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Abstract

Photonic crystal slabs coupled with quantum dipole emitters allow one to control quantum

light-matter interactions and are a promising platform for quantum information science

technologies; however their development has been hindered by inherent fabrication issues.

Inspired by recent nanowire growth techniques and opportunities in fundamental quan-

tum nanophotonics, in this thesis we theoretically investigate light-matter interactions in

nanowire photonic crystal structures with embedded quantum dots, a novel engineered

quantum system, for applications in quantum optics. We develop designs for currently fab-

ricable structures, including finite-size effects and radiative loss, and investigate their funda-

mental properties using photonic band structure calculations, finite-difference time-domain

computations, and a rigorous photonic Green function technique. We study and engineer

realistic nanowire photonic crystal waveguides for single photon applications whose perfor-

mance can exceed that of state-of-the-art slab photonic crystals, and design a directed single

photon source. We then develop a powerful quantum optical formalism using master equa-

tion techniques and the photonic Green function to understand the quantum dynamics of

these exotic structures in open and lossy photonic environments. This is used to explore the

coupling of a pair of quantum dots in a nanowire photonic crystal waveguide, demonstrating

long-lived entangled states and a system with a completely controllable Hamiltonian capa-

ble of simulating a wide variety of quantum systems and entering a unique regime of cavity

quantum electrodynamics characterized by strong exchange-splitting. Lastly, we propose

and study a “metamaterial” polariton waveguide comprised of a nanowire photonic crystal

waveguide with an embedded quantum dot in each unit cell, and explain the properties of

both infinite and finite-sized structures using a Green function approach. We show that an

external quantum dot can be strongly coupled to these novel waveguides, an achievement

which has never been demonstrated in a solid-state platform.
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2{Ô
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Chapter 1

Introduction

In 1959 Richard Feynman delivered his famous lecture “There is Plenty of Room at the

Bottom”, a visionary speech commonly seen as the inspiration for the field of nanotechnol-

ogy: the control and manipulation of matter on the nanometer scale [Feynman, 1960]. His

dream of constructing devices by “manoeuvring things atom by atom” began to be realized

with the invention of the atomic force microscope to resolve atomic scale features [Binnig

and Quate, 1986], famously used to manipulate 35 individual Xenon atoms to spell out

the IBM logo in 1989 [Eigler and Schweizer, 1990] (shown in Fig. 1.1(a)) and construct a

“quantum corral” to trap a single electron briefly after [Crommie et al., 1993]. Nanoscience

has rapidly evolved into a diverse and mature field since these developments, and one that is

being increasingly prioritized by governments and researchers alike. One important branch

of nanoscience is nanophotonics, which studies nanoscale light-matter interactions and uti-

lizes the underlying physics to design novel devices for engineering applications, such as

quantum information and cryptography systems [Fox, 2006; Ladd et al., 2010; Gisin et al.,

2002; Yao et al., 2009a], nanoscale lasers [Duan et al., 2003; Stockman, 2008], and solar

power [Czaban et al., 2009; Garnett and Yang, 2010; Zhou and Biswas, 2008]. An example

application of nanophotonics to engineer useful devices operating on the principals of quan-

tum mechanics is the few-photon optical switch designed by Bose et al. [2012] and shown

in Fig. 1.1(b).

The ability to control light on the single photon scale has the potential to lead to a

technological breakthrough similar to the digital revolution fuelled by the introduction of the



2

semiconductor transistor to control electronic signals. For instance, quantum cryptography

allows for completely secure communication guaranteed by the laws of quantum mechanics.

The quintessential quantum cryptography scheme is the BB84 protocol, where quantum

bits are encoded in the polarization of single photons using a pair of conjugate bases, and

any attempt to eavesdrop the signal introduces an unavoidable error rate into the system

which can be detected [Gisin et al., 2002]. Quantum computing replaces classical bits

with two level quantum systems “qubits”, and has the potential to solve problems, such

as integer factorization and quantum simulation, which are not efficiently solvable using a

classical computer [Kaye et al., 2007]. Engineered quantum systems can be used to study

systems which can be difficult to produce in lab or even entirely new regimes of quantum

optics [Raftery et al., 2014; Greentree et al., 2006]. All of the above technologies require

an architecture to perform linear quantum optics. Quantum cryptography in particular

requires a triggered single photon source, capable of generating single photons on demand,

and a robust method of manipulating and transporting said photons. Linear optics is

one of the most promising platforms for the implementation of quantum computing [Knill

and Laflamme, 2001], and all quantum information systems require methods of mediating

coupling and entanglement between spatially separated qubits, a task most readily done

with photons [Ladd et al., 2010]. Indeed, the development a “quantum network” which

exploits quantum optics to couple and teleport quantum states between quantum systems

is essential for the construction of large scale quantum computation systems [Kimble, 2008].

The ability of researchers to actually develop and fabricate these engineered quantum-

optical systems has rapidly taken off in recent years, and the associated research conse-

quently has as well. Developments such as the realization of the strong coupling regime of

cavity quantum-electrodynamics (QED) in a solid-state environment [Hennessy et al., 2007]

are constantly improved upon and have been used to produce rudimentary quantum infor-

mation science systems [Majumdar et al., 2012; Volz et al., 2012; Schwagmann et al., 2011].

In order to predict and control the behaviour of real systems and design them for techno-

logical applications, one must understand the physics behind their operation. In particular,

complicated theoretical and computational electromagnetic techniques are needed to ac-

curately describe the photonic environment in these non-ideal nano-structures [Patterson

et al., 2009; Van Vlack, 2012]. Furthermore, these quantum systems can never be completely



1.1. BACKGROUND 3

(a) (b)

Figure 1.1: (a) Original scanning tunnelling microscope image of IBM logo produced by
Eigler and Schweizer [1990], where each letter has a height of 50 Å. (b) Schematic of few-
photon switch formed from a photonic crystal platform with an embedded quantum dot,
where the probe pulse is only scattered by the quantum system if it arrives simultaneously
with the pump pulse, which makes a resonant transition available, from Bose et al. [2012].

isolated and will interact unavoidably with their environment, necessitating the formalism of

open system quantum mechanics [Dung et al., 2002; Knöll et al., 2000; Carmichael, 1999]. In

this thesis, we develop and exploit theoretical and computational techniques to design and

investigate experimentally fabricable structures capable of controlling light-matter interac-

tions to produce structures for applications in quantum information science. In particular,

we will study systems comprised of photonic crystal (PC) waveguides comprised of organized

arrays of nanowires (NWs) and containing embedded quantum dots (QDs). The motivation

behind this, as well as a brief background, is presented in the subsequent section.

1.1 Background

Photonic crystals are periodic dielectric structures which control the dispersion relation

of light [Joannopoulos et al., 2011], through physics analogous with the confinement of

electrons to energy bands in crystals due to the periodicity of a material’s lattice [Kittel,

2004]. Since their inception, the utility of these structures for nanophotonics has been

recognized and exploited; indeed Yablonovitch [1987] proposed PCs as a means to control

the spontaneous emission rate of atoms by modifying the local optical density of states

(LDOS), and John [1987] described their ability to localize and guide light. Although fully

three-dimensional PCs are difficult to fabricate at optical wavelengths, planar PC structures
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were first demonstrated in the 1.5µm telecom range by Krauss et al. [1996]. These two-

dimensional PCs which confine light vertically via total internal reflection [Johnson et al.,

1999] have since been heavily studied and developed for a wide variety nanophotonic and

quantum information science applications [Yoshie et al., 2004; Yao et al., 2009a; Ba Hoang

et al., 2012; Bose et al., 2012].

Photonic crystal slabs are created by growing a slab of high refractive index substrate

such as GaAs and then using electron beam lithography to create holes in these slabs, thus

producing a periodic dielectric constant in two dimensions [Krauss et al., 1996; Joannopoulos

et al., 2011]. This periodicity governs the dispersion of light in the PC, restricting it to a

series of bands of allowed frequency and wave-vector within the slab. These PCs can

be designed in such a way that there will be a range of frequencies where no modes are

supported, referred to as the band gap; light in the band gap incident on a PC will be unable

to propagate through the structure and be completely reflected [Joannopoulos et al., 2011].

A single hole, or line of holes, can be removed to create a cavity or waveguide respectively,

as shown in Fig. 1.2(a). Since they are formed from point-like and line defects in a PC

slab, these waveguides and cavities are able to support light at frequencies which are in the

band gap of the surrounding PC structure. In PC waveguides, light at these frequencies

will thus in theory propagate down the waveguide channel without loss [Johnson et al.,

2000]. Of equal importance is that zone folding causes the group velocity to go to zero

at the edge of the waveguide band [Baba, 2008], allowing one to slow light and produce

dramatic LDOS enhancements. This combination of abilities has made PC waveguides the

subject of much research for single photon source applications [Manga Rao and Hughes,

2007a; Lecamp et al., 2007]. Similarly, PC cavities are able to localize light around the

introduced defect, producing very small effective mode volumes (Veff , a parameter inversely

proportional to the field amplitude). A particularly important parameter for cavity QED

is the Q/Veff ratio, which is proportional to the strength of light-matter interactions, where

the quality factor Q = ω/Γ, the ratio of the cavities decay rate to resonant frequency. Slab

PC cavities are able to achieve remarkably high Q/Veff ratios [Lai et al., 2014], allowing

for them to be used to explore the strong coupling regime of cavity-QED [Hennessy et al.,

2007; Majumdar et al., 2012]. Due to the scale invariance of Maxwell’s equations, planar

PCs can be created to an arbitrary size, although fabrication difficulties and the breakdown
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(a) (b) (c)

Figure 1.2: (a): Scanning electron microscope image of a PC slab waveguide. A row of
holes has been omitted, allowing guided modes to propagate down this channel which are
trapped by the PC in plane and total internal reflection in the vertical direction. The
device was fabricated using GaAs and electron beam lithography by Sugimoto et al. [2004].
(b) Schematic of a single photon source which produces photons and guides them down a
waveguide channel, comprised of a QD embedded in a PC slab waveguide, from Yao et al.
[2009a]. (c) SK grown QD, with scale bar of length 5 nm, from Ladd et al. [2010].

of material properties tend to impose a ∼50 nm lattice constant limit [Joannopoulos et al.,

2011]. Lattice constants on the order of 500 nm are typically considered, as this enables

guiding and localization of light at conventional telecom wavelengths of 1.5µm [Yao et al.,

2009a].

Although these PC structures are very useful in their own right, many nano-optical

devices such the “photon gun” of Fig. 1.2(b) are formed by coupling them with quantum

emitters. Quantum dots in particular are often grown inside the PC structures to act

as sources or “artificial atoms”. Quantum dots are semiconductor nano-structures, whose

dimensions are typically on the ∼2-100 nm range [Tartakovskii, 2012]. This is on the order of

a conduction band electron de Broglie wavelength, and thus the infinite periodicity employed

in solid state physics no longer holds, and QDs demonstrate strong quantization effects. In

particular, Coulombically-coupled electron hole pairs excited out of the conduction and

valence band, referred to as excitons, are spatially confined in all three dimensions and

experience a discrete energy spectrum as a result [Jacak et al., 2012].

Quantum dots are typically formed in semiconductor structures using Stranski-Karastanov

(SK) growth [Fox, 2006]. A thin layer of a semiconductor with a different crystal structure

than the chosen bulk crystal (such as InAs in GaAs) is grown in the centre of the slab. Lat-

tice mismatch causes this “wetting layer” to be strained as it tries to match the structure
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of the bulk crystal below it. This strain results in the molecules of the wetting layer coa-

lescing into clusters where the thickness exceeds several atomic layers [Tartakovskii, 2012].

These clusters become QDs when the remaining GaAs is grown on top of them. These

self-assembled QDs typically have dimensions on the order of 10 nms, resulting in excellent

confinement properties. However, this size is still large enough for a substantial dipole mo-

ment, typically on the order of 30D (0.626 e nm) [Silverman et al., 2003]. The SK growth

method produces dots whose lateral dimensions greatly exceed their height, causing vertical

energy levels to be greatly spaced apart and higher level states are effectively “frozen out”.

The exact energy levels are largely dependant on specific dot parameters, with the degree of

confinement having the greatest influence on the exciton energy-level spacing [Jacak et al.,

2012]. This discrete energy spectrum allows excitons in QDs to behave as “artificial atoms”,

with a ground state excitation energy typically near the visible-infra-red range, ∼1-2 eV for

SK dots [Chen et al., 2002]. Quantum dots are often used as solid state two-level atoms

(TLAs), where only the creation and annihilation of a ground state exciton is considered.

Their large dipole moments, combined with the ability to be embedded in a permanent

position in a structure and telecommunication-friendly emission wavelength, allows for QDs

to couple strongly and in a controllable fashion to electromagnetic fields and makes them

ideal solid-state qubits [Tartakovskii, 2012].

The PC platform enables relatively straightforward design of devices housing QDs and

operating on the principles of cavity-QED [Badolato et al., 2005; Yao et al., 2009a]. A key

cavity-QED result exploited by these devices is the Purcell effect, the enhancement of the

spontaneous emission rate of a TLA such as a QD due to an increase in the resonant LDOS.

Planar PC-QD systems have used this effect to design ultra-fast high efficiency single photon

sources [Manga Rao and Hughes, 2007a; Lund-Hansen et al., 2008], a highly desired tool for

quantum cryptography and computing. These structures also provide an exciting environ-

ment for the study and experimental testing of open-system cavity-QED [Hennessy et al.,

2007; Majumdar et al., 2012] and design of novel quantum systems for quantum computing

and simulation [Yao and Hughes, 2009; Na et al., 2008]. Devices for QD readout [Coles

et al., 2013], single photon switches [Bose et al., 2012; Volz et al., 2012], and many other

applications have also been proposed and developed to various degrees. Systems based on

PC waveguides are particularly useful, being able to exploit the same LDOS enhancements
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as PC cavities with the added advantages of a broader field enhancement bandwidth and

directed photon emission, thus improving the ease of QD coupling and photon collection,

respectively [Manga Rao and Hughes, 2007b; Lecamp et al., 2007]. Consequently, there has

been active theoretical [Hughes, 2004; Manga Rao and Hughes, 2007a] and experimental

[Lund-Hansen et al., 2008; Dewhurst et al., 2010; Schwagmann et al., 2011; Ba Hoang et al.,

2012] efforts towards the design of PC-waveguide-QD systems. In agreement with theoreti-

cal predictions [Manga Rao and Hughes, 2007b; Lecamp et al., 2007], β factors (the fraction

of QD light emitted into a target mode) exceeding 90% have been experimentally demon-

strated [Lund-Hansen et al., 2008]; however, Purcell factors above 3 (defined with respect to

an equivalent bulk structure) have, to the best of our knowledge, yet to be demonstrated in

ordered PC waveguide systems [Dewhurst et al., 2010]. These modest Purcell factors stem

from a number of fundamental flaws with the traditional slab PC platform and the hugely

successful fabrication techniques used to produce these structures, as shall be discussed in

the next section.

1.2 Motivation

A number of factors have hindered the commercial development of PC technology. As

a quasi two-dimensional structure, planar PCs must rely on index guiding in the verti-

cal direction. Because waveguide modes lie below the light line and in the band gap of

the surrounding structure, they are theoretically able to propagate without loss down the

waveguide channel. However, the use of electron beam lithography to create the holes in PC

slabs produces unavoidable nm-scale sidewall roughness, leading to significant backscatter

and vertical losses [Hughes et al., 2005; Patterson et al., 2009; Lund-Hansen et al., 2008].

This is particularly problematic in the slow light regime, where the desirable field enhance-

ment also unfortunately leads to increased scattering off defects and results in structures

too lossy to be of use [Mann et al., 2013]. Disorder effects also significantly change the

band structure and LDOS of PC waveguides [Mann et al., 2015; Fussell et al., 2008] and

limit the effectiveness of PC cavities; although very large Q cavities have been produced

[Lai et al., 2014], out-of-plane losses are still found to play a pronounced role [Joannopoulos

et al., 2011].
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Perhaps more limiting to the development of PCs as a feasible platform for quantum in-

formation science is the SK growth method by which QDs are typically introduced. Firstly,

the wetting layer which self-assembles into QDs remains several atomic layers thick through-

out the structure, even after QD formation. This allows for electrons or holes to escape,

drastically reducing QD confinement properties at room temperature [Fox, 2010]. More

fundamentally, these QDs are, by the nature of the process, self-assembled. As such, signif-

icant spatial variation and size distribution occurs, limiting control over their position and

emission frequency and resulting in weaker coupling to PC structures [Yao et al., 2009a; Ba

Hoang et al., 2012]. This is significantly restrictive when designing a PC-QD system, where

QDs must have a specific orientation, size and position in the lattice for the structure for

the system to exhibit the desired property of interest. Many waveguides or cavities with

large numbers of randomly self-assembled QDs are typically grown and most are discarded

before one is found with a QD which is spatially and spectrally coupled to the PC structure

and the device is then designed around this QD. This is expensive, imprecise, and does not

permit the design of systems coupling multiple spatially separated QDs in a controlled way,

a key requirement for many quantum information applications [Biolatti et al., 2000; Ladd

et al., 2010]. Indeed coupling has so far only been demonstrated between a pair of QDs in

a shared PC cavity [Laucht et al., 2010].

The aforementioned slab design is, of course, not the only structure which can exploit

PC physics; arrays of dielectric rods offer an alternative solid state system [Johnson et al.,

1999]. Indeed, semiconductor NWs are a rapidly growing field being investigated for a

wide variety of photonics applications, such as single photon sources and detectors using

embedded TLAs [Harmand et al., 2009; Babinec et al., 2010; Claudon et al., 2010], optical

cavities [Birowosuto et al., 2014], nanoscale lasers [Duan et al., 2003; Stockman, 2008], and

solar power collectors [Czaban et al., 2009; Garnett and Yang, 2010]. Most NW work to

date has focused on the electromagnetic properties of single NWs or disorganized “forests”.

However, recently developed techniques such as Au-assisted molecular beam epitaxy (MBE)

have demonstrated the ability to fabricate large quantities of organized and identical NWs

[Boulanger and LaPierre, 2011; Harmand et al., 2009; Dubrovskii et al., 2009; Makhonin

et al., 2013], an example of which can be seen in Fig. 1.3(c). This process originates with the

deposition of nm scale gold droplets on a substrate in locations where pillars are to be grown.
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Particle locations are pre-defined through electron beam lithography, allowing for a large

degree of NW location precision. The structure is then exposed to a supersaturated vapour

of the chosen pillar material at high temperatures. The interface between the droplet and

the substrate has a significantly lower energy barrier than the rest of the structure, causing

the source material to nucleate at this point, and yielding coherent vertical pillar growth

[Harmand et al., 2009].

Alternatively, a mask can be placed over the substrate, again with lithographically

defined holes. Nanowires are then grown out of these holes through MBE, eliminating

the need for seed particles [Dubrovskii et al., 2009]. This process is shown in Fig. 1.3(a).

In both techniques, NW locations are defined via electron beam lithography, allowing the

same periodicity precision as seen in the traditional PC slab, but avoiding the associated

structural damage. Once the growth process has begun, layers of different material can be

created in the pillars by switching the source material, yielding a heterostructured NW.

Reducing the temperature causes the NWs to grow radially outwards [Harmand et al.,

2009]. A QD can thus be created by growing an initially narrow NW, quickly switching

to a different source such as InAs, and then returning to the original source at a lower

temperature to promote radial growth [Harmand et al., 2009]. This will result in a NW of

controllable radius and height with a QD whose dimensions are also well-defined in its centre.

Since one can control the aspect ratio of the embedded QD, the direction of their dipole

moment can also be engineered to be either in plane or along the NW direction. Similarly,

one can alternate the source vapour at constant intervals to create a periodically tiled NW

[Boulanger and LaPierre, 2011]. Through control of the growing conditions, NWs can be

uniformly produced to an arbitrary specification, as seen in Figs. 1.3(b) and (c). Due to the

epitaxial process employed, single crystals are coherently grown which will have atomically

flat surfaces, suppressing scattering from surface roughness [Dubrovskii et al., 2009]. Even

when the source material is switched, the small radius and large relative free surface area of

these NWs allows elastic relaxation of strain from lattice mismatch [Harmand et al., 2009].

Because QDs are produced deterministically by controlling the growth conditions, they can

be embedded with precise control of their size, position, and orientation [Harmand et al.,

2009; Tribu et al., 2008; Makhonin et al., 2013]. We also note that techniques exist for

adding QDs to the top of individual NWs post-process [Pattantyus-Abraham et al., 2009],
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(a) (b) (c)

Figure 1.3: (a) Schematic of main stages of mask-based epitaxial nanowire growth. GaAs
nanowires grown in an organized structure are shown in (b) using a mask and in (c) due
to Au particle seeding. (a) and (b) from Dubrovskii et al. [2009], (c) from Harmand et al.
[2009]

and that deterministic emitter placement has also been shown for nitrogen vacancy centres

in diamond NWs [Babinec et al., 2010], again enabling the design of PC systems coupling

separated QDs.

The basic ability of NW arrays to form lossless PC waveguides is understood [Johnson

et al., 2000], previous rudimentary fabricated structures have experimentally demonstrated

their ability to guide light [Assefa et al., 2004; Tokushima et al., 2004], and NW PC waveg-

uides have been shown to have reduced sensitivity to disorder [Gerace and Andreani, 2005].

However, to our knowledge there has not been a proposal to embed QDs in these PC struc-

tures. Nanowire PC waveguides with deterministically embedded QDs have the potential

to overcome the fabrication issues inherent to the traditional slab PC platform and design

devices coupling multiple QDs. In this thesis, we carry out a systematic investigation of

currently fabricable NW PC waveguide systems with embedded QDs, focusing on devel-

oping rigorous and comprehensive models to describe the physics of these structures and

design useful devices for quantum information science applications. In particular, we ex-

ploit advanced theoretical [Sakoda, 2005; Van Vlack, 2012] and computational [Johnson

and Joannopoulos, 2001; Lumerical Solutions, Inc.] techniques to understand the electro-

magnetic properties of these realistic NW PC structures, and use the formalism of open

system quantum optics [Carmichael, 1999; Breuer and Petruccione, 2007] to predict the

resultant quantum dynamics. We use these results to engineer useful structures, in par-

ticular a high-efficiency single photon source, a platform for mediating the interaction of
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spatially separated QDs for quantum simulation, and a “polariton waveguide” capable of

strongly coupling with an external QD. We demonstrate the unique properties of these NW

PC structures and their potential advantages over traditional PC slabs.

1.3 Layout of Thesis

In the preceding sections of this chapter, we have attempted to set the ground for the

remainder of this thesis by introducing key aspects of solid state quantum optics and mo-

tivating further study of both NW PC structures and more generally the behavior of sys-

tems of quantum emitters in complicated electromagnetic environments such as open PC

waveguides. The work done towards this thesis is perhaps best viewed as two interacting

projects, as reflected by the pair of publications this work produced: engineering, design-

ing, and studying NW PC waveguides using classical electromagnetic techniques [Angelatos

and Hughes, 2014], and then tailoring and describing the interactions and dynamics of QD

systems embedded in these structures [Angelatos and Hughes, 2015]. Although requiring

different theoretical and computational tools, these two fields of study continually feed back

into each other, with for example PC waveguides designed to maximize the coupling be-

tween a pair of QDs or the connection between classical electromagnetic properties such as

the photonic Green function and the resultant quantum dynamics of the system. In this

thesis we have striven to give a thorough treatment of the work done in both these fields,

while also including the major results as published in the aforementioned journal papers in

considerably more detail.

This thesis is organized as follows. The classical electromagnetic theory used in this the-

sis is covered in Chap. 2. The focus of this chapter is the photonic Green function, which

is introduced in Sec. 2.1. After describing the mathematical basis for Green functions and

presenting the photonic Green function as a solution to Maxwell’s equations, we present

analytic approaches to solve for the Green function, in particular the mode expansion tech-

nique and the Dyson equation. We then describe the physics of photonic crystals in further

detail in Sec. 2.2, discussing Bloch theory and PC waveguides, and in particular deriving

an expression for the Green function of a PC waveguide. We conclude this chapter with a

discussion of the computational techniques used to produce the main results of this thesis
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in Sec. 2.3. The plane wave expansion and finite-difference time-domain methods used to

calculate the electromagnetic properties of various PC structures are described along with

a numerically exact technique to calculate a system Green function. Chapter 3 describes

the engineering and properties of PC waveguides comprised of organized arrays of NWs

and is closely related to Angelatos and Hughes [2014]. Both infinite and realistic finite-size

structures are considered, and devices are optimized for a variety of applications. Single

photon source applications in particular are explored, with an emphasis on achieving large

Purcell and β factors near standard telecom wavelengths (1550 nm).

Relevant quantum optical theory is presented in Chap. 4. We begin by describing field

quantization in open and lossy electromagnetic environments and show that the electromag-

netic field operator is directly related to the classical photonic Green function of Chap. 2,

as well as introducing quantum light-matter interactions in idealized systems. Following an

open quantum systems approach, we then derive a rigorous quantum master equation and

emitted spectrum for our system of interest, namely a collection of quantum emitters in an

arbitrary electromagnetic environment interacting with a general pump and nonradiative

decay mechanisms. This chapter closely follows the supplementary material of Angelatos

and Hughes [2015]. The dynamics of a pair of coupled QDs embedded in NW PCs are then

explored in Chap. 5. We consider the properties and behaviour of this quantum system un-

der a variety of conditions and excitation schemes, when coupled to both a finite-sized and

infinite NW waveguide, with the former study a more thorough presentation of the main

results of Angelatos and Hughes [2015]. By calculating properties such as the emitted spec-

trum and the system concurrence, we show that these structures are a promising platform

for a variety of quantum information science applications. In Chap. 6 we explore a novel

feature of these NW PC structures: the ability to embed a QD in every NW of a waveg-

uide. This is shown to produce a “polariton waveguide”, where the waveguide excitation

is partially excitonic and leads to new physics including the potential for a QD-waveguide

system in the strong coupling regime. After deriving and presenting the properties of both

infinite and finite polariton waveguides we then consider the coupling of an additional QD

to these structures and the resultant behaviour. Finally, in Chap. 7 we discuss the potential

relevance of this work as well as possible future directions.
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Chapter 2

Classical Electromagnetic Theory

In this chapter, we present the classical electromagnetic theory and approaches used to

calculate much of the results presented in this thesis in particular those of Chap. 3. Since

we are interested in nanophotonics, the interaction of light and matter on the nanoscale,

we must understand the physics and properties of light in these complicated environments.

Even on the nanoscale, Maxwell’s equations allow us to understand the behaviour of elec-

tromagnetic radiation [Novotny and Hecht, 2006]. One of the most useful tools arising from

Maxwell’s equations is the photonic Green tensor G(r, r′;ω), which describes the ω angular

frequency component of the electric field produced at r in response to a point source at r′

for a specific electromagnetic environment, fully including scattering events. The projected

Green tensor (often referred to in this thesis as the Green function) is directly proportional

to the local optical density of states (LDOS) [Fox, 2006], and thus governs the interaction of

light and matter, appearing in the emission rates and frequency shifts of a quantum emitter

due to its photonic environment. Even in the fully quantum description of light appearing

in Chap. 4, the electric field operator contains the classical photonic Green tensor.

Due to its importance, this chapter focuses on G, beginning in Sec. 2.1 with a presenta-

tion of general Green function theory before adapting it to Maxwell’s equations. We then

present how to solve for the Green tensor via an expansion of system eigenmodes. This is

followed by a discussion of the Dyson equation, which allows for dielectric perturbations to

be analytically included in the system Green tensor and for the response to a point dipole

such as a QD to be found using only the original system eigenmodes. In Sec. 2.2 we discuss
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the physics of photonic crystal structures, with an emphasis on slab PC waveguides, de-

scribing their eigenmodes, resonances, and the resultant system Green tensor. Lastly, the

plane wave expansion and finite-difference time domain (FDTD) computational techniques

used to solve for the system eigenmodes and calculate a numerically exact Green function

are presented in Sec. 2.3.

2.1 The Photonic Green Tensor

2.1.1 Green Function Theory

We open with a general introduction to Green function theory as a tool for solving dif-

ferential equations. The superposition theorem [Novotny and Hecht, 2006] states that the

solution f(r) to a general inhomogeneous differential equation

Lf(r) = s(r), (2.1)

where L is some linear operator, can be written as the sum of the particular inhomogeneous

solution and the homogeneous solution f0(r) (Lf0(r) = 0). The particular inhomogeneous

solution will be unique to the given source term s(r) and boundary conditions present, and

is often difficult to solve for. Assuming f0(r) is known, one can instead attempt to solve the

inhomogeneous equation

LG(r, r′) = 1δ(r− r′), (2.2)

where G is the Green function and 1 is the unit dyad. G is a tensor for the vectorial case

being considered presently and gives the system response at r to a Dirac delta source at r′.

Once G is known, the response to an arbitrary source can be readily found: postmultiplying

Eq. (2.2) with s(r′) and integrating, one finds∫
V
LG(r, r′) · s(r′)dV ′ =

∫
V
1δ(r− r′)s(r′)dV ′ = s(r) = Lf(r). (2.3)

Using the linearity of L to drop it from both sides, one can see that the solution to Eq. (2.1)

is simply

f(r) = f0(r) +

∫
V
G(r, r′) · s(r′)dV ′. (2.4)
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We note that the above derivation depended upon the ability to pull L out of the integral.

The photonic Green function has a divergence at r = r′, and so this is approach is only

strictly valid for fields away from the source volume, ie. r /∈ V ′ where V ′ is the volume

over which the source term is nonzero [Novotny and Hecht, 2006; Van Vlack, 2012]. We will

discuss how to treat this divergence in Sec. 2.3.

2.1.2 Electrodynamics

Maxwell’s equations in the frequency domain for a generalized medium can be written as

∇×E(r;ω) = iωB(r;ω), (2.5a)

∇×H(r;ω) = −iωD(r;ω) + j(r;ω), (2.5b)

∇ ·D(r;ω) = ρ(r;ω), (2.5c)

∇ ·B(r;ω) = 0, (2.5d)

where E and D are the electric field and displacement, and H, B are the magnetic field and

induction, and j and ρ are the current and charge densities, respectively. Fields are taken

to have an e−iωt harmonic time-dependence. The constitutive relations are

D(r;ω) = ε0E(r;ω) + P(r;ω) = ε0ε(r;ω)E(r;ω), (2.6a)

H(r;ω) = µ−1
0 B(r;ω)−M(r;ω) = µ−1

0 µ−1(r;ω)B(r;ω), (2.6b)

where P and M are the polarization and magnetization, and ε and µ (ε0 and µ0) are the

relative material (vacuum) permittivity and permeability. The latter equalities only hold for

linear media, whereas the first relations are always valid [Novotny and Hecht, 2006], and we

have ignored spectral dispersion. We have also assumed isotropy, although anisotropy can

be accounted for by simply substituting the scalar material parameters with their tensorial

counterparts: ε, µ→ ε,µ . Taking the curl of Eq. (2.5a) and using Eq. (2.5b) as well as the

general constitutive relations, one arrives at the inhomogeneous Helmholtz equation:[
∇×∇×−ω

2

c2

]
E(r;ω) = iωµ0

(
j(r;ω)− iωP(r;ω) +∇×M(r;ω)

)
. (2.7)

In the above, c is the speed of light in vacuum and j is typically separated into source and

conduction currents js and jc = σE, where σ is the material conductivity. The remaining
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terms on the right-hand side of the equation are referred to as the polarization jp = −iωP

and magnetization currents jm = ∇ ×M. These four terms are grouped together and

described as the total current j = js + jc + jp + jm [Novotny and Hecht, 2006]. In linear

media, where the later equalities of the constitutive relations hold, one finds[
∇× µ−1(r;ω)∇×−ω

2

c2
ε(r;ω)

]
E(r;ω) = iωµ0js(r;ω), (2.8)

where we have written the conduction current as the imaginary part of the permittivity,

ε = ε + i σ
ωεo

. We will be concerned with non-magnetic materials, and so we take µ = 1.

In addition, we will often desire to treat a polarization as opposed to a current source. A

noise polarization source is the polarization associated with material absorption, included

via the constitutive relation for the medium electric field displacement D → ε0εE + Ps.

This is equivalent to perturbing the background permittivity [Van Vlack, 2012] ε→ ε+ ∆ε,

with Ps(r, ω) = ε0∆ε(r)E(r, ω). This results in an additional polarization current via

j′p = −iωPs which we use as the “source” current in Eq. (2.8), yielding the form of the

inhomogeneous Helmholtz equation that we will use throughout this work:[
∇×∇×−ω

2

c2
ε(r;ω)

]
E(r;ω) =

ω2

c2

Ps(r;ω)

ε0
. (2.9)

The inhomogeneous Helmoltz equation above is readily solved through the Green func-

tion approach, as likely anticipated from the focus of this section. Specifically, we define

the photonic Green tensor as the solution to[
∇×∇×−ω

2

c2
ε(r;ω)

]
G(r, r′, ω) =

ω2

c2
1δ(r− r′). (2.10)

We note that our G includes an additional factor of ω2

c2
relative to other common sources

[Novotny and Hecht, 2006; Knöll et al., 2000] and even Eq. (2.2) in order to simplify a

number of subsequent relations. This choice yields a G with units of inverse volume and is

consistent with the Green function from a dipole source in the full Maxwell curl equations,

which is more suited for numerical calculations or an arbitrary structure, as described in

Sec. 2.3.

Once G is determined (several methods for doing so will be described presently), by
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postmultiplying Eq. (2.10) by Ps(r;ω)
ε0

and integrating, we find

E(r;ω) =

∫
V
dr′G(r, r′;ω) · Ps(r

′;ω)

ε0
, (2.11)

where the integral is over the source volume. We can always add the homogeneous solution

E0(r;ω), which satisfies ∇×∇×E0 = ω2

c2
ε(r)E0, to the particular solution of Eq. (2.11) so

that the general solution is

E(r;ω) = E0(r;ω) +

∫
V
dr′G(r, r′;ω) · Ps(r

′;ω)

ε0
. (2.12)

We note that the above equation is in the same form as Eq. 2.4, further justifying the

inclusion of the factor of ω2

c2
in G.

The photonic Green tensor has the following useful properties, all of which are proven

in Knöll et al. [2000],

Gj,i(r
′, r;ω) = Gi,j(r, r

′;ω), (2.13)

G∗(r, r′;ω) = G(r, r′;−ω), (2.14)∫
dr′′εI(r

′′, ω)G(r, r′′;ω) ·G∗(r′′, r′;ω) = Im{G(r, r′;ω)}, (2.15)

where subscripts correspond to directional indices and εI = Im{ε}. Equation (2.14) is a

direct consequence of ε(r;ω) which satisfies for complex ω: ε∗(r;ω) = ε(r;−ω), whereas

Eqs. (2.13) and (2.15) arise from the Hermiticity of Eq. (2.9). Before we attempt to deter-

mine the photonic Green tensor of an arbitrary system, it is useful to first consider Gh, the

photonic Green tensor in a homogeneous medium with a constant ε(r;ω) = εB. Following

the derivation of Appendix A.1,

Gh(r, r′;ω) =
ω2

c2

[
1 +
∇∇·
k2

]
eik|r−r

′|

4π|r− r′|
, (2.16)

where k =
√
εB

ω
c and it is evident that Gh does indeed diverge at r = r′ as alluded to

earlier. Applying the Laplacian, Gh can be written explicitly as

Gh(r, r′;ω) =
ω2

c2

eik|r−r
′|

4π|r− r′|

[(
1 +

ik|r− r′| − 1

k2|r− r′|2

)
1

+

(
3− 3ik|r− r′| − k2|r− r′|2

k2|r− r′|2

)
(r− r′)(r− r′)

|r− r′|2

]
. (2.17)
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In the above and throughout this work, outer products are implied unless noted otherwise.

Taking the limit of r→ r′, we find [Van Vlack, 2012]

Gh(r, r′;ω)|r→r′ =
ω2

4πc2

[
2

k2|r− r′|2
+

1

|r− r′|
+

2ik

3
+ ...

]
1,

Gh(r, r′;ω)|r→r′ =

[
∞+ i

√
εBω

3

6πc3

]
1. (2.18)

Although the real part of Gh(r, r;ω) diverges, the imaginary part is well defined and is

proportional to the free space optical density of states ρ = ω2

πc3
. In fact, the projected

photonic Green function is directly proportional to the local density of states (LDOS); for

a dipole oriented along unit vector en one has [Novotny and Hecht, 2006]

ρn(r;ω) =
6

πω
Im{en ·G(r, r;ω) · en}. (2.19)

2.1.3 Green Functions via Mode Expansion

We now consider a general nonmagnetic medium with a nondispersive permittivity such

that ε(r;ω) → ε(r). This allows us to move out of the frequency domain and write the

modes of the system (fλ(r), again with harmonic e−iωλt dependence) as the homogeneous

solutions to the Helmholtz equation

∇×∇× fλ(r) =
ω2
λ

c2
ε(r)fλ(r), (2.20)

where λ indexes unique solutions. The above eigenproblem is Hermitian [Sakoda, 2005;

Joannopoulos et al., 2011], such that
∫
V dr f · ∇×∇× g =

∫
V dr g · ∇×∇× f . This can be

shown by considering two modes f and g,∫
V
f · ∇ × g dr =

∫
V

[(∇× f) · g −∇ · (f × g)] dr =

∫
V
g · ∇ × f dr−

∫
∂V

f × g dr

=

∫
V
g · ∇ × f dr, (2.21)

where V is over all space, in the first line we used a vector identity and in the final line

we dropped the surface integral, noting that our fields will either decay to zero or be equal

along the boundary as V →∞ for any physical electromagnetic field [Joannopoulos et al.,

2011]. By iterating Eq. (2.21) twice, it is obvious that Eq. (2.20) is indeed Hermitian. This
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implies that ∫
V
fλ(r) · ∇ ×∇× f∗λ′(r)dr =

∫
V
f∗λ′(r) · ∇ ×∇× fλ(r)dr,∫

V
fλ(r) ·

[
ω2
λ′

c2
ε(r)f∗λ′(r)

]
dr =

∫
V
f∗λ′(r) ·

[
ω2
λ

c2
ε(r)fλ(r)

]
dr,

(
ω2
λ − ω2

λ′
) ∫

V
ε(r)fλ(r) · f∗λ′(r)dr = 0. (2.22)

To satisfy Eq. (2.22), fλ must be orthogonal. We also impose a normalization condition on

the eigenmodes, resulting in the orthonormality relation∫
V
ε(r)fλ(r) · f∗λ′(r)dr = δλ,λ′ . (2.23)

The hermitivity of Eq. (2.20) also implies that the infinite set of eigenvectors {fλ} form a

complete basis over V [Riley et al., 2006]. Expanding an arbitrary field g in terms of fλ

using our above orthonormality relation

g(r) =
∑
λ

fλ(r)

∫
V
ε(r′)f∗λ(r′) · g(r′) dr′ =

∫
V

(
ε(r′)

∑
λ

fλ(r)f∗λ(r′)

)
· g(r′) dr′

=

∫
V
g(r′) · 1δ(r− r′) dr′.

Since the integral is only nonzero at r = r′, we can take ε(r′) → ε(r) and arrive at the

completeness relation:

ε(r)
∑
λ

fλ(r)f∗λ(r′) = 1δ(r− r′). (2.24)

We now use this completeness of {fλ} to write the photonic G of Eq. (2.10) as a mode

expansion. Setting G =
∑

λAλfλf
∗
λ , we use Eqs. (2.20) and (2.24) in Eq. (2.10) to solve for

the expansion coefficients Aλ[
∇×∇×−ω

2

c2
ε(r)

]∑
λ

Aλfλ(r)f∗λ(r′) =
ω2

c2
ε(r)

∑
λ

fλ(r)f∗λ(r′),

∑
λ

Aλ

(
ω2
λ

c2
− ω2

c2

)
ε(r)fλ(r)f∗λ(r′) =

∑
λ

ω2

c2
ε(r)fλ(r)f∗λ(r′),

⇒ Aλ =
ω2

ω2
λ − ω2

,
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and thus

G(r, r′;ω) =
∑
λ

ω2fλ(r)f∗λ(r′)

ω2
λ − ω2

. (2.25)

We note that the sum over λ includes all solutions, including “unphysical” longitudinal

modes [Sakoda, 2005], which satisfy Eq. (2.20) with ωλ = 0 and thus have ∇2fλ = ∇(∇· fλ).

Using Eq. (2.24) in Eq. (2.25), G can also be written

G(r, r′;ω) =
∑
λ

ω2
λfλ(r)f∗λ(r′)

ω2
λ − ω2

− 1δ(r− r′)

ε(r)
, (2.26)

such that the sum now only explicitly includes contributions from transverse solutions. We

also note that the expected divergence at r = r′ is now evident. Astute observers will

recognize that in Eq. (2.18), we had Re{Gh(r, r′)|r→r′} = ∞, but in Eq. (2.26) above

Re{G(r, r)} → −∞. There are actually two separate sources of this divergence; a positive

contribution to Gh as r → r′ from evanescent modes, and the Dirac-δ from the sum over

longitudinal modes [Sakoda, 2005]. In what follows, we take G to refer to a transverse

Green function. There are two effective transverse G: GT , obtained by summing over only

transverse modes in Eq. (2.26), and the first term in Eq. (2.25), often referred to as K

[Wubs et al., 2004]. These two G differ only by the factor of ω2 or ω2
λ in the numerator,

and can always be formed from each other K(r, r′) = GT (r, r′) + δT (r − r′)/ε(r), where

δT is the transverse Dirac delta obtained by summing only transverse modes in Eq. (2.24)

[Wubs et al., 2004]. When we derive analytic expressions for the system Green function,

we calculate the transverse Green function GT , and although our numerical technique

calculates the full G by definition, we remove the divergence in the real part. This is done

because this divergent component is also present in Gh, and thus its affect will already be

included in the free space dipole moment and emission frequency of an emitter [Sakoda,

2005]. It should further be noted that when one attempts to formulate these problems in a

quantum mechanical formalism, either GT or K appears explicitly [Yao et al., 2009a].

2.1.4 The Dyson Equation

We now assume that the homogeneous solutions fλ are known, and can thus be used to

form G via mode expansion. To determine the system response to a polarization source, we

simply insert G in Eq. (2.11). This assumes we have an explicit expression for the source
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term Ps. As discussed in Sec. 2.1.2, a polarization source can be written as a perturbation

to the background material permittivity. Taking ε→ ε+ ∆ε in Eq. (2.20),[
∇×∇×−ω

2

c2
ε(r)

]
f(r;ω) =

ω2

c2
∆ε(r;ω)f(r;ω) (2.27)

and the source term thus becomes Ps/ε0 = ∆εf . Using Eq. (2.11), the solution for f is

f(r;ω) = f0(r;ω) +

∫
V
G(r, r′;ω) ·∆ε(r′;ω)f(r′;ω) dr′, (2.28)

where f0(r;ω) = fλ(r) with λ such that ωλ = ω. The self-referential nature of the above

equation obviously poses difficulties. To derive a self-consistent solution, we first define G0

as the system Green function above, with Ô =
[
∇×∇×−ω2

c2
ε(r)

]
, such that ÔG0 = ω2

c2
1δ.

We then include our source term explicitly in the medium permittivity and let G be the

Green function for the full system, i.e. the solution to[
Ô − ω2

c2
∆ε(r;ω)

]
G(r, r′;ω) =

ω2

c2
1δ(r− r′). (2.29)

To derive an expression for G, we recognize that the above equation is simply the inhomo-

geneous Helmholtz equation with a forcing function Ps/ε0 = 1δ(r − r′) + ∆ε(r;ω)G, and

we can use G0 to find the response of this system to any forcing function. Following the

same procedure as above and noting that the homogeneous term is zero (ÔG0 6= 0),

G(r, r′;ω) =

∫
V
dr′′G0(r, r′′;ω) ·

[
1δ(r′′ − r′) + ∆ε(r′′;ω)G(r′′, r′;ω)

]
,

G(r, r′;ω) = G0(r, r′;ω) +

∫
V
dr′′G0(r, r′′;ω) ·∆ε(r′′;ω)G(r′′, r′;ω). (2.30)

The above equation is known as the Dyson equation and is also self-referential; at first

glance it seems that we have gained nothing from this approach. However, we are inter-

ested in sources which are quantum dots (QDs) or similarly localized emitters, and write

∆ε(r;ω) =
∑

nαn(r;ω)/Vn, where αn = αnenen is the polarizability tensor of emitter n

(in units of volume) and is explicity zero for r /∈ Vn, where emitter volume Vn is centred

around rn and en is a unit vector in the direction of the emitter’s dipole moment. For

point emitters, this becomes
∑

n δ(r−rn)αn(ω), and we consider a Lorentzian polarizabilty

α0(ω) = 2ω0|dn|2/(~ε0(ω2
n − ω2 − iΓ′nω)), where ωn is the emitter’s resonance, Γ′n its non-

radiative decay rate, and dn its dipole moment. We define G(1) as the full Green function

for a system containing a single emitter and find a simplified Dyson equation [Van Vlack,
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2012]

G(1)(r, r′;ω) = G0(r, r′;ω) + G0(r, rn;ω) ·α(ω) ·G(1)(rn, r
′;ω). (2.31)

To solve Eq. (2.31) we let r = rn, re-index r′ = r and premultiply with en,

en ·G(1)(rn, r;ω) = en ·G0(rn, r;ω) + en ·G0(rn, rn;ω) · α(ω) enen ·G(1)(rn, r;ω),[
1− α(ω) en ·G0(rn, rn;ω) · en

]
G(1)(r, rn;ω) · en = G0(r, rn;ω) · en,

G(1)(r, rn;ω) · en =
G0(r, rn;ω) · en

1− α(ω) en ·G0(rn, rn;ω) · en
, (2.32)

where we used the identity of Eq. (2.13) in the second line above. We finally insert

Eq. (2.32) in Eq. (2.31) and arrive at a self-consistent expression for G(1):

G(1)(r, r′;ω) = G0(r, r′;ω) +
G0(r, rn;ω) ·α(ω) ·G0(rn, r

′;ω)

1− α(ω) en ·G0(rn, rn;ω) · en
. (2.33)

The total G consists of two terms, the background Green function and a scattering term

due to the emitter at rn. For a system with multiple emitters, one can apply this approach

iteratively [Kristensen et al., 2011], treating each successive G(n) as the background G0 to

solve for G(n+1), yielding the general relation

G(n)(r, r′;ω) = G(n−1)(r, r′;ω) +
G(n−1)(r, rn;ω) ·αn(ω) ·G(n−1)(rn, r

′;ω)

1− αn(ω) en ·G(n−1)(rn, rn;ω) · en
. (2.34)

It should be cautioned that although this approach is successful with a small number of

emitters [Kristensen et al., 2011], the expression for G(N) becomes increasingly complicated

and unwieldy as N grows and numeric approaches are quickly required as seen in Sec. 6.2.

We still have yet to solve our original problem, namely the self-referential Eq. (2.28).

Applying the system operator, including the dielectric perturbation, to the homogeneous

solution and noting that Ôf0 = 0:[
Ô − ω2

c2
∆ε(r;ω)

]
f0(r;ω) = −ω

2

c2
∆ε(r;ω)f0(r;ω). (2.35)

The operator on the left-hand side of Eq. (2.35) is the exact operator to which G generates

particular solutions, and whose homogeneous solution is f . Thus

f0(r;ω) = f(r;ω) +

∫
V
G(r, r′;ω) ·

(
−∆ε(r′;ω)f0(r′;ω)

)
dr′,

f(r;ω) = f0(r;ω) +

∫
V
G(r, r′;ω) ·∆ε(r′;ω)f0(r′;ω) dr′. (2.36)
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Once the total G has been determined, it can be used in Eq. (2.36) to arrive at a self-

consistent solution to the field modes in the system in response to an arbitrary set of

emitters. As the Dyson equation approach allows one to form G from G0, one can derive

the total G and field response knowing only the system modes. In the next section, we

examine photonic crystals, where the periodicity of the system permittivity allows for an

analytic expression for these modes to be developed.

2.2 Photonic Crystals

Photonic crystals (PCs) are periodic dielectric structures which have discrete translational

symmetry defined by a set of primitive lattice vectors {ai} such that ε(r) = ε(r + R),

where R is comprised of integer multiples of ai. In particular, planar photonic crystals are

periodic in-plane: R = max + nay, and photonic crystal waveguides are periodic along

the waveguide direction: R = naex, where a is referred to as the lattice constant and the

repeating unit of the structure is referred to as the unit cell. As a result of this periodicity,

Eq. (2.20) commutes with the discrete translation operator T̂ (R), which translates modes

by R. Modes must therefore be eigenstates of T̂ (R), allowing one to employ Bloch’s theorem

and write [Joannopoulos et al., 2011]

fn(r;ω) =
1√
N

un,kω(r)eikω ·r, (2.37)

where N is the number of unit cells and is included for normalization, and u is a vectorial

function, commonly referred to as the unit-cell function, sharing the same periodicity as

the lattice. The wave vector k =
∑

i kibi, with {bi} the primitive reciprocal lattice vectors

(ai ·bj = 2πδi,j) is considered only in the irreducible Brillouin zone, which contains all Bloch

modes not related through symmetry [Joannopoulos et al., 2011]. In particular modes with

ki differing by an integer multiple of 2π/|ai| are identical, as are modes with ki and −ki
due to the structure’s inversion symmetry. We thus only need to consider wave vectors with

ki = 0→ π/|ai|. At a specific k, the exponential factor can be pulled out of fn in Eq. (2.20)

by explicitly applying the cross products; ∇× ueikω ·r = eikω ·r[ik +∇]× u. This results in

a formulation for ω and u which is restricted to a single unit cell (due to the periodicity of
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u):

(ik +∇)× (ik +∇)× un,k(r) =
ω2

c2
ε(r)un,k(r). (2.38)

Only a discrete set of u and corresponding ω will be able to solve Eq. (2.38) in general.

Using periodic boundary conditions, we find ki is discretized into steps ∆ki = 2π/Li, where

Li is the length of the structure along ai. As we are treating ideally infinite structures

L→∞ and k remains continuous and so ω must change infinitesimally for an infinitesimal

change in k [Joannopoulos et al., 2011]. We thus find that PC modes lie on a discrete

set of bands, indexed by n, where each band has a unique ω − k dispersion relationship.

Since we are concerned with PC slabs, the in-plane wave vector k|| = kxex + kyey is

conserved and appears in the dispersion relationship. The set of eigenfrequencies for each

band as a function of k is referred to as the band structure, and each point on the band

structure corresponds to a unique eigenmode fn(r;ω) [Joannopoulos et al., 2011]. One of

the most useful properties of the dispersion relation is that it allows for the formation of a

photonic band gap, a region of frequency space where no modes of a given symmetry are

supported (ie. no modes with a range of ω exist in the PC for any k). Photonic crystals often

have various reflection symmetries in addition to their fundamental discrete translational

symmetry, such that modes are forced to become either even or odd eigenstates of these

symmetries as well. Modes of opposite symmetry will not couple and as such a band gap

can be formed for only a given symmetry in the structure [Joannopoulos et al., 2011]. In

particular, PC slabs are typically designed to be symmetric with regard to reflections about

their vertical centre (typically denoted as z = 0), such that all bands are either even or odd

in the vertical direction. These are referred to as TE-like and TM-like modes, respectively,

as they share the same properties as TE (transverse electric) and TM (transverse magnetic)

modes in pure two-dimensional crystals. In the z = 0 plane these modes are in fact purely

TE and TM.

It should also be highlighted from Eq. (2.38) that u with differing n are orthogonal, but

with differing k (or equivalently, differing ω on the same band) are not, as they are solutions

to different Hermitian eigenproblems. This is evidenced by the fact that Luc = (ik +∇)×

(ik +∇)× is not Hermitian with respect to k;
∫
Vc
dr un,k′ ·Lucun,k 6=

∫
Vc
drLuc(un,k′)·un,k,

as Luc pulls out the k of the function on which it operates. To ensure that f is also
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normalized, we choose the unit cell orthonormality relation to be∫
Vc

ε(r)un,k(r) · u∗n′,k(r) dr = δn,n′ (2.39)

where Vc is the spatial volume of a PC unit cell. The orthogonality over wavevector (and

thus frequency) of Sec. 2.1.3 still holds for fn(r, ω), as they are solutions to Eq. (2.20);∫
V
ε(r)fn(r;ω) · f∗n′(r;ω′) dr =

1

N

∫
V
ε(r)

(
un,kω(r)eikω ·r

)
·
(
u∗n′,kω′ (r)e−ikω′ ·r

)
dr

=
1

N

∫
V
ε(r)un,kω(r) · u∗n′,kω′ (r)ei(kω−kω′ )·r dr

= δn,n′δω,ω′ . (2.40)

In the second line above we noted that we were integrating two periodic functions over

multiples of their period. This orthonormality relation of Eq. (2.39) leads to the formation

of the band gap: different bands at the same k are forced to be orthonormal over a single

unit cell, requiring that they have different mode profiles, leading to substantially different

eigenfrequencies in general.

Light propagating through free space in the absence of scatterers will have a general

wave vector k = kxex+kyey +kzez and eigenfrequency defined by the relation ω = c|k|. As

slab PCs are typically surrounded by air, the guided modes must lie below the “light line”

defined as ω = c|k||| to remain localized in the crystal (otherwise these modes can couple

to external radiation modes and escape the structure). In air, modes must have |k| ≥ ω
c to

propagate and so bound modes (|k||| < ω
c ) acquire an imaginary component of kz to satisfy

free space dispersion, decay exponentially as one moves away from the slab [Joannopoulos

et al., 2011], and are thus confined to the PC slab. Similarly, light whose frequency lies in

the band gap and is incident on a PC will be completely reflected, as no real wave vector

exists for modes at that frequency. Instead, as found for bound modes in air, the wave will

acquire an imaginary wave vector component and decay exponentially as it propagates into

the crystal.

Each mode has an associated group velocity, defined as vg = ∇kω, the k-gradient of

frequency. Group velocity is the energy transport velocity through a lossless medium, as

derived in Jackson [1998], and is an especially useful quantity when considering waveguides.

It is frequently quantified using the group index, the ratio of the speed of light in a vacuum
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to the group velocity in the propagation direction, ng = c/vg. As a band approaches the

edge of the first Brillouin zone (the band edge), its group velocity must go to zero to match

the dispersion in the next Brillouin zone. This is a consequence of the discrete translational

symmetry of the structure, just as is found in traditional solid state physics [Joannopoulos

et al., 2011]. Thus vg → 0 at the band edge, which theoretically would cause light to stop

in a perfect crystal. However, as noted in the introduction, scattering losses also scale with

the group index [Hughes et al., 2005; Mann et al., 2013] and these structures quickly stop

behaving as ideal PCs as light is scattered from defects out of the structure.

In PC waveguides, the presence of a linear defect introduces a localized waveguide band

into the band gap of the surrounding planar PC [Joannopoulos et al., 2011]. As discussed

in detail in Johnson et al. [2000] and Mahmoodian et al. [2009], as well as for NW PCs in

Sec. 3.1, the addition of a periodic perturbation to ε along the ex conserves kx, as periodicity

in that direction is maintained. This defect “pulls” a waveguide mode into the band gap

due to its varied ε. Since this band lies in the band gap of the surrounding structure, it is

highly localized at the waveguide channel and decays evanescently in the surrounding bulk

crystal. Waveguide modes below the light line will thus propagate without loss through an

ideal structure (in the absence of imperfections) as they have a definite wavevector kx and

do not couple into radiation modes or modes of the surrounding PC. Following the above

results and Eq. (2.37), it is evident that PC waveguide modes can be written as

f(r;ω) =

√
a

L
ukω(r)eikωx, (2.41)

where we have omitted the band index to indicate that we are focusing on a single localized

waveguide band, k is the (scalar) wavevector along the waveguide (ex direction), L is the

length of the waveguide, and the prefactor in front again ensures normalization. ukω(r) is

now the waveguide Bloch mode, which is periodic along the waveguide direction and will

be tightly confined to the waveguide channel for waveguide bands in the surrounding PC

band gap. Multiple bands can be pulled into the band gap, and bands outside of the band

gap can also be written in this form, and so f → fn and ukω → un,kω in general. For

the majority of this thesis however, we will be concerned with structures where a single

waveguide band is highly localized to the waveguide and well within the band gap, and

interested in the properties of this band, and so omit the band index. As described in the
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introduction, PC waveguides have a number of highly interesting an useful properties, such

as the ability to guide light without loss (as is evident from Eq. (2.41)) and exploit slow group

velocities near the band edge to produce dramatic field enhancements. These properties

are best understood via the waveguide Green function, which is found as an expansion via

Eq. (2.26) over the above normalized Bloch modes. After a lengthy derivation presented in

Appendix A.2, we arrive at an analytic expression for the waveguide Green function

Gw(r, r′, ω) =
iaω

2vg(ω)

[
Θ(x−x′)ukω(r)u∗kω(r′)eikω(x−x′) +Θ(x′−x)u∗kω(r)ukω(r′)eikω(x′−x)

]
,

(2.42)

It is apparent that the terms preceded by Heaviside functions correspond to forward and

backward propagating waveguide modes respectively. The imaginary part of Gw, which

is proportional to the LDOS, diverges at the band edge as vg(ω) → 0, leading to dra-

matic field enhancements in the slow light region of the band structure. It can also be

seen that waveguide modes propagate losslessly: by taking r → r + naex only the phase

of Eq. (2.42) is changed. The waveguide Green function is transverse and because ω is

continuous throughout the waveguide band (ωk = ω) Gw = GT = K [Yao et al., 2009a].

The total system Green function is in general a sum of Gw, the contribution due to

coupling to radiating external modes GRad, and the divergent component due to longitu-

dinal and evanescent modes [Sakoda, 2005]. Throughout the relevant frequency range, the

waveguide mode typically dominates the system response such that one can take G = Gw

for r 6= r′. The divergence only influences Re{G(r, r)}, and has no physical influence on the

system behaviour [Sakoda, 2005]. Thus, we omit it here and use computational techniques

to remove it from G when calculated numerically, as described in Sec. 2.3. Disregarding

GRad for now, which we will see will be orders of magnitude weaker than Gw, we have

arrived at an analytic expression for the total G of a PC waveguide in terms of the readily

calculable waveguide Bloch modes.

2.3 Computational Methods

The band structure, group velocity, and eigenmodes of all ideal structures described in this

thesis were calculated using open source plane wave expansion software MIT Photonic Bands

(MPB), the underlying mathematical methods of which are explained in detail in in Johnson
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and Joannopoulos [2001]. In summary, MPB is a frequency domain eigensolver, computing

eigenstates (modes) and eigenvalues (frequencies) at specific wavevectors using a plane wave

basis. Rather than attempting to solve the generalized eigenproblem of Eq. (2.20) for the

electric field eigenmodes, MPB instead formulates Maxwell’s equations to solve for H, taking

the curl of Eq. (2.5b) and using Eq. (2.5a) and the constitutive relations to find

∇× ε−1(r)∇×H(r;ω) =
ω2

c2
H(r;ω), (2.43)

where ε(r) is defined within a unit cell which repeats in all directions, allowing us to use

Bloch’s theorem and write H(r;ω) = hk(r)eik·r. The unit-cell function is then expanded in

basis of reciprocal lattice vector plane waves hk(r) =
∑

m ck,me
iGm·r where {Gm} are the

system reciprocal lattice vectors and ck,m is a constant expansion coefficient. This allows the

curls to be applied directly, reducing Eq. (2.43) to a simple matrix eigenvalue problem which

can be solved at each k to determine the eigenvalues ω and eigenvectors {ck,i}. After H is

found, E can be readily calculated using Eq. (2.5b). Modes and associated band structure

are typically computed along the boundary of the irreducible Brillouin zone, which is shown

in Fig. 2.1(a) for a square lattice.

MPB is very effective at quickly and accurately solving for the modes and band structure

of PCs due its exploitation of Bloch’s theorem to reduce this task to a simple matrix

eigenvalue problem. The trade-off however, is that MPB can only treat structures which

are periodic in all its spatial dimensions. For slab PC waveguides which are only periodic

in one dimension, this constraint is mitigated by constructing a large supercell in the ey

and ez directions, so that a 2D array of waveguides are actually simulated. If the spacing in

the supercell directions is sufficiently large, the evanescent coupling between waveguides is

eliminated and results converge to that found for a single waveguide (using FDTD). MPB

also only allows for lossless eigenmodes since it uses a plane wave expansion. Modes above

the light line are intrinsically lossy and not well confined to the PC, and as a result MPB

is only accurate below the light line.

When studying finite-size structures in all dimensions, it is apparent that the MPB

method is insufficient. Thus, to treat finite-size effects and radiative decay, we use the

commercial FDTD software by Lumerical [Lumerical Solutions, Inc.]. The FDTD approach

is covered extensively in Sullivan [2013], which works by discretizing Maxwell’s equations
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(a) (b)

Figure 2.1: (a) Conventional labels of high symmetry points of square lattice irreducible
Brillouin zone, which is shaded blue. Diagram from Joannopoulos et al. [2011]. (b) Rep-
resentation of spatial Yee cell used in FDTD showing locations of field components within
the cell, from Van Vlack [2012].

in space and time using the central difference approximation and solving iteratively. Each

spatial point defines a Yee cell, for which E and D fields are computed on integer space

steps (∆x, ∆y, and ∆z) on their respective edges and B and H fields are computed on half

integer space steps and are thus on their respective faces as shown in Fig. 2.1(b); E/B and

D/H are also computed on half integer/integer time steps ∆t respectively. This is done

because dE/dt depends only on the curl of H and vise versa, and the staggered gridding

ensures that the curls are always approximated on the same plane as the relevant vector

component. To make this more clear, we consider the ex component of Eq. (2.5b) in the

time domain:
∂

∂y
Ez(r, t)−

∂

∂z
Ey(r, t) = − ∂

∂t
Bx(r, t). (2.44)

Discretizing this on the Yee cell of Fig. 2.1(b), we can solve for Bx(i, j + ∆y
2 , k + ∆z

2 , t) as

Bx(i, j +
∆y

2
, k +

∆z

2
, t) =Bx(i, j +

∆y

2
, k +

∆z

2
, t−∆t)

+
∆t

∆z

(
Ey(i, j, k + ∆z, t− ∆t

2
)− Ey(i, j, k, t−

∆t

2
)

)
− ∆t

∆y

(
Ez(i, j + ∆y, k, t− ∆t

2
)− Ez(i, j, k, t−

∆t

2
)

)
. (2.45)

As such, using this staggered grid we can substantially increase the resolution and thus

accuracy of this approach without an increase in memory. Similar equations can be derived

for the remaining 11 field components which depend only on the surrounding fields at
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previous time steps, allowing for the time evolution of the fields to be computed iteratively.

FDTD is advantageous for solving systems involving finite-size, inhomogeneous struc-

tures. It allows excitation by an arbitrary source, and can thus find both broadband and

single frequency solutions. As a time domain eigensolver, the time evolution of fields is

easily found. Simulations are computationally intensive however, limiting the size of struc-

tures which can be simulated and restricting data collection to a very discrete set of either

frequency or spatial points. To determine the eigenmodes and eigenfrequencies, one must

use Fourier transform techniques. The accuracy of these is proportional to the simulation

time, such that high quality factor resonances require very long, computationally inten-

sive simulations to obtain results with the required resolution. Frequency-domain methods

such as MPB are superior when studying periodic structures with negligible losses, as they

rapidly and directly compute the frequency domain solutions. However, FDTD is required

to analyze open and finite-sized structures and to include radiative losses.

Structures are created using Lumerical FDTD software and excited by a dipole placed

on the edge of a Yee cell, where the electric field is calculated. Care is taken to ensure

that the periodicity of the Yee cells agrees with that of the structure, both in plane and

in the vertical direction. A maximum spatial step size of 1/25th of the wavelength in the

given material is also used to ensure accuracy. The simulation is run and the electric field is

recorded at the dipole position rd as a function of time. The source and electric field data

collected is then analyzed using MATLAB. By taking the Fourier transform of the electric

field after the dipole has decayed, one determines the spectrum |E(R;ω)|2 of the structure,

which can be used to identify resonant modes.

FDTD can also be used to calculate a numerically exact Green tensor. The dipole simu-

lated in FDTD is a point source at r′, and thus can be written as P(r;ω) = Ps(r
′;ω)δ(r−r′).

Furthermore, the initial field Eh(r;ω) = 0. Thus, by taking the Fourier transform F() of

the calculated E(r, t) and input Ps(r
′, t), we can calculate G directly from Eq. (2.11):

G(r, r0;ω)i,j =
F(E(r, t) · î)
F(P(r0, t)/ε0 · ĵ)

. (2.46)

A numerical check was performed to verify the accuracy of this FDTD Green function

approach, and it was found to recover the analytic answer for a homogeneous structure (for

example the calculated Im{Gh(r, r;ω)} =
√
εBω

3

6πc3
, as in Eq. (2.18)) with errors of less than
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1% over the entire frequency spectrum initially excited by the dipole (typically ∼50 THz);

we have also carried out similar checks for inhomogeneous structures, such as spheres and

half space geometries elsewhere [Van Vlack and Hughes, 2012], and we ensured we were able

to reproduce earlier Purcell factor results for slab PCs [Manga Rao and Hughes, 2007a,b].

Recall that from Eq. (2.26) the real part of G diverges at r=r′. This term only contains a

finite (photonic) component from the medium-dependent G, with the divergence originating

from Gh (see Eq. (2.18)). The divergent contribution has no influence on the system

behaviour, already being included in the bare resonance of an emitter at r = r′ [Sakoda,

2005]. As such a re-normalization technique is employed, subtracting off the simulation-

mesh-size-dependent homogeneous Green function contribution to only consider the medium

G contribution [Van Vlack and Hughes, 2012]. This numerical Re{Gh(r, r′;ω)} is calculated

by simulating a homogeneous structure in FDTD with an identical meshing.

Simulations in our FDTD approach can be bounded by perfectly matched layers (PMLs),

which allow light to propagate out of the computational structure, thus producing open

boundary conditions. This allows for the treatment of radiative losses, enabling the calcu-

lation of band structures above the light line, finite-size mode profiles, and the β factor.

Using spectral filtering and apodization to remove source effects, we calculate mode profiles

Eλ from the full complex FDTD eigenmodes. Here we define the β factor as the fraction

of the power emitted by the simulation dipole which exits the waveguide via the waveguide

channel in the desired direction: β = Pwg/Psource. Power flow is calculated through a sur-

face integral of the Poynting vector S such that Pwg =
∫
Swg

S · da and Psource =
∮
Stot

S · da

where Swg is two planes, at either end of the structure, normal to the propagation direction,

and Stot is a box bounding the entire structure. Checks were performed to ensure that all

emitted power exited the structure, and that this approach was able to accuratly calculate

β-factors for slab PCs as well as simple homogeneous structures.
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Chapter 3

Design of NW PC Waveguides

Chapter 1 described the basic properties and utility of photonic crystal (PC) waveguides

to guide light and enhance its interaction with matter, as well as motivating further study

of nanowire-based (NW) designs to overcome the fabrication issues facing traditional slab

structures. This chapter presents a thorough investigation into the design and engineering

of NW PC waveguide structures for a variety of quantum information science applications,

using the tools developed in Chap. 2. Through their remarkable manipulation of the local

optical density of states (LDOS) and ability to form ideally lossless waveguide modes, real-

istically fabricable NW PC waveguides demonstrate a number of properties that make them

ideal candidates as a platform for engineered on-chip quantum electrodynamics (QED). In

particular, we focus on the design of a quantum light source containing a single quantum

dot (QD) embedded in a NW PC waveguide.

Although these structures are analysed using classical electromagnetic approaches, we

are particularly interested in their quantum optical properties, which fortunately are con-

nected to the classical electromagnetic Green tensor [Suttorp and Wonderen, 2004]. As

will be rigorously derived in Chap. 4 (see also Dung et al. [2002] or Yao et al. [2009a]), in

the weak coupling regime the spontaneous emission rate (also referred to as the Einstein A

coefficient) of a two-level atom (TLA) is directly proportional to the imaginary portion of

the system Green tensor at its position r0 projected onto its dipole moment d:

Γ =
2

~ε0
d · Im {G(r0, r0;ω0)} · d, , (3.1)
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where ω0 is the TLA resonance. Similarly, the frequency shift of said TLA due to its

interaction with the photonic environment, known as the self-Lamb shift, is given by

δ =
−1

~ε0
d · Re {G(r0, r0;ω0)} · d. (3.2)

We would like to present an analysis of these systems independent of the choice of emitter,

and will focus on the generalized Purcell factor Fd, which describes the relative enhancement

of the spontaneous emission rate of TLA polarized along ed due to the projected system

LDOS:

Fd(r0;ω) =
Im{ed ·G(r0, r0;ω) · ed}
Im{ed ·Gh(r0, r0;ω) · ed}

. (3.3)

where the homogeneous Green function Im{Gh(r, r;ω)} =
√
εB ω

3

6πc3
is found directly from

Eq. (2.18) and εB is the dielectric constant of the material in which the TLA resides. When

combined with Eq. (2.42), we obtain an analytic expression for the Purcell factor of a single

TLA in a PC waveguide:

Fd(r0, ω) =
3πac3

√
εB ω2vg

|ekω(r0) · ed|2 . (3.4)

At a field antinode location ra, with perfect polarization coupling, Eq. (3.4) can be written

in terms of the familiar Purcell factor expression typically applied to cavities [Manga Rao

and Hughes, 2007b]

Fd(r0, ω) =
3

4π2

(
λ
√
εB

)3(Qw
Veff

)
, (3.5)

where the effective mode volume, per unit cell, Veff = 1/εB|ekω(ra)|2. The quality factor

Qw = ω/Γw, where Γw = 2vg/a is the effective “open-cavity decay rate” of the PC waveg-

uide. When we describe resonances in finite-sized structures, we quantify their broadening

with the traditional definition of a quality factor Q = ω0/Γ0, where Γ0 is the full width

at half maximum (FWHM) of the peak at ω0. The final quantum optical property we are

interested in is the β-factor, which gives the probability of a single photon generated by

the TLA coupling into the PC waveguide and exiting via its waveguide channel, and is

calculated as described in Sec. 2.3.

This chapter is organized as follows. Section 3.1 presents the properties of, and explains

the physics behind, idealized NW PC waveguides. In Sec. 3.2 several different designs

are explored and structures are optimized for single photon source applications, focusing
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(a) (b)

Figure 3.1: (a) An infinite array of NWs suspended in air, forming a PC slab. (b) Top view
schematic of two unit cells of a general NW waveguide, showing structural parameters and
coordinate convention used in this thesis.

on Fd and the β factors near standard telecom wavelengths (1550 nm). We then explore

the influence of finite-sized effects, radiative loss, and fabrication considerations such as

the inclusion of a substrate and various emitter positions in Sec. 3.3. This progressive

approach allows us to interpret the physics behind the properties of realistic PC structures

and demonstrate properties that rival the best slab PCs. The remarkable Lamb-shift in

NW PC waveguide structures is also discussed in Subsec. 3.3.1, which is seen to exhibit

rich spectral and positional dependence. Lastly, the design and properties of a directed

single photon source, a “photon gun” using a NW PC waveguide structure is presented

in Subsec. 3.3.2. This chapter closely follows the work of Angelatos and Hughes [2014].

We note that in this chapter, results are given in scale invariant units because Maxwell’s

equations can be normalized to an arbitrary length scale. Specifically, if define a scaling

factor s and take r → r/s in Eq. (2.20), the new solution will simply be the rescaled old

solution E(r/s;ω/s), where ω has also been scaled to ω/s. As a consequence, the operating

frequency of these structures can be adjusted by simply tuning the pitch a. To highlight

this important feature and stress that these structures can be designed for an arbitrary

operating frequency, we write frequencies in units of c
a and the wavevector in units of 2π

a

throughout the following chapter. The structural parameters and coordinate frame used to

describe NW waveguides throughout this chapter are illustrated in Fig. 3.1(b).
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3.1 Nanowire Photonic Crystals

The ability of NW arrays to form PC slab structures is well understood and has been

explored in Joannopoulos et al. [2011] and Johnson et al. [1999]. Although we focus on

PC waveguides, a greater understanding of the physics of these systems can be developed

by first considering the two-dimensional semiconductor NW arrays which they are formed

from, and so we begin by briefly presenting the PC properties of NW arrays. Perhaps the

simplest of these is an infinite (but finite height) two-dimensional array of NWs suspended in

air, which is depicted in Fig. 3.1(a). The band structure of a NW PC array alongside a pair

of unit-cell functions are shown in Fig. 3.2, which were calculated using the MPB software

described in Sec. 2.3. The NWs have a dielectric constant ε = 13, a height h = 2.28 a and a

radius rb = 0.18 a, which will be seen later to optimize the properties of the PC waveguide

structures considered later. Only z-odd1 modes are shown, for which a wide complete band

gap exists between the first and second bands, extending from 0.3310 → 0.4426 c
a . As

expected, the dispersion flattens at the Γ and X points as vg → 0.

Representative unit-cell functions for modes in the first and second band are shown in

Fig. 3.2(b) and 3.2(c), where we plot the square of the electric field mode |Eλ(r)|2, which is

directly proportional to the LDOS (c.f. Eqs. (2.26) and (2.19)). Because we are considering

odd modes, the electric field is largely ez polarized: |Eλ(r)| ≈ Eλ,z(r) and is completely ez

polarized in the NW centre. The first band has a monopole-like mode profile, with most

of its field energy localized to the NW, increasing its effective index and thus reducing

its resonant frequency. Over the unit cell, differing bands are forced to be orthogonal via

Eq. (2.39), leading to the introduction of a node in the centre of the NW in higher order

bands, which increases the effective index by forcing much of the field out of the NW. As

a consequence of this, a QD embedded in the centre of a NW will couple far more weakly

to these bands than the fundamental band. As the length of the NW increases, it becomes

easier to introduce nodes in the mode profile and the frequency of higher order bands begins

1To invert a vector field about a plane, one must invert both the vector itself and its argument [Jackson,
1998]. A mode is thus even about, for example, the z = 0 plane if Ez(x, y, z) = −Ez(x, y,−z) since it is
invariant with respect to inversion about the z = 0 plane. An odd mode will have the same z-component
on either side of the plane: Ez(x, y, z) = Ez(x, y,−z). Since these modes are continuous, in the symmetry
plane they will be either polarized parallel or perpendicular to said plane if they are even or odd respectively
[Joannopoulos et al., 2011], hence the connection with TE and TM modes noted in Sec. 2.2.
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Figure 3.2: (a) Band structure of a NW PC with rb = 0.18 a and h = 2.28 a. The
wavevector follows the boundary of the irreducible Brillioun zone of Fig. 2.1(a) and z-odd
modes are shown, for which a complete band gap is formed between the first and second
bands. The region above the light line ω = ck||, for which modes are no longer confined
to the PC and MPB results break down, is shaded in grey. Eigenmode profiles |Eλ(r)|2 of
the first and second band of (a) at X are plotted in (b) and (c) respectively, in arbitrary
units. The first band has an eigenmode largely confined to the NW, whereas the higher
order bands are forced outside of it to ensure orthogonality.

to decrease, reducing the size of the band gap. A comprehensive study on this is presented

in Johnson et al. [1999], and we also note that this NW height was indeed chosen to optimize

the band gap size in later structures.

In a PC NW array, one can produce a waveguide by reducing the radius of a single row

of NWs, as shown schematically in Fig. 3.3(b). By reducing the radius of a row of NWs, one

decreases the effective index seen by a mode propagating along this channel, producing a

waveguide band by blue-shifting the lowest order band into the surrounding photonic band

gap [Johnson et al., 2000]. As described in Sec. 2.2, modes in this waveguide band will

decay evanescently away from this waveguide channel, as they lie in the band gap of the

surrounding structure (Fig. 3.2(a)). The band structure of a PC NW waveguide, formed

from the PC structure of Fig. 3.2 by reducing the radius of a single row to rd = 0.14 a, can
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Figure 3.3: (a) Band structure on left and spontaneous emission enhancement factor on
right, as calculated with MPB, of a NW waveguide with rd = 0.14a. The bulk PC bands
are shaded in blue, and the region above the light line in gray, with the guided band
lying in the band gap. Fz is calculated for a vertically polarized emitter in the center of the
waveguide NW, and can be seen to diverge as one approaches the slow light mode edge. The
band gap is bounded with dotted orange lines. (b) Eigenmode profile |Eλ(r)|2, in arbitrary
units, of the waveguide mode perpendicular to the waveguide direction near the mode edge
(kx = 0.4752π

a ). The monopole-like profile and strong confinement to the waveguide channel
are clearly visible.

be seen in Fig. 3.3(a). As expected, a waveguide band now lies in what was formerly the

structure’s band gap. Because the lowest-order band is being pulled up into the band gap,

the LDOS and resulting Fd of the guided modes increase with frequency up to the mode edge,

which imposes a high frequency cut-off. We can readily calculate Fz using the waveguide

unit-cell functions in equation Eq. (3.4), which is plotted in Fig. 3.3(a). To be consistent,

throughout this chapter we will take εB = 13 in Eq. (3.4) when calculating Fz, even though

some of the structures considered later contain QDs which reside above NWs and thus in

air. This results in Fd calculated for different designs corresponding to the same absolute

emission rate, allowing the PF to be used to compare various designs. In Chap. 5 onwards

however, we exclusively consider QDs in air and take Im{Gh(r, r;ω)} = ω3

6πc3
when plotting,

although avoid referring to the plot as the Fz for this reason. We caution that this results

in an apparent discrepancy by a factor of ∼ 3.6. The results above are in contrast with the

traditional slab PC waveguide, which contains an even guided band with a low frequency

mode edge [Johnson et al., 2000]. A waveguide Bloch mode perpendicular to the waveguide

direction is shown in Fig. 3.3(b). As expected, in the waveguide NW the eigenmode closely

resembles that of Fig. 3.2(c), which it has evolved directly from [Mahmoodian et al., 2009],

and it is confined to the waveguide channel.
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3.2 Waveguide Design

We now proceed to discuss various possible designs for NW PC waveguides, and engineer

structures which can realistically be fabricated with useful single photon design properties.

The first design parameter we consider is the NW material, and we also optimize the NW

dimensions. It is well known that the size of the photonic band gap and subsequent con-

finement of PC waveguides is directly correlated with the index contrast of the structure

[Joannopoulos et al., 2011]. Thus as high a NW dielectric constant as possible is desirable,

and combined with its compatibility with the MBE growth process described in Sec. 1.2,

Gallium Arsenide (GaAs, ε = 13) is an ideal NW material. During MBE growth, structures

are formed in a layer-by-layer deposition, and the growth material can thus be alternated

to introduce vertical heterostructure. In particular, controlled growth of GaAs and Gal-

lium Phosphide (GaP, ε = 12) heterostructured NWs has been successfully demonstrated

[Boulanger and LaPierre, 2011], and so we will evaluate designs with alternating layers of

GaP and GaAs as well. Using MPB, infinite PC waveguides of width 7 a comprised of both

heterogeneous and homogeneous NWs suspended in air were considered. Homogeneous

NWs had a dielectric constant ε = 13, while heterogeneous NWs had alternating vertical

layers of ε = 13 and ε = 12 arranged in a distributed Bragg reflector (DBR) pattern. Each

layer was chosen to have a thickness of 1/4 of the wavelength of the mid-gap frequency

in that material, which maximizes the reflectivity of light propagating out of the center of

the NW by causing reflected waves at each interface to constructively interfere [Jackson,

1998]. The height of layer i was thus hi = c
4
√
εifm

, where fm is the mid-gap frequency of

the relevant homogeneous structure.

Structural parameters were chosen to optimize the PC array band gap for both design

types, with homogeneous NWs having a radius of rb = 0.180 a and height h = 2.28 a, and

heterogeneous having rb = 0.189 a and h = 2.10 a. Both PC arrays have a square lattice

structure as we found this yields a larger slow-light region in the guided band of these

waveguides when compared to a triangular lattice. Triangular lattice NW waveguides have

substantially larger vg at a given k, and thus will have a lower Fd until one is very close

to the band edge, limiting the frequency range over which these structures are effective

relative to a square lattice design. The waveguide NW radius (rd) was tuned to localize
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Figure 3.4: (a) Spontaneous emission enhancement factors for QDs embedded in the centre
of a finite-size NW PC waveguide with length 15 a. Solid blue indicates heterogeneous
design, and light orange and dark green correspond to thick and thin homogeneous NWs.
Dotted lines indicate the Fz computed for corresponding infinite structures in MPB. (b)
Band structure from FDTD of homogeneous NW waveguide with rd = 0.140 a. The light
line is indicated in grey, waveguide band highlighted in black, and modal strength is shown
on a logarithmic scale. Above the light line, the waveguide band broadens, as it couples to
radiation modes and becomes leaky.

the waveguide band in the centre of the surrounding band gap, resulting in rd = 0.120 a

and rd = 0.130 a for homogeneous and heterogeneous structures, respectively. We also

considered an alternative design for the homogeneous NW structure where the flatness of

the waveguide band (i.e., ng), as opposed to the location of the mode edge, was maximized,

resulting in rd = 0.140 a as seen in Sec. 3.1; Fig. 3.1(b) is dimensioned according to this

design. All three designs used a pitch of a = 0.5655µm to have a fundamental waveguide

mode edge near the standard telecom wavelength of 1550 nm.

The enhanced emission factor, Fz, of a (vertically polarized) QD in the centre of a

NW for all three structures calculated for an infinite PC structure using MPB, and in the

central NW of a 15a long waveguide using FDTD, is shown in Fig. 3.4(a). Results of finite-

sized structures are found using FDTD through the process outlined in Sec. 2.3: structures

are excited by a point source and the resultant E and P fields are used in Eqn. (2.46)

to calculate G, and β factors are taken as the fraction of emitted power exiting via the

wavegude mode, calculated by integrating the Poynting vector over the exit faces of the

waveguide. In both MPB and FDTD, waveguide widths of 7 a were used, corresponding to

three rows of background PC NWs on either side of the waveguide array. This was found to

be sufficient to almost entirely eliminate in-plane losses in those directions, demonstrating
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the utility of PC physics. The finite-size structures are truncated abruptly and surrounded

by a substantial volume of free space before the termination of the simulation volume with

PML to prevent clipping. A number of important finite-size effects can clearly be seen.

Firstly, the LDOS no longer divergences at the waveguide mode edge, instead forming

a red-shifted strong resonance referred to in this chapter as the band edge quasi-mode,

(λ0). In addition, weaker Fabry-Pérot (FP) resonances (λFP) can be seen throughout the

waveguide band, arising from reflections off the waveguides’ terminus. Similar β factors were

determined for all three designs, with values in the 88-90% range throughout the waveguide

band, increasing to ∼95% at FP resonances and ∼98% at λ0. We highlight that (i) these

β factors exceed those in cutting-edge PC slab waveguides [Lund-Hansen et al., 2008], and

that these (ii) finite-size effects are both predicted [Manga Rao and Hughes, 2007a] and seen

experimentally [Ba Hoang et al., 2012] in slab PC waveguides as well. Superior β factors

are obtained due to the waveguide modes being vertically polarized in NW PC structures,

minimizing out-of-plane losses, while in-plane losses are almost entirely eliminated by the

surrounding PC layers.

From examining Fig. 3.4(a), it is evident that the heterostructured NWs show little

improvement in single photon properties over their homogeneous counterparts, as the index

contrast is too weak and the NWs too short for the DBR layers to have a noticeable effect.

The heterostructure has effectively slightly increased the field strength in the centre of the

NW, at the expense of substantially weakening it at the top of the NW. Later designs will

consider QDs mounted on the top of the NW and heterostructured waveguides demonstrate

substantially lower Fz in this case, and so we will restrict ourselves to a homogeneous design

in what follows. The larger waveguide radius design generates a higher peak Fz when finite-

sized structures are considered, without any compromise in β factor, and thus was chosen

and is used in all subsequent structures. The band structure of this design computed in

FDTD along the waveguide (ex) direction can be seen in Fig. 3.4(b), with a strong and

flat waveguide band is clearly visible in the surrounding band gap. Since FDTD is able

to include radiative loss, this band structure is also accurate above the light line. It can

be seen that the dispersion flatness of this design is likely a result of the frequency at the

edge of the first Brilloiun zone (kx = 0.5 π
a ) being tuned to be close to the waveguide band

frequency at k = 0, which we found to be independent of NW radius. The FDTD band
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structure shows good agreement with that of Fig. 3.3(a) (from MPB) below the light line as

expected. This treatment of radiative losses in FDTD allowed the low k band structure to

be understood and NW waveguide radius optimized to produce this design. As is evident

from Eq. (3.4), the low vg throughout the guided band as a result of this engineered flatness

is the source of the increased Fz.

3.3 Realistic Photonic Crystal Waveguide Structures

We now proceed to consider further design constraints which may be present in fabricated

structures and the underlying physics and properties. Figure 3.5(a) explores finite-size

effects in more detail, comparing the Fz and β factors of an emitter in the centre of the

central NW of 15 a, 21 a, and 41 a length waveguides of the chosen design. The pitch has

been reduced to a = 0.5526µm to shift the mode edge closer to the 1550 nm range. It can

be seen that with increasing waveguide length, the mode edge quasi-mode narrows, blue

shifts, and its peak value increases substantially as it comes closer to the result found for

the infinite structure. In addition, the number of FP resonances increases. Similar effects

are seen and understood for PC slab waveguides [Manga Rao and Hughes, 2007a; Ba Hoang

et al., 2012]. Mode edge Fz of 57.5, 92.4, and 384 with corresponding Qs of 1348, 2960, and

23550 at f0 = 0.3564, 0.3570, and 0.3574 c
a are calculated for 15 a, 21 a, and 41 a waveguides,

respectively. The f0 resonance for the 4 1a waveguide has thus effectively converged to the

mode edge of the infinite structure, calculated at 0.3575 c
a . Very large β factors are clearly

seen throughout the guided band, with values of at least 90%, increasing to the 95-97%

range at FP resonances for all three structures, and 98.3%, 99.2%, and 98.8% at f0 for the

15 a, 21 a, and 41 a waveguides, respectively. It is also evident for our structures that the

β factor directly follows the Fz, which is advantageous for single photon applications as

it allows one to exploit propagating modes with both high emission rate enhancement and

high collection efficiency. Figures 3.5(b) and 3.5(c) show mode profiles of the 21 a waveguide

in a slice through the centre of the waveguide channel. The waveguides support a Bloch-like

mode which is modulated by the finite-size of the structure, with the field confined tightly

to the waveguide NWs. As G is directly proportional to the mode profile (Eq. (2.26)),

and Figs. 3.3(b), 3.5(b), and 3.5(c) indicate that the mode profile in the vicinity of the PC
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Figure 3.5: (a) Single photon properties of finite-size NW PC waveguides for various
waveguide lengths. Purcell (β factor) for 15 a waveguide in blue dashed line (‘×’), 21 a in
light orange (‘◦’), and 41 a in dark green (‘∗’). β factors are calculated at discrete frequency
points, and the dotted lines are provided only to guide the eye. The 41 a λ0 resonance peak
Fz increases to 384, although the axis terminates at 120. (b) and (c) show |Eλ|2, in arbitrary
units for λ = λFP in (b) and λ = λ0 in (c) on the y = 0 plane of the 21 a waveguide.

waveguide is entirely dominated by the Bloch mode, the approximation used in deriving

Eq. (2.42) is justified. Figure 3.5(b) shows the mode profile corresponding to the strongest

FP quasi-mode, and Fig. 3.5(c) shows the mode profile at the band edge resonance.

Since it is somewhat unrealistic to assume the NWs will that are suspended in air,

we also investigate a number of different substrate designs. In addition, when the MBE

technique is used to embed a QD in the center of a waveguide NW, it will produce an

identical QD in every waveguide NW [Makhonin et al., 2013]. While this type of system

has the potential to act as a many-body simulator [Hartmann et al., 2008] or form an exotic

polariton waveguide as explored in Chap. 6, these additional QDs would serve as a source

of loss in a single-photon-source waveguide and lead to poor output coupling. Work with

NV centres in diamond has demonstrated deterministic control over emitter position in

diamond NWs [Babinec et al., 2010], and the structures considered in this paper can be

readily adapted to a diamond NW and NV centre base. Alternatively, one could embed

a single QD on top of the central NW, e.g., through the fabrication process described in

Pattantyus-Abraham et al. [2009]. This later option is illustrated in Fig. 3.6(b). The Bloch

mode field anti-node is in fact at the edges of the NWs as can be seen from Fig. 3.3(b).
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(a) (b)

Figure 3.6: (a) Proposed realistic design of a NW waveguide, where NWs are elevated above
a low-index substrate (b) QD (size exaggerated) embedded on top of a NW, demonstrating
emission into the waveguide channel.

This results in an increase in Fz for an emitter on top of a NW relative to the centre,

making this design advantageous from a performance standpoint as well. QDs resting on

the surface of a slab PC structure has been investigated in Foell et al. [2012], and we use a

similar approach here. Note that any index contrast between the QD and the surrounding

media will result in a geometry dependent depolarization, reducing the field seen by the

QD. As this “Lorentz factor” [Novotny and Hecht, 2006] would have the same strength in

an identical homogeneous medium, the depolarization is best thought of as included in the

QD dipole moment and has no impact on Fz [Foell et al., 2012].

Three substrate designs were considered, and the Purcell and β factor spectrum of

15 a-length NW PC waveguides with a top-mounted QD utilizing two of these designs,

alongside a substrate-free waveguide, are shown in Fig. 3.7. We first considered a simple

substrate directly below the waveguide NWs, corresponding to the dashed line and ‘∗’

symbols. One can see that this substrate is a large source of loss, yielding low β factors,

and by strongly breaking the vertical symmetry of the structure drastically reduces the

strength and confinement of the waveguide mode, causing a substantial drop in Fd. In

order to preserve symmetry, we then considered encasing the structure in a lower index

material, such as the structure studied in Tokushima et al. [2004] (Si rods, n =
√
ε = 3.48,

in SiO2 and polymer, n = 1.45). Structures were modeled using MPB with a background

index ranging from nb = 1.1 − 2. In all cases, the reduced the index contrast between the

NWs and the surrounding medium decreased the size of the surrounding band gap, leading
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Figure 3.7: Purcell and β factors of 15 a waveguides with top mounted QDs. Substrate-free
structure Fz (β factor) in thick blue (‘×’), structure with a simple substrate in dashed dark
green (‘∗’) and elevated NW design (described in text) in light orange (‘◦’).

to large in-plane losses and a weak guided band with a low Fz for nb > 1.2.

In our final design, the PC NW array was extended using a low-index material (AlO,

ε = 3.1), which terminated in a substrate of the same material. A schematic depiction of

this structure is shown in Fig. 3.6(a), and we note that a similar waveguide design was

originally proposed in Johnson et al. [2000] and implemented in Assefa et al. [2004], who

were able to produce the AlO layer by first growing an AlAs layer using MBE and then

using a wet thermal oxidation process. Simulations in FDTD and MPB indicated that

guiding was achieved entirely in the high index upper portion of the NWs, with the lower

AlO section separating the PC structure from the substrate and dramatically reducing its

symmetry-breaking effects. Indeed, the symmetry of this structure about the y = 0 plane is

conserved and all bands which were previously z-odd (and thus also y-even) can be classified

as purely y-even for this weak perturbation. If the lower NW portion is sufficiently long the

band gap persists, with the band structure of the corresponding PC array for y-even modes

closely resembling a red-shifted Fig. 3.3(a).

An AlO NW layer height of 2 a was found to be sufficient to eliminate most of the

detrimental effects of the substrate, and the properties of this structure are shown in Fig. 3.7.

The band structure of an infinite waveguide as well as a finite-size mode profile perpendicular

to the waveguide direction is also shown in Figs. 3.8(a) and 3.8(b), respectively. The Fz,
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Figure 3.8: ((a) Band structure elevated NW design, following convention of Fig. 3.4(b).
(b) |Eλ0 |2 in x = 0 plane of elevated NW waveguide, in arbitrary units.

Q, and f0 of the quasi-mode are 77.1, 1282, and 0.3531 ca , comparable with values of 82.2,

1332, and 0.3564 ca for the substrate-free structure (both with a top-mounted QD), with

the red-shift originating from the increase in effective index due to the AlO layer. The β

factor for both structures away from any resonances is substantially lower than seen earlier

for centrally embedded QDs, as it is far easier for photons not coupling into a waveguide

mode to escape vertically. However, we note that β factors as high as 89.4% and 95.0%

at the largest FP resonance and mode edge, respectively, are calculated for the realistic

structure (93.0% and 97.6% for the substrate-free version), with most of the loss occurring

vertically. The waveguide mode profile of Fig. 3.8(b) confirms that the substrate has little

qualitative effect, as it is largely identical to that of Fig. 3.3(b), with the light residing in

the high index upper portion of the waveguide NW. The mode profile also demonstrates the

large field enhancement directly above the waveguide NW. When one examines the band

structure of Fig. 3.8(a) it can be seen that the waveguide band and lower order bulk bands

are almost identical to those of the substrate free waveguide in Fig. 3.4(b), differing only

by the slight red-shift from the lower NW portions noted earlier. These lower portions have

also introduced additional higher order bands, reducing the size of the band gap, although

it remains sufficient to produce a strongly confined waveguide mode. Thus, we were able to

design producible structures without significant loss in key properties, particularly Fd and

β factors. For the remainder of this thesis, we will study PC structures following this more

realistic design, with elevated NWs, a substrate, and top-mounted QDs, unless explicitly
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stated otherwise.

3.3.1 Photonic Lamb Shifts

Although up to this point this chapter has focused on focused on exploiting Im{G(r0, r0;ω0)};

however Re{G(r0, r0;ω0)} is responsible for the Lamb shift, which is an important and mea-

surable quantum effect that causes a medium-dependent frequency shift of the emitter. In

a simple Lorentzian cavity, the Green tensor is assumed to be single mode, resulting in an

analytic expression for Re{G} = Re{ω2/(VeffεB(ω2
c −ω2− iωΓc))}, where Γc is the FWHM

of the cavity resonance and Veff describes the antinode strength Veff = 1/εB|fc(r0)|2. This is

used to calculate a Lamb shift via Eq. (3.2), plotted in Fig. 3.9 for a state-of-the-art GaAs

(εB = 13) PC cavity with ωc/2π = 200 THz, Q = ωc/Γc = 6000, and Veff = 0.063µm3 ,

containing a 30 D (0.626 e nm) QD [Yao et al., 2009a] at its antinode. We note that the

Lamb shift is symmetric, goes to zero on resonance, and has a peak amplitude which is

proportional to Q and inversely proportional to Veff .

In slow-light waveguide structures the asymmetry of the resonances results in a rich

frequency dependence of the lamb shift [Yao et al., 2009b; Wang et al., 2004], and it is

interesting to explore such effects with our PC NW waveguides. The Lamb shift experienced

by a 30 D QD is shown in Fig. 3.9 for waveguide designs of Secs. 3.2 and 3.3. We note that

in both cases the multiple resonances in the projected LDOS lead to a similarly multiply-

peaked Lamb shift, and the overall asymmetry of the latter structure also produces a large

DC component. The amplitude of the peaks is substantially lower in waveguides than in the

cavity example due to their Q/Veff which is orders of magnitude lower, but the bandwidth

of the effects is much more rich if one properly accounts for the multi-modal nature of

the photonic band structure. The Lamb shifts at the primary resonance ω0 are calculated

as 2.1 GHz and 4.95 THz for the idealized and standard structures, respectively (cf. the

simple cavity, which is 0 GHz). The former is comparable with the largest values reported

in metameterial waveguides [Yao et al., 2009b] and PC structures [Wang et al., 2004]; while

the DC component of the latter is orders of magnitude larger than previous reports [Yao

et al., 2009b], originating largely from the inclusion of the substrate. Investigation of various

other NW PC waveguides has indicated that the substrate introduces a rich modal structure

far from the waveguide band resonances, all of which contribute to this large DC offset in
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Figure 3.9: Lamb shift from a 30 D QD in various PC structures. Top: QD at antinode of
simple high-Q Lorentzian cavity. Middle: QD in center of the 15a substrate-free waveguide.
Bottom: QD at top of the 15a waveguide with elevated substrate design.

the Lamb shift. Furthermore, the QD location on top of the substrate was seen to increase

coupling with z-odd–like modes, again resulting in a larger Lamb shift due to the large

local field enhancements near the top of the NW, an effect unique to this platform. These

NW PC waveguides thus produce a rich and complex frequency and positional dependent

Lamb shift, which can be exploited in the design of devices or measured as a test bed for

waveguide QED.

3.3.2 Nanowire Photon Gun

In this final subsection, we describe the design of a directed single photon source based

on NW PC waveguides. Up to this point, the β factors given have been the probability

of a single photon emitted from the QD exiting the structure via the waveguide mode,

in either direction. In order to emit photons in a single direction, we truncate the NW

waveguide in one direction with bulk PC NWs to form a photon gun, as was proposed for

slab PC waveguides in Manga Rao and Hughes [2007a]. If the emitter location is chosen

carefully, constructive interference from reflections off the truncated waveguide-PC interface

will increase the field strength, effectively doubling the Purcell factor. It was found using

FDTD simulations that an emitter in the central NW of the waveguide channel optimized

this constructive interference.

Two NW photon guns were studied, an idealistic one with a QD in the center of a

NW and no substrate, and the more realistic system proposed in Sec. 3.3. Both structures
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Figure 3.10: (a) Purcell and β factors of realistic and substrate-free photon gun in light
orange and dark blue, respectively. Solid lines denote Fz, markers correspond to calculated
β factor values. (b) and (c) Sx in arbitrary units calculated 1.4 a from the terminus of
substrate-free and standard photon gun respectively, corresponding to power flow out of
the structure. (d) |Eλ0 |2 in the z = 0 plane of the proposed single photon gun.

contain a 15 a-length waveguide with the emitter in the central NW and truncated in one

end with 5 a of bulk PC NWs, bringing the total length of the structure to 20 a. Their

single photon properties are presented in Fig. 3.10(a), with the mode edge Q, Fz and f0

of the photon gun being 2730, 157.5, and 0.3532 c
a (2995, 121.1, and 0.3565 c

a for the ideal

structure). As predicted in Manga Rao and Hughes [2007a], the Fz more than doubles

relative to the equivalent PC waveguide, and the mode edge also blueshifts slightly. The

calculated β factors show far greater spread than previous structures, with the β of the

more realistic structure falling as low as 13.6% before increasing to its peak of 92.5% at

the mode edge. The low β factors at select frequency points are likely due to destructive

interference preventing certain modes from exiting the structure via the waveguide channel.

We note that the ideal substrate-free structure contains a broad range of β > 90%, and a

peak value of 97.2% at the mode edge, as emitted photons from a embedded QD are more

likely to couple into the structure even if a strong waveguide resonance is not present.

Finally, Figs. 3.10(b) and 3.10(c) show the power flow (the ex component of the Poynting

vector, Sx) out of the ideal and elevated device, respectively, as measured 1.4 a (∼ 0.76µm)
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from the terminus of the photon gun structure. A strongly localized profile is clearly visible

in both cases, which can be readily collected by a detector or coupled into further optical

components such as a conventional dielectric waveguide. Figure 3.10(d) shows a vertical

profile of the band edge quasi-mode of the realistic NW waveguide. The waveguide mode

is clearly reflected by the bulk NW section.

3.4 Conclusions

In this chapter we have introduced and analyzed a new on-chip platform for studying open-

system QED on a PC waveguide configuration that uses NW arrays with embedded QDs.

These NW PC systems produced waveguides with near unity β factors over broadband

frequencies and yield an enhanced emission factor exceeding 100 even in small realistic

devices; we also proposed a photon gun with single photon source parameters exceeding

those in the best slab PCs [Manga Rao and Hughes, 2007a]. In addition, we showed that

interesting and measurable Lamb shifts are produced in these NW PC structures. This NW

PC platform has the potential to implement more complex integrated systems for studying

and exploiting quantum optical effects and could serve as the basis of future quantum

information science systems. In Chap. 5 we will explore using these waveguides to couple

a pair of QDs, and demonstrate their capacity for generating long-ranged entanglement

and novel solid state quantum systems. Furthermore, in Chap. 6 we will use these NW

PC waveguides and their unique ability to contain an embedded QD in every unit cell

of a waveguide channel to produce an exotic polariton waveguide theoretically capable of

achieving strong coupling.
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Chapter 4

Quantum Optics Theory

In the previous two chapters, we discussed the classical electromagnetic properties of nanowire

photonic crystal (NW PC) structures. We would also like to understand how these devices

can be exploited for quantum information science applications, and consequently must un-

derstand the quantum nature of light in these structures and how it interacts with quantum

emitters, the domain of quantum electrodynamics (QED). This chapter thus focuses on

the development of the quantum optics theory necessary to understand the behaviour of

a system of quantum emitters (typically taken to be embedded quantum dots (QDs)) in

these exotic photonic environments. Indeed, we would like our formalism to be able to

accurately handle arbitrary electromagnetic environments, including effects such as the

radiative losses and continuum of PC modes as seen in the open and finite-size waveg-

uides of Chap. 3. As a result, we follow the quantum theoretical formalism developed by

Welsch and co-workers [Gruner and Welsch, 1996; Dung et al., 2002; Knöll et al., 2000]

to treat field quantization in lossy and inhomogeneous media, and use the quantum mas-

ter equation approach [Carmichael, 1999; Breuer and Petruccione, 2007] to describe the

system dynamics. In particular, we discuss field quantization in arbitrary dielectric envi-

ronments in Sec. 4.1, showing how the system’s classical photonic Green tensor of Chap. 2

connects directly to the quantum electric field operator. We then briefly describe light

matter interactions by presenting the Jaynes-Cummings Hamiltonian and describing some

of its features in Sec. 4.2, and also discuss how to treat the influence of external laser

sources on the system dynamics. This is followed in Sec. 4.3 with a thorough derivation
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of the quantum master equation governing the evolution of a system of fermionic emitters

in an arbitrary electromagnetic environment. The master equation is derived using only

the standard second-order Born and Markov approximations and allows one to analyze the

behaviour of these emitters using only the photonic Green function. Finally, Sec. 4.4 de-

rives the incoherent spectrum emitted from such a section, fully maintaining the fermionic

nature of the emitters. We note that the work of Secs. 4.1, 4.3 and 4.4 closely follows

that of the supplementary material of Angelatos and Hughes [2015], which is available at

http://journals.aps.org/pra/supplemental/10.1103/PhysRevA.91.051803.

4.1 Field Quantization

We begin by quantizing the electromagnetic field, the first step in moving from a classical

to a quantum picture. The quantum electric field operator is governed by the same Maxwell

equations of Sec. 2.1.2 as its classical counterpart, and thus satisfies Eq. (2.9) [Suttorp and

Wonderen, 2004]. Following the standard canonical quantization procedure, the fundamen-

tal system variables â(r;ω) [Knöll et al., 2000] become a continuous set of bosonic field

annihilation operators which obey commutation relations [âj(r;ω), â†j′(r
′;ω′)] = δj,j′δ(r −

r′)δ(ω − ω′) and [âj(r;ω), âj′(r
′;ω′)] = 0, where j is a directional index [Suttorp and Won-

deren, 2004]. We note that this is done in the Schrödinger picture and here ω indicates

that â(r;ω) is associated with the system LDOS at ω and r and not the Fourier transform

of the time variable t. This formalism entails dropping the sum-over-modes approach of-

ten applied to simple quantum optical systems, and so â(r;ω) does not correspond with a

single system mode, but rather the full LDOS in general. It can be shown that the noise

polarization excites these modes through [Knöll et al., 2000; Suttorp and Wonderen, 2004]

P̂s(r;ω) = −i
√

~ε0εI(r;ω)

π
â(r;ω), (4.1)

where P̂s generates the quantized electric field operator via a quantum version of Eq. (2.11).

The electric field operator is thus given by

Ê(r;ω) = i

√
~
πε0

∫
dr′
√
εI(r′, ω)G(r, r′;ω) · â(r′, ω), (4.2)

http://journals.aps.org/pra/supplemental/10.1103/PhysRevA.91.051803
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where the integral is over all space and the homogeneous free field contributions are in-

cluded in â, as will become apparent in Sec. 4.4. Somewhat remarkably, G is the same

Green tensor found classically via Eq. (2.10), and although this result could be deduced

phenomenologically via Eqs. (2.11) and (4.1), it is in fact rigorously justified [Suttorp and

Wonderen, 2004]. The total electric field operator is found via integration over ω,

Ê(r) =

∫ ∞
0

dωÊ(r;ω) + H.c. = Ê+(r) + Ê−(r). (4.3)

An advantage of this medium-based approach to quantum optics is that it applies to any

Kramers-Kronig dielectric system, allowing for dispersion and loss, and formulates Ê in

terms of the classical photonic Green function which is readily solvable through the tech-

niques described in Chap. 2. For systems with entirely real dielectrics and vanishing loss,

such as the ideal photonic crystals considered in Sec. 3.1, it appears that the integrand

in Eq. (4.2) is zero. This is indeed a serious concern, as then the operators â(r;ω) would

not generate an electric field and this entire quantization procedure would be meaningless.

Fortunately, it can be showed that if the limit of εI(r
′;ω) → 0 is taken carefully, one can

exploit the Kramers-Kronig relations and Eq. (2.15) to show that Ê is recovered as a sum

over system eigenmodes f [Gruner and Welsch, 1996]. For a system with a discrete set of

modes, Ê(r) becomes [Wubs et al., 2004]

Ê(r) = i
∑
λ

√
~ωλ
2ε0

(
fλ(r)âλ − f∗λ(r)â†λ

)
, (4.4)

where the vectorial and positional dependence of âλ is now contained in its associated

eigenmode fλ(r). If the system instead contains a continuum of modes, the sum over λ

instead becomes an integral over ω.

4.2 Basic Quantum Light-Matter Interactions

For the purposes of this thesis, we are not just interested in the electromagnetic fields

themselves but rather how they interact with matter, particularly quantum objects. With

this in mind, we will now present a (very) brief overview of quantum light-matter interac-

tions in simple lossless systems. The prototypical quantum object in quantum optics is the

fermionic two-level atom (TLA), containing a pair of well-defined quantum states with a
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single transition frequency in the range of interest and a non-zero transition dipole moment

d. Practical examples of these are excitons in QDs or excited states in atoms. The quan-

tized electromagnetic field and TLA have the respective Hamiltonians Ĥf =
∑

λ ~ωλâ
†
λâλ

and ĤA = ~ωxσ̂+σ̂− where σ̂± are the Pauli matrices and ω0 is the TLA resonance. The

interaction Hamiltonian is typically simplified with a pair of mathematical steps [Gerry

and Knight, 2005; Scully and Zubairy, 1997]. First, the Coulomb gauge is chosen, as we

are working in a domain where the non-relativistic–invariance of this gauge is not an issue

[Gerry and Knight, 2005]. One then makes the dipole approximation by performing a Taylor

expansion of Ê(r) at rd, the centre of the TLA’s dipole moment and taking only the zeroth

order term. The interaction Hamiltonian reduces to d̂ · Ê(rd), where d̂ = d(σ̂+ + σ̂−), with

d the TLA dipole moment. Defining the quantum optical coupling constant

gλ =

√
ωλ

2~ε0
d · fλ(rd), (4.5)

the interaction becomes

Ĥint = i~
(
σ̂+ + σ̂−

)∑
λ

(
gλâλ − g∗λâ

†
λ

)
. (4.6)

To simplify this system further we employ the rotating wave approximation, dropping the

σ̂+â† and σ̂−â terms which can be shown to rotate at ≈ 2ω [Carmichael, 1999]. If the

photonic environment is such that the TLA interacts strongly with only a single system

mode, such as in an optical cavity denoted with λ = c, with ωc close to ω0, one obtains the

well-known Jaynes-Cummings Hamiltonian:

ĤJC = ~ωcâ†â+ ~ωxσ̂+σ̂− − i~
(
gσ̂+â− g∗σ̂−â†

)
. (4.7)

The interaction term is slightly different than is found in some texts [Gerry and Knight,

2005; Scully and Zubairy, 1997] because of our definition of Ê in Eq. (4.4). By taking g → i g

and assuming g is now explicitly real, we recover the more traditional form. Regardless of

how it is formulated, it is evident that the interaction term leads to the exchange of energy

between the TLA and the cavity mode. For zero detuning, this exchange occurs at the bare

Rabi frequency ΩR,n(0) = 2g
√
n+ 1, where n = 〈â†â〉 is the photon occupation density of

the cavity mode. The eigenstates of the system are no longer bare TLA or cavity states

but become mixed light-matter excitations known as dressed states, or more generally,
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polaritons, with states |n,±〉 = 1√
2
(|1, n〉 ± |0, n + 1〉, where the first and second quantum

numbers index the TLA excited state and cavity occupation respectively. The associated

eigenenergies are E±(n) = n~ωc + ωc+ωx
2 ∓ 1

2~Ωn(0). It should be highlighted that this

anti-crossing occurs even for a cavity initially in the vacuum state (i.e., n = 0) as it is due

to the interaction of the TLA with the available photonic mode, a process known as vacuum

Rabi splitting.

The Jaynes-Cummings model above is a greatly simplified picture of light matter inter-

actions in real systems, which have a continuum of modes in general and inevitably contain

losses due to the interaction of the system and the environment. As such, we will need

to develop a more rigorous approach to treat the interaction of TLAs with the arbitrary

photonic reservoirs we are interested in, the focus of Sec. 4.3. Jaynes-Cummings physics is

only observed in real systems in the strong coupling regime [Hennessy et al., 2007], where

g > κ,Γ, the cavity and emitter decay rates [Meystre and Sargent, 1999]. Systems where

losses are more significant, such that the TLA and cavity are not able to coherently cycle an

excitation between them indefinitely instead reside in the weak coupling regime. The light-

matter interaction in this case will be explored thoroughly in Sec. 4.3 and Chap. 5, leading

to physics such as the Purcell effect described in Chap. 3. As g is increased, the emitted

spectrum from a TLA evolves from a spontaneous-emission-enhancement–broadened single

peak at ωx to the signature vacuum Rabi doublet of the strong coupling regime. The ap-

pearance of this doublet is used to verify that a system is indeed strongly coupled [Yoshie

et al., 2004].

In addition to a system of TLAs, we would also like to include external pumps in our

quantum devices. In particular, the ability to drive TLAs with a coherent laser will be seen

in Ch. 5 to yield interesting physics and be useful for a variety of quantum information

science applications. The interaction of a TLA with a continuous wave (CW) pump is

described by [Carmichael, 1999]

Ĥdrive =
1

2
Epump(rd) · d(σ̂+e−iωLt + σ̂−eiωLt), (4.8)

where due to its large amplitude we treat the drive field as a c-number and ignore fluc-

tuations: Epump = 〈Êpump〉 and ωL is the laser frequency. This is simply the laser field

contribution to the dipole interaction term considered earlier, and we define the effective
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Rabi field as ΩR = 〈Êpump(rd)〉·d/~. Because the system Hamiltonian is now temporally pe-

riodic as well, we can treat it in the Floquet picture [Tannor, 2007] and write our eigenstates

in terms of Floquet states which share the same periodicity as the original Hamiltonian (in

this case ωL). It is quickly found that the eigenstates of Ĥ + Ĥdrive are an infinite identical

set of each eigenstate of Ĥ separated in energy by n~ωL, where n is an integer. Since

Ĥdrive only creates or destroys a single system excitation, only energy levels differing by

n = 1 are coupled. This temporal dependence arose from not treating the laser part of the

light-matter interaction explicitly, and it it is apparent that n simply corresponds to the

occupation of the laser mode, with transitions between levels occurring due to absorption

from or emission into the laser field. Returning to the explicit case of a single TLA driven

by a CW laser with ωL ≈ ωx, the eigenenergies are again dressed by the Rabi field, with

E±(n) = n~ωL + ωx+ωL
2 ± 1

2~ΩR(∆), where ∆ = ωx − ωL and ΩR(∆) =
√

∆2 + Ω2
R. When

the spectrum emitted from the system is calculated, one finds the Mollow triplet, containing

a pair of sidebands at E±/~ centring a stronger peak at ~ωL. Like the cavity-dressing de-

scribed earlier, this requires ΩR to be stronger than any dissipation rates. As will be seen in

Chap. 5, strong-field physics is not unique to a single driven TLA, with spectral mirroring

about a central peak at ωL occurring for more complicated driven systems as well.

4.3 Derivation of the Master Equation

In this section, we will now explore the dynamics of a system of fermionic TLAs in an arbi-

trary electromagnetic environment while including the possibility of external laser sources

and non-radiative dissipation. We use the traditional open quantum systems approach,

deriving a master equation for the reduced density matrix of the system by applying the

standard Born and Markov approximations and tracing over the reservoir to produce a

series of Lindbladian terms. This route is taken with the hope that readers will find the

process familiar and the approximations made will be more transparent. An excellent al-

ternative derivation is presented in Dung et al. [2002], which one can quickly see gives the

same result if the coherent pump is included in the system Hamiltonian; the compatibility

of these separate approaches further justifies our final result.

By extending the results of Sec. 4.2 to the more general formalism of Sec. 4.1, it can be
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seen system of TLAs interacting with the surrounding electromagnetic environment in the

dipole approximation is governed by the Hamiltonian [Dung et al., 2002]:

Ĥ =

∫
d3r

∫ ∞
0
dω ~ωâ†(r;ω) · â(r;ω)+

∑
n

~ωnσ̂+
n σ̂
−
n −

∑
n

∫ ∞
0
dω
(
d̂n · Ê(rn, ω)+H.c.

)
, (4.9)

where n indexes the TLAs and Ê(rn, ω) is defined through Eq. (4.2). We begin by separating

Eq. (4.9) into the emitter system, photonic reservoir, and interaction components, Ĥ =

ĤS + ĤR + ĤSR, and modify it to include the possibility of a CW pump applied to each

emitter. As was done in Sec. 4.2, this coherent drive is included in the system Hamiltonian as

Ĥdrive =
∑

n
~ΩR,n

2 σ̂+
n e
−iωLt+ σ̂−n e

iωLt), where ΩR,n = 〈Êpump,n(rn)〉 ·dn/~ can vary for each

emitter. We then transform to a frame rotating with laser frequency ωL (Ĥ → Û †L(t)HÛL(t),

ÛL(t) = e−iωL
∑
n σ̂

+
n σ̂
−
n t) and find system, reservoir, and interaction components of the

Hamiltonian, defined through

ĤS =
∑
n

(
~(ωn − ωL)σ̂+

n σ̂
−
n + ~

ΩR,n

2
(σ̂+
n + σ̂−n )

)
, (4.10)

ĤR =

∫
dr

∫ ∞
0

dω~ωâ†(r;ω) · â(r;ω), (4.11)

ĤSR =−
∑
n

(
σ̂+
n e

iωLt + σ̂−n e
−iωLt

) ∫ ∞
0

dω
(
dn · Ê(rn, ω) + H.c.

)
, (4.12)

where we have expanded the dipole operator in the rotating frame. The density matrix of the

total system and reservoir evolves according to the Schrödinger equation ρ̇T = 1
i~ [Ĥ, ρT ]. We

transform to the interaction picture (i.e., ÔI = Û †(t)ÔÛ(t), Û(t) = e−i(ĤS+ĤR)t/~) where

it is easily seen by combining the above two equations that the density matrix evolves as

ρ̇T,I = 1
i~ [ĤI , ρT,I ], with ĤI = ĤSR,I for simplicity. We integrate to find

ρT,I(t) = ρI(0)R0 +
1

i~

∫ t

0
dt′[ĤI(t

′), ρT,I(t
′)], (4.13)

where R0 is the initial reservoir density matrix, which we can always treat as a pure state

[Breuer and Petruccione, 2007].

In the interaction picture, it is evident from the commutation relations discussed earlier

that â(r;ω, t) = â(r;ω)e−iωt, whereas σ̂±(t) will be slowly varying, since ΩR � ω for

optical frequencies and we are interested in resonant driving ωL ≈ ωn. We thus make the

rotating-wave approximation in ĤI , dropping the rapidly varying counter-rotating terms
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proportional to σ̂+
n (t′)â†(r′, ω)ei(ωL+ω)t′ and its Hermitian conjugate. This is justified since

the integration over t′ gives these terms a factor of ≈ 1/(ω + ωL), and they are thus much

smaller than the rotating-wave terms [Carmichael, 1999]. To be explicit, we make the

replacement

ĤI(t) = −
∑
n

(∫ ∞
0

dωσ̂+
n (t)dn · Ê(rn, ω)e−i(ω−ωL)t + H.c.

)
. (4.14)

To produce an equation of motion for the system density matrix ρ (ρ = TrR{ρT }), we

insert ρT,I(t) via Eq. (4.13) into the interaction picture Schrödinger equation and trace over

the reservoir:

ρ̇I = TrR{
1

i~
[ĤI , ρI(0)R0,I ]} −

1

~2

∫ t

0
dt′TrR{[ĤI(t), [ĤI(t

′), ρT,I(t
′)]]}. (4.15)

The above equation is simplified by a number of approximations. We first take the mean

initial system-reservoir coupling to be zero, such that TrR{ 1
i~ [ĤI , ρI(0)R0]} = 0. Even

if this is not the case, the mean coupling with the system in R0 can simply be included

as an additional term in the Hamiltonian, such that the trace will indeed be zero in this

renormalized system [Carmichael, 1999]. We then make the Born approximation, noting

that the reservoir will be largely unaffected by its interaction with the system and assume

the total density matrix evolves as ρT (t) = ρ(t)R0+O(ĤSR) [Carmichael, 1999], and thus we

do not need to iterate Eq. (4.15) into the Schrödinger equation further. Next, we assume the

evolution of the density matrix depends only on its current state and write Eq. (4.15) in time-

convolutionless form (this is often referred to as the Born-Markov approximation) [Breuer

and Petruccione, 2007; Ge et al., 2013],

ρ̇I = − 1

~2

∫ t

0
dτTrR{[ĤI(t), [ĤI(t− τ), ρIR0]]}, (4.16)

where ρI = ρI(t). The Born-Markov approximation is justified because the system dynamics

are much slower than that of the bath; the system-reservoir coupling terms and Rabi field

are far weaker than the photon energies. This implies that the reservoir relaxation times are

fast relative to that of the system and we can safely ignore “memory effects” [Carmichael,

1999]. Lastly, we make a second Markov approximation, extending the upper limit of the

time integral to infinity to produce a fully Markovian equation. This is again appropriate

for a suitably rapid reservoir correlation time, requiring that the system energies are lower
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than the scale over which the local optical density of states (LDOS) varies [Breuer and

Petruccione, 2007]. Expanding the commutator of Eq. (4.16),

TrR{[ĤI(t), [ĤI(t−τ), ρIR0]]}=TrR{ĤI(t)ĤI(t−τ)ρIR0−ĤI(t−τ)ρIR0ĤI(t)+H.c.}. (4.17)

We now perform the trace over the reservoir, noting that each term in Eq. (4.17) con-

tains two ĤI , and thus a pair of field operators. Taking the photon reservoir as a ther-

mal bath, the only combination of field operators that will have a nonzero trace are

TrR{â†(r;ω)â(r′, ω′)R0} = n(ω)δ(r − r′)δ(ω − ω′) and TrR{â(r;ω)â†(r′, ω′)R0} = (n(ω) +

1)δ(r − r′)δ(ω − ω′), where the thermal photon occupation n(ω) = 0 for optical frequen-

cies [Ge et al., 2013]. Thus, only one out of four components from each term in Eq. (4.17)

survives and we have

ρ̇I =
∑
n,n′

∫ ∞
0
dτ

∫ ∞
0
dωJn,n′(ω)e−i(ω−ωL)τ

(
− σ̂+

n (t)σ̂−n′(t− τ)ρI + σ̂−n′(t− τ)ρI σ̂
+
n (t)

)
+ H.c,

where we used Eq. (2.15) to evaluate

Jn,n′(ω) =
1

π~ε0

∫
dr′′εI(r

′′, ω)dn ·G(rn, r
′′;ω) ·G(r′′, rn′ ;ω) · dn′

=
dn · Im{G(rn, rn′ ;ω)} · dn′

π~ε0
, (4.18)

the photon-reservoir spectral function, which is directly proportional to the projected LDOS.

From Eq. (2.15), Jn,n′ = Jn′,n, and this was used to group terms.

We then proceed with the integration over τ . As discussed earlier, σ̂±(t) is slowly-

varying; for small emitter-laser detuning and a weak Rabi field, it is appropriate to take

e±i(ω−ωL)τ σ̂±n (t − τ) ≈ σ̂±n (t)e±i(ω−ωL)τ as the emitter system evolves on a much slower

timescale than ωL. This also leads to the system sampling the photon LDOS at ωL, as to

be expected from linear scattering theory, with, for example, a Mollow triplet centred at

ωL [Carmichael, 1999]. For an emitter without a laser drive however, it is more sensible

to take σ̂±n (t − τ) ≈ e−iĤSτ/~σ̂±n (t)eiĤSτ/~ ≈ σ±n (t)e∓i(ωn−ωL)τ , resulting in the operating

frequency instead being ωn. To keep this approach general, we take e±i(ω−ωL)τ σ̂±n (t− τ) ≈

σ̂±n (t)e±i(ω−ω0,n)τ , with ω0,n being the relevant frequency (ωL or ωn′). We note that works

such as Dung et al. [2002] do not consider driven systems and avoid this complication. For

the case of a strong Rabi field, additional terms will be produced which sample the LDOS at
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ωL±ΩR
2 as well as ωL; we refer the reader to Ge et al. [2013] for resultant master equation rate

terms if this is the case. We note that all the results Chap. 5 were also calculated including

these additional terms, and no changes were observed. After making this approximation,

performing the integral over τ , and transforming back to the Schrödinger picture we find

ρ̇ =
1

i~
[ĤS , ρ] +

∑
n,n′

i

∫ ∞
0

dω
Jn,n′(ω)

ω0,n′ − ω
(
−σ̂+

n σ̂
−
n′ρ+ σ̂−n′ρσ̂

+
n

)
+ H.c.. (4.19)

In the above, we were able to perform the reverse transformation since all operators now

depend only on t. In order to perform the integral over ω we note that, J , like G, is

analytic in the upper portion of the complex plane and use contour integration to evaluate

the integral over ω. We choose a contour comprised of the real axis with an indent around

the pole at ω = ω0,n′ and a large semicircle in the upper complex plane, and use the

relation [Riley et al., 2006; Arfken and Weber, 2008]

lim
y→0+

∫ B

A

f(x)

x+ iy
dx = −iπ

∫ B

A
f(x)δ(x)dx+ P

∫ B

A

f(x)

x
dx, (4.20)

where B < 0 < A, P denotes the principal value, and x is real. It is apparent that

i

∫ ∞
0

dω
Jn,n′(ω)

ω0,n′ − ω
=

Γn,n′

2
− iP

∫ ∞
−∞

Jn,n′(ω)

ω − ω0,n′
dω, (4.21)

where the principal value integral was extended to −∞ since the principal value depends

only on the relevant pole at ω = ω0,n′ . The TLA exchange rate is

Γn,n′ =
2

~ε0
dn · Im

{
G(rn, rn′ ;ω0,n′)

}
· dn′ , (4.22)

which for n′ = n gives the spontaneous emission rate for emitter n. We then exploit the

Kramers-Kronig relations [Arfken and Weber, 2008], noting that for a f(x) which is analytic

in the upper half plane,
∮ f(x)
x−x0dx = P

∫∞
−∞

f(x)
x−x0dx − iπf(x) = 0. Rearranging and taking

the imaginary part, it is easy to see that P
∫∞
−∞

Im{f(x)}
x−x0 dx = πRe{f(x)} and thus

i

∫ ∞
0

dω
Jn,n′(ω)

ω0,n′ − ω
=

Γn,n′

2
+ iδn,n′ . (4.23)

The dipole-dipole coupling between TLAs is given by

δn,n′ |n6=n′ =
−1

~ε0
dn · Re

{
G(rn, rn′ ;ω0,n′)

}
· dn′ . (4.24)

We note that in order to perform this derivation in a self-consistent fashion, the self-Lamb
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shift of each TLA,

δn,n =
−1

~ε0
dn · Re {G(rn, rn;ω0,n)} · dn, (4.25)

must be calculated first and included in the system Hamiltonian, and then the derivation

must be repeated. These contributions shift the emitter resonance, resulting in ωn → ω′n,

where ω′n = ωn + δn,n, in Ĥs, Γn,n′ , and δn,n′ . Noting that the Hermitian conjugate term

contributes
Γn,n′

2 − iδn,n′ , we find

ρ̇ =
1

i~
[ĤS , ρ] +

∑
n,n′

Γn,n′

2

(
−σ̂+

n σ̂
−
n′ρ− ρσ̂

+
n′ σ̂
−
n + σ̂−n′ρσ̂

+
n + σ̂−n ρσ̂

+
n′
)

+ i

n 6=n′∑
n,n′

δn,n′
(
−σ̂+

n σ̂
−
n′ρ+ ρσ̂+

n′ σ̂
−
n + σ̂−n′ρσ̂

+
n − σ̂−n ρσ̂+

n′
)
. (4.26)

In the above, ĤS =
∑

n ~∆ωnσ̂
+
n σ̂
−
n +

~ΩR,n
2 (σ̂+

n + σ̂−n ), where ∆ωn = ω′n − ωL includes the

Lamb-shift renormalized emitter resonance δn,n and is the reason those terms are omitted

from the final sum of Eq. (4.26)

Regrouping terms, we arrive at the desired master equation in a more familiar form:

ρ̇ =
i

~
[ĤS , ρ]− i

n6=n′∑
n,n′

δn,n′ [σ̂
+
n σ̂
−
n′ , ρ] +

∑
n,n′

Γn,n′

(
σ̂−n′ρσ̂

+
n −

1

2
{σ̂+

n σ̂
−
n′ , ρ}

)
. (4.27)

We have yet to choose ω0,n′ in Γn,n′ and δn,n′ ; near resonance and for the system parameters

considered in this thesis, the choice is unimportant but we caution that for larger detunings

ωL should be used. Non-radiative loss mechanisms can be introduced phenomenologically

via
∑

n γO,nL[Ôn], where L is the Lindbladian superoperator: L[Ô] = (ÔρÔ† − 1
2{Ô

†Ô, ρ})

and γO,n its associated rate. This can be done after the derivation of the master equation

only for mechanisms which can be treated independently of the photon reservoir [Breuer

and Petruccione, 2007]. For quantum dots (QDs) as considered in this thesis, pure dephas-

ing, typically through electron-phonon interactions and included via Ôn = σ̂+
n σ̂
−
n forms the

dominant non-radiative loss mechanism [Weiler et al., 2012]. Phonon-induced pure dephas-

ing depends largely on the structure of the QD and the temperature of the phonon bath,

and is to good approximation uncoupled from the electromagnetic field, making it an ideal

candidate for this treatment.

The master equation of Eq. (4.27) allows for one to analyze the dynamics of a system
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of TLAs as they interact dielectric bath medium, a process described completely by the

medium specific Green functions through Γn,n′ and δn,n′ . We were able to arrive at this

form by applying the second-order Born and Markov approximations to the light-matter in-

teraction Hamiltonian, which assumes coupling rates are substantially weaker than medium

dynamics. This implies that the system is in the weak coupling regime, where a photon

emitted by a single TLA is unlikely to be coherently reabsorbed by the same TLA. Instead

we find that the spontaneous emission rate Γn,n is directly proportional to the imaginary

part of the projected Green tensor or LDOS, and so we arrive at the Purcell effect, with the

spontaneous emission rate modulated by the factor Fd of Eq. (3.3). To make the physics

more clear, consider Eq. (4.27) in the limit of a single TLA (denoted with a 0 subscript):

ρ̇ = i∆ω0[σ̂+σ̂−, ρ] +
iΩR

2
[σ̂+ + σ̂−, ρ] + Γ0,0L[σ̂−] + γ′L[σ̂+σ̂−], (4.28)

where γ′ is the phenomenological pure dephasing rate. In the absence of a drive, it is clear

that the system energy levels are simply 0 and ~ω′0 (as the self-Lamb shift still appears in the

system Hamiltonian), where the excited state decays at the spontaneous emission rate Γ0,0

and the off diagonal elements decay at γ′. As described in Sec. 4.2, if the TLA is driven,

eigenstates will be dressed by the laser field, yielding a Mollow triplet if ΩR > Γ0,0 and

the separation of energy levels is thus greater than their broadening. When multiple QDs

are included, the δn,n′ and Γn,n′ terms governing their coupling are also introduced to the

system master equation. The exchange of excitations between TLAs via photons is governed

by Γn,n′ and is thus directly proportional to the projected Green tensor between the two

TLAs. The δn,n′ terms give the dipole-dipole interaction between TLAs, which results

in the coherent transfer of energy and causes the system eigenstates to become entangled

multi-TLA states. This coherent exchange can be viewed as the exchange of virtual photons

[Wang et al., 2004], in contrast to the Γn,n′-mediated exchange of real photons, which is

incoherent in the weak coupling regime.

If the system reservoir coupling is on the order of the reservoir relaxation rate, we will

instead be in the strong coupling regime and the approximations made after Eq. (4.16) break

down. In such conditions, it was shown in Dung et al. [2002] that one can instead include the

resonant portion (ie., ω = ω0,n) of the dipole interaction in the system Hamiltonian. Then

the Markov approximation can be made even in the strong coupling regime. The remainder
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of the derivation proceeds as presented; however, in the integral over ω of Eq. (4.21) the

pole is excluded and only the principal value portion survives. Equation (4.23) then reads∫∞
0 dω

Jn,n′ (ω)

ω0,n′−ω
|ω 6=ω0,n = δn,n′ . The Γn,n′ terms in Eq. (4.27) are eliminated and the system

Hamiltonian instead includes the resonant electromagnetic field and its dipole interaction

ĤS → ĤS +

∫
dr

∫ ω0,n+δ

ω0,n−δ
dω~ωâ†(r;ω) · â(r;ω)−

∑
n

∫ ω0,n+δ

ω0,n−δ
dωσ̂+

n dn · Ê(rn;ω)+H.c., (4.29)

where we have taken δ to be a positive infinitesimal. The exact meaning of the above

integrals is a bit vague, in essence the intregral only includes the resonant portion such

that when it is integrated in the complex plane via Eq. (4.20) only the Dirac delta term

survives [Dung et al., 2002]. It is interesting to note that the self-Lamb shift and inter-QD

interaction terms, which arise from the off-resonant portion of the light-matter interaction

and are directly proportional to Re{G}, are unchanged. In the PC structures we consider,

Re
{
G(rn, rn′ ;ω0,n′)

}
between different unit cells can be very large, even at large separations

(see Eq. (2.42)). As noted before, these interactions allow for distant TLAs to become

entangled and will be seen in Chap. 5 to lead to novel and useful system behaviour. These

terms are completely neglected from the simplified approach described in Sec. 4.2, as the

sum over off-resonant modes is ignored, further justifying the necessity of this derivation.

4.4 Derivation of the Incoherent Spectrum

Before exploring the dynamics resulting from Eq. (4.27) in NW PC structures, we consider

another important theoretical function: the emitted spectrum. In particular, the incoherent

spectrum contains information about the energy levels, decay rates, and allowed transitions

in a driven system. Of equal importance is that it is also straightforward to measure,

allowing to connect directly to experiment. As such, we conclude this chapter with a

derivation of the spectrum emitted from a system governed by the Hamiltonian of Eq. (4.9)

(including Ĥdrive). The Heisenberg equation of motion of an operator Ô is found from
˙̂
O = i

~

[
Ĥ, Ô

]
. It is straightforward to use the bosonic commutation relations and Eq. (4.9)

to find for â(r;ω),

˙̂a(r;ω, t) = −iωâ(r;ω, t) +

√
εI(r;ω)

~πε0

∑
n

G∗(r, rn;ω) · dnσ̂−n (t), (4.30)
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where we have used (2.13) and made the rotating-wave approximation as was done in

Sec. 4.3. From here, we take the Laplace transform of Eq. (4.30) (the Laplace transform of

Ô(t) is defined as Ô(ω) =
∫∞

0 dtÔ(t)eiωt):

â(r;ωλ, ω) =
iâ(r;ωλ, t = 0)

ω − ωλ
+ i

√
εI(r;ωλ)

~πε0

∑
n

G∗(r, rn;ωλ)

ω − ωλ
· dnσ̂−n (ω). (4.31)

In the above, we have re-indexed the field mode frequency to be ωλ to differentiate it

from the transform variable ω. In the absence of the emitter system, the field operator

would evolve as ˙̂a0(r;ωλ, t) = −iωλâ0(r;ωλ, t) and thus â0(r;ωλ, ω) = i
ω−ωλ â

0(r;ωλ, t = 0).

Noting that â0(t = 0) = â(t = 0), we substitute the first term in Eq. (4.31) for â0(r;ωλ, ω).

We insert Eq. (4.31) into the Laplace transformed form of Eq. (4.2), and using Eq. (2.15),

Ê(r;ωλ, ω) = Ê0(r;ωλ, ω)− 1

πε0

∑
n

Im {G(r, rn;ωλ)}
ω − ωλ

· dnσ̂−n (ω), (4.32)

where Ê0 is the background field independent of the emitter system, defined through

Eq. (4.2) with â0 instead of â. To calculate the incoherent spectrum, we first need to

solve for Ê+(r, ω) =
∫∞

0 dωλÊ(r;ωλ, ω). Using the same method as was done previously to

arrive at Eq. (4.23):

−
∫ ∞

0
dωλ

Im {G(r, rn;ω)}
ω − ωλ

= iπIm {G(r, rn;ω)}+πRe {G(r, rn;ω)} = πG(r, rn;ω), (4.33)

and we find

Ê+(r, ω) = Ê+
0 (r, ω) +

1

ε0

∑
n

G(r, rn;ω) · dnσ̂−n (ω). (4.34)

The detected emission spectrum at rD is found by taking the Fourier transform of the

first-order quantum correlation function G(1)(r, τ) = 〈Ê−(r, t)Ê+(r, t + τ)〉 [Carmichael,

1999]. In the rotating frame the total spectrum is

STD(ω) = lim
T→∞

1

T

∫ T

0
dt

∫ T

0
dt′〈Ê−(rD, t)Ê

+(rD, t
′)〉ei(ωL−ω)(t−t′)

= lim
T→∞

1

T
〈Ê−(rD, ω)Ê+(rD, ω)〉. (4.35)

Inserting Eq. (4.34) and its Hermitian conjugate into the above,

〈Ê−(rD, ω)Ê+(rD, ω)〉 =
∑
n,n′

gn,n′(ω)〈σ̂+
n (ω)σ̂−n′(ω)〉, (4.36)
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where the emitter coupling term gn,n′(ω) = 1
ε20
dn ·G∗(rn, rD;ω) ·G(rD, rn′ ;ω) · dn′ using

Eq. (2.13) and it is apparent that gn′,n = g∗n,n′ . As discussed earlier thermal effects are

negligible at optical frequencies, and so we have taken the free field to be in the vacuum

state, eliminating the terms containing Ê±0 in Eq. (4.36) [Carmichael, 1999]. Since vacuum

free field and the rotating-wave approximations were made in Sec. 4.3, it is important to also

make them here so that we calculate the emitted spectrum of the actual system considered.

We would like to write the spectrum as a convolution of atomic operators in the time

domain, and so expand

lim
T→∞

1

T
〈σ̂+
n (ω)σ̂−n′(ω)〉 = lim

T→∞

1

T

∫ T

0
dt

(∫ t

0
dt′ +

∫ T

t
dt′
)
〈σ̂+
n (t)σ̂−n′(t

′)〉ei(ωL−ω)(t−t′). (4.37)

We then define τ = t − t′ in the first integral, and τ = t′ − t in the second such that it

remains a positive quantity. We find

lim
T→∞

1

T
〈σ̂+
n (ω)σ̂−n′(ω)〉 = lim

T→∞

1

T

∫ T

0
dt

(∫ t

0
dτ〈σ̂+

n (t+ τ)σ̂−n′(t)〉e
i(ωL−ω)τ

+

∫ T−t

0
dτ〈σ̂+

n (t)σ̂−n′(t+ τ)〉e−i(ωL−ω)τ

)
. (4.38)

In the above, we used the fact that 〈σ̂+(t + τ)σ̂−(t)〉 depends only on the separation τ at

which each operator is evaluated [Carmichael, 1999] to take 〈σ̂+
n (t)σ̂−n′(t − τ)〉 = 〈σ̂+

n (t +

τ)σ̂−n′(t)〉. Since these terms thus have no t-dependence we are free to perform the outermost

integral and extend T to infinity [Meystre and Sargent, 1999]:

lim
T→∞

1

T
〈σ̂+
n (ω)σ̂−n′(ω)〉 = lim

t→∞

(∫ ∞
0

dτ〈σ̂+
n (t+ τ)σ̂−n′(t)〉e

i(ωL−ω)τ

+

∫ ∞
0

dτ〈σ̂+
n (t)σ̂−n′(t+ τ)〉e−i(ωL−ω)τ

)
. (4.39)

Noting that the two integrals are Hermitian conjugates and inserting this into Eq. (4.36), we

arrive at an expression for the total emitted spectrum in terms of readily solvable quantities

using the master equation approach:

STD(ω) =
∑
n,n′

2gn,n′(ω)Re

{
lim
t→∞

∫ ∞
0

dτ〈σ̂+
n (t+ τ)σ̂−n′(t)〉e

i(ωL−ω)τ

}
. (4.40)

Of particular interest is not the total emitted spectrum but the incoherent spectrum,
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which contains the quantum dynamics of the system [Carmichael, 1999]. This is found by

subtracting from the total spectrum the coherent portion, defined as

Scoh
D (ω) = lim

t→∞

∫ ∞
−∞

dτ |〈Ê+(rD, t)〉|2e−i(ωL−ω)τ = |〈Ê+
ss(rD;ω)〉|2, (4.41)

where Êss denotes the steady state (t → ∞) value [Carmichael, 1999] and the integral is

extended to −∞ to include the Hermitian conjugate term. We note that |〈Ê+
ss(rD;ω)〉|2 =

2π|〈Ê+
ss(rD)〉|2δ(ω−ωL) and this term thus produces a Dirac delta peak in the emitted spec-

tra at the laser frequency, as expected for energy-conserving coherent scattering [Meystre

and Sargent, 1999]. Again dropping the free field terms and writing this in terms of atomic

operators we quickly find

Scoh
D (ω) =

∑
n,n′

gn,n′(ω)〈σ̂+
ss,n〉〈σ̂−ss,n′〉(ω)

=
∑
n,n′

gn,n′(ω) lim
t→∞

∫ ∞
−∞

dτ〈σ̂+
n (t)〉〈σ̂+

n′(t)〉e
−i(ωL−ω)τ ,

Scoh
D (ω) =

∑
n,n′

2gn,n′(ω)Re
{

lim
t→∞

∫ ∞
0

dτ〈σ̂+
n (t)〉〈σ̂+

n′(t)〉e
i(ωL−ω)τ

}
. (4.42)

This is then simply subtracted from Eq. (4.40) to find the incoherent spectrum. For sim-

plicity we drop extraneous numerical factors and separate this into direct and interference

terms,

SD(ω) =
∑
n

|G(rD, rn;ω) · dn
ε0
|2Re{S0

n,n(ω)}+

n6=n′∑
n,n′

Re{gn,n′(ω)S0
n,n′(ω)}, (4.43)

where we have defined a bare incoherent spectrum,

S0
n,n′(ω) = lim

t→∞

∫ ∞
0

dτ(〈σ̂+
n (t+ τ)σ̂−n′(t)〉 − 〈σ̂

+
n (t)〉〈σ̂−n′(t)〉)e

i(ωL−ω)τ . (4.44)

The first sum in Eq. (4.43) corresponds to the incoherent spectrum emitted from a single

TLA which is measured by a detector, although the effect of the surrounding TLAs is still

seen in the S0
n,n term due to their influence on the expectation value 〈σ̂+

n (t+ τ)σ̂−n′(t)〉. It is

important to note that Eq. (4.43) still explicitly depends on the fermionic TLA population

dynamics through 〈σ̂+
n (t + τ)σ̂−n′(t)〉. The emitted spectrum will thus include the quan-

tum nature of the TLA, incorporating saturation and nonlinear effects [Carmichael, 1999],



4.4. DERIVATION OF THE INCOHERENT SPECTRUM 66

which are lost if one simply assigns a polarizability to the TLA and calculates its scattered

spectrum. For a single TLA, Eq. (4.43) reduces to

SD(ω) = |G(rD, r0;ω) · d0

ε0
|2Re{S0(ω)} (4.45)

where we have dropped the n subscripts as usual. In this form, the influence of our medium

approach is more apparent, as the bare emitted spectrum which is typicality calculated

[Carmichael, 1999; Meystre and Sargent, 1999] has been convoluted with the material-

system–specific propogator |G(rD, r0;ω) · d0
ε0
|2. Even in the work of Dung et al. [2002]

the propagator is only evaluated at the frequency at which the Markov approximation is

applied (ω′n), and so the influence of the material system on output coupling is reduced

to a constant prefactor. In our approach, input-output coupling is treated exactly and so

the influence of the variation of the LDOS over the system resonances is fully included, an

important distinction which will be seen in Chap. (5) to dramatically influence the measured

spectrum and allow for the spectrum of specific TLAs to be isolated with intelligent detector

placement.

The second sum of Eq. (4.43) is due to quantum interference and only appears for

systems containing multiple emitters. This set of terms appears uniquely in our approach

and includes “which-path” information, describing light from a single emitter scattering

off another before propagating to the detector. This scattering originates from the self-

consistent nature of the system Green tensor and is unrelated to the coupling of TLAs

via the δn,n′ and Γn,n′ terms in the master equation and their subsequent influence on

each-others’ dynamics.

In the next chapter, we will apply this formalism to systems of QDs embedded in the

PC waveguide structures of Chap. 3 and examine the resultant quantum dynamics. The

open nature of these structures results in weak light-matter coupling physics, and so these

systems will be governed by the master equation of Eq. (4.27). However, substantial inter-

QD exchange via both Γn,n′ and δn,n′ processes will be seen to lead to novel physics with

potential implications for quantum information science applications. We will also calculate

the measured incoherent spectra of these systems under CW excitation following Eq. (4.43).

This spectrum will be seen to contain signatures of nonlinear coupling via photon transport

and be dramatically influenced by the propogator.
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Chapter 5

Coupled Quantum Dot Dynamics

The previous chapter formally moved away from the largely classical electromagnetic ap-

proaches used to model photonic crystal (PC) structures up to this point and developed the

theoretical techniques necessary to understand the quantum mechanical aspects of these

systems. As described in the introduction, PC slabs with embedded quantum dots (QDs)

are strong candidates for on-chip quantum information systems [Yao et al., 2009a; Dalacu

et al., 2010], since they have the ability to modify the local optical density of states (LDOS)

through integrated cavities and waveguides. Chapter 3 explored the utility of these struc-

tures for single photon sources, and strong coupling of single QDs to PC cavities has been

demonstrated in experiment [Hennessy et al., 2007]. Many quantum information science

systems require the ability to mediate coupling and entanglement between multiple qubits

[Ladd et al., 2010; Kimble, 2008], and thus one would like to produce PC systems which cou-

ple pairs of qubits. However, semiconductor structures such as PC slabs have yet to demon-

strate coupling between multiple QDs in a controlled way. This is largely due to the limita-

tions of Stranski–Krastanov growth described in the introduction, where the self-assembly of

QDs results in limited control over their position and emission frequency, and poor coupling

to PC waveguide modes [Yao et al., 2009a; Ba Hoang et al., 2012], such that coupling has

so far only been demonstrated between QDs in a shared cavity [Laucht et al., 2010]. Sys-

tems that couple QDs via an arbitrary length PC waveguide mode [Yao and Hughes, 2009;

Minkov and Savona, 2013] are desirable, offering the ability to excite and probe individual

QDs. Coupling QDs via plasmonic waveguides has been proposed [Gonzalez-Tudela et al.,
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2011], though metallic systems suffer from material losses and Ohmic heating, particularly

in the optical domain [Novotny and Hecht, 2006].

Noting that nanowire (NW) PC structures have the potential to overcome, or at least

mitigate, the above fabrication issues, in this chapter we will explore their utility for de-

signing systems which couple pairs of QDs. In particular, we introduce a chip-based system

comprised of a NW PC waveguide from Chap. 3 with a pair of embedded QDs. Using the

quantum master equation formalism of Chap. 4, we analyze the properties and dynamics

of the resultant quantum mechanical system under a variety of conditions and demonstrate

the potential utility of these structures for quantum information science applications. We

focus on a 41 a long finite-sized PC waveguide in Sec. 5.1, where strong Fabry–Pérot (FP)

resonances and high β factors in the slow-light regime allow for efficient coupling of QDs at

opposite ends of the structure. We demonstrate the ability of these QDs to form a long-lived

entangled state and study their free evolution in Sec. 5.1.1. Then, we include a coherent

drive applied to one of the QDs and study the fluorescence spectrum emitted from the

device in Sec. 5.1.2, which displays signatures of nonlinear coupling via photon transport.

Section 5.1.3 concludes the exploration of this structure, demonstrating that it can access

a unique regime of quantum electrodynamics (QED), where significant exchange splitting

between QDs occurs and a “Mollow nonuplet” (i.e., with nine spectral peaks) is obtained.

We then examine the coupling of a pair of QDs in an infinite realistic NW PC waveguide in

Sec. 5.2, exploring the influence of separation distance on the system dynamics, comparing

the behaviour to that of the finite-sized case, and proposing a quantum switch. The work

in Sec. 5.1 closely follows Angelatos and Hughes [2015].

Recalling Sec. 4.3 and in particular Eq. (4.27), in the weak-coupling regime a system of

QDs in an arbitrary electromagnetic medium is governed by the master equation

ρ̇ = −i
∑
n

∆ωn[σ̂+
n σ̂
−
n , ρ]− i

n6=n′∑
n,n′

δn,n′ [σ̂
+
n σ̂
−
n′ , ρ] +

∑
n,n′

Γn,n′

(
σ̂−n′ρσ̂

+
n −

1

2
{σ̂+

n σ̂
−
n′ , ρ}

)

−i
∑
n

ΩR,n

2
[σ̂+
n + σ̂−n , ρ] +

∑
n

γ′n

(
σ̂+
n σ̂
−
n ρσ̂

+
n σ̂
−
n −

1

2
{σ̂+

n σ̂
−
n , ρ}

)
. (5.1)

As before, this is in a frame rotating with the continuous wave (CW) source ωL: ∆ωn =

(ω′n−ωL), ω′n = ωn+∆n, and ∆n = −1
~ε0dn ·Re {G(rn, rn;ωn)}·dn is the photonic Lamb shift.
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When the QDs are not driven we make the Markov approximation at the QD resonances,

giving inter-QD terms δn,n′ |n6=n′ = −1
~ε0dn · Re

{
G(rn, rn′ ;ω

′
n′)
}
· dn′ and Γn,n′ = 2

~ε0dn ·

Im
{
G(rn, rn′ ;ω

′
n′)
}
· dn′ . For a nonzero pump these are instead evaluated at ωL, although

we only consider near resonant driving and weak Rabi fields so the LDOS is essentially flat

over this frequency range and this distinction thus has no effect on the results. The fourth

term represents the external coherent drive applied to each QD, where the effective Rabi

field is ΩR,n = 〈Êpump,n(rn) · dn〉/~. For all systems considered in this chapter, the Rabi

fields and coupling terms (in units of frequency) are smaller than the frequency scale over

which an appreciable change in the LDOS occurs, so that the scattering rates are essentially

pump independent [Ge et al., 2013] and the Born and Markov approximations of Chap. 4 are

valid [Carmichael, 1999], and these systems were indeed proven to be well within the weak

coupling regime. As in Chap. 2, we only consider the scattered Green function and subtract

off the divergent homogeneous vacuum Lamb shift, which can be included in the definition

of ωx. To better highlight the radiative coupling dynamics, we also neglect pump-induced

dephasing effects (e.g., through phonon-induced interactions). However, the final term in

Eq. (5.1) accounts for pure dephasing phenomenologically via the standard Lindbladian

superoperator, with γ′n the pure dephasing rate of QD n. In all calculations which follow,

we include a pure dephasing rate of γ′n = 1µeV , similar to experimental numbers on InAs

QDs at 4 K [Weiler et al., 2012]. Importantly, Eq. (5.1) allows one to analyze the radiative

coupling dynamics of a system of QDs in the PC waveguides of Chap. 3, where all of the

coupling depends explicitly on the medium Green functions.

5.1 Quantum Dynamics in Finite-Sized PC Waveguides

The first PC structure we consider follows the extended NW design described Sec. 3.3 with

a length and width of 41 a and 7 a (see Fig. 3.8). We consider a pair of vertically-polarized

QDs (QD 1 and QD 2) that are embedded, e.g., post-process at the top of selected NWs,

where they efficiently couple into the waveguide Bloch mode antinode as seen in Fig. 5.1(a).

Each QD resides on top of a NW ten unit cells from the center of the structure (at r1 r2,

separated by 21 a, 10.6µm). The relevant G components (G = ez · G · ez) for the two

QDs indicated, found using the finite-difference time-domain (FDTD) approach [Lumerical
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Figure 5.1: (a) |Eλ1 |2 the in y = 0 plane of NW waveguide. QD locations are indicated
via red circles. (b) Im{G(r1/2, r1/2;ω)}, (c) Im{G(r1, r2;ω)}, and (d) −Re{G(r1, r2;ω)},
directly proportional to Γ1,1, Γ1,2, and δ1,2. All rates are in units of Im{Gh(r, r;ω)}. The
crosses and circles indicate values at λ1 and λ2 respectively.

Solutions, Inc.] of Sec. 2.3 are shown in Fig. 5.1(b-d) through the waveguide band. We

note that the largest LDOS peak corresponds to the quasimode formed at the mode edge

of a slow-light waveguide mode, whereas the lower frequency peaks are Fabry–Pérot ripples

due to facet reflections [Angelatos and Hughes, 2014], as was seen in Sec. 3.3. Optimal

coupling is achieved by choosing the mode which maximizes the symmetric photon exchange

terms, |Im{G(r1/2, r2/1;ω)}|. The photonic mode λ1 which best achieves this is shown in

Fig. 5.1(a), containing antinodes at the symmetric QD positions.

5.1.1 Free Evolution

We first study the dynamics of a single excited QD (QD 1) with no external drive. Both QDs

were taken to have a vertical dipole moment of d = 30 D (0.626 e-nm) and a renormalized

exciton line at ω′x = ωλ1 = 793.40 meV, resulting in the energy level diagram depicted in

Fig. 5.2(a). The calculated spontaneous emission (SE) rates and exchange terms (in units

of the vacuum SE rate, ∝ Im{Gh(r, r;ω′x)}) are 131.7 and 129.8, respectively, for the chosen

positions and frequencies (22.40 and 22.05µeV). This large coupling rate is remarkable given

the openness of the structure and the large spatial separation of the QDs, and exceeds that

found in comparable slab PC waveguides [Minkov and Savona, 2013].

Having calculated the relevant photonic Green functions, we solve the master equation
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(Eq. (5.1)) for the density matrix ρ(t) using the Quantum Optics Toolbox for MATLAB

[Tan, 1999]. This toolbox was tested to ensure it reproduces analytic results, including

a driven TLA in free space and a TLA interacting with a single cavity mode. As an

additional test, we used a wave function approach to solve for QD populations directly and

these findings again agreed with those of the Quantum Optics Toolbox. Once computed,

ρ(t) is used to obtain expectation values such as the population of each QD from 〈nn(t)〉 =

Tr{σ̂+
n σ̂
−
n ρ}. To measure the entanglement between the pair of QDs, we calculate the

system concurrence, C(ρ) = max{0, λ1 − λ2 − λ3 − λ4} [Wootters, 1998], where λi are the

eigenvalues of
√√

ρρ̃
√
ρ in decreasing order, and the spin-flipped density matrix is defined

as ρ̃ = σ̂y,2σ̂y,1ρ
∗σ̂y,1σ̂y,2. The concurrence ranges from zero for a separable state up to

one for an ideal Bell state and increases monotonically with entanglement of formation;

a state with non-negligible concurrence is considered entangled [Wootters, 1998]. As a

consequence of the weak-coupling regime, C(ρ) ≤ 0.5 for a pair of identical QDs with one

initially excited [Dung and Scheel, 2002]. The populations 〈nn〉 and C(ρ) for QD 1 initially

excited are shown in Fig. 5.2(b), with a long-lived entangled state clearly forming as the

QDs couple resonantly to the waveguide mode and exchange their single excitation. The

system is seen to remain populated far longer than in the single QD case; the lifetime of

the entanglement also exceeds that of a comparable QD-PC system in the strong-coupling

regime, where the entanglement falls to zero after 200 ps [Yao and Hughes, 2009]. When

compared to an idealized QD-plasmon waveguide system [Gonzalez-Tudela et al., 2011], we

achieve a higher peak entanglement and similar lifetime.

We next examine the dynamics of the symmetric and asymmetric entangled states

|ψ±〉 = 1√
2
(|0, 1〉 ± |1, 0〉) , which are the eigenstates of this system (see Fig. 5.2(a)), where

the first (second) quantum number refers to the first (second) QD. For this system, |ψ±〉

populations decay at Γ± = Γ1,1 ± Γ1,2 [Dung et al., 2002; Yao and Hughes, 2009]. Due to

the phase difference in the effective Bloch mode between the two QD positions, Γ12 is neg-

ative, extending the lifetime of |ψ+〉 (1/Γ+ ≈ 50/Γ−) as shown in Fig. 5.2(c). We note that

this lifetime exceeds that found for a symmetric state in the idealized plasmon waveguide

structure [Gonzalez-Tudela et al., 2011], and that by changing the positions or resonances

of the QDs one can invert this relationship such that the asymmetric state will have the

drastically longer lifetime, a feature that has useful quantum information applications.
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Figure 5.2: (a) Energy-level diagram (not to scale) of a two-QD system interacting with
the waveguide, with no drive and δ1,2 < 0. (b) Coupling dynamics between two QDs, with
QD 1 initially excited. Population of QD 1 (2) is shown in dark blue (dashed red) and
entanglement in light green. The dash-dotted black line displays the population of QD 1 in
the same structure without QD 2, for comparison. (c) Dynamics of initially entangled pair
state. Single QD population of state initialized in |ψ+〉 (|ψ−〉) in dark blue (dash-dotted
black) and concurrence of |ψ+〉 in light green.

5.1.2 Coherent Field Driven Case

To investigate nonlinear coupling we consider a pump field applied to QD 1 via ΩR,1 = ΩR

and calculate the resulting spectrum by taking the Fourier transform of the correlation

function as derived in Sec. 4.4. This approach maintains the fermionic nature of the QDs,

fully including saturation and nonlinear effects [Carmichael, 1999]. From Eq. (4.43) the total

incoherent spectrum measured by a point detector at position rD, incorporating filtering

via light propagation, is

SD(ω) = SD,1 + SD,2 + Sint
D , (5.2)

where

SD,n = |G(rD, rn;ω) · dn/ε0|2Re{S0
n,n(ω)}, (5.3)

and S0
n,n′(ω) is given by Eq. (4.44). The interference term

Sint
D = Re{g1,2S

0
1,2 + g∗1,2S

0
2,1}, (5.4)

where the coupling g1,2 = 1
ε20
d1·G∗(r1, rD;ω)·G(rD, r2;ω)·d2 as in Sec. 4.4. Due to rapid ex-

change between QDs in this system, Sint
D does not contain any interesting retardation-related

interference effects. As described in Sec. 4.4, this quantum interference term accounts for

light emitted from one QD scattering off its neighbour before arriving at the detector, which
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Figure 5.3: (a) Population and concurrence when QD 1 is driven, following the labelling
convention of Fig. 5.2(a). (b) Detected spectrum from QD 1 (2) in solid blue (dashed red).
The QD 1 spectrum of an identical system without QD 2 is shown in dash-dotted black. A
Mollow triplet is only observed for the two QD system under this excitation condition.

could potentially dramatically reshape the total emission spectrum of systems where ex-

change between QDs is significantly delayed or if the QDs are not identical. In this system

however, these terms simply follow the bare QD emission spectrum and lead to the total

detected spectrum, in the absence of propagation effects, to simply be the average of the

two individual QD spectra. The system behaviour is best understood in terms of individual

QD spectra SD,n, which can be isolated in measurements by choosing rD appropriately so

that the propagator |G(rD, rn;ω)| is much stronger for one QD than the other.

Figure 5.3(a) shows the system dynamics with QD 1 driven by a ΩR = 25µeV pump

at ωL = ωλ1 + δ1,2 (both QDs are initially in the ground state). The dipole moment has

been increased to an experimentally accessible 60 D to better highlight exchange effects,

but all other parameters remain the same. It can be seen that a highly entangled state is

formed with steady state 〈n1〉, 〈n2〉, and C(ρ) of 0.27, 0.23, and 0.45, respectively. We note

that the strong medium-assisted photon exchange leads to Rabi oscillations and steady-

state populations in the unpumped QD 2 almost identical to that of QD 1. By driving

the transition to the superposition state |ψ+〉, the chosen ωL maximizes the steady-state

C(ρ). Figure 5.3(b) displays the incoherent spectra of both QD 1 and QD 2, as well as that

of an identical system containing only QD 1. We show S0, but assume detector positions

directly above each QD, where |G(rD, rn;ω)| � |G(rD, rn′ ;ω)| such that emission from a

single QD dominates and SD ∝ S0
n,n. The Mollow triplet, a clear signature of a driven

fermionic system that emerges from quantum correlations, is observed in both QDs despite
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the lack of external Rabi field on QD 2. The dynamics are dominated by the Γ exchange

terms, with Γ1,2 = Γ2,1 = −88.2µeV, and ΩR = 25µeV. In addition, the sideband splitting

has been reduced from the traditional ΩR due to this resonant photon exchange, with

∆R,2 = 0.701ΩR and ∆R,1 = 0.704ΩR. In particular, the Rabi field seen by QD 2 is due

entirely to photons emitted from QD 1 via Γ2,1, and the Rabi field at QD 1 is similarly

dominated by the Γ1,2 process, although it has been increased slightly by the pump. As the

position and intensity Mollow sidebands are directly dependent on the strength of the pump

and exchange terms, one can experimentally study the coupling dynamics of this system by

measuring the spectra emitted from each QD when the other is pumped.

5.1.3 Strong Exchange Regime

Lastly, we study a system where in contrast with the previous cases, we work in a regime

with δ1,2 � Γ1,1, by choosing ω′x = ωλ2 = 794.19 meV and d = 60 D. This coupling regime

allows dipole-dipole coupling, or exchange splitting, to control the system dynamics with

δ2,1 = δ1,2 = −9.68µeV, Γ1,1 = 0.64µeV, Γ1,2 = Γ2,1 = 0.41µeV. We note that this

exchange splitting is on the order of that reported for neighbouring QDs [Unold et al.,

2005] or QDs in a shared cavity [Laucht et al., 2010], despite the large spatial separation in

our device. In this regime, the system evolves under

Ĥeff = ~∆ωλ2(σ̂+
1 σ̂
−
1 + σ̂+

2 σ̂
−
2 ) + ~δ1,2

(
σ̂+

1 σ̂
−
2 + σ̂+

2 σ̂
−
1

)
+ ~

ΩR

2

(
σ̂+

1 + σ̂−1
)
. (5.5)

With no pump the eigenstates and eigenenergies of Ĥeff are shown in Fig. 5.2(a), mimicking

a biexcitonic cascade system with level splitting. When an external Rabi field is included we

find a Stark-shifted level structure, Ei/~ = ∆ωλ2± 1
2

√
A±B, where A = 2δ2

1,2+2∆ω2
λ2

+Ω2
R,

and B = 2
√
δ4

1,2 + δ2
1,2Ω2

R − 2δ2
1,2∆ω2

λ2
+ Ω2

R∆ω2
λ2

+ ∆ω4
λ2

. The temporal periodicity of the

original Hamiltonian allows one to treat it in the Floquet picture, resulting in an infinite

sequence of the interaction picture energy levels centred at n~ωL, where n is an integer.

Since only QD 1 is driven, we can truncate this sequence to the n = 0 and n = 1 sets,

corresponding to the absorption of 0 or 1 photons from the laser. The resultant energy

levels are shown in Fig. 5.4(a), where the four unique transitions of the interaction picture

are labelled a-d. This leads to a nine-peaked observable spectrum of the full time-dependent

Hamiltonian, with the ninth peak being a four-fold degenerate transition at ωL.
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Figure 5.4: (a) Energy levels and expected transitions for system evolving under Heff .
Unprimed transitions are from the interaction picture, and primed are found when one con-
siders the full Hamiltonian. The transitions between identical levels at ωL are not labelled.
(b) The detected spectrum from QD 1 (2) in solid blue (dashed red). The populations and
concurrence are shown in the inset and again follow the convention of Fig. 5.2(a).

We solved the dynamics of the above system with ΩR = 10µeV and ∆ωλ2 = 0, and the

resulting detectable spectrum, populations, and concurrence are shown in Fig. 5.4(b). The

dressed energy levels in the rotating frame are calculated to be Ei = ±1.18ΩR, ±0.212ΩR,

indexed by increasing energy, and clear signatures of all the expected transitions are ob-

served; |ψ1〉 and |ψ4〉 are anticorrelated exciton states which behave similar to (and converge

to) |ψ+〉 and |ψ−〉 respectively, whereas |ψ2〉 and |ψ3〉 are asymmetric and symmetric combi-

nations of the biexciton and vacuum state, yielding for zero pump correlated exciton states

1√
2
(|1, 1〉 ∓ |0, 0〉). Transitions a and d correspond to transitions between symmetric and

asymmetric exciton states while maintaining correlation (anticorrelated and correlated for

a and d respectively). These transitions do not appear in the QD 2 spectrum, as they have

no effect on the population of QD 2. The transitions denoted with b correspond to changes

in correlation which maintain parity, whereas c corresponds to a change in both parity and

correlation. The height of a spectral peak is proportional to the number of possible tran-

sitions it contains, the change in QD population of said transition, and the magnitude of
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the projected propagator |G(rD, rn;ω) · dn/ε0|2 at the resonance; |G(rD, rn;ω)| increases

with ω near ωL, causing spectral peak amplitudes to increase as well and resulting in the

asymmetry in peak height on either side of ωL. These results are robust with respect to

pure dephasing; we are still using an experimentally viable γ′ = 1µeV in the above work,

and a numerical study has indicated that these peaks remain resolvable up to γ′ ' 5µeV.

Of particular importance for this system is the spatial filtering of respective QDs. Specif-

ically, we define a pair of detectors D and D′ placed at mirror positions 1a (0.5526µm)

from the terminus of structure, along y = z = 0 (see Fig. 5.1(a)) with D closer to QD

2 and D′ closer to QD 1. Throughout the frequency range of interest, |G(rD, r1;ω)| =

|G(rD′ , r2;ω)| ≈ 8|G(rD′ , r1;ω)| = 8|G(rD, r2;ω)|. In consequence, the spectra of QDs 1

and 2 in Fig. 5.4(b) correspond almost exactly with the total spectra observed at D and

D′ respectively, indicating that QDs can be studied individually by taking advantage of

the inherent structural filtering. We stress that one cannot isolate individual QD spec-

tra in a comparable cavity structure, with the strong spatial filtering originating from the

rich LDOS of the finite-sized waveguide. Furthermore, this exchange-splitting regime is

wholly inaccessible in a simple cavity structure, as Re{G} falls off rapidly away from the

peak of a Lorentzian LDOS, resulting in dynamics which are unavoidably dominated by

the more rapid Γ processes. As such, the multiple-peak spectra of Fig. 5.4(b) is inherent to

our proposed PC waveguide structure. This ability to model an effective four-level system

and separately observe each component indicates that these structures could potentially

serve as many-body simulators or as a platform to study multi-QD quantum dynamics.

Indeed, this type of device could readily be scaled up to n QDs to simulate a 2n-level sys-

tem. Furthermore, the ability to achieve substantial exchange splitting without relying on

a strongly-coupled cavity is quite remarkable and could possibly be exploited to produce a

CNOT gate.

5.2 Quantum Dynamics in Infinite PC Waveguides

Having explored in detail the dynamics of a pair of QDs in a finite-sized structure, it

is worthwhile to also consider their behaviour in an equivalent infinite NW PC. To be

explicit, the PC again follows the elevated design of Sec. 3.3, with a lattice constant of
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Figure 5.5: Band structure on left and Im{G(r0, r0;ω)} on right of infinite elevated NW
PC waveguide. A single waveguide band in blue lies in the band gap of the surrounding
PC, also in blue, and below the light line, the region above which is shaded in grey. The
band structure agrees very well with the FDTD result for the same waveguide in Fig. 3.8(a).
Im{G(r0, r0;ω)} is given in units of Im{Gh(r, r;ω)} and plotted in blue, while dashed orange
lines denote the edges of the surrounding band gap.

a = 0.5526µm, a width of 7 a and infinite length, with a pair of vertically polarized QDs

embedded at the tops of the waveguide NWs of seperate unit cells. The electromagnetic

properties of this structure were computed using MPB, and the Green function between any

two space points is thus given by Eq. (2.42). The resultant band structure and spontaneous

emission rate enhancement of an embedded QD due to the waveguide LDOS are shown in

Fig. 5.5, and the properties of this structure were also described in Fig. 3.8. By comparison

with Fig. 3.3(a), it can again be seen that the substrate has little influence on the waveguide

band, but has introduced additional higher order bands, reducing the size of the band gap,

and that embedding the QD on top of the NW has increased its coupling with the waveguide

Bloch mode and thus its emission rate.

As described earlier, the LDOS and G(r, r′;ω) diverge as one approaches the waveguide

band edge and vg → 0. The waveguide also contains a broad moderately slow light regime

where |G| increases from ∼ 10→ 50 Im{Gh(r, r;ω)}. Since the phase of G in Eq. (2.42) is set

by the spacing between points, one can completely control the interaction between a pair of

QDs and the resultant dynamics by modulating the number of unit cells between them and

their emission frequency. Specifically, |G(r1, r1;ω)| = |G(r1, r2;ω)| if r1 and r2 are at the

same position in their respective unit cells. One can increase the strength of the interaction
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Figure 5.6: Real and imaginary components of G(r, r′;ω), again in units of Im{Gh(r, r;ω)}
as a function of ω and separation x′ − x.

by increasing ωx towards the mode edge, and arbitrarily set the relative strengths of the

dipole-dipole (δ1,2, ∝ Re {G(r1, r2)}) and photon-assisted (Γ1,2, ∝ Im {G(r1, r2)}) coupling

by varying the separation. Figure 5.6 shows the real and imaginary portions of G(r1, r2;ω)

as a function of separation |r1 − r2| and ω. We exploit this freedom below to demonstrate

the wide variety of quantum systems that can be produced in this simple structure.

Having discussed the properties of this infinite PC waveguide, we can now proceed to

analyze the interaction and dynamics between a pair of embedded QDs. As in Sec. 5.1, the

system is governed by Eq. (5.1) and the relevant rates are Γ1,1, Γ1,2, and δ1,2, which we plot

in Fig. 5.7 for ∆n = 25, 30, 46 and 50 unit-cells of separation (∆n = |x1 − x2| in units of

a). The emission rate Γ1,1, which is clearly independent of ∆n, increases approaching the

band edge as discussed previously. The inter-QD interaction oscillates in strength between

Γ1,2, and δ1,2, with a maximum value of Γ1,1 as a function of frequency, and this oscillation

frequency is directly proportional to ∆n. The dynamics of this system are calculated by

solving Eq. (5.1) using the Quantum Optics Toolbox for MATLAB [Tan, 1999] as was done

in Sec. 5.1. In what follows, we again consider a pair of resonant QDs with d = 30 D and

exciton frequency ωx, and include a coherent laser drive ΩR applied to QD 1 at ωx. In

this section we ignore the effects of pure dephasing because we are interested in quantum

dynamics throughout the waveguide band and Γ and δ are on the order of ∼ 1µeV until

one approaches the mode edge, and also use weak Rabi fields for this reason. We also
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Figure 5.7: Γ1,1 in dash-dotted orange, Γ1,2 in red, and δ1,2 in blue as a function of
frequency. On top (bottom) plot, dashed and solid lines correspond to ∆n = 46 and 50 (25
and 30) respectively, and the top plot only shows the frequency region near the mode edge.

calculated all the results below γ′ = 1µeV as in Sec. 5.1, and found that the behaviour is

unchanged near the mode edge: ωx & 794.5 meV. Throughout the waveguide band however

steady state populations are reduced and in particular the emitted spectrum is washed out

for ΩR . 1µ eV, making it more difficult to visualize the unique physics of this system.

The steady state QD populations and concurrence are shown in Fig 5.8 for ΩR = 1 and

2.5µeV. As noted earlier, the dynamics of this system vary considerably with separation

and frequency, particularly for the case with the weaker pump. At low frequencies, the

pump term is dominant, particularly for the ΩR = 2.5µeV case, resulting in a large QD 1

population at the expense of the population of QD 2 and concurrence. At higher frequencies,

the system is governed largely by the Γ and δ terms, with population and concurrence of

both QDs following Γ1,2. At peaks of Γ1,2, δ1,2 = 0, the laser pump is resonant with the

system eigenstates, and photon transfer is maximized, resulting in large the total population

and concurrence. In contrast, at peaks of δ1,2, the laser-eigenstate detuning is maximized

and Γ1,2 << Γ1,1, resulting in photons absorbed from the laser by QD 1 being lost down

the waveguide without coupling into QD 2.

We now focus on a system where ∆n = 50 and ΩR = 2.5µeV to demonstrate the in-

teresting physics and functionality of these structures. Figure 5.9 shows the steady state
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Figure 5.8: Steady state populations and concurrences of QD 1 and 2 for ΩR = 1µeV and
2.5µeV on top and bottom respectively.

populations and concurrences as a function of frequency. We also plot the time dependant

dynamics and the bare QD incoherent emission spectrum S0
n,n′(ω) (from Eq. (4.44), nor-

malized according to the peak of QD 1) at three frequencies of interest. The first system

has ωx = 756.65 meV, well before the slow light regime, causing the resultant dynamics to

be dominated by the pump laser, with Γ1,1, Γ1,2, and δ1,2 of 0.455, -0.153, and -0.214µeV.

The population and spectra are displayed in the bottom plots, with QD 1 displaying initial

Rabi oscillations before effectively saturating at 〈n1〉 = 0.494 alongside a slow rise in QD 2

population from the slow coupling rates, with a steady state 〈n2〉 = 0.109 and C(ρ) quickly

falling to zero. The traditional Mollow triplet is seen only in the pumped QD, with the

lower sideband being slightly enhanced due to the negative exchange splitting.

The remaining two systems operate at ωx = ω0 = 794.59 meV and ωx = ω1 = 794.82 meV,

indicated via circle and x symbols in Fig. 5.9 and chosen to maximize dipole-dipole split-

ting and photon exchange in the moderately-slow-light regime respectively. This regime is

chosen as losses typically prevent device operation near the band edge, and by tuning the

driving laser between ω0 and ω1, one can create an effective single-photon switch, whose 0

and 1 states correspond to the differences in population of QD 2. Rates of Γ1,1, Γ1,2, and

∆ω1,2 equal to 5.265, -5.259, and -0.129µeV for ω1 and 3.80, -1.10, and -1.82µeV for ω0
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Figure 5.9: Population and emission spectra of QD 1 (QD 2) in blue (red), and concurrence
in dashed orange, for ∆n = 50 and ΩR = 2.5µeV. Plot on left shows steady state values
as a function of frequency, while the center plots show the time evolution of the population
and concurrence at ωx = ω1, ω0, and 756.65 meV from top to bottom. ω0 = 794.59 meV
and ω1 = 794.82 meV are indicated on the left via a circle and x, respectively. Emission
spectra for same QD resonances as the centre plot are shown on the right.

are found. At ω1, the large photon exchange rate and small pump detuning maximizes the

steady state C(ρ) = 0.414 and QD 2 population, with 〈n1〉 = 0.300 and 〈n2〉 = 0.220 and

the photon loss rate from the system is low. A Mollow triplet is seen in the spectrum of

both QDs, as the Γ1,2 process from QD 1 acts as an effective pump for QD 2. The sideband

splitting has been reduced from its traditional value of ΩR due to this photon exchange

as was seen for the finite-sized structure. In contrast, the large exchange splitting at ω0

leads to the pump being substantially detuned from the system eigenstates, and Γ1,2 � Γ1,1

prevents substantial photon exchange. This leads to low steady-state populations and con-

currences, with 〈n1〉 = 0.124, 〈n2〉 = 0.088, and C(ρ) = 0.041. The spectrum also shows

only a pair of broad peaks centred at the eigenvalues of the effective Hamiltonian, ωx± δ1,2.

The differences in population and emission spectra of QD 2 with ωx = ω1 relative to either

of the other cases is certainly substantial and could be used to form a switch, where the

state of QD 2 is controlled by the driving of QD 1, which is 50 unit cells away. Although

we have assumed the ability to tune the resonant frequency of both QDs, one could instead

begin with QDs at ω1 and tune the laser drive to ω0, which produces the same switching

effect as the rates are evaluated at the laser frequency (see discussion at the end of Sec. 4.3).

We now present a more detailed analysis of the emission spectra of both QDs, studying
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plots highlight the moderately-slow light regime, where the sideband splitting can be seen
to decrease as Γ1,2 exchange becomes stronger.

the behaviour as a function of frequency for ΩR = 1µeV, to enhance the effect of the system

processes, at several different values of ∆n, in Fig. 5.10. For ∆n = 1, Γ1,2 is substantially

less than Γ1,1 and ΩR until the moderately slow light regime, and δ1,2 remains positive

throughout, resulting in an enhancement of the higher frequency Mollow sideband. At

∆n = 17, the emission spectrum of QD 1 oscillates between a Mollow triplet near minima

of |δ1,2| (and resultant maxima of Γ1,2) and a single broadened peak near maxima of |δ1,2|,

where decay and laser detuning are maximized. As expected, when δ1,2 > 0, the higher

frequency sideband appears at first, and for δ1,2 < 0, the lower frequency sideband appears

first, as one increases the operating frequency. The broadening also appears in the spectrum

of QD 2, although the Mollow sidebands are very weak and washed out until the moderately-

slow-light regime. Figure 5.10 shows only the high frequency portion of the ∆n = 46 spectra,

where the trends identified for ∆n = 17 are again seen and the Mollow triplet can be seen

in the QD 2 spectra above ω = 790 meV. We also note that as one approaches the slow-light
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Figure 5.11: On left, Γ1,1 (C(ρ)) in dashed orange, Γ1,2 (〈n1〉) in blue and δ1,2 (〈n2〉) in
red on top (bottom) for ΩR = 1µeV and ∆n = 30 as a function of QD frequency ωx in
the moderately-slow-light regime. Values of Γ1,2 and 〈n1〉 at ωa = 793.72, ωb = 794.42,
and ωc = 794.88 meV are indicated via square, circle, and x symbols respectively. Emission
spectra are shown on right for QD 1 (QD 2) in blue (red) at ωx = ωc on top, ωb in the
middle, and ωa at the bottom.

mode edge, the sideband splitting decreases as Γ1,2 increases relative to ΩR and plays a

larger role in the effective pumping.

Lastly, Fig. 5.11 shows the dynamics and spectra in the moderately slow-light regime, for

ΩR = 1µeV and ∆n = 30. We examine three frequency points, ωa = 793.72, ωb = 794.42,

and ωc = 794.88 meV, denoted via a square, circle, and x. At ωa, |δ1,2| is large, leading to

low steady-state populations and emission spectra dominated dominated by the stationary

states of the exchange split Hamiltonian. For ωx = ωb, |Γ1,2| is at a maximum, resulting in

large steady state population and concurrence, and a clear Mollow triplet in the emission

of both QDs, as discussed previously. ωc is very close to the mode edge, and as such

scattering loses would likely dominate any real system operating at this frequency; however

the resultant spectrum in this ideal case is of some interest. We note that the QD emission

rate Γ1,1 � Γ1,2, and one would expect results similar to those seen in Fig. 5.9 for ω0. This

is indeed the case for the time-dependant dynamics, however, we now have |δ1,2| � ΩR, and

so the exchange splitting is far more prevalent, and these states are greatly broadened due

to the aforementioned large decay rate. The energy levels and relative QD populations of

the system Hamiltonian have changed considerably, due to the larger magnitude and sign

flip of δ1,2 as compared with the system at ωa. Thus, in addition to the switching function
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demonstrated earlier, these structures have the capacity to act as a quantum simulator,

with the system Hamiltonian containing a completely tunable exchange-splitting term.

5.3 Conclusions

In this chapter we have analyzed and explored the quantum dynamics of a pair of QDs

embedded in a NW PC, and demonstrated the utility of these structures as a platform for

future quantum information science devices. In Sec. 5.1 we studied a finite-sized NW PC

waveguide, including realistic factors such and radiative loss and found that this system

with embedded QDs can access a broad range of quantum dynamical regimes. By maxi-

mizing radiative coupling, we demonstrated the formation of a highly entangled state and

photon-exchange-dependent Mollow triplet in the spectrum of an unpumped QD. We then

showed that, through tuning the operating frequency, one can control the effective system

Hamiltonian and simulate a variety of quantum systems. In particular, we discussed a

unique quantum optical regime which produces nine signature spectral peaks. This ver-

satility makes these structures attractive for use in quantum information science and to

explore quantum optics on chip.

We then turned our attention to an equivalent system with an infinite NW PC waveg-

uide, for which an analytic expression for the system Green function had been derived in

Sec. 2.2, allowing us to more thoroughly explore the influence of inter-dot separation. As

with the finite-sized system, we showed that the QDs were again able to form a highly en-

tangled state with signatures of nonlinear coupling via photon transport in the unpumped

QDs florescent spectrum. By controlling QD separation and laser frequency, we were able

to demonstrate that one can completely control the nature and resulting dynamics of the

QD-PC system, allowing the formation of a quantum switch or a quantum simulator. We

have focused on systems consisting of a pair of QDs embedded in a NW PC waveguide,

but the overall formalism developed through this thesis can be applied to any arbitrary

electromagnetic reservoir weakly coupled to a system of n TLAs and include any number

of external sources and phenomenological Lindbladian processes.
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Chapter 6

Polariton PC Waveguides

Throughout this thesis, we have focused on photonic crystal (PC) systems containing only

one or two quantum dots (QDs). However, as described in the introduction, nanowires

(NWs) grown through a molecular beam epitaxy (MBE) technique have the potential to

contain an identical QD inside each NW of a given radius [Tribu et al., 2008; Makhonin

et al., 2013], or indeed, identical QDs within the same NW. As such, one has the ability

to create NW PC waveguides where each waveguide channel NW contains an identical QD

embedded in its centre. Coupled dipole chains in free space have interesting properties in and

of themselves, and can act as subwavelength waveguides [Citrin, 1995, 2004]; implementing

these chains in PC waveguides instead could result in new physical behaviour or improved

performance. Metamaterials, which are comprised of multiple elements and engineered

to have unique and useful properties such as negative refractive indexes [Valentine et al.,

2008], have been used to produce exotic waveguides with a dramatically different local

optical density of states (LDOS) than those of simple dielectric structures. This leads to

large spontaneous emission rate enhancements [Li et al., 2009] and ultra-strong coupling

[Yao et al., 2009b] to emitters, even in the presence of significant material losses.

In a similar way, the inclusion of a QD chain in a PC waveguide can reshape the system

LDOS and result in drastically different properties and behaviour. In this chapter, we will

explore the properties and physics of this novel system, which we describe as a “polariton”

waveguide because its excitations will be shown to be mixed light-matter states due to the

strong coupling of the QD with the Bloch mode in each waveguide unit cell. In particular,
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we will focus on deriving the Green function of a photonic crystal waveguide with periodic

embedded emitters, which we will then use to explore the coupling of these systems with

a single external “target” QD. Rather than treat the embedded QDs as explicitly separate

quantum objects as was done in Chaps. 4 and 5 (which is a significant and likely intractable

computational problem for a large number of QDs), we will focus on the collective behaviour

of the QD-PC waveguide medium and incorporate the dipoles into the system through either

the Dyson equation approach of Sec. 2.1.4 or as a perturbative polarizability in the PC unit-

cell function. In Sec. 6.1 we take the latter approach, deriving the shifted resonances and

resultant Green function of an infinite PC waveguide with embedded emitters in every unit

cell. We then turn our focus to finite-sized systems in Sec. 6.2, where we are able to introduce

the emitters via the Dyson equation (Eq. (2.34)), describe the resultant properties and

compare them with those emerging from the infinite structure. This finite-sized approach

is more likely to model the behaviour of real systems and allows one to explore the build-up

of collective effects and the influence of QD disorder.

In Sec. 6.3 we show that polariton waveguides are able to strongly couple with an ex-

ternal QD and calculate spontaneous emission spectra of this quantum system. It should

be highlighted that to the best of knowledge, this type of structure, containing a tradi-

tional PC waveguide with periodic embedded emitters, has not been previously proposed

or fabricated. Studies of plasmonic polariton waveguide structures [Christ et al., 2003] and

metal nanoparticle chains coupled to traditional waveguides [Février et al., 2012] have found

similar results, with strong coupling between plasmonic and photonic excitations leading to

an anti-crossing in the band structure. This polariton anti-crossing has also been demon-

strated for quantum wells in 1D distributed Bragg reflector waveguides [Yablonskii et al.,

2001]. None of these structures, however, have used the LDOS enhancements which we

will show result from this anti-crossing to strongly couple with an external emitter. The

achievement of strong coupling between an emitter and a waveguide allows for the creation

of devices relying on this physics, such as photon blockades and single photon switches

[Greentree et al., 2006; Bose et al., 2012], which can reliably be coupled with on chip, mak-

ing more complex architecture possible. To the best of our knowledge, this has yet to be

experimentally demonstrated in the solid state environment.
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6.1 Infinite Polariton Waveguides

In this section, we will study the properties of an infinite NW PC waveguide containing an

identical emitter with polarizability α embedded at the same location rn,0 = r0 + na ex,

where n is an integer, in every unit cell. From Sec. 6.2 we can treat these QDs as point

perturbations to the PC dielectric: ∆ε(r;ω) =
∑

n δ(r−rn,0)α(ω). Since we have stipulated

that an emitter will reside in each unit cell, the resultant dielectric perturbation will share

the periodicity of the PC structure ∆ε(r + naex) = ∆ε(r). We can thus treat this as a

perturbation to the unit-cell function eigenvalue problem of Eq. (2.38), i.e.[
(ikex +∇)× (ikex +∇)×−

ω′2k
c2
ε(r)

]
u′k(r) =

ω′2k
c2

∆ε(r) · u′k(r), (6.1)

where we use primes to distinguish from the unperturbed case without periodic emitters, and

the unitary nature of the translation operator ensures that k is real: T̂ (naex)f ′ = eikn af ′.

This unit-cell-function–based approach is advantageous since rather than dealing with an

infinite set of QDs, we have reduced our problem to the addition of a single QD introduced to

a well-understood system. The QD acts as a point emitter with a Lorenztian polarizability

which is very weak unless it is exactly on resonance, effectively producing a small change in

ε and thus ω′k. As such, this is an ideal situation with which to exploit perturbation theory.

A similar approach was taken in Mahmoodian et al. [2009], which studied the formation of

waveguide modes due to the perturbative introduction of a linear defect to a PC; since they

take a two dimensional PC slab as their starting point and utilize an extended zone scheme,

they are able to write the waveguide mode at a given kx as an expansion over ky states.

In contrast, we are considering an additional perturbation added to an already well-defined

PC waveguide where only kx = k is conserved and our expansion will be over states un,k

in different bands n at a specific k. We are interested in determining how the waveguide

unit-cell function uk and resonance ωk at each k is affected by the addition of a QD to every

unit cell, which we can then use to derive a new system Green function.

We define the “unit-cell operator”: Ôu.c.
k = (ikex +∇) × (ikex +∇)× to make this

approach more clear, which explicitly corresponds to a specific choice of k. As was described

in Sec. 2.2, the Bloch-mode unit-cell functions un,k sharing the same k form an orthonormal

and complete set over the unit cell, which allows one write u′k as an expansion over these
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modes. These unit-cell functions satisfy the generalized eigenproblem of Eq. (2.38)

Ôu.c.
k un,k(r) =

ω2
n,k

c2
ε(r)un,k(r), (6.2)

with eigenvalue ω2
n,k. Due to the appearance of ε(r) on the right side of Eq. (6.2), we

will have to apply a formulation of perturbation theory which is slightly different than for

standard eigenvalue problems, as derived in Appendix B. In what follows, we have dropped

the n subscript for the waveguide band for convenience, which we take to correspond to

n = 1 and forms the unperturbed state. Following the results of Appendix B, we find that

a perturbation ∆ε(r) shifts the waveguide resonance to

ω′2k = ω2
k

(
1−

∫
Vc

∆ε(r)|uk(r)|2 dr
)
. (6.3)

The new waveguide unit-cell function is

u′k(r) = uk(r) +
∑
n6=1

c
(1)
n,kun,k(r), (6.4)

where the expansion coefficients are given by

c
(1)
n,k

∣∣∣
n6=1

=
ω2
k

∫
Vc

∆ε(r)uk(r) · u∗n,k(r) dr

ω2
n,k − ω2

k

. (6.5)

We note that Eq. (6.3) agrees with the result found in two dimensions from Mahmoodian

et al. [2009] as well as the expressions derived in Ramunno and Hughes [2009] and Patterson

and Hughes [2010] for exploring the effects of disorder in PC cavities and waveguides,

respectively. In order solve for the disordered eigenmodes, Ramunno and Hughes [2009]

used a Dyson equation approach (i.e., Eq. (2.36)); to emulate this strategy would require

the introduction of a “unit-cell Green function” for Eq. (6.2), a somewhat complicated

process which we found reproduces the same results as this perturbation theory approach

while making additional assumptions.

6.1.1 Modified Photonic Band Structure

We now proceed to apply these expressions to the waveguide system of interest. Specif-

ically, we consider the addition of a point emitter with polarizability α at r0 in each
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unit cell and thus ∆ε(r) = δ(r − r0)αke0 (which is unitless), where the subscript k de-

notes that the polarizabilty is highly dispersive and depends on the waveguide resonant

frequency ω′k at that k point. As earlier, we assume a Lorentzian polarizability αk =

α(ω′k) = 2ω0|d|2/(~ε0(ω2
x − ω′2k − iΓ0ω

′
k)) where ω0 is the bare QD resonance, d its dipole

moment along the direction e0, and Γ0 includes non-radiative decay as well as coupling into

non-waveguide modes (which is negligible since the PC band of interest is well below the

light-line at the considered k points). Using this in Eq. (6.3) we have

ω′2k = ω2
k

(
1−

∫
Vc

2ω0δ(r− r0)|d · uk(r)|2

~ε0(ω2
0 − ω′2k − iΓ′ω′k)

dr

)
,(

ω2
0 − ω′2k − iΓ0ω

′
k

) (
ω2
k − ω′2k

)
= ω2

kA
2
k, (6.6)

where we have defined the QD–unit-cell coupling parameter A2
k = 2ω0|d ·uk(r0)|2/~ε0. This

parameter depends only on the unperturbed PC waveguide and QD parameters and varies

weakly as a function of k; Ak gives the strength of the light-matter interaction in units of

frequency, and is very similar to the traditional quantum optical coupling rate g defined

in Eq. (4.5), with A2
k = 4g2

kω0/ω
′
k. For PC waveguides and QDs we have Γ0 � Ak � ωk,

and so we assume Re{ω′k} � Im{ω′k}. To simplify the notation, we redefine the generally

complex eigenfrequency ω′k as ω̃′k and denote its real and imaginary parts as ω′k and Γ′k/2,

respectively. By taking the real part of Eq. (6.6) and dropping terms ∝ Γ′2k we find

ω′k =

√
1

2

(
ω2

0 + ω2
k ±

√(
ω2

0 − ω2
k

)
+ 4A2

kω
2
k

)
. (6.7)

For the system of interest, we are concerned with behaviour near-resonance (otherwise

∆ε ≈ 0 and ω′k = {ωk, ω0}) and so |ω0 − ωk| � ω0, ωk. In this limit (and with Ak � ωk)

Eq. (6.7) reduces to a pair of resonances

ωk,± =
ω0 + ωk

2
± 1

2

√
(ω0 − ωk)2 +A2

k. (6.8)

It is thus seen that the waveguide band splits into two sets of resonances with the intro-

duction of a QD chain. One of these solutions will be close to the QD resonance, while the

other will be close to the PC waveguide band. As the two solutions approach resonance,

they undergo exchange splitting. This system thus maps onto the more familiar system of

vacuum Rabi splitting in the Jaynes-Cummings Hamiltonian described Sec. 4.2, where a
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Figure 6.1: (a) Band structure of the model system with parameters given in text. ω±(k)
in solid blue, with ω0 and ωk in dashed dark red and light orange, respectively. (b) Γ±(k)
in blue and red, respectively, over same range as (a). Away from resonances, losses are seen
to go to the unperturbed values.

two-level atom (a QD in our case) couples into an optical cavity (the waveguide mode at

the k-point of interest). Away from resonance, ω± converge to ω0 and ωk as expected: for

ωk < ω0, ωk,+ ≈ ω0 +
A2
k

4(ω0−ωk) and ωk,− ≈ ωk −
A2
k

4(ω0−ωk) , and the situation is reversed for

ωk < ω0.

We can solve for Γ′k in an identical manner, taking the imaginary part of Eq. (6.6) and

dropping terms of order Γ′3k or higher to find

Γk,± = Γ0

ω2
k,± − ω2

k(
ω2
k,± − ω2

k

)
+
(
ω2
k,± − ω2

0

) . (6.9)

From the discussion of ωk,± above, ωk,− < ω0, ωk and ωk,+ > ω0, ωk for all k so Γk,±

remains a positive quantity. At large detuning, as the resonances go to ωk and ω0; Γk,±

also go to zero and Γ0, respectively, since the initial waveguide resonance is lossless. When

ω0 = ωk, Γk,+ = Γk,− = Γ0/2.

It is worth connecting these results with realistic parameters for the structure of interest,

a NW PC waveguide with embedded QDs. As such, ωk is taken as the band structure

of the infinite elevated NW PC waveguide of Sec. 3.3 (a = 0.5526µm, band structure

and properties in Figs. 3.8 and 5.5), with a below-light-line waveguide band ranging from

755 − 795 meV. The QD resonance was chosen as 794.5 meV, which is in the moderately-

slow-light regime of the waveguide band and resonant with a waveguide mode of kx =
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Figure 6.2: The unperturbed waveguide band structure below the light line, which is indi-
cated in dashed grey. The waveguide band is shown in blue and the 5 additional bands with
the strongest coupling to the waveguide band through the perturbation theory approach
are plotted in dashed red.

0.4846 2π
a and ng = 30.35, resulting in an Fz of 40.05 relative to free space. Assuming a

realistic QD dipole moment of 30 D aligned along ez as elsewhere in this thesis, we calculate

Ak ranging from 237 − 241µeV over the relevant portion of the waveguide band, with a

value of 240µeV at ω0. Similar to Chap. 5, we take the QD polarization decay rate to be

Γ0 = 1µeV, and the results described below are unchanged over the range 0− 10µeV. The

resonances calculated with Eq. (6.8) for the given parameter set are plotted alongside ωk

and ω0 in Fig. 6.1(a), where it is apparent that exchange splitting is indeed occurring, with

the eigenfrequencies largely following the QD and waveguide modes until undergoing anti-

crossing as they approach resonance. In addition, the decay rates of Eq. (6.9) are plotted

in Fig. 6.1(b), where by noting the axes scales it is evident that Γ± � ω± and the expected

behaviour is also seen.

We now turn to the new waveguide Bloch modes u′k. Inserting the QD polarizability

into Eq. (6.5) and defining Ã2
n,k = 2ω0(d · uk(r0))(u∗n,k(r0) · d)/~ε0,

uk,±(r) = uk(r) +
∑
n6=1

ω2
kÃ

2
n,kun,k(r)

(ω2
n,k − ω2

k)(ω
2
0 − ω2

k,± − iΓ0ωk,±)
, (6.10)

and thus our expansion coefficients are cn|n6=1 =
ω2
kÃ

2
n,k

(ω2
n,k−ω

2
k)(ω2

0−ω′2k −iΓ0ω0)
. For the structure

of interest, we can identify seven additional bands below the light line, and the five of

these closest to the waveguide band are plotted in Fig. 6.2. However, the higher order

bands (above the waveguide band) have mode profiles similar to that of Fig. 3.2(c), and
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in particular all contain a node at r0 such that Ã2
n,k � A2

k. Near resonance the QD will

therefore couple strongest to the three lower order bands. The closest of these has Ã2
n,k ≈

0.2A2
k and ωn,k = 719 meV near ω0. Since ω2

0 − ω2
k,± appears in its denominator, near the

anti-crossing point we calculate maximum |c(1)
n,k,±| = 3.2×10−4 and thus it is very reasonable

to take u′k = uk, which also ensures that the unit-cell functions remain properly normalized.

At larger detuning (ωk − ω0) the mode of the resonance closer to the waveguide band

converges to the unperturbed waveguide mode as |c(1)
n,k,±| → 0. The expansion coefficients

start to become substantial as ωk,± → ω0 however, and this perturbative approach clearly is

no longer valid. Maximum values of |c(1)
n,k,+| = 0.3 and |c(1)

n,k,−| = 0.0019 are found at k = 0.35

and 0.5 2π
a , indicating that away from the anti-crossing the excitonic QD eigenmode should

not be represented as a finite sum of waveguide modes.

The interaction between the waveguide Bloch mode and QD in each unit cell has been

seen to dramatically reshape the band structure, with the pair of bands split by Ak on

resonance. In the traditional Jaynes-Cummings model, we saw the same result, with TLA-

cavity interaction giving rise to a pair of polariton states which are separated in energy by

2~gk. Thus, the introduction of a QD into every unit cell of the waveguide has led to the

formation of a “polariton waveguide”, where each unit cell will in general now contain a

mixed light-matter excitation. The key signature of the polariton nature of this waveguide

is the clear formation of dressed states near resonance. The exchange rate Ak corresponds to

the rate at which waveguide excitations continually oscillate between being purely photonic

and excitonic on resonance. The value of Ak = 215µeV found for this structure is orders

of magnitude larger than relevant loss rates, such as Γ0 = 1µeV and the spontaneous

emission rate of an identical QD into vacuum (calculated using Eq. (3.1) with G = Gh) of

Γh = 0.05µeV, allowing very strong coupling between the waveguide and QD array. It is also

interesting that we are able to treat an infinite array of emitters coupling to a waveguide

without anything diverging by evaluating the coupling in k-space and using the discrete

translational symmetry of the structure. These findings agree very well with the work of

Christ et al. [2003], who investigated the coupling of photonic and plasmonic resonances in a

structure comprised of a 1D periodic gold grating atop an ITO waveguide. The periodicity

of the gold gratings was varied to bring the waveguide mode on resonance with those of the

gold wire plasmons and found an anti-crossing in the system band structure also described
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by Eq. (6.8).

As a brief aside, the above results can be derived without using perturbation theory,

either by solving for a Green function for Ôu.c.
k and including a QD through Eq. (2.33), or

from Eq. (6.1) by assuming that uk(r) is relatively unchanged by the change in dielectric,

such that
∫
Vc
dr ε(r)u∗k(r)·u′k(r) ≈ 1,

∫
Vc
dr u∗k(r)·Ôu.c.

k u′k(r) ≈ ω2
k
c2

, and d·u′k(r0)u∗k(r0)·d ≈

|d · uk(r0)|2. By multiplying Eq. (6.1) by u∗k(r), integrating over a unit cell, and inserting

the QD polarizabiltity we arrive at(
ω2

0 − ω′2k − iω′kΓ′
) (
ω2
k − ω′2k

)
= A2

kω
′2
k , (6.11)

which differs from Eq. (6.6) only by the factor of ω′2k instead of ω2
k on the right side. Indeed,

if the final term from the second order pertubative frequency shift of Eq. (B.6) is included in

Eq. (6.3), it is quickly seen that Eqs. (6.6) and (6.11) become identical. This second order

frequency shift is found to be entirely insignificant and Eq. (6.11) also reproduces Eq. (6.8)

in the appropriate limit.

6.1.2 Polariton Waveguide Green Function

We now proceed to solve for the Green function of this QD-PC waveguide system. Having

obtained the resonances and unit-cell functions, the system Bloch modes are simply f ′k(r) =√
a
Lu
′
k(r)eik x which we sum to form G′w following the discussion of Sec. 2.1.3,

G′w(r, r′;ω)=
∑
k,±

ω̃±(k)2fk,±(r)f∗k,±(r′)

ω̃±(k)2 − ω2
=
a

2π

∑
±

∫ π
a

−π
a

ω̃2
±(k)uk(r)u∗k(r

′)eik(x−x′)

ω̃2
±(k)− ω2

dk, (6.12)

where the sum over ± indicates summing both the ωk,+ and ωk,− modes at a given k. We can

evaluate Eq. (6.12) using the same procedure as was done for a traditional PC waveguide in

Appendix A.2, with the caveat that the eigenmodes are now complex, such that we do not

need to introduce an infinitesimal δ to ensure causality. Separating the real and imaginary

portions of ω̃±, we find

G′w(r, r′;ω)=
a

4π

∑
±

∫ π
a

−π
a

(
ω±(k)

ω±(k)− ω − iΓ±(k)
2

+
ω±(k)

ω±(k) + ω − iΓ±(k)
2

)
uk(r)u∗k(r

′)eik(x−x′)dk
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where now ω± and Γ± are explicitly real and we have dropped the negligible imaginary

portion of the numerator. Our complex-valued function g′(z) is then

g′(z) =

(
ω+(z)

ω+(z)− ω − iΓ+(z)
2

+
ω−(z)

ω−(z)− ω − iΓ−(z)
2

)
uk(r)u∗k(r

′)eiz(x−x
′), (6.13)

where we have summed both the ω+ and ω− terms, and again dropped the anti-resonant

portion which does not contribute any poles. We proceed to integrate this in the complex

plane along the same contours used in Appendix A.2 and depicted in Fig. A.1. In this

situation, the poles are now located a finite distance away from the real axis at z0 = kω±iκ0.

Again the only term that does not cancel is the integral along path 1, and we find

G′w(r, r′;ω) = i
a

2

(
Θ(x− x′)

∮
C
g′(z) dz −Θ(x′ − x)

∮
C
g′(z) dz

)
,

G′w(r, r′;ω) = i
a

2

(
Θ(x− x′)Res(g′, z0)−Θ(x′ − x)Res(g′,−z0)

)
, (6.14)

where again each contour
∮
C g′(z) dz only encloses a single pole at z0, ω±(z0) = ω +

iΓ±(z0)/2. For ω > ω0, the pole will be from the ω+ term of g′, and conversely for ω < ω0

the pole will be from the ω− term, as is immediately apparent from the band structure of

Fig. 6.1(a). As such, the split waveguide band will still only contribute a single term at a

given frequency to the Green function.

To proceed, we must carefully consider the relation between ω± and z. As before, kω

is the real k corresponding to the resonant eigenmode: ω±(kω) = ω. Writing Im{ω±(z)} =

γ±(z) and denoting the group velocity of the perturbed band structure as v′g we have (from

the holomorphism of the band structure described in Appendix A.2) dγ±
dκ = dRe{ω±}

dk = v′g(ω)

and thus dγ± = v′g(ω)dκ. From here, we note that Γ± is very small relative to ω±, and thus

assume that κ0 will be small relative to kω so that we can take Γ±(z0) ≈ Γ±(kω). We then

make the replacements dγ± → Γ±/2 and dκ→ κ0 and find

κ0,ω =
Γ±(kω)

2v′g(ω)
. (6.15)

We have thus assumed that the dispersion relation is linear for small imaginary k, i.e.,

γ± ≈ v′g(ω)κ. This assumption becomes problematic as v′g → 0 and κ ceases to be small. In

the modified band structure v′g → 0 as ω± → ω0, which is where this approach was already

noted to break down. As such, the resultant Green function will not be accurate very close
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Figure 6.3: Band structure on left and Im{Gw(r0, r0;ω)} in units of Im{Gh(r0, r0;ω)} on
right for PC waveguide in dashed blue and coupled QD–waveguide in red. Both the band
structure and Green function are only plotted over the range of frequencies for which this
entire approach remains accurate (i.e., outside of the minimum detuning δmin).

to ω0. Noting that ω±/Γ± ∼ 106, κ will remain negligible up to ng ∼ 1000.

Using the separability of the contour integral, we drop the term in g′ that is not on

resonance with ω since its residual is zero. Evaluating the residuals as before:

Res(g′, z0) =
ω±(z0)uk(r)u∗k(r

′)eiz0(x−x′)

d
dz

(
ω±(z)− ω − iΓ±(z)

2

)
|z0

=
ωukω(r)u∗kω(r′)

v′g(ω)− i
2
dΓ±(k)
dk |kω

e(ikω−κ0,ω)(x−x′),

Res(g′,−z0) =
ω±(−z0)u−k(r)u∗−k(r

′)e−iz0(x−x′)

d
dz

(
ω±(z)− ω − iΓ±(z)

2

)
|−z0

= −
ωu∗kω(r)ukω(r′)

v′g(ω)− i
2
dΓ±(k)
dk |kω

e(ikω−κ0,ω)(x′−x),

where we again note that v′g is the group velocity at ω for the modified structure of

Fig. 6.1(a), which is dramatically different from that of the background PC near ω0. We

simplify the denominators of the residuals by defining a complex group velocity ṽg
′(ω) =

v′g(ω)− i
2
dΓ±(k)
dk |kω . Throughout the range of interest dΓ±

dk � v′g and the imaginary part of

this quantity can safely be ignored. As v′g → 0 at ω0, Γ± → Γ0 and its derivative also goes

to zero, as can be seen from Fig. 6.1(b). Summing these residuals, we find that the desired

G′w is of identical form to the unperturbed waveguide Gw:

G′w(r, r′;ω) =
iaω

2ṽg
′

[
Θ(x− x′)ukω(r)u∗kω(r′)e(ikω−κ0,ω)(x−x′)

+Θ(x′ − x)u∗kω(r)ukω(r′)e(ikω−κ0,ω)(x′−x)
]
. (6.16)

We see that the effect of the coupled QDs is to substantially modify the LDOS near their

resonance and add a small propagation loss. Specifically, 1/v′g grows as ω → ω0, leading

to a large LDOS, and resultant coupling rate enhancements. However, the propagation
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loss κ0,ω also grows as 1/v′g. Since the band structure has been modified, ω will also in

general map to unit-cell functions of differing strength, since we must now use the modified

ω± − k relationship. Away from ω0, v′g → vg so G′w → Gw. As noted earlier, at very

small ω0 − ω the approach used to derive this expression breaks down and G′w is no longer

valid. Using a maximum κ0 of one thousandth of the band edge wavevector: κ0 <
π
a10−3,

we calculate minimum detunings δmin = ω − ω0 of 10.1µeV and 21.7µeV for the ω+ and

ω− bands. These points have maximum expansion coefficients of |c(1)
n,k,+| = 0.0033 and

|c(1)
n,k,−| = 0.0016, indicating that we are still far enough from ω0 that the perturbative

results should hold. Both of these points correspond to a n′g = 2300, indicating that the

strong light-matter interaction has dramatically reduced the group velocity. Even at this

high group index, a κ0 = π
a · 10−3 is still a very low propagation loss, allowing for a signal

to travel 1600 unit cells before its amplitude is halved. We note that this cut-off detuning

is uneven due to the shape of the band structure: as ω− approaches the mode edge its ωk

component flattens as well, and the detuning would indeed be symmetric for a more linear

portion of the band structure.

Figure 6.3 compares the band structure and Green function of the original PC waveg-

uide with the polariton waveguide near the QD resonance, highlighting the potential field

enhancement seen in the later case. As is done throughout this thesis we plot G = ez ·G ·ez.

In addition, it should be noted that the maxima near ω0 have been cut off to keep other

features visible and the range of frequencies plotted in Fig. 6.3 is well within the detuning

range where the perturbation approach remains accurate. The minimum detuning corre-

sponds to a Fz = 3100 relative to a QD in vacuum, a dramatic rate enhancement and

indicative that these structures should allow for the strong coupling regime to be accessed

at a broad range of frequencies, as will be explored in Sec. 6.3.

6.2 Iterative Dyson Equation

In this section, we explore the properties of a finite chain of QDs, again embedded in

the same NW waveguide of the previous section. This allows us to exploit the iterative

Dyson equation approach presented in Eq. (2.34), and calculate the system G and relevant

properties numerically for a given background G0 (G0 = Gw in this case). We again
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Figure 6.4: Schematic of the proposed structure. Using the Dyson equation approach, QDs
are added to successive unit cells in an infinite NW PC waveguide to form an array, where
G(n) contains a QD in unit cells 1 → n. Unit cells are sectioned off and labelled in the
substrate and coupling is explored between points on the tops of NWs.

consider identical QDs with a Lorentzian polarizability α = 2ω0|d|2e0/(~ε0(ω2
0−ω2−iΓ0ω))

embedded at rn,0. As we shall see, the results will be similar to those seen in the previous

section for an infinite QD chain, however important finite-size effects will still come into

play. This approach will thus more likely predict the behaviour of real structures which will

always contain a finite number of QDs, while simultaneously demonstrating the accuracy

of the perturbative approach.

Recalling Eq. (2.34), the system Green function including n emitters, where emitters

are added in successive unit cells as shown in Fig. 6.4 is

G(n)(r, r′;ω) = G(n−1)(r, r′;ω) +
G(n−1)(r, rn,0;ω) ·α(ω) ·G(n−1)(rn,0, r

′;ω)

1− α(ω) e0 ·G(n−1)(rn,0, rn,0;ω) · e0
. (6.17)

For a system of N emitters, G(N) is solved for iteratively using Eq. (6.17), constructing

a matrix of G(n) between all relevant space points (including {rn,0}) and using that to

solve for G(n+1). For a given n, the elements in row and column n are obtained first

via G(n)(r, rn,0;ω) =
G(n−1)(r,rn,0;ω)

1−α(ω)·G(n−1)(rn,0,rn,0;ω)·e0
and exploiting the symmetry relation of

Eq. (2.13). From here, the remainder of the matrix can be constructed with

G(n)(r, r′;ω) = G(n−1)(r, r′;ω) + G(n−1)(r, rn,0;ω) ·α(ω) ·G(n)(rn,0, r
′;ω). (6.18)

In order to better appreciate the effect of these QDs on the system LDOS, we can define for

QD n a self-energy Σ(n)(ω) = 2ω0
~ωε0d ·G

(n−1)(rn,0, rn,0;ω) ·d such that Σ(1)(ω) = iaω0
~ε0vg(ω) |d ·
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ukω(r0)|2. Then one can write

G(n)(rn,0, rn,0;ω) =
G(n−1)(rn,0, rn,0;ω)

1− ωΣ(n)(ω)
ω2
0−ω2−iωΓ0

. (6.19)

The effect of adding the QD at position n thus modulates the Green function by a factor

F(n)(ω), such that G(n)(rn,0, rn,0;ω) = F(n)(ω)G(n−1)(rn,0, rn,0;ω) and

F(n)(ω) =
ω2

0 − ω2 − iωΓ

ω2
0 − ω2 − ωRe{Σ(n)(ω)} − iω

(
Γ + Im{Σ(n)(ω)}

) . (6.20)

Since we are considering an infinite PC waveguide, G(0)(r, r;ω) is purely imaginary and the

introduction of the first QD produces a dip in G(1) with a minimum F(1)(ω) = Γ
Γ+Im{Σ(1)(ω)}

at ω0. Along with this dip, G(1)(r1,0, r1,0;ω) acquires a non-zero real part due to peaks and

troughs in Im{F(1)(ω)} at ω ≈ ω0 ± Im{Σ(1)(ω0)}+Γ
2 . It is the build up of these repeated

factors that results in the unusual LDOS seen below for structures with long chains of

embedded QDs.

This iterative Dyson equation process was done for the infinite NW PC waveguide

of the previous section, where the Green function at equal space points in the structure

is simply G(0)(rn,0, rn,0;ω) = iaω
2vg
|ukω(r0)|2, and that between different QD locations is

G(0)(rn,0, rn′,0;ω) = iaω
2vg
|ukω(r0)|2eik|n−n′|a, which can be quickly inferred from Eq. (2.42).

We are interested in the new LDOS at and coupling between points in addition to rn,0

because we would like to consider the interaction of additional TLAs with this system. As

was done in Sec. 3.3, we assume additional QDs with dipole moments along ez will be

embedded at the field anti-nodes on the tops of QDs and label these locations rn, where n

is the unit cell of interest, indicated in Fig. 6.4. In this section we will focus on the Green

function between these space points, which can be quickly obtained from the G(N) matrix

via

ei ·G(N)(rn, rn′ ;ω) · ej =

(
ei · ukω(rn)u∗kω(rn) · ej
ei · ukω(r0)u∗kω(r0) · ej

)
ei ·G(N)(rn,0, rn′,0;ω) · ej ,

as rn shares the same x position as rn,0. Since we are largely concerned with G = ez ·G ·ez
the prefactor reduces to a multiplicative factor of ≈ 1.26 over the frequency range of interest

and as such all of the polariton waveguide physics still holds for emitters at these anti-node

locations.
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Figure 6.5: Real and imaginary components of G(N)(r(N+1)/2, r(N+1)/2;ω) in dashed and
solid lines, respectively, for various N . (a) plots N = 0, 1 and 21 in orange, blue, and
red, whereas (b) shows N = 0, 51 and 101 with the same colour set, and both Re{G} and
Im{G} are in units of Im{Gh(r, r;ω)}. The inset in (a) highlights the FP region, and (b)
is plotted over a narrower frequency range so that the peaks can be better resolved.

The results are presented below for a chain of QDs with d = 30 D ez, ω0 = 794.50 meV

and Γ0 = 1µeV as in Sec. 6.1 (Fz(ω0) of 40.05 relative to free space). The choice of Γ0 has

little effect on the qualitative results; indeed calculations were also performed with Γ = 0.

In this case, the dip in G(n)(rn, rn, ω) is narrower and extends to zero, and the resonances

described below first appear at lower N and are closer to ω0. From Eq. (6.19), G(n) is still

well-behaved and by defining

α(1) =
α

1−α ·G(0)(r0, r0;ω) · e0
=

ω0|d|2/~ε0
ω2

0 − ω2 − ωΣ(0)(ω)
, (6.21)

it is apparent that an effective loss is still introduced to the system given by Im{Σ(0)}. This

is the same way that radiative loss via emission into external modes is accounted for, by

defining an additional background G which couples outside of the structure and including

the imaginary part of its self energy in Γ0 and the real part as a frequency shift in ω0.

Figure 6.5 shows G(N)(r(N+1)/2, r(N+1)/2;ω) for increasing values of N , with Fig. 6.5(a)
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Figure 6.6: Im{G(101)(rn, rn;ω)}/Im{G(0)(rn, rn;ω)} near ω0, plotted on a logarithmic
scale due to the narrowness of the primary resonance. The grey dashed lines denote the
terminus of the QD array.

showing N = 0, 1, and 21 while Fig. 6.5(b) plots N = 51 and 101 near ω0. With increasing

N the build up of off-resonant enhancement from QD scattering leads to the formation of

a strong resonance in Im{G} which is red-shifted from ω0, with a peak Fz = 338.14 at

ω1 = ω0 − 21.49µeV for the 101 QD case. This resonance grows, narrows, and blue-shifts

towards ω0 as further QDs are added, while additional weaker red-shifted resonances begin

to appear. Above ω0 resonances also form which become more numerous with increasing

N , indicating that they arise from QD chain Fabry-Pérot (FP) modes. For the N = 101

chain, the strongest peak above ω0 is the final FP resonance at ω = ω0 + 29.64µeV which

has Fz = 51.3. Away from ω0, G(N) converges to the PC waveguide Green function, as

was seen for the infinite case. The large number of resonances in these waveguides also

produces a richly varying Re{G} which remains substantial over a broad frequency region,

particularly for the N = 51 and N = 101 cases.

In order to better highlight the effect of the QD array on the PC LDOS, Fig. 6.6 plots

Im{G(101)(rn, rn;ω)} in units of Im{G(0)(rn, rn;ω)}. Inside the polariton portion of the

structure, the red shifted main resonance, additional smaller resonance, and the depletion

of the LDOS around ω0 are all seen. Outside the QD array (denoted with dashed grey lines),

the LDOS is still substantially modulated over a broad range of ω due to the slow build-up

of scattering off of other QDs via the second term in Eq. (6.18). Once a QD is included in
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unit cell n, it introduces the characteristic dip at ω0, while still allowing for field enhance-

ment outside of this range, yielding the large resonance below ω0. Since G(0)(rn, rn′ ;ω)

is even with respect to rn − rn′ , the scattering contributions add constructively for the

central unit cell, resulting in it having the largest |G|. Outside the array, this scattering

alternates between being largely constructive or destructive with distance, producing the

alternating bands around ω0. Because G(0) increases with ω, the dip at ω0 causes the region

of G(n)(rn, rn;ω) below ω0 to be act as an effective Lorentzian peak, which grows, narrows,

and shifts towards ω0 as further QDs are added. As we are in the moderately-slow-light-

regime, G(0)(rn, rn;ω) will be increasing fairly quickly past ω0 and no effective Lorentzian

forms, which is found to limit both the higher frequency primary resonance and the FP

ripples to their observed maximum of G(0)(rn, rn;ω) .

We now study the coupling between different unit cells. The imaginary and real compo-

nents of G(101)(rn, rn′ ;ω) are shown in Figs. 6.7 and 6.8 for a QD in the centre (Figs. 6.7(b)

and 6.8(b)) and at the edge of an array (Figs. 6.7(c) and 6.8(c)), where very strong coupling

is seen between unit cells even at large separations, which varies richly as a function of ∆n

and ω. G is again shown close to ω0 to highlight more interesting spectral features, and

Im{G(0)(rn, rn′ ;ω)} and Re{G(0)(rn, rn′ ;ω)} are also plotted over the same range for com-

parison in Figs. 6.7(a) and 6.8(a). For simplicity, the resultant Green functions are again

compared with the homogeneous vacuum LDOS, where both Re{G} and Im{G} are given

in units of ρh(ω) ∝ Im{Gh(r, r;ω)}.

It can be seen that the phase shift of kωa per unit cell of the PC waveguide is maintained

in the polariton waveguide structures. By comparing the scales of the G(0) and G(101) plots,

it is however apparent that far greater coupling rates are possible in the polariton waveguide.

For instance, |Im{G(101)(rn, r51;ω)}| > 300 ρh(ω) and |Re{G(101)(rn, r51;ω)}| > 150 ρh(ω)

are found for ∆n up to 15, and one can produce effectively any arbitrary combination

of Im{G} and Re{G} through careful choice of separation and frequency. These strong

enhancements and reductions in both |Re{G(101)(rn, r51;ω)}| and |Im{G(101)(rn, r51;ω)}|

originally identified for n = n′ are seen to persist even past the edge of the polariton

waveguide. Once one is outside of the QD chain, G(N)(rn, rn′ ;ω) experiences only a phase

shift of eikωa|n−n
′| as n and n′ are varied, since there is no further scattering off QDs (i.e.

G(N)(r0, rn′ ;ω) = G(N)(r1, rn′ ;ω)eikω |n−1|a). For |∆n| > 50, |G(101)(rn, r51;ω)| has a peak
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(a)

(b)

(c)

Figure 6.7: Im{G(101)(rn, rn′ ;ω)} as a function of ∆n = n− n′ near ω0, for n′ = 51 in (b)
and n′ = 1 in (c). Im{G(0)(rn, r51;ω)} is shown in (a) for comparative purposes, dashed
white lines denote the boundaries of the polariton waveguide, and all plots are in units of
ρh(ω), equivalent to Im{Gh(r, r;ω)}.

of 101.8 ρh(ω) at ≈ ω1 (ω0−21.6µeV), more than double the value of the propagator for the

bare PC waveguide at this frequency (|G(0)(rn, rn′ ;ω1)| = 49.5 ρh(ω)). The above properties

are also seen for the position at the edge of the array, although the rate terms are weaker

due to the lower LDOS enhancements from constructive QD interference. We show only the

N = 101 waveguide but note that these effects are also seen for much shorter QD arrays as
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(a)

(b)

(c)

Figure 6.8: Re{G(0)(rn, r61;ω)} in (a), Re{G(101)(rn, rn′ ;ω)}, for n′ = 51 in (b), and n′ = 1
in (c), in units of ρh(ω) where dashed white lines mark the polariton waveguide edge.

well. As a result, these structures can be used to access a wider range of dynamical regimes

with an appropriate choice of position and frequency than the PC waveguides explored in

Sec. 5.2.

It is worthwhile to compare with the results of the iterative Dyson and perturbation

theory approach. Figure 6.9 plots Im{G(r, r;ω)} above the central NW of N = 101 and

N = 301 QD waveguides near ω0, and in the same position for the infinite QD case. As
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Figure 6.9: Im{G(r, r;ω)} in units of Im{Gh(r, r;ω)} for both large finite-sized and
infinite polariton waveguides. The dashed black line denotes the infinite waveguide
of Sec. 6.1, whereas the blue and black lines correspond to Im{G(101)(r51, r51;ω)} and
Im{G(301)(r151, r151;ω)}, respectively.

described earlier, with increasing N the main resonance grows, narrows, and blue-shifts,

while additional red-shifted resonances are formed. This trend was confirmed to continue

up to N = 1001, beyond this point the Dyson equation approach becomes computationally

unfeasible without a computer cluster. We can thus assume that as N → ∞ one repro-

duces the infinite result below ω0, as the main resonance grows and the side peaks form

a continuum. Similarly, the depletion of the LDOS at the initial QD resonance due to

anti-crossing is also observed for the finite-sized structure. Away from ω0, both the finite

and infinite polariton waveguides quickly recover the original PC waveguide Green function

as well. The large enhancement above ω0 found in the infinite case is not recovered in the

finite-sized structures however. As described earlier, the shape of G(0) prevents substantial

peaks from forming above ω0 through the Dyson approach. This highlights the fundamental

differences between finite-sized and infinite systems. In infinite polariton waveguide, this

divergence in G forms as the waveguide mode becomes increasingly excitonic. Similarly,

the resonances in the finite-QD chains are from constructive interference through QD scat-

tering. These structures are thus finite-sized polariton waveguides, as the QDs in the chain

are continually absorbing and re-emitting light from the waveguide mode. Although the

higher frequency portion of the polariton resonance is not recovered, both systems exhibit

the same physics and converge for the lower frequency portion of the spectrum. Specifically,
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the strong interaction of light and matter through repeated QD scattering has led to an

anti-crossing in the waveguide band structure and large LDOS enhancements away from

the initial QD resonance. These finite-sized structures also meet the original goal of this

design, namely to tailor and enhance the waveguide LDOS and produce novel behaviour

by exploiting the interaction of a PC waveguide with a periodic array of emitters. The

results of this approach compare well with the findings of Février et al. [2012], who studied

a chain of 20 metal nanoparticles embedded on a Si ridge waveguide. They also observed

FP resonances due to finite-sized effects, and a strong system resonance characterized by

the oscillation of excitations between the waveguide and nanoparticle chain which produced

an anti-crossing in the system dispersion. However, the length of these metal nanoparticle

structures is limited by large plasmonic losses due to Ohmic heating, a complication clearly

avoided in the proposed QD-PC polariton waveguide.

We also performed a preliminary investigation of the effect of varying the position and

dipole moment of the embedded QDs randomly and found that the behaviour of these

structures was remarkably robust with respect to this disorder. For small QD fluctuations

(up to 10 nm and 3 D) the strength of the resonances was seen to decrease slightly, but the

underlying behaviour was unchanged, simply behaving as though it was a slightly shorter

chain, with a typical reduction in the main polariton peak of ∼ 2% and frequency shift

of ∼ 1µeV. It should be noted that any physical realization of such a system will likely

contain a finite number of QDs, and so in the final section of this chapter, when we explore

the quantum optics of polariton waveguides, we will restrict our analysis to the finite-sized

structures discussed above, in particular the N = 101 QD polariton waveguide. These

finite-sized structures contain the fundamental physics of their infinite counterpart, their

Green function was derived from that of a PC waveguide without any approximations, and

they are more experimentally relevant.

6.3 Quantum Optics in Polariton Waveguides

In this section, we consider a potential application of these polariton waveguides, studying

the interaction of a single external QD with the N = 101 polariton waveguide. This

structure was chosen because it is long enough to produce dramatic LDOS enhancements
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Figure 6.10: Exact polarizability α
(102)
t (ω) of a 30 D target QD with ωt = ω0 = 794.48 meV

embedded at r51 of the N = 101 polariton waveguide shown in red. This is compared with

the bare polarizability αt(ω) in dash dotted grey and the renormalized polarizability α
(1)
t

due to the original PC waveguide in dashed blue for the same QD. A doublet forms due to
the influence of the medium LDOS only for the polarition waveguide-coupled QD.

while still exhibiting finite-sized effects, and we will ignore disorder for simplicity. These

LDOS enhancements, specifically the polariton peak at ω1 = 794.48 meV which yield Fz =

338.1 and Q = 23750, are sufficient to strongly couple the waveguide to a realistic QD. This

is hinted at in Fig. 6.10, which compares the renormalized polarizabilities of a dt = 30 ez D

target QD with exciton frequency ωt = ω1 embedded at rt = r51 of the N = 101 polariton

waveguide, and at the same position in the bare PC waveguide. The former we denote

α
(102)
t (ω) and the latter α

(1)
t (ω), where both are calculated via Eq. (6.21) using the relevant

G, with the superscript in α
(102)
t (ω) denoting that the polarizability includes the influence

of all 102 QDs. A doublet characteristic of strong emitter-field coupling forms only for

the polariton waveguide case, which is asymmetric due to the unusual shape of the LDOS

near this point. The splitting in α
(102)
t (ω) remains for dipole moments as low as 8 D is

robust with regards to detuning of up to 30µeV, with the peak closer to the polariton

resonance being stronger. Although α
(N+1)
t (ω) is a purely classical parameter, it can be

used to quantitatively predict the spontaneous emission spectrum of the target QD and

indeed appears in the fully quantized theory of Wubs et al. [2004]. However, the quantum

behaviour and properties of this system can be better understood using the quantum optics

formalism of Ch. 4, which we will follow in the remainder of this chapter. We will focus on

the spontaneous emission spectrum of the external target QD in the presence of the above
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polariton waveguide as derived from the system Hamiltonian, which reveals the quantum

nature of the QD-waveguide interaction and the resultant system energy levels.

The system Hamiltonian, consisting of a single QD interacting with the electromagnetic

modes of the polariton waveguide, is given by

Ĥ= ~ωtσ̂+σ̂−+

∫
d3r

∫ ∞
0
dωλ ~ωλâ†(r;ωλ) · â(r;ωλ)− (σ̂+ + σ̂−)

∫ ∞
0
dωλ

(
dt · Ê(rt;ωλ) + H.c.

)
,

(6.22)

as in Ch. 4, where the field frequency is ωλ and Ê(r;ωλ) is again defined through Eq. (4.2).

In order to arrive at a fully quantum-mechanical expression for the spontaneous emission

spectrum detected at rD, we follow a similar process to what was done in Sec. 4.4, taking

the Laplace transform of the Heisenberg equations of motion for the system operators and

using them to construct the spontaneous emission spectrum

S(rD, ω) = 〈Ê†(rD, ω)Ê(rD, ω)〉, (6.23)

which differs slightly from Eq. (4.35) because we are considering emission from a single

excited QD which is not driven, and thus do not take the long time limit [Carmichael,

1999]. It should be noted that Ê(rD, ω) in Eq. (6.23) is the Laplace transform of Ê(rD, t)

defined through Eq. (4.3), and is not simply associated with the field operator at ω = ωλ.

By deriving Ê(rD, ω) and taking its expectation value with the initial condition of a single

excited TLA and vacuum field, a process presented fully in Appendix C and also covered

in Van Vlack [2012], we find

S(rD, ω) =

∣∣∣∣(ωt + ω)G(rD, rt;ω) · d/ε0
ω2
t − ω2 − ωΣ(ω)− iωΓt

∣∣∣∣2 . (6.24)

In the above, the self-energy is given by the standard expression Σ(ω) = 2dt·G(rt,rt;ω)·dt
~ε0 , and

Γt is the polarization decay rate of the target TLA due to interactions with the environment

(i.e., anything other than the LDOS given by the polariton waveguide Green function).

Equation (6.24) allows for one to predict the spectrum emitted from a single excited TLA

in an arbitrary environment where the system Green function is known. We stress that

we did not make a Markov approximation or the rotating wave approximation in deriving

Eq. (6.24), and so the strength of the light matter coupling is not restricted and this

expression is valid in both the strong and weak coupling regimes. We did however make
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Figure 6.11: |G(rD, rt;ω)| for N = 101 polariton waveguide near ω1 = 794.48 meV as a
function of point detector separation down the waveguide ∆x = xD − xt. |G| is again in
units of Im{Gh(r, r;ω)} and the array ends at ∆x = ±50.

the “single excitation approximation”, which assumes there is at most one excitation in the

system such that σ̂zÊ(rt) = −Ê(rt). This ignores multiphoton correlations [Carmichael,

1999] but is in fact exact for spontaneous emission of a single TLA into the vacuum [Van

Vlack, 2012]. As a result Eq. (6.24) gives the exact spontaneous emission spectrum of

our system, assuming G(r, r′;ω) is correct and a realistic choice of Γx is made. It can be

seen that the spontaneous emission spectrum depends not only on the Green function at

TLA position rt but also on the propagator to the detector G(rD, rt;ω). When we present

spectra in Sec. 6.3.1, we will often show both S(rD, ω) and S0(ω), where S0(ω) is calculated

from Eq. (6.23) by replacing the the propagator in the numerator with G(r0, r0;ωt). This is

done because S(rD, ω) is often distorted by the rich spectral features of the Green functions

of these waveguide structures. S0(ω) avoids this, as the direct emitted spectrum from the

QD, and as a result more closely represents the energy levels and dynamics of the quantum

system. Figure 6.11 shows the propagator |G(rD, rt;ω)| as a function of ∆x = xD−xt for the

system of interest near ω1, demonstrating that propagation effects will indeed profoundly

influence the detected spectrum. As noted earlier, typically only the bare spectrum is

calculated [Carmichael, 1999; Meystre and Sargent, 1999] and output coupling is ignored.

Finally, it is worthwhile to develop a simplified model for the relevant quantum system,

a QD interacting with the continuum of radiation modes of the polariton waveguide, to

provide additional physical insight. Specifically, we would like to describe the behaviour of

the QD when it is near resonance with the primary peak in the polariton waveguide LDOS
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at ω1 (see for example the dashed line in Fig. 6.10), such that it resonantly exchanges

energy with the waveguide at a much higher rate than energy is lost from the system. This

strong coupling physics is contained in the system Hamiltonian of Eq. (6.22), and as a

result will evidence itself in the spectra calculated via Eq. (6.23), with the resultant system

energy levels corresponding to spectral peaks. The basic physics of this system can be

captured by attempting to model the QD-polariton waveguide interaction with the single-

mode Jaynes-Cummings Hamiltonian described in Sec. 4.2. The peak in Im{G(rt, rt;ω)}

at ω1 dominates the LDOS in its spectral vicinity and can be reasonably approximated

to a Lorentzian. Recalling from Sec. 2.1.3 that the Green function can be written as an

expansion over system modes G(r, r′;ω) =
∑

λ
ω2fλ(r)f∗λ(r′)

ω2
λ−ω2 , we assume that near ω1 the

system Green function behaves as though it is largely comprised of a single mode and can

be replaced with:

Gsm(rt, rt;ω) =
ω2|f1(rt)|2

ω2
1 − ω2 − iωΓ1

, (6.25)

where |f1(rt)|2 describes the effective strength of the polariton mode at the QD location,

and Γ1 is the full width at half maximum (FWHM) of the peak at ω1. This is effectively

approximating the target QD to interact only with the ω1 resonance. We use Eq. (6.25) in

Eq. (4.5) to define an effective coupling constant

|geff | =

√
Γ1dt · Im{G(rt, rt;ω1)} · dt

2~ε0
, (6.26)

where G is the system Green function (not Gsm). In the single-mode approximation, we

thus assume the resonant portion of the dipole interaction contributes a geff exchange term

to the system Hamiltonian. As it currently stands, this ignores the interaction of the target

QD with features in the LDOS away from ω1, and completely neglects the contribution of

Re{G}, which is not well described at all by Eq. (6.25) due to the unusual shape of the

polariton waveguide LDOS, and is quite substantial for the N = 101 waveguide. Following

the discussion in Sec. 4.3, we apply a Markov approximation to the off-resonant portion

of the dipole interaction, which is proportional to Re{G}, to produce the self-Lamb shift

[Dung et al., 2002]. The Hamiltonian of the QD-polariton waveguide system is therefore
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approximated near ω1 as

Ĥeff = ~(ωt + δt)σ̂
+σ̂− + ~ω1â

†
1â1 + ~geff

(
σ̂+â1 + σ̂−â†1

)
, (6.27)

where â1 is the single-mode creation operator as in Sec. 4.1 and δt is the self-Lamb shift as

calculated through Eq. (4.25) with the system G evaluated at ω1. In the above, geff is a

real, positive quantity and the sign of the interaction term was chosen because f(rt, ω1) is

positive and almost entirely imaginary. This effective Jaynes-Cummings model allows one

to quickly understand the dynamics of the QD-polariton system, namely Rabi oscillations

at ΩR(∆) =
√

4g2
eff + (∆ + δt)2, for instances where the peaks in S0(ω) agree with the

single exciton dressed state eigenenergies E± = ~ω1+ωt+δt
2 ± 1

2~ΩR(∆). However, we shall

see below that the physics of the QD-polariton waveguide system is more complex than the

above single-mode model, which is only found to agree with S0(ω) over a narrow frequency

range. It also is unable to describe at all the rich propagation effects in these structures

and cannot include polarization decay (other than through a phenomenological Lorentzian

decay process, e.g., through its inclusion via a Lindblad superoperator), and the physics is

thus best described via Eq. (6.24), which we stress was derived without any approximations.

6.3.1 Strong Coupling of a QD and the Polariton Waveguide

In this final subsection, we present the eigenstates and emitted spectrum of a quantum

system comprised of an ez aligned target QD with a polarization decay rate Γt = 1µeV

embedded at rt = r51 of the N = 101 polariton waveguide, using the results of Sec. 6.2. As

noted above, we are interested in the case where the target QD exciton frequency ωt is close

to primary LDOS peak at ω1 = 794.48 meV, which has Im{G(rt, rt;ω1)} = 338.1 ρh(ω) and

FWHM Γ1 = 3.35µeV. We consider systems with target QD dipole moments of 10, 30,

and 60 D, encompassing the range of QDs which could feasibly be coupled to the polariton

waveguide, which produce geff of 1.24, 3.72, and 7.43µeV, respectively. The strong coupling

regime is characterized by excitation exchange between the TLA and photonic reservoir

which exceeds their associated decay rates [Meystre and Sargent, 1999], i.e. 2geff > Γt,Γ1.

It can thus be seen that all three proposed target QDs meet the criteria for strong coupling

with the ω1 polariton-waveguide resonance: geff > Γt/2 [Scully and Zubairy, 1997]. Also

of importance in this system is spectral filtering via propagation to the point detector. We
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Figure 6.12: Energy levels of QD-polariton waveguide system as a function of target QD
resonance ωt and dipole moment dt. Results for dt = 10, 30, and 60 D are presented from
bottom to top, with ωt near ω1 and in the FP region on the left and right, respectively.
System eigenenergies, found as clearly resolvable peaks in S0(ω), are indicated in blue, ωt
in dashed red, and LDOS peaks in dashed grey. For the 30 D QD, the predictions of the
single-mode model are plotted in dash-dotted orange.

thus assign a detector position rD = rt − 55 a ex, which is outside the polariton waveguide

portion of the structure to reduce the distortion of the detected spectrum, while in the

same position in the unit cell as the QD to maximize coupling. As noted in Sec. 6.2 and

plotted in Fig. 6.11 the coupling of the polariton-wavguide to points outside of the QD

array is remarkably strong, with a broad region of |G(rD, rt;ω)| > 100 ρh(ω) near ω1, more

than double that of the equivalent PC waveguide and many orders of magnitude higher

than found in free space for such a large separation, allowing for very reliable input/output

coupling in these structures and a high collection efficiency.

The system energy levels extracted from the peaks of S0(ω) as ωt is brought to resonance

with ω1 are shown in Fig. 6.12 for a target QD with all three different dipole moments. A

line is only plotted for a given ωt if it corresponds to a clearly resolvable peak in the

spontaneous emission spectrum, and the results for the 30 D QD are compared with E± from
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the single mode approximation. The left plots depict the anti-crossing of the target QDs

with the primary resonance at ω1, while those on the right show the system energies as ωt is

swept through the FP peaks, all of which are denoted with dashed grey lines. Remarkably,

all three QDs show a clear anti-crossing as they approach ω1, conclusive evidence that

they are strongly coupled to the polariton-waveguide. This strong QD-waveguide coupling

as a result of the QD-array metamaterial is quite novel; to our knowledge similar strong

coupling behaviour has been theoretically predicted only for coupled-cavity PC waveguides

[Fussell and Dignam, 2007] and Anderson-localized cavities in disordered PC waveguides

[Thyrrestrup et al., 2012], and has never been realized in experiment. It is also impressive

that this splitting is seen even for the weak 10 D target QD (a much weaker QD than used

in the above studies). For all three QDs, the anti-crossing at ω1 is reasonably well described

by geff and E±. However, we had to omit the Lamb shift from E+ to achieve this fit. This is

a weakness of the fictitious single-mode approximation, as to avoid including the QD–single-

mode interaction in the off-resonant integral through the Kramers-Kronig relations [Arfken

and Weber, 2008], the Markov approximation and resulting δx can only be evaluated at ω1.

The single-mode approximation thus omits the rich frequency dependence of Re{G} seen

in Fig. 6.5(b), resulting in disagreements away from ω1.

Equally interesting is the system behaviour in the FP region of the polarition waveguide,

as depicted on the right side of Fig. 6.12. The 10 D QD is too weak to significantly interact

with these modes, however the 30 and 60 D QDs’ spectra contain multiple anti-crossings.

The LDOS is unusually shaped and contains multiple peaks in this range, and a single-

mode approximation near the relevant FP mode does a poor job of predicting the resultant

system energy levels, as demonstrated for the 30 D QD. The higher two FP modes we denote

ωFP ′ = ω1 +25.12µeV and ωFP = ω1 +29.02µeV. The ωFP resonance has a peak Im{G} =

39.71 ρh(ω) and width ΓFP = 3.66µeV, resulting in geff,FP = 1.33µeV for dt = 30 D,

whereas ωFP ′ has Im{G} = 24.41 ρh(ω), ΓFP ′ = 1.50µeV, producing geff,FP ′ = 0.85µeV

(geff is simply doubled for dt = 60D). The interaction of these modes with the 60 D target

QD is particularly striking: up to four energy levels are seen for a given ωt and the decidedly

multi-mode nature of the QD-polariton waveguide has flattened these anti-crossing lines.

We next consider the emitted and detected spectra S0(ω) and S(rD, ω) for a number of

interesting systems identified in Fig. 6.14, both to understand the influence of propagation
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Figure 6.13: S0(ω) and S(rD, ω) in blue and red respectively for ωt = ω1− 3.41µeV in (a)
and ωt = ω1 in (b), with dt = 30 D. The original Im{G(rt, rt;ω)} is shown in dash-dotted
grey in arbitrary units, and the peaks of S0(ω) can be predicted with the single-mode
approximation.

effects and gain a better understanding of the system behaviour. We first focus on the

anti-crossing of the 30 D QD with the primary resonance ω1 shown in Fig. 6.13, where

substantial splitting is clearly seen in both S0(ω) and S(rD, ω) despite the modest choice of

d. Figure 6.13(a) shows the emitted spectrum for ωt approaching ω1, and the on-resonance

case is plotted in Fig. 6.13(b). In both instances, the locations of the spectral peaks are

well predicted by the single mode approximation, however we stress that the widths and

weightings of the spectral peaks, as well as propagation effects, are only captured through

the formalism leading to Eq. 6.24. The QD of Fig. 6.13(b) has a detuning on the order of geff ,

where the peaks in S0(ω) of ω1−4.73µeV and ω1 +2.37µeV have been substantially shifted

by the light-matter interaction (ω− = ω1 − 4.57µeV, ω+ = ω1 + 2.38µeV are predicted in

the single mode approximation). This anti-crossing is obviously strongest for the resonant

case of Fig. 6.13(b), with peaks at ω1 − 3.02µeV and ω1 + 3.67µeV (ω− = ω1 − 2.90µeV

and ω+ = ω1 + 3.78µeV from the single mode approximation). Also worth noting is the

weighting of the dressed state peaks in S0(ω) of this spectrum; for a simple Lorentzian

LDOS the ω− and ω+ peaks would be of equal height. The reduced height of the ω− peak

is a result of the unusual shape of Re{G} near ω1 producing a large positive Lamb shift.

The importance of propagation effects can also clearly be seen by comparing the S0(ω)

and S(rD, ω) curves in blue and red respectively, where the depletion above ω1 reduces the
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Figure 6.14: S0(ω) in blue and S(rD, ω) in red for ωt = ωFP , with dt = 30 D in (a) and
dt = 30 D in (b). Im{G(rt, rt;ω)} in arbitrary units is again shown in dash-dotted grey.

height of the ω+ peaks in both Figs. 6.13(a) and 6.13(b).

Finally, we show the spontaneous emission spectra at ωt = ωFP for dt = 30 and 60 D

in Figs. 6.14(a) and 6.14(b), respectively. As described earlier, the unusual LDOS in this

region leads to novel system behaviour, particularly with dt = 60 D, and peak locations are

poorly described by a single-mode approximation. In Fig. 6.14(a) the peaks in S0(ω) of

ωFP − 0.77µeV and ωFP + 0.56µeV are substantially closer than 2geff,FP = 1.66µeV. In

fact, the observed exchange rate is weaker than the FP mode decay rate ΓFP /2 and the

detected spectrum only shows a single distorted and broadened peak as a result, with the

splitting washed out due to propagation effects. For dt = 60 D, the QD–polariton-waveguide

coupling is sufficiently strong that significant exchange occurs with both the ωFP and ωFP ′

at ωt = ωFP . This results in a triplet forming in S0(ω), with peaks at ωFP ′ − 0.44µeV,

ωFP −1.81µeV, and ωFP +2.16µeV. The splitting about ωFP is substantially stronger than

ΓFP /2 in this case so the QD remains strongly coupled and these peaks are clearly seen at

the detector position.

6.4 Conclusions

In this chapter we have proposed a novel nano-engineered metamaterial system, the polari-

ton waveguide, consisting of a PC waveguide with periodic embedded QDs. We developed

two separate approaches to describe the physics and properties of this system. First, in
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Sec. 6.1 we studied a polariton waveguide containing an infinite QD chain, where the strong

coupling of the QD and Bloch mode in each unit cell was seen to split the PC band struc-

ture at the QD resonance and produce dramatic enhancements on top of the original PC

LDOS near this point. We then studied finite-sized polariton waveguides in Sec. 6.2, where

QDs were introduced through the Dyson equation approach. These structures were again

seen to show the LDOS enhancements as a result of band structure splitting, but also were

heavily influenced by finite-size effects. Finally, in Sec. 6.3, we explored one potential appli-

cation of these systems, demonstrating that an external QD with realistic parameters can

strongly couple to the polariton waveguide mode, and that the nature of the QD-waveguide

interaction is clearly visible in the spontaneous emission spectrum as detected outside the

polariton structure.

The ability to achieve strong coupling to waveguide modes is highly desirable because

inputs and outputs can be coupled with other quantum systems on chip, allowing for the

development of more complicated quantum information science devices [Yao et al., 2009a].

To the best of our knowledge, the strong coupling of a TLA and waveguide has never

been experimentally demonstrated in a solid state platform. Fussell and Dignam [2007]

demonstrated that coupled-cavity PC waveguides could potentially strongly couple with a

single QD, and found system parameters and behaviour similar to those presented above

for the target QD-polariton waveguide system. However, a later study [Fussell et al., 2008]

determined that this strong coupling is inevitably spoiled by disorder in real coupled-cavity

PC waveguides. Similarly, Thyrrestrup et al. [2012] indicated that Anderson localization

in purposely disordered PC waveguides may be sufficient to achieve strong coupling, but

did not explore the resultant spectra or quantum dynamics. In addition, these Anderson

localized modes may behave as cavities, negating the advantages of strong coupling with

a waveguide. This strong coupling with a target QD is only one potential application of

these polariton waveguides and much room for future work remains. For instance, one could

explore the population dynamics of the embedded QDs as a signal propagates through the

structure, investigate using a polariton waveguide to simulate many-body systems, or use

the embedded QD chain as a gain material to form a laser.
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Chapter 7

Summary, Conclusions and

Suggestions for Future Work

In this thesis, we carried out a thorough investigation into the physics and optical properties

of nanowire photonic crystal (NW PC) structures containing embedded emitters, and ex-

plored potential applications of these engineered quantum systems. Photonic crystal slabs

with embedded quantum dots (QDs) are a promising platform for the implementation of

future quantum information science applications [Yao et al., 2009a], yet the realization of

useful devices such as a triggered single photon source [Manga Rao and Hughes, 2007a]

or coupled-cavity array for quantum simulation [Na et al., 2008], has been somewhat hin-

dered by unavoidable fabrication issues inherent to the traditional PC slab platform. We

recognized that, due to recent improvements in semiconductor NW fabrication techniques

[Dubrovskii et al., 2009; Harmand et al., 2009], PC structures comprised of organized NW

arrays have the potential to overcome several of these issues, particularly the losses result-

ing in scattering from surface roughness and lack of control over QD position and emission

frequency. We then modelled and designed NW waveguides for single-photon applications,

explored the properties of realistic NW PC structures, and proposed a design for a “photon

gun” in Chap. 3. Both finite-sized and infinite NW waveguides were studied as a nanopho-

tonic medium to couple a pair of embedded QDs in Chap. 5, demonstrating the potential

of these structures to act as platform for quantum information science and quantum sim-

ulation, or to study novel regimes of quantum electrodynamics. Lastly, the potential of
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these NW PCs to contain embedded QDs in every unit cell was exploited in Chap. 6 to

design a novel structure: the polariton waveguide. After exploring the physics and resultant

properties of this device, we demonstrated that these could be used to strongly couple with

an external QD, potentially enabling the first realization of strong coupling of a quantum

emitter with a waveguide in solid-state.

These results all stem from the photonic Green function introduced in Chap. 2, which

allows us to describe the nature of the electromagnetic field and its interaction with matter

in an arbitrary medium. To accompany this, we also developed in Chap. 4 a rigorous master-

equation-based quantum optics approach to study the behaviour of a collection of two-level

atoms (TLAs) in these exotic environments. Although this approach was directed towards

finite-sized NW PC waveguides, we deliberately kept our formalism general such that it can

be applied to essentially any arbitrary photonic environment. All that is required in this case

is the medium Green function, which can be determined analytically or computationally

through the methods presented in Chap. 2. This is not to subtract from the findings with

respect to NW PC waveguides however. Throughout this thesis, we have demonstrated

that these structures have properties and figures-of-merit comparable with, or in many

cases exceeding, those found in slab PCs and other equivalent nanophotonic structures.

We were able to implement devices using realistic NW PC structures such as a directed

single photon source, a waveguide coupling a pair of QDs to form a novel quantum system,

and the strong coupling of a QD with a waveguide, all of which are essential for future

quantum information science technologies. Indeed, these versatile NW PC structures form

a promising candidate as a platform of the design of on-chip quantum systems and merit

serious experimental consideration.

7.1 Suggestions for Future Work

Much room remains for exciting future work in these systems, particularly with regards to

the polariton-waveguide structures presented in Chap. 6. We have conducted a thorough

discussion of the electromagnetic properties of this medium, but only considered the resul-

tant modification of the spontaneous emission spectrum of an external QD. It is straight-

forward to extend this work to calculate the corresponding quantum dynamics; perhaps
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more interesting would be an investigation of the ensuing propagation dynamics down the

polarition waveguide, mapping out the probability of finding the excitation in a given unit

cell as a function of time as was done in Fussell and Dignam [2007]. Indeed, even without

a target QD it would be interesting to study the propagation of an input pulse through the

finite-sized polariton waveguide, or how the system evolves for a given initial set of excited

QDs. Applications of these polariton waveguides to simulate many-body systems such as

the Bose-Hubbard Hamiltonian [Hartmann et al., 2008] could also be studied.

More generally, we have given little consideration to the influence of disorder effects in

these NW PC structures, which are well known to be of importance to traditional slab PCs

[Hughes et al., 2005]. Although structures were designed to operate at reasonable group

velocities and to designs based on current fabrication techniques, it would be instructive to

consider the role of fabrication imperfections in these systems using the formalism developed

in our group for slab PCs [Patterson et al., 2009; Mann et al., 2013], particularly after some

preliminary NW PC structures have been produced and tested. Lastly, in this thesis we

only considered isolated waveguides; it would be interesting to study the behaviour of more

complex integrated devices as has been proposed for slab PC structures [Yao and Hughes,

2009].
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M.-C. Amann, M. Kaniber, and J. J. Finley. Mutual coupling of two semiconductor
quantum dots via an optical nanocavity. Phys. Rev. B, 82(7):075305, August 2010. doi:
10.1103/PhysRevB.82.075305.

G. Lecamp, P. Lalanne, and J. P. Hugonin. Very Large Spontaneous-Emission β Factors in
Photonic-Crystal Waveguides. Phys. Rev. Lett., 99(2):023902, July 2007. doi: 10.1103/
PhysRevLett.99.023902.

Gao Xiang Li, Jörg Evers, and Christoph H. Keitel. Spontaneous emission interference in
negative-refractive-index waveguides. Phys. Rev. B - Condens. Matter Mater. Phys., 80
(4):1–7, 2009. doi: 10.1103/PhysRevB.80.045102.

Lumerical Solutions, Inc.

T. Lund-Hansen, S. Stobbe, B. Julsgaard, H. Thyrrestrup, T. Sünner, M. Kamp, A. Forchel,
and P. Lodahl. Experimental Realization of Highly Efficient Broadband Coupling of
Single Quantum Dots to a Photonic Crystal Waveguide. Phys. Rev. Lett., 101(11):113903,
September 2008. doi: 10.1103/PhysRevLett.101.113903.

S. Mahmoodian, C. G. Poulton, K. B. Dossou, R. C. McPhedran, L. C. Botten, and C. Mar-
tijn de Sterke. Modes of shallow photonic crystal waveguides: semi-analytic treatment.
Opt. Express, 17(22):19629–19643, 2009. doi: 10.1364/OE.17.019629.

Arka Majumdar, Armand Rundquist, Michal Bajcsy, and Jelena Vučković. Cavity quantum
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Appendix A

Derivations of various Green

functions

A.1 Homogeneous Green Function

Below we present the derivation for the homogeneous Green function defined in Eq. (2.16)

and used throughout this thesis, which can also be found in Novotny and Hecht [2006]. This

problem is most readily formulated in terms of the vector and scalar potentials A and φ,

which define fields via

E(r;ω) = iωA(r;ω)−∇φ, (A.1a)

B(r;ω) = ∇×A(r;ω). (A.1b)

Using Eqs. (A.1a) and (A.1b) in Eq. (2.5b), one finds for a homogeneous nonmagnetic

medium (ε(r;ω) = εB, µ = 1)

∇×∇×A(r;ω) = −iωεB
c2

[iωA(r;ω)−∇φ] + µ0js(r;ω). (A.2)

We note that the potentials A and φ are not unique; applying the transformations A →

A+∇χ and φ→ φ+iωχ, where χ is an arbitrary time harmonic scalar function, will generate

the same E and B fields. We are thus free to choose a suitable χ to simplify Eq. (A.2) and

eliminate this redundant degree of freedom; this process is known as gauge fixing. We choose

the Lorenz gauge, setting ∇·A = iωεBφ/c
2. Using the identity ∇×∇× = −∇2 +∇∇· and
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imposing our gauge, we find

−∇2A(r;ω) + i
ωεB
c2
∇φ = −iωεB

c2
[iωA(r;ω)−∇φ] + µ0js(r;ω)[

∇2 + k2
]
A(r;ω) = −µ0js(r;ω), (A.3)

where we have defined k =
√
εB

ω
c and the above can easily be modified to treat a polarization

source. Following the results of Sec. 2.1.1, the Green function Gh
A which can be used to

solve Eq. (A.3) for an arbitrary source term is defined through[
∇2 + k2

]
Gh
A(r, r′;ω) = 1δ(r− r′). (A.4)

In a homogeneous medium the only physical solution to Eq. (A.4) [Novotny and Hecht,

2006] is

Gh
A(r, r′;ω) = 1

eik|r−r
′|

4π|r− r′|
, (A.5)

where we have chosen the outward propagating solution. One can derive an identical

(scalar) Green function for the scalar potential. The particular solution to Eq. (A.4) is then

A(r;ω) = A0(r;ω) − µ0

∫
V drG

h
A(r, r′;ω)js(r

′;ω), where A0 is a plane wave A0 = Aeik·r.

In the Lorenz gauge, Eq. (A.1a) becomes

E(r;ω) = iω

[
1 +
∇∇
k2
·
]
A(r;ω). (A.6)

From here we can immediately construct the Gh for E from Gh
A

Gh(r, r′;ω) =
ω2

c2

[
1 +
∇∇·
k2

]
eik|r−r

′|

4π|r− r′|
, (A.7)

where we have again included the ω2

c2
prefactor due to its presence in front of the polarization

source term in Eq. (2.9).

A.2 Photonic Crystal Waveguide Green Function

We now present the derivation of the Green tensor of a PC waveguide as an expansion of

waveguide Bloch modes f(r;ω) =
√

a
Lukω(r)eikωx. Begining with Eq. (2.26), we replace the
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Figure A.1: Contours C and C ′ as described in text, enclosing poles at z′ and −z′ respec-
tively. As the integral over C ′ is clockwise, it acquires an overall negative sign. Paths at
±π
a cancel and at ±i∞ are zero, such that only the integral along the real axis remains.

sum over continuous k as an integral (
∑

k →
∫
k dk/∆k and simplify

Gw(r, r′;ω) =
∑
k

ω2
kf(r;ωk)f

∗(r′;ωk)

ω2
k − ω2

=
a

L

L

2π

∫
ω2
kuk(r)u∗k(r

′)eikω(x−x′)

ω2
k − (ω + iδ)2

dk,

=
a

4π

∫ π
a

−π
a

(
ωk

ωk − ω − iδ
− ωk
ωk + ω + iδ

)
uk(r)u∗k(r

′)eik(x−x′) dk. (A.8)

In the second line above, δ is an infinitesimal included to ensure causality and we expanded

the prefactor into a resonant and anti-resonant term. We also used the fact that all unique

modes lie within the first Brillouin zone to reduce the integration bounds. To evaluate

Eq. (A.8), we perform contour integration in the complex plane. Letting z = k + iκ, we

define

g(z) =

(
ω(z)

ω(z)− ω − iδ

)
uk(r)u∗k(r

′)eiz(x−x
′), (A.9)

where we note that uk depends only on k = Re{z}. From Cauchy’s residue theorem,

the integral over a closed contour C in the complex plane of a function is
∮
C g(z) dz =

2π
∑

n Res(g, an) [Riley et al., 2006], where Res(g, an) is the residue of g at pole an. For

a simple pole, the residue is Res(g, an) = limz→an(z − an)g(z). If g can be written as the

quotient of two functions g = f(z)/h(z) which are differentiable at an, the residue can be

calculated as Res(g, an) = f(an)/h′(an) [Riley et al., 2006].

The task at hand is now to choose a C which yields Gw in terms of a sum of readily-

calculable residues. Due to the eiz(x−x
′) factor, the behaviour of g(z) in the complex plane

depends closely on the sign of (x − x′); for x > x′ g(z) → 0 as κ → ∞ and diverges as

κ→ −∞, and the converse is true for x < x′. We thus choose one of two contours depending

on whether (x− x′) is positive or negative. In the first instance, we integrate in the upper
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half of the complex plane along C : −π/a → π/a → π/a + i∞ → −π/a + i∞ → −π/a,

and in the second, denoted C ′, we use the lower half, going to −i∞ instead of i∞. Both

of these paths and the enclosed poles are presented in Fig. A.1. It should be noted that

the dispersion relation ω(z) is holomorphic, such that dIm{ω}/dκ = dω/dk = vg(ω). The

inversion symmetry of the waveguide requires that ω(k) = ω(−k) so the single divergence of

Eq. (A.9) at ω(z0) = ω+ iδ actually corresponds to two separate poles, one in each contour.

Because δ is an infinitesimal and the dispersion is holomorphic the poles will also occur for

infinitesimal κ at ±z0 = ±(k0 + iδ) where ω(k0) = ω. For x > x′∮
C
g(z) dz =

∫
(1)

g(z) dz +

∫
(2)

g(z) dz +

∫
(3)

g(z) dz +

∫
(4)

g(z) dz = 2πiRes(g, z0),

and we find∫
(1)

g(z) dz =

∫ π
a

−π
a

(
ωk

ωk − ω − iδ

)
uk(r)u∗k(r

′)eik(x−x′) dk =
4π

a
Gw(r, r′;ω)|x>x′ , (A.10)∫

(2)
g(z) dz = i

∫ ∞
0

(
ω(πa + κ)

ω(πa + κ)− ω − iδ

)
uπ
a
(r)u∗π

a
(r′)ei

π
a

(x−x′)e−κ(x−x′) dκ,∫
(2)

g(z) dz = i
L

a

∫ ∞
0

(
ω(πa + κ)

ω(pia + κ)− ω − iδ

)
f(r;ω(π/a))f∗(r;ω(π/a))e−κ(x−x′) dκ,∫

(3)
g(z) dz = −

∫ π
a

−π
a

(
ω(k + i∞)

ω(k + i∞)− ω − iδ

)
uk(r)u∗k(r

′)eik(x−x′)e−∞(x−x′) dk = 0,∫
(4)

g(z) dz = −i
∫ ∞

0

(
ω(−π

a + κ)

ω(−π
a + κ)− ω − iδ

)
u−π

a
(r)u∗−π

a
(r′)e−i

π
a

(x−x′)e−κ(x−x′) dκ,∫
(4)

g(z) dz = −iL
a

∫ ∞
0

(
ω(−π

a + κ)

ω(−pi
a + κ)− ω − iδ

)
f(r;ω(−π/a))f∗(r;ω(−π/a))e−κ(x−x′) dκ,∫

(4)
g(z) dz = −

∫
(2)

g(z) dz.

In the final line above we used the inversion symmetry of ω and the fact that k = π
a and

-πa are separated by 2π
a and thus correspond to identical modes fk to conclude that the

integrals over (2) and (4) cancel. We thus have
∮
C g(z) dz = 4π

a Gw|x>x′ = 2πiRes(g, z0).

We can perform an identical exercise in the bottom contour and find the symmetric result

−
∮
C′ g(z) dz = −4π

a Gw|x<x′ = 2πiRes(g,−z′0), where the − sign is due to the clockwise
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integration direction (see Fig. A.1). Combining these results we find

Gw(r, r′;ω) = i
a

2

(
Θ(x− x′)Res(g, z0)−Θ(x′ − x)Res(g,−z0)

)
, (A.11)

where Θ are Heaviside functions. The residuals are

Res(g, z0) =
ω(z0)uk(r)u∗k(r

′)eik(x−x′)

d
dz (ω(z)− ω − iδ) |z0

=
ω

vg
ukω(r)u∗kω(r′)eikω(x−x′),

Res(g,−z0) =
ω(−z0)u−k(r)u∗−k(r

′)eik(x′−x)

d
dz (ω(z)− ω − iδ) |−z0

= − ω
vg

u∗kω(r)ukω(r′)e−ikω(x−x′).

In both of the above it should be noted that vg is odd with respect to k because ω is even:

dω(−z)/dz = vg(−kω) = −vg(kω). In the second instance we also used u−kω = u∗kω , such

that all quantities now explicitly refer to k in the positive portion of the band structure,

kω > 0. As ω is continuous throughout the waveguide band, ωk = ω, and so Gw = GT = K

[Yao et al., 2009a]. Inputting these in Eq. (A.11) we arrive at an analytic expression for the

waveguide Green function

Gw(r, r′, ω) =
iaω

2vg

[
Θ(x− x′)ukω(r)u∗kω(r′)eikω(x−x′) + Θ(x′ − x)u∗kω(r)ukω(r′)eikω(x′−x)

]
.

(A.12)
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Appendix B

Perturbation Theory for

Generalized Eigenproblems

In this appendix, we formally introduce the perturbation ε(r)→ ε(r) + ∆ε(r) to

Ôu.c.
k un,k(r) =

ω2
n,k

c2
ε(r)un,k(r), (B.1)

and calculate the new waveguide unit-cell function u′k and eigenvalue ω′2k . We adopt the

formalism of quantum mechanics for familiarity and define an expansion parameter λ for

the perturbation via ∆ε(r) = λδε(r), where λ� 1. We then expand u′k and ω′2k in a power

series in λ:

ω′2k =ω2
k + λW (1) + λ2W (2) + ...

u′k =uk(r) + λu
(1)
k (r) + λ2u

(2)
k (r)...

whereW (n) is the nth order perturbation to the eigenvalue ω2
k and u

(m)
k (r) =

∑
n c

(m)
n,k un,k(r).

We now need to solve for for the expansion coefficients c
(m)
n,k and squared frequency shifts

W (n). Inserting the above expansions to second order into Eq. (B.1), one obtains

Ôu.c.
k

(
uk(r) + λu

(1)
k (r) + λ2u

(2)
k (r)

)
=

1

c2

(
ω2
k + λW (1) + λ2W (2)

)
× (ε(r) + λδε(r))

(
uk(r) + λu

(1)
k (r) + λ2u

(2)
k (r)

)
.
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For this to hold for arbitrary λ, we set prefactors of each power of λ equal to zero, yielding

the following system of equations:

λ0 : Ôu.c.
k uk(r) =

ω2
k

c2
ε(r)uk(r),

λ1 : Ôu.c.
k u

(1)
k (r) =

ω2
k

c2
δε(r)uk(r) +

W (1)

c2
ε(r)uk(r) +

ω2
k

c2
ε(r)u

(1)
k (r),

λ2 : Ôu.c.
k u

(2)
k (r) =

ω2
k

c2
ε(r)u

(2)
k (r) +

(
ω2
k

c2
δε(r) +

W (1)

c2
ε(r)

)
u

(1)
k (r)

+

(
W (1)

c2
δε(r) +

W (2)

c2
ε(r)

)
uk(r).

As expected, the λ0 equation gives the unperturbed result. Recognizing the linearity of Ôu.c.
k ,

the left side of the higher order equations becomes Ôu.c.
k u

(m)
k (r) =

∑
n c

(m)
n,k

ω2
n,k

c2
ε(r)un,k, and

the λ1 equation is written as∑
n

c
(1)
n,k

ω2
n,k

c2
ε(r)un,k =

ω2
k

c2
δε(r)uk(r) +

W (1)

c2
ε(r)uk(r) +

ω2
k

c2
ε(r)

∑
n

c
(1)
n,kun,k. (B.2)

From here, we exploit orthonormality through Eq. (2.39) by postmultiplying Eq. (B.2) with

u∗k(r) integrating over the unit cell to find

W (1) = −ω2
k

∫
Vc

δε(r)|uk(r)|2 dr. (B.3)

It is seen that a small decrease in dielectric constant reduces the effective index, or equiva-

lently, unit-cell energy, and thus increases the waveguide mode eigenfrequency. This agrees

with the result found in two dimensions from Mahmoodian et al. [2009]. Recognizing that

λW (1) � ωk and multiplying by λ, Eq. (B.3) simplifies to

δωk = −ωk
2

∫
Vc

∆ε(r)|uk(r)|2 dr, (B.4)

where δωk = ω′k − ωk and we have ignored higher order perturbations. This is the same

expression found in Ramunno and Hughes [2009] and Patterson and Hughes [2010] and used

to explore the effects of disorder on PC cavities and waveguides, respectively.
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We next use Eq. (B.2) to solve for the first order expansion coefficients c
(1)
k,n, postmulti-

pliying by u∗n′,k(r) with n′ 6= 1:

ω2
n′,kc

(1)
n′,k =ω2

k

∫
Vc

δε(r)uk(r) · u∗n′,k(r) dr + ω2
kc

(1)
n′,k,

c
(1)
n,k

∣∣∣
n6=1

=
ω2
k

∫
Vc
δε(r)uk(r) · u∗n,k(r) dr

ω2
n,k − ω2

k

. (B.5)

The last parameter which may be of interest is the second order frequency shift. Using the

same approach as was done to produce Eq. (B.3) with the λ2 relation, we find:

0 = ω2
k

∑
n

c
(1)
n,k

∫
Vc

δε(r)un,k(r) · u∗k dr +W (1)

∫
Vc

δε(r)|uk(r)|2 dr +W (2).

When the above relation is combined with Eq. (6.5), the second order shift is found:

W (2) = −
∑
n 6=1

ω2
k

ω2
n′,k − ω2

k

∣∣∣∣∫
Vc

δε(r)un,k(r) · u∗k(r) dr

∣∣∣∣2 −W (1)

∫
Vc

δε(r)|uk(r)|2 dr. (B.6)

However, since we are considering perturbations localized in the waveguide unit cell where

the field intensity is highest, the integral in Eq. (B.3) will never be zero and W (2) will be

insignificant relative to W (1). In what follows, we thus assume the first order perturbation

is sufficient. Reinserting Eqs. (B.3) and (B.5) into the power series expansions, we obtain

Eqs. (6.3) and (6.5), the goal of this appendix:

ω′2k =ω2
k

(
1−

∫
Vc

∆ε(r)|uk(r)|2 dr
)
, (B.7)

u′k(r) =uk(r) +
∑
n 6=1

ω2
k

∫
Vc

∆ε(r′)uk(r
′) · u∗n,k(r′) dr′

ω2
n,k − ω2

k

un,k(r). (B.8)
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Appendix C

Spontaneous Emission Spectrum

In this appendix, we present a derivation of the QD spontaneous emission spectrum given

in Eq. (6.24). The system Hamiltonian is described in Sec. 6.3:

Ĥ = ~ωtσ̂+σ̂−+

∫
d3r

∫ ∞
0
dωλ ~ωλâ†(r;ωλ)·â(r;ωλ)−(σ̂++σ̂−)

∫ ∞
0

dωλ
(
dt·Ê(rt;ωλ)+H.c.

)
,

(C.1)

This is used to solve for the Heisenberg equations of motion (
˙̂
O = i

~

[
Ĥ, Ô

]
) for the time-

dependant quantum operators:

˙̂a(r;ωλ, t) =− iωâ(r;ωλ, t) + (σ̂+(t) + σ̂−(t))

√
εI(r;ωλ)

~πε0
G∗(r, rt;ωλ) · dt, (C.2a)

˙̂σ−(t) =− iωtσ̂−(t)− i

~
σ̂z(t)dt · Ê(rt, t), (C.2b)

where σ̂z = σ̂+σ̂− − σ̂−σ̂+, Ê(r, t) is defined through Eq. (4.3), and the remaining two

operator equations of motion are found by taking the Hermetian conjugate of the above set.

Unlike in Sec. 4.4, we do not make the rotating wave approximation, however we instead

make the “single excitation approximation”, taking σ̂zÊ(rt) = −Ê(rt) [Van Vlack, 2012].

This assumes that there is at most one excitation in the system at all times, such that σ̂z

acting on |ψ〉 after Ê will always operate on the QD ground state and produce a − sign

(to arrive at σ̂zÊ|ψ〉 ∝ |1, n〉 (first and second quantum numbers index the QD and field

states respectively) requires either |ψ〉 = |1, n > 0〉 or Ê|ψ〉 ∝ |1, n > 0〉, both of which are

excluded in this approximation). This thus ignores multiphoton correlations [Carmichael,

1999], but will be exact for the case we are concerned with: spontaneous emission of a single
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QD into the vacuum field. We now Laplace transform the Heisenberg equations of motion

to obtain:

â(r;ωλ, ω) =â0(r;ωλ, ω) + i

√
εI(r;ωλ)

~πε0
G∗(r, rt;ωλ)

ω − ωλ
· dt(σ̂+(ω) + σ̂−(ω)), (C.3a)

â†(r;ωλ, ω) =â0†(r;ωλ, ω) + i

√
εI(r;ωλ)

~πε0
dt ·

G(rt, r;ωλ)

ω + ωλ
(σ̂+(ω) + σ̂−(ω)), (C.3b)

σ̂−(ω) =
iσ̂−(t = 0)

ω − ωt
− dt · Ê(rt, ω)

~(ω − ωt)
, (C.3c)

σ̂+(ω) =
iσ̂+(t = 0)

ω + ωt
+

dt · Ê(rt, ω)

~(ω + ωt)
. (C.3d)

As before, in the above â0 and Ê0 operate on the freely-evolving background field indepen-

dent of the QD, which we will eventually take to be in the vacuum state. From here, it can

be shown using the procedure of Sec. 4.4 that [Van Vlack, 2012]:

Ê(r, ω) = Ê0(r, ω) +
1

ε0
G(r, rt;ω) · dt(σ̂+(ω) + σ̂−(ω)). (C.4)

Using Eqs. (C.3c) and (C.3d), the dipole term in Eq. (C.4) is

σ̂+(ω) + σ̂−(ω) =
(ω2
t − ω2)ŝ(ω) + 2ωtdt · Ê0(r, ω)/~

ω2
t − ω2 − ωtΣ(ω)

(C.5)

where we have introduced a self-energy

Σ(ω) =
2dt ·G(rt, rt;ω) · dt

~ε0
, (C.6)

and written the initial QD state in terms of a quantum dipole source operator [Yao et al.,

2009a]:

ŝ(ω) = i

(
σ̂+(t = 0)

ω + ωt
+
σ̂−(t = 0)

ω + ωt

)
. (C.7)

Finally, by defining a bare QD polarizability (which does not include external radiative or

non-radiative coupling):

α0,t(ω) = α0,t(ω)et =
2ωt|dt|2

~ε0(ω2
t − ω2)

et, (C.8)

we use Eq. (C.5) in Eq. (C.4) to arrive at

Ê(r, ω) = Ê0(r, ω) +
G(r, rt;ω)

1− α0,tet ·G(r, rt;ω) · et
·
(
dt
ε0
ŝ(ω) + α0,t(ω) · Ê0(rt, ω)

)
. (C.9)
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The above expression is remarkable because using this quantum mechanical formalism we

have recovered exactly the results of Chap. 2, which was entirely concerned with classical

electromagnetism. Specifically, Eq. (C.9) is the quantum operator version of Eq. (2.36),

where the system Green function has clearly been reshaped to include the influence of

the QD just as was done explicitly through the Dyson equation approach. Furthermore,

when compared with Eq. (2.12), it is evident that dt
ε0
ŝ(ω) + α0,t(ω) · Ê0(rt, ω) is simply

the quantum expression for a polarization source, where the first term corresponds to the

polarization due to the initial QD state and the second is that induced by the vacuum field

[Van Vlack, 2012]. To this point, we have ignored external decay processes and assume that

the LDOS is given entirely by the polariton waveguide Green function. We can rectify this by

phenomenologically including polarization decay Γt in the QD polarizability, replacing α0,t

in Eq. (C.9) with αt(ω) = 2ωt|dt|2
~ε0(ω2

t−ω2−iωΓt)
. This allows for processes such as pure dephasing

and the homogeneous contribution to radiative decay to be included in the spontaneous

emission spectrum [Van Vlack, 2012]. Rewriting Eq. (C.9), Ê at detector position rD is

[Kristensen et al., 2011]

Ê(rD, ω) = Ê0(rD, ω) +
(ω2
t − ω2)G(rD, rt;ω)

ω2
t − ω2 − ωΣ(ω)− iωΓt

·
(
dt
ε0
ŝ(ω) + αt(ω) · Ê0(rt, ω)

)
. (C.10)

In Sec. (4.4), we were concerned with calculating the incoherent spectrum emitted by

a QD under continuous wave excitation. This time around, we would like to calculate the

spontaneous emission spectrum from a single excited QD with no driving. As a result, we

do not have to worry about removing the coherent portion of the spectrum or taking the

long time limit. In this case, it can be shown that the spontaneous emission spectrum is

simply given by [Van Vlack, 2012; Scully and Zubairy, 1997]

S(rD, ω) = 〈Ê†(rD, ω)Ê(rD, ω)〉 (C.11)

For spontaneous emission, we take an initial condition |ψ(t = 0)〉 of a single excited QD and

vacuum field, such that the only non-zero expectation value is 〈σ̂+(t = 0)σ̂−(t = 0)〉 = 1 in

the 〈ŝ†(ω)ŝ(ω)〉 term of Eq. (C.11). It can be quickly seen in this case that 〈ŝ†(ω)ŝ(ω)〉 =

(ω + ωt)
2/(ω2

t − ω2)2 and we have the desired result:

S(rD, ω) =

∣∣∣∣(ωt + ω)G(rD, rt;ω) · dt/ε0
ω2
t − ω2 − ωΣ(ω)− iωΓt

∣∣∣∣2 . (C.12)
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