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Abstract

This dissertation considers the problem of feedback controller design for systems rep-

resented in non-exact generalized Hamiltonian form. The generalized Hamiltonian

representation of dynamical systems has some properties that facilitates stability and

controller design for nonlinear control systems. Despite extensive studies on gener-

alized or port-Hamiltonian controlled systems, application to chemical engineering

processes is limited as mass and energy balances are di�cult to re-write exactly in

potential-driven forms. We represent dynamics as a combination of a structured gen-

eralized Hamiltonian component and of an unstructured component. We explore the

stability of the unforced system after introducing the non-exact generalized Hamilto-

nian form and show that the non-exact generalized Hamiltonian system is stable in

open-loop given mild assumptions on the unstructured component. Then, we exploit

the properties of the structured part of the dynamic to design a state and observer-

based feedback controller to stabilize the system at a desired set-point. In the next

stage, we demonstrate the robustness of the proposed algorithms by modifying the

obtained controller so that it can handle uncertain parameters and ensure stability

even if exact parameter estimation is not available. In the last phase of the research,

we aim to develop adaptive state and observer-based stabilizing feedback controllers
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guaranteeing exact parameter estimation. Di�erent cases and applications are dis-

cussed.
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Chapter 1

Introduction

1.1 Motivations

Port-Hamiltonian (pH) systems (or generalized Hamiltonian systems) have attracted

the attention of many researchers in recent years as a modeling framework useful for

feedback control design and analysis of physical systems. The structured properties of

this class of systems facilitate stabilizing and tracking controller design for a wide class

of dynamical systems [92]. However, controller performance and stability properties

can be lost due to model uncertainties and parameter uncertainties in applications.

Moreover, for a given nonlinear system, and in particular for chemical engineering

control systems, it is often di�cult to compute an exact pH representation without

solving a matching problem. Studies on feedback stabilization of approximate pH

systems were presented in [33] by exploiting a homotopy-based decomposition. This

approach exploits the geometric structure of the anti-exact part of the dynamics.

In the present research project, we follow this general approach to generalized

Hamiltonian systems stabilization by considering a class of systems represented as the
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combination of a generalized Hamiltonian system generated by a quadratic Hamilto-

nian function combined with an unstructured dynamical component. The proposed

approach uses the structured part of the dynamics for feedback design in such a

way that the unstructured part of the dynamics is dominated to ensure stabilization,

recovering, for general control-a�ne systems, the simplicity of pH control design tech-

niques. The general objective is to study conditions for stabilizing feedback design

for this proposed class of nonlinear systems, gradually building from known systems

with approximate representation to systems with parametric uncertainties, and using

ideas from adaptive control design theory. For all problems considered, the proposed

approach is developed �rst using state feedback design and then for observer-based

output feedback design.

1.2 Problems Formulation and Objectives

We are mainly focused on developing the existing ideas of pH systems to �nd suitable

nonlinear control strategies for the class of proposed nonlinear systems. As mentioned

above, one important challenge in using pH system is to �nd an exact structured rep-

resentation in pH form. Besides, most of the provided controller design approaches in

the literature rely on �nding a proper energy function for the system (energy or power

shaping control). Solving the so-called matching problem involves the solution of set

of Partial Di�erential Equations (PDEs) which is practically a hard mathematical

task. To deal with these problems, we consider an non-exact generalized Hamilto-

nian representation; a framework that facilitates the stability analysis and controller

design for a broad range of dynamical system. By utilizing this idea, we can split

the system dynamic into two portions of structured and unstructured component.
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Then, we tend to use the structured part property of dynamical systems to better

understand the trajectories behavior and therefore, provide a more e�cient control

design.

Then, we study systems with uncertain and unknown parameters. Our main goal

is to render the proposed feedback controllers more robust so that it can handle

parametric uncertainties without having to obtain exact parameter values. On that

note, we only try to keep the system stable at the desired steady state. As a result,

we do not mind what parameter values are obtained as long as they do not degrade

controller performance.

In the last stage of the thesis, we study the problems of adaptive state and output

feedback controller design with precise parameter estimation. The necessary tools to

achieve stabilization in these cases are presented and special cases are investigated to

illustrate in which cases it is possible to apply the results developed in this thesis to

typical chemical engineering applications.

To summarize, the four principal objectives of this thesis are:

1. Present the dynamical systems in a (partially) structured framework and ex-

ploit the properties of structured dynamical system to investigate stability and

boundedness of trajectories;

2. Design nonlinear feedback controller with applications to nonlinear chemical

processes stabilization;

3. Study the e�ects of parametric uncertainty and develop adaptive control method

aiming to stabilize the system at desired steady state; and,

4. Develop controller design to acquire an exact estimation of unknown parameters
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in both state and output feedback control design frameworks.

Results pertaining to objectives 1 and 2 are presented in Chapter 3. This Chapter

also contains the problem of robust controller design for uncertain systems where the

robust controller is separately designed for state and output feedback stabilization.

The ultimate objective of the project, i.e., adaptive feedback stabilization with

parameter estimation, is presented in Chapter 4 where a framework is proposed and

where ideas on how to exploit structured dynamics for adaptive stabilization and

parameter estimation are discussed. The problem is re-investigated for special cases

where we can relax some limiting assumptions and obtain results that can be widely

applied to chemical processes when a model is available.

1.3 Summary of Contributions

The main contributions of this research project are as follows:

1. Nonlinear state feedback control design for port-Hamiltonian systems with un-

structured component (Chapter 3, Section 3.1). Originally published in [3]

2. Observer and dynamic feedback stabilizing control design for generalized Hamil-

tonian systems with unstructured dynamics (Chapter 3, Section 3.2). Originally

published in [4]

3. Nonlinear state feedback control of generalized Hamiltonian systems with un-

structured component (Chapter 3, Section 3.2). To be submitted.

4. Observer-based adaptive output feedback stabilization of generalized Hamilto-

nian systems with unstructured component (Chapter 3, Section 3.2). Originally

published in [5]
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5. Adaptive state feedback controller design for uncertain non-exact generalized

Hamiltonian systems (Chapter 4, Section 4.1). To be submitted.

6. Adaptive output feedback controller design for uncertain non-exact generalized

Hamiltonian systems (Chapter 4, Section 4.2). To be submitted.

All contributions were written with the author as the principal investigator under

the supervision of Prof. Nicolas Hudon.

1.4 Structure of the Thesis

The thesis is structured as follows.

Chapter 2 presents the a literature review on stability notions, passive systems,

energy-based representation, feedback control design techniques for generalized Hamil-

tonian system and adaptive and robust control approach for this class of systems with

a discussion on applications to chemical processes. The chapter concludes with the

presentation of the class of systems considered in this thesis: The non-exact general-

ized Hamiltonian Systems.

In Chapter 3 , the problems of state and output feedback controller design are

studied for control-a�ne systems using the proposed approximate representation,

�rst for known systems and then for systems with uncertain parameters. The chapter

contains results for the stability analysis and dynamic controller design of Non-exact

Generalized Hamiltonian (NGH) systems with unstructured dynamics both for state

feedback and observer-based output feedback design. Adaptive controller design tech-

niques are developed for both cases to achieve stability in closed-loop without exact

estimation of the uncertain parameters. Numerical results show that, in fact, relaxing
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the need for parameter estimation does not destroy the stabilizing properties of the

structured-based feedback design strategies.

The research on adaptive controller along with an exact parameter estimation

is presented in Chapter 4. Two schemes, state feedback and observer-based output

feedback, developed in Chapter 3 are extended to achieve stabilization and exact

parameter estimation. Di�erent ideas from the literature are discussed, notably exact

estimation with and without dither signal. To broaden the application in chemical

processes, the special case of isothermal van de Vusse chemical reactor is studied.

A summary of the results presented in the document and the suggested future

works are given in Chapter 5.
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Chapter 2

Literature Review and Background

In this chapter, we present background notions about stability, passive systems,

energy-based system representations, and corresponding control design strategies de-

veloped in the literature for stabilization of port-Hamiltonian (pH) systems. In Sec-

tion 2.5, we propose a class of approximate port-Hamiltonian systems, where the

dynamics is composed of a structured part and an unstructured part. This class of

systems is the main objective of our studies for this research project.

2.1 Nonlinear System Stabilization

In this section, we review stability and passive system properties following the pre-

sentation from the classical references by Khalil [40] and van der Schaft [91].

2.1.1 Stability

We consider dynamical autonomous systems of the form

ẋ = f(x), x(0) = x0, (2.1)



2.1. NONLINEAR SYSTEM STABILIZATION 8

with x ∈ D ⊂ Rn, with D a domain that contains the origin x = 0. We assume

that f is locally Lipschitz in x, i.e.,

‖f(x)− f(y)‖ ≤ L‖x− y‖.

We also consider non-autonomous systems of the form

ẋ = f(t, x) (2.2)

where t ∈ R≥0 and f : [0,∞) × D → Rn is piecewise continuous in t and locally

Lipschitz in x on [0,∞)×D.

2.1.2 Lyapunov Stability

This section reviews elements of Lyapunov stability theory for systems of the form

(2.1). First, consider the following de�nition.

De�nition 2.1.1. [40](Lyapunov Stability) The equilibrium point x∗ = 0 of (2.1) is

� stable if, for each ε > 0, there is δ = δ(ε) > 0 such that

‖x(0)‖ < δ =⇒ ‖x(t)‖ < ε, ∀t ≥ 0. (2.3)

� unstable if it is not stable.

� asymptotically stable if it is stable and δ can be chosen such that

‖x(0)‖ < 0 =⇒ lim
t→∞

x(t) = 0. (2.4)
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Let V : D → R be a continuously di�erentiable function de�ned on a domain

D ⊂ Rn that contains the origin. The derivative of V along the trajectories of (2.1),

denoted by V̇ (x), is given by

V̇ (x) = LfV, (2.5)

where LfV denotes the Lie derivative of V along the vector �eld f .

Theorem 2.1.1 (Lyapunov Stability Theorem). Let x∗ = 0 be an equilibrium point

of (2.1) and D ⊂ Rn be a domain containing the origin. Let V : D → R be a

continuously di�erentiable function such that

� V (0) = 0,

� V (x) > 0 for x ∈ D\0,

� V̇ (x) ≤ 0 for x ∈ D.

Then x∗ = 0 is stable. Moreover if

� V̇ (x) < 0 for x ∈ D\0,

Then x∗ = 0 is asymptotically stable.

A function V such that the conditions of the above theorem hold is called a

Lyapunov function.

2.1.3 Lasalle Invariance Principle

Let x(t) denote a solution of (2.1). A point p is said to be a positive limit point of

x(t) if there is a sequence tn, with tn →∞ as n→∞ such that x(tn)→ p as n→∞.

The set of all limit points of x(t) is called the positive limit set of x(t).
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A set M is said to be an invariant set with respect to (2.1) if

x(0) ∈M =⇒ x(t) ∈M, ∀t ∈ R.

A set M is said to be a positively invariant set if x(0)

x(0) ∈M =⇒ x(t) ∈M, ∀t ≥ 0.

A solution of (2.1) is said to approach a setM as t approaches in�nity, if for ε > 0,

there is a T > 0 such that

dist(x(t),M) < ε, ∀t > T,

where dist(p,M) denotes the smallest distance from a point p to any point in the

set M , i.e.,

dist(p,M) = inf
x∈M
‖p− x‖.

The asymptotically stable equilibrium is the positive limit set of every solution

starting su�ciently near the equilibrium point. A fundamental property of limit sets

is stated in the next lemma, whose proof is given in [40].

Lemma 2.1.1. If a solution x(t) of (2.1) is bounded and belongs to D for t > 0,

then its positive limit set L+ is a nonempty, compact, invariant set. Moreover, x(t)

approaches L+ as t→∞.

We are now ready to state LaSalle's Theorem.
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Theorem 2.1.2 (LaSalle Invariance Principle). Let Ω ⊂ D be a compact set that is

positively invariant with respect to (2.1). Let V : D → R be a continuously di�eren-

tiable function such that V̇ (x) ≤ 0 in Ω. Let E be the set of all points in Ω where

V (x) = 0. Let M be the largest invariant set in E. Then every solution starting in

Ω, approaches M as t→∞.

When our interest is in showing that x(t)→ 0 as t→∞, we need to establish that

the largest invariant set in E is the origin. This is done by showing that no solution can

stay identically in E, other than the trivial solution x(t) = 0. Specializing Theorem

2.1.2 to this case and taking V (x) to be positive de�nite, we obtain the following two

corollaries.

Corollary 2.1.1. Let x = 0 be an equilibrium point for (2.1). Let V : D → R be

a continuously di�erentiable positive de�nite function on a domain D containing the

origin x = 0, such that V̇ (x) ≤ 0 in D. Let W = {x ∈ D | V̇ (x) = 0} and suppose

that no solution can stay identically in W , other than the trivial solution x(t) = 0.

Then, the origin is asymptotically stable.

Corollary 2.1.2. Let x = 0 be an equilibrium point for (2.1). Let V : D → R be

a continuously di�erentiable, radially unbounded, positive de�nite function such that

V̇ (x) ≤ 0 for all x ∈ Rn. Let W = {x ∈ Rn | V̇ = 0} and suppose that no solution

can stay identically in W , other than the trivial solution x(t) = 0. Then, the origin

is globally asymptotically stable.

2.1.4 Comparison Functions

For the non-autonomous systems (2.1), one degree of di�culty arises from the fact

that the solution of system ẋ = f(t, x), starting at x(t0) = x0 depends on both t
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and t0. It turns out that there are more transparent de�nitions which use special

comparison functions, known as class K and class KL functions.

De�nition 2.1.2. A continuous function α : [0, a)→ [0,∞) is said to belong to class

K if it is strictly increasing and α(0) = 0. it is said to belong to class K∞ if a = ∞

and α(r)→∞ as r →∞.

De�nition 2.1.3. A continuous function β : [0, a)× [0,∞)→ [0,∞) is said to belong

to class KL if, for each �xed s, the mapping β(r, s) belongs to class K with respect to

r, and for each �xed r, the mapping β(r, s) decreasing with respect to s and β(r, s)→ 0

as s→∞.

The next lemma states some useful properties of class K and class KL functions,

which will be needed later on.

Lemma 2.1.2. Let α1 and α2 be a class K functions on [0, a), α3 and α4 be a class

K∞ functions, and β be a class KL function. denote the inverse of αi by α
−1
i . Then,

� α−11 is de�ned on [0, α1(a)) and belongs to class K.

� α−13 is de�ned on [0,∞) and belongs to class K∞.

� α1 ◦ α2 belongs to class K.

� α3 ◦ α4 belongs to class K∞.

� σ(r, s) = α1(β(α2(r), s)) belongs to class KL.

Class K and class KL functions enter into Lyapunov analysis through the next

lemmas.
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Lemma 2.1.3. Let V : D → R be a continuous positive de�nite function de�ned on

a domain D ⊂ Rn that contains the origin. Let Br ⊂ D for some r > 0. Then, there

exist class K function α1 and α2, de�ned on [0, r], such that

α1

(
‖x‖
)
≤ V (x) ≤ α2

(
‖x‖
)

for all x ∈ Br. If D = Rn, the functions α1 and α2 will be de�ned on [0,∞) and the

foregoing inequality will hold for all x ∈ Rn. Moreover, if V(x) is radially unbounded,

then α1 and α2 can be chosen to belong to class K∞.

2.1.5 Input-to-State Stability

The notion of Input to State Stability (ISS) addresses the internal stability of forced

system with bounded input. First, we consider the forced autonomous system

ẋ = f(t, x, u), (2.6)

where f : R≥0 × Rn × Rm → Rn is piecewise continuous in t and locally Lipschitz in

x and u. The following De�nition is presented from [49]. We also assume that the

unforced system

ẋ = f(x, 0) (2.7)

has a uniformly asymptotically stable equilibrium point at the origin x = 0.

De�nition 2.1.4. Suppose the unforced system (2.1) has a stable equilibrium point

at the origin. The system (2.6) is said to be ISS if for any initial value x(0) in the

domain of interest, the trajectory of the system is bounded for every bounded input.
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The mathematical concept of ISS property is de�ned as below

Theorem 2.1.3. A continuous function V : [0,∞) × Rn → R is an ISS Lyapunov

function for the system (2.6) if and only if there exist class K functions α1, α2, α3,

and σ such that the following two conditions are satis�ed

α1

(
‖x(t)‖

)
≤ V (t, x) ≤ α2

(
‖x(t)‖

)
, ∀x ∈ D, t > 0 (2.8)

∂V

∂t
+
∂V

∂x
f(t, x, u) ≤ α3(‖x‖) + σ(‖u‖), ∀‖x‖ ∈ D, u ∈ U (2.9)

V is an ISS Lyapunov function if D = Rn,U = Rm , and α1, α2, α3 , and σ ∈ K∞.

An important role are also played by local versions of the ISS property which is

more tied with our study [84]. A system (2.6) is called Locally ISS (LISS) if there exist

a constant ρ > 0 and functions γ ∈ K and β ∈ KL so that for all x0 ∈ Rn : |x0| ≤ ρ,

all admissible inputs u : ‖u‖∞ ≤ ρ and all times t ≥ 0 it holds that

|x(t)| ≤ β(|x0|, t) + γ(‖u‖∞).

2.2 Passivity and Dissipativity

The following presentation follows from the books by Khalil [40, Chapter 6] and van

de Schaft [91, Chapter 3,4]. In passivity theory, we can visualize the nonlinear system

as the input-output block diagram in Figure 2.1.

Σu y

Figure 2.1: Input-Output representation of Σ
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Let us de�ne passivity for a dynamical system represented by the input-state-

output model without feedthrough term

Σ :


ẋ = f(x, u), x ∈ D, u ∈ U

y = h(x), y ∈ Y
(2.10)

where f : Rn × Rm → Rn is locally Lipschitz, h : Rn → Rm is continuous,

f(0, 0) = 0, h(0) = 0 [40] .

De�nition 2.2.1. [7] Assume that associated with the system Σ is a function s :

Rm × Rm → R, called the supply rate, which is locally integrable for every u ∈ U ,

that is, it satis�es
∫ t1
t0
|s(u(t), y(t))|dt < 0 for all t0 ≤ t1. Let D be a connected subset

of Rn containing the origin. We say that the system H is dissipative in D with the

supply rate s(u, y) if there exists a function S(x), S(0) = 0, such that for all x ∈ D

S(x) ≥ 0 and S(x(T ))− S(x(0)) ≤
∫ T

0

s(u(t), y(t))dt (2.11)

for all u ∈ U and all T ≥ 0 such that x(t) ∈ D for all t ∈ [0, T ]. The function S(x)

is then called a storage function.

The inequality (2.11) is called the dissipation inequality. It expresses the fact

that the �stored energy� S(x(T )) of Σ at any future time T is at most equal to the

stored energy S(x(0)) at present time t0 = 0, plus the total externally supplied energy∫ T
0
s(u(t), y(t))dt during the time interval [0, T ]. Hence, for dissipative systems, there

can be no internal �creation of energy�; only internal dissipation of energy is possible

[91].

De�nition 2.2.2. [7] System Σ is said to be passive if it is dissipative with supply
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rate s(u, y) = uTy.

Another important class of supply rates is

s(u, y) =
1

2
γ2||u||2 − 1

2
||y||2, γ ≥ 0, (2.12)

where ||u|| and ||y|| denote the Euclidean norms on U = Rm, respectively Y = Rp.

De�nition 2.2.3. A state space system Σ with U = Rm , Y = RP has L2-gain≤ γ if

it is dissipative with respect to the supply rate s(u, y) = 1
2
||u||2 − 1

2
||y||2. The L2-gain

of the system is de�ned as γ(Σ) :=inf{γ|Σ has L2-gain≤ γ}. Σ is said to have L2-

gain< γ if there exists γ̃ < γ such that Σ has L2-gain≤ γ̃. Finally Σ is called inner

if it is conservative with respect to s(u, y) = 1
2
||u||2 − 1

2
||y||2.

2.2.1 Stability of Passive and Dissipative Systems

As shown in this part, passivity implies stability, and one way to stabilize a plant is

to achieve passivity of the feedback interconnection of the plant-controller feedback

loop. First, consider the following result from van der Schaft [91, Chapter 3].

Proposition 2.2.1. Let s(u, y) be a supply rate, and S : D → R+ be a C1 storage

function for Σ. Assume that s satis�es

s(0, y) ≤ 0, ∀y ∈ Y . (2.13)

Assume furthermore that x∗ ∈ D is a strict local minimum for S. Then x∗ is a

stable equilibrium of the unforced system ẋ = f(x, 0) with Lyapunov function V (x) :=

S(x)−S(x∗) for x around x∗, while s(0, h(x∗)) = 0. If additionally, Ṡ(x) < 0, for all

x 6= x∗, then x∗ is an asymptotically stable equilibrium.
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An important weakness in the asymptotic stability statement of Proposition (2.2.1)

concerns the condition Ṡ(x) < 0 for all x 6= x∗. In general, this condition cannot be

inferred from the dissipation inequality (unless, e.g., y = x). The main remedy of

this weakness is based on LaSalle's Invariance principle.

Proposition 2.2.2. Let S : D → R+ be a C1 storage function for Σ. Assume that

the supply rate s satis�es

s(0, y) ≤ 0, for all y

Assume that x∗ ∈ D is a strict local minimum for S. Furthermore, assume that no

solution of ẋ = f(x, 0) other than x(t) ≡ x∗ remains in {x ∈ D|s(0, h(x, 0)) = 0} for

all t. Then, x∗ is an asymptotically stable equilibrium of ẋ = f(x, 0),which is globally

asymptotically stable if V ≥ 0 is proper.

The de�nitions of dissipativity and passivity do not require that the storage func-

tion S be positive de�nite. They are also satis�ed if S is only positive semide�nite.

As a consequence, in the presence of an un-observable unstable part of the system,

they allow x = 0 to be unstable. For dissipativity to imply Lyapunov stability, we

must exclude such situations. In linear systems this is achieved with a detectability

assumption, which requires that the unobservable part of the system be asymptoti-

cally stable. We now de�ne an analogous concept for nonlinear systems [7]. Without

loss of generality take x∗ = 0 and assume h(0) = 0 [91].

De�nition 2.2.4. Σ with y = h(x) is zero-state observable if u(t) = 0, y(t) = 0,∀t ≥

0, implies x(t) = 0, ∀t ≥ 0.

Proposition 2.2.3. Let S ≥ 0 be a C1 storage function with S(0) = 0 for a supply

rate s satisfying s(0, y) ≤ 0 for all y, and such that s(0, y) = 0 implies y = 0. Suppose
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Σ is zero-state observable, then S(x) > 0 for all x 6= 0.

A weaker property of observability, called zero-state detectability, is instrumental

for proving asymptotic stability based on LaSalle's Invariance principle [91].

De�nition 2.2.5. Σ is zero-state detectable if u(t) = 0, y(t) = 0,∀t ≥ 0, implies

limt→∞ x(t) = 0.

Proposition 2.2.4. Let S be a C1 storage function with S(0) = 0 and S(x) >

0, x 6= 0, for a supply rate s satisfying s(0, y) ≤ 0 and such that s(0, y) = 0 implies

y = 0, where h(0) = 0. Suppose that Σ is zero-state detectable. Then, x = 0 is an

asymptotically stable equilibrium of ẋ = f(x, 0). If additionally S is proper then 0 is

globally asymptotically stable.

A drastic simpli�cation of the conditions for (output strict) passivity occurs for

systems de�ned in a�ne form given as

Σa :


ẋ = f(x) + g(x)u,

y = h(x).

(2.14)

This class of systems is to be used in the sequel. We next review passive-based

techniques for stabilization of nonlinear control systems.

2.2.2 Passivity by Feedback

We can consider the problem of transforming a non-passive system into a passive

system by the application of state feedback. Most of the materials in this section are

presented from [91]. We consider the control a�ne system Σa with equal number of
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inputs and outputs. Furthermore, let us consider the set of regular state feedback

laws

u = α(x) + β(x)ν, α(x) ∈ Rm, β(x) ∈ Rm×m and detβ(x) 6= 0, (2.15)

leading to the closed-loop systems

Σα,β :


ẋ = [f(x) + g(x)α(x)] + g(x)β(x)ν,

y = h(x)

(2.16)

with new inputs ν ∈ Rm. The system Σa is said to be feedback equivalent to Σα,β.

From [91], there are two necessary conditions for feedback equivalence to a passive

system. Subsequently, it is shown that these two conditions are su�cient as well; at

least for a locally de�ned feedback transformation.

Proposition 2.2.5. Suppose Σ is feedback equivalent to a passive system Σα,β with

storage function S. Then, the following inequality

S(x(t1))− S(x(t0)) ≤ 0

holds for all solutions (x(t), u(t)), t ∈ [t0, t1], of the zero-output constrained dynamics

Σc de�ned by

Σc
α,β :


ẋ = [f(x) + g(x)α(x)] + g(x)β(x)ν,

0 = h(x).

Proposition 2.2.6. Suppose Σ is locally feedback equivalent to a passive system about

x∗ with C2 storage function S, which is positive de�nite at x. Assume that either
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hx(x)g(x) has constant rank on a neighborhood of x∗, or that Sxx(x
∗) is positive

de�nite and rank g(x∗) = m. Then, rank hx(x)g(x) = m in a neighborhood of x∗, and

Sx(x)[f(x) + g(x)u∗(x)] ≤ 0, x ∈ Dc, (2.17)

with uc de�ned by

uc := −[hx(x)g(x)]−1hx(x)f(x). (2.18)

The following Theorem from [91] shows that these conditions are actually su�cient

as well.

Theorem 2.2.1. Consider the system Σ. Suppose rank hx(x
∗)g(x∗) = m at a certain

point x∗ with h(x∗) = 0, and let Sc : Dc → R+ satisfy (2.18) locally around x∗, where

Dc and uc are de�ned by

Dc := {x ∈ D|h(x) = 0}

and (2.17), respectively. Then, Σ is locally around x∗ feedback equivalent to a passive

system with storage function S : Dc → R+ (locally de�ned around x∗). Furthermore,

if Sc is positive de�nite at x
∗, then so is S.

2.3 Energy-based Representation of Nonlinear Systems

Energy-based representations of dynamical systems have been extensively studied in

recent decades. The presentations are stimulated from the physical concepts of the

systems which assumes that any dynamical system contains a certain amount of en-

ergy known as a Hamiltonian function [64, 59]. For the sake of clarity, we could
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classify them in three main con�gurations; generalized Hamiltonian, Power-based dy-

namical system and port-Hamiltonian systems. Using these speci�c structures of the

system simpli�es the stability analysis and controller design in this representation. In

the sequel, a review of each class is presented.

2.3.1 Generalized Hamiltonian Systems

The key point in applying the generalized Hamiltonian function method is to express

the system into a generalized Hamiltonian system with dissipation, and then elimi-

nate the non-dissipative part by a state feedback to get a Hamiltonian system with

dissipation [97, 100]. Initially introduced by Chen et al. [13], Wang et al. [100]

developed the Generalized Hamiltonian form of a nonlinear system and showed that

it is achievable if the Jacobian matrix of the linearized system is non-singular. They

also showed that the Generalized Hamiltonian is still achievable for singular Jaco-

bian matrix if the diagonal main blocks are nonsingular. It was shown in [97] that

every control a�ne dynamical system can be realized to a dissipative (Generalized)

Hamiltonian provided that the linearization of system is controllable.

In chemical engineering application, the system's thermodynamic properties chal-

lenge the process of �nding a proper generalized Hamiltonian form. The reason is that

the dissipative and conservative structure of this system is not explicit [55, 57, 31].

Garcia et al. [31] introduced an approach to construct the generalized Hamiltonian of

thermo-mechanical systems based on entropy formulation of intensive and extensive

variables. Also, this structure has been applied for the study of reaction networks

[65].

The mathematical representation of Generalized Hamiltonian systems is as follows.
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Lets consider the unforced dynamical system

ẋ = f(x), x ∈ D (2.19)

and the control a�ne system de�ned by

ẋ = f(x) + g(x)u. (2.20)

De�nition 2.3.1. [13] System (2.19) is said to have a Generalized Hamiltonian Re-

alization (GHR) if there exist a suitable coordinate chart and a Hamiltonian function

H such that system (2.19) can be expressed as

ẋ = Q(x)∇H, (2.21)

where ∇H = ∂H
∂x
. If the structure matrix Q(x) can be expressed as Q(x) = J(x) −

R(x), with skew-symmetric matrix J(x) and positive semi-de�nite symmetric ma-

trix R(x), then system (2.21) is called a Dissipative Hamiltonian Realization (DHR).

Furthermore, if R(x) > 0, (2.21) is called a strictly DHR.

De�nition 2.3.2. [13] A controlled dynamic system (2.20) with f(0) = 0 is said to

have a state feedback Hamiltonian realization if there exists a suitable state feedback

law u = α(x) + g(x)ν, such that closed-loop system can be expressed as

ẋ = Q(x)∇H + g(x)ν. (2.22)

If Q(x) can be expressed as Q(x) = J(x) − R(x), with J(x) skew-symmetric and

R(x) ≥ 0(> 0), then (2.22) is called a feedback (strictly) DHR.
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For further results about GHR and DHR, the reader is referred to [13].

2.3.2 Power-based Systems

There is a problem known as pervasive dissipation in stabilization of systems with

energy-balancing control [59]. This obstacle basically means that the energy dissipa-

tion of the system for stabilization is not bounded or alternatively the amount of en-

ergy extracted from the controller for stabilizing the system at the desired equilibrium

is not �nite. To overcome this problem, the alternative paradigm of power-shaping

was introduced by Ortega et al. [58] wherein, as suggested by its name, stabilization

is achieved shaping a function akin to the power instead of the energy function. That

was the motivation to introduce the power-based model representation for dynamical

systems. Initially, this form of the dynamics has been obtained by Brayton and Moser

for complete reciprocal nonlinear networks. The main idea was showing that it is pos-

sible to describe their behavior as a gradient system associated to a scalar function,

called the mixed potential [11]. The application in process engineering has been ex-

plored by di�erent researchers. In [26, 25], the Brayton�Moser system representation

of the non-isothermal CSTR was developed and then, a solution the PDE system

originated from power-shaping control technique was provided. In [34], a thermody-

namic stability criterion was developed for non-isothermal CSTRs in addition to links

between the Brayton�Moser formulation and Port (pseudo) Hamiltonian modeling of

CSTR. The key result was that a solution of the Brayton�Moser formulation can

easily be found by using the proposed criterion. The other application is for Heating,

Ventilation and Air-Conditioning (HVAC) systems for buildings [16].
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The extension of power-shaping control to general nonlinear systems and its appli-

cation in two-tank system was studied in [30]. To improve the controller performance

a dynamic extension was proposed by [46] which is equal to the PI controller in the

linear system; the obtained results were validated for a CSTR process. Combination

of integral and adaptive control with power-shaping approach has been studied in

di�erent mechanical applications [66, 20, 19].

The system dynamics for the power-based representation is of the following form

Q(x)ẋ = ∇P (x) +G(x)u, (2.23)

where Q : Rn → Rn×Rn is a nonsingular square matrix function, P : Rn → R is a

scalar function of class C2, G : Rn → Rn×Rm is a matrix function [34]. Additionally,

the symmetric part of the matrix Q(x) is negative semi-de�nite, i.e.,

Q(x) +Qt(x) ≤ 0. (2.24)

The function P (x) is called the potential function. By identifying control a�ne

system (2.20) and power-based system (2.23), the following relations are obtained

∇P (x) = Q(x)f(x)

G(x) = Q(x)g(x).

The necessary and su�cient conditions for the existence of (2.23) is the symmetry of

the Hessian matrix H(P ) of P (x) :

H(P ) =
(
H(P )

)t
.
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It should be noted that the Brayton�Moser formulation requires some heavily math-

ematical calculations in general [34].

Materials for controller derivation is presented from [30]. Consider the Brayton�

Moser model described by (2.23). We make the observation that if Q(x) +QT (x) ≤ 0

then the system satis�es the power-balance inequality

P (x(t))− P (x(0)) ≤
∫ t

0

uT (τ)ỹ(τ)dτ, (2.25)

with ỹ = h̃(x, u) and

h̃(x, u) := −GT (x)Q−1(x)[∇P (x) +G(x)u]. (2.26)

This property follows immediately pre-multiplying (2.23) by ẋT and then inte-

grating. The mixed-potential function is shaped with the control u = û(x) where

G(x)û(x) = ∇Pa(x) (2.27)

for some Pa : Rn → R. This yields the closed-loop system Q(x)ẋ = ∇Pd(x), with

total Lyapunov function Pd(x) := P (x) + Pa(x), and the equilibrium will be stable if

x∗ =argminPd(x).

The two key observations are, �rst, that the resulting controller is power-shaping,

in the sense that the power function assigned to the closed-loop system is the di�erence

between the total power of the system and the power supplied by the controller.

Indeed, from (2.26) and (2.27) we have that

Ṗa = −ûT (x)h̃(x, û(x)) (2.28)



2.3. ENERGY-BASED REPRESENTATION OF NONLINEAR
SYSTEMS 26

which, upon integration, established the claimed property. Second, in contrast with

energy-balancing control, power-balancing is applicable to systems with pervasive

dissipation. The right hand side of (2.28) is, from (2.23), zero at the equilibrium,

therefore this equation may be solvable even if ûT (x∗)h(x∗) 6= 0.

To make the procedure applicable to nonlinear systems, we should apply Poincare

lemma. Then the power-shaping problem boils down to the solution of two linear

homogeneous PDEs. The following Proposition shows the main approach for power-

shaping control of nonlinear systems.

Proposition 2.3.1. Consider the general nonlinear system (2.20). Given an equi-

librium point x∗ ∈ X∗ ⊂ Rn, where X∗ := {x̄ ∈ Rn|g⊥(x̄)f(x̄) = 0}, and g⊥(x) is a

full-rank left annihilator of g(x). Assume

1. There exists a nonsingular matrix Q : Rn → Rn×n that

� is obtained from solution of following partial di�erential equation, and,

∇(Q(x)f(x)) = [∇(Q(x)f(x))]T , (2.29)

� veri�es Q(x) +QT (x) ≤ 0 in a neighborhood of x∗.

2. There exist a scalar function Pa : Rn → R, (locally) positive de�nite in a

neighborhood of x∗ , that veri�es

� g⊥(x)Q−1(x)∇Pa(x) = 0,

� ∇Pa(x∗) = 0,∇2Pd(x
∗) > 0, with Pd(x) := P (x)+Pa(x), and P (x) satis�es

∇P (x) = Q(x)f(x).
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Then, the control law

u = [gT (x)QT (x)Q(x)g(x)]−1gT (x)QT (x)∇Pa(x) (2.30)

ensures x∗ is a (locally) stable equilibrium with Lyapunov function Pd(x).

Assume, in addition, that

3. the equilibrium x∗ is an isolated minimum of Pd(x), and as well, x∗ is the largest

invariant set contained in the set

x ∈ Rn|∇TPd(x)[Q−1(x) +Q−T ]∇Pd(x) = 0.

Then, x∗ is an asymptotically stable equilibrium and an estimate of its domain of

attraction is given by the largest bounded level set {x ∈ Rn|Pd(x) ≥ c}.

2.3.3 Port-Hamiltonian Systems

Port-Hamiltonian (pH) system is another important energy-based representation of

dynamical system which was initially introduced by Maschke and van de Schaft [50]

and further developed by Ortega et al. [64, 59]. This class of systems has been derived

from network modeling of physical systems in a variety of physical domains. Using

this structure describes a wide range of dynamical system including chemical processes

and gives a clear relation between dynamics and energy of the system. These systems

are endowed with the passivity properties and the evident system structure allowing

an energy interpretation of these systems which is, in fact, a consequence of their

system formulation. They are de�ned in terms of a Hamiltonian function together
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with two geometric structures (corresponding, respectively, to power-conserving in-

terconnection and energy dissipation), which are such that the Hamiltonian function

automatically satis�es the dissipation inequality [91]. The main premise of this ap-

proach is an alternative view-point that focuses on interconnection described by these

models which facilitates the stability and control problem study of interconnected sys-

tems. Indeed, the Hamiltonian function in pH systems is the total energy, potential

and kinetic energy in physical systems, and can play the role of Lyapunov function

for the system [91, 59]. However, when the system is forced by external input, the

Hamiltonian function dose not necessarily have a minimum at the desired operat-

ing point. In this case, we could employ a pre-feedback and shape the Hamiltonian

function such that the closed-loop system has Hamiltonian structure with the modi-

�ed function to ensure stability [23, 59, 73]. Furthermore, under some detectability

conditions, asymptotic stability is also ensured [75]. For more information about pH

systems, the reader is referred to [92] where an extensive material is provided.

In chemical engineering applications, contrary to the most mechanical and elec-

trical systems, the energy does not have a clear meaning. That is mainly because

of the thermodynamic properties of the chemical systems which prevents a clear in-

terpretation of Hamiltonian or Lyapunov function. However, the storage function do

not always need to carry the explicit physical meaning and any positive (semi)de�nite

functions can actually be considered as a storage function where the notion of physical

energy become the abstract energy i.e., the implicit energy. This fact has motivated

many researchers to apply energy-based analysis for the chemical processes. For ex-

ample, CSTR stability and control has been studied in di�erent studies. The pH and

pseudo-Hamiltonian derivation and control of both isothermal and non-isothermal
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CSTR was studied in [35, 36] using the thermodynamic property of the system. It

has also been shown in [65] that the closed (isolated) reversible chemical reaction

networks with independent elementary reactions admit a global pseudo-Hamiltonian

structure which is at least locally dissipative around any equilibrium point.

There is a challenge in systems in non-isothermal reaction which prevents to repre-

sent the system in standard pH form. The reason is mainly because in non-isothermal

case, some thermodynamic principles of chemical reactions should be taken into con-

sideration when the modeling and stability of the system is investigated. That basi-

cally leads to create a deviation in pH representation known as pseudo-Hamiltonian

or Irreversible Hamiltonian systems. A class of Irreversible pH Systems was also stud-

ied in [70, 69, 67] where it expresses simultaneously the �rst and second principle of

thermodynamics as a structural property. These systems express, just like standard

pH systems, the conservation of energy as a structural property but in addition they

also express (as a structural property) the second law of Thermodynamics: the ir-

reversible production of entropy. The obtained results were tested on CSTR model.

The idea was further applied to the non-isothermal electrochemical processes in [71]

as well as study of reaction networks [95, 68].

An extensive review of stability analysis and controller design for pH system is

presented next. First, we review background about the formulation and the control

of pH systems following mostly the discussions from [91] and [64].

De�nition 2.3.3. [91] An input-state-output port-Hamiltonian system with n-dimensional

state space manifold D, input and output spaces U = Y = Rm, and Hamiltonian

H : D → R, is given as
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ẋ = [J(x)−R(x)]∂H
∂x

(x) + g(x)u

y = gT (x)∂H
∂x

(x),

(2.31)

where the n×n matrices J(x), R(x) Satisfy J(x) = −JT (x) and R(x) = RT (x) ≥

0.

In the de�nition of a pH system, two geometric structures on the state space D

play a role: the internal interconnection structure given by J(x), which by skew-

symmetry is power-conserving, and a resistive structure given by R(x), which by

non-negativity is responsible for internal dissipation of energy [91, 59].

It follows immediately from (2.31) that

dH
dt

(x(t)) = ∂TH
∂x

(x(t))ẋ(t) = −∂TH
∂x

(x(t))R(x(t))∂H
∂x

(x(t)) + yT (t)u(t) ≤ uT (t)y(t),

(2.32)

implying passivity if H ≥ 0. The Hamiltonian H is equal to the total stored

energy of the system, while uTy is the externally supplied power.

In linear systems, the conversion of a dynamic system (2.20) into a pH form is

straightforward but for nonlinear systems, the task is subtle [91]. An interesting

property of this class of systems is that Hamiltonian function H(x) can play the role

of Lyapunov function for stability analysis, i.e., if H(x) admits a strict minimum at

x∗ = 0, then x∗ is a stable equilibrium of the unforced systems

ẋ = [J(x)−R(x)]∇H(x). (2.33)

In fact, the output y in (2.31) is, for this reason, called the passive output and can be
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used to achieve asymptotic stability of the system by feedback. Namely, the feedback

u = −Ky (2.34)

with K > 0 turns the dissipation equality (2.32) into

Ḣ(x) = −∇HT (x)(R(x) + gT (x)Kg(x))∇H(x).

The feedback (2.34) changes the damping matrix R(x) of the pH system to R̄(x)

and is therefore called damping injection [23]. However the point where the open-loop

energy is minimal is not necessarily of practical interest, and control is introduced to

operate the system around some non-zero equilibrium point, say x∗.

2.3.4 State Feedback Control Design for pH Systems

There are di�erent methods in the literature to study stabilization and controller

design for pH systems. Most of the techniques seek to �nd a static state feedback

controller which solves the matching and non-matching PDE equations resulting from

either Energy Shaping [64, 59, 63] and Interconnection-Damping Assignment (IDA-

PBC) [64]. In energy-shaping control , the controller reshapes the energy function of

the system so that it has a minimum at the desired equilibrium point. In IDA-PBC,

the control application is extended to a broader class of system, where in contrary

to the Energy-shaping which is limited to shaping the potential energy only, one can

shape the total energy of the system [64]. The IDA-PBC ontrol design method pro-

vides an algorithm to derive a feedback that renders a general input a�ne system to a

PH system. Although the Hamiltonian of the identi�ed pH systems lacks the relation
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to physical energy, it reveals the system structure and is a suitable storage function

candidate. But it was also shown that the complexity of the IDA-PBC design and the

stability analysis may increase signi�cantly for larger and more complicated model

equations. With simple ideas and physical considerations it is not only possible to

stabilize nonlinear systems but also to render them passive. This passivity-based

approach to nonlinear systems is superior over canceling out nonlinearities and as-

signing high gain feedback because it can be interpreted physically and additionally

it guarantees the well-known robustness properties of passive systems. Furthermore,

once a system is rendered passive, further passivity-based techniques from the litera-

ture can be applied easily [23]. The application of IDA-PBC for chemical processes is

illustrated in [23, 73]. The technique has also been applied for Irreversible pH system

with applications in CSTR [68] and reaction networks [72].

The performance of pH system with disturbances has also been investigated in

di�erent studies. It was shown in [8] that how designing an internal model based-

regulator able to asymptotically stabilize an equilibrium point in presence of exoge-

nous unknown disturbance generated by an exosystem, can be achieved in the context

of IDA-PBC. It is shown in [22] that adding the integral action to the systems with

relative degree higher than one and containing passive outputs provides a proper

robustifying the standard IDA-PBC technique. The results were extended for non-

passive outputs in [27]. A similar study was carried by Ryalat et al. for mechanical

systems where, in contrary to the previous work, no change of coordinates is required

[75, 76]. The need for a coordinate transformation was also relaxed by adding a

suitable cross term between the plant and the controller states to the closed-loop en-

ergy function by a method suggested in [28]. In most of these studies, either with or



2.3. ENERGY-BASED REPRESENTATION OF NONLINEAR
SYSTEMS 33

without coordinate transformations, solving a set of PDEs is still required. However,

to improve robustness, integral action is added to achieve better performance while

preserving the Hamiltonian form in case the system is subjected to the matched and

unmatched disturbances.

There are also some contributions on the passivity-based design of feedback con-

troller for regulation and tracking purposes. The �rst contribution was for regulation

of control a�ne system [82] and the results were further developed by Nguyen et.al

for pH systems [56, 55, 57] based on convex Hamiltonian assumption. Fujimoto et.al.

also investigated the tracking controller design for Hamiltonian systems based on gen-

eralized canonical transformation [29]. In [105], a technique called Timed IDA-PBC

is introduced for trajectory tracking of pH systems. It is also shown in [46] that

dynamic controller design adds a degree of freedom to improve performance of the

closed-loop system. Recently, in [56], it was shown that dynamic controller is useful

to achieve desired performance for reference tracking.

In the sequel, we review the material for IDA-PB control from [23] in more detail.

Consider the structured system

ẋ = [J(x)−R(x)]∇H(x) + g(x)u, (2.35)

where the n× n matrices J(x), R(x) Satisfy J(x) = −JT (x) and R(x) = RT (x) ≥ 0.

The idea of IDA-PBC is to �nd a static feedback control u = β(x) in order to render

the closed loop an explicit pH system of the form

f(x) + g(x)β(x) = [Jd(x)−Rd(x)]∇Hd(x) (2.36)
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and Hd(x) admits a strict minimum at a desired equilibrium x∗. The common ap-

proach for input a�ne systems is to split (2.36) into two parts, a fully actuated part

and an un-actuated part. Let g⊥ denote a maximum rank left annihilator of g(x) and

g†(x) a left inverse of g(x), that is, g⊥(x)g(x) = 0 and g†(x)g(x) = I. Multiplying

(2.36) from the left, for one, with g⊥(x) and, as a second case, with g†(x) gives the

PDE and the algebraic equation

g⊥f = g(J(x)−R(x))∇Hd(x)

β(x) = g†(x)([J(x)−R(x)]∇Hd(x)− f(x)).

The main di�culty in obtaining a controller of the above form resides in the

requirement of solving a set of PDEs.

For Energy-Balancing (EB) approach we review some materials from [64]. We

present the conditions on the systems natural damping such that stabilization is

achieved via EB. More precisely, we investigate when the function Ha(x) veri�es

Ha[φ(x, t)]−Ha[φ(x, s)] = −
∫ t

s

[φT (x, τ)]gT [φ(x, τ)]∂H
∂x

[φ(x, τ)]dτ,

for all x and all t ≤ s, where φ(x, t) denotes the solution of (2.35) with u = β(x)

starting from the initial condition x at time t and Hd(x) = H(x)+Ha(x). With some

abuse of notation, we will say in this case that the energy function assigned to the

closed-loop by the IDA�PBC satis�es

Hd(x(t)) = H(x(t))−
∫ t

0

uT (s)y(s)ds+ κ (2.37)
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which is the di�erence between the total energy of the open-loop and the energy pro-

vided to the system from the controller, and κ is a constant determined by the initial

conditions. In the sequel, necessary and a su�cient condition for EB stabilization is

reviewed. For necessary conditions, we have the following simple Proposition.

Proposition 2.3.2. Consider the passive system (2.20) with di�erentiable storage

function H(x) and an admissible equilibrium x∗. If we can �nd a vector function

β(x) such that

� The partial di�erential equation

[f(x) + g(x)β(x)]T ∂Ha

∂x
(x) = −[g(x)β(x)]T ∂H

∂x
(x) (2.38)

can be solved for Ha(x).

� The function Hd(x) = H(x) +Ha(x) has a minimum at x∗.

Then, u = β(x) is an energy-balancing stabilizer for the equilibrium x∗. That is, the

Lyapunov function Hd(x) satis�es (2.37).

This result, although quite general, is of limited interest. First of all, the model

(f, g, h) does not reveal the role played by the energy function in the system dynam-

ics. Hence, it is di�cult to incorporate prior information to select a function β(x) to

solve the PDE (2.38). Second, beyond the realm of mechanical systems, the applica-

bility of energy-balancing stabilization is severely restricted by the systems natural

dissipation (dissipation obstacle). Indeed, the left-hand side of the PDE (2.38) is

zero when evaluated at the equilibrium, hence the right-hand side, which is the power

extracted from the controller, should also be zero at the equilibrium. This implies
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that the energy dissipated by the system is bounded, or equivalently, that the system

is stabilized extracting a �nite amount of energy from the controller. This is possible

in regulation of mechanical systems where the extracted power is the product of force

and velocity and we want to drive the velocity to zero. Unfortunately, this is not the

case for most electrical or electromechanical systems where power involves the prod-

uct of voltages and currents, and the latter maybe non-zero for non-zero equilibria

[59, 64].

For a su�ciency condition, we present this Proposition from [64].

Proposition 2.3.3. Consider the IDA-PBC of Proposition 2.3.2 applied to the pH

system (2.35) without damping injection i.e. Ra(x) = 0. Assume the natural damping

of the system veri�es

R(x)
∂Ha

∂x
= 0. (2.39)

Then, the IDA�PBC is an energy-balancing stabilizer.

2.3.5 Observer-based Output Feedback Control Design for pH Systems

The fact that this is not always feasible to measure all states in chemical processes

has motivated to study output feedback control of pH systems. In this framework,

a controller was initially proposed by [60] for food-chain systems represented in pH

form. In [17] an energy-based approach is used to design dynamic output feedback

control of wind energy system subjected to constant matrices in the pH system. Later,

a dynamic output feedback stabilization method was suggested based on equivalence

with the state feedback system [77]. In other works, a passivity-based controller was

studied for exothermic CSTRs along with observer design to estimate unmeasured

values [36]. In [109], a PI-based output feedback controller was designed for the
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stabilization of pH systems with de�ning speci�c Hamiltonian for error dynamics. A

robust PI passivity-based controller has also been proposed by [6] by knowing only

the system input matrix and measuring the actuated coordinates only. Uncertainties

and robustness issues, in both control and structure matrices, is another important

problem that has been studied in some works by using H∞ and adaptive conrol

theory of di�erent pH systems with output measurements only [103]. In a recent

work, the design of an observer-based state feedback controller for linear pH systems

is addressed using Linear Matrix Inequalities (LMIs) [90].

In [110], �rstly, mathematical models of two ships are transformed into pH mod-

els. Using a single output feedback controller, the two pH systems are combined to

generate an enhanced pH system based on Hamiltonian structural attributes. Then,

considering the situation with both external interference and structural parameter

perturbation in the systems, an adaptive robust output feedback controller is de-

signed to stabilize the two systems simultaneously.

To design the output controller, we need to observe the value of unmeasured states.

There are many di�erent strategies illustrated for this purpose, however, the passivity

based oriented design with application in pH systems is restricted to limited works.

Initially, Shim et al. proposed a passivity-based observer design for a nonlinear sys-

tem [81]. In [99], a new observer design method called Augment Plus Feedback is

provided and two kinds of observers are obtained: non-adaptive and adaptive one.

Then, based on the obtained observer, H∞ control design is investigated for the gen-

eralized Hamiltonian system and observer-based control design is proposed. Their

approach was further developed for the class of pH systems by constructing globally

exponentially stable full-order observers in [93]. Inspired from [81], Moreno proved the
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superiority of PI observer for state estimation of the systems containing un-modeled

perturbation [53] and inspired from that, a PI-based observer of pH systems was de-

signed for plasma pro�le estimation in tokamaks nuclear fusion reactor in [94]. In

the discrete-time model, Laila et al. [41] studied the partial state observer design of

the nonlinear system based on its Euler approximate model and applied the obtained

results for output feedback control of pH systems. It was shown there the augmented

PI observer system preserves the pH framework and shows a better performance com-

pared to the proportional observer. Sun et al. investigated the observer-based robust

adaptive control problem for a class of stochastic Hamiltonian systems which includes

parameter uncertainties, unknown state time-delay and input delay [88]. In other con-

tribution by Yaghmaei et al. [106], a full-order nonlinear observer is designed based

on the notion of contractive pH systems. Similar to the IDA-PB method for controller

design, this approach involves the solution of matching equation. Sun et al. [87] have

suggested an observer-based output feedback stabilization and L2 disturbance atten-

uation for a class of uncertain Hamiltonian system with input and output delay. The

observer-based control design for the stochastic Hamiltonian system is also studied

in both cases of with and without parametric uncertainties in [42]. Concerning the

chemical engineering applications, Hoang et al. [36] suggested an asymptotic observer

for passivity-based control of CSTR that do not require knowledge of reaction kinetics

for the case all the measurements are not available. The L2 disturbance attenuation

and observer-based output feedback stabilization of uncertain Hamiltonian system

with input and output delay was investigated in [87].
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2.4 Robust and Adaptive Stabilization for Hamiltonian Systems

The majority of real-world applications are modeled using dynamics with unknown

parameters or uncertain dynamics. This is especially true for chemical processes

where unknown parameters, disturbances, and unmodeled parts commonly exist in

the process dynamic. Although there are a huge number of studies on the adap-

tive and robust control of chemical processes, attention to designs for the generalized

Hamiltonian form is still limited. Therefore, it is vital to expand the adaptive and

robust control scheme for the systems represented in Hamiltonian form. In the se-

quel, we review some existing works about adaptive and robust control of generalized

Hamiltonian systems.

2.4.1 Adaptive Stabilization of Hamiltonian Systems

To have a reasonable evaluation on the unknown parameters, it is necessary to de-

velop an adaptive scheme augmented to the feedback controller design. There are

many studies in the literature over the problem of adaptive control of nonlinear sys-

tems however, the number of investigations with speci�c attention on passivity-based

control is not diverse. In a study by Jiang et al., for the �rst time, they proposed

adaptive stabilization with passive systems standpoints and extend their results to

the interconnected multi-input system composed of chain of feedback strictly passive

subsystems [39]. In other work, an adaptive controller with time-varying gains was

proposed to solve the problem of making a SISO system with a linear parametric

uncertainty, equivalent to passive systems [24]. As well, the problem of passive adap-

tive controller was investigated for parametric [78] and state-dependent uncertainty

[45]. In a recent work by Ortega et al., the problem of indirect adaptive (regulation
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or tracking) control of nonlinear, input a�ne dissipative systems is addressed [61].

In that work, �power-balance� equation is used to estimate the system parameters

using the, with a new estimator that ensures global, exponential, parameter conver-

gence under the very weak assumption of interval excitation of the power-balance

equation regressor. The novelty is that to design the indirect adaptive controller they

made the standard assumption of existence of an asymptotically stabilizing controller

that depends possibly nonlinearly on the unknown plant parameters, and apply a

certainty-equivalent control law.

There are also some investigations on adaptive controller design with a speci�c

focus on the pH system. Wei et al. investigated adaptive parallel simultaneous

stabilization (APSS) of a set of uncertain nonlinear pH systems subject to actuator

saturation and external disturbance proposed a number of results on the design of the

APSS controllers for two and more pH systems [101, 103] and also studied the e�ect

of external disturbances by designing an H∞ controller [102]. The H∞ and L2-gain

adaptive control for parametric uncertainty has also been investigated in [12, 108, 87].

In other work, the adaptive H∞ control problem of a class of time delay nonlinear

Hamiltonian systems with parametric uncertainties and disturbances has been in-

vestigated. Based on the Lyapunov�Krasovskii functional technique, some su�cient

conditions are established and adaptive controllers are designed which guarantee the

asymptotic stability and L2-gain stability of the closed-loop systems [96]. An adap-

tive �nite-time robust H∞ controller was similarly designed in [107] for a class of

nonlinear time-delay Hamiltonian systems. In other studies, Sun et al. investigated

the adaptive control problem for a class of time-delay Hamiltonian systems involving

parameter uncertainties, and time-varying delay [88, 86, 89]. Ryalat et al. suggested
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an adaptive Integral IDA-PBC as part of their results for a class of mechanical system

described in pH representation [76].

For tracking purposes, Dirkz and Scherpen proposed an adaptive tracking scheme

to compensate for the errors of the uncertain parameters [18, 21]. The method has

been studied for standard fully actuated pH mechanical systems and need canonical

transformation which is widely used in mechanical systems. However, error system

resulting from the transformation and the error system with adaptation given in this

paper are both PH.

In more practical standpoints, there are some studies applying adaptive controller

design for systems represented in pH framework. For example, the adaptive passivity-

based nonlinear controller design was developed and studied for wind energy systems

in [47]. In other work, the L2 and H∞ adaptive controller design was studied for the

hydro turbine generating system [108] and synchronous generators with steam valve

with Hamiltonian dynamics [43].

One of the recent topics in the adaptive control of pH systems is to apply data-

based approaches. A few researchers have proposed methods to adaptively control

pH systems using machine learning approaches like reinforcement learning [38, 85]. A

breif survey of data-based adaptive control of pH system is given in [54] and [14]. In

[32], reinforcement learning (RL) designs the PBC parameters via solving PDE online.

Through application of adaptive control techniques, the passivity-based controller

design along with learning could be executed as though the disturbance within the

system could also be eliminated.
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2.4.2 Robust Control of Hamiltonian Systems

In many practical applications, process dynamic is subjected to the unmodelled dy-

namic or external disturbances. It necessitates the robustness of the controller to

guarantee stabilization of the system in the closed-loop. One common way proposed

in the literature is by adding integral action or using dynamic controller in the design.

For instance, a dynamic extension was proposed by [46] to improve the controller per-

formance which is equal to the PI controller in the linear system; the obtained results

were validated in CSTR process. In a work by Ortega et al., the problem of regulation

of the passive output, as well as non-passive output of the pH system was investi-

gated in spite of the presence of disturbances in the non-actuated coordinates. In that

work, a procedure to design robust integral controls for pH models was proposed [62].

The work was a motivation from [22] where integral action is added to robustify the

control of pH system. In [74], the problem of robustness improvement against exter-

nal disturbances, for energy shaping controllers for mechanical systems is addressed.

Robustness is achieved with a dynamics state feedback that adds integral actions, as

well as gyroscopic and damping forces. Pena et al. employed a power shaping control

with integral action to control active and reactive powers of wind turbines connected

to the grid [66]. In [1], a thorough analysis of the dynamics and a fully constructive

robust controller design for a quadrotor plus n-link manipulator in a free motion on

an arbitrary plane is provided, via the lDA-PBC methodology.

The problem of control of partially known nonlinear systems has been studied in

[6], where the systems have an open�loop stable equilibrium, but the goal is to add

a robust PI controller to regulate its behavior around another operating point. The

main contribution is the identi�cation of a class of systems for which a globally stable
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PI can be designed using passivity theory and with knowing only the systems input

matrix and measuring only the actuated coordinates. In [27], a new result on rejection

of unmatched external disturbances on pH systems using Control by Interconnection

(CbI) was presented. The proposed method avoids a change of coordinates keeping

the original state vector, which contains variables with physical interpretation

Combination of integral and adaptive control with power-shaping approach has

also been studied in di�erent mechanical applications [19, 20]. Dirksz et al. intro-

duced the coordinate transformations for systems described in power-based model-

ing, such that the physical structure is preserved. Such a transformation can provide

new insights for both analysis and control design. Second, power-based integral and

adaptive control schemes are presented. The applications in mechanical systems and

planar manipulator are given in [20] and [19], respectively.

There are also studies for robust H∞ control of generalized Hamiltonian systems.

In [51], The robust H∞ problem for a class of generalized forced Hamiltonian systems

with uncertainty is investigated. A design approach for the robust H∞ controller is

presented and the L2-gain from the disturbance input to the regulation output signal

is shown to be able to be reduced to any given level provided that a derived algebraic

inequality has a solution. The proposed method is used to create a Hamiltonian-like

model with uncertainty which is able to describe power system dynamics on a full

scale. Consequently a decentralized nonlinear robustH∞ control law can be produced

for a multi-machine power system using the Hamiltonian function. The nonlinear ro-

bust H1 control problem has been studied for a class of generalized forced Hamiltonian

system uncertainty. Using a Hamiltonian function method a su�cient condition for a

robust H∞ controller has been given which solely depends on seeking the solution of
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an algebraic matrix inequality rather than on solving the HJI inequality. A parame-

terization method of robust adaptive controllers was proposed in [104] for dissipative

Hamiltonian systems which avoids solving Hamilton�Jacobi�Issacs inequalities. With

that parameterization method, a family of robust adaptive excitation controllers is

designed for synchronous generators with steam valve control, disturbances and un-

known parameters.

One advancement in recent years is to utilize data-based approach to develop

robust controller for pH system. The logic behind this is that since common design

methods for pH systems are model-based, they are not robust against disturbances

and uncertainties of the model. RL and adaptive control are employed in order to

make the nonlinear closed-loop system robust against the disturbance and model

uncertainty [32].

2.5 Non-exact Hamiltonian Representation of Nonlinear Systems

In spite of the nice passive properties of Generalized Hamiltonian (GH) systems, there

are some limitations in the applicability of this approach to control design. First, it

is not always possible to represent dynamics into the GH framework from �rst prin-

ciple [91]. Nevertheless, there has been some e�orts in the literature to �nd a proper

Hamiltonian approximation of control a�ne systems. In a work by Cheng et al., three

kinds of generalized Hamiltonian realizations are investigated [13]. The �rst is the

generalized Hamiltonian realization of a dynamic system. The feedback dissipative

realization of controlled Hamiltonian systems is then considered and a necessary and

su�cient conditions for existence of this realization is obtained. Finally, the approxi-

mate realization is considered where a normal form result is implemented to provide
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certain computable conditions. In the other work by Wang et al., a method was intro-

duced to �nd an approximate realization of Hamiltonian systems along with the con-

struction of local Lyapunov functions for time varying nonlinear systems [98]. They

showed that every nonlinear a�ne system has an approximate DHR if the lineariza-

tion of the system is controllable. In other work, a geometric decomposition technique

was proposed to re-express a given vector �eld into a energy-based representation [33].

The method was further applied for studying systems with thermodynamic structure

[37]. In [10], robust representations of stable, passive systems in particular coordi-

nate systems, focusing especially on port-Hamiltonian representations is discussed.

Such representations are typically not unique and the degrees of freedom associated

with non-uniqueness are related to the solution set of the Kalman�Yakubovich�Popov

linear matrix inequality (LMI).

Even after �nding a proper GH representation for dynamical system, there is

another challenge in controller design. Most control approaches introduced in the

literature translates the problem of �nding a suitable feedback law into the problem

of shaping the Hamiltonian dynamics of a given system. These approaches mostly

require the solution of a system of matching Partial Di�erential Equations (PDEs)

which is a hard mathematical task. On the other side, since passivity is an input-

output property, the performance of systems described by GH formulation against

disturbances or uncertainties is not well-established and requires further investiga-

tions [22, 27, 55, 57, 75]. Data-based approach to realize pH representation of dy-

namical systems are also presented in the literature. Cheri� et al., investigated the

construction of linear pH systems from time-domain input-output data [15]. In that
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work, a non-intrusive methodology that is comprised of two main ingredients: infer-

ring frequency response data from time-domain data, and constructing an underlying

pH realization using the inferred frequency response data.

Throughout this research, we consider control a�ne systems of the form

ẋ = f(x) + g(x)u

y = h(x),

(2.40)

where x ∈ D ⊂ Rn, y ∈ Rp, and u ∈ Rm.

To extend the class of systems for which pH feedback control design techniques

can be applied, we consider systems in non-exact generalized Hamiltonian form, i.e.,

we consider that the control a�ne system (2.40) a�ne in the output can be re-written

as

ẋ = [J(x)−R(x)]∇H(x) + Ψ(x) + g(x)u

y = C∇H(x),

(2.41)

where the properties of the unstructured part of the dynamics Ψ(x), and assumptions

and design choices for the Hamiltonian function H(x), are to be established in the

next chapters.

2.6 Summary

A brief review of Hamiltonian systems, their properties, and some applications in

chemical processes were presented in this chapter. Although there are many studies

on the introduction and application of pH systems in process control, there are still

many open questions concerning robust and adaptive control for this class of systems.

Besides, most research reported in the literature relies on the fact that there is a
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standard generalized Hamiltonian form available for the target process, which is not

always possible for chemical processes.

These observations motivated us to introduce a class of non-exact generalized

Hamiltonian systems. The proposed representation is to bene�t us in two ways in

the following thesis: 1- Enable us to use the structured part of the dynamics for

controller design; and, 2- Facilitate �nding a representation for chemical systems and

design feedback controllers without on solving a set of PDEs.

In the next chapters, we show how the new representation helps us in designing

state and observer-based output feedback controllers, for problems involving dynamics

with known and uncertain parameters.
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Chapter 3

State and Output Feedback Control of NGH Systems

There are a few challenges associated with the energy-based representation and con-

trol of nonlinear systems. To tackle these issues, we propose the Non-exact General-

ized Hamiltonian (NGH) representation of dynamical system that contains a struc-

tured and an unstructured component. In this chapter, we present some results for

state and output feedback control of systems represented in this form. First, we an-

alyze the stability of this class of systems subjected to the unstructured component

conditions to be de�ned below. Then, we design an adaptive feedback control to

stabilize the system at desired steady-states. Finally, the design approach is devel-

oped the full state of the system cannot be measured. This latter part requires to

propose a nonlinear observer to estimate unmeasured state variables. The analysis

is extended for the case where the NGH system contains unknown parameters. The

noticeable advancement here, contrary to the conventional approaches and follow-

ing the presented assumptions, is that we avoid solving PDEs for �nding desirable

Hamiltonian. Numerical results show that the proposed controllers renders desired

stead-states stable in closed-loop.
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3.1 Stability Analysis and State Feedback Control Design

In this section, we deal with the problem of state feedback controller design for NGH

system.The results are extended for uncertain systems by developing an adaptive

scheme for the proposed controller.

3.1.1 Problem Formulation

Consider the control a�ne system de�ned by

ẋ = f(x) + g(x)u (3.1)

where x ∈ D ⊂ Rn and u ∈ Rm. First, we present the following de�nition.

Following our discussion, we re-express system (3.1) using the NGH form

ẋ = [J(x)−R(x)]∇H(x) + Ψ(x) + g(x)u, (3.2)

where the properties of the unstructured part of the dynamics Ψ(x) are to be estab-

lished. This can be achieved in practice since the unstructured part of the dynamics

Ψ(x) can be �xed as desired by the user and that in general, the structured part of

dynamics can be made as desired. To achieve this, we select a quadratic Hamiltonian

function H(x) , i.e., H(x) = 1
2
xTx. We then construct the structured part of dynamic

by taking desired skew-symmetric J(x) and positive de�nite R(x). This results in

appearing and additional term, named Ψ(x), to standard generalized Hamiltonian

con�guration in the process dynamics.

This approach for the approximate representation of control a�ne systems as

pH systems is obviously not unique. As the feedback control design for pH systems
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strongly depends on the dissipative component R(·)∇H(·), the proposed representa-

tion presents some challenges in the design of a stabilizing controller. In the sequel, we

demonstrate that the proposed representation can still be exploited in the derivation

of a suitable state feedback adaptive stabilizing control law, under mild assumptions

on the unstructured part of the dynamics Ψ(x).

As the analysis shows in the next part, a key assumption in our analysis is that

the system (3.2) (equivalently system (3.1)) is locally controllable. Formally, we use

the following de�nition.

De�nition 3.1.1. The control a�ne system (3.1) is controllable if

span{f(x), adfg(x), · · · , adkfg(x) | ∀x ∈ D\{0}, k ∈ Z+} = Rn, (3.3)

where adkf is the Lie bracket operator [40].

We make the following assumption.

Assumption 3.1.1. The control a�ne system (3.1) (equivalently (3.2)) is locally

controllable, i.e., de�nition 3.1.1 holds.

Another important assumption in our analysis addresses properties of the unstruc-

tured component of the dynamics Ψ(x).

Assumption 3.1.2. The unstructured vector Ψ(x) meets the inequality

‖Ψ(x)‖ ≤ q(x)‖R(x)∇H(x)‖ ∀x ∈ D\{x∗}, (3.4)

where D ⊂ Rn is a domain of interest centered at the origin and the state-dependent

bound is bounded locally by a constant, i.e., q(x) ≤ q on D.
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In other words, the contribution of the unstructured part of the dynamics must be

bounded by the natural dissipation of the system, encoded in the structured part of

the dynamics. As the stabilization of generalized Hamiltonian systems amounts to use

the natural dissipation of the system in feedback design, it is natural to parameterize

the unstructured part of the dynamics in terms of the natural dissipation of the

system. The main contributions of this section are as follows:

� Analyzing the stability of system (3.2) when the input value is equal to zero;

� Examining stability of (3.2) using the LISS stability notion;

� Exploiting the structured part of the system, a dynamic controller is designed

to stabilize the system at desired set-points; and,

� Developing the controller design for the case where the NGH system contains

unknown parameters.

3.1.2 Stability

We �rst consider the stability analysis of the unforced dynamics of the system given

by

ẋ = [J(x)−R(x)]∇H(x) + Ψ(x). (3.5)

In this note, we �rst assume the following for the unstructured dynamics Ψ(x),

Assumption 3.1.3. The unstructured function Ψ(x) is locally Lipschitz function,

i.e.,

‖Ψ(x)−Ψ(y)‖ ≤ l‖x− y‖, l > 0

and Ψ(x) is bounded on the domain D ⊂ Rn.
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The following Proposition is stated and proved.

Proposition 3.1.1. Consider the unforced nominal pH system

ẋ = [J(x)−R(x)]∇H(x), (3.6)

with J(x) = −JT (x) and R(x) is symmetric and positive de�nite for all x ∈ D.

We assume that H(x) is convex. Let x∗ = 0 be an asymptotically stable equilibrium

point of (3.6). Let H(x) be a Lyapunov function for the system and suppose the

unstructured dynamics Ψ(x) satis�es Assumption 3.1.2. Further assume that

‖∇H(x)‖ < α(‖x‖) (3.7)

in D = {x ∈ Rn, ‖x‖ < r}, where α is a class-K function. Then, for all x0 ∈ D, the

solution of system (3.5) is bounded.

Proof. We use H(x) as a Lyapunov function candidate for the system (3.5). The

derivative of H(x) along the trajectories of (3.5) satis�es

Ḣ(x) = −∇HT (x)R(x)∇H(x) +∇HT (x)Ψ(x).

Taking the norm and using Assumption 3.1.2, we have

Ḣ(x) ≤ −∇HT (x)R(x)∇H(x) + ‖∇H(x)‖.‖Ψ(x)‖, (3.8)

The norm of the square matrix R(x) is de�ned by

‖R(x)‖ =
[
λmax

(
RT (x)R(x)

)]1/2
. (3.9)
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Since R(x) is symmetric, the maximum eigenvalue of RT (x)R(x) (or λmax) for any

x ∈ D would be positive de�nite. We assume this value to be less than a positive

constant λR, therefore, we have

‖R(x)‖ ≤ λR. (3.10)

We consider the worst case scenario where the unstructured dynamic Ψ(x) is at its

highest constant value; that is ‖Ψ(x)‖ = qα1(r) and r is the radius of the ball that is

a subset of D. Hence, inequality (3.8) becomes

Ḣ(x) ≤ −λRα2(‖x‖) + qα(r)α(‖x‖).

To use the term α2(‖x‖) to dominate the second term, we rewrite the inequality in

this form

Ḣ(x) ≤ −(1− θ)λRα2(‖x‖)− θλRα2(‖x‖) + qα(r)α(‖x‖)

≤ −(1− θ)λRα2(‖x‖), ∀‖x‖ ≥ α−1( qα(r)
θλR

),

where 0 < θ < 1, λR and q are always positive hence the argument under the square

root is always de�ned. Since the Hamiltonian function is assumed to be convex, we can

claim that it is bounded from below and above by two class K functions. Therefore,

all of the conditions to prove the ultimate boundedness of the system are provided

and following [40, section 4.8], trajectories of the system (3.5) are bounded.

For certain values of x, we can expect that the dissipation matrix takes the un-

forced system to the origin by dominating the unstructured part of the dynamic. In
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many cases, the condition(3.7) may not hold. Even when this condition is met, the

above stability result may not ensure desired dynamic performance. Therefore, we

need to design a controller that steers the system to desired equilibrium point in

presence of unstructured part Ψ(x). This controller should be able to compensate

the instability caused by unstructured component. The �rst step is to investigate

conditions for which trajectories stay bounded when a bounded input is injected to

the system. Again, we consider equation (3.2) and prove the following Proposition

which addresses the input-to-state stability for the generalized Hamiltonian systems

with unstructured part of the dynamic. In order to explore the concept of ISS, the

origin of unforced system (3.5) should be (locally) asymptotically stable, hence we

suppose that all of the conditions given in Proposition 3.1.1 are met.

Proposition 3.1.2. Consider the driven system de�ned by

ẋ = [J(x)−R(x)]∇H(x) + Ψ(x) + g(x)u, (3.11)

with J(x) = −JT (x) and R(x) is symmetric and positive de�nite for all x ∈ D. We

assume that H(x) is convex. We assume that the system is locally Lipschitz in x and

u. Suppose that H(x) is a Lyapunov function of the nominal system and is such that

the unforced system meets the requirements of Proposition 3.1.1. Then, the system

(3.11) is LISS.

Proof. We have

Ḣ(x) =−∇HT (x)R(x)∇H(x) +∇HT (x)Ψ(x) +∇HT (x)g(x)u

=−∇HT (x)R(x)∇H(x) +∇HT (x)Ψ(x)

+∇HT (x)
[
g(x)u+

(
[J(x)−R(x)]∇H(x) + Ψ(x)

)
−
(
[J(x)−R(x)]∇H(x) + Ψ(x)

)]
.
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Due to Lipschitz property in u of the RHS of the dynamics,

[
g(x)u+

(
[J(x)−R(x)]∇H(x) + Ψ(x)

)
−
(
[J(x)−R(x)]∇H(x) + Ψ(x)

)]
≤ L‖u‖.

Following the calculations in the proof of Proposition 3.1.1, by dominating terms and

using condition (3.7), we have

Ḣ(x) ≤ −(1− θ)λRα2(‖x‖)− θλRα2(‖x‖) + qα(r)α(‖x‖) + Lα(‖x‖)‖u‖

≤ −(1− θ)λRα2(‖x‖), ∀‖x‖ ≥ α−1
( cα(r)+L‖u‖

θλR

)
.

where 0 < θ < 1. Now, considering the conditions of [40, Theorem 4.19], we can

conclude an LISS property for the forced system (3.11) since all the states are bounded

in the desired domain.

3.1.3 Stabilizing Controller Design

This section presents the controller design to stabilize the system (3.2) at the desired

steady-state. We do not use the unstructured component in development of the

controller but we use this information for stability analysis. Following the general

idea of closed-loop Lyapunov stability, we end up with a simpler dynamic controller

that guarantees the stability of the system at the origin. Since the equilibrium can

be away from the origin, we shift the Hamiltonian function such that it has a local

minimum at x∗. Hence, the Hamiltonian function is re-expressed as

H(x− x∗) = 1
2
(x− x∗)T (x− x∗). (3.12)
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In the sequel, we design a dynamic controller of the form

u(x, x∗, ξ) = α(x, x∗) +KI(x)ξ

ξ̇ = −KT
I (x)gT (x)(x− x∗),

(3.13)

where KI(x) can be a constant or state-dependent positive de�nite matrix and the

extended dynamic variables are m-dimensional, i.e., ξ ∈ Rm. The general scheme for

the proposed state feedback control is shown in 3.1.

Figure 3.1: State feedback loop of NGH system

The following Proposition states the main result of this section.

Proposition 3.1.3. Consider the NGH system with unstructured component (3.2)

interconnected in closed-loop with controller (3.13), where

α(x, x∗) = −[gT (x∗)g(x)]−1gT (x∗)[KPR(x)∇H(x) + Ax+ g(x∗)u∗],

with A = [∆J −∆R], ∆J = J(x)− J(x∗), and ∆R = R(x)−R(x∗). We assume that

gT (x∗)g(x) is full-rank for all x ∈ D.
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Then, under Assumptions 3.1.1 and 3.1.2, the desired steady-state x∗ is asymp-

totically stable in closed-loop.

Proof. For stability analysis, we consider the Lyapunov function

V (x, x∗, ξ) = 1
2
(x− x∗)T (x− x∗) + 1

2
ξT ξ.

Taking the time derivative, we have

V̇ (x, x∗, ξ) = (x− x∗)T (ẋ− ẋ∗) + ξT ξ̇.

Considering convexity of Hamiltonian function, we have

ẋ− ẋ∗ = [J(x)−R(x)]x+ Ψ(x) + g(x)u− [J(x∗)−R(x∗)]x∗ −Ψ(x∗)− g(x∗)u∗

= [J(x∗)−R(x∗)](x− x∗) + [∆J −∆R]x+ [Ψ(x)−Ψ(x∗)] + g(x)u− g(x∗)u∗

Interconnection of this equation with the dynamic controller (3.13) givesẋ− ẋ∗
ξ̇

 =

J(x∗)−R(x∗) g(x)KI(x)

−KT
I g

T (x) 0


x− x∗

ξ

+

∆J −∆R

0

x
+

Φ(x, x∗)

0

+

g(x)

0

α(x, x∗)−

g(x∗)

0

u∗,
(3.14)

where Φ(x, x∗) = Ψ(x)−Ψ(x∗) is the new unstructured dynamic.

To simplify the notation, we de�ne δx = x− x∗. We have

V̇ (x, x∗, ξ) = δxT [J(x∗)−R(x∗)]δx+ δxT [∆J −∆R]x+ δxTΦ(x, x∗)

+ δxT g(x)α(x, x∗) + δxT g(x)KI(x)ξ − ξT gT (x)KI(x)T δx− δxT g(x∗)u∗

= −δxTR(x∗)δx+ δxT [∆J −∆R]x+ δxTΦ(x, x∗) + δxT g(x)α(x, x∗)− δxT g(x∗)u∗.
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In this equation, the �rst term is always negative, hence, to guarantee that V̇ (x−x∗) ≤

0, we should �nd α(x, x∗) such that

δxT (∆J −∆R)x+ δxTΦ(x, x∗) + δxTg(x)α(x, x∗)− δxTg(x∗)u∗ = 0. (3.15)

Using Assumption 3.1.2, we replace Φ byKpR∇H(x) orKpRδx whereKp is a positive

diagonal gain matrix with all entries equal or larger than q. Using this term, we can

adjust the controller to ensure the strict negativity of the Lyapunov inequality when

trajectories are far from the desired equilibrium point (x∗, ξ∗). Therefore, equation

(3.47) becomes:

δxT (∆J −∆R)x+ δxTKPRδx+ δxTg(x)α(x, x∗)− δxTg(x∗)u∗ = 0.

Finally, for

A+ g(x)α(x, x∗) +KPRδx− g(x∗)u∗ = 0,

with A = [∆J −∆R] and selecting

α(x, x∗) = −[gT (x∗)g(x)]−1gT (x∗)[Ax+KPR(x)∇H(x)− g(x∗)u∗],

ensures that V̇ (x − x∗) ≤ 0. Since the Hamiltonian function is quadratic by design,

x∗ is the largest invariant set of the dynamics, and by invoking Lasalle's invariance

principle, we conclude that desired equilibrium is asymptotically stable in closed-loop

[40].

Corollary 3.1.1. Following the same assumptions, we can stabilize the system at the
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origin using state feedback controller given by

u(x, ξ) = −[gT (x)g(x)]−1gT (x)KPR(x)∇H(x) +KI(x)ξ

ξ̇ = −KT
I (x)gT (x)∇H(x),

(3.16)

where KP is positive square constant gain matrix, KI(x) is a positive possibly state

dependent integral gain matrix and ξ ∈ Rm.

Remark 3.1.1. Note that assuming controllability, controller (3.13) stabilizes system

(3.2) at the desired point x∗ even if the system is under-actuated.

In the next section, we look at nonlinear systems with parametric uncertainty.

This parametric uncertainty can appear in various parts of the dynamic, resulting

in a variety of problems to be solved. We show that by making a small change to

the controller formula, we can design an adaptive controller to stabilize the uncertain

system at the desired steady-state even if the unknown parameters are not estimated

properly.

3.1.4 Adaptive State Feedback Stabilization with Parametric Uncertainty

In this section, we seek to �nd a adaptive state feedback controller to stabilize the

system at desired steady-state even if no exact parameter estimation is provided.

ẋ = f(x, θ) + g(x)u, (3.17)
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where x ∈ D ⊂ Rn, u ∈ Rm and θ ∈ Rl. We can represent the control a�ne form

(3.17) to NGH of the form

ẋ = [J(x, θ)−R(x, θ)]∇H(x) + Ψ(x, θ) + g(x)u, (3.18)

where the Hamiltonian function H(x) is selected to be quadratic i.e., H(x) = 1
2
xTx.

In order to do that we need to revise Assumptions 3.1.1 and 3.1.2 as following

Assumption 3.1.4. The control a�ne system (3.17) (equivalently (3.18)) is locally

controllable for �xed parameters θ, i.e., de�nition 3.1.1 holds.

Assumption 3.1.5. The unstructured vector Ψ(x, θ) has Lipschitz property in x and

θ, and meets the inequality

‖Ψ(x, θ)‖ ≤ q(x, θ)‖R(x, θ)∇H(x)‖ ∀x ∈ D\{0}, (3.19)

for �xed paraeters θ, where D ⊂ Rn is a domain of interest centered at the origin and

the state-dependent bound is bounded locally by a constant, i.e., q(x, θ) ≤ q on D.

We also need the following assumption to derive the parameter estimation law.

Assumption 3.1.6. There exists a matrix function P (x) ∈ Rn×l and a vector func-

tion Q(x) ∈ Rn such that

[J(x, θ)−R(x, θ)]∇H(x) = P (x)θ +Q(x), (3.20)

where θ is a l dimensional constant parameter vector.

To generalize the design procedure, we present the analysis for stabilization of non-

zero steady state x∗. The analysis will be simpli�ed for stabilization at the origin,
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which is given as a corollary at the end of this section. For nonzero constant steady-

state x∗, we consider the error dynamic ẋ − ẋ∗ = ẋ and then, design the controller

such that the error x−x∗ converges to zero. Using Assumption 3.1.6, we can linearly

parameterize the dynamic with respect to the unknown parameter θ and then, �nd

an adaptation law to estimate the parameter value. A schematic closed-loop block

diagram of this kind of processes is shown in Figure 3.2.

Figure 3.2: Adaptive tate feedback loop of parametric NGH system

The design procedure is summarized in the following Proposition.

Proposition 3.1.4. Consider the generalized Hamiltonian system with unstructured

component and with unknown parameters de�ned in (3.18). Assume that the system

is locally controllable following Assumption 3.1.1, that the square matrix gT (x∗)g(x)

has rank m for all x ∈ D and that the unstructured component Ψ(x, θ) meets the

conditions of Assumption 3.1.2. We also assume that the sign of matrix R(x, θ̂)
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remains the same for all x ∈ D. Then, the adaptive state feedback controller given by

u =α(x, x∗, θ̂) +KI(x)ξ

ξ̇ =−KT
I (x)gT (x)∇H(x− x∗)

˙̂
θ =Γ[P (x)− P (x∗)]T δx,

(3.21)

locally stabilizes the system at x∗ with

α(x, x∗, θ̂) =− [gT (x∗)g(x)]−1gT (x∗)
[
Kpδx+K ′pR(x, θ̂)δx

+ (∆Ĵ −∆R̂)x− g(x∗)u∗
]
,

(3.22)

∆Ĵ = J(x, θ̂) − J(x∗, θ̂) and ∆R̂ = R(x, θ̂) − R(x∗, θ̂). The estimated parameter is

denoted by θ̂ ∈ Rl, ξ ∈ Rm is the controller dynamic variable, KI(x) ∈ Rm×m is

the positive (state-dependent) gain of the dynamic controller , δx = ∇H(x − x∗) =

x − x∗, K ′p ∈ Rn×n is constant gain matrix with desired sign, Kp ∈ Rn×n and Γ ∈

Rl×l are positive constant matrices. The matrix function P (x) is obtained from the

parameterization of Assumption 3.1.6.

Proof. We consider the Lyapunov function candidate

V (x, x∗, ξ, θ̃) = 1
2
[(x− x∗)T (x− x∗) + ξT ξ + θ̃TΓ−1θ̃], (3.23)

where θ̃ = θ − θ̂. To ensure the closed-loop stability, we should �nd an adaptive

controller such that the Lyapunov function derivative is negative de�nite except at
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the origin. Using Assumption 3.1.6, we can obtain the error dynamic

(ẋ− ẋ∗) =[J(x, θ)−R(x, θ)]x+ Ψ(x, θ) + g(x)u− [J(x∗, θ)−R(x∗, θ)]x∗

−Ψ(x∗, θ)− g(x∗)u∗

=[J(x∗, θ)−R(x∗, θ)](x− x∗) + (∆J −∆R)x+ Φ + g(x)u− g(x∗)u∗,

(3.24)

where ∆J = J(x, θ) − J(x∗, θ) and ∆R = R(x, θ) − R(x∗, θ). where Φ = Ψ(x, θ) −

Ψ(x∗, θ). Obviously, ẋ∗ = 0 since x∗ is a constant steady-state, but we can keep the

equivalent phrase in the right hand side since −[J(x∗, θ) − R(x∗, θ)]x∗ − Ψ(x∗, θ) −

g(x∗)u∗ = 0 , therefore

˙δx = ẋ− 0 =[J(x∗, θ)−R(x∗, θ)](x− x∗) + (∆J −∆R)x+ Φ + g(x)u− g(x∗)u∗.

Taking the time derivative of the Lyapunov function, we have

V̇ =δxT ˙δx+ ξT ξ̇ + θ̃TΓ−1 ˙̃θ

=− δxTR(x∗, θ)δx+ δxT [∆J −∆R]x+ δxTΦ + δxTg(x)u− δxTg(x∗)u∗

+ ξT ξ̇ − θ̃Γ−1 ˙̂
θ.

(3.25)

Substituting controller (3.21) , we have

V̇ =− δxTR(x∗, θ)δx+ δxT [∆J −∆R]x+ δxTΦ

+ δxTg(x)α− δxTg(x∗)u∗ + δxTg(x)KIξ − ξTKT
I g

T (x)δx− θ̃Γ−1 ˙̂
θ

=− δxTR(x∗, θ)δx+ δxT [∆J −∆R]x+ δxTΦ

+ δxTg(x)α− δxTg(x∗)u∗ − θ̃Γ−1 ˙̂
θ.

(3.26)
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Replacing α and ˙̂
θ from (3.22), we have

V̇ =− δxTR(x∗, θ)δx+ δxT [∆J −∆R]x+ δxTΦ

− δxTGKpδx− δxTGK ′pR(x, θ̂)δx− δxTG(∆Ĵ −∆R̂)x

+ δxTGg(x∗)u∗ − δxTg(x∗)u∗ − θ̃[P (x)− P (x∗)]δx.

Regrouping terms, we obtain

V̇ =− δxT [R(x∗, θ) +GKp +GK ′pR(x, θ̂)]δx

+ δxT [∆J −∆R]x− δxTG(∆Ĵ −∆R̂)x+ δxTΦ

− δxTg(x∗)u∗ + δxTGg(x∗)u∗ − θ̃[P (x)− P (x∗)]δx.

(3.27)

where G = g(x)[gT (x∗)g(x)]−1gT (x∗) is an n × n matrix. Based on the proposition

statement, matrix G has a rank m for all x ∈ D. We should note that the integral

action enforces the trajectories to converge to x∗. As well, the diagonal entries of G

are positive as x converges to x∗ and the entries are always positive if g is constant.

By selecting appropriate gains, the �rst term in (3.27) is always negative. Taking the

norm of the cross terms, we have

V̇ ≤− δxT [R(x∗, θ) +GKp +GK ′pR(x, θ̂)]δx

+ ‖δxT [∆J −∆R]x− δxTG(∆Ĵ −∆R̂)x

+ δxTΦ− δxTg(x∗)u∗ + δxTGg(x∗)u∗

− θ̃[P (x)− P (x∗)]δx‖.

(3.28)

We re-express the contribution of the unstructured terms by using its Lipschitz prop-

erty (Assumption 3.1.2), meaning that, there is a positive η such that ‖Φ(x, x∗, θ)‖ ≤
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η‖x−x∗‖. Therefore, we can incorporate the unstructured part in the �rst term, i.e.,

V̇ ≤− δxT [R(x∗, θ) +GKp +GK ′pR(x, θ̂)− γ]δx

+ ‖δxT [∆J −∆R]x− δxTG(∆Ĵ −∆R̂)x

− δxTg(x∗)u∗ + δxTGg(x∗)u∗

− θ̃[P (x)− P (x∗)]δx‖,

(3.29)

where γ is an n × n positive diagonal matrix with entries larger than or equal to η.

Coupled with the adaptation law (3.21), this inequality implies the uniform bound-

edness of δx and θ̂. Since we might not obtain exact estimation of the parameters,

there is no guarantee over the positiveness of matrix R(x, θ̂) for all θ̂. This de�ciency

can be �xed by appropriate sign selection of K ′p. We then can dominate the negative

term by adjusting appropriate controller gains Kp and K ′p. Therefore, we can ensure

V̇ < 0 for all x 6= x∗. By design of the Hamiltonian function, x∗ is the largest invari-

ant set of the system, and by invoking Lasalle's invariance principle, we conclude that

the trajectories asymptotically converge to the desired equilibrium [40]. Since V̇ < 0

except at x = x∗, ˙̂
θ is bounded and ultimately constant. Using Barbalat's lemma we

can deduce that limt→∞ θ̃ = θ̄ i.e., θ̂ converges to a constant θ∗. This can also be

shown from equation (3.21) where θ̃(t) = θ̃(t0)−Γ
∫ t
t0

[P (x(σ))−P (x∗)]T δx(σ). Since

P and δx are bounded and δx → 0, the integral term exist and it is �nite. Hence,

limt→∞ θ̃ = θ̄. This concludes the proof.

Corollary 3.1.2. Under the Assumptions of the previous Proposition, the adaptive
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state feedback controller given by

u(x, ξ) = −[gT (x)g(x)]−1gT (x)[KP∇H(x) +K ′pR(x, θ̂)∇H(x)] +KI(x)ξ

ξ̇ = −KT
I (x)gT (x)∇H(x)

˙̂
θ = ΓP T (x)x,

(3.30)

locally stabilizes the system at the origin, where θ̂ ∈ Rl is the esitmated parameter,

ξ ∈ Rm is the controller dynamic, KI(x) is a positive possibly state dependent integral

gain matrix, Kp and K ′p are constant gain matrices in Rn with positive and desired

sign, respectively.

Remark 3.1.2. Note that assuming controllability, controller (3.21) stabilizes system

(3.18) at the desired point x∗ even if the system is under-actuated.

The application of the state feedback design strategies developed above is illus-

trated below.
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3.1.5 Example: Generic System

Consider a generic system of the form

J(x) =



0 a1(x) a2(x) 0

−a1(x) 0 0 a3(x)

−a2(x) 0 0 a4(x)

0 −a3(x) −a4(x) 0



R(x) =



r1(x) 0 0 0

0 r2(x) 0 0

0 0 r3(x) 0

0 0 0 r4(x)


H(x) =

1

2

(
x21 + x22 + x23 + x24

)

ψ(x) =



f1(x; a, r)

f2(x; a, r)

f3(x; a, r)

f4(x; a, r)



g(x) =



0 0

b1(x) 0

0 0

0 b2(x)


.

where we select

� a1(x) = 2 + a1x
2
3, a2(x) = 3, a3(x) = 2, a4(x) = 4 + x1;

� r1(x) = 2, r2(x) = x4 + 2, r3(x) = r3, r4(x) = 0.5;
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� f1(·) = 0, f2(·) = x4 + 3x2, f3(·) = 0, f4(·) = −2x21;

� b1(·) = 1, b2(·) = 1

The control a�ne form of the system becomes

ẋ =f(x) + g(x)u

=



−2x1 + 2x2 + a1x2x
2
3 + 3x3

−2x1 − a1x23x1 − x2x4 − 2x2 + 2x4 + (r3x4 + 3x2)

−3x1 − r3x3 + 4x4 + x1x4

−2x2 − 4x3 − x1x3 − 0.5x4 + (−a1x21)


+



0 0

1 0

0 0

0 1


u1
u2

 . (3.31)

We �rst study the NGH representation of the generic example to ensure that

our system satis�es the design assumptions. The system is controllable and meets

Assumption 3.1.1. It has oscillatory behavior with u = [1; 2] and converges to the

origin if u = [0; 0]. The system parameters are a1 and r3. We may select functions such

that the system is unstable in open loop. Simulations show that we still can stabilize

the system. We aim to stabilize the system at the origin for di�erent scenarios.

1. State feedback controller design with known parameters

2. Adaptive state feedback controller design with unknown parameters a1, r3

State feedback controller design

The trajectories and controller responses are demonstrated in Figures 3.3 and 3.4.

Simulations show that the dynamic controller stabilizes the system at the origin.
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Figure 3.3: Trajectories response in state feedback controller scheme of generic system

State feedback controller design for uncertain generic system

Assuming a1 and r3 are unknown, from parameterization, the matrices P (x) and Q(x)

become

P (x) =



x23x2 0

−x23x1 0

0 −x3

0 0


, Q(x) =



−2x1 + 2x2 − 3x3

−2x1 − 1.5x2 + 2x4

3x1 + 4x4 + x1x4

−2x2 − 4x3 − x1x3 − 0.5x4


. (3.32)

Since the system has oscillatory behavior in open loop, we need to take larger con-

troller gain to stabilize the system at the origin. The simulation results for trajectories

and controller output are given in Figures 3.5�3.6. Similar to the simulation results

for state feedback case, the designed dynamic controller can e�ciently stabilize the

system at the origin. We notice that neither â1 nor r̂3 are converging to their exact
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Figure 3.4: State feedback controller output response in closed loop for the generic system

values (Figure 3.7). However, as long as we seek to stabilize the system only, we can

use this adaptive controller to achieve the goal without �nding an exact parameter

values of the system in closed-loop.

3.2 Observer-based Output Feedback Controller Design

In this section, we study the feedback controller design when only outputs are acces-

sible for measurement.

3.2.1 Problem Formulation

In the previous section, we assumed that all state variables are available for measure-

ment. This section studies the problem of output feedback controller design for the
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Figure 3.5: Trajectories response in adaptive state feedback controller scheme of uncertain generic

system

following control a�ne system

ẋ = f(x) + g(x)u

y = h(x),

(3.33)

where only the output y is measured and assumed to be linear, i.e., y = Cx. Following

the approach given in the previous section, we can represent this system to the NGH

form given as

ẋ = [J(x)−R(x)]∇H(x) + Ψ(x) + g(x)u

y = C∇H(x),

(3.34)

where x ⊂ D ∈ Rn, u ∈ Rm and y ∈ Rp.

Our design goal is to stabilize the system at the desired output y∗. Our analysis
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Figure 3.6: Adaptive state feedback controller output response in closed loop for uncertain generic

system

is carried in two main parts. First, a stabilizing controller is designed for the special

class of a NGH system where the system is squared and the control matrix is constant,

i.e, g(x) = g. Then, the general case requiring an observer design is investigated.

De�nition 3.2.1. The control a�ne system (2.40) is zero-state observable, i.e.,

y(t) ≡ y∗ ⇐⇒ x(t) ≡ x∗. (3.35)

The problem is investigated using di�erent cases.

� Implementing a controller design which does not rely on the unmeasured states.

The stabilization is in fact provided by using the dynamic extension for the

controller.
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Figure 3.7: Parameter estimation response in adaptive state feedback control of uncertain generic

system

� Extending the design by proposing an observer for estimating unmeasured states

(the reader is referred to Section 2.3 for related reviews).

� Using the obtained results to design a nonlinear controller for NGH system

de�ned by (3.34).

� Developing the observer and controller for the case the NGH system contains

unknown parameter.

In addition to the previous section contribution, the main development in this part is

to design an observer which, together with the dynamic controller, results in a stable

close-loop augmented system and drives the output to the desired values.
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3.2.2 Controller Design Without Observer

As part of our analysis, we �rst consider a squared systems described by

ẋ = [J(x)−R(x)]∇H(x) + Ψ(x) + gu

y = gT∇H(x),

(3.36)

where x ⊂ D ∈ Rn, u ∈ Rm and y ∈ Rm. We should note that this system is a special

class of the system (3.34). The goal is to design a adaptive output feedback controller

for stabilizing the system at the desired outputs using the output measurements only.

This task can be done by extending the dynamic and introducing integral action.

The Hamiltonian is quadratic i.e., H(x) = 1
2
xTx. As a result, we have y = gTx.

For output stabilization of system (3.36), a dynamic linear controller of the following

form is proposed

u = −Kpg
Tx+KT

I ξ

ξ̇ = −KIg
Tx,

(3.37)

where Kp and KI are both positive de�nite constant matrices in Rm × Rm. We

�rst show the system (3.36) in closed-loop with a controller of the suggested form is

passive.

Proposition 3.2.1. Consider the system (3.36) interconnected with controller (3.37)

with a quadratic Hamiltonian energy function V (x, ξ) = 1
2
xTx + 1

2
ξT ξ. Then, if

‖x‖ ≤ 1
qλR
‖ξTKIg

T‖ for all x ∈ D, the closed-loop system is passive. The scalar q is

positive from Assumption 3.1.2 and λR is the maximum bound on the eigenvalue of

R(x) (inequality (3.10)).
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Proof. The augmented dynamic of (3.34) and (3.37) is expressed by:

ẋ
ξ̇

 =

J(x)−R(x) gKT
I

−KIg
T 0


x
ξ

+

Ψ(x)

0

+

g
0

u.
Taking the time derivative of V̇ (x, ξ), we have

V̇ (x, ξ) =− xTR(x)x+ xTΨ(x)− xTgKpg
Tx+ xTgKT

I ξ − ξTKIg
Tx

=− xT [R(x) + gKpg
T ]x+ xTΨ(x)

≤ −xT [R(x) + gKpg
T ]x+ ‖x‖.‖Ψ(x)‖,

from Assumption 3.1.2, we have

V̇ (x, ξ) ≤ −xT [R(x) + gKpg
T ]x+ q.‖xT‖.‖R(x)x‖.

We explained in the previous sections that ‖R(x)‖ ≤ λR. Hence, we have

V̇ (x, ξ) ≤ −xT [R(x) + gKpg
T ]x+ qλR‖xT‖.‖x‖,

since R(x) is a positive de�nite matrix,

−‖xT [R(x) + gKpg
T ]x‖+ qλR‖xT‖‖x‖ ≤ −‖xTgKpg

Tx‖+ qλR‖xT‖‖x‖,
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and from assumption we have ‖x‖ ≤ 1
qλR
‖ξTKIg

T‖ for all x ∈ D, hence

V̇ (x, ξ) ≤ −‖xTgKpg
Tx‖+ qλR‖xT‖‖x‖

≤ ‖ − xTgKpg
Tx‖+ ‖ξTKIg

Tx‖

≤ ‖(−xTgKp + ξTKI)g
Tx‖

≤ ‖uTy‖,

which concludes the proof.

Remark 3.2.1. It should be mentioned that the assumption ‖x‖ ≤ 1
qλR
‖ξTKIg

T‖ is

always met since the integral gain can be assigned freely especially if 1
qλR

is small.

So far, it has been shown that the NGH system in closed-loop with a dynamic

controller (3.37) guarantees the passivity provided that suitable proportional and

integral gains are selected. Now, we seek to �nd a controller to stabilize the system

at the desired output y∗. Furthermore, for the stabilization approach proposed here,

we need to ensure that x(t) = x∗ for y(t) = y∗, which is veri�ed if the following

Assumption is met.

Assumption 3.2.1. The control a�ne system (3.33) (equivalently (3.34)) is observ-

able, i.e., de�nition 3.2.1 holds.

At the desired equilibrium x∗, the equation (3.34) becomes

0 = [J(x∗)−R(x∗)]∇H(x∗) + Ψ(x∗) + gu∗

y∗ = gT∇H(x∗).

(3.38)

The Hamiltonian function is assumed to be convex, hence ∇H(x) = x. On the other

hand, e = x− x∗, therefore e = ∇H(x)−∇H(x∗). This means we can �nd the error
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dynamic after subtracting (3.38) from (3.34) and after substitutions, we have

ė = [J(x∗)−R(x∗)]e+ [∆J −∆R]x+ Φ(x, x∗) + g(u− u∗)

ey = gT e.

(3.39)

where ∆J = J(x) − J(x∗) and ∆R = R(x) − R(x∗) are left over part of dynamic

created due to nonlinearity and Φ(x, x∗) = Ψ(x) − Ψ(x∗) is the new unstructured

part of dynamic. We propose a dynamic controller of the form

u = −Kpg
T e+KT

I ξ + u∗

ξ̇ = −KIg
T e,

(3.40)

where Kp and KI are both positive de�nite constant matrices in Rm × Rm. Next

Proposition shows that the suggested controller is able to perform the output stabi-

lization.

Proposition 3.2.2. Consider the system (3.36). If the system is locally controllable

and the unstructured dynamic meets Assumption 3.1.2, then the controller (3.40)

stabilizes the system at the desired output y∗.

Proof. The controller interconnected with the system (3.39) gives

ė
ξ̇

 =

J(x∗)−R(x∗) gKT
I

−KIg
T 0


e
ξ

+

∆J −∆R

0

x+

Φ(x, x∗)

0

 , (3.41)

We have shown before that the trajectories are ultimately bounded if the perturbation

meets Assumption 3.1.2. On the other hand, the term ∆J − ∆R has a GH form

containing both x and x∗, therefore it has a bounded trajectory as t → ∞. Hence,
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we can deduce the error dynamic has a LISS property for all x ∈ D. At equilibrium,

the derivatives are equal to zero which means

0

0

 =

J(x∗)−R(x∗)− gKpg
T gKT

I

−KIg
T 0


 e

ξeq

+

∆J −∆R

0

x+

Φ(x, x∗)

0

 ,
since KI has rank m and gT e = ey then ey = 0 and because KI is invertible,

(gKT
I )ξeq + (∆J −∆R)x+ Φ(x, x∗) = 0

(gTgKT
I )ξeq + gT (∆J −∆R)x+ gTΦ(x, x∗) = 0

therefore,

ξeq = (gTgKT
I )−1[gT (∆J −∆R)x+ gTΦ(x, x∗)].

The perturbation Φ(x, x∗) is bounded and the term ∆J −∆R has the LISS property,

hence ξeq exists.

Based on Proposition 3.2.2, the design goal is met by selecting appropriate Kp

and KI with only output measurement. The GH structure (3.41) guarantees the

convergence of the outputs error ey to the origin through interconnection with the

extended dynamic. Apparently, this class of system is limited to very special class of

processes, hence we need to extend the study to the more general case where we need

to develop an observer for estimation of unmeasured states.

3.2.3 Nonlinear Observer Design

Consider system (3.34) where only the output is available for measurement. Therefore,

we need to design an observer to estimate the unmeasured state variables. The design
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procedure is formalized in two stages: We �rst design a state observer to estimate the

unmeasured state variables. Then, a dynamic output feedback controller is designed

to stabilize the system at nonzero equilibrium points.

It is important to note that the observer does not have access to the unstructured

component i.e., the observer only contains the structured part of dynamic. It limits

the functionality of the observer because it causes a mismatch between the process

and the observer dynamic. As a result, a Proportional Integral (PI) observer is needed

to estimate the unknown state. There are several papers that have dealt with this

problem where it has been illustrated that the PI observer is e�cient in eliminating

the mismatch between model and observation law [53, 37, 83]. However, this approach

requires conditions that limit the applicability [83, 53]. This is the only way that the

integral action is able to span and remove all mismatched dynamic in the observation

error. To deal with this problem, we assume the following about the unstructured

dynamic:

Assumption 3.2.2. The unstructured dynamic Ψ only appears in the state directions

that are measured.

In this case, the observer is de�ned as follows

˙̂x =[J(x̂)−R(x̂)]∇H(x̂) + g(x̂)u− L(y − ŷ)− CTKT
oIζ

ζ̇ =−KoI(y − ŷ)

ŷ =C∇H(x̂),

(3.42)

where L ∈ Rn×p and KoI ∈ Rp×p are the observer proportional and integral gains,

respectively. Note that as the Hamiltonian function is quadratic, ∇H(x) = x. After

subtracting from the process dynamic (3.34), we have the observation error dynamic



3.2. OBSERVER-BASED OUTPUT FEEDBACK CONTROLLER
DESIGN 80

expressed by:

˙̃x =[J(x)−R(x)]∇H(x) + Ψ(x) + g(x)u− [J(x̂)−R(x̂)]∇H(x̂)− g(x̂)u

+ L(y − ŷ) + CTKT
oIζ

=[J(x̂)−R(x̂)− LC]x̃+ [∆Jo −∆Ro]x+ Ψ(x) + CTKT
oIζ + ∆gou

ζ̇ =−KoI(y − ŷ)

ỹ =C(x− x̂),

(3.43)

where ∆go = g(x)− g(x̂), ∆Jo = J(x)− J(x̂) and ∆Ro = R(x)−R(x̂).

3.2.4 Observer-based Controller Design

The main goal is to move the trajectories to the desired state corresponding to desired

output y∗. Since the equilibrium can be a nonzero state, we shift the Hamiltonian

function such that it has a local minimum at x∗. The Hamiltonian function, centered

at x∗, is expressed as

H(x− x∗) = 1
2
(x− x∗)T (x− x∗). (3.44)

We consider the controller of the form

u(x̂, x∗, ξ) = α2(x̂, x
∗) +KI(x̂)ξ

ξ̇ = −KT
I (x̂)gT (x̂)∇H(x̂− x∗),

(3.45)

where H(x̂) = 1
2
(x̂− x∗)T (x̂− x∗), Kp ∈ Rn × Rn is a positive constant gain matrix,

KI(x̂) ∈ Rm × Rm can be a state dependent matrix and ξ ∈ Rm.

The general scheme for the proposed output feedback control is shown in Figure

3.8.
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Figure 3.8: Output feedback loop of NGH system

The following Proposition states the asymptotic stability of the system (3.34) at

desired non-zero output when we add the integral action to the system.

Proposition 3.2.3. Consider the NGH system composed of a structured Hamilto-

nian component and an unstructured component in the form (3.34), with Hamiltonian

function (3.44), interconnected with controller (3.45), where

α(x̂, x∗) = −[g(x∗)Tg(x̂)]−1g(x∗)T [Ax̂+KpR(x̂)∇H(x̂− x∗) + g(x∗)u∗],

with A = [∆Ĵ − ∆R̂], ∆Ĵ = J(x̂) − J(x∗) and ∆R̂ = R(x̂) − R(x∗). Under local

controllability condition 3.1.1 and zero-state observability Assumption 3.2.1, assuming

that the unstructured component Ψ(x) meets the conditions of Assumption 3.1.2 and

also assuming that gT (x∗)g(x̂) is full rank for all x̂ ∈ D, the output of system (3.34)

is asymptotically stabilized at y∗.
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Proof. For stability analysis, we consider the Lyapunov function candidate

V (x, x∗, ξ, x̂) = H(x− x∗) + 1
2
ξT ξ + 1

2
(x− x̂)T (x− x̂) + 1

2
ζT ζ.

In closed-loop, we seek to ensure that V̇ (x−x∗, x−x̂) is negative semi-de�nite. Taking

the derivative, since the Hamiltonian function is quadratic, we have

V̇ (x, x∗, x̂, ξ, ζ) = (x− x∗)T (ẋ− ẋ∗) + ξT ξ̇ + x̃T ˙̃x+ ζT ζ̇ ,

where x̃ = x− x̂; we can de�ne the error dynamic by

ẋ− ẋ∗ =[J(x)−R(x)]x+ Ψ(x) + g(x)u− [J(x∗)−R(x∗)]x∗ + Ψ(x∗) + g(x∗)u∗

=[J(x∗)−R(x∗)](x− x∗) + [∆J −∆R]x+ Φ + g(x)u− g(x∗)u∗,

where ∆J = J(x) − J(x∗), ∆R = R(x) − R(x∗) and Φ = Ψ(x) − Ψ(x∗) is the new

unstructured dynamic. For stability analysis, using the observer error dynamic (3.43),

we have

V̇ =(x− x∗)T (ẋ− ẋ∗) + x̃T ˙̃x+ ξT ξ̇ + ζT ζ̇

=− (x− x∗)TR(x∗)(x− x∗) + (x− x∗)T [∆J −∆R]x+ (x− x∗)TΦ

+ (x− x∗)T g(x)α(x̂, x∗)− (x− x∗)T g(x∗)u∗

+ x̃CTKT
oIζ − ζTKT

oICx̃− x̃T [R(x̂) + LgT (x̂)]x̃+ x̃T [∆Jo −∆Ro − L∆gTo ]x+ x̃TΨ

+ x̃T∆goα(x̂) + x̃T∆goKI(x̂)ξ − ξTKT
I (x̂)gT (x̂)(x̂− x∗) + (x− x∗)T g(x)KI(x̂)ξ.

To simplify the equation, we �rst deal with the observer part and show that using the

dynamic observer (3.42), x̃ converges to zero. Following a similar approach in [37],

at equilibrium point ˙̃x = 0 and ζ̇ = 0, then the matrix form of the observation error



3.2. OBSERVER-BASED OUTPUT FEEDBACK CONTROLLER
DESIGN 83

dynamic (3.43) becomes

0

0

 =

J(x̂)−R(x̂)− LC CTKT
oI

−KoIC 0


x̃
ζ

+

(∆Jo −∆Ro)x+ Ψ(x) + ∆gou

0

 ,
(3.46)

If matrix KoIC has full rank p, x̃→ 0 and if CTKT
oI has a left inverse, then

ζ = −(CTKT
oI)
−1([∆Jo −∆Ro]x+ Ψ(x) + ∆gou).

Therefore, ζ → ζ∗, with ζ∗ = limt→∞ ζ. As a result x = x̂. Since the controller is a

function of observed state, we rewrite V̇ in term of x̂ only. Hence

V̇ = −δx̂TR(x∗)δx̂+ δx̂T [∆Jo −∆Ro]x̂+ δx̂TΦ + δxTg(x̂)α(x̂, x∗)− δx̂Tg(x∗)u∗

where δx̂ = x̂ − x∗. In this equation, the �rst term is always negative, hence, to

guarantee that V̇ (x̂− x∗) ≤ 0, we should �nd α(x̂, x∗) such that

δx̂T (∆Jo −∆Ro)x̂+ δxTΦ + δx̂Tg(x̂)α(x, x∗)− δx̂Tg(x∗)u∗ = 0. (3.47)

Using Assumption 3.1.2, we replace Φ byKpR∇H(x̂) orKpRδx̂ whereKp is a positive

diagonal gain matrix with all entries equal or larger than q. By having this term we

can adjust the controller such that the e�ect of unstructured component is taken in

e�ect and hence, we can ensure the strict negativity of Lyapunov derivative when

trajectories are far from the desired equilibrium point (x∗, ξ∗). Therefore, equation
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(3.47) becomes:

δx̂T (∆Jo −∆Ro)x̂+ δx̂TKPRδx̂+ δx̂Tg(x̂)α(x̂, x∗)− δx̂Tg(x∗)u∗ = 0.

Finally, for

A+ g(x̂)α(x̂, x∗) +KPRδx̂− g(x∗)u∗ = 0,

with A = [∆Jo −∆Ro] and selecting

α(x̂, x∗) = −[gT (x∗)g(x̂)]−1gT (x∗)[Ax̂+KPR(x̂)∇H(x̂)− g(x∗)u∗],

ensures that V̇ (x̂ − x∗) ≤ 0 . By selecting quadratic Hamiltonian, x∗ is the largest

invariant set of the dynamics, and by invoking Lasalle's invariance principle, we con-

clude that desired equilibrium is asymptotically stable in closed-loop [40]. This con-

cludes the proof.

Corollary 3.2.1. Consider the NGH system de�ned as in (3.34). Under local control-

lablity condition 3.1.1, and zero-state observability Assumption 3.2.1, and assuming

that the unstructured component Ψ(x) meets the conditions of Assumption 3.1.2, then

the output feedback controller given by

u(x̂, ξ) = −[gT (x̂)g(x̂)]−1gT (x̂)KpR(x̂)∇H(x̂) +KI(x̂)ξ

ξ̇ = −KT
I (x̂)gT (x̂)∇H(x̂)

(3.48)

where gT (x̂)g(x̂) is full rank for all x̂ ∈ D locally stabilizes the output at the origin

where Kp ∈ Rn×Rn is positive constant gain matrix, KI(x̂) ∈ Rm×Rm is a positive

integral gain matrix and ξ ∈ Rm is the controller dynamic state.
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Remark 3.2.2. In speci�c cases, we may consider the pH standard output of the form

y = gT∇H(x) where g is a constant matrix in Rn×m. This simpli�es the calculations;

however, this is not always possible for chemical processes.

Remark 3.2.3. The design approach above does not apply to the general output case

where y = gT (x)∇H(x). The reason is that we would not be able to linearly factorize

the observation dynamic ζ̇ in terms of the observation error x̃ anymore, and hence,

we cannot bene�t from the integral observer to remove the observation error caused

by the unstructured component Ψ.

3.2.5 Adaptive Observer-based Stabilization with Parametric Uncertainty

As discussed earlier, many practical chemical processes contain uncertain or unknown

parameters to which the controller does not have access. This section studies the

problem of output feedback controller design for the following uncertain control a�ne

system:

ẋ = f(x, θ) + g(x)u

y = h(x),

(3.49)

where only the output y is measured and assumed to be linear and where θ is the

vector of unknown parameters in Rl. Following a similar Assumption to the one given

in the previous section, we can represent this system to the NGH form given as

ẋ = [J(x, θ)−R(x, θ)]∇H(x) + Ψ(x, θ) + g(x)u

y = C∇H(x),

(3.50)

where x ⊂ D ∈ Rn, u ∈ Rm, y ∈ Rp and θ ∈ Rl. Since the system contains unknown

parameters, we revise the zero state observability assumption as follows.
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Assumption 3.2.3. The control a�ne system (3.33) (equivalently (3.50)) is zero

state observable for �xed parameters θ, i.e., de�nition 3.2.1 holds.

The proposed design procedure is formalized in two stages: We �rst propose a

nonlinear observer to estimate the unmeasured state variables; and, then, an adaptive

output feedback controller is designed to stabilize the system (3.50) at a desired

steady-state x∗,

Similar to the proposed observer is given in the previous section, we need to select

a Proportional Integral (PI) observer to estimate the unknown state. In this case,

the observer is de�ned as

˙̂x =[J(x̂, θ̂)−R(x̂, θ̂)]∇H(x̂) + g(x̂)u− L(y − ŷ)− CTKT
oIζ

ζ̇ =−KoI(y − ŷ)

ŷ =C∇H(x̂),

(3.51)

where L ∈ Rn×p and KoI ∈ Rp×p are the observer proportional and integral gains,

respectively. After subtracting from the process dynamic (3.50), we have the obser-

vation error dynamic expressed by:

˙̃x =[J(x, θ)−R(x, θ)]∇H(x) + Ψ(x, θ) + g(x)u− [J(x̂, θ̂)−R(x̂, θ̂)]∇H(x̂)

− g(x̂)u+ L(y − ŷ) + CTKT
oIζ

=[J(x̂, θ̂)−R(x̂, θ̂)− LC]x̃+ [∆Jo −∆Ro]x+ Ψ(x, θ) + CTKT
oIζ + ∆gou

ζ̇ =−KoI(y − ŷ)

ỹ =C(x− x̂),

(3.52)

where ∆go = g(x)− g(x̂), ∆Ĵo = J(x, θ)− J(x̂, θ̂) and ∆R̂o = R(x, θ)−R(x̂, θ̂).
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Next, we tend to design the stabilizing controller at the desired steady-state x∗. We

consider the Hamiltonian function H(x) = 1
2
(x−x∗)T (x−x∗), hence, ∇H(x) = x−x∗.

The general scheme for the proposed adaptive output feedback control is shown in

Figure 3.9.

Figure 3.9: Adaptive output feedback loop of parametric NGH system

Following the discussion given in previous section, we state the main proposition.

Proposition 3.2.4. Consider the uncertain NGH system (3.50). Assume that the

system satis�es Assumptions 3.1.4, 3.2.3, 3.1.5, and 3.1.6. Further assume that the

square matrix gT (x∗)g(x̂) is full rank for all x̂ ∈ D. Then, the adaptive output feedback

controller

u =− [gT (x∗)g(x̂)]−1gT (x∗)
[
Kpδx̂+K ′pR(x̂, θ̂)δx̂+ (∆Ĵ −∆R̂)x̂− g(x∗)u∗

]
+KI(x̂)ξ

ξ̇ =−KT
I (x̂)gT (x̂)δx̂

˙̂
θ =Γ[P T (x̂)− P T (x∗)]δx̂,

(3.53)
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locally stabilizes the system at the desired point x∗, where ∆Ĵ = J(x̂, θ̂)−J(x∗, θ̂) and

∆R̂ = R(x̂, θ̂)−R(x∗, θ̂), and x̂ is obtained by the observer (3.51), δx̂ = ∇H(x̂−x∗),

KI is state dependent integral gain in Rm×m, and Kp is a constant positive gain matrix

in Rn×n.

Proof. We consider the Lyapunov function candidate

V =
1

2

[
(x− x∗)T (x− x∗) + x̃T x̃+ θ̃TΓ−1θ̃ + ξT ξ + ζT ζ

]
,

where x̃ = x− x̂ and x̄ = x̂− x̌. In closed-loop, we seek to ensure that V̇ (x−x∗, x̃, θ̃)

is negative semi-de�nite. Taking the derivative, since the Hamiltonian function is

quadratic, we have

V̇ = (x− x∗)T (ẋ− ẋ∗) + x̃T ˙̃x+ θ̃TΓ−1 ˙̃θ + ξT ξ̇ + ζT ζ̇ ,

using the representation (3.50), we can de�ne the error dynamics by

ẋ− ẋ∗ =[J(x, θ)−R(x, θ)]x+ Ψ(x, θ) + g(x)u− [J(x∗, θ)−R(x∗, θ)]x∗ −Ψ(x∗, θ)− g(x∗)u∗

=[J(x∗, θ)−R(x∗, θ)](x− x∗) + [∆J −∆R]x+ Φ + g(x)u− g(x∗)u∗,

where ∆J = J(x, θ)− J(x∗, θ), ∆R = R(x, θ)− R(x∗, θ) and Φ = Ψ(x, θ)− Ψ(x∗, θ)

is the new unstructured dynamics.

We also rewrite the observation error dynamics in term of J and R. Taking the

time derivative of the Lyapunov function and denoting x− x∗ by δx, we have

V̇ =δxT δẋ+ x̃T ˙̃x+ θ̃TΓ−1
˙̃
θ + ξT ξ̇ + ζT ζ̇

=− δxTR(x∗, θ)δx+ δxT [∆J −∆R]x

− x̃T [R(x̂, θ̂) + LC]x̃+ x̃T [∆Ĵo −∆R̂o]x̂+ x̃TCTKT
oIζ − ζTKoICx̃+ x̃TΨ + δxTΦ

+ (δx+ x̃)T g(x)u− x̃T g(x̂)u− δxT g(x∗)u∗ − θ̃TΓ−1
˙̂
θ + ξT ξ̇.

(3.54)
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We replace u, ξ̇ from (3.53)

V̇ =− δxTR(x∗, θ)δx+ δxT [∆J −∆R]x

− x̃T [R(x̂, θ̂) + LC]x̃+ x̃T [∆Ĵo −∆R̂o]x̂+ x̃TΨ + δxTΦ

− (δx+ x̃)T [G1KpR(x̂, θ̂)δx̂+G1(∆Ĵ −∆R̂)x̂−G1g(x∗)u∗]

+ (δxT + x̃T )g(x)KI(x̂)ξ − ξTKT
I (x̂)gT (x̂)δx̂

+ x̃T [G2KpR(x̂, θ̂)δx̂T +G2(∆Ĵ −∆R̂)x̂−G2g(x∗)u∗]

− x̃T g(x̂)KI(x̂)ξ + δxT g(x∗)u∗ − θ̃T [P T (x̂)− P T (x∗)]δx̂,

(3.55)

where G1 = g(x̂)[gT (x∗)g(x̂)]−1gT (x∗) and G2 = g(x)[gT (x∗)g(x̂)]−1gT (x∗) with rank

m. To simplify the equation, we �rst deal with the observer part and show that using

the dynamic observer (3.51), x̃ converges to zero. Following a similar approach in

[37], at equilibrium point ˙̃x = 0 and ζ̇ = 0, then the matrix form of the observation

error dynamic (3.52) becomes

0

0

 =

J(x̂, θ̂)−R(x̂, θ̂)− LC CTKT
oI

−KoIC 0


x̃
ζ

+

(∆Ĵo −∆R̂o)x+ Ψ(x, θ) + ∆gou

0

 ,
(3.56)

If matrix KoIC has full rank p, x̃→ 0 and if CTKT
oI has a left inverse, then

ζ = −(CTKT
oI)
−1([∆Ĵo −∆R̂o]x+ Ψ(x, θ) + ∆gou).

Therefore, ζ → ζ∗, with ζ∗ = limt→∞ ζ. As a result x = x̂ and G1 = G2 = G.

Since the congtroller is a function of observed state, we rewrite V̇ in term of x̂ only,

therefore equation (3.55) becomes



3.2. OBSERVER-BASED OUTPUT FEEDBACK CONTROLLER
DESIGN 90

V̇ ≤− δx̂T [R(x∗, θ) +GKp +GK ′pR(â, θ̂)]δx̂

+ ‖δx̂T [∆J −∆R]x̂− δx̂TG(∆Ĵ −∆R̂)x̂

+ δx̂TΦ− δx̂Tg(x∗)u∗ + δx̂TGg(x∗)u∗

− θ̃[P (x̂)− P (x∗)]δx̂‖.

(3.57)

We re-express the contribution of the unstructured terms by using its Lipschitz prop-

erty (Assumption 3.1.5), meaning that, there is a positive η such that ‖Φ(x̂, x∗, θ)‖ ≤

η‖x̂−x∗‖. Therefore, we can incorporate the unstructured part in the �rst term, i.e.,

V̇ ≤− δx̂T [R(x∗, θ) +GKp +GK ′pR(x̂, θ̂)− γ]δx̂

+ ‖δx̂T [∆J −∆R]x̂− δx̂TG(∆Ĵ −∆R̂)x̂

− δx̂Tg(x∗)u∗ + δx̂TGg(x∗)u∗

− θ̃[P (x̂)− P (x∗)]δx̂‖,

(3.58)

where γ is an n × n positive diagonal matrix with entries larger than or equal to η.

Coupled with the adaptation law (3.53), this inequality implies the uniform bounded-

ness of δx̂ and θ̂. Since we might not obtain exact estimation of the parameters, there

is no guarantee over the positiveness of matrix R(x, θ̂) for all θ̂. This de�ciency can

be �xed by appropriate sign selection of K ′p. We then can dominate the negative term

by adjusting appropriate controller gains Kp and K ′p. Therefore, we can ensure V̇ < 0

for all x = x̂ 6= x∗. By design of the Hamiltonian function, x∗ is the largest invariant

set of the system, and by invoking Lasalle's invariance principle, we conclude that

the trajectories asymptotically converge to the desired equilibrium [40]. Since V̇ < 0

except at x̂ = x = x∗, ˙̂
θ is bounded and ultimately constant. Using Barbalat's lemma

we can deduce that limt→∞ θ̃ = θ̄ i.e., θ̂ converges to a constant θ∗. This can also be
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shown from equation (3.53) where θ̃(t) = θ̃(t0)−Γ
∫ t
t0

[P (x̂(σ))−P (x∗)]T δx̂(σ). Since

P and δx are bounded and δx̂ → 0, the integral term exist and it is �nite. Hence,

limt→∞ θ̃ = θ̄. This concludes the proof.

Remark 3.2.4. In many practical applications, g(x) is constant. Then, simpli�ca-

tions will follow in the proof since G1 = G2 becomes a constant symmetric matrix

with rank m and positive entries on the diagonal.

Following the same assumptions, we can obtain an observer-based dynamic con-

troller to stabilize the system at the origin. The next corollary summarizes the main

result for stabilization of the system at x∗ = 0.

Corollary 3.2.2. We can stabilize the uncertain NGH system (3.50) at the origin

using adaptive state feedback controller given by

u(x̂, ξ, θ̂) = −[gT (x̂)g(x̂)]−1gT (x̂)[KP∇H(x̂) +K ′pR(x̂, θ̂)∇H(x̂)] +KI(x̂)ξ

ξ̇ = −KT
I (x̂)gT (x̂)∇H(x̂)

˙̂
θ = ΓP T (x̂)x̂,

(3.59)

where θ̂ ∈ Rl is the estimated parameter, ξ ∈ Rm is the controller dynamic, KI(x̂) ∈

Rm×m is a positive possibly state dependent integral gain matrix, Kp ∈ Rn×n is con-

stant positive gain matrix. P (x̂) is the function matrix obtained from Assumption

3.1.6.
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3.2.6 Example: Generic System

Turning back to the generic system proposed earlier, we may carry the simulation to

test the validity of the obtained results. Figure 3.10 shows that not only the observed

states coincide to the real states, but also all the trajectories converge to the origin

using the designed dynamic controller. The controller response is also demonstrated

in 3.11.

Figure 3.10: Trajectories response in output feedback controller scheme of generic system

Next, we test the robustness of the controller for the uncertain system where we

assume a2 and r3 are unknown, from parameterization, the matrices P (x) and Q(x)
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Figure 3.11: Output feedback controller output response in closed loop for the generic system

become

P (x) =



−x3 0

0 0

x1 −x3

0 0


, Q(x) =



−2x1 + 2x2 + 2x2x
2
3

−2x1 − 2x23x1 − x2x4 − 2x2 + 2x4

4x4 + x1x4

−2x2 − 4x3 − x1x3 − 0.5x4


. (3.60)

The system has ocsillatory behavior in open loop. The simulation results are given

in �gures 3.12�3.14.

We notice that although the parameters are not converging to their correct values,

the controller performance is good enough to stabilize the system at the origin. We

also observe that â2 has no dynamic. This can be easily veri�ed by replacing P (x) in

dynamic controller (3.59), which leads to ˙̂a2 = 0.
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Figure 3.12: Trajectories response in output feedback controller scheme of uncertain generic system

3.3 Summary

In this chapter, we investigated the stability analysis and controller design for gener-

alized Hamiltonian systems containing unstructured dynamics. First, su�cient con-

ditions for the stability of this system were established. That is re�ected in proving

the ultimate boundedness and ISS property of the trajectories for both unforced and

forced dynamics. It was shown that to achieve this goal, the norm of unstructured

component should be bounded by the natural dissipation of the structured part of

the dynamics. It made the basis to design dynamic state feedback control by intro-

ducing an additional feedback term in the controller to stabilize the system in the

desired equilibrium points. The design was extended to adaptive case where NGH

system contains uncertain parameters. We showed that it is still possible, by making



3.3. SUMMARY 95

Figure 3.13: Output feedback controller output response in closed loop for the uncertain generic

system

slight modi�cation, to design an adaptive controller to stabilize the system at de-

sired steady-state no matter how the adaptation law performs in �nding parameter

estimates. Based on Assumption 3.1.6, the structured part of dynamic is parameter-

ized in unknown parameter which helps �nd a proper adaptation law. Under a mild

condition on the unstructured dynamics related to the natural dissipation of the gen-

eralized Hamiltonian system, it is shown that the overall closed-loop system is stable

at desired steady-state even if the adaptive stabilization strategy does not provide

precise estimation of the parameters. The desired performance could be achieved by

injecting more dissipation into the actuated dynamic. The controllability condition

on the whole dynamic ensures all the states converge to the desired steady state.

In the second part of the Chapter, a dynamic output feedback controller was
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Figure 3.14: Parameter estimation response in adaptive control of uncertain generic system

designed by introducing an additional feedback term in the controller for the special

class of NGH system without requiring any observation. Then, the results were gener-

alized by proposing a PI observer for estimating the unmeasured states and assuming

the system is zero state observable. Subjected to the made assumptions, the designed

observer-based controller can stabilize the system at the desired equilibrium point.

The stability of closed-loop system was proved via the Lyapunov stability notion at

the desired equilibrium points. Similar to the state feedback case, an adaptive ap-

proach was designed to tackle parametric uncertainties by making slight modi�cations

in the controller formula. In order to do that, a closed loop Lyapunov function is se-

lected and following that, the controller is designed based on the Lyapunov stability

notion. This way, we can guarantee the stabilization at the desired output without

�nding an exact parameter estimation.
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Although there are assumptions made to carry the analysis, we can relax some

limitations by incorporating the unstructured component in the observer dynamic.

It makes the applicability of the method broader and by employing this procedure, a

wide range of dynamical systems could be analyzed and proper controllers would be

designed without solving matching equation PDEs.

Using approaches given in this chapter, a simpler controller can be designed by

exploiting the Hamiltonian structure without solving matching equations. Moreover,

the e�ort for �nding a standard GH representation is relaxed. Furthermore, desired

performance could be achieved by assigning extra dynamics in the system. The

validity of the obtained results are veri�ed by simulations of a generic example.

There are other interesting potential problems to be explored for this class of

systems. Some of these open problems are given but not limited to the following

items

� Finding an adaptive controller to be able to precisely estimation parameter

values for uncertain NGH system.

� Changing the limit on the unstructured dynamic alters the problem's nature.

In this case, a di�erent approach should be used to analyze the open-loop and

closed-loop stability.

� The convexity assumption on the Hamiltonian function is the main support to

carry the analysis. The nature of the problem changes when the convexity of

the Hamiltonian system is relaxed.

� The analysis could be repeated for the potential-based Hamiltonian systems.
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� Exploring the e�ect of physical component constraints such as input and output

constraints.

� Revising the approach to deal with disturbance rejection problem could be

another interesting area of studies.

In the next Chapter, we study the problem of precise estimation of unknown

parameters.
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Chapter 4

Adaptive Feedback Contol of NGH Systems with

Exact Parameter Estimation

In this Chapter, we present the results for adaptive feedback controller design of

NGH systems with exact parameter estimation. Building on the results presented in

Chapter 3, the key objective of this research project is to propose adaptive control

schemes for the proposed class of NGH systems to achieve, via state feedback and

observer-based design, an adaptive control scheme capable of precisely estimating the

unknown parameters existing in the NGH system. Since there is a part of dynamic

that is excluded from control design, we need to generate extra information in order to

be able to recover the true values for parameter estimation, which leads to introducing

auxiliary dynamic. To broaden the applicability fo the proposed approach, we relax

some design assumption by studying special cases.
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4.1 Adaptive State Feedback Control Design with Exact Parameter Es-

timation

As discussed in Chapter 3, we can represent the control a�ne

ẋ = f(x, θ) + g(x)u, (4.1)

to NGH form

ẋ = [J(x, θ)−R(x, θ)]∇H(x) + Ψ(x, θ) + g(x)u. (4.2)

where the Hamiltonian function H(x) is selected to be quadratic i.e., H(x) = 1
2
xTx.

One objective is to determine an exact estimate of the unknown parameter θ. We

represent the necessary assumptions for the design.

Assumption 4.1.1. The control a�ne system (4.1) (equivalently (4.2)) is locally

controllable for �xed parameters θ, i.e., de�nition 3.1.1 holds.

Assumption 4.1.2. The unstructured vector Ψ(x, θ) has Lipschitz property in x and

θ, and meets the inequality

‖Ψ(x, θ)‖ ≤ q(x, θ)‖R(x, θ)∇H(x)‖ ∀x ∈ D\{0}, (4.3)

where D ⊂ Rn is a domain of interest centered at the origin and the state-dependent

bound is bounded locally by a constant, i.e., q(x, θ) ≤ q on D.
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Assumption 4.1.3. There exists a matrix function P (x) ∈ Rn×l and a vector func-

tion Q(x) ∈ Rn such that

ẋ = P (x)θ +Q(x) + Ψ(x, θ) + g(x)u, (4.4)

where θ is an l-dimensional constant parameter vector.

To proceed with the adaptation design, we must �rst generate the necessary data

for the adaptation law to determine an appropriate estimation law. This is accom-

plished by introducing an auxiliary system, as explained in the following section.

4.1.1 Auxiliary System

Our main contribution is to �nd a precise estimation of the unknown parameters

in addition to the stabilization of states at desired steady-state. We introduce an

auxiliary dynamic that excludes Ψ and is given by

˙̌x =[J(x, θ̂)−R(x, θ̂)]∇H(x) + g(x)u+ Λ(x− x̌), (4.5)

where x̌ ∈ D can be considered as the trajectories generated by the parameter es-

timation θ̂, and Λ is a diagonal matrix with positive entries. For precise parameter

estimation, iIn addition to the assumptions made above, as we need to ensure that the

unstructured dynamic and the parameter linearization is not interacting too strongly,

we make the following assumption.

Assumption 4.1.4. The scalar product of the unstructured dynamic vector Ψ(x, θ)

and the parameter linearization P (x) is bounded, i.e., ΨT (x)P (x) < κ, where κ is a

small scalar.
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The reason to make assumption 4.1.4 is that the gain Λ can not compensate for the

ẋ and ˙̌x mismatch regardless of how large it is. Therefore, there will be a permanent

minimal di�erence between x and x̌ which prevents that θ̂ converges to θ. By limiting

the impact of Ψ interactions on P (x), we can at least make sure that the dynamics

a�ected by this mismatch have lowest e�ect on the parameter estimation.

Following the structure of the results reported in Chapter 3, we make use of this

system to develop adaptation law as given in the subsection below.

4.1.2 Adaptive Controller Design

We do not have access to the true value of parameters for the controller formulation,

however we would like to develop and adaptive scheme to �nd the correct parameter

values. Using assumption 4.1.3, we have the same analogy to represent the auxiliary

system (4.5) into

˙̌x = P (x)θ̂ +Q(x) + Λ(x− x̌) + g(x)u. (4.6)

We use the information generated by this auxiliary system to obtain a precise value for

the unknown parameter. We de�ne the estimation error by x̄ = x− x̌. Consequently,

we obtain the following estimation error dynamic ˙̄x = ẋ − ˙̌x by substracting (4.4)

from (4.6), given by

˙̄x = P (x)θ̃ + Ψ− Λ(x− x̌), (4.7)

where the parameter estimation error is denoted by θ̃ = θ − θ̂. One important

requirement in parameter estimation is the Persistent Excitation (PE) in closed-loop,

which is provided by making the reference signal rich enough. This requirement,

however, could be weakened in nonlinear systems since the inherit nonlinearity of the

system improves the system excitation, thus enhancing the parameter convergence
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[44]. From [2], and since the adaptation law has the form ˙̃θ = −ΓP (x)TΘ(x, x∗, x̌),

the su�cient condition for parameter convergence is that the term P (x) is persistently

excited. That is, there exists positive constants µ0 and T such that

∫ t+T

t

P (τ)TP (τ)dθ ≤ µ0I, ∀t ≤ 0. (4.8)

Though the matrix P (τ)TP (τ) is singular for all τ when (nθ > m), the PE condition

requires that P rotates su�ciently in space that the integral of the matrix P (τ)TP (τ)

is uniformly positive de�nite over any interval of some length T .

We are considering the case where the unknown parameter may appear in the

unstructured part of the dynamic. Generally, the adaptation performance and pa-

rameter estimation strongly depend on the value of P (x) around the desired value

x∗. As long as this value is non-zero, correct parameter estimation is guaranteed.

Otherwise, we need to excite the system in order to generate su�cient information

for the adaptation law to converge. This is more important for the stabilization of the

system at the origin since, in many cases, the entries of the matrix P (x) become zero

around the origin. Consequently, the adaptation evolution stops before the estimated

parameters settle on the true values. Therefore, coupled with the fact that we do not

use the unstructured component in the design of the control u, we need to guarantee

the PE condition. This allows recovering the true value for the unknown parameters

θ. According to the literature, the PE condition is usually achieved by su�ciently

exciting the reference signal [44, 2]. However, in our case, we cannot excite the system

by changing the steady-state or reference signal because we are trying to stabilize the

system at the desired steady-state. Therefore, changing the set-point is not a ratio-

nal action. As a result, we modify the controller law to include a (decaying) exciting
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signal. We revise the approach by adding the dither signal d(t) to the system input

in a closed-loop. In order to achieve stabilization at the same time, we consider a

decaying excitation signal as given below.

d(t) = e−atbsin(ωt), (4.9)

where a, b and c are scalar values.

We �rstly present the results for stabilization of the system at non-zero equilibrium

points. The Hamiltonian function, centered at x∗, is expressed by

H(x− x∗) = 1
2
(x− x∗)T (x− x∗), (4.10)

we consider the controller of the form

u = α(x, r, θ̂) +KI(x)ξ

ξ̇ = −KT
I (x)gT (x)∇H(x− x∗)

˙̂
θ = ΓP T (x)(x− x̌),

(4.11)

where KI(x) ∈ Rm×m is a positive matrix, ξ ∈ Rm is the controller dynamic, P (x) is

the matrix function satisfying Assumption 4.1.3 and α is going to be designed below.

A schematic block diagram of the suggested controller is given in Figure 4.1.
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Figure 4.1: Adaptive state feedback scheme of parametric NGH system with exact parameter

estimation

The following Proposition states the asymptotic stability of the system (4.2) at

desired non-zero constant equilibrium points x∗ when we add the integral action to

the system.

Proposition 4.1.1. Consider the non-exact generalized Hamiltonian system (4.2)

with Hamiltonian function (4.10), interconnected with controller (4.11), where

α = −[gT (x∗)g(x)]−1gT (x∗)[Âx+KpR(x, θ̂)∇H(x− x∗)− g(x∗)u∗ −Kdd(t)],

where Â = ∆Ĵ − ∆R̂ and ∆J = J(x, θ̂) − J(x∗, θ̂) and ∆R = R(x, θ̂) − R(x∗, θ̂).

Kp, Kd ∈ Rn×n are positive constant gain matrix. We also assume the squared ma-

trix gT (x)g(x) has full rank m for all x ∈ D. Under local controllability condition

4.1.1, and assuming that the unstructured component Ψ(x, θ) meets the conditions of

Assumption 4.1.2, the trajectory of system (4.2) is asymptotically stabilized at x∗.
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Proof. For stability analysis, we consider the Lyapunov function candidate

V = 1
2

(
H(x− x∗) + x̄T x̄+ ξT ξ + θ̃TΓ−1θ̃

)
.

In closed-loop, we seek to ensure that V̇ is negative semi-de�nite. Taking the deriva-

tive, since the Hamiltonian function is quadratic, we have

V̇ = (x− x∗)T (ẋ− ẋ∗) + x̄T ˙̄x+ ξT ξ̇ + θ̃TΓ−1 ˙̃θ.

From the system representation (4.2), we have

ẋ− ẋ∗ =[J(x, θ)−R(x, θ)]x+ Ψ(x, θ) + g(x)u

− [J(x∗, θ)−R(x∗, θ)]x∗ −Ψ(x∗, θ)− g(x∗)u∗

=[J(x∗, θ)−R(x∗, θ)](x− x∗) + [∆J −∆R]x+ Φ

+ g(x)u− g(x∗)u∗,

where Φ = Ψ(x, θ)−Ψ(x∗, θ), ∆J = J(x, θ)− J(x∗, θ) and ∆R = R(x, θ)−R(x∗, θ).

To simplify the representation, we de�ne δx = x− x∗. We have,

V̇ =− δxTR(x∗, θ)δx+ δx[∆J −∆R]x+ δxTΦ + δxT g(x)α(x, x∗, θ̂)

+ δxT g(x)KI(x)ξ − δxT g(x∗)u∗ + x̄TP (x)θ̃

− x̄TΛx̄+ x̄TΨ + ξT ξ̇ − θ̃TΓ−1
˙̂
θ.
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By replacing ˙̂
θ and ξ̇ from (4.11), we have

V̇ =− δxTR(x∗, θ)δx+ δx[∆J −∆R]x+ δxTΦ

+ δxT g(x)α(x, x∗, θ̂) + δxT g(x)KI(x)ξ − δxT g(x∗)u∗

+ x̄TP (x)θ̃ − x̄TΛx̄+ x̄TΨ− ξTKT
I (x)gT (x)δx− θ̃TP T (x)x̄

=− δxTR(x∗, θ)δx− x̄TΛx̄+ δx[∆J −∆R]x

+ δxT g(x)α(x, x∗, θ̂)− δxT g(x∗)u∗ + x̄TΨ + δxTΦ.

Selecting α given in (4.11) results in

V̇ =− δxT [GKpR(x, θ̂) +R(x∗, θ)]δx+ δxT [∆J −∆R]x

− δxTG[∆Ĵ −∆R̂]x+ δxTGKdd(t) + δxTGg(x∗)u∗

− δxT g(x∗)u∗ + δxTΦ− x̄TΛx̄+ x̄TΨ

=− δxT [GKpR(x, θ̂) +R(x∗, θ)]δx− x̄TΛx̄

+ δxTGg(x∗)u∗ − δxT g(x∗)u∗ − δxTGKdd(t)

+ δxT [∆J −G∆Ĵ −∆R+G∆R̂]x+ δxTΦ + x̄TΨ.

where G = g(x)[gT (x∗)g(x)]−1gT (x∗). To simplify the equation, we start with the

error dynamic ˙̄x. Since the gain Λ a�ects all state directions in ˙̄x coupled with the

fact that Ψ meets Assumption 4.1.4, we can ensure that by selecting appropriate

gains, x̄ converges to the origin. This implies that ˙̂
θ = ˙̃θ = 0. As well, the θ̃ is

bounded at steady-state since
∫ T
0

ΓP T (x)(x − x̌)dt exists. From Barbalat's Lemma

[52], we can deduce that in fact θ̃ converges to 0. This simpli�es the equation to the
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following

V̇ =− δxT [GKpR(x, θ̂) +R(x∗, θ)]δx

+ δxTGg(x∗)u∗ − δxT g(x∗)u∗ − δxTGKdd(t)

+ δxT [∆J −G∆J −∆R+G∆R]x+ δxTΦ.

Taking the norm of the cross terms, we have,

V̇ ≤− δxT [GKpR(x, θ̂) +R(x∗, θ)]δx

+ ‖δx‖.‖Gg(x∗)u∗ − g(x∗)u∗ −GKdd(t)‖

+ ‖δx‖.‖[∆J −G∆J −∆R+G∆R]‖.‖x‖+ ‖δx‖.‖Φ‖.

We re-express the contribution of the unstructured term by using its Lipschitz prop-

erty (Assumption 4.1.2), meaning that, we assume there is a positive η such that

‖Φ‖ ≤ η‖x − x∗‖. Therefore, we can incorporate the unstructured term in the �rst

term, i.e.,

V̇ ≤− δxT [GKpR(x, θ̂) +R(x∗, θ) + γ]δx

+ ‖δx‖.‖Gg(x∗)u∗ − g(x∗)u∗ −GKdd(t)‖

+ ‖δx‖.‖[∆J −G∆J −∆R+G∆R]‖.‖x‖.

where γ is an n × n positive diagonal matrix with entries larger than of equal to η.

Since the system is controllable, we then can dominate the negative term by adjusting

appropriate controller gain. Therefore, we can ensure V̇ < 0 for all x 6= x∗. By design

of the Hamiltonian function, x∗ is the largest invariant set of the system, and by

invoking Lasalle's invariance principle, we conclude that the trajectories asymptoti-

cally converge to the desired equilibrium [40]. On the other side, since δx converges

to 0 and from the controller dynamic (4.11), we can deduce that ξ̇ = 0 at steady

state which implies that ξ converges to a limited steady state ξ∗. This concludes the
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proof.

Corollary 4.1.1. Following the same assumptions, we can locally stabilize the system

at the origin using adaptive state feedback controller given by

u(x, ξ) = −[gT (x)g(x)]−1gT (x)KPR(x, θ̂)∇H(x) +KI(x)ξ

ξ̇ = −KT
I (x)gT (x)∇H(x)

˙̂
θ = ΓP T (x)(x− x̌),

(4.12)

where θ̂ ∈ Rl is the estimated parameter, ξ ∈ Rm is the controller dynamic, KI(x) ∈

Rm×m is a positive possibly state dependent integral gain matrix, Kp ∈ Rn×n is con-

stant positive gain matrix. P (x) is the function matrix obtained from Assumption

4.1.3.

Remark 4.1.1. The PE requirement is more important for stabilization at the origin

since in many practical cases, the entries of the matrix P (x) become zero around the

origin. Consequently, the adaptation evolution stops before the estimated parameters

converge to the true values.

Remark 4.1.2. Note that assuming controllability, controller (4.11) stabilizes system

(4.2) at the desired point x∗ even if the system is under-actuated.

4.1.3 Example: Generic System

We seek to stabilize the system at the origin while parameters a1 and r3 are unknown.

To realize the importance of the external excitation, we carry the simulation for two

main cases: with and without the dither signal in the input.
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Without dither signal

The simulation results for this case are given in Figures 4.2�4.4. We can see that

parameter â1 does not converge to a1 although the system trajectories converge to

the origin.

Figure 4.2: Trajectories response in state feedback controller scheme of generic system without

external excitation

With decaying dither signal

The de�ciency of neglecting the external excitation is that we can not achieve both

design goals: parameter estimation and stabilization. The �gures below show how

adding the dither signal to the input provides both stabilization and parameter es-

timation. In this case, we need to select smaller controller gains and larger adap-

tation gains. Slower controller provides the adaptation dynamic with enough time
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Figure 4.3: State feedback controller output response in closed loop for the generic system without

external excitation

to �nd the correct parameter. Therefore, we need more time to achieve both sta-

bilization and parameter estimation. The selected decaying dither signal is d(t) =

exp(−0.03t)2 sin(0.5t).

Discussion

We notice that adding dither signal increases the convergence time for estimation of

r̂3, on the other side, helps (give a relatively good) estimate â1. However, looking

back to assumption 4.1.4 and matrix P (x) in the example, we �nd out that the main

reason for â1 not exactly converging to a1 is that there is state x2 incorporated in

estimation dynamic of â1. We also can see that ẋ2 contains part of unstructured

dynamic which violates assumption 4.1.4. However, we can bene�t the dither signal

in this speci�c case to approximately recover â1 since the e�ect of x2 (or tie between

x2 and P as stated in the assumption description) is lower. Obviously, if we were to
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Figure 4.4: Parameter estimation response in adaptive control of generic system without external

excitation

keep ψ(x, θ) in the ˙̌x, we could achieve the exact parameter estimation for â1. This

is a special case that is presented in Section 4.3.

All being said, it can be deduced that, as long as all the assumptions are met,

adding dither signal helps estimate parameters in adaptive stabilization at the origin.

When assumption 4.1.4 is not completely met, we can still bene�t the external dither

signal depending on the tie between state dynamics containing Ψ and P .

4.1.4 Adaptive State Feedback Control with Parameter Estimation When

the Auxiliary System Contains Ψ

In our study of Proposition 4.1.1, a crucial element is the location of the uncertain

parameter(s) in the structured and unstructured components of the dynamics, i.e.,
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Figure 4.5: Trajectories response in adaptive state feedback controller scheme of generic system

with external excitation

there are several cases to consider and each case presents di�erent challenges. The

limiting assumptions are given in the previous sections. However, we can relax those

limiting assumption and apply the obtained results for the real world application

provided that we let the unknown structured component Ψ appears in the auxiliary

system. To put it another way, we assume that the auxiliary system (and observation

for the observer-based design) dynamic have access to the dynamic's unstructured

part. This way, we can broaden the applicability of the proposed method to practical

chemical processes. For example, when considering the isothermal van de Vusse

reaction scheme, and considering the particular representation

H(x) =
1

2
(x21 + x22),
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Figure 4.6: State feedback controller output response in closed loop for the generic system with

external excitation

the structured matrix

J(x) =

 0 −k1

k1 0

 , R(x) =

k1 + k3x1 0

0 k2


and leaving the unstructured part of the dynamics

Ψ(x) =

k1x2
0

 , (4.13)

it is possible to enumerate di�erent cases:

� k3 is unknown � the unknown parameter is in the structured dissipative part

of the dynamics only;
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Figure 4.7: Exact parameter estimation response in adaptive control of generic system with external

excitation

� k2 is unknown � the unknown parameter is in the structured dissipative part

and the unstructured part of the dynamics; and,

� k1 is unknown � the unknown parameter is in the structured dissipative part

and the unstructured part of the dynamics.

This items motivate us to extend our studies for the special case where unstruc-

tured component Ψ appears in the auxiliary system for state feedback and both

auxiliary and observer dynamic for output feedback controller design. In the sequel,

corresponding results are presented for this special cases.

In what follows, we �rst revise the assumptions after adding the unstructured

component to the auxiliary system. Then, the corresponding controller design is

discussed.
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Revised assumptions and auxiliary system

In this case, the estimated parameters generates an auxiliary system

˙̌x = P (x)θ̂ +Q(x) + Ψ(x, θ̂) + Λ(x− x̌) + g(x)u, (4.14)

where Λ ∈ Rn×n is a positive square diagonal matrix with entries to be assigned freely.

Following the same procedure as given in Section 4.1, we end up with the estimation

error dynamic ˙̄x = ẋ− ˙̌x given by

˙̄x = P (x)θ̃ + Φ− Λ(x− x̌), (4.15)

where Φ = Ψ(x, θ) − Ψ(x, θ̂) and the parameter estimation error is denoted by θ̃ =

θ− θ̂. We still need to make sure that the system is su�ciently excited, especially for

stabilization at the origin. Again, this requirement, however, could be weakened in

nonlinear systems, thus enhancing the parameter convergence [44]. As well, we can

tune the gains to achieve the desired performance in closed-loop. As a result, we can

relax the external excitation requirement for the estimation.

Since we have included the unstructured component Ψ in the auxiliary system, we

can relax Assumption 4.1.4. It is mainly because, in this case, the auxiliary system

is roughly a copy of the process dynamic. As a result, there won't be any mismatch

between the auxiliary system and the process dynamic anymore. It makes the error

x̄ converge to zero, no matter where and how the unstructured component appears

in the dynamic. Therefore, we can follow the controller design by considering all the

assumptions made in Section 4.1, except Assumption 4.1.4.
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Controller design

A brief look at the design procedure reveals that the only change to the controller

design is that the auxiliary system error now comprises the term Φ instead of Ψ. It

does not alter the controller design and proof details as it is related to the parameter

estimation part. Therefore, we end up with the same controller as given in the

proposition 4.1.1 for stabilization at x∗ and Corollary 4.1.1 for stabilization at the

origin. This assertion is also trivial in the sense that we are not using the unstructured

component in the controller design as one of our key motivations.

The isothermal van de Vusse reaction system is selected for the special case where

the auxiliary system and observer dynamic may contain unstructured component

Ψ. We present the results for adaptive state feedback and adaptive observer-based

feedback in two separate parts.

Example: Isothermal van de Vusse System

Following in particular the contribution [73], the main reaction involves the transfor-

mation of cyclopentadiene (component A) to the product cyclopentanol (component

B). A parallel reaction takes place producing the by-product dicyclopentadiene (com-

ponent D). Furthermore, cyclopentenol reacts again giving the undesired product

cyclopentandiol (component C). All these reactions may be described by the reaction

scheme:

A
k1−−→ B

k2−−→ C

2A
k3−−→ D

The main objective is to produce as much as possible of the desired component

B. Steady-state concentration of components depend on the dilution rate and reactor
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temperature. The governing equations for this system are given as

ĊA = −k1CA − k3C2
A +Di(CA0 − CA)

ĊB = k1CA − k2CB −DiCB,

(4.16)

where ki(Tin) = k0i exp( Ei

RTin
). The numerical values of the process parameters are

given in Table 4.1. We set CA = x1 and CB = x2. We can verify the controllability

Table 4.1: van de Vusse reaction numerical values

CA0 5 (mol/l)
Tin 403.15 K
D 15 (1/h)
Cp 3.01 kJ/(kg K)
ρ 0.9434 (kg/l)
∆H1 4.20 (kJ/mol)
∆H2 -11.00 (kJ/mol)
∆H3 -41.85 (kJ/mol)
k10 1.287× 1012 l/(mol.h)
k20 1.287× 1012 l/(mol.h)
k30 9.043× 109 l/(mol.h)
E1/R -9758.3 K
E2/R -9758.3 K
E3/R -8560.0 K

condition by ensuring that S = [f(x), adfg(x)] has rank 2. A possible representation

of the van de Vusse system is proposed by using the quadratic Hamiltonian function

H(x) =
1

2
(x21 + x22),
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the structured matrices

J(x) =

 0 −k1

k1 0

 , R(x) =

k1 + k3x1 0

0 k2

 ,
leaving the unstructured part of the dynamics to be

Ψ(x) =

k1x2
0

 .
Based on the Assumption 3.1.2, we can ensure the Lipschitz property of the un-

structured part of the dynamics and �nd a constant q such that inequality (3.19) is

satis�ed. The detailed calculations is omitted due to space limitation.

Initially, the reactor is operating at a steady-state of x∗ = (0.92, 0.73), which

corresponds to u∗ = 10(1/hr). The reactor temperature is �xed at 403.15K and at

this temperature, ki = (39.57, 39.57, 5.47). We seek to reach the optimum steady-

state, where CB is maximized. As the �ow rate Di increases, the concentration

CA and CB rise simultaneously, however, increasing the Di beyond a certain values

(roughly 20(1/hr)) does not noticeably increase CB (compared to CA). On the other

side, raising Di results in higher operational expense. Hence, we �rstly take a step

response corresponding to Di = 10(1/hr) and �nally select x∗ = (1.48, 0.98) as our

�nal steady-state which is corresponded to Di = 20(1/hr). The simulation results

for closed loop trajectories and controller responses are given in Figures 4.8 and 4.9.

Based on the obtained plots, the controller is able to stabilize the system and desired

output. Assuming k1 and k3 as the unknown parameters, we can �nd
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Figure 4.8: Closed-loop trajectory response for adaptive state feedback control of isothermal van

de Vusse reaction with parameter estimation

P (x) =

−x1 − x2 −x21
x1 0

 , Q(x) =

 0

−k2x2

 . (4.17)

The parameter estimation response for this case is given in Figure 4.10.

Remark 4.1.3. The nonlinearity of the van de Vusse dynamical system ensures per-

sistency of excitation, and in this case, no external excitation (dither signal) is re-

quired to ensure parameter estimation convergence. For other application examples,

adding a dither signal to the adaptive control mechanism is generally required to en-

sure parameter estimation [44, 2].
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Figure 4.9: Controller response for adaptive state feedback control of isothermal van de Vusse

reaction with parameter estimation

4.2 Observer-based Adaptive Control with Exact Parameter Estimation

In this section, we study the problem of adaptive output feedback control design with

exact parameter estimation. We can represent the control a�ne system

ẋ = f(x, θ) + g(x)u

y = h(x),

(4.18)

to the NGH form is given by

ẋ = [J(x, θ)−R(x, θ)]∇H(x) + Ψ(x, θ) + g(x)u

y = C∇H(x),

(4.19)
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Figure 4.10: Closed-loop parameter estimation of k1 and k3 via adaptive state feedback control

for isothermal van de Vusse reaction

where x ⊂ D ∈ Rn, u ∈ Rm, y ∈ Rp and θ ∈ Rl. Our main goal is to stabilize

the system at the desired output y∗ along with an exact estimation of unknown

parameters θ. Similar to the previous section, we use the information given by the

auxiliary system (4.6) for parameter estimation.

The proposed design procedure is formalized in two stages: First, a nonlinear

observer is proposed to estimate the unmeasured state variables; and, then, an adap-

tive output feedback controller is designed to stabilize the system (4.19) at a desired

steady-state x∗ corresponding to the output y∗. To carry the analysis, we need the

following assumptions in addition to the assumptions given in Section 4.1.

Assumption 4.2.1. The control a�ne system (4.18) (equivalently (4.19)) is zero

state observable for �xed parameters θ, i.e., de�nition 3.2.1 holds.
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Assumption 4.2.2. The unstructured dynamic Ψ only appears in the state directions

that are measured.

4.2.1 Auxiliary System for Observer-based Design

In this case, auxiliary system is similar to (4.5), except that we need to replace x with

the observed state x̂. Therefore,

˙̌x =[J(x̂, θ̂)−R(x̂, θ̂)]∇H(x̂) + g(x̂)u+ Λ(x̂− x̌), (4.20)

and

˙̌x =P (x̂)θ̂) +Q(x̂) + g(x̂)u+ Λ(x̂− x̌). (4.21)

Then, using assumption 4.1.3, and de�ning x̄ = x − x̌, we obtain the following esti-

mation error dynamic ˙̄x = ẋ− ˙̌x

˙̄x = P (x)θ − P (x̂)θ̂ +Q(x)−Q(x̂) + Ψ + (g(x)− g(x̂))u− Λ(x̂− x̌), (4.22)

We should note that since x has been replaced by its observed state x̂ in auxiliary

system, we cannot linearly parameterize the error dynamic (4.22) with respect to P

and delete Q. It causes more complexity to the proof and gains tuning.

4.2.2 Nonlinear Observer Design

We assume that the unstructured component Ψ is not incorporated in observer's

dynamic, i.e., the observer only contains the structured part of dynamic. Since the

unstructured component is not included, there will be a mismatch between the process

and observer dynamic. As a result, and as explained in Chapter 3, a Proportional
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Integral (PI) observer is needed to estimate the unknown state. In this case, the

observer is similarly de�ned as

˙̂x =[J(x̂, θ̂)−R(x̂, θ̂)]∇H(x̂) + g(x̂)u− L(y − ŷ)− CTKT
oIζ

ζ̇ =−KoI(y − ŷ)

ŷ =C∇H(x̂),

(4.23)

where L ∈ Rn×p and KoI ∈ Rp×p are the observer proportional and integral gains,

respectively.

Then, we have the observation error dynamic expressed by:

˙̃x =[J(x, θ)−R(x, θ)]∇H(x) + Ψ(x, θ) + g(x)u− [J(x̂, θ̂)−R(x̂, θ̂)]∇H(x̂)

− g(x̂)u+ L(y − ŷ) + CTKT
oIζ

=[J(x̂, θ̂)−R(x̂, θ̂)− LC]x̃+ [∆Jo −∆Ro]x+ Ψ(x, θ) + CTKT
oIζ + ∆gou

ζ̇ =−KoI(y − ŷ)

ỹ =C(x− x̂),

(4.24)

where ∆go = g(x)− g(x̂), ∆Ĵo = J(x, θ)− J(x̂, θ̂) and ∆R̂o = R(x, θ)−R(x̂, θ̂).

4.2.3 Stabilization at a Desired Steady-State

We consider the Hamiltonian function H(x) = 1
2
(x− x∗)T (x− x∗), hence, ∇H(x) =

x − x∗. We do not have access to the true value of parameters for the controller

formulation. Instead, we consider the parameter estimation θ̂ in the controller de-

sign. Using Assumption 4.1.2, we can linearly parameterize the error dynamics in the

unknown parameter θ and then, design the controller such that x converges to x∗ i.e.,
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y converges to y∗.

The general scheme for the proposed adaptive feedback control is shown in 4.11.

Figure 4.11: Adaptive output feedback loop of parametric NGH system with exact parameter

estimation

As explained in the previous section, we need to excite the system to provide

enough information required for parameters estimation. The following Proposition

states the asymptotic stability of the system (4.19) at desired non-zero constant equi-

librium points x∗ when we add the integral action to the system.

Proposition 4.2.1. Consider the system (4.19). Assume that the system satis�es

Assumptions 4.1.1, 4.2.1, 4.1.2, and 4.2.2. Further assume that the square matrix
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gT (x∗)g(x̂) is full rank for all x̂ ∈ D. Then, the adaptive output feedback controller

u =− [gT (x∗)g(x̂)]−1gT (x∗)
[
KpR(x̂, θ̂)δx̂+ (∆Ĵ −∆R̂)x̂− g(x∗)u∗ −Kdd(t)

]
+KI(x̂)ξ

ξ̇ =−KT
I (x̂)gT (x̂)δx̂

˙̂
θ =ΓP T (x̂)(x̂− x̌),

(4.25)

locally stabilizes the system at the desired point x∗, where ∆Ĵ = J(x̂, θ̂)−J(x∗, θ̂) and

∆R̂ = R(x̂, θ̂)−R(x∗, θ̂), and x̂ is obtained by the observer (4.23), δx̂ = ∇H(x̂−x∗),

KI is state dependent integral gain in Rm×m, and Kp is a constant positive gain matrix

in Rn×n.

Proof. We consider the Lyapunov function candidate

V = 1
2

[
(x− x∗)T (x− x∗) + x̃T x̃+ x̄T x̄+ θ̃TΓ−1θ̃ + ξT ξ + ζT ζ

]
,

where x̃ = x−x̂, x̄ = x̂−x̌ and θ̃ = θ− θ̂. In closed-loop, we seek to ensure that V̇ (x−

x∗, x̃, x̄, θ̃) is negative semi-de�nite. Taking the derivative, since the Hamiltonian

function is quadratic, we have

V̇ = (x− x∗)T (ẋ− ẋ∗) + x̃T ˙̃x+ x̄T ˙̄x+ θ̃TΓ−1 ˙̃θ + ξT ξ̇ + ζT ζ̇ ,

using the representation (4.19), we can de�ne the error dynamics by

ẋ− ẋ∗ =[J(x, θ)−R(x, θ)]x+ Ψ(x, θ) + g(x)u

− [J(x∗, θ)−R(x∗, θ)]x∗ −Ψ(x∗, θ)− g(x∗)u∗

=[J(x∗, θ)−R(x∗, θ)](x− x∗) + [∆J −∆R]x+ Φ + g(x)u− g(x∗)u∗,

where ∆J = J(x, θ)− J(x∗, θ), ∆R = R(x, θ)− R(x∗, θ) and Φ = Ψ(x, θ)− Ψ(x∗, θ)

is the new unstructured dynamics.
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We also rewrite the observation error dynamics in term of J and R. Taking the

time derivative of the Lyapunov function and denoting x− x∗ by δx, we have

V̇ =δxT δẋ+ x̃T ˙̃x+ x̄T ˙̄x+ θ̃TΓ−1
˙̃
θ + ξT ξ̇

=− δxTR(x∗, θ)δx+ δxT [∆J −∆R]x− x̃T [R(x̂, θ̂) + LC]x̃+ x̃T [∆Ĵo −∆R̂o]x̂

+ x̃TCTKT
oIζ − ζTKoICx̃+ x̃TΨ + δxTΦ + (δx+ x̃)T g(x)u− x̃T g(x̂)u

− δxT g(x∗)u∗ + x̄T ˙̄x− θ̃Γ−1 ˙̂
θ + ξT ξ̇.

(4.26)

We replace u, ξ̇ and ˙̂
θ from (4.25). Noting that δẋ = ẋ− ẋ∗, we have

V̇ =− δxTR(x∗, θ)δx+ δxT [∆J −∆R]x

− x̃T [R(x̂, θ̂) + LC]x̃+ x̃T [∆Ĵo −∆R̂o]x̂+ x̃TΨ + δxTΦ

− (δx+ x̃)T [G1KpR(x̂, θ̂)δx̂+G1(∆Ĵ −∆R̂)x̂−G1g(x∗)u∗

−G1Kdd(t)] + (δxT + x̃T )g(x)KI(x̂)ξ − ξTKT
I (x̂)gT (x̂)δx̂

+ x̃T [G2KpR(x̂, θ̂)δx̂T +G2(∆Ĵ −∆R̂)x̂−G2g(x∗)u∗

−G2Kdd(t)]− x̃T g(x̂)KI(x̂)ξ + δxT g(x∗)u∗

+ x̄T ˙̄x− θ̃TP T (x̂)x̄T ,

(4.27)

where G1 = g(x̂)[gT (x∗)g(x̂)]−1gT (x∗) and G2 = g(x)[gT (x∗)g(x̂)]−1gT (x∗) with rank

m.

To simplify the representation, we follow step by step approach. First, we show

that using the dynamic observer (4.23), the observation error converges to the origin.

Following a similar approach in [37], if the system meets Assumption 4.2.1 and 4.2.2,

we can claim ˙̃x = 0 and ζ̇ = 0 at equilibrium point, then the matrix form of the
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observation error dynamic (4.24) becomes

0

0

 =

J(x̂, θ̂)−R(x̂, θ̂)− LC CTKT
oI

−KoIC 0


x̃
ζ


+

(∆Ĵo −∆R̂o)x+ Ψ(x, θ) + ∆gou

0

 ,
(4.28)

If matrix KoIC has full rank p, x̃→ 0 and if CTKT
oI has a left inverse, then

ζ = −(CTKT
oI)
−1([∆Ĵo −∆R̂o]x+ Ψ(x, θ) + ∆gou).

Therefore, ζ → ζ∗, with ζ∗ = limt→∞ ζ. As a result x = x̂. Since the controller is

a function of observed state, we rewrite V̇ in term of x̂ only. As a result G1 = G2

where we can replace it by new notation G = g(x̂)[gT (x∗)g(x̂)]−1gT (x∗) and auxiliary

error (4.22) is simpli�ed to

˙̄x = P (x̂)θ̃ + Ψ− Λ(x̂− x̌). (4.29)

This simpli�es V̇ to the following

V̇ =− δx̂T [GKpR(x̂, θ̂) +R(x̂∗, θ)]δx̂+ δx̂T [∆J −∆R]x̂

− δx̂TG[∆Ĵ −∆R̂]x̂+ δx̂TGKdd(t) + δx̂TGg(x∗)u∗

− δx̂T g(x∗)u∗ + δx̂TΦ− x̄TΛx̄+ x̄TΨ

=− δx̂T [GKpR(x̂, θ̂) +R(x∗, θ)]δx̂− x̄TΛx̄

+ δx̂TGg(x∗)u∗ − δx̂T g(x∗)u∗ − δx̂TGKdd(t)

+ δx̂T [∆J −G∆Ĵ −∆R+G∆R̂]x̂+ δx̂TΦ + x̄TΨ.
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Since the gain Λ a�ects all state directions in ˙̄x coupled with the fact that Ψ meets

Assumption 4.1.4, we can ensure that by selecting appropriate Λ, x̄ converges to the

origin. This implies that ˙̂
θ = ˙̃θ = 0. As well, the θ̃ is bounded at steady-state since∫ T

0
ΓP T (x̂)(x̂− x̌)dt exists. From Barbalat's Lemma [52], we can deduce that in fact

θ̃ converges to 0. This simpli�es the equation to the following

V̇ =− δx̂T [GKpR(x̂, θ̂) +R(x∗, θ)]δx̂

+ δx̂TGg(x∗)u∗ − δx̂T g(x∗)u∗ − δx̂TGKdd(t)

+ δx̂T [∆J −G∆J −∆R+G∆R]x̂+ δx̂TΦ.

Taking the norm of the cross terms, we have,

V̇ ≤− δx̂T [GKpR(x̂, θ̂) +R(x∗, θ)]δx̂

+ ‖δx̂‖.‖Gg(x∗)u∗ − g(x∗)u∗ −GKdd(t)‖

+ ‖δx̂‖.‖[∆J −G∆J −∆R+G∆R]‖.‖x̂‖+ ‖δx̂‖.‖Φ‖.

We re-express the contribution of the unstructured term by using its Lipschitz prop-

erty (Assumption 4.1.2), meaning that, we assume there is a positive η such that

‖Φ‖ ≤ η‖x − x∗‖. Therefore, we can incorporate the unstructured term in the �rst

term, i.e.,

V̇ ≤− δx̂T [GKpR(x̂, θ̂) +R(x∗, θ) + γ]δx̂

+ ‖δx̂‖.‖Gg(x∗)u∗ − g(x∗)u∗ −GKdd(t)‖

+ ‖δx̂‖.‖[∆J −G∆J −∆R+G∆R]‖.‖x̂‖.

where γ is an n × n positive diagonal matrix with entries larger than of equal to

η. Since the system is locally controllable, we then can dominate the negative term

by adjusting appropriate controller gain. Therefore, we can ensure V̇ < 0 for all
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x = x̂ 6= x∗. By design of the Hamiltonian function, x∗ is the largest invariant set

of the system, and by invoking Lasalle's invariance principle, we conclude that the

trajectories asymptotically converge to the desired equilibrium [40]. On the other

side, sinceδx̂ (and δx) converges to 0 and from the controller dynamic (4.25), we can

deduce that ξ̇ = 0 at steady state which implies that ξ converges to a limited steady

state ξ∗. This concludes the proof.

We can re-design the controller so that the system can be stabilized at zero output.

The procedure is the same as given in the Proposition 4.2.1. The main statement is

given without proof in the following corollary.

Corollary 4.2.1. Following the same assumptions, we can stabilize the system at the

origin using adaptive state feedback controller given by

u(x̂, ξ) = −[gT (x̂)g(x̂)]−1gT (x̂)KPR(x̂, θ̂)∇H(x̂) +KI(x̂)ξ

ξ̇ = −KT
I (x̂)gT (x̂)∇H(x̂)

˙̂
θ = ΓP T (x̂)(x̂− x̌),

(4.30)

locally stabilize the system at the origin, where θ̂ ∈ Rl is the esitmated parameter,

ξ ∈ Rm is the controller dynamic, KI(x̂) ∈ Rm×m is a positive possibly state dependent

integral gain matrix, Kp ∈ Rn×n is constant positive gain matrix. P (x̂) is the function

matrix obtained from Assumption 4.1.3.

Remark 4.2.1. The PE requirement is more important for stabilization at the origin

since in many practical cases, the entries of the matrix P (x) become zero around the

origin. Consequently, the adaptation evolution stops before the estimated parameters

converge to the true values.
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Remark 4.2.2. Note that assuming controllability, controller (4.25) stabilizes system

(4.19) at the desired point x∗ even if the system is under-actuated.

Remark 4.2.3. In many practical applications, g(x) is constant. Then, simpli�ca-

tions will follow in the proof since G1 = G2 becomes a constant symmetric matrix

with rank m and positive entries on the diagonal.

4.2.4 Example: Generic System

We need to make sure that assumption 4.1.4 is met. By selecting a1 as one of the

unknown parameters, we noticed that the state x2 appears in the result P (x). Al-

though there are minimal e�ects (as explained in the state feedback simulations), this

prevents an exact parameter estimation. Therefore, by integrating the observation

dynamic into the system, the non-exact parameter estimation results in incomplete

observation and stabilization. As a result, in the output feedback case, we select a2

instead, where we can ensure that the assumption 4.1.4 is fully met so that we can

use the presented method. Matrices P and Q corresponding to this case is given at

the end of Section 3.2, equation (3.60). We further show in the next section that we

can relax this limitation if we let the unstructured component appears in both the

auxiliary system and the observation dynamic. The simulation results are given for

two cases: with and without dither signal (external excitation).

Without dither signal

The parameter estimation response for this case is given in Figure 4.12. The controller

and trajectories response are similar to Figures 3.12 and 3.13.
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Figure 4.12: Parameter estimation response in adaptive output feedback control of generic system

without external excitation

With dither signal

The de�ciency of neglecting the external excitation is that we can not achieve both de-

sign goals, parameter estimation and stabilization. Figures 4.13-4.15 show how adding

the (decaying) dither signal provides both stabilization and parameter estimation. In

this case, we need to select smaller controller gains and larger adaptation gains. Slower

controller provides the adaptation dynamic with enough time to �nd the correct pa-

rameter. Therefore, we need more time to achieve both stabilization and parameter

estimation. The selected decaying dither signal is d(t) = exp(−0.02t)4 sin(0.5t).

These simple cases, not considering all the parameters are unknown, lead to very

di�erent results in the simulation carried so far. Hence, keeping tack of the di�erent

cases is a challenge in this �nal part of the research project. That is why for our

application studies, to have a better control over these cases, we are to consider
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Figure 4.13: Trajectories response in adaptive output feedback controller of generic system with

external excitation

the generic system of the form given in the previous sections. Even in our generic

example, we are able to consider di�erent sub-cases: (1) ai unknown, ri known; (2)

ai known, ri unknown and try to perform parameter estimation for these two cases.

Obviously the results of parameter estimation would be di�erent for di�erent sub-

cases subjected to the fact that the location of the parameters in the dynamic is met

by the assumptions. Next, we will show that how we can alleviate adaptive scheme

sensitivity to the parameter location by incorporating the unstructured component

Ψ in the auxiliary and observation dynamics, denoted by the special cases.
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Figure 4.14: Output feedback controller output response in closed loop for the generic system with

external excitation

4.2.5 Adaptive Output Feedback Control Design with Parameter Esti-

mation When the Auxiliary/Observer Contain Ψ

This part extends the results obtained so far for the special case that both the auxiliary

system and the observation dynamic contain unstructured components. We'll go over

the changes that resulted from this change in di�erent parts of the design process.

Revised assumptions, auxiliary system and observation dynamic

Similar to the same logic explained in the state feedback case, we can relax Assump-

tions 4.1.4 and 4.2.2. Therefore, we can similarly have the new auxiliary system

˙̌x = P (x̂)θ̂ +Q(x̂) + Ψ(x̂, θ̂) + Λ(x̂− x̌) + g(x̂)u. (4.31)
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Figure 4.15: Exact parameter estimation response in adaptive control of generic system with

external excitation

We use the information generated by this auxiliary system to obtain a precise value

for the unknown parameter. De�ning the estimation error by x̄ = x − x̌, we obtain

the following estimation error dynamic

˙̄x = P (x)θ − P (x̂)θ̂ +Q(x)−Q(x̂) + Φ′ − Λ(x− x̌), (4.32)

where Φ′ = Ψ(x, θ)−Ψ(x̂, θ̂) is the new unstructured component, and the parameter

estimation error is denoted by θ̃ = θ − θ̂.

For the observer design, we can further ignore Assumption 4.2.2 since there wont

be any mismatch between the process and observer dynamics. Similar to the auxiliary

system, this results in a signi�cant simpli�cation because the observation dynamic

becomes a copy of the process dynamic, and there will be no mismatch between
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the two dynamics. As a result, we won't need to use the PI observer to observe

unmeasured states. The modi�ed state observer becomes

˙̂x =[J(x̂, θ̂)−R(x̂, θ̂)]∇H(x̂) + Ψ(x̂, θ̂) + g(x̂)u− L(y − ŷ)

ŷ =C∇H(x̂),

(4.33)

where L ∈ Rn×p is the observer proportional gains. Then, we have the observation

error dynamic expressed by:

˙̃x =[J(x, θ)−R(x, θ)]∇H(x) + Ψ(x, θ) + g(x)u− [J(x̂, θ̂)−R(x̂, θ̂)]∇H(x̂)

−Ψ(x̂, θ̂)− g(x̂)u+ L(y − ŷ)

=[J(x̂, θ̂)−R(x̂, θ̂)− LC]x̃+ [∆Jo −∆Ro]x+ Φ′ + ∆gou

ỹ =C(x− x̂),

(4.34)

where Φ′ = Ψ(x, θ)−Ψ(x̂, θ̂) is the new unstructured component, ∆go = g(x)− g(x̂),

∆Ĵo = J(x, θ)− J(x̂, θ̂) and ∆R̂o = R(x, θ)−R(x̂, θ̂).

Observer-based controller design

After revising the auxiliary system and observation dynamic, we can follow the similar

controller design procedure of Section 4.1.4. Therefore, we end up with the same

controller as given in the proposition 4.2.1 for stabilization at x∗ and the corollary

4.2.1 for stabilization at the origin. This assertion is also trivial in the sense that

we are not using the unstructured component in the controller design as one of our

key motivations. To save space, we avoid repeating propositions and corresponding

proofs in this section.
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Example: Isothermal van de Vusse System

The governing equations for this system are given as

ĊA = −k1CA − k3C2
A +Di(CA0 − CA)

ĊB = k1CA − k2CB −DiCB

y = CB,

(4.35)

where ki(Tin) = k0i exp( Ei

RTin
). The system is also zero state observable and As-

sumption 3.2.1 is satis�ed. We seek to reach the optimum steady-state, where CB is

maximized corresponding to the desired output CA.

The simulation results for closed loop trajectories and controller responses are

given in Figures 4.16 and 4.17. Based on the obtained plots, the controller is able to

stabilize the system and desired output. Assuming k3 as the unknown parameter,

we can �nd

P (x) =

−x21
0

 , Q(x) =

 −k1x1

k1x1 − k2x2

 . (4.36)

The parameter estimation response for this case is given in Figure 4.18. It should be

noted that parameters k1 and k2 can be precisely estimated individually.

Remark 4.2.4. When all parameters are unknown, controller and observer gains

tuning is very challenging. Current investigations focus on generalizing the proposed

adaptive control mechanism for cases where multiple parameters are unknown.
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Figure 4.16: Closed-loop trajectory response for isothermal van de Vusse reaction

4.3 Summary

In this chapter, we studied the problem of adaptive control of the NGH system at the

desired equilibrium and with precise parameter estimation. It was demonstrated that

by introducing an auxiliary system and applying the required assumptions, closed-

loop stability and exact parameter estimates can be achieved simultaneously. The

design was developed for two main cases, state and output feedback stabilization. In

both cases, the closed-loop stability was veri�ed using the Lyapunov stability notion.

Since there is a mismatch between the process dynamics and observation dynamics,

we were required to use a dynamic observer. The obtained results were validated by

using the generic system example, where the unknown parameters appear in both the
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Figure 4.17: Adaptive controller output value for isothermal van de Vusse reaction

structured and unstructured parts of the dynamic. Therefore, the most challenging

cases for parameter estimation can be tested.

We further specialized the design for the case where we could include the unstruc-

tured part of the dynamic in the auxiliary and observer dynamic. The fundamental

goal of this development was to widen the application to real-world process dynamics

in which we have no control over where the unknown parameters are located. Because

the observation and parameter estimation systems are isolated from the controller de-

sign, changes to the observation and auxiliary systems have no impact on the control

design. As a result, we end up with the same controller formula for both state and

observer-based feedback control. The validity of the obtained results are veri�ed by

giving the simulation results for isothermal van de Vusse reaction system.



4.3. SUMMARY 140

Figure 4.18: Closed-loop parameter estimation of k3 via adaptive controller for isothermal van de

Vusse reaction

It is believed that the proposed extensions of adaptive control design to general-

ized Hamiltonian is a valuable results for the theory and control design practice for

nonlinear systems of this class. Using approaches given in this chapter, a simpler

controller can be designed by exploiting the Hamiltonian structure without solving

matching PDE equations. Moreover, the e�ort for �nding a standard GH represen-

tation is relaxed. Furthermore, desired performance could be achieved by assigning

extra dynamics in the system.

There are other interesting potential problems to be explored for adaptive control

of NGH systems. Some of these open problems are given but not limited to the

following items

� Changing the limit on the unstructured dynamic alters the problem's nature.
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In this case, a di�erent approach should be used to analyze the open-loop and

closed-loop stability.

� The convexity assumption on the Hamiltonian function is the main support to

carry the analysis. The nature of the problem changes when the convexity of

the Hamiltonian system is relaxed.

� Studying the case that the Hamiltonian function contains the unknown param-

eters.

� Repeating the analysis for the potential-based Hamiltonian systems.

� Exploring the e�ect of physical component constraints such as input and output

constraints.

� Revising the approach to deal with disturbance rejection problem could be

another interesting area of studies.

So far, we have assumed two main cases for the adaptive controller design. To

construct the controller in the �rst scenario, we must make restricting assumptions,

whereas in the second situation, we relax the limiting assumptions by assuming that

both the observation and auxiliary systems have access to the unstructured compo-

nent. One extension of the research would be to use a data-based approach like a

universal approximation to estimate the unknown parameters.
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Chapter 5

Conclusion

5.1 Summary

Control design techniques for Generalized Hamiltonian systems are well-established

in the literature. In many practical engineering applications, it is not possible to

obtain an exact standard generalized Hamiltonian representation. Solving matching

equations has been proposed in the literature, but this approach relies on the solution

of Partial Di�erential Equations. This motivated us to introduce non-exact general-

ized Hamiltonian representations. Using the proposed class of systems, we studied

di�erent nonlinear control design problems.

In Chapter 2, we presented a comprehensive literature review about generalized

Hamiltonian systems and existing methods dealing with their stability and controller

design studies. A background of some popular methods and limitation associated

with them are also given.

In Chapter 3, we presented our work on the class of approximate generalized

Hamiltonian systems in the nominal and non-nominal case, �rst by studying the

stability analysis of generalized Hamiltonian system with unstructured component.
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We designed a dynamic state feedback controller based on Lyapunov stability notion.

We use the structured part of the dynamics to simplify the stability and design

analysis. This idea was further developed in the study of the output feedback control.

In this part, a nonlinear dynamic observer was also designed in order to estimate

unmeasured states from output measurements. The results in both parts also rely on

selecting proper proportional and integral gains to dominate the unstructured part of

dynamics. The main goal in both cases was to drive the closed-loop system energy

to the lowest value via designing a proper dynamic controller. In the later part of

Chapter 3, we presented some results for the case where system contains unknown

parameters, where we proposed di�erent adaptive controller schemes which do not

rely on the exact parameter estimation.

In Chapter 4, we consider the combined problems of adaptive stabilizing control

of the NGH system with exact parameter estimation. The proposed adaptation law

depends on introducing an auxiliary system, which is required to generate the nec-

essary information for parameter estimation. Under suitable assumptions and with

proper gain tuning, we can guarantee closed-loop stability of the system for both

state and observer-based feedback designs along with exact parameter estimation.

The results were veri�ed numerically using a generic example and the isothermal van

de Vusse reaction system. To apply the obtained results in practical applications,

we were required to relax the limiting assumptions made for the general case. We

thus investigated the special case where we assumed that the observer and auxiliary

system has knowledge of the unstructured component. The application of the method

was veri�ed through the simulation of the van de Vusse reaction system.



5.2. FUTURE WORK 144

5.2 Future Work

Based on the �ndings developed in this thesis, future work would consider the follow-

ing topics.

(i) Exploring stability and design procedures if the prede�ned Hamiltonian func-

tion is not quadratic. This results in studying of constructing Lyapunov functions

rather than using the Hamiltonian function directly. This adds a level of complexity

but on the other hand, this provides extra degrees of freedom at the modeling stage

by allowing for more possibilities of representations. Ultimately, this leads to the

question: How much of the model must be structured and how much can be left out

for these control design techniques be valuable?

(ii) Studying adaptive control design for the case where parameters appear in

the Hamiltonian function. We can represent control a�ne systems such that the

Hamiltonian function contains unknown parameters. Obviously we need to revise the

linear dependence of the structured dynamic concerning unknown parameters so that

we can bene�t from the proposed adaptation algorithm.

(iii) Studying disturbance rejection problem for cases mentioned above. Following

approaches given in the H∞ literature, for example [48, 9] and L2 [80, 91] , we can

extend the design for disturbance rejection control of NGH systems.

(iv) Exploring the adaptive design considering the input constraints. The topic is

improtant to ensure the process safety especially in presence of uncertainies.

(v) Treating unstructured component as uncertain dynamic and develop a robust

controller for GH systems that contains unknown Ψ: it is believed that the proposed
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studies could lead to the study of systems of the form

ẋ = [J(x)−R(x)]∇H(x) + ψ(x) + g(x)u,

where the component ψ(x) is fully unknown, opening to studies where Radial Basis

Functions could be used as universal approximations for the unknown part ψ(x),

opening the range of applications for pH design techniques [79].

(vi) In general, the problem of data-based adaptive control of pH systems is be-

coming another interesting topic these days (for example look at [54, 85, 14, 32]).

This is mostly owing to rapid advances in machine learning techniques and compu-

tational power, which have had a signi�cant e�ect to solve many actual engineering

challenges. Integrating the aforementioned advancement with adaptive robust con-

trol of a non-exact generalized Hamiltonian system brings up new possibilities for the

extension of this research.
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