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Abstract

This thesis is a study in Representation Theory and Geometry. These two branches

of mathematics have a fruitful interaction, with many applications to Physics and

other sciences. Central objects of interest are homogeneous spaces and their sym-

metry groups. The geometric and analytic properties of homogeneous spaces relate

to the structure and representation theory of the corresponding groups. The focus

of this work is on certain representation theoretic phenomena related to equivariant

embeddings of homogeneous spaces.

The Borel-Weil-Bott theorem, a milestone in Representation Theory and Geom-

etry, provides realizations for every irreducible module of a semisimple complex Lie

group as various cohomology spaces of homogeneous vector bundles on flag manifolds

of the group. The purpose of this dissertation is to initiate a study of the behaviour

of the Borel-Weil-Bott construction under pullbacks along equivariant embeddings of

flag manifolds. These pullbacks provide certain geometric branching rules for repre-

sentations. This is where the notion of a cohomological component arises from.

The central result of the dissertation is a criterion for nonvanishing of the pull-

back. The framework used for the formulation and proof of the result is Kostant’s

theory of Lie algebra cohomology. After the general criterion is established, various
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specializations and applications are presented: special classes of embeddings are con-

sidered, for which the criterion takes simpler forms; relations are established between

pullbacks along embeddings of complete and partial flag manifolds; properties of the

set of cohomological components are obtained; various examples are considered, the

most interesting of which is related to the theory of invariants of semisimple Lie

algebras.
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Chapter 1

Introduction

The goal of this dissertation is to study equivariant embeddings of flag manifolds of

semisimple complex Lie groups, restrictions of equivariant vector bundles along such

embeddings, and the arising pullbacks in cohomology. The starting point is the cele-

brated Borel-Weil-Bott theorem, which asserts that the cohomology of an irreducible

equivariant vector bundle on a flag manifold, if nonzero, is an irreducible module over

the symmetry group of the manifold. Moreover, all finite dimensional irreducible

modules of the group can be realized as such cohomology spaces. We investigate the

behaviour of this construction under pullbacks along equivariant embeddings. This

gives rise to a kind of “geometric branching rules”, i.e. inside an irreducible mod-

ule of a semisimple Lie group, we identify irreducible components with respect to a

semisimple subgroup, and the inclusions of these components are obtained in a geo-

metric way. We call such components cohomological.

The manifestation of groups in mathematics and physics is mostly through actions.

There are two most common types of group actions - linear actions on vector spaces,
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CHAPTER 1. INTRODUCTION 2

i.e. representations, and actions on geometric spaces, either manifolds or algebraic

varieties, respecting the structure under consideration. We are interested here in

establishing relations between these two types of actions for semisimple complex Lie

groups. This important class of groups has been intensely studied for a long time

and appears in remarkably many classical and modern contexts. The classification of

semisimple complex Lie groups was carried out by Killing and Cartan as means for

classifying symmetric spaces, cf [Hel78].

Among spaces with group actions, there is the distinguished class of homogeneous

spaces - those that consist of a single orbit. The fundamental importance of groups

and homogeneous spaces for geometry was put forward by Felix Klein in his famous

Erlangen program. A broad account on classical themes and further developments re-

lated to group theory in both mathematics and physics can be found in [RT79]. There

are various classes of homogeneous spaces. We focus on flag manifolds, which are ho-

mogeneous spaces important in physics and playing a central role in both differential

and algebraic geometry. Flag manifolds are homogeneous compact Kähler manifolds.

Moreover, they are projective algebraic varieties. The complex automorphism group

of a flag manifold is a semisimple complex Lie group, while the isomorphism group

of a Kähler structure is a real semisimple group - a compact real form of the complex

group. Some classical examples, such as the complex projective space or the complex

quadric have been known and well studied from different perspectives for a long time.

The systematic study and classification of the whole class of flag manifolds was carried

out in the 1950’s by several mathematicians, most notably Armand Borel. Flag man-

ifolds may be characterized intrinsically in any of the following (equivalent) ways: the

simply connected compact homogeneous Kähler manifolds; the compact homogeneous
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Kähler manifolds having either an equivariant projective embedding, or a semisimple

group of isometries, or a semisimple group of complex automorphisms. Analogous

characterizations in the algebro-geometric setting are obtained if the words “compact

homogeneous Kähler manifolds” are substituted by “complete homogeneous algebraic

varieties”. Another characterization which is often more useful is given in terms of

coset spaces. A homogeneous space X for a group G may be written, via the or-

bit map through a point x ∈ X, as the coset space X = G/Gx, where Gx is the

stabilizer of x. Let G be a connected semisimple complex Lie group. Let B ⊂ G

be a Borel subgroup, i.e. a maximal solvable subgroup. A parabolic subgroup of G

is a subgroup containing a Borel subgroup. The flag manifolds of G (i.e. the flag

manifolds admitting a transitive G-action) are exactly the coset spaces of the form

G/P , where P ⊂ G is a parabolic subgroup. To classify the flag manifolds of G one

uses the facts that there are only finitely many distinct conjugacy classes of parabolic

subgroups, and these conjugacy classes are described in terms of the root system of

G. Thus there are finitely many isomorphism classes of flag manifolds of G. Along

with the Cartan-Killing classification of semisimple complex Lie groups this allows

one to tabulate all flag manifolds, see e.g. [BFR86].

Yet another way to realize the flag manifolds of G, relating to representations on

vector spaces, is the following. Let V be a finite dimensional G-module. The linear

action of G on V gives rise to an action on the projective space P(V ). By Lie’s

theorem a fixed Borel subgroup B ⊂ G has a fixed point x ∈ P(V ). The full stabilizer

of x is then a parabolic subgroup P = Gx containing B. The G-orbit through x is the

flag manifold X = G/P , equivariantly embedded into P(V ). In fact, if the module V

is irreducible, X is the unique closed G-orbit in P(V ). Suppose that this is the case.
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Let O be the sheaf of sections of the line bundle corresponding to the embedding

X ⊂ P(V ). The space of global sections is then H0(X,O) ∼= V ∗ - the dual space of V

- again an irreducible G-module. This is a manifestation of the theorem of Borel-Weil-

Bott, or rather of its first version - the theorem of Borel-Weil, see [Ser54]. The idea of

the general Borel-Weil-Bott theorem is to give a description of the cohomology groups

of equivariant irreducible vector bundles on X. The Borel-Weil version treats the case

of effective line bundles, describing the space of global sections and establishing the

vanishing of the higher cohomology groups. In particular, for an effective line bundle

O as above, we have Hq(X,O) = 0 for q ≥ 1. The general theorem is due to Bott,

[Bott57], its precise statement is given in the text as theorem 2.4.1. The cohomology

group of an equivariant vector bundle on X can be thought of as a certain space

of differential forms. The G-action on X induces a linear action on the cohomology

group and the goal is to describe the representations of G occurring in this way. A

short and incomplete statement is that, if O is the sheaf of sections of an equivariant

irreducible vector bundle on X, then the total cohomology H(X,O) is an irreducible

module. Since the G-action preserves the degree components, it follows that non-zero

cohomology occurs in only one degree. An important observation is that the Borel-

Weil-Bott construction provides realizations for all finite dimensional irreducible G-

modules. Indeed, above we showed that (the dual V ∗ of) every irreducible G-module

V may be obtained as H0(X,O) for a suitable flag manifold X and invertible sheaf

O on X. Moreover, the module V ∗ can be realized as higher cohomology groups

of X for suitable vector bundles, as becomes evident from the full statement of the

Borel-Weil-Bott theorem.

Our purpose is to study the behaviour of the Borel-Weil-Bott construction under
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pullbacks along equivariant embeddings of flag manifolds. As a primary object it is

most convenient to take an inclusion of semisimple complex Lie algebras ι : g ↪→

g̃. Such an inclusion induces a homomorphism of the associated connected, simply

connected, complex Lie groups, φ : G → G̃. To any pair of parabolic subgroups

P ⊂ G and P̃ ⊂ G̃, whose Lie algebras satisfy p = g ∩ p̃, is associated an equivariant

embedding

ϕ : X ↪→ X̃

of the flag manifold X = G/P into the flag manifold X̃ = G̃/P̃ . In fact, every

equivariant embedding of flag manifolds can be obtained in this manner.

Suppose that Õ is the sheaf of sections of an irreducible homogeneous vector

bundle on X̃ and let O be its restriction to X. Then there is a G-equivariant pullback

on cohomology

π : H(X̃, Õ) −→ H(X,O) .

The Borel-Weil-Bott theorem asserts that H(X̃, Õ) is (the dual of) an irreducible

G̃-module, say Ṽ ∗. Since the category of finite dimensional G-modules is semisimple,

H(X,O) is a semisimple G-module. Let H(X,O) ∼= m1V
∗

1 ⊕ · · · ⊕ mnV
∗
n be its

decomposition into isotypic components. The dual map π∗ : m1V1⊕ · · ·⊕mnVn → Ṽ

is again G-equivariant. The image of π∗, if non-zero, is a G-submodule of Ṽ . We call

the irreducible submodules of Im(π∗) cohomological components of Ṽ . Broadly, our

goal is to study cohomological components and the properties of the map π.

First, we need a criterion for nonvanishing of π. One of the central results in

the dissertation is establishing such a criterion. This criterion requires an additional

hypothesis: O must be completely reducible in a G-equivariant way. This hypothesis

allows us to apply the Borel-Weil-Bott theorem to H(X,O). Complete reducibility of
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the restricted bundle holds automatically for some classes of embeddings. A particu-

larly important case is the one when X̃ is a complete flag manifold of G̃, i.e. has the

form G̃/B̃ with B̃ a Borel subgroup of G̃. Then X is a complete flag manifold of G, Õ

is an invertible sheaf, and hence O is an invertible sheaf as well. Thus H(X,O) ∼= V ∗

is an irreducible G-module by the Borel-Weil-Bott theorem. By Schur’s lemma, the

map π, if non-zero, is surjective. Its dual π∗ is then the inclusion of an irreducible

G-submodule V ⊂ Ṽ .

The main problems addressed in this dissertation are the following:

(I) Find a computable criterion for nonvanishing of π.

(II) Characterize the cohomological components in every irreducible g̃-module.

The first version of the problems stated above, which served as a motivation for

the present work, addressed the vanishing properties of the cup product map for

cohomologies of line bundles on complete flag manifolds. This version was studied by

Dimitrov and Roth, [DR09a], [DR09b]. They introduced the notion of a cohomological

component and exhibited a series of interesting properties of these components. In

particular, they found a simple criterion for nonvanishing of the cup product map,

expressed in terms of combinatorics of root systems and Weyl groups. Let us briefly

sketch some of their results.

Let X = G/B and let δ : X ↪→ X ×X = X̃ be the diagonal embedding. A line

bundle on X×X is the exterior tensor product of a pair of line bundles on X, denoted

Õ = O1 � O2. The restriction of Õ to the diagonal is just the tensor product O =

δ∗Õ = O1⊗O2. Künneth’s formula gives H(X×X,O1�O2) = H(X,O1)⊗H(X,O2).
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Thus the pullback may be written as

π : H(X,O1)⊗H(X,O2) −→ H(X,O) .

By the Borel-Weil-Bott theorem, if the three cohomology groups in the above formula

are non-zero, then there are irreducible G-modules V1, V2, V such that H(X,O) ∼= V ∗1 ,

H(X,O) ∼= V ∗2 and H(X,O) ∼= V ∗. Thus, as a map of abstract modules the dual

of the pullback is π∗ : V → V1 ⊗ V2. The cohomological components in this setting

are irreducible components in a tensor product of two irreducible G-modules. This

observation provides a relation to Littlewood-Richardson theory, which makes the

diagonal case particularly interesting.

Let H ⊂ B be a Cartan subgroup. Let W be the Weyl group of G with respect

to H and ∆ be the root system. Let ∆ = ∆+ t∆− be the splitting into positive and

negative roots corresponding to B. There is an action of W on the Picard group of

X generalizing Serre duality - the so called Demazure action - denoted by w · O for

w ∈ W and O ∈ Pic(X). Any line bundle O with non-zero cohomology is congruent

to a unique effective line bundle w · O and we have H l(w)(X,O) ∼= H0(X,w · O).

Let w1, w2, w be the Weyl group elements associated with the bundles O1,O2 and

O = O1 ⊗ O2 respectively. Dimitrov and Roth solved problem (I) by proving that

the cup product map π is nonzero, if and only if

Φw1 t Φw2 = Φw , (1.1)

where the inversion set Φw of w ∈ W is defined as Φw = ∆+ ∩ w−1∆−. This is a

remarkably simple combinatorial condition which is not hard to verify for a given

triple w1, w2, w. Notice that it involves only Weyl group elements. Since the Weyl

group is finite, for any given X one may simply write down a finite table of all
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triples w1, w2, w satisfying (1.1) and this table encodes the information about all

cohomological pullbacks.

Dimitrov and Roth also conjectured a solution of problem (II) supported by a

proof for classical groups, and for generic line bundles in the general case. Ressayre

removed the genericity condition and proved the conjecture, cf. [Res09]. The outcome

is that the cohomological components are exactly the generalized PRV components

of stable multiplicity one.

The proofs in [DR09b] involve algebro-geometric machinery specific for the cup

product map. It seems desirable to have a simpler Lie theoretic proof, where condition

(1.1) appears naturally. A convenient framework for such a proof is provided by

Kostant’s counterpart of the Borel-Weil-Bott construction, [Kos61]. It turns out that

the approach through Kostant’s theory allows one to handle cases much more general

than diagonal embeddings. The assumption for complete reducibility of O mentioned

above is in fact required in order to be able to apply Kostant’s theory in the study

of π. Thus we consider the most general case treatable with the proposed methods.

To generalize condition (1.1) to the setting of an arbitrary embedding X ↪→ X̃,

one has to overcome several obstacles, the most obvious being: a priori there isn’t any

relation between the root systems of g and g̃, so condition (1.1) does not make sense.

A suitable reformulation of (1.1) is needed. Kostant’s theorem, cited here as theorem

2.4.2, is a statement about Lie algebra cohomology groups, and is equivalent to the

Borel-Weil-Bott theorem via Bott’s reciprocity law. A particularly strong feature in

Kostant’s theorem is the presence of explicit harmonic cocycles, see section 2.5. The

behaviour of the harmonic cocycles completely determines the pullback map on coho-

mology. The cohomological pullback certainly is non-zero if there exists a harmonic
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cocycle on X̃ whose restriction is a harmonic cocycle on X. It turns out that this

strong sufficient condition is in fact necessary. The unifying statement behind all

nonvanishing results is:

The pullback π is non-zero if and only if it can be realized on harmonic represen-

tatives.

Thus we are led to study the pullbacks of concrete cocycles which allows for ex-

plicit computations unaccessible otherwise. The specific form of Kostant’s harmonics

involves the inversion set of the relevant Weyl group elements, and suggests a sub-

stitute for (1.1) applicable to arbitrary embeddings. This substitute is a computable

necessary condition for nonvanishing of π. However, the so obtained condition is not

sufficient in general. The sufficiency in the diagonal case follows from a deep result

of Kumar and Mathieu, known as the PRV conjecture, cf. [Kum88], [Mat89]. For

a necessary and sufficient condition for nonvanishing one must take, in addition to

the analogue of (1.1), an analogue of the statement of the PRV conjecture. This is a

key observation. The second condition is automatically implied by the first one for

diagonal and for regular embeddings of complete flag manifolds. To detect the second

condition as the exact supplement yielding a sharp criterion for nonvanishing was an

important step in the project, and is one of the main contributions of the dissertation.

The second condition is much harder to verify than the first one. It reflects the fact

that cohomological components are positioned in a specific way within an irreducible

G̃-module. Thus, the second condition is relevant to problem (II) - it is a necessary

condition for a given component to be cohomological. Examples show that the two
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conditions are independent in general.

Now we outline the contents of this work. There are five chapters following this

introduction: 2 Background, 3 Setting of the main problems and goals, 4 General

results, 5 Applications and examples, 6 Conclusion. The most important contribu-

tions are divided between chapters 4 and 5, and all results formulated therein without

external reference are original.

Chapter 2 summarizes the necessary prerequisites about semisimple Lie groups,

flag manifolds, vector bundles and cohomology. Although the basic definitions are

included, the first sections of this chapter serve mostly to fix notation and list key

facts. A complete treatment of the material would go far beyond the size and purpose

of this work. Sections 2.3, 2.4 and 2.5 contain the most important background results:

Bott’s reciprocity relating sheaf cohomology to Lie algebra cohomology, the Borel-

Weil-Bott theorem describing the sheaf cohomology, Kostant’s theorem describing

the Lie algebra cohomology, and the explicit form of Kostant’s harmonics.

Chapter 3 is devoted to the detailed formal statement of problems (I) and (II),

as well as some remarks. We start by fixing an inclusion ι : g ↪→ g̃ of semisimple

Lie algebras. The first section of the chapter contains a result about extensions of

parabolic subalgebras. We show that any parabolic subalgebra p ⊂ g can be extended

to a parabolic subalgebra p̃ ⊂ g̃ so that p = g ∩ p̃. This is needed to ensure that

every flag manifold X = G/P may be embedded into a flag manifold X̃ = G̃/P̃ .

Furthermore, p̃ may be chosen so that its nil-radical ñ contains the nil-radical n of p,

a property which ensures that the restrictions of completely reducible vector bundles

from X̃ to X are completely reducible. However, in what follows we allow more

freedom for p̃. The only requirement is that p = g ∩ p̃ so that ϕ : X ↪→ X̃ is an
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arbitrary equivariant embedding of flag manifolds. The trade off is that the complete

reducibility of the restricted bundle must be taken as a hypothesis in some of the

theorems.

Chapter 4 contains results valid for arbitrary embeddings. In section 4.1, using

Bott’s reciprocity, we translate the pullback π to a pullback on Lie algebra cohomol-

ogy. The translation is formalized in theorem 4.1.1 which is perhaps known to experts

in the field, but I have not encountered an explicit statement in the literature. In

section 4.3 we prove two very general theorems 4.3.1 and 4.3.2. Both of them deal

with the nonvanishing of π. Theorem 4.3.2 gives a necessary and sufficient condition

for nonvanishing. Theorem 4.3.1 gives a relation between cohomological components

and the corresponding irreducible subbundles of O. Section 4.4 contains a specializa-

tion of theorem 4.3.2 to the case of complete flag manifolds formulated as theorem

4.4.1. In section 4.5 we study relations between pullbacks on complete and partial

flag manifolds.

Chapter 5 contains three types of results - examples showing what phenomena

may occur, theorems describing certain specializations of the general theorems from

chapter 4, and some results on properties of cohomological components. These spe-

cializations are interesting on their own right, but they are also valuable for the

general theory. They allow, through factorizations, to gain information about arbi-

trary embeddings. In section 5.1 we study the class of regular embeddings and find

a particularly nice specialization of theorem 4.4.1 for the case of complete flags. We

also give examples for the case of partial flags. In section 5.2 we reprove the criterion

of Dimitrov and Roth, and give interesting examples for pullbacks along diagonal
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embeddings of partial flag manifolds. Section 5.3 contains some remarks about fac-

torizations of embeddings and the resulting factorizations of pullbacks. In section 5.4

we study homogeneous rational curves in complete flag manifolds. We determine all

cohomological components arising from principal curves and indicate a possible ap-

proach to the general case along with some examples. In section 5.5 we establish one

of the most curious facts in this dissertation: we show that the algebra of ad-invariant

polynomials on a semisimple Lie algebra is generated by cohomological components.

In section 5.6 we use a result of Montagard, Pasquier and Ressayre, [MPR10], and

our theorem 4.4.1 to obtain a sufficient condition for nonvanishing of the pullback

along embeddings of complete flag manifolds. This condition is purely geometric,

given in terms of Schubert cycles. It is not easy to verify, in general, but is known

to hold for some classes of embeddings, e.g. when G is a spherical subgroup of G̃ of

minimal rank. In section 5.7 we initiate a study of cohomological components. For

a given embedding ϕ of complete flag manifolds, we consider the set C of pairs of

dominant weights (µ, µ̃) for G and G̃, respectively, for which V (µ) is a cohomological

component of Ṽ (µ̃) (see section 2.1.5 for the notation). We show that C is a union of

semigroups parametrized by certain pairs of Weyl group elements w, w̃.

In chapter 6 we summarize the results and pose open questions.

The main body of the text is independent from the introduction and all definitions

and notation are introduced anew.



Chapter 2

Background

In this chapter we outline the necessary background material. The main goal is

to present Kostant’s theory, as given in sections 2.4 and 2.5. Our main reference

is Kostant’s seminal paper [Kos61]. For the basic material on representation and

structure theory of Lie groups and Lie algebras, we refer to [Var84], [Hum72], [Hel78].

Another basic reference, which also contains the Peter-Weyl theorem and a chapter

on flag manifolds and homogeneous vector bundles, is [Wal73]. An algebro-geometric

point of view on the material can be found in [Kum02]. The analytic point of view is

presented on examples in [Kna88].

Notation: We work over the complex numbers, except for a few explicitly specified

cases concerning real numbers. We use the following common notation: lower case

German letters denote Lie algebras and capital Italic letters denote Lie groups. The

universal enveloping algebra of a Lie algebra a is denoted by U(a). Dual spaces and

maps are denoted by a superscript ∗. For any group Γ, the space of invariants in a

Γ-module V is denoted by V Γ; the same notation is used for invariants of modules of

Lie algebras.

13
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2.1 Semisimple Lie algebras and Lie groups

Let g be a semisimple complex Lie algebra and G be the associated connected, simply

connected, complex Lie group. Let κ denote the Killing form on g. We will use

the same notation for the restrictions of κ to subalgebras, some extensions, and the

induced bilinear forms on dual spaces. In particular, κ extends to a nondegenerate

bilinear form on the Grassmann algebra Λg, where the degree components are declared

to be mutually orthogonal and on pure tensors we have κ(x1 ∧ ...∧ xq, y1 ∧ ...∧ yq) =

detκ(xj, yk). Thus κ yields an algebra isomorphism Λg ∼= Λg∗.

Let K ⊂ G be a maximal compact subgroup and k ⊂ g be the corresponding

compact real form, so that g = k ⊕ ik. The restriction of κ to k is negative definite

and coincides with the Killing form of k. Put q = ik, so that g = q ⊕ iq, and κ is

positive definite on q. A conjugation in g is defined by

x+ iy = x− iy , x, y ∈ q .

In turn, this conjugation defines a positive definite Hermitian form {., .} on g by

{u, v} = κ(u, v) , u, v ∈ g .

Since Λg = ΛRq⊕R iΛRq, both the conjugation and the Hermitian form extend to Λg.

The following proposition summarizes some facts from [Kos61], § 3. 1

Proposition 2.1.1. Let a be any subalgebra of g.

(i) Then a = {a ∈ g : a ∈ a} is a subalgebra of g.

(ii) The map a → a∗, x 7→ ξx defined by ξx(a) = κ(a, x), for a ∈ a, is an

isomorphism of vector spaces, which extends naturally to a graded isomorphism of the

Grassmann algebras Λa ∼= Λa∗.

1To avoid confusion it should be noted that Kostant uses ∗ for conjugation and ′ for dual space.
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(iii) The pullback of {., .} along Λa∗ ∼= Λa ↪→ Λg is a positive definite Hermitian

form on Λa∗.

2.1.1 Cartan subalgebras and root space decompositions

Let h ⊂ g be a Cartan subalgebra, ∆ be the associated root system, and P ⊂ h∗ be

the weight lattice. Let

g = h⊕ (⊕α∈∆gα)

be the root space decomposition of g. The restriction of κ to h provides an isomor-

phism between h∗ and h, denoted by µ 7→ hµ. In particular, we have the coroots hα,

for α ∈ ∆. We fix root vectors eα ∈ gα, for α ∈ ∆, satisfying [eα, e−α] = hα and

κ(eα, eβ) =


1 , if α = −β ,

0 , if α 6= −β .
(2.1)

One verifies immediately that

eα = e−α . (2.2)

2.1.2 Regular subalgebras

Following Dynkin, we call a subalgebra a of g regular, if a is also an h-submodule of

g with respect to the adjoint action. In such a case, we set ∆(a) = {α ∈ ∆|gα ⊂ a}.

In particular, any subalgebra of g containing h is a regular subalgebra. The following

proposition is straightforward to verify.

Proposition 2.1.2. Let a be a regular subalgebra of g.

(i) ∆(a) = −∆(a).
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(ii) The isomorphism a ∼= a∗ and the monomorphism Λa∗ ↪→ Λg defined in propo-

sition 2.1.1 are morphisms of h-modules.

(iii) If a ∩ h = 0, then

{eΦ = ∧α∈Φeα : Φ ⊂ ∆(a)}

is a basis of weight vectors for the h-module Λa.

2.1.3 Borel subalgebras and parabolic subalgebras

By definition, a Borel subalgebra of g is a maximal solvable subalgebra, and a

parabolic subalgebra is a subalgebra containing a Borel subalgebra. All Borel subal-

gebras of g are conjugate under the adjoint action of G. There is a finite number of

conjugacy classes of parabolic subalgebras. The Borel and parabolic subalgebras are

regular subalgebras since they contain Cartan subalgebras.

The Borel and parabolic subalgebras containing a fixed Cartan subalgebra h are

described using the root system as follows. Let E be the real span of ∆ in h∗; this is a

Euclidian vector space with respect to the restriction of the Killing form κ. Assume

that u ∈ E is chosen so that it is not orthogonal to any root. Then u defines a

partition ∆ = ∆+ t∆− where ∆+ and ∆− consist of the roots whose inner product

with u is respectively positive and negative. The two parts are closed under root

addition and define the following regular subalgebras of g:

m± = ⊕α∈∆±gα , b± = h⊕m± .

b+ and b− are Borel subalgebras of g, and m+ and m− are their respective nil-radicals.

We have m± = [b±, b±]. Put m = m+, b = b+. Let Π ⊂ ∆+ be the set of simple
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roots, i.e. those that cannot be written as non-negative linear combinations of other

positive roots.

First we describe all parabolic subalgebras p ⊂ g containing b. Since p contains

h, it is a regular subalgebra and is determined by the corresponding set of roots

∆(p). We have ∆(p) ⊃ ∆+ and hence it is sufficient to determine the negative roots

belonging to ∆(p). Every negative root is expressed uniquely as a non-negative linear

combination of elements of −Π. The basic properties of roots systems imply that, if

α ∈ ∆(p)∩∆−, then all roots in −Π entering nontrivially in the expression for α also

belong to ∆(p). Since ∆(p) is closed under addition, we can conclude that ∆(p) is

completely determined by the set −Π ∩ ∆(p). Equivalently, ∆(p) is determined by

the set of simple roots S ⊂ Π such that ∆(p)∩(−Π) = −(Π\S). We use the notation

p = pS .

Conversely, any subset S ⊂ Π gives rise to a parabolic subalgebra pS of g, defined

as the subalgebra generated by b and e−α for α ∈ Π \ S. Thus there is a bijection

between the subsets of Π and the parabolic subalgebras of g containing b.

The parabolic subalgebra pS comes equipped with a Levi decomposition. (In this

paper, by a Levi decomposition we shall mean a splitting of a Lie algebra into a direct

sum of the nil-radical and a reductive part called a (reductive) Levi component. This

differs from the original definition where one spits a Lie algebra into a direct sum of the

solvable radical and a semisimple part named traditionally the Levi component.) The

nil-radical n = nS of pS is the sum of root spaces of positive roots, whose expressions

in the base Π involve elements of S with non-zero coefficients. The Levi component

l = lS is generated by the Cartan subalgebra h and the root spaces g±α for α ∈ Π\S.

We have a semidirect sum pS = lS ⊕ nS.
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Let E+ = {v ∈ E : κ(α, v) ≥ 0, α ∈ Π}. This set is called the positive Weyl

chamber with respect to b. The interior of E+ consists exactly of all vectors u defining

the same set partition ∆ = ∆+ t ∆− as in the beginning of the section. E+ is a

simplicial cone whose faces are in bijection with the subsets of Π, and thus with the

parabolic subalgebras containing b. More precisely, for any subset S ⊂ Π, consider

the face E+
S whose elements are orthogonal to the elements of Π \ S. For a vector

v in the relative interior of E+
S define the partition ∆ = ∆+

v t ∆0
v t ∆−v with parts

consisting of the roots whose inner product with v is respectively positive, zero and

negative. Then ∆+
v = ∆(nS) and ∆0

v = ∆(lS).

More generally, all parabolic subalgebras containing h can be obtained as follows.

For any v ∈ E define a parabolic subalgebra pv as

pv = h⊕ (⊕{α∈∆:κ(α,v)≥0}g
α) .

Since any vector in E belongs to some Weyl chamber, we conclude that all parabolic

subalgebras in g containing h have the form pv for some v. Clearly pv is a Borel

subalgebra of g if and only if v is not orthogonal to any root.

2.1.4 The Weyl group

The Weyl group W of G with respect to the Cartan subgroup H is defined as the

quotient NG(H)/H, where NG(H) is the normalizer of H in G. W acts by orthogonal

linear transformations on the weight lattice P and is generated by the root reflections

sα for α ∈ Π. A fixed choice of a Borel subgroup H ⊂ B ⊂ G determines a funda-

mental domain for the action ofW on P : the dominant Weyl chamber P+ = P ∩E+.

To each element w ∈ W we associate its inversion set

Φw = ∆+ ∩ w−1(∆−) .
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The length l(w) of w equals the cardinality of the inversion set Φw. For any subset

Φ ⊂ ∆, put 〈Φ〉 =
∑

α∈Φ α. As usual, we denote the half-sum of the positive roots

by ρ.

The usual linear action shall be denoted by w(λ) for w ∈ W , λ ∈ P . We consider

a second action of W on the weight lattice P by affine transformations, sometimes

referred to as “the Demazure action”. It is defined by

w · λ = w(λ+ ρ)− ρ .

The fundamental domain for the affine action is P+ − ρ. The chamber P+ is the

interior of P+ − ρ. Below we record two useful formulae:

w−1(w · λ) = λ− w−1 · 0 , w−1 · 0 = −〈Φw〉 . (2.3)

A weight λ ∈ P is called regular, if it is congruent to a dominant weight under the

affine action of W . For a regular weight λ the Weyl group element sending λ to an

element of P+ is unique and is denoted by wλ. The length of a regular weight λ is

defined as

l(λ) = l(wλ) .

Whenever we write l(λ) we make the implicit assumption that λ is regular.

The Weyl group and parabolic subalgebras

Fix S ⊂ Π and consider p = pS. Let W1 be the subgroup of W generated by the

simple reflections sα for α ∈ Π \ S; this is the Weyl group of l with respect to h. Let

W1 denote the set of minimal length representatives for the left cosets W/W1. Then

W1 = {w ∈ W : Φw ⊂ ∆(n)} .
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Example 2.1.1. Let g = sl3 with the standard diagonal Cartan subalgebra and upper-

triangular Borel subalgebra. Let p = b⊕Ce−α1. ThusW = S3 with simple generators

s1, s2 and W1 = {1, s1}. Then W1 = {1, s2, s1s2} with Φ1 = ∅, Φs2 = {α2}, Φs1s2 =

{α2, α1 + α2}.

Notice that P is also a weight lattice of the reductive Lie algebra l. The finite

dimensional irreducible representations of l, which integrate to representations of the

group L, are parametrized by P+
1 = ∪w∈W1w−1(P+). The set P+

1 is in fact a cone in

P , and is a fundamental domain for the action of W1 on P .

The nil-radical n of p acts trivially on irreducible finite dimensional representa-

tions. Hence P+
1 parametrizes the finite dimensional irreducible representations of p,

which integrate to representation of the group P .

2.1.5 Finite dimensional modules

Let V be a g-module. A weight space of V is a common eigenspace for all elements of

the Cartan subalgebra h; the eigenvalue, viewed as a linear functional on h is called

a weight. A g-module V is called a weight module if it is the direct sum of its weight

spaces, i.e.

V = ⊕λ∈h∗V
λ , V λ = {v ∈ V : hv = λ(h)v ∀ h ∈ h} .

Suppose that V is a weight module. The support of V is defined as Supp(V ) = {λ ∈

h∗ : V λ 6= 0}. We use the notation vλ for a non-zero weight vector of weight λ.

It is a classical result that all finite dimensional g-modules are weight modules

with supports contained in the integral weight lattice P .

The category of finite dimensional g-modules is semisimple, i.e. every module

can be decomposed into a direct sum of irreducible submodules. If V is a finite
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dimensional irreducible g-module, then it contains a unique one-dimensional common

eigenspace for all elements of the Borel subalgebra b. Since h ⊂ b, the b-eigenspace

is a weight space; it is called the highest weight space and its non-zero elements are

called highest weight vectors, and the weight is called the highest weight of V . The

highest weight belongs to the dominant Weyl chamber P+ and determines V up to an

isomorphism. Conversely, for any µ ∈ P+ there exists a finite dimensional irreducible

g-module with highest weight µ, which we denote by V (µ). The support of V (µ) is

contained in the polytope with vertices w(µ), w ∈ W , and equals the intersection of

this polytope with the root lattice translated by µ. The vertices w(µ), w ∈ W of the

polytope are called extreme weights of V (µ).

2.1.6 The Peter-Weyl theorem

Let L2(K) denote the Hilbert space of square integrable complex valued functions on

K. The group K acts by unitary operators on L2(K) both on the left and on the

right:

(νL(g)F )(x) = F (g−1x) , (νR(g)F )(x) = F (xg) , x, g ∈ K,F ∈ L2(K) .

The two actions commute and give rise to a K × K–action on L2(K). As a dense

K × K-subrepresentation in L2(K) one finds the space C∞(K) of complex valued,

infinitely differentiable functions on K.

Let V be a finite dimensional K-module and V ∗ be its dual module. Every pure

tensor f ⊗ v ∈ V ∗ ⊗ V defines a function F ∈ C∞(K) by

F (g) = f(gv) , g ∈ K .

F (g) is called a matrix coefficient. The linear span of all matrix coefficients is called
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the space of representative functions on K and denoted by F(K). When V is irre-

ducible, the linear span of all matrix coefficients obtained from V is an irreducible

K ×K-module isomorphic to V ∗ ⊗ V . This yields an inclusion V ∗ ⊗ V ⊂ F(K) as

an irreducible K×K subrepresentation. If V and W are two inequivalent irreducible

G-modules, then the corresponding subspaces V ∗ ⊗ V and W ∗ ⊗ W in L2(K) are

orthogonal.

Theorem 2.1.3. (Peter-Weyl) The space F(K) is dense in L2(K). Furthermore,

F(K) decomposes as an orthogonal direct sum of irreducible K × K–submodules,

over the set K̂ of all equivalence classes of irreducible finite dimensional complex

representations of K:

F(K) = ⊕[V ]∈K̂V
∗ ⊗ V . (2.4)

The differential of the left (right) action of K on C∞(K) identifies k with the

Lie algebra of left (right) invariant first order linear differential operators on C∞(K).

Both the left and the right action can be complexified to yield representations of g.

Either one provides an identification of g with the complexified tangent space to K

at any given point.

Every finite dimensional unitary representation of K can be extended to a holo-

morphic representation of G. Hence F(K) caries a structure of a G×G-module and

(2.4) remains valid in this setting. Furthermore, if G is endowed with an algebraic

structure, then the coordinate ring C[G] is a G × G-module with a decomposition

analogous to (2.4), so that the restriction to K yields F(K).
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2.2 Flag manifolds and homogeneous vector bun-

dles

A flag manifold of G is a coset space with respect to a parabolic subgroup. A com-

plete flag manifold is a coset space with respect to a Borel subgroup. Fix a parabolic

subgroup P ⊂ G and denote X = G/P . The flag manifold X is a complex homo-

geneous manifold. It is compact as well, since the action of any maximal compact

subgroup of G on X is transitive. Furthermore, all flag manifolds are projective and

hence Kähler. The class of all flag manifolds for all semisimple complex Lie groups

coincides with the class of all homogeneous compact Kähler manifolds admitting an

equivariant projective embedding. Note that the isometry group of any homogeneous

Kähler structure on X is a maximal compact subgroup of Ad(G). The action of G

preserves the complex structure, but not the metric.

Let B ⊂ P ⊂ G be fixed as in section 2.1.3. Let X = G/P and xo = eP ∈ X.

A holomorphic vector bundle E → X is said to be homogeneous (or more precisely

G-homogeneous), if the total space E caries a G-action such that the map E → X is

G-equivariant and for any g ∈ G, x ∈ X the corresponding map between the fibres

Ex → Egx is linear. Let Eo be the fibre over xo. Then P acts linearly on Eo and we

have

E ∼= G×P Eo = (G× Eo)/((gp, v) ∼ (g, pv)) .

The vector bundle E is irreducible if and only if the P -module Eo is irreducible.

In such a case the action of N on Eo is trivial. For λ ∈ P+
1 , let U(λ) denote the

corresponding irreducible representation of P , and let O(λ) denote the sheaf of local
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holomorphic sections of the vector bundle E(λ)∗ = G ×P U(λ)∗. The homogeneity

of E(λ)∗ yields a representation of G on the cohomology space Hq(X,O(λ)). The

representations arising in this way are described by the Borel-Weil-Bott theorem

formulated in section 2.4.

Consider the case when P = B and X = G/B. Lie’s theorem implies that the

only irreducible homogeneous holomorphic vector bundles on X are line bundles. A

homogeneous holomorphic line bundle on X corresponds to a character λ of B. We

denote the irreducible B-module with character λ by Cλ and set

Lλ = G×B Cλ .

The sheaf of local holomorphic sections of Lλ is O(−λ). Since the character group of

B can be identified with the weight lattice P , and any holomorphic line bundle on a

flag manifold is linearly equivalent to a homogeneous one, we have Pic(X) ∼= P .

More generally, if X = G/P , the Picard group of X can be identified with the

character group X (P ) of P . This character group can in turn be identified with the

character group X (C) of center C of the chosen (or any) reductive Levi subgroup

L ⊂ P . Since C ⊂ H, one can use the Killing form to identify X (C) with a subgroup

of P , namely, the sublattice orthogonal to all roots of L.

Since the maximal compact subgroup K of G acts transitively on X, the flag

manifold may be written as a coset space of K. The stabilizer of xo in K is the

intersection K∩P . Note that K∩P = K∩L; this intersection is a maximal compact

subgroup of L, and will be denoted by K1. Thus the flag manifold can be written

as X = K/K1. Let p : K → X, g 7→ gxo be the canonical map. For g ∈ K let

pC
g : TC

g K → TC
gxoX be the tangent map of complexified tangent spaces. By definition
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g = TC
e K. Thus

Ker(pC
e ) = l , Im(pC

e ) = TC
xoX
∼= n− ⊕ n .

Let g ∈ K and let g be identified with TC
g K via the tangent map of the right trans-

lation by g. The restriction of pC
g to n (respectively, n−) is an L-module isomorphism

onto T 0,1
gxoX (respectively, T 1,0

gxoX). The holomorphic and the antiholomorphic tangent

bundles on X are K-homogeneous unitary vector bundles and we have

T 1,0X = K ×K1 n− , T 0,1X = K ×K1 n . (2.5)

In what follows we will make use of the Dolbeault ∂-complex on X, hence we are

specifically interested in antiholomorphic differential forms. The second identity in

(2.5) implies that the antiholomorphic cotangent bundle Ω0,1X can be written as

K ×K1 n∗, and more generally

Ω0,qX = K ×K1 (Λqn∗) .

The space of differentiable sections of Ω0,qX is

C0,q(X) = (C∞(K)⊗ Λqn∗)K1 ,

where K1 acts on C∞(K) on the right.

2.3 Sheaf cohomology and Lie algebra cohomology

Let λ ∈ P+
1 and consider the corresponding homogeneous vector bundle E(λ)∗ → X,

which can be written both asG×PU(λ)∗ andK×K1U(λ)∗. We can form the Dolbeault

∂-complex C∂(X, E(λ)∗) of antiholomorphic forms with values in E(λ)∗. These forms
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can be lifted to forms on K, with suitable equivariance properties. First, we have the

bundle

Ω0,q(X, E(λ)∗) = K ×K1 (Λqn∗ ⊗ U(λ)∗) ,

whose space of differentiable sections is C0,q(X, E(λ)∗) = (C∞(K)⊗Λqn∗⊗U(λ)∗)K1 .

Note that the space of K1-invariants in C∞(K)⊗Λqn∗⊗U(λ)∗ is the same as the space

of l-invariants therein. Summing over q we obtain the total space of the ∂-complex of

antiholomorphic forms on X with values in E(λ)∗ to be (Λn∗⊗C∞(K)⊗U(λ)∗)l. The

latter is also the total space of the Lie algebra cochain complex C(n, C∞(K)⊗U(λ)∗)l

defined with respect to the right action of n on C∞(K) and the trivial action on

U(λ)∗. Moreover, the Lie algebra coboundary operator coincides with ∂ and we have

an isomorphism of complexes

C∂(X, E(λ)∗) ∼= C(n, C∞(K)⊗ U(λ)∗)l . (2.6)

Both complexes carry a left K-action and the isomorphism (2.6) is a K-module iso-

morphism. We can conclude that, for all q, there is a K-equivariant isomorphism of

cohomology groups

H0,q(X, E(λ)∗) ∼= Hq(n, C∞(K)⊗ U(λ)∗)l . (2.7)

Let O(λ) be the sheaf of local holomorphic sections of E(λ)∗. Dolbeault’s theorem

gives

Hq(X,O(λ)) ∼= H0,q(X, E(λ)∗) . (2.8)

Combining (2.7) and (2.8) we deduce the following isomorphism of K-modules:

Hq(X,O(λ)) ∼= Hq(n, C∞(K)⊗ U(λ)∗)l . (2.9)
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We shall restrict our considerations to the space of representable functions F(K)

instead of C∞(K). This can be viewed as a restriction to differential forms with

algebraic coefficients, if a suitable algebraic structure on X is chosen. Using the

Peter-Weyl theorem we obtain

Hq(n,F(K)⊗ U(λ)∗)l = ⊕µ∈P+Hq(n, V (µ)∗ ⊗ V (µ)⊗ U(λ)∗)l

= ⊕µ∈P+V (µ)∗ ⊗ (Hq(n, V (µ))⊗ U(λ)∗)l .

In particular, we arrive at the reciprocity law observed by Bott [Bott57]:

Proposition 2.3.1. For λ ∈ P+
1 and µ ∈ P+ we have

dim HomG(V (µ)∗, Hq(X,O(λ))) = dim Homl(U(λ), Hq(n, V (µ))) .

2.4 The Borel-Weil-Bott theorem and the Kostant

theorem

In this section we state two theorems which are fundamental in geometric represen-

tation theory and, in particular, are the essential ingredients for the studies in this

work.

The cohomology groups of invertible sheafs on the flag manifold G/B are described

by the following theorem, proved by Borel and Weil for the case of global sections

and by Bott for the cohomologies of higher degree.

Theorem 2.4.1. (Borel-Weil-Bott, [Bott57]) Let λ ∈ P+
1 . Then

Hq(X,O(λ)) ∼=


V (wλ · λ)∗ , if l(λ) = q

0 , otherwise .
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Kostant’s theorem stated below is a counterpart of the Borel-Weil-Bott theorem

in Lie algebra cohomology. While the Borel-Weil-Bott theorem determines the left

hand side of the equation in proposition 2.3.1, Kostant’s theorem determines the right

hand side.

Let {e∗−α | α ⊂ ∆+} denote the basis of m∗ dual to the basis {eα | α ⊂ ∆+} of m.

Thus {e∗−Φ = ∧α∈Φe
∗
−α | Φ ⊂ ∆(n)} is a basis of Λn∗ dual to the basis {eΦ | Φ ⊂ ∆(n)}

of Λn (see proposition 2.1.2).

Theorem 2.4.2. (Kostant, [Kos61]) Let µ ∈ P+. Then the cohomology group

Hq(n, V (µ)) decomposes into a sum of isotypic l-submodules as follows:

Hq(n, V (µ)) = ⊕w∈W1(q)H(n, V (µ))w
−1·µ ,

where the super-script w−1 ·µ designates the highest weight of an l-isotypic component

and W1(q) denotes the set of elements in W1 with length q.

Moreover, for each w ∈ W1 the isotypic component H(n, V (µ))w
−1·µ has multi-

plicity 1, and the highest weight space is generated by the cohomology class of

e∗−Φw ⊗ v
w−1(µ) .

where vw
−1(µ) denotes a weight vector of (extreme) weight w−1(µ) in V (µ).

2.5 Kostant’s harmonics

To prove theorem 2.4.2 Kostant used an analogue of Hodge’s theory of harmonic

forms. The harmonic representatives are defined with respect to the Laplacian L =

dd∗+d∗d on the complex C(n, V (µ)) associated with the Hermitian form on Λn∗×V (µ)

defined as the product of the form {., .} given in section 2.1 and any K-invariant

Hermitian form on V (µ). We shall denote the space of harmonics by H(n, V (µ)).
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Theorem 2.5.1. (Kostant, [Kos61]) Let µ ∈ P+. For any w ∈ W1 the irreducible

l-module with highest weight w−1 · µ has multiplicity one in the l-module Λn∗⊗ V (µ).

The corresponding highest weight vector has the form

e∗−Φw ⊗ v
w−1(µ) ,

where vw
−1(µ) denotes a weight vector of (extreme) weight w−1(µ) in V (µ).

Furthermore, the space of harmonics in C(n, V (µ)) consists exactly of the submod-

ules of the type described above, i.e.

Hq(n, V (µ)) = ⊕w∈W1(q)C(n, V (µ))w
−1·µ .

In particular, theorem 2.5.1 describes the space H(n) of harmonics in the Lie

algebra complex C(n) as an l-module and gives explicit highest weight vectors for each

component. Here we study the l-module structure in some more detail. Specifically,

we are concerned with extreme weight vectors. The l-module decomposition of Hq(n)

provided by Kostant’s theorem is

Hq(n) = ⊕σ∈W1(q)H(n)σ
−1·0 ,

where the highest weight vector in H(n)σ
−1·0 is e∗−Φσ

.

Lemma 2.5.2. Let w ∈ W. Let τ ∈ W1 and σ ∈ W1 be the unique elements such

that w = στ . Then

Φw ∩∆(l) = Φτ , Φw ∩∆(n) = τ−1(Φσ) .

For any w ∈ W denote

Φ1
w = Φw ∩∆(n) .
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Lemma 2.5.3. The extreme weight of H(n)σ
−1·0 corresponding to the Weyl group

element τ−1 ∈ W1 is −〈Φ1
στ 〉 with corresponding weight vector e∗−Φ1

στ
.

Proof. We compute

τ−1(σ−1 · 0) = τ−1(σ−1(ρ)− ρ) = τ−1σ−1(ρ)− ρ+ τ−1(ρ) + ρ

= (στ)−1 · 0− τ−1 · 0 = −〈Φστ 〉+ 〈Φτ 〉 = −〈Φ1
στ 〉 .

We can use Kostant’s harmonic representatives for H(n, V (µ)) to construct har-

monic representatives for H(n,F(K)⊗ U(λ)∗)l, for λ ∈ P+
1 . Tracing back the calcu-

lations done to obtain the reciprocity law we deduce that

C(n,F(K)⊗ U(λ)∗)l = ⊕µ∈P+V (µ)∗ ⊗ (C(n, V (µ))⊗ U(λ)∗)l .

Thus we are led to study C(n, V (µ))λ. The crucial fact is that the coboundary

operator is l-equivariant, and hence any l-submodule of C(n, V (µ)) is either harmonic,

or consists of coboundaries, or does not contain cocycles. Thus the only µ for which

C(n, V (µ))λ contains nontrivial cocycles is µ = wλ · λ (if λ is not regular, then there

is no such µ). Since C(n, V (wλ · λ))λ = H(n, V (wλ · λ))λ, we conclude that

H(n,F(K)⊗ U(λ)∗)l = V (wλ · λ)∗ ⊗ (H(n, V (wλ · λ))λ ⊗ U(λ)∗)l,

where V (wλ · λ)∗ is a left g-submodule of F(K), H(n, V (wλ · λ))λ is the l-irreducible

space of harmonics in H(n, V (wλ · λ)) given by theorem 2.5.1, and U(λ)∗ is the l-

module representing the fibre of the vector bundle E(λ)∗ over X at the point xo.



Chapter 3

Setting of the main goals and

problems

Let ι : g → g̃ be a monomorphism between two semisimple complex Lie algebras;

we regard g as a subalgebra of g̃. Let G and G̃ the associated connected, simply

connected complex Lie groups. Then ι induces a homomorphism φ : G → G̃ with a

finite kernel.

To a pair of morphisms ι, φ as above, one may associate various maps between the

flag manifolds of the groups. If p ⊂ g and p̃ ⊂ g̃ are parabolic subalgebras satisfying

p ⊂ p̃, then there is a G-equivariant map ϕ : G/P → G̃/P̃ . If in addition p = g ∩ p̃,

then ϕ is an embedding. In general, ϕ may be written as a composition of a surjective

map (with g = g̃) and an embedding. We shall concentrate on embeddings.

Assume, for the rest of this section, that we have fixed parabolic subalgebras with

p = g ∩ p̃. Denote X = G/P , X̃ = G̃/P̃ , so that

ϕ : X ↪→ X̃

31
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is the associated embedding. We can restrict vector bundles from X̃ to X and consider

the associated pullbacks on cohomology. Let Ẽ be an irreducible vector bundle on X̃

and Õ be its sheaf of local sections. Let E be the restriction of Ẽ to X and O be the

associated sheaf. Then ϕ induces a pullback map

π : H(X̃, Õ) −→ H(X,O) .

The general goal of this dissertation is to study π. Let us mention some properties

making this map interesting. First and foremost π is G-equivariant. By the Borel-

Weil-Bott theorem (see theorem 2.4.1) H(X̃, Õ) is (the dual of) an irreducible G̃-

module, say H(X̃, Õ) ∼= Ṽ ∗. Considered as a G-module Ṽ splits into a direct sum

of isotypic components, say Ṽ = m1V1 ⊕ ... ⊕mkVk, where Vj is irreducible and mj

is its multiplicity. On the other hand, H(X,O) is a G-module, say W ∗. When E

is reducible, W ∗ may be reducible as well. However, if E is irreducible (e.g. a line

bundle), then W ∗ is an irreducible G-module. In the latter case, the map π, if non-

zero, is surjective by Schur’s lemma. One of the primary goals is to device a criterion

for nonvanishing of π. Also, we are interested in the image of the dual map π∗, which

is a G-submodule of Ṽ .

In this chapter we establish some results and introduce notions and notation

related to the above setting. In the last section we summarize and formulate precisely

the main problems.

3.1 Equivariant maps between flag manifolds

In this section we make some observations about the existence of embeddings between

the flag manifolds of g and g̃. Namely, we show that any flag manifold of g can be
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embedded equivariantly into some flag manifold of g̃. The existence of embeddings is

more easily seen on the level of compact groups, but there it is perhaps not obvious

that the resulting embeddings are holomorphic and G-equivariant. Let k and k̃ be

compact real forms of g and g̃ respectively, such that k = g∩ k̃. Any flag manifold of g

has the form K/U where u is the centralizer of a torus s ⊂ k. Let ũ be the centralizer

of s in k̃. Then K/U embeds K-equivariantly in K̃/Ũ . To show that the embedding

can be made G-equivariant we show that every parabolic subalgebra of g may be

extended to a parabolic subalgebra of g̃. Moreover, the extension we construct has

reductive Levi component with compact real form Ũ .

Proposition 3.1.1. Let p ⊂ g be a parabolic subalgebra. Then there exists a parabolic

subalgebra p̃ ⊂ g̃ such that p = g∩ p̃. Moreover, p̃ can be chosen so that its nil-radical

contains the nil-radical of p.

Proof. Let h ⊂ p be a Cartan subalgebra of g and let h̃ be a Cartan subalgebra of g̃

extending h, so that h = g ∩ h̃. Let n be the nil-radical of p and l be the reductive

Levi component with respect to h, so that

p = l⊕ n .

Let c be the center of l. Let s = k ∩ c, let ũ be the centralizer of s in k̃ and set

l̃ = ũ⊕ iũ. Clearly, l̃ ⊃ h̃. We have root space decompositions

g = h⊕ (⊕α∈∆gα) , g̃ = h̃⊕
(
⊕α̃∈∆̃g̃α̃

)
.

For any h-submodule a of g̃, let ∆(a) denote the h-weights of a. Recall that all roots

take real values on is. By construction the roots of l and l̃ vanish on is. On the other

hand, the roots in ∆̃(g̃) \ ∆̃(̃l) and ∆(n) do not vanish identically on is. There is an
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open set in is on which the roots in ∆(n) take positive values. Within this open set

we can choose an element z0 such that α̃(z0) 6= 0 for all α̃ ∈ ∆̃(g̃) \ ∆̃(̃l). Consider

the adjoint action of z0 on g and g̃. The element z0 is semisimple in both g and g̃,

and we have respective eigenspace decompositions. Let g+ denote the sum of the

eigenspaces with positive eigenvalues, g0 denote the kernel, and g− denote the sum

of the eigenspaces with negative eigenvalues. Analogously, define g̃± and g̃0. Then

g = g+ ⊕ g0 ⊕ g− , g̃ = g̃+ ⊕ g̃0 ⊕ g̃− .

Clearly, g± ⊂ g̃± and g0 ⊂ g̃0. Notice that g+ = n, g0 = l and g̃0 = l̃. Denote ñ = g̃+

and p̃ = ñ ⊕ l̃. Then p̃ is a parabolic subalgebra of g̃ and from the construction it

follows immediately that p = g ∩ p̃ and n = g ∩ ñ. This completes the proof.

Remark 3.1.1. Let ṽ ∈ h̃∗ be the element corresponding to z0 under the identification

between h̃ and h̃∗ via the Killing form. Then ṽ belongs to the real span of ∆̃ and, in

the notation of section 2.1.3, we have p̃ = p̃ṽ.

Remark 3.1.2. In the case when p = b is a Borel subalgebra of g, there is a simpler

argument then the above. Since b is a solvable subalgebra of g̃, by Zorn’s lemma, it is

contained in a maximal solvable subalgebra, i.e. a Borel subalgebra, b̃ ⊂ g̃. Moreover,

we have b = g∩ b̃, since g∩ b̃ is a solvable subalgebra of g containing b. In particular,

we observe that all closed G-orbits in a complete flag manifold of G̃ are complete flag

manifolds of G.

3.1.1 Notation

Let p ⊂ g and p̃ ⊂ g̃ be parabolic subalgebras satisfying p = g∩ p̃. We regard p and p̃

as fixed for this chapter, along with the notation introduced below. We fix compact
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real forms k ⊂ g and k̃ ⊂ g̃ satisfying k = g ∩ k̃. Let k1 = k ∩ p and l = k1 ⊕ ik1. Then

l is a reductive Levi component of p and p = l ⊕ n, where, as before, n denotes the

nil-radical of p. Analogously, let k̃1 = k̃ ∩ p̃ and l̃ = k̃1 ⊕ ĩk1, so that p̃ = l̃ ⊕ ñ is a

Levi decomposition of p̃. Notice that l = g ∩ l̃, while an inclusion n ⊂ ñ does not

necessarily hold. The latter issue will manifest significantly in what follows. Further,

let t ⊂ k1 be a Cartan subalgebra, and let t̃ ⊂ k̃1 be a Cartan subalgebra containing

t. Put h = t⊕ it and h̃ = t̃⊕ ĩt; these are Cartan subalgebras of g and g̃ respectively,

satisfying h = g ∩ h̃. Let b ⊂ g be a Borel subalgebra contained in p, and let b̃ ⊂ g̃

be a Borel subalgebra contained in p̃, such that b = g ∩ b̃.

We shall use the notation for roots, weights, vector bundles and all other attributes

of g relative the above choices, as introduced in chapter 2, and we shall use the same

notation with tildes for the attributes of g̃. For instance P and P̃ denote the respective

weight lattices, and we have a restriction map

ι∗ : P̃ −→ P .

Since b ⊂ b̃, the map ι∗ sends dominant weights to dominant weights, i.e. ι∗(P̃+) ⊂

P+. Note that ι∗(P̃) ⊂ P is a full rank sublattice and P/ι ∗ (P̃) = Kerφ.

Put X = G/P and X̃ = G̃/P̃ , and let

ϕ : X ↪→ X̃

be the resulting G-equivariant embedding.

3.2 Pullbacks of vector bundles and cohomology

Take λ̃ ∈ P̃+
1 and let Ẽ = Ẽ(λ̃)∗ = G̃×P̃ Ũ(λ̃)∗ be the associated G̃-equivariant vector

bundle on X̃. Let E = E(λ̃)∗ = Ẽ|X = G ×P Ũ(λ̃)∗ be the restriction of Ẽ to X. Let
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Õ(λ̃) be the sheaf of section of the holomorphic vector bundle Ẽ(λ̃)∗ and O(λ̃) be the

sheaf of sections of the restricted bundle E . Then there is a G-equivariant pullback

on the cohomology of these sheaves, denoted by

πλ̃ : H(X̃, Õ(λ̃)) −→ H(X,O(λ̃)) .

When the vector bundle E is completely reducible, say

E ∼= ⊕jE(λj)
∗

with λj ∈ P+
1 , we have

H(X,O(λ̃)) = ⊕jH(X,O(λj)) .

In such a case, we can apply the Borel-Weil-Bott theorem to compute each of the

summands, and thus we can determine H(X,O(λ̃)) as a G-module. Of course, when

some λj has multiplicity, this multiplicity is reflected in the cohomology space. No-

tice that one may obtain isomorphic components in the cohomology arising from

non-isomorphic subbundles, but these components will then appear in different coho-

mological degrees.

The bundle E is not always completely reducible in a G-equivariant way. Note,

that a G-equivariant bundle G ×P U is completely reducible over G if and only if

U is completely reducible as a P -module. The latter does not always hold, as the

following simple example shows.

Example 3.2.1. Restrict the tangent bundle of P2 to the conic. It splits as the sum

of two line bundles: the tangent bundle and the normal bundle to the conic. Only the

tangent bundle is a G-equivariant subbundle. The normal bundle is not preserved by

G and may be obtained only as a G-equivariant quotient bundle.
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Remark 3.2.1. Since the nil-radical n of p acts trivially on any irreducible p-module,

it follows that a p-module U is completely reducible if and only if the nil-radical n ⊂ p

acts trivially on U . In our construction we start with an irreducible p̃-module Ũ(λ̃)∗

and consider it as a p-module via the inclusion ι. Thus we have the following sufficient

condition for G-equivariant complete reducibility of E: the nil-radical of p is contained

into the nil-radical of p̃, i.e. n ⊂ ñ.

Since both H(X̃, Õ(λ̃)) and H(X,O(λ̃)) are finite dimensional, they are semisim-

ple as G-modules. Moreover, the first space, if non-zero, is an irreducible G̃-module

isomorphic to Ṽ (w̃λ̃ · λ̃)∗. The image of the map πλ̃ is a G-submodule of H(X,O(λ̃)),

possibly zero.

Definition 3.2.1. Let µ̃ ∈ P̃+. The irreducible G-submodules of Ṽ (µ̃), which are

contained in the image of (πλ̃)∗ for some λ̃ ∈ P̃+
1 of the form w̃−1 · λ̃ with w̃ ∈ W̃1,

are called cohomological components relative to the embedding ϕ : G/P ↪→ G̃/P̃ . More

generally, a cohomological component in Ṽ (µ̃) is an irreducible G-submodule which is

cohomological relative to some equivariant embedding of a flag manifold of G into a

flag manifold of G̃.

A special case of interest is when the vector bundle E(λ̃)∗ is an irreducible vector

bundle on X, i.e. has the form E(λ)∗ for some λ ∈ P+
1 . When this happens, the

target space of πλ̃ is an irreducible G-module isomorphic to V (wλ · λ)∗. By Schur’s

lemma, the map πλ̃ is either surjective or zero. If it is non-zero, (πλ̃)∗ is just the

inclusion of a component in Ṽ (w̃ · λ̃). For instance, irreducibility is preserved for line

bundles - any restriction of a line bundle is still a line bundle.
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3.3 Statement of the main problems

The above discussion leads to questions which were the starting point for this dis-

sertation, and some of which we address and solve in what follows. The informal

idea in the background is that the above construction gives rise to some ”geometric

branching laws”. Among all G-submodules in an irreducible G̃-module Ṽ we have

distinguished the class of cohomological components. The canonical inclusion of such

a component V ↪→ Ṽ is given by a map (πλ̃)∗ which arises from a natural geometric

construction.

To have a fruitful continuation of the discussion we need to know whether πλ̃

vanishes or not. So we formulate

Problem I: Find a criterion for nonvanishing of πλ̃.

Once such a criterion is known, one could ask whether the cohomological compo-

nents have some special properties distinguishing them from other components. Thus

we arrive at

Problem II: Characterize all cohomological components in a given irreducible

G̃-module.

What is needed, of course, are some computable criteria. In the next chapter,

we shall prove a criterion for nonvanishing of π under the assumption for complete

reducibility of E . The necessary and sufficient condition given in the criterion consists

of two parts. The first part refers only to the Weyl group elements w̃ and w, and
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is relatively easy to verify. The second part refers to the structure of H(X̃, Ẽ) as a

G-module and its verification can be quite hard. In chapter 5 we study several classes

of embeddings for which the criterion takes a specific, simpler form.



Chapter 4

General results

This chapter contains the general results of the dissertation. We study the pullback

πλ̃ : H(X̃, Õ(λ̃)) −→ H(X,O(λ̃))

and address the problems formulated in section 3.3. We do not impose any restrictions

on the inclusion ι : g ↪→ g̃. Applications to special classes of inclusions ι are given in

chapter 5. As for the choice of parabolic subalgebras p and p̃ satisfying p = g ∩ p̃,

three cases are considered:

• An arbitrary choice of parabolic subalgebras, but with the assumption that λ̃

satisfies property (SS) formulated below.

• The case when the nil-radicals of p and p̃ are nested, i.e. n ⊂ ñ. In this case

property (SS) holds automatically and there are other important benefits.

• The case when p and p̃ are Borel subalgebras is considered separately, for it is

the simplest and probably the most important case. Also, in this case one only has

to consider line bundles, so property (SS) is always satisfied. Moreover, the condition

n ⊂ ñ holds automatically.

40
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Property (SS): The vector bundle E(λ̃)∗ on X is G-equivariantly semisimple.

This property is equivalent to: the fibre at the point eP is a semisimple p-module,

and to: n acts trivially on Ũ(λ̃).

Unless otherwise specified, we assume that property (SS) holds.

4.1 Translation to Lie algebra cohomology

In his section we translate the pullback

πλ̃ : H(X̃, Õ(λ̃)) −→ H(X,O(λ̃))

to a pullback in Lie algebra cohomology, using the isomorphism (2.9). This will allow

us to use Kostant’s theorem in our study.

Form section 2.3 we have the isomorphisms

Hq(X̃, Õ(λ̃)) ∼= H0,q(X̃, Ẽ(λ̃)∗) ∼= Hq(ñ,F(K̃)⊗ Ũ(λ̃)∗)̃l ,

Hq(X,O(λ̃)) ∼= H0,q(X, E(λ̃)∗) ∼= Hq(n,F(K)⊗ Ũ(λ̃)∗)l .

Dolbeault’s isomorphism translates πλ̃ to a pullback

ϕ∗
λ̃

: H0,q(X̃, Ẽ(λ̃)∗) −→ H0,q(X, E(λ̃)∗) .

Now, the isomorphism of complexes (2.6) yields a translation of ϕ∗
λ̃

to a pullback in

Lie algebra cohomology

$λ̃ : Hq(ñ,F(K̃)⊗ Ũ(λ̃)∗)̃l −→ Hq(n,F(K)⊗ Ũ(λ̃)∗)l. (4.1)
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Thus we get the following theorem.

Theorem 4.1.1. Let λ̃ ∈ P̃1. There is a commutative diagram:

Hq(X̃,O(λ̃)) ∼= H0,q(X̃, Ẽ(λ̃)∗) ∼= Hq(ñ,F(K̃)⊗ Ũ(λ̃)∗)̃l

πλ̃ ↓ ϕ∗
λ̃
↓ $λ̃ ↓

Hq(X,O(λ̃)) ∼= H0,q(X, E(λ̃)∗) ∼= Hq(n,F(K)⊗ Ũ(λ̃)∗)l ,

where ϕ∗
λ̃

is the usual pullback of differential forms, and $λ̃ is the pullback in Lie

algebra cohomology.

In order to obtain a computable criterion for nonvanishing, we need to understand

the map $λ̃ on the level of cochain complexes. We have

C(ñ,F(K̃)⊗ Ũ(λ̃)∗)̃l = (Λñ∗ ⊗F(K̃)⊗ Ũ(λ̃)∗)̃l ,

C(n,F(K)⊗ Ũ(λ̃)∗)l = (Λn∗ ⊗F(K)⊗ Ũ(λ̃)∗)l .

The desired map between the two complexes above is obtained when we recall that

they are isomorphic to the respective Dolbeault ∂-complexes - then the map is just

the usual pullback of differential forms. It is useful to view the pullback of differential

forms as a tensor product of maps. First, since we have chosen the compact real forms

K and K̃ so that φ : K → K̃, there is a g⊕ g-equivariant pullback of representative

functions, denoted by

r : F(K̃) −→ F(K) .

In particular, r is a g⊕ l-equivariant map, and for now we only focus on this property

of r.
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Recall that the nil-radical n (respectively ñ) is identified with the antiholomor-

phic tangent spaces to X (respectively X) at any given point (see section 2.2). In

particular, at the point xo = eP = eP̃ , we have n = T 0,1
xo X and ñ = T 0,1

xo X̃, and the

tangent map

ϕo = dϕ(xo) : n −→ ñ ,

which is l-equivariant for the isotropy action. We can dualize, and then consider the

corresponding l-equivariant map of Grassmann algebras

ϕ∗o : Λñ∗ −→ Λn∗ .

Combining the maps r and ϕ∗o we get a map on the total spaces of Lie algebra

complexes

$̂ = ϕ∗o ⊗ r : Λñ∗ ⊗F(K̃) −→ Λn∗ ⊗F(K) . (4.2)

The map $̂ is g⊕l-equivariant, with respect to the left g-action on the function spaces

and the diagonal action of l formed from the right action on the function spaces and

the isotropy action on ñ∗ and n∗.

Remark 4.1.1. The map $̂ is a map of complexes if and only if the condition ι(n) ⊂ ñ

holds for the parabolic subalgebras p and p̃. This condition ensures that the map ϕo

coincides with ι|n. This is needed, because the restriction of the ñ-action on F(K̃) to

n (which is done via ι) and the map $∗o of Grassmann algebras have to agree. When

the condition ι(n) ⊂ ñ holds, we denote the resulting map on cohomology by

$ : H(ñ,F(K̃)) −→ H(n,F(K)) .

If the condition ι(n) ⊂ ñ does not hold, a natural map on cohomology does not exist.
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The map $̂ plays a central role, as it encodes the information about all pullback

maps πλ̃, for λ̃ ∈ P̃1. Fix one such λ̃ and consider the irreducible l̃-module Ũ(λ̃)∗,

which is also an l-module since l ⊂ l̃. Take the tensor product of $̂ with the identity

of Ũ(λ̃)∗ to get

$̂λ̃ = ϕ∗o ⊗ r⊗ 1 : Λñ∗ ⊗F(K̃)⊗ Ũ(λ̃)∗ −→ Λn∗ ⊗F(K)⊗ Ũ(λ̃)∗ .

The map $̂λ̃ is g⊕ l-equivariant with respect to left g-action on the function spaces

and the diagonal action of l on the three components.

Since l ⊂ l̃, the map $̂λ̃ sends l̃-invariants to l-invariants. The restriction of $̂λ̃

to the subcomplex of l̃-invariants commutes with the coboundary operators and we

get a map of complexes

$̂λ̃ : C(ñ,F(K̃)⊗ Ũ(λ̃)∗)̃l −→ C(n,F(K)⊗ Ũ(λ̃)∗)l .

Indeed, the above complexes are in fact the Dolbeault ∂-complexes on X̃ and X,

respectively, with values in Ẽ(λ̃)∗ and E(λ̃)∗, respectively, and the map $̂λ̃ represents

the usual pullback of differential forms. The map on cohomology induced by $̂λ̃ is

exactly the map $λ̃ given in (4.1).

4.2 Decomposition of the pullback

Since the vector bundle E(λ̃)∗ on X is assumed to be equivariantly completely re-

ducible, it has a canonical decomposition into isotypic components. For λ ∈ P+
1

let E(λ̃, λ)∗ denote the isotypic component of E(λ)∗ in E(λ̃)∗, and let O(λ̃, λ) de-

note the corresponding sheaf on X. There is a canonical G-equivariant epimorphism



CHAPTER 4. GENERAL RESULTS 45

E(λ̃)∗ → E(λ̃, λ)∗ and a G-equivariant map on cohomology

πλ̃,λX : H(X,O(λ̃)) −→ H(X,O(λ̃, λ)) . (4.3)

Consider the composite pullback

πλ̃,λ = πλ̃,λX ◦ π
λ̃ : H(X̃, Õ(λ̃)) −→ H(X,O(λ̃, λ)) . (4.4)

Since

E(λ̃)∗ = ⊕λ∈P+
1
E(λ̃, λ)∗ ,

we have

H(X,O(λ̃)) = ⊕λ∈P+
1
H(X,O(λ̃, λ)) .

Thus πλ̃ may also be written as the direct sum

πλ̃ = ⊕λ∈P+
1
πλ̃,λ ,

and consequently

πλ̃ 6= 0⇐⇒ ∃λ ∈ P+
1 : πλ̃,λ 6= 0 .

The map πλ̃,λ may be translated to a pullback in Lie algebra cohomology, analo-

gously to πλ̃, as follows. Let U(λ̃, λ)∗ denote the isotypic component of the irreducible

l-module U(λ)∗ inside Ũ(λ̃)∗. Thus U(λ̃, λ)∗ is the fibre of the vector bundle E(λ̃, λ)∗

over the point xo. According to the discussion in section 2.3 we have

H(X,O(λ̃, λ)) ∼= H(n,F(K)⊗ U(λ̃, λ)∗)l .

Let

pλ̃,λ : Ũ(λ̃)∗ −→ U(λ̃, λ)∗
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denote the canonical l-equivariant projection. Consider the g⊕l-equivariant composite

map $̂λ̃,λ = (1⊗ 1⊗ pλ̃,λ) ◦ $̂λ̃ = ϕ∗o ⊗ r⊗ pλ̃,λ,

$̂λ̃,λ : Λñ∗ ⊗F(K̃)⊗ Ũ(λ̃)∗ −→ Λn∗ ⊗F(K)⊗ U(λ̃, λ)∗ . (4.5)

The map $̂λ̃,λ sends l̃-invariants to l-invariants, and we get a map of complexes

$̂λ̃,λ : C(ñ,F(K̃)⊗ Ũ(λ̃)∗)̃l −→ C(n,F(K)⊗ U(λ̃, λ)∗)l ,

which in turn induces a map on cohomology

$λ̃,λ : H(ñ,F(K̃)⊗ Ũ(λ̃)∗)̃l −→ H(n,F(K)⊗ U(λ̃, λ)∗)l .

In fact, $λ̃,λ is a translation of the pullback πλ̃,λ defined in (4.4) to Lie algebra

cohomology. We have

$λ̃ = ⊕λ∈P+
1
$λ̃,λ .

4.3 The main theorems

Let λ̃ ∈ P̃ and consider the pullback

πλ̃ : H(X̃, Õ(λ̃)) −→ H(X,O(λ̃)) .

The space H(X,O(λ̃)) has a G-module decomposition into a direct sum of iso-

typic components. For µ ∈ P+, let H(X,O(λ̃))µ denote the isotypic component

of H(X,O(λ̃)) corresponding to the irreducible module V (µ)∗. Then

H(X,O(λ̃))µ = ⊕w∈W1H(X,O(λ̃, w−1 · µ)) .

An irreducible G-submodule V ∗ ⊂ H(X,O(λ̃))µ may have nontrivial projections to

several components in the above direct sum. The following theorem allows us to

detect these components whenever V ∗ is in the image of πλ̃.
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Theorem 4.3.1. Let µ̃ ∈ P̃+ and µ ∈ P+. Suppose that w̃ ∈ W̃1 and w ∈ W1

are such that there exists η̃ ∈ (Λñ∗)w̃
−1·0 with ϕ∗o(η̃) = e∗−Φw

. Put λ̃ = w̃−1 · µ̃ and

λ = w−1 · µ. Let ṽ denote a weight vector in Ṽ (µ̃) with (extreme) weight w̃−1(µ̃).

Then there is an injective map of vector spaces

Θ : Homg(V (µ),U(g)(U(̃l)ṽ)w
−1(µ)) −→ Homl(U(λ)∗, Ũ(λ̃)∗) ,

where the superscript w−1(µ) on U(g)(U(̃l)ṽ) indicates an h-weight space.

Moreover, if the domain of Θ is non-zero, then the pullback πλ̃,λ is non-zero.

Any non-zero element ψ ∈ Homg(V (µ),U(g)(U(̃l)ṽ)w
−1(µ)) represents a cohomological

component of Ṽ (µ̃).

Proof. Suppose ψ ∈ Homg(V (µ),U(g)(U(̃l)ṽ)w
−1(µ)) is non-zero and let V be the image

of ψ. Let v ∈ V be a non-zero vector of extreme weight w−1(µ). Then there exists

a submodule V ∗ ⊂ Ṽ (µ̃)∗ whose elements do not vanish identically on V . Hence the

functions in the subspace V ∗ ⊗ v ⊂ F(K̃) restrict to non-zero functions on K. Thus

$̂(η̃ ⊗ (V ∗ ⊗ v)) = e∗−Φw ⊗ (V ∗ ⊗ v) ⊂ (Λn∗ ⊗ V (µ)∗ ⊗ V (µ))λ .

The space (Λn∗ ⊗ V (µ)∗ ⊗ V (µ))λ is the unique g ⊕ l-submodule of Λn∗ ⊗ F(K)

isomorphic to V (µ)∗ ⊗ U(λ), and has e∗−Φw
⊗ (V ∗ ⊗ v) as l-highest weight space.

Thus we have a surjective map of g ⊕ l-modules Ṽ (µ̃)∗ ⊗ Ũ(λ̃) → V (µ)∗ ⊗ U(λ). In

particular, we have a map of l-modules Ũ(λ̃)→ U(λ). Let

Θ(ψ) : U(λ)∗ → Ũ(λ̃)∗

be its dual map. Both the linearity and injectivity of the map ψ 7→ Θ(ψ) follow

immediately from the fact that ψ as well as Θ(ψ) are determined by and depend
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linearly on the vector v, which is ultimately a vector in (U(̃l)ṽ)w
−1(µ) annihilated by

w−1nw. This proves the first statement in the theorem.

Now, we want to show that πλ̃,λ, or equivalently $λ̃,λ, is non-zero. It suffices to

prove that the map of complexes $̂λ̃,λ sends some subspace of H(ñ,F(K̃) ⊗ Ũ(λ̃)∗)̃l

onto H(n,F(K)⊗ U(λ̃, λ)∗)l. We have

H(ñ⊗F(K̃)⊗ Ũ(λ̃)∗)̃l = (Λñ∗⊗ Ṽ (µ̃)∗⊗ Ṽ (µ̃)⊗ Ũ(λ̃)∗)̃l ∼= Ṽ (µ̃)∗⊗ (Ũ(λ̃)⊗ Ũ(λ̃)∗)̃l .

Let ξ̃ be a non-zero element in ((Λñ∗⊗ Ṽ (µ̃))λ̃⊗ Ũ(λ̃)∗)̃l. The element ξ̃ is unique up

to scaling. We need to know what the image $̂λ̃,λ(V ∗ ⊗ ξ̃) is. From the definition of

V ∗ and the equivariance properties of the map $̂λ̃,λ we get

$̂λ̃,λ(V ∗ ⊗ ξ̃) ⊂ C(n, V (µ)∗ ⊗ V (µ)⊗ U(λ̃, λ)∗)l .

Since C(n, V (µ)∗⊗ V (µ)⊗U(λ̃, λ)∗)l = H(n, V (µ)∗⊗ V (µ)⊗U(λ̃, λ)∗)l, it suffices to

show that $̂λ̃,λ(V ∗⊗ ξ̃) 6= 0. We have $̂λ̃,λ = (1⊗1⊗pλ̃,λ)◦ $̃λ̃ and we already know

that the image $̂λ̃(V ∗ ⊗ Ũ(λ̃)) contains V (µ) ⊗ U(λ). Hence $̂λ̃(V ∗ ⊗ Ũ(λ̃)) pairs

nontrivially with U(λ̃, λ)∗, which implies that $̂λ̃,λ(V ∗ ⊗ ξ̃) 6= 0. Thus $λ̃,λ 6= 0.

To conclude, it remains to see that V ⊂ Ṽ (µ̃) is a cohomological component. To

this end, note that we have the g-submodule V ∗ ⊂ Ṽ (µ̃)∗ such that πλ̃,λ(V ∗) = V (µ)∗.

The defining property of V ∗ is exactly that it must pair nontrivially with V . This

implies that (πλ̃,λ)∗(V (µ)) = V , and hence V ⊂ Im((πλ̃)∗).

Theorem 4.3.1 provides a sufficient condition for nonvanishing of πλ̃. In the fol-

lowing theorem we show that the situation described is the only one in which πλ̃ may

be nonzero.

Theorem 4.3.2. Let λ̃ ∈ P̃+
1 . Then πλ̃ is non-zero if and only if for some λ ∈ P+

1

such that Homl(U(λ)∗, Ũ(λ̃)∗) 6= 0 the following two conditions are satisfied:
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(i) There exists η̃ ∈ (Λñ∗)w̃
−1

λ̃
·0 such that ϕ∗o(η̃) = e∗−Φwλ

;

(ii) Homg(V (wλ · λ),U(g)(U(̃l)ṽ
λ̃+〈Φw̃

λ̃
〉
)λ+〈Φwλ 〉) 6= 0, where the superscript λ +

〈Φwλ〉 indicates an h-weight space.

Proof. The “if” direction is already settled by theorem 4.3.1. Denote for brevity

w̃ = w̃λ̃ and µ̃ = w̃ · λ̃. Suppose πλ̃ 6= 0. Then there exists λ ∈ P+
1 such that πλ̃,λ 6= 0.

Hence $λ̃,λ 6= 0. The weight λ is necessarily regular. Put w = wλ and µ = w · λ.

Let us concentrate on the images of harmonic representatives under $̂λ̃,λ. The

non-vanishing of $λ̃,λ implies that there exists a g-submodule V ∗ ⊂ Ṽ (µ̃)∗ isomorphic

to V (µ)∗ such that

$(Λñ∗ ⊗ V ∗ ⊗ Ṽ (µ̃))λ̃ ⊃ (Λn⊗ V (µ)∗ ⊗ V (µ))λ .

We deduce that, if non-zero, the pullback map can be realized on harmonic repre-

sentatives. According to Kostant’s theorem, the l-highest weight vectors in (Λn ⊗

V (µ)∗ ⊗ V (µ))λ have the form

e∗−Φw ⊗ f ⊗ v ,

where v ∈ V (µ) is a vector of the extreme weight w−1(µ) = λ + 〈Φw〉 and f varies

in V (µ)∗. Since the image of (Λñ∗ ⊗ V ∗ ⊗ Ṽ (µ̃))λ̃ under $̂ covers the entire space

(Λn⊗ V (µ)∗ ⊗ V (µ))λ, it necessarily covers the l-highest weight vectors given above.

On the other hand, the l̃-highest weight vectors in (Λñ∗ ⊗ Ṽ (µ̃)∗ ⊗ Ṽ (µ̃))λ̃ have form

ẽ∗−Φw̃
λ̃

⊗ f̃ ⊗ ṽ ,

where ṽ ∈ Ṽ (µ̃) is a vector of the extreme weight w̃−1(µ̃) = λ̃+ 〈Φw̃〉 and f̃ varies in

Ṽ (µ̃)∗. We have a transitive action of U(̃l) on Ũ(λ̃) = U(̃l)(ẽ∗−Φw̃
λ̃

⊗ ṽ) ⊂ (Λñ∗)w̃
−1·0⊗

U(̃l)ṽ. Now, for e∗−Φw
⊗ f ⊗ v to be in our image, it is necessary to have condition (i)
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and U(g)(U(̃l)ṽ
λ̃+〈Φw̃

λ̃
〉
)λ+〈Φwλ 〉 6= 0. Furthermore, the component V ∗ must not vanish

U(g)(U(̃l)ṽ
λ̃+〈Φw̃

λ̃
〉
)λ+〈Φwλ 〉, which implies condition (ii).

In the following corollary we record what theorem 4.3.1 gives for λ̃ ∈ P̃+, i.e. when

H(X̃, Õ(λ̃)) = H0(X̃, Õ(λ̃)). This result could be considered common knowledge,

especially in some special cases, e.g. line bundles. However, we still provide it here

for completeness.

Corollary 4.3.3. Let λ̃ ∈ P̃+. Let λ1, ..., λk ∈ P+
1 be the highest weights of the

non-trivial isotypic components of Ũ(λ̃) as an l-module, so that

E(λ̃)∗ = ⊕kj=1E(λ̃, λj)
∗ .

Then the pullback πλ̃ is non-zero. Furthermore, πλ̃,λj is non-zero if and only if λj ∈

P+, and in that case πλ̃,λj is surjective.

Proof. First note that, if λj does not belong to P+, then H0(X,O(λj)) = 0, and

consequently πλ̃,λj = 0.

Now suppose λ = λj ∈ P+. (Such λj exists, e.g. λj = ι∗(λ̃).) Since w̃λ = 1 and

wλ = 1 the condition ϕ∗o(Λñ∗)w̃
−1

λ̃
·0 ⊃ (Λn∗)w

−1
λ ·0 is satisfied automatically. To prove

the corollary it suffices to show that the map Θ from theorem 4.3.1 is a non-zero

isomorphism. We know that Θ is injective and, by the definition of λ, has a non-zero

target space. Thus it suffices to show that Θ is surjective, or to construct an injection

of vector spaces

HomL(U(λ), Ũ(λ̃)) ↪→ HomG(V (λ),U(g)(U(̃l)ṽλ̃)λ) .

Note that U(̃l)ṽλ̃ = U(p̃)ṽλ̃ ∼= Ũ(λ̃). Recall the assumption that property (SS),

formulated in the beginning of this chapter, holds. Hence, when Ũ(λ̃) is viewed as
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an p̃-module and, via restriction, as a p-module, the nil-radical n acts trivially on the

entire Ũ(λ̃). Let U ⊂ Ũ(λ̃) be an irreducible l-submodule isomorphic to U(λ). We

may consider U as an irreducible p-submodule of U(p̃)ṽλ̃, with b-highest weight λ.

Thus U(g)U ∼= V (λ). The desired injection is given by U 7→ U(g)U .

4.4 The case of complete flags

In this section we study the pullback maps along embeddings of complete flag mani-

folds. The criterion for nonvanishing given by theorem 4.3.2 takes a simpler form in

this case. We reproduce the proof again, although the idea is the same. Notation-

wise, we have, for this section p = b, p̃ = b̃ and hence n = m, ñ = m̃, l = h, l̃ = h̃,

P1 = P , P̃1 = P̃ , W1 = W , W̃1 = W̃ . The irreducible vector bundles on X̃ = G̃/B̃

are line bundles, and their restrictions to X = G/B are again line bundles. Note

that the condition m ⊂ m̃ holds automatically, hence, according to the discussion in

section 4.1, the map $̂ is a map of complexes and descends to a map in cohomology

$ : H(m̃,F(K̃)) −→ H(m,F(K)) .

Fix λ̃ ∈ P̃ and denote λ = ι∗(λ̃) ∈ P . We assume that both λ̃ and λ are reg-

ular weights (otherwise the associated pullback πλ̃ vanishes) and we set w̃ = w̃λ̃

and w = wλ. The Borel-Weil-Bott theorem gives H l̃(λ̃)(X̃, Õ(λ̃)) ∼= Ṽ (w̃ · λ̃)∗ and

H l(λ)(X,O(λ)) ∼= V (w · λ)∗. The map πλ̃ and its dual (πλ̃)∗, written as maps of

G-modules, are

πλ̃ : Ṽ (w̃ · λ̃)∗ −→ V (w · λ)∗ , (πλ̃)∗ : V (w · λ) −→ Ṽ (w̃ · λ̃) .

Theorem 4.1.1 allows us to translate the study of the map πλ̃ to the language of Lie

algebra cohomology. Namely, the nonvanishing of πλ̃ is equivalent to the nonvanishing
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of $λ̃.

Theorem 4.4.1. The pullback $λ̃ (or, equivalently, πλ̃) is nonzero if and only if the

following two conditions hold:

(i) ϕ∗o(ẽ
∗
−Φw̃

) = ae∗−Φw
, for some a ∈ C×.

(ii) HomG(V (w · λ),U(g)ṽλ̃+〈Φw̃〉) 6= 0, i.e. the G-submodule of Ṽ (w̃ · λ̃) generated

by the extreme weight vector ṽλ̃+〈Φw̃〉 contains an irreducible component isomorphic to

V (w · λ).

Proof. First note that the map $λ̃ is nonzero if and only if the restriction of the map

$ to the h̃-submodule H(m̃,F(K̃))λ̃ is nonzero. Furthermore, we can restrict our

attention to harmonic representatives.

Kostant’s theorem implies that, after decomposing the space F(K̃) according to

the Peter-Weyl theorem, we get

H(m̃,F(K̃))λ̃ = H(m̃, Ṽ (w̃ · λ̃)∗ ⊗ Ṽ (w̃ · λ̃))λ̃ .

The harmonics are pure tensors of the form ẽ∗−Φw̃
⊗ f̃ ⊗ ṽλ̃+〈Φw̃〉, where f̃ varies in

V (w̃ · λ̃)∗.

Since ι∗(λ̃) = λ we have

$(H(m̃,F(K̃))λ̃) ⊂ H(m,F(K))λ = H(m, V (w · λ)∗ ⊗ V (w · λ))λ .

Moreover, since the map of cochain complexes is also equivariant with respect to the

right h-action, we get

ϕ∗o(ẽ
∗
−Φw̃

)⊗ r(f̃ ⊗ ṽλ̃+〈Φw̃〉) ∈ C(m, r(Ṽ (w̃ · λ̃)∗ ⊗ Ṽ (w̃ · λ̃)))λ .

After this preparation we are ready to prove the theorem.
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Assume first that $λ̃ 6= 0. Then, by semisimplicity, Ṽ (w̃ · λ̃)∗ contains a G-

submodule V ∗ isomorphic to V (w · λ)∗, such that r(V ∗ ⊗ ṽλ̃+〈Φw̃〉) 6= 0. Let f̃ ∈ V ∗

be such that r(f̃ ⊗ ṽλ̃+〈Φw̃〉) 6= 0. Then

ϕ∗o(ẽ
∗
−Φw̃

)⊗r(f̃⊗ṽλ̃+〈Φw̃〉) ∈ C(m, V (w·λ)∗⊗V (w·λ))λ = e∗−Φw⊗V (w·λ)∗⊗V (w·λ)λ+〈Φw〉 .

Hence ϕ∗o(ẽ
∗
−Φw̃

) is proportional to e∗−Φw
, i.e. condition (i) is satisfied.

To show that condition (ii) holds as well, recall first that we have chosen maximal

compact subgroups K ⊂ G and K̃ ⊂ G̃ such that k = g ∩ k̃. Fix a K̃-invariant

Hermitian form on Ṽ (w̃ · λ̃). The inclusion k ⊂ k̃ implies that this form is also

K-invariant. Consequently, the orthogonal complement V ⊥ of any K-submodule

V ⊂ Ṽ (w̃ · λ̃) is also a K-submodule. In particular, the K-isotypic decomposition

of Ṽ (w̃ · λ̃) is orthogonal, say Ṽ (w̃ · λ̃) = U1 ⊕ · · · ⊕ Um. Of course, the isotypic

decomposition of Ṽ (w̃ · λ̃) as a G-module is the same. The extreme weight vector

ṽλ̃+〈Φw̃〉 can be written uniquely as

ṽλ̃+〈Φw̃〉 = u1 + · · ·+ um , uj ∈ Uj .

Clearly uj = 0 if and only if ṽλ̃+〈Φw̃〉 ∈ U⊥j . The Hermitian form on Ṽ (w̃ · λ̃) induces

a vector space isomorphism Ṽ (w̃ · λ̃) ∼= Ṽ (w̃ · λ̃)∗, as well as a Hermitian form on

Ṽ (w̃ · λ̃)∗. The (orthogonal) G-isotypic decomposition of the dual space is Ṽ (w̃ · λ̃)∗ =

U∗1 ⊕ · · · ⊕ U∗m. We have uj = 0 if and only if f̃(ṽλ̃+〈Φw̃〉) = 0 for all f̃ ∈ U∗j . On the

other hand, the latter condition is equivalent to r(U∗j ⊗ ṽλ̃+〈Φw̃〉) = 0.

Observe that

U(g)ṽλ̃+〈Φw̃〉 = U(g)u1 ⊕ · · · ⊕ U(g)um .

Now, fix Uj to be the isotypic component of V (w · λ). We have assumed that r(U∗j ⊗

ṽλ̃+〈Φw̃〉) 6= 0, which can now be seen to be equivalent to uj 6= 0, which in turn holds
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if and only if U(g)ṽλ̃+〈Φw̃〉 contains a G-submodule isomorphic to V (w · λ). Thus

condition (ii) holds.

To prove the other direction, suppose that conditions (i) and (ii) hold. Condition

(i) implies that ι∗〈Φw̃〉 = 〈Φw〉. Condition (ii) implies that Ṽ ∗ contains aG-submodule

V ∗ isomorphic to V (w · λ)∗ and there exists f̃ ∈ V ∗ such that f̃(ṽλ̃+〈Φw̃〉) 6= 0. Then

r(f̃ ⊗ ṽλ̃+〈Φw̃〉) ∈ V (w · λ)∗⊗ V (w · λ)λ+〈Φw〉 is nonzero. It follows that the pullback of

the harmonic cocycle ẽ∗Φw̃ ⊗ f̃ ⊗ ṽ
λ̃+〈Φw̃〉 ∈ C(m̃, Ṽ (w̃ · λ̃)∗ ⊗ Ṽ (w̃ · λ̃))λ̃ is a nonzero

cocycle in C(m, V (w · λ)∗ ⊗ V (w · λ))λ, and hence is harmonic. This implies that

$λ̃ 6= 0.

Corollary 4.4.2. Let µ ∈ P+ and µ̃ ∈ P̃+. Suppose that Ṽ (µ̃) contains V (µ) as

a cohomological component, i.e. the projection V (µ̃)∗ → V (µ)∗ can be realized as a

cohomological pullback πσ̃·µ̃ : H(X̃, Õ(σ̃ · µ̃)) → H(X,O(σ · µ)), with σ̃ ∈ W̃ and

σ ∈ W. Then V (µ) ⊂ U(g)ṽσ̃(µ̃).

Proof. The corollary follows immediately from the theorem.

Corollary 4.4.3. In the notation of theorem 4.4.1, suppose λ̃ = w̃−1 · 0. Then

condition (i) is necessary and sufficient for the nonvanishing of $λ̃ (or equivalently

of πλ̃). Furthermore, if condition (i) holds, then πλ̃ is a nonzero morphism from the

one dimensional G̃-module to the one dimensional G-module.

Proof. The corollary follows immediately from theorem 4.4.1 and the fact that

H(X̃, Õ(λ̃)) ∼= C ⇐⇒ λ̃ = σ̃ · 0 for some σ̃ ∈ W̃ .

A simpler, independent proof is sketched below.
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The cohomological morphisms between trivial modules are all captured in the

pullback of Lie algebra cohomology with trivial coefficients:

$o : H(m̃) −→ H(m)

[η] 7−→ [ϕ∗o(η)] ,

where, as usual, H(m) stands for H(m,C). We have H(m) = H(m,F(K))g with

respect to the left g-action. Similarly H(m̃) = H(m̃,F(K̃))g̃. The weight space

decompositions of the two cohomology spaces above, as right modules over h̃ and h

respectively, are:

H(m̃) = ⊕σ̃∈W̃H(m̃)σ̃·0 , H(m̃)σ̃·0 = C[ẽ∗−Φσ̃−1
] ,

H(m) = ⊕σ∈WH(m)σ·0 , H(m)σ·0 = C[e∗−Φσ−1
] .

(4.6)

The map $o is h-equivariant and its nonvanishing on a given h̃-weight space corre-

sponds to a cohomological morphism between trivial modules.

4.5 Relation between the pullbacks on complete

and partial flag manifolds

Recall that we have fixed a Borel subalgebra b and a parabolic subalgebra p in g,

with b ⊂ p ⊂ g. We have also fixed b̃ ⊂ p̃ ⊂ g̃, with b = g∩ b̃ and p = g∩ p̃. Assume

n ⊂ ñ. Denote X = G/B, Y = G/P , X̃ = G̃/B̃, Ỹ = G̃/P̃ . There is a G-equivariant

fibration

ψ : X −→ Y .

The fibre over yo = eP ∈ Y is Z = P/B. Z may also be viewed as the complete

flag manifold of the Levi component L of P , i.e. Z = L/B1 with B1 = B ∩ L. An
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analogous construction holds for the attributes of G̃. We get a commutative diagram

of equivariant maps

Z
ϕ1
↪→ Z̃

ψ1 ↓ ↓ ψ̃1

X
ϕ
↪→ X̃

ψ2 ↓ ↓ ψ̃2

Y
ϕ2
↪→ Ỹ .

In this section we study relation between certain cohomological pullbacks along the

rows of the above diagram. We start with a line bundle on X̃ and consider its restric-

tion to Z̃ and higher direct image to Ỹ . We consider the restrictions of the respective

bundles to X, Z and Y and study the pullbacks on cohomology and relations among

them.

Take λ̃ ∈ P̃ and consider the associated line bundle L̃X̃(λ̃)∗ on X̃. Let λ = ι∗(λ̃)

and let LX(λ)∗ be the restriction of L̃X̃(λ̃)∗ along the embedding ϕ. We have the

associated pullback

π = πλ̃X : H(X̃, ÕX̃(λ̃)) −→ H(X,OX(λ)) . (4.7)

The same weight λ̃ defines a line bundle L̃Z̃(λ̃)∗ = P̃ ×B̃ C−λ̃ on Z̃. In fact L̃Z̃(λ̃)∗ =

ψ̃∗1L̃X̃(λ̃)∗. We may now restrict either L̃Z̃(λ̃)∗ or LX(λ)∗ to Z and we get LZ(λ) =

ϕ∗1L̃Z̃(λ̃)∗ = ψ∗1LX(λ)∗. We have an L-equivariant pullback

π1 = πλ̃1 : H(Z̃, ÕZ̃(λ̃)) −→ H(Z,OZ(λ)) . (4.8)

Assume that both λ̃ and λ are regular, denote the corresponding Weyl group elements

by w̃ = w̃λ̃ ∈ W̃ and w = wλ ∈ W , and denote the associated dominant weights by
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µ̃ = w̃ · λ̃ and µ = w · λ. Let σ̃ ∈ W̃1 and σ ∈ W1 be the shortest representatives of

w̃ and w, respectively. Let τ̃ ∈ W̃1 and τ ∈ W1 be the elements for which

w̃ = σ̃τ̃ , w = στ .

Set

ν̃ = τ̃ · λ = σ̃−1 · µ̃ , ν = τ · λ = σ−1 · µ .

Then ν̃ ∈ P̃+
1 , ν ∈ P+

1 and by the Borel-Weil-Bott theorem

H(Z̃, ÕZ̃(λ̃)) ∼= Ũ(ν̃)∗ , H(Z,OZ(λ)) ∼= U(ν)∗ .

So, as a map of l-modules, π1 is written as π1 : Ũ(ν̃)∗ → U(ν)∗. The weights ν̃

and ν give rise to vector bundles ẼỸ (ν̃)∗ on Ỹ and EY (ν)∗ on Y . Let EY (ν̃)∗ be

the restriction of ẼỸ (ν̃)∗ to Y along ϕ2. Then the map π1 induces a map of vector

bundles EY (ν̃)∗ → EY (ν)∗ over Y (which could be the zero map). We have pullbacks

on cohomology

πν̃2 : H(Ỹ , ÕỸ (ν̃)) −→ H(Y,OY (ν̃)) , (4.9)

and

π1
Y : H(Y,OY (ν̃)) −→ H(Y,OY (ν)) . (4.10)

Let π1 = π1
Y ◦ πν̃2 be their composition, so that

π1 : H(Ỹ , ÕỸ (ν̃)) −→ H(Y,OY (ν)) . (4.11)

Note that we have σ̃ · ν̃ = µ̃ and σ ·ν = µ, so π1 is a map between the same G-modules

as π. Thus we have the two maps

π : Ṽ (µ̃)∗ −→ V (µ)∗ , π1 : Ṽ (µ̃)∗ −→ V (µ)∗ .
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It is interesting to know how the above maps are related. We ask the following

question.

Question 4.5.1. Is it true that the vanishing of π is equivalent to the vanishing of

π1 and, if they are both non-zero, do they define the same cohomological component?

We are not able to give a complete answer to this question yet. However, we are

able to obtain some partial results.

Let EY (ν̃, ν)∗ be the isotypic component of EY (ν)∗ in EY (ν̃)∗. Then there is a

well-defined epimorphism of vector bundles EY (ν̃)∗ → EY (ν̃, ν)∗. Let

πν̃,νY : H(Y,OY (ν̃)) −→ H(Y,OY (ν̃, ν)) (4.12)

be the associated pullback. Consider the composition

πν̃,ν2 = πν̃,νY ◦ π
ν̃
2 : H(Ỹ , ÕY (ν̃)) −→ H(Y,OY (ν̃, ν)) . (4.13)

Theorem 4.5.1. If the map π given in (4.7) is non-zero, then the map πν̃,ν2 given in

(4.13) is non-zero.

To prove theorem 4.5.1 we shall show that the nonvanishing condition for π, given

by theorem 4.4.1, implies the nonvanishing condition for πν̃,ν2 , given by theorem 4.3.2.

In both cases the condition consists of two parts labeled (i) and (ii). To facilitate the

discussion, for this section, it is convenient to relabel the conditions.

Theorem 4.4.1 asserts that π is non-zero if and only if conditions (i) and (ii) below

hold:

(i) ϕ∗o(ẽ
∗
−Φw̃

) = ae∗−Φw
for some a ∈ C×.
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(ii) HomG(V (µ),U(g)ṽw̃
−1(µ̃)) 6= 0.

Theorem 4.3.2 asserts that πν̃,ν2 is non-zero if and only if conditions (i)2 and (ii)2

below hold:

(i)2 The image (ϕ2)∗o((Λñ∗)σ̃
−1·0) contains (Λn∗)σ

−1·0.

(ii)2 HomG(V (µ),U(g)(U(̃l)ṽσ̃
−1(µ̃))σ

−1(µ)) 6= 0.

We shall also make some remarks about the map π1. First, for the map π1 to

be non-zero, it is necessary that π1 be non-zero. Theorem 4.4.1 asserts that π1 is

non-zero if and only if conditions (i)1 and (ii)1 below hold:

(i)1 ϕ
∗
o(ẽ
∗
−Φτ̃

) = a1e
∗
−Φτ

for some a1 ∈ C×.

(ii)1 HomL(U(ν),U(l)ũτ̃
−1(ν̃)) 6= 0.

In the following two subsections we show respectively that (i)=⇒(i)2 and (ii)=⇒(ii)2.

These implications yield theorem 4.5.1. We also show that (i)=⇒(i)1, but we are not

able to show that (ii)=⇒(ii)1 at this point. Thus we do not know whether the non-

vanishing of π implies the nonvanishing of π1. Curiously, our proof uses yet another

pullback along ϕ1 whose nonvanishing follows from the nonvanishing of π. This other

pullback agrees with π1 in some cases, but is different in general.

Remark 4.5.1. In view of theorem 4.5.1, we can rephrase question 4.5.1 as follows.

Let

Θ : HomG(V (µ),U(g)(U(̃l)ṽσ̃
−1(µ̃))σ

−1(µ)) −→ Homl(U(ν)∗, Ũ(ν̃)∗)

be the injection given by theorem 4.3.1. Is it true that Im(Θ) is not contained in

Ker(πλ1 )?
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4.5.1 Relation between $o : H(m̃) → H(m) and $1
o : H(ñ) →

H(n)

Proposition 4.5.2. Let w̃ ∈ W̃ and w ∈ W. Let σ̃ ∈ W̃1 and σ ∈ W1 be the shortest

representatives of w̃ and w, respectively. Let τ̃ ∈ W̃1 and τ ∈ W1 be the elements for

which w̃ = σ̃τ̃ and w = στ .

Suppose that the map

$o : H(m̃)w̃
−1·0 −→ H(m)w

−1·0

is non-zero. Then both maps

$o1 : H(m̃1)τ̃
−1·0 −→ H(m1)τ

−1·0

and

$1
o : H(ñ)σ̃

−1·0 −→ H(n)

are non-zero. Furthermore, the image $1
o(H(ñ)σ̃

−1·0) contains H(n)σ
−1·0 and the ex-

treme weight vector ẽ∗−Φ1
w̃
∈ H(ñ)σ̃

−1·0 is mapped to a scalar multiple of the extreme

weight vector e∗−Φ1
w
∈ H(n)σ

−1·0.

In particular, condition (i) implies both conditions (i)1 and (i)2.

Proof. By corollary 4.4.3, the nonvanishing of $o on H(m̃)w̃
−1·0 implies

ϕ∗o(ẽ
∗
−Φw̃

) = ae∗−Φw

for some a ∈ C×. From lemma 2.5.2 we get

ẽ∗−Φw̃
= ẽ∗−Φτ̃

∧ ẽ∗−τ̃−1(Φσ̃) , e∗−Φw = e∗−Φτ ∧ e
∗
−τ−1(Φσ) .

Since l ⊂ l̃ and n± ⊂ ñ±, we deduce that

ϕ∗o(ẽ
∗
−Φτ̃

) = a1e
∗
−Φτ , ϕ∗o(ẽ

∗
−τ̃−1(Φσ̃)) = a1e∗−τ−1(Φσ) .
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for some a1, a
1 ∈ C× such that a1a

1 = a. The first of the above equations im-

plies the first statement of the proposition, i.e. the nonvanishing of the map $o1 :

H(m̃1)τ̃
−1·0 → H(m1)τ

−1·0. The second equation, in view of lemma 2.5.3, implies the

rest of the proposition.

From the above proof we can deduce the following statement.

Proposition 4.5.3. Let σ̃ ∈ W̃1 and σ ∈ W1. Suppose that for some τ̃ ∈ W̃1 and

τ ∈ W1 we have

ϕ∗o(ẽ
∗
−Φ1

σ̃τ̃
) = a1e∗−Φ1

στ
,

with a1 ∈ C×. Then $1
o : H(ñ)σ̃

−1·0 → H(n) is non-zero and contains the component

H(n)σ
−1·0 in its image.

If furthermore

ϕ∗o(ẽ
∗
−Φτ̃

) = a1e
∗
−Φτ

with a1 ∈ C×, then ϕ∗o(ẽ
∗
−Φσ̃τ̃

) = ae∗−Φστ
with a = a1a

1 and consequently

$o : H(m̃)w̃
−1·0 → H(m)w

−1·0

is non-zero.

4.5.2 The pullbacks π, πν̃,ν2 : proof of theorem 4.5.1

In this section we present a proof of theorem 4.5.1. We start with a lemma which is

used in the proof and relates π to yet another pullback along the embedding ϕ1.

Consider the weights λ̃1 = λ̃+τ̃−1〈Φσ̃〉 and λ1 = λ+τ−1〈Φσ〉. We have ι∗(λ̃1) = λ1

and there is a pullback on cohomology of line bundles

π′1 = πλ̃1
1 : H(Z̃, ÕZ̃(λ̃1)) −→ H(Z,OZ(λ1)) . (4.14)
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Lemma 4.5.4. If the map π given in (4.7) is non-zero, then π1 given in (4.14) is a

non-zero map from Ũ(µ̃1)∗ to U(µ1)∗, where µ̃1 = σ̃−1(µ̃) and µ1 = σ−1(µ).

Proof. We have

τ · λ1 = τ(λ1 + ρ)− ρ = τ(λ+ τ−1〈Φσ〉+ ρ)− ρ = τ(λ+ ρ)− ρ+ 〈Φσ〉

= τ · λ+ 〈Φσ〉 = σ−1(στ · λ) = σ−1(µ) ∈ P+
1 .

Analogously, we have τ̃ · λ̃1 = σ̃−1(µ̃) ∈ P̃+
1 . Thus π1 is indeed a map from Ũ(µ̃1)∗

to U(µ1)∗. We want to show that it does not vanish. To this end we shall verify the

conditions of theorem 4.4.1, which for this case we shall label as

(i)′1 ϕ
∗
o1(ẽ∗−Φτ̃

) = a1e
∗
−Φτ

for some a1 ∈ C×.

(ii)′1 HomL(U(µ1),U(l)ũτ̃
−1(µ̃1)) 6= 0.

Since (i)′1 is the same as (i)1, proposition 4.5.2 asserts that (i) implies (i)′1. It

remains to show that (ii) implies (ii)′1. Note that the extreme weight vector ṽµ̃1 ∈ Ṽ (µ)

is also a highest weight vector for l̃, with respect to the Borel subalgebra b̃ ∩ l̃, and

U(̃l)ṽµ̃1 = Ũ(µ̃1). Hence the extreme weight vector ṽ = ṽτ̃
−1(µ̃1) of Ṽ (µ̃) also belongs to

U(̃l)ṽµ̃1 , and we have ṽ = ũτ̃
−1(µ̃1). Note that τ̃−1(µ̃1) = τ̃−1σ̃−1(µ̃) = w̃−1(µ̃). Thus

ṽ is the weight vector appearing in (ii) and, by hypothesis, we have a component

V (µ) ⊂ U(g)ṽ. An argument analogous to the above gives τ−1(µ1) = w−1(µ) and

U(µ1) = U(l)vµ1 = U(l)vw
−1(µ) ⊂ V (µ) .

This component is, however, not necessarily contained in U(l)ṽ. To show that there

exists a component U(µ1) ⊂ U(l)ṽ we apply an orthogonality argument similar to the

one used in the proof of theorem 4.4.1. Namely, we take the K̃-invariant Hermitian

form on Ṽ used in that proof. This form is also invariant under the action of K̃1,
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K, K1. We have an orthogonal decomposition into l-isotypic components Ṽ (µ̃) =

W1 ⊕ · · · ⊕Wk. Let’s say that W1 is the isotypic component of U(µ1). Since U(l)ṽ is

an l-submodule of Ṽ (µ̃), we have W1 ⊥ U(l)ṽ if and only if W1 ∩ U(l)ṽ = 0. On the

other hand, we know that W1 is not orthogonal to U(l)ṽ because vw
−1(µ) ∈ W1 and

vw
−1(µ) is not orthogonal to ṽ by the proof of theorem 4.4.1. Thus W1 ∩ U(l)ṽ 6= 0.

Hence (ii)′1 holds. We can now conclude that π′1 : Ũ(µ̃1)∗ → U(µ1)∗ is non-zero.

We are now ready to complete the proof of theorem 4.5.1.

Proof. of theorem 4.5.1. It is sufficient to verify that (i)=⇒(i)2 and (ii)=⇒(ii)2. The

first implication was already proven in proposition 4.5.2. We shall now show the

second implication.

We have σ̃−1(µ̃) = µ̃1 and ṽ = ṽw̃
−1(µ) ∈ U(̃l)ṽσ̃

−1(µ̃). Thus, using (ii), we deduce

that there is a component

V (µ) ⊂ U(g)(U(̃l)ṽσ̃
−1(µ̃)) .

This is a bit weaker than what we need. To complete the proof, recall from the proof

of lemma 4.5.4 that we have a component

U1 ⊂ U(l)ṽ ⊂ U(̃l)ṽσ̃
−1(µ̃) , U1

∼= U(µ1) .

This component has a highest weight vector uµ1 which necessarily belongs to the

weight space (U(̃l)ṽσ̃
−1(µ̃))µ1 . On the other hand, V (µ) also contains a component

isomorphic to U(µ1), namely U2 = U(l)vw
−1(µ). Now we apply an orthogonality

argument, again using the K̃-invariant Hermitian form on Ṽ (µ̃). The component U1

is, by construction, not orthogonal to vw
−1(µ) and hence not orthogonal to U2. Note

that two irreducible submodules of the same isotypic component are orthogonal if and
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only if their weight vectors of any given extreme weight are orthogonal. Hence the

highest weight vectors of uµ1 ∈ U1 and vµ1 ∈ U2 are not orthogonal. Let W ⊂ Ṽ (µ̃)

be the isotypic component of V (µ). Then W ⊥ U(g)(U(̃l)ṽσ̃
−1(µ̃))µ1 if and only if

W ∩U(g)(U(̃l)ṽσ̃
−1(µ̃))µ1 = 0. But we have just shown that vµ1 ∈ W is not orthogonal

to uµ1 ∈ (U(̃l)ṽσ̃
−1(µ̃))µ1 . Thus (ii)2 holds and hence πν̃,ν2 6= 0.



Chapter 5

Applications and examples

In this chapter we present applications of the general theorems proven in the previous

chapter. We also give examples illustrating various aspects of the theory. In section

5.1 and 5.2 we treat two classes of embeddings, namely regular and diagonal, for

which the criteria for nonvanishing of cohomological pullbacks simplify. In fact, the

strongest simplifications occur for embeddings of complete flag manifolds, when the

criterion for nonvanishing becomes a simple combinatorial condition. Section 5.3

contains a remark about factorizations of embeddings. Section 5.4 is dedicated to

embeddings of rational curves into complete flag manifolds and the study of the arising

pullbacks. We first handle the case of a rational curve associated with a principal

sl2-subalgebra in a semisimple Lie algebra and then indicate that via factorization

and the result on regular embeddings one may approach a more general case. In

section 5.5 we describe an interesting and somewhat unexpected class of examples:

we show that a full set of generators for the algebra of ad-invariant polynomials on any

semisimple Lie algebra can be obtained as cohomological components associated with

a suitable embedding of complete flag manifolds. In section 5.6 we apply a theorem

65
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of Montagard, Pasquier and Ressayre, [MPR10], and the results from section 4.4 to

obtain a geometric sufficient condition for nonvanishing of the cohomological pullback

along embeddings of complete flag manifolds. In section 5.7 we study some properties

of cohomological components.

5.1 Regular embeddings

In this section we consider a special class of embeddings of flag manifolds. These

embeddings arise from regular semisimple subalgebras of semisimple Lie algebras. We

concentrate mostly on complete flag manifolds because for this case theorem 4.4.1 has

a remarkable specialization. More precisely, condition (i) becomes combinatorial and

easy to verify, and implies condition (ii). This makes the nonvanishing criterion very

easy to verify. No such simplification is available for partial flag manifolds, and so we

do not state a separate theorem. However some examples of embeddings of partial

flag manifolds are given to illustrate interesting phenomena.

Let ι : g ⊂ g̃ be a regular subalgebra, i.e. we suppose that a Cartan subalgebra

h̃ ⊂ g̃ is given such that g is an h̃-submodule of g̃. Then h = g ∩ h̃ is a Cartan

subalgebra of g and the corresponding root system ∆ = ∆(g, h) is included as a

subset of the root system ∆̃ = ∆(g̃, h̃), namely ∆ = {α̃ ∈ ∆̃ : g ⊃ g̃α̃} ⊂ ∆̃. The

Weyl group W is included in W̃ as the subgroup generated by the reflections along

the roots in ∆. Notice that in this setting, the homomorphism φ : G→ G̃ of simply

connected Lie groups is a monomorphism and we can think of G as a subgroup of G̃.

Notice the following property specific for the regular case: the intersection of

any parabolic subalgebra of g̃ containing h̃ with g is a parabolic subalgebra of g. In

particular, any set of positive roots for g̃ with respect to h̃ determines, by intersection,
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a set of positive roots for g with respect to h. Indeed, recall that a parabolic subalgebra

p̃ ⊂ g̃ such that p̃ ⊃ h̃ is determined by an oriented hyperplane in spanR∆̃. The

intersection of this hyperplane with spanR∆ defines a parabolic subalgebra p ⊂ g,

and it is immediate to see that p = g ∩ p̃. Furthermore, for the nil-radicals of such

parabolic subalgebras, we automatically have n ⊂ ñ. This implies that the restrictions

of irreducible equivariant vector bundles along the embedding G/P ↪→ G̃/P̃ are

equivariantly completely reducible.

5.1.1 The case of complete flags

Assume that b and b̃ are Borel subalgebras of g and g̃ respectively, such that b = g∩b̃.

Let

ϕ : X ↪→ X̃

be the associated embedding of flag manifolds.

This choice of Borel subalgebras defines partitions ∆ = ∆+t∆− and ∆̃ = ∆̃+t∆̃−,

which satisfy ∆± = ∆∩∆̃±. Let Π ⊂ ∆+ and Π̃ ⊂ ∆̃+ be the respective sets of simple

roots. Note that we have Π̃ ∩∆ ⊂ Π, but not necessarily Π ⊂ Π̃. As a consequence,

the length of Weyl group elements may change under the inclusion W ⊂ W̃ .

The restriction of weights ι∗ : h̃∗ −→ h∗ is a morphism of W-modules. More

precisely, consider the subspaces of h̃∗ defined as h∗0 = Ker(ι∗) and h∗1 = spanC{∆}.

Then h̃∗ = h∗0 ⊕ h∗1 is direct sum of W-modules orthogonal with respect to κ̃. The

restriction of ι∗ to h∗1 is an isomorphism onto h∗ preserving the root system ∆, the

W action, and mapping the integral weights P̃ ∩ h∗1 into the weight lattice P . The

action of W on h∗0 is trivial.
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Let hα, eα for α ∈ ∆ be coroots and root vectors for g, as in section 2.1.1. Analo-

gously, let hα̃, eα̃ for α̃ ∈ ∆̃ be coroots and root vectors for g̃. For α ∈ ∆ we have a

proportion of the root vectors

ẽα̃ = aαeα , aα ∈ C \ {0} .

Since the root vectors in g and g̃ are fixed, the constants aα, α ∈ ∆ are determined.

Dualizing, we get the following lemma.

Lemma 5.1.1. Let α̃ ∈ ∆̃+. The following are equivalent:

(i) The root α̃ belongs to ∆.

(ii) ϕ∗o(ẽ
∗
−α̃) 6= 0.

(iii) ϕ∗o(ẽ
∗
−α̃) = ae∗−α with α ∈ ∆ and a ∈ C \ {0}.

We can now derive another lemma.

Lemma 5.1.2. Let w̃ ∈ W̃. Then the following are equivalent:

(i) If w̃ = s̃α̃1 . . . s̃α̃q is any reduced expression for w̃ in the generators s̃α̃, α̃ ∈ Π̃,

then α̃1, ..., α̃q are simple roots in ∆+.

(ii) w̃ ∈ W and l(w̃) = l̃(w̃).

(iii) Φw̃ ⊂ ∆.

(iv) ϕ∗o(ẽ
∗
−Φw̃

) 6= 0.

(v) ϕ∗o(ẽ
∗
−Φw̃

) = ae∗−Φw
for some w ∈ W and a ∈ C \ {0}.

Proof. The equivalences (i)⇔(ii)⇔(iii) follow from elementary combinatorics of Weyl

groups. The equivalences (iii)⇔(iv)⇔(v) are deduced from lemma 5.1.1.

Theorem 5.1.3. Let λ̃ ∈ P̃ be a regular weight. Denote λ = ι∗(λ̃) and w̃ = w̃λ̃.

Then the nonvanishing of

πλ̃ : H(X̃, Õ(λ̃)) −→ H(X,O(λ))
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is equivalent to each of the equivalent conditions (i)-(v) in lemma 5.1.2.

Furthermore, if these conditions hold, then for the element w in condition (v) we

have w = w̃ = wλ.

In particular, for regular embeddings of complete flag manifolds, condition (i) in

theorem 4.4.1 implies condition (ii) therein.

Proof. The necessity of condition (iv) for the nonvanishing of πλ̃ follows from theorem

4.4.1. To prove sufficiency we shall show that the conditions of the lemma imply

property (ii) from theorem 4.4.1.

The conditions of the lemma yield w̃ ∈ W . Hence the conjugation by w̃ preserves

G as a subgroup of G̃, and acts on G as a Weyl group element w ∈ W preserving

H. In particular, w̃−1Bw̃ is a Borel subgroup of G contained in the Borel subgroup

w̃−1B̃w̃ of G̃. It follows that the extreme weight vector ṽλ̃+〈Φw̃〉 ∈ Ṽ (w̃ · λ̃) is an

eigenvector for w̃−1Bw̃, and hence is an extreme weight vector for some G-submodule

of Ṽ (w̃ · λ̃). Its h-weight is ι∗(λ̃+ 〈Φw̃〉) = λ+ 〈Φw〉 (since (v) implies ι∗〈Φw̃〉 = 〈Φw〉).

Hence U(g)ṽλ̃+〈Φw̃〉 ∼= V (w · λ). Thus condition (ii) of theorem 4.4.1 is fulfilled and

the map $λ̃ (and consequently πλ̃) is surjective.

A particular harmonic cocycle whose pullback remains harmonic is

ẽ∗−Φw̃
⊗ f̃−λ̃−〈Φw̃〉 ⊗ ṽ

λ̃+〈Φw̃〉 ∈ C(m̃, Ṽ (w̃ · λ̃)∗ ⊗ Ṽ (w̃ · λ̃))λ̃ .

Remark 5.1.1. The above proof implies that, for regular embeddings of complete flag

manifolds, every cohomological component is a highest component, i.e. a component

generated by a common highest weight vector.
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5.1.2 The case of partial flags

In this section we give some simple examples showing that the use of partial flag man-

ifolds allows for cohomological components which cannot be obtained via embeddings

of complete flag manifolds. In the regular case, we showed that the cohomological

components obtained via embeddings of complete flag manifolds are always the high-

est components. Below we shall show that there are instances when all components

of a given irreducible G̃-module are cohomological.

In the example we present ϕ : X ↪→ X̃ is just the linear embedding of a line in the

projective plane. Let g̃ = sl3 with standard upper triangular Borel subalgebra b̃ and

diagonal Cartan subalgebra h̃ in an ordered basis v1, v2, v3 of the natural representa-

tion C3. Let α1, α2 be the simple roots. Let g ∼= sl2 be the regular subalgebra spanned

by ẽα1 , h̃α1 , ẽ−α1 . Take p = b = g ∩ b̃ and h = g ∩ h̃. Also take p̃ = p̃α1 = b̃ ⊕ g̃−α2 .

Then b = g ∩ p̃. Put X = G/B = P1 and X̃ = G̃/P̃ = P2 and let ϕ : X ↪→ X̃ be the

corresponding embedding; this is indeed a line in P2.

Let µ̃ = kω̃1, where ω̃1, ω̃2 are the fundamental weights of g̃. Put w̃ = s̃1 and

λ̃ = s̃1 · µ̃. Since s̃1 ∈ W̃1 we have λ̃ ∈ P̃+
1 and we may consider the pullback

π : H(X̃, Õ(λ̃)) −→ H(X,O(λ̃)) .

According to the Borel-Weil-Bott theorem, we have H1(X̃, Õ(λ̃)) ∼= Ṽ (µ̃) ∼= Sk(C3).

We invoke theorem 4.3.1. Clearly, Φw̃ = {α1} and

ϕ∗o(ẽ
∗
−α1

) = e∗−α ,

where α is the positive root of g. Also {α} = Φw, where w ∈ W = W1 is the non-

trivial Weyl group element. Thus we are brought to seek µ ∈ P+ for which the space

HomG(V (µ),U(g)(U(̃l)ṽs̃1(µ̃))w(µ)) is non-zero. (Note that s̃1 = s̃−1
1 and w = w−1.)
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Equivalently, we need to find the subspace of U(̃l)ṽs̃1(µ̃) annihilated by ẽ−α1 . In fact,

this subspace is the entire U(̃l)ṽs̃1(µ̃). Indeed, a basis of weight vectors for Sk(C)

consists of all monomials of degree k in v1, v2, v3. All weights have multiplicity one.

The highest weight vector is vk1 . We have ṽs̃1(µ̃) = vk2 and

U(̃l)ṽs̃1(µ̃) = span{vk2 , vk−1
2 v3, ..., v2v

k−1
3 , vk3} .

The operator ẽ−α1 acts by v2
∂
∂v1

and hence annihilates U(̃l)ṽs̃1(µ̃). Thus, for l =

0, 1, ..., k, the element vk−l2 vl3 generates a cohomological component isomorphic to

V (k − l). Since the decomposition of Sk(C3) as a G-module is noting but

Sk(C3) = ⊕kl=0V (k − l)

we conclude that all components of this module are cohomological. Theorem 4.3.1

implies that we have corresponding subbundles E(k− l−2)∗ of E(λ̃)∗. To see whether

these are all subbundles, let us compute the decomposition directly. In terms of the

fundamental weights of g̃, we have λ̃ = s̃1 · (k, 0) = (−k− 2, k+ 1). Thus the weights

of the l̃-module Ũ(λ̃) are

(−k − 2, k + 1), (−k − 1, k − 1), ..., (−k − 2 + j, k + 1− 2j), ..., (−1,−k − 1) .

The restriction of weights is given by ι∗(a, b) = a, hence

O(λ̃) = O(−k − 2)⊕O(−k − 1)⊕ · · · ⊕ O(−2)⊕O(−1) .

We see that there is one component of the restricted bundle which does not carry

cohomology at all, while all others carry cohomology in degree 1. We conclude that π

is an isomorphism. More importantly, we observe that there are cohomological com-

ponents in the construction which are not the highest component. Thus the consid-

eration of embeddings of partial flag manifolds allows for strictly more cohomological

components then if one restricts to considering only complete flag manifolds.
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5.2 Diagonal embeddings

The vanishing properties of the pullbacks of cohomology of invertible sheaves along

diagonal embeddings were first studied by Dimitrov and Roth, see [DR09a], [DR09b].

It is in these articles that the notion of cohomological components was introduced.

Dimitrov and Roth only considered the case of complete flags and obtained, among

other results, a simple combinatorial criterion for nonvanishing as well as an interest-

ing characterization of cohomological components, thus solving problems I and II. We

provide here an alternative proof of their criterion. Also, we exhibit some facts about

the case of partial flags. Similarly to the case of regular embeddings, it turns out that

cohomological components obtained along embeddings of partial flag manifolds can

be more diverse than the ones obtained via embeddings of complete flag manifolds.

Consider the diagonal inclusion of g into g̃ = g⊕ g,

ι : g ↪→ g⊕ g , ι(x) = (x, x) .

We have an inclusion on the level of simply connected Lie groups φ : G ↪→ G×G = G̃.

Note that every Borel subgroup B ⊂ G is contained in a unique Borel subgroup of

G̃, namely B̃ = B × B. This is however not the case with parabolic subgroups. If

P ⊂ G is a parabolic subgroup, of course we have the parabolic subgroup P̃ = P ×P

satisfying P = G ∩ P̃ , but there could be many other parabolic subgroups P̃ ⊂ G̃

with the property P = G ∩ P̃ . Namely, any pair P1, P2 ⊂ G such that P1 ∩ P2 = P

gives rise to P̃ = P1 × P2 for which P = G ∩ P̃ . Notice that the unipotent radical of

P is contained into the unipotent radical of P ×P , but if P1 6= P2, then the inclusion

of the unipotent radicals fails.

As we did for regular embeddings, we shall first consider the case of embeddings
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of complete flag manifolds, and after that we shall turn our attention to partial flag

manifolds. Before proceeding, let us make some general remarks and fix notation. Let

K be a maximal compact subgroup of G. Then K is contained in a unique maximal

compact subgroup of G, namely K̃ = K ×K, which we now fix. Further, fix Borel

subgroups B and B̃ = B×B. All parabolic subgroups in G and G̃ respectively will be

assumed to contain the respective Borel subgroups. Put T = K ∩B and H = CG(T );

these are maximal toral subgroups of K and G respectively. Then T̃ = T × T , and

H̃ = H×H are respectively a maximal torus in K̃ and a maximal complex torus in G̃.

The toral subgroups T̃ and H̃ are the unique ones satisfying T = K ∩ T̃ , H = G∩ H̃.

With this all choices required for our work, as set in section 3.1, are made and we

can use the relevant notation.

The weight lattice of G̃ is P̃ = P ⊕P and the pullback ι∗ : P ⊕P −→ P is given

by

ι∗(λ1, λ2) = λ1 + λ2 .

The Weyl group of G̃ is the direct product W̃ = W ×W ; the root system is ∆̃ =

(∆ × {0}) ∪ ({0} ×∆). The inversion set of a given element w̃ = (w1, w2) ∈ W̃ has

the form

Φw̃ = (Φw1 × {0}) ∪ ({0} × Φw2) .

In particular, l̃(w̃) = l(w1) + l(w2).

5.2.1 The case of complete flags

Denote X = G/B and X̃ = G̃/B̃ = X ×X, and consider the diagonal embedding

ϕ : X ↪→ X ×X , ϕ(x) = (x, x) .
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Let us start with the following elementary lemma, whose proof follows immediately

from the definitions.

Lemma 5.2.1. Let λ̃ = (λ1, λ2) ∈ P̃. Then:

(i) λ̃ is a regular weight in P̃ if and only if both λ1 and λ2 are regular weights in

P.

(ii) If λ̃ is a regular weight, then w̃λ̃ = (wλ1 , wλ2).

Now, let λ̃ = (λ1, λ2) ∈ P̃ be a regular weight. Künneth’s formula implies that

H l(λ̃)(X̃,O(λ̃)) ∼= H l(λ1)(X,O(λ1))⊗H l(λ2)(X,O(λ2)) .

Put λ = ι∗(λ̃) = λ1 +λ2 ∈ P . The pullback πλ̃ can be interpreted as the cup product

map

πλ̃ : H l(λ1)(X,O(λ1))⊗H l(λ2)(X,O(λ2)) −→ H l(λ1)+l(λ2)(X,O(λ1 + λ2)) .

Theorem 4.1.1 allows us to translate the map πλ̃ to a pullback $λ̃ in Lie algebra

cohomology. The latter map is expressed as a wedge product,

$λ̃ : H(m,F(K)⊗ C−λ1)⊗H(m,F(K)⊗ C−λ2) −→ H(m,F(K)⊗ C−λ)

(e∗−Φ1
⊗ F1 ⊗ z1)⊗ (e∗−Φ2

⊗ F2 ⊗ z2) 7−→ (e∗−Φ1
∧ e∗−Φ2

)⊗ (F1 ⊗ F2)⊗ (z1 ⊗ z2)

Theorem 5.2.2. Let λ̃ = (λ1, λ2) ∈ P̃, and λ = λ1 + λ2 ∈ P. Suppose the weights

λ1, λ2, λ are regular, and put w1 = wλ1, w2 = wλ2, w = wλ. Then the following are

equivalent:

(i) πλ̃ 6= 0.

(ii) ϕ∗o(ẽ
∗
−Φw̃

) = e∗−Φw
.

(iii) Φw1 t Φw2 = Φw.
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In particular, for diagonal embeddings of complete flag manifolds, condition (i) in

theorem 4.4.1 implies condition (ii) therein.

Proof. The equivalence of (ii) and (iii) is obvious. The implication (i)=⇒(ii) was

established in the general case in theorem 4.4.1. To show that (ii) implies (i), it

suffices to show that condition (ii) of theorem 4.4.1 is also satisfied. This follows from

a theorem of Kumar and Mathieu, see [Kum88], [Mat89]. More precisely, theorem

2.10 in [Kum88] states that for any µ, ν ∈ P+, and σ ∈ W , the g-module V with

extreme weight µ+σ(ν) occurs with multiplicity one in the submodule U(g)(vµ⊗vσ(ν))

of V (µ)⊗V (ν). Now take µ = w1 ·λ1, ν = w2 ·λ2, and σ = w1w
−1
2 . Then V = V (w ·λ)

and w−1
1 µ+w−1

2 ν is an extreme weight of V . We have U(g)(vµ⊗vσ(ν)) = U(g)(vw
−1
1 (µ)⊗

vw
−1
1 (ν)) since the diagonal action of the Weyl group is compatible with the g-module

structure of V (µ)⊗ V (ν). Hence V (w · λ) ⊂ U(g)(vw
−1
1 (µ) ⊗ vw−1

1 (ν)). This completes

the proof.

5.2.2 The case of partial flags

Let us now consider the general case of a diagonal embedding ϕ : X ↪→ X ×X = X̃,

where X = G/P is any flag manifold of G and X̃ = G̃/P̃ with P̃ = P × P . We

have ñ = n ⊕ n ⊃ n. The inclusion of the nil-radicals implies that the restriction to

X of any irreducible homogeneous vector bundle on X̃ is completely reducible. We

are interested to know whether the statements of theorems 4.3.1 and 4.3.2 may be

simplified, when we specialize to the diagonal case. This is indeed true for diagonal

embeddings of complete flags as seen in the previous section. However, for partial

flags the simplification is not so significant. Nevertheless, some interesting phenomena

may be observed. We only describe some examples. These examples illustrate the
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results of section 4.5, in particular propositions 4.5.2 and 4.5.3. We concentrate on the

pullbacks in Lie algebra cohomology. A discussion on the related results for pullbacks

in cohomology of vector bundles is given after the examples, in remark 5.2.1.

The homology of the flag manifold X with integral coefficients is classically com-

puted using the Schubert cell decomposition. The Schubert cells are theB-orbits inX.

They are parametrized again by W1: the cell decomposition is X = tw∈W1BwP/P ;

the dimension of the orbit BwP/P is l(w). Let BwP/P be the closure in X. Then the

cycles BwP/P generate H·(X,Z) and form a basis for H·(X,C). Let {Xw|w ∈ W1}

be the Poincaré dual basis of H(X,C). It is known, see [Kos63], [BK06], that

H(X,C) ∼= (H(n−)⊗H(n))l .

The ring structure on the two cohomology groups above, given by cup product on

the left hand side and by component-wise exterior product on the right hand side,

is different in general. It agrees, however, if X is a Hermitian symmetric space,

see [BK06]. Let us assume that this is the case for the rest of this section. Then

n is commutative and we have H(n) = Λn∗ = H(n), i.e. all cochains are harmonic

cocycles. The same is true for ñ = n⊕n, i.e. we haveH(ñ) = H(n)⊗H(n) = Λn∗⊗Λn∗.

Let σ1, σ2 ∈ W1. Then we have

Xσ2 ·Xσ2 =
∑
σ∈W1

cσσ1,σ2
Xσ .

The elements σ for which cσσ1,σ2
6= 0 are exactly the ones for which H(n)σ

−1·0 is

contained in $1
o(H(n)σ

−1
1 ·0 ⊗H(n)σ

−1
2 ·0), where

$1
o : H(n)⊗H(n) −→ H(n)

η1 ⊗ η2 7−→ η1 ∧ η2
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is the pullback along the diagonal inclusion.

Below we give two examples where the image of H(n)σ
−1
1 ·0 ⊗H(n)σ

−1
2 ·0 under $1

o

is computed. Both examples arise from diagonal embeddings of Grassmannians. In

view of the results in subsection 4.5.1 and theorem 5.2.2 is it natural to ask the fol-

lowing question:

Question 1: Do all triples σ1, σ2, σ ∈ W1 with cσσ1,σ2
6= 0 arise as shortest representa-

tives of triples w1, w2, w ∈ W satisfying Φw1 t Φw2 = Φw?

This question has a negative answer, as shown by Dimitrov and Roth in [DR09b].

They have shown that a necessary condition for the existence of the triple w1, w2, w

is to have cσσ1,σ2
= 1. One may then ask:

Question 2: Is the condition cσσ1,σ2
= 1 sufficient for the existence of w1, w2, w?

The example given below on the Grassmannian Gr(2, 5) shows that the answer to

the second question is again negative. Although the answers to these questions are

relatively easy to find, the connections between the numbers cσσ1,σ2
and the properties

of the pullback $1
o are very interesting, but not well understood yet. There is hope

that some ideas related to remark 5.2.1 might be useful in this respect, but for now we

do not propose precise claims and confine ourselves to the consideration of examples.



CHAPTER 5. APPLICATIONS AND EXAMPLES 78

The diagonal embedding of the Grassmannian Gr(2, 5)

Let g = sl5, let b ⊂ g be a Borel subalgebra and h ⊂ b be a Cartan subalgebra. Let

α1, α2, α3, α4 be the simple roots in their standard order. Put S = {α2} and let p = pS

be the associated parabolic subalgebra (see section 2.1.3). Then X = G/P = Gr(2, 5)

is the Grassmannian of 2-dimensional subspaces of C5.

Let σ̃ = (σ1, σ2) with σ1 = σ2 = s3s2. The inversion set of σj is Φσj = {α2, α2+α3}

and we have

σ−1
j · 0 = −〈Φσj〉 = −2α2 + α3 .

The product of the corresponding Schubert cocycles is

Xσ1 ·Xσ2 = Xσ3 +Xσ4 ,

where σ3 = s2s1s3s2 and σ4 = s4s3s1s2 with inversion sets respectively Φσ3 = {α2, α1+

α2, α2 + α3, α1 + α2 + α3} and Φσ4 = {α2, α1 + α2, α2 + α3, α2 + α3 + α4}. We see

that both coefficients cσ3
σ1,σ2

and cσ4
σ1,σ2

equal 1 and we are in the setting of the second

question posed in the introduction to this section.

The pullback of H(ñ)σ̃
−1·0 is

$1
o(H(ñ)σ̃

−1·0) = H(n)σ
−1
3 ·0 ⊕H(n)σ

−1
4 ·0 .

This may be deduced using Schubert calculus, but we shall verify it directly by

finding elements in H(ñ)σ̃
−1·0 which are sent to the highest weight vectors of the

two irreducible components on the right hand side of the equality.

First, we deal with the component H(n)σ
−1
3 ·0. Consider the elements τ1 = s1 ∈ W1
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and τ̃ = (τ1, 1) ∈ W̃1. Put w1 = σ1τ1 and w̃ = (w1, σ2). We have

Φw1 = {α1, α1 + α2, α1 + α2 + α3} , (Φw1 t Φσ2) ∩∆(n) = Φσ3 ,

Φ1
w̃ = ({α1 + α2, α1 + α2 + α3} × {0}) t ({0} × {α2, α2 + α3}) .

Set τ3 = s1 and w3 = σ3τ3. Then

Φw3 = Φw2 t Φσ2 = ι∗(Φw̃) , Φ1
w3

= Φσ3 = ι∗(Φ1
w̃) .

Thus, by theorem 5.2.2, there is a surjection $o : H(ñ)w̃
−1·0 → H(n)w

−1
3 ·0. Now,

we can apply proposition 4.5.2 to the pair of elements w̃ and w3 and deduce that

$1
o(H(ñ)σ̃

−1·0) contains H(n)σ
−1
3 ·0.

Note that some of the implications proven above may be reversed. For instance,

since ι∗(Φ1
w̃) = Φ1

w3
, we can apply proposition 4.5.3 and deduce the presence of

H(n)σ
−1
3 ·0 inside $1

o(H(ñ)σ̃
−1·0). Furthermore, since ι∗(Φτ̃ ) = Φτ3 , by the same propo-

sition, we get $o(H(ñ)w̃
−1·0) ⊃ H(n)w

−1
3 ·0.

Now, we turn our attention to the component H(n)σ
−1
4 ·0. This is in fact the case

supplying a negative answer to question 2. Indeed, one may verify directly that

there isn’t an extreme weight of H(ñ)σ̃
−1·0 which restricts to an extreme weight of

H(n)σ
−1
4 ·0. Thus propositions 4.5.2 and 4.5.3 cannot be applied. So, we need to look

deeper “inside” the modules. After a simple study of the support of the modules

under considerations one finds that

ι∗(σ−1
1 · 0, σ−1

2 · 0− α1 − α4) = −〈Φσ1〉 − 〈Φσ2〉 − α1 − α4 = −〈Φσ4〉 = σ−1
4 · 0 ,

which brings us to compute

η2 := (ad(e−α4) ◦ ad)(e−α1)(e
∗
−Φσ2

) = ae∗−α1−α2
∧ e∗−α2−α3−α4

+ be∗−α2
∧ e∗−α1−α2−α3−α4

.
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where a, b ∈ C×. Observe that for η̃ = e∗−Φσ1
⊗ η2 we have

ϕ∗o(η̃) = e∗−Φσ1
∧ η2 = ae∗−Φσ4

.

This implies the presence of H(n)σ
−1
4 ·0 inside $1

o(H(ñ)σ̃
−1·0).

The diagonal embedding of the Grassmannian Gr(3, 6)

Let g = sl6, let b ⊂ g be a Borel subalgebra and h ⊂ b be a Cartan subalgebra.

Let α1, α2, α3, α4, α5 be the simple roots in their standard order. Put S = {α3}

and let p = pS be the associated parabolic subalgebra (see section 2.1.3). Then

X = G/P = Gr(3, 6) is the Grassmannian of 3-dimensional subspaces of C6.

We consider the Weyl group element σ̃ = (σ1, σ2) ∈ W̃1 with σ1 = σ2 = s4s2s3.

The inversion set of σj is Φσj = {α3, α2 + α3, α3 + α4}. We have

Xσ1 ·Xσ2 = Xσ3 + 2Xσ4 +Xσ5 ,

where σ3 = s4s3s2s5s4s3, σ4 = s1s3s2s5s4s3, σ5 = s2s3s4s1s2s3 with inversion sets

respectively

Φσ3 = {α3, α2 + α3, α3 + α4, α2 + α3 + α4, α3 + α4 + α5, α2 + α3 + α4 + α5} ,

Φσ4 = {α3, α2 + α3, α3 + α4, α1 + α2 + α3, α2 + α3 + α4, α3 + α4 + α5} ,

Φσ5 = {α3, α2 + α3, α3 + α4, α1 + α2 + α3, α2 + α3 + α4, α1 + α2 + α3 + α4} .

For the pullback on Lie algebra cohomology we have

$1
o(H(ñ)P σ̃

−1·0) = H(n)σ
−1
3 ·0 ⊕H(n)σ

−1
4 ·0 ⊕H(n)σ

−1
5 ·0 .

First, consider the case of σ3. Put τ2 = s4s5s4s2, w2 = σ2τ2 and w̃ = (σ1, σ2τ2). Then

Φw2 = {α2, α4, α5, α4 + α5, α2 + α3 + α4, α3 + α4 + α5, α2 + α3 + α4 + α5} .
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Also put τ3 = τ2 and w3 = σ3τ3, so that

Φw3 = Φσ3 t {α2, α4, α5, α4 + α5} .

Then we get

Φw3 = Φσ1 t Φw2 .

This allows us, via theorem 5.2.2, to use proposition 4.5.2 and deduce the presence

of the component H(n)σ
−1
3 ·0 inside $1

o(H(ñ)σ̃
−1·0).

The case of σ5 is analogous to the case of σ3 and we omit the computations.

Now, let us consider σ4. The particular feature here is the coefficient 2 in front

of Xσ4 in the expression for Xσ1 · Xσ2 . One may verify directly that there isn’t an

extreme weight of H(ñ)σ̃
−1·0 which restricts to an extreme weight of H(n)σ

−1
4 ·0. So,

similarly to the case of σ4 in the previous example, we need to search inside the

module. We begin by studying the weights. We compute

ι∗(σ̃−1 · 0)− σ−1
4 · 0 = −2〈Φσ1〉+ 〈Φσ4〉 = α1 + α2 + α4 + α5 .

Thus there are several possibilities to get from the highest weight space of H(n)σ
−1
1 ·0⊗

H(n)σ
−1
2 ·0 to a weight space whose weight projects to σ−1

4 · 0. After some trial and

error, one finds that if we apply ad(e−α1)◦ad(e−α2)◦ad(e−α4−α5) to the highest weight

vector in one of the components in the tensor product H(n)σ
−1
1 ·0⊗H(n)σ

−1
2 ·0, say the

right one, we get the desired result. Indeed, for

η2 = ad(e−α1) ◦ ad(e−α2) ◦ ad(e−α4−α5)(e
∗
−Φσ2

)

= e∗−α3−α4−α5
∧ e∗−α1−α2−α3−α4

∧ e∗−α2−α3
+

e∗−α3−α4−α5
∧ e∗−α2−α3−α4

∧ e∗−α1−α2−α3
+

e∗−α3
∧ e∗−α1−α2−α3−α4

∧ e∗−α2−α3−α4−α5
+

e∗−α3
∧ e∗−α2−α3−α4

∧ e∗−α1−α2−α3−α4−α5
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we have

ϕ∗o(e
∗
−Φσ1

⊗ η2) = e∗−Φσ1
∧ η2 = e∗−Φσ4

,

and hence $1
o(H(ñ)σ̃

−1·0) ⊃ H(n)σ
−1
4 ·0.

Remark 5.2.1. So far in this section, we concentrated on the pullback $1
o on Lie

algebra cohomology, rather than the pullback on cohomology of vector bundles on

flag manifolds. There is, however, an interesting observation to be made. For any

σ̃ ∈ W̃1, H(ñ)σ̃
−1·0 is an irreducible l̃-module. The dual of this module is the fibre

of an irreducible vector bundle on X̃, whose cohomology is one dimensional in degree

l(σ̃), i.e.

H l(σ̃)(X̃, Õ(σ̃−1 · 0)) ∼= C .

We may consider the pullback to X:

π : H l(σ̃)(X̃, Õ(σ̃−1 · 0)) −→ H l(σ̃)(X,O(σ̃−1 · 0)) .

The restricted vector bundle is completely reducible, so we may apply theorem 4.3.1.

First we need to find the elements σ ∈ W1 for which H(n)σ
−1·0 is contained in

$1
o(H(ñ)σ̃

−1·0). When this is done, for each of the σ’s we need to find those µ ∈ P∗ for

which the domain of the map Θ is non-zero. But since we are looking for cohomolog-

ical components in a trivial G̃-module, clearly the only possibility is µ = 0. For µ = 0

the domain of Θ is one dimensional, and hence its image is also one dimensional.

Thus we detect an irreducible component U(σ−1 · 0)∗ ⊂ Ũ(σ̃−1 · 0)∗. The canonical in-

clusion of this component is exactly the dual to the projection H(ñ)σ̃
−1·0 → H(n)σ

−1·0

obtained as the composition of the map $1
o : H(ñ)σ̃

−1·0 → H(n) with the projection

to the (unique) component H(n)σ
−1·0. The last statement follows from the proof of

theorem 4.3.1. This construction will help us find an example where the map Θ is

strictly injective.
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Back to our example, we follow the idea in remark 5.2.1, and we find that the

decomposition of H(n)σ̃
−1
1 ·0 ⊗H(n)σ̃

−1
2 ·0 into l-isotypic summands is

H(n)σ̃
−1
1 ·0 ⊗H(n)σ̃

−1
2 ·0 = U(1, 1,−4, 1, 1)⊗ U(1, 1,−4, 1, 1)

= U(2, 2,−8, 2, 2)⊕ U(2, 2,−8, 3, 0)⊕ U(2, 2,−7, 0, 3)

⊕ 2U(2, 2,−7, 1, 1)⊕ U(2, 2,−6, 0, 0)

⊕ U(3, 0,−7, 2, 2)⊕ U(3, 0,−7, 3, 0)⊕ U(3, 0,−6, 0, 3)

⊕ 2U(3, 0,−6, 1, 1)⊕ U(3, 0,−5, 0, 0)

⊕ U(0, 3,−8, 2, 2)⊕ U(0, 3,−8, 3, 0)⊕ U(0, 3,−7, 0, 3)

⊕ 2U(0, 3,−7, 1, 1)⊕ U(0, 3,−6, 0, 0)

⊕ 2U(1, 1,−7, 2, 2)⊕ 2U(1, 1,−7, 3, 0)⊕ 2U(1, 1,−6, 0, 3)

⊕ 4U(1, 1,−6, 1, 1)⊕ 2U(1, 1,−5, 0, 0)

⊕ U(0, 0,−6, 2, 2)⊕ U(0, 0,−6, 3, 0)⊕ U(0, 0,−5, 0, 3)

⊕ 2U(0, 0,−5, 1, 1)⊕ U(0, 0,−4, 0, 0) .

Since σ−1
4 · 0 = (1, 1,−6, 1, 1) we see that the multiplicity of U(σ−1

4 · 0) in Ũ(σ̃−1 · 0) is

4. We conclude that the map Θ detects a specific component E(σ−1
4 ·0)∗ in the vector

bundle Ẽ(σ̃−1 · 0)∗ and this component is to be found in a larger isotypic component.

5.3 Factorizations of embeddings

Suppose that we have consecutive inclusions of semisimple Lie algebras

g1
ι1
↪→ g2

ι2
↪→ g3 .
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By choosing appropriate parabolic subalgebras, we may construct equivariant embed-

dings of flag manifolds

X1

ϕ1
↪→ X2

ϕ2
↪→ X3 .

Let O3 be the sheaf of sections of an equivariant vector bundle on X3. Put O2 = ϕ∗2O3

and O1 = ϕ∗1O2. Then we have pullbacks

H(X3,O3)
π2−→ H(X2,O2)

π1−→ H(X1,O1) .

Denote ι = ι2 ◦ ι1 and ϕ = ϕ2 ◦ ϕ1. Since O1 = ϕ∗O3, we also have a pullback

H(X3,O3)
π−→ H(X1,O1) ,

and the basic properties of cohomology ensure that π = π1◦π2. Thus the nonvanishing

of π implies the simultaneous nonvanishing of π1 and π2.

The factorization procedure may be useful, because it allows one to decompose one

nonvanishing problem into several simpler ones. For instance, Dimitrov and Penkov

have combined results on diagonal and regular embeddings to obtain a Borel-Weil-

Bott theorem for a class of ind-groups, see [DP10].

The study of sequences of embeddings goes beyond the scope of this disserta-

tion, we confine ourselves with formulating a simple corollary from our criterion for

nonvanishing. Furthermore, we restrict our discussion to the case of complete flag

manifolds.

Suppose that X1, X2, X3 are complete flag manifolds, O3 = O(λ3), λ2 = ι∗2(λ3),

λ1 = ι∗1(λ2) = ι∗(λ3). Put wj = wλj and µj = wj · λj for j = 1, 2, 3. We have the

following corollary of theorem 4.4.1.
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Corollary 5.3.1. We have an equivalence

∃a ∈ C× : ι(e∗−Φw3
) = ae∗−Φw1

⇐⇒

∃a1, a2 ∈ C× : ι∗2(e∗−Φw3
) = a2e

∗
−Φw2

, ι∗1(e∗−Φw2
) = a1e

∗
−Φw1

.

Furthermore, if the above hold, then

HomG1(V1(µ1),U(g1)v
w−1

3 (µ3)
3 ) 6= 0

implies

HomG1(V1(µ1),U(g1)v
w−1

2 (µ2)
2 ) 6= 0 and HomG2(V2(µ2),U(g2)v

w−1
3 (µ3)

3 ) 6= 0 .

5.4 Rational curves in complete flag manifolds

In this section, we take g = sl2 included in a semisimple Lie algebra g̃ and study the

resulting equivariant embeddings of X = P1 into a higher dimensional flag manifold

X̃. First we consider the special case when g is a principal three-dimensional subalge-

bra of g̃. Then we use this case and the results on regular embeddings from section 5.1

to deal with a more general situation. We do not present a complete treatment of the

general case, but indicate an approach which might lead to a complete solution. This

approach relies on Dynkin’s classification of three dimensional simple subalgebras of

semisimple Lie algebras, [Dyn52].

Principal rational curves.

Let g = sl2 be included in a semisimple Lie algebra g̃ as a principal three-dimensional

subalgebra. Before discussing the resulting cohomological components let us briefly

recall, following Kostant [Kos59], some notions and facts relevant to our discussion.
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The nilpotent elements in the semisimple complex Lie algebra g̃ are divided into

conjugacy classes under the action of the adjoint group. The largest class is the

one of principal nilpotent elements, which is characterized by the property that each

representative ε is contained in a unique maximal subalgebra ñ consisting of nilpotent

elements, ε ∈ ñ ⊂ g̃. The normalizer of ñ is a Borel subalgebra b̃ of g̃. Let h̃ ⊂ b̃ be

any Cartan subalgebra, to which we associate roots and root vectors as usual. Let

α̃1, ..., α̃` be the simple roots associated to b̃. Then the principal nilpotent elements

contained in ñ are alternatively characterized by the fact that in the expression

ε =
∑
α̃∈∆̃+

cα̃ẽα̃

one has cα̃j 6= 0 for all j = 1, 2, ..., `. (In sl`+1 the principal nilpotent elements are

those whose Jordan form consists of a single Jordan cell with zero eigenvalue.)

A principal three-dimensional subalgebra g of g̃ is a simple three-dimensional

subalgebra containing a principal nilpotent element. The semisimple elements of such

a subalgebra are regular, in the sense that their centralizers are Cartan subalgebras.

Thus a Cartan subalgebra h of g is contained in a unique Cartan subalgebra h̃ of

g̃. It follows that any given Borel subalgebra b ⊂ g is contained in a unique Borel

subalgebra b̃ ⊂ g̃. Since G/B ∼= P1, we deduce that a given principal g in g̃ determines

a unique, equivariantly embedded, rational curve in the flag manifold X̃ of G̃,

ϕ : P1 ↪→ X̃ .

We call such a curve a principal rational curve in X̃.

Let α denote the positive root of g, and let α̃1, ..., α̃` denote the simple roots of g̃.

Let ω̃1, ..., ω̃` be the fundamental weights, so that 2κ̃(α̃j, ω̃k)/κ̃(α̃j, α̃j) = δj,k.
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We want to determine the possible cohomological components of g̃-modules ob-

tained via this embedding. The line bundles on P1 carry nonzero cohomology in

degree at most 1. The pullbacks in degree 0 never vanish (provided the domain is

non-zero) and give rise to cohomological components which are exactly the high-

est components. From now on, we restrict our considerations to line bundles whose

cohomology appears in degree 1.

Let λ̃ ∈ P̃ be a weight of length 1, put λ = ι∗(λ̃), and consider the pullback

πλ̃ : H1(X̃, Õ(λ̃)) −→ H1(P1,O(λ)) .

The Weyl group element w̃λ̃ is one of the simple reflections in W̃ . According to the

interpretation of the map πλ̃ in terms of Lie algebra cohomology, we need to study

the map

ϕ∗o : ñ∗ −→ n∗ .

Since n = Ceα, and the element eα is principal nilpotent, we have a nonzero image

ϕ∗o(ẽ
∗
−α̃j) = aα̃je

∗
−α , j = 1, 2, ..., ` .

Thus condition (i) from theorem 4.4.1 is always satisfied. This implies in particular

that

ι∗(α̃j) = α = 2 , j = 1, 2, ..., ` .

Hence the restriction of weights ι∗ : P̃ −→ P is easily computable. In particular, we

can deduce that all fundamental weights of g̃ are mapped to strictly positive numbers

in P = Z. This fact already follows from the regularity of hα, but now we can be

more precise.

Lemma 5.4.1. Let α̃j be a simple root of a simple ideal g1 of g̃, and let ω̃j be the

corresponding fundamental weight. Then one of following possibilities occurs:
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(i) If g1
∼= sl2, then ι∗(ω̃j) = 1.

(ii) If g1
∼= sl3, then ι∗(ω̃j) = 2.

(iii) If g1 is not isomorphic to sl2 or sl3, then ι∗(ω̃j) ≥ 3.

Proof. The result is obtained by direct computations using the tables at the end of

[Bou68].

We can now deduce the following.

Theorem 5.4.2. Let λ̃ ∈ P̃ be a weight of length 1, with w̃λ̃ = s̃α̃j . Then s̃α̃j · λ̃ =∑`
k=1 ckω̃k with ck ≥ 0. Let g1 be the simple ideal of g̃ to whose root system α̃j belongs.

Let λ = ι∗(λ̃). Then πλ̃ : H1(X̃, Õ(λ̃))→ H1(P1,O(λ)) is a nonzero map if and only

if one of the following alternatives holds:

(i) g1
∼= sl2 and cj ≥

∑
k 6=j ckι

∗(ω̃k). In this case we have a cohomological com-

ponent V (−λ− 2) ⊂ Ṽ (s̃α̃j · λ̃) generated by a highest weight vector; λ can take any

value in Z≤−2 provided the coefficient cj is sufficiently large.

(ii) g1
∼= sl3 and λ̃ = s̃α̃j · (mω̃j) where m is an even positive integer. In this case

λ = −2 and the cohomological component is the one dimensional space of invariants

in Ṽ (mω̃j).

(iii) λ̃ = −α̃j. In this case λ = −2 and πλ̃ is a cohomological morphism from the

trivial G̃-module to the trivial G-module.

Proof. To determine when πλ̃ does not vanish we shall use theorem 4.4.1. As noted

above, condition (i) of theorem 4.4.1 is always satisfied. It remains to check whether

λ has length 1 (i.e. λ ≤ −2), and if it does, to verify condition (ii) of theorem 4.4.1.
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We have

λ = ι∗(λ̃)

= ι∗(s̃α̃j ·
∑

k ckω̃k)

= ι∗(s̃α̃j(
∑

k ckω̃k)− α̃j)

= ι∗(
∑

k ckω̃k − ajα̃j − α̃j)

=
∑

k ckι
∗(ω̃k)− (aj + 1)2 .

(5.1)

It follows that λ ≤ −2 if and only if cj(ι
∗(ω̃j)− 2) +

∑
k 6=j ckι

∗(ω̃j) ≤ 0. Now we refer

to lemma 5.4.1, and we get three possible cases.

First, if g1
∼= sl2, then part (i) of the lemma applies and we can invoke theorem

5.1.3 to conclude that part (i) of the present theorem holds.

Second, if g1
∼= sl3, then we see that λ ≤ −2 if and only if ck = 0 for k 6= j. So we

must have λ̃ = s̃α̃j · (mω̃j). Then we get λ = −2 and H1(P1,O(λ)) = C. Notice that

the principal three-dimensional subalgebra of sl3 is in fact the image of sl2 under the

adjoint representation. Depending on the way in which the fundamental weights are

ordered, we get that H1(X̃,O(λ̃)) is isomorphic to either Sm(sl2) or Sm(sl∗2). The

cohomological component, if it exists, is contained in the invariants of Sm(sl2) or

Sm(sl∗2). On the other hand, the sl2-invariants in S·(sl2) are generated by the Killing

form, and hence occur only in even degrees. (Respectively, in S·(sl2) the invariants are

generated by the symmetric tensor associated to the Casimir element.) In particular,

if m is odd, there are no invariants and hence the pullback πλ̃ vanishes. To prove that

the map is surjective for m even, we need to show that the invariants are contained

in the sl2-submodule generated by an appropriate extreme weight vector, as required

by condition (ii) of theorem 4.4.1. This can be done directly, by an elementary but

somewhat tedious computation, which we shall not reproduce here. Instead one could

use the following simple argument, given here for H1(X̃,O(λ̃)) ∼= Sm(sl∗2), the other
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case being analogous. The invariants in Sm(sl∗2) are spanned by κm/2, where κ is the

Killing form. The extreme weight vector in Sm(sl2) taking part in condition (ii) of

theorem 4.4.1 is ṽ
s̃α̃j(mω̃j) = hmα . Since κ(hα) 6= 0 (here κ is regarded as a quadratic

form) we see that

$s̃α̃j ·(mω̃j)[ẽ∗−αj ⊗ (κm/2 ⊗ hmα )⊗ z̃] 6= 0 ,

which implies part (ii) of the present theorem.

Statement (iii) follows directly from corollary 4.4.3.

To see that parts (i), (ii) and (iii) account for all possibilities for a nonzero pull-

back, observe that if g1 is neither sl2 nor sl3, then part (iii) of lemma 5.4.1 and the

computation (5.1) imply that λ has length 1 if and only if ck = 0 for all k. In this

case λ̃ = −α̃j and λ = −2, so we are in case (iii) of the theorem.

Towards the general case.

To address the general case we propose the following method. Assume that the

homogeneous embedding ϕ : P1 ↪→ G̃/B̃ factors as the composition of two embed-

dings ϕ1 : P1 ↪→ G1/B1 and ϕ2 : G1/B1 ↪→ G̃/B̃, so that ϕ1 is a principal em-

bedding and ϕ2 is a regular embedding. Then we could apply theorem 5.1.3 to ϕ2

and theorem 5.4.2 to ϕ1 in order to find the weights λ̃ ∈ P̃ for which the pullback

πλ̃ : H(G̃/B̃,O(λ̃))→ H(P1,O(ι∗λ̃)) is nonzero. The above assumption is satisfied if

and only if the following property holds:

Property (R): A three dimensional simple subalgebra g of a semisimple Lie algebra

g̃ will be said to satisfy the property (R) if there exists a proper semisimple regular

subalgebra g1 ⊂ g̃, containing g as a principal three dimensional subalgebra.



CHAPTER 5. APPLICATIONS AND EXAMPLES 91

The results in chapter III of [Dyn52] show that (R) holds for any three dimensional

simple subalgebra of g̃, if g̃ is of type A`, B`, C`, G2, F4 or is a sum of simple algebras

of these types. The property (R) is not always satisfied if g̃ has simple summands

of type D` or E`. However, the three dimensional simple subalgebras of D` and

E` without the property (R) are explicitly classified in [Dyn52]. In the case of D`

these subalgebras have a uniform description and we hope that the questions for

cohomological components will have a uniform treatment as well. In the case of E`

there is a finite list of three dimensional simple subalgebras without the property (R),

which could be subject to a case-by-case analysis. This remains a topic for future

research. Here we give a simple example of an inclusion ι : sl2 ↪→ g̃ satisfying the

property (R) and we study two different embeddings of flag manifolds associated with

this inclusion.

Example 5.4.1. Let g = sl2, g̃ = sl4 and ι : g ↪→ g̃ be the inclusion given by

 a b

c d

 ι7−→



a b 0 0

c d 0 0

0 0 a b

0 0 c d


.

Let h ⊂ sl2 and h̃ ⊂ sl4 be the diagonal Cartan subalgebras. It is clear g satisfies

property (R), with g1 = sl2 ⊕ sl2 block-diagonally included in sl4. Now, we have a

diagonal inclusion ι1 : g ↪→ g1 and a regular inclusion ι2 : g1 ↪→ g̃, so that ι = ι2 ◦ ι1.

The restriction of weights is

(ã1, ã2, ã3)
ι∗2−→ (ã1, ã3)

ι∗1−→ ã1 + ã3 .



CHAPTER 5. APPLICATIONS AND EXAMPLES 92

(Here the weights are written in coordinates corresponding to the respective bases of

fundamental weights.) Consider the upper triangular Borel subalgebra b of sl2, and as

extension take the upper triangular Borel subalgebra b̃ of s̃l4. Put b1 = g1 ∩ b̃. This

defines embeddings

P1 ϕ1
↪→ P1 × P1 ϕ2

↪→ SL4/B̃ .

Let α̃1, α̃2, α̃3 denote the simple roots of g̃ with respect to b̃, let α1, α2 denote the

simple roots of g1 with respect to b1, let α denote the simple root of g with respect to

b.

We are interested in pullbacks in cohomological degree 1. The relevant inversion

sets are singletons of simple roots. Since we are concerned with a regular and a

diagonal embedding, we can refer to theorems 5.1.3 and 5.2.2 respectively, and it is

sufficient to consider the restrictions of roots rather than the associated elements ẽ∗−α̃.

We have

α̃1

ι∗2−→ α1

ι∗1−→ α , ι∗(α̃2) = 0 , α̃3

ι∗2−→ α2

ι∗1−→ α .

Assume λ̃ = (ã1, α̃2, α̃3) ∈ P̃ has length 1. Put λ1 = ι∗2(λ̃) and λ = ι∗(λ) = ι∗1(λ1).

We have πλ̃ = πλ̃2 ◦ π
λ1
1 . Theorems 5.1.3 and 5.2.2 imply that πλ̃ 6= 0 if and only if

one of the following two cases occurs.

Case 1) sα̃1 · λ̃ ∈ P̃+ and sα · λ ∈ P+. One can easily compute that in coordinates

this translates to

ã1 ≤ −2

ã2 ≥ 1− ã1

0 ≤ ã3 ≤ −2− ã1 .

When these inequalities are satisfied we have a cohomological component Vsl2(−ã1 −
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ã3 − 2) in Vsl4(−ã1 − 2, ã1 + ã2 + 1, ã3).

Case 2) sα̃3 · λ̃ ∈ P̃+ and sα · λ ∈ P+, which translates to

0 ≤ ã1 ≤ −2− ã3

ã2 ≥ 1− ã3

ã3 ≤ −2 .

When these inequalities are satisfied we have a cohomological component Vsl2(−ã1 −

ã3 − 2) in Vsl4(ã1, ã2 + ã3 + 1,−ã3 − 2).

Example 5.4.2. Consider sl2
ι1
↪→ sl2⊕sl2

ι2
↪→ sl4 as in the previous example. We also

take the same b and b1. We choose a different Borel subalgebra b̃ ⊂ sl4, namely, the

one consisting of elements of the form

∗ ∗ 0 ∗

0 ∗ 0 ∗

∗ ∗ ∗ ∗

0 0 0 ∗


.

Let α̃1, α̃2, α̃3 be the simple roots of sl4. Then we see that the only simple root of sl2

for which ι∗(α̃j) = α is α̃2. Let λ̃ = (ã1, ã2, ã3) ∈ P̃ have length 1. As in the previous

example we see that πλ̃ 6= 0 if and only if s̃α̃2 · λ̃ ∈ P̃+ and sα · λ ∈ P+. These

conditions yield the following inequalities:

ã1 + ã2 + 1 ≥ 0

−ã2 − 2 ≥ 0

ã2 + ã3 + 1 ≥ 0

−ã1 − ã3 − 2 ≥ 0 .
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It is easy to see that this system is satisfied only for λ̃ = −α̃2 = s̃α̃2 ·0. We can conclude

that there is a single weight giving a nonzero cohomological pullback in degree 1, and

this pullback is

π−α̃2 : C −→ C .

5.5 The adjoint representation and invariant poly-

nomials

Let g be a semisimple complex Lie algebra and G be the associated connected simply

connected complex Lie group. Let C[g] denote the coordinate ring of g. It is a well-

known classical result that the ad-invariant polynomials on g form a C-algebra which

is isomorphic to a polynomial algebra on ` variables, where ` = rank(g), see e.g.

[Var68]. Thus, there exist p1, ..., p` ∈ C[g] such that

I = C[g]G = C[p1, ..., p`] .

The polynomials p1, ..., pj are not uniquely determined, but their degrees are. Let

dj = degpj. These integers are numerical invariants of g and are important in various

contexts, see e.g. [Kos59]. The numbers d1, ..., dj are all distinct if g is simple. For

a semisimple g one obtains the totality of degrees for the simple factors, so some

numbers may occur with multiplicity. Here is the list of the sets D = {d1, ..., d`} for
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the simple Lie algebras:

D(A`) = {2, 3, ..., `+ 1} , D(G2) = {2, 6} ,

D(B`) = {2, 4, ..., 2`} , D(F4) = {2, 6, 8, 12} ,

D(C`) = {2, 4, ..., 2`} , D(E6) = {2, 5, 6, 8, 9, 12} ,

D(D`) = {2, 4, ..., 2`− 2, `} , D(E7) = {2, 6, 8, 10, 12, 14, 18} ,

D(E8) = {2, 8, 12, 14, 18, 20, 24, 30} .

Note that the adjoint representation is self-dual so that C[g] = S(g∗) ∼= S(g) as

g-modules, and an explicit isomorphism can be obtained using the Killing form. For

some technical reasons, we choose to work with S(g) instead of S(g∗), and we shall

think of p1, ..., p` as elements of S(g) from now on. It is not hard to determine the

freedom available for the choice of each generator pj. Obviously scaling is possible,

and for types A1 and A2 this is the only freedom. For all other types there are other

possible alterations. For instance, for type A3, i.e. g = sl4, we have d1 = 2, d2 =

3, d3 = 4. The degree components of the first two generators are one dimensional, i.e.

dimS2(g)G = dimS3(g)G = 1. Thus p1 and p2 are determined up to scaling. However,

dimS4(g)G = 2 as this space contains p2
1 along with the third generator of I. Thus p3

is determined up to a summand proportional to p2
1. The general pattern is analogous.

The goal in this section is to show that there exist generators for J, which may

be realized as cohomological components in the spaces Sd1(g), ..., Sd`(g) respectively.

Of course, we need to specify a suitable equivariant embedding of flag manifolds.

Set g̃ = sl(g) and let ι = ad : g ↪→ g̃ be the inclusion given by the adjoint repre-

sentation. Note that the degree components Sd(g) are finite dimensional irreducible

g̃-modules, the symmetric powers of the natural representation, and their highest

weights lie along the first fundamental ray of the dominant Weyl chamber. Then Cpj
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is an irreducible g-submodule in Sdj(g).

Theorem 5.5.1. There exist Borel subalgebras b ⊂ g and b̃ ⊂ g̃ with b ⊂ b̃, such

that for a suitable choice of pj, the g-submodule Cpj ⊂ Sdj(g) is a cohomological

component relative to the embedding of complete flag manifolds G/B ↪→ G̃/B̃. The

pullback realizing this component is in cohomology of highest possible degree, which is

r = dim(G/B) = #∆+.

Proof. We start with the definition of the nested Borel subalgebras. We fix a Cartan

and a Borel subalgebras h ⊂ b ⊂ g, and refer to chapter 2 for the notions and notation

related to such a pair. The choice of h and b is not restricted since all such pairs are

conjugate under G. The subtlety is to find a suitable b̃. In fact we shall consider a

family of Borel subalgebras of g̃ and choose the appropriate member at the end of the

proof. The Borel subalgebras of g̃ are in a bijection with the complete flags in the

natural representation of g̃. In turn the natural representation of g̃ coincides, as a

vector space, with g. The condition that b ⊂ b̃ means that the flag F lb̃ corresponding

to b̃ must be stable under the (adjoint) action of b. We shall consider a family of flags

in g parametrized by the manifold F l(h) of complete flag in the Cartan subalgebra h.

In our result we shall care mainly about the projection of F l(h) onto the projective

space P(h) of one-dimensional subspaces of h.

Definition of the flag F l(y) for y ∈ F l(h). We shall define the flag F l(y) by

an ordered basis of g consisting of root vectors and a basis of h. The flag F l(y)

shall be a completion of the partial flag in g given by the triangular decomposition

g = m ⊕ h ⊕ m−. Fix any order β1, ..., βr on set the positive roots ∆+ such that the

corresponding flag in m is fixed by the action of b (one such order can be obtained by

first fixing a partial order according to the heights of the roots and then ordering the
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sets of equal heights arbitrarily). Let h1, ..., h` be any ordered basis of h, and denote

the corresponding flag in h by y = y(h1, ..., h`). Now consider the ordered basis

eβ1 , ..., eβr , h1, ..., h`, e−βr , ..., e−β1 , (5.2)

to be denoted by v1, ..., vn (with n = `+2r). Let F l(y) be the corresponding complete

flag in g, and let b̃ = b̃(y) be the Borel subalgebra of g̃ stabilizing F l(y). It is clear

that b ⊂ b̃.

The basis (5.2) defines a Cartan subalgebra h̃ ⊂ g̃ consisting of the elements

which are diagonal in this basis, as well as a set of simple roots corresponding to the

order. Fix a compact real form k ⊂ g. Since the adjoint representation is irreducible,

there is a unique compact real form k̃ ⊂ g̃ containing k. We now make the additional

assumption that the basis h1, ..., h` is orthogonal with respect to the unique Hermitian

form on g which is k-invariant. Note that this assumption does not limit the choice

of y ∈ F l(h), because every flag can be obtained from an orthogonal ordered basis.

Furthermore, we may assume that the root vectors eα satisfy the relations (2.1),

and with this assumption the basis (5.2) is orthogonal. This ensures that we have

h̃ = t̃⊕ ĩt, where t̃ = k̃∩ b̃. We now have everything in place, ready to apply theorem

4.4.1.

So far we have fixed a basis for the natural representation of g̃, as well as the cor-

responding Cartan subalgebra h̃ consisting of diagonal matrices and Borel subalgebra

b̃ consisting of upper-triangular matrices. Before proceeding further with the proof

let us recall some commonly used notation for the roots and Weyl group elements

of sln. For j, k ∈ {1, ..., n} let Ej,k denote the elementary matrix having 1 at the

(j, k)-th entry and zeros elsewhere. Then {Ej,k : j 6= k} is a complete set of root

vectors for g̃ with respect to h̃. Let α̃j,k denote the root corresponding to Ej,k for
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j 6= k. Then the simple roots of b̃ are α̃j,j+1 for j ∈ {1, ..., n − 1}. Let s̃1, ..., s̃n−1

denote the corresponding simple reflections generating W̃ .

Let us exhibit an element w̃ ∈ W̃ such that ϕ∗o(ẽ
∗
−Φw̃

) = ae∗−∆+ . Recall that, since

we are considering an embedding of complete flag manifolds, we have ι = ϕo. The

image of e∆+ under ι can be written as a linear combination of simple tensors:

ι(e∆+) =
∑

Φ̃⊂∆̃+

cΦ̃ẽΦ̃ .

We are looking for w̃ such that cΦw̃ 6= 0. Notice that, for every j ∈ {1, ..., r} we have

ι(eβj)vr+1 = [eβj , h1] = −βj(h1)eβj = −βj(h1)vj .

Put Φ̃ = {α̃j,r+1 : 1 ≤ j ≤ r} ⊂ ∆̃+. Then we have

cΦ̃ =
r∏
j=1

−βj(h1) .

Assume now that h1 is regular, so that cΦ̃ 6= 0. The set Φ̃ is in fact the inversion set

Φw̃ of the Weyl group element

w̃ = s̃1s̃2 . . . s̃r .

Hence we have

ϕ∗o(ẽ
∗
−Φw̃

) = cΦ̃e
∗
−∆+ . (5.3)

The second step is to determine all dominant weights µ̃ ∈ P̃+ such that wo · (ι∗(w̃−1 ·

µ̃)) ∈ P+. In the presence of (5.3) it is equivalent to working with the linear action

of the Weyl groups and considering wo(ι
∗(w̃−1(µ̃))). For the computations it is more

convenient to write the weights of g̃ as “gl-weights”, i.e. λ̃ = (λ̃1, ..., λ̃n) (then the
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dominant ones are those whose components are non-increasing integers). In these

terms, the restriction of weights is written as

ι∗(λ̃1, ..., λ̃n) = λ̃1β1 + · · ·+ λ̃rβr − λ̃n−r+1βr − · · · − λ̃nβ1 .

Now, we take µ̃ = (µ̃1, ..., µ̃n) ∈ P̃+ and compute

ι∗(w̃−1(µ̃)) = ι∗(µ̃2, µ̃3, ..., µ̃r+1, µ̃1, µ̃r+2, ..., µ̃n)

= µ̃2β1 + · · ·+ µ̃r+1βr − µ̃n−r+1βr − · · · − µ̃nβ1 .

We are interested to know when µ = wo(ι
∗(w̃−1(µ̃))) is dominant. It is dominant

if and only if woµ = ι∗(w̃−1(µ̃)) is anti-dominant; thus we do not need to know the

exact form of wo. For woµ to be anti-dominant, it is necessary that its inner product

with any strictly dominant weight ν be non-positive. Let ν be strictly dominant. We

have

(ν, woµ) = (µ̃2 − µ̃n)(ν, β1) + · · ·+ (µ̃r+1 − µ̃n−r+1)(ν, βr) .

Since (ν, βj) > 0 and µ̃j+1−µ̃n−j+1 ≥ 0 for all j ∈ {1, ..., r}, it follows that (ν, woµ) ≤ 0

if and only if (ν, woµ) = 0 if and only if µ̃2 = · · · = µ̃n if and only if µ̃ = kω̃1. (Here

ω̃1 is the first of the fundamental weights ω̃1, ..., ω̃n−1 of g̃.) In such a case, clearly

µ = 0. To summarize, for µ̃ ∈ P̃+, we have

µ = woι
∗(w̃−1(µ̃)) ∈ P+ ⇐⇒ µ̃ = kω̃1 for some k ≥ 0 ,

and

µ = woι
∗(w̃−1(µ̃)) ∈ P+ =⇒ µ = 0 .

We can conclude that the only possible cohomological components associated with

the fixed embedding ϕ and pair of Weyl group elements w̃, wo are trivial G-modules
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included in symmetric powers of the natural representation of G̃, i.e. ad-invariant

polynomials on g∗. Specifically, for k ≥ 0 and λ̃ = w̃−1 · (kω̃1), we have

πλ̃ : Sk(g)∗ −→ C .

Now we have come to verifying condition (ii) of theorem 4.4.1. The relevant extreme

weight vector ṽ = ṽw̃
−1(µ̃) in this case equals ṽ = vkr+1 = hk1 ∈ Sk(g). We are looking

for a trivial G-submodule of Sk(g)∗ whose non-zero elements do not vanish at ṽ as

linear functionals. Notice that, for f ∈ Sk(g)∗, we have

f(ṽ) = k!f(h1) ,

where on the right hand side we consider f as a polynomial function on g. Thus

f(ṽ) 6= 0 if and only of f(h1) 6= 0. Recall that h1 is already restricted to be outside

the root hyperplanes. Now, let Z ⊂ h be the Zariski closed set defined by the vanishing

of the roots and all nonconstant ad-invariant polynomials. Then, if we choose h1 /∈ Z

we get πλ̃ 6= 0 for all k such that Sk(g)G 6= 0. Furthermore, the images of (πλ̃)∗ for

k = d1, ..., d` generate I. This completes the proof of the theorem.

Remark 5.5.1. It is evident from the proof of theorem 5.5.1 that the resulting coho-

mological components vary with h1. Several questions arise. For instance: is it true

that every set of generators for J can be obtained for a suitable h1? Or: is it possible

to choose h1 so that the associated cohomological components generate a proper sub-

algebra of J, and if the answer is affirmative, then which subalgebras can be obtained

in this way? To answer these questions one needs to understand certain properties of

the zero-loci of generators of J. Acquiring this knowledge remains one the author’s

future goals.



CHAPTER 5. APPLICATIONS AND EXAMPLES 101

5.6 A multiplicity free orbit closure

In this section we apply theorem 4.4.1 and a result of Montagard, Pasquier and

Ressayre, [MPR10], to obtain a geometric sufficient condition for nonvanishing of πλ̃,

in the case when X and X̃ are complete flag manifolds.

We follow the notation of section 4.4, in particular, we have X = G/B, X̃ = G̃/B̃

and ϕ : X ↪→ X̃. Recall that all flag manifolds are projective algebraic varieties.

In this section we shall use the Zariski topology on X. The homology of the flag

manifold X with integral coefficients is classically computed using the Schubert cell

decomposition. The Schubert cells are the B-orbits in X. They are parametrized by

W : the cell decomposition is X = tw∈WBwB/B; the dimension of the orbit BwB/B

is l(w). Let Ωw = BwB/B be closure in X. The Schubert cycles Ωw generate

H·(X,Z) and form a basis for H·(X,C). Similarly, the Schubert cycles Ω̃w̃ = B̃w̃B̃/B̃

for w̃ ∈ W̃ generate H·(X̃,Z).

Any subvariety of Y ⊂ X̃ is a cocycle, and its cohomology class [Y ] may be

expressed as a non-negative linear combination of Ω̃w̃:

[Y ] =
∑
w̃∈W̃

cw̃(Y )Ω̃w̃ , cw̃(Y ) ∈ Z≥0 .

Definition 5.6.1. A subvariety Y ⊂ X̃ is called multiplicity free, if cw̃(Y ) ∈ {0, 1}

for all w̃ ∈ W̃.

The main theorem of this section is the following:

Theorem 5.6.1. Let λ̃ ∈ P and put λ = ι∗(λ̃). Suppose that both λ̃ and λ are regular

and denote w̃ = w̃λ̃ and w = wλ. Suppose further that the following two conditions

hold:
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(i) ϕ∗o(ẽ
∗
−Φw̃

) = ae∗−Φw
for some a ∈ C×.

(ii) The closure Xw̃ = Gw̃−1B̃/B̃ of the G-orbit through w̃−1 in X̃ is multiplicity

free.

Then the pullback πλ̃ : H(X̃, Õ(λ̃)) −→ H(X,O(λ)) is non-zero.

Proof. We shall use a theorem of Montagard, Pasquier and Ressayre to show that

condition (ii) of the present theorem implies condition (ii) of theorem 4.4.1. Since

condition (i) of the present theorem is the same as condition (i) of theorem 4.4.1, we

may deduce that together (i) and (ii) are sufficient for the nonvanishing of πλ̃.

Denote µ̃ = w̃ · λ̃ and µ = w · λ, so that H(X̃, Õ(λ̃)) ∼= Ṽ (µ̃)∗ and H(X,O(λ)) ∼=

V (µ)∗ by the Borel-Weil-Bott theorem.

Theorem 3 in [MPR10] states that, ifXw̃ is multiplicity free in X̃, then HomG(V (µ), Ṽ (µ̃)) 6=

0. Condition (ii) of theorem 4.4.1 is stronger, we need to show that

HomG(V (µ),U(g)ṽw̃
−1(µ̃)) 6= 0 .

This essentially follows from the proof of Montagard, Pasquier and Ressayre, as their

argument in fact implies a stronger statement than the one they state as a theorem.

An essential ingredient in the proof of theorem 3 in [MPR10] is a theorem of Brion

from [Bri03].

Brion’s theorem states that, if ν̃ ∈ P̃+, Y ⊂ X̃ is a multiplicity free subvariety

and ÕY (ν̃) is the restriction of Õ(ν̃) to Y , then the pullback

πν̃Y : H0(X̃, Õ(ν̃)) −→ H0(Y, ÕY (ν̃))

is surjective.

Denote πµ̃w̃ = πµ̃Xw̃ and Ow̃(µ̃) = ÕXw̃(µ̃). Thus, under our assumptions, πµ̃w̃ is
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surjective. Furthermore, we have

H0(Xw̃,Ow̃(µ̃))∗ = U(g)ṽw̃
−1(µ̃) . (5.4)

Indeed, the image of the point w̃−1B̃/B̃ ∈ X̃, under the map ψ : X̃ → P(Ṽ (µ̃)) given

by the global sections of Õ(µ̃), is exactly [ṽw̃
−1(µ̃)]. Thus U(g)ṽw̃

−1(µ̃) is the linear span

of ψ(Xw̃) in Ṽ (µ̃). Hence U(g)ṽw̃
−1(µ̃) ⊂ H0(Xw̃,Ow̃(µ̃))∗. Now the surjectivity of πµ̃w̃

implies (5.4).

The proof of theorem 5 in [MPR10] implies that, under our assumptions, H0(Xw̃,Ow̃(µ̃))

contains a G-submodule isomorphic to V (µ)∗. Hence

HomG(V (µ),U(g)ṽw̃
−1(µ̃)) 6= 0 .

This completes the proof of the theorem.

Remark 5.6.1. There are classes of inclusions ι : g ↪→ g̃ for which the closure of

any G-orbit in G̃/B̃ is multiplicity free. For instance, when the image of G in G̃ is

a spherical subgroup of minimal rank, cf [Res10]. In such a case, condition (i) of

theorem 5.6.1 becomes a necessary and sufficient condition for nonvanishing of πλ̃.

We have already discussed one such case from a different point of view, namely, the

diagonal embedding φ : G ↪→ G×G, see section 5.2.

5.7 Properties of cohomological components

In this section we work with an arbitrary but fixed embedding ϕ : X ↪→ X̃ of complete

flag manifolds and use the notation from section 4.4. Consider the cone D = P+×P̃+

whose elements are pairs of dominant weight for G and G̃, respectively. We would

like to characterize the set C = C(ϕ) of elements (µ, µ̃) ∈ D such that there exists a
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cohomological component V (µ) ⊂ Ṽ (µ̃) associated with the embedding ϕ : X ↪→ X̃.

This goal is not achieved here, however, we provide some interesting information on

C.

We start with the following technical lemma.

Lemma 5.7.1. Suppose that w̃ ∈ W̃ and w ∈ W satisfy condition (i) of theorem

4.4.1, i.e. there exists a ∈ C× such that

(i) ϕ∗o(ẽ
∗
−Φw̃

) = ae∗−Φw
.

The set

Dw,w̃ = {(µ, µ̃) ∈ D : µ = w · (ι∗(w̃−1 · µ̃))}

is a subcone of D.

Proof. Condition (i) implies that ι∗〈Φw̃〉 = 〈Φw〉, which in turn this implies that for

µ̃ ∈ P̃+,

w · (ι∗(w̃−1 · µ̃)) = w(ι∗(w̃−1(µ̃))) . (5.5)

Now, the lemma follows from the fact that the right hand side depends linearly on

µ̃.

Theorem 4.4.1 implies that

C =
⋃
w,w̃

C ∩ Dw,w̃ ,

where the union is over the pairs w, w̃ satisfying (i). Denote Cw,w̃ = C ∩ Dw,w̃.
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Theorem 5.7.2. Suppose that w̃ and w ∈ W are as in lemma 5.7.1. Let (µ, µ̃) ∈

Dw,w̃. Then there exists a positive integer k such that

πw̃
−1·kµ̃ : Ṽ (kµ̃)∗ −→ V (kµ)∗

is non-zero. In particular, (kµ, kµ̃) ∈ Cw,w̃.

Proof. For k ∈ Z>0 put λ̃k = w̃−1 · kµ̃, λk = ι∗(λ̃k) and µk = w · λk, so that µ = µ1.

Using (5.5) we get

µk = w · (ι∗(w̃−1 · kµ̃)) = w(ι∗(w̃−1(kµ̃))) = kµ .

Let X◦w̃ = Gw̃B̃/B̃ ⊂ X̃ denote the G-orbit in X̃ through the point corresponding

to the element w̃−1. Consider the map ψk : X̃ −→ P(Ṽ (kµ̃)) given by the global

section of the sheaf Õ(kµ̃). (Note that the parabolic subgroup P̃kµ̃ fixing the highest

weight space in Ṽ (kµ̃) does not depend on k, and thus the image of ψk is isomorphic

to G̃/P̃µ̃, for all k.) We have

span{ψk(X◦w̃)} = U(g)ṽw̃
−1(kµ̃) ⊂ Ṽ (kµ̃) ,

where span{ψk(X◦w̃)} denotes the linear subspace of Ṽ (kµ̃) spanned by the lines

corresponding to the points of ψk(X
◦
w̃).

Condition (ii) of theorem 4.4.1 is satisfied if and only if there exists a G-submodule

V (kµ)∗ ⊂ H(X̃, Õ(kµ̃)) whose elements do not vanish identically on ψ(X◦w̃). The

existence of such a G-submodule, for some k, is asserted by lemma 2 of [MPR10].

Now theorem 4.4.1 implies the result.

Theorem 5.7.3. Suppose that w̃ and w ∈ W are as in lemma 5.7.1. Suppose further

that (µ1, µ̃1) and (µ2, µ̃2) belong to Cw,w̃, so that both pullbacks

πw̃
−1·µ̃1 : Ṽ (µ̃1)∗ −→ V (µ1)∗ , πw̃

−1·µ̃2 : Ṽ (µ̃2)∗ −→ V (µ2)∗
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are non-zero. Denote µ̃ = µ̃1 + µ̃2 and µ = µ1 + µ2.

Then (µ, µ̃) ∈ Cw,w̃ and the pullback

πw̃
−1·µ̃ : Ṽ (µ̃)∗ −→ V (µ)∗

is non-zero.

In other words, Cw,w̃ is a subsemigroup of the cone Dw,w̃.

Proof. Denote λ̃j = w̃−1 · µ̃j and λj = ι∗(λ̃j) for j = 1, 2. Also, put λ̃ = w̃−1 · µ̃

and λ = ι∗(λ̃). Lemma 5.7.1 implies that (µ, µ̃) ∈ Dw,w̃ and λ = w−1 · µ. Thus the

pullback πλ̃ is indeed a map from Ṽ (µ̃)∗ to V (µ)∗ and we have condition (i) satisfied

by πλ̃. It remains to verify condition (ii) of theorem 4.4.1. It is convenient to relabel

condition (ii) as applied to the pullbacks πλ̃1 , πλ̃2 and πλ̃, as follows:

(ii)1 HomG(V (µ1),U(g)ṽ1) 6= 0, where ṽ1 = ṽw̃
−1(µ̃1) ∈ Ṽ (µ̃1).

(ii)2 HomG(V (µ2),U(g)ṽ2) 6= 0, where ṽ2 = ṽw̃
−1(µ̃2) ∈ Ṽ (µ̃2).

(ii) HomG(V (µ),U(g)ṽ) 6= 0, where ṽ = ṽw̃
−1(µ̃) ∈ Ṽ (µ̃).

Our hypothesis for nonvanishing of πλ̃1 and πλ̃2 implies, via theorem 4.4.1 that

(ii)1 and (ii)2 hold. We need to verify (ii).

Let X◦w̃ = Gw̃−1B̃/B̃ ⊂ X̃ denote the G-orbit in X̃ through the point corre-

sponding to the element w̃−1. Let Xw̃ = X◦w̃ denote the Zariski closure of X◦w̃

in X̃. Then condition (ii) is equivalent to the statement that H0(X̃, Õ(µ̃)) con-

tains a G-submodule V ∗ ∼= V (µ)∗ whose elements do not vanish identically on Xw̃.

There are analogous reformulations for (ii)1 and (ii)2. Thus, we have G-submodules
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V ∗1 ⊂ H0(X̃, Õ(µ̃1)) and V ∗2 ⊂ H0(X̃, Õ(µ̃2)), isomorphic respectively to V (µ1)∗ and

V (µ2)∗, whose elements do not vanish identically on Xw̃. Let δ : X̃ ↪→ X̃ × X̃

denote the diagonal embedding. It follows that H0(X̃ × X̃, Õ(µ̃1) � Õ(µ̃2)) con-

tains the G × G-submodule V ∗1 ⊗ V ∗2 whose elements do not vanish identically on

δ(Xw̃) ⊂ X̃ × X̃. Let V ∗3 ⊂ V ∗1 ⊗ V ∗2 be the highest G-irreducible component; we

have V ∗3
∼= V (µ)∗. Then V ∗3 does not vanish identically on δ(Xw̃). Notice that

the restriction of H0(X̃ × X̃, Õ(µ̃1) � Õ(µ̃2)) to the diagonal δ(X̃) is a surjection

onto H0(X̃, Õ(µ̃)). Thus any irreducible G-submodule of H0(X̃× X̃, Õ(µ̃1) � Õ(µ̃2))

which has a non-zero pullback to δ(Xw̃) is isomorphic to an irreducible G-submodule

of H0(X̃, Õ(µ̃)) which has a nonzero pullback to Xw̃. In particular, there exists

V ∗ ⊂ H0(X̃, Õ(µ̃)) such that V ∗ ∼= V ∗3
∼= V (µ)∗ and such that V ∗ does not vanish

identically on Xw̃. This completes the proof.

Applying theorem 5.7.3 for the case µ1 = µ̃2, and then using induction, we obtain

the following corollary.

Corollary 5.7.4. Suppose that V (µ) ⊂ Ṽ (µ̃) is a cohomological component obtained

via an embedding of complete flag manifolds. Then, for every non-negative integer k,

V (kµ) ⊂ Ṽ (kµ̃) is a cohomological component obtained via the same embedding.

Remark 5.7.1. Theorem 5.7.2 and theorem 5.7.3 imply that Cw,w̃ is a subsemigroup

of the cone Dw,w̃, such that any element of Dw,w̃ has a multiple in Cw,w̃. Various

situations may occur. For instance, for diagonal embeddings we have Cw,w̃ = Dw,w̃.

On the other hand, the results of section 5.5 allow is to construct examples for which

the complement Dw,w̃ \ Cw,w̃ is non-empty, finite in some cases and infinite in others.

We conclude this section with the following question.
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Question 5.7.1. For a given w, w̃ as in lemma 5.7.1, does there exist a natural

number ko, such that for any (µ, µ̃) ∈ Dw,w̃ we have (koµ, koµ̃) ∈ Cw,w̃?



Chapter 6

Conclusion

We started with an arbitrary inclusion of semisimple complex Lie algebras ι : g ↪→ g̃

and the associated morphism of simply connected complex Lie groups φ : G → G̃.

We showed, in proposition 3.1.1, that an arbitrary parabolic subalgebra p ⊂ g can

be extended to a parabolic subalgebra p̃ ⊂ g̃ such that p = g ∩ p̃. To such a pair

of parabolic subalgebras p, p̃ is associated an embedding ϕ : X ↪→ X̃ of the flag

manifold X = G/P into the flag manifold X̃ = G̃/P̃ . We then considered restrictions

of equivariant vector bundles along the embedding ϕ and the resulting pullback maps

on cohomology. Namely, for λ̃ ∈ P̃+
1 we have (see section 3.2 for the notation):

πλ̃ : H(X̃, Õ(λ̃)) −→ H(X,O(λ̃)) .

By the Borel-Weil-Bott theorem, the domain of πλ̃, if non-zero, is an irreducible G̃-

module isomorphic to Ṽ (µ̃)∗, where µ̃ = w̃ · λ̃ with w̃ = w̃λ̃ ∈ W̃1. The irreducible

G-modules in the image of (πλ̃)∗ are called cohomological components of Ṽ (µ̃).

We set our goal - to study the map πλ̃. As concrete problems we posed, in section

3.3, the following:

109
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(I) Find a criterion for nonvanishing of πλ̃.

(II) Characterize the cohomological components of any irreducible G̃-module.

The method we used to attack these problems relies on Kostant’s theory of Lie

algebra cohomology. To be able to apply Kostant’s theory, we first proved theorem

4.1.1 which provides a translation of the pullback πλ̃ to a pullback

$λ̃ : H(ñ,F(K̃)⊗ Ũ(λ̃)∗) −→ H(n,F(K)⊗ Ũ(λ̃)∗)

in Lie algebra cohomology. We gave a solution to problem (I), under the assumption

for complete reducibility of the bundle E(λ̃)∗ over X. The explicit form of Kostant’s

harmonic representatives allowed us to find a criterion for nonvanishing of $λ̃, and

hence of πλ̃, formulated in theorem 4.3.2. We also proved theorem 4.3.1 which pro-

vides a necessary condition for nonvanishing of πλ̃ and relates the cohomological

components arising from πλ to certain irreducible subbundles of E(λ̃)∗. The neces-

sary and sufficient condition for nonvanishing of πλ̃ given in theorem 4.3.2 consists of

two parts, (i) and (ii). Part (i) is computable, as it refers to the map

ϕ∗o : Λñ∗ −→ Λn∗ ,

associated with the embedding ϕ. Part (ii) is more difficult to check, as it refers to

the structure of Ṽ (µ̃) as a G-module. Both parts (i) and (ii) simplify considerably if

X and X̃ are complete flag manifolds. This specialization is formulated in theorem

4.4.1.

In section 4.5 we studied the relation between pullbacks along embeddings of

complete flag manifolds and certain associated pullbacks along embeddings of partial

flag manifolds. We showed, in theorem 4.5.1, that every cohomological component

obtained via a pullback along an embedding of complete flag manifolds can be realized

via an embedding of partial flag manifolds.
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In chapter 5 we explored some specializations of the general criterion for nonvan-

ishing, computed explicit examples and established some properties of cohomological

components. For regular and diagonal embeddings of complete flag manifolds, we

found that condition (i) becomes a simple combinatorial condition, and implies con-

dition (ii). Even though the result for diagonal embeddings was already known from

the work of Dimitrov and Roth, [DR09b], our proof provides a better understanding

of the criterion. Both proofs rely the result of Kumar and Mathieu known as the

PRV conjecture, which ensures that condition (i) implies condition (ii). In general,

conditions (i) and (ii) are independent. Examples where one of them holds while the

other does not can be obtained from the construction given in section 5.5. This sec-

tion contains one interesting and unexpected result, theorem 5.5.1, where we showed

that a full set of generators for the algebra of invariant polynomials J = C[g]G may be

obtained as cohomological components via an embedding of the complete flag mani-

fold of g into the manifold of complete flags in g (which is in turn a flag manifold for

sl(g)). There are some parameters in this construction, and it is for suitable choices

of these parameters that one may find examples where condition (i) holds but (ii)

does not, or vice versa. Another class of examples presented in chapter 5 is the class

of homogeneous rational curves in complete flag manifolds. Theorem 5.4.2 gives a

complete description of the cohomological components obtained from principal ratio-

nal curves. To approach a more general case, we use factorizations of embeddings of

curves into a composition of an embedding of a principal curve into an intermediate

flag manifold and a regular embedding of the latter, when such factorizations are

available. In section 5.6 we provided a geometric sufficient condition for nonvanishing

of the pullback along embeddings of complete flag manifolds, relying on a theorem of
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Montagard, Pasquier and Ressayre, [MPR10]. In section 5.7 we introduced the set C

of pairs of dominant weights (µ, µ̃) for which V (µ) is a cohomological component of

Ṽ (µ̃) along a given embedding of complete flag manifolds. We showed that C decom-

poses into a union of semigroups Cw,w̃ parametrized by pairs of Weyl group elements

w, w̃ satisfying condition (i).

Let us now indicate some possibilities for future development. There is hope that

suitable factorizations of ι : g ↪→ g̃ may allow us to tackle the general case. In fact,

most inclusions ι : g ↪→ g̃, where g̃ is a classical group, can be factored as follows:

g
ι−→ g̃

ι1 ↓ ↑ ι3

⊕kj=1g
ι2−→ ⊕kj=1g̃j

where ι1 is diagonal, ι2 is the direct sum of k inclusions ι2,j : g ↪→ g̃j with g̃j classical

and ι2,j given by an irreducible representation of g on the natural representation of g̃j,

and ι3 is regular. There are controllable exceptions related to the standard inclusion

so2m+1 ⊕ so2n+1 ⊂ so2m+2n+2 which is neither regular nor irreducible (see theorem

7.2 in [Dyn52] as well as the discussion in section 5.4). Apart from these exceptions,

our results on diagonal and regular embeddings allow us to determine cohomological

components along ι1 and ι3. The case of ι2 is open, there are examples showing that

there are nontrivial phenomena, but no general result is available. If g̃ is exceptional,

[Dyn52] provides a list of all possible inclusions ι : g ↪→ g̃, up to conjugacy. Hence,

in principle, the problem is finite.

It would be interesting to learn more about the construction of polynomial invari-

ants as cohomological components. Some of the issues on this topic were mentioned

in remark 5.5.1.
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In the text we posed two open questions. Question 4.5.1 is about the relation

between pullbacks along embeddings of complete flag manifolds and pullbacks along

embeddings of partial flag manifolds. A full answer to that question may provide

insights helpful in the study of problem (II). Some results in this direction are already

in progress. In section 5.7 we posed question 5.7.1, which refers to the structure of

the semigroup Cw,w̃ as included into the cone Dw,w̃. This question is also related to

problem (II). In view of theorem 5.6.1, one could expect that the answer might be

related to the geometry of the embedding ϕ.

Most of the background results used for our study, notably Kostant’s theorem, are

valid in the general setting of symmetrizable Kac-Moody Lie algebras, cf. [Kum02].

It would be interesting to find out whether the results of this dissertation generalize

in this direction.
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