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Abstract 

Since World War I, the area of acoustic undersea warfare has witnessed several research 

activities targeting the development of advanced systems to accurately detect and localize 

underwater moving targets. One of the main categories of these systems is the passive sound 

navigation and ranging (SONAR) that searches for the location of the ships and submarines by 

listening to the radiated noise produced by their propellers, machinery, and flow dynamics. The 

performance of the passive sonar highly depends on the particular array signal processing 

algorithms used in practice. Presently, one of the main challenges is to accurately estimate the 

target direction of arrival (DOA) in severe underwater environments.   

This thesis is proposed to enhance the DOA estimation in two distinct applications. This first 

application is to improve the spatial resolution of the uniform linear towed arrays. This is done by 

applying new spatial extrapolation techniques called 2D- and 3D- fast orthogonal search (FOS) 

for both uniform linear and rectangular arrays, respectively. The presented methods show better 

performance than the conventional methods with respect to signal to noise ratio (SNR), number 

of snapshots and angular separation. Moreover it reduces the computational complexity required 

by the spatial extrapolation methods based on linear prediction approach.  

 The other application concerns with developing a new DOA estimation that provides better 

spatial spectrum than the one provided by conventional beamforming (CBF) when a nonuniform 

linear array of directional frequency analysis and recording (DIFAR) sonobuoys is 

employed. The introduced technique or the so called fourth order cumulant beamforming (FOC-

BF) and shows an outstanding performance compared to CBF especially in low SNR. 

Furthermore, a warping FOC-BF (WFOC-BF) method obtained by augmenting a warping 

beamforming technique with FOC-BF is proposed to reduce the required computational 

complexity by FOC-BF while preserving the same performance.  
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Chapter 1 

Introduction 

1.1 Background 

1.1.1 Underwater Acoustics 

Modem The Sound is considered the best form of radiation that travels through the sea water. 

This is due to the fact that sound is the most robust form of radiation against attenuation by 

underwater conditions especially when compared to other sources of radiations such as 

electromagnetic waves. Because of its relative ease of propagation, underwater acoustics have 

been used in the anti-submarine warfare (ASW) since the First World War (1914-1918). The 

applications of the underwater acoustics in the ASW include the detection and localization of an 

adversary’s mines and underwater vehicles such as submarines and ships [1]. These applications 

are summed up under the acronym SONAR which stands for sound navigation and ranging 

[2].Sonar systems can be active or passive. An active sonar system is one in which pulses of 

acoustic energy are launched into the water for the purpose of producing echoes [3]. By 

examining the echoes of transmitted pulses, it affords the capability of both detecting the 

presence of and estimating the range, and the bearing, of an underwater target. In its most 

common arrangement, the transmitter (or projector) and the receiver are co-located. This is 

known as the monostatic configuration and is depicted in Figure  1-1. The transmitter and the 

receiver are not placed in the same location when other configurations like bistatic and multistatic 

are employed [4]. 

 
Figure 1-1 Monostatic sonar. The source and receiver are co- located. 



2 

 

The active sonar is extremely useful however it is undesirable in ASW since it does not allow 

the user to identify the target type. Furthermore, any vessel around the emitting sonar will detect 

the emission. Having heard the signal, it is easy to identify the type of sonar (usually with its 

frequency) and its position (with the sound wave's energy). Moreover, active sonar, similar to 

radar, allows the user to detect objects at a certain range but also enables other platforms to detect 

the active sonar at a far greater range. On the other hand, passive sonar detects and localizes the 

underwater targets by listening to their self noise. Since passive sonar does not create any sound 

(i.e. silent), has much greater range than active filter and allows the identification of the target 

type; it is therefore primarily used with submarines in ASW [5]. This thesis focuses only on 

passive sonar systems. 

1.1.2 Passive Sonar Arrays 

Passive sonar listens to the underwater targets using acoustic sensors called hydrophones. 

Hydrophones are basically microphones designed to be used for recording or listening to 

underwater sounds where it transforms or transduces the sound waves into an electrical signal. 

They are placed in known locations to form a hydrophone array. The advantage of using a 

hydrophone array is that the sound arriving from a distant source, such as a submarine, will reach 

each hydrophone at different times, depending on the direction from which the sound is coming. 

The time differences of the sound arrival among the hydrophones can be utilized to determine the 

direction from which the target sound is coming (i.e. target location). A variety of hydrophone 

array configurations has been used in the real applications of ASW. Some of these are outlined in 

the following subsections. 
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1.1.2.1 Towed Arrays 

Towed array contains a set of hydrophones placed in a uniform geometry shape. It is towed 

behind submarines or surface ships through a long cable up to a length of 5000 meter [6].  

Generally, Towed arrays are built of ceramic piezoelectric hydrophones that are distributed and 

mounted within a tubular sheath. The construction, size and spacing of these hydrophones define 

the frequency band of operation of the array in a water medium [5]. Conversely, the required 

operating frequency places restrictions on the minimum dimensions achievable using ceramic 

type array elements. The array sheath is generally filled with several types of acoustically 

materials that isolate the hydrophones from the noise produced by turbulent flow (self-noise). The 

amplitude and phase information from each hydrophone are individually sent to the signal 

processing unit through the tow cable in order to extract the location of the targets [6]. An 

example of line towed array is depicted in Figure  1-2.  

 

Figure 1-2 Example of line towed array[7]. 
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1.1.2.2 Sonobuoy Arrays 

Sonobuoy is mainly a hydrophone that is deployed from a platform to become submerged in 

the water and that provides information about the local sound as a function of frequency and time 

[8]. The platforms that deploy sonobuoys are usually helicopter or airplanes as illustrated in 

aircraft Figure  1-3 and Figure  1-4. Sonobuoy loaded on aircraft but they can also be surface ships 

[8]. The advantages of the sonobuoys over the towed arrays include its relative low cost, ease of 

deployment and the fact that they are not disturbed by the noise from the deploying platform.   

The sonobuoy converts the received acoustic signal to an electrical signal and then sends it to the 

signal processing unit located in the deploying platform via a VHF transmission.  

 

Figure 1-3 Sonobuoy loaded on aircraft[9]. 

Presently the sonobuoys can be classified mainly to Low Frequency Analysis and Recording 

(LOFAR) sonobuoys and Directional Frequency Analysis and Recording (DIFAR) sonobuoys. A 

LOFAR sonobuoy consists only of a single hydrophone that measures the acoustic pressure. On 

the other hand, A DIFAR sonobuoy has one omnidirectional hydrophone that measures only the 

amplitude of the acoustic pressure waves and a pair of sensors in a separate cruciform- shaped 
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wobbler assembly to measure the orthogonal components of the acoustic particle velocity as 

shown in Figure  1-5 [10, 11].  

 

Figure 1-4 Aircraft launched sonobuoys. 

 

 

Figure 1-5 Schematic diagram of the DIFAR sonobuoy [11]. 

The main advantage of the DIFAR sonobuoy over the basic LOFAR sonobuoy is that it 

makes use of more available acoustic information; hence, it outperforms the omnidirectional 

hydrophone in the accuracy of localization. Global positioning system (GPS) is recently used to 
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accurately determine the locations of the array of sonobuoys.Sonobuoy arrays are mostly non-

uniform with irregular spacing between their array elements due to the method of dropping the 

sonobuoys in the ocean and the sonobuoys drifting in the water from their initial position. 

1.1.3 Direction of Arrival Estimation in Passive Sonar Systems 

The hydrophones employed by the passive sonar collect the acoustic signals from the targets 

in their field of view. In addition to the target signals, the hydrophone outputs are also composed 

of additive noise due to several factors such as propagation path, measurement noise and thermal 

noise. The major practical challenges in hydrophone array signal processing is to extract the 

desired information such as the direction of arrival (DOA) in harsh underwater noisy environment 

[12].        

This research work focuses in improving the DOA estimation of passive sonar systems. DOA 

estimation is defined as determining the wave number or the angle of arrival of a wave emitted by 

a radiating source [13]. The problem of acoustic direction estimation was studied extensively in 

the context of sonar since early 1900s. While DOA estimation is a mature field with a solid 

theoretical basis and a large number of practical applications (e.g. radar, sonar, seismic systems, 

electronic surveillance and medical diagnostic), it is still an evolving and active field of research. 

In fact most of the modern DOA estimation algorithms are introduced to [13] (1) increase the 

spatial resolution of the small size uniform arrays to locate the closely spaced targets, (2) improve 

the spatial spectrum produced by the nonuniform linear arrays, (3) boost the accuracy of the 

wideband DOA estimation using optimal methods for combining the information at each 

frequency, and (4) mitigate the errors in the assumed array data model using advanced calibration 

techniques. There are many classifications for DOA estimation technique; however, for the 

purpose of the scope of this thesis, they can be classified to spectral search based methods and 

search free methods. 
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1.1.3.1 Spectral Search Based Methods 

Spectral search based methods are based on forming some spectrum-like function of the 

DOA. The location of the highest separated peaks of the beampattern, which is the plot of the 

spectrum like function versus all possible directions, corresponds to the DOA estimate.  The 

oldest spectral search based method is the conventional beamforming (CBF). CBF is based on 

finding the DOA by measuring the beamformer power at each possible angle of arrival and 

choosing the angles corresponding to the maximum power [14]. This method is known to be of 

poor resolution method because the CBF can’t determine the DOA of signals sent out by closely 

spaced sources [15]. Consequently, several high resolution techniques [16-19] were developed to 

improve the spatial resolution. The majority of these techniques are called the subspace based 

methods [20] and they utilize the properties of the eigenstructure of the spatial covariance matrix.  

Among the subspace based methods, the most popular are multiple signal classification (MUSIC) 

where it provides high spatial resolution [21]. The spectral search based method can be applied 

for both uniform and non-uniform arrays however the complexity of the spectral search in these 

methods may still be too high for real-time applications. 

1.1.3.2 Search Free Based Method 

Unlike spectral search based method; the search free methods require a simultaneous search 

for the parameters of interest (i.e. DOA) [20]. These techniques reduce the computations and 

storage costs and the expensive computation required by the spectral based methods. The most 

well known search methods are root-MUSIC and estimation of signal parameters via rotational 

invariance technique (ESPRIT) [22]. Both methods provide higher spatial resolution than the 

spectral based methods [20], [23], however, the latter two can only be applied to arrays with very 

specific geometries. In particular, Root-MUSIC applies only to uniform arrays (e.g. uniform 

linear array (ULA), uniform rectangular array (URA) and uniform circular array (UCA). Several 
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useful extensions of Root-MUSIC and ESPRIT to more general classes of array geometries have 

been proposed, however, these methods like all subspace based methods are very sensitive to the 

model errors which are great in case of nonuniform sonobuoy arrays due to the continuous drift of 

the array sensors [24]. 

1.2 Problem Statement 

In present ASW, one of the main challenges in passive sonar systems is to simultaneously 

and accurately localize single or multiple underwater targets. In passive sonar array processing, 

the hydrophones in either the towed or sonobuoy arrays receive targets, acoustic signals 

immersed in background noise. Through communication links, the distorted signals are 

individually transferred from each hydrophone to a central signal processing station. Based on the 

received signals from the hydrophones, it is required to determine accurately target bearings using 

advanced DOA estimation algorithms. Figure  1-6 illustrates the block diagram of the passive 

sonar communication system. The following sections demonstrate the current problems 

associated with estimating the DOA in case of uniform towed arrays and nonuniform linear 

sonobuoy arrays.  

 

Figure 1-6 The block diagram of the underwater passive sonar communication system. 
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1.2.1 Uniform Towed Arrays 

The parameter of interest in estimating the DOA using the uniform towed array is the spatial 

resolution. The spatial resolution determines the ability of the array to resolve multiple closely 

spaced sources. Currently, an extended version of ESPRIT called unitary ESPRIT is used in case 

of uniform arrays. Like all subspace based methods, unitary ESPRIT performance drastically 

degrades in cases of relatively low signal to noise ratio (SNR) and small number of snapshots 

where it totally fails to resolve closely spaced sources [25]. One solution to improve the spatial 

resolution of unitary ESPRIT in such severe environments is to increase the number of sensors 

and therefore increase the aperture size of the array. However, it is a costly solution and may be 

impractical for most communication systems.  

Swingler et. al. [26, 27] presented another solution to this challenge called aperture 

extrapolation (APEX) for the ULA. Despite the improved resolution provided by the APEX 

method, it still suffers from some drawbacks such as requiring a large computational burden and 

being sensitive for selecting the linear prediction (LP) model order. 

1.2.2 Nonuniform Linear DIFAR Sonobuoy Arrays 

The DIFAR sonobuoys are usually deployed from aircrafts. After deployment, the sonobuoys 

continuously drift from their initial positions due to the effects of wind and ocean water currents 

[28]. These factors disable the sonobuoy array to have a uniform arrangement and hence search 

free methods can’t be directly used.  

CBF works properly with the nonuniform linear DIFAR sonobuoy arrays where it is not 

sensitive to the model error associated with high resolution methods like MUSIC. However there 

are two challenges when using CBF with this type of array (i.e. nonuniform linear arrays). The 

first problem is that the spatial spectrum of CBF has higher sidelobes than the sidelobes of the 
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ULA. The level of the sidelobes becomes higher when the power of the noise is increased. 

Therefore, at very low SNRs, CBF totally fails to estimate the DOA. The other problem is the 

computational complexity associated with the CBF due to calculating the beam power at all 

possible angles. 

1.3 Research Motivation and Objectives 

The ultimate objective of this thesis is to develop new DOA estimation techniques in order to 

improve the underwater target localization using passive sonar systems. Toward achieving this 

goal, this thesis will focus on: 

1- Developing a new 1-D spatial extrapolation method for the uniform towed linear 

arrays. This objective should improve the spatial resolution of both the unitary ESPRIT 

(without extrapolation) and the conventional spatial extrapolation method (i.e. APEX) 

method. Moreover it should reduce the computational complexity required by APEX. 

2- Developing a new 2-D spatial extrapolation method for the uniform towed rectangular 

arrays. Similar to the 1-D case, the spatial extrapolation is introduced to the URA in 

order to improve the spatial resolution in both elevation and azimuth directions.  

3- Investigating an advanced technique for the non-uniform linear DIFAR sonobuoy 

arrays. This thesis targets improving the spatial spectrum obtained from using the CBF 

method with the nonuniform linear DIFAR sonobuoy arrays.  

4- Designing a spectral search based approach of lower computational complexity. 

Scanning all the possible angles to estimate the DOA is a computationally expensive 

method. One of the thesis goals is to introduce a new method to reduce the computations 

required by the spectral search based methods. 
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5- Comparative studies to examine the performance of the introduced methods versus the 

other existing methods. Using Monte-Carlo simulations, the performance of the new 

methods is extensively tested and analyzed with the variation of several factors like the 

SNR, number of snapshots and angular separation in case of multiple sources.  

1.4 Contributions of this thesis 

To achieve the objectives listed in the previous section; this thesis provides a set of 

methodologies that mainly improve the performance of the passive sonar DOA estimation. The 

contribution of this thesis can be summarized as follows:    

1- Spatial extrapolation based DOA estimation using two dimensional fast orthogonal 

search (2D-FOS). This method is developed to improve the spatial resolution of the 

uniform linear towed arrays. It overcomes the problem of the conventional spatial 

extrapolation method or so called APEX. 

2- Aperture extrapolation of the uniform rectangular towed arrays using two dimensional 

linear prediction (2D-LP). This approach aims to mimic the APEX method for the 1D 

arrays. It improves the spatial resolution of the 2D unitary ESPRIT method. 

3- Aperture extrapolation of the uniform rectangular towed array using three 

dimensional fast orthogonal search (3D-FOS). This method extends the 2D-FOS to the 

3D in order to mitigate the problems associated with the 2D-LP method. 

4- Spatial spectrum improvement of the nonuniform linear DIFAR sonobuoy arrays 

using fourth order cumulant beamforming (FOC-BF). This method is employed to 

provide a more robust spatial spectrum than the one provided by the CBF. 
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5- Reducing the computations required by beamforming methods using Warping 

technique. This technique is adopted in this thesis to diminish the computational load due 

to scanning the beamforming power at all the possible angles of arrival. It is integrated 

with both the CBF and FOC-BF methods while estimating the DOA with the nonuniform 

linear DIFAR sonobuoy array. 

 

1.5 Dissertation Outline 

The thesis is structured in five Chapters and includes a general conclusion and a list of 

references. The background of underwater acoustics and the literature review for DOA estimation 

in passive sonar systems are documented in Chapter 2. This chapter discusses the drawbacks 

associated with the presented DOA estimation techniques, and also outlines their limitations and 

shortcomings. In addition, this chapter provides some preliminary results for the illustrated 

techniques. 

The spatial extrapolation for uniform arrays is introduced in Chapter 3. This chapter is 

divided into two parts namely; one and two dimensional spatial extrapolation. The first part 

illustrates the spatial extrapolation methods for uniform linear arrays starting with APEX then the 

newly developed method 2D-FOS. Subsequently, the two methods are compared with the unitary 

ESPRIT method (i.e. without spatial extrapolation) with respect to several factors like SNR, 

number of snapshots and angular separation. The spatial extrapolation methods for the uniform 

rectangular array are explained in the second part using both the 2D-LP and 3D-FOS. Similar to 

the first part, the two methods are then compared with the 2D-unirary ESPRIT (i.e. without 

spatial extrapolation) with respect to the same factors. 
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In Chapter 4, the problem of using the CBF with the nonuniform linear DIFAR sonobuoy is 

addressed. The FOC-BF is then introduced to overcome the problem of the first method. 

Throughout computer simulations, the two methods are compared to assess the improvement of 

the spatial spectrum. Chapter 4 also introduces a warping technique for both CBF and FOC-BF to 

reduce the computations required for scanning all the possible angle of arrivals.  

Finally, Chapter 5 summarizes and concludes all the research work in this thesis. Also it 

provides recommendations for future development in the area of DOA estimation.       
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Chapter 2 

Underwater Target Localization 

2.1 Underwater Environment Properties 

The underwater environment acts as an acoustic waveguide limited above by the sea surface 

and below by the sea floor. In this section, the underwater sound sources and the effects of the 

underwater environments on the sound signal during its propagation such as multipath 

propagation, transmission loss and ambient noise are discussed.   

2.1.1 Sound Sources 

The radiated noise coming from the water vehicles as ships and submarines is considered as 

the sound sources. There are three sources for the radiated noise, namely, the machinery noise, 

the propeller noise and the hydrodynamic noise [5].   

2.1.1.1 Machinery Noise 

All Machinery noise originates from inside the vessels and then reaches the water. The 

machinery noise is generated from two sources; the first source is the propulsion machinery (such 

as diesel engine, main motors and reduction gears) and the second source is the auxiliary 

machinery (such as generators, pumps and air-conditioning equipment) [5]. The machinery noise 

spectrum is low level continuous (broadband) spectrum, due to cavitations and turbulence in the 

fluid flow in pumps, pipes, valves and condenser discharge, associated with line (narrowband, 

tonal or discrete)  components , due to various pieces of machinery as pumps, motors, electrical 

generators and propulsion engines [29]. 
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2.1.1.2 Propeller Noise 

Although propeller is one of machinery components but propeller noise is unlike machinery 

noise because it is generated outside the vessels. The propeller noise is the major source of the 

radiated noise [30]. The main source of propeller noise is the noise of cavitations generated by the 

rotating propellers as shown in. The cavitations noise has continuous (broadband) spectrum 

because it consists of random small bursts caused by bubble collapse [5]. 

 

Figure 2-1 Cavitations noise due to rotating propeller[30]. 

Another source of propeller noise is known as the blade-rate components occurring at 

multiple of the rate that any irregularity in the flow pattern into or around the propeller is 

intercepted by the propeller blade [5]. The blade rate line (narrowband, tonal or discrete) 

components can range from 1 to 100 Hz of the spectrum [11]. 

2.1.1.3 Hydrodynamic (flow) Noise 

Hydrodynamic (flow) noise turbulence is considered a radiated noise when it is induced by 

the flow of water on the ship's hull. In some other cases, it is considered as ambient noise when it 
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is induced by the flow of water on the active face of the acoustic transducer or its protection [31]. 

The Hydrodynamic (flow) noise has weak contribution on the radiated noise and its spectrum is 

usually masked by the propeller and machinery noise [5, 29]. 

In general, the main two sources for the radiated noise are the propeller noise and the 

machinery noise [32]. The spectrum of the radiated noise from machinery or propeller is a 

combination of tonal and broadband components. The spectrum of the radiated noise changes 

with different speeds and depth. The spectrum of the radiated noise at low speeds at certain depth, 

as indicated in Figure  2-2, shows that the low frequency end of the spectrum contains the 

machinery lines and the blade lines of the propeller. These lines attenuated irregularly with 

increasing the frequency then submerged in the continuous spectrum of the cavitations noise [5]. 

The spectrum of the radiated noise at high speeds at the same depth, as indicated in 

Figure  2-3; shows that the broadband or cavitations noise spans over both the low and high 

frequencies. Some of line (narrowband, tonal or discrete) components increase in both level and 

frequency but others formed by pumps, motors and generators remain unaffected because its 

frequency is independent of the vessel speed [33]. 

  

Figure 2-2 The radiated noise spectrum at low speed[29]. 
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Figure 2-3 The radiated noise spectrum at high speed[29]. 

Figure  2-2 and Figure  2-3 show that the narrowband components generally dominate above 

the broadband components. Thus the narrowband components are mostly used to identify the 

underwater targets in ASW. 

2.1.2 Sound Multipath Propagation 

The underwater sound speed controls the wave propagation similar to the role played by the 

index of refraction in optics [34].  The sound speed in deep water is proportional to temperature, 

salinity, and depth (or pressure), and it can be expressed as follows  [32]:   

 = �""#.� + ". %	� − �.�''	�� + �.����#	�( + (�.("	 − �.��	�)() − (') + �. ��%	* ( 2.1) 

where c is the sound speed in m/s, T is the temperature in degrees centigrade; S is salinity in parts 

per thousand (ppt) and D is depth in meters. 

Equation ( 2.1) was empirically driven from the real measurements of the sound speed profile 

depicted in Figure  2-4 (a). Different propagation paths are formed as shown in Figure  2-4 (b) and 

have resulted from the sound speed profile. These propagation paths are following Snell’s law 

expressed in equation ( 2.2). 
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 +,�-./ =  +0,1�01 ( 2.2) 

where �-./ is the angle of refraction and c is the sound speed in m/s. This law implies that the 

sound ray locally bends regions of low speed.  

 

 

(a) (b) 

Figure 2-4 (a)Sound speed profile (b) Schematic of sound propagation paths in oceans  [35]. 

 

The sound propagation paths can be briefly explained as follows[35]: 

2.1.2.1 Surface Duct 

This path is formed when a sound ray emitted from the source toward the surface. The ocean 

surface represents a positive sound speed gradient since the pressure increases with respect to 

depth in a thermally mixed layer formed due to the wind induced stirring and surface cooling. 

Therefore the sound path ray continuously refracted toward the water surface of low speed and 
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reflected back toward the high speed layer; sometimes called sonic layer [35] as shown in 

Figure  2-4 (b).  

2.1.2.2 Sound Channel 

This path is formed due to sound ray emitted from the source at a shallow horizontal angle 

downward as shown in Figure  2-5. The sound channel path, sometimes is called SOFAR (Sound 

Fixing And Ranging), has axis of the minimum sound speed therefore the sound ray is 

continuously refracted upward and downward around the minimum speed  region [35]. 

2.1.2.3 Convergence Zone 

This path is formed due to sound ray emitted from the source downward with a slightly 

steeper angles than those associated with sound channel as shown in Figure  2-4 (b). Convergence 

zone is a spatially periodic refocusing zone for the sound rays [35]. The refocused rays produce 

high sound intensity near the surface because of the upward refraction nature of deep sound speed 

profile. After the refocusing process, sound rays are reflected from the surface toward the ocean 

bottom and so on. The sound rays in the convergence zone are reflected due to the surface but not 

due to the ocean bottom [35]. 

2.1.2.4 Bottom Bounce 

It is also a spatially periodic phenomenon but with shorter cycle distance and shorter total 

propagation than the convergence zone as shown in Figure  2-4 (b). Bottom bounce path is formed 

when sound ray emitted by the source with the steepest angle strike the ocean bottom. This ray is 

then reflected toward the ocean surface, which reflects the sound rays back toward the ocean 

bottom and so on [35]. Major factors affecting bottom-bounce transmission include water depth, 

angle of incidence, signal frequency, bottom composition, and bottom topography. 
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2.1.3 Sound Propagation Losses 

The sound wave propagation is associated with propagation losses or transmission losses that 

can be classified as the sound spreading loss, absorption loss and scattering loss [30]. 

2.1.3.1 Spreading Loss 

This is the attenuation of the sound power as it moves away from the source. The sound 

spreading is spherical spreading when it is in the mid-depth ocean, and it is cylindrical spreading 

when it is close to surface [30]. 

2.1.3.2 Absorbing Loss 

This is the attenuation of the sound power as the viscosity of the water medium converts the 

acoustic energy to heat energy. The amount of absorption loss is proportional to the sound 

frequency [30]. All propagation paths discussed in Section  2.1.2 are suffering from both 

spreading and absorption losses [30]. 

2.1.3.3 Scattering Loss 

This is the attenuation of sound power when the sound wave strikes foreign bodies (i.e. ocean 

surface or bottom) in the water and is reflected. Part of the reflected sound is backscattered and 

the remainder is reflected off in another direction, demonstrated in Figure  2-5.  The net result is 

that the strength of the reflected wave is greatly reduced.  The bottom bounce path suffers from 

both surface and bottom scattering loss, however, surface duct and convergence zone are only 

affected by the surface scattering. Finally, since sound channel doesn’t interact with either the 

bottom or the surface, sound channel propagation has long range up to thousands of kilometers 

[30]. 
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Figure 2-5 A figure demonstrating scattering losses 

2.1.4 Ambient Noise 

The underwater sound is corrupted by ambient noise throughout its propagation. The ambient 

noise is quite energetic and contains a wide range of frequencies. The main sources for ambient 

noise are the biological sources, ocean surface agitation, ocean traffic, hydrodynamic (flow) noise 

and seismic noise (i.e. meteorological conditions such as precipitation) [29]. Wenz’s curves 

shown in Figure  2-6are plots of the average ambient noise spectra for different levels of shipping 

traffic, and sea state conditions (or wind speeds) [36]. 

The ambient noise makes the target of interest (TOI) detection difficult because it furnishes 

the noise background of the sound signals emitted by the TOI.  In addition to the ambient noise, 

thermal (self) noise generated due to sonar equipments corrupts the sound signal. However, self 

noise properties are unrelated to the underwater sound signal; therefore, it rarely limits the 
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performance [37]. In this thesis, we assume that the noise imposed to the source signals is 

additive white Gaussian noise (AWGN). 

 

Figure 2-6 Typical sound levels of ocean background noise [36]. 

2.2 Passive Sonar Signal Processing Unit 

The signal processing unit in the passive sonar system is often decomposed to four stages or 

functions: target detection, classification, localization and motion analysis [8, 38]. The task of the 

detection stage is to sense the presence of acoustic signals of interests in a background noise. 

When an acoustic source is detected, the sonar is said to be holding contact on the source. If there 

are many simultaneous contacts, a classification stage is employed to distinguish and identify the 
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type of the target for example if it is a surface ship or submarine. Upon identification of a source 

of interest, the localization task is employed to determine the position of the source. Finally, 

motion analysis task is applied to get the kinematic state of the target on surface or in underwater. 

2.2.1 Target Detection 

In passive sonar, the signals are outside the control of the sonar designer and vary widely in 

their characteristics. For this reason, the spectral analysis is a primary tool for passive sonar 

detection. The detector continuously performs a power measurement and a spectral estimation of 

the input signal. When a target is present, the input power will rise above the ambient and the 

signal spectrum will display distinctive characteristics which a trained operator can readily 

recognize [39]. A low frequency analysis record gram (LOFARgram) is the most common form 

of display that is used to exhibit the time versus the signal spectrum as shown in Figure  2-7.  

 

Figure 2-7 Low frequency analysis record gram (LOFARgram)[29]. 
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2.2.2 Target Classification 

When a passive sonar system is deployed in an ocean area with a large amount of ship traffic, 

its displays will often be cluttered with a large number of contacts. The LOFARgram may show 

hundreds of spectral lines, associated with several sources. In ASW there is a need to classify the 

contacts to identify a submarine intruder in the presence of a large number of surface vessels. For 

this purpose, special techniques are used to provide much of information that leads to the 

classification of sea-going vessels: each class of vessel has its own narrowband signature 

(specific pattern of narrowband acoustic emissions). A trained sonar operator is capable of 

“reading” the patterns on a narrowband spectrogram and classifying the type of vessel [5].  

2.2.3 Target Localization 

Passive sonar estimates the parameters that localize the position of the detected and classified 

targets. The source position parameters are range and bearing. These parameters can be estimated 

from the time delay associated with the received acoustic signal wavefront. However, the ability 

to estimate range is very limited in passive sonar of single hydrophone array especially when the 

true range of the target is too long compared with the aperture length of the array [5]. On the 

other hand, bearing or so-called direction of arrival (DOA) estimation can be performed using the 

passive sonar. The DOA estimation is the main focus of this thesis and will be discussed in 

Section  2.3. 

2.2.4 Target Motion Analysis 

The tracking of marine platforms using only passive sonar measurements is generally named 

as target motion analysis (TMA). Target kinematics (i.e. position, course and speed) Estimation 

of a particular marine platform in a given time with a sequence of measurements is the primary 

result of TMA solution [40]. These measurements consist of the target frequency and bearing 
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values obtained by the detection, classification and localization tasks. TMA is recently performed 

by nonlinear filtering methods such as particle filter; typically, these methods rely on a state space 

model for the motion of the contact. The underlying model of motion could assume a straight line 

course and a constant speed for the contact of interest as illustrated in Figure  2-8. 

 

Figure 2-8 Simple TMA diagram [41]. 

2.2.5 Brief Description of Passive Sonar System 

Figure  2-9 illustrates the block diagram of the passive sonar system. Nowadays the passive 

sonar technology is significantly developed especially with the inexorable advances of electronics 

which opened up new vistas for system improvement. In this thesis, our broad aim is to develop 

new methods to accurately estimate the DOA (i.e. location) of the target of interest.   
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Figure 2-9 Block diagram of the passive sonar system. 

 

2.3 DOA Estimation Overview 

DOA estimation is the problem of determining the wavenumber or the angle of arrival of a 

wave emitted by a radiating source. In the last three decades, DOA has attracted significant 

attention due to its widespread applications such as radar, sonar, seismic systems, electronic 

surveillance, medical diagnostics and treatment, and radio astronomy [24]. In ASW, passive sonar 

uses the DOA estimation techniques to determine the bearing of the targets of interest. In this 

section, we present an overview on DOA estimation including the received signal model either in 

case of narrowband or wideband sources. 

2.3.1 Signal Model 

The data model assumes L acoustic far-field sources of directions Θ; Θ = [23, 25 … , 27]  
where 28representing the angle of arrival corresponding to 9:; source as shown in Figure  2-10, 

impinging on an array of M hydrophones. The data received by <:;	hydrophones at time t, =>(?) 
can be expressed as follows [42]:  
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=>(?) = 	�@8(? − A>(28))7
8B3 + C>(?) ( 2.3) 

where @8(?) is unknown acoustic signal emitted from the 9:;source at time t, C>(?) is considered 

as zero mean spatially white noise (i.e. the additive noise is uncorrelated in both time and space 

domain) with variance σ5 present at the <:; hydrophone at time t and A>(28) is the propagation 

delay associated with 9:; source and the <:; hydrophone.  

 

 

Figure 2-10 1D DOA estimation using M sensors array. ��is the azimuth angle of l
th

 source. 
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The underwater acoustic sources can be classified into narrowband and wideband sources as 

mentioned in Section  2.1.1. The mathematical model of the received signal takes different forms 

according to the nature of the sources signal. This will be explained in the next sections.  

2.3.2 Narrowband Sources 

The data models use the fact of that the time delays are directly translated by Fourier 

transform to a phase shifting in frequency domain [43]:    

@(? − A) D↔F(G)eIJ5πKL 

 
( 2.4) 

 

Because of small bandwidth around the center frequency GM in the narrowband sources, the 

inverse Fourier transform of the phase shifting can be approximated to: 

F(G)NIO5PKL ≅ F(G)NIO5PKRL STUVW @(?)NIO5PKRL ( 2.5) 

Therefore it is well accepted to replace sY(t − τ[(θY)) in equation ( 2.3) by sY(t)eIJ5π\Rτ](θ^). 
Based on the previous fact, equation ( 2.3) can be rewritten as follows: 

=>(?) = 	�eIJ5_KRL`(ab)@8(?)7
8B3 +C>(?)  

( 2.6) 

The time delay A>(28)  is determined from the array geometry using the trigonometric 

identities. A standard model for the array outputs (i.e. the transduced acoustic signals), in case of 

narrowband sources, is given by a weighted sum of steering vectors embedded in noise [44]: 

�(?) = c,(?) + d(?) ( 2.7) 

where the array output e × 1 vector �(?) = [=3(?) =5(?) … =g(?)]h , source signal i × 1 

vector ,(?) = [@3(?) @5(?) … @7(?)]h , d(?) = [C3(?)C5(?)……Cg(?)]h  is e × 1  noise 

vector associated with the hydrophone array , (. )h denotes the vector transpose, cis the e × i 

steering matrix and it is given by: 
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c = [�(23)�(25)……�(27)] ( 2.8) 

�(28) representsM× 1  steering vector for the 9:;  source and using equations ( 2.6) it can be 

expressed as: 

a(28)=leIJ5_mRn LU(ab)eIJ5_mRn Lo(ab)……eIJ5_mRn Lp(ab)qh  

 

( 2.9) 

 
Narrowband DOA estimation techniques are based on estimating the covariance matrix R 

given by [16]: 

R = E[�(?)�t(?)] 
( 2.10) 

where E[.] and (. )t denote the ensemble average and the hermitian transpose , respectively. In 

practical, there are a finite number of measured samples or snapshots N (i.e. t =0,1,…, N-1), 

hence the estimated covariance matrix is computed as follows [44]:   

Ru = 1v � �(?)�t(?)wI3
xBM  

 

( 2.11) 

 

2.3.3 Wideband Sources 

Using the narrowband model expressed in equation ( 2.7) for wideband sources will fail 

miserably because we no longer able to replace replace @8(? − A>(28)) in equation ( 2.3) by 

eIJ5_KRL`(ab)@8(?). In wideband DOA estimation, the observation time interval yM  is sectioned 

into K subintervals of duration yz  each, then a discrete Fourier transform (DFT) is applied to each 

subinterval, afterwards the frequency components of interest are selected. The DFT of the 

<:;hydrophone in the {:; time subinterval at the |:; frequency }>~(G�) can be written as [42]: 
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}>~(G�) = �NIO5PK�L`(ab)F8~(G�)7
8B3 +�>~(G�)  

( 2.12) 

  F8~(G�) represents the DFT of the 9:; source in the {:; time subinterval at the |:; frequency and 

�>~(G�) is the DFT of the noise associated with <:;hydrophone in the {:; time subinterval at |:; 

frequency. A standard model for wideband sources is then derived as [42]: 

�~(G�) = [�(G� , 23), �(G� , 25), … , �(G� , 27)] )~(G�) +�~(G�) ( 2.13) 

where �~(G�) = [}3~(G�)}5~(G�)…}g~(G�)]h , )~(G�) = [F3~(G�)F5~(G�)…F7~(G�)]h , �~(G�) =
[�3~(G�)�5~(G�)……�g~(G�)]h and  �(G� , 28) = �eIJ5πK�LU(ab)eIJ5πK�Lo(ab)……eIJ5πK�Lp(ab)�h . 

Based on the model given by equation ( 2.13), the wideband DOA estimation techniques estimate 

the cross spectrum matrix (CSM) ϕ at each frequency component. The estimated CSM is given by 

[42]:  

�u(G�) = 1���~(G�)�~t(G�)�
~B3  

 

( 2.14) 

 

The wideband DOA estimators discussed here are divided into two broad categories, incoherent 

and coherent, according to how information from the CSM matrices is used. The incoherent 

methods first treat each frequency component independently using any narrowband DOA 

estimation method then average the DOA estimates over all the bins [13]. On the other hand, the 

coherent wideband DOA estimation methods align the CSM matrices at each frequency 

component in order to apply narrowband techniques directly over a single CSM matrix. This is 

achieved by transforming the CSM matrices at each frequency into a CSM matrix at a focusing 

frequency. 
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2.4 DOA Estimation Challenges 

In this section, two of the current DOA estimation methods used in passive sonar systems and 

their limitations are reported. These methods are unitary ESPRIT and conventional beamforming 

used with the uniform towed array and nonuniform linear array of DIFAR sonobuoys, 

respectively.  

2.4.1 Unitary ESPRIT for Uniform Towed Array 

Unlike standard ESPRIT, Unitary ESPRIT [45] operates strictly with real-valued 

computations. This is achieved by exploiting the array centro-symmetric property to transform a 

complex valued factorization like singular valued decomposition (SVD) or eigenvalue 

decomposition (EVD) into a real valued factorization. The uniform arrays like ULA and URA are 

centro-symmetric because the location of its sensors is symmetric with respect to the centroid and 

the complex response patterns of paired elements are identical. The summarization of the unitary 

ESPRIT method is briefly illustrated in Figure  2-11. 

Unitary ESPRIT provides the best performance in terms of root mean square error if 

compared to the rest of the family of ESPRIT algorithms like standard ESPRIT, QR ESPRIT and 

DFT beamspace ESPRIT [46]. Moreover it requires the least computational expenditure. The 

reduced complexity is obtained from transforming the subspace estimation of the covariance 

matrix into a real-valued problem by exploiting the centro-symmetric structure of the uniform 

arrays where the element locations are symmetric with respect to the centroid. This property can 

also reduce the estimation error because it constrains the rotational invariance to the unit circle 

[46].  
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Figure 2-11 Flowchart of the DOA estimation using Unitary ESPRIT. 
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However like all subspace based methods, unitary ESPRIT performance drastically degrades 

in cases of relatively low SNR and small number of snapshots where it totally fails to resolve 

closely spaced sources. Through two examples in both ULA and URA, the defect in the unitary 

ESPRIT is illustrated. 

2.4.1.1 Example 1: ULA 

An ULA of  7 elements with half wavelength inter-element displacement is assumed. Two 

incident signals coming from two uncorrelated sources located at 23 = 58� , and 25 = 60� . The 

number of received snapshots and SNR are 50 samples and 10 dB, respectively. Figure  2-12 

depicts that the spectrum of 1D unitary ESPRIT has only one peak and therefore the two sources 

are not resolvable. 

 

Figure 2-12 The spatial spectrum of unitary ESPRIT 
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2.4.1.2 Example 2: URA 

An URA of  7 × 5 elements with half wavelength inter-element distance along x- and y- 

directions is assumed. In this experiment, two incident signals coming from two uncorrelated 

sources located at (23 , �3) = (40� , 40�), and (25 , �5) = (50� , 50�). The number of received 

snapshots is 100 samples. It is obvious from Figure  2-13 and Figure  2-14 that the two sources are 

not resolvable since the spectrum of the unitary ESPRIT is very scattered. 

 

Figure 2-13 2D spatial spectrum using unitary ESPRIT. 

2.4.2 CBF with Nonuniform DIFAR arrays 

The structure of the DIFAR sonobuoy was described briefly in Section  1.1.2.2. Unlike 

LOFAR sonobuoy, DIFAR makes it possible to obtain the DOA of a target from a single 

instrument. For this reason, DOA estimation using DIFAR sonobuoys field was based on 

individual element processing. 
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Figure 2-14 3D spatial spectrum using 2D unitary ESPRIT. 

This preserved the advantages of having a widely spread field of sonobuoys to detect 

underwater targets. However, low levels of SNR jeopardize the DOA estimation accuracy. 

Therefore, the array processing of DIFAR sonobuoys field is essential to enhance the DOA 

estimation accuracy in low SNR environments.  

Arrays of sonobuoys are mostly non-uniform with irregular spacing between their array 

elements due to the method of dropping the sonobuoys in the ocean and the sonobuoys drifting in 

the water from their initial position. This work considered the non-uniform linear array shown in 

Figure  2-15 and whose at least one element pair spacing no greater than Nyquist spacing (i.e. half 

wavelength at the largest frequency of the band) in order to avoid the grating lobes problem or so-

called aliasing problem which is outside the scope of this work [24]. 
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Figure 2-15 DOA estimation for nonuniform linear array of DIFAR sonobuoy. 

Two problems are emerged with employing CBF with nonuniform linear array  of DIFAR 

sonobuoy arrays, namely, poor spatial spectrum with high sidelobes and high computational 

complexity due to scan all the possible angles to estimate the DOA. In the following sections, 

these two problems are explained. 

2.4.2.1 Poor Spatial Spectrum of CBF 

A common problem with this type of array is that its spatial spectrum has higher sidelobes 

than the sidelobes of the ULA when CBF is employed. This is demonstrated through a 

comparable scenario where the spatial spectrum of the CBF for a class of nonuniform arrays 

called minimum redundancy linear array (MRLA) and ULA of 10 DIFAR sonobuoys are 
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compared. A single target located at 2 = 0�  is assumed and the SNR is fixed at -25 dB. 

Figure  2-16shows that the spatial spectrum of the CBF for MRLA has higher sidelobes than that 

of the ULA. 

 

Figure 2-16 Spatial spectrum using CBF for both ULA and MRLA at SNR of -25 dB. 

The level of the sidelobes becomes higher when the power of the noise is increased. 

Therefore, at very low SNRs, CBF totally fails to estimate the DOA. 

2.4.2.2 Computational Complexity of CBF 

CBF is considered a spectral- based technique [20] that forms a spatial spectrum and then 

determines, via searching over all possible angles, the highest peak. The determined peak is 

considered the estimated DOA. The computational complexity of CBF is O(JNM) where J is the 

number of all possible angles at which the steering response is calculated, N is the number of the 
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snapshots and M is the number of hydrophones in the array [47]. Practically in order to estimate 

the DOA accurately, the typical value of J must be vast which inherently increases the complexity 

of CBF. In ASW, fast and accurate DOA estimation is required in order to localize fast motion 

targets. The problem of high computational complexity is associated with all spectral search 

based method. 
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Chapter 3 

Improving the Spatial Resolution of Uniform Towed Array using Spatial 

Extrapolation 

This chapter deals with the DOA estimation using uniform arrays. Spatial extrapolation 

techniques are presented to improve the spatial resolution in both the ULA and URA. 

3.1 Spatial Extrapolation with Uniform Linear Array (ULA) 

This section introduces a new DOA estimation method that provides high spatial resolution in 

ULA. It couples both the aperture extrapolation and the unitary ESPRIT in order to resolve very 

closely spaced sources. For this purpose, a new method for spatial extrapolation using two-

dimensional fast orthogonal search (2D-FOS) involving two stages of development is explored. 

The first stage synthetically extends the ULA aperture using autoregressive (AR) coefficients 

estimated by 2D-FOS.Then the unitary ESPRIT is applied to the new extrapolated array in the 

second stage to estimate DOA accurately even in poor environments such as low SNR, small 

number of snapshots, and small angular separation. In the proposed method, the 2D-FOS 

estimates the AR coefficients once for a block of snapshots. This is a different approach from the 

conventional aperture extrapolation (APEX) method that estimates the AR model coefficients for 

each snapshot, and hence a significant reduction of computational complexity is achieved. Unlike 

the APEX approach, 2D-FOS does not require a predetermined model order. It automatically 

determines the optimal order using a stopping criterion that terminates the modeling process 

when no further model addition will reduce the MSE more than fitting white Gaussian noise 

(WGN).The performance in terms of MSE is extensively tested and analyzed for the proposed 

method, APEX and the unitary ESPRIT (i.e. without spatial extrapolation). The results will 
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discuss how the proposed DOA method can offer outstanding performance in challenging 

environments. 

3.1.1 Challenges of 1D Unitary ESPRIT 

Like all subspace based methods, unitary ESPRIT performance drastically degrades in cases 

of relatively low SNR and small number of snapshots where it totally fails to resolve closely 

spaced sources. One solution to improve the spatial resolution of unitary ESPRIT in such severe 

environments is to increase the number of sensors, thus increasing the aperture size of the array. 

However, this is a costly solution and may be impractical for most communication systems. 

Swingler et. al.(1986) [26, 27] presented another solution to this challenge called APEX. In 

APEX, the measurements from an array of a small number of sensors (i.e. an array with small 

aperture) are extrapolated to a much larger virtual array. The DOA estimation performance can 

then be enhanced using this larger array, thus resolving closely spaced sources. The extrapolation 

process in APEX is based on estimating the AR coefficients for the original array at each 

snapshot using a linear prediction technique (Burg’s method) [26]. Despite the improved 

resolution provided by the APEX method, it has some problems such as: (1) repeating the AR 

estimation independently for different snapshots, which leads to heavy computational burden; (2) 

selecting the linear prediction model order is critical, as a poor choice may dramatically increase 

the estimation MSE. 

Recently Feng (2010) [48] proposed a new aperture extrapolation method that estimates the 

AR coefficients on a block-by-block basis in the correlation domain (i.e. modeling of the 

correlation matrix). This method completely mitigates APEX’s first problem. Moreover it is less 

sensitive to the choice of linear prediction model order. In this method, the locations of the two 

sources are assumed to be around an initial DOA estimation. This assumption means that the 
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method developed by Feng (2010) [48]is only effective when the angular separation is small, 

whereas it gives higher MSE than the conventional ESPRIT in case of relatively large angular 

separation. Another method suggested by Marino et. al. (2005) [49] extrapolates the array 

aperture using 2D linear prediction techniques. For every block of snapshots, this prediction 

technique is applied to a uniformly spaced space-time data set to estimate the AR coefficients, 

and hence increase the spatial aperture. This method alleviates APEX’s first problem but it is still 

sensitive to choice of the 2D linear prediction order. Marino et. al. (2005) [49] used the 2-D 

Akaike information criterion (AIC) and the 2D minimum description length (MDL) [50]to 

determine the optimum model order, which may not be practical in real-time applications due to 

the required computational burden.   

In this part of the thesis, we target developing a new DOA estimation method based on the 

spatial extrapolation that (1) provides a superior spatial resolution; (2) mitigates the drawbacks 

associated with the other DOA estimation methods mentioned above. A novel approach called 

2D-FOS that first spatially extrapolates uniform space-time data received from the original array. 

Afterwards, the unitary ESPRIT is applied to the new extrapolated data. A demonstration for the 

performance of the proposed method in different scenarios through simulation work is presented. 

Moreover, a comparative study is conducted to compare the performance to APEX and to unitary 

ESPRIT without spatial extrapolation.  The comparative analysis includes determining the MSE 

with variations in the SNR, the number of the snapshots, and the angular separation between the 

sources. 

3.1.2 ULA Data Model 

Assuming narrowband sources, the steering vector in equation ( 2.9) can be rewritten, given 

the ULA geometry demonstrated in Figure 3-1, as follows: 
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�(2) = [1		NO�NO5� …NO(gI3)�]h ( 3.1) 

with � = 5P� � sin 2 is the spatial frequency, �is the ULA inter-element displacement and � is the 

wavelength.  

 

Figure 3-1 An ULA of M sensors receives signals from L sources. �� represents the DOA of 

l
th 

source. 

Table  3-1 shows a set of assumptions utilized in this chapter. 

Table  3-1 The utilized assumptions with uniform towed array. 

Sources 

• Narrowband acoustic sources. 

• Farfield sources. 

• Number of sources is known. 
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• The sources are static during the time of the received snapshots. 

Sensors 

• Omni sensors. 

• Receive the transmitted signals with equal power. 

• Well calibrated. 

• Small number of sensors used in 1D uniform towed array so that we can 

suppose that they form a linear array [51]. 

 

3.1.3 1D unitary ESPRIT 

Unlike conventional ESPRIT, Unitary ESPRIT [45] operates strictly with real-valued 

computations. This is achieved by exploiting the array centro-symmetric property to transform a 

complex valued factorization like singular valued decomposition (SVD) or eigenvalue 

decomposition (EVD) into a real valued factorization. The ULA is centro-symmetric because the 

location of its sensors is symmetric with respect to the centroid and the complex response patterns 

of paired elements are identical. The summarization of the unitary ESPRIT method is illustrated 

in Table 3-1. 

Table  3-2 summary of 1D unitary ESPRIT method for DOA estimation. 

1 Initialization: form the data matrix�* ∈ Cg×w from the available measurements as 

follows: �* = [�(1)�(2)…… �(v)] ( 3.2) 
 

2 Transformation: transform the complex matrix �*into a real matrix �(�*) ∈ Rg×5w by 

performing forward-backward averaging as: �(�*) = �g� [��g�*∗ �w]�5w ( 3.3) 

Q is a unitary matrix and is given by 

�� =
 ¡¡
¢¡
¡£ 1√2 l �¥ ¦�¥�¥ −¦�¥q ,										when	©	is	even, « = © 2¬

1√2 
�¥ �7 ¦�¥�¥h √2 �¥h�¥ �¥ −¦�¥

® , when	©	is	odd	, « = (© − 1) 2¬
± 

 

 

( 3.4) 
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3 Signal subspace estimation²³: determine the eigenvalue decomposition of �(�*)�(�*)�. The L dominant eigenvectors will be called ²³ ∈ Rg×7. 

4 Total least square method: solve the over determined system of equations: ´�²µ¶ = ´�²µ ( 3.5) 

By using total least square method to determine a solution for ¶. ´3 and ´5are given by: 

 ´3 = 2. ·N{�gI3� ¸g�g} ( 3.6) ´5 = 2. ¹<{�gI3� ¸g�g} ( 3.7) 

where¸g=[��gI3]. 
5 Eigenvalue decomposition: compute the eigenvalue decomposition of the resulting 

solution: ¶ = º»ºI� where » = �|¼½{tan(�b5 )}78B3 ( 3.8) 

 

6 DOA estimation: estimate the DOA from: 

28 = arcsin( �À� arctan(Á8))									 ,1 ≤ 9 ≤ i ( 3.9) 

given that  Á8 = tan(�b5 ). 

 

Similar to all subspace based DOA estimation methods when the number of array elements is 

small, the performance of unitary ESPRIT is not sufficient especially in cases of low SNR, small 

number of snapshots and small angular separation. One way to overcome the problem of a small 

number of elements (i.e. small array aperture) is to use a signal preprocessing technique such as 

linear extrapolation to increase the size of the array aperture. It should be noted that unitary 

ESPRIT will be applied to the extrapolated data matrix obtained from both methods (i.e. APEX 

and 2D-FOS) to estimate the DOA.   

3.1.4 Spatial Extrapolation of ULA using APEX Method 

As noted above, Swingler et. al. [26, 27] proposed the APEX method which is based on using 

forward and backward spatial linear prediction (LP) in connection with each snapshot available 
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from the real sensors in order to synthesize data for those virtual sensors, which can be 

considered to form an extension to the physical array. Based on the signal model given in 

equation (2.7), APEX first evaluates the AR model coefficients using Burg method [52] at each 

sample n. Then the forward and backward prediction processes are given by:  

=>(?) = �αÄ: =>IÅ(?)Æ
ÅB3 																	for	forward	linear	prediction ( 3.10) 

=>(?) = �(αÄ: )∗=>ÊÅ(?)Æ
ÅB3 										for	backward	linear	prediction ( 3.11) 

where αÄ: are the AR model estimated coefficients and P is the order of the AR model. Equations 

( 3.10) and ( 3.11) show how APEX updates the AR coefficients on a snapshot by snapshot basis 

and thus requires high computational complexity. They also demonstrate that APEX disregards 

the relation between the output of ? th
 snapshot at the m

th
 sensor,=>(?)and the (? − ?M)th 

snapshot 

of the neighbor sensors =>±Å(? − ?M). Furthermore, the tuning of AR model order P dramatically 

influences the performance of APEX [26]. 

3.1.5 Spatial Extrapolation of ULA using 2D Fast Orthogonal Search (2D-

FOS) 

We propose a new method for increasing the array aperture that overcomes the drawbacks of 

APEX. This method increases the array aperture in two stages. The first stage models the input 

signal =>(?) using 2D-FOS.The second stage is related to extrapolating the real array to a virtual 

array of larger aperture using the model obtained from the first stage. 

3.1.5.1 Stage 1: Modeling 

Generally, fast orthogonal search (FOS) algorithm [53] is a modeling technique which can be 

applied to system identification, spectral estimation, and time-series analysis.FOS models an 

input time series as a functional expansion containing a weighted sum of selected candidate 
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functions. Basically this expansion is determined by minimizing MSE of the model. In this 

research, we exploit 2D-FOS to model =>(?) where the candidate functions are the outputs of the 

neighbor sensors at current and previous samples as illustrated in Figure 3-2 and Figure 3-3. 

eMand?M denote the maximum delay in spatial and temporal domain respectively. 

The modeling stage can be described in three steps, namely selecting the model terms 

using 2D-FOS, stopping criteria for terminating model development, and finding the 

model coefficients.  

=>IgR(?) …….. =>I3(?) =>(?) =>IgR(? − 1) …….. =>I3(? − 1) 
 =>IgR(? − 2) …….. =>I3(? − 2) 

…
…

. 

…
…

. 

…
…

. 

 

=>IgR(? − ?M) …….. =>I3(? − ?M) 
Figure 3-2 Candidates of the forward model. 

 

 

 

 

 

 =>(?) =>Ê3(?) …….. =>ÊgR(?) 
 

=>Ê3(? − 1) …….. =>ÊgR(? − 1) =>Ê3(? − 2) …….. =>ÊgR(? − 2) 



47 

 

 …
…

..
 

…
…

..
 

…
…

..
 

=>Ê3(? − ?M) …….. =>ÊgR(? − ?M) 
Figure 3-3 Candidates of the backward model. 

3.1.5.1.1 Selecting the Model Terms using 2D-FOS 

Mathematically the output of the <:;sensor at ?:;sample =>(?)can be expressed as follows 

[53]:  

=>(?) = � ÎÏÐ>Ï (?) +ÑI3
ÏBM N>(?) 

 

( 3.12) 

m=0,1,2, …M-1 

t=0,1,2,…N-1 

where the Ð>Ï (?)are the arbitrary functions selected out of all the candidate functions shown in 

Figure 3-2 and Figure 3-3, ρÓ are the model coefficients , N>(?) is the modeling error and U is 

the number of terms to be added in order to best-fit the given signal =>(?) . 2D-FOS 

approximates	=>(?) using a weighted sum of orthogonal functions  Ô>Ï (?):  
=>(?) = � ÕÏÔ>Ï (?) +ÑI3

ÏBM N>(?) ( 3.13) 
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where the ÕÏ are the coefficients of the orthogonal functions Ô>Ï (?). The 2D-FOS method obtains 

Ô>Ï (?)  from the selected non-orthogonal candidates Ð>Ï (?)  using the Gram-Schmidt (GS) 

process: 

Ô>Ï (?) = Ð>Ï (?) − �ÖÏ×Ô×Ï(?)ÏI3
×BM  ( 3.14) 

and 

ÖÏ× = Ð>Ï (?)Ô×Ï(?)����������������(Ô×Ï(?))5������������  ( 3.15) 

where the overbar denotes the time average from t = 0 to t = N-1. The orthogonalization step is 

performed to enable the orthogonal searching process over the orthogonal functions. From 

equation ( 3.13), the MSE N>5 (?)�������� between the input signal =>(?)  and the 2D-FOS orthogonal 

model is given by: 

MSE = Ù=>(?) − � ÕÏÔ>Ï (?)ÑI3
ÏBM Ú5���������������������������������

 ( 3.16) 

To minimize the MSE, the derivative of equation ( 3.15) with respect to ÛÜ is calculated and set to 

zero. Consequently, ÛÜcan be obtained as follows: 

ÕÏ = =>(?)Ô>Ï (?)����������������(Ô>Ï (?))5������������  ( 3.17) 

By substituting with the estimated values of ÕÏin equation ( 3.16), the MSE can be rewritten as: 
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MSE = (=>(?))5������������ − � ÝÏ
Ñ

ÏBM  ( 3.18) 

where 

ÝÏ = ÕÏ5(Ô>Ï (?))5������������ ( 3.19) 

As determined by equation ( 3.18), for each added term in the orthogonal model of equation 

( 3.13), 2D-FOS has to calculate ÝÏ for all the candidate functions and select the candidate that 

provides the maximum ÝÏand hence achieves maximal MSE reduction. The use of an orthogonal 

model has several advantages, including that it does not require any special autocorrelation 

properties of x and also does not introduce any error due to finite spatiotemporal recorded data. 

However the formation of the orthogonal functions Ô>Ï (?) to evaluate the cross 

correlations =>(?)Ô>Ï (?)���������������� , Ð>Ï (?)Ô×Ï(?)����������������  and autocorrelation (Ô>Ï (?))5������������  is computationally 

expensive and requires considerable memory storage. Korenberg [53] presented a solution to this 

problem by recursively estimating the cross- and auto- correlations without forming and storing 

the orthogonal functions Ô>Ï (?).The resulting computational complexity is linearly proportional 

to the number of candidates, and this solution is summarized here as follows: 

ÕÏ = Þ(ß)à(ß, ß) ß = 0,1, ……á ( 3.20) 

where 

à(0,0) = 1 ( 3.21) 

à(ß, 0) = =(<, â)���������� ( 3.22) 
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à(ß, ã) = Ð>Ï (?)Ð>× (?)���������������� −�ÖÏ×à(ß, |)×I3
�BM  ( 3.23) 

ß = 1,2……á 

ã = 1,2, … . ß 

ÖÏ× = à(ß, ã)à(ã, ã) ( 3.24) 

Þ(0) = =>(?)�������� ( 3.25) 

Þ(ß) = =>(?)Ð>Ï (?)���������������� − � ÖÏ×Þ(ã)ÏI3
×BM  ( 3.26) 

ÝÏ = Þ5(ß)à(ß, ß) ( 3.27) 

Using the previous equations ( 3.20) to ( 3.27) we are able to replace =>(?)Ô>Ï (?)���������������� , 

Ð>Ï (?)Ô×Ï(?)���������������� and (Ô>Ï (?))5������������, by Þ(ß), à(ß, ã)and à(ã, ã) respectively and therefore computing 

and storing the orthogonal functions Ô>Ï (?) is avoided. 

3.1.5.1.2 Stopping Criteria for Terminating Model Development 

According to [54], the model development performed by 2D-FOS stops when the number of 

the selected terms reaches the maximum number of terms to be added (predetermined by the 

user). Furthermore, Korenberg [54] introduced a statistical condition that helps to prevent the 2D-

FOS model from adding terms that are merely fitting white Gaussian noise. This condition states 

that the model stops the search operation if ÝÏ for the selected function is less than an adaptive 

threshold given by: 
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ÝÏ ≤ 4evÙ(=>(?))5������������ −�Ý�
Ï

�B3 Ú ( 3.28) 

3.1.5.1.3 Finding the Model Coefficients 

Once the search has stopped after implicitly fitting U orthogonal functions, the coefficients 

ÎÏof the non-orthogonal modeling equation ( 3.12) can be determined reclusively from ÕÏ  and 

ÖÏ×as follows [53]: 

ÎÏ = �Õ�ä�Ñ
�BÏ  ( 3.29) 

where 

ä� = å 1																																					| = ß
−�Ö�×ä×�I3

×BÏ 											ß < | ≤ á± 
 

( 3.30) 

3.1.5.2 Stage 2: Spatial Extrapolation 

Based on both forward and backward 2D-FOS models estimated in the first stage, we can 

extrapolate the real array to a virtual array of larger aperture with an extrapolation gain ½> in 

both the forward and backward extrapolation [55].  

Similar to [49], the 2D- extrapolation process is performed in 2D-FOS to expand the complex 

valued data matrix of e ×v dimension  �*to a new matrix �*² of (2½g + 1)e × v dimension 

as shown in Figure 3-4 and Figure 3-5.  Once the extrapolated data matrix �*² is obtained, the 

unitary ESPRIT (explained in Section  3.1.3) can be employed to estimate the DOA.  
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Figure 3-4 Original data matrix. 

 

Figure 3-5 Extrapolated data matrix. 

3.1.6 Results and Discussion of ULA Methods 

Through Monte Carlo simulations, we compare the performance of the proposed method to 

APEX method and unitary ESPRIT (i.e. without spatial extrapolation).  MSE between the true 

and estimated DOAs is used to assess the performance in terms of the estimation accuracy. In the 

following computer simulations, we assume two sources located at 23and 25 and consequently 

the MSE is calculated as [56]: 

MSE = 1�×Ïç³ � �(è2éO({) − 2Oê55
OB3

�ëìíî
~B3  ( 3.31) 
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�×Ïç³  is the number of the Monte Carlo simulation runs,2Ois the true DOA of the j
th 

source and 

2éO({) is the estimate of the j
th 

source attained in the k
th
 run. In the following subsections, the MSE 

of all the estimators is compared versus signal to noise ratio (SNR), number of snapshots and the 

angular separation. In this work, �×Ïç³ is set to 1000 runs. 

In all the simulated experiments, an ULA of  7 elements with half wavelength inter-element 

displacement is assumed. The model order of APEX (P) is kept at 2 and the maximum delay in 

spatial and temporal domain (eM,vM) are fixed at (2,7). In all experiments, the utilized spatial 

extrapolation gain is ½g=2 (i.e. the new extrapolated array is 5 times the original array) in both 

2D-FOS and APEX. In other words, 28 additional extrapolated elements are assumed.  

3.1.6.1 Performance with respect to SNR 

The observed SNR at the sensor array plays a vital role in all the communication systems. For 

this reason we study in this section the variations of MSE with the variation of SNR. In this 

experiment, two incident signals coming from two uncorrelated sources located at 23 = 58� , and 

25 = 60� . The number of received snapshots is 50 samples.  

In Figure 3-6, MSE of unitary ESPRIT (without extrapolation), APEX method and the 

proposed 2D-FOS based method are compared at different SNR. In high SNR (> 40 dB), both 

unitary ESPRIT and 2D-FOS have the same MSE, however, APEX method shows higher MSE. 

This is because the conventional linear prediction algorithm used in APEX method has a constant 

modeling error even in high SNR [27]. At SNR < 40 dB, 2D-FOS has the lowest MSE compared 

to the other two methods. It should also be noticed that APEX has lower MSE for SNR between – 

15 dB and 30 dB than unitary ESPRIT. In cases of very low SNR (below – 15 dB), both give the 

same MSE. 
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Figure 3-6 MSE versus SNR. 

3.1.6.1.1 Spatial Spectrum: Case Study 

In this case study, we compare the spatial spectrum of 2D-FOS with both unitary ESPRIT and 

APEX method acquired by 1000 sample runs for SNR of 10 dB. It demonstrates the benefits of 

the spatial extrapolation of ULA using our proposed 2D-FOS – based method assuming the same 

source locations and number of snapshots as the previous experiment.  Figure 3-7depicts that the 

spectrum of unitary ESPRIT has only one peak and therefore the two sources are not resolvable.  
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Figure 3-7 The spatial spectrum ESPRIT without extrapolation 

On the contrary, Figure 3-8 and Figure 3-9show the capability of the spatial extrapolation 

using either APEX or 2D-FOS in resolving the two sources. However the spatial spectrum of 2D-

FOS has sharper peaks and closer to the true angles than the one of APEX.  

3.1.6.2 Performance with respect to the Number of Snapshots 

For precise DOA estimations, a relatively large number of snapshots are usually required. 

However, when the number of the snapshot increases, the delay in the system also increases [54] 

making it impractical for real time applications.  
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Figure 3-8 The spatial spectrum of APEX method. 

 

Figure 3-9 The spatial spectrum of 2D-FOS method. 
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Therefore it is important to study the trade-off between the number of snapshots and the DOA 

estimation performance. In this experiment, we explore the effect of the number of the snapshots 

on the performance capability of 2D-FOS method compared to APEX method and unitary 

ESPRIT (without spatial extrapolation). It is assumed that two incident signals coming from two 

sources located at 23 = 58� , and 25 = 60�  while the SNR kept at 10 dB. The effect of the 

number of the snapshots on the MSE is displayed in Figure 3-10. While unitary ESPRIT provides 

the largest MSE, the 2D-FOS offers the lowest. It should be noticed that in case of large number 

of snapshots (e.g. 1000), APEX is computationally expensive because of evaluating the model 

coefficients for every snapshot. On the other hand, 2D-FOS evaluates the model coefficients once 

for a block of snapshots. 

 

Figure 3-10 MSE versus the number of snapshots. 
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3.1.6.3 Performance with respect to the Angular Separation 

This study explores the variations in the error of DOA estimates when the impinging sources 

are closely spaced. In this experiment, we consider two sources where the second source is kept at 

25 = 60� and the other source location 23 is moved from 40�	to	59�  (i.e. the angular 

separation	1 ≤ Δ2 ≤ 20). SNR is kept at 10 dB and the number of the snapshots is 50 samples. 

Figure 3-11 illustrates the inverse proportionality of the MSE with the angular separation and 

similar to the previous experiments; 2D-FOS gives the lowest MSE along the whole range of 

angular separation. We can also observe that, in case of large angular separation (Δ2 > 8), the 

performance of APEX is poorer than unitary ESPRIT. In other words, APEX can only enhance 

the results of unitary ESPRIT when the angular separation is small. On the other hand, 2D-FOS is 

able to improve the results in both small and large angular separation. 

 
Figure 3-11 MSE versus the angular separation. 
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3.1.7 Performance Analysis of ULA Methods 

The simulation results illustrated in the previous sections show that the proposed method 

provides superior performance over both the APEX and the unitary ESPRIT methods in all 

environments. In general, the spatial extrapolation (i.e. adding a number of virtual sensors) 

expands the array aperture and thus increasing the array signal to noise ratio (ASNR). According 

to [24], increasing the ASNR improves the performance of unitary ESPRIT in terms of the spatial 

resolution and the accuracy. Although both APEX and 2D-FOS are spatial extrapolation methods, 

2D-FOS always provides better performances than APEX because of having the criterion that 

automatically determines the best model order. Moreover it uses the data in both the spatial and 

temporal domain in the modeling process while APEX only uses the spatial data.  

The price of using the spatial extrapolation techniques is paid by more computational 

complexity. In this section, an experiment is performed to give an indication about the 

computational complexity of the unitary ESPRIT, APEX and 2D-FOS in terms of floating-point 

operations (FLOPS) demands. To perform this experiment, the algorithms were implemented 

using MATLAB platform where Lightspeed Matlab toolbox version 2.5 [57] was used to 

calculate the number of FLOPS. In particular, Lightspeed provides accurate FLOPS counting 

because it allows machine-independent and programmer-independent comparison of numerical 

algorithms by representing the minimal number of operations that the algorithm requires. 

Consequently, you can compare algorithms based on their Matlab implementations alone, without 

having to code them efficiently in C and report their run time on a particular processor. Similar 

implementation and programming skills for all the compared methods are considered where the 

MATLAB codes have the same customization techniques.   
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Similar to Section  3.1.6.2, the number of sources, the angular separation, the number of 

sensors, SNR and the extrapolations gain are kept as L= 2 sources, ∆2 = 2	degrees, M = 7 

sensors, SNR= 10 dB and ½g =2 (i.e. the extrapolated array is 5 times the original array); 

respectively, while varying the number of snapshots in order to explore the computational 

complexity with respect to it. Figure 3-12compares the number of FLOPS required by unitary 

ESPRIT, APEX and 2D-FOS. It shows that unitary ESPRIT requires the lowest number of 

FLOPS. On the other hand, APEX and 2D-FOS requires the same number of FLOPS in the 

region of small number of snapshots (v ≤ 50). However in case of large number of snapshots, 

the number of FLOPS required by APEX is greater than the one required by 2D-FOS. This is 

because APEX method evaluates the AR coefficients at each snapshot while 2D-FOS evaluates 

them once for a block of snapshots. 

 

Figure 3-12 Number of FLOPS versus the number of snapshots in ULA methods. 
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3.2 Spatial Extrapolation with Uniform Rectangular Array (URA) 

This section proposes new algorithms to estimate the direction of arrival (DOA) with virtually 

extended URA. For this purpose, two stages of development are considered. The first stage 

extends the URA aperture with an extrapolation gain using either the (2D-LP) or (3D-FOS) in 

order to increase the array aperture size. Then the 2D unitary ESPRIT is applied to the new 

extrapolated array in the second stage to estimate DOA accurately. 

The performance in terms of MSE is extensively tested and analyzed for the new method 

against various parameters such as the SNR, the number of snapshots and angle separation. 

Unlike the conventional method (i.e. applying the 2D unitary ESPRIT directly to the real or 

unextrapolated array), the proposed DOA methods demonstrate how it can accurately resolve the 

very closely-spaced sources in challenging environments. In addition, the 3D-FOS method beats 

the 2D-LP method due to the same reasons of the predomination of 2D-FOS over the APEX 

method in the ULA case. This is because 2D-LP and 3D-FOS are considered the extension of 

APEX and 2D-FOS, respectively. Furthermore, 3D-FOS method reduces the computational 

burden required by the 2D-LP method since it computes the AR coefficients on block of samples 

base. On the other hand 2D-LP method computes the AR coefficients for each sample.    

3.2.1 Overview of Uniform Rectangular Array (URA) 

A planar array is used for estimation of both azimuth and elevation in case of two dimensional 

direction of arrival (2D-DOA) problems. There are many possible 2D array geometries including 

rectangular, circular, triangular and cross arrays. Wide range of systems such as remote sensing, 

tracking and search radar employ URA [58]. As shown in Figure 3-13, URA is formed by placing 

the sensors on a rectangular grid with a space Δó  along the x-axis and Δô along the y-axis. This 

work focuses on methods to improve the DOA estimation obtained by URAs. Estimating the 
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DOA via URA has received a lot of attention in the field of array processing [24]. Although the 

maximum likelihood estimator [13] provides optimum parameter estimation, it demands a high 

computational load and large processing time.  

 

Figure 3-13 URA array geometry with the angle definition. 

Simpler but suboptimal solutions can be obtained by the subspace-based approach, which 

decomposes the observed space into signal subspace and noise subspace. One of the most famous 

subspace-based methods is the two dimensional multiple signal classification (2D MUSIC), 

however, the complexity of the spectral search in the 2D-MUSIC algorithm may still be too high 
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for real-time applications [13]. The lower computational complexity method is the two 

dimensional estimation of signal parameter via rotational invariance technique (2D ESPRIT) 

since it estimates the DOA in a search-free fashion. Similar to ULA case, Zoltowski [45] 

introduced 2D unitary ESPRIT that exploits the conjugate centrosymmetry of the array manifold 

for a URA to transform the complex-valued computations associated with 2D ESPRIT into terms 

of real-valued computations. 

2D Unitary ESPRIT reduces computational expenditures required by 2D-ESPRIT by 

transforming the subspace estimation of the covariance matrix into real-valued problem by 

exploiting the structure of centro-symmetric of URAs where the element locations are symmetric 

with respect to the centroid. This property can also reduce the estimation error because it 

constrains the rotational invariance to the unit circle [46]. 

3.2.2 Challenges Associated with 2D unitary ESPRIT 

Although the 2D unitary ESPRIT is efficient, it fails to resolve the closely spaced sources 

when the observed data involves low SNR and small number of snapshots associated with very 

closely spaced sources [59]. To remedy this effect one has to physically increase the size of the 

URA, however, this may not be a practical solution. Another approach is to virtually increase the 

URA size (i.e. aperture) by extrapolating the array aperture at each instant using the 2D linear 

prediction [60, 61]. This idea was initially introduced in [27] for DOA estimation in APEX 

method in case of line arrays where the measurements from a small number of antenna array are 

extrapolated to a much larger virtual array at each snapshot. The extrapolation process is 

performed in both forward and backward directions using the linear prediction coefficients 

estimated by 1D Burg algorithm. However, in URA, 1-D Burg algorithm can’t be applied because 

it ignores the second dimension during the modeling process and therefore it drops the relation 

existed between the two dimensions[49].  
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In this part of the thesis, we aim to develop a DOA estimation approach for URAs with 

superior performance even in severe environments. A novel approach first spatially extrapolates 

the array data matrix via the 2D spatial extrapolation method (e.g. 2D-LP and 3D-FOS). 

Afterward the 2D unitary ESPRIT is applied to the new extrapolated data. The performance of the 

proposed methods is evaluated in different scenarios through simulation work. Moreover, a 

comparative study is conducted to compare the performance to the conventional method (i.e. 2D 

unitary ESPRIT without spatial extrapolation).  The analysis includes determining the MSE with 

the variations of the SNR, the number of the snapshots and the angular separation between the 

sources.  

3.2.3 URA Data Model 

URA data model is an extension to the 1-D data model discussed in Section  2.3.2. Consider 

e3 ×e5URA in the X–Y planes shown in Figure 3-13 with inter-element displacements equal to 

õó  along x-axis and õô along y-axis. Assume that d narrowband signals from uncorrelated, far-

field and isotropic sources impinge on the URA such that the |:;source has an elevation angle �� 
and an azimuth angle 2� , | = 0,1, … , � − 1. The e3 ×e5 array response matrix at time t may be 

written as: 

�ö÷ø(?) = ùú
úû =3,3(?)=5,3(?) =3,5(?)=5,5(?) ⋯ =3×go(?)=5×go(?)⋮ ⋱ ⋮=gU×3(?) =gU×5(?) ⋯ =gU×go(?)��

�
�
 

= �s�(?)�gU(��)�go� (��)�I3
�BM +�ö÷ø(t)  

( 3.32) 

 

where =>U,>o(?)is the output of the sensor located in the <3x� raw and the <5x� column in URA 

at time t ,@�(?)is the signal emitted by the |:;  source at time t, �ö÷ø(?) is an e3 ×e5  white 

Gaussian noise matrix whose elements are the individual sensor noise samples at time t. 
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�gU(��)and �go(��) are respectively the x-axis and y-axis line array manifold vectors and they  

are given by: 

�gU(��) = [eT�(pUTU)	�o , eT�(pUT
)	�o , . . . ,1, . . . , e�(pUT
)	�o , e�(pUTU)	�o ]h   

�go(��) = [eT�(poTU)��o , eIT�(poT
)��o , . . . ,1, . . . , e�(poT
)��o , e�(poTU)��o ]h  
( 3.33) 

 

��  and ��  are the spatial frequencies in x- and y- cosine directions respectively and they are 

defined as:    

�� = 2À� õó cos 2� sin ��   

( 3.34) 

 

�� = 2À� õô sin 2� sin ��  ( 3.35) 

3.2.4 2D Unitary ESPRIT for URA 

The idea of the 2D unitary ESPRIT for URA exploits the conjugate centrosymmetry of URA 

in order to perform the computations such as singular value decomposition (SVD) in real instead 

of complex numbers. In this method, initially the spatial data matrix of URA  �ö÷ø(?)  of  

e3 ×e5  dimension should be reshaped to a spatial data vector �ö÷ø(?)of e × 1 where e =
e3 ×e5. Given that vis the number of the available snapshots, the element space data matrix 

�Ñ� of e ×v dimension where every column in �Ñ�is �ö÷ø(?), t = 0,1,2, … ,v − 1. Using 

the definition of  © × © unitary matrix �� given by equation ( 3.4) that transforms the complex 

array manifold vector into a real value, the summary of 2D unitary ESPRIT is briefly explained in 

Table 3-2. 

Table  3-3 2D unitary ESPRIT summary. 

1 
Real-valued subspace estimation: compute E� via d dominant left singular vectors of 

[Re{Y},Im{Y}] where  
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Y= è�go� ⨂�gU� ê�Ñ� 
( 3.36) 

⨂is the Kronecker tensor product, Re{.} real part and Im{.} is the imaginary part. Note 

that �goand �gU are calculated using equation ( 3.4) while replacing © by e5and e3, 

respectively. 

2 

Real-valued invariance equations: find both ��(invariance matrix in x cosine direction) 

and �� (invariance matrix in y cosine direction) by solving the following equations 

using the total least square (TLS) algorithm, respectively : ´�3²��� = ´�5²�  and  ´�3²��� = ´�5²� ( 3.37) 

where                          ´�3 = �go⨂´3 and  ´�5 = �go⨂´5 
( 3.38) 

and ´3 = Re{�gUI3� ¸5gU�gU} 	´5 = Im{�gUI3� ¸5gU�gU} ´� = Re{�goI3� ¸5go�go} ´� = Im{�goI3� ¸5go�go} 
 

( 3.39) 

 

¸5gU is the (e3 − 1) ×e3 , constructed by taking the last (e3 − 1) rows of e3 ×e3 

identity matrix. ¸5go is the (e5 − 1) ×e5 , constructed by taking the last (e5 − 1) rows 

of e5 ×e5 identity matrix.  

3 

Spatial frequency estimation: first calculate the eigenvalues Ö� , | = 0,1, … , � − 1of the 

complex � × � matrix �� + ¦	��. Then computing the estimated spatial frequency in x 

cosine direction: �̂� = 2	tanI3(Re(Ö�)) ( 3.40) 

and the estimated spatial frequency in y cosine direction: 

�̂� = 2	tanI3(Im(Ö�)) ( 3.41) 

 

4 

DOA estimation: assuming õó = õô. Estimated Azimuth: 

2é� = tanI3(������) , | = 0,1,2, … , � − 1 ( 3.42) 
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Estimated Elevation: �é� = sinI3( �5P�(�̂�)5 + (�̂�)5) , | = 0,1,2, … , � − 1 ( 3.43) 

 

It should be noticed that the x- and y- cosine directions � and � are the arrival vector 

components in x- and y- directions, respectively as shown in Figure 3-13. Consider ã� is the 

arrival vector then �� = �	��� + ��� where ��� and �� are the x- and y- unit vectors, respectively.  

To improve the spatial resolution of 2D unitary ESPRIT, we propose new DOA estimation 

algorithms for URAs based on extrapolating the spatial data. These new methods have two stages, 

first we extrapolate the array data matrix then the 2D unitary ESPRIT is applied to the new 

extrapolated data. The following sections represent the proposed spatial extrapolation methods 

namely 2D linear prediction (2D-LP) and 3D fast orthogonal search (3D-FOS). 

3.2.5 Spatial Extrapolation using 2D Linear Prediction Method (2D-LP) 

This method first extrapolates �ö÷ø(?)  of dimension e3 ×e5  using the 2D-LP at each 

sample t then it use 2D unitary ESPRIT to estimate the DOA from the extrapolated matrix. The 

estimate of =>U,>o(?) can take the following form [61]: 

=>U,>o(?) = −���8U,8o8o =>UI8U,>oI8o(?)8U  ( 3.44) 

in which �8U,8o is a 2D-LP coefficient. A key step in all the 2D linear prediction methods is to 

select the region of support (ROS) or the prediction region. ROS should be a proper selection of a 

neighbourhood that can provide a good prediction [61]. The quarter plane ROS was selected in 

this work so that it can solve the four quarter planes simultaneously.  Assuming («3, «5) is the 

order of the 2D linear prediction model, the first quadrant Q1 index range for equation ( 3.44) is 

0 ≤ 93 ≤ «3 and 0 ≤ 95 ≤ «5, the second quadrant Q2 index range is −«3 ≤ 93 ≤ 0 and 0 ≤ 95 ≤
«5, the third quadrant Q3 index range is −«3 ≤ 93 ≤ 0 and −«5 ≤ 95 ≤ 0 and the fourth quadrant 
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Q4 index range is 0 ≤ 93 ≤ «3  and −«5 ≤ 93 ≤ 0 . To perform the 2D- LP, �8U,8o  coefficients 

should be first evaluated. The coefficients can be computed using the Yule-Walker method [61], 

the modified covariance method [62] or the lattice method [60].Yule-Walker method is used in 

this work because it is the simplest method if compared with other methods [63]. Furthermore it 

requires the lowest computation[64]. 

In Yule Walker algorithm, �8U,8o3  is considered the first quadrature Q1 coefficients. The linear 

prediction error modelN8U,8o3 (?)can be expressed as follows [61]: 

N8U,8o3 (?) = � � �8U,8o3 =>UI8U,>oI8o(?)¥o
8oBM

¥U
8UBM  ( 3.45) 

where �M,M3 =1. The linear prediction errors of the second, third and fourth quarter plane can be 

expressed in a similar manner of equation ( 3.45).To find the coefficients �8U,8o 
, ! = 1,2,3,4(i.e. 

�8U,8o) the 2D least squares normal equations should be obtained and then solved. These equations 

are derived from the fact that the total sum of squared errors Î (?), ! = 1,2,3,4 can be written as 

[61]: 

Î (?) = � � #N8U,8o (?)#5goI3
8oB¥o

gUI3
8UB¥U = $ %(?)		$ � 

( 3.46) 

$  is the 2D linear prediction coefficients vector of dimension 1 × («3 + 1)(«5 + 1)	and it can 

be defined as follows: 

$� = [&�(«)	$�(« − 1)…	$3(0)] 
( 3.48) 

where 

$3(«M) = ��M,¥R3 �3,¥R3 …	�¥U,¥R3 � 
( 3.49) 

$3 = [$3(0)	$3(1)…	$3(«5)] ( 3.47) 
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$�(«M) = ��¥U,¥R� �¥UI3,¥R� …	�M,¥R� � 
( 3.50) 

$5 and $� are the complex conjugates of  $�and $3. While %(?)is the («3 + 1)(«5 + 1)	× («3 +
1)(«5 + 1)	 covariance matrix and it is given by: 

%(t) = ùú
úû %M,M(?) %M,3(?)
%3,M(?) %3,3(?) ⋯ %M,¥o(?)

%3,¥o(?)⋮ ⋱ ⋮
%¥o,M(?) %¥o,3(?) ⋯ %¥o,¥o(?)��

�
�
 ( 3.51) 

%'U,'o(?) is a matrix of dimension ( «3 + 1) × («3 + 1)  and it is defined as %'U,'o(?) =
∑ )8oI'U(?)goI38oB¥o )8oI'o� (?)and 

)'(?) = ùú
úû =Ä,'(?)=ÄI3,'(?) =ÄÊ3,'(?)=Ä,'(?) ⋯ =*I3,'(?)=*I5,'(?)⋮ ⋱ ⋮=M,'(?) =3,'(?) ⋯ =*IÄI3,'(?)��

�
�
 ( 3.52) 

By substituting in equation ( 3.46) with ( 3.52), the 2D Yule-Walker normal equations can be 

stated as follows: 

$3%(?) = [Î3(?) … 0 0 … 0 0 … 0 0 … 0] 

( 3.53) 

 

$5%(?) = [   0 … 0 0 … 0 0 … 0 Î5(?) … 0] 

$�%(?) = [   0 … 0 0 … 0 0 … 0 0 … Î�(?)] 
$�%(?) = [   0 … Î�(?) 0 … 0 0 … 0 0 … 0] 

Element  

order 
  1 … «3+1 ………………… («3+1)«5 … («3+1)(«5+1) 

 

 

The system of linear equations represented in equation ( 3.53) is so called the normal 

equations. By solving the normal equations; the unknown linear prediction coefficients $ , 

! = 1,2,3,4can be estimated. Yule-Walker method exploits that the block matrix %(?) is doubly 

Toeplitz, and so it employs a fast computational algorithm called Levinson’s algorithm to solve 
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the normal equations. A detailed discussion of how Levinson’s algorithm solves the 2D quarter 

plane Yule-Walker equations can be found in [65]. It should be noted that we underlined $  

because it is a block vector (i.e. vector of vectors) and %(?) because it is a block matrix (i.e. 

matrix of matrices).  

Based on the estimated coefficients in the four quarter planes, we can extrapolate the spatial 

data matrix with an extrapolation gain ½gUfor rows and extrapolation gain ½gofor columns as 

shown in Figure 3-14. After performing the extrapolation process [66], the spatial data matrix 

�ö÷ø(?)at every instant time t is extracted from �ö÷ø(?) ofe3 ×e5to �+ö÷ø(?) ofe3���� × e5����where  

e3���� = ½gUe3and e5���� 	= ½goe5 .   

    

Area 2 extrapolated using the   Area 1 extrapolated using the 

2D AR model second quarter 

coefficients 
  

2D AR model first quarter  

coefficients 

 e3 ×e5 

original matrix 

 

    

      

Area 3 extrapolated using the Area 4 extrapolated using the 

2D AR model third quarter 

coefficients 

  2D AR model fourth quarter 

coefficients 

    

        

Figure 3-14 The schematic diagram of the new extrapolated matrix ������ ×������. 
In the second stage of this method, the 2D unitary ESPRIT method is applied to the 

new extrapolated matrix  �+ö÷ø(?) , t= 0,1,….N. 
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3.2.6 Spatial Extrapolation of URA using 3D Fast Orthogonal Search (3D-

FOS) Method 

Similar to the APEX method in ULA, the 2D-LP has several drawbacks including (1) the 

heavy computational load due to evaluating the model coefficients at each snapshot; (2) the 

sensitivity to the variation of model order; (3) the discarding of the relation of the array output at 

the present sample and the array outputs at the previous samples. In this part, we develop 3D-FOS 

method to spatially expand the URA in order to overcome the problems associated with the 2D-

LP method. 3D-FOS is considered an extension to 2D-FOS (Section  3.1.5) that was employed in 

ULA. It also has two stages namely the modeling stage and extrapolating stage. 

3.2.6.1 3D-FOS: Modeling Stage 

In 3D-FOS, we model the =>U,>o(?) as a linear combination of the outputs of the neighbor 

sensors in both the horizontal and vertical directions at current and previous 

snapshots.=>U±,U,>o±,o(? − AM)  where -3 = 0,1,2, ….3, -5 = 0,1,2, … .5and AM = 1,2,… ?M . Like 

2D-LP, we divide the model candidates in to four quadrants as demonstrated in Figure 3-15, 

Figure 3-16, Figure 3-17 and Figure 3-18). The shaded cells represent the candidate terms. At 

each quadrant, =>U,>o(?) can be expressed as follows: 

=>U,>o(?) 	= � ÎÏÐ>U,>oÏ (?) +ÑI3
ÏBM N>U,>o(?) ( 3.54) 

where the Ð>U,>oÏ (?)are the arbitrary functions selected out of all the candidate functions shown 

in Figure 3-15 to Figure 3-18, ÎÏ are the model coefficients , N>U,>o(?) is the modeling error and 

U is the number of terms to be added in order to best-fit the given signal =>U,>o(?).  
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Figure 3-15 The 3D-FOS first candidates. 



73 

 

 

Figure 3-16 The 3D-FOS second quadrant candidates. 
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Figure 3-17 The 3D-FOS third quadrant candidates. 
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Figure 3-18 The 3D-FOS fourth quadrant candidates. 
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Due to the symmetric geometry of URA, we only evaluate the model at the first and fourth 

quadrants since the second and third quadrants have the same selected terms with opposite signs 

and conjugate coefficients as explained before in the 2D-LP method. The 3D-FOS modeling has 

the identical sequence to 2D-FOS method except considering the third dimension in the 

computations. The modeling stage block diagram of the 3D-FOS is depicted in Figure 3-19.       

Using Gram-Schmidt to convert the arbitrary 

non-orthogonal terms to orthogonal functions.  

Performing the orthogonal search such that the 

first selected candidate has the greatest 

reduction in the MSE.

Apply the stopping criteria to prevent modeling 

of the white Gaussian noise.

Evaluate the model coefficients without storing 

the orthogonal functions.

 

Figure 3-19 The block diagram of 3D-FOS modeling stage. 
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3.2.6.2 3D-FOS: Extrapolating Stage 

Based on both 3D-FOS models estimated in the first stage, we can extrapolate the real array to 

a virtual array of larger aperture with an extrapolation gain ½g3and½g5 for the URA rows and 

columns, respectively.  After performing the extrapolation process, the spatial data matrix 

�ö÷ø(?)at every time instant t is extracted from �ö÷ø(?) ofe3 ×e5to �+ö÷ø(?) ofe3���� × e5����where 

e3���� = ½gUe3and e5���� 	= ½goe5. To estimate the DOA from the new extrapolated array, the 2D 

unitary ESPRIT method is applied to the new extrapolated matrix  �+ö÷ø(?) , t=0,1,….N. 

3.2.7 Results and Discussions of URA Methods 

Through Monte Carlo simulations, the performance of the proposed methods is compared with 

the performance of conventional 2D unitary ESPRIT (i.e. without spatial extrapolation). The 

performance comparison considers the accuracy of the DOA estimation which is the most 

important factor of the performance comparison since it designates the estimation efficiency. The 

MSE between the true and estimated DOAs is used to evaluate the estimator accuracy. In our 

simulations, we assume two sources located at (23, �3)and (25 , �5)and consequently MSE is 

calculated as [67, 68]: 

MSE = 1�×Ïç³ � �(è2éO({) − 2Oê5 + (�éO({) − �O)5)5
OB3

�ëìíî
~B3  

 
( 3.55) 

 

�×Ïç³  is the number of the Monte Carlo simulation runs,(2O , �O)is the true DOA of the j
th 

source 

and (2éO({), �éO({)) is the estimate of the  j
th 

source attained in the k
th

 run.  

In the following subsections MSE of the proposed method and the conventional 2D unitary 

ESPRIT are compared versus SNR, number of snapshots and the angle separation. In all of the 

simulated experiments, an URA of  7 × 5 elements with half wavelength inter-element spacing 

along x- and y- directions is assumed. The model order of the 2D-LP algorithm («3, «5) is kept at 
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(3,2) and the maximum delay in spatial and temporal domain (.3,.5 and ?M) are fixed at (3,2 and 

7).  We also set �×Ïç³ equal to 1000 runs. In all the experiments we set the extrapolation gain 

(½gU , ½go)to (2,2) in both 2D-LP and 3D-FOS methods. 

3.2.7.1 Performance with respect to SNR 

The observed SNR at the sensor array plays a vital role in all the communication systems, for 

this reason we study in this section the variations of MSE with a variation of SNR. In this 

experiment, two incident signals coming from two uncorrelated sources located at (23, �3) =(40� , 40�), and (25, �5) = (50� , 50�). The number of received snapshots is 100 samples. 

 
Figure 3-20 MSE versus SNR (dB) 

Figure 3-20 shows that the 2D unitary ESPRIT method has the largest MSE. It is also obvious 

that the 3D-FOS method has the lowest RMSE along the whole range of SNR. It demonstrates the 
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benefits of the URA extrapolation either using the 2D –LP method or 3D-FOS, thus lower RMSE 

than the conventional method without spatial extrapolation.  

3.2.7.1.1 Spatial Spectrum: case study 

Figures from 3-21  to 3-26 compare the 2D and 3D spatial spectrum of the 2D unitary ESPRIT, 

2D-LP method and the 3D-FOS method acquired by 1000 sample run when the SNR=-5 dB and it 

shows the usefulness of spatial extrapolation of URA. It can be depicted in Figures 3-21 and 3-22 

that the spectrum of the 2D unitary ESPRIT method is very scattered and therefore the two 

sources are not resolvable. On the contrary, figures from 3-23 to 3-26 demonstrate the capability 

of the proposed methods with a spectrum that obviously resolves the two sources. They also show 

the 3D-FOS method has higher spatial resolution than the 2D-LP method.  

 

Figure 3-21 2D spatial spectrum using 2D unitary ESPRIT method. 
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Figure 3-22 3D spatial spectrum using 2D unitary ESPRIT. 

 

Figure 3-23 2D spatial spectrum using the 2D-LP method. 

35
40

45
50

55

35

40

45

50

55

0

10

20

30

40

 θ (deg)

φ (deg)

a
rr

a
y
 p

a
tt

e
rn

35 40 45 50 55
35

40

45

50

55

θ (deg)

φ
 (

d
e
g
)

 

 

Estimated DOA

True DOA



81 

 

 
Figure 3-24 3D spatial spectrum using the 2D-LP method. 

 

Figure 3-25 2D spatial spectrum using 3D-FOS method. 
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Figure 3-26 3D spatial spectrum using the 3D-FOS method. 
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Figure  3.27 reveals the relationship of the MSE with the number of the snapshots. While the 2D 

unitary ESPRIT method provides the largest MSE, the 3D-FOS method offers the lowest.  

 
Figure 3-27 MSE versus the number of snapshots. 
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Figure 3-28 The second source moves toward the first source in a diagonal fashion. 

 

Figure 3-29 MSE versus angular separation. 
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Like the two previous experiments, the MSE of the proposed methods are lower than the one 

of the conventional method along the whole range of angle separation. Furthermore in this 

experiment, the MSE of the 3D-FOS is obviously lower than the MSE of 2D-LP.  

3.2.8 Performance Analysis of URA Methods 

The results presented in the previous sections demonstrate that our proposed methods provide 

lower MSE than both the 2D unitary ESPRIT methods in all environments.  Although both 2D-

LP and 3D-FOS had the same spatial extrapolation gain, 3D-FOS always provides better results 

than 2D-LP because of having the criterion that automatically determines the best model order. 

Moreover it uses the data in both the spatial and temporal domain in the modeling process but 

2D-LP only uses the spatial data. Indeed using the spatial extrapolation techniques increase 

computational complexity. In this section, an experiment is performed to give an indication about 

the computational complexity of the 2D unitary ESPRIT, 2D-LP and 3D-FOS in terms of FLOPS 

(explained previously in  3.1.7) demands. Like Section  3.2.7.2, the number of sources, the angular 

separation, the number of sensors, SNR and the extrapolations gain are kept as 2 sources, 

(10� , 10�), 7 × 5  sensors, -5 dB and (2,2) ; respectively, while varying the number of snapshots 

in order to explore the computational complexity with respect to it. Figure 3-30 compares the 

number of FLOPS required by 2D unitary ESPRIT, 2D-LP and 3D-FOS methods. It shows that 

unitary ESPRIT requires the lowest number of FLOPS. On the other hand, 2D-LP and 3D-FOS 

require the same number of FLOPS in the region of small number of snapshots (v ≤ 30). 

However in case of large number of snapshots, the number of FLOPS required by 2D-LP is 

greater than the one required by 3D-FOS. This is because 2D-LP method evaluates the 2D AR 

coefficients at each snapshot while 3D-FOS evaluates them once for a block of snapshots. 
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Figure 3-30 Number of FLOPS versus the number of snapshots in URA methods. 
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model order automatically by terminating the modeling process when adding a component that 

does not reduce the MSE more than fitting WGN. On the other side, APEX and 2D-LP are very 

sensitive to the model order selection. Through several computer simulations comparing spatial 

extrapolation techniques and unitary ESPRIT without spatial extrapolation, the results show how 

the proposed methods outperform the other methods when considering SNR, number of 

snapshots, and angle of separation. 
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Chapter 4 

Improving the Spatial Spectrum of Nonuniform Linear DIFAR 

Sonobuoy Arrays 

The Directional Frequency Analysis and Recording (DIFAR) sonobuoy has been widely used 

in underwater target localization because it can capture more information than the Low 

Frequency Analysis and Recording (LOFAR) omnidirectional sonobuoy. Recently, array 

processing for fields of DIFAR sonobuoys has attracted considerable attention in order to 

enhance the DOA estimation performance and accuracy. DIFAR sonobuoys may become 

irregularly spaced due to the deployment method and the drift experienced once deployed, 

resulting in a nonuniform array. The problems associated with estimating the DOA through 

nonuniform arrays of DIFAR sonobuoys using conventional beamforming (CBF) are the poor 

spatial spectrum and the high computational complexity [69]. These problems were explained in 

Section  2.4.2. In this part of the thesis, our ultimate objective is to provide solutions that can 

mitigate the previously mentioned problems. 

This chapter is divided into two parts; we first employ the fourth-order cumulant 

beamforming (FOC-BF) technique to estimate the DOA for a nonuniform linear array of DIFAR 

sonobuoys so that it improves the spatial spectrum of CBF. Moreover FOC-BF increases the 

effective aperture of the arrays and thus increases the DOA estimation accuracy and resolution 

[70]. In fact, the FOC principle was originally used to estimate the DOA via ULA of omni–

sensors [71]. Several studies were then developed to explore the benefits of FOC in DOA 

estimation [70-73]. However the novelty of this thesis is that the use of FOC-BF for the first time 

with non-uniform linear array of DIFAR sonobuoys in addition to utilizing a wideband source. 

In the second part, we utilize the warped beamforming approach [74] to reduce the 

computational complexity required by the FOC-BF. The basic idea of warped beamforming is 
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based on calculating the spatial spectrum at nonuniform spaced angles obtained by a spatial 

frequency transformation using a first order allpass function with a real valued parameter. The 

performance is assessed through simulation work. Moreover, a comparative study will be 

conducted to compare the performance with the conventional standard FOC-BF. 

4.1 Data Model of DIFAR Sonobuoy Arrays 

Consider a wideband plane wave arriving from direction 2³with a frequency range from  G3to 

G×/ , travelling in an underwater medium and impinging on a linear array of M DIFAR sonobuoys. 

According to the wideband sources model (Section  2.3.3); the received 3e × 1 array output 

spectral vector for the <x� DIFAR sonobuoy at the {x� time subinterval and ãx�frequency bin, 

G× , as follows[11, 75]:    

0~(G×) = �1(G× , 2³))~(G×) +2~(G×) ( 4.1) 

r=1,2,…,ãw; 

k=1,2,…,K 

where 0~(G×) = [}3~(G×), }5~(G×), … , }g~(G×)]h , 2~(G×) = [�3~(G×),�5~(G×), … ,�g~(G×)]h , 

}>~(G×) and  �>~(G×) are 3× 1	vectors corresponding to the discrete Fourier coefficients of the 

output and the additive noise obtained from the 3 channels of the <x�DIFAR,respectively, at the 

{x�subinterval and frequency bin G× . F~(G×) is the discrete Fourier coefficient of the source signal, 

also at the {x�subinterval and frequency bin G× , � is the total number of the time subintervals and 

�1(G> , 2³) is the 3e × 1 steering vector of the DIFAR sonobuoy array, given by: 

�1(G× , 2³) = �(G× , 2³)⨂	3(2³) ( 4.2) 

where �(G×, 2³)= [NIO5PKëLU(aî), NIO5PKëLo(aî),… , NIO5PKëLp(aî)]h   is the steering vector of the 

omnidirectional hydrophone array with the same geometry as the DIFAR sonobuoy array at 
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frequency bin G>, ⨂ denotes the Kronecker product and 3(2³)=[1	sin2³	cos	2³]4is the DIFAR 

sonobuoy unit vector pointing toward the radiated source. 

Using the data spectral model of the DIFAR sonobuoy array given by equation ( 4.1), the 

estimated CSM ,Φu × , at the frequency bin G×  can be computed as follows: 

Φu × = 1��0~(G×)�
~B3 0~�(G×) ( 4.3) 

The DOA can be estimated using CBF as follows: 

2é³ = ¼ã½<¼=a ��1�(G× , 2)×/
×B3 Φu ×�6(G×, 2) ( 4.4) 

It should be noted that, in this work, we used the incoherent wideband DOA estimation 

technique with both the CBF and FOC-BF methods, however, the coherent technique can also be 

used [76]. 

4.2 Improving the Spatial Spectrum of the Nonuniform Linear Array of 

DIFAR Sonobuoys using FOC-BF 

In this section, the FOC-BF is proposed to mitigate the problem of poor spatial spectrum 

associated with using CBF to estimate the DOA through a nonuniform linear array of DIFAR 

sonobuoys. This problem was explained previously where we compared the spatial spectrum in 

both uniform and nonuniform linear arrays in Section  2.4.2.1. 

4.2.1 Fourth Order Cumulant Beamforming 

The conventional methods of DOA estimation exploit the information contained in the second 

order statistics of the observations; therefore, only the CSM given by equation ( 4.4) should be 

estimated for each frequency bin G× .  However, the more recent DOA methods exploit the 
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information contained in the fourth order statistics. The fourth order statistics have several 

benefits such that it is less sensitive to the Gaussian noise. Furthermore, DOA estimation 

algorithms based on the fourth order cumulant introduce additional virtual sensors to the real 

array. In other words, for an array of M DIFAR sonobuoys, the maximum number of the virtual 

sensors can be introduced by the fourth order cumulant processing is e5DIFAR sonobuoys[70, 

72, 73]. The effect of these virtual sensors is to reduce the nonuniform array inter-element spaces 

and enlarge the effective aperture.  

To estimate the wideband DOA using the FOC-BF for an array of DIFAR sonobuoy, we first 

have to estimate the fourth order cumulant matrix 7u-for each frequency bin G×as follows[75]:   

7u- = 1��8~(G×)�
~B3 8~�(G×) − 1�5 �8~(G×)�

~B3 �8~�(G×) −	�
~B3 Φu ×⨂Φu ×∗  ( 4.5) 

where 8~(G×) = 0~(G×)⨂0~∗ (G×) and (. )∗denotes the complex conjugate. Then the estimated 

DOA using FOC-BF is given by: 

2é³9:;I�9 = argmaxa � >�(G× , 2)×/
×B3 7u->(G×, 2) ( 4.6) 

>(G× , 2) = �1(G× , 2)⨂�1∗(G× , 2) and it represents the steering vector of the virtual array created by 

the fourth order cumulant. 

4.2.2 Performance Comparison of FOC-BF and CBF 

To compare the performance of FOC-BF and CBF methods, we chose a class of nonuniform 

linear array called minimum redundancy linear array (MRLA) [77].MRLA achieves maximum 

resolution by minimizing the number of redundant spaces present in the array. This work doesn’t 

benefit from the maximum resolution advantage of MRLA in resolving two closely spaced 

sources since we target single source in this chapter. We selected MRLA as an example for 
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nonuniform linear array due to its well-known configuration and it doesn’t suffer from the 

aliasing problem. As demonstrated in Section  2.4.2.1, MRLA suffers from relatively higher 

sidelobes in its spatial spectrum formed by CBF if compared to ULA (see Figure 2-16). Moreover 

in MRLA, when SNR is very low, the level of the side lobes is higher than the mainlobe and 

therefore it totally fails to estimate the DOA. In following subsections, we compare, through 

several simulation scenarios, the performance of the new method (i.e. FOC-BF) with CBF when 

MRLA of DIFAR sonobuoys is used.   

Table 4-1 displays the assumptions we considered in all of the simulation scenarios.  The used 

range of frequencies from 80 Hz to 100 Hz is representing the sounds coming from the machinery 

part of the underwater vehicles. We also assumed that the noise is spatially white Gaussian so that 

there is no correlation between the signals received by the DIFAR sonobuoys.  

Table  4-1 Scenario specifications. 

Source Wideband acoustic source with frequency range 

from 80 to 100 Hz at a DOA of �?. 

Sampling frequency 1000 Hz 

Time interval 10 seconds 

Sound speed 1500 m/s 

Number and type of array elements 10 DIFAR sonobuoys 

Additive noise Spatially white Gaussian noise 

10-element MRLA inter-element spacing 7.5,15, 22.5, 52.5, 52.5, 52.5, 30, 30, 7.5 m  

Based on the sound speed (1500 m/sec) and the maximum frequency in the received signals 

(100 Hz), the smallest wavelength is equal to 15 m. As indicated from Table 4-1, the 
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displacements between the DIFAR sonobuoys have two displacements that are equal to half the 

smallest wavelength (i.e. 7.5 m) to avoid the aliasing problem. 

4.2.2.1 Spatial Spectrum  

In this scenario, we investigate the performance of the FOC-BF in terms of spatial spectrum 

while estimating the DOA for MRLA case. The results of the FOC-BF were compared with the 

CBF at SNRs of  -25 dB, -35 dB and -42dB. Figure 4-1 and Figure 4-2 show that FOC-BF 

provides lower sidelobes compared to CBF when the SNR is -25 dB and -35 dB. At these SNRs, 

both methods estimate the DOA correctly but with different sidelobe levels.  

 

Figure 4-1 Spatial spectrum using CBF and FOC-BF for the MRLA at SNR of -25 dB. 

Figure 4-3 depicts the spatial spectrum of both FOC-BF and CBF applied to MRLA case at an 

SNR of -42 dB. Although the sidelobes of the FOC-BF is relatively high, the DOA is still 

estimated correctly at 0� .On the other hand, the sidelobes of the CBF are even higher than the 

mainlobe and therefore the DOA was incorrectly estimated. 
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Figure 4-2 Spatial spectrum using CBF and FOC-BF for MRLA at SNR of -35 dB. 

 

Figure 4-3 Normalized Spatial Spectrum using CBF and FOC-BF for MRLA at SNR of -42 dB. 
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4.2.2.2 Probability of Success 

Through Monte-Carlo simulation, we compare the performance of both CBF and FOC-BF in 

terms of probability of success while estimating the DOA for MRLA case at different levels of 

SNR. The probability of success represents the ability of the studied methods to locate the source 

and it can be evaluated through vg;  independent runs (each run is an independent execution for 

the simulation) of Monte-Carlo simulation at every SNR is defined as: 

@g; = v³vg;
 ( 4.7) 

where v³is the number of times at which the DOA is successfully estimated. In accordance with 

[77], we assume that the DOA is successfully estimated if it is in the tolerance range of ± 8 

degrees from the true DOA. In this simulation work, we set vg;  equal to 1000 runs. In Figure 

4-4, it is clearly shown that in the region of relatively high SNR (i.e. SNR≤ −35	dB) the 

probability of success of both CBF and FOC-BF was 1.  
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Figure 4-4 Probability of success of CBF and FOC-BF versus SNR. 

 

However, in the lower SNR region the probability of success of the FOC-BF was always higher 

than that of CBF. 
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stages. This method was modified in [79] by using an energy detector in the intermediate stages 

of the fast beamformer to prune the sectors that do not exhibit increasing energy consistent with 

coherent integration. However, these methods are only applicable for ULA of dyadic number of 

sensors.  

In fact, the problem of high computational complexity due to large J associated with 

beamforming is analogous to the problem of classical discrete Fourier transform (DFT) or 

periodogram method employed in the spectral analysis of time series due to the required large 

zero padding [80]. The later problem was recently addressed by Makur et. al (2001) [81] who 

proposed a method called warped discrete Fourier transform (WDFT) to reduce the computational 

load of large zero padding appended with the classical DFT.  

In this part of the thesis, we suggest applying the spatial spectrum warping to FOC-BF to 

reduce its complexity similarly as WDFT does with the classical DFT. 

4.3.1 Warped Beamforming Method 

The idea of warped beamforming is to calculate the spatial spectrum of the beamforming 

methods (e.g. CBF and FOC-BF) at nonuniform directions by applying an allpass transformation 

to warp the angle axis. Through the allpass transformation, the uniformly spaced points on the 

warped angle axis are equivalent to a nonuniform spacing angle points on the axis. 

Warped beamforming is achieved through two steps: first we initially determine a coarse DOA 

estimate  2é�ç>Bó, by using few and uniform spaced anglesJM ≪ J. 2é�ç>Bó is determined by locating 

the direction that maximizes the coarse spectrum. Then we concentrate the spatial frequency 

points around the initial estimate 2é�ç>Bó by applying the allpass mapping given by[81]: 
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( 4.8)  

where b is the complex valued mapping parameter such that E < 1(we set E = 0.7)to guarantee 

the stability. In other words, it can be said that warped beamforming uses two stages DAS, the 

first stage is a crude scan for finding an initial estimate and the second stage is an accurate 

estimate by warping the directions around the direction of interest. 

 Figure 4-5, Figure 4-6 and Figure 4-7show how warped beamforming works by plotting the 

complex plan of  NOa. The warped beamforming is expected to be accurate and low complexity in 

estimating the DOA as well as WDFT does in frequency estimation. 

 

 
Figure 4-5 The first stage of warped beamforming. 

Initial estimate 
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Figure 4-6 The second stage of warped beamforming. 
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Figure 4-7 The standard beamforming techniques (e.g. CBF and FOC-BF). 

4.3.2 Simulation Results of Warped FOC-BF (WFOC-BF) 

In this section, the effectiveness of the proposed approach or the so-called warped 

beamforming augmented with FOC-BF (WFOC-BF) method is demonstrated through computer 

simulation-based experimentations. 

In this scenario, a nonuniform linear array of MRLA class that has 5 DIFAR sonobuoys is 

employed with inter-element displacements (7.5m, 22.5m, 22.5m and 15 m).  Furthermore we set 

the sampling frequency, time interval, and sound speed as the values given in Table  4-1. The 

considered sound source is a wideband acoustic source with frequency range from 80 to 100 Hz 

coming from a direction θ� = 28� .The DOA estimation performance is assessed in terms of the 

MSE between the true direction and the estimated directions given by [82]: 

Large complexity required to 

obtain accurate estimation 
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MSE = 1�×Ïç³ � Fθé~ − θ�F5�ëìíî
~B3  ( 4.9) 

where �×Ïç³ is the number of the total Monte-Carlo runs and  θ�	¼â�	θé~are the true and estimated 

DOA with respect to the {x�  run. The WFOC-BF with very small number of spatial frequencies 

(JM = 60) was compared with the standard FOC-BF of large number of angle points J = 3600 (to 

achieve one decimal place precision) by determining the MSE versus the SNR. 

Figure 4-8 shows the estimated MSE plots of the DOA estimation resulting from the proposed 

method at JM = 60	and the standard FOC-BF. The simulation is based on 1000 Monte Carlo 

iterations for each SNR. In relatively high SNRs (SNR> -33 dB), the MSE of the proposed 

method is greater than the MSE of the standard FOC-BF due to the approximation error coming 

from utilizing small number of spatial frequencies.  

 

Figure 4-8 The MSE of the WFOC-BF compared with the standard FOC-BF. 
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However in lower SNR (SNR ≤ -33 dB), both FOC-BF and WFOC-BF methods exhibit 

almost the same performance. These results imply that one can use WFOC-BF especially in low 

SNR (which is usually the case for underwater signals) to reduce the computational complexity 

associated with the standard method. In this simulation scenario, the proposed method requires 

only 3.33% of the computational complexity required by the standard method. 

4.3.2.1 Comparison of Spatial Spectrum of FOC-BF and WFOC-BF 

In this case study, we compare the spatial spectrum of the standard FOC-BF and WFOC-BF 

acquired by a sample runs for SNR of - 30 dB. It demonstrates how the proposed method presents 

almost the same spatial spectrum with calculating the FOC-BF spectrum at few number of angle 

points. Figure 4-9 depicts that the initial spatial spectrum (coarse) of the WFOC-BF evaluated at 

uniform angle points.  

 
Figure 4-9 The initial spatial spectrum of WFOC-BF (first step). 
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The fine spatial spectrum of WFOC-BF (second step) is compared with the spatial spectrum of 

the standard FOC-BF at Figure  4.10. The comparison shows that WFOC-BF provides an 

adequate spatial spectrum with low sidelobes as FOC-BF. 

 

Figure 4-10 A comparison of the spatial spectrum of WFOC-BF with the Standard FOC-

BF. 
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CBF; moreover, it provided additional virtual sensors to the real array. Because of these 

advantages introduced by FOC-BF, the results showed how the problem of high sidelobes 

associated with the use of the CBF was mitigated in low SNR (-25, -35 and -42 dB). Furthermore, 

the simulation results revealed that FOC-BF delivered DOA estimates with higher probability of 

success than the CBF method in very low SNRs (i.e. less than -35 dB).  The price of this 

outstanding performance is that FOC-BF has more computational burden compared to CBF due 

to evaluating the spatial spectrum at each angle with higher dimension matrices.  

In the second part of this chapter, we proposed a new technique called WFOC-BF to optimize 

the computations needed by FOC-BF to fit the real-time applications. This technique augmented a 

warping beamforming method with the FOC-BF standard method to reduce its computational 

complexity. It was computationally effective due to using very small number of scanning spatial 

frequency. Two steps were performed to achieve WFOC-BF method. A coarse DOA estimate 

was obtained in the first step then a fine estimate was determined by computing the spatial 

spectrum at the points that were concentrated around the coarse estimate. Although of the 

significantly low computations associated with the new method, it has identical performance to 

the traditional method especially in low SNR. 

 
 

 

 

 

 



105 

 

Chapter 5 

Conclusions and Recommendation for Future Work 

5.1 Summary 

This thesis aimed at introducing new methods to estimate the DOA in passive sonar system. 

It firstly reviewed the present approaches and their limitations to define the practical problems in 

the area of underwater localization. Based on the defined problems, the main objectives of this 

research were to (1) improve the spatial resolution obtained by the uniform towed arrays of 

hydrophones (2) enhance the spatial spectrum of the nonuniform linear arrays of DIFAR 

sonobuoys.  

To achieve the first objective, spatial extrapolation techniques were employed to virtually 

extend the uniform towed arrays (i.e. ULA and URA).  These methods are performed first by 

spatially extrapolating the real array to a virtual array with larger aperture. Thereafter unitary 

ESPRIT algorithm is applied in the second step to estimate the DOA. In Chapter 3, both 2D- and 

3D- FOS methods were introduced to improve the performance of the conventional extrapolation 

method or the so called APEX and 2D-LP. These methods estimate the AR model coefficients 

once for a block of snapshots while the conventional spatial extrapolation methods estimate these 

coefficients for each snapshot and consequently they significantly decrease the computational 

complexity. Furthermore, the new proposed methods are able to automatically determine the 

optimal model order. This is done by stopping the modeling process when adding a component 

does not reduce the MSE more than fitting WGN. On the other side, the conventional methods are 

very sensitive to the model order selection.  

The second objective is accomplished in Chapter 4 where we introduced a new approach 

called FOC-BF to enhance the estimation of the DOA when nonuniform linear array of DIFAR 

sonobuoys are employed. FOC-BF mitigates the problem associated with the spatial spectrum of 
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the CBF because it is less sensitive to the Gaussian noise than CBF; moreover, it provides 

additional virtual sensors to the real array.  

To reduce the computational complexity of FOC-BF method, a new technique called WFOC-

BF was proposed to optimize the computations needed by the standard FOC-BF to fit the real-

time applications. This technique augments a warping beamforming method with the FOC-BF 

standard method. It is computationally effective due to using very small number of scanning 

angle points to form the spatial spectrum. Two steps are performed to achieve WFOC-BF 

method. Firstly, an initial DOA estimate is determined by forming a coarse spatial spectrum at 

small number of uniform angle points (i.e. the difference between each two consequent points is 

fixed). Afterward, a fine estimate is acquired by computing the spatial spectrum at the 

nonuniform points which are concentrated around the initial DOA estimate.  

5.2 Conclusions 

The following conclusions can be drawn from the results of both the computer simulation 

work performed in the course of this study: 

� Improving the Spatial Resolution of Uniform Towed Array using Spatial 

Extrapolation: 

New spatial extrapolation methods (2D- and 3D- FOS) were proposed to improve the spatial 

resolution of uniform arrays (ULA and URA). They were compared to the conventional spatial 

extrapolation methods (APEX and 2D-LP) and unitary ESPRIT methods (1D and 2D) with 

respect to the SNR, number of snapshots and angular separation. The comparisons were 

performed in term of MSE and it showed that the proposed methods outperform the other 

methods in all environments.  
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The price of this superior performance is paid by more computational complexity than the 

required by the unitary ESPRIT. Two experiments were performed to compare the computational 

complexity of the unitary ESPRIT methods, conventional spatial extrapolation methods and the 

proposed methods in term of floating-point operations (FLOPS) demands. It shows that unitary 

ESPRIT methods require the lowest number of FLOPS. One the other hand, conventional spatial 

extrapolation methods and the proposed methods requires the same number of FLOPS in the 

region of small number of snapshots. However in case of large number of snapshots, the number 

of FLOPS required by the conventional spatial extrapolation methods is greater than the one 

required by the proposed methods. This is because the conventional methods evaluate the AR 

coefficients at each snapshot while the new methods evaluate them once for a block of snapshots. 

� Improving the Spatial Spectrum of Nonuniform Linear DIFAR Sonobuoy Arrays:  

A new DOA estimation called FOC-BF was developed to improve the spatial spectrum 

provided by CBF when nonuniform linear array of DIFAR sonobuoys is employed. By 

comparing FOC-BF and CBF, the results show how it suppresses the high sidelobes appear in 

CBF spatial spectrum at low SNR (-25, -35 and -42 dB). Furthermore, FOC-BF delivers DOA 

estimates with higher probability of success than the CBF method at very low SNRs (i.e. less than 

-35 dB).  The price of this outstanding performance is that FOC-BF has more computational 

burden compared to CBF due to evaluating the spatial spectrum at each angle with higher 

dimension matrices.  

To mitigate the problem of the computational complexity associated with FOC-BF, a new 

method called WFOC-BF was presented. The simulation results showed that the WFOC-BF 

significantly reduces the computations required by the standard FOC-BF while offering the same 

performance in terms of spatial spectrum and MSE especially in low SNR. 
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5.3 Recommendations for Future Research. 

This work was proposed to mitigate some particular problems of underwater localization in 

passive sonar systems. In this section, we address other problems that can be investigated in 

future studies. 

� Spatial Interpolation of Uniform Towed Arrays 

In practice, hydrophones of towed arrays are suffering from either a faulty gain or excessive 

self-noise. These faulty hydrophones can simply be identified by a straightforward comparison of 

the short-time averaged power at each hydrophone relative to the median of the power values 

across all hydrophones. The towed array of faulty hydrophones is no longer a uniform array and 

therefore the advanced techniques like unitary ESPRIT can’t be directly employed to estimate 

high resolution DOA estimation.  

For such a problem we can use 2D- and 3D- FOS methods to cover the missing hydrophones 

data in ULA and URA, respectively. This can be done by first modeling the available 

hydrophones data then interpolating the missing data using the obtained model. Similar to spatial 

extrapolation, it is anticipated that the performance of both 2D- and 3D-FOS methods will 

outperform the conventional linear prediction techniques.       

� Multiple Target Localization Based Nonuniform Linear Array of DIFAR 

Sonobuoys 

We proposed new approaches or the so called FOC-BF and WFOC-BF to estimate the DOA 

throughout a nonuniform linear array of DIFAR sonobuoys in Chapter 4. The main interest of the 

proposed methods was to improve the spatial spectrum of the CBF method when a single target is 

considered. A further research work can be conducted to study the performance of these methods 

in case of multiple sources. It is expected that FOC-BF will have higher spatial resolution than 

CBF because it forms a larger aperture array of virtual sensors. 
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� Widely Spaced Arrays of DIFAR Sonobuoys 

In Chapter 4, we constrained our work on a class of nonuniform linear arrays called MRLA. 

MRLA is a class of nonuniform linear arrays that has at least one interelement distance equal to 

half the wavelength and consequently it doesn’t suffer from the spatial aliasing problem (i.e. its 

spatial spectrum doesn’t have sidelobes or the so called grating lobes are higher than the main 

lobe even in high SNR).  If beamforming techniques like CBF and FOC-BF are applied directly 

to widely spaced DIFAR sonobuoy arrays, they will fail to estimate the DOA because of the 

ambiguity existing in their spatial spectrum due to the spatial aliasing problem. Therefore a 

preprocessing stage should be applied to such arrays before employing the beamforming 

techniques. This preprocessing stage should map the widely spaced array to a narrower spaced 

array using an appropriate transformation. The main challenge of this approach is to develop the 

transformation scheme that minimizes the mapping errors. 
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