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Abstract
The recent decade has witnessed great advances in microarray and genotyping technologies
which allow genome-wide single nucleotide polymorphism (SNP) data to be captured on a single
chip. As a consequence, genome-wide association studies require the development of algorithms
capable of manipulating ultra-large-scale SNP datasets. Towards this goal, this thesis proposes
two SNP selection methods; the first using Independent Component Analysis (ICA) and the
second based on a modified version of Fast Orthogonal Search.
The first proposed technique, based on ICA, is a filtering technique; it reduces the number of
SNPs in a dataset, without the need for any class labels. The second proposed technique,
orthogonal search based SNP selection, is a multivariate regression approach; it selects the most
informative features in SNP data to accurately model the entire dataset.
The proposed methods are evaluated by applying them to publicly available gene SNP
datasets, and comparing the accuracies of each method in reconstructing the datasets. In addition,
the selection results are compared with those of another SNP selection method based on Principal
Component Analysis (PCA), which was also applied to the same datasets.
The results demonstrate the ability of orthogonal search to capture a higher amount of
information than ICA SNP selection approach, all while using a smaller number of SNPs.
Furthermore, SNP reconstruction accuracies using the proposed ICA methodology demonstrated
the ability to summarize a greater or equivalent amount of information in comparison with the
amount of information captured by the PCA-based technique reported in the literature.
The execution time of the second developed methodology, mFOS, has paved the way for its
application to large-scale genome wide datasets.
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Chapter 1
Introduction
The advent of high-throughput technologies, such as DNA microarrays, has paved the way for
simultaneous measurement of hundreds of thousands of gene expressions and Single Nucleotide
Polymorphisms (SNP). At the same time, analyzing and mining such data in order to identify
fragments of informative features introduces major computational challenges. Informative genetic
data dimensionality reduction and identification of significant processes in the data require
thorough analysis. This thesis addresses the problem of SNP data dimentionality reduction by
comparing the results of two well established methods in the signal processing literature; the
Independent Component Analysis (ICA) and a modified version of Fast Orthogonal Search
(mFOS).

1.1 Motivation
The analysis of SNP data is a key component of disease-gene association studies. With the
aforementioned technological developments, high-throughput genotyping and sequencing
techniques challenge researchers to analyze genome-wide sequence datasets with hundreds of
thousands of SNPs. Due to the large size of these datasets, educated reduction of the number of
SNPs is required in order to meet the computational demands of association studies. The
possibility of performing dimension reduction without loss of information in the data, stems from
the biological phenomenon of Linkage Disequilibrium (LD) [1].
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LD describes the inhereted association of distant SNPs along a DNA sequence [6]. As a result
of the nature of these associations, it is plausible for a small number of SNPs to summarize a
significant amount of the information carried by the whole group of SNPs under observation. In
other words, knowing the value of one SNP provides information about the value of its associated
SNP. Hence, the information carried along a sequence of DNA can be compressed into a small
group of SNPs which have the ability to predict the other SNPs in the studied sequence. A
justifiaction of this predictive ability is the redundancy of information available in the group of
associated SNPs. SNPs along the DNA sequence exhibit a form of redundancy in their
information, which makes dimensionality reduction of SNP data a plausible process [2].
The need for dimensionality reduction techniques stems from the urgent need to perform
disease-gene association studies. Several widespread and critical diseases such as cancer, multiple
sclerosis and Alzheimer’s are considered genetic diseases demonstrating associations with multigenetic loci [3]-[6]. Identifying these loci raises the potential of early diagnosis of the studied
disease, and enhances the ability to predict its course and developmental phases. Moreover,
locating the association loci on the DNA sequence could potentially improve disease treatments
by catering to customized therapeutic needs through personalized medicine.
Performing association studies on a genome-wide level requires a significant amount of
resources, specifically computational power and processing memory, to be able to deal with the
time and space complexity of the data. On the most basic level, an association study should
inspect each mutation on the DNA sequence and look for a significant association with the
susceptibility of certain diseases or the response to some disease treatment. However, this
simplistic approach is computationally expensive due to the large number of SNPs, and is prone
to missing combinatorial factors in the association studies. In addition, the number of false
2

positives in association studies performed using traditional statistical tests, such as Chi square and
F- tests, is directly proportional to the size of the analyzed data. This proportionality is derived
from the mere definition of statistical significance. Consequently, more sophisticated approaches
which use complicated data mining techniques were developed, leading to a better inspection of
the group of SNPs being studied. Unfortunately, these approaches significantly increased the
computational overhead [7].
Dimensionality reduction, or more precisely, feature selection techniques, were adopted from
data mining and signal processing literature to simplify the process of locating SNP loci
associated with the studied disease [37]. This thesis discusses the application of two signal
processing methods to reduce the dimension of SNP datasets. The following sections introduce
the methods used and highlight the thesis contributions.

1.2 Feature Selection for SNP data
Feature selection techniques aim to reduce the number of dimensions in the studied dataset
using the intrinsic characteristics or the correlation and association of each feature (in this case,
each SNP) to a classification outcome. Methods focusing on the inherent characteristics of the
SNPs are considered filtering techniques. Wrapper techniques are another group of methods that
reduce the dimensionality according to associations between SNPs and class labelling available in
the dataset. In other words, with a SNP dataset, the features are considered to be the actual SNPs
and the feature selection process aims to reduce their number. This reduction depends on the
ability to discard redundant information present among the SNPs.
Feature selection approaches select a group of SNPs carrying a sufficiently diverse amount of
information, which effectively reflects the amount of information contained in the original group
3

of studied SNPs. The selected SNPs exhibiting non-redundant information are considered
independent. The concept of the independence of features has led to the exploration of different
statistical approaches designed to remove a group of SNPs which depend on other SNPs. In this
thesis, two reduction techniques based on signal processing methods are adopted and applied to
three different datasets.

The first method is the Independent Component Analysis (ICA); a matrix decomposition
approach. ICA looks at a certain dataset as a group of mixed or combined signals. Its goal is to
recover the mixing transform responsible for generating the observed signals, as well as the
original unmixed independent signals known as the Independent Components (ICs). The mixing
transform is usually a linear combination of the ICs. SNP values are considered mixed genetic
signals where the redundancy of information and the dependence of specific SNPs on other SNPs
are two main characteristics of the datasets. Hence, ICA is applied to the SNP datasets in order to
recover the independent SNPs summarizing the information carried by the whole dataset. The ICs
are calculated as linear combinations of the SNPs under investigation. Dimensionality reduction
is performed by assessing the relevance of each SNP to a limited number of independent ICs.

The second method, mFOS, is a modification of FOS and can be described as a multivariate
regression technique. Each studied SNP sequence in the dataset is regarded as an output of a
genetic system aiming to express the information carried along the DNA as sequence of a group
of selected SNPs. mFOS builds a model for the aforementioned genetic system by assessing the
importance of each SNP in estimating the output of the system. This assessment depends on
minimizing an error term of the estimated output in comparison with the original output
4

sequence. In summary, mFOS is applied to SNP datasets where it assesses the contribution of
every SNP in the estimation of each genetic system output available in the dataset. Results of
mFOS and ICA applied for SNP selection are compared with each other and with another
dimension reduction approach, a second matrix decomposition method called Principal
Component Analysis (PCA).

1.3 Thesis Objectives
This thesis aims to provide solutions for performing an educated dimension reduction without
the loss of information carried along the studied SNP sequences. This goal of this thesis is
achieved by proposing SNP selection techniques that:
•

Reduce the dimension of a SNP dataset in order to facilitate and simplify the disease
association studies.

•

Perform the reduction by using only the intrinsic characteristics of the SNPs and without
the need for a classification method or class labelling of the data.

•

Reconstruct the entire sequence of SNPs from the selected group of SNPs with high
accuracy.

1.4 Thesis Contributions
The main contributions of this thesis are as follows:
•

Formulation of the ICA reduction technique as a filtering approach unlike the previously used
application of ICA. In this thesis, ICA is presented as an unsupervised dimensionality
reduction approach without requiring any class labels.

•

Implementation of a modified version of FOS on SNP datasets in order to select the most
informative SNPs.
5

•

SNPs are chosen as the pool of candidate functions used for modeling SNP sequences using
the mFOS method instead of using functions which are external to the system. This choice
provides biological context and simplifies the interpretation of the results.

•

Implementation of the SNP reconstruction technique based on CUR matrix decomposition in
order to evaluate the selection results. The evaluation is reported according to the accuracy of
reconstructing the studied dataset using only the selected SNPs.

•

Re-implementation of PCA-based SNP selection in combination with the reconstruction
technique for the purposes of comparison.

1.5 Thesis Structure
The remainder of this thesis is organized as follows: Chapter 2 provides the biological
background of this thesis, a literature review of previous dimensionality reduction studies for
SNP selection and previous applications of the ICA and mFOS methods. Chapter 3 presents the
three datasets used in the thesis. In addition, it discusses the encoding approaches adopted for the
transformation of the SNP sequences into numerical forms. Chapter 4 discusses the proposed
dimension reduction techniques and their implementations. Chapter 5 reports the results of ICA
for three SNP dataset as well as the results of mFOS on two SNP datasets and compares these
results with previously published SNP selection results using PCA. Finally, Chapter 6
summarizes the work presented in this thesis along with ideas for future work.
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Chapter 2
Background
In this chapter, a literature review of the biological foundation of this thesis work and the
methodological background are provided. The chapter contains three sections. The first section
presents the essential biological notions and concepts essential to the thesis. The second section
surveys genetic data analysis literature for dimensionality reduction techniques and their different
categories. The third section provides the fundamentals of the proposed methodologies, ICA and
FOS, and reviews the literature for the application of these methodologies in similar contexts.

2.1 From DNA to Genome
2.1.1 The DNA
DNA (Deoxyribo-Nucleic Acid) is the reservoir of human genetic information.

Genetic

information is represented in the DNA in the form of a sequence of nucleotide base-pairs. A
nucleotide base, or simply a base, is one of the following four molecules: Adenine (A), Guanine
(G), Cytosine (C), or Thymine (T). The DNA exists in a double-stranded helix structure shown in
Figure 2.1 where complementary nucleotides from both stands form the bonds between the two
stands [1]. The complementarity between nucleotides is presented by the (A) - (T) bond and the
(G) – (C) bond.

7

Figure 2.1 DNA double stranded helix structure shows the sugar phosphate backbone in
addition to the different nucleotide bases.

Picture adopted from: NUCLEIC ACIDS - DNA, RNA –GENETICS

(http://biomolecules-world.blogspot.com/2008/12/deoxyribonucleic-acid-dna.html).

The DNA represents the coding material for all structural and functional proteins in the human
body. Its sequence consists of a succession of coding (genes) and non-coding regions. The totality
of the genetic material available in each human cell is known as the genome [9].

2.1.2 Genomic Diversity and Single Nucleotide Polymorphism
Despite the noticeable differences in human appearances, humans share more than 99% of
their genome [10]. The diversities in the human DNA are due to chromosomal crossovers, which
take place during reproduction, or external factors [13]. The differences generated by crossover
are known as genetic polymorphism, whereas the differences resulting from external stimuli are
called mutations [13]. In this research, we are interested in the analysis of a specific form of
mutations, referred to as Single Nucleotide Polymorphism (SNP).

8

Figure 2.2 A Graphical explanation of SNPs and their related terms.

SNPs constitute 90% of the several different manifestations of mutations on human DNA [13].
A SNP is a mutation in a single base (Figure 2.2), along the DNA sequence, which appears in at
least 1% of the population [10]. SNPs have high frequencies; they occur every 100 to 300 bases
[10] in either coding or non-coding genome regions. A SNP on a coding region may cause a
modification in the coded protein, leading to abnormalities such as diseases and changes in
responsiveness to drugs, among others. However, SNPs occurring in a non-coding region are
considered as markers. As a result, SNP analysis is an essential component of studying diseasegene association
The majority of SNPs are bi-allelic, meaning that they have two possible values, with one
value referred to as the major allele and the other referred to as the minor allele, according to their
frequency of appearance in the studied population. Figure 2.2 demonstrates an example of a SNP.
A SNP that has the same allele on both strands of the DNA is called homozygous while a SNP
with different alleles on the DNA strands is called heterozygous [11]. A group of statistically
related SNPs on a single chromosome is known as a haplotype [6], [11].
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Technologies used to measure SNP values along the human genome, also known as
genotyping technologies, have progressed rapidly in the last decade [12]. Recent ultra-highthroughput genotyping platforms are designed to assay for more than one million SNPs [12].
Currently, the available genotyping technologies are Affymetrix GeneChips©, Invader assays,
Illumina’s Infinium Beadchips©, and the Perlegen Genotyping Platform [12]. The Affymetrix©
and Illumina© technologies are the most frequently used technologies due to their high
accuracies in measurements [12]. Both of these technologies use direct hybridization of the
assayed DNA, where DNA strands are associated with fluorescent complementary locus and
allele specific probes [11]. The fluorescent intensities of the associated probes are collected and
measured to designate the available alleles on the studied strands. However, the Affymetrix©
technique hybridizes via locus and allele specific 25-mers of oligonucleotide probes and the
Illumina© technique utilizes a bead array of 50 base-pair-long locus specific probes [12]. As a
result of genotyping advancements, researchers are faced with ultra-large scale SNP datasets.

2.1.3 Genome Wide Association studies
Genome Wide Association Studies (GWAS) consist of studying the genome in a systematic
manner to search for genetic variations (SNPs) associated with either a certain disease, or a
certain response to a disease treatment [14]. In most reported GWAS, researchers use statistical
tests such Chi-square, logistic regression and others to identify SNP associations with the disease
or the studied trait [15]-[19]. Logistic regression, the most popular method used in association
studies, is a predictive modeling technique. Its goal is to model the susceptibility or the response
of a treatment of a certain disease as a log function of the SNP values available in the study. The
identified SNPs provide researchers with the ability to better understand complex diseases,
10

perform early diagnosis and predict certain disease prognosis [20],[21]. Personalized medicine is
one of the goals of GWAS; if achieved it can radically modify current healthcare practices and
lead to improved disease treatments [22]. Genome Wide Association studies have been published
for several complex diseases such as multiple sclerosis, cancer, and Alzheimer’s disease among
others [15],[23].

Seshadri et al. [23] performed a trend statistical test on genome wide SNP data and 35,000
individuals (case/control) in order to uncover the hidden association between specific SNPs and
Alzheimer’s disease (AD). They identified a strong association between the risk allele G of SNP
rs2075650 and AD with a P-value < 10-3. However, Kramer et al. [24] used a logistic regression
to test the association of the genome wide SNP data and AD. They recognized a strong
association between the disease and two SNPs: rs4298437 and rs11782819. On the other hand,
Harold et al. [25] used a logistic regression on genome wide SNP data with 16,000 case/control
individuals in an AD association study. They have replicated previously discovered associations
between the disease and the SNP rs2075650. Moreover, they uncovered new associations with the
disease and two other SNPs: rs11136000 and rs3851179.

Long et al. [26] conducted a multi-stage genome wide association study on 4,150 case/control
individuals to discover SNP associations with breast cancer. Using logistic regression, they
identified a strong association between breast cancer and the risk allele T of SNP rs4784227.
Turnbull et al. [27] performed a breast cancer GWAS on 3,659 cases and 4,897 controls. Using
the Cochran-Armitage trend test and Chi-square test, they reported associations between the
cancer and five new SNPs on chromosomes 9, 10 and 11 with P-values ranging from 10-7 and 1011
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. Furthermore, Thomas et al. [28] conducted a GWAS for breast cancer susceptibility on 1,145

cases and 1,142 controls by performing an unconditional logistic regression. They identified two
new SNPs rs11249433 and rs999737 which were highly associated with breast cancer.
On the other hand, Nischwitz et al. [29] performed a GWAS using logistic regression to
identify susceptibility loci for multiple sclerosis (MS). Their study included 590 cases and 825
controls and resulted in the identification of associations with the MS and SNPs on the two genes
VAV2 and ZNF433. However, Sanna et al. [30] reported associations between MS and the SNP
rs9657904 on the CBLB gene using conditional regression analysis. Their study was conducted
on 882 cases and 872 controls with genome wide SNP data. Conversely, Jakkula et al. [31]
conducted a GWAS for MS on 68 cases and 136 controls using a fisher exact test. They
uncovered strong associations between the disease and SNP rs744166 on the STAT3 gene.
Hundreds of other studies analyzed associations with different diseases and reported new or
replicated previously discovered results. This thesis is concerned with facilitating the use of
techniques other than the statistical tests used in the above reported studies since larger GWAS
datasets result in higher numbers of false positives in statistical test-based GWAS. In addition,
some previously used statistical tests tend to miss combinatorial factors during association
discovery, a fact that strongly affects GWAS results. Two approaches to systematically reduce
the dimension of SNP datasets are provided in order to decrease the complexity of searching
through DNA sequences for associations with diseases.
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2.2 Dimensionality reduction for SNP Selection
By definition, dimensionality reduction refers to the identification of a lower dimension
representation of a set of variables, which still captures the content and information available in
the original representation of the variables [32]. In other words, given an n dimensional dataset,
we seek to find a subset of k dimensions, where

, which contain all the information of the

original data [32].
The analysis of SNP data is key to disease-gene association studies [33]. The large size of
these GWAS datasets requires a reduction of the number of SNPs in order to meet the
computational requirements of association studies.
Achieving the desired reduction in the number of SNPs consists of searching within the SNP
space and choosing a group of representative SNPs that summarize the information hidden in the
entire sequence, while best predicting the non-selected SNPs in the studied sequence. Predicting
the non-selected SNPs, residing on the haplotype in a study serves as a method of evaluating the
results of a SNP selection approach. In bioinformatics jargon, this task is known as SNP selection
or tagging SNPs. Tagging SNPs or htSNPs are equivalent terminologies indicating the set of
chosen SNPs resulting from a SNP selection approach. HtSNPs have the ability to predict other
SNPs in the haplotype. The non-selected SNPs are referred to as tagged SNPs and are not able to
predict any other SNP on the chromosome.
SNP selection imposes algorithmic challenges, especially in terms of the nature and the
complexity of search algorithms. Various dimensionality reduction approaches have been used to
perform the selection of the most informative SNPs. These approaches can be categorized in two
main groups: wrapper, and filter approaches, which are discussed separately in the following two
subsections.
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2.2.1 Wrapper approaches for SNP Selection
Wrapper techniques search through attribute (SNP) space for a group of SNPs that are capable
of accurately classifying the data into the desired classes [37]. In other words, the dimensionality
reduction is performed by assessing the relevance of each SNP to class attributes such as diseases
or drug responses. Since data used in wrapper techniques require labeling and/or classification,
they are regarded as supervised dimensionality reduction approaches.
Wrappers have been used for SNP selection from different SNP datasets with various
classifiers. Shah et al. [43] proposed two wrapper approaches. The first one consisted of weighted
decision trees which assigned SNP data into two classes good or bad responders for drug or
placebo treatment. Different trees were weighted according to their SNP prediction and subject
classification accuracies. The number of genes used in this study was reduced to 10 and 8 genes
out of 32 genes for the drug and placebo datasets, respectively. Consequently, SNPs contributing
to the highly weighted trees were selected. The second wrapper method in [43] selected SNPs
based on a genetic algorithm. This algorithm evaluated sets of SNPs according to a fitness
function reflecting their correlation with a desired classification outcome. The reduction in SNPs
resulted in selecting 63 and 59 SNPs out of 172 SNPs for the drug and placebo datasets,
respectively. Similarly, Yang and Zhang [44] used a genetic algorithm to select different sets of
SNPs. Their fitness function was based on the classification accuracy of neural networks. Their
method was applied to 10 SNPs belonging to 146 case/control dataset for Age-Related Macular
Degeneration (AMD). Using this method, they reduced the number of studied SNPs to 4 SNPs
capable of accurately classifying the data.
Zhang et al. [45] selected a set of SNPs based on their classification accuracy using a support
vector machine. Dawy et al. [46] used Independent Component Analysis (ICA) to model SNP
14

expressions. Inspired by the blind source separation problem, they considered the SNPs to be
transformed by unknown means to form some SNP expression which produces a phenotype or
disease. They measured the relevance of independent components to the classification outcome of
case/control data by applying a linear least square regression. Long et al. [47] presented two
wrapper techniques. The first SNP selection technique was performed by choosing the SNPs
which contributed to the distinction of different mortality means classes. The contribution was
measured according to the information gained by adding a SNP to the classification model.
Therefore, the higher the information gain of a SNP, the higher the association of that SNP with
the classification attribute and the greater its ability to differentiate among the class values.
The second wrapper technique in [47] consisted of searching through subsets of SNPs and
evaluating their ability to classify the studied data according to their cross-validation
classification accuracies. The authors compared two search algorithms: Forward Selection (FS)
and Backward Elimination (BE), and three classification methods: Naïve Bayes (NB), Bayesian
Network (BN) and Neural Network (NN). FS begins with an empty set of SNPs and iteratively
assesses the classification accuracy of each of the three above methods by adding one SNP at
time. BE begins with the full set of SNPs and proceeds with the evaluation of SNP accuracies by
eliminating one SNP with each iteration. The stopping criterion for both search algorithms is
reached when the addition or elimination of a SNP does not cause a significant change in the
classification accuracies. The above mentioned approaches were performed on separate
chromosomes belonging to the Collaborative Study on the Genetics of Alcoholism (COGA)
dataset which contains 894 individuals and 10,070 SNPs. Both methods reached an overall
reduction of 264 SNPs.
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Liu et al. in [48] developed a supervised method, namely Recursive Feature Addition (SRFA),
to select the tag SNPs according to their contribution to the classification of individuals in the
data using Support Vector Machines (SVMs). The authors in [48] presented their selection
algorithm in three steps: First they ranked all SNPs according to their classification accuracy from
the highest to lowest; then they selected the SNPs with highest accuracies; finally, each SNP was
assessed according to its statistical similarity to the previously chosen SNPs as well as the
increase in classification accuracy caused by the addition of the SNP.
Since the majority of the publicly available SNP datasets lack class labels, and since wrapper
approaches require labels to perform SNP selection, filtering techniques are better suited for SNP
selection. Furthermore, the use of wrappers is computationally more demanding due to the need
to incorporate classification techniques.

2.2.2 Filter Approaches for SNP Selection
Filters or filtering techniques reduce the dimension of a dataset by assessing the relevance of
attributes according to their intrinsic properties such as the correlation between attributes [37].
This kind of dimension reduction is performed without the need for labeling or classification of
the data. Using machine learning terms, filters are considered unsupervised approaches. As
previously mentioned, SNPs exhibit genetic associations that are inherited from one generation to
the next. These associations are the intrinsic characteristics of the SNP data which enable data
filtering.
Many filtering approaches have been adopted in the literature for SNP selection. Lee &
Shatkay [38], have implemented a multi-stage SNP tagging technique using Bayesian networks
(BN). BNs capture the probabilistic conditional dependencies among different SNPs using a
directional acyclic graph. Directions of dependencies in the BN graph sort the studied SNPs in
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topological order revealing a parent/child association among SNPs. Their technique starts with an
empty set of htSNPs. SNPs are added to the htSNP set by assessing their relevance in predicting
other SNPs in the dataset. The studied SNPs are assessed one at a time, following the order of the
SNP topological sorting. They calculate the prediction accuracy of all SNPs using a heuristic
sequential search through the sorted SNPs. All SNPs having prediction accuracies less than a
certain predefined threshold are added to the list of htSNPs. The stopping criterion of their search
is reached when either all nodes are visited or the prediction ability of the current htSNP set is
higher or equal to an accepted threshold.
Lin and Altman [36] adopted a feature similarity measure as the criterion to discard redundant
SNPs conditioned by the level of information loss. They used the Linkage Disequilibrium (LD)
measure

which reveals the correlation and similarity between two SNPs depending on the

probability of major and minor alleles on these SNPs. Using
measure,

, equivalent to 1

, they defined their distance

. The higher the distance , the more dissimilar the two SNPs

are. Hence, the algorithm in [36] calculates the distance

between each SNP and its nearest

dissimilar SNP. Afterwards, the SNP selection proceeds by finding the SNP with minimum
distance to its neighboring SNPs and discarding the SNP’s closest neighbor. Thus, their choice of
the discarded SNP is based on minimum information loss. The algorithm continues by choosing a
tighter neighborhood of SNPs and recalculates distance to discard the most similar SNPs
neighbors. This filtering technique stops when the inspected dissimilarity neighborhood is bound
only by adjacent SNPs.
Halldorsson et al. [39] devised a three step framework for filtering SNPs. The first step
consists of building clusters of 13 to 21 consecutive SNPs. The second step measures the level of
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“informativeness”, , between SNPs in a cluster. The measure indicates how well a set of SNPs
can predict another SNP in the same cluster. “I” is defined in the following equation:
#
#
In the third step, SNP selection is performed by optimizing the informativeness measure inside
each cluster achieved by searching for the best subset of SNPs that can predict other SNPs in the
same cluster.
Halperin et al. [40] filtered SNPs by minimizing the tagged SNP prediction errors. To predict
a biallelic SNP with / as major/minor alleles, they used the two closest tagging SNPs to
the haplotype, and SNPs

with

/

They calculated the conditional probability of
|

/

on

as their major/minor alleles.
|

and

and performed a majority vote according to the

calculated probability to decide on the predicted value for SNP . Then, each SNP used in the
prediction is given a score depending on its prediction error. Finally, the selection technique used
dynamic programming to select the tagging SNPs responsible for minimizing the total prediction
error, depending on the calculated scores.
In a later publication, Lin and Altman [41] implemented a filtering technique using Principal
Component Analysis (PCA). Initially, the correlation matrix of the SNP dataset was decomposed
into eigenvectors. Afterwards, SNPs were chosen according to their contribution to eigenvectors
that explained a high percentage of the variance in the dataset (details to follow in section 4.4).
Chuang et al. [42] adopted a Genetic Algorithm (GA) with a K-nearest neighbor (KNN)
evaluator in order to select the most informative SNPs. The chromosomes used for the GA
iterations consist of a sequence of zeros (for non-selected SNPs) and ones (for selected SNPs).
The lengths of these chromosomes are equal to the number of SNPs in study. All chromosomes
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are randomly initialized. Each chromosome is evaluated using the KNN fitness function. Using
the hamming distance between SNP loci, the fitness function locates the three nearest neighbors
for each selected SNP. Prediction accuracy errors are then calculated for the different values of
SNP alleles. SNPs causing minimal prediction accuracy errors are selected for the next iteration
of the GA. Finally, the remaining steps of the genetic algorithm: selection, crossover and
mutations are performed to prepare the next generation to be evaluated by the KNN fitness
function.
In this thesis, both of the proposed SNP selection techniques, ICA and mFOS are categorized
as filtering methods.

2.3 Independent Component Analysis
Herault and Jutten [49] were the first to introduce the concept of Independent Component
Analysis. They discussed the process of extracting source signals from a group of captured mixed
signals. The challenge was to be able to recover the mixed signals without any knowledge of the
original signals or even the mixing model. The problem was discussed as a temporal or spatial
analysis for neural networks and the term ICA was not used. Later in [50], the terminology was
established, and an efficient algorithm was proposed to solve the source separation problem.
Independent Component Analysis, as defined in [50] and [51], is a linear transformation
minimizing the statistical dependence among the extracted components. According to Fodor in
[52], ICA generates linear projections under the condition of being as statistically independent as
possible. ICA makes use of higher-order statistics to fulfill the previously mentioned condition. It
is essential to differentiate between statistical independence and uncorrelatedness. Two random
variables,

and

, are uncorrelated if they have zero covariance (Cov) calculated as follows:
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,

0

,

is the expected value of the random variable

where

of the combined two random variables

and

and

(2.1)
,

is the expected value

.

Unlike statistical independence, uncorrelatedness depends only on second-order statistics
measured by the covariance. Statistical independence is the ability of a multivariate probability
distribution

with

dimensions to be factored into its constituting univariate distributions [52]

as shown in the following equation:
,

…

,…,

(2.2)

In the literature, there exist other linear transforms such as Principal Component Analysis
(PCA) [53] which imposes Gaussianity on the analyzed data and extracts only uncorrelated
components. Gaussianity is the characteristic “bell shape” probability distribution also known as
a “normal distribution”. Yet, one of the interesting characteristics of ICA which motivated its
adoption for this thesis is the absence of a Gaussianity assumption for the data, since most of the
biological data analyzed do not possess a Gaussian distribution. Achieving the strict definition of
statistical independence stated in Eq. (2.2) is not feasible due to the lack of a linear transformation
capable of performing such factorization [51]. Therefore, ICA transforms the data into
components that exhibit independence as close as possible to the above mentioned condition. In
order to maximize this statistical independence in the extracted components, several objective
functions can be selected for optimization (minimization or maximization). The choice of the
objective function depends on the implied characteristics of the sought independence, such as
negative entropy, non-Gaussianity (measured by kurtosis) and mutual information [51]. The ICA
approach consists of two major autonomous tasks. The first task is the selection of the desired
independence measure and accordingly, the formulation of the objective function. The second
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task is the selection of an optimization algorithm to maximize or minimize the previously selected
objective function, leading to the maximization of component independence. Gradient ascent and
descent methods are examples of optimization methods used in the literature [52].
Before surveying the different applications of ICA, we formulate the problem solved by ICA.
Given a group of observed signals, ICA extracts the source signals, also known as Independent
Components (ICs), exhibiting the least redundancy in information and the most independence
among themselves. ICA calculates the coefficients of the transformation matrix whose application
to the source signals leads to the recovery of the observed signals.
ICA has been used for several different applications in a variety of disciplines. It has been
implemented for Blind Source Separation (BSS), feature extraction and feature selection. For
BSS, ICA interprets the transformation matrix as a mixing matrix, causing the independent source
signals to be perceived as mixed dependent signals.
In this context, the authors of [54] and [55] used ICA to analyze financial stock market data in
order to recover the main factors affecting changes in stock prices. This analysis considers the
gathered signals to be mixed with noise and other uninformative signals that camouflage the main
factors that affect the stock market. Another application of ICA as BSS is in brain and heart
signal analysis, for example Electroencephalogram (EEG) and Electrocardiogram (ECG)
analysis. The authors of [56] and [57] used ICA to separate the ECG and/or noise signals from the
collected EEG in order to achieve improvements in the quantitative EEG analysis. Lotsch et al.
[58] applied ICA on a time series of normalized difference vegetation index (NDVI) imagery
with the purpose of separating spatial and temporal manifestations of climatological and
ecological processes. They segregated seasonal and non-seasonal signals using ICA in order to
eliminate noise signals caused by instrumentation artifacts.
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For feature extraction, ICA handles the terms of the transformation process differently. The
columns of the transformation matrix are considered as features extracted from the observed
signals. In addition, the matrix of source signals represents the coefficients of corresponding
observed features. Hung et al. [59] used ICA to extract left and right brain map activity during
the simulation of left or right finger lifting. These extracted features provided learning materials
for a brain-computer interface (BCI). However, Serdaroglu et al. [60] extracted independent
features from images of textiles. Their features contained mutually independent pixels and were
used in detecting defective fabric textiles.
Feature selection is the final category of ICA applications in this review, and the approach is
used in this thesis. The aim of this ICA application is to select the most informative features in
the observed data, where a feature is an actual measured attribute in the data. Informativeness is
designated by the contribution of an attribute in the calculated ICs. Dawy et al. [46] used this
application of ICA to select the in most informative SNPs in the studied dataset as a wrapper
approach (see section 2.2.1) . In addition, in this thesis, ICA is applied to SNP data for feature
selection; the details of this application are presented in section 4.1.

2.4 Fast Orthogonal Search
Orthogonal search (OS) was originally devised for the identification of non-linear models for
time series data [61]. The OS approach models non-linear systems by estimating their outputs. It
searches through several orthogonal functions and assesses their relevance in minimizing the
square error between the estimated and actual outputs [62]. This estimation is based on a
multivariate regression scheme that aims to approximate the output by searching in a pool of
candidate functions, and picking ones that generate a best fit for this output.
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Given a system with a vector of outputs presented as a matrix , where rows represent outputs
and columns represent different time points, OS applies a

transformation to , where

calculated orthogonal matrix [63]. The generation of matrix

entails the orthogonalization of the

different outputs in

is the

. In other words, OS iteratively calculates the projections of the group of

functions modeling an output into an orthogonal space using the Gram-Schmidt orthogonalization
method [63], [64]. These orthogonal functions span the same space as the vector of outputs. The
OS approach selects the terms of the output model by assessing the relevance of each
orthogonalized function in reducing the model estimation error [64]. The most important
implication of this orthogonalization process is the acquired independence of the orthogonal
functions contributing to the output model. Hence, the selected model reflects a set of
independent factors (functions) capable of carrying the information hidden in the output vector.
The ability of OS to describe system outputs was the motivation for applying OS in different
research areas.

The major drawback of the application of OS, in many research areas such as in biological
time-series data analysis, is the increased computational complexity of orthogonalizing a larger
number of candidate functions. Therefore, Korenberg [65]

improved the OS method by

decreasing the needed number of calculations in each iteration of the OS algorithm. The
improved OS is significantly less time consuming as well as less demanding on memory,
therefore it was named the Fast Orthogonal Search (FOS) [65]. FOS avoids the actual
construction of the orthogonal functions by only calculating the correlation coefficients of the
orthogonal functions and the chosen candidate functions.
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FOS has been used to model systems in a wide spectrum of research areas. Korenberg et al.
[66] demonstrated the ability of FOS to model temporal biological signals such as
electroencephalogram (ECG) and electromyogram (EMG) data. However, Minz et al. [67]
implemented FOS on molecular data by searching promoter regions of genes on DNA to identify
specific motifs, and therefore build cooperative gene network models for the yeast cell-cycle [67].
Mostafavi et al. [68] incorporated FOS within a multivariate feature selection and classification
framework to predict the response of multiple sclerosis patients to therapy, from gene expression
data [68].
As feature selection is the main focus of this thesis, a modified version of FOS was applied to
model the information carried by SNPs along DNA sequences. This modeling technique searches
through the list of SNPs to identify independent SNPs capable of relaying the hidden information
in a haplotype with high accuracy. The proposed modification of FOS is to accommodate
predicting the hyplotypes directly using SNPs. This introduces a challenge where the dimensions
of the output to be modeled are different from the candidate functions. Another approach for SNP
selection would have been to use the candidate functions to predict other SNPs. Here, the former
approach for SNP selection was used; this approach is discussed in detail in section 4.2.
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Chapter 3
Single Nucleotide Polymorphism Data

This chapter presents the datasets used for the proposed feature selection approaches. In
addition, it explains the data encoding techniques used prior to the application of the
dimensionality reduction techniques. Three Single Nucleotide Polymorphism (SNP) datasets are
used, where each dataset corresponds to one of the three genes: ACE, ACBC1 and IBD5q3 [41]1.

3.1 ACE Dataset
The ACE SNP dataset was originally published by Rieder et al. in [69] and it contains 78 unphased SNP data for 11 individuals. These SNPs belong to the gene DCP1, which is extended
over a 24 kb (kilo-base) long genomic region. This gene encodes for the Angiotensin I
Converting Enzyme (ACE). ACE is a peptide contributing to the regulation of blood pressure by
narrowing the blood vessels. It is also responsible for balancing fluids in the human body [70].
This gene has been included in many disease-gene association studies because of its important
role in the renin-angiotensin system; a hormone system that regulates blood vessel pressure [69].
Several of these studies have revealed strong associations between the DCP1 gene and crucial
cardiac functions, as well as the treatment of hypertension [70]. In addition, certain mutations on
the DCP1 gene increase the susceptibility to cardiovascular diseases [69].
1

All three gene datasets were used in [41] and provided by Dr. Zhen Lin, a previous member of the Helix

research group at Stanford University.
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The dataset, on which the selection approaches were applied, is a phased and trimmed version
of the original. The phasing of the dataset was performed by determining the maternal and
paternal alleles and segregating their values in two separate sequences. Trimming consisted of
localizing the analysis on a specific genomic region smaller than the whole assayed region. The
ACE phased dataset contained 52 bi-allelic SNPs and 22 phased SNP sequences for the original
11 individuals [41].

3.2 ABCB1 Dataset
The ABCB1 dataset originated from a study published by Kroetz et al. [71]. The dataset
originally contained diploid (unphased haplotypes) genotypes for 48 SNPs available on the
ABCB1 gene in 247 individuals. The ABCB1 gene encodes membrane-associated proteins
which are members of ATP-Binding Cassette ABC transporters [73]. For instance the ABCB1
gene encodes the P-glycoprotein [72] which is a membrane protein arbitrating multidrug
resistance [74], 56].
This dataset was phased by Kroetz et al. and Lin et al. [71], [1] where individual haplotypes
were prepared for analysis. The phased dataset contained 27 bi-allelic SNPs for 484 haplotypes.
This phased dataset was used in the dimensionality reduction application contained in this thesis.

3.3 IBD 5q3 Dataset
The IBD 5q3 dataset originated from an inflammatory bowel disease (IBD) study of fathermother-child trios by Daly et al. [76].

It represents diploid genotypes for 103 SNPs on

chromosome 5q31 (IBD5 region) for 387 individuals [77]. The study of Daly et al. aimed to
provide a high resolution analysis of the genomic region on the 5q31 chromosome. Many linkage
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disequilibrium studies associate variations on this chromosomal locus with the inflammatory
bowel disease (IBD) [77]. IBD is a chronic autoimmune disease characterized by relapsing
symptoms of gastrointestinal tract disorders [79] . In addition, IBD 5q31 has been associated with
Crohn’s disease (CD) which is another digestive tract disorder causing the inflammation of the
gastrointestinal tract [78].
The Daly et al. IBD 5q31 dataset was phased by Lin et al. in [41] into 774 haplotypes. The
phased version of this dataset which consists of 103 SNPs in 774 haplotypes was used in the
application of methodologies in this thesis.

3.4 Data Encoding
SNP data consist of sequences of nucleotides representing the mutations on a specific genomic
region for the group of individuals under investigation. Each studied dataset is represented by a
set of records (individuals) characterized by a set of fields (SNPs). In other words, the dataset is
denoted by a matrix

, where m is the number of individuals in study and n is the number of

studied SNPs. Table 3.2 shows a sample dataset. Each SNP dataset is accompanied by detailed
frequency tables for every SNP value similar to Table 3.3, which shows the allele frequencies of
the SNP dataset in Table 3.2. As explained in section 2.1.1, SNP values are usually biallelic,
which means they can have one of two possible alleles (values). Hence, SNP values emerge as
one of two possible values; each appearing in the studied population with a certain frequency.
The allele with the higher frequency is referred to as the major allele. The remaining SNP allele is
the minor allele.
Due to the numerical disposition of the SNP selection algorithms, an encoding technique was
adopted. The alphabetic series of SNPs were encoded into a series of numbers according to the
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major/minor allele frequencies following the algorithm in Table 3.1. Two encoding techniques
were followed where all major alleles were encoded into either zeros or their corresponding major
allele frequencies. Similarly, minor alleles were encoded into either ones or their respective minor
allele frequencies. The difference in encoding into either 0/1 or major/minor frequencies is solely
a matter of scale. Table 3.4 shows the 0/1 encoded SNP values for the dataset in Table 3.1.
The encoding technique for major/minor frequencies was chosen for the application of the
mFOS-based selection method. The binary encoding technique was used for the ICA-based
selection approach, in order to be able to compare the results with results generated by Lin et al.
using PCA [41].

Algorithm 1: Encoding the data

1. for every haplotype (hi)
2.
for every SNP (Si)
3.
if value( Si) = major allele
4.
Then Si ← 0 or major allele frequency
5.
if value( Si) = minor allele
6.
Then Si ← 1 or minor allele frequency
7.
else missing_value
8.
end for
9. end for
Table 3.1 The SNP data encoding algorithm
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Ind 1
Ind 2
Ind 3
Ind 4
Ind 5
Ind 6
Ind 7
Ind 8
Ind 9
Ind 10

SNP 1

SNP 2

SNP 3

SNP 4

SNP 5

SNP 6

SNP 7

SNP 8

C
C
C
C
C
C
C
C
T
C

T
A
T
T
A
A
A
A
A
A

C
T
C
C
T
T
T
T
T
T

G
A
G
G
A
A
A
A
A
G

C
G
C
C
G
G
G
G
G
G

C
C
C
C
C
C
C
C
C
T

C
C
T
C
C
C
C
T
C
C

T
T
T
C
C
T
C
T
C
T

Table 3.2 Sample SNP dataset showing 8 SNP values for 10 individuals.

SNP 1
SNP 2
SNP 3
SNP 4
SNP 5
SNP 6
SNP7
SNP 8

Major Allele

Minor Allele

C
A
T
A
G
C
C
T

T
T
C
G
C
T
T
C

Major Allele
Frequency
0.9
0.7
0.7
0.6
0.7
0.9
0.8
0.6

Minor Allele
Frequency
0.1
0.3
0.3
0.4
0.3
0.1
0.2
0.4

Table 3.3 Major and minor allele frequencies as calculated according
to the SNP sample in Table 3.2
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Ind 1
Ind 2
Ind 3
Ind 4
Ind 5
Ind 6
Ind 7
Ind 8
Ind 9
Ind 10

SNP 1

SNP 2

SNP 3

SNP 4

SNP 5

SNP 6

SNP 7

SNP 8

0
0
0
0
0
0
0
0
1
0

1
0
1
1
0
0
0
0
0
0

1
0
1
1
0
0
0
0
0
0

1
0
1
1
0
0
0
0
0
1

1
0
1
1
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
1

0
0
1
0
0
0
0
1
0
0

0
0
0
1
1
0
1
0
1
0

Table 3.4 The sample SNP dataset encoded into 0/1 according to the algorithm in Table 3.1
which depends on the major/minor allele frequencies shown in Table 3.3.

Ind 1
Ind 2
Ind 3
Ind 4
Ind 5
Ind 6
Ind 7
Ind 8
Ind 9
Ind 10

SNP 1

SNP 2

SNP 3

SNP 4

SNP 5

SNP 6

SNP 7

SNP 8

0.9
0.9
0.9
0.9
0.9
0.9
0.9
0.9
0.1
0.9

0.3
0.7
0.3
0.3
0.7
0.7
0.7
0.7
0.7
0.7

0.3
0.7
0.3
0.3
0.7
0.7
0.7
0.7
0.7
0,7

0.4
0.6
0.4
0.4
0.6
0.6
0.6
0.6
0.6
0.4

0.3
0.7
0.3
0.3
0.7
0.7
0.7
0.7
0.7
0.7

0.9
0.9
0.9
0.9
0.9
0.9
0.9
0.9
0.9
0.1

0.8
0.8
0.2
0.8
0.8
0.8
0.8
0.2
0.8
0.8

0.6
0.6
0.6
0.4
0.4
0.6
0.4
0.6
0.4
0.6

Table 3.5 The sample SNP dataset encoded into major and minor allele frequencies
presented in Table 3.3 and following the algorithm in Table 3.1
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Chapter 4
SNP Selection
In this chapter, the proposed dimensionality reduction and feature selection methodologies for
SNP data are explained. The purpose of this reduction is to eliminate the redundancy in the
information carried along the genome. In order to realize dimensionality reduction, two
techniques are proposed; they capture the information hidden in the studied SNP datasets by
selecting a smaller subset of the most informative SNPs. Validation approaches adopted for the
evaluation of the SNP selection are also presented in this chapter.
Independent Component Analysis is the first proposed technique and is considered a lossy
transform. As mentioned before, ICA described a group of observed outputs as a linear
combination of statistically independent components. Unlike the previous application of ICA on
SNP datasets as a wrapper technique, the proposed implementation uses it as a filtering technique
for unsupervised SNP selection. The second proposed technique is mFOS, an orthogonalization
method which generates mathematical models for system outputs. FOS is a multivariate
regression method devised to estimate observed outputs using selected basis functions. While
previous implementations of FOS utilize functions, which are external to the system, for the
estimation process, the proposed implementation on SNP datasets models individual haplotypes
using the actual SNPs as basis functions. The proposed implementation promotes easier
interpretation of the generated results. In addition to the proposed methodologies, SNP selection
using (PCA), another lossy transform method, is briefly explained and implemented for
comparative purposes.
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4.1 Independent Component Analysis for SNP Selection
ICA is a signal processing technique that was originally developed to solve blind source
separation problems. It aims to express a set of random variables as a linear combination of
statistically independent component variables [81]. The significance of ICA lies in its ability to
analyze data with non-Gaussian distributions. It is known that factor analysis and PCA also tend
to calculate independent factors by decomposing the analyzed data; however, they impose an
assumption of Gaussianity on studied data distributions, which is rarely valid for many biological
datasets.
ICA considers a group of observed signals as mixed signals and proceeds to recover their
original signals. To accomplish this goal, ICA estimates independent factors in multivariate data
by decomposing the matrix of observed signals into a mixing matrix and the matrix of
independent components. Thus, given a set of signals represented as a matrix

of random

by satisfying the following

variables, one can estimate the matrix of original signals
equation:
1
where
signals,

is the mixing matrix with real valued coefficients,
is the number of original signals (

observed signal. The original signals
The decomposition of

into

and

) and

is the number of time points in each

are the calculated ICs.
can be approached using several optimization techniques

discussed in detail in [82]. The original signals
transformation

is the number of observed

on the observed signals

are recovered by applying a linear

according to the following equation:

2
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where

is the inverse of the mixing matrix . The independent components are calculated by

optimizing a measure of independence in the following linear combination of the observed
signals:
3
where

the linear transformation coefficients applied to the observed signal

.

The independent components, i.e. the linear combinations of the observed variables, are found
at the actual local maxima of independence in all linear combinations of the analyzed data.
Different ICA implementations use different measurements of independence. Mutual information
and measure of peakedness of the signal (high order cumulant) are the most frequent
independence measures used in the optimization process of the ICA. Each calculated local optima
of a linear combination is considered as an independent component of the observed signals.
Gradient methods are widely used for maximizing the independence among the different
calculated ICs.
The calculation of the independent components guarantees that each pair of the estimated
independent components are uncorrelated, as well as any non-linearly transformed versions of
this pair of ICs [82]. Therefore, ICs are regarded as non-linearly uncorrelated components. The
estimation of such components requires higher-order statistics. Thus, the covariance matrix which
represents linear correlation among different variables is not useful for ICA, despite its critical
necessity in other factor analysis methods.
In the proposed implementation, explained in detail in the coming section, the observed
signals

are the group of studied haplotypes. While ICA considers the observed signals to be

mixed, the haplotypes in the proposed implementation are considered to have redundant
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information carried by associated SNPs. Hence, the overall information in the group of
haplotypes is a mixture of redundant and unique. ICA is used to dissociate and de-mix this blend
of information.
Figure 4.1 illustrates the workflow of the SNP selection framework using ICA. The first phase
consists of encoding the SNP data into numerical format as explained in Chapter 3. The second

1

2

3

4

5

• Data Encoding
• Independent Component extraction
using ICA
• Independent Components Assessment
• SNP Selection
• SNP Reconstruction

Figure 4.1 The workflow of SNP selection using ICA
phase comprises the application of ICA on the SNP dataset to extract the independent
components. The third phase encompasses assessing the relevance of each extracted IC
depending on the amount of information reflected by the combination coefficients. The fourth
phase is the actual SNP selection. The selection method is performed by assessing the
contribution of each SNP in the relevant group of ICs. Finally, in the fifth and final phase, the
selection results are evaluated by reconstructing the original group of SNPs using the selected
SNPs.
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4.1.1 Independent Component Extraction
The uncorrelatedness and statistical independence of the calculated ICs are the actual
motivation for applying ICA on SNP data. The ICs represent linear combinations of SNPs
expressing maximal independence in the dataset. Accordingly, the calculated coefficients in these
combinations are regarded as the individual contributions of each SNP to the ICs [82]. These
contributions are represented in the following equation:
∑
where
and

(4),

represents the coefficient value corresponding to the

SNP contribution in the

IC

is the number of available SNPs in the dataset. As a result, a SNP with a higher coefficient

in a certain IC is considered to play a main role in the extraction of independent factors. Such a
SNP reveals the capability of summarizing information hidden in the dataset and furthermore
representing other correlated or dependent SNPs.

The lower contributions in the linear

combinations of SNPs reflect redundancy in the information provided by the corresponding SNPs
[82].
In this research, the fastICA2 implementation is used to calculate the independent components
in the three SNPs datasets. FastICA is a fixed point algorithm that finds the de-mixed matrix

,

by maximizing the kurtosis measure of each IC [81]. In this implementation, the dataset is
preprocessed before estimating the ICs [81]. The method decomposes the data using eigen vector
decomposition and discards the vectors which explain low variance in the data. This step does not

2

This implementation method is open source. The MATLAB version of the code available from:
(http://www.cis.hut.fi/projects/ica/fastica/) was used.
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alter the estimation of ICs, but rather assists in reducing the noise in the dataset as well as
ensuring a faster convergence to an acceptable decomposition with fewer calculations [81].

4.1.2 Independent Component Assessment and SNP Selection
ICA calculates as many ICs as the number of variables (SNPs) in the dataset. Some ICs have
homogenous coefficient values, thus none of the SNP contributions in the linear combination (IC)
stands out in comparison with others. Such ICs exhibit less information and are considered less
significant to the selection process. To assess the importance of each IC, the 4th order cumulant,
also known as kurtosis [84] was used. Kurtosis is a statistical measure that represents whether the
data distribution is peaked or flat relative to a normal distribution. It is calculated according to the
following equation [63]:
∑
where

is the analyzed signal,

signal, and

3

is the mean of the signal ,

5
is the standard deviation of the

is the number of observations in the signal.

A normal distribution has a zero kurtosis by definition [68]. The higher the value of kurtosis,
the more peaked its distribution and the further it is from Gaussian or normal distribution.
Kurtosis values can be either positive or negative. Negative kurtosis signifies a flatter
distribution, whereas positive kurtosis characterizes more peaked distributions [64]. The kurtosis
values of ICs explain the degree to which the distribution of the SNP contributions in each IC is
peaked. An IC with a few significant SNP contributions has a high kurtosis value, whereas an IC
with almost identical SNPs contributions has a low Kurtosis value.

The more peaked the

distribution of coefficients in an IC are, the clearer the contribution of the most informative SNP
in this IC. In contrast, the flatter the distribution, the more ambiguous the SNPs contributions are.
To identify a kurtosis threshold for choosing the group of significant ICs, the entire range of
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calculated kurtosis values in a dataset were examined. Different kurtosis thresholds indicated by
the P% coverage of the range of values were used. The P% coverage indicates the number of ICs
selected starting with the upper bound of the kurtosis range and decreasing in kurtosis values until
the P% of the range is selected. For example, given a group of kurtosis values ranging from 1 to
50 and at 85% threshold, all ICs having kurtosis values between 50 and 7.5 are added to the group
of significant ICs.
Independent components are assessed as follows:
•

Calculate kurtosis values for all ICs

•

Decide on a threshold for kurtosis values satisfying the desired importance of SNP
contributions in ICs.

•

Select ICs with kurtosis values greater than or equal to the threshold.
After selecting the most significant ICs, the SNP with highest contribution in each IC is

selected. This contribution is quantified by the coefficient value in the IC corresponding to the
SNP position. Accordingly, SNPs with higher contributions, represented by the SNP coefficients,
in one of the significant ICs are selected. SNPs with higher coefficients display greater
involvement in the extraction of maximal independency factors. As a result, each IC is mapped to
its most contributing SNP.

4.1.3 SNP Reconstruction and Selection Evaluation
After performing the SNP selection, it is necessary to prove that the selected group of SNPs
(or htSNPs) is able to summarize the hidden information in the data set by predicting the nonselected SNPs. Therefore, a reconstruction algorithm was implemented in order to reconstruct the
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analyzed datasets using the htSNPs. This reconstruction algorithm is based CUR-type matrix
decomposition [86], [87].
Given a matrix
and

. The matrix

matrix

, the algorithm decomposes the matrix into a product of three matrices ,
consists of a small number of actual columns of

consists of a small number of actual rows of

constructed matrix that guarantees that the product of

, whereas the second

. The third matrix

is a carefully

is as close as possible to

[87].

The reconstruction method basically expresses every column, in the original data matrix

, as a

linear combination of the chosen columns, i.e. SNPs, by solving a least squares regression
problem [86]. Subsequently, the results of regressions are rounded to approximate the original
data [86].

The adopted reconstruction approach is applied after partitioning the data into training and
testing components. SNPs are selected using the ICA framework which is applied on the training
partition to predict the values of non-chosen SNPs in the testing partition. More specifically,
given a training matrix
matrix

of size

of size

(which is the matrix R in the CUR definition) and testing

, the ICA framework is applied on the training set in order to select the

informative SNPs (few columns of the data). Then, from the number of chosen SNPs, , the
matrix W of size

is constructed (W corresponds to U in the definition of CUR) and contains

the values of the chosen SNPs in the training set. The informative SNPs (htSNPs) should always
be assayed (i.e. genotyped) since their values are unpredictable by other groups of SNPs, which is
a reason for being selected as htSNPs. A matrix

(as in the definition of CUR) of size

then constructed from the values of htSNPs in the testing set

. Next, the predicted or

reconstructed testing matrix is calculated according to the following equation:
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is

6 ,
where

denotes the Moore–Penrose generalized inverse of

[87].

Since the data is encoded into a binary format, the reconstructed matrix with values rounded to
either ‘0’ or ‘1’ is compared with the original data matrix in order to obtain the accuracy of SNP
reconstruction. The accuracies represent the ratio of the number of correctly reconstructed SNPs
to the number of all SNPs in the matrix. A higher ratio indicates a more accurate reconstruction.
High reconstruction accuracy reflects that the selected SNPs capture a high portion of the
information present in the data.

4.2 Modified Fast Orthogonal Search for SNP Selection
FOS is a multivariate regression method that performs a least square fit for a system output
using predefined candidate functions [65]. The algorithm iteratively searches in a pool of
functions to build a model for estimating the output of a system. The candidate functions are
chosen so that the mean square error is minimized between the actual system output and the
estimated measure from the model. One candidate term is added at a time to the model during
error minimization. Models built using FOS are linear combinations of non-orthogonal candidate
functions of the following form:
7
where

is the number of selected candidate functions, n represents time,

output of the model,

are the non-orthogonal candidate functions,

coefficients of the best fit of the model to the output, and
estimated system outputs.
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is the actual
are the regression

is the error between the actual and

Applying an orthogonal transform to the model presented in (7), we obtain a set of
uncorrelated functions (

) that equivalently model the system output

as:
8

where

is the number of mutually orthogonal functions

of orthogonalizing the candidate function
correlation of orthogonal functions

. FOS decreases the complexity

by calculating the coefficients
and their corresponding

of the

. There are two

methods of approaching the use of FOS for SNP selection. The first method is to have each SNP
in the dataset (columns) as an output y(n) to be modeled, and applying FOS to identify the group
of SNPs (other columns) that can best predict the corresponding y(n). The second method,
implemented in this thesis, considers each haplotype (row) in the dataset as the output y(n) to be
estimated and uses the SNPs (columns) for the estimation process. This latter approach for
estimation imposes modifications to the original derivations of FOS. In this thesis it is referred to
as the modified implementation of FOS, namely modified Fast Orthogonal Search (mFOS). The
changes made to the original FOS are restricted to the calculation of the correlation
coefficients,

. In the original derivations of FOS, the calculation of

of the orthogonal function

and the

entails a multiplication

to be modeled as:

,

(9)

,

In the implementation for mFOS, since the size of the output vector to be estimated, namely , is
larger than the size of the candidate function vector, , the multiplication operation is not feasible.
Therefore, multiplication is substituted by the convolution of the
FOS, the orthogonal functions

are derived from
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and

where

. In

and this derivation remains the

same in the proposed mFOS except for the dimension of
FOS

which is instead of , where in

. The following equations present the derivations of

[66]:

1,

(10)
∑

,

1

(11)

Assuming the calculations are performed according to a certain defined inner product space, inner
products of

and

for all

only non-zero product is the

are equal to zero due to their orthogonality. The

with itself; therefore:
,

0, … ,

1

12

and where the bar represents the time average over all time points in corresponding vector.
FOS, and therefore the proposed mFOS method, is devised to reduce the computational
overhead entailed by the actual orthogonalization of functions [65]. Previously, the orthogonal
search (OS) was used to model system outputs, but it was computationally expensive due to the
complexity of calculating the orthogonal functions, especially when the number of basis functions
was very large. FOS is the fast implementation of OS which avoids the actual calculation of
orthogonal functions and settles for the calculation of the

coefficients [66]. FOS’s exact

derivations of the previously mentioned coefficients are presented in detail in Appendix A.
The derivation of mFOS are described in the following set of equations:
,

,

0, … ,
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where Ds are calculated as follows:
0,0
,0

1

14.1
,

0, … ,
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14.2

,

,

1, … ,
1, … ,

,

14.3

and where αs are:
,

1, … ,
0, … ,

,

,

(15)

1

Furthermore, s are calculated according to the following equations:
0

16.1
,

where

1, … ,

16.2
1 terms and

vector has

denotes the convolution operation and the

its average is:

∑

1

1

∑

max 1,

1

1

16.3

1
1

16.4

1

is:

Therefore
1

1
1

16.5

1
where

0

1

is the coefficient calculated using FOS (Appendix A, equation A.7) for an estimated

output without D.C. component (

0

0).
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The proposed substitution of the multiplication operation by the convolution affects the
calculation equation of

and

(Appendix A, equations A.6-A. 10) where

and

(the amount

each orthogonal function deducts from the error) are the modified versions.
is calculated in analogy with the

calculated in FOS (Appendix A) and according to

the following equations:

,

,

1, … ,

17.1

As a result, the estimation error is no longer the Mean Square Error (MSE) as defined in the
original implementation of FOS in Appendix A (equation A.12).
Accordingly, the mFOS algorithm, in keeping with the original implementation of FOS, starts
with an observation of the signal

and a set of potential candidate functions. It iterates over

the candidate functions calculating the reduction in error as a result of adding each function. It
chooses to keep the candidate function causing maximum reduction in error The stopping
criterion is reached when the largest reduction in error caused by the chosen candidate is less than
the one that can be generated by white Gaussian noise or when all candidate functions have been
inspected.

4.2.1 SNP Data Modeling using mFOS
As previously mentioned, the goal of applying mFOS on SNP data is to select a subset of
SNPs capable of modeling and predicting the entire group of studied SNPs. The proposed SNP
selection using mFOS was applied on two datasets: the ACE and ABCB1 genes datasets. Prior to
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explaining the details of implementation, some terms used in the application of mFOS on the
matrix
•

of SNP data are presented:

each row
•

Æ The values of all SNPs for a certain chromosome in the data;

The system output
of

is considered as

The candidate functions
column

of

.
Æ The group of SNPs in the studied dataset; each

is considered as a candidate function.

In order to achieve the desired reduction in SNP dataset dimensions and following the original
FOS algorithm, mFOS builds a model for every

in the dataset. Each model consists of a

group of SNPs capturing the highest amount of information in the data. In other words, each
column of data is treated as a candidate function. At each iteration of mFOS, the potential
reduction in the error caused by the addition of a candidate SNP to the current model of

is

calculated. The SNP causing the largest reduction in the error is kept and added to the group of
already selected SNPs from previous iterations. After obtaining a model for every

, the SNPs

in all models are tallied to identify SNPs which contributed to most of the models. These SNPs
are the most informative features in the data and are able to soundly model the data.
Consequently, the dimensionality of the data can be reduced by keeping only columns
corresponding to this group of most frequent SNPs. Figure 4.2 provides a flowchart of the above
procedure for modeling

using a subset of the available SNPs in the dataset. The process

depicted in the flowchart is repeated for all

available in the dataset. The collective result of

all these processes is obtained by selecting the group of htSNPs having the highest frequencies in
contributing to the calculated models.
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Figure 4.2 Flowchart of the application of mFOS for modeling the SNP values in
one haplotype
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4.2.2 Model Assessment
Each built model represents a group of htSNPs which are the most informative SNPs. In order
to prove that the selected SNPs summarize the information carried along the studied haplotypes,
and to prove that this group is also able to predict non-selected SNPs, the reconstruction
algorithm explained in section 4.1.3 was implemented to reconstruct the studied dataset using the
values of htSNPs.
This reconstruction approach is considered an assessment of the models built using mFOS as
well as an evaluation technique for the SNP selection. After performing the regression to
reconstruct the non-chosen SNPs, the difference between the original SNP values and the
reconstructed values were calculated. The comparisons were based on encoding the calculated
difference between the original SNP values and the reconstructed values into a binary form where
“0” is used to indicate similar values and “1” is used to indicate different values. Accordingly, a
calculated reconstruction difference higher than the tolerance threshold is set to “1” and a
difference lower than the threshold is set to “0”.
The difference tolerance threshold was set to 0.2. This tolerance threshold was selected by
trial and error; however the histograms of the estimation errors and the bar charts shown in Figure
4.3, Figure 4.4 and Appendix B provide an insight into the threshold choice. Figure 4.3 and
Appendix B (figures B.1, 2, 3, 4, 5 and 6) show the histograms of estimation errors calculated
throughout the experiment of modeling the different haplotypes in the ACE dataset. By inspecting
the histograms, the 0.2 threshold appears as a significant threshold since very few errors are
above this value (notice the drop point in the histogram at 0.2).

Figure 4.4 and Appendix B

(figures B.7, 8, 9, 10, 11 and 12) show the bar chart of allele frequencies for the ACE dataset and
their estimation errors obtained by using 4, 5, 6, 7, 8 and 9 htSNPs. Please note that the
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haplotypes that are predicted have are real numbers and the discrete frequency and error values
represented in Figure 4.4 are only for visualization purposed. In Figure 4.4, the allele frequencies
and the estimation errors are rounded to the highest first decimal digit in order to be able to plot
the bar charts. For instance, all estimation error having values between 0 and 0.1 are shown in the
bar charts as red bar of height 0.1 and allele frequencies having values between 0 and 0.1 are
shown as blue bars of height 0.1 and similarly for other estimation error and allele frequencies.
The number of htSNPs reported in Figure 4.4 resulted in the best reconstruction accuracy for the
ACE dataset in the reconstruction procedure. In these bar charts, the heights of the blue bars
represent the allele frequencies of the different SNPs to be reconstructed, and the heights of the
red bars represent the estimation error in reconstructing the SNPs. The blue and red bars are
grouped in order to have each allele frequency (blue bar) grouped with its corresponding
estimation error (red bar). The dashed horizontal red line represents the tolerance threshold.
According to the bar charts, there are only few allele frequencies which were reconstructed with
an error of greater than 0.2. In addition, the estimation errors of greater than 0.2 do not result
from reconstructing SNPs with allele frequencies falling in the range where such a threshold can
alter the results. More specifically, the absence of a direct correlation between the estimation
error of 0.2 and the frequencies (between 0.4 and 0.6) which might be affected by a tolerance
threshold of 0.2 is noticeable. For the allele frequencies of 0.5, the estimation error is always 0.1
or less, indicating the ability to reconstruct these values closely. As shown in the bar chart,
accurate reconstruction of the haplotypes is achieved for all allele frequencies. The labeling of
alleles of frequency 0.5 is arbitrarily performed as major and minor alleles; if this approach were
to be used for major and minor allele prediction, then at allele frequencies equal to 0.5, results can
be interpreted as either the major or minor allele since the threshold value cannot resolve them.
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Figure 4.3 Histogram showing the frequency (y-axis) of obtaining the reconstruction
errors on the x-axis using 4 htSNPs to predict the haplotypes of the ACE Dataset.

Figure 4.4 Bar chart showing the different allele frequencies of the ACE dataset and their
reconstruction errors using 4 htSNPs. The heights of the blue bars represent rounded allele
frequencies and the heights of the red bars represent the range of rounded error for those
frequencies. Each allele frequency bar is grouped with its reconstruction error bar along the
x-axis. The dashed red line shows the chosen threshold of 0.2.
48

The adopted reconstruction approach is applied after building mFOS models and choosing the
most informative SNPs from the data. The accuracy is calculated as the ratio of the number of
correctly reconstructed SNPs to the number of all SNPs in the matrix. The higher the ratio, the
more accurate the reconstruction is. High reconstruction accuracy reflects the fact that the
selected SNPs capture a high portion of the information present in the data, and suggests that the
built models are accurate.

4.3 Validation Techniques
In order to have sufficient statistical confidence in the results generated by the two proposed
SNP selection approaches, and in order to predict the extent of success of both approaches on
unseen data, several cross-validation techniques were incorporated. Each studied dataset was
partitioned into training and testing sections. The partitioning was performed by segregating the
haplotypes in the study into training and testing partitions; partitioning was repeated many times
to experiment with different combinations of haplotypes in both partitions. The training partition
was used for the application of the proposed approaches and the testing partition was used to
evaluate the results obtained from the training by performing the reconstruction algorithm. Two
cross-validation methods were used: leave-one-out and k-fold. Leave-one-out cross-validation is
characterized by leaving only one record from the data for testing and using the remainder for
training. On the other hand, k-fold cross-validation segregates the data in k equal partitions, uses
k-1 partitions for training and tests on the remaining partition.

4.3.1 Validation for SNP Selection Using Independent Component Analysis
First, a “k-fold” cross-validation method was adopted while applying reconstruction. In other
words, the SNP selection approach was applied to different percentages of the data, after which
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the remainder was reconstructed. Five different proportions were used for partitioning training
and testing data, starting from 50% training and 50% testing data (2-fold cross-validation) and
working up to 90% training and 10% testing data (10-fold cross-validation). The training/testing
partitions were defined according to the rows (haplotypes) of the data matrix . Results were
averaged and grouped by the number of htSNPs. For every selected number of htSNPs, the
average of all calculated reconstruction accuracies are reported. For example, all reconstruction
accuracies generated at iterations where x htSNPs were selected were grouped, then the average
of the accuracies in the group was calculated and one value for the group of x selected SNPs was
reported.
Second, the application of the methodology was repeated on the three datasets for 300 times to
ensure that different combinations of haplotypes were taken into account. Moreover, the
repetitions also helped in overcoming any flawed randomization in the cross-validation
implementations. The reported reconstruction accuracy results were averaged over the 300
repetitions.

4.3.2 Validation for SNP Selection Using Fast Orthogonal Search
K-fold cross validation was applied and implemented differently for the two datasets due to
the difference in their dimensions. For the ACE dataset, leave-one-out cross validation was used;
mFOS was applied to all rows of the dataset except for one, to build a model. The reason for
choosing the leave-one-out method was because of the small number of available haplotypes in
the dataset. Choosing k-fold cross-validation for this dataset may cause some loss of information
in the candidate SNPs used for the application of mFOS. This process was repeated 22 times (the
number of rows in SNP data matrix

), and a histogram of the frequency of all selected SNPs
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was created. Next, different cut-offs for frequencies of selected SNPs were chosen in this
histogram, and SNPs with frequencies higher than the threshold were kept as the group of
selected SNPs. Finally, the data was reconstructed one row at time, using the selected SNPs and
each frequency cut-off and the accuracy was reported.
For the ABCB1 dataset, 10-fold cross validation was performed. mFOS was applied to 9/10 of
the data every time and the process was repeated 10 times to build 10 models. Similar to the
procedure in the first dataset, a histogram of selected SNPs from the 10 models was generated
and groups of SNPs corresponding to different cut-off points were built. Selected SNPs at various
cutoffs were used to reconstruct the data and report the accuracies.

4.4 Principal Component Analysis for SNP selection
The results of SNP selection and reconstruction from mFOS and ICA were compared to a
method devised by Lin et al. in [41] which uses Principal Component Analysis. PCA is a
dimension reduction method for multivariate data. Geometrically, it rotates the data in order to
project maximum variability on to orthogonal axes, according to a minimum-square-error (MSE)
criterion [41]. This method essentially decorrelates the columns in the data by decomposing the
covariance matrix into eigenvectors and eigenvalues. The decomposition of a given dataset
with a covariance matrix

is performed according to the following equation:
19 ,

where

is the matrix of eigenvectors and

is the corresponding eigenvalues.

The data’s principal components are the eigenvectors of the covariance matrix. Principal
components are linear combinations of the original features in the data and are characterized by
their mutual uncorrelatedness. In addition, the eigenvalues represent the percentage of the data
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variance explained by their corresponding eigenvectors. As a consequence, this decomposition
provides a way to select the most informative linear combinations of the data’s original features
according to the amount of variance each combination explained, and represented by their
corresponding eigenvalues. This selection is the main approach for dimensionality reduction
using PCA.
The application of PCA on SNP datasets allows for a SNP selection process to be performed.
Since the eigenvectors are linear combinations of features (SNPs), each coefficient in these
vectors are considered as the SNP’s contribution in that principal component. This notion of
contribution was also used when implementing the ICA framework, above. However, in the ICA
method, the notion has stronger implications since the components are not only uncorrelated but
also statistically independent.
The authors in [41] adopted this PCA approach to select the most informative SNPs. Their
selection algorithm was re-implemented in order to re-generate the results from Lin et al. and to
compare them with the results from the proposed methodologies. Due to a lack of sufficient
information on their implementation, specifically on their non-htSNPs prediction method, it was
not possible to reproduce their exact results. Therefore, their PCA selections were combined with
the reconstruction approach into one method called the combined PCA selection/reconstruction.
This combined approach utilizes the greedy discard (GD) method in [41]. GD method removes
the SNPs which have high coefficients in the group of eigenvectors that have low eigenvalues.
After performing the selection technique, the analyzed dataset was reconstructed using the
reconstruction algorithm explained in section 4.1.3.
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Chapter 5
Results and Discussion
In this chapter, the application of the proposed SNP selection techniques is discussed and the
detailed results obtained from different datasets are presented. The results are explained in two
main sections. The first section presents SNP selection results using ICA and PCA. The second
section discusses the results of applying mFOS on different datasets. In addition, a comparison of
the ICA results with a SNP selection method based on PCA, as devised in [41] is provided as well
as the modified implementation of PCA combined with the SNP reconstruction approach. Finally,
a comparative discussion of all methods is presented.

5.1 Results of SNP Selection Using ICA
5.1.1 ACE Dataset Results
ICA was applied for SNP selection on a range of 50%-90% of training partitions of the ACE
dataset, and reconstructed the haplotypes in the remaining partitions (testing data). Partitioning
the data segregated the haplotypes (rows of the data matrix ) into training and testing
haplotypes. An average reconstruction accuracy of all the test partitions was then calculated and
reported. In order to choose the kurtosis threshold needed to identify the significant group of ICs,
the partitioning experiment was repeated several times, ensuring the selection of different
combinations of training and testing. The resulting histogram is shown in Figure 5.1. The
histogram illustrates the different kurtosis values for the calculated ICs and the frequency of
obtaining each of the kurtosis values in all the iterations of the implementation. For every training
partition, different kurtosis thresholds were tried.
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Figure 5.1 Kurtosis histogram of the ICs extracted from ACE dataset.

The reported results in [41]

Figure 5.2 The results of the ICA framework on the ACE dataset.
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For the purpose of demonstration, the results of SNPs contributing 85%, 90% and 95% of ICs
kurtosis values are reported in the histogram in Figure 5.1. Average reconstruction accuracies at
the selected kurtosis threshold levels are shown in Figure 5.2. The reported accuracies range from
70.6% to 95.5%. The horizontal line at 90% accuracy shows the result reported in [41]en
whchosing10 ht-SNPs out of 52 SNPs in the dataset.

The line with star markers (*) (in Figure 5.2) shows the average reconstruction accuracies for
the 85% kurtosis threshold. The reconstruction accuracy reaches 90% when only 8 out of 52
SNPs are selected, compared to the selection of 10 SNPs reported in [41]. This difference in
results demonstrates that the redundancy in information captured by the ICs is less than the
redundancy captured by PCA only. Thus, the reconstruction method using the ICA selected SNPs
is able to regenerate the non-chosen SNPs with more accuracy. The highest accuracy reached at
the 85% kurtosis threshold is 93.5% with the selection of 9 out of 52 SNPs.
Also shown in Figure 5.2, the line with circle markers depicts the results of the ICA
framework with a 90% kurtosis threshold. Approximately half of the accuracies calculated at this
threshold are higher than those at an 85% kurtosis threshold. However, the highest accuracy
obtained with the selection of 9 SNPs is very similar for both kurtosis thresholds. These two sets
of results suggest that the group of significant ICs selected at 85% and 90% kurtosis thresholds
capture similar amounts of information.
The third line in Figure 5.2, with ‘+’ markers, represents the average reconstruction accuracies
at a 95% kurtosis threshold. This line reflects a better performance in reconstruction compared
with the other two thresholds. The highest accuracies here are reported at 95.5% accuracy with 10
SNPs selected. Again, by comparison with the results presented in [41], selecting 10 SNPs using
PCA contained less information than the ICA method since reconstructing the non-chosen SNPs
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with the same number of htSNPs yields higher reconstruction accuracies with SNP selection
using ICA .
The

fourth

line

in

Figure

5.2

illustrates

the

results

of

the

combined

PCA

selection/reconstruction approach. The PCA selection method used to generate the results in the
fourth line is identical to the selection technique devised in [41]. However, the accuracies are
reported according to our reconstruction technique using the htSNPs selected by PCA. The
accuracies of reconstruction using this approach are higher than those reported by [41]. In
comparison with the ICA framework, the highest accuracy reached by the combined PCA
selection/reconstruction approach was 93% with 10 selected SNPs, which is lower than the best
accuracy reached by ICA at 95.5%. However, this line reports an accuracy of 89.5% with only 6
selected SNPs. This later accuracy suggests that the modified PCA approach is capable of to
selecting less SNPs and generating a more accurate reconstruction on this dataset.
A justification of PCA performance on this dataset is the Linkage Disequilibrium on genetic
location of the ACE gene. As previously mentioned , SNP selection discards the redundancy in
information due to the Linkage Disequilibrium associations among SNPs (see chapter 2.2). On
the ACE gene, SNP associations might merely be correlations which can be dissociated using
only PCA, and they might not exhibit any stronger associations that require the non-linear
decorrelation approach of ICA in order to dissociate them. Another justification is the size of this
dataset. The number of available SNPs in this dataset is not sufficient for the ICA to extract
enough information from the dataset. In addition, the number of haplotypes is also small and does
not provide enough training haplotypes for the extraction of ICs.
These results reveal the capability of the ICA framework to capture higher amounts of
information, with less redundancy, compared to the PCA approach implemented in [41]
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However, the results generated by the combined PCA selection/reconstruction method show
better reconstruction accuracy with fewer selected SNPs from this dataset. The other two datasets
demonstrate better performance for the ICA framework approach due to the larger size of
available data used for training and testing.

5.1.2 ABCB1 Dataset Results
Partitioning percentages for training and testing of the ABCB1 dataset are identical to those
applied on the ACE dataset. The reconstruction accuracies versus the size of the group of htSNPs
used for their generation are reported in Figure 5.3. These results are reported according to the
same kurtosis thresholds used for the ACE dataset (85%, 90% and 95% kurtosis threshold).

Figure 5.3 The reconstruction accuracies for ABCB1 at three kurtosis thresholds.
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The 85% kurtosis threshold results are shown by the line with ‘*’ markers. An accuracy of
97.5% is reported when selecting 10 out of 27 SNPs compared to an 80% accuracy reported in
[41] with the same number of selected SNPs. The highest accuracy reached at this kurtosis
threshold is 99.5% with 21 selected SNPs. In [41], the highest accuracy of 95 % was reported
with 23 selected SNPs.
The other two lines with ‘o’ and ‘+’ markers correspond to the results generated at 90% and 95%
kurtosis thresholds, respectively. These results are slightly better than those reported at an 85%
threshold. The reported accuracies in [41] are less than those reported in Figure 5.3. Moreover,
the lowest reported accuracy for the 85%, 90% and 95 % kurtosis thresholds are 97.8% for 9 out
of 27 selected SNP.
In addition to the difference in individual accuracies between the presented results and those in
[41], it is observed that the ICA framework results generated by different numbers of selected
SNPs vary over a smaller range of reconstruction accuracies in comparison with the larger range
of accuracies generated in [41]. Overall, the results of the ICA framework are consistent and do
not change with the kurtosis thresholds; they follow the same trend despite the change in the
number of selected SNPs as seen in Figure 5.3. The results in Figure 5.3 suggest that the
information captured by the group of ICs selected at a lower kurtosis threshold is approximately
the same as the information captured at higher thresholds. Therefore, a lower number of SNPs
can be selected using the ICA framework and using smaller thresholds, without significantly
affecting the reconstruction accuracies.
The results demonstrate that ICA is able to identify a small set of SNPs that capture most of the
information in the ABCB1 dataset as shown by the high reconstruction accuracies.
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The final line in Figure 5.3, with no marker, depicts the accuracies generated by the combined
PCA selection/reconstruction algorithm.

The results are clearly less accurate than the ICA

framework. However, compared to the reported results in [41], they show slight improvement.
With 10 and 23 selected SNPs, we report 95.6% and 99.7% compared to 80% and 95% reported
in [41], respectively. The source of this improvement may be in the reconstruction algorithm
which was able to use the information captured by the htSNPs to more effectively rebuild the
non-chosen SNPs.
It is important to note that the results with this dataset are better than those with the previous
dataset due to the size of the data and the linkage disequilibrium at the ABCB1 gene location (for
details, see section 5.1.1). Since the data size has a significant impact on training, a larger dataset
may further improve the reported results on the previous dataset.

5.1.3 IBD 5q3 Dataset Results
Using this dataset, the ICA selection results with varying kurtosis threshold from 1% to 100%
are reported in order to demonstrate that changing the kurtosis threshold does not provide
significant changes in the reconstruction accuracies.
In Figure 5.4, the solid line illustrates the ICA framework reconstruction accuracies generated
while adjusting the kurtosis threshold from 1% to 100%. Each point on the line represents the
average accuracy calculated for the corresponding number of SNPs. These results show a very
similar trend in accuracies to those reported in [41]. Specifically, the calculated accuracies
increase rapidly over the range of 1-23 selected htSNP, increasing from 79% to 96.5%. Similarly,
the rapid increase in accuracies reported in [41] extends over the range of 1-30 htSNPs from 67%
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to 95%. Furthermore, we reached an accuracy of 91.1% with 10 selected SNPs out of 103 SNPs
in the dataset compared to 90% accuracy generated in [41] with the same number of htSNPs.
Reconstruction accuracies in this dataset did not show a significant improvement using the
ICA framework over the PCA approach. One interpretation of this absence of significant
improvement is that the information provided by this dataset doesn’t hold stronger associations
among SNPs other than the correlations detected by PCA. Therefore, even the combined PCA
selection/reconstruction approach results, depicted using the dotted line in Figure 5.4, follow the
same trend as the other two approaches with almost identical accuracy ranges.
In addition, as previously mentioned, the applied ICA framework performs a preprocessing
step, in order to aid in decreasing the dimensionality and to try to transform the data into a square
matrix. The transformation of the shape of the dataset improves the speed of estimation of the ICs
[81]. However, the IBD5q3 dataset partitions have a nearly square shape. As such, the
preprocessing step could be eliminated for future improvement of the ICA framework on similar
datasets.
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Figure 5.4 The IBD 5q3 ICA framework and combined PCA reconstruction/selection results
In summary, the results of the ICA framework have shown consistent improvements in
reconstruction accuracies for SNP selection. However, some particular instances of these results
were nearly identical to the other two PCA approaches which may be caused by the amount and
type of linkage disequilibrium existing in the datasets under investigation. Furthermore, the
higher reconstruction accuracies generated by the ICA framework, show that the selected htSNPs
capture more information and are able to better regenerate the haplotypes in the study. In terms of
speed, the ICA framework analyzed the three datasets on the order of seconds, but this was still
slower than the implementation of mFOS .
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5.2 Results of SNP Selection using mFOS

5.2.1 ACE Dataset Results
We applied mFOS and leave-one-out cross validation on this data in order to obtain a model
for each of the 22 haplotypes in the dataset. The number of chosen SNPs for each model slightly
differed from one chromosome to the other, yet there were many common SNPs chosen. The
number of selected SNPs for each model ranged from 3 to 14 (out of 52 SNPs in the dataset). The
histogram of the frequencies of the selected SNPs for all the models is shown in Figure 5.6.
By inspecting this histogram, we recognize a significant number of SNPs were never selected
by mFOS to model any genetic signal. These non-selected SNPs are more concentrated in the
middle of the histogram in the range 19 to 40, a fact that reflects high redundancy in the
information carried along this region. However, the highly frequent selected SNPs such as SNP 5,
8, 11 and 16 have greater contributions in the amount of information hidden in the studied genetic
region.
We chose seven cut-off values for the frequencies of SNPs (30, 27, 25, 18, 13 and 11) on the
histogram. At each cutoff, SNPs with frequencies above the threshold cutoffs were kept, and all
non-chosen SNPs in the 22 haplotypes in the data set were reconstructed. The average accuracies
associated with reconstructing all haplotypes are presented in Figure 5.5.
The average accuracies ranged from 89.9% to 93.9% while using only 3 and 4 SNPs (out of
52), respectively. A slight decrease in reconstruction accuracies was observed when greater than
4 SNPs were chosen. One explanation for this reduction is that the information captured by
additional SNPs after the first four are either redundant or they dilute the model. From Figure 2, it
is obvious that mFOS was able to build accurate models to capture the information hidden in the
group of 52 SNPs.
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The models were able to capture at the very least 89.9% of the information in the dataset by
using only 3 SNPs. This is a significant reduction in the dimensions of the dataset.
Comparing the reconstruction accuracies of mFOS on the ACE dataset with those generated
by the SNP selection method using ICA, we see that the 3 htSNPs selected by mFOS were able to
reconstruct 90% of the dataset; whereas the 3 htSNPs selected by ICA have reconstructed only
77.5% of the dataset. The highest reconstruction accuracy reported by mFOS was 94 % with 4
htSNPs and the same degree of accuracy was reached by ICA with 9 htSNPs. The performance of
mFOS on this dataset suggests that modeling the haplotype has captured a higher amount of
information compared to the information captured by the ICs.
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Figure 5.5 The ACE reconstruction accuracies using mFOS

Figure 5.6 The ACE histogram of SNP frequencies using leave-one-out cross-validation.
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5.2.2 ABCB1 Dataset Results
For the second dataset, we implemented mFOS with 10 fold cross-validation. The approach
used with this dataset is similar to that used for the first dataset. The number of chosen SNPs by
mFOS models ranged from 6 to 27 SNPs out of 27 available in the dataset. This implies that the
information relayed by the SNPs in this dataset have less redundancy; as a result a higher number
of SNPs are needed to model the haplotypes in this dataset compared to with the previous dataset.
Figure 5.7 presents a histogram of the frequencies of selected SNPs. Four frequency cut-offs
(at 7, 6, 5, and 4) were selected for the histograms. For each cutoff, SNPs with frequencies higher
than the threshold were selected and used to reconstruct the non-chosen SNPs. Average

Figure 5.7 The ABCB1 histogram of SNPs frequencies during 10-fold cross-validation.
reconstruction accuracies for all haplotypes using a different number of selection SNPs are
reported in Figure 5.8. The lowest reported accuracy is 94.9% when using 6 chosen SNPs out of
the 27 available. The highest reported accuracy for was 99.3% with 18 chosen SNPs out of 27.
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Figure 5.8 The ABCB1 reconstruction accuracies using mFOS
These accuracies reveal once again the ability of mFOS to model the information hidden in the
dataset while reducing its dimensionality.
When compared to the reconstruction accuracies of the ABCB1 dataset generated by the SNP
selection method using ICA, mFOS produces similar results. However, the lowest reduction in
the dimension of the ABCB1 dataset was reported in the results generated by mFOS, where 6
htSNPs out 27 produced 95.4% accuracy of reconstruction. The smallest htSNP group reported
by ICA consists of 9 SNPs out of 27 and this group was able to reconstruct 97.8% of the dataset.
Therefore, a higher reduction in the dimension of the ABCB1 dataset was reached with the SNP
selection method using mFOS. Accordingly, mFOS was able to capture a higher amount of
information from this dataset using a fewer number of SNPs. As mentioned in this section, it is
important to note that the accuracies reported are for haplotype reconstruction and not for major
or minor allele prediction.
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Chapter 6
Conclusion

In this thesis, two methodologies for SNP selection were proposed. The first method was
based on ICA, which is a matrix decomposition technique borrowed from the signal processing
literature. ICA calculated the statistically independent components of the SNP datasets by
applying a linear transformation on the studied data. A SNP selection process was performed
based on the contributions of each SNP in the most independent and non-Gaussian ICs.
Consequently, the group of selected SNPs were characterized by high independence and were
able to summarize the information hidden by the whole sequence of SNPs.
The second method investigated for SNP selection was mFOS; a modification of FOS which is
a multivariate regression method devised for non-linear system identification. We considered
each sequence of SNP values as a genetic system output and used mFOS to model this output for
each individual in the study. mFOS searched through the group of studied SNPs and assessed the
relevance of each SNP in modeling the output.
Three gene datasets were used for the application of ICA and two datasets were used for the
application of mFOS. ICA was combined with a zero/one encoding algorithm to transform the
alphabetical format of the SNP data into numerical values. However, the mFOS method was
coupled with an encoding method which substitutes each SNP allele (value) by a real number that
is the frequency of appearance of that SNP in the studied population.
After performing the SNP selection using either of the proposed methods, the selected group
of SNPs was evaluated by measuring its ability to provide information about non-selected SNPs.
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The evaluation technique consisted of predicting the values of the non-selected SNPs using the
information relayed by the htSNPs. The chosen evaluation criterion was the accuracy of
reconstruction and was measured by the ratio of the number of correctly predicted SNPs to the
total size of the reconstructed SNP sequence. The reconstruction accuracies of both methods were
compared with each other and to those of the PCA published in a previous work. The reported
reconstruction accuracies are for the non-tagged SNPs in a haplotype. Major or minor allele
prediction is not part of the goal of the proposed approaches.
The group of SNPs selected by mFOS exhibited the highest reconstruction accuracies using a
smaller number of SNPs in comparison with the overall ICA and PCA results. For the ACE
dataset, a group of 4 htSNPs selected by mFOS generated 94% of reconstruction accuracy, while
a group of 10 htSNPs chosen by ICA reconstructed the dataset with 95% accuracy. The results of
PCA as reported in the literature showed 90% accuracy with 10 selected SNPs. For the ABCB1
dataset, the smallest group of SNPs (consisting of 6 SNPs) chosen by mFOS was able to
regenerate the dataset with more than 95% accuracy. The ICA was not able to choose the same
number of chosen SNPs as mFOS, however, it selected a group of 9 htSNP and reached a
reconstruction accuracy of more than 97%. The results of the PCA were lower than those
generated by both the ICA and mFOS. For the third dataset, the results of ICA and PCA
demonstrated a similar trend with nearly equivalent reconstruction accuracies.
mFOS and ICA were able to generate as good as or better results than the PCA reported results.
Both of these approaches are considered to be unsupervised dimensionality reduction techniques.
Their selection method is independent of any classification process or outcome; as such the
computational overhead is decreased while using these techniques as a preprocessing step in a
disease association study. The contributions of this thesis are as follows:
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•

Provided a comparative study of two proposed dimensionality reduction approaches, ICA
and mFOS, and a previously published selection method using PCA.

•

Presented a SNP filtering technique using ICA, unlike previous studies which used ICA as a
wrapper technique. The proposed ICA selection approach was able to reduce the number of
SNPs without the need for a classifier or class labeling.

•

Offered an application of mFOS for selecting the most informative SNPs in a dataset. This
implementation has limited the source of candidate functions used in the modeling of the
genetic output system to the actual SNPs in study. Using mFOS, the sequences of SNPs
values belonging to the different individuals were modeled according to the values of SNPs
in the data.

•

Provided a reconstruction approach based on the CUR matrix decomposition which was used
for the evaluation of the proposed methods.

6.1 Future work
The proposed approaches were applied to individual gene datasets. Since the ultimate goal of
dimensionality reduction techniques is the facilitation of disease association studies, it is essential
to study the application of our methods to larger scale datasets. This application can enable
searching for possible correlations between certain diseases and genetic multi loci. Therefore,
investigating the applicability of our proposed methods on genome wide SNP datasets is an
important continuation of the work presented in this thesis.
In addition to the above, an extension of this work could be a faster implementation of both
proposed methods for SNP selection. The need to accelerate the proposed algorithms is crucial,
especially when applied on genome-wide SNP datasets. One way of accelerating the methods is
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the segregation of the genome-wide dataset into separate genes, before performing the selection
on each gene. Another way of accelerating the application of the SNP selection on labeled
genome-wide datasets is to survey the literature for previously reported associations between the
class phenotype and certain genes; afterwards, the selection method will be applied only on the
associated genes. Finally, a multistage SNP selection method can be implemented to combine the
results obtained from the application of the methods on separate genes.
Another aspect of this work to investigate further is the application of the original
implementation of FOS as mentioned earlier in Chapters 2 and 4. FOS can be applied to SNP
selection to identify SNPs capable of predicting other SNPs in a dataset. In addition, different
SNP encoding schemes could be investigated to enable major or minor allele prediction as
another application.
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Appendix A
FOS Coefficient Derivation

FOS is the fast implementation of OS which avoids the actual calculation of orthogonal
functions and settles for the calculation of the simplified coefficients , ,

and

according to

the following set of equations [66]:
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Furthermore, Cs are calculated according to the next equations:
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corresponding inner product space according to the following equations:
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As a result orthogonal functions having highest

are added to the system output model as

contributors ensuring the best fit of the estimation which minimizes the mean square error (
between the actual and estimated system outputs as follows:
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Appendix B
Tolerance Threshold of Reconstruction Error Bars

Figure B.1 Histogram showing the frequency on y-axis of getting the
reconstruction errors on the x-axis using 3 htSNPs for the ACE Dataset

Figure B.2 Histogram showing the frequency on y-axis of getting
the reconstruction errors on the x-axis using 5 htSNPs for the ACE
Dataset
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Figure B.3 Histogram showing the frequency on y-axis of getting the reconstruction
errors on the x-axis using 6 htSNPs for the ACE Dataset

Figure B.4 Histogram showing the frequency on y-axis of getting the
reconstruction errors on the x-axis using 7 htSNPs for the ACE Dataset
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Figure B.5 Histogram showing the frequency on y-axis of getting
the reconstruction errors on the x-axis using 8 htSNPs for the ACE
Dataset

Figure B.6 Histogram showing the frequency on y-axis of
getting the reconstruction errors on the x-axis using 9 htSNPs
for the ACE Dataset

85

Figure B.7 Bar chart showing the different allele frequencies of the ACE dataset and their reconstruction
errors using 3 htSNPs. The heights of the blue bars represent the allele frequencies and the heights of the
red bars represent their errors. Each allele frequency bar is grouped with its reconstruction error bar in the
same location on the x-axis.

Figure B.8 Bar chart showing the different allele frequencies of the ACE dataset and their reconstruction
errors using 5 htSNPs. The heights of the blue bars represent the allele frequencies and the heights of the red
bars represent their errors. Each allele frequency bar is grouped with its reconstruction error bar in the same
location on the x-axis.
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Figure B.9 Bar chart showing the different allele frequencies of the ACE dataset and their reconstruction
errors using 6 htSNPs. The heights of the blue bars represent the allele frequencies and the heights of the
red bars represent their errors. Each allele frequency bar is grouped with its reconstruction error bar in the
same location on the x-axis.

Figure B.10 Bar chart showing the different allele frequencies of the ACE dataset and their reconstruction
errors using 7 htSNPs. The heights of the blue bars represent the allele frequencies and the heights of the
red bars represent their errors. Each allele frequency bar is grouped with its reconstruction error bar in the
same location on the x-axis.
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Figure B.11 Bar chart showing the different allele frequencies of the ACE dataset and their reconstruction
errors using 8 htSNPs. The heights of the blue bars represent the allele frequencies and the heights of the
red bars represent their errors. Each allele frequency bar is grouped with its reconstruction error bar in the
same location on the x-axis.

Figure B.12 Bar chart showing the different allele frequencies of the ACE dataset and their reconstruction
errors using 9 htSNPs. The heights of the blue bars represent the allele frequencies and the heights of the
red bars represent their errors. Each allele frequency bar is grouped with its reconstruction error bar in the
same location on the x-axis.
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