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Abstract 

This thesis presents a framework for a microstructural model of a catalyst layer in a proton 

exchange membrane (PEM) fuel cell.  In this study, a stochastic model that uses individual 

carbon, platinum and ionomer particles as building blocks to construct a catalyst layer geometry, 

resulting in optimal porosity and material mass ratios has been employed.  The construction rule 

set in this design is easily variable, enabling a wide range of catalyst layer geometries to be made.  

The generated catalyst layers were found to exhibit many of the features found in currently 

poduced catalyst layers.  The resulting geometries were subsequently examined on the basis of 

electronic percolation, mean chord length and effective diffusivity of the pore phase. Catalyst 

layer percolation was found to be most effected by the number of carbon see particles used and 

the specified porosity.  The mean chord lengths of all of the catalyst layer geometries produced 

Knudsen numbers ranging in order of magnitude between 0.1 and 10, thus indicating that gas 

diffusion within the catalyst layers lies in the transition regime between bulk and Knudsen 

diffusion. Calculated effective diffusivities within the pore space of the model were shown to be 

relatively insensitive to changes in the catalyst layer composition and construction rule set other 

then porosity, indicating that the pore size distribution does not significantly vary when the 

catalyst layer mass ratios vary.  
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Chapter 1 

Introduction 

1.1 Fuel Cells 
The fuel cell is a power conversion device that converts chemical energy stored in the chemical 

bonds of hydrogen gas into electrical energy.  Fuel cells are not new, the first were made by Sir 

William Grove in 1839, but one of the first practical applications of the technology were when 

fuel cells were used as power sources in NASA’s Gemini spacecraft in the 1960s.  More recently 

in the 1980s until the present day, there has been increased interest and development in the field, 

which has resulted in improvements in almost every area of the fuel cell.  The current interest in 

fuel cells lies in their potential as an alternative to the internal combustion engine and batteries.  

There is also interest in fuel cells for their environmental benefits, as well as their ability to be 

very efficient devices.  The advantages of current fuel cells include:  

• Efficiency - The electrical efficiency of a fuel cell (depending on the operating 

conditions) is about 50%.  The theoretical maximum electrical efficiency of the fuel cell 

is 83% [1].  The overall stack efficiency can be increased if the fuel cell is used in 

combined heat and power applications. 

• Simplicity – There are no moving parts in a fuel cell. 

• Low emissions – A fuel cell using hydrogen as a fuel source emits only water. However, 

the production of hydrogen usually involves the production of CO2 from the reforming of 

natural gas or in the production of electricity for the electrolysis of water.  
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1.2 The Polymer Electrolyte Membrane Fuel Cell 
A polymer electrolyte membrane fuel cell (PEMFC) is one type of fuel cell that is seen as a 

leading technology to replace internal combustion engines for transportation and in portable 

power applications.  A PEMFC is shown below in Figure 1-1. 

 

 
Figure 1-1 PEMFC schematic[2] 

The voltage generated by a single fuel cell is quite low.  In order to increase the output voltage, 

many individual fuel cells are connected in series to make a fuel cell stack. A plate, known as the 

bipolar plate, is placed between each fuel cell in the stack. This plate conducts a current from one 
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cell to the next.  The bipolar plate has channels manufactured into its surface to provide pathways 

for oxygen and hydrogen gas to be transported to the cathode and anode across the whole fuel cell 

area from a manifold.  A well designed bipolar plate balances the need to provide a large area for 

good electrical contact, a large number of channels to promote gas flow, and is thick enough to 

provide a rigid support structure while remaining thin enough to maximize the volumetric power 

density of the fuel cell stack.   

A porous transport layer, typically made up of a conductive carbon fiber cloth, lies between the 

bipolar plate and the electrodes.  This layer provides pathways between the fuel channels in the 

bipolar plate and the electrodes, allowing for the transport of hydrogen, oxygen, electrons and 

water.  The oxidation and reduction reactions in the fuel cell occur at the anode and cathode 

respectively.  The anode and cathode layers in the fuel cell are thin films located on either side of 

the proton exchange membrane (PEM).  This membrane readily conducts protons from the anode 

to the cathode, while preventing electron and gas flow between the anode and cathode. The anode 

and cathode layers are typically composed of platinum catalyst particles on an electrically 

conductive network of carbon, and covered with Nafion which, readily conducts ions.  

1.3 PEMFC Operation 

A PEMFC operates by pumping a fuel source (hydrogen is the most common fuel) into the anode 

side of the fuel cell through a serpentine flow-field machined into the bipolar plate.  Hydrogen 

then moves through a porous transport layer to the catalyst layer.  On the anode side, the 

following oxidation reaction of the hydrogen gas occurs.  

+ −→ +22 4 4H H e  1-1 

The protons then pass though the PEM, which is only permeable to protons.  The electrons are 

not permeable in the PEM and travel through an external circuit where they can do useful work.  
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On the cathode side of the PEMFC, oxygen is fed through fuel channels, subsequently passing 

through the porous transport layer and then reacting at the cathode catalyst layer.  The reduction 

reaction occurs according to Equation 1-2. 

O2 + 4H
+ + 4e− → 2H2O  1-2 

This gives the overall reaction for the PEMFC. 

+ →2 2 22 2H O H O  1-3 

The reversible voltage of the PEMFC overall reaction at standard conditions can then be defined 

as  

Eo =
−Δgf
2F

 1-4 

where Δgf is Gibbs free energy and F is Faraday’s constant.  To calculate the reversible voltage 

at alternate temperatures and pressures, the Nernst Equation (1.5) is used.   

E = Eo +
RT
2F

ln
PH2 ×PO2

1/2

PH2O

"

#
$$

%

&
''  1-5 

 
The reversible voltage as calculated with the Nernst equation does not consider any energy losses. 

Three major sources of energy losses in a fuel cell include activation losses (ΔV act), ohmic losses 

(ΔV ohm), and concentration losses (ΔV con). Vother represents other minor losses such as fuel 

crossover.  Thus, when accounting for these losses, the actual voltage is  

V = E +ΔVact +ΔVohm +ΔVcon +ΔVother  1-6 

 
A performance curve is commonly used to show the relationship between the current and voltage 

of a fuel cell.  The sample performance curve shown in Figure 1-2 also details the operating 

regions where the three types of losses described dominate. 
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Figure 1-2 A Typical fuel cell performance curve 

1.4 Fuel Cell Losses 

1.4.1 Activation Losses 

The initial sharp drop in the polarization curve is due to the relatively slow kinetics taking place 

on the electrode.  The activation losses or activation overpotential in a fuel cell occur at both the 

cathode and the anode, however it has been shown that when using hydrogen fuel the 

overpotential that develops at the cathode is much larger.  The activation overpotential at the 

cathode has been shown to be on the order of 1000 times larger than the anode for typical low 

temperature fuel cells.  These losses can be expressed through the Tafel equation at large current 

ΔVact =
RT
2αF

ln i
i0

"

#
$

%

&
'  

1-7 

Where α is the charge transfer coefficient and io is the exchange current density.  The exchange 

current density is the current, which flows between the electrodes at open circuit voltage.  The 
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exchange current density at the electrodes can be increased by using catalysts, that act to increase 

the reaction kinetics and to reduce the activation overpotential in the fuel cell.  

1.4.2 Ohmic Losses 

Ohmic losses in the fuel cell come from the internal resistance to electron transport (within the 

bipolar plate and carbon phase) and proton transport within the electrolyte in the fuel cell.  These 

electrical losses can be expressed as    

ΔVohm = i(Relectron + Rproton )  1-8 

Ohmic losses can be reduced by using more conductive materials and by making a more direct 

pathway to the catalyst layer reaction sites. 

1.4.3 Concentration Losses 

In the fuel cell mass transport involves moving the reactants to the electrodes and removing the 

products from the electrodes.  Reactant and product mass transport occurs by diffusion and 

convection, depending on the location.  Within the fuel channel gas transport occurs primarily 

through convection, through the porous transport layer both convection and diffusion are 

important, and within the electrode diffusion is the dominant transport mechanism.  As the 

reactions occur and reactants are consumed and products are produced, concentration gradients 

develop in the electrode or catalyst layer which drives diffusion.  Eventually at a high enough 

current, the catalyst layer uses the oxygen at the cathode and hydrogen at the anode as fast as it 

can be supplied.  This current is called the limiting current density iL.  The losses caused by 

transport limitations can be expressed by  

ΔVcon =
RT
2F

ln 1− i
iL

#

$
%

&

'
(  1-9 
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1.5 Fuel Cell Performance 
To maximize the fuel cell performance, the losses described above must be minimized by 

optimizing the design of the fuel cell (in particular the catalyst layers), as well as the fuel cell’s 

operating conditions.  As a result, there has been considerable effort devoted to the design and 

understanding of the PEMFC cathode catalyst layer [3-5].  An important development in the 

design of catalyst layers has been increasing the platinum surface area and its utilization for a 

given loading, which also acts to reduce the cost per kilowatt of power developed since platinum 

is a major cost component in fuel cell fabrication.  Increasing the platinum surface area is 

possible by reducing the platinum particle sizes, which increases the catalyst surface area for a 

given mass of platinum.  Additionally, increasing the utilization of platinum results in greater 

power output for an equivalent amount of platinum.  This was a major conclusion of early 

computational models such as those by Bernardi and Verbrugge [6].  Their model showed that at 

high currents only a thin layer of the catalyst layer was utilized due to mass transport limitations.  

As a result, thin film manufacturing methods have been used to produce catalyst layers to combat 

this problem. To date, catalyst loadings have been reduced from 40mg/cm2 to 0.4mg/cm2 and 

lower.  Catalyst utilization is increased by designing a catalyst layer that achieves the best balance 

of competing transport processes: 

• The transport of protons from the membrane to the catalyst. 

• The transport of electrons from the bipolar plate through the porous transport 

layer to the platinum reaction site. 

• The transport reactant gas (oxygen or air) to the reaction site. 

• The transport of water away from the reaction site. 

A thorough understanding of the microstructural effects of the catalyst layer geometry on fuel cell 

performance is required to optimize the fuel cell’s design.  Many computational models to date 

have been developed that describe the catalyst layer; however, some level of homogenization of 
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the microstructure is performed in these models, preventing a complete understanding of 

microstructural effects. 

1.6 Objectives 

 
The research objective of this thesis is, therefore, to develop a computational model of the 

cathode catalyst layer that gives an accurate description of the microstructure.  The algorithm 

developed is a stochastic model in which the loadings of platinum, carbon and ionomer are 

specified. This algorithm will be used to produce catalyst layer geometries by individually 

placing the catalyst layer building blocks (i.e. carbon spheres, platinum particles and ionomer). 

The secondary goal of this research is to examine the geometric properties of the catalyst layer, 

specifically that of percolating pathways in all phases, the pore sizes of the generated geometries 

and the effective gas phase diffusivities of the catalyst layers. 
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Chapter 2 

Literature Review 

The catalyst layers of the fuel cell have been the subject of many research studies whose goal has 

been to better understand the processes occurring in both the catalyst layer and the entire fuel cell.  

The treatment of catalyst layers in these models varies greatly depending on the desired outcome.  

For example, models focusing on the catalyst layer are of greater detail and complexity when 

compared to full fuel cell models.  The other factor contributing to model complexity is the 

specific year in which the model was developed, since computational resources are a limiting 

factor. Fuel cell models by Bernardi and Verbrugge[6] as well as Springer[7], were published in 

1992 and 1991 respectively.  The difference in understanding between these models and 

contemporary ones such as those by Wang et al. is apparent via Moore’s law, which accounts for 

an approximate measure of available computer resources – since the 1993 and 1994 models were 

published computer resources have increased 128 times[8].  The models outlined below detail the 

most common treatments of catalyst layers and diffusion in porous media. 

2.1.1 Thin Film 
Thin film treatments of the fuel cell catalyst layers can be readily found within scholarly 

literature.  Early models by Springer[7], that modeled the entire fuel cell, included a thin film 

approximation.  Models by Berning and Djilali [9], who address the entire fuel cell, as well as 

models by Natarajan and Nguyen [10], who only address a half cell, are more recent and place 

emphasis on water production and transport through the porous transport layer and into the flow 

channel.  The catalyst layers in both models are handled through a thin film treatment. The thin 

film model treats the catalyst layer as a membrane of infinitesimal thickness, which acts as a 
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source and a sink for the products and reactants in the fuel cell model.  As a consequence, 

transport within the catalyst layer and its morphology is neglected. This approach also assumes 

that all properties are constant over the catalyst layer.  This assumption was made partly because 

the catalyst layer is extremely thin; however, models have shown properties that vary over the 

catalyst layer thickness. 

2.1.2 Pseudo Homogeneous Layer 
Bernardi and Verbrugge [6] presented a model of a one dimensional PEM fuel cell in 1993.  In 

this model both the anode and cathode catalyst layers were treated as a pseudohomogeneous 

layer.  This treatment assumed that the catalyst layer is an isotropic homogeneous porous layer 

and considered reactant transport only within the catalyst layer.  In the catalyst layer reactant 

transport is modeled by treating the electronic and protonic transport with ionic and protonic 

potentials through Ohm’s Law.  Gas phase transport was handled using the Stefan-Maxwell 

equations for multi-component diffusion.  At the cathode, the three components considered in this 

model are oxygen, nitrogen and water.  To account for the porous catalyst layer, a Bruggeman 

correction was used with the porosity raised to the commonly used exponent of 1.5. While this 

work did not investigate the catalyst layer morphology, important conclusions were drawn 

concerning the effect of catalyst layer composition as it relates to mass transport limitations in the 

fuel cell, which appears as a limiting current density.  In Bernardi and Verebrugge’s model, they 

showed that by increasing the porosity of the catalyst layer they could increase the limiting 

current density. Additionally, their study looked at catalyst utilization within the fuel cell.  This 

was examined by assuming a uniform distribution across the catalyst layer and monitoring the 

oxygen concentration.  They observed a second drop in oxygen concentration across the catalyst 

layer leading to a near zero concentration next to the membrane.  At high current densities the 
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percentage of catalyst layer having a near zero oxygen concentration increased, leading to very 

inefficient platinum catalyst utilization. Pseudohomogeneous layer approximations provide much 

more information than thin film treatments.  However, their major limitation is that they do not 

provide information about how morphology of the layer impacts performance of the fuel cell due 

to property averaging (porosity, pore size, conductivity, etc.) over the whole layer. 

2.1.3 Agglomerate Model 
The agglomerate model of the catalyst layer improves upon the pseudohomogeneous thin film 

model by describing the catalyst layer morphology.  This is accomplished by introducing an 

agglomerate structure as the basic building block of the catalyst layer.  The agglomerate is 

composed of platinum supported on carbon black and ionomer (Nafion in many cases), which is 

subsequently coated in a variable thickness of ionomer.  A cartoon of this agglomerate structure is 

shown in Figure 2-1 below.  A typical size in the literature for a single agglomerate is in the range 

of 1µm or smaller.   

 
Figure 2-1 Typical Agglomerate Structure (not to scale) 
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In this model, reactant transport is handled differently than previous models.  Concentration 

gradients occur across the entire catalyst layer, as well as within individual agglomerates.  In the 

catalyst layer gas phase oxygen transport is handled through the Stefan Maxwell equations or 

Fick’s Law.  At the boundary of the agglomerate structure oxygen diffuses into the ionomer.  

Transport across this boundary is handled by Henry’s Law, which states the concentration of the 

oxygen within the ionomer is proportional to the concentration of oxygen at the surface.  

Oxygen diffusion within the agglomerate itself is again addressed through a diffusion process 

governed by Fick’s Law and a sink term to account for oxygen consumption within the 

agglomerate.  Charge transport within the catalyst layer is dealt with using Ohm’s Law for both 

the electronic and protonic potentials. 

The agglomerate model varies from the models described above as the current density 

varies in relation to the geometric properties of the agglomerate structure by an effectiveness 

factor E, as seen in equation 2.1.  Equation 2.1 uses the Butler-Volmer equation to represent the 

reaction rate however, the Tafel equation can be used as well. 

i = ioe
2αFΔVact

RT
"

#
$

%

&
'
E  

2.1 

The effectiveness factor for a spherical agglomerate is given by equation 2.2  

E = 1
3Φ2 3mLcoth(3Φ)−1( )  2.2 

Where Φ is the Thiele modulus. 

The Theile modulus is given in equation 2.3, where ragg is the agglomerate radius, Deff is the 

effective diffusivity of oxygen in Nafion and k is the reaction rate constant. 
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Φ =
ragg
3

k
Deff

 2.3 

The Thiele modulus relates the diffusion of reactants (oxygen at the catalyst layer) through the 

agglomerate to the reaction rate.   When incorporated into the effectiveness factor, the Thiele 

modulus indicates how much of the agglomerate structure has a reaction occurring.  With a fast 

enough reaction, only the reaction sites on the surface of the agglomerate are active.       

Agglomerate models  [5, 11-13] have been shown to be more complete representations of 

the fuel cell catalyst layer.  In their study, Broka and Ekundge conducted an investigation of the 

catalyst layer using a scanning electron microscope (SEM).  As with many other researchers the 

images resulting from their study demonstrated that at low magnifications the catalyst layer 

appears to be a homogenous layer, while at high magnifications it contains the gas space voids 

and solid structures that are better represented by the agglomerate model.  The agglomerate 

model uses an idealized agglomerate structure and resulting assumptions for transport based 

based on these observations.  Simulation results using the agglomerate model are also a better 

representation of fuel cell performance.  Polarization curves generated by simulations utilizing 

this model show sharp declines at high currents, which can be attributed mass transport losses.  

As it accounts for factors such as platinum utilization within the agglomerate structure and 

oxygen transport within Nafion, this model is better able to predict the performance of a fuel cell.  

2.1.4 Direct Models 
Recent catalyst layer models have tried to move a step beyond agglomerate models by attempting 

to more accurately represent the catalyst layer morphology.  Two of these models come from 

Hittori et al. and the research group of C.Y. Wang.  Both attempted to increase the detail of the 

fuel cell model to eliminate the need to make approximations about the tortuosity of the structure 
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and platinum utilization by recreating a random three-dimensional structure. In the models of 

Wang  [14-16], the regular and random three-dimensional structures were generated on a 

Cartesian mesh, by placing solid cells to a specified porosity.  The internal processes occurring in 

these cells were handled by using the agglomerate model.  Utilizing this model they were able to 

capture and describe many effects that previous models could not.  By varying the grid cell size 

or ‘pore size’ the model showed that with large pores on the order of 2 microns, the oxygen 

distribution was more evenly distributed, additionally resulting in the current density being more 

evenly distributed.  Similar observations were made when increasing the porosity of the catalyst 

layer.  Both of these changes offer results that are not dominated by mass transport limitations.  It 

should be noted that like the other models discussed, the gas phase transport within the pore space 

is assumed to be within the continuum regime. The smallest pore space used by Wang in his 

investigation is 0.5 microns.  However, by including both macropores and micropores (pores 

sizes on the same order of magnitude as the oxygen mean free path), gas phase transport losses in 

the fuel cell are likely to be greater than these models predict.  

Hittori et al. [17] published a model that attempted to analyze a catalyst layer that was 

built in the computational domain by randomly placing individual components of the catalyst 

layer.  The first step of their algorithm was to place spherical carbon particles uniformly covered 

with ionomer.  Subsequently these were inserted into the domain with a specified allowable 

overlap.  Platinum particles were then randomly inserted to lie on the carbon support structure, 

the amount determined by a specified platinum loading.  This process was repeated until a 

specified porosity was reached.  In this model, Hittori et al. highlighted the importance of catalyst 

layer composition and its effect on platinum utilization. 
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2.2 Modeling and Characterization of Porous Media 
Diffusion in a bulk flow can be described by some cases by Fick’s Law: 

J = −D∇φ  2.4 

where J is the diffusive flux, D is the species diffusion coefficient or diffusivity, and  is the 

concentration.  In a bulk flow the diffusivity is defined by 

Db =
λµo

3
 2.5 

Where λ is the mean free path of the molecule and µo is the mean molecular speed of a gas 

particle. 

In porous media the porosity (ε) and tortuosity (τ) of the medium affect the diffusivity.  Porosity 

defines the cross sectional area available for species transport, while the tortuosity is the ratio of 

the increase in path length a molecule must travel to the straight line length through the porous 

medium.  The resulting effective diffusivity is described by 

Deff =
ε
τ
Db  2.6 

Determining the tortuosity is very difficult, which has resulted in the commonly used Bruggeman 

approximation shown in equation 2.7. The correlation was verified by De La Rue [18] for 

porosities above 0.6, when he conducted experiments to determine effective electrical 

conductivities in porous media.  In his experiments, electrically insulating glass balls of varying 

size were placed in an electrolyte of known conductivity and the effective conductivity of the 

medium was determined.  Over the range of tested porosities the effective conductivity was found 

to correlate very well to the Bruggeman approximation (shown in equation 2.7).  Notably, in his 

work De La Rue stated that this approximation is generally not valid for non-spherical shapes. 

φ
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Deff = ε
1.5Db  2.7 

 

If diffusion is considered for situations of molecule to wall collisions in the fuel cell (i.e., 

transition flow and Knudsen flow) the diffusion coefficient can be modified according to the 

Bosanquet equation 

D =
1
Db

+
1
DKn

!

"
#

$

%
&

−1

D =
Db

1+Kn

 

2.8 

2.9 

where DKn is the Knudsen diffusivity and Kn is the Knudsen number. The Knudsen Number (Kn) 

can be defined as the ratio of the mean free path of molecules (λ) to a characteristic length scale 

(L).  In porous media the characteristic length scale is usually taken as the mean chord length or 

the average distance between solid surfaces in the porous media.  Knudsen numbers smaller than 

10-2 are usually taken to represent the continuum flow regime where molecule to molecule 

collisions dominate.  Knudsen numbers in the range of 10-2 to 10 represent transition flows where 

molecule to molecule and molecule to wall collisions occur in relatively even numbers, above a 

Knudsen number of 10, molecule to wall collisions dominate.   

2.2.1 Experimental Characterization of Porous Media  
Techniques to resolve the three-dimensional structure of porous media have been developed.  For 

example, in one study by Samuelsen et al. [19], they used x-ray microtomography to capture a 

three-dimensional image of paper.  With this method they measured the diffraction of parallel 

beams of x-rays as they passed through the paper sample.  This diffraction occurs as the beams 

pass through material boundaries.  By repeating this many times, they were able to reconstruct the 
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paper sample.  However, they also acknowledged that this reconstruction is on the micron level, 

which is at least two orders of magnitude greater than the largest individual catalyst layer 

components.  This technique was also employed by Al-Raoush and Willson [20] to image porous 

media, in their case glass beads and sand.  In their work, resolution is again on the micron level. 

Another method of reconstructing three-dimensional samples is by using two-dimensional 

images.  Yeong and Torquato [21], as well as Roberts [22], present reconstruction algorithms of 

two phase porous media, which require knowledge of the chord length distribution and a two 

point probability function.  The chord length distribution is obtained by measuring chord lengths, 

which lie completely in one phase and are inserted randomly in the two-dimensional image.  The 

two point probability function is explained by Yeong and Toquato as the probability that two 

points within the domain will lie in the same phase.  Using this method they are able to 

reconstruct three-dimensional computational domains, which have accurate three-dimensional 

macroscopic properties (such as pore size distribution), and permeability in the case of Yeong and 

Torquato, and conductivity in the case of Roberts.   

Mercury porosimetry has been used in fuel cells and many other applications to 

determine the pore size distribution and permeability of porous media.  It is a process whereby 

mercury is injected into a porous medium at a specific pressure.  The pressure at which a specific 

volume of mercury moves into the porous media is related to a mean pore diameter through 

equation 2.10 below, where p is the capillary pressure, θ is the contact angle of mercury with the 

solid and σ is the surface tension of mercury and air at its interface.   

𝐷!"#$ =
2𝜎𝑐𝑜𝑠𝜃
𝑝  2.10 
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Mercury porosimetry is a useful technique that can determine morphological properties such as 

pore size distributions and porosity, however it does have limitations.  This technique is limited to 

porous media containing pores on the order of microns.  The other major drawback is the bias 

towards small pore sizes as a result of “necks,” which connect large pores within the media.  

Thus, this type of experiment is not a useful technique in the analysis of catalyst layers.   

2.2.2 Computational Models 
The Navier-Stokes equations shown in equations 2.11 and 2.12 are used to describe fluid flow of 

a Newtonian fluid. When coupled with the conservation of mass, these equations are the most 

common CFD treatment when dealing with fuel cells.  A common solution technique of the 

Navier-Stokes equations in CFD is to use the finite volume method, whereby the domain is 

divided up into many small cells that approximate an infinitesimal volume of fluid.  

 

 

∂(ρui )
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The infinitesimal control volume representation requires a continuum assumption.  The 

continuum assumption assumes that the fluid subdivided into control volume still has the same 

properties of the bulk fluid.  In cases where the Knudsen number is low this assumption is quite 

safe. When the density of the fluid become very low (resulting in particles in a volume leading to 
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large mean free paths of molecules) or the representative length scale becomes very small, these 

subdivided volumes will not have the same properties of the bulk fluid. 

The finite volume method has been extended to cover flows in the Knudsen regime in 

fuel cells. Problems with this method appear when there are regions within a medium where there 

is a wide range of Knudsen numbers spanning more then one flow regime.  For these problems 

alternative methods are needed to study porous media.  Two such methods are monte carlo 

random walks [23, 24], which have been used extensively to study porous media and will be 

discussed later, and the Lattice Boltzmann method, which has been used to study fuel cell catalyst 

layers  [25]. 
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Chapter 3 

Model Construction 

The fuel cell catalyst layer is composed of carbon, ionomer, platinum and pore spaces.  For each 

phase, individual building blocks have been identified that will be used in the model construction. 

These building blocks are based upon observations of physical catalyst layers and their 

preparation methods.  Popular preparation methods that serve as the basis for the catalyst layer 

construction algorithm are described below.    

3.1 Cathode Catalyst Production Methods 

3.1.1 Common Catalyst Layer Construction 
Thin film catalyst layer construction methods are the most widely used methods in fuel cell 

research today. Thin film methods improved on previous polytetrafluorethylene (PTFE – 

commonly Teflon) bound catalyst layer methods. The PTFE binder is not proton conducting and 

does not provide a great benefit in the catalyst layer.  In early PTFE bound methods, proton 

conducting Nafion is impregnated into the catalyst layer by brushing or spraying.  Since this is a 

surface treatment, complete Nafion penetration is unlikely, leading to decreased platinum 

utilization.  Platinum utilization for such methods has been reported at 22%  [26]. 

Wilson and Gottesfled  [27] describe a procedure for producing a thin film catalyst layer 

that results in greater platinum utilization.   

1. Combine 5% wt solubilized Nafion and 20% wt platinum on carbon in a ratio 1:3 

Nafion/platinum impregnated carbon. 

2. Add water and glycerol to weight ratios of 1:5:20 carbon/water/glycerol. 

3. Mix ultrasonically to ensure adequate mixing and the ink develops a uniform 

viscosity for painting.  
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4. With the resulting ink, paint a Teflon blank and bake in an oven until it is dry. 

(Alternate application methods such as rolling or spraying are also used.) 

5. Hot press the Teflon blank and catalyst ink decal with a Nafion membrane. 

6. Once cool, peel away the Teflon blank to leave a thin film/membrane assembly. 

Additional deposition methods that have been developed, including vacuum deposition and 

electrodeposition as described in [2]. In addition to water and glycerol, pore formers, which 

decompose after application, can also be added to increase the resulting catalyst layer porosity. 

Catalyst layers that have been produced by thin film methods are shown in Figure 3-1 [28].  

 
Figure 3-1 Catalyst layers produced using thin film methods 

3.2 Catalyst Layer Construction Methodology 

3.2.1 Catalyst Layer Component Sizes 

For each phase in the catalyst layer, individual building blocks have been identified which will be 

used in the model construction.  The particle sizes for these building blocks are given below. 

Platinum has an approximate log normal distribution with a mean diameter of approximately 2.5 

nm when fresh and approximately 4-7 nm after 2000 hours of testing in which a fuel cell was 

continuously cycled  [31].  A platinum particle diameter of 5 nm will be used in the model. 

The carbon used in fuel cell catalyst layers is commonly carbon black, which is a high 

purity carbon.  Vulcan XC-72 (a type of carbon black), is one of the most common catalyst 
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supports used in PEMFCs and has a reported particle size of 30 nm and an agglomerate size of 

approximately 5 µm  [32].  Based upon input from Ballard Power, a particle size of 25 nm was 

selected for the model.  The size difference between the particle size and agglomerate size is two 

orders of magnitude, which provides a relative scale between the model details of the proposed 

method and more popular agglomerate methods. 

The Nafion or ionomer phase is a liquid that is mixed in the catalyst solution during 

preparation and dries in a random nature.  As a result, there is no consistent ionomer particle size.  

Figure 3-1 shows the two prominent features of the ionomer, covering the carbon supported 

catalyst in a thin film and branching or bridging between neighbouring particles.  Thus, the 

ionomer can be placed as a thin film or as a sphere, which enables the formation of branches.  It 

should be noted that the ionomer structures in actual catalyst layers are not well understood and  

their structure can vary widely based on the manufacturing method and type of solvent used.  

Based on input from Ballard Power, when placed as a series of spheres, the ionomer particles 

were given a diameter of 15 nm. Allowing overlapping of particles with the previously placed 

particles enabled branching and films to form.  Within the construction algorithm the capability to 

place ionomer films surrounding the carbon particles was briefly studied.  The major limitation of 

placing films is that no “bridging” can occur in catalyst layers.  A combination of placing films 

and particles is also a viable option for the model.  However, when allowing unlimited overlap of 

ionomer particles, all significant features can and do form, which is the reason for using particle 

placement exclusively in developing the model.  

3.2.2 Construction Rule Set 

The rule set for the catalyst layer construction is detailed below.  The respective phases are placed 

sequentially: carbon, platinum and ionomer.  Once a particle has been placed no particles can be 
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placed on top of it.  Particles are placed randomly within the constraints until the calculated 

volume fraction is met.  Periodic boundary conditions are implemented and the size of the domain 

in the analysis was limited to 10 carbon sphere diameters in each direction. 

3.2.2.1 Carbon Placement 

Initially the domain is empty. Then, a number of carbon “seed” particles are placed randomly in 

the domain and the only constraint is that they do not touch one another.  Once the specified 

number of seed particles are placed, additional carbon particles are placed until the calculated 

volume fraction for the carbon phase is reached.  By varying the number of seed particles, the 

degree of agglomeration can be influenced, with more seed particles allowing a relatively greater 

number of smaller clusters.   

Once the seed particles have been placed, additional carbon particles are placed in chains which, 

are constrained to start from an already placed carbon particle.  The chain length is randomly 

chosen to be between one and a specified maximum value.  Examples of varying carbon chain 

lengths are shown in Figure 3-2. 

 

Figure 3-2 Examples of carbon chains of varying size. 
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To place and individual carbon particle an existing particle is randomly selected if a new chain is 

being formed or, the previous carbon particle in the chain is selected.  The new particle is then  

placed at a random angle to the selected carbon particle. A small amount of overlap between 

carbon particles is provided to ensure a percolating electronic pathway between adjacent carbon 

particles.  A check is made to ensure a new carbon particle does not excessively overlap existing 

carbon particles..  In the model, the overlap limit was set to 10% of the particle by volume. 

3.2.2.2 Platinum Placement 

Platinum particles must touch a carbon particle or a previously placed platinum particle.  An 

existing particle is randomly selected and then a platinum particle is placed on the surface of the 

existing particle.  A probability factor has been included to skew the placement of platinum 

particles to lie on carbon molecules.   Figure 3-3 shows the resulting placement of platinum 

particles using this rule set. 

 
Figure 3-3 Platinum particles placed on carbon 
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Table 3-2 shows that as a progressively finer grid size is used, surface area and volume errors 

become smaller.  They become negligible in the case of volume error and plateau to a known 

error in the case of surface area.  The model was determined to achieve grid and domain 

independent solutions for the effective gas phase diffusivity a domain size of 500x500x500 nm 

with 400 grid points in each direction required.   

The particle size for platinum in this model was set to 5 nm, which gives 4 grid points per 

particle diameter.  This is well below the required grid density to achieve negligible error in 

volume.  If this was not accounted for, it would have resulted in more platinum particles being 

placed in the catalyst layer due to the under prediction of the platinum volume.  Two solutions to 

such a problem problem exist, either the grid density can be increased or prescribed volume based 

on hard spheres can be used.  To limit the platinum volume error to 5 %, a grid size of 0.4 nm is 

required which would result in 1200 grid points in each direction.  This grid size would require 

very large computing resources, becoming impractical to implement.  As such, a volume based on 

a hard sphere model is used to track the total volume of platinum placed within the model.  

To calculate the volume of a platinum particle with a prescribed overlap on a carbon particle, the 

volume of the three-dimensional lens is subtracted from the platinum sphere volume.  The 

spherical cap is shown in Figure 3-4.  
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Figure 3-4 Two-dimensional overlap of spheres and the resulting spherical cap in three-

dimensional overlap 

The distance, d, between the carbon and platinum centres is determined through the following 

relationship where rc and rpt are the platinum and carbon radius, and X is the percentage of 

overlap specified. 

d = rc + (1− X)rpt  3-1 

The volume of a spherical cap, Vcap, is shown in equation 3-2, where ri, is the sphere radius, and h 

is the height of the spherical cap as shown in Figure 3-4. 

Vi =
1
3
πh2 (3ri − h)

 
3-2 

The resulting overlapping volume of the spheres can be expressed as 

V =V rpt,h( )+V rc,h( )

 

3-3 

 

V =
π rpt + rc − d( )2 d 2 + 2drpt −3rpt2 + 2drc + 6rptrc − 2rc2( )

12d  

3-4 

 

The resulting volume expressed with a varying overlap is shown inTable 3-1.  For a 10% 

specified platinum overlap the analytic placed volume of the carbon sphere is therefore 6.50x10-26 

m3.  
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Initial	  Pt	  	  

Sphere	  Volume	  (m3)	   Overlap	  (%)	  

Distance	  Between	  	  

Particle	  Centres	  (m)	  

Volume	  of	  Overlapping	  	  

Section	  (m3)	  

Adjusted	  Pt	  	  

Sphere	  Volume	  (m3)	   %	  Change	  

6.54E-‐26	   0	   1.75E-‐08	   0.00E+00	   6.54E-‐26	   0.0%	  

6.54E-‐26	   5	   1.74E-‐08	   1.05E-‐28	   6.53E-‐26	   0.2%	  

6.54E-‐26	   10	   1.73E-‐08	   4.16E-‐28	   6.50E-‐26	   0.6%	  

6.54E-‐26	   15	   1.71E-‐08	   9.25E-‐28	   6.45E-‐26	   1.4%	  

6.54E-‐26	   20	   1.70E-‐08	   1.62E-‐27	   6.38E-‐26	   2.5%	  

Table 3-1 Platinum volume with varying sphere overlap 

The difference between the required grid density for the constant error prediction and the actual 

grid density is shown in Figure 3-5. 

 
Figure 3-5 Actual grid density used in the model (left) and the required grid density for 

surface area calculation (right) 

In order to accurately calculate the platinum surface area with the model, two other alternatives 

were investigated in a sample domain with one carbon and 10 placed platinum particles.  First, 

the uncorrected surface area was calculated to see how it compared to the earlier calculated 

sphere surface area, to see if this could be used.  It was found that the calculated platinum surface 

area varied as much as 15% between tests, indicating no reliable correction factor could be used.  
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This is attributable to the variance in the relative location of the platinum sphere centre within 

cells and the resultant variation of the sphere placement.  Since there is no constant correction 

factor, an alternative method is used where the theoretical surface area is calculated using a hard 

sphere and is assigned to individual particles. 

3.2.2.3 Ionomer Placement 

After the specified volume fractions of carbon and platinum have been placed within the domain, 

the ionomer phase is placed.  Ionomer particles are placed individually in a random nature 

throughout the domain. To place a ionomer particle, a previously placed particle of carbon, 

platinum or ionomer is randomly chosen from which to place the new ionomer particle.  A 

specified amount of overlap between the selected particle and new ionomer particle is randomly 

selected as well as the contact angle to the previously placed particle.  The amount of overlap 

between the surrounding particles and the new particle is not restrained.  Again, the new particle 

is only placed in pore spaces (grid cells occupied by a solid phase are not replaced by the new 

ionomer particle within the geometry).  Using this rule set both thin films and thin ionomer 

bridges are able to form, matching formations found in catalyst layers.  And example of ionomer 

placement using spheres is shown in Figure 3-6. 
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Figure 3-6 Ionomer placement results using the sphere option.  Ionomer is shown as green, 

carbon particles are shown as gray 

3.2.3 Model Inputs for Catalyst Layer Generation 

The inputs into the geometry generator are the catalyst layer platinum loading (mg/cm2) for a 

geometrical electrode surface, the platinum carbon weight ratio, ionomer catalyst (both carbon 

and platinum weights are included) weight ratio and the desired porosity.  These inputs were 

decided upon to mirror the inputs used when manufacturing thin film catalyst layers.  In addition, 

two placement options were specified, one with specific loadings and one with a given overall 

catalyst layer thickness.  Due to computational limitations, the modeled catalyst layer is not the 

actual catalyst layer thickness, but a smaller section of the catalyst layer.  The procedure for 

determining the individual phase volume fractions is given below.   

For a given loading of platinum mpt, the mass of the platinum is determined by: Equation 3-5. 

= ×pt pt geometricM m A  3-5 

The carbon weight is then found using the carbon weight ratio (50% in the example): 

=: 1 : 1c ptM M  3-6 

The ionomer weight is then found using the ionomer weight ratio (30% in this example):  
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=/ : 2.33 : 1c pt ionomerM M  3-7 

The volume occupied by each phase is determined by dividing the density.  This can then be 

divided by the specified sample catalyst layer volume to yield the volume fraction for each phase 

(shown for the carbon phase in the example). 

Vc =
Mc

ρc
Vcatalystlayer = tcatalyst × Ageometric

φc =
Vc

Vcatalystlayer

 

3-8 

 

3-9 

 

3-10 

 
Alternatively the porosity of the catalyst layer can be specified.  If this method is used, the 

loadings are adjusted to keep the weight ratios between solid phases constant, while producing a 

catalyst layer of the given porosity.  When tracking the placement of each phase particle within 

the domain, the volume fraction is calculated as the volume of each grid cell successfully placed 

multiplied by the number of grid cells occupied by each phase. 

3.2.4 Catalyst Layer Generation 

The sample catalyst layer geometry is constructed using a Cartesian grid rather than by defining 

the particle boundaries and locations analytically, which presents several advantages and 

disadvantages.  Using a grid simplifies the creation of complex shapes and also easily allows for 

the creation of random shapes.  By defining an object as a collection of grid points or cells, a 

randomly shaped object can easily be defined and produced by labeling a collection of grid points 

rather than having to define an object through a complex equation.  Resolving particle overlap 

issues is also simplified since only the label at the cell of interest needs to be checked rather than 

the equation of every previously defined object in the vicinity of the cell.  
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A disadvantage to using an ordered mesh is that the resulting mesh can be unnecessarily large.  

By using a body fitted mesh the number of cells can be greatly decreased,  and curved surfaces 

can be more accurately resolved.  Using the regular Cartesian mesh to resolve curved surfaces 

leads to errors in the estimation of surface area and volume due to the approximation of a curved 

surface with orthogonal lines.   

Figure 3-7 shows spheres constructed using 5, 7, 10 and 16 grid points per sphere radius.  Upon 

examination, it is clear that with an increasing number of grid points the surface area and volume 

become better resolved.   

 

Figure 3-7 Clockwise from top left, spheres with radius equal to 5,7,16 and 10 grid points 

Table 3-2 shows the calculated surface area and volume error as a function of grid cells per 

sphere radius. This table shows that the surface area error plateaus at approximately 10 cells per 
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radius.  At a surface area over approximation of 50% a correction factor of  0.66 can be employed 

to correct the area.  This value is less then 1/√2, which corresponds to the error from 

approximating of a hypotenuse with the two other sides of a unit triangle, which is a close 

approximation over the majority of the sphere.  The volume error of a sphere is also shown to 

become negligible for the purposes of this model with sufficient grid density.  

Sphere radius (#cells or dx) Surface Area Error Volume Error 
5 31.8% 7.37% 

 7 45.2% 1.24% 
10 51.4% 0.47% 
16 48.6% 0.47% 

Table 3-2: Surface and Volume errors for varying sphere sizes 

As a result, spherical particles can easily be placed and accurate surface areas can be determined 

by applying the known correction factor as noted above.  The analytical methods used in the later 

chapters to analyze the model do not depend on the grid size (discussed in greater detail in 

Chapter 4). Thus, the primary determination of the grid density is the resolution of the catalyst 

layer geometry.  The selected grid size of 1.25nm is equivalent to 10 cells per carbon particle 

radius.  This is sufficient to accurately resolve carbon particles.  A correction factor for the 

placement of platinum particles to account for volume and surface area errors as a result of this 

grid size was introduced to ensure that correct numbers of platinum particles were placed.  If this 

step were not taken, each particle volume would be underestimated resulting in additional 

particles being placed within the domain.  Practically, this would represent a catalyst layer with a 

higher platinum loading than specified.  These correction factors were not applied for ionomer 

particles.  The ionomer phase forms random structures within the actual catalyst layers, therefore 

closely approximated spheres are not required.  
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Chapter 4 

Methods of Analysis 

4.1 Catalyst Layer Properties 

The catalyst layer composition directly affects the performance of the fuel cell.  The following 

catalyst layer properties will be examined to determine how closely the catalyst layer construction 

method resembles actual catalyst layers and to examine how changing the catalyst layer makeup 

can affect the performance of the fuel cell.  

4.1.1 Percolation  
Catalyst layer performance is, in part, determined by the platinum surface area available for the 

oxidation and reduction reactions to occur.  For a reaction to occur at an individual platinum 

particle, pathways for all three reactants, protons, electrons and oxygen to the reaction site must 

be available.  A measure of this connectedness is percolation. To determine percolating networks 

within the constructed geometry an algorithm similar to the one first described by Hoshen and 

Copelman  [33] is used.  The Hoshen-Copelman algorithm sweeps through the domain checking 

to see if cells are of the phase of interest (the percolating phase).  Once found, the cells are 

labeled with a unique identifier if no other adjoining cells are percolating, or they are labeled with 

the lowest identifier of the adjoining cells if they are part of the percolating phase.  Once the 

initial sweep is completed all clusters are updated to ensure that only one identifier is used for the 

entire cluster. 

For this thesis project, a similar algorithm was used. However, individual clusters were 

not tracked, only the continuous percolating pathways from a selected face of the domain were 

marked. This method sweeps through the domain and checks to see if the grid point in question is 
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in the desired phase (in this case the percolating phase) and if it is part of the percolating network.  

If it is in the desired phase and network, then all neighbors of the same phase become part of the 

percolating network. Successive sweeps through the domain are made in opposite directions until 

the entire percolating network is resolved.  Approximately 6 sweeps of the domain are needed to 

fully resolve the percolating network.  An example of the results of this method are shown in 

Figure 4-1. 
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Figure 4-1 Percolating (shown as black) and non-percolating carbon networks (shown as 

red) from a selected face of the domain 
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4.1.2 Platinum Surface Area 
The catalyst layer reaction occurs over the surface area of the platinum particles.  Increasing the 

surface area of the platinum allows the rate of the reaction to increase.  The effective platinum 

surface area (EPSA) is the platinum surface area on which a reaction will occur.  The EPSA is the 

platinum surface, which is covered by ionomer and supported on a percolating network of carbon, 

allowing all reactants pathways to the reaction site.  The EPSA is determined in the same manner 

as the platinum surface area.  

4.1.3 Mean Chord Length 
The chord length is found using the method described by Torquato  [34].  He explains that the 

mean chord length comes from knowledge of the chord length distribution p(i)(z) which can be 

defined as the probability of finding a chord of length between z and z+dz in phase i.  To find the 

chord length distribution, random chords are drawn, measured and binned. From this, a 

probability distribution is obtained.  The mean chord length and pore size have importance in 

determining how gas transport is characterized in the catalyst layer.  The Knudsen number shown 

in equation 4-1 is a non-dimensional number that describes the diffusion processes occurring.     

 

Kn = λ
L

 
4-1 

Where L is a characteristic length of the material, in this case the mean chord length and the mean 

free path λ, is defined as 

λ =
RT

2πd 2NAP
 4-2 

where d is the diameter of the gas molecule, NA is Avogadro’s number, P is the gas pressure, R is 

the universal gas constant, and T is the gas temperature. 
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The mean chord length is used as the characteristic length in the Knudsen number 

calculation.  Using this method, the mean chord length can be found using a large enough 

statistical sample.  To determine the required number of chords to be drawn before the solution 

converges, three sample catalyst layers were constructed with porosities of 30, 50 and 70 percent.   

An alternative method of finding the mean chord length (mean chord length 2) was also 

investigated, in which a random point in the pore space was selected and the nearest neighbor 

then found.  The nearest neighbor is the closest solid surface, which is found by growing 

progressively larger spheres until the sphere intersects a solid surface.  A chord is then drawn 

through the nearest neighbor point and the initial randomly selected point.   

When applied to a sphere of radius R, the first mean chord method will return a value equal to 

4/3R while the second method with return the sphere diameter 2R.   

The mean chord lengths were found over varying sample sizes and are shown in Figure 4-2.  Past 

200,000 chords, the mean chord length becomes relatively stable.  For the remainder of this 

thesis, 200,000 chord samples were used for each generated catalyst layer in an effort to balance 

the solution accuracy and the computational time required for the solution.  
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Figure 4-2 Mean Chord Length Convergence 

4.1.4 Effect of Discrete Geometry 

For most practical surfaces, when a molecule collides with the surface, the reflection is essentially 

random or isotropic.  For a convex body the average chord length can expressed by equation 4-3 

4
av

VR
S

=  4-3 

where V is the body’s volume and S is the surface area of the body.  This relationship holds true 

provided there is an istotropic flux distribution on the boundary.  In the case of a sphere of radius 
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r the mean chord length (found using the method of Torquato) becomes 4/3r.  To test the accuracy 

in which the mean chord length is calculated within the discretized domain, the calculated mean 

chord length over varying sphere sizes was plotted in Figure 4-3 below.  Along with the 

calculated value, the analytic value is also plotted on the figure.  The error between the calculated 

and analytic values is constant at approximately 10.5% for spheres of varying size, which 

indicates that the error is independent of grid size.   

 

 
Figure 4-3 Mean chord length for spheres of varying size. 

The error is due to the Cartesian grid normal not be properly aligned in relation to the sphere 

surface normal, which leads to a non-isotropic flux distribution as shown in Figure 4-4. 
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Figure 4-4 Differences between the grid normal and the sphere normal 

The mean chord length is found in two different ways, the first is to randomly draw chords at 

random angles as was done in the example above.  The second method is to pick a random point 

and find its nearest neighbour (i.e. the closest possible collision point) and then measure the chord 

length along this line.  In the sphere example above, the second method would yield a mean chord 

length equal to the sphere diameter.  One small difference between the two methods is that the 

nearest neighbor gives a pore size equal to a sphere with a radius equal to its value.  This radius 

does not indicate the maximum size of the pore however, since the spheres are grown from 

random points rather then the pore centre.  
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4.1.5 Diffusivity 

The Monte Carlo method used to determine diffusivity is a random walk simulation in which 

molecular positions are monitored and information from this monitoring is subsequently used to 

obtain and effective diffusion coefficient.  This method follows the general method used by 

Burganos  [23], who modeled pixilated porous media, Zalc  [35], who modeled impenetrable hard 

spheres, and others  [36] [37] [24].  The effective diffusion coefficient is given by Equation 4-4 

𝐷! = lim
!→!

𝜉!

6𝑡
 4-4 

Where <ξ2> is the mean square displacement and t is the travel time.  By taking a sample over a 

significantly long time period the effective diffusivity of the medium can be obtained.  The travel 

time is obtained by tracking the displacement of a test particle by assuming the particle travels at 

a constant speed equal to the mean thermal speed µo given in Equation 4-5. 

𝜇! =
8𝑅𝑇
𝜋

 
4-5 

 
The mean square displacement is obtained by introducing particles into a sample domain and 

monitoring the displacements as they move through the domain. 

Particles are introduced into the domain and given a random direction of travel.  The 

travel length is sampled from an exponential distribution generated using the mean free path as a 

distribution mean, which follows kinetic theory.  Collisions occur when either the travel length is 

reached simulating a molecule to molecule collision. In this case, the process is repeated using a 

different random direction and travel length.  Where a travel path intersects a boundary (a solid 

phase) a molecule to wall collision occurs.  The collision point occurs at the intersection of the 

ray (direction vector of the particle) and plane (cell side).  Although the constructed domain is 

composed of grid cells, each cell centre is given a centre location (X, Y, Z) and an edge length dx.  
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From this, three points on the cell side (the plane) can be found.  For convenience, the cell 

corners were used.  This is shown in Figure 4-5. 

  
 

 
Figure 4-5 Ray-plane intersection 
With these three points, the normal vector to the plane is found.  

𝑛 = (𝑝! − 𝑝!)×(𝑝! − 𝑝!) 4-6 

The particle starting at position La travels in the specified direction to Lb, which is located from 

the sampled mean free path.  The intersection point P(x, y, z) can then be found using the 

following relations. 

𝑃 = 𝐿! + 𝑡(𝐿! − 𝐿!) 4-7 

𝑃 − 𝑝! ∙ 𝑛 = 0 4-8 

Putting Equation 4-7 and 4-8 together yields  
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𝑡 =
(𝑝! − 𝐿!) ∙ 𝑛
(𝐿! − 𝐿!) ∙ 𝑛

 
4-9 

Putting t back into Equation 3-7, the collision point P can be found. While P lies on the plane of 

the cell edge a check is made to ensure it lies within the cell edge area.  To find if a collision 

occurs, the area surrounding the initial position of the particle is scanned out to a distance equal to 

the sampled free path length.  If no obstacles are present in this sphere, a collision will not occur 

and the particle moves to its end point Lb.  This is a step taken as a time saving measure.  If a 

possible collision does exist, each phase boundary is scanned to determine the collision location.  

It should be noted that since the particle travel direction is known, only 1/8th of the spherical 

volume and only three of the possible six faces of every cell need to be scanned for possible 

collisions.  If no collision point is found, the particle again moves to the end point Lb. 

When a molecule to wall collision occurs the molecule leaves the wall at an angle 

according to the Knudsen Cosine Law.  It has been found in previous studies that for almost all 

surfaces the reflection is diffuse.  Such an approximation has been used by Burganos and 

Tomadakis in their work and was used.  As a result, upon a collision a new angle is chosen 

randomly.  To verify that the Monte Carlo method has provided correct results, the experiments 

performed by De La Rue will be recreated.  In his experiments, De La Rue showed that the 

effective conductivity of a medium filled with insulating objects can be very closely represented 

by the Bruggeman approximation.  The suspended objects in his experiments were glass balls, 

sand and polystyrene cylinders, all of varying size.  Figure 4-6 shows the Monte Carlo routine 

results in comparison to the Bruggeman approximation.  The test case consisted of a single sphere 

located in the middle of the domain with periodic boundary conditions applied.  The difference 

for any test case was 4.8% and the average difference was 2.8%. 
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Figure 4-6: Comparison of effective diffusivities between Monte Carlo results and the 

Bruggeman approximation 

The two variables which impact the solution convergence are the number of test particles and the 

travel distance.  For the test case above, convergence was found to occur at 900 particles. 

However, when examining Figure 4-7 the solution remains relatively unchanged beyond 700 

particles.  For all remaining tests, 1000 test particles were used. 
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Figure 4-7 Calculated effective diffusivity vs. the number of test particles. 

 

4.2 Domain Size and Grid Sensitivity 

Monte Carlo random walk algorithms do not suffer from volume averaging errors such as a finite 

volume algorithms where gradients are represented as cell averaged values.  The error associated 

with these methods is a function of the number of test particles used and their travel distance. 

Since geometrical aspects of the model are being investigated as well, the primary constraint is 

the accuracy of the discretized particles volume and the surface area discussed in Chapter 3.  
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Figure 4-8 Model Properties with Varying Domain Size 

When using periodic boundary conditions the domain size must be studied to ensure that the 

period of the solution is less then the period of the domain.  Practically, this means the domain 

size must be large enough that it has no effect on the solution.  Figure 4-8 shows the calculated 

porosity, effective diffusivity and mean chord lengths, as the size of the domain is varied.  The 

domain size is defined in multiples of a carbon particle radius.  Shown in the figure are the 

average values over ten separate runs, as well as the variance at one standard deviation.  For all 

properties the difference in average value from a domain size of 10 carbon particles to 25 

particles is less then 8%.  As a result, a domain size of equivalent to 10 carbon particles was 

chosen since it can provide sufficient resolution while keeping computational time reasonable.  

 



 

47 

 

Chapter 5 

Results 

5.1 Summary of Tests Performed 

Using the catalyst layer microstructure generation routine, a parametric study was undertaken to 

examine what effects changing the composition the catalyst layer had in relation to the effective 

gas layer transport properties, phase percolation and platinum surface area.  The mass ratios and 

porosities test are shown in Table 5-1.  Bold values were used in all runs where that parameter 

was kept constant. 

Carbon Mass Ratio Platinum Mass Ratio Ionomer Mass Ratio Porosity 

0.2 0.1 0.2 0.3 

0.3 0.2 0.3 0.4 

0.4 0.3 0.43 0.5 

0.5 0.4 0.5 0.6 

0.6 0.5 0.6 0.7 

0.7 0.6 0.7 0.8 

Table 5-1 Input mass ratios and porosities used in parametric studies 

Additionally, two other model inputs; the maximum carbon chain length and the number of initial 

carbon seeds, were examined for their effect on the resulting microstructure.  The default 

maximum carbon chain length was set to 10 for the parametric studies and maximum chain 

lengths of 25 and 40 were tested with varying carbon mass ratios.  As well, the default carbon 

seed count was 25, and was varied up to 600 in the tests. 
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When examining the effective diffusivity, the mean chord was calculated on the basis of air at 

atmospheric pressure and 90°C.  

5.2 Effect of Varying Mass Percentages 

5.2.1 Effective Diffusivity 

Figure 5-1 shows the calculated effective diffusivity while varying the microstructure carbon, 

ionomer, platinum and porosity inputs.  Examining this figure, several observations can be made 

regarding the change in the gas phase effective diffusivity.  First, that the platinum mass ratio has 

essentially no impact on the resulting diffusivity.  Second, that the carbon and ionomer mass ratio 

has a moderate effect on diffusivity, with the effective diffusivity varying by approximately 40% 

over the ranges tested. Third, the variation of the effective diffusivity is the most strongly coupled 

with porosity (as expected).   

The effective diffusivity increases slightly with an increasing ionomer mass ratio.  This effect is 

thought to be due to the ionomer forming dense clusters since there is no restriction for particle 

overlap, when compared to carbon particles being restricted in their permitted amount of overlap.      
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Figure 5-1 Effective diffusivities due to varying input mass ratios and porosities 

5.2.2 Random Direction Calculated Mean Chord Length 

The calculated mean chord length, found by using a random initial direction, is shown in Figure 

5-2 and the resulting Knudsen number from this calculation is plotted in Figure 5-3 for varying 

mass ratios of carbon, ionomer, and platinum.   

 
Figure 5-2 Calculated mean chord length using random initial directions 
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Figure 5-3 Microstructure Knudsen Number using the mean chord length in Figure 5-2 

Figure 5-4 shows the calculated mean chord length and the resulting Knudsen number for varying 

porosities.   

 

 

Figure 5-4 Mean chord length and corresponding Knudsen Number for varying porosity 
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The calculated mean chord length and the resulting Knudsen number are average properties of the 

entire constructed microstructure.  Based upon the calculated Knudsen numbers, the gas phase 

transport falls within the transition regime between bulk and Knudsen diffusion.   

Within the microstructure, pores of differing sizes are present. The chord length 

probability distribution and cumulative distribution are shown in Figure 5-5 and Figure 5-6 for 

varying porosities and carbon mass ratios.  The chords were placed in bins of 1.5nm increments 

and the resulting distributions are plotted.  For any curves ending at a non-zero value, this 

indicates that larger chord lengths were taken, but place in the largest bin.  In the worst case less 

then 0.02% of chords were affected, which was considered acceptable for plotting the figures. 

The chord length distributions show that as the carbon mass ratio and porosity increases, 

the size of the pores in the microstructure also increases.  The likely reason for this result is that 

as the carbon mass ratio increases, the solid fraction is increasingly made up of carbon that has a 

relatively large particle size.  The larger particle size results in larger pores, since only a partial 

particle overlap is permitted.  This idea can be applied to the mean chord length when the 

ionomer phase is placed as well.  Due to the smaller particle size, the resulting pore sizes are 

smaller and more numerous, since relative to the carbon phase the packing is tighter, while the 

overall porosity remains the same.  These distributions do not indicate the specific pore size 

distribution within the microstructure, however they are telling of the relative quantity and size of 

pores within the microstructure.  At higher porosities Figure 5-6 shows a second peak at 

progressively larger chord lengths indicating the presence of larger pores.  
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Figure 5-5 Chord length distribution for varying porosities 

 
Figure 5-6 Chord length probability distribution for varying porosities 

The cumulative chord length and probability distributions show that as the porosity increases so 

does the size of the pores present in the microstructure.  Figure 5-6 shows resulting chord length, 
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distribution, which peaks at a distance equivalent to approximately 2 grids cells.  This indicates 

the presence of many very small pores within the microstructure.  These small pores are thought 

to be partially a consequence of using a Cartesian mesh causing collisions within the same or 

adjacent cell, which will skew the distribution towards smaller values.    

 

 
Figure 5-7 Cumulative chord length distributions for varying carbon mass ratios 
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Figure 5-8 Chord length probability distributions for varying carbon mass ratios 

The other method of determining the mean chord length, which was discussed earlier, involves 

finding the nearest neighbour (the closest boundary point in the phase of interest, in this case a 

gas to solid boundary) and then moving in a direction normal to that boundary until another 

boundary is found.  The information obtained from this methodology is twofold; first, the nearest 

neighbour function gives the minimum pore size and secondly, the mean chord length gives an 

indication of the pore shape.  In the earlier example of finding the mean chord length in a perfect 

sphere, the mean chord length was the sphere diameter.  Comparing the two methods in Figure 

5-9, it is clear that in this application, the two methods of determining the chord length yield very 

similar results and therefore all further tests will only determine the mean chord length using 

method one.   
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Figure 5-9 Comparison of mean chord lengths found using both methods in the same 

constructed catalyst layer 

5.3 Varying the Carbon Chain Length 

As the largest catalyst layer building block and the backbone for the placement of the other 

phases, varying the carbon chain was judged to have a potentially large impact on the resulting 

microstructure and its properties. 

5.3.1 Mean Chord Length and Characteristic Length 

Figure 5-10 shows the resulting mean chord length and the calculated Knudsen number for the 

test cases.  Figure 5-10 also shows the resulting Knudsen number as the carbon chain length is 

decreased.  The calculated Knudsen number was found to vary approximately 30% between chain 

lengths of 10 and 40, with increasing Knudsen numbers at longer chain lengths. 
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Figure 5-10 Mean chord length and resultant Knudsen number varying the maximum 

carbon chain length 

5.3.2 Effective Diffusivity 

Figure 5-11 shows the calculated effective diffusivity while varying the microstructure porosity 

and the maximum permissible carbon chain length.  Examining Figure 5-11, it is clear that 

smaller carbon chain lengths result in a higher effective diffusivity.  

  
Figure 5-11 Effective diffusivity vs. carbon chain length 
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The cumulative mean chord length distribution also illustrates the small differences in the chord 

length with the low chain length microstructure having a distribution skewed towards a longer 

chord length.  This is shown in Figure 5-12. 

 

Figure 5-12 Cumulative chord length distribution of varying maximum carbon chain 

lengths 

5.4 Effect of Varying Carbon Seeds 

The purpose of varying the number of carbon seeds in the generation routine is to effectively 

spread out the distribution of carbon and consequently ionomer within the domain.  The effect on 

the gas phase mean chord length, characteristic length and effective diffusivity are examined in 

the subsections below.  For all of the simulations below, the domain porosity was varied while 

holding the carbon, platinum and porosity volume ratios constant. 

5.4.1 Mean Chord Length and Characteristic Length 

The mean chord length and characteristic length is shown for geometries constructed with the 

number of carbon seeds ranging from 25-600 in Figure 5-13 and Figure 5-14. 
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Figure 5-13 Pore space characteristic length with varying carbon seeds 

  

Figure 5-14 Pore space mean chord length with varying carbon seeds 
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The “error bars” in Figures 5-13 and 5-14 do not represent error in the calculation of the mean 

chord length, but rather the variance in the distribution of values obtained from multiple 

simulations as one standard deviation from the average value.  For clarity, the distributions are 

only shown for the bounding cases of 25 and 600 seeds. The chord length distributions are shown 

in Figure 5-15.  This figure demonstrates that while at a specified porosity, increasing the number 

of carbon seeds acts to increase the relative amount of smaller chord lengths.  This indicates the 

presence of smaller pores and since the porosity is constant, an increase in the number of pores as 

well.   
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Figure 5-15 Chord length distribution with varying numbers of carbon seeds 

The Knudsen number is calculated using the characteristic length shown in Figure 5-13, and 

assuming air at atmospheric pressure and 90 °C.  The results are shown in Figure 5-16.  The 

calculated Knudsen number indicates that transport within the catalyst layer is within the 

transition region, where molecule to wall collisions start to become important when considering 

diffusion. 
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Figure 5-16 Pore space Knudsen number with varying carbon seed 

 

5.4.2 Effective Diffusivity 

The effective diffusivity of the gas phase is shown in Figure 5-17.  The effective diffusivity of the 

constructed catalyst layers increase as the number of carbon seeds diminishes.  As seen in Figure 

5-18, increasing the number of carbon seeds acts to more evenly disperse the carbon phase (and 

all others as a result) throughout the domain.  This acts to increase the number of pores and 

decrease their size, which increases the tortuosity of the constructed geometry, thus lowering the 

effective diffusivity. 
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Figure 5-17 De/Db vs. porosity with varying numbers of carbon seeds 

Also plotted Figure 5-17 is a line representing the Bruggeman correlation.  Comparing the 

calculated effective diffusivities to the Bruggeman correlation, the Bruggeman correlation over 

predicts the effective diffusivity by 60% at high porosity (80%) and 95% at porosity  (30%).  If 

this were applied to full fuel cell models, using a Bruggeman approximation would act to over 

predict the diffusion rate in the catalyst layer and consequently over predict the fuel cell 

performance.  
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Figure 5-18 Carbon Phase, 25 seeds at 30% porosity (top L), 25 seeds at 80% porosity (top 

R), 600 seeds at 30% porosity (bottom L), 600 seeds at 80% porosity (bottom R) 

5.5 Percolation 

Determining the degree of percolation in the electronic and protonic phases is important in the 

design of a catalyst layer.  Platinum surface area that is exposed to an ionomer network while 

sitting on a percolating carbon network enables the reaction to take place.  Maximizing the active 

platinum surface area increases the catalyst layer performance and efficiency, which acts to 

reduce the overall fuel cell cost since less platinum is required.  The plots below show the 

percentage of platinum sitting on percolating carbon networks and ionomer networks.  Figure 
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5-19 shows platinum percolation varying the carbon and ionomer mass percentages under the 

initial model conditions.  Under the initial conditions, with the exception of low carbon mass 

ratios, nearly all platinum is on a percolating network.  At high ionomer mass ratios the 

percentage of platinum on a percolating network is decreasing since there is proportionally less 

carbon in the catalyst layer.  The variance in the results is quite large and is represented by the 

bars on the graphs.  The large variance was observed to be caused by a few trials that resulted in 

nearly zero percolation due to all the carbon being generated in the centre of the domain, which is 

a weakness of the initial model conditions.  It was found that varying the carbon chain length did 

not change these results. Since there was no change in platinum percolation, figures of these 

results have been omitted. 

The percolation graphs shown in the figures below are for one selected direction in a constructed 

geometry.  Within a single geometry, percolation can be directionally dependent.  When 

considering a larger sample size with random particle placement (no directional bias), the 

percolation results are not influenced by the chosen direction.  This is one reason why the 

variance of percolation at high porosities is large.  The reported average values consist of many 

similar values along with outliers of nearly zero percolation. If the constructed periodic catalyst 

layers volume was to be used as part of a larger model, this issue must be further investigated, 

since it would imply there are no percolating pathways within the catalyst layer.   

With the current construction rule set, this is an expected result for higher porosities and caution 

should be used as a result when interpreting these results. 
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Figure 5-19 Platinum Percolation at constant 40% porosity 

Figure 5-20 shows the percentage of percolating platinum when the number of initial carbon 

seeds is varied.  As the number of seeds is increased, the percentage of percolating platinum 

decreases.  This is due to better distribution throughout the domain and smaller clusters of the 

carbon phase. 
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Figure 5-20 Percolating platinum with varying carbon seeds 

  



 

67 

 

 

Chapter 6 

Summary & Conclusions 

6.1 Summary 

This study presents a fuel cell catalyst layer geometry generation model, which was developed 

using individual catalyst layer components as building blocks.  Individual carbon, platinum and 

ionomer particles were employed to construct the geometry based on input mass ratios and 

according to a variable rule set which resulted in a construction algorithm able to produce widely 

varying catalyst layer geometries.  Several challenges were encountered in the geometry due to 

the multiple length scales present in the catalyst layer and the required domain size for the 

construction of representative geometries.  As a result correction factors were introduced to 

account for volume and surface area errors.  

 The resulting geometries were investigated on the basis of the mean chord length and the 

effective diffusivity of the pore space, as well as percolation characteristics of the carbon and 

ionomer phases and the resulting active platinum area within the catalyst layer geometry.  

Percolation within the catalyst layer was observed to not vary strongly with the initial conditions 

used or when the carbon chain length was varied.  The strongest influence on percolation, as 

would be expected, was the number of carbon seeds used.  As the number of carbon seeds was 

increased, the resulting geometry was more widely distributed throughout the computational 

domain resulting in decreased percolation. 

The mean chord length for the pores of the simulated catalyst layer resulted in Knudsen 

numbers in the range of 0.1 to 15, indicating that the commonly used bulk flow assumption for 
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gaseous diffusion within the pore space may not be accurate.  When inspecting the resulting 

chord length frequency distributions, the catalyst layer was found to consist of many small pore 

spaces, as a well as a few large pores.  When compared to the Bruggeman correlation, the 

calculated effective diffusivities were 60-95% smaller. 

6.2 Extensions of this Work 

The catalyst layer geometry generation routine developed in this work was limited by computer 

memory requirements for the accurate resolution of platinum particles in the model.  Accurately 

resolving the platinum particles would result in a grid size 10 times smaller in every dimension, 

which would increase the number of grid points by a factor of 1000.  Another benefit of this 

reduction would be to eliminate the error in the effective diffusivity due to grid size.  To do this 

would require parallel computing, which, was not the focus of this work.  Alternatively adaptive 

mesh techniques could be used. 

Other logical extensions of this project would be to use the pore size information to 

determine the feasibility of using a local effective diffusivity within the domain to account for 

varying pore sizes.  If feasible, local diffusion coefficients could be used with a larger fuel cell 

model to better understand how the catalyst layer geometry affects the performance of the entire 

fuel cell.   

 

 

 

 

 



 

69 

 

 References  

[1] Barbir, F., and Gómez, T., 1997, "Efficiency and Economics of Proton Exchange Membrane (PEM) 

Fuel Cells," International Journal of Hydrogen Energy, 22(10-11) pp. 1027-1037. 

[2] Litster, S., and McLean, G., 2004, "PEM Fuel Cell Electrodes," Journal of Power Sources, 130(1-2) pp. 

61-76. 

[3] Harvey, D., Pharoah, J. G., and Karan, K., 2008, "A Comparison of Different Approaches to Modelling 

the PEMFC Catalyst Layer," Journal of Power Sources, 179(1) pp. 209-219. 

[4] Mehta, V., and Cooper, J. S., 2003, "Review and Analysis of PEM Fuel Cell Design and 

Manufacturing," Journal of Power Sources, 114(1) pp. 32-53. 

[5] Weber, A. Z., and Newman, J., 2004, "Transport in Polymer-Electrolyte Membranes," Journal of the 

Electrochemical Society, 151(2) pp. A311-A325. 

[6] Bernardi, D. M., and Verbrugge, M. W., 1992, "A Mathematical Model of the Solid-Polymer-

Electrolyte Fuel Cell," Journal of the Electrochemical Society, 139(9) pp. 2477-2491. 

[7] Springer, T. E., Zawodzinski, T. A., and Gottesfeld, S., 1991, "Polymer Electrolyte Fuel Cell Model," 

Journal of the Electrochemical Society, 138(8) pp. 2334-2342. 

[8] Intel, 2005, "Excerpts from A Conversation with Gordon Moore: Moore's Law," . 

[9] Berning, T., and Djilali, N., 2003, "Three-Dimensional Computational Analysis of Transport 

Phenomena in a PEM Fuel Cell—a Parametric Study," Journal of Power Sources, 124(2) pp. 440-452. 



 

70 

 

[10] Natarajan, D., and Van Nguyen, T., 2001, "A Two-Dimensional, Two-Phase, Multicomponent, 

Transient Model for the Cathode of a Proton Exchange Membrane Fuel Cell using Conventional Gas 

Distributors," Journal of the Electrochemical Society, 148(12) pp. A1324-A1335. 

[11] Harvey, D., Pharoah, J. G., and Karan, K., 2008, "A Comparison of Different Approaches to 

Modelling the PEMFC Catalyst Layer," Journal of Power Sources, 179(1) pp. 209-219. 

[12] Broka, K., and Ekdunge, P., 1997, "Modelling the PEM Fuel Cell Cathode," Journal of Applied 

Electrochemistry, 27(3) pp. 281. 

[13] Sun, W., Peppley, B. A., and Karan, K., 2005, "An Improved Two-Dimensional Agglomerate Cathode 

Model to Study the Influence of Catalyst Layer Structural Parameters," Electrochimica Acta, 50(16-17) pp. 

3359-3374. 

[14] Wang, G., Mukherjee, P. P., and Wang, C., 2006, "Direct Numerical Simulation (DNS) Modeling of 

PEFC Electrodes: Part II. Random Microstructure," Electrochimica Acta, 51(15) pp. 3151-3160. 

[15] Wang, G., Mukherjee, P. P., and Wang, C., 2006, "Direct Numerical Simulation (DNS) Modeling of 

PEFC Electrodes: Part I. Regular Microstructure," Electrochimica Acta, 51(15) pp. 3139-3150. 

[16] Wang, G., Mukherjee, P. P., and Wang, C., 2007, "Optimization of Polymer Electrolyte Fuel Cell 

Cathode Catalyst Layers Via Direct Numerical Simulation Modeling," Electrochimica Acta, 52(22) pp. 

6367-6377. 

[17] Hattori, T., and et al., 2008, "Development of the Overpotential Simulator for Polymer Electrolyte 

Fuel Cells and Application for Optimization of Cathode Structure," Applied Surface Science, . 

[18] De La Rue, R. E., and Tobias, C. W., 1959, "On the Conductivity of Dispersions," Journal of the 

Electrochemical Society, 106(9) pp. 827-833. 



 

71 

 

[19] Samuelsen, E. J., Houen, P., Gregersen, Ø W., 2001, "Three-Dimensional Imaging of Paper by use of 

Synchrotron X-Ray<br />microtomography," Journal of Pulp and Paper, 27. 

[20] Al-Raoush, R. I., and Willson, C. S., 2005, "Extraction of Physically Realistic Pore Network 

Properties from Three-Dimensional Synchrotron X-Ray Microtomography Images of Unconsolidated 

Porous Media Systems," Journal of Hydrology, 300(1-4) pp. 44-64. 

[21] Yeong, C. L. Y., and Torquato, S., 1998, "Reconstructing Random Media. II. Three-Dimensional 

Media from Two-Dimensional Cuts," Physical Review E, 58(1) pp. 224. 

[22] Roberts, A. P., 1997, "Statistical Reconstruction of Three-Dimensional Porous Media from Two-

Dimensional Images," Physical Review E, 56(3) pp. 3203. 

[23] Burganos, V. N., 1998, "Gas Diffusion in Random Binary Media," The Journal of Chemical Physics, 

109(16) pp. 6772-6779. 

[24] Trinh, S., Arce, P., and Locke, B. R., 2000, "Effective Diffusivities of Point-Like Molecules in 

Isotropic Porous Media by Monte Carlo Simulation," Transport in Porous Media, 38(3) pp. 241-259. 

[25] Mukherjee, P. P., Wang, C. -., and Kang, Q., 2008, "Mesoscopic Modeling of Two-Phase Behavior 

and Flooding Phenomena in Polymer Electrolyte Fuel Cells," Electrochemical Acta, . 

[26] Cheng, X., Yi, B., Han, M., 1999, "Investigation of Platinum Utilization and Morphology in Catalyst 

Layer of Polymer Electrolyte Fuel Cells," Journal of Power Sources, 79(1) pp. 75-81. 

[27] M.S. Wilson, S. G., 1992, "Thin-Film Catalyst Layers for Polymer Electrolyte Fuel Cell Electrodes," 

Journal of Applied Electrochemistry, 22(1) pp. 1. 



 

72 

 

[28] K.L. More, R. Borup, K.S. Reeves, 2006, "Identifying Contributing Degradation Phenomena in Pem 

Fuel Cell Membrane Electrode Assemblies Via Electron Microscopy," Anonymous 3, pp. 717.  

[29] Wang, C., Waje, M., Wang, X., 2004, "Proton Exchange Membrane Fuel Cells with Carbon Nanotube 

Based Electrodes," Nano Letters, 4(2) pp. 345-348. 

[30] Carmo, M., Paganin, V. A., Rosolen, J. M., 2005, "Alternative Supports for the Preparation of 

Catalysts for Low-Temperature Fuel Cells: The use of Carbon Nanotubes," Journal of Power Sources, 

142(1-2) pp. 169-176. 

[31] Borup, R., Davey, J., Garzon, F., 2006, "Proton Exchange Membrane Fuel Cells 6,"The 

Electrochemical Society, pp. 879. 

[32] Jordan, L. R., Shukla, A. K., Behrsing, T., 2000, "Effect of Diffusion-Layer Morphology on the 

Performance of Polymer Electrolyte Fuel Cells Operating at Atmospheric Pressure," Journal of Applied 

Electrochemistry, 30(6) pp. 641-646. 

[33] Hoshen, J., and Kopelman, R., 1976, "Percolation and Cluster Distribution. I. Cluster Multiple 

Labeling Technique and Critical Concentration Algorithm," Physical Review B, 14(8) pp. 3438. 

[34] Troquato, S., 2001, "Random Heterogeneous Materials: Microstructure and Macroscopic Properties," 

Springer, . 

[35] Zalc, J. M., Reyes, S. C., and Iglesia, E., 2003, "Monte-Carlo Simulations of Surface and Gas Phase 

Diffusion in Complex Porous Structures," Chemical Engineering Science, 58(20) pp. 4605-4617. 

[36] Tomadakis, M. M., and Sotirchos, S. V., 1993, "Ordinary, Transition, and Knudsen Regime Diffusion 

in Random Capillary Structures," Chemical Engineering Science, 48(19) pp. 3323-3333. 



 

73 

 

[37] Tomadakis, M. M., and Sotirchos, S. V., 1991, "Effective Kundsen Diffusivities in Structures of 

Randomly Overlapping Fibers," AIChE Journal, 37(1) pp. 74-86. 

 


