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Abstract

This research uses a Bayesian approach to study the biases that may occur when

kinematic data is used to estimate the mass of a galaxy. Data is simulated from the

Hernquist (1990) distribution functions (DFs) for velocity dispersions of the isotropic,

constant anisotropic, and anisotropic Osipkov (1979) and Merritt (1985) type, and

then analysed using the isotropic Hernquist model. Biases are explored when i) the

model and data come from the same DF, ii) the model and data come from the

same DF but tangential velocities are unknown, iii) the model and data come from

different DFs, and iv) the model and data come from different DFs and the tangential

velocities are unknown. Mock observations are also created from the Gauthier et al.

(2006) simulations and analysed with the isotropic Hernquist model. No bias was

found in situation (i), a slight positive bias was found in (ii), a negative bias was

found in (iii), and a large positive bias was found in (iv). The mass estimate of the

Gauthier system when tangential velocities were unknown was nearly correct, but

the mass profile was not described well by the isotropic Hernquist model. When the

Gauthier data was analysed with the tangential velocities, the mass of the system

was overestimated.

The code created for the research runs three parallel Markov Chains for each data
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set, uses the Gelman-Rubin statistic to assess convergence, and combines the con-

verged chains into a single sample of the posterior distribution for each data set. The

code also includes two ways to deal with nuisance parameters. One is to marginalize

over the nuisance parameter at every step in the chain, and the other is to sample

the nuisance parameters using a hybrid-Gibbs sampler. When tangential velocities,

vt, are unobserved in the analyses above, they are sampled as nuisance parameters

in the Markov Chain. The vt estimates from the Markov chains did a poor job of

estimating the true tangential velocities. However, the posterior samples of vt proved

to be useful, as the estimates of the tangential velocities helped explain the biases

discovered in situations (i)-(iv) above.
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Chapter 1

Introduction

In astrophysics, accurate masses and mass profiles of galaxies are needed for many

different areas of research, such as galactic formation and evolution, mass-to-light

ratios, star formation rates, cosmology, and dynamics.

Observations of a galaxy’s distant satellites, such as globular clusters, halo stars,

planetary nebulae, or dwarf galaxies, are useful for estimating the total mass of the

host galaxy. The kinematic properties of these distant satellites can be used to learn

about the gravitational potential of the whole system, and thus the mass. The num-

ber of satellites observed around the Milky Way is large enough to warrant their use

in investigation of our Galaxy’s mass. Other galaxies also have observable satellites

whose projected distances and line-of-sight velocities can be measured, provided that

the galaxy is close enough to the Milky Way (the most obvious example being the

Andromeda Galaxy). Estimating the masses of other galaxies is made more challeng-

ing by these projection effects, but researchers have developed methods to deal with

the issue.

To date, there are two basic methods that use the kinematic data of distant
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CHAPTER 1. INTRODUCTION 2

satellites to estimate the total mass of a galaxy. The first method is to use what

is called a mass estimator, an idea first suggested by Hartwick and Sargent (1978)

and one that avoids using an explicit model. By assuming that the distant satellites

make up a roughly spherical, collisionless system of point masses that are following the

gravitational potential of the galaxy, Hartwick and Sargent (1978) showed that a mass

estimator can be derived using the collisionless Boltzmann equation. The satellites

are assumed to follow some number density distribution, and then the first moment of

the Boltzmann equation is calculated to obtain a hydrodynamical equation involving

the velocity components, the distances, and the number density of the satellites. The

latter expression is then rearranged to find an expression for the total mass.

Since the work done by Hartwick and Sargent (1978), many other mass estima-

tors have been developed (see Bahcall and Tremaine, 1981; Lynden-Bell et al., 1983;

Wilkinson et al., 2003; Watkins et al., 2010; An and Evans, 2011; Evans et al., 2011)).

For example, the projected mass estimator (PME) for particles with an isotropic ve-

locity dispersion is given by

M =
32

πGN

∑
i

v2
los,iRi (1.1)

where N is the number of particles or satellites, and vlos,i and Ri are the line-of-sight

velocity and the projected distance of the ith object, with respect to the center of the

galaxy (Bahcall and Tremaine, 1981).

The second method that uses kinematic data of distant satellites to estimate the

total mass of a galaxy is one based on the phase-space distribution function (DF),

which is a probability distribution for the satellites in terms of their position r and

velocity v (discussed further in Chapter 2). Little and Tremaine (1987) were the first

to show how to use the DF and a Bayesian approach to estimate the mass of the Milky
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Way. In their work, they investigated two assumptions about the velocity dispersion

of the Milky Way satellites (isotropic and completely radial), and also examined two

assumptions about the Galactic gravitational potential (a point mass potential and

an infinite potential) in order to obtain estimates for the Galaxy’s mass.

There proved to be some advantages to using a Bayesian approach over the mass

estimator approach. Mass estimators often do not provide estimates of uncertainty of

the mass and the mass estimates can be prone to physical inconsistencies (Little and

Tremaine, 1987). Mass estimators may assume that all satellites are bound to the host

galaxy, but then return a total mass that is very low and implies unbound satellites

(Little and Tremaine, 1987). For example, in the case of the PME (equation 1.1), a

particle with a high v2
los,i but a Ri close to zero would contribute very little to the mass

estimate M , and the estimate M could then imply that the particle is unbound. Mass

estimators can also be biased and inefficient, as is the case with the virial theorem

estimator (Bahcall and Tremaine, 1981). Using a DF ensures that the models are

self-consistent, and the Bayesian analysis returns a probability distribution for the

parameters from which estimates and uncertanties of the mass can be easily derived

(Kochanek, 1996).

Another issue with mass estimators is that the velocity dispersion of the system

must be specified. However, the velocity dispersion of the satellites is almost always

unknown because satellite populations usually suffer from low number statistics and

a lack of proper motion measurements (see review by Zaritsky (1998) and references

therein). The Bayesian approach has an advantage here too— the velocity anisotropy

may be treated as a parameter (or set of parameters) in the model.
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Because of the advantages to using the Bayesian analysis, other studies soon fol-

lowed the approach suggested by Little and Tremaine (1987), such as the work done

by Zaritsky et al. (1989), Kochanek (1996), Wilkinson and Evans (1999), and more

recently McMillan (2011). All of these studies estimated the mass of the Milky Way

using the Bayesian analysis, but with different levels of complexity in their models.

The early research used a single, simple DF to model the Milky Way, and now models

incorporate multile, more complicated DFs which represented different components

of the galaxy. For example, McMillan (2011) used an eight parameter model to rep-

resent four components of the Milky Way: the bulge, the thin disk, the thick disk,

and the dark matter halo. The parameters in the model were the three scale lengths

of the components, the four density normalizations, and the solar radius. McMillan

(2011) studied the posterior distributions of all eight parameters and used them to

estimate the mass of the Milky Way.

The method of using the DF and a Bayesian analysis has also been used to es-

timate the mass of other galaxies. For example, Evans and Wilkinson (2000) used

Bayesian parameter estimation to estimate the mass of the Andromeda Galaxy (M31).

Although their results were somewhat controversial (they obtained a mass for M31

that was much lower than that of the Milky Way), they showed how it is possible to

use different models for each tracer population within a Bayesian framework.

Although many Bayesian analyses have been done to estimate galaxy masses, a

rigorous statistical analysis of the biases that may occur when the data and model do

not share the same DF has yet to be achieved. In this thesis, I begin to address this

problem by focusing on the mass estimation of simulated dark matter halos using a

Bayesian analysis similar to that used in Little and Tremaine (1987) and Evans and
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Wilkinson (2000). More specifically, I explore the average systematic uncertainties

associated with using the kinematic information of satellites to estimate the mass of

dark matter halos when the data and the model have different DFs. To accomplish

this, I simulate data sets and analyse different data-model combinations.

In this research I also investigate the effect of unobserved tangential velocities of

satellites on mass estimation. It is important to explore these effects, as tangential

velocities of objects are difficult or impossible to measure. I also developed a hybrid-

Gibbs sampler (described in Chapter 2) that treats the missing tangential velocities as

parameters in the model. The purpose of this was to obtain a probability distribution

for the tangential velocity vt of each particle, and find out if reasonable vt estimates

could be made for each particle. A DF is defined only for bound particles, and the

escape speed of a test particle in a system defined by the DF is related to the total

mass of the system— therefore it might be possible to constrain and even estimate

the unknown tangential velocity of a particle, given its position and radial velocity.

In Chapter 2, I describe the concept of the distribution function (DF) and intro-

duce the Hernquist model, which is used for this research. I go on to discuss the

three different velocity dispersions used in this work, and the corresponding DFs for

the Hernquist model. In the final sections of Chapter 2, I introduce Bayes Theo-

rem, Monte Carlo Markov Chain algorithms (specifically the Metropolis and Gibbs

samplers), and the idea of nuisance parameters.

Chapter 3, Methods, is where I describe the overall approach I use to investigate

biases in mass estimates. I start by describing how the data is simulated from the

Hernquist model. Next, I discuss the prior and proposal distributions used for the

analysis, the method used to construct the Markov chains, and how the Markov
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chains are assessed for convergence. Finally, I give a description of how the posterior

distributions are analyzed.

The results for all analyses are shown in Chapter 4. The analyses range from the

most simple of scenarios (i.e. when the data and model have the same DF) to the

most complex (i.e. when the data is a multi-component system analysed with a much

simpler model).

I discuss the results in Chapter 5, addressing the observed biases in parameter

estimates and explaining why some of the biases may have occurred. I also confront

the assumptions made in this work, and how future studies might be able to address

these assumptions.

Finally, the major results of this work and its implications on future studies are

summarized in Chapter 6.



Chapter 2

Background

2.1 Distribution Functions

The distribution function (DF) for a stellar system is a probability density function

denoted by f(r,v); it gives the probability of finding a star with position r and

velocity v within an infinitesimal phase-space d3rd3v (Binney and Tremaine, 2008).

Like any probability density, the DF integrates to one:∫
f(r,v)d3rd3v = 1. (2.1)

The DF can be used to obtain probabilities and expected values for various quanti-

ties related to stellar density. Researchers often redefine f for their convenience— for

example, multiplying f by the total mass M of the system will give the expected total

mass of stellar objects within the phase-space volumne d3rd3v (Binney and Tremaine,

2008). In this research, I estimate the total mass and mass profile of simulated sys-

tems, so the latter example is exactly what is wanted. The DF in equation 2.1 is

7



CHAPTER 2. BACKGROUND 8

redefined and normalized so that it integrates to the total mass, instead of 1,∫
f(r,v)d3rd3v = Mtot (2.2)

Hereafter, the definition of f in equation 2.2 will be used, unless stated otherwise.

A DF can be specified by use of the Jeans’ Theorem. The Jeans’ Theorem states

that any solution of the time-independent collisionless Boltzmann equation is a func-

tion of the phase-space coordinates (r,v) only, and that the solution can be written in

terms of the integrals of motion (Binney and Tremaine, 2008). An integral of motion

is any function of the phase-space coordinates such that the derivative of the function

with respect to time is zero.

In a time-independent system, the Hamiltonian H = v2

2
+ Φ(r) is always an

integral of motion, and if the system is also spherical then the magnitude of the

angular momentum, L, is an integral of motion too. Therefore, any non-negative

function f(H) or f(H,L) will be a solution to the time-independent collisionless

Boltzmann equation, and thus a distribution function for the system. Whether or

not f is a function of H or H and L determines the velocity dispersion of the system;

f(H) corresponds to an isotropic system, and f(H,L) corresponds to an anisotropic

system.

Once a DF has been specified under the conditions of the Jeans’ Theorem, the

mass density of the system can be found by integrating over all velocities. In the case

of an isotropic system, equation 2.2 does not depend on the direction of v, so

ρ(r) ∝
∫
v2f(r, v)dv. (2.3)

In the case of an anisotropic system we have instead,

ρ(r) ∝
∫ ∫

v2 sin ηf(r, v)dvdη (2.4)
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where η is the angle between r and v.

When the DF is proportional to the mass density ρ(r) of the spherical system,

the DF is termed self-consistent. Self-consistency means that the mass density of the

system determines the gravitational potential through Poisson’s equation (∇2Φ =

4πGρ) and the gravitational potential also determines the mass density through the

collisionless Boltzmann equation (Binney and Tremaine, 2008).

In an isotropic spherical system, the mass density can be integrated over all r to

find the total mass,

4π

∫ ∫
r2v2f(r, v)drdv = Mtot. (2.5)

A DF corresponding to an isotropic, spherical, self-consistent system can also be

written in terms of E , the relative energy per unit mass:

E = −v
2

2
+ Ψ(r) (2.6)

where v is the speed of a particle at a distance r from the center of the system, and

Ψ(r) is the relative gravitational potential of the system at r. The relative potential

is given by Ψ ≡ −Φ + Φ0, where Φ0 is a constant that requires f = 0 for unbound

particles (E ≤ 0) (Binney and Tremaine, 2008). When the DF is written in terms

of the relative energy only, the velocity distribution is isotropic and equation 2.3

becomes

ρ(r) = 4π

∫ Ψ

0

√
2(Ψ− E)f(E)dE . (2.7)

Equation 2.7 can be rewritten as an Abel integral and inverted to give,

f(E) =

√
2

4π2

d

dE

∫ E
0

dΨ√
Ψ− E

dρ

dΨ
. (2.8)

Thus, for a given mass density and gravitational potential that are not necessarily

a Poisson pair, a DF can be found using equation 2.8. Unfortunately, this integral
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does not always have a known analytic solution. It is desirable to have analytic,

self-consistent models that are easily solved through the Abel transform. Analytic

DFs are preferable to empirical distribution functions in theoretical analyses because

they allow for easy sampling of the distribution, and also save computation time by

avoiding numerical integration.

The Bayesian analyses mentioned in Chapter 1 all required a phase-space DF for

the model. Finding a DF that models a realistic galaxy is a difficult task, however,

because galaxies are often composed of multiple subsystems such as a bulge, a globular

cluster system, a dark matter halo, and possibly a disk. Finding a single phase-space

distribution function that is self-consistent, analytic, and that describes the intricate

features of a galaxy is very challenging. A DF with a mass density profile that reflects

observed luminosity profiles in nature is also preferred.

An empirical luminosity profile that has been very successful in fitting the sur-

face brightness profiles of elliptical galaxies is the de Vaucouleurs (1948) profile, also

known as the R1/4 profile. A generalization of the R1/4 profile is R1/n, which was in-

troduced by Sersic (1968). Due to the success of R1/4, theorists have tried to develop

distribution functions that can reproduce the profile. The models introduced by Jaffe

(1983) and Hernquist (1990) fit the R1/4 type galaxies well for most radii and are thus

quite popular. Another reason for the popularity of the Jaffe and Hernquist models

is that they are completely analytic.

In this work, I use the Hernquist model because of its analytic simplicity and

its popularity. The Hernquist model also has the benefit of having three known

analytic DFs— one that is isotropic, and two that are anisotropic (to be discussed

in Section 2.3). Furthermore, the Hernquist model has a finite total mass, making

consistent numerical computations feasible.
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2.2 The Hernquist Model

The model introduced by Hernquist (1990) is a self-consistent, analytic potential-

density pair. The Hernquist model gives a good representation of the de Vaucouleurs

profile, which fits the luminosity distributions of many elliptical galaxies (de Vau-

couleurs, 1948).

The gravitational potential of the Hernquist model, in units of G = 1 is

Φ(r) = −Mtot

r + a
(2.9)

and the mass density profile is

ρ(r) =
aMtot

2πr (r + a)3 (2.10)

where Mtot is the total mass of the system, and a is the scale radius. The Hernquist

cumulative mass profile can be found by integrating the mass density over r and is

found to be,

M(r) = Mtot
r2

(r + a)2
(2.11)

Note that as r →∞, the M(r) converges to the total mass.

There are several known analytic DFs for the Hernquist potential-density pair,

with each one corresponding to a different velocity dispersion. The form of the

isotropic Hernquist DF is

f(q) =
Mtot

8
√

2π3a3v3
g (1− q2)5/2

[
3 arcsin(q) + q

√
(1− q2)

(
1− 2q2

) (
8q4 − 8q2 − 3

)]
(2.12)

where q and vg are given by,

q =

√
aE
Mtot

(2.13)
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and

vg =

√
Mtot

a
. (2.14)

Hernquist (1990).

The DFs for two other Hernquist models will be discussed in Section 2.4.

2.3 Velocity Dispersion

The velocities of particles in a spherical system can be written in spherical coordinates

in velocity space (vr, vθ, vφ) where vr is the velocity in the direction of r (the radial

velocity), and v2
θ+v2

φ = v2
t is the tangential velocity, which lies on the plane of the sky.

In the frame of (vr, vθ, vφ), the velocity dispersion tensor σ2 has diagonal components

σ2
r , σ

2
θ , and σ2

φ (Binney and Tremaine, 2008). The diagonal components describe the

variance of the velocities in the radial and tangential directions, and the square root of

these variances give the semi-major axes of the velocity ellipsoid. When the velocity

ellipsoid is a sphere (i.e. when the three axes of the velocity ellipsoid are equal), this

corresponds to a system with isotropically dispersed velocities.

Binney (1980) introduced the anisotropy parameter β, which describes the degree

of anisotropy in a system:

β = 1− σ2
t

2σ2
r

. (2.15)

Here σ2
t = σ2

θ + σ2
φ is the tangential velocity dispersion. When the system has a

radially biased velocity dispersion, σ2
r > σ2

t , and β > 0. Isotropic systems have β = 0,

such as the system described by the DF in equation 2.12. Note that σ2
t and σ2

r can

be functions of r, and thus β can also be a function of radius.
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2.4 The DF and Velocity Dispersion

In the special case of isotropic velocity dispersion, DFs can be written as a function

of E alone (Section 2.1). If a velocity anisotropy is introduced, the DF depends not

only on the relative energy, but also on the magnitude of the angular momentum,

L = rvt.

It is important to have models with velocity anisotropy, because N -body simula-

tions have shown that the velocity dispersions of dark matter halos tend to be isotropic

in the centre and anisotropic at large r, with an anisotropy parameter β ≈ 0.5 (Evans

and An, 2006). Attempts have been made to model the anisotropic velocity dis-

persions observed in nature. One example is the anisotropy that was independently

introduced by Osipkov (1979) and Merritt (1985).

Two kinds of anisotropy are used in this research; the first is anisotropy of the

Osipkov (1979) or Merritt (1985) type (hereafter OM), and the second is a constant

anisotropy with β = 0.5 (Binney and Tremaine, 2008). Other researchers (for example

Evans and Wilkinson, 2000) have used these types of velocity dispersions to model

the Milky Way and Andromeda galaxies. The choice of β = 0.5 is also based on the

results obtained by Evans and An (2006).

In OM anisotropy, the anisotropy parameter β is a function of radius and a pa-

rameter called the anisotropic radius ra:

β(r) =
r2

r2 + r2
a

. (2.16)

An OM-type system is completely isotropic in the center (limr→0 β(r) = 0), and

becomes increasingly radially anisotropic in the outer regions, so that β → 1 as

r →∞. How fast β → 1 is determined by the anisotropic radius ra. In the limit that
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ra goes to infinity, β(r) goes to zero, corresponding to velocity isotropy.

Hernquist (1990) showed that there is an analytic DF for a Hernquist system with

OM anisotropy, and that in the limit that ra → ∞, this DF goes to equation 2.12.

The OM anisotropic DF depends on E and L, but is written in terms of the variable

q̃:

q̃ =

√
aQ

M
(2.17)

where Q is given by

Q = E − L2

2r2
a

. (2.18)

Note that as ra →∞, Q→ E and q̃ → q (equation 2.13, which no longer depends on

the angular momentum).

The OM anisotropic DF for the Hernquist model is,

f(Q) = f(q̃) +
M√

2 (πavg)
3

a2

r2
a

q̃ (1− 2q̃) (2.19)

where f(q̃) refers to equation 2.12 (Hernquist, 1990). Again, it is clear that as ra →∞,

f(Q)→ f(q).

Baes and Dejonghe (2002) showed that for any given combination of Mtot and a

in the OM Hernquist model, there is a minimum allowed ra such that equation 2.19

is positive for bound particles. The DF must be positive over the domain of v and r

for bound particles.

The radial velocity dispersion of the isotropic and OM Hernquist model is given

by

σ2
r(r) =

Mtot

a

[
r (1 + r)3 log

(
1+r
r

)
(1 + λr2)

− r (25 + 52r + 42r2 + 12r3)− λr (1 + 4r)

12 (1 + r) (1 + λr2)

]
(2.20)

where λ = a2/r2
a, and λ→ 0 in the isotropic case (Baes and Dejonghe, 2002).
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In the case of constant anisotropy, β is a constant for all radii. In this work, I

follow the findings of Evans and An (2006) and use β = 0.5, so the Hernquist DF

becomes

f(E , L) =
3aE2

4π3M3
totL

(2.21)

(Binney and Tremaine, 2008). Particles coming from the DF given in equation 2.21

will have a radial velocity dispersion (Baes and Dejonghe, 2002),

σ2
r(r) =

Mtot

4a (1 + r/a)
. (2.22)

2.5 Bayes’ Theorem and Bayesian Inference

Bayes’ Theorem is named after Thomas Bayes (1701-1761) and was introduced post-

humously by Richard Price (Bayes and Price, 1763). The theorem is a simple equation

that arises from the rules and axioms of conditional probability. The conditional

probability p(A|B) reads the probability of event A, given event B. Using the rules

of conditional probabilities, Bayes’ showed that

p(A|B) =
p(B|A)p(A)

p(B)
(2.23)

which is known as Bayes’ Theorem.

Bayesian inference involves using equation 2.23 in data analysis to obtain proba-

bility distributions about model parameters. The main difference between a Bayesian

approach to data analysis and a frequentist approach to data anlysis is that Bayesian

inference returns a probability distribution for parameters given the data, as opposed

to frequentist inference which returns a best fit parameter value accompanied by

uncertainties under repeated sampling.

When Bayes’ Theorem is used for Bayesian inference, it is often re-written in terms
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of the vector of model parameters θ and the data y, and is sometimes referred to as

Bayes’ rule. The Bayesian posterior probability for θ, given some data y, is then

p (θ|y) =
p (y|θ) p (θ)

p (y)
(2.24)

where p (y|θ) is called the likelihood, p (θ) is the prior probability on the parameters,

and p (y) is the marginal probability of the data. Because the probability of the data

does not depend on θ, and with fixed y can be considered a constant, it is common

practice to sample the unnormalized posterior probability when doing a Bayesian

analysis,

p (θ|y) ∝ p (y|θ) p (θ) . (2.25)

A Bayesian analysis can be advantageous compared to maximum likelihood meth-

ods in situations where the number of parameters is large. A Bayesian analysis can

also be useful for calculating credible intervals when the likelihood has steeply de-

fined boundaries. Estimating uncertainties of maximum likelihood estimates relies

on computing second derivatives of the likelihood, which can be difficult to calculate

numerically if the boundaries are steep. Also, Bayesian analysis leads to distributions

for parameters, so the results are arguably easier to interpret, and the uncertainties

can be carried forward to subsequent modelling and analysis.

A Bayesian analysis can also be very useful when nuisance parameters are present

in the model. Nuisance parameters are parameters in the model whose values are

unknown but not necesarrily of interest to the researcher. I will discuss how a Bayesian

approach can deal with nuisance parameters in Section 2.7.
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2.6 MCMC Algorithms

Markov Chain Monte Carlo (MCMC) algorithms produce a Markov chain, which is

a sequence of random variables, θt, where t = 1, 2, 3... . A Markov chain has the

property that every random variable in the chain depends only on the variable before

it θt−1 (Gelman et al., 2003). MCMC algorithms can be used to sample probability

density functions that lie in a continuous parameter space, such as Bayesian posterior

densities. By construction, the Markov chain has the same stationary distribution as

the posterior. The Markov chain is useful because it can be used to acquire estimates,

uncertainties, and probabilities pertaining to model parameters.

The MCMC code I developed for this work uses either a standard Metropolis or a

hybrid-Gibbs sampling algorithm (both of which are described below) to generate a

Markov chain that has the same stationary distribution as the posterior distribution

in equation 2.25. The code is written in the R Statistical Software language (R

Development Core Team, 2012).

In this research, I analyse the biases that occur when the isotropic Hernquist

model is assumed for different kinds of data (discussed in Chapter 3). Therefore, the

posterior distribution is proportional to the isotropic Hernquist likelihood times the

chosen prior (to be discussed in Chapter 3), and the chains are used to estimate the

parameters Mtot and a.

The algorithms used to create the Markov chains are described in sections 2.6.1,

2.6.2, and 2.7.2.
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2.6.1 Metropolis sampler

The Metropolis algorithm (Metropolis and Ulam, 1949; Metropolis et al., 1953) sam-

ples from the Bayesian posterior probability p(θ|y). The Metropolis method is an

iterative method that creates a Markov chain whose stationary distribution is propor-

tional to the Bayesian posterior probability in question. Every θt value in the Markov

chain is determined by the previous value θt−1 and the posterior. The Markov chain

is constructed as follows (Gelman et al., 2003):

1. Draw a trial value θ∗ from a symmetric proposal distribution

2. Calculate rt = p(θ∗|y)

p(θt−1|y)

3. If rt > 1, then accept θ∗ as θt

(a) set θt = θ∗

(b) return to step 1

4. If instead rt < 1, then accept θ∗ with probability rt

(a) draw a random number z from the uniform distribution U (0, 1)

(b) if rt > z then accept θ∗ as in step 3, and return to step 1

(c) if rt < z then reject θ∗

i. set θt = θt−1

ii. return to step 1

This process is repeated N times, so that the resulting Markov chain has N values

of θ that represent a sample of the posterior. The effect of accepting θ∗ only when
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rt > 1 or when rt > z is that the θ values are accepted with probability proportional

to the posterior.

2.6.2 The Gibbs Sampler

The Gibbs sampler was first introduced by Geman and Geman (1984) in the area of

image processing, and then adapted to iterative simulations in the study of statistics

by Tanner and Wong (1987). Gelfand and Smith (1990) then showed how to apply

it to Bayesian inference. Since then, the Gibbs sampler has been applied to many

problems (Gelman et al., 2003, and references therein).

The Gibbs sampler is sometimes called alternating conditional sampling, and can

be very useful in multi-dimensional problems where θ = (θ1, ..., θn) (Gelman et al.,

2003). The Gibbs algorithm samples the individual parameters (θ1, ..., θn) one at a

time, based on the current value of all of the other parameters and the conditional

probabilty given those parameters.

Consider θi, the ith parameter in a model with n parameters, and let θ−i represent

all of the other parameters. Next, let t be the tth iteration of the chain— the chain

that will be a sample of the posterior distribution p(θ|y). In the Gibbs sampler, each

θi is sampled one at a time based on the conditional probability given by the current

values of all of the other parameters,

p(θi|θt−1
−i , y)

where θt−1
−i represents the other parameters at their current value,

θt−1
−i = (θt1, ..., θ

t
i−1, θ

t−1
i+1 , ..., θ

t−1
n )

When a symmetric proposal distribution is used, the accept/reject condition of the
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trial parameter θ∗i follows the same algorithm as that described in section 2.6.1, except

rt is now

rt =
p
(
θ∗i |θt−1

−i , y
)

p
(
θt−1
i |θt−1

−i , y
) .

2.7 Nuisance Parameters

In this research I analyse the biases in parameter estimation that can occur when the

observer does not have measurements of the tangential velocities of the satellites. In

these situations, the missing tangential velocities are treated as nuisance parameters.

In the Bayesian framework, nuisance parameters may be handled in one of two ways:

1) integrate out the nuisance parameter from the likelihood at each step in the Markov

chain, or 2) sample the nuisance parameter as a parameter in the Markov chain. These

two approaches are described in the next two sections, as it applies to the research

here.

2.7.1 Marginalization

When nuisance parameters are present, the researcher is interested in the marginal

posterior distribution of the particular parameters of interest (Gelman et al., 2003).

Hence, dealing with nuisance parameters is often called marginalization.

As mentioned previously, the nuisance parameters in this work are the unknown

tangential velocities of the satellites. One way to deal with missing observations of

tangential velocities is by integrating out (or marginalizing) the vt’s from the likeli-

hood, given the current parameter values at every step in the chain.

When the integration method (hereafter the marginalization method) is used, the
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integral that needs to be computed is∫ vt,max

0

vtf(r, vr, vt|θ)dvt (2.26)

where the upper bound vt,max is the maximum velocity that a particle can have for it

to be bound to the system, and f is the DF of the Hernquist model, given the current

values of the model parameters θ. In the generalized OM Hernquist model, vt,max is

given by

vt,max =

√
2Ψ(r)− v2

r

1 + r2

r2a

. (2.27)

The integral in equation 2.26 must be computed for every particle, because each

particle has a different r and vr. Furthermore, it must be computed at every step in

the Markov chain, because both f(r, vr, vt|θ) and vt,max depend on the current values

of θ. This can become computationally expensive very quickly, especially when the

integral is not analytic.

The integral in equation 2.26 is not known to be analytic for the Hernquist model,

and so the marginalization method is computationally slow. Marginalizing over the

tangential velocities is computationally expensive because equation 2.26 must be cal-

culated numerically, twice, at every step in the Markov chain, for every particle in

order to accept or reject θ∗. Because of this high computational expense, I limited

the number of particles to 25 when using the marginalization method. Limiting the

number of particles is not such a bad idea anyway— when dwarf galaxies are used as

tracers of the host galaxy, the sample size is usually small. For example, at present

we have line-of-sight velocities for only 26 dwarf galaxies orbiting the Milky Way, and

23 dwarf galaxies orbiting M31 (see Watkins et al., 2010).

Nevertheless, even with only 25 particles per data set, the marginalization method

was computationally expensive. Hence, I developed a hybrid-Gibbs code in the hopes
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that it would be more efficient. The hybrid-Gibbs code also has the benefit of return-

ing a probability distribution for every particle’s tangential velocity, from which an

estimate of vt for each particle can be calculated .

As with the marginalization method, I only use 25 particles for the data in the

hybrid-Gibbs method. Using 25 particles makes it easier to tune the Markov chain and

also allows for a more fair comparison of the hybrid-Gibbs method to the marginal-

ization method.

2.7.2 The hybrid-Gibbs Sampler

The hybrid-Gibbs sampler is simply a combination of the Metropolis and Gibbs al-

gorithms, as suggested by Gelman et al. (2003). It samples some parameters simul-

taneously (the Metropolis part) and some parameters individually (the Gibbs part).

In this work, the hybrid-Gibbs algorithm samples the parameters Mtot and a

simultaneously using the Metropolis algorithm, and then uses the Gibbs sampler to

sample the tangential velocities individually, based on the current value of Mtot and a.

The reason for sampling the tangential velocities individually is to improve efficiency.

Sampling the tangential velocities as parameters using the Gibbs sampler is made

simple by the assumption that all j particles are indepedent given Mtot and a. The vt

parameters are independent (here I will temporarily call them vT , so as not to confuse

the t’s for the iteration) , and so the probability of the current ith tangential velocity,

v∗T,i given the current value of the other parameters can be written,

p
(
v∗T,i|θt−1, vt−1

T,−i, y
)

= Πjp
(
v∗T,i|θt−1, vt−1

T,−i, yj
)

(2.28)

In the analyses I sample the log of the posterior, and so the product in equation 2.28

becomes a summation, which then allows the log of the ratio rt (see Section 2.6.1 and
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2.6.2) to be simplified. If the particles are independent, then log(rt) for vT,1 can be

calculated independently of the current values of all of the other tangential velocity

parameters vT,−1. For example, when sampling the vT of the first particle, log(rt) can

be written as

log(rt) = log
(
p
(
v∗T,1|r1, vr,1,θ

t−1
))
− log

(
p
(
vt−1
T,1 |r1, vr,1,θ

t−1
))
.
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Methods

3.1 Overview

The posterior probability distribution obtained using Bayes’ theorem and a MCMC

algorithm is dependent on the model and the data (see Chapter 2). This implies

that one set of data may return a different posterior than another set of data, even

if both data sets come from the same distribution and if the same model is assumed.

Therefore, to explore the average behaviour of a model on data from a particular

distribution, the Bayesian analysis must be repeated many times.

Unfortunately, a Bayesian analysis cannot be repeated when the data is real be-

cause in this case there is only one data set. A Bayesian analysis can be repeated,

however, with simulated data— multiple data sets can be produced that all follow the

same distribution, and each of these data sets can be analysed independently with

the same model. By examining the range of posterior distributions from the different

simulated data sets, the average behaviour of the model on this type of data can be

explored.

24
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The latter approach is used in this research, where I explore the ability of the

isotropic Hernquist model to estimate the mass and mass profile of various types of

stellar or galactic systems.

In general terms, I began by creating 500 data sets with 25 or 100 particles each

(see Section 2.7.1, that follow one of the three Hernquist DFs discussed in Chapter 2.

Next, I assumed an isotropic Hernquist model, and analysed each data set indepen-

dently, thereby creating 500 Markov chains (one for each data set) that represent

the 500 posterior distributions. I then calculated the parameter estimates and the

credible regions of M(r) from each Markov chain. With this information, I studied

the distribution of parameter estimates from all 500 posterior distributions to see if

there was a bias in the estimate, on average. I also explored the overall behaviour of

the M(r) credible regions from all 500 posterior distributions.

The simulated data sets created for this project have both radial and tangential

velocity components, but observers do not typically have the tangential velocities of

astronomical objects. When the tangential velocities are not available, observers must

use only the radial velocity and r to estimate the mass of a galaxy. In a Bayesian

analysis of the problem, however, the tangential velocities can be treated as nuisance

parameters. As mentioned in Chapter 2, nuisance parameters can be integrated out

of the likelihood or they can be sampled as another parameter in the Markov chain.

In this research, I attempted both approaches and compared them.

In the following sections, I describe how the data sets were simulated, what prior

and proposal distributions were used, how the Markov chains were constructed and

assessed for convergence, and how the final Markov chains were analysed.
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3.2 Simulated Data

I used four kinds of simulated data sets in this research: the first three kinds are

particles that follow the spherically symmetric Hernquist (1990) model with one of

three velocity dispersions discussed in Chapter 2 (isotropic, OM anisotropic, and

constant anisotropic), and the fourth kind is a collection of dark matter satellites from

Gauthier et al. (2006) (hereafter, the Gauthier data). One of the main differences

between the Hernquist data and the Gauthier data is that the particles in the former

make up the host galaxy and follow the Hernquist gravitational potential, while the

particles in the latter represent dark matter satellites orbiting a host galaxy with

more intricate substructure (Gauthier et al., 2006). Furthermore, while the Gauthier

data are extracted from the Gauthier et al. (2006) simulations, the Hernquist data

were created specifically for this project by the author.

The simulated Hernquist data sets represent mock observations of natural satel-

lites (e.g. globular clusters, dwarf galaxies, etc.) orbiting a host galaxy, from the

point of view of an observer sitting at the galaxy’s centre. Although choosing an

observation point from the center of the galaxy is not realistic, because our view is

from the Sun, this not a bad approximation when the satellites are distant from the

host galaxy (Evans et al., 2011).

In this work, each data set is made up of either 25 or 100 particles, and (depending

on the type of anisotropy wanted) the particles are drawn from one of the three DFs

described in Chapter 2. The 100-particle data sets are used to test the trivial cases

(i.e. when the data come from the same DF as the model assumed by the observer).

The 25-particle data sets are used in most of the other cases, as this represents a more

realistic number of satellites orbiting the Milky Way (Wilkinson and Evans, 1999).
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The mock observations of these particles include the particles’ distances r from

the centre of the host galaxy and their velocity vector v in spherical coordinates. The

velocity vectors are stored in two components: the radial and tangential velocities

vr and vt respectively. The radial velocity is the velocity along the line of sight of

the observer, and the tangential velocity is the velocity perpendicular to vr. The

tangential velocity is on the plane of the sky, and therefore has two components, vθ

and vφ.

For numerical simplicity, the gravitational constant G is set to one, r is measured

in kiloparsecs (kpc), velocity components are measured in 100km · s−1, and mass is

measured in 2.325× 109M� (solar units).

3.2.1 Creating the Hernquist data

The Hernquist data may follow one of three velocity dispersions: isotropic, anisotropic

of the OM type, or constant anisotropic with β = 0.5 (see equation 2.21). The

parameters used to create the data sets are given in Table 3.1. The value of Mtot

for each type of data set is the same because I would like to be able to compare the

analyses of different data-model combinations without worrying about parameter-

specific biases that may occur. Hernquist (1990) showed that for a system with

parameters Mtot = 1 and a = 0.4, the agreement of the Hernquist model with the de

Vaucouleurs profile was quite good. Therefore, I chose to use a = 0.4. During the

development of the code for this project, using Mtot = 1 was hiding normalization

issues, so I instead used Mtot = 3 to debug and stuck with it.

To create particles that follow the spherically symmetric Hernquist model, I first
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Table 3.1: Hernquist model parameter values.

velocity dispersion Mtot a ra β

isotropic 3 0.4 ∞ -
OM anisotropic 3 0.4 2.1 -

constant anisotropic 3 0.4 - 0.5

used the inverted cumulative mass profile to select r values, and then used the Hern-

quist distribution function specified by the velocity anisotropy to select v via rejection

sampling.

The r values were randomly chosen using the inverted cumulative mass profile

(from equation 2.11),

r(M) =
a(√

Mtot

M
− 1
) . (3.1)

M values were drawn uniformly between 0 and Mtot, and equation 3.1 was used

to calculate r values, as shown in Figure 3.1. Using equation 3.1 to draw r values

ensures that the particles give the correct mass density profile. One caveat to this

method is that random numbers that are very close to Mtot will result in extremely

large r values. For example, using parameters Mtot = 3 and a = 0.4, the r value

corresponding to 0.999Mtot is roughly 800 kpc. This is an extremely high r given the

mass of the system, which is approximately 7× 109M�. The mass of the Milky Way

has been measured to be between ≈ 1.4× 1011M� and ≈ 2× 1012M� at a radius of

only ≈ 50 kpc (Little and Tremaine, 1987; Wilkinson and Evans, 1999; Xue et al.,

2008). Therefore, to avoid such unrealistic r values from the simulated system, M

values are instead drawn between 0 and a cut-off mass of 0.99Mtot. For the parameters

Mtot = 3 and a = 0.4, this cut-off mass corresponds to r ≈ 80 kpc, which is still larger

than the radius of the Milky Way.
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Figure 3.1: The Hernquist inverted cumulative mass profile. The black curve is equa-
tion 3.1, and the vertical dotted lines are five uniform random numbers
between 0 and M/Mtot. The height of the horizontal dotted lines corre-
spond to r(M) for each M/Mtot value. The dashed horizontal line repre-
sents the cut-off radius.

Figure 3.2 shows that obtaining r values through the method just described gives

a set of particles that reflect the mass density profile of the Hernquist model. In

Figure 3.2, the black diamonds are the estimated mass density profile, and the solid

line is the theoretical mass density profile. The black diamonds were obtained by

binning the r values on a log scale, and dividing the mass within each bin by the

volume of the spherical shell correponding to that bin. It should be noted that all

particles have the same mass, and that the sum of the particles’ masses is equal the
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total mass of the system. Ten thousand particles were sampled from the anisotropic

Hernquist model to create Figure 3.2. Equation 3.1 is independent of the velocity

anisotropy, and therefore sampling r values does not depend on the parameters ra or

β.

r (kpc)

ρ(
r) 

(2
.3

25
×

10
9 M

ok
pc

−3
)

10−2 10−1 100 101 102

10
−

8
10

−
6

10
−

4
10

−
2

10
0

10
2

10
4

model
data
n= 10000
Mtot = 3
a = 0.4

Figure 3.2: The Hernquist mass density profile. The solid line shows the mass density
profile given by the model, with parameters Mtot = 3.0 and a = 0.4. The
black diamonds are simulated data that have been logarithmically binned
to estimate the mass density profile. The error bars correspond to the
95% bootstrap confidence intervals. The dotted lines indicate bins with
confidence intervals that include zero.
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After the r values were selected, the conditional distribution vtf (vr, vt|r) was used

to sample the velocity components using rejection sampling. The exact conditional

distribution depends on the velocity anisotropy of the Hernquist model (see Chapter

2).

When sampling velocities, the particles were assumed to be bound to the system;

they must have a positive relative energy E , or in the case of the OM model, a positive

Q (see Chapter 2). Under this restriction, equation 2.6 implies a maximum allowed

speed for a particle at radius r: v2 < 2Φ(r). Furthermore, since v2 = v2
r + v2

t , there

are maximum allowed radial and transverse velocities as well. In the case of the O-M

anisotropy, the maximum allowed radial and transverse velocities can be found by

requiring that equation 2.18 be greater than or equal to zero. Below is the method I

used to sample the velocity components for a particle at r:

1. Find the maximum of vtf (vr, vt|r) using R’s optim() function (R Development

Core Team, 2012).

2. Draw v*
r and v*

t from the random uniform distributions U(−vr,max, vr,max) and

U(0, vt,max) respectively, where vr,max and vt,max are the maximum allowed ve-

locities.

3. Calculate the value of the conditional distribution given r, v*
r , and v*

t .

4. Draw a number from U(0,max(vtf (vr, vt|r)).

5. If (4) is less than (3), accept vr and vt. Otherwise, go back to (2).

To check that the simulated velocities were correctly sampled, I compared the

simulated data’s radial velocity dispersion as a function of radius with the true theo-

retical curves given by equations 2.20 and 2.22. Figure 3.3 shows that all three types
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of Hernquist models were successfully sampled; the circles, squares, and triangles

are the simulated data, binned by r values, and the curves are the theoretical radial

velocity dispersions given by the parameters in Table 3.1.
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Figure 3.3: Radial velocity dispersion profiles for three Hernquist models. The sim-
ulated data sets shown here have ten thousand particles each, and the
curves are the velocity dispersions given by equations 2.20 and 2.22, us-
ing the parameters in Table 3.1.



CHAPTER 3. METHODS 33

3.2.2 Simulating observations from the Gauthier data

The other simulated data used in this research comes from the work of Gauthier

et al. (2006). Gauthier et al. (2006) simulated the evolution of a system composed of

a disk, a bulge, a dark matter halo, and a collection of orbiting dark matter satellites.

Initially the system is in near virial equilibrium and all the satellites are intact. The

system is then allowed to evolve for 10 Gyr as the dark matter satellites orbit around

and sometimes through the disk and bulge of the system. Some satellites survive

these orbits and remain intact, while others are ripped apart by tidal forces near the

centre of the system. In this research, I use the satellites in their final conditions, and

assume that the satellites follow the potential of the dark matter halo (even though

this may not be the case). The implications of this assumption will be explored in

Chapters 4 and 5.

The initial conditions of the system include 100 dark matter satellites with 100, 000

particles each. To create simulated observations of the satellites in their final condi-

tions, I first needed the observations in the initial conditions. I took the point of view

of an observer sitting at the system’s center, and replaced each satellite with a test

particle. Every test particle’s location is given by the centre of mass of its satellite,

and its velocity is given by the satellite’s mean velocity with respect to the center of

mass of the entire system. To save computation time and also to simulate a more

realistic observational scenario, only 100 random particles of each satellite were used

to calculate the satellites’ center of masses and mean velocities.

Creating simulated observations of the satellites in the final conditions of the

Gauthier data was complicated because some satellites were completely ripped apart

during the 10 Gyr evolution of the system. I needed a systematic way of determining
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the new center of each satellite, in order to replace each one with a test particle. I

also needed to develop a criterion for deciding which satellites were still intact.

It took a few steps to find the satellites’ centers post evolution. First, I defined

a truncation radius rt for each satellite based on its initial conditions— I used the

distance from the satellite’s center of mass to its furthest particle. Next, for each

satellite’s final conditions, I counted the number of particles within rt around every

particle of the satellite. The satellite particle with the maximum number of particles

within rt was then used as the satellite’s new center. If more than one particle had

the same number of particles within the truncation radius, then I used the average

position of these particles as the new satellite center.

Once I had the new centers of the satellites, the next step was to determine which

satellites were still intact. I considered satellites that had 60% of their particles within

rt in the final conditions to be intact.

The final step to replacing each satellite with a test particle was to assign a velocity

to the test particle; here I used the mean velocity of the particles within the truncation

radius around the new satellite center.

3.3 Prior Distributions

In a Bayesian analysis, the choice of a prior can be thought of as a chance for the

researcher to state plainly and explicitly their prior assumptions. The posterior prob-

ability is a statement about the belief a researcher has in their analysis; it is the

probability of the model, given the data and the researcher’s prior knowledge. When

little is known about the problem at hand, it is very common to use a noninformative

prior, so that the posterior distribution is not overwhelmed by the prior distribution.
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In this research, I used uniform priors for all of the parameters because I assumed

that we know little about the mass and scale of the system. The uniform prior for

each parameter θ is,

p(θ) =
1

θmax − θmin
(3.2)

where θmin and θmax are the lower and upper bounds of the uniform distribution.

All three variations of the Hernquist model in Chapter 2 have positive parameters,

so I sampled the parameters in the natural log-space. The Markov chains were then

exponentiated before calculating any estimates. I used the bounds given in Table 3.2

for all analyses involving the Hernquist data. To analyse the Gauthier data, I used

the bounds in Table 3.3.

Table 3.2: Uniform prior bounds for the Hernquist data, in G=1 units.

Parameter θmin θmax

Mtot 10−2 102

a 10−2 102

ra 10−2 102

Table 3.3: Uniform prior bounds for the Gauthier data, in G=1 units.

Parameter θmin θmax

Mtot 10−2 103

a 10−2 500
ra 10−2 500

When the tangential velocities are treated as nuisance parameters and sampled

in the Markov chain, they too are in need of a prior. The tangential velocity is a

2-dimensional vector on the plane of the sky, so we would like the prior on vt to be

uniform in v2
t . Because we are sampling vt and not the squared tangential velocity,

then the uniform prior on v2
t needs to be transformed to one for vt.
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One way of transforming a prior is to use Jeffreys’ invariance principle (Jeffrey,

1939). Suppose a parameter θ has a prior distribution p(θ), and that a one-to-one

transformation is subsequently performed on θ such that φ = h(θ). Then the prior

for φ that expresses the same belief as that of p(θ) is

p(φ) = p(θ)

∣∣∣∣dθdφ
∣∣∣∣ = p(θ) |h′(θ)|−1

(3.3)

(Gelman et al., 2003).

Following equation 3.3, let θ = v2
t and φ = vt, so that h(θ) =

√
v2
t . Then the prior

on vt is given by

p(vt) =
2vt

v2
t,max − v2

t,min

. (3.4)

The values of vt,min and vt.max are constants, and so we can simply write the prior

as p(vt) = vt. If a value of vt that makes a particle unbounded is suggested in the

Markov chain, it will be rejected via the likelihood.

3.4 Proposal Distributions

The proposal distributions for the parameters Mtot, a, and ra were random normal

distributions with means centered on the previous parameter value θt−1 and a variance

σ2, symmetric on the log scale. The proposal distributions for the vt parameters were

also random normals, but were symmetric on the natural scale.

The width of each proposal distribution was adjusted to achieve appropriate ac-

ceptance rates for the number of parameters in the model. When the standard

Metropolis-Hastings method or the marginalization method was used, the variances

of the proposal distributions for Mtot and a were adjusted by hand until an acceptance

rate of approximately 40% was obtained. When the hybrid-Gibbs method was used,
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however, tuning the Markov chain by hand proved to be very time-consuming with

25 vt nuisance parameters— and with 500 independent data sets the problem became

unruly.

The proposal distributions for the vt’s cannot all be the same width, because every

particle’s conditional distribution depends on different r and vr values. Furthermore,

the acceptance rate for each vt needs to be within 25 − 60% in order to effectively

sample the posterior distribution. Therefore, to save time I developed code to auto-

matically tune the proposal distribution for each of the tangential velocities. After

an initial run of the Markov chain, the acceptance rates of the vt parameters are ex-

amined, and if any of these acceptance rates are outside the 25−60% range, then the

variance of the proposal distributions for those particles’ vt parameters is decreased or

increased by 0.05. The chain is then re-run for 103 iterations, using the new proposal

distributions, and using the final values in the previous chain as the new initial values.

Once the chain is complete, the new acceptance rates of the nuisance parameters are

reassessed. If not all of the acceptance rates are within the 25− 60% range, then the

process is repeated. Once all the vt acceptance rates are within the correct range,

then the proposal distributions are held constant, and the Markov chain is created in

the regular manner.

3.5 Constructing the Markov Chains and Assess-

ing Convergence

The computer code created for this research actually makes three Markov chains in

parallel for each set of data, and then combines them into a final, single chain after
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convergence is assumed to have occurred. One advantage of running multiple chains

is that the initial values can be dispersed widely in the parameter space, and then

the three chains can be run until they reach a common posterior distribution. This

approach allows more exploration of the parameter space and makes it less likely for

a local maximum to be mistaken for the mode of the posterior. Another advantage of

using multiple chains on the same data set is that it allows estimates of convergence to

be obtained in a more reliable manner than a single chain. Gelman and Rubin (1992)

suggest using the statistic R̂ to assess the mutual convergence of parallel chains:

R̂ =

√
v̂ar+ (ψ|y)

W
. (3.5)

In equation 3.5, v̂ar+ (ψ|y) is the marginal posterior variance of the estimand [pa-

rameter], which is essentially a weighted average of the within-chain variance W , and

between-chain variance B, (Gelman et al., 2003):

v̂ar+ (ψ|y) =
n− 1

n
W +

1

n
B. (3.6)

Here B and W are given by

B =
n

m− 1

m∑
j=1

(
ψ̄.j − ψ̄..

)2
(3.7)

W =
1

m

m∑
j=1

s2
j (3.8)

where s2
j = 1

n−1

∑n
i=1

(
ψij − ψ̄.j

)2
is the variance of the jth chain with i iterations,

m is the number of chains, and

ψ̄.j =
1

n

n∑
i=1

ψij

ψ̄.. =
1

m

m∑
j=1

ψ̄.j.
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Note that the notation used above follows that of Gelman et al. (2003), with y rep-

resenting the data, and ψ representing a parameter or estimand. R̂ is a statistic that

is calculated for each parameter separately, and so to assume convergence, Gelman

et al. (2003) recommend a value of R̂ < 1.1 for every parameter. Sometimes I will

refer to R̂ as the Gelman-Rubin statistic.

In this work, the three Markov chains’ starting values are widely dispersed in the

parameter space, and each chain is run for i = 104 iterations. R̂ is calculated for every

103 steps across the chains, for each parameter, giving ten Gelman-Rubin statistics

for the three chains. I calculate the Gelman-Rubin statistic in intervals to be extra

cautious, for it is unlikely for all intervals to have R̂ < 1.1 if convergence has not

occurred (Gelman et al., 2003). If any of the intervals for any of the parameters have

R̂ > 1.1, then it is assumed that the chains need to run longer. In this case, the last

parameter values in each chain are used as the initial parameters in a new chain of

104 iterations. The process is repeated until all intervals and all parameters across

the three chains have R̂ < 1.1. When convergence can finally be assumed, then the

final sample of the posterior distribution is created by combining the last halves of

the three chains. Thus, the final sample of the posterior distribution contains 15, 000

samples.

3.6 Data-Model-Method Combinations

Table 3.4 shows all of the data types, adopted methods, and model combinations pos-

sible for this research, and has check marks for the analyses that have been completed.

There are 36 different combinations of data type, model, and method, which is beyond

the scope of this research. Nine of these combinations are somewhat redundant— for
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Table 3.4: Data and model combinations analysed in this research. The grey dashes
indicate trivial cases in which the DF of the model matches the DF of the
data. The check marks are the analyses completed for this work.

Model
Data Type Method isotropic O-M constant β

isotropic

MCMC

-X-
O-M X -X-

constant β X -X-
Gauthier data X

isotropic

Marginalization (25 particles)

-X-
O-M X —

constant β X —
Gauthier data

isotropic

Hybrid Gibbs (25 particles)

-X-
O-M X —

constant β X —
Gauthier data X

example, using isotropic data, assuming an isotropic model, and using the MCMC

method does not give insight into model assumptions (although it can be used to

check for errors in code). The trivial combinations are indicated by a long dash in

Table 3.4. Researching the biases of all 36 combinations in Table 3.4 is beyond the

scope of this project, so to narrow down the number of combinations, I only analysed

the data assuming the isotropic model. The only exceptions are the three trivial cases

for the MCMC method.

3.7 Analysing the Posterior Samples

Once the posterior distribution had been sampled, I calculated statistics of the param-

eters and credible intervals for the model. In particular, I estimated the parameters

Mtot and a using the means of the posterior samples, and also calculated the 50%,
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75%, and 95% credible regions of M(r). Calculating the credible regions was done as

follows:

• make a sequence of ten r values at which M(r) is to be calculated

• for each r, calculate M(r) for every set of parameters in the Markov chain

• sort the M(r) values for each r, and find the upper and lower bounds that

contain 50%, 75%, and 95% of these values

After all 500 chains were completed for a particular data-model combination, I also

calculated the number of times that the true M(r) curve fell within the credible

intervals.

For the hybrid-Gibbs analyses, estimates for the vt parameters were also calculated

from the posterior samples. I used the mean of each posterior as the estimate for vt,

and compared these estimates to the true values. I also calculated the bias in v2
t .

Although the estimates for the tangential velocities turned out to poorly predict the

true vt values, having the posterior distributions for vt proved to be useful when

investigating the causes of bias in estimates of Mtot and a.

The next chapter reports the results from the cases studied in Table 3.4. Chapter 4

is organized so that the analyses start from the trivial cases and progress to the more

complicated cases.



Chapter 4

Results

This work focused on the effects of assuming an isotropic model when analysing

different types of data. Analyses were completed starting with the most simple of

scenarios and progressing to the most complex. Section 4.1 looks at the trivial cases,

where the data and the model have the same distribution function. In Section 4.2,

the tangential velocities of the particles are unknown, but the data and the assumed

model still have the same DF. Next, Section 4.3 analyses the case where the data

comes from a different DF than the model, but the tangential velocities are known.

In Section 4.4 the DF of the model differs from that of the data and the tangential

velocities are unknown. Finally, in Section 4.5, the Gauthier data with unknown

tangential velocities is analysed assuming the isotropic Hernquist model. Hereafter,

an estimate of a parameter refers to the mean of the Markov chain from one data set.

Stating each combination of data type, model, and method type can become quite

verbose, so from hereafter I shall refer to each combination of data, model, and method

with a shortened, hyphened notation of the type: data-model-method. For example,

when I have used the anisotropic OM data, assumed the isotropic model, and used the

42
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Table 4.1: Notation Reference

Notation

Data/Model
isotropic iso

anisotropic O-M OM
constant anisotropic β

Gauthier (initial) Ginit
Gauthier (final) Gfinal

Simulation Method
MCMC mcmc

Marginalization marg
Hybrid-Gibbs Gibbs

hybrid-Gibbs sampler, then I will refer to this situation as OM-iso-Gibbs. Table 4.1

may be used as a reference to keep track of these abbreviations.

4.1 Trivial Cases: iso-iso-mcmc, OM-OM-mcmc,

and β-β-mcmc

The first data-model-method combination to be analysed was the iso-iso-mcmc case.

Although this may seem like a trivial data-model-method combination, as the data

comes from the same distribution as the model, it is a good check to verify that 1)

the parallel code is working properly, and 2) that the M(r) credible region given by

an analysis of one data set can be trusted.

The analysis of one data set returns a posterior distribution from which param-

eter estimates, statistics, and probabilities can be calculated. An example posterior

distribution for one isotropic data set consisting of 100 particles, analysed with the

isotropic model, is shown in Figure 4.1. The true total mass and scale radius are
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shown as a diamond and dotted lines in the figure. The mean of the posterior sam-

ples of Mtot and a were 2.84 (0.21 standard deviation) and 0.33 (0.04 sd). Figure 4.1

shows that the posterior distribution of a single data set will not necessarily return

the true parameter values, even when the data and the model share the same DF.

Mtot

a

2.4 2.6 2.8 3.0 3.2 3.4 3.6

0.
20

0.
25

0.
30

0.
35

0.
40

0.
45

Figure 4.1: The posterior distribution for one iso-iso-mcmc analysis. Mtot is in units of
2.325× 109M�, and a is in units of kpc. The curves represent probability
regions ranging from 5 − 95% by steps of 10%. The red diamond and
dotted red lines show the true parameter values used to generate the
data.
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The posterior distribution from one data set can also be used to calculate the cred-

ible regions for the cumulative mass profile (equation 2.11), as discussed in Chapter 3.

Figure 4.2 is an example of the credible regions for M(r) that were calculated using

the same posterior distribution shown in Figure 4.1. The figure contains the true

M(r) curve in red and the 50%, 75%, and 95% credible regions from the posterior

samples in shades of blue. The dashed horizontal line shows the true total mass, and

the grey vertical line shows the true value of a.
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Figure 4.2: An example of M(r) credible regions for one of the iso-iso-mcmc runs.
The mass profile is scaled by Mtot = 3, the true value of the total mass.

In Figure 4.2, the true M(r) curve falls within the 50% credible region for only

some r values. Thus, a single data set cannot reveal if the credible regions are

reliable— that is, whether or not a 50% credible region encloses the true M(r) curve
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50% of the time, for all r.

The priors on Mtot and a in the previous example were flat (i.e. constant). To

explore whether or not the priors had an appreciable effect on the posterior, the

analysis was repeated with the prior 1/θ for each parameter. The results were nearly

identical to those presented in Figures 4.1 and 4.2; the difference in the estimate of

Mtot from each chain was 0.02, and the difference in the estimate of a was 0.005.

It has just been shown that the estimates of Mtot and a from a Bayesian analysis of

a single data set may not be equal to the true parameter values when the model and

data share the same DF, although the true value may lie within the 85% probabily

region of the posterior. With 500 simulations, however, it can be shown that on

average the estimates of the parameters return the true parameter values, and that

the true M(r) will fall within the 50% credible region 50% of the time, for all r values.

Figure 4.3 shows the distribution of the 500 estimates of the parametersMtot and a,

extracted from 500 posterior distributions which were sampled using 500 independent

isotropic data sets, with 100 particles each. It was expected that the distributions

of parameter estimates would be centered on the true value of the parameter, and

Figure 4.3 confirms this expectation. It was also expected that the standard deviation

of each estimate from a Markov chain would be comparable to the standard deviation

of all the estimates from all the chains. The standard deviation of the estimates of

Mtot, or what could also be called the standard error in the bias, was 0.009. Likewise,

the standard deviation of the estimates of a was 0.002. Finally, it was also expected

that the 50%, 75%, and 95% credible regions would enclose the true M(r) curve

reliably. Table 4.2 shows the percentage of time that the true M(r) fell within the

given credible regions for the 500 simulations. The table confirms that a 50% credible
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Figure 4.3: Distribution of the estimates of Mtot and a from 500 iso-iso-mcmc anal-
yses. The top two figures show the histogram for each set of parameter
estimates. The bottom figure shows the estimates in the Mtot-a plane; the
grey points are the estimates, and the black lines are the regions contain-
ing 5−95% of the estimates by steps of 5%. The red diamond and dotted
lines indicate the true parameter values. Mtot is in units of 2.325×109M�,
and a is in units of kpc.



CHAPTER 4. RESULTS 48

r (kpc) within 50% within 75% within 95%

0.01 55.8 79.8 96.0
0.03 56.0 79.8 95.8
0.07 56.0 78.4 96.0
0.20 54.4 79.0 95.8
0.54 53.6 75.6 95.8
1.47 47.6 76.8 94.4
4.00 49.6 74.8 94.4
10.86 48.8 77.0 94.4
29.47 50.0 76.8 94.6
80.00 49.2 76.6 94.8

Table 4.2: Reliability of the credible regions for the iso-iso-mcmc case.

region obtained from one of the Markov chains will contain the true M(r) value

approximately 50% of the time, and likewise for the 75% and 95% credible intervals.

For example, at r = 10.86 kpc the true M(r) curve fell within the 75% credible

interval 77% of the time.

There are two other trivial cases that were tested: OM-OM-mcmc and β-β-mcmc.

In both scenarios, the distributions of the 500 estimates were centered on the true

parameter values. In the OM-OM-mcmc case, the mean of the estimates were Mtot =

2.98 (0.009 sd), a = 0.40 (0.002 sd), and ra = 2.14 (0.007 sd). The β-β-mcmc

mean value of the Mtot estimates was 3.00 (0.009 sd), and the mean value of the a

estimates was 0.40 (0.002 sd). In both the OM-OM-mcmc and β-β-mcmc situations,

the standard deviations of the estimates were comparable to the standard deviation

of each individual Markov chain. The number of times that the true M(r) fell within

the three credible regions (50%, 75%, and 95%) was also consistent within 3%.
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4.2 When tangential velocities are not available

A slightly more realistic situation than the trivial cases is one in which the observer

assumes the correct model, but does not have the tangential velocities of the particles.

As mentioned in Chapter 3, these unknown tangential velocities can be treated as

nuisance parameters; they may be marginalized, or they may be sampled in the

Markov chain as a parameter. In the latter method, we might hope to estimate vt, as

the r and vr of a particle constrain the possible values of vt if the particle is assumed

to be bound.

In this section, the isotropic data (25 particles/data set) were analysed without

the tangential velocities, assuming the isotropic model. The analyses were completed

using the marginalization method, and then repeated using the hybrid-Gibbs sampler.

The results of these two methods are shown in this section and compared.

The results from the marginalization method and the hybrid-Gibbs method are

nearly identical, aside from the fact that the hybrid-Gibbs sampler provides the ob-

server with estimates for the tangential velocities. The nearly identical results were

not surprising, as marginalizing over vt and sampling vt both involve using the con-

ditional distribution for vt.

There are three main results that the iso-iso-marg and iso-iso-Gibbs cases share.

The first is that the width of the distribution of parameter estimates increased com-

pared to the iso-iso-mcmc case, which can be seen by comparing comparing Figure 4.3

to the distribution of parameter estimates in Figure 4.4. The more diffuse distribution

in Figure 4.4 is partially due to the fact that there were only 25 particles per data

set instead of 100, and partially due to the lack of information about the tangential

velocities. The second result is that each chain returns more diffuse credible regions,
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shown in Figure 4.5, than the iso-iso-mcmc analyses. The third result is that the total

mass, on average, is slightly overestimated and not within one standard deviation of

the true value. The mean of the estimates for Mtot and a were 3.156 (0.039 sd) and

0.421 (0.005 sd) respectively. The standard deviation of the estimates was within the

range of the standard deviation of the individual chains.

In both the iso-iso-marg and iso-iso-Gibbs simulations, the true M(r) curve fell

within the 50% credible interval no less than 47% of the time, for all ten r values in

Table 4.2. The true M(r) fell within the 75% and 95% credible regions no less than

72% and 93% of the time.

The hybrid-Gibbs sampler was computationally slower than the marginalization

method, in contrast to what was expected. However, the cause for this was not the

hybrid-Gibbs sampler, but the automatic tuning algorithm used to choose to the

proposal distributions for the vt parameters. The vt proposal distributions for each

data set were saved, however, so if another hybrid-Gibbs run were to be completed

then it would be much faster.

In general, it was found that the vt estimates from the posterior distributions did

a poor job of predicting the true vt values, but that the true vt’s were usually within

the 95% . Figure 4.6 shows the tangential velocity estimates, v̄t, versus r for each

particle in one data set. The tangential velocity estimates are shown as blue dots, the

error bars represent the 95% credible intervals, the true vt values are shown as orange

diamonds, the light blue curve denotes the maximum allowed speed, vmax, at each r

given the estimate of the model parameters (for this data set), and the orange curve

is vmax given the true model parameters. The tangential velocity estimates seem to

go to a mean value between 0 and vmax. Therefore, we can conclude that the r and vr
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values for each particle provide very little information about vt when Mtot and a are

also unknown. We can also see that the probability distributions for the tangential

velocities are fairly symmetric because the 95% credible regions are centered on the

estimates (which are the means from the posterior). In this particular data set, the

true vt was within the 95% credible region for all of the particles. The true vt was

within the 50% credible regions for only 13 out of 25 particles. The trend seen in

Figure 4.6 is typical of all 500 iso-iso-Gibbs model fits.

Figure 4.7 shows the bias in the estimates of v2
t ,
(
v2
t

)
, as a function of the true

v2
t for all of the particles in all 500 data sets. The red line is the mean of v2

t − v2
t ,

which is at 0.041. The dashed black line marks zero, and 60.4% of the biases lie above

it. Therefore, on average the estimates of v2
t were overestimated. It was also found

that the mean squared tangential velocity bias for each data set is correlated with

the estimate of Mtot for that data set, as seen in Figure 4.8. On average, the squared

tangential velocity bias is slightly positive, and so on average the estimate of Mtot is

slightly overestimated. The possibilities for these biases in parameter estimates are

discussed in Chapter 5.
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Figure 4.4: Distribution of parameter estimates for 500 iso-iso-marg runs (top) and
500 iso-iso-Gibbs runs (bottom).
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Figure 4.5: Example credible regions for the iso-iso-marg runs (top) and iso-iso-Gibbs
runs (bottom) for the first data set.
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Figure 4.6: An example tangential velocity profile for the iso-iso-Gibbs case. The blue
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spond to 95% credible regions. The orange dots are the true tangential
velocities. The light blue curve is the maximum allowed speed at each r,
given the parameter estimates from the posterior, while the orange curve
is the maximum allowed speed given the true parameters.
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Figure 4.7: The bias in v2
t estimates versus the true vt for all iso-iso-Gibbs analyses.

60.4% of the biases are positive.
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4.3 When the model and data have different DFs

Another way to make the analysis more realistic is to assume a model with a DF

that is different from that of the data. In this section, the OM and β data sets (100

particles per set) are analysed assuming an isotropic model. The tangential velocities

are included in the analysis, but in the next section they are treated as unknown.

The histogram of parameter estimates from the OM-iso-mcmc analyses are shown

in Figure 4.9. The mean of the estimates is underestimated for both parameters Mtot

and a, and the standard deviation of all the estimates is comparable to the standard

deviations of each estimate.

An example of the M(r) credible regions for the OM-iso-mcmc analyses are shown

in Figure 4.10. While the true M(r) falls within the credible regions in this example, it

did not fall within the credible regions for all simulations. As shown in Table 4.3, the

true M(r) curve fell within the credible regions less often than the credible regions

would imply. Furthermore, as r increases, the model fit becomes worse. At low r

the credible regions are only slightly overconfident, but at larger r they become less

reliable; at 80kpc, the true M(r) curve fell within the 50% region only 34.8% of the

time. Thus, the credible regions returned from one simulation may be overconfident

at large r when the model is simpler than the data.

The results of the β-iso-mcmc analysis were very similar to the OM-iso-mcmc

results. The results of the β-iso-mcmc simulations are summarized in Table 4.4.

On average the parameters were underestimated, but were still within one standard

deviation of the true values.

Figure 4.11 shows that the credible regions for the β-iso-mcmc fits can be over-

confident. This example is not atypical; for all 500 β-iso-mcmc fits, the 50% credible
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Figure 4.9: Distribution of parameter estimates for the OM-iso-mcmc case.

regions contained the true M(r) only ≈ 40% of the time.

One difference between the OM-iso-mcmc and the β-is-mcmc results is that the

fits to the M(r) for the β data were worse in the inner parts of the system and became

slightly better at larger r, while the opposite was true for the OM systems.

The β-iso-mcmc simulations were repeated with 500 data sets of only 25 particles

each, in order to explore the effect of the number of particles on the estimates. The

results are similar to the 100-particle data set results — the mean of the estimates is

still close to the true value of the parameters, as shown in Table 4.5. The standard

deviation of the estimates, however, increased by a factor of two or three when the

number of data points was decreased by a factor of four. In other words, fewer

data points led to more diffuse posterior distributions. The credible regions became

slightly more reliable when fewer particles were used in both the OM-iso-mcmc and
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r (kpc) within 50% within 75% within 95%
0.01 45.6 67.8 93.0
0.03 46.0 67.6 93.2
0.07 45.6 67.2 93.0
0.20 44.8 68.4 93.6
0.54 46.0 70.0 93.4
1.47 44.0 67.0 88.6
4.00 40.0 62.0 88.2
10.86 37.6 61.6 87.6
29.47 34.8 61.8 87.6
80.00 34.8 62.6 87.6

Table 4.3: The credible regions for the OM-iso-mcmc case.

parameter mean of estimates s.d. of estimates
Mtot 2.88± 0.009 0.21
a 0.371± 0.002 0.047

Table 4.4: Summary of 500 β-iso-mcmc simulations. The data sets used in these
analyses had 100 particles each.

parameter mean of estimates s.d. of estimates
Mtot 2.91± 0.021 0.48
a 0.392± 0.005 0.116

Table 4.5: Summary of 500 β-iso-mcmc simulations with 25-particle data sets.
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Figure 4.10: Example mass profile and credible regions for the OM-iso-mcmc combi-
nation. The vertical blue line is ra = 2, which was used in the model.

β-iso-mcmc cases. For example, in the β-iso-mcmc analyses, the true M(r = 80kpc)

fell within the 50% credible region 45% of the time when 25 particles were used, and

41% of the time when 100 particles were used. A similar result was seen in the the

OM-iso-mcmc case.
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Figure 4.11: Example mass profile and credible regions for a β-iso-mcmc analysis.
The data set used in this analysis had 100 particles.
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4.4 When the model and data have different DFs,

and no tangential velocities are available

The scenario analysed in this section is a combination of Sections 4.2 and 4.3. Now

the anisotropic data without tangential velocity measurements is analysed assuming

an isotropic model. This situation was analysed using first the OM and then the

β data sets, with 25 particles per data set. The analyses were completed with the

hybrid-Gibbs method, and then again with the marginalization method— however,

the results were nearly identical for these two methods, so only the hybrid-Gibbs

results are shown here.

The distribution of estimates for Mtot and a from the 500 Markov chains in the

OM-iso-Gibbs case are shown in Figure 4.12. On average, the total mass was over-

estimated by the isotropic model, and the true Mtot did not fall within one standard

deviation of the estimates.

One important result of the OM-iso-Gibbs analysis is that the credible regions are

unreliable and on average overconfident, as shown in Table 4.6. An example of M(r)

credible regions for one OM data set is shown in Figures 4.13. The model fits the

data better for the inner regions than for the outer regions of the system, although

the true M(r) curve still falls within the 75% credible region at large r. In Table 4.6,

we can see that for all 500 data sets, the true M(r) fell within the 95% region roughly

92% of the time for r between 0.01 and 0.07 kpc, but the fit became much worse at

larger r. At r = 80 kpc the true M(r) fell within the 95% credible region only 78%

of the time. Thus, the outer regions of the OM data were not fit well by the isotropic

model.
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Figure 4.12: The distribution of estimates from the OM-iso-Gibbs simulations.

Figure 4.14 shows the distribution of estimates from the β-iso-Gibbs analyses.

The β-iso-Gibbs results are similar to the OM-iso-Gibbs results because they over-

estimated the total mass on average. Also, the true Mtot does not fall within one

standard deviation of the estimates, which was 0.047.

Figure 4.15 shows an example β-iso-Gibbs M(r) curve with credible regions. It

appears to have a better fit than that of the OM-iso-Gibbs example, but repeated

analysis of the β-iso-Gibbs case reveals that the credible regions tend to be overconfi-

dent for all r. Table 4.7 shows that even at low r the credible regions are overconfident,

and at high r they are very overconfident. For example, at r = 29.5kpc the true mass

profile fell within the 50% credible region only 28.4% of the time.
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r (kpc) within 50% within 75% within 95%
0.01 46.6 70.8 93.0
0.03 46.4 70.6 92.4
0.07 45.6 70.0 92.2
0.20 42.2 67.8 91.6
0.54 37.4 61.8 90.0
1.47 31.8 55.2 83.0
4.00 32.6 52.2 78.4
10.86 32.6 50.6 78.4
29.47 32.6 52.0 78.0
80.00 32.6 52.0 78.0

Table 4.6: Reliability of the credible regions for the OM-iso-Gibbs analyses.

r (kpc) within 50% within 75% within 95%
0.01 33.6 56.0 83.6
0.03 33.8 55.8 83.0
0.07 33.6 53.2 81.0
0.20 30.4 47.8 77.4
0.54 26.8 45.6 75.4
1.47 24.2 44.6 72.2
4.00 26.4 47.4 74.8
10.86 27.4 49.6 77.2
29.47 28.4 50.4 77.4
80.00 28.8 50.4 77.8

Table 4.7: Reliability of the credible regions for the β-iso-Gibbs analyses.
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Figure 4.13: Example M(r) credible regions for the OM-iso-Gibbs simulations. The
vertical blue line is ra = 2, used in the model.

The vt estimates, v̄t, for one of the OM data sets (assuming the isotropic model)

is shown as function of r in Figure 4.16. The blue dots are the estimates of vt and the

error bars correspond to 95% credible regions. The light blue curve is the maximum

velocity allowed for a particle at r in the isotropic model, given the parameter esti-

mates from the posterior (from this data set), and the orange curve is the maximum

allowed velocity in the OM model, given the true parameters. The trend of the tan-

gential velocity estimates seen in Figure 4.16 is similar to that seen in Figure 4.6—

there is very little information about vt given the r and vr of each particle when the

total mass and scale radius of the system are unknown. Another result is that the v̄t’s

for particles at high r are overestimated, and would be unbound in the OM model.
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Figure 4.14: The distribution of estimates from the β-iso-Gibbs simulations.

The latter result was seen in all 500 data sets, and will be discussed in Chapter 5.

In Figure 4.17, the tangential velocity estimates versus the true vt’s from one β-

iso-Gibbs analysis is shown. In this particular data set, the vt estimates overestimated

the tangential velocity for almost every particle. This pattern is not atypical— the

mean bias from all tangential velocity estimates for all 500 data sets, was 12% (a

positive bias). Possible reasons for this bias will be discussed in Chapter 5.

Figure 4.18 shows the tangential velocity profile, and also shows that the tangential

velocities were overestimated. In the figure, the blue dots are the estimates of vt and

the orange diamonds are the true vt’s. The blue error bars correspond to 95% credible

regions.
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Figure 4.15: Example M(r) credible regions for the β-iso-Gibbs simulations.
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Gibbs analysis. The light blue curve shows the maximum speed for a
bound particle given the parameter estimates from the posterior, while
the orange curve shows the maximum speed given by the true constant
anisotropic model. The blue dots are the estimates of vt and the er-
ror bars represent 95% credible regions. The orange dots are the true
tangential velocities.
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4.5 The Gauthier-iso-Gibbs and Gauthier-iso-mcmc

analyses

The last and most realistic scenario is the analysis of the Gauthier data final condi-

tions when no tangential velocities are available, and an isotropic model is assumed.

The analysis is first completed when the tangential velocity measurements are not

available, and then repeated for the case when they are available. The results of the

two scenarios are then compared.

The Gauthier data is more realistic than any of my simulated data sets because it

is a multi-component system composed of a disk, bulge, dark matter halo, and dark

matter satellites. The true mass of the entire system is roughly 7.41 × 1011M�, or

≈ 318 in units of 2.325 × 109M� (G = 1). In the initial conditions of the Gauthier

simulation, the true orbits of the satellites are isotropic in the centre and radially

biased in the outer regions with β equal to approximately 0.3 (Gauthier et al., 2006).

Gauthier et al. (2006) created the satellites from the cumulative number density

formula found in Gao et al. (2004), which is an empirical fit to the density profile

of subhalos in a Milky Way sized halo. Thus, the isotropic Hernquist model is an

oversimplification of the system.

In the following analysis, I used only the satellites of the Gauthier data to estimate

the mass. As discussed in the Chapter 3, 50 satellites were found to be intact in the

Gauthier data final conditions. To obtain multiple mass estimates, I randomly split

the 50 satellites into two data sets of 25 particles each, and then analysed each set

using the hybrid-Gibbs method. Finally, all 50 satellites were used as one set of data

and analysed again.
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The Mtot and a parameter estimates and the standard deviations from the three

Gauthier-iso-Gibbs analyses are summarized in Table 4.8. The true total mass of the

system is 318, so every Mtot estimate is within one standard deviation of the true

value. The uncertainty in the mass is understandably high, since there are only 25 or

50 particles and the tangential velocities are unknown.

The M(r) credible regions from the posterior for the 50-particle data set are shown

in Figure 4.19, and the true mass profile estimated from the simulated data is shown

as a red curve. The black curve is the cumulative number profile of the satellites,

scaled by the parameter estimates of Mtot and a from the posterior distribution (thus,

the black curve is the scaled M(r) profile for the satellites). The credible regions do

not cover the true M(r) curve for almost all r, but the credible regions do follow the

scaled M(r) for the satellites relatively well.

The radial profile of the tangential velocity estimates and of the true vt values is

shown in Figure 4.20. In this figure, the estimate of each vt is plotted as a blue dot

with error bars that represent the 95% credible region from the posterior. The orange

diamonds are the true vt values, and the light blue curve is the maximum allowed

velocity given by the isotropic model and the mean of Mtot and a from the posterior.

As we can see, the posterior distributions for vt do a poor job of estimating the

tangential velocities. Furthermore, the estimate of Mtot implies a maximum velocity

# of particles M̄tot σM ā σa
25 393.7 119.5 64.2 16.4
25 276.1 77.4 71.3 17.7
50 330.1 67.1 67.3 11.6

Table 4.8: Summary of the Gauthier-iso-Gibbs simulations. Masses and scale radii
are shown in G = 1 units.
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Figure 4.19: The Gauthier-iso-Gibbs credible regions, for the analysis with 50 parti-
cles. The red curve is the true M(r) calculated from all components of
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that would render some of the satellites unbound in the isotropic model. If the

tangential velocities had been included in the analysis, then one would expect a

larger estimate for Mtot so that the particles would be bound.

To make sure that the flat prior did not have an effect on the results, the Gauthier

data with 50 satellites was analysed again with the prior 1/θ for the parameters

Mtot and a. The results were very similar to the results obtained using a constant

prior. With the 1/θ prior, Mtot = 311.4 (64 sd) and ā = 64.5 (11.9 sd). The new

prior lowered the estimate of the mass slightly because the prior 1/θ favours lower

masses. However, by comparing the new estimate of Mtot and the estimate presented

in Table 4.8 for the 50-particle data set, we can see that the new prior has had little

effect on Mtot, because the difference between the estimates is approximately three

times smaller than the standard deviation of the old estimate.

The Gauthier-iso-mcmc scenario was analysed next, in order to investigate the

effect of having the tangential velocity measurements may have on the posterior when

the isotropic model is assumed. Only the 50-particle data set was used for this analysis

and the posterior is compared to that of the 50-particle data set in the Gauthier-iso-

Gibbs analysis.

In the Gauthier-iso-mcmc scenario, Mtot was found to be 558.7 (62.9 sd), which is

much larger than the true mass, and a was found to be 53.3 (9.4 sd), which is slightly

smaller than the estimate obtained in the Gauthier-iso-Gibbs analysis. Most likely,

the total mass was overestimated because of the high tangential velocities present

between radii of 30 and 100 kpc, as seen in Figure 4.20. When the complete velocity

vector is known, the constraint that all particles must be bound to the system causes

the estimate of the total mass to increase.
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Figure 4.20: Tangential velocity profile for the Gauthier-iso-Gibbs simulation with
50 particles.The light blue curve shows the maximum speed for a bound
particle given the parameter estimates from the posterior. The blue dots
are the estimates of vt and the error bars represent 95% credible regions.
The orange dots are the true tangential velocities.



Chapter 5

Discussion & Future Work

5.1 Discussion

The results from the single data set at the beginning of Section 4.1 reinforce the

idea that a single posterior distribution is dependent on the data. Even when the

data come from the same DF as that of the model, it is possible for the posterior

to give parameter estimates that are over two standard deviations from the true

value. However, repeating the Bayesian analysis on 500 data sets of 100 particles

each showed that on average the parameter estimates will coincide with the true

value of the parameters when the data and the model have the same DF. It was

also shown that the credible regions for M(r) from a single posterior distribution are

reliable when the data and model share the same DF, for the chosen prior.

The analyses of Section 4.1 does not represent a realistic scenario for a number of

reasons. For one, the data sets used in Section 4.1 had 100 particles per data set, and

all had known tangential velocity measurements. Usually the tangential velocities of

satellites are not available; we have the proper motion measurements for only some
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satellites the Milky Way. Second, Section 4.1 considered the situation when the data

and the model shared the same DF. We will never have the exact model for a real

galaxy, so this is clearly unrealistic. Third, no measurement errors or observational

uncertainties were included in the analysis. There are usually uncertainties associated

with measurements of distance and velocity of objects in space, and the propagation

of these errors may be complicated and non-linear. Fourth, the analysis is done from

the observational perspective of an observer sitting at the center of the galaxy, which

is an approximation. The Sun is not at the center of the galaxy, so our position and

motion within the galaxy should be taken into account when measuring the positions

and motions of satellites. Furthermore, this internal perspective never applies to

the satellite measurements of other galaxies, in which projection effects have to be

taken into account. Fifth, the models used here are spherical systems composed of

one type of particle. In nature, galaxies have many different stellar populations and

can also have different structural components like a disk, bulge, dark matter halo,

and globular cluster system. In the Milky Way, the disk of the Galaxy obscures

observations along the plane of the Galaxy. Sixth, all particles were bound to the

system in my simulated data sets, and the DFs used here assumed the particles to

be bound. In reality this is not always the case; for example, suggestions have been

made that the Magellanic Clouds are not bound to the Milky Way (Besla et al 2007),

and whether or not the dwarf galaxy Leo I is bound to the Galaxy can affect mass

estimations (Wilkinson and Evans, 1999). Halo stars may be unbound or on strange

orbits if they are from tidal streams. Finally, my data sets were isolated systems, so I

did not consider any environmental effects. In a galaxy cluster, satellites of the host

galaxy could be subject to tidal forces from other galaxies in the cluster, which would
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make determining whether or not a satellite is bound more complicated.

Why look at the trivial cases of Section 4.1? One justification for analysing the

trivial cases was to make sure that the parallel code and all the algorithms (e.g.

automatic assessment of covergence, the likelihood, etc.) were working properly. The

R̂ statistic proved to be a good way to automatically test for convergence, and the

posterior returned results that were expected for all three models.

The seven effects that were ignored in the trivial cases could not all be addressed

in this project, so I focused on the first three: the number of satellites used to estimate

the mass, what happens when we do not have measurements of the tangetial velocities,

and what happens when the data does not come from the same DF as that of the

model.

In Section 4.2, the correct model was assumed, but the data sets were reduced

to only 25 particles each and the tangential velocities were unknown. Two methods

were used to deal with the missing vt values: the marginalization method and the

hybrid-Gibbs method. Little to no difference was found between the results of the

two methods, which is not surprising because both methods marginalize over vt. It

is reassuring that the hybrid-Gibbs method and the integration method yielded the

same results; the two methods use very different algorithms and it would be unlikely

for both of them to return the same results if there was something wrong with either

of them.

The hybrid-Gibbs method took slightly longer to run than the marginalization

method because of the automatic tuning algorithm for the vt proposal distributions.

However, after decent proposal distributions had been found for a given data-model

combination, subsequent analyses of the same data took less time, because these
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proposal distributions could be used as a starting point for the proposal distributions

in a new analysis. Furthermore, the computational cost of the hybrid-Gibbs sampler

is offset by the fact that it returns a probability distribution for each particle’s vt,

which proved to be useful for investigation of biases in the parameter estimates.

In Section 4.2, it was found that on average Mtot was slightly overestimated in

both the iso-iso-Gibbs and iso-iso-marg analyses. Because only two things changed

from the analysis in Section 4.1, then there are only two possible causes for the

overestimation. The first cause could be that there were only 25 particles per data

set, as opposed to 100. Fewer data points might allow the prior to have a greater

effect on the results. It is unlikely that this is the cause, however, because the prior

is flat (a constant) and therefore does not contribute any weight to the estimate of

Mtot. To make sure, however, I repeated the analysis for the first data set with the

prior 1/θ for all parameters. The results with the new prior were slightly lower, but

not significant enough to keep the parameters from being overestimated.

The second possible reason that the mass was slightly overestimated on average

is the lack of vt observations. Figures 4.7 and 4.8 give some indication that the lack

of information about vt is the culprit. Figure 4.7 shows that 60.4% of the estimates

of v2
t are too large, and that the average of the biases for all of the particles, in all

the data sets is a positive number. Figure 4.8 then shows that the mean bias of the

v2
t estimates within each data set is correlated with that data set’s estimate of Mtot.

The maximum speed for a particle in an isotropic Hernquist system is related to Mtot

by v2
max = 2Ψ(r), where v2

max = v2
r + v2

t . Therefore, if v2
t is overestimated on average,

then the total speed will be overestimated, and then Mtot will be overestimated as

well. This effect is very small, and the true Mtot lies within one standard deviation
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of all the estimates of Mtot from all the datasets.

Examples of vt estimates for a single data set of iso-iso-Gibbs are shown in Fig-

ure 4.6. There appears to be very little information to be gained about vt. In

Figure 4.6, the two curves show that the range of allowed vt values for each r when

vr = 0 is quite large when the particle is assumed to be bound. Having the r and vr

observations for a particle confines the range slightly more, but this constraint is not

enough to yield a good estimate of vt. The estimates of vt tend to go to an average

value between vt = 0 and vmax for all r. Only when 2Ψ(r) is close to v2
r will the

maximum vt be small, and the estimate of vt be closer to the true value.

The credible regions for M(r) in the iso-iso-Gibbs analyses were found to be

reliable. Unfortunately, the credible regions for the vt estimates cannot be tested,

because every data set has different particles, with different tangential velocities.

Section 4.3 looked at what happens when an observer assumes a model with a DF

different from that of the data, but still has the complete phase-space information for

each particle. On average, the parameters Mtot and a were slightly underestimated in

both the OM-iso-mcmc and β-iso-mcmc analyses. Because the data sets in this section

had 100 particles per data set, the only difference between these analyses and those in

Section 4.1 was that the model was different from the data. Therefore, the incorrect

assumption of an isotropic model is definitely the cause for the underestimation of

the parameters.

Starting from what we have learned from Section 4.2— that on average the vt

parameters are overestimated by the isotropic model when they are unknown, and

that this leads to a slight overestimation of the mass— it makes sense that the mass

would be underestimated when the data are anisotropic and the vt’s are available.
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To explain more fully, in the OM model the range of allowed vt values decreases more

quickly with r than in the isotropic model. Therefore, when the data come from the

OM DF and an isotropic model is assumed, the lower vt values at high r result in a

smaller total mass estimate.

The constant anisotropic model with β = 0.5 is radially biased, so the vt values

at almost all r (except for very small r) are smaller than what is expected in the

isotropic model. Lower vt values lead to lower speeds, which in turn cause the total

mass to be underestimated when assuming the isotropic model.

Section 4.4 looked at the situation where the DF of the model assumed by the

observer is different from the DF of the data, the tangential velocities are unknown,

and the datasets have only 25 particles each. When the OM data were analysed with

the isotropic model, the total mass was overestimated on average. Figure 4.16 sheds

some light on this result. At high r, the isotropic model allows for higher tangential

velocities than the OM model, so the vt estimates at large r are overestimated when

the isotropic model is assumed. These higher vt estimates at large r cause Mtot to

be overestimated. This is in contrast to the results of Section 4.3, when the isotropic

model was assumed for anisotropic data, and the tangential velocities were included

in the analysis. In the latter case, the mass tended to be slightly underestimated. In-

terestingly, even though the isotropic model overestimates the mass of an OM system

on average when the tangential velocities are unavailable, the lack of vt increases the

uncertainties in the parameter estimates substantially so that the true parameters

are almost within one standard deviation.

The OM-iso-Gibbs M(r) credible regions from a single analysis cannot be trusted,

despite the large uncertainties on the parameter estimates. As r increases, the credible
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regions become less reliable because the estimates of Mtot tend to be too large, and

M(r) is a cumulative function. Thus, in a single analysis of OM data assuming an

isotropic model, the credible regions will be overconfident at large r.

The credible regions for the β-iso-Gibbs analyses were also found to be overcon-

fident. In contrast to the OM-iso-Gibbs credible regions, however, the β-iso-Gibbs

credible regions were overconfident for all r. The reason for this is that the veloc-

ity dispersion of the constant anisotropic model differs greatly from the OM model

in the center of the system (see Figure 3.3); an OM system becomes isotropic as

r → 0, whereas a β system does not. Hence, the isotropic model can do a good job

of following the shape of the vt profile of the OM data near the center of the system,

but will do a poor job of fitting the β data near the center. This difference explains

why the credible regions for the β-iso-Gibbs analyses are worse than those for the

OM-iso-Gibbs analysis, especially at small r (see Tables 4.6 and 4.7).

In Section 4.2 it was found that the lack of information about vt can cause the total

mass to be overestimated, even when the model is correct, because Mtot determines

the maximum allowed speed for a bound particle. In Section 4.3 it was found that

assuming an isotropic model on anisotropic data can result in an underestimate of the

total mass when the vt values are available. Thus, when the data are anisotropic, the

tangential velocities are unknown and the isotropic model is assumed, the total mass

can be greatly overestimated. The effect can also be seen by comparing the radial

velocity dispersions of the different models in Figure 3.3. The isotropic model assumes

the dispersion in v2
t to be twice the dispersion in v2

r , but in the constant anisotropic

model the two dispersions are equal. The above explains why the vt estimates for the

β-iso-Gibbs analyses were generally overestimated by the isotropic model, as shown
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in the example of Figure 4.18.

The results of Section 4.4 seem to imply that the isotropic Hernquist model might

not do well with a real astrophysical problem. When the data does not have an

isotropic velocity dispersion and the tangential velocities are unknown, assuming an

isotropic model leads to biases in the parameter estimates that can be quite large.

Assuming an isotropic model for anisotropic data also causes the credible regions for

the M(r) profile to be overconfident for most r. Despite these drawbacks, however,

the results of Section 4.5 show that the isotropic model might be able to recover the

total mass of a realistic data set, albeit with large uncertainties.

In Section 4.5 the Gauthier data with unknown vt’s were analysed assuming the

isotropic model. First, two separate sets of data of 25 particles each were analysed,

and then the data sets were combined for an analysis of all 50 particles. The esti-

mates for the total mass from each of the three analyses were all within one standard

deviation of the true mass (318 in G = 1 units, or 7.41 × 1011M�), but the esti-

mates themselves differed a fair amount (the difference between the two 25-particle

estimates was approximately 2.74 × 1011M�). Clearly, when all fifty particles were

analysed, the best estimate was found: Mtot was found to be 7.67 × 1011M� with a

standard deviation of 1.56× 1011M�.

It was surprising that the estimate of the total mass for the Gauthier data was

so close to the true value, given that the Gauthier system is much more complicated

than any of the systems I simulated and clearly does not follow an isotropic Hernquist

model. However, caution must be taken in interpreting the Gauthier results, because

the analysis was not repeated many times. Perhaps we were simply lucky to obtain

an estimate for the total mass that was close to correct— a different data set from
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the same distribution might have returned a very different result.

Even though the total mass was estimated rather well for the Gauthier data,

the mass profile was estimated very poorly. The credible regions do not cover the

true M(r) curve for almost all r. However, the cumulative number profile of the 50

satellites (the scaled M(r) profile) does fall within the credible regions, suggesting

that the isotropic model tried to fit the mass profile inferred from the satellites. The

shape of the mass profile of the satellites is not easily fit by the isotropic model. In

the isotropic model, Mtot and a control the shape of the mass profile; the total mass

determines the height, and the scale radius determines the steepness. Furthermore,

these parameters are positively correlated (see Figure 4.3). The kinematic data of

the satellites imply the correct total mass, but the positions of the satellites imply a

shifted and steep mass profile because there are no satellites inside 44 kpc and none

outside 420 kpc. Therefore, the fit in Figure 4.20 is the best compromise of Mtot and

a that can describe the satellite data.

In the Gauthier-iso-Gibbs analysis of 50 particles, the true tangential velocities

fell within the 95% credible regions for all of the particles beyond 150kpc. Almost

all of the tangential velocity estimates for particles within 150kpc, however, were

underestimated (see Figure 4.20). Thus, it is clear that the isotropic model does not

describe the velocity dispersion of the system.

When the Gauthier analysis was repeated with the tangential velocity observa-

tions, the mass was overestimated by ≈ 5.6 × 1011M�. This result is important,

because it warns that as the proper motion data of Milky Way satellites improves,

we may tend to overestimate the mass of the Galaxy if the model is too simple. Fur-

thermore, our estimates may be overconfident. It has been shown that the estimate
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of the mass of the Milky Way has gradually increased as more proper motion data

has been collected (Wilkinson and Evans, 1999).

5.2 Future Work

This research was focused on the parameter estimate biases that occur when the

isotropic Hernquist model is used to analyse to two different anisotropic Hernquist

systems and a more realistic system. There are many directions that could be explored

with the kind of Bayesian analysis completed in this work.

One direction to take would be to create many data sets with different parameter

values, and look at how the biases in parameter estimates change as the parameters

increase or decrease. For example, one could create OM data sets that have different

degrees of anisotropy, and study how the degree of anisotropy affects the estimate

of the total mass of the system. One could also generalize the constant anisotropic

Hernquist model of β = 0.5 to one that allows β to be a parameter in the Markov

Chain, and then use this model to fit the simulated data.

All of the Hernquist systems simulated and analysed in this research had a total

mass of ≈ 7×109M� and a scale radius of a. In a future study, one could do the same

analysis for a range of masses, and look for a correlation between mass estimation

bias and the mass of the system.

It would also be interesting to see how the results in this study would change if

only particles outside of 50kpc were used to estimate the mass. Little and Tremaine

(1987) used satellites that were beyond 50kpc from the Galactic center, whereas my

analysis used satellites from all radii. Perhaps the results would not change, because it

is the particles at large r that seem to have the most effect on the total mass estimate.
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On the other hand, without information about the inner particles of the system, it

is difficult to understand the inner structure of the system and the mass profile. As

Section 4.5 showed, having observations that are mostly in the outer regions can lead

to a correct mass estimate, but not necessarily a correct mass profile.

Yet another direction this research could take would be to consider observations

where only some tangential velocity measurements are available, so that it is more

similar to the situation we have in the Milky Way. Watkins et al. (2010) simulated

25 Milky Way satellites, and allowed 7 of these satellites to have tangential velocity

measurements, and then estimated the mass from these satellites. This kind of study

could be done using the repeated Bayesian analysis discussed here.

The satellites in my data sets are dispersed spherically, but the satellites of the

Milky Way and other galaxies may not have a spherically symmetric spatial distri-

bution. For example, Holmberg (1969) suggested that satellite galaxies will tend to

collect near the poles of the host galaxy. More recently, however, Ibata et al. (2013)

reported the existence of 13 dwarf galaxies that are almost coplanar with M31. It is

possible that the Milky Way has a similar set of dwarf satellites, but that we can-

not observe them through the Galactic disk. A lack of satellites in the plane of the

galaxy might cause a bias in the mass estimate and scale radius of the galaxy. Thus,

an analysis of satellites that are not uniformly dispersed on a sphere would also be

useful.

A completely different direction could be taken with this work: one could apply

the frequentist Bayesian approach to other models, such as the Navarro et al. (1996)

(hereafter NFW), Jaffe (1983), or Einasto (1965) models. The Einasto profile would

be particularly interesting, as it has been shown to fit the density profile of CDM
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halos just as well as the NFW profile (Navarro et al., 1996). The NFW and Einasto

models do not have analytic DFs, however, so drawing from these distributions would

have to be done in a different way than discussed in Chapter 3.

Another avenue to explore would be to simulate data from a multi-component

system and apply the repeated Bayesian analysis approach completed here. Merritt

(1985) showed that more complicated systems can be constructed by superimposing

two or more velocity anisotropy models. A two-component Hernquist model similar

to the ones discussed in Ciotti (1996) could be created and then analysed assuming

a simpler model. These models consist of a stellar component and a dark matter

component, each of which follows an OM anisotropic Hernquist model with different

parameter values. It would be interesting to explore how the mass and mass profile

of this two-component system would be estimated if only the stellar satellites were

used in the analysis. One could also produce particles from the kind of distribution

functions suggested in Evans and An (2006); they offer an algorithm for creating DFs

that generate systems with an inner velocity dispersion that is isotropic, and an outer

velocity dispersion that has some radial anisotropy. One could also generate satellites

that have a different distribution function than that of the host galaxy. For example,

Wilkinson and Evans (1999) suggest using the same form of DF for the satellites as

for the host galaxy, but give the satellites DF a different scale length.



Chapter 6

Summary

The purpose of this research was to gain some insight into the biases that may oc-

cur when an observer estimates the total mass and mass profile of a galaxy using a

Bayesian approach similar to that first suggested by Little and Tremaine (1987). I

simulated three kinds of systems, all of which followed the Hernquist gravitational

potential and mass density profile, but each of which had a different velocity disper-

sion. Five hundred independent data sets of each type of system were created in order

to examine the performance of the Bayesian analysis in terms of biases in parameter

estimates and coverage probabilities.

I looked for biases in the isotropic Hernquist model parameters in four different

scenarios: i) the model and the data come from the same DF, ii) the model and data

come from the same DF but the tangential velocities are not available, iii) the model

and data come from different DFs, and iv) the model and data come from different

DFs and the tangential velocities are not available. When estimates were found to be

biased, I undertook closer examination of the factors leading to the bias and explored

the effect of the bias on the analysis.

88
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In Section 4.1, when the data came from the same Hernquist DF as that of the

model and the observer had all components of the particle velocities, no bias was

found in the parameter estimates of Mtot and a. In addition, it was found that in

some cases a single data set could return parameter estimates that were far from the

true values, and that the credible regions would fail to include the true values. This

demonstrated that my simulations were performing as expected.

Section 4.2 explored the scenario in which the data came from the same Hernquist

DF as that of the model, but the tangential velocities were unknown. It was found

that the estimates of Mtot and a had a slight positive bias, and that the bias was due

to the lack of information about the tangential velocities. Without information about

the tangential velocities, the total velocities of the particles were poorly constrained,

leading to a slight overestimation of the total mass.

In Section 4.3 the isotropic Hernquist model was assumed when analysing anisotropic

Hernquist data. In this case, the biases in Mtot and a were larger and negative, and

the posterior distributions returned M(r) profiles that did not match the data well.

Furthermore, the M(r) credible regions were found to be overconfident for almost all

r.

Section 4.4 looked at the situation in which the DF of the model and data differed

and the tangential velocities were unknown. The data sets in these scenarios had

only 25 particles each to reflect a more realistic situation. The bias in the isotropic

Hernquist model parameter Mtot was even larger compared to the scenario in Sec-

tion 4.3 and was positive, and the bias in a was slightly positive. The credible regions

for M(r), calculated from the posteriors, were found to be highly overconfident. The

profile plots of the tangential velocity estimates revealed that the overestimation of the



CHAPTER 6. SUMMARY 90

total mass was largely due to the combined effect of having no information about the

tangential velocities and having assumed an isotropic model on anisotropic data. In

the isotropic model, the maximum allowed tangential velocity at each radius is larger

than that in the OM or β models, given any combination of Mtot and a. Because

the escape velocity depends on the gravitational potential, which in turn depends on

the total mass of the system, larger estimates of the escape velocity lead to larger

estimations of the total mass.

Finally, the Bayesian analysis was applied to a single data set taken from the final

conditions of the Gauthier et al. (2006) simulations of a more complicated galactic

system. The data set was collected from the simulations in two steps. First, I de-

termined which satellites were still intact in the final conditions (based on the initial

conditions of the simulations); only intact satellites are useful as tracer particles. Sec-

ond, I made observations of the intact satellites by calculating their center of mass

position and velocity vector with respect to the center of the galaxy. Once the data

set was collected, I analysed the particles assuming the isotropic Hernquist model

with and without the tangential velocity measurements. The mass estimate for the

analysis without the tangential velocities was within one standard deviation of the

true mass. When the tangential velocities were included in the analysis, however,

the mass was overestimated. The latter result is in agreement with the results of

Section 4.4. In both Gauthier analyses, the mass profile predicted by the isotropic

Hernquist model did not follow the true mass profile of the entire system.

In summary, the major findings of this study are 1) the results of a single Bayesian

analysis are very dependent on the data set being analysed, 2) the isotropic Hernquist

model tends to overestimate the mass of a system that has an anisotropic velocity
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dispersion, 3) the unobserved tangential velocities cannot be well constrained by the

isotropic Hernquist model in a Bayesian analysis, and 4) when tangential velocities

are available but the model is very different from the data, the estimates of the

parameters can be biased and overconfident.

The four results stress that we must have a good understanding of the limitations

of the model when using a Bayesian analysis. To gain an understanding of the model

and uncover biases that may occur in applications, it is recommended that one make

simulated data sets similar to observations of the real data, and analyse each of

these data sets individually (similar to the analyses completed here). This kind of

exploratory analysis can uncover biases in parameter estimates when the data and

the model do not share the same DF.

The third result is also important. Originally, it was thought that the r and vr

observations of each particle might help constrain the allowed range of tangential

velocities for that particle (especially for extreme r and vr values), but it was found

that there is very little information to be gained from r and vr, especially when Mtot

and a are also unknown. Nevertheless, there was an unexpected benefit to having

posterior distributions for vt. The Markov chains with tangential velocity samples

proved to be very useful in the analysis, primarily because they provided insight into

why some of the biases were occuring. The marginalization method could not have

given us this information and insight.

The fourth result was seen in Section 4.5. The results of the Gauthier-iso-mcmc

analysis showed that parameter estimates may be biased and overconfident when tan-

gential velocities are available and the model is very different from the data. Moreover,

the isotropic model actually did a better job of predicting the total mass when the
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tangential velocities were unknown. However, caution must be taken when interpret-

ing these results, as only one data set was analysed for the Gauthier-iso case. It is

entirely possible that we were simply lucky enough to stumble upon a data set that

would return the correct mass when the tangential velocities were not used in the

analysis. To investigate this matter further, one could bootstrap the data to create

multiple simulated data sets, and then analyse each of these individually.

The work completed here stresses the importance of using statistical simulation

to understand our models of galaxies. As observers we will never correctly specify the

exact process that gives rise to a galaxy, but if we can understand the biases of our

models when used for estimation, then we will have a better understanding of their

limitations when applied to real data.
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