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Abstract

Space-time block coding is a technique used to exploit diversity in a multiple-input

multiple-output (MIMO) environment. Orthogonal space-time block codes (OST-

BCs) are desirable because they can achieve full transmit diversity while maintaining

a simple low-complexity maximum-likelihood (ML) decoding algorithm. However,

OSTBCs are limited in their error performance. This has led to the development

of more general linear space-time block codes, such as quasi-orthogonal space-time

block codes (QOSTBCs). QOSTBCs offer better error performance, but their decod-

ing complexity is a concern since it is no longer a linear function of the number of

transmitted symbols.

In this thesis, a new vectorization for linear STBCs is proposed that explicitly

maintains the redundancy in the STBC transmission matrix. By expressing the ML

metric using the new vectorization, a new generic representation of the ML metric

expression for a linear STBC is derived. One immediate application of this new metric

expression is the convenient partial decoupling and simplification of the detection

metric for linear STBCs.

The new metric expression can also be used as a design tool to help in the construc-

tion of new STBCs with low decoding complexity. As an example, a new QOSTBC

is constructed that has lower decoding complexity than one previously proposed in
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the literature of equal rate and diversity.

A comparison is conducted to answer the following question: for the family of

QOSTBCs, when is it best to perform an exhaustive search using a metric expres-

sion that is simplified and decoupled as much as possible, and when should an ef-

ficient implementation of the sphere decoding algorithm be applied? Determining

this boundary is an important and practical issue not yet directly addressed in the

literature.

The new metric expression can also be used as the framework for a new family

of sub-optimal decoding algorithms for STBCs that trade-off error performance for a

reduction in decoding complexity. A practical example of such an algorithm is given

as an example.
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Chapter 1

Fundamentals

1.1 Introduction

In this introductory chapter, the fundamental concepts necessary to understand the

contribution of this thesis will be reviewed. First, a single-user digital communication

system with a wireless channel model will be reviewed. The introduction of diversity

gain by adding multiple transmit and receive antennas will then be discussed, leading

to the concept of a Multiple-Input Multiple-Output (MIMO) system. An overview of

the system model and decoding metric for a MIMO system will then be presented.

The chapter will conclude with a discussion of MIMO encoding and decoding schemes,

including a review of the sphere decoding algorithm. Throughout this chapter, any

assumptions made about the system model will hold for the rest of the thesis, unless

otherwise stated. These assumptions will be summarized again prior to the analysis

at the beginning of chapter 2.

The following notations are used in this chapter and throughout the rest of the

thesis: bolded capital letters (e.g. H) refer to matrices and bolded small letters (e.g.

1



CHAPTER 1. FUNDAMENTALS 2

h) refer to vectors. [·]T refers to the transpose of a matrix or vector. <{·} and ={·}

refer to the real and imaginary components of a complex number. || · ||2 refers to the

squared 2-norm of a matrix or vector and | · |2 refers to the squared magnitude of a

complex number. For a given n×m (in general complex) matrix C, cj indicates the jth

column vector, and c(j) indicates the jth row vector. vec(C) indicates that the matrix

has been vectorized
(
i.e., vec(C) = [cT

1 cT
2 . . . cT

L]T
)
. The squared Frobenius norm is

||C||2 =
n∑

i=1

m∑
j=1

|cij|2, which reduces to the squared Euclidean norm when either m = 1

or n = 1 and the entities are real. The inner product of two vectors is denoted by

〈x,y〉 =
∑
i

xiy
∗
i where ∗ represents the complex conjugate of a number. ⊗ represents

the Kronecker product, IL is the L× L identity matrix, and IL = {1, 2, . . . , L}.

1.2 A Digital Communication System

The fundamental challenge of data communication systems is to efficiently transmit

information from one point to another while maintaining a tolerable amount of error.

Consider the basic model shown in Figure 1.1. The transmitter converts the source

information into a form that is suitable for transmission over the channel. In general,

it performs the matching of the message signal to the channel by a process called mod-

ulation. The channel is the medium that connects the transmitter and the receiver.

In wireless communications, it is usually free space, and is modeled mathematically

using a linear time-varying filter, along with an additive noise component. The chan-

nel introduces error into the information transmitted; it is the receiver’s job to recover

the signal (through demodulation and decoding) in a way that minimizes the effect of

this error. In wireless communications, this noise may be from physical objects in the

environment, thermal noise, or electromagnetic signals from other sources (e.g. other
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Transmitter
Information

at source

Channel

Receiver
Information

  received

Figure 1.1: The functional block diagram of a communication system.

users in multiple access systems). If the information source is in digital form, then

the system in Figure 1.1 is classified as a digital communication system. Digital com-

munication systems have a number of advantages; notably, they allow for repeaters

over long transmission distances, and they permit source compression, error control

coding, and digital signal processing of many forms.

The basic elements of a digital communication system are shown in Figure 1.2.

The source encoder performs data compression to minimize the redundancy in the

information sequence. The channel encoder then introduces, in a controlled manner,

redundancy in the information sequence that is used at the receiver to overcome the

effects of noise and interference encountered in the channel. The digital modulator

then maps the encoded information sequence to analog signal waveforms appropriate

for transmission across the channel.
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Figure 1.2: The basic elements of a digital communication system.

1.3 An Overview of the Wireless Channel

The wireless channel presents a number of challenges that must be accounted for

in a mathematical model. Assume the digital communication system in Figure 1.2,

in which a single user is transmitting information from one transmit antenna to

one receive antenna through a wireless channel. For each group of symbols mapped

to the digital modulator, a corresponding electromagnetic wave will be transmitted

into the channel via the transmit antenna. It disperses and travels along multiple

paths before being received by the receive antenna. As a result, the receiver will

receive multiple copies of the transmitted signal with different levels of power over

a time window. This delay spread caused by the channel suggests that inter-symbol

interference (ISI) may be a problem, i.e., that adjacent transmitted symbols may

interfere with each other during transmission. A wireless channel in which ISI occurs

is referred to as frequency selective; otherwise, the channel is referred to as frequency

flat. Whether a channel is characterized as frequency selective or frequency flat

depends on the delay spread in the channel compared to the symbol duration. The

delay spread or corresponding coherence bandwidth can be defined and compared
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against the symbol duration or signal bandwidth to characterize the channel. Often

ISI can be eliminated (or minimized enough) by using orthogonal frequency-division

multiplexing or equalization techniques. Therefore, much analyses performed on the

wireless channel assume it is frequency flat. The rest of this thesis will consider only

channels that are frequency flat.

Another challenge presented by the wireless channel is caused by the movement

of transmit and receive antennas, which results in a doppler shift of the transmitted

signal. The doppler shift causes periodic power fluctuations in the signal. It is

undesirable to receive the transmitted signal during a period of deep attenuation

(referred to as a deep fade). It is also problematic if the transmitted signal moves

into or out of a deep fade during the transmission of a single symbol. The coherence

time of a channel refers to the length of time the channel stays relatively constant. If

the symbol duration is less than the coherence time, the channel is referred to as slow

fading; otherwise, the channel is referred to as fast fading. A quasi-static channel is

a special case of a slow fading channel, and will be discussed later. The rest of this

thesis will consider only channels that are slow/quasi-static fading.

1.3.1 Channel Model

Given the challenges discussed above, how can one formulate a tractable mathematical

model for the wireless channel? If we assume the channel is linear, the delay spread

and multiplicative fading can be simply modeled using a linear time-varying filter.

Specifically, given c(t) is transmitted, the receiver receives r(t) as shown in Figure

1.3:
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c(t) h(τ;t) r(t)+

n(t)

Figure 1.3: The continuous-time bandpass model for a wireless channel using a linear
time-varying filter with an additive noise component.

r(t) = h(τ ; t) ∗ c(t) + n(t)

=
∑

i

ai(t)c(t− τi(t)) + n(t)

where i represents the number of paths c(t) traverses, ai(t) represents the multi-

plicative gain for each path, and τi(t) represents the delay of each path. n(t) is the

additive noise component. The additive component is often assumed to be white and

zero-mean Gaussian.

The above model is continuous-time, and c(t) may be a bandpass signal in general.

In analysis, it is usually more convenient to work with the equivalent discrete-time

baseband model. The derivation of this equivalent model is outlined in detail in [1].

Using the discrete-time baseband model and assuming both a frequency flat and slow

fading channel, the received complex number at time slot t, r[t], is as follows:

r[t] = h× c[t] + n[t]

where c[t] is the underlying constellation symbol, h is the multiplicative noise factor,

and n[t] is the additive noise component. h can be modeled as suited for the channel,

but it is common to assume an infinite number of multipaths and use the central-limit

theorem to model h as a circular symmetric complex Gaussian random variable. This

fading model is referred to as Rayleigh fading (if the random variable is zero-mean)
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or Ricean fading (if the random variable is not zero-mean). Assuming the additive

noise is white and Gaussian, n[t] is a circular symmetric complex Gaussian random

variable with variance No

2
, where No is the one-sided power spectral density of the

noise. Without loss of generality, the time notation will be dropped. Therefore,

at each time slot, r = hc + n is received. Based on the value r received and any

channel state information (CSI) available, the decoder will make a guess as to what

constellation symbol, c, was transmitted.

1.3.2 Constellations

When working with the discrete-time baseband model, the signal sent through the

channel, c, is represented by a complex number. The magnitude of c corresponds to

the energy of the sinusoid, and the phase of c corresponds to the phase of the sinusoid.

c is referred to as a constellation symbol, and the set of all possible constellation

symbols that may be sent make up the underlying constellation. Deciding what

underlying constellation to use amounts to deciding how many bits of information

each signal represents. For example, the 4-QAM constellation represents two bits

for each constellation symbol, whereas the 16-QAM constellation represents four bits

for each constellation symbol (see Figure 1.4). Other popular constellations include

BPSK, 8-PSK, and 64-QAM.

For a given average energy spending, there is a direct trade-off between bandwidth

and error performance. For example, 16-QAM offers better bandwidth efficiency

than 4-QAM (since one symbol sent through the channel represents four information

bits), but the error performance is worse since the distance between the constellation

symbols is smaller (i.e., the signals are “closer” in the sense that the channel is more
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likely to affect one signal such that it is mistaken as another).

-1-3
-1

-3

1 3

1

3
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10101000
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1110

11111101

1100

00

01
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11

Figure 1.4: The 4-QAM and 16-QAM constellations.

1.4 Multiple-Input Multiple-Output Channels

If the channel is in a deep fade, i.e. if |h| is small, then the error rate will be high. By

introducing multiple transmit and/or receive antennas, the effects of this scenario can

be combated. Intuitively, there is a diversity gain achieved by adding more antennas.

Assuming the antennas are far enough apart, the transmitted signal can now travel

along multiple independent paths; if one path is in a deep fade, another path can be

used to recover the transmitted signal (see Figure 1.5).

1.4.1 MIMO Channel Model

Incorporating multiple transmit and receive antennas into the discrete-time baseband

model derived above is simple: instead of receiving a single complex number, r, each
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Tx

Rx

h

Tx

Rx

h11

Tx

Rx

h12

h21

h22

x

x

x v.s

Figure 1.5: By using multiple transmit and receive antennas, x can be sent along
multiple paths in the channel to achieve better error performance.

time slot, a matrix, R, of complex numbers is received every L time slots. Specifically,

R = HC + N (1.1)

where for k ∈ IL and j ∈ InT
:

R = [r1 r2 . . . rL], rk = [r1k r2k . . . rnRk]
T ,

H = [h1 h2 . . . hnT
], hj = [h1j h2j . . . hnRj]

T ,

C = [c1 c2 . . . cL], ck = [c1k c2k . . . cnT k]
T ,

N = [n1 n2 . . . nL], nk = [n1k n2k . . . nnRk]
T ,

where nT is the number of transmit antennas, nR is the number of receive antennas,

and L is the number of time slots. Over the L time slots under consideration, the

channel matrix, H, is assumed to be fixed; however, it can change independently in

the next L time slots. In this case, the channel is referred to as quasi-static [2]. Also,

in general the multiple paths may be spatially correlated. We will assume the channel

is spatially white, i.e. the values of H are uncorrelated (and hence independent if

Gaussian random variables).

As an example, consider mapping two groups of information bits to two symbols,

{x1, x2}, in the underlying constellation. The underlying constellation symbols are
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then sent through the channel using two transmit antennas, two receive antennas,

and two time slots. One possible scheme is proposed by Alamouti in [3]:

C =

 c11 c12

c21 c22


=

 x1 −x∗2

x2 x∗1

. (1.2)

The resulting model is: r11 r12

r21 r22

 =

 h11 h12

h21 h22


 x1 −x∗2

x2 x∗1

+

 n11 n12

n21 n22

 .

1.4.2 MIMO Maximum-Likelihood Decoding Metric

Given a matrix C is transmitted through the channel, how can the decoder make

the best guess as to what was sent? We will define the “best guess” as the one

that maximizes the a posteriori probability, P (C|R), since this will minimize the

probability of errors. The more channel information known by the transmitter and/or

receiver, the higher the probability that the best guess will be the correct guess. In this

thesis we will assume the CSI is not known by the transmitter (an open loop system),

but is known perfectly by the receiver. In actual systems it is unrealistic to assume

perfect CSI at the receiver; however, this assumption makes analysis substantially

easier, and it is reasonable for systems that employ channel measurement techniques,

such as transmitting training sequences.

The best guess the receiver can make is to pick, out of all possible transmission

matrices, the C that maximizes the a posteriori probability:

Ĉ = argmax
all C

{P (C|R)}.
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Assuming each transmission matrix is equally probable, then using Bayes’ rule this

is equal to

Ĉ = argmax
all C

{P (R|C)}.

If the CSI is known by the receiver, P (R|C) modifies to the likelihood probability

P (R|C,H). Therefore, the best guess the decoder can make (in the sense of maxi-

mizing P (C|R)) is to maximize the Maximum-Likelihood (ML) metric

Ĉ = argmax
all C

{P (R|C,H)}.

Assuming the entities of N are independent circular symmetric complex Gaussian

random variables, then vec(R) ∼ Nc(vec(HC), σ2I), i.e., the distribution of vec(R) is

multivariate Gaussian with mean vector vec(HC) and covariance matrix σ2I. There-

fore, maximizing P (R|C,H) reduces to minimizing the argument in the complex

exponential, which is the squared Frobenius norm ||R −HC||2. Therefore, the ML

decoding metric reduces to:

Ĉ = argmin
all C

{||R−HC||2}. (1.3)

In other words, the best guess the decoder can make is to calculate ||R−HC||2 for

every possible C that could have been sent, and pick the C that yields the smallest

metric value. This is referred to as an exhaustive search, and its complexity is expo-

nential in ns, the number of symbols that have been mapped to C. For example, if C

transmits 2 symbols (e.g. as in (1.2)), and the underlying constellation is 16-QAM,

then ||R − HC||2 must be calculated 162 = 256 times. When doing an exhaustive

search, it is common practice to expand and simplify (1.3) as much as possible to

try and reduce this complexity. If C is designed appropriately, the complexity of an

exhaustive search can be reduced to a linear function of ns (see Section 1.4.3).
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If the complexity of an exhaustive search is prohibitive, decoding algorithms can

instead be applied that trade-off complexity for error performance; i.e., they no longer

are guaranteed to minimize the ML metric, but they are less complex to implement.

Decoding algorithms are discussed in detail in Section 1.5.

1.4.3 MIMO Encoding Schemes

The previous section dealt with the decoding metric and provided an algorithm to

make the best guess as to what C was sent given the receiver knows the CSI and

the additive noise is white and Gaussian. However, how does one design C to have

good error performance, a high transmission rate, and a reasonable ML decoding

complexity?

There are two approaches to improving system performance using multiple trans-

mit antennas:

1. Spatial Multiplexing/Layered MIMO Systems: This approach involves

sending independent symbols from each transmit antenna, therefore resulting in a

high symbol transmission rate. The most popular scheme is Vertical Bell Labs Space-

Time (V-BLAST) [4]. In general, this higher transmission rate comes at the expense

of bit error performance; however, schemes such as Diagonal Bell Labs Space-Time

(D-BLAST) attempt to provide a more balanced trade-off at the expense of lower

rate and increased decoding complexity. The spatial multiplexing approach is not the

focus of the thesis, but more details can be found in [5, chapt. 9].

2. Space-Time Coding: This approach involves sending the same symbol multiple

times from different transmit antennas. The redundancy across space and time re-

sults in a relatively low symbol transmission rate (compared to V-BLAST), but the
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error performance is much improved. This thesis will focus on the space-time coding

approach. Specifically, the focus will be on an encoding scheme referred to as linear

space-time block coding.

Space-time block coding involves sending a group of symbols repeatedly over space

(via multiple transmit antennas) and over time (via multiple time slots). For example,

a simple space-time block code (STBC) is the Alamouti code (1.2). This code uses two

transmit antennas to send two symbols over two time slots, therefore resulting in an

average symbol rate of one symbol per time slot due to the redundancy embedded in

the transmission matrix. A STBC is not limited to sending one symbol per transmit

antenna per time slot. In general, a group of symbols added or multiplied together

may be sent from each transmit antenna per time slot. However, we will focus on

linear STBCs. These are STBCs in which ns symbols are mapped to a matrix C,

which can be represented using linear dispersion matrices [6] as follows:

C =
ns∑

k=1

(
<{xk}Ak + j={xk}Bk

)
(1.4)

where each Ak and Bk is a fixed (in general complex-valued) matrix of dimension

nT×L. For example, the Alamouti code (1.2) is a linear STBC and can be represented

using the following linear dispersion matrices:

A1 =

 1 0

0 1

 , A2 =

 0 −1

1 0

 , B1 =

 1 0

0 −1

 , B2 =

 0 1

1 0

 .

When designing linear STBCs, there is a trade-off among good error performance,

high transmission rate, and low ML decoding complexity. Let’s consider the error

performance and decoding complexity in detail.
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Error Performance

Through probability analysis, one can either determine exactly or estimate accurately

at high signal-to-noise ratios (SNRs) the average error probability for common linear

STBCs in popular fading channel models. In either case, the error expressions have

the following form:

P (error) ∝ (Gc)
−Gd(SNR)−Gd , (1.5)

where Gc is referred to as the coding gain and Gd is referred to as the diversity gain.

If the error rate versus SNR is plotted on a log-log scale, the diversity gain can be

interpreted as the slope of the curve at high SNR; the coding gain corresponds to the

horizontal position of the curve. From (1.5) it is clear that maximizing the diversity

gain is more important at high SNR. In fact, the diversity gain is an important

measure and can be defined more formally as follows [7]:

Gd = − lim
SNR→∞

log P (error)

log SNR
.

For a linear STBC with nT transmit antennas and nR receive antennas, the maximum

diversity gain achievable is equal to nT ×nR [8]. A STBC/decoder pair that achieves

this is referred to as being “full-diversity.”

ML Decoding Complexity

As discussed in Section 1.4.2, the ML decoding complexity is generally exponential in

ns. However, depending on how C is designed, the expanded and simplified squared

Frobenius norm expression, ||R−HC||2, may result in the transmitted symbols being

partially or completely decoupled from each other. If the symbols are completely

decoupled, the ML decoding complexity reduces to a linear function of ns. A STBC

with such a property is referred to as being orthogonal.
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Linear STBCs that are orthogonal are desirable because of this complete decou-

pling in the expanded metric expression. An example of a linear orthogonal space-time

block code (OSTBC) is the Alamouti code (1.2). In [9] a whole family of OSTBCs

are constructed based on generalized complex orthogonal designs.

OSTBCs are desirable, but if the underlying constellation is complex, rate-one

full-diversity OSTBCs do not exist for more than two transmit antennas. Therefore,

for systems with more than two transmit antennas, either diversity gain or symbol

rate must be sacrificed to achieve orthogonality. For example, the following four

transmit antenna STBC achieves orthogonality and full-diversity, but it only has a

rate of 3/4 [5, chapt. 4]:

C =



c11 c12 c13 c14

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44



=


x1 −x∗2 x∗3 0

x2 x∗1 0 x∗3

x3 0 −x∗1 −x∗2

0 x3 x2 −x1

.

Quasi-orthogonal STBCs (QOSTBCs) [10–12] tradeoff decoding complexity for

better error and rate performance. For example, consider the four-transmit antenna

QOSTBC proposed in [10]:
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C =



c11 c12 c13 c14

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44



=


x1 −x∗2 −x∗3 x4

x2 x∗1 −x∗4 −x3

x3 −x∗4 x∗1 −x2

x4 x∗3 x∗2 x1

.

This STBC can be made full diversity using a technique referred to as constellation

rotation [13, 14]. Additionally, this STBC has a rate of one. However, the expanded

ML metric expression is no longer completely decoupled; it can only be partially

decoupled into two independent functions f14(x1, x4) + f23(x2, x3).

1.4.4 Vectorization of Channel Model

As derived in Section 1.4.1, the discrete-time baseband channel model (1.1) is ex-

pressed in terms of matrices with complex entities. The resulting ML decoding metric

for this model is expressed in (1.3). In general, (1.3) is the squared Frobenius norm

of a complex matrix. When implementing and designing decoding algorithms, it is

often more convenient to express (1.1) in terms of an equivalent real channel model

that involves vectors and matrices with real entities. This has the additional benefit

of resulting in an ML metric that is expressed in terms of the squared Euclidean norm

of a real vector.
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Assume C is a linear STBC that transmits ns symbols from the underlying con-

stellation. C can therefore be expressed in terms of its linear dispersion matrices

(1.4). The standard way of vectorizing the channel model uses the linear dispersion

matrices and is outlined in [8, pp. 97-99]:

r′ = F′x′ + n′ (1.6)

where 

r′ =

 <{vec(R)}

={vec(R)}

 ,

x′ = [<{x1} <{x2} . . . <{xns} ={x1} . . . ={xns}]T ,

F′ =

 <{F}

={F}

 ,

n′ =

 <{vec(N)}

={vec(N)}

 .

F is defined using the linear dispersion matrices such that Fx′ = vec(HC). In this

vectorization r′ ∈ R2nRL×1, F′ ∈ R2nRL×2ns , and x′ ∈ R2ns×1. In this representation

any redundancy in the transmission matrix, C, has been removed and shifted into F′.

This results in the following ML metric:

x̂′ = argmin
x′∈Sns

{||r′ − F′x′||2}. (1.7)

Note that it is straightforward to show that (1.7) is equal to (1.3).

Applying this standard vectorization to the system model has a number of ad-

vantages: 1) It results in real matrices and vectors, which suit matrix manipulations

often implemented in decoding algorithms (like QR factorization or pseudo-inverse).

2) It shifts the redundancy from C into F′. Working with the vector x′ directly suits
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many decoding algorithms (like zero-forcing and sphere decoding). 3) The resulting

ML metric is a squared Euclidean norm, which makes it easier to expand and simplify

the metric expression.

1.5 MIMO Decoding Algorithms

As discussed in Section 1.4.2, the best guess the decoder can make (in the ML sense)

is to evaluate (1.3). An algorithm that achieves this is referred to as optimal, and

a simple example of such an algorithm is an exhaustive search. Alternatively, one

could implement a sub-optimal algorithm: one that trades off error performance for

a reduction in decoding complexity.

1.5.1 Sub-optimal Decoding Algorithms

There are many sub-optimal decoding algorithms that offer varying levels of trade-off

between complexity and error performance. Sub-optimal algorithms are primarily

used in layered MIMO systems (see Section 1.4.3) since in these systems the met-

ric cannot be decoupled, which makes an exhaustive search prohibitive. The most

popular sub-optimal decoding algorithms can be broadly categorized as follows:

The Unconstrained Least-Squares Approach

Using the vectorized system model, the ML solution is the one that minimizes the

metric ||r′−F′x′||2. Minimizing this metric is referred to as solving the integer least-

squares problem [15]. If we were to assume x′ could take on any real value, the solution

would simply be x′ = F†r′, where F† is the pseudo-inverse of F′. This amounts to
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solving the unconstrained least-squares problem; however, the ML expression is a

constrained least-squares problem: x′ cannot take on any real value, but instead a

finite set of integer values.

One approach to developing sub-optimal algorithms is to evaluate x′ = Gr′, and

then slice x′ to the nearest valid constellation point. If G = F†, the solution is

referred to as “zero-forcing.” But G need not be the pseudo-inverse. For example, a

sub-optimal algorithm that outperforms zero-forcing is minimum mean square error

(MMSE) detection. This algorithm is based on minimizing the expected value of the

mean square error between the transmitted vector and its estimate. The algorithm for

MMSE detection is the same as for zero-forcing, except that the filter G is calculated

differently.

Nulling and Cancelling

In this approach, the solution x′ = Gr′ is evaluated as above, but instead of slicing

all values of x′ to the nearest constellation point, only one of the coordinates is sliced.

This coordinate value is then assumed to be correct, and its contribution is subtracted

from the received signal to obtain a reduced-order integer least-squares problem. The

process is then repeated.

This algorithm is more complex to implement, but offers better error performance

than simply slicing all coordinates of x′ at the same time. However, it can suffer from

error-propagation if a coordinate if estimated incorrectly. Therefore, it is beneficial to

employ “optimal ordering” by performing nulling and cancelling from the strongest to

the weakest signal. This is the sub-optimal decoding method employed in V-BLAST

and is referred to as V-BLAST detection [4].
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Lattice Reduction

The performance of finding the unconstrained least-squares solution and then slicing

depends on how orthogonal the columns of F′ are. For example, if all the columns of

F′ are completely orthogonal (e.g., when an OSTBC is being transmitted), then the

zero-forcing solution will be the ML solution. This is because zero-forcing effectively

decodes each symbol by itself, ignoring the interference or coupling from the other

symbols; if F′ is orthogonal (column-wise) the metric will have no coupled terms, and

therefore there is no loss associated with ignoring the interference.

Therefore, it is advantageous to try and manipulate F′ in a way that makes the

columns more orthogonal. This approach is referred to as lattice reduction. The

process of lattice reduction itself has an exponential complexity; however, sub-optimal

algorithms such as the LLL algorithm [16] can be employed.

1.5.2 The Sphere Decoding Algorithm

If an optimal decoding algorithm is required, one popular candidate is the Sphere

Decoding Algorithm (SDA) [17–19]. This algorithm is equivalent to an exhaustive

search, yet it has been shown to be efficient over a large range of SNRs, despite the

expected complexity growing exponentially with ns [20]. In fact, in many practical

cases, the algorithm behaves like one of polynomial complexity over the SNR window

of interest [15].

The SDA was originally proposed in [21] to solve the closest point problem in a

lattice with no exploitable structure. The premise is simple: search only the valid

lattice points that lie inside a hypersphere of radius r around the point under con-

sideration, x (see Figure 1.6). The novelty of the SDA is in the method by which the
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r

x

Figure 1.6: Geometric interpretation of the SDA.

points inside the hypersphere are found. Specifically, the lattice generator matrix is

decomposed using a QR decomposition, and then the upper triangle matrix, R, is

used to eliminate, dimension by dimension, all co-ordinates that cannot lie inside the

hypersphere.

The SDA is applied to the MIMO decoding problem by performing the standard

vectorization of the system model outlined in Section 1.4.4. The effective real channel

matrix, F′, can then be interpreted as a lattice generating matrix, and ML decoding

becomes equivalent to solving the closest point problem in the lattice generated by

F′.

Overview of Basic SDA

A review of the SDA is in order since it is used in simulations later in the thesis.

Assume we have performed a vectorization of the system model and we want to

solve the MIMO detection problem (1.7). We will assume F′ is an n × m matrix

where n ≥ m. A radius C is selected, and the SDA is applied to find all points

that lie inside the hypersphere of radius C around the received vector r′. The lattice

has been skewed by the generator matrix F′. Therefore, we want to find every point
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x′ = (x′1, x
′
2, . . . , x

′
m) that satisfies

C2 ≥ ||r′ − F′x′||2. (1.8)

The basis of the algorithm is as follows: by expressing F′ in terms of its QR decom-

position, (1.8) can be equivalently expressed as follows:

C2 ≥ ||r′ − F′x′||2 = ||r′ −QRx′||2

=

∣∣∣∣∣
∣∣∣∣∣r′ − [Q1 Q2]

 R

0

x′

∣∣∣∣∣
∣∣∣∣∣
2

=

∣∣∣∣∣
∣∣∣∣∣
 QT

1

QT
2

 r′ −

 R

0

x′

∣∣∣∣∣
∣∣∣∣∣
2

= ||QT
1 r′ −Rx′||2 + ||QT

2 r′||2

where Q1 and Q2 are the first m and n−m columns of Q. Note that QQT = I. The

above expression can now be re-written as

C ′2 ≥ ||y −Rx′||2 (1.9)

where C ′2 = C2− ||QT
2 r′||2 and y = QT

1 r′. The term ||y−Rx′||2 can be expanded as

follows:

||y −Rx′||2 =
m∑

i=1

(
yi −

m∑
j=1

rijx
′
j

)2
= (ym − rm,mx′m)2 + (ym−1 − rm−1,mx′m − rm−1,m−1x

′
m−1)

2 + . . .

Therefore, a necessary (but not sufficient) condition for x′ to be in the hypersphere

is

C ′2 ≥ (ym − rm,mx′m)2,
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which implies ⌈
−C ′ + ym

rm,m

⌉
≤ x′m ≤

⌊
C ′ + ym

rm,m

⌋
. (1.10)

Given a coordinate x′m that satisfies (1.10), the set of coordinates {x′m−1} that satisfy

C ′2 ≥ (ym − rm,mx′m)2 + (ym−1 − rm−1,mx′m − rm−1,m−1x
′
m−1)

2 (1.11)

are then determined.

The algorithm continues in this fashion, working its way down to the coordinate

x′1, effectively “chopping away” sets of coordinate values (points) not in the hyper-

sphere. The algorithm can be formalized as follows [15]:

Initialization: Set k = m, calculate C ′2 and y, let ym|m+1 = ym and C ′2
m = C ′2.

1. (Bound for x′k) Set UB(x′k) =
⌊

C′
k+yk|k+1

rk,k

⌋
, x′k =

⌈
−C′

k+yk|k+1

rk,k

⌉
− 1.

2. (Increase x′k) x′k = x′k + 1. If x′k ≤ UB(x′k), go to 4; else, go to 3.

3. (Increase k) k = k + 1; if k = m + 1, terminate algorithm; else go to 2.

4. (Decrease k) If k = 1, go to 5; else k = k− 1, yk|k+1 = yk −
m∑

j=k+1

rk,jx
′
j,

C ′2
k = C ′2

k+1 − (yk+1|k+2 − rk+1,k+1x
′
k+1)

2, and go to 1.

5. Solution found. Save x′ and its metric; go to 2.

Once all points inside the hypersphere are enumerated, the point with the smallest

corresponding metric value will be the most-likely candidate. A detailed examination

of the SDA, along with a complexity analysis can be found in [15,17,20] and references

therein.
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Improvements to the Basic SDA

The SDA explained in the above section is the basic Fincke and Pohst implemen-

tation [21]. In the improved Viterbo and Boutros implementation [19], the radius

is changed adaptively during the search. Specifically, the radius is updated (made

smaller) each time a point is found, and the algorithm is re-started. In the improved

Schnorr-Euchner implementation of the SDA [22], the interval of possible coordinates

inside the sphere are spanned in a zig-zag order, starting from the midpoint of the

interval. In [23] it is concluded, based on numerical results, that the Schnorr-Euchner

implementation is more efficient than the Viterbo-Boutros implementation. Addition-

ally, the Schnorr-Euchner implementation is less sensitive to initial radius selection.

Initial radius selection is a separate problem on its own, and yet the initial radius is

crucial to the performance of the SDA. If the radius is too large, the search remains

exponential in size; if the radius is too small, there will be no points inside the hy-

persphere, and the algorithm will have to be restarted with a larger radius. In the

latter case, by what amount should one increase the radius? Currently, there are two

approaches to initial radius selection. One approach is to set the initial radius based

on a simple sub-optimal guess (e.g. zero-forcing) [15]. The second approach is to pick

the initial radius based on the smallest eigenvalue in the Gram matrix G = F′TF′ [18].

Other improvements to the SDA are dicussed in [24–28]. This thesis is concerned

with the SDA applied to QOSTBCs, and therefore, [25] is particularly of interest. In

[25] it is shown that the quasi-orthogonal property can be used to write the ML metric

as two independent Euclidean norms. The SDA can then be applied independently

and in parallel to both norms to reduce the overall complexity.
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1.6 Conclusion

The above introductory material served as a review of the relevant concepts needed

to understand the contribution of the thesis. The remainder of the thesis is organized

as follows. In chapter 2 a new vectorization for a linear space-time block code will

be introduced that results in a new generic ML metric expression. The new metric

expression allows one to quickly check the degree of decoupling in the metric for a

given space-time block code, and as such can assist in designing new space-time block

codes. A new QOSTBC with low-decoding complexity is constructed as an example.

In chapter 3 the optimal and sub-optimal decoding of QOSTBCs is then considered

in the context of the new ML metric expression. Chapter 4 then discusses future

work, with an emphasis on two of the open problems resulting from the contributions

in chapter 2 and chapter 3.



Chapter 2

Alternative Vectorization for a

Linear STBC

2.1 Introduction

In this chapter, a new vectorization for a linear STBC is proposed that explicitly

maintains the redundancy in the STBC matrix. By expressing the ML metric using

the new vectorization, a new generic representation of the ML metric expression for

any linear STBC is derived. One immediate application of this new metric expression

is the convenient partial decoupling and simplification of the metric for linear STBCs.

The new metric expression can also be used as a design tool to help in the construc-

tion of new STBCs with low decoding complexity. As an example, a new QOSTBC

is constructed with lower decoding complexity than that previously proposed in the

literature.

26
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2.2 An Alternative Vectorization

Consider a system with nT transmit and nR receive antennas. ns symbols {x1, x2, . . . , xns}

from the underlying constellation(s) {Si}ns
i=1 are mapped to a linear STBC, C, of du-

ration L time slots. The constellations are arbitrary and may or may not be rotated.

Assume the channel is frequency flat and spatially white. Furthermore, assume the

channel is time-invariant over the L time slots and changes independently in the fol-

lowing L slots, i.e., it is quasi-static. Using the equivalent discrete-time baseband

model, the received matrix can be expressed as in (1.1). The elements of H are

drawn from an arbitrary distribution, but are assumed to be perfectly known to the

receiver (perfect channel state information, CSI). The elements of N are assumed to be

independent identically distributed (circular symmetric) complex Gaussian random

variables. Therefore, the decoder chooses the codeword matrix, C, that minimizes

the metric

M = ||R−HC||2. (2.1)

An equivalent representation of the metric is derived using the standard vectorization

in Section 1.4.4:

M = ||r′ − F′x′||2. (2.2)

An alternative vectorization can be proposed that results in the same expanded

ML metric expression, but is written in a form that maintains the redundancy in

C instead of F′. This alternative vectorization is proposed below and is used in

subsequent proofs and analyses.

Let

M = ||y′ −G′c′||2 (2.3)
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where

y′ = [r′T1 r′T2 . . . r′TL]T , r′k = [<{r1k} <{r2k} . . .<{rnRk} ={r1k} ={r2k} . . .={rnRk}]T ,

G′ = IL ⊗H′,

H′ =

 <{H} −={H}

={H} <{H}

 ,

c′ = [c′T1 c′T2 . . . c′TL]T , c′k = [<{c1k} <{c2k} . . .<{cnT k} ={c1k} ={c2k} . . .={cnT k}]T .

Note that in this vectorization G′ is a 2nRL × 2nT L block-diagonal matrix. y′ is a

2nRL× 1 real vector (a permuted version of r′ in the standard vectorization), and c′

is a 2nT L× 1 real vector (the transmission matrix vectorized).

Lemma 1 The ML metric expression using the new vectorization (2.3) is equal to

the ML metric expression using the standard vectorization (2.2):

||r′ − F′x′||2 = ||y′ −G′c′||2.

Moreover, each term of the expanded metric is equal:

||r′||2 + ||F′x′||2 − 2r′
T
F′x′ = ||y′||2 + ||G′c′||2 − 2y′

T
G′c′

where ||r′||2 = ||y′||2, ||F′x′||2 = ||G′c′||2 = ||HC||2, and r′TF′x′ = y′TG′c′.

Proof: See the Appendix.

2.3 Expanded ML Metric

Using the new vectorization, the expanded ML metric is derived in the following

lemma.



CHAPTER 2. ALTERNATIVE VECTORIZATION FOR A LINEAR STBC 29

Lemma 2 The most-likely transmission matrix, C, is the one that minimizes the

following metric: M(C)

= 2
nT∑
j=1

nT∑
m=j+1

(
<{〈hj ,hm〉}<{〈c(m), c(j)〉}+ ={〈hj ,hm〉}={〈c(m), c(j)〉}

)
︸ ︷︷ ︸

coupled symbols

+
nT∑
j=1

||hj ||2||c(j)||2︸ ︷︷ ︸
received energy

− 2
L∑

k=1

nT∑
j=1

(
<{〈rk,hj〉}<{cjk}+ ={〈rk,hj〉}={cjk}

)
.︸ ︷︷ ︸

decoupled symbols

(2.4)

Proof: See the Appendix.

The above metric expression is valid for any linear STBC. However, if the STBC

is constructed using orthogonal or quasi-orthogonal designs (e.g. [9–12]), then its

intuitive interpretation becomes very elegant. In this case, the first term in the

metric exclusively generates all the coupled terms. Naturally, it reduces to zero if the

STBC is orthogonal. The energy term simplifies to
nT∑
j=1

||hj||2||c(j)||2 = ||H||2
ns∑
i=1

|xi|2,

and can be eliminated from the metric expression if the underlying constellation is

equi-energy. The third term exclusively generates all the decoupled terms.

It is worth noting that for any linear STBC, the metric will always include a

term consisting of each decoupled symbol by itself, multiplied or attenuated by a sum

of inner products. Specifically, the decoupled symbols in (2.4) can be simplified as

follows:

−2
L∑

k=1

nT∑
j=1

(
<{〈rk,hj〉}<{cjk}+ ={〈rk,hj〉}={cjk}

)
=

ns∑
i=1

(
αRi<{xi}+ αIi={xi}

)
where αRi and αIi represent a sum of inner products specific to the transmission

matrix C.
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A natural question to ask is how do the {〈rk,hj〉} values that precede the decou-

pled terms in (2.4) contribute to the metric in comparison to the {〈hj,hm〉} values

that precede the coupled terms. It turns out that these inner products can be in-

terpreted as reliabilities, which has applications in the development of sub-optimal

decoding algorithms and codeword tests. This will be discussed in detail later in the

thesis.

2.4 Examples

It is desirable to simplify and decouple the metric expression of a STBC as much

as possible to reduce the detection complexity. The new generic metric expression

makes simplification of the metric for linear STBCs straightforward and systematic.

This is shown in the following examples.

2.4.1 A Simple Orthogonal STBC

Consider the Alamouti STBC (1.2) with nR = 1. The metric can be calculated as

follows:
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M(C) = ||H||2
(
|x1|2 + |x2|2

)
− 2

L∑
k=1

nT∑
j=1

(
<{〈rk,hj〉}<{cjk}+ ={〈rk,hj〉}={cjk}

)
= ||H||2

(
<{x1}2 + ={x1}2 + <{x2}2 + ={x2}2

)
−2

[
<{x1}

(
<{r1h

∗
1}+ <{r2h

∗
2}
)

+ ={x1}
(
={r1h

∗
1} − ={r2h

∗
2}
)

+<{x2}
(
<{r1h

∗
2} − <{r2h

∗
1}
)

+ ={x2}
(
={r1h

∗
2}+ ={r2h

∗
1}
)]

= ||H||2<{x1}2 + αR1<{x1}+ ||H||2={x1}2 + αI1={x1}

+||H||2<{x2}2 + αR2<{x2}+ ||H||2={x2}2 + αI2={x2}

where

αR1 = −2
(
<{r1h

∗
1}+ <{r2h

∗
2}
)

αI1 = −2
(
={r1h

∗
1} − ={r2h

∗
2}
)

αR2 = −2
(
<{r1h

∗
2} − <{r2h

∗
1}
)

αI2 = −2
(
={r1h

∗
2}+ ={r2h

∗
1}
)
.

As expected, this is equal to the simplified metric expression for the Alamouti scheme

derived previously in the literature (e.g. [5, pp. 57]). Note that the α values in front

of each symbol consist of a sum of inner products using the received symbols and

CSI. For a given coordinate xk, its associated α value along with the value of ||H||2

measures how much xk will contribute to minimizing the metric. Therefore, decoding

an OSTBC is simple: first the ||H||2 and α values are calculated, and then each

symbol is independently chosen such that the metric is minimized.

2.4.2 A QOSTBC with nT = 4

Consider the minimum-decoding-complexity quasi-orthogonal STBC (MDC-QOSTBC)
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proposed in [12, eqn. (7)]:

C =



c11 c12 c13 c14

c21 c22 c23 c24

c31 c32 c33 c34

c41 c42 c43 c44



=



<{x1}+ j<{x3} −<{x2}+ j<{x4} −={x1}+ j={x3} ={x2}+ j={x4}

<{x2}+ j<{x4} <{x1} − j<{x3} −={x2}+ j={x4} −={x1} − j={x3}

−={x1}+ j={x3} ={x2}+ j={x4} <{x1}+ j<{x3} −<{x2}+ j<{x4}

−={x2}+ j={x4} −={x1} − j={x3} <{x2}+ j<{x4} <{x1} − j<{x3}


.

First the coupled symbols in (2.4) are generated. Using straightforward simplifica-

tion:

2

nT∑
j=1

nT∑
m=j+1

(
<{〈hj,hm〉}<{〈c(m), c(j)〉}+ ={〈hj,hm〉}={〈c(m), c(j)〉}

)
= β(<{x4}={x4}+ ={x3}<{x3} − <{x2}={x2} − ={x1}<{x1})

where β = 4(<{〈h1,h3〉}+<{〈h2,h4〉}). Note that the metric can be split into 4 non-

interacting terms. This verifies that the STBC is indeed a MDC-QOSTBC, i.e., the

coupling is only one step away from the orthogonal case. Next, the received energy

term in (2.4) is generated:
nT∑
j=1

||hj||2||c(j)||2 simplifies to ||H||2
4∑

i=1

|xi|2. Finally, the

decoupled symbols in (2.4) are generated:

−2
L∑

k=1

nT∑
j=1

(
<{〈rk,hj〉}<{cjk}+ ={〈rk,hj〉}={cjk}

)
=

4∑
i=1

(
αRi<{xi}+ αIi={xi}

)
where αRi and αIi are sums of inner products evaluated using C. For example,

αR1 = −2
(
<{〈r1,h1〉}+ <{〈r2,h2〉}+ <{〈r3,h3〉}+ <{〈r4,h4〉}

)
.

It is straightforward to show the metric expression derived above is equal to [12,

eqn. (8)], yet it is obtained more easily and systematically. Note that the ||H||2, β,
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and α terms need only be calculated once during the decoding process. They indicate

how much the coupled and decoupled terms will contribute to minimizing the metric.

In this example, a single β value represents the contribution of the coupled terms. In

general, there will be a set of β’s representing the contribution of different groups of

coupled symbols (as in the following example).

2.4.3 A QOSTBC with nT = 8

Consider the rate-one full-diversity nT = L = 8 QOSTBC proposed in [11]:

C = [cij]8×8

=



x1 −x2 −x∗3 −x∗4 −x∗5 −x∗6 −x7 −x8

x2 x1 −x∗4 x∗3 −x∗6 x∗5 x8 −x7

x3 x4 x∗1 −x∗2 −x∗7 −x∗8 x5 x6

x4 −x3 x∗2 x∗1 −x∗8 x∗7 −x6 x5

x5 x6 x∗7 x∗8 x∗1 −x∗2 −x3 −x4

x6 −x5 x∗8 −x∗7 x∗2 x∗1 x4 −x3

x7 −x8 −x∗5 x∗6 x∗3 −x∗4 x1 x2

x8 x7 −x∗6 −x∗5 x∗4 x∗3 −x2 x1



.

By generating the coupled symbols in the ML metric expression, the decoding

complexity can be analyzed. Using straightforward simplification:

2

nT∑
j=1

nT∑
m=j+1

(
<{〈hj,hm〉}<{〈c(m), c(j)〉}+ ={〈hj,hm〉}={〈c(m), c(j)〉}

)
= β12g(x1, x2) + β78g(x7, x8) + β17g(x1, x7) + β28g(x2, x8) + β18g(x1, x8) + β27g(x2, x7)

+β34g(x3, x4) + β56g(x5, x6) + β35g(x3, x5) + β46g(x4, x6) + β36g(x3, x6) + β45g(x4, x5)
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where g(xa, xb) = <{xa}={xb} − ={xa}<{xb}. The β values are as follows:

β12 = 4(={〈h1,h2〉} − ={〈h3,h4〉} − ={〈h5,h6〉} − ={〈h7,h8〉}),

β78 = 4(−={〈h1,h2〉} − ={〈h3,h4〉} − ={〈h5,h6〉}+ ={〈h7,h8〉}),

β17 = 4(={〈h1,h7〉}+ ={〈h2,h8〉} − ={〈h3,h5〉}+ ={〈h4,h6〉}),

β28 = 4(={〈h1,h7〉}+ ={〈h2,h8〉}+ ={〈h3,h5〉} − ={〈h4,h6〉}),

β18 = 4(={〈h1,h8〉} − ={〈h2,h7〉} − ={〈h3,h6〉} − ={〈h4,h5〉}),

β27 = 4(−={〈h1,h8〉}+ ={〈h2,h7〉} − ={〈h3,h6〉} − ={〈h4,h5〉}),

β34 = 4(−={〈h1,h2〉}+ ={〈h3,h4〉} − ={〈h5,h6〉} − ={〈h7,h8〉}),

β56 = 4(−={〈h1,h2〉} − ={〈h3,h4〉}+ ={〈h5,h6〉} − ={〈h7,h8〉}),

β35 = 4(−={〈h1,h7〉}+ ={〈h2,h8〉}+ ={〈h3,h5〉}+ ={〈h4,h6〉}),

β46 = 4(={〈h1,h7〉} − ={〈h2,h8〉}+ ={〈h3,h5〉}+ ={〈h4,h6〉}),

β36 = 4(−={〈h1,h8〉} − ={〈h2,h7〉}+ ={〈h3,h6〉} − ={〈h4,h5〉}),

β45 = 4(−={〈h1,h8〉} − ={〈h2,h7〉} − ={〈h3,h6〉}+ ={〈h4,h5〉}).

Clearly, the coupling in the ML metric expression is more complex than in the pre-

vious example. Note that the metric can only be separated into two non-interacting

terms: f1278(x1, x2, x7, x8) + f3456(x3, x4, x5, x6), each requiring the simultaneous de-

tection of 8 real entities. Hence, the ML decoding complexity is of order 8.

2.4.4 A New QOSTBC with Order 4 ML Decoding

Complexity

In [11] a rate-one full-diversity QOSTBC for 8 antennas is proposed with a met-

ric expression that can only be decoupled into two terms: f1278(x1, x2, x7, x8) +



CHAPTER 2. ALTERNATIVE VECTORIZATION FOR A LINEAR STBC 35

f3456(x3, x4, x5, x6). Yet rate-one full-diversity single-symbol decodable QOSTBCs

exist for 4 transmit antennas (e.g. [12]). This suggests that there exists a rate-one

full-diversity QOSTBC for 8 antennas with a metric that can be decoupled into more

than two independent terms. How can this be constructed, and how can (2.4) be

used as a design tool to assist in the construction? If one wanted to design STBCs

guaranteed to have low decoding complexity, one could use group-decodable theory,

such as that in [29]. However, if one constructs a new STBC based on any other

criterion or technique, the “coupled symbols” term in (2.4) provides a quick way to

judge the decoding complexity of the new STBC.

Consider taking the MDC-QOSTBC in [12, eqn. (7)] and constructing a rate-one

8 antenna QOSTBC using the modular/recursive technique outlined in [10]:

C =

 C1234 −C∗
5678

C5678 C∗
1234

 , (2.5)

where

C1234 =



<{x1}+ j<{x3} −<{x2}+ j<{x4} −={x1}+ j={x3} ={x2}+ j={x4}

<{x2}+ j<{x4} <{x1} − j<{x3} −={x2}+ j={x4} −={x1} − j={x3}

−={x1}+ j={x3} ={x2}+ j={x4} <{x1}+ j<{x3} −<{x2}+ j<{x4}

−={x2}+ j={x4} −={x1} − j={x3} <{x2}+ j<{x4} <{x1} − j<{x3}



C5678 =



<{x5}+ j<{x7} −<{x6}+ j<{x8} −={x5}+ j={x7} ={x6}+ j={x8}

<{x6}+ j<{x8} <{x5} − j<{x7} −={x6}+ j={x8} −={x5} − j={x7}

−={x5}+ j={x7} ={x6}+ j={x8} <{x5}+ j<{x7} −<{x6}+ j<{x8}

−={x6}+ j={x8} −={x5} − j={x7} <{x6}+ j<{x8} <{x5} − j<{x7}


.
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Using (2.4) as a design tool to quickly check the degree of coupling:

2

nT∑
j=1

nT∑
m=j+1

(
<{〈hj,hm〉}<{〈c(m), c(j)〉}+ ={〈hj,hm〉}={〈c(m), c(j)〉}

)
= β1

(
−γ1(x1, x6)− γ1(x2, x5) + γ1(x3, x8) + γ1(x4, x7)

)
+β2

(
γ2(x1, x6)− γ2(x2, x5) + γ2(x3, x8)− γ2(x4, x7)

)
+β3

(
γ3(x1, x6)− γ3(x2, x5)− γ3(x3, x8) + γ3(x4, x7)

)

where γ1(xa, xb) = <{xa}={xa}+<{xb}={xb}, γ2(xa, xb) = <{xa}<{xb}+={xa}={xb},

and γ3(xa, xb) = <{xa}={xb}+ ={xa}<{xb} . The β values are as follows:

β1 = 4(<{〈h1,h3〉}+ <{〈h2,h4〉}+ <{〈h5,h7〉}+ <{〈h6,h8〉})

β2 = 4(<{〈h1,h6〉} − <{〈h2,h5〉}+ <{〈h3,h8〉} − <{〈h4,h7〉})

β3 = 4(−<{〈h1,h8〉}+ <{〈h2,h7〉} − <{〈h3,h6〉}+ <{〈h4,h5〉})

Note that this metric expression can be split into 4 independent terms: f16(x1, x6) +

f25(x2, x5) + f38(x3, x8) + f47(x4, x7). Also, the set of β values associated with the

coupled terms is smaller. Hence, this new nT = L = 8 QOSTBC has a lower decoding

complexity than that proposed in [11].

As shown in Figure 2.1, with no constellation rotation the performance of (2.5) is

worse than that proposed in [11]. However, by drawing (x5, x6, x7, x8) from a constel-

lation rotated by π/8 (found through simulations), (2.5) can achieve full-diversity. In

Chapter 4, constellation rotation is discussed in detail, and the challenge of analyti-

cally justifying the π/8 rotation angle is examined.
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(a) (b)

Figure 2.1: SER for nT = 8, rate-one QOSTBCs with 4-QAM, nR = 1, and Rayleigh
fading. (a) QOSTBC proposed in [11] with its optimum constellation rotation angles
θ = π/6 and θ′ = π/4 (see [11, eqn. (7)]). (b) New QOSTBC constructed (2.5) where
x5, x6, x7, and x8 are drawn from a constellation rotated by π/8.

2.5 Conclusion

In this chapter a new vectorization was proposed for a linear STBC that maintains

the redundancy in the STBC matrix C. This new vectorization was used to express

the ML metric expression in a generic form that separates the coupled and decoupled

portions of the metric and makes simplification substantially easier. Examples of

metric simplification were then considered, and a new 8 antenna rate-one full-diversity

QOSTBC with lower decoding complexity was constructed. The “coupled symbols”

term in (2.4) was used as a design tool to quickly check the degree of decoupling that

resulted when using the construction technique.



Chapter 3

ML and sub-ML Decoding of

QOSTBCs

3.1 Introduction

As discussed in Section 1.4.3, it is desirable to employ OSTBCs since the ML metric

expression can be completely decoupled, thereby reducing the decoding complexity to

a linear function of the number of transmitted symbols, ns. However, if the underlying

constellation is complex, rate-one full-diversity OSTBCs do not exist for more than 2

transmit antennas. For this reason, QOSTBCs have been developed by relaxing the

constraint of linear decoding. These STBCs have better error performance, but their

metric can only be partially decoupled into groups of symbols. Therefore, decoding

QOSTBCs is more complex. The received symbols can only be partially decoupled,

and the complexity scales exponentially with ns. The ML decoding complexity now

becomes a concern; depending on the size of ns, the underlying constellation, and

the degree of coupling in the metric expression, performing a brute-force exhaustive

38
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search may become prohibitively complex. This raises the following questions:

1. Assuming we are interested in ML decoding, for the collection of QOSTBCs

proposed in the literature (e.g [5, 10–12]), when is it best to perform an exhaustive

search using a simplified and partially decoupled metric expression, and when should

an efficient implementation of the sphere decoding algorithm (SDA) be applied? The

answer should depend on a number of different factors, including the number of

transmitted symbols, ns, the number of receive antennas, nR, the rate and diversity

of the STBC, and the size of the underlying constellation. How do these parameters

affect the boundary?

2. When is it a good choice to decode QOSTBCs using sub-optimal decoding algo-

rithms? How do the sub-optimal algorithms primarily used in layered MIMO systems

(Section 1.5.1) translate to QOSTBCs in terms of the complexity versus error per-

formance tradeoff? Can we develop a new family of sub-optimal decoding algorithms

for QOSTBCs using the metric expression in (2.4)?

The above questions are examined and answered in this chapter. In Section 3.2,

the question of when to use the SDA is considered. Then in Section 3.3, the sub-

optimal decoding of QOSTBCs is considered.

3.2 ML Decoding Algorithms for STBCs: SDA

versus an Exhaustive Search

The advantage of QOSTBCs is that they offer better error performance than OSTBCs,

while giving up only some orthogonality. Therefore, for QOSTBCs with a small

number of transmit antennas and a small underlying constellation, an exhaustive
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search will be low-complexity. On the other hand, the non-orthogonality of QOSTBCs

means that the SDA will eventually be the better choice when the number of transmit

antennas and/or underlying constellation becomes large. In what follows, the ML

decoding complexity of a collection of QOSTBCs are analyzed to provide direction

as to when to switch from an exhaustive search to the SDA. Conclusions will then be

drawn from the simulation results.

Before discussing the results, a few specifics about the SDA used in the simula-

tions need to be mentioned. The SDA implementation was based on the Schnorr-

Euchner enumeration. Specifically, [17, Algorithm II, Smart Implementation] was

implemented. The metric was separated into as many independent Euclidean norms

as possible as in [25], and smaller-dimensional SDAs were applied to each norm sep-

arately.

3.2.1 MDC-QOSTBCs

Let us first consider the 4 and 8 transmit antenna minimum-decoding-complexity

QOSTBCs (MDC-QOSTBCs) proposed in [12]. Both of these QOSTBCs can be

made full-diversity using an optimal constellation rotation. The 4 transmit antenna

MDC-QOSTBC is rate-one, whereas the 8 transmit antenna MDC-QOSTBC can

only have a maximum rate of 3/4. Since these QOSTBCs are minimum-decoding-

complexity, an exhaustive search should likely outperform the SDA. As an example,

consider the nT = 8 MDC-QOSTBC with 16-QAM, nR = 4, and rate 3/4. The metric

can be separated into 6 independent terms: f1(x1)+f2(x2)+ . . .+f6(x6). Performing

an exhaustive search on this metric expression requires less than 1300 flops. This is

less than the number of flops required to perform the QR factorization in the SDA
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(using [30, Algorithm 6.2-1]), even if the metric is written as 6 independent Euclidean

norms and 6 separate SDAs are applied. As expected, an exhaustive search is the

better choice. However, it should be noted that the complexity of the SDA is a lot

less sensitive to the underlying constellation than an exhaustive search. Therefore,

when implementing MDC-QOSTBCs with 64-QAM and higher, one must be careful

in determining the decoding scheme; depending on ns and nR, the SDA will start to

become a desirable alternative.

3.2.2 Rate-One Full-Diversity QOSTBCs in [11]

Let us next consider the 4 and 8 transmit antenna QOSTBCs proposed in [11]. Both of

these QOSTBCs are rate-one, and an optimal constellation rotation can be applied to

both to achieve full-diversity. The full-diversity 4 transmit antenna QOSTBC in [11] is

equivalent to the full-diversity 4 transmit antenna MDC-QOSTBC in [12], and so for

this QOSTBC an exhaustive search is the better choice. The ML metric for the rate-

one full-diversity 8 antenna QOSTBC in [11] can be decoupled into two independent

terms: f1278(x1, x2, x7, x8) + f3456(x3, x4, x5, x6). Therefore, two independent SDAs

may be applied. In Figure 3.1, the decoding complexity of an exhaustive search versus

the average decoding complexity using two independent SDAs is compared over the

SNRs of interest. When 4-QAM is the underlying constellation, an exhaustive search

is likely the better choice; however, this depends on the value of nR. If 16-QAM is

used, the SDA performance is substantially better. One interesting observation is

that the complexity of the exhaustive search is much less sensitive to nR than the

SDA. Therefore, in scenarios when the complexities of both algorithms are on the

same order of magnitude, an exhaustive search should be favoured for large nR.
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(a) (b)

Figure 3.1: Complexity comparison for nT = 8, rate-one QOSTBC in [11] for a
Rayleigh fading channel. (a) 4-QAM. (b) 16-QAM.

3.2.3 QOSTBC Constructed in (2.5)

Let us now consider the rate-one 8 transmit antenna QOSTBC constructed in (2.5).

It can also be rotated to achieve full-diversity. Additionally, its metric can be decou-

pled into four independent terms: f16(x1, x6) + f25(x2, x5) + f38(x3, x8) + f47(x4, x7).

This means that the metric can be written as 4 independent Euclidean norms and

4 separate SDAs can be applied. Of course, it also means performing an exhaustive

search will be feasible in more cases. In Figure 3.2, the decoding complexity of an ex-

haustive search versus the average decoding complexity using four independent SDAs

is compared over the SNR of interest. It is more efficient to perform an exhaustive

search for both 4-QAM and 16-QAM. However, for underlying constellations with

more than 16 points, the SDA becomes the better choice.
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(a) (b)

Figure 3.2: Complexity comparison for nT = 8, rate-one QOSTBC constructed in
(2.5) for a Rayleigh fading channel. (a) 4-QAM. (b) 16-QAM.

3.2.4 Conclusion

In conclusion, the following observations can be made: 1) By choosing an appropriate

QOSTBC and appropriate constellation rotation, rate-one full-diversity QOSTBCs

with up to 8 transmit antennas and 16-QAM can be decoded efficiently by performing

an exhaustive search on the simplified metric expression in (2.4). 2) The complexity

of an exhaustive search is not very sensitive to nR. 3) The complexity of an exhaustive

search is independent of the SNR; therefore, for break-even scenarios an exhaustive

search is favoured. 4) The SDA is a better choice for decoding QOSTBCs when both

nT and the underlying constellation are large; while in other cases, an exhaustive

search may be considerably faster. 5) For cases in between (e.g. a rate-one full-

diversity QOSTBC with nT = 4 and 64-QAM), one must study the complexity of

each decoder in light of the metric expression in (2.4).
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3.3 Sub-optimal Decoding Algorithms

Let us now consider decoding QOSTBCs using sub-optimal decoding algorithms, i.e.,

algorithms that sacrifice error performance for a reduction in decoding complexity.

Obviously, if the STBC is orthogonal, there is no need for a sub-optimal decoding

algorithm; the complete decoupling of the metric allows for a low-complexity exhaus-

tive search. But for some QOSTBCs, an optimal decoding algorithm may be too

demanding for the application. How does one approach the sub-optimal decoding of

non-orthogonal STBCs? This section will focus on this question in the context of

QOSTBCs.

3.3.1 Previous Works

There are relatively few papers that address the sub-optimal decoding of QOSTBCs.

This is because QOSTBCs that decouple into pairs of symbols (such as that in [10]) are

still conducive to decoding via an exhaustive search. It is only when both nT and the

underlying constellation become large that sub-optimal schemes become attractive.

Before studying sub-optimal algorithms, it is worth highlighting the fact that there

are other techniques that offer ML performance while reducing the overall decoding

complexity. For example, in [31, 32] ML decoders for the nT = L = 4 QOSTBC

in [10] are proposed. These decoders perform a QR decomposition on the channel

matrix to save computations in the exhaustive search portion of the algorithm. The

complexity analysis given in [31,32] assumes slow fading, and therefore the complex-

ity of the QR decomposition is ignored. If slow fading is assumed, the decoders offer

lower complexity ML performance than an exhaustive search using a simplified, par-

tially decoupled metric. However, for quasi-static fading the decoders in [31, 32] are
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higher-complexity. Alternatively, if ML decoding is being performed via the SDA,

as mentioned in Section 1.5.2, [25] offers a technique to reduce the complexity of the

SDA by taking advantage of the partial decoupling in the metric expression.

However, if one wanted to apply sub-optimal algorithms to trade-off the error

performance of QOSTBCs for a reduction in complexity, there are few previous stud-

ies to provide direction. A natural approach is to apply the sub-optimal decoding

techniques used in layered MIMO systems. These algorithms are built around solving

the unconstrained least-squares problem and slicing to the nearest constellation point

(see Section 1.5.1). For example, in [33] the error performance of the nT = L = 4

QOSTBC is analyzed for a receiver that performs lattice-reduction-aided zero-forcing;

however, no complexity analysis is provided. In [34] the decoding of QOSTBCs using

simple sub-optimal linear receivers (e.g. zero-forcing) is studied, but only cyclic ST-

BCs and the extended Alamouti code are considered; there is no complexity analy-

sis and no extension to more general families of QOSTBCs. In [32] a zero-forcing

QR-decomposition-based decoder is implemented in simulations, but the complexity

analysis assumes slow fading and therefore ignores preprocessing.

3.3.2 Decoding QOSTBCs using a simple linear receiver

Let us consider the decoding of QOSTBCs using simple zero-forcing. As with the rest

of the thesis, we will assume quasi-static fading. For a QOSTBC with (vectorized)

system model r′ = F′x′ + n′, the zero-forcing solution is found by slicing the real

2ns × 1 vector, x̂, to the nearest constellation point, where x̂ is solved as follows:

x̂ = F†r′
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QOSTBCs in [11]
with 16-QAM Zero-Forcing Exhaustive Search Sphere Decoding

nT = L = nR = 4 2304 360 N/A
nT = L = nR = 8 17408 ≈ 7.5× 105 15500 → 11000

(from Figure 3.1)

Table 3.1: A complexity comparison (in terms of number of flops per information
symbol) among zero-forcing, an exhaustive search, and the sphere decoding algorithm
for the QOSTBCs in [11].

where F† is the Penrose-Moore Pseudo-Inverse:

F† =
(
F′TF′)−1

F′T .

Note that for QOSTBCs, F′ will not be ill-conditioned. If F′ is an n×m matrix, the

number of flops to perform zero-forcing is

4m2n + 2mn + m3

where the inverse operation (·)−1 has been estimated to take m3 flops. For example,

the nT = L = nR = 4 QOSTBC in [11] takes 9216 flops to be detected using zero-

forcing.

Figure 3.3 shows the zero-forcing BER curves for the 4 and 8 transmit antenna

QOSTBCs proposed in [11]. Rayleigh fading is assumed and the underlying con-

stellation is 16-QAM. It is clear from Figure 3.3 that simple zero-forcing performs

remarkably well for QOSTBCs. Unlike in the spatial multiplexing case, there is no

loss in diversity gain. These curves are consistent with similar studies, such as that

in [33] 1. The fact that the diversity gain is preserved by the zero-forcing algorithm

1Although the receiver in [33] performs lattice-reduction-aided zero-forcing, the study goes on to
argue that performing lattice reduction has little effect when decoding QOSTBCs.
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(a)  nT=nR=L=4 (b)  nT=nR=L=8

Figure 3.3: A BER comparison of ML decoding versus zero-forcing for the 4 and 8
antenna QOSTBCs proposed in [11]. Rayleigh fading is assumed and the underlying
constellation is 16-QAM.

can be justified by the structure of F′: for QOSTBCs, the columns of F′ are still

highly orthogonal. The situation is similar to having a matrix with non-orthogonal

columns and then performing lattice reduction to increase orthogonality. In this case,

it is shown in [35] that lattice reduction with a simple sub-optimal decoding algorithm

achieves the same diversity as ML decoding.

Even though zero-forcing performs well, its complexity is not negligible. The com-

plexity of performing the zero-forcing algorithm (in terms of actual number of flops

per information symbol) versus an exhaustive search and sphere decoding is shown

in Table 3.1. For the 4 transmit antenna QOSTBC, it is less complex to perform an

exhaustive search on a simplified and partially decoupled metric. For the 8 trans-

mit antenna QOSTBC, zero-forcing is on the same order of magnitude as the SDA.

One advantage of zero-forcing, though, is that its complexity is independent of both
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Figure 3.4: A generic framework for a near-ML decoding algorithm for non-orthogonal
STBCs.

the SNR and the underlying constellation. This suggests that for large underlying

constellations, zero-forcing becomes a good choice.

3.3.3 A New Framework for Developing Sub-optimal

Decoding Algorithms

Instead of borrowing algorithms used in the sub-optimal decoding of spatial multi-

plexing systems, let us use (2.4) as a framework to develop a new family of sub-optimal

decoding algorithms for non-orthogonal STBCs.

Consider an algorithm based on the scheme shown in Figure 3.4. By calculat-

ing ||H||2 and the {αRi, αIi} values, a simple initial guess is made by independently

decoding each symbol using the decoupled terms in (2.4). The closer the STBC is

to being orthogonal, the more accurate the initial guess will be. Meanwhile, the

contribution of the coupled terms (β’s) is calculated, and by modifying the “least

reliable” coordinates of the initial guess (in terms of contributing the least to mini-

mizing the metric), neighbours of the initial guess are listed. An exhaustive search is

then performed locally to establish which codeword in the list minimizes the metric.

To judge the potential of such a family of decoding algorithms, let us develop
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a simple sub-optimal decoding scheme for the 8 transmit antenna QOSTBC con-

structed in (2.5) with 16-QAM. The metric can be separated into 4 independent

terms: f16(x1, x6) + f25(x2, x5) + f38(x3, x8) + f47(x4, x7). Simplifying each metric

term using (2.4), we can express f16(x1, x6) as follows:

f16(x1, x6) = −β1

(
<{x1}={x1}+ <{x6}={x6}

)
+ β2

(
<{x1}<{x6}+ ={x1}={x6}

)
+β3

(
<{x1}={x6}+ ={x1}<{x6}

)
+||H||2(<{x1}2 + ={x1}2 + <{x6}2 + ={x6}2)

+αR1<{x1}+ αI1={x1}+ αR6<{x6}+ αI6={x6}

where

β1 = 4(<{〈h1,h3〉}+ <{〈h2,h4〉}+ <{〈h5,h7〉}+ <{〈h6,h8〉})

β2 = 4(<{〈h1,h6〉} − <{〈h2,h5〉}+ <{〈h3,h8〉} − <{〈h4,h7〉})

β3 = 4(−<{〈h1,h8〉}+ <{〈h2,h7〉} − <{〈h3,h6〉}+ <{〈h4,h5〉})

αR1 =
8∑

i=1

<{〈ri,hi〉}

αI1 = −2
[
−<{〈r1,h3〉} − <{〈r2,h4〉} − <{〈r3,h1〉} − <{〈r4,h2〉}

−<{〈r5,h7〉} − <{〈r6,h8〉} − <{〈r7,h5〉} − <{〈r8,h6〉}
]

αR6 = −2
[
<{〈r1,h6〉} − <{〈r2,h5〉}+ <{〈r3,h8〉} − <{〈r4,h7〉}

−<{〈r5,h2〉}+ <{〈r6,h1〉} − <{〈r7,h4〉}+ <{〈r8,h3〉}
]

αI6 = −2
[
−<{〈r1,h8〉}+ <{〈r2,h7〉} − <{〈r3,h6〉}+ <{〈r4,h5〉}

+<{〈r5,h4〉} − <{〈r6,h3〉}+ <{〈r7,h2〉} − <{〈r8,h1〉}
]
.

The other terms f25(x2, x5), f38(x3, x8), and f47(x4, x7) have a similar form. Consider

the following algorithm for decoding the f16(x1, x6) term:

1. H and R are used to calculate β1, β2, β3, αR1, αI1, αR6, αI6, and ||H||2.
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2. The value ||H||2<{x1}2 + αR1<{x1} is calculated for each value of <{x1} ∈

{−3,−1, 1, 3}.

3. The four values calculated in step 2 are listed in order of increasing value. In other

words, they are listed in order of “most reliable” to “least reliable,” where the most

reliable value locally minimizes that decoupled portion of the metric.

4. The n most reliable co-ordinate values are chosen, where 1 ≤ n ≤ 4.

5. Steps 2− 4 are repeated for ={x1}, <{x6}, and ={x6}.

6. A list of n4 codeword candidates are generated. An exhaustive search is performed

on this list. If n = 4 then the list will consist of all possible codeword candidates

(i.e., the exhaustive search will be optimal). Otherwise, the list will be a subset of all

possible codeword candidates.

A pictorial representation is shown in Figure 3.5. Note that this algorithm is similar

Re{x1}

-3 -1 1 3

Choose n smallest
        (1<n<4)

Im{x1}

-3 -1 1 3

Choose n smallest
        (1<n<4)

Re{x6}

-3 -1 1 3

Choose n smallest
        (1<n<4)

Im{x6}

-3 -1 1 3

Choose n smallest
        (1<n<4)

List n  codewords and perform an exhaustive search
                  (calculate metric n  times)
             Note: if n=4, then solution is ML

 4

guess

Calculates decoupled
   portion of metric

||H||2 +x2 αx  4

Figure 3.5: An algorithm that uses n to trade-off error performance for a reduction
in complexity for the QOSTBC in (2.5) with 16-QAM.

to Chase-decoding-based algorithms [36, 37], which perform an exhaustive search on
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(a) nR=1 (b) nR=8

Figure 3.6: A BER comparison of sub-optimal versus ML for the QOSTBC con-
structed in (2.5). Rayleigh fading is assumed and the underlying constellation is
16-QAM.

a list of possible codeword candidates. In Chase-decoding-based algorithms, the list

is generated by making an initial guess and then including neighbours of the initial

guess using reliability information. In the new sub-optimal algorithm proposed above,

the initial guess is that which locally minimizes the decoupled portion of the metric.

The number of neighbours chosen depends on the value of n. In fact, n offers a

trade-off between error-performance and complexity. If n = 4 the algorithm performs

ML decoding; if n = 1 the algorithm performs a simple initial guess that ignores the

contribution of the coupled portion of the metric. A similar algorithm can be applied

to the f25(x2, x5), f38(x3, x8), and f47(x4, x7) terms.

In Figure 3.6 the error performance is plotted for each n value, for one and eight

receive antennas. Rayleigh fading is assumed. From analyzing Figure 3.6, it is clear

that the sub-optimal algorithm results in an “error-floor” that is highly dependent on

n and nR. The complexity (in terms of real multiplications and additions) is shown
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in Table 3.2. For nR = 8, a complexity reduction of approximately 60% is achieved

by sacrificing only a fraction of a dB at 10−6. Depending on the number of receive

antennas and error performance required, a sub-optimal algorithm such as the one

proposed above is a desirable option.

n = 1 n = 2 n = 3 n = 4
nR = 1 480/448 1659/1249 6339/4369 18747/12705
nR = 8 2384/2352 3731/3321 8411/6441 20819/14777

Table 3.2: A complexity comparison (in terms of real multiplications/additions) for
each n value. Rayleigh fading is assumed, and the QOSTBC is that constructed in
(2.5) with 16-QAM.

3.4 Conclusion

In this chapter the optimal and sub-optimal decoding of QOSTBCs was examined in

light of the metric expression in (2.4). Direction was provided as to when to perform

an exhaustive search, when to apply the SDA, and when to use sub-optimal decoding

algorithms. A new family of sub-optimal decoding algorithms for QOSTBCs was

proposed based on the metric expression.

The next chapter summarizes the contribution of the above two chapters and

discusses some open problems resulting from the work.



Chapter 4

Future Work

4.1 Introduction

In the previous two chapters, the following was accomplished:

1. A new vectorization for a linear space-time block code was proposed that

preserves the redundancy in the space-time block code matrix.

2. By expressing the ML metric using the new vectorization (2.3), a new generic

representation of the ML metric expression for linear space-time block codes was

proposed in (2.4). One immediate application of (2.4) is the convenient partial

decoupling and simplification of the metric for any linear space-time block code.

3. The new metric expression (2.4) can be used as a design tool to help in the

construction of new STBCs with low decoding complexity. As an example, a

new QOSTBC was proposed in (2.5).

4. A comparison was conducted to answer the following question: for the family

53



CHAPTER 4. FUTURE WORK 54

of QOSTBCs, when is it best to perform an exhaustive search using a simplified

and partially decoupled metric expression, and when should an efficient imple-

mentation of the sphere decoding algorithm be applied? We showed that the

answer depends on a number of different factors, including the number of trans-

mitted symbols, ns, the number of receive antennas, nR, the rate and diversity

of the STBC, and the size of the underlying constellation. Determining this

boundary is an important and practical issue not yet directly addressed in the

literature.

5. The new metric expression (2.4) can be used as the framework for a new

family of sub-optimal decoding algorithms for STBCs that trade-off error per-

formance for a reduction in decoding complexity. A practical example of such

an algorithm was detailed in Section 3.3.3. The algorithm was considered in

light of the complexity versus error performance trade-off of other optimal and

sub-optimal decoding schemes.

The contributions listed above have resulted in the following published and sub-

mitted works: [38–42].

Upon analyzing the above work, some immediate questions arise. For example,

how can one use the “coupled symbols” term in (2.4) to directly construct STBCs

guaranteed to have low decoding complexity? Also, what will the complexity versus

error performance trade-off be like for the new sub-optimal decoding algorithm in

Section 3.3.3 applied to other QOSTBCs? These questions merit a future investiga-

tion.

The remainder of this chapter focuses in detail on the challenges of trying to

answer two open problems resulting from the contributions above. In Section 4.2,
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the challenge of trying to analytically justify the optimum rotation angle for the new

QOSTBC proposed in (2.5) is considered. In Section 4.3, the challenge of using the

redundancy in the new vectorization scheme to develop an optimality test criterion

for STBCs is considered. The thesis is concluded in Section 4.4.

4.2 Optimum Rotation Angle for the New QOSTBC

In (2.5) a new rate-one QOSTBC with 8 antennas is proposed with lower decoding

complexity than that in [11]. Using a computer to perform a numerical search, it can

be shown that an appropriate constellation rotation exists to make (2.5) full-diversity.

For 4-QAM this angle is found to be π/8 (see Figure 2.1). The problem is to attempt

to justify this rotation angle analytically.

In this section, rotations for QOSTBCs will be reviewed, along with a full literature

review. The challenge of analytically justifying the π/8 rotation angle will then be

discussed in light of previous publications in the area.

4.2.1 Background: constellation rotation

For any two distinct nT × L codeword matrices, Ci and Cj (i 6= j), the codeword

distance matrix is defined as

A(Ci,Cj) = (Cj −Ci)(Cj −Ci)H . (4.1)

Through pairwise error probability analysis, it can be shown that the diversity of a

STBC is equal to the minimum rank of A(Ci,Cj) over all i 6= j [5, chap. 3].

For Ci and Cj, the coding gain distance (CGD) is defined as

CGD(Ci,Cj) = det
(
A(Ci,Cj)

)
. (4.2)
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A(Ci,Cj) is full rank if and only if CGD(Ci,Cj) 6= 0. In general, a given QOSTBC

is not full diversity since two distinct codeword matrices, Ci and Cj (i 6= j) can be

chosen such that CGD(Ci,Cj) = 0. However, by choosing some of the symbols from a

constellation rotated by angle θ, we can avoid this problem and achieve full-diversity.

Specifically, we must choose an underlying constellation rotation that ensures for all

(i, j)

min
i6=j

CGD(Ci,Cj) 6= 0. (4.3)

Furthermore, in order to maximize the coding gain, we would like to maximize

mini6=j CGD(Ci,Cj). Whereas an infinite number of constellation rotation angles

will satisfy (4.3), only the optimum constellation rotation angle, θopt, will both satisfy

(4.3) and maximize the value of mini6=j CGD(Ci,Cj).

Note that an equivalent form of (4.3) is the “diversity product” [14,43,44]:

ζ =
1

2
√

nT

min
i6=j

[
CGD(Ci,Cj)

] 1
2L . (4.4)

4.2.2 QOSTBCs with no co-ordinate interleaving

4 Transmit Antennas

Consider a nT = L = 4 QOSTBC, such as that proposed in [10]. The metric for this

QOSTBC can be separated into two non-interacting terms: f14(x1, x4) + f23(x2, x3).

To achieve full-diversity, some sort of rotation scheme needs to be applied. In [14] it

is proposed that x1, x2 be taken from underlying constellation A, and x3, x4 be taken

from a rotated constellation ejθA, i.e., xk → x̂k = ejθxk, k = 3, 4. To determine an

optimum value of θ, the following steps are taken:

1. first an explicit expression is found for the diversity product (4.4) in terms of x1,
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x2, x̂3, and x̂4 [14, eqn. (22)];

2. it is then shown that the diversity product expression can be related to the min-

imum distance between constellations A and ejθA, which is upper-bounded by the

minimum distance of constellation A;

3. for QAM, it is then argued that this upper-bound is met with equality and occurs

when θ = π/4. Therefore, θ = θopt = π/4 maximizes (4.4).

Comments On Related Papers

[13] is a work published before [14]. It does not have an analytical approach as

rigorous as [14] (in fact, optimum rotation angles are found through computer simu-

lation). However, it is the first paper to suggest simplifying analysis by zeroing out

groups of symbols in the STBC matrix that do not interact with other symbols. For

example, divide the nT = L = 4 QOSTBC in [10] as follows: G(x1, x2, x3, x4) =

G(x1, 0, 0, x4) + G(0, x2, x3, 0). We can then just consider G(x1, 0, 0, x4) and find

the optimum rotation angle for the constellation x4 is drawn from. x3 will be

drawn from the same constellation as x4 due to the non-interacting metric expression

f14(x1, x4) + f23(x2, x3).

[43] builds on [14] (and others, such as [45, 46]), by proposing optimal rotation

angles for MPSK constellations, where M may be even or odd. The derivation in [43]

parallels that in [14]. Specifically, (4.4) is expressed in terms of the symbols mapped

to the QOSTBC, and then deductions and arguments are made based on (4.4).

[47] independently derives the same results as [43], but uses a geometric argument

to maximize (4.4). This geometric method is particular to MPSK constellations.
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8 Transmit Antennas

The approach to finding θopt in [14] holds for QOSTBCs (without co-ordinate inter-

leaving) whose metric can be separated into non-interacting groups of two symbols.

This includes QOSTBCs for nT > 4 (but rate less than one), constructed by applying

the modular/recursive technique in [10] to orthogonal designs in [9].

The only rate-one full-diversity nT = 8 QOSTBC proposed in the literature is

that in [11]. Its metric decouples into two non-interacting terms: f1278(x1, x2, x7, x8)+

f3456(x3, x4, x5, x6). Let us zero out x3, x4, x5, and x6 as suggested in [13] and consider

only the f1278(x1, x2, x7, x8) term. To achieve full-diversity we need 3 rotated under-

lying constellations: x1 ∈ A, x2 ∈ ejθ1A, x7 ∈ ejθ2A, and x8 ∈ ejθ3A. Optimizing

over more than one angle becomes very difficult analytically. Therefore, [11] uses the

following approach that combines (mostly) computer simulation with some analytical

steps:

1. first it is shown using computer simulation that θ3 = θ1 + θ2, where θ2 is unknown

and θ1 is π/4 for QAM and π/M for MPSK (see [11, eqn. (7)]);

2. θ2 is then found analytically for 4-QAM. It is found using computer simulations

for all higher level constellations.

For 4-QAM, θ2 = π/6 (or π/12), θ1 = π/4, and therefore θ3 = π/4+π/6 = 5π/12.

Figure 2.1(a) plots the SER when the above constellation rotations are applied.

4.2.3 Rotations for QOSTBCs with co-ordinate interleaving

In [29, 48, 49] STBCs from co-ordinate interleaved orthogonal designs (CIODs) are

introduced and discussed. These STBCs are orthogonal, i.e., the metric completely

decouples into non-interacting terms. However, unlike OSTBCs designed in [9], they
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are not full-diversity for any arbitrary underlying constellation. By analyzing the

CGD for the family of CIODs, it is shown in [49] that (4.3) will not be satisfied if the

underlying constellation has signal points with equal co-ordinates. For example, in the

4-QAM constellation, the points 1+j and 1−j have the same real co-ordinate, there-

fore (4.3) will not be satisfied, and the CIOD will not be full-diversity. This can be

alleviated by simply drawing all symbols from a rotated constellation. The optimum

rotation angle, θopt, will both satisfy (4.3) and maximize the CGD. In [49, Appendix],

θopt is derived analytically using an approach paralleling that in [14]. Specifically, the

CGD is evaluated and expressed in terms of the underlying constellation symbols and

rotation angle θ. By analyzing this expression, an equation can be set up to solve

for θopt. This analytical derivation is straightforward since for CIODs the CGD is a

simple expression.

In [12], QOSTBCs are proposed that use co-ordinate interleaving. These QOST-

BCs suffer from the same problem as CIODs: the underlying constellation needs to

be rotated to achieve full-diversity. In [44], an analysis that parallels [49, Appendix]

is performed to derive θopt for the family of MDC-QOSTBCs. This derivation is also

relatively straightforward, since for the family of MDC-QOSTBCs, the expression for

the CGD is just as simple as the CIOD case. It is shown in [44] that for 4-QAM,

θopt = 13.28o.

Important Note: In the STBCs above based on co-ordinate interleaving, all sym-

bols are taken from the same rotated constellation. This is different from the QOST-

BCs in Section 4.2.2, where half of the symbols are taken from a non-rotated constel-

lation, and the other half are taken from a rotated constellation.
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4.2.4 Challenges of Deriving the Optimum Rotation Angle

for the new QOSTBC

The new QOSTBC in (2.5) uses co-ordinate interleaving, but unlike the STBCs in

Section 4.2.3, the simplified metric expression results in the coupling of multiple

symbols. This poses the following challenges:

1. Based on the discussion above, it would seem that in order for (2.5) to achieve

full-diversity, all symbols should be taken from rotated constellations. Specifically,

(x1, x2, x3, x4) should be taken from a constellation rotated by θ1 (to satisfy the ro-

tation necessary from interleaving), and (x5, x6, x7, x8) should be taken from a con-

stellation rotated by θ2 (to satisfy both the rotation necessary for interleaving and

the rotation necessary relative to (x1, x2, x3, x4)). θ1 and θ2 would need to be jointly

optimized such that both (4.3) is satisfied and mini6=j CGD(Ci,Cj) is maximized.

Yet, based on Figure 2.1(b), two rotation angles are not necessary.

2. All previous approaches in the literature use the explicit CGD expression (4.2) to

derive a rotation angle that maximizes mini6=j CGD(Ci,Cj) 1. The CGD is relatively

simple for the previous cases (e.g. [5, eqn. (5.10)], [14, eqn. (22)], [49], [44, eqn. (12)]),

but for the new QOSTBC construced in (2.5), this is not the case. For example,

consider zeroing out all terms except (x1, x6). Therefore, (2.5) reduces to

1Even [47], which offers a geometric approach, uses the explicit CGD expression as a basis for
the scheme.
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C =



<{x1} 0 −={x1} 0 0 <{x6} 0 −={x6}

0 <{x1} 0 −={x1} −<{x6} 0 ={x6} 0

−={x1} 0 <{x1} 0 0 −={x6} 0 <{x6}

0 −={x1} 0 <{x1} ={x6} 0 −<{x6} 0

0 −<{x6} 0 ={x6} <{x1} 0 −={x1} 0

<{x6} 0 −={x6} 0 0 <{x1} 0 −={x1}

0 ={x6} 0 −<{x6} −={x1} 0 <{x1} 0

−={x6} 0 <{x6} 0 0 −={x1} 0 <{x1}



.

For any two codewords, Ci and Cj, the coding gain distance (4.2) can be simplified

to

CGD(Ci,Cj) = det


 A B

−B A


 (4.5)

= det (A) det
(
A + BA−1B

)
(4.6)

where

A =



e1 0 e2 0

0 e1 0 e2

e2 0 e1 0

0 e2 0 e1


, B =



0 e3 0 e4

−e3 0 −e4 0

0 e4 0 e3

−e4 0 −e3 0


,

e1 =
(
<{x(i)

1 } − <{x(j)
1 }
)2 +

(
={x(i)

1 } − ={x(j)
1 }
)2 +

(
<{x(i)

6 } − <{x(j)
6 }
)2 +

(
={x(i)

6 } − ={x(j)
6 }
)2

,

e2 = −2
[(
<{x(i)

1 } − <{x(j)
1 }
)(
={x(i)

1 } − ={x(j)
1 }
)

+
(
<{x(i)

6 } − <{x(j)
6 }
)(
={x(i)

6 } − ={x(j)
6 }
)]

,

e3 = 2
[(
<{x(i)

1 } − <{x(j)
1 }
)(
<{x(i)

6 } − <{x(j)
6 }
)

+
(
={x(i)

1 } − ={x(j)
1 }
)(
={x(i)

6 } − ={x(j)
6 }
)]

,

e4 = −2
[(
<{x(i)

1 } − <{x(j)
1 }
)(
={x(i)

6 } − ={x(j)
6 }
)

+
(
={x(i)

1 } − ={x(j)
1 }
)(
<{x(i)

6 } − <{x(j)
6 }
)]

.
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Expressing (4.6) in terms of <{x(i)
1 }, <{x

(j)
1 }, <{x(i)

6 }, <{x
(j)
6 }, ={x(i)

1 }, ={x
(j)
1 },

={x(i)
6 }, and ={x(j)

6 } is very complicated, and will result in an expression that is

much more complex than the 4 × 4 case (such as that in [44, eqn. (12)] or [5, eqn.

(5.10) or (5.16)]). Even if (4.6) was evaluated, it would be very difficult to analytically

justify that π/8 not only satisfies (4.3) (as an infinite number of other rotation angles

would), but that π/8 maximizes (4.3) over all other rotation angles. Furthermore,

it’s not clear whether (4.6) would evaluate differently for other pairs of symbols. For

example, consider zeroing out all terms except (x4, x7). Therefore, (2.5) reduces to

C =



0 j<{x4} 0 j={x4} j<{x7} 0 j={x7} 0

j<{x4} 0 j={x4} 0 0 −j<{x7} 0 −j={x7}

0 j={x4} 0 j<{x4} j={x7} 0 j<{x7} 0

j={x4} 0 j<{x4} 0 0 −j={x7} 0 −j<{x7}

j<{x7} 0 j={x7} 0 0 −j<{x4} 0 −j={x4}

0 −j<{x7} 0 −j={x7} −j<{x4} 0 −j={x4} 0

j={x7} 0 j<{x7} 0 0 −j={x4} 0 −j<{x4}

0 −j={x7} 0 −j<{x7} −j={x4} 0 −j<{x4} 0



.

This is a different form than for the pair of symbols (x1, x6). It is not clear if (4.2)

would be evaluated to (4.6).

4.2.5 Conclusions

As discussed above, analytically justifying the optimal rotation angle for the new

QOSTBC in (2.5) is challenging. A future investigation is needed that involves either

coming up with a geometric justification, or analyzing the CGD (4.2) in more detail.
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4.3 Development of Optimality Test Criteria For

STBCs

One of the motivating applications for the new vectorization proposed in (2.3) is the

development of optimality test criteria (OTC) for linear STBCs. This is because the

development of OTC requires a concept of redundancy in a STBC, which the new

vectorization provides.

OTC are also sometimes called “codeword tests” or “acceptance criteria”; these

three terms will be used interchangeably. In short, OTC are low-complexity tests to

check if a given codeword under consideration is the ML solution. In decoding alge-

braic codes communicated through AWGN, OTC are used to terminate the decoding

algorithm early in schemes such as Chase decoding. An overview of the subject can

be found in [50, Chap. 10] and [51], as well as in the material below.

In the following sections, the derivation of a codeword test for an algebraic code

transmitted through AWGN will be reviewed. The OTC developed will be equivalent

to that in [52], although the notation and approach used will be that in [37]. The

optimality test criterion will then be extended to a SISO system in a fading envi-

ronment. The challenges of generalizing to a MIMO system with space-time block

coding will then be discussed. It will be shown that the new vectorization and metric

expression provide a promising framework for developing OTC for STBCs in MIMO

systems, but that there are still challenges to overcome.
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4.3.1 An Optimality Test Criterion For A SISO System

First, consider the classic case of transmitting an [n, k, d] algebraic code through a

single-input single-output (SISO) system with only AWGN. Assume the underlying

constellation is BPSK. At the receiver, the transmitted codeword r = x+n is received

where r = (r1 r2 . . . rn), ri = xi + ni, xi ∈ {−1, 1}n, and ni ∼ N(0, σ2). The

ML metric is as follows:

x̂ = arg min
x∈C

||r− x||2 = arg min
x∈C

{
||r||2 + ||x||2 − 2rTx

}
which reduces to:

x̂ = arg min
x∈C

{
||x||2 − 2rTx

}
= arg min

x∈C

{
||x||2 − 2

(
n∑

i=1

|ri| − 2
∑

i:rixi<0

|ri|

)}
.

||x|| and
n∑

i=1

|ri| are independent of the codeword considered, and therefore the metric

reduces to minimizing a single term. The most likely codeword, x̂, is the codeword

that minimizes the correlation discrepancy `(r,x):

x̂ = arg min
x∈C

{`(r,x)} (4.7)

where

`(r,x)
4
=

∑
i:rixi<0

|ri|.

Note that each |ri| value can be interpreted as a measure of how “reliable” the guess

xi is. For example, if ri = −23.5, a guess of xi = −1 is very reliable, but if ri = −0.3,

then a guess of xi = −1 is not very reliable since the received value is close to the

decision boundary. Choosing a codeword that minimizes the correlation discrepancy

means choosing one that minimizes the sum of reliability values over the codeword

coordinates, xi, that are in different decision regions than ri.
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x r  < 0i i x r  < 0i ix r  > 0i i x r  > 0i i   

x r  > 0i i x r  < 0i ix r  > 0i i x r  < 0i i   
''''

h1 h2

m

d (x,x')H

Figure 4.1: Partition of codeword positions.

The approach to derive the codeword test is as follows: find a lower bound on the

correlation discrepancy for every other codeword in the code book x′ 6= x, where x

is the codeword under consideration. This bound is derived using information from

the codeword x. Then, if the correlation discrepancy for x is less than the derived

lower bound, it must be the most likely codeword in the code book. Formally, this is

done as follows: let Sx = {i|rixi ≥ 0}, Sc
x = {i|rixi < 0}, and m = |Sc

x|. Therefore

`(r,x) =
∑

i∈Sc
x

|ri|. ∀x′ ∈ C where x
′ 6= x let h1 = |Sc

x′ ∩ Sx| and h2 = |Sx′ ∩ Sc
x|.

Therefore,

`(r,x
′
) =

∑
i∈Sc

x
′

|ri| ≥
∑

i∈Sc

x
′∩Sx

|ri| ≥
h1∑
i=1

|r
S

(i)
x
|

where {|r
S

(i)
x
|} represents the set of received vectors in Sx reordered in terms of in-

creasing magnitude, i.e., |r
S

(1)
x
| ≤ |r

S
(2)
x
| ≤ . . .. To continue, a lower bound on h1 must

be derived. Consider a partition of the codeword positions as shown in Figure 4.1.

Using this pictorial representation the following inequalities can easily be derived:

(1) dH(x,x
′
) = h1 + h2 ≥ d

(2) d ≤ dH(x,x
′
) ≤ 2m + h1 − h2

Combining the above inequalities to eliminate h2 yields h1 ≥ d−m. Therefore, a
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codeword, x, is the most-likely codeword if

`(r,x) ≤
d−m∑
i=1

|r
S

(i)
x
|. (4.8)

This is the Taipale and Pursley codeword test criterion derived in [52]. Note that the

criterion depends on the reliability values of the coordinates of the codeword under

consideration. If the sum of the d − m smallest reliability values in Sx are below a

certain threshold, the guess x is deemed “reliable enough” to be the ML solution.

The threshold is determined using the minimum distance, d, of the linear block code.

Clearly, deriving OTC requires concepts of redundancy and reliability.

As a final note, failure to satisfy the codeword test does not imply the codeword

is not the most likely. Also, the criterion is only valid for codewords where m < d.

In [37] a similar acceptance criterion is also derived for the q-ary case. The derivations

in [37] assume the decoder has 2 codewords. We only consider one codeword, hence

the criterion in [52] is of interest.

An Extension To A Fading Environment

The codeword test developed above is valid for a SISO system with an underlying

BPSK constellation and an outer linear binary block [n, k, d] code. The channel

is assumed to have no fading. Before analyzing a MIMO system with a STBC,

consider the simple system above in a frequency-flat and fast fading environment. An

acceptance criterion can be developed using the same approach:

The transmitted codeword r = y+n is received where r = (r1 r2 . . . rn) , ri =

<{ri}+j={ri}, y = (y1 y2 . . . yn), yi = (<{hi}+j={hi})xi, and n = (n1 n2 . . . nn),

ni = <{ni} + j={ni}. xi ∈ {−1, 1}n, <{ni} ∼ N(0, σ2

2
), ={ni} ∼ N(0, σ2

2
), <{hi} ∼
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N(0, Ω
2
), and ={hi} ∼ N(0, Ω

2
). The ML metric is as follows:

x̂ = arg min
x∈C

{
||y||2 − 2<{rHy}

}
where

||y||2 =
n∑

i=1

(
<{h2

i }x2
i + ={h2

i }x2
i

)
=

n∑
i=1

(
<{h2

i }+ ={h2
i }
)

<{rHy} =
n∑

i=1

<{r∗i hi}xi.

Therefore,

x̂ = arg max
x∈C

{
n∑

i=1

<{r∗i hi}xi

}
(4.9)

which reduces to minimizing a correlation discrepancy measure:

x̂ = arg min
x∈C

 ∑
i:<{r∗i hi}xi<0

|<{r∗i hi}|

 (4.10)

The metric in (4.10) is of the same form as the metric in (4.7), except that the relia-

bility measure of each codeword coordinate, xi, is |<{r∗i hi}| instead of |ri|. Therefore,

an acceptance criterion can be developed via the same derivation. The criterion is as

follows: a codeword, x, is the most-likely codeword if

`(r,x) ≤
d−m∑
i=1

|<{r∗Sx
h

(i)
Sx
}| (4.11)

where m = {i|<{r∗i hi}xi < 0}. (4.11) differs from (4.8) only by the inclusion of the

fading information.

4.3.2 OTC for a MIMO System with STBCs

As shown above, it is relatively easy to extend the classic Taipale and Pursley code-

word test [52] to a SISO system with fading. The transmission of a STBC over a
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MIMO channel is a much more complex problem; however, a promising approach is

to parallel the above development. In the SISO fading case in Section 4.3.1 we used

an outer code with redundancy d and determined the codeword transmitted is most

likely if its associated reliability information was below a certain threshold, i.e, if

(4.11) was satisfied. In the MIMO analysis, we are not assuming an outer code, but

the STBC has inherent redundancy in it that can be exploited. For example, consider

the Alamouti code [3]:

C =

 c11 c12

c21 c22


=

 x1 −x∗2

x2 x∗1

.

Using the new vectorization (2.3), which preserves the redundancy in the STBC:

c′ =

(
<{x1},<{x2},={x1},={x2},−<{x2},<{x1},={x2},−={x1}

)
.

If the underlying constellation is BPSK, then the minimum distance between any

two vectorized codeword matrices is 2. Therefore, the new vectorization provides an

equivalent concept of redundancy. For an OSTBC with BPSK, (2.4) is reduced to

M(C) = −2
L∑

k=1

nT∑
j=1

<{〈rk,hj〉}<{cjk}.

Therefore, the ML codeword matrix is that which satisfies

M(Ĉ) = arg max
all C

{
L∑

k=1

nT∑
j=1

<{〈rk,hj〉}<{cjk}

}
.

This is the same form as (4.9). Therefore, the inner product, <{〈rk,hj〉}, can be

interpreted as an equivalent of a reliability measure for cjk, and a codeword test can
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be developed by exactly paralleling the derivation in Section 4.3.1. Although this

parallel is interesting, it is of no practical value: one always performs ML decoding

for OSTBCs, and hence there is never a sub-optimal guess to apply to the codeword

test. Therefore, we need to consider non-orthogonal STBCs with at least 4-QAM to

derive any practical results. Assuming an equi-energy underlying constellation, (2.4)

reduces to

M(C) =

nT∑
j=1

nT∑
m=j+1

(
<{〈hj,hm〉}<{〈c(m), c(j)〉}+ ={〈hj,hm〉}={〈c(m), c(j)〉}

)
−

L∑
k=1

nT∑
j=1

(
<{〈rk,hj〉}<{cjk}+ ={〈rk,hj〉}={cjk}

)
. (4.12)

To develop a codeword test paralleling the classic development in Section 4.3.1, we

need to find a useful (i.e. tight enough) upper bound on (4.12). This is further com-

plicated due to the coupling term in the metric introduced by the non-orthogonality

in the STBC. Deriving this bound is a challenging and open problem.

Another approach to developing a codeword test criterion for the MIMO system

is to express the reliability values in terms of probabilities, as in [37, Section VI],

and then parallel the development in [37, Section VI]. Applying this approach to

the MIMO scenario results in similar challenges due to the coupling introduced by

non-orthogonal STBCs.

4.3.3 Conclusion

As discussed above, developing OTC for MIMO systems that employ space-time block

coding is a challenging topic. Currently, there are no works published in the area.

Despite the challenges discussed above, the new vectorization and metric expression
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provide a promising framework: the new vectorization uses redundancy in the trans-

mission matrix to provide a quantifiable definition of minimum distance for a STBC,

and the inner products in the coupled and decoupled terms in (2.4) act as reliabilities

that can be bounded.

4.4 Conclusions

This chapter has summarized the contributions of the thesis and has highlighted some

of the future work of interest. In particular, the following two open problems resulting

from the work have been considered in detail: (1) how can one analytically justify

the optimum rotation angle for the new QOSTBC in (2.5), and (2) how can one use

the new vectorization and metric expression to develop useful OTC for STBCs.

Not surprisingly, this thesis has answered some of the questions of interest to

current researchers in the field, but in doing so has left new unanswered questions.



Proofs

Proof of Lemma 1:

Note that r′ ≡ y′, i.e., the coordinates of the vector y′ are a permutation of the

coordinates of the vector r′. A permutation of the vector positions does not change

the Euclidean norm, therefore ||r′||2 = ||y′||2.

To show ||F′x′||2 = ||G′c′||2 = ||HC||2: Using the standard vectorization, it can

easily be shown that ||F′x′||2 = ||Fx′||2. Since Fx′ = vec(HC) by construction,

therefore ||F′x′||2 = ||Fx′||2 = ||vec(HC)||2 = ||HC||2. Expanding ||HC||2 we have:

||HC||2 =
L∑

k=1

nR∑
i=1

∣∣∣∣ nT∑
j=1

hijcjk

∣∣∣∣2

=
L∑

k=1

nR∑
i=1

[( nT∑
j=1

(<{hij}<{cjk} − ={hij}={cjk})
)2

+

( nT∑
j=1

(<{hij}={cjk}+ ={hij}<{cjk})
)2]

=
L∑

k=1

||H′c′k||2 = ||G′c′||2.

Finally, to show r′TF′x′ = y′TG′c′: Define P (·) as a permutation that acts on

any real matrix with 2nRL rows. P (·) interchanges the rows of the matrix such that

if P (·) were applied to r′, the permutation would yield y′, i.e., y′ = P (r′). Since

addition is a commutative operation, for any real vector b of dimension 2nRL× 1 we

71
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have

r′
T
b = y′

T
P (b). (13)

Note that both F′x′ and G′c′ result in vectors of dimension 2nRL×1. Also P (F′x′) =

P (F′)x′.

P (F′) can be partitioned along the rows as follows:

P (F′) =



A1

A2

...

AL


where Ak is a matrix of dimension 2nR × 2ns. Therefore,

P (F′x′) = P (F′)x′ =



A1

A2

...

AL


x′ =



A1 0 . . . 0

0 A2 . . . 0

...
...

...
...

0 0 . . . AL





x′

x′

...

x′


= G′c′.

Therefore, P (F′x′) = G′c′. Letting b = F′x′ in (13) yields:

r′
T
F′x′ = y′

T
G′c′.

Proof of Lemma 2:

Expanding the ML metric ||y′ −G′c′||2 = ||y′||2 + ||G′c′||2 − 2y′TG′c′, the term

y′TG′c′ can be expanded as follows:
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y′
T
G′c′ = [r′

T
1 r′

T
2 . . . r′

T
L]G′[c′

T
1 c′

T
2 . . . c′

T
L]T =

L∑
k=1

r′
T
k (H′c′k)

=
L∑

k=1

[ nR∑
i=1

<{rik}
nT∑
j=1

(
<{hij}<{cjk} − ={hij}={cjk}

)

+

nR∑
i=1

={rik}
nT∑
j=1

(
={hij}<{cjk}+ <{hij}={cjk}

)]

=
L∑

k=1

nT∑
j=1

<{cjk}
nR∑
i=1

(
<{rik}<{hij}+ ={rik}={hij}}

)

+
L∑

k=1

nT∑
j=1

={cjk}
nR∑
i=1

(
={rik}<{hij} − <{rik}={hij}}

)

=
L∑

k=1

nT∑
j=1

(
<{〈rk,hj〉}<{cjk}+ ={〈rk,hj〉}={cjk}

)
.

The term ||G′c′||2 = ||HC||2 can also be expanded as follows:

||HC||2 =
L∑

k=1

nR∑
i=1

∣∣∣∣ nT∑
j=1

hijcjk

∣∣∣∣2

=
L∑

k=1

nR∑
i=1

[( nT∑
j=1

(<{hij}<{cjk} − ={hij}={cjk})
)2

+

( nT∑
j=1

(<{hij}={cjk}+ ={hij}<{cjk})
)2]

.

Using ( nT∑
j=1

aj

)2

=

nT∑
j=1

a2
j + 2

nT∑
j=1

nT∑
m=j+1

ajam
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we have

(
nT∑
j=1

(<{hij}<{cjk} − ={hij}={cjk})
)2

=

nT∑
j=1

[
<{hij}2<{cjk}2 + ={hij}2={cjk}2 − 2<{hij}={hij}<{cjk}={cjk}

+2

nT∑
m=j+1

(<{hij}<{him}<{cjk}<{cmk} − <{hij}={him}<{cjk}={cmk}

−={hij}<{him}={cjk}<{cmk}) + ={hij}={him}={cjk}={cmk}
]
.

Expanding

(
nT∑
j=1

(<{hij}={cjk}+={hij}<{cjk})
)2

in a similar fashion and substitut-

ing into the original expression yields ||HC||2 :

=
L∑

k=1

nR∑
i=1

nT∑
j=1

[
<{hij}2<{cjk}2 + ={hij}2={cjk}2 + ={hij}2<{cjk}2 + <{hij}2={cjk}2

+2

nT∑
m=j+1

(
<{hij}<{him}<{cjk}<{cmk} − <{hij}={him}<{cjk}={cmk}

−={hij}<{him}={cjk}<{cmk}+ ={hij}={him}={cjk}={cmk}

+={hij}={him}<{cjk}<{cmk}+ ={hij}<{him}<{cjk}={cmk}

+<{hij}={him}={cjk}<{cmk}+ <{hij}<{him}={cjk}={cmk}
)]

=
L∑

k=1

nR∑
i=1

nT∑
j=1

(
<{hij}2<{cjk}2 + ={hij}2={cjk}2 + ={hij}2<{cjk}2 + <{hij}2={cjk}2

)

+2

nT∑
j=1

nT∑
m=j+1

(
<{〈hj,hm〉}<{〈c(m), c(j)〉}+ ={〈hj,hm〉}={〈c(m), c(j)〉}

)

=

nT∑
j=1

||hj||2||c(j)||2

+2

nT∑
j=1

nT∑
m=j+1

(
<{〈hj,hm〉}<{〈c(m), c(j)〉}+ ={〈hj,hm〉}={〈c(m), c(j)〉}

)
.
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Therefore, ||y′ −G′c′||2

= ||y′||2 +

nT∑
j=1

||hj||2||c(j)||2

+2

nT∑
j=1

nT∑
m=j+1

(
<{〈hj,hm〉}<{〈c(m), c(j)〉}+ ={〈hj,hm〉}={〈c(m), c(j)〉}

)
−2

L∑
k=1

nT∑
j=1

(
<{〈rk,hj〉}<{cjk}+ ={〈rk,hj〉}={cjk}

)
.

Removing all components independent of the transmission matrix yields:

M(C) = 2

nT∑
j=1

nT∑
m=j+1

(
<{〈hj,hm〉}<{〈c(m), c(j)〉}+ ={〈hj,hm〉}={〈c(m), c(j)〉}

)
+

nT∑
j=1

||hj||2||c(j)||2 − 2
L∑

k=1

nT∑
j=1

(
<{〈rk,hj〉}<{cjk}+ ={〈rk,hj〉}={cjk}

)
.
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