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Abstract 

Understanding the behavior of geomaterials under explosive loading is essential for several 

applications in the mining and oil industry. To date, the design of these applications is based 

almost solely on empirical equations and tabulated data. Optimal designs require accurate and 

complete knowledge of rock behavior under various loading conditions. 

The vast majority of the properties available in the literature have been gathered by deforming the 

specimen slowly. These properties have been used to establish constitutive models which 

describe the behavior of rocks under static and quasi-static loading conditions. However, the 

dynamic properties and material constitutive models describing the behavior of geomaterials 

under high strain-rate loading conditions are essential for a better understanding and enhanced 

designs of dynamic applications. 

 Some attempts have been made to measure dynamic properties of rocks. Also, some trials have 

been made to devise material models which describe the behavior of rocks and the evolution of 

damage in the rock under dynamic loading. Published models were successful in predicting 

tensile damage and spalling in rocks. However, there are no established models capable of 

predicting compressional damage in rocks due to dynamic loading. 

A recently-developed model, the RHT model, was formulated to describe the behavior of 

concrete over the static and dynamic ranges. The model was also formulated to predict 

compressional damage based on the strain rate at which the material is subjected to. The RHT 

model has been used successfully in several applications. 

The purpose of this research was to characterize one rock type as an example of a hard brittle 

rock. The physical properties of the rock as well as the static and dynamic mechanical properties 
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were investigated. These properties were used to calibrate the RHT model and investigate its 

potentials to predict compressional damage in brittle materials. 

The calibrated model showed good precision reproducing the amplitude of the strain signals 

generated by explosive loading. It was also capable of predicting compressional damage with 

acceptable accuracy. Unfortunately, due to implementation restrictions, tensile and spall damage 

could not be captured by the model. The duration and shape of the strain pulse were also poorly 

modeled. 
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Chapter 1 

Introduction 

Understanding the behavior of geomaterials under relatively high strain rate loading conditions is 

essential for several applications in the mining and oil industry. Those applications include: 

surface and underground blast pattern design and optimization, near-blast wall control in open 

pits, underground controlled blasting, and oil well stimulation. All these applications require a 

thorough knowledge of the mechanics of high strain rate deformation, and the dynamic response 

of geomaterials under those conditions.  

The design of most mining applications is based almost solely on empirical equations and 

tabulated rock data. Optimal design requires accurate and complete knowledge of rocks tested 

under a variety of conditions. The majority of available material properties have been gathered by 

deforming the specimen very slowly. 

Shigley & Mitchell (Shigley & Mitchell, 1993) believe that the average strain rate used in 

obtaining the static stress-strain curves is approximately 0.001 strain/s or less. It has been verified 

that rocks are stronger at higher rates of strain, such as caused by an impact. The behavior of 

rocks subjected to impact has been of interest for design purposes as well as for developing 

constitutive models to describe rock behavior under high strain rate loading. 

There are several standard test configurations for generating dynamic loading, such as the drop 

weight test, Hopkinson pressure bar (HPB) test and plate impact test. The Hopkinson pressure bar 

test and the plate impact test are the most widely used to test materials at high strain rates. 

In a split Hopkinson pressure bar (SHPB) test, a short cylindrical specimen is sandwiched 

between two long elastic steel bars. The bars are generally made of high-strength steel with 
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diameters less than 19 mm and a length near 1.5 m. The ends of the pressure bars and specimen 

are machined flat to enforce prescribed boundary conditions. A projectile is fired onto the end of 

the input bar generating a compressive stress pulse (Frantz, Follansbee, & Wright, 1984). 

Immediately following the impact, this pulse travels along the bar towards the input-bar-specimen 

interface at which the pulse is partially reflected into the input bar and partially transmitted 

through the specimen and into the output bar. The reflected pulse becomes a tension wave, 

whereas the transmitted pulse remains in compression. 

Along the center line of impact, where the uniaxial strain is generated, wave data are acquired in 

the form of strain vs. time. The data are used to compute the dynamic properties of the rock as 

well as the equation of state in some cases. 

The whole rock sample is considered to be homogeneous with certain “effective” elastic 

constants or other overall properties. This theoretical assumption, made by Christensen, was 

shown to agree well with experimental data when the wavelength of the stress pulse is large 

compared to the specimen diameter (Christensen, 1990). 

Once the dynamic properties of the rock are obtained, a better understanding of the behavior of 

geomaterial under high strain rates can be achieved. Using these data and understanding the 

mechanism of behavior, new constitutive models, describing geomaterial behavior, can also be 

established. 

Over the last couple of decades, a number of constitutive models describing the behavior of 

synthetic brittle materials, which resemble the behavior of geomaterials, i.e. concrete, have been 

established. One of the most recent constitutive models describing behavior of concrete under 

high strain rates is the Reidel-Hermaier-Thoma (RHT) model (Riedel, 2004). Data obtained from 
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a standard static and dynamic test performed on geomaterials can be used to calibrate the RHT 

model to predict the behavior of geomaterials as well. 

1.1 Purpose, Goals and Objectives 

Rocks, concrete and ceramics are particulate porous materials that exhibit a unique dependence of 

strength on the pressure applied on the material as well as the strain rate under which the material 

is loaded. Some rocks and ceramics exhibit a more brittle behavior when compared to concrete. 

The most common representation of brittle material developed to date is called Damage Models. 

These models have been used extensively to predict material behavior numerically under dynamic 

phenomena such as blasting. Damage models are generally based on the concept of the reduction 

of stiffness (i.e. reduction of the bulk, shear and Young’s modulus) as well as strength of material 

with increasing damage.  

In a continuum representation, this occurs in a smeared fashion with damage values ranging from 

zero to one. A damage value of zero indicates that the rock is in a pristine intact state and a 

damage value of one means that the rock is totally pulverized and has lost all strength.  Higher 

damage values imply a higher crack density and thus lower strength and stiffness. 

Damage models for brittle materials have been evolving for several decades with early 

experimental and theoretical contributions by Kipp and Grady (Kipp & Grady, 1980), Grady and 

Kipp (Grady & Kipp, 1985), and Grady (Grady, 1985). Kuszmaul (Kuszmaul, 1987) developed 

the work by Grady and Kipp into one of the first continuum Damage Constitutive Models for 

rocks. Thorne et al. (Thorne, Hommert, & Brown, 1990) developed a damage model treating the 

dynamic fracture as a continuous accrual of damage in tension and assuming that the damage 

mechanism is purely due to microcracking. 
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The model by Yang (Yang, Bawden, & Katsabanis, 1996) was based on the idea of a crack 

density function. Damage was accumulated based on the increase of crack density. The model 

was implemented in ABAQUS and was used to reproduce crater shapes observed in blasting 

experiments. Another model (Liu & Katsabanis, 1997) used the probability of fracture as the 

basis for quantifying damage. A few earlier models also existed (Taylor, Chen, & Kuszmaul, 

1986), (Kuszmaul, 1987). 

A common limitation of these models is that damage is mostly considered in tension and 

compressional damage, especially around the blasthole, is mostly disregarded. Also, the damage 

description does not explicitly describe crack propagation within the material. It only describes 

the macroscopic softening behavior in a phenomenological fashion. Another limiting factor for 

using the above mentioned models is that they have not been calibrated to rock types encountered 

in blasting situations. Unlike concrete, published data of rock properties are very scarce, under 

static and certainly dynamic loading. This prohibits the calibration and utilization of material 

models. Also there is no established procedure for testing and establishing rock properties 

required for model calibration. 

There is an abundance of published data in the literature on concrete. Therefore, the number of 

calibrated models to describe the behavior of concrete is significantly large. Due to the lack of 

calibrated rock models and the lack of published properties/parameters which can be used to 

calibrate the models, researchers and engineers have resorted to using the calibrated models of 

high strength concrete to describe rock behavior (Tawadrous & Katsabanis, 2007), (Katsabanis & 

Tawadrous, 2007), (Preece & Chung, 2003). This is a valid approach in developing behavior 

trends; however, establishing quantification of a certain phenomenon is rendered impossible. 
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Recently, Preece and Lownds (Preece & Lownds, 2009) used the newly-developed RHT concrete 

model to simulate bench blasting and the effect of wave interaction on damage evolution in rocks. 

Even though some of the properties used were not realistic, the model showed very promising 

potential in modeling the behavior of rocks and the damage developed over the entire loading 

range. 

The purpose of this research is to develop a process for determining the static and dynamic 

properties of hard rocks commonly encountered during blasting. These rock properties can then 

be employed as parameters for material (constitutive) models to predict the results of rock 

blasting using continuum mechanics computer codes. 

In this work, a fine-grained type of granite, namely Laurentian Granite, was selected as an 

example to develop such a process. The properties established were utilized in the calibration of 

the RHT constitutive/damage model. Due to its promising capacities, the calibrated model can be 

utilized in future work to model stress wave-induced damage in rocks and to clarify several issues 

debated in blasting applications, such as the effect of timing on damage evolution as well as 

quantifying the amount of fines produced around the blasthole. 

The static properties of the rock were determined using the standard testing methods 

recommended by the ASTM and the ISRM. The dynamic properties are attained by performing a 

modified version of the Hopkinson Pressure Bar test where explosives were used to generate the 

pressure pulse. The static and dynamic properties were used to calibrate and implement the RHT 

model for the granite type on which the test is performed. In order to achieve this aim, the 

following steps were taken: 

 Standard static tests on representative granite core samples were conducted. 
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 Static properties of granite were obtained. 

 Modified HPB test on granite samples were conducted. 

 Dynamic properties of granite were obtained. 

 The RHT model was calibrated and validated. 

1.2 Thesis Organization 

The research thesis is organized as follows: the first six chapters will introduce an overview of the 

research problem and goals. These chapters also provide a literature review on wave propagation 

phenomena in solids, the split Hopkinson Pressure Bar Test, hydrodynamic modeling and the 

most important characteristics of geomaterials. This extended literature review was deemed 

necessary due to the scatter of the literature and the inconsistency in terminology and notation 

used in different publication. This constitutes a major contribution to facilitate the understanding 

of the theory and establish a common ground for future work and development. 

The next chapter illustrates the experimental work conducted and its results, followed by 

calibration and verification of the RHT model to fit experimental data and a related discussion in 

the following chapter. The final chapter discusses the overall conclusions. 

 Chapter 1 – Introduction. This chapter provides a general overview of the problem and 

discusses the purpose, goals and research methodology throughout the present work. 

 Chapter 2 – Dynamic Behavior of Materials. This chapter shows the basics of wave 

propagation in solids and introduces the different approaches to modeling wave 

propagation. 
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 Chapter 3 – Hopkinson Pressure Bar Test (HPB). This chapter reviews the evolution 

of the Hopkinson Pressure Bar test. The chapter introduces the basic theory behind the 

test, and also reviews the different techniques to process the data attained from the HPB 

test to obtain the dynamic properties of materials. 

 Chapter 4 – Hydrodynamic Modeling. This chapter reviews the basic theory of 

hydrodynamic codes in general and AUTODYN™ specifically. Advantages and 

limitations of the code are also introduced. 

 Chapter 5 – Characteristics of Geomaterials. This chapter gives a brief review of the 

most important experimental knowledge and data regarding the characteristics and 

behavior of geomaterials and sources in the literature. 

 Chapter 6 – The Riedel-Hermaier-Thoma Material Model. This chapter reviews the 

existing material models, prior to the RHT model, and their limitations. The chapter will 

also discuss the formulation of the RHT model and the power and limitations of the 

model. 

 Chapter 7 – Characterization of Laurentian Granite. This chapter details the 

different static and dynamic tests performed in order to characterize the granite and the 

results obtained from the tests. Calculations of the static and dynamic moduli from test 

results are also shown. 

 Chapter 8 – Application of the RHT Model to Laurentian Granite. This chapter 

shows the calibration and verification process of the RHT model to phenomenologically 

reproduce the behavior of the granite tested. Verification of the calibrated model, using 

hydrodynamic numerical modeling, through the reproduction of controlled experiments 
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is demonstrated. The results of a sensitivity analysis of the model parameters are also 

included. 

 Chapter 9 – Conclusions and Recommendations. This chapter presents the overall 

conclusions reached in the current research and discusses recommendations for future 

work to expand on the current work. 
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Chapter 2 

Dynamic Behavior of Materials 

This chapter illustrates the basis for describing the dynamic behavior of materials by considering 

the case of elastic waves. The most relevant wave forms and the relationships between elastic 

properties and propagation speeds are derived. These relationships are of fundamental importance 

for the description of inelastic waves and material models in dynamic applications later on.  

2.1 Wave Propagation in Linear Elastic Materials 

First, the case of a compression wave propagating through a thin rod (length >> diameter) is 

considered. Figure 2-1 shows the axial impact loading of a cylinder and the propagation of a 

compression wave from left to right up to a spatial position (x) during time (t). For a volume 

element (Ax), which is displaced by a distance (u), Newton's Law can be applied; where (A) is 

the cross sectional area of the cylindrical sample (Graff, 1991).  

 
Figure 2-1: Propagation of a compression wave through a thin rod 
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In order to derive the relationship between stress and displacements, or more specifically strains, 

a material law is needed. In the case of linear elastic behavior, Hooke's Law can be used.  
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This already shows the relation between the wave propagation velocity (C) and the modulus of 

elasticity (E), or more generally the gradient of the stress-strain relationship. 












E
C

 2.7 

The same approach for the one dimensional case can be used to derive equivalent wave equations 

in a three-dimensionally deforming body using force equilibrium or more specifically 

conservation of momentum. 
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Using the index notation, summation over repeated indices in a term, the relation in the three- 

dimensional case becomes: 

2

2

t

u

x
i

j

ij










  
2.11 

In three dimensional continuum mechanics, Hooke's Law is usually expressed by the use of 

Lame's constants ( & ). However, in numerical modeling it is common to express Hooke’s Law 

using bulk modulus (K) and shear modulus (G). Table 2-1 lists the different relationships between 

the elastic moduli (, , K, G, E and ).  

Using K and G and the index notation, Hooke's Law can be written as follows: 

ijijvij GGK  2)
3

2
( 

 2.12 

where: 332211v    

ij  is the Kronecker delta 

K is the bulk modulus 
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Table 2-1: Relationships between the elastic moduli (Riedel, 2004) 
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Substituting into equation 2.11 and with a few manipulations, the equation of conservation of 

momentum for a linear elastic continuum becomes:  
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2.13 

From equation 2.13, two fundamental wave modes in solids can be realized. If the motion takes 

place parallel to the direction of propagation (case of a thin rod), a primary wave, also known as a 

dilatation or longitudinal wave, occurs. The wave equation, the associated propagation speed (Cp) 
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and the relationship to the longitudinal wave number (L) can be derived by differentiating 

equation 2.13 by xi: 
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In contrast, a uniaxial state of stress cannot occur in the case of a semi-infinite elastic continuum. 

In such a case, the material is not capable of deforming laterally. Therefore, a faster propagation 

speed (Cp) results, compared to the speed (Cl) in the thin rod. The relationship becomes clearer 

when comparing (E) and (L) in Table 2-1. 
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For a Poisson’s ratio of (μ = 0.28), typical for ferrous metals, L = 1.278E. This results in a 13% 

faster propagation speed in the infinite sample than in the thin rod (Riedel, 2004).  

If the motion takes place perpendicular to the direction of propagation, then ideally a secondary 

or a shear wave, with no volumetric deformation, travels through the medium. Assuming 0v  , 

equation 2.13 becomes: 
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By setting the shear modulus to zero (G = 0), the equation of linear hydrodynamic compression 

waves in fluids can be derived. The propagation speed (CB), in this case, is often called the bulk 

sound speed.  
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Table 2-2 summarizes the relationships between elastic moduli, wave modes and propagation 

speeds. These relations are of fundamental importance in understanding inelastic shock waves, 

material models for dynamic applications and macro-mechanical modeling approaches.  

Further wave modes arise in solids at the surface boundary. If a wave travels at the contact of two 

semi-infinite media with different characteristics, a Stoneley wave develops (Graff, 1991). A 

Rayleigh wave can be seen as a special case of the Stoneley wave. It induces a shear wave, which 

travels along the free surface. Furthermore, Love waves arise in laminated materials. Torsion and 

bending waves arise in plates, beams and vessels. These types of waves are outside the scope of 

the current work. Figure 2-2 illustrates different wave modes upon local impact on an infinite 

solid body (Meyers, 1994).  
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Table 2-2: Relationships between elastic moduli, wave modes and propagation speeds  
Elastic modulus Propagation speed Wave Mode 
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C p
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Longitudinal wave in a semi-infinite solid 
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E

Cl   Longitudinal wave in a thin rod 

 

 
Figure 2-2: Wave components upon impact of infinite solids (Meyers, 1994) 
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2.2 One-Dimensional Waves in Non-Linear Materials 

The phenomena of wave propagation become more and more complex when nonlinear behavior 

of material is considered. Figure 2-3 (A) (Chen & Han, 1988) shows a typical stress-strain 

relationship with plastic deformation and strain hardening of a metal sample under tension. The 

elastic-plastic modulus (b) is smaller than the elastic modulus (a). Applying the relationships 

from the previous section, it can be noticed that the propagation speed of the plastic wave is 

smaller. Therefore, dispersion of the elastic-plastic waves takes place as represented in Figure 2-3 

(B) (Cooper, 1996).  

 
Figure 2-3: Dispersion of elastic-plastic waves in a thin rod  
 

On the other hand, if the linear bulk modulus, equation 2.20, is replaced by the equation of state 

for ideal gas, equations 2.22 & 2.23, and the fluid is subjected to a strong compression wave, then 

an opposite effect arises.  
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State ofEquation  Gas Ideal         )1( ep    
2.23 

The relationship between pressure and density is concave, i.e. with increasing pressure the 

compressibility of the gas decreases (Figure 2-4 A). It follows that at higher pressures, waves 

propagate at higher velocities than lower pressures. Therefore, higher pressures catch up over the 

distance. Thus, the wave front steepens as it propagates causing a shock wave front to develop, as 

shown in Figure 2-4 B (Cooper, 1996). 

 
Figure 2-4: Propagation of a shock wave, e.g. in an ideal gas  
 

Shock waves can occur in fluids and solids under compression loading, if the compression 

behavior is concave. Also, in a solid body with plastic properties shock waves can develop, if the 

material cannot expand laterally and exhibits nonlinear compressibility under high pressures. 

Depending on geometry, impact position and propagation medium, a planar or spherical wave 

front develops (Figure 2-4). Therefore, the relationship between material properties and geometry 

of the medium is crucial.  

Shock fronts are characterized by an extremely short rise time which lies mostly in the 

nanosecond range. The rise time of the shock front is negligible for practical purposes; instead it 

is described as a discontinuity of pressure, density and temperature.  
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This discontinuity can no longer be described using the elastic equations. Instead, the fact that 

over the shock front the fundamental conservation of mass, momentum and energy must apply 

can be made use of. Figure 2-5 shows the equilibrium at the wave front, when the observer moves 

at the propagation speed (U). Equations (2.24, 2.25 & 2.26), between the conditions behind 

(index 0) and in front (index 1) of the shock front, are called the Rakine-Hugoniot equations 

(Rankine, 1870), (Hugoniot, 1889). Their derivation can be found in numerous literature sources 

(Meyers, 1994), (Rinehart, 1975). Equations (2.24, 2.25 & 2.26) show the case where the material 

is at rest (uo = 0), before it is accelerated by the shock to a particle velocity of (Up).  

 
Figure 2-5: Equilibrium at a stationary shock front (Cooper, 1996)  
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If the initial conditions (po, ρo, eo and uo) are known, then five variables (p1, ρ1, e1, Us, and Up) 

remain unknown. Thus, one more equation (a material law similar to Hooke's Law) is needed. 
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Equations of state for linear compression and ideal gas (equations 2.22 and 2.23) are two 

examples of the thermodynamic relationship p = p(ρ, e) which can be used as material models as 

well. 

In the elastic case (equation 2.22), the conservation of energy is linear and is dependent on p = 

p(). Thus, it can be eliminated. When the density gradient is small, planar sound waves can be 

described by the equations of conservation of momentum. Thus, the Rankine-Hugoniot equations 

are known to be the upper limit of the derivations, particularly in the case of sound waves and 

weak compression in fluids when the shock wave speed Us reaches the speed of sound C (Figure 

2-4 A).  

In the case of shock wave propagation in solids under uniaxial strain conditions, the hydrostatic 

pressure (p) is replaced by the stress normal to the shock wave front in the momentum and energy 

equations (equations 2.27 & 2.28). The sign convention of pressure and stress should be 

considered. Similar to the hydrodynamic behavior of fluids, a relationship between stress, strain 

and internal energy is needed. This relationship is called the material law or the constitutive 

material model. 
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2.3 Three-Dimensional Waves in Non-Linear Materials 

The formulation of the conservation equations in three dimensions makes the description of 

arbitrary geometry and different wave modes in solids possible. The choice of a reference system 

of the spatial coordinates is a crucial step for the description of moving materials after which the 

numerical solution procedures can be arranged clearly. Figure 2-6 shows the path of an 

infinitesimal fluid element moving from position 1 to position 2 in a time period (t2-t1). 

Derivatives of the conservation equations of this type lead directly to the partial differential 

equations of body-fixed grids (also known as Lagrangian). 

 
Figure 2-6: Lagrangian coordinate system (Century Dynamics Ltd., 2005) 
 

On the other hand, Figure 2-7 shows a space-fixed control volume (V) through which the material 

flows. Equilibrium over the volume (V) and its boundaries (S) gives the integral equations. The 

formulation in space-fixed coordinates is called the Eulerian description. 

Since both formulations only differ in the reference system, not in their physical meaning, they 

can be mathematically transformed into one other. The substantial derivative D/Dt (defined as the 

time rate of change of a fluid property as it travels through a given flow field) is the temporal 

derivative in the Lagrangian reference system. This can be expressed in space-fixed (Eulerian) 
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coordinates, using the local (time rate of change at a fixed point) and convective (the time rate of 

change due to the movement of a fluid element through a flow field whose properties are spatially 

different) terms of the movement (Zucas, 2004). 

 
Figure 2-7: Eulerian coordinate system (Century Dynamics Ltd., 2005) 
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 is the local derivative 
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 is the convective derivative 

In a fixed coordinate system with linear independent normal direction vectors (

kandj,i ), each 

position (X) is clearly defined as the sum of its scalar multiples (x, y and z), equation 2.31. 

Accordingly, the velocity (V) is described on the basis of the components (u, v and w), equation 

2.32. In equation 2.33, the operator () is the gradients of the vector field.  



 

 22 



 kzjyixx  2.31 



 kwjviuv  2.32 

z
k

y
j

x
i













  

2.33 

The conservation equations are expressed in many different forms such as integral form, partial 

differential equation form or index notation form. For brevity and consistency, the index notation 

form, equations 2.34, 2.35 & 2.36, will be used from here on.  
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The three dimensional form of the conservation equations, volumetric and deviatoric stress and 

strain are described separately in equations 2.37 to 2.41.  
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In hydrocodes, the formulation of deformation in the material constitutive equations uses 

compression () and strain rate (equation 2.42). As will be explained later, explicit time 

integration can be employed when small strains occur in each time step (Zucas, 2004).  
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The conservation equations in index notation, equations 2.43 to 2.48, are the principal equations 

for the formulation of hydrocodes. Their derivation can be found in the literature (Anderson J. D., 

1984), (Wilkins, 1964) and will not be shown here. 

Lagrangian (non-conservative) formulation  

Continuity equation  
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Conservation of momentum 



 

 24 

i
j

ji

i

i f
x

s

x

p

Dt

Dv
 










 

2.44 

Conservation of energy  
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Eulerian (conservative) formulation  

Continuity equation 

0
)(









i

i

x

v

t

  
2.46 

Conservation of momentum 
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Conservation of energy 
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2.48 

where: fi is the body forces (gravitation, magnetic fields) 

2

vv
e ii  is total specific energy (internal (e) + kinetic (0.5 v2)) 

.
q  is the rate of the volumetric heat change (absorption, emission, radiation)  

k is the thermal conductivity coefficient  
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2.4 Equation of State 

Three-dimensional states of stress are similar to the case of the Hugoniot relationships describing 

linear shocks in the fact that the conservation equations do not include a relationship between the 

thermodynamic state variables (pressure, density and internal energy) in the case of non viscous 

fluids or between stress, strain and internal energy in the case of materials with no shear strength. 

This relation is generally known as the equation of state (p=f (, e)) (Zucas, 2004). Figure 2-8 

shows a representation of the equation of state as a surface in the thermodynamic state space, 

which is drawn from thermodynamic quantities. In this representation high dynamic events are 

described assuming hydrodynamic material behavior.  

When a material at rest (state 0) is suddenly loaded, it undergoes a sudden change in state 

(shocked state 1). The change takes place along the Rayleigh line (equation 2.49), which is 

derived from the conservation equations of mass, momentum and internal energy as a dependent 

variable according to equations 2.24, 2.25 and 2.26 (Cooper, 1996).  
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2.49 

In the pressure-volume space, the locus of all the states a material can assume when shocked from 

an initial state (po, vo) is known as the Shock Hugoniot Curve. However, it should be pointed out 

that the change in state occurs along the Rayleigh lines not the Hugoniot curves. Only the initial 

and final states fall on the Hugoniot curve (behind and ahead of the shock wave front).  

Upon unloading (e.g. by reflection of the compression wave at a free surface) and provided that 

heat exchange is negligible during the event, the material is decompressed along the Isentrope 

(change of entropy TdS = de + pdv = 0). In such case, all final conditions after complete 
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unloading to the unstressed state (e.g. Figure 2-8 states 4a & 5) occur on the isobar of state 0. The 

irreversible portion of the change in state (due to shock loading), however, causes an increase in 

the internal energy and consequently a thermal dilatation of the material. Therefore, unstrained 

conditions (e.g. Figure 2-8 4a & 5) after shock propagation are at a level of higher energy and 

lower density. The shock-generated heat explains the fact that states (0, 4b and 5) can be arrived 

at directly by supplying heat without application of any external forces.  

On the other hand, if the material undergoes further shocking before complete unloading (states 3 

& 4b), from a reflection at an interface with higher impedance, then the material is again shocked 

along another Rayleigh line. The initial and final states (3 and 4) lie on a Hugoniot curve of 

higher energy and ambient pressure. Altogether, the outlined path (0 – 1 – 2 – 3 – 4b – 5) 

corresponds to the changes in state of the volumetric part of strain.  

 
Figure 2-8: Multiple loading and unloading on the thermodynamic state surface  
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Depending on material behavior and shock intensity, several types of equations of state have been 

established. The simplest form is equation 2.22 with a linear relation between pressure and 

density. Changes in internal energy arise only from the solution of the energy conservation 

equation (Zucas, 2004).  





KKp
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 1  

However, as explained earlier, a concave-shaped equation of state is required for the formation of 

shock waves. This can be described for materials with phase change by expanding the linear 

relation into a polynomial.  
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For most solids, experimental data have shown that the values of the shock velocity (Us) and 

material particle velocity (Up) can be fitted by a linear relation with the P-wave velocity being the 

intercept (Marsh, 1980). Figure 2-9 shows the fit of experimental data for two steel alloys 

(Nahme, 1991) determined using the planar impact technique. The benefit of using this type of 

formulation is that the P-wave velocity (C) and the slope of the straight line relating particle 

velocity and shock velocity (S), which are easily determined experimentally, can be used directly 

as material parameters. 

pBs SUCU   
2.51 

The linear shock Hugoniot provides a relatively simple mathematical solution for the 

conservation equations. Material parameters (C and S) can also be used to approximate the 

coefficients of a polynomial equation of state (Klornfass, 1998). 
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In the above mentioned equations, internal energy was not explicitly included. In Figure 2-8, this 

corresponds to a movement along the Rayleigh line with end points exclusively on that Hugoniot 

curve, which goes through the initial condition 0. Thus, these points do not describe the state 

surface or even a part of it, but only a curve on the surface; namely the Hugoniot curve.  

 
Figure 2-9: Shock wave velocity vs. particle velocity of two steel alloys (Nahme, 1991)  
 

In practice, the description of a state away from the Hugoniot curve is done using the Mie-

Grüneisen equation of state. The equation is based on statistical mechanics and models of solid-

state physics. It is constructed using the energy levels of lattice vibrations in the solid and the 

Helmholtz free energy equation (a relationship between pressure on the 0-state isotherm and 

states of higher energy) (Meyers, 1994).  
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In principle, any change of state can be taken as a reference curve. However, the Hugoniot curve 

lends itself to calculating the shock states as in equations 2.50 and 2.51 and can be extended to 

actual equations of state by deriving the isochoric changes in the direction of the internal energy 

in their domain. 

)()( HH eepp    2.57 

From basic assumptions of thermodynamics, the Grüneisen coefficient () can be expressed in 

terms of the coefficient of thermal expansion (α), specific heat at constant volume (cv), and the 

bulk modulus at constant temperature (Meyers, 1994):  

Kcv
3


 

2.58 

Dugdale and MacDonald (Dugdale & MacDonald, 1953) provided an estimation of great 

practical importance on the basis of a consistent thermodynamic model. Equation 2.31, in 

conjunction with the Hugoniot curve of the form of equation 2.51 (where (S) is the slope of the 

experimentally measured values (Us) and (Up)), can be used directly to calculate the Grüneisen 

coefficient from shock wave experiments. 

12  S  2.59 
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2.5 Material Strength 

Up to this point, the shear strength of the material was neglected. Starting with the generalized 

Hooke’s Law for linear elastic materials (equations 2.60 & 2.61), the stress and strain-based 

formulations of the material behavior are given (Chen & Han, 1988). 

ijklijklij C    
2.60 

klijklij D    
2.61 

Stress (σij) and strain (εij) are second order tensors. The stiffness tensor (Cijkl) and the compliance 

tensor (Dijkl) are fourth order tensors with 81 independent elastic constants. In hydrocodes, the 

strains are the independent variables and stresses are calculated by solving the constitutive 

equations. Thus, a strain-based material model is used and the stiffness matrix is introduced to the 

code to calculate the corresponding stresses.  

In order to satisfy the equilibrium condition on an infinitesimal element, both stress and strain 

tensors have to be symmetric (Figure 2-10). From the symmetry condition, the stiffness tensor 

reduces to 36 independent constants.  

ijilkijlkjiklijkl CCCC   
2.62 

Further simplifications can be made by assuming symmetry and material isotropy, i.e. same 

material properties in different spatial directions. An extreme simplification occurs in the case of 

complete directional independency. In such a case, only two elastic constants are independent, 

namely Lames’s constants ( & μ). Table 2-1 shows the relations between different elastic moduli 

for expressing Hooke’s Law (Chen & Han, 1988). 
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)( jkiljlikklijijklC    
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ijijkkij  2  
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Assuming that plastic deformations only cause changes in shape and not volume, separation of 

the volumetric and deviatoric stresses and strains is a reasonable approach for decoupling 

material strength and hydrodynamic laws. In this sense, Hooke's Law for isotropic linear elastic 

materials takes the form:  

ijijijijkkij SpS  
3

1  2.65 
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2.67 

The separation of deviatoric and volumetric stresses is very typical in modeling dynamic and 

wave propagation problems and offers the following advantages (Riedel, 2004): 

 It prevents numerical instabilities (locking) in a variety of circumstances such as strong 

shocks in incompressible materials. 

 The ability to describe the concept of equation of state in solids, which accounts for 

irreversible energy changes in shock waves. The energy changes are calculated from the 

solution of the conservation of energy equations. This clearly established the difference 

between a hydrocode and a structural dynamic code. 

 Observing the velocity of propagation of strong waves in solids, Figure 2-9, the 

hydrodynamic compression wave velocity can be treated as an extrapolation of shock 
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wave velocity starting at the p-wave velocity. Therefore, it offers a hydrodynamic based 

description of the experimental aspect. 

Identifying inelastic deformations requires the definition of an elastic boundary surface and the 

kinematics of the permanent deformations in the stress/strain space. In addition, some 

simplification must be made. The symmetrical stress (σij) and strain (εij) tensors are generally 

described by six independent components; however, this is not always a very clear representation. 

Therefore, stress invariants are used as scalar measures for quantification of the stress state as 

well as the eigenvector space (principal stress and principal strain). Chen and Han (Chen & Han, 

1988) presented a very detailed discussion of the topic. 

Any state of stress can be transformed, through rotation of the coordinate system, into a state 

where shear stresses vanish (Figure 2-10). The stress state can be then completely described by 

three mutually perpendicular stresses called the Principal Stresses. In such a coordinate system, 

the straight line passing through the origin and making an equal angle with the axes will have (σ1 

= σ2 = σ3). The distance on this straight line to the origin defines the volumetric stress and is 

defined by the scalar value of the first invariant (I1), from which different values, such as 

hydrostatic pressure (p), average stress (σm), octahedral stress (σoct) and hydrostatic length (), 

can be quantified. Therefore, this diagonal line is also often referred to as the hydrostatic axis.  
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Distances perpendicular to the hydrostatic axis are proportional to the deviatoric stress state, i.e. 

the volume-free effective stresses. The second invariant (J2) of the deviatoric stress tensor is used 

as a scalar measure from which the Von Mises stress or effective stress (σeff), the octahedral shear 

stress (oct), the mean shear stress (m), the deviatoric length (ρ) and the principal stress 

difference () can be calculated (Chen W. F., 1982).  
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Figure 2-10: General stress state in the principal stress space (Chen & Han, 1988) 
 

 Planes perpendicular to the hydrostatic axes form the Deviatoric Planes at constant pressure (p). 

Projection on the deviatoric planes perpendicular to the hydrostatic axis results in the construction 

of the Meridian Plane.  

In the deviatoric section (Figure 2-11) three-way symmetry is observed around the principal axes. 

The arrangement and values of the principal stress, within each segment of 120, can be 

determined based on an angle () measured from one of the principal axes. This angle () is very 

important for the formulation of material models. It can be computed as a function of the third 

invariant of the deviatoric stress tensor J3, equations 2.79 & 2.80 (Rubin, 1991), (Westergaard, 

1952). 
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For each material, there is an elastic limit after which stresses will cause permanent deformations 

to arise in the material. This elastic limit is defined, in the theory of plasticity, by a yield surface 

(f). Equation 2.81 is a general form of a constant yield surface in the principal stress space, i.e. 

perfectly plastic behavior.  

0)()(  kFf ijij   
2.81 

 
Figure 2-11: Deviatoric section and Meridian Plane of different flow and failure surfaces after (Chen 

& Han, 1988) 
 

The yield surface suggested by Von Mises is one of the fundamental surfaces defined by the use 

of the second invariants J2 (equation 2.82). In the principal stress space, it is visualized as an 

inclined cylinder with the hydrostatic axis being its axis. Therefore, in the deviatoric plane, the 

surface appears as a circle while in the Meridian plane it appears as two straight lines parallel to 

the hydrostatic pressure axis. This isotropic yield surface is often used to model the behavior of 

ductile materials. Similar simple, however anisotropic, yield criteria are the ones suggested by 
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Tresca (equation 2.83) and Rankine (equation 2.84). The latter is very often used for modeling 

brittle behavior (Chen & Han, 1988).  
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After the yield criterion defines the boundary of the elastic stress/strain region, an equation is 

needed for the description of the kinematics of inelastic deformations. That equation is normally 

referred to as the flow rule and it defines the shape and proportion of the plastic strain 

components ( p
ijd ). In 1928, Von Mises suggested the first derivation of the plastic flow rule 

function (g). The function g(ij) is a scalar function of the stress and (d) is a proportionality 

factor, which is non-zero when plastic strains exist.  
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An important special case occurs when the plastic increment vector is perpendicular to the flow 

(yield) surface, i.e. if the functions of the flow surface and the plastic surface are equal (f = g). 

This is called an associative flow rule, since it is associated with the flow surface. In the case of (f 

≠ g), a non-associative flow rule is recognized (Westergaard, 1952).  

The combination of linear elasticity, Von Mises yield surface and the associated flow rule defines 

a Prandtl-Reuss Material. This description has been widely used in both the method of limit 

surface analysis of structures and numerical methods for the description of elastic-perfectly 
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plastic metals. As will be shown below, this was also the start for incorporating shear strength in 

hydrocodes. 

For many materials and applications, however, the use of a constant yield criterion is unrealistic. 

In uniaxial tests, a stress-strain curve similar to that in Figure 2-12 can be shown. After reaching 

the yield stress (Y1), the loading capacity of the material increases with increasing plastic 

deformation. In this case, the material is known to exhibit strain hardening. Different forms of 

strain hardening are experimentally recognized: 

 If the yield stress is increased upon load reversal by the same amount, this is known as 

isotropic hardening 

  If the center of the flow surface shifts in the stress space, then kinematic hardening is 

observed. This is observed experimentally and is known as the Bauschinger effect. 

For the purpose of the current work, only isotropic hardening will be adopted for the description 

of brittle material. In addition to the yield surface (f) and the flow rule (g), the hardening rule 

k(ij
p) is always used.  
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At this point, it is useful to introduce the following terms: effective stress (eff), effective strain 

(eff), and effective plastic strain ( p
ijd ).  
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Figure 2-12: Uniaxial stress-strain of a material exhibiting strain hardening (Zucas, 2004) 
 

Using the above mentioned quantities, the Von Mises constant flow surface can be extended to 

include isotropic strain hardening. In equation 2.92, (eff), (Y) and ( p
ijd ) are directly related to 

measurable quantities, i.e. stress, yield stress and plastic strain, in a uniaxial tensile stress test. 
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Because of the practical relevance of this form, the J2-deformation theory of material models has 

been developed. The following assumptions were made: 

1. Initially, the material shows isotropic linear elastic behavior. 

2. Plastic strain has an effect on the shape of the material but not on the volume. 

3. The principal axes of the plastic strains and stresses coincide. 

4. Principal strains have the same relationships as those of the principal stresses. 

From assumptions three and four, it follows that in an incremental material law, the effective 

plastic strain can be directly related to the effective stress outside the yield region, equation 2.89. 

Failure is generally defined as the sudden loss of ability to sustain stress. Every material has a 

finite loading capacity after which the material fails. Figure 2-12 shows the failure of the material 

after achieving maximum strength (Ymax). A number of failure models to describe material 

behavior are available. Simple approaches use effective plastic strain ( p
ijd ) to define the 

deformability of ductile materials. Brittle behavior is better described by defining the boundaries 

of the principal stresses and strains that the material can withstand. Many materials, e.g. concrete 

and rocks, show increasing damage with increasing softening before failure occurs.  

For Geomaterials, concrete and other brittle materials, the strength increases with increasing 

hydrostatic confinement. A simple extension of the Von Mises yield surface can be done by 

adding a pressure-dependent term and a material parameter (α). This is known as the Drucker-

Prager failure model (equation 2.93 & Figure 2-13). 
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Figure 2-13: Piece-wise linear definition of Drucker-Prager flow surface in the meridian section 

(Chen W. F., 1982) 
 

The Mohr-Coulomb criterion is an extension to Tresca’s model with the introduction of pressure 

dependency. It is also a function of the third stress invariants () and therefore shows different 

stress and pressure meridians and non-circular boundaries in a deviatoric plane (Figure 2-11). In 

the Mohr-Coulomb model, (c) and () are material parameters describing cohesion and internal 

friction of the material, respectively. 
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From Figure 2-11, it is clear that a flow rule normal to the failure surface increases pressure and 

causes dilatation of the material. Using Drucker's stability postulate (Drucker, 1951), the 

following properties of plastic material models can be noted: 
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1. Associative flow rule (normality of the plastic increment). 

2. Convexity and continuity of flow rule. 

3. Stability and uniqueness of the solution 

Dilation in brittle materials can in fact be experimentally measured to a certain extent. 

Nevertheless, a strict interaction in some cases leads to excessive expansion (Chen & Han, 1988). 

Morz (Morz, 1963) demonstrated that Drucker’s stability postulate is a sufficient, but not a 

necessary condition for a stable and unique solution. That is why many models are based on the 

virtual work approach. The principal of virtual work mandates that the work of external forces in 

a complete loading cycle on an elastic-plastic material must always be greater than or equal to 

zero (equation 2.96). The work is greater than zero during plastic deformation and zero if the 

material is behaving elastically. 

0  ij
p

ij dddW   
2.96 

In hydrocodes, additional phenomena, such as the kinematic hardening and the J2-deformation 

theory, are generally included in the hardening rule. Johnson and Cook (Johnson & Cook, 1983) 

suggested a simple and purely phenomenological model (equation 2.97). The model includes the 

effect of static and kinematic hardening (material parameters A, B and n), strain-rate hardening 

(C, 0) and thermal hardening (T, TMelt, m). The model describes the behavior of a number of 

metals in a general sense. Because of the large number of existing models and the large number 

of parameters those models possess, the Johnson-Cook model is probably the most widely used 

model for metals in hydrocodes. 
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Zerilli and Armstrong (Zerilli & Armstrong, 1987) introduced a similar strain, strain-rate and 

thermally based hardening model. Contrary to the above mentioned model, however, it is based 

on the dislocation movement of the material lattice and, therefore, more physically based. 

Another approach worth mentioning is that of Steinberg, Cochran and Guinan (Steinberg, 

Cochran, & Guinan, 1980). Not only do they define the yield surface, but also formulate the shear 

modulus based on pressure, strain and temperature. The model is also based on the assumption 

that the strain-rate dependency at high shock states is less relevant; however, the changes in the 

shear modulus are more drastic at high pressures and temperatures. 

Figure 2-14 shows the typical compression behavior of a body under a uniaxial strain condition 

(the material cannot expand laterally).  

xxxxxx GKSp    2.100 

The elastic part in the X-direction (equation 2.101) and the compression curve up to the dynamic 

elastic limit (Hugoniot Elastic limit or HEL) in Figure 2-14 depicts how much stiffer a solid 

behaves compared to a fluid having the same compressibility and subjected to the same deviatoric 
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stresses. If J2-plasticity is assumed above the HEL, the deviatoric stresses on the flow limit 

(Y(p)) are bounded by the yield surface. In such a case, axial stresses occur. 
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 2.101 

As shown in Figure 2-14, strength at higher pressures and constant flow limit, continues to 

decrease. It can either be completely neglected or the Hugoniot curve can be used to reproduce 

the uniaxial compression behavior at a reasonable distance from the elastic limit (red dashed line 

in Figure 2-14). 

Historically, the concept of an equation of state of solids originated from the calculation of 

explosive charge loading, in which the strength is negligible. This is most particularly obvious in 

the case of strong shocks (nuclear explosions being an extreme case). 

 
Figure 2-14: Hydrodynamic approach for pressure dependent perfectly plastic vs. elastic-perfectly 

plastic solids (Zucas, 2004) 
 

HEL

σxx

-xx

Hydrostat
Y = 0

Y = Const.

Y = Y(p)



 

 44 

2.6 Summary 

This chapter discussed the basic concepts for describing the dynamic behavior of materials and 

the cases of the propagation of elastic waves as well as shock waves in materials. The important 

relationships between elastic properties and propagation speeds were derived. Also, a brief 

description of the basic forms of the equations of state and the constitutive models was given. 

These relationships and models are of fundamental importance for the description of inelastic 

wave propagation and non-linear material models in dynamic applications which will be made 

use of in later chapters.  
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Chapter 3 

Hopkinson Pressure Bar Test (HPBT) 

The Hopkinson Pressure Bar (HPB) is a commonly used apparatus to determine the mechanical 

properties of materials in the dynamic range under relatively high strain rates (>10 strain/s). This 

chapter reviews the evolution of the Hopkinson Pressure Bar test. The basic theory behind the test 

is briefly introduced as well as the techniques to correct experimental results. The chapter also 

reviews the different techniques to process the data attained from the HPB test to obtain the 

dynamic properties of materials. A modified version of the HPB test will be used in the present 

work to determine the tensile strain rate dependency of Laurentian Granite. Therefore, a basic 

understanding of the method and its evolution is necessary. 

3.1 Historical Background 

In 1872, J. Hopkinson (Hopkinson J. , 1901) introduced methods of measuring dynamic 

properties using wave propagation through a wire subjected to sudden loading produced by the 

impact of a mass moving at a very high speed. The experiment was conducted under different 

loading conditions to investigate whether the rupture of the iron wire takes place due to the 

incident or reflected wave. 

In 1913, B. Hopkinson (Hopkinson B. , 1905), (Hopkinson B. , 1914) designed an apparatus to 

determine the pressure-time relations due to an impact produced by a bullet or explosive, Figure 

3-1. The apparatus consisted of a long steel rod, 2 cm in diameter, which was held in a horizontal 

position by threads. By impacting one end of the rod, a compressive pressure wave of finite 

length is generated inside the rod. At the far end of the rod, a short steel billet is attached and held 
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only by a thin layer of grease. The compressive wave travels through the bar, the greased joint 

and finally enters the billet, where it is reflected at the far end, as a tension pulse. Since the grease 

cannot withstand any appreciable tensile loads, the billet flies off with a certain momentum, 

measured with a ballistic pendulum. The momentum in the bar was estimated from the measured 

swing of the bar. 

A family of pressure histories was generated by changing the length of the billet while keeping 

the pressure magnitude constant. Even though the duration and the maximum amplitude of the 

pressure pulse of the event were measured fairly well, the complete pressure-time history was 

somewhat unclear. 

In 1941, D. Bancroft (Bancroft, 1941) solved the bar frequency equation of Pochhammer 

(Pochhammer, 1876) and Love (Love, 1944) for the velocities of longitudinal waves in 

cylindrical bars. Bancroft expressed the velocity of longitudinal waves in cylindrical bars in terms 

of a wave of infinite wavelength, Poisson’s ratio, and the ratio of the bar diameter to the 

wavelength of interest.  

In 1948, Davies (Davies, 1948) developed a technique in which the output of a condenser is 

proportional to strain/stress in cylindrical bars when strains are below elastic limit. The technique 

greatly enhanced the accuracy of Hopkinson’s test, which was based on measuring the 

momentum of the released steel billet at the end of the pressure bar.  

In 1949, Kolsky (Kolsky, 1949) introduced the idea of holding the test sample in between two 

bars, hence, the name Split Hopkinson Pressure Bar Test (SHPBT). He presented expressions for 

calculating specimen properties based on strain histories in the bars. The strains were measured 

using similar condensers as those used by Davies. Of course the new two bar apparatus required 
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measurements in both bars. This two-bar technique has become the most widely used testing 

procedure.  

 
Figure 3-1: Apparatus developed by B. Hopkinson (After Hopkinson, 1914) 
 

In 1970, Hauser et al. used strain gages adhered to the surface of the sample to record strain-time 

histories. In 1975, Bertholf (Bertholf & Karnes, 1975) and his colleagues developed a two 

dimensional analysis of the wave propagation in the split Hopkinson bar. The analysis 

investigated the effect of inertia and friction on the accuracy of the results of the Hopkinson 

Pressure Bar Test (HPBT). The study indicated that the correction required for the overestimated 

stress due to inertia is proportional to the second time-derivative of the strain which is negligible 

in the case of waves of uniaxial nature. 

In 2003, Svahn and Gylltoft (Svahn & Gylltoft, 2003) proposed some modifications to the HPB 

test to measure the spall strength of concrete. The test specimen was glued to a threaded steel 

adapter connected to the incident bar. The transmitting bar was eliminated from the setup. To 

modify the strain rate in some of the tests, a cushion of a soft plastic sheet was placed between the 
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projectile and the incident bar. Acceleration at the free end of the sample was measured using 

piezoelectric accelerometers. The strength of the material was calculated using the uniaxial stress 

wave theory. 

3.2 Axial Vibration of Bars 

The Split Hopkinson Pressure Bar Test (SHPBT) apparatus consists of two pressure bars of 

constant cross section (Ao), elastic modulus (E), and density (). Since the two bars are identical, 

it is only necessary to consider one of them in developing the equations of motion governing axial 

vibration. Typically, the length-to-diameter ratio of the HPB apparatus is eighty or more. 

Many textbooks, i.e. (Kolsky, 2003), show the derivation of the equations of motion of a uniform 

bar in axial vibration. All of the derivations begin by considering an infinitesimal unstressed 

element within the bar prior and immediately after deformation begins. Figure 3-2 depicts the 

non-deformed pressure bar and an infinitesimal element within it. 

 
Figure 3-2: Pressure bar shown with the infinitesimal element prior to deformation 
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The infinitesimal element has length (dy) and cross sectional area (Ao). Prior to impact, the bar is 

in static equilibrium. Just after impact, particles in the element are in compression due to the 

forces F1 and F2, as shown in Figure 3-3. 

 
Figure 3-3: Infinitesimal element in compression 
 

The forces in the element, resisting compression, are related to the stresses imposed on the cross 

section of that element. For elastic bars obeying Hooke’s Law, the stresses are related to the 

strains through the elastic modulus. Further, these strains can be expressed in terms of the 

elemental displacements. Hence, assuming a uniaxial state of stress, the forces generated to resist 

compression can also be expressed in terms of the elemental displacements (u) as (Kolsky, 2003): 
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3.1 

The magnitude of this longitudinal force acts normal to the faces of the element as shown in 

Figure 3-4. 

 
Figure 3-4: Forces resisting compression in infinitesimal element 
 

By summing the forces acting on the element and making use of Newton’s second law (F = ma), 

the motion of the pressure pulse can be calculated as: 
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This equation assumes that the particle acceleration is constant across the element. Simplifying 

the above equation yields the equation of motion of the pressure wave along the bar. 
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3.3 

where Co is the p-wave velocity, calculated as: 


E

Co 
 3.4 

where:  u is the material displacement 

 y is the distance travelled by the wave within the material 

 t is the time 

Co is the p-wave velocity in the material 

E is the elastic modulus 

ρ is the material density 

The equation of motion can be simplified by writing the displacements imposed on one side of 

the differential element in terms of the displacements of the other side as: 
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This equation assumes that the rates of change of displacement of the two sides of the element are 

equal, which for an infinitesimal element is quite reasonable. Upon differentiation this equation 

becomes: 

dy
y

u

y

u

y

u
2
1

2
12










  

3.6 

By substituting the above equation into equation 3.3, the equation of motion reduces to: 
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3.7 

The equation of motion has no practical use in the HPB analysis, but does lend the theoretical 

wave velocity for a wave of infinite wavelength, which will be used later to calculate the 

specimen strain and strain rate. 

3.3 Longitudinal Wave Propagation in Bars 

All bars have discontinuities which have significant effects on the propagation of the wave. A few 

common discontinuities include a varying cross sectional diameter, a free end, or a change in 

material (referred to as impedance change.) For most HPB applications the variation in cross 

section is generally a step change, usually occurring at the bar-specimen interfaces. The proper 

analyses for typical variations in cross section are derived in the following section. 

3.3.1 Reflection at a Free End 

As no bar can be infinite, some type of termination for the ends of the bars always exists. Some 

common terminations in bars include a fixed end, a free end, or even a junction with another bar. 

As their names suggest, the fixed end occurs when the end of the bar is fixed to something and 
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the free end occurs when the bar simply ends with nothing attached to it. Since the pressure bars 

have a free end, the effect on wave propagation needs to be examined.  

A wave encountering a free end is reflected back into the medium with characteristics related to 

the end condition. There are two important results from analyzing the free-end condition. At the 

free end of the bar, where the wave reflection occurs, the displacement doubles in value. 

Therefore any measurements of the pressure bar strains should be at a distance from the free ends. 

The other significant result of a free-end boundary condition is that the reflected wave is of 

opposite sign to the incident wave. So the initial compressive wave propagating in the pressure 

bar is reflected as a tensile wave (Graff, 1991). 

3.3.2 Step Changes in Cross Sectional Area 

The most commonly encountered discontinuities in the SHPB test are step changes in cross 

sectional area and material properties. Waves encountering discontinuities are usually examined 

in terms of impedance. Impedance is defined as the ratio of the driving force to the particle 

velocity at a point in a structure (pressure bar in this case). The mechanical impedance of the 

bars, used in the Hopkinson Pressure Bar test, is expressed as follows: 
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where:  is the density of the bar 

 A is the cross sectional area 

Co is the P-wave velocity in the rod 
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The product  Co has a constant value for a given material; therefore it is often convenient for the 

two variables ( and Co) to be grouped together as one term. All of the impedance variables are 

physical properties; the impact event does not affect the impedance of the bars. Also, for any 

given bar material, an impedance change can only occur by changing the cross sectional area. 

Typically, discontinuities occur at the pressure bar-specimen interfaces. Since a wide range of 

materials may be under investigation, it is important to understand how waves respond to a 

change in medium. Consider the familiar scenario in which one type of solid is sandwiched 

between two dissimilar solids of different cross sectional areas, Figure 3-5. 

 
Figure 3-5: Changes in area and material properties 
 

The terms A1-A3 and B1-B2 denote the stress amplitudes for waves traveling to the right and to the 

left, respectively. At interface 1 (X = 0), wave A1 is partially reflected/transmitted as waves B1 

and A2, respectively. At interface 2 (X = L), wave A2 is partially reflected/transmitted as waves 

B2 and A3, respectively. The level of reflection or transmission is dependent on the impedance 

mismatch at each interface. To quantify the stress amplitudes and, hence, the magnitude of the 
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wave reflected/transmitted at an interface, an understanding of the dynamics at each interface is 

required (Graff, 1991). 

At each of the two bar-specimen interfaces, the velocity of each material just to the left and right 

of the interface must be equal, since they are in contact at all times. The forces just to the left and 

right of each interface must balance one another to satisfy equilibrium. By recognizing that these 

conditions must be true, equations describing the interface effects on wave propagation may be 

written. The system of equations for interfaces one and two are given as follows (Graff, 1991): 

 Interface (1) Interface (2) 

Continuity of Velocity 
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From the four expressions, five stress variables exist; namely A1, A2, A3, B1, and B2. To solve 

explicitly for any of these variables, an additional expression containing the stress variables is 

required. Since no such expression exists, it becomes necessary at this point to define some terms 

that allow extracting useful information from the equations. 

By defining the transmission coefficient, a means of calculating the stress amplitude transmitted 

through a boundary is established. Subsequently, expressed as (), the transmission coefficient is 

a number ranging in value from zero to one, zero representing a complete reflection and one 

representing 100% transmission (no reflection). The transmission coefficient is given by: 
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The subscripts represent the transmitted and incident stress, respectively. The transmitted stress 

wave is in phase with the incident stress wave at the interfaces, therefore only the absolute 

magnitudes need be considered in equation 3.9. 

Based on the conservation of energy principle and since the wave either reflects or transmits at a 

boundary, a conjugate term to the transmission coefficient, known as the reflection coefficient 

(), may be defined as: 

  1  
3.10 

As the name suggests, the reflection coefficient is a measure of the amount a wave is reflected at 

a boundary. With knowledge of one coefficient, the other can simply be calculated. The 

transmission and reflection coefficients give a valuable insight to properly testing a wide range of 

materials. With these coefficients defined, expressions describing wave transmission may be 

solved for at each boundary. The following expressions are for the fraction of a wave entering 

and leaving the sandwiched solid in Figure 3-5, respectively (Kolsky, 2003). 

2211

21
12 )()(

)(2

oo

o

CsCs

Cs








 

3.11 

3322

32
23 )()(

)(2

oo

o

CsCs

Cs








 

3.12 

By varying the cross sectional areas and impedance values, many transmission coefficients can be 

achieved, perhaps some better suited than others. 
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3.4 Stress, Strain and Strain Rate in the Sample 

The following sections derive the expressions for calculating stress, strain rate, and strain in the 

tested sample. A summary of the results has been included at the end of this subsection as well as 

a discussion of the assumptions employed in this theory. 

3.4.1 Stress 

The average stress in the specimen can be expressed in terms of the forces exerted on each 

surface of the specimen. A schematic representation of a specimen is shown in Figure 3-6. 

 
Figure 3-6: Forces acting on the cylindrical sample 
 

When the specimen is sandwiched between the pressure bars, forces F1(t) and F2(t) act on the 

specimen. The average force on the specimen is given by: 
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Hence, the average stress on the cylindrical specimen is given by: 
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where: DS is the instantaneous diameter of the sample 

The forces F1(t) and F2(t) acting at the specimen surfaces are due to the pressure bars. For a 

specimen in dynamic equilibrium, the forces at the ends of the pressure bars may be expressed in 

terms of the incident and reflected strains as (Frew, Forrestal, & Chen, 2001): 
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where: DBAR is the diameter of the pressure bars. 

 I(t) is the incident strain pulse 

 R(t) is the reflected strain pulse 

Substitution of equations 3.13, 3.15 and 3.16 into equation 3.14 results in an expression for the 

average stress acting on the specimen in terms of strains in the pressure bar. 
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If the specimen deforms uniformly, the strains in the incident bar are equal to the strain in the 

transmitter bar. 

)()()( ttt RIT    3.18 

The expression for the average specimen stress becomes: 
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This equation shows that the specimen stress is proportional to the amplitude of the strain 

transmitted through the specimen into the transmitter bar. 

3.4.2 Strain and Strain Rate 

The average strain rate is defined as the average strain divided by the time over which the strain 

occurs. Strain indicates the average displacement per unit length. Therefore, the specimen strain 

rate may be calculated from the bar-specimen interface velocities.  These interface velocities can 

be calculated from the strains in the pressure bars. To derive the expressions for the specimen 

strain rate and strain in terms of the pressure bar strains, the equation of wave propagation, 

equation 3.7, is recalled. 
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where: v is the particle velocity 

P is the stress across the cross section 

The equation of motion can be rewritten as: 
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To solve for particle velocity in the bar, knowledge of the pressure in the bar is required. 

Assuming a harmonic wave, travelling in the positive direction, in the form (Kolsky, 2003): 

)(),( kxtiPetxP    3.23 

where: P is the amplitude of the pressure wave 

 is the frequency of the wave 

t is time 

k is the wave number (k = /Co) 

x is the spatial location of the wave 

An expression for the instantaneous particle velocity can be derived in the form: 
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Solving for particle velocity: 
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Substituting the expression for k and P(x,t), back into the expression for the particle velocity, 

yields: 
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For a uniaxial state of stress, the pressure is equal to the force divided by the cross section of the 

bar. Therefore, P(x,t) can be written in terms of the bar strain as: 

),(),( txEtxP   
3.27 

An expression for the particle velocity in terms of the bar strain can be obtained as: 
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With expressions for the particle velocity in terms of the bar strains, specimen strain rate can be 

calculated rather simply. The average strain rate at any given time is given by: 
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The velocity at interface 1 is comprised of the incident and the reflected as: 
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3.30 

Calculating the velocity of the second interface only requires knowledge of the strain transmitted 

into the pressure bar.  

ToCv interface2
 

3.31 

Substituting the interface velocities into the expression for the specimen strain rate, equation 3.29, 

yields an expression for the specimen strain rate in terms of the pressure bar strains. 
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The negative sign represents compression. If the specimen deforms uniformly such that: 

TRI    3.33 

The expression for the specimen strain rate can be reduced to: 
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This equation can be integrated to yield the specimen strain: 
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3.5 Impact of Two Collinear Rods 

Under certain circumstances, specimen strain rate is proportional to the amplitude of the reflected 

pulse. Since it is of most interest to investigate the sensitivity of materials to change in strain rate, 

testing materials at a constant strain rate is desirable. Thus, a constant-magnitude reflected pulse 

is required to achieve a constant strain rate test. The stress pulses in the Hopkinson Bar apparatus 

are usually generated by firing a shorter bar of similar material into the input bar. Graff (Graff, 

1991) presented the most pertinent study of collinear impact applicable to the Hopkinson Bar 

testing, and is referenced herein.  

The perfect impact of similar bars results in a square-shaped pulse of stress magnitude () and 

duration (T) expressed as follows: 

VCo 5.0  
3.36 
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oClT /2  
3.37 

where: V is the velocity of the impacting rod. 

 is the density of the rods 

Co is the P-wave velocity in the rods 

l is the length of the impacting bar 

These equations suggest that for a given impact bar, the stress generated is proportional to its 

impact velocity and its duration is only related to physical properties of the impact bar. The stress 

is always a step change. Unfortunately, a distorting wave phenomenon renders the utility of a 

square pulse very limited. The following section fully discusses the phenomenon of dispersion, 

and its distorting effects on wave shape. 

3.6 Pressure Wave Dispersion 

In the derivation of the equation of motion, the effects of lateral inertia were not included for the 

sake of simplicity. By ignoring the effects of lateral inertia, the dispersive nature of wave 

propagation in bars cannot be described. The derivation of the wave equation including lateral 

inertia effects results in a system whose propagation velocity has a functional relationship to 

frequency. The dispersive nature of waves in thin rods was first introduced by Pochhammer 

(Pochhammer, 1876). It was Love (Love, 1944) who later presented the development of the 

frequency dependent wave equation.  

It was found that for wavelengths in the order of the pressure bar diameter, longitudinal waves are 

dispersive. Dispersion is a direct result of the wave propagation velocity dependency on 

wavelength. In 1948, Davies (Davies, 1948) performed experiments confirming that the 
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aforementioned lateral inertia terms do indeed account for the oscillations in the time domain. 

Bancroft (Bancroft, 1941) presented, in tabular form, the velocity of longitudinal waves in terms 

of the velocity of a wave of infinite wavelength and the variables Poisson’s ratio, and the ratio of 

the bar diameter to the wavelength. The result of Bancroft’s work for various bar materials is 

shown in Figure 3-7. 

The effects of this dispersion manifest themselves as oscillations in the signal in the time domain. 

Figure 3-8 depicts the ideal shape of an incident and reflected trapezoidal wave. With no 

dispersion, the strain history of a wave traveling in a bar is comprised of the incident compressive 

pulse and its reflection, with no changes in form but only in sign. Upon examination of the Fast 

Fourier Transform of this strain history, Figure 3-9, frequency components can be found spread 

over the entire range of gross dispersion identified in Figure 3-7. 

 
Figure 3-7: Normalized velocity in 19 mm-diameter bar of various Poisson’s ratios (Ren, Larson, 

Gama, & Gillespie, 2004) 
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Figure 3-8: Typical trapezoidal wave of the Hopkinson bar (Ren, Larson, Gama, & Gillespie, 2004) 
 

 
Figure 3-9: FFT of a trapezoidal pulse (Ren, Larson, Gama, & Gillespie, 2004) 
 



 

 65 

These individual frequencies travel at different velocities. Therefore, the waveform in Figure 3-8 

cannot remain unchanged in form after traversing along the bar. Upon travelling for 76  cm in a 

19 mm-diameter steel bar, the trapezoidal waveform of Figure 3-8 becomes distorted as shown in 

Figure 3-10. 

 
Figure 3-10: Trapezoidal pulse after travelling 76 cm in a 19 mm-diameter bar (Ren, Larson, Gama, 

& Gillespie, 2004) 
 

The distortion appears as large oscillations overlying the general trapezoidal shape. The 

frequency range of the pulse affects the magnitudes of these oscillations. For pulses with a small 

frequency bandwidth, the oscillations are minimal. However, pulses with wideband frequency 

content have large oscillations. As a direct comparison of the non-dispersed and dispersed 

trapezoidal waveforms, the pulses have been overlaid in Figure 3-11. 
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Figure 3-11: Overlay of dispersed and non-dispersed signals 
 

Clearly, in the time-domain, dispersion can be recognized by oscillations in the waveform. In the 

frequency domain, however, wave dispersion can be described by a shift in phase for each 

spectral component. By adjusting individual frequency components, the effects of dispersion can 

theoretically be accounted for. A discussion of a technique for performing appropriate phase 

adjustments is discussed in the following section. 

3.6.1 Theoretical Correction 

Typically the strain histories are recorded in the middle section of the pressure bar, allowing for 

the separation of the incident and reflected pulses. The equations presented in the previous 

sections related to specimen properties require knowledge of the strain histories at the bar-

specimen interfaces. To predict the non-dispersed strain pulses at the bar-specimen interfaces, 

substantial data manipulation is necessary. The most convenient means of manipulating this data 

is: 
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1) Transform the time-domain strain signals into the frequency domain, 

2) Apply appropriate phase shifts to each spectral component to compensate for the bar 

dispersion 

3)  Transform the corrected frequency domain strain pulses back into the time-domain. 

Knowing the wave velocities in the pressure bar, the distorting effects of dispersion can be 

corrected in the frequency domain. Any periodic wave can be described by superimposing a 

number of harmonic waves of different frequency. A lengthy discussion of Fourier transforms is 

beyond the scope of this work; hence, only the main ideas are presented. The general form of the 

Fourier transform is shown in equation 3.38 (Ren, Larson, Gama, & Gillespie, 2004). 
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where: N is the total number of data points recorded 

F is the frequency resolution 

n is a temporal index 

t is time 

An is the magnitude of the real component 

Bn is the magnitude of the imaginary component 

To correct for dispersion, each spectral component must be phase shifted to compensate for the 

varying wave velocity. The effects of wave dispersion can be removed from the waveform by 

adjusting equation 3.38 as follows (Ren, Larson, Gama, & Gillespie, 2004): 
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where:  accounts for the phase lag of the higher frequencies components traversing away from 

the bar-specimen interface. 

Co is the infinite-wavelength wave velocity 

Cn is the wave velocity for each particular frequency given by the FFT 

x is the wavelength (Cx/f) 

y is the distance the wave traversed before being recorded 

Before calculating the phase lag, the wave velocities (Cn) have to be determined. Both theoretical 

and empirical wave velocities can be used. 

3.6.2 Experimental Correction 

Using the tabulated wave velocities presented by Bancroft (Bancroft, 1941) to satisfy equation 

3.42, actual wave velocities can be determined for each of the pressure bars in the Hopkinson 

apparatus. By solving equation 3.42 for Cn, the phase velocity characteristics of the bar can be 

given as: 
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where:  is the dispersed phase 

Co and y can be determined relatively easily. The latter is simply measured with a standard tape 

measure. To calculate Co, the strain history generated by an impact needs to be examined. By 

identifying the start of the incident and reflected pulses and knowing how far the strain gauge is 

from the reflection end of the bar, the low frequency wave velocity can be calculated. To 

determine , an impact has to be generated, traversed, and recorded in the pressure bars. This is 

done in the manner outlined below. 

The output (transmitter) bar is positioned such that the striker bar impacts it directly, as shown in 

Figure 3-12. After recording the stress pulse generated from the impact, the output bar is moved 

back to its traditional location, with the leading end pressed against the trailing end of the input 

bar. The striker bar is then propelled into the input bar, in which the stress wave will traverse 

before entering the output bar, and the strain history is again recorded. Figure 3-13 illustrates the 

setup of the second part of the experiment. 

 
Figure 3-12: Experiment performed on an output bar 
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The stress pulse disperses over distance Y1, before being recorded in the first experiment. In the 

second experiment, the stress pulse disperses over distance (Y1) plus the length of the input bar, 

(Y2). The difference in phase between the two strain histories is the dispersed phase over a 

distance (Y1 + Y2). Substitution of this phase into equation 3.43 facilitates the calculation of the 

wave velocities in the input bar. A similar procedure may be followed to characterize the 

dispersive nature of the output bar. 

 
Figure 3-13: Experiment performed on an output bar 
 

In the second experiment, it is assumed that the interface has negligible effect on wave 

propagation. Applying a thin layer of grease between the two pressure bars minimizes the 

interface effects, as no reflected wave is generated.  

3.7 Explosively-Impacted Hopkinson Pressure Bar Test 

Mohanty (Mohanty, 1987) introduced a modified setup of the HPB test. In the proposed setup, 

pressure bars are eliminated and a detonator is used as the source of the stress wave. Time-strain 

histories are recorded using strain gauges mounted on a 13 mm diameter cylindrical sample. The 

sample was held between rubber-lined steel blocks. A photo-optic apparatus was used to measure 

the displacement-time history of the free surface of the cylindrical sample, Figure 3-14. 
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Figure 3-14: Experimental setup proposed by Mohanty (Mohanty, 1987) 
 

Detonators of identical explosive charge weight are used in all experiments; however, the 

amplitude of the shock entering the sample cannot be easily controlled due to normal variations 

among detonators and lack of perfect coupling and alignment between the detonator and the 

sample. Two or more strain gauges are mounted along the length of the sample to measure strain 

as well as stress wave velocity and attenuation.  

This method suffered certain practical drawbacks and limitations. Some of these drawbacks and 

limitations are: 

1) Due to the proximity of the detonator to the recording strain gauges, the electromagnetic 

field generated by the detonation can mask the strain signal. 

2) Given the length of the sample used and the relatively long rise time of the pressure 

pulse, the reflected tensile wave can overlap the incident compressive wave at the 

location of the gauge. This makes the analysis and attaining an attenuation relation far 
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more complicated since the peaks recorded will be the summation of the tension and 

compression strain values at the gauge. 

3) The use and accuracy of photo-optic apparatus to measure surface velocity is in question. 

3.8 Summary 

A modified version of the HPB test will be used in a later chapter to determine the tensile strain-

rate dependency of Laurentian Granite. Therefore, an introduction to the basic concepts of the 

method and the data obtained from it is of value. This chapter illustrated the evolution of the HPB 

test and the basic theory behind it. The important relationships used to calculate stress, strain and 

strain rate in the test were derived. The chapter also reviewed the different techniques to process 

the data obtained from the test to determine the dynamic properties of materials. 

 

 

  



 

 73 

Chapter 4 

Hydrodynamic Modeling 

A hydrocode may be loosely defined as a code for solving large deformation, finite strain 

transient problems that occur within a short time window by the solution of the equations of 

continuum mechanics (Benson, 1992). Hydrocodes are used whenever wave propagation 

phenomena are involved and/or where materials potentially behave as fluids under very high 

strain rates.  Hydrocodes can be used in both solid and fluid mechanics (Benson, 1992). Figure 

4-1 sketches the use of hydrocodes within the computational fluid and solid mechanics domain. 

 
Figure 4-1: Hydrocodes within the fluid and solid mechanics domain(Benson, 1992) 
 

Historically there are two main classes of hydrocodes: Lagrangian codes which use meshes that 

move with the material, and Eulerian codes which have fixed meshes through which the material 

flows. Arbitrary Lagrangian Eulerian (ALE) is a technique that attempts to incorporate the 
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strengths of both approaches, while avoiding the weaknesses of each. In practice, ALE 

hydrocodes are essentially Lagrangian codes, with an added capability to adjust the mesh between 

time steps, either for increased resolution in certain regions or to avoid mesh tangling. 

Hydrocodes employ classical continuum mechanics to describe the dynamics of a continuous 

medium. The medium is discretized into very small (i.e. numerically finite) elements over which 

the governing differential equations are solved. Analogously, time is discretized by choosing a 

computational time step for the integration scheme. During each computational time step, the 

code iterates through the grid of elements and updates the grid positions to account for the effect 

of external and internal forces (Pierazzo & Melosh, 2000).  

Hydrodynamic modeling is based on three main foundations. These are: Newton’s Laws of 

motion, the equation of state, and the constitutive model. Newton’s laws of motion are 

implemented as a set of differential equations established through the principles of conservation 

of mass, momentum and energy on the macroscopic level. The equation of state relates pressure 

to density and internal energy. It thereby accounts for compressibility effects, i.e. changes in 

density and irreversible thermodynamic processes such as shock. The constitutive model relates 

the stress to a combination of strain and strain rate effects, internal energy, and damage; it 

describes the response of a material to deformation (Anderson C. E., 1987).  

Hydrocodes are explicit finite-difference-based time-marching computer codes. They employ 

nonlinear geometric description and nonlinear material behavior. The following is a general 

classification of hydrocodes: 

 According to the reference system for the formulation of the conservation equations:  

1. The rigid-body Lagrangian description is suitable for modeling solid behavior.  
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2. Space-fixed Eulerian coordinates can be used to model flow processes or very 

large deformation of simple materials.  

3. A hybrid form represents the formulation of an Arbitrary Lagrangian-Eulerian 

(ALE) scheme. 

4. Mesh-free Lagrangian discretization continued to be developed and applied in 

hydrocodes. 

5. The Smooth Particle Hydrodynamics (SPH) formulation introduced by Hiermaier 

et al. (Hiermaier & Riedel, 1997) was considered a breakthrough in the field of 

hydrocodes. 

 According to the spatial discretization: 

1.  Benson (Benson, 1992) gives a detailed description of the finite element 

formulation using the principle of virtual work.  

2. Wilkins (Wilkins, 1999) describes the implementation using the finite difference 

method.  

In transient or short duration dynamic processes, stress waves are an important part of the 

solution. They must, therefore, be solved spatially and temporally. For the time discretization the 

central difference method is most commonly used. It is based on the second-order approximation 

of the Taylor series expansion. Some Eulerian codes also use the Runge-Kutta algorithm which is 

very suitable for flow problems.  

These procedures are explicit; therefore, the size of the stable time step is restricted. It is defined 

using the Courant-Friedrichs-Lewy (CFL) condition; equation 4.1. The time step (t) has to be 

less than the time required for the wave, travelling at the fastest propagation speed (Vmax) 
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occurring in the modeled problem, to travel through the cell with the smallest dimension (Lmin). 

This ensures that the conservation equations and material laws are solved at least once. 

max

min
max V

L
t 

 
4.1 

The shock front is described as a discontinuity in the state variables. When the conservation 

equations are solved using a central finite-difference approach without any further treatment, 

oscillations are observed around the shock front. Therefore, many Eulerian codes directly solve 

the Riemann problem between neighboring cells.  

The principle of artificial viscosity (q) in which the shock wave is smeared over several cells, is 

known to be used when describing the shear strength of solids. The original idea was developed 

by Von Neumann for one-dimensional calculations. It was generalized to the three dimensional 

linear form, equation 4.2. Artificial viscosity is only applied to compression waves (d/dt < 0) and 

depends on the propagation velocity (C), and the characteristic cell length.  

dt

d
LCC

dt

d
LCq LQ
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4.2 

(CL) and (CQ) are weight parameters of the linear and quadratic terms. () is the local density of 

the material. In addition to the above scalar formulation of the artificial scalar viscosity, tonsorial 

forms also exist to avoid shear wave oscillations. 

Impact problems are usually modeled by several bodies in contact with each other and forces 

being exchanged on the contact surfaces. Since solid bodies are usually discretized by a 

Lagrangian grid, this is known as "Lagrange-Lagrange interaction". The theory is explained by 

Wilkins (Wilkins, 1999) and implemented in a more efficient and robust algorithm by Thoma et 
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al. (Thoma & Vinckier, 1994). A contact zone separates the two solid bodies. When a node of one 

body starts to move into a zone of the other body, restoring forces perpendicular to the surface are 

activated. Friction force parallel to the surface can be calculated from normal forces using 

Coulomb's friction method. 

To model events such as penetration of a projectile into a target, the Lagrangian mesh has to be 

combined with an erosion mechanism. If the value of a property of a cell (plastic strain, principal 

strain, effective stress, energy, etc.) exceeds a predefined limit, the entire cell is removed from the 

calculation cycle. However, loss of the cell mass is non-physical. This approach can provide, if 

used properly, meaningful results. Meshless Lagrangian methods require no erosion, as the 

interpolation points can lose their neighboring ones.  

Penetration problems in Eulerian grids do not require the use of erosion. However, material 

interface must be accurately traced and fine mesh has to be used. Furthermore, the transport of 

variables, to store the loading history of the material and the associated numerical diffusion, is 

generally not easily achieved. 

4.1 Eulerian vs. Lagrangian Treatment  

The solution of differential equations which constitutes the core of hydrocodes may be 

formulated using a coordinate system fixed in space, known as the Eulerian grid, or one moving 

with the material, known as the Lagrangian grid. Figure 4-2 depicts the difference between 

Lagrangian and Eulerian grids. 

When using the Eulerian grid, the mesh is fixed in space and the material flows through it. This 

method makes it difficult to identify material interfaces at all times during computation cycles. 

Grid cells might contain different materials, thus making the interface less sharp. As a 
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consequence, the accuracy in the determination of material interfaces and free surfaces depends 

on the resolution of the mesh: the finer the mesh, the more accurately the boundary is represented, 

but at the price of more computation time. 

 
Figure 4-2: Lagrangian vs. Eulerian grids 
 

In a Lagrangian grid, the finite difference grid is locked to the material cells. Free surfaces and 

contact surfaces between different materials are easily determined, and remain distinct throughout 

the calculation. The major limitation of the Lagrangian grid is the inaccuracy of the finite 

difference approximation when the grid is significantly distorted. This problem does not exist for 

Eulerian grids, which can easily handle flows with large distortions. Both grids have been used in 

constructing hydrocodes, and both approaches can produce reliable and comparable results when 

handled with care.  

4.2 Governing Equations of Lagrangian Grids 

The core equations constituting a hydrocode are the partial differential equations representing 

conservation of mass, momentum and energy. Solving those equations along with an equation of 

Lagrangian Grid Eulerian GridLagrangian Grid Eulerian Grid
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state, a constitutive material model and a set of boundary and initial conditions comprises the 

general solution of the problem. 

Since in Lagrangian grids, the grid moves and distorts in the same manner as the material, mass 

within a grid cell does not change throughout the problem. Conservation of mass is automatically 

satisfied. Density of material within a cell can be calculated as: 

V

m

V

Voo 



 4.3 

where: ρ is the density of grid cell during current computational cycle 

V is the volume of grid cell during the current computational cycle 

ρo is the initial density of the cell 

Vo is the initial volume of cell. 

Conservation of momentum can be expressed as: 

yx
x xyxx
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where: σij is the stress tensor 

x  and y are components of cell acceleration in x and y directions. 

The stress tensor is separated into a hydrostatic component and a deviatoric component. 
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where: Sij is the deviatoric stress tensor 

p is the hydrostatic stress component 

q is the artificial viscosity 

The strain tensor can be obtained as follows: 
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where: x  and y  are the velocity components in the x and y directions. 

Volumetric strain can be obtained from the relation: 

V

V



 321 
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Employing a material model and a failure model, the deviatoric stress rate tensor can be 

calculated. Hydrostatic pressure (p) is related to density and specific internal energy through the 

equation of state: 

e),f(p   
4.13 

The equation of state is solved simultaneously with the equation expressing conservation of 

energy: 
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4.14 

4.3 AUTODYN™ by Century Dynamics 

AUTODYN is an explicit non-linear code specifically designed for dynamic problems including 

shock wave propagation and high velocity impact. AUTODYN uses finite difference, finite 

volume and finite element techniques to solve non-linear solid and fluid mechanics problems 

(Century Dynamics Ltd., 2005). The finite difference scheme to solve the differential equations in 

AUTODYN™ is based on the original work by Wilkins (Wilkins, 1964).  AUTODYN2D was 

introduced by Century Dynamics in 1986, while AUTODYN3D was first introduced in 1991.  

The code has been extensively validated against experimental results. Examples in this area 

include Holland et al. (Holland, Gordon, Menna, & Charters, 1990) in which AUTODYN 

predictions showed good agreement with experimental results for the penetration of rods of 

various configurations into semi-infinite targets. Iremonger (Iremonger, 1991) demonstrated the 

potential of AUTODYN in simulating the penetration of concrete by small arm rounds. Hayhurst 

et al. (Hayhurst, Ranson, Gardner, & Birnbaum, 1995) presented useful validation information for 
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the code in the field of hypervelocity impact. Chapman et al. (Chapman, Rose, & Smith, 1995) 

used AUTODYN to conduct a parametric study to investigate the effect of blast waves on 

structures. 

The work by Birnbaum et al. (Birnbaum, Tancreto, & Hager, 1994) demonstrated the use of the 

three dimensional version of the code in calculating blast loading and response in a complex 

structure. The work by Binggeli et al. (Binggeli, Binggeli, Schlaepfer, & Bucher, 1993) showed 

good agreement between AUTODYN predictions and experimental measurements of pressure-

time histories in complex geometry tunnel blasting. 

AUTODYN will be used in the present work as the numerical modeling engine to implement and 

validate the calibrated RHT model. The code will also be used to conduct a sensitivity analysis of 

the model. 

4.4 Summary 

This chapter introduced the concept of hydrodynamic modeling and hydrocodes. The different 

types of reference systems and discretization were introduced along with the governing equations. 

A brief comparison between the Lagrangian and Eulerian treatments was given. The commercial 

code AUTODYN, by Century Dynamics, and its various applications were briefly described. The 

code will be used later on in the implementation and verification of the material model being 

investigated in the current work.   
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Chapter 5 

Characteristics of Geomaterials 

Mechanical properties of brittle materials are quite complex. Very little experimental results are 

given in the literature to characterize various geomaterials, especially hard rocks. A brief review 

of the most important experimental knowledge and data reported on rocks and concrete, as a 

material behaving similarly to geomaterials, will be given in this chapter. Most of the 

experimental data reported on concrete in this chapter were obtained from experiments conducted 

on high-strength concrete samples (100+ MPa). The behavior of high-strength concrete was 

found to be very similar and representative to that of medium to hard rocks. The data presented in 

this chapter will be used as the basis for better understanding of the formulation of the RHT 

material model. 

5.1 Static Properties 

A good overview of static characterization of materials was given by Chen and Han (Chen & 

Han, 1988), Murray and Lewis (Murray & Lewis, 1995) and Ockert (Ockert, 1997). The 

following brief summary will be based mainly on the above mentioned reviews. 

Static and semi-dynamic tests using hydraulic compression machines on cylindrical samples are 

the most important foundation for the investigation of the mechanical behavior of rocks under 

uniaxial and triaxial loading. 

Figure 5-1 (left) shows the curves obtained from unconfined compression strength tests 

conducted on concrete samples of varying lengths. Figure 5-1 (right) illustrates the change in the 
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elastic modulus of a concrete sample subjected to cyclic loading. Observing typical stress-strain 

curves under uniaxial loading (Figure 5-1 left), they can be divided into several regions: 

1. The material behaves elastically under stress. 

2. At a certain stress, the curve bends more and more until maximum strength is reached. 

During this phase inelastic deformations and strain hardening occur. These are attributed 

to the steady growth of micro-cracks (Riedel, 2004), (Chen W. F., 1982), (Hofstetter & 

Mang, 1995).  

3. Near maximum strength micro-cracks grow away from the boundaries. In this case they 

run mainly parallel to the stress direction under uniaxial compressive loading. 

4. At maximum strength, strain softening occurs due to bridging of macro-cracks through 

the material. This unstable breaking phase can only be recorded with very stiff machines 

which are capable of reacting to decreasing load. 

5. Under cyclic compressive loading the macroscopic elastic modulus appears to decrease, 

Figure 5-1 (right). 

 
Figure 5-1: Uniaxial compression tests on concrete and weakening of the elastic modulus under cyclic 

loading (Sinha, Gerstle, & Tulin, 1964). 
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Upon softening, damage is localized and the softening part of the stress-strain curve is rendered 

by the response of the specimen to the loading system rather than by a material property. This 

becomes obvious when comparing macroscopic stress-strain curves of cylindrical concrete 

samples with the same diameters but of different lengths, Figure 5-2. When plotting stress versus 

strain, the softening branches show different slopes versus varying specimen height. However, 

when the stress is plotted versus displacement, the curves are almost identical. This indicates that 

the deformation in the post-peak part is purely due to the response of the specimen to the loading 

system. This will show differently on the stress-strain curve since the same displacement will be 

normalized by different specimen lengths. The softening branch of the stress-strain curve is not 

practically measureable when a strain-controlled testing machine is used. 

Under tensile loading, the damage zones formed by micro-cracks can only contribute to the 

strength as long as the heterogeneity can hold back crack propagation (Weerheijm, 1992). 

Therefore, almost zero inelastic strain hardening occurs in this case, however, the material 

becomes unstable very quickly. This explains the low tensile strength compared to the 

compressive strength (10% of the compressive strength) and the high elastic limit (70-90% the 

tensile strength).  

 
Figure 5-2: Localization of the damage during softening under uniaxial compression (Hofstetter & 

Mang, 1995). 
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Another important phenomenon is volume dilatation, as shown in Figure 5-3 for concrete 

materials. The figure plots the axial stress, normalized by the compressive strength (fc), as a 

function of the volumetric strain in the cases of uniaxial and biaxial loading. It can be seen that 

the volume decreases at first under loading then increases significantly as the stress approached 

the maximum strength of the material. This is due to the development of cavities within the 

cementing matrix during the transition from micro-cracks to macro-cracks. The occurrence of 

appreciable volume dilatation coincides with the start of unstable crack propagation (Chen & 

Han, 1988). 

 
Figure 5-3: Volume dilatation in compression tests (Hofstetter & Mang, 1995) 
 

Weerheijm (Weerheijm, 1992) presented in detail the different failure mechanisms and notes the 

following: 

 The loading path does not influence the location of the failure surface. This 

observation confirms the introduction of this boundary surface as a fixed reference of 

the inelastic behavior in material models. 
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 The fatigue mechanism under biaxial loading may be correlated directly to the 

mechanisms of uniaxial experiments. 

The strength of the material increases drastically with lateral confinement. Such triaxial loading 

may be achieved by an active hydrostatic preloading of encased cylindrical samples in an oil bath 

followed by uniaxial loading (Hoek Cell). If the maximum stress at failure of various experiments 

is plotted versus the hydrostatic compression, points of the failure surface in the meridian section 

are obtained (Figure 5-4). These are attained if a hydrostatic preload is superimposed until failure 

with uniaxial compression and tension, respectively (1 = 2 > 3, 1 > 2 = 3). 

 
Figure 5-4: Failure surface of various concrete types in the meridian section (Chen & Han, 1988). 
 

If the failure stresses are plotted at constant pressure (p), a deviatoric section of the failure surface 

is obtained. The yield surfaces of ductile materials appear as a circle because compressive and 

tensile stresses may be withstood equally. However, extreme brittle materials show almost 

triangular boundary areas. Figure 5-5 shows the moderate brittle behavior of concrete which 
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decreases slightly with increasing hydrostatic pressure. Launay et al. (Launay & Gachon, 1972) 

and Chen et al. (Chen & Han, 1988) sketch the areas of elastic behavior, crack initiation and 

failure on the tension and compression meridian ( = 60,  = 0), as shown in Figure 5-6. The 

figure indicates that the elastic limit coincides with the failure envelope. The figure also shows 

that the hardening zone vanishes in the tensile and low hydrostatic pressure region while, in the 

compressive and high confining pressures, the hardening zone is significantly large. 

 
Figure 5-5: Failure surface in the deviatoric plane at different hydrostatic pressure (Launay & 

Gachon, 1972). 
 

Sheridan (Sheridan, 1991) achieved pressures on concrete samples of up to 250 MPa with a 

reconstructed hydraulic compression machine and was able to determine the meridian of concrete 

and some geomaterials. With costly custom-designed hydraulic machines at the Waterways 

Experiments Station (WES), hydrostatic confinements of up to 400 MPa were achieved. Figure 

5-7 shows the stress-strain curves of concrete (fc = 35 MPa) under various confinements. The 
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increasing strength at higher pressures is clearly shown which is typical for concrete and 

geomaterials.  

 
Figure 5-6: Elastic limit, crack initiation and failure regions (Launay & Gachon, 1972) 
 

 
Figure 5-7: Increase of strength and deformability at various confinements (Riedel, 2004). 
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5.2 Dynamic Properties 

The tests mentioned above were conducted at a maximum stress level of 400 MPa. This is 

sufficient for static applications; however, it is far below the stress levels attained in short-

duration dynamic events. For penetration events, pressures of over 500 MPa occur at projectile 

velocities of 250 m/s (Zucas, 1990). Pressures up to 20 GPa may be obtained in contact 

detonation applications. Several investigations of such processes have been conducted at the 

Imperial College in London (Kotsovos & Perry, 1986), (Sheridan, 1991) and at the Waterways 

Experiment Station in Vicksburg, Mississippi (Akers & Adley, 1996). 

A comprehensive discussion of the rate dependency of strength is given by Bischoff and Perry 

(Bischoff & Perry, 1991). The following aspects are mainly discussed in the literature: 

 Increased strength 

 Increased deformation capability 

 Enhancement of the elastic modulus 

While the increase of deformation capability and elastic moduli are discussed controversially, 

there is a general consent that strength increases with increasing strain rate. The following 

statements can be made despite the high scatter of the results of various test methods: 

  The increase of strength with strain rate is significant. 

  The dependency of tensile strength is higher than the compressive strength 

  At strain rates higher than 1s-1, at least under tension, an enhanced increase of the 

maximum stress transmitted by the samples is detectable.  

Kubota et al. (Kubota, Ogata, Wada, Simangunsong, Shimada, & Matsui, 2008) conducted a 

series of tests on sandstone. The results indicated a power relation between the strain rate and the 
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dynamic tensile strength of the form  where K and n are material constants. Cho et al. 

(Cho, Ogata, & Kaneko, 2003) used the Hopkinson Pressure Bar to estimate the dynamic tensile 

strength of granite and tuff. They pointed out that not only the dynamic tensile strength depends 

on strain rate but also on the homogeneity of the rock sample. It was also concluded that there are 

different mechanisms by which the rock fractures when subjected to static and dynamic loading, 

respectively. 

Grady et al. (Grady & Kipp, 1993) gives a range of dynamic tensile strengths of a number of rock 

types spanning from 20 to 100 MPa. This seems fairly consistent with other values quoted by 

Grady for various rocks (Grady & Hollenbach, 1979). These tests were conducted at a strain rate 

of approximately 104 strain/s at fracture. The maximum tensile strength quoted is 130 MPa for 

Dresser Basalt. There is also some work (Grady & Kipp, 1993) on theoretical predictions and 

how these relate to strengths for various rock types, though this is not immediately relevant to the 

discussion at hand. 

Cho et al. (Cho, Ogata, & Kaneko, 2003) claimed that, at higher strain rates, when the dynamic 

strength is exceeded and a micro-crack is formed the stresses around the micro-crack and its tips 

are released rapidly hindering the growth of micro-cracks. Higher stresses were required to 

induce further crack propagation and coalescence, hence, the increase in strength. They also 

showed that the power relation exists between dynamic tensile strength and strain rates.  

Ai and Ahrens (Ai & Ahrens, 2004) gave a brief review of the strain-rate dependency of tensile 

strength. The rate dependency was found to be a power law with an exponent 0.303. This is 

consistent with other studies (Grady & Lipkin, 1980) which puts the exponent somewhere in the 

range 0.25 – 0.333. It is suggested that the exponent is different for different rock types. It is also 
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worth mentioning that while Ahrens seems to have explicitly calculated the strain rate, Grady’s 

results seem to be more of an estimate. 

Weerheijm (Weerheijm, 1992) conducted special Hopkinson Pressure Bar experiments for 

uniaxial and triaxial tension loading on two concrete mixes. He managed to measure the softening 

of the crack zone through the introduction of notched samples. The following are the fundamental 

results of his work: 

 The tested concrete showed a material specific increase of the tensile strength of 

(1.50 < ftd/fts < 1.68) at stress loading rates of (13.1 < /t < 17.7 GPa/s) which is 

equivalent to (/t  1/s). 

 At strain rates of (/t < 1/s), the energy barriers of the material dominate the 

breakage process. At higher strain rates, inertial effects influence significantly the 

strength behavior of concrete. 

 Dynamic experiments under biaxial loading are heavily disturbed by the influence of 

the lateral loading of the wave expansion. However, a tendency in the decrease of the 

rate dependency with increasing confinement has been noted. This observation is 

consistent with the observed lesser hardening under pressure. 

Weerheijm and Van Doormaal (Weerheijm & Van Doormaal, 1996) indicated that uniform stress 

and strain distributions throughout the material sample cannot be assumed in the Hopkinson Bar 

experiments. Numerical simulations prove that stresses adjacent to the sample ends are because of 

inertial effects if the concrete is fully cracked. Moreover, the stress signals in the experiment at 

the front and back of the sample do not match due to the non-uniform stress distribution. 
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Despite the fundamental constraints, Kipp, Chhabildas and Reinhart (Kipp, Chhabildas, & 

Reinhart, 1997) describe spall experiments for determining dynamic tensile strength of concrete 

samples at Hugoniot pressures between 80 and 553 MPa. Figure 5-8 depicts a summary of the 

results published. The left plot is the particle velocity versus shock velocity and the right plot is 

the corresponding calculated stresses versus the measured strains. These results are doubted 

because of the following reasons: 

 The signals are strongly noised because of the heterogeneity and the spall signals are 

recognized only doubtfully (Nahme, 1991). 

 The theory to calculate the spall strength is based on a planar strain state which is not 

given in the heavily heterogenic concrete (Riedel, 2004). 

 It is doubtful whether the concrete still has a tensile strength after a pressure wave 

has passed which exceeds the uniaxial compressive strength by a factor of 2 to 16. 

 The average of the strain hardening factors of (ftd/fts ~ 8) at strain rates of 104 strain/s 

may be seen with high uncertainty. 

 
Figure 5-8: Hugoniot states of concrete from planar impact experiments, after (Kipp, Chhabildas, & 

Reinhart, 1997). 
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Through an improved setup, Grady (Grady, 1993) achieved significantly more believable and less 

scattered results. This allows for deriving an average with error estimation from the noise which 

is purely due to heterogeneity in the Hugoniot state. He conducted later experiments (Grady, 

1995) with thin copper and tantalum plates in order to achieve Hugoniot states up to 25 GPa 

through the higher impedances and higher projectile velocities. Together with the Hugoniot data, 

the spall experiments of Kipp et al. (Kipp, Chhabildas, & Reinhart, 1997) constitute the most 

comprehensive and reliable dataset for the same type of concrete.  

The detonation of explosive charges in contact with a sample to generate planar waves (Plane 

Wave Generators) is another method of measuring the Hugoniot properties. The loading is 

characterized either based on the arrival time within the sample (Meyers, 1994) or using pressure 

gauges. Ockert, Steinbeiss and Carl used carbon resistors in order to derive Hugoniot states from 

both pressure signals and arrival times (Riedel, 2004). The advantage of this method is that bigger 

samples can be used. Ockert (Ockert, 1997) derived a Hugoniot curve up to 15 GPa from his 

experimental results and used them as the basis for the derivation of the parameters of a 

Grüneisen equation of state. 

5.3 Summary 

This chapter reviewed the behavior of geomaterials as well as the experimental data available in 

the literature with respect to hard rocks and high-strength concrete which is found to be very 

similar to medium and hard rocks. The mechanical properties of hard brittle geomaterials were 

shown to be quite complex. Very little experimental results are given in the literature to 

characterize various hard rocks, especially in the dynamic region. This knowledge is important as 
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it is crucial to make sure the suggested material model describes the known phenomena 

appropriately. 
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Chapter 6 

The Riedel-Hermier-Thoma (RHT) Material Model 

This chapter describes the existing macro-mechanical models, and their strengths and 

weaknesses. This leads to the justification of the need for a new model such as the RHT model. 

The chapter also shows the formulation of the RHT model for general triaxial loading cases and 

how it takes into account the well-known aspects of the mechanical behavior of brittle materials 

and consistently describes the static and highly dynamic loading conditions. 

6.1 Previous Models 

The approaches of modeling the mechanical behavior of brittle materials are quite broad and 

numerous. Three of the most important and complete reviews of the subject are the following:  

 Chen (Chen W. F., 1982) and Chen and Han (Chen & Han, 1988) described in detail the 

state-of-the-art material models for concrete and geomaterials. The models dealt 

exclusively with static behavior and were based on the plasticity theory and presented no 

description to macro-cracking or localization.  

 Bazant and Planas (Bazant & Planas, 1998) closed this gap with an extensive work on 

modeling crack formation, localization and scale effect. This was done using the concepts 

of fracture mechanics, smeared crack description and non-localized modeling of damage.   

 Clegg (Clegg, 1996) presented a valuable review of the current concrete models in 

hydrocodes. He classifies the models pragmatically as follows:   

1. Linearly elastic models with brittle damage 

2. Plasticity models with a coupled failure surface  

3. Plasticity models with a decoupled failure surface 
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Most brittle models for hydrocodes (Gebbeken & Ruppert, 1999), (Holmquist, Johnson, & Cook, 

1993), (Malvar, Crawford, Wesevich, & Simons, 1994), (Century Dynamics Ltd., 2005), 

(Simons, 1997) are based on the theory of plasticity and the concept of the equation of state.  

Although the formulation of Chen and Han (Chen & Han, 1988) is not intended for highly 

dynamic applications, it became the basis for numerous later models. Chen and Han introduced 

the failure surface in the stress space as a clear reference to all material states.  The failure surface 

is formally treated as a yield surface that is dependent on pressure (p) and the third stress 

invariant (). 

Chen and Han presented several prominent examples of failure surfaces in the form of equation 

6.1. In so doing, they tied together the surface boundary of various types of concrete by 

normalizing the equation by the uniaxial compressive strength. The boundary of the elastic region 

is derived through a proportionality function (k).  

0),(3),,( 22   pYJJpf f

 6.1 

Exceeding the elastic limit causes permanent deformation and hardening of the material to occur 

until the hardening and failure surfaces coincide (Figure 6-1).  Under compression, the elastic 

limit and the failure surface become closer to each other. In such a case, the hardening function 

k(k0,p) becomes pressure dependent. This is known as non uniform hardening. 

Based on experimental results, it was found that the elastic surface, in contrast to the failure 

surface, is terminated at the hydrostatic axis at high pressures. This is depicted in Figure 5-6. As 

mentioned in the previous chapter, the figure also indicates that the elastic limit coincides with 

the failure envelope. The figure also shows that the hardening zone vanishes in the tensile and 

low hydrostatic pressure region while, in the compressive and high confining pressures, the 
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hardening zone is significantly large.The development of the hardening parameter (k0), which 

describes the hardening zone, is derived from the inelastic slope in uniaxial compressive strength 

tests and is indirectly related to the plastic work. 

 
Figure 6-1: Kinematics of the elastic limit and hardening rule (Chen & Han, 1988) 
 

Volume dilatation under shear deformation and the normality of the flow rule to the pressure-

dependent yield surface have been discussed by Chen and Han (Chen & Han, 1988). They carried 

out both associative and non-associative formulations (flow processes at constant pressure and 

volume). Given the experimental results of Figure 5-3 in which dilatation occurs at 75% to 90% 

of the compressive strength (Hofstetter & Mang, 1995), the use of a flow potential that deviates 

from the flow (yield) surface was proposed. This flow potential could be a function of the 

hardening parameter. 

They also derived a very extensive description of material softening in two formulations in the 

strain space. In principle, residual deformations can be modeled as plastic flow  p
ij  while elastic 
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moduli remain the same and strength decreases. Alternatively, they can be modeled as damage 

 f
ij  

of the micro-structure with a corresponding decrease in the elastic moduli (equation 6.2 & 

Figure 6-2). 

f
ij

p
ij

e
ijij    

6.2 

The above mentioned approaches show the following limitations: 

 Non-linear and residual volumetric compression is described only implicitly.  Direct 

reproduction of non-linear compressibility and compaction under loading at very high 

pressures, e.g. shock wave applications, is not intended. 

 Energy conservation is only included through the derivation of the constitutive laws of 

elastic and plastic potentials, as a dependent variable, and is not explicitly solved. 

 The effects of strain rates on strength, damage, etc. are not considered. 

 Shear resistance of the destroyed material under pressure is not described 

 Discretization and fracture energy are not accounted for in the description of damage 

which leads to mesh dependency under localized damage at low pressure. 

 High complexity can be noted with almost all formulations of the damage surface. 

The first four limitations suggest that the model by Chen and Han is not designed for highly 

dynamic applications. The phenomenological model by Holmquist et al. (Holmquist, Johnson, & 

Cook, 1993) deals with these aspects for implementation in hydrocodes. It is based on the 

principle of the equation of state for solids. Therefore, volumetric and deviatoric equations of 

materials are dealt with separately. Thus, the model falls under the category of plasticity models 
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with decoupled failure surface (Clegg, 1996). The energy conservation is solved explicitly by the 

implementation in hydrocodes.  

 
Figure 6-2: Plastic, elastic and elastic-plastic softening (Chen W. F., 1982) 
 

The pressure-dependent failure surface (equation 6.3 with parameters A, B and N) again serves as 

a fixed reference surface in the deviatoric stress space. It is normalized by the uniaxial 

compressive strength so that all values are dimensionless. The influence of strain rates (described 

by parameter C and normalized by some reference strain rate 0 ) is described by expanding the 

failure surface perpendicular to the hydrostatic axes. 
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6.3 

The transition from intact (D = 0) to damaged material (D = 1) is interpolated by multiplying by 

(1 - D). Thus, the material only loses its shearing strength under tension and pure shear. However, 

the material continues to show resistance to deformation under compression. This part of the 

description is very important for simulating penetration experiments. The damage acts as a 

reduction in shear strength at constant elastic moduli which corresponds to plastic softening in 

Figure 6-2 
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The damage is described phenomenologically by the parameter 0 ≤ D ≤ 1. It is summed up 

through all time steps from the current plastic increments of deviatoric (p) and volumetric (µp) 

strains. The damage increments are each normalized by the current plastic strain to fracture 

 f
p

f
p    so that the softening behavior under uniaxial compression (Figure 6-3) is reproduced 

properly.  

Damage is formulated according to equations 6.4 & 6.5 and is pressure dependent in order to take 

into consideration the increasing ductility of brittle materials under confinement. The parameters 

D1 and D2 are also adapted phenomenologically to fit Figure 6-3. However, the use of D2 at other 

levels of confinement has not been proven experimentally. At low pressures, a minimal plastic 

ductility under tension is maintained using the parameter EFMIN (1% strain for concrete). 

 
Figure 6-3: Strain softening based on cyclic uniaxial tests (Sinha, Gerstle, & Tulin, 1964) 
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The following limitations of the approach are to be noted: 

 The failure surface is not dependent of the third stress invariant but describes circular 

deviatoric sections. Therefore, high tensile strength and little brittle damage initiation, 

especially in low and negative hydrostatic pressure regions, are expected (Riedel, 2004). 

 The flow rule is non-associative and is different from the plastic potential. Therefore, 

volume dilation is neglected under shear deformation. 

 In the region where the failure surface and the elastic limit coincide, elastic-plastic 

deformation and hardening, prior to reaching maximum strength, is not described. 

 Elastic deviatoric stresses are not explicitly limited at high hydrostatic pressures. This is 

only attained indirectly by damage initiation. 

 Discretization and fracture energy of the material are not included in the damage 

description. This can lead to mesh dependency upon localized damage in low pressure 

regions. 

 Brittle damage in terms of softening of the macroscopic elastic moduli is not described. 

 Plastic deformation and kinematics of the limiting surface are not formulated in terms of 

the stiffness matrix. 

Despite all the limitations, the model was shown to fit a wide range of phenomenological 

approaches for the description of damage of brittle and ductile materials (metals, ceramics and 

glass) (Anderson, Johnson, & Holmquist, 1995), (Holmquist, Johnson, Grady, Loptain, & Hertel, 

1995), (Johnson & Cook, 1985), (Johnson & Holmquist, 1991), (Johnson & Holmquist, 1993). 

They are the most commonly used models of this kind and they have contributed a great deal to 
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the understanding of dynamic processes. This is probably because they simply describe the most 

essential dynamic phenomena and the availability of parameters for numerous relevant materials.  

The detailed model by Malvar, Crawford, Wesevich and Simons (Malvar, Crawford, Wesevich, 

& Simons, 1994), (Malvar, Crawford, Wesevich, & Simons, 1997) represents one of the most 

extensive concrete models in the field of hydrocodes. The model is widely used by DYNA3D 

users. The most important properties of the model are: 

 The model is based on the concept of the equation of state for solids and the separate 

description of deviatoric stresses. Thus, it is a plasticity model with decoupled damage 

surface (Clegg, 1996). 

 The description of the deviatoric stresses is based on three surfaces in the strain space. 

The surfaces are of the form shown in equation 6.6 for elastic limit (y), failure (m) 

and destroyed material (T). The surfaces are pressure dependent, third stress invariant 

dependent and strain rate dependent.  In equation 6.6, (a0, a1 and a2) are material 

constants. 
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6.6 

 Interpolation takes place between the surfaces during hardening and softening by means 

of a single function () (equation 6.7). The driving mechanism for the development of   

is the effective plastic strain taking into consideration the stress state (non-uniform 

hardening (Chen & Han, 1988)) and the occurring strain rates. 
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6.7 

 Upon loading and unloading, compression and shear moduli change according to 

hardening and softening and the level of pressure. This provides a description of the 

volumetric compaction and brittle softening. 

 Softening has an effect on the current flow surface and on stiffness moduli. 

 Primarily, the flow rule was of the Prandtl-Reuss non-associative type (Malvar, 

Crawford, Wesevich, & Simons, 1994). When the model was expanded (Malvar, 

Crawford, Wesevich, & Simons, 1997), partial associative formulations to describe 

dilatation under shear deformation 















0,variable



p
 and tangential 

formulation of the surface were introduced.  

 Special care was taken in formulating the model and the derivation of the parameters in 

the low and mid-pressure range. Results of uniaxial, biaxial and triaxial compression tests 

are input data and references to adjust the model. In this case the meridian deviates from 

equation 6.6 and is defined by a piecewise linear form. 

The following limitations of the model are to be noted: 

 Adapting the shock wave data in very high pressure ranges, such as Grady (Grady, 1995), 

was not attempted. Calculations in this pressure range as in contact detonation, hyper-

velocity impact, and ballistic impacts are not known. 

 The influence of elastic energy changes on compression and shear moduli is not 

described. 
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 The implementation of such a model is certainly very complex. This makes portability to 

other codes impossible.  

Other plasticity based decoupled models are known. An example would be the Winfrith concrete 

model by Broadhouse (Bischoff & Schlüter, 1988). This model, implemented as a user-routine in 

LS-DYNA3D, is a decoupled model with a non-linear equation of state, Ottosen failure surface, 

orthogonal smeared cracking initiation, softening due to fracture energy and strain rate 

dependency. There is insufficient documentation for portability of the model to other codes. 

Gebbeken and Ruppert (Gebbeken & Ruppert, 1999) formulated and applied their own approach 

in AUTODYN with a new strain rate formulation that is similar to pressure and (J3) dependent 

failure surface given by Guo (Guo, Zhou, & Nechvatal, 1995) and separate damage description 

for shear and compression (Holmquist, Johnson, & Cook, 1993). They reported applications of 

the model to calculate contact detonation in coupled Euler-Lagrange calculation in AUTODYN-

2D.  

Furthermore, it should be mentioned that Gold (Gold, Vradis, & Pearson, 1996), Zucas and Collin 

(Zucas, 1990) and Wentzel (Wentzel & Weerheijm, 1998) have used several models for 

numerical analysis of concrete penetration in the ballistic field. 

Some damage models have also been formulated for rocks and geomaterials under explosive 

loading. The model by Yang (Yang, Bawden, & Katsabanis, 1996) was based on the principle of 

crack density. Damage was accumulated based on the increase of crack density. The model was 

implemented in ABAQUS and was used to reproduce crater shapes observed in blasting 

experiments. Another model (Liu & Katsabanis, 1997) used the probability of fracture as the 

basis for quantifying damage. A few earlier models also existed (Taylor, Chen, & Kuszmaul, 
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1986), (Kuszmaul, 1987). A common limitation of these models is that the damage description 

does not explicitly describe crack propagation within the material. It only describes the 

macroscopic softening behavior in a phenomenological fashion. 

Recently, Preece et al. (Preece & Lownds, 2009) used the RHT model to simulate bench blasting 

and the effect of wave interaction on damage evolution in rocks. The model showed very 

promising potential in modeling the behavior of rocks and the damage developed over the entire 

loading range. The rest of this chapter will be dedicated to discussing and explaining the 

formulation of the newly-developed RHT material model. The details and discussions are based 

for the main part on the work done by Riedel and published in his dissertation at the Ernst-Mach 

Institute of Germany in 2004 (Riedel, 2004). 

6.2 Formulation of the RHT Model 

Hydrocode simulations are the basis for the analysis of a variety of complex dynamic loading 

cases (Riedel, 2004). Various commercial computer codes are used and include all common 

solvers (Lagrange, Euler, coupled Euler-Lagrange, ALE, mesh-free Lagrange). The description of 

ductile materials is, for most applications, already well established, however, this is not the case 

for brittle materials. The models by Holmquist et al. for concrete, ceramics and glass were 

considered state of the art (Hiermaier & Riedel, 1997), (Weidmaier, 1996). Those provided 

satisfactory results for penetration applications; however, they are not capable of describing 

brittle crack initiation and expansion (Riedel, 2004). Moreover, the characterization of the 

Hugoniot behavior at very high pressures and strain is uncertain. In this context, the following 

requirements are necessary for an improved macro-mechanical model for brittle materials: 

1) Portability between common hydrocodes and various frames of reference. 
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2) Capturing the most important phenomena of triaxial behavior at low to high loading 

rates: elastic-plastic behavior, brittleness and Hugoniot behavior (Riedel, 2004). 

3) Manageable complexity 

4) Possibility of analysis of materials with a partially similar phenomenology (glass, 

ceramics, geomaterials with brittleness and/or hardening) 

5) The material parameters, as much as possible, are based on standard tests 

The first requirement suggests a plasticity model with a decoupled failure surface, as the 

separation of deviatoric and volumetric behavior is common in all hydrocodes. Items one and 

three suggest that the implementation of the model by Malvar et al. (Malvar, Crawford, 

Wesevich, & Simons, 1994), (Malvar, Crawford, Wesevich, & Simons, 1997) should be avoided 

due to its high complexity.  These two observations, the limitations of other existing plasticity 

models along with the requirement for a modular basis for further development suggest the need 

for a new approach. Items one, three and four suggest that the model should be based on the 

approach by Holmquist et al. (Holmquist, Johnson, & Cook, 1993) taking into consideration 

requirement two. This indicates that the concept of dividing stress into separate ranges, suggested 

by Chen (Chen & Han, 1988), is most appropriate for the needed model. 

Visualization of this concept is shown in Figure 6-4 and Figure 6-5, in 3D and in the meridian 

section. Three surfaces in the stress space are used to describe the boundary of the elastic 

behavior (Yel), failure (Yfail), and residual strength (Yfric) of the material under different loading 

conditions. The failure surface is the part which can be measured the best, and therefore is chosen 

as a fixed reference for the other boundaries (Chen & Han, 1988). Equation 6.8 is divided 

modularly into the phenomena of pressure dependency YTXC(p), the third stress invariant 

dependency tensor R3() and strain-rate dependency FRate(/t) (Riedel, 2004). Thus, the input 
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and output parameters are divided according to these macroscopic phenomena, which satisfies 

items three and four. In addition, the modules of the model are easily interchangeable, which 

provides a good basis for further improvements. 

0)()()(),,(3),,Jf(p,
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Figure 6-4: Schematic representation of the RHT model in the Meridian plane, after (Riedel, 2004) 
 

 
Figure 6-5: Schematic representation of the RHT model in the principle stress space 
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6.2.1 Failure Surface 

The failure surface (Yfail) (equations 6.9 & 6.10) is based on the pressure meridian YTXC (TXC 

stands for triaxial compression) that describes the confinement dependency of strength. The 

meridian is established from uniaxial and triaxial compression tests and can be well understood in 

the form of equation 6.10 with two material parameters (Afail) and (Nfail). The equations are 

normalized by the uniaxial compressive strength (fc).  

)()()(),,(
.

3

.

 RateTXCfail FRpYpY   6.9 

failN
failTXC HTLpAY )( ***   6.10 

In the low and negative pressure range, equation 6.10 is not flexible enough to specify the 

experimentally measured values of shear strength (fs) and tensile strength (ft). Instead, the 

pressure meridian is specified in a linear piecewise fashion between the measured points. 

The failure surface is generated by rotating the pressure meridian around the hydrostatic axis. In 

order to account for the effect of brittleness (in the lower shear and tensile meridian range), 

(YTXC) is multiplied by a factor (Q2  R3()  1). The angle () is a function of the third stress 

invariant (J3) which represents the different combinations of the principal stresses. 

Since the function R3() is dimensionless on the scaled pressure meridian (YTXC), the strength has 

highest value when R3() has a value of 1. The lowest strength occurs on the tensile meridian, and 

is acquired with the material parameters (Q2). The minimum allowable value of (Q2) is 0.5 which 

represents a straight line between the states of the pressure meridian, thus, corresponding to 

extremely brittle material behavior (Rankine criterion). In selecting the form of R3(), the 

following characteristics were targeted: 
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1. R3() is always continuous and differentiable. Thus, at any point in the plane (p = 

const.) the normal vector for an associative flow rules can be determined. 

2. The function is dependent on (0.5 < Q2 < 1) and allows for the description of a 

smooth transition from a triangular shape (extremely brittle) to a circular shape 

(ductile).  

3. R3() is always concave. 

The formulation by Willam and Warnke (equation 6.11) was found to be best applicable since it 

meets all of the above requirements (Willam & Warnke, 1975).  
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6.11 

 

Finally, the model agrees with experimental results which indicate that the compression meridian 

approaches the tensile meridian with increasing hydrostatic pressure. This phenomenon is known 

as brittle-to-ductile transition and is also characteristic of geomaterials. The quantitative impact is 

evident in the case of brittle concrete in Figure 5-5. In this case, for a pressure increase of (1/3 < 

p/fc < 7/3), (Q2) goes from 0.68 to 0.71. The effect is shown as a linear factor (B) in equation 

6.12. 

15.0 *
2  BpQQ  6.12 

The phenomenon of strain rate dependency is described by the empirical factor (FRate), which is 

multiplied by the strengths (fc), (fs) and (ft). Once the strain rate exceeds unity 
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and due 

to inertial effects and stress imbalance, a large increase in the strength of the material occurs. The 



 

 111 

inertial effects are dealt with by solving the conservation of momentum equation using small time 

steps in the hydrocode. At very high strain rates, the Hugoniot behavior dominates. The strain 

hardening of the material and the parameters are implemented with no changes from the form 

suggested by Bischoff and Schlüter (Bischoff & Schlüter, 1988). Equation 6.13 shows the 

exponential dependency of the strength in the compression range while equation 6.14 shows the 

same dependency in the tension region. For pressures higher than (fc/3), or below (-ft/3) equation 

6.13 is used. For hydrostatic stresses in the transition region, the rate dependency is linearly 

interpolated (Riedel, 2004). 

Compression: 
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Tension: 
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where: 6
0 1030  x  strain/s in compression 

  6
0 103  x  strain/s in tension 

6.2.2 Strain Hardening 

The description of inelastic deformation with strain hardening before reaching maximum strength 

is mainly based on the approach suggested by Chen and Han (Chen & Han, 1988). As shown in 

Figure 6-1 and Figure 6-4, there is an initial yield surface (Yel) which is derived from the failure 

surface (Yfail). If the stress exceeds the yield surface, the material hardens until the pre-peak 

loading surface (Ypre) coincides with the failure surface.  
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The derivation of the elastic surface is based on the results of the uniaxial compression tests. The 

ratio of the compressive elastic limit to the compressive failure stress is referred to as (Comprat) , 

Figure 6-6. Similarly, under tension the ratio is referred to as (Tensrat). This value (Yel/Yfail) is 

extrapolated from uniaxial to general stress states through a factor (YoF), Figure 6-7. 

 
Figure 6-6: Formulation of material hardening based on uniaxial compression tests (Riedel, 2004) 
 

Inelastic deformation, based on the theory of plasticity, is calculated using the Von Mises plastic 

potential. This means that plastic strains cause no change in shape. Their directions coincide with 

the projections of the principal stresses on the plane (p = const.) and the magnitudes are 

calculated using equations 2.87 to 2.91. This is a non-associative flow rule formulation and does 

not account for the volumetric deformation illustrated in Figure 5-3. Unfortunately, the developed 

relationships between deviatoric and volumetric material description substantially limit the 
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portability of the model between different hydrocodes. The influence of shear dilatation, if any, is 

implicitly implied in the Hugoniot relation. 

Strain hardening is modeled by the surface (Ypre) which expands, starting from the elastic surface, 

until it coincides with the failure surface (Yfail) (Figure 6-4). The kinematic of plastic deformation 

is again based on uniaxial experimental data. As shown in Figure 6-6, the trial elastic strain 

 epre  appears between the elastic limit )( 1D
elc YCompratf   and the failure stress )( 1D

elc Yf  . 

 
Figure 6-7: Extension of elastic surface to the general state of stress with strain hardening, after 

(Riedel, 2004) 
 

According to Hook’s Law, the magnitude of the elastic hardening strain is calculated from the 

stress difference and the shear modulus, equation 6.16. The occurring inelastic deformations are 

modeled using the plastic strain  ppre  before reaching the maximum strength, equation 6.17. 

The plastic deformation can be specified in a phenomenological manner, using Figure 6-6 and 

equation 6.19, by multiplying the strain by the material parameter (Prefact). 
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To control the position of the hardening surface (Ypre), the effective plastic strain  p
eff  (equation 

2.88) is used. Normalized by the plastic strain  ppre
 

up untill failure, the hardening surface 

(Ypre) is interpolated using equation 6.19. 
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6.19 

 

Equations 6.16, 6.18 and 6.19 imply the generalization of the plastic formulation from a uniaxial 

to a general state of stress. It is executed by transitioning from uniaxial to effective strain and 

from uniaxial stress to the entire elastic surface (Yel) and failure surface (Yfail). Consequently, due 

to the stress ratios between the surfaces and due to the material parameters (Prefact, Comprat and 

Tensrat), plastic deformability and its kinematic and the hardening rule up to maximum strength 

is clearly defined. In this formulation, it is implied that the relation between plastic deformability 

 ppre  and elastic deformability  epre  is the same outside the elastic region (Yel) over any 

loading path. 
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It should also be pointed out that this entire description can be completely deactivated by setting 

the values Tensrat = Comprat = Prefact = 1. This allows for the simulation of very brittle 

materials which behave almost elastically until failure. It can be seen that, for this part of the 

formulation, the modularity requirement is well met. 

6.2.3 Damage 

The formulation of damage from Holmquist et al. (Holmquist, Johnson, & Cook, 1993) is applied 

substantially and almost unchanged. Its phenomenological approach again is based on uniaxial 

experiments and then generalized to triaxial states of stress over limiting surfaces in the stress 

space. Thus, it is compatible with the current formulation. 
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The development of damage, similar to the hardening parameter 
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, is characterized by the 

normalized parameter (D). While reaching the failure surface (Yfail), the material is still 

undamaged (D = 0). Beyond that point, (D) increases to the effective plastic strain  p
eff  

(equation 6.20). The maximum value of completely damaged material is achieved when the strain 

takes on the value of fracture strain  p
eff

f  . Figure 6-3 shows how Holmquist et al. (Holmquist, 

Johnson, & Cook, 1993) determined this value from uniaxial cyclic compression tests according 

to Sinha et al. (Sinha, Gerstle, & Tulin, 1964). The point at which the line connecting the peak 
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stresses of the cycles intersects the axis representing the plastic strain is taken as the onset of 

damage. 

The uniaxial formulation is generalized to the triaxial condition by normalizing the plastic strain 

increments  p
eff  by the failure strain  )( pp

eff
f   and taking into account the current state of 

stress. Equation 6.21 describes the increasing deformability for high pressures in order to 

reproduce the phenomenology of the experiments in Figure 5-7. In the case of tension, the failure 

strain is limited to a minimum value (EFMIN). 

Apart from the adjustment to the compression tests, the definition of the model parameters (D1) 

and (D2) under triaxial loading is poorly established (Holmquist, Johnson, & Cook, 1993). In the 

description of damage, neither the length of discretization nor the energy of failure is implied. 

Thus, a mesh dependency of the results, in the case of localized failure under tension, is expected. 

Unlike Finite Element Methods (FEM), Finite Difference Methods (FDM) do not describe the 

gradients (stress, strain, energy, etc.) in each mesh element explicitly. Therefore, unless the 

material model includes explicit terms of the grid size and these gradients across the element, the 

problem of mesh dependency is introduced. A detailed discussion on this topic is given by Zucas 

(Zucas, 2004) and Zienkiewicz et al. (Zienkiewicz, Taylor, & Zhu, 2005). However, since the 

model by Holmquist et al. (Holmquist, Johnson, & Cook, 1993) achieved satisfying results for 

penetration calculation, and the model focuses on the continuous modeling of shock waves, this 

approach seems sufficient. 

The impact of damage on strength can be modeled in various ways (Chen & Han, 1988). In 

plastic damage, the strength is continuously reduced with increasing damage with no change in 

elastic moduli upon unloading and reloading (Figure 6-2 left). On the other hand, elastic damage 
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corresponds to the reduction of the value of the elastic constants; e.g. due to micro cracks when 

reaching maximum stresses (Figure 6-2 middle). Brittle materials have been shown to exhibit 

both phenomena superimposed (Figure 6-2 right). 

The plastic softening is modeled by linearly reducing the failure surface (Yfail) to the residual 

strength surface (Yfric) using the damage parameter (D). For (D = 1), the material can only sustain 

deformations under compression. Equation 6.22 shows the function of the third limiting surface 

for the description of the completely damaged material (Yfric). The surface is only a function of 

pressure and does not depend on the strain rate or the third stress invariant. For partly damaged 

states (0 < D < 1) the strength is interpolated between the failure surface Yfail and the residual 

surface (Yfric) (Figure 6-8). 

fricN
fricfric pAY **   6.22 

All permanent deformations under strain softening are formulated on the basis of plasticity 

theory. As mentioned above, the kinematic of the plastic deformations is assumed normal to the 

hydrostatic axis. However, a special situation occurs in the case of spall failure. If the pressure 

calculated by the equation of state falls below the Hydrodynamic Tensile Limit (HTL), the 

amount of hydrostatic stress which exceeds the material strength is truncated. In this case, the 

elastic stresses, not only normal (state 0 to 1) but also parallel to the hydrostatic axis, are ignored, 

as shown in Figure 6-8. This prevents any unphysical high tension waves from propagating 

through the material. Equation 6.23 yields the necessary correction of the conservation of energy, 

which results from the change in the hydrostatic pressure. 
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Figure 6-8: Reduction of the strength during strain softening (Riedel, 2004). 
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For the description of the elastic softening, the shear modulus and the elastic stress increments, 

accumulated over previous time steps, are reduced. This approach was used by various authors in 

order to model softening without any modification to the equation of state (Randles & Libersky, 

1996). From Figure 6-3, the ratio between the weakened and intact shear moduli 
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ShratD  can be defined. In the case of concrete, the value of 0.13 is considered 

reasonable under the assumption that the shear modulus is reduced proportionally with respect to 

the macroscopic elastic modulus in the experiment. The release of elastic energy is incorporated 

into the balancing of energy, equation 6.26. 
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6.2.4 Summary 

This chapter reviewed the formulation of the RHT model and how it is used to relate to the 

behavior of geomaterials. The most important aspects of the static and dynamic macro-

mechanical behavior of brittle materials are the following: 

1. Strength, deformation capability and brittle behavior are strongly dependant on 

confinement. 

2. Upon loading, strain hardening and strain softening occur due to damage, localization, 

and volume dilation.  

3. The strength increases considerably with the strain rate. This is more distinct for tension 

than compression. The transition into the region of highest strain rate is still uncertain 

because of the discrepancy in the measurement results due to inertial effects. 

4. Under impulse loading, the material first shows a strong decrease in the p-wave velocity. 

Afterward, the material shows an increase in the p-wave over the particle velocity (up > 

300 m/s,  > 2 GPa) (Cooper, 1996). 

Except for item 4, all understanding originates from static or semi-dynamic experiments. Figure 

6-9 depicts the most important test methods for the determination of the model parameters of the 

failure surface in the meridian section: 
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 The uniaxial compressive strength (fc) can be determined using hydraulic compression 

machines and it lies on the pressure meridian. The uniaxial tensile strength (ft) is also 

relatively easy to determine on the tension meridian. These experiments provide limit 

points of the elastic region as well. 

 Hopkinson Pressure Bar experiments can characterize the strain hardening at strain rates 

up to 300 strain/s under uniaxial compression or tension. In dynamic testing, 

experimental setup and the behavior of the test apparatus can have a negative effect on 

the measurements which is difficult to control (Weerheijm, 1992). 

 Further points of the failure surface can be determined by biaxial experiments. The 

necessary test set-up is already more complicated than for uniaxial tests.  

 Triaxial compression tests require elaborate hydraulic loading devices. They allow, 

however, a good static characterization of the meridian under increasing hydrostatic 

pressure. Pure hydrostatic tests allow the measurement of the static volumetric behavior 

which also provides the limit of the elastic surface on the hydrostatic axis. 

 In some cases, due to the heterogeneity and scale effect, static characterization of brittle 

materials is limited to lower hydrostatic pressures. Because of the necessary sample sizes, 

huge and expensive hydraulic machines are required (Riedel, 2004). 

Heterogeneity and sample size can also constitute a major problem for dynamic experimental 

setup: 

 In most cases, loads exceeding 400 MPa occur as shock waves in practical applications. 

The Hugoniot behavior can only be measured using convoluted and uncertain techniques.  

 Even if the Hugoniot states can be determined (blue line in Figure 6-10), it cannot be 

separated into quantitative contributions of different phenomena; such as strain rate 
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dependency of the strength, p-V behavior, damage, etc., as in the case of static 

characterization. These individual phenomena are heavily extrapolated in the high 

pressure range from the knowledge of static low pressure regions (dashed lines). 

 
Figure 6-9: Reference experiments in the static and semi-dynamic area for the determination of the 

limiting surfaces of RHT model (Riedel, 2004). 
 

In order to measure/calculate the different parameters of the RHT model for the rock type in hand 

namely the Laurentian Granite, the published data as well as the results of static and dynamic 

tests will be used. The parameters of an equation of state, polynomial equation of state, will be 

calculated using the results of tests measuring the physical properties such as density and sonic 

wave velocities along with the shock properties of granite (Marsh, 1980). 
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The failure surface parameters will be determined using standard static tests such as uniaxial 

compressive strength, triaxial compressive strength, direct shear strength, etc. The tensile strain-

rate dependency is determined using a modified version of the HPBT previously discussed in 

Chapter 3. The following chapter is dedicated to experimental procedures and results. 

 
Figure 6-10: Reference experiments in the high dynamic region (Riedel, 2004). 
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Chapter 7 

Characterization of Laurentian Granite 

Within a rock type, a locality or even a single sample, composition and physical and mechanical 

properties can vary considerably due to inhomogeneity and micro-structure. Therefore, 

quantitative characterization of a certain rock type can only be realized by representative 

sampling and the aid of statistical analysis. This approach was utilized in this work to characterize 

the rock type used in this research, Laurentian Granite, since the properties have not been fully 

investigated before.  

Several laboratory experiments were conducted on representative samples to determine such 

properties. These properties were used to determine the parameters of the RHT model in order to 

reproduce the behavior of the rock numerically. Table 7-1 summarizes the laboratory experiments 

conducted and the corresponding parameters obtained from them. 

Table 7-1: Laboratory experiments conducted on Laurentian Granite and the corresponding RHT 
parameters obtained 

Experiment RHT Parameter 

Density Measurement Reference Density 

Sonic Wave Velocity EOS Parameters (K1, K2, K3 & T1) 

Unconfined Compression Test 
Compressive Strength & Compressive Elastic Limit 
to Compressive Failure Stress Ratio (COMPRAT) 

Unconfined Cyclic Loading Test Elastic-to-Elastic-Plastic Modulus Ratio 

Splitting Tensile Test 
Tensile Strength & Tensile Elastic Limit to Tensile 
Failure Stress Ratio (TENSRAT) 

Direct Shear Test Shear Strength 

Triaxial Compression Test 
Intact Failure Surface Constants & Tens/Comp 
Meridian Ratio 

Modified Hopkinson Pressure Bar Test Tensile Strain Rate Exponent 
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7.1 Micro-Structure of Laurentian Granite 

Laurentian Granite is a fine grained rock with mineral grain sizes ranging from 0.25 to 0.56 mm. 

Quartz makes up 32% (by volume) of the mineral composition and has an average grain size of 

0.50 mm. Feldspar is the dominant component with approximately 61% by volume and shows an 

average grain size of 0.43 mm. The minor constituent is biotite with 7% of the volume and an 

average grain size of 0.31 mm (Chen, Xia, Dai, & Lu, 2009).  

The grains predominantly show an elliptical shape with a long axis of 0.53 mm and a short axis of 

approximately 0.43 mm. The average aspect ratio of the major and minor axis of the grain is 1.24. 

The micro-cracks observed in Laurentian Granite are of either the intra-granular or inter-granular 

types. They are found in the quartz and feldspar grains, and along the cleavage planes of biotite. 

The average micro-crack length observed is approximately 0.62 mm. The total micro-crack length 

observed per unit area is 3.53 cm/cm2. This is usually used as an indication of the micro-crack 

density in the sample.  

Table 7-2and Table 7-3 summarize the mineral composition, grain size distribution and micro-

crack density in Laurentian Granite in reference to three mutually orthogonal preferred planes 

(Chen, Xia, Dai, & Lu, 2009). 

Laurentian Granite samples used in the current work were obtained from a dimension stone 

quarry, located northwest of Quebec City in the province of Quebec, which is part of the 

Precambrian Canadian Shield. The samples were supplied as cubic solid competent rock blocks 

with 305 mm side lengths. Since the rock is of the fine-grained type, relatively small specimens 

can be used as representative samples for characterizing the rock mass properties. 
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Table 7-2: Mineral composition and grain size distribution of the Laurentian Granite (Chen, Xia, 
Dai, & Lu, 2009) 

Rock Type 

Quartz Feldspar Biotite 

Av. Grain 

Size (mm) 

% by 

Volume 

Av. Grain 

Size (mm) 

% by 

Volume 

Av. Grain 

Size (mm) 

% by 

Volume 

XY Plane 0.39 33% 0.37 59% 0.25 5% 

XZ Plane 0.56 34% 0.51 60% 0.41 3% 

YZ Plane 0.54 30% 0.40 64% 0.28 3% 

 

Table 7-3: Grain shape and micro-crack density in Laurentian Granite (Chen, Xia, Dai, & Lu, 2009) 

Rock Type 

Grain Mean Shape 
Aspect 

Ratio 

No. of 

Grains 

Micro-

crack 

Density 

Average Micro-

crack Length long axis, 

a (mm) 

short axis, 

b (mm) 
(a/b)  (cm/cm2) (mm) 

XY Plane 0.48 0.33 1.42 3913 6.10 0.5 ± 0.18 

XZ Plane 0.58 0.50 1.15 2545 2.50 0.71 ± 0.21 

YZ Plane 0.52 0.45 1.16 3808 2.00 0.65 ± 0.23 

 

7.2 Porosity and Water Absorption of Laurentian Granite  

Cylindrical core samples recovered from the granite blocks were used to determine the physical 

properties, namely water absorption and porosity, of the Laurentian Granite. The testing was 

conducted according to the most recent recommended American Society for Testing and 

Materials (ASTM) practices (ASTM D4543 - 08, 2008), (ASTM Standard C642-06, 2003), 

(ASTM Standard C29/C29M-07, 2007). The rock showed average water absorption of 0.30% by 

weight and average porosity of 0.36% by volume. 
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7.3 Density of Laurentian Granite 

Cylindrical samples of different lengths and diameters were used to determine the density of the 

Laurentian Granite. The samples were drilled out of the supplied blocks. The samples were cut to 

desired lengths, machined, oven dried at 110C and then weighted.  The average of three 

measurements of the diameter at three different points along the length of the sample was used as 

the representative diameter of the sample. The same procedure was followed to determine the 

representative length of the sample. This is to ensure accuracy and compliance with the standards 

of ASTM (ASTM D4543 - 08, 2008) and International Society of Rock Mechanics (ISRM) 

(Brown, 1981).  

The calculated density, (ASTM Standard C642-06, 2003), (ASTM Standard C29/C29M-07, 

2007), showed a normal distribution with a mean of 2.66 g/cm3 and a standard deviation of 0.02 

g/cm3. Figure 7-1 is a histogram of the frequency distribution of the calculated density values as 

well as the cumulative frequency percentage while table 7-4 illustrates the basic descriptive 

statistics of these density values. A complete list of the measurements is given in Appendix A. 

Table 7-4: Descriptive statistics of calculated density 

Density (g/cm3) 

Sample Count 147 

Minimum 2.59 

Maximum 2.77 

Range 0.18 

Mean 2.66 

Median 2.66 

Standard Deviation 0.02 

Sample Variance 0.00 

Standard Error 0.00 

Kurtosis 17.08 

Skewness 2.05 

Confidence Level (95%) 0.00 
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Figure 7-1: Distribution of calculated density for the Laurentian Granite 

7.4 Sonic-Wave Velocity of Laurentian Granite 

The cylindrical samples were used to determine the p-wave and s-wave velocities of Laurentian 

Granite. To determine the p-wave velocity, an elastic longitudinal wave was propagated from one 

end of the sample using a pulse generator. The arrival time of the wave at the other end of the 

sample was recorded using a receiver connected to a high-speed high-resolution oscilloscope. 

Petroleum gel was used as the coupling medium at the transmitter-sample interface and the 

sample-receiver interface to ensure full contact. The same procedure was used to determine the s-

wave velocity using a shear wave pulse generator and hot glue as the coupling medium at the 

interfaces. The tests were carried out in compliance with ASTM and ISRM standards (ASTM 

D2845 - 08, 2008), (Brown, 1981). 

The calculated p-wave velocities had a mean of 4.061 km/s and a standard deviation of 0.17 km/s. 

On the other hand, the s-wave values showed an average of 2.118 km/s with a standard deviation 

of 0.06 km/s. Figure 7-2 illustrates the frequency distribution of the p-wave velocities. Table 7-5 
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and Table 7-6 summarize the basic statistical properties of the calculated p- and s-wave velocities 

in the Laurentian Granite samples. The measurements of p- and s-wave conducted on Laurentian 

Granite are shown in Appendix B. 

Table 7-5: Descriptive statistics of p-wave velocity 
P-Wave Velocity (km/s) 

Sample Count 82 

Minimum 3.534 

Maximum 4.283 

Range 0.749 

Mean 4.061 

Median 4.086 

Mode 4.061 

Standard Deviation 0.17 

Sample Variance 0.03 

Standard Error 0.02 

Kurtosis 1.86 

Skewness -1.37 

Confidence Level (95%) 0.04 

 

Table 7-6: Descriptive statistics of s-wave velocity 
S-Wave Velocity (km/s) 

Sample Count 5 

Minimum 2.044 

Maximum 2.185 

Range 0.141 

Mean 2.118 

Median 2.114 

Standard Deviation 0.06 

Sample Variance 0.00 

Standard Error 0.03 

Kurtosis -1.26 

Skewness -0.14 

Confidence Level (95%) 0.07 
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Figure 7-2: Distribution of calculated p-wave velocities for Laurentian Granite 

7.5 Shock Hugoniot Data of Laurentian Granite 

The planar impact experiments conducted by Marsh (Marsh, 1980), to determine the shock 

Hugoniot of Laurentian Granite, are an excellent reference and cover a wide range of particle 

velocity. The data will be used to calculate the parameters of the polynomial equation of state as 

described in Chapter two. Figure 7-3 depicts the results of the individual experiments and the 

linear fit of the Hugoniot curve in the Us-Up space. Table 7-7 summarizes the measured rock 

properties as well as the calculated parameters of the polynomial equation of state. 

Table 7-7: Rock properties and calculated parameters of the polynomial EOS 
Density (g/cm3) 2.660 

Longitudinal Wave Velocity (km/s) 4.061 

Shear Wave Velocity (km/s) 2.118 

Hydrodynamic Compression Wave Velocity (km/s) 3.774 

Slope of the Hugoniot Curve 1.113 

Bulk Modulus A1 (GPa) 37.88 

Parameter A2 (GPa) 42.65 

Parameter A3 (GPa) 10.03 

Shear Modulus G (GPa) 11.93 

Elastic Modulus E (GPa) 43.87 
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Figure 7-3: Hugoniot data of granite, reproduced after (Marsh, 1980) 
 

7.6 Unconfined Compression Tests of Laurentian Granite 

A total of 61 cylindrical samples were prepared to conduct the unconfined compression test 

according to the recommended ASTM and ISRM standards (ASTM D7012 - 07, 2007), (Brown, 

1981). The samples had an average diameter and height of 45 mm and 100 mm, respectively. 

Figure 7-4 is an illustration of some of the samples prepared for testing. Table 7-8 summarizes 

the basic descriptive statistics of the sample dimensions of Laurentian Granite specimens that 

were prepared for this testing.  

 
Figure 7-4: Sample preparation for uniaxial compression tests 
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Table 7-8: Descriptive statistics of sample dimensions 
Length (mm)  Diameter (mm) 

Count (Samples) 40 Count (Samples) 40 
Minimum 94  Minimum 45 
Maximum 108  Maximum 46 
Range 14  Range 1 
Mean 100  Mean 45 
Median 99  Median 46 
Standard Deviation 4  Standard Deviation 0.3 
Sample Variance 16  Sample Variance 0.1 
Standard Error 0.5  Standard Error 0.0 
Confidence Level (95%) 1.0  Confidence Level (95%) 0.1 

 

The samples were divided into six groups where each group was subjected to a different strain 

rate. The strain rate was controlled by a stroke-controlled compression machine. Table 7-9 

summarizes the results of the tests while Figure 7-5 shows the relationship between average UCS 

and strain rate for Laurentian Granite. The results were best-fitted using a power law and showed 

a slight increase of UCS with higher strain rates. A power law was chosen due to the 

mathematical implementation of the RHT model. 

Table 7-9: Average UCS under different strain rates 

Strain Rate (1/s) UCS (MPa) 

9.75E-06 148.9 
4.87E-05 218.6 
1.07E-04 210.9 
1.61E-04 238.8 
3.19E-04 219.7 
1.62E-03 253.6 

 

Five stress-strain curves obtained from unconfined compression tests, at the loading rate 

recommended by ASTM, are represented in Figure 7-6 (left). The strain is plotted on the abscissa 

and is calculated as the change in the specimen length divided by the initial length (engineering 

strain). The ordinate values represent the engineering stress which is calculated as the machine 

load divided by the initial cross sectional area of the sample. Figure 7-6 (right) shows the stress-
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strain curve obtained from sample 92. The experimental results obtained from unconfined 

compression tests are listed in Appendix C. 

 
Figure 7-5: Static UCS as a function of strain rate 
 

The results and observations obtained from the tests carried out at the recommended ASTM strain 

rate can be summarized as follows: 

1. A linear elastic behavior takes place up to a stress of 90-95% of the maximum 

compressive strength, Figure 7-6 (right). 

2. The curve curls off rapidly and maximum strength is reached. At this stage, permanent 

inelastic deformations and strain hardening occur. Also micro-cracks grow away from the 

boundaries, and parallel to the direction of the major principal stress, forming visible 

macro-cracks. 
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Figure 7-6: Typical stress-strain curves from unconfined compression tests 
 

3. Upon reaching maximum strength, rapid strain softening occurs due to coalescence of 

macro-cracks. Strain softening can only be measured by very stiff load-controlled testing 

machines. 

4. Crack initiation in planes of 0 to 45 degrees in a direction parallel to loading is typical for 

uniaxial stress and failure by shear, Figure 7-7. 

5. The UCS of Laurentian Granite, at the strain rate recommended by ASTM, averaged 235 

MPa while the elastic modulus ranged from 45 GPa to 70 GPa, Figure 7-8. 

6. The volume of the sample decreased steadily until it reached a minimum at a stress level 

approximately 80% of the UCS, Figure 7-9. The decrease of volume, due to the 

Sample 92
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application of the load, ranged from 0.1% to 0.5% indicating complete pore closure.  The 

volume of the sample then increases, due to the bridging of micro-cracks and the 

formation of macro-cracks and cavities inside the sample, until failure occurs. 

 

 
Figure 7-7: Failure plane due to unconfined uniaxial compression 
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Figure 7-8: Frequency distribution of the measured static elastic modulus 
 

 
Figure 7-9: Axial, circumferential and volumetric strains as a function of axial stress 
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7.7 Unconfined Cyclic Loading Tests of Laurentian Granite 

To investigate the effect of cyclic loading and fatigue on Laurentian Granite and the effect of 

internal damage on the elastic moduli, a total of five uniaxial cyclic loading tests were conducted. 

Samples were prepared according to the recommended ASTM and ISRM standards (ASTM 

D7012 - 07, 2007). Each specimen was subjected to fifty cycles of monotonic loading and 

unloading at a strain rate of 5.0E-5 strain/s. Loading in each cycle started at roughly 5% of the 

average UCS while unloading was started at 90% to 95% of the UCS. This is to ensure that the 

point of Volumetric Strain Reversal (VSR) was passed and that internal damage is introduced. 

The point of VSR was found to occur at approximately 80% of the maximum compressive 

strength of the rock. The experimental results of the unconfined cyclic loading tests are shown in 

Appendix D. 

 
Figure 7-10: Axial, circumferential and volumetric strains obtained from a cyclic loading test 
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Figure 7-10 indicates that the sample maintained its elastic properties during the whole test. The 

material was capable of sustaining a significant amount of deformation before failure occurred at 

the maximum compressive strength. The sample appeared to maintain almost the same elastic 

moduli even as plastic deformations took place. Therefore, the ratio between the weakened and 

intact shear moduli, 













0

1

D

D

G

G
ShratD , was taken to be 90% to account for any inhomogeneity 

and internal flaws which might exist in larger samples. 

7.8 Splitting Tensile Strength Tests (Brazilian Tests) of Laurentian Granite 

The static tensile strength of the Laurentian Granite was determined by conducting the splitting 

tensile strength test (Brazilian test) on cylindrical discs. A total of 103 discs were prepared for 

testing. The discs had an average diameter and thickness of 46 mm and 11 mm, respectively. The 

samples were divided into five groups and each group was subjected to a different strain rate. The 

strain rate was controlled through the stroke-controlled MTS testing machine. Tests were 

conducted according to the recommended ASTM and ISRM standards (ASTM D3967 - 08, 

2008), (Brown, 1981). Figure 7-11 shows a picture of some of the samples prepared for the 

Brazilian tests and the failure mode in the samples after conducting the tests. 

  
Figure 7-11: Some of the samples used to determine the tensile strength  
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The tensile strength of Laurentian Granite, at the strain rate recommended by ASTM, averaged 13 

MPa, Figure 7-12. The results also showed a very slight increase of tensile strength under 

increasing static strain rates. Table 7-10 shows the descriptive statistics of the experimental 

results of the static tensile strength conducted at the loading rate recommended by the ASTM 

while Table 7-11 summarizes the different strain rates at which the samples were tested and the 

corresponding average tensile strength data. Figure 7-13 depicts the relationship between the 

static tensile strength and strain rate. The experimental results obtained from the splitting tensile 

strength tests are listed in Appendix E. 

Table 7-10: Descriptive statistics of static tensile strength at the loading rate recommended by ASTM 

Tensile Strength (MPa) 

Mean 13.04 

Standard Error 0.28 

Median 12.91 

Standard Deviation 1.22 

Sample Variance 1.48 

Kurtosis -0.42 

Skewness 0.51 

Range 4.32 

Minimum 11.20 

Maximum 15.53 

Sum 247.78 

Count 19.00 

Confidence Level (95.0%) 0.59 
 

Table 7-11: Average tensile strength under different strain rates 
Strain Rate 

(1/s) 
Tensile Strength 

(MPa) 

1.05E-04 13.0 
3.66E-03 14.8 
7.33E-04 13.9 
3.67E-04 13.0 
2.45E-04 12.7 
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Figure 7-12: Frequency distribution of the static tensile strength of Laurentian Granite samples at 

the ASTM-recommended strain rate 
 
Figure 7-14 (left) shows the tensile stress-strain curves of ten samples, obtained under the 

standard strain rate recommended by ASTM. Close examination of a typical stress-strain curve 

obtained from sample 8, Figure 7-14 (right), reveals the following: 

1. The material behaves elastically up to about 45% of the maximum static tensile strength 

2. The slope of the curve increases slightly after initial loading, showing small evidence of 

strain softening, until maximum strength is reached. This indicates that micros-cracks are 

growing in the direction that allows for dislocation and facilitates failure. 

3. As the stress increases towards maximum strength, micro-cracks grow away from the 

boundaries and parallel to the stress direction. 

4. At maximum strength, bridging of micro-cracks occurs forming the failure mode in the 

sample along the loading diameter. 
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5. The samples were capable of sustaining 0.3% axial strain on average before failure 

occurred. 

 

 

 
Figure 7-13: Static tensile strength as a function of strain rate 
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Figure 7-14: Typical stress-strain curves obtained from Brazilian tests at the loading rate 

recommended by ASTM 

7.9 Direct Shear Tests of Laurentian Granite 

A total of five direct shear tests were conducted according to the recommended ASTM and ISRM 

standards (ASTM D5607 - 08, 2008), (Brown, 1981). The samples had an average diameter and 

height of 45.5 mm and 230 mm, respectively. The tests were conducted using a normal stress of 

0.1 MPa. 

The samples were housed in a high-strength concrete base and top with a 5 mm tolerance in 

between. Shearing of the intact material occurred within the tolerance introduced. Figure 7-15 

shows the machined samples before conducting the test while Figure 7-16 demonstrates the 
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concrete housing used and the failure mode in the sample after the test. The material showed an 

average shear strength of 12.3 MPa, that ranged from 10 MPa to 14 MPa. 

 
Figure 7-15: Samples prepared for direct shear tests 
 

 
Figure 7-16: Typical Failure mode in the Laurentian Granite due to direct shear 
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7.10 Triaxial Compression Tests of Laurentian Granite 

A total of two hundred triaxial compression tests were conducted according to the recommended 

standards of ASTM and ISRM (ASTM D7012 - 07, 2007). Figure 7-17 shows a photograph of 

some of the samples prepared for testing. The tests were conducted at three different strain rates 

ranging from 5.0E-5 to 1.6E-3 strain/s. The range of strain rates was selected to be above and 

below the one recommended by the ASTM. The samples had an average length to diameter ratio 

of 2. The average diameter of the samples was 46 mm.  

The lateral confinement was achieved by applying a constant hydrostatic load in an oil bath in 

which the cylindrical sample was encased. The strength of Laurentian Granite showed a 

substantial increase with the application of lateral confinement. On the other hand, the slope of 

the stress-strain curves under different confinement did not exhibit a significant change. Figure 

7-18 depicts the typical failure mode observed in the samples subjected to triaxial compression. 

 
Figure 7-17: Samples prepared for triaxial tests 
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Figure 7-18: Failure mode after a triaxial test 
 

Figure 7-19 plots the stress-strain curves of Laurentian Granite at varying lateral confinement 

stresses and under the loading rate recommended by the ASTM. The figure clearly illustrates the 

increase in compressive strength as the lateral confinement increases. The maximum stress at 

failure at various confinement levels is plotted against the hydrostatic pressure (normalized by the 

UCS at the strain rate recommended by ASTM) to establish the failure surface in the meridian 

plane, Figure 7-20.  

The failure surface in Figure 7-20 was fitted to an equation of the form 

failN
failTXC HTLpAY )( ***  to be used for the application of the RHT material model. The 

values of the parameters Afail and Nfail, which gave the best fit to the experimental data, were 2.5 

and 0.85, respectively. In comparison, the values of Afail and Nfail of concrete are 1.6 and 0.51, 

respectively (Riedel, 2004). 
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Figure 7-19: Strength dependency on lateral confinement in Laurentian Granite at loading rate 

recommended by ASTM 
 

The same procedure was repeated at three different strain rates to investigate the effect of loading 

path and failure mechanism on the failure surface. From Figure 7-21 it can be concluded that the 

shape and location of the failure surface in the principal stress space is not influenced by the 

loading path. This agrees well with the published literature (Chen W. F., 1982), (Chen & Han, 

1988), (Simons, 1997) and supports the idea of a fixed reference failure surface to model inelastic 

behavior of geomaterials. Appendix F lists the compressive strength of the tested samples at 

different strain rates and under different lateral confinements. 

 



 

 146 

 
Figure 7-20: Failure surface in the Meridian plane at loading rate recommended by ASTM 
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Figure 7-21: Failure surface in the Meridian plane under three different loading rates 
 

7.11 Modified Hopkinson Pressure Bar Tests of Laurentian Granite 

The Hopkinson Pressure Bar Test (HPBT) is commonly used to determine the dynamic 

characteristics of materials under impact loading. The main idea behind the test is to propagate a 

uniaxial compressive stress wave in a representative cylindrical sample. Tensile stresses occur 

upon reflection of the compressive stress wave at the free end. Tensile failure in the sample 

occurs where the reflected tensile wave or the superposition of the compressive and tensile waves 

exceeds the tensile strength of the specimen at a given point. Figure 7-22 shows the typical tensile 

failure mode in a Laurentian Granite rock sample. 
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Figure 7-22: Failure mode in the Laurentian Granite sample. 
 

A stress wave propagating through a cylindrical bar can be considered of uniaxial nature, if the 

wavelength is long compared to the radius of the bar and if the loading rate is not too high in the 

initial part of the loading to cause compressional damage near the free face. Fagerlund and 

Larsson (Fagerlund & Larsson, 1979) discussed these requirements and concluded that if the ratio 

between the radius and the wavelength is less than 0.1, the wave propagation in the transverse 

direction is of minor importance and the wave speed is close to the p-wave velocity (velocity of 

wave propagation in the rod) of the material. There is no established limit on the loading rate and 

the effect is considered of minor importance. 
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In the current work, the HPBT was used to determine the dynamic tensile strength. A small 

explosive charge (0.5 g of PETN) was used to generate the compressive wave. The charge was 

either placed in contact with one end of a cylindrical specimen of the Laurentian Granite or 

cushions of different lengths of attenuators, made of ethylene vinyl, were placed in between the 

charge and the sample to vary the strain rate. 

7.11.1 Apparatus and Experimental Setup  

The Modified Hopkinson Pressure Bar apparatus consisted of the following: 

1) Cylindrical rock sample with diameter of 12 to 22 mm and length of 100 to 300 mm. The 

sample should have a length-to diameter ratio of at least eight. 

2) A non-electric detonator containing approximately 0.5 g of PETN charge as an explosive 

source. A small booster containing 8 g of Pentolite charge can be used in conjunction 

with the detonator to vary the amplitude of the generated compression wave. 

3) PVC tube with a diameter of 50 mm and a length of approximately 500 mm. The tube is 

used as housing for the rock sample to eliminate any undesired interaction between the 

strain gauges and the shock wave and/or the electromagnetic field produced by the 

detonation of the explosive charge. 

4) Ethylene vinyl discs with a diameter of 25 mm and varying thickness. The discs are used 

as attenuators to vary the amplitude of the generated compression wave. 

5) Foam pads to house the rock sample within the PVC tube and ensure they are concentric. 

6) Strain gauges are mounted on the rock sample to monitor the strain propagating due to 

the wave propagation. The gauges used in this work were uniaxial strain gauges 
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manufactured by Showa Measuring Instruments Co., Ltd (SHOWA Measuring 

Instruments Co., Ltd., 2010). Figure 7-23 shows an illustration of the strain gauge while 

Table 7-12 summarizes the specifications of the gauges used in this work. 

 
Figure 7-23: Nomenclature used to describe the dimensions of a strain gauge (SHOWA Measuring 

Instruments Co., Ltd., 2010) 
 

Table 7-12: Specifications of the strain gauges used (SHOWA Measuring Instruments Co., Ltd., 
2010) 

Type 
Nominal 

Resistance 
(Ώ) 

Thermal 
Output 
(/°C) 

Gauge 
Factor 

Dimension (mm) 

Grid Base 

Length Width Length Width 

N11-FA-2-120-11 120 ± 0.3% ± 2 2.15 ± 2% 2 1.6 6 2.5 

 

7) An adhesive is used to bond the strain gauges to the rock sample. The adhesive used in 

this work is the Z70 cold-curing low-viscosity Cyanacrylate adhesive. The adhesive is 

manufactured by HBM Measurement Ltd. (HBM Measurement Ltd., 2010)  

8) A data acquisition system is used to record the strain   by the strain gauges. The system 

used in this work is DATATRAP II™ DATA/VOD RECORDER manufactured by 

MREL Group of Companies Ltd. (MREL Group of Companies Limited, 2010). The 

system has the following specifications: 

a. Number of Channels: 8 Scope channels. 

b. Resolution: 14 bits, 1 part in 16,384. 
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c. Recording Rates: Selectable from 1 Hz to 10 MHz per channel. 

d. Non-Volatile Memory: 64 million data points allocated across the channels.  

e. Trigger Mode: Trigger internally on the signal from the event (2 to 98%) or 

trigger externally. 

The strain gauges were bonded to the rock sample according to the manufacturer procedure and 

recommendations using the adhesive (HBM Measurement Ltd., 2010). The gauges were 

distributed over the length of the sample with approximately equal distances between them. Each 

sample was instrumented with up to eight gauges based on the length of the sample. The gauges 

were also positioned such that they were not damaged by the compressional damage in the 

sample due to the detonation. A distance of approximately 30 mm from the impacted surface to 

the location of the first gauge was found to be sufficient. Lead wires were soldered to the strain 

gauges to connect them to the data acquisition system.   

The sample with the gauges mounted on it was placed inside the PVC tube using the foam pads. 

The pads were used to position the sample almost concentrically within the tube. Depending on 

the amplitude of the compressional wave required, the non-electric detonator was either placed in 

full contact with the sample surface or an Ethylene vinyl disc was placed in between them. A 

small booster was used in some cases to increase the amplitude of the incident wave.  

The lead wires from the strain gauges were connected to the data acquisition system in a quarter-

Wheatstone-bridge arrangement. An external trigger was assembled with the detonator and 

connected to the acquisition system. The system was then armed and the shot was fired. The 

records acquired from the strain gauges were downloaded to a PC and analyzed. The sample 



 

 152 

fragments were retrieved, measured and documented. Figure 7-24 shows a schematic of the 

experimental setup. 

  
Figure 7-24: Schematic of the experimental setup 
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7.11.2 Wave Attenuation Relations in Laurentian Granite 

Before conducting the experiments to determine the dynamic tensile strength of Laurentian 

Granite it was necessary to determine the attenuation of the wave as it propagates through the 

representative sample. A series of four tests was conducted to determine the attenuation relation 

in the Laurentian Granite. The experimental setup described in the previous section was used. 

However, an air gap used in two of the experiments as a cushioning material, instead of the 

Ethylene vinyl discs, to vary the magnitude of the strain in the sample. 

Figure 7-25, Figure 7-26 & Figure 7-27 illustrate the setup of the experiment. Table 7-13 lists the 

dimensions of the samples as well as the amount of the charge and the cushion used. Table 7-14 

summarizes the locations of the mounted gauges with respect to the impacted face of the 

specimen in each test.  

Table 7-13: Dimensions of samples used to determine attenuation relations 

Sample No. Diameter (mm) Length (mm) Charge/Cushion Used 

B2-H2 15 308 0.5g PETN/Full Contact 

B2-H3 15 300 0.5g PETN/1cm ethylene vinyl cushion 

B2-H4 22 310 8g Pentolite/2.5cm of Air Gap 

B2-H5 22 309 8g Pentolite/5cm of Air Gap 
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Figure 7-25: Arrangement of gauges over the length of the sample 
 

 
Figure 7-26: Test setup with the charge in contact with sample 
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Table 7-14: Gauge layout in experiments conducted to determine attenuation relations 

Sample 
No. 

Distance from Impacted Face (mm) 

Gauge 1 Gauge 2 Gauge 3 Gauge 4 Gauge 5 Gauge 6 Gauge 7 Gauge 8 

B2-H2 33 66 101 135 168 202 235 270 

B2-H3 35 65 95 130 162 195 228 260 

B2-H4 33 67 101 136 171 205 240 274 

B2-H5 34 67 101 135 169 204 237 272 
 

 
Figure 7-27: Test setup using an air gap as a cushion 
 

Figure 7-28 & Figure 7-29 show the strain records obtained from the first experiment. The 

records from Gauges 1, 2, 3, 4 & 5 show the propagation of the incident compressive wave 

through the gauge points as well as the reflected tensile wave and illustrate the separation 

between the waves over time. The wave overlap is observed in the records from Gauges 6 & 7 as 

the slope of the rising branch does not show any flattening. Since the incident wave is 

compressive in nature and since the peak compressive strains are separate from the tensile ones in 
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the records acquired at Gauges 1, 2, 3, 4 & 5, only these five values were used to fit an 

attenuation relation of the exponential form: 

 
7.1 

where:   is the strain at a given point on the sample 

  is the measured peak strain at a given point 

X is the distance between a point where the strain is known and a point of interest 

B is an attenuation coefficient  

The same procedure was followed to obtain the attenuation relation in the second and third 

experiments where ethylene vinyl and air attenuators were used in between the explosive charge 

and the sample. Only peak strains obtained from gauge records showing wave separation were 

used to fit the attenuation relation. Figure 7-28 to Figure 7-35 illustrate the records obtained at the 

gauge locations from the three experiments. Figure 7-36 to Figure 7-39 show peak compressive 

strains used to fit the attenuation relation along with the statistical fit and coefficients.  
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Figure 7-28: Strain records obtained from sample B2-H2 (Gauges 1 to 4) 
 

 
Figure 7-29: Strain records obtained from sample B2-H2 (Gauges 5 to 7) 
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Figure 7-30: Strain records obtained from sample B2-H3 (Gauges 1 to 4) 
 

 
Figure 7-31: Strain records obtained from sample B2-H3 (Gauges 5 to 8) 
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Figure 7-32: Strain records obtained from sample B2-H5 (Gauge 1) 
 

 
Figure 7-33: Strain records obtained from sample B2-H5 (Gauges 2 & 8) 
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Figure 7-34: Strain records obtained from sample B2-H5 (Gauges 1 & 2) 
 

 
Figure 7-35: Strain records obtained from sample B2-H5 (Gauges 3 to 8) 
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From the attenuation relations it can be observed that more consistent results were obtained when 

the charge was in full contact with the sample surface. Consistent results were also achieved 

using ethylene vinyl as an attenuating medium. This is attributed to the hydrodynamic nature of 

the material which makes it a very good medium for wave transmission. 

 

 
Figure 7-36: Attenuation relation obtained when charge in full contact with sample (B2-H2) 
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On the other hand, in the case of an air gap between the sample and the charge the results were 

somewhat scattered and unreliable. It is believed that this is due to the fact that air behaves as a 

compressible fluid. This allows for the wave form to significantly change as it travels through air 

due to the generation of rarefactions and reverberations in the medium. Even though the incident 

wave impacting the specimen is of compressional nature, it is highly non-uniform and its uniaxial 

nature is somewhat arguable. 

 
Figure 7-37: Attenuation relation obtained using 1 cm of ethylene vinyl cushion (B2-H3) 
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Figure 7-38: Attenuation relation obtained using 2.5 cm of air cushion (B2-H4) 
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Figure 7-39: Attenuation relation obtained using 5 cm of air cushion (B2-H5) 
 

7.11.3 Dynamic Tensile Strength of Laurentian Granite 

To determine the dynamic tensile strength, thirteen tests were carried out in which the strain rate 

was varied and the corresponding tensile strength was calculated. Table 7-15 lists the dimensions 

of the samples as well as the amount of the explosive charge and the thickness of the attenuator 

used in each test. Table 7-16 summarizes the number and locations of the strain gauges mounted 

on each sample. The distances are measured with respect to the impacted surface of the sample. 

Table 7-17 illustrates the length of the compressional damage generated on the side of each 

impacted sample as well as the number of spalls generated due to the reflected tensile wave. The 

records obtained from the experiments are given in Appendix G. 
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Table 7-15: Dimensions of samples used to determine dynamic tensile strength 
Sample No. Length (mm) Diameter (mm) Charge/Cushion Used 

H4 106 12 0.5 g PETN/6 mm ethylene vinyl cushion 
H5 106 12 0.5 g PETN/12 mm ethylene vinyl cushion 
H6 107 12 0.5 g PETN/10 mm ethylene vinyl cushion 
H9 107 12 0.5 g PETN/Full Contact 
H13 105 12 0.5 g PETN/14 mm ethylene vinyl cushion 
H15 106 12 0.5 g PETN/20 mm ethylene vinyl cushion 
H17 106 12 0.5 g PETN/11 mm ethylene vinyl cushion 
H18 104 12 0.5 g PETN/Full Contact 
H19 105 12 0.5 g PETN/Full Contact 
H20 101 12 0.5 g PETN/Full Contact 
H21 105 12 0.5 g PETN/13 mm ethylene vinyl cushion 
H28 252 21 0.5g PETN/Full Contact 

B2-H1 309 21 8g PETN/Full Contact 

 

Table 7-16: Gauge layout in experiments conducted to determine dynamic tensile strength 

Sample No. 
Distance from Impacted Face (mm) 

Gauge 
1 

Gauge 
2 

Gauge 
3 

Gauge 
4 

Gauge 
5 

Gauge 
6 

Gauge 
7 

Gauge 
8 

H4 56 71 85 101 
H5 57 73 87 101 
H6 58 72 88 102 
H9 66 70 86 100 
H13 55 69 85 101 
H15 56 72 90 101 
H17 55 72 90 101 
H18 54 88 N/A N/A 
H19 65 94 N/A N/A 
H20 76 90 N/A N/A 
H21 57 71 86 101 
H28 173 192 213 231 

B2-H1 32 67 102 135 171 205 239 274 

 

Figure 7-40 depicts the two modes of failure observed in the experiments. The first mode of 

failure is compressional damage which is characterized by the complete disintegration of the 

material. The second mode of failure is the formation of spalls generated due to the reflected 

tensile wave on the opposite side of the specimen. In the case of multiple spalls, the dynamic 
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tensile strength of the sample was taken to be the maximum calculated stress at the location of the 

spall closest to the free face. 

The general solution for the wave equation indicates the occurrence of two elastic waves of an 

arbitrary shape (Kolsky, 2003). The first wave propagates in the positive x-direction while the 

second propagates in the negative x-direction. Both waves propagate at p-wave velocity. The 

strain at any given point is the sum of the strain waves propagating in the positive and negative x-

directions (Graff, 1991).  

This concept is illustrated schematically, in the time-distance space, in Figure 7-41. Points A and 

B are the locations where the strain wave conditions are continuously measured. Point D is where 

the tensile crack takes place and the spall occurs. The strains at any point on the rock sample can 

be calculated from the measured strains at Point A, using the established attenuation relations and 

assuming that as long as no tensile reflected waves reaches Point A as the reflection component 

introduces a higher level of complexity to the analysis (Svahn & Gylltoft, 2003).  

As a new surface develops, the strain at Point D consists of two parts. The first part is the positive 

strain part, which is the signal measured at Point A with a shift in time. The second part is the 

negative signal, which will occur upon reflection at the free end of the sample. A complete 

reflection of the wave is assumed to occur at the free end of the sample given the large difference 

between the impedance of rock compared to the impedance of air. The strain at Point D can be 

calculated using the attenuated form of the general solution of the wave equation (Kolsky, 2003): 

 
7.2 

where: )(t  is the strain at Point D 
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 )(t  is the incident strain wave 

)(t  is the reflected strain wave 

X1 is the distance between Point A and Point D 

X2 is the distance between the free surface to Point D 

B is decay coefficient  

 
Figure 7-40: Failure modes observed in the experiments 
 

The strain signals acquired from samples H28 and B2-H2 were used to evaluate this concept 

since the incident pulse was not strong enough to produce any spalls. Figure 7-42 shows the strain 

records obtained from sample H28. In the case of sample H28, the measured strain record at 

Gauge 1 was used to reconstruct the strain record at the locations of Gauges 3 & 4, Figure 7-43. 

Also the record obtained from Gauge 3 was used to predict the strains at the location of Gauge 4, 

Compressional Damage
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Figure 7-44. In the case of sample B2-H2, the measured strain record at Gauge 2 was used to 

reconstruct the strain record at the locations of Gauges 3 & 4, Figure 7-45. Also the record 

obtained from Gauge 6 was used to predict the strains at the location of Gauges 7 & 8, Figure 

7-46. 

Table 7-17: Number of spalls generated, length of first spall and length of compressional damage 

Sample No. No. of Spalls 
Length of First 

Spall (mm) 
Length of Compressional 

Damage (Pulverized) (mm) 

H4 5 10 2 

H5 3 17 26 

H6 2 24 26 

H9 3 10 14 

H13 3 12 0 

H15 2 39 0 

H17 4 11 4 

H18 3 10 19 

H19 3 10 26 

H20 3 14 26 

H21 5 10 0 

H28 0 0  0 

B2-H1 3 16 81 

 

In constructing the strain signals, only the compressive part of the measured signal was used. 

Using the strain recorded at a point farther away from the free face to construct the strain record 

at another point closer to the free face (e.g. using the record at Gauge 1 in the case of sample H28 

and Gauge 2 in the case of sample B2-H2) ensures the separation of the incident and reflected 

waves in the record. This gives clearer and more accurate peaks in the reconstructed signal. 

However, using this record increases the influence of the attenuation relation and any 

accumulated errors in it if the point of interest is at an appreciable distance. 
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Figure 7-41: Stress wave propagation in an elastic specimen 
 

On the other hand, using the strain recorded at a point close to the free face to construct the strain 

record at another point closer to the free face (e.g. using the record at Gauge 3 in the case of 

sample H28 and Gauge 6 in the case of sample B2-H2) reduces the influence of attenuation due 

to the proximity of the points. The disadvantage is that the signal used might be the superposition 

of the incident and reflected waves. Encouragingly, both choices gave reasonable results given 

the accuracy required for the problem in hand. It was, therefore, decided to use the point closer to 

the spall location when determining the dynamic strength to reduce the influence of attenuation. 

A

E1, 1, A

B D

Time


A


A

Distance



 

 170 

 
Figure 7-42: Strain records obtained from sample H28 
 

 
Figure 7-43: Measured vs. predicted strain records at the locations of Gauges 3 & 4 (sample H28) 
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Figure 7-44: Measured vs. predicted strain records at the location of Gauge 4 (sample H28) 
 

From the shown figures, it can be observed that the error in predicting the peak compressive 

strain had a maximum of 38%. In the case of peak tensile strain the maximum error observed was 

in the proximity of 25%. This is within the inherent experimental error in test records aiming at 

determining dynamic properties of geomaterials, which can be found to be as high as 50% 

(Riedel, 2004). This error in reconstructing the strain records is attributed to the change of the 

wave form as it propagates through the material due to energy dissipation. 

A number of factors contribute to this dissipation such as internal friction of the sample, micro-

cracks and their orientation, pre-stressing of the sample, etc. These factors are not fully 

considered in the attenuation relation. Since the accuracy of the results obtained is enough for the 

problem at hand, accounting for these factors explicitly is beyond the scope of the present work. 

In some samples a time delay between the measured and calculated strain signal was observed. 
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This might be attributed to the phase error in the amplification of the strain signal (Svahn & 

Gylltoft, 2003).  

To ensure longitudinal wave propagation and the elimination of inertial effects when a wave is 

propagated within the cylindrical rod, the length-to-diameter ratio should be about ten. This value 

is based on Bancroft’s solution of the bar frequency (Bancroft, 1941). In Bancroft’s solution, only 

low frequencies were treated. To investigate the frequency content of the strain wave and ensure 

that the ratio between the radius and the wavelength satisfies the requirement of uniaxial wave 

propagation, FFT analysis was conducted on the strain signal obtained from sample H28, Figure 

7-47. 

 
Figure 7-45: Measured vs. predicted strain records at the locations of Gauges 3 & 4 (sample B2-H2) 
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Figure 7-46: Measured vs. predicted strain records at the locations of Gauges 7 & 8 (sample B2-H2) 
 

 
Figure 7-47: FFT analysis of the captured strain signal 
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The dominant frequency of the compressive part of the strain signal measured was in the 

proximity of 20 kHz, Figure 7-42. This indicates a wave length of approximately 0.2 m and a 

sample diameter to wave length of 0.064.This indicates that the wave can be assumed to be of 

uniaxial nature (Fagerlund & Larsson, 1979). In the present case and due to the high frequency 

and sharp rise nature of the wave obtained from an explosive charge a smaller ratio is considered 

appropriate (Kubota, Ogata, Wada, Simangunsong, Shimada, & Matsui, 2008). 

During fracturing, the assumption of uniaxial stress wave propagation is not valid due to the 

uneven stress distribution within the sample. However, by assuming that the failure is localized in 

one fracture plane, the classical stress wave theory can still be applied. The strain and the stress at 

the location of the spall can be calculated from the measured strain signal at one gauge as long as 

the reflected tensile wave has not reached the gauge. 

In the evaluation of the tensile stresses, two assumptions are made. First, tensile failure of brittle 

geomaterials is localized in discrete cracks. Second, the non-linear response of the material is 

limited to a very small time window before the maximum tensile stress is reached. Consequently, 

the stress history at any given point in the sample can be reconstructed using the measured strain 

signals, if the distance between the point and the gauges is known (Svahn & Gylltoft, 2003).  

After conducting each test, spall fragments were collected and measured. Therefore, the distances 

between the crack location and the gauges are known. The strain history at the crack location 

consists of two parts. The first part is the incident compression wave shifted in time, while the 

second part is the reflected tensile wave travelling from the free surface of the sample to the crack 

location. Therefore, the strain history at the crack location could be reconstructed using the 

measured strain signals and the concept illustrated in Figure 7-41. Consequently, the stress 
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history at the crack location could be reconstructed assuming the material to be of elastic nature 

(Svahn & Gylltoft, 2003). In the case of multiple spalls, only the spall closest to the free face was 

considered. 

The strain rate was determined by differentiating the calculated strain history. A typical graph of 

the calculated stresses together with strain rates at a spall location is shown in Figure 7-48. The 

maximum tensile stress and the strain rate do not usually occur simultaneously. Therefore, it is 

not trivial how to combine these results in an analysis. To simplify the analysis in the present 

work, the dynamic tensile strength is defined as the maximum calculated tensile stress, and the 

corresponding strain rate is defined as the maximum strain rate of the test. This association was 

made based on the assumption that the highest strain rate to which the material is subjected is 

responsible for the highest material strength attained.  

Table 7-18 summarizes the experimental results in both static and dynamic ranges. Samples H6 

and H19 showed strengths and strain rates significantly outside of the range of the rest of the 

samples. The strain records were also noisy and somewhat questionable. Therefore, they were 

considered outliers and excluded from the analysis. Figure 7-49 illustrates the relationship 

between the dynamic tensile strength and the corresponding strain rate under which the sample 

was loaded. The results showed an increase in the strength of up to 2.5 times the static value. The 

corresponding strain rate ranged from 100 to 270 strain/s.  

It is believed that the scatter shown in Figure 7-49 is due to the inherent inhomogeneity and 

micro-flows in the rock. Another reason for the scatter is the coring and the machining processes 

in the preparation of the samples which may have introduced some micro-cracks compromising 

the integrity of the samples.  
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Figure 7-48: Calculated stress signal along with the strain rate at the spall location (Sample H18) 
 

Table 7-18: Experimental strain rates and the corresponding tensile strength 

Sample No. Strain rate (Strain/s) Tensile Strength (MPa) 

H4 170 28.0 

H5 155 15.0 

H6 220 45.0 

H9 100 15.0 

H13 215 32.0 

H15 110 31.0 

H17 90 16.0 

H18 270 25.0 

H19 50 9.0 

H20 130 25.0 

H21 100 14.0 

B2-H1 80 19.0 
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The results of the current work are used to calibrate the RHT constitutive material model; to 

predict the behavior of Laurentian Granite under high-strain rate loading conditions. The model 

employs a one-parameter power fit to model the strain rate dependency of the tensile strength in 

both the static and dynamic ranges. The power model has the form shown in equation 7.3 (Riedel, 

Nobuaki, & Kondo, 2009). 

3 10
 

7.3 

where: tf  is the static tensile strength of the material 

 
.

  is the strain rate the material is subjected to 

n is the power to statistically fit the experimental data 

t  is the tensile strength of the material at the given strain rate  

It is not possible to calculate the best fit equation with practically two points. More experiments 

are needed at intermediate strain rates to produce a more accurate fit. Assuming that the equation 

is valid then the constants can be estimated from the regression. The best fit of the power 

equation gave a value of n of 0.05. This is illustrated graphically in Figure 7-49. 

It was not possible to vary the strain rate over a wide range using the present test configuration. A 

wider range of loading rates can be achieved by extending the length of the specimen or using 

different attenuators to induce the shock wave or a combination of both. However, the present 

strain rate level is pertinent for several applications such as blasting and rock bursts (Forrestal, 

Grady, & Schuler, 1978).  
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Figure 7-49: Tensile strength of Laurentian granite as a function of strain rate 

7.12 Summary 

This chapter describes the experimental program to fully characterize the Laurentian Granite. The 

physical properties of the rock, such as density and sonic wave velocity, were measured through 

standard testing techniques. A series of static tests were conducted to determine the static 

mechanical properties of the rock. The dynamic tensile strength and the strain-rate dependency of 

the rock were determined using a modified version of the standard Hopkinson Pressure Bar Test. 

The published data, along with the measured and calculated data, were used to determine the 

parameters of the RHT model. In the following chapter, the parameters will be used to reproduce 

some of the experiments mentioned in this chapter as well as other controlled experiments.  
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Chapter 8 

Application of the RHT Model to Laurentian Granite 

This chapter shows the calibration and verification of the RHT model to reproduce the behavior 

of the Laurentian Granite under explosive loading, using hydrodynamic numerical modeling. 

Calibration of the model is accomplished through the reproduction of two of the modified 

Hopkinson Pressure Bar experiments. The optimum parameters to reproduce the behavior of 

Laurentian Granite and a sensitivity analysis of these parameters are also given. The verification 

part is done by comparing the predictions of the numerical modeling to two controlled 

experiments.  

8.1 Model Calibration 

In order to corroborate the ability of the RHT model to reproduce the behavior of Laurentian 

Granite, two experiments of the modified Hopkinson Pressure Bar tests, described in Chapter 7, 

were numerically simulated; namely experiments H9 and H21. The experimental configuration is 

briefly described once again for the sake of completeness. ANSYS AUTODYN-2D v12.0.1, 

which employs a finite difference scheme as well as finite element and smooth particle 

hydrodynamics schemes, was used as the simulation engine.  

In the first configuration, the cylindrical granite sample had a diameter and length of 12 mm and 

105 mm, respectively. The sample was impacted by firing a non-electric detonator, containing 0.5 

g of PETN, at one end of the sample. A 13 mm cushion was placed in between the sample and the 

detonator. Four single-directional strain gauges, with measurement area of 3x3 mm2, were 

adhered to the surface of the sample along the long axis at distances 57, 71, 86 and 101 mm from 
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the impacted face, respectively. Longitudinal strains were recorded continuously at the four 

locations at a sampling rate of 10 MHz. 

Figure 8-1 shows the sample after impact and the spalls generated due to wave reflection at the 

free end. No visible damage was observed on the impacted side of the sample. Figure 8-2 

illustrates the strain signals recoded at the gauge locations as a function of time. 

 
Figure 8-1: Failure mode in the sample when using a 13 mm cushion 
 

In the second configuration, the cylindrical sample had a length and diameter of 107 mm and 12 

mm, respectively. The sample was impacted by firing an electrical detonator, containing 0.52 g of 

PETN, at one end of the sample. In this setup, the detonator was in full contact with the sample 

surface. Four single-directional strain gauges, with measurement area of 3x3 mm2, were adhered 

to the surface of the sample along the long axis at distances 66, 70, 86 and 100 mm from the 

impacted face, respectively. Longitudinal strains were recorded continuously at the four locations 

at a sampling rate of 10 MHz. 
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Figure 8-2: Strain signals recoded using a 13 mm cushion 
 

Figure 8-3 shows the sample after impact and the spalls generated due to wave reflection at the 

free surface as well as the compression damage on the impacted face. The material was totally 

pulverized for a length of 14 mm measured from the impacted surface. Figure 8-4 illustrates the 

typical strain signals recoded at the gauge locations as a function of time. 

In modeling both scenarios, the explosive charge in the detonator was described using a JWL 

equation of state. This equation of state models the explosive in terms of the expansion of the 

detonation products to pressures as low as 1 kbar (Century Dynamics Ltd., 2005). Table 8-1 

summarizes the values of the parameters to describe PETN using the JWL form. 
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Figure 8-3: Failure modes in the sample when detonator is in full contact with sample surface 
 

 
Figure 8-4: Strain signals recoded when detonator is in full contact with sample surface 
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The cushioning material, namely hot glue, had a density of 1.05 g/cm3. Since the material did not 

exist in the material library of the simulation package used, a similar material from the library 

was chosen to match the impedance of the cushioning object used in the experiment. The 

Hugoniot curve of the chosen material is expressed in terms of the shock velocity (Us) and 

particle velocity (up) using a linear approximation with the bulk sound speed being the intercept 

and slope (S1). Table 8-2 lists the values of the cushioning material parameters of the shock 

equation of state. 

Table 8-1: JWL equation of state parameters to describe PETN 
Density 1.5 g/cm3 

Parameter (A) 625 GPa 

Parameter (B) 23.3 GPa 

Parameter (R1) 5.25  

Parameter (R2) 1.6  

Parameter (w) 0.28  

CJ Detonation Velocity 7450 m/s 

CJ Energy/Unit Volume 8.56E+06 KJ/m3 

CJ Pressure 22 GPa 

 

The mechanical properties of the Laurentian Granite, measured/calculated in Chapter 7, were 

taken as an initial guess for the polynomial EOS and the intact surface of the RHT strength model 

parameters. The values were slightly fine-tuned to reproduce the experimental results. This 

approach has been documented and used by several researchers (Zucas, 2004). As the residual 

friction surface cannot so far be measured and would constitute the basis for future research, the 

same pressure dependence as for the intact material is assumed (Riedel, Nobuaki, & Kondo, 

2009). 

Due to the lack of information regarding the RHT damage model parameters in the case of 

Laurentian Granite, the initial guess for these parameters; namely D1, D2, Minimum Strain to 
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Failure and Residual Shear Modulus Fraction, was based on the experience and familiarity of the 

author with the model and the behavior of the material. The values of the parameters were then 

fine tuned for the results to match the experimental results such as the length of the pulverized 

region in the sample. This approach has been documented and used by several researchers (Zucas, 

2004). Table 8-3 lists the RHT model parameters used to reproduce the measured strain signals. 

Table 8-2: Shock equation of state parameters to describe cushioning material 
Density 1.04 g/cm3 

Parameter (C1) 2746 m/s 

Parameter (S1) 1.32  

 

The geometry of the experimental setup can be approximated by 2D axial symmetry, Figure 8-5. 

This allows for the use of finer mesh and a lower computational time. The PETN charge was 

modeled using an Eulerian grid with a 0.1 mm cell size. The outer boundaries of the grid allowed 

for the detonation products to escape with no reflections. 

Lagrangian discretization was used to represent both the cushioning material and the sample. The 

mesh size for both grids was 1 mm. This size was found adequate to reproduce a converging 

solution and avoid significant oscillations due to mesh reverberation. Figure 8-5 shows the setup 

of the numerical model described. 

In reproducing experimental data, the duration of the compressive loading pulse, the peak of the 

compression pulse and the peak of the reflected tensile pulse, and the locations of the four strain 

gauges, are used as criteria for comparison. Also, the length of the pulverized material in the 

second experiment is considered. The error in predicting damage was calculated as the difference 

between the length of the pulverized material in the experiment and the predicted length. The 
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error was normalized by the sample length to establish a non-dimensional measure with respect to 

the total model geometry. 

 
Figure 8-5: Setup of the numerical model used to reproduce experiments 
 

8.2 Results and Discussion 

The calibrated RHT parameters were fine-tuned to predict the strain signals measured in the 

experiments described in the previous section. Figure 8-6 and Figure 8-8 show the comparison 

between the predicted and measured strain records in both configurations. The predictions show a 

good agreement with experimental records. Both wave duration and amplitude of the 

compressional part of the wave were predicted fairly well. 

However, in the case of the tensile part the accuracy of predicting the duration and amplitude was 

noticeably lower. The error in predicting the tensile peak is believed to be due to the entrapment 

Configuration (1)

Configuration (2)
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of the reflected wave in the spalling parts of the sample. The premature response of the gauges in 

the simulation, Figure 8-6, is believed to be a result of the model’s dependency on mesh size. 

This dependency causes some reverberations in the grid which leads to the premature response 

and oscillation of the solution. 

In predicting damage, the model successfully captured compressional damage to an accuracy of 

approximately 3%. Figure 8-7 and Figure 8-9 illustrate a comparison between the experimental 

results and the simulation predictions. Unfortunately, the model was not capable of predicting 

spall failure due to reflected tensile waves. It is believed that the formulation of the RHT damage 

model is incapable of capturing this phenomenon. This might be attributed to the fact that the 

model uses a single power law to describe strain rate dependency and to shift the failure surface 

accordingly. The model also assumes that tensile failure occurs when the hydrodynamic tensile 

strength is exceeded. This might lead to overestimation of the actual strength of the material 

especially under very high strain rates. Further enhancement of the model formulation in the 

tension region is required. 

Figure 8-7 shows the case when the detonator was in full contact with the sample surface when 

fired. Figure 8-7(a) is a photograph of the reconstructed sample after the test. It shows that part of 

the sample, which was in contact with the detonator, is completely pulverized (14 mm) as well as 

some peeling in the sample. The picture also shows the spalls generated due to the reflected 

tensile pulse at the sample free face.  
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Table 8-3: Material model parameters describing the behavior of Laurentian Granite 

Reference Density 2.66 g/cm3 

   

EOS   

Bulk Modulus (A1) 43.87 GPa 

Parameter A2 49.40 GPa 

Parameter A3 11.62 GPa 

Parameter B0 1.22  

Parameter B1 1.22  

Parameter T1 43.87 GPa 

Parameter T2 0.00  

Reference Temperature 300.00 K 

Specific Heat 654.00 J/kgK 

Thermal Conductivity 0.00  

   

Strength   

Shear Modulus (G) 17.00 GPa 

Compressive Strength (fc) 150.00 MPa 

Tensile Strength (ft/fc) 0.05  

Shear Strength (fs/fc) 0.07  

Intact Failure Surface Constant A 2.50  

Intact Failure Surface Exponent N 0.85  

Tens/Comp Meridian Ratio (Q) 0.72  

Brittle to Ductile Transition 0.01  

G (elas.)/(elas.-plas.) 1.10  

Elastic Strength/ft 0.40  

Elastic Strength/fc 0.85  

Fractured Strength Constant B 2.50  

Fractured Strength Constant M 0.85  

Compressive Strain Rate Exp. Delta 0.025  

Tensile Strain Rate Exp. Delta 0.045  

   

Failure   

Damage Constant D1 0.025  

Damage Constant D2 1.000  

Minimum Strain to Failure 0.060  

Residual Shear Modulus Fraction 0.250  

Tensile Failure Hydro  
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Figure 8-7(b) is the result of the numerical simulation showing the damage in the sample. The red 

color in the simulation indicates a damage factor of one which corresponds to material 

pulverization. The model predicted 12 mm of pulverized material (Damage = 1). The slide shows 

the damage along the axis of the samples which indicates the peeling effect observed in the 

sample (Damage = 0.75 – 1). This is consistent with the work done at Sandia National Laboratory 

by Holcomb et al. and the interpretation of the damage when comparing the numerical models to 

the physical experiments (Holcomb, et al., 2005). Figure 8-7(c) shows that the pulverized part 

failed plastically. The simulation did not show any sign of the spall creation even at the locations 

where tensile strains were recorded. 

 
Figure 8-6: Predicted vs. measured strain records when detonator is in full contact with sample 
 



 

 189 

 
Figure 8-7: Damage prediction when detonator is in full contact with sample surface 
 

Figure 8-9 shows the case when a 13 mm cushion was placed between the sample and the 

detonator. Figure 8-9(a) shows no visible damage in the sample on the impacted side. It also 

shows the spalls generated at the free face of the sample. Figure 8-9(b) is the result of the 

numerical simulation showing the damage in the sample. The model predicted no visible damage 

in the sample. The slide depicts the damage along the axis of the samples and indicates some 

internal damage. Figure 8-9(c) shows that the sample remained elastic throughout the simulation. 

The simulation did not show any sign of the spall creation. 

In the publication by Preece and Lownds (Preece & Lownds, 2009), where the RHT model was 

used to simulate bench blasting and was able to partially produce the tensile spalls, the properties 

of the rock were dropped significantly below the laboratory test results conducted on the rock 

(Preece, Personal Communication, 2010). This confirms the idea that the RHT model 

overestimates the tensile strength of the material especially at very high strain rates.  The 

Spalls

(c)(b)

(a)



 

 190 

approach employed in that work was valid since the aim was to reproduce the macroscopic 

damage, disregarding the actual values of stresses and strains. 

 
Figure 8-8: Predicted vs. measured strain records using a cushioning material 
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Figure 8-9: Damage prediction using a cushion between the sample and detonator 

8.3 Sensitivity Analysis 

To investigate the sensitivity of the model to the accuracy of the parameters, and consequently the 

accuracy required in conducting different laboratory tests, a sensitivity analysis was conducted. 

Figure 8-10 to Figure 8-15 show the effect of changing the parameter values of the strength 

model, by ±25% of the calibrated value, on the amplitude of the compression and tensile pulses as 

well as the duration of the compression pulse at the two gauges closest to impact. Even though 

not shown here, the same effect was observed at the other two gauges. 

It can be seen that the bulk modulus in compression, bulk modulus in tension, shear modulus, 

strain rate dependency in the tensile region and UCS affected the results the most. This might be 

attributed to the fact that the reference meridian is normalized by the UCS of the material. Also, 

the strength surface is interpolated using the bulk and shear moduli as plastic strain evolves. 

Cushion Spalls
(a)

(c)(b)
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Consequently, caution and accuracy should be exercised the most when conducting uniaxial 

compression tests and p- and s-wave measurements. Furthermore, tensile strain rate dependency 

in both static and dynamic regions should be established as carefully as possible. 

It should also be noted that upon changing some of the parameter values in one direction minimal 

effect was observed, while changing the value of the same parameter in the opposite direction 

caused a major shift in the simulation output. This might be attributed to the fact that the 

numerical code enforces certain cutoffs on parameter values to ensure numerical stability and 

eliminates unrealistic results. 

Another reason might be that the proposed combination of parameters reached optima capable of 

reproducing the behavior of the rock. Moving away from the optima in either direction causes the 

solution to diverge. A more detailed parametric study to investigate this behavior and establish its 

reason is recommended as a separate research topic. 
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Figure 8-10: Results of sensitivity analysis at Gauge one (compressional amplitude) 
 

 
Figure 8-11: Results of sensitivity analysis at Gauge one (tensile amplitude) 
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Figure 8-12: Results of sensitivity analysis at Gauge one (compressional duration) 
 

 
Figure 8-13: Results of sensitivity analysis at Gauge two (compressional amplitude) 
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Figure 8-14: Results of sensitivity analysis at Gauge two (tensile amplitude) 
 

 
Figure 8-15: Results of sensitivity analysis at Gauge two (compressional duration) 
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Another matter of concern is the dependency of the results on mesh size. The problem where the 

detonator is in full contact with the granite sample was simulated using Lagrangian grids of sizes 

0.25 mm, 0.5 mm, 1 mm, 2 mm and 6 mm, respectively. Figure 8-16 and Figure 8-17 show a 

comparison between the results of the simulations. The figure only illustrates the predictions at 

the two gauges closest to the impacted surface, however, the same trend was observed at the other 

two gauges. 

 
Figure 8-16: Dependency of model results on grid size (Gauge 1) 
 

Smaller mesh size caused a significant increase in the oscillation of the solution which almost 

vanished in the larger mesh sizes as the wave was damped over a larger cell area. The size of the 

grid also showed a considerable influence on both the duration and amplitude of the strain pulse 

in the compression and tensile domains alike. Experience shows that a mesh size in the order of a 

single digit unit length is adequate for most applications. Decreasing the size of the mesh will 
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increase the accuracy of the calculations but will increase the noise-to-signal ratio due to mesh 

reverberations. Therefore, caution should be exercised when choosing the grid size for a given 

application. 

One way of establishing the optimum mesh size is to compare the results of a controlled 

experiment to numerical models employing different mesh sizes. Even though this technique is 

used quite often (Zucas, 2004), it is believed that modifying the formulation, of the strength 

model and the damage model, to employ explicit terms of energy and mesh size will render better 

results. However, this is not a trivial task and might reduce the portability of the model between 

different codes employing different mesh generators. 

 
Figure 8-17: Dependency of model results on grid size (Gauge 2) 
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From the formulation of the RHT model described in Chapter 6, it can be noted that the different 

processes are modeled using the classical separation of volumetric and deviatoric behavior. This 

allows for the description of the plasticity-based non-linear behavior of the material. This 

technique allows for a detailed description of the material behavior as follows: 

1. At very high strain rates and pressures, the strength of the material plays a minor role. 

The equation of state and the energy input are dominant. Therefore, volumetric behavior 

dominates in this region. 

2. At intermediate pressures and strain rates, the strength has some influence; however, the 

Hugoniot behavior gradually takes over as the strain rate increases. 

3. At pressures in the range of the compressive strength and less, the strength of the material 

and deviatoric behavior dominate. 

An important practical advantage of the model is its modular structure. It allows for conducting 

sensitivity analysis, studying the key factors and the phenomenology of relevant stress conditions. 

Conversely, a limitation of the model is that the damage description does not explicitly describe 

crack propagation within the material. It only describes the macroscopic softening behavior in a 

phenomenological fashion (Holmquist, Johnson, & Cook, 1993). Another noted limitation is the 

inability of the model to capture spalling due to reflected tensile waves. The description of tensile 

failure due to spalling is not well formulated and a better formulation is certainly desirable. 

Finally, the results of the simulations in the current investigation show high dependency on mesh 

size in Lagrangian grids. This is due to the fact that neither the length of discretization nor the 

energy of failure nor energy transfer between cells is explicitly taken into account in the model 

formulation (Riedel, 2004).  
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8.4 Model Verification 

In order to verify the ability of the calibrated RHT model to reproduce the behavior of Laurentian 

Granite, two controlled experiments were numerically simulated. The results of the experimental 

observations were compared to the predictions of the numerical models. ANSYS AUTODYN-2D 

v12.0.1 was used as the simulation engine.  

The configuration of the first experiment consists of a cylindrical Laurentian Granite sample with 

a diameter and length of 145 mm and 146 mm, respectively. A hole with a diameter of 9 mm was 

drilled at the center of the cylinder and along its vertical axis. The sample was impacted by firing 

a detonating cord, containing 3.2 g/m of PETN, within the drilled hole and initiated from the top. 

Water was used as a coupling medium between the detonating cord and the wall of the hole. Two 

strain gauges, with specifications as shown in Table 7-12, were adhered to the surface of the 

sample at a distance 76 mm from the top surface of the sample. One gauge was aligned with the 

vertical axis of the sample while the second gauge was aligned perpendicular to the axis. Figure 

8-18 shows a schematic of the experiment sample.  

The second experiment consists of a cylindrical Laurentian Granite sample with a diameter and 

length of 145 mm and 149 mm, respectively. A hole with a diameter of 9 mm was drilled at the 

center of the cylinder and along its vertical axis. The sample was impacted by firing a detonating 

cord, containing 1.2 g/m of PETN, within the drilled hole and initiated from the top. Water was 

used as a coupling medium between the detonating cord and the wall of the hole. Two strain 

gauges, with specifications as shown in Table 7-12, were adhered to the surface of the sample at a 

distance 75 mm from the top surface of the sample. One gauge was aligned with the vertical axis 

of the sample while the second gauge was aligned perpendicular to the axis. Strains were 
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recorded continuously at the gauge locations at a sampling rate of 10 MHz using DATATRAP 

II™ DATA/VOD RECORDER (MREL Group of Companies Limited, 2010). Figure 8-19 shows 

the setup of the experiment while Figure 8-20 illustrates the arrangement of the gauges on the 

sample.  

 
Figure 8-18: Schematic of the verification experiment 
 

In modeling the experiments, the explosive charge was described using a JWL equation of state. 

This equation of state models the explosive in terms of the expansion of the detonation products 

to pressures as low as 1 kbar (Century Dynamics Ltd., 2005). Table 8-1 shows the values of the 

parameters used to describe PETN using the JWL form. The coupling medium, namely water, 

was modeled using a shock equation of state. The parameters provided in the library of the 

modeling engine were used (Century Dynamics Ltd., 2005). The fine-tuned parameters of the 

RHT model, listed in Table 8-3, were used to describe the Laurentian Granite.  



 

 201 

 
Figure 8-19: Experimental setup of the controlled experiments 
 

The geometry of the experimental setup was modeled as 2D axial symmetry. The PETN charge in 

the detonating cord and the water were modeled using an Eulerian grid with a 0.3 mm cell size. 

The outer boundaries of the grid allowed for the detonation products to escape with no 

reflections. Lagrangian discretization was used to represent the granite sample. The mesh size of 

the grid was chosen to be 1 mm. Figure 8-21 shows the setup of the numerical model described. 

In comparing the experimental results to the model prediction, the length of the pulverized 

material around the blasthole was focused upon. The error in predicting the damage around the 

hole was calculated as the difference between the length of the pulverized material in the 

experiment and the prediction. The error was normalized by the radius of the sample to establish 

a non-dimensional measure. The peak value and the duration of the strain pulse at the location of 

the gauges were also compared. 
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Figure 8-20: Arrangement of the strain gauges on the sample surface 
 

 
Figure 8-21: Setup of the numerical model 
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In modeling the first experiment, the model successfully captured the compressional damage 

around the blasthole. Figure 8-22 illustrates the experimental results obtained compared to the 

predictions of the numerical model. The error in the damage prediction was 3.5% (damage 

contours 0.9 - 1). The results of the model also indicate the initiation of fragments (damage 

contours 0.75 - 0.9). The velocity gradients, which indicate the initiation of cracks and fragments, 

indicated the creation of radial cracks around the blasthole. The model also showed enhanced 

damage on the bottom of the sample indicating the radial cracks propagated from the bottom of 

the sample up. The outer surface of the sample was mostly intact. 

It is important to note here that the model results were symmetrical around the blasthole which is 

not the exact case in the experiment. This is due to the fact that under best circumstances a 

physical sample of a rock cannot be symmetrical or isotropic. Therefore, the model results are in 

agreement with the general results of the experiment. The results are also consistent with 

published work utilizing the RHT model to predict damage (Preece & Lownds, 2009), (Holcomb, 

et al., 2005).  

Figure 8-23 shows a comparison between the measured and the predicted axial strain at the 

location of the gauge mounted on the sample. Figure 8-24 shows the comparison between the 

measured and the predicted circumferential strain at the same location. In the case of axial strain, 

the peak of the strain pulse was underestimated by 13%. In the case of the circumferential strain 

the peak was overestimated by 10%. It can be noted that even though the solution has converged 

it exhibits a significant amount of noise. It can also be observed from both figures that the 

duration and the shape of the strain wave were poorly modeled. 
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Figure 8-22: Prediction of damage compared to the results of experiment one 
 

 
Figure 8-23: Measured vs. predicted axial strain at the gauge location (experiment one) 
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Figure 8-24: Measured vs. predicted circumferential strain at the gauge location (experiment one) 
 

Figure 8-25 illustrates the experimental results obtained compared to the predictions of the 

numerical model for the second experiment. The model also captured the compressional damage 

around the blasthole successfully. The error in the damage prediction was approximately 2%. The 

results of the model also indicate the initiation of fragments on the bottom of the sample. The 

velocity gradients indicated the creation of radial cracks around the blasthole. The model also 

showed enhanced damage on the bottom of the sample also indicating that the radial cracks 

propagated from the bottom of the sample up. The outer surface and the inner portions of the 

sample were mostly intact.  



 

 206 

 
Figure 8-25: Prediction of damage compared to the results of experiment two 
 

Figure 8-26 and Figure 8-27 show a comparison between the measured and the predicted strain at 

the location of the gauge mounted on the sample in the axial and tangential directions, 

respectively. The error in predicting the peak of the strain pulse was in the proximity of 15% in 

both cases. The duration and the shape of the wave were poorly predicted in both directions. 

The error in the predictions of the peak values of the strain pulses are within the acceptable range 

obtained from hydrodynamic modeling codes (Riedel, 2004), (Zucas, 2004) (Thorne, Hommert, 

& Brown, 1990). However, the model was not capable of predicting the duration or the shape of 

the wave accurately. It is believed that this is attributed to the tensile damage which occurs in the 

physical experiment but which is not captured by the material model. The failure surface in the 
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tensile region is formulated in a very simplistic way and is not flexible enough to capture the 

strain rate dependency. Also the post-peak response is modeled using a linear crack softening law 

which is not enough to capture tensile failure or spalling (Leppanen, 2006). 

 
Figure 8-26: Measured vs. predicted axial strain at the gauge location (experiment two) 
 

The arrival times are also somewhat different. This is due to the internal inhomogeneity and 

variance of the rock which are only captured in a macroscopic fashion in a continuum model. The 

overwhelming oscillations in the solution are due to the lack of transfer (smoothing) functions 

across the mesh elements. This is one of the drawbacks of the FDM when compared to similar 

FEM. The material model does not explicitly formulate energy dissipation or velocity or 

displacement gradients across the elements either. Caution should be exercised when interpreting 

such models and the limitations should always be considered when the model is used in different 

applications. Similar findings and limitations have been reported when the RHT model was used 
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to predict concrete failure (Leppanen, 2006), (Huang, Chen, Zhong, & Zha, 2008), (Tu & Lu, 

2009). 

 
Figure 8-27: Measured vs. predicted circumferential strain at the gauge location (experiment one) 

8.5 Example Application of the RHT Model 

Fines are produced in any blasting application. Depending on the application, fines may or may 

not be a desirable product of the shot. In most quarry and construction applications, fines are 

considered an undesirable product as it does not constitute a sellable product and costs the 

operation to dispose of. Minimizing or eliminating fines in such applications is highly appealing. 

On the other hand, in most large open pits fines do not represent as much of a problem since the 

ore has to be crushed and ground after being blasted. Therefore, fines in such operations reduced 

the energy consumed in downstream operations. Over the years, a consensus between 

practitioners has developed that the vast majority of fines generated in a blast are produced due to 

compressional damage around the blasthole.  
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Several models have been devised to predict size distribution from blasting. One of the 

commonly used models in the industry to predict size distribution from blasting is the Kuz-Ram 

model proposed by Cunningham (Cunningham, 1983), (Cunningham, 1987). Although the model 

is being extensively used in practice, it has some known drawbacks such as insensitivity to delay 

timing (Chung & Katsabanis, 2000) and the poor ability to predict fines unless detailed sieve or 

high-resolution image analysis data are available for calibration (Gheibie, Aghababaei, Hoseinie, 

& Pourrahimian, 2009). However, detailed sieve analysis is very scarce and high-resolution 

image analysis is very expensive to acquire. This constitutes a major hurdle in calibrating the 

model and accurately estimating the fines. 

 The Two-Component Model (TCM) was proposed to improve the ability of the Kuz-Ram model 

inability to predict size distribution. To do so, it employs two Kuz-Ram functions to predict the 

entire size distribution. TCM is a five-parameter model in which two of the parameters are related 

to the coarse fraction of the distribution and three are related to fines part (Djordjevic, 1999). 

Another recently-developed model to predict size distribution from blasting is the Swebrec Model 

(Ouchterlony, 2005). Spathis claimed that because of the dependency of the above mentioned 

models on the mean fragment size they may underestimate the fines fraction of the size 

distribution curve unless calibration data of this part is available (Spathis, 2004). 

Since the calibrated RHT model can capture compressional damage well, it can be used to 

estimate the fines generated around a blasthole. This can aid in better calibrating different size-

distribution models to enhance the prediction of fines. Two examples are given to demonstrate 

this capability. The example models each use a cylindrical block of Laurentian Granite with a 

radius and depth of 10 m and 15 m, respectively. A 100 mm diameter hole extends 10m down 

from the top surface of the block. A column charge with a height of 7 m (ANFO at a density of 
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0.93 g/cm3 and emulsion at a density of 1.1 g/cm3) was placed in the hole and the rest of the hole 

was stemmed with granite. These dimensions are typical for quarry and dimension stone blasts. 

Axial symmetry was considered sufficient for the purpose of this application. 

The model was set up such that the side and bottom boundaries of the block are transmitting 

boundaries. Transmitting boundaries allow for the traveling stress wave to pass through the 

material, without being reflected at the boundaries (Century Dynamics Ltd., 2005). This ensures 

that all damage occurring around the borehole in the model is due to compression which is agreed 

to be the main reason for fines generation around the blasthole. The setup of the numerical model 

is shown in Figure 8-28. Material with damage factor between 0.9 and 1 was considered to be 

fines (Holcomb, et al., 2005). 

In the case of an ANFO charge, fines were observed to occur around the blasthole to a depth of 

approximately 15cm from the blasthole wall (3 times the radius of the blasthole) along the entire 

axis of the hole. Fines were also observed on the top and at the bottom of the blasthole in the 

shape of a dome, Figure 8-29. Minimum damage was observed around the bottom of the 

borehole. The volume of the fines generated was 15 times the volume of the original borehole. 

This translates into 3150 kg of fines generated. Another area of debate in which the RHT model 

can provide some aid is the amount of explosive energy spent in fines generation and crack 

initiation and growth. The model indicated that 33% of the librated chemical energy was used to 

generate this amount of fines and initiate and grow the crack network causing fragmentation.  

When emulsion was used as an explosive, fines were observed to occur around the blasthole to a 

depth of 30 cm from the blasthole wall (6 times the radius of the blasthole) along the entire axis 

of the hole. Fines were also observed on top and at the bottom of the blasthole in the shape of 
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dome, Figure 8-30. Minimum damage was observed around the bottom of the borehole in this 

case too.  

The volume of the fines generated was 48 times the volume of the original borehole. This 

translates into 7035 kg of fines generated. The model also indicated that 72% of the librated 

chemical energy was consumed in fines generation and initiation and growth of crack network. 

Figure 8-31 shows the work done on the rock by the emulsion as calculated by the numerical 

model. 

 

 
Figure 8-28: Setup of the numerical model 
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Figure 8-29: Fines generated around an ANFO charge 
 

 
Figure 8-30: Fines generated around an emulsion charge 
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Figure 8-31: Work done by the emulsion charge on the granite block 

8.6 Summary 

This chapter described the calibration of the RHT model to reproduce some of the experimental 

results obtained in the previous chapter. The optimum parameters to reproduce the behavior of 

Laurentain Granite were listed and the results of a sensitivity analysis conducted on these 

parameters were given. Some of the drawbacks of the model were summarized throughout the 

chapter. Verification of the RHT model was done by comparing the results of two controlled 

experiments to the predictions of the numerical modeling of these experiments. Also an example 

of application of the model to estimate the amount of fines generated around a blasthole in a 

typical quarry shot was shown. 
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Chapter 9 

Conclusions and Recommendations 

The characterization approaches of the static behavior of geomaterials are quite established in 

comparison to the dynamic loading conditions. However, the published results to characterize 

hard rocks, even in the static range, are somewhat scarce. Additionally, the experimental methods 

to describe the behavior of rocks subjected to inelastic waves and strong shock waves are not very 

well established and are still undergoing a lot of improvements and modifications. 

The scatter in the published experimental results, in both the static and dynamic regimes, is quite 

significant. The level of heterogeneity in geomaterials constitutes one of the reasons to which 

experimental scatter is attributed. The size of the samples recommended for conducting dynamic 

characterization experiments makes the experiments very tedious and expensive. Therefore, 

smaller samples and experimental setups relevant to certain applications are commonly 

employed. This renders a material model calibrated using such experiments suitable for only a 

particular application. A general model describing the behavior of materials under broad loading 

conditions is desired and necessary. 

The heavy scatter of the experimental results can be reduced by using more representative and 

less heterogeneous samples. Special attention should be made to the combination of test 

techniques employed such as confined and unconfined compression tests, ultrasound 

measurements and Hopkinson Pressure Bar testing. They all should be conducted in a uniaxial 

state of strain which is highly relevant as a loading mode in shock waves. Further combinations 

enable the transition to multi-axial loading conditions. This can reproduce the crucial phenomena 

of the material behavior in the experiments.  
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The current work is a step forward to bridge the gap of knowledge and to set up a well-defined 

procedure for the static and dynamic characterization of hard rocks. The most important aspects 

of this research are the determination of the imperative behavioral phenomena the material 

exhibits as well as the selection of the appropriate experimental investigations of the material. 

The result is a rigorous standard and a material data source for continuum material models in the 

entire static and dynamic loading region. 

The study undertaken in this research is original in: 

 Compiling a concise, comprehensive and consistent literature review of on wave 

propagation phenomena in solids, the split Hopkinson Pressure Bar Test, hydrodynamic 

modeling and the most important characteristics of geomaterials. This constitutes a major 

contribution to facilitate the understanding of the theory and establish a common ground 

for future work and development. 

 Establishing the physical properties as well as the static and dynamic mechanical 

properties of Laurentian Granite as an example of hard brittle rock. 

 Conducting a modified version of the Hopkinson Pressure Bar test on the above 

mentioned rock type. 

 Calibrating the RHT material model to describe the behavior of the above mentioned 

granite type under high strain-rate loading conditions. This was done through 

measuring/calculating the different model parameters. 

 Numerically modeling and reproducing the experimental results of controlled 

experiments to verify the accuracy of the calibrated material model. 

 Clearly identify the different strengths and weaknesses of the RHT model. 
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Although the research is aimed at calibrating a material model to one type of granite, the 

methodology is applicable for future calibration of the model to describe similar rock types. 

Generalized guidelines for the calibration of the material model are developed throughout the 

research. The established material parameters can describe the important phenomena from the 

static to the highly dynamic loading conditions. 

An essential property of the RHT model is its modular structure which is segmented based on 

material behavior. Another essential feature of such a model is its manageable complexity. This is 

attributed to the dimensionless formulation and complexity of material parameters. Due to such a 

modular structure, the description of materials of similar phenomenology and the modifications 

of individual parts of the model are always at hand.  

In the current work, successful reproduction of explosive impact experiments using the RHT 

model was demonstrated. The model is capable of capturing the wave forms propagating through 

the material due to explosive impact. The model was also successful in capturing the 

compressional damage around the blasthole. This can potentially be utilized in quantifying the 

fines generated around the blasthole during blasting, a matter which has been debated for decades 

since generation of fines has a major effect on down-stream operations in quarries and open pits. 

This can also constitute a significant contribution to enhance the prediction of size distributions 

due to blasting.  

On the other hand, the calibrated model failed to reproduce spall failure due reflected tensile 

waves at the free surfaces. This is a drawback when using the RHT model to predict 

damage/fragmentation in blasting applications since tensile failure plays a major role in rock 
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fragmentation. The formulation of the RHT model describing the enhancement of the material 

strength due to high strain rate loading should be revisited and re-implemented. 

The calibrated RHT model can be used to further investigate different phenomena related to 

blasting such as delay timing and development of damage. The enhanced understanding of these 

phenomena, which have been debated for decades, is essential in blasting applications such as 

wall control and wall stability in steep open pits. The model was able to capture a lot of the 

phenomena relevant to such applications. Bearing in mind the limitations of the model, more 

knowledge and insight of rock behavior in different blasting scenarios can be gained using the 

calibrated model.  

Even though not perfect, the calibrated model is another step forward to better understand the 

behavior of geomaterials under high strain rate loading. Enhanced understanding of material 

behavior as well as the ability to numerically model that behavior will permit near-optimum 

designs and significantly decrease the need for tedious and expensive field experiments. This is 

expected to find a wide range of applications in surface and underground blast pattern design, 

near-blast wall control, controlled blasting in tunneling, rock bursts, etc. 

The current work also established a database of material properties and the behavior of the 

Laurentian Granite. This can be of large benefit to researchers and engineers to calibrate other 

established or newly-developed material models specific to their applications without the having 

to conduct the experiments. This constitutes a huge savings in time and cost. The database can 

also be used to calibrate material models to other rocks types closely similar to the one 

investigated for the purpose of probing calculations before launching a testing program. 



 

 218 

References 

Ai, H. A., & Ahrens, T. J. (2004). Dynamic Tensile Strength of Terrestrial Rocks and Application 

to Impact Cratering. Meteor. Planet. Sci. , 233-246. 

Akers, S. A., & Adley, M. D. (1996). Constitutive Models Used to Simulate Penetration and 

Perforation of Concrete Targets. Proceedings of ASME Pressure Vessels and Piping Conference. 

Quebec, Canada: ASME. 

Anderson, C. E. (1987). An Overview of the Theory of Hydrocodes. International Journal of 

Impact Engineering . 

Anderson, C. E., Johnson, G. R., & Holmquist, T. J. (1995). Ballistic Experiments and 

Computations of Confined 99.5% Al2O3 Ceramic Tiles. Proceedings of the Fifteenth 

International Symposium on Ballistics, (pp. 65-72). Jerusalem, Israel. 

Anderson, J. D. (1984). Govening Equations of Fluid Dynamics. In Fundamentals of 

Aerodynamics (pp. 15-51). New York: McGraw Hill. 

ASTM D2845 - 08. (2008). Standard Test Method for Laboratory Determination of Pulse 

Velocities and Ultrasonic Elastic Constants of Rock. West Conshohocken, PA: ASTM 

International. 

ASTM D3967 - 08. (2008). Standard Test Method for Splitting Tensile Strength of Intact Rock 

Core Specimens. West Conshohocken, PA: ASTM International. 

ASTM D4543 - 08. (2008). Standard Practices for Preparing Rock Core as Cylindrical Test 

Specimens and Verifying Conformance to Dimensional and Shape Tolerances. (A. International, 

Ed.) West Conshohocken, PA. 



 

 219 

ASTM D5607 - 08. (2008). Standard Test Method for Performing Laboratory Direct Shear 

Strength Tests of Rock Specimens Under Constant Normal Force. West Conshohocken, PA: 

ASTM International. 

ASTM D7012 - 07. (2007). Standard Test Method for Compressive Strength and Elastic Moduli 

of Intact Rock Core Specimens under Varying States of Stress and Temperatures. West 

Conshohocken, PA: ASTM International. 

ASTM Standard C29/C29M-07. (2007). Standard Test Method for Bulk Density ("Unit Weight") 

and Voids in Aggregate. West Conshohocken, PA: ASTM International. 

ASTM Standard C642-06. (2003). Standard Test Method for Density, Absorption and Voids in 

Hardened Concrete. West Conshohocken, PA: ASTM International. 

Bancroft, D. (1941). The Velocity of Longitudinal Waves in Cylindrical Bars. Physical Review , 

Vol. 59, pp 588-593. 

Bazant, Z. P., & Planas, J. (1998). Fracture and Size Effect in Concrete and Other Quasibrittle 

Materials. Florida: CRC Press. 

Benson, D. J. (1992). Computational Methods in Lagrangian and Eulerian Hydrocodes. Computer 

Methods in Applied Mechanics and Engineering , 235-394. 

Bertholf, L. D., & Karnes, C. H. (1975). Two-Dimnsional Analysis of the Split Hopkinson 

Pressure Bar System. J. Mech. Phys. Solids , 23, 1-19. 

Binggeli, E., Binggeli, F., Schlaepfer, D. B., & Bucher, K. M. (1993). Airblast Predictions in 

Tunnel Enterance Configurations Due to HE Detonations Near the Tunnel Portal: Part 1 



 

 220 

Validation of Numerical Calculations with a 2D PC Run Code. Therteenth International 

Symposium on Military Applications of Blast Simulations, (pp. 365-375). Hague, Netherlands. 

Birnbaum, N. K., Tancreto, C., & Hager, K. (1994). Calculation of Blast Loading in the High 

Performance Magazine with AUTODYN3D. 26th Department of Defense Explosives Safety 

Seminar. Miami, FL. 

Bischoff, P. H., & Perry, S. H. (1991). Compressive Behaiour of Concrete at High Strain Rate. 

Matériaux et Constructions , 425-450. 

Bischoff, P. H., & Schlüter, F. H. (1988). Concrete Structures Under Impact and Inpulsive 

Loading. Euro-International Committee of Concrete, Information Bulletin 187. 

Brown, E. T. (Ed.). (1981). Rock Characterization Testing and Monitoring, ISRM Suggested 

Methods. Oxford.: Pergamon Press. 

Century Dynamics Ltd. (2005). AUTODYN Theory Manual. Sussex, UK: Century Dynamics Ltd. 

Chapman, T. C., Rose, T. A., & Smith, P. D. (1995). Blast Wave Simulation Using 

AUTODYN2D: A Parametric Study. International Journal of Impact Engineering , 777-787. 

Chen, R., Xia, K., Dai, F., & Lu, F. (2009). Determination of dynamic fracture parameters using a 

semi-circular bend technique in split Hopkinson pressure bar testing. Engineering Fracture 

Mechanics , 1268-1276. 

Chen, W. F. (1982). Plasticity of Reinforced Concrete. New York: McGraw Hill. 

Chen, W. F., & Han, D. J. (1988). Plasticity for Structural Engineers. New York: Springer. 

Cho, S. H., Ogata, Y., & Kaneko, K. (2003). Strain-Rate Dependency of the Dyncamic Tensile 

Strength. International Journal of Rock Mechanics and Mining Sciences , 763-777. 



 

 221 

Christensen, R. (1990). A Critical Evaluation for a Class of Micro-Mechanic Models. Journal of 

the Mechanics and Physics of Solids , 379-404. 

Chung, S. H., & Katsabanis, P. D. (2000). Fragmentation Prediction Using Improved Engineering 

Formulae. International Journal for Blasting and Fragmentation , 198-207. 

Clegg, R. (1996). Material Models for Concrete in Hydrocodes, A Review of The State of The Art. 

Horsham, UK: Century Dynamics Ltd. 

Cooper, P. W. (1996). Explosives Engineering. New York: Wiley-VCH, Inc. 

Cunningham, C. V. (1987). Fragmentation Estimations and the Kuz-Ram Model. The Second 

International Symposium on Rock Fragmentation by Blasting, (pp. 475–487). Keystone,Colorado. 

Cunningham, C. V. (1983). TheKuz-Ram model for Prediction of Fragmentation From Blasting. 

Proceedings of the First International Symposium on Rock Fragmentation by Blasting, (pp. 439–

454). Lulea, Sweden. 

Davies, R. M. (1948). A Critical Study of the Hopkinson Pressure Bar. Philos. Trans. R. Soc. 

London , Ser. A 240(821), 375–457. 

Djordjevic, N. (1999). Two-Component Model of the Blast Fragmentation. The Sixth 

International Symposium on Rock Fragmentation by Blasting, (pp. 213–219). Johannesburg, 

South Africa. 

Drucker, D. C. (1951). A More Fundamental Approach to Plastic Stress-Strain Relations. First 

National Congress of Applied Mechanics (pp. 487-491). Chicago: ASME. 

Dugdale, J. S., & MacDonald, D. (1953). The Thermal Expansion of Solids. Physics Revues , 89, 

832-834. 



 

 222 

Fagerlund, G., & Larsson, B. (1979). Impact Strength of Concrete. Swedish Cement and Concrete 

Reserach Institute, Royal Institute of Technology . 

Forrestal, M. J., Grady, D. E., & Schuler, K. W. (1978). An Experimental Method to Estimate the 

Dynamic Fracture Strength of Oil Shale in the 103 to 104 s-1 Strain Rate Regime. International 

Journal of Rock Mechanics, Mining Sciences and Geomechanics Abstracts , 263-265. 

Frantz, C. E., Follansbee, P. S., & Wright, W. T. (1984). Experimental Techniques with the 

Hopkinson Pressure Bar, High Energy Fabrication. New York: The American Society of 

Mechanical Engineers. 

Frew, D. J., Forrestal, M. J., & Chen, W. (2001). A Split Hopkinson Pressure Bar Technique to 

Determine Compressive Stress-strain Data for Rock Materials. Experimental Mechanics , 40-47. 

Gebbeken, N., & Ruppert, M. (1999). A New Concrete Material Model for High Dynamic 

Hydrocode Simulations. Archive of Apllied Mechanics . 

Gheibie, S., Aghababaei, H., Hoseinie, S. H., & Pourrahimian, Y. (2009). Modified Kuz-Ram 

Fragmentation Model and its Use at the Sungun Copper Mine. International Journal of Rock 

Mechanics & Mining Sciences , 967–973. 

Gold, V. M., Vradis, G. C., & Pearson, J. C. (1996). Constitutive Models for Concrete 

Penetration Analysis. Journal of Engineering Mechanics , 230-236. 

Grady, D. E. (1993). Impact Compression Properties of Concrete. Proceedings of the Sixth 

International Symposium on Interaction of Nonnuclear Munitions with Structures. Panama City, 

FL. 



 

 223 

Grady, D. E. (1995). Shock and Release Data for SAC-5 Concrete to 25GPa. Sandia National 

Labratories. 

Grady, D. E. (1985). The Mechanics of Fracture Under High-Rate Stress Loading. In Z. Bazant, 

Mechanics of Geomaterials (pp. 129-156). New York, NY: John Wiley & Sons Ltd. 

Grady, D. E., & Hollenbach, R. E. (1979). Dynamic fracture strength of rock. Geophysical 

Research Letters , 73-76. 

Grady, D. E., & Kipp, M. E. (1993). Dynamic fracture and fragmentation. In J. R. Asay, & M. 

Shahinpoor, High-Pressure Shock Compression of Solids (pp. 265-322). New York: Springer-

Verlag. 

Grady, D. E., & Kipp, M. E. (1985). Dynamic Rock Fragmentation. Albuquerque, NM: Sandia 

National Labratories. 

Grady, D. E., & Lipkin, J. (1980). Criteria for impulsive rock fracture. Geophysical Research 

Letters , 255-258. 

Graff, K. F. (1991). Wave Motion in Elastic Solids. New York: Dover Publication. 

Guo, Z., Zhou, Y., & Nechvatal, D. (1995). Evaluation of the Multiaxial Strength of Concrete 

Tested at Technische Universitat Munchen., (pp. 65-106). Beuth Verlag Berlin. 

Hayhurst, C. J., Ranson, H. J., Gardner, D. J., & Birnbaum, N. K. (1995). Modeling of 

Microparticle Hypervelocity Impacts on Thick Targets. Symposium on Hypervelocity Impact. 

Santa Fe, NM. 



 

 224 

HBM Measurement Ltd. (2010). HBM Measurement: Transducer, Load Cell, Data Acquisition 

System ... Retrieved 12 14, 2010, from HBM Measurement: Transducer, Load Cell, Data 

Acquisition System ...: http://www.hbm.com/ 

Hiermaier, S., & Riedel, W. (1997). Numerical Simulation of Failure in Brittle Material Using 

Smooth Particle Hydrodynamics. International Workshop on New Models and Numerical Codes 

for Shock Wave Processes in Condensed Media, (pp. 505-518). Oxford, UK. 

Hofstetter, G., & Mang, H. A. (1995). Computational Mechanics of reinforced Concrete 

Structures, Fundamentals and Advances in the Engineering Sciences. Vieweg: Wiesbanden. 

Holcomb, D. J., Fossum, A. F., Gettemy, G. L., Hardy, R. D., Bronowski, D. R., Rivas, R. R., et 

al. (2005). Geomechanics of penetration: Experimental and computational - Final report for 

LDRD Project 38718. Albuquerque, New Mexico: Sandia National Laboratories. 

Holland, P. M., Gordon, J. T., Menna, T. L., & Charters, A. C. (1990). Hydrocode Results for the 

penetration of Continuous, Segmented and Hybrid Rods Compared with Ballistic Experiments. 

International Journal of Impact Engineering , 241-250. 

Holmquist, T. J., Johnson, G. R., & Cook, W. H. (1993). A Computational Constitutive Model for 

Concrete Subjected to Large Strains, High Strain Rates, and High Pressures. Preceedings of the 

fourteenth International Symposium on Ballistics, (pp. 591-600). Quebec. 

Holmquist, T. J., Johnson, G. R., Grady, D. E., Loptain, C. M., & Hertel, E. H. (1995). High 

Strain Rate Properties and Constitutive Modelling of Glass. Proceedings of the Fifteenth 

International Symposium on Ballistics, (pp. 237-244). Jerusalem, Israel. 



 

 225 

Hopkinson, B. (1914). A Method of Measuring the Pressure Produced in the Detonation of High 

Explosives or by the Impact of Bullets. Philos. Trans. Roy. Soc. London , 437-456. 

Hopkinson, B. (1905). The effects of Momentary Stresses in Metals. Proc. Roy. Soc. London , 

498-506. 

Hopkinson, J. (1901). On the Rupture of Iron Wire by a Blow (1872), Article 38. Original Papers 

by the Late John Hopkinson. Vol. II, pp. 316-320. London: Cambridge University Press. 

Huang, X., Chen, Y., Zhong, W., & Zha, F. (2008). An Analysis of RHT Parameters in 2D 

Numerical Simulation of Concrete Penetration with Composite Projectiles. International Journal 

of Modern Physics , 1291-1296. 

Hugoniot, H. J. (1889). Journal de l'Ecole Polytechnique , 58. 

Iremonger, M. J. (1991). Computer Modeling of Small Arms Penetration of Concrete. Fifth 

International Symposium on Interaction of Conventional Munitions with Protective Structures. 

Mannheim, Germany. 

Johnson, G. R., & Cook, W. H. (1983). A Constitutive Model and Data for Metals Subjected to 

Large Strains, High Strain Rates, Temperature and Pressures. Seventh International Symposium 

on Ballistics, (p. 81). Den Haag. 

Johnson, G. R., & Cook, W. H. (1985). Fracture Characteristics of Three Metals Subjected to 

Various Strains, Strain Rates, Temperature and Pressures. Journal of Engineering Fracture 

Mechanics , 31-48. 

Johnson, G. R., & Holmquist, T. J. (1991). A Computational Constitutive Model for Brittle 

Materials Subjected to Large Strains, High Strain Rates and High Pressures. In M. A. Meyers, L. 



 

 226 

E. Murr, & K. P. Staudhammer, Shock-Wave and High-Strain Phenomena in Materials (pp. 

1075-1081). New York: Marcel Dekker Inc. 

Johnson, G. R., & Holmquist, T. J. (1993). An Improved Computational Constitutive Model for 

Brittle Materials. Proceedings of AIRAP/APS Conference. Colorado Springs, Colorado. 

Katsabanis, P. D., & Tawadrous, A. S. (2007). Numerical Modelling of the effect of Loading and 

Timing in Wall Control Applications. 11th ACUUS International Conference; Underground 

Space: Expanding the Frontiers (pp. 453-462). Athens, Greece: NTUA Press. 

Kipp, M. E., & Grady, D. E. (1980). Numerical Studies of Rock Fragmentation. Albuquerque, 

NM: Sandia National Labratories. 

Kipp, M. E., Chhabildas, L. C., & Reinhart, W. D. (1997). Elastic Shock Response and Spall 

Strength of Concrete. Proceedings of the American Physics Society, (pp. 557-560). Amhurst, MA. 

Klornfass, A. (1998). unveröffentlichte Arbeitspapiere. Freiburg: Ernst-Mach-Institut. 

Kolsky, H. (1949). An Investigation of the Mechanical Properties of Materials at Very High 

Rates of Loading. , , . Proc. Phys. Soc. London , Sect. B 62 (II-B), 676–700. 

Kolsky, H. (2003). Stress Waves in Solids. New York: Dover Publications. 

Kotsovos, M. D., & Perry, S. H. (1986). Behaviour of Concrete Subjected to Passive 

Confinement. Matériaux et Constructions , 259-264. 

Kubota, S., Ogata, Y., Wada, Y., Simangunsong, G., Shimada, H., & Matsui, K. (2008). 

Estimation of Dynamic Tensile Strength of Sandstone. International Journal of Rock Mechanics 

and Mining Sciences , 397-406. 



 

 227 

Kuszmaul, J. S. (1987). A New Constitutive Model for Fragmentation of Rock Under Dynamic 

Loading. 2nd International Symposium on Rock Fragmentation by Blasting, (pp. 412-423). 

Keystone, Colorado. 

Launay, P., & Gachon, H. (1972). Strain and Ultimate Strength of Concrete under Triaxial 

Stresses. American Concrete Institute, Special Publication , 269-282. 

Leppanen, J. (2006). Concrete Subjected to Projectile and Fragment Impacts: Modelling of Crack 

Softening and Strain Rate Dependency in Tension. International Journal of Impact Engineering , 

1828-1841. 

Liu, L., & Katsabanis, P. D. (1997). Development of a Continuum Damage Model for Blasting 

Analysis. International Journal of Rock Mechanics and Mining Sciences , 217-231. 

Love, A. E. (1944). A Treatise on the Mathematical Theory of Elasticity. New York: Dover 

Publications. 

Malvar, L. J., Crawford, J. E., Wesevich, J. W., & Simons, D. (1994). A New Concrete Material 

Model for DYNA3D. Defense Nuclear Agency, Contract No. DNA001-91-C-0059. 

Malvar, L. J., Crawford, J. E., Wesevich, J. W., & Simons, D. (1997). A Plasticity Concrete 

Material Model for DYNA3D. International Journal of Impact Engineering , 847-873. 

Marsh, S. P. (1980). LASL Shock Hugoniot Data. University of California Press. 

Meyers, M. A. (1994). Dynamic Behaviour of Materials. New York: John Wiley & Sons. 

Mohanty, B. (1987). Strengt of Rock under High Strain-Rate Loading Conditions Applicable to 

Blasting. Second International Symposium on Rock Fragmentation by Blasting. Keystone, 

Colorado. 



 

 228 

Morz, Z. (1963). Non-Associated Flow Laws in Plasticity. Journal de Mechanique , 21-42. 

MREL Group of Companies Limited. (2010). MREL Group of Companies Limited. Retrieved 12 

14, 2010, from MREL: DataTrapII Data/VOD Recorder: 

http://www.mrel.com/blasting_instrumentation/flash/datatrap.html 

Murray, Y. D., & Lewis, B. A. (1995). Numerical Simulation of Damage in Concrete. Contract 

No. DANN 001-91-C-0075: Defense Nuclear Agency. 

Nahme, H. (1991). Equation of State Measurements of 9SMn28 and C45 Steel. Freiburg: Ernst-

Mach-Institut. 

Ockert, J. (1997). Ein Stroffgesetz fürdie Schockwellenausbreitung in Benton. Technische 

Hochschule Karlsruhe. 

Ouchterlony, F. (2005). What Does the Fragment Size Distribution of Blasted Rock Look Like? 

European Federation of Explosives Engineers, (pp. 189-199). 

Pierazzo, E., & Melosh, H. J. (2000). Understanding Oblique Impacts from Experiments, 

Observations and Modeling. Annual Review of Earth and Planetary Science. , 141-167. 

Pochhammer, L. (1876). Über die Fortpflanzungsgeschwindigkeiten kleiner Schwingungen in 

einem unbegrenzten istropen Kreiszylinder. J. reine angew. Math , Vol. 81, 324-336. 

Preece, D. S. (2010). Personal Communication. 

Preece, D. S., & Chung, S. H. (2003). Blasting Induced Rock Fragmentation Prediction Using the 

RHT Constitutive Model for Brittle Material. Proceedings of the 29th Annual Conference on 

Explosives and Blasting Technique. Nashville, TN: International Society of Explosives 

Engineers. 



 

 229 

Preece, D. S., & Lownds, C. M. (2009). 3D Computer Simulation of Bench Blasting with Precise 

Delay Timing. Blasting and Fragmentation , 227-240. 

Randles, P. W., & Libersky, L. D. (1996). Smooth Particle Hydrodynamics: Some Recent 

Improvements and Applications. Computer Methods in Applied Mechanics and Engineering , 

375-408. 

Rankine, W. J. (1870). Phil. Trans. Roy. Soc. London , 160, 270. 

Ren, L., Larson, M., Gama, B. A., & Gillespie, J. W. (2004). Wave Dispersion in Cylindrical 

Tubes: Applications to Hopkinson Pressure Bar Experimental Techniques. Newark, DE: Center 

for Composite Materials, University of Delaware. 

Riedel, W. (2004). Beton unter dynamischen Lasten Meso- und makromechanische Modelle und 

ihre Parameter. Freiburg: Fraunhofer Institut für Kurzzeitdynamik, Ernst-Mach-Institut. 

Riedel, W., Nobuaki, K., & Kondo, K. (2009). Numerical Assessment for Impact Strength 

Measurements in Concrete Materials. International Journal of Impact Engineering , 283-293. 

Rinehart, J. S. (1975). Stress Transients in Solids. Santa Fe, New Mexico: University of 

Colorado. 

Rubin, M. B. (1991). Simple, Convenient, Isotropic Failure Surface. Journal of Engineering 

Mechanics , 117 (2), 348-369. 

Sheridan, A. J. (1991). Application of Concrete Triaxial Data to Hydrocodes. Working paper 

MTC-91-WP-26. 

Shigley, J. E., & Mitchell, L. D. (1993). Mechanical Engineering Design (Fourth Edition). New 

York: McGraw Hill. 



 

 230 

SHOWA Measuring Instruments Co., Ltd. (2010). SHOWA Strain Gages & Load Cells. 

Retrieved 12 14, 2010, from SHOWA Strain Gages & Load Cells: http://www.showa-

sokki.co.jp/english/index_e.html 

Simons, D. A. (1997). A Plasticity-Based Material Model for Plain Concrete. In Structures Under 

Extreme Loading Conditions (pp. 349-357). ASME. 

Sinha, B. P., Gerstle, K. H., & Tulin, L. G. (1964). Stress-Strain Relations for Concrete Under 

Cyclic Loading. American Concrete Institute , 195-211. 

Spathis, A. T. (2004). A Correction Relating to the Analysis of the Original Kuz-Ram Model. 

International Journal for Blasting and Fragmentation , 201-205. 

Steinberg, D. J., Cochran, S. G., & Guinan, M. W. (1980). Constitutive Model for Metals 

Applicable at High Strain Rates. Journal of Applied Physics . 

Svahn, P.-O., & Gylltoft, K. (2003). Determination of Dynamic Uniaxial Tensile Strength of 

Concrete using Modified Hopkinson Pressure Bar. Nordic Concrete Research - NCR 30-2003/2 , 

69-83. 

Tawadrous, A. S., & Katsabanis, P. D. (2007). Numerical Modeling of the Effect of High Stresses 

on Blast Induced Damage. Proceedings of the 33rd Annual Conference on Explosives & Blasting 

Technique. Nashville, TN: International Society of Explosives Engineers. 

Taylor, L. M., Chen, E. P., & Kuszmaul, J. S. (1986). Micro-Crack Induced Damage 

Accumulation in Brittle Rock Under Dynamic Loading. Computer Methods in Applied Mechanics 

and Engineering , 301-320. 



 

 231 

Thoma, K., & Vinckier, D. (1994). Numerical Simulation of a High Velocity Imoact on Fiber 

Reinforced Materials. Nuclear Engineering and Design , 441-425. 

Thorne, B. J., Hommert, P. J., & Brown, B. (1990). Experimental and Computational 

Investigation of the Fundamental Mechanics of Cratering. Third International Symposium on 

Rock Fragmentation by Blasting, (pp. 117-124). Brisbane, AU. 

Tu, Z., & Lu, Y. (2009). Evaluation of Typical Concrete Material Models Used in Hydrocodes 

for High Dynamic Response Simulations. International Journal of Impact Engineering , 132–

146. 

Weerheijm, J. (1992). Concrete Under Impact Tensile Loading and Lateral Compression. Delft: 

Technische Universitat Delft. 

Weerheijm, J., & Van Doormaal, J. C. (1996). Dynamic Properties of Concrete and Their Use. 

Special Symposium on Structures Response to Impact and Blast, (pp. 6-10). Tel Aviv, Israel. 

Weidmaier, P. (1996). Numerische Simulation der Penetration in Ziele aus Aluoxid mit dem 

Materialmodell von Johnson und Holmquist. Ernst-Mach-Institut. 

Wentzel, C. M., & Weerheijm, J. (1998). Concrete Under Multi-axial Dynamic Loading. 

Proceedings of Transient Loading and Response of Structures, (pp. 103-119). Trondheim. 

Westergaard, H. M. (1952). Theory of Elasticity and Plasticity. New York: John Wiley & Sons. 

Wilkins, M. L. (1964). Calculations of Elastic-Plastic Flow. In B. Alder, S. Femback, & M. 

Rotenberg, Methods of Computational Physics (pp. 211-263). New York: Academic Press. 

Wilkins, M. L. (1999). Computer Simulation of Dynamic Phenomena. Verlag: Springer. 



 

 232 

Willam, K. J., & Warnke, E. P. (1975). Constitutive Model for the Triaxial Behaviour of 

Concrete. Proceedings of the Nineteenth IABSE. Italy: International Association of Bridge and 

Strauctural Engineers. 

Yang, R., Bawden, W. F., & Katsabanis, P. D. (1996). A New Constitutive Model for Blast 

Damage. International Journal of Rock Mechanics, Mining Sciences and Geomechanical 

Abstracts , 245-254. 

Zerilli, F. J., & Armstrong, R. W. (1987). Dislocation-Mechanics Based Constitutive Relationsfor 

Material Dynamics Claculations. Journal of Applied Physics . 

Zienkiewicz, O. C., Taylor, R. L., & Zhu, J. Z. (2005). The Finite Element Method Its Basis & 

Fundamentals. Burlington, MA: Elsevier. 

Zucas, J. A. (1990). High Velocity Impact Dynamics. New York: John Wiley & Sons. 

Zucas, J. A. (2004). Introduction to Hydrocodes. San Diego: Elsevier Ltd. 

 
  



 

 233 

Appendix A 

Experimental Results of the Density Measurements 

Sample No. 
Diameter 

(mm) 
Length 
(mm) 

Volume 
(cm³) 

Mass (g) 
Density 
(g/cm³ ) 

Cyclic-1 45.73 98.75 162.17 430.41 2.65 
Cyclic-2 45.76 99.02 162.85 432.22 2.65 
Cyclic-3 45.70 99.06 162.51 430.90 2.65 
Cyclic-4 45.71 98.94 162.34 430.55 2.65 
Cyclic-5 45.73 98.81 162.29 431.15 2.66 
Cyclic-6 45.70 99.20 162.69 431.58 2.65 
Cyclic-7 45.74 99.35 163.22 433.20 2.65 
Cyclic-8 45.75 97.94 160.98 427.44 2.66 
Cyclic-9 45.76 98.24 161.57 428.99 2.66 
C1 10.51 4.51 167.90 448.90 2.67 
C2 10.32 4.47 161.95 435.90 2.69 
C3 10.37 4.51 165.66 443.80 2.68 
C4 10.65 4.51 170.13 456.60 2.68 
C5 10.35 4.51 165.34 442.60 2.68 
C142 9.69 4.57 158.94 421.80 2.65 
C143 9.72 4.56 158.69 424.40 2.67 
C145 9.77 4.56 159.51 425.50 2.67 
C146 9.72 4.57 159.39 423.70 2.66 
C6 10.40 4.51 166.14 444.50 2.68 
C7 10.57 4.52 169.61 456.20 2.69 
C8 10.47 4.52 168.00 447.90 2.67 
C9 10.23 4.51 163.43 437.40 2.68 
C10 10.23 4.50 162.70 436.70 2.68 
C147 9.76 4.57 160.06 425.30 2.66 
C148 9.72 4.57 159.40 423.10 2.65 
C149 9.67 4.57 158.55 420.60 2.65 
C150 9.68 4.57 158.81 422.70 2.66 
C151 9.71 4.57 159.31 423.70 2.66 
C11-2100s 10.38 4.53 167.30 441.90 2.64 
C12-2100s 10.30 4.58 169.69 440.20 2.59 
C13-2100s 10.25 4.50 163.02 429.00 2.63 
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C14-2100s 9.94 4.53 160.20 422.40 2.64 
C15-2100s 10.55 4.52 169.29 448.50 2.65 
C91-2100s 9.52 4.56 155.47 412.10 2.65 
C92-2100s 9.43 4.56 154.00 409.70 2.66 
C93-2100s 9.40 4.53 151.50 406.00 2.68 
C94-2100s 9.45 4.56 154.33 411.00 2.66 
C95-2100s 9.40 4.55 152.84 406.70 2.66 
C131-2100s 9.69 4.56 158.30 423.00 2.67 
C152-2100s 9.71 4.57 159.22 423.70 2.66 
C153-2100s 9.67 4.56 157.99 421.30 2.67 
C154-2100s 9.65 4.57 158.24 421.10 2.66 
C155-2100s 9.59 4.56 156.58 417.20 2.66 
C156-2100s 9.59 4.57 157.30 417.70 2.66 
C16 10.77 4.53 173.58 457.60 2.64 
C17 10.55 4.54 170.79 450.30 2.64 
C18 10.18 4.56 166.25 435.60 2.62 
C19 10.32 4.53 166.33 439.80 2.64 
C20 10.39 4.53 167.46 442.90 2.64 
C21 10.39 4.51 165.98 444.70 2.68 
C22 10.40 4.52 166.88 445.70 2.67 
C23 10.15 4.51 162.15 433.50 2.67 
C24 10.24 4.52 164.31 437.30 2.66 
C25 10.59 4.52 169.93 452.90 2.67 
C26 10.54 4.52 169.12 452.40 2.67 
C132 9.62 4.56 157.14 419.10 2.67 
C133 9.70 4.56 158.46 422.60 2.67 
C134 9.70 4.57 159.11 422.50 2.66 
C135 9.75 4.57 159.90 425.40 2.66 
C136 9.62 4.58 158.42 420.50 2.65 
C27 10.54 4.51 168.38 451.00 2.68 
C28 9.92 4.51 158.47 423.90 2.67 
C29 10.38 4.51 165.82 443.10 2.67 
C30 10.39 4.52 166.72 447.40 2.68 
C31 10.36 4.53 166.97 447.10 2.68 
C137 9.74 4.57 159.78 425.80 2.66 
C138 9.68 4.57 158.85 421.90 2.66 
C139 9.67 4.56 157.99 422.10 2.67 
C140 9.73 4.57 159.60 424.60 2.66 
C141 9.71 4.57 159.32 423.40 2.66 
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Tr1-2100s-1MPa 9.51 4.58 156.47 415.50 2.66 
Tr2-2100s-1MPa 9.60 4.57 157.66 419.70 2.66 
Tr3-2100s-1MPa 9.60 4.57 157.40 419.70 2.67 
Tr4-2100s-1MPa 9.60 4.57 157.69 419.80 2.66 
Tr5-2100s-1MPa 9.61 4.57 157.75 419.80 2.66 
Tr6-2100s-1MPa 10.03 4.53 161.65 432.50 2.68 
Tr7-2100s-1MPa 10.06 4.54 162.85 432.60 2.66 
Tr8-2100s-1MPa 9.97 4.55 162.11 429.60 2.65 
Tr9-2100s-1MPa 9.55 4.54 154.60 413.10 2.67 
Tr10-2100s-1MPa 10.11 4.55 164.39 438.40 2.67 
Tr1-2100s-2MPa 9.61 4.57 157.63 419.60 2.66 
Tr2-2100s-2MPa 9.61 4.58 158.62 420.10 2.65 
Tr3-2100s-2MPa 9.62 4.57 157.48 420.00 2.67 
Tr4-2100s-2MPa 9.62 4.58 158.55 420.70 2.65 
Tr5-2100s-2MPa 9.63 4.58 158.44 420.80 2.66 
Tr6-2100s-2MPa 10.05 4.53 161.98 432.00 2.67 
Tr7-2100s-2MPa 10.24 4.54 165.77 440.50 2.66 
Tr8-2100s-2MPa 10.07 4.55 163.74 435.10 2.66 
Tr9-2100s-2MPa 9.98 4.55 162.27 432.10 2.66 
Tr10-2100s-2MPa 10.09 4.55 164.06 433.70 2.64 
Tr1-2100s-5MPa 9.64 4.58 158.96 421.20 2.65 
Tr2-2100s-5MPa 9.64 4.59 159.46 421.50 2.64 
Tr3-2100s-5MPa 9.65 4.58 159.18 421.80 2.65 
Tr4-2100s-5MPa 9.65 4.48 152.10 421.80 2.77 
Tr5-2100s-5MPa 9.65 4.58 158.77 421.00 2.65 
Tr6-2100s-5MPa 10.10 4.55 164.22 434.50 2.65 
Tr7-2100s-5MPa 10.11 4.57 165.83 438.10 2.64 
Tr8-2100s-5MPa 10.20 4.56 166.58 441.30 2.65 
Tr9-2100s-5MPa 10.04 4.56 163.97 435.00 2.65 
Tr10-2100s-5MPa 10.10 4.55 164.22 434.20 2.64 
Tr1-2100s-10MPa 9.65 4.59 159.60 422.20 2.65 
Tr2-2100s-10MPa 9.66 4.57 158.70 421.60 2.66 
Tr3-2100s-10MPa 9.67 4.57 158.57 420.90 2.65 
Tr4-2100s-10MPa 9.67 4.58 159.19 422.40 2.65 
Tr5-2100s-10MPa 9.68 4.58 159.27 423.10 2.66 
Tr6-2100s-10MPa 10.14 4.58 167.05 440.60 2.64 
Tr7-2100s-10MPa 9.94 4.56 162.33 430.70 2.65 
Tr8-2100s-10MPa 10.06 4.55 163.57 431.80 2.64 
Tr9-2100s-10MPa 10.11 4.55 164.39 434.80 2.65 
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Tr10-2100s-10MPa 9.83 4.56 160.54 425.10 2.65 
Tr1-2100s-15MPa 9.68 4.59 159.86 423.70 2.65 
Tr2-2100s-15MPa 9.68 4.58 159.25 423.00 2.66 
Tr3-2100s-15MPa 9.69 4.59 160.41 424.10 2.64 
Tr4-2100s-15MPa 9.71 4.59 160.60 422.70 2.63 
Tr5-2100s-15MPa 9.71 4.58 159.87 423.50 2.65 
Tr6-2100s-15MPa 10.09 4.55 164.06 433.50 2.64 
Tr7-2100s-15MPa 10.15 4.54 164.31 436.50 2.66 
Tr8-2100s-15MPa 10.10 4.56 164.95 437.40 2.65 
Tr9-2100s-15MPa 9.89 4.55 160.81 426.60 2.65 
Tr10-2100s-15MPa 9.78 4.55 159.02 424.30 2.67 
Tr1-2100s-25MPa 9.72 4.58 159.77 424.70 2.66 
Tr2-2100s-25MPa 9.72 4.57 159.75 425.10 2.66 
Tr3-2100s-25MPa 9.72 4.58 159.82 424.60 2.66 
Tr4-2100s-25MPa 9.73 4.59 160.76 424.40 2.64 
Tr5-2100s-25MPa 9.73 4.59 160.86 425.20 2.64 
Tr6-2100s-25MPa 9.61 4.54 155.57 416.40 2.68 
Tr7-2100s-25MPa 9.60 4.57 157.47 417.30 2.65 
Tr8-2100s-25MPa 9.59 4.56 156.62 415.30 2.65 
Tr9-2100s-25MPa 9.58 4.55 155.77 414.90 2.66 
Tr10-2100s-25MPa 9.60 4.57 157.47 417.70 2.65 
Tr1-2100s-35MPa 9.87 4.58 162.84 430.00 2.64 
Tr2-2100s-35MPa 9.75 4.58 160.77 425.90 2.65 
Tr3-2100s-35MPa 9.75 4.58 160.39 425.30 2.65 
Tr4-2100s-35MPa 9.75 4.59 161.26 426.60 2.65 
Tr5-2100s-35MPa 9.76 4.58 160.92 426.40 2.65 
Tr6-2100s-35MPa 9.73 4.58 160.07 425.20 2.66 
Tr7-2100s-35MPa 9.54 4.54 154.44 412.30 2.67 
Tr8-2100s-35MPa 9.52 4.56 155.47 412.10 2.65 
Tr9-2100s-35MPa 9.56 4.55 155.44 414.00 2.66 
Tr10-2100s-35MPa 9.71 4.56 158.58 419.50 2.65 
Tr11-2100s-35MPa 9.74 4.55 158.37 420.30 2.65 
Tr1-2100s-60MPa 9.88 4.57 161.95 430.27 2.66 
Tr2-2100s-60MPa 9.89 4.57 162.43 431.08 2.65 
Tr3-2100s-60MPa 9.92 4.57 162.58 431.59 2.65 
Tr1-2100s-100MPa 9.95 4.57 163.07 432.90 2.65 
Tr2-2100s-100MPa 9.94 4.57 163.31 434.08 2.66 

Tr3-2100s-100MPa 9.90 4.57 162.67 432.19 2.66 
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Appendix B 

Experimental Results of the Sonic Wave Velocity Tests 

B.1Results of the p-Wave measurements 

Sample No. 
Length 
(mm) 

p-Wave Time 
Arrival (s) 

p-Wave Velocity 
(km/s) 

1 105.44 25.30 4.168 
2 103.92 24.60 4.224 
3 103.72 24.80 4.182 
4 106.52 25.20 4.227 
5 103.51 24.30 4.260 
6 103.68 24.50 4.232 
7 92.76 21.90 4.236 
8 104.30 24.80 4.206 
9 102.19 24.10 4.240 
Tr1-2100s-1MPa 95.14 22.60 4.210 
Tr2-2100s-1MPa 95.95 22.40 4.283 
Tr3-2100s-1MPa 95.96 22.80 4.209 
Tr4-2100s-1MPa 95.97 22.80 4.209 
Tr5-2100s-1MPa 96.09 22.80 4.214 
Tr1-2100s-5MPa 96.40 22.60 4.265 
Tr2-2100s-5MPa 96.41 22.80 4.229 
Tr3-2100s-5MPa 96.45 23.00 4.193 
Tr4-2100s-5MPa 96.49 22.80 4.232 
Tr5-2100s-5MPa 96.50 22.80 4.232 
Tr1-2100s-15MPa 96.82 23.00 4.210 
Tr2-2100s-15MPa 96.83 23.00 4.210 
Tr3-2100s-15MPa 96.94 23.20 4.178 
Tr4-2100s-15MPa 97.06 23.60 4.113 
Tr5-2100s-15MPa 97.08 22.80 4.258 
Tr1-2100s-35MPa 97.33 23.00 4.232 
Tr2-2100s-35MPa 97.46 23.00 4.237 
Tr3-2100s-35MPa 97.48 23.60 4.131 
Tr4-2100s-35MPa 97.50 23.40 4.167 
Tr5-2100s-35MPa 97.59 23.40 4.171 
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Tr1-900s-5MPa 98.04 24.20 4.051 
Tr2-900s-5MPa 98.04 24.00 4.085 
Tr3-900s-5MPa 98.08 24.00 4.087 
Tr4-900s-5MPa 98.11 24.00 4.088 
Tr5-900s-5MPa 98.12 24.00 4.088 
Tr1-900s-25MPa 98.32 24.00 4.097 
Tr2-900s-25MPa 98.35 24.20 4.064 
Tr3-900s-25MPa 98.40 24.20 4.066 
Tr4-900s-25MPa 98.40 24.00 4.100 
Tr5-900s-25MPa 98.42 24.00 4.101 
Tr1-2100s-60MPa 99.40 24.40 4.074 
Tr2-2100s-60MPa 99.41 24.40 4.074 
Tr3-2100s-60MPa 99.45 24.40 4.076 
Tr4-2100s-60MPa 99.50 24.40 4.078 
Tr5-2100s-60MPa 99.85 24.40 4.092 
Tr1-2100s-100MPa 99.70 24.60 4.053 
Tr2-2100s-100MPa 99.74 24.60 4.054 
Tr3-2100s-100MPa 99.80 24.20 4.124 
Tr4-2100s-100MPa 98.65 24.20 4.076 
Tr5-2100s-100MPa 98.70 24.00 4.113 
CY1-2100s 99.10 24.40 4.061 
CY2-2100s 99.10 24.40 4.061 
CY3-2100s 99.10 24.40 4.061 
CY4-2100s 99.15 24.40 4.064 
CY5-2100s 99.20 24.40 4.066 
H1 93.60 24.20 3.868 
H2 85.11 21.20 4.015 
H3 87.87 23.60 3.723 
H4 105.50 27.20 3.879 
H5 106.53 27.00 3.946 
H6 106.85 28.00 3.816 
H7 104.46 29.40 3.553 
H8 104.47 26.80 3.898 
H9 106.52 27.00 3.945 
H10 104.80 26.60 3.940 
H12 105.77 27.40 3.860 
H13 105.22 27.60 3.812 
H14 104.64 28.00 3.737 
H15 106.10 27.20 3.901 
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H16 106.24 26.40 4.024 
H17 105.60 29.60 3.568 
H18 104.32 29.20 3.573 
H19 105.32 29.80 3.534 
H20 100.75 24.20 4.163 
H21 105.34 26.80 3.931 
H22 96.33 23.40 4.117 
H23 122.55 29.80 4.112 
H24 160.35 39.60 4.049 
H25 259.00 65.20 3.972 
H26 251.00 63.00 3.984 
H27 256.00 65.60 3.902 
H28 252.00 63.00 4.000 
H29 253.50 62.40 4.063 

 

B.2 Results of the s-Wave Measurements 

Sample No. 
Length 
(mm) 

s-Wave Time 
Arrival (s) 

s-Wave Velocity 
(km/s) 

A 43.92 20.10 2.19 
B 45.24 21.40 2.11 
C 42.78 20.50 2.09 
D 44.76 21.90 2.04 
E 46.64 21.60 2.16 
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Appendix C 

Experimental Results of the Unconfined Compression Tests 

C.1 Results of the Unconfined Compression Tests (Strain Rate 9.75E-6 strain/s) 

Sample No. Length (cm) Diameter (cm) UCS (MPa) 

C16 10.77 4.53 144.7 
C17 10.55 4.54 175.4 
C18 10.18 4.56 148.1 
C19 10.32 4.53 136.6 
C20 10.39 4.53 123.1 

C21 10.39 4.51 165.2 

Average 148.85 
 

C.2 Results of the Unconfined Compression Tests (Strain Rate 4.87E-5 strain/s) 

Sample No. 
Length 

(cm) 
Diameter (cm) UCS (MPa) 

C11-2100s 10.38 4.53 255.70 

C15-2100s 10.55 4.52 245.60 

C91-2100s 9.52 4.56 220.40 

C92-2100s 9.43 4.56 251.70 

C93-2100s 9.40 4.53 231.30 

C154-2100s 9.65 4.57 198.37 

C155-2100s 9.59 4.56 238.24 

C14-2100s 9.94 4.53 184.30 

C95-2100s 9.40 4.55 183.00 

C94-2100s 9.45 4.56 177.80 

Average     218.64 
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C.3 Results of the Unconfined Compression Tests (Strain Rate 1.07E-4 strain/s) 

Sample No. 
Length 

(cm) 
Diameter (cm) UCS (MPa) 

C26 10.54 4.52 209.10 
C28 9.92 4.51 253.30 
C94 9.45 4.56 177.80 
C132 9.62 4.56 203.62 
C135 9.75 4.57 221.77 
C136 9.62 4.58 228.71 

C147 9.76 4.57 182.02 

Average     210.90 
 

C.4 Results of the Unconfined Compression Tests (Strain Rate 1.61E-4 strain/s) 

Sample No. 
Length 

(cm) 
Diameter (cm) UCS (MPa) 

C6 10.40 4.51 244.40 
C7 10.57 4.52 243.90 
C8 10.47 4.52 246.70 
C10 10.23 4.50 271.30 
C146 9.72 4.57 203.30 

C151 9.71 4.57 223.04 

Average     238.77 
 

C.5 Results of the Unconfined Compression Tests (Strain Rate 3.19E-4 strain/s) 

Sample No. 
Length 

(cm) 
Diameter (cm) UCS (MPa) 

C3 10.37 4.51 197.80 
C23 10.15 4.51 188.70 
C142 9.69 4.57 212.37 
C143 9.72 4.56 252.44 

C145 9.77 4.56 247.00 

Average     219.66 
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C.6 Results of the Unconfined Compression Tests (Strain Rate 1.62E-3 strain/s) 

Sample No. 
Length 

(cm) 
Diameter (cm) UCS (MPa) 

C27 10.54 4.51 236.20 
C30 10.39 4.52 292.90 
C31 10.36 4.53 310.20 
C139 9.67 4.56 199.57 

C141 9.71 4.57 229.22 

Average     253.62 
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Appendix D 

Experimental Results of  the Unconfined Cyclic Loading Tests 

D.1 Results of the Unconfined Cyclic Loading Test Obtained from Sample Cyc1 
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D.2 Results of the Unconfined Cyclic Loading Test Obtained from Sample Cyc2 
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D.3 Results of the Unconfined Cyclic Loading Test Obtained from Sample Cyc3 
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D.4 Results of the Unconfined Cyclic Loading Test Obtained from Sample Cyc4 
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Appendix E 

Experimental Results of the Brazilian Tests 

E.1 Results of the Brazilian Tests (Strain Rate 1.05E-4 strain/s) 

Sample 
No. 

Thickness 
(cm) 

Diameter 
(cm) 

Failure Load 
(kN) 

Tensile Strength 
(MPa) 

T1 1.11 4.52 9.26 11.81 
T2 1.18 4.51 9.33 11.20 
T3 1.18 4.52 10.32 12.38 
T4 1.18 4.52 12.95 15.53 
T5 1.15 4.52 10.54 12.91 
T6 1.13 4.55 11.26 14.01 
T7 1.15 4.54 12.38 15.16 
T8 1.15 4.52 11.76 14.46 
T9 0.96 4.55 9.76 14.24 
T10 1.12 4.52 9.11 11.47 
T11 1.02 4.58 10.01 13.64 
T12 0.88 4.58 8.44 13.33 
T13 1.04 4.57 9.22 12.35 
T14 0.97 4.57 8.55 12.28 
T15 1.08 4.56 10.21 13.20 
T16 0.93 4.57 7.81 11.69 
T17 0.90 4.56 8.39 13.01 
T18 0.98 4.57 8.72 12.39 

T19 1.10 4.57 10.05 12.72 

Average       13.04 
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E.2 Results of the Brazilian Tests (Strain Rate 3.66E-3 strain/s) 

Sample 
No. 

Thickness 
(cm) 

Diameter 
(cm) 

Failure Load 
(kN) 

Tensile Strength 
(MPa) 

T21 1.19 4.53 10.35 12.24 
T22 1.22 4.54 14.20 16.30 
T23 1.14 4.55 14.46 17.75 
T24 1.17 4.52 11.76 14.17 
T25 1.00 4.55 11.86 16.59 
T26 1.15 4.53 13.03 15.91 
T27 1.11 4.52 9.76 12.34 
T28 1.13 4.54 14.66 18.18 
T29 1.15 4.52 12.02 14.72 
T30 1.23 4.55 13.60 15.55 
T31 0.92 4.56 8.98 13.63 
T32 0.85 4.58 9.26 15.14 
T33 1.02 4.57 11.75 16.05 
T34 1.01 4.57 12.09 16.67 
T35 1.02 4.56 9.80 13.41 
T36 0.91 4.57 9.13 13.98 
T37 1.04 4.58 10.34 13.82 
T38 0.89 4.57 8.30 13.00 
T39 0.95 4.57 8.51 12.48 

Average       14.84 
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E.3 Results of the Brazilian Tests (Strain Rate 7.33E-4 strain/s) 

Sample 
No. 

Thickness 
(cm) 

Diameter 
(cm) 

Failure Load 
(kN) 

Tensile Strength 
(MPa) 

T41 1.14 4.53 9.55 11.79 
T42 1.14 4.55 12.48 15.39 
T43 1.18 4.53 11.78 14.11 
T44 1.30 4.56 15.00 16.13 
T45 1.31 4.53 11.89 12.81 
T46 1.13 4.52 11.96 14.91 
T47 1.10 4.52 10.95 14.09 
T48 1.14 4.53 11.12 13.77 
T49 1.15 4.55 12.51 15.28 
T50 1.15 4.53 9.19 11.29 
T51 1.11 4.54 13.68 17.30 
T52 1.02 4.56 10.54 14.43 
T53 0.99 4.57 9.36 13.17 
T54 0.96 4.56 8.15 11.85 
T55 1.01 4.56 10.24 14.15 
T56 1.06 4.57 9.40 12.35 
T57 1.11 4.57 10.58 13.28 
T58 1.04 4.57 9.69 12.98 
T59 0.98 4.58 10.31 14.63 
T60 1.02 4.58 9.86 13.43 
T61 1.03 4.57 10.54 14.26 

Average       13.88 
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E.4 Results of the Brazilian Tests (Strain Rate 3.67E-4 strain/s) 

Sample 
No. 

Thickness 
(cm) 

Diameter 
(cm) 

Failure Load 
(kN) 

Tensile Strength 
(MPa) 

T62 1.13 4.53 9.32 11.64 
T63 1.21 4.53 9.24 10.74 
T64 1.20 4.34 6.20 7.58 
T65 1.12 4.55 11.13 13.92 
T66 1.17 4.52 9.50 11.44 
T67 1.25 4.53 13.00 14.62 
T68 1.20 4.53 11.03 12.93 
T69 1.23 4.53 14.27 16.31 
T70 1.15 4.54 12.77 15.59 
T71 1.20 4.54 10.98 12.83 
T72 1.14 4.55 11.29 13.85 
T73 1.13 4.52 7.92 9.92 
T74 0.78 4.57 7.46 13.32 
T75 0.98 4.57 9.88 14.04 
T76 0.98 4.57 9.83 13.97 
T77 0.86 4.57 8.98 14.55 
T78 1.04 4.57 10.07 13.49 
T79 1.04 4.56 10.03 13.46 
T80 0.98 4.57 8.61 12.24 
T81 1.01 4.56 9.09 12.56 
T82 1.16 4.57 11.11 13.34 
T83 0.99 4.58 9.91 13.91 

Average       13.01 
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E.5 Results of the Brazilian Tests (Strain Rate 2.45E-4 strain/s) 

Sample 
No. 

Thickness 
(cm) 

Diameter 
(cm) 

Failure Load 
(kN) 

Tensile Strength 
(MPa) 

T84 1.13 4.40 10.28 13.22 
T85 1.11 4.53 9.19 11.70 
T86 1.13 4.52 10.22 12.74 
T87 1.12 4.55 12.04 15.13 
T88 1.15 4.55 11.06 13.47 
T89 1.03 4.54 10.87 14.86 
T90 1.20 4.55 11.06 12.95 
T91 1.22 4.52 10.07 11.62 
T92 1.03 4.53 11.60 15.92 
T93 1.32 4.53 10.25 10.92 
T94 1.27 4.52 11.91 13.26 
T95 1.13 4.52 8.23 10.25 
T96 0.92 4.56 8.72 13.23 
T97 0.90 4.57 9.51 14.72 
T98 1.00 4.57 8.93 12.44 
T99 0.90 4.57 7.56 11.70 

T100 1.02 4.56 8.35 11.42 
T101 0.92 4.56 8.01 12.16 
T102 1.00 4.56 8.64 12.06 
T103 1.08 4.57 9.63 12.43 
T104 0.90 4.57 7.89 12.21 
T105 1.09 4.57 9.01 11.51 

Average       12.72 
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Appendix F 

Experimental Results of the Triaxial Compression Tests 

F.1 Results of the Triaxial Compression Tests (Strain Rate 4.76E-5 strain/s) 

Sample No. 
Length 

(cm) 
Diameter 

(cm) 
Compressive 

Strength (MPa) 
Confinement 

(MPa) 

Tr1-2100s-1MPa 9.51 4.58 252.77 1.00 

Tr2-2100s-1MPa 9.60 4.57 262.34 1.00 

Tr3-2100s-1MPa 9.60 4.57 225.06 1.00 

Tr4-2100s-1MPa 9.60 4.57 224.28 1.00 

Tr5-2100s-1MPa 9.61 4.57 239.03 1.00 

Tr6-2100s-1MPa 10.03 4.53 263.10 1.00 

Tr7-2100s-1MPa 10.06 4.54 209.90 1.00 

Tr8-2100s-1MPa 9.97 4.55 271.00 1.00 

Tr9-2100s-1MPa 9.55 4.54 253.10 1.00 

Tr10-2100s-1MPa 10.11 4.55 283.70 1.00 

          

Tr1-2100s-2MPa 9.61 4.57 263.34 2.00 

Tr2-2100s-2MPa 9.61 4.58 282.05 2.00 

Tr3-2100s-2MPa 9.62 4.57 259.91 2.00 

Tr4-2100s-2MPa 9.62 4.58 236.79 2.00 

Tr5-2100s-2MPa 9.63 4.58 256.29 2.00 

Tr6-2100s-2MPa 10.05 4.53 274.10 2.00 

Tr7-2100s-2MPa 10.24 4.54 254.80 2.00 

Tr8-2100s-2MPa 10.07 4.55 315.70 2.00 

Tr9-2100s-2MPa 9.98 4.55 294.30 2.00 

Tr10-2100s-2MPa 10.09 4.55 318.50 2.00 

          

Tr1-2100s-5MPa 9.64 4.58 243.64 5.00 

Tr2-2100s-5MPa 9.64 4.59 300.56 5.00 

Tr3-2100s-5MPa 9.65 4.58 304.05 5.00 

Tr4-2100s-5MPa 9.65 4.48 336.71 5.00 

Tr5-2100s-5MPa 9.65 4.58 279.41 5.00 

Tr6-2100s-5MPa 10.10 4.55 319.20 5.00 

Tr7-2100s-5MPa 10.11 4.57 316.70 5.00 
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Tr8-2100s-5MPa 10.20 4.56 320.60 5.00 

Tr9-2100s-5MPa 10.04 4.56 358.70 5.00 

Tr10-2100s-5MPa 10.10 4.55 345.60 5.00 

          

Tr1-2100s-10MPa 9.65 4.59 377.67 10.00 

Tr2-2100s-10MPa 9.66 4.57 389.12 10.00 

Tr3-2100s-10MPa 9.67 4.57 400.47 10.00 

Tr4-2100s-10MPa 9.67 4.58 405.31 10.00 

Tr5-2100s-10MPa 9.68 4.58 432.53 10.00 

Tr6-2100s-10MPa 10.14 4.58 416.10 10.00 

Tr7-2100s-10MPa 9.94 4.56 394.10 10.00 

Tr8-2100s-10MPa 10.06 4.55 428.20 10.00 

Tr9-2100s-10MPa 10.11 4.55 449.70 10.00 

Tr10-2100s-10MPa 9.83 4.56 365.70 10.00 

          

Tr1-2100s-15MPa 9.68 4.59 422.91 15.00 

Tr2-2100s-15MPa 9.68 4.58 447.54 15.00 

Tr3-2100s-15MPa 9.69 4.59 436.68 15.00 

Tr4-2100s-15MPa 9.71 4.59 454.50 15.00 

Tr5-2100s-15MPa 9.71 4.58 448.40 15.00 

Tr6-2100s-15MPa 10.09 4.55 496.30 15.00 

Tr7-2100s-15MPa 10.15 4.54 449.40 15.00 

Tr8-2100s-15MPa 10.10 4.56 480.90 15.00 

Tr9-2100s-15MPa 9.89 4.55 488.70 15.00 

Tr10-2100s-15MPa 9.78 4.55 511.40 15.00 

          

Tr1-2100s-25MPa 9.72 4.58 608.27 25.00 

Tr2-2100s-25MPa 9.72 4.57 547.88 25.00 

Tr3-2100s-25MPa 9.72 4.58 521.16 25.00 

Tr4-2100s-25MPa 9.73 4.59 566.20 25.00 

Tr5-2100s-25MPa 9.73 4.59 568.73 25.00 

Tr6-2100s-25MPa 9.61 4.54 575.10 25.00 

Tr7-2100s-25MPa 9.60 4.57 586.40 25.00 

Tr8-2100s-25MPa 9.59 4.56 563.10 25.00 

Tr9-2100s-25MPa 9.58 4.55 597.40 25.00 

Tr10-2100s-25MPa 9.60 4.57 602.70 25.00 

          

Tr1-2100s-35MPa 9.87 4.58 692.20 34.50 

Tr2-2100s-35MPa 9.75 4.58 666.60 34.50 
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Tr3-2100s-35MPa 9.75 4.58 516.00 34.50 

Tr4-2100s-35MPa 9.75 4.59 659.70 34.50 

Tr5-2100s-35MPa 9.76 4.58 676.60 34.50 

Tr6-2100s-35MPa 9.73 4.58 505.10 34.50 

Tr7-2100s-35MPa 9.54 4.54 725.30 34.50 

Tr8-2100s-35MPa 9.52 4.56 523.90 34.50 

Tr9-2100s-35MPa 9.56 4.55 699.60 34.50 

Tr10-2100s-35MPa 9.71 4.56 663.70 34.50 

Tr11-2100s-35MPa 9.74 4.55 701.70 34.50 

          

Tr1-2100s-60MPa 9.88 4.57 839.38 60.00 

Tr2-2100s-60MPa 9.89 4.57 828.93 60.00 

Tr3-2100s-60MPa 9.92 4.57 825.41 60.00 

          

Tr1-2100s-100MPa 9.95 4.57 1046.26 100.00 

Tr2-2100s-100MPa 9.94 4.57 1048.82 100.00 

Tr3-2100s-100MPa 9.90 4.57 1058.85 100.00 

 

F.2 Results of the Triaxial Compression Tests (Strain Rate 1.14E-4 strain/s) 

Sample No. 
Length 

(cm) 
Diameter 

(cm) 
Compressive 

Strength (MPa) 
Confinement 

(MPa) 

Tr106 9.85 4.55 264.00 1.00 
Tr107 9.68 4.55 241.80 1.00 
Tr108 9.75 4.54 264.80 1.00 
Tr109 9.74 4.55 284.10 1.00 
Tr110 9.84 4.55 285.70 1.00 
Tr1-900s-1MPa 9.77 4.58 291.00 1.00 
Tr2-900s-1MPa 9.79 4.59 207.20 1.00 
Tr3-900s-1MPa 9.79 4.58 266.40 1.00 
Tr4-900s-1MPa 9.79 4.58 278.50 1.00 
Tr5-900s-1MPa 9.80 4.58 252.90 1.00 
          
Tr111 9.54 4.55 359.70 5.00 
Tr112 9.52 4.55 337.60 5.00 
Tr113 9.59 4.55 357.90 5.00 
Tr114 9.60 4.55 303.40 5.00 
Tr115 9.71 4.55 351.00 5.00 
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Tr1-900s-5MPa 9.80 4.57 328.70 5.00 
Tr2-900s-5MPa 9.80 4.57 323.00 5.00 
Tr3-900s-5MPa 9.81 4.58 283.30 5.00 
Tr4-900s-5MPa 9.81 4.57 289.70 5.00 
Tr5-900s-5MPa 9.81 4.58 356.80 5.00 
          
Tr116 9.64 4.57 451.50 10.00 
Tr117 9.70 4.57 404.60 10.00 
Tr118 9.72 4.56 367.10 10.00 
Tr119 9.76 4.57 406.20 10.00 
Tr120 9.74 4.57 440.00 10.00 
Tr1-900s-10MPa 9.82 4.57 391.70 10.00 
Tr2-900s-10MPa 9.82 4.58 413.20 10.00 
Tr3-900s-10MPa 9.82 4.58 418.50 10.00 
Tr4-900s-10MPa 9.82 4.58 401.20 10.00 
Tr5-900s-10MPa 9.83 4.58 439.00 10.00 
          
Tr121 9.74 4.57 600.80 25.00 
Tr122 9.70 4.57 574.10 25.00 
Tr123 9.68 4.58 565.30 25.00 
Tr124 9.69 4.57 610.00 25.00 
Tr125 9.87 4.55 615.40 25.00 
Tr1-900s-25MPa 9.83 4.58 589.80 25.00 
Tr2-900s-25MPa 9.84 4.57 592.90 25.00 
Tr3-900s-25MPa 9.84 4.58 568.50 25.00 
Tr4-900s-25MPa 9.84 4.58 598.90 25.00 
Tr5-900s-25MPa 9.84 4.57 602.10 25.00 
          
Tr126 9.71 4.57 682.80 34.50 
Tr127 9.64 4.56 639.00 34.50 
Tr128 9.75 4.57 710.80 34.50 
Tr129 9.72 4.58 708.70 34.50 
Tr130 9.74 4.57 691.20 34.50 
Tr1-900s-35MPa 9.85 4.57 677.20 34.50 
Tr2-900s-35MPa 9.85 4.58 669.40 34.50 
Tr3-900s-35MPa 9.85 4.57 683.60 34.50 
Tr4-900s-35MPa 9.86 4.57 547.20 34.50 

Tr5-900s-35MPa 9.86 4.57 684.20 34.50 
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F.3 Results of the Triaxial Compression Tests (Strain Rate 1.67E-3 strain/s) 

Sample No. 
Length 

(cm) 
Diameter 

(cm) 
Compressive 

Strength (MPa) 
Confinement 

(MPa) 

Tr32 10.14 4.52 298.98 1.00 
Tr33 9.80 4.53 277.60 1.00 
Tr34 10.19 4.54 247.90 1.00 
Tr35 10.29 4.53 291.50 1.00 
Tr36 10.05 4.53 326.20 1.00 
Tr58 10.11 4.55 291.90 1.00 
Tr59 10.12 4.55 265.10 1.00 
Tr60 10.14 4.53 299.60 1.00 
          
Tr37 10.07 4.53 324.20 2.00 
Tr38 10.24 4.52 351.50 2.00 
Tr39 10.13 4.53 321.70 2.00 
Tr40 10.10 4.54 306.20 2.00 
Tr41 10.74 4.54 238.90 2.00 
Tr61 10.09 4.53 347.10 2.00 
Tr62 10.12 4.53 324.70 2.00 
Tr63 10.05 4.54 319.50 2.00 
          
Tr42 10.45 4.54 299.70 5.00 
Tr43 10.83 4.54 364.30 5.00 
Tr44 9.65 4.54 338.00 5.00 
Tr45 10.84 4.54 287.60 5.00 
Tr46 10.47 4.55 378.90 5.00 
Tr57 10.27 4.54 399.00 5.00 
Tr64 10.20 4.55 389.10 5.00 
Tr65 10.13 4.53 389.90 5.00 
          
Tr47 10.06 4.54 455.10 10.00 
Tr48 10.25 4.54 449.90 10.00 
Tr49 10.71 4.54 444.10 10.00 
Tr50 10.80 4.54 463.30 10.00 
Tr51 10.12 4.54 458.70 10.00 
          
Tr52 10.37 4.54 505.00 15.00 
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Tr53 10.47 4.54 530.70 15.00 
Tr54 10.21 4.54 513.20 15.00 
Tr55 10.35 4.55 486.00 15.00 

Tr56 10.21 4.54 514.20 15.00 
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Appendix G 

Experimental Results of the Modified Hopkinson Pressure Bar Tests 

G.1 Records Obtained from Sample H4 
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G.2 Records Obtained from Sample H5 
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G.3 Records Obtained from Sample H6 
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G.4 Records Obtained from Sample H9 
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G.5 Records Obtained from Sample H12 
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G.6 Records Obtained from Sample H13 
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G.7 Records Obtained from Sample H15 
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G.8 Records Obtained from Sample H17 
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G.9 Records Obtained from Sample H18 
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G.10 Records Obtained from Sample H19 
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G.11 Records Obtained from Sample H20 
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G.12 Records Obtained from Sample H21 
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G.13 Records Obtained from Sample H26 
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G.14 Records Obtained from Sample H27 
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G.15 Records Obtained from Sample H28 
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G.16 Records Obtained from Sample B2-H1 
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G.17 Records Obtained from Sample B2-H2 
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G.18 Records Obtained from Sample B2-H3 
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G.19 Records Obtained from Sample B2-H4 
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G.20 Records Obtained from Sample B2-H5 
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Appendix H 

Experimental Results of the Physical Properties 

H.1 Experimental Data of Porosity and Water Absorption 

Sample 
No. 

Length 
(mm) 

Diameter 
(mm) 

Dry Wt. 
(gm) 

Wt. After 
24 hrs 
(gm) 

Wt. After 
Boiling 

(gm) 

Water 
Absorption 

(Wt. %) 

Porosity 
(Vol. %) 

Ph 1 99.07 45.70 431.37 432.67 431.95 0.30% 0.36% 

Ph 2 98.82 45.62 429.88 431.15 430.48 0.30% 0.37% 

Ph 3 98.94 45.70 431.38 432.78 431.95 0.32% 0.35% 

Ph 4 99.14 45.62 430.43 431.64 431.01 0.28% 0.36% 

Ph 5 98.89 45.65 430.51 431.80 431.06 0.30% 0.34% 

Average           0.30% 0.36% 

 

 


