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Abstract

In this thesis, I investigate the behavior of rational individuals making decisions in-

volving externalities and explain why seemingly irrational behavior can be the result

of the decisions of rational individuals. In particular, I consider two kinds of exter-

nalities: an information externality and an action externality.

In Chapter two, I characterize the equilibria of a dynamic game with an infor-

mation externality and an action externality where players with private information

make decisions in a sequential but exogenous order. I investigate the effects of differ-

ent job evaluation criteria on the players’ behavior in a two-stage model. I find that if

the evaluation is based on a relative measure instead of an absolute measure, herding

may occur much earlier, resulting in less efficient information aggregation and heavier

loss in social welfare.

In Chapter three, I characterize the asymmetric pure strategy equilibria of a dy-

namic game with a pure information externality where players choose whether to
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invest as well as when to invest. I find that any asymmetric pure strategy equilib-

rium is more efficient than the symmetric mixed strategy equilibrium which is the

focus of the existing literature. I also find that when players become very patient,

the least efficient asymmetric pure strategy equilibrium resembles those equilibria in

an exogenous timing model where players make decisions one by one in an exogenous

order.

In Chapter four, I analyse the voters’ decision to vote in large elections. I reex-

amine the paradox of voting by incorporating modern psychological and sociological

findings and model elections as something similar to spectator sports events. I find

that in large elections, the voting rate is significantly different from zero, and thus

voting in large elections is justified. Moreover, the voting rate is higher for the can-

didate who has more supporters. Using the polls before the election as a proxy for

the number of supporters a candidate has, I show that the data from the 2004 US

Presidential Election support this theory.
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Chapter 1

Introduction

In this thesis, I investigate several occurrences of seemingly irrational individual be-

havior and establish various game theoretic models to rationalize them. When one

individual takes an action, he may impose some externality to the other individuals.

This externality could be of different types. For example, it could be an information

externality where his action reveals information that affects the payoffs of other in-

dividuals; or it could be an action externality where his action affects the payoffs of

other individuals directly. Both of these two types of externalities are considered in

this thesis. I will analyze several different situations where an information externality

and/or an action externality are present.

In Chapter two, I analyze the phenomenon of herd behavior where individuals

imitate their predecessors in a sequential decision making process. The individuals

are able to observe the actions of their predecessors and update their information
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according to their strategies and the Bayes’ rules. Those individuals can rationally

evaluate their expected payoffs of different actions using all information available

to them in the decision making process. How would those individuals make use of

the revealed information in such situations? Can they utilize the information in an

efficient way? Why is it optimal for them to behave in a seemingly irrational way?

These interesting questions will be investigated in this chapter.

The individuals (the players) in this game receive a private signal about an un-

known underlying state. They make a binary choice of whether or not to act according

to an exogenous timing and only one player is able to act in each period. The earlier

players’ decisions (but not their private signals) are observable to all other players.

The expected payoff of each player may depend on other players’ actions directly

(which is the action externality), or indirectly through other players’ private signals

(which is the information externality).

This chapter is related to two streams of the herd behavior literature. One stream

is about informational herding, where herding is driven by information aggregation

inefficiencies (see Banerjee (1992) and Birchandini, Hirshleifer and Welch (1992),

the latter of which will be referred to as BHW (1992) from now on). The other

stream is about reputational herding, where herding is driven by career concerns (see

Scharfstein and Stein (2000)). The contribution of this chapter is to combine the

features of both streams of the literature.

I first study the one-stage benchmark model. This benchmark model is closely
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related to the informational herding literature. I use a discrete signal space instead of

the continuous signal space in Banerjee (1992) to make the analysis more tractable.

As a result, the equilibrium strategies of the players can be characterized fully and

easily.

Second, I extend the one-stage model to two stages. The replacement of players

occur in the second stage according to one of two different criteria, the absolute per-

formance measure which I call the “best absolute performers continue” criterion, and

the relative performance measure which I call the “best relative performers continue”

criterion. These criteria are the focus of this chapter. It is of interest to investigate

how the replacement criteria influence an individual’s decision in the first stage. The

results show a large discrepancy when different criteria are used: the absolute crite-

rion gives an equilibrium resembling the benchmark one-stage model where herding

is likely to occur in later periods; the relative criterion results in a rather surprising

equilibrium where herding may occur from the beginning. The intuition is that the

fear of losing their jobs in the second stage distorts the players’ incentives in taking

the right action in the first stage.

This model can be applied to many situations, such as diners’ choice in picking

a restaurant, investors’ decision on investing on a certain type of mutual funds, and

scholars’ selection of a certain topic. Since relative performance evaluations are very

common in the workplace and especially on Wall Street, it may have helped the spread

of wrong judgments on the subprime mortgages and thus helped contributing to the
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financial crisis of 2008.

In Chapter three, I continue to analyze the phenomenon of herd behavior, and

more interestingly, the phenomenon of bunch behavior (or bunching). Bunching refers

to the phenomenon that only a subgroup of players make decisions in a certain period,

while all the other players wait regardless of their private information. Part of the

setup of this game is the same as in Chapter two. Each player receives a private

signal about the underlying state and the information structure is the same. However,

instead of making decisions according to an exogenous timing, which is labeled as the

exogenous timing model in this chapter, the players are assumed to be able to choose

a time to act, which is labeled as the endogenous timing model. This is a pure

information externality game where one player’s payoff is affected by other players’

private information.

This chapter is closely related to the literature on endogenous timing models.

Chamley and Gale (1994) are the first to employ an endogenous timing model to

investigate the optimal investment issue. They analyze an N-player investment game

with a pure information externality. An unknown number of investment options are

held by these N players, and the expected payoff of each player depends on the total

number of options. They focus on the symmetric mixed strategy equilibrium of the

game. In fact, the literature on endogenous timing models mainly emphasizes sym-

metric equilibria. In this chapter, I focus on the asymmetric pure strategy equilibria

of my endogenous timing model.
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It is interesting to note how players coordinate in different types of models. In

an exogenous timing model, agents make decisions one by one (see Banerjee (1992),

BHW (1992)). In a symmetric pure or mixed strategy equilibrium of an endogenous

timing model (see Chamley and Gale (1994)), all agents use the same strategy and

act simultaneously. The intermediate case, where only a subgroup of agents optimally

make decisions at one time, has not been studied. It is shown in this chapter that

the asymmetric pure strategy equilibria display the property in the intermediate case,

which I call “bunching”.

In these asymmetric equilibria, starting from the first period, only a subgroup

of players make decisions (i.e., bunch). The rest of the players (who have not yet

invested) just wait and observe the actions of these players. When players bunch,

they make their decisions at the same time (but their decisions may not be the

same). When players herd, they make the same decision regardless of their private

information. In any of the following periods, if enough of the players in the previous

bunch invest, then all other players will invest in this period, causing the herding of

investment to occur; if enough of the players in the previous bunch do not invest,

then no other players will ever invest, causing the herding of no-investment to occur;

in the intermediate cases, bunching will occur again. These actions repeat recursively

in the game.

These asymmetric pure strategy equilibria have many distinct properties. One

main result is that any asymmetric pure strategy equilibrium is more efficient than
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the symmetric mixed strategy equilibrium. This is because in a symmetric mixed

strategy equilibrium, in any period the players use a mixed strategy, the players are

indifferent between investing in the current period and waiting until the next period

for more information before making a decision. The benefit of waiting for more

information is canceled out by the effect of discounting. However, in an asymmetric

pure strategy equilibrium, this benefit overweighs the discounting.

Another main result is that when players become very patient, the least efficient

asymmetric pure strategy equilibrium resembles the equilibrium in an exogenous tim-

ing model, where only one player makes a decision in one period. Note that this one-

player-per-period decision making process is an assumption in that model, while it is

an equilibrium outcome in my model. In addition, all other asymmetric pure strategy

equilibria are more efficient than the equilibrium in an exogenous timing model, since

it is the least efficient asymmetric equilibrium that has the same efficiency as the

equilibrium in an exogenous timing model.

This model has a wide range of applications. For instance, when a new product is

introduced in the market, the consumers want to decide whether and when to purchase

it. Each consumer has some incentive to wait for more information regarding the

quality of the product to make a better informed decision. However, they suffer from

the effect of discounting by waiting. Investors investing in a new industry, financial

institutions adopting a new financial innovation, hospitals procuring a new medical

instrument all face a similar trade-off.
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In Chapter four, my co-author Ruqu Wang and I analyze the paradox of voting.

The basic assumption in the voting literature is the rationality of the voters. The

initial “rational choice model” by Downs (1957) and Tullock (1967) uses an expected

utility framework. However, it leads to a pathological conclusion that it is irrational

for a voter to vote in large elections. This is because if a voter votes in the hope of

casting a decisive vote, a small cost will dissuade him from voting as the probability

of casting a decisive vote is close to zero in large elections.

Papers have spawned in this area to resolve this paradox. One way to help explain

the paradox is to add a term D to the original rational choice model (see Riker and

Ordershook (1968), Ordershook (1968), and Blais (2000)). They argue that this term

captures the voter’s satisfaction, or the sense of duty. This positive D term is useful

in explaining the high turnout rate. However, it is being criticized as destroying the

predictive power of the model.

In this chapter, we use a model of an action externality to analyze the paradox of

voting. We continue to build on the principles of the rational choice model but assign

a new meaning to the D term by making use of the modern sociological and psycho-

logical findings. Most closely related is the literature studying the spectatorship in

sports events. We model elections as similar to the sports events based on two key

similarities. First, suspense is an important factor in attracting spectators. It plays

a similar role in elections, as the turnout rate is high when suspense is high and it is

low when suspense is low. Second, the spectators enjoy the excitement significantly
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more if they identify to themselves as fans of a particular team by watching in the

stadium than watching on TV or learning the results in the newspapers. Elections

are much alike. The two factors are modeled as the suspense effect and the group

effect in the model, which are the main elements of the new D term in our model.

One major result is that with the presence of these two effects, the turnout rate

is significantly above zero, regardless of the probability of winning of one’s preferred

candidate. A second result is that the turnout rate is higher for the candidate with

a higher supporting rate. This is mainly because of the group effect which serves as

a positive action externality.

We use data from the 2004 US Presidential Election to test the theory empirically.

The first result can be verified easily since the turnout rate is never near zero. For the

second result, we use the pre-election poll result as a proxy for the supporting rate

of each candidate. The data shows that over 72.5% of the cases, the candidate with

higher supporting rate also has a higher turnout rate, which is consistent with our

theory. We run a regression to test the relationship between the voting rate difference

and the indicator function of the supporters difference. The result indicates that these

two variables are positively correlated and the coefficient is statistically significant at

the 90% confidence level. This provides evidence for the conclusion that the voting

rate is higher for the candidate with more supporters.
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Chapter 2

Job Evaluation and Herding

2.1 Introduction

One fundamental assumption in economic models is the rationality of the decision

makers, who evaluate their rational expected payoffs using all information available

efficiently in the decision making process. One phenomenon that contrasts with this

principle is herd behavior: individuals imitate their predecessors in making decisions,

disregarding their own private information. How individuals process information in

such situations, whether they utilize information in an efficient way, and why it is

optimal to behave in such a way are of interest to investigate.

Herd behavior was typically used to refer to the phenomenon of a group of animals

fleeing a predator. In the often cited article “Geometry For The Selfish Herd,” evo-

lutionary biologist W. D. Hamilton (1971) stated that each individual group member
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reduces the danger to itself by moving as close as possible to the center of the fleeing

group. Thus the herd appears to act as a unit in moving together, but its function

emerges from the uncoordinated behavior of selfish individuals.

The term “Herd Behavior” describes how individuals in a group can act together

without planned direction, and it pertains to the behavior of animals in herds, flocks,

and schools, and to human conduct during activities such as stock market bubbles and

crashes, street demonstrations, sports events, episodes of mob violence and even ev-

eryday decision making and opinion forming. More formally in economics, herding is

often defined as the optimality for subsequent individuals to follow their predecessors

in the sequential decision making process, ignoring their own private information (see

Banerjee (1992)). Bikhchandani, Hirshleifer and Welch (1992) refer to the resulted

situation after herding occurred as an information cascade.1

Herd behavior may occur frequently in everyday decisions as a result of learning

from the information of others, such as when a diner decides which of the two restau-

rants to dine in. Suppose that both look appealing, but both are empty because it

is early evening; so at random, the person chooses restaurant A. Soon a couple walks

down the same street in search of a place to eat. They see that restaurant A has a

customer while B is empty, and choose A as it now appears to be a better choice. And

1Herding and information cascades have been investigated by many researchers. Cao, Han and
Hirshleifer (2011) show that even if players can communicate with each other regarding their payoffs
from past choices, herding can still occur, but cannot last forever. Khanna and Mathews (2011)
study a model in which players’ actions may affect each other’s payoffs. They find that a leader may
spend more to get more precise information to avoid the adverse effect of actions being copied, and
this information gain can dominate the information loss from herding.
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so on with other passersby into the evening, with restaurant A doing more business

that night than B.

As another example, stock market trends often begin and end with stages of

frenzied buying (bubbles) or selling (crashes). Many people cite these episodes as

clear examples of herd behavior that is irrational and driven by emotion – greed in

the bubbles, fear in the crashes. Individual investors join the crowd of others in a

rush to get in or out of the market.2

In addition to the above two examples, herd behavior is seen in many other places:

in daily life, at work, at school, and etc. Even though the consequences of herding in

many cases are insignificant, they are quite prominent and sometimes even dangerous

to the society in other cases.

One such case, the main motivation for this chapter, arose from the subprime

mortgage crisis in the U.S. in 2008. The crisis began when the US housing bubble

started to burst and borrowers of “subprime” and adjustable rate mortgages (ARM)

started to default. When housing prices rose steadily, by loan incentives, such as easy

initial terms, borrowers were encouraged to accept mortgages that were difficult to pay

back by their normal income on the belief that they would be able to quickly refinance

at more favorable terms. However, once housing prices started to drop moderately

in 2006–2007 in many parts of the U.S., refinancing became more difficult. Defaults

and foreclosure activities increased dramatically, as easy initial terms expired, home

2See Brunnermeier (2001) for a more detailed analysis.
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prices failed to go up as anticipated, and ARM interest rates reset higher. Foreclosures

accelerated in the United States in late 2006 and triggered a global financial crisis

through 2007 and 2008.

The reasons for this crisis were varied and complex. The crisis could be attributed

to a number of factors, such as the inability of homeowners to make their mortgage

payments; poor judgment by the borrower; and mortgage incentives such as “teaser”

interest rates that later rose significantly. Furthermore, declining home prices made

re-financing more difficult.

The crisis could not have happened without the help of poor judgment by the

mortgage companies. It is commonly believed that the undervaluation of real risk

in the subprime market ultimately resulted in this crisis. How could so many mort-

gage companies (financial institutions) undervalue the risk in the subprime market at

about the same time? Was this another example of herd behavior? In this chapter,

I explore the possible explanations to these questions using a two-stage model of dy-

namic decision making. The model can be applied to the subprime mortgage crisis

phenomenon, as well as other situations in which one agent’s action may affect other

agents’ utilities in a direct and an indirect way.

This chapter belongs to the literature of modeling herd behavior as rational ac-

tions. It contributes to the literature by combining features of two streams of the

literature. One stream is labeled as informational herding (see Banerjee (1992), and
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BHW (1992)), where the players herd because of information aggregation inefficien-

cies. The other is labeled as reputational herding, where the players herd because of

career concerns (see Scharfstein and Stein (1990)). Scharfstein and Stein (1990) base

their theory on agency problem. In their model, the agents have incentive to convince

a principal that they are right. This distorts the incentives for revealing their private

information, and it plays an important role in generating the herd behavior in their

model. In Banerjee (1992) or BHW (1992), there is no such distortion. A player’s

payoff is not affected by other players’ actions. Both papers show that herd behavior

may result from private information not publicly shared. Individuals, acting sequen-

tially on the basis of private information and public knowledge about the behavior of

others, may end up choosing the socially inefficient outcome. The literature on herd

behavior is also related to information aggregation in market contexts. Grossman

and Stiglitz (1976), for example, show that uninformed traders in a market context

can become informed through the price in such a way that private information is

aggregated correctly and efficiently.3

In this chapter, I first study a one-stage model, which serves as the benchmark

model. This benchmark model is closely related to Banerjee (1992). I use a discrete

signal space instead of the continuous signal space in Banerjee (1992) to make the

analysis more tractable. As a result, the equilibrium strategies of the players can be

characterized fully and easily.

3A review of the progress of this strand of the literature can be found in the paper by Plott
(2000).
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Second, I extend the one-stage model to two stages. The replacement of players

occur in the second stage according to one of two different criteria, the absolute per-

formance measure which I call the “best absolute performers continue” criterion, and

the relative performance measure which I call the “best relative performers continue”

criterion. These criteria are the focus of this chapter. It is of interest to investigate

how the replacement criteria influence an individual’s decision in the first stage. The

results show a large discrepancy when different criteria are used: the absolute crite-

rion gives an equilibrium resembling the benchmark one-stage model where herding

is likely to occur in later periods; the relative criterion results in a rather surprising

equilibrium where herding may occur from the beginning. The intuition is that the

fear of losing their jobs in the second stage distorts the players’ incentives in tak-

ing the right action in the first stage. Since relative performance evaluations are very

common (if not outright predominant) in the workplace and especially on Wall Street,

it may have helped the spread of wrong judgments in the subprime mortgages and

thus helped contributing to the financial crisis of 2008.

In what follows, I first investigate the one-stage benchmark model of herd behavior

in Section 2. I then extend it to two stages with different job replacement criteria in

Section 3. I conclude in Section 4.
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2.2 The Basic One-Stage Model

Suppose that there are n players. These players decide sequentially according to a

predetermined order on whether or not to act, such as whether or not to offer a

subprime mortgage or whether or not to invest. Denote the action as Investment in

the rest of this chapter. Let the first player be player 1, the second player be player

2, etc. The outcome of every player’s investment is the same, and is determined by

the state of the economy. This state of the economy can be good or bad, denoted as

G and B, respectively.4 If state G occurs (with probability q), every invested player

earns πG > 0; if state B occurs (with probability 1 − q), every invested player earns

πB < 0. Before a player makes his investment decision, he receives a private signal s,

where s can take one of two values, g or b. This signal is an imprecise measure of the

state with the following conditional probabilities.

Pr(s = g|state = G) ≡ Pr(g|G) = p >
1

2
;

Pr(s = b|state = G) ≡ Pr(b|G) = 1− p;

Pr(s = b|state = B) ≡ Pr(b|B) = p;

Pr(s = g|state = B) ≡ Pr(g|B) = 1− p.
4I can change the outcome state space to a continuous one, and similar results can be obtained

if I modify the assumptions on discrete states for the continuous states.
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Here, I assume that the signal precision in either state G or B is the same, for

simplicity. I further assume that, conditional on the state, the signals are distributed

independently across the players.

The timing of the game is as follows. First, nature chooses state G or B randomly.

Then the first player receives a signal, and decides on whether or not to invest.

Observing the first player’s action, the second player receives a signal and decides on

whether or not to invest, and so forth, while observing the first n−1 players’ actions,

the nth player decides on whether or not to invest. The state of the economy is then

revealed. If it is G, any player who invested earns πG; if it is B, any player who

invested earns πB. Any player who did not invest earns 0. Discounting is irrelevant

in this game as players cannot choose when to act.

Throughout this and the next chapters, I focus on the Perfect Bayesian Equilibria

of the models. In a Perfect Bayesian Equilibrium, in every period, players form

beliefs using the Bayes’ rule given the strategy profiles of the players, and players act

optimally given these beliefs and the strategy profile of other players.

Let Y denote invest, and N denote not invest. Consider the first player. If he

receives g, a good signal, then the probability that the state is G is

Pr(G|g) =
Pr(g|G) Pr(G)

Pr(g|G) Pr(G) + Pr(g|B) Pr(B)
=

pq

pq + (1− p)(1− q)
,
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and Pr(B|g) = 1− Pr(G|g). In this case, his expected profit from the investment is

π1 (Y |g) = Pr(G|g)πG + Pr(B|g)πB.

Similarly, if the first player receives b, a bad signal, then the probability that the

state is G is

Pr(G|b) =
Pr(b|G) Pr(G)

Pr(b|G) Pr(G) + Pr(b|B) Pr(B)
=

(1− p)q
(1− p)q + p(1− q)

,

and Pr(B|b) = 1− Pr(G|b). In this case, his expected profit from the investment is

π1 (Y |b) = Pr(G|b)πG + Pr(B|b)πB.

Since p > 1
2
, then Pr(G|g) > Pr(G|b), and thus

π1 (Y |g) > π1 (Y |b) .

If both π1 (Y |g) and π1 (Y |b) are positive (or negative), the first player will always

invest (or not invest), revealing no information about his private signal, and resulting

in all of the subsequent players doing the same as well. These are trivial situations.
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From now on, I will focus on the more interesting case:

Pr(G|g)πG + Pr(B|g)πB > 0, (A1)

Pr(G|b)πG + Pr(B|b)πB < 0. (A2)

In this case, the first player invests when he receives a good signal, and does not

invest when he receives a bad signal. (I will state this result in the following lemma.)

In addition, I assume that

Pr(G)πG + Pr(B)πB < 0. (A3)

Ex ante (before he receives any signal), it is not optimal for him to invest.5 Note that

(A3) implies (A2).

Lemma 1. Given Assumptions (A1) and (A2), the first player will invest when he

receives signal g, and will not invest when he receives signal b.

Now consider the second player. Suppose first that the first player invested. Then

it signals that the first player received g. If the second player also receives g, then the

probability for the state being G is even higher than what the first player thought,

i.e., Pr(G|gg) > Pr(G|g), and in this case, he should invest.

5If (A3) does not hold, that is, if Pr(G)πG + Pr(B)πB > 0, I can perform a parallel analysis and
obtain similar results. These results are stated at the end of this section.
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If the second player receives a bad signal b, then the probability that the state is

G given the first player’s g is given by

Pr(G|gb) =
Pr(gb|G) Pr(G)

Pr(gb|G) Pr(G) + Pr(gb|B) Pr(B)

=
p(1− p)q

p(1− p)q + p(1− p)(1− q)
= q = Pr(G).

Basically, a good signal and a bad signal cancel each other’s effect. Note that this

is true only when each signal has the same precision in predicting the state. Given

Assumption (A3), the second player should not invest. Similarly, I have Pr(G|bg) =

Pr(G), and Pr(G|bb) < Pr(G) < Pr(G|g). I therefore have the following lemma.

Lemma 2. Suppose that Assumptions (A1) and (A3) hold. Given that the first

player invested, if the second player receives g, then he will invest; if the second

player receives b, then he will not invest. Given that the first player did not invest,

the second player will not invest regardless of the signal he receives.

The intuition behind this lemma is that one good signal cancels one bad signal,

and at least one net good signal is needed for a player to invest. Therefore, one good

signal and one bad signal (which is equivalent to no signal) is not good enough for

the player to invest given Assumption (A3). The only situation for the second player

to invest is when both the first and the second players received good signals.

Now consider the third player. Suppose that both previous players invested, which

indicates that both players have received good signals. Then he will invest when he
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receives a good signal, since Pr(G|ggg) > Pr(G|g). What happens when the third

player receives a bad signal? He will still invest, because

Pr(G|ggb) =
Pr(ggb|G) Pr(G)

Pr(ggb|G) Pr(G) + Pr(ggb|B) Pr(B)

=
p2(1− p)q

p2(1− p)q + p(1− p)2(1− q)
=

pq

pq + (1− p)(1− q)
= Pr(G|g).

Therefore, the third player will invest regardless of his own signal, and his action is

not informative.

Now what happens if the first player invested but the second player did not? This

indicates that the first player received a good signal and the second player received a

bad signal. Then the third player will invest if he himself receives a good signal, since

Pr(G|gbg) = Pr(G|g). And the third player will not invest if he himself receives a

bad signal, since Pr(G|gbb) = Pr(G|b). To sum up, the third player will do the exact

thing as the first player since a good signal and a bad one cancel out each other’s

effect.

To generalize the above arguments, I assess that m1 good signals and m2 bad

signals are equivalent to m1 −m2 good signals (if m1 ≥ m2) or m2 −m1 bad signals
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(if m1 < m2). This is because

Pr(G|
m1︷︸︸︷
g...g

m2︷︸︸︷
b...b) =

Pr(

m1︷︸︸︷
g...g

m2︷︸︸︷
b...b|G) Pr(G)

Pr(

m1︷︸︸︷
g...g

m2︷︸︸︷
b...b|G) Pr(G) + Pr(

m1︷︸︸︷
g...g

m2︷︸︸︷
b...b|B) Pr(B)

=
pm1(1− p)m2q

pm1(1− p)m2q + pm2(1− p)m1(1− q)

=
pm1−m2q

pm1−m2q + (1− p)m−1−m2(1− q)
= Pr(G|

m1−m2︷︸︸︷
g...g ). (2.1)

I have the following proposition.

Proposition 1. Suppose that Assumptions (A1) and (A3) hold. If the first two

players both invest, then all subsequent players will invest regardless of their own

signals. If the first player does not invest, then no subsequent players will invest. In

general, if the number of investing players exceeds the number of non-investing players

by at least 2, then all subsequent players will invest; if the number of non-investing

players exceeds the number of investing players by at least 1, then no subsequent

players will invest; if the number of investing players is the same as or one more than

the number of non-investing players, then the subsequent player will invest if and only

if he receives g.

The argument for the above proposition is quite intuitive. For the first player, he

invests when his signal is good and does not invest when his signal is bad. His action

is informative. For the second player, given the first player’s good signal, he invests

if his own signal is good, and does not invest if his own signal is bad. So in this case,
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the second player’s signal is also informative. But if the first player’s signal is bad,

then the second player will not invest regardless of his own signal, and his action is

not informative.

Starting with the third player, if he infers two net good signals from actions of the

previous players, he will invest regardless of his own signal. If he infers one net bad

signal, he will not invest regardless of his own signal. The only time his own signal

matters is when there are equal number of good and bad signals from the previous

players; in this case, he invests if his own signal is good and does not invest if his

own signal is bad. I have the following possible outcomes. (Y=invest, N=not invest,

∗=any signal.)

Y Y Y...Y ⇐⇒ gg ∗ ...∗

NNN...N ⇐⇒ b ∗ ∗...∗

Y N...Y NY Y Y...Y ⇐⇒ gb...gbgg ∗ ...∗

Y N...Y NNN...N ⇐⇒ gb...gbb ∗ ...∗

Y NY N...Y N ⇐⇒ gbgb...gb

The last case is the only case where herding does not occur. In all other cases, herding

occurs; starting at some point, subsequent players ignore their own signals and follow

the decision of their previous player.
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Now I consider the case where (A3) does not hold, that is, when

Pr(G)πG + Pr(B)πB > 0. (A3’)

This implies that ex ante, it is profitable for the players to invest. Since (3.1) still

holds, which means a bad signal cancels out a good signal, players observing equal

number of good signals and bad signals will invest in this case, in contrast to the

previous analysis. Note that (A3’) implies (A1). Because of the symmetry in the two

cases, I can obtain the following proposition by performing a parallel analysis.

Proposition 2. Suppose that Assumptions (A2) and (A3’) hold. If the first two

players both do not invest, then all subsequent players will not invest regardless of

their own signals. If the first player invests, then all subsequent players will invest.

In general, if the number of non-investing players exceeds the number of investing

players by at least 2, then all subsequent players will not invest; if the number of

investing players exceeds the number of non-investing players by at least 1, then all

subsequent players will invest; if the number of non-investing players is the same as

or one more than the number of investing players, then the subsequent player will

invest if and only if he receives g.

From the above results, in equilibrium, only the first few signals are likely to be

utilized in the game. Therefore, even if there are many players, their actions are

likely based on a very limited number of signals. As such, the players’ actions cannot
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aggregate the players’ private information, and thus the equilibrium outcomes are

likely to be very inefficient.

2.3 Two-Stage Models

In this section, I will extend the above one-stage game to a two-stage one and explore

the effects of different job replacement schemes on herding. A player would be replaced

in the second stage if his investment performance in the first stage is bad in either

absolute or relative terms.

Consider a two-stage model with the state of economy S = G,B distributed i.i.d.

across the two stages. In each stage, a player’s timing of action is predetermined (but

completely random ex ante) as before, and the timing of action in the second stage

is completely independent of the first stage. I continue to assume (A1) and (A3) as

in the previous section. Assume that there is no discounting.

First, I consider the case of no replacement of players, that is, all players con-

tinue to be in the second stage regardless of their performance in the first stage.

Then nothing differs from the one-stage model except that the game is now played

(independently) twice.

Lemma 3. Consider the above two-stage model with no replacement of players. Then

in each stage, the strategy of each agent is the same as in the one-stage model.

Now consider a two-stage model with replacement of players. I consider two
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different replacement schemes, depending on whether the performance is evaluated

in absolute terms or relative terms.

2.3.1 Best Absolute Performers Continue

The first replacement scheme is called “best absolute performers continue.” Best

absolute performers are those players who invest in the first stage and the state turns

out to be G, and do not invest and the state turns out to be B; that is, the best

absolute performers are those who turn out to have made correct investment decisions

ex post. I assume that only these players continue in the second stage and all other

players are fired (and earn zero payoff in the second stage) and replaced by new

players.

First, some notation. Let πi2 be the 2nd stage expected profit of a player whose

moving order is the ith in the 2nd stage, πi1 be the total expected profit of a player

whose moving order is the ith in the 1st stage, and π∗ be the ex ante expected profit

in the second stage when a player does not know his moving order. Then

π∗ =
1

n

n∑
i=1

πi2

Lemma 4. πi2 > πi−1,2, ∀i ≥ 2. That is, in the second stage, a later player earns

higher expected profit than an earlier player.

Proof. First I show that π12 < π22. The expected payoff for the first two players are
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computed as

π12 = [Pr(G|g)πG + Pr(B|g)πB] Pr(g)

= Pr(G, g)πG + Pr(B, g)πB

and

π22 = Pr(G, gg)πG + Pr(B, gg)πB.

Since

Pr(S, g) = Pr(S, gg) + Pr(S, gb), S = G,B

I have

π12 − π22 = Pr(G, gb)πG + Pr(B, gb)πB

= [Pr(G|gb)πG + Pr(B|gb)πB] Pr(gb)

= [Pr(G)πG + Pr(B)πB] Pr(gb).

π12 < π22 is immediate from Assumption (A3).
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Now I compute the expected payoffs for the third player as

π32 = Pr(G, ggg)πG + Pr(B, ggg)πB

+ Pr(G, ggb)πG + Pr(B, ggb)πB

+ Pr(G, gbg)πG + Pr(B, gbg)πB

= π22 + Pr(gbg|G) Pr(G)πG + Pr(gbg|B) Pr(B)πB

= π22 + Pr(g|G) Pr(b|G) Pr(g|G) Pr(G)πG + Pr(g|B) Pr(b|B) Pr(g|B) Pr(B)πB

= π22 + p (1− p) π12.

Note that the last equality is valid because Pr(g|G) = Pr(b|B) and Pr(b|G) = Pr(g|B).

Similarly, the expected payoff for player 4 is given by

π42 = π22 + Pr(G, gbgg)πG + Pr(B, gbgg)πB

= π22 + p (1− p) π22.

In general, I have

π2k+1,2 = π2k,2 + [p (1− p)]k π12

and

π2k+2,2 = π2k,2 + [p (1− p)]k π22.

Therefore, the claim that π2k+2,2 > π2k+1,2 is immediate, since π22 > π12.
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The result is intuitive. A later player can always ignore his own signal and imitate

what the preceding player did and gets the same profit as the preceding player. But

given that the later player has more information, he will get a higher expected profit.

Lemma 5. π∗ > 0.

Proof. Since π12 = [Pr(G|g)πG + Pr(B|g)πB] Pr(g), then π12 > 0 given (A1). By the

definition of π∗ and the above lemma, I have π∗ > 0.

This result is also intuitive. Since all players can at least get zero profit by not

investing in the second stage, and the first player gets positive expected profit, the

ex ante expected profit must be positive.

Now consider the first player in the first stage. If he receives signal s1 = g, b, his

expected payoff from investing is

π11 (Y |s1) = Pr(G|s1) (πG + π∗) + Pr(B|s1) (πB + 0) ,

and his payoff from not investing is

π11 (N |s1) = Pr(G|s1) (0 + 0) + Pr(B|s1) (0 + π∗) .

Note that the players continue in the second stage only if they made the right invest-

ment decisions in the first stage.

Lemma 6. If (A1) holds, then π11(Y |g) > π11(N |g).
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Proof. By the definition of π∗ and Lemma 4, I have π∗ > π12 = [Pr(G|g)πG +

Pr(B|g)πB] Pr(g). Then

π11(Y |g)− π11(N |g)

= Pr(G|g)πG + Pr(B|g)πB + [Pr(G|g)− Pr(B|g)]π∗

> Pr(G|g)πG + Pr(B|g)πB + [Pr(G|g)− Pr(B|g)][Pr(G|g)πG + Pr(B|g)πB] Pr(g)

= [Pr(G|g)πG + Pr(B|g)πB][1 + Pr(g)(Pr(G|g)− Pr(B|g))].

Since Pr(G|g)−Pr(B|g) > −1, I have 1 + Pr(g)(Pr(G|g)−Pr(B|g)) > 1−Pr(g) > 0.

Therefore, π11(Y |g)− π11(N |g) > 0.

This lemma implies that if (A1) holds, the first player will invest after receiving

a good signal.

In the following analysis, I will make a few more assumptions to keep the analysis

tractable. First, I assume that

Pr(G)πG + Pr(B)πB + Pr(G)π∗ < Pr(B)π∗. (A4)

The above inequality can be written as π11(Y ) < π11(N). This assumption is the

two-stage parallel assumption of (A3), implying that ex ante, without any signals,

not to invest is more profitable than to invest if the job performance is evaluated by

the absolute measure at the end of the first stage. Given (A1) and (A3), a sufficient
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(but not necessary) condition for (A4) to hold is Pr(G) < Pr(B); that is, q < 1
2
.

Lemma 7. If (A4) holds, then π11(Y |b) < π11(N |b).

Proof. I have

π11(Y |b)− π11(N |b)

= Pr(G|b)πG + Pr(B|b)πB + [Pr(G|b)− Pr(B|b)]π∗.

Since Pr(G|b) − Pr(B|b) = 2 Pr(G|b) − 1 < 2 Pr(G) − 1 = Pr(G) − Pr(B), and (A3)

implies (A2), the result follows immediately.

This lemma implies that if (A4) holds, the first player will not invest after receiving

a bad signal.

Now consider the second player. If the first player receives g, and the second player

also receives g, the second player will invest since Pr(G|gg) > Pr(G|g). If the first

player receives b, and the second player also receives b, then the second player will

not invest since Pr(G|bb) < Pr(G|b). If the second player receives a different signal

from what the first player receives, a bad signal cancels out a good signal. Thus, his

payoff of investing is given by

π21(Y |s1s2) = Pr(G) (πG + π∗) + Pr(B)πB, s1 6= s2,

30



and his payoff of not investing is

π21(N |s1s2) = Pr(B)π∗, s1 6= s2.

If π21(Y |s1s2, s1 6= s2) < π21(N |s1s2, s1 6= s2), that is, if

Pr(G)πG + Pr(B)πB + Pr(G)π∗ < Pr(B)π∗,

the second player (whose signal is canceled out by the first player’s signal) will not

invest. The situation is the same as in the one stage model where it is not optimal

for a player to invest without his private signal. Note that the above inequality is

exactly (A4). Hence, the strategies of all later players are the same as in Proposition

1. I summarize these results in the following proposition.

Proposition 3. Assume that the best absolute performers continue. Given (A1),

(A3) and (A4), if the first two players both invest, then all subsequent players will

invest regardless of their own signals. If the first player does not invest, then no sub-

sequent players will invest. In general, if the number of investing players exceeds the

number of non-investing players by at least 2, then all subsequent players will invest;

if the number of non-investing players exceeds the number of investing players by at

least 1, then no subsequent players will invest; if the number of investing players is the

same as or one more than the number of non-investing players, then the subsequent
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player will invest if and only if he receives g.

Note that Proposition 3 is similar to Proposition 1, except requiring an additional

condition (A4).

Recall that Proposition 2 is parallel to Proposition 1. Here, I also have a parallel

case when (A4) is reversed; that is when π21(Y ) > π21(N), or equivalently,

Pr(G)πG + Pr(B)πB + Pr(G)π∗ > Pr(B)π∗. (A4’)

In this case, the second player will invest after inferring a different signal from the

action of the first player. I can show that if (A3’) holds, (A4’) holds automatically.

The proof is similar to the proof of Lemma 6.

Recall that (A4) implies π11(Y |b) < π11(N |b). Now that (A4) is reversed, I need

to assume that π11(Y |b) < π11(N |b) holds, which is

Pr(G|b)πG + Pr(B|b)πB + Pr(G|b)π∗ < Pr(B|b)π∗. (A5)

Assumption (A5) implies that not investing is more profitable than investing after

receiving a bad signal. Given (A2) and (A3’), a sufficient (but not necessary) condition

for (A5) to hold is q < p.

I characterize the equilibrium in this case in the following proposition.

Proposition 4. Assume that the best absolute performers continue. Given (A2),
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(A3’) and (A5), if neither the first two players invest, then no subsequent players will

invest regardless of their own signals. If the first player invests, then all subsequent

players will invest. In general, if the number of non-investing players exceeds the

number of investing players by at least 2, then all subsequent players will not invest;

if the number of investing players exceeds the number of non-investing players by at

least 1, then all subsequent players will invest; if the number of non-investing players

is the same as or one more than the number of investing players, then the subsequent

player will invest if and only if he receives g.

Note that Proposition 4 is similar to Proposition 2, except requiring an additional

condition (A5).

Off the equilibrium path, it is irrelevant what strategies and beliefs the players

are using to support the equilibrium. For simplicity, let us assume that all players

believe that all preceding players receive bad signals off the equilibrium path, and

therefore, they will not invest regardless of their own signals.

2.3.2 Best Relative Performers Continue

In this section, I will investigate another replacement scheme, called “best relative

performers continue”. “Best relative performers” refer to those who have the highest

ex post payoff from the first stage. In the extreme case this implies that even if all

players made the wrong decision in the first stage, none of them will be replaced.

This replacement method is more realistic, since in the real world, more often it
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is the relative rather than the absolute performance that matters. For instance, the

performance was really bad for many industries in 2008 because of the financial crisis.

However most of the managers were not fired.

Under this new replacement scheme, I characterize the Perfect Bayesian Equilib-

rium in the following proposition.

Proposition 5. Assume that the best relative performers continue. In equilibrium,

given that (A1), (A3) and Pr(G) (πG + π∗) + Pr(B)πB > 0 hold, the first player will

invest upon receiving a good signal and every subsequent player invests regardless

of his own signal. In contrast, the first player will not invest after receiving a bad

signal, and neither will all subsequent players regardless of their own signals. This

equilibrium is supported by the following off-equilibrium belief: if any player sees a

history of actions with a combination of investing and not investing, he believes that

all previous players receive bad signals, and therefore he will not invest.

Proof. First, consider the first player. Since in equilibrium everyone does the same

thing by following what the first player does, the first player always gets into the

second stage, and his payoff from investing is given by:

π11 (Y |s1) = Pr(G|s1) (πG + π∗) + Pr(B|s1) (πB + π∗) ,
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and his payoff from not investing is given by:

π11 (N |s1) = Pr(G|s1) (0 + π∗) + Pr(B|s1) (0 + π∗) .

Given Assumptions (A1) and (A2), it can be shown that π11 (Y |g) > π11 (N |g) and

π11 (Y |b) < π11 (N |b), that is, he invests if receiving g, and not invest if receiving b.

For the second player, his payoff is conditional on what signal the first player

receives. Given the first player receives g, the second player’s payoff from investing is

given by:

π21 (Y |gs2) = Pr(G|gs2) (πG + π∗) + Pr(B|gs2) (πB + π∗) ,

and his payoff from not investing is:

π21 (N |gs2) = Pr(G|gs2) (0 + 0) + Pr(B|gs2) (0 + π∗) .

Since π11 (Y |g) > π11 (N |g) and Pr(G|gg) > Pr(G|g), then π21 (Y |gg) > π21 (N |gg).

Also, if Pr(G) (πG + π∗)+Pr(B)πB > 0, it implies that π21 (Y |gb) > π21 (N |gb). With

these two inequalities, I find that the second player invest regardless of what signal

he receives given the fact that the first player invested.

Similarly, given the first player receives b, the second player’s payoff from investing
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is given by:

π21 (Y |bs2) = Pr(G|bs2) (πG + π∗) + Pr(B|bs2) (πB + 0) ,

and his payoff from not investing is:

π21 (N |bs2) = Pr(G|bs2) (0 + π∗) + Pr(B|bs2) (0 + π∗) .

It follows immediately that π21 (Y |bb) < π21 (N |bb) since one bad signal is enough to

induce the not-investing result.

In addition, given Assumption (A3), I have

Pr(G)πG + Pr(B)πB < 0 < Pr(B)π∗,

which can be rearranges as π21(Y |bg) < π21(N |bg). These results imply that the

second player will always not invest regardless of the signal he receives given the first

player not investing.

So far, I have shown that the second player always imitates what the first player

does regardless of his own signal, and therefore the second player’s action does not

reveal any information about his private signal. This fact leaves the third player in

the same situation as the second player, which leads to the desired result that every

subsequent player takes exactly the same action as the first player.
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What about the off equilibrium strategies for any player i? It turns out that off

the equilibrium path with both investing and not investing in the action history, the

strategies of all later players (j = i + 1, ..., n) will be irrelevant to player i’s payoff.

What matters is what player i believes after seeing such a history. For simplicity,

I assume that after seeing both Y and N in the history, player i believes that all

previous players received bad signals. Then he compares his payoffs from investing

and not investing:

πi1 (Y |b...bsi) = Pr(G|b...bsi) (πG + π∗) + Pr(B|b...bsi) (πB + 0) ,

πi1 (N |b...bsi) = Pr(G|b...bsi) (0 + 0) + Pr(B|b...bsi) (0 + π∗) .

Note in this case, player i’s payoff is similar to the case where the best absolute

performers continue except the probabilities attached are different.

The analysis above shows that under some conditions, an equilibrium can be

achieved where all players follow what the first player does, and where the first player

chooses Y after receiving g, and chooses N after receiving b. In addition to that

equilibrium, it can be proved that under some conditions I can have two other not

so natural all-herding equilibria where even the first player’s signal is not revealed,

implying a more severe inefficiency in information revelation. In the first equilibrium,

the first player chooses N regardless of the signal he receives and all other players
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follow suit and choose N . On the contrary, in the second equilibrium, all players

choose the reversed action: they all choose Y regardless of the signals they receive.

Consider the first such equilibrium. For the first player, his expected payoff is

π11 (Y |s1) = Pr(G|s1) (πG + π∗) + Pr(B|s1) (πB + 0) ,

and

π11 (N |s1) = Pr(G|s1) (0 + π∗) + Pr(B|s1) (0 + π∗) .

If s1 = b, then π11 (N |b) > π11 (Y |b) given (A2). If additionally I have

Pr(B|g)π∗ > Pr(G|g)πG + Pr(B|g)πB,

the first player will choose N even if he receives g. Since the first player’s signal is

not disclosed, the second player acts as if he were the first one, and so does every

subsequent player.

This equilibrium is supported by the following off-equilibrium belief: if any player

sees the previous player chooses Y , he believes that the previous player received a

bad signal, and therefore he will not invest.

The other equilibrium is similar except that the strategy is the opposite: everyone

invests regardless of the signal received.
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2.4 Conclusion

In this chapter, I investigate herd behavior in a sequential decision making game. In

the one-stage benchmark model, only a few early players’ actions reveal their private

signals, which are then used by later players to predict the state of the economy. At

some point, herding occurs. When herding starts, all later players ignore their private

signals and imitate what previous players do. This creates an information cascade

and the resulting outcome may be very inefficient.

Adding career concerns to this one-stage model, I investigate how different job re-

placement schemes distort the players’ incentives in their investment decisions. When

a player’s job performance is evaluated by an absolute measure, his strategy is the

same as in the one-stage model since he wants to achieve the best investment out-

come. However, if a the relative performance measure is used, the analysis shows

that the players herd even more. This is because it is beneficial to conform to what

all other players do. This creates a more inefficient herding equilibrium and a greater

information cascade (i.e., less information revelation).

The result that relative performance evaluations are less efficient than absolute

performance evaluations is just the opposite of the existing literature in the context of

labor contracts. From the seminal papers by Lazear and Rosen (1981) and Green and

Stokey (1983) to the very recent paper by Koch and Peyrache (2011), the conclusion

is always that relative evaluations are at least as good as absolute evaluations, and at
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many times can do much better. I show that in the context of information revelation,

absolute evaluations are more efficient, leading to higher social welfare. Of course,

there are some modeling differences: the model in this chapter has a dynamic setting

and theirs have a static setting; my model focuses on information revelation and theirs

focus on workers’ moral hazard issues.

Two extensions of this model can be investigated in the future research. The

first one considers more general evaluation mechanisms. For example, a percentage

criterion specifies that only a percentage of the best players will continue in the

second stage. My conjecture is that this may induce some anti-herding behavior;

that is, later players may do the opposite of what the majority of the previous players

have done. Another extension is to empirically test this theory. It is of interest to find

out whether relative performance evaluations will induce more herding than absolute

performance evaluations in real life situations.
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Chapter 3

Dynamic Equilibrium Bunching

3.1 Introduction

Frequently in life, firms or individuals need to make Yes or No decisions under un-

certainty. For example, one needs to decide on whether or not to purchase a newly-

released cell phone, whether or not to go to the cinema to watch a new movie, or

whether or not to make an investment. These decisions involve risk, since the out-

comes are uncertain.

In this kind of environment, an agent could benefit from the observations of other

agents’ actions, as those actions could reveal information which is useful to the agent.

The existing literature has focused on herd behavior; when later investors observe

many investments (or no-investments) made by earlier investors, they ignore their

own private information and follow suit. An important setup in a typical herding
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model is that players make their choices according to an exogenous order; they must

act in their exogenously determined time slot, no sooner and no later. I categorize

this type of models as the exogenous timing models.1

Chamley and Gale (1994) are the first to employ an endogenous timing model to

investigate the optimal investment issue. They examine a model where an unknown

number of investment options are held by a certain number of players, and the ex-

pected payoff of each individual depends on the total number of options. They focus

on a symmetric mixed strategy equilibrium of that model.

In an exogenous timing model, agents make decisions one by one. In a symmetric

pure or mixed strategy equilibrium of an endogenous timing model, all agents use the

same strategy and act simultaneously. The intermediate case, where only a subgroup

of agents optimally make decisions at one time, has not been studied.

I investigate this phenomenon in this chapter. In my endogenous timing model of

pure informational externality, players choose whether and when to invest. A player

possesses private information (good signal or bad signal) which could be revealed

to other players through his action. Therefore, a player must balance the effect of

discounting and the incentive to wait for more information to be revealed. I find that

in the asymmetric pure strategy equilibria of my model, players make decisions in

subgroups, until herding occurs.

More specifically, in these asymmetric equilibria, starting from the first period,

1See Banerjee (1992) and Bikhchandani, Hirshleifer and Welch (1992) for the pioneer work on
the exogenous timing models.
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only a subgroup of players make decisions. The rest of the players (who have not

yet invested) just wait and observe the actions of these players. I term this behavior

“bunching”, and the subgroup of players making decisions in a given period a “bunch”.

When players bunch, they make their decisions at the same time (but their decisions

may not be the same). When players herd, they make the same decision regardless

of their private information.

If enough of the players in a given bunch invest, revealing that they have received

good signals, then herding of investment occurs, meaning that the rest of the players

will invest in the next period. If enough players in the bunch do not invest, then

herding of no-investment occurs, meaning that the rest of the players will never invest

in any future periods. Lastly and importantly, if only an intermediate number of

players invest, then another bunch will form in the next period. This pattern will

continue recursively until there are no undecided players left in the game.

These asymmetric pure strategy equilibria have many unique properties. First,

bunching occurs in all of these asymmetric equilibria. It occurs at least in the first

period. Bunch sizes are uniquely and endogenously determined. A larger bunch

reveals too much information and even a bunch member would like to wait. A smaller

bunch reveals too little information and a player outside the bunch does not want

to wait. These incentives uniquely pin down the equilibrium bunch size in any given

period.

Second, each of these asymmetric equilibria is more efficient than the symmetric
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mixed strategy equilibrium.2 Players using mixed strategies can only achieve the

payoffs of investing in the period they randomize. This means that the benefits

of investing later (from more revealed information) are completely canceled by the

discounting. This is not the case in the asymmetric equilibria. Players outside a

bunch can benefit from the information revealed in the bunch and earn higher payoffs

in the equilibrium.

Third, when players are patient enough, the least efficient asymmetric equilibria

produces outcomes resembling those in an exogenous timing model. In the equilib-

rium, only one player makes a decision in each period (i.e., the bunch size is one in

every period) until herding occurs. This one-per-period decision making is an equi-

librium result in my model, while it is assumed in an exogenous timing model. A

symmetric mixed strategy equilibrium does not produce such outcomes because of

the randomness in the outcomes.3

Fourth, in the most efficient equilibrium, bunching occurs most often and herding

occurs least often. In this equilibrium, as long as herding on no-investment does not

occur, players make their investment decisions one by one according to their private

signal, and herding on investment completely disappears. The information revelation

is maximized in this way, and the equilibrium outcome is more efficient than the one

obtained from the exogenous timing model, where herding occurs most often. These

2I need to forbid investment from the players with bad signals to make my model comparable to
Chamley and Gale (1994) in this comparison.

3The symmetric mixed strategy equilibrium I refer to in this chapter is the one characterized in
Chamley and Gale (1994), unless otherwise specified.
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results are specific to the asymmetric pure strategy equilibria. A symmetric mixed

strategy equilibrium cannot be easily linked to the outcomes of an exogenous timing

model.

Finally, the asymmetric pure strategies in the equilibrium for all players (except

the last bunch if undersized) are upward independent of the number of players. Con-

sider the asymmetric equilibrium strategies of the players when there are n players

in the game. Then the strategies of these (old) players (except the last bunch if

undersized) can be used to construct a new asymmetric pure strategy equilibrium in

a game with more than n players (when additional players are added in), with the

old players’ strategies and information updating exactly the same as before. This

property allows us to apply the asymmetric pure strategies to situations where new

players may arrive in later periods in the game. Characterizing a symmetric mixed

strategy equilibrium would be an immense task in such situations.

It is interesting to note how information is revealed in a bunch. Knowing the

bunch size, one can deduce from the actions of the players in the bunch how many

of them received good signals and how many did not, since players with different

signals will act differently in a bunch. Seeing someone invest in a bunch is the same

as seeing a good signal, while seeing someone not invest in a bunch is the same as

seeing a bad signal. Players not in a particular bunch do not invest in the given

period regardless of their signals. Therefore, seeing just a few players invest in a

period does not necessarily mean that there are many bad signals among the players.
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For example, suppose there are 1000 players in total and the size of the first bunch

is 5. Then if 5 out of the 1000 players invest in the first period, it is very good news

to other players. Note that the players do not need to know the identities of the

players in each bunch. As long as they know the size of the bunch, they can infer

the numbers of good signals and bad signals in a given bunch by just knowing the

number of investments in that given period.

I compare the social welfare in my equilibria to the socially optimal level. Analysis

of the general model is unmanageably complicated, but in a two-period version of

my model, I show that the bunching sizes are smaller in the asymmetric equilibria

compared to the socially optimal level.

In this chapter, I characterize both asymmetric and symmetric pure strategy equi-

libria, even though I focus on the former. I am able to provide closed form solutions

for the equilibrium strategies. When the number of players is small enough or when

players are impatient enough, a unique symmetric pure strategy equilibrium exists.

In this equilibrium, every player with a good signal invests right away. In all other

cases, asymmetric pure strategy equilibria exist.

My analysis is robust to small perturbations in signal acquisition costs. The

equilibria characterized in the chapter are still valid if private signals are costly and

players have the choice of not acquiring their signals. The equilibrium strategies in

my model are also robust to small perturbations in players’ discounting factors, as

well as to introducing some degree of player risk aversion. I can rank the asymmetric
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equilibria according to the social welfare they generate in these cases, and there is a

unique asymmetric equilibrium that maximizes the social welfare. This equilibrium

serves as a natural coordination for the players.

The results in this chapter have a wide range of applications. Consider a new

product of unknown quality. Some consumers may decide early on whether or not to

buy it (i.e., bunching), while other consumers wait and see. When the sales figures

are very good (relative to the equilibrium bunch size), a huge wave of consumers may

subsequently buy it. On the contrary, if the sales figures are really bad (again, relative

to the equilibrium bunch size), no one would buy it anymore. If the sales figures are

just moderate, then another group of consumers may decide whether or not to buy

the new product (i.e., bunching again), and so on and so forth. Another application is

in investment decisions. When the economy is uncertain, investors need to see many

signals to be reasonably sure about the state of the economy. In this case, one can

often observe some early decision makers, e.g., big investment banks, who decide on

whether or not to invest early, depending on the information they receive at the time.

Other investors just stay on the sideline. Then herding may occur, if many investors

from this first bunch invest (or not invest). When neither of the sides in the bunch

dominates (in a sense to be made clear in the analysis), another bunch of investors

forms, etc.

The models on herding can be categorized into two types. The first one is called

the exogenous timing models, which include Banerjee (1992), BHW (1992), and the
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benchmark model in Chapter 2. The second one is called the endogenous timing

models. Chamley and Gale (1994) is one example. Rosenberg, Solan and Vieille

(2007) and Zhang (2009) have different models of endogenous timing. In Rosenberg,

Solan and Vieille (2007), players play a one-armed bandit and continuously receive

private signals. Zhang (2009) generalizes Chamley and Gale (1994) to both continuous

signals and multiple discrete signals.4 Zhang (1997) presents another endogenous

timing model where players with different precision of signals choose their optimal

timing to act in continuous time. His paper shows that the player with the highest

precision invests first and then there is an investment surge leading to an information

cascade. Similar results are also found in Aoyagi (1998) in a model with a different

setup. All of these papers focus on symmetric equilibria. In this chapter, I focus on

asymmetric pure strategy equilibria and highlight their different properties.

This chapter is organized as follows. In Section 2, I describe the model and its

assumptions. In Section 3, I perform some preliminary analysis, including defining

the myopic best response function, defining the patterns of equilibrium behavior, and

determining the bunch sizes. In Section 4, I characterize the symmetric pure strategy

perfect Bayesian equilibria (PBE) and the asymmetric pure strategy PBE. In Section

5, I perform comparative static analysis regarding the discount factor, the probability

of a good state and the number of players. In Section 6, I perform a welfare analysis.

4Herd behavior in models of endogenous timing has been confirmed in experiments. (See Sgroi
(2003) for a review.) In an empirical study, Moretti (2011) examines the behavior of movie goers
and finds that peer effect (in the form of information externality) plays an important role in their
movie watching decisions.
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I compare my asymmetric pure strategy equilibria to the symmetric mixed strategy

equilibrium in Chamley and Gale (1994). I analyze the socially optimal strategies

in a two-period version of my model. I also analyze the socially optimal strategies

when there are heterogeneous players. In Section 7, I discuss some of the applications

of my model. In Section 8, I conclude. In the appendix, I analyze the equilibria

when signals are costly. I also characterize the equilibria when the assumptions in

the chapter are violated. Finally, the appendix contains lengthy proofs.

3.2 The Model

Consider a model with n players. Each player decides whether to make an investment.

The action space for each player is given by A = {0, 1}, where 0 stands for no

investment, and 1 stands for investment. The outcome of the investment depends

on the state of the economy. The state space is denoted as S ∈ {G,B}. The payoff

from investment is πG when the state is G and is πB when the state is B, where

πG > 0 > πB. Anyone who never invests earns 0. With prior probability q the state

is G, and with prior probability 1− q the state is B.

There are T periods starting from period 1 in this game. Assume that T ≥ n+ 1

as the game will end in at most n + 1 periods.5 Each player can invest only once.

If a player invests in a period, he gets his payoff in that period, and has no further

5As we will see in the analysis, in each period at least one player will reveal his signal. So we
need at most n periods for the signal revelation, plus one more period for any player who has not
yet invested to make a final investment decision.
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decisions to make. So in any period t, only those players who have not invested in an

earlier period make investment decisions. These players can observe other players’

actions (but not the payoffs) in previous periods (from period 1 to t− 1). Players are

impatient and their payoffs are discounted by a common discount factor δ ∈ [0, 1].

The state of the economy remains the same throughout the game. Before period

1, each player receives a private signal s ∈ {g, b}, which is correlated with the state of

the economy. A player’s action may reveal his private signal, which is useful to other

players in predicting the state. However, one player’s action does not affect another

player’s payoff directly. Therefore, this is a game of pure information externality.

A player’s signal is distributed independently and identically across all the players,

with the following probabilities conditional on the underlying state:

Pr(s = g|S = G) ≡ Pr(g|G) = p >
1

2
,

Pr(s = b|S = G) ≡ Pr(b|G) = 1− p,

Pr(s = b|S = B) ≡ Pr(b|B) = p,

Pr(s = g|S = B) ≡ Pr(g|B) = 1− p.

Here, I assume that the signal precision (i.e., p) is the same in state G or B for
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simplicity. Because of the symmetry in signal precision, I have

Pr(S|g, b) =
Pr(g, b|S) Pr(S)

Pr(g, b|S) Pr(S) + Pr(g, b|S ′) Pr(S ′)

=
p(1− p) Pr(S)

p(1− p) Pr(S) + p(1− p) Pr(S ′)
= Pr(S),

where S = G,B and S ′ = B,G; that is, a good signal and a bad signal cancel out

each other’s effect. Similarly, it is straight-forward to show that the probability of a

good state conditional on m1 good signals and m2 bad signals can be simplified as

Pr(S|m1g,m2b) =


Pr(S|(m1 −m2)g), if m1 > m2,

Pr(S), if m1 = m2,

Pr(S|(m2 −m1)b), if m1 < m2.

(3.1)

The above expressions state that the probability of a state S given m1 good signals

and m2 bad signals is equivalent to m1 −m2 net good signals if m1 > m2, etc. Each

good signal cancels out with a bad signal, because a good signal has the same precision

as a bad signal.6

I focus on pure strategy equilibria in the analysis. Obviously, the actions of the

players may reveal their signals. For example, if a player’s strategy in a certain period

is to invest when his signal is g and not to invest when his signal is b, then other

players can completely infer his signal from whether or not he has invested in that

6When the precisions are different, the Bayesian updating is more complicated, but the analysis
is similar.
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period. Of course, if his strategy is to invest in that period regardless of his signal,

then other players gain no information from his action. Therefore, a player’s action

either reveals his signal completely or reveals nothing at all. Note that this kind of

updating is appropriate only for pure strategy equilibria.

In the analysis, the total number of good signals and the total number of bad

signals known by a player at the beginning of period t, denoted by (Ng,t, Nb,t), play

an important role in deciding that player’s action. This pair of numbers includes

both the public information at the beginning of period t (i.e., the total number of

good and bad signals inferred from the actions of other players in periods 1 to t− 1)

and the player’s private signal. Note also that this pair of numbers is different from

player to player, since each player may have different private signal. I shall omit the

index for the player since it will not cause any confusion in later analysis. In what

follows, I use both Pr (S|Ng,t, Nb,t) and Pr (S|Ng,tg,Nb,tb) interchangeably (depending

on which one is clearer in the particular context) to refer to the probability of state

S conditional on the player’s information at the beginning of period t. The expected

payoff for a player playing action a ∈ A in period t given (Ng,t, Nb,t) is written as

π (a|Ng,t, Nb,t).

In this chapter, I will focus on the following assumptions:

π (1|g) = Pr(G|g)πG + Pr(B|g)πB > 0, (A1)
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and

π (1|b) = Pr(G|b)πG + Pr(B|b)πB < 0. (A2)

With these assumptions, without learning any other information, it is profitable for

a player to invest if his private signal is g and not to invest if his private signal is b.

I further assume that

π (1) = Pr(G)πG + Pr(B)πB < 0; (A3)

that is, unconditional on any signal, it is not profitable to invest. If π (1) ≥ 0, the

results are comparable and will be stated in a separate theorem in the appendix. Note

that (A3) implies (A2).

I will discuss the cases when these assumptions do not hold in the appendix. It is

shown that the equilibrium strategies are either parallel or trivial.

3.3 Preliminary Analysis

3.3.1 Myopic Best Response

Define BR (Ng,t, Nb,t) ∈ A = {0, 1} as the myopic best response function for player i

in period t, that is, BR (Ng,t, Nb,t) is the best response function for player i if period t

is the last period of the game. Assuming that player i has not yet invested in previous
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periods, given his information (Ng,t, Nb,t), the myopic best response for him is

BR (Ng,t, Nb,t) =


1,

0,

if Ng,t −Nb,t ≥ 1,

otherwise.

(3.2)

Of course, a player may or may not always follow this myopic best response function,

as period t is not the last period, and not investing in period t does not mean that

he will not invest in a later period. However, as I will show in the proof of Theorem

2 in the appendix, for any player after he deviated from his equilibrium action, he

will make an immediate decision according to the myopic best response function in

the next period and wait no further.

Given player i’s information (Ng,t, Nb,t) at the beginning of period t, if there are

kt of new signals to be revealed in period t, then the total number of revealed signals

is kt + Ng,t + Nb,t at the beginning of period t + 1. Then player i’s expected payoff

from using the myopic best response function in period t+ 1 is

R(kt|Ng,t, Nb,t) =
kt∑
r=0

π ((BR (Ng,t + r,Nb,t + kt − r) |Ng,t + r,Nb,t + kt − r)

·Pr (Ng,t + r,Nb,t + kt − r|Ng,t, Nb,t) ,

where r is the number of good signals among the kt new signals. This R function

captures player i’s expected payoff when he waits one period (expecting kt additional

signals to be revealed) and then uses his myopic best response. I have the following

54



lemma.

Lemma 8. Given (Ng,t, Nb,t), R(kt|Ng,t, Nb,t) is strictly increasing in kt and converges

to R(∞|Ng,t, Nb,t) ≡ Pr(G|Ng,t, Nb,t)πG.

Proof. See appendix.

This lemma illustrates two properties of the myopic best response function. The

first property is this function is increasing, that is, more signals are better for a player.

This is because more signals will help a player to make a more precise decision. The

second property is that this function has an upper bound. When there are infinitely

many signals, by the Law of Large Numbers, the proportions of good signals and bad

signals will be, respectively, exactly the same as the probabilities of receiving a good

signal and a bad signal conditional on the true state. Therefore, by examining the

proportions of good signals and bad signals, a player can tell exactly which state is

the true underlying state. If the underlining state is revealed to be G, the player

invests, and if the underlining state is revealed to be B, the player does not invest.

3.3.2 Patterns of Equilibrium Behavior

As will become clear later, only the following four patterns of behavior will occur in a

given period in a pure strategy PBE. Specifically, in a given period, if only a subgroup

of players make decisions on whether or not to invest, while all other players do not

invest regardless of their signals, then I call it bunching, and the subgroup a bunch.
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When bunching, every player in the bunch makes a decision in the same period. In

equilibrium, players could also herd. When herding, every player who herds makes

the same decision regardless of his signal.7

Definition 1. In a given period, Herding of Investment occurs when every player

(regardless of his signal) who has not invested invests now.

Definition 2. In a given period, Herding of No-Investment occurs when every

player (regardless of his signal) who has not invested does not invest.

Definition 3. In a given period, Bunching of Size k occurs when a pre-specified

group (i.e., bunch) of k players selected from those who did not belong to a previous

bunch make decisions simultaneously according to their own signals – invest if the

signal is g and not invest if it is b.

Definition 4. In a given period, the Last Bunching occurs when there are not

enough players left to form a bunch of the desired size. The last bunch consists of all

players who did not belong to any previous bunch. They make decisions simultaneously

- under some conditions, they all invest; under other conditions, they invest if the

signal is g and not invest if it is b.

7Different from the herd behavior that leads to information cascades in my model, Scharfstein and
Stein (1990) examine reputational herding, where smart types receive perfectly correlated signals
and dumb types receive random signals. Players herd so as to build a reputation for being a smart
type. Gul and Lundholm (1995) define the concept of clustering, a behavior that appears similar
to an information cascade, but is in fact different. When clustering, players make similar decisions
at almost (but not exactly) the same time, but players’ private information is completely revealed.
The definition for herding is slightly different in financial markets literature as it involves price
movements. It is used by Park and Sabourian (forth.) to investigate informational herding and
contrarianism in financial markets.
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In a period, a player making decisions means that under certain conditions he will

invest. A player not making decisions (i.e., waiting) in a period means that he will

not invest in that period under any circumstance. A player who has invested cannot

invest again in any later period. A player who has not yet invested in a given period

may invest in a later period.

In the definition for the last bunching above, the decisions made by the bunch

members could be different from those made by a player in a regular bunch. More

specifically, a player with a bad signal does not invest in a regular bunch. But he

may invest in the last bunch if it is profitable to do so. (Refer to Lemma 15 for their

behavior.) Meanwhile, a player with signal g always invests in a bunch, last period or

not. Note that the period when the last bunching occurs may not be the last period

of the game. Players with signal b may invest in the period after that, depending on

the information revealed.

In the asymmetric equilibria I will characterize, either Herding of Investment,

Herding of No-Investment, or Bunching may occur in a particular period. Bunching

will always occur in period 1, and may occur again in later periods if bunching

occurred in all previous periods.

3.3.3 Bunch Size Determination

In any period, given any history of the game, a player who has not yet invested needs

to make an investment decision. He trades off the benefit of investing right away with
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the benefit of waiting. Bunching occurs frequently in my equilibria and the size of

bunching is the focus of this subsection. Recall that in a given period, bunching of

size k occurs when k players selected from those who did not belong to a previous

bunch make decisions simultaneously according to their own signals – invest if the

signal is g and not invest if it is b.

At the beginning of a given period, let d denote the difference between the number

of good signals and the number of bad signals a player learned from other players’

actions in previous periods. This d is common to every player, and is public informa-

tion at the beginning of a given period. When d is negative, bad signals outnumber

good signals, and no player will invest. In this case, further bunching can never occur.

Therefore, I will focus on non-negative d in the following analysis, and I interpret a

non-negative d as the degree of public optimism.

Suppose that a bunch of size k∗d is to be formed in a given period. Then k∗d must

satisfy two conditions. The first condition is that a player inside the bunch (with

either signal) does not want to be a non-bunch person. This means that if the player

has signal g, he prefers to invest now instead of waiting one period; if the player has

signal b, he prefers to wait one period instead of investing now. Equivalently, I have

π(1|d+ 1, 0) ≥ δR (k∗d − 1|d+ 1, 0) , (IC1)

π(1|d, 1) ≤ δR (k∗d − 1|d, 1) . (IC2)
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The second condition is that a player outside the bunch (who has not previously

invested, with either signal) does not want to deviate. This implies that regardless of

his signal the player prefers to wait one period instead of investing now. Equivalently,

I have

π(1|d+ 1, 0) ≤ δR (k∗d|d+ 1, 0) , (IC3)

π(1|d, 1) ≤ δR (k∗d|d, 1) . (IC4)

The following lemmas will help us to establish the existence and the properties of k∗d.

Lemma 9. For any given k, π(1|d, 0)− δR (k|d, 0) is increasing in d.

Proof. See appendix.

This lemma implies that the marginal benefit of additional k signals is decreasing

in the number of net good signals already obtained. When there are more net good

signals, the additional k signals become less valuable. Therefore, if a player with more

net good signals finds it optimal to wait for k additional signals, it must be optimal

for a player with fewer net good signals to wait as well.

The following two lemmas consolidate the incentive compatibility constraints.

Lemma 10. (IC3) implies (IC4).

From Lemma 9, this lemma is immediate.

Lemma 11. (IC1) and (IC3) imply (IC2).
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Proof. By Lemma 9 and (IC3), I have

0 ≥ π(1|d+ 1, 0)− δR (k∗d|d+ 1, 0) > π(1|d, 0)− δR (k∗d|d, 0) .

Also,

π(1|d, 0) = π(1|d, 1) Pr(b|d, 0) + π(1|d+ 1, 0) Pr(g|d, 0),

and

R (k∗d|d, 0) = R (k∗d − 1|d, 1) Pr(b|d, 0) +R (k∗d − 1|d+ 1, 0) Pr(g|d, 0).

From (IC1) and π(1|d, 0) < δR (k∗d|d, 0), it must be that π(1|d, 1) < R (k∗d − 1|d, 1).

This completes the proof.

This lemma means that if it is optimal for a player with signal g to wait for k∗d

signals but not k∗d − 1 signals, then it is optimal for a player with signal b to wait for

k∗d − 1 signals.

From the above two lemmas, (IC1), (IC2), (IC3) and (IC4) reduce to (IC1) and

(IC3).

Suppose that π(1|d+ 1, 0) ≥ δR (∞|d+ 1, 0) = δ Pr (G|d+ 1, 0) πG. Then even if

there are infinitely many signals to be revealed in this period, a player with signal g

does not find it optimal to wait for these signals. In this case, any player with signal g

will invest right away. I define k∗d =∞ in this case. It happens when players discount
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future payoffs a lot (i.e., δ is very small) or when signals are already very precise (i.e.,

p is very close to 1).

Now suppose that π(1|d + 1, 0) < δR (∞|d+ 1, 0). In this case, as I show in the

following lemma, there exists a unique and finite k∗d satisfying (IC1) and (IC3). Note

that (IC1) and (IC3) cannot be binding at the same time.

Lemma 12. Suppose that π(1|d + 1, 0) < δ Pr (G|d+ 1, 0) πG. Then for each d ≥ 0,

there exists a unique k∗d satisfying (IC1) and (IC3); that is,

δR (k∗d − 1|d+ 1, 0) ≤ π(1|d+ 1, 0) ≤ δR (k∗d|d+ 1, 0) . (3.3)

Suppose that π(1|d + 1, 0) ≥ δ Pr (G|d+ 1, 0) πG. Then there exists no k∗d satisfying

(IC1) and (IC3). In this case, k∗d =∞.

Proof. From Lemma 8, R (k|d+ 1, 0) is increasing in k. Since π(1|d+ 1, 0) <

δR (∞|d+ 1, 0), the curve of δR (k|d+ 1, 0) intersects the line π(1|d+ 1, 0) only once

and at k ≥ 1. (c.f. Figure 3.1.)

If π(1|d + 1, 0) ≥ δR (∞|d+ 1, 0) = δ Pr (G|d+ 1, 0) πG, then no k can satisfy

(IC1) and (IC3). In this case, a player with signal g would not wait for any finite

number of signals to be revealed. In this case, k∗d =∞.

The k∗d uniquely determined in the above lemma is increasing in d, the number of

net good signals at the time. The following proposition shows that when there are

more net good signals, the bunch size will be larger. I have
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Figure 3.1: The determination of k∗d

Lemma 13. k∗0 ≤ k∗1 ≤ k∗2 ≤ k∗3 ≤ · · ·.

Proof. Since π(1|d, 0) − δR (k|d, 0) is decreasing in k, and by Lemma 9, an increase

in d shifts the curve π(1|d, 0)− δR (k|d, 0) upwards, resulting in a bigger k. Note here

the inequalities are not strict because of the discreteness of k.

One way to interpret this lemma is that the situation is more optimistic when

there are more net good signals. Therefore, players have more incentive to invest

now. In order for the players outside the bunch to wait, the bunch size (and thus

the number of signals to be revealed) must be larger than when the number of net

good signals is small. From the proof, we can see that when d is larger, (IC1) is not
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affected; however, (IC3) becomes more difficult to satisfy. When (IC3) is violated,

one must increase k to meet the requirement of (IC3).

The above k∗d is the number of additional signals such that a player inside the

bunch does not wait while a player outside the bunch prefers to wait. However, near

the end of the game, the number of players left may be greater or smaller than this

k∗d. Let ñt denote at the beginning of period t the number of players who did not

belong to any previous bunches in the game. Let dt be the difference between the

numbers of good signals and bad signals inferred from other players’ actions at the

beginning of period t (i.e., from period 1 to period t− 1). The determination of the

bunch size above assumes implicitly that ñt ≥ k∗dt . When ñt < k∗dt , that is, when the

number of players not belonging to any previous bunch is not large enough to form

a new bunch of the desired size k∗dt , these remaining players still form a (last) bunch.

But the players in this last bunch may behave differently from a regular bunch. More

specifically, players with signal b in the last bunch may invest alongside with players

with signal g in the bunch. I have the following lemma.

Lemma 14. Suppose that in period t, ñt < k∗dt. Then the Last Bunching of size ñt

occurs.

(a) A player with signal g in the last bunch will invest in period t.

(b) A player with signal b in the last bunch will invest in period t if and only if

π(1|dt, 1) > δR (ñt − 1|dt, 1).
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As soon as the Last Bunching occurs, those players with signal b in all previous

bunches may invest now, since they have not previously invested. Note that each

player can invest once. The following lemma characterizes the behavior of players with

signal b when this occurs. Note that π(1|dt, 1) > δR (ñt − 1|dt, 1) implies π(1|dt, 0) >

δR(ñt|dt, 0).

Lemma 15. Suppose that the Last Bunching occurs in period t. When it occurs, a

player with signal b will invest as follows.

(a) If π(1|dt, 1) > δR (ñt − 1|dt, 1), then all players with signal b will invest in

period t.

(b) If π(1|dt, 0) ≤ δR (ñt|dt, 0), then all players with signal b will not invest in

period t. Every signal is revealed at the end of period t. All players with signal b will

invest in period t + 1 if and only if aggregate good signals outnumber aggregate bad

signals by at least 1.

(c) If π(1|dt, 0) > δR (ñt|dt, 0) and π(1|dt, 1) ≤ δR (ñt − 1|dt, 1), all players with

signal b belonging to any previous bunch will invest in period t, and all players with

signal b in the last bunch will not invest. Every signal is revealed at the end of period

t. All players with signal b will invest in period t + 1 if and only if aggregate good

signals outnumber aggregate bad signals by at least 1.

Proof. See appendix.

Note that the difference between the a player with signal b in a previous bunch and
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in the last bunch is that the former has revealed his private signal by not investing

in his bunch, while the latter has not yet revealed his private signal. If the latter

prefers to invest in period t (than not to invest, i.e., wait), then the former prefers

to invest in period t. This is Lemma 15(a). Conversely, if the former prefers not to

invest in period t, then the latter prefers not to invest in period t as well. This is

Lemma 15(b). It is also possible that the former prefers to invest in period t while

the latter does not invest in period t. This is Lemma 15(c). However, it is impossible

that the latter prefers to invest in period t while the former does not.

Note that if dt = 0 or 1, the condition in (b) never holds, since π(1|dt, 0) < 0 and

δR (ñt|dt, 0) ≥ 0. Therefore, the players in the last bunch still act according to their

signals; i.e., a player with signal g invests and a player with signal b does not invest.

If dt ≥ 2, then it is possible that a player with signal b in the last bunch will invest

right away. This is because investing right away brings in positive expected payoff,

while waiting one period for just a few extra signals does not bring enough gain to

offset the discounting. This happens when ñt is relatively small.

3.4 Equilibrium Analysis

3.4.1 Symmetric Pure Strategy PBE

In this subsection, I shall characterize the conditions under which a unique symmetric

pure strategy PBE exists. This equilibrium exists whenever the number of players (n)

65



in the game does not exceed the size of bunching in period 1 (i.e., k∗0). If the size of

bunching is infinite in period 1, i.e., k∗0 =∞, then the game (with any finite number

of players) always has a unique symmetric pure strategy PBE. I have the following

theorem.

Theorem 1. Suppose that (A1) and (A3) hold. Then there exists a unique equilibrium

if n ≤ k∗0, or equivalently,

π(1|g) ≥ δR (n− 1|g) . (3.4)

Furthermore, this equilibrium is in symmetric pure strategies. Bunching of size n

occurs in period 1. If investments strictly outnumber no-investments in the bunch,

then in period 2, any player who did not previously invest will invest; otherwise, none

of those players will invest. No further investment will occur after period 2.

Proof. The right hand side of the inequality (3.4) is the discounted expected payoff

for a player with a good signal if he deviates by waiting and using the myopic best

response in period 2. The benefit by doing so is that he can then observes n−1 other

players’ actions in period 1.

The inequality (3.4) implies that a player with a good signal finds it more profitable

to invest in period 1 than waiting until period 2. A player with a bad signal will only

invest if the good signals outnumber the bad signals by at least 1, as implied by

inequality (A1).

Note that inequality (3.4) will not be satisfied for n > k∗0. This is because the
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expected gain from seeing all other n − 1 players’ actions (and thus signals) is in-

creasing in the total number of players. Therefore, when n becomes large enough, a

player with signal g has enough incentive to deviate from the symmetric strategy of

investing in period 1 so that he can best respond to other players’ signals in period

2.

I have the following two corollaries; their proofs are omitted since the results are

immediate given (3.4). The first corollary is about the number of players. When

there are more players in the game, a player may have enough incentive to wait when

all the other players make decisions in period 1.

Corollary 1. Suppose that (A1) and (A3) hold. Given δ, there exists an n∗, such

that the symmetric pure strategy equilibrium exists if n ≤ n∗.

Fixing the total number of players, when players become more patient, the incen-

tive for waiting one period is stronger, and thus it is more difficult for a symmetric

pure strategy equilibrium to exist.

Corollary 2. Suppose that (A1) and (A3) hold. Given the total number of players n,

the symmetric pure strategy equilibrium exists if δ ≤ δ(n) ≡ π(1|g)/R (n− 1|g) < 1.
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3.4.2 Asymmetric Pure Strategy PBE

In this section, I characterize the equilibrium when n > k∗0, or equivalently,

π(1|g) < δR (n− 1|g) . (3.5)

From the last section, I know that in this case a symmetric pure strategy PBE does

not exist, so I am looking for the asymmetric pure strategy PBE. In an asymmetric

equilibrium, players with the same signal may act differently.

I characterize the asymmetric equilibrium in the following theorem.

Theorem 2. Suppose (A1), (A3) and (3.5) hold. There exists an asymmetric pure

strategy PBE, which has the following recursive properties. Let d1 = 0. In period t,

t = 1, 2, ...

(a) if dt > 1, Herding of Investment occurs, and the game ends;

(b) if dt < 0, Herding of No-Investment occurs, and the game ends;

(c) if dt = 0 and ñt ≥ k∗0, then Bunching of size k∗0 occurs;

(d) if dt = 1 and ñt ≥ k∗1, then Bunching of size k∗1 occurs;

(e) if dt = 0 and ñt < k∗0, or if dt = 1 and ñt < k∗1, then the Last Bunching of size

ñt occurs.

(f) players with signal b in each bunch do not invest until the Last Bunching

occurs, and at that time they behave according to Lemma 15.

Proof. See appendix.
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In equilibrium, Herding of Investment occurs when the actions in previous periods

indicate that good signals outnumber bad signals by a sufficiently large number.

Herding of No-Investment occurs when the opposite happens, i.e., the actions in

previous periods indicate that bad signals sufficiently outnumber good signals. In

short, herding occurs when the probability of either state (G orB) becomes sufficiently

large. Bunching occurs when the situation is not as certain. Note that the actions of

the players in a bunch (except maybe the last one) will reveal their signals completely.

Meanwhile, herding will reveal none of the players’ signals.

In (c), (d), and (e) of the above theorem where bunching occurs, players with

signal b do not invest. In (e), the final bunch is formed, and it is undersized. From

this theorem, I know that in the first period, Bunching of size k∗0 forms since d1 = 0.

In the second period, if d2 > 1, that is, d2 ≥ 2, then even a player with signal b will

find it profitable to invest since his belief is given by at least one net good signal.

Therefore, by assumption (A1), the expected payoff from investing with (at least) one

good signal is positive. If d2 < 0, that is, d2 ≤ −1, then even a player with a good

signal does not invest since his belief is given by at most zero net good signals. From

assumption (A3), a player’s payoff is negative with a belief of zero net good signals.

This equilibrium has the following property. In any period, players outside the

bunch do not need to know the identities of the players in previous bunches in order

to infer the total numbers of good signals and bad signals in those bunches. The

total number of players who have previously invested gives them the total number of
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good signals among the previous bunches; by subtracting this number from the total

size of all previous bunches, they can then infer the total number of bad signals. For

example, suppose that the size of the first bunch k∗0 = 5 and 3 players invested in the

first period. Then a player need not know who these 3 players are; he can infer right

away that there are 3 good signals and the rest of the bunch (i.e., 2 players) have bad

signals. I have the following corollary.

Corollary 3. In any period of the game, a player need not know the identities of

other players; he need not know who has invested and who has not, as long as he

knows how many players have invested and whether or not he belongs to a particular

bunch.

Depending on k∗0 being even or odd, either d2 = 0 or d2 = 1 can happen, but not

both. There are three different bunching patterns which are described in the following

corollaries.

Corollary 4. Suppose that k∗0 is even. Then the bunching size in any period is k∗0.

Since d1 = 0, the bunching size in period 1 is k∗0. If k∗0 is even, case (d) cannot

occur. When cases (a) and (b) occur, the game ends as no further investments

will take place in future periods. When case (c) occurs, the bunch size is k∗0 again.

Therefore, the same pattern repeats recursively and the bunching size in each period

is k∗0.
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Corollary 5. Suppose that k∗0 is odd and k∗1 is even. Then the bunching size is k∗0 in

the first period, and k∗1 in all subsequent periods.

If k∗0 is odd, then in the second period, case (c) cannot happen. When case (d)

happens, d2 = 1 and bunching of size k∗1 forms. If k∗1 is even, the difference between

the number of investments and non-investments in the second period must be even.

Therefore, in the third period, only cases (a), (b) and (d) can occur. This second-

period pattern repeats recursively and the bunching pattern is k∗0, k
∗
1, k
∗
1....

Corollary 6. Suppose that both k∗0 and k∗1 are odd. The bunching size is k∗0 in any

odd period, and becomes k∗1 in any even period.

If k∗0 is odd, then again in the second period, case (c) cannot happen and the

bunch size becomes k∗1. Given that the difference between the number of investments

and non-investments in the second period must be odd, the cumulative difference

between the number of investments and non-investments becomes even again by the

end of the second period. Therefore, in the third period, only cases (a), (b), and (c)

can happen. This alternating pattern between k∗0 and k∗1 repeats recursively. The

bunching pattern becomes k∗0, k
∗
1, k
∗
0, k
∗
1....

Theorem 2 and its corollaries imply that the information being revealed in any

one period cannot be too large: either herding of all players (and thus no informa-

tion is revealed) or bunching of fixed sizes (and thus only the players in the bunch

reveal their signals) occurs. If too many players reveal their signals in one period,
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then any one of them will have a strong incentive to wait for the signal revelation

before deciding whether or not to invest in the next period. At the same time, the

information revelation cannot be too small either; otherwise no player would wait for

the revelation. To summarize, the information revealed in any period should be just

the right amount to sustain the described equilibrium. Note that the equilibrium

bunching sizes k∗0 and k∗1 are independent of the total number of players n.

3.4.3 Other Asymmetric Pure Strategy PBE

The equilibria characterized in Theorem 2 are not the only asymmetric pure strategy

equilibria in the game. There are other equilibria, which take similar forms but with

more bunching. It turns out that when the difference between the numbers of good

signals and bad signals revealed before period t is at least 2, i.e., dt ≥ 2, herding is

not the unique equilibrium behavior; bunching may also occur in this situation. The

equilibrium characterized in Theorem 2 has the least bunching; all other equilibria I

will characterize in this subsection will have more bunching. I first have the following

lemma.

Lemma 16. For any fixed δ ∈ [0, 1), there exists a d̄ > 0, such that k∗d is finite when

dt ≤ d̄, and k∗d is infinite when dt > d̄.

Proof. Given δ, k∗d is finite only if

π(1|dt + 1, 0) < δR (∞|dt + 1, 0) ,
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that is, when

Pr (G|dt + 1, 0) πG + Pr (B|dt + 1, 0) πB < δ Pr (G|dt + 1, 0) πG.

Rearranging, I have

πG +
Pr (B|dt + 1, 0)

Pr (G|dt + 1, 0)
πB < δπG.

Since Pr(B|dt+1,0)
Pr(G|dt+1,0)

is decreasing in dt and πB is negative, the second term on the LHS

is increasing and converging to 0. Thus, there exists an upper bound for dt for the

above inequality to hold. Define this upper bound as d̄.

When the above inequality does not hold, k∗d = ∞. (c.f. Lemma 12.) This

concludes the proof of this lemma.

I can now characterize the alternative asymmetric equilibria in the following the-

orem.

Theorem 3. Suppose (A1), (A3) and (3.5) hold. Then all asymmetric pure strategy

PBE have the following recursive properties. Let d1 = 0. In period t, t = 1, 2, ...,

(a) if dt < 0, Herding of No-Investment occurs, and the game ends;

(b) if dt = 0, 1, and ñt ≥ k∗dt, then Bunching of size k∗dt occurs;

(c) if dt = 2, ..., d̄, and ñt ≥ k∗dt, then Bunching of size k∗dt is one equilibrium

behavior, and Herding of Investment is another equilibrium behavior;

(d) if dt = 0, 1, and ñt < k∗dt, then the Last Bunching of size ñt occurs;
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(e) if dt ≥ 2, and ñt < k∗dt, then the Last Bunching of size ñt is one equilibrium,

and Herding of Investment is another equilibrium.

(f) players with signal b in each bunch do not invest until the Last Bunching

occurs, and at that time they behave according to Lemma 15.

When dt < 2, the strategies in this equilibrium are the same as those in Theorem

2. When dt ≥ 2, there are multiple equilibria in this “subgame”. Bunching is one

equilibrium, while herding is another equilibrium. When bunching occurs, it reveals

the private signals of the players in the bunch. Meanwhile, herding reveals no pri-

vate information. Therefore, the outcomes of the equilibria in Theorem 3 are more

informative than those in Theorem 2.

3.5 Comparative Static Analysis

In this section, I will perform a comparative static analysis on the discount factor,

the probability of having an underlying state G, and the number of players.

3.5.1 The Discount Factor

In this subsection, I investigate the effect of δ on the asymmetric equilibrium strate-

gies. I compare my asymmetric equilibria with the equilibrium in the following ex-

ogenous timing model. In this exogenous timing model, only one pre-specified player

makes a decision on investment in any one period. If a player does not invest in his
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specified period, he will have no other chance to invest.

I show that when players become infinitely patient (i.e., δ = 1), the outcome in one

of my equilibria resembles that in the exogenous timing model. In the equilibrium,

only one player makes a decision in each period (i.e., the bunch size is one); herding

of investment occurs when there are two or more net good signals, and herding of

no-investment occurs when there are zero or negative number of net good signals. I

also find that this is the least efficient equilibrium among all asymmetric pure strategy

equilibria in this case (i.e., δ = 1). In the most efficient equilibrium, players no longer

herd on investment. Finally, I show that most of the above results can be obtained

when δ is close to 1.

I first have the following lemma.

Lemma 17. Suppose (A1), (A3) and (3.5) hold. For a given d, if δ increases, the

bunching size k∗d decreases.

Proof. From Figure 3.1, the curve of δR (k|d+ 1, 0) shifts upward as δ increases,

intersecting π(1|d+ 1, 0) at a smaller k.

An increase in δ means that the players become more patient and waiting is less

costly. So in order for a more patient player in the bunch to invest right away (instead

of waiting one period for more signals to be revealed), the number of signals to be

revealed needs to be smaller. This can be seen from (IC1). Furthermore, (IC3)

becomes easier to satisfy when δ increases.
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Now I discuss the special case of no discounting, i.e., δ = 1.

Lemma 18. Suppose (A1), and (A3) hold. If δ = 1, then k∗d = 1, for every d ≥ 0.

In this case, bunching occurs for every d ≥ 0 is an equilibrium.

The proof for this lemma is straight-forward: the only value satisfying the bunch

size determination inequalities (IC1) and (IC3) is k∗d = 1. When δ = 1, there is no

cost in waiting one period for more revealed signals. In any given period, it is not

an equilibrium that every player waits (i.e., not invest). It is also not an equilibrium

that more than one player are in the bunch (to make the invest/not invest decision),

since one of the bunch members would wait. The only equilibrium behavior is for the

players to reveal their signals one per period until herding occurs. Nevertheless, there

are still multiple asymmetric pure strategy equilibria. This is because when d ≥ 2

in a given period, bunching with a bunch size of 1 is one equilibrium behavior, and

herding is another equilibrium behavior. Theorem 2 and Theorem 3 characterize all

of the asymmetric pure strategy equilibria.

In the equilibrium with the least bunching, its outcome nests the equilibrium

outcome in the exogenous timing model. Since d1 = 0, bunching of size k∗0 = 1

occurs in period 1. If the bunch member does not invest and reveals that his signal

is b, then d2 = −1 and herding of no-investment occurs and the game ends. If

he invests and reveals that his signal is g, then d2 = 1. In this case, k∗1 = 1 and

bunching of size 1 occurs in period 2. In period 2, if the revealed signal is b, then
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d3 = 0 and bunching of size 1 occurs again in period 3. If the revealed signal is

g, then d3 = 2 and herding occurs in this equilibrium. Since δ = 1, players do not

discount their future payoffs, players in herding can invest one player per period. This

outcome corresponds exactly to the exogenous timing model as in Banerjee (1992)

or BHW (1992). In an exogenous timing model, players make decisions sequentially

according to an exogenous order, and only one player can invest in each period.

Therefore, my asymmetric pure strategy equilibria naturally include the equilibrium

from the exogenous timing model. A similar link from the symmetric mixed strategy

equilibrium to the exogenous timing model is not possible.

The above equilibrium has the least bunching (and thus the most herding) among

all co-existing asymmetric pure strategy equilibria. Because the information revealed

is the least, this equilibrium is the least efficient. I now consider the equilibrium

with the most bunching. When dt ≤ 1, players’ behavior is exactly the same as in

the above equilibrium. However, when dt ≥ 2, bunching of size 1 occurs (instead

of herding) and private signals are still being revealed. Herding of investment never

occurs. The total amount of information revealed by this equilibrium is the most.

Theorem 3 above characterizes this most efficient equilibrium as well as other less

efficient equilibria.

The above results are summarized in the following proposition.

Proposition 6. Suppose (A1), (A3) and (3.5) hold. If δ = 1, I have the following

results.
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(1) The asymmetric pure strategy equilibria described in Theorem 2 coincide with

the equilibrium in the exogenous timing model. In these equilibria, one player makes

a decision in each period.

(2) The asymmetric equilibria described in Theorem 3 have less herding (the prob-

ability of herding is smaller) and are more efficient than the equilibrium described in

Theorem 2. Therefore, all pure strategy asymmetric equilibria are at least as efficient

as the equilibrium in the exogenous timing model.

(3) The most efficient equilibrium has bunching (of size 1) in every period when-

ever d ≥ 0. In this case, herding of investment never occurs.

The above properties are not specific to the case of δ = 1. In fact, most properties

go through as long as δ is close enough to 1. Define δ̂ ≡ π(1|n−2,0)
R(1|n−2,0) < 1. As long as

δ ≥ δ̂, the bunch size for any d ≥ 0 is always 1. This is because δ ≥ δ̂ guarantees

k∗n−2 = 1, and k∗d is increasing in d. I have the following proposition.

Proposition 7. Suppose (A1), (A3) and (3.5) hold. Suppose also that δ ∈ [δ̂, 1).

Then k∗d = 1 for any d ≥ 0. In this case, (2) and (3) in Proposition 6 remain

valid. In (1), the players’ investment decisions and the resulting equilibrium outcome

are still the same as in the exogenous timing model. But when herding occurs, the

timing of decisions are different in different models: in the asymmetric pure strategy

equilibria in my model, players make their decisions at the same time; while in the

exogenous timing model, players have to wait for their pre-specified periods to make
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their decisions.

When δ < 1, an equilibrium corresponding exactly to the exogenous timing model

cannot be generated, since players are no longer indifferent to investing in later pe-

riods. Herding of investment must now take place in the same period. Nevertheless,

the least efficient equilibrium reveals exactly the same amount of information as the

exogenous timing model. Since players are not forced to wait for their turn to invest

in my model, my asymmetric equilibria are more efficient than the equilibrium in the

exogenous timing model.

In the next subsection, I investigate the effect of q, the prior belief on the under-

lying state being G, on players’ equilibrium behavior.

3.5.2 The Probability of a Good State

I first show that the bunch size is increasing in the probability of a good state, q.

Lemma 19. If q increases, the bunching size k∗d increases.

Proof. See appendix.

An increase in q implies that the underlying state is more likely to be good. So in

order to induce players outside the bunch but with good signals to wait until the next

period as required by the equilibrium condition, the number of signals to be revealed

in that period must be larger.
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Similarly to the last subsection, when q is close to zero, the bunching size for any

d = 0, ..., n − 2 shrinks to one. In this case, the equilibria in Proposition 7 continue

to be valid. Therefore, the implications for efficiency and the comparison with the

exogenous timing model continue to hold. If q is relatively small or δ relatively large

such that k∗0 = k∗1 = 1, and k∗2 ≥ n−2, then the equilibrium outcome in an asymmetric

equilibrium coincides with the exogenous timing model. This is because when d = 2,

all remaining (at most n − 2) players with signal g would invest in either model. I

have the following proposition.

Proposition 8. Suppose (A1), (A3) and (3.5) hold. Suppose also that k∗d = 1 for

every d = 0, ..., n − 2. Then (2) and (3) in Proposition 6 remain valid. If k∗0 =

k∗1 = 1 and k∗2 ≥ n− 2, then the equilibrium outcome resembles the exogenous timing

equilibrium in the sense that any given player with signal g makes the same investment

decision in the two models.

Note that in the above proposition, players with signal b may make different

decisions. In the exogenous timing model, the first player does not invest in the first

period if his signal is b, and cannot invest later as he is not allowed to. In my model,

however, he will invest (later) if it is revealed that the good signals outnumber the

bad signals in the game.
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3.5.3 Upward Independence of n

The strategies in an asymmetric pure strategy equilibrium for the players may be

invariant to the arrival of new players. Suppose that there are at first n players. I

claim that these players’ asymmetric equilibrium strategies can be part of the new

asymmetric equilibrium when the number of players increases to n′. In the new game

with n′ players, the old players continue to use their old strategies until the period

when the old last bunch was formed. The new players are arranged to fill up the

last bunch in the old game if it was originally undersized, and to form new bunches

afterwards. This constitutes a new asymmetric equilibrium. In this new equilibrium,

players from the old game make decisions first. I have the following proposition.

Proposition 9. Suppose that there are n players and that (A1), (A3) and (3.5) hold.

Suppose also that these players use the equilibrium strategies described in Theorem

2 (or Theorem 3). Suppose now new players are added and it becomes a game of

n′ > n players. In this new game, there exists an asymmetric pure strategy PBE as

is described by Theorem 2 (or Theorem 3) in which the players from the old game

continue to use their old equilibrium strategies until the period the last bunch in the

old game was formed.

First note that if (3.5) holds for a smaller n, it will hold for a larger n. Second,

in the new equilibrium, unless herding occurs (in which case the new players will

herd with the old players), the new players do not make investment decisions until
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the period the last bunch in the old game is formed. Last, the strategies for the

old players during the period when the last bunch in the old game was formed vary

from case to case. In all cases, the strategies of the old players with signal g remain

the same in the new game during the period when the last bunch in the old game is

formed. In that period, a player with signal g in the last bunch would invest in the

old game; he still finds it optimal to invest in the new game, even though the bunch

size may have grown from an undersized one to a full size one. He does not want

to wait (i.e., not invest) in that period, as the size of the bunch provides the right

incentive for him to invest. The strategies for the old players with signal b in the

last bunch, however, may change from investing to not investing if they follow the

strategies in Theorem 3. Again, the full bunch size now provides incentive for them

not to invest. (They will invest in the old game because the bunch was undersized

and could not provide enough incentive for these players to wait.)

This property of the asymmetric pure strategy equilibria provides an easy way

to handle situations where players may arrive later in the game. Earlier players are

not affected by these players until the old players are used up in the bunch forming

process, since in the new equilibrium the new players do not make decisions until they

become part of a bunch. (They do act if herding occurs, but the game is over then.)

This property is valid for the asymmetric pure strategy equilibria only. It is not valid

for a symmetric mixed strategy equilibrium, since the probability of investment in

the randomization would depend on the total number of players in the game.

82



Note that there are other equilibria in the new game. The new players could make

decisions first, followed by the old players. Mixing the players in any order would

also be an equilibrium.

I have also investigated the effect of signal precision p on the bunching sizes and

found that the relationship is ambiguous. An increase in p makes additional signals

more valuable and thus increases the incentive for a player to wait. At the same time,

it makes existing signals more precise, and thus decreases the incentive to wait. The

trade-off of these two effects is ambiguous.

3.6 Welfare Analysis

3.6.1 Comparison with Chamley and Gale (1994)

In this subsection, I will compare the welfare in a symmetric mixed strategy equilib-

rium in Chamley and Gale (1994) with an asymmetric pure strategy equilibrium in

this chapter. In Chamley and Gale (1994), a player cannot invest if he does not have

an investment option. To facilitate a proper comparison, in this subsection only, I

modify my model and do not allow any player with signal b to invest.

The welfare is defined as the sum of the total expected payoffs of all the players.

Since a player with signal b cannot invest, his expected payoff is zero. Therefore, I

only need to compare the total expected payoffs for players with signal g.
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In a symmetric mixed strategy equilibrium, players with signal g are to mix be-

tween investing in period 1 and waiting. Therefore, their expected payoffs must be

exactly equal to the payoff from investing in period 1, which is equal to π(1|g). There-

fore, the total ex ante expected payoffs, defined by W sm, can be simply expressed as

W sm = nPr(g)π(1|g). (3.6)

Now consider the asymmetric pure strategy equilibria in this chapter. The equi-

libria in Theorem 2 and Theorem 3 still apply when players with signal b are not

allowed to invest. This is because these players never invest before all players with

signal g have invested and not allowing them to invest would not affect the informa-

tion updating process for those players with signal g.

In this modified game, there are multiple equilibria, but they all start with bunch-

ing of size k∗0 in period 1. In this period, players outside the first bunch strictly prefer

waiting to investing, implying that they have higher expected payoffs waiting for the

k∗0 signals to be revealed. Investing in period 1 yields π(1|g) for each player with sig-

nal g in the bunch. Waiting (i.e., not investing) for each player with signal g outside

the bunch yields at least δR (k∗0|g), which can be obtained by using the myopic best

response function. This myopic best response function is used by the bunch members

in period 2 if bunching occurs. Again, a player with signal g outside the second pe-

riod bunch would have strictly higher payoff. Following this logic, we can see that a
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player with signal g receives higher payoff if he is in a later bunch. The sum of the

total expected payoffs in an asymmetric pure strategy equilibrium, denoted by W ap,

satisfies the following:

W ap > nPr (g)

[
k∗0
n
π(1|g) +

n− k∗0
n

δR (k∗0|g)

]
,

or,

W ap > Pr (g) [k∗0π(1|g) + (n− k∗0) δR (k∗0|g)] . (3.7)

I have the following proposition.

Proposition 10. Any asymmetric pure strategy equilibrium Pareto dominates the

symmetric mixed strategy equilibrium.

Proof. As implied by (IC3), when d = 0, I have π(1|g) ≤ δR (k∗0|g). Comparing (3.6)

with (3.7), it is immediate that W ap > W sm. Players in the first bunch have the

same payoff as in the symmetric mixed strategy equilibrium. Players outside the first

bunch have strictly higher payoff as in the symmetric mixed strategy equilibrium.

This completes the proof.

Note that the right hand side of (3.7) is the sum of payoffs when the players

outside the first bunch use the myopic best response function in the second period.

As I mentioned earlier, if bunching occurs in period 2, some players would receive

higher payoffs than R (k∗0|g), the payoff from the myopic best response. Whenever
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bunching occurs, players outside that bunch would get higher payoffs than players

inside the bunch. The equilibrium characterized in Theorem 2 is the worst asymmetric

pure strategy equilibrium in terms of efficiency and discounted payoffs, since it has

the least bunching. Nevertheless, it is still more efficient than the symmetric pure

strategy equilibrium.

3.6.2 Welfare Analysis for T = 2

In the analysis until now, I assume that the time horizon is long enough, i.e., T ≥ n+1.

In Theorem 1, players adopt the symmetric pure strategies, and the game ends in

at most 2 periods. In Theorem 2 and Theorem 3, players adopt asymmetric pure

strategies, and the game ends in at most n+ 1 periods.

In this subsection, I will perform the welfare analysis in a game with T = 2 only,

as the analysis for the general game is much more complicated.

For the symmetric pure strategy equilibrium in Theorem 1, restricting attention

to two periods is not binding, as the game will end in two periods anyway. For

the asymmetric pure strategy equilibrium of Theorem 2, the restriction changes the

equilibrium strategies of the players not belonging to the first bunch. Now only one

bunch can be formed (in period 1), and all players who have not yet invested in period

1 must decide whether or not to invest in period 2. The equilibrium bunching size (in

period 1) is again determined by (3.3), and is also independent of the total number

of players n.
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Define the social welfare as the sum of total payoffs for all players, written as

W (k, n), where k is the bunch size (i.e., the number of players making decisions) in

period 1. The social welfare function is then given by

W (k, n) = Pr (g) [kπ(1|g) + (n− k) δR (k|g)] (3.8)

+ Pr (b) δ [kR (k − 1|b) + (n− k)R (k|b)] .

This social welfare function is based on the fact that there are k players in the bunch

in period 1 and the rest of n−k players will not invest in that period. A player in the

bunch will invest in period 1 if his signal is g, and will not invest if his signal is b. In

the latter case, he will make his investment decision in period 2 after observing the

actions (and thus inferring the signals) of the rest (k − 1) bunch members. A player

outside the bunch will make his investment decision in period 2 after observing the

actions (and thus inferring the signals) of all the players in the bunch.

Bunching in period 1 has three effects. The first effect is that a player in the bunch

has only his own private signal to make his investment decision, and thus the decision

is less informed. The larger the bunch size is, the more aggregate efficiency (on these

bunch members) the society loses. The second effect is that a bunch member provides

information to the players outside the bunch through his action. In period 2, players

who have not invested can observe the actions of these bunch members and infer their

signals. The larger the bunch size, the more informed these players become, and thus
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the society gains more aggregate efficiency (on non-bunch-members). The third effect

is discounting. Investing early avoids the effect of discounting in payoffs. Trading off

these three effects, there exists a socially optimal bunching size, which is denoted

by kso (n). In what follows, I will compare this bunching size with the equilibrium

bunching size. Note that the equilibrium bunching size in this two-period model is

exactly the same as the equilibrium bunching size k∗0 in the many period model. This

is because the trade-off for a player inside and outside the bunch is exactly the same.

In the following analysis, I will first consider the case of finitely many players, and

then consider the limiting case when the number of players goes to infinity.

Finite Number of Players

My first result is that the socially optimal bunching size is weakly greater than

the equilibrium bunching size.

Proposition 11. k∗0 ≤ kso (n).

Proof. See appendix.

This proposition is intuitive. In an equilibrium, players in the bunch consider

their own payoffs only; they do not consider the (positive) externality effect of their

actions. Starting with the equilibrium bunch size, a social planner would like to add

weakly more players into the bunch. This is because one more player in the bunch

now provides extra information to other players (and thus improves the payoffs of
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those players). But this positive externality was not considered in the equilibrium

bunch size determination.

Note that the equilibrium bunch size k∗0 is independent of the total number of

players n, while the socially optimal bunch size kso (n) depends on n. In the fol-

lowing proposition, I show that when the number of players increases, social welfare

maximization would require the bunching size to be larger.

Proposition 12. kso (n) is an increasing function of n.

Proof. See appendix.

The intuition for this proposition is as follows. First fix the bunch size in the first

period. When the number of players becomes larger, more players depend on the

information revealed in the first period. Therefore, it is socially desirable to reveal

more information by increasing the bunch size.

Infinite Number of Players

In this subsubsection, I will examine the socially optimal bunching size when the

number of players goes to infinity.

Proposition 13. limn→∞ k
so (n) =∞.

Proof. See appendix.

The above proposition shows that the bunching size must go to infinity when

the number of players goes to infinity. The intuition is that when there are a large
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number of players making decisions in period 2, relying on the signals from the bunch

in period 1, the socially optimal bunch size must also be large so that the information

provided by the bunch is sufficiently precise. A small increase in the precision will

benefit a large number of players in period 2.

Even though the bunch size goes to infinity when n goes to infinity, the following

proposition shows that the percentage of players in the socially optimal bunch goes

to zero as n goes to infinity.

Proposition 14. Suppose that π(1|g) < δR (∞|g). Then limn→∞
kso(n)
n

= 0.

Proof. See appendix.

This proposition states that the social planner needs only a small percentage of the

players to be in the bunch in period 1 when the total number of players is large. The

logic behind this is as follows. Even though the percentage of players in the bunch is

small, the total number is still large and going to infinity as n goes to infinity. The

players in the bunch can provide very precise information for the players outside the

bunch as the bunch size is large. Meanwhile, the players in the bunch take up only a

small proportion of the total population of players, and their payoffs have little effect

when doing the averaging. The socially optimal welfare is thus achieved.
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3.6.3 Welfare Analysis for Heterogeneous Players

In this subsection, I consider three variations of the original model by introducing

three types of heterogeneities for the players – heterogeneous discount factors, het-

erogeneous costs of acquiring signals, and heterogeneous risk preferences. In what

follows, I discuss these three cases one by one. I argue that when the heterogeneities

are small, the asymmetric pure strategy equilibria characterized in Theorem 2 and

Theorem 3 are still valid. When players are heterogeneous, there is one unique welfare

maximizing asymmetric pure strategy equilibrium. Even though other asymmetric

equilibria remain valid, this welfare maximizing equilibrium could become a natural

way for the players to coordinate on their strategies.

Heterogeneous Discount Factors

Suppose that the discount factors are slightly different across the players, and can

be ranked as δ1 ≤ δ2 ≤ ... ≤ δn. Suppose that the differences are small, such that for

each d, there is a unique k∗d satisfying (3.3) for all i = 1, ..., n:

δiR (k∗d − 1|d+ 1, 0) ≤ π(1|d+ 1, 0) ≤ δiR (k∗d|d+ 1, 0) .

Then Theorem 2 and Theorem 3 are still valid.

To maximize the social welfare, a social planner would coordinate the players in

such a way that the least patient players make decisions first. For example, the social
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planner would choose the most impatient k∗0 players, i.e., players with δ1 to δk∗0 , to

form the bunch in the first period. If bunching occurs again in period 2, then the

remaining most impatient players will be chosen, etc. If every player’s discount factor

is different, this coordination is unique and maximizes the welfare.

Heterogeneous Costs of Acquiring Signals

In the appendix, I examine a variation of the original model by introducing a cost

of acquiring the private signals by the players. I show that my pure strategy equilibria

are robust to such a cost when it is small.

Suppose that the costs of acquiring signals are heterogeneous across the players,

and can be ranked as c1 ≤ c2 ≤ ... ≤ cn. Suppose that all these costs are small so

that the asymmetric equilibria still hold, that is, the strategies in Theorem 2 and

Theorem 3 are still valid. In this case, the social planner would choose the players

with the lowest costs to form the first bunch, the players with the next lowest costs

to form the second bunch, and so on. Again, if the costs are all different, then the

welfare maximizing equilibrium is unique. This is also a natural way to coordinate

the players in the asymmetric equilibria.

Heterogeneous Risk Preferences

In the original model, the players are assumed to be risk neutral. If they are

slightly risk averse, Theorem 2 and Theorem 3 are still valid. The bunch size k∗d is
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still determined by (3.3):

δRi (k
∗
d − 1|d+ 1, 0) ≤ πi(1|d+ 1, 0) ≤ δRi (k

∗
d|d+ 1, 0) ,

where πi and Ri now represent the expected payoffs of player i.

Suppose that the players’ degree of risk aversion can be ranked. The players

who make decisions early have less information, and thus incur higher risk. This

is because the underlying states are more uncertain when there is less information.

This can be seen from V ar (Y ) ≥ ExV ar (Y |x).8 This implies that the expected risk

(as measured by the variance) is lower when more signals are revealed. When there

are more signals, the players can predict the states more precisely, and the optimal

decisions by the players involve less risk. Therefore, when players are slightly risk

averse, the social planner would choose those who are less risk averse to bunch earlier

to maximize welfare. This would also be a natural way for the players to coordinate

in the asymmetric equilibrium.

3.7 Applications

My model can be applied to the adoption of new products. New products, such as new

iPhones, new albums, or new movies, are of unknown quality. Each consumer may

8This is because V ar (Y ) = E(Y 2) − (EY )
2
, ExV ar (Y |x) = Ex

[
E
(
Y 2|x

)
− (E (Y |x))

2
]

=

E(Y 2) − Ex (E (Y |x))
2
. By Jensen’s inequality, I know (EY )

2
= (Ex (E (Y |x)))

2 ≤ Ex (E (Y |x))
2
.

Therefore, V ar (Y ) ≥ ExV ar (Y |x).
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obtain some private information from various kinds of sources, such as advertisements,

word of mouth, or personal investigation. Some of these consumers may decide early

on whether or not to purchase these new products. (These consumers can be regarded

as the first bunch.) Meanwhile, other consumers may decide to wait regardless of their

private information; they wait for the sales figures, etc., and some of them make their

decisions then. When the sales figures are very good relative to people’s expectation

– for example, the new iPhones were out of stock everywhere on the first day of

sale, Michael Jackson’s album “Thriller” reached 100 million copies, or the box office

of “Avatar” was record high during the opening weekend – then a huge wave of

consumers may follow suit (i.e., herding). On the contrary, if the sales figures are

really bad, then few may buy the new product, which may then disappear from the

market soon (herding of no-investment). If the sales figures are just moderate, then

another group of consumers may decide whether or not to buy the new product (i.e.,

bunching again), and so on and so forth.

In the above application, the sales record reveals how many consumers have pur-

chased the new product. Each consumer has some prior anticipation about how many

people should be in the first bunch (who make decisions first). The actual number

of units sold (or, in the case of supply shortage, the number of people who want

to buy) then represents the number of players with good signals in the bunch. If

this number is relatively large, e.g., if I see many people queuing outside the Apple

Store at 3:00am in the morning, then we can infer that the number of good signals
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outweighs the number of bad signals by a significant margin in the bunch. In this

case, the consumers may herd and buy. However, if the consumers see relatively few

people buying the new product, they infer that there are many more bad signals than

good signals in the bunch. In this case, they herd and will not buy the product.

Meanwhile, if the sales figure is mediocre, then it is likely that another subgroup of

consumers will make their purchase decisions.

In another application, I consider the investment decisions when the economy is

highly uncertain, such as when we are near the end of a recession. In that situation,

investors are highly unsure about the state of the economy, and a signal (either

good or bad) is very valuable. We usually observe that a group of investors, such

as big investment banks, decide early; they either invest or do not invest, depending

on the information they receive. Other investors just stay on the sideline. Then

herding may occur, if many investors from this first bunch invest (or not invest).

When neither of the sides in the bunch dominates, another bunch of investors forms,

etc. An important implication from my analysis is that it is not the amount of

investments relative to the total amount of possible investments that matters. It

is the amount of investments relative to the equilibrium bunch size that matters.

Financial analysts have long incorporated the supposed trading volumes versus the

actual trading volumes (in addition to the market prices) in their analysis. In IPO

offerings, the expected subscription rate versus the actual subscription rate plays an

important role in the analysis. In a sense, this practice reflects some of the intuitions
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I obtain in this chapter.

The recent popularity of group discount websites, especially Groupon.com, pro-

vides a possible venue to test the equilibrium behavior of the buyers. On these

websites, the number of units sold is posted and instantly updated. Buyers are some-

times unsure about how good a deal a coupon offers. They may have some private

information. But from the sales figure, they can see the actions of other buyers and

infer useful information. Here, the total number of potential buyers could be difficult

to obtain, but the bunch sizes could be calculated if I know other parameters of the

model. Asymmetric equilibria are useful when we do not have precise information on

the total number of players.

3.8 Conclusion

In this chapter, I characterize the pure strategy equilibria when players with private

information decide not only whether or not to make an investment in a risky environ-

ment, but also when to make the investment. I show that a unique symmetric pure

strategy equilibrium exists when players are impatient, or when the number of play-

ers is small. Whenever these conditions are not satisfied, asymmetric pure strategy

equilibria exist. In these equilibria, players either herd or bunch in any given period.

Bunching can occur only when there was bunching in all previous periods. When

herding occurs, the game ends. In these equilibria, some players make decisions early
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and some later, regardless of their signals. Later players learn information from the

early decision makers and can make more informed decisions, but their payoffs are

discounted.

I focus on the asymmetric pure strategy equilibria in this chapter. These asym-

metric equilibria exhibit the property of bunching. In bunching, a bunch of players

make decisions while the rest of the players do nothing regardless of their signals.

When players are very patient, the asymmetric equilibria enclose those in a com-

parable exogenous timing model from the literature. When the discount factor is

equal to 1, the least efficient equilibrium is the one resembling the exogenous timing

model, while in the most efficient equilibrium, the bunch size is always equal to 1 and

herding of investment disappears. Bunch sizes are shown to be independent of the

total number of players. The equilibrium asymmetric pure strategies are invariant to

adding more players to the game. All these properties are unique to asymmetric pure

strategy equilibria. These equilibria are shown to be more efficient than symmetric

mixed strategy equilibria.

The analysis in this chapter has many applications. It applies to the adoption of

new products, the issuing of IPOs, investments in the financial markets, etc. When

people make decisions in a dynamic setting, the asymmetric equilibria in my model

predict that they are likely to make decisions in groups. This is also true when players

do not initially have private information and must pay a small fee if they want to

acquire a private signal. Thus, the equilibria characterized in this chapter are robust
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to small fees for information acquisition.

Two extensions of this model can be investigated in the future research. In the

first one, I will allow for multiple actions; individuals can choose among more than

two actions. This is useful because in reality, the individuals face multiple choices.

For example, when a consumer buys a cell phone, he may choose from an iPhone,

a Nokia phone or a Blackberry, among others. In the second one, I would like to

examine a game where the action externality and the information externality are

both present. In particular, one can imagine the strategic complementarity, where

one action is more favorable when others are choosing the same, such as a network

effect or fashion. This model can be used to examine the formation of network under

asymmetric information. Of course another one is substitutability, where the opposite

occurs – one action is less favorable if others are choosing the same.
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Chapter 4

The Paradox of Voting Revisited

4.1 Introduction

The “Paradox of Voting” has interested many economists and political scientists for

decades. A bountiful literature has spawned on this area. The basic assumption in this

literature is the rationality of voters. The initial formulation of the “rational choice

model” by Downs (1957) and Tullock (1967) uses an expected utility framework;

taking the cost of voting into account, voters vote if the expected net benefit from

voting is positive, and abstain if it is negative. However, their model has led to the

pathological conclusion that it is irrational to vote in large elections. A voter’s vote

matters only if it is decisive, i.e., if it breaks a tie or it brings a tie. In large elections,

the probability of a vote being decisive is extremely small. Therefore, if voters vote for

the purpose of casting a decisive vote, then any reasonably small cost should prevent
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the voters from voting. This is the “Paradox of Voting.”

Trying to resolve this Paradox of Voting, Riker and Ordeshook (1968) extended

the initial rational choice model by adding a term D to a voter’s utility to capture the

vote’s satisfaction from voting. Later, Barry (1976) and Blais (2000), among others,

argue that the D term can also be the sense of duty for a voter. Either way, this

(positive) D term seems to be very helpful in explaining the high voter turnout rate.

However, it has received many critics, such as those in Mueller (2003), who criticizes

that these D terms save the rational choice model but destroy its power in predicting

who the voters will vote for.

In this chapter, we continue to build on the principles of the rational choice model

but assign a new meaning to the D term by making use of modern psychological and

sociological findings. By doing so, we predict a high voter turnout as well as restore

the predictive power of the rational choice model. The findings that we will make use

of is the literature studying spectatorship in sporting events. Sporting events provide

spectators with suspense and excitement, the exact reasons why people pay to watch

them. We consider an election as nothing too different. First, most of the sport

competitions consist of two teams, and sometimes more teams. Elections are similar.

Most of the time, there are also two major candidates, and sometimes more. Second,

suspense is high when the two competing teams are equally strong, and it is low

when one team dominates. It is exactly the same in elections with two candidates.

Last, spectators enjoy the excitement significantly more if they become loyal to a
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particular team or have the sense of identity felt by associating themselves with a

particular group. Watching the contests in stadiums has a much higher association

effect or identification effect than watching them on TV or reading the results in the

newspapers. Elections are much alike. Voters also obtain more enjoyment from going

to the polls due to the association effect or the identification effect.

According to this psychology and sociology literature, people derive utility from

participating in or watching contests (O’Keeffe, Viscusi and Zeckhauser (1984)). A

spectator’s enjoyment is proved to be a monotonic function of the suspense about

the outcome of the game (Berlyne (1960) and Zillmann (1991)). It is also proved

that people should experience intensified enjoyment with great suspense in the result

(Zillmann (1983), (1996)), while such enjoyment-intensifying excitation is, of course,

nonexistent in lopsided (i.e., one side dominating the other side) games (Gan, et

al (1997)). Lopsided games are viewed as providing resolution too early, and thus

rendering unnecessary the wait for resolution at game’s end. Close games, on the other

hand, have to be attended in full because only their actual end provides resolution.

The above findings have obvious implications in voting. Voter turnouts are much

higher in close elections than in lopsided elections. We make use of this theory in the

modeling.

We also make use of the disposition theory of sports spectatorship (Zillmann,

Bryant and Sapolsky (1989), Zillmann and Paulus (1993)), which leaves no doubt

about the fact that enjoyment of an athletic contest, especially of its outcome, hinges
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on favorable dispositions toward the winning team. Meanwhile, Laverie and Arnett

(2000) demonstrate that attachment and involvement influence fan attendance in

identity related activities, such as a sport event. Research suggests that fans may

become loyal to a particular team because of the enjoyment associated with spectating

(Zillman, Bryant and Sapolsky (1989)) or because of the sense of identity felt by

associating themselves with a particular group (Wann and Branscombe (1990)). The

latter authors demonstrate that higher fan identification can lead to an increase in

the likelihood of basking-in reflected-glory (BIRGing) and a decrease in the likelihood

to cutting-off-reflected failure (CORF). They conclude that die-hard fans believe that

being a “fan” is an important part of who they are, and, as a result, they persevere,

even when their team is unsuccessful.1

In this chapter, we call this identity related effect “the group effect’. We add

suspense and group effect to the rational choice model to replace the D term. A

voter gets the suspense and the group effect only when he votes.2 We first add

suspense. Suspense is modeled as the amount of surprise in the election. Let p be

the probability of one’s preferred candidate winning. Then if that candidate does

win, (1− p) is defined as the amount of surprise in terms of probability. In this case,

1The identity theory has been subjected to empirical examination in leisure, sociology, and con-
sumer research (see Stryker and Serpe (1982), Serpe (1987), Hoelter (1983), Kleine et al. (1993),
Laverie (1998), Shamir (1992)). Those people with high identity salience are more likely to partici-
pate in identity related activities (Kleine et al. (1993), Laverie (1998)). Therefore, it is posited that
those who have high identity salience for being a fan of a sports team will attend games more often
than those low in identity salience.

2If a voter also get suspense and excitement even when he does not vote, then the analysis in
this chapter will go through as long as he gets more suspense and more excitement if he votes.
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a voter receives a positive surprise of S+ in terms of utility, and thus the amount of

surprise is (1 − p)S+. Note that this positive surprise happens with probability p,

and thus the expected positive surprise is p(1 − p)S+. Similarly, if one’s preferred

candidate loses, there is a negative surprise pS−, and it happens with probability

(1 − p). So the expected negative surprise is (1 − p)pS−. So the total expected

surprise for the voter is p(1−p) (S+ + S−), where S+ > 0, S− < 0 and S+ +S− > 0.3

We now add group effect to the model. With probability p, one’s preferred candi-

date wins. In this case, the voter obtains a utility of W . Similarly, with probability

(1 − p), the preferred candidate loses. In this case, the voter obtains a utility of L,

where L < W .4

One major conclusion of a model with the above features is that the voter turnout

rate in a large election will be significantly different from zero, regardless of the

probabilities of winning for one’s preferred candidate. Another major conclusion is

that the voting rate is higher for the candidate with more supporters, as he is more

likely to win and provide higher utility gains to his supporters. This is in contrast

to most of the papers in the literature which predict the opposite. Here, the voting

rate for a candidate is defined as the percentage of his supporters incurring the cost

of voting to cast a vote.

3In this chapter, we assume that every voter has the same S+ and S−. In reality, each voter could
have different S+ and S−, some of whom with S+ + S− > 0 and some of whom with S+ + S− < 0.
In this case, those with S+ + S− < 0 would be less likely to vote. The analysis in this chapter
applies to those with S+ + S− > 0 only.

4Similarly to footnote 3, there could be voters with L > W . But as long as there is a significant
amount of voters with L < W , my analysis will go through.
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We use the 2004 US Presidential Election data to test the theory empirically. The

first result can be tested easily. The voter’s voting rate is obviously much higher

than zero. For the second result, the data shows that in over 72.5% of the states,

the candidate with “more supporters” in that state has a higher voting rate. We

approximate the number of a particular candidate’s supporters by using the poll

numbers right before the election. This approximation is quite preliminary, but it

should provide a statistics for the amount of potential voters who support a particular

candidate. (These voters may or may not cast a vote depending on their voting costs.)

We run a regression to test the relationship between the voting rate difference and

the indicator function of the supporters difference. The result indicates that these

two variables are positively correlated and the coefficient is statistically significant at

the 90% confidence interval. This provides another evidence to the conclusion that

the voting rate is higher for the candidate with more supporters.

The rest of this chapter is organized as follows. In Section 2, we review the

literature on the classical rational choice model and some of its extensions. In Section

3, we analyze a model with two candidates. In Section 4, we extend the model to k

candidates. In Section 5, we use the 2004 US Presidential Election data to test our

theory. Section 6 contains the conclusion.
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4.2 Literature Review

This literature review is divided into five subsections. The first subsection is on the

classical rational choice model and the rest are on the extensions to the classical

model.

4.2.1 The Classical Rational Choice Model

The earliest rational choice theory is believed to be proposed by Downs (1957) and

Tullock (1967). They analyze a model of an election with two candidates in which a

voter decides to vote or abstain. The voter votes if the expected net benefit R from

voting is positive, where

R = PB − C.

The parameter P is the probability that a voter’s vote is decisive, that is, his vote is

going to either make a tie or break a tie. The parameter B is the benefit difference

in utilities that he receives from the success of his preferred candidate over his less

preferred one. The parameter C is the cost of voting.

The problem is that this parameter P is very small, that is, close to zero, in large

elections. To see this, let the total number of voters N be an odd number and p be
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the probability that a voter votes for candidate 1. Then, P is given by

P =

 N − 1

N−1
2

 p
N−1

2 (1− p)
N−1

2 . (4.1)

This binomial expression has been approximated in various ways (see Beck (1975),

Margolis (1977), Linehan and Schrodt (1979), Owen and Grofman (1984)). For in-

stance, the approximation by Owen and Grofman (1984) is given by

P =
2e−2(N−1)(p−

1
2
)2√

2π (N − 1)
. (4.2)

It demonstrates that P is inversely related to N (the total number of electorates)

and p− 1
2

(candidate competitiveness). To be more precise, P is relatively flat in the

neighborhood of p = 1
2
, but it slopes away quite sharply thereafter. For example, if

N = 100, 000, 000 and p = 1
2
, we have P ≈ 0.00008. With the same p, the larger the

N is, the smaller the P is. On the other hand, if p = 0.6, then even if N is as low as

1000, P is in the order of 10−11. In this case, even if C = 1, B has to be in the order

of 1011 for the voter to vote.

Essentially, P is infinitesimal if N is large, whereas the probability of being hit

by a car on the way to the polls could be higher than that. This illustrates the

paradox of voting – if people vote with the purpose of influencing the outcome of an

election, then even a small cost of voting should dissuade them from voting. However,
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the empirical results show that the turnout rate is usually as high as 70% in large

elections such as the presidential elections (Blais (2000)). In view of this, the earliest

rational choice model is not satisfactory in explaining the high turnout. What this

model can explain is only the marginal increase of the turnout rate rather than the

total.

4.2.2 The Cost Argument

Many theorists have suggested that the cost of voting is nil (Olson (1971), Niemi

(1976), Smith (1975), Hinich (1981), Palfrey and Rosenthal (1985), Aldrich (1993)).

The cost of voting is often considered to include the opportunity cost and effort cost,

such as the time spent on collecting the information about the election, the time and

cost of going to the polls, and the effort of resolving a scheduling conflict. If the cost

is indeed negligible, then although the term P is minuscule, PB is still greater than

C. In this sense, the rational choice theory is useful in explaining the high turnout

phenomenon.

The question is: Is C really negligible? We have seen that when voting cost

goes up, turnout goes down. Therefore voting cost does matter. Downs (1957)

has also pointed out that the cost of acquiring the information about candidates is

costly. Some other scholars also support the argument that voting is costly (Borgers

(2004)). One of Downs’ solutions to the information problem is ideology (see Hinich

and Munger (1994)), and using British Election Study data, Larcinese (2000) has
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demonstrated that ideological motivations affect information acquisition and both in-

fluence turnout (see also Lassen (2005)). But again these results show the marginal

effects of voting costs (the less ideologically motivated the higher the cost of informa-

tion acquisition) rather than the rationality of casting a vote.

4.2.3 The Benefit Argument

As is shown in Subsection 2.1, if parameter B is massive, the rational choice model

can be justified. It is often observed that the more important the election is, the more

voters the election attracts. This is consistent with the rational choice model, since

the importance of the election is positively correlated to the benefits at stake. The

only concern is that whether B is really this large in actual elections.

The ethical voter hypothesis might also give us a solution. Hudson and Jones

(1993) examine the concept of ethical voter and present an estimate of altruism in

their model. Altruism has been modeled as an externality (see Becker (1974)). An

altruist is assumed to derive utility not only from his personal consumption of goods

and services, but also from the welfare of other individuals. In this way, it can make

B higher. Whether we can get altruism to make B high enough to cover even low

costs of voting still partially depends upon the value of P .
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4.2.4 The Probability of Winning Argument

One approach to fix the classical rational choice model is to change the calculation of

P , or to get rid of it completely. Kahneman (et al.1974) suggests that people do not

understand the true distribution of P and so overestimate their decisiveness. Blais

(2000) provides evidence that individuals massively overestimate the probability of

their decisiveness. But even with these overestimations, the probability of a voter

being decisive is still small.

Ferejohn and Fiorina (1974) attempt to explain the high turnout rate by proposing

the minimax-regret hypothesis, which does not require people to supply any (objective

or subjective) estimates of P and voters are risk-aversers who try to minimize the

maximum of regret they can suffer. Under this hypothesis, people do not calculate

the actual expected payoff for each strategy, but the regret instead. There are two

relevant states of the world to be considered: SI , a voter’s vote is not decisive (the

outcome of the election is independent of whether one votes); SD, a voter’s vote is

decisive (by voting the individual brings one’s preferred candidate to win either by

breaking a tie and making a runoff). In each state, one can choose to vote or to

abstain. If the election outcome is independent of one’s vote yet one vote, one has a

regret of C which is the cost that one incurred by voting. If in the same state SI , one

abstains, then one has no regret. Whereas, in the state one’s vote is decisive, SD, if

one votes, one has no regret. However, if one abstains, one’s regret is given by B−C,

where B is the net benefit one can gain by producing the victory of one’s preferred
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candidate. Assume B is at least double the costs of voting, C. The payoff is shown

in the table below (Mueller (2003)).

States

Strategies

SI SD

V ote C 0

Abstain 0 B − C

It is clearly shown in the table that if one votes, the maximum regret is C, and if

one abstains, the maximum regret is B − C. Given B ≥ 2C, we must have

min{C,B − C} = C,

which means that one’s strategy should be to vote.

However, this approach is also problematic. The minimax regret strategy leads

to bizarre behavior. Suppose there are multiple candidates running in an election.

According to the minimax regret criterion, one should envisage the worst scenario,

that the candidate one likes the least wins, without taking into account her probability

of winning and vote if that regret outweighs the cost of voting. Thus, this criterion

predicts that the presence of an extremist candidate should substantially increase the

turnout, whatever the degree of support she enjoys (Mueller (2003)). Obviously, this

prediction is not supported by our observations.
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4.2.5 The Satisfaction from Voting Argument

Riker and Ordeshook (1968) extend the basic model by introducing the D term, the

benefit of satisfaction from voting, which alone could overweigh the cost of voting.

And the calculation of expected benefit from voting becomes

R = PB +D − C. (4.3)

They claim that the elements in D are the following satisfactions: the satisfac-

tion from compliance with the ethic of voting, which is positive if the citizen votes,

negative if he does not; the satisfaction from affirming allegiance to the political sys-

tem; the satisfaction from affirming a partisan preference (voting gives the citizen the

chance to stand up and be counted for the candidate he supports); the satisfaction of

deciding, going to the pools; the satisfaction of affirming one’s efficacy in the political

system (the theory of democracy asserts that the expression of individual interests

is a significant part of democracy, and for most people the only chance to fulfill this

role is the voting booth).

There have been many arguments over the meanings of D. Barry (1976) postulates

that it is duty that gets people to the polls. Blais (2000) also supports that it is duty

to vote because there have been evidence showing that most voters are regular voters

who vote nearly every year. Obviously, the D term is most helpful to explain the

high turnout, yet there have been many critics, such as Mueller’s (2003) criticism
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that without a theory explaining the origin, strength, and extent of an individual’s

sense of civic duty, merely postulating a sense of civic duty ‘saves’ rational egoism by

destroying its predictive content, as we cannot forecast who they are voting for.

This chapter intends to give a new understanding of D and restore the predictive

power of the rational choice model.

4.3 A Model of Two Candidates

Suppose that there are 2 candidates, candidate 1 and candidate 2, in an election.

There are two groups of voters, group 1 and group 2. Voters in group 1 all prefer

candidate 1, and voters in group 2 all prefer candidate 2. Other than the cost of

voting, which will be explained in more details later, all voters in group 1 are the

same. Likewise, all voters in group 2 are the same except their cost of voting.

Consider a representative voter in group 1. If he does not vote, the probability of

candidate 1 winning is p, and of candidate 2 winning is 1− p. His utility is

U1 = pπ1 + (1− p)π2,

where π1 is the utility he obtains if candidate 1 wins, and π2 is his utility if candidate

2 wins. Since group 1 voters prefer candidate 1, π1 > π2. On the other hand, if he

votes, the probability of candidate 1 winning increases to p̂.

Furthermore, we assume there are two kinds of effects taking place. One effect
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is referred to as the surprise effect, which the voter derives from participating in the

election with suspense in the result. The suspense in essence produces the surprise

effect, which has a positive component S+ > 0 if his preferred candidate (candidate 1)

wins, and a negative component S− < 0 if candidate 1 loses. We assume that |S+| >

|S−| (see footnote 3). The other effect is the group effect, which captures the utility

he gets from being part of the group who support the same candidate as he does.

By voting rather than silently supporting, he can enjoy higher utility by associating

himself with candidate 1 that he voted for when candidate 1 wins. This utility is

denoted by W . On the other hand, when candidate 1 loses, this utility becomes L.

We assume that W > L.

As in the classical rational choice model, we assume that a voter incurs the cost of

voting C1. This C1 is assumed to be uniformly distributed on [0, 1]. Assume that each

voter’s cost is distributed independently. The utility from voting for a representative

voter in group 1 is then given by:

Û1 = p̂
(
π1 + (1− p̂)S+ +W

)
+ (1− p̂)

(
π2 + p̂S− + L

)
− C1.

Rearranging it, we have

Û1 = p̂π1 + (1− p̂)π2 + p̂ (1− p̂)
(
S+ + S−

)
+ p̂W + (1− p̂)L− C1.
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To simplify this formula, let S = S+ + S− > 0. Then

Û1 = p̂π1 + (1− p̂)π2 + p̂ (1− p̂)S + p̂W + (1− p̂)L− C1.

Note that a voter votes if Û1 ≥ U1, and does not vote if Û1 < U1. We have

Û1 − U1 = [p̂π1 + (1− p̂)π2 + p̂ (1− p̂)S + p̂W + (1− p̂)L− C1]

− [pπ1 + (1− p)π2]

= (p̂− p) (π1 − π2) + p̂ (1− p̂)S + p̂W + (1− p̂)L− C1. (4.4)

The first term on the right hand side of (4.4) is identical to the term PB in the

literature of rational voter theory, i.e P = p̂ − p is the probability of his vote being

decisive, and B = π1 − π2 is the difference in utilities when different candidates win.

This term is negligible if the number of voters is large, as we discussed in the literature

review section. In the rest of the analysis, we will omit it to simply the calculation.

Therefore, the critical value of C for the indifferent voter is given by

Ĉ1 = p̂ (1− p̂)S + p̂W + (1− p̂)L.

Similarly, we can consider a representative voter in group 2. Let S−, S+, S, W ,

and L again represent the corresponding values for a voter in group 2. Let p̃ denote

the probability of candidate 1 winning if he does not vote. If he votes (for candidate
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2), the probability of candidate 1 winning decreases from p̃ to p̂. Let π
′
1 and π

′
2 be

his benefit from candidate 1 winning and candidate 2 winning respectively, where,

of course, π
′
1 < π

′
2 for group 2 voters. Denote C2 as the cost of voting for a voter

in group 2. This C2 is also assumed to be uniformly distributed on [0, 1] and each

voter’s cost is distributed independently. Therefore,

Û2 = p̂
(
π
′

1 + (1− p̂)S− + L
)

+ (1− p̂)
(
π
′

2 + p̂S+ +W
)
− C2

= p̂π
′

1 + (1− p̂)π′2 + p̂ (1− p̂)S + (1− p̂)W + p̂L− C2.

So

Û2 − U2 = (p̃− p̂)
(
π
′

2 − π
′

1

)
+ p̂ (1− p̂)S + (1− p̂)W + p̂L− C2.

Again, omit the first term (p̃− p̂)
(
π
′
2 − π

′
1

)
, as it is small relative to the rest of the

terms. The critical value of Ĉ2 for the indifference voter is given by

Ĉ2 = p̂ (1− p̂)S + (1− p̂)W + p̂L.

Denote the size of group i by Ni and the voting rate of the voters in group

i by ri, i = 1, 2. This ri is the probability of a voter in group i going to vote.

Note that Ci is distributed according to the uniform distribution on [0, 1]. We have
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r1 = Pr(C1 ≤ Ĉ1) = Ĉ1, i.e.,

r1 = p̂ (1− p̂)S + p̂W + (1− p̂)L,

and r2 = Pr(C2 ≤ Ĉ2) = Ĉ2, i.e.,

r2 = p̂ (1− p̂)S + (1− p̂)W + p̂L.

Proposition 15. Given S ≥ 0, W > 0 and L > 0, the voting rate will be significantly

different from zero regardless of the value of q (the probability of candidate 1 winning).

Proof. Since r1 ≥ min {L,W}, and r2 ≥ min {L,W}, it follows that both r1 and r2

will be greater than zero.

Even if p̂ = 0 or p̂ = 1, that is, when the surprise effect is zero, the voting rate

is still strictly greater than zero. If p̂ 6= 0 and p̂ 6= 1, i.e., the surprise effect is not

equal to zero, the voting rate could be higher (it depends on the value of W , L and

S). And the surprise effect is the greatest if p̂ = 1
2
, when the election is the closest.

Denote the actual number of voters voting for candidate 1 and candidate 2 by

random variables n1 and n2 respectively.

Lemma 20. When N1 and N2 are large, n1 ∼ N(N1r1, N1(r1 − r21)) and n2 ∼

N(N2r2, N2(r2 − r22)).
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Proof. Let random variable Xi be the indicator function for voter i in group 1 voting

for candidate 1; if he votes, the value is 1; if not, the value is 0. Therefore,

Xi =


0, with probability 1− r1,

1, with probability r1.

Then

E (Xi) = 0 · (1− r1) + 1 · r1 = r1

and

V ar (Xi) = E
(
X2
i

)
− [E (Xi)]

2 = 12 · r1 − r21 = r1 − r21

Similarly, define random variable Yi as the indicator function for voter i in group

2 voting for candidate 2. If he votes, the value is 1; if not, the value is 0. Therefore,

Yi =


0, with probability 1− r2,

1, with probability r2.

Similarly, E (Yi) = r2 and V ar (Yi) = r2 − r22.

Since

n1 =

N1∑
i=1

Xi,

and

n2 =

N2∑
i=1

Yi.
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Therefore,

E (n1) = E

(
N1∑
i=1

Xi

)
= N1E (Xi) = N1r1,

and

V ar (n1) = V ar

(
N1∑
i=1

Xi

)
= N1V ar (Xi) = N1

(
r1 − r21

)
.

Similarly,

E (n2) = N2r2,

and

V ar (n2) = N2

(
r2 − r22

)
.

By Central Limit Theorem, we know that when N1 and N2 are large enough,

n1 and n2 are approximated by the normal distribution with mean and variance

calculated above. Therefore, n1 ∼ N(N1r1, N1(r1 − r21)) and n2 ∼ N(N2r2, N2(r2 −

r22)).

From the above lemma, we have

E (n2 − n1) = E (n2)− E (n1) = N2r2 −N1r1,

and

V ar (n2 − n1) = V ar (n2) + V ar (n1) = N1

(
r1 − r21

)
+N2

(
r2 − r22

)
.
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Let µ = N2r2 − N1r1 and σ2 = N1 (r1 − r21) + N2 (r2 − r22). Define the random

variable Z = (n2−n1)−µ
σ

. We have the following lemma.

Lemma 21. When N1 and N2 are large, Z approximately follows the standard normal

distribution, i.e., Z ∼ N (0, 1).

Proof. From Lemma 20, we know n1 and n2 approximately follow normal distribu-

tions. Therefore, n2−n1 approximately follows normal distribution. By the definition

of Z, we know that Z approximately follows standard normal distribution.

Note that p̂ is the probability of candidate 1 winning. So,

p̂ = Pr {n1 > n2} = Pr{Z < −µ
σ
} = Φ

(
−µ
σ

)
,

i.e.,

p̂ = Φ

(
N1r1 −N2r2√

N1 (r1 − r21) +N2 (r2 − r22)

)
. (4.5)

In the following proposition, we show that the larger group has a higher probability

of voting (i.e., higher turnout rate).

Proposition 16. If N1 > N2, then r1 > r2. Therefore, E (n1) > E (n2).

Proof. Suppose first that L = W , then r1 = r2. In this case, because N1 > N2, we

have

r1N1 − r2N2 > 0. (4.6)
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From (4.5), we know that p̂ > 1
2
.

Now consider the general case of L ≤ W . Since

r1 = p̂ (1− p̂)S + p̂W + (1− p̂)L (4.7)

and

r2 = p̂ (1− p̂)S + (1− p̂)W + p̂L,

we have

r1 − r2 = (2p̂− 1) (W − L) . (4.8)

Noting p̂ > 1
2

when L = W , we have

∂ (r1 − r2)
∂L

∣∣∣∣
L=W

=

[
2
∂p̂

∂L
(W − L)− (2p̂− 1)

]∣∣∣∣
L=W

= 1− 2p̂ < 0.

Suppose at any point L∗ < W the curve r1 − r2 intersects the L axis again, i.e.

r1 − r2 = 0. Thus, from (4.8), we must have

p̂ =
1

2
.

However, if r1 − r2 = 0, inequality (4.6) holds, and from (4.5), it implies p̂ > 1
2
. This

is a contradiction. Hence at any point L∗ < W , the curve cannot intersect the L axis

again. Therefore, given N1 > N2, r1 − r2 > 0, for all L < W .
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Because E (n1) = N1r1 and E (n2) = N2r2, the above also implies that E (n1) >

E (n2).

The intuition for this proposition is as follows. A candidate with a larger group of

supporters has a higher probability of winning. In addition, because W > L, winning

provides more incentive for supporters to vote. As the supporters from the winning

side derive more utility from voting, more of them (in % term) will vote. Of course,

this implies that they are even more likely to win.

4.4 A Model of k Candidates

Suppose now that there are k candidates in an election. There are k groups of voters.

Voters in group i all prefer candidate i, i = 1, 2...k. Other than the cost of voting, all

voters in group i are the same.

Consider a voter in group i. If he does not vote, the probability of candidate j

winning is pj, and
∑k

j=1 pj = 1. This representative voter’s utility is

Ui =
k∑
j=1

pjπj,

where πj is the benefit he obtains if j wins, j = 1, 2, ..., k. Assume that πi >

maxj 6=i {πj} since this voter prefers candidate i. Again, assume that Ci, the cost

of voting for a voter in group i, is distributed independently and uniformly on U [0, 1].
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If this voter votes, the probability of j winning changes to p̂j, and
∑k

j=1 p̂j = 1.

Other assumptions are the same as in the two-candidate model. Then, the utility if

he votes is given by

Ûi =
k∑
j=1

p̂jπj + p̂i
[
(1− p̂i)S+ +W

]
+ (1− p̂i)

(
p̂iS

− + L
)
− Ci.

Rearranging, we have

Ûi =
k∑
j=1

p̂jπj + p̂i (1− p̂i)S + p̂iW + (1− p̂i)L− Ci,

where S = S+ + S−. Therefore,

Ûi − Ui =
k∑
j=1

(p̂j − pj)πj + p̂i (1− p̂i)S + p̂iW + (1− p̂i)L− Ci. (4.9)

The first term on the RHS of (4.4) will be omitted since it is usually extremely

small in large elections. The critical value of Ci (and thus also the voting rate for

group i) is given by

ri = Pr
(
Ci ≤ Ĉi

)
= Ĉi = p̂i (1− p̂i)S + p̂iW + (1− p̂i)L.

According to the analysis in the previous section, we can approximate the distribution
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of ni, the actual number of electorates voting for i by a normal distribution

ni ∼ N
(
Niri, Ni

(
ri − r2i

))
.

We obtain the following proposition, which is similar to Proposition 2.

Proposition 17. If N1 > N2 > ... > Nk, then r1 > r2 > ... > rk. Therefore,

E (n1) > E (n2) > ... > E (nk).

Proof. We only need to show that if Ni > Nj, then ri > rj, ∀i > j.

Since

ri − rj = [p̂i (1− p̂i)S + p̂iW + (1− p̂i)L]− [p̂j (1− p̂j)S + p̂jW + (1− p̂j)L]

= (p̂i − p̂j) [(1− p̂i − p̂j)S + (W − L)] . (4.10)

Define Pst ≡ Pr(ns > nt). Then

p̂i = Pr(ni > nm,∀m 6= i)

=
∏
m 6=i

Pr(ni > nm)

= Pij ·
∏
m 6=i,j

Pim.
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Similarly,

p̂j = Pr(nj > nm,∀m 6= j)

=
∏
m 6=j

Pr(nj > nm)

= Pji ·
∏
m 6=j,i

Pjm

= (1− Pij) ·
∏
m6=j,i

Pjm.

Suppose first that S = 0 and W = L. In this case, from (4.10) we must have

ri − rj = 0 (4.11)

Because Ni > Nj, we have

riNi − rjNj > 0, (4.12)

and

Ni

(
ri − r2i

)
> Nj

(
rj − r2j

)
. (4.13)

Therefore, from (4.12), we have

Pij = Φ

 Niri −Njrj√
Ni (ri − r2i ) +Nj

(
rj − r2j

)
 > Φ(0) =

1

2
. (4.14)
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and from (4.13), we have

Nmrm√
Ni (ri − r2i ) +Nm (rm − r2m)

<
Nmrm√

Nj

(
rj − r2j

)
+Nm (rm − r2m)

. (4.15)

We can show that

Niri√
Ni (ri − r2i ) +Nm (rm − r2m)

>
Njrj√

Nj

(
rj − r2j

)
+Nm (rm − r2m)

. (4.16)

This is because

(4.16) ⇔ Ni√
Ni (ri − r2i ) +Nm (rm − r2m)

>
Nj√

Nj (ri − r2i ) +Nm (rm − r2m)

⇔ N2
i

Ni (ri − r2i ) +Nm (rm − r2m)
>

N2
j

Nj (ri − r2i ) +Nm (rm − r2m)

⇔ N2
i

[
Nj

(
ri − r2i

)
+Nm

(
rm − r2m

)]
−N2

j

[
Ni

(
ri − r2i

)
+Nm

(
rm − r2m

)]
> 0

⇔ NiNj

(
ri − r2i

)
(Ni −Nj) +Nm

(
rm − r2m

) (
N2
i −N2

j

)
> 0.

Then, from (4.15) and (4.16), we have

Niri −Nmrm√
Ni (ri − r2i ) +Nm (rm − r2m)

>
Njrj −Nmrm√

Nj

(
rj − r2j

)
+Nm (rm − r2m)

Therefore, ∀m 6= i, j,

Φ

(
Niri −Nmrm√

Ni (ri − r2i ) +Nm (rm − r2m)

)
> Φ

 Njrj −Nmrm√
Nj

(
rj − r2j

)
+Nm (rm − r2m)

 ,
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that is,

Pim > Pjm. (4.17)

Hence, from (4.14) and (4.17), we have

p̂i = Pij ·
∏
m6=i,j

Pim > (1− Pij) ·
∏
m 6=j,i

Pjm = p̂j. (4.18)

Now allow S to increase from 0, and W to increase from L, continuously. We shall

show that p̂i − p̂j = 0 will never happen.

Suppose not, i.e., p̂i − p̂j = 0 at some point. Then, from (4.10), we have (4.11).

However, if (4.11) holds, as shown above, p̂i > p̂j. This is a contradiction. Therefore,

p̂i − p̂j stays positive all the time. Equation (4.10) implies ri − rj is also positive all

the time, i.e., ri > rj.

From this, we conclude that N1 > N2 > ... > Nk implies r1 > r2 > ... > rk.

Because E (ni) = Niri, this also implies E (n1) > E (n2) > ... > E (nk).

The intuition behind this proposition is similar to the intuition for Proposition 2.

4.5 Empirical Evidence

Using the 2004 United States Presidential Election data (see Table 4.1), we want to

test our prediction on the relationship between the total number of eligible voters and

the voting (turnout) rates of different groups.
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Table 4.1: 2004 US Presidential Election Polls and Vote Counts

Total Bush Kerry Bush Kerry Bush Kerry
Eligible Poll Poll Actual Actual Vote Vote
(in 000s) % % Votes Votes % %

Alabama 3257 57 39 1,176,394 693,933 62.50 36.80
Alaska 434 57 30 190,889 111,025 61.10 35.50
Arizona 3508 56 41 1,104,294 893,524 54.90 44.40
Arkansas 1942 51 46 572,898 469,953 54.30 44.50
California 20693 43 54 5,509,826 6,745,485 44.40 54.30
Colorado 3109 50 47 1,101,255 1,001,732 51.70 47.00
Connecticut 2409 42 52 693,826 857,488 43.90 54.30
Delaware 579 41 50 171,660 200,152 45.80 53.30
DC 390 11 78 21,256 202,970 9.30 89.20
Florida 11469 48 50 3,964,522 3,583,544 52.10 47.10
Georgia 5866 55 43 1,914,254 1,366,149 58.00 41.40
Hawaii 852 46 45 194,191 231,708 45.30 54.00
Idaho 948 59 30 409,235 181,098 68.40 30.30
Illinois 8640 42 54 2,346,608 2,891,989 44.50 54.80
Indiana 4435 58 39 1,479,438 969,011 59.90 39.30
Iowa 2136 47 50 751,957 741,898 49.90 49.20
Kansas 1850 60 37 736,456 434,993 62.00 36.60
Kentucky 2969 59 38 1,069,439 712,733 59.60 39.70
Louisiana 3218 52 44 1,102,169 820,299 56.70 42.20
Maine 1007 44 52 330,201 396,842 44.60 53.60
Maryland 3678 43 54 1,024,703 1,334,493 42.90 55.90
Massachusetts 4497 36 50 1,071,109 1,803,800 36.80 61.90
Michigan 7177 47 50 2,313,746 2,479,183 47.80 51.20
Minnesota 3645 45 51 1,346,695 1,445,014 47.60 51.10
Mississippi 2049 51 42 684,981 457,766 59.40 39.70
Missouri 4106 50 45 1,455,713 1,259,171 53.30 46.10
Montana 687 57 36 266,063 173,710 59.10 38.60
Nebraska 1215 61 32 512,814 254,328 65.90 32.70
Nevada 1477 50 45 418,690 397,190 50.50 47.90
New Hampshire 948 49 48 331,237 340,511 48.90 50.20
New Jersey 5591 42 54 1,670,003 1,911,430 46.20 52.90
New Mexico 1301 48 51 376,930 370,942 49.80 49.00
New York 12779 37 54 2,962,567 4,314,280 40.10 58.40
North Carolina 5923 53 45 1,961,166 1,525,849 56.00 43.60
North Dakota 462 55 35 196,651 111,052 62.90 35.50
Ohio 8305 49 47 2,859,764 2,741,165 50.80 48.70
Oklahoma 2476 64 34 959,792 503,966 65.60 34.40
Oregon 2600 47 50 866,831 943,163 47.20 51.30
Pennsylvania 9055 48 49 2,793,847 2,938,095 48.40 50.90
Rhode Island 732 41 54 169,046 259,760 38.70 59.40
South Carolina 3002 54 43 937,974 661,699 58.00 40.90
South Dakota 554 52 42 232,584 149,244 59.90 38.40
Tennessee 4250 58 40 1,384,375 1,036,477 56.80 42.50
Texas 13925 59 37 4,526,917 2,832,704 61.10 38.20
Utah 1508 69 24 663,742 241,199 71.50 26.00
Vermont 469 40 53 121,180 184,067 38.80 58.90
Virginia 4971 51 47 1,716,959 1,454,742 53.70 45.50
Washington 4220 47 51 1,304,894 1,510,201 45.60 52.80
West Virginia 1394 51 43 423,778 326,541 56.10 43.20
Wisconsin 3928 44 51 1,478,120 1,489,504 49.30 49.70
Wyoming 370 65 29 167,629 70,776 68.90 29.10

Total 197005 62,041,268 59,028,548 50.73 48.27
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These data are categorized by states in an alphabetical order. And the state names

are indicated in the first column. The second column is the total number of eligible

voters and the number is in thousands. (See http://www.census.gov/population/socd

emo/voting/ cps2004/tab04a.xls)

The third and fourth columns are poll results. These poll results are based on

the polls done by major pollster companies in the US from May through November

of 2004. Considering there are many poll results regarding one state, we choose

the one that is done closest to the election date by major pollster companies. (See

http://www.electoral-vote.com/2004/pastpolls.html)

The fifth and sixth columns are the actual number of voters voting for the two

major candidates, Bush and Kerry, respectively. Following the notation in the previ-

ous sections, the actual number of voters voting for Bush is denoted by n1, and Kerry

by n2. The last two columns are the percentage of voters voting for each candidate.

(See http://elections.gmu.edu /President 2004.htm)

The numbers of total eligible voters supporting Bush (N1) and Kerry (N2) are not

directly obtainable. We use the number of total eligible voters times the percentage

numbers as in the poll results in each state to approximate N1 and N2. This makes

sense because the poll results indicate the supporting rate for each candidate in each

state before the election. These supporters may or may not go to the poll stations

and vote. The turnout (voting) rate of a candidate’s supporters is calculated as the

actual votes the candidate receives (n1) divided by the estimated total number of
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supporters (N1). Therefore, in Table 4.2, we use r1 = n1/N1 to denote Bush’s voting

rate and r2 = n2/N2 to denote Kerry’s voting rate.

It is shown in the above table that 37 out of 51 states are consistent with our

prediction that the candidate with more supporting voters has higher turnout rate in

that state. That is, over 72.5% of the states are consistent with the above prediction.

Furthermore, we run a simple regression of

Ri = αIi + εi

for the 51 states, where the dependent variable Ri is equal to r1−r2, α is the parameter

to be estimated, and εi is the error term. Considering there may be errors in the

approximation of the variables N1 and N2, we use an indicator function I in the

regression, where I = 1 if N1 > N2, and I = −1 if N1 < N2.

The results of the regression are given by Table 4.3.

The coefficient α is positive and statistically significant at the 90% confidence

level. This demonstrates that there is a positive relationship between R and I. This

is another evidence supporting our theory.

4.6 Conclusion

In this chapter, we reexamine the rational choice hypothesis. The classical rational

choice model by Downs (1957) and Tullock (1967) proposes a “calculus of voting”,
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Table 4.2: Voting Rates for Different Groups of Voters

Bush (N1) Kerry (N2) r1 r2

Alabama 1,856,490 1,270,230 0.633666 0.546305
Alaska 247,380 130,200 0.771643 0.852727
Arizona 1,964,480 1,438,280 0.56213 0.621245
Arkansas 990,420 893,320 0.578439 0.526075
California 8,897,990 11,174,220 0.619221 0.603665
Colorado 1,554,500 1,461,230 0.70843 0.68554
Connecticut 1,011,780 1,252,680 0.685748 0.684523
Delaware 237,390 289,500 0.723114 0.691371
DC 42,900 304,200 0.495478 0.667226
Florida 5,505,120 5,734,500 0.720152 0.62491
Georgia 3,226,300 2,522,380 0.593328 0.541611
Hawaii 391,920 383,400 0.495486 0.604351
Idaho 559,320 284,400 0.731665 0.636772
Illinois 3,628,800 4,665,600 0.646662 0.619854
Indiana 2,572,300 1,729,650 0.575142 0.560235
Iowa 1,003,920 1,068,000 0.749021 0.694661
Kansas 1,110,000 684,500 0.663474 0.63549
Kentucky 1,751,710 1,128,220 0.610511 0.631732
Louisiana 1,673,360 1,415,920 0.658656 0.57934
Maine 443,080 523,640 0.74524 0.757853
Maryland 1,581,540 1,986,120 0.647915 0.67191
Massachusetts 1,618,920 2,248,500 0.661619 0.802224
Michigan 3,373,190 3,588,500 0.685922 0.690869
Minnesota 1,640,250 1,858,950 0.82103 0.777328
Mississippi 1,044,990 860,580 0.65549 0.531927
Missouri 2,053,000 1,847,700 0.709066 0.68148
Montana 391,590 247,320 0.679443 0.702369
Nebraska 741,150 388,800 0.691917 0.654136
Nevada 738,500 664,650 0.566947 0.597593
New Hampshire 464,520 455,040 0.713074 0.74831
New Jersey 2,348,220 3,019,140 0.711178 0.633104
New Mexico 624,480 663,510 0.60359 0.55906
New York 4,728,230 6,900,660 0.62657 0.625198
North Carolina 3,139,190 2,665,350 0.624736 0.572476
North Dakota 254,100 161,700 0.773912 0.686778
Ohio 4,069,450 3,903,350 0.70274 0.70226
Oklahoma 1,584,640 841,840 0.605685 0.598648
Oregon 1,222,000 1,300,000 0.709354 0.72551
Pennsylvania 4,346,400 4,436,950 0.642796 0.662188
Rhode Island 300,120 395,280 0.563261 0.657154
South Carolina 1,621,080 1,290,860 0.578611 0.512603
South Dakota 288,080 232,680 0.807359 0.641413
Tennessee 2,465,000 1,700,000 0.561613 0.609692
Texas 8,215,750 5,152,250 0.551005 0.549799
Utah 1,040,520 361,920 0.637895 0.666443
Vermont 187,600 248,570 0.645949 0.740504
Virginia 2,535,210 2,336,370 0.677245 0.622651
Washington 1,983,400 2,152,200 0.657908 0.701701
West Virginia 710,940 599,420 0.596081 0.544762
Wisconsin 1,728,320 2,003,280 0.855235 0.743533
Wyoming 240,500 107,300 0.697002 0.659609

130



Table 4.3: Regression Results

Dependent Variable: R
Method: Least Squares
Included observations: 51

Variable Coefficient Std. Error t-Statistic Prob.
I 0.016184 0.009252 1.749355 0.0864

R-squared 0.028999 Mean dependent var 0.011581
Adjusted R-squared 0.028999 S.D. dependent var 0.067049

S.E. of regression 0.066069 Akaike info criterion -2.576807
Sum squared resid 0.218259 Schwarz criterion -2.538928

Log likelihood 66.70858 Durbin-Watson stat 2.157733

which in fact, can only explain the marginal increase in the turnout rate rather than

the high turnout rate as a whole. Riker and Ordeshook (1968) extend the model by

introducing a D term, which is described as satisfaction from voting, or sense of duty.

In this way, the model can explain the high turnout rate very well. However, it also

destroys the predictive contents of the model.

In this chapter, we build a two-candidate model. The framework of this model

is similar to the rational choice model. It not only restores the predictive power

of the rational choice model, but also explains the high turnout rates. Based on

relevant psychological and sociological findings, two factors are added to our model:

a surprise effect and a group effect. With these two features, the voting rate is

significantly different from zero. In addition, we find that for the candidate who has

more supporting voters, the turnout rate for him is higher and the expected number

of voters is larger as well. This model is then extended to k candidates. We obtain

similar results as in the 2-candidate model.

The empirical study is based on the 2004 US Presidential Election data. The
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results support our prediction that voting rate is not zero. And in 37 out of 51 states,

the voting rate is higher for the candidate who has more supporters and also he wins

that state.

In the modeling, we concentrate on the psychological and sociological features and

do not consider the ‘duty’ or other voting satisfaction factor. However, we still think

they may play some role in determining the turnout rate. We also omit the PB term,

which could still contribute to some marginal increase in the turnout rate.

In the empirical study, we use the data from the 2004 US Presidential Election

only. For future research, we can use data from different elections to test the rela-

tionship between the supporting rate and voter turnout rate empirically.
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Appendix for Chapter 3

Costly Signal Acquisition

In this subsection, I investigate whether the equilibrium strategies analyzed in the

main text are robust to a small cost of acquiring information. Instead of giving each

player a signal at the beginning of the game for free, now suppose that each player

has to pay a small signal acquisition fee c > 0 to get his signal. Players can choose

whether and when to acquire this signal, and then decide whether and when to invest.

Since future payoffs (and costs) are discounted, players will not acquire their signals

until the period in which they are about to make their investment decisions. That

means only those players in the bunch of the current period acquire their signals in

that period.

In what follows, I shall argue that the equilibrium described in Theorem 2 contin-

ues to be an equilibrium when c is small enough. The bunch sizes remain the same

as in Theorem 2. Apart from the fact that the players now pay an information acqui-

sition fee (in the period that their bunch is about to act), the equilibrium strategies
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for the players are exactly the same as in Theorem 2.

Consider a player in the first bunch of k0 players. If he acquires the signal in

period 1, his expected payoff is

Pr (g) π(1|g) + Pr (b) δR (k0 − 1|b)− c, (4.19)

that is, with probability Pr (g), he gets signal g and invests, and his expected payoff is

π(1|g); with probability Pr (b), he gets signal b and does not invest, and his expected

payoff is δR (k0 − 1|b), since in the next period he uses the one-period best response

to the signals of the other k0 − 1 players in his bunch.

Now suppose that he deviates by not acquiring the signal in period 1. Then in

period 1, he does not invest. In period 2, if the difference between the numbers of good

signals and bad signals in the first bunch d2 > 1, herding of investment occurs. The

player will invest with all remaining players regardless of the signal he may receive

by paying the fee. Therefore, he will not acquire his signal in this case. Similarly, if

d2 < 0, herding of no-investment occurs, and he will not pay the fee to acquire his

signal. If d2 = 0 or d2 = 1, herding does not occur. In these cases, he will pay the

cost to acquire his signal as his optimal action depends on it. He will invest if his

signal is g, and not invest if his signal is b.

To summarize, if in the first period this player does not acquire his signal, then

in the second period he will best respond to the k0 − 1 signals from the first bunch.
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(Note that when herding occurs, his best response remains the same regardless of his

signal.) Therefore, I can express this player’s expected payoff as

Pr (g) δR (k0 − 1|g) + Pr (b) δR (k0 − 1|b)− cPr(d2 = 0 or d2 = 1). (4.20)

It is clear that when c is sufficiently small, the requirement that the player’s payoff

in (4.19) is greater than the payoff in (4.20) is equivalent to (IC1), because those terms

with c go to zero as c goes to zero. When this condition holds, it is optimal for the

player (who is in the first bunch) to acquire the signal in period 1.

Similarly, for a player not in the first bunch, it is optimal not to invest and not to

acquire the signal in period 1. This is because his expected payoff from not acquiring

the signal in period 1 is

Pr (g) δR (k0|g) + Pr (b) δR (k0 − 1|b)− cPr(d2 = 0 or d2 = 1), (4.21)

and his expected payoff if he deviates (and thus acquires his signal in period 1) is

Pr (g) π(1|g) + Pr (b) δR (k0|b)− c. (4.22)

When c is sufficiently small, the condition that the player’s payoff in (4.21) be greater

than the payoff in (4.22) is equivalent to (IC3). When this condition holds, it is

optimal for the player (who is not in the first bunch) not to acquire the signal in
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period 1.

I thus have the following theorem when c is sufficiently small, which is parallel

to Theorem 2. It shows that the equilibria in my model are robust to introducing a

small cost of acquiring signals.

Theorem 4. Suppose (A1), (A3) and (3.5) hold and c is sufficiently small. There

exists an asymmetric pure strategy PBE, which has the following recursive properties.

Let d1 = 0. In period t, t = 1, 2, ...

(a) if dt > 1, Herding of Investment occurs, and the game ends;

(b) if dt < 0, Herding of No-Investment occurs, and the game ends;

(c) if dt = 0, and ñt ≥ k∗0, then Bunching of size k∗0 occurs;

(d) if dt = 1, and ñt ≥ k∗1, then Bunching of size k∗1 occurs;

(e) if dt = 0, and ñt < k∗0, or if dt = 1, and ñt < k∗1, then the Last Bunching of

size ñt occurs.

(f) players with signal b in each bunch do not invest until the Last Bunching

occurs, and at that time they behave according to Lemma 15.
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Equilibrium Analysis when (A1) and (A3) Fail

In this subsection, I shall consider the situations where the assumptions in Theorem

2 do not hold. I first consider the case when (A3) does not hold. Let

π (1) = Pr(G)πG + Pr(B)πB ≥ 0. (A3’)

This implies that unconditional on any signal, it is profitable to invest. Observe that

(A3’) implies (A1). The results when (A2) and (A3’) hold are similar to Theorem 2

and are summarized in the following theorem.

Theorem 5. Suppose (A2), (A3’) and (3.5) hold. There exists an asymmetric pure

strategy PBE, which has the following recursive properties. Let d1 = 0. In period t,

t = 1, 2, ...

(a) if dt > 0, Herding of Investment occurs, and the game ends;

(b) if dt < −1, Herding of No-Investment occurs, and the game ends;

(c) if dt = −1, and ñt ≥ k∗−1, then Bunching of size k∗−1 occurs;

(d) if dt = 0, and ñt ≥ k∗0, then Bunching of size k∗0 occurs;

(e) if dt = −1, and ñt < k∗−1, or if dt = 0, and ñt < k∗0, then the Last Bunching

of size ñt occurs.

(f) players with signal b in each bunch do not invest until the Last Bunching

occurs, and at that time they behave according to Lemma 15.
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In the above theorem, we have similar bunching patterns as in Theorem 2, except

that now unconditional on any signal, players have non-negative investment payoffs.

Basically, in this case, I need one fewer good signal than in Theorem 2. Other aspects

of the equilibrium strategies are the same.

I now consider the case where (A2) holds, i.e., π(1|b) is negative, but (A1) does

not hold, i.e., π(1|g) is non-positive. The implication is trivial: no one will ever invest,

and Herding of No-Investment is the only outcome.

Finally, I consider the case where (A1) holds, i.e., π(1|g) is positive, but (A2) does

not hold, i.e., π(1|b) is non-negative. In this case, Herding of Investment occurs in

t = 1.

Proofs

Proof for Lemma 8.

In this proof, I abuse the notations by using (Ng,t+1, Nb,t+1) to replace
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(Ng,t + r,Nb,t + kt − r), in order to make the equations short.

R(kt|Ng,t, Nb,t)

=
kt∑
r=0

π ((BR (Ng,t+1, Nb,t+1) |Ng,t+1, Nb,t+1) Pr (Ng,t+1, Nb,t+1|Ng,t, Nb,t)

=
∑
s=g,b

kt∑
r=0

π ((BR (Ng,t+1, Nb,t+1) |Ng,t+1, Nb,t+1, s) Pr (Ng,t+1, Nb,t+1, s|Ng,t, Nb,t)

<
∑
s=g,b

kt∑
r=0

π ((BR (Ng,t+1, Nb,t+1, s) |Ng,t+1, Nb,t+1, s) Pr (Ng,t+1, Nb,t+1, s|Ng,t, Nb,t)

= R(kt + 1|Ng,t, Nb,t)

This completes the proof for the first part of the lemma.

When kt goes to infinity, there will be infinite number of signals to be revealed in

period t. Given the underlying state, the signals are i.i.d. According to the Law of

Large Numbers, the proportion of good signals converges to its expected value with

probability one, that is, it converges to p in state G, and 1− p in state B. Note that

p > 1
2
. Therefore, in period t + 1, when the state is G, the total number of good

signals will exceed the total number of bad signals by any given finite number with

probability one. Seeing this, the best response will always be a = 1, that is, to invest.

Likewise, in period t + 1, when the state is B, the total number of bad signals will

exceed the total number of good signals by any given finite number with probability

one. Seeing this, the best response will always be a = 0, that is, not to invest.
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Therefore, the expected payoff is Pr(G|Ng,t, Nb,t)πG+Pr(B|Ng,t, Nb,t)0. This com-

pletes the proof for the second part of the lemma.

Proof for Lemma 9.

I have

π(1|d, 0)−R (k|d, 0)

=

(
k∑
r=0

−
∑

r+d>k−r

)
π(1|d+ r, k − r) Pr(d+ r, k − r|d, 0)

=
∑

r+d≤k−r

π(1|d+ r, k − r) Pr(d+ r, k − r|d, 0).

Since π(1|d + r, k − r) is increasing in d and each π(1|d + r, k − r) is negative when

r + d ≤ k − r. Also,

Pr(d+ r, k − r|d, 0)

= Pr(r, k − r|G) Pr(G|d, 0) + Pr(r, k − r|B) Pr(B|d, 0)

=
[
pk−r(1− p)r − pr(1− p)k−r

]
Pr(B|d, 0) + pr(1− p)k−r.

When r + d ≤ k − r and p > 1
2
, pk−r(1 − p)r − pr(1 − p)k−r > 0. And recall that

Pr(B|d, 0) is decreasing in d. Thus, Pr(d + r, k − r|d, 0) is decreasing in d and it is

positive.

Thus, each term after the summation sign is negative and decreasing in d in

absolute value. Also, the range for r such that r + d ≤ k − r is shrinking as d
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increases. Therefore, π(1|d, 0)−R (k|d, 0) is increasing in d.

Since

π(1|d, 0)− δR (k|d, 0) = (1− δ)π(1|d, 0) + δ[π(1|d, 0)−R (k|d, 0)],

and π(1|d, 0) is increasing in d, I conclude that π(1|d, 0)− δR (k|d, 0) is increasing in

d.

Proof for Lemma 15.

First, we will prove that π(1|dt, 1) > δR (ñt − 1|dt, 1) implies π(1|dt, 0) > δR(ñt|dt,

0).

We have

π(1|dt, 0) = π(1|dt + 1, 0) Pr(g|dt, 0) + π(1|dt, 1) Pr(b|dt, 0)

and

R (ñt|dt, 0) = R (ñt − 1|dt + 1, 0) Pr(g|dt, 0) +R (ñt − 1|dt, 1) Pr(b|dt, 0).

Since π(1|dt, 1) > δR (ñt − 1|dt, 1), by Lemma 9 we have

π(1|dt + 1, 0)− δR (ñt − 1|dt + 1, 0) > π(1|dt, 1)− δR (ñt − 1|dt, 1) > 0.
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Therefore, π(1|dt, 0) > δR (ñt|dt, 0).

In (a), we know from Lemma 14 that π(1|dt, 1) > δR (ñt − 1|dt, 1) implies that a

player with signal b find it more profitable to invest in period t than to wait further.

Moreover, since π(1|dt, 1) > δR (ñt − 1|dt, 1) implies π(1|dt, 0) > δR (ñt|dt, 0), then

the players with signal b from all previous bunches also find it more profitable to

invest in period t than to wait further.

In (b), since π(1|dt, 0) ≤ δR (ñt|dt, 0) implies π(1|dt, 1) ≤ δR (ñt − 1|dt, 1), then

neither the players with signal b from any previous bunch nor from the last bunch

will invest.

In (c), π(1|dt, 0) > δR (ñt|dt, 0) implies that all players with signal b belonging to

any previous bunch will invest in period t, and π(1|dt, 1) ≤ δR (ñt − 1|dt, 1) implies

that players with signal b in the last bunch will not invest.

Proof for Theorem 2.

Denote the players in the bunch in period t as Ht, t = 1, .., T . I call a player with

signal s = g, b a type s player in the proof.

In period 1, a type b player i ∈ H1 does not have incentive to deviate by investing

in period 1, according to assumption (A2). For the same reason, a type b player

i ∈ H1 does not have incentive to deviate by investing in the period 1. By (IC3), A

type g player i ∈ H1 does not have incentive to deviate by investing in period 1.

Now I will prove that a type g player i ∈ H1 does not want to deviate by waiting.

By (IC1), it is not optimal for this player to wait until period 2 and use his myopic
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best response then. In the following, I prove that the myopic best response in period

2 is overall optimal for him, that is, he does not want to wait further. The myopic

best response function defined in (3.2) means that if it gives positive expected payoff,

the player should invest right away, instead of waiting further. To show that it is

overall optimal for him to use his myopic best response in period 2, I need to consider

what happens in period 2. There are 3 cases in period 2, corresponding to the three

cases described in the Corollaries 4, 5 and 6.

I consider the bunching pattern in Corollary 4 first. Recall that only cases (a),

(b) and (c) in Theorem 2 can occur.

If a type g player i ∈ H1 deviates, other players will believe he has a bad signal

instead of a good one. That makes his own update different from the public. To

be precise, he knows that there are two additional good signals than what the other

players believe (inferred from the actions of the first bunch).

If d1 > 1 happens, it is actually d̃1 > 3 for the deviated player. Since all the other

players will herd by investing, no further information is to be revealed. Thus, he has

no incentive to wait further. It is overall optimal for him to invest right away, which

is also his myopic best response.

If d1 < 0 happens, it is actually d̃1 < 2 for the deviated player. Since all the other

players will herd by not investing, no further information is to be revealed as well.

Thus, he has no incentive to wait further. It is overall optimal for him to use his

myopic best response.
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If d1 = 0 happens, it is actually d̃1 = 2 for the deviated player. If

π(1|2g) ≥ δR (k∗0|2g) (4.23)

holds, then instead of waiting until the third period (the RHS above) after seeing

another k∗0 signals from H2 in this case, he will invest right away (the LHS above),

which is his myopic best response.

I now show that (4.23) holds. The LHS of (4.23) is

π(1|2g) = π(1|3g) Pr(g|2g) + π(1|2g, b) Pr(b|2g)

= π(1|3g) Pr(g|2g) + π(1|g) Pr(b|2g).

And the RHS of (4.23) is

R (k∗0|2g)

= R (k∗0 − 1|3g) Pr (g|2g) +R (k∗0 − 1|2g, b) Pr (b|2g)

= R (k∗0 − 1|3g) Pr (g|2g) +R (k∗0 − 1|g) Pr (b|2g) .

By (IC1), I have π(1|g) ≥ δR (k∗0 − 1|g). Together with Lemma 9, I have π(1|3g) >

δR (k∗0 − 1|3g). Thus, it is clear that (4.23) holds. Therefore, to use his myopic best

response in period 2 rather than wait further is optimal for this type g player i ∈ H1.

And in all later periods, the incentive is the same as the players in the second bunch.
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This completes the proof for the case in Corollary 4.

Now consider the bunching pattern in Corollary 5. Recall that only cases (a), (b)

and (d) in Theorem 2 can occur. The argument is the same as in the above when

herding, i.e., cases (a) and (b) occur. In case (d), a second bunch H2 of size k∗1 should

occur in the second period.

If d1 = 1 happens, it is actually d̃1 = 3 for the deviated player. If

π(1|3g) ≥ δR (k∗1|3g) (4.24)

holds, then instead of waiting until the third period (the RHS of the above), he will

invest right away (the LHS of the above), which is his myopic best response. Similar

to the proof for (4.23), the LHS of (4.24) is

π(1|3g) = π(1|4g) Pr(g|3g) + π(1|2g) Pr(b|3g),

and the RHS of (4.23) is

R (k∗1|3g) = R (k∗1 − 1|4g) Pr (g|3g) +R (k∗0 − 1|2g) Pr (b|3g) .

By (IC1), I have π(1|2g) ≥ δR (k∗1 − 1|2g). Together with Lemma 9, I have π(1|4g) >

δR (k∗1 − 1|4g) .

Thus, it is clear that (4.24) holds. Therefore, to use the myopic best response

153



function in period 2 rather than to wait further is overall optimal for this type g

player i ∈ H1. And in all later periods, the incentive is the same as the players in the

second bunch. This completes the proof for the case in Corollary 5.

Last consider the bunching pattern in Corollary 6. The proof for this part is

similar to the proof for the case in Corollary 5, except for a type g player i′ ∈ H3.

Since then, d̃2 = 2 and a fourth bunch of size k∗0 is followed. The condition for this

player i′ not to deviate by waiting further is again π(1|2g) ≥ δR (k∗0|2g), the same as

(4.23).

This completes the proof for Theorem 2.

Proof for Lemma 19.

I have

π(1|d, 0)−R (k|d, 0)

= Pr (G|d, 0)
∑

r+d≤k−r

(
k

r

)
pr (1− p)k−r πG + Pr (B|d, 0)

∑
r+d≤k−r

(
k

r

)
(1− p)r pk−rπB

=
∑

r+d≤k−r

(
k

r

)[
pr (1− p)k−r Pr (G|d, 0) πG + (1− p)r pk−r Pr (B|d, 0) πB

]
. (4.25)

By Bayes’ Rule, I have Pr (G|d, 0) = pdq

pdq+(1−p)d(1−q) = pd

pd+(1−p)d(1−q)/q , which is an

increasing function of q, and so is the first group of terms inside the brackets of

(4.25). In addition, Pr (B|d, 0) = 1 − Pr (G|d, 0), which is a decreasing function of

q. Since πB < 0, the second group of terms inside the brackets of (4.25) is then

increasing in q.
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Similarly, I know π(1|d, 0) is an increasing function of q.

Since

π(1|d, 0)− δR (k|d, 0) = (1− δ) π(1|d, 0) + δ (π(1|d, 0)−R (k|d, 0)) ,

π(1|d, 0)− δR (k|d, 0) is increasing in q as well.

Since π(1|d+ 1, 0)− δR (k|d+ 1, 0) is decreasing in k, and the bunching size k∗d is

the biggest integer satisfying π(1|d+1, 0)−δR (k|d+ 1, 0) ≥ 0. Therefore, an increase

in q will increase k∗d.

Proof for Proposition 11.

Suppose not. Then k∗0 > kso (n). I shall ignore the argument n in kso (n) in the

proof when it does not cause confusion.

Recall that

δR (k∗0 − 1|g) ≤ π(1|g) ≤ δR (k∗0|g)

and that R (k|g) is a strictly increasing function of k. Since k∗0 > kso, it must be that

kso ≤ k∗0 − 1. From the above inequality, I know that δR (kso|g) ≤ π(1|g). Thus,

k∗0π(1|g) + (n− k∗0) δR (k∗0|g)

= ksoπ(1|g) + (k∗ − kso)π(1|g) + (n− k∗) δR (k∗|g)

> ksoπ(1|g) + (k∗ − kso) δR (kso|g) + (n− k∗) δR (kso|g)

= ksoπ(1|g) + (n− kso) δR (kso|g) ,
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and

k∗0R (k∗0 − 1|b) + (n− k∗0)R (k∗0|b)

> ksoR (kso − 1|b) + (k∗0 − kso)R (kso|b) + (n− k∗0)R (kso|b)

= ksoR (kso − 1|b) + (n− kso)R (kso|b) .

Combining the above two inequalities, I have

W (k∗0, n) > W (kso, n).

Thus, kso (n) is not the socially optimal bunching size. This is a contradiction.

Therefore, I conclude that k∗0 ≤ kso (n).

Proof for Proposition 12.

Suppose not. Then for some n1 < n2, I have kso (n1) > kso (n2). For simplicity, I

write kso (ni) as ksoi , i = 1, 2. Since

Pr (g) [kso1 π(1|g) + (n1 − kso1 )R (kso1 |g)]

+ Pr (b) [kso1 R (kso1 − 1|b) + (n1 − kso1 )R (kso1 |b)]

≥ Pr (g) [kso2 π(1|g) + (n1 − kso2 )R (kso2 |g)]

+ Pr (b) [kso2 R (kso2 − 1|b) + (n1 − kso2 )R (kso2 |b)] ,
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then

Pr (g) [n1 (R (kso1 |g)−R (kso2 |g)) + (kso1 − kso2 ) π(1|g) + kso2 R (kso2 |g)− kso1 R (kso1 |g)]

+ Pr (b) δ[n1 (R (kso1 |b)−R (kso2 |b)) + kso1 (R (kso1 − 1|b)−R (kso1 |b))

−kso2 (R (kso2 − 1|b)−R (kso2 |b))]

≥ 0.

Since kso1 > kso2 , I have R (kso1 |·)−R (kso2 |·) > 0. Thus, the above expression is strictly

greater than zero if I replace n1 by a larger number n2. Rearranging, I obtain

W (kso1 , n2) > W (kso2 , n2) .

Therefore, kso2 is not the social optimal bunching size for n2. This is a contradic-

tion. So kso (n) must be an increasing function for every n.

Proof for Proposition 13.

I first consider the case where π(1|g) ≥ δR (∞|g) = δ Pr (G|g) πG. In this case, all

players should be in the bunch in period 1 in equilibrium. Since the socially optimal

bunching size is at least the equilibrium bunching size, the socially optimal bunching

size is also n. Therefore, limn→∞ k
so (n) =∞.

I now consider the case where π(1|g) < δR (∞|g) = δ Pr (G|g) πG. I shall prove

the proposition by contradiction. Suppose that limn→∞ k
so (n) 6= ∞. Then there
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exist a subsequence {kso (ni)}i=1,...,∞ of {kso (n)}, such that kso (ni) → k, as i → ∞.

From (3.8), for a given k, I have

W (k, n)

n
= Pr (g)

[
k

n
π(1|g) +

(
1− k

n

)
δR (k|g)

]
(4.26)

+ Pr (b) δ

[
k

n
R (k − 1|b) +

(
1− k

n

)
R (k|b)

]
.

Then

lim
i→∞

W (kso (ni) , ni)

ni
= Pr (g) δR

(
k|g
)

+ Pr (b) δR
(
k|b
)
.

Meanwhile, for any given fixed k, I have

lim
n→∞

W (k, n)

n
= Pr (g) δR (k|g) + Pr (b) δR (k|b) .

Since R (k|·) is strictly increasing in k, for any k > k, I can conclude that

limn→∞
W (k,n)

n
> limn→∞

W (kso(ni),n)
n

. That is, the subsequence {ksoi (n)}i=1,...,∞ does

not maximize the social welfare. This is a contradiction. Thus, I have limn→∞ k
so (n) =

∞ in this case as well.

Proof for Proposition 14.

For a given converging sequence {k(n)
n
}n=1,...,∞, with limn→∞ k (n) =∞ and
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limn→∞
k(n)
n

= α, I have

lim
n→∞

W (k (n) , n)

n

= lim
n→∞

{
Pr (g)

[
k (n)

n
π(1|g) +

(
1− k (n)

n

)
δR (k (n) |g)

]
+

Pr (b) δ

[
k (n)

n
R (k (n)− 1|b) +

(
1− k (n)

n

)
R (k (n) |b)

]}
= Pr (g) [απ(1|g) + (1− α) δR (∞|g)] + Pr (b) δR (∞|b) .

The per player social welfare W (k(n),n)
n

is maximized in the limit if α = 0. If

limn→∞
kso(n)
n
6= 0, then I can find a sequence of k (n) , with limn→∞ k (n) = ∞ and

limn→∞
k(n)
n

= 0, (e.g., k (n) =
√
n) such that the per player welfare from k (n)

is larger than from kso (n), when n is large enough. Therefore, I conclude that

limn→∞
kso(n)
n

= 0.
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