈ψ′n| x̂ |ψ′k〉 to arrive at,

Ĥint = iωcqA0(â† − â)x̂ = iωcqA0(â† − â)
∑
n,k

x̂′nk |ψ′n〉 〈ψ′k| . (2.21)

Finally, we once again project these components into the two-level subspace by

restricting the sums above. The dipole Hamiltonian of course projects in the same

way as in the Coulomb gauge, and the interaction term results in,

Ĥint = i~gD(â† − â)σ̂x, (2.22)

where gD = ωcA0d
′
10/~ is the dipole gauge coupling strength. Putting these together,

ĤD = ~ωcâ†â+
~ω′10

2
σ̂z + i~gD(â† − â)σ̂x . (2.23)
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In the dipole gauge, it is common to make a RWA on this Hamiltonian (by neglect-

ing counter-rotating terms â†σ̂+ and âσ̂− which do not conserve excitation number) to

arrive at the simpler Jaynes-Cummings model (JCM) (Jaynes and Cummings 1963),

ĤJC
D = ~ωcâ†â+

~ω′10

2
σ̂z + i~gD(â†σ̂− − âσ̂+). (2.24)

This model can be easily diagonalized and solved exactly, providing an excellent

platform for studying quantum optics below the USC regime. However, as shown in

the left panel of Fig. 2.1, the JCM fails to produce even the correct eigenenergies above

η ∼ 0.1. It is therefore unusable for any simulations in the USC regime. Experiments

have further verified that excitation numbers are not conserved in the USC regime,

further showing the necessity of these terms (Niemczyk et al. 2010).

The standard dipole gauge Hamiltonian does produce the correct eigenenergies, as

there are no gauge corrections to be done on the Hamiltonian. However, the standard

Coulomb gauge fails, as we show in the right panel of Fig. 2.1. The uncorrected

Coulomb gauge Hamiltonian fails in an even more dramatic way than the JCM. The

corrected Coulomb gauge solution is also shown, computed from the Hamiltonian

derived below. Here, without even considering any bath interactions, it is clear that

something must be done to save our Coulomb gauge representation. First, however,

let us consider the computation of observables in the dipole gauge.

2.1.3 Gauge Invariant Observables in the Dipole Gauge

While the transformation from the Coulomb gauge to the dipole gauge has left us

with a correct and gauge invariant Hamiltonian (Eq. (2.23)), one must be careful

to use the correct field operators when computing observables. Namely, the cavity

operators must also be transformed in the same way as the Hamiltonian. If we carry

out the same unitary transformation as above, we will find that in the dipole gauge

we must use the modified â′ = â + iησ̂x. For completeness, we will also derive

this result generally, using fundamental rules of electromagnetism, without unitary

transformations.
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Figure 2.1: (Left) Eigenenergies of the dipole gauge quantum Rabi Hamiltonian (blue
solid curves) compared with those of the Jaynes-Cummings Hamiltonian (red dashed
curves). (Right) The same comparison but now between the uncorrected (purple
dashed curves) and corrected (cyan solid curves) Coulomb gauge Hamiltonians.

In the dipole gauge, it is well known that the form of the interaction Hamiltonian

between the dipole and the cavity field is (Power and Thirunamachandran 1982; Wylie

and Sipe 1984),

Ĥint = −µ̂ · D̂(r0)

ε0εb(r0)
, (2.25)

where we consider a single dipole with dipole moment µ̂ at position r0 and we have

neglected any higher order multipole moments. This has been rather controversial in

the past (Mandel 1979; Healy 1980), with some authors wrongly taking the interaction

as proportional to µ̂ · Ê⊥ (Power and Zienau 1959; Fried 1973; Bassani et al. 1977).

For convenience we introduce a new field operator (Wubs et al. 2004; Yao, Van

Vlack, et al. 2009),

F̂(r) =
D̂(r)

ε0εb(r)
, (2.26)

so that our interaction Hamiltonian is

Ĥint = −µ̂ · F̂(r0). (2.27)

Expanding this new field in terms of bosonic field operators, ak(t), one can show
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that (Settineri, Di Stefano, et al. 2021),

F̂(r) = i
∑
k

√
~ωk
2ε0

fk(r)âk(t) + H.c., (2.28)

where the fk(r) are the normal modes of the cavity, with eigenfrequencies ωk. Note

that these âk(t) are self-consistent, including interactions with the dipole. Here we

see the main difference between the dipole gauge and Coulomb gauge – the latter

does this expansion with the Ê⊥ operator rather than F̂.

Now, with the relationship between Ê and D̂ from electromagnetism, we can write

F̂(r) = Ê(r) +
δ(r− r0)

ε0εb(r0)
P̂d(r0), (2.29)

where P̂d(r0) is the dipole polarization, which manifestly has no effect away from the

dipole. We now quantize the dipole and regard it as a TLS such that its polarization

is,

P̂d(r0) = µ̂(σ̂+ + σ̂−) (2.30)

where we have used the normal Pauli operators.

We now take advantage of the completeness of the normal modes, which we write

formally as
1

2
εb(r)

[∑
k

fk(r)f
∗
k (r0) + f∗k (r0) fk(r)

]
= 1δ(r− r0), (2.31)

to write the electric field operator in the dipole gauge as,

ÊD(r) =

[
i
∑
k

√
~ωk
2ε0

fk(r)âk(t)−
1

2ε0

∑
k

fk(r)f
∗
k (r0) · µ̂(σ̂+ + σ̂−)

]
+ H.c., (2.32)

with the caveat that the second term inside the square brackets is zero for positions

away from the dipole (r 6= r0). We now define the coupling strength between the
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dipole and the kth cavity mode as

gk ≡
√

ωk
2~ε0

µ̂ · fk (r0) , (2.33)

and introduce the normalized coupling strength, ηk = gk/ωk, so that we can define a

new cavity operator,

â′k(t) = âk(t) + iηkσ̂x. (2.34)

This allows us to write our electric field much more simply as,

ÊD(r) = i
∑
k

√
~ωk
2ε0

fk(r)â
′
k(t) + H.c.. (2.35)

Finally, we can approximate this solution to a single-mode cavity (with frequency

ωc and normal mode fc(r)), so that

ÊD(r) ≈ i

√
~ωc
2ε0

fc(r)â
′(t) + H.c., (2.36)

with,

â′(t) = â(t) + iησ̂x . (2.37)

This shows us that, at the level of a single-mode theory, we must use the proper

field expansion for computing observables that involve the electric field operator, as

above. Thus we must use the primed cavity operators â′(t) and â′†(t) = (â′(t))†.

Clearly, such corrections are only important when η becomes appreciable, namely in

the USC regime.

2.1.4 Corrected Coulomb Gauge (gauge independent results)

In the initial Coulomb gauge derivation (Eq. (2.12)), we neglected the fact that the

potential, V (x), can become non-local (gain dependence on the momentum) when

in a truncated Hilbert space. Because of this, we essentially need to conduct the

minimal coupling replacement on the potential as well as the kinetic energy term.
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This can be done by unitary transform (Di Stefano et al. 2019),

ĤC = ÛĤ0Û † + ~ωcâ†â, (2.38)

where Û = P̂ Û †1 P̂ , Ĥ0 = P̂ Ĥ0P̂ (with Û1 as above and Ĥ0 = p̂2/2m + V (x)), and P̂

is the projection operator taking the operators into the two-level subspace. Carrying

out the projections, it can be shown (Di Stefano et al. 2019) that Ĥ0 = ~ω10σ̂z/2 and

Û = exp[iησ̂x(â + â†)], where η = gD/ωc is the normalized coupling strength in the

dipole gauge.

To carry out this transform, we make use of the Baker–Campbell–Hausdorff for-

mula of Eq. (2.14) with X = iησ̂x(â+ â†) and Y = Ĥ0 = ~ω10σ̂z/2. Alternatively, we

can define the iterated commutator,

[(X)n, Y ] ≡ [X, · · · [X, [X︸ ︷︷ ︸
n times

, Y ]] · · · ], [(X)0, Y ] ≡ Y, (2.39)

to write Eq. (2.14) more compactly as,

eXY e−X =
∞∑
n=0

[(X)n, Y ]

n!
. (2.40)

One will arrive at an infinite series of terms which can be identified as sinusoidal

expansions. We will show this explicitly using the first few terms. First, we recall the

useful commutation relations for the Pauli operators [σ̂x, σ̂z] = −2iσ̂y and [σ̂x, σ̂y] =

2iσ̂z. We then define α̂ = 2η(â + â†) which we note naturally commutes with all σ

operators and we have that X = (i/2)α̂σ̂x. From the Pauli commutators, we can

immediately see that repeated commutation with X will result in flipping back and
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forth between σ̂y and σ̂z. Explicitly, the first few commutators of interest are,

[(X)0, Y ] =
~ω10

2
σ̂z, [(X)1, Y ] =

~ω10

2
σ̂yα̂,

[(X)2, Y ] =
~ω10

2
σ̂z(−α̂2), [(X)3, Y ] =

~ω10

2
σ̂y(−α̂3),

[(X)4, Y ] =
~ω10

2
σ̂z(α̂

4), [(X)5, Y ] =
~ω10

2
σ̂y(α̂

5).

(2.41)

We can easily see that this trend will continue, and we can put this all together as,

ÛĤ0Û † =
~ω10

2

{
σ̂z

(
1− α̂2

2!
+
α̂4

4!
+ · · ·

)
+ σ̂y

(
α̂− α̂3

3!
+
α̂5

5!
+ · · ·

)}
. (2.42)

Finally, identifying the first round bracket as an expansion of cos and the second as

an expansion of sin allows us to write the corrected Coulomb gauge Hamiltonian,

ĤC = ~ωcâ†â+
~ω10

2

{
σ̂z cos [2η(â+ â†)] + σ̂y sin [2η(â+ â†)]

}
. (2.43)

This new, corrected Hamiltonian in the Coulomb gauge is in sharp contrast to

the uncorrected version of Eq. (2.12). While the cavity term remains unchanged, the

atomic and interaction terms are now mingled together in such a way that neither

can be easily written independently. Beyond this, Eq. (2.43) notably contains field

operators now to all orders, whereas the uncorrected version can be obtained by taking

only the leading order terms (approximating sin(x) ≈ x and cos(x) ≈ 1). In Fig. 2.1

above, we showed how this corrected Hamiltonian produces the correct eigenenergies.

2.2 Master Equations and ensuring gauge invariance with system-bath

interactions

We must now address the open nature of our systems in order to properly simulate

them in a physical way. No simple physical system is truly closed (determined solely

by the system Hamiltonian), but rather they interact with their surrounding environ-

ment. These interactions are required for sending photons into the system and for

the detection of emitted light, among other things. One can in theory write down
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a Hamiltonian for this environment and model the total dynamics by a Hamiltonian

approach, for example, the Liouville-von Neumann equation,

∂

∂t
ρ̂(t) = − i

~
[Ĥ(t), ρ̂(t)], (2.44)

which describes the unitary evolution of the density operator, ρ̂(t), under a Hamilto-

nian Ĥ(t) including both our system of interest and the environment. However, the

bath dynamics of the environment are typically overly complex (and of less impor-

tance). Thus, we will take a partial trace of the density matrix and find an analogue

to the Liouville-von Neumann equation for the dynamics of the reduced density oper-

ator, ρ̂S(t) = TrE[ρ̂(t)], where the environmental degrees of freedom have been traced

out.

To this end, we will treat the environment as a bath of harmonic oscillators and

make some approximations that will allow us to ignore the dynamics of the bath, using

the master equation formalism (H. J. Carmichael 2013) to explore the dynamics of

our system of interest interacting with the bath. We write the Hamiltonian of our

bath as a sum of harmonic oscillators of frequency ωk, namely,

ĤB = ~
∑
k

ωkb̂
†
kb̂k, (2.45)

where b̂k and b̂†k are bosonic annihilation and creation operators, respectively. We

now adopt a simple model of a single cavity interacting with this bath through the

interaction Hamiltonian (Settineri, Macrí, et al. 2018),

ĤSB = ~
∑
k

λkΠ̂(b̂k + b̂†k), (2.46)

where λk, which we assume is real, is the coupling strength between our system and

the kth bath oscillator and Π̂ is the system operator which mediates the coupling to

the bath. We keep Π̂ general for now, but it is a gauge-dependent operator and below

we will look at each of the two gauges considered in this thesis in more detail and
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adopt specific models for this operator.

We now move into the interaction picture (denoted by a tilde on operators) by

making the transformation,

ˆ̃A(t) = eiĤSt/~Âe−iĤSt/~, (2.47)

where ĤS is the system Hamiltonian including the bath (ĤD +ĤB or ĤC +ĤB above)

which we keep general for now. Our interaction Hamiltonian transforms as,

ˆ̃HSB = ~
∑
k

λke
iĤSt/~Π̂e−iĤSt/~(bke

−iωkt + b†ke
iωkt). (2.48)

At this point, there are a few options on how one may proceed. The previously

standard approach is to assume no coupling between the subsystems (the cavity and

atom) in order to obtain the dissipation, and introduce the coupling only afterwards in

the system Hamiltonian. This leads to the standard ‘bare’ master equation (Beaudoin

et al. 2011),
∂

∂t
ρ̂S = − i

~
[ĤS, ρ̂S] + Lbareρ̂S, (2.49)

where (in the zero temperature limit, which we use throughout this thesis)

Lbareρ̂S =
∑
l

γlD[ŝl]ρ̂S. (2.50)

We now include a sum over l dissipation modes through the dissipation rates γl with

ŝl the collapse operator for the lth subsystem. Each of the subsystems has its own

bath which, in this expression, are all assumed to be flat. We also use the normal

Lindbladian superoperator of an operator Ô,

D[Ô]ρ =
1

2
(2ÔρÔ† − ρÔ†Ô − Ô†Ôρ). (2.51)

When η is small enough that the RWA can be made safely, this master equation

performs well with the Jaynes-Cummings Hamiltonian and can be used to explain



2.2. MASTER EQUATIONS AND ENSURING GAUGE
INVARIANCE WITH SYSTEM-BATH INTERACTIONS 23

many results in this regime (Wallraff et al. 2004; Gu et al. 2017). However, beyond

this regime where the RWA is valid, this master equation tends to produce unphysical

results. For example, it will predict the emission of photons from the ground state,

even at zero temperature and without any external driving (Ridolfo et al. 2012).

This problem was identified some time ago (H. Carmichael and Walls 1973) as being

due to the dynamics of the operators in the Lindbladian depending on the system

Hamiltonian and consequentially being time-dependent, requiring a self-consistent

solution.

Consequently, we must move to a more sophisticated method, such as the dressed

state master equation (Beaudoin et al. 2011) or, more generally, the generalized mas-

ter equation (GME) (Settineri, Macrí, et al. 2018). For these methods, we take the

coupling between subsystems into account ab initio, before determining the dissipa-

tion. Transitions occur now between the dressed eigenstates of the coupled Hamil-

tonian, whereas before they occurred between the eigenstates of the individual free

Hamiltonians. The transition operators for the coupled system are |j〉 〈k| which cause

transitions between the dressed eigenstates of the coupled system |j〉 , |k〉. We will

consider only one dissipation mode for simplicity, and add in any others with a sum

in the same way as above.

We will first discuss the more simplified dressed state master equation, which we

use for the majority of the simulations in this thesis, before introducing the generalized

version. The two methods are identical if one assumes a flat bath function for the

reservoirs, but only the GME can include an arbitrary bath correlation function. One

of the key approximations made in the dressed state master equation is the secular

approximation, the lack of which is precisely what allows the GME to include any

type of bath.
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2.2.1 Dressed State Master Equation

Working again in the interaction picture, we can write the collapse operators as (Set-

tineri, Macrí, et al. 2018)

ˆ̃S(t) =
∑
j,k>j

Cjk |j〉 〈k| ei∆jkt, (2.52)

where

Cjk = 〈j|Π̂|k〉 , (2.53)

∆jk = ωj − ωk, and the diagonal terms Cjj are all identically zero when using the

quantum Rabi model, due to its parity symmetry. The operator ˆ̃S(t) takes the system

up (in energy) one dressed eigenstate and, conversely, its Hermitian conjugate brings

the system down one dressed eigenstate. Writing the system Hamiltonian now in

terms of these dressed states, gives us

Π̂(t) = eiĤStΠ̂e−iĤSt = S̃(t) + S̃†(t), (2.54)

and the bath operators can be written compactly as

ˆ̃B(t) =
∑
k

λkb̂ke
−iωkt. (2.55)

As initially proposed in (Beaudoin et al. 2011), a RWA allows us to drop fast

oscillating terms from the interaction Hamiltonian and we express it more simply as

ˆ̃HSB = ˆ̃S(t) ˆ̃B†(t) + ˆ̃S†(t) ˆ̃B(t). (2.56)

We can now return to the standard master equation procedure (H. J. Carmichael 2013)

and perform the following approximations: second-order Born, Markov, secular2, and

assuming that the reservoir is flat and has a continuum of frequencies. This results
2Note that the secular approximation is not present in the GME, below.
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in the simple replacement of Lbareρ̂S in Eq. (2.49) with

Ldressedρ̂S =
∑
j,k>j

ΓjkD[Cjk |j〉 〈k|]ρ̂S, (2.57)

where the damping rates are

Γjk = 2πJ(∆jk), (2.58)

and the representative bath function is

J(∆jk) = g (∆jk) |λ (∆jk)|2 , (2.59)

where g (∆jk) and λ (∆jk) are the bath density of states and the system bath coupling

strength evaluated at the frequency of the j → k transition, respectively. With our

assumption of a relatively flat bath over the frequency range of interest, the damping

rates are all the same, independent of frequency, so Γjk ≈ Γ. Thus, we can write our

dressed dissipator as,

Ldressedρ̂S =
Γ

2
D[x̂+]ρ̂S, (2.60)

where

x̂+ =
∑
j,k>j

Cjk |j〉 〈k| , (2.61)

and our (still general) master equation is,

∂

∂t
ρ̂S = − i

~
[ĤS, ρ̂S] + Ldressedρ̂S . (2.62)

We will now briefly show the results of the GME, with the ability to model inter-

actions with a more realistic bath with any correlation function, not just a spectrally

flat bath.

2.2.2 GME: Arbitrary Bath Correlation Functions

We have formulated our theory in such a way that it remains gauge invariant regard-

less of the bath function used, as long as it is implemented in a self consistent way.
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To include an arbitrary bath function, we simply take our Lindblad term (Ldressedρ̂S)

and replace it with a ‘generalized’ term (Settineri, Macrí, et al. 2018),

LGMEρ̂S =
1

2

∑
ω,ω′>0

Γ(ω)[X̂+(ω)ρ̂SX̂
−(ω′)− X̂−(ω′)X̂+(ω)ρ̂S]

+Γ(ω′)[X̂+(ω)ρ̂SX̂
−(ω′)− ρ̂SX̂

−(ω′)X̂+(ω)],

(2.63)

where the capitalized operators have explicit frequency dependence through

X̂+(ω) = 〈j|Π̂|k〉 |j〉 〈k| , (2.64)

with ω = ωk − ωj > 0 and Π̂ is the cavity-bath coupling operator in either the

dipole gauge or Coulomb gauge (specific forms are given in Eq. (2.71) and Eq. (2.75)

below, respectively). The main difference here being that the double sum over energy

eigenstates cannot be brought in to each operator as above, due to the now frequency

dependent decay rates,

Γ(ω) = 2πJ(ω). (2.65)

With this replacement, we can simulate a system interacting with a bath of any kind.

Clearly, if we consider cavity decay and take Γ(ω) = κ as above, we retain the earlier

solution. However, we can also conceive of a system that more realistically interacts

with an Ohmic bath, Γ(ω) = κω/ωc, or a super Ohmic bath, Γ(ω) = κ(ω/ωc)
3.

Now, we restrict our discussion to a chosen gauge and explore cavity decay in

each. The main item of concern in both gauges is to find the correct operator which

couples the cavity to its corresponding bath. We will see that, in the dipole gauge,

this operator is affected by the gauge correction, but in the Coulomb gauge, the

Hamiltonian is the only thing affected. Our discussions below are limited to the

dressed state master equation but can be easily generalized to include arbitrary baths

as above.
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2.2.3 Master Equation form in the Dipole Gauge

As we have already shown in section 2.1.2 above, the form of the physical coupling

between the cavity mode and the atom in the dipole gauge is

Ĥint = i~gD(â† − â)σ̂x. (2.66)

In section 2.1.3, we further showed that any observables computed using the cavity

operators must use the gauge corrected â′ = â+ iησ̂x. While it is possible to suggest

other physical models of coupling, we assume that the bath couples weakly to the

cavity electric field operator, ÊD ∝ â′† − â′. Thus, the operator which couples the

cavity to the bath is,

Π̂D = i(â′† − â′). (2.67)

Without taking into account the gauge correction, we would simply omit the

dashes and use the uncorrected field operators. Another such model one could propose

is the bath coupling linearly instead to the vector potential of the cavity, such that

the coupling is invariant under the gauge correction, Π̂ ∝ â + â† (Blais et al. 2004;

Niemczyk et al. 2010; Bamba and Ogawa 2013; Bamba and Ogawa 2014a). Outside

of the USC regime, where the RWA remains valid, these two coupling forms produce

identical results. Indeed, they have been used interchangeably in the literature to

calculate observables (Frisk Kockum et al. 2019). The two forms are connected by a

rotation (change of phase) by the unitary transformation Û = exp[−iπâ†â/2] which

takes â → −iâ and thus â† → iâ†. In the Jaynes-Cummings model, the Lindblad

term in Eq. (2.60) pairs â and â†, exactly compensating for the phase change and

leading to identical results regardless of the coupling form.

However, in the USC regime, the QRMmodel retains counter-rotating terms which

cause the dissipator to change with this phase change. This means that the form of

coupling does matter. In fact, in the simulations conducted for this thesis, the chosen

coupling form can lead to significantly different observables. Having determined the

correct coupling form to include, we can simply follow the procedure outlined above,
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now being specific with our gauge and model, to give our full master equation in the

dipole gauge as:
∂

∂t
ρ̂S = − i

~
[ĤD, ρ̂S] + LDρ̂S , (2.68)

with

LDρ̂S =
κ

2
D[x̂+

D]ρ̂S, (2.69)

x̂+
D =

∑
j,k>j

〈j|Π̂D|k〉 |j〉 〈k| , (2.70)

Π̂D = i(â† − â) + 2ησ̂x , (2.71)

and ĤD as in Eq. (2.23). Here, κ is the cavity decay rate (see Fig. 1.3). While we can

normally safely neglect atomic decay, we do show how to include this in Section 2.2.5

below. Again, to compare with the uncorrected solution, we simple replace Eq. (2.71)

with Π̂UC
D = i(â†− â) (where the superscript ‘UC’ stands for uncorrected). All cavity

observables should be computed using the gauge corrected x̂±D or, to compare with

the former solution, the uncorrected x̂±,UC
D =

∑
j,k>j 〈j| ˆΠUC

D |k〉 |j〉 〈k|.

2.2.4 Master Equation form in the Coulomb Gauge

Following our discussion in the dipole gauge, the Coulomb gauge master equation is

obtained quite simply. We note that the electric field operator in the Coulomb gauge

is again proportional to i(â†− â), and we assume the same type of coupling as in the

dipole gauge. Since there is no gauge correction to be applied to operators in this

gauge, we can simply write our full master equation in the Coulomb gauge as:

∂

∂t
ρ̂S = − i

~
[ĤC, ρ̂S] + LCρ̂S , (2.72)

with

LCρ̂S =
κ

2
D[x̂+

C]ρ̂S, (2.73)

x̂+
C =

∑
j,k>j

〈j|Π̂C|k〉 |j〉 〈k| , (2.74)
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Π̂C = i(â† − â) , (2.75)

and ĤC as in Eq. (2.43) above. To compare with the uncorrected solution, rather

than change any operators, we simply use the uncorrected Hamiltonian in Eq. (2.12)

throughout. With the corrected forms of these sets of equations, the two gauges

produce identical results in all coupling regimes, as we will show later.

2.2.5 Two Level System Dissipation

In a real system, it is possible that one would observe non-negligible dissipation

coming also from the atomic part of the system, which we consider as a TLS here.

This can be included in a very similar and straightforward way, by just choosing the

operator which couples the TLS to its bath. In the case of spontaneous emission (SE)

decay, this operator is σ̂x, which is invariant to the gauge transformation. Then, to

include this dissipation, we add to our dressed state master equation in either gauge

the Lindblad term

LSE
C/Dρ̂S =

γ

2
D[ŷ+

C/D]ρ̂S, (2.76)

where γ is the decay rate of the TLS and

ŷ+
C/D =

∑
j,k>j

〈j|σ̂x|k〉 |j〉 〈k| , (2.77)

where the states {|j〉 , |k〉} are obtained in whichever gauge we are considering.

2.3 System Pumping

To explore the resonances and quantum nonlinearities of the system, we would like

something more interested than just watching the system relax from an excited state.

To this end, we will introduce two methods of pumping the system: an incoherent

pump, coming in at the master equation level as a Lindblad term, and a coherent

pump at a specific frequency, entering our equations directly in the Hamiltonian.

Both of these pump types are of course easily experimentally accessible, see (Yao, P.
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Pathak, et al. 2010) and (Sundaresan et al. 2015) for examples of an incoherent and

a coherent pump, respectively.

2.3.1 Incoherent Pump Term

Incoherent pumping is typically included at the master equation level through an

additional Lindblad term (Yao, P. Pathak, et al. 2010),

Lpumpρ̂S =
Pinc

2
D[â†]ρ̂S, (2.78)

where Pinc is the strength of the incoherent drive. Here we consider a pump term for

the cavity, though similar arguments apply to incoherently pumping the TLS. In our

dressed-state formulation, this term becomes

Lpump
C/D ρ̂S =

Pinc

2
D[x̂−C/D]ρ̂S. (2.79)

This Lindblad term is easily added to our master equation so that with incoherent

pumping (and putting in atomic decay for completeness), we now have

∂

∂t
ρ̂S = − i

~
[ĤC/D, ρ̂S] + LC/Dρ̂S + LSE

C/Dρ̂S + Lpump
C/D ρ̂S. (2.80)

2.3.2 Coherent Pump Term

Coherent pumping, in contrast to incoherent, is included directly in the system Hamil-

tonian. However, we consider here only a sufficiently weak drive so as to not affect

the dressing operation. Thus we include the drive term in the Hamiltonian only after

obtaining the dressed operators. The Hamiltonian of a coherent laser drive at the

frequency ωL with Rabi frequency Ωd is,

Ĥpump
C/D = Ωd cos(ωLt)

(
x̂−C/D + x̂+

C/D

)
, (2.81)
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such that our master equation with a coherent laser drive, is

∂

∂t
ρ̂S = − i

~
[ĤC/D + Ĥpump

C/D , ρ̂S] + LC/Dρ̂S + LSE
C/Dρ̂S. (2.82)

Note that in order for the drive to not affect the dressing operation, the drive

should satisfy Ωd � g. In this limit, it is equally valid to conduct a RWA on the

drive, and write it as

Ĥpump, RWA
C/D =

Ωd

2

(
e−iωLtx̂−C/D + eiωLtx̂+

C/D

)
. (2.83)

Clearly, these pumping terms are not gauge invariant, yet it is precisely this variant

form that maintains gauge invariant observables.

2.4 Emission Spectrum and Higher Order Correlation Functions

Now that our main master equation model is set, we shift our focus to observables with

which to explore the dynamics of the system and ensure we have properly enforced

gauge invariance.

The majority of our attention will be focused on the cavity-emitted incoherent

spectrum, which we define from (Cui and Raymer 2006)

Scav(ω) ∝ Re
[∫ ∞

0

dτeiωτ
∫ ∞

0

〈
x̂−C/D,∆(t)x̂+

C/D,∆(t+ τ)
〉
dt

]
, (2.84)

where we have removed the coherent contributions through the operators,

x̂±C/D,∆(t) = x̂±C/D(t)− 〈x̂±C/D〉 (t) (2.85)

and ω here is the emission frequency. This spectrum uses a first-order two-time

quantum correlation function and we also define two more first-order observables; the

cavity excitation number,

Ncav(t) = 〈x̂−C/D(t)x̂+
C/D(t)〉 , (2.86)
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and a quantity which is proportional to the photodetection rate of cavity photons

emitted from the |j〉 → |k〉 transition (Savasta, Stefano, et al. 2021),

|Pjk|2=
1

2
|〈j|Π̂C/D|k〉|2. (2.87)

Finally, moving to second order observables, we define the normalized second-order

quantum correlation function,

g(2)(t, τ) =

〈
x̂−C/D(t)x̂−C/D(t+ τ)x̂+

C/D(t+ τ)x̂+
C/D(t)

〉
〈
x̂−C/D(t)x̂+

C/D(t)
〉〈

x̂−C/D(t+ τ)x̂+
C/D(t+ τ)

〉 , (2.88)

where all these observables can be computed in either gauge using the corresponding

operators for that gauge. g(2)(t, τ) gives us the likelihood that, if a first photon was

detected at time t, we will detect a second after a delay of τ . We can then quantify

the bunching of photons by computing the time-averaged version,

g(2)(τ) =

∫ t1+T

t1

g(2)(t, τ)dt/T, (2.89)

where tend is an arbitrary time point at which the system has reached the pseudo-

steady-state and T is the period of oscillation.

2.5 Including a Second Atom

So far we have considered only a single atom coupled to a single-mode cavity. While

this is an interesting system to study in its own right, especially in the USC regime,

we can make a few relatively simple extensions to vastly increase the possible inves-

tigations. We show a schematic of the extensions made in this section in Fig. 2.2.

2.5.1 Weakly Coupled: TLS as a ‘Sensor’

First, we introduce a second atom (TLS) as a sensor for the cavity emitted spectrum.

While this does not introduce any further observables to probe or any vastly new
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Figure 2.2: Schematic of the cavity-QED model considered throughout this thesis,
with the addition of a second TLS shown here as a sensor atom, only weekly coupled
to the cavity (hence shown outside of the cavity). When we consider the generalized
Dicke model, below, the second atom is simply brought into the cavity and potentially
ultrastrongly coupled.

physics, it provides a more capable model, holding some advantages over the spectra

defined in Eq. (2.84) above. The two-time correlation function in this spectra defini-

tion relies on the Born-Markov approximations made above. In these approximations,

we assume that any memory effects in the baths are short-lived and that the bath is

roughly constant on the time scales we are interested in. These approximations may

be invalid if we consider extremely short pulses or any quickly time-varying driving

source. For these situations, we must turn away from this correlation function based

spectra definition and in fact we further require a more general master equation. The

sensor atom approach provided here is an alternative way to compute the spectra of a

system evolving under an arbitrary master equation, without the requirement of any

approximations.

The sensor approach is also a more physical model for the detection of photons

emitted from the cavity. One can imagine an ideal detector being made of an array
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of atoms, each with a different resonant frequency such that together they span the

frequency range of interest. Under constant driving, the spectrum is then created

by determining the steady-state population of each atom. To avoid the complexity

of adding in myriad atoms of all different frequencies to our simulations, we instead

include only a single atom and sweep its resonant frequency (ωs) to create the spec-

trum. In order to not effect the spectrum, this sensor atom should have a vanishing

coupling strength gs � g. The interaction Hamiltonian between the sensor atom and

the cavity is (Valle et al. 2012),

Ĥs,UC
int = i~gs(â† − â)σ̂s

x, (2.90)

and the bare Hamiltonian of the sensor is analogous to that of the primary atom,

Ĥs =
~ωs

2
σ̂s
z. (2.91)

Perhaps counter intuitively after our discussions on the dipole gauge Hamiltonian,

here the gauge correction, including only the main atom, does need to be applied at

the Hamiltonian level for the sensor interaction (Settineri, Di Stefano, et al. 2021).

This is because the sensor atom couples to the electric field of the cavity with its

coupling to the primary atom already included, which, as shown in section 2.1.3,

explicitly contains the corrected â′ operators. Thus, we must replace the bare cavity

operators in Eq. (2.90) with the corrected operators, giving us,

Ĥs
int = ~gs

[
i(â† − â) + 2ησ̂x

]
σ̂s
x, (2.92)

so that our complete system Hamiltonian in the dipole gauge is,

Ĥ+s
D = ĤD + Ĥs + Ĥs

int. (2.93)

We can conduct a unitary transform, similar to before, to obtain the Hamiltonian
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in the Coulomb gauge. The Hamiltonians transform through

Ĥ+s
C = T̂ Ĥ+s

D T̂ †, (2.94)

where

T̂ = exp[i(â+ â†)(ησ̂x + ηsσ̂s
x)], (2.95)

resulting in,

Ĥ+s
C = ĤC +

~ωs

2

{
σ̂s
z cos [2ηs(â+ â†)] + σ̂s

y sin [2ηs(â+ â†)]
}
, (2.96)

where ηs = gs/ωc, and we have neglected terms proportional to the identity3. Note

here that, as in the Coulomb Hamiltonian without the sensor, there is no separable

bare sensor Hamiltonian when including the gauge correction. However, without the

gauge correction we have,

ĤUC+sen
C = ĤUC

C + Ĥs + ~gs(â+ â†)σ̂s
y. (2.97)

We can apply this transformation in reverse to the cavity operators in the Coulomb

gauge to find the two-atom version of the gauge correction. Rather predictably this

results in the corrected operators in the dipole gauge being,

â→ â′+sen = â− i(ησ̂x + ηsσ̂s
x). (2.98)

As usual, computing observables in the dipole gauge must then be done with these

corrected operators.

The dressed operators are now found using the eigenstates of the full Hamiltonians,

including the sensor atom. We should also consider dissipation for this sensor atom,

including it in the same way as in section 2.2.5. However, we must ensure that γs � κ

or else the sensor atom introduced broadening to the existing peaks. The dissipation
3We can neglect terms proportional to the identity as these do not effect the system dynamics.

They simply introduce an offset in the ground state energy, which we can normalize to any value.
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rate of the sensor also puts a limit on the coupling strength between itself and the

cavity. We require that the coupling must be small enough to ensure that losses

from the cavity into the sensor and the sensor back action into the main system are

negligible. This leads to gs �
√
γsγS/2, where γS is any transition rate within the

system of interest (Valle et al. 2012). In either gauge, we then allow the system to

evolve to a steady-state, again including a pump from section 2.3, by the appropriate

master equation. Once the steady-state has been reached, we take the expectation

value of the sensor population. We do this for an array of frequencies in our range of

interest to form the spectra.

2.5.2 Generalized Dicke Model

The final model we propose and explore is one similar to the common Dicke model

(Dimer et al. 2007; Garbe et al. 2017; Chen and Zhang 2018; Garziano et al. 2020).

The Dicke model takes our current quantum Rabi model and adds a second atom

identical to the first. The difference with our generalized Dicke model (GDM) is that

we allow the two ultrastrongly coupled atoms to vary in their frequency, coupling

strength, and dissipation, though we work in a regime where dissipation plays a

negligible role.

We have already described how to include a second atom (TLS) into our system in

both the dipole gauge and Coulomb gauge. The only difference here is that we must

use the spectrum definition in Eq. (2.84) to get the spectrum, since the second atom

is now participating in energy exchange with the cavity and its population cannot be

relied on to obtain the spectrum. The Hamiltonians are identical to above, except

the operators and quantities associated with the original atom we give a subscript a

and those of the sensor atom we give a subscript b, such that4,

ĤGDM
D = ~ωcâ†â+

~ωa
2
σ̂z,a + i~ga(â† − â)σ̂x,a

+
~ωb
2
σ̂z,b + i~gb(â† − â)σ̂x,b + 2~ωcηaηbσ̂x,aσ̂x,b,

(2.99)

4Note that we have omitted the subscript ‘10’ from the atomic frequencies here, so ωa(b) = ω
a(b)
10 .
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and

ĤGDM
C = ~ωcâ†â+

~ωa
2

{
σ̂z,a cos [2ηa(â+ â†)] + σ̂y,a sin [2ηa(â+ â†)]

}
+

~ωb
2

{
σ̂z,b cos [2ηb(â+ â†)] + σ̂y,b sin [2ηb(â+ â†)]

}
.

(2.100)

Simulations can then proceed as usual, using the corrected â′GDM = â − i(ηaσ̂x,a +

ηbσ̂x,b) to compute observables in the dipole gauge.

2.6 Computational Methods

As a final technical detail, we briefly mention the computational methods used to

produce the results contained in this thesis. Throughout this work, Python was used

for numerical simulations, using the QuTiP module for quantum objects and oper-

ations (J. R. Johansson et al. 2013). Outside of the rotating wave approximation,

spectra calculations must compute a true two-time correlation function. The t in-

tegral in the spectra definition (Eq. (2.84)) must be conducted, although it is safe

to do so over only one period of the pseudo-steady-state (the continuous oscillation

dynamic with no change that the system settles into). This integration over only one

period causes issues for the total and coherent spectra, but the incoherent spectrum

is unaffected. We give more details in Section 3.6.6, along with a description of how

to calculate the required two-time correlation functions using the quantum regression

theorem.



38

Chapter 3

Gauge-Independent Emission Spectra and Quantum

Correlations in the Ultrastrong Coupling Regime of

Cavity-QED

This chapter presents work that was submitted to Physical Review Letters and

also published as W. Salmon, C. Gustin, A. Settineri, O. Di Stefano, D. Zueco,

S. Savasta, F. Nori, and S. Hughes, “Gauge-independent emission spectra and quan-

tum correlations in the ultrastrong coupling regime of cavity-QED”, arXiv preprint

arXiv:2102.12055 (2021). It presents theory and numerical calculations of cavity

emitted spectra and quantum correlations from an ultrastrongly coupled cavity-atom

system, extending the gauge-corrected model established in (Settineri, Di Stefano, et

al. 2021), to a master equation formalism. The main results show that: (1) previous

calculations done even outside the USC regime are generally incorrect and ambigu-

ous, (2) the gauge corrections implemented here have a profound impact on the cavity

emitted incoherent spectra and other experimentally accessible observables, and (3)

our results confirm that the corrected master equation models produce gauge inde-

pendent observables even deep into the USC regime. All calculations and the initial

paper draft were done by me, with feedback, suggestions, and edits by the rest of

the author list, primarily Chris Gustin and Stephen Hughes. Note that some of the

conventions in the equations are slightly different than above, for example we omit

the hats on quantum operators and we take ~ = 1 in this chapter only. Also, the
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supplementary information has been reproduced as a section of this chapter, and

citations to it have been changed to ‘(see section 3.6 below)’. The majority of the

supplementary information was written by the co-authors Stephen Hughes and Chris

Gustin, and Chris Gustin derived the analytical spectrum in the Bloch-Siegert regime

(shown in the supplementary information).

Abstract

A quantum dipole interacting with an optical cavity is one of the key models

in cavity quantum electrodynamics (cavity-QED). To treat this system theoret-

ically, the typical approach is to truncate the dipole to two levels. However, it

has been shown that in the ultrastrong-coupling regime, this truncation naively

destroys gauge invariance. By truncating in a manner consistent with the gauge

principle, we introduce master equations to compute gauge-invariant emission

spectra, photon flux rates, and quantum correlation functions which show signif-

icant disagreement with previous results obtained using the standard quantum

Rabi model. Explicit examples are shown using both the dipole gauge and the

Coulomb gauge.

3.1 Introduction

The intricate interactions between light and matter allow one to observe drastically

different behavior depending on the relative strength of the light-matter coupling. In

the weak-coupling regime, the losses in the system exceed the light-matter coupling

strength, and energy in the system is primarily lost before it has the chance to coher-

ently transfer between the matter and the light. Accessing this regime experimentally

has allowed for breakthroughs in quantum technologies such as single-photon emit-

ters (Salter et al. 2010; Somaschi et al. 2016; Senellart et al. 2017; Tomm et al.

2021). Beyond weak-coupling, in the strong-coupling regime the rate of decoherence

is smaller than the rate of excitation exchange, allowing for the observation of vacuum

Rabi oscillations: the coherent oscillatory exchange of energy between light and mat-

ter. The strong-coupling regime has helped initiate a second generation of quantum

technologies (Buluta et al. 2011; Georgescu and Nori 2012).
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Around 2005, the “ultrastrong-coupling” (USC) regime was predicted for intersub-

band polaritons (Ciuti et al. 2005). This regime is characterized not by still lower

rates of decoherence, but by a coupling strength that is a comparable fraction of the

bare energies of the system. The dimensionless parameter η = g/ω0 (i.e., the cavity-

emitter coupling rate divided by the transition frequency) is used to quantify this

coupling regime for cavity-QED. Typically, USC effects are expected when η & 0.1,

at which point the rotating wave approximation (RWA) used in the weak and strong

regimes becomes invalid. Reported signs of USC emerged in 2009 with experiments

involving quantum-well intersubband microcavities (Anappara et al. 2009), achieving

η ≈ 0.11. Terahertz-driven quantum wells have also demonstrated USC effects (Zaks

et al. 2011), and similar effects have been exploited to achieve carrier-wave Rabi flop-

ping with strong optical pulses (Hughes 1998; Mücke et al. 2001; Ciappina et al. 2015).

To date, many different systems have exhibited USC (Frisk Kockum et al. 2019; Forn-

Díaz et al. 2019). Recently, using plasmonic nanoparticle crystals, η = 1.83 has been

achieved, with potential to lead to η = 2.2 (Mueller et al. 2020).

With experiments pushing the normalized coupling strength continuously higher,

the interest in USC effects also continues to grow, helping to improve the underlying

theories of light-matter interactions (Ashhab and Nori 2010), even at arbitrarily high

coupling strengths (Ashida et al. 2021). There have also been various predictions

made about what novel technologies USC will bring about, including modifications to

chemical or physical properties of various systems caused by their USC to light (Ciuti

et al. 2005; Herrera and Spano 2016), and the potential to create faster quantum

gates and gain a high level of control over chemical reactions (Frisk Kockum et al.

2019). To push these advancements forward, it is essential to have a fundamental

understanding of the physics involved with these systems and to accurately connect

to experimental observables.

The cornerstone model in cavity-QED is a two-level system (TLS) interacting with

a quantized cavity mode (Scully and Zubairy 1999). This model has been applied to

atoms (Miller et al. 2005; Schuster et al. 2008; Flick et al. 2017; Hamsen et al. 2017),

quantum dots (Yoshie et al. 2004; Reithmaier et al. 2004; Hennessy et al. 2007; Bose
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et al. 2014), and circuit QED (You and Nori 2011; Beaudoin et al. 2011; Gu et al. 2017;

Mirhosseini et al. 2019). Outside the USC regime, this model is typically represented

by the canonical Jaynes-Cummings (JC) Hamiltonian (Jaynes and Cummings 1963),

which makes a RWA and can be easily diagonalized. In the USC regime, however, it

is necessary to retain counter-rotating terms, giving rise to the quantum Rabi model

(QRM) (Frisk Kockum et al. 2019; Forn-Díaz et al. 2019; Niemczyk et al. 2010). By

detecting resonance fluorescence of light emitted from the cavity as quantified by the

first-order degree of coherence correlation function (CF), the spectral content of these

cavity-QED models can be explored, while the second-order intensity CF is funda-

mental to understanding the photon statistics as probed by intensity interferometry.

3.2 Gauge invariance and system-reservoir interactions

It was recently shown that extra care is needed when constructing gauge-independent

theories (Settineri, Di Stefano, et al. 2021), for computing experimental observables

for suitably strong light-matter interactions. This development started with a series

of papers dealing with so-called gauge ambiguities in the USC regime (De Bernardis

et al. 2018; Stokes and Nazir 2019; Di Stefano et al. 2019). As a U(1) gauge theory,

different gauges in QED manifest in different representations of the Hamiltonian of

a given system, but these should be unitarily equivalent and give rise to equivalent

physical observables. Without proper care, gauge invariance of cavity-QED theo-

ries can break down when considering USC (Stokes and Nazir 2020). This is due

to the truncation of the matter system’s formally infinite Hilbert space to the two

lowest eigenstates in forming the TLS—only keeping an infinite number of energy

levels formally preserves gauge invariance (Rouse et al. 2021). Consequently, previ-

ous model predictions in the USC regime can be ambiguous since the predictions are

impacted by the choice of gauge. While this issue has been known in general for sev-

eral decades (Lamb et al. 1987), only recently was this specific problem presented as

rather insurmountable (Stokes and Nazir 2020). However, the issue has been resolved

by using a self-consistent theory at the system Hamiltonian level (Di Stefano et al.
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2019; Savasta, Di Stefano, et al. 2021), restoring gauge invariance to the theory for

systems with a finite Hilbert space.

Additional subtleties arise in the USC regime regarding the interaction of the

cavity-QED system with its environment. To connect to experiments, one also re-

quires an input-output model of dissipation from the cavity to external modes, re-

quiring an open-system model of cavity-QED. In the USC regime, complications arise

with this input-output formalism associated with approximations typically made out-

side of the USC regime. These complications arise from the hybridization of light

and matter that occurs in USC, and as such the quanta of excitations inside the

cavity-QED system have different quasiparticle representations than the photons ac-

tually emitted from the system. Moreover, the separation of operators into light and

matter components becomes highly gauge-specific in the USC regime, and proper

care must be taken to ensure self-consistency. To fully synthesize these considera-

tions with the restoration of gauge invariance, we present in this work a dissipative

and gauge-invariant master equation model, which is required to properly describe

experimentally-observable quantities arising from output channels of the cavity. Key

experiments to probe such observables include resonance fluorescence and two-photon

detection schemes.

3.3 Model

In the dipole gauge, we can write the system Hamiltonian, using the QRM, as (~ = 1)

HQR = ωca
†a+ ω0σ̂

+σ̂− + ig(a† − a)(σ̂+ + σ̂−), (3.1)

where ω0 (ωc) is the TLS (cavity) transition frequency, σ̂+ (σ̂−) is the raising (low-

ering) operator for the TLS, and a† (a) is the cavity mode creation (annihilation)

operator; g is the TLS-cavity coupling strength. We take ωc = ω0 throughout. In

contrast to the Coulomb gauge, straightforwardly truncating the dipole in the light-

matter interaction to a TLS subspace does not break gauge invariance in the dipole
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gauge (Di Stefano et al. 2019). Making a RWA on Eq. (3.1) (i.e., neglecting counter-

rotating terms a†σ̂+ and aσ̂−, which do not conserve excitation number), yields the

simpler JC Hamiltonian.

Outside of the USC regime, the usual approach to include dissipation is with a

Lindblad master equation (H. J. Carmichael 2013),

ρ̇ = − i
~

[HQR, ρ] + Lbareρ, (3.2)

where ρ is the reduced density matrix. The dissipation term, Lbareρ = κ
2
D[a]ρ, is the

Lindbladian superoperator where D[O]ρ =
(
2OρO† − ρO†O −O†Oρ

)
and κ is the

cavity photon decay rate. Since dissipation is usually dominated by cavity decay, we

neglect direct TLS relaxation and pure dephasing (Settineri, Macrí, et al. 2018; Zueco

and García-Ripoll 2019).

The Lindbladian can be derived by following the typical approach in which one

neglects the TLS-cavity interaction when considering the coupling of these systems to

the environment (Beaudoin et al. 2011). However, when moving into the USC regime,

this approach fails, and the Lindbladian must be derived while self-consistently in-

cluding the coupling between the subsystems. For sufficiently strong subsystem cou-

pling, transitions occur between dressed eigenstates of the full Hamiltonian rather

than between eigenstates of the individual free Hamiltonians (Settineri, Macrí, et al.

2018).

In the USC regime, the system has transition operators |j〉 〈k| which cause tran-

sitions between the dressed eigenstates of the system {|j〉 , |k〉}. To obtain these

transitions for the cavity mode operator, we use dressed operators (Settineri, Macrí,

et al. 2018),

x+ =
∑
j,k>j

Cjk |j〉 〈k| , (3.3)

and x− = (x+)†, where the sum is over states |j〉 and |k〉, with ωk > ωj, Cjk =

〈j|ΠC |k〉, and we neglect thermal excitation effects; ΠC is an operator which couples

linearly to dissipation channel modes which we assume proportional to the cavity
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electric field operator such that ΠC = i(a† − a). We then replace Lbare in Eq. (3.2)

with Ldressedρ = κ
2
D[x+]ρ, to arrive at the dressed state (DS) master equation. One

can also use a generalized master equation to capture coupling to frequency-dependent

reservoirs (Settineri, Macrí, et al. 2018; Cao, You, Zheng, Kofman, et al. 2010) (see

Supplementary Information, section 3.6 below, for an example of an Ohmic bath).

Beyond this dressing transformation, it has been shown that there exists a po-

tential gauge ambiguity in the electric field operator which causes further problems

when computing observables in the USC regime (Di Stefano et al. 2019); namely,

ΠC corresponds to the Coulomb gauge electric field, but the QRM Hamiltonian is

derived in the dipole gauge. The gauge transformation from the Coulomb gauge

to the dipole gauge is generated by a unitary transformation, which for the re-

stricted TLS subspace is given by the projected unitary operator (Di Stefano et

al. 2019) U = exp(−iη(a + a†)σx). The photon destruction operator transforms

as a→ UaU † = a+ iησx (Settineri, Di Stefano, et al. 2021). Thus, to “gauge-correct”

the master equation in the dipole gauge, we conduct the dressing operation as above,

but with x± → x±GC =
∑

j,k>j C
′
jk |j〉 〈k|, where we take C ′jk = 〈j| UΠCU † |k〉 =

〈j|ΠD |k〉 = 〈j| i(a† − a) + 2ησ̂x |k〉; see section 3.6 below for a derivation of the

master equation in the dipole and Coulomb gauges and their equivalence.

To study the quantum dynamics and spectral resonances, we excite the sys-

tem with an incoherent pump term, PincD[x−GC]/2, or with a coherent laser drive,

Hdrive(t) = (Ωd/2)(x−GCe
−iωLt + x+

GCe
−iωLt), added to HQR, where Ωd is the Rabi fre-

quency and ωL = ωc is the laser frequency; thus, HS = HQR + Hdrive. Note that the

QRM with a coherent drive is time-dependent and oscillates around a pseudo-steady-

state. In addition, because of the driving laser, the periodic nature of the system

Hamiltonian means that in principle the QRM spectra, already quite rich, are modi-

fied further; however, we use Ωd � g, and neglect the influence of the coherent drive

on the system eigenstates. The first few (lowest) energy eigenvalues are plotted for

the QRM (dipole gauge) and JCM in Fig. 3.1(a) for a range of normalized coupling

strengths. Three transitions are shown, which we later refer to.
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Figure 3.1: (a) The energy eigenvalues of the six lowest states of the QRM (blue,
solid) and the JCM (red, dotted). Arrows mark transitions of interest, placed at
arbitrary locations on the η-axis, (b) steady state excitation number for incoherent
driving (cf. Fig. 3.9), and (c) select transition rates, with colors matching the arrows
in (a). On the bottom two panels, solid (dashed) lines are with (without) the gauge
correction in the dipole gauge. Note a sudden increase of Ncav near η ≈ 0.4 when
states 2 and 3 cross.

3.4 Gauge Invariant Observables

We first define the system excitation number, Ncav(t)=
〈
x−GC(t)x+

GC(t)
〉
, and

|P ′j,k|2=|C ′jk/
√

2|2—which is proportional to the photodetection rate of cavity-emitted
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photons from the |j〉 → |k〉 transition (Savasta, Stefano, et al. 2021). In Fig. 3.1(b), we

show Ncav versus η, using incoherent driving (cf. Fig. 3.9), where the solid curves show

the effect of gauge corrections. With the correction, the population saturates , while

the uncorrected population continues to increase superlinearly, and jumps when states

2 and 3 cross in energy, potentially related to the photon blockade (Le Boité et al.

2016). In Fig. 3.1(c), we show |P ′jk|2 for the relevant transitions which are proportional

to the transition linewidths; again, the solid lines show the gauge corrected results. In

section 3.6, we give analytical insight into these quadrature matrix elements using a

Bloch-Siegert (BS) transformation, which analytically (to lowest order in η) predicts

the following changes with gauge correction: |PI |2=1/4(1+3η/2) → 1/4(1−5η/2),

and |PIII |2=1/4(1−3η/2)→ 1/4(1+5η/2), causing a reversed asymmetry with gauge

corrections. Physically, this asymmetry arises from the BS shift of cavity and TLS res-

onances giving rise to photon-like and atom-like polariton branches; the composition

of the Π operator (which is affected by the gauge correction) ultimately determines

which state is more cavity-like, and thus has a greater decay rate (see section 3.6

below).

Next, we define the cavity-emitted spectrum,

Scav ∝ Re
[∫ ∞

0

dτeiΩτ
∫ ∞

0

〈
x−GC,∆(t)x+

GC,∆(t+ τ)
〉
dt

]
, (3.4)

where x±GC,∆=x±GC−
〈
x±GC

〉
and Ω=ω − ωL. Beyond the spectrum, which uses a first-

order quantum CF, we also compute the normalized second-order quantum CF,

g(2)(t, τ) =

〈
x−GC(t)x−GC(t+ τ)x+

GC(t+ τ)x+
GC(t)

〉〈
x−GC(t)x+

GC(t)
〉 〈
x−GC(t+ τ)x+

GC(t+ τ)
〉 , (3.5)

which quantifies the likelihood of a photon being detected at (t + τ) if one was

detected at t. We also introduce the time-averaged g(2)(τ) =
∫ t1+T

t1
g(2)(t, τ)dt/T ,

where tend is an arbitrary time point at which the system has reached the pseudo-

steady-state and T is the period of oscillation (see section 3.6 below). Note that

without the gauge-correction, we use the uncorrected (corresponding to a Coulomb
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gauge representation) x±, x±∆ for computing the observables, and x± for incoherent or

coherent driving (see section 3.6 below). All calculations use Python with the QuTiP

package (J. R. Johansson et al. 2012; J. R. Johansson et al. 2013).

For weak incoherent pumping, Fig. 3.9 compares the computed spectra with and

without the gauge correction (DGC: dipole-gauge-corrected and DG: dipole-gauge,

respectively), for η ranging from 0.05 (strong coupling) to 0.5 (USC). For relatively

small η = 0.05, the DGC (with gauge correction) spectra already begin to deviate

from the DG spectra (usual QRM master equation solution).

With increasing η, notably, the DGC and DG spectra are substantially different

above η = 0.1: the DGC spectra still show a reversed asymmetry, with a significant

narrowing of the lower polariton resonance (I) and a broadening of the upper po-

lariton resonance (III); the ratio of higher-lower polariton peak areas under weak

excitation changes from 1− 3η +O(η2) to 1 + 5η +O(η2) with gauge correction — a

dramatic change even for η < 0.1 (see section 3.6 below). These peaks can be identi-

fied as resulting from the |1〉 → |0〉 (olive arrow on Fig. 3.1(a)) and |2〉 → |0〉 (brown
arrow) transitions, respectively. Since |Pj,k|2 contributes to photon emission directly

through the κ decay channel (Savasta, Stefano, et al. 2021), the narrowing (broaden-

ing) of peak I (III) with increasing η can be explained with Fig. 3.1(c). Without the

correction, the opposite trend is observed, which is again consistent with Fig. 3.1(c)

(dashed lines). At η = 0.5, there is also a noticeable resonance (II) around ω = 0.8g,

showing a deep mixing of the TLS and cavity dynamics in the USC regime. We can

identify this energy difference with the |3〉 → |1〉 transition, pink arrow on Fig. 3.1(a),

which also has reduced broadening with η, cf. Fig. 3.1(c).

We have shown how the gauge correction manifests in modified linewidths and

drastically different spectral weights in comparison to the usual QRM—even so far

as to result in a complete reversal of the asymmetry predicted from a non-gauge-

corrected model (Cao, You, Zheng, and Nori 2011) (Fig. 3.9, η = 0.5). We now

demonstrate how this gauge correction manifests in the Coulomb gauge. To do this,

we display results for the cavity-emitted spectrum and CFs with coherent and in-

coherent pumping, using the discussed dipole gauge and the Coulomb gauge master
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Figure 3.2: Cavity spectra outside the RWA (QRM) with DG model (orange dashed
line), and DGC model (with gauge correction, blue line) for varying η and weak
incoherent driving: Pinc = 0.01g. Spectra are normalized to have the same maxima.
Other system parameters are κ = 0.25g, and ωL = ωc = ω0. Note a small change
with the DG model even below the USC regime (η = 0.05).
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Figure 3.3: Direct comparison between master equation results using the dipole and
Coulomb gauges at η = 0.5, for both coherent and incoherent excitation, showing the
profound effect of the gauge-correction and how this manifests in identical spectra
(top) and g(2)(τ) correlation functions (bottom). Solid and dashed curves are with
and without the gauge correction, respectively. For the coherent drive (left), we use
Ωd = 0.1g, and the incoherent pumping (right) is the same as in Fig. 3.9 (Pinc =
0.01g).
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equation. The corrected Coulomb gauge uses a different system Hamiltonian (Di Ste-

fano et al. 2019),

HC
QR = ωca

†a+
ω0

2

{
σz cos(2η(a+ a†)) + σy sin(2η(a+ a†))

}
, (3.6)

which contains field operators to all orders. In the Coulomb gauge, the gauge-invariant

dissipator term is (see section 3.6 below)

LC
dressedρ =

κ

2
D[x+

C]ρ, (3.7)

where x+
C =

∑
j,k>j C

C
jk |j〉 〈k| with CC

jk = 〈j|ΠC|k〉, and we now compute the dressed

states in the Coulomb gauge.

Figure 3.3 (top) shows the coherent and incoherent spectra at η = 0.5, showing

that the gauge correction results in a profound effect in either case. For coherent

driving, using Ωd = 0.1g, there is a significant sharpening of the resonances. The

Coulomb gauge result without the gauge correction corresponds to a minimal coupling

Hamiltonian naively truncated to a TLS, which results in incorrect energy levels for

the dressed-state master equation (Di Stefano et al. 2019).

Finally, in Fig. 3.3 (bottom), we examine the second-order coherence, which is

important for characterising the generation of non-classical light. In all cases shown,

we observe photon bunching at short time-delays. With the gauge correction, there is

a significant reduction in the level of bunching, and the usual USC master equations

significantly overestimate the bunching characteristics. Moreover, the dynamics are

qualitatively different, and thus the non-GC master equations results clearly fail in

the USC regime.

While we have shown explicit results for the cavity spectrum and intensity CF,

the gauge correction causes profound effects on any observable that is computed from

the master equations in the same coupling regimes. The nature of the system-bath

coupling is also very important, which must also be related to the quadrature coupling

to the external fields and the observables to ensure a gauge invariant master equation.

For example, it may be more appropriate to use ΠC = a + a† (vector potential
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coupling) rather than ΠC = i(a† − a) (electric field coupling) for the interaction (in

the Coulomb gauge), or some linear combination of the two; this change affects the

dissipators, incoherent pumping, and coherent excitation in a way that still yields

gauge-independent results, but the observables are different. By unitary equivalence,

the form of the quadrature coupling used in the system Hamiltonian is thus also

not arbitrary, which is in stark contrast to the JC model, where both these coupling

forms yield identical results. These two coupling forms are widely used in the USC

literature and are assumed to lead to the same result; however, they differ significantly,

which reinforces the need, highlighted recently (Bamba and Ogawa 2014b; Lentrodt

and Evers 2020), to go beyond the usual phenomenological formulation of system-

environment coupling Hamiltonians in the USC regime of cavity QED in favor of a

general fundamental microscopic derivation.

3.5 Conclusions

We have presented a gauge-invariant master equation approach and calculations for

the cavity emission spectra in the USC regime, and shown how the usual QRM in

the dipole gauge fails, yielding effects that are just as pronounced (or even more pro-

nounced) as counter-rotating wave effects in this regime. We have demonstrated how

the gauge correction significantly affects the intensity CF and cavity excitation num-

ber. We have also shown how the gauge correction modifies results in the Coulomb

gauge compared to typically used models. Apart from yielding new insights into the

nature of system-bath interactions, and presenting gauge-invariant master equations

that can be used to explore a wide range of light-matter interaction in the USC

regime, our results show that currently adopted master equations in the USC regime

produce ambiguous results since they do not satisfy gauge invariance.
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3.6 Supplementary Information

3.6.1 Abstract

In this Supplementary Information document, we provide: (i) a table of acronyms used

in the main text; (ii) a schematic of a generic cavity-QED system and a pedagogical

derivation of the master equations in the dipole gauge and Coulomb gauge, as well

as with a general Ohmic bath for the emitted spectra with example calculations; (iii)

a discussion on the equivalence between the dipole gauge and Coulomb gauge master

equations and how they produce the same expectation values with a gauge correction;

(iv) additional calculations with coherent pumping, showing the effect of increasing

the pump strength as well as results with and without a rotating wave approximation

(for the coherent pump Hamiltonian); (v), further details of our numerical calculations

and the quantum regression theorem; and (VI) A Bloch-Siegert Hamiltonian approach

to understand the key effects of gauge corrections on the linewidths and spectral

asymmetries from an analytical perspective.

3.6.2 Table of Acronyms

Full Name Abbreviation
Ultrastrong-Coupling USC
Rotating-Wave Approximation RWA
Quantum Electrodynamics QED
Two-Level System TLS
Jaynes-Cummings Model JCM
Quantum Rabi Model QRM
Correlation Function CF
Dipole Gauge (without gauge correction) DG
Dipole Gauge Corrected (with gauge correction) DGC

Table 3.1: Abbreviations used in our paper. Current master equations used in the
USC regime are without the gauge correction, and also depend on the explicit form
of the system-bath interactions, while the gauge corrected models produce gauge-
independent results and thus should be the ones used to connect to observables and
experiments.
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3.6.3 Gauge-Independent Master Equations: Dipole Gauge and Coulomb

Gauge Forms

Simple Generic Model for Cavity-Bath Leakage

Figure 3.4: Schematic of a generic cavity-QED system. The optical cavity mode
has quantized energy levels (in blue), with a decay rate κ. The matter system is a
truncated TLS (in red), with a possible spontaneous emission decay rate γ. The two
systems have a coherent coupling strength g. A coherent laser (in orange) drives the
system with Rabi frequency Ωd.

Let us first consider a general bath (or reservoir) that interacts with the system

of interest (e.g., the cavity mode) weakly – see Fig. 3.4 for a simple schematic of a

typical cavity-QED system with system-bath leakage. The bath is described in the

usual way by a collection of harmonic oscillators (~ = 1),

HB =
∑
k

ωkb
†
kbk, (3.8)

where bk and b†k are bosonic annihilation and creation operators.

A simple model for a single cavity interacting with the bath can be written as

follows:

HSB =
∑
k

λkΠ(bk + b†k), (3.9)

where λk represent the coupling strengths (assumed real), which are model specific,

and Π is a gauge-dependent system operator linear in the canonical quantization vari-

ables, the form of which we specify based on physical considerations in the following
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sections. In the interaction picture, we have

H̃SB =
∑
k

λke
iHQRtΠe−iHQRt(bke

−iωkt + b†ke
iωkt). (3.10)

In the dressed-state basis, which is necessary to use in the ultrastrong coupling

(USC) regime (as the standard dissipator fails, as discussed in the main text), we can

express the lowering operators of the system excitations from

S̃(t) =
∑
j,k>j

Cjk |j〉 〈k| ei∆jkt, (3.11)

where

Cjk = 〈j|Π|k〉 , (3.12)

and ∆jk = ωj − ωk, such that

Π(t) = eiHQRtΠe−iHQRt = S̃(t) + S̃†(t), (3.13)

and any Cjj terms uniformly vanish due to the parity symmetry of the quantum Rabi

model. The bath operators can also be written as

B̃(t) =
∑
k

λkbke
−iωkt. (3.14)

Thus we can write (Settineri, Macrí, et al. 2018),

H̃SB = S̃(t)B̃†(t) + S̃†(t)B̃(t), (3.15)

where we have dropped all terms which oscillate at a frequency equal to a sum of pos-

itive system and reservoir frequency components which do not ultimately contribute

to the master equation we will derive.

Applying a Born-Markov approximation, assuming continuous bath frequencies,

a zero temperature approximation (namely, neglecting thermal excitation and taking
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the bath to be in the vacuum state), and neglecting any Lamb-like renormalization

of the quantum Rabi Hamiltonian parameters, one can derive a generalized master

equation (Settineri, Macrí, et al. 2018), which takes into account the dressed-states’

coupling to all the relevant baths for each system operator:

d

dt
ρ = − i

~
[HQR +Hdrive, ρ] + LGρ, (3.16)

where the cavity dissipator term is

LGρ =
1

2

∑
ω,ω′>0

Γc(ω)[X+(ω)ρX−(ω′)−X−(ω′)X+(ω)ρ]

+Γc(ω
′)[X+(ω)ρX−(ω′)− ρX−(ω′)X+(ω)].

(3.17)

The dressed-state operators, X±, decomposed in a basis of energy eigenstates with

respect to HQR, are defined through

X+(ω) = 〈j|Π|k〉 |j〉 〈k| , (3.18)

where ω = ωk−ωj > 0 andX− = (X+)†. Note we can also derive a similar generalized

master equation for other system decay channels (i.e., TLS losses), but below we

concentrate on the cavity operators and relevant system-reservoir interactions, though

we also briefly discuss the TLS-bath interactions.

One can employ any representative bath functions for the cavity reservoir, Jc(ω) =

gc(ω)|λ(ω)|2, where gc(ω) is the bath density of states (DOS), and the decay rates are

subsequently defined from

Γc(ω) = 2πJc(ω) = 2πgc(ω)|λ(ω)|2. (3.19)

Thus, for example, in the case of an Ohmic bath (Jc(ω) ∝ ω), then Γc(ω) = γcω/ωc,

where γc ≡ κ.

Finally, assuming a relatively flat bath function with respect to the frequency

differences of interest (we will relax this approximation later, in Sec. 3.6.3), so that
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Γc(∆jk) ≈ κ, with κ = κ(ω0) (nominal cavity decay rate) over the energy scales of

interest, we obtain

Ldressedρ =
κ

2
D[x+]ρ, (3.20)

where

x+ =
∑
j,k>j

Cjk |j〉 〈k| , (3.21)

with

Cjk = 〈j|Π|k〉 , (3.22)

and the usual Lindblad superoperator term,

D[O]ρ = 2OρO† − ρO†O −O†Oρ. (3.23)

Equation (3.20) is the standard dissipator form in the USC regime for the dressed-

state master equation. Without any consideration of gauge, one might naively take

Π = i(a† − a) (the form we take for the non gauge-corrected form of the dipole

gauge model in the main text), or perhaps Π = a+ a†; however, in contrast to usual

cavity-QED systems outside of the USC regime, these choices give rise to different

observables, and furthermore, lead to gauge-dependent results (in the USC regime).

We address this explicitly in the following sections, and review how the breaking of

gauge invariance that can be introduced by truncation to a TLS subspace is “gauge

corrected” in the dipole gauge by modification of the Π operators from their naive

form, and in the Coulomb gauge by modifying the Hamiltonian (Savasta, Di Stefano,

et al. 2021; Di Stefano et al. 2019; Settineri, Di Stefano, et al. 2021).

Gauge-Invariant Master Equation in the Dipole Gauge

To specify our dissipation model, we must assign a specific form to the gauge-

dependent system operator Π, and thus we must consider how relevant physical

quantities are represented in each gauge. In the dipole gauge, it is the displace-

ment field that is expanded in terms of bosonic creation/destruction operators, and
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not the transverse electric field as in the Coulomb gauge. The relevant field operator

is F = D/ε0εb(r) (Wubs et al. 2004; Yao, Van Vlack, et al. 2009; Settineri, Di Stefano,

et al. 2021), where D is the displacement field and εb is the dielectric constant that

the TLS is embedded (e.g., for free space this is 1). Importantly, D also includes a

contribution from the TLS dipole field through the polarization. The single cavity

mode field-TLS interaction is then

VI = −µ · F(r0) = σx(gca+ g∗ca
†), (3.24)

where gc = −i
√

ωc

2ε0
µ · fc(r0) and r0 is the dipole (TLS) location. The cavity mode

amplitude is real (corresponding to a normal mode), and defining gc = −ig, where g
is real, then

VI = i(a† − a)gσx, (3.25)

which is projected onto a two level subspace. Relating F to E (the electric field

operator), and using a TLS coupling for the source of the polarization, results in the

electric field being expanded in terms of transformed cavity operators, a′ = a+ iησx,

such that (Savasta, Di Stefano, et al. 2021)

ED(r, t) = i

√
ωc
2ε0

fc(r)a
′(t) + H.c. = iωcA(r)(a′ − a′†) = iωcA(r)(a− a† + i2ησx),

(3.26)

where A(r) =
√

1/2ε0ωc fc(r), the amplitude of the vector potential field.

Note that the explicit coupling between a and σx here is a direct consequence

of a strict single mode approximation. If we assume a weak coupling between the

cavity electric field and reservoir modes, the system-reservoir coupling takes the gauge-

corrected form:

ΠD = i(a′† − a′)

= i(a† − a) + 2ησx, (3.27)

where we let ΠD denote the system operator to be inserted into Eq. (3.9) in the dipole
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gauge, and we assume the bk are unchanged. Note as mentioned above we could also

consider a linear coupling between the vector potentials of the cavity and reservoir

fields, such that Π ∝ a+ a† (which is manifestly gauge invariant in form). Outside of

the USC regime, these couplings produce identical results within the rotating wave

approximation (RWA), and are often assumed to be interchangeable; however, in

our simulations, choosing this form of system-reservoir coupling leads to significantly

different observables (similar conclusions were drawn in Ref. (Savasta, Stefano, et al.

2021)). This is because in the JC model, x+ ∝ a+O(η) in any gauge, and any change

in the phase of a is compensated for in the Lindblad term which pairs a and a†. In

the USC regime, the counter-rotating terms in the QRM ensure that the dissipator

is not invariant under such a change. Noting that a coupling of the form a + a† can

be transformed into i(a† − a) by the unitary transformation U = exp [−iπ
2
a†a], an

important consequence of this is that a coupling in the (dipole gauge) QRM of the

form ig(a† − a)σx is not equivalent to one of the form g(a + a†)σx when dissipation

is to be considered, despite what is commonly assumed. In the USC regime, the

gauge and form of the dissipators must be properly considered in conjunction with

the Hamiltonian in order to ensure gauge-invariant observables. The only symmetry

in the dissipative QRM is then that of parity symmetry, which ensures that the overall

sign of any couplings terms can be changed. For this work, we restrict ourselves to

electric field-like couplings such that ΠC = i(a† − a).

Following the same steps as above, we obtain the dipole gauge result for the

dressed-state dissipator,

LD
dressedρ =

κ

2
D[x+

D]ρ , (3.28)

where

x+
D =

∑
j,k>j

CD
jk |j〉 〈k| , (3.29)

with

CD
jk = 〈j|ΠD|k〉 , (3.30)
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and the QRM system Hamiltonian is

HD
QR = ωca

†a+
ω0

2
σz + ig(a† − a)σx , (3.31)

where we use ω0/2σz instead of ω0σ
+σ− (in the main text) to compare with the

Coulomb forms below. The ‘boxed’ equations ( (3.28),(3.30),(3.31)) represent the

gauge-corrected dissipator and QRM system Hamiltonian in the dipole gauge. Note

that as in the main text, to compute optical observables emitted from the cavity in

this gauge we should also apply the gauge correction (i.e., use the x±D operators), to

be consistent with input-output theory (Gardiner and Collett 1985).

More formally, before we switch to the Coulomb gauge, we should also identify

g ≡ gD as being the TLS-cavity coupling rate in the dipole gauge. In the main text,

we let quantities without explicit subscript/superscript refer to the dipole gauge, and

in particular, Π = i(a† − a) without any gauge correction, and Π = i(a† − a) + 2ησx

with the proper gauge correction (subscripts GC in main text), both in the dipole

gauge.

Gauge-Invariant Master Equation in the Coulomb Gauge

In the Coulomb gauge, in the projected TLS space (without implementing any at-

tempt to maintain gauge invariance), we have the following system Hamiltonian for

the QRM (Di Stefano et al. 2019)

HC
QR = ωca

†a+
ω0

2
σz + gC(a+ a†)σy = ωca

†a+
ω0

2
σz + ηω0(a+ a†)σy, (3.32)

where gC = gDω0/ωc, where we have exploited a Bogoliubov transformation to remove

the diamagnetic term (∝ A2) (De Bernardis et al. 2018).

In the USC regime, this does not produce the same eigenenergies as Eq. (3.31),

since it fails to respect the gauge principle. Instead, the properly gauge-transformed

form, which does produce the same eigenenergies, is given by the following system
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Hamiltonian for the QRM (Di Stefano et al. 2019):

HC
QR = U †HD

QRU = ωca
†a+

ω0

2

{
σz cos(2η(a+ a†)) + σy sin(2η(a+ a†))

}
, (3.33)

where U = exp(−iη(a + a†)σx), as in the main text. Notably, HC
QR contains field

operators to all orders.

In the Coulomb gauge, the form of the electric field operator is proportional to

i(a† − a), assuming the same bath interactions, and thus we have ΠC = U †ΠDU =

i(a† − a), and the system-bath coupling is written as

HC
SB =

∑
k

λC
k ΠC(bk + b†k), (3.34)

where λC
k is cavity-bath interaction in the Coulomb gauge.

Following similar steps to before, we obtain the gauge-invariant dissipator term:

LC
dressedρ =

κ

2
D[x+

C]ρ, (3.35)

where

x+
C =

∑
j,k>j

CC
jk |j〉 〈k| , (3.36)

with

CC
jk = 〈j|ΠC |k〉 , (3.37)

and now one uses the dressed states in the Coulomb gauge, namely using HC
QR.

Note, to include an arbitrary spectral function, then we use

Γc(ω) = 2πJc(ω) = 2πgc(ω)|λ(ω)|2, (3.38)

and Jc and λ(ω) are identical in the dipole gauge and Coulomb gauge. Below we

show this explicitly for the case of an Ohmic bath.

The three boxed equations ((3.33),(3.36),(3.37)) represent the correct form for the
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Coulomb gauge master equation to give equivalent results to the dipole-gauge forms,

which we prove in Sec. 3.6.4 and show explicitly in Fig. 3 of the main text.

Note also that the expressions for Cjk can be rewritten via a sum rule (Savasta,

Stefano, et al. 2021). For example, in the Coulomb gauge (Savasta, Stefano, et al.

2021):

〈k|(a† − a)|j〉 =
ωkj
ωc
〈k|(a† + a)|j〉 , (3.39)

and in the dipole gauge:

〈k|(a† − a− 2iησx)|j〉 =
ωkj
ωc
〈k|(a† + a)|j〉 . (3.40)

Two Level System (TLS) Dissipator

Next, for completeness, we discuss the TLS dissipator (whose contribution is negligible

in our simulations) and again show equivalence between the dipole gauge and Coulomb

gauge. The σx is invariant when transformed through the gauge correction, and thus

there is no change; namely we simply have:

LD/C
dressed|γρ =

γ

2
D[y+

D/C ]ρ. (3.41)

where

y+
D/C =

∑
j,k>j

C
D/C
jk |j〉 〈k| , (3.42)

with

C
D/C
jk = 〈j|σx|k〉 , (3.43)

in either gauge. However, for a specific model for the spontaneous emission decay, a

more realistic model would include frequency dependent reservoirs representative of

the free space emission channel (such as Ohmic). Later we show an example of how

to incorporate such effects for the dominant cavity model decay channel, and it is

easy to also do this for the TLS decay, if required.



3.6. SUPPLEMENTARY INFORMATION 61

Incoherent Pump Term

In a standard master equation, the incoherent pumping for the cavity mode is usually

written as a reversed Lindblad decay process (Tian and H. J. Carmichael 1992; Yao,

P. K. Pathak, et al. 2010),

Lpumpρ =
Pinc

2
D[a†]ρ, (3.44)

which in a dressed-state decomposition is

Lpump
dressedρ =

Pinc

2
D[x−]ρ. (3.45)

This type of excitation can be derived by input-output theory with (for example)

non-vacuum inputs (e.g., a thermal state with T 6= 0) (Gardiner and Collett 1985).

Thus to be consistent with our dissipation channels and the microscopic form of the

system-reservoir coupling, we choose

Lpump
dressedρ =

Pinc

2
D
[
x−D/C

]
ρ . (3.46)

Coherent Pump Term

Next we present a derivation of the coherent drive term in the Hamiltonian, Hdrive(t).

We consider the general interaction picture Hamiltonian of Eq. (3.9),

H̃SB(t) =
(
S̃(t) + S̃†(t)

)(
B̃(t) + B̃†(t)

)
, (3.47)

where the gauge of this interaction is ultimately determined by the form of S̃(t), which

is left general here. In deriving the master equation models, we formally considered

the reservoir to be in a multimode vacuum state |0〉 as t → 0. To model coherent

driving at the level of a system-reservoir approach, where the input drive (laser field)

is not significantly impacted by the dynamics of the cavity-QED system, we can

instead assume the reservoir to be in a multimode (or approximately single mode)
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coherent state, with the input condition:

ρB(t = 0) = Uc |0〉 〈0|U †c , (3.48)

where Uc =
∏

kDk(βk), Dk(βk) = exp
[
βkb
†
k − β∗kbk

]
is the displacement operator,

with Dk(βk) |0〉 = |βk〉 (where all k′ 6= k remain in the vacuum state), and βk are

substantial only for wavevectors k around the laser resonance. Since Uc is unitary, we

can apply a unitary transformation to the system plus reservoir density operator and

Hamiltonian. Within the Born-Markov approximation, we have ρ̃S+B = ρ̃SρB, thus

we apply the unitary transformation ρ̃S+B → U †c ρ̃S+BUc, and H̃SB → U †c H̃SBUc. The

effect of this is merely to take bk → bk + βk within the interaction picture. Thus we

have B̃(t)→ B̃(t) +
∑

k λkβke
−iωkt, and

H̃SB(t)→ H̃SB(t) +
∑
k

(
S̃(t) + S̃†(t)

)(
λkβke

−iωkt + c.c.
)
. (3.49)

Since the new term in Eq. (3.49) only depends on the system operators, we can

call it H̃drive and consider it part of the system Hamiltonian. Moving back to the

Schrödinger picture:

Hdrive(t) =
(
x+

D/C + x−D/C
)(
λkβke

−iωkt + c.c.
)
. (3.50)

In this new frame, the bath is in the multimode vacuum state |0〉. Thus, the master

equation can be derived in exactly the same manner as before, with the only dif-

ference in the equations being the addition of Hdrive(t) in the system Hamiltonian.

Typically, we can make a RWA for this term, as we have separated positive and

negative frequency components, but in principle we leave this general as the RWA

could break down for ultrastrong coherent driving (however, in this regime, a Floquet

master equation would be more accurate).
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To transform Eq. (3.50) into an effective single-mode drive, we move to a contin-

uous frequency representation:

Hdrive(t) =
(
x+

D/C + x−D/C
) ∫ ∞

0

dωgc(ω)λc(ω)βc(ω)e−iωt + c.c. (3.51)

Since βc(ω) is only nonzero around a very narrow window around ω = ωL (the laser

center frequency), we have∫ ∞
0

dωgc(ω)λc(ω)βc(ω)e−iωt ≈ gc(ωL)λc(ωL)e−iωLt

∫ ∞
−∞

dδβc(ωL + δ)e−iδt. (3.52)

The form of βc(ω) is not important provided it is sharply peaked around ω = ωL; for

concreteness we can assume a Lorentzian form:

βc(ω) = βc(ωL)
(w0/2)2

(w0/2)2 + δ2
, (3.53)

where w0 is the FWHM of the laser beam, and we find:

Hdrive(t) =
(
x+

D/C + x−D/C
)(

Ωde
−iω0t + c.c.

)
e−w0t/2, (3.54)

where we have defined

Ωd = πgc(ωL)λc(ωL)βc(ωL)w0. (3.55)

We assume that the laser linewidth w0 is small enough such that the drive remains

coherent over any experiment of interest. We can also choose Ωd to be real without

loss of generality, as the phase factor can be absorbed into the initial phase of the

drive which is not relevant. Thus we find the form used in the main text:

HD/C
pump = Ωd cos (ωLt)

(
x−D/C + x+

D/C

)
, (3.56)

using identical system operators as in the dissipators and incoherent pump terms.

Also note, the coherent drive should not be too strong to invalidate the dressed-

state representation for the system Hamiltonian, namely Ωd � g, and in this regime
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one could make a RWA for the pump term such that HD/C
pump ≈ (Ωd/2)(x−D/Ce

−iωct +

x+
D/Ce

iωct). In the main text, we use this RWA pumping term and also consider a

resonant drive where ωL = ωc. For completeness, in Sec. 3.6.5 below, we also show

example calculations with and without a RWA on the pump term, and confirm that

they yield essentially identical spectra, as expected (i.e., for the stated approxima-

tions).

Influence of the Spectral Form of the Bath Function on the Gauge Cor-

rection: Gauge-Invariant Spectra with an Ohmic Bath

In the main text, for simplicity we used a flat density of states (DOS) for the spectral

bath function. Specifically, one that was assumed to be constant relative to the energy
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Figure 3.5: The computed cavity spectra using the dipole gauge (left) and Coulomb
gauge (right), with a flat DOS (κ(ω) = κ, panels (a,c)) and an Ohmic DOS (κ(ω) =
κω/ωc, panels (b,d)) using Eqs. (3.16)-(3.17). In both cases, the effect of the gauge
correction (solid lines versus dashed lines) is dramatic. We use the same parameters
as in Fig. 2 of the main text, with incoherent driving, η = 0.5, and κ = 0.25g.
Notably, in all cases, regardless of the spectral function, the corrected dipole gauge
and corrected Coulomb gauge results are identical.
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scale of the resonances. This helps to better identify intrinsic spectral asymmetries

related to the gauge correcting.

For completeness, here we explicitly show an example numerical solution without

invoking the approximation that κ(ω) is frequency independent. Specifically, we

compute the emitted spectra when κ(ω) = κ (as in the main text) as well as κ(ω) =

κω/ωc (Ohmic bath). We use the same example as in Fig. 2 of the main text with

incoherent driving at η = 0.5. These numerical solutions are obtained from the

generalized master equation (3.16).

As can be seen in Fig. 3.5, clearly the form of the spectral bath function does

not affect any of our general conclusions, as the gauge correction is, in both cases,

dramatic, and of course produces exactly the same result for both the dipole gauge and

the Coulomb gauge. To be clear, if we plot these together, these are indistinguishable,

which also confirms that our numerical results are well converged in terms of basis

size and time steps.

3.6.4 Equivalence between the dipole gauge and Coulomb gauge master

equations and gauge independent expectation values

Naturally, any observables from a unitarily transformed quantum master equation

should be gauge-independent; we include this section primarily to show that the x±

operators transform in the way one might expect.

Ultimately, for any gauge-dependent Hermitian operator OD and OC correspond-

ing to a physical observable, the expectation value should be gauge-independent, so

˙〈O〉 = Tr[ρ̇DOD] = Tr[ρ̇COC]. (3.57)

Beginning with the evaluation in the Coulomb gauge,

˙〈O〉 = −iTr[OC[HC
QR, O

C]] +
κ

2
Tr[OC

(
D[x+

C]ρC
)
]

= −iTr[OD[HD
QR, O

D]] +
κ

2
Tr[ODUD[x+

C]ρCU †]. (3.58)



3.6. SUPPLEMENTARY INFORMATION 66

Clearly, the evolution is gauge-invariant if,

UD[x+
C ]ρCU † = D[x+

D]ρD = D[Ux+
CU †]ρD. (3.59)

We have (explicitly noting the gauge of each state):

Ux+
CU † =

∑
jC,kC>jC

CC
jkU |jC〉 〈kC| U †

=
∑

jC,kC>jC

〈jC|ΠC |kC〉 |jD〉 〈kD|

=
∑

jC,kC>jC

〈jC| U †ΠDU |kC〉 |jD〉 〈kD|

=
∑

jC,kC>jC

〈jD|ΠD |kD〉 |jD〉 〈kD|

=
∑

jD,kD>jD

CD
jk |jD〉 〈kD|

= x+
D, (3.60)

where we have noted in the second last line that energy eigenvalues are preserved

under unitary transformation. This argument can be trivially extended to incoherent

excitation master equations with terms like D[x−C/D]ρC/D, or time-dependent coherent

drive terms, provided they are transformed appropriately between gauges.

3.6.5 Role of the coherent pump strength and coherent pumping with

and without a rotating wave approximation

In the main text, we chose an example coherent pump strength of Ωd = 0.1g. Ob-

viously if we increase this value, then higher order nonlinearities become important,

though we cannot increase it arbitrarily or the assumed dressed states are no longer

valid. We also note that if this value is too small, then the numerical simulations can

become very difficult. For completeness, here we show two further examples, for the

larger pump strengths of Ωd = 0.2g and Ωd = 0.3g.

Figure 3.6 shows that in comparison to Fig. 3 if the main text, the center peak
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Figure 3.6: Left four panels show cavity spectra and g(2)(τ) for Ωd = 0.2g, and the
right four panels are for Ωd = 0.3g (cf. Fig. (3) of the main text and also below).
Solid lines show the gauge corrected master equation results.

increases with larger coherent driving (as expected), and begins to dominate the

spectral response when the pump is sufficiently large. The gauge correction is also

seen to be even more dramatic for the larger pump strength, especially in the dipole

gauge. In both cases we see a significant influence from the gauge correction, and

recognise once again that the corrected dipole gauge and corrected Coulomb gauge

master equations yield identical results.

Next we also investigate the results of coherent driving with and without a RWA

on the drive term. With a rotating-wave approximation, as mentioned earlier, we

use Hdrive(t) = (Ωd/2)(x−GFe
−iωLt + x+

GFe
−iωLt) (as in the main text), and without this

approximation, we use Hdrive(t) = Ωd(x−GF +x+
GF) cos(ωLt). Figure 3.7 compares these

two pump forms for computing the cavity spectrum and g(2)(τ), which are shown

to essentially yield the same behavior, apart from fast oscillations in the correlation

functions when a RWA is not made. Since we do not consider the effect of coher-

ent driving on the dressed-states (from which we solve the master equations), then

pumping within a RWA should be valid within the same level of approximations, and

is arguably more self consistent.
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Figure 3.7: Cavity spectra and g(2) with Ωd = 0.1g coherent pumping, using a full
cosine excitation (left), and a RWA for the pumping term (right, as also shown in
Fig. (3) of the main text). Solid lines show the gauge corrected master equation
results.

3.6.6 Further Details on the Numerical Calculations

Simulation Parameters

In our numerical simulations in the main text, a large initial basis size of 50 photon

states was used. This ensures that the lowest dressed states, which have a significant

chance to become populated, are correct, before computing the spectra in a truncated

basis space. With 24 dressed states in the truncated space, we observe negligible

excitation in the highest states and numerically converged results (i.e., additional

dressed states make no change to our simulations and results). The eigenenergy

simulation in Fig. (1) of the main text was conducted with 200 photon states to

ensure accurate numerical convergence. Longer times are required for simulations at

higher η and as such, the simulation time was between 150/g and 550/g throughout,

with 20 time-steps in each period of the pseudo-steady-state oscillation. This was

also carefully checked to be sufficient. Numerical calculations were performed using

QuTiP under Python (J. R. Johansson et al. 2013).
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Apart from the trivially computed interaction-picture spectra, numerical calcu-

lations of the spectra outside the rotating wave approximation require more care.

Specifically, the t integral in the spectra definition (Eq. (4) of the main text) was

completed over the last ωL time period so as to ignore turn-on dynamics, after ensur-

ing that the system had reached its pseudo-steady-state (namely, after it evolves to

a continuous oscillation dynamic with no change). Consequently, there is a potential

issue with computing a Fourier transform of an oscillating function over a finite range.

This is commonly done for computing USC spectra but is rarely discussed. Formally,

the Fourier transform of a sinω0t function over a finite range a is proportional to the

difference of two sinc functions at ±ω0, shown explicitly below,

F−a→a(ω) =
1√
2π

∫ a

−a
e−iωt sinω0tdt

=
1

2i
√

2π

∫ a

−a

[
ei(ω0−ω)t − e−i(ω0+ω)t

]
dt

=
1

2i
√

2π

[
eia(ω0−ω) − e−ia(ω0−ω)

i(ω0 − ω)
+
−e−ia(ω0+ω) + eia(ω0+ω)

i(ω0 + ω)

]
=

a

i
√

2π

[
sin (a(ω0 − ω))

a(ω0 − ω)
− sin (a(ω0 + ω))

a(ω0 + ω)

]
=
−ia√

2π
[sinc(a(ω − ω0))− sinc(a(ω + ω0))] .

(3.61)

When extending this time sampling range to infinity, the Fourier transform tends

towards the sum of two Dirac delta functions,

F (ω) = i

√
π

2
[δ(ω + ω0)− δ(ω − ω0)] . (3.62)

This can have a significant effect on both the total and coherent spectrum, but

in all our simulations the incoherent spectrum with coherent driving is unaffected, as

it does decay to zero for large time delays, and performing the quantum regression

theorem over only a single period is thus adequate for our case. For example, we have

checked that we obtain the same result when integrating over ten periods.
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Quantum Regression Theorem

To calculate the two-time correlation function in the spectrum definition (Eq. (4) of

the main text), we make use of the quantum regression theorem,

〈
x−∆(t)x+

∆(t+ τ)
〉

= Tr[x+
∆(0)U(t+ τ, t)

[
ρ(t)x−∆(0)

]
U †(t+ τ, t)], (3.63)

where U(t+ τ, t) is the total (system + environment) unitary evolution operator such

that A(t + τ) = U †(t + τ, t) [A(t)]U(t + τ, t) for an operator A(t). Within the Born-

Markov approximation, the implementation of the quantum regression theorem for

Eq. (3.63) is as follows: find the reduced density matrix at t, multiply on the right by

x−∆(0), evolve this new operator from t to (t+τ) with the master equation to form the

effective density matrix, and finally take the expectation value of x+
∆(0) with respect

to this effective density matrix. Note that x−∆(0) = x−(0)− 〈x−(t)〉 where the second

term must be evaluated at t, so x−∆(0) does implicitly depend on t. For the positive

frequency operator, we have x+
∆(0) = x+(0) − 〈x+(t+ τ)〉, but if we substitute this

into Eq. (3.63), we see that the second term (proportional to 〈x+(t+ τ)〉) is exactly
zero, so there is no need to find the expectation value of x+ at (t + τ). In practice,

we conduct the quantum regression theorem for every t in the last period (in the

simulation) of the pseudo-steady-state.

For the more complex second-order correlation function in Eq. (5) of the main

text, we have a more complicated version of the quantum regression theorem seen in

Eq. (3.63) as follows:

G(2)(t, τ) =
〈
x−(t)x−(t+ τ)x+(t+ τ)x+(t)

〉
= Tr[x−(t)x−(t+ τ)x+(t+ τ)x+(t)ρ(0)]

= Tr[U †(t)x−U(t)U †(t+ τ)x−x+U(t+ τ)U †(t)x+U(t)ρ(0)]

= Tr[x−U †(t+ τ, t)x−x+U(t+ τ, t)x+ρ(t)]

= Tr[x−x+U(t+ τ, t)
[
x+ρ(t)x−

]
U †(t+ τ, t)],

(3.64)

where we have written U(t) ≡ U(t, 0), we use the notation A(0) = A for an operator
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A(t), and we make use of the identities U(t + τ) = U(t + τ, t)U(t) and U(t)U †(t) =

U †(t)U(t) = 1 where 1 is the identity matrix. This can be understood simply as the

expectation value of the operator x−x+ with respect to the effective density matrix

ρ̃(t+τ) = U(t+τ, t) [x+ρ(t)x−]U †(t+τ, t), which is the density matrix at t multiplied

on the left by x+ and on the right by x− and evolved from t to t+ τ .

3.6.7 Bloch-Siegert Hamiltonian and perturbative unitary transform to

obtain analytical scattering rates and spectra

Here we show the approximate solution to the spectra and the origin of asymmetry

using the Bloch-Siegert (BS) Hamiltonian (Beaudoin et al. 2011; Le Boité 2020).

From the system Hamiltonian in the dipole gauge,

H = ω0σ
+σ− + ω0a

†a+ ig(a† − a)σx, (3.65)

we apply the unitary transformation (“BS transformation”) HBS = U †BSHUBS, where

U = exp
[
−iη

2
(a†σ+ + aσ−)

]
exp

[
−η

2

4
σz(a

2 − a†2)

]
, (3.66)

which is chosen to eliminate counter-rotating terms in the system Hamiltonian, and

retain terms of up to second order in g (Le Boité 2020), finding

HBS = ω0(1 + η2/2)σ+σ− + ω0(1− η2/2)a†a+ ig(a†σ− − aσ+), (3.67)

where we are considering a weak excitation approximation (WEA), and so a term

proportional to a†aσ+σ− has been dropped, as well as terms proportional to the

identity so the ground state energy remains zero. The resulting BS Hamiltonian of

Eq. (3.67) conserves excitation number, and thus is easily diagonalized.

For resonant bare dipole and cavity frequencies however, the BS Hamiltonian

gives no corrections to the JC energies to order η2 (and thus often finds more utility

in describing the dispersive regime of cavity QED), but does correct the eigenstates.
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Figure 3.8: Here we show the full numerical calculations as shown in Figure 1(c) of
the main text with (olive solid curve) and without gauge corrections (olive dashed
dashed). We also show the BS models, up to first order, again with (blue solid curve,
1/4(1− 5η/2)) and without gauge corrections (orange dashed curve, 1/4(1 + 3η/2)).
The general trends are clearly qualitatively very good, especially at lower η, which is
precisely when we expect the BS model to be valid.

To first order in η, the corrected JC-like states are

|+〉 =
1√
2

[
(1 +

η

4
) |e, 0〉+ i(1− η

4
) |g, 1〉

]
, (3.68)

|−〉 =
1√
2

[
(1− η

4
) |e, 0〉 − i(1 +

η

4
) |g, 1〉

]
, (3.69)

which in conjunction with the ground state |G〉 ≡ |g, 0〉 gives the three states consid-

ered in the WEA.

The effect of the counter-rotating terms eliminated in the BS transformation can

be quantified by considering the transition matrix elements of the quadrature operator

Π which we use to couple to the external reservoir fields. As in the main text, we use

ΠC to refer to the uncorrected operator in the dipole gauge (which is equivalent in

form to the Coulomb gauge operator) corresponding to the electric field quadrature

mode operator. Performing the BS transformation, we find ΠC = i(a† − a) → P =

1√
2

[
i(a† − a)− η/2σx

]
, and so x+ = −ia−η/2σ−, where x+ is the “positive frequency”

(taking higher energy states to lower energy ones) component of the transformed

operator P = 1√
2
U †ΠCU = 1√

2
(x+ + x−). We introduce the notation P to reiterate

that the operator which we assume to couple the system to the reservoir modes is
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proportional to the momentum quadrature operator of the cavity mode. With gauge

corrections, the correct dipole gauge quadrature operator is instead ΠD = i(a†− a) +

2ησx, and so to first order in η, we find P → P ′ = 1√
2

[
i(a† − a) + 3η/2(σ+ + σ−)

]
,

and x+ → x+
GC = −ia+ 3η/2σ−.

The transition matrix elements (modulus squared) with respect to P are, with no

gauge corrections,

|P±G|2 = | 〈±|P|G〉 |2 =
1

4
(1∓ 3η/2) +O(η2). (3.70)

However, with gauge corrections, we have

|P ′±G|2 = | 〈±|P ′|G〉 | = 1

4
(1± 5η/2) +O(η2). (3.71)

and we can infer immediately, that the linewidth asymmetry will change with gauge

correction.

As shown in Fig. 3.8, the leading order effect in eta of the effect of gauge corrections

is in excellent agreement with the numerical solution (Figure 1(c) of main text), for

the perturbative regime (η <∼ 0.15). For higher values of η, then the numerically

exact | 〈G|P|j〉 |2 with and without gauge corrections explain the main features of

the spectra, especially the different linewidths as a function of η, and how these

drastically differ with gauge correction. Below we explain why, to the same order of

approximations, that the change in linewidth is directly proportional to the weights

of the spectral peaks in the spectra.

Solving the relevant Bloch equation with weak excitations, then the spectral

linewidths (full widths at half maxima) of the first two excited states are, in the

SC limit g/κ � 1, simply given by the projections above multiplied by 2κ. This is

the primary effect for the observed asymmetry for increasing η (as we can also see

from the full numerical calculations). Thus, even in the perturbative BS regime, the

asymmetry stemming from the counter rotating wave effects is qualitatively different

when one properly accounts for gauge corrections. We justify this assumption in more

detail below.
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Considering the effect of the BS transformation to first order in in η, the relevant

Bloch equations are

ρ̇± = −Γ
(GC)
± ρ± + Γc(ρ+− + ρ−+) + EΓ

(GC)
± ρG, (3.72)

ρ̇+− = −2(ig + Γc)ρ+− + Γc(ρ+ + ρ−)− 2EΓcρG, (3.73)

ρ̇±G = −
(

Γ
(GC)
±

2
+ i(ωc ± g)

)
ρ±G + Γcρ∓G, (3.74)

where ρm = 〈m| ρ |m〉, ρij = 〈i| ρ |j〉, Γc = κ/4, and E = Pinc/κ. The polariton

decay rates are Γ± = κ
2
(1∓ 3

2
η) without considering the dipole gauge correction, and

ΓGC
± = κ

2
(1 ± 5

2
η) with the correction. We require E � 1 for the WEA to be a valid

approximation.

Within the WEA, it is possible to find an analytic expression for the emission

spectrum Scav that is valid perturbatively up to order η by solving the above Bloch

equations derived from the BS Hamiltonian. In the strong coupling regime, this

spectrum takes on a particularly simple form, which is useful to gain qualitative

insight into the spectral asymmetries which are shown to arise in our main results. In

particular, to leading order in E , the steady state solutions to the Bloch equations give

the very simple solution ρ+ = ρ− = (1 − ρG)/2 = E , with all other matrix elements

zero.

The steady-state cavity spectrum with incoherent driving is

Scav(ω) ∝ Re
[ ∫ ∞

0

dτeiωτ 〈x−x+(τ)〉
]
. (3.75)

The steady-state correlation function 〈x−x+(τ)〉 can be calculated with the QRT, and

the result for the spectrum after Fourier transforming is

Scav(ω) ∝ Re

[√
Γ

(GC)
+ χ̃+G(ω)−

√
Γ

(GC)
− χ̃−G(ω)

]
, (3.76)
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where

χ̃±G(ω) = ±E
−Γc

√
Γ

(GC)
∓ +

√
Γ

(GC)
±

[
i(ω0 ∓ g − ω) + Γ∓

2

]
(
i(ω0 +G− ω) + κ

4

) (
i(ω0 −G− ω) + κ

4

) , (3.77)

where

G =

√
g2 −

(κ
4

)2

− igΓ+ − Γ−
2

. (3.78)

Much simplification can be made if we assume α ≡ g/κ is large, and neglect terms

of order 1/α2 Then, G ≈ g − i(Γ(GC)
+ − Γ

(GC)
− )/4, and we find

χ̃±G(ω) ≈ ±E

√
Γ

(GC)
±

i(ω0 ± g − ω) +
Γ
(GC)
±
2

, (3.79)

and

Scav(ω) ≈ Γ
2(GC)
+

(ω − ω0 − g)2 +
Γ
2(GC)
+

4

+
Γ

2(GC)
−

(ω − ω0 + g)2 +
Γ
2(GC)
−

4

. (3.80)

Within this approximation (SC, first order η corrections, and weak excitation), the

two polariton peaks have the same height, and have a ratio of peak areas A+/A− =

Γ
(GC)
+ /Γ

(GC)
− . Without gauge correction, this ratio is ∼ 1 − 3η + O(η2), and with

corrections it is ∼ 1 + 5η + O(η2), which quantifies the change in asymmetry to

leading order. We can understand this asymmetry on physical grounds as arising from

which polariton branch is more cavity-like: In the BS frame, the BS shift causes a

detuning between cavity and TLS resonances, which leads to cavity-like and atom-like

polariton branches. In the WEA, both polariton branches become equally populated,

and thus, in the SC regime, their spectral weights are determined by the transition

matrix elements PG±, or in other words, how much the operator which couples the

cavity field to decay channel modes also couples the polariton-ground transition.

The more cavity-like transition experiences a larger decay rate, but which branch

this corresponds to is dependent on both the gauge corrections and the BS frame

transformation. The interplay of these effects thus gives the overall asymmetry.

Finally, to confirm the accuracy of the analytical formula using the same material

parameters as in the main text, we show a zoom in of the two main polariton peaks
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Figure 3.9: A zoom in of the full numerical spectra (solid curves), with (blue solid
curve) and without (orange solid curve) the gauge correction, compared with the
analytical solution in Eq. (3.80) (dashed curves), again with (pink dashed curve) and
without (brown dashed curve) the gauge correction. Parameters are the same as in
the main text, with κ = 0.25g, though we use a slightly smaller driving strength to
ensure the WEA remains valid, Pinc = 0.00025g.

(near ωc± g) using the full numerical solution versus the simple analytical formula in

Fig. 3.9, using η = 0.05 and η = 0.1. Clearly the comparison is qualitatively excellent

and the main differences with gauge corrections stem from the changing linewidth.
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Chapter 4

Gauge Invariance and Bath Dependence of the

Sensor Atom Approach to Computing Spectra

In this brief chapter, we show and discuss some results of using the sensor atom

approach, laid out in section 2.5.1, to compute the cavity emitted spectra. This

provides an alternative approach to using the quantum regression theorem (QRT).

When considering for example extremely short (femtosecond) pulses or even modu-

lated continuous wave excitation, some of the approximations carried out in deriving

the master equations above can break down. Particularly, it may not be appropriate

to consider the bath as static, required for the Born-Markov approximation. The

two-time correlation function in the QRT spectrum definition is ill-defined without

such approximations. The sensor approach to computing spectra, however, does not

rely on any approximations and can be carried out for an arbitrary master equation.

Thus, this approach, while more computationally difficult, is a more robust method

for computing spectra in certain extreme regimes. Apart from being also a suitable

physical model for a point detector, this two-atom system forms another model which

can be checked for gauge invariance, again a non-trivial problem in the ultrastrong

coupling (USC) regime. We also use the generalized master equation (GME), so that

we can test the effect of changing the bath correlation function for the sensor to

simulate a more realistic detector.
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4.1 System Parameters and Master Equation

We will focus our attention on the USC regime, using a coupling parameter of η =

0.5 throughout this chapter. In order to determine acceptable parameters for the

‘sensor atom’ (non-perturbative coupling), we used some trial and error, guided by

the expression, gsen �
√
γsenγS/2, where γS is any transition rate within the system

of interest (Valle et al. 2012). We must first ensure an approximately vanishing

coupling rate compared to the coupling between the cavity and the main atom. We

take gsen = 0.001g to satisfy this condition. Then, to get a lower limit on γsen, we

find the smallest transition in our system at η = 0.5 to be γS ≈ 0.3g. If we then

use γsen = 0.0025g, we get
√
γsenγS/2 ≈ 0.02 � 0.001g = gsen and the relation is

satisfied to a minimal acceptable level. Therefore we will use κ � γsen ≥ 0.0025g as

the acceptable range of values to choose from.

We now briefly recapitulate the master equation that we use to produce the re-

sults contained in this chapter. While we will consider flat baths again (for which

the dressed state master equation is adequate), we also wish to compare the effects

of changing the bath correlation function, so we use the GME throughout. Our

generalized master equation including the sensor atom is1,

∂

∂t
ρ̂S = − i

~

[
Ĥ+s

C/D

(
+Ĥpump

C/D

)
, ρ̂S

]
+Lcav

C/Dρ̂S +Latom
C/D ρ̂S +Lsen

C/Dρ̂S

(
+Lpump

C/D ρ̂S

)
, (4.1)

where we now have three possible dissipation channels for the cavity, atom, and

sensor. We have also included both incoherent and coherent driving, through the

pump Lindbladian and pump Hamiltonian, respectively, but we consider only one at

a time below. The Lindbladian for each type of dissipation is of the same form, so

we write it generally,

Lsys
C/Dρ̂S =

1

2

∑
ω,ω′>0

Γsys(ω)[X̂+, sys
C/D (ω)ρ̂SX̂

−, sys
C/D (ω′)− X̂−, sys

C/D (ω′)X̂+, sys
C/D (ω)ρ̂S]

+Γsys(ω′)[X̂+, sys
C/D (ω)ρ̂SX̂

−, sys
C/D (ω′)− ρ̂SX̂

−, sys
C/D (ω′)X̂+, sys

C/D (ω)],

(4.2)

1For the quantum regression theorem solution, we omit the sensor atom in all these expressions.
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and now give the specific form of the X̂ operators and decay rates,

X̂+, cav
C/D (ω) = 〈j|Π̂C/D|k〉 |j〉 〈k| , Γcav(ω) ∝ κ,

X̂+, atom
C/D (ω) = 〈j|σ̂x|k〉 |j〉 〈k| , Γatom(ω) ∝ γ,

X̂+, sen
C/D (ω) = 〈j|σ̂s

x|k〉 |j〉 〈k| , Γsen(ω) ∝ γs.

(4.3)

The frequency dependence of the baths is put in either as flat (e.g., Γcav(ω) = κ)

or Ohmic (e.g., Γcav(ω) = κω/ωc). The incoherent drive Lindbladian is in Eq. (2.79)

with strength Pinc, and the pump, dipole, and Coulomb Hamiltonians are given in

Eqs. (2.81), (2.93), and (2.96), respectively. We now explore the two driving schemes

individually, and show how changing the bath correlation function affects the spectra.

4.2 Results for the Cavity Emitted Spectra

4.2.1 Coherent Driving

While it is perfectly acceptable to use either excitation scheme we have presented so

far (coherent or incoherent driving), coherent driving on resonance with the cavity

and atom causes a large centre peak not present in the typical spectra obtained from

the QRT. We show in Fig. 4.1 that this centre peak does, however, not significantly

affect the rest of the spectra. Indeed, the three off-centre peaks (at ω(sen)/ωc ≈
{0.5, 0.8, 1.5}) are almost identical to the full QRT solution in relative height and

area. Clearly, this is an appropriate solution for computing the spectra away from

the resonant drive. While we do not investigate off-resonant driving in this thesis, it is

possible that a drive far from resonance could exactly reproduce the equivalent QRT

solution, providing a possible avenue for further research. Finally, as a confirmation,

we note that the spectra are of course perfectly gauge invariant with both techniques,

as expected.
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Figure 4.1: Coherent driving. Cavity emitted spectra computed using the sensor
atom approach (top row) and the full QRT (bottom row) plotted in arbitrary units.
Gauge corrected (not corrected) results are shown with solid (dashed) curves. We use
coherent driving with the RWA as in Eq. (2.83) and with Ωd = 0.1g. Other system
parameters are κ = 0.25g, γ = γsen = 0.0025g, gsen = 0.001g, ωL = ωc = ω0, η = 0.5,
and we use all flat baths. Although we use arbitrary units, note that the middle peak
caused by the laser in the sensor approach is roughly 75 times higher than the peak
at ωsen/ωc = 0.5 and 325 times higher than the same peak computed with the QRT
when both are normalized to the height of the left peak.

4.2.2 Incoherent Driving

We now shift our attention to incoherent driving, which is not plagued by the same

issue as the coherent drive. Again we compare our sensor results to those obtained

using the full QRT. We now, however, also investigate the effects of changing the bath

spectral functions. In the top two rows of Fig. 4.2 we use a flat bath for the cavity,

and show the effect of changing the atomic baths from flat to Ohmic. Using the QRT,

changing the atomic bath has almost no effect on the spectrum when the cavity bath

is flat. In contrast, the spectrum for the sensor atom is drastically modified with this

change of the bath. This is due to the Ohmic bath increasing the dissipation at higher
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Figure 4.2: Incoherent driving. Cavity emitted spectra computed using the sensor
atom approach (left column) and the full QRT (right column). On the right, we list
the type of bath used for the cavity and the two atoms (which use the same bath
type). Gauge corrected (not corrected) results are shown with solid blue (dashed
orange) curves. We use incoherent driving as in Eq. (2.79) and with Pinc = 0.01g.
Other system parameters are κ = 0.25g, γ = γsen = 0.005g, gsen = 0.001g, ωc = ω0,
η = 0.5.
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frequencies, thus reducing the strength of the peak on the right and increasing the

relative strength of the peak on the left. In the QRT, there is only one atomic bath,

so the sensor approach will sensibly undergo a larger change due to changing both

of the atomic baths. This effect is certainly important and points to potential issues

with the QRT in general when trying to simulate realistic systems. If the physical

detector is connected to a bath which must be taken as Ohmic, the QRT may not be

able to reproduce correctly the asymmetry in peak heights. Indeed, the asymmetry

is reversed with the sensor approach in this particular regime.

Next, in the bottom half of Fig. 4.2, we make the cavity bath Ohmic and again

look at the effect of changing the atomic baths. The first result to note is that the

Ohmic cavity bath produces the largest change of any of the models explored here.

This is not too surprising, as the cavity dissipation is the largest by far to begin

with (κ = 0.25g vs. γ = γsen = 0.005g). Thus, the dissipation is overwhelmingly

dominated by κ, and any frequency dependence included with it will have a larger

effect. Also, since the two models here have the same dependence on the single cavity,

we see the change in the cavity bath having a similar effect on both spectra (reversing

the asymmetry and modifying the relative peak heights to a similar extent). When

we now also change the atomic baths to be Ohmic, we see similar effects to the above.

The QRT version is now slightly affected, and we again see a large effect kicking in

on the sensor approach.

4.3 Conclusions

In summary, we have analyzed the applicability of the sensor atom approach to com-

puting detected spectra. This is an alternative tool to using the quantum regression

theorem, paving the way for the computation of spectra even when driving with ex-

tremely short or highly time-dependent fields, when the spectra solution from the

quantum regression theorem breaks down. This two-atom model further provides an-

other confirmation of the gauge independence of our theory. Using coherent driving,

we first demonstrated the gauge-invariance of this method to compute spectra. We
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showed that, while the sensor approach reproduces the main features off-resonance

with the coherent laser, the peak on resonance is badly overestimated. This demon-

strates the main issue with this method, but suggests that it might be more applicable

for either incoherent driving or studying off-resonant coherent driving, where it is pos-

sible that the main resonant peak could be avoided.

Next, using incoherent driving, we demonstrated the ability of the sensor approach

to produce spectra that match the QRT results. We showed the effect of changing

the bath function for both the cavity and atomic baths. We compared Ohmic and

flat baths for each and showed that the spectra agree well when the atomic baths are

flat. This is, however, not a great model for real-world detection. We have therefore

shown the type of changes experimentalists might expect to see in the spectra if the

sensor bath is Ohmic. We further showed that the gauge correction does still play a

very important role in the accurate calculation of spectra using the sensor approach

in the USC regime. This formalism forms the basis of looking at further ultrastrong

coupling effects. Indeed, this model can now be slightly modified to simulate the

generalized Dicke model, in which we have two ultrastrongly coupled atoms with

potentially differing properties.
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Chapter 5

Generalized Dicke Model

In this chapter, we extend our sensor atom approach and now consider the second

atom as a main element of the system (i.e., no longer weakly coupled). We discuss the

results of allowing the second atom’s properties to vary relative to the first atom. Our

two-atom Hamiltonian in the dipole gauge (Eq. (2.99)) is equivalent to the extended

Dicke model in Ref. (Jaako et al. 2016) in the case that the two atoms are degenerate

(i.e., ga = gb and ωa = ωb). This highlights the main difference with our model:

most previous studies in the ultrastrong coupling (USC) regime take the two atoms

as identical (Dimer et al. 2007; Garbe et al. 2017; Chen and Zhang 2018; Garziano

et al. 2020). Some studies discuss the ‘anisotropic’ or ‘nonequilibrium’ Dicke model,

in which the counter- and co-rotating terms have different coupling strengths, but the

two atoms are still identical (Bhaseen et al. 2012; Aedo and Lamata 2018). Because of

this, our main focus will be on analyzing spectra obtained with dissimilar atoms (ga 6=
gb, ωa 6= ωb, or both). This is a more realistic scenario, as it is practically impossible to

experimentally produce two identical effective two-level systems (TLSs) for practical

experimental systems (Reitzenstein et al. 2010; Kim et al. 2011; Majumdar et al.

2012; Maragkou et al. 2013).

5.1 Two-Atom Spectra with Different Resonant Frequencies

Our first avenue of study is with ωa 6= ωb, assuming that the two atoms have the

same coupling strength. Since our previous studies have concerned the issue of gauge
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invariance, we first highlight that our current models do indeed ensure gauge invari-

ance. In Fig. 5.1, we compare the spectra obtained in the dipole gauge and Coulomb

gauge and compare these to their non-gauge-corrected counterparts. Throughout this

chapter, we use realistic Ohmic baths for the cavity and atoms. We display the spec-

tra as a function of the second atom’s frequency, while the first is held on resonance,

and both atoms are in the USC regime. It can easily be seen that, while the non-

corrected spectra do pick up some of the correct features, they clearly do not satisfy

gauge invariance. The corrected spectra are not only clearly gauge invariant but are

also much richer, with additional features including a visible anti-crossing around

ωb/ωc ≈ 1 and the disappearance of a main peak in this regime as well.
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Figure 5.1: Cavity spectra computed using the QRT with two USC atoms, the first
on resonance (ωa = ωc) and the second (ωb) we sweep through resonance. All baths
are Ohmic and here ηb = ηa = 0.5. We use the following parameters throughout the
chapter: κ = 0.25g, γa = γb = 0.005g, and Pinc = 0.01g.

In Fig. 5.2a, we plot selected spectra at a few ωb values of interest, along with the

spectra in the absence of the second TLS. We use the corrected dipole gauge hereafter,
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(a) Selected cavity spectra as in the lower left panel of Fig. 5.1 for ωb/ωc =
{0.5, 1, 1.5}. We also plot the spectra obtained in the absence of the second TLS.
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(b) Seven lowest eigenvalues. Blue (orange)
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Figure 5.2: Main peaks visible at ωb/ωc = 0.5 are labelled on the spectra, connecting
to the energy eigenvalues by identifying the peak transitions. The x-axis location
of arrows on panel (b) is irrelevant. Transition rates of the labelled transitions are
given in panel (c) and the transitions are listed explicitly in Table. 5.1. Note that the
parities are not exactly even or odd, see Fig. 5.3. Transitions B, F, and G do not
flip parity.
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Figure 5.3: Parity of the lowest 7 eigenstates of the two atom dipole gauge Hamil-
tonian. Line colours are chosen at random. Without the gauge correction; all states
are perfectly even or odd (parity is exactly 1 or −1), states 3, 4, and 6 have opposite
parity to that shown here, and all transitions (including B, F, and G) do flip parity,
contrary to the case with the correction.

having already shown gauge invariance. In Fig. 5.2b, we plot the energy eigenvalues of

the lowest 7 states as a function of ωb. We label the main peaks visible at ωb/ωc = 0.5

and identify the transitions causing these peaks, also showing the transition rates

(TRs, defined below) of these transitions in Fig. 5.2c. The anticrossing in Fig. 5.1 is

at its closest at ωb/ωc ≈ 1, examining the 2D spectra at this frequency in Fig. 5.2a,

we can see that the splitting is about 0.063ωc = 0.126, or about g/8. The location

of this minimal splitting can be understood by looking at Fig. 5.2b and noting that

the eigenvalue of the third excited state is closest to twice that of the first excited

state at this point, thereby making the frequencies of the B and A transitions closest.

However, the reason for the value of the g/8 splitting has not yet been identified.

As previously mentioned in Section 2.4 and defined in Section 3.4, we define the

TR of a transition from state |j〉 to state |k〉 as (Savasta, Stefano, et al. 2021),

|Pjk|2 =
1

2
|〈j|i(â′† − â′)|k〉|2. (5.1)
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In the dipole gauge, we must of course use the gauge corrected cavity operators in

order to ensure gauge invariant observables. The dashed operators above are those

with the gauge correction, generalized for the two atom case as, a′ = a+i(ηaσ̂ax+ηbσ̂bx).

In the Coulomb gauge, as before, the dashed operators have no change and the gauge

correction comes from the Hamiltonian. We also define the parity of a state |j〉 as
〈j|P |j〉 where P = exp[iπN ] and N = σ+,aσ−,a +σ+,bσ−,b + a′†a′. We plot the parity

of the first 7 states in Fig. 5.3 and we label states as even (odd) if their parity is

positive (negative).

The change in TR of a transition as we scan ωb does correlate with a change in

the associated peak’s height. Take for example peak C, which is absent from the

spectra (peak height is zero) on resonance. This can be rather easily explained by

the transition rate going to zero in this regime, as shown in Fig. 5.2c. This is a

strong indicator that there are features of the extended Dicke model that can only be

accessed when the atoms are dissimilar (i.e., second atom off-resonance). However,

one cannot use the relative TR alone to determine the relative heights of the peaks.

If this were the case, we would expect peak G to be the largest by far, and peak A

to be very small, whereas it dominates above ωb/ωc = 0.5. This is primarily due to

the increased damping of higher states (J. Johansson et al. 2006). Indeed, it is clear

that transitions involving higher states (D, E, F,G) are significantly more broadened

than those involving just the lower states (A, B, C), which appear very sharp on the

spectra. Further, transition C has a lower TR than B, but since B involves higher

states, C dominates. Even peak A, with a far lower TR than B, is larger due to the

effect of damping. This trend is difficult to quantify exactly but certainly holds in

general terms when comparing any of the peaks.

In Fig. 5.2c, we also plot with dotted lines the TR of the transitions without

the gauge correction. Without the correction, the only peaks that are visible at

ωb/ωc = 0.5 are A, C, and G. The TR of the A and C transitions are indeed much

higher without the gauge correction, but so are the TR of theB andD transitions (the

D TR is above the vertical range we show), and theG transition has a much lower TR.

Clearly, most of the states are heavily damped without the correction. Indeed, even
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Figure 5.4: Cavity spectra as in Fig. 5.1 for various η values, with both atoms in
the same coupling regime (i.e., η = ηa = ηb). As before, we keep the first atom on
resonance and sweep the second through the typical resonances.

the peaks which are visible on the non-corrected spectra are significantly broadened.

That said, the dipole gauge without correction does get the peak locations correct, if

nothing else (the same cannot be said for the Coulomb gauge, which has manifestly

different Hamiltonians with and without the correction).

Now we vary η to explore these effects at the threshold of the USC regime (η =

0.1), as well as at the verge of the deep strong coupling regime (η = 1), plotted

in Fig. 5.4. At η = 0.1, we see a high level of symmetry around ω = ωc. As we

increase the coupling strength, this symmetry reduces and the peaks shift to lower

frequencies. We also see reduced broadening (sharper peaks) with increasing η. At

η = 1, we see some of the background peaks becoming the main peaks, and the

apparent anti-crossing at lower η appears to become a true crossing. One of the

peaks we can identify through the entire range is the one that appears forbidden (or

highly reduced) when the second atom is near resonance. This peak can be identified

as the C (|2〉 → |0〉) transition. However, states |2〉 and |3〉 cross in energy between

η = 0.5 and η = 1, and are degenerate up to about ωb/ωc = 0.5 at η = 1. For

simplicity, we retain the label |2〉 even after it crosses with |3〉, so that this feature is

indeed due to the same transition throughout.

From the eigenvalues in Fig. 5.2b, we can identify the peaks with their transitions.

As we have labelled in Fig. 5.2c, the visible peaks at η = 0.5 are caused by transitions

varying from |1〉 → |0〉 to |6〉 → |0〉. So, it’s clear that the incoherent drive is strongly
exciting states up to at least |6〉, and it appears that most of the peaks are due to
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relaxation to the ground state. The transitions are summarized in Table 5.1. Now

that these peaks have been identified with specific transitions, below we vary the

coupling strength of the second atom to determine how the spectra are affected.

Peak Transition
A |1〉 → |0〉
B |3〉 → |1〉
C |2〉 → |0〉
D |4〉 → |3〉
E |5〉 → |2〉
F |4〉 → |0〉
G |6〉 → |0〉

Table 5.1: Identification of the transitions causing some of the peaks. Not all peaks
are visible at all values of η. At η = 1 there are other peaks present which we have
not labelled.

5.2 Varying gb at Selected ωb Values

In the previous studies above, we chose a few values of ωb to investigate in more

detail. We will extend this study further, by varying gb from zero to ga at these

points to examine the effects on the spectra and the model in general. First, in

Fig. 5.5, we show how the spectra change when increasing the second atom’s coupling

strength at a few interesting values of the second atom’s frequency. The main feature

we can identify is the splitting of some peaks with increased second atom coupling

strength and, interestingly, the merging of some other peaks. Some peaks also shift

in frequency without any other behaviour appearing.

First, at ωb/ωc = 0.5 (left panel of Fig. 5.5), we see one peak splitting into three

at low frequency. Since we have already identified the origin of these peaks and given

them labels at gb = ga, we can easily explain where this splitting is coming from by

examining the change in energy eigenvalues as we increase gb. In Fig. 5.6, we can see

that states |1〉 and |2〉, initially near degenerate at gb = 0, split in energy. Recalling

from Table 5.1 that peaksA,C, and B are due to transitions |1〉 → |0〉, |2〉 → |0〉, and
|3〉 → |1〉, respectively, we can see why these peaks lower, raise, and remain roughly
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Figure 5.5: Spectra at selected ωb, where we now sweep gb from no coupling at all up
to the same level as the first atom, ηa = 0.5.
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Figure 5.6: Eigenvalues of the lowest 7 states at selected ωb values, as a function of
gb. The parity of the states is again given by the line colour: blue represents even
parity and orange represents odd parity.

unchanged in energy respectively over the range of gb considered here. Turning now

to the peaks involving higher states, some confusion arises due to the anticrossing of

states |4〉 and |6〉 (labelled according to the order at gb = ga, to be consistent with the

previous sections) around gb/ga = 0.8. Considering gb = ga, the energy differences

in Fig. 5.6 do explain the peaks with the same transitions as in Table 5.1. Below

the anticrossing, however, the peaks can only be explained by different transitions,

namely switching |4〉 with |6〉.
Next, let us consider the case of the resonant second atom (middle panel of

Fig. 5.5). Once again the bright left-most peak can be trivially associated with the A

transition. Similarly, the next peak, which almost merges with the first, is identified
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as transition B, as expected. Transition C is not visible in this regime, but transition

D is seen as a broad peak at high gb. Transition E is also not visible, but transition

F is visible throughout and transition G is visible at high gb.

Finally, at ωb/ωc = 1.5 (right panel of Fig. 5.5), we see similar features. All of

the peaks can be identified as aligning with the transitions in Table 5.1 throughout.

The differences here are that transition C is strongly visible throughout and merges

with F at low gb and that peaks D, E, and G are not visible, except D online at high

gb. As a final exploration of the generalized Dicke model that we have presented, we

allow the coupling strength of the second atom to obtain a phase relative to the first.

5.2.1 Varying the Phase of gb

To explore the effects of a phase-dependent generalized Dicke model, we next allow

gb to be complex, and now vary its phase. We take gb = ga exp[iπφ] and sweep φ

from 0 to 1. In Fig. 5.7, we show the spectra with and without the gauge correction

for gb ranging from ga to iga to −ga. The main point to call attention to here is

the robustness of our model. All six of the 3D spectra in Fig. 5.7 can be simulated

in a matter of minutes. A single 2D spectra can be calculated at arbitrary coupling

strength, including of course imaginary coupling of the second atom, in just a few 10s

of seconds.

Beyond the numerical success of our model and codes, we can once again identify

key differences in the behaviour of our system with and without the gauge correction.

As we observed above in Fig. 5.1, the corrected model produces peaks that are entirely

absent without the gauge correction, or vice versa. Indeed, at ωb/ωc = 1.5, we can

identify peak C as persisting throughout the change in φ. Conversely, at ωb/ωc = 0.5,

peak C is completely absent at φ = 0.5 with the correction, but persists throughout

the range without the correction. Both with and without the correction, making

the second atom’s coupling strength imaginary increases the separation between the

first three peaks and, interestingly, without the correction causes the broadening of

the peaks to reduce. With the correction the broadening is quite low (comparatively)

throughout, but the phase change does act to increase the strength of theA transition
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Figure 5.7: Spectra at selected ωb, where we now sweep the phase of the second atom.
If be lower the coupling strength below the USC regime ηa ≤ 0.1, our model has no
dependence on the phase.

at ωb/ωc = 0.5, and increases the broadening of peak C at ωb/ωc = 1.5. We finally

note that the spectra are symmetric about φ = 0.5, meaning that the spectra are

invariant to changes in the sign of the real part of the coupling strength.

5.3 Conclusions

In this chapter, we have shown results obtained using our generalized Dicke model.

Previous studies on the Dicke model have used identical atoms, only varying proper-

ties of both at the same. However, it is practically impossible to produce this situation

in a physical lab environment. Because of this, our studies here concerned the anal-

ysis of results obtained with dissimilar atoms, to form an extension of previous work

in this field. We first showed that our model produces gauge invariant results when

including the correction and does not without it. We noted that the corrected spectra

are once again much richer with some very interesting features.

We then examined the effect of allowing the resonant frequency of the second atom
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to vary and showed that there are peaks visible off-resonance that cannot be seen when

the second atom is on-resonance with the rest of the system. We demonstrated that

this conclusion holds for a large range of normalized coupling strengths even down to

the verge of USC. This shows that this first extension, namely the ability to model

two atoms with dissimilar resonant frequencies, has important implications not just

in the USC regime. We did also identify the transitions causing the visible peaks.

Next, we then chose a few values of the second atom’s frequency, including resonant

with the first atom, to explore the second extension of our model, the ability to change

the coupling strength of the second atom relative to the first. We observed that some

of the separate peaks can only be identified as separate peaks due to the coupling

of the second atom. Indeed, a single peak without the second atom’s coupling splits

into three when the coupling is introduced in one of the regimes considered. Finally,

we allowed the second atom’s coupling to pick up a phase relative to the first. We

once again compared the results with and without the gauge correction and showed

that the correction causes important changes to the phase dependence of the spectra

results.



95

Chapter 6

Conclusions and Recommendations for Future Work

6.1 Summary and Conclusions

In this thesis, we have analyzed and extended the usual quantum Rabi model (QRM)

for coupled atom-cavity systems, specifically focused on the ultrastrong coupling

(USC) regime of cavity-quantum electrodynamics (cavity-QED). We have used a re-

cently developed theoretical correction to properly (in a gauge invariant way) simulate

the dynamics of these systems using a master equation formalism, and extended this

to include system-bath interactions. We have shown why necessary corrections (what

we call the ‘gauge correction’) arise in this formalism, and how it manifests in the

dipole gauge and the Coulomb gauge. We used a gauge corrected master equation

method to compute several key observables (including photon detection rates, emis-

sion spectra, and quantum correlation functions) and to show the impact of the gauge

correction on these observables.

First, we presented calculations for the cavity emitted spectra. In the dipole

gauge, we showed that, for suitably large atom-cavity coupling rates in the USC

regime, the normal QRM without the gauge correction fails drastically. Indeed, the

gauge correction produces effects that are as significant as counter-rotating effects

in the same regime. We also showed that the gauge correction significantly modifies

the Coulomb gauge results, when compared to previously accepted models (commonly

used in the USC regime). We further showed how the gauge correction causes a similar

impact on other physical observables, including the intensity correlation function and
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cavity excitation number. For all of these observables, we demonstrated that our

theory produces gauge invariant results, showing that our master equations can be

used to explore a wide range of light-matter interaction strengths including the USC

regime. Beyond this, our results show that previously adopted models are incorrect,

producing ambiguous results that do not satisfy gauge invariance in the USC regime.

We next extended our model to include a second atom or two level system. We

explored this extension in two ways: (i) using the second atom as a sensor for de-

termining the spectra, and (ii) coupling the second atom ultrastrongly to inspect the

generalized Dicke model. As a sensor, we showed that our theory does indeed produce

gauge invariant results, and gives us another method of determining the spectra. We

found that under resonant coherent driving, the sensor approach produces an un-

avoidable centre peak not present in the normal spectra. Under incoherent driving,

however, the sensor approach can accurately reproduce the spectra. Further, it can

show the effects of realistic sensing using a detector with a non-flat bath (such as

Ohmic).

Finally, we studied the generalized Dicke model, and first demonstrated the gauge

invariance of the observable spectrum. We then allowed the frequency of the second

atom to vary and we observed peaks that are only present off-resonance. This is a

significant extension beyond the normal Dicke model, which only considers two (or

more) identical atoms. We then changed the second atom’s coupling strength relative

to the first and observed that introducing the coupling of the second atom causes

single peaks to split. Lastly, we allowed a further extension, by adding a relative

phase to the second atom’s coupling strength. We observed that the gauge correction

causes important changes to the phase dependence of the spectra and that the spectra

are insensitive to the relative phase of the coupling below the USC regime.

6.2 Suggestions for Future Work

Possibly the most interesting, but also likely the most difficult, avenue in which to

extend the work done in this thesis concerns the ‘normal modes’ used to describe the
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cavity. We argued in our derivation of the master equations that the cavity exists

as a sum of normal modes. We then added in interaction with an environment to

introduce losses. In reality, losses through the interactions with the outside world

change the modes of the cavity into ‘quasinormal modes’ (Kristensen and Hughes

2014; Kristensen, Herrmann, et al. 2020; Carlson et al. 2021). For a complete theory

of cavity-atom interactions, properly including losses without any approximation, a

potentially significant and important extension of this work would be to include the

true quantized quasinormal modes (Franke, Hughes, et al. 2019; Franke, Ren, et al.

2020; Franke, Richter, et al. 2020) of the cavity from the beginning.

Other extensions could be made by changing the type of driving used, taking the

system through a range of dynamical coupling regimes. Perhaps the most obvious

of these is pulsed excitation (Gustin and Hughes 2018; Gustin 2019), which can be

used, for example, to trigger cavity-QED systems to produce on-demand single pho-

tons or few photon light sources. Another possible extension is bichromatic driving

(two, differently coloured drives), which has been explored in similar systems [sin-

gle quantum dot (Saiko et al. 2019; Gustin, Hanschke, et al. 2021), single quantum

dot detected by a second (Maragkou et al. 2013)], but not yet applied directly to

the systems considered in this thesis. One could imagine selectively exciting a cho-

sen resonance peak in the single-drive spectra with the second drive, enhancing its

characteristics and possibly uncovering new physics. The final proposal we offer is

to simply increase the strength or frequency of the first drive. We have operated

in a perturbative regime, where the low drive strength does not affect the dressing

procedure. If one were to increase the strength of the drive sufficiently, it would need

to be included in the Hamiltonian before the dressing. This would require a Floquet

analysis, significantly complicating the theory (Wu and Timm 2010), but also open-

ing up further rich physics and high field coupling regimes. Alternatively, changing

the frequency of the coherent drive could remove the anomalous centre peak from

the sensor approach spectra, allowing the exploration of different bath correlation

functions for this method.
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Appendix A

Details of the Bogoliubov Transformation

While this is a standard procedure in USC quantum optics ((Yoshihara et al. 2017;

De Bernardis et al. 2018)), for pedagogical purposes, we give a more complete picture

here than can be easily found elsewhere1. To complete the transformation

~ωca†a+D(a+ a†)2 = ~ω̃cc†c, (A.1)

we make use of the Bogoliubov transformation,

a = uc+ vc†, a† = u∗c† + v∗c. (A.2)

In order for this transformation to be canonical (i.e.,
[
ĉ, ĉ†

]
=
[
â, â†

]
= 1), we must

have that the free parameters u and v can be parametrized as,

u = cosh(r), v = sinh(r), (A.3)
1It should be noted that, alternative to this, there are papers that claim that in the dipole

approximation an altered PZW transform eliminates the quadratic term from the Hamiltonian en-
tirely (Vukics et al. 2014).
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and we take both to be real. We now substitute Eq. (A.2) into the left side of Eq. (A.1)

to arrive at,

~ωca†a+D(a+ a†)2 =c†c [~ωc(u2 + v2) + 2D(u+ v)2]

+(c2 + c†2) [~ωcuv +D(u+ v)2]

+[~ωcv2 +D(u+ v)2].

(A.4)

For this to be a useful transformation, we require that the quadratic term vanishes,

~ωcuv +D(u+ v)2 = 0 → u2 + v2

uv
=
−(~ωc + 2D)

D
. (A.5)

Using the hyperbolic forms of u and v and some common identities we have, u2 +v2 =

cosh(2r) and uv = 1
2

sinh(2r). From this we can write

2 coth(2r) =
−(~ωc + 2D)

2D
, (A.6)

which allows us to determine the free parameter in Eq. (A.3),

r =
1

2
coth−1

(−(~ωc + 2D)

2D

)
=

1

4
ln

(
x+ 1

x− 1

)
, (A.7)

where x = −(~ωc+2D)
2D

.

Plugging this back into our definition of u and v we arrive at,

u =
1

2

√ωc
ω̃c

+

√
ω̃c
ωc

 =
ωc + ω̃c

2
√
ωcω̃c

,

v =
1

2

√ωc
ω̃c
−
√
ω̃c
ωc

 =
ωc − ω̃c
2
√
ωcω̃c

,

(A.8)

where we have defined the renormalized frequency,

ω̃c ≡
√
ω2
c + 4Dωc/~. (A.9)
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From this definition, and neglecting the last (constant) term2 in Eq. (A.4), we have:

~ωca†a+D(a+ a†)2 = [~ωc(u2 + v2) + 2D(u+ v)2]c†c = ~ω̃cc†c. (A.10)

2It is easy to show that this constant term leads to ~ωc(a
†a+1/2)+D(a+a†)2 = ~ω̃c(c

†c+1/2).
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