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Abstract 

The availability and use of new materials and construction techniques are allowing bridges 

to be built that are longer and more slender to those that have been constructed in the past.  

This can cause bridges to have lower stiffness and damping, and thus be less able to resist 

dynamic effects.  This is of special concern for pedestrian bridges, because the harmonic 

loads that pedestrians apply to the bridge have the potential to excite the bridge’s natural 

frequencies.  In addition, pedestrians can be sensitive to these vibrations. 

A model was developed in order to better understand the effects that a pedestrian can have 

on these vibration-prone bridges.  The model consisted of two parts: a finite element model 

that used the structural data for the bridge in order to produce mass-normalized mode 

shapes, and a bridge-pedestrian interaction program that used the structural and modal 

data, along with pedestrian loading scenarios, to generate the bridge response.   

A parametric study of two bridges was conducted.  The bridges included: a short span bridge 

that would not be expected to respond excessively to pedestrian loads, and a long-span, 

lively bridge that had natural frequencies in the range of pedestrian loading.  Many loading 

cases were examined by varying the following parameters: load case, number of 

pedestrians, damping, and pacing frequency.   

The modal solution was an effective method of finding the bridge responses.  It was 

determined that pedestrian loads can be represented by a simple constant plus sinusoidal 

load.  The excessive vibrations of long and slender bridges could be addressed by increasing 

damping on susceptible modes.  
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Chapter 1.0: Introduction 

New and innovative construction materials, such as fibre-reinforced polymers (FRP’s) are 

being used more often for structural applications.  These materials are often lighter than 

traditional construction materials such as steel and concrete, and have other beneficial 

properties that make them ideal for bridges in particular.  At the same time, structural 

engineers are developing and using more sophisticated design software and techniques that 

allow for more complicated structures to be built.  A side effect of this is that bridges can be 

lighter and longer than before.  This is especially true for pedestrian bridges, which are not 

generally required to resist large static loads that would be experienced on a highway 

bridge.   

In general, when bridges become longer and lighter, their natural frequencies decrease.  

This can put them at risk of increased vibration as their natural frequencies are closer to 

excitation frequencies.  Lighter structures also have less natural damping, further increasing 

this effect.  When long and slender pedestrian bridges are designed, care must be taken that 

pedestrians do not cause excessive vibrations that can cause discomfort, or potentially 

structural failure.  There have been recent examples, such as the Millenium Footbridge in 

London, England (which will be discussed in subsequent chapters) where this has happened 

to newly constructed footbridges, and expensive retrofits were required to rehabilitate the 

bridges.   

1.1 Objectives 

The main goal of the study was to develop, and verify, a model that could be used to predict 

the response of a footbridge to different pedestrian loading scenarios.   The model could 
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then be used to determine if a modal analysis could be used to predict bridge responses, 

especially for lively bridges that could be susceptible to large vibrations.   Key questions to 

be answered include:   

 Does the horizontal motion of the pedestrian contribute to the vertical motion of 

the bridge; 

 How does changing damping affect the motion of the bridge; 

 What is the effect of adding multiple pedestrians to the model; 

 How do different pedestrian models compare; and 

 Does the CHBDC 2006 offer a reasonable approximation of a pedestrian load. 

1.2 Outline 

The outline of the thesis, by chapter, is as follows. 

 Chapter 2:  Literature Review 

o Review the relevant literature, including bridge design codes; 

 Chapter 3: Modelling  

o Develop a pedestrian force model that could be compared to other models, 

including simple harmonic loads; 

o Use a finite-element program to model a pedestrian bridge, and extract 

mass-normalized mode shapes; 
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o Using a modal solution, as part of a bridge-pedestrian interaction program, 

to predict bridge responses; 

o Verify the solutions against known modal solutions; 

 Chapter 4: Parametric study 

o Conduct a parametric study to observe the effects of varying the loading 

case and bridge parameters, including: 

 A short-span bridge where excessive dynamic effects would not be 

expected; 

 A long-span, lively bridge with natural frequencies in the range of 

pedestrian pacing frequency; and 

 Chapter 5: Results and discussion 

o Analyze the generated data and comment on the meaning of the results. 

 Chapter 6: Conclusions  
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Chapter 2.0: Literature Review 

2.1 Introduction 

This chapter reviews the literature concerning the dynamic behaviour of footbridges under 

the influence of pedestrian loads.  Factors affecting the behaviour of these bridges are 

discussed, as well as the loads produced by pedestrians.  Finally, literature concerning the 

interaction between pedestrians and footbridges is reviewed. 

2.2 Footbridge dynamics 

2.2.1 General 

Footbridges are subjected to relatively small static loads when compared to vehicle bridges; 

people weigh far less than cars and trucks.  As such, footbridges are usually slender when 

compared to other bridges, an aspect that may lead to greater vibration responses when 

they are subjected to dynamic loads (Paz, 1997).  In some cases, a long slender bridge will 

have a natural frequency in the same range of the frequency of a walking or running 

pedestrian.  Coupled with a tendency towards using stronger, lighter materials, many newer 

footbridges are naturally more susceptible to dynamic effects.  If these dynamic effects are 

not considered, they can lead to accelerations and movement beyond the human comfort 

level.  In severe cases, failure may occur (Wolmuth et al., 2003) 

One of the more celebrated and recent examples of extreme footbridge vibration is the 

Millennium Footbridge.  The Millennium Footbridge was constructed to span the Thames 

River in central London, and had a total span of 332m (Fitzpatrick, 2001).  After it opened on 

June 10, 2000, the bridge had to be closed immediately, due to excessive lateral vibration 
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caused by the initial crowd (Dallard et al., 2001).  The excessive motion happened because 

the first lateral mode of the bridge was at a low frequency of 0.49 Hz (Dallard, 2001).  This 

lower frequency is typical of long and slender bridges, and it is also close to the lateral 

frequency of a pedestrian’s natural footstep.  The vibrations were exacerbated by the fact 

that the pedestrians on the bridge began to pace at the same rate as the natural vibration, a 

phenomenon known as “lock-in effect” that will be explored further in section 2.3.4.  In the 

end, the Millennium Bridge was retrofitted with a system that included thirty-seven linear 

viscous dampers and over fifty tuned mass vibration dampers (Newland, 2003).  This 

reduced the vibrations of the susceptible mode, and the bridge is currently open for 

pedestrian traffic.   This effect is by no means unique.  A similar effect occurred in Ottawa, 

Ontario, Canada on a 100-year old pedestrian bridge due to crowd loading by people 

watching fireworks on Canada Day (Dallard 2001).   

Sophisticated new construction materials, such as fibre-reinforced polymers (FRPs), are able 

to withstand larger and larger stresses under static loads (Firth, 2002).  This leads to more 

slender structures that have greater span lengths and smaller cross sectional areas 

(Bachmann, 2002).  As a consequence, these structures have decreased mass and stiffness.  

The reduction in stiffness will (in most cases) lead to lower natural frequencies with a 

greater degree of resonance.  The reduced mass means that the energy introduced by 

dynamic action has a greater effect and leads to higher vibration amplitudes. 

2.2.2 Code  

The Canadian Highway Bridge Design Code (CHBDC CSA-S6-06) gives serviceability 

requirements designed to limit vibrations to levels acceptable by pedestrians.  The basic 

criterion is that a single pedestrian weighing 700 N should not produce an acceleration 
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exceeding the limit given in the code as a function of the first natural frequency of the 

structure.  In lieu of a full dynamic analysis, the acceleration can be approximated using the 

following equation, which is valid for bridges with up to three spans:  

 swfa 2

14 , where: 

a = acceleration, m/s2 

f1 = first flexural frequency, Hz  

ws = maximum static superstructure deflection due to a vertical force of 700N 

 = configuration factor from CHBDC 2006 

 = dynamic response factor, from CHBDC 2006 

Footbridges may vibrate vertically, longitudinally or laterally.  To avoid problems with 

coupling of these modes, a frequency separation between the first flexural frequency of the 

footbridge and its lateral and longitudinal frequencies must be maintained.  Lateral and 

longitudinal frequencies should be designed so they are not less than 1.5 times the first 

flexural frequency of the bridge.  The frequencies should also be kept over 4 Hz, to avoid 

resonance from pedestrian loads.  The CHBDC 2006 recommends that footbridges with 

natural frequencies of less than 4 Hz be given special consideration in design, with a detailed 

analysis warranted if the bridge is to be used extensively by joggers. 

A number of bridges, including the Millennium footbridge in London and the Interprovincial 

Bridge in Ottawa (Dallard, 2001) have experienced large sway vibrations at frequencies of 

0.7 to 1.1 Hz.  The CHBDC 2006 recommends designing bridges such that their first lateral 



 - 7 - 

natural frequency is out of the range of 0.5 –1.3 Hz.  Alternatively, a strategy to mitigate 

unacceptable sway vibration must be developed during the design stage.  

2.2.3 Natural Frequency 

Several factors determine a footbridge’s natural frequency.  Construction material, design, 

mass, and span length are all decisive factors.  Of these, span length is often the most 

important.  Figure 2-1 shows typical natural frequencies as a function of span length.  

Footbridges with longer spans (over 25m) tend to have natural frequencies of 1.5 to 4 Hz, 

which is in the range of pedestrian excitations.  Special care must be taken when designing 

these bridges.   

 

Figure 2-1: Fundamental Frequency of 67 footbridges vs. span length (Bachman, 2002)  

2.2.4 Damping 

Footbridges often have small damping, often less than 1% of critical (Weber, 2002).  At small 

amplitudes, damping is provided by the visco-elastic behaviour of the material.  At higher 
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amplitudes, damping is increased by friction at connections and supports (Weber, 2002). 

Footfall-induced vibration may be significant, leading to large accelerations, especially when 

the bridge’s natural frequency matches or is close to pacing frequencies.   With the 

introduction of lighter materials, bridges may be constructed with materials that have less 

relative mass and stiffness, and thus are less able to naturally resist vibrations.  Concrete 

footbridges, for example, have higher damping ratios and smaller responses when subjected 

to dynamic loads than steel or composite bridges.  This is illustrated in Table 2-1.  In the 

absence of more precise information, values for damping may be assumed.  Steel structures 

have an assumed damping of 0.5%, composite concrete-steel superstructures a value of 

0.6%, and prestressed or reinforced concrete superstructures a value of 0.8% (Weber, 

2002). 

Table 2-1: Damping Ratios for Different Materials (Bachmann et al., 1995) 

 

In cases where excessive vibrations are expected, stiffeners or tuned-mass dampers may be 

added to structures to increase damping.  The stiffeners and dampers are calibrated to 

dissipate energy from a specific frequency, usually corresponding to the first fundamental 

frequency of the bridge.  Such a procedure was performed on the London Millennium Bridge 

to control excessive lateral deflection (Fitzpatrick et al., 2001).   
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2.3 Pedestrian loads 

2.3.1 General 

Dynamic effects on footbridges stem mainly from walking or running pedestrians.  The 

actions of other pedestrians, such as cyclists or rollerbladers, have a relatively small dynamic 

component (Bachmann, 2002).  Another type of loading, vandal loading, is produced when a 

pedestrian or group of pedestrians rhythmically jump or sway in order to produce vertical or 

lateral vibrations.  Vandal loading is not generally accounted for in bridge designs, due to the 

difficulty of modelling the actions (i.e. swaying, jumping, etc.)  Most design requirements are 

based on walking and running pedestrians. 

2.3.2 Pedestrian Forces 

Pedestrians produce a dynamic time-varying force with vertical, lateral and longitudinal 

components.  These forces vary according to step frequency, step length, speed, and other 

parameters.  Typical force – time relationships for these components, based on average 

walking speed, are given in Figure 2-2.   Of these, the vertical component has been 

investigated the most, because it has the highest magnitude.  An example of how the forces 

exerted by pedestrians change based on their speed can be observed in Figure 2-3, ranging 

from a slow walk to a sprint.  
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Figure 2-2: Aggregate walking time histories (vertical, lateral and longitudinal directions) 

(Zivanovic et al., 2005) 
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Figure 2-3: Vertical Forces from Walking and Running (Wheeler, 1982) 

The fact that pedestrians apply two separate forces (right and left foot) at different locations 

can make it difficult to insert force data in a model.  To overcome this obstacle, the forces 

are combined to get a single, continuous force.  During walking, there are periods where the 

footfalls overlap; i.e. both feet are in contact with the ground at the same time.  During 

running, each footfall is separate, and there are intervals where neither foot is in contact 

with the ground.  

Because every human has different, height, weight, stride length, and other characteristics, 

determining a consistent pacing frequency is difficult.  Several researchers have attempted 

to quantify this.  In a study of 505 people, researchers concluded that pacing frequencies 

followed a normal distribution with a mean pacing rate of 2.0 Hz and a standard deviation of 
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0.173 Hz (Matsumoto et al., 1972).  Other researchers (Kerr et al., 2001) have obtained 

similar values.  Standard frequencies for walking, running and jumping have been proposed 

and are generally accepted.  Typical pacing, running and jumping frequencies are 1.4 to 2.4 

Hz, 1.9 to 3.3 Hz, and 1.4 to 3.4 Hz, respectively (Bachmann 2002). 

2.3.3 Pedestrian Modelling 

To apply the measured dynamic forces of a pedestrian to an analysis it is necessary to create 

a valid model.  There are two general approaches to this task; using time or frequency 

domain models.  In general, time models are more prevalent.  In any case, creating a valid 

model can be difficult for a number of reasons, including (Zivanovic et al., 2005): 

1. There are many different types of human-induced forces, changing in both time and 

space; 

2. Forces are dependent on a variety of parameters; 

3. The influence of several people and their degree of synchronization is difficult to 

generalize; and 

4. Perception can alter the force applied by pedestrians because people behave 

differently on more lively footbridges. 

Despite these factors, several pedestrian force models have been developed.  They are 

based on assumptions that deal with the problems outlined above. 

Time domain models for walking and running are based on the assumption that both feet 

produce identical periodic forces.  The following Fourier series can be used to represent the 

periodic forces generated by a walking pedestrian (Bachmann et al., 1995):  
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n

i

ipip tifGGtF
1

)2sin()(   

Where:  

G  =  the person’s weight (N) 

i  = the Fourier coefficient, or dynamic load factor (DLF) of the ith harmonic 

fp = the first fundamental frequency (Hz) 

i = the phase shift of the ith harmonic 

i = the order of the harmonic 

n = the total number of contributing harmonics 

Several researchers have attempted to quantify the Fourier coefficients, which form the 

basis for the “perfectly periodic” pedestrian model.  Blanchard et al. (1977) proposed a 

simple walking model based on resonance at the first fundamental frequency with a vertical 

DLF of 0.257 and a pedestrian weight of 700N.  This was valid for footbridges with a vertical 

fundamental frequency up to 4Hz.  At higher frequencies, some reduction factors were 

applied.  Bachmann and Ammann (1987) reported the first 5 harmonics for vertical, lateral 

and longitudinal walking forces.  This was followed by research that showed that DLFs 

exhibited correlation with the frequency of the activity (Rainer et al., 1988).  The researchers 

presented DLFs for the first four harmonics for walking, running, and jumping.  Their 

research was based on only three subjects, so there is some question regarding statistical 

relevancy.  Young (2001) tabulated their work, as well as the work done by some other 
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researchers.  Based on his research, he was able to propose DLFs based on the frequency of 

the activity.  The values for DLFs are tabulated below in Table 2-2. 

Table 2-2: Dynamic load factors for pedestrian forces 

Authors Dynamic Load Factors Comment 

Blanchard et 

al. (1977) 

257.01   For frequencies between 4 

and 5 Hz, some reduction 

factors are applied 

Bachmann et 

al. (1987) 

5.04.01   

1.02   

1.03   

Values for 2.0 / 2.4 Hz 

Rainer et al. 

(1988) 

4321 ,,,   DFLs are frequency 

dependent 

Young (2001)   Hzff 8.21;56.095.041.01   

Hzff 6.52;0056.0069.02   

Hzff 4.83;0064.0033.03   

Hzff 2.114;0065.0013.04   

Values are frequency 

dependent 

 

Some work has been conducted in an attempt to quantify the effect that groups of 

pedestrians have on the Dynamic Load Factors.  Unfortunately, the research is mainly 

confined to floor structures, as opposed to pedestrian bridges.  DLFs tend to decrease as the 

number of people increase, due to imperfect synchronization.  For example, people jumping 
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in groups of two, four, six, and eight produce an lower DLFs than people jumping alone 

(Rainer et al., 1988).  The first harmonic, however, was approximately the same.   

Another approach to modelling pedestrians is to use a frequency domain force model.  

Frequency domain modelling addresses the fact that human walking cannot be perfectly 

periodic, and thus cannot be accurately described using a time domain force model.  The 

frequency domain method is based on the assumption that pedestrians can be treated as a 

stationary random process.   Some preliminary models for frequency domain estimations of 

structural responses to walking pedestrians have been developed (Brownjohn, 2004). 

The CHBDC 2006 treats pedestrians as a moving harmonic forcing function.  The code 

specifies that the pedestrian walk at a rate of ff, which is the lesser of the first flexural 

frequency or 4 Hz (4 Hz being the upper footfall frequency for joggers).  The pedestrian is 

assumed to move at the least of 2.5 m/s or 0.9 f1 m/s, where the latter represents the 

fundamental frequency of the bridge.  The pedestrian is modelled using a prescribed footfall 

impulse, or a pulsating point load of 180N, which is approximately equal to the fluctuating 

portion of the footfall approach.   

2.3.4 Bridge – pedestrian interaction 

Pedestrians can exert considerable dynamic forces on bridges.  As early as 1831, the failure 

of a footbridge in Broughton, UK was attributed to dynamic forces caused by sixty soldiers 

marching in step (Tilly et al., 1982).  This event prompted the placement of notices on many 

bridges advising soldiers to break step while crossing.  The large lateral vibrations 

experienced by the Millennium footbridge in London also highlight the effects that 

pedestrians may have on footbridges (Dallard, 2001).  In almost all reported problems with 
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lively footbridges, excessive vibrations were caused by resonance at one or more mode of 

vibration (Wolmuth, 2003).   

An interesting phenomenon that can occur when groups of pedestrians walk over a bridge is 

synchronization.  There are several possible causes of synchronization.  First, pedestrians 

may naturally assume the same gait as those they are walking with.  This is especially true 

when crowd densities are very high (Dallard et al., 2001), because pedestrians are restricted 

in their motions.  Second, pedestrians may naturally adjust their pace in response to bridge 

vibrations if certain serviceability thresholds are exceeded (Bachmann 2002).  This is 

referred to as “lock-in effect”.  As people synchronize with the vibration of the bridge, they 

cause an increase in vibrations, which causes more people to synchronize with the bridge, 

etc.  This is especially prevalent for bridges with their natural frequencies at or near average 

pacing frequency.  The lock-in effect, including the feedback mechanism, is illustrated in 

Figure 2-4. 

 

 

Figure 2-4: Feedback mechanism for lock-in effect (Craighead 2008) 
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2.3.5 Serviceability – Acceleration of Pedestrian 

When a pedestrian experiences large vibrations, serviceability concerns may arise.  While 

the vibrations may not indicate structural weakness, they can cause concern to people 

walking over a lively bridge.  If the vibrations are too high, pedestrians may avoid using the 

bridge.  More research has been done in this area on floors than bridges.  Some 

serviceability limits are summarized in Figure 2-5 and Figure 2-6.  For pedestrian 

footbridges, the acceleration limit is based on the first fundamental frequency of the bridge.  

The relationship is shown in Figure 2-7. 

 

Figure 2-5: Serviceability Limit Criteria (CHBDC 2006 Cl. 3.4.4) 
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Figure 2-6: Serviceability Deflection Limits (CHBDC 2006 Cl. 3.4.4) 
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Figure 2-7: Serviceability limits for a pedestrian footbridge (CHBDC 2006 Cl. 3.4.4) 

2.4 Summary 

The interaction between pedestrians and bridges is an interesting subject matter that 

warrants further exploration.  Technological and design innovation are allowing longer and 

more slender bridges to be built.   This also makes the bridges more susceptible to dynamic 

effects.  A method for analyzing these bridges will be presented in subsequent chapters.  Of 

particular interest is the effects of changing the pedestrian model from that recommended 

by CHBDC, and the more comprehensive pedestrian force models discussed in Table 2-2.  

Also, the applicability of using a modal solution, as compared to the CHBDC 

recommendations in section 2.2.2, should be investigated.  Finally, cases where considering 

the first mode does not give the worst-case scenario, as prescribed in the CHBDC 2006, will 

be explored. 
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Chapter 3.0: Modelling 

3.1 Introduction  

In order to generate meaningful results, care must be taken to ensure that the models that 

are developed have a reasonable level of accuracy.  The general goal is to input the type of 

load that will traverse the bridge, along with pertinent material and structural data.  The 

output is a set of bridge and pedestrian reactions, from which conclusions can be derived.  

In this case, the midpoint deflection of the bridge, the deflection underneath the moving 

pedestrian, and the acceleration experienced by the pedestrian were found.  The deflections 

can be used to compare different cases; for example, the increase or decrease in deflection 

due changing the damping on the bridge.  The acceleration of the pedestrian can be used to 

determine serviceability conditions; if the accelerations are large enough, they can be 

perceived by the pedestrian and cause discomfort, and may cause pedestrians to avoid 

crossing the bridge altogether.   

Two models were used to describe the interaction between the pedestrians and bridges.   

First, a finite-element program was used to model the structure of the bridge.  Once the 

bridge model was complete, it was used to generate mode shapes, and corresponding 

frequencies, for each bridge.  Subsequently a bridge – pedestrian interaction program was 

then used to model the interaction between the pedestrian and the bridge.  This program 

combined the modal and structural information from the FEM model with various load cases 

to determine the bridge’s reactions.  A general flow of the inputs and outputs, as well as 

how both models were used, is shown in Figure 3-1.  Both models are discussed in further 

detail below. 
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Figure 3-1: Information flow through models 

3.2 Finite Element Program  

Finite element modeling is a numerical technique for finding approximate solutions to 

complex systems and / or equations.  To find the solution to the complex problem, such as a 

vibrating bridge, the solution is approximated into smaller components with easier to solve 

equations of motion.  For a bridge, instead of attempting to solve the partial differential 

equation of the vibrating structure, the bridge is separated into smaller, discrete parts 

whose interaction can be solved by algebraic equations.   These equations can be solved and 

numerically integrated to develop an approximate solution.   
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To create the finite element models (FEM’s) the bridges were “constructed” from a variety 

of elements.  Each different type of element was given different properties, such as degrees 

of freedom, constraints, etc.  The types of elements used for the bridges were: frame, plane, 

and cable elements.  Each element could have up to six degrees of freedom (DOF): 

displacement and rotation along each axis.  Constraints and restraints could be applied to 

each DOF in order to develop required solutions, and correctly represent the structure.  The 

elements could also be subjected to up to six forces: axial force, horizontal and vertical 

shear, bending moment about the horizontal and vertical axis, and axial torque.  In addition, 

each element was given material properties, such as stiffness, density, isotropic or 

orthotropic, etc., which could be either assigned directly or taken from a pre-existing 

database.     

Frame elements (CSI, 2008) are modelled as beam elements connecting two points.  During 

the finite-element solution, each frame element is assigned a local coordinate system, which 

is related to the global coordinate system, to facilitate results.  An example of this 

relationship is included in Appendix B: Finite Element Modelling.  Frame elements can be 

subjected to all degrees of freedom (DOF), and forces, though constraints and restraints can 

be applied as required.  The ends of the element could be modelled as pinned connections, 

for example, which would eliminate some (or all) of the rotational degrees of freedom.  

Material properties that were defined include modulus, shear modulus, density, and shape.  

This element was used to model most connecting members.   

Plane elements (CSI, 2008) connect three (triangular) or four (rectangular) points in the 

same plane.  They are used to model 2D solids of uniform thickness.  The thickness must be 

small enough compared to the other dimensions so that the material exhibits plane stress or 
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plane strain.  The plane element has three translational degrees of freedom, but does not 

have any rotational degrees of freedom at its nodes.  Material properties can be entered 

directly, or imported from SAP2000’s existing material library.  This element was used to 

model bridge decks.  Because most decks are thin, plane stress conditions were assumed.   

Cable elements (CSI, 2008) are similar to the frame element, with some additional 

conditions.  The cable has some slack, and can connect two points with a curved shape.  

Tension can be applied to the cable as an initial condition.  The cable element can be 

subjected to all DOF, however the only element output is axial stress and strain (i.e there is 

no bending).  Cable elements were used to model the cables in suspension / cable stayed 

bridges.   

3.2.1 Bridge Modelling 

Each bridge was modelled using the computer program SAP2000.  Parameters such as 

bridge stiffness, member size, etc. were built into the model.  In addition, the density, 

elasticity, stiffness, and other physical properties were entered for every material that was 

used in the model.  Each structure was made of a combination of three elements: frame 

elements, plane elements, and solid elements.  Frame elements were used for most 

connecting members, plane elements were used for the bridge deck, and cable elements 

were used for cables.  Descriptions of each element, and how SAP2000 meshes it to solve 

the equation of motion, can be found in Appendix B: Finite Element Modelling.  Once the 

general structure was built, the entire system could be meshed into smaller components in 

order to develop the approximate equations of motion and extract the mode shapes and 

associated fundamental frequencies.  An example of a double box girder bridge that has 

been meshed is shown in Figure 3-2. 
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Figure 3-2: Finite element model of bridge (undeformed shape) 

The type of mesh that is produced depends on the type of elements used to represent the 

various structural components of the bridge.  Frame and cable elements are divided into 

smaller elements with the same properties.  Plane elements can be meshed into either 

quadratic or triangular elements; for the bridges in question a quadratic mesh was used 

because there were few sudden transitions on the bridge deck, where triangular elements 

would be more applicable.   

3.2.2 Mode Shapes 

Once the finite element model was built, it was used to generate some structural 

parameters.  The information that was needed for modelling purposes was the first five 

fundamental frequencies and the corresponding mode shapes.  For most footbridges, the 

first mode shape and associated fundamental frequency will contribute the most to the 

dynamic response (CHBDC 2006), but five modes were calculated for completeness.  For 
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each bridge model, a response was calculated that included additional mode shapes and 

compared to the standard case to ensure that five mode shapes gave a sufficient response.  

The critical factor was ensuring that the dynamic range of the forcing function was captured, 

and in testing, it was found that five mode shapes gave a similar response.    Once extracted, 

the mode shapes were inputted into the second part of the model: the bridge – pedestrian 

interaction.  The mode shapes were then compared to theoretical values of simply-

supported beams.   

3.3 Bridge – Pedestrian Interaction  

The interaction between the bridge model and pedestrian forces was modelled using a 

Fortran program developed by Green and Cebon (1994), and modified by Varadarajan 

(1996), Xie (1999) and Shillinglaw (2003).  Though the program was intended to model the 

passage of vehicles over a bridge, the program has the ability to incorporate different types 

of loads, including pedestrians.  The program does not take into account the possibility of 

the mass of the pedestrians being large enough to affect the mass (and thus the mode 

shapes) of the bridge.  

The program is also able to predict a key parameter for pedestrian motion: the acceleration 

of the pedestrian.  This is an important serviceability design parameter; pedestrians should 

not be subjected to large accelerations while traversing a bridge.  In addition to causing 

discomfort from perceived instability, large accelerations will also promote a lock in effect 

(Bachmann, 2002), which can create a feedback loop that will cause even larger, more 

disturbing,  accelerations and potentially damage the bridge.   
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3.3.1 Bridge Modelling 

The bridge program solves the following general equation of motion for a bridge (Green 

1991, Green and Cebon 1994): 

               (3-1) 

    

𝐿 = a self-adjoint linear differential operator with respect to the spatial variables 

(𝐿 =  
𝜕4

𝜕𝑥 4) for a simply-supported beam; 

𝑥 = the two-dimensional position vector; 

𝑚 𝑥  = mass per unit surface area; 

𝑦(𝑥, 𝑡) = the transverse deflection of the bridge; 

𝐶 = the viscous damping operator with respect to the special variables; and 

𝑓(𝑥, 𝑡) = The force exerted on the bridge. 

A system governed by the above equation can be solved by applying the following 

convolution integral (Green 1991):  

              (3-2) 

𝑓 𝑥𝑓 , 𝜏  = input at position 𝑥𝑓 ; and 

ℎ(𝑥, 𝑥𝑓 , 𝑡 − 𝜏)    =   impulse function at position 𝑥 for impulse applied at position 𝑥𝑓 . 
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The impulse function can then be related to mode shapes of the bridge as follows (Green 

1991): 

𝒚 𝒙, 𝒕 =   ∅ 𝒏 ∞
𝒏=𝟏 (𝒙)𝒒𝒏(𝒕)                                                                   (3-3) 

∅ 𝑛 (𝑥)  = normal mode function 

𝑛   = node number 

𝑞𝑛(𝑡)   = the response of the nth normal coordinate 

The modal response was further refined (Green 1991) to include damping and multiple 

moving forces, giving a final solution of: 

𝒚 𝒙, 𝒕 = −    ∅ 𝒏 ∞
𝒏=𝟏

𝑵𝒕
𝒍=𝟏  𝒙  𝒉 𝒏 ∞

−∞
 𝒕 − 𝝉 ∅ 𝒏  𝒙𝒍 𝝉  𝑷𝒍 𝝉 𝒅𝝉                     (3-4) 

𝑁𝑡      = number of moving forces (𝑥𝑙  for 𝑙 = 1,2,… , 𝑁𝑡) 

𝑃𝑙 𝑡    = dynamic loads 

3.3.2 Solving equation of motion   

Solving the equation of motion of the bridge model is done in the frequency domain by 

applying a Discrete Fourier Transform to the above equation (Green 1991).  The important 

input parameters are the mode shapes of the bridge, and the loads that traverse the bridge.  

The equation is solved in the frequency domain, and then transformed with an inverse 

Fourier Transform back to the time domain.   

3.3.3 Program Summary 
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The Bridge-Pedestrian program, and its relation to the finite element modelling, is shown in 

Figure 3-1: Information flow through models .  The program takes the inputs from the bridge 

model, solves the equation of motion as described in the previous paragraph, and outputs 

data that can be used to describe the response of the bridge to pedestrian loading. 

Model Verification 

To verify the accuracy of the model, a bridge was created as a simple case in which certain 

assumptions could be tested.  Several load cases were applied to the bridge, and the 

response values generated were compared to the same values generated by a theoretical 

model (Fryba 1972).  A simple bridge was chosen: a simply supported beam subjected to 

constant and periodic moving loads. The bridge was created in SAP 2000, after which the 

mode shapes were extracted.  The bridge was modelled using a relatively slender concrete 

box-girder section (Figure 3-4).  Its base material, including concrete and rebar, was selected 

from SAP 2000’s list of predefined materials.  The concrete selected was a lightweight 

mixture with a modulus of Elasticity of 1.438E+10 N mm2 and a density of 1.763E+3 kg/m3.  

The bridge is 20m long, with a cross-sectional area of 0.55 m2 and a linear weight of 961 

kg/m.  It is approximately 2m wide and 0.6m deep.  A 1% of critical damping on all modes 

was assumed.  Its undeformed shape has been shown previously in Figure 3-2. 

 

Figure 3-3: Cross section of model verification bridge 
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Modal Analysis 

A modal analysis was then performed on the bridge to give the first five mode shapes and 

the corresponding frequencies.  The default mesh was used when performing the finite-

element analysis (a description of the default mesh can be found in Appendix B: Finite 

Element Modelling).  The first five modes, their frequencies, and the mode shape date can 

be found in Appendix A: Modal Data.  The deflected shape from the first mode is shown in 

Figure 3-5; mode shapes 1-3 can be seen in Figure 3-6 and mode shapes 4 and 5 can be seen 

in Figure 3-7. 

 

Figure 3-4: 1st Mode Shape of test bridge (2D) 
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Figure 3-5: Mode shapes 1-3 of test bridge 
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Figure 3-6: Mode Shapes 4 and 5 of test bridge 

Load Parameters 

The following load parameters were used: 

 Weight of load = 50 kN (mass = 5097kg) 
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the first fundamental frequency.  Each case was compared to the theoretical values (Fryba 

1972).  Fryba solved the equation of motion of a simply-supported beam subjected to 

various load cases, including a constant load and a sinusoid.  He calculated the bridge 

responses by first applying a Fourier sine transformation to the equation of motion of a 

beam, and then applying a Laplace – Carson integral.  The solution can then be transformed 

and used to verify that the model used in the thesis is accurate for simple cases, before 

applying it to more complicated situations such as multiple pedestrian loads.  

Constant Load 

For the first test, a constant load of 50 kN was run over the test bridge at a speed of 10 m/s 

to verify the accuracy of the results.  The predicted midspan bridge response matched well 

with the theory, as shown in Figure 3-8.  Note that the theoretical response does not 

calculate any oscillation in terms of free vibration after the load leaves the bridge.  While it 

appears that the two responses are identical, in fact they do vary.  The largest variances 

occur when the load enters and leaves the bridge.  This is due to the fact that the numbers 

at these points are very small, so minor discrepancies (in terms of absolute value) lead to 

large percentage errors.  For the majority of the test, from 0 to 2 seconds, the percent 

difference is under 1%, with an average error of 0.09%.  The maximum absolute error in the 

test is 0.017mm. The calculated response thus compares quite favourably to the theoretical 

case.   
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Figure 3-7: Predicted and theoretical response due to constant load   
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plotted to illustrate the effect of exciting a bridge at its natural frequency (Figure 3-11).  As 

expected, the bridge response is much greater when it experiences resonance.   

 

Figure 3-8: Predicted and theoretical response to due harmonic load 
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Figure 3-9: Predicted and theoretical response due to harmonic load at natural frequency 
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Figure 3-10: Harmonic loads at 30.0 rad/s and 21.5 rad/s 
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5 = 0 

These values were used as they gave a good approximation of pedestrian forces, and were 

not frequency dependent.  The pedestrian forces used in Section Chapter 0 were plotted 

against a constant plus a harmonic force to illustrate the difference between the two loads 

(Figure 3-12).  While the forces are quite similar, the pedestrian forces are more “jagged” 

due to the typical heel to toe walking motion exerted by the average walker.  Though the 

loads appear to be similar, in fact they vary by up to 20% at some points.  The average % 

difference in the loads is 8.9%.  This indicates that approximating a pedestrian load using a 

sinusoid may significantly affect the solution.  If both loads are run over the test bridge, the 

responses can be seen in Figure 3-13.  The loads are quite similar, but produce slightly 

divergent responses.  This indicates that a constant load plus a sinusoid may be an 

appropriate approximation of a pedestrian load.  This will be explored further in Chapter 5. 

 

Figure 3-11: Constant plus Harmonic Load and Pedestrian Load 
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Figure 3-12: Bridge response to constant plus harmonic and pedestrian loads 
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Chapter 4.0: Parametric Study 

For the parametric study, two bridges were modelled and analyzed.  The two bridges were 

developed for two different scenarios.  First, a typical, short-span bridge to represent the 

typical response to pedestrian motion was selected.  Second, a more interesting bridge was 

selected.  There were several important criteria that this bridge should meet in order to 

make it suitable for study.  It should be long and slender, so that its response is in the range 

as a lively pedestrian bridge.  Also, it should have a fundamental frequency between 1 and 2 

Hz, so that the worst case scenario of pedestrian induced resonance can be studied.   

4.1 Parametric Study Bridges 

4.1.1 First Parametric Study Bridge 

The first bridge, with a short span and natural frequencies out of the range of pedestrian 

excitation was modelled after a bridge at the Royal Military College of Canada (RMC) 

(Yantha 1994).  This FRP bridge was created to run laboratory experiments to determine the 

effectiveness of FRP for various military applications.  The bridge is a truss bridge, 

constructed with FRP beams, FRP bracing, FRP handrails, and pretensioned cables.  It has a 

total span of 6.0m.  

4.1.2 Second Parametric Study Bridge 

An excellent real-life example of a pedestrian bridge that fit the conditions listed above can 

be found in Scotland: the Aberfeldy Footbridge (Figure 4-1). The Aberfeldy footbridge was 

built in 1992 on a private golf course, spanning the river Tay to link the front and back nine 

holes (Cadei and Stratford, 2002).  It is a fully composite bridge, constructed with a GFRP 

deck, parapet and towers, and Kevlar cables.  Unfortunately, exact section sizes and material 
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properties were not available due to the fact that the bridge is privately owned, and the 

owner was hesitant to release information.  However, enough data was available to 

construct a reasonable approximation of the bridge.   

The model of the bridge was changed to a suspension bridge for ease of modelling in 

SAP2000.  While this would certainly change its dynamic properties, including the mode 

shape, the fact that the actual dynamic properties of the bridge were not available makes 

this a reasonable change that would not affect the outcome of the thesis.   

 

Figure 4-1: The Aberfeldy Footbridge (Skinner 2009) 

4.2 Finite Element Models 

To extract the mode shapes and conduct the dynamic analysis, FEM’s for both bridges had 

to be built.  The following sections describe how this was done, including the types of 
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elements used, the section properties, and material properties.  A summary of the data used 

is seen in Table 4-1. 

Table 4-1: Bridge Data for FEM's 

Bridge Material 
Length 

(m) 
Mass 

(kg/m) 
EI (N*mm4) 

1st Fundamental 
Frequency (rad/s) 

Test  
Reinforced concrete 
box girder 

20 961 1.44E+10 21.5 

RMC 
FRP truss and 
handrails, steel 
cables 

6 122 9.93E+07 136.1 

Aberfeldy 
FRP deck and 
towers, Kevlar 
cables 

110 61 2.32E+07 4.53 

 

4.2.1 FEM Model of First Parametric Study Bridge 

The RMC bridge was modelled using ANSYS, a finite element program similar to SAP.  The 

bridge is a truss bridge, with the beams, cross bracing, and handrails made of FRP.  A 

schematic of the bridge is shown in Figure 4-2.  The materials in the model are denoted by 

numbers: material 1 is the FRP beams, material 2 is the FRP handrails, material 3 is the 

pretensioned cables, and material 4 is the FRP cross-bracing.  The material data for the 

bridge is summarized in Table 4-1.   
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Figure 4-2: FEM of first parametric study bridge 

Table 4-2: Material data for first parametric study bridge 

Element Type 
(number from 

Figure 4-2) 
Modulus, 

N/m2 

Cross 
sectional 
area, m2 

Moment of 
inertia 

(horizontal 
axis), m4 

Moment 
of inertia 
(vertical 
axis), m4 

Mass / 
unit 

length, 
kg/m 

Initial 
Strain 

Main Beams 
(1) 2.50E+10 5.61E-03 2.97E-05 7.88E-06 1.02E+01 0.00E+00 

Handrail (2) 3.00E+10 1.14E-03 3.77E-07 3.77E-07 2.07E+00 0.00E+00 

Cables (3) 2.00E+11 7.09E-05 na na na 7.90E-04 

Cross Bracing 
(4) 3.00E+10 1.14E-02 1.41E-06 1.41E-06 3.33E+00 0.00E+00 
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Once the FEM was built, the mode shapes for the RMC bridge were extracted.  Only vertical 

modes were considered, so the model was constrained to eliminate lateral, torsional, and 

compression modes.  The mode shapes were plotted in Excel; mode shapes 1-3 in Figure 4-3 

and mode shapes 4-5 in Figure 4-4.  The actual modal data can be found in Appendix A: 

Modal Data. 

 

Figure 4-3: First parametric study bridge mode shapes 1-3 
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Figure 4-4: First Parametric study bridge mode shapes 4-5 

4.2.2 FEM Model of Second Parametric Study Bridge 

The bridge deck of the Aberfeldy Bridge was made of GFRP sections fused together.   A 

schematic of the cross section of the Aberfeldy bridge, which was replicated for the 
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beam.  The bridge was secured at each abutment to the ground, and spanned across two 
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the abutments.  Every 5.0 m, at the same interval as the cross-bracing, the hanging cables 
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concrete.  The tendons in the suspension bridge were made of Kevlar (again, see Appendix 

C: Material Data).  The SAP2000 model can be seen in Figure 4-6.   

 

Figure 4-5: Cross section of parametric study bridge (Cadei and Stratford 2002) 

 

Figure 4-6: Parametric Study Bridge 
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Table 4-3: Material, shape, and element used for each member 

Member Shape Material 
SAP2000 
Element 

Frame 
member 
(right) 

 

GFRP Frame 

Frame 
member 

(left) 

 

GFRP Frame 

Cross 
Bracing 

 

GFRP Frame 

Cables 
 

Kevlar Cable 

 

Upon building the model in SAP2000, the mode shapes could be extracted.  As with the RMC 

bridge, only vertical modes were considered, so the model was constrained to eliminate 

lateral, torsional, and compression modes.  While these other modes are important, the 

vertical mode was chosen for analysis as it is easier to represent graphically.  The other 

modes could be analyzed in a similar fashion, as the model would remain valid.  An example 

of a mode shape, specifically the first fundamental frequency, can be seen in Figure 4-7.  

The mode shapes were also plotted; mode shapes 1-3 in Figure 4-8 and mode shapes 4-5 in 

Figure 4-9.  Finally, the full table with the modal data can be found in Appendix A: Modal 
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Data.  Given that the total mass of the bridge is over 6700kg (not including cables and piers), 

the mass of a pedestrian was considered small enough not to significantly affect the mode 

shape of the bridge. 

 

Figure 4-7: Mode 1 of parametric study bridge 

 

Figure 4-8: Mode shapes 1-3 of parametric study bridge 
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Figure 4-9: Mode shapes 4-5 of parametric study bridge 
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To generate the parametric study, the following variables were tested: pedestrian speed and 
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exact load parameters that were used to describe the pedestrian forces can be found in 

section 3.4.5. 

4.3.2 Pedestrian Speed / Frequency 

Pedestrian speed and frequency are correlated; as pedestrians walk at a faster rate their 

pacing frequency also increases.  Speed was varied over a range from a slow stroll (1.0 m/s) 

to a brisk walk (2.0 m/s).  Pacing frequency varied from 1.5 Hz (slow walk) to 2.1 Hz (brisk 

walk).   

4.3.3 Bridge Damping 

The damping level of the bridge can be adjusted.  It can also be changed for individual 

modes, to simulate targeted damping of a troublesome (i.e. leads to large amplitude 

vibrations) mode.  The damping cases considered were: 0%, 0.5%, and 1.0% of critical 

damping.  Such low levels of damping are typical of composite bridges.   

4.3.4 Number of Pedestrians 

The model can simulate up to twenty pedestrians crossing the bridge.  For the purposes of 

this study, groups of one, four, and eight pedestrians were sent over the bridge.  The 

pedestrians were sent over the bridge in a single-file line 2.0 m apart, and for each test case 

every pedestrian walked with the same pacing frequency.  In addition to the pedestrian load 

cases, runs included harmonic (sinusoidal) loads and constant (no periodic motion) loads.   

The test cases that were run are summarized in Table 4-3.  For each case, three data sets 

were produced.  Therefore, 72 (plus special cases) simulations were run, producing 216 data 

sets (plus special cases).   
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Table 4-4: Parametric Study Variables 

Controlled Variable 

Speed (m/s) 
Pacing 

Frequency (Hz) Damping Load Cases 

1.0 1.5 0.0% Constant Load 

1.2 1.7 0.5% Harmonic Load 

1.4 1.9 1.0% 1 Pedestrian 

1.6 2.1 Special Cases 4 Pedestrians 

1.8 2.2   8 Pedestrians 

2.0 2.3     
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Chapter 5.0: Results and Discussion 

5.1 First Parametric Study Bridge  

This bridge, as described in section 4.2.1, was designed to be a simple case where the 

pedestrian pacing frequency was not in the range of the bridge’s natural frequency.  This 

was done to give a baseline for typical response to pedestrian loads.  It is only 6m long, so 

excessive deflections and pedestrian accelerations would not be expected.  The cases that 

were considered are shown in Table 5-1 (note that speed and frequency are correlated).  

From Figure 2-7, the bridge has an acceleration limit of 1.5 m/s2.   

Table 5-1: Parametric Study Variables for RMC Bridge 

Controlled Variable 

Speed (m/s)  Frequency (Hz) Damping  Load Cases 

1.0 1.5 0.0% 1 Pedestrian 

2.0 2.3 2.0% 4 Pedestrians 

 

5.1.1 Results 

The RMC Bridge is a single-span truss bridge, so would be expected to respond similar to a 

simply-supported beam.  A typical midpoint response, with the speed of a single pedestrian 

at 1.0m/s and 0% damping is shown in Figure 5-1.  The bridge roughly vibrates at the same 

frequency of the pedestrian footfall.  As seen in Figure 5-2, as the pedestrian leaves the 

bridge it oscillates its first natural frequency of 21.7 Hz.  The deflection is minor, at 0.43 mm, 

which is well below the static limits, as seen in Figure 2-6.   The max acceleration of 0.011 

m/s2 is also well below serviceability limits. 
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Figure 5-1: Midpoint response  

 

Figure 5-2: Free vibration at midpoint 

 

5.2 Second Parametric Study Bridge 
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The parametric study bridge, as described in Chapter 4 (see Figure 4-6), was an ideal bridge 

to observe the interaction between pedestrian forces and bridge response.  It is a very lively 

bridge; therefore large responses should be expected.  In addition, it has a long centre span.  

The pedestrians were on the bridge for a long time, giving them enough time to excite it.  

The pedestrian speed ranged from 1.0 to 2.0 m/s, and the bridge was 110 m long, so 

pedestrians spent between 110 and 55 seconds traversing the bridge.   It is constructed out 

of FRP decking and cables, and is therefore lighter and more slender than typical bridges.   

Some simple cases are shown below to illustrate the typical response of the bridge to 

several different load cases.  Only vertical motion was considered; lateral sway, 

compression, and torsional motion and mode shapes were not discussed.  Serviceability 

limits were taken from clause 3.4.4 of the CHBDC 2006 (Figure 2-7).  For this bridge, this 

gave a pedestrian acceleration limit of 0.25 m/s2.   

5.2.1 Response to Constant Load 

By passing a constant load over the bridge, a typical non-periodic response can be shown in 

Figure 5-3.  In the case below, the load had a weight of 700 N (the approximate weight of a 

single pedestrian) and a speed of 1.0 m/s.  From 0 to 25 seconds, the load is passing over the 

first span of the bridge, which causes a positive deflection of approximately 4.4 mm.  From 

25 to 100 seconds, as the load passes over the centre span, it causes a negative deflection of 

11.4 mm.  Finally, after 110 seconds the load leaves the bridge and the midpoint simply 

oscillates.   
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Figure 5-3: Constant Load moving over bridge 
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Figure 5-4: Midpoint response (50 to 60 seconds) 

  

Figure 5-5: Free vibration 
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The response can also be determined underneath the constant load as it travels over the 

bridge (Figure 5-6).  As the load crosses the first span, it experiences a deflection of 5.2 mm.  

As it crosses the centre span, it experiences a deflection of 12.5 mm.   

 

Figure 5-6: Response under load 
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Figure 5-7: Acceleration of constant load 
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but in this case the frequency of the forcing function most closely matches the fourth 

fundamental frequency.  Thus, this is the form that the free vibration takes.   

 

 

Figure 5-8: Midpoint deflection due to harmonic load 
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Figure 5-9: Midpoint response from 50 to 60 seconds 

 

Figure 5-10: Midpoint response from 100 to 120 seconds 

-5.00E-03

-4.00E-03

-3.00E-03

-2.00E-03

-1.00E-03

0.00E+00

1.00E-03

2.00E-03

3.00E-03

4.00E-03

5.00E-03

50 51 52 53 54 55 56 57 58 59 60

D
e

fl
e

ct
io

n
 (

m
)

Time (s)

Response at Midpoint

-2.00E-03

-1.50E-03

-1.00E-03

-5.00E-04

-1.00E-17

5.00E-04

1.00E-03

1.50E-03

2.00E-03

100 102 104 106 108 110 112 114 116 118 120

D
e

fl
e

ct
io

n
 (

m
)

Time (s)

Response at Midpoint



 - 60 - 

The response can also be calculated underneath the load.  As the load traverses the bridge, 

there is a small response in the first span of approximately 0.70 mm, and a maximum 

response of 3.7 mm in the centre span (Figure 5-11).  The response is periodic, at the same 

frequency of the load.  The acceleration response of the load (Figure 5-12) can also be 

plotted.  The maximum acceleration is 0.185 m/s2, which is below serviceability limits.  

Figure 5-13 provides a closer view of the acceleration response. 

 

Figure 5-11: Response under harmonic load 
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Figure 5-12: Acceleration of harmonic load 

 

Figure 5-13: Acceleration of harmonic load from 45 to 65 seconds 
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5.2.3 Response to Constant Plus Harmonic Load 

A constant plus harmonic load is a potential representation of a pedestrian load.  Instead of 

mimicking the heel-toe strike (as seen in Figure 2-2), a regular sinusoid is used.  For this 

case, the same DLF’s were used from section 3.4.5, except α2 =  α3 = 0 (α1 was kept at 0.4).  

The main purpose of calculating this case was to compare to the more accurate 

representation of the pedestrian model, which is discussed in the next section.  The 

midpoint response is plotted in Figure 5-13. 

 

Figure 5-14: Midpoint response due to constant plus harmonic load 
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50 – 60 seconds (Figure 5-15), greater detail can be seen.  The period of vibration of the 

bridge is 1.5 Hz, the same as the pacing frequency.  As the bridge enters free vibration 

(Figure 5-16) at 110 seconds, is oscillates at the fourth fundamental frequency of 1.72 Hz.   

 

Figure 5-15: Midspan deflection due to pedestrian load 
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Figure 5-16: Peak midspan deflection, between 50 and 60 seconds, due to pedestrian load 

 

Figure 5-17: Free vibration (110 seconds) at midspan due to pedestrian load 

 

-2.00E-02

-1.50E-02

-1.00E-02

-5.00E-03

0.00E+00

5.00E-03

1.00E-02

50 51 52 53 54 55 56 57 58 59 60

D
e

fl
e

ct
io

n
 (

m
)

Time (seconds)

Mispan Deflection

-2.00E-03

-1.00E-03

-1.00E-17

1.00E-03

2.00E-03

3.00E-03

4.00E-03

5.00E-03

6.00E-03

100 102 104 106 108 110 112 114 116 118 120

D
e

fl
e

ct
io

n
 (

m
)

Time (seconds)

Mispan Deflection



 - 65 - 

5.2.5 Comparing Loads 

The three load cases that have been discussed so far can be plotted on the same graph to 

compare the results.  The cases are a constant 700N load, a constant load plus sinusoidal 

load with an amplitude of 280N, and a 700N pedestrian load (Figure 5-17).  The largest 

response is from the constant and harmonic load.  While the constant load generates little 

in terms of dynamic effects, both other cases contribute noticeable vibrations.  Both the 

constant and harmonic and the pedestrian loads cause a maximum midspan deflection of 

17mm, compared to 11mm for the constant load case.  The constant plus harmonic and the 

pedestrian loads create very similar responses, which indicates that a more accurate 

representation of pedestrian loads may not be necessary.  The average percent difference 

between the load cases is approximately 3.9%, with the largest differences at very small 

deflections.  The max absolute difference is 0.38mm, with the average difference 0.022mm.   

The main vibration response of the bridge to the constant load is its first fundamental 

frequency at 0.72 Hz.  The pedestrian and the constant plus harmonic loads, however, 

stimulate the fourth fundamental frequency, which is at 1.73 Hz.  This is the closest 

frequency to the pacing frequency of 1.5 Hz.   
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Figure 5-18: Midspan Deflection of three load cases 
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spend a slightly longer time on the bridge due to the fact that they are 2.0m apart.  Adding 

another four pedestrians increases the deflection even further.  The maximum deflection at 

midspan is 112mm (Figure 5-19).  The acceleration of the pedestrians also increases, to 0.55 

and 0.61 m/s2 for four and eight pedestrians, respectively.  

 

 

Figure 5-19: Midspan deflection due to four pedestrians 
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Figure 5-20: Midspan deflection due to eight pedestrians 
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Figure 5-21: Midspan Deflection from 1, 4 and 8 pedestrians 

5.4 Damping 

For a light bridge such as this one, small levels of structural damping would be expected.  

Three cases were considered for the analysis: 0%, 0.5% and 1% damping (Figure 5-21).  

Increasing the structural damping should reduce the amount of vibration of the structure, 

and cause the free vibration of the bridge to dissipate after the load passes the bridge.  For 
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cases the bridge returns to its stable state while for the 0% damping case it vibrates 

indefinitely (Figure 5-22).   

 

Figure 5-22: Midpoint deflection for three damping cases 
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Figure 5-23: Effect of damping on free vibration 
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Table 5-2: Parametric Study Results for Second Bridge 

  
   

Max response 

Load Case 
Speed 
(m/s) 

Pacing 
Frequency 

(rad/s) 
Damping 

(%) 
Midpoint 

(m) 

Under 
Pedestrian 

(m) 

Pedestrian 
acceleration 

(m/s2) 

1 Pedestrian 1.0 1.5 0.0 0.017 0.016 0.318 

4 Pedestrian 1.0 1.5 0.0 0.064 0.059 0.554 

8 Pedestrian 1.0 1.5 0.0 0.112 0.095 0.615 

Const + Harm 1.0 1.5 0.0 0.026 0.025 0.365 

Constant 1.0 1.5 0.0 0.011 0.012 0.049 

Harmonic 1.0 1.5 0.0 0.016 0.014 0.364 

1 Pedestrian 1.0 1.5 0.5 0.017 0.017 0.304 

4 Pedestrian 1.0 1.5 0.5 0.064 0.060 0.529 

8 Pedestrian 1.0 1.5 0.5 0.112 0.096 0.632 

1 Pedestrian 1.0 1.5 1.0 0.017 0.017 0.293 

4 Pedestrian 1.0 1.5 1.0 0.064 0.059 0.512 

8 Pedestrian 1.0 1.5 1.0 0.111 0.096 0.621 

1 Pedestrian 1.2 1.7 0.0 0.088 0.064 0.803 

4 Pedestrian 1.2 1.7 0.0 0.338 0.275 1.673 

8 Pedestrian 1.2 1.7 0.0 0.560 0.524 2.347 

1 Pedestrian 1.2 1.7 0.5 0.074 0.060 0.763 

4 Pedestrian 1.2 1.7 0.5 0.287 0.191 1.343 

8 Pedestrian 1.2 1.7 0.5 0.482 0.315 1.741 

1 Pedestrian 1.2 1.7 1.0 0.056 0.047 0.657 

4 Pedestrian 1.2 1.7 1.0 0.214 0.155 1.175 

8 Pedestrian 1.2 1.7 1.0 0.355 0.224 1.373 

1 Pedestrian 1.4 1.9 0.0 0.019 0.019 0.335 

4 Pedestrian 1.4 1.9 0.0 0.073 0.066 0.628 

8 Pedestrian 1.4 1.9 0.0% 0.129 0.090 0.726 

1 Pedestrian 1.4 1.9 0.5% 0.019 0.019 0.334 

4 Pedestrian 1.4 1.9 0.5% 0.073 0.066 0.624 

8 Pedestrian 1.4 1.9 0.5% 0.129 0.090 0.721 

1 Pedestrian 1.4 1.9 1.0% 0.019 0.019 0.333 

4 Pedestrian 1.4 1.9 1.0% 0.073 0.066 0.624 

8 Pedestrian 1.4 1.9 1.0% 0.128 0.089 0.716 

1 Pedestrian 1.6 2.1 0.0% 0.017 0.017 0.321 

4 Pedestrian 1.6 2.1 0.0% 0.064 0.060 0.592 

8 Pedestrian 1.6 2.1 0.0% 0.112 0.079 0.671 

1 Pedestrian 1.6 2.1 0.5% 0.018 0.017 0.323 

4 Pedestrian 1.6 2.1 0.5% 0.064 0.060 0.581 
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8 Pedestrian 1.6 2.1 0.5% 0.112 0.078 0.664 

1 Pedestrian 1.6 2.1 1.0% 0.017 0.017 0.319 

4 Pedestrian 1.6 2.1 1.0% 0.064 0.059 0.581 

8 Pedestrian 1.6 2.1 1.0% 0.112 0.078 0.656 

1 Pedestrian 1.8 2.2 0.0% 0.014 0.025 0.309 

4 Pedestrian 1.8 2.2 0.0% 0.052 0.091 0.603 

8 Pedestrian 1.8 2.2 0.0% 0.092 0.161 0.820 

1 Pedestrian 1.8 2.2 0.5% 0.014 0.024 0.299 

4 Pedestrian 1.8 2.2 0.5% 0.052 0.085 0.559 

8 Pedestrian 1.8 2.2 0.5% 0.092 0.115 0.674 

1 Pedestrian 1.8 2.2 1.0% 0.014 0.022 0.278 

4 Pedestrian 1.8 2.2 1.0% 0.051 0.077 0.520 

8 Pedestrian 1.8 2.2 1.0% 0.092 0.103 0.648 

1 Pedestrian 2.0 2.3 0.0% 0.017 0.017 0.225 

4 Pedestrian 2.0 2.3 0.0% 0.067 0.063 0.442 

8 Pedestrian 2.0 2.3 0.0% 0.121 0.098 0.545 

1 Pedestrian 2.0 2.3 0.5% 0.016 0.016 0.225 

4 Pedestrian 2.0 2.3 0.5% 0.065 0.063 0.443 

8 Pedestrian 2.0 2.3 0.5% 0.118 0.100 0.551 

1 Pedestrian 2.0 2.3 1.0% 0.016 0.016 0.227 

4 Pedestrian 2.0 2.3 1.0% 0.064 0.061 0.441 

8 Pedestrian 2.0 2.3 1.0% 0.116 0.099 0.550 

 

5.5.1 Results of Study 

The results of the experiment demonstrate the effects of pedestrian loads on bridges.  

When compared to a constant moving load, the periodic force that a pedestrian exerts has a 

much more pronounced effect.  For example, a constant 700N load moving over the bridge 

at 1.0m/s, causes a maximum midspan deflection of 11mm, compared to 17mm for a 

pedestrian with the same weight, for an increase of 47%.   The effect of adding additional 

pedestrians increased the maximum deflection of the bridge, as would be expected.  

Because the pedestrians cross the bridge at the same speed and pacing frequency, they 

simulate the “lock in effect” discussed in chapters 2 and 4.   
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Due to its FRP construction, relatively light weight and long span, the parametric study 

bridge has a low first fundamental frequency, below the slowest pedestrian speed of 1.0m/s 

that was considered for this experiment.  The frequency that was closest to the pacing 

frequency of the pedestrians was the fourth fundamental frequency.   

5.5.2 Serviceability limits 

For nearly every case, serviceability limits for pedestrian acceleration of 0.25 m/s (from the 

CHBDC 2006) were exceeded.  At 1.2 m/s, the pedestrian pacing frequency of 1.7 Hz was 

close to the fourth fundamental frequency of 1.72 Hz.  The bridge therefore experienced 

some resonance, which led to large vibrations.  The peak acceleration, when eight 

pedestrians were traversing the undamped bridge at 1.2 m/s, was 2.35 m/s2.  This is about 

ten times the acceptable serviceability condition.   The maximum deflection experienced at 

the midspan for this case was 560 mm, which is quite significant considering the centre span 

is 55m long.  When eight pedestrians crossed the bridge, the serviceability limits were 

exceeded by a factor of two for every case.  This is likely due to the excitation of the fourth 

natural frequency of the bridge.  The horizontal motion of the pedestrians caused some 

excitation of the first natural frequency, but it was not significant.  

The large accelerations that were simulated are expected.  The pedestrian footbridge that 

served as inspiration for this parametric study is notorious for being lively.  Fortunately for 

this case, the bridge is on a private golf course, and thus does not need to comply with 

serviceability limits.   

Increasing the number of pedestrians crossing the bridge has a noticeable effect on the max 

deflections and accelerations that are experienced.  A typical relation is shown in Figure 

5-23.  At a speed of 1.2 m/s, the pedestrian pacing frequency is very close to one of the 
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bridge’s natural frequencies.  Adding multiple pedestrians, to simulate a lock-in effect, 

increases the effect significantly.  All measures of bridge response, including midpoint 

deflection and pedestrian acceleration experience great increases due to the addition of 

more pedestrians.  At resonance frequencies, the effect is magnified.   

 

Figure 5-24: Effect of changing number of pedestrians (0% damping) 
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with a pacing frequency of 1.7 Hz was lowered from 2.35 m/s2 to 1.37m/s2 (Figure 5-24).  If 

the dominant mode is further damped by tuned mass dampers acting on the fourth mode at 

1.72 Hz, the acceleration felt by the pedestrians can be reduced even further.  For example, 

by damping the fourth mode by 4%, in addition to a natural damping of 1%, the acceleration 

can be reduced even further to 0.96 m/s2.  While this is still above the serviceability limit, it 

is significantly lower than the undamped case.  Serviceability limits can be met with an 

extreme damping case of 1%, with the fourth mode damped to 15% (Figure 5-25).  The 

effect of damping is large because the pedestrian load     

 

Figure 5-25: Effect of damping at v = 1.2 m/s 
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Figure 5-26: Damping required to meet serviceability 
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Figure 5-27: Effect of damping (8 pedestrian load case) 
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bridges require a more detailed analysis.  The bridge-pedestrian program is ideally suited for 

such an analysis.  If the program is provided with the mode shapes and their corresponding 

frequencies, the pedestrian loads,  and some simple bridge parameters, is can give an 

accurate estimation of the deflection that the bridge will undergo, as well as the motion that 

would be felt by the pedestrian.   
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Chapter 6.0: Conclusions 

6.1 Summary 

The response of a parametric study bridge was predicted using a modal-response program.  

Pedestrian loads were also implemented into the program.  The program could predict 

several types of responses, including the deflection and acceleration at the midpoint of the 

bridge and underneath the moving load.  This procedure was repeated for a variety of cases, 

including constant loads, sinusoidal loads, and multiple loads.    The effects of varying 

damping and load speed / frequency was also examined. 

6.2 Conclusions 

Several conclusions could be drawn from the parametric study.   

1. Very little dynamic response (in the vertical direction) is induced by the horizontal 

motion of pedestrians, based on pedestrian speeds ranging from 1.0 to 2.0 m/s.  The 

pedestrians do not move fast enough to induce anything more than a minor periodic 

response.   

2. Damping has a more pronounced effect when the periodic motion is greater.  This 

occurs when the pedestrian pacing frequency is near the bridge’s natural frequency, 

where resonance would be expected.  Targeted damping of specific modes is a 

viable method of vibration control, especially modes that are near pedestrian pacing 

frequency. 
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3. Increasing the number of pedestrians increases the deflection and acceleration 

response of the bridge.  The increase is not linear, however.  Similarly, the dynamic 

effects are increase when multiple pedestrians are present.   

4. When bridges have a natural frequency in the range of pedestrian pacing frequency 

of 1.0 to 2.0 Hz, care must be taken that large deflections and accelerations of the 

pedestrians are avoided.  Long and slender bridges are especially susceptible to this, 

which can cause serviceability issues, in terms of pedestrian discomfort.  This 

problem can be avoided by increasing stiffness, or by increasing damping.  

Increasing damping can be done by adding dampers that are tuned to a specific, 

troublesome mode. 

5. The pedestrian model (700N plus harmonic motion governed by the assumed 

dynamic load factors), gives a close approximation to an equivalent harmonic force 

with a first DLF of 0.4.  Using an oscillating 180N force, as permitted by the CHBDC, 

however, would underestimate pedestrian forces. 

6.3 Recommendations for future work 

The research included in this thesis can be expanded upon in several ways.   

1. An interactive model should be developed.  The current model is static in each 

simulation; the pedestrian does not adapt to the bridge conditions.  “Lock-in” effect 

can only be simulated by changing the initial conditions, as opposed to 

programming adaptive pedestrians that naturally tune their pacing frequency to the 

vibration of the bridge.   
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2. The model should be subjected to full-scale testing and verification on an active, 

long, and slender pedestrian footbridge.  By comparing to known results, the 

predictive capabilities of the model could be tested.   

3. Transverse and torsional modes should be incorporated to give a complete analysis 

of bridge response.   
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Appendix A: Modal Data 

Table A-1: Modal data for test bridge 

  Mode1 Mode2 Mode3 Mode4 Mode5 

Frequency 
(rad/s) 21.5 58.4 135.3 212.3 329.9 

Position (m)           

0.0 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

0.5 5.75E-04 1.46E-03 1.92E-03 2.84E-03 3.27E-03 

1.0 1.19E-03 2.89E-03 3.90E-03 5.38E-03 6.29E-03 

1.5 1.84E-03 4.25E-03 5.74E-03 7.33E-03 8.43E-03 

2.0 2.50E-03 5.51E-03 7.31E-03 8.50E-03 9.29E-03 

2.5 3.18E-03 6.62E-03 8.51E-03 8.81E-03 8.74E-03 

3.0 3.87E-03 7.57E-03 9.26E-03 8.25E-03 6.85E-03 

3.5 4.54E-03 8.34E-03 9.49E-03 6.87E-03 3.92E-03 

4.0 5.21E-03 8.89E-03 9.20E-03 4.81E-03 3.90E-04 

4.5 5.85E-03 9.23E-03 8.39E-03 2.27E-03 -3.19E-03 

5.0 6.46E-03 9.34E-03 7.11E-03 -4.90E-04 -6.27E-03 

5.5 7.04E-03 9.22E-03 5.43E-03 -3.22E-03 -8.38E-03 

6.0 7.57E-03 8.88E-03 3.43E-03 -5.65E-03 -9.19E-03 

6.5 8.06E-03 8.32E-03 1.25E-03 -7.55E-03 -8.57E-03 

7.0 8.49E-03 7.55E-03 -9.98E-04 -8.73E-03 -6.62E-03 

7.5 8.87E-03 6.60E-03 -3.18E-03 -9.09E-03 -3.65E-03 

8.0 9.18E-03 5.48E-03 -5.17E-03 -8.59E-03 -1.09E-04 

8.5 9.43E-03 4.23E-03 -6.86E-03 -7.28E-03 3.45E-03 

9.0 9.60E-03 2.88E-03 -8.14E-03 -5.27E-03 6.48E-03 

9.5 9.71E-03 1.46E-03 -8.94E-03 -2.77E-03 8.50E-03 

10.0 9.75E-03 1.67E-13 -9.21E-03 1.69E-10 9.22E-03 

10.5 9.71E-03 -1.46E-03 -8.94E-03 2.77E-03 8.50E-03 

11.0 9.60E-03 -2.88E-03 -8.14E-03 5.27E-03 6.48E-03 

11.5 9.43E-03 -4.23E-03 -6.86E-03 7.28E-03 3.45E-03 

12.0 9.18E-03 -5.48E-03 -5.17E-03 8.59E-03 -1.09E-04 

12.5 8.87E-03 -6.60E-03 -3.18E-03 9.09E-03 -3.65E-03 

13.0 8.49E-03 -7.55E-03 -9.98E-04 8.73E-03 -6.62E-03 

13.5 8.06E-03 -8.32E-03 1.25E-03 7.55E-03 -8.57E-03 

14.0 7.57E-03 -8.88E-03 3.43E-03 5.65E-03 -9.19E-03 

14.5 7.04E-03 -9.22E-03 5.43E-03 3.22E-03 -8.38E-03 

15.0 6.46E-03 -9.34E-03 7.11E-03 4.90E-04 -6.27E-03 

15.5 5.85E-03 -9.23E-03 8.39E-03 -2.27E-03 -3.19E-03 
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16.0 5.21E-03 -8.89E-03 9.20E-03 -4.81E-03 3.90E-04 

16.5 4.54E-03 -8.34E-03 9.49E-03 -6.87E-03 3.92E-03 

17.0 3.87E-03 -7.57E-03 9.26E-03 -8.25E-03 6.85E-03 

17.5 3.18E-03 -6.62E-03 8.51E-03 -8.81E-03 8.74E-03 

18.0 2.50E-03 -5.51E-03 7.31E-03 -8.50E-03 9.29E-03 

18.5 1.84E-03 -4.25E-03 5.74E-03 -7.33E-03 8.43E-03 

19.0 1.19E-03 -2.89E-03 3.90E-03 -5.38E-03 6.29E-03 

19.5 5.75E-04 -1.46E-03 1.92E-03 -2.84E-03 3.27E-03 

20.0 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

 

 

Table A-2: Modal data for first parametric study bridge (RMC) 

  Mode 1:  Mode 2 Mode 3 Mode 4 Mode 5 

Frequency (Hz) 21.7 37.4 58.7 87.3 122.3 

Frequency (rad) 136.1 234.8 368.9 548.8 768.2 

location (m)           

0 0 0 0 0 0 

0.25 9.75E-03 -2.05E-02 3.00E-02 -3.26E-02 -4.00E-02 

0.5 2.03E-02 -4.22E-02 5.91E-02 -6.05E-02 -6.93E-02 

0.75 3.08E-02 -6.16E-02 8.06E-02 -7.46E-02 -7.55E-02 

1 4.02E-02 -7.59E-02 8.92E-02 -6.92E-02 -5.39E-02 

1.25 4.89E-02 -8.46E-02 8.27E-02 -4.26E-02 -7.16E-03 

1.5 5.71E-02 -8.79E-02 6.27E-02 -2.69E-03 4.58E-02 

1.75 6.42E-02 -8.52E-02 3.32E-02 3.80E-02 8.09E-02 

2 7.00E-02 -7.70E-02 3.53E-04 6.65E-02 8.20E-02 

2.25 7.45E-02 -6.32E-02 -3.28E-02 7.47E-02 4.33E-02 

2.5 7.81E-02 -4.42E-02 -6.32E-02 6.30E-02 -1.66E-02 

2.75 8.02E-02 -2.22E-02 -8.44E-02 3.51E-02 -7.03E-02 

3 8.09E-02 -1.58E-14 -9.21E-02 4.28E-15 -9.27E-02 

3.25 8.02E-02 2.22E-02 -8.44E-02 -3.51E-02 -7.03E-02 

3.5 7.81E-02 4.42E-02 -6.32E-02 -6.30E-02 -1.66E-02 

3.75 7.45E-02 6.32E-02 -3.28E-02 -7.47E-02 4.33E-02 

4 7.00E-02 7.70E-02 3.53E-04 -6.65E-02 8.20E-02 

4.25 6.42E-02 8.52E-02 3.32E-02 -3.80E-02 8.09E-02 

4.5 5.71E-02 8.79E-02 6.27E-02 2.69E-03 4.58E-02 

4.75 4.89E-02 8.46E-02 8.27E-02 4.26E-02 -7.16E-03 

5 4.02E-02 7.59E-02 8.92E-02 6.92E-02 -5.39E-02 

5.25 3.08E-02 6.16E-02 8.06E-02 7.46E-02 -7.55E-02 

5.5 2.03E-02 4.22E-02 5.91E-02 6.05E-02 -6.93E-02 

5.75 9.75E-03 2.05E-02 3.00E-02 3.26E-02 -4.00E-02 

6 0 0 0 0 0 
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Table A-3: Mode shape data for second parametric study bridge (Aberfeldy) 

  Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 

Frequency 
(rad/s) 4.53 5.42 7.35 10.81 18.38 

Position (m)           

0 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

5 6.05E-03 -5.99E-03 -3.98E-03 -1.41E-03 1.74E-04 

10 8.99E-03 -8.94E-03 -5.93E-03 -2.16E-03 1.01E-04 

15 7.57E-03 -7.54E-03 -4.95E-03 -1.85E-03 -1.41E-04 

20 3.18E-03 -3.19E-03 -2.03E-03 -8.10E-04 -2.36E-04 

25 -2.10E-07 1.19E-07 -6.35E-07 1.59E-07 1.52E-06 

30 -1.23E-03 3.45E-03 -3.84E-03 8.59E-03 1.32E-02 

35 -3.83E-03 9.09E-03 -1.18E-02 1.85E-02 2.19E-02 

40 -7.30E-03 1.28E-02 -1.79E-02 1.54E-02 6.26E-03 

45 -1.08E-02 1.23E-02 -1.79E-02 -6.64E-04 -1.67E-02 

50 -1.33E-02 7.44E-03 -1.11E-02 -1.89E-02 -2.00E-02 

55 -1.42E-02 -8.85E-11 1.00E-09 -2.68E-02 -3.17E-09 

60 -1.33E-02 -7.44E-03 1.11E-02 -1.89E-02 2.00E-02 

65 -1.08E-02 -1.23E-02 1.79E-02 -6.64E-04 1.67E-02 

70 -7.30E-03 -1.28E-02 1.79E-02 1.54E-02 -6.26E-03 

75 -3.83E-03 -9.09E-03 1.18E-02 1.85E-02 -2.19E-02 

80 -1.23E-03 -3.45E-03 3.84E-03 8.59E-03 -1.32E-02 

85 -2.10E-07 -1.19E-07 6.35E-07 1.59E-07 -1.52E-06 

90 3.18E-03 3.19E-03 2.03E-03 -8.10E-04 2.36E-04 

95 7.57E-03 7.54E-03 4.95E-03 -1.85E-03 1.41E-04 

100 8.99E-03 8.94E-03 5.93E-03 -2.16E-03 -1.01E-04 

105 6.05E-03 5.99E-03 3.98E-03 -1.41E-03 -1.74E-04 

110 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 
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Appendix B: Finite Element Modelling 

Coordinate Systems (SAP2000 Manual) 

Coordinate systems are used to model and relate different parts of the structure, including 

loads, displacements, and internal forces.  A global system is first designed in the (x,y,z) 

coordinate system.  Z is considered the vertical direction, with the X and Y directions 

forming a horizontal plane.  Each component of the system has its own (1,2,3) coordinate 

system that relates to the global.    

Frame / Cable Element (SAP2000 Manual) 

The frame element was used to model beams, columns and trusses.  The frame element can 

be subjected to biaxial bending, torsion, shear, and axial forces, in addition to external loads 

and self-weight.  In SAP2000, it is modelled as a straight line connecting two points, and is 

given its own local coordinate system.  Endpoint conditions, such as different types of 

restraints, can be specified.  The element has six degrees of freedom, including forces and 

torsion in all direction.  Some of the forces can be released.  A cable element, which is a 

subset of a frame element, would not have any bending forces, for example.  Some 

examples of how a frame element relates to the global coordinate system are seen in Figure 

B-1. 
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Figure B-1: Frame element coordinate angle with respect to global coordinates 

The material properties that can be defined for this section are: modulus of elasticity, shear 

modulus, mass density, and weight density.  In addition, geometric properties, including 

cross-sectional area, moments of inertia in all directions, and shear areas can be either 

defined or calculated.  Examples of shear area calculations can be seen in Figure B-2. 
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Figure B-2: Calculating shear areas for frame element 

The Plane Element (Subset of Shell Element) 

The plane element is used to model plate structures such as floors, slabs, and membrane 

structures.  Several conditions, such as thin or thick plate, can be specified.  Strengths, 

moments, forces, and other parameters are numerically integrated over the surface and 

transferred to the joints of the element.  The shape of the plane mesh can be either a 
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quadrilateral or a triangle, as seen in Figure B-3.  Some examples of meshing of plane 

element are demonstrated in Figure B-4. 

 

Figure B-3: Shell element joint connectivity 
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Figure B-4: Plate element mesh examples 

The plate element can experience all six degrees of freedom, which includes motion on and 

rotation around each axis.  Material properties are inputted to generate results.  Geometric 

properties can be entered as well, though most shape parameters are calculated based on 

the shape of the finite element model. 
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Appendix C: Material Data 

GFRP Section (Strongwell 2009) 
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Kevlar (Dupont 2009) 

 


