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Abstract

This dissertation deals with smooth feedback stabilization of control-affine systems

via Interconnection and Damping Assignment - Passivity-Based Control (IDA-PBC).

The IDA-PBC methodology is a feedback control design technique that aims to es-

tablish or manipulate a port-Hamiltonian structure of the closed-loop system. For a

mechanical control system, a port-Hamiltonian system is a natural description of the

dynamics, and several effective controller designs have been presented for this class of

systems. In other fields of engineering, the development of such controller design is

an active area of research. In particular, applications of IDA-PBC techniques prove

to be difficult in practice for process control applications where the concept of energy

is usually ill-defined. This thesis seeks to extend the application of the IDA-PBC

methodology beyond mechanical control systems. This is achieved by following three

directions of research. First, we establish conditions under which a port-Hamiltonian

system can be written as a feedback interconnection of two port-Hamiltonian sys-

tem. We identify such an interconnection structure for linear control systems based

on their intrinsic properties. Second, as observed in application of IDA-PBC to non-

mechanical systems, several additional assumptions on the structure of the desired

port-Hamiltonian system can effectively reduce the complexity of the matching prob-

lem. We establish a unified approach that considers these additional assumptions.
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Third, we connect the matching problem to the classical feedback equivalence

approach. We show that feedback equivalence between control-affine systems can be

employed to construct some feasible interconnection and damping structures.
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Chapter 1

Introduction

Passivity-based control (PBC) can be used to stabilize continuous-time non-linear

control-affine systems. A passivity-based control design methodology consists in find-

ing a feedback law such that the closed-loop system is rendered passive with respect

to a desired storage function. The scope of this thesis is restricted to a special

passivity-based control methodology, called Interconnection and Damping Assign-

ment (IDA). The IDA-PBC methodology aims to establish or manipulate the so called

port-Hamiltonian structure of the closed-loop system [Ortega et al., 2002b]. A port-

Hamiltonian structure consists of an energy storage function, and an interconnection

and damping structure. The interconnection and damping structure represent respec-

tively the distribution of energy between the states of the system, and the dissipation

of energy. The port-Hamiltonian structure often has physical meaning, especially

in the realm of mechanical and electromechanical systems. Consequently, IDA-PBC

has found a wide range of applications; in particular, numerous applications have

been made to underactuated mechanical systems; see Ortega et al. [2002a], Acosta

et al. [2005] and references therein. In these applications, a particular version of

1
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IDA-PBC, called non-parametric IDA-PBC is considered. It assumes that desired

interconnection and damping structures for the closed-loop system are known, and

that a Hamiltonian function is obtained as a solution to a set of partial differential

equations (PDEs), which are parameterized by the aforementioned structures [Or-

tega et al., 2002b]. The effect of the interconnection and damping structure on the

qualitative behaviour of the closed-loop system is disturbed by the Hamiltonian func-

tion. This has been illustrated for instance in an example in Kotyczka and Lohmann

[2009]. Hence, it is important to understand how the choice of the desired intercon-

nection and damping structure affects the closed-loop system. For control problems

in which physical intuition is not apparent, it is also of value to have guidelines for

the choice of the the interconnection and damping structure. In addition, it allows

the introduction of a generalized concept of energy, which is valid in different fields

of engineering. Our goal is to establish such guidelines based on three perspectives.

The first perspective is based on intrinsically-defined properties of control systems.

The second is based on simplification and reduction of the problem, and the third is

based on feedback equivalence.

Our first objective is to show that linear port-Hamiltonian systems can be de-

composed based on their controllability matrices. This decomposition defines an

interconnection structure intrinsically. Our second objective is to establish guide-

lines to design an interconnection and damping structure under the frequently made

assumption of “constant” structures. In the proposed approach, the degrees of free-

dom available in the IDA-PBC design are used to achieve some additional desired

properties of the closed-loop Hamiltonian function. Our third objective, in the final

part of this thesis, is to study the IDA-PBC methodology as a feedback equivalence
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[Gardner, 1989a] and to determine new interconnection and damping structures via

existing feedback equivalences.

1.1 Statement of Contributions

The following list constitutes the contributions that this thesis makes to the body of

knowledge in systems control.

1. Section 3.2 establishes the novel concept of decomposition for linear port-Hamiltonian

systems, which allows us to study the “interconnection topology” of the system.

2. Theorem 4.2.2 establishes necessary and sufficient conditions on the existence of

a port-Hamiltonian representation based on exterior differential calculus.

3. Section 4.4 introduces a splitting of the interconnection and damping structure

based on the equilibrium manifold of the control system. The splitting restricts

the existence conditions for a Hamiltonian function to conditions on a substructure

of the interconnection and damping structure.

4. Section 5.3 describes the matching problem as a feedback equivalence problem.

Corollary 5.3.3 presents a solution of the matching problem generated by an ex-

isting feedback equivalence.

5. Section 5.4 presents an application of the IDA-PBC methodology to a non-isothermal

continuous stirred-tank reactor (CSTR) via feedback equivalence, giving a me-

chanical interpretation of the states of the CSTR.
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1.2 Organization of the Dissertation

CHAPTER 2 In Chapter 2 we introduce necessary mathematical preliminaries

and present a detailed exposition of the IDA-PBC methodology. A novel description

of port-Hamiltonian systems based on the notation of tensor fields is introduced and

the “matching problem” for IDA-PBC is defined.

CHAPTER 3 We consider the IDA-PBC methodology for linear control systems.

The objective here is to establish conditions for an intrinsic decomposition of the

interconnection structure. The approach is based on the concepts of abstractions

of control systems and achievable Dirac structures. A simple LC-circuit motivates

and illustrates the results in this chapter. This result has been accepted to the 2011

American Control Conference [Höffner and Guay, 2011a].

CHAPTER 4 We establish an alternative description of port-Hamiltonian sys-

tems, which represents a unified approach to solving the matching problem, in Chap-

ter 4. Furthermore, we consider the set of admissible equilibria to establish a local

decomposition of the interconnection and damping structure. This result has been

submitted to the 18th IFAC World Conference [Höffner and Guay, 2011b].

CHAPTER 5 In this chapter, we establish a geometric interpretation of feedback

equivalence, as treated by Gardner and Shadwick [1990a, 1992] and collaborators, and

formulate the matching problem of the IDA-PBC methodology in this context. An

application of the transitivity property shows, in example of a non-isothermal CSTR,

that feedback equivalence can be used to generate a passivity-based controller, which

allow to understand the closed-loop system in terms of a simple mechanical system.



CHAPTER 1. INTRODUCTION 5

This result has been presented at the 8th IFAC Symposium on Nonlinear Control

Systems [Höffner and Guay, 2010].

CHAPTER 6 We summarize the new results of the dissertation in this chapter

and suggest some avenues for future work based on these results.



Chapter 2

Literature Review

The purpose of this chapter is twofold. First, we establish the necessary mathematical

preliminaries. Second, we review the literature on the IDA-PBC methodology. In

particular, we classify different versions of IDA-PBC, review open problems of the,

so called, non-parameterized version of IDA-PBC. Then, we discuss the literature on

existing solutions to the main open problem in non-parameterized IDA-PBC.

2.1 Mathematical Preliminaries

In this section, we introduce basic definitions and establish notation that are used

throughout the thesis. If not stated otherwise, it is assumed that all objects (e.g.,

maps, functions and manifolds) are smooth. For more information, we refer to Abra-

ham et al. [1988], Bullo and Lewis [2004].

6
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Local vector bundles

Consider finite-dimensional real vector spaces E1, . . . ,Ek and F. Let

L(E1, . . . ,Ek;F)

denote the vector space of k-multilinear maps of E1 ×⋯ ×Ek to F.

Definition 2.1.1. Let V be a finite-dimensional real vector space and let X be an

open subset of Rn. We call the Cartesian product E = X × V a local vector bundle of

rank dim(V ). We call X the base space of E, which can be identified with the zero

section X × {0}. For p ∈ X , Ep = {p} × V is called the fiber over p, which we endow

with the vector space structure of V . The map π ∶ E → X given by π(p, v) = p is

called the projection of E (Thus, the fiber over p ∈ X is π−1(p)).

Definition 2.1.2. Let E = X ×V and E′ = X ×V ′ be local vector bundles, with rank

E′ = k. We say that E′ is a subbundle of E if V ′ ⊂ V , π′ = π∣V ′ , and E∩V ′ = U×Rk×{0}.

In particular, the tangent bundle TX of an open subset X ⊂ Rn is a local vector

bundle. Furthermore, a constant-rank distribution is a subbundle of TX and therefore

also a local vector bundle of X , possibly after restriction to an open subset of X and

a change of coordinates.

Definition 2.1.3. Let E = X × V and E′ = X ′ × V ′ be local vector bundles. A

map φ ∶ E → E′ is called a local vector bundle map if it has the form φ(p, v) =

(φ1(p), φ2(p)(v)), where φ1 ∶ X → X ′ and φ2 ∶ X → L(V ;V ′). A local vector bundle

map that has an inverse, which is also a local vector bundle map is called local vector

bundle isomorphism.
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A particular example of a local vector bundle map is the tangent map Tf of a

map f ∶ X ⊂ Rn → Rm on X , which is given by Tf(p, v) = (f(p),Df(p)(v)), where

Df(p) is the derivative of f at p.

Definition 2.1.4. Suppose E = X ×V and E′ = X ×V ′ are local vector bundles. The

homomorphism bundle Hom(E;E′) is the local vector bundle X ×L(V ;V ′). In other

words, the fiber over p ∈ X is

Hom(E;E′)p = L(Ep;E′
p).

The rank of Hom(E;E′) is the product of the ranks of E and E′, since the

dimension of L(V ;V ′) is dim(V ) ⋅ dim(V ′).

If S ⊂ E, we denote by ann(S) the annihilator of S, which is defined by ann(S) =

{α ∈ E∗ ∣ α(v) = 0, v ∈ S}, where E∗ = L(E;R) is the dual space to E. Similarly, for T ⊂

E∗ we define the coannihilator of T to be the subspace of E defined by coann(T ) = {v ∈

E ∣ α(v), α ∈ T}. Let ∆ be a constant-rank distribution on X . Then ann(∆) denotes

the annihilator of ∆, i.e., (ann(∆(p)) = (ann(∆)(p) for all p ∈ X . We make use of the

following local vector bundle construction in Chapter 4. We define, after shrinking

X and changing the coordinates if necessary, the local vector bundle Hom(∆) =

Hom(∆;TX ). We similarly define Hom(ann(∆)) = Hom(TX ; (ann(∆))∗), where

(ann(∆))∗ is the dual space to ann(∆).
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Tensor bundles

Definition 2.1.5. For a finite-dimensional real vector space E and its dual E∗ we let

T rs (E) = L(E∗, . . . ,E∗,E, . . . ,E;R)

(r copies of E∗ and s copies of E). Elements of T rs (E) are called tensors on E,

contravariant of order r and covariant of order s; or simply of type (r, s).

The most common type of tensors that we work with in this thesis are of type

(0,2) and (2,0); these can be identified with linear maps from E to E∗ and from E∗

to E, respectively. That is T 2
0 (E) = L(E;E∗), T 0

2 (E) = L(E∗;E). We denote the local

vector bundle with fiber T rs (TpX ) over p by T rs (X ), the bundle of tensors of type (r, s)

or tensor bundle of type (r, s). In particular, we make the following identification of

local vector bundles T 2
0 (X ) = Hom(TX ;T ∗X ) and T 0

2 (X ) = Hom(T ∗X ;TX ).

Let E be a real finite dimensional vector space. Let {e1, . . . , en} be a basis for E

and {e1, . . . , en} be a basis for E∗ dual to a {e1, . . . , en}. If t ∈ T rs (E), the real numbers

ti1...irj1...js
= t(ei1 , . . . , eir , ej1 , . . . , ejs)

are called the components of t relative to the basis {e1, . . . , en} and {e1, . . . , en}. For

example, an inner product ⟪⋅, ⋅⟫ on E is a symmetric tensor of type (0,2). Its matrix

[Gij] with respect the basis {ei} has components Gij = ⟪ei, ej⟫. Thus the matrix

[Gij] is symmetric and positive definite. Its inverse is written as [Gij].
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Sections of a local vector bundle

Next, we define sections of local vector bundles.

Definition 2.1.6. Let E = X × V be a local vector bundle. A section of E is a map

σ ∶ X → E, such that π ○ σ = idX , where idX is the identity map on X .

We denote the set of all sections of a local vector bundle E by Γ(E). This

set can be endowed with a natural vector space structure, with addition and scalar

multiplication performed pointwise.

Let E = X × V and E′ = X × V ′ be local vector bundle with the same base

space. From Definition 2.1.4 and Definition 2.1.3 we can deduce that a section σ of

Hom(E;E′) can be identified with local vector bundle map φ with φ1 = idX . Hence,

if φ is a local vector bundle isomorphism, then its inverse φ−1 can be identified with

a section of Hom(E′;E), we denote this section by σ−1.

Tensor fields

Tensor fields of type (r, s) are sections of the local vector bundle of tensors of type

(r, s). In local coordinates (x1, . . . , xn), a section σ of T rs (X ) can be written as

σ = σj1...jri1...is

∂

∂xj1
⊗⋯⊗ ∂

∂xjr
⊗ dxi1 ⊗⋯⊗ dxis ,

with standard notation as for example in Abraham et al. [1988]. The functions σj1...jri1...is

are called the component functions of σ in these coordinates.

Next, we define the interior product of a vector field (resp., a one-form) with a

(r, s)-tensor field. The interior product will be used to define the drift vector field of

a port-Hamiltonian system in the following section.
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Definition 2.1.7. Let X ⊂ Rn be open. The interior product of a vector field X ∈

Γ(TX ) (resp., a one-form α ∈ Γ(T ∗X )) with a (r, s)-tensor field t ∈ Γ(T rs (X )) is the

tensor field of type (r, s − 1) (resp., (r − 1, s)) defined by

(tX)(α1, . . . , αr,X1, . . . ,Xs−1) = t(α1, . . . , αr,X,X1, . . . ,Xs−1)

(tα)(α1, . . . , αr−1,X1, . . . ,Xs) = t(α,α1, . . . , αr−1,X,X1, . . . ,Xs).

Note that we deviate from the usual notation of the interior product given by iXt.

Let us consider the coordinate expression of two interior products that we make

use of in Chapter 4. Let t be (0,2)-tensor field on X ⊂ Rn and let (x1, . . . , xn) be

coordinates on X . Then t has the local expression t = tij ∂
∂xi

⊗ ∂
∂xj

. Let α be a one-

form with local expression αidxi. Then tα = tijαi ∂
∂xj

is a vector field on X . Similarly,

if X = X i ∂
∂xi

is a vector field and σ a (2,0)-tensor field, then σX = σijX idxj is a

one-form. Furthermore, if t(sβ) = β for all one-forms β, s(p) is the inverse of t(p) for

all p ∈ X .

Also, let us first recall the following definition of the derivative of a map [Bullo

and Lewis, 2004].

Definition 2.1.8. Let U ⊂ Rn be an open set and let f ∶ U ⊂→ Rm be a map. The

map

Df ∶ U → L(Rn,Rm)

u↦Df(u)
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is called derivative of f . Proceeding inductively we define

Drf = (D(Drr−1f) ∶ U → Lr(Rn;Rm),

where we have identified L(Rn, Lr−1(Rn;Rm)) with Lr(Rn;Rm). Furthermore, if f ∶

U ⊂ Rn → R then we denote Hess f(p) =D2f(p) the Hessian of f at p.

Control systems

Definition 2.1.9. Let X and U be open subsets of Rn and Rm, respectively. Let

n ≥ m ≥ 1 and 0Rm ∈ U . Let f, g1, . . . , gm be vector fields on X . A control-affine

system is a triple Σ = (X ,{f, g1, . . . , gm},U), where X is called the state space, U is

the control space, the vector field f is called the drift vector field and g1, . . . , gm are

called the control vector fields. We call the distribution g generated by the control

vector fields the control distribution. That is, g(p) = span {g1(p), . . . , gm(p)}.

Let Σ be a control-affine system, a point p⋆ ∈ X is called an admissible equilibrium

of Σ if there exists a u = (u1, . . . , um) ∈ U such that 0Rn = f(p⋆) + gi(p⋆)ui. The

following assumption, will be imposed on the class of control-affine systems studied

throughout this thesis.

Assumption 2.1.10. If Σ is a control-affine system, its control distribution is of

rank m. To emphasize the role of the distribution, denote the control-affine system

by Σ = (X , f, g,U).

Definition 2.1.11. Consider a control-affine system Σ and T ∈ R>0. Let u ∶ [0, T ]→ U
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be a control input such that the solution c of the ODE

dc

dt
(t) = ċ(t) = f(c(t)) + gi(c(t))ui(t).

exists on [0, T ]. The pair (c, u) is called a solution (or trajectory) of Σ.

Passivity-based control

Consider a control-affine system Σ = (X , f, g,U) and an output map y ∶ X → Rm. The

system Σ is said to be passive with respect to y if there exists a function H ∈ C1(X )

with H(x) ≥ 0 for all x ∈ X and a nonnegative function W ∈ C1(X ) such that

Ḣ(c(t)) = ⟨f, dH⟩(c(t)) ≤ −W (c(t)) + u(t)⊺y(c(t)) (2.1)

for every solution (c, u) of Σ. The system Σ is said to be strictly passive if W is

positive definite. The map y is then called passive output and H is called the storage

function. In order to stabilize Σ to a desired admissible equilibrium x⋆, passivity-

based control aims to render the closed-loop system passive with respect to a storage

function with minimum at the desired equilibrium. The following proposition justifies

this aim.

Proposition 2.1.12. [Ortega et al., 2002b] Let Σ be a passive control-affine system

with passive output y ∶ X → Rm and storage function H ∈ C1(X ) and let x⋆ ∈ X be

an admissible equilibrium of Σ. If we can find a map β ∶ X → U such that the partial

differential equations

[f(x) + g(x)β(x)]⊺∂Ha

∂x
(x) = −[g(x)β(x)]⊺∂H

∂x
(x), ∀x ∈ X
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can be solved for Ha, and the function Hd = H +Ha has a minimum at x⋆, then the

feedback u = β is an energy-balancing stabilizer for the equilibrium x⋆. That is, the

Lyapunov function Hd satisfies

Hd(x(t)) =H(x(t)) − ∫
t

0
u⊺(s)y(s) ds + κ

for some constant κ determined by the initial conditions.

Port-Hamiltonian systems

Port-Hamiltonian systems result from network modeling of energy-conserving lumped-

parameter systems with independent storage functions, and are descriptions of a wide

range of physical systems [van der Schaft, 1999]. One of the most prominent appear-

ances of port-Hamiltonian systems in control theory is in passivity-based controller

design, since the inequality (2.1) takes a particularly simple form for this class of

systems. We first introduce a novel description of the interconnection and damping

structure and then define port-Hamiltonian systems based on this description.

The bundle of structure tensors

The interconnection structure in port-Hamiltonian systems in mechanics is a sym-

plectic structure, i.e., a non degenerate closed two-form on the cotangent bundle of

the configuration space (see Abraham and Marsden [1978]). One generalization of

symplectic structures are Dirac structures, which are introduced in Chapter 3. A

different perspective that we want to consider here is to represent the interconnection

and damping structure by tensor fields.
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Definition 2.1.13. Let X ⊂ Rn be open and let T 2
0 (X ) be the local vector bundle of

tensors of type (2,0). A section F of T 2
0 (X ) such that

i) it is local vector bundle isomorphism for T ∗X and TX , and

ii) Sym Fp ≤ 0 for all p ∈ X ; where Sym Fp denotes the symmetrization of Fp [Lee,

2003].

is called a structure tensor field.

Every structure tensor field can be written as the difference between the symmetric

tensor field R = −Sym F , called the damping structure (tensor field) and the skew-

symmetric tensor field J = F + Sym F , called the interconnection structure (tensor

field). Next, we define port-Hamiltonian systems.

Definition 2.1.14. Let X and U be open subsets of Rn and Rm, respectively, with

n ≥m ≥ 1 and 0Rm ∈ U . Let

• F be a structure tensor field on X ,

• H be a function on X , and

• g1, . . . , gm be vector fields on X .

A port-Hamiltonian system is a 5-tuple Σ = (X , F,H, g,U). It is a control-affine system

with drift vector field FdH. The function H is called the Hamiltonian function.

Consider the port-Hamiltonian system Σ. Let (x1, . . . , xn) be coordinates on X .

In these coordinates, we have dH = ∂H
∂xi
dxi and F = F ij ∂

∂xi
⊗ ∂

∂xj
. Then we can write

the drift vector field of Σ in coordinates

f j
∂

∂xj
= F ij ∂H

∂xi
∂

∂xj
. (2.2)
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Example 2.1.15. We consider the local description of a simple mechanical control

system as an example of a port-Hamiltonian system. Let Q be an n-dimensional

manifold with local coordinate chart (U, q = (q1, . . . , qn)) and let (q, p) = (q1, . . . , qn,

p1, . . . , pn) be coordinates on T ∗U ⊂ T ∗Q. The Euler–Lagrange equations for a tra-

jectory1 ((q, p), u) of a simple mechanical control system are

q̇(t) = ∂H
∂p

⊺
(q(t), p(t))

ṗ(t) = −∂H
∂q

⊺
(q(t), p(t)) +B(q(t))u(t)

y(t) = B⊺(q(t))∂H
∂p

(q(t), p(t)),

with B ∶ U → Rn×m. The function H is the sum of kinetic energy function

K ∶ T ∗U → R

(q, p)↦ 1

2
p⊺M−1(q)p,

where M(q) = M⊺(q) > 0 for all q ∈ U and potential energy function V ∶ U → R,

which is bounded from below. Hence, the system is in the form of equation (2.2) with

x = (q, p) and J(x) = [ 0 In
−In 0 ] for all x ∈ T ∗U , where In denotes the n × n identity

matrix.

Structure preserving maps

We define maps that preserve structure tensor fields between open sets of two vec-

tor spaces with possibly different dimensions. We make use of this construction in

1With slight abuse of notation we use (q, p) also to denote a solution.
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Chapter 3.

Definition 2.1.16. Let F and G be structure tensor fields on U ⊂ Rn and V ⊂ Rl,

respectively, and let Φ ∶ U → V be a map. Then Φ is said to be structure preserving

if

(∀q ∈ Φ−1(V ))(∀α,β ∈ T ∗
Φ(q)V ) Fq(Φ∗(α),Φ∗(β)) = GΦ(q)(α,β),

where Φ∗ is the pull back map of Φ [Bullo and Lewis, 2004].

For example, if Sym F = 0 and Sym G = 0, i.e., they can be identified with

symplectic structure, then a structure preserving maps is called a symplectomorphism

(see also Tabuada and Pappas [2003a] for similar discussion).

2.2 Interconnection and Damping Assignment –

Passivity Based Control

The development of the IDA-PBC methodology originated as a method for stabiliza-

tion of underactuated mechanical systems invoking the physically motivated principles

of energy shaping and damping injection. The desired closed-loop system is chosen

to be a port-Hamiltonian system, which encodes the desired features such as stabil-

ity and convergence [Ortega et al., 2002b]. We denote this by a port-Hamiltonian

system Σd = (X , Jd,Rd,Hd, g,U). In this section, we give a literature review on IDA-

PBC. First, we formally describe the IDA-PBC methodology, then we formulate the

matching problem and classify approaches for solutions of the problem. Finally, we

summarize different solutions to the matching problem that have been considered in
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the literature and discuss their advantages and shortcomings. The following result

establishes sufficient conditions for local stabilization of a control-affine system Σ.

Proposition 2.2.1 (Ortega and Garcia-Canseco [2004]). Consider the control-affine

system Σ = (X , f, g,U). Assume that there exists matrix-valued maps g� ∶ X → Rn−m

such that g�(x)g(x) = 0, for all x ∈ X , a skew-symmetric (0,2)-tensor field Jd, a

symmetric positive semi-definite (0,2)-tensor field Rd and a function Hd ∶ X → R

such that Hd is a solution to the set of PDEs

g�(x)f(x) = g�(x)(Jd −Rd)dHd(x), (2.3)

where Hd is such that

x⋆ = arg
x∈X

minHd(x) (2.4)

with x⋆ ∈ X the admissible equilibrium to be stabilized. Then, the closed-loop system

with u = β ∶ X → U , where

β(x) = (g⊺(x)g(x))−1g⊺(x) ((Jd −Rd)(dHd)(x) − f(x)) (2.5)

is a port-Hamiltonian system Σd = (X , Jd,Rd,Hd, g,U) with x⋆ a (locally) stable

equilibrium. It is asymptotically stable if, in addition x⋆ is an isolated minimum of

Hd and the largest invariant set under the closed-loop dynamics contained in

{x ∈ X ∣ Rd(dHd, dHd)(x) = 0} (2.6)

is equal to {x⋆}. Moreover, an estimate of its domain of attraction is given by the
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largest bounded level set {x ∈ X ∣Hd(x) ≤ c}.

Hence, the key step in the IDA-PBC methodology is the solution of the equations

(2.3) which we will refer to as matching equations. A matching problem is to find

conditions under which a computable solution exists. It has been noted in Ortega

and Garcia-Canseco [2004] that for the matching equations:

1. Jd and Rd are free, up to the constraint of skew-symmetry and positive semidefi-

niteness, respectively;

2. Hd may be totally, or partially, fixed as long as (2.4) can be ensured;

3. There is an additional degree of freedom in g� which is not uniquely defined by g.

As reported in Acosta et al. [2005], Duindam [2006], this degree of freedom can

be used to linearize the nonlinear kinetic energy PDEs that appears in mechanical

systems.

Remark 2.2.2. There exists a solution to the matching equation if there exists a

feedback that asymptotically stabilizes the control-affine system Ortega et al. [2002b].

There are at least three conceptually different approaches to solve the matching equa-

tions:

(Non-Parameterized IDA) The desired interconnection and damping structure

and g� are fixed. This yields a set of PDEs whose solutions define the admissible

energy functions Hd. Among the family of solutions, the one that satisfies (2.4),

if it exists, is selected [Ortega et al., 2002b].

(Algebraic IDA) The desired energy function is fixed, then (2.3) becomes an alge-

braic equation in Jd, Rd and g� (see Fujimoto et al. [2001]).
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(Parameterized IDA) For some physical systems it is desirable to restrict the de-

sired energy function to a certain class, for instance, for mechanical systems the

desired total energy should be the sum of a potential energy, which depends only

on the generalized positions and the kinetic energy, which should be quadratic

in the generalized momentum [Ortega et al., 2002a]. Fixing the structure of

the energy function yields a new set of PDEs for its unknown terms and, at

the same time, imposes some constraints on the interconnection and damping

structure.

Remark 2.2.3. Note that the algebraic IDA can be solved by algebraic manipulation

and parametrized IDA has been applied to mechanical systems, and several solutions

have been presented. In this thesis we only consider non-parameterized IDA.

Next, we define the matching problem that is subject of this thesis.

Problem 2.2.4 ((Non-parameterized IDA) Matching problem for Σ). Find a struc-

ture tensor Fd such that there exists a solution Hd to (5.4) which satisfies (2.4).

2.2.1 Matching problem

In this section, we review the results on the matching problem. First, the development

of necessary and sufficient conditions for the existence of a solution of the matching

equations is presented. Then, the computation of explicit solutions for individual

cases is reviewed.
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Necessary and sufficient conditions

In Cheng et al. [2005], conditions for the existence of a feedback that transforms

a control-affine system into a port-Hamiltonian system or generalized gradient sys-

tem is studied. Two approaches to the solution of the matching equations for non-

parameterized IDA are presented, which are shown to be equivalent. The first ap-

proach aims to find a local static state feedback u = β ∶ X → U directly. It makes

use of Poincaré’s lemma [Lee, 2003], which states that every closed differential form

is locally exact. Under the assumption that the desired structures are non-singular,

this approach results in n
2 (n−1) partial differential equations in terms of the feedback

control β and the existence of a solution is then necessary and sufficient for a solu-

tion to the matching problem. The Hamiltonian function of the desired closed-loop

system is found by simple integration, but is not necessary for the implementation

of the controller. The second approach defines a set of PDEs in terms of the desired

Hamiltonian function, as in (5.4). If a solution can be found then the corresponding

controller is the stabilizer (2.5). Furthermore, verifiable conditions for the existence

of a solution to the matching equations are given and the minimal number of partial

differential equations that must be solved are determined in Cheng et al. [2005]. The

derivation of these conditions are mainly motivated by results presented in Tabuada

and Pappas [2003b], in which necessary and sufficient conditions for the feedback

equivalence between control-affine systems and port-Hamiltonian systems on sym-

plectic manifolds are presented.



CHAPTER 2. LITERATURE REVIEW 22

Simplification and Solutions

The simplification of a set of PDEs is the ability to rewrite the PDEs in a from

that can be solved using standard PDE or ODE techniques such as the method of

characteristics [Arnol’d, 1988]. All results on simplification of the matching equations

are restricted to simple mechanical control systems. Hence, we briefly review the

literature on energy balancing and IDA-PBC for mechanical control systems and

focus on special types of mechanical system for which an explicit solution can be

found.

For mechanical control systems, the total energy is the sum of kinetic and poten-

tial energy, and it can be shown that the matching equations can be decomposed into

a kinetic energy PDE and a potential energy PDE. Underactuated mechanical control

systems with one degree of under actuation have received special attention. These

systems are such that the kinetic energy PDE reduces to an ODE under some as-

sumptions [Gomez-Estern et al., 2001]. It has also been shown in Acosta et al. [2005]

that the resulting ODE can be solved explicitly under additional assumptions. The

explicit solution can be found by means of parameterization of the interconnection

structure and hence reducing the space of all closed-loop kinetic energy matrices such

that their derivatives with respect to the unactuated coordinate are in the image of

g. This was extended in Gomez-Estern and van der Schaft [2004] to include natural

damping in the open-loop system. We also consider the possibility of a change of

coordinates to simplify the matching equation. In Fujimoto and Sugie [2000], it is

shown that the class of port-Hamiltonian systems is invariant under change of coor-

dinates of the state space. This allows us to consider a coordinate-free description

of port-Hamiltonian systems. Simplification of the matching equation via a change
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of coordinates for mechanical systems with degree one of underactuation has been

studied in Viola et al. [2007] and Viola [2008]. The study shows that the forcing term

in the kinetic energy PDE can be eliminated by an appropriate choice of coordinates,

which generates a homogeneous linear PDE. Hence, a change of coordinates could also

be beneficial if we consider port-Hamiltonian systems other than mechanical control

systems.

2.2.2 Applications

Many practical control design techniques based on IDA-BPC have been reported in

the literature. For example, magnetic levitation systems [Ortega et al., 2001, Fujimoto

et al., 2001] and bipedal dynamic robot [Viola, 2008]. Motivated by the success

of the IDA-PBC methodology for mechanical and other lumped-parameter modeled

systems, researchers have also considered to develop an extension to other classes

of physical systems. To do so, the concept of energy is generalized to a conserved

quantity, i.e., a function that remains constant evaluated along trajectories of the

system (if no dissipation is assumed). In Johnsen et al. [2008], robustness properties

of IDA-PBC have been investigated on the control of a biochemical fermenter model.

The application of IDA-PBC to a four-tank system has been studied in Johnsen and

Allgöwer [2007]. In Hangos et al. [2004, 2001], a systematic approach for Hamiltonian

representation of process control systems was introduced. A notable difference with

other approaches is that, unlike in mechanical systems and other lumped parameter

models, a static relationship between states and co-states is assumed. The total

energy of the process system can be decomposed in a kinetic and potential part, hence

mimicking closely the structure of a mechanical control system. In the context of
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irreversible thermodynamics, the concept of Hamiltonian systems has been extended

to the thermodynamic phase space modelled as a contact manifold [Eberard et al.,

2007]. Furthermore, control of mass-balance systems by output feedback based on a

damping assignment has been studied in Ortega et al. [2000, 1999] on the example of

a predator-prey system.

Other relevant contributions

In Ramı́rez and Sbárbaro [2008], a comparative analysis was carried out that shows

that the IDA-PBC approach provides considerable advantages over synthetic-output

linearization in stabilization of a CSTR model. The method for the synthesis of the

IDA-PBC controller is based on the developments of non-exact matching IDA-PBC.

The advantage gained by non-exact matching is that an explicit solution of a set

of PDEs is not required. An in-depth study of non-exact matching as well as the

application of the IDA-PBC methodology to nonlinear process system has recently

been presented in Ramı́rez et al. [2009]. Using a related approach, a result by Acosta

and Astolfi [2009] proposes the application of a dynamic controller to compensate for

the error introduced by an approximate solution. In Scherpen and van der Schaft

[2008], a reduction of port-Hamiltonian systems has been presented which reduces a

non-observable and non-strongly accessible to an observable and strongly accessible

port-Hamiltonian system. This result shows that the port-Hamiltonian structure is

invariant under the state decomposition in observable and strongly accessible part,

under some additional assumptions. The decomposition is also invariant under feed-

back, indicating that the Hamiltonian decomposition should also result in a decom-

position of the matching problem. In Belabbas [2009], energy conserving feedback of
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port-Hamiltonian systems on symplectic manifolds have been studied and an explicit

expression of the achievable closed-loop symplectic forms under lossless interconnec-

tion has been derived. It has been shown that the achievable closed-loop symplectic

forms depend on the Lie brackets of the Hamiltonian input vector fields. It indicates

that similar dependencies should appear in the more general case of port-Hamiltonian

systems.

2.3 Control by Interconnection

The second passivity–based control technique considered is Control by Interconnec-

tion (CbI) [Ortega et al., 2001, 2002b, Castanos et al., 2009, Dalsmo and van der

Schaft, 1998], which is applicable to port-Hamiltonian system. The control objective

in CbI is to render the closed-loop system passive. Passivity of the closed-loop is es-

tablished by choosing the controller to be a port-Hamiltonian system and considering

feedback as a power conserving interconnection between plant and controller [Dalsmo

and van der Schaft, 1998]. As a consequence of the power–conserving interconnection,

the sum of the plant and controller Hamiltonian function is equal to the Hamiltonian

function of the closed-loop system. The steady-state and the transient behavior are

determined by the closed-loop Hamiltonian function, the interconnection structure

and damping structure. It is necessary to relate the states of the plant and the con-

troller via the generation of additional invariant sets defined by, so-called, Casimir

functions [Dalsmo and van der Schaft, 1998], which are functions of the plant and con-

troller states independent of the Hamiltonian function. In its basic formulation, CbI

assumes that only the plant output is measurable and considers the classical output

feedback interconnection. In this case, the Casimir functions are fully determined by
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the plant. This imposes a severe restriction on the plant dissipative structure [Ortega

et al., 2008]. In particular, this means, that in its basic form, CbI is not amenable

for systems with dissipation in the coordinates directly influenced by the control in-

puts. This dissipation obstacle restricts CbI to applications like mechanical systems,

in which the coordinates to be shaped are typically positions, which are unaffected

by dissipation through friction. To overcome the dissipation obstacle and make the

CbI widely applicable, several extensions of CbI have been proposed Ortega et al.

[2008]. Two extensions are considered, one extension proposes the generation of new

cyclo-passive outputs (with new storage functions) by exploiting the non-uniqueness

of the port-Hamiltonian representation of the system. Applying CbI through these

new port variables overcomes the dissipation obstacle, but rules out several interest-

ing physical examples. For the second extension, the output feedback is replaced by

a suitably defined state-modulated interconnection [van der Schaft, 1999], which is

a given by a state feedback. In this case, the existence conditions for the Casimir

functions can be further relaxed, thus improving the applicability of CbI to a larger

class of port-Hamiltonian systems. A detailed analysis of CbI and its extensions is

presented in Ortega et al. [2008], where the connection to different types of IDA-

PBC and other passivity based control techniques were investigated. The following

observations were made:

1. If a port-Hamiltonian systems can be controlled by any variation of CbI, i.e., if

a closed-loop Hamiltonian function with the desired properties can be computed,

then the system can also be controlled using the IDA-PBC methodology, but the

converse is not necessarily true.

2. The static feedback law obtained by the IDA-PBC methodology is the restricted
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application of the dynamic feedback CbI controller to the invariant sets defined

by the Casimir functions.

3. If a given plant can be stabilized by CbI, then it can also be stabilized by the

IDA-PBC technique, showing that in this case there is no advantage in considering

dynamic feedback.

Hence, IDA-PBC includes, in the sense mentioned above, all forms of CbI. If we can

find a solution to the matching problem in IDA-PBC, then this allows us to find

Casimir functions for the corresponding CbI controller.

Summary

In this chapter, we presented an overview of recent developments in IDA-PBC. A

common stumbling block in all developments is the absence of a constructive proce-

dure to obtain explicit solutions of the matching equations, required for the controller

synthesis. We highlight the following:

1. Literature that presents explicit solutions to the matching problem is limited to

mechanical control systems.

2. The degrees of freedom in the choice of the interconnection and damping structures

in non-parameterized IDA-PBC are used to simplify the matching equations.

The following chapters present novel approaches, which are applicable to control-affine

system. Furthermore, we develop new approaches to solve the matching equations

and unify existing approaches by analyzing their common assumption on the control-

affine system and the interconnection and damping structures.



Chapter 3

The Matching Problem for Linear

Systems

The main objective of this chapter is to establish that linear port-Hamiltonian sys-

tems can be effectively decomposed into reduced port-Hamiltonian systems. This

decomposition provides more insight into the intrinsic interconnection structure of

the linear port-Hamiltonian system. In particular, we show that certain linear port-

Hamiltonian systems can be decomposed based on their controllability matrices. For

these linear port-Hamiltonian systems, decomposition could be a viable approach for

solving the matching problem.

3.1 Introduction

The concept of decomposing a port-Hamiltonian system has received limited atten-

tion in the literature. The notable exceptions are Ortega et al. [1998] and Cervera

et al. [2007]. In the former reference, a decomposition result for mechanical system

28
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is presented. This is based on the Lagrangian formulation and assumes that two

distinct Lagrangians have been identified a priori. In contrast, we do not assume a

priori knowledge of a decomposition the Hamiltonian function. The latter reference

is concerned with Dirac structures, which can represent port-Hamiltonian systems.

In the conclusions section of Cervera et al. [2007], it is noted that an explicit algo-

rithm for the minimal representation of a network of Dirac structures is profitable

in the context of modelling interconnected systems. In this chapter, we denote by Σ

a linear system ẋ = Ax + Bu with x ∈ X = Rn and u ∈ U = Rm, respectively, where

A ∈ Rn×n and B ∈ Rn×m. In this context, Assumption 2.1.10 is equivalent to the

following assumption, valid throughout this chapter.

Assumption 3.1.1. The matrix B has full column rank m.

Denote by B� a full rank n × (n −m) matrix such that im B� is a complement of

im B, i.e.im B ⊕ im B� = Rn. Let B� = B⊺
� , then it is a full row rank (n −m) × n

matrix that annihilates B, i.e., B�B = 0.

3.1.1 Problem statement

In this section, we consider the matching problem for linear control systems. We

then present existing solutions to this “linear matching problem” and discuss their

advantages and shortcomings. This motivates the approach proposed in this chapter

for decomposition of linear port-Hamiltonian systems.

Problem 3.1.2 (Linear Matching Problem (LMP)). Given a linear system Σ, find

matrices Jd = −J⊺d ,Rd = R⊺
d ≥ 0,Qd = Q⊺

d > 0 and a linear state feedback K ∶ X → U
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such that the following equation holds:

A +BK = (Jd −Rd)Qd. (3.1)

For linear systems, the partial differential equations we referred to as matching

equations in the general control-affine case, reduce to a system of algebraic equations

and inequalities. Here, just as in non-parametric IDA-PBC, we are interested in

finding matrices Jd and Rd such that there exists a matrix Qd that solves (3.1). If

this is the case, then Hd(x) = 1
2x

⊺Qdx is a Hamiltonian function for the closed-loop

port-Hamiltonian system with interconnection and damping structure Jd and Rd,

respectively. Following standard arguments, one can write a linear state feedback K

that satisfies (3.1), in terms of Jd, Rd and Qd as

K = (B⊺B)−1B⊺((Jd −Rd)Qd −A). (3.2)

We abbreviate the matrix Jd − Rd by Fd. The requirement that Fd + F ⊺
d ≤ 0, is

equivalent to the requirements that Jd = −J⊺d and Rd = R⊺
d ≥ 0. Hence, we refer to a

pair (Fd,Qd) that satisfies (3.1) with K as in (3.2), and Fd + F ⊺
d ≤ 0 and Qd = Q⊺

d > 0

as a solution to the LMP.

Remark 3.1.3. The closed-loop system is stable if a solution (Fd,Qd) to the LMP

exists. It is asymptotically stable if, in addition, the origin is the largest invariant set

contained in

O = {x ∈ Rn ∣ x⊺QdFdQdx = 0}.
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Next, we review existing solutions to the LMP.

3.1.2 Existing solutions to the LMP

Prajna et al. [2002] give two constructive conditions for the existence of a solution,

based on the solution of linear matrix inequalities (LMI) [Boyd et al., 1994]. We state

both results, which were presented for linear port-Hamiltonian system, for general

linear systems.

Proposition 3.1.4. Denote B�A by E� and let E� = (E�)⊺. Then there exists a

solution to the linear matching problem if and only if we can find a solution X =X⊺ ∈

Rn×n of the following LMIs:

X > 0 (3.3)

−(E�XB� +B�XE�) ≥ 0. (3.4)

Given such a matrix X, we can compute Fd as follows:

Fd =
⎡⎢⎢⎢⎢⎢⎢⎣

B�

B⊺

⎤⎥⎥⎥⎥⎥⎥⎦

−1 ⎡⎢⎢⎢⎢⎢⎢⎣

E�X

−B⊺XE�(B�B�)−1B�

⎤⎥⎥⎥⎥⎥⎥⎦
,

and the matrices Jd,Rd and Qd are given for instance by

Jd =
1

2
(Fd − F ⊺

d ), Rd = −
1

2
(Fd + F ⊺

d ) and Qd =X−1.

Note that the conditions (3.3) and (3.4) in Proposition 3.1.4 are independent of

Fd. It is of interest for practical purposes to have some influence on the structure of
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Fd. Hence, a second, slightly stronger, set of conditions has been proposed in Prajna

et al. [2002], which are formulated in terms of Fd that imposes a specific structure on

Fd. For the next proposition, we need the following definition.

Definition 3.1.5. The linear system Σ is controllable at s = 0 if it has no uncontrol-

lable poles at s = 0.

Note that a linear system is controllable at s = 0 if and only if rank [A,B] = n.

Proposition 3.1.6. Suppose that Σ is controllable at s = 0 and denote B�A by E�.

Furthermore, let E ∈ Rn×m be a full column rank matrix that is annihilated by E�.

There exists a solution to the linear matching problem if and only if there exists a

solution Fd ∈ Rn×n of the following LMI:

B�FdE� +E�F ⊺
dB� > 0 (3.5)

−(Fd + F ⊺
d ) ≥ 0, (3.6)

together with the linear constraint

B�FdE� −E�F ⊺
dB� = 0. (3.7)

Remark 3.1.7. The linear constraint (3.7) is the linear version of the existence

condition for a pseudo-gradient system as proposed by Cheng et al. [2005], which

is an integrability condition restricted to the domain of B�. We establish similar

existence conditions in Chapter 4. Furthermore, (3.5) establishes that the matrix Qd

is positive definite and (3.6) guarantees asymptotic stability if the inequality is strict.
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Remark 3.1.8. Gharesifard and Lewis [2010] recently introduced a geometric formu-

lation of stabilization via energy shaping for simple linear mechanical control systems.

The contribution is formulated in terms of the kinetic and potential energy PDE and

gives a constructive proof for energy balancing.

Propositions 3.2.15 and 3.2.17 formulate the conditions for a solution of the LMP

as a set of LMIs, respectively. A more control-theoretic sufficient condition is pre-

sented next.

Proposition 3.1.9 (Prajna et al. [2002]). The set of LMI (3.3)–(3.4) is solvable if

the system Σ is (weakly) stabilizable; in the sense that the uncontrollable part of Σ

is stable.

The proof of this proposition is based on the following lemma. It uses the solution

of the associated Lyapunov equation as Hamiltonian function and the interconnection

and damping structure are then constructed accordingly.

Lemma 3.1.10 (Prajna et al. [2002]). The (asymptotically) stable linear system

ẋ = Ax, can be written in port-Hamiltonian form, with positive definite Q and positive

semi-definite (positive definite) R.

Prajna et al. [2002] consider the linear matching problem where the given sys-

tem Σ is a linear port-Hamiltonian system. In this case, the objective is to alter

the interconnection and damping structure J − R and/or the Hamiltonian function

(determined by its Hessian, Q). Proposition 3.1.6 allows us to specify only a subset

of the elements of J −R and solve the LMI for the remaining elements (See example

in Prajna et al. [2002], Section 4). The motivation behind such an approach is clear

when the interconnection and damping structure have physical meaning, for example
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springs and dampers in mechanical systems. Here, J in some sense represents the

“topology” of the physical system. Further consideration leads to the question raised

in Prajna et al. [2002]: What is the minimal amount of change in the interconnec-

tion structure for a given system to achieve stabilization? In the matching problem

considered in this chapter it is not assumed that Σ is a port-Hamiltonian system.

As a result, no physical intuition is available to determine which elements of Jd −Rd

should be fixed. We propose a framework that allows us to analyse the “topology” of

the linear system based on control-theoretic considerations. The main thrust of this

research comes from the concept of linear abstractions and C-related control systems

proposed in Pappas et al. [2000].

The remainder of this chapter is structured as follows. In Section 3.2, we review the

concept of Dirac structures and abstractions. It is shown that port-Hamiltonian sys-

tems can be realized by interconnection of the abstraction with a “virtual controller”-

port-Hamiltonian system. In the final section, implications and extensions of the

proposed framework are discussed.

3.2 Decomposition of Linear Port-Hamiltonian Sys-

tems

It is known that power-conserving interconnections of port-Hamiltonian system are

again port-Hamiltonian systems (see for example Duindam et al. [2009]). Hence,

under this general type of interconnection, the port-Hamiltonian structure of control-

affine systems is preserved. Furthermore, the interconnection of two port-Hamiltonian

systems enjoys several desirable properties. Its Hamiltonian function is the sum of
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the individual Hamiltonians and it is passive if the individual port-Hamiltonian sys-

tems are passive. One question of interest in this chapter is whether this process of

interconnection can be reversed. More precisely, given a port-Hamiltonian system Σ,

when can one write it as an interconnection of “reduced” port-Hamiltonian systems?

We first define what a reduced port-Hamiltonian system is with respect to Σ. For this

we use the notion of abstraction of a linear control system. Then, we develop a frame-

work that allows us to determine when an abstraction of Σ is also a port-Hamiltonian

system. With this as a backdrop, we can now state the primary objective of this sec-

tion, which is to develop conditions under which a port-Hamiltonian system can be

written as an interconnection of an abstraction with an additional port-Hamiltonian

system. It is conceptually preferable, for our purpose, to work with Dirac structures,

which are introduced in the following section, to represent linear port-Hamiltonian

systems.

3.2.1 Dirac structures

Dirac structures are generalizations of symplectic and Poisson structures [Libermann

and Marle, 1987], and can be used to model the interconnection structure of port-

Hamiltonian systems. They are algebraic structures on vector spaces, and can be

extended naturally to (differentiable) Dirac structures on manifolds [Dalsmo and

van der Schaft, 1998]. We are interested in Dirac structures that are induced by

port-Hamiltonian systems. The following discussion is based on Pasumarthy [2006].

Definition 3.2.1. Let F be a finite-dimensional real vector space with dual F∗. A

Dirac structure on F is a subspace D ⊂ F ×F∗ such that dimD = dimF and ⟨e, f⟩ = 0

∀(f, e) ∈ D ×D∗, where ⟨e, f⟩ denotes the value of the linear functional e ∈ F∗ acting
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on f ∈ F .

For a Dirac structure D ⊂ F × F∗, F is called the flow space of D and F∗ is

called the effort space. Furthermore, we denote by power the dual product ⟨e, f⟩

for (f, e) ∈ F × F∗. Then “power conservation” is one of the defining property of a

Dirac structure D, since all elements of D have zero power. Let F1,⋯,Fr be finite-

dimensional real vector spaces, F = F1×⋯×Fr, and D ⊂ F ×F∗ a Dirac structure. We

denote Fi×F∗
i ∩D the ith port space and its elements are called the port variables. The

Dirac structure D “links” various port variables such that the total power considering

all port variables is zero, i.e., if (f, e) = (f1, . . . , fr, e1, . . . , er) ∈ D, then

⟨e, f⟩ = e1
⊺f1 +⋯ + er⊺fr = 0.

Next, we consider how linear port-Hamiltonian systems determine Dirac structures in

a natural way. In this context, a Dirac structure D is interconnected via the internal

ports (fx, ex) and (fR, eR) to an energy storage element, and a resistive element,

respectively. These two elements represent the storage or Hamiltonian function and

the damping structure, respectively. In addition, we define (external) control ports

(fc, ec) by which the port-Hamiltonian system is connected to other port-Hamiltonian

systems.

Energy storage element For the linear port-Hamiltonian system Σ, the energy

storage element (X ,H) consists of the state space X , which denotes the space of

energy-variables and the Hamiltonian function H. The flow variables of the energy

storage element are the time derivatives ẋ and the effort variables are given by ∂H
∂x .

The energy storage element satisfies the total energy balance Ḣ = ⟨∂H∂x , ẋ⟩ = 0. Then
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the equations

fx = −ẋ,

ex =
∂H

∂x

are called the interconnection of D with the energy storage element (X ,H), via the

internal port (fx, ex).

Resistive element The second internal port FR×F∗
R∩D with port variables (fR, eR)

is interconnected to a static resistive relation given by R ∶ F ×F∗ → R such that

R(fR, eR) = 0,

with the property that for all (fR, eR) ∈ F ×F∗ satisfying the above equation, we have

⟨eR, fR⟩ ≤ 0. Equivalently, all (fR, eR) have to satisfy

RffR +ReeR = 0,

where Rf and Re are square matrices satisfying

RfR
⊺
e = ReR

⊺
f ≥ 0

rank [Rf ,Re] = dimFR.

External ports Now, let us denote the (external) control ports Fc × F∗
c ∩D with

port variables (fc, ec), which are available for controller action. Hence, for a Dirac

structure with storage element, resistive element and control ports, the flow variables
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are f = [fx, fR, fc]⊺ and the effort variables are e = [ex, eR, ec]⊺. Then the defining

power-conservation equation ⟨e, f⟩ = 0 reads:

e⊺sfs + e⊺RfR + e⊺cfc = 0.

Matrix kernel representation

Dirac structures admit different representations, see Bloch and Crouch [1999], Courant

[1990], van der Schaft [1999], Cervera et al. [2007] for further details. We only require

the following representation. Let D ⊂ F × F∗ be a Dirac structure on F . Then we

can write

D = {(e, f) ∈ F ×F∗ ∣ Ff +Ee = 0},

for some n × n matrices F and E satisfying

EF ⊺ + FE⊺ = 0

rank [F,E] = n.

The pair (E,F ) is called the matrix kernel representation of D. If the image of F

and E have dimensions larger than the dimension of F , then (E,F ) is called relaxed.

Example 3.2.2. A linear port-Hamiltonian system Σ without damping R = 0 defines
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a Dirac structure with energy storage and control ports given by

D ={(fx, u, ex, y) ∈ X ×F ×X ∗ ×F∗ ∣
⎡⎢⎢⎢⎢⎢⎢⎣

In

0

⎤⎥⎥⎥⎥⎥⎥⎦
fx +

⎡⎢⎢⎢⎢⎢⎢⎣

J

B⊺

⎤⎥⎥⎥⎥⎥⎥⎦
ex +

⎡⎢⎢⎢⎢⎢⎢⎣

B

0

⎤⎥⎥⎥⎥⎥⎥⎦
u +

⎡⎢⎢⎢⎢⎢⎢⎣

0

−Im

⎤⎥⎥⎥⎥⎥⎥⎦
y = 0

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
.

Hence, we have

F =
⎡⎢⎢⎢⎢⎢⎢⎣

In B

0 0

⎤⎥⎥⎥⎥⎥⎥⎦
, E =

⎡⎢⎢⎢⎢⎢⎢⎣

J 0

B⊺ −Im

⎤⎥⎥⎥⎥⎥⎥⎦
.

We use the following notation for the matrices involved in the matrix kernel repre-

sentation of port-Hamiltonian systems:

Fx =
⎡⎢⎢⎢⎢⎢⎢⎣

In

0

⎤⎥⎥⎥⎥⎥⎥⎦
, Fc =

⎡⎢⎢⎢⎢⎢⎢⎣

B

0

⎤⎥⎥⎥⎥⎥⎥⎦
,

Ex =
⎡⎢⎢⎢⎢⎢⎢⎣

J

B⊺

⎤⎥⎥⎥⎥⎥⎥⎦
, Ec =

⎡⎢⎢⎢⎢⎢⎢⎣

0

−Im

⎤⎥⎥⎥⎥⎥⎥⎦
.

Interconnection of port-Hamiltonian systems and Dirac structures

The following discussion can be found in Cervera et al. [2007]. We consider two types

of composition of Dirac structures, composition and gyrative composition. We study

the composition of two Dirac structures with partially shared variables. Consider

the Dirac structure DA on a product space F1 × F2 of two finite-dimensional vector

spaces F1 and F2, and another Dirac structure DB on F2 × F3, with F3 being an

additional finite-dimensional vector space. The space F2 is called the space of shared
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flow variables, and F∗
2 the space of shared effort variables. We make the following

definitions:

Definition 3.2.3. Let DA and DB be two Dirac structures on F1 ×F∗
1 ×F2 ×F∗

2 and

F2 ×F∗
2 ×F3 ×F∗

3 , respectively. The composition (or canonical interconnection) of DA

and DB is defined as

DA∣∣DB ={(f1, e1, f3, e3) ∈ F1 ×F∗
1 ×F3 ×F∗

3 ∣

∃(f2, e2) ∈ F2 ×F∗
2 s.t.

(f1, e1, f2, e2) ∈ DA and (−f2, e2, f3, e3) ∈ DB}.

Definition 3.2.4. Let DA and DB be two Dirac structures on F1 ×F∗
1 ×F2 ×F∗

2 and

F2 ×F∗
2 ×F3 ×F∗

3 , respectively. The gyrative composition of DA and DB is defined as

DA � DB ={(f1, e1, f3, e3) ∈ F1 ×F∗
1 ×F3 ×F∗

3 ∣

∃(f2, e2) ∈ F2 ×F∗
2 s.t.

(f1, e1, f2, e2) ∈ DA and (e2,−f2, f3, e3) ∈ DB}.

Remark 3.2.5. Note that DA � DB can also be constructed via the composition with

the symplectic Dirac structure

DI = {(fIA, eIA, fIB, eIB) ∣ fIA = −eIB, fIB = eIA},

such that DA∣∣DI ∣∣DB = DA � DB.

It can be shown that, ifDA and DB are two Dirac structures as defined in Definition

3.2.4, then DA∣∣DB and DA � DB are Dirac structures with respect to the canonical
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bilinear form on F1×F∗
1 ×F3×F∗

3 . Furthermore, if Σ1 and Σ2 are two port-Hamiltonian

systems and D1 and D2 are their Dirac structures, constructed as in Example 3.2.2,

then D1 � D2 is again a port-Hamiltonian system and is the feedback interconnection

of Σ1 and Σ2. In particular,

Σ1 ∶ ẋ1 = F1Q1x1 +B1u1

Σ2 ∶ ẋ2 = F2Q2x2 +B2u2

then their feedback interconnection denoted by Σ = Σ1 � Σ2 takes the form

⎡⎢⎢⎢⎢⎢⎢⎣

ẋ1

ẋ2

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

F1 B1B
⊺
2

−B2B
⊺
1 F2

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

Q1 0

0 Q2

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

x1

x2

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣

B1 0

0 B2

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

u1

u2

⎤⎥⎥⎥⎥⎥⎥⎦
.

We have the following proposition, due to Cervera et al. [2007], that presents a

matrix kernel representation of the composition of two Dirac structures in terms of

the matrix kernel representation of the individual Dirac structures.

Proposition 3.2.6. Let Fi, i = 1,2,3 be a finite-dimensional linear space with dimFi =

ni. Consider the Dirac structures

DA ⊂ F1 ×F∗
1 ×F2 ×F∗

2 , nA = dimF1 ×F2 = n1 + n2

DB ⊂ F2 ×F∗
2 ×F3 ×F∗

3 , nB = dimF2 ×F3 = n2 + n3,
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given by the relaxed matrix kernel/image representation

(FA,EA) = ([F1, F2A], [E1,E2A]),

(FB,EB) = ([F2B, F3], [E2B,E3])

n′A×nA matrices and n′B×nB matrices, respectively with n′A ≥ nA and n′B ≥ nB. Define

the (n′A + n′B) × 2n2 matrix

M =
⎡⎢⎢⎢⎢⎢⎢⎣

F2A E2A

−F2B E2B

⎤⎥⎥⎥⎥⎥⎥⎦

and let LA, LB be m × n′A, respectively m × n′B, matrices with

L = [LA, LB], kerL = im M.

Then

F = [LAF1, LBF3], E = [LAE1, LBE3],

is a relaxed matrix kernel representation of DA∣∣DB.

Similar, we have for the gyrative composition DA � DB.

Proposition 3.2.7. Let Fi, i = 1,2,3 and DA,DB as in Proposition 3.2.6. Define the

(n′A + n′B) × 2n2 matrix

M =
⎡⎢⎢⎢⎢⎢⎢⎣

E2A F2A

−F2B E2B

⎤⎥⎥⎥⎥⎥⎥⎦
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and let LA, LB be m × n′A, respectively m × n′B, matrices with L = [LA, LB] and

kerL = im M . Then

F = [LAF1, LBF3], E = [LAE1, LBE3],

is a relaxed matrix kernel representation of DA � DB.

Proof: Let DA � DB = DA∣∣DI ∣∣DB the gyrative composition of DA and DB. Then the

proof follows the proof of Theorem 4 in Cervera et al. [2007] with matrix representa-

tion of the shared flow and effort variables

M =
⎡⎢⎢⎢⎢⎢⎢⎣

E2A F2A

−F2B E2B

⎤⎥⎥⎥⎥⎥⎥⎦
.

Furthermore, we define regularity of a composition.

Definition 3.2.8. Given two Dirac structures DA and DB defined as above. Their

composition is said to be regular if the values of the power variables in F2 × F∗
2 are

uniquely determined by the values in the power variables in F1 ×F∗
1 ×F3 ×F∗

3 ; that

is, the following implication holds:

(f1, e1, f2, e2) ∈ DA and (−f2, e2, f3, e3) ∈ DB

(f1, e1, f̃2, ẽ2) ∈ DA and (−f̃2, e2, f̃3, e3) ∈ DB

⇒f2 = f̃2, e2 = ẽ2
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3.2.2 Linear abstraction

Next, we introduce the concepts of linear abstractions as presented in Pappas et al.

[2000], where linear abstractions have been introduced for hierarchical control in

which the high level control system is modelled by aggregating the details of the

lower control systems.

Definition 3.2.9. Consider the linear control systems

Σ1 ∶ ẋ1 = A1x1 +B1u2

Σ2 ∶ ẋ2 = A2x2 +B2u2

with X1 = Rn1 , U1 = Rm1 and X2 = Rn2 , U1 = Rm1 , respectively. Let C ∶ X1 → X2 be a

surjective linear map. The linear systems are said to be C-related if for all trajectories

(x1, u1) there exists a control action u2 such that

C(A1x1 +B1u1) = A2Cx1 +B2u2. (3.8)

Now, consider a linear system Σ1 and surjective map C, the following proposition

lets us construct a linear system which is C-related to Σ1.

Proposition 3.2.10 (Pappas et al. [2000]). Consider the linear system

Σ1 ∶ ẋ = A1x +B1u

and a linear surjective map C ∶ X → X2 = Rn2 , x↦ y = Cx. Let

Σ2 ∶ ẏ = A2y +B2v
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be a linear system on X2 where

A2 = CAC+,

B2 = [CB,CA1v1,⋯,CA1vr]

with C+ the pseudo-inverse of C (i.e., C+ = C⊺(CC⊺)−1) and v1, . . . , vr such that

span{v1, . . . , vr} = kerC. Then Σ1 and Σ2 are C-related.

The system Σ2 is called a linear abstraction of Σ1 with respect to C. For the

linear port-Hamiltonian systems we make the following definition:

Definition 3.2.11. Consider the linear port-Hamiltonian system Σ and surjective

map C ∶ X → XA = RnA . Denote a linear abstraction Σ with respect to C by ΣA,

then ΣA is called a linear port-Hamiltonian abstraction of Σ. One can show that

it is a linear port-Hamiltonian system with structure tensor FA = CFC⊺ and QA =

(C+)⊺QC+.

3.2.3 Decomposition

In this section, we apply results on composition of Dirac structures to abstrac-

tions of linear port-Hamiltonian systems. We present conditions that a linear port-

Hamiltonian system can be written as an interconnection of an abstraction and an-

other linear systems. We motivate this with the simple example of an LC circuit

[Polyuga and van der Schaft, 2008].

Example 3.2.12. Consider a controlled LC-circuit (see Fig. 3.1) consisting of two

inductors with magnetic energies H1(φ1),H2(φ2), where φ1 and φ2 are the magnetic
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flux linkages, and a capacitor with electrical energy H3(q), where q is the charge. As-

sume the components of the LC-circuit are linear, then their respective total energies

are

H1(φ1) =
1

2L1

φ2
1, H2(φ2) =

1

2L2

φ2
2 and H3(q) =

1

2C
q2,

respectively. Furthermore, let V = u denote a voltage source, then Kirchhoff’s laws

yield the linear port-Hamiltonian system

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

φ̇1

φ̇2

q̇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 −1

0 0 1

1 −1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
L1

0

0 1
L2

0

0 0 1
C

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

φ1

φ2

q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

0

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

u, (3.9)

y = [ 1 0 0 ]

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
L1

0

0 1
L2

0

0 0 1
C

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

φ1

φ2

q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.10)

with Hamiltonian function H = H1 + H2 + H3 and natural passive output y. An

L1 L2C
q

V

φ1

φ2

Figure 3.1: LC circuit

alternative way to establish this representation is to consider each element as a linear
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port-Hamiltonian system. Let us define

Σ1 ∶
φ̇1 = u1

y1 = ∂H1

∂φ1
= φ1
L1

Σ2 ∶
φ̇2 = u2

y2 = ∂H2

∂φ2
= φ2
L2

Σ3 ∶
q̇ = u3

y3 = ∂H3

∂q = q
C ,

where ui and yi, i = 1,2,3 are the voltages and currents of each element, respectively.

The systems Σ2 and Σ3 are then interconnected via the following rule

u2 = y3 + v2

u3 = −y2 + v3,

which can also be expressed by a symplectic Dirac structure. This yields the inter-

mediate linear port-Hamiltonian system

Σ′ ∶
⎡⎢⎢⎢⎢⎢⎢⎣

φ̇2

q̇

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

u2

u3

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

0 1

−1 0

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

y2

y3

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣

v2

v3

⎤⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎣

y2

y3

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

∂H2

∂φ2

∂H3

∂q

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

φ2
L2

q
C

⎤⎥⎥⎥⎥⎥⎥⎦
,

where we define a new input v′ = [v2, v3]⊺ and new output y′ = [y2, y3]⊺. Furthermore,

the Hamiltonian function of Σ′ is the sum of H2 and H3. Next, we interconnect Σ′ to
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Σ1 via the feedback interconnection

u1 = [ 0 1 ] y′ + u

v′ = −
⎡⎢⎢⎢⎢⎢⎢⎣

0

1

⎤⎥⎥⎥⎥⎥⎥⎦
y1,

which also can be expressed by symplectic Dirac structure. The interconnection is

then the linear port-Hamiltonian system Σ.

Next, we want to analyze if we can deduce an intrinsic interconnection structure

given only the system (3.9), assuming only that the final system was constructed using

lossless feedback interconnection. We begin with the state that is directly influenced

by the control input, we assume that the subsystem (consisting of the φ1-dynamics)

is lossless with quadratic storage function H1(φ1), given by H1 = 1
2B

⊺QBφ2
1. If the

system is not lossless, it is clear that we can find a preliminary feedback that cancels

damping in this state. Next, we need to construct the subsystem consisting of the

remaining states and the interconnection with the φ1-dynamics.

First, let us define the subsystem consisting of the remaining states. Motivated

by the idea of linear abstractions, we quotient the states space by im (B) and define

the quotient space as the reduced state space of the linear abstraction. We denote the

projection onto the quotient space by C, then the reduced dynamics take the form

⎡⎢⎢⎢⎢⎢⎢⎣

φ̇2

q̇

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

0 1
C

− 1
L2

0

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

φ2

q

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣

0

1
L1
φ1

⎤⎥⎥⎥⎥⎥⎥⎦
,

where the last term can be considered as a “virtual port” for the reduced dynamics.



CHAPTER 3. MATCHING PROBLEM FOR LINEAR SYSTEMS 49

Note that this only specifies a virtual port, not a virtual control input, which is used,

for example, in backstepping [Sepulchre et al., 1997]. The reduced system must have

a scalar input ū (to be determined) and a scalar output ȳ dual to ū. Moreover, the

input ū should be a linear function of φ1.

We are therefore left with determination of ū and ȳ. By the assumption of inter-

connection we have that ū = y1 = B1
∂H1

∂φ1
= 1
L1
φ1. Hence, B2 = [0,1]⊺ and we can solve

A12 = −B⊺
2F2Q2 with F2 = CFC⊺ for Q2. Hence, the reduced system can be written

as a linear port-Hamiltonian system.

We are interested in formalizing this approach using the idea of achievable Dirac

structures, which we introduce below, and linear abstraction. An existence condition

for a C-relation between two linear port-Hamiltonian systems Σ and ΣA is given by

the following lemma.

Lemma 3.2.13. Let Σ and ΣA be linear port-Hamiltonian systems with dimU <

dimUA. There exists a linear surjective map C ∶ X → XA such that Σ and ΣA are

C-related if there exists a linear port-Hamiltonian system ΣB such that Σ = ΣA � ΣB.

Proof: Let us write

ΣA ∶ ẋA = FAQAxA +BAuA

ΣB ∶ ẋB = FBQBxB +BBuB

then their feedback interconnection Σ = ΣA � ΣB takes the form

⎡⎢⎢⎢⎢⎢⎢⎣

ẋA

ẋB

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

FA BAB
⊺
B

−BBB
⊺
A FB

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

QA 0

0 QB

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

xA

xB

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣

BA 0

0 BB

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

uA

uB

⎤⎥⎥⎥⎥⎥⎥⎦
.
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Hence, the control systems Σ and ΣA are C-related with C = [InA
,0] since

C(FQx +Bu) = FAQACx +BA(−B⊺
BQBxB + uA).

Next, we introduce the concept of achievable Dirac structures [Cervera et al., 2007].

Achievability of a Dirac structure arising from the standard feedback intercon-

nection of a “plant” port-Hamiltonian system and a “controller” port-Hamiltonian

system can be understood as a control by interconnection problem (see Chapter 2)

of port-Hamiltonian systems restricted to the investigation of the achievable Dirac

structures of the closed-loop system. Necessary and sufficient conditions for achiev-

ability are given in the following proposition. We make use this in the proofs of the

main propositions of this section.

Proposition 3.2.14 (Cervera et al. [2007]). Consider a Dirac structure DP with port

variables (f1, e1, f2, e2), and a Dirac structure D with port variables (f1, e1, f3, e3).

Then, there exists a controller Dirac structure DC such that D = DP ∣∣DC if and only

if the following two equivalent conditions are satisfied

D0
P ⊂ D0

Dπ ⊂ DπP
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where

D0
P = {(f1, e1) ∣ (f1, e1,0,0) ∈ DP}

DπP = {(f1, e1) ∣ ∃(f, e) s.t. (f1, e1, f, e) ∈ DP}

D0 = {(f1, e1) ∣ (f1, e1,0,0) ∈ D}

Dπ = {(f1, e1) ∣ ∃(f, e) s.t. (f1, e1, f, e) ∈ D}.

We define a “copy” of a Dirac structure D by

D∗ = {(f1, e1, f, e) ∣ (−f1, e1,−f, e) ∈ D}.

The proof of this proposition is based on the copy D∗P of the plant Dirac structure

DP . One possible controller Dirac structure is then constructed as DC = D∗P ∣∣D.

Proposition 3.2.15. Let Σ be a linear port-Hamiltonian system without dissipation

and let C be a linear surjective map. Denote by ΣA the linear port-Hamiltonian

abstraction of Σ with respect to C. Then there exists a Dirac structure DB such that

D = DA∣∣DB, where D and DA are the Dirac structures canonically associated to the

linear system.

Proof: Let x ∈ X , xA ∈ XA and u ∈ U , uA ∈ UA, respectively. We define the following

vector spaces accordingly

F1 = XA × U

F2 = Rk

F3 = X /XA,
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where UA = U × Rk. To show that there exists a Dirac structure DB such that

D = DA∣∣DB, we verify that Dπ ⊂ DπA, which is necessary and sufficient for the ex-

istence of DB by Proposition 3.2.14. Denote the matrix kernel representation of D

by ([Fx, Fc], [Ex,Ec]). Assume (f1, e1) ∈ Dπ, then there exists (f3, e3) such that

(f1, e1, f3, e3) = (fx, ex, u, y) satisfies

Fxfx + Fcu +Exex +Ecy = 0. (3.11)

Here f3 is defined by f = [f3, f2]⊺ = Λ[fx, u]⊺, with the non-singular matrix

Λ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C� 0

C 0

0 Im

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Premultiplying equation (3.11) by Λ implies that C(fx +Bu + Jex) = 0. Since Σ and

ΣA are C-related, there exists a uA ∈ UA such that

fAx +BAuA + JAeAx = 0.

Let yA = [y, ȳA]⊺ and BA = [CB, B̄A], with this notation, let ȳA = B̄⊺
Ae

A
x . We get

FA
x f

A
x + FA

c uA +EA
x e

A
x +EA

c y
A = 0,

and therefore there exists a pair (f2, e2) such that (f1, e1, f2, e2) = (fAx , uA, eAx , yA) ∈

DA.

Remark 3.2.16. One possible implementation for the Dirac structure DB is D∗A∣∣D.
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We establish a similar result for the gyrative composition, here we require additional

conditions.

Proposition 3.2.17. Let Σ be a linear port-Hamiltonian system without dissipation

and let C be a linear surjective map. Denote by ΣA a linear port-Hamiltonian ab-

straction of Σ with respect to C, and denote BA = [CB, B̄A]. There exists a Dirac

structure DB such that D = DA � DB, where D and DA are Dirac structures associated

to Σ and ΣA, respectively if and only if

im C�J + B̄⊺
A(C+)⊺ ⊂ im C�B, (3.12)

CJ − JA(C+)⊺ − B̄AC� = 0. (3.13)

Proof: Necessity can be shown by straight forward computation. Sufficiency is shown

as follows. Assume that Σ and ΣA are C-related linear port-Hamiltonian systems.

Let x ∈ X , xA ∈ XA and u ∈ U , uA ∈ UA, respectively. Let us also define two Dirac

structures canonically associated to each control system, denoted by D and DA. We

define the vector spaces F1,F2 and F3 as in Proposition 3.2.15. Define furthermore

D̄A = DA∣∣DI , where DI is a symplectic Dirac structure, such that D̄A is a regular

composition. Then we have to show that Dπ ⊂ D̄πA to establish the existence of DB.

Assume (f1, e1) ∈ Dπ, then there exists (f3, e3) such that (f1, e1, f3, e3) = (fx, ex, u, y)

satisfies

Fxfx + Fcu +Exex +Ecy = 0.
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By definition (f1, e1, e2, e2) ∈ D̄A if there exists a pair (f̄2, ē2) such that

(f1, e1, f̄2, ē2) ∈ DA (3.14)

and (−f̄2, ē2, f2, e2) ∈ DI , (3.15)

where (3.15) is equivalent to f̄2 = e3 and ē2 = f3. Hence, we have, using the same

notation to define f3 as in the proof of Proposition 3.2.15, that

f̄2 = e3 = C�ex, (3.16)

ē2 = f3 = −C�ẋ, (3.17)

and it remains to show that for this choice equation (3.14) holds. The determining

equations for ΣA are

ẋA = JAeAx +BAuA

yA = B⊺
Ae

A
x ,

let uA = [u, ūA]⊺ and yA = [y, ȳA], then substituting (3.16) and (3.17) yields

ẋA = JAeAx +CBu + B̄AC�ex

−C�(Jex +Bu) = B̄⊺
Ae

A
x .

By definition of C-relation we have that

CJex − JAeAx = B̄⊺
AC�ex. (3.18)
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Furthermore, since ΣA is a linear port-Hamiltonian abstraction we have eAx = (C+)⊺ex,

then it follows that (3.18) holds since by assumption we have

(CJ − JA(C+)⊺ − B̄AC�)ex = 0.

Furthermore, we have that if (C�J + B̄⊺
A(C+)⊺)ex ∈ im C�B, then there exists a linear

map L ∶ X → U such that

ē2 = B̄⊺
Ae

A
x = −C�(Jex +BLx)

which implies that (f1, e1, f2, e2) ∈ D̄A.

Construction of DB Next, we compute the matrix kernel representation for the

Dirac structure DB = D∗A∣∣D. Note that Dirac structures represent generalized port-

Hamiltonian systems [Dalsmo and van der Schaft, 1998], that may include additional

algebraic constraints on the dynamic system. Before we continue we need the follow-

ing technical lemma.

Lemma 3.2.18. Let DA and DB be two Dirac structures, then (DA∣∣DB)∗ = D∗B ∣∣D∗A.

Proof: We show D∗B ∣∣D∗A ⊂ (DA∣∣DB)∗ and (DA∣∣DB)∗ ⊂ D∗B ∣∣D∗A. If (f1, e1, f3, e3) ∈

(DA∣∣DB)∗ then (−f1, e2,−f3, e3) ∈ DA∣∣DB which implies that there exists (−f2, e2)

such that (−f1, e1,−f2, e2) ∈ DA and (f2, e2,−f3, e3) ∈ DB. Hence, (f1, e1, f3, e3) ∈

D∗B ∣∣D∗A. Now, assume (f1, e1, f3, e3) ∈ D∗B ∣∣D∗A then there exists (f2, e2) such that

(−f1, e1,−f2, e2) ∈ DA and (f2, e2,−f3, e3) ∈ DB. It follows that (−f1, e1,−f3, e3) ∈

DA∣∣DB and hence (f1, e1, f3, e3) ∈ (DA∣∣DB)∗.
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In the context of Proposition 3.2.17, we refere to DB = D∗I ∣∣D∗A∣∣D as the virtual

controller Dirac structure.

Let us revisit Example 3.2.12 to illustrate our findings.

Example 3.2.19. The abstraction of the LC circuit is generate by the projection C

such that C� = B⊺, hence C�B = a ≠ 0. Hence, equation (3.12) in Proposition 3.2.17

is satisfied. The second condition yields the matrix equation

⎡⎢⎢⎢⎢⎢⎢⎣

0 1 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1

0 0 −1

−1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−
⎡⎢⎢⎢⎢⎢⎢⎣

0 1

−1 0

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

0 1 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

0 0 0

v1
L1

0 0

⎤⎥⎥⎥⎥⎥⎥⎦

where v1 = R/{0} parameterizes the kernel of C. Hence, for v1 = L1 this condition is

also satisfied and the abstraction is a linear port-Hamiltonian system.

3.3 Intrinsic Decompositions

So far, we have assumed that a surjective map is given. In this section we consider a

family of linear surjective maps associated to linear systems.

3.3.1 Flag of abstractions

Given a linear system Σ, there exists a canonical set of C-abstraction of Σ.

Definition 3.3.1. Let Σ denote linear system and consider the set of linear surjective

maps C(k) with

kerC(k) = im[B,AB,⋯,AkB]



CHAPTER 3. MATCHING PROBLEM FOR LINEAR SYSTEMS 57

for 0 ≤ k ≤ n − 1. The k-th controllability abstraction of Σ is given by

A(k) = C(k)A(C(k))+,

B(k) = [C(k)B,C(k)Av1,⋯,C(k)Avr(k)].

Let Σ be a linear port-Hamiltonian system, then we can define C(k) related struc-

tures

F (k) = C(k)F (C(k))⊺,

such that the controllability abstractions are also linear port-Hamiltonian system. If

we assume that F +F ⊺ = 0, i.e., no dissipation in the system, we can apply Proposition

3.2.17 to each of the controllability abstractions to check if Σ can be decomposed. In

this way we can identify different reduced systems, if the conditions of Proposition

3.2.17 are satisfied, such that we can consider to keep this reduced system invariant

for the matching equation. For example, if the reduced system is already passive

then its port-Hamiltonian structure does not need to be changed in order to achieve

stability.

3.4 Conclusion

We present a short summary of this chapter and discuss future directions of research

on this topic in details.
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3.4.1 Summary

We established a methodology to decompose linear port-Hamiltonian systems based

on the concept of linear abstractions and achievable Dirac structures. We showed

how the decomposition can be constructed based on the standard composition of

the associated Dirac structures. A second type of decomposition has been considered

motivated by power-conserving feedback interconnection of port-Hamiltonian system.

The condition for the existence in this case are stronger. Furthermore, the decom-

position is applicable to the controllability abstractions of a linear port-Hamiltonian

system, which possibly yields reduced port-Hamiltonian systems without relying on

physical insight.

3.4.2 Extensions

The two main propositions in this chapter assume no damping structure of the linear

port-Hamiltonian system. In order to also include damping structures, the follow-

ing proposition should be used instead of Proposition 3.2.14 in the proofs of both

propositions.

Proposition 3.4.1 (Cervera et al. [2007]). Given a plant Dirac structure with dis-

sipation DRP with port variables f1, e1, fR1, eR1, fc, ec and a desired Dirac structure

with dissipation DR with port variables (f1, e1, fR1, eR1, f2, e2, fR2, eR2). Here (f1, e1)

and (fR1, eR1) respectively denote the flow and effort variables corresponding to the

energy storing elements and the energy dissipating elements of the plant system.

Then there exists a controller system DRC such that DR = DRP ∣∣DRC if and only if
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the following two conditions are satisfied

DR0
P ⊂ DR0,

DRπ ⊂ DRπP ,

where

DR0
P = {(fR1, eR1) ∣ (fR1, eR1∣,0,0) ∈ DRP}

DRπP = {(fR1, eR1) ∣ ∃(f2, e2) s.t. (fR1, eR1, f2, e2) ∈ DRP}

DR0 = {(fR1, eR1) ∣ (fR1, eR1,0,0) ∈ DR}

DRπ = {(fR1, eR1) ∣ ∃(fR3, eR3) s.t. (fR1, eR1, fR3, eR3) ∈ DR}.

Note that in this case, both conditions, which are not equivalent have to be sat-

isfied, where as in Proposition 3.2.14 both conditions are equivalent. This will result

in additional conditions that have to be satisfied for decomposition of linear port-

Hamiltonian system with non-zero damping structure.

Another direction of research is to extend decomposition of port-Hamiltonian

systems to control-affine systems. For this, several obstacles must be overcome. First,

the extension of abstractions cannot guarantee that the abstractions are in control-

affine form [Tabuada and Pappas, 2005] but the concept of port-Hamiltonian systems

relies on this control-affine form. One possible option would be to consider partial

feedback linearizable systems.



Chapter 4

The Constant Structure Matching

Problem

This chapter presents a detailed study of the matching problem for control-affine sys-

tems. The study leads to a solution approach for a particular class of systems, where

additional assumptions are imposed on the interconnection and damping structure.

In recent years, the IDA-PBC methodology has been applied to control problems in

various fields of engineering [Dörfler et al., 2009, Ortega et al., 1999, 2001]. In most

applications, the systems treated are such that one can compute a specific Hamil-

tonian function based on some heuristics. In particular, one common assumption is

that the functions determining the interconnection and damping structure are con-

stant. Based on this observation, we develop specific results for the case of constant

interconnection and damping structure. We show how assumptions on constant in-

terconnection and damping structure simplify the matching problem.

60
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4.1 Introduction

In this section, we define the constant structure matching problem, and establish

some preliminary results. We identify two common themes in the literature. The

first theme is the assumption that the desired interconnection and damping structure

is constant. This assumption arises in a number of applications of IDA-PBC where

an explicit solution is needed. The second theme arising in the literature is the

assumption that the homogeneous solutions of the matching equation are linearly

parameterized by constant parameters to achieve equilibrium assignment and stability

of the closed-loop system.

In Section 4.1.2, we establish an alternative description of port-Hamiltonian sys-

tems that represents the different themes in a unified form. This description is then

used to establish new results on the construction of a solution to the matching prob-

lem.

4.1.1 Literature review

In the following, we detail existing solutions to specific matching problems. Following

the two mentioned themes in the previous section.

Constant structure assumption In the context of process control systems, the

matching problem has been considered by Johnsen and Allgöwer [2007] and Dörfler

et al. [2009]. In Johnsen and Allgöwer [2007], the IDA-PBC methodology is ap-

plied to a 4-tank fluid storage system. The initial choice of a Hamiltonian function

for this system is chosen such that the corresponding interconnection and damping

structures are constant. In Dörfler et al. [2009], several application of IDA-PBC to
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different process control problems were considered. A standing assumption was that

the interconnection and damping structure are restricted to be constant in the given

coordinates to simplify the controller design. In Kotyczka and Lohmann [2009], a

general design framework for IDA-PBC based on the linearization of the control sys-

tem at the desired equilibrium is presented. The linearization of the system and the

desired constant interconnection and damping structure together with the restriction

to a quadratic Hamiltonian function define a linear matching equation. The main

motivation here is to formulate the linearized matching problem, which is algebraic,

and hence easier to solve.

Parameterization of the homogenous solution Another commonality found

in several applications of IDA-PBC is a parameterization of the homogeneous solu-

tions to the matching equations for equilibrium assignment and/or stabilization. In

Johnsen and Allgöwer [2007], a coordinate transformation is applied such that the

homogeneous solution of the matching equation only depends on a subset of the trans-

formed coordinates. The parameterization of the homogeneous solution is chosen such

that the solution is a quadratic function of the error states, which results in a simple

controller structure. Furthermore, the linear term of the homogenous solution is used

for equilibrium assignment.

4.1.2 Preliminaries

In this section, we define constant structure tensor fields and the constant structure

matching problem. The concept of affine connections on manifolds will be introduced

to define constant structure tensors in a precise manner. To be more specific, one

needs to provide a coordinate free definition of a constant structure tensor. The
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following example provides some intuition on the construction required to define con-

stant objects such as vector fields.

Example 4.1.1. Consider R2 with (U1, φ1 = (x, y)) as standard Cartesian coordinate

systems and (U2, φ2 = (r, θ)) as polar coordinates, and U1∩U2 ≠ ∅. Let X be a vector

field on R2, given in the first coordinates by X = ∂
∂x . In polar coordinates, this would

be expressed as

X = cos θ
∂

∂r
− 1

r
sin θ

∂

∂θ

it would be misleading to refer to the vector field X as constant, if we base the

definition on a specific coordinate representation.

To understand when a vector field is constant, one needs to develop a means to

compare elements of the tangent spaces at two different points of the state space. Since

open subsets of Rn are considered here one could use the standard identification of

the tangent space at each point with Rn itself. It is more natural to consider the state

space of a control-affine system as a smooth manifold to keep track of all identification

and provide a coordinate-free representation. The tool that will allow us to do this is

an affine connection. In particular, we consider the affine connection associated with

a Riemannian metric induced on X ⊂ Rn by inclusion from the Euclidian metric on

Rn.

Definition 4.1.2 (Bullo and Lewis [2004]). An affine connection on a manifold X

assigns to the pair (X,Y ) ∈ Γ(TX ) × Γ(TX ) a vector field ∇XY ∈ Γ(TX ), and the

assignment satisfies

• the map (X,Y )↦ ∇XY is R-linear,
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• ∇fXY = f∇XY for each X,Y ∈ Γ(TX ) and f ∈ C∞(M), and

• ∇XfY = f∇XY + (LXf)Y for each X,Y ∈ Γ(TX ) and f ∈ C∞(X ),

where LXf denotes the Lie derivative of f along X.

The vector field ∇XY is called the covariant derivative of Y with respect to X.

The covariant derivative of a tensor field t of type (r, s) with respect to X is define

by

(∇Xt)(α1, . . . , αr,X1, . . . ,Xs) = LX(t(α1, . . . , αr,X1, . . . ,Xs))

−
r

∑
i=1

t(α1, . . . ,∇Xα
i, . . . , αr,X1, . . . ,Xs)

−
s

∑
j=1

t(α1, . . . , αr,X1, . . . ,∇XXj, . . . ,Xs).

Definition 4.1.3. If (X ,G) is a Riemannian manifold, then there exists a unique

affine connection ∇ on X , called the Levi-Civita connection, such that ∇ is a metric

connection (i.e., ∇G = 0), and ∇XY −∇YX = [X,Y ] for all X,Y ∈ Γ(TX ).

Definition 4.1.4. Let (X ,G) be a Riemannian manifold, let X be a vector field

on (X ,G). The vector field X is said to be parallel or constant with respect to the

Levi-Civita connection ∇ if ∇YX = 0 for all vector fields Y . We use the short hand

∇X = 0 to denote constant vector fields.

Revisiting example 4.1.1, we see that ∇X = 0. Similarly, we can define a constant

tensor field as follows:

Definition 4.1.5. Let (X ,G) be a Riemannian manifold, let t be a tensor field on

(X ,G). t is said to be parallel or constant if ∇Y t = 0 for all vector fields Y . We shall

also use the short hand ∇t = 0 for this.
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Constant Parameter Matching Problem

Equipped with the necessary notations, we define the constant structure matching

problem.

Problem 4.1.6 (Constant Structure Matching Problem (CSMP)). Given a control-

affine system Σ = (X , f, g,U) and an admissible equilibrium p⋆ of Σ, find a constant

structure tensor field Fd and a function Hd such that

g�FddHd = g�f, (4.1)

where g� is a section of Hom(ann g). Furthermore, Hd has to satisfy

dHd(p⋆) = 0 and Hess Hd(p⋆) = 0.

For port-Hamiltonian system, local stability is equivalent to the following two

conditions on the Hamiltonian function Hd,

dHd(p⋆) = 0 (4.2)

and Hess Hd(p⋆) > 0. (4.3)

Notice that condition (4.2) ensures Hd has an extremum at p⋆, while the Lyapunov

stability condition (4.3) shows that it is an isolated minimum. We refer to the for-

mer condition as the equilibrium assignment condition and to the latter as stability

condition. The remainder of this chapter is structured as follows. In Section 4.2,

we present a checkable existence condition based on exterior differential systems for

a fixed structure tensor. The equilibrium assignment and stability condition on the
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solution of the matching equation are addressed in Section 4.3. In Section 4.4, we

present additional results based on the definition of an equilibrium manifold. An

application to a simple heat exchanger is presented in Section 4.5. Further gener-

alizations and extensions are discussed in Section 4.6. Background information on

exterior differential systems are summarized for the readers convenience in Appendix

4.7.

4.2 Existence Conditions

We present results for the existence of a solution to the matching equations. It

is assumed that a fixed structure tensor field is known a priori. We first establish

necessary and sufficient conditions for existence of a solution to the matching equation

based on an exterior differential system description.

4.2.1 Exterior differential system approach

We describe the existence of a solution to the CSMP in terms of exterior differential

systems. To motivate this approach, let us consider a PDE for Hd given by FddHd = f

where Fd is a structure tensor field and f a vector field. We write equivalently

dHd = F −1
d f , which defines the subset {p = F −1

d f} of the first jet [Saunders, 1989] with

coordinates (x, p, u). The canonical contact form on the first jet, restricted to this

subset, is θ = du − pidxi = du − F −1
d fdx. The solutions to the EDS generated by θ,

with independence condition dx1 ∧ ⋯ ∧ dxn, are solutions to the PDE (see Ivey and

Landsberg [2003]). Furthermore, there exists a solution if and only if θ is integrable.

In the following paragraphs, we establish similar conditions for the overdetermined
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set of PDEs, given by the matching equations.

Let us define the codistribution F −1
d g = span {ωi}mi=1 with ωi = F −1

d gi, which repre-

sents all cotangent directions directly influenced by the controls under F −1
d . We first

derive an alternative condition for a solution to the PDE g�FddH = g�f .

Proposition 4.2.1. Consider the control-affine system Σ and let Fd be a structure

tensor. There exists a solution to the matching equation if and only if dHd − F −1
d f ∈

F −1
d g.

Proof: We show that F −1
d g = ann g�Fd then the claim follows since

g�FddHd = g�f ⇔ g�Fd(dHd − F −1
d f) = 0.

Let α be a one form, assume α ∈ F −1
d g, i.e., there exist functions α1, . . . , αm such

that α = αiF −1
d gi. Then g�Fdα = g�FdαiF −1

d gi = αig�FdF −1
d gi = αig�gi = 0. On the

other hand, if α ∈ ann g�Fd then Fdα ∈ g and since (Fd)p is a bijection for all p ∈ X ,

F −1
d Fdα ∈ F −1

d g, which implies that α ∈ F −1
d g.

Next, we give condition for the existence of a solution to the matching equations for

a fixed Fd.

Theorem 4.2.2. Consider the control-affine system Σ and let Fd be a structure

tensor field. Define the following one forms on X ×R

ωi = F −1
d gi, i = 1, . . . ,m

θ = dz − π∗(F −1
d f),

where π ∶ X × R → X is the projection onto the first factor. Define I0 = {ωi},
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I = {π∗ωi, θ}, and the Pfaffian systems [Bryant et al., 1990] I0 and I generated by

algebraically by I0 and I, respectively. Then locally there exists a solution to the

matching equation (5.4) if and only if

dimI(∞) = dimI(∞)0 + 1.

Proof: Assume there exists a solution H to the matching equation, by Proposition

4.2.1 H satisfies dH −F −1
d f ∈ I0. Define θ̃ = dz−dH on X ×R, with coordinates (x, z),

such that θ ≡ θ̃ mod I0 and {θ̃, ω1, . . . , ωm} is a set of generators for I0. Furthermore,

dθ̃ = 0 implies that θ̃ ∈ I(∞)0 . Also, using the fact that exterior differentiation and pull

back commute, we have that dω ≡ αω mod I0 implies that dπ∗ω ≡ π∗αω mod I for all

ω ∈ I0, and similar arguments can be made for the derived systems such that ηi ∈ I(∞)0

implies that π∗ηi ∈ I(∞) for all ηi ∈ I(∞)0 . It follows that dimI(∞) = dimI(∞)0 + 1.

Now assume r = dimI(∞) = dimI(∞)0 + 1. Let dy1, . . . , dyr be generators for I(∞)0

and let {dH̃, π∗dy1, . . . , π∗dyr} be a set of generator for I(∞). Then dH̃ ∈ I and

we can write dH̃ = aiωi + bθ for some functions ai, i = 1, . . . ,m and a function b.

The distribution coann(I(∞)0 ) has rank n − r + 1, then coann(π∗(I(∞)0 )) has rank

n − r + 1 + dim(kerTπ) = n − r + 2. Assume b = 0, then ∂
∂z is annihilated by I(∞),

then coann(I(∞)) has rank n − r + 1, but by assumption this is equal to the rank of

coann(π∗(I(∞)0 )), which is a contradiction. Finally, b is given in coordinates by b = ∂H̃
∂z .

By the implicit function theorem, there exists a function H on X such that H̃ is its

graph, i.e., z =H(x). Furthermore, dH̃ = aiωi+b(dz−F −1
d f) = aiωi+b(dH−F −1

d f) = 0.

Hence,

dH − F −1
d f = 1

b
aiωi,
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which is that dH − F −1
d f ∈ F −1

d g, as required.

Remark 4.2.3. Theorem 4.2.2 establishes a connection to classical results on the

existence of solutions to PDEs. It is dual to the existence result presented in Cheng

et al. [2005], which is motivated by the results presented in Tabuada and Pappas

[2003b].

If Fd is constant we can derive the following result.

Corollary 4.2.4. Consider the control-affine system Σ and let Fd be a constant

structure tensor field. Let ann(g) = span {ηm + 1, . . . , ηn} = η and assume that

∇Fdηiη
j −∇Fdηjη

i ∈ η, for all i, j ∈ {m + 1, . . . , n}. (4.4)

Then locally there exists a solution to the matching equation (5.4) if and only if

dθ ≡ 0 mod I. (4.5)

Proof: If we show that I0 is integrable, then Theorem 4.2.2 implies that (4.5)

is equivalent to the existence of a solution to the matching equation, since then

I0 = I(∞)0 and dθ ∈ I implies I = I(∞). First we show that coann(F −1
d g) = Fdη, which

is that F −1
d gi(Fdηj) = 0 for all i = 1, . . . ,m, j = m + 1, . . . , n. We have by definition

that F −1
d gi(Fdηj) = F −1

d (gi, Fdηj) = ηj(gi) = 0. Next, we show that d(F −1
d gi) also
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annihilates Fdη, which establishes that F −1
d g is integrable [Lee, 2003]. Consider

d(F −1
d gk)(Fdηi, Fdηj) = Fdηi(F −1

d gk(Fdηj)) − Fdηj(F −1
d gk(Fdηi)) − F −1

d gk([Fdηi, Fdηj])

= F −1
d gk([Fdηi, Fdηj])

= F −1
d gk(∇FdηiFdη

j −∇FdηjFdη
i)

If Fd is constant then ∇FdηiFdη
j = (∇FdηiFd)ηj + Fd(∇Fdηiη

j) = Fd(∇Fdηiη
j). Hence,

d(F −1
d gk)(Fdηi, Fdηj) = F −1

d gk(Fd∇Fdηiη
j − Fd∇Fdηjη

i)

= ∇Fdηiη
j(gk) −∇Fdηjη

i(gk)

= (∇Fdηiη
j −∇Fdηjη

i)(gk).

Hence, d(F −1
d gk)(Fdηi, Fdηj) = 0 which is that I0 = F −1

d g is integrable.

Remark 4.2.5. If Σ is such that m = n − 1, then (4.4) is trivially satisfied.

Example 4.2.6. Let Fd be a constant structure tensor field. Assume that the control

vector fields of Σ are constant. Control-affine systems that satisfy this assumption

are considered in Johnsen and Allgöwer [2007] and Kotyczka and Lohmann [2009].

Clearly, condition (4.4) is satisfied. Let (x1, . . . , xn) be coordinates on X . Then we

can define new coordinates yj = ∑xi[(Fd)ij], where (Fd)ij is the matrix of component

functions of Fd in coordinates. Then ωk = ∑ gjkdyj and I0 = {ωk}mk=1. Note that θ is

given by

θ = dz − f 1dy1 −⋯ − fndyn
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in the adapted coordinates. The exterior derivative of θ yields

dθ = −∂f
1

∂yi
dyi ∧ dy1 +⋯ + ∂f

n

∂yi
dyi ∧ dyn

≡ −
n

∑
i,j=1
i<j

(∂f
j

∂yi
− ∂f

i

∂yj
)dyi ∧ dyj mod I.

Hence, if ∂fj

∂yi
= ∂f i

∂yj
for i, j =m + 1, . . . , n, then there exists a solution to the matching

equation.

Remark 4.2.7. The idea of adapting the coordinates based on the constant struc-

ture tensor was also used in Kotyczka and Lohmann [2009] to simplify the matching

problem.

4.2.2 Homotopy operator approach

Next, we present an alternative and constructive sufficient condition for the existence

of a solution to the matching equation, based on the homotopy operator [Edelen,

2005, Hudon et al., 2008]. We introduce a homotopy operator as a linear operator on

the space of differential forms on X , it satisfies the identity

ω = d(Hω) +Hdω, (4.6)

where ω is a differential form on X . The first term on the right-hand side of (4.6) is

called the exact part ωe of ω, since it is an exact one-form, i.e., the differential of a

function. The second term is called the anti-exact part ωa of ω. A homotopy operator

is defined on an open star-shaped subset centered at a point p ∈ X . An open subset

of S of Rn is said to be star-shaped centered at p if the following conditions hold:
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• S is contained in a coordinate neighborhood U of p.

• The coordinate chart φ is such that φ(p) = 0Rn .

• If q is any point in S with coordinates x = (x1, . . . , xn), then the set of points

(q + λ(q − p)) with λ ∈ [0,1] belongs to S.

We define the following vector field on S

X(x) = xi ∂
∂xi

.

In these coordinates the homotopy operator H is given by

Hω(x) = ∫
1

0
X(x) ⌟ ω(λx)λk−1dλ,

where ⌟ denotes the interior product [Lee, 2003]. For a system Σ and a structure

tensor field Fd, we have established that ν = F −1
d f is a one form on X . We use the

identity (4.6) to compute the exact part νe and the anti-exact part νa of ν. We can

derive a simple sufficient condition for the existence of a solution to the matching

equation.

Proposition 4.2.8. Consider Fd and Σ with admissible equilibrium p⋆, denote ν =

F −1
d f , if νa ∈ F −1

d g then, locally, on a star-shaped set centered at p⋆ there exists a

solution to the matching equation.

Proof: We write F −1
d f = ν = νe + νa, then νa = νe − F −1

d f and d(Hν) = νe. Hence,

d(Hν)−F −1
d f ∈ F −1

d g, which is equivalent to the existence of a solution to the matching

equation.
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The function Hν is the Hamiltonian function of the port-Hamiltonian system with

structure tensor Fd if we apply the energy-stabilizing feedback of the form (2.5).

4.3 Equilibrium Assignment and Stability Condi-

tion

Based on the results of the previous section, the equilibrium assignment and the sta-

bility condition are considered in this section. If a solution to the matching equation

is known and satisfies the equilibrium assignment and stability condition then it is

a solution to the matching problem. Here, we assume that theses conditions are not

satisfied and study the extend to which the homogeneous solution of the matching

equation can be used to satisfy them.

4.3.1 Homogeneous solution

For a system Σ and Fd, let I0 be the exterior differential system generated by ω =

F −1
d g, then the bottom derived system I(∞)0 is generated by a set of exact generators

{dh1, . . . , dhr} with 0 ≤ r ≤m. Next, we show that the generators of I(∞)0 are solutions

of the homogeneous matching equations.

Proposition 4.3.1. A function h is a solution of the homogenous matching equation

g�Fddh = 0 if and only if dh ∈ I(∞)0 .

Proof: If h is a solution to the homogenous solution, then dh ∈ F −1
d g and in addition

dh is closed, which is equivalent to dh ∈ I(∞)0 .

Remark 4.3.2. The computation of I(∞)0 , necessary to check the existence of a
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solution to the matching problem, can be directly used to compute a homogeneous

solution.

Next, we establish a simple quadratic parameterization of the homogenous solution,

which gives us additional degrees of freedom to satisfy the stability condition on the

desired Hamiltonian function. Assume that there exists a solution Hd that satisfies

dHd(p⋆) = 0 and let h1, . . . , hr be a set of linear independent homogenous solutions.

Define hi⋆ = hi(p⋆), i.e., the value of hi at a desired admissible equilibrium, and the

error functions h̃i = hi − hi⋆ for all i = 1, . . . , r. Consider the function

ψ = 1

2
Pijh̃

ih̃j + lih̃i

with Pij = Pji ∈ R, [Pij] > 0 and li ∈ R for i = 1, . . . , r. The partial derivatives of ψ

with respect to some coordinates x1, . . . , xn are given by

∂ψ

∂xk
= Pij

∂h̃i

∂xk
h̃j + li

∂h̃i

∂xk
, k = 1, . . . , n.

Then Hd+ψ is also a solution to the matching equation. We use this parameterization

in the following section.

4.3.2 Equilibrium assignment

Next, we derive necessary and sufficient conditions for equilibrium assignment via a

homogenous solution.

Proposition 4.3.3. Let Hd be a solution to the matching equation. There exists a

homogenous solution h such that dH̃d = d(Hd + h)(p⋆) = 0 if and only if dHd(p⋆) ∈
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I(∞)0 (p⋆), where I(∞)0 (p⋆) denotes the subspace of Tp⋆X spanned by a set of generators

of I(∞)0 at p⋆.

Proof: If H̃d = Hd then dH̃d(p⋆) = dHd(p⋆) = 0 ∈ I(∞)0 (p⋆). Now assume, dHd(p⋆) ∈

I(∞)0 (p⋆). Note that at any admissible equilibrium p⋆, we have g�p⋆f(p⋆) = 0. Hence,

any solution Hd is such that g�p⋆FddHd(p⋆) = 0. Let {dh1, . . . , dhr} be a set of generator

of I(∞)0 . Then there exists constants l1, . . . , lm such that dHd(p⋆) = lidhi(p⋆). Hence,

we can chose H̃d =Hd + lihi such that dH̃d(p⋆) = 0.

We immediately get the following corollary for constant structure tensors.

Corollary 4.3.4. If Fd is a constant structure tensor field and the control distribu-

tion satisfies (4.4), then equilibrium assignment via homogenous solutions is always

possible.

Proof: By Corollary 4.2.4, we have that I0 = I(∞)0 , which is that F −1
d g is integrable

and of rank n −m. If dHd is a solution to the matching equation then dHd(p⋆) ∈

ann(g�Fd)(p⋆) = F −1
d g(p⋆) = I(∞)0 (p⋆).

An example in which equilibrium assignment via the homogeneous solution is not

possible is given next.

Example 4.3.5. Consider the control-affine system determined by

f =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f 1(x1)

f 2(x2)

1

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, g =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−x2 0

0 0

1 0

0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and the fixed structure tensor F = −I4. Then, ω1 = −x2dx1 + dx3, ω2 = dx4 and

I0 = {ω1, ω2}. A set of homogeneous solutions are integrals of the bottom derived
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system I(∞)0 = {ω2}. Hence h1 = x4 is a homogenous solution. Furthermore, there

exists a solution to the matching equation since

dθ = 0

with θ = dz − f 1dx1 − f 2dx2 − dx3. Hence, Hd = ∫ f 1dx1 + ∫ f 2dx2 + x3 is a solution

to the matching equation. Next, we consider the equilibrium assignment, the set of

admissible equilibria is described by

Γ = {x ∈ X ∣ f 2(x2) = 0, f 1(x1) = −x2}.

We evaluate dHd at an desired equilibrium, which gives us

∂Hd

∂x
∣
⊺

x⋆

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−x2⋆

0

1

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≠ 0.

Hence, equilibrium assignment via the homogenous solutions is not possible in this

example.

4.3.3 Stability condition

Next, we focus our attention on the stability condition (4.3). Consider the control-

affine system Σ and a structure tensor field Fd. Let Hd be a solution to the matching
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equations defined by Σ and Fd such that dH(p⋆) = 0. If

Hess Hd(p⋆) > 0, (4.7)

then p⋆ is a locally stable equilibrium of the closed-loop system, since Hd is non-

increasing along trajectories of the closed-loop [Ortega and Garcia-Canseco, 2004].

Next, we show that we can give equivalent conditions for stability depending on Σ

and Fd, i.e., not explicitly on Hd. We consider neighborhood around an admissible

equilibrium p⋆ and Cartesian coordinate.

Let us denote V = Tp⋆X , W = (ann(g)(p⋆))∗, then we define G� = g�p⋆ ∶ V → W

with transpose G� = (G�)⊺. Also define Fd = (Fd)p⋆ ∶ V ∗ → V , f = f(p⋆), A = Df(p⋆)

B =Dg�(p⋆) ∶ X → L(Rn;L(V ;W )) = L2(Rn;W ). We abbreviate

Lp⋆ = G�(AF⊺
d +F⊺

dA
⊺)G� +B(fF⊺

dG� +G�fF⊺
d)B⊺.

We require the following result:

Proposition 4.3.6. Consider Σ and the constant structure tensor field Fd. Let Hd

be a solution to the matching equation defined by Σ and Fd such that dHd(p⋆) = 0.

If

BFdDHd(p⋆)F⊺
dG� +G�FdDHd(p⋆)F⊺

dB
⊺ < Lp⋆ , (4.8)

then p⋆ is a locally stable equilibrium.
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Proof: We can equivalently to (4.7) require that

1

2
(D2Hd(p⋆) +D2H⊺

d (p⋆)) > 0. (4.9)

Furthermore, we have that Hd is a solution to the matching equation. If we take the

derivative on both sides of the matching equation we have

BFdDHd +G�FdD
2Hd = Bf +G�A,

since Fd is constant we have DFd(p) = 0 for all p ∈ X . Hence, by linearity, we get

G�FdD
2Hd(p⋆) = G�A +B(f −FdDHd(p⋆)). (4.10)

If we premultiply (4.9) by G�Fd and postmultiply by (G�Fd)⊺ and substitute (4.10),

we get

G�(AF⊺
d +FdA

⊺)G� +B(f −FdDHd(p⋆))F⊺
dG� +G�(f −FdDHd(p⋆))F⊺

dB
⊺ > 0

after rearranging the terms this yields (4.8), as required.

If the control vector fields of Σ are constant then B = 0 and the stability condition

(4.9) reduces to

Lp⋆ = G�(AF⊺
d +FdA

⊺)G� > 0, (4.11)

which is a linear matrix inequality (LMI) for the constant structure tensor Fd at

p⋆. The LMI can be efficiently solved using numerical tools [Boyd et al., 1994], see
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also Chapter 3. Since Fd is constant, Fd defines Fd on the coordinate chart that is

considered here.

Constant structure tensor and constant control distribution We summarize

the results of this section for control-affine systems and constant structure tensor fields

in the following proposition.

Proposition 4.3.7. Consider the control-affine system Σ with an admissible equi-

librium p⋆ and constant control vector fields. There exists a solution to the constant

parameter matching problem if there exists a solution Fd to the LMI

G�(AF⊺
d +FdA

⊺)G� > 0.

such that

∂f j

∂yi
= ∂f

i

∂yj
, for all i, j =m + 1, . . . , n, i < j.

with yj = ∑[(Fd)ij]xi.

4.4 Horizontal and Vertical Structure Tensor

In this section, we reduce the set of structure tensors that are available for a solution

to the matching problem based on the set of admissible equilibria of Σ. We establish

a decomposition of the structure tensor, considered here as a linear map, into two

linear maps.
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4.4.1 Equilibrium manifold

The key step in the proposed approach is the definition of two distinct linear maps

whose direct sum reflects the interior product of a structure tensor with a one-form.

The construction is based on the definition of an equilibrium manifold. The following

has been presented in Niemiec and Kravaris [2003]. The set of admissible equilibria

of the system Σ is defined by

Γ = {p ∈ X ∣ ∃u ∈ U such that f(p) + gi(p)ui = 0}.

Let x = (x1, . . . , xn) be local coordinates. A point p∗ ∈ Γ is called regular if

det(∂f
∂x

∣
x∗

+ ui∗
∂gi
∂x

∣
x∗

) ≠ 0

where u∗ = (u1∗, . . . , um∗ ) are real numbers that satisfy f(p∗) + g(p∗)u∗ = 0.

Remark 4.4.1. Note that if an admissible equilibrium is regular, then the lineariza-

tion of Σ at that equilibrium is “controllable at s = 0”, as defined in Chapter 3.

Proposition 4.4.2 (Niemiec and Kravaris [2003]). Let wj, j =m+1, . . . , n, be (n−m)

linear independent vector fields on X , which are orthogonal to gi, i.e.,

G(wj, gi) = 0, j =m + 1, . . . , n; i = 1, . . . ,m.

Also define the functions

hj = G(wj, f), j =m + 1, . . . , n.
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Then, in a neighbourhood of a regular point on Γ:

1. hm+1, . . . , hn are linearly independent functions.

2. Γ is exactly the intersection of the (n −m) level surfaces hm+1 = ⋯ = hn = 0.

Hence, Σ is a local embedded submanifold of X . We denote the tangent space of

Γ, a distribution on X , by V . At each point p ∈ X , the tangent space TpX may be

written as a direct sum TpX = Vp⊕Hp, where Hp is the complement of Vp with respect

to G, see Fig. 4.2. Furthermore, this decomposition also defines a decomposition of

the cotangent space T ∗
p X = V∗p ⊕H∗

p dual to Vp ⊕Hp for all p ∈ X , where H∗ is locally

spanned by dhm+1, . . . , dhn. A structure tensor Fd at a point p can be considered as a

U
Γ

b
b

V H

Figure 4.1: Horizontal and vertical subspace of TpX at p ∈ Γ

linear map form T ∗
p X to TpX by the identification of (0,2)-tensor fields with sections

of the homomorphism bundle, see Chapter 2. Furthermore, we have established the

decomposition of TpX into Vp and Hp such that TpX = Vp ⊕Hp for all p ∈ X . This

decomposition induces a decomposition of the map (Fd)p into

(F Vd )p ∶ V∗p → TpX and (FHd )p ∶ H∗
p → TpX
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in the following way. For any v = (vV , vH) ∈ T ∗
p X = (H∗ ⊕ V∗)(p), we have that

Fdv = (F Vd )p(0, vV) + (FHd )p(vH,0).

Coframe derivatives

We require additional notation, which can also be found in Olver [1995]. Let M

be an n-manifold, let (x1, . . . , xn) be local coordinates on a neighborhood U and let

η = {ωi}ni=1 be a local coframe, i.e., {ω1(p), . . . , ωn(p)} is a basis of TpU for all p ∈ U .

Each ωi can be expressed in terms of the coordinated coframe {dxi}ni=1 by ωj = aijdxi,

where A = [aij] is a non-singular matrix of functions in local coordinates. The dual

frame to η is given by the set of linear independent vector fields ∂
∂ωi = bij(p) ∂

∂xi

i = 1, . . . , n, such that [bij] = B = A−1.

Definition 4.4.3. Let M be an n-dimensional manifold and let ω = {ωi}ni=1 be a local

coframe on a neighborhood U . Let η be a one-form on M , then η∣U can be written

as η∣U = ηηiωi. The uniquely defined functions ηηi are called the component functions

of η with respect to the coframe ω.

Note that if η is the differential of a function f and ω is a coordinate coframe,

then the component functions are the partial derivatives of f with respect to the

coordinates whose differentials define the coordinate coframe. In general, we express

the differential of a function in coframe-adapted form as follows. Let (x1, . . . , xn) be

a local coordinates on M . Then, the differential of a function f can locally be written

as

df = fωiωi,
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where the component functions fωi = bji
∂f
∂xj

are called coframe derivatives of f with

respect to the coframe ω. Let A ∈ GL(n,R) be the transformation matrix on the

coframe that adapts the coordinate coframe dx = (dx1, . . . , dxn) to the coframe ω,

i.e., ω = Adx, such that ω = (ωV , ωH) with ωVp a basis for V∗p for all p ∈ X . We

construct the adapted structure tensor F̄d given by F̄d = FdA−⊺. Hence, we can write

the matching equations as

g�FddHd = g�f

g�F̄d(Hd)ωω = g�f

g�(F̄ Vd (Hd)ωVωV + F̄Hd (Hd)ωHωH) = g�f,

where (Hd)ω, (Hd)ωV and (Hd)ωH are vectors of the component functions of the

differential dHd with respect to the coframe ω and partial coframes ωV and ωH,

respectively.

4.4.2 Homogeneous solution

The main result of this section shows that, for a subset of the structure tensor fields

determined by conditions on the vertical structure tensor, a homogeneous solution

to the matching equation can be easily determined. It is desired to work in the

coordinates adapted to Γ, which exists due to Proposition 4.4.2. We call a coordinate

chart (y1, . . . , yn) adapted to Γ if ym+1 = ⋯ = yn = 0 defines Γ. In these coordinates, the
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vertical and horizontal distribution and codistribution have the local representation:

V = span { ∂
∂y1 , . . . ,

∂
∂ym} ,

H = span { ∂
∂ym+1 , . . . ,

∂
∂yn} ,

V∗ = span {dy1, . . . , dym} ,

H∗ = span {dym+1, . . . , dyn} .

For the choice of Fd such that g�F̄ Vd = 0, the homogeneous matching equation is

g�F̄Hd (Hd)ωHωH = 0,

and g�F̄Hd is a local isomorphism between H∗ and H.

Proposition 4.4.4. Let Σ be a control-affine system, Γ its equilibrium manifold at

a regular admissible equilibrium p⋆, and let ω = (ωV , ωH) be a coframe adapted to Γ.

Let Fd a structure tensor field such that g�F̄ Vd = 0. Then, the coordinate functions

y1, . . . , ym are linear independent solutions to the homogenous matching equation.

Proof: The adapted coframe is ω = dy = ∂y
∂xdx and the coframe derivatives become the

partial derivatives with respect to the adapted coordinates. The matching equation

is

g�F̄Hd (Hd)ωHωH = g�f

with F̄d = Fd ∂y∂x
−⊺

. The homogeneous PDE g�F̄Hd (Hd)ωHωH = 0 is equivalent to

(Hd)ωHωH = ∂Hd

∂yi
dyi = 0

⇒∂Hd

∂yi
= 0 i =m + 1, . . . , n,

since g�F̄Hd is a local isomorphism. Furthermore, this implies that any function
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Φ(y1, . . . , ym) of the coordinates y1, . . . , ym is a solution to the homogeneous matching

equation.

4.4.3 Existence condition

Under the hypotheses of Proposition 4.4.4, we can establish sufficient conditions for

the existence of a solution to the matching equation.

Proposition 4.4.5. Assume in addition to the hypotheses of Proposition 4.4.4 that

the local expression of g�F̄Hd does not depend on the coordinates y1, . . . , ym. Let

µ = (g�F̄Hd )−1g�f . Then there exists a solution to the matching equation if

dµ ≡ 0 mod µ. (4.12)

Proof: Since g�F̄Hd is an isomorphism at every point in a neighborhood of p⋆, we can

write g�F̄d(Hd)ωHωH = g�f as

(Hd)ωHωH = µ. (4.13)

By assumption, g�F̄Hd is independent of y1, . . . , ym and g� can be chosen such that

g�f = ∑ni=m+1 y
i ∂
∂yi

. Hence, the right hand side of (4.13) does not depend on y1, . . . , ym,

then it follows from (4.12) that there exists an integrating factor b such that bµ is

exact and its integral is a solution to the matching equation.

A particular solution to the matching equation can be computed by integration

themes, which are applicable to large scale systems recently presented in Yap [2009].
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4.5 Application

In this section, we apply the results established in this chapter to a stabilization

problem of a tube-shell heat exchanger model.

4.5.1 Heat exchanger control

We consider a simple model of a tube-shell heat exchanger presented in Hangos et al.

[2004]. Denote the inlet and outlet temperature of the cold stream by Tci and Tco ,

respectively. Similarly, denote the inlet and outlet temperature of the hot stream

by Thi and Tho , respectively. The volumetric flow rates are denoted by fc and fh,

respectively. The associated thermal capacities are denoted by Cc and Ch, whereas

the heat transfer is modeled by a thermal conductance Ghc. The dynamics of the

system is governed by the differential equations for Tci and Tco ,

CcṪco = −Ghc(Tco − Tho) + γc(Tco − Tci)fc

ChṪho = Ghc(Tco − Tho) + γh(Tho − Thi)fh,

where γc and γh are constants which depend on the density and specific heat of the

respective streams. We can write the system in control-affine form if we define

⎡⎢⎢⎢⎢⎢⎢⎣

x1

x2

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

Tco

Tho

⎤⎥⎥⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎢⎢⎣

x̄1

x̄2

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

Tci

Thi

⎤⎥⎥⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎢⎢⎣

u

ū

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

γcfc
Cc

γhfh
Ch

⎤⎥⎥⎥⎥⎥⎥⎦
.
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We have then

⎡⎢⎢⎢⎢⎢⎢⎣

ẋ1

ẋ2

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

−Ghc

Cc
(x1 − x2)

Ghc

Ch
(x1 − x2) + (x2 − x̄2)ū

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣

x1 − x̄1

0

⎤⎥⎥⎥⎥⎥⎥⎦
u,

hence

f =
⎡⎢⎢⎢⎢⎢⎢⎣

−Ghc

Cc
(x1 − x2)

Ghc

Ch
(x1 − x2) + (x2 − x̄2)ū

⎤⎥⎥⎥⎥⎥⎥⎦
, g =

⎡⎢⎢⎢⎢⎢⎢⎣

x1 − x̄1

0

⎤⎥⎥⎥⎥⎥⎥⎦

Let X = {(x1, x2) ∈ R2 ∣ x1 > x̄1} define the state space. We determine the set of

admissible equilibria by

Γ = {(x1, x2) ∈ X ∣ Ghc

Ch
(x1 − x2) + (x2 − x̄2)ū = 0}.

This set is represented by a single line as shown in Figure 4.2. Our control objective
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Figure 4.2: Equilibrium manifold Γ

is to achieve a desired temperature T ∗
co = x∗1 (80○C in the simulations) at the outlet on

the cold temperature side. This implies a desired equilibrium at (x∗1, x∗2), where x∗2 is

determined by Γ and x∗1. We use the framework established in the previous section to
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design a passivity-based controller. The tangent space to Γ is spanned by the vector

field X = Ghc

ch

∂
∂x1 + (−Ghc

ch
+ ū) ∂

∂x2 , hence

V∗ = span {Ghc

ch
dx1 + (−Ghc

ch
+ ū)dx2}

and H∗ = span {−Ghc

ch
dx2 + (−Ghc

ch
+ ū)dx1}. The matrix that defines the adapted

coframe is therefore a constant matrix given by

A =
⎡⎢⎢⎢⎢⎢⎢⎣

Ghc

ch
−Ghc

ch
+ ū

−Ghc

ch
+ ū −Ghc

ch

⎤⎥⎥⎥⎥⎥⎥⎦
.

Let

F̄d =
⎡⎢⎢⎢⎢⎢⎢⎣

α1 α2

ν1 ν2

⎤⎥⎥⎥⎥⎥⎥⎦

with constant entries. Then the condition g�F̄ Vd = 0 implies ν1 = 0. We also see

that this condition establishes that g�F̄Hd = ν2 ≠ 0. The coordinates induced by the

equilibrium manifold are given by

y =
⎡⎢⎢⎢⎢⎢⎢⎣

y1

y2

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

Ghc

ch
x1(−Ghc

ch
+ ū)x2

Ghc

Ch
(x1 − x2) + (x2 − x̄2)ū

⎤⎥⎥⎥⎥⎥⎥⎦
.

In these coordinates, the homogeneous matching equation is given by ∂H
∂y2

= 0. As a

result, any function Φ, independent of y2, is an homogeneous solution. Furthermore,

we require that Fd + F ⊺
d ≤ 0, this translates into ν2 ≠ 0 and 4α1ν2 − α2

2 ≤ 0. Hence,

we choose ν2 = −α2 and α2 ≠ 0. Consequently, we compute a particular solution of
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∂H
∂y2

= (g�F̄Hd )−1g�f = ν2y2 by simple integration in the new coordinates. This yields

H = 1
2

1
ν2
y2

2. The final solution is therefore given by

Hd =
1

2

1

ν2

y2
2 +Φ(y1).

To achieve stabilization of the system, we choose ν2 = 10 and Φ(y1) = 1
2(y1 − y∗1)2,

where y∗1 is determined by (x∗1, x∗2), such that Hd has a minimum at (y∗1 , y∗2). The

influence of the two different terms in the solution becomes clear. The particular

solution is such that the equilibrium manifold is stabilized and the homogeneous

solution is chosen such that the desired equilibrium on the equilibrium manifold is

stabilized. Applying the standard stabilizer feedback yields a locally asymptotically

stable closed-loop system, a sample trajectory is shown in Figure 4.3. The values

of the physical parameters of the system used in the simulation are those found in

Çengel [2003], Example 11-4.
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Figure 4.3: State space trajectories of the closed-loop
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4.6 Conclusion

In this chapter, we exploited the implications of the assumption of a constant structure

tensor on the matching problem. We established necessary and sufficient conditions

for the existence of a solution to the matching equations based on exterior differential

systems. A solution to an LMI is shown to be a candidate for a constant structure

tensor that solves the matching problem. The concept of an equilibrium manifold

introduces a decomposition of the structure tensor, which effectively reduces the de-

grees of freedom in the choice of the structure tensor while separating the problem of

equilibrium assignment and existence of a solution.

4.7 Appendix: Exterior Differential Systems

Let M be an n-manifold. Denote by Ωk(M) the space of differential k-forms on M ,

where Ω0(M) = C∞(M) is the space of functions on M . Then Ω(M) = ⊕n
k=1 Ωk(M)

denotes the space of all differential forms on M . There are two operations defined on

Ωk(M) for all k, an associative but non-commutative product called the wedge product

of two differential forms ∧ ∶ Ωk(M) × Ωl(M) → Ωk+l(M) and the map d ∶ Ωk(M) →

Ωk+1(M) for all k called the exterior derivative. The space Ω(M) also forms a graded

algebra under the wedge product. A subspace I ⊂ Ω(M) is an algebraic ideal if it

is a direct sum of homogeneous subspaces Ik ⊂ Ωk(M) and is closed under wedge

product with arbitrary differential forms. An algebraic ideal is a differential ideal or

exterior differential system if it is closed under exterior differentiation, dI ⊆ I. A

Pfaffian system I is a submodule of one-forms over C∞(M) generated by a set of one-

forms {ω1, . . . , ωk}, i.e., I = {∑ fkωk ∣ fk ∈ C∞(M)}. A Pfaffian system I generates
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a exterior differential system I = ⟨{dI, I}⟩ of one-forms on M , where ⟨⋅⟩ denotes the

R-linear span of elements in Ω1(M). For exterior differential systems, the well-known

Frobenius theorem takes the following form.

Proposition 4.7.1. A Pfaffian system I is completely integrable if and only if dαi ≡

0 mod I, ∀αi ∈ I.

Let I be a Pfaffian system on M . A submanifold N of M is called an integral

manifold of I if TxN ⊂ ⟨I(x)⟩� for every x ∈ N . A curve c ∶ [a, b] ⊂ R →M is called

an integral curve of I if c′(t) ∈ ann ⟨I(c(t))⟩ for every t ∈ [a, b]. Let I be an exterior

differential system. An independence condition for I is a decomposable p-form Ω =

ω1 ∧ ⋯ ∧ ωp. The pair (I,Ω) is called exterior differential system with independence

condition. An integral manifold of (I,Ω) is an integral manifold i ∶ N → X of I

such that i∗(Ω) ≠ 0. Given a Pfaffian system I, the smallest integrable subsystem

contained in I can be constructed as follows. Set I(0) = I and

I(i) = {ω ∈ I(i−1) ∣ dω ≡ 0 mod I(i−1)}.

This gives rise to a filtering

I(0) ⊃ I(1) ⊃ ⋯ ⊃ I(i) ⊃ ⋯

called the derived flag. The filtration stabilizes for some integer N , i.e., I(N) = I(N+1)

called the derived length, the system I(N) is then called the bottom derived system. A

derived system is called trivial if it only contains the null element. For a complete set

of definitions and further information, the reader is referred to Bryant et al. [1990].



Chapter 5

The Matching Problem and

Feedback Equivalence

The objective of this chapter is to connect the matching problem to a classical feed-

back equivalence approach. We show that feedback equivalence between control-affine

systems can be used to define a family of matching problems for which an explicit

solution is known. We illustrate our findings using a non-isothermal CSTR model.

This chapter is structured as follows. Cartan’s method and its application to con-

trol theory is described in Section 5.1, and preliminary results on feedback equivalence

are stated. The main results are presented in Section 5.3. We illustrate the results on

a non-isothermal CSTR model in Section 5.4. A short conclusion and future direc-

tions of research are given in Section 5.5. We give further details on Cartan’s method

in Appendix 5.6.

92
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5.1 Introduction

This section introduces Cartan’s method of equivalence, and describes its application

to control theory. The method of equivalence offers a structured approach to specific

geometric problems. An example is the equivalence problem of Riemannian metrics

under conformal transformation [Gardner, 1989a]. In addition to the original papers

by Cartan [Cartan, 1908], there are several books dedicated to this subject. One of

the main references is Gardner [1989a], which gives a detailed description of Cartan’s

method and gives applications to problems in mathematics and control theory. In

Olver [1995], Cartan’s method is used in the context of invariants and symmetries of

equivalence under transformation groups. In Ivey and Landsberg [2003], the authors

consider the application to Pfaffian systems and partial differential equations. In

the following, we give more details on the equivalence problem and focus on the

application to control theory. Let U,V ⊂ Rn be open subsets, and let ωU and ΩV be

two coframes on U and V , respectively. The study of equivalence involves three types

of problems:

1. Determine whether ΩV and ωU are “equivalent”.

2. Determine the symmetries.

3. Determine the invariants of a symmetry group.

In the context of this thesis, the first problem translates into finding necessary

and sufficient conditions for a control system to be feedback equivalent to a port-

Hamiltonian system. The second problem is defined by determining the class of

feedbacks that transforms port-Hamiltonian systems into port-Hamiltonian systems.

For non-parametric IDA-PBC, the third problem translates into finding PDEs for the
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unknown Hamiltonian function which are invariant functions. This will be further

discussed in the following sections. We make the following definition.

Definition 5.1.1 (Gardner [1989a]). Let ωU and ΩV be n-vector of one-forms on

open sets U ⊂ Rn and V ⊂ Rn, respectively and let G be a Lie subgroup of GL(n,R).

Then ωU is said to be G-equivalent to ΩV if there exists a diffeomorphism Φ ∶ U → V

and a function γ ∶ U → G satisfying

Φ∗(ΩV ∣Φ(u)) = γ(u)ωU ∣u,

for all u ∈ U . Such a diffeomorphism, Φ, is called a G-equivalence of ωU and ΩV . The

set of all G-equivalences of ωU and ΩV is denoted by EG(ωU ,ΩV ). If G = GL(n,R),

and there exists a G-equivalences between ωU and ΩV , then ωU and ΩV are said to

be equivalent.

Note that this definition defines an equivalence relation on the set of control

systems. With the notation, the equivalence problem can be stated as follows:

Equivalence Problem of É. Cartan: Let ΩV = [Ω1
V , . . . ,Ω

n
V ]⊺ be a coframe on

an open set V ⊂ Rn, and let ωU = [ω1
U , . . . , ω

n
U]⊺ be a coframe on U ⊂ Rn, and let G

be a Lie subgroup of GL(n,R), then find a necessary and sufficient condition for the

existence of a G-equivalence between ωU and ΩV .

5.1.1 Application to Control

It is possible to formulate the problem of feedback equivalence of two control systems

as a problem of equivalence as described above. The method of equivalence has been
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used to solve a number of feedback equivalence problems. The feedback equivalence

problem of general control systems was treated in Gardner and Shadwick [1990a] and

in Atkins and Shadwick [1993]. The presentation in this chapter is based on Atkins

and Shadwick [1993], and Atkins [1992].

The study of invariants of a feedback equivalence is a possibility to characterize

feedback equivalence classes. For general (not control-affine) control systems, it is

difficult to find meaningful invariants. If further assumptions on the control system

are made, then the method can reveal all invariants of that equivalence class. As a

result one can consider the equivalence class of port-Hamiltonian systems and study

ways to a generate complete set of invariants that describes the equivalence class. One

special case, which has been well-treated in the literature, is the case of linear control-

lable systems. Several contributions by R. Gardner and W. Shadwick on this topic

have been made (see Gardner and Shadwick [1992], Gardner [1989b] and references

therein) including necessary and sufficient conditions for exact feedback linearization

and an algorithm to compute the required output functions. The controllable linear

case can be considered as a generic case, since it is defined by the vanishing of al-

most all invariant functions. The results in Gardner and Shadwick [1992] have been

extended to orbital feedback linearization in Guay [1999]. The work presented in

Gardner and Shadwick [1992] and Guay [1999] is based on equivalence of Pfaffian

systems. It leads to a convenient procedure that can be implemented using symbolic

computation software.
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5.1.2 Preliminaries

A short outline of the application of the method of equivalence to feedback equiv-

alences is presented in this section. We describe control-affine systems in terms of

vectors of one-forms. To do so, let ω be a one-form on X . Then for every vector field

X, ω(X) is a function on X . Let {εi}ni=1 be a local coframe on X and let I be an open

interval of R including zero with dt, the coordinate one-form on I. Then we define

for all u = (u1, . . . , um) ∈ U the following one-forms:

ηj = εj − (εj(f) + uiεj(gi))dt, j = 1, . . . , n, (5.1)

which define the n-vector of one-forms η = [η1, . . . , ηn]⊺. Based on this construction,

we also denote a control-affine system by the triple Σ = (X , η,U). We define solutions

of Σ = (X , η,U) as maps σ ∶ I → I ×X ×U satisfying σ∗(ηi) = 0 for all i = 1, . . . , n and

σ∗(dt) ≠ 0.

The equivalence of the two definitions of solutions of a control-affine system is

established by the following proposition.

Proposition 5.1.2. Let (c, u) be a continues solution of Σ = (X , f, g,U), then the

graph of (c, u), σ ∶ s ↦ (s, c(s), u(s)) is a solution of Σ = (X , η,U). Conversely, let

σ ∶ s ↦ (s, φ(s), ψ(s)) be a solution to Σ = (X , η,U) then the curve c ∶ I → X and a

control u defined by c(s) = φ(s) and u(s) = ψ(s) is a solution to Σ = (X , f, g,U).

The proof of this proposition can be found in Lewis [1995], using the identification

of η with an exterior differential system on I × X × U described in Gardner and

Shadwick [1990b]. The motivation for the alternative representation of a control-

affine system is the following. We want to investigate the equivalence of control-affine
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systems by studying the equivalence of coframes that are adapted to the control-affine

systems as given in (5.1). The rationale for this investigation is that every trajectory

c(t) of Σ generated by some control u(t) is in a one-to-one correspondence with an

integral curve of the exterior differential system generated by {ηj}nj=1 (see Gardner

and Shadwick [1990a] for further details).

Next we define feedback equivalence between two control-affine systems. Let

(x1, . . . , xn, u1, . . . , un, t) be coordinates on M = X × U × I and let πX ∶ M → X be

the projection onto the first factor. Note that {π∗Xηj}nj=1
1 is a set of n linearly in-

dependent one-forms on M , which together with the set {dt, du1, . . . , dum} defines a

coframe ωM = [η, du, dt]⊺ on M , called the zero-adapted coframe. We use this con-

struction of the coframe to define a feedback equivalence for control-affine systems.

The following construction is needed for the definition of feedback equivalence. We

need to define a structure group, which is a Lie subgroup of GL(n+m+ 1,R) defined

by

G0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A 0 0

B C 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ GL(n +m + 1,R)

RRRRRRRRRRRRRRRRRRRRRRR

A ∈ GL(n,R)

B ∈ Rm×n

C ∈ GL(m,R)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

Definition 5.1.3. Consider two control-affine systems ΣX = (X , η,U) and ΣY =

(Y , µ,V). Let ωM = [η, du, dt]⊺ and ΩN = [µ, dv, dt]⊺ be two zero-adapted coframes

on M = X × U × R and N = Y × V × R, respectively. We say that ΣX is feedback

equivalent to ΣY if ωM is G0-equivalent to ΩN , i.e., there exists a G0-equivalence

Φ ∶ X × U ×R→ Y × V ×R of the form

Φ(x,u, t) = (φ(x), ψ(x,u), t)
1We omit the pull-back of the projection if it is clear from the context.
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for some local diffeomorphism φ ∶ X → Y, called coordinate transformation and some

map ψ ∶ X × U → V , called state feedback, then Φ so defined is called a feedback

equivalence between ΣX and ΣY .

This definition agrees with the idea that two systems are feedback equivalent if

they generate the same trajectory under the same control input and initial conditions.

5.1.3 Matching Problem

Next, we describe the matching problem introduced in the IDA-PBC methodology as

a feedback equivalence problem. We define the matching problem for non-parametric

IDA-PBC:

Problem 5.1.4. Given a control-affine system Σ, and a structure tensor field Fd find

a function Hd such that Σ is feedback equivalent to the port-Hamiltonian system

Σd = (X , Fd,Hd, g,U).

For the purpose of this chapter, we are only concerned with the modification or

generation of a Hamiltonian function, not with stabilization and equilibrium assign-

ment.

5.2 Equivalence

In this section we outline a procedure to determine a feedback equivalence, this proce-

dure was presented in Atkins [1995] and is based on the work of Élie Cartan [Cartan,

1908]. It will become clear that the matching equations appear naturally in this

context.
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5.2.1 Lifted Coframe

In the equivalence problem, as defined in the previous section, we are interested in

finding a local diffeomorphism between M = X × U ×R and N = Y × V ×R such that

its differential has a predetermined form given by G0. Proposition 5.2.1 below states

that we can equivalently find a local diffeomorphism between M × G0 and N × G0

without any restrictions on its differential. Let π ∶ M × G0 → M be the projection

onto M and define the vector of one-forms ω = Sπ∗ωM on M ×G0, where S ∈ G0 and

proceed similarly for Ω on N ×G0. The lifted coframe ω on M ×G0 is defined as

ω = SωM =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

θ

µ

dt

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A 0 0

B C 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η

du

dt

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The following proposition allows us to lift the equivalence problem to the product

M ×G0.

Proposition 5.2.1 (Gardner [1989a]). There exists a local diffeomorphism Φ ∶M →

N satisfying

Φ∗ΩN = γNMωM with γNM ∶M → G0

if and only if there exists a diffeomorphism Φ1 ∶M ×G0 → N ×G0 such that Φ1∗Ω = ω.

In order to solve the feedback equivalence problem we can equivalently determine

if there exists a local diffeomorphism Φ1 on M ×G0 that solves Φ1∗Ω = ω. We will

use some terminology which is introduced in Appendix 5.6 and further explained

in Gardner [1989a]. We study the structure equations of the feedback equivalence

problem. Since we consider only time-invariant feedback, it is clear that t is invariant
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for Φ and Φ1. Consequently, we omit this component in the structure equations.

After Lie algebra compatible absorption equation (5.6) are

d

⎡⎢⎢⎢⎢⎢⎢⎣

θ

µ

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

α 0

β γ

⎤⎥⎥⎥⎥⎥⎥⎦
∧
⎡⎢⎢⎢⎢⎢⎢⎣

θ

µ

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣

dt ∧Kµ

0

⎤⎥⎥⎥⎥⎥⎥⎦
. (5.2)

where α,β and γ are Lie algebra-valued one-forms. Furthermore, the term dt ∧Kµ

is the only non-zero intrinsic torsion. The torsion coefficient K can be expressed

parametrically as K = AK0C−1 with K0 = g, i.e., K0 is the value of K for S = e with

e as the identity element of G0.

5.2.2 Reduction of the structure group

Next, we analyze how the intrinsic torsion changes under the action of G0. Instead

of computing the orbit of the group action on the intrinsic torsion explicitly, we

compute the infinitesimal group action to determine the reduced structure group and

the adapted coframe as suggested by Gardner [1989a]. The infinitesimal group action

on the intrinsic torsion is obtained by studying the integrability condition d ○ dθ = 0.

This yields the congruence

dK − αK +Kγ ≡ 0 mod {θ, µ, dt},

where two one-forms ω and η are said to be congruent modulo an algebraic ideal I if

there exists α ∈ I such that ω = η+α, i.e., ω ≡ η mod I. We assumed that g has locally

constant rank m around every point p ∈ X , hence K also has locally constant rank

m. The elements A and C are required to have full-rank since G0 ⊂ GL(n+m+1,R).
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We choose to normalize K to the constant matrix

KN =
⎡⎢⎢⎢⎢⎢⎢⎣

0(n−m)×m

Im

⎤⎥⎥⎥⎥⎥⎥⎦
.

It follows that after this normalization dKN = 0 and hence αKN ≡KNγ{mod θ, µ, dt}.

If we let

α =
⎡⎢⎢⎢⎢⎢⎢⎣

ε α12

λ α22

⎤⎥⎥⎥⎥⎥⎥⎦
,

then we get the following congruences

α12 ≡ 0 mod {θ, µ, dt}, α22 ≡ γ mod {θ, µ, dt} (5.3)

which determine the first reduced structure group given by the isotropy group of KN .

Remark 5.2.2. Parametric calculations show that the following equation

AKNC
−1 =KN ,

determines the first reduced structure group G1. Furthermore, elements of G1 are

then of the form
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A1 0 0

A2 C 0

B1 B2 C

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where A1 ∈ GL(n −m,R), A2 ∈ Rn−m×n and B = [B1,B2] ∈ Rn×m.
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In order to define the G1-adapted coframe we define the map

βM ∶M → G0

(x,u, t)↦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎢⎣

g�(x)

g†(x)

⎤⎥⎥⎥⎥⎥⎥⎦
0 0

0 g†(x)g(x) 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where g� is a full-rank left annihilator of g, i.e., g�g = 0 and g† is such that g†g and

[g�, g†] have full-rank. Note that one possible choice for g† is g⊺. The G1-adapted

coframe is then defined by

βMωM =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

g�dx −g�fdt

g†dx −g†(f + gu)dt

(g†g)du

dt

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Furthermore, define θ̂ = [θ1, . . . , θn−m]⊺ and θ̄ = [θn−m+1, . . . , θn]⊺ by

S1βMωM = [ θ̂ θ̄ µ dt ]
⊺
, S1 ∈ G1.

We continue with the reduced equivalence problem with new structure equations for

the G1-equivalence between the G1-adapted coframes βMωM and βNΩN . The basis for

only considering the reduced equivalence problem is given by Proposition 5.6.6. The

new structure equations are obtained by substituting the congruences (5.3) into the

structure equations (5.2), which introduces new torsion. The new structure equations
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are

d

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

θ̂

θ̄

µ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ε 0 0

λ γ 0

β1 β2 γ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∧

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

θ̂

θ̄

µ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

θ̄⊺ ∧J θ̄ + dt ∧Hθ̄

dt ∧ µ

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where β1 and β2 are such that β = [β1, β2]. The term H = [Hij] is a matrix-valued

function on M ×G1 and J = [J i
jk] = −[J i

kj] are skew-symmetric matrix-valued func-

tions on M ×G1 for all i = 1, . . . , n−m. The terms H and J are the torsion coefficients

for the new structure equations. The infinitesimal group action on the torsion co-

efficients J and H induced by the integrability condition d ○ dθ̂ = 0 is determined

by

dJ − εJ + γ⊺J +J γ ≡ 0 mod {θ, dt}

dH − εH +Hγ ≡ 0 mod {θ, µ, dt}.

Furthermore, we can determine the torsion coefficients parametrically by

J = A1C
−⊺J0C

−1 and H = A1H0C
−1

where J0 and H0 are the values of J and H at e ∈ G1, respectively.

To determine the equivalence between the control-affine systems, we repeat the

inductive process outlined above until the torsion does not explicitly depend on the

group parameters. At this point there are two possibilities. Either there are no free

group parameters left and we have identified a canonical coframe and this problem can

be solved as an equivalence problem of coframes (see Olver [1995] for more details on

equivalence of coframes), or there remain free group parameters and the involutivity
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of the defining equations must be checked. This is an existence and uniqueness

question for a set of partial differential equations and is answered by the Cartan-

Kähler theorem, which is a geometric extension of the Cauchy-Kowalewski existence

theorem (see Bryant et al. [1990]).

5.3 Port-Hamiltonian Systems

In this section, we first derive the matching equation associated to the matching

problem and then use the transitivity property of the feedback equivalence to generate

new interconnection and damping structures and associate a Hamiltonian function

to them. Furthermore, we show that the choice of coordinates, together with an

appropriate feedback law, can be used to define new matching problem for which an

explicit solution is known.

5.3.1 Matching equations

We apply the procedure described in the previous section to the feedback equiv-

alence of a control-affine system ΣX = (X , f, g,U) and a port-Hamiltonian system

Σd = (X , Fd,Hd, g,U). We established that any feedback equivalence Φ = (φ,ψ, IdI)

between ΣX and Σd has to satisfy Φ∗ΩN = ωM , where ωM and ΩN are the adapted

coframes of ΣX and Σd, respectively. Recognizing that the two control-affine systems

have the same control vector fields, which is that the first torsion coefficients are the

same. Hence, the first reduction of the structure group is identical for both control-

affine systems, which implies that the first structure groups are the same. Based on
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Proposition 5.6.6, the feedback equivalence also has to satisfy

Φ∗(βNΩN) = αNM(βMωM),

where αNM ∶ M → G1. Using the same notation as in the previous section. The

θ̂-component is given by

− φ∗(g�FddHd) = −A1g
�f (5.4)

with A1 ∈ GL(n −m,R), which represents a subgroup of the structure group G1. We

refer to equation (5.4) as the matching equation of the feedback equivalence problem.

If we leave Hd free and fix Φ, it is a partial differential equation for the unknown Hd.

Remark 5.3.1. The matching equations can be understood as an equivalence con-

dition after the first reduction of the structure group. The first reduction requires

a constant torsion, which represents that the control vector fields of the given and

desired system are related by a local diffeomorphism. It is interesting to understand

what implication a constant torsion of the reduced structure equations has on the

structure tensor field and the desired Hamiltonian function.

5.3.2 Transitivity

Next, a result that allows to define solutions to an equivalence problem by utilizing

known solutions is presented. We first give a general result for arbitrary equivalence

of coframes and then apply this result to the special case of the matching problem.

Proposition 5.3.2. Let ωU ,ΩV , ηW be coframes on U,V,W ⊂ Rn, respectively, and

let G ⊂ GL(n,R) be a Lie group. Assume there exists a G-equivalence Φ for ωU and
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ΩV and a G-equivalence Ψ for ΩV and ηW , then there exists a G-equivalence for ωU

and ηW .

Proof: Since ωU and ΩV are G-equivalent, there exists γV U ∶ U → G such that

Φ∗(ΩV ) = γV UωU and there exists ΓWV ∶ V → G such that Ψ∗(ηW ) = ΓWV ΩV . Hence,

Φ∗(ΩV ) = γV UωU ⇔ Φ∗(Γ−1
WV Ψ∗(ηW )) = γV UωU

⇔ Γ−1
WV ○Φ(Ψ ○Φ)∗(ηW ) = γV UωU

⇔ (Ψ ○Φ)∗(ηW ) = (Γ−1
WV ○Φ)−1γV UωU ,

where (Γ−1
WV ○ Ψ)−1 ∶ U → G denotes the inverse of Γ−1

WV ○ Φ(u) ∈ G for all u ∈ U , it

follows that αWU ≜ (Γ−1
WV ○Ψ)−1γV U defines a G-equivalence for ωU and ηW .

Corollary 5.3.3. Let ΣY = (Y , µ,V) be a control-affine system and let Fd structure

tensor on Y, respectively. Assume there exists a solution to the matching problem

define by ΣY and Fd. Let ΣX = (X , η,U) be a control-affine system, which is feedback

equivalent to ΣY with feedback equivalence given by Φ ∶M → N , then there exists a

feedback equivalence for ΣX and Σd.

Proof: Let ωM and ΩN be the adapted coframe associated to ΣX and ΣY , respectively.

Define the port-Hamiltonian system Σd = (Y, µd,V) = (Y, Jd,Rd,Hd, g,V) and its

adapted coframe ωdM . By assumption Σd is feedback equivalent to ΣY , and there exists

a G0-equivalence for ΣY and Σd. Hence, by Proposition 5.3.2, ωM is G0-equivalent to

ωdM .

The following proposition establishes that a feedback equivalence allows us to define

a new structure tensor on Y.
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Proposition 5.3.4. Under the assumptions of Corollary 5.3.3, there exists a local

diffeomorpism Φ̄ ∶M → N , Φ̄ = (φ̄, ψ̄, IdI) such that the matching problem defined by

ΣX , F̄d = φ̄∗Fd has a solution H̄ =H ○ φ̄.

Proof: Let Ψ ∶ N → N be a the feedback equivalence for ΣY and Σd, then Φ̄ = Ψ ○Φ

is a feedback equivalence for ΣX and Σd such that

Φ̄∗(ωdM) = SωM (5.5)

where S ∶ M → G0. Note that (5.5) can be written in components as Φ̄∗µid = Sijηj.

Let us choose coordinate charts such that the local representative of φ̄ is given by

yi = φ̄i(x1, . . . , xn). Then φ̄∗dyi = Sij(y)dxj implies that ∂(yi○Φ̄)
∂xj

= ∂yi

∂xj
= Sij(x) for

all i, j = 1, . . . , n. Define A ∶ M → GL(n,R) such that Aij = Sij for i = 1, . . . , n and

j = 1, . . . , n. We assumed that the feedback time-invariant. Hence Φ̄∗(dt) = dt implies

that the functions multiplying dt in Φ̄∗(µd) and Aijηj must agree. Therefore,

Φ̄∗(Fd(dyi, dHd) + dyi(gj)vj)

= A(x)(dxi(f) + dxi(gj)uj),

where f is the drift vector field and g1, . . . , gm are the control vector fields of ΣX .

Also, we have Φ̄∗Fd(dyi, dHd) = φ̄∗Fd(dyi, dHd), since their component functions do

not depend on v by assumption. Next, we show that these functions define the

structure tensor field F̄d = φ̄∗Fd on M . Using the definition of the pull-back, we get

φ̄∗(Fd(dyi, dHd)) = (Fd(dyi, dHd)) ○ φ̄ = (F ik
d

∂Hd

∂yk
) ○ φ̄.
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Furthermore, we have that

φ̄∗Fd = F kl
d ○ φ̄(φ̄−1

∗
∂

∂yk
)⊗ (φ̄−1

∗
∂

∂yl
) ,

which we use to compute

φ̄∗Fd(dxi, φ̄∗dHd)

= F kl
d ○ φ̄ dxi (φ̄−1

∗
∂

∂yk
) φ̄∗dHd (φ̄−1

∗
∂

∂yl
)

= F kl
d ○ φ̄ dxi (φ̄−1

∗
∂

∂yk
)dHd (φ̄∗φ̄−1

∗
∂

∂yl
)

= F kl
d ○ φ̄ ∂y

i

∂xk
∂Hd

∂yl
○ φ̄

= ( ∂y
i

∂xk
)(F kl

d

∂Hd

∂yl
) ○ φ̄

for all i = 1, . . . , n. Furthermore, we have that

φ̄∗Fd(dxi, φ̄∗dHd) = ( ∂y
i

∂xk
) φ̄∗(Fd(dyk, dHd)).

As a result, we have defined a port-Hamiltonian system on X with structure tensor

field F̄d. The Hamiltonian function of this system is H̄d =Hd ○ φ̄.

Remark 5.3.5. Proposition 5.3.4 gives a general formulation to construct a structure

tensor field on X . In practice this is useful when the system under consideration has

some known feedback invariant properties, e.g., feedback linearizability. Then the

matching problem is solved by finding any simple port-Hamiltonian system, which

has the same feedback invariant properties.
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5.4 Application

To illustrate the application of the results presented above, we apply the IDA-PBC

methodology to a non-isothermal CSTR studied for example in Guay [2002]. Here

we adopt the following perspective. First, we consider a matching problem that

is inspired by a generic mechanical control system under full actuation with the

objective to stabilize a generic equilibrium. Then, we establish a feedback equivalence

between a generic simple mechanical control system and the non-isothermal CSTR.

This equivalence is guaranteed by differential flatness of both systems. Using the

transitivity property, the resulting matching problem for the non-isothermal CSTR

system is solved easily. The dynamics of a non-isothermal CSTR are governed by the

equations

ĊA = rA(CA,CB, T ) + (CA,In −CA)u1/V

ĊB = rB(CA,CB, T ) + (CB,In −CB)u1/V

Ṫ = h(CA,CB, T ) + α(TJ − T )/V + (Tin − T )u1/V

ṪJ = β(T − TJ)/VJ + λ(TJ0 − TJ)u2/V,

where CA and CB are the concentrations of the components A and B, T is the reactor

temperature, TJ is the jacket temperature, rA and rB are arbitrary chemical kinetic

expression, h(CA,CB, T ) is an arbitrary function of the heat of reaction, V is the

reactor volume, VJ is the jacket volume, α, β and λ are constants (see also Figure

5.1). It is easy to see that the system has the required control-affine form. Let

us denote this system by ΣX . The control objective is to stabilize a desired state

(C∗
A,C

∗
B, T

∗, T ∗
J ) using the inlet volumetric flow rate u1 and the jacket volumetric
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u1, CAin, CBin, Tin

V,CA, CB, T

u2, TJ

F,CA, CB, T

Figure 5.1: Non-isothermal continuous stirred-tank reactor

flow rate u2 as the control input.

Matching equations

We consider a second control-affine control system, which is feedback equivalent to

ΣX , with desired interconnection and damping structures such that the matching

problem defined by these elements can be solved. For this purpose, we chose a simple

mechanical control system with full actuation denoted by ΣY . Let Q ⊂ R2 be the

configuration space with coordinates q = (q1, q2) and let (q, p) = (q1, q2, p1, p2) be

coordinates on T ∗Q. The Euler–Lagrange equations are

⎡⎢⎢⎢⎢⎢⎢⎣

q̇

ṗ

⎤⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎣

0 I

−I 0

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

∂H
∂q

⊺

∂H
∂p

⊺

⎤⎥⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎢⎣

0

B

⎤⎥⎥⎥⎥⎥⎥⎦
τ,

where B ∈ R2×2 is constant and non-singular and we consider the generalized torque τ

as the control input. The total energy H(q, p) = 1
2p

⊺M−1p+V (q) is the sum of kinetic

energy, with constant inertia matrix M = M⊺ > 0, and potential energy function V ,
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which is bounded from below with global minimum q∗. Since the system is fully

actuated, we can shape the potential energy of the system without any constraints.

In terms of our notation, this translates into a simple feedback equivalence Ψ =

(idR, idT ∗Q,KB⊺ ∂H
∂p

⊺+u). The desired interconnection and damping structure is given

by

Jd =
⎡⎢⎢⎢⎢⎢⎢⎣

0 I2

−I2 0

⎤⎥⎥⎥⎥⎥⎥⎦
and Rd =

⎡⎢⎢⎢⎢⎢⎢⎣

0 0

0 BKB⊺

⎤⎥⎥⎥⎥⎥⎥⎦
,

in coordinates, define the structure tensor as follows: Fd = Jd −Rd.

Transitivity

Next, we establish the feedback equivalence for ΣX and ΣY . It has been shown in

Guay [2002] that the system ΣX is state-feedback linearizable with linearizing output

[Isidori, 1995]

h =
⎡⎢⎢⎢⎢⎢⎢⎣

CBCA,In−CACB,In

CB−CB,In

TInCB−TCB,In

CB−CB,In

⎤⎥⎥⎥⎥⎥⎥⎦
.

Let us denote by Φ1 the feedback equivalence that transforms ΣX into Brunovsky

normal form, i.e., Φ1 = (h,Lfh,L2
fh + LgLfhu). The simple mechanical control sys-

tem ΣY is also feedback linearizable with linearizing output y = q. Let us denote by

Φ2 the feedback equivalence that transforms ΣY into Brunovsky normal form, i.e.,

Φ2(q, p, τ) = (q,M−1p,−∂H∂q −BKB⊺ ∂H
∂p

⊺+Bτ), whereKB⊺ ∂H
∂p

⊺
represents an additional

damping injection feedback. Hence, one possible transformation that establishes the

feedback equivalence for ΣX and ΣY is given by Φ = Φ−1
2 ○Φ1. The coordinate transfor-

mation on the state space is given by φ(CA,CB, T, TJ) = (h,MLfh). A new matching

problem is defined by ΣX and the desired structure tensor φ∗Fd. Its solution is given
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by

H ○ φ = 1

2
(Lfh)⊺MLfh +

1

2
(h − q∗)⊺P (h − q∗),

if we chose a quadratic potential energy function with P = P ⊺ > 0. Note that this

choice of interconnection and damping structure is not obvious in the natural co-

ordinates of ΣX . Hence, we can stabilize the desired equilibrium by choosing q∗ in

h−1(C∗
A,C

∗
B, T

∗, T ∗
J ).

Simulation Example: van der Vusse Reactor

Next, we study how the generalized position of the simple mechanical control system

ΣY can be understood in terms of the states of the non-isothermal CSTR. Consider

the specific reaction mechanism

A
k1Ð→ B

k2Ð→ C

2A
k3Ð→D,

known as the van der Vusse reaction, as described for example in Chen et al. [1995]

and Niemiec and Kravaris [2003]. Furthermore, we specify the reaction kinetics

rA(CA,CB, T ) = −k1(T )CA − k3(T )C2
A,

rB(CA,CB, T ) = k1(T )CA − k2(T )CB,

where the rate coefficients ki are dependent on the reactor temperature via the Arrhe-

nius equation ki(T ) = ki0e−Ei/RT for i = 1,2,3. From the discussion above, we know

that the generalized positions q1 and q2 depend only on T,CA and CB.
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The dependence of the states T , CA and CB on the generalized positions q1 and

q2, centered at the desired equilibrium q⋆, are shown in Figure 5.2. It can be seen

that the generalized coordinates are linearly dependent on the concentration CA and

CB, and depend non-linearly on the temperature of the reactor. We also investigate

the influence of the states T , CA and CB on the potential energy function, this is

shown in Figure 5.3. The values of the physical parameters of the system used in the

simulation are those found in Niemiec and Kravaris [2003].

5.5 Conclusion

It has been shown how feedback equivalence can be utilized to generate new matching

problems for which an explicit solution is known. Furthermore, we have seen, in an

example, that the transitivity property of the feedback equivalence can be used to

define a simpler matching problem for feedback equivalent system. Future work will

consider how the set of matching problems, which can be generated by an existing

feedback equivalence, can be characterized.

To the best of our knowledge, there has not been any previous consideration of

either using Cartan’s method as a structured approach to the equivalence problem

encoded in the IDA-PBC methodology nor to narrow down the specific class of Hamil-

tonian systems using Cartan’s method.

5.6 Appendix: Cartan’s Method

In this appendix some essential results of Cartan’s method are stated (see Gardner

[1989a], Olver [1995], Ivey and Landsberg [2003] for proofs and further details). We
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Figure 5.2: Dependency of (T,CA,CB) on (q1, q2)

define the structure equations and intrinsic torsion, and state results that allows us

to reduce the equivalence problem to an equivalence problem with reduced structure

group.

Let G be a Lie subgroup of GL(n,R), U ⊂ Rn, ωU a coframe on U and S ∶ U → G

a smooth map. For our purpose it is beneficial to denote Rn by V with basis {ei}ni=1,
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Figure 5.3: Dependency of V on T , CA and CB

and denote by {f i}ni=1 the basis of V ∗ dual to {ei}ni=1. Furthermore, the duality pair

between elements of V and V ∗ is denoted by ⟨⋅, ⋅⟩. Hence, we write ωU = ∑ωiUei. The

lift of ωU is then ω = Sπ∗ωU = Sijω
j
Uei. Let g denote the Lie algebra of G, suppose

{εα} is a basis for g and {πβ} right-invariant one-forms on G dual to {εα}, then we

have εl = ∑ajilej ⊗ f i.

Proposition 5.6.1. The exterior derivative of ω satisfies the structure equations

dωiei =∑aijlπ
l ∧ ωj +∑γijkω

j ∧ ωkei (5.6)

where the functions γijk are called the torsion coefficients

γijk =∑(cijk ○ π)⟨f j, S−1 ⋅ er⟩⟨fk, S−1 ⋅ es⟩⟨S−1 ⋅ f t, er⟩

with cijk given by dωi = ∑ cijkωj ∧ ωk.

Next we define the intrinsic torsion. Define the linear map L ∶ g⊗ V ∗ → g⊗ V ∗ ≃

V ⊗ ∧2V ∗ by ν = ∑νlkεl ⊗ fk ↦ −∑(aijlνlk − aiklνlj)ei ⊗ f j ∧ fk. The intrinsic torsion

is defined by τU(u,S) = ∑γijk(u,S)ei ⊗ f j ∧ fk + ImL. Furthermore, we define a
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representation of G.

Definition 5.6.2. A representation of a group G is a group homomorphism ρ ∶ G→

Aut(V ) from G to the space of invertible linear transformation of a vector space V .

The dual of ρ is denoted by ρ† ∶ G→ Aut(V ∗).

Lemma 5.6.3. Assume there exists an equivalence Φ1 ∶ U × G → V × G, then the

intrinsic torsion is invariant, i.e., τU = τV ○Φ1.

Lemma 5.6.4. If the equivalence problem is of first-order constant type (Gardner

[1989a]), then for each u ∈ U there exists a C(u) ∈ G such that (ρ⊗∧2ρ†)(C(u))τU(u, e) =

τ0, where τ0 is the normalized value of the intrinsic torsion and e denotes the identity

element of G.

For a normalized value τ0 of τU we can define the isotropy group Gτ0 ≜ {C ∈

G ∣ ρ⊗ ∧2ρ†(C)τ0 = τ0}. Further computations show that

τ−1
U (τ0) ≜ {(u, s) ∈ U ×G ∣ u ∈ U and s ∈ Gτ0(C(u))}

= {(u,Gτ0C(u)) ∣ u ∈ U}

is a submersed submanifold of U .

Definition 5.6.5. A τ0-modified coframe is a section of τ−1
U (τ0) which gives rise to a

local section Γ(p) = (p, βM(p)) of U ×G, where βU ∶ U → G satisfies τU(p, βU(p)) =

τU(Γ(p)) = τ0.

Finally, we state one of the important results in Cartan’s method.

Proposition 5.6.6. A map Φ ∶ U → V induces a G-equivalence if and only if Φ

induces a Gτ0-equivalence between τ0-modified coframes given by βUωU and βV ΩV .



Chapter 6

Conclusions

In this chapter, we summarize the contributions of this work and point out the

strengths, as well as some of the weaknesses, of the results, and discuss future di-

rections of research.

6.1 Summary

The success the IDA-PBC methodology is intrinsically connected to the ability of

solving the matching problem. This makes it important to have a clear framework

to describe the problem and develop new solutions. In this thesis, clarity is achieved

by considering a geometric approach, hence working with an intrinsic definition of

control systems, and in particular, port-Hamiltonian systems.

In Chapter 3, we established that linear port-Hamiltonian systems can be decom-

posed into reduced-order linear port-Hamiltonian systems, which are linear abstrac-

tions of the original system. The decomposition was defined intrinsically based on

117
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the controllability matrices of the linear system. This is a first step towards a normal

form for linear port-Hamiltonian control systems.

In Chapter 4, we considered control-affine system, and gave necessary and suffi-

cient conditions for the existence of a solution to the matching equation, based on

a coordinate-free description of the problem. Based on the assumption that the in-

terconnection and damping structure is constant and additional assumptions on the

control distribution, we derived conditions under which the matching problem can

be solved. The assumptions have already been shown to be successful in specific ap-

plications [Johnsen and Allgöwer, 2007]. The procedure was, furthermore, adapted

to yield a design with two degrees of freedom, where some degrees of freedom are

separated into two directions, one influencing the dynamics tangential or horizontal

to the equilibrium manifold, the other influencing the direction complementary or

vertical to the equilibrium manifold. Our main result here are checkable conditions

for a fixed, not necessarily constant structure tensor field, though we did not present

a constructive procedure for finding a structure tensor. However, it is conceivable

using the results presented in Chapter 4 that such a procedure could be developed.

This is a topic for future research.

In Chapter 5, another approach to solving the matching problem was presented,

based on the feedback equivalence of control systems. This allowed us to use the tran-

sitivity property of the feedback equivalence to define new structures tensor fields for

which a solution to the matching equations exists. One benefit of the approaches

presented is that a general adaption to a specific coframe simplifies the description
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of the differential of the Hamiltonian function. A better understanding of the equiv-

alence class of port-Hamiltonian systems and the associated symmetry group would

strengthen the result.

6.2 Future Research Problems

In this section, we discuss some avenues for future work.

The results presented in Chapter 3 consider the decomposition of the interconnec-

tion structure of linear port-Hamiltonian systems. To extend the result to decompo-

sition of damping structures, we have to satisfy both conditions in Proposition 3.2.14.

This is analog to the construction of achievable Dirac structures with resistive element

as discussed in Cervera et al. [2007]. Also, the concept of achievable Dirac structures

is closely related to the control by interconnection methodology. Hence, the concept of

achievable Casimir functions should appear naturally in the context of decomposition,

reflecting additional degrees of freedom in the way a linear port-Hamiltonian system

can be decomposed. The decomposition can also lead to a reduced order matching

problem, since the controllability is preserved in the controllability abstractions and

the existence of a solution to the matching problem depends on the stabilizability

of the system. As already discussed in Chapter 3, the extension of the idea of de-

composition is difficult to realize for control-affine systems. One possibility would be

to consider partially feedback linearized systems such that the control-affine form is

preserved for some controllability abstractions.
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Based on the constant structure tensor assumption in Chapter 4, we propose a

change of the structure tensor by means of GL(n,R) acting on the space of (0,2)-

tensor fields in the following way. Let F be a structure tensor field and define the

action of A ∈ G ⊂ GL(n,R) on F point-wise by AFpA⊺ for all p ∈ X , this action

preserves the rank of the symmetrization. Furthermore, the effect of this action on the

existence should be studied via the existence conditions presented in Section 4.2. A

first step involves the characterization of the Lie subgroup for which the homogeneous

solutions to the matching equations are preserved. Also, the symmetry group of the

partial differential equation could be studied using the general framework presented

in Olver [1993]. Furthermore, the results presented here may be useful for non-exact

matching approaches, as presented in Section 2.2. Approximation techniques such as

the homotopy operator approach, could be combined with the dynamic compensator

proposed in Acosta and Astolfi [2009].

Following the method of equivalence, the equivalence class of systems for which

the second order torsion terms are constant, and hence invariant, can be studied.

Such a requirement imposes additional conditions on the first order derivatives of the

structure tensor field and on the second order derivatives of the Hamiltonian func-

tion. It would be appropriate to begin with the constant structure tensor assumption

discussed in Chapter 4.
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