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Abstract
The three-dimensional (3D) baroclinic response of Cayuga Lake to surface wind forcing was
investigated using the fully nonhydrostatic MITgcm. The model was validated against observed
temperature data using a hydrostatic 450 m (horizontal) grid and both qualitative and quantitative
methods. The model correctly reproduces the basin-scale dynamics (e.g., seiche with horizontal
mode-one period T1 = 80 h) with a basin-wide root-mean-square error of 1.9 °C. Nonlinear
internal surges were visualized to evolve due to (i) a wind-induced locally downwelled
thermocline (wind duration Twind < T1/4), (ii) a basin-scale wind-induced upwelled thermocline
(Twind > T1/4), (iii) internal hydraulic jumps (IHJs).
Results from a 113 m grid and field observations were used to characterize the basin-scale
internal wave field according to composite Froude number (G2), Wedderburn number (WN), and
Lake number (LN). The typical Cayuga Lake response is a surge when ~ 1 < WN (LN) < ~ 2-12 and
a surge with emergent nonlinear internal waves (NLIWs) when WN or LN < ~ 2, in agreement with
published laboratory studies. An observed shock front was simulated to be an IHJ, occurring at
mid-basin during strong winds when WN < 0.8. This is the first simulation of a mid-basin seicheinduced IHJ due to super critical conditions (G2 > 1) in a lake. The topographic-induced IHJs
were also shown to form when the surges interact with a sill-contraction topographic feature.
Both high-resolution hydrostatic and nonhydrostatic models were used to investigate the
evolution, propagation and shoaling of NLIWs at medium lake-scale. A nonhydrostatic 22 m grid
with lepticity λ ~ 1 ensures minimal numerical relative to physical dispersion, qualitatively
reproducing observed dispersive NLIWs using ~ 2.3×108 grid cells. Solitary waves evolve with
almost unchanged wavelengths upon grid refinement from 40 m (λ ~ 2) to 22 m; suggesting
model convergence to the correct solution. Corresponding hydrostatic grids were shown to
produce a packet of narrower spurious solitary-like motions with different wavelengths,
representing a balance between nonlinear steepening and numerical dispersion. Local gyre-like
patterns and secondary transverse NLIW packets were visualized to result from wave-topography
interaction, suggesting that NLIW propagation in long narrow lakes, where the bottom
topography has irregularities is fundamentally 3D.
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Chapter 1
Introduction
1.1 Background and motivation
Freshwater comprises only ~ 2.5% of the total estimated 1.4×1018 m3 of available water on Earth,
sustaining biological life (Shiklomanov and Rodda 2003). Nearly two-thirds of this freshwater is locked
in glaciers and ice caps; most of the remainder is present as soil moisture, or lies in deep underground
aquifers not easy to tap at affordable cost. Only a minuscule portion of the world’s freshwater (< ~ 1%; ~
0.007% of all water on Earth) is found in lakes and rivers where they are directly accessible for human
uses (Gleick 1993). The amount of freshwater on Earth remains invariant since the hydrological cycle is
essentially a closed system but demand for that is increasing with rapidly growing population, leading to
less amount of usable freshwater by human-induced pollution and contamination (Boegman 2004).
Therefore, there is a need to evaluate environmental effects of the anthropogenic activities on lakes as
water quality is deteriorating in these water bodies; this requires a deep understanding of lake
hydrodynamics (Imberger 1998).
Of the most importance to the hydrodynamics of deep lakes is occurrence of thermal stratification,
usually depicted by a sharp density gradient region (metalimnion), separating the warmer surface layer
(epilimnion) form the cooler main body (hypolimnion) (Fig. 1.1) (Wetzel 1983). The epilimnion is
circulated during wind events and fall/spring convection. It contains well distributed dissolved substances
(e.g., oxygen) but the hypolimnion is insulated from atmospheric exchange during stratification. The
density gradient of the metalimnion imposes mechanical stability of the water column, suppressing the
turbulent mixing in the stratified lake interior (Fig. 1.1). Moreover, turbulence production is reduced due
to weak currents and shear. Therefore, the rate of vertical mixing of dissolved matter (oxygen, nutrients,
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plankton, etc) in the lake interior away from the mixed surface and bottom boundaries is small (Wüest

and Lorke 2003); affecting the lake ecology. Wind-induced wave motions on isopycnal surfaces within
the metalimnion (internal wave field) are the main source of mechanical energy into the lake interior (e.g.,
Gloor et al. 2000).
The internal wave field spectrum is bounded by basin-scale internal waves (seiches) and shear
instabilities (Fig. 1.2). Seiches degenerate through friction along the lakebed (Gloor et al. 2000) and into
progressive nonlinear internal waves (NLIWs) as a result of nonlinear steepening and nonhydrostatic
processes (Boegman et al. 2003) (Fig. 1.3). NLIWs are ubiquitous feature of lakes and the coastal ocean
(Fig. 1.4), containing progressive internal surges with sinusoidal profiles at almost 10-4 Hz and packets of
sech2 profiles internal solitary waves (ISWs) at ~ 10-3 Hz in the intermediate portion of the spectrum (Fig.
1.2) (Boegman et al. 2005a). NLIWs may break in the basin interior (Preusse et al. 2010) and/or at the
boundary (Kunze et al. 2002; Boegman et al. 2005a), providing a flux path of energy (Imberger 1998)
from wind energized seiches into the turbulent benthic boundary layer which is the vital pathway of
diapycnal mixing (mixing across density interfaces) and transport (Wüest et al. 2000). This diapycnal
mixing is believed to regulate the thermal stratification of lakes, transport of sediment (Bogucki et al.
1997; Boegman and Ivey 2009), vertical mixing of nutrients and other biogeochemical process (Nishri et
al. 2000; Scotti and Pineda 2007); thus affecting the basin water quality. Hence, the ability to capture the
spatial-temporal variability of NLIWs would provide further insight into the flux paths of energy and
mass, and an invaluable tool for lake management.
However, the three-dimensional (3D) life cycle of NLIWs (i.e., formation, propagation, shoaling and
breaking) in lakes is not clearly understood from the limited field observations, laboratory-scale studies
with low Reynolds number (e.g., Horn et al. 2001) and field-scale numerical simulations in twodimensions (e.g., Vlasenko and Hutter 2002). Adequately capturing the entire internal wave field with a
2

3D hydrodynamic model remains a challenge, particularly by nonhydrostatic behavior of NLIWs and
their sub-grid length scale (Horn et al. 1999). Hydrodynamic models of lakes commonly use the
hydrostatic approximation of the pressure field and thus are not able to capture the small-scale events
evolved through nonhydrostatic processes (e.g., ISWs) (Kantha and Clayson 2000). On the other hand,
internal wave length scales vary from 1-10 km for the seiches, 100-1000 m for NLIWs and 10-100 m for
shear instabilities so, resolving the full internal wave field spectrum has been a challenge. Particularly,
sub-grid-scale NLIWs are not resolved at practical grid scales in most numerical models (~ 1 km grid
size). To our knowledge, the 3D high-resolution simulation of medium or large lakes (diameter > 3 km)
with sufficient resolution to resolve nonhydrostatic and small-scale processes has not been done due to
lack of significant computational resources and difficulty with parallel computing. Through such
simulations, a more accurate understanding of the energy flux between seiches and NLIWs will be
obtained and lake-integrated estimates of energy and biogeochemical flux paths will be possible in greater
detail than from field studies with sparse data and low resolution models.

1.2 Thesis outline
The present thesis is concerned with the 3D generation, propagation and degeneration of internal
waves from an initial seiche to NLIWs in Cayuga Lake using the parallel MIT general circulation model
(MITgcm) with full nonhydrostatic capability. In chapter 2, the hydrostatic version of MITgcm was
applied to simulate the basin-scale response of Cayuga Lake to surface wind forcing over an 11-day
period using 450×450 m (horizontal) and O(1 m) (vertical) grid. The objectives were to: (1) perform a
comprehensive sensitivity analysis and calibration of MITgcm; (2) to study the lake hydrodynamics
including producing a coherent picture of the generation and propagation of internal seiche and surges. In
chapter 3, results from simulations with a 113×113 m grid were used in conjunction with field
observations to: (1) characterize the degeneration of the internal wave field in terms of externally
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measured parameters (composite Froude number, Wedderburn number, and Lake number; see Boegman
2009) and validate the degeneration model of Horn et al. (2001) in application lake at field-scale; (2)
investigate the evolution of the surges in Cayuga Lake and their interaction with a sill-contraction
topographic feature; and (3) show the formation of internal hydraulic jumps in Cayuga Lake. In chapter 4,
both high-resolution (40×40 and 22×22 m grid) hydrostatic and nonhydrostatic versions of MITgcm were
applied to simulate NLIW evolution, propagation, and shoaling. The objectives were to: (1) accurately
simulate NLIW dynamics at field scale; (2) test the effect of grid resolution on both hydrostatic and
nonhydrostatic models; (3) visualize the effect of localized topography on NLIW propagation and
shoaling; (4) generalize the results to guide future simulation and field observation of NLIW shoaling
processes. The summary and conclusion are given in chapter 5, along with suggestions for future work.
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Figure 1.1: The stratified part of the lake (below mixed surface layer) is divided into the metalimnion (see
large stability, right) and the deep cold hypolimnion (weak stratification) below. The lower water column can
also be differentiated into an interior region (away from the boundaries) which is quiescent except during
storms and a bottom boundary layer where turbulence is enhanced. Energy fluxes (heat, wind, and river
inflow; in red) into the water and energy content (heat, kinetic energy, potential energy; in blue) stored in
the lake water body are shown. Adopted from Imboden and Wuest (1995).
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Figure 1.2: Spectra of the vertically integrated potential energy signals from various lakes showing basinscale seiches, freely propagating nonlinear wave groups with sinusoidal profiles and solitary wave profiles,
and shear instabilities. N max denotes the maximum buoyancy frequency. Adopted from Boegman et al.
(2005a).
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Figure 1.3: Schematic showing the evolution of a NLIW packet in long narrow lakes. (a) Initial wind
induced thermocline depression, (b and c) formation of a progressive surge through nonlinear steepening, (d
and e) evolution of a dispersive NLIW packet. Adopted from Boegman (2009).
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Figure 1.4: Location of internal solitary waves observed in MODIS (Moderate Resolution Imaging Spectroradiometer) from August 2002
through May 2004. Black dots show well-known occurrence sites, new areas of activity are shown in red and areas of geographically expanded
activity are shown in blue. Adopted from Jackson (2007).

Chapter 2
Three-dimensional numerical simulation of internal wave dynamics in a long
narrow lake
2.1 Introduction
In long narrow lakes, where the effect of the Earth’s rotation can be neglected, the dominant basinscale responses to the action of the surface wind stress are linear basin-scale internal waves know as
internal seiches (Mortimer 1974). Internal seiches were first observed in long and narrow Loch Ness
(Watson 1904; Wedderburn 1907) but were not studied in detail until much later (Mortimer 1952).
Temperature observations in long narrow lakes show that the amplitudes of internal seiches are generally
large enough that nonlinear effects become significant (Thorpe 1971; Thorpe et al. 1972). As a result,
nonlinear steepening occurs and internal seiches degenerate into asymmetrical wave components known
as progressive internal surges (hereafter, surge) (Horn et al. 2001; Boegman et al. 2005b). The surges
include packets of spatially coherent large-amplitude high-frequency nonlinear dispersive internal waves
(NLIWs, e.g. solitary waves) followed by an oscillatory irregular wave train (Boegman et al. 2003;
Preusse et al. 2010). The degeneration of a basin-scale seiche into a surge and NLIW packet is one of the
important mechanisms that transfers energy from the wind into smaller scale motions (Boegman et al.
2005b). The NLIWs will break on the sloping lake bottom leading to localized dissipation, mixing,
resuspension and biogeochemical fluxes (Michallet and Ivey 1999; Boegman and Ivey 2009).
Surge evolution is governed by coupling between wind forcing, morphometry and stratification.
Therefore, their formation and propagation in natural stratified water bodies is not clearly understood
from the limited field observations, laboratory scale studies and numerical simulations. For example,
published simulations of internal wave dynamics in long narrow lakes are limited to the one-dimensional
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two-layer model of Lake Champlain (Hunkins et al. 1998), which did not reproduce the observed lake
dynamics. More studies have been conducted on surge formation in large lakes, where the effects of
rotation modify the internal wave dynamics (Appt et al. 2004) and on shear instability in small round
lakes (Botelho and Imberger 2007). Three-dimensional (3D) numerical simulations of long narrow lakes
with comprehensive validation against field data will provide a better understanding of surge generation
and propagation. The objective of this chapter is to understand and simulate the circulation and internal
wave dynamics in Cayuga Lake (Fig. 2.1) using the 3D nonhydrostatic MIT general circulation model
(MITgcm).
The MITgcm (Marshall et al. 1997a) has been applied to simulate geophysical flows over a broad
range of scales, from large-scale global circulation to small-scale processes such as convection and
internal waves (Marshall et al. 1997b; Legg and Adcroft 2003; Weijer 2005; Nycander et al. 2007). The
MITgcm has been tested through comparison with analytical solutions (Legg and Adcroft 2003; Legg and
Huijts 2006) or other numerical model results (Berntsen et al. 2008). However, the validation of model
results against comprehensive field observations is limited to some recent qualitative comparisons (Legg
and Klymak 2008). These graphical comparisons do not provide any statistical information to judge skill
assessment of the model. Furthermore, the model parameters such as sub-grid-scale (SGS) closures and
equation of state (EOS) formulas are typically set with little or no sensitivity analysis and calibration
against existing field data (e.g., Marshall et al. 1997b; Weijer 2005; Nycander et al. 2007; Vlasenko and
Stashchuk 2007) Thus, the accuracy of the various parameterizations has not been fully tested.
In this study, a sensitivity analysis and calibration were carried out in the application of the MITgcm
to simulate the basin-scale (hydrostatic) response of Cayuga Lake over an 11-day period. Understanding
model sensitivity is a vital initial step, thereby enabling the exploration of efficient high-resolution
nonhydrostatic simulations, which will demand significant computational effort. The hydrostatic model is
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used to produce a coherent picture of the generation and propagation of internal seiche and surge as well
as to study the lake hydrodynamics. In future work, the validated model will be used in nonhydrostatic
mode to simulate the evolution and degeneration of NLIWs. This will be reported elsewhere (see chapter
4).
In section 2.2, we present the study site, field observations and the hydrodynamic model
characteristics. The application to Cayuga Lake model in 3D is described, followed by presentation of our
comparison methods including statistical metrics, temperature contours and power spectra. The results
and discussion are provided in section 2.3, followed by conclusions and a summary of the key findings in
section 2.4.

2.2 Methodology
2.2.1 Description of study site and field measurements
Cayuga Lake (Figs. 2.1, 2.2) is the second largest and deepest of a group of eleven long and narrow
lakes (called Finger Lakes) in central New York State and is utilized as a source for drinking water,
fishing, tourism and recreation. On a transitional scale between laboratory tank models and oceans,
Cayuga Lake provides a suitable study site for geophysical fluid dynamics, allowing for both high grid
resolution and large Reynolds number simulations to capture field-scale NLIWs. The main morphometric
details of the lake are given in Table 2.1. Cayuga Lake is monomictic and stratifies only during summer,
and mixes continuously from late fall through spring (Henson et al. 1961). Cayuga Lake can be
approximated as a two-layer system (e.g., Mortimer 1974; Heaps and Ramsbottom 1966) of upper depth
h1 and density ρ1 over lower layer depth h2 and density ρ2, where L is the lake length at the depth of the
thermocline. The period of the horizontal mode-one seiche can be calculated as T1 = 2Lco-1 where
𝑐𝑜 = �(𝑔′ ℎ1 ℎ2 )⁄(ℎ1 + ℎ2 ) is the linear long-wave speed, 𝑔′ = 𝑔(𝜌2 − 𝜌1 )⁄𝜌2 is the reduced gravity at
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the interface and g is the gravitational acceleration. Taking appropriate values during 26 September to 7
October in 2006, we found T1 ≈ 70 h.
A comprehensive field experiment was carried out from mid-September through mid-November of
2006 with the aim of characterizing the internal wave climate and its impact on water quality in Cayuga
Lake (E. A. Cowen and S. Schweitzer, Cornell University, personal communication). Thermistor chains
were deployed at stations S1, S2, S3 and S4 with water depths of 27, 120, 110 and 40 m, respectively
(Fig. 2.1). Water temperature was sampled at 25 s intervals, using high-resolution (0.0001 °C) SeaBird
SBE-39 thermistors with an accuracy of ±0.002 °C. The thermistors were spaced at various depths ranging
from 10 m up to 80 m in the water column (Fig. 2.2). A Campbell Scientific meteorological station was
located at mid-lake and recorded wind speed and direction at 10 min intervals 6 m above the water
surface. The winds frequently shift direction due to cyclonic storms, though the prevailing winds are in
line with the main axis of the lake, lying in a northwest to southeast direction (Figs. 2.1, 2.3).

2.2.2 Description of the hydrodynamic model
The MITgcm, freely available from mitgcm.org, is a z-coordinate parallel model that solves the
incompressible Boussinesq nonhydrostatic Navier-Stokes equations on an Arakawa-C grid (Marshall et
al. 1997a; Marshall et al. 1997b). A finite-volume approach in which cells neighboring the bottom may
take irregular shapes and be shaved to fit the boundary is used to overcome the problem caused by step
bottoms (Adcroft et al. 1997). The variables are stepped forward in time using a quasi-second-order
Adams-Bashforth time-stepping scheme in the momentum equation. A staggered baroclinic time-stepping
is used for the tracer equation. The horizontal eddy viscosity (Ah) is parameterized with a constant eddy
viscosity or a nonlinear Smagorinsky formulation (Smagorinsky 1963) which depends on the grid size
and varies in space-time, defined as
𝐴ℎ = �

𝑉𝑖𝑠𝐶 2
𝜋

�|
� ∆2 |𝐷

(2.1)
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� | is the horizontal
where VisC is a non-dimensional scaling coefficient, ∆ is local grid spacing and |𝐷

velocity deformation rate. The vertical SGS mixing processes are treated implicitly using a K profile
parameterization (KPP) scheme (Large et al. 1994) which models higher-order turbulent moments by a
counter-gradient flux. The scalar advection scheme (i.e. heat) is based on a third order upwind biased
method of (Hundsdorfer and Trompert 1994) which employs flux limiter functions (Sweby 1984) and
treats space and time discretization together. This highly accurate scheme introduces numerical diffusivity
where needed to eliminate grid-scale noise and minimizes numerical diffusion in the scalar field. The
free-surface elevation is calculated using a fully implicit linearized free-surface equation (Campin et al.
2004). For velocities, no-slip and free-slip boundary conditions are available to select at lateral and
bottom boundaries. The modified no-slip condition adds stress in the bottom grid cell using a quadratic
drag formulation. The model includes linear and polynomial EOS formulas. The linear EOS (assuming
salinity is negligible), is determined as
𝜌 = 𝜌𝑜 [ 1 − 𝛼(𝜃 − 𝜃𝑜 )]

(2.2)

where α (taken as 2x10-4 K-1) is the thermal expansion coefficient, θ is the potential temperature, and ρo,

θo are constant reference density, temperature, respectively. Polynomial EOS formulas are the standard
UNESCO EOS (Fofonoff and Millard 1983), the (Jackett and McDougall 1995) equation (hereafter;
JMD95Z) and the (McDougall et al. 2003) equation (hereafter; MDJWF). The UNESCO EOS is
comprised of a 26-term polynomial of 4th degree in temperature and 2nd degree in pressure. The JMD95Z
uses exactly the same terms as UNESCO EOS but with different coefficients, approximating the pressure
used in EOS as a constant hydrostatic pressure for a fluid of uniform density ρo. The MDJWF is a more
accurate less expensive 25-term form of UNESCO EOS which uses the actual hydrostatic pressure.
2.2.3 Model application to Cayuga Lake

13

The model was initialized with a flat free surface, zero velocities and a horizontally uniform water
temperature profile throughout the lake. The initial density field was taken during calm conditions from a
48 h (day of year 267 to 269) average of temperature profile data at thermistor string S2. To minimize
potential effects of poor initial conditions, the model was allowed to spin up for 24 h (day 269 to 270),
which is larger than the theoretical T1/4 = 17.5 h time required for the lake to reach equilibrium conditions
under steady wind conditions (Stevens and Imberger 1996). No-flux boundary conditions were applied to
the tracer equation across the boundaries. Boundary conditions for the momentum were free-slip at the
lateral boundaries, modified no-slip with quadratic bottom friction at the bottom and wind stress at the
surface. Wind velocities were converted to wind stress fluxes using the bulk formulae (Large and Pond
1981) employed in the model after adjusting to a common height of 10 m above the water surface through
a logarithmic wind profile adjustment. Surface thermodynamics were neglected. The bathymetry of
Cayuga Lake was digitized from the National Oceanic and Atmospheric Administration (NOAA) nautical
chart of number 14791. All simulations were performed for 11 days, from day 269 until 280 in 2006 (26
September to 7 October), using various horizontal grid resolutions (Table 2.2) and a fixed non-uniform
vertical resolution. Vertical grid layers were spaced every 0.5 m between 10 and 30 m depths to resolve
the thermocline region, toward the surface and from depths 30 to 50 m, layers were 1 m, and layers were
2.95 m through the rest of the vertical domain toward the bottom. The explicit horizontal diffusivity was
set to the very small value of 10-7 m2 s-1 as the tracer advection scheme is unconditionally stable. The
vertical eddy viscosities and diffusivities were computed by the KPP scheme. These values will be finetuned with respect to the background vertical viscosities and diffusivities during the calibration process
outlined in section 2.3.1 where the equation of state, bottom drag coefficient and horizontal viscosity are
chosen as well (Table 2.3).
2.2.4 Description of comparison methods
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Both quantitative and qualitative techniques were used to assess the model skill through modeled and
observed temperature comparisons over the 10 day analysis period from the day 270 to 280.

2.2.4.1 Statistical metrics
To quantitatively assess how well different model set-ups agree with observations, the following
metrics were used. The correlation coefficient, R, measures the phase shift between the two waveforms,
the standard deviation, σ, determines the difference in amplitude of variability between two signals and
the root-mean-square error, RMSE, reflects the mean discrepancies between two fields. A concise Taylor
diagram (Taylor 2001) was used to simultaneously visualize the three metrics. In this diagram, (Fig. 2.4),
the radial coordinate is σ, the angular coordinate is R, where the observed data lies on the horizontal axis
with a correlation coefficient of unity. The linear distance from this point is equal to the unbiased RMSE
(RMSE′). A relatively accurate model would be positioned near the dotted arc (having correct σ) and close
to the observed field illustrating a high R and small RMSE′. The R and RMSE′ for a temperature timeseries at a single observation point are determined by
1

𝑅=𝑁

∑𝑁
� )(𝑜𝑖−𝑜�)
𝑖=1(𝑚𝑖 −𝑚

(2.3)

𝜎𝑚𝜎𝑜
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𝑅𝑀𝑆𝐸 ′ = �𝑁 ∑𝑁
� ) − (𝑜𝑖 − 𝑜̅ )]2 �
𝑖=1[(𝑚𝑖 − 𝑚

0.5

(2.4)

where m and o indicate the model and observed temperature field, respectively, σm and σo show the model
and observation standard deviation, respectively, overbar indicates the average, and N=2160 is the
number of discrete points in time in our analyses. Additionally, the global spatiotemporal RMSE for a
temperature field of M spatially distributed thermistors is calculated as
1

2 0.5

𝑁
𝑅𝑀𝑆𝐸 = �𝑀𝑁 ∑𝑀
𝑗=1 ∑𝑖=1�𝑚𝑖𝑗 − 𝑜𝑖𝑗 � �

(2.5)

2.2.4.2 Temperature contours
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To provide a mechanistic comparison between modeled and observed data and to identify unusual
data that may contribute to poor skill metrics, the time evolution of temperature isotherms obtained from
different numerical experiments were visually compared with thermistor data. A linear temperature
gradient between measured points was assumed and model simulated data were interpolated to the same
position of the thermistors in the field. The field data were resampled at the model output time interval
(400 s).

2.2.4.3 Power spectra
The frequency content of the modeled and observed internal wave fields were compared through
power spectra of the integrated potential energy (IPE) per unit area of the water column (Antenucci et al.
2000) defined as
𝑧

𝐼𝑃𝐸 = ∫𝑧 1 𝜌(𝑧, 𝑡) 𝑔 𝑧 𝑑𝑧

(2.6)

0

where t is time, z is the vertical coordinate, and z0 and z1 are bottom and top of the water column,
respectively. The IPE signal is preferred over isotherm displacement as it represents the integrated
distribution of potential energy associated with the dominant vertical mode one basin-scale internal seiche
throughout the waver column. Model data were interpolated to the depths corresponding to the thermistor
observations prior to computing the IPE. The model time series was sampled every 400 s while the
observed time series was sampled every 25 s.

2.3 Results and Discussion
2.3.1 Sensitivity analysis and calibration
Table 2.3 shows a subset of numerous sensitivity runs were performed to determine how the model
results are affected by EOS, bottom drag and SGS closure. Taylor diagrams for temperature time-series
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computed near the surface, metalimnion and bottom regions of S1, S2 and S3 for some of these runs are
presented in Fig. 2.4.

2.3.1.1 Equation of state
The influence of the EOS on simulated temperatures has been assessed by comparing numerical
simulations which differ only in EOS (Runs 1 and 2 vs. Runs 4 and 7) (see Figs. 2.4, 2.5). Runs 1 and 4
apply a linear EOS (Eq. 2.2) while Runs 2 and 7 apply a polynomial EOS, MDJWF. A different
turbulence mixing has been used in these two sets. The 10, 18 and 50 m depth as well as the basin-wide
RMSE computed with linear models (Runs 1 and 4) are 4.2, 1.7, 0.3 and 2.3 °C, respectively, which are
6%, 60%, 0% and 20% larger than the RMSE for polynomial models (Runs 2 and 7) at corresponding
locations. The linear models produce the largest error in the metalimnion, where the temperature gradient
is the largest. They are as accurate as the polynomial models, in terms of RMSE, in the surface and bottom
mixed layers, where temperature variance is negligible (Figs. 2.4, 2.5). The result is because a linear
estimate of a nonlinear function is only valid for small changes in the state variable. The statistical
metrics, thus, show little difference between linear and polynomial models at sloping boundary (S1)
where the temperature profile is isothermal during upwelling and downwelling events (Figs. 2.4, 2.5). The
linear models yield poor mean correlation (R = 0.5 versus R = 0.7) with field data in comparison to the
polynomial models. These models also underestimate the standard deviation of the simulated water
temperature by 50% on average while polynomial models are more accurate in predicting the amplitude
of internal waves due to temperature fluctuations (Fig. 2.4). Despite these metrics, qualitative measures
should also be used to judge model performance accurately (Fig. 2.5). As shown, Run 4 (with linear EOS)
does not reproduce the observed upwelling at S1 and S4, surge formation at S2 and basin-scale seiche at
S3. Using other polynomial EOS formulas, including JMD95Z (Run 6) and UNESCO (Run 5), produce
results with the same accuracy as MDJWF (not shown). MDJWF and JMD95Z are preferred over
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UNESCO as they use potential temperature instead of in situ temperature. Potential temperature is a
prognostic model variable which gives a faster solution in comparison with in situ temperature, a
diagnostic variable (Griffies et al. 2000). Using MDJWF versus UNESCO reduces the model runtime by
7%. A number of oceanic applications of the MITgcm (Marshall et al. 1997b; Weijer 2005; Legg and
Huijts 2006; Nycander et al. 2007) have employed the linear EOS for computational efficiency, yet the
results have not been validated against field or laboratory data. However, according to our findings and
the dependency of ocean density on pressure, the accuracy of these results may be improved using a
polynomial EOS.
2.3.1.2 Bottom drag coefficient
We find that model accuracy is independent of the quadratic bottom drag coefficient, when it is varied
between 0.001 and 0.003 in the model (not shown) and so we set the drag coefficient to 0.002, which is
appropriate for the muddy bottom (Grant and Madsen 1986) of Cayuga Lake. Bottom drag also had little
effect on the numerical simulation of internal waves in the similarly deep Lake Tahoe (Rueda et al. 2003).

2.3.1.3 Turbulence mixing parameterization
Turbulence intensity and corresponding eddy coefficients are modeled and observed to vary in spacetime as a function of the mean flow and its interaction with topography (Polzin et al. 1997; Marti and
Imberger 2006). Spatially and temporally dependent eddy coefficients are expected to produce more
realistic or accurate results.
For the horizontal eddy viscosity, a constant or a Smagorinsky formulation has been applied. When
constant, changing the horizontal eddy viscosity from 10-2 m2 s-1 (Run 3) to 1 m2 s-1 (Run 2) has negligible
effect on the results; Run 2 and Run 3 are coincident on the Taylor diagrams (Fig. 2.4). For the
Smagorinsky parameterization (Eq. 2.1), various values of VisC (1) in the range of 0.065 – 4 have been
suggested for applications ranging from turbulent channel flow to atmospheric and oceanic problems
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(Deardorff 1970; Moin and Kim 1982; Smagorinsky 1993; Griffies and Hallberg 2000). Our numerical
experiments with various VisC suggest that the model is not very sensitive to this parameter over the
range 0.1-1 (not fully shown, but see for instance Run 7 and Run 9 in Fig. 2.6). However, larger values of
VisC (e.g., Run 8) produce large RMSE (40% with respect to Run 9) in the thermocline region, by
damping the large-scale motions (Fig. 2.6). In a study of baroclinic motions in Lake Michigan, reasonable
thermal structure was obtained with the application of the Smagorinsky scheme with VisC = 0.1 in the
Princeton Ocean Model (Beletsky and Schwab 2001).
Comparison of depth vs. time temperature contours for a constant eddy viscosity (Run 2) and
Smagorinsky (Run 9) shows general agreement (not shown). These insensitivities can be expected as the
horizontal eddy viscosity does not play a very crucial role for numerical simulations of large scale
motions in stratified water bodies owing to the dominant effect of advection in the horizontal relative to
the vertical dimension, leading to the typically applied constant horizontal eddy viscosity of ~ 1 m2 s-1 in
geophysical flow modeling (Wang et al. 2000; Boegman et al. 2001; Rueda et al. 2003). However, the
Smagorinsky model (Run 9) performs slightly better (~ 3 - 4%) than the constant model in overall
statistical criteria (Figs. 2.4, 2.6). Visualization of computed Smagorinsky viscosities along the thalweg
shows that horizontal viscosities are a function of space, being elevated in the upper mixed layer, the
littoral zone and near a sill-contraction topographic feature (Fig. 2.7). However, their magnitudes are on
average 0.2 - 6 m2 s-1 and are of the same order as the constant value (Run 2).
The KPP scheme has been employed to compute the vertical viscosity and diffusivity. KPP was
shown to be sensitive to the background vertical diffusivity in the simulation of stratification in
Chesapeake estuary (Li et al. 2005) using the Regional Ocean Modeling System. As the stratification in
lakes is highly dependent upon vertical turbulent mixing, we have investigated the sensitivity of the
model results to the background vertical viscosity (Azb) and diffusivity (Kzb) in Cayuga Lake (see Figs.
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2.4, 2.6 for comparisons) considering three different scenarios. First, setting Azb equal to Kzb shows the
model is insensitive to Azb = Kzb = 10-6 (Run 10) and 10-5 m2 s-1 (Run 11) but not 10-4 m2 s-1 (Run 12).
Similarly, no sensitivity was found to Azb = 10-6 m2 s-1 and 10-5 m2 s-1 when the KPP was employed in the
S-Coordinate Rutgers University Model to the study of temperature structure in Lake Kinneret (Pan et al.
2002). Second, setting Azb = 10-6 m2 s-1 while Kzb is varied from 10-6 to 10-5 m2 s-1 shows the insensitivity of
the model to Kzb over this range (not shown). However, Kzb = 10-4 m2 s-1 (Run 14) gives very poor error
statistics with respect to Run 10. Third, setting Kzb = 10-6 m2 s-1 while Azb is varied over the range of 10-6 to
10-5 m2 s-1, shows no sensitivity to Azb. However, Azb = 10-3 m2 s-1 (Run 7) reduces the basin average RMSE
by 12% over Run 10, which uses a value of 10-6 m2 s-1.
The 10-day average vertical viscosities along the thalweg (Fig. 2.8) are compared for the third
scenario (Kzb = 10-6 m2 s-1 and Azb = 10-6, 10-5, 10-4 and 10-3 m2 s-1), showing that the vertical viscosities are
set by the background values except for regions where turbulence is locally generated by wind and
boundary stresses (the upper mixed layer, the bottom boundary layer and near the topographic sill).
Similar sensitivity behavior is observed from 10-day averaged computed vertical diffusivities for Azb = 103

m2 s-1 and Kzb = 10-6 and 10-4 m2 s-1 (Fig. 2.9a-b). As shown in Fig. 2.9a, the epilimnetic diffusivities are

10-2- 10-3 m2 s-1 but density stratification in the basin interior impedes vertical turbulent mixing through
the metalimnion where diffusivities are 10-6 - 10-5 m2 s-1. The hypolimnetic diffusivities rarely exceed 10-6
m2 s-1 until they reach the bottom boundary layer with diffusivity values in the range of turbulent surface
layer. Analogous to the oceanic case (Polzin et al. 1997), the instantaneous vertical diffusivities (Fig.
2.9c-d) are larger near sloping boundaries and topographic sill-contraction (see Figs. 2.1, 2.2; 8 km from
the southeast slope) as well as upon the passage of nonlinear surges (Moum et al. 2007). This is not
evident in the 10-day average values (Fig. 2.9a) because of the ephemeral nature of the enhanced

20

turbulence relative to the lower background state. This corresponds well with the space-time distribution
of diffusivity and dissipation in lakes (Imberger 1998; Wuest et al. 2000).
The best overall model performance is achieved in Run 9 where R > 0.7 at different thermistor strings
and RMSE of 1.9 °C. Although the background viscosity of 10-3 m2 s-1 in this model may look unrealistic
(Fig. 2.8) in comparison to observed values, the higher modeled viscosities computed by the SGS closure
scheme are required to compensate for sub-grid-scale and nonhydrostatic processes that are not resolved
with the under-resolved Smagorinsky scheme. The full spectrum of internal waves is not resolved and so
energy fluxes to high-frequency shear instabilities are not modeled (Fig. 2.10). Consistent with these
findings, vertical viscosities have been increased beyond realistic values in the application of hydrostatic
Reynolds-averaged CE-QUAL-W2 to Lake Erie (Boegman et al. 2001).
The errors for depths of 10 m, 18 m and 50 m are 1.6 °C, 2.7 °C and 0.4 °C, respectively. The higher
RMSE values are in the thermocline region (Figs. 2.4, 2.6). Slight phase errors will lead to elevated RMSE
and the dynamics of the metalimnion structure are poorly resolved by hydrostatic simulations. This
discrepancy may also be related to the deficiency of vertical mixing scheme including KPP in strong
stratification (Li et al. 2005). Moreover, the metalimnion at S1 is close to the sloping turbulent bottom
boundary layer and turbulence effects must be parameterized. As illustrated in Fig. 2.5b-c, the visual
agreement between observed and simulated data is satisfactory. The nature of the peaks and troughs in the
thermocline and the depth of wind-mixed layer at all thermistor strings are well captured. The model
reproduces the baroclinic oscillations associated with the horizontal mode one internal seiche, upwelling
of the thermocline along the shore at S1 and S4 and the formation of a progressive nonlinear surge at S2.
These dynamics, which are discussed below, are characteristic of long narrow lakes. Toward the end of
simulations, the stratification weakens (Fig. 2.5) as the ambient temperature becomes cooler and

21

deepening of the surface layer is accelerated by convective mixing. However, this is not seen in the
computed result because surface thermodynamics were not applied in the numerical simulations.

2.3.2 Power spectra
At stations S1, S3 and S4, power spectra of IPE (Eq. 2.6) from Run 9 and the observed data (Fig.
2.10) show a statistically significant energy peak at 80 h, corresponding to the horizontal mode-one
vertical mode-one (H1V1) basin-scale internal seiche. This seiche is clearly evident in Fig. 2.5, where
during day 271 to 274.3 the isotherms fall at S4 and rise at S1. The 80 h peak is well modeled at all
stations, except S2, where both the modeled and observed spectra show a non-significant broad energy
peak between 24 and 80 h. Station S2 is located close to the nodal point for the H1V1 seiche and
consequently does not have significant energy in the H1, H3, or other odd modes (Boegman et al. 2005b).
This can be seen in Fig. 2.5, where there is a low frequency H1V1 oscillation at S3 and a higher
frequency lower amplitude oscillation, likely from a progressive surge at S2. The surge at S2 has a
theoretical period of T1/2 = 40 h (Boegman et al. 2005b), which agrees with model visualizations showing
successive surges passing through S2 at ~ 32 h (Fig. 2.11). The absence of a significant spectral peak at
40 h is likely due to multiple wind events energizing unsynchronized surges over a broad spectral band
from 33-53 h (Fig. 2.12) (Gómez-Giraldo et al. 2006). The strong 12 h wind peak is due to the sea breeze.
The weak 24 h energy peak in field spectra at S2 may be associated with diurnal fluctuations in the
surface thermodynamics, which were not included in the numerical simulations.

2.3.3 Grid resolution
The effect of different horizontal grid resolutions (Table 2.2) on the numerical results of the
calibrated model was investigated. As the horizontal grid spacing is refined, the displacement of the
thermocline (14 °C isopycnal) is changed significantly (Fig. 2.13) with the amplitude of the basin-scale
wave becoming larger and the wave evolving into a sharp steepened wave front followed by soliton-like
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oscillations. Solitary waves evolve under a balance between nonlinear steepening and physical dispersion
(Horn et al. 1999) and may only be captured by nonhydrostatic models. However, similar waveforms
have been simulated in other hydrostatic simulations at the laboratory-scale (Hodges et al. 2006),
suggesting that these hydrostatic solitary type waves result from a balance between nonlinear steepening
and numerical dispersion. The ability of the model to reproduce these features will be the subject of future
investigations (see chapter 4). The power spectra density for all grid resolutions (Fig. 2.14) does not show
a significant shift in the frequency of peak power, indicating that the simulated dominant H1V1 seiche is
independent of the horizontal grid resolution. This result is expected as the H1V1 seiche has a
fundamental wavelength of twice the baroclinic basin length (~ 80 km). However, the finer grid models
demonstrate a higher level of energy at the peak power and a transfer of some energy to resolved higher
frequency waves (10-3 to 10-4 Hz band) instead of losing high frequency energy to grid dissipation.
Overall, the RMSE at the mid-basin thermocline depth is reduced by 1 °C by refining the grid from 900×
900 m (super coarse grid) to 450×450 m (coarse grid) (Fig. 2.6). The hydrostatic approximation may be
inappropriate when the grid becomes smaller than the local depth of water; the model provides an
excellent solution to the wrong set of equations (Hodges 2009). This will be further investigated
elsewhere (see chapter 4).
2.3.4 Dynamics of long narrow lakes
The dynamics and surge formation in long narrow lakes has been investigated through temperature
field observations (Windermere (Heaps and Ramsbottom 1966); Loch Ness (Thorpe 1971; Thorpe et al.
1972; Thorpe 1977); Seneca Lake (Hunkins and Fliegel 1973); Babine Lake (Farmer 1978); Lake Zurich
(Mortimer and Horn 1982) and Kootenay Lake (Wiegand and Carmack 1986)), laboratory scale
experiments in a tilting tank (Horn et al. 2001; Boegman et al. 2005b) and two-layer analytical studies
(Linear model: (Heaps and Ramsbottom 1966) and nonlinear Korteweg-deVries (KdV) model (Horn et al.
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2002; Sakai and Redekopp 2010)). These studies suggest two mechanisms for surge generation according
to the relative magnitudes of the period T1 of the horizontal mode-one internal seiche and the
characteristic time scale of the surface wind stress, Twind (see Table 2.4 and (Stevens and Imberger 1996),
table 1 therein). When T wind > T1/4, an approach to quasi-equilibrium is achieved, with a general
thermocline tilt occurring over the length of the basin (Spigel and Imberger 1980; Stevens and Imberger
1996). From this initial condition, the resulting internal wave field may be decomposed into a standing
seiche, a progressive nonlinear surge, and a NLIW packet (Boegman et al. 2005b). More commonly, Twind
< T1/4, and the progressive surge is believed to originate as a wind-induced wave of depression at the lee
shore (e.g., Farmer 1978). This wave of depression will progress in the windward direction, steepening as
it travels, and eventually forming a NLIW packet.
A third surge generation mechanism has been observed in the coastal ocean, where the presence of a
topographic shelf, sill and/or contraction can generate internal surges and/or internal hydraulic jumps as
tidal flow interacts with the topography (e.g., Australian North West Shelf (Holloway 1987); Strait of
Gibraltar (Armi and Farmer 1988); Knight Inlet sill (Farmer and Armi 1999)). Although internal
hydraulic jumps have never been observed in lakes, they are postulated to occur where seiche currents are
particularly strong (Thorpe et al. 1996; Saggio and Imberger 1998) and topography is favorable (see Figs.
2.1, 2.2; 8 km from the southeast slope).
Visualizations of the isotherm displacements and longitudinal velocities along the Cayuga Lake
thalweg (e.g., Fig. 2.15) were used to investigate which of the proposed three mechanisms formed surges
resulting from four major wind events during the 10-day simulation period (Fig. 2.3). W1 (day 269.89 to
271.54), W3 (day 273.11 to 274.22) and W4 (day 275.74 to 277.79) events are southeast breezes with
average velocities of ~ 8.1, 9.8 and 6 m s-1, respectively, where the wind data was low pass filtered over
T1/4. The W2 event (day 271.93 until 272.82) is from the northwest with an average velocity of 7.2 m s-1.
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Fig. 2.11 shows the arrival time of 8 surges from stations S5, S6, S7, S2 and S3 oriented from south to
north (Figs. 2.1, 2.2). S5, S6 and S7 are virtual stations used to output model data. The surges evolve
from: (i) a locally downwelled interface (Twind < T1/4; green arrows) (see Fig. 2.16a), (ii) the upwelled
portion of a basin-wide thermocline tilt (Twind > T1/4; blue arrows) (see Fig. 2.16b), and (iii) a supercritical
condition (composite Froude number > 1; red arrows). The direction of propagation may be determined
by following the temporal passage of each surge past the various stations. As the surges pass the stations,
there is a slow rise in the level of isotherms followed by a rapid deepening that propagate along the lake
(e.g., Farmer 1978). High-frequency waves are observed during the passage of the surges (e.g., Fig. 2.17);
similar to previous observations (e.g., Seneca Lake: Hunkins and Fliegel 1973). The three types of surge
generation mechanisms are investigated below.
Approximately 9 h after the onset of southeasterly W1 (Twind = 9 h < T1/4 ~ 20 h), the first surge
appears to originate as a wind-induced depression at the northwest shore. This surge (see Fig. 2.11 with
Fig. 2.15a-c) steepens progressively through S2 on day 270.92 (Fig. 2.15a), achieving a typical surge
shape at S7 on day 271.35 (Fig. 2.15b). In a similar manner, the 7th surge (Fig. 2.11) forms due to the
thermocline depression caused by moderate southeasterly W4. Similar surges have been observed to form
in Lake Zurich (e.g. from the locally downwelled thermocline before strong winds drop), as well as
Babine Lake and Kootenay Lake (Table 2.4). These surges tend to occur in very long lakes (Babine Lake
and Kootenay Lake, L ≅ 100 km) where T1/4 is large relative to characteristic wind event timescales. In
lakes where L and consequently T1/4 are smaller (e.g., Cayuga Lake and Lake Zurich, Table 2.4), a
combination of generation methods occurs.
For event W2, the wind blows for Twind = 21 h > T1/4 ~ 20 h, and the thermocline becomes fully tilted
over the length of the lake (Fig. 2.15 h). When W2 switches direction to a southeast breeze, the 4th surge
(see Fig. 2.11 with Fig. 2.15h-l) forms at the northwestern shore owing to the relaxation of the upwelled
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thermocline. The 4th surge passes S2 on day 273.84 (Fig. 2.15i) and then continues propagating
southeastward in an undular shape (see Fig. 2.15j), reaching S7 on day 274.59 (Fig. 2.15k) as a significant
(~ 50 m) drop in the level of the isotherms. The steep shock front may be a result of the strong southeast
W3 wind event augments the surge amplitude or it may be due to the presence of an internal hydraulic
jump, which has been suggested to occur in mid-basin when the thermocline upwells to the lake surface
(Horn et al. 2001). The calculation of composite Froude numbers confirms the occurrence of super critical
flow at this time (Dorostkar and Boegman 2013). The enhanced steepening could also be due to the local
decrease in cross-section causing an increase in wave amplitude as has been observed in Babine Lake.
This mechanism of surge production is consistent with observations in Lake Zurich and Loch Ness
(Table 2.4) where strong winds tilt the thermocline over the entire length of the basin and when winds
cease, a strong surge develops from the upwelled fluid volume. Laboratory scale experiments and
numerical simulations (Boegman et al. 2005a; Lamb et al. 2005) in a tilting tank with a uniformly tilted
initial thermocline along the basin length confirm that the surge appears to originate from the upwelled
fluid volume. However, it should be noted that this surge is a nonlinear combination of both the upwelled
and downwelled fluid volumes emanating from each end of the lake (Horn et al. 2002; Boegman et al.
2005b).
The 3rd surge (see S5 in Figs. 2.11, 2.15d-e), 6th surge (see S5 in Figs. 2.11, 2.15m-n) and 8th surge
(Fig. 2.11) seem to also evolve from upwelled fluid volumes at the southeastern shore upon cessation of
W1, W3 and W4 (Fig. 2.3), respectively. However, the development of these surges could be affected by
reflection of incoming surges (1st, 4th and 7th) off relatively steep southeast slope. These surges (i.e. 3rd, 6th
and 8th) appear to be diminishing when they reach the wider mid-basin at S3, not arriving at the other
boundary for reflection/breaking. This is similar to observed surges in Babine Lake and results of a KdV-
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type model (Sakai and Redekopp 2010) showing surges initiated at a narrow end diminish when
advancing toward a wider side.
The observation of highly nonlinear temperature fronts, large velocities both in top and bottom layers
(see Fig. 2.15d-g and l-o) and intense turbulent dissipation (Fig. 2.9c-d) in the vicinity of topographic
feature suggests that the 2nd and 5th surges (Fig. 2.11) are developed from local supercritical conditions
(internal hydraulic jumps). Calculation of composite Froude numbers confirms the presence of local
supercritical flow as the surges pass across the sill (Dorostkar and Boegman 2013). The generation of
these surges is described below in more detail.
The W3 event causes large hypolimnetic upwelling at the southeast end on day 274.22, altering the
stratification over the topographic feature by thinning the upper mixed layer. At this time, the 4th surge
moves warm surface water from the northwest basin toward the southeast basin with velocities up to 0.3
m s-1, reaching S6 in vicinity of the topographic feature on day 274.93 (Fig. 2.15l). Passing S6, the surge
carries warm surface water on top of colder hypolimnetic water, forcing it to flow into the northwest basin
with velocities again up to 0.3 m s-1 (Fig. 2.15l-n). Around this time, the 5th surge reflects off the
topographic feature, progressing northwest, passing S7 on day 275.25 (Fig. 2.15m-n), reaching S2 on day
275.63 (Fig. 2.15o-p). Similarly, the 2nd surge reflects off the topographic feature when W1 has caused
upwelling of cold water to the surface and the 1st surge is approaching the topographic feature (Fig.
2.15d-h).
The surges in Cayuga Lake are bidirectional; consistent with observations of most long narrow lakes
but inconsistent with observations from nearby Seneca Lake, which has analogous winds. The
unidirectional surge propagation in Seneca Lake was attributed to surge breaking along the gradually
sloping northern slope. However, Cayuga Lake has a gradually sloping northern shore, as does Loch
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Ness, where surge breaking has been observed (Thorpe et al. 1972), and directional preference associated
with surge propagation has not been observed in these systems.

2.4 Conclusions
We applied the parallel 3D MITgcm to study the basin-scale response of Cayuga Lake to an applied
surface wind stress to test the sensitivity of the model parameters and understand the dynamics of long
narrow lakes. High-resolution temperature time-series observations were used to validate the model.
We examined the sensitivity to EOS, bottom drag coefficient and SGS closure. The polynomial EOS
yields much better results in comparison to a linear EOS and is recommended for simulations where large
temperature gradients occur (e.g., stratified lakes). The model is not sensitive to the bottom drag
coefficient. The values of the horizontal eddy viscosity are not very critical for numerical simulation of
resolved-scaled motions and are in the range of 1-4 m2 s-1 in the epilimnion. However, vertical
stratification shows a strong sensitivity to background vertical viscosity and diffusivity (larger than 10-5
m2 s-1) when the KPP mixing scheme is employed, because the background value dominates through the
thermocline and upper hypolimnion, away from the turbulent surface and bottom boundary layers
The model shows skill in reproducing the observed vertical stratification in Cayuga Lake, simulating
the phase and amplitude of the basin-scale seiches and surges. The minimum lake-wide RMSE between
model and field data is 1.9 °C with a polynomial EOS, an under-resolved Smagorinsky scheme for the
horizontal viscosity and the KPP scheme for vertical mixing with a background vertical viscosity of 10-3
m2 s-1. The need for a large background viscosity has been required in other hydrostatic Reynolds
averaged lake model applications, and can be justified as it accounts for under-resolved dissipation from
nonhydrostatic and SGS. The model results show less accuracy in strongly stratified regions with RMSE
of 2.7 °C, likely due to the failure of the KPP SGS closure scheme to resolve strong stratification and the
inability of the present model configuration reproduce SGS and nonhydrostatic features.
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We found that wind-induced surges originate from three mechanisms: (i) when Tw < T1/4, the surge
forms as a wind-induced wave of depression at the lee shore; (ii) when Tw > T1/4 the thermocline is tilted
over the length of the basin, the surge evolves from upwelled fluid volume at the windward shore; and
(iii) the occurrence of supercritical flow in the mid-basin from basin-scale seiche currents as well as when
the surges pass over the topographic sill-contraction.
Our findings, that the MITgcm ability to model basin-scale processes is significantly sensitive to
EOS, vertical viscosity and diffusivity, imply that the model should not be applied without validation
against field observations to ensure that the governing physical processes are correctly simulated. This
application of the MITgcm to a medium sized lake allows for high-resolution simulation of NLIWs in a
closed natural system, which may be interpreted as an ocean analogue, through which energy flux paths
may be followed, from the large-scale motions through nonlinear and nonhydrostatic processes to
ultimate turbulent dissipation and mixing. This will be the subject of future research.
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Table 2.1 Hydrography of Cayuga Lake
________________________________________
Characteristic
Value
__________________________________________
Length
61.5 km
Average width
2.8 km
Maximum width
5.6 km
Maximum depth
132 m
Mean depth
54.5 m
Surface area
172 km2
Mean slope
5.2%
__________________________________________
a
Henson et al. (1961).

Table 2.2 Details of simulation experiments
__________________________________________________________________________________________________________________

Experiment

Computational
Cell

Horizontal
Grid (m)

Time Step
(s)

CPUsa

MRTb
(day)

MRT/CRTc

__________________________________________________________________________________________________________________

Super coarse
Coarse
Medium
Fine

60×24×98
120×48×98
480×192×98
1380×540×98

~ 900
~ 450
~ 113
~ 40

40
40
5
1, 2, 4, 8 , 16

8
10
36
50

11
11
11
11

180
125
2.4
N/Ad

___________________________________________________________________________________________________________________
a

Quad-core 2.52 Ghz Sparc64 VII processors on Sun SPARC Enterprise M9000 Servers; bModel run time; cCPU run
time; dNot available.
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Table 2.3 List of sensitivity runs and their parameter settings
______________________________________________________________________________________________________

Run

Mixing closure

EOS

Ah a
(m2 s-1)

Azbb
VisCc
2 -1
(m s )

Kzbd
(m2 s-1)

______________________________________________________________________________________________________

1
2
3
4
5
6
7
8
9
10
11
12
13
14

Constant
Constant
Constant
Smagorinsky
Smagorinsky
Smagorinsky
Smagorinsky
Smagorisnky
Smagorisnky
Smagorinsky
Smagorinsky
Smagorinsky
Smagorinsky
Smagorisnky

Linear
MDJWF
MDJWF
Linear
UNESCO
JMD95Z
MDJWF
MDJWF
MDJWF
MDJWF
MDJWF
MDJWF
MDJWF
MDJWF

1
1
1E-2
Variable
Variable
Variable
Variable
Variable
Variable
Variable
Variable
Variable
Variable
Variable

1E-3
1E-3
1E-3
1E-3
1E-3
1E-3
1E-3
1E-3
1E-3
1E-6
1E-5
1E-4
1E-4
1E-6

N/Ae
N/A
N/A
1
1
1
1
2
0.7
1
1
1
1
1

1E-6
1E-6
1E-6
1E-6
1E-6
1E-6
1E-6
1E-6
1E-6
1E-6
1E-5
1E-4
1E-6
1E-4

______________________________________________________________________________________________________
a

Horizontal viscosity; bBackground vertical viscosity; cSmagorinsky scaling coefficient; dBackground
vertical diffusivity; eNot Applicable.
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Table 2.4 Observed or simulated internal surges from long narrow or small lakes
________________________________________________________________________________________________________________

Lake

Dates

La
(km)

T1b/4
(h)

TWindc
(h)

Surge Mechanism

________________________________________________________________________________________________________________

Loch Ness

Baldeggersee
Pusiano
Zurich
Babine

Kootenay
Seneca
Cayuga

29 Sept., 1 & 6 Oct. 1970d
2 - 3 Oct. 1971e
30 Sept. 1997f
16 - 17 Nov. 1978g
23 & 25 July 2003h
11 - 14 Sept. 1978i
11 - 14 Sept. 1978i
5 - 10 July 1973j
12 - 15 Aug. 1973j
2 - 7 Oct. 1973j
18 - 19 July 1976k
9 - 15 Oct. 1969l
26 Sept. to7 Oct. 2006
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13-14

19-24

upwelled interface

4
3
30
30
117
51
86
100
39
47

4
0.69
11
11
90
16
48
46
N/Am
20

11
1.3
28
< 11
29

upwelled interface
upwelled interface
upwelled interface
locally downwelled interface
locally downwelled interface
locally downwelled interface
locally downwelled interface
locally downwelled interface
locally downwelled interface
locally downwelled interfacen
locally downwelled interfaceo
upwelled interfacep
upwelled interfaceq

17
N/A
9
10
40
49

___________________________________________________________________________________________________________________
a

Baroclinic length of the lake suitable for two-layer system approximation; bPeriod of horizontal mode one seiche;
Wind duration; dThorpe (1971); eThorpe et al. (1972); fThorpe (1977); gLemmin (1987); hBoegman et al. (2005a);
i
Mortimer and Horn (1982); jFarmer (1978); kWiegand and Carmack (1986); lHunkins and Fliegel (1973); mNot
Available; n1st surge in Fig. 2.11; o5th surge in Fig. 2.11; p3rd surge in Fig. 2.11; q4th surge in Fig. 2.11.
c
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Figure 2.1: Cayuga Lake bathymetric map. Depth contour isobaths are 30 m. Thermistor strings were
deployed at stations S1, S2, S3 and S4, while S5, S6 and S7 are virtual stations. The wind rose (m s-1 )
measured at meteorological station for day 269 through 280 in 2006 is shown in the lower inset.
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Figure 2.2: Cayuga Lake thalweg (deepest point along the entire lake length) profile showing the locations
and depths of thermistors at stations shown in Fig 2.1.

N
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Chapter 3
Internal hydraulic jumps in a long narrow lake
3.1 Introduction
In long narrow lakes, where the effect of the Earth’s rotation can be neglected, the dominant internal
(baroclinic) basin-scale response to the action of the surface wind stress is the generation of linear basinscale internal waves, known as internal seiches (Mortimer 1974; Boegman 2009). Internal seiches
degenerate through friction along the lakebed (Gloor et al. 2000) and into progressive internal surges
(surges, hereafter) (Horn et al. 2001; Boegman et al. 2005a) including packets of spatially coherent largeamplitude high-frequency nonlinear internal waves (NLIWs, e.g., solitary waves) due to nonlinear
steepening (Boegman et al. 2003; Preusse et al. 2010). The NLIWs will break on the sloping lake bottom
leading to localized dissipation, mixing, resuspension and biogeochemical fluxes (Michallet and Ivey
1999; Boegman and Ivey 2009). Thus, these features have important implications for lake ecology.
From two-layer internal hydraulic theory, the degeneration of an internal seiche could also be
associated with the formation of internal hydraulic jumps near mid-basin where baroclinic seiche currents,
resulting from a strong wind-induced tilting of the interface, can cause supercritical flow (Horn et al.
2001). Hereafter, we refer to this type of hydraulic jump as a mid-basin seiche-induced hydraulic jump.
Frequently observed in the shelf break region on the Australian North West Shelf, internal hydraulic
jumps are very sharp nonlinear fronts (e.g., up to 60 m isotherm drop at the leading face) occurring at the
transition from supercritical to subcritical flows (Holloway 1987). Strong jumps are accompanied by
significant dissipation and mixing due to localized shear-induced turbulence associated with the jump
(i.e., turbulent bores generated from the collapse of a strong hydraulic jump) whereas, weak hydraulic
jumps are followed by an undular bore with weak energy dissipation and a packet of NLIWs (Lighthill
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1978; Holloway 1987). The NLIWs evolved from hydraulic jumps are qualitatively similar to those
generated by nonlinear steepening. However, the generation mechanism is quite different. An internal
seiche undergoes nonlinear steepening, when the wind induced amplitude is sufficiently large that
nonlinear effects become important causing the component waves forming the seiche to be asymmetrical
(Boegman et al. 2005b). Whereas, mid-basin seiche-induced hydraulic jumps occur when the windinduced tilted interface is sufficiently large to cause the flow to become supercritical over some region in
the middle of the basin (Horn et al. 2001).
Two-layer internal hydraulic theory also shows that flow through topographic features such as sills
and/or contractions may generate topographic-induced hydraulic jumps. Correspondingly, there have been
numerous observations of naturally occurring topographic-induced hydraulic jumps in the ocean where
strong tidal flow encountered a ridge or sill (e.g., Knight Inlet (Farmer and Armi 1999)), a contraction
(e.g., Strait of Gibraltar (Armi and Farmer 1988; Sannino et al. 2009)) and a continental shelf break (e.g.,
Australian North West (Holloway 1987); Oregon (Nash and Moum 2001)).
Both seiche and topographic-induced hydraulic jumps have never been definitively observed in lakes
and the effects and distribution of this phenomenon in lakes are not well understood (Boegman 2009).
However, they are postulated to occur where seiche-induced currents are particularly strong and
topography is favorable (Thorpe et al. 1996; Horn et al. 2001). High-frequency internal waves observed in
Lake Geneva, after the passage of a large thermocline depression along the sloping boundary, were
proposed to be part of a solitary wave packet following an internal thermocline jump (Thorpe et al. 1996).
Saggio and Imberger (1998) suggested that undular jumps followed by a packet of high-frequency waves
observed after a typhoon in Lake Biwa might be due to the interaction of low-frequency waves with the
boundaries. MacIntyre et al. (2009) proposed that a 2 m drop in isotherm displacement in Mono Lake
could be associated with an internal hydraulic jump. It was also suggested that a steep shock front with 50
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m isotherm drop modeled in mid-basin of Cayuga Lake may be due to the presence of a mid-basin seicheinduced hydraulic jump (see chapter 2).
In this study, three-dimensional numerical modeling and field observations are used to describe the
nonlinear response of Cayuga Lake to the surface wind stress. Our objectives are to 1) characterize the
degeneration of the internal wave field in terms of externally measured parameters and validate the
degeneration model of Horn et al. (2001) in application to a medium-sized lake at high Reynolds number;
2) investigate the evolution of the surges in Cayuga Lake and their interaction with a sill-contraction
topographic feature; and 3) show the formation of both seiche and topographic-induced hydraulic jumps
in Cayuga Lake. We first present the relevant theoretical background. Then, methods including study site,
field measurements, numerical experiments, and analytical calculations are described, followed by a
presentation of results. Finally the results are discussed within the context of present literature.

3.2 Theoretical Background
3.2.1 Two-layer model theory
Stratified lakes typically exhibit an abrupt density gradient through the metalimnion, which is sharper
during fall as a result of autumn cooling. Thus, during autumn, the lake may be approximated as a simple
two-layer system of upper layer undisturbed thickness h1 and density ρ1 over lower layer undisturbed
thickness h2 and density ρ2, where H = h1 + h2 is the total water depth and L represents the baroclinic
length of the lake measured at the equilibrium depth of the thermocline (Heaps and Ramsbottom 1966;
Thorpe 1971; Horn et al. 2001).
The theoretical linear response of this water body to an applied wind force tw > T1/4, where tw is the
wind event duration and T1 is the horizontal mode-one vertical mode-one seiche period, is a steady-state
layer interface tilt with the maximum deflection (up or down) of ηo measured at either end of the basin
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(Spigel and Imberger 1980; Stevens and Imberger 1996). From linear theory, the upper and lower layer
depth-integrated horizontal velocities, u1 and u2, respectively, resulting from this initially tilted interface
are approximated by (Horn et al. 2001)
𝑢1 =

𝑢2 =

4 𝑔 ′ ℎ 2 𝜂𝑜
𝐻𝐿2

𝑡𝑥

−4 𝑔 ′ ℎ1𝜂𝑜
𝐻𝐿2

(3.1)

𝑡𝑥

(3.2)

where 𝑔′ = 𝑔(𝜌2 − 𝜌1 )/𝜌2 is the reduced gravitational acceleration; x is the horizontal coordinate (x ≤
L/2) and t is the time (t ≤ T1/4).

3.2.2 Wedderburn number (WN) and Lake number (LN)
The internal response of a two-layer system to surface wind forcing may be parameterized using the
non-dimensional Wedderburn number WN (Thompson and Imberger 1980; Monismith 1986)
𝑔′ℎ2

ℎ

𝑊𝑁 = 𝑢∗2 𝐿1 = 𝜂1
𝑢∗ 2 =

𝜌air
𝜌1

(3.3)

𝑜

2
𝑐𝑑 𝑈10
cos 𝛼

(3.4)

where, u∗ is the wind shear velocity along the longitudinal lake axis; α is the angle between wind direction
and longitudinal lake axis; ρair is the air density; cd is the wind drag coefficient and U10 is the wind speed

at the reference level 10 m above the water surface. The value of cd depends on the wind speed (e.g., cd =
0.0012 for U10 ~ 8 m s-1) and was calculated following the procedure outlined in Large and Pond (1981).
An integral equivalent to WN is the Lake Number LN (Imberger and Patterson 1989; Stevens and
Imberger 1996), which is more appropriate for lakes with arbitrary basin shapes and continuous
stratification, accounting for the depth dependence of stratification and irregular bathymetric area. This
dimensionless parameter represents the ratio between the moment of stabilizing gravitational baroclinic
forcing and the moment of destabilizing wind forcing about the center of volume of the lake

52

𝐿𝑁 =

𝑔𝑆𝑡 (𝑧𝑠 −𝑧𝑇 )

(3.5)

𝑧

(3.6)

𝜌𝑠 𝑢∗ 2(0.5𝐿)�𝑧𝑠 −𝑧𝑔 �

1

𝑆𝑡 = 𝐴 ∫0 𝑠 �𝑧 − 𝑧𝑔 �𝐴(𝑧)𝜌(𝑧) 𝑑𝑧
𝑠

where St is the lake stability; z is the vertical upward coordinate; zg is the height of the center of volume;
zT is the height thermocline; As and zs are the area and height at the lake surface, respectively; A(z) and

ρ(z) are the area and density at the height of z, respectively. Here, 0.5 L is utilized instead of the original
(Appt et al. 2004), which is more appropriate for rectangular basins as opposed to
length scale 𝐴0.5
𝑠
circular ones (see fig. 2 of Stevens and Imberger 1996).

Wind stirs the upper portions of the hypolimnion for WN or LN > 12, upwells the thermocline partially
for intermediate values; upwells the thermocline to the surface for low values of order 1 and mixes the
lake fully when WN or LN << 1 (Monismith. 1986; Stevens and Imberger 1996; MacIntyre et al. 1999).
3.2.3 Basin-scale seiche degeneration regimes
For long narrow or small to medium sized lakes, where the effect of the Earth’s rotation can be
neglected, the initial basin-scale seiche will degenerate through four possible mechanisms: viscous
damping, nonlinear steepening, internal hydraulic jumps and shear instability. Horn et al. (2001) applied
two-layer hydraulic theory to derive timescales over which each of these mechanisms was expected to
occur and argued that the process with the shortest timescale, for a particular wind event and lake
stratification, would predominate (Fig. 3.1). For deep lakes with a shallow thermocline (i.e., h1/H ≤ 0.25
so that we can exclude Horn et al. (2001) Regime 5 (bores and billows) from this study) subject to
relatively weak wind forcing
3

ℎ2 −ℎ1

𝑊𝑁 ≥ 𝛾 (
𝑑

ℎ2

)

(3.7)

and an internal seiche is eventually damped by viscosity, corresponding to the damped basin-scale wave
regime (Horn et al. (2001) Regime 1). For strong forcing
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𝑊𝑁 ≤ �

ℎ13+ℎ23
ℎ22𝐻

�

0.5

(3.8)

which results in the formation of hydraulic jumps accompanied by significant dissipation and mixing,
corresponding to the supercritical flow regime (Horn et al. (2001) Regime 3). Under moderate forcing,
where WN is between the two extremes of Eqs. 3.7 and 3.8, an internal seiche evolves into a progressive
internal surge that degenerates into solitary waves, corresponding to the solitary wave regime (Horn et al.
(2001) Regime 2). The emergence of solitary waves from a surge occurs when nonlinear steepening is
balanced by nonhydrostatic dispersion at the steepening time scale, defined as
𝑇𝑠 ~

𝑇1 ℎ2𝑊𝑁

(3.9)

3(ℎ2−ℎ1)

In Eq. 7, γd is the decay modulus (energy lost during T1, defined by Spigel and Imberger (1980))
𝛾𝑑 =

𝛿 𝑏 𝐴𝑏
𝑉

=

𝑈max 𝑇10.5𝑒𝐴𝑏

(3.10)
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where δb is the thickness of turbulent boundary layer; V is the volume of the lake; Ab is the land boundary
area; e is the sand grain roughness (taken as 0.06 m for a smooth channel); ν is the kinematic molecular
viscosity and Umax is the maximum velocity, from Eq. 1 and 2, due to the oscillation estimated as (Fischer
et al. 1979; Horn et al. 2001).
𝑈max ~ (𝑢1 − 𝑢2 )max =

𝑔 ′ 𝜂𝑜𝑇1
2𝐿

=

2

𝑢∗ 𝑇1

(3.11)

2ℎ1

3.2.4 Internal hydraulic theory
The concept of layered internal hydraulics has been developed and studied extensively (Armi 1986;
Armi and Farmer 1986; Baines 1995). Assuming bidirectional flow over a sill and through a contraction
with steady velocity and constant density within each layer, no internal mixing, hydrostatic pressure and
small horizontal variations in channel width and depth, then the composite internal Froude number, G2,
can be defined as (see Armi 1986 for complete derivation)
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𝑢2

𝑢2

𝐺 2 = 𝐹12 + 𝐹22 = 𝑔′ 𝑑1 + 𝑔′ 𝑑2
1

(3.12)

2

where Fi, ui, and di represent the Froude number, velocity and thickness for upper layer (i = 1) and lower
layer (i = 2). The flow is said to be hydraulically controlled (or critical) when G2 = 1. This may occur at
either the throat of a contraction or at the crest of a sill, termed a topographical control point (Lawrence
1990). For two layer flows, the flow may also be controlled at a virtual control (Wood 1970) positioned
upstream of the contraction exit with respect to the barotropic flow direction, determined by the flow rate
ratio 𝑞𝑟 =

𝑞1
�𝑞2 , where qi is the flow rate in each layer (Armi and Farmer 1986; Farmer and Armi 1986).

This occurs only if the flow has a net barotropic component (i.e., qr ≠ 1). A hydraulic jump occurs at the

control locations when the flow goes through a transition from supercritical (G2 > 1) to subcritical (G2 <
1).

3.3 Methods
3.3.1 Study site
Cayuga Lake (Figs. 3.2, 3.3) is the second largest of the Finger Lakes, a group of long and narrow
lakes in central New York State. It has a length of 61.5 km, an average width of 2.8 km, a maximum
depth of 132 m, a mean depth of 54.5 m and a surface area of 172 km2. Its basin is oriented north-south
with symmetrical steep rocky western and eastern slopes to a flat muddy bottom. The deepest point is
located near the midpoint of the lake and the bathymetry is dominated by shallow mudflats at the north
and more southern steeper slopes. The narrower shallower southeast basin (side-basin) is separated from
the main basin by a sill-contraction topographic feature, approximately 8 km from southeast end, which is
of particular importance to the flow dynamics (Figs. 3.2, 3.3). Cayuga Lake is monomictic and stratifies
only during summer, and mixes continuously from late fall through spring (Oglesby 1978). An 80 h
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period, horizontal mode-one vertical mode-one basin-scale seiche was identified as a dominant response
to wind forcing during September to October in 2006 (see chapter 2).

3.3.2 Field observations
Data used in this study was obtained from a comprehensive field experiment conducted from midSeptember to mid-November of 2006 in Cayuga Lake (E. A. Cowen and S. Schweitzer pers. comm.).
Temperature data were recorded at 25 s intervals using thermistor chain moorings located at four stations
(labeled S1, S2, S3, and S4 in Figs. 3.2, 3.3). Each chain consisted of a series of SeaBird SBE-39
thermistors, a resolution of 0.0001°C and an accuracy of ± 0.002°C, vertically spaced at depths ranging
from 10 m up to 80 m in the water column (Figs. 3.3, 3.4). Wind speed and direction was measured at 10
min intervals, 6 m above the water surface using a shore-based Campbell Scientific meteorological station
located on an exposed headland near the center of the lake.

3.3.3 Numerical model overview and set up
The numerical model used for this study is the three-dimensional z-coordinate Massachusetts Institute
of Technology general circulation model (MITgcm, Marshall et al. 1997a,b), solving the Boussinesq form
of Navier-Stokes equations for an incompressible fluid on a staggered Arakawa-C grid. The code and
further details are available online (http://mitgcm.org).
The model setup is based on the configuration implemented by Dorostkar et al. (2010) to test the
sensitivity of the MITgcm parameters (see chapter 2). In the following we briefly mention the principal
model characteristics (the model application to Cayuga Lake is also described in Boegman and Dorostkar
(2011)). For scalar (heat) advection, a direct-space-time scheme was chosen, based on a third order
upwind biased method of (Hundsdorfer and Trompert 1994) who employ the flux limiter functions of
(Sweby 1984), preventing the appearance of spurious oscillations in the scalar field and introducing
diffusivity where needed for stability. Since this scheme is unconditionally stable, the explicit horizontal
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diffusivity was set to the very small value of 10-7 m2 s-1 (molecular diffusivity for heat). No sensitivity was
found to values in the range of 0 - 10-6 m2 s-1. For turbulence closure, the model employed a Smagorinsky
formulation with a multiplier of 0.7 to parameterize the horizontal eddy viscosity. The vertical eddy
viscosity and diffusivity were computed by the K profile parameterization (KPP) scheme (Large et al.
1994) using a background vertical viscosity and diffusivity of 10-3 m2 s-1 and 10-6 m2 s-1, respectively. The
density was computed by the polynomial equation of state of (McDougall et al. 2003). Bottom friction
was quadratic with a drag coefficient of 0.002. The wind stress fluxes at the free surface were calculated
using the bulk formulae (Large and Pond 1981) employed in the model. This study is primarily concerned
with wind forced dynamics and so thermodynamic heat transfers at the free surface and land boundaries
were neglected. These are shown to be negligible over the 11-day simulation (see chapter 2). The
horizontal Cartesian grid was uniform with a grid resolution of 113 m. The vertical model domain was
composed of 98 z-level non-uniform grid points. They were spaced every 0.5 m between 10 and 30 m
depths, toward the surface and from depths 30 to 50 m, grids were 1 m, and grids were 2.95 m through the
rest of the vertical domain toward the bottom. The model was initialized from rest and integrated over a
period of 11 days (from day 269 until day 280 in 2006) in a hydrostatic mode with a fully implicit
linearized free surface. The wall-clock runtime for these simulations was 10.8 days on 36 quad-core 2.52
Ghz Sparc64 VII processors with 2 Tera-Bytes of memory using a timestep of 2 s and ~ 9 million grid
points. Results and run times from higher-resolution and nonhydrostatic simulations are briefly reported
in Boegman and Dorostkar (2011).

3.3.4 Scaling parameter calculations
3.3.4.1 WN, LN, and Horn regime boundaries
Both WN (Eq. 3.3) and LN (Eq. 3.5) were evaluated using a constant surface layer depth of h1 = 18.75
m, measured as the depth of the maximum density gradient in the vertical density profile (Fig. 3.3b) at
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equilibrium condition, and 10-min instantaneous wind data over day 269 until day 280. The computed WN
and LN were low-pass filtered with a cut off frequency of T1/4 (~ 20 h), as T1/4 is the appropriate time
scale for the minimum duration of wind event sufficient to induce a steady state thermocline tilt (Spigel
and Imberger 1980; Stevens and Imberger 1996). The time dependent boundary between Horn et al.
(2001) Regime 1 and 2 (Eq. 3.7) was calculated in terms of WN considering the median depth of H ~ 86 m
and thus a depth ratio of h1/H = 0.22 for Cayuga Lake. The regime boundary is a function of the decay
modulus (Eq. 3.10), which is a measure of energy dissipation during T1 and thus, this value was first lowpass filtered with a cut off frequency of T1 before evaluating Eq. 3.7.
3.3.4.2 Composite Froude number
The composite Froude numbers G2 (Eq. 3.12) were computed from instantaneous simulated data by
separating each modeled water column into a two-layer flow at the inflection point in the longitudinal
baroclinic velocity profile. The lower layer thickness was determined as H-d1 where H is the water depth
and d1, the instantaneous local upper layer depth. Instantaneous velocities and densities were vertically
averaged, over each layer, and used to compute instantaneous Froude numbers. Thus, the effect of
unsteadiness could arise in the form of time-dependent wind forcing conditions or barotropic flow (e.g.,
flow due to horizontal pressure gradient resulting from a surface level difference) superimposed on the
baroclinic flow. This was taken into account by applying the steady internal hydraulic theory at each time
step (1200 s) of the analysis period (Armi and Farmer 1986).
The composite Froude number, resulting from the relaxation of the pycnocline following a wind
event, may be more readily evaluated for an enclosed basin from two-layer hydraulic theory by
combining Eqs. 3.1, 3.2, and 3.12. Here, we assume Cayuga Lake as a two-layer rectangular tank with L
= 38 km, d1 = h1 = 18.75 m and h1/H = 0.22. The maximum interfacial deflection ηo was estimated from
the WN associated to a wind event using Eq. 3.3 and the interface was considered fully inclined at t = 0 s.
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G2 was then calculated until the flow reverses direction at t = T1/2 and the interface becomes fully tilted
again.

3.4 Results
3.4.1 Model validation
In the previous study by Dorostkar et al. (2010) (see chapter 2), the results from a coarser model with
the grid resolution of 450 m were validated against temperature observations using both qualitative
(temperature contour and power spectra) and quantitative (Taylor diagram including statistical errors)
comparison techniques. The coarser model achieved a correlation factor of 0.7 at different thermistor
strings and a basin-wide root-mean-square error of 1.9 °C, which is comparable to three-dimensional
model applications to other lakes (Huang et al. 2010). The reader is referred to chapter 2 for a detailed
description of methods and comparisons as well as the dynamics of internal waves in Cayuga Lake.
Model performance was found to be sensitive to the chosen turbulence closure scheme and equation of
state.
Here, only temperature contour comparisons between the current model results and field data are
presented (Fig. 3.4), giving quite satisfactory agreement. The model reproduced well the observed vertical
stratification and dynamics associated with long narrow lakes including thermocline upwelling along the
sloping topography at both ends of the lake (see S1 and S4), a horizontal mode one seiche with a period
of 80 h (see S3) and progressive nonlinear surges (see S2 and S3).
3.4.2 Flow field
Simultaneous visualizations of simulated flow field temperature isotherms and along-channel
velocities (e.g., Fig. 3.5) were analyzed to investigate the nonlinear response of Cayuga Lake to surface
wind forcing. During the 11-day simulation, 8 surges were identified (Fig. 3.6) traveling along the
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longitudinal axis of the lake (stations S3, S2, S7, S6, and S5; Figs. 3.2, 3.3); the last three stations are
virtual stations, where observed data were not available. As the surges pass the stations, there was a slow
rise in the level of isotherms followed by a rapid deepening that propagated along the lake. The
propagation direction of each surge can be noted by tracking the temporal passage past these stations. It
was suggested that all surges, except 2, 4 and 5, were generated directly by basin-scale upwelled (when
twind > T1/4) or locally downwelled (when twind ≤ T 1/4) thermocline tilts associated with major wind events
of W1, W2, W3, and W4 (Fig. 3.7a) (see chapter 2).
However, surge 2 and surge 5 were thought to be the result of topographic-induced hydraulic jumps,
owing to the interaction of surge 1 and 4, respectively, with the sill-contraction topographic feature (Fig.
3.3). It was also proposed that a mid-basin seiche-induced hydraulic jump was responsible for the sharp
deepening of the isotherms (see Fig. 3.6) of southeast propagating surge 4. To gain insight into how these
surges evolve and whether they are generated by nonlinear steepening or from hydraulic jumps, the flow
evolution of the surges was investigated both near the sill-contraction and at mid-basin.
We first consider the interaction of surge 1 with the sill-contraction (Fig. 3.5). On day of year 271.708
the flow is initially quiescent in the side-basin, and is comprised of upwelled hypolimnetic water due to
the W1 wind event (Fig. 3.7a), resulting in G2 < 1 everywhere (Fig. 3.5a). As the surge propagates past
the sill-contraction, warm epilimnetic water is advected on top of the cold hypolimnetic water, which
leads to a thin surface layer (Fig. 3.5b). Within several hours, a baroclinic two-layer flow is modeled in
the side-basin with upper layer current velocities exceeding 0.45 m s-1 in the vicinity of topographic
feature while the denser hypolimnetic water in the bottom layer is forced to flow out of the side-basin
with velocities up to 0.45 m s-1 over the sill (Fig. 3.5b-d). These currents lead to the formation of a
topographic-induced hydraulic jump (Fig. 3.5b-d), with associated enhanced mixing (Fig. 3.8a), near the
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sill-contraction where G2 > 1, releasing a bore (surge 2 in Fig. 3.6) toward the main basin, as seen from
flow visualization (not shown).
Leaving the jump in its wake, the surge continues propagating southeast, eventually reflecting and/or
breaking on the sloping bed at the southern end of the lake (Fig. 3.5c), generating diapycnal mixing (Fig.
3.8a). The mixed fluid appears to collapse and intrude from the boundary through the metalimnion toward
the sill-contraction (Fig. 3.5c-f), as a vertical mode-two wave. The resulting ~ 0.2 m s-1 metalimnetic jet
shears through the hydraulic jump, at the sill-contraction, reducing the jump strength as G2 becomes < 1
(Fig. 3.5f). Analogous dynamics are modeled when surge 4 collides with the sill-contraction (Fig. 3.5i-j),
generating a northwestward propagating surge 5 (Fig. 3.6).
We also investigate a seiche-induced hydraulic jump occurring near the mid-point of the main basin
of the lake associated with southeast-ward propagating surge 4 that is generated by the strong wind event
W3 (Figs. 3.6, 3.7). The jump propagates from right to left in Fig. 3.5g-h, and is characterized by a steep
shock front of massive amplitude (~ 50 m as seen ~ 18 km from southeastern end) and velocities up to 0.5
m s-1. The presence of a hydraulic jump is confirmed with the flow transitioning from supercritical (G2 >
1) ahead of the jump, to subcritical (G2 < 1) in the wake, with the control point (G2 = 1) propagating along
with the front.
The computed vertical diffusivities confirm enhanced mixing both near the head and in the wake of
the front, where the hydraulic jumps occurs, showing these values to be at least 2 orders of magnitude
larger than before the occurrence of the jump (Fig. 3.8d).

3.4.3 Application of wave degeneration models
We now apply the observed data to test the ability of the predictive models (WN, LN, and the Horn et
al. (2001) degeneration regime theory) to characterize the simulated flow dynamics, including the windinduced surge and hydraulic jump generation at field scale. Fig. 3.7c shows time-series of WN, LN and the
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Horn et al. (2001) regime boundaries (from Eqs. 3.7 and 3.8) separating damped basin-scale waves (Horn
et al. (2001) Regime 1), mid-basin seiche-induced hydraulic jump (e.g., Fig. 3.5g-h) (Horn et al. (2001)
Regime 3) and solitary wave formation due to nonlinear steepening (Horn et al. (2001) Regime 2). There
is good agreement between WN and the strength and duration of major wind events of W1, W2, W3, and
W4 which are in line with the main axis of the lake, lying in a northwest to southeast direction. Calm
conditions before the onset of W1 and after the cession of W1, W2, W3, and W4 wind events are
characterized by high WN. Conversely, during the strong W1, W2, and W3 wind events, winds persisted
above 7 m s-1 on average for more than T1/4 and caused strong seiching and significant upwelling of the
thermocline (Figs. 3.4, 3.7b), corresponding to low WN (i.e., WN = 1, 1.2, and 0.6, respectively). The
computed LN shows a similar response as WN to the applied wind forcing and its magnitude is 1.2 WN
throughout the period. W3 is the strongest wind event with average wind velocities of ~ 10 m s-1 and
gusts exceeding 14 m s-1, resulting in the lowest WN ≤ 0.8 during days 273.6 - 274.2, reaching the bore
zone in Horn et al. (2001) regime theory. Thus, the analytical model predicts the relaxation of upwelling
fluid from the W2 winds by the W3 wind event and the associated surge 4 provide conditions sufficient to
generate supercritical flow at mid-basin, as shown in Fig. 3.5g-h.
The Horn et al. (2001) regime theory in Fig. 3.7c, as characterized by WN (or LN) and h1/H, may be
applied to determine the origin of the surges shown in Fig. 3.6. Each pair of arrows in Fig. 3.7c represents
the evolution of a surge, where the first in each pair shows the generation time and the second shows the
time that the evolved surge was modeled at mid-basin (station S2). The generation time was approximated
by computing the time for a surge to propagate to S2 from the end boundaries at the average modeled
phase speed. There is only one arrow for surge 6 since it vanished beyond S7. Examples of the observed
solitary waves at S2 are shown in Fig. 3.9. The ability of the model to reproduce these high-frequency
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nonhydrostatic features was briefly shown in Boegman and Dorostkar (2011); further details will be
investigated elsewhere.
Surge 1 and 7 formed from the locally downwelled thermocline (see chapter 2) on the northwest slope
of Cayuga Lake, by nonlinear steepening of the initial basin-scale seiche; since WN and LN for each surge
fell into the Regime 2 solitary wave zone (Figs. 3.4, 3.6, 3.7, 3.9e) (Boegman et al. 2005a; Lamb et al.
2005; Boegman and Dorostkar 2011; figs. 3, 1, and 4 therein, respectively). Surge 4 formed on northwest
slope, upon switching of the wind from event W2 to W3, and was the only surge that reached the
hydraulic jump zone (Figs. 3.4, 3.6, 3.7, 3.9c). Surges 3, 6, and 8 formed on the relatively steeper and
narrower southeast slope from an upwelled thermocline (see chapter 2) and were in the solitary wave zone
(Figs. 3.4, 3.6, 3.7, 3.9b, f). These surges appeared to be diminishing and contained less distinctive
solitary-type waves when they reached the mid-basin at S2 (Fig. 3.9b, f). In particular, surge 6 did not
reach the mid-basin observation station (S2) and thus we were not able to confirm if this surge was
accompanied by solitary waves; however, visualizations of the simulated flow field showed this to be a
progressive surge. This is similar to observed surges in Babine Lake (Farmer 1987) and results of a KdVtype model (Sakai and Redekop 2010) showing that surges initiated at the narrow end of a basin diminish
when advancing toward the wider side. Surge 6 also seemed to be in the transition between the solitary
wave and damped seiche zone (Figs. 3.7c, 1), where a steepened seiche front occurs without
accompanying solitary waves.
The lack of distinct solitary waves by the time the surges in Regime 2 reach S2 (Fig. 3.9b, e-f) must
be addressed. The most likely explanation is that the surges have not yet sufficiently steepened. We
computed the steepening time scale (Eq. 3.9, yielding Ts ~ 37 WN (h) for Cayuga Lake) and compared the
resulting Ts for each surge with its theoretical (tt = T1/4 ~ 20 h) and simulated (tm) travel time from one
sloping boundary to S2 at mid-basin. Table 3.1 shows that Ts > tm ~ tt ~ 20 h for all surges in Regime 2
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(i.e., surge 1, 3, 6, 7, and 8) indicating that solitary waves are not expected at S2, in agreement with
observations (e.g., Fig. 3.9). Solitary waves may occur later, as the surges continue to steepen; however,
these have not been clearly observed. It remains likely that for small Ts, emergent solitary wave energy is
lost as the surges interact with the end of the basin at T1/2 ~ 40 h and for long Ts, the surge energy is lost
when new wind events reset the internal wave field, e.g., Ts → 235 h (Gómez-Giraldo et al 2006). In the
laboratory, Boegman et al. (2005a) find that for a sufficiently nonlinear system ω = 1.5 (h2-h1) (h2 WN)-1 >
0.5, nearly all emergent solitary wave energy is lost at the boundary, close to and even before time Ts,
which is the case for surges 1 and 7 (Table 3.1). Observations show the beginning of solitary waves for
surge 1 and 7 (see Fig. 3.9e) with the shortest Ts.
3.4.4 Application of hydraulic control theory
The space-time evolution of G2, computed from Eq. 3.12, along the longitudinal channel centerline
shows the extent of hydraulic control throughout the domain during the simulation (Fig. 3.10). The
contribution from the lower layer Froude number is negligible except at the crest of the sill, where a
control is achieved only during the passage of surge 4, due to the contribution of both internal Froude
numbers (not shown).
Fig. 3.10 also shows the presence of transient topographic-induced hydraulic control regions (i.e., G2
= 1) over the sill-contraction topographic feature as surges 1 (e.g., day ~ 272.93) and 4 (e.g., day ~
274.78) progress from northwest to southeast over the sill. These surges were generated by low WN events
(i.e., WN ≤ ~ 2) (Fig. 3.7) and are shown to interact with the sill-contraction in Fig. 3.5a-f, i-j, respectively.
However, there is neither indication of supercritical conditions (i.e., G2 > 1) nor enhanced mixing when
the southeasterly traveling surge 7 (WN ≥ ~ 2) (Fig. 3.7) reaches the topographic feature at day ~ 277.33
(Figs. 3.6, 3.8, 3.10). Thus, hydraulic control near the topographic feature is ephemeral and does not
occur with weak surges. These topographic controls extended over the entire transverse cross section (not
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shown), confirming that the flow is not locally critical at the channel centre line only (Sannino et al.
2007). Previous oceanic studies are based on the computation of a local G2 often measured near the
channel centerline (Farmer and Armi 1999).
During these events, G2 increases monotonically over the topography, reaches a value of unity in the
throat of the contraction, and continues to grow over the length of contraction until it decreases where the
hydraulic jump occurs (Figs. 3.5, 3.10). Surge 1 is stronger, and hydraulic control occurs through the
contraction when the upper layer is active (Fig. 3.5a-e). However, during the passage of surge 4,
topographic control occur both on the crest of the sill and in the throat of the contraction (Figs. 3.5j, 3.10).
In all these cases, the supercritical regions disappear when the vertical mode-two thermocline jet reaches
the topographic feature and shears through the jump (e.g., Fig. 3.5d-f). Moreover, a virtual control is also
modeled upstream of the fast flowing lower layer (i.e., q2 > q1) when G2 is unity. Virtual controls are only
present on the west side of the sill as qr > 1. The flow is subcritical between these topographic and virtual
controls and supercritical outside (Figs. 3.5b, 3.10), ensuring that internal waves and adjustments in the
side- and main-basins cannot propagate into the contraction through the supercritical zone to reach the
control points, but they can spread in either direction from the subcritical region through the control
points. Thus, the exchange flow within the contraction is determined solely based on the local geometry
and densities of the water masses, and is referred to as maximal exchange (Farmer 2001). However, the
flow is sub-maximal when the exchange is confined to a single control point; the exchange rate is also
influenced by the thermocline depth in the adjoining basins (Hogg et al. 2001).
The modeled G2 data in Fig. 3.10 also show the occurrence of the mid-basin seiche-induced hydraulic
jump (Figs. 3.5g-h, 3.8b), predicted by the Horn et al. (2001) regime diagram (Fig. 3.7). The space-time
characteristics of G2 may also be predicted analytically according to Horn et al. (2001) from Eqs. 3.1, 3.2,
and 3.12, where (d1, d2) are replaced with (h1, h2). The two-layer theory predicts that wind event W3,
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which is predicted to generate a hydraulic jump in Fig. 3.7 by causing the lowest WN values (WN < 0.8),
also generates supercritical flow at T1/4 when the thermocline is horizontal and all seiche energy is in
kinetic form (Horn et al. (2001), their fig. 1).The space-time extent where the modeled flow becomes
supercritical is consistent with G2 > 1 prediction from Horn et al. (2001) two-layer theory (Fig. 3.10), both
showing hydraulic control over a large portion of the mid-basin after the wind event. Our numerical
results show the control point moving toward the southwest in accordance with the traveling surge 4
(associated with the jump) (Fig. 3.5g-h), which is not considered in the theory. This is the first
quantitative confirmation of the applicability of Horn et al. (2001) theory to predict the occurrence of
hydraulic jumps in lakes.

3.5 Discussion
3.5.1 Temporal diagram of WN, LN and Horn degeneration regimes
The degeneration model of basin-scale seiches in lakes, presented in terms of (WN)-1 and depth ratio
(h1/H) (Fig. 3.1) (Horn et al. 2001) only considers the response to single impulse wind events as may be
generated in the laboratory. However, they showed favorable comparison to field data from lakes where
the forcing is likely not purely impulsive. To account for the transient response of a lake to multiple wind
events of differing magnitude and direction, we introduced a temporal diagram, showing the variation of
the predictive models (WN, LN and Horn et al. (2001) regime theory). This required implicit inclusion of
the depth ratio (h1/H), and so limits the analysis to times when it can be assumed there is no seasonal
change in stratification. Calculations were repeated by varying h1 by ± 10% to evaluate the sensitivity of
the predictive models to the position of the thermocline, resulting in a variation of ~ 20%, 5%, and 2% in
the recomputed WN (LN), and boundaries between Regimes 1 and 2, and Regimes 2 and 3, respectively.
Although the predictive models are designed for impulsive wind events, the temporal diagram is
appropriate for Cayuga Lake because each wind event resets the internal wave field, as confirmed from
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the flow field visualization. Gómez-Giraldo et al. (2006) showed that a new wind event will reset the
phase of the internal wave field, which agrees with Stevens and Imberger (1996) that winds for over T1/4
will cause a steady state tilt of the thermocline, effectively resetting any existing basin-scale oscillatory
motions (e.g., basin scale seiches). For W3 and W4 wind events (Fig. 3.7), the wind forcing ceased and
then the thermocline relaxed undisturbed for one cycle of the basin-scale seiche, satisfying the conditions
of the Horn et al. (2001) experiment. For the W2 wind event, the thermocline became fully tilted over the
length of the lake since the wind blew more than T1/4 ~ 20 h, resetting the internal wave phase (but not
the progressive internal surge) set up by the W1 wind event. The thermocline set up by the W2 wind
event was relaxed upon the wind switching to the opposite direction, W3. It is likely that seiching
resulting from the W2 event was superimposed with new seiching caused by the W3 event.
Moreover, periodic forcing does not occur for Cayuga Lake. This may occur in lakes with a sea
breeze (e.g., Lake Kinneret), resulting a quasi-steady state (Boegman and Ivey 2012), which may be in
resonance with the wind event, but with no temporal change in the seiche dynamics. More recent
laboratory work in the same facility used by Horn et al. (2001) suggests that the potential resonant
amplification or destructive interference between the wind and internal wave field required WN (LN) to be
computed from in situ observations of the thermal structure, which has by its nature information on both
internal wave amplitude and phase, rather than WN (LN) from observations of the surface wind stress
(Boegman and Ivey 2012). Comparison of ηo computed from WN for separate wind events was in good
agreement with ηo estimated from the in situ results of the simulated thermal structure, suggesting WN is
indeed appropriate for Cayuga Lake and the wind events do not act resonantly.
The diagram suggests that internal waves are highly responsive to the magnitude of the wind forcing
and results are analogous for WN and LN (LN = 1.2 WN) in similar long narrow deep lakes with near vertical
bathymetry and a two layer stratification. For example, in Brenda Mines Pit Lake, with near vertical
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bathymetry, LN was shown to be equivalent to WN (LN ~WN to within a few percent) over a period with
negligible change in stratification (Stevens and Lawrence 1997). However, LN has been shown to be
larger than WN in other field and experimental studies when the stratification has three-layers (Stevens
and Imberger 1996) or gradually sloping bathymetry (Stevens and Lawrence 1997; Rueda and Cowen
2005).
The diagram also implies that the expected response of a lake to wind forcing is a nonlinear surge
likely followed by solitary waves (Fig. 3.9) when ~ 1 < WN or LN < ~ 2. Cayuga Lake is typically
categorized in the solitary wave zone (Horn et al. (2001) Regime 2) for most of the analysis duration
when ~ 0.8 < WN (LN) < ~ 2-12. The upper limit for the boundary between Horn et al. (2001) Regime 1
and 2 depends on wind forcing and lake characteristics (Eqs. 3.7 and 3.10), so that NLIWs may even
occur for larger WN. This is in agreement with observations from other lakes (Horn et al. 2001; Boegman
et al. 2005a). Field observations in Mono Lake show the steepening of internal waves followed by
packets of solitary waves when LN → 2 (MacIntyre et al. 1999). Asymmetrical waves were observed in
Balderggersee with WN = 9, while damped harmonic oscillations were observed in Windermere with WN =
5 (Horn et al. 2001). Laboratory experiments confirm increasing nonlinearity in the internal wave field
when WN < 3 (Horn et al. 2001; Boegman et al. 2005a).
Fig. 3.7 also predicts the occurrence of mid-basin seiche-induced hydraulic jumps when WN < 0.8 in
Cayuga Lake (Horn et al. (2001) Regime 3); confirming the applicability of Horn et al. (2001) regime
classification to predict hydraulic control, which has heretofore remained quantitatively untested using
both field and laboratory data. Similarly, strong wind forcing caused WN = 0.4 (LN ~ 2.3) for the upper
pycnocline in Mono Lake, resulting in 2 m isotherm jumps (MacIntyre et al. 2009). They suggested these
thermocline depressions were hydraulic jumps generated by WN < 1, but composite Froude numbers were
not calculated.
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In general, the temporal WN can be used in conjunction with the time of surge generation to define if a
surge falls into the solitary wave zone. Correspondence between the time of surge generation and a WN
within the solitary wave zone (e.g., surge 1) gives a progressive surge. If WN at a particular time is in the
vicinity of the solitary wave – damped seiche zone boundary, a steepened seiche front occurs, likely
without accompanying solitary waves (e.g., surge 3), in agreement with the Horn et al. (2001) laboratory
experiments. We find that the temporal WN also predicts mid-basin hydraulic jump formation (e.g., surge
4); however, the correspondence does not occur at the estimated time of surge generation (onset of the
wind event), but rather when the wind and associated thermocline tilt are maximal (Fig. 3.7). These
results support using the maximum WN achieved during a particular wind event to predict the temporal
basin response.
3.5.2 Vertical mixing
Enhanced mixing, with vertical diffusivities ~10-2 m2 s-1, was modeled in the thermocline region near
the head of bore front associated with the hydraulic jumps (Fig. 3.8a, d), both at mid basin and in the
vicinity of the topographic feature; this is suggestive of a broken, as opposed to an undular jump. Surges
without hydraulic jumps are also capable of enhancing mixing if the associated solitary waves are
sufficiently large (Boegman et al 2003; MacIntyre et al. 1999); however, the surge events occurred at
much higher WN than the jumps and such enhanced mixing was not modeled (e.g., surge 7 at topographic
feature (Figs. 3.8c, 3.10) and front of surge 2 at ~ 18 km (Figs. 3.8b, 3.10)). This may be because we do
not resolve these sub-grid scale features.
The computed enhanced mixing is in accordance with oceanic observations over Stonewall Bank
(Oregon continental shelf) where vertical diffusivities were found to be (0.4-2) ×10-2 m2 s-1 (Nash and
Moum 2001), about 2-3 order of magnitude larger than upstream of the jump and in the range of those
observed over seamounts (Lueck and Mudge 1997) and in the deep Brazil Basin over rough topography
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(Polzin et al. 1997). Similar observations may be found in lakes. Large vertical diffusivities, up to 10-2 m2
s-1 and 10-4 m2 s-1, have been observed near the entrance of a side-basin separated from the main-basin by
a sill-contraction in Lake Geneva (Umlauf and Lemmin 2005) and Lake Constance (Heinz et al. 1990),
respectively. For Lake Constance, both dissipation of internal wave energy and vertical diffusivity over
the sill was enhanced by a factor of 34 in comparison to the basin-wide average (Kocsis et al. 1998). Our
results confirm the ability of the MITgcm to predict enhanced diffusivity near topographic features and
within internal bores and jumps.
3.5.3 Simulated currents
The hydraulic calculations presented herein are sensitive to the accuracy of the simulated currents in
Cayuga Lake. Without direct current observations, we seek to justify the simulations through comparison
to published observations from similar systems and analytical models. The simulated baroclinic flows,
with upper and lower layer current velocities up to 0.5 m s-1 in the vicinity of the topographic feature are
plausible, as they are in accordance with observed current data from similar systems. Epilimnetic and
hypolimnetic velocities up to 0.25 m s-1 were observed near the entrance of side-basins in other lakes with
similar geometry to Cayuga Lake (e.g., Babine Lake at ~ 65 m depth (Farmer 1978) and Lake Constance
at ~ 80 m depth (Hollan and Simons 1978; Boehrer et al. 2000)) due to intensification by the narrowing
cross sectional area of the sill. In Lake Geneva, horizontal currents reached 0.25 m s-1 in the epilimnion
(at ~ 7 m depth) and hypolimnion (at ~ 43 m depth) during a wind pulse up to 5 m s-1 (Umlauf and
Lemmin 2005), which is one third the maximum gust observed to generate < 0.5 m s-1 currents in Cayuga
Lake (Fig. 3.7a). The currents in lakes are, as expected, much less than in the more energetic ocean
environment. Current meters recorded velocities up to 1.2 m s-1 near a sill in Kinght Inlet at ~ 60 m depth
(Farmer and Armi 1999) and in the Strait of Gibraltar at ~195 m depth (Farmer and Armi 1988). The
computed near-topography currents in Cayuga Lake are < 0.5 m s-1, close to those observed in other lakes
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and less than those in the ocean. Differences between the lake observations and the model output may be
attributed to occurrence of stronger wind events in Cayuga Lake and/or current measurement instruments
typically averaging with time over 10 s of minutes, whereas our velocities are instantaneous values
integrated over a 2 s time step.
Moreover, since the isotherm displacements are directly coupled to the seiche induced currents due to
the model solving conservation of momentum equations, validation against temperature data has been
shown to be adequate for basin-scale dynamics (Hodges et al. 2000) and the norm for validation of most
hydrodynamic model applications to lakes (Botelho and Imberger 2007; Pan et al. 2002; Appt et al.
2004). However, MITgcm currents have been validated in application to the upper Mid-Atlantic shelf,
reproducing observed current velocities with skill level > 0.7; where a skill level of 1 implies perfect
agreement (Edwards et al. 2004). Most other applications of the MITgcm to the ocean are not validated
against observed data (Vlasenko and Stashchuk 2007).
We further support this indirect validation by comparing simulated currents to the analytical layeraveraged currents from Eqs. 3.1 and 3.2 (using observed lake temperature and wind data), which resulted
in velocities up to 0.9 and 0.25 m s-1 for the upper and lower layers, respectively, at mid-basin, indicating
that the simulated results in Fig. 3.5 are indeed plausible. This provides independent confirmation that the
model is reproducing acceptable currents. These are much larger than the instantaneous velocities shown
in Fig. 3.5g, where the averaged simulated velocities are less than 0.4 and 0.15 m s-1 for the upper and
lower layer, respectively, during the passage of the internal jump.
The modeled three-layer velocity structure in the side-basin of Cayuga Lake (Fig. 3.5c-f) has
previously been observed (Boehrer et al. 2000) and modeled (Appt et al. 2004) in Lake Constance, which
has fairly similar geometry: large depth, elongated shape, steep side walls and a sill separating the larger
main-basin from the smaller side-basin (Lake Uberlingen). In both lakes, higher vertical modal structure
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is only generated after strong wind events (i.e., average wind speed > 4 and 6 m s-1 for Lake Constance
and Cayuga Lake, respectively) blowing toward the main-basin, which generate strong surges at the
downwind end (e.g., surge 1 and 4 but not surge 7 for Cayuga Lake) and cause an upwelling at the
upwind narrower end. After the interaction of these surges with the sill-contraction, a vertical mode-two
response flushes out the metalimnion waters into the wider main basin over a period of several hours. The
metalimnetic jet could be generated due to: intrusion of mixed fluid into the metalimnion (Thorpe 1998)
caused by the shoaling of a surge on sloping topography (e.g., surge 1 in Cayuga Lake, Figs. 3.5c, 3.8a),
in addition to the first depression at the sill (Appt et al. 2004); or upwelling at the end of the side-basin
(Boehrer et al. 2000), generating a new surge (e.g., surge 3 (Fig. 3.6) in Cayuga Lake) at the end of sidebasin.
Similarly, in Quesnel Lake temperature isotherms also revealed a second vertical mode in the sidebasin, which is separated from the main-basin by a shallow sill. The temperature oscillation in the sidebasin was thought to be an intrusive current resulting from mixing of upwelled hypolimnetic water from
the main-basin with ambient water in the side-basin; the mixture being returned to the main-basin when
the upwelling relaxes (Laval et al. 2008). They found the wind-driven exchange flow across the sill to be
at times internally hydraulically controlled, with estimated epilimnetic velocities (using a conceptual
model based on volume and heat budgets) up to 0.25 m s-1, suggesting the occurrence of an internal
hydraulic jump.
3.5.4 Two-layer internal hydraulic theory
The quasi-steady computation of two-layer composite Froude numbers, from model results, was used
to confirm the occurrence of both topographic-induced and mid-basin seiche-induced hydraulic jumps in
Cayuga Lake. The interface between the upper and lower layers was determined as the inflection point in
the longitudinal baroclinic velocity; since the dominant baroclinic response of Cayuga Lake is a vertical
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mode-one seiche with a two-layer velocity structure. However, for some short time intervals when the
thermocline jet was present in the side-basin, there were two inflection points and the interface was
chosen in the middle of these points within the interfacial layer. The two-layer approach has been
frequently applied to the exchange flow in the Strait of Gibraltar (Armi and Farmer 1988; Izquierdo et al.
2001; Sannino et al. 2002), which has a thick interfacial layer, and consequently underestimates hydraulic
control with respect to a three-layer approximation (Sannino et al. 2007). Therefore, neglecting the
interfacial third layer does not affect our conclusion on the presence of hydraulic control near the sillcontraction, where the third layer vanishes. Moreover, other approaches to determine the interface, such
as following the depth of a particular isotherm representing the thermocline (e.g., isotherm 13 C) or using
the depth of largest density gradients within the pycnocline resulted in similar G2 (not shown).
Calculated G2 showed that the supercritical flow was governed by the upper layer at mid-basin, away
from the sill-contraction. This results from the thinner upper layer leading to higher velocities in a
baroclinic flow due to conservation of volume. A more complicated hydraulic response occurred at the
co-located sill-contraction. For surge 1, the interface rose in the side-basin and the critical condition was
primarily due to the upper layer flow, corresponding to the two-layer hydraulic theory of moderate flow
rates with a single control at the crest/narrow (see fig. 3 of Armi and Riemenschneider 2008). However,
for surge 4, both upper and lower Froude numbers contributed to the supercritical flow; although the
contribution of lower layer was less significant. This is likely due to a more intense stratification during
the passage of surge 4, resulting a deeper thermocline and higher lower layer Froude number. In the Strait
of Gibraltar, where there is a separate sill and contraction, the sill primarily acts on the lower layer,
whereas the contraction acts on the upper layer (Sannino et al. 2009). In Cayuga Lake, the height of the
sill (~ 20 m) and the sill height to the local depth ratio (~ 0.1) are much smaller in comparison to the sill
in the Strait of Gibraltar (sill height ≥ 120 m; sill height to local depth ratio ≥ 0.5), suggesting a less
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significant effect from the sill on the lower layer and the dynamics of the flow. Moreover, the width at the
location of contraction is reduced by ~ 40% with respect to the mid basin; much larger than the depth
contraction (~ 10%), agreeing with our results that the contraction dominates the flow dynamics.
Analogous to the Cayuga Lake model and oceanic observations, topographic-induced hydraulic
jumps may occur in other stratified lakes with similar geometry to Cayuga Lake such as Babine Lake
(Farmer 1978), Lake Constance (Appt et al. 2004), Quesnel Lake (Laval et al. 2008), Lake Lucerne (Van
Senden and Imboden 1989), Loch Ness (Thorpe 1971), Seneca Lake (Hunkins and Fliegel 1973). There
are observations showing signatures suggestive of hydraulic jumps when strong currents interact with sill
and/or contraction topographic features. For instance, a sudden increase of temperature followed by a
gradual depression in Loch Ness was proposed to be lee waves produced by the flow of seiche-induced
currents near a sill (Thorpe 1971). Similarly, a 90 m thermocline depression was generated after the
interaction between a surge and sill-contraction in Lake Constance (Appt et al 2004). This is much larger
than surges generated from steepening of the basin-scale internal seiche in other lakes (Hunkins and
Fliegel 1973; Farmer 1978).
In summary, we have quantitatively extended the Horn et al. (2001) regime diagram, showing its
application to Cayuga Lake. The transient version of the Horn et al. (2001) model confirms the prediction
of internal surges as transient functions of Lake and Wedderburn numbers and the occurrence of internal
hydraulic jumps, when these numbers become < ~1 (0.8 in our case). Significantly, internal solitary
waves were not observed to result from nonlinear steepening, because steepening timescales are long
relative to those for wave-boundary interaction and wave-field resetting wind events. Observed solitarylike internal waves were found to be associated with simulated steep internal hydraulic jump fronts. This
qualitative similarity between internal surge and internal jump associated solitary waves has been noted in
the laboratory (Boegman et al. 2005b). The internal jump mechanism may be responsible for similar
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solitary-type wave observations in other long and narrow lakes (e.g., Seneca Lake, Babine Lake and Loch
Ness); this requires further investigation. The first field-scale results from lakes are presented,
quantitatively showing the presence of simulated internal hydraulic jumps generated from horizontal
mode-one seiche currents at mid-basin and the interaction of the baroclinic flow with a topographic
feature. Using high-resolution in a small domain, the hydrostatic version of MITgcm was shown to
reproduce observed isotherms and these transient dynamics, including enhanced mixing near topography
and internal hydraulic jumps, thus supporting application of the model to understand and parameterize
ocean dynamics (Klymak and Legg 2010; Klymak et al. 2010; Boegman and Dorostkar 2011). Due to
numerical dispersion in our setup, similar findings were obtained when the nonhydrostatic version of the
MITgcm was applied for this study. Vitousek and Fringer (2011) have shown that numerical dispersion
will become significant when the thermocline depth is larger than the horizontal grid spacing (i.e., h1 >
dx). In the present study, h1/dx = (113 m)/(19 m) ~ 6 causing small-scale nonhydrostatic features (e.g.,
Fig. 3.9) to result from numerical, as opposed to physical dispersion. Moreover, these features have
wavelengths < ~ 500 m and so are aliased with the 113 m horizontal grid (Boegman et al. 2003; Boegman
and Dorostkar 2011). Further details on the application of the nonhydrostatic version of the MITgcm will
be presented elsewhere. To better understand hydraulic features in long-narrow lakes and confirm our
findings based on measured G2, further observations of temperatures and currents are required in the
vicinity of topographic features and at mid-basin.
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Table 3.1 Averaged Wedderburn number (𝑊𝑁 =

(𝜔 =

3(ℎ2 −ℎ1 )
2ℎ2 𝑊𝑁

ℎ1
𝜂𝑜

), steepening time scale (𝑇𝑠 ~

𝑇1 ℎ2 𝑊𝑁

), and degree of nonlinearity

3(ℎ2 −ℎ1 )

) over the simulated travel time from one basin end to S2 (tm) for surges in Regime 2. na – not

available.

____________________________________________________________
Surge
WN
Ts (h)
ω
tm (h)
____________________________________________________________
1
1.32
48.84
0.88
15.6
3
2.47
91.39
0.44
29.28
6
6.35
234.95
0.17
na
7
2.35
86.95
0.46
13.2
8
4.99
184.63
0.22
25.44

____________________________________________________________
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Figure 3.1: Analytical basin-scale seiche degeneration regime boundaries, plotted in terms of the normalized
initial forcing scale η o /h1 or (WN )-1 and the depth ratio h1 /H. The laboratory observations are also plotted
(star, Kelvin-Helmholtz billows and bores; diamond, broken undular bore; triangle, solitary waves; square,
steepening; circle, damped linear waves). Reprinted with permission from Horn et al. (2001), Cambridge
University Press.
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Figure 3.9: Cayuga Lake temperature record at station S2 showing surges with solitary waves and trailing
high-frequency oscillatory tail for (a, d) northwestward propagating surges 2 and 5, respectively, generated
due to a topographic-induced hydraulic jump; (b, f) northwestward propagating surges 3 and 8 (Regime 2),
respectively, (c) southeastward propagating surge 4 generated due to a mid-basin seiche-induced hydraulic
jump (Regime 3), (e) southeastward propagating surge 7 (Regime 2). Data provided by E. A. Cowen and S.
Schweitzer, Cornell University.
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Chapter 4
Three-dimensional simulation of nonlinear internal wave formation,
propagation and shoaling in Cayuga Lake
4.1 Introduction
Nonlinear internal waves (NLIWs) are prominent features of many stratified lakes and coastal oceans
(e.g., Farmer 1978; Jackson 2007). NLIWs transfer energy from basin-scale motions (e.g., wind energized
linear basin-scale internal waves or seiches and internal tides) to small-scale processes (e.g., turbulent
mixing), through breaking both in the basin interior (e.g., Moum et al. 2003; Preusse et al. 2010) and at
the boundary (e.g., Orr and Mignerey 2003; Boegman et al. 2005a); thus playing a major role in the
energy flux paths (Munk 1966; Imberger 1998). Breaking and shoaling of NLIWs affects physical
processes through enhanced mixing and transport (e.g., Michallet and Ivey 1999; MacIntyre et al. 2009),
biological processes by redistribution of plankton and nutrients (e.g., Nishri et al. 2000; Scotti and Pineda
2007) and geological processes by suspending and transporting sediments (e.g., Bogucki et al. 1997;
Boegman and Ivey 2009). Hence, the ability to understand and model the spatial-temporal variability of
NLIWs would provide further insight into the flux path of energy and mass, and an invaluable tool for
lake and coastal ocean management.
The NLIW life cycle (i.e., evolution, propagation, shoaling and breaking) has been well studied in
two-dimensions at field-scale (large Reynolds number) (e.g., Vlasenko and Hutter 2002; Bourgault et al.
2007; Lamb and Farmer 2011) and laboratory-scale (e.g., Horn et al. 2001; Boegman et al. 2005a;
Aghsaee et al. 2010). However, these processes are fundamentally three-dimensional (3D) at turbulent
scales (Fringer and Street 2003; Barad and Fringer 2010) and the basin-scale (Boegman and Dorostkar
2011; de la Fuente et al. 2010), where they are locally influenced by topography (Thorpe 2005; Vlasenko
88

and Stashchuk 2007; Zhang et al. 2011); however most field-scale modeling of quasi two-dimensional
(2D) narrow lakes and tidal flows has been in 2D (e.g., Vlasenko & Hutter 2002; Scotti et al. 2008; Lamb
and Farmer 2011). Furthermore, it is unclear if the field-scale NLIWs depict similar characteristics as
laboratory-scale flows with low Reynolds number, in which the scale of NLIWs is comparable to the size
of the basin. However, adequately capturing the entire internal wave field and associated turbulence with
a 3D hydrodynamic model remains a challenge (Hodges 2009), particularly by nonhydrostatic behavior of
NLIWs and their sub-grid length scale (Horn et al. 1999).
The nonlinear evolution of basin-scale internal waves is inherently nonhydrostatic (Long 1972;
Lighthill 1978). The nonhydrostatic dispersive effects associated with the wave motion opposes nonlinear
steepening of an initial seiche and when these balance, a trail of high frequency NLIWs evolves
(Boegman et al. 2003; Horn et al. 2001). Also, scale analysis made by Marshall et al. (1997a) suggests
that the hydrostatic assumption is only valid for large-scale motions and starts to break down where the
horizontal length scale of the motion, L < 1-10 km (depending on the strength of the stratification), as the
horizontal scale becomes comparable with its vertical scale. Therefore, NLIWs (L < 1 km) cannot be
captured by most 3D Navier-Stokes models of lakes and oceans that commonly use the hydrostatic
approximation (e.g., POM: Blumberg and Mellor (1987); ROMS: Haidvogel et al. (2000); CWRELCOM: Hodges et al. (2000); FVCOM: Chen et al. (2003)), simulating the nonlinear horizontal
momentum but neglecting nonhydrostatic pressure and subsequently vertical acceleration.
3D nonhydrostatic simulation of the entire internal wave field is difficult because of its highly
multiscale nature from seiches (L < 1-10 km) down to sub-basin NLIWs (L < 100-1000 m) and shear
instabilities (L < 10-100 m). Furthermore, second-order accurate simulations (most hydrodynamic
models) require grid leptic ratio λ= ∆x/h1 < O(1), where ∆x is horizontal grid spacing and h1 is the
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pycnocline depth, to ensure relative dominance of physical over numerical dispersion (Vitousek and
Fringer 2011), imposing significant resolution requirements.
Due to the many complexities associated with 3D simulation of NLIW at field-scale, application of
3D nonhydrostatic models (e.g., MITgcm: Marshall et al. (1997a,b); nonhydrostatic version of POM:
Kanarska and Maderich (2003), SUNTANS: Fringer et al. (2006)) developed over last decade have been
focused on laboratory-scale domains (Kanarska and Maderich 2003; Wadzuk and Hodges 2009), oceanic
domains with two-dimensional geometry (Scotti et al. 2007, 2008) and simplified idealized domains
(Kanarska and Maderich 2003; Fringer et al. 2006; Davies et al. 2009). Only very recently, some limited
work has been published on application of these models to investigate tidally generated oceanic NLIWs
using massive parallel computing clusters (Vlasenko and Stashchuk 2007; Zhang et al. 2011); however,
some of them may not have a suitable leptic ratio to fully capture nonhydrostatic effects.
To date, 3D nonhydrostatic models have not been practically demonstrated for medium- to large-scale
lake modeling and their application for routine modeling of such a system is likely still a decade in the
future (Hodges et al. 2006; Hodges 2009). Botelho and Imberger (2007) simulated wind energized midbasin shear instability for ~ 1 h real time in a small lake (diameter ~ 2.5 km; mean depth ~ 13 m) using
the nonhydrostatic version of CWR-ELCOM. Due to the code being serial, longer runtimes and
simulation of larger lakes at this scale are unfeasible. Lakes, on a transitional scale between laboratory
tank models and oceans, provides a suitable natural laboratory to investigate the ability of numerical
simulation models to reproduce these complex dynamics in closed basins with higher grid resolutions and
Reynolds numbers which may not be achievable in the ocean (e.g., Zhang et al. 2011) and laboratory
(e.g., Boegman et al. 2005b), respectively.
In the present study we apply both hydrostatic and nonhydrostatic versions of a parallel fully
nonlinear model (MITgcm) to simulate, for the first time, NLIW evolution, propagation, and shoaling in a
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closed basin at field-scale. The objectives of this study are to: (1) accurately simulate NLIW dynamics at
large Reynolds number; (2) test the effects of grid resolution and lepticity on both hydrostatic and
nonhydrostatic models at field scale; (3) visualize the effects of localized topography on NLIW
propagation and shoaling; and (4) generalize the results to guide future simulation and field observation
of NLIW shoaling processes.

4.2 Methodology
4.2.1 Study site and field data
Cayuga Lake (Figs. 4.1, 4.2) with a length of 61.5 km, an average width of 2.8 km, a maximum depth
of 132 m, and a surface area of 172 km2 is the second largest and deepest of Finger Lakes, a group of
eleven long and narrow lakes in central New York State. Like the other Finger Lakes, its basin is oriented
in north-south direction with symmetrical steep rocky western and eastern walls that lengthen down to a
flat muddy bottom. The deepest point is located near the mid-lake and the bathymetry is dominated by
shallow mudflats at the northwest and steeper slopes at the southeast. Cayuga Lake is monomictic and
stratifies only during summer, and mixes continuously from late fall through spring (Henson et al. 1961).
Thermistor chain moorings were deployed at four stations (S1, S2, S3 and S4 in Figs. 4.1, 4.2) in
Cayuga Lake to collect water temperature at 25 s intervals during mid-September to mid-November of
2006 (E. A. Cowen and S. Schweitzer, Cornell University, personal communication). Each mooring
included of a series of high- resolution (0.0001 °C) and accuracy (± 0.002 °C) SeaBird SBE-39
thermistors, vertically spaced at depths ranging from 10 m up to 80 m in the water column (Fig. 4.3). A
shore-based Campbell Scientific weather station located on an exposed headland near mid-basin was used
to record wind speed and direction at 10 min intervals, 6 m above the water surface. Winds frequently
shift direction due to cyclonic storms but the prevailing winds are in line with the main axis of the lake,
lying in a northwest to southeast direction (Figs. 4.1, 4.3).
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4.2.2 Numerical set up
The 3D Massachusetts Institute of Technology general circulation model (MITgcm) was employed
for this study. The MITgcm solves the nonlinear, hydrostatic or fully nonhydrostatic Navier-Stokes
equations under the Boussinesq approximation for an incompressible fluid on a staggered, z-level
Arakawa-C grid. The model splits the pressure field into hydrostatic and nonhydrostatic components, and
first solves a two-dimensional Poisson equation for the hydrostatic pressure at the free surface. Then, a
3D Poisson equation for the nonhydrostatic pressure field with Neumann boundary conditions is solved
using a preconditioned conjugate-gradient iteration method to ensure that the evolving velocity field
remains nondivergent. The code is designed with a flexible modular structure, which allows activating or
deactivating easily the nonhydrostatic solution procedure. The model formulation is described in detail by
(Marshall et al. 1997a,b) and its source code and further documentation are available online
(http://mitgcm.org).
The complete description of model setup and sensitivity of the MITgcm parameters in Cayuga Lake
are provided in Chapter 2. Here, we briefly mention the key model characteristics. The model uses a
quasi-second-order Adams-Bashforth time-stepping scheme to step forward variables in time in the
momentum equation. An under-resolved Smagorinsky formulation (with a multiplier of 0.7) was
employed to parameterize the horizontal eddy viscosity. The explicit horizontal diffusivity was set to 10-7
m2 s-1 since an unconditionally stable scalar advection scheme (a direct-space-time scheme) was
employed, introducing numerical diffusivity where needed to eliminate grid-scale noise. The direct-spacetime advection scheme is based on a third order upwind biased method of (Hundsdorfer and Trompert
1994) which employs the flux limiter functions of (Sweby 1984). The vertical eddy viscosity and
diffusivity were computed by the K profile parameterization (KPP) scheme (Large et al. 1994) using a
background vertical viscosity and diffusivity of 10-3 m2 s-1 and 10-6 m2 s-1, respectively. The density was
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computed by the polynomial equation of state of (McDougall et al. 2003). Bottom friction was quadratic
with a drag coefficient of 0.002. The wind stress fluxes at the free surface were calculated using the bulk
formulae (Large and Pond 1981) employed in the model. This study is primarily concerned with wind
forced dynamics since thermodynamic heat transfers at the free surface and land boundaries were shown
to be negligible over the 11-day simulation (Dorostkar et al. 2010).
Simulations were carried out in both the hydrostatic and nonhydrostatic modes of MITgcm using
various uniform horizontal grid resolutions (Table 4.1) and a fixed non-uniform vertical grid resolution.
In the vertical, the domain was discretized into 98 z-level grid points with the resolution of 0.5 m between
10 and 30 m depths, where the density gradient was largest, 1 m toward the surface and from depths 30 to
50 m, and 2.95 m from 50 m depth toward the bottom. All models except the 22×22 m horizontal grid
were initialized from rest and integrated over a period of 11 days, from day 269 until day 280 in 2006.
The nonhydrostatic 22×22 m was run for four days from day 272 until 276, since simulation for the whole
period was impractical (Table 4.1). The initial condition for this model was obtained from a hydrostatic
simulation on the same grid.
All simulations were performed with a fully implicit linearized free surface using quad-core 2.52 GHz
Sparc 64 VII processors on shared-memory Sun SPARC Enterprise M9000 Servers (www.hpcvl.org)
with 2 TB of memory available (8 GB per core). A variable time stepping technique was used to avoid a
long runtime for the more computationally intensive simulations, which were restarted with a time step
half the size of original one when the Courant-Friederich-Levy (CFL) condition was violated in one of the
flow directions. The domain of the nonhydrostatic 22×22 m grid model was discretized with
2400×960×98 ~ 226 million computational cells, representing the 3D basin of Cayuga Lake. This model
was scaled on 90 processors where each one was assigned a sub-domain with 160×160×98 ~ 2.5 million
grid points, yielding an overall wall-clock runtime of ~ 6 months for the 4-day simulation using a 2 s time
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step (~ 106 s wall-clock time per each model time step). The corresponding hydrostatic model takes ~ 8 s
wall-clock time per each 2 s time step. The ratio of these wall-clock times for various nondimensionalized
grid resolutions (i.e., grid leptic ratio) is shown in Fig. 4.4. Table 4.1 presents all descriptive details of the
simulations for which results are presented in the following.

4.3 Results
4.3.1 Model validation
The hydrostatic 450 m and 113 m grid simulations (Table 4.1) were used in previous studies to
validate the model in hydrostatic mode, and understand the dynamics of wind forced basin-scale internal
wave and nonlinear internal surge in Cayuga Lake (Dorostkar et al. 2010; Dorostkar and Boegman 2013).
Temperature contours from these models were compared against field data, yielding good agreement (see
chapters 2 and 3; Figs. 2.5, 3.4). The basin-wide root-mean-square error and correlation factor of 1.9 °C
and 0.7, respectively, were achieved with the 450 m grid model, which is comparable to 3D model
applications in other lakes (Huang et al. 2010; Paturi et al. 2011). However, high frequency motions were
aliased by the grid (see chapter 2).
Here, Fig. 4.5 shows a temperature contour comparison between the nonhydrostatic 40 m grid results
and field observations, where the data have been temporally subsampled at 400 s to visualize a 10-day
period (day 270-280). Similar to coarse hydrostatic models (450 m and 113 m grids), this model
accurately simulates the gross features of basin-scale internal waves and dynamics associated with long
narrow lakes including the observed thermal structure, the linear basin-scale seiche with a horizontal
mode-one period T1 = 80 h (see S3) and progressive nonlinear surge fronts (surges a-f at S2 and S3).
Direct wind-induced surges were suggested to evolve owing to locally downwelled (wind duration Twind <
T1/4; green arrows in Fig. 4.5) and basin-scale upwelled (Twind > T1/4; blue arrows in Fig. 4.5) thermocline
tilts associated with major wind events W1, W2, W3, and W4 (Fig. 4.3). However, distinctive observed
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high frequency nonhydrostatic NLIWs were preferentially associated with surges formed due to internal
hydraulic jumps (red arrows) (Dorostkar and Boegman 2013); because the steepening timescale
associated with solitary wave evolution approximately equals the time for the surges to travel the basin
length and shoal. For instance, the northwest propagating surge b was shown to evolve from a
topographic-induced hydraulic jump when a wind-induced surge interacted with a sill-contraction
topographic feature (Fig. 4.2).
In present work, we validate the model in nonhydrostatic mode and test its ability to capture NLIWs
at field scale by comparing the results from the finest nonhydrostatic model (i.e., 22 m grid) at high
temporal resolution (24 s) during day 272.5 and 273.5 (dashed box in Fig. 4.5), when the field data show
distinctive solitary waves associated with surge b. Hereafter, we refer to this simulation window as the
surge b event. Fig. 4.6 (4.7) shows a detailed comparison between the simulated nonhydrostatic 22 m (40
m) grid and observed NLIWs at S2 and S3 for the surge b event. The 22 m grid model qualitatively
reproduces observed dispersive NLIW packets at these stations. The time of arrival of the steepened
fronts at the stations is delayed in the model; simulated waves are either generated later or propagate
slower than observed. This delay could be related to numerical diffusion damping internal waves and/or
small differences in simulated stratification and wave amplitude, which may all make the celerity of
simulated NLIWs slower than in the field. The solitary wave amplitudes are indeed slightly smaller in the
model probably due to the choice of drag coefficient and horizontal grid resolution, and hence will
propagate slower. Unfortunately, due to the very long run times (Table 4.1) it was impractical to test the
sensitivity of the high-resolution model to the drag coefficient; sensitivity was performed for the basinscale runs (see chapter 2). The differences also could be related to coarseness of the topography and using
a uniform wind field.
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The observed leading waves have a trail of high frequency oscillations, which are not present in our
nonhydrostatic model results (Fig. 4.6). These waves are likely shear instabilities with wavelengths as
small as ~ 10 m as observed in other lakes (Boegman et al. 2003; Gómez-Giraldo et al. 2006). Much
higher resolution model (e.g., ∆x ~ 1 m) is required to capture these motions at such small-scales (see
Botelho and Imberger 2007). Correspondingly, the power spectra of vertically integrated potential energy
(Eq. 2.2) from this model at S3 rolls off before it reaches the sub buoyancy frequency peak near 3-5×10-3
Hz (e.g., ~ 3.2×10-3) (Fig. 4.8), that is characteristic to shear instabilities (Boegman et al. 2003). The
simulated spectral density reproduces clear energy peaks at ~ 7×10-4 and 1.2×10-3 Hz associated with the
surge b event, following the field spectra reasonably and providing a quantitative validation. However,
the model spectra was extracted only for the surge b event and thus does not reveal the observed energy
peak at 3.5×10-6 (80 h), corresponding to the horizontal mode-one vertical mode-one (H1V1) basin-scale
internal seiche, which is accurately reproduced on all grids (see chapter 2).

4.3.2 Hydrostatic vs. nonhydrostatic horizontal grids
The grid refinement (Table 4.1) noticeably changes the temporal evolution of the interfacial
displacement (14°C isopycnal) relative to its mean value during the surge b event in both the hydrostatic
and nonhydrostatic models (Fig. 4.9). For the nonhydrostatic runs, the 450 m grid simulation shows a
linear smooth isopycnal which experiences steepening under further refinement to 113 m grid; a tiny
solitary wave is evolved. As the grid spacing is decreased to 40 m, multiple distinctive solitary waves
form (Fig. 4.9b). Further refinement to 22 m affects the amplitudes and number of evolved solitary waves
but not their wavelengths, reproducing more accurately observed solitary waves (Figs. 4.6, 4.7). Spatial
snapshots of simulated isotherms passing S2 also shows the wavelength remains almost unchanged when
grid is refined from 40 m to 22 m (Figs. 4.10, 4.11).
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The hydrostatic simulations also reproduce a sharp steepened wave front followed by solitary wavelike oscillations, as the grid is refined beyond 113 m (Fig. 4.9a). The hydrostatic 113 m grid result follows
closely the same grid in the nonhydrostatic mode but as the grids become smaller, hydrostatic models
produce more solitary-type waves with smaller amplitudes in comparison with the similar nonhydrostatic
grid. The number of evolved hydrostatic solitary wave-type motions and their wavelengths are grid
dependent. In our simulations, the wavelengths created are 5 times the grid scale for the 40 m (L = 200 m
~ 5 ∆x) and 22 m (L = 110 m ~ 5 ∆x) grid models (Figs. 4.10, 4.11), showing these motions do not behave
as classic grid-scale numerical instabilities. Since there is no dispersive term in a hydrostatic model to
balance the nonlinear steepening, these solitary waves-like motions are falsely generated under a balance
between nonlinear steepening and numerical dispersion (Hodges et al. 2006; Vitousek and Fringer 2011).
The simulated spectral density curves from the nonhydrostatic grids closely resemble the field spectra
over the shown frequency bandwidth, except where they diverge, losing energy to the gird dissipation
(Fig. 4.8a). The frequency and thus model accuracy are increased as grid resolution is refined from 113 m
to 40 m, resolving much smaller timescales and observed energy peaks. However, further refinement to
22 m does not change the frequency in which the simulated spectra diverges from the field, but rather
reproduces a higher energy peak near 1.3×10-3 Hz related to the surge b event. This is in agreement with
the temporal evolution of isotherms from the 40 m and 22 m grids, showing a similar crest-to-crest period
of ~ 812 s at S2 (temporal frequency of ~ 1.2×10-3 Hz) (Figs. 4.6, 4.7) but different wave amplitudes.
Simulated spectra from the hydrostatic grids, with the exception of the 113 m grid, diverge from the
field spectra at a much higher frequency than in the nonhydrostatic models (Fig. 4.8b). The finer
hydrostatic models (40 m and 22 m grid) show energy peaks in the same sub buoyancy frequency band as
shear instabilities. However, these motions are spurious NLIWs that are shifted to higher frequencies
because there is no physical dispersion in the hydrostatic models and thus there is excessive steepening to
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higher frequencies with respect to the nonhydrostatic simulations (Fig. 4.6 and 4.7) (see Discussion).
Similarly, the temporal evolution of simulated isotherms from the 40 m and 22 m grids shows much
smaller crest-to-crest periods of ~ 380 s (~ 2.6×10-3 Hz) and ~ 240 s (~ 4.2×10-3 Hz) for these grids,
respectively, suggesting higher frequency motions in the hydrostatic model.
The observed solitary waves have amplitudes a ≈ 6.5±1.5 m (e.g., Fig. 4.6) at S2 and S3, resulting in
a theoretical solitary wavelength L ≈ 3.6LKdV ≈ 4.16h1h2/(a|h1-h2|)1/2 ≈ 301±35 m (Holloway 1987). Here,
LKdV = [4h12h22/(3a|h1-h2|)]1/2 is the length scale corresponds to approximately half width of the sech2
solitary wave shape from the weakly nonlinear and dispersive Korteweg-de Vries model (Gear and
Grimshaw 1983) for a two-layer stratified system of depth h1 ~ 19 m overlaying depth h2 ~ 67 m assumed
for Cayuga Lake (see chapter 3). The direct observation of NLIWs at S2 and S3 using the phase speed c =
[g′h1h2/(h1+h2)]1/2[1+0.5a(|h1-h2|)/h1h2] = 0.495±0.012 m s-1 (Benny 1966; Boegman et al. 2003), where ′g
is the reduced gravity, also suggests L ≈ 350±100 m. Therefore, our models must resolve NLIWs with
250 m < L < 450 m. The 113 m grid simulation has only 2-4 grid cells per wavelength (2 < L/∆x < 4) and
a large grid aspect ratio (∆x/∆z = 226 > 100), not reproducing observed NLIWs (Fig. 4.8, 4.9). However,
as the simulation grid resolution is increased to 22 m (40 m), ~ 10-16 (10-16) and ~ 11-20 (6-11) grid
cells are used to resolve the amplitude and wavelength of the observed solitary waves (i.e. for the 22 m
grid: 10 < a/∆z < 16; 11 < L/∆x < 20); suggesting minimum of 10 grid cells per wave length/amplitude to
correctly capture these motions.
4.3.3 3D visualization
Our high-resolution 3D simulations allow for investigation of the 3D dynamics of the NLIWs as they
propagate through the lake basin. The 3D propagation and shoaling behavior of the NLIW packets from
surge b and c are visualized by showing the horizontal gradient of the 10 °C isotherm displacement along
the basin (Fig. 4.12). The bands shown are signatures of NLIW packets following the isopycnal
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coordinate depth; similar bands are visible in Satellite images used to illuminate the existence of NLIWs
via their surface manifestations (e.g., Jackson 2007).
Fig. 4.12a shows a northwest propagating surge b (Fig. 4.5, also see 3rd surge in Fig. 2.11, 2.15)
enters the broadening section (x ~ 24 km) near mid-basin on day 272.93. The visualization clearly shows
that, as the wave front extends across the entire width of the lake, it attains a concave curvature due to
refraction; the depth is greater in the center of basin and thus the center of the front propagates faster
toward the northwest slope. On day 273.278, a secondary NLIW packet forms from the oblique
interaction of the front with steep western flank, traveling eastward and eventually shoaling on the milder
eastern shore. Thus, we can clearly see the importance of 3D effects.
Fig. 4.12b visualizes a southeastward jump front (surge c in Fig. 4.5, also see 4th surge in Fig. 2.11,
2.15) formed due a seiche-induce hydraulic jump at mid-basin (see Dorostkar and Boegman 2013).
Interaction with the lake topography generates two well-defined wave fronts (see bands near x ~16 km);
one shoals on the western flank. However, the other one continues northward until it encounters and
propagates around a topographic headland (x ~9 km); creating transverse NLIWs that shoal on the eastern
lateral boundary (i.e., day 274.694 and 274.75). As the wave packets propagate through the sillcontraction feature, a stationary hydraulic jump forms (see Dorostkar and Boegman 2013) and similar
shoaling behavior occurs. The surge moves southeast where it interacts with a submerged ridge, again
generating transverse propagating NLIW packets. This is consistent with the simulated temperature
isotherms along the thalweg profile but provides a clear 3D picture of NLIW behavior as they propagate
and shoal.
In addition to 3D NLIW dynamics, horizontal gyres are modeled to form in this long narrow lake.
The gyres are visualized with simultaneous snapshots of the modeled flow field currents (at 0.5, 18.75
and 45.5 m depth) and temperature isotherms along the Cayuga Lake thalweg profile (Fig. 4.13). A
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double gyre pattern is simulated near a headland area (x = 26-32 km) as the baroclinic jump front (surge c
in Fig. 4.5 and 4.12b) associated with the strong W3 wind event (wind speed > 10 m s-1; Fig. 4.3)
propagates southeast. The gyres are only modeled in the upper layer where the stronger upper flow travels
northwest, and they disappear as the wind calms and the upper flow changes direction (e.g., day 274.31
and 274.44). The gyres are stronger around the depth of the thermocline (i.e., 18.75 m depth) and persist
for a longer period as the front leaves the headland area beyond day 274.21. These local (not basin scale)
gyre patterns are likely developed due to sharp shoreline irregularities (i.e., headland) and strong flow
velocities from the baroclinic jump flow (see Rueda and Vidal 2009).

4.4 Discussion and Conclusions
4.4.1 3D life cycle of NLIWs
The life cycle of NLIWs (wind or tide energized) is well investigated in two-dimensions both at fieldand laboratory-scales (e.g., Vlasenko and Hutter 2002; Moum et al. 2003; Boegman et al. 2005a; Lamb
and Farmer 2011). Three-dimensional nonhydrostatic models have not been generally applied to real 3D
domains and validated against observed data due to the many complexities associated with 3D simulation
of NLIWs at field-scale. Only very recently, some limited work has been published on application of
these models to investigate oceanic NLIWs using parallel computing clusters; some of them may not have
a suitable leptic ratio to fully capture nonhydrostatic effects (see Table 4.2). Wadzuk and Hodges (2009)
used a 3D nonhydrostatic model to replicate the nonlinear evolution of wind forced internal waves based
on laboratory experiments of Horn et al. (2001); however, their model visualizations remained 2D and
consequently, there is a gap in understanding the multiscale 3D dynamics of NLIWs in complex natural
systems (e.g., Barad and Fringer 2010; Botelho and Imberger 2007).
We qualitatively reproduced the spectrum of internal waves in Cayuga Lake ranging from the basinscale seiches (L = 60 km) down to high frequency nonhydrostatic NLIWs (250 m < L < 350 m) in the 10-3
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Hz frequency band using ~ 230 million computational cells. To our knowledge, these are the most
computationally intensive simulations of this type to date (O. Fringer, personal communication). We were
unable to simulate shear instabilities, which have ~ 20 m wavelengths, well below our model resolution.
4.4.2 Topographic effects
The NLIW propagation in long narrow quasi 2D lakes where the bottom topography has irregularities
(e.g. headlands, bends, sills and canyons) is fundamentally 3D and some interesting 3D effects may
develop. We showed that as primary NLIW packets along the longitudinal axis of the basin propagate
obliquely to the sloping bottom (e.g., due to wave refraction or presence of headlands), secondary
transverse NLIW packets form due to wave-bathymetry interaction and shoal across the basin on the
transverse boundaries; as shown previously (Thorpe and Haines 1987; Thorpe 1997). Oceanic studies
show that the 3D process of wave shoaling differs from 2D evolution; particularly production of concave
or convex fragments of the wave fronts due to wave refraction developing in the areas of local bottom
elevation/depression (Vlasenko and Stashchuk 2007; Guo et al. 2011).

4.4.3 NLIW wave amplitude and phase speed
The arrival time of the steepened fronts was delayed for several hours relative to the observations and
the amplitudes of the simulated NLIWs were slightly underpredicted. These discrepancies could be due to
the use of a uniform wind field, the coarseness of the bathymetry and grid resolution, choice of drag
coefficient and numerical errors. Similarly, nonhydrostatic SUNTANS applied to study the tidallyinduced NLIWs in the South China Sea underpredicted the amplitude of observed NLIWs by 30%-50%
due to their relatively coarse grid resolution (∆xmin = 75 m), not capturing the dispersion of the steep
solitary waves as they travel across the basin (Zhang et al. 2011). They also argued that insufficient
bathymetric resolution causes an underprediction of barotropic currents, which leads to an underpredition
of the internal wave amplitude. Moreover, de la Fuente et al. (2010) numerically solved the two-layer
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inviscid weakly nonhydrostatic shallow water equations for Lake Constance and showed the amplitude of
solitary waves is sensitive to the drag coefficient. They found that increasing the interfacial density
difference improves prediction of the arrival time of NLIWs that are delayed due to numerical diffusion.
4.4.4 Grid lepticity effects on hydrostatic and nonhydrostatic models
Here, we discuss our results in the context of Vitousek and Fringer (2011) who showed the KdV
equation, resulting from second-order accurate central differencing approximation, differs from the
undiscretized KdV equation due to addition of numerical dispersion primarily from the discretization of
the baroclinic pressure gradient term. They defined the ratio of numerical to physical dispersion as Kλ2 =
K(∆x/h1)2, where K is an O(1) constant dependent on the discretization of the governing equations. Thus,
a leptic ratio λ of O(1) ensures accurate nonhydrostatic modeling of NLIWs by minimizing the model
induced dispersion relative to the physical dispersion arising from the nonhydrostatic pressure field. The
theoretical solitary wavelengths from hydrostatic (physical dispersion was set to zero) and nonhydrostatic
KdV equations were shown to scale with the grid lepticity as Lh/LKdV = λK1/2 and Lnh/L KdV = (1+Kλ2)1/2.
Both hydrostatic and nonhydrostatic models, with large grid lepticity, show virtually identical results
as numerical dispersion dominates the solution of both equations. For example, we showed that the power
spectra and isotherm displacements from our hydrostatic and nonhydrostatic 113 m grids (λ113 ~ 6 > 1) are
similar. This is also confirmed through comparing theoretical hydrostatic and nonhydrostatic solitary
wavelengths from this grid, resulting in Lh(113)/Lnh(113) ~ λ113/(1+ λ1132)1/2 ~ 1. Correspondingly, Vitousek
and Fringer (2011) showed the results from discrete hydrostatic and nonhydrostatic KdV equations were
indistinguishable when λ = 10. Similarly, Wadzuk and Hodges (2009) concluded that hydrostatic and
nonhydrostatic models are very similar until the development of solitary waves, at which point the model
results deviate. Here, the 113 m grid has a large grid aspect ratio ∆x/∆z ~ 230, where ∆z is vertical grid
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scale, and thus the nonhydrostatic effects are small. This is consistent with Hodges et al. (2000), who
suggested that nonhydrostatic processes will not be captured when ∆x/∆z ≥ 100.
The length scale of the leading nonhydrostatic solitary wave is a good gauge of the numerical
dispersion, so that as grid lepticity increases, motions with smaller wavelengths evolve until a lepticity ~
O(1) when the wavelength of leading solitary wave converges to the correct value and remains constant
(Vitousek and Fringer 2011). This is because the physical dispersion which is usually fixed for a given
problem dominates the numerical dispersion for λ ~ O(1). Our results show the nonhydrostatic Cayuga
Lake model converges to the accurate solution as the grid is refined from 40 m (λ40 = 2.1) to 22 m (λ22 =
1.2); evolving solitary waves with almost unchanged wavelengths; although wave amplitudes are affected
and run times are significantly increased (Fig. 4.4). This is in agreement with the theoretical solitary
wavelengths from these grids, showing Lnh(40)/Lnh(22) ~ ((1+λ402/(1+λ222))1/2 ~ 1.4. Also, the simulated
wavelengths in our nonhydrostatic model are always larger than those in the hydrostatic model due to the
presence of physical dispersion, in agreement with theory where Lnh/Lh ~ (1+1/λ2)1/2 ≥ 1. Similarly,
comparison of nonhydrostatic model ispopycnal displacements with laboratory measurements for three
different horizontal grids showed that the principal difference is in the peak solitary wave amplitudes,
with smaller effects in solitary wavelength (Wadzuk and Hodges 2009); they briefly concluded that the
grid is converged. This is because small grid leptic ratios (λ = 2.3, 1.1 and 0.1) were used and thus the
numerical dispersion was minimized. Their simulated solitary wavelengths compared reasonably well
with the laboratory results when λ = 1.1 and remained almost unaffected with λ = 0.1.
Grid refinement in hydrostatic models with no physical dispersion leads to considerably less
dispersion (with respect to nonhydrostatic counterparts) as numerical dispersion decreases proportionally
to the grid resolution squared. Thus, hydrostatic waves steepen into a train of smaller solitary-like waves,
representing a balance between nonlinear steepening and weak numerical dispersion. These waves are not
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present in dispersion-free analytical KdV solutions (Horn et al. 1999). The length scale of these motions
continues to decline toward zero upon lepticity refinement due to lack of physical dispersion.
Accordingly, the 40 m and 22 m grid hydrostatic simulations produce a packet of sharper and narrower
artificial solitary-like waves (against nonhydrostatic counterparts) with different grid dependent
wavelengths. The ratio between the computed solitary wavelengths from these grids (i.e., 200 (m) /110
(m) = 1.8; see Fig. 4.10, 11) compares very well with the theoretically expected value Lh(40)/Lh(22) ~ λ40/λ22
~ 1.8, confirming the length scale of these motions is highly dependent on numerical dispersion and
thereby grid resolution. Similar spurious solitary-like waves were modeled to evolve with fine enough 3D
hydrostatic models in the idealized South China Sea (Vitousek and Fringer 2011) and laboratory-scale
(Hodges et al. 2006; Wadzuk and Hodges 2009) studies. Interestingly, Hodges et al. (2006) noted that the
wavelengths of the numerically evolved wave train were 6 times grid cells as opposed to 5 times grid cells
in our model. This needs more investigation.
4.4.5 Benchmarks for 3D nonhydrostatic simulations
Comparison of the grid leptic ratio from other field-scale studies (Table 4.2) provides benchmarks for
defining computational limits for 3D NLIW simulation in various systems. Our model employs 20 times
the unstructured grid cells of the Zhang et al. (2011), who attained the highest resolution simulation of
NLIWs in the South China with a mean resolution of 1400 m, yielding an average grid lepticity of λ ~ 7.
Thus, the physical dispersion in their model is overwhelmed by numerical dispersion by a factor of 3.5,
leading to production of fewer solitary waves owing to excessive dispersion (i.e., physical plus numerical
dispersion). Similarly, Vlasenko and Stashchuck (2007) achieved λ ~ 3, simulating the shoaling and
breaking of initialized NLIWs in the Andaman Sea. Vlasenko et al. 2009, who applied the MITgcm to
simulate evolution and propagation of initialized NLIWs in the Strait of Gibraltar attained λ ~ 0.7 and 3
along and cross the strait, respectively. The main focus of their study was on cross-strait variability of
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these waves and their interaction with lateral boundaries; thus radiation of secondary waves from
topographic features is most likely contaminated by numerical dispersion. Both the present study and Lai
et al.’s (2010) simulation of Stellwagen Bank in Massachusetts Bay comprised at least 10 grid points
across the wavelength with a leptic ratio O(1); ensuring minimal numerical relative to physical dispersion.
We found the NLIW amplitudes to be reasonably simulated with 10-16 grid points over the wave
amplitude. However, previous laboratory-scale nonhydrostatic modeling of NLIWs suggests that
changing the number of vertical grid cells per wave amplitude from two to seven (for λ < 2) had a much
stronger effect on the simulated wave phase speed rather than the peak amplitude (Wadzuk and Hodges
2009). Similarly, Vitousek and Fringer (2011) used only two grid points in the idealized South China Sea;
arguing that vertical resolution does not affect the results as long as stratification is reasonably captured.
Extensive computational resources are required to solve a 3D elliptic Possion equation for the
nonhydrostatic pressure field, increasing the computation time of an already prohibitively large
computational domain particularly for low values of grid leptic ratio (Fig. 4.4). We showed that the ratio
of wall-clock time between nonhydrostatic and hydrostatic simulations on the same grid (nonhydrostatic
overhead) increases linearly with lepticity refinement until λ ~ 2 where the nonhydrostatic overhead is
2.5. However, the overhead sharply rises for λ ~ 1 so that the nonhydrostatic model takes 13 times longer
than the hydrostatic counterpart. Similarly, the nonhydrostatic overhead changed linearly (but with much
smaller slope) in the simulation of South China Sea using SUNTANS when λ varied from 8 to 0.25, while
nonhydrostatic overhead diverged sharply around λ ~ 2, which is effectively the margin above which
physical nonhydrostatic effects are overwhelmed by numerical effects (Vitousek and Fringer 2011) (Fig.
4.4). The nonhydrostatic overhead was only increased by a factor of ~ 1.5, as opposed to 5 in our
simulation when λ was refined from 2 to unity. The discrepancies are because their simulation was done
in a 2D domain, thus not solving the 3D elliptic pressure solver, with O(103) less computational cells and
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constant horizontal and vertical mixing schemes, as opposed to the Smagorinsky and KPP schemes,
respectively, in our simulations. The differences in code efficiency (MITgcm vs. SUNTANS) and cluster
architecture could also affect the results.
However, our model with lepticy ~ O(1) runs 45 times slower than real time, requiring 180 wall-clock
days for the simulation of the results presented here. Thus, presently, application of 3D nonhydrostatic
models to medium-sized and large domains with sufficient grid to capture NLIWs requires massive
computational power. Extrapolating Fig. 4.4 to resolve the higher frequency shear instabilities shown in
Figs. 4.6-4.8 would require λ ~ ∆x/h1 ~ (1 m)/(19 m) ~ 0.05, which will likely remain extremely
computationally prohibitive for simulations in medium sized lakes over several minutes.
From this discussion we generalize that correctly simulating NLIWs using second-order simulations
requires horizontal grid resolutions that are an order of magnitude smaller than the wavelength and
amplitude with a leptic ratio ~ 2. For lakes and oceans with h1 ~ 10 m and ~ 100 m, this requires ∆x ~ 20
m and 200 m, respectively. A search of the literature shows that, apart from recent studies, these
requirements are generally not satisfied (e.g., Table 4.2). The wavelength and amplitude requirements are
somewhat less restrictive, with NLIWs in lakes and oceans having typical wavelengths L ~ 500 m and ~
5000 m and amplitudes a ~ 10 m and ~ 100 m (e.g., Boegman et al 2003; Helfrich and Melville 2006),
respectively, requiring 50 m < ∆x < 500 m and 1 m < ∆z < 10 m.
In summary, we have simulated the evolution, propagation and shoaling of NLIWs in the closed
domain of Cayuga Lake as an analogue of the global ocean; NLIWs were qualitatively resolved using ~
11-20 grid points across the wavelength and a grid lepticity of O(1), ensuring these waves were physically
derived. Thus, MITgcm was validated against field observations; supporting the application of this model
with similar metrics to understand ocean dynamics. The evidence of 3D wave dynamics was shown,
suggesting a 3D approach to correctly describe wave shoaling in other quasi two-dimensional systems
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such as narrow lakes, lochs, fjords and estuaries. Future work will apply the model results to quantify the
temporal distribution of energy and flux between different components of internal wave field at fieldscale. This will provide more accurate lake-wide estimates of the energy flux paths in closed basins.
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Table 4.1 Details of simulation experiments
__________________________________________________________________________________________________________________

Computation
Computational Horizontal
Time
CPUsd RUTe RETf/RUT
(day)
mode
cells
grid (m)
step (s)
_____________________________________________________________________________________________
120x48x98
~ 454
12
10
11
0.066
1
Ha
120x48x98
~ 454
12
10
11
0.082
2
NHb
3
H
480x192x98
~ 113
4
36
11
0.052
4
NH
480x192x98
~ 113
4
36
11
0.12
50
11
NAg
5
H
1380x540x98
~ 40
1-16c
c
6
NH
1380x540x98
~ 40
2-16
50
11
NA
7
H
2400x960x98
~ 22
1-16c
90
5
NA
8
NH
2400x960x98
~ 22
2
90
4
45
_____________________________________________________________________________________________
a
hydrostatic mode; bnonhydrostatic mode; cvarible time stepping technique in which simulations were restarted with
a time step half the size of original one; dquad-core 2.52 Ghz Sparc64 VII processors on Sun SPARC Enterprise
M9000 Servers; erun time of the simulation; freal time of the simulation; gnot available.
Run

Table 4.2 List of three-dimensional nonhydrostatic studies with their grid lepticity
______________________________________________________________________________________
∆xa
h1 b
λc
Reference
Study site
3D code
(m)
(m)
_______________________________________________________________________________________
SUNTANS
1400
200
7
Zhang et al. 2011
South China Sead
Luzon Strait
MITgcm
250
80
3.1
Guo et al. 2011
Andaman Sea
MITgcm
250
75
3.3
Vlasenko and Stashchuk 2007
Stellwagen Banke
FVCOM
15
20
0.8
Lai et al. 2010
Gibraltar Strait
MITgcm
50
75
0.7
Vlasenko et al. 2009
Cayuga Lake
MITgcm
22
19
1.2
Present study
_______________________________________________________________________________________
a
grid size; beffective upper layer depth; cgrid lepticity; dmean grid size was used for calculations; egrid size of 15 m
covered the entire region of wave generation, propagation and shoaling, stretching to 200 m near the open boundary.
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Figure 4.1: Cayuga Lake bathymetric map showing the location of the meteorological station. Depth contour
isobaths are 30 m. Thermistor strings were deployed at stations S1, S2, S3, and S4. The origin of the
coordinate system is at the south-west boundary of the domain.
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Figure 4.2: Cayuga Lake thalweg (deepest point along the lakes longitudinal axis) profile showing the
locations and depths of thermistors at stations shown in Fig. 4.1 as well as the sill-contraction topographic
feature. Thermistor strings were deployed at stations S1, S2, S3.
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Figure 4.4: Ratio of nonhydrostatic versus hydrostatic wall-clock time as a function of the grid leptic ratio for the present study using MITgcm (blue line), and the idealized South China Sea simulation in a
two-dimensional domain using SUNTANS (Vitousek and Fringer 2011) (red line). The ratio between computational cells of these simulations is shown for the lepticity 2 and 1.

112

(S2)
−10

a
↓

b
↓

c
↓

(S3)
d
↓

e
↓

f
↓

a
↓

b c
↓ ↓

d e
↓ ↓

f
↓

(oC)
20
19

−20

Depth (m)

18
17
(a)

−30

16
15
−40

14
13
12

−10

11
10
−20

Depth (m)

9
8
−30
7

(b)

6
−40
5
4
270

272

274
276
Julian Day in 2006

278

280 270

272

274
276
Julian Day in 2006

278

280

Figure 4.5: Cayuga Lake temperature contours at stations S2 and S3 from the (a) nonhydrostatic model with
40 m horizontal grid spacing, (b) field data. Model data are interpolated to the same depths of the thermistors
in the field, as shown with filled circles on the vertical axis. The field data are resampled at the model time
interval (400 s) without filtering. Arrows show the time surges a-f pass S2. (S3). Surges generated due to
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the solitary waves from the 40 m and 22 m grid models, respectively, during the surge b event shown in the
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Figure 4.6: Close-ups of Cayuga Lake temperature record at station S2 and S3, showing surges with solitary
waves and trailing high-frequency oscillatory tail for (a) hydrostatic 40 m grid spacing; (b) nonhydrostatic
40 m grid spacing; (c) observed data. Field data provided by E. A. Cowen and S. Schweitzer, Cornell
University.
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Figure 4.7: Close-ups of Cayuga Lake temperature record at station S2 and S3, showing surges with solitary
waves and trailing high-frequency oscillatory tail for (a) hydrostatic 22 m grid spacing; (b) nonhydrostatic
22 m grid spacing; (c) observed data. Field data provided by E. A. Cowen and S. Schweitzer, Cornell
University.
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Figure 4.10: Instantaneous spatial snapshots of simulated isotherms passing S2 from (left panel) hydrostatic
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Figure 4.11: Instantaneous spatial snapshots of simulated isotherms passing S2 from (left panel) hydrostatic
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Figure 4.12: Plan view of the instantaneous simulated horizontal gradient of the 10 ◦ C isotherm displacement showing signatures of nonlinear internal waves along the basin for a (a) northwest propagating surge
(surge b in Fig. 4.5); (b) southeast propagating surge (surge c in Fig. 4.5). Cayuga Lake bathymetric maps
with 20 m contour isobaths are also shown. There is120
a 6 m (5 m) shift in easting direction between adjacent
frames in panel a (b). The time of each snapshot is shown in Julian days.
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Figure 4.13: Instantaneous snapshots of simulated currents at various depths (Z 1 = 0.5, Z 2 = 18.75 and Z 3 = 45.5 m) including modeled
temperature isotherms along the thalweg profile and wind data. Wind speeds are shown above the two outer circles between 60◦ and 90◦ .
There is a 6 m shift in easting direction between frames shown for the various depths. The time of each snapshot is shown in Julian days.
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Figure 4.13: Instantaneous snapshots of simulated currents at various depths (Z 1 = 0.5, Z 2 = 18.75 and Z 3 = 45.5 m) including modeled
temperature isotherms along the thalweg profile and wind data. Wind speeds are shown above the two outer circles between 60◦ and 90◦ .
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Chapter 5
Conclusions
This thesis investigates the hydrostatic and nonhydrostatic baroclinic response of Cayuga Lake to
surface wind forcing to understand the three-dimensional (3D) dynamics of the internal wave field, from
an initial seiche to nonlinear internal waves (NLIWs), using the parallel MITgcm. Main findings of this
research are: (1) the MITgcm was validated in both hydrostatic and nonhydrostatic modes in a closed
natural system using temporally high-resolution temperature observations; (2) an observed shock front,
was modeled to be an internal hydraulic jump, occurring at mid-basin during strong winds. This is the
first simulation of a mid-basin seiche-induced hydraulic jump (supported by field data) due to super
critical conditions in a lake. It was also shown that topographic-induced internal hydraulic jumps form
when strong nonlinear surges interact with a sill-contraction topographic feature; (3) the evolution,
propagation and shoaling of NLIWs in the closed domain of Cayuga Lake was simulated using ~ 230
million computational cells. NLIWs were qualitatively resolved using ~ 11-20 grid points across the
wavelength and a grid lepticity of O(1). It was shown that propagation of NLIW packets is fundamentally
3D even in a long narrow quasi two-dimensional lake where the bathymetry has irregularities. Further
details on the main findings are given below.
Using the results of a hydrostatic 450×450 m (horizontal) grid simulation and high-resolution
temperature time-series observations, the model was validated and its sensitivity was examined to
different model parameters, which are typically set with little or no sensitivity analysis; the model is not
regularly calibrated against existing field data (e.g., Weijer, 2005; Nycander et al. 2007). The coarse grid
model skill was found to be insensitive to the bottom drag coefficient. The values of the horizontal eddy
viscosity were shown to not be very critical for numerical simulation of the resolved basin-scale motions;
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they were in the range of 1-4 m2 s-1 in the epilimnion. However, the employed KPP vertical mixing
scheme showed strong sensitivity to background vertical viscosity and diffusivity (when > 10-5 m2 s-1),
predominating through the thermocline and upper hypolimnion, away from the turbulent surface and
bottom boundary layers; thus affecting the vertical stratification. The model result was significantly
improved with polynomial equation of state (EOS) formulas in comparison to a linear EOS, particularly
in the metalimnion. Upon employing a polynomial EOS, a Smagorinsky scheme for the horizontal
viscosity and the KPP scheme for vertical mixing with a background vertical viscosity of 10-3 m2 s-1, the
model accurately reproduced the observed vertical stratification and dynamics associated with long
narrow lakes including thermocline upwelling along the sloping topography at both ends of the lake, a
horizontal mode one seiche with a period of T1 = 80 h and progressive nonlinear surges. From a statistical
point of view, the model achieved a basin-wide correlation factor and root-mean-square error of 0.7 and
1.9 °C, respectively. However, the model results showed slightly less accuracy in strongly stratified
regions with root-mean-square error of 2.7 °C, likely due to the failure of the KPP closure scheme to
resolve strong stratification and the inability of this coarse model to reproduce sub-grid-scale and
nonhydrostatic features.
The same model but with 113×113 m (horizontal) grid was used in conjunction with field
observations to characterize the degeneration of the internal wave field in terms of externally measured
scaling parameters (i.e., composite Froude number (G2), Wedderburn number (WN), and Lake number
(LN)). We quantitatively extended the Horn et al. (2001) laboratory-scale degeneration regime diagram to
account for the transient response of a lake to multiple wind events of differing magnitude and direction.
This transient diagram was applied to Cayuga Lake where wind forcing was not periodic and wind events
reset the internal wave field. The typical Cayuga Lake response was shown to be a nonlinear surge when
~ 1 < WN (LN) < ~ 2-12 and a surge with evolving NLIWs when WN or LN < ~ 2, in agreement with
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published laboratory studies. The diagram predicted the occurrence of an internal hydraulic jump at midbasin during strong winds, when WN < ~1 (0.8 in our case); the super critical conditions were correctly
predicted using the composite Froude number (i.e., G2>1). This is the first simulation, to our knowledge,
of a hydraulic jump (supported by field data) generated from horizontal mode-one seiche currents at midbasin in a lake, quantitatively confirming the applicability of Horn et al. (2001) theory at field-scale.
Moreover, topographic-induced internal hydraulic jumps were shown to occur when the nonlinear surges
interacted with a sill-contraction topographic feature. Computed vertical diffusivities were enhanced by
two orders of magnitude both within the surges and hydraulic jumps as they propagated through the basin
and interacted with topography. In contrast to published literature, the observed high-frequency solitarylike waves were preferentially associated with simulated internal hydraulic jump fronts, as opposed to
steepened internal surges; because steepening timescales were long relative to those for wave-boundary
interaction and wave-field resetting wind events. The surges were shown to originate from three
mechanisms: (1) a wind-induced wave of depression at the lee shore when wind blows < T1/4, (2)
upwelled fluid volume at the windward shore when wind blows > T1/4 and the thermocline is tilted over
the length of the basin, and (3) the occurrence of topographic-induced and/or mid-basin seiche-induced
internal hydraulic jumps.
Both hydrostatic and nonhydrostatic models were used to investigate the 3D dynamics of NLIWs in
Cayuga Lake using various horizontal grid resolutions. The 22×22 m (horizontal) nonhydrostatic grid
reproduced quantitatively the formation, propagation and shoaling of NLIWs using ~ 11-20 grid points
across the wavelength and a grid lepticity λ of O(1), ensuring the dynamics of these waves were
dominated by physical rather than numerical dispersion. From grid resolution study, the 113 m
hydrostatic and nonhydrostatic grids showed virtually similar results with a large grid lepticity (i.e., λ ~
6), as numerical dispersion dominated the solution of both models. As the grid was refined from 40 m (λ
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~ 2) to 22 m (λ~ 1), the nonhydrostatic model converged to the accurate solution; evolving solitary waves
with almost unchanged wavelengths. However, the 40 m and 20 m grid hydrostatic simulations produced
a packet of smaller spurious solitary-like waves (against nonhydrostatic counterparts) with different grid
dependent wavelengths, representing a balance between nonlinear steepening and numerical dispersion in
the absence of physical dispersion. It was shown that the ratio of wall-clock simulation time for the
nonhydrostatic model to that for the hydrostatic model increased linearly with lepticity refinement until λ
~ 2 where it rose sharply by a factor of 5 for λ ~ 1; suggesting λ ~ 2 is effectively the margin above which
physical nonhydrostatic effects are overwhelmed by numerical effects. Extrapolating our results to
resolve higher frequency shear instabilities (wavelength ~ 10 m), we concluded that such a simulation
will likely remain extremely computationally prohibitive in lakes for simulations lasting longer than
several minutes of wall-clock time. Local gyre-like patterns and secondary transverse NLIW packets were
visualized to result from wave-topography interaction, suggesting that NLIW propagation in long narrow
lakes where the bottom topography has irregularities is fundamentally 3D.
In summary, the MITgcm was validated for basin-scale hydrostatic and small-scale nonhydrostatic
processes against temporally high-resolution field observations in a closed natural system. This system
can be interpreted as an ocean analogue and thus supports the application of this model with similar
metrics to understand the ocean dynamics. It was found that the MITgcm ability to model basin-scale
processes is notably sensitive to the choice EOS formula and vertical mixing parameters; implying that
the model should not be applied without validation against field observations to ensure that the governing
physical processes are correctly captured. We suggest employing the McDougall et al. (2003) polynomial
EOS, constant eddy viscosity O(1) or Smagorinsky with multiplier O(1) for the horizontal mixing and
background vertical viscosities in the range of 10-3-10-4 m2 s-1 with the KPP vertical mixing scheme for
application of MITgcm to studies where large temperature gradients occur (e.g., stratified lakes). Our
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results on the topographic-induced and mid-basin seiche-induced hydraulic jumps, surge generation
mechanisms and evidence of 3D wave dynamics (e.g., secondary transverse waves) can be generalized to
other similar quasi two-dimensional systems (e.g., long narrow lakes, lochs and fjords) with similar
geometry including sill-contraction topographic features. We suggest that accurately resolving NLIWs
using second-order simulations needs horizontal grid resolutions that are O(1) smaller than the
wavelength and amplitude with a leptic ratio of O(1); however, the former is less restrictive in lakes and
oceans.
To better understand hydraulic features in long-narrow lakes and confirm our findings based on
measured G2, further observations of temperatures and currents are required in the vicinity of topographic
features and at mid-basin of Cayuga Lake or other stratified lakes with similar geometry (e.g., Babine
Lake, Loch Ness and Seneca Lake). Future work is also required to quantify the temporal distribution of
energy and flux between different components of internal wave field (i.e., seiche, nonlinear surge and
solitary wave) from our results at field-scale. This will provide more accurate lake-wide estimates of the
energy flux paths in closed basins.
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