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Abstract 

Present land vehicle positioning and navigation relies mostly on the Global Positioning 

System (GPS). However, in urban canyons, tunnels, and other GPS-denied environments, the 

GPS positioning solution may be interrupted or suffer from deterioration in accuracy due to 

satellite signal blockage, poor satellite geometry or multipath effects. In order to achieve 

continuous positioning services, GPS is augmented with complementary systems capable of 

providing additional sources of positioning information, like inertial navigation systems (INS).  

Kalman filtering (KF) is traditionally used to provide integration of both INS and GPS utilizing 

linearized dynamic system and measurement models. Targeting low cost solution for land 

vehicles, Micro-Electro-Mechanical Systems (MEMS) based inertial sensors are used. Due to the 

inherent errors of MEMS inertial sensors and their stochastic nature, which is difficult to model, 

KF has limited capabilities in providing accurate positioning in challenging GPS environments.  

This research aims at developing reliable integrated navigation system capable of 

demonstrating accurate positioning during long periods of challenging GPS environments.  

Towards achieving this goal, Mixture Particle filtering (MPF) is suggested in this research 

as a nonlinear filtering technique for INS/GPS integration to accommodate arbitrary inertial 

sensor characteristics, motion dynamics and noise distributions. Since PF can accommodate 

nonlinear models, this research develops total-state nonlinear system and measurement models 

without any linearization, thus enabling reliable integrated navigation and mitigating one of the 

major drawbacks of KF. Exploiting the capabilities of PF, Parallel Cascade Identification (PCI), 

which is a nonlinear system identification technique, is used to obtain efficient stochastic models 

for inertial sensors instead of the currently utilized linear models, which are not adequate for 

MEMS-based sensors. Moreover, this research proposes a method to update the stochastic bias 

drift of inertial sensors from GPS data when the GPS signal is adequately received. Furthermore, 

a technique for automatic detection of GPS degraded performance is developed and led to 

improving the performance in urban canyons.  

The performance is examined using several road test experiments conducted in downtown 

cores to verify the adequacy and the benefits of the methods suggested. The results obtained 

demonstrate the superior performance of the proposed methods over conventional techniques. 
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Chapter 1 

Introduction 

1.1 Overview 

The trend in land vehicles is moving towards intelligent vehicles that can operate 

semi/fully autonomously, or at least give adequate assistance to the driver. In order to achieve 

autonomous navigation, vehicles must have onboard sensors and processing units to achieve 

positioning, route planning, and collision avoidance. The focus of this work is on the first of these 

three tasks, which is concerned with estimating the state of the vehicle from different sensors‟ 

observations. Successful achievement of all other navigation tasks depends on the vehicle‟s 

ability to know its position and orientation accurately.  

Currently, the common technique for land vehicle positioning is achieved using satellite 

navigation systems such as the global positioning system (GPS). However, in urban canyons, 

tunnels, and other GPS-denied environments, the GPS satellite signal is blocked and there is an 

interruption in the positioning information provided. In order to achieve continuous, 

uninterrupted vehicle positioning even during GPS unavailability, GPS is augmented with 

complementary systems used as additional sources of information. The most common of these are 

odometry and inertial navigation systems (INS). These techniques are complementary to GPS 

because they do not depend on external sources of information that can be disturbed or blocked. 

The information from both GPS and the complementary system is fused and the navigation 

solution is achieved using an estimation technique that is traditionally based on a Kalman filter 

(KF). 

1.2 Motivation 

The availability of low cost, small size, lightweight and low power consumption Micro-

Electro-Mechanical Systems (MEMS)-based inertial sensors together with low cost GPS 

receivers enable the utilization of navigation systems in several applications: 

1. Automobiles: An important issue for automobile manufacturers is to reduce the cost of the 

integrated navigation system in order to keep their price low. Currently automobile 

navigation relies on GPS, which can suffer from outages and deterioration of accuracy, 
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especially in urban canyons. Integrated INS/GPS is not used commercialy because of the 

relatively high cost of navgiaitonal or tactical grades of inertial measurement units (IMUs) 

that can enable reliable independent positionning and navigaiton during GPS outages. The 

avaialbility of low cost MEMS-based INS/GPS integration is beneficial for automobile 

navigation. 

2. Machinery with wheels: Wheeled machinery applications, like agricultural equipments, need 

an accurate and uninterrupted positioning system that can work under dense foliage as well 

as in open sky conditions. Thus, low cost INS/GPS is very advantageous for such 

applications. 

3. People on weelchairs: Currently, most information about the daily activities of people with 

disabilities is collected through self report measures like diaries and surveys.  A small low-

cost positioning solution can systematically gather factual data on the daily movements and 

activities of these people while imposing minimal burden on subjects.  

4. Wheeled mobile robots: Mobile robots, especially those that operate semi or fully 

autonomously, need to be able to localize themselves accurately in order to achieve their 

tasks. While mobile robots that work indoors have their suitable localization techniques, a 

low-cost integrated INS/GPS navigation solution is ideal for a mobile robot that works 

mainly outdoors with some indoors portions.  

1.3 Problem Statement 

Despite the previously mentioned advantages of MEMS-based IMUs, if they operate in 

standalone mode, the performance of the navigation system will degrade very quickly in contrast 

with higher grades IMUs. This fact influences the performance of the MEMS-based INS/GPS 

navigation solution during GPS outages where severe error growth in position occurs. 

Furthermore, MEMS-based inertial sensors have complex error characteristics that are stochastic 

in nature and which are difficult to model. 

The commonly used Linearized KF (LKF) and Extended KF (EKF) use linearized error-

state models and linear/low memory length models for the inertial sensors‟ stochastic errors. 

These KF-based techniques suffer from divergence during GPS outages due to approximations 

during the linearization process and system mis-modeling, when using low cost MEMS-based 

IMUs.  

To enhance the performance of MEMS-based INS/GPS integration, nonlinear estimation 

techniques that do not require linearization of the system and measurement models used for this 
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integration problem would be beneficial. Furthermore, advanced modeling techniques should be 

used to model the stochastic sensors errors instead of the linear/low memory length models 

currently used. 

1.4 Scope and Objectives 

The ultimate aim of this thesis is to provide a reliable low cost navigation solution that 

enables robust, uninterrupted and accurate positioning information even in very long GPS 

outages. This is achieved through proposing techniques to enhance the performance of low cost 

MEMS-based inertial sensors/GPS integration to provide a navigation solution with the 

previously mentioned attributes. The targeted solution is suitable for any wheeled land vehicle 

(e.g. automobile, machinery, mobile robots, and wheelchairs). Performance improvement will be 

achieved through: 

1. The use of Particle filtering (PF) for inertial sensors/GPS integration: PF is a powerful 

estimation technique whose advantages are discussed in Chapter 3. One of the main 

advantages is its ability to deal with nonlinear models without need of any linearization. 

Furthermore PF can accommodate arbitrary inertial sensor characteristics, motion dynamics 

and noise distributions. 

2. Exploiting new combinations of inertial sensors and odometry: The factors causing the 

degradation of performance in MEMS-based IMUs will be identified and their influence will 

be decreased by exploiting new combinations of inertial sensors as well as benefiting from 

the odometer readings. 

3. The use of advanced modeling of inertial sensor errors: Parallel Cascade Identification 

(PCI), which is a nonlinear system identification technique, will be used for giving insight 

and identifying more efficient models for the stochastic sensor errors instead of the current 

linear/low memory length models used in the literature, which are not adequate for MEMS-

based sensors. 

4. The utilization of both loosely-coupled and tightly-coupled integrations schemes: Both 

these two schemes will be studied, and the benefits of both will be exploited in a navigation 

solution that can benefit from all data available. 

1.5 List of Contributions 

The list of contributions of this thesis is as follows: 
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1. The use of total-state approach for PF with nonlinear system and measurement models 

instead of the linearized error-state approach previously used in the literature. 

2. Using an enhanced version of PF (called Mixture PF) which was not used before for 

INS/GPS integration and the full implementation of this solution in MATLAB. This version 

enhances both the accuracy and the computational efficiency as compared to the basic PF. 

3. Advanced modeling of the inertial sensors‟ stochastic drift by utilizing PCI to give insight 

and identify such a model which exploits the PF capabilities. This novel model is used 

instead of the linear/low memory length models previously used in the literature. PCI was 

also implemented in MATLAB. 

4. Deriving the equations needed to obtain measurement updates for the this stochastic drift 

from GPS when adequate. 

5. Development of a three dimensional (3D) navigation solution using a reduced inertial sensor 

system (RISS)/GPS integration by enhancing and augmenting the two dimensional (2D) 

RISS already developed at NavINST research group, where a 2D KF RISS/GPS was already 

implemented. 

6. Exploiting the high quality of the proposed solution (incorporating the work from 1 to 5) to 

automatically detect GPS degraded performance in harsh downtown scenarios. 

7. Proposing a mixed navigation solution that benefits from updates in either loosely-coupled 

or tightly-coupled schemes to achieve maximum benefit from all the data available. 

8. The implementation of all the above navigation solutions on MATLAB, the planing and 

collection of several real road-test trajectories incorporating a wide variety of characteristics, 

and testing the proposed solutions on these trajectories. 

1.6 Thesis Outline 

In Chapter 2, the literature is reviewed. General positioning techniques are discussed, and 

then more focus is given to Global Navigation Satellite System (GNSS)-based positioning 

techniques with their possible augmentation with complementary systems. The integration of 

inertial navigation systems with GPS is explored with its benefits, approaches and techniques, 

and the current state of the art in INS/GPS integration is discussed. 

In Chapter 3, the techniques used in this thesis are described. First PF is introduced and 

explained with its different aspects, and the flow chart of the implemented software is 

demonstrated; then PCI is explained and the flowchart of the implemented version of the 

algorithm is illustrated. 
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In Chapter 4, the experimental setup is described together with the specifications of the 

used sensors and equipments. 

Chapter 5 introduces the proposed navigation solution based on Mixture PF for loosely-

coupled inertial sensors/GPS integration. First, the reasons of performance degradation in 

MEMS-based IMUs are discussed and well explained. Methods  to mitigate these effects are 

introduced. Consequently three Mixture PF-based navigation solutions that exploit methods of 

decreasing these effects are discussed in detail together with the results of each one. These three 

solutions use 3D full-IMU/GPS integration, 2D RISS/GPS integration, and 3D RISS/GPS 

integration, respectively. In the last one the equations of the proposed 3D RISS are derived in 

details. 

Chapter 6 describes methods for further enhancing the loosely-coupled Mixture PF inertial 

sensors/GPS integration, namely: the advanced modeling of inertial sensors stochastic drift 

together with the derivation of updates for such drift from GPS when appropriate. The 

exploitation of the superior performance of the combined enhanced navigation solution for 

automatic detection of GPS degraded performance is also discussed in this chapter. The results of 

both these two enhancements are also illustrated and discussed. 

Chapter 7 presents Mixture PF for tightly-coupled inertial sensors/GPS integration. The 

nonlinear measurement models for raw GPS data are explained, and then a navigation solution 

based on Mixture PF for 3D RISS/GPS integration is proposed to benefit from all sources of 

information from loosely-coupled and tightly-coupled updates when appropriate. The results of 

this solution are also presented and discussed. 

Finally, in Chapter 8 conclusions are drawn and recommendations for future work are 

discussed.  
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Chapter 2 

Positioning and Navigation Systems 

2.1 Overview and Definitions 

According to [1], in the autonomous vehicle literature, the term navigation can mean either:  

 Estimating vehicle‟s position, velocity, and attitude relative to a known reference from 

sensor observations. 

 Planning and achieving movements to travel to a required location.  

These two tasks are mandatory to have autonomous or semi-autonomous vehicles. Successful 

achievement of the second task depends on the ability to achieve the first one.  

The term navigation is used here to refer to the first task. Position, velocity, and attitude are 

called the navigation states. In cases where only the position is required the term positioning is 

used instead of navigation. The term vehicle will be used for the moving platform whose position 

and attitude are to be determined. 

A block diagram of the overall autonomous or semiautonomous vehicle problem can be 

seen in Figure 2-1. 

 

Figure 2-1: Block diagram of the overall autonomous or semi-autonomous moving platform 

problem 

2.2 General Classification of Positioning Techniques 

According to [2], positioning techniques (either indoor or outdoor) are divided into seven 

categories falling in two groups: 

1. Relative Position Measurements (also known as Dead-reckoning (DR)) 

(a) Odometry: the odometric data is extracted using sensors that measure the rotation of the 

wheel axes and the steer axes (e.g. high resolution encoders). Wheel rotation is translated 
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into linear displacement; among the errors in this process is wheel slippage. However, the 

advantages of this method are that it has short term accuracy, it is inexpensive, and it allows 

very high sampling rates. Having an initial pose estimate, the idea of odometry is the 

integration of incremental motion information over time, this leads to the disadvantage that 

any small constant error increases without bound after integration. Especially, orientation 

errors cause large position errors that increase with the distance traveled by the vehicle, so its 

long term accuracy is not good.  

(b) Inertial Navigation: it uses gyroscopes and accelerometers to measure rate of rotation 

and specific force (from which acceleration is obtained), respectively. Inertial navigation 

systems have the advantage that they are self-contained, i.e. they don‟t need external 

references. Measurements are integrated once for gyroscopes and twice for accelerometers to 

yield position and orientation. The positioning solutions obtained drift with time due to the 

needed integrations which lead to unbounded accumulation of errors. Inertial sensors alone 

are thus unsuitable for accurate positioning over an extended period of time. 

2. Absolute Position Measurements (Reference-based systems) 

(a) Magnetic Compasses: the heading is the most significant of the navigation parameters 

because of its influence on accumulated dead reckoning errors. So, sensors that provide a 

measure of absolute heading (e.g. magnetic compass) can be of high importance. Magnetic 

compass usage has the disadvantage that the Earth‟s magnetic field is often distorted near 

power lines or steel structures.  

(b) Active Beacons: This approach can be used if the moving platform is to navigate in a 

specific already known environment. Active beacons can be detected reliably and provide 

accurate positioning information with minimal processing and high sampling rates. 

However, their installation and maintenance have a high cost, and accurate mounting of 

beacons is required for accurate positioning. There are two different types of active beacon 

systems: trilateration and triangulation. Trilateration is the calculation of vehicle‟s position 

based on distance measurements to a known beacon using time-of-flight information. 

Triangulation is the calculation of vehicle‟s position and orientation based on the angles at 

which beacons are seen relative to the moving platform‟s longitudinal axis.  

(c) GNSS: Currently, the most popular example of GNSS is the GPS. GNSS is a technology 

for outdoor navigation. The system comprises a group of satellites which transmit encoded 

RF signals. By means of trilateration techniques, ground receivers can calculate their 

position using the travel time of the satellites‟ signals and information about the satellites‟ 
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current location which is included in the sent signal. Calculation of ground receiver latitude, 

longitude, and altitude is possible when knowing the exact distance from the receiver to 

theoretically three satellites and actually four satellites to correct for clock bias in the 

receiver. For outdoor navigation, GPS is a good absolute localization capability assuming 

sufficient satellite coverage. GPS is normally not available indoors. 

(d) Landmark Navigation: This approach can be used if the moving platform is to navigate 

in a specific bounded environment. Landmarks are distinct objects or features that a vehicle 

can distinguish from its sensors input such as geometric shapes, and they may include 

additional information like bar-codes. Landmarks must have a fixed known position, and the 

vehicle must have a database of the landmarks with their characteristics and locations. The 

vehicle has to recognize the landmarks reliably and to calculate its position. Landmarks can 

be either natural or artificial. Artificial landmarks are objects or markers added to the 

environment particularly for enabling the navigation task, while natural landmarks are 

objects or features that are already in the environment. 

(e) Map-based positioning (or model matching): This approach can be used if the moving 

platform is to navigate in a specific mapped environment. In this approach, the moving 

platform uses its sensors to perceive its local environment; this perception is then compared 

to a map previously stored in memory. If a match is found, then the vehicle can calculate its 

position and orientation in the environment. The stored map of the environment can be a 

CAD model, or it can be constructed from prior sensor data. This approach can be used only 

in a structured environment, which is the property of indoor environments and some outdoor 

environments. There is another technique with a similar name called map matching which is 

used normally together with GPS to get the vehicle position within a street map structure. 

While there are some similarities between the two techniques that bear similar names, the 

latter is not exactly the one discussed in this subcategory. 

For the first category, i.e. Dead-reckoning, the determination of the current vehicle position 

uses the knowledge of the previous position and the measurement of latest movements. For the 

second category, i.e. reference-based systems, the current vehicle position is determined from 

measurements to known reference points but without reference to its previous trajectory. Usually 

two of these methods, one from each group, are combined to get a navigation solution. 
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2.3 GNSS-Based Positioning Techniques 

Land vehicle positioning is currently widely achieved using GNSS such as GPS. These 

systems calculate the receiver position by ranging to several visible satellites with known 

locations using trilateration. The United States GPS is currently the most widely used GNSS. 

Another GNSS is the Russian GLObal'naya NAvigatsionnaya Sputnikovaya Sistema (“GLObal 

NAvigation Satellite System" in English), GLONASS, that was a fully functional navigation 

constellation but has suffered from disrepair, leading to gaps in coverage and only partial 

availability. It is planned to be restored to full global availability. Furthermore, another GNSS is 

the European Galileo which is under construction and is scheduled to be fully operational by 

2013 [3]. Since GPS is currently the only complete, globally available and fully functional 

system, it is the effective GNSS that will be the focus of further discussion.  

GPS (as well as any GNSSs) may suffer from outages due to signal blockage; it can also 

suffer from multipath effects, interference, or jamming. GPS outages happen in urban canyon, 

tunnels, and other GPS-denied environments.  

Some GPS receivers have some extra features in order to achieve better performance in 

some of the challenging GPS environments. To enhance accuracy, some GPS receivers are dual 

frequency receivers as opposed to single-frequency receivers that access a single carrier 

frequency only. One of the benefits in these dual frequency receivers is the fact that the 

Ionospheric delay is frequency dependent, so using such receivers in a system enables it to 

estimate and remove this delay that causes errors in the measured pseudoranges. Furthermore, 

some GPS receivers access the GLONASS signals, as an augmentation system. 

One of the extra features in GPS receivers is multipath mitigation. Several methods of 

multipath estimation and mitigation have been investigated and implemented. A classification of 

multipath mitigation techniques can be found in [4]. 

Another feature in GPS receivers is sensitivity, which is defined as the minimum received 

signal strength that a receiver can work with. The GPS signal is typically buried in thermal noise 

and the minimum signal level that reaches the Earth is –130dBm. While the signal structure itself 

provides means to recover the GPS navigation data from under noise levels, these inherent 

properties fail under dense foliage or in urban canyons [5]. GPS receivers, which exhibit a 

sensitivity of -150 dBm to -160 dBm, are now available. Using a high-sensitivity receiver leads to 

faster Time-To-First-Fix (TTFF) and better tracking so it can bring acceptable GPS functionality 



10 

 

to previously impossible locations such as inner city urban canyons, as well as regions populated 

by dense foliage and in vehicles with UV-coated or a thermic windshields. 

Despite the previously discussed features that enhance the performance of a GPS receiver, 

there are still some environments which suffer from GPS outages, either because of complete 

blockage (like tunnels and green tunnels) or severely degraded performance (like in deep urban 

canyons encountered in downtown scenarios). To have a more accurate and uninterrupted 

navigation solution, GPS has to be integrated with other systems that can exhibit complementary 

characteristics [3]. Some other systems that can be integrated with GPS (some are complimentary 

and can give an uninterrupted solution and some just enhance the performance) are: 

1. GNSS Augmentation Systems 

a) Other non-fully operated GNSSs such as the Russian GLONASS or the European 

Galileo. 

b) Satellite-Based Augmentation Systems (SBAS). 

c) Ground-Based Augmentation Systems (GBAS). 

2. Local Wireless-based Positioning Systems which use Cellular base stations, Wi-Fi access 

points and TV towers.  

3. Motion sensors such as inertial sensors, odometer, and compass. 

4. Other aiding sensors such as cameras and LIDAR.  

5. Digital Maps. 

2.3.1 GPS Augmentation Systems 

2.3.1.1 Other GNSSs 

For the GPS receivers built to receive other satellite systems' signals such as GLONASS 

and Galileo, these extra systems offer more satellite signals to access which enhances the 

performance and improves the signal availability and the accuracy. However, in highly degraded 

and denied GPS scenarios all these GNSS systems will be negatively affected or blocked. 

2.3.1.2 Satellite-Based Augmentation System 

SBAS is a system that supports wide-area or regional augmentation through the use of 

additional satellite-broadcast messages from geo-stationary satellites. Such systems are 

commonly composed of multiple ground stations, located at accurately-surveyed points. The 

ground stations take measurements of one or more of the GPS satellites‟ signals, or other 

environmental factors which may impact the signal received by the users. Using these 
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measurements, information messages in the form of a GPS-like signal is created and sent to one 

or more geo-stationary satellites for broadcasting to the end users. The prime examples of SBAS 

are Wide-Area Augmentation System (WAAS) operated by the United States Federal Aviation 

Administration (FAA), and its European counterpart EGNOS (European Geostationary 

Navigation Overlay Service), operated by the European Space Agency. GPS augmented with 

WAAS can consistently achieve accuracies of 1-2 meters in horizontal positioning and 2-3 meters 

in vertical direction [6]. However, in highly degraded and denied GPS environments all these 

satellite-based systems will be negatively affected or blocked. 

2.3.1.3 Ground-Based Augmentation System  

A GBAS is a system that provides augmentation through the use of terrestrial radio 

messages. As with the satellite based augmentation systems, ground based augmentation systems 

are commonly composed of one or more accurately surveyed ground stations. These stations take 

measurements concerning the GPS signals, then one or more radio transmitters, transmit the 

information directly to the end user. Examples of the GBAS are United States‟ Local Area 

Augmentation System (LAAS), which is mainly used around airports to improve aircraft safety 

during airport approaches and landings, and the Differential GPS (DGPS). The DGPS provides 

different accuracies that can fall down to about one meter level depending on the measurement 

type if it is code-based or carrier-phase-based and if the processing is real-time or post-

processing. LAAS provides an accuracy of less than 1 meter but it is mainly used in airports and 

in a range of 20-30 miles around them [6]. Another example of ground-based stations acting as 

additional satellites is the use of pseudolites. By locating the pseudolites at favorable sites, the 

accuracy and continuity of the GNSS receivers‟ navigation solution can be enhanced in GPS-

denied environments. However, usage of pseudolites has some disadvantages: It only solves the 

coverage problem locally, it requires an additional infrastructure, and the GNSS receiver must be 

designed to handle the additional pseudolite signals. 

2.3.2 Local Wireless-Based Positioning Systems 

The location of a mobile user can also be determined through the wireless communication 

signals transmitted from different systems. Since the focus here is on automobile navigation, the 

discussion is limited to the systems that can be effective in such an application, namely: cellular 

networks and TV towers. Other positioning systems in this category, that are more suitable for 

indoor navigation, rely on wireless local area networks (WLAN), ultra wide band (UWB) or radio 
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frequency identification (RFID). Positioning based on cellular networks or TV towers can be used 

in a standalone manner or aided with GPS to enhance its performance. 

2.3.2.1 Using Cellular Networks 

A number of systems have used global system of mobile/code division multiple access 

(GSM/CDMA) mobile cellular networks to estimate the location of outdoor mobile clients. The 

two major categories for describing location systems are network-based and handset-based. 

Network-based systems use technologies that determine handset position solely from 

measurements taken at cellular base stations, with no requirements from the handset other than 

those necessary for the normal communication function. In a handset-based location system, 

location measurements are made in the handset and special software, and often hardware, must be 

incorporated in the handset to give it the ability to estimate its location. Hybrid systems can also 

be utilized where both the handset and the network are modified to accommodate the positioning 

function [7]. Cellular phone carriers use a number of systems to provide location services based 

on different techniques including:  

1. Cell Identification (Cell-ID). 

2. Time of Arrival (TOA). 

3. Time Difference of Arrival (TDOA): Enhanced Observed Time Difference (E-OTD), 

Observed Time Difference of Arrival (OTDOA), Uplink Time Difference of Arrival (U-

TDOA). 

4. Angle of Arrival (AOA). 

5. Assisted-GPS (A-GPS).  

The first four techniques are used for positioning mobile clients by a few cellular phone carriers. 

In general, these technologies cannot achieve better positioning accuracy than GPS. According to 

[8], they achieve accuracies in the range of 50 to 200 meters, and they hardly achieve accuracies 

less than 10 meters. Positions calculated by these systems can be used to augment GPS. One 

limitation of such integrated systems is that positioning using cellular networks cannot achieve 

accuracies better than GPS, and can be much worse as mentioned earlier. Furthermore, the 

accuracy of cellular-based positioning is higher in densely covered areas and much lower in less 

densely covered regions. Another drawback of this integrated positioning solution is that it will 

have service charges for accessing the cellular network. As well its lacks generality and 

everywhere applicability because it depends on specifications in the operating environment such 

as network coverage.   
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A-GPS uses the GPS infrastructure to determine user location. Signals to aid GPS 

acquisition are transmitted directly over the cell phone network to a receiver contained within the 

cell phone. Generally, differential corrections are not sent to the user; rather, only aiding 

information is transmitted which assists the phone's receiver to quickly acquire the satellites. 

Assistance from the cell networks can also extend to performing calculations remotely and send 

the results back to the phone [9]. Systems and devices which are A-GPS only are, unlike 

standalone GPS capable devices, tied to good signals from subscriber cellular phone networks, 

substantially limiting their area of operation. The benefits of A-GPS are not in integrating GPS 

with another complementary positioning system that can provide a solution during GPS outages. 

Therefore this solution has no positioning capabilities in GPS-denied environments. As 

mentioned earlier, the benefit of this solution is that signals to aid GPS acquisition are provided 

by the cell phone network. 

2.3.2.2 Using TV Towers 

TV signals are utilized by some companies to get a location fix in places where GPS 

signals cannot simply reach such as dense urban areas and indoors. In order to position, the 

receiver measures pseudo-ranges from TV signals, which contain synchronization information, 

broadcast from three or more different TV towers. Using precision timing, it can be figured out 

how far a TV signal travels before it is picked up by a device equipped with the receiver chips. 

The company‟s location server receives the timing and stability of TV signals from monitoring 

units in the region; then it forwards that information as aiding information. The measurements are 

then compared against the data collected by proprietary listening stations, and the device‟s 

position is calculated [10]. There are many advantages to using TV signals [11], such as: 

1. Power: Most of the time TV towers are tens of miles from the device to be positioned so that 

the synch codes in the TV signal are approximately ten thousand times stronger than GPS 

signals [11].  

2. Frequency: TV signals are at much lower frequency (50-700 MHz) than the GPS which 

allows for them to penetrate buildings.  

3. Bandwidth: In general, the wider the bandwidth of the signal, the more accurately one can 

resolve multipath or the reflected signals that characterize urban and indoor environments. 

However, the drawbacks of using the TV-Positioning systems are as follows: 
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1. The previously described technology depends on the installation of several proprietary 

nearby monitoring units as well as location servers, which make the positioning solution 

environment dependent and not a global one that can work everywhere. 

2. Decoding the synchronization information from TV signals varies depending on the various 

TV standards which include –but are not limited to- NTSC, PAL, SECAM, DVB-T, and 

ISDB. 

2.3.3 Vehicle Motion Sensors 

2.3.3.1 Inertial Sensors 

Inertial sensors are gyroscopes and accelerometers used to measure rate of rotation and 

specific force (from which acceleration is obtained), respectively. An inertial measurement unit 

(IMU) consists of a triad of gyroscopes and a triad of accelerometers. A navigation system using 

an IMU and a navigation processor is called an inertial navigation system (INS). An INS has the 

advantage that it is self-contained, i.e. it does not need external references. Another advantage is 

that these sensors have high sampling rates. With the knowledge of initial navigation states, an 

INS calculates 3D position, velocity and attitude of the moving platform. Measurements are 

integrated twice for accelerometers and once for gyroscopes to yield position and attitude. These 

calculated navigation states drift with time due to the needed integrations and the sensor errors 

(such as biases, scale factors, and noise) which lead to unbounded accumulation of errors. Inertial 

sensors alone are thus unsuitable for accurate positioning over an extended period of time. The 

advantages and disadvantages of INS show that its characteristics are complementary with those 

of GPS (as will be discussed later). Thus INS can provide a great value when properly integrated 

with GPS to mitigate each other problems. 

2.3.3.2 Electronic Compass 

An electronic compass is a device, constructed from magnetometers, that provides heading 

measurements relative to the Earth‟s magnetic North by observing the direction of the Earth‟s 

local magnetic field. To convert the compass heading into an actual North heading, the 

declination angle, which is the angle between the geographic and magnetic North, is needed. This 

declination angle is position dependent, thus knowing the compass position is necessary to 

calculate the heading relative to geographic North. The magnetic compass has the disadvantage 

that the Earth‟s local magnetic field is distorted near power lines or metal structures such as 

bridges and buildings along the trajectory of the vehicle. This fact results in large and 
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unpredictable errors in the heading estimated by the compass, making the usefulness of these 

magnetic compasses in vehicular navigation questionable. 

2.3.3.3 Odometry 

The odometric data is extracted using sensors that measure the rotation of the wheel axes 

and the steer axes (e.g. high resolution encoders). Wheel rotation is translated into curvilinear 

distance; among the errors in this process is wheel slippage. However, the advantages of this 

method are that it has short term accuracy, it is inexpensive, and it allows high sampling rates. 

Having an initial pose estimate, the idea of odometry is the integration of incremental motion 

information over time. This leads to the disadvantage that any small constant error increases 

without bound after integration. Furthermore, orientation errors cause large position errors that 

increase with the distance traveled by the vehicle. 

2.3.4 Other Aiding Sensors 

2.3.4.1 Camera 

Cameras and vision systems can be used in navigation systems to achieve different tasks in 

different moving platforms. According to [12], for outdoor vehicular navigation, camera images 

can be used for detecting road edges, lanes and their transitions, and roads‟ intersection. Such 

tasks on their own cannot achieve absolute positioning for the vehicle but can assist an existing 

positioning solution. The drawbacks of such systems is sensitivity to illumination changes 

throughout the day, presence of clutters in images, the presence of shadows caused by trees and 

other artifacts, and presence of water or snow on the ground. These disadvantages make the 

solutions depending on such vision systems not reliable in all conditions, which is a need for real 

life vehicular positioning systems. As another use of cameras, stereo vision can be used in 

obstacle detection and avoidance; however it suffers from the previously mentioned limitations. 

Furthermore, vision can be used for positioning using model matching, which is mainly used in 

indoor mobile robot navigation. For vehicular navigation, this last usage has the additional 

disadvantage of not being a general solution that can work everywhere, but works only in 

environments known beforehand and of which a model or an image database is already built. 

2.3.4.2 Sonar 

Sonar can be used for indoor localization of mobile robots using model matching 

techniques, but such methods are not suitable for outdoor vehicle navigation. Another use of such 

sensors is for obstacle detection and avoidance.  
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2.3.4.3 LIDAR 

Light detection and ranging (LIDAR) can be used in several tasks related to navigation 

systems. It can be used for positioning using model-matching, in applications such as indoor 

mobile robot localization. For vehicular navigation, the limitation of model matching is that it is 

not a general solution that can work everywhere, but it works only in environments known 

beforehand and of which a model is already built. Another way of using LIDAR in outdoor 

positioning is to augment GPS and INS. When GPS is available, the LIDAR system is used to 

detect buildings; and when GPS is unavailable (like in an urban canyon), LIDAR‟s relative 

position to the detected buildings is used to aid INS. But LIDAR is most often used in obstacle 

detection and collision avoidance, in mapping, or in 3D motion capture. Another use of LIDAR is 

in traffic speed law enforcement, for vehicle speed measurement, as a technology alternative to 

radar guns. Airborne LIDAR can be used for aerial vehicle navigation using terrain elevation 

databases, where such systems can be used to augment other positioning systems. One of the 

drawbacks of LIDAR usage in commercial vehicular applications is its high cost. Furthermore, 

working with LIDAR data can be computationally expensive for real-time applications. 

2.3.5 Digital Maps 

The digital map is not only used to assist the driver in relating the vehicle‟s position 

information to a physical location, but it can also be used to give extra information to the 

positioning solution. Since, under normal conditions, the location and the trajectory of a vehicle 

are restricted by the road network, a digital map of this road network can be used to impose 

constraints on the positioning solution [3], which is a process referred to as map matching. Of 

course digital maps cannot be used alone, but they can be utilized to enhance the performance of 

an existing positioning solution. 

2.4 Background on Reference Frames, GPS, and Inertial Navigation 

The position, velocity and attitude of a vehicle should be described with respect to a 

reference frame. There are several reference frames described in the literature and have been used 

for long time in positioning and navigation applications. The frames of reference that are used in 

this research and described in [13-17] as well as in Appendix A in this thesis are the Earth 

Centered Inertial (ECI) frame, Earth-Centered Earth-Fixed (ECEF) frame, Local Level frame 

(LLF), and the Body frame. The ECEF frame has two types of coordinates the rectangular 

coordinates and Geodetic coordinates (Latitude, Longitude, and Altitude). The different 
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transformations between the coordinates of these different reference frames and some parameters 

of the Earth‟s Geometry are also described in Appendix A. 

GPS overview, system structure and its different segments, signals, observables, different 

error sources, and finally position and velocity calculation are described in Appendix A. More 

details about GPS can be found in [18-25]. 

INS overview, inertial sensors and their classification, inertial sensor errors, calibration 

procedure, initialization and alignment, and INS mechanization providing postion, velocity and 

attitude are described in Appendix A. Further details about inertial navigation can be found in 

[26-31]. 

2.5 INS/GPS Integration 

In this subsection INS/GPS integration is discussed, the benefits of this integration are 

presented, then the integration approaches (different types of integration, the nature of the state 

vector estimated, and the error feedback schemes) are described, followed by the techniques used 

for this integration, and finally the current state of the art in INS/GPS integration is presented. 

More details about INS/GPS integration using the traditional techniques can be found in [1, 14, 

16, 32-34]. 

2.5.1 Benefits of INS/GPS Integration  

According to [1], to have a better positioning solution INS and GPS are integrated because 

they have complementary characteristics. INS readings are accurate in short-term but their errors 

increase without bounds in the long-term due to inherent sensor errors. GPS accuracy is not as 

good as INS short-term accuracy, but it does not decrease with time and so it has long-term 

accuracy. Also GPS may suffer from outages because of signal blockage, multipath effects, 

interference, or jamming, while INS is immune to these effects. GPS outages can happen for 

example in urban canyons, tunnels, or dense foliages. Thus to have a vehicular positioning 

solution with higher performance, INS and GPS are integrated. 

As mentioned in [1], the benefits of INS/GPS integration are: 

1. INS present a solution during GPS outages. 

2. INS gives the navigation solution at rates much higher than GPS receivers. Also, INS has a 

higher system bandwidth that is unachievable if only GPS signal is used. 

3. INS can determine the full navigation state without differentiation as for GPS. 
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4. Integrating INS and GPS reduces the effect of GPS errors. So, this integration  improves 

GPS-only accuracy. This is more apparent in environements like urban canyons that suffer 

from multipath effects.  

5. GPS aid is used for online calibration of IMU errors, on-line alignment of the IMU platform 

(either analytically or mechanically), and estimation and correction of errors in INS state. So, 

GPS is used to compensate for the long-term drift of INS readings. Also, during GPS 

outages INS error growth is less due to online calibration and alignment. 

2.5.2 INS/GPS Integration Approaches 

2.5.2.1 INS/GPS Integration Types 

There are three main types of INS/GPS integration that have been proposed to attain 

maximum advantage depending upon the type of use and choice of simplicity versus robustness. 

This leads to three main integration architectures: 

1. Loosely coupled 

2. Tightly coupled 

3. Ultra-tightly coupled (or deeply coupled) 

The first type of integration, which is called loosely coupled, uses an estimation technique 

to integrate inertial sensors data with the position and velocity output of the GPS receiver (those 

are the output of a KF in the GPS receiver). This approach is illustrated in Figure 2-2. The 

distinguishing feature of this configuration is a separate filter for the GPS. This integration is an 

example of cascaded integration because of the two filters (GPS and integration filter) used in 

sequence. 

The second type, which is called tightly coupled, uses an estimation technique to integrate 

inertial sensors readings with raw GPS data (i.e. pseudoranges and pseudorange rates) to get the 

vehicle position, velocity, and orientation. This approach is shown in Figure 2-3. In this solution, 

there is no separate filter for GPS, but there is a single common master filter that performs the 

integration. 

For the loosely coupled integration scheme, at least four satellites are needed to provide 

acceptable GPS position and velocity input to the integration technique. The advantage of the 

tightly coupled approach is that less than four satellites can be used as this integration can provide 

a GPS update even if fewer than four satellites are visible, which is typical of a real life trajectory 

in urban environments as well as thick forest canopies and steep hills. Another advantage of 
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tightly coupled integration is that satellites with poor GPS measurements can be detected and 

rejected from being used in the integrated solution. 

For the third type of integration which is ultra-tight integration, there are two major 

differences [35] between this architecture and those discussed above. Firstly, there is a basic 

difference in the architecture of the GPS receiver compared to those used in loose and tight 

integration. Here, the receiver comprises a bank of single vector delay lock loop (VDLL) instead 

of a bank of independent code and carrier tracking loops. Secondly, the information from INS is 

used as an integral part of the GPS receiver, thus, INS and GPS are no longer independent 

navigators, and the GPS receiver itself accepts feedback.  

 

 

Figure 2-2: Loosley coupled INS/GPS integration 

 

Figure 2-3: Tightly coupled INS/GPS integration 

2.5.2.2 State Estimated by the INS/GPS Integration Filter 

There are two options for the state estimated by the integration filter, namely: total-state 

and error-state. For total-state INS/GPS integration filter, the filter estimates the navigation states 

themselves, i.e. the moving platform position, velocity and attitude. Total-state filters can be seen 

in Figure 2-2 and Figure 2-3. For error-state INS/GPS integration filter, the filter estimates the 

errors in the navigation states (i.e. error in position, velocity and attitude) calculated from INS 

mechanization. Then these errors are removed from the INS mechanization results to give the 
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estimate of the navigation states. Error-state implementation for loosely-coupled system can be 

seen in Figure 2-4. 

 

Figure 2-4: Error-state implementation for loosely coupled system 

2.5.2.3 Error Feedback Schemes for Error-State INS/GPS Integration 

There are two error feedback schemes for the error-state filter approach, namely: open-loop 

and closed-loop. The total-state case is implicitly like closed-loop for error-state. For open-loop, 

the filter estimates the errors in the navigation states calculated from the unaided INS 

mechanization, and these errors are removed from the INS mechanization results to give the 

estimate of the navigation states. Open-loop implementation can be seen in Figure 2-5. For 

closed-loop, the output of the integration filter is fed back to the mechanization to correct it (thus 

the mechanization is no longer unaided like open-loop) and the output of the mechanization is the 

estimated navigation state. Closed-loop implementation is illustrated in Figure 2-6. 

 

 

Figure 2-5: Open-loop implementation for error-state loosely coupled INS/GPS integration 

filter 
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Figure 2-6: Closed-loop implementation for error-state loosely coupled INS/GPS integration 

filter 

2.5.3 Estimation Techniques Used for INS/GPS Integration 

According to [36], the estimation techniques used to integrate INS and GPS fall into one of 

the following categories: 

1. The Kalman filter (KF): the commonly used method for this integration problem is based 

on the linearized KF (LKF) in the case of open-loop mechanization or the extended KF 

(EKF) in the case of closed-loop mechanization. Some examples of integrating INS and GPS 

using this technique can be found in [1, 16, 17, 32, 33]. 

2. Artificial intelligence (AI)-based methods: such as artificial neural networks (ANN), and 

adaptive neural fuzzy information systems (ANFIS). Some examples of using ANN for the 

problem at hand are [37-42], some using fuzzy inference sustems and ANFIS are [43-48], 

and some using augmented KF and AI-techniques are [49-51]. 

3. Sampling-based filters: such as unscented Kalman filter (UKF) and particle filters (PF). 

Examples of INS/GPS integration by using UKF are [52-56] and by PF are [54-64]. 

A discussion of these techniques together with their merits and limitations can be found in 

the next subsection.  

2.5.4 Current State of the Art in INS/GPS Integration 

2.5.4.1 Kalman Filter 

The Kalman filter is an optimal estimation tool that provides a sequential recursive 

algorithm for the estimation of a system states when the system model is linear [65]. In addition 

to its benefits as an optimal estimator, KF provides real-time statistical data related to the 

estimation accuracy of the system states, which is very useful for quantitative error analysis [66]. 
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The filter generates its own error analysis with the computation of the error covariance matrix, 

which gives an indication of the estimation accuracy.  

KF estimates the system state at some time and then obtains observation updates in the 

form of noisy measurements. As such, the equations for the KF fall into two groups: time update 

or prediction equations and measurement update or correction equations. The time update 

equations are responsible for projecting forward in time the current state and error covariance 

estimates to obtain the a priori estimates for the next step. The measurement update equations are 

responsible for incorporating a new measurement into the a priori estimate to obtain an improved 

a posteriori estimate [67].   

The problem at hand (i.e. INS/GPS integration) has nonlinear models as seen earlier. In 

order to use KF in this integration problem, this nonlinear model has to be linearized around a 

nominal trajectory. In this problem the linearization can be either around the unaided INS 

mechanization or around the current estimated solution. The former is used in open loop 

integration and the KF is called LKF, while the latter is used in closed loop and the KF is called 

EKF [68]. With the assumption of Gaussian distributed noise sources, the minimum mean square 

error (MMSE) solution to the linear problem is then provided by the KF [69]. These KF-based 

techniques are the traditional solution used in positioning and navigation (POS/NAV) systems 

relying on INS/GPS integration. 

2.5.4.1.1 Limitations of Kalman Filter 

One major drawback in the KF solution is the linearization of the nonlinear motion 

equations. This linearization means that the original problem is transformed into an approximated 

problem that is solved optimally, rather than approximating the solution to the correct problem. 

This can seriously affect the accuracy of the obtained solution due to the impact of the neglected 

nonlinear and higher order terms or can lead to divergence of the system. While KF provides an 

adequate solution for higher grades of IMUs, when using low cost MEMS-based IMUs the 

neglected higher order terms are more influential and cause error growth in the positioning 

solution in degraded and denied GPS environments.  

The KF solution has several other shortcomings including, the requirement for an accurate 

stochastic model of each of the inertial sensor errors, which is challenging to obtain especially for 

low cost MEMS-based sensors because they suffer from complex stochastic error characteristics 

that are difficult to model. Furthermore, the KF is restricted to use only linear low-order (low 

memory length) models for these sensors‟ stochastic errors, such as: random walk, first order 
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Gauss-Markov models, second order Auto-Regressive models [70]. The dependence on these 

inadequate models is one of the major drawbacks of KF when using low cost MEMS-based 

inertial sensors.  If the input data does not fit the model, the KF estimates may not be reliable. 

This makes it a necessity to tune the parameters of the stochastic model for these very low cost 

sensors, which is an unrealistic operation.  

Another problem for the KF when using these low cost sensors is divergence during long 

periods of GPS outage, this problem is a direct consequence of the previously discussed 

shortcomings.  During these periods the KF operates in prediction mode where errors in previous 

predictions (because of the inadequate linearized models and linear sensors‟ error models) are 

propagated to the current estimate and summed with new errors to create an even larger error. 

This issue was discussed in [70], which confirmed that KF techniques suffer from divergence 

during outages due to approximations during the linearization process and system mis-modeling, 

which are influential when using MEMS-based IMUs. 

Nonlinear techniques were targeted in the last few years with the overall objective of 

mitigating most of the present inadequacies of KF and obtaining reliable POS/NAV systems. 

These techniques are AI-based techniques, UKF, and PF. 

2.5.4.2 Artificial Intelligence Techniques  

The limitations of KF have motivated researchers to investigate alternative methods of 

INS/GPS integration based on ANN. ANN are very powerful function estimators that can 

estimate non-linear patterns and can therefore integrate complex patterns such as the INS and 

GPS data.  They are also capable of input-output mapping and are therefore well suited to map 

INS data to INS errors [40].  ANN has many advantages over a KF as no a priori knowledge is 

needed, it is a modeless technique that is platform independent and there is no need to calibrate or 

determine stochastic models beforehand as with the KF. This brings the advantage of being able 

to use the ANN with any sensors without any prior knowledge of the sensors‟ error 

characteristics. The ANN is a useful tool for solving non-linear problems that defines relations 

between input and output data without predefined dynamic models.  These techniques can be put 

in a parallel-distributed processing architecture capable of modeling complex nonlinear problems 

of a stochastic nature.  Further, unlike the KF, an ANN is able to adapt and learn new input-

output relationships. There are different implementation techniques to implement ANN and few 

are mentioned below.   
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 The Multi-Layer Perceptron (MLP) neural networks have been suggested and applied to 

different types and grades of INS [39]. It was shown that a position and velocity update 

architecture (PVUA) utilizing two MLP networks could process the INS azimuth and velocity to 

provide the position components along both the East and North directions [38]. The parameters of 

the MLP networks were adapted using GPS position and velocity updates. However, the neural 

network model of PVUA dealt with the INS position components instead of their errors. Thus, no 

information about the accuracy of this system could be delivered during the navigation mission.  

Moreover, besides the fact that no sensitivity analysis was provided for the effect of changing the 

internal structure (number of hidden layers and number of neurons in each layer) of the MLP 

networks on the system performance, the real-time implementation and the accuracy of the 

system during this mode of operations was not addressed. 

In an attempt to design a model-free module that operates similar to KF but without the 

need for dynamic or stochastic models of the INS, the P-δP model was proposed [38]. It was 

initially suggested to use an MLP network for each position component that processes the INS 

position (P) at the input and provides the corresponding INS position error (δP) at the output. The 

suggested method updated the three P-δP networks utilizing GPS position information. Although 

information about the accuracy achieved during the navigation mission became available, the 

internal structure of each of the MLP networks had to change until the best performance was 

realized.  In addition, the issue of real-time implementation was not considered.   

The P-δP architecture was improved by using radial basis function neural networks 

(RBFNN) instead of MLP networks [41]. RBF networks can be utilized without identifying the 

number of neurons in its hidden layer, as they are dynamically generated during the training 

procedure to achieve the desired performance. One major limitation of this method was the use of 

all INS and GPS data prior to a GPS outage to train the RBFNN. In addition, the real-time 

implementation and the factors affecting the performance of the system during this mode of 

operation have not been addressed in the online RBFNN-based P-δP module.  

Lately, Semeniuk et al. [40] suggested an AI-based segmented forward predictor (ASFP), 

which processed segments of INS and GPS position and velocity data using RBFNN to provide 

future prediction of the INS errors. Although being effective for both tactical and navigational 

grade INS, one limitation of the ASFP technique was the virtual extension of GPS outages due to 

the nature of GPS and INS data segmentation.  Moreover, the ASFP method exhibited inadequate 

performance when applied to MEMS based INS/GPS. 
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In addition to the above mentioned ANN techniques, some research focused on the use of 

fuzzy systems. An adaptive neuro-fuzzy inference system (ANFIS) was proposed to provide a P-

δP module for mobile multi-sensor system integration [43, 44]. Furthermore, an ANFIS-based 

module was designed to work in real-time to fuse INS and GPS position data [48]. However, this 

method showed a very limited success when applied to MEMS based INS/GPS navigation system 

due to high noise level and bias instability of MEMS inertial sensors.  

2.5.4.2.1 Limitations of Artificial Intelligence Techniques 

Like any integration technique, ANNs are faced with some limitations.  One of the 

problems that can occur during training is called over-fitting [71]. This occurs when the network 

memorizes the training examples, but has not learned to generalize for new situations. This will 

result in large errors when new data is presented to the network. This phenomenon can be 

prevented by limiting the number of neurons to a value smaller than the number of inputs. This 

way, the neurons must approximate the general input-output relationship, instead of simply 

having each neuron represent an individual input/output pair [40]. Another major problem is the 

training (update) procedure of the network.  Although it can be implemented using a windowing 

procedure, achieving the target MSE value of the error in a certain number of epochs may be 

challenging in some situations. 

Another shortcoming in AI-based techniques as mentioned in [36] is that they do not use 

any statistical information as input and they do not output the statistics associated with the 

solution. The statistics of the ouput (statistics of the estimated positioning and orientation 

solution) are important for some applications like surveying. Furthermore, AI techniques do not 

use the well developed mathematical models for vehicle motion and measurements. Moreover, 

the performance of AI-based integration techniques is unacceptable if the vehicle experiences 

dynamics range not included in the training set. 

In addition to the above discussed limitations, ANN cannot be used as a stand-alone system 

when working with low cost MEMS-based sensors because they have poor long-term accuracy 

due to their stochastic errors that drift with time.  The AI-techniques do not use models for the 

inertial sensors‟ errors, which causes the INS solution relying on such sensors to suffer from 

significant nonlinear and non-stationary types of errors deteriorating the performance. Therefore, 

if a GPS outage would occur late in the trajectory, the INS position error would be so large that 

the ANN would not be capable of accurately estimating the INS position. All the work in [37-48] 

did not report results for MEMS-based IMUs. Furthermore, some research such as [40, 48] 
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reported inadequate performance when applied to MEMS-based sensors. Trying to reduce the 

effects of these problems, new approaches involving both KF and AI-techniques were suggested, 

so that both systems complement each other.  

In [49], an augmented KF/ANN system is proposed for the integration of MEMS-based 

inertial sensors with GPS. The ANN used is an RBFNN. Two KFs are used in this system. 

During GPS availability, the main KF corrects the mechanization output to give the estimated 

position, velocity, and heading. Meanwhile, the other KF works in prediction mode and its output 

is passed together with the mechanization output and GPS to train the RBFNN to correct for the 

residual nonlinear parts in the inertial errors, for which KF cannot correct. During GPS outages, 

KF works in prediction mode and its output is passed to the RBFNN to further correct for the 

residual nonlinear parts. The final estimated navigation states after these corrections are better 

than those corrected by KF prediction alone, as shown in [49]. However, the time needed by the 

training routine for the RBFNN that works in the background during GPS availability and its real-

time applicability was not discussed in [49]. 

Other augmented systems involving both KF and AI-techniques can be found in [50, 51]. 

In [50], a combination of KF and ANN is proposed to overcome the disadvantages of both stand-

alone methods. A two layered feedforward backpropagation neural network is used to learn how 

the KF residual errors behave during GPS outages. Once this network is trained it can be used in 

prediction mode to provide compensation to the navigation KF drifts in the estimated navigation 

states. As mentioned in [51], the previously discussed neural compensations are capable of 

improving the KF predictions when certain conditions are met, such as convergence of the 

training data on similar inputs to those used for prediction. Thus, in the work presented in [51], an 

adaptive fuzzy inference system was used to weight the ANN and KF predictions. This is 

intended to control the ANN predictions, in cases where the learning has not yet converged or if 

the noise level of the ANN predictions is larger than the KF errors. According to [51], this fuzzy 

system ensured that the predictions were at worst the same as the KF predictions. 

Despite the benefits of these augmented methods, the major drawback of all the navigation 

solutions involving AI techniques working with the INS part is that their performance is 

unacceptable if the vehicle experiences dynamic ranges not included in the training set, i.e. if the 

dynamics of the vehicle during the GPS outage are different than its dynamics during the training 

period before the outage. Even the augmented KF and AI techniques are affected by this problem. 

The augmented KF/AI methods, such as the work presented in [51], will perform according to 
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whichever is better, KF or AI. So, if the AI solution is unacceptable due to large changes in 

dynamics, the overall solution will be the KF solution which is not a good solution as well. 

The work presented in [49-51] did not discuss the real-time applicability of these solutions, 

especially for the training procedure that normally should be taking place in the background 

during GPS availability. 

2.5.4.3 Current Sampling-Based Techniques 

The use of low end systems relying on very low cost MEMS-based inertial sensors still 

requires exploring more advanced techniques capable of mitigating the effect of all sources of 

errors and providing a robust POS/NAV solution.  

Research has been done to overcome the KF limitations introduced by the linearization of 

the motion equations and the use of linear stochastic models for inertial sensors errors which are 

not adequate especially in the case of MEMS-based sensors. Solutions that avoid linearization 

have been targeted; this led to the use of sampling-based methods such as UKF and PF. These 

methods tend to get a numerical approximate solution to the correct nonlinear problem rather than 

getting the optimal solution for an approximated problem as in KF case. These solutions are 

probabilistic solutions that tend to estimate the probability density function (PDF) of the state 

conditioned on the set of observations (i.e. measurements) instead of just getting a single best 

estimate only. KF assumes a Gaussian PDF and propagates it in parametric form using the mean 

and covariance. The UKF and PF tend to approximate this PDF using a set of samples. 

According to [36], the UKF uses a fixed number of deterministically chosen sample points 

called the sigma points (SP) to approximate a Gaussian distribution instead of approximating the 

nonlinear models like LKF or EKF. The SPs capture the true mean and covariance of the 

Gaussian PDF. As reported in [36], when these SPs are propagated through the true nonlinear 

system, they capture the transformed mean and covariance accurately up to the second order of 

any nonlinearity, in contrast with the LKF or EKF that calculate the mean and covariance 

accurately to the first order with all higher order terms truncated. Examples of using UKF for 

INS/GPS integration can be found in [36, 52-56]. 

PF approximates the PDF using a set of random samples or particles. It is a universal 

density approximator, removing the restrictive assumptions on the shape of the PDF. This is in 

contrast with all variants of KF (including UKF) which estimate a Gaussian density. Because of 

this, PF has shown a superior numerical accuracy over other filtering methods [36]. Because of 

the PF ability to deal with nonlinear non Gaussian motion and measurements models, it can 
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accommodate arbitrary sensor characteristics, motion dynamics, and noise distributions. In 

addition to PF ability of using nonlinear models, it enables the use of sophisticated modeling 

techniques for the stochastic errors of inertial sensors, which is very beneficial especially that 

these errors stochastically drift with time. This makes PF solutions very suitable for low cost 

INS/GPS integration, which is an application with severe stochastic error characteristics 

especially in the case of low cost MEMS-based inertial sensors. Examples of using PF for 

INS/GPS integration are [54-64].  

2.5.4.3.1 Limitations of Current Sampling-Based Techniques 

As all variants of KF, the UKF still has the restrictive Gaussian assumption on the 

estimated PDF. Furthermore, as mentioned earlier, the idea of SPs used by UKF makes them 

capture the transformed mean and covariance of the estimated PDF accurately up to the second 

order of any nonlinearity, with errors only introduced with third and higher orders of the Taylor 

series expansion of the nonlinear function. If the nonlinearity in the models is very severe, this 

will lead to some difficulties. These limitations are overcome in PF, which can estimate any PDF 

without restrictions through a set of random samples. Furthermore, PF doesn‟t have the problem 

of being accurate only to the second order of nonlinearity. 

The basic PF, called Sampling/Importance Resampling (SIR) PF, performs poorly if its 

importance density used to generate samples does not produce enough samples in regions where 

the true PDF is large. This limitation is overcome in several ways employed by different variants 

of PF. In INS/GPS integration, the SIR PF uses the motion equations corresponding to INS 

mechanization together with the process noise (i.e. probabilistic motion model) as the importance 

density, which can suffer from the previous limitation, especially in the case of low cost MEMS-

based sensors. To overcome this limitation in INS/GPS integration, variants of PF have been used 

such as Extended PF (EPF) [54-56, 60-62]. EPF is a variant of PF that employs an importance 

density generated by EKF, hence the name Extended PF or EKF+PF. Since EKF uses linearized 

models, the EPF proposed solution didn‟t provide significant improvement over EKF as reported 

in [54-56, 60-62]. In [56], the results presented are for a high grade IMU not for a MEMS-based 

IMU. In [54], the MEMS-based IMU results for EPF were sometimes worse than EKF. In other 

work, e.g. [60], the EPF was still used without considerable enhancement over EKF results 

because the adopted approach does not exploit the ability of PF to use nonlinear models. 

Furthermore, in [61, 62] a Hybrid EPF (HEPF) was used; this solution uses the EKF during stops, 

while the EPF is used during relatively higher dynamics regions. An adaptive scheme is 
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developed that switches between the EPF and EKF. Again this solution uses linearized models 

and traditional linear modeling for the inertial sensors stochastic errors; therefore the 

improvement over EKF results is small. Some of the previous work on PF for INS/GPS 

integration uses simulated data not real data, for example [57, 58, 64]. The two research groups 

that used PF to integrate MEMS-based IMU with GPS are [54-56] and [60-62]. Both of them 

used EPF and thus linearized error-state models and traditional linear/low memory length models 

for the inertial sensors stochastic errors. The results that both groups reported for PF had no 

significant improvement over EKF. Moreover, the majority of these previously published 

solutions based on PF for INS/GPS use simple scenarios for the trajectories in the experimental 

results supporting their work, also they use short durations for the GPS outages of at most 60 

seconds. 

In this thesis, the nonlinear capabilities of PF are exploited through both the use of 

nonlinear total-state system and measurement models without any linearization and a nonlinear 

system identification technique is used to model the inertial sensors stochastic errors. 

Furthermore, an enhanced version of PF is used that overcomes the limitations of SIR PF and 

EPF. The proposed techniques are tested in real world scenarios with long outage durations 

encompassing various ranges of dynamics including high speeds, low speeds, stops, straight 

portions, and various types of turns. Some of the scenarios tested are open-sky scenarios and long 

GPS outages are simulated in post-processing to test the proposed system capabilities. 

Furthermore some real-life downtown scenarios having urban canyons with multipath effects, 

severe effects of reflections with loss of direct line-of-sight, and some complete blockages are 

also used to test the proposed solution. 

Another concern about PF is the computational complexity. Because of the limitation of 

the SIR PF discussed above, it has to use a large number of samples which makes it 

computationally expensive. The variants of PF that overcome this limitation can work with very 

low numbers of samples, as reported in [60-62] for EPF and as will be reported later in this thesis 

for the utilized enhanced version of PF. The experiments will show that the algorithm has the 

capability of running in real-time. In addition to these results, the facts that the number of samples 

used in PFs can be controlled to suit the available computational resources and that increasing 

computational power is available at decreasing costs indicate that computational complexity is no 

longer a concern for these enhanced PF solutions.  
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Chapter 3 

Nonlinear Filtering and Modeling Approaches 

3.1 Particle Filtering 

3.1.1 Problem Formulation 

In general, the ultimate aim is to estimate the state of the vehicle kx  at the current time 

step k, given a set of measurements (observations)  0 ,...,k kZ  z z  acquired at time steps 

0,1,...,k. The state of the vehicle is , , , , , , , ,
T

e n u

k k k k k k k k k kh v v v p r A    x , where k is the 

latitude of the vehicle, k is the longitude, kh is the altitude, 
e

kv is the velocity along East 

direction, 
n

kv is the velocity along North direction, 
u

kv is the velocity along Up vertical direction, 

kp is the pitch angle, kr is the roll angle, and kA is the azimuth angle.  

The state transition model (the motion model) is described by 

    1 1 1( , , )k k k k  x f x u w                                                                          (3.1)  

where ku is the control input which is the IMU reading, and kw  is the process noise which is 

independent of the past and present states and accounts for the uncertainty in vehicle motion and 

IMU readings. The state measurement model is 

( , )k k kz h x ν
                                                                                  (3.2) 

where kν  is the measurement noise which is independent of the past and current states and the 

process noise and it accounts for uncertainty in GPS readings. 

3.1.2 Bayesian Filtering 

The errors and uncertainty in sensor readings and in vehicle motion motivate the use of a 

probabilistic algorithm for this estimation problem. Probabilistic algorithms for estimation 

calculate a probability distribution instead of a single best estimate only. The state of the vehicle 

kx  is a vector of stochastic processes, and it is required to get  k kp Zx  the probability density 
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function (PDF) of the state at each time step k conditioned on the whole set of sensor 

measurements from beginning to time k.  

Bayesian filtering addresses the problem of estimating the state of a dynamical system as a 

set of observations becomes available online. They make the assumption that the states are an 

unobserved Markov process and the measurements are assumed to be conditionally independent 

given the states, i.e. the measurements are the observed state of a hidden Markov model. A 

process is a 1st order Markov process if the conditional probability distribution of future states, 

given the present state and all past states, depends only upon the present state and not on any past 

states. A hidden Markov model can be seen in Figure 3-1. 

 

Figure 3-1: Hidden Markov model 

The previously stated estimation problem (estimating the navigation states of a vehicle) is 

an instance of the Bayesian filtering problem, where the interest is in constructing the probability 

density  k kp Zx  of the current state conditioned on the entire set of measurements. This 

probability density function (PDF) represents all the knowledge possessed about the state kx , 

and from it the current  position or any other function of kx  conditioned on the measurements 

can be estimated. 

As described in [72], the expectation value of a function of interest  kr x  conditioned on 

the measurements Zk is given by 

             . k
k k k k kp Z

E r r p Z d   x x x x                                                        (3.3) 

for any real integrable function r and any  k kp Zx . 
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The probabilistic model of the state transition (probabilistic motion model) is specified as 

the conditional density  1 1,k k kp  x x u , and it is fully specified by the function f in equation 

(3.1) and the process noise PDF  kp w , as described in [73] it is given by 

      1 1 1 1 1 1 1, , ,k k k k k k k k kp p d         x x u x f x u w w w  (3.4) 

Where,     is the Dirac delta function. The observation likelihood  k kp z x  is fully specified 

by the measurement model given by the function h in equation (3.2) and the observation noise 

PDF  kp ν , it is given by 

      ,k k k k k k kp p d   z x z h x ν ν ν  (3.5) 

To estimate the navigation states, the density  k kp Zx  is computed recursively at each 

time step. According to [73, 74], this is done in two phases: prediction phase and update phase. 

In the prediction phase, motion is taken into account from IMU readings. Supposing that 

the PDF  1 1k kp Z x  at time step k-1 is available, the motion model is used to predict the 

current navigation states of the vehicle in the form of a predictive PDF  1k kp Z x . This PDF is 

obtained by integration: 

        
     1 1 1 1 1 1,k k k k k k k kp Z p p Z d      x x x u x x                                       (3.6) 

In the update phase, the measurement model is used to incorporate information from the 

sensors (here GPS) to update the predictive PDF to obtain the posterior PDF  k kp Zx  using 

Bayes theorem: 

          

 
   

 
1

1

k k k k

k k

k k

p p Z
p Z

p Z






z x x

x
z

                                                            (3.7) 

where 

          
     1 1k k k k k k kp Z p p Z d  z z x x x                                                   (3.8)  

These two phases are repeated recursively and they constitute the solution of the Bayesian 

recursive estimation problem. At time k=0 the knowledge about the initial state x0 is available in 
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the form of a density  0p x . For INS/GPS integration, the algorithm is initialized with a 

Gaussian density with mean the GPS reading and covariance got from the GPS Kalman filter.  

The recursive use of Bayes theorem yields multi-dimensional integrals.  According to [75], 

it is impossible to evaluate this recursive solution analytically except in a few special cases, 

including linear Gaussian state space models (using KF). For nonlinear non-Gaussian systems 

these multi-dimensional integrals are intractable and approximate solutions must be used.  

One of these solutions is the EKF, which is the traditional method to integrate INS and 

GPS because this problem has nonlinearity in the system and measurement models. This EKF 

solution linearizes the system and measurement models. As mentioned in [57], while KF gives 

optimal solution for linear Gausian models, it becomes suboptimal when these assumptions are 

violated like the case at hand.  

Another solution that avoids the linearization of the models relies on handling the 

multidimensional integrals numerically using the Monte Carlo integration method. This solution 

to the Bayesian filtering problem leads to the sequential Monte Carlo methods (also known as PF) 

[75]. This sampling based method propagates the probability density in the form of a set of 

random samples or particles. 

To give more insight about this issue, the Bayesian Filtering analytical solution has no 

approximation and gives the optimal solution for the estimation problem at hand. For this 

nonlinear problem, this solution is intractable and approximation should be used. There are two 

possible approximations: 

1. To approximate the nonlinear models by linearization, and thus solve the approximated 

problem optimally by KF. This is what happens in EKF. 

2. To get a numerical solution to the correct nonlinear problem (using the original nonlinear 

models) rather than the exact analytical solution, which is intractable. This is what happens 

in PF.  

The PF has no approximations for the system and measurement models. The approximation 

in PF (as compared to Bayesian filtering) is that it is a numerical solution. The approximation in 

PF (as compared to analytical Bayesian) is that the estimated probability density of the state 

conditioned on the measurements is represented discretely by a set of N samples instead of the 

exact probability (which is still not Gaussian as assumed by KF). Thus the approximated discrete 

probability function is still more universal and beneficial than the Gaussian assumption in EKF. 
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In the problem at hand, the motion model of the vehicle, which is given by the INS 

mechanization, is a nonlinear operation. In order to use KF in this integration problem, this 

nonlinear model has to be linearized (first order Taylor series approximation) around a nominal 

trajectory. This is because all the Kalman filtering equations for updating the covariance of the 

estimates and getting the Kalman gain are based on having a linear system model. The 

linearization can be either around the unaided INS mechanization or around the current estimated 

solution. The former is used in open loop integration and the KF is called LKF, while the latter is 

used in closed loop and the KF is called EKF. With the assumption of Gaussian distributed noise 

sources, the minimum mean square error (MMSE) solution to the linear problem is then provided 

by the KF. For linear problems (i.e. linear models) and Gaussian noise, KF provides exactly the 

optimal analytical Bayesian filtering solution, which is not at all the case at hand.  

For the problem at hand, KF-based solutions have another problem aside from the first 

order approximation. Low-cost MEMS-based inertial sensors suffer from run-to-run errors 

(stochastic in nature) that cause large position errors even in the short term. This causes another 

problem in addition to the first order approximation in the linearization, namely about which 

value is the linearization performed (i.e. the mechanization output, either the unaided 

mechanization in case of open-loop or the closed-loop mechanization). Even in closed-loop the 

drift of the mechanization of low-cost MEMS-based sensors between two feedback operations 

(especially during GPS outages) is not small, so that the linearization may not be performed about 

an appropriate nominal value.  

To summarize, PF achieves a numerical (approximate as compared to analytical Bayesian) 

solution to the correct nonlinear problem rather than getting the optimal solution for an 

approximated problem as in EKF case, which is not the optimal solution for the original nonlinear 

problem. 

3.1.3 Advantages of Particle Filtering 

The advantages of PF for INS/GPS integration (some of these advantages are mentioned in 

[76]) are: 

1. They can accommodate arbitrary sensor characteristics, motion dynamics, and noise 

distributions, because they can deal with nonlinear non Gaussian motion and measurements 

models. This is in contrast with plain KF which needs linear models with Gaussian noise. 

Also PF avoids the linearization done in EKF. 
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2. They are universal density approximators, weakening the restrictive assumptions on the 

shape of the posterior density  k kp Zx  . This in contrast with all variants of KF 

(including UKF) which estimate a Gaussian density. 

3. The number of samples used in the particle filter can be controlled to suit the available 

computational resources; especially in the enhanced version of PF used in this research, 

which can use a very low number of samples. 

4. PF advantage over AI techniques is that PF use statistical information as input and they 

output the statistics associated with the solution. Moreover they use the well developed 

mathematical models for vehicle motion and measurements. Furthermore they can deal with 

any dynamics range. 

5. PF can accommodate large orientation uncertainty, and more importantly it can start with 

complete ignorance of the initial heading by having the heading components in the samples 

uniformly distributed from 0º to 360º. 

These advantages motivate the use of particle filtering for INS/GPS integration to improve 

the performance of the navigation solution when using low-cost MEMS-based inertial sensors. 

3.1.4 Sequential Monte Carlo Methods 

As described in [72, 77], Monte Carlo methods are used for evaluating the high 

dimensional expression of Bayesian filtering numerically by recursive propagation of the PDF 

 k kp Zx  in the form of sample set. At time k, the PDF  k kp Zx  is represented by a set of 

N random samples or particles  (1) ( ),..., N

k k kS s s  distributed according to it. 

 ( ) ( ) ( ),i i i

k k ks  x  denotes the i-th sample where 
( )i

kx  is the state and 
( )i

k  is the weight of 

the sample. In general, the number of samples is time dependent, i.e. it can change from one 

iteration of the algorithm to another. 

If it is possible to simulate N independent and identically distributed (i.i.d.) random 

samples according to the probability density  k kp Zx , an empirical estimate of this PDF is 

     
1

1
ˆ

N
i

k k k k

i

p Z
N




 x x - x   (3.9) 

where (.)  is the Dirac delta function. An estimate of the expected value of a function  kr x  

conditioned on the measurements can be calculated as follows 
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          .
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1
ˆ

k

N
i

k k k k k kp Z
i

E r r p Z d r
N 

    x x x x x  (3.10) 

According to [72], this approximation has an almost sure convergence to the expected 

value in equation (3.3) as N  . 

3.1.4.1 Bayesian Importance Sampling 

As stated in [72], it is usually impossible to sample efficiently from  k kp Zx  at any 

time k. So, other methods must be used to generate samples that represent this density function. 

The importance sampling (IS) is such a method. The basic idea of this method is to choose a 

probability density  k kq Zx , which depends here on the observations until time k, and from 

which one can easily sample. If p>0 implies that q>0 then equation (3.3) can be rewritten as 

 
     

 
 

 . k

k k

k k k k kp Z

k k

p Z
E r r q Z d

q Z
   

x
x x x x

x
 (3.11) 

Introducing  
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The problem of calculating the expected value with respect to p has transfered to 

calculating the expected value with respect to q weighted with 
* . If the function  k kq Zx  

can be sampled and the samples are given weights 
 

  
  

*

i

k ki

k i

k k

p Z

q Z
 

x

x
 , the weighted sample 

set is an approximation of  k kp Zx . The expected value of a function  kr x  conditioned on 

the measurements can be approximated by 

 
        *
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1
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i i

k k kp Z
i

E r r
N




   x x  (3.13) 

This estimate has an almost sure convergence to the expected value in equation  (3.3)  as 

N  . The importance weights  * ( ) 1,...,i

k i N   are equal to 
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The function q is called the importance function in [72]. 

According to [72], this estimate cannot generally be used because it requires the knowledge 

of the normalizing constant  kp Z  

      k k k k kp Z p Z p d  x x x  (3.15) 

which cannot be expressed in closed form. 

As observed by Doucet [72] 
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where 
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Therefore an estimate of 
   
. k

kp Z
E r  x  can be obtained from the ratio of the estimate of the 

numerator and the denominator of equation (3.16) got from the previous importance sampling 

method 
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The unnormalized importance weights  ( ) 1,...,i

k i N   are equal to 
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By normalizing the weights according to 
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the estimate of the expected value of a function  kr x  given by equation (3.18) becomes 
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   x x  (3.21) 

The true importance weights 
 * i

k  have been replaced by the estimate 
 i

kN  . 

The PDF  k kp Zx  is now approximated by the weighted sample set 

  ( ) ( ), 1,...,i i

k k kS i N x , i.e. it is approximated by the empirical density function 

       
1

N
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x x - x  (3.22) 

where 
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This previously described method is known in the statistical literature as Bayesian 

Importance Sampling. 

According to [78], a sample set   ( ) ( ), 1,...,i i

k k i N x  drawn from a distribution q is 

said to be properly weighted with respect to the distribution p if for any integrable function r 
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3.1.4.2 Sequential Importance Sampling (SIS) 

According to [77], to have an online implementation og the above technique it is necessary 

to be able to calculate the weights recursively. To achieve this, the importance function is 

decomposed as follows: 

      0 0 1

1

,
k

k k l l l

l

q Z q Z q Z



 x x x x  (3.24)  

The initial weights are calculated as 
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and they are normalized as in equation (3.20). Then, the weights are recursively calculated as 
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and they are normalized according to equation (3.20). This method is known as Sequential 

Importance Sampling (SIS). 

3.1.4.3 Selection of Importance Function 

The goal is to draw samples according to  k kp Zx  and the problem became to sample 

from  k kq Zx . There are many different suggestions for q in the literature. As mentioned in 

[72], it is ideally desired to be close to the case of  k kp Zx  where the variance of the 

importance weights conditioned on the previous state and the observations is equal to zero; but 

for importance functions of the form of equation (3.24), the variance of the weights can only 

increase stochastically over time. 

So, it is desired to select the importance function that minimizes the variance of the 

importance weights. As proved in [75], the choice of the importance function 

    1 1, ,k k k k k kq Z p x x x x z  (3.27) 

minimizes the variance of the weights and is called the optimal importance function. For this 

choice of importance function, we obtain from equation (3.26) the importance weights 
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According to [75], this importance function suffers from two major drawbacks: it requires the 

ability to sample from 
  1 ,
i

k k kp x x z  and to evaluate 
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       1 1

i i

k k k k k k kp p p d  z x z x x x x  (3.29) 

This integral will have no analytic form in the general case, except for Partial Gaussian State 

Space Models. 

A simple choice is to select the prior distribution of the hidden Markov model as 

importance function 

    1 1,k k k k kq Z p x x x x  (3.30)  

This is called the prior importance function. From equation (3.26) the weights are 

 
      1

i i i

k k k kp   z x  (3.31) 

and they are easily evaluated. In this case, the system model is used in the design of the 

importance function but not the latest observations. 

The simplest choice is to use a fixed importance function independent of the state 

trajectories and the observations 

    1,k k k kq Z q x x x  (3.32) 

And from equation (3.26), the weights are 
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 (3.33) 

The results of this case are poor because both the dynamics of the model and the observations are 

not taken into account. 

3.1.4.4 Resampling 

According to [72], for importance functions of the form of equation (3.24), the variance of 

the weights can only increase stochastically over time, as previously mentioned. This leads to a 

degeneracy phenomenon. After a few iterations of the algorithm, the majority of the normalized 

importance weights are very close to zero. Thus, a large computational effort is made to update 

state trajectories whose contribution to the final estimate is nearly zero. 

This led to adding a step where the sampling set is resampled. The idea of resampling 

methods is to eliminate the samples that have low normalized importance weights and to multiply 

samples with high importance weights. Using resampling enables good samples to amplify 



41 

 

themselves and thus gives more weight to the importance function in that region and provides 

better future estimates. 

Resampling is achieved by sampling from a discrete probability density that is the sample 

set obtained after the IS step. The probability of drawing a certain sample from the sample set is 

proportional to its weight. Let   ( ) ( ), 1,...,i i

k k i N x  be the sample set after the IS step and 

normalization of the weights. After resampling, a new sample set   ( ) ( ), 1,...,i i

k k i N x  

(where 
( ) 1i

k
N

  ) is generated by drawing samples from the old set such that 

       j i i

k k kp  x x  (3.34) 

The resampling step can be used in every iteration of the algorithm, or only when a 

degeneracy phenomenon begins to happen. In [72] a measure of the degeneracy of the algorithm 

was used and called the effective sample set size. The effective sample set size effN  is given by 
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An estimate of effN  is given by 
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 (3.36) 

When this estimate is below a certain threshold thresN  resampling is used. 

The SIS algorithm with the resampling step is called Sampling/Importance Resampling 

(SIR). 

Hol et al. [79] present a comparison of four frequently encountered resampling algorithms, 

namely: multinomial resampling, stratified resampling, systematic resampling, residual 

resampling. 

3.1.5 The Sampling/Importance Resampling (SIR) Particle filter 

The presented description is according to [2-4, 7]. At time k, the PDF  k kp Zx  is 

represented by a set of N random samples or particles  (1) ( ),..., N

k k kS s s  distributed 
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according to it.  ( ) ( ) ( ),i i i

k k ks  x  denotes the i-th sample where 
( )i

kx  is the vehicle state and 

( )i

k  is the weight of the sample. 

To initialize the filter at time k=0, the sample set   ( ) ( )

0 0 0, 1,...,i iS i N x  (where 

( )

0

1i

N
  ) is sampled from  0p x  that encodes any knowledge about the initial state of the 

vehicle. For INS/GPS integration, the algorithm is initialized with samples drawn from a 

Gaussian density with mean equivalent to the GPS reading for position and velocity. For the 

heading, there are three possible options: (i) the initial sample set can have heading uniformly 

distributed between 0 and 360 degrees (i.e. completely unknown heading), when the vehicle 

moves particles with correct heading will survive the resampling step, while the others will be 

discarded in the first few iterations; (ii) the second alternative can be used if the algorithm starts 

when the vehicle is in motion, so the heading can be initialized from GPS velocities, which is also 

not a problem for PF, because it can accept large heading uncertainty; (iii) the third alternative 

can be used if the integrated system is realized in real-time and deployed inside a land vehicle, the 

idea is to save the last vehicle state before system shutdown in a non-volatile storage, and use the 

azimuth value from it as the initial one when the system is powered on once again. Even if the 

uncertainty in this last value is high the PF will be able to handle it.  

Each iteration of the SIR algorithm consists of three steps:   

1. Importance sampling step, which is analogous to the Bayesian filtering prediction phase.  

2. Weight update step, which is analogous to the Bayesian filtering update phase.  

3. Resampling step (used in every iteration in the version employed here).  

In the prediction phase, starting from the set of samples (particles)

  ( ) ( )

1 1 1, 1,...,i i

k k kS i N   x  (where 
( )

1

1i

k
N

   ) computed in the previous iteration, 

the motion model is applied to each sample 
( ) ( )

1 1

1
,i i

k ks
N

 

 
  
 

x  and one sample 

( ) ( ) 1
,i i

k ks
N

 
   

 
x  is drawn from 

  1 1,
i

k k kp  x x u  which is the prior importance function 

and is given by  

 
       1 1 1 1 1 1 1, , ,
i i

k k k k k k k k kp p d      
  
 x x u x f x u w w w  (3.37) 
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A new sample set 
kS   is obtained that approximates the predictive density  1k kp Z x . As 

described in [80], the sampling from the importance function 
  1 1,
i

k k kp  x x u  can simply be 

achieved by passing each 
 

1

i

k x  through the system model to obtain 

      1 1 1, ,
i i i

k k k k  
 x f x u w  where 

 
1

i

k w  is a sample drawn from the PDF of the process 

noise  1kp w . 

In the update phase, the measurement kz  is taken into account and each of the samples in 

kS   is weighted using the observation likelihood 
  i

k kp z x  which is fully specified by the 

measurement model ( , )k k kz h x ν and the measurement noise PDF  kp ν . kS   is weighted 

by 
      1

i i i

k k k kp   z x  where 
   i i

k k
x x  and 

( )

1

1i

k
N

   , then all weights are 

normalized. The weighted sample set kS  approximates the density  k kp Zx . 

In the resampling step, the sample set   ( ) ( ), 1,...,i i

k k kS i N x  (where 

( ) 1i

k
N

  ) is obtained by resampling from the weighted set   ( ) ( ), 1,...,i i

k k kS i N x

such that 
      i j j

k k kp  x x . The obtained kS  approximates the density  k kp Zx . 

The SIR algorithm is illustrated in Figure 3-2. 

For INS/GPS integration, in the prediction phase, the samples are predicted from the IMU 

readings and the motion model. Then in the update phase, the most recent GPS observation is 

used to adjust the importance weights of the samples obtained in the prediction stage. Then the 

sample set is resampled. 
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Algorithm 1: SIR PF 

Prediction step (Sampling step) 

For each i = 1,…,N: 

Draw 
 i

k
x  from 

  1 1,
i

k k kp  x x u  

By drawing 
 

1

i

k w  from  1kp w  and letting 

      1 1 1, ,
i i i

k k k k  
 x f x u w  

( ) ( )

1

1i i

k k
N

  
    

  ( ) ( ), 1,...,i i

k k kS i N   x approximates   1k kp Z x  

Update step (Weight Update step) 

For each i = 1,…,N: 
   i i

k k
x x  

      1

i i i

k k k kp   z x  where 
( )

1

1i

k
N

    

Normalize all weights by dividing by 
 

1

N
i

k

i




  

  ( ) ( ), 1,...,i i

k k kS i N x  approximates  k kp Zx  

Resampling step 

For each i = 1,…,N: 

Draw j from {1,…,( N)} such that 
 

Pr( )
m

kj m    

   i j

k kx x  

( ) 1i

k
N

   

  ( ) ( ), 1,...,i i

k k kS i N x  approximates  k kp Zx  

Figure 3-2: The SIR PF algorithm. 

3.1.6 Mixture Particle Filter 

This enhanced version of particle filtering was first reported in the area of robotics in [77, 81] 

and had further elaboration in [76]. In Robotics, the SIR Particle filter used for mobile robot 

localization is called Monte Carlo Localization (MCL), and this modified version is called MCL 

with planned sampling [77] or Mixture MCL [76].  

In the prediction phase, the SIR Particle filter samples from the prior importance density 

  1 1,
i

k k kp  x x u  (i.e. the probabilistic motion model), which does not depend on the last 
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observation. In INS/GPS integration, the use of the probabilistic motion model as importance 

density makes the SIR PF suffer (when using low cost MEMS-based inertial sensors) from poor 

performance because this importance density does not produce enough samples in regions where 

the true PDF is large due to the high drift of these low cost sensors.  To overcome this limitation, 

a variant of PF has been previously used in the literature [54-56, 60-62], it is called Extended PF 

or EKF+PF (EPF). EPF employs an importance density generated by EKF so that it incorporates 

knowledge about the latest observation. The drawback of the EPF is that it depends on EKF 

which uses linearized models and linear models for the sensor errors, hence the proposed EPF 

solution didn‟t provide significant improvement over EKF as can be seen from the results in [54-

56, 60-62]. To overcome the problem of SIR and avoid the linearized models used by EPF, 

Mixture PF is used in this thesis with the ability of using the nonlinear total-state motion and 

measurement models. 

As described earlier, in the SIR PF the samples are predicted from the motion model, and then 

the most recent observation is used to adjust the importance weights of this prediction. The idea 

used in this enhancement to particle filtering is to add to those samples predicted from the motion 

model some samples predicted from the most recent observation [76]. The importance weights of 

these new samples are adjusted according to the probability that they came from the previous 

belief of vehicle state (i.e. samples of the last iteration) and the latest vehicle motion. These new 

samples are called planned samples [77] or samples generated from the dual of MCL [76].  

These planned samples are drawn from the importance density  

    1,k k k k kq Z p x x z x  (3.38) 

which is the observation likelihood. These samples are consistent with the most recent 

observation but ignorant of the previous belief about the vehicle state  1 1k kp Z x  and the 

motion 1k u . These samples are weighted as follows  

  

       
  

        
1 1

1 1 1 1

,
,

i i i

k k k k k
i i i i i

k k k k k k
i

k k

p p
p

p
  

 

    
z x x x u

x x u
z x

 (3.39) 

The version of Particle filter that uses this type of sampling alone is known as a Likelihood 

Particle filter [82]. 

In the version of Particle filter used in this research and as described in [76], a number of 

samples (a suitably chosen proportion of the total number of samples) are drawn from  k kp z x  
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and added to the samples drawn from
  1 1,
i

k k kp  x x u . Samples in these two groups are 

weighted each with its respective weight update equation, and then the resampling is carried out. 

According to [76], these two importance densities have complimentary advantages and 

disadvantages, so their combination gives better performance. This version of Particle filter will 

be called Mixture Particle filter after the name used in [76], because it samples from a mixture of 

importance densities instead of only one. This filter assures better coverage of the state space. 

The Mixture PF algorithm can be seen in Figure 3-3. 

Algorithm 2: Mixture PF 

Sampling step 

For each i = 1,…,N: 

Draw 
 i

kx  from 
  1 1,
i

k k kp  x x u  

By drawing 
 

1

i

k w  from  1kp w  and letting 

      1 1 1, ,
i i i

k k k k  x f x u w  

For each i = (N +1),…,(N+ Np): 

Draw 
 i

kx  from  k kp z x  

Weight Update step 

For each i = 1,…,N: 

      1

i i i

k k k kp   z x  where 
( )

1

1i

k
N

    

For each i = (N +1),…,(N+ Np): 

        1 1 1,
i i i i

k k k k kp     x x u  where 
( )

1

1i

k
N

    

Normalize all weights by dividing by 
 

1

pN N
i

k

i






  

    ( ) ( ), 1,...,i i p

k k kS i N N  x  approximates  k kp Zx  

Resampling step 

For each i = 1,…,N: 

Draw j from {1,…,( N+ Np)} such that 
 

Pr( )
m

kj m    

   i j

k kx x  

( ) 1i

k
N

   

  ( ) ( ), 1,...,i i

k k kS i N x  approximates  k kp Zx  

Figure 3-3: The Mixture PF algorithm. 
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In the problem under consideration (INS/GPS integration), we add to those samples 

predicted from the motion model with the IMU readings, some additional samples predicted from 

the most recent GPS observation. The importance weights of these new samples are adjusted 

according to the probability that they came from the samples of the last iteration and the motion 

model with the IMU readings. When GPS signal is not available sampling based on only the 

motion model and IMU readings is used, but when GPS is available both types of sampling are 

used which gives better performance and thus leads to a better performance during GPS outages. 

Also adding the samples from GPS observation leads to faster recovery to true position after GPS 

outages. 

Because of the limitation of the SIR PF discussed above, it has to use a large number of 

samples, which makes it computationally expensive. Mixture PF overcomes this limitation and 

can work with low numbers of samples while still assuring better coverage of the state space, 

which enables its real-time performance as the results will show later. 

3.1.7 The Resampling Algorithm Employed 

The resampling algorithm used in this thesis is the one presented in [83]. As mentioned 

earlier resampling is a sampling from a discrete probability density which is the sample set 

obtained after the IS step. So the requirement is to sample N  values from 

  ( ) ( ), 1,...,i i

k k kS i N x . So one has to draw j  from   1,...,N  such that 

 
Pr( )

m

kj m    and taking 
   i j

k kx x . 

As described in [83], this can be achieved by simulating standard uniform variables 

 
1,...,i i N

u


 and using them to find the value of j  such that 
1j i jQ u Q    where 

 

0

j
m

j k

m

Q 


  and 0 0Q  . According to [83], binary search is commonly used to implement 

this, but it is not efficient because it takes ( log )O N N  calculations (the log N  arises from the 

binary search). Thus, [83] presented a more efficient method based on simulating 1N   

exponentially distributed variables 0 ,..., Nt t  using  logi it u  , calculate the running totals 

0

j

j m

m

T t


 , and then continue as described in the algorithm presented in Figure 3-4. This 

method takes ( )O N  calculations. 
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Algorithm 3: Resampling Algorithm 

Input:   ( ) ( ), 1,...,i i

k k kS i N x  

Output:   ( ) ( ), 1,...,i i

k k kS i N x  

0 0Q   

For each j = 1,…,N: 
 

1

j

j j kQ Q    

For each i = 0,…,N: 

(0,1)iu U  

 logi it u   

If 0i   Then 

i iT t  

Else 

1i i iT t t   

i = 0, j = 1 

While i < N 

If 
j N iQ T T  Then 

1i i   
   i j

k kx x  

( ) 1i

k
N

   

Else 

1j j   

Figure 3-4: The Resampling algorithm. 

3.1.8 Obtaining the State Estimate 

Usually, one wants to obtain the best possible estimate of the vehicle state from the sample 

set. According to [77], one way to get it is to use the conditional expectation value of equation 

(3.3) and use  k kr x x , this gives 

 
     . k

k k k k kp Z
E p Z d x x x x  (3.40) 

As the sample set approximates  k kp Zx , the expectation value is approximated (according to 

equation (3.21)) by 

 
       
.

1
k

N
i i

k k kp Z
i

E 


x x  (3.41) 
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Thus the weighted mean of the sample set is used as the state estimate. The uncertainty in the 

estimate can be estimated by calculating the standard deviation of the samples at this time epoch. 

It is to be noted that averaging the angles is not a straightforward operation because of their 

circularity. So, for the Azimuth angle for example, the mean angle vehicleA  is calculated as the 

orientation of the sum of all direction vectors: 

  arctan sin , cos ,vehicle i i

i i

A A A  
 

   
 
   (3.42) 

According to [77], an alternative estimate for the vehicle state is 

  
ˆ

ˆ ˆarg max
k

k k kp Z
x

x x  (3.43) 

In this context, the sample with the highest weight before the resampling step can be used as the 

estimate, but this represents the sample that best fits the observation in a given iteration and this is 

not necessarily the peak of  k kp Zx .  

3.1.9 The Implemented PF Software 

The SIR PF and the Mixture PF algorithms for INS/GPS integration were implemented 

using MATLAB, tested, and used for the navigation solutions proposed in this thesis which can 

be found in Chapters 5, 6, and 7. The flowchart describing the implemented Mixture PF can be 

seen in Figure 3-5, Figure 3-6, Figure 3-7, and Figure 3-8. Figure 3-5 shows the main flowchart 

of Mixture PF. Figure 3-6 gives the flowchart of the details of the sampling step in Figure 3-5. 

Figure 3-7 demonstrates the flowchart of the details of the weight update step, while Figure 3-8 

shows the flowchart for the resampling step.  
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Figure 3-5: The main flowchart of Mixture PF. 
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Figure 3-6: Flowchart of the sampling step of Mixture PF. 
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Figure 3-7: Flowchart of the weight update step of Mixture PF. 
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Figure 3-8: Flowchart of the resampling step of Mixture PF 

 

3.2 Parallel Cascade Identification (PCI) 

3.2.1 Overview of PCI 

PCI is a technique for nonlinear system identification proposed in [84]. This technique 

builds a model consisting of parallel cascades of alternating dynamic linear (L) and static 

nonlinear (N) elements to approximate an unknown dynamic nonlinear system from input-output 

data of this system. The model built has a finite number of parallel LN cascade paths, where each 

path consists of a dynamic linear element followed by a static nonlinearity, although it is also 

possible to use cascades with further alternating L and N elements. According to [85], the static 

nonlinearity can be a polynomial. The model output is the sum of the outputs of the parallel 

branches. The parallel LN cascades can be seen in Figure 3-9. 

As was reported in [85], Frechet (1910) proved that, in continuous time, a finite memory 

nonlinear system whose output is a continuous mapping of its input can be uniformly 

approximated over a uniformly-bounded equi-continuous set of inputs, to an arbitrary degree of 

accuracy, by a Volterra series of sufficient but finite order. Furthermore, Palm [86] showed that 
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the discrete-time counterpart of such a system can be uniformly approximated, to an arbitrary 

degree of accuracy, by a sum of a sufficient number of LNL cascades where each cascade consists 

of a dynamic linear element followed by a static nonlinearity and then by another linear element. 

Palm used exponential and logarithmic functions for the static nonlinearities. He did not provide a 

technique to build this parallel LNL cascade approximation given only the input-output record. 

 

Figure 3-9: Parallel LN cascades 

Korenberg [84] proposed a technique to obtain such a parallel cascade for any nonlinear 

system that has a Wiener functional expansion. This technique identifies the different cascade 

paths one at a time. He also proved that it suffices if each cascade path only consists of a dynamic 

linear element followed by a static nonlinearity, but the procedure can be extended to add further 

alternating L and N elements as noted above. The static nonlinearities used were polynomials. 

Korenberg [85] proved that any discrete-time, finite-memory, finite-order (sometimes called 

“doubly finite”) Volterra series can be exactly represented by a finite number of parallel LN 

cascades. This technique for building the parallel cascade model does not depend on a white or 

Gaussian input, but the identified individual L and N elements may vary depending on the 

statistical properties of the input chosen [85, 87]. This technique can build accurate mimetic 

models of nonlinear systems even if they have high-order nonlinearities and lengthy memory.  

As described in [85, 87], the technique derived in [84] finds the LN cascades one at a time 

from input-output records. The first cascade is obtained based on the actual output of the 

nonlinear system being estimated. Each successive cascade is obtained based on the difference 

between the actual output and the output of the parallel cascades identified till then; this 

difference is called the residual. The addition of each new cascade reduces the mean square error 
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(MSE) of the output of the parallel cascade model from the actual output over the training data. 

Korenberg [84, 85] has shown that, if the input is sufficiently rich to permit obtaining least-

squares estimates of the system‟s kernels up to the assumed order of nonlinearity, then this 

technique of building the parallel cascades converges to the global minimum for that order. It is 

to be noted that this technique does not need to obtain the system‟s kernels explicitly. 

3.2.2 The PCI Algorithm 

Given an unknown dynamic nonlinear system with accessible input x(n) and output y(n) 

(where n=0,…,T) as in Figure 3-10 (a), we want to model it by a parallel cascade. Assume that 

the output can depend on delayed input values x(n-j), for j=0,…,R, and that the maximum degree 

of nonlinearity required for good approximation of the system is D. To build the parallel cascade, 

Korenberg developed several algorithms. The idea of the version of the algorithm used in this 

thesis is presented in the following points, as described in [85]: 

1. Approximate the dynamic nonlinear system by a first cascade of a dynamic linear (L) 

followed by a static nonlinear (N) element as in Figure 3-10 (b). The first cascade output is 

z1(n). 

2. Compute first residual   y1(n)=y(n)-z1(n) 

3. Approximate the new nonlinear system having input x(n) and output y1(n) by a cascade of L2 

followed by N2 as in Figure 3-10 (d). 

4. Compute second residual   y2(n)= y1(n)-z2(n) 

5. And so on … 

 

(a) Original unknown nonlinear system 

 

(b) First LN cascade approximation 

 

(c) New nonlinear system whose output is first residual 

 

(d) Second LN cascade 

Figure 3-10: Idea of PCI algorithm 

The details of approximating the nonlinear system in any one of the steps by an LN cascade 

will be described in the following subsections.  
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3.2.2.1 Calculation of the Impulse Response of the Linear Element 

Let yi(n) be the residual after fitting the i-th cascade, so yo(n)=y(n). Let zi(n) be the output 

of the i-th cascade, so yi(n)= yi-1(n)-zi(n),i=1,2,… 

When identifying the i-th cascade, the current residual before the addition of the i-th 

cascade is yi-1(n). The impulse response of the linear element Li beginning the i-th cascade, which 

is gi(j), j=0,…,R (where R+1 is the modeled memory length of the system) can be chosen at 

random from: 

1. Input residual cross-correlation  
1 1

1
( ) ( )

1i

T

xy i

n R

j y n x n j
T R


 



 
 

 , j=0,…,R 

2.    
1

,
ixxy j A c j A 


  , where the sign is chosen at random, A is chosen at random from 

0,…,R and c is chosen such that 0c   as 
2

1( ) 0iy n  , e.g. 

2

1

2

( )

( )

iy n
c

y n



 

(here the 

overbar means the finite time average from n=R to n=T as in the expression for 
1
( )

ixy j


 

immediately above) 

3.      
1 1 2 1 1 2 2, ,

ixxxy j A A c j A c j A  


   
 
, again c1, c2, A1, A2, and the signs of the 

delta terms are chosen as described in point 2 above. 

4. We can use till      
1... 1 1 1 1 1 1, ,..., ...

ix xy D D Dj A A c j A c j A  
         but in 

practice third order is typically enough. 

After specifying gi(j), its output ui(n) is calculated from the impulse response and the input by 

convolution summation:  

 
0

( ) ( ) ( )
R

i i

j

u n g j x n j


   (3.44) 

Usually for computation purposes, the following is done before the polynomial fitting. First 

 2
iu n  is calculated, let it equal M. Then the impulse response of the dynamic linear element is 

adjusted to be 
( )

( ) i
i

g j
g j

M
 ; this ensures that  2 1iu n  . 

3.2.2.2 Fitting the Polynomial Nonlinearity 

A polynomial (static nonlinearity) is best fit to minimize the MSE of the approximation of 

the residual. To fit the static nonlinearity, the coefficients aid  (d=0,…, D) are found to minimize 
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As noted, the overbar here means finite time average from n=R to n=T. Thus 
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, where 0,...,q D  (3.46) 
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This leads to 

      1

0
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i i id i

d
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 , where 0,...,q D   (3.49) 

Equation (3.49) represents D+1 linear equations in D+1 unknowns (
ida , where 0,...,d D ), 

these equations are solved to get the polynomial coefficients. 

The new cascade is illustrated in Figure 3-11.                                                                                

 
Figure 3-11: The i-th LN cascade 

3.2.2.3 Condition for Adding a New Cascade to the Model 

As described in [85], before adding the i-th cascade whose output is ( )iz n , it is tested to 

satisfy the following condition 

 2 2
1

4
( ) ( )

1i iz n y n
T R 
 

 (3.50)                                                                               

This condition helps the algorithm avoid the use of unnecessary cascades that are just fitting 

noise. When this condition is used and a candidate cascade does not fulfil it, this cascade is 

discarded and a new candidate cascade is constructed, and so on. 
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3.2.2.4 Stopping Condition of the Algorithm 

According to [85], the process of building a parallel cascade can have one of the following 

stopping conditions: 

1. When a certain number of cascades is added. 

2. When a certain number of cascades is tested (either added or not). 

3. When the MSE is sufficiently small. 

4. When no remaining candidate cascade can reduce the MSE more than a small threshold 

level. 

3.2.3 The Implemented PCI Software 

The version of the PCI algorithm described above was implemented using MATLAB, 

tested, and used as detailed in Chapter 6 (section 6.1). This thesis proposes the use of PCI to 

model the inertial sensors‟ stochastic errors that are currently modeled by linear low-order models 

such as Random Walk or Gauss-Markov, which are not adequate for low cost MEMS-based 

sensors. The use of PCI models exploits the fact that PF is a nonlinear filtering technique that can 

accommodate nonlinear models. Nonlinear modeling techniques such as PCI are more capable 

than the traditional linear low-order techniques used in the literature. 

The implemented PCI algorithm is illustrated in the flowcharts in Figure 3-12 and Figure 

3-13. Figure 3-12 shows the flowchart of the whole PCI algorithm, while Figure 3-13 presents the 

flowchart of the details of the impulse response calculation step in Figure 3-12. 
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Figure 3-12: Flowchart of the PCI algorithm. 
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Figure 3-13: Flowchart of the impulse response calculation.  
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Chapter 4 

Experimental Setup 

4.1 Equipments Used and Their Specifications 

The performance of the navigation solutions proposed in this thesis is examined with road test 

experiments in a land vehicle and compared to several KF-based solutions to show the superiority 

of the proposed navigation solutions.  

In the experiments presented in this thesis, inertial sensors from several low-cost MEMS-

based IMUs are used:  

1. The first MEMS-grade IMU used is made by Crossbow, model IMU300CC-100. The 

specifications of this IMU are in Table 4-1, and the detailed specifications can be found in 

[88].  

2. The second IMU used is an ultra-low-cost MEMS IMU that was developed by the Mobile 

Multi-Sensor Systems (MMSS) research group at the Department of Geomatics Engineering, 

University of Calgary using MEMS sensors from Analog Devices Inc. (ADI). The 

specifications of this IMU are in Table 4-2, and the detailed specifications can be found in 

[89, 90].  

3. The third MEMS-based IMU used is made by Silicon Sensing and its model is DMU02. The 

specifications can be found in Table 4-3, and the detailed specifications are in [91]. 

4. The fourth MEMS-based IMU used is made by Analog devices with model ADIS16405, this 

unit, in addition to the three gyroscopes and three accelerometers, has three magnetometers 

which were not used by the proposed solutions. Only the inertial sensors were used to 

generate the presented results. The specifications of this IMU are presented in Table 4-4, and 

the detailed specifications are in [92].  

The forward speed derived from the vehicle built-in sensors is collected through On Board 

Diagnostics version II (OBD II) interface using a device called CarChip. The specifications of 

this device are described in [93]. Some further details about speed readings through OBD II 

interface can be found in [94].  
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Table 4-1: Crossbow IMU specifications [88] 

Specifications IMU 300CC-100 
Update Rate >100 Hz 

 Gyroscope 

Range ±100 deg/s 

Bias < ±2.0 deg/s 

Scale Factor < 1% 

Angle Random Walk < 2.25 deg/ hr  

 Accelerometer 

Range ± 2g 

Bias < ±30mg 

Scale Factor <1% 

Velocity  Random Walk <0.15 m/s/ hr  

Linearity < 1% 
 

Table 4-2: ADI IMU specifications [89, 90] 

Specifications ADI IMU (before lab 

calibration) 

ADI IMU (after lab 

calibration) 

 Gyroscope Gyroscope 

Range ±150 deg/s ±150 deg/s 

Bias < ±24 deg/s < ±0.5 deg/s 

Bias Instability 40 deg/hr (100s) 40 deg/hr (100s) 

Scale Factor 10% 0.1% 

Angle Random Walk 3 deg/ hr  3 deg/ hr  

Nonlinearity 0.1% 0.1% 

Axis Misalignment ±1 deg ±0.2 deg 

 Accelerometer Accelerometer 

Range ± 5g ± 5g 

Bias < ±2500mg < ±6mg 

Bias Instability 0.2 mg (100s) 0.2 mg (100s) 

Scale Factor 10% 0.1% 

Velocity  Random Walk 0.135-0.195 m/s/ hr  0.135-0.195 m/s/ hr  

Nonlinearity 0.2% 0.2% 

Axis Misalignment ±1 deg ±0.2 deg 
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Table 4-3: DMU02 Specifications [91] 

Specifications DMU02 

 Gyroscope 

Range ±300 deg/s 

Bias variation with  temperature < ±0.4 deg/s 

Bias Instability <5 deg/hr 

Scale Factor variation with  

temperature (including nonlinearity) 

< ±0.7% 

Angle Random Walk < 0.3 deg/ hr  

 Accelerometer 

Range ± 6g 

Bias error over temperature < 2.0mg/ºC 

Scale Factor over temperature <2% 

Acceleration noise 20 mg rms 

Linearity 0.1% FS 

Table 4-4: ADIS16405 Specifications [92] 

Specifications ADI IMU (before lab 

calibration) 

 Gyroscope 

Range ±300 deg/s 

Initial Bias error ±3 deg/s 

In run Bias stability 0.007 deg/s 

Sensitivity temperature coefficient ±40 ppm/ºC 

Angle Random Walk 2 deg/ hr  

Nonlinearity 0.1% of FS 

Axis Misalignment ± 0.05 deg 

 Accelerometer 

Range ± 18g 

Initial Bias error ±50mg 

In-run Bias stability 0.2 mg  

Sensitivity temperature coefficient ±50 ppm/ºC 

Velocity  Random Walk 0.2  m/s/ hr  

Nonlinearity 0.1% of FS 

Axis Misalignment 0.2 deg 
 

Several GPS receivers were used; one of them is a high end receiver while the others are lower 

end receivers: 

1. The first one is NovAtel OEM4 dual frequency GPS receiver, which is the high end receiver. 

It was used in some of the results for the trajectories presented. In addition, this receiver is 

the one that is used in the reference solution that will be discussed later. The specifications 

of this receiver can be reviewed in [95]. 
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2. The second is NovAtel OEMV-1G single frequency GPS receiver, which is newer but lower-

end than the previous one. This receiver has access to the Russian GLONASS as well as 

SBAS. The specifications of this receiver can be found in [96]. 

3. The third is Trimble Lassen SQ GPS receiver, which is a single frequency low-end receiver 

with access to GPS only. The specifications of this receiver are in [97]. 

Two other low-cost GPS receivers are used in a trajectory provided by MMSS research 

group at the University of Calgary in research collaboration. The first receiver is NovAtel 

SuperStar II, which is a single frequency receiver whose detailed specifications can be found in 

[98]. The second receiver is from SiRF and called SiRFstar IV, which is a single frequency high 

sensitivity receiver that can acquire and track weaker GPS signals. The detailed specifications of 

this receiver is illustrated in [99]. 

The results are evaluated with respect to a reference solution made by NovAtel, where a 

Honeywell HG1700 high-end tactical grade IMU is integrated with the NovAtel OEM4 GPS 

receiver (in addition, this receiver is also used in some trajectories as the GPS receiver used for 

integration). The specifications of the Honeywell IMU are given in Table 4-5, and the detailed 

specifications can be found in [100]. Together the NovAtel and Honeywell systems are integrated 

with an off-the-shelf unit developed by NovAtel, the G2 Pro-Pack SPAN unit. The details of this 

system are described in [101]. The NovAtel system provided the reference solution to validate the 

proposed navigation solutions and to examine the overall performance either during natural GPS 

outages in downtown scenarios or during some intentionally introduced GPS outages in open-sky 

scenarios.  

Table 4-5: The reference IMU, HG1700 Specifications [100] 

Specifications IMU HG1700 
Update Rate 100Hz 

 Gyroscope 

Range ±1000 deg/s 

Bias 1.0 deg/hr 

Scale Factor 150 ppm 

Angle Random Walk 0.125 deg/ hr  

 Accelerometer 

Range ± 50g 

Bias 1.0 mg 

Scale Factor 300 ppm 

Linearity 500 ppm 
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4.2 Field Work 

Several road test trajectories were carried out using the equipment described above.  The 

platform carrying the different sensors is mounted in place of the back seat in a General Motors‟ 

Chevrolet Van shown in Figure 4-1. The sensors‟ data were collected during the road tests and 

the navigation solutions were run in post processing mode using the logged data. The trajectories 

were carried out in environments encompassing several different conditions. Some of these 

trajectories have downtown scenarios with frequent stops and degraded GPS performance (either 

severe multipath or complete blockage), some trajectories have urban scenarios with varying 

speeds and several stops without severe GPS degradations, some trajectories have hills with 

relatively higher change in the pitch angle, and some have highway sections with higher speeds. 

In addition the trajectories had different kinds of turns at different speeds. 

 
Figure 4-1: The equipments platform mounted in the road test vehicle. 
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Chapter 5 

Mixture Particle Filter for Loosely-Coupled MEMS-Based Inertial 

Sensors/GPS Integration 

5.1 Performance Analysis of 3D Positioning Utilizing MEMS-Based 

Full-IMU 

To demonstrate the sources of performance degradation, during GPS outages, in a three 

dimensional (3D) navigation solution based on a low cost MEMS-based full-IMU integrated with 

GPS, three uncompensated biases will be considered; namely: (i) an uncompensated bias in any 

of the three accelerometers; (ii) an uncompensated bias in one of the horizontally aligned 

gyroscopes; (iii) and uncompensated bias in the vertically aligned gyroscope. The traditional LKF 

or EKF solutions try to compensate for these biases by some linear/low memory length models 

used inside KF to model the sensors‟ errors. Examples of these models are Random Walk, first 

order Gauss-Markov model, and second order Auto Regressive (AR) model. These models are 

indirectly updated by KF when GPS is available. During GPS outages, KF operates in prediction 

mode, and the prediction on INS errors are corrected from the mechanization. Because of the 

linearized system model and the inadequacy of these linear lower-order sensor error models, the 

compensation for the sensors errors is not perfect and residual uncompensated portions of these 

errors will remain. In the following discussion, the effect of these uncompensated biases is 

discussed. 

When calculating position and velocity from accelerometers, an uncompensated 

accelerometer bias error fb  will introduce an error proportional to t  in velocity 

1 f fv b dt b t   , and an error proportional to 
2t  in position 2

1 1

1

2
f fp v dt b tdt b t     . 

This effect will happen in all of the three accelerometers in the triad. 

For the second source of errors, an uncompensated bias wb  in one of the two horizontally 

aligned gyroscopes is considered. This bias will introduce an angle error in pitch or roll 

proportional to time, 
w wb dt b t   . This small angle will cause misalignment of the INS. 

Therefore when projecting the acceleration from body frame to local-level frame, the acceleration 
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vector projection will be wrong due to this misalignment error. This will introduce an error in 

acceleration in one of the horizontal channels in the local-level frame 

 2 sin wa g g gb t      (for bounded duration t , which will happen during an outage, 

  is still a small angle, since wb is a very small value, so  sin   ). Consequently this 

will lead to an error in velocity 
2

2

1

2
w wv b gtdt b gt    and in position 

2 3

2 2

1 1

2 6
w wp v dt b gt dt b gt     . Thus, a gyroscope bias introduces a 3rd order error in 

position. As confirmed in [3], the effect of these gyroscope errors will be the most influential part 

in position and velocity errors when INS has to work alone, which will happen during the GPS 

outages.  

In addition to the above two sources of error, the third one is because of any 

uncompensated bias in the vertically aligned gyroscope 
zwb , which will cause an error 

proportional to time in azimuth 
z zw wA b dt b t   . The position error because of this azimuth 

error will be proportional to vehicle speed, time, and azimuth error (in turn proportional to time 

and uncompensated bias). 

5.1.1 General Idea of the Proposed Techniques for Overcoming MEMS-Based 

IMUs Shortcomings 

To overcome the inadequacies of lineariztation for low cost MEMS-based sensors, Mixture 

PF is used as a nonlinear filtering technique. Furthermore to overcome the first error discussed 

above, due to accelerometer biases, odometer-derived speed (or speed derived from wheel 

encoders) will be exploited in different ways in the proposed navigation solutions in the following 

sections of this chapter.  

To overcome the second error, which is due to horizontal gyroscope biases, pitch and roll 

calculation from accelerometers and odometer is exploited in different ways in the different 

proposed navigation solutions in the coming sections. The calculation of pitch and roll angles 

from the accelerometers was suggested before for Measurement-While-Drilling surveying 

application [102, 103]. A brief derivation of the pitch and roll equations follows. When the 

vehicle is stationary, the accelerometers measure components due to gravity because of the pitch 

and roll angles (tilt from the horizontal plane). The accelerometers measurements are given by: 
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Since only two accelerometers along the X and Y directions are utilized, the pitch and the roll 

angles can be expressed as follows:  
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   (5.3) 
When the vehicle is moving, the forward accelerometer (corrected for the sensor errors) 

measures the forward vehicle acceleration as well as the component due to gravity. In order to 

calculate the pitch angle, the vehicle acceleration derived from the odometer measurements is 

removed from the forward accelerometer measurements. Consequently, the pitch angle is 

computed as: 

 
1 1 1sin

y od

k k
k

f a
p

g

  
 

  
   (5.4) 

where g is the gravity acceleration, 
yf is the forward accelerometer measurement (corrected for 

sensor errors), and 
oda is the vehicle acceleration derived from the odometer measurements. 

Similarly the transversal accelerometer (corrected for the sensor errors) measures the 

normal component of the vehicle acceleration as well as the component due to gravity. Thus, to 

calculate the roll angle, the transversal accelerometer measurement must be compensated for the 

normal component of acceleration. The roll angle is then given by  

 
1 1 1 1sin

cos

x od z

k k k
k

k

f v
r

g p

   
 

   
   (5.5) 

where 
xf is the transversal accelerometer measurement (corrected for sensor errors), 

odv is the 

speed derived from the odometer measurements, 
zw is the angular rate measured by the 

vertically aligned gyro (corrected for sensor errors), and 
od zv w  is the normal component of the 

vehicle acceleration. 

For low-cost MEMS-based sensors, the calculation of pitch and roll from the two 

accelerometers is better than the one from the two gyroscopes for three reasons. First, for a low 

cost MEMS inertial sensor, the accelerometer technology is more advanced and mature than the 
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gyroscope technology. The second reason is that the calculation of pitch and roll from the two 

horizontal gyroscopes involves integration, while their calculation from the accelerometers does 

not. The drawback of the integration is that it accumulates errors due to any uncompensated 

sensor bias errors. This influences the positioning accuracy. The third reason, which will benefit 

only the second and third navigation solutions proposed in this chapter, is that accelerometers are 

less expensive than gyroscopes. 

The technique used to overcome the third source of error, due to the vertical gyroscope 

bias, will be discussed in chapter 6. 

5.2 Mixture Particle Filter for Enhanced 3D Full-IMU/Odometer/GPS 

Integration 

Before going into the details of the system and measurement models used, a brief 

discussion of how Mixture PF will work in this proposed navigation solution is given. In 

IMU/Odometer/GPS integration, if GPS is available, some samples predicted according to the 

most recent GPS observation are added to those samples predicted according to the IMU motion 

model. The importance weights of the samples predicted from motion model are adjusted using 

GPS readings, while the weights of the samples predicted from GPS observation are adjusted 

according to the samples of the last iteration and the motion model with IMU readings. When 

GPS signal is not available, some samples predicted using the odometer are added to those 

predicted based on IMU motion model. The importance weights of the samples predicted from 

the motion model are adjusted using odometer readings, while the weights of the samples 

predicted using the odometer are adjusted according to the samples of the last iteration and the 

motion model with IMU readings.  

During GPS availability, sampling from both IMU motion model and GPS observation 

gives better performance which leads to better performance during outages. Also, adding some 

samples according to the odometer (updated by the motion model) to those sampled according to 

the motion model (updated by the odometer) enhances the performance during GPS outages. 

5.2.1 System and Measurement Models for PF 

These models are nonlinear models and there is no need to linearize them because PF can deal 

with nonlinear models. When using KF, linearized models for the navigation error states are used, 

and only the first order terms of the Taylor series expansion are considered. This leads to using an 

error-state approach where the KF estimates the error in the navigation states not the states 
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themselves. On the other hand, the approach used in this thesis is a total-state approach as there is 

no need for linearization. So the system and measurement models used by the integration filter 

are the total-state nonlinear models. 

5.2.1.1 System Model 

The common reference frames are used in this research. The body frame of the vehicle has the 

X-axis along the transversal direction, Y-axis along the forward longitudinal direction, and Z-axis 

along the vertical direction of the vehicle completing a right-handed system. The local-level 

frame is the ENU frame that has axes along East, North, and vertical (Up) directions. The rotation 

matrix that transforms from the vehicle body frame to the local-level frame at time 1k   is 

1 1 1 1 1 1 1 1 1 1 1 1

, 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1

cos cos sin sin sin sin cos cos sin sin sin cos

sin cos cos sin sin cos cos sin sin cos sin cos

cos sin sin

k k k k k k k k k k k k

b k k k k k k k k k k k k k

k k

A r A p r A p A r A p r

R A r A p r A p A r A p r

p r

           

            

 

 

    

 1 1 1cos cosk k kp p r  

 
 
 
 
 

  (5.6) 
To describe the nonlinear system model, which is here the motion model for the navigation 

states, the control input and the process noise terms are first introduced. The measurement 

provided by the IMU is the control input; 1 1 1 1 1 1 1

T
x y z x y z

k k k k k k kf f f         
   u  

where 
1

x

kf 
, 

1

y

kf 
, and 

1

z

kf 
 are the readings of the accelerometer triad, and 

1

x

k 
, 

1

y

k 
, and 

1

z

k 
 are the readings of the gyroscope triad. The corresponding process noise associated with 

each of the above measurements forms the process noise vector; 

1 1 1 1 1 1 1

T
x y z x y z

k k k k k k kf f f           
   w  where 

1

x

kf 
, 

1

y

kf 
, and 

1

y

kf 
 are 

the stochastic errors in accelerometers readings, and 
1

x

k 
, 

1

y

k 
, and 

1

z

k 
 are the stochastic 

errors in gyroscopes readings.  

5.2.1.1.1 The position and velocity equations 

The latitude can then be obtained as: 
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 (5.7) 

where MR  is the Meridian radius of curvature of the Earth‟s reference ellipsoid , h is the altitude 

of the vehicle obtained from the last available GPS reading, and t  is the sampling time. 

Similarly, the longitude is expressed as:  
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where NR  is the normal radius of curvature of the Earth‟s reference ellipsoid . The altitude is 

given by 
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The velocity is given by 
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where 
e  is the Earth rotation rate and g is the acceleration of the gravity.  

5.2.1.1.2 The attitude equations 

The attitude angles are calculated using quaternions through the following equations. The 

relation between the vector of quaternion parameters and the rotation matrix from body frame to 

local-level frame is as follows 
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 (5.11) 

The three gyroscopes readings should be compensated for the stochastic errors as well as the 

Earth rotation rate and the change in orientation of the local-level frame. The latter two are 

monitored by the gyroscope and form a part of the readings, so they have to be removed in order 

to get the actual turn. These angular rates are assumed to be constant in the interval between time 

steps k-1 and k and they are integrated over time to give 
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    (5.12) 
The quaternion parameters are propagated with time as follows 
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 (5.13) 
The definition of the quaternion parameters implies that 

        
2 2 2 2

1 2 3 4 1k k k kq q q q     (5.14) 

Due to computational errors, the above equality may be violated. To compensate for this, the 

following special normalization procedure is performed. If the following error exists after the 

computation of the quaternion parameters 
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 (5.15) 
then the vector of quaternion parameters should be updated as follows 
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The new rotation matrix from body frame to local-level frame is computed as follows 
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The attitude angles are obtained from this rotation matrix as follows 
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5.2.1.2 Measurement Model 

As mentioned earlier, two measurement models are used, one when GPS is available and the 

other during GPS outages. It is to be noted that in both models pitch and roll angles, which are 

predicted from the gyroscope readings in the system model as described in the previous section, 

are updated from the values calculated from the transversal and longitudinal accelerometers and 

odometer readings. 

The importance of the velocity update from odometer-derived speed during GPS outages is 

because any uncompensated accelerometer bias error will introduce an error proportional to t  in 

velocity, and an error proportional to 
2t  in position, as discussed earlier. The calculation of 

velocity from the odometer avoids the first integration, so it is beneficial for the integration filter 

to use it for updating the velocities calculated from the accelerometers. 

The importance of pitch and roll update derived from accelerometers is due to several reasons 

mentioned earlier, the most important of them is that the calculation of pitch and roll from the 

gyroscopes involves integration, while their calculation from the accelerometers does not. The 

drawback of the integration is that it accumulates errors due to any uncompensated sensor bias 

errors, this error will be prortional to time. As discussed earlier, this error consequently will lead 

to an error in velocity  proportional to 
2t  and in position proportional to 

3t . The pitch and roll 

calculated from accelerometers will not have the first integration and thus position error due to 

them will be proportional to 
2t . Therefore, pitch and roll update is an important factor in 

enhancing the performance of the navigation solution during GPS outages.  

Furthermore, velocity updates from odometer-derived speed use the transformation from 

body frame velocities to local-level frame, which involves the pitch and azimuth angles. Thus, 

better pitch estimates lead to better transformation and therefore better velocity updates. All of 

this leads to an enhanced position estimate.  

5.2.1.2.1 During GPS availability 

As mentioned earlier, loosely-coupled integration is used in this chapter. Position and velocity 

updates are obtained from the GPS receiver whereas pitch and roll updates are obtained from the 
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transversal and longitudinal accelerometers and odometer readings. Thus the observation vector is 

given as e un
T

v vvh p r

k k k k k k k k kz z z z z z z z    z  which consists of the GPS 

readings for the latitude, longitude, altitude, and velocity components along East, North, and Up 

directions respectively; as well as the pitch and roll update values. The measurement model can 

therefore be given as:  
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where e un
T

v vvh p r

k k k k k k k k k

    ν ν ν ν ν ν ν ν ν  is the noise in the observations used 

for update. 

5.2.1.2.2 During GPS outages 

When there is a GPS outage, the speed derived from odometer is used to update velocity, as 

well as for the pitch and roll updates described earlier. Thus the observation vector is given as 

f
T

v p r

k k k kz z z   z  which consists of the odometer-derived forward speed, pitch, and roll 

update values. The measurement model can therefore be given as:  
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where f
T

v p r

k k k k
   ν ν ν ν  is the noise in the observations used for update. 

It is to be noted that the sampling from the observation likelihood, in the case of the speed 

derived from odometer exploits the relation between the vehicle velocity in the body frame and in 

the local-level frame together with the non-holonomic constraints on land vehicles which arise 

from the fact that the vehicle cannot move in the transversal or the vertical directions in the body 
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frame (thus the transversal and upward components of velocity in the body frame are zeros). So, 

the sampling from observation likelihood uses the following 
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It should be noted also that the vehicle built-in odometer detects stopping very well, so 

velocity updates from odometer act as a zero velocity updates (ZUPT) when the vehicle stops.  

5.2.2 Experimental Results and Discussion 

Three road test trajectories are presented in this section to assess the proposed navigation 

solution. The trajectories presented here show the performance in environments encompassing 

several different conditions. One of the trajectories has some highway sections and some urban 

roads, and the other two have relatively slower downtown scenarios with frequent stops, one of 

them has natural GPS outages because of urban canyons.  The aim is to examine the performance 

of the proposed navigation solution using Mixture PF for MEMS-IMU/Odometer/GPS 

integration. The proposed solution is compared to three other solutions, namely: (1) KF solution 

for MEMS-IMU/Odometer/GPS with exactly the same updates as Mixture PF (i.e. velocity 

update from odometer-derived speed, together with pitch and roll updates from accelerometers); 

(2) KF solution for MEMS-IMU/Odometer/GPS with only velocity update from odometer-

derived speed during GPS outages; (3) KF solution for MEMS-IMU/GPS without any update 

during GPS outages. The errors in all the estimated solutions are calculated with respect to the 

NovAtel reference solution.  

The presented results for Mixture PF are achieved with the number of samples equal to 100. 

Using 100 samples, one iteration of the algorithm takes 0.0042 seconds (with update phase and 

20 samples predicted from observation likelihood) or 0.00099 seconds (if prediction phase only) 

using MATLAB 2007 on an Intel Core 2 Duo T7100 1.8GHz processor with 2GB RAM. So the 

algorithm can work in real-time. The performance with larger numbers of particles was examined 

and minor enhancement in performance was observed, which was not necessary given the added 

computational complexity. 

5.2.2.1 First Trajectory 

The first road test trajectory (Figure 5-1) is around the Kingston area in Ontario, Canada. This 

trajectory has some urban roadways and some long highway sections between Kingston and 
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Napanee. In addition, the terrain varies with many hills and winding turns. This road test was 

performed for nearly 100 minutes of continuous vehicle navigation and a distance of around 96 

Km. The ultimate check for the proposed system‟s accuracy is during GPS signal blockage, 

which can be intentionally introduced in post processing. Since the presented solution is loosely-

coupled, the outages used have complete blockage. Ten simulated GPS outages of 120 seconds 

duration each (shown as circles overlaid on the map in Figure 5-1) were introduced such that they 

encompass all conditions of a typical trip including straight portions, turns, slopes, high speed, 

slow speeds and stops.  

Table 5-1 and Table 5-2 show the root mean square (RMS) error and the maximum error in 

the estimated 2D horizontal position during the ten GPS outages for the four compared solutions. 

Table 5-3 and Table 5-4 show the RMS and maximum errors in the estimated altitude during 

these outages for the four solutions.  

 
Figure 5-1: Road Test Trajectory between Kingston and Napanee. Circles indicate the locations of GPS 

outages. 

The results for horizontal position errors (Table 5-1 and Table 5-2) show that the KF without 

any updates during GPS outages has very poor performance because the compensation of the 

stochastic biases of the accelerometers and gyroscopes are not perfect. As discussed earlier any 

uncompensated bias in one of the accelerometers will lead to position error proportional to the 

square of the outage duration. Moreover, any uncompensated bias in one of the two horizontal 

accelerometers will lead to a positional error proportional to the cube of the outage duration. 

Despite the fact that KF tries to compensate for these biases, the residuals of this compensation 

still have a big influence, especially since the outage duration used in this trajectory is 120 

seconds. The KF with velocity update from odometer-derived speed performs much better than 

the KF without any updates during GPS outages. This is because of the velocity update that 

bounds the growth of velocity errors in the KF and hence position errors due to velocity. 



77 

 

Furthermore, this velocity update which includes the non-holonomic constraints on land vehicles, 

benefits to a certain extent the pitch and roll errors, and hence enhances somewhat the position 

error due to these attitude errors. 

Table 5-1: RMS horizontal position error during 120 sec. GPS outages for Kingston-Napanee trajectory. 

Outage 
No. 

Outage 
Duration 

(sec) 

Approx. 
Distance 
(meter) 

RMS Error in Horizontal Position (meter) 

PF VPR KF VPR KF V  KF  

1 120 839 14.55 6.85 9.09 18.13 

2 120 1193 23.17 17.08 82.79 130.92 

3 120 1952 6.43 13.60 148.01 184.53 

4 120 2300 8.46 48.93 64.98 544.46 

5 120 2119 15.00 25.00 27.11 298.56 

6 120 2655 14.02 54.09 77.16 435.81 

7 120 2353 4.95 56.91 73.57 165.44 

8 120 1309 7.54 20.57 53.66 213.12 

9 120 2777 5.97 4.73 180.27 184.80 

10 120 2642 19.70 29.72 285.69 417.19 

Average 120 2014 11.98 27.75 100.23 259.29 

Table 5-2: Maximum horizontal position error during 120 sec. GPS outages for Kingston-Napanee trajectory. 

Outage 
No. 

Outage 
Duration 

(sec) 

Approx. 
Distance 
(meter) 

Max. Error in Horizontal Position (meter) 

PF VPR KF VPR KF V KF 

1 120 839 21.37 10.19 12.87 54.20 

2 120 1193 53.02 37.40 199.13 310.90 

3 120 1952 11.95 26.86 272.96 444.70 

4 120 2300 11.25 89.69 103.57 1293.20 

5 120 2119 30.19 47.57 52.69 745.70 

6 120 2655 33.40 104.93 138.55 1115.60 

7 120 2353 8.76 98.19 97.20 396.30 

8 120 1309 13.07 28.16 69.60 599.20 

9 120 2777 9.68 11.77 321.87 487.10 

10 120 2642 41.45 52.96 515.66 1011.80 

Average 120 2014 23.42 50.77 178.41 645.87 

These results also show that the KF with velocity update from odometer-derived speed, and 

pitch and roll update from accelerometers and odometer outperforms the KF with only velocity 

update from odometer-derived speed during GPS outages. This is because the accelerometer-

derived pitch and roll involve no integration operations and thus their errors do not grow with 

time, so the position error depending on these attitude errors is enhanced. Furthermore, velocity 

updates from odometer-derived speed used the transformation from body frame velocities to 

local-level frame, which involves the pitch and azimuth angels. So better pitch estimates lead to 
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better transformation and therefore better velocity updates. All of this leads to an enhanced 

position estimate. 

The results demonstrate that the Mixture PF with velocity update from odometer-derived 

speed, and pitch and roll update from the accelerometers and odometer performs better than the 

KF with exactly the same updates and consequently outperforms all the other compared solutions. 

This is because of the ability of Mixture PF to use nonlinear system and measurement models 

without any approximation compared to the linearized models used by KF. 

Table 5-3 and Table 5-4 show that the KF without any updates during GPS outages has a very 

bad altitude estimate, mainly because of uncompensated residuals in the stochastic bias of the 

vertical accelerometer. The KF with velocity update from odometer-derived speed largely 

enhances the altitude estimate because it bounds the error growth in the vertical component of 

velocity and hence the altitude error. The KF with velocity update from odometer-derived speed, 

and pitch and roll update from the accelerometers and odometer further enhances the altitude 

estimate because it has a better pitch estimate from accelerometer which leads to a better 

transformation of velocity from body frame to local-level frame and thus to better upward 

velocity update and a better altitude. Mixture PF with velocity update from odometer-derived 

speed, and pitch and roll update from the accelerometers and odometer has a better altitude 

estimate than the KF with exactly the same updates because of the use of nonlinear models in PF 

in contrast with the linearized models used by KF. Furthermore this Mixture PF solution 

outperforms all the other compared solutions. 

Table 5-3: RMS altitude error during 120 sec. GPS outages for Kingston-Napanee trajectory. 

Outage 
No. 

Outage 
Duration 

(sec) 

Approx. 
Distance 
(meter) 

RMS Error in Altitude (meter) 

PF VPR KF VPR KF V KF 

1 120 839 1.13 2.54 0.55 7.93 

2 120 1193 1.86 5.82 3.03 39.20 

3 120 1952 2.53 25.22 37.63 95.28 

4 120 2300 0.41 14.95 12.20 149.22 

5 120 2119 1.23 4.83 10.41 116.04 

6 120 2655 1.10 3.76 20.08 87.93 

7 120 2353 1.76 12.13 22.92 115.79 

8 120 1309 1.88 5.12 11.02 131.37 

9 120 2777 0.81 5.11 8.83 104.52 

10 120 2642 4.15 4.37 8.05 65.48 

Average 120 2014 1.69 8.38 13.47 91.28 
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Table 5-4: Maximum altitude error during 120 sec. GPS outages for Kingston-Napanee trajectory. 

Outage 
No. 

Outage 
Duration 

(sec) 

Approx. 
Distance 
(meter) 

Max. Error in Altitude (meter) 

PF VPR KF VPR KF V KF 

1 120 839 1.93 3.09 1.18 16.41 

2 120 1193 3.34 13.19 6.38 88.18 

3 120 1952 4.69 42.88 57.84 215.68 

4 120 2300 1.11 22.09 15.81 332.01 

5 120 2119 4.71 10.28 16.17 244.97 

6 120 2655 2.52 6.82 31.02 197.75 

7 120 2353 3.41 18.88 45.46 257.03 

8 120 1309 3.56 8.93 17.79 276.47 

9 120 2777 2.17 8.14 12.73 225.84 

10 120 2642 6.99 6.32 16.77 138.26 

Average 120 2014 3.44 14.06 22.11 199.26 

 

All these horizontal position and altitude results prove that the proposed Mixture PF solution 

achieves good results for a MEMS-based INS/GPS navigation solution. 

Figure 5-2, Figure 5-4, and Figure 5-6 show the sections of the trajectory during the GPS 

outages number 3, 5, and 8. To give the reader an idea about the vehicle dynamics during these 

three outages respectively, Figure 5-3, Figure 5-5, and Figure 5-7 show the forward speed of the 

vehicle and its azimuth angle, both from the NovAtel reference solution. 

To examine the performance during slight turns, the 3rd outage (Figure 5-2) is examined. It 

consists of two slight turns the first is approximately 20º with a speed of about 60 km/hr and the 

second is approximately 55º with a speed decelerating from about 60 km/hr to 40km/hr (see 

Figure 5-3). The maximum horizontal position error for Mixture PF with velocity, pitch and roll 

updates during GPS outages is 11.95 meters, while for KF velocity, pitch and roll updates is 

26.86 meters, for KF with velocity updates is 272.96 meters, and for KF without any updates 

during GPS outages is 444.7 meters.  

To examine the performance during turns, the 5th, and 8th GPS outages are examined. The 5th 

outage (Figure 5-4) is during a sharp 90º turn and the speed of the vehicle is about 80 km/h before 

the turn, about 30 km/hr during the turn, and then back again to about 80 km/hr after the turn (see 

Figure 5-5). The maximum horizontal position error for Mixture PF with velocity, pitch and roll 

updates during GPS outages is 30.19 meters, while for KF velocity, pitch and roll updates is 

47.57 meters, for KF with velocity updates is 52.69 meters, and for KF without any updates 

during GPS outages is 745.7 meters. The 8th outage (Figure 5-6) is during a double turn and it 

involves a stop. The first turn is about 50º, the second is about 80º. The speed changes as seen in 
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Figure 5-7. It should be noted that the discontinuity in the azimuth in Figure 5-7, near the 50th 

second, is only a plotting discontinuity because the azimuth angle there exceeds 360º, so it cycles 

back to 0º. The maximum horizontal position error for Mixture PF with velocity, pitch and roll 

updates during GPS outages is 13.07 meters, while for KF with velocity, pitch and roll updates is 

28.16 meters, for KF with velocity updates is 69.6 meters, and for KF without any updates during 

GPS outages is 599.2 meters. 

The 9th GPS outage shows the performance during a straight portion of the trajectory where 

the vehicle‟s speed is about 83 km/h, and the travelled distance is nearly 2.78 km. The maximum 

horizontal position error for Mixture PF with velocity, pitch and roll updates during GPS outages 

is 9.68 meters, while for KF velocity, pitch and roll updates is 11.77 meters, for KF with velocity 

updates is 321.87 meters, and for KF without any updates during GPS outages is 487.1 meters. 

For MEMS-based inertial sensors, these results show that the proposed Mixture PF solution 

has a good performance during long GPS outages encompassing either straight portions or turns, 

at different speeds including stops. 

 
Figure 5-2: Performance during GPS outage #3. 
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Figure 5-3: Forward speed and azimuth from NovAtel reference during GPS outage #3. 

 

 
Figure 5-4: Performance during GPS outage #5. 
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Figure 5-5: Forward speed and azimuth from NovAtel reference during GPS outage #5. 

 

 
Figure 5-6: Performance during GPS outage #8. 
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Figure 5-7: Forward speed and azimuth from NovAtel reference during GPS outage #8. 

5.2.2.2 Second Trajectory 

The second road test trajectory (Figure 5-8) is in downtown Montreal, Quebec, Canada. This 

road test was performed for nearly 120 minutes of continuous vehicle navigation and a distance 

of around 37 km. This trajectory, which is in a downtown scenario with urban canyons in some 

parts, has several natural GPS outages. In order to reduce the number of outages presented and to 

examine the system performance in longer outages, the adjacent natural outages were combined 

into longer outages with different durations. The number of the grouped natural outages is seven. 

Furthermore, three simulated outages are introduced; they are the first three. The ten outages are 

shown as circles overlaid on the map in Figure 5-8. These outages encompass straight portions, 

turns, and stops. 

Table 5-5 shows the maximum error in the estimated horizontal position during the ten GPS 

outages for the three compared solutions. Table 5-6 shows the maximum error in the estimated 

altitude during these outages for the three solutions.  

The results from Table 5-5 and Table 5-6 confirm the results of the previous trajectory. The 

results show that the KF with velocity, pitch and roll updates outperforms the KF with only 

velocity update during GPS outages. This is due to the fact that the accelerometer-derived pitch 

and roll involve no integration operations and thus their errors do not grow with time, so the 

position error depending on these attitude errors is enhanced. Furthermore, velocity updates from 

odometer-derived speed used the transformation from body frame velocities to local-level frame, 

which involves the pitch and azimuth angels. So better pitch estimates lead to better 

transformation and therefore better velocity updates and thus enhanced position estimate. The 

results also demonstrate that the Mixture PF with velocity, pitch and roll updates outperform the 
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KF with exactly the same updates; this is because of the approximation during linearization of the 

models used by KF. 

 
Figure 5-8: Road Test Trajectory in Montreal. Circles indicate the locations of GPS outages. 

Table 5-5: Maximum horizontal position error during GPS outages for Montreal trajectory. 

Outage 
No. 

Outage 
Duration 

(sec) 

Approx. 
Distance 
(meter) 

Max. Error in Horizontal Position (meter) 

PF VPR KF VPR KF V 

1 180 897 7.78 128.94 184.33 

2 180 791 19.23 180.05 192.68 

3 180 734 13.09 138.45 161.63 

4 120 838 16.27 99.85 99.16 

5 170 620 28.24 74.43 72.17 

6 120 802 26.70 83.73 255.67 

7 155 509 11.13 13.29 249.07 

8 180 321 12.94 15.46 132.10 

9 230 839 16.50 21.43 542.03 

10 80 183 6.78 10.16 38.86 

Average 160 653 15.87 76.58 192.77 
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Table 5-6: Maximum altitude error during GPS outages for Montreal trajectory. 

Outage 
No. 

Outage 
Duration 

(sec) 

Approx. 
Distance 
(meter) 

Max. Error in Altitude (meter) 

PF VPR KF VPR KF V 

1 180 897 5.46 40.97 51.02 

2 180 791 6.39 26.49 44.29 

3 180 734 7.99 23.05 38.32 

4 120 838 4.52 30.41 33.85 

5 170 620 8.90 26.79 36.19 

6 120 802 3.47 26.83 77.07 

7 155 509 2.84 14.09 62.97 

8 180 321 1.13 6.01 26.60 

9 230 839 3.82 78.86 106.74 

10 80 183 2.67 10.24 29.48 

Average 160 653 4.72 28.38 50.65 

5.2.2.3 Third Trajectory 

The two trajectories presented earlier used the NovAtel OEM4 GPS receiver. To demonstrate 

the performance of the proposed navigation solution with lower cost receivers, a Trimble Lassen 

SQ GPS receiver is used in this trajectory. This road test trajectory (Figure 5-9) is in Kingston, 

Ontario, Canada. It was performed for nearly 48 minutes of continuous vehicle navigation and a 

distance of around 22 km. Ten simulated GPS outages of 60 seconds each (shown as circles 

overlaid on the map in Figure 5-9) were introduced such that they encompass straight portions, 

turns, and stops. 

 
Figure 5-9: Road Test Trajectory in Kingston. Circles indicate the locations of GPS outages. 

Table 5-7 shows the maximum error in the estimated horizontal position during the ten 

simulated GPS outages for the four compared solutions.  Table 5-8 shows the maximum error in 

the estimated altitude during these outages for the four solutions.  
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Table 5-7: Maximum horizontal position error during GPS outages for Kingston trajectory. 

Outage 
No. 

Outage 
Duration 

(sec) 

Approx. 
Distance 
(meter) 

Max. Error in Horizontal Position (meter) 

PF VPR KF VPR KF V KF 

1 60 608 8.73 8.26 37.56 92.72 

2 60 613 15.14 51.01 49.59 170.22 

3 60 528 7.02 39.20 60.13 317.40 

4 60 374 15.15 24.01 74.76 153.91 

5 60 586 9.66 48.94 46.66 217.49 

6 60 210 8.54 8.78 16.37 163.17 

7 60 347 12.53 22.65 15.79 65.15 

8 60 694 16.11 39.73 108.96 147.73 

9 60 340 7.66 26.12 23.45 189.23 

10 60 581 13.18 14.00 45.28 282.06 

Average 60 488 11.37 28.27 47.85 179.91 

Table 5-8: Maximum altitude error during GPS outages for Kingston trajectory. 

Outage 
No. 

Outage 
Duration 

(sec) 

Approx. 
Distance 
(meter) 

Max. Error in Altitude (meter) 

PF VPR KF VPR KF V KF 

1 60 608 2.47 3.70 4.68 17.51 

2 60 613 3.64 12.98 19.58 31.03 

3 60 528 6.32 8.00 21.78 61.72 

4 60 374 1.55 3.60 2.46 104.57 

5 60 586 5.73 6.37 5.62 35.73 

6 60 210 1.50 2.02 6.37 59.39 

7 60 347 5.01 11.47 4.70 90.18 

8 60 694 11.98 13.37 39.02 95.03 

9 60 340 8.56 11.55 13.63 65.56 

10 60 581 14.11 17.06 14.01 36.85 

Average 60 488 6.09 9.01 13.19 59.76 

 

The results from Table 5-7 and Table 5-8 confirm the results of the previous two trajectories 

and also show the performance of the proposed solution with a low-cost GPS receiver. The results 

show that the KF without any updates during GPS outages has very poor performance. The KF 

with velocity update from odometer-derived speed outperforms the KF without any updates 

during GPS outages, since the velocity update bounds the growth of velocity errors in the KF and 

hence position errors. These results also show that the KF with velocity update, pitch and roll 

updates performs better than the KF with only velocity update during GPS outages. This 

demonstrates the benefit of the accelerometer-derived pitch and roll updates to enhance these 

angles estimates and the velocity projection which leads to a better position estimate. The results 
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also show that the Mixture PF with velocity update from odometer-derived speed and pitch and 

roll update from accelerometers and odometer performs better than the KF with exactly the same 

updates and consequently outperforms all the other compared solutions.  

5.2.2.4 Summary 

The proposed method uses a Mixture PF as a nonlinear filtering technique for integrating a 

low-cost MEMS-based IMU integrated with the vehicle odometer and with GPS. A loosely 

coupled integration approach was used. To enhance the performance of MEMS-based IMU/GPS 

integration during GPS outages, the speed derived from the vehicle odometer is used to get 

measurement update for the velocities (exploiting the non-holonomic constraints on land 

vehicles), as a technique already reported in the literature. The second method to enhance 

performance is based on the fact that the two horizontal gyroscopes in the IMU, which are mainly 

used to get pitch and roll angles, are a major source of positioning error. Thus, this solution 

proposes to use pitch and roll calculated from the longitudinal and transversal accelerometer 

readings together with the odometer readings as a measurement update in the filter for pitch and 

roll calculated from the gyroscopes. These updates aid the IMU and limit the positional error 

growth during GPS outages and thus enhance the integrated solution. The proposed solution was 

tested with real road-test trajectories and compared to three other KF-based navigation solutions, 

one of which benefits from the same updates. The results for three trajectories were presented. 

The first trajectory had a mix of highway and urban roadways in open-sky, it was tested with 

simulated GPS outages with 120-second duration. The second trajectory was in a downtown 

environment with frequent stops and natural GPS outages, also some simulated outages were 

introduced. The third trajectory is an urban trajectory but with open-sky, it was tested with 

simulated 60-second GPS outages. This third trajectory used a low-cost GPS receiver, to 

demonstrate the performance of the proposed navigation solution with such low-cost receivers. 

The results show that the KF without any updates during GPS outages has very poor 

performance. The KF with velocity update from odometer-derived speed outperforms the KF 

without any updates during GPS outages. These results also demonstrate that the KF with 

velocity update from odometer-derived speed and pitch and roll updates from both accelerometers 

and odometer performs better than the KF with only velocity updates during GPS outages. This 

elucidates the benefit of the accelerometer-derived pitch and roll updates to enhance these angle 

estimates and thus the velocity projection which leads to a better position estimate. The results 

also demonstrate that the Mixture PF with velocity update from odometer-derived speed and pitch 
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and roll update from accelerometers and odometer performs better than the KF with exactly the 

same updates and consequently outperforms all the other compared solutions.  This is because of 

the approximation during linearization of the models used by the KF. 

Considering the maximum error in horizontal positioning, the KF with velocity updates during 

GPS outages achieved an average improvement of approximately 73% over KF without any 

update during GPS outages. The KF with velocity, pitch and roll updates during GPS outages 

achieved an average improvement of approximately 58% over KF with velocity update only 

during GPS outages. The Mixture PF with velocity, pitch and roll updates during GPS outages 

achieved an average improvement of approximately 64% over KF with the same updates, of 

approximately 85% over KF with velocity updates only, and of approximately 95% over KF 

without any updates during GPS outages. 

The proposed Mixture PF solution outperformed all the other solutions in the comparison, 

and showed stable and good performance (compared to general MEMS-based inertial 

sensors/GPS integration performance during GPS outages), even for long outage durations. 

Moreover, with the low number of samples used and the presented running times, the Mixture PF 

algorithm can work in real-time. 

5.3 Mixture Particle Filter for 2D Reduced Inertial Sensor System 

(RISS)/GPS Integration 

5.3.1 2D RISS Overview 

Targeting a lower the cost further for navigation solution for land vehicles, a reduced 

inertial sensor system (RISS) involving one single-axis gyroscope and the vehicle odometer was 

proposed for two dimensional (2D) navigation [104-106]. The integrated RISS/GPS module 

suggested in [104-106] used KF to provide a 2D navigation solution. The 2D RISS/GPS solution 

is used with the assumption that the vehicle moves mostly in the horizontal plane. 

The single gyroscope, whose sensitive axis aligned with the vertical axis of the vehicle, is 

used together with the vehicle‟s odometer and the whole system is integrated with GPS. With the 

assumption that the vehicle mostly stays in the horizontal plane, the vehicle speed derived from 

the odometer measurements is used with the heading information obtained from the gyroscope to 

determine the velocities along the East and North directions. Consequently, the vehicle's 

longitude and latitude are determined. Thus this reduced multi-sensor system provides a 2D 

navigation solution for land vehicles. 
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In addition to the low cost objective, another benefit of employing this reduced multi-

sensor system is the use of fewer MEMS-based inertial sensors than the full MEMS-based IMU 

case, and thus there is less inertial sensor errors contribution to the position error. This is mainly 

due to the elimination of the two horizontally aligned gyroscopes and their introduced position 

errors, and due to the calculation of velocity from the odometer-derived speed instead of 

accelerometers. It should also be noted that a 2D solution based on two horizontal accelerometers 

and the vertical gyroscope is much worse than the 2D RISS. The cause for this is that, when the 

vehicle is not perfectly horizontal, the two horizontal accelerometers will be measuring parts of 

the gravity that will be considered as actual acceleration, because the pitch and roll angles are 

assumed to be zeros in 2D, which may not be necessarily the case. The integration of this 

erroneous acceleration to get velocity and once again to get position will lead to very large 

growing errors. This problem is not present when the odometer is used instead of the 

accelerometers as per the method described above. 

As mentioned earlier, the solution proposed in [104-106] is a KF solution. The solution 

presented in [105] was for a high end tactical grade IMU, and those presented in [104, 106] were 

using MEMS-based sensors. In this thesis, to improve the positioning accuracy of the MEMS-

based RISS/GPS integration, Mixture PF is used as a nonlinear filtering technique. The state of 

the vehicle used in Mixture PF is , , ,
T

f

k k k k kv A    x , where k  is the latitude of the 

vehicle, k is the longitude, 
f

kv is the forward speed, and kA is the azimuth angle.  

As described in [105], two additional accelerometers may be used in the RISS if there is a 

need for determining the pitch and roll angles. The two accelerometers (pointing towards the 

forward and the transverse directions of the vehicle) together with a reliable model for the Earth‟s 

gravity can be used for the computation of the roll and pitch angles that used to be determined 

using the two gyroscopes eliminated in the RISS. The equations for calculating pitch and roll 

from accelerometers used in this former research are presented. The vehicle acceleration derived 

from the odometer measurements is removed from the forward accelerometer measurements 

before computing the pitch angle: 

 
1sin

y odf a
pitch

g

  
  

 
 (5.24) 

To calculate the roll angle: 
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This last equation (from [105]) is approximated based on the assumption of 2D navigation and 

that the values of pitch and roll are near zero. In order to remove any restriction on the values of 

these angles, the accurate version of this equation was derived in this thesis in equation (5.5). 

The major inadequacy of the method presented in [105] was that the pitch and roll were 

calculated directly from the accelerometer data without filtering and they were not included in the 

dynamic model (used inside the integration filter, i.e. KF) to determine when the system is off the 

horizontal plane. The 2D RISS/GPS solution always assumes that the vehicle moves in the 

horizontal plane. 

5.3.2 2D RISS System and Measurement Models 

5.3.2.1 System Model 

The body frame of the vehicle has X-axis along the transversal direction, Y-axis along the 

forward longitudinal direction, and Z-axis along the vertical direction of the vehicle completing a 

right-handed system. The local-level frame is the ENU frame that has axes along East, North, and 

vertical (Up) directions.  

To describe the nonlinear system model, which is here the motion model for the navigation 

states themselves, the control input and the process noise terms are first introduced. The 

measurements provided by the odometer and the gyroscope comprise the control input 

1 1 1

T
od z

k k kv   
   u  where 

1

od

kv 
 is the speed derived from the vehicle odometer, and 

1

z

k 
 the 

angular rate obtained from the vertically aligned gyroscope. The corresponding process noise 

associated with each of the above measurements forms the process noise vector; 

1 1 1

T
od z

k k kv   
   w  where 

1

od

kv 
 is the stochastic error in odometer-derived speed, and 

1

z

k 
 is the stochastic error in gyroscope reading. 

1

od

kv 
 is white Gaussian noise (WGN), and 

1

z

k 
 will be used in as WGN in this chapter, but more appropriate modeling will be proposed in 

the next chapter. 

Before describing the system equations, the relation between the vehicle velocity along 

East and North with the forward speed is emphasized, it is given by 
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where 
1

E

kv 
and 

1

N

kv 
 are the components of vehicle velocity along East and North, respectively, 

and 
1

f

kv 
 is the forward speed of the vehicle. The latitude can then be obtained as: 
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where MR  is the Meridian radius of curvature of the Earth, h is the altitude of the vehicle 

obtained from the last available GPS reading, and t  is the sampling time. Similarly, the 

longitude is expressed as:  
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where NR  is the normal radius of curvature of the Earth. The forward speed is given by 

 
1 1

f od od

k k kv v v    (5.29) 

The Azimuth angle is the vehicle heading in the horizontal East-North plane with positive 

direction clockwise from North. With the assumption, that the vehicle moves in a horizontal plane 

the vertically aligned gyroscope reading contributes directly to the rate of change of the azimuth 

angle. In addition to the rotation rate of the vehicle, the gyroscope measures two additional parts. 

These are due to the Earth‟s rotation and the change of orientation of the local-level frame. The 

part of the measured rate due to the Earth‟s rotation is equal to  1sine

k  
 counterclockwise 

around the vertical Up direction of local-level frame, where 
e  is the Earth‟s rotation rate. The 

part of the measured rate due to the change of orientation of the local-level frame with respect to 

the Earth is along the counterclockwise direction and can be expressed as: 
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The model for computing the azimuth angle is: 
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(5.31)  

It is worth mentioning that the expression between brackets in the above equation is a 

counterclockwise rate, thus it is equal to the negative of the rate of change of the Azimuth angle. 

The overall state transition model  is represented as follows: 
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5.3.2.2 Measurement Model 

As mentioned earlier, loosely-coupled integration for this reduced multi-sensor system and 

GPS is used in this chapter. GPS position and velocity update is considered, thus the GPS 

observation vector is given as 
, ,

T
GPS GPS E GPS N GPS

k k k k kv v    z  which consists of the 

GPS readings for the latitude, longitude, and velocity components along East and North 

directions respectively. The measurement model can therefore be given as:  
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where 
E N T

v v

k k k k k

  
 

ν ν ν ν ν  is the noise in GPS readings, assumed to be white 

Gaussian noise. 

5.3.3 Experimental Results and Discussion 

Two road test trajectories are considered in this section to demonstrate the performance of 

Mixture PF for 2D RISS/GPS integration and compare it to KF for 2D RISS/GPS integration. 

The presented results are both of Mixture-PF and KF for 2D RISS/GPS integration. The errors 

in the estimated solutions by either filter are evaluated with respect to the Novatel reference 

solution. The presented results for PF are achieved with a number of samples equal 100 and 20 

samples predicted from observation likelihood. One iteration of the PF algorithm, using the 

mentioned samples settings, takes 0.0018 seconds (average of all iterations) using MATLAB 

2007 on an Intel Core 2 Duo T7100 1.8GHz processor with 2GB RAM. So the algorithm can 

work very well in real-time. The Mixture-PF proved to work in an accepted way even with lower 
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numbers of samples. The lowest number of samples used during experiments was 10, but the 

performance during both GPS availability and outages was a little worse. One iteration of the KF 

for 2D RISS/GPS integration takes 0.000602 seconds (average of all iterations) using the same 

version of MATLAB on the same machine. 

5.3.3.1 First Trajectory 

The first trajectory (Figure 5-10) is around the Kingston area in Ontario, Canada. This 

trajectory has some urban roadways, some long highway sections, and the terrain varies with 

many hills and winding turns. This road test was performed for nearly 100 minutes of continuous 

vehicle navigation and a distance of around 96 Km was travelled. The ultimate check for the 

proposed system‟s accuracy is during GPS signal blockage, which was intentionally introduced in 

post processing. Ten simulated GPS outages of 60 seconds each (shown as circles overlaid on the 

map in Figure 5-10) were introduced such that they encompass all conditions of a typical trip 

including straight portions, turns, slopes, high speed, slow speeds and stops. 

Figure 5-11 and Figure 5-12 show the root mean square (RMS) error and the maximum error 

in the estimated 2D position, respectively, during the ten simulated GPS outages for both 

Mixture-PF and KF. It can be seen that PF with the nonlinear models outperforms KF with the 

linearized error model. 

Figure 5-13, Figure 5-15, and Figure 5-17 show the sections of the trajectory during the GPS 

outages numbers 4, 6, and 7. To have an idea about the vehicle dynamics during these three 

outages respectively, Figure 5-14, Figure 5-16, and Figure 5-18 show the forward speed of the 

vehicle and its azimuth angle, both from the Novatel reference solution. 

To examine the performance during turns, the 4th, 6th and 7th GPS outages are examined. The 

4th outage (Figure 5-13), is during a slight 25º turn where the speed of the vehicle is between 56 

and 71 km/h. The maximum position error for PF is 6.89 meters, and for KF is 27.86 meters. The 

6th outage (Figure 5-15), is during a turn at high speed (82 km/h before and after the turn and 62 

km/h during the turn). The maximum position error for PF is 10.13 meters, and for KF is 25.98 

meters. Note that the discontinuity in the azimuth in Figure 5-18, near the 40th second, is a 

plotting discontinuity because the azimuth angle there goes below 0º, so it cycle back to 360º. 

The 7th outage (Figure 5-17) is during a turn where the speed was 76 km/h before the turn, 67 

km/h during the turn, and 72 km/hr after the turn. The maximum position error for PF is 6.22 

meters, and for KF is 25.71 meters. These results show the performance in cases of turns with 

relatively high speed. 
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To show the performance during straight portions of the trajectory, the 2nd, and 9th GPS 

outages are discussed. The 2nd outage is during an urban straight portion of the trajectory where 

the speed starts at 60 km/h, then there is a stop, and then the speed rises to 40 km/h. The 

maximum position error for PF is 8.90 meters, and for KF is 41.45 meters. The 9th outage is 

during a straight portion of the trajectory at a relatively high speed of average 84 km/h. The 

travelled distance during this outage is nearly 1.4 km. The maximum position error for PF is 8.48 

meters, and for KF is 25.36 meters.  

For low-cost MEMS sensors, these results show that the Mixture-PF solution has a good 

performance and outperforms KF during GPS outages encompassing different conditions as 

straight portions, turns, different speeds and stops.   

 
Figure 5-10: Road Test Trajectory from Kingston to Napanee. Circles indicate the locations of GPS outages. 

 

Figure 5-11: RMS position error for 2D RISS during GPS outages in Kingston-Napanee trajectory. 
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Figure 5-12: Max. position error for 2D RISS  during GPS outages in Kingston-Napanee trajectory. 

 
Figure 5-13: Performance during GPS outage #4. 
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Figure 5-14: Speed and Azimuth during GPS outage #4. 

 
Figure 5-15: Performance during GPS outage #6. 

 
Figure 5-16: Speed and Azimuth during GPS outage #6. 
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Figure 5-17: Performance during GPS outage #7. 

 
Figure 5-18: Speed and Azimuth during GPS outage #7. 

5.3.3.2 Second Trajectory 

The second road test trajectory (Figure 5-19) is in Toronto, Ontario, Canada. This road test 

was performed for nearly 92 minutes of continuous vehicle navigation and a distance of around 

46 km. This trajectory, which is in a downtown scenario with urban canyons, has several natural 

outages. In order to reduce the number of outages presented and to examine the system 

performance in longer outages, the adjacent natural outages were combined into nine longer 

outages with different durations (shown as circles overlaid on the map in Figure 5-19, and outage 

durations are presented in Table 5-9). These outages encompass straight portions, turns, and 

frequent stops.  
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Figure 5-19: Road Test Trajectory in Toronto. Circles indicate the locations of GPS outages. 

Table 5-9: Duration of natural outages in Toronto Trajectory for 2D RISS/GPS solution 

Outage Number  Outage Duration (sec)  

1  350  

2  95  

3  172  

4  65  

5  44  

6  36  

7  425  

8  100  

9  38  
Figure 5-20 shows the maximum error in the estimated 2D position during the nine natural 

GPS outages for both Mixture-PF and KF. It can be seen that PF with the nonlinear models 

outperforms KF with the linearized error model. Figure 5-21 and Figure 5-23 show the details of 
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the reference trajectory and the two compared solutions in outages number 7 and 8 respectively. 

To have an idea of the vehicle dynamics during these two respective outages, Figure 5-22 and 

Figure 5-24 show the vehicle forward speed and azimuth angle from the NovAtel reference 

solution. 

These results confirm the results of the first trajectory. This trajectory is at low speed and with 

frequent stops, a situation that happens frequently in downtown environments. It can be noted that 

the difference in performance between the Mixture PF with 2D RISS and KF with 2D RISS is not 

as large as in the previous trajectory despite the long outage durations. The reason for this is the 

good accuracy of the vehicle speed read through the OBD II interface. Furthermore this speed 

reading is exactly zero during the very frequent stops, which bounds the position error growth. In 

all the RISS solutions the major source of error is the vertically aligned gyroscope used for 

estimating the azimuth angle. As the azimuth errors are modulated by the velocity, so lower 

speeds causes less positional errors due to azimuth errors. However, as an overall Mixture PF 

outperforms KF. 

 

Figure 5-20: Max. position error for 2D RISS during GPS outages in Toronto trajectory. 
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Figure 5-21: Performance during GPS outage #7. 

 

Figure 5-22: Speed and Azimuth during GPS outage #7. 
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Figure 5-23: Performance during GPS outage #8. 

 

Figure 5-24: Speed and Azimuth during GPS outage #8. 

5.3.3.3 Summary 

This section proposed Mixture PF to integrate 2D RISS with GPS. The RISS/GPS 

integration module assumed 2D navigation in the horizontal plane and computed the vehicle 

heading, forward speed, and position. With the low number of samples used the algorithm can 

work in real-time. This PF solution was compared with a KF RISS/GPS solution in two different 
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road-test trajectories one with simulated 60-second outages and the other with natural outages. 

During GPS outages, the PF solution demonstrated a much better performance than the KF 

solution due to the use of nonlinear models instead of linearized models.  The improvement of 

Mixture PF over KF in the average of maximum 2D position error for the first trajectory was 

70%, and for the second was 39%. 

5.4 Mixture Particle Filter for 3D RISS/GPS Integration 

In this proposed navigation solution, the measurements of the two accelerometers are 

incorporated in the system model used by the filter to estimate the pitch and roll angles and hence 

the correct azimuth angle (as the gyroscope tilt from horizontal is taken into account), the upward 

velocity, and the altitude. Thus this solution targets a 3D navigation solution employing MEMS-

based RISS/GPS integration using Mixture PF. 

In [107], it was proved that, because of the non-holonomic constraints on the land vehicle, 

only the forward accelerometer and three gyroscopes are sufficient (instead of the full IMU with 

three accelerometers and three gyroscopes) to have a 3D navigation solution calculating 3D 

position, velocity, and attitude. This also means that the three gyroscopes together with the 

forward speed derived from the vehicle‟s odometer are sufficient to achieve 3D navigation. The 

work presented in this section is a 3D navigation solution using the vehicle odometer, one single-

axis gyroscope, and two accelerometers. The gyroscope used is aligned with the vertical axis of 

the vehicle. The two eliminated gyroscopes were used to estimate the pitch and roll angles, which 

are estimated now using the two accelerometers. 

5.4.1 Advantages of 3D RISS 

The advantages of the 3D RISS proposed in this thesis over the 2D RISS are based on the 

fact that the measurements of the two accelerometers are incorporated in the system model used 

by the filter to estimate the pitch and roll angles. The first benefit of this is the calculation of the 

correct azimuth angle, this is because the gyroscope (vertically aligned to body frame of the 

vehicle) is tilted with the vehicle when it is not purely horizontal and thus it is not measuring the 

angular rate in the horizontal East-North plane. Since the Azimuth angle is in the East-North 

plane, detecting and correcting the gyroscope tilt gives more accurate calculation of the azimuth 

angle than the 2D RISS which fully neglected this effect. The second benefit of 3D RISS is more 

accurate 2D horizontal position than 2D RISS because of two reasons, namely: (i) the 

incorporation of pitch angle in calculating the two horizontal velocities from the odometer-
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derived speed, thus more accurate velocity and consequently position estimates; (ii) the more 

accurate azimuth calculation of the first advantage leads to better estimates of velocities along 

East and North and thus better 2D position. The third advantage of 3D RISS over 2D RISS is in 

the calculation of upward velocity, and altitude which were not calculated before. It is worth 

mentioning also that the 3D RISS altitude calculation is very good, which will be exploited in 

next chapter in automatically detecting GPS degraded performance.  

The advantages of the proposed 3D RISS over a full IMU are due to two factors, namely 

the calculation of pitch and roll from accelerometers instead of gyroscopes, and the calculation of 

velocity from odometer-derived speed instead of accelerometers. To demonstrate the superiority 

of calculating pitch and roll from accelerometers rather than gyroscopes, the uncompensated bias 

in one of the eliminated horizontal gyroscopes is recalled (see section 5.1). This bias will 

introduce an angle error in pitch or roll proportional to time because of integration. This small 

angle will cause misalignment of the INS. Therefore when projecting the acceleration from body 

frame to local-level frame, the acceleration vector will be projected incorrectly. This will 

introduce an error in acceleration in one of the horizontal channels in the local-level frame and 

consequently this will lead to an error in velocity proportional to 
2t  and in position proportional 

to 
3t . When pitch and roll are calculated from accelerometers, the first integration is eliminated 

and thus the error in pitch and roll is not proportional to time. Furthermore, the part of position 

error due to these angle errors will be proportional to 
2t  rather than 

3t .  

In addition to the above mentioned advantage of using two accelerometers rather than two 

gyroscopes for calculating pitch and roll, the second advantage in RISS is further improvement in 

velocity calculations. To calculate velocity using the forward speed derived from the vehicle‟s 

odometer rather than the accelerometers, relying on the non-holonomic constraints on land 

vehicles, achieves better performance than calculating it from the accelerometers. This is because, 

when calculating velocity from accelerometers, any uncompensated accelerometer bias error will 

introduce an error proportional to t  in velocity, and an error proportional to 
2t  in position. The 

calculation of velocity from the odometer avoids the first integration, so position calculation will 

involve only one integration. This means that position is obtained after one integration when 

odometer measurements are used while it requires two consecutive integrations to obtain position 

when accelerometer measurements are used. In long GPS outages, the error when using 

accelerometers will be proportional to the square of the outage duration, which makes this error 

drastic in long outages.  
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In consequence to the above described two improvements a further improvement in 

position calculation will follow. The errors in pitch and roll calculated from accelerometers (no 

longer proportional to time) will cause a misalignment of the inertial system that will influence 

the projection of velocity (in RISS case) rather than acceleration (in full-IMU case), from body 

frame to local-level frame. This last fact makes the part of position error due to pitch and roll 

errors proportional to t  rather than to the 
2t  that was previously discussed in the first 

improvement of eliminating the two gyroscopes. So, this benefit of odometer over accelerometer 

is concerning the misalignment problem discussed earlier, which will be more drastic when using 

accelerometers, since acceleration is projected incorrectly in case of misalignment, while when 

odometer is used velocity is projected incorrectly. In general, this causes a difference of another 

order of magnitude in time between the odometer solution and the accelerometer solution.  

The only remaining main source of error in RISS is the azimuth error due to the vertically 

aligned gyroscope (This error is also present in case of a full-IMU, i.e. it is not a drawback in 

RISS). Any uncompensated bias in this vertical gyroscope will cause an error proportional to time 

in azimuth. The position error because of this azimuth error will be proportional to vehicle speed, 

time, and azimuth error (in turn proportional to time and uncompensated bias). This only 

remaining source of error will be tackled in next chapter by adequately modeling the stochastic 

drift of this gyroscope using advanced modeling techniques, which leads to a solution with high 

positioning performance. 

Another advantage of 3D RISS over a full-IMU is its further lower cost because of the use 

of fewer inertial sensors. 

5.4.2 3D RISS System and Measurement Models 

5.4.2.1 System Model 

The nonlinear motion model for 3D RISS involving the position, velocity and attitude 

states is developed and proposed in this thesis. In most INS/GPS integration modules, the 

dynamic model is developed for the error-states and is linearized to enable the use of KF. As 

mentioned earlier, in this thesis, another approach relying on total-state nonlinear models and the 

use of Mixture PF which does not require linearized models is employed.    

The common reference frames are used in this research. The body frame of the vehicle has 

X-axis along the transversal direction, Y-axis along the forward longitudinal direction, and Z-axis 

along the vertical direction of the vehicle. The local-level frame is the ENU frame that has axes 
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along East, North, and vertical (Up) directions. The rotation matrix that transforms from the 

vehicle body frame to the local-level frame at time 1k   was given in equation (5.6). 

To describe the system model, which is here the motion model for the navigation states, the 

control input and the process noise terms are first introduced. The RISS measurements provided 

by the odometer, the two accelerometers and the gyroscope comprises the control input; 

1 1 1 1 1 1
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accelerometer measurement, 
1

y

kf 
 is the forward accelerometer reading, and 

1

z

k 
 the angular 

rate obtained from the vertically aligned gyroscope, respectively. The corresponding process 

noise associated with each of the above measurements forms the process noise vector; 
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   w  where 

1

od

kv 
 is the stochastic error in 

odometer derived speed,  
1

od

ka 
 is the stochastic error in odometer derived acceleration, 

1

x

kf 
 is 

the stochastic bias error in transversal accelerometer, 
1

y

kf 
 is the stochastic bias error in the 

forward accelerometer, and 
1

z

k 
 is the stochastic bias error in gyroscope reading. The 

presented PF solution uses white Gaussian noise for these stochastic errors. 

5.4.2.1.1 Position and velocity components 

Before describing the system equations for position and velocity, the relation between the 

vehicle velocity in the body frame and in the local-level frame is emphasized, it is given by 
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where 
1

E

kv 
, 

1

N

kv 
, and 

1

Up

kv 
 are the components of vehicle velocity along East, North, and 

vertical Up directions, and 
1

f

kv 
 is the forward longitudinal speed of the vehicle, while the 

transversal and vertical components are zeros. The latitude can then be obtained as: 
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where 
MR  is the Meridian radius of curvature of the Earth, and t  is the sampling time. 

Similarly, the longitude is expressed as:  
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where NR  is the normal radius of curvature of the Earth. Finally, the altitude is given by 
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          (5.37) 

The forward speed is given by 

 
1 1

f od od

k k kv v v    (5.38) 

5.4.2.1.2 Azimuth angle 

In a time interval of t between the time epoch 1k   and k , the counterclockwise angle of 

rotation around the vertical axis of the body frame of the vehicle is 

  1 1 1

z z z

k k k t        (5.39) 

The aim now is to get the corresponding angle when projected on the East-North plane (i.e the 

corresponding angle about the vertical “up” direction of the local-level frame). The unit vector 

along the forward direction of the vehicle at time k  observed from the body frame at time k  is 

 | 0 1 0
Tb

k kU  . It is necessary to get this unit vector (which is along the forward direction of 

the vehicle at time k ) seen from the body frame at time 1k   (i.e. | 1

b

k kU  ). The rotation matrix 

from the body frame at time 1k   to the frame at time k  due to a rotation of 
1

z

k 
 around the 

vertical axis of the vehicle is  1

z

z kR  
. The relation between |

b

k kU  and | 1

b

k kU   is given by 
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Thus, since  1

z

z kR  
 is an orthogonal rotation matrix 
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The unit vector along the forward direction of the vehicle at time k seen from the local-level 

frame at time 1k   can be obtained as follows 
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Thus the new heading from North direction because of the angle 
1

z

k 
 is 
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Note that the azimuth angle defined by 
1tan

E

N

U

U

  
 
 

 is the angle from the North and its positive 

values are for clockwise direction. 

 In addition to the rotations performed by the vehicle, the angle 
1

z

k 
 has two additional 

parts. These are due to the Earth‟s rotation and the change of orientation of the local-level frame. 

The part due to the Earth‟s rotation, around the vertical Up direction, is equal to  1sine

k t     

counterclockwise in the local-level frame (
e  is the Earth‟s rotation rate). This Earth rotation 

component is compensated directly from the new calculated heading to give the azimuth angle. It 

is worth mentioning that this component should be subtracted if the calculation is for the yaw 

angle (which is positive along the counterclockwise direction). In this study, we are obtaining the 

azimuth angle directly (which is positive along the clockwise direction), thus this Earth rotation 

component is added. The part monitored on 
1

z

k   
due to the change of orientation of the local-

level frame with respect to the Earth from time epoch 1k   to k is along the counterclockwise 

direction and can be expressed as: 
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This part also has to be added while calculating the azimuth angle. Finally the model for 

computing the azimuth angle is: 
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5.4.2.1.3 Pitch and Roll Angles  

When the vehicle is moving, the forward accelerometer (corrected for the sensor errors) 

measures the forward vehicle acceleration as well as the component due to gravity. In order to 

calculate the pitch angle, the vehicle acceleration derived from the odometer measurements is 

removed from the forward accelerometer measurements. Consequently, the pitch angle is 

computed as: 
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Similarly the transversal accelerometer (corrected for the sensor errors) measures the normal 

component of the vehicle acceleration as well as the component due to gravity. Thus, to calculate 

the roll angle, the transversal accelerometer measurement must be compensated for the normal 

component of acceleration. The roll angle is then given by  
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5.4.2.1.4 Overall State Transition Model  

The overall state transition model is represented as follows: 
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5.4.2.2 Measurement Model 

As mentioned earlier loosely coupled integration for RISS and GPS is used in this chapter. 

GPS position and velocity update is considered, thus the GPS observation vector is given as 

e un
T

v vvh

k k k k k k kz z z z z z    z  which includes the GPS readings for the latitude, 

longitude, altitude, and velocity components along East, North, and Up directions respectively. 

The measurement model can therefore be given as:  
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where e un
T

v vvh

k k k k k k k

    ν ν ν ν ν ν ν  is the noise in GPS readings, assumed to be 

white Gaussian noise.  

5.4.3 Experimental Results and Discussion 

Four trajectories will be presented in this section to show the performance of the proposed 3D 

RISS and its integration with GPS using Mixture PF in environments encompassing several 

different conditions. Some of these trajectories have some hills with relatively higher change in 

the pitch angle, some have highway sections with relatively higher speeds, and some have slow 

downtown scenarios with frequent stops, and some natural GPS outages. 

As the main focus of this section is on the inertial sensors part and their performance during 

GPS signal blockage, the first three presented trajectories use the NovAtel OEM4 GPS receiver 

which is a higher cost receiver. However, the fourth trajectory uses the Trimble Lassen SQ GPS 

receiver to demonstrate the applicability of the proposed solution with a lower cost GPS receiver. 

The estimated solution by Mixture PF for 3D RISS/GPS integration is compared to four other 

solutions using SIR PF for 3D RISS/GPS integration, Mixture PF for 2D RISS/GPS integration, 

KF for 2D RISS/GPS integration, and KF for 3D full IMU/GPS integration. The KF for 3D full 

IMU/GPS integration presented for the first and third trajectories are with velocity update using 

the speed logged through the OBD II interface during GPS outages, while the second and fourth 

trajectories are without any update during GPS outages. It is to be noted that the four solutions 
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using RISS employ speed read through OBD II as a control input for the system model not as a 

measurement update, so they do not get any updates during GPS outages. In the fourth trajectory, 

a sixth solution is included in the comparison, namely PF for 3D full IMU/GPS integration 

without velocity updates during GPS outages. The errors in all the estimated solutions are 

calculated with respect to the NovAtel reference solution. It is to be noted that all the presented 

PF solutions use white Gaussian noise for the stochastic errors, while the KF solutions use 1st 

order Gauss Markov models for the stochastic errors of inertial sensors. 

The PF presented results are achieved with the number of samples equal to 100. Using 100 

samples with  20 samples predicted from observation likelihood, one iteration of the Mixture PF 

for 3D RISS/GPS integration takes 0.00398 seconds (average of all iterations) using MATLAB 

2007 on an Intel Core 2 Duo T7100 1.8GHz processor with 2GB RAM. So the algorithm can 

work in real-time. One iteration of the KF for 2D RISS/GPS integration takes 0.000602 seconds 

(average of all iterations) on the same machine. 

5.4.3.1 First Trajectory 

The first road test trajectory (Figure 5-8) is in Montreal, Quebec, Canada. This trajectory has 

urban roadways, some of which have relatively larger slope in the Mont-Royal area. This road 

test was performed for nearly 85 minutes of continuous vehicle navigation and a distance of 

around 100 km. The ultimate check for the proposed system‟s accuracy is during GPS signal 

blockage, which can be intentionally introduced in post processing. Since the presented solution 

is loosely coupled, the outages used have complete blockage. Nine outages are used (shown as 

circles overlaid on the map in Figure 5-8), where eight of them are simulated GPS outages of 

different durations and one is a natural outage in a tunnel under the St. Lawrence River. Some of 

the simulated outages were chosen such that they encompass straight portions, turns, slopes, 

different speeds and stops. 

Table 5-10 and Table 5-11 show the root mean square (RMS) error and the maximum error in 

the estimated 2D horizontal position during the nine GPS outages for the five compared solutions. 

Here the 3D KF with full IMU uses velocity update from the odometer-derived speed during GPS 

outages, while the three other solutions have no update during outages. Table 5-12 and Table 

5-13 show the RMS and maximum errors in the estimated altitude during these outages for the 

three 3D solutions.  

The RMS error in pitch and roll angles in the whole trajectory for the Mixture PF with 3D 

RISS/GPS integration are 0.8432 degrees and 0.4385 degrees, respectively. 
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Figure 5-25: Road Test Trajectory in Montreal. Circles indicate the locations of GPS outages. 

The results for 2D horizontal position errors (Table 5-10 and Table 5-11) confirm the 

advantages of RISS over the full IMU that were described earlier, namely: the advantage of 

eliminating the two gyroscopes, and calculating velocity from vehicle speed readings collected 

through OBD II rather than from accelerometers. This fact can be seen by comparing the results 

of KF for 2D RISS and KF with full IMU, which also has the extra benefit of velocity updates 

during GPS outages. This comparison shows that RISS/GPS integration outperforms full 

IMU/GPS integration. It is to be noted that the KF for full IMU/GPS integration for some outages 

gave better results than KF for 2D RISS/GPS integration because the former has velocity update 

from speed read through OBD II during GPS outages, while the latter does not benefit from any 

update. The better performance of RISS over a full IMU will be clearer in the next trajectory 

where the KF with full IMU solution does not use any updates during outages. The cause for the 

superiority of RISS is that the full IMU has six inertial sensors whose errors all contribute 

towards the position error, while the RISS has less inertial sensors and thus less contribution of 
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inertial sensor errors towards the position error, especially the two eliminated gyroscopes (as 

mentioned earlier MEMS gyroscopes are the weak part).  

The horizontal position error results show, also, that Mixture PF outperforms KF for 2D 

RISS/GPS integration; this is due to the ability of PF to deal with nonlinear models. All the PFs 

presented in this paper use nonlinear total-state system and measurement models, while the KF 

use linearized error-sate models. Furthermore, the results show that Mixture PF is better when 

using 3D RISS than when using 2D RISS because 3D RISS takes care of the change in road slope 

and of 3D motion while 2D RISS assumes that motion is in a perfectly horizontal plane. The 

improvement of PF with 3D RISS over PF with 2D RISS occurs especially when there is more 

slope. So for nearly horizontal portions of the trajectory the improvement is not so large in 2D 

horizontal position, but still 3D RISS has the advantage of estimating pitch, roll, velocity 

component along Up direction, and altitude, which were not estimated in 2D RISS. The 

difference in performance between 3D and 2D RISS will be clearer if the trajectory has more 

inclinations and for longer distances. 

The results in Table 5-10 and Table 5-11 show that Mixture PF performs better than the SIR 

PF because it has better state estimates before the GPS outage which in turn leads to a better 

performance during the outage. 

Table 5-10: RMS horizontal position error during GPS outages for Montreal trajectory. 

Outage 

No. 

Outage 

Dur. (sec) 

RMS Error in 2D Horizontal Position (meter) 

SIR PF RISS 3D MPF RISS 3D MPF RISS 2D KF RISS 2D KF OD IMU 3D 

1 30 12.46 5.60 5.66 10.32 28.80 

2 80 19.01 8.03 11.13 14.85 41.08 

3 80 12.20 10.78 11.42 24.20 50.95 

4 80 17.67 10.75 12.93 25.16 28.59 

5 60 8.64 9.91 10.11 24.61 29.57 

6 90 9.93 8.75 9.11 24.69 17.38 

7 70 9.85 6.12 5.75 20.65 13.45 

8 120 6.82 8.25 8.34 6.47 13.66 

9 220 19.86 15.31 15.28 16.55 95.34 

Average 92 12.94 9.28 9.97 18.61 35.42 
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Table 5-11: Maximum horizontal position error during GPS outages for Montreal trajectory. 

Outage 

No. 

Outage 

Dur. (sec) 

Max. Error in 2D Horizontal Position (meter) 

SIR PF RISS 3D MPF RISS 3D MPF RISS 2D KF RISS 2D KF OD IMU 3D 

1 30 15.26 8.30 8.47 17.61 49.67 

2 80 23.92 15.98 19.58 20.41 66.59 

3 80 22.20 20.81 22.36 49.48 82.88 

4 80 24.54 17.80 21.76 69.27 36.12 

5 60 12.39 13.82 14.19 42.17 42.06 

6 90 13.42 12.96 13.59 37.09 21.12 

7 70 19.19 13.86 14.35 47.21 19.08 

8 120 13.17 15.29 15.31 11.14 23.62 

9 220 40.33 33.41 34.23 50.80 201.64 

Average 92 20.49 16.91 18.21 38.35 60.31 

Table 5-12: RMS altitude error during GPS outages for Montreal trajectory. 

Outage 

No. 

Outage 

Dur. (sec) 

RMS Error in Altitude 

SIR PF RISS 3D MPF RISS 3D KF OD IMU 3D 

1 30 2.38 1.12 1.57 

2 80 4.57 1.44 30.59 

3 80 1.03 1.00 23.04 

4 80 2.43 0.63 9.91 

5 60 2.62 1.52 31.67 

6 90 0.71 0.68 18.27 

7 70 3.00 1.03 11.10 

8 120 0.39 0.53 7.47 

9 220 1.17 2.39 4.75 

Average 92 2.03 1.15 15.37 

Table 5-13: Maximum altitude error during GPS outages for Montreal trajectory. 

Outage 

No. 

Outage 

Dur. (sec) 

Max. Error in Altitude 

SIR PF RISS 3D MPF RISS 3D KF OD IMU 3D 

1 30 3.78 2.38 2.37 

2 80 7.42 3.55 53.33 

3 80 1.92 2.34 46.94 

4 80 3.52 1.91 13.57 

5 60 3.40 2.23 51.61 

6 90 1.26 1.07 25.61 

7 70 4.23 2.23 16.18 

8 120 0.81 1.10 8.75 

9 220 2.56 4.17 7.66 

Average 92 3.21 2.33 25.11 
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Table 5-12 and Table 5-13 show that the KF without any updates during GPS outages has a 

very bad altitude estimate, mainly because of uncompensated residuals in the stochastic bias of 

the vertical accelerometer. The KF with velocity update from odometer-derived speed largely 

enhances the altitude estimate because it bounds the error growth in the vertical component of 

velocity and hence the altitude error. The KF with velocity update from odometer-derived speed 

and pitch and roll update from accelerometers and odometer further enhances the altitude 

estimate because it has a better pitch estimate from accelerometer which leads to a better 

transformation of velocity from body frame to local-level frame and thus to better upward 

velocity update and a better altitude. Mixture PF with velocity update from odometer-derived 

speed and pitch and roll update from accelerometers and odometer has a better altitude estimate 

than the KF with exactly the same updates because of the use of nonlinear models in PF in 

contrast with the linearized models used by KF. Furthermore this Mixture PF solution 

outperforms all the other compared solutions. 

All these horizontal position and altitude results prove that the proposed Mixture PF solution 

achieves good results for a MEMS-based INS/GPS navigation solution. 

Table 5-12 and Table 5-13 show that both PFs with 3D RISS outperform the KF with full 

IMU in the altitude errors during GPS outages. Furthermore the Mixture PF performs better than 

the SIR PF. All the previous results demonstrate that the proposed solution (i.e. Mixture PF for 

3D RISS/GPS integration) performs better than all the other compared solutions, and achieves 

good results for a MEMS-based INS/GPS navigation solution. 

To show the details of the performance during some of these GPS outages, outages numbers 3, 

4, and 9 will be presented in more detail. Figure 5-2, Figure 5-4, and Figure 5-6 show the sections 

of the trajectory during the GPS outage numbers 3, 4, and 9, respectively. To illustrate the vehicle 

dynamics during these three outages respectively, Figure 5-3, Figure 5-5, and Figure 5-7 show the 

forward speed of the vehicle, its azimuth angle, its altitude, and its pitch angle, all from both the 

NovAtel reference solution and the Mixture PF with 3D RISS. 

To examine the performance during turns and slopes, the 3rd and 4th GPS outages are 

examined. The 3rd outage (Figure 5-2), whose duration is 80 seconds, involves a couple of turns. 

The first turn is a 70º turn where the speed of the vehicle goes down from 50 km/h to 10 km/h 

during the turn and back to 60 km/h (see Figure 5-3), the second turn is an elongated one at about 

60 km/h. This outage starts at a slope of 5º, then a horizontal portion followed by a slope of 3º. 

The maximum horizontal position error for Mixture PF with 3D RISS is 20.81 meters, while for 

SIR PF with 3D RISS is 22.2 meters, for Mixture PF with 2D RISS is 22.36 meters, for KF with 
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2D RISS is 49.48 meters, and for KF with full IMU and OBD II velocity update is 82.88 meters. 

The 4th outage (Figure 5-4), whose duration is 80 seconds, is during a near 180º elongated turn 

where the vehicle is between a speed of 35 and 55 km/h (see Figure 5-5). Note that the 

discontinuity in the azimuth in Figure 5-5, near the 40th second, is a plotting discontinuity because 

the azimuth angle there goes above 360º, where it cycles back to 0º. During this outage, the slope 

is at -5º and towards the end goes to -2º. The maximum horizontal position error for Mixture PF 

with 3D RISS is 17.8 meters, while for SIR PF with 3D RISS is 24.54 meters, for Mixture PF 

with 2D RISS is 21.76 meters, for KF with 2D RISS is 69.27 meters, and for KF with full IMU 

and OBD II velocity update is 36.12 meters. In this outage, the maximum error for KF with full 

IMU is better than KF with 2D RISS because the former has velocity updates during outages, 

which bounds the position error growth; this fact will be clear when examining the RMS errors. 

The RMS position error for Mixture PF with 3D RISS is 10.75 meters, while for SIR PF with 3D 

RISS is 17. 67 meters, for Mixture PF with 2D RISS is 12.93 meters, for KF with 2D RISS is 

25.16 meters, and for KF with full IMU and odometer update is 28.59 meters. The KF with 2D 

RISS has better RMS error than the KF with full IMU and odometer update, but worse maximum 

error because it drifts a lot towards the end of the outage. What makes the KF with full IMU have 

comparable result is the velocity update using the speed readings from OBD II. From these errors 

it is seen that the Mixture PF with 3D RISS is the best overall. Also from Figure 5-4, it can be 

seen that PF with 3D RISS is the best during all the portions of the turn but it has a slight drift at 

the end, still having best RMS and maximum position errors.  

To show the performance during straight portions of the trajectory and also including stops, 

the 9th GPS outage is presented. This outage is a natural outage in a tunnel for 220 seconds where 

the speed changes as in Figure 5-7. The slope is at -2º in the beginning, followed by a horizontal 

portion, and towards the end of the outage goes to 3º. The travelled distance during this outage is 

nearly 1.75 km. The maximum horizontal position error for Mixture PF with 3D RISS is 33.41 

meters, while for SIR PF with 3D RISS is 40.33 meters, for Mixture PF with 2D RISS is 34.23 

meters, for KF with 2D RISS is 50.8 meters, and for KF with full IMU and odometer update is 

201.64 meters. The advantage of RISS over full IMU is again apparent from these results, as well 

as the advantage of Mixture PF over SIR PF and KF. 

For MEMS-based inertial sensors, these results show that the proposed solution (Mixture PF 

with 3D RISS) has a good performance during GPS outages encompassing different conditions 

such as straight portions, turns, and stops. 
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Figure 5-26: Performance during GPS outage #3. 

 

 
Figure 5-27: Forward speed, azimuth, altitude, and pitch during GPS outage #3. 
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Figure 5-28: Performance during GPS outage #4. 

 
Figure 5-29: Forward speed, azimuth, altitude, and pitch during GPS outage #4. 
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Figure 5-30: Performance during GPS outage #9. 

 
Figure 5-31: Forward speed, azimuth, altitude, and pitch during GPS outage #9. 

5.4.3.2 Second Trajectory 

The second road test trajectory (Figure 5-32) is around the Kingston area in Ontario, Canada. 

This trajectory has some urban roadways and some long highway sections between Kingston and 

Napanee. In addition, the terrain varies with many hills and winding turns. This road test was 

performed for nearly 100 minutes of continuous vehicle navigation and a distance of around 96 

km. Ten simulated GPS outages of 60 seconds each (shown as circles overlaid on the map in 
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Figure 5-32) were introduced such that they encompass all conditions of a typical trip including 

straight portions, turns, slopes, high speed, slow speeds and stops. 

 
Figure 5-32: Road Test Trajectory between Kingston and Napanee. Circles indicate the locations of GPS 

outages. 
Table 5-14 shows the maximum error in the estimated 2D horizontal position during the ten 

simulated GPS outages for the five compared solutions. Here the 3D KF with full IMU does not 

use velocity update from the speed read through OBD II during GPS outages; also the four other 

solutions have no update during outages. Table 5-15 shows the maximum error in the estimated 

altitude during these outages for the three 3D solutions.  

Table 5-14: Maximum horizontal position error during GPS outages for Kingston-Napanee trajectory. 

Outage 

No. 

Outage 

Dur. (sec) 

Max. Error in 2D Horizontal Position (meter) 

SIR PF RISS 3D MPF RISS 3D MPF RISS 2D KF RISS 2D KF IMU 3D 

1 60 9.03 11.53 15.08 17.78 13.93 

2 60 18.89 8.25 8.90 41.45 67.03 

3 60 12.69 5.49 5.83 30.46 93.48 

4 60 11.58 5.44 6.89 27.86 230.58 

5 60 12.86 12.53 12.62 36.41 180.38 

6 60 15.22 7.52 10.13 25.98 301.73 

7 60 16.12 6.05 6.22 25.71 82.28 

8 60 17.57 8.24 10.10 65.60 135.96 

9 60 9.40 4.46 8.48 25.36 57.84 

10 60 16.25 9.74 14.73 33.13 219.34 

Average 60 13.96 7.92 9.90 32.97 138.25 
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Table 5-15: Maximum altitude error during GPS outages for Kingston-Napanee trajectory. 

Outage 

No. 

Outage 

Dur. (sec) 

Max. Error in Altitude 

SIR PF RISS 3D MPF RISS 3D KF IMU 3D 

1 60 1.55 1.88 5.89 

2 60 1.14 1.36 19.14 

3 60 1.52 1.19 52.48 

4 60 0.64 1.24 89.47 

5 60 2.21 1.20 83.38 

6 60 2.87 2.25 76.92 

7 60 4.66 2.66 88.37 

8 60 1.56 2.60 103.13 

9 60 3.41 2.20 97.52 

10 60 4.33 4.10 74.44 

Average 60 2.39 2.07 69.07 

 

The RMS error in pitch and roll angles in the whole trajectory for the Mixture PF with 3D 

RISS/GPS integration are 0.4516 degrees and 0.3571 degrees, respectively. 

This trajectory‟s results prove the arguments presented earlier and confirm the first trajectory 

results. These results again show that RISS/GPS integration outperforms full IMU/GPS 

integration. The comparison between the KF with full IMU and KF with 2D RISS is obvious in 

this case because both of them do not have any update during GPS outages. This clearly shows 

the advantages of RISS over a full IMU. Again, it is clear that Mixture PF with 2D RISS 

outperforms KF with 2D RISS because of the use of nonlinear total-state system and 

measurement models rather than linearized error-state models. Also, Mixture PF with 3D RISS 

performs better than Mixture PF with 2D RISS, because of the planar assumption in the latter.  

Furthermore, these results demonstrate that the Mixture PF performs better than the SIR PF, both 

compared for 3D RISS. Moreover, these results confirm the superiority of Mixture PF with 3D 

RISS over all the other compared solutions. 

5.4.3.3 Third Trajectory 

The third road test trajectory (Figure 5-33) is in Toronto, Ontario, Canada. This road test was 

performed for nearly 92 minutes of continuous vehicle navigation and a distance of around 46 

km. This trajectory, which is in a downtown scenario with urban canyons, has several natural 

outages. In order to reduce the number of outages presented and to examine the system 

performance in longer outages, the adjacent natural outages were combined into nine longer 
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outages with different durations (shown as circles overlaid on the map in Figure 5-33). These 

outages encompass straight portions, turns, and frequent stops. 

Table 5-16 shows the maximum error in the estimated 2D horizontal position during the nine 

natural GPS outages for the five solutions. Here the 3D KF with full IMU uses velocity update 

from the speed collected through OBDII during GPS outages, while the four other solutions have 

no update during outages. Table 5-17 shows the maximum error in the estimated altitude during 

these outages for the three 3D solutions.  

 
Figure 5-33: Road Test Trajectory in Toronto. Circles indicate the locations of GPS outages. 
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Table 5-16: Maximum horizontal position error during GPS outages for Toronto trajectory. 

Outage 

No. 

Outage 

Dur. (sec) 

Max. Error in 2D Horizontal Position (meter) 

SIR PF RISS 3D MPF RISS 3D MPF RISS 2D KF RISS 2D KF OD IMU 3D 

1 350 47.03 39.73 43.88 69.31 280.96 

2 95 15.17 9.09 10.09 8.02 43.25 

3 172 10.29 5.54 5.56 13.61 102.98 

4 65 5.18 6.69 7.16 3.56 52.71 

5 44 5.67 4.02 3.79 11.25 63.04 

6 36 10.15 8.82 9.13 11.24 36.81 

7 425 15.14 12.89 14.32 29.56 112.65 

8 100 18.97 11.33 10.72 21.41 113.52 

9 38 8.05 3.33 3.39 8.18 22.76 

Average 147 15.07 11.27 12.00 19.57 92.08 

Table 5-17: Maximum altitude error during GPS outages for Toronto trajectory. 

Outage 

No. 

Outage 

Dur. (sec) 

Max. Error in Altitude 

SIR PF RISS 3D MPF RISS 3D KF OD IMU 3D 

1 350 7.0907 9.13 390.96 

2 95 1.7734 1.63 4.66 

3 172 2.9764 1.74 15.86 

4 65 2.4634 1.29 12.15 

5 44 2.3456 0.93 10.22 

6 36 1.8873 1.12 12.28 

7 425 8.3039 7.69 92.28 

8 100 3.4175 3.03 32.31 

9 38 1.6791 0.60 13.42 

Average 147 3.55 3.02 64.90 

 

The results from Table 5-16 and Table 5-17 confirm further the results of the previous two 

trajectories. These results show that RISS/GPS integration outperforms full IMU/GPS 

integration. This is seen when comparing the two KF solutions both with 2D RISS and with full 

IMU, despite the fact that the latter employs velocity updates from speed logged through OBD II 

interface. This trajectory is at low speed and with frequent stops, a situation that happens a lot in 

downtown environments. It can be noted that the difference in performance between the Mixture 

PF with 2D RISS and KF with 2D RISS is not as big as in the previous two trajectories. The 

performance of all the filters using RISS are good in this trajectory despite the long outage 

durations. The reason for this is the good accuracy of the vehicle speed read through OBD II 

interface, furthermore this speed reading is exactly zero during the very frequent stops, which 
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bounds the position error growth. Furthermore, in all the RISS solutions the major source of error 

is the vertically aligned gyroscope used for estimating the azimuth angle. As the azimuth errors 

are modulated by the velocity, so lower speeds causes less positional errors due to azimuth errors. 

Again, Mixture PF achieves better results than SIR PF. Furthermore, the Mixture PF with 3D 

RISS achieves the overall best performance among the compared counterparts. 

5.4.3.4 Fourth Trajectory 

The three trajectories presented earlier used the NovAtel OEM4 GPS receiver. To demonstrate 

the performance of the proposed navigation solution with lower cost receivers, a Trimble Lassen 

SQ GPS receiver is used in this trajectory. This road test trajectory (Figure 5-34) is in Kingston, 

Ontario, Canada; and it was performed for nearly 48 minutes of continuous vehicle navigation 

and a distance of around 22 km. Ten simulated GPS outages of 60 seconds each (shown as circles 

overlaid on the map in Figure 5-34) were introduced such that they encompass straight portions, 

turns, and stops. 

 
Figure 5-34: Road Test Trajectory in Kingston. Circles indicate the locations of GPS outages. 

Table 5-18 shows the maximum error in the estimated 2D horizontal position during the ten 

simulated GPS outages for the five previously presented solutions as well as 3D Mixture PF with 

full IMU to further demonstrate the advantage of RISS over the full IMU. Here the 3D Mixture 

PF with full IMU and 3D KF with full IMU do not use velocity updates from the speed read 

through OBD II during GPS outages; also the four other solutions have no update during outages.  

Table 5-19  shows the maximum error in the estimated altitude during these outages for the four 

3D solutions.  

The results from Table 5-18  and Table 5-19  confirm the results of the previous three 

trajectories and demonstrate the performance of the proposed navigation solution even when 
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using a lower cost GPS receiver. The results demonstrate that RISS/GPS integration outperforms 

full IMU/GPS integration with 2 different comparisons. First, comparing Mixture PF with 3D 

RISS and Mixture PF with full IMU, the superiority of 3D RISS is clearly seen. Second, 

comparing KF with 2D RISS and KF with full IMU, the general advantages of RISS over full 

IMU are further validated. Again, Mixture PF with 2D RISS outperforms KF with 2D RISS, 

because of the use of nonlinear models rather than linearized models. As seen in earlier 

trajectories, the results for Mixture PF performs better than SIR PF. The Mixture PF with 3D 

RISS achieves the overall best performance, which is a good performance for MEMS-based 

INS/GPS integration. 

Table 5-18: Maximum horizontal position error during GPS outages for Kingston trajectory. 

Outage 

No. 

Outage 

Dur. (sec) 

Max. Error in 2D Horizontal Position (meter) 

SIR PF RISS 3D MPF RISS 3D MPF RISS 2D KF RISS 2D KF IMU 3D MPF IMU 3D 

1 60 25.54 16.24 17.04 77.43 92.72 191.15 

2 60 26.27 19.77 22.19 36.39 170.22 89.95 

3 60 27.92 14.42 14.06 50.06 317.40 91.53 

4 60 16.28 20.26 21.53 12.08 153.91 69.76 

5 60 24.93 20.14 19.38 35.44 217.49 62.23 

6 60 21.27 16.61 16.91 37.85 163.17 138.57 

7 60 22.90 17.14 18.57 18.30 65.15 181.50 

8 60 26.14 14.38 15.97 44.77 147.73 229.76 

9 60 25.45 9.18 9.42 25.87 189.23 145.24 

10 60 35.62 18.79 18.93 78.34 282.06 138.80 

Average 60 25.23 16.69 17.40 41.65 179.91 133.85 

Table 5-19: Maximum altitude error during GPS outages for Kingston trajectory. 

Outage 

No. 

Outage 

Dur. (sec) 

Max. Error in Altitude 

SIR PF RISS 3D MPF RISS 3D KF IMU 3D MPF IMU 3D 

1 60 2.49 3.11 17.51 14.64 

2 60 7.31 3.39 31.03 16.16 

3 60 7.40 5.31 61.72 5.53 

4 60 8.57 2.40 104.57 12.41 

5 60 6.68 5.65 35.73 7.41 

6 60 1.57 1.60 59.39 11.43 

7 60 4.84 4.73 90.18 5.12 

8 60 10.91 11.50 95.03 11.19 

9 60 7.48 8.48 65.56 7.60 

10 60 14.40 13.10 36.85 13.33 

Average 60 7.17 5.93 59.76 10.48 
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5.4.3.5 Summary 

This section presented a navigation solution for land vehicles using a reduced number of 

low cost MEMS-based inertial sensors integrated with GPS. The proposed method uses a Mixture 

particle filter as a nonlinear filtering technique to integrate RISS with GPS to achieve a 3D 

navigation solution, and a loosely coupled approach was used. The RISS consists of two 

accelerometers, one gyroscope, and the vehicle built-in speed readings. This navigation solution 

was tested with real road-test trajectories and compared to five other navigation solutions. The 

results for four trajectories with natural and simulated GPS outages of different durations were 

presented.  

The results demonstrated that RISS/GPS integration outperforms full IMU/GPS 

integration. The enhancement in the positioning performance is due to the fact that RISS has 

fewer inertial sensor errors contributing to the position error than the full IMU. The first cause of 

improvement is the elimination of the two gyroscopes that were used to calculate pitch and roll 

angles, and using calculation from accelerometer instead. The second reason for improvement is 

the calculation of velocity from vehicle own speed readings collected through OBD II, instead of 

calculating velocity from accelerometer readings. The general advantages of RISS over a full 

IMU were shown by comparing the KF with 2D RISS to KF with full IMU, the former showed 

better horizontal positioning performance in all the presented trajectories despite the fact that, in 

some cases, the latter had an additional source of update during GPS outages. The advantage of 

3D RISS over a full IMU was further shown by the superior performance of Mixture PF with 3D 

RISS over Mixture PF with full IMU in the fourth trajectory. The results consistently showed that 

Mixture PF for 2D RISS outperforms KF for 2D RISS, because of the ability of the former to deal 

with nonlinear system and measurement models while the latter use linearized error models. 

Furthermore the results showed that the PF with 3D RISS has a better performance than PF with 

2D RISS, because the latter assumes motion in the 2D horizontal plane and neglect any 3D 

movements. The difference in performance between 3D and 2D RISS will be clearer if the 

trajectory has more inclinations and for a longer distance. Also, 3D RISS has the advantage of 

estimating pitch, roll, velocity component along Up, and altitude, which were not estimated in 2D 

RISS.  

Mixture PF with 3D RISS was compared to SIR PF with 3D RISS, and demonstrated better 

performance. This better performance of Mixture PF during GPS outages is because of the better 

performance during GPS availability before the outage. Moreover, one of the presented 
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trajectories used a lower cost GPS receiver to demonstrate the performance of the proposed 

solution with such receivers.  

Considering the maximum error in horizontal positioning, the KF with 2D RISS achieved 

an average improvement of approximately 76% over KF with full IMU without any updates 

during GPS outages (in the second and fourth trajectories) and of approximately 58% over KF 

with full IMU with velocity updates during outages (in first and third trajectories). Mixture PF 

with 2D RISS achieved an average improvement of approximately 55% over KF with 2D RISS 

for the four used trajectories. Mixture PF with 3D RISS achieved an average improvement of 

approximately 9% over Mixture PF with 2D RISS for the four trajectories. This last percentage is 

of course trajectory dependent because it depends on the characteristics of the terrain traversed. 

Furthermore, Mixture PF with 3D RISS achieved an average improvement of approximately 30% 

over SIR PF with 3D RISS for the four trajectories. Finally, Mixture PF with 3D RISS achieved 

an improvement of approximately 88% over Mixture PF with full IMU in the fourth trajectory. 

The results showed that the proposed 3D navigation solution using Mixture particle filter 

for RISS/GPS integration outperforms all the other navigation solutions in the comparison, and 

demonstrates good performance for MEMS-based sensors during GPS outages even for 

prolonged durations. Furthermore, with the low number of samples used the algorithm can work 

in real-time.  
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Chapter 6 

Enhancements for Loosely-Coupled Inertial Sensors/GPS Integration 

6.1 Advanced Modeling of Inertial Sensors Stochastic Errors 

As mentioned earlier, the only remaining main source of error in RISS is the azimuth error 

due to the vertically aligned gyroscope (this error is also present in the case of a full-IMU). Any 

uncompensated bias in the vertical gyroscope will cause an error proportional to time in the 

azimuth. The position error because of this azimuth error will be proportional to vehicle speed, 

time, and azimuth error (in turn proportional to time and uncompensated bias).  

The present section targets better modeling of the stochastic drift of the MEMS-based 

gyroscope (used in RISS) to enhance the positioning accuracy of Mixture PF for 2D RISS/GPS 

and 3D RISS/GPS integration. In this section, the use of PCI as a nonlinear system identification 

technique is proposed for modeling the stochastic gyroscope drift. The use of this technique 

exploits the fact that PF is a nonlinear filtering technique that can accommodate nonlinear 

models. By examining the characteristics of the generated model for the gyroscope drift using 

PCI, it was found that the identified model was near linear, but of high order. These observations 

led to the testing of higher order Auto-Regressive (AR) models for modeling the gyroscope drift. 

Such higher order models are difficult to use with KF since the size of the dynamic matrix and 

error covariance matrix becomes very large and complicates the KF operation. 

6.1.1 Modeling the Stochastic Gyroscope Drift Using PCI 

Two different datasets were recorded from the vertical gyroscope of the Crossbow 

IMU300CC-100 where the IMU is stationary. Each dataset was obtained over more than 4 hours. 

First, the bias offset of the gyroscope reading is removed; for each dataset, this offset is obtained 

as the mean of the gyro reading during the first 100 seconds of the dataset. The first dataset is 

used to build the model of the gyroscope drift; the second dataset is used for testing the obtained 

model to examine its suitability and ability to generalize for a different dataset. In the following 

presentation, the gyroscope data is down-sampled to 1 Hz and its units are radians/second. The 

length of the data used is 16001 seconds (i.e. 16001 records). 

The gyroscope readings of the first dataset (after removing the initial offset) from record 1 to 

16000 are used as the input used to build the PCI model, the readings from record 2 to 16001 are 

used as the output. Since PCI builds the parallel cascade based on input/output data, several PCI 
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models are built as a one-ahead predictor using this input/output data, covering a wide range of 

values for the maximum lag R and the degree of polynomial D. These different PCI models were 

tested on the second dataset (not used for building the models) to choose the model with the best 

values of R and D, so that it can generalize on the other dataset and not just fit the training data. 

The best PCI model found has maximum lag R=120 and the degree of polynomial D=1. It 

consists of 5 parallel branches. The number of parameters in the model might be thought to be 

5×(120+2)=610, but actually the number of parameter is 122. This is because the order of the 

polynomial terms D=1 and all the cascades outputs are summed to provide the output, so 

mathematical manipulation shows that the actual number of parameters is 122. On the other hand, 

the two datasets used for training and testing have 16001 records each. Moreover, the road-test 

results presented later for different MEMS-based inertial sensors show the ability of the obtained 

model to generalize and determine the stochastic drift of the two different gyroscopes used in 

different trajectories. 

Figure 6-1, Figure 6-2, Figure 6-3, and Figure 6-4 are for the second stationary dataset, which 

was not used for building the PCI model. Figure 6-1 shows the autocorrelation of the stationary 

z  gyroscope reading. Figure 6-2 gives the autocorrelation of the stationary z  gyroscope 

reading after removing the initial bias offset. According to this autocorrelation, it can be seen that 

the traditional Gauss-Markov (GM) model is not the most suitable model for this MEMS-based 

gyroscope drift. Figure 6-3 presents the stationary z  gyroscope reading (after removing the 

initial bias offset) from 2 to 16001 together with the estimated drift by the PCI model that has as 

input the readings from 1 to 16000. This figure shows how well the PCI model can predict the 

stochastic drift in gyroscope reading. Figure 6-4 shows the autocorrelation of the stationary z  

gyroscope reading after removing the initial bias offset and the drift estimated by the PCI model. 

This autocorrelation function shows that after removing the estimated drift, the remaining signal 

is mainly white noise. The use of the PCI model in the integration filter during a trajectory and 

how it is updated so that it can get the actual drift is discussed in sections V and the results are 

presented in section VI. 
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Figure 6-1: The autocorrelation of gyroscope reading of the second stationary dataset 

 
Figure 6-2: The autocorrelation of gyroscope reading of the second stationary dataset after 

removing the initial bias offset 

 
Figure 6-3: The gyroscope reading of the second stationary dataset after removing the 

initial bias offset versus the PCI prediction of the drift 
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Figure 6-4: The autocorrelation of gyroscope reading of the second stationary dataset after 

removing the initial bias offset and the PCI predicted drift 

6.1.2 Modeling the Stochastic Gyroscope Drift Using Higher Order AR 

The best PCI model used to model the gyroscope drift under consideration had maximum lag 

R=120 and the degree of polynomial D=1. Since the order of the polynomial terms D=1 and all 

the cascades outputs are summed to provide the overall system output, the mathematical 

manipulation can show that all the parallel cascades can collapse to one cascade consisting of a 

dynamic linear element with maximum lag of 120 followed by a first order polynomial (linear 

term and a constant term). Consequently, this system is like an AR system with a sole difference 

that the polynomial has a constant term as well. However, by examining its value, it was very 

small compared to the linear term. Thus, it was interesting to see how well a higher order AR 

model would do in modeling this gyroscope drift. The equation of the AR model of order p is in 

the form  

0
1

p

k n k n k
n

  


y = - y
    

                                                  (6.1) 

where k  is white noise which is the input to the AR model, ky  is the output of the AR model, 

the  ‟s and   are the parameters of the model. Further details about AR models and different 

methods used to get the parameters of the model can be found in [108, 109]. 

The first dataset was used to obtain the AR parameters using the Yule-Walker method. For 

the stationary readings down-sampled at 1Hz, an AR model whose order is 120 was obtained to 

model the drift. The model was tested using the second dataset to validate its capability to 

generalize and not just fit the training data. Also, theoretically, it is expected that there is no over-
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fitting because the number of parameters of the model is 121 while the two datasets used for 

training and testing have 16001 records each. Furthermore, the road-test results presented later for 

different inertial sensors show the capability of the obtained models to generalize and get the 

stochastic drift of the different gyroscopes used. 

In the following presented discussion, the AR model is used without the white noise input to 

show the ability of the model to get the drift of the readings. The white noise input will be added 

later on when the model is used in the integration filter. 

Figure 6-5 and Figure 6-6 are for the second stationary dataset, which was not used for 

building the AR model. Figure 6-5 presents the stationary z  gyroscope reading (after removing 

the initial bias offset) from record 2 to 16001 together with the one-ahead predicted drift by the 

AR model (without the white noise input) that uses the values of the respective previous  

gyroscope readings, from record 1 to 16000, assuming the initial conditions before reading record 

1 are zeros. Figure 6-6 shows the autocorrelation of the stationary z  gyroscope reading after 

removing the initial bias offset and the drift estimated by the AR model. This autocorrelation 

function shows that after removing the estimated drift, the remaining signal is mainly white noise. 

The use of the AR model in the integration filter during a trajectory and how it is updated so 

that it can get the actual drift is discussed in section V and the results are presented in section VI. 

It should be noted that such a higher order AR model is difficult to use with KF, despite the fact 

that it is a linear model. This is because for each inertial sensor the state vector has to be 

augmented with a number of elements equal to the order of the AR model (which is 120). 

Consequently, the covariance matrix, and other matrices used by the KF will increase drastically 

in size (an increase of 120 in rows and an increase of 120 in columns for each inertial sensor), 

which make this difficult to realize. 
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Figure 6-5: The gyroscope reading of the second stationary dataset after removing the 

initial bias offset versus the AR prediction of the drift 

 
Figure 6-6: The autocorrelation of gyroscope reading of the second stationary dataset after 

removing the initial bias offset and the AR predicted drift 

6.1.3 Augmenting the State Vector and the System Model 

If the stochastic gyroscope drift is modeled by either GM, or AR, or PCI in the system 

model, the state vector has to be augmented accordingly. The normal way of doing this 

augmentation will lead to, for example in the case of AR with order 120, the addition of 120 

states to the state vector. Since this will introduce a lot of computational overhead and will 

require an increase in the number of used particles, another approach is used in this work. The 

flexibility of the models used by PF was exploited together with an approximation that 

experimentally proved to work well. The state vector in PF is augmented by only one state for the 
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gyroscope drift. So at the k-th iteration, all the values of the gyroscope drift state in the particle 

population of iteration k-1 will be propagated as usual; but for the other previous drift values from 

k-120 to k-2, only the mean of the estimated drift will be used and propagated. This 

implementation makes the use of higher order models possible without adding a lot of 

computational overhead. The experiments with Mixture PF proved that this approximation is 

valid.  

If 120 states were added to the state vector, i.e. all the previous gyroscope drift states in all 

the particles of the population of iteration k-120 to k-1 were to be used in the k-th iteration, then 

the computational overhead would have been very high. Furthermore, when the state vector is 

large PF computational load is badly affected because a larger number of particles has to be used. 

6.1.4 Updating the Gyroscope Drift Using GPS 

For the solution proposed here, when a system model is used for the gyroscope drift (i.e. the 

state vector is augmented with a state for the gyroscope drift), the procedure undertaken to have a 

measurement update for this state is described in the following discussion. The update for the 

gyroscope drift is carried out when two conditions are satisfied: when there is no GPS outage and 

the vehicle is in motion. The fact that the vehicle is in motion is detected through the speed 

derived from the odometer. The Azimuth calculated from GPS is obtained as follows 
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computed from unaided mechanization of the reduced multi-sensor system. For this purpose, 
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w in the case of 2D RISS. 
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Azimuth calculated from this unaided mechanization. 

6.1.4.1 For 2D RISS/GPS Integration 

For 2D RISS, the update value for the gyroscope drift is derived from the following 

equations. We have 
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According to the mechanization output, the gyroscope reading that should have been associated 

with the motion between time steps k-1 and k (where the index k here is not the same as the one 

used for the gyroscope rate but for the GPS rate) is 
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Similarly, according to GPS readings, the gyroscope reading that should have been associated 

with the motion between time steps k-1 and k is 
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6.1.4.2 For 3D RISS/GPS Integration 

For 3D RISS, the update value for the gyroscope drift is derived from the following 

equations. From the Azimuth equation in the 3D RISS system model in chapter 5 equation (5.45), 

one have 
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Further mathematical manipulation of trigonometric functions shows that: 
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According to the mechanization output, the gyroscope reading that should have been 

associated with the motion between time steps k-1 and k (where the index k here is not the same 

as the one used for the gyroscope rate but for the GPS rate) is 
,

1
z Mech
k




. According to GPS 

readings, the gyroscope reading that should have been associated with the motion between time 

steps k-1 and k is 
,

1
z GPS
k




. The update value of the gyroscope drift (to be used at the k-th GPS 

update) is 
, , ,

1 1 1
z Update z Mech z GPS
k k k

  
  

  . It should be noted that the calculation of pitch 

1kp  and roll 1kr   depend only on the accelerometers and odometer in the RISS, so these values 

are the same for the expressions of 
,

1
z Mech
k




 and 
,

1
z GPS
k




. Thus the terms in equation (6.18), 

which involve 

1k

dp

dt 

 and 

1k

dr

dt 

 are nearly the same for both 
,

1
z Mech
k




 and 
,

1
z GPS
k




 and 

will be canceled together when calculating their difference.  

Thus, the update value of the gyroscope drift (to be used at the k-th GPS update) is 
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From equation (6.6), one have 
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6.1.5 Experimental Results and Discussion 

Three trajectories are presented here to show the performance of the proposed navigation 

solution in environments encompassing several different conditions. One of the trajectories has 

slow downtown scenarios with frequent stops an natural GPS outages, and the other two have 

highway sections with high speeds. The first two presented trajectories use the NovAtel OEM4 

GPS receiver; while, the third trajectory uses the Trimble Lassen SQ GPS receiver to demonstrate 

the applicability of the proposed solution with a lower cost GPS receiver. The first two 

trajectories use the vertical gyroscope from the MEMS-based Crossbow IMU300CC-100, while 
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the third trajectory uses the gyroscope from the ultra-low-cost MEMS-based ADI IMU to 

demonstrate the applicability of the obtained PCI and higher-order AR models for another lower-

cost IMU. 

The aim is to examine the performance of the proposed 2D Navigation solution using Mixture 

PF with both PCI and higher order AR. The two proposed combinations are compared to four 

other 2D solutions: Mixture PF with Gauss-Markov (GM) model for the gyro drift, Mixture PF 

with only white Gaussian noise (WGN) for the stochastic gyro errors, and two different KF with 

GM model for the gyro drift. All the PF solutions, except the one that uses WGN, use the idea of 

updating the gyroscope drift from GPS data when appropriate as described above; one of the KF 

solutions uses this same idea of update, while the other does not benefit from it. The errors in all 

the estimated solutions are calculated with respect to the NovAtel reference solution.  

The PF presented results are achieved with the number of samples equal to 100. Using 100 

samples with  20 samples predicted from observation likelihood, one iteration of the Mixture PF 

for 2D RISS (with the AR model for gyroscope drift) takes 0.00323 seconds (average of all 

iterations) using MATLAB 2007 on an Intel Core 2 Duo T7100 1.8GHz processor with 2GB 

RAM. One iteration of the Mixture PF for 2D RISS (with the PCI model for gyroscope drift) 

takes 0.004 seconds on the same machine. So the algorithm can work in real-time. 

6.1.5.1 First Trajectory 

The first road test trajectory used in this paper (Figure 5-8) starts in Montreal, Quebec, Canada 

and ends in Kingston, Ontario, Canada. This trajectory has some urban roadways in Montreal, 

and then it is on the highway from Montreal to Kingston. This road test was performed for nearly 

190 minutes of continuous vehicle navigation and a distance of around 303 km. The ultimate 

check for the proposed system‟s accuracy is during GPS signal blockage, which can be 

intentionally introduced in post processing. Since the presented solution is loosely-coupled, the 

outages used have complete blockage. Twelve outages are used (shown as circles overlaid on the 

map in Figure 5-8), they are simulated GPS outages. The trajectory is used twice, once with 60-

second outages and once with 180-second outages. The simulated outages were chosen such that 

they encompass straight portions and turns, the majority of which are at high speeds. Since 

outages of fixed durations are used, testing high speed cases shows the robustness of the proposed 

solutions because higher speeds will cause more position errors due to azimuth errors. 
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6.1.5.1.1 The case with 60-second GPS outages 

Table 6-1and Table 6-2 show the root mean square (RMS) error and the maximum error in the 

estimated 2D horizontal position during the twelve introduced 60-second GPS outages for the six 

compared solutions. The benefit of the technique proposed in this paper for updating the 

gyroscope stochastic drift from GPS (when appropriate) and mechanization can be seen by 

comparing the two KFs with GM models. The KF that uses the proposed measurement update for 

gyroscope drift performs much better than the one without updates for this drift. The results also 

show that the Mixture PF with GM outperforms the KF with GM; this is due to the ability of PF 

to deal with nonlinear system and measurement models, while the KF uses linearized error 

models. Furthermore, the Mixture PF with GM outperforms the Mixture PF with WGN because 

of the modeling of the stochastic drift of the gyroscope using GM, while the WGN solution 

assumes there is no stochastic drift (the stochastic error is only WGN). Except for a few cases, the 

performance of Mixture PF with WGN generally degrades with time because there is no 

modeling for the stochastic drift that generally increases with time; this fact will be more apparent 

when 180-second outages are examined.  

 
Figure 6-7: Road Test Trajectory from Montreal to Kingston. Circles indicate the locations of GPS outages. 

The average performance of PF with WGN is better than the KF with GM because of the first 

7 outages (except outage number 4) where the influence of the drift is still small. Another reason 

for the comparable results of PF with WGN and KF with GM, despite the fact that the former 
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assumes there is no drift, is the better estimate for the Azimuth angle before the outage in the PF 

because of the nonlinear measurement model presented in the previous chapter for the RISS, in 

which the Azimuth angle can benefit from GPS updates. Moreover, these results demonstrate that 

the Mixture PF with PCI and the Mixture PF with AR have approximately similar performance 

and they outperform the other solutions. This is because of both the nonlinear filtering and the use 

of more sophisticated models for the stochastic gyroscope drift. Comparing the PCI, higher order 

AR, and 1st order GM (all used with PF) shows that the traditional GM model is not the most 

adequate model for the stochastic drift of MEMS-based gyroscopes. 

Table 6-1: RMS horizontal position error during 60 sec. GPS outages for Montreal-Kingston trajectory. 

Outage 
No. 

Avg. Speed 
(Km/hr) 

App. Dist. 
(m) 

PF PCI 
(m) 

PF AR 
(m) 

PF GM 
(m) 

PF WGN 
(m) 

KF GM 
(m) 

KF GM No Gyro 
Updt (m)  

1 54 892 3.08 3.52 4.64 3.21 18.72 6.05 
2 93 1549 5.20 6.12 5.50 4.69 9.55 15.58 
3 110 1831 4.45 3.58 15.38 3.24 28.71 17.20 
4 117 1952 5.51 5.24 6.10 15.84 13.57 55.34 
5 117 1957 2.68 2.78 5.16 5.64 9.39 9.31 
6 107 1792 1.71 3.00 6.28 4.52 7.37 18.67 
7 117 1956 4.06 4.72 5.86 5.03 9.75 23.37 
8 118 1974 5.59 3.80 6.65 12.45 10.31 102.25 
9 118 1963 7.76 7.29 4.77 6.50 24.24 20.76 

10 118 1970 2.67 3.26 6.32 15.32 6.15 11.14 
11 114 1903 5.36 4.14 8.51 12.64 16.56 40.74 
12 114 1892 3.30 3.97 4.72 13.43 15.57 75.49 

Average 108 1803 4.28 4.28 6.66 8.54 14.16 32.99 

Table 6-2: Maximum horizontal position error during 60 sec. GPS outages for Montreal-Kingston trajectory. 

Outage 
No. 

Avg. Speed 
(Km/hr) 

App. Dist. 
(m) 

PF PCI 
(m) 

PF AR 
(m) 

PF GM 
(m) 

PF WGN 
(m) 

KF GM 
(m) 

KF GM No Gyro 
Updt (m)  

1 54 892 4.16 4.92 3.91 4.53 33.52 9.88 
2 93 1549 8.69 10.54 10.76 6.95 20.18 24.57 
3 110 1831 6.17 5.03 20.47 7.40 47.82 24.32 
4 117 1952 9.62 8.83 20.21 32.63 21.13 140.00 
5 117 1957 4.61 5.07 9.00 12.63 19.37 15.54 
6 107 1792 2.23 4.19 7.40 10.39 15.29 34.92 
7 117 1956 6.35 7.47 15.45 12.88 21.96 40.84 
8 118 1974 10.73 6.91 16.88 25.04 13.56 215.37 
9 118 1963 11.70 11.16 10.92 16.41 47.06 40.96 

10 118 1970 4.01 5.01 15.66 36.35 13.97 21.61 
11 114 1903 9.48 7.83 18.03 28.59 21.54 86.42 
12 114 1892 4.75 6.06 5.77 28.46 19.75 156.70 

Average 108 1803 6.88 6.92 12.87 18.52 24.60 67.59 
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For MEMS-based sensors integrated with GPS, these results prove the good performance of 

the two proposed navigation solutions. It should be noted also that these outages are mostly high 

speed ones, so the travelled distance during outages is a large distance (as seen in Table 5-1 and 

Table 5-2) and any Azimuth errors will be more influential in position errors. In average, the 

maximum position error for the two proposed solutions is about 7 meters in 1.8 kilometers. 

6.1.5.1.2 The case with 180 seconds GPS outages 

Table 6-3Table 6-4 show the RMS error and the maximum error in the estimated 2D 

horizontal position during the twelve simulated 180-second GPS outages for the six solutions. As 

in the previous results, the KF with measurement update for the gyroscope stochastic drift 

outperforms the KF without update for the drift. This is because a not well compensated 

gyroscope drift will lead to an Azimuth error (proportional to outage duration) that in turn leads 

to a greater error in position proportional to outage duration, azimuth error and the vehicle‟s 

velocity. Thus the position error due to uncompensated gyroscope drift is proportional to both the 

velocity and the square of outage duration. The effect of the measurement update for the 

gyroscope drift is much more apparent in the 180-second case.  

Table 6-3: RMS horizontal position error during 180 sec. GPS outages for Montreal-Kingston trajectory. 

Outage 
No. 

Avg. Speed 
(Km/hr) 

App. Dist. 
(m) 

PF PCI 
(m) 

PF AR 
(m) 

PF GM 
(m) 

PF WGN 
(m) 

KF GM 
(m) 

KF GM No Gyro 
Updt (m)  

1 52 2587 13.34 9.16 9.29 6.14 55.79 58.59 

2 100 5009 25.20 27.80 45.67 21.75 65.65 71.97 

3 93 4658 12.35 10.95 31.67 39.34 55.90 169.40 

4 117 5863 9.53 12.44 49.35 97.50 21.79 523.79 

5 118 5888 14.79 7.73 45.56 41.40 47.87 253.55 

6 111 5546 12.92 12.43 34.20 46.54 60.19 106.69 

7 115 5752 11.29 9.42 64.76 74.54 83.19 73.76 

8 118 5919 8.57 9.17 54.78 93.75 73.90 238.36 

9 118 5902 12.21 11.95 96.34 108.53 131.39 499.34 

10 118 5907 19.03 31.36 89.60 121.89 101.50 110.87 

11 115 5775 9.95 20.71 81.79 127.20 61.90 103.51 

12 108 5396 14.10 13.13 50.03 110.36 50.49 76.80 

Average 107 5350 13.61 14.69 54.42 74.08 67.46 190.55 

As in the 60-second case, these 180-second results show that the Mixture PF with GM 

performs better than KF with GM, but that their performance difference is not as much as in the 

60-second case. This is because a mis-modeled gyroscope drift error will lead to an Azimuth error 

that in turn leads to a greater error in position as mentioned earlier. So in 180-second outages, the 

mis-modelling of the 1st order GM is a major factor. Furthermore, the Mixture PF with GM 
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outperforms the Mixture PF with WGN because of the modeling of the stochastic drift of the 

gyroscope (even using GM), while the WGN solution assumes there is no stochastic drift. As 

mentioned earlier, the performance of Mixture PF with WGN is generally degrading with time 

because there is no modeling for the stochastic drift that generally increases with time; this fact is 

more obvious here because of the 180-second outages. The average performance of PF with 

WGN is now worse than the KF with GM despite the fact that it is better in some of the early 

outages where the influence of the stochastic drift is smaller.  

Table 6-4: Maximum horizontal position error during 180 sec. GPS outages for Montreal-Kingston trajectory. 

Outage 
No. 

Avg. Speed 
(Km/hr) 

App. Dist. 
(m) 

PF PCI 
(m) 

PF AR 
(m) 

PF GM 
(m) 

PF WGN 
(m) 

KF GM 
(m) 

KF GM No Gyro 
Updt (m)  

1 52 2587 24.48 16.89 15.34 9.67 87.69 200.33 

2 100 5009 51.97 59.04 92.06 47.26 128.65 123.05 

3 93 4658 20.07 17.54 40.87 77.49 74.96 413.34 

4 117 5863 19.96 30.77 116.87 202.80 52.48 962.64 

5 118 5888 36.53 16.35 93.36 82.58 99.13 492.46 

6 111 5546 27.53 26.03 77.43 99.83 128.98 230.51 

7 115 5752 15.72 13.50 147.57 164.15 180.40 132.51 

8 118 5919 15.40 15.02 145.63 220.75 183.40 426.48 

9 118 5902 27.14 25.17 229.60 252.54 276.62 967.63 

10 118 5907 34.20 59.54 208.81 269.03 238.22 254.30 

11 115 5775 15.58 34.93 204.34 287.99 165.90 235.85 

12 108 5396 34.63 29.54 127.96 239.47 131.80 171.81 

Average 107 5350 26.93 28.69 124.99 162.80 145.69 384.24 

Again, it can be seen that the Mixture PF with PCI and the Mixture PF with AR have very 

similar performance and they greatly outperform the other solutions. While in the 60-second case 

the ratio between the average of maximum errors for these 2 solutions and the other solutions 

(except KF without measurement update for the gyroscope drift) were about 1:2 or 1:3, these 

ratios are 1:5 and 1:6 in the 180 seconds outages. This greater difference in performance is 

because of the better modeling of the stochastic gyroscope drift which becomes more drastic 

when the outage duration increases. These results give more proof that the traditional 1st order 

GM process is not the most suitable for modeling the stochastic drift of MEMS-based 

gyroscopes. On average, the maximum position error for the two proposed solutions is about 28 

meters in 5.3 kilometers. 

Figure 6-8, Figure 6-10, and Figure 6-12 show the sections of the trajectory during the 180 

seconds GPS outages numbers 8, 9, and 10. These figures show the reference solution and all the 

solutions except the KF without measurement update for the gyroscope drift (the worst solution). 
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To illustrate the vehicle dynamics during these three outages respectively, Figure 6-9, Figure 

6-11, and Figure 6-13 show the forward speed of the vehicle and its azimuth angle, both from the 

NovAtel reference solution. 

 

Figure 6-8: Performance during GPS outage #8. 

 
Figure 6-9: Forward speed and azimuth from Novatel reference during GPS outage #8. 



144 

 

 
Figure 6-10: Performance during GPS outage #9. 

 
Figure 6-11: Forward speed and azimuth from Novatel reference during GPS outage #9. 
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Figure 6-12: Performance during GPS outage #10. 

 
Figure 6-13: Forward speed and azimuth from Novatel reference during GPS outage #10. 
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To examine the performance during turns, the 8th, 9th and 10th GPS outages are examined. The 

8th outage, which starts at the 125th minute from the beginning of the trajectory, is during a couple 

of small turns of about 25 º each and the speed of the vehicle is about 118 km/h. The maximum 

horizontal position error for PF with PCI is 15.4 meters, while for PF with AR is 15.02 meters, 

for PF with GM is 145.63 meters, for PF with WGN is 220.75, and for KF with GM and 

gyroscope drift measurement update is 183.4 meters. These results conform to the previous 

discussion on the performance of the different solutions. The 9th outage, which starts at about the 

144th minute of the trajectory, involves a 60 º turn followed by a 45 º one then another of 30 º and 

the vehicle speed is about 118 km/h. The maximum horizontal position error for PF with PCI is 

27.14 meters, while for PF with AR is 25.17 meters, for PF with GM is 229.6 meters, for PF with 

WGN is 252.54, and for KF with GM and gyroscope drift update is 276.62 meters. This outage is 

the only exception, in the last five outages of the trajectory, where the result of PF with WGN is 

better than KF with GM and gyroscope drift update. The 10th GPS outage, which starts at the 

150th minute of the trajectory, is during a sequence of slight turns of about 17º, 25º, and 17º. The 

speed is about 118 km/h. The maximum horizontal position error for PF with PCI is 34.2 meters, 

while for PF with AR is 59.54 meters, for PF with GM is 208.81 meters, for PF with WGN is 

269.03, and for KF with GM and gyroscope drift update is 238.22 meters.  

To show the performance during straight portions of the trajectory, the 7th GPS outage is an 

example, where the vehicle‟s speed is about 115 km/h. This outage starts at the 111
th
 minute from 

the beginning of the trajectory, and the travelled distance during this outage is nearly 5.75 km. 

The maximum horizontal position error for PF with PCI is 15.72 meters, while for PF with AR is 

13.5 meters, for PF with GM is 147.57 meters, for PF with WGN is 164.15, and for KF with GM 

and gyroscope drift measurement update is 180.4 meters.  

The advantage of suitable modeling of the MEMS-based gyroscope stochastic drift is apparent 

from these results. For MEMS-based inertial sensors, these results show that the two proposed 

solutions (PF with either PCI or higher order AR) have good performance during long GPS 

outages encompassing either straight portions or turns, even at high speeds. 

6.1.5.2 Second trajectory 

The second road test trajectory (Figure 6-14) is in Montreal, Quebec, Canada. This road test 

was performed for nearly 120 minutes of continuous vehicle navigation and a distance of around 

37 km. This trajectory, which is in a downtown scenario with urban canyons in some parts, has 

several natural GPS outages. In order to reduce the number of outages presented and to examine 
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the system performance in longer outages, the adjacent natural outages were combined into 

longer outages with different durations. The number of the grouped natural outages is seven. 

Furthermore, three simulated outages are introduced; they are the first three. The ten outages are 

shown as circles overlaid on the map in Figure 6-14. These outages encompass straight portions, 

turns, and frequent stops. 

 
Figure 6-14: Road Test Trajectory in downtown Montreal. Circles indicate the locations of 

GPS outages. 

Table 6-5 and Table 6-6 show the RMS error and the maximum error in the estimated 2D 

horizontal position during the ten GPS outages for the six solutions. These results confirm the 

previous results. Comparing the results of the two KFs with GM models demonstrate the benefit 

of the technique proposed for updating the gyroscope stochastic drift from both mechanization 

and GPS (when appropriate). The results also show that the Mixture PF with GM performs better 

than KF with GM; the difference of performance is not so big because of the long outage duration 

where the mis-modeling of the gyroscope drift is the main factor influencing performance as 

discussed earlier. Furthermore, the Mixture PF with GM shows better performance than Mixture 

PF with WGN because the modeling of the stochastic drift of the gyroscope, even using GM, is 

better than assuming that there is no stochastic drift. Moreover, these results demonstrate that the 

Mixture PF with PCI and the one with higher order AR outperform all the other solutions. This is 
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due to both the nonlinear filtering and the use of more sophisticated models for the stochastic 

gyroscope drift. As discussed earlier, comparing these two solutions to the Mixture PF with 1st 

order GM shows that the traditional GM model is not the most adequate model for the stochastic 

drift of MEMS-based gyroscopes. 

Table 6-5: RMS horizontal position error during GPS outages for downtown Montreal trajectory. 

Outage 
No. 

Outage 
Dur. (sec) 

Avg. Speed 
(Km/hr) 

App. Dist. 
(m) 

PF PCI 
(m) 

PF AR 
(m) 

PF GM 
(m) 

PF WGN 
(m) 

KF GM 
(m) 

KF GM 
No Gyro 
Updt (m)  

1 180 18 897 5.59 5.26 6.68 7.42 8.35 54.80 

2 180 16 791 8.86 9.73 13.95 17.50 11.00 40.36 

3 180 15 734 4.33 4.34 7.45 9.70 7.50 46.31 

4 120 25 838 4.14 4.38 6.55 12.62 12.00 13.97 

5 170 13 620 9.59 9.02 14.91 16.61 17.89 12.49 

6 120 24 802 8.73 8.06 12.27 19.25 13.08 69.03 

7 155 12 509 11.83 11.79 23.77 19.72 37.53 46.67 

8 180 6 321 7.24 6.53 4.92 8.80 9.87 29.56 

9 230 13 839 11.93 11.54 26.63 20.68 28.12 36.87 

10 80 8 183 2.81 2.73 2.83 3.74 5.12 3.88 

Average 160 15 653 7.51 7.34 12.00 13.60 15.05 35.39 

Table 6-6: Maximum horizontal position error during GPS outages for downtown Montreal trajectory. 

Outage 
No. 

Outage 
Dur. (sec) 

Avg. Speed 
(Km/hr) 

App. Dist. 
(m) 

PF PCI 
(m) 

PF AR 
(m) 

PF GM 
(m) 

PF 
WGN 
(m) 

KF GM 
(m) 

KF GM 
No Gyro 
Updt (m)  

1 180 18 897 8.65 8.40 9.30 11.14 17.13 99.96 

2 180 16 791 16.64 18.22 25.42 32.45 24.73 69.82 

3 180 15 734 10.51 10.29 26.04 32.27 21.95 72.63 

4 120 25 838 6.51 6.97 16.22 27.11 21.27 30.22 

5 170 13 620 18.85 17.36 32.28 34.71 36.90 28.34 

6 120 24 802 19.38 17.61 32.20 47.55 34.81 113.26 

7 155 12 509 18.38 18.92 46.64 40.07 70.37 67.31 

8 180 6 321 12.01 11.26 8.91 14.18 14.17 38.44 

9 230 13 839 28.12 24.84 36.30 56.50 38.75 50.23 

10 80 8 183 6.52 6.27 6.15 7.81 10.30 6.28 

Average 160 15 653 14.56 14.01 23.94 30.38 29.04 57.65 

 

This trajectory is at low speed and with frequent stops, a situation that happens a lot in 

downtown environments. All the compared solutions have better performance in this trajectory 

despite the long outage durations. The reason for this is that the vehicle speed measurements 

logged through OBD II interface are exactly zero during the very frequent stops, which bounds 

the position error growth. Furthermore, in all the compared solutions the major source of error is 
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the vertically aligned gyroscope used for estimating the azimuth angle. As the azimuth error is 

modulated by the velocity, so lower speeds cause less positional error due to azimuth errors. 

6.1.5.3 Third trajectory 

The two trajectories presented earlier used the NovAtel OEM4 GPS receiver. To demonstrate 

the performance of the proposed navigation solutions with lower cost receivers, a Trimble Lassen 

SQ GPS receiver is used in this trajectory. Moreover, the first two trajectories used the vertical 

gyroscope from the MEMS-based Crossbow IMU300CC-100. To demonstrate the applicability of 

the obtained PCI and higher-order AR models for a different lower-cost IMU, this trajectory uses 

the vertical gyroscope from the ultra-low-cost MEMS-based ADI IMU. 

The third road test trajectory (Figure 6-15) starts in Toronto and ends in Kingston, Ontario, 

Canada. This trajectory has some urban roadways in Toronto, and then it is on the highway from 

Toronto to Kingston. This road test was performed for nearly 140 minutes of continuous vehicle 

navigation and a distance of around 230 km. Fifteen 60-second simulated GPS outages are used 

(shown as circles overlaid on the map in Figure 6-15). The majority of the simulated outages are 

at high speeds. As mentioned earlier, the experiments with high speed show the robustness of the 

proposed solutions because higher speeds will cause more position errors due to azimuth errors. 

 
Figure 6-15: Road Test Trajectory from Toronto to Kingston. Circles indicate the locations 

of GPS outages. 

Table 6-7 and Table 6-8 show the RMS error and the maximum error in the estimated 2D 

horizontal position during the fifteen GPS outages for the six solutions. These results show the 

validity of the proposed navigation solutions using a lower-cost GPS receiver and very low-cost 

inertial sensors. Like the previous trajectories, comparing the results of the two KFs with GM 

models show the benefit of the technique proposed for updating the gyroscope stochastic drift 

from both mechanization and GPS (when appropriate). These results also show that the Mixture 
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PF with GM performs better than KF with GM. Furthermore, the Mixture PF with GM performs 

better than Mixture PF with WGN because the modeling of the stochastic drift of the gyroscope 

in the former is better than assuming that there is no stochastic drift in the latter. Furthermore, 

these results demonstrate that the Mixture PF with PCI and Mixture PF with higher order AR 

outperform all the other solutions. This is due to both the nonlinear filtering and the use of more 

sophisticated models for the stochastic gyroscope drift. These results also demonstrate that the 

obtained models using PCI and higher-order AR work well with a different gyroscope from a 

lower-cost IMU. Comparing these two solutions to the Mixture PF with 1st order GM shows that 

the enhancement over GM is much more than the 60-second outages of the first highway 

trajectory presented earlier (using a gyroscope from a relatively better IMU). This further 

demonstrates the benefits of the developed models for very low-cost inertial sensors. Moreover, 

this further proves that the traditional GM model is not the most adequate model for the stochastic 

drift of MEMS-based gyroscopes. 

Table 6-7: RMS horizontal position error during 60 sec. GPS outages for Toronto-Kingston trajectory. 

Outage 
No. 

Avg. Speed 
(Km/hr) 

App. Dist. 
(m) 

PF PCI 
(m) 

PF AR 
(m) 

PF GM 
(m) 

PF WGN 
(m) 

KF GM 
(m) 

KF GM No Gyro 
Updt (m)  

1 22 359 3.76 3.28 9.96 4.27 11.82 31.29 

2 111 1855 6.56 4.10 10.24 22.27 21.82 64.47 

3 69 1152 10.29 8.93 12.86 20.41 15.59 92.01 

4 118 1968 4.74 2.48 19.14 29.35 23.05 78.83 

5 113 1877 9.81 7.30 35.99 41.68 49.01 65.44 

6 115 1925 5.84 4.87 32.74 41.17 33.89 93.94 

7 110 1831 11.16 9.02 29.13 35.70 11.29 114.13 

8 114 1908 3.31 2.70 18.58 30.06 20.92 64.76 

9 115 1910 3.96 5.85 43.53 31.74 43.15 113.62 

10 115 1917 5.32 4.39 17.83 24.12 32.76 31.82 

11 110 1832 4.00 5.55 12.17 19.87 3.81 15.09 

12 114 1908 2.71 4.25 34.64 22.62 43.56 24.20 

13 114 1896 6.24 3.75 11.06 18.97 37.08 47.14 

14 115 1919 11.84 9.22 11.65 12.12 50.11 62.33 

15 114 1905 7.77 8.74 4.38 26.96 16.37 236.51 

Average 105 1744 6.49 5.63 20.26 25.42 27.61 75.71 
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Table 6-8: Maximum horizontal position error during 60 sec. GPS outages for Toronto-Kingston trajectory. 

Outage 
No. 

Avg. Speed 
(Km/hr) 

App. Dist. 
(m) 

PF PCI 
(m) 

PF AR 
(m) 

PF GM 
(m) 

PF WGN 
(m) 

KF GM 
(m) 

KF GM No Gyro 
Updt (m)  

1 22 359 6.76 5.97 24.51 8.20 26.73 60.19 

2 111 1855 15.10 9.18 25.47 50.22 48.12 128.41 

3 69 1152 19.11 16.59 27.81 42.41 32.67 200.15 

4 118 1968 11.68 3.97 47.40 68.52 50.47 128.23 

5 113 1877 19.16 14.27 78.72 89.79 103.69 150.61 

6 115 1925 7.64 5.82 75.34 92.81 77.84 177.63 

7 110 1831 20.02 16.12 63.39 76.78 25.89 223.66 

8 114 1908 6.31 5.28 45.12 67.34 48.81 129.87 

9 115 1910 4.73 7.41 89.25 66.15 90.82 231.96 

10 115 1917 11.80 10.50 41.68 54.27 70.66 42.81 

11 110 1832 6.84 11.90 25.38 40.60 6.54 30.36 

12 114 1908 5.31 9.55 71.30 47.26 88.34 50.26 

13 114 1896 8.00 4.46 27.83 44.16 79.33 97.16 

14 115 1919 21.77 17.73 16.27 28.52 91.11 116.57 

15 114 1905 12.95 14.28 8.15 49.57 40.31 391.88 

Average 105 1744 11.81 10.20 44.51 55.11 58.75 143.98 

6.1.5.4 Summary 

This section presented advanced modeling techniques for the low-cost MEMS-based 

gyroscope used in RISS. The proposed navigation solution uses a Mixture PF as a nonlinear 

filtering technique to integrate this reduced multi-sensor system with GPS. This use of PF 

enabled the use of more sophisticated models for the stochastic drift of the MEMS-based 

gyroscope. PCI as well as higher order AR were used for this model. The two combinations of 

Mixture PF with PCI and with AR were tested with real road-test trajectories and compared to 

four other navigation solutions. The results for three trajectories were presented. The first 

trajectory, having high speeds that increase the influence of any azimuth errors, was tested with 

simulated GPS outages, once with 60-second durations and once with 180-second durations. The 

second trajectory was in a downtown environment with frequent stops and natural GPS outages, 

also some simulated outages were introduced. The third trajectory is a high speed trajectory with 

simulated 60-second GPS outages. This third trajectory used a low-cost GPS receiver and a 

gyroscope from a very low-cost MEMS-based IMU, to demonstrate the performance of the 

proposed navigation solutions with the obtained PCI and higher-order AR models with different 

and very low-cost equipment. 

The results emphasized the benefit of the proposed technique for getting measurement 

updates for the stochastic drift of the gyroscope from both mechanization and GPS (when 
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appropriate); this can be seen by comparing the results of the two KFs, with and without the use 

of these updates. The results also demonstrated that Mixture PF outperformed KF for this 

integration problem, due to the use of nonlinear system and measurement models instead of 

linearized models. Furthermore, the results showed that the Mixture PF with GM model for the 

stochastic drift has a better performance than Mixture PF with WGN, because the latter assumes 

that there is no drift and the stochastic error is only white noise. Moreover, the results 

demonstrated that the 1st order GM process is not the most suitable model for this MEMS-based 

gyroscope drift, and that more sophisticated models can give far better performance especially in 

long GPS outages where the gyroscope error is more influential.  

Considering the maximum error in horizontal positioning, the KF with measurement 

update for the gyroscope stochastic drift achieved an average improvement of approximately 64% 

over KF without this update for the drift in the first trajectory with 60-second outages, an 

improvement of 62% in the first trajectory with 180-second outages, and an improvement of 50% 

in the second trajectory. Mixture PF with PCI achieved an average improvement of 

approximately 47% over Mixture PF with GM in the first trajectory with 60-second outages, an 

improvement of 78% in the first trajectory with 180-second outages, and an improvement of 39% 

in the second trajectory. Furthermore, Mixture PF with PCI achieved an average improvement of 

approximately 63% over Mixture PF with WGN in the first trajectory with 60-second outages, an 

improvement of 83% in the first trajectory with 180-second outages, and an improvement of 52% 

in the second trajectory. Moreover, Mixture PF with PCI achieved an average improvement of 

approximately 72% over KF with GM and measurement updates for the gyroscope drift in the 

first trajectory with 60-second outages, an improvement of 82% in the first trajectory with 180-

second outages, and an improvement of 50% in the second trajectory. Finally, Mixture PF with 

PCI achieved an average improvement of approximately 90% over KF with GM and without 

updates for the gyroscope drift in the first trajectory with 60-second outages, an improvement of 

93% in the first trajectory with 180-second outages, and an improvement of 75% in the second 

trajectory. 

For the third trajectory with very low-cost sensors, considering the maximum error in 

horizontal positioning, the KF with measurement update for the gyroscope stochastic drift 

achieved an average improvement of approximately 59% over KF without this update for the 

drift. Mixture PF with PCI achieved an average improvement of approximately 73% over Mixture 

PF with GM, and of 79% over Mixture PF with WGN. Furthermore, Mixture PF with PCI 

achieved an average improvement of approximately 80% over KF with GM and measurement 
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updates for the gyroscope drift, and of 92% over KF with GM and without updates for the 

gyroscope drift. 

The results showed that the proposed navigation solution using Mixture PF with PCI and 

the one with higher order AR outperformed all the other solutions in the comparison and showed 

similar, consistent and good performance for MEMS-based inertial sensors/GPS integration 

during GPS outages even for prolonged durations. Moreover, with the low number of samples 

used and the presented running times, the Mixture PF algorithm can work in real-time. 

The use of Mixture PF with higher order AR is recommended because it is simpler, its 

running time is less, and it can provide similar performance to PCI. PCI is reported in this work 

as it was the general nonlinear system identification technique that led to the finding that the drift 

model had a maximum lag of 120 and degree of polynomial equal to 1, which subsequently led to 

trying a linear AR model with order 120. 

6.2 Automatic Detection of GPS Degraded Performance 

Since this is a loosely-coupled navigation solution, one of the criteria used in the checking 

of GPS degraded performance is the number of satellites. If the number of satellites visible to 

receiver is four or more, the GPS reading passes the first check. The second check is using the 

dilution of precision (DOP) of the calculated position solution by the GPS receiver. Both the 

horizontal DOP (HDOP) and vertical DOP (VDOP) are used. Despite these two checks, some 

GPS readings with degraded performance (especially because of some reflected signals reaching 

the receiver and not the original signal because of loss of direct line-of-sight between some 

satellites and the receiver) may still find their way to update the filter and can jeopardize its 

performance. Thus further checks have to be used. 

Since this is an integrated solution, and since Mixture PF with 3D RISS and a robust model 

for the gyroscope drift provide very good position and attitude calculations, even for long periods 

of unaided operation, these facts are exploited to assess GPS position and velocity observations. 

Furthermore motion constraints on land vehicles are exploited as well, in connection with RISS 

readings. 

1. The first check is based on assessing the new GPS horizontal position reading and 

subtracting from it the current estimate of position. If this difference is much higher than 

what it should be when compared to the vehicle speed obtained from OBD II which is an 

accurate quantity, then this indicates the presence of degradation and the new GPS update is 

discarded.  



154 

 

2. The second check for GPS position is concerned with the altitude component. 3D RISS 

provides very good altitude estimates even during very long durations of unaided 

performance, this fact is used together with the non-holonomic constraint of no 

perpendicular vertical motion for land vehicles to assess the GPS altitude of the new reading. 

Since altitude is a weak component in GPS, this check helps in detecting GPS degraded 

performance and discarding the update. 

3. The third check is for azimuth update from GPS velocities. This update is not used unless the 

vehicle is in motion, which is very well detected through the OBD II speed readings. 

Furthermore, to have an azimuth update, the HDOP is checked for a lower threshold than the 

one used for position update. This last check is because the azimuth calculated from GPS is a 

sensitive quantity. If the check is not met, azimuth update from GPS is not performed. 

4. The fourth check is again for azimuth update from GPS. This check exploits the motion 

constraints on land vehicles. The current azimuth calculated from GPS is compared to the 

previous one which is 1 sec before while taking care of the angle circularity. A large 

difference which can‟t correspond to land vehicle motion indicate erroneous update from 

GPS. Furthermore, the current azimuth obtained from GPS is as well compared to the current 

estimate of the vehicle azimuth, this also shows the validity of this azimuth update. 

5. The fifth check concerns the update of the gyroscope drift. If the vehicle is in motion 

detected through OBD II readings, GPS might be used for this update depending on further 

checks; if the vehicle is stationary, this fact is also exploited to update the gyroscope drift 

without GPS. Since this gyroscope drift update from GPS is sensitive, the HDOP is checked 

for a lower threshold than the one used for position update in order to enable this drift 

update.  

6.2.1 Experimental Results and Discussion 

Several trajectories in downtown Toronto, Calgary, and Detroit were collected which 

suffered from degraded GPS performance (either multipath, reflections with loss of direct line-of-

sight, or complete blockage). Different low-cost MEMS-based IMUs and low-cost GPS receivers 

were used. 

The proposed navigation Solution using Mixture PF for 3D RISS/GPS integration and 

using the higher order AR model (AR120) to model the stochastic drift of the MEMS-based 

gyroscope are the one used in all the following results reported in this sub-section. 
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6.2.1.1 Experiments in Downtown Toronto 

The road test trajectory in downtown Toronto, Ontario, Canada presented here can be seen 

in Figure 6-16. This road test was performed for nearly 128 minutes of continuous vehicle 

navigation and a distance of around 33.5 km was traveled. This trajectory is in a downtown 

scenario with urban canyons in some parts (Figure 6-17) and some under-paths (Figure 6-18), and 

it has a lot of degraded GPS performance because of either multipath, severe reflections with loss 

of direct line-of-sight, or complete blockage. The portions with degraded GPS performance 

encompass straight portions, turns, and frequent stops. In this trajectory, the inertial sensors used 

for 3D RISS are from the Crossbow IMU300CC-100, the GPS receiver used is the NovAtel 

OEMV-1G. 

 
Figure 6-16: Road Test Trajectory in Toronto, Coming from North to South into downtown 

then leaving from the South-East. 

Figure 6-19, Figure 6-20, and Figure 6-21 show the reference, GPS, and the proposed 

solution during sections of this trajectory with urban canyons. The NovAtel OEMV-1G GPS 
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receiver suffered from severe reflections with loss of direct line-of-sight and from some complete 

blockage during the urban canyons as demonstrated in the figures. Figure 6-22 shows the 

reference, GPS, and the proposed solution during an under-path under the Gardiner Expressway, 

where the GPS signal suffered from a complete blockage.  

 
Figure 6-17: Actual photos showing the urban canyons taken during the trajectories 

collection in downtown Toronto. 

 
Figure 6-18: A scenario with complete blockage under Gardiner Expressway in Toronto, 

showing a choice of routs that needs guidance for a driver visiting Toronto. 

As described earlier, when the GPS quality is extremely low, its readings are discarded 

completely, and the Mixture PF with 3D RISS operates in prediction mode relying on the higher 
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order AR model correction for the stochastic gyroscope drift. In the following discussion, when 

GPS readings are discarded, this will be called a GPS outage. The trajectory was full of such 

outages. Figure 6-23 show the maximum error in position during only the outages whose duration 

exceeds 100 seconds. In Figure 6-23 a comparison of maximum position error is presented 

between Mixture PF and KF. The Mixture PF is for 3D RISS/GPS integration with the AR model 

of order 120 for the gyroscope drift, the update for gyroscope drift explained earlier, and the 

automatic detection of GPS degraded performance. The KF is for 3D RISS/GPS integration with 

1st order Gauss Markov model for the gyroscope drift, the update for gyroscope drift explained 

earlier, and the automatic detection of GPS degraded performance. So both share everything 

except that the first is Mixture PF with the nonlinear models described in chapter 5 and with AR 

of order 120 (i.e. options that can‟t be available for KF), the second is KF with linearized models 

and 1st order Gauss Markov model. Moreover, it should be noted that since the KF uses linearized 

models, it does not benefit from the corrected azimuth calculation that accounts for the case 

where the gyroscope is in a tilted plane not in the pure horizontal East-North plane. This is also 

one of the drawbacks of KF for 3D RISS when compared to the Mixture PF with 3D RISS.  

 

Figure 6-19: Zoom-in on first portion of degraded GPS performance in Toronto trajectory. 
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Figure 6-20: Zoom-in on second portion of degraded GPS performance in Toronto 

trajectory.  

 

Figure 6-21: Zoom-in on third and hardest portion of degraded GPS performance in 

Toronto trajectory. 
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Figure 6-22: Zoom-in on a section with complete blockage under the Gardiner Expressway 

in Toronto trajectory. 

 
Figure 6-23: Comparison between Mixture PF/AR120 and KF/GM both with gyroscope 

drift update and automatic detection of GPS degraded performance. 

From the results in Figure 6-23, it can be noted that the overall performance of Mixture PF 

outperforms that of KF. It should be noted that this trajectory has some portions at low speed and 

with frequent stops. It can be noted that the difference in performance between the Mixture PF 

with 3D RISS and KF with 3D RISS is not as big in some GPS outages as compared to other 

outages. The outages with lower speeds and frequent stops, have less difference between the two 
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compared filters. The reason for this is the good accuracy of the vehicle speed obtained from the 

OBD II interface; furthermore this speed reading is exactly zero during the  frequent stops, which 

bounds the position error growth. Furthermore, in all the RISS solutions the only remaining main 

source of error is the vertically aligned gyroscope used for estimating the azimuth angle. Since 

the non-stationary position errors are related to the azimuth errors modulated by the velocity, 

lower speeds causes less positional errors due to azimuth errors. Whenever the traveled distance 

is higher or the vehicle speed is higher, the enhancement provided by Mixture PF will be more 

apparent.   

6.2.1.2 Experiments in Downtown Calgary 

The proposed navigation Solution using Mixture PF for 3D RISS/GPS integration and 

using the higher order AR model (AR120) to model the stochastic drift of the MEMS-based 

gyroscope were tested on a trajectory provided by the MMSS research group at the Department of 

Geomatics Engineering, University of Calgary. The inertial sensors used in 3D RISS in this 

trajectory are from the ADIS16405 IMU, without using its 3 magnetometers. This trajectory will 

be discussed twice, once with the NovAtel SuperStar II GPS receiver and once with the SiRFstar 

IV high sensitivity GPS receiver to demonstrate the performance of the proposed navigation 

solution using different types of low end GPS receivers. 

For the NovAtel SuperStar II, the availability of GPS was 56% (about 25 minutes from 46 

minutes of driving), as illustrated in Figure 6-24. Over the whole trajectory, the GPS maximum 

position error was 780.62m. The proposed solution (Figure 6-25) availability is of course 100%, 

and the maximum position error over the whole trajectory is 42.66m. For the SiRFstar IV, the 

availability for GPS was 97.7% since this is a high sensitivity GPS receiver, but as can be 

depicted from Figure 6-26 it is unreliable and inaccurate in urban canyons showing its maximum 

position error of 165.4m. The proposed solution (Figure 6-27) availability is 100%, and the 

maximum position error over the whole trajectory is 33m.  

These results demonstrate the ability of the proposed navigation solution to work with 

different low cost GPS receivers including the high sensitivity receivers which are currently being 

largely available in the market. 
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Figure 6-24: The NovAtel SuperStar II GPS receiver and the reference solution in Calgary 

downtown trajectory. 

 
Figure 6-25: The Mixture PF/AR120 3D RISS solution and the reference solution in 

Calgary downtown trajectory with NovAtel SuperStar II GPS receiver. 
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Figure 6-26: The SiRFstar IV GPS receiver and the reference solution in Calgary 

downtown trajectory. 

 
Figure 6-27: The Mixture PF/AR120 3D RISS solution and the reference solution in 

Calgary downtown trajectory with SiRFstar IV GPS receiver. 
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6.2.1.3 Experiments in Downtown Detroit 

The repeatability of the proposed navigation Solution using Mixture PF for 3D RISS/GPS 

integration and using the higher order AR model (AR120) to model the stochastic drift of the 

MEMS-based gyroscope was tested by five exactly similar trajectories in downtown Detroit. 

There was another 6th similar trajectory, but with three differences: (i) it starts inside downtown 

itself to show the capability of Mixture PF when the operation starts with high uncertainty and 

with degraded GPS performance. This is a situation which is difficult for KF which needs some 

time for adequate convergence; (ii) it has a longer downtown portion than the other trajectories. 

(iii) After finishing the downtown portion, it goes out of downtown and goes to relatively more 

open sky area, then onto a highway with some tunnels. 

The GPS receiver used in these trajectories is the NovAtel OEMV-1G. Inertial sensors 

used in 3D RISS are from two IMUs, namely: the Crossbow IMU300CC-100 and the Silicon 

Sensing DMU02.  

Figure 6-28, Figure 6-30, Figure 6-32, Figure 6-34, and Figure 6-36 show the overall 

trajectory for the five similar runs. Each figure shows the GPS performance (in blue), and the two 

presented solution once with Crossbow (in green) and once with DMU02 (in red). Figure 6-29, 

Figure 6-31, Figure 6-33, Figure 6-35, Figure 6-37 show a zoom-in on the downtown section of 

each trajectory. The three previously mentioned colored paths are presented as well as the 

reference solution is presented (in orange). The GPS solution (in blue) is presented as dots to 

show the availability of GPS. It should be noted that these zoomed figures are rotated to fit the 

downtown section in a single figure; the North direction can be seen in the upper left corner of 

each figure. 

Figure 6-38 shows the overall trajectory for the sixth run, Figure 6-39 shows the downtown 

section of the trajectory. Each of these two figures show the GPS performance (in blue), and the 

two presented solutions once with Crossbow (in green) and once with DMU02 (in red). Figure 

6-40 shows a zoom-in on the downtown section of the trajectory with the three previously 

mentioned colored paths as well as the reference solution (in orange). The GPS solution (in blue) 

is presented as dots to show the availability of GPS. Again, this zoomed figure is rotated to fit the 

downtown section in a single figure; the North direction can be seen in the upper left corner of 

each figure. Figure 6-41 and Figure 6-42 show the performance in three consecutive tunnels on 

the highway with high speed. 
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Figure 6-28: First Detroit trajectory, GPS (blue), MPF with Crossbow (green), MPF with 

DMU02 (red). 

 
Figure 6-29: First Detroit trajectory downtown area, GPS (blue), MPF with Crossbow 

(green), MPF with DMU02 (red), reference (orange). Figure is rotated. 
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Figure 6-30: Second Detroit trajectory, GPS (blue), MPF with Crossbow (green), MPF with 

DMU02 (red). 

 
Figure 6-31: Second Detroit trajectory downtown area, GPS (blue), MPF with Crossbow 

(green), MPF with DMU02 (red), reference (orange). Figure is rotated. 
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Figure 6-32: Third Detroit trajectory, GPS (blue), MPF with Crossbow (green), MPF with 

DMU02 (red). 

 
Figure 6-33: Third Detroit trajectory downtown area, GPS (blue), MPF with Crossbow 

(green), MPF with DMU02 (red), reference (orange). Figure is rotated. 



167 

 

 
Figure 6-34: Fourth Detroit trajectory, GPS (blue), MPF with Crossbow (green), MPF with 

DMU02 (red). 

 
Figure 6-35: Fourth Detroit trajectory downtown area, GPS (blue), MPF with Crossbow 

(green), MPF with DMU02 (red), reference (orange). Figure is rotated. 
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Figure 6-36: Fifth Detroit trajectory, GPS (blue), MPF with Crossbow (green), MPF with 

DMU02 (red). 

 
Figure 6-37: Fifth Detroit trajectory downtown area, GPS (blue), MPF with Crossbow 

(green), MPF with DMU02 (red), reference (orange). Figure is rotated. 
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Figure 6-38: Sixth Detroit trajectory, GPS (blue), MPF with Crossbow (green), MPF with 

DMU02 (red). 

 
Figure 6-39: Sixth Detroit trajectory downtown area, GPS (blue), MPF with Crossbow 

(green), MPF with DMU02 (red). 
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Figure 6-40: Sixth Detroit trajectory downtown area, GPS (blue), MPF with Crossbow 

(green), MPF with DMU02 (red), reference (orange). Figure is rotated. 

 
Figure 6-41: First two tunnels in sixth Detroit trajectory, GPS (blue), MPF with Crossbow 

(green), MPF with DMU02 (red), reference (orange). 
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Figure 6-42: Third tunnel in sixth Detroit trajectory, GPS (blue), MPF with Crossbow 

(green), MPF with DMU02 (red), reference (orange). 

Table 6-9 and Table 6-10 show the assessment of performance for the solution using 

DMU02 IMU and Crossbow IMU, respectively. In order for the assessment to be consistent, only 

the downtown portion of the sixth trajectory is included to be similar to the other trajectories. 

These results show the RMS error in position, the position error margin for 95% of the time, the 

maximum position error, the percentage of time the solution error is less than 2m, the percentage 

of time the solution error is less than 10m, and the percentage of time the solution error is less 

than 30m.  

Table 6-9: Assessment of performance in Detroit downtown when using the DMU02 IMU. 

  
RMS error 

(m) 
95% time 
error (m) 

MAX error 
(m) 

% time 
(<2m) 

% time 
(<10m) 

% time 
(<30m) 

Traj 1 2.73 7.42 12.26 63.29 100.00 100.00 

Traj 2 4.98 7.91 13.34 20.82 99.59 100.00 

Traj 3 5.99 9.95 42.52 35.90 98.29 99.15 

Traj 4 5.18 11.93 14.29 33.96 88.53 100.00 

Traj 5 3.64 9.15 10.61 51.91 98.99 100.00 

Traj 6 Downtown 4.32 11.01 27.14 33.97 91.60 100.00 

Average Downtown 4.47 9.56 20.03 39.98 96.17 99.86 
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Table 6-10: Assessment of performance in Detroit downtown when using the Crossbow 

IMU. 

  
RMS error 

(m) 
95% time 
error (m) 

MAX error 
(m) 

% time 
(<2m) 

% time 
(<10m) 

% time 
(<30m) 

Traj 1 3.18 7.82 9.52 51.82 100.00 100.00 

Traj 2 5.49 10.33 16.41 30.41 92.86 100.00 

Traj 3 7.00 18.54 20.09 21.81 61.59 100.00 

Traj 4 6.44 14.60 37.32 30.62 75.67 100.00 

Traj 5 2.91 6.97 9.83 30.84 100.00 100.00 

Traj 6 Downtown 4.62 14.72 26.47 33.68 81.13 100.00 

Average Downtown 4.94 12.16 19.94 33.20 85.21 100.00 

These results demonstrate the repeatability of the proposed navigation solution, its 

consistency, and its applicability to different low-cost MEMS-based IMUs. As expected from the 

specifications described in chapter 4, the DMU02 IMU achieved better performance than the 

Crossbow IMU, however the robustness of the proposed solution make the difference in 

performance between the two solutions is minimal. 

6.2.1.4 Summary 

This section presented results in very challenging GPS environments. These scenarios are 

encountered in real-life trajectories where accurate navigation is needed to reliably assist and 

guide the driver to his/her destination. The navigation solution used in these results is Mixture PF 

for 3D RISS/GPS loosely-coupled integration, with AR of order 120 for modeling the stochastic 

gyroscope drift as well as the formula derived earlier for providing measurement update for this 

drift from GPS when adequate, and the technique for automatic detection of GPS degraded 

performance as discussed above. 

The performance of the proposed technique was demonstrated for different low cost GPS 

receivers and different low cost MEMS-based inertial sensors. The positioning performance was 

demonstrated in different downtown environments. Furthermore, the repeatability of the 

technique was also demonstrated by several repeated runs. 

The proposed navigation solution for land vehicles is continuous, accurate and robust for 

low cost sensors. It showed consistent levels of accuracy. Keeping in mind that modern land 

vehicles are already equipped with inertial sensors, GPS receivers, and of course an odometer, 

this solution can exploit them and provide reliable real-time navigation at nearly no extra cost.  
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Chapter 7 

Mixture Particle Filter for Tightly-Coupled Inertial Sensors/GPS 

Integration 

7.1 Overview of Tightly-Coupled Inertial Sensors/GPS Integration 

In loosely-coupled integration, at least four satellites are needed to provide acceptable GPS 

position and velocity, which are used as measurement updates in the integration filter [13]. The 

advantage of tightly-coupled integration is that it can provide GPS measurement updates even 

when the number of visible satellites is three or fewer, thereby improving the operation of the 

navigation system in degraded GPS environments by providing continuous aiding to the inertial 

sensors even during limited GPS satellite availability (like in urban areas and downtown cores). 

Tightly-coupled integration takes advantage of the fact that, given the present satellite-rich GPS 

constellation, it is very rare that all the satellites will be lost in any canyon. Therefore the tightly 

coupled scheme of integration uses information from the few available satellites. This is a major 

advantage over loosely coupled integration with INS which fails to acquire any aid from GPS and 

considers the situation of fewer than four satellites as an outage. Another benefit of working in 

the tightly coupled scheme is that satellites with bad measurements can be detected and rejected. 

In tightly-coupled integration, GPS raw data is used and is integrated with the inertial 

sensors [13]. The GPS raw data used in this thesis are pseudoranges and Doppler shifts. From the 

measured Doppler for each visible satellite, the corresponding pseudorange rate is calculated. In 

the update phase of the integration filter the pseudoranges and pseudorange rates are used as the 

measurement updates to update the position and velocity states of the vehicle. The measurement 

model that relates these measurements to the position and velocity states is a nonlinear model. 

The KF integration solutions linearize this model. PF with its ability to deal with nonlinear 

models is able to give better performance for tightly-coupled integration because it uses the exact 

nonlinear measurement model; this is in addition to the fact that the system model is always (in 

tightly or loosely coupled integration) a nonlinear model and not a linearized system model like 

the KF case. Thus PF should be able to give a better performance than KF for tightly-coupled 

integration. 
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7.2 Nonlinear Models for Tightly-Coupled Integration 

As mentioned earlier, there are three main observables related to GPS: pseudoranges, 

Doppler shift (from which pseudorange rates are calculated), and the carrier phase [18] [22]. The 

work here uses only the first two observables. 

Pseudoranges are the raw ranges between satellites and receiver. A pseudorange to a 

certain satellite is obtained by measuring the time it takes for the GPS signal to propagate from 

this satellite to the receiver and multiplying it by the speed of light. The pseudorange 

measurement for the thm satellite is: 

  m

r tc t t    (7.1) 

where  
m  is the pseudorange observation from the mth satellite to receiver (in meters), tt is the 

transmit time, rt  is the receive time, and c is the speed of light (in meters/sec). 

As mentioned earlier for the GPS errors, the satellite and receiver clocks are not 

synchronized and each of them has an offset from the GPS system time. Despite the several errors 

in the pseudorange measurements, the most effective is the offset of the inexpensive clock used 

inside the receiver from the GPS system time.   

The pseudorange measurement for the 
thm satellite, showing the different errors 

contaminating it, is given as follows: 

 m m m m m

r sr c t c t cI cT         
 (7.2) 

Where 
mr  is the true range between the receiver antenna at time rt and the satellite antenna at 

time tt  (in meters), rt is the receiver clock offset (in seconds), st is the satellite clock offset (in 

seconds), 
mI is the ionospheric delay (in seconds), 

mT is the troposheric delay (in seconds), 
m



is the error in range due to a combination of receiver noise and other errors such as multipath 

effects and orbit prediction errors (in meters). 

The incoming frequency at the GPS receiver is not exactly the L1 or L2 frequency but is 

shifted from the original value sent by the satellite. This is called the Doppler shift and it is due to 

relative motion between the satellite and the receiver. As described in [22], the Doppler shift of 

the 
thm  satellite is the projection of relative velocities (of satellite and receiver) onto the line of 

sight vector multiplied by the transmitted frequency and divided by the speed of light, it is given 

by:  
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x y zv v vv  is the 
thm  satellite velocity in the ECEF frame, [ , , ]x y zv v vv  is the 
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1  is the true line of sight vector from the 

thm satellite to the receiver. 

Given the measured Doppler shift, the pseudorange rate 
m  is calculated as follows: 

 
1

m
m D c

L
  

 (7.4) 

7.2.1 Nonlinear Measurement Model 

After compensating for the satellite clock bias, Ionospheric and Tropospheric errors, we 

can write the corrected pseudorange as [18]: 

 m m m

c rr c t     
 (7.5) 

where, 
m

 represents the total effect of residual errors. The correction for satellite clock error as 

well as Ionospheric and Tropospheric errors was described in detail in [13].  

The true geometric range from 
thm  satellite to receiver is the Euclidean distance and is given as 

follows: 

 2 2 2( ) ( ) ( )m m m m mr x x y y z z       x x
 (7.6) 

where  [ , , ]Tx y zx  is the receiver position in ECEF frame,  [ , , ]m m m m Tx y zx  is the 

position of the 
thm  satellite at the corrected transmission time but seen in the ECEF frame at the 

corrected reception time of the signal. Satellite positions are initially calculated at the 

transmission time in the ECEF frame at transmission time as well not at the frame at the time of 

receiving the signal. According to [18], this time difference is approximately in the range of 70-

90 milliseconds, during which the Erath and the ECEF rotate, and this can cause a range error of 

about 10-20 meters. To correct for this fact, the satellite position at transmission time has to be 

represented at the ECEF frame at the reception time not the transmission time. The equations to 

do this correction is given in [18]. One can either do the correction before the measurement 
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model or in the measurement model itself. In the approach followed in this thesis, the satellite 

position correction is done before the integration filter and then passed to the filter, thus the 

measurement model uses the corrected position reported in the ECEF at reception time. 

The details of using Ephemeris data to calculate the satellites‟ positions and velocities can 

be found in [13]. Then the correction mentioned above should be achieved. 

In vector form, equation (7.5) is expressed as follows: 

 m m m

c rb     x x
 (7.7) 

where r rb c t is the error in range (in meters) due to receiver clock bias. This equation is 

nonlinear. The traditional techniques relying on KF used to linearize these equations about the 

pseudorange estimate obtained from the inertial sensors mechanization. The details of this 

operation are described in [13]. PF is suggested in this thesis to accommodate nonlinear models, 

thus there is no need for linearizing this equation. The nonlinear pseudorange measurement model 

for M satellites visible to the receiver is: 

 

1 11 1 2 1 2 1 2 1

2 2 2
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( ) ( ) ( )
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M M M M M M M
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x x
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(7.8) 

But the position state x  here is in ECEF rectangular coordinates, it should be in Geodetic 

coordinates which is part of the state vector used in the Mixture PF. The relationship between the 

Geodetic and Cartesian coordinates is given by: 
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 (7.9) 

Where NR is the meridian radius of curvature of the Earth‟s ellipsoid and e is the eccentricity of 

the Meridian ellipse. Thus the pseudorange measurement model is: 
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The true pseudorange rate between the 
thm  satellite and receiver is expressed as 

  1 .( ) 1 .( ) 1 .( )m m m m m m m

x x x y y y z z zr v v v v v v       (7.11) 

By differentiating equation (7.2), the pseudorange rate for the 
thm  satellite can be modeled as 

follows: 

 1 .( ) 1 .( ) 1 .( )m m m m m m m m

x x x y y y z z z rv v v v v v c t            

    1 .( ) 1 .( ) 1 .( )m m m m m m m

x x x y y y z z z rv v v v v v d          (7.12) 

where 
rt  is the receiver clock drift (unit-less), 

r
d  is the receiver clock drift (in meters/sec), m

  

is the error in observation (in meters/sec). 

This last equation is linear in velocities, but it is nonlinear in position. This can be seen by 

examining the expression for the line of sight unit vector above. Again, there is no need for 

linearization because of the nonlinear capabilities of PF. The nonlinear measurement model for 

pseudorange rates of M satellites, again in ECEF rectangular coordinates is: 

 

1 1 1 1 1 1 1 11 .( ) 1 .( ) 1 .( )

1 .( ) 1 .( ) 1 .( )

x x x y y y z z z r

M M M M M M M M

x x x y y y z z z r

v v v v v v d

v v v v v v d





 

 

         
   

   
            

 (7.13) 

The velocities here are in ECEF and need to be in LL frame because this is part of the state vector 

in Mixture PF. The transformation is as follows: 
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 (7.14) 

Furthermore, the line of sight unit vector from mth satellite to receiver will be expressed as 

follows: 
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The combined equations  (7.13), (7.14), and (7.15) constitute the nonlinear pseudorange rate 

measurement model for M visible satellites, while equation (7.10) is the nonlinear pseudorange 

measurement model for the M satellites. Both these models constitute the overall nonlinear 

measurement model used in this thesis for tightly-coupled integration using Mixture PF. 

7.2.2 Augmenting the System Model 

The system model is augmented with two states, namely:  the bias of the GPS receiver clock rb   

and its drift rd . These two are included as states and the state vector is augmented with these two 

quantities. Both of these are modeled as follows: 

 
r br

dr

d wb

wd

   
   
  

 (7.16) 

In discrete form it can be written as: 
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 (7.17) 

This model is used as part of the system model described in earlier chapters. 

7.3 Mixture PF for Tightly-Coupled 3D RISS/GPS Integration 

As discussed in the previous section, the measurement model in the case of tightly-coupled 

integration is a nonlinear model that relates the GPS raw measurements (pseudorange 

measurements and pseudorange rates) at a time epoch k, kz , to the states at time k , kx , and the 

measurement noise k . The nonlinear measurement model for tightly-coupled integration is in 

the form:  

 ( , )k k kz h x   (7.18) 

where  

 1 1
T

M M

k k k k k      z  (7.19) 
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For 3D RISS, together with modeling the stochastic drift of the vertical gyroscope using a higher 

order AR model, and with the addition of the two states for GPS receiver clock bias and drift, the 

state vector is: 

 , , , , , , , , ,
T

f

k k k k k k k k z r rh v p r A b d     x  (7.21) 

Thus, the system model can be formulated as: 
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where 
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  1 1 1

z z z

k k k t        (7.24) 

In order to relate this state to the measurement model mentioned in previous section, the 

following velocity transformation from body frame to LL frame is needed: 
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To benefit from the research performed in the previous chapters and the superior 

performance for low cost MEMS-based inertial sensors (which relies on azimuth update from the 

GPS when adequate and update of the gyroscope drift from GPS when suitable), as well as the 

benefits of tightly-coupled integration, the proposed navigation solution presented in this section 

is a mixed solution that takes advantage of the benefits of both schemes. 

When the availability and the quality of GPS position and velocity readings passes the 

assessment described in the previous chapter, loosely-coupled measurement update is performed 

for position, velocity, azimuth, and gyroscope drift. Each update is performed according to its 

own quality assessment of the update. Whenever the testing procedure detects degraded GPS 

performance either because the visible satellite number falls below four or because the GPS 

quality examination failed, the filter switches to tightly-coupled update mode. Furthermore, each 

satellite is assessed independently of the others to check whether it is adequate to use it for 

update. This check again exploits the higher performance of the Mixture PF with 3D RISS and 

higher order AR modeling of the gyroscope drift, since this solution can work unaided for 

elongated periods with small degradation of performance. Thus the pseudorange estimate for each 

visible satellite to the receiver position estimated from the prediction phase of the Mixture PF is 

compared to the measured one. If the measured pseudorange of a certain satellite is too far off, 

this is an indication of degradation (e.g. the presence of reflections with loss of direct line-of-

sight), and this satellite‟s measurements are discarded, while other satellites are used for the 

update. 

7.3.1 Experimental Results and Discussion 

Three trajectories are presented here to show the performance of the proposed navigation 

solution in environments encompassing several different conditions. The first two have nearly 

open sky: (i) one with some highway sections, some rural sections, and an urban section but with 

open sky; (ii) the other on a highway with high speed. These two are tested with simulated partial 

outages. The third trajectory has downtown scenarios with frequent stops and natural GPS 

degradation. The first presented trajectory uses the NovAtel OEM4 GPS receiver; while, the 

second and third trajectories use the NovAtel OEMV-1G GPS receiver. It should be noted that 
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both these receivers, the OEM4 integrated withing the SPAN and the standalone OEMV-1G, 

estimate and provide the Ionospheric delay, the Tropospheric delay, and the satellite clock 

correction. These corrections were used to correct the pseudorange measurement before using it 

in the measurement model, as mentioned earlier. Furthermore these two receivers provide the 

corrceted satellite positions at their transmission time but seen at the ECEF frame at the receive 

time (in the log named “SATXYZ”), so no further corrections need to be implemented. These 

corrceted satellite positions were used in the measurement model as described earlier. In the three 

trajectories, the inertial sensors of the MEMS-based Crossbow IMU300CC-100 are used for 3D 

RISS. 

The aim in the first two trajectories is to examine the performance of the proposed Mixture 

PF for Tightly-coupled 3D RISS/GPS integration and to compare it to KF for tightly-coupled 3D 

RISS/GPS integration. This is achieved by introducing simulated partial GPS outages in post-

processing during portions of coverage with more than three satellites, by removing some 

satellites. Each of these outages is used four times with each of the two compared solutions, once 

with 3 satellites visible, once with 2, then 1, then 0. Having outages with 0 satellites visible is 

similar to what happens in loosely-coupled integration. The errors in both estimated solutions are 

calculated with respect to the NovAtel reference solution. 

7.3.1.1 First Trajectory 

The first road test trajectory (Figure 7-1) is around the Kingston area in Ontario, Canada. 

This trajectory has some highway sections, as well as some rural and urban roadways. In addition, 

the terrain varies with many hills and winding turns. This road test was performed for nearly 75 

minutes of continuous vehicle navigation and a distance of around 77 km. Ten simulated GPS 

outages of 60 seconds each (shown as circles overlaid on the map in Figure 7-1) were introduced 

such that they encompass all conditions of a typical trip including straight portions, turns, slopes, 

high and slow speeds.  

In this trajectory, the inertial sensors used for 3D RISS are from the Crossbow IMU300CC-

100, the GPS receiver used is the NovAtel OEM4. The number of GPS satellites visible to the 

receiver all over the trajectory is illustrated in Figure 7-2. 
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Figure 7-1: Road Test Trajectory around Kingston area. Circles indicate the locations of 

GPS outages. 

 

Figure 7-2: Number of satellites visible to the NovAtel OEM4 receiver during the Kingston 

Trajectory. 

Table 7-1 show the maximum position error during the 10 simulated outages with the 

number of satellites varying from 3 to 1 for the two compared solutions (i.e. Mixture PF with 3D 

RISS and KF with 3D RISS). Figure 7-3 and Figure 7-4 illustrate the average RMS and 
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maximum position errors, respectively, over the 10 simulated outages in each case (i.e. for 

number of satellite visible equals 3, 2, 1, and 0). 

Table 7-1: Maximum position error during the 10 simulated outages for different numbers 

of visible satellites. 

Outage No. 

Maximum Position Error (m) 

PF 3 Sat KF 3 Sat PF 2 Sat KF 2 Sat PF 1 Sat KF 1 Sat PF 0 Sat KF 0 Sat 

1 9.41 6.61 9.73 6.43 19.72 25.46 20.58 25.24 

2 5.92 11.77 12.18 22.96 12.83 25.89 11.90 25.22 

3 5.14 18.10 5.79 22.23 8.55 25.76 6.05 28.21 

4 5.01 8.60 5.25 32.20 19.41 38.72 14.23 36.76 

5 10.04 13.75 13.07 19.42 17.82 56.30 15.50 57.53 

6 5.67 9.14 6.74 12.27 6.57 22.29 4.75 22.05 

7 4.91 9.39 10.31 10.24 18.49 33.40 18.45 33.59 

8 11.44 12.83 13.96 13.81 11.51 14.90 11.60 14.89 

9 9.99 31.53 13.53 33.85 12.60 44.87 15.22 47.84 

10 12.93 9.73 12.77 14.97 13.63 31.42 14.75 27.72 

Average 8.04 13.15 10.33 18.84 14.11 31.90 13.30 31.91 

 

 

Figure 7-3: Average RMS position error over the 10 outages in Kingston trajectory with 

different numbers of satellites visible. 
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Figure 7-4: Average maximum position error over the 10 outages in Kingston trajectory 

with different numbers of satellites visible. 

The results in Table 7-1, as well as those in Figure 7-3 and Figure 7-4 demonstrate the 

superiority of Mixture PF over KF in this integration problem. The main reason for this is the 

nonlinear capabilities of PF which enabled the use of a nonlinear system model including 

advanced modeling of the gyroscope drift as well as the nonlinear measurement model of the raw 

GPS measurements without any need for approximations during linearization. The enhancement 

of benefiting from more satellite availability can also be seen from these results. The general 

trend is that having three satellites visible is better than two better than one and zero case. 

However, it should be noted that when there is only one satellite available the results are near 

(even sometimes worse) than the case with no satellites available. This is because of two 

combined reasons: (i) the good performance of the 3D RISS solution even if it works unaided for 

a period of time; and (ii) consequently the uncertainty added by having one satellite available is 

sometimes worse than the 3D RISS performance, thus it cannot provide as much aid to enhance 

the integrated performance but it rather sometimes make it slightly worse. 

These results also show that the improvement of performance because of the presence of 

three or two satellites visible to the receiver over the scenarios where one or zero satellites are 

available in the case of Mixture PF is not as much as the improvement in the case of KF. This is 

because the 3D RISS solution with the Mixture PF and higher order AR model for the stochastic 

drift of the gyroscope already has a very good performance even if it works unaided (i.e. the case 

of loosely-coupled or zero satellites visible). 
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To gain more insight about the performance of the two compared filters as well as the 

different scenarios with different numbers of satellites visible to the receiver, the details of two of 

these outages are discussed. Figure 7-5 and Figure 7-8 show maps featuring the different 

compared solutions in the portions of the trajectory during outages number 5 and 7, respectively. 

Figure 7-6 and Figure 7-9 provide a zoom-in on the maps towards the end of these outages, where 

the position error is largest as compared to the whole outage duration.  To have an idea about the 

vehicle dynamics during these two outages, Figure 7-7 and Figure 7-10 illustrate the forward 

speed of the vehicle as well as its azimuth angle both from the NovAtel reference solution for the 

two outages discussed. 

Outage 5 is an example of an outage with turns. As can be seen from Figure 7-7, it has a 

50º turn followed by an elongated curved road with azimuth change of about 70º. During the first 

turn the vehicle is accelerating from a speed of about 65km/h to a speed of 100 km/h, during the 

curved highway section, the vehicle speeds varies between 100 and 110 km/h. Examining the 

maximum position error of the different solutions during this outage, it can be seen that Mixture 

PF had a 10m error when three satellites where visible, 13.1m for two satellites, 17.8m for one 

satellite, and 15.5m for no satellites seen. KF had 13.75m of error when three satellites where 

visible, 19.4m for two satellites, 56.3m for one satellite, and 57.5m for no satellites seen. The KF 

solution during this outage was worst when one or zero satellites are visible to the receiver 

because of the high speed and thus longer distance traveled, and as discussed in earlier chapters 

any azimuth error is modulated by the speed when contributing to the position error or in other 

words any azimuth error will give more position error if the traversed distance is more. 
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Figure 7-5: Performance during GPS outage #5. 

 

Figure 7-6: Performance towards the end of GPS outage #5. 
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Figure 7-7: Forward speed and azimuth from Novatel reference during GPS outage #5. 

 

Figure 7-8: Performance during GPS outage #7. 
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Outage 7 is an example of outages in a nearly straight road with azimuth variation of only 

3º as seen in Figure 7-10, while the forward speed varies between 81 and 88 km/h. Examining the 

maximum position error of the different solutions during this outage, it can be seen that Mixture 

PF had a 4.9m error when three satellites where visible, 10.3m for two satellites, 18.5m for one 

satellite, and 18.45m for no satellites seen. KF had a 9.4m error when three satellites were visible, 

10.24m for two satellites, 33.4m for one satellite, and 33.6m for no satellites seen. Again these 

results show the benefit of having more satellites seen in a partial outage over having no satellites 

at all as is the case of loosely coupled integration. 

 

Figure 7-9: Performance towards the end of GPS outage #7. 
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Figure 7-10: Forward speed and azimuth from Novatel reference during GPS outage #7. 

7.3.1.2 Second Trajectory 

The second road test trajectory (Figure 7-11) starts in Toronto and ends in Kingston, 

Ontario, Canada. This trajectory has some urban roadways in Toronto, and then it is on the 

highway from Toronto to Kingston. This road test was performed for nearly 140 minutes of 

continuous vehicle navigation and a distance of around 230 km. Fifteen 60-second simulated GPS 

outages are used (shown as circles overlaid on the map in Figure 7-11). The majority of the 

simulated outages are at high speeds. As mentioned earlier, the experiments with high speed show 

the robustness of the proposed solutions because higher speeds will cause more position errors 

due to azimuth errors.  

In this trajectory, the inertial sensors used for 3D RISS are from the Crossbow IMU300CC-

100, the GPS receiver used is the NovAtel OEMV-1G. This receiver tracks both GPS and 

GLONASS satellites, but the work presented in this section used only the GPS satellites. The 

number of all the satellites and the GPS-only satellites visible to the receiver over the whole 

duration of the trajectory are illustrated in Figure 7-12 and Figure 7-13, respectively. It should be 

noted that the drop in the number of satellites visible to the receiver that happened several times 

but for very short duration is because this highway is crossed at several points by overpasses. 
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Figure 7-11: Road Test Trajectory from Toronto to Kingston. Circles indicate the locations 

of GPS outages. 

 
Figure 7-12: Number of GPS and GLONASS satellites visible to the NovAtel OEMV-1G 

receiver during the Toronto-Kingston Trajectory. 
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Figure 7-13: Number of GPS only satellites visible to the NovAtel OEMV-1G receiver 

during the Toronto-Kingston Trajectory. 

Table 7-2 show the maximum position error during the 10 simulated outages with number 

of satellites varying from 3 to 1 for the two compared solutions (i.e. Mixture PF with 3D RISS 

and KF with 3D RISS). Figure 7-14and Figure 7-15 illustrate the average RMS and maximum 

position errors, respectively, over the 10 simulated outages in each case (i.e. for number of 

satellites visible equal to 3, 2, 1, and 0). 

Table 7-2: Maximum position error during the 10 simulated outages for different numbers 

of visible satellites. 

Outage 
No. 

Maximum Position Error (m) 

PF 3 Sat KF 3 Sat PF 2 Sat KF 2 Sat PF 1 Sat KF 1 Sat PF 0 Sat KF 0 Sat 

1 8.99 18.21 10.18 17.72 9.39 24.40 9.53 24.61 

2 10.49 16.68 10.61 20.82 17.17 19.02 16.43 18.48 

3 7.92 27.28 11.25 27.18 11.41 45.91 16.07 37.31 

4 3.23 8.33 3.40 14.10 8.07 6.53 7.81 8.42 

5 2.53 2.16 5.82 7.08 4.13 80.27 11.09 82.39 

6 4.98 2.81 2.44 14.08 6.05 27.66 16.77 26.81 

7 5.11 5.53 5.82 46.47 5.63 93.99 15.85 85.93 

8 5.64 6.02 7.83 35.16 10.26 36.76 22.14 24.21 

9 4.56 12.56 5.07 23.38 2.29 24.64 10.93 20.79 

10 5.67 33.79 5.62 17.15 12.07 32.34 5.10 21.42 

Average 5.91 13.34 6.80 22.31 8.65 39.15 13.17 35.04 
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Figure 7-14: Average RMS position error over the 10 outages in Kingston trajectory with 

different numbers of satellites visible. 

 

Figure 7-15: Average maximum position error over the 10 outages in Kingston trajectory 

with different numbers of satellites visible. 

The results in Table 7-2, as well as those in Figure 7-14and Figure 7-15 confirm the results 

of the first trajectory and demonstrate the advantages of Mixture PF over KF in this integration 

problem. As mentioned earlier, the main advantage is the nonlinear capabilities of PF which 

enabled the use of nonlinear system model with advanced modeling of the gyroscope drift in 

0.00

5.00

10.00

15.00

20.00

25.00

3 2 1 0

Average RMS Position Error (m)

PF Average

KF Average

0.00

5.00

10.00

15.00

20.00

25.00

30.00

35.00

40.00

45.00

3 2 1 0

Average MAX Position Error (m)

PF Average

KF Average



193 

 

addition to the nonlinear measurement model of the raw GPS measurements without any need for 

linearization. The enhancement by having more satellite availability can again be seen from these 

results. The general trend is that having more satellites during the partial GPS outages is better, 

except when there is only one satellite available the results are comparable or worse than the case 

with no satellites available. As discussed earlier, this is due to the good performance of 3D RISS 

solution even if it works totally unaided for a while which consequently causes the uncertainty 

added by having one satellite available being sometimes worse than the 3D RISS performance. 

To gain more insight into the performance of the compared results, outage number 3 is 

discussed. Figure 7-16 shows the map featuring the different compared solutions during outage 

number 3, while Figure 7-17 provides a zoom-in on the map towards the end of this outage, 

where the position error is the largest.  To have an idea about the vehicle dynamics during this 

outage, Figure 7-18 shows the forward speed of the vehicle as well as its azimuth angle both from 

the NovAtel reference solution. 

 

Figure 7-16: Performance during GPS outage #3. 
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Figure 7-17: Performance towards the end of GPS outage #3. 

 

Figure 7-18: Forward speed and azimuth from Novatel reference during GPS outage #3. 
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Outage 3 starts with a slight turn of about 16º and then continues on a near straight portion 

with a deviation of 4º towards its end. The vehicle forward speed during this outage is between 

111 and 117 km/h. It can be seen from the maximum position error results, that Mixture PF had a 

7.9m error when three satellites where visible, 11.25m for two satellites, 11.4m for one satellite, 

and 16.07m for no satellites seen. KF gave 27.25m of error when three satellites where visible, 

27.18m for two satellites, 45.9m for one satellite, and 37.3m for no satellites seen. The superiority 

of Mixture PF performance can be seen from these results. 

7.3.1.3 Third Trajectory 

The road test trajectory in downtown Toronto, Ontario, Canada presented here can be seen 

in Figure 7-19. This road test was performed for nearly 158 minutes of continuous vehicle 

navigation and a distance of around 43.8 km was traveled. This trajectory, which is in a 

downtown scenario with urban canyons in some parts (this part of the trajectory is shown in 

Figure 7-20), has a lot of degraded GPS performance because of either multipath, reflections with 

loss of direct line-of-sight, or complete blockage. The portions with degraded GPS performance 

encompass straight portions, turns, and frequent stops.  

In this trajectory, the inertial sensors used for 3D RISS are from the Crossbow IMU300CC-

100, the GPS receiver used is the NovAtel OEMV-1G. As mentioned earlier, this receiver tracks 

both GPS and GLONASS satellites, but the work presented in this section used only the GPS 

satellites. The number of all the satellites and the GPS-only satellites visible to the receiver over 

the whole trajectory duration are illustrated in Figure 7-21and Figure 7-22, respectively. Even 

though the availability of the total number of satellites visible to the receiver does not seem to be 

very bad, these readings are contaminated with severe effects of reflections with loss of direct 

line-of-sight in the urban canyons. The specific satellites with bad measurements are detected by 

the checking routine, as mentioned earlier, and they are rejected from being used to update the 

filter. Furthermore, GPS satellites are the only ones used in this work, thus the availability of 

satellites is not very high in canyons in the downtown area. 

Figure 7-23 show the GPS with its degraded performance, the reference solution, and the 

proposed navigation solution using Mixture PF for 3D RISS/GPS integration with higher order 

AR modeling of the gyroscope stochastic drift and automatic detection of GPS degraded 

performance and rejection of individual satellites when working in tightly-coupled mode. 
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Figure 7-19: Road Test Trajectory in Toronto, the downtown portion can be seen at the 

south of the trajectory. 
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Figure 7-20: Zoom in on the downtown portion of Toronto trajectory. 

 
Figure 7-21: Number of GPS and GLONASS satellites visible to the NovAtel OEMV-1G 

receiver during the Toronto Trajectory. 
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Figure 7-22: Number of GPS only satellites visible to the NovAtel OEMV-1G receiver 

during the Toronto Trajectory. 

 
Figure 7-23: Zoom in on the downtown portion of Toronto trajectory showing the degraded 

GPS performance and the performance of the proposed navigation solution. 
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Figure 7-24: More detailed view on the downtown portion of Toronto trajectory showing 

the degraded GPS performance and the performance of the proposed navigation solution. 

Although the trajectory has a large number of natural GPS outages (partial or complete), 

Table 7-3 shows the RMS and maximum position error during the long natural outages whose 

duration exceeds 100 seconds for the Mixture PF with 3D RISS solution. There are too many 

smaller natural outages, but for the readability of the results only the longer ones are presented. 

The performance during these worst outages in the trajectory can be seen in Figure 7-24. These 

results show the performance of the proposed navigation solution in a harsh environment with 

degraded GPS performance in deep urban canyons because of either severe effect of reflections 

with loss of direct line-of-sight or complete blockage. There was only one outage that showed an 

unusual performance worse than all the others; it can be seen in the upper half of Figure 7-24. But 

still all these results are excellent for low cost MEMS-based inertial sensors integrated with GPS 

as compared to those presented in the literature. 
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Table 7-3: RMS and maximum position error for the natural outages whose duration 

exceeds 100 sec. 

Outage 
No. 

Outage 
Dur. (sec) 

Approx. 
Dist. (m) 

PF RMS Pos 
error (m) 

PF Max Pos 
error (m) 

1 408 1514.60 18.22 33.18 

2 241 973.60 15.12 33.74 

3 125 652.70 29.97 63.22 

4 115 659.40 13.74 23.82 

5 422 473.40 13.31 27.38 

6 173 433.80 5.70 11.74 

7 190 289.00 8.12 12.73 

8 103 152.60 6.88 16.92 

Average 222 643.64 13.88 27.84 

7.3.1.4 Summary 

This chapter presented a navigation solution using Mixture PF for 3D RISS/GPS 

integration with a higher order AR model for the stochastic drift of the vertical gyroscope as well 

as the proposed update for this drift from GPS when adequate, and from tightly-coupled 

integration of 3D RISS with raw GPS measurements. The proposed solution can be considered a 

mixed solution that takes advantage of the benefits of both loosely-coupled and tightly-coupled 

schemes.  

The proposed navigation solution was tested with real road-test trajectories. The results for 

three trajectories were presented. The first two trajectories are open sky and 10 simulated GPS 

partial outages of 60-second duration were introduced in each trajectory. This was repeated four 

different times for each trajectory with intentionally limiting the satellites availability once to 3 

satellites visible, once to 2 satellites, 1 satellite, and 0 satellites. The proposed solution based on 

Mixture PF was compared to KF-based solution for the same integration problem. The third 

trajectory is a downtown scenario with natural GPS degradation because of multipath and 

complete blockage, where the Mixture PF solution was tested to demonstrate its performance in 

such harsh scenarios that can be met in deep urban canyons in downtown environments. 

For the first two trajectories, considering the average maximum error in horizontal 

positioning, the Mixture PF solution achieved 47% improvement over KF when three satellites 

are visible to the receiver, 57% improvement when two satellites are visible, 67% improvement 

when one satellite is visible, and 60% improvement when no satellite is visible (which like the 

loosely-coupled outages). 
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The results showed that the proposed navigation solution using Mixture PF outperformed 

its KF counterpart and showed good performance for low cost MEMS-based inertial sensors/GPS 

integration during GPS outages. 
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Chapter 8 

Conclusions and Future Work 

8.1 Concluding Remarks and Contributions 

Recent technological advances in both GPS and low cost MEMS–based inertial sensors 

enable monitoring the location of moving platforms for numerous positioning and navigation 

applications that require a low cost solution. GPS is presently widely used in land vehicles. 

However, in some environments, the GPS signal may suffer from complete signal blockage or 

severe effects of reflections with loss of direct line-of-sight that deteriorate the positioning 

accuracy. When miniaturized inside any moving platforms, MEMS–based inertial sensors can be 

integrated with GPS and enhance the performance in denied GPS environments (such as in urban 

canyons). 

The traditional technique for this multi-sensor integration problem is KF. Due to the 

inherent errors of MEMS inertial sensors and their stochastic nature, which is difficult to model, 

KF with its linearized models and linear sensors error models has limited capabilities in providing 

accurate positioning. This is also confirmed by the presented KF results in Chapters 5, 6, and 7. 

PF is a nonlinear filtering technique that can accommodate arbitrary inertial sensor 

characteristics, motion dynamics and noise distributions. An enhanced version of PF is utilized in 

this thesis and is called Mixture PF. Since PF can accommodate nonlinear models, this research 

uses total-state nonlinear system and measurement models without any linearizations. 

The factors causing the degradation of performance in MEMS-based IMUs were identified 

and explained, their influence were decreased by exploiting new combinations of inertial sensors 

as well as benefiting from the odometry readings in different ways. These solutions were 

implemented and their results were presented and compared to the traditional KF solutions and 

proved their superiority. The ultimate outcome of these combinations was the 3D RISS whose 

equations were derived and implemented with Mixture PF (to integrate 3D RISS with GPS) and 

the performance was demonstrated to outperform the traditional solutions. 

In addition, sophisticated models were used to describe the stochastic drift of the sole 

MEMS-based gyroscope used in both 3D RISS and 2D RISS. These models can‟t be used in KF. 

PCI was used for giving insight and identifying more efficient models for the gyroscope‟s 

stochastic drift instead of the current linear models used in the literature. These linear low 
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memory length models (used in the literature) are not adequate for MEMS-based sensors; the 

experimental results confirm this fact. By examining the characteristics of the generated model 

for the gyroscope drift using PCI, it was found that the identified model was nearly linear, but of 

long memory length. These observations led to the testing of higher order Auto-Regressive (AR) 

models for modeling the gyroscope drift. Although they are linear, such higher order AR models 

are difficult to use with KF since the size of the dynamic matrix and error covariance matrix 

becomes very large and complicates KF operation making it very difficult to realize. Moreover, 

equations to obtain measurement updates for the stochastic drift of the gyroscope from GPS, 

when adequate, were derived for both the 2D RISS case and the 3D RISS case. The experimental 

results verified the superior performance of Mixture PF with both PCI and AR models compared 

to all solutions with traditional models. 

The high quality of the proposed solution featuring Mixture PF for 3D RISS/GPS 

integration together with the advanced modeling of the gyroscope‟s stochastic drift is exploited to 

automatically detect GPS degraded performance in harsh downtown scenarios. This system was 

extensively tested in different downtown scenarios with deep urban canyons and showed 

consistent good performance compared to low-cost MEMS-based results from the literature. The 

repeatability of the solution was also tested in several repeated trajectories. 

Finally, reaching the furthest from the loosely-coupled integration of inertial sensors with 

GPS and odometry for land vehicles, the remaining step was to benefit from the extra information 

given by raw GPS measurements used for tightly-coupled updates to the integration filter. Thus 

the nonlinear models for raw GPS measurements were studied and implemented with Mixture PF. 

A mixed navigation solution that benefits from updates in either loosely-coupled or tightly-

coupled schemes (whichever is appropriate) to achieve maximum benefit from all the data 

available was proposed and implemented. Comparing it to the KF-based solution showed its 

superior performance. 

To conclude, all the above proposed techniques were implemented in MATLAB and 

extensively tested on a variety of real road-test trajectories. Several real road-test trajectories were 

planned and collected such as to incorporate a wide variety of characteristics: (i) spanning from 

open sky to very hard downtown scenarios with deep urban canyons, under-paths, and tunnels;  

(ii) varying speeds from very low speeds and frequent stops to very high speeds on highways; (iii) 

varying turns from slight to sharp with some winding turns; (iv) some near flat trajectories and 

some with more inclinations to demonstrate the 3D RISS capabilities. 



204 

 

8.2 Recommended Future Work 

Although the results presented in this work are very good for such low cost navigation 

solutions, improvement is still needed, especially if positioning is not the final goal but a 

necessary step to achieve autonomous or semi-autonomous capabilities. For example there is a 

current system being researched amongst top car manufacturers to very accurately locate each 

vehicle and communicate this location information between vehicles to achieve collision 

avoidance. Systems for collision avoidance, either autonomously or by providing guidance and 

warnings to the driver (like the example just mentioned), require a very accurate positioning 

system (less than 2m accuracy 95 % of the time) that exceeds the normal navigational 

requirements of drivers. Thus, further improvements are needed. 

As described for the proposed loosely-coupled solution when erroneous GPS readings are 

detected they are not used for update in order not to jeopardize the integration filter. The same is 

also done for tightly-coupled integration but with assessment of individual satellite readings. One 

of the directions of future research is to try to benefit from this data by extracting the correct data 

from it instead of neglecting it completely. This direction of future research is also based on 

exploiting the PF capabilities to accomodate advanced and nonlinear modeling techniques for 

GPS raw measurements. A suitable technique for this recommended direction of research is to 

use PCI to model the errors in the raw GPS measurements. The tightly-coupled solutions 

presented in the literature as well as the one used in this research assume that the pseudorange 

measurement after correcting for ionospheric and tropospheric delays, satellite clock errors, and 

ephemeris errors only has errors due to receiver clock errors and white noise. These latter two are 

the only errors modeled inside the tightly-coupled filters presented in the literature as well as in 

this thesis (as can be depicted in Chapter 7). Nonlinear models can be generated for the residual 

previously not-modeled pseudorange errors, exploiting the nonlinear capabilities of PF. Such a 

solution would try to robustly mitigate the different sources of errors and thus provide a superior 

low-cost navigation solution. 

As mentioned earlier the GPS raw observables used in this thesis are pseudoranges and 

Doppler shifts. Another direction of future research and augmentation over the proposed solution, 

still on the GPS side, would be to benefit from the carrier phase observable of GPS, which can be 

used for a more accurate calculation of ranges between satellites and receiver. This observable is 

less affected by multipath than the one used in this work which is the pseudorange calculated by 
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the time difference relying on the code not on carrier phase. The proposed techniques can be 

exploited to use the carrier observable to render better performance of the integration filter. 

Another venue of research is to explore the ultra-tight integration as opposed to the two 

integration types proposed in this thesis, i.e. loosely-coupled and tightly-coupled. In the proposed 

solutions in this research, the GPS receiver does not benefit from any feedback from the inertial 

sensors to enhance its tracking capabilities. This last feature is employed in ultra-tight integration 

which needs special receivers that accept this type of integration. The proposed techniques in this 

thesis can be augmented and the required receivers can be connected to perform this type of 

integration which would allow superior performance. 

By examining the results in downtown scenarios, although the presented results are good, 

one can see that integrating the proposed techniques with map matching will render an excellent 

solution. Map matching can be integrated with the proposed techniques in a loose way (i.e. the 

results are matched to a map) or in a tighter way by incorporating map information inside the 

filter, which can be very well handled by PF. This direction of future research by using the 

solutions proposed in this thesis for inertial sensors/GPS/ map integration can benefit automobiles 

by using maps of road networks, and can as well benefit mobile robots that work in structured 

areas either outdoors or with some long indoor portions. 

Although positioning techniques based on cellular networks are currently not very accurate 

as compared to GPS (in good conditions) and to other wireless localization techniques, the 

advanced filtering and modeling techniques proposed here can be used to enhance the positioning 

accuracy provided by cellular networks which will help in downtown scenarios with degraded or 

denied GPS. Thus, one can have a more accurate integrated solution based on inertial 

sensors/GPS/cellular positioning. 

The techniques proposed in this thesis are suitable for mobile robots working mainly 

outdoors with small indoor portions (map integration would give more capabilities and thus more 

elongated indoor portions). Another direction of future research is to explore integrating inertial 

sensors (benefiting from the superior performance of the proposed techniques) with wireless 

localization to achieve mobile robot indoor localization. Furthermore, if the environment is 

structured, map information can be integrated as well to further enhance the solution. 
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Appendix A 

Reference Frames, GPS, and Inertial Navigation 

A.1 Reference Frames Used for Navigation 

The position, velocity and attitude of a vehicle should be described with respect to a 

reference frame. There are several reference frames described in the literature and have been used 

for long time in positioning and navigation applications. The frames of reference that are used in 

this research and described in [13, 14] are presented in the following sub-sections.   

A.1.1. Earth Centered Inertial (ECI) Frame  

A reference frame where Newton‟s laws of motion apply is called an inertial frame of reference 

[1, 15]. This type of frame is either stationary in space or moves with constant velocity. The 

readings of inertial sensors along their sensitive axis are measured relative to an inertial frame. A 

possible choice of inertial frame for platforms navigating near the Earth is the Earth-Centered 

inertial frame (ECI). This frame is illustrated in Figure A- 1 (the axes of the ECI frame are 

depicted with superscript as , ,i i ix y z  in this figure).  According to the definition in [18], the 

origin of this frame is at the center of mass of the Earth. For the axes, the z-axis is along the axis 

of rotation of the Earth. The x-axis lies in the equatorial plane and it points towards the vernal 

equinox, which is the direction from the center of the Earth to the point of intersection of the 

equatorial plane of the Earth with the plane of Earth‟s orbit around sun. Furthermore, the y-axis is 

defined such that it completes a right-handed system. For short periods of time, the previous 

definition of ECI is satisfactory, although the Earth does not orbit around the sun with fixed 

speed.  

A.1.2 Earth-Centered Earth-Fixed (ECEF) Frame 

ECEF frame has the same origin and the z-axis as the previous frame, i.e. ECI frame, but ECEF 

frame rotates with the Earth, this is why it is called Earth-fixed. This frame can be seen in Figure 

A- 1 along with the ECI frame (axis of ECEF are shown as , ,e e eX Y Z  in the figure).  The x-

axis of ECEF passes through the intersection of the equatorial plane and the Greenwich Meridian 

(also called Prime Meridian). The y-axis is again in the equatorial plane and defined such as to 
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complete a right hand coordinate system. In Figure A- 1, 
0( )t t is the elapsed time since 

reference epoch 0t , where the ECEF was coincident with the ECI. 

 

Figure A- 1: ECI and ECEF reference frames. Reprinted with permission from [13]. 
 

A.1.2.1 ECEF Coordinate Systems 

In ECEF, there are two common coordinate systems; they are the „rectangular‟ (or Cartesian) and 

the „geodetic‟ (sometimes referred to as ellipsoidal or curvilinear) coordinate systems. The two 

ECEF coordinates systems are illustrated in Figure A- 2. 

1) ECEF Rectangular Coordinates: These are the Cartesian coordinates which represent the 

position of a point with its ,x y  and z  components in the respective direction with the 

corresponding ECEF frame axis. 

2) ECEF Geodetic Coordinates: These coordinates are defined in a more intuitive way for 

positioning on or near the Earth‟s surface. These coordinates are latitude, longitude and altitude 

[15]. Latitude ( ) is the angle from the equatorial plane to the Earth‟s ellipsoid normal (which is 

in the meridian plane) at the point of interest. It should be noted that extending the normal 

towards the Earth‟s interior will not necessarily pass through the Earth‟s center. Longitude ( ) is 

the angle in the equatorial plane from the Greenwich Meridian (Prime Meridian) to the line 

joining the origin and the projection of the point of interest on the equatorial plane. The last 

component, the Altitude (h) is the distance along the normal to the Earth‟s ellipsoid between the 

ellipsoid‟s surface and the point of interest.  
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Figure A- 2: The two different ECEF coordinates systems. Reprinted with permission from 

[13]. 

 

A.1.3 Local Level Frame (LLF) 

A local level frame (also called the navigation frame) serves to represent the moving platform‟s 

attitude and velocity when operating on or near the Earth‟s surface.  The origin of the LLF 

coincides with the center of gravity of the moving platform. For the LLF used in this thesis, the x-

axis points East, the y-axis points North, and the z-axis points upward normal to the Earth‟s 

reference ellipsoid such as to complete a right-handed coordinate system. Because of these axes 

definition, this frame is referred to as ENU (EAST, North, and Up), and can be seen in Figure A- 

3.  There is another commonly used LLF which has x-axis pointing North, y-axis pointing East, 

and z-axis pointing Down (normal to the Earth‟s reference ellipsoid) such as to complete a right-

handed coordinate system. This frame is known as the NED frame. 
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Figure A- 3: Local level ENU frame in relation to ECI and ECEF frames. Reprinted with 

permission from [13]. 

 

A.1.4 Body Frame 

This is the moving platform frame. The body frame used in this thesis can be seen in 

Figure A- 4. The origin usually coincides with the center of mass of the vehicle. The y-axis of the 

body frame points towards the forward direction, the z-axis points towards the upward vertical 

direction of the vehicle, and the x-axis points towards the transverse direction completing a right-

handed coordinate system.  

 

Figure A- 4: Body frame of a moving platform. 

In vehicular navigation applications (which is the focus of this thesis), the axis set defined 

by the sensitive axes of the accelerometer sensors is aligned with the axes of the moving platform 

in which the sensors are mounted (i.e. aligned with the body frame). 
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A.1.4.1 Vehicle Attitude Angles 

A vehicle‟s attitude is specified in terms of rotations about its body frame axes with respect to the 

LLF (here ENU frame), starting with the body frame axes aligned with the ENU frame. Normally 

in navigation, the following convention is used for vehicle attitude angles, starting with the 

vehicle level and the y-axis of body frame pointing North [16]. The first virtual rotation yields the 

Yaw/Azimuth angles; it is a rotation about the vehicle z-axis from North to the intended heading 

going anticlockwise for Yaw, while the Azimuth is similar to Yaw but measured clockwise from 

North. Yaw is denoted by ' 'y and azimuth by ' 'A . The second rotation yields the Pitch angle; it 

is a rotation about the vehicle x-axis to bring the vehicle y-axis to its intended inclination. 

Inclination (Pitch angle) is measured positive upward from the local horizontal plane (East-North 

plane) and denoted by ' 'p . Finally the third rotation yields the Roll angle; this is a rotation about 

the vehicle y-axis to bring the vehicle attitude to the intended orientation. Roll angle is denoted 

by ' 'r . 

A.2 Coordinate Transformations 

Coordinate transformations from one frame to another are needed in navigation systems. They 

enable the representation of a vector defined in a certain coordinate system in another coordinate 

system. The technique used in the following sub-sections for coordinate transformations is 

through direction cosine matrices (DCM), i.e. rotation matrices. The rotation matrix is 

represented by a 
y

xR  notation where the subscript represents the coordinate frame from where the 

vector is transformed and the superscript represents the coordinate of the destination frame. For 

example, a vector 
x

r in a coordinate frame x  can be represented by another vector 
y

r in a 

coordinate frame y through a rotation matrix 
y

xR as follows: 

 y y x

xRr r  (A.1) 

The coordinate transformations described here are a standard in navigation systems, and the 

following presentation of these transformations is according to [13]. 

A.2.1 Transformation Between ECI and ECEF 

The angular velocity vector between the ECI and ECEF due to rotation of the Earth is given as: 

  0,0,
Te

ie e
 (A.2) 
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where e  denotes the Earth‟s rotation rate. The transformation from ECI to ECEF is a simple 

rotation about the z-axis (which is shared between the two frames) by an angle 
et where t  is 

the time elapsed since the two frames were coincident. The rotation matrix from ECI to ECEF is 

denoted by
e

iR which is expressed as follows: 

 

cos sin 0

sin cos 0

0 0 1

e e

e

i e e

t t

R t t

 

 

 
 

 
 
    (A.3) 

The inverse transformation from ECEF to ECI is done through 
i

eR  which is the inverse of
e

iR . 

Since rotation matrices are orthogonal, their inverse is equal to their transpose, thus: 

    
1 T

i e e

e i iR R R


 
 (A.4) 

A.2.2 Transformation Between LLF and ECEF 

To transform from LLF to ECEF, LLF has to be rotated by 90   around East direction (i.e. x-

axis of LLF) followed by a rotation of 90    about Up axis (i.e. z-axis of LLF) which became 

parallel to z-axis of ECEF after the first rotation. Figure A- 5 gives some insight onto this 

operation. 

 
Figure A- 5: Local level frame in relation to ECEF frame. Reprinted with permission from 

[13]. 

 

From the definition of elementary DCMs, this transformation matrix from LLF to ECEF can be 

given as: 
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The reverse transformation is given as follows (due to the orthogonality of rotation matrices): 
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A.2.3 Transformation Between Body Frame and LLF 

One of the important rotation matrices in navigation is 
l

bR  , which is the transformation matrix 

from body frame to LLF. 
l

bR is expressed in terms of yaw, pitch and roll angles. According to the 

definition of these angles and elementary rotation matrices around the different axes, 
l

bR can be 

expressed as: 
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Substituting the elementary matrices in the above equation yields: 
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As mentioned earlier, ' ', ' ', ' 'p r y are pitch, roll and yaw angles respectively. In the case 
l

bR is 

known and it is required to obtain these angles, the following equations are used: 

  1sin 3,2l

bp R      (A.14) 
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The inverse transformation from LLF to body frame is achieved through a rotation matrix which 

is inverse of 
l

bR as follows: 

    
1 T

b l l

l b bR R R


 
 (A.17) 

A.2.4 Transformation From Body Frame to ECEF and ECI Frames  

Two other important frame transformations are from body frame to ECEF and ECI frames. The 

rotation matrices for these transformations can be computed from the previously defined matrices 

as follows: 

For body to ECEF frame: 

 e e l

b l bR R R
 (A.18) 

For body to ECI frames: 

 
i i e

b e bR R R
 (A.19) 

The inverse transformations of the above matrices are given as: 
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 (A.20) 

 
   

1 T
b i i

i b bR R R
 

 
 (A.21) 

A.2.5 Transformation Between ECEF Rectangular and Geodetic Coordinates 

Before describing this transformation, a very brief review of the Earth‟s geometry is 

presented according to [13, 15]. For computational convenience, the Earth is approximated by an 

ellipsoid; however actually it is neither a sphere nor a perfect ellipsoid. The ellipsoid is the most 

useful and analytically convenient surface to work with for navigational purposes. Its shape is 

defined by two geometric parameters called the semimajor axis and the semiminor axis which are 

typically represented by a  and b respectively. The reference ellipsoid is illustrated in Figure A- 
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6. Another representation for the Earth‟s surface is the Geoid, which is defined as the 

equipotential surface best fitting the average sea level in the least square sense (ignoring tides and 

other dynamical effects in oceans). It can be thought of as the idealized mean sea level also 

extended over the land portion of the globe. The Geoid is a smooth surface but its shape is 

irregular and does not provide a simple analytic expression which is needed for navigational 

computations. The third surface is the actual physical Earth„s surface, which fluctuates as 

compared to the Geoid. 

 

Figure A- 6: The ellipsoidal parameters and the relationship between various Earth 

surfaces. Reprinted with permission from [13]. 

From Figure A- 6, there are different quantities that need to be defined. First, the Geoid 

height N  is the distance from ellipsoid to Geoid along the normal to the ellipsoid [15]. The 

second is called the orthometric height H , which is the distance from the Geoid to the point of 

interest [15]. The third quantity is called the Geodetic height, which is also called altitude, is the 

sum of Geoid and orthometric heights, i.e. h H N  . 

From among the various parameter sets that have been defined to model the Earth ellipsoid,  

the World Geodetic System (WGS)-84 is used. The needed parameters of this system are 

(according to [15]): (i) The Semimajor axis (equatorial radius), which is given by 

6,378,137.0a =  m  ; (ii) The Flatness, given by = 0.00335281
a- b

f =
a

; (iii) the Semiminor 

axis, given by (1- )b = a f = 6356752.3142 m  ; (iv) The Eccentricity, which is given by 

2 2

2
(2 ) 0.08181919

a b
e f f

a


    ; and finally (v) The Earth‟s rotation rate, which is 

given by 
57.292115 10  rad/se
  . 
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For the Earth ellipsoid, every meridian is an ellipse with equatorial radius a   and polar 

radius b . Figure A- 7 shows meridian cross section of one such ellipse. According to [15, 17], 

there are two more radii of curvature which are defined in relation to the ellipsoid. The first is the 

meridian radius of curvature MR (this is the radius of curvature of the Meridian ellipse at the 

point of interest) and is given by 
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 (A.22) 

The second is the normal radius of curvature NR (also called prime vertical radius of curvature or 

the great normal) and is given by  
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 (A.23) 

 

Figure A- 7: Meridian cross-section of the reference ellipsoid showing the projection of the 

point of interest P. Reprinted with permission from [13]. 

A.2.5.1 Conversion from ECEF Geodetic to ECEF Rectangular Coordinates 

The relationship between the geodetic and Cartesian coordinates is given by: 
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A.2.5.2 Conversion from ECEF Rectangular to ECEF Geodetic Coordinates  

Unlike the previous conversion, the conversion from Cartesian to geodetic coordinates is 

not straight forward. Despite the existence of various approximate closed form solutions, an 

iterative scheme is usually preferred. The iterative algorithm will be presented, but first some 

relevant relationships will be derived that are useful for the iterative algorithm.  

From the relationship of geodetic and Cartesian ECEF coordinates of equation (A.24), we 

can see that given the Cartesian coordinates, the calculation of geodetic longitude is simply as: 

 
1tan
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   (A.25) 
Also, from equation (A.24)  it can be shown that 
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The iterative algorithm proceeds as follows [15]: 

1. First the longitude is directly calculated as:   
1tan

e

e

y

x
   
  

 
 

2. Latitude and altitude will be calculated iteratively and the procedure is initialized 

by: 
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                                                         (A.30)

 

3. To obtain latitude and altitude, the following computations are iterated until 

convergence is achieved: 
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4. To check for convergence, compare i  
with 1i   and ih  wirh 1ih  ; if 

convergence is achieved then stop, otherwise go to step 3. 

A.3 Global Positioning System 

GPS is a satellite-based radio navigation system that was developed by the US Department 

of Defense (DoD) in the early 1970s. It was intended initially for military navigational needs. In 

1995, the system was finally declared functional. As described in [13], GPS is based on a network 

of at least 24 satellites (with some active spares). These satellites orbit the Earth in near circular 

orbits with a mean radius of about 26,560 km. As described in [19], these satellites emit coded 

radio signals. The GPS receiver detects these signals and uses them to calculate the distance 

between the receiver and the visible satellites. The location of each satellite is known to the 

receiver through messages sent by the satellite. With these distances and satellite coordinates, the 

three-dimensional position of the GPS receiver can be computed by Trilateration. In theory, a 

minimum of three satellites are needed to be visible to receiver to get its location. Actually a 

fourth satellite is needed to account for the clock offset of the receiver.  

A.3.1 GPS Structure 

As described in [20], the GPS system is composed of three segments, namely : (i) Space 

Segment, (ii) Control Segment, and (iii) User Segment. 

A.3.1.1 Space Segment 

As mentioned earlier, the space segment consists of a constellation of at least 24 satellites 

orbiting the Earth in nearly circular orbits with a mean radius of 26,560 km and a period of about 

twelve hours. There are six orbits whose planes have an inclination of 55º relative to the 

equatorial plane. Each orbit contains four unevenly distributed primary satellites. The GPS 
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constellation can accommodate 30 satellites. This geometry enables at least four satellites to be 

visible to a receiver anywhere on the Earth in open sky (typically, a receiver can have in view 

about 6 to 10 satellites). The satellites broadcast radio signals containing information and 

navigation data which enable a receiver to calculate its range from the different satellites as well 

as the satellites positions, and, subsequently, can estimate its position.  

A.3.1.2 Control Segment 

The control segment is responsible for the control and maintenance of the overall system. 

The control segment has three components: (i) A Master control station (MCS) located near 

Colorado Springs, USA, (ii) 12 unmanned monitoring stations dispersed across the globe 

(addition of five more monitoring stations is in progress) controlled by the MCS, they track the 

satellite signal to monitor their orbit and clock integrity, and (iii) Four ground antennae to 

transmit data back to the satellites.  

According to [18], the MCS monitors the health of the systems based on the information 

provided by the monitoring stations and ensures its accuracy. It maintains the GPS system time, 

predicts the ephemeris and clock parameters for the different satellites. The MCS sends the data 

and control signals to the ground antennae that transmit them to the satellites to update the 

navigation message which is then broadcast by the satellites to the user segment.  

A.3.1.3 User Segment 

This segment consists of receiver-processors and their antennas. The receiver measures and 

decode the signals transmitted from the GPS satellites (i.e. space segment), and provide position, 

velocity, and timing. The user receiver operates passively and does not transmit any signal; 

furthermore the space segment serves an unlimited number of users. GPS has both civilian and 

military users. Early GPS receivers started from price of several thousands US dollars and 

currently there are receivers under US $100. More details about the user segment can be found in 

[21, 24]. 

A.3.2 GPS Signals 

There are two radio frequencies called L1 and L2 (centered at 1575.41 MHz and 1227.60 

MHz respectively) on which the GPS satellites transmit signals. It is to be noted that there are 

new additions under the GPS modernization program, the details of which are not discussed here. 

As described in [13] and [23], each frequency is modulated by codes called pseudo-random noise 

(PRN) sequence or code which enables range measurements from each satellite to the receiver. 
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For civil use, there is the Course Acquisition (C/A) code which is used for the so-called Standard 

Positioning Service (SPS). For authorized users, there is the Precise Code (P-code) which is used 

for the so-called Precise Positioning Service (PPS), this code is further encrypted to P(Y)-code 

for security reasons. The L1 frequency is modulated by both C/A and P-codes, while L2 is 

modulated by only the P-code. Since the removal of the Selective Availability (SA) (intentional 

degradation for civilians) in May 2000, both codes have comparable accuracy which is around 5 

to 30 meters for single frequency GPS receivers. In order to convert range measurements into 

position, the GPS receiver must know the satellites positions, thus this information is provided by 

the navigation message. This message along with PRN codes are superimposed on both carrier 

frequencies. The navigation message is a binary coded data message, it consists of information on 

satellite health, ephemeris (from which satellite position and velocity can be calculated), clock 

parameters and almanac (which is a less precise version of ephemeris data about all the satellites 

in the GPS constellation). The navigation message is broadcast at a rate of 50bps, thus it takes 

12.5 minutes to transmit all the information.  

A.3.3 GPS Errors 

As mentioned earlier, GPS receivers estimate the user position by making range 

measurements to at least four satellites using the Trilateration principle. Various errors from 

different sources contaminate these measured ranges. A brief description of errors in the 

measurement of the satellite-to-receiver range, according to [1, 13], follows in the next sub-

sections. 

A.3.3.1 Satellite Clock Error 

Each satellite clock run independently and will drift over time from the GPS system time, 

despite the fact that these satellites clocks are very accurate. The control segment monitors and 

estimates the satellite clock error. The satellite clock is not actually corrected, but the control 

segment monitor the errors and send the correction parameters to the satellite that broadcast them 

to the user, which reads them and correct the predicted part of the satellite clock error. The 

remaining error will bias the range measurements. 

A.3.3.2 Receiver Clock Error 

For the reason of decreasing the cost, GPS receiver clocks are relatively inexpensive and 

thus less accurate than the satellite clocks. The receiver clock bias error is a time varying error 

which has the same effect on all simultaneous range measurements. So, if range measurements 
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are available simultaneously from four satellites, the clock bias of the receiver can be estimated 

and hence its position. This estimation of receiver position and clock bias is usually achieved 

either through a Kalman filter (KF) or through a Least Squares (LS) solution. 

A.3.3.3 Ionospheric Delay 

The Ionosphere is the layer of atmosphere that is above 50 km. It consists of ionized air, 

and changes in the ionization level influence the refractive indices of the various layers of the 

Ionosphere, so the travel time of the GPS signals through the Ionosphere is affected. As described 

in [1], the Ionospheric delay is frequency dependent, so systems with two-frequency receivers use 

this fact to calculate the Ionospheric delay much more accurately and remove the error due to it. 

Single frequency receivers can use some models of this delay to reduce the error due to it by 

about 50%.  The procedure to calculate the ionospheric delay for a single frequency is detailed in 

[13]. Dual frequency ionospheric delay calculation can be found in [25]. 

A.3.3.4 Tropospheric Delay 

The Troposphere is the lower part of the atmosphere which is from 8 to 40 km above the 

surface of the Earth; this layer has changes in weather leading to variations of temperature, 

pressure, and humidity. These factors affect the speed of light, so their changes cause errors in the 

range measurements, which appear longer by about 2.5-25m depending upon the elevation angle 

of the satellite [22]. As described in [1], the components of the Tropospheric delay that are well 

modeled account for approximately 90% of the Tropospheric delay. 

A.3.3.5 Multipath Errors 

Multipath errors are caused by the reflection of signals from surfaces near the receiver. It 

causes errors in range measurements. Multipath is a major error source in dense urban scenarios 

where the GPS signal could reach the receiver antenna via two or more paths because of 

reflections. The original signal is distorted by interference with the reflected signals which causes 

an error in calculating the range from satellites to receiver and thus yields a wrong position 

solution. More details about multipath errors can be found in [18, 19, 22]. As described in [1], to 

decrease the effect of multipath: (i) using satellites at low elevations should be avoided because 

the signals of those satellites have higher probability of suffering from multiple reflections due to 

their traveling nearly parallel to the Earth‟s surface; (ii) An antenna with low gain at small and 

negative elevations should be used to avoid the reflections from surfaces below the antenna like 
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Earth‟s surface and vehicle chassis, however multipath effects in downtown scenarios because of 

buildings will still degrade the GPS performance.  

A.3.3.6 Ephemeris Errors 

Satellite orbital errors are caused by the difference between the true satellite positions and 

the calculated satellite positions by the receiver based on ephemeris data. This error has three 

components: radial, tangential, and cross track. As mentioned in [1], the radial error is the 

smallest, but has the most important effect on the ranging accuracy, among these three. The 

satellites orbits are monitored by the control segment, which estimates the orbital errors, 

calculates the ephemeris parameters and send them to the satellites. The satellites broadcast them 

to the user to correct for the satellite position. Compared to the actual orbit, the ephemeris model 

will still have some time varying residual errors because it is a curve fit to the measured orbit. 

A.3.3.7 Receiver Noise 

It is the error in measuring the transit time by the receiver, it is caused by factors like 

component nonlinearity and thermal noise, as mentioned in [1]; thus it is receiver technology 

dependent. This error is usually modeled as white noise. 

A.3.3.8 User Equivalent Range Error (UERE) 

As described in [13] and [18], the collective effect of the measured pseudorange errors 

mentioned above is called User Range Error (URE) or User Equivalent Range Error (UERE). 

Some reasonable assumptions are that these errors affect the individual satellite pseudoranges and 

that these different errors are uncorrelated. Therefore, the UERE for a satellite can be 

approximated by a zero mean Gaussian random variable whose standard deviation is equal to the 

root-sum-square of the variances of individual error components. This standard deviation is given 

by: 

 2 2 2

/ / /URE RE CE RE AP RE RNM     
 (A.34) 

where 
2

/RE CE is the variance of range error due to satellite clock and ephemeris, 
2

/RE AP is the 

variance of range error due to atmospheric propagation delays, and 
2

/RE RNM is the variance of 

range error due to receiver noise and multipath. Table A- 1 [18] gives a summary of typical 

values of the standard deviation of the individual pseudorange errors along with UERE.  
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Table A- 1: Typical pseudorange measurement errors for a single frequency (L1) receiver 

[18]. 

Segment Source Error Source 1σ Error(m) 

Space/control Satellite clock and 

ephemeris parameters 

3.0 

User Atmospheric propagation 

delay 

Receiver noise and 

Multipath 

 

5.0 

1.0 

User Range Error 
(URE) 

 

Total  

 

6.0 
 

It should be noted that the Multipath error reported in Table A- 1 is not for hard scenarios, 

for example in an urban canyon. In those scenarios, even a more severe and influential effect 

happens because some reflected signals of some satellites might reach the receiver antenna while 

there is no direct line-of-sight between those satellites and the antenna. This latter phenomenon 

causes the receiver to measure very wrong pseudoranges and thus badly influences the GPS 

solution. 

A.3.4 GPS Measurements 

There are three main observables related to GPS [18] [22], namely: Pseudoranges, Doppler 

shift (from which pseudorange rates are calculated), and Carrier phase. The work in this thesis 

uses only the first two observables and thus the following discussion is limited to them. 

A.3.4.1 Pseudorange Measurements 

Pseudoranges are the raw ranges between satellites and receiver. A pseudorange to a 

certain satellite is obtained by measuring the time it takes for the GPS signal to propagate from 

this satellite to the receiver and multiplying it with the speed of light. The pseudorange 

measurement for the thm satellite is: 

  m

r tc t t    (A.35) 

where  
m  is the pseudorange observation from the mth satellite to receiver (in meters), tt is the 

transmit time, rt  is the receive time, and c is the speed of light (in meters/sec). 

As mentioned earlier for the GPS errors, the satellite and receiver clocks are not 

synchronized and furthermore each of them has an offset from the GPS system time. Despite the 
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several errors in the pseudorange measurements, the most effective is the offset of the 

inexpensive clock used inside the receiver from the GPS system time.  

The pseudorange measurement for the 
thm satellite, showing the different errors 

contaminating it, is given as follows: 

 m m m m m

r sr c t c t cI cT         
 (A.36) 

Where 
mr  is the true range between the receiver antenna at time rt and the satellite antenna at 

time 
tt  (in meters), rt is the receiver clock offset (in seconds), st is the satellite clock offset (in 

seconds), 
mI is the Ionospheric delay (in seconds), 

mT is the Troposheric delay (in seconds), 
m



is the error in range due to a combination of receiver noise and other errors such as multipath 

effects and orbit prediction errors (in meters). 

A.3.4.2 Doppler Measurements 

The incoming frequency at the GPS receiver is not exactly the L1 or L2 frequency but is 

shifted from the original value sent by the satellite. This is called the Doppler shift and it is due to 

relative motion between the satellite and the receiver. As described in [22], the Doppler shift of 

the 
thm  satellite is the projection of relative velocities (of satellite and receiver) onto the line of 

sight vector multiplied by the transmitted frequency and divided by the speed of light, it is given 

by:  

 1{( ). }m m
m L

D
c




v v 1

 (A.37) 

where [ , , ]m m m m

x y zv v vv  is the 
thm  satellite velocity in ECEF frame, [ , , ]x y zv v vv  is the true 

receiver velocity in ECEF frame, 1L  is the satellite transmitted frequency,  and 

2 2 2
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1  is the true line of sight vector from the 

thm satellite to the receiver [18]. 

Given the measured Doppler shift, the pseudorange rate 
m  is calculated as follows: 
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m
m D c

L
  

 (A.38) 
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A.3.5 Receiver Position and Velocity Estimation 

The description of GPS receiver position and velocity estimation in the following sub-

sections is a standard description that can be found in different textbooks among which [13] and 

[18]. 

A.3.5.1 Position Only Estimation 

According to [18], after compensating for satellite clock bias, Ionospheric and 

Tropospheric errors (using some models, e.g. those described in [13]), the partially corrected 

pseudorange can be expressed as follows: 

 m m m

c rr c t     
 (A.39) 

where, 
m

 represents a combination of receiver noise, multipath effects, and residual errors from 

the applied corrections (coming from satellite clock bias modeling and atmospheric delays 

modeling).  

The true geometric range from 
thm  satellite to receiver is the Euclidean distance and is 

given as follows: 

 2 2 2( ) ( ) ( )m m m m mr x x y y z z       x x
 (A.40) 

where  [ , , ]Tx y zx  is the receiver position in ECEF frame,  [ , , ]m m m m Tx y zx  is the 

position of the 
thm  satellite at the corrected transmission time but seen in ECEF frame at the 

corrected reception time of the signal. Satellite positions are initially calculated at the 

transmission time in the ECEF frame at transmission time as well not at the frame at the time of 

receiving the signal. According to [18], this time difference is approximately in the range of 70-

90 milliseconds, during which the Erath and the ECEF rotate, and this can cause a range error of 

about 10-20 meters. To correct for this fact, the satellite position at transmission time has to be 

represented at the ECEF frame at the reception time not the transmission time. The equations to 

do this correction is given in [18]. One can either do the correction before the measurement 

model or in the measurement model itself. In the approach followed in this thesis, the satellite 

position correction is done beforehand and then passed to the measurement model, which uses the 

corrected position reported in the ECEF at reception time. 

In vector form, equation (A.39) is expressed as follows: 

 m m m

c rb     x x
 (A.41) 
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where r rb c t is the error in range (in meters) because of the receiver clock bias. As seen in 

equation (A.41), this error due to the receiver clock offset is a fourth unknown (other than the 

three position components). Therefore, in general, measurements from at least four satellites are 

required to solve these equations for four unknowns. 

The technique presented here for position estimation, when four or more satellites are 

visible to the receiver, is based on LS. A linearized pseudorange measurement model is required, 

thus equation (A.41) must be linearized. Taylor series expansion is used and higher order terms 

(H.O.T) are discarded to extract only the linear terms. For any multi-input function ( , , )f x y z , the 

Taylor‟s series expansion around ( , , )i i ix y z is given as follows: 
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  (A.42) 
According to [22], Applying this Taylor series expansion to equation (A.41) around the current 

best estimate of receiver position: 
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 (A.43) 

And taking the linear terms, the following expression is reached: 
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The estimated range from the current best estimate of receiver position is: 

 2 2 2
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This leads to 
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In vector form, equation (A.46) is expressed as follows [18]: 

 
( )m m T m

c EST rb     1 x +
 (A.47) 

where ,

m m m

c c c EST    ,
,r r r ESTb b b   ,    , , , ,

T T

EST EST EST ESTx y z x y z   x = x x

 



234 

 

and 
m

EST1  is the estimated line of sight unit vector from 
thm  satellite to the estimated receiver 

position, it is given by [18]: 

2 2 2
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  (A.48) 
For M satellites, the linearized pseudorange measurements equations are expressed in 

matrix form as follows: 
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where G  is called the geometry matrix whose dimensions are  4M   , the name of this matrix is 

due to the fact that it characterizes the user-satellite geometry. This matrix is expressed as 

follows: 
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For four satellites, i.e. M=4, the measurement model of equation (A.50) has four equations and 

four unknowns and thus it can be solved directly for the unknowns as follows: 
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 (A.52) 
However, as mentioned earlier, in open sky the average satellite availability is always more 

than 4. When 4M  , the measurement model of equation (A.50) represents an over determined 

system and the solution is obtained by LS.  The aim is to obtain the values of ˆˆ
T

rb  
 

x, that 

minimizes the following expression: 
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 (A.53) 
According to [110], the LS solution is obtained as follows: 
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 (A.54) 
Using these corrections, the improved estimates of the position and clock bias states become as 

follows: 

 
,

ˆ ˆ

ˆ ˆ

EST

r r EST rb b b







 

x = x x
 (A.55) 

If a priori position and clock bias estimates have large errors, the LS solution is iterated until the 

change in the estimated state is sufficiently small. 

The above solution assumes that all pseudorange measurements are of the same quality, 

which is not true. An example is that the pseudoranges from low elevation satellite contain larger 

errors than those of higher elevation satellites. Having weighing factor for the pseudoranges from 

different satellites (for example a weighting based on satellite elevations), the weighted least 

square solution (as described in [110]) is expressed as follows: 
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b
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 (A.56) 

where W is the weighting matrix. 

A.3.5.2 Dilution of Precision (DOP) 

The geometry of the satellites with respect to the GPS receiver is an important factor 

influencing the accuracy of position estimation and its effect is known as Geometric Dilution of 

Precision (GDOP) or simply Dilution of Precision (DOP) [18]. As described in [13], this concept 

is illustrated in Figure A- 8 for three cases featuring two-dimensional (2D) examples with 

different satellites to user configurations. In this 2D example, having ranges from two satellites as 

well as the two satellites positions, the receiver is located on the intersection of the two circles 

centered at the two satellites and having the respective ranges as radii. Ideally, these two circles 

should intersect exactly at one or two points (the first is the receiver position, there might be 

another point of intersection but it will be far away from the Earth‟ surface), provided the user has 

a precise calculation of the transit time of the signals and thus precise ranges as shown in Figure 

A- 8(a). In actual life, this is never true and the range measurements are always contaminated 

with errors as described earlier. As illustrated in Figure A- 8(b) and (c), with these errors and 

uncertainties in range measurements, the two circles on whose intersection the receiver should be 

located become two discs.  Thus, instead of having point(s) of intersections, the intersection of 

the two discs forms a planar region of all possible receiver positions. The geometry of the two 
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satellites and the receiver affects the area of this region of intersection. Good geometry yields 

smaller area, thus less uncertainty, i.e. lower DOP, and smaller position error (as shown in Figure 

A- 8(b)). Bad geometry yields larger area, hence larger uncertainty, i.e. larger DOP, and larger 

position error (as shown in Figure A- 8(c)).  

 

Figure A- 8: DOP concept with a 2D example. (a) Ideal position estimation with no errors. 

(b) Position estimation with clock offset but good satellite-user geometry. (b) Position 

estimation with same clock offset as case ‘b’ but bad satellite-user geometry. Reprinted with 

permission from [13]. 

As discussed in [13] and [18], the geometry matrix G (described earlier to relate the 

receiver position and clock bias errors to the pseudoranges errors) affects the DOP. For simplicity 

of the discussion, the pseudorange errors are assumed to be zero mean, thus the estimates of 

position and clock bias errors are zero mean. The error in the estimated position is as follows: 
 

ˆ -x = x x  (A.57) 
where x is the true receiver position and x̂  is the estimated position from equation (A.55). 

Similarly, the error in the estimated clock bias is as follows: 
 

ˆ
r r rb b b  

 (A.58) 

where  rb  is the true receiver clock bias and ˆ
rb

 
is its estimated clock bias from equation (A.55). 

As mentioned earlier and according to [18], these errors are assumed to be zero mean: 
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Consequently as described in [18], the covariance of these errors are given by:  
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where 
2 is the variance of the range error and  
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Let the variances of , ,  x y  and z  position components be 
2

x ,
2

y ,
2

z  respectively and the 

variance of receiver clock bias error be
 

2

b , from equation (A.60) these variances are as follows: 

 
2 2 2 2 2 2 2 2

11 22 33 44;  ; ;   x y z bH H H H          
 (A.62) 

This makes the root-mean-square (RMS) error in the estimated position to be:

 

 

 

2 2 2

11 22 33RMS x y zr H H H         

 (A.63) 
As discussed in [13] and [18], equations (A.62) and (A.63) demonstrate that both the 

variance of range error and the diagonal elements of the H matrix (which totally depends on the 

geometry matrix G) affect the position estimates.  

Some DOP parameters that show the role of user-satellite geometry are defined as follows:  

Position dilution of precision (PDOP) 11 22 33H H H       (A.64) 

Time dilution of precision (TDOP) 44H       (A.65) 

Geometric dilution of precision (GDOP) 11 22 33 44H H H H       (A.66) 

Two remaining DOP parameters are the horizontal and vertical dilution of precision which are in 

the ENU frame. Since the discussion till now assumed the position in ECEF Cartesian 

coordinates,  a conversion of the position error x from Cartesian ECEF to ENU coordinates is 

needed. This conversion uses the rotation matrix from ECEF to LLF (ENU) 
l

eR  as follows: 

 
l

L eR x = x
 (A.67) 

where  ( , , )T

L E N Ux y z    x having components along East, North, and Up. 

The overall state including position and clock bias errors is expressed as follows: 
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According to [18], the covariance is given by: 
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where  
T

l

eG G R , and it has a similar structure as the geometry matrix G . 

Let 
1( )TH G G  , equation (A.69) can be rewritten as: 
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and 
2 2 2 2 2 2 2 2

11 22 33 44;  ; ;   E N U bH H H H            

where , ,E N U    are the standard deviation components of position error along East, North and 

Up respectively. Furthermore, the diagonal elements of H   correspond to East, North, Vertical 

and time DOP.  H  is expressed as follows: 
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Thus, the Horizontal dilution of precision (HDOP) 11 22H H                            (A.72) 

Vertical dilution of precision (VDOP) 33H         (A.73) 

This leads to the following definition of the RMS position errors: 

RMS horizontal position error
2 2 .E N HDOP                      (A.74) 

RMS vertical position error .U VDOP         (A.75) 

RMS 3D position error
2 2 2 2 2 2 .E N U x y z PDOP               (A.76) 

A.3.5.3 Simultaneous Position and Velocity Estimation 

In order to estimate the velocity of the receiver, pseudorange rates (calculated from the 

Doppler shift) must be used [18]. The true pseudorange rate between the 
thm  satellite and the 

receiver is expressed as follows: 
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  1 .( ) 1 .( ) 1 .( )m m m m m m m

x x x y y y z z zr v v v v v v       (A.77) 

By differentiating equation (A.36), the pseudorange rate for the 
thm  satellite is expressed as 

follows: 
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where 
rt  is the receiver clock drift (unit-less), 

r
d  is the receiver clock drift (in meters/sec), m

  

is the error in observation (in meters/sec). 

The estimated pseudorange rate between the 
thm  satellite and the receiver (based on last 

estimate of receiver position and velocity) is expressed as follows: 
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 (A.79) 

where 
, , ,, ,x EST y EST z ESTv v v  are  the estimated receiver velocities in ECEF. 

Thus, the error between the measured and estimated pseudorange rates is expressed as: 
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In vector forms, the error in pseudorange rate is expressed as [18]: 
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where m m m
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When M satellites are visible to the receiver, the linearized pseudorange rate measurements 

model is expressed in matrix form as follows: 
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Pseudorange [equation (A.49)] and pseudorange  rates [equation (A.83)] measurement models are 

combined into one model which is expressed in matrix form as follows: 



240 

 

 

111

3 1

3 1

111

3 1

8 1

3 12 1 2 8 2 1

) 1 0 0

) 1 0 0

0 0 ) 1

0 0 ) 1

T

ESTc

MM TM
rESTc

T

EST

r

MM TM

ESTM M M

b

d













 

 













  

   
   

     
     
      
     
     
     

         

(1

x

(1

v(1

(1
 (A.85) 

                                       2 1 2 8 8 1 2 1M M MG    z S + 
 (A.86) 
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When four or more satellites ( 4)M  are visible to the receiver, the LS solution to equation 

(A.86) is given by: 
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Using these corrections, the improved estimates of the position and clock bias states become as 

follows: 
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 and for the velocity and clock drift states they become: 
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Having weighing factor for the measurements from different satellites, weighted least squares is 

used. As mentioned earlier, if a priori estimates of position, velocity, clock bias and drift have 

large errors, the least square solution is iterated until the change in the estimated states is 

sufficiently small. 

A.4 Inertial Navigation Systems 

An INS is a self contained system that calculates the position, velocity and altitude of a 

moving platform by getting measurements from inertial sensors knowing the previous position, 

velocity and attitude. Thus by knowing the initial values of the moving platform‟s position, 

velocity, and attitude, the INS is able to obtain the current value of these states sequentially with 

time. Inertial sensors are accelerometers that measure accelerations (or more accurately specific 

forces, as will be discussed later) and gyroscopes that measure angular rates [16]. Given initial 

conditions, angular rates are integrated to yield the attitude (pitch, roll and yaw angles) of the 

moving platform while acceleration is integrated once to provide velocity and a second 

integration yields position. 

INSs fall into two major types: (i) a stable platform (also called gimballed) system and (ii) 

strapdown system. In the former, the inertial sensors are mounted on a set of gimbals such that 

the platform always remains aligned with the navigation frame. When the gyroscopes sense a 

rotation the platform is rotated by the appropriate angles, using a set of motors. This fact enables 

the direct integration of the accelerometers measurements to obtain velocity and position right 

away in the navigation frame. The drawback of these gimballed systems is that they are 

mechanically complex and expensive.  

As discussed in [26], advances in electronics led the way to the implementation of 

strapdown inertial systems. These systems are characterized by having the inertial sensors rigidly 

mounted onto the body of the moving platform. Instead of using the gimbals as in the previous 

system, they are substituted by a processor that implements software frame transformations 

instead of physically rotating the platform. Therefore, the transformation between the body and 

navigation frames is constantly changed by the rotation rates obtained by the gyroscopes. This 

transformation is then applied to the accelerometer measurements to project the accelerations to 

the navigation frame. Strapdown systems have the advantage of being reliable, flexible, low 

power, light and inexpensive compared to gimballed systems. Table A- 2 illustrates a brief 

comparison of the major characteristics of both gimballed and strapdown systems. The remainder 
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of the discussion about inertial systems in this thesis focuses on strapdown systems, since they are 

the ones affordable and suitable for the application at hand, i.e. low cost land vehicle navigation. 

Table A- 2: Comparison of gimbaled and strapdown inertial systems. Reproduced with 

permission from [13]. 

Characteristics Strapdown Systems Gimbaled Systems 

Size Small Bigger 

Weight Light Heavy 

Performance High accuracy Superior performance 

Robustness 
Highly reliable, immune 

to shocks and vibrations 

High reliability, low 

immunity to shocks and 

vibrations 

 

The INS consists of an Inertial Measurement Unit (IMU) and a navigation processor. 

Another point of view considers it  as consisting of three modules (as described in [13]), these 

modules are: (i) IMU; (ii) Pre-Processing ; (iii) Mechanization. The second and third modules run 

on the navigation processor. An IMU consists of an orthogonal triad of accelerometers and an 

orthogonal triad of gyroscopes. Nominally, the axes of the two triads are parallel and the origin is 

defined as the origin of the accelerometer triad. Since the focus is on strapdown systems, the 

sensor axes are fixed inside the body of the IMU and are called the body axes, as described in 

[14]. As mentioned earlier, accelerometers are used to obtain the acceleration of the moving 

platform while gyroscopes measure the rotation rate. The second module, i.e. the pre-processing 

module, consists of a filtering procedure that removes the unwanted disturbances from the IMU 

signals. Finally, these filtered signals are passed to the mechanization algorithm which is the 

motion equations (navigation algorithm) that converts these signals into position, velocity and 

attitude of the moving platform.  

A.4.1 Inertial Sensors  

As mentioned earlier an IMU consist of two main types of inertial sensors, namely: 

accelerometers and gyroscopes. The following is a brief description of these sensors and their 

classification. 

A.4.1.1 Gyroscopes 

A gyroscope is a sensor that measures the angular rotation about its sensitive axis with 

respect to the inertial frame. There are two types of gyroscopes, namely: rate sensing or rate 

integrating. The former outputs angular rate while the latter outputs attitude increment.  
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Just for explanation in the following discussion the rate sensing type will be used. The 

quantity measured by the gyroscope (i.e. the angular rate of the body with respect to the inertial 

frame) is composed of the angular rate of body with respect to the navigation frame, the rotation 

of the navigation frame with respect to the Earth fixed frame (as it follows the curvature of the 

Earth) and the rotation of the Earth as it spins on its axis with respect to inertial frame. These 

quantities are all expressed in the body frame and can be given as:  

 b b b b

ib nb en ie       (A.91) 

where: 

:  is the rotation rate of the body with respect to i-frame

: is the rotation rate of the body with respect to n-frame

: is the rotation rate of the navigation frame with respect to e-frame
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 : is the rotation of the Earth with respect to i-frame

 

As described in [13] and [26], there are different types of gyroscopes based on different 

technologies, they include ring laser gyroscopes (RLG), dynamically tuned gyroscopes (DTG), 

hemispherical resonant gyroscopes (HRG), interferometric fiber-optic gyroscopes (IFOG), and 

MEMS-based gyroscopes. Spinning mass and ring laser gyroscopes provide high performance but 

at a high cost and used in strategic/tactical applications such as submarine navigation systems. 

Compared to the previous group, DTG offer relatively medium level performance, sharing some 

applications with RLG. Again compared to the two previous groups, IFOG and Coriolis-based 

gyroscopes are relatively low performance, relatively low cost and their typical applications are in 

torpedoes, tactical missile midcourse guidance, flight control and smart ammunition guidance. 

Still the cost of all these technologies is very high for applications such as land vehicle 

navigation, mobile robot navigation, and personal navigation. The new trend is towards MEMS 

gyroscopes which are being researched for these navigation applications. More details about these 

various sensor technologies is presented in [26].  

A.4.1.2 Accelerometers 

An accelerometer is a sensor that measures the translational acceleration minus the gravity 

component along its sensitive axis. This measurement happens typically by sensing the motion of 

a proof mass relative to the case. The output of an accelerometer is called the specific force which 

is given as: 

 i i i f ga  (A.92) 
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where  f  is the specific force, a  is acceleration of the body, g is the gravitational vector. The 

acceleration a  can be expressed as a double derivative of the position vector r as: 
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i i
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d
=

dt


r
ra

 (A.93) 
As described in [13] and [26], the different types of accelerometers include the mechanical 

pendulous force-rebalance accelerometers, the vibrating beam accelerometers and gravimeters. 

The best accelerometer performance is achieved by mechanical floated instruments which are 

used in strategic missiles. Mechanical pendulous rebalance accelerometers are used in submarine 

navigation, aircraft navigation and space applications. Quartz resonator accelerometers are 

relatively lower grade sensors typically found in tactical missile midcourse guidance. For low 

cost navigation applications MEMS-based accelerometers are used. 

A.4.1.3 Classification of Inertial Sensors 

Categorization of inertial sensors is a hard task and there is no sharp universally agreed 

definition. However, to give a rough idea, a comparison of different inertial sensors/systems was 

made in [13] and is shown in Table A- 3 with data collected from [14, 30-32, 111]. Normally, the 

cost of an IMU depends on the type of inertial sensors used. One common categorization, which 

is presented in [13], is according to the intended applications of the IMU which is mostly related 

to the used gyroscope quality. This gyroscope quality is mainly dependant on the gyroscope bias 

in deg/hour, then on the gyroscope random walk normally expressed in deg/root-hour (this latter 

is the integrated gyroscope random noise).   

Table A- 3: Classification of Inertial Navigation Systems. Reproduced with permission from [13]. 

Performance Strategic Grade 
Navigation 

Grade 
Tactical Grade Commercial Grade 

Positional Error 
30m/hour 

<100m/hour 
1nm/hour or.5m/s 10-20 nm/hour Large variation 

Gyroscope drift 
0.0001-0.001 

deg/hour 
<0.01 deg/hour 1-10 deg/hour 0.1-1 deg/sec 

Gyroscope 

Random Walk 
 <0.002 / hour  0.05-0.2 / hour  Several / hour  

Accelerometer 

Bias 
0.1-1 <100 g  1-5 mg 10-1000mg 

Approximate 

Cost 
>$100,000 $50,000-100,000 $5,000-20,000 $200-2000 

Applications 

Submarines  

Intercontinental 

ballistic missile 

General 

navigation  

High precision 

georeferencing 

Mapping  

Integrated with 

GPS for mapping  

Weapons (short 

time) 

Research 

Low cost navigation 

Pedometers 

Antilock braking 

Active suspension 

Airbags 
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A.4.2 Inertial Sensor Errors 

Inertial sensors readings are contaminated with various errors whose complexity and 

influence increase with decreasing cost. There are two categories of these errors, namely: 

systematic (also called deterministic) and random (or stochastic) errors. These errors are 

described in the following sub-sections according to [13] and [16]. 

A.4.2.1 Deterministic Errors 

These errors can be compensated through laboratory calibration. According to [13] and 

[16], the most common systematic errors are:  

1. Bias: It is the value of the nonzero output (reading) when the input (measured quantity) is 

zero. All accelerometers and gyroscopes have this kind of constant error. It is 

independent of the measured quantity (either specific force or angular rate). 

2. Scale factor error: This error can be defined as the departure of the input-output gradient 

from unity. The inertial sensor (accelerometer/gyroscope) output error due to scale factor 

error is proportional to the true quantity measured (specific force/angular rate) 

along/about the sensitive axis. This error can be caused by aging or manufacturer 

tolerances. 

3. Nonlinearity: The presence of this error means that the relation of the input and output is 

not linear as it should be. 

4. Scale factor sign asymmetry: This error can be caused by mismatched push pull 

amplifiers. 

5. Dead zone: This is a range where there is no output, although there is an input. 

6. Quantization: This type of error is present in all digital systems because of conversion 

from analog to digital values. The quantity measured is analog while the sensor reading is 

digital. 

7. Cross coupling Error: The cause for this error is the misalignment of the sensitive axes of 

the inertial sensors with respect to the ideal orthogonal axes of the body frame because of 

manufacturing limitations. 

Some of these errors are illustrated in Figure A- 9, where input means the measured quantity by 

the sensor and output means the sensor reading. 
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Figure A- 9: Common input/output error types: (a) bias, (b) scale factor, (c) nonlinearity,(d) 

± asymmetry, (e) dead zone, and (f) quantization (Reprinted with permission from [13, 16]).  

 

A.4.2.2 Stochastic Errors 

As mentioned earlier, inertial sensors suffer from different random errors. These are 

modeled stochastically to try to compensate for their effects. In low-cost MEMS-based sensors, 

these errors are larger, more complex, and have more severe influence on the INS positioning 

solution. According to [13, 14], the most common random errors are: 

1. Bias drift: This is a random change in bias with time during the run. This instability in 

bias is called bias drift. The term bias is used for the deterministic part while the term 

bias drift is used for the stochastic part. One of the causes of bias drift is temperature 

changes. 

2. Scale factor instability: This is a random change in scale factor. 

3. White sensor noise: It is evenly distributed in all frequencies. The main causes for this 

noise are power supplies, intrinsic noise of semiconductor devices, or errors in the 

process of digitization. 
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A.4.2.3 Inertial Sensors Measurement Models 

According to [13] and [32], measurements models of accelerometers and gyroscopes 

outputs as a function of the true measured quantity and their main error sources are given as 

follows: 

 3( )b b

a a aI M   f b f w
 (A.94) 

 3( )b b

ib g g ib gI M   b w 
 (A.95) 

Where 
b

f is the accelerometer triad output (i.e. measured specific force vector), 
b

f is the true 

specific force vector, 
b

ib  is the gyroscope triad output (i.e. measured angular rate vector), 
b

ib  is 

the true angular rate vector, ab  is the accelerometer triad bias vector, 
gb is the gyroscope triad 

bias vector, ,a gw w are the random noise vectors associated with the accelerometer and 

gyroscope triads respectively, 3I  is a 3x3 identity matrix, ,a gM M  are matrices which express 

the scale factor and cross coupling errors of  the accelerometer and gyroscope triads respectively. 

These matrices are given as: 
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where  
,as   are the accelerometers scale factors for  = , ,x y z  axes, ,gs   are the gyroscopes 

scale factors for  = , ,x y z  axes, 
,am   are the cross coupling coefficients of   axis specific 

force sensed by the   axis  of the accelerometer triad, and 
,gm   are the cross coupling 

coefficients of   axis angular rate sensed by the   axis  of  the gyroscope triad. 

The overall accelerometer and gyroscope triads‟ measurement errors are: 

 
b b b  f f f

 (A.96) 

 
b b b

ib ib ib    
 (A.97) 

If the estimates of the individual errors are known, then compensation can be achieved and the 

estimate of the true specific force vector and angular rate vector are: 

 
1

3
ˆ ˆ ˆ( )b b

a aI M   f f b
 (A.98) 

 
1

3
ˆ ˆˆ ( )b b

ib g ib gI M   b 
 (A.99) 
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where a carat „^‟ above a symbol indicates that this is an estimate of the corresponding quantity. 

Equations (A.98) and (A.99) can be approximated by applying a power series expansion of: 

 
1 2 3

3 / 3 / / /
ˆ ˆ ˆ ˆ( ) ...a g a g a g a gI M I M M M     

 (A.100) 
By neglecting higher order terms and incorporating the linear terms of equation (A.100) in 

equations (A.98) and (A.99), the approximated expressions becomes: 

 
3

ˆ ˆ ˆ( )b b

a aI M  f f b  (A.101) 

 3
ˆ ˆˆ ( )b b

ib g ib gI M  b   (A.102) 

A.4.3 Calibration Procedure 

The inertial sensors calibration is the process undertaken in the laboratory to calculate the 

deterministic errors. The deterministic bias and scale factor errors are the two major sources of 

errors that are normally obtained through calibration. The standard calibration procedure [14] is 

presented in the following sub-sections. 

A.4.3.1 Accelerometer Calibration 

The calibration of the accelerometers is usually achieved by sensing the gravity. As 

described in [13], the accelerometer triad is placed on a calibrated rate table in six different 

positions, once with each accelerometer‟ sensitive axis facing up and once down. About 10-15 

minutes of data are collected for each of the six positions. For each accelerometer the mean 
upf

and mean downf
 
are calculated. These two should be measuring the following quantities: 

 (1 )up acc accf b S g  
 (A.103) 

 
(1 )down acc accf b S g  

 (A.104) 

where accb is the bias, accS is the scale factor, and g is the gravity. 

The accelerometer bias is calculated by adding the above two readings: 

 2

up down

acc

f f
b




 (A.105) 
The accelerometer scale factor is calculated by subtracting the two readings: 

 

2

2

up down

acc

f f g
S

g

 


 (A.106) 
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A.4.3.2 Gyroscope Calibration 

The calibration of the gyroscopes is usually achieved by sensing the Earth‟s rotation rate. 

The gyroscope triad is placed on a calibrated rate table in six different positions, once with each 

gyroscope‟s sensitive axis facing up and once down. About 10-15 minutes of data are collected 

for each of the six positions. As described in [13], the mean of the measurements of each 

gyroscope with its sensitive axis up and down are calculated. These two means should be 

measuring the following quantities: 

 (1 ) sinup gyro gyro eb S    
 (A.107) 

 
(1 ) sindown gyro gyro eb S    

 (A.108) 

where 
gyrob is the bias,

gyroS is the scale factor, e  is the Earth rotation rate and   is the latitude 

of the location of the gyroscope. The gyroscope bias and scale factor are obtained in a similar 

way as for the accelerometers: 

 2

up down

gyrob
 


 (A.109) 

 

2 sin

2 sin

up down e

gyro

e

S
   

 

 


 (A.110) 
Low cost MEMS-based gyroscopes cannot detect the Earth‟s rotation rate because of their 

high noise level. Thus the above procedure is altered as follows: in each position of the six, the 

rate table is rotated with a constant rate of for example 60 / sect   (any other rate can be used 

provided that it is higher than the detection threshold of the gyroscope). In all the above equations 

the term sine   is replaced with the value of t . 

A.4.4 Initialization and Alignment 

As mentioned earlier, as a relative positioning technique, an INS iteratively calculates 

position, velocity and attitude using the previous values of position, velocity and attitude together 

with the acceleration and rotation rates from sensors. New velocity and attitudes are calculated by 

integration and position by a further integration of velocity. In order to start the first epoch of this 

iterative procedure, the INS algorithm must be provided with initial position, velocity and attitude 

information before a solution can be obtained. This standard process is called initialization (for 

position and velocity) and alignment (for attitudes) [32]. 
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A.4.4.1 Position and Velocity Initialization  

For standalone INS, position can be initialized using the vehicle‟s last known position 

before it started to move. For systems where INS is integrated with an absolute positioning 

system such as GPS, the initial position is obtained from the absolute positioning system. In some 

cases, the starting position is known beforehand (for example a pre-surveyed location). If the 

vehicle is stationary, velocity is initialized by zero; on the other hand if the vehicle is moving, the 

velocity is initialized from an external source such as GPS or odometer. 

A.4.4.2 Attitude Alignment 

Attitude alignment is a standard procedure for inertial sensors [14]. As described in [13] 

and [32], this procedure is achieved in two steps: (i) the initialization of pitch „ p ‟ and roll „ r ‟ 

angles, (ii) gyro-compassing that yields an initial value of heading (yaw angle ' 'y or azimuth 

„A‟). When the vehicle is stationary, the accelerometers triad (tilted because of the pitch and roll 

angles) measure the components of reaction to gravity. Thus, the accelerometer measurements in 

the body frame are given by: 

 
 

      

b b l

l b

T
l l

b b

R

R





f -g

-g
 (A.111) 

where the rotation matrix 
l

bR  from body frame to LLF is defined in equation (A.13).  The gravity 

vector 
l

g  in LLF is defined as follows: Since the normal gravity vector on the ellipsoid coincides 

with the ellipsoidal normal, the East and the North components of the normal gravity vector are 

zero and only the third component has a non zero magnitude in LLF. The gravity vector is as 

follows: 

  0 0
Tl  g

 (A.112) 
The value of   used in this thesis is calculated from the following formula: 

   2 4 2 2

1 2 3 4 5 61 sin sin sina a a a a h a h        
 (A.113) 

where the coefficients 1a  through 6a  for Geographic Reference System (GRS) 1980 are defined 

as follows: 
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2 2

1 4

2

2 5

3 6

= 9.7803267714 / ;                  = 0.000003087691089 1/ ;

= 0.0052790414;                           =    0.000000004397731 1/ ;

= 0.0000232718;                            =   0.0000000

a m s a s

a a s

a a



200000721 1/ ms

 

Substituting the expressions of 
l

bR
 
and 

l
g  in equation (A.111) yields: 

cos( )cos( ) sin( )sin( )sin( ) sin( )cos( ) cos( ) sin( ) sin( )sin( )cos( )

sin( )cos( ) cos( )sin( )sin( ) cos( )cos( ) sin( ) sin( ) cos( )sin( )cos( )

cos( )sin( ) sin( ) cos( )cos( )

b

y r y p r y p y r y p r

y r y p r y p y r y p r

p r p p r

     
  

    
    

f

0

0

     

T



  
   

   
     

  (A.114) 

cos( )cos( ) sin( )sin( )sin( ) sin( )cos( ) cos( ) sin( )sin( ) cos( )sin( ) 0

sin( )cos( ) cos( )cos( ) sin( ) 0

cos( )sin( ) sin( )sin( )cos( ) sin( )sin( ) cos( ) sin( )cos( ) cos( )cos( )

b

y r y p r y r y p r p r

y p y p p

y r y p r y r y p r p r 

    
  

 
  
    

f

     





 

  (A.115) 

 

cos( )sin( )

sin( )

cos( )cos( )

x
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z

f p r

f p

f p r







   
   

   
       (A.116) 

Pitch and roll angles can be calculated from equation (A.116) as follows: 

 

1

2 2
tan

y

x z

f
p

f f


 
 
    (A.117) 

 

1tan x

z

f
r

f

  
  

   (A.118) 
When the vehicle is stationary, the gyroscopes (not MEMS-based) measure the components of 

Earth‟s rotation rate in the body frame. The components of Earth‟s rotation in the body frame are 

given by: 

 
b b l e

ie l e ieR R 
 (A.119) 

When the vehicle is stationary, these components are the only measurements for the gyroscopes: 

 
b b

ib ie 
 (A.120) 

Therefore: 

    
T T

b b l e l e e

ib l e ie b l ieR R R R     (A.121) 

where 
l

eR is the rotation matrix from ECEF to LLF and is defined in equation (A.9), and 
e

ie  is 

the Earth‟s rotation rate with respect to the inertial frame resolved in ECEF and is given by: 
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0e

ie

e

 
 


 
  



 (A.122) 

Substituting the expressions for ,l e

b lR R  and 
e

ie in equation (A.119) yields: 

cos( )cos( ) sin( )sin( )sin( ) sin( )cos( ) cos( ) sin( )sin( ) cos( )sin( )

sin( )cos( ) cos( )cos( ) sin( )

cos( )sin( ) sin( )sin( )cos( ) sin( )sin( ) cos( ) sin( )cos( ) cos( )cos( )

     

b

ib

y r y p r y r y p r p r

y p y p p

y r y p r y r y p r p r

   
 

 
 
   



sin cos 0 0

                                                                               sin cos sin sin cos 0

cos cos cos sin sin e

 

    

     

   
   
 
   
      

  (A.123) 

cos( )cos( ) sin( )sin( )sin( ) sin( )cos( ) cos( ) sin( )sin( ) cos( )sin( )

sin( )cos( ) cos( )cos( ) sin( )

cos( )sin( ) sin( )sin( )cos( ) sin( )sin( ) cos( ) sin( )cos( ) cos( )cos( )

     

b

ib

y r y p r y r y p r p r

y p y p p

y r y p r y r y p r p r
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e

e

 

 

 
 
 
  

  (A.124) 

 

 

sin( )cos( ) cos( )sin( )sin( ) cos cos( )sin( )sin

cos( )cos( ) sin sin( )

sin( )sin( ) cos( )sin( )cos( ) cos sin cos cos( )

x e e

y e

z e e

y r y p r p r

y p p

y r y p r p r

    

  

    

    
   

    
        (A.125) 

As described in [32], by mathematical manipulation, the dependency of yaw angle on 

latitude   can be removed and a relationship to calculate the yaw angle from the already 

calculated pitch and roll angles as well as the gyroscope readings is obtained: 

 

1 cos( ) sin( )
tan

cos( ) sin( )sin( ) cos( )sin( )

x z

y x z

r r
y

p p r r p

 

  


  

  
     (A.126) 

The procedure of calculating the initial yaw or azimuth angle from the gyroscope readings, 

which is called gyro-compassing, is not possible for low cost MEMS-based IMUs because they 

cannot detect the Earth‟s rotation rate (i.e. they have a noise level higher than the Earth‟s rotation 

rate). When these IMUs are used, the common solution is to obtain the initial heading from 

another external sensor or system such as a compass or magnetometer. When these low cost 

IMUs are integrated with GPS, one solution is to obtain the initial heading by waiting after the 
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vehicle starts moving, then to calculate azimuth (or yaw) from the East and North velocities 

provided by GPS using the following relation: 

 

1tan e

n

V
A

V

  
  

   (A.127) 
It should be noted that anotehr idea for MEMS-based INS/GPS integrated systems realized in 

real-time and built-in inside land vehicles, is to save the last vehicle state before system shutdown 

in a non-volatile storage, and use the azimuth value from it as the initial one when the system is 

powered on once again. 

A.4.5 INS Mechanization 

The INS Mechanization is a procedure undertaken to calculate the navigation states (i.e. 

position, velocity and attitude) from the IMU readings [15]. The IMU readings consist of three 

rotation rates about the gyroscope axes 
b

ib  and three specific forces 
b

f  along the accelerometers 

axes, all these readings are with respect to the inertial frame. Mechanization of the IMU 

readings is a recursive function based only on the new IMU readings and the previous 

navigation states. Figure A- 10 illustrates the block diagram of INS mechanization.  

The mechanization equations presented here are in the LLF [14]. The navigation state 

variables are the position vector r , the velocity vector v  and the rotation matrix 
l

bR  which are 

all functions of time. The position vector 
l

r of the moving platform is expressed in terms of 

geodetic (or curvilinear) ECEF coordinates as follows: 

 l

h





 
 


 
  

r    where           

:

:

:

latitude

longitude

h altitude











 (A.128) 

The velocity vector of the moving platform in LLF is  , ,
Tl

e n uv v vv , which has components 

along East, North, and Up directions. 
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Figure A- 10: Block diagram of the INS mechanization 

A.4.5.1 Attitude Equations 

The attitude (orientation) of the moving body is determined by solving the time derivative 

equation of the transformation matrix 
l

bR  (rotation matrix between body frame and LLF). As 

explained in [13, 14] for the LLF mechanization, the differential equation of the transformation 

matrix is: 

 
l l b

b b lbR R 
 (A.129) 

The skew symmetric matrix 
b

lb  of the angular velocity of the body frame with respect to the 

LLF expressed in the body frame can be expressed as follows: 

 
b b b b b b b

lb li ib il ib ib il       
 (A.130)  

The skew symmetric matrix 
b

ib of the rate of rotation of the body frame with respect to the 

inertial frame is obtained from the values directly measured by the gyroscopes. 
b

il is the skew 

symmetric matrix of the rotation rate of the LLF with respect to the inertial frame expressed in 

the body frame. 
b

il (where 
b b b

il ie el   )  is composed of the following two parts: (i) 
b

ie

which is the skew-symmetric matrix of the Earth‟s rotation rate with respect to inertial frame and 

expressed in body frame, (ii) 
b

el which is the skew-symmetric matrix of the change in the 

orientation of the LLF with respect to ECEF frame and expressed in body frame. To gain insight 

into this and into equation (A.130), it should be noted that the gyroscopic measurements contain 

both the Earth‟s rotation (represented by 
b

ie ) and change in orientation of the LLF (represented 
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by 
b

el ) in addition to the angular velocities of the moving body (represented by 
b

lb ). Therefore 

b

il is subtracted from 
b

ib to remove these effects.  

Substituting (A.130) into (A.129) yields 

 ( )l l b b

b b ib ilR R  
 (A.131) 

By solving equation (A.131), the rotation matrix 
l

bR  is obtained, then this matrix values are used 

to calculate attitude angles.  

To put equation (A.131) into its final form, the following is used 

 
b b b

il ie el  
 (A.132) 

where  

 
b b l l

ie l ie bR R      and     
b b l l

el l el bR R    

Therefore  

 ( )b b l l b l l b l l l

il l ie b l el b l ie el b
R R R R R R       

 (A.133) 
Substituting equation (A.133) in equation (A.131) yields: 

 ( )l l b b l l l

b b ib l ie el b
R R R R        (A.134) 

In the following discussion the expressions for the different skew symmetric matrices involved 

are given. As mentioned earlier, 
b

ib  is provided by the gyroscopes readings: 

 , ,
T

b

ib x y z     
 (A.135) 

When the vector in (A.135) is put in skew symmetric matrix form, it becomes: 

 

0

0

0

z y

b

ib z x

y x

 

 

 

 
 

   
    (A.136) 

The rotation of the Earth with respect to the inertial frame expressed in LLF is: 

  0, cos , sin
Tl

ie e e   
 (A.137) 

When this vector is put in skew symmetric matrix form, it becomes: 

 

0 sin cos

sin 0 0

0 0

e e

l

ie e

ecos

   

 

 

 
 

 
 
    (A.138) 

Furthermore, the rotation of the LLF with respect to ECEF expressed in LLF is given by: 
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 (A.139) 
When this vector is put skew symmetric form, it becomes: 
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    (A.140) 

A.4.5.2 Velocity Equations 

The velocity vector of the moving platform is  , ,
Tl

e n uv v vv , the velocity equation is 

[14, 15]: 

  2l l b l l l l

b ie elR    v f v g
 (A.141) 

In the above equation, 
l

bR  is the transformation matrix from the body frame to the LLF, 
b

f is the 

specific force measured by the accelerometers in body frame, 
l

ie  is the skew-symmetric matrix 

of angular velocity for the Earth rotation expressed in LLF, 
l

el is the skew-symmetric matrix of 

angular velocity vector of LLF (as it moves on the curvature of the Earth) with respect to ECEF 

frame expressed in LLF, and 
l

g is the gravity vector in LLF. 

A.4.5.3 Position Equations 

As described in [14, 15], The time rate of change of the position components has the 

following relation to the velocity components: 
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 (A.142) 

  1l lD r v  (A.143) 

In the above equation, 
1D
 transforms the velocity vector from LLF (cartesian) to the rate of 

change of curvilinear (or geodetic) ECEF coordinates whereas NR and MR are the normal and 

meridian radii of the Earth‟s reference ellipsoid as defined earlier. 

A.4.5.4 Summary of INS mechanization equations 

The results of previous sections are grouped into one model as follows [14]: 

 

1

(2 )

( )

l l

l l b l l l l

b ie el

l l b b

b b ib il

D

R

R R

   
   

       
       

r v

v f v g  (A.144) 

The above equation expresses the mechanization in the LLF. The position output is in ECEF 

curvilinear (or geodetic) coordinates , ,h  , the velocity output is in LLF coordinates , ,e n uv v v , 

and attitude angles are roll, pitch and yaw which are measured with respect to LLF. 

A.4.5.5 Quaternions 

In order to solve the previously described mechanization equations, the rotation matrix
l

bR need to 

be parametrized. The most popular technique for this parametrization is the quaternion approach. 

As described in [13], Euler‟s theorem states that the rotation of a rigid body (represented by the 

body frame in the problem at hand) with respect to a reference frame (represented by the LLF in 

the problem at hand) can be expressed in terms of a rotation angle  about a fixed axis and the 

direction cosine of the rotation axis ( , , )    that defines the rotation direction. 
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Figure A- 11: Rotation vector, rotation angles and direction cosine of rotation axis. 

Reprinted with permission from [13]. 

According to [17], Quaternion is a four parameter representation of a rotation matrix. It is  

defined as: 
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q  (A.145) 

where 
2 2 2       is the rotation angle, ,

 

 
 and 




 are the three direction cosines of 

the rotation axis with respect to the LLF. 

The four components of a quaternion are related by the following constraint: 

 2 2 2 2

1 2 3 4
1q q q q     (A.146) 

This relation means that a quaternion has only three independent components, which are 

sufficient to describe the represented rigid body rotation.  

The quaternion parameters are functions of time and the associated differential equation is 

given by: 
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where    is a skew-symmetric matrix of the following form 
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 (A.148) 

In equation (A.148),  , ,
T

x y z     is the angular velocity of body rotation,  is the skew-

symmetric form of  .  

A.4.5.5.1 Relationship Between the Transformation Matrix and Quaternion Parameters 

At any time epoch, when the quaternion parameters are determined, then the rotation matrix 
l

b
R  

can be calculated as follows: 

2 2 2 2

1 2 3 4 1 2 3 4 1 3 2 4

2 2 2 2

1 2 3 4 1 2 3 4 2 3 1 4

2 2

1 3 2 4 2 3 1 4 1 2

(1,1) (1,2) (1,3) 2( ) 2( )
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  (A.149) 

At the initial epoch of the mechanization, the initial rotation matrix 
l

b
R  is calculated using the 

initial attitude angles obtained during the alignment process. Then the initial values of the 

quaternion parameters are calculated using the following expression: 
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        (A.150) 

A.4.5.5.2 Solutions of the Quaternion Equation 

To solve the differential equation in (A.147), a simple standard numerical integration 

algorithm can be used. Using a first order approximation for the derivative, the quaternion 

differential equation has the following discrete solution: 

 1

1
( )

2
k k k k

t

   q q q

 (A.151) 
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The above numerical solution is based on the assumption that the angular velocity is constant 

over a short time interval. The actual time varying rates of rotation over a short time interval are 

replaced by equivalent constant rates which would give the same change in rotation angle. This is 

a valid assumption for low dynamics as encountered in most land vehicles and other personal 

navigation systems.  

As mentioned earlier the definition of the quaternion parameters imply that 

 2 2 2 2

1 2 3 4
1q q q q   

 (A.152) 
Because of computational errors, the equality of equation (A.152) may be violated. In order to 

compensate for such an error, a special normalization procedure is undertaken. Assuming that 

there is an error after the computation of the new quaternion parameter, let this error be   where: 

 2 2 2 2

1 2 2 4
1 ( )q q q q     

 (A.153) 
Therefore, the vector of quaternion parameters q  should be updated after each epoch using the 

following expression: 

 
ˆ 1
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q
q q

 (A.154) 
When the new normalized quaternion parameters are obtained at a certain epoch, the rotation 

matrix 
l

b
R  is then calculated using equation (A.149). Once the updated transformation matrix 

l

bR  

is known, the attitude angles can be computed as follows: 
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A.4.5.5.3 Advantages of Quaternions 

The quaternion approach is preferred for the parameterization of the rotation matrix 
l

b
R  because 

of its different advantages over the other techniques such as those based on Euler Angles and 

Direction Cosines. The advantages of quaternions are [13, 14, 17]: 

1. In this approach only four differential equations are solved numerically instead of six 

differential equations in case of using the directions cosines approach. 
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2. This solution avoids the singularity problem that might exist with some other solutions 

such as Euler Angles. 

3. This approach has simple computations. 

Table A- 4: Summary of the characteristics of various methods for the  parameterization of 

the transformation matrix. Reproduced with permission from [14]. 

Methods Advantages Disadvantages 

Euler Angles  Only three differential equations 

are needed (three independent 

parameters) 

 Direct initialization from roll, 

pitch and yaw angles. 

 Non-linear differential 

equations 

 Singularity occurs as the angles 

approach ±90° 

 Order of rotation is important 

Direction 
Cosines 

 Linear differential equations 

 No singularities 

 Direct computation of the 

transformation matrix 

 Six independent differential 

equations 

 Computationally complex 

 Euler angles are not directly 

available 

Quaternions  Only four differential equations 

 No singularities 

 Simple computation 

 Euler angles are not directly 

available 

 Transformation matrix is not 

directly available 

 Initial calculations using Euler 

angles are required 

A.4.5.6 Summary of Steps for Computation of Navigation Parameters in LLF  

The following points summarize the steps that constitute one iteration of the INS mechanization 

procedure for calculating position, velocity, and attitude [13, 14, 34]: 

1. Obtain the inertial sensors readings, i.e. rotation rates ( , ,x y z   ) from the gyroscopes 

and specific forces ( , ,x y zf f f ) from the accelerometers. These measurements are in the 

body frame with respect to the inertial frame resolved into the body frame. 

2. Update the quaternion solution using rotation rate measurements ( , ,x y z   ), 

consequently update the rotation matrix 
l

bR , and then calculate the attitude angles, pitch 

roll and azimuth ( , , )p r A . 

3. Transform the specific forces ( , ,x y zf f f ) from body to LLF using 
l

bR  to get ( , ,e n uf f f ). 

4. Knowing that accelerometers also measure gravity as well as Coriolis effect (due to Earth 

rotation and LLF change of orientation), their readings have to be compensated for both: 

(i) gravity, and (ii) Coriolis effect. 
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5. Compute the East, North, and Up components of velocity by integrating the transformed 

and compensated specific forces to yield ( , ,e n uv v v ).  

6. Compute the position in geodetic coordinates ( , ,h  ) by integrating velocities.  
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