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Abstract
Purpose: In computer assisted surgery accurate navigation tools are a necessity in many
applications. The current most widely used navigation systems are expensive compared to the
cheaptest imaging modalities such as ultrasound. Permanent magnet based tracking systems
potentially offer adequate tracking accuracy and workspace size for limited clinical adoption.
This thesis investigates the development of such a tracking system, in order to facilitate future
work in developing this technology. Methods: Tracking the position of a permanent magnet
involves finding a solution to a field model which matches the measured field to a position
around the magnet. The work here first compared common magnetic field models to one another,
and to measured magnetic field data to determine their suitability in tracking systems.

A

repeatable experimental data collection method is presented along with a method of calibration to
reduce systematic error.

A simulator was also written in MATLAB which simulated the

experimental setup allowing systematic and random errors to me controlled. Results: Two
simple magnetic field models were compared and found to have nearly identical fields. A more
complex model was compared and had measureable different field magnitudes to the dipole and
monopole models (on the order of 10% difference), but was unusable in the tracking algorithm
due to limitations of the non-linear optimizer and not investigated further. Simulated results
showed a high sensitivity to most errors sources, particularly the orientation error in the data
collection setup and in the sensors minimum resolution of measurable magnetic field. Tracking
accuracy on experimentally collected data in 3-DOF after calibration was less than desired, with
position error exceeding 5 mm at distances as low as 10 cm between sensor and magnet.
Conclusion: Permanent magnet tracking was found to be less accurate than is clinically useful,
and highly sensitive to errors in sensors and experimental setup. The range of the system was
found to be particularly limited by the sensor measurement resolution. This work provides
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solutions to some common error sources and could be used as a starting point for future
investigations into permanent magnet tracking systems.
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Chapter 1
Introduction
In modern surgical practice medical imaging and tracking technologies are well-established
tools, and are becoming more widespread. Beginning with simple 2D imaging such as X-Rays,
modern imaging covers many modalities and is becoming mostly digital, with images directly
captured by digital sensors and only converted to viewable images in software. At the same time,
low cost computing and sensors have given rise to afordable position and orientation tracking
technologies with high accuracy and reliability. Over the last twenty years the proliferation of
desktop PCs and increase in computing power has given rise to the field of image guided
interventions, which combines digital imaging modalities and tracking technologies to enable
new advancements in preoperative planning and actual surgery.
In practice performing an image guided intervention requires a number of discrete but
important steps [1]. Imaging data is initially collected, most commonly with CT or MRI. The
tools to be used in the surgery are then fitted to be tracked by a localization device or devices.
The localizer is then registered to the preoperative data to be able to show tool positions relative
to collected medical images.

Lastly the tool is displayed to the surgeon with respect to the

anatomical features of interest, and as needed the registration between the image data and the
actual situation of the surgeon are corrected for.
The focus of this thesis is on the localization required for image guided interventions, and
exploring low cost technologies capable of localizing medical tools.

1.1 Clinical Motivation
Ultrasound imaging has become a highly portable modality that provides real-time and low
cost imaging to healthcare providers [2], [3], [4], [5], [6]. It has been shown to be useful in
1

improving medical outcomes in places where no other imaging is available [7], [8]. Using
localization devices, 2D ultrasound images can be reconstructed into 3D volumes enabling
greater use in pre-operative planning. They can also be used as an intra-operative imaging
modality to assist in procedures such as needle placements. A driving factor in ultrasounds
widespread adoption is its low cost; therefore if combined with a low cost tracking solution this
could enable greater use of ultrasound technology as the imaging choice in image guided
interventions.

1.2 Proposed Tracking Method Contributions
The desired outcome of the work was a low cost handheld tracking device using permanent
magnets and off the shelf hardware. In this work handheld means small enough to be integrated
into an ultrasound probe (typical linear probe size is 2x6x15 cm), or mounted onto one in such a
way that it does not interfere with its use.
For the device to be simple to use and be useful in clinical settings the following
requirements were desired to be met.


Must use off the shelf hardware.



Device should be small enough to mount on ultrasound probes without obstructing
their use.



Must work in a 30x30x30 centimeter workspace.



Worst case position accuracy under 5 mm.

These workspace and accuracy requirements will enable the system to be usable for needle
guidance, catheterization ad guide wire applications [9] [10] [11]. Additionally the system could
be used to perform 3D ultrasound reconstruction [12].
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In the reported literature all permanent magnet tracking solutions fail to meet at least one of
these requirements. The systems either use custom made sensor circuits or have very large sensor
arrays which are not realistically handheld.
The first potential improvement to tracking is a verification of the magnetic field models
used. The work in literature does not have concrete verification that the dipole field assumption
is correct or accurate, and this can potentially lead to reduced accuracy of the systems in use.
Performing experiments where the magnetic field of a permanent magnet is measured at precisely
known locations and angles to the sensors can test assumptions on the accuracy of the model
rather than assuming it will work and attributing some of the error in the tracking solution to
model inaccuracy. Performing field model verifications requires accurate sensor calibration, and
a methodology will be presented to account for a number of the sensor errors found in any
magnetic tracking solution.
A simulator was also implemented which could model the most common sources of error
encountered in the tracking solution implemented here as well as those implemented in the
literature. This simulator was used to help determine which sources of error contributed the most
to the system accuracy and to determine a realistic accuracy limit which could be achieved.
Two tracking solutions are shown in this work, one similar to previously reported results and
another based on the linear interpolation between a priori field measurements instead of a
magnetic field model. The goal of this work is to provide a baseline for experimental results and
methods to provide a starting point for future work in implementing a full tracking solution.
There were four main contributions to this result:


A technique for experimental comparison between magnetic field models and actual
magnetic field data.



A simulator to determine the impact of the main sources of error in permanent
magnet tracking.
3



Tracking results in 3D using methods similar to those published in the literature.



Tracking results in 2D using a linear interpolation model.

These contributions should provide a foundation for future work in this area to build upon. It
is hoped that the work shown in this document will assist researchers in evaluating and
developing permanent magnet tracking technology.

Chapter 2
Background
2.1 Pose Tracking
Pose, the combination of position and orientation, can be tracked using a number of separate
technologies with optical tracking and electro-magnetic (EM) tracking the most widely used
technologies [1]. In all systems, the purpose to find the position and orientation of one or more
trackers with respect to a single coordinate frame.

2.1.1 Optical Tracking
Optical tracking is the most widely used system in surgery today. They offer high positional
and angular accuracy across a large workspace. All conventional optical tracking systems use
stereoscopic cameras and objects with known geometries to solve for the pose of the tracked
tools. Passive and active infrared (IR) optical trackers offer high accuracy, with positional jitter
reported to be as low as 0.11 mm root-mean square (RMS) [13] in literature and a 0.5 mm 95%
error confidence interval in manufacturer’s reports [14].

In practice the accuracy is more

complicated than that, and manufacturers vary but it is a safe assumption that under 1 mm
position error can be expected [15].
All optical tracking technologies feature similar accuracy and typical systems such as the
Polaris tracker have large workspaces. A major drawback however is the need for line-of-sight
4

between the sensors and the tracked objects. In clinical use the requirment for line of sight
between the cameras and tracked devices requires added care from the clinician to avoid blocking
the camera.

In some procedures in less accesible areas of the body it can be completely

impractical to maintain line-of-sight, rending optical tracking unusable. Additionally both the
trackers and tracked objects tend to be large. Greater separation of the stereo camera sensors
increases the range and volume of the workspace, and there is also a direct correlation between
tracking accuracy and the size of the tracked object. This is evident in Figure 2.1and Figure 2.2
where at there tends to be at least 10 cm between individual tracker elements. This is a large
contrast to EM tracking where a typical large tracker is 0.5 x 0.5 x 2 centimeters [1] [16] [17].

2.1.1.1 Active IR Tracking
In active IR tracking systems the tracked tools have IR light emitting diodes (LED)s arranged
on the tool in a known geometry. The LEDs are activated in sequence from a control unit which
is connected to the tracking software, allowing the image processing software to know which
physical LED corresponds to the lights imaged by the camera sensor. Figure 2.1 shows an
actively tracked tool, where the IR LEDs are visible as yellow areas on the four corners of device.
An important drawback to actively tracked systems is that they are most often wired systems.

Figure 2.1: Active IR tracked probe. LEDs are visible as yellow circles at the corners of the
device.
5

2.1.1.2 Passive IR Tracking
Passive IR systems do not have an active lightsource on the tool. Rather, IR light is emitted
close to the cameras, and retroreflective markers on the tool reflect this light back towards the
cameras and light sources. The tool geometry is defined by the location of the retroreflective
markers, with each tool featuring three or more markers which make up the unique tool geometry
detected in the tracking software. A set of tracked tools is shown in Figure 2.2, the unique
geometry of each tool allows the system to track multiple objects simultaneously. In the sensor
system shown in Figure 2.2 the cameras and IR light sources are housed behind the two black
lenses on each side of the camera system. These systems are just as accurate as active systems
and have the additional advantage of not requiring wires connected to any of the markers [15].

Figure 2.2: Passive IR optical camera with tracked tools.

2.1.1.3 Visible Light Tracking
Trackers using visible light use image processing to isolate high contrast markers from the
scene they are imaging. Figure 2.3 shows an optical tracker camera and marker. The high
6

contrast marker in this case is typical of others, consisting of black and white geometric patterns.
These trackers work well but as they do not have independent light sources they are more affected
by the ambient lighting falling on the tracker markers.

b) Visible light markers

a) Visible light tracking camera

Figure 2.3: A three camera optical tracker shown in a) while a visible light tracked marker is
shown in b), the three black and white patterned circles making up the tracked points of the
object.

2.1.2 Electromagnetic Tracking
Electromagnetic, or EM tracking is the most widely used tracking system in medicine after
optical systems [1]. All EM tracking implementations consist of a transmitter generating known
magnetic fields which are in turn measured by one or more sensors which can be tracked. Unlike
optical tracking EM systems do not require line of sight between the transmitter and sensors as
magnetic fields are not appreciably distorted by tissue, allowing them to be used in situations
where optical tracking would be unfeasible. The sensors in EM systems can also be highly
miniaturized, this is shown in Figure 2.4 where the sensing elements can be made on the order of
1mm wide and 4-5 mm in length. This enables sensors to be embedded into needles or other
tools to provide more direct tracking within a patient, and additionally makes attaching trackers to
tools less cumbersome than with typical optical trackers.
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The accuracy of a typical modern implementation of EM tracking can be as low as 1.4mm
RMS in position and 0.5 degrees RMS in angle [16]. In practice the accuracy of EM tracking is
affected by the presence of metal around the sensor and transmitter, as the generated magnetic
fields induce eddy currents in nearby metal objects which in turn produce magnetic fields
measured by the sensor. These distortions are difficult to quantify and compensate for, research
is ongoing to find mitigating techniques but it remains an open problem in EM tracking. Optical
tracking comparatively has very consistent and quantifiable error across the working space of the
tracker [15] [18] [19]. Electromagnetic tracking can be divided into two main implementations,
alternating current and direct current, as described below.

2.1.2.1 Alternating Current EM Tracking
Alternating current EM tracking was the first implementation produced and originally was
used in military applications [1] [20]. In alternating current systems a transmitter consisting of
dipole coils generates alternating dipole fields which change polarity at a rate typically in the
region of 8-14 kHz. Sensor coils capable of measuring changing magnetic fields detect this
signal from which the tracking solution is solved. One of the first systems targeted for the
medical field was produced by Northern Digital Inc. (Northern Digital Incorperated, Waterloo,
Ontario, Canada) and uses six dipole coils which produce AC signals in a sequence, providing
six measurements to the sensor allowing a 5-DOF tracking solution to be solved. The sensor in
this embodiment is a coil of copper wire in which measurable currents are induced by the AC
magnetic field.
The system first produced by Northern Digital suffers from a number of fundamental flaws
which prevent it’s more widespread use. The algorithm used to solve for the position and
orientation of the sensor suffers fourfold symmetry, requiring the quadrant of the sensor to be
known a priori or assumed. Alternating currents also induce eddy currents in metals around the
8

transmitting unit. These eddy currents then produce AC magnetic fields which are also measured
by the sensor, reducing the accuracy of the system. In AC systems error due to nearby metallic
objects increases with the cube of the proximity of the metal to either sensor or transmitter [19].

2.1.2.2 Direct Current EM Tracking
Direct current electromagnetic tracking uses wire coils in the transmitter fed by DC current
to establish static magnetic fields which are measured by the sensor. This system requires sensors
capable of measuring static magnetic fields, most commonly flux-gate coils as shown in Figure
2.4. In DC systems the typical implementation is to have three orthogonal field sensors on the
tracker, and three orthogonal field generators at the transmitter. Very small sensors meant for
needle tracking can have only two sensor coils, dropping the coil which would enable measuring
rotation about the needle axis. To reduce the effect of temporary eddy currents and the static error
due to the earth magnetic field, DC systems first take a measurement of the sensor with no
applied field to determine the background field. A single axis of the transmitter is then powered
by DC current. Eddy currents only respond to changing fields, so by waiting a brief period after
the coil is powered eddy currents are able to subside. The sensor then measures the field of each
sensor axis, removing the previously measured background field. This process is repeated for
each of the three transmitter coils. This results in nine individual measurements which can be
used to solve for a 6 degree of freedom position and orientation solution using a number of
algorithms.
Direct current tracking still suffers some error from eddy currents in the presence of highly
magnetically susceptible metals such as some steels and iron. Aluminum, titanium and stainless
steel are not highly susceptible and as they make up the majority of metals found in surgical
practice the errors due to eddy currents are significantly reduced compared to AC systems. Direct
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current EM tracking systems such as those sold by Northern Digital Instruments are the most
widely used systems in current practice [1] [16].

Figure 2.4: Electromagnetic tracking sensors for Ascension tracker. A larger 6-DOF sensor and
smaller 5-DOF sensors are shown.

2.1.3 Acoustic Tracking
The tracked objects in acoustic systems use the noise of electric sparks generated across
small gaps to identify the location of an object. An array of microphones detects the noise of the
sparks and using time of flight information determines the distance to the spark. The spark gap
array is placed on the object to be tracked, and with six or more gaps position and orientation can
be determined. For the system to work the spark gaps needed to be in a line of sight to the
microphones which reduced the potential workspace. As well, the speed of sound in air is
affected by many environmental factors such as humidity and would result in varying accuracy
during use. The system also made some patients uncomfortable as the electric sparks could be
generated close to a patients head for some chest and neck scans [21] [22].
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The loss of accuracy due to environmental changes and line of sight requirements make
acoustic tracking a much less appealing option compared to optical or EM tracking and in modern
practice it is rarely seen [1].

2.1.4 Permanent Magnet Based Tracking
A number of tracking solutions using the magnetic field of a permanent magnet exist in the
current literature. These systems typically use an array of multi-axis sensors to measure the field
of a single magnet from multiple physical locations at one time. In existing literature there are
multiple variations of trackers using planar arrays of multiple sensors [23], [24], [25], [26], [27],
[28] [29] [30]. These systems all work by taking advantage of the large number of sensors to
directly solve the non-linear magnetic field equations of the permanent magnet that is tracked.
Alternative methods have been proposed to track endoscopic capsules, however these methods
have low temporal resolutions and accuracies as the requirements of endoscopic tracking are less
stringent than in other areas of medicine requiring positional tracking [31], [32].
All of the published research on permanent magnet tracking for more than three degrees of
freedom uses the same basic method. The typical setup uses an array of N sensors where N is >=
5, and for each set of measurements finds a value of the position and orientation of the magnet
within the solution coordinate system that minimizes the error between the measured magnetic
field,

and

the

expected

field

values

from

a

model

of

the

magnet’s

field.

𝑁
𝑠
𝑠
)2
𝐸𝑟𝑟𝑜𝑟 = ∑ (𝑩𝑚𝑒𝑎𝑠
− 𝑩𝑚𝑜𝑑𝑒𝑙𝑙𝑒𝑑
𝑠=1

Most often the model of the magnetic field is a point dipole [23], [25], [26], [28], [31],
however other models can be used such as a monopole model [27] [33]. The use of the point
dipole model allows for fast computation of the solution, but is not necessarily an accurate model
of a physical magnets field, and is also limits solutions to five degrees of freedom as the field is
symmetrical about the axis of magnetization [23].
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Most reported results use the Levenberg-Marquardt (LM) non-linear optimization algorithm.
This algorithm solves the parameters of a function to mimimize the sum of squares difference
between observed values and the function outputs. It requires only an initial guess of the solution
and an intial damping parameter 𝜆0 as inputs. The damping parameter modulates the algorithm
from behaving as the gradient-descent algorithm or Gauss-Newton approximation. At values of
𝜆 close to zero it approaches the Gauss-Newton method, while as 𝜆 goes to infinity it approaches
the gradient-descent algorithm [34]. The implementation of the LM algorithm in MATLAB
which is used in the work presented in this thesis increases 𝜆 if the algorithm iteration was
unsuccesful at reducing error, and decreases if it was succesful [35].
Schlageter et al. [23] demonstrated a 5-DOF magnetic tracking system using an array of Hall
effect sensors to measure the field of a cylindrical magnet. The measurements from the sensor
array were used to solved the dipole model for a 3-DOF position solution and 2-DOF orientation
solution using the LM algorithm optimization. Their published results focus on simulations of
the sensitivity of the system to various forms of errors. In practice, they report a positional
accuracy of less than 3 mm when the magnet is within 100 mm of the middle of the sensor array.
Accuracy drops off quickly beyond this distance.
Hu et al. demonstrated a system which can fully solve the 5-DOF magnet location using
multiple sensors around the magnet [24] [25] [26]. Their system is similar to that of Schlageter
[23], however they used newer anisotropic magnetoresistive (AMR) sensors produced by
Honeywell (Honeywell International, Inc, Morristown NJ, United States of America). These
sensors, (Honeywell HMC1043), are a commercial 3-axis sensor where each discrete chip has 3
orthogonal sensors. In their first published results they used an array of 16 3-axis sensors, for 48
total sensors in a 4x4 planar arrangement nearly identical to that of Schlageter [23]. Instead of
directly solving the non-linear dipole equations they used a linearized form of the model shown in
[24], improving computation times. With a magnet moving above the sensor grid at a distance of
12

10 cm, they reported an average localization error of 3.3mm and average orientation error of 3.0
degrees.
Hu et al. expanded up their original results to create a tracking system using a cube of
sensors, and combining their linearized dipole equation solver with their existing non-linear
dipole solver. In this realization of their method, they used four planes of nine 3-axis. The four
planes formed a cube open on either end, and the magnet to be tracked was placed within the
open space of the cube. They used the linearized form of the dipole equations shown in [24] to
initially solve the 5-DOF localization solution, which was then used as an initial guess in an LM
optimizer to further optimize the result. They also discussed the calibration method used on the
sensors prior to running their experiments. For each 3-axis sensor, they calibrated the individual
axis sensitivity, adjusted for non-linear effects, adjusted for position errors of the assumed
location of the sensor, and adjusted the expected orientation of the sensor. In their reported
experiments, they found an average position error of 3.72 mm and average orientation error of
1.86 degrees.
Sherman et al. also demonstrated a system using a planar array of sensors [28]. Similar to
Shlageter and Hu, Sherman chose to model the magnetic field as a dipole and solved 5-DOF
position and orientation solution using LM optimization. Their sensor array used a mix of 3-axis
and single axis sensors, for a total of 27 sensors. In their experiments, a magnet was moved in a
straight line away from the sensor array with a fixed orientation. Up to a distance of 10 cm from
the sensor plane, they were able to localize the magnet with under 5 degrees orientation error and
under 6 mm position error.
The work of Hu et al. was expanded beyond previously reported work by using more
complex models of the magnetic field [27] [30]. An intial simulation only experiment was done
using a cubic magnetic model to determine a 6-DOF solution. They found that a particle swarm
optimizer was able to converge to a solution, but did not demonstrate any real-world tracking
13

results [30]. Their optimizer also had a 1 second computation time, making it much too slow to
be useful in real-time applications.

In a later work, an annular magnet model was used,

determined using the Biot-Savart law, modelling the magnet as a coil. The field equations of the
annular model are not directly solvable analytically but can be numerically integrated. Due to
this complexity, the position solutions were solved using a particle swarm optimizer which does
not require the solved equations to be continuous. This method however is slow to compute, and
to mitigate this in their results they first solved a 5-DOF solution using a dipole model of the
magnet, which was then used as the initial parameters of the particle swarm solver. Even with an
accurate initial guess comptuation time was on the order of 700 seconds per solution.
Andra et al. have demonstrated a 3-DOF tracking solution using permanent magnets using a
novel method of tracking [31]. The system consisted of a spherical magnet in a small bearing
allowing it to freely rotate that could be ingested by a patient. Their method used external
magnetic fields to rotate the magnet to a desired orientation during the tracking procedure. A 3axis magnetometer on a 2-D gantry is positioned above the patient who has ingested the magnet.
The magnet is rotated by the external field such that its magnetic polarization points directly
upwards. The result of this is that when the 3-axis magnetometer is directly above the magnet,
the field will only be measured in a single direction. Thus, the system moved the magnetometer
to minimize the measured field in two axes and maximize it in the third. When this is achieved,
the magnetometer is known to be directly above the magnet. A simple feedback loop based on
the magnetometer measurements is used to control the gantry motors to achieve position tracking.
The position along the two axes controlled by the gantry is measured by capturing the motor
positions, while the distance above the magnet is calculated by modelling the magnet as a dipole.
To remove the measurements of the earth field and the fields generated by the external coils, the
magnetic field is measured twice for each sample, once with the magnets field pointing ‘up’ to
the magnetometer, and once pointing down. By subtracting these measurements the system is left
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with only the field components of the magnet. The system achieved a spatial resolution of under
10 mm and a temporal resolution of approximately 1 second. The low temporal resolution was
due to the need to physically rotate the magnet using external fields at least once every
measurement, and due to their algorithm taking the average of multiple measurements to provide
each position solution.
A method similar to conventional permanent magnet trackers has been patented and
commercialized by the e-Zono company (e-Zono AG, Jena, Germany) under the trade name
eZGuide [33] [36] [37]. The system described in their patents is used to track a magnetized
needle for tracked ultrasound procedures. As the needle is very long, it necessitates the use of a
monopole model of the field. In the point dipole model the positive and negative magnetic
monopoles are overlapping, whereas in the monopole model they have a spatial separation. The
eZGuide system uses an array of magnetometers located in the head of the ultrasound probe being
used in the procedure. The measurements from the array of sensors are fitted to the monopole
model of the needle’s magnetic field using a non-linear optimizer. Press release information from
eZono does not state the expected accuracy of the system.

2.2 Magnetic Field Modelling
Permanent magnet based tracking systems rely on accurate models of the magnetic field to
achieve good results. The often use a dipole model despite using permanent magnets that only
approximate to a dipole in the far field. Typical tracking solution using this model accept that
there is some error, but continue to use it due to the ease of computation [23] [26] [27] [28] [31].
The dipole model of a magnet is the simplest possible physical magnet, consisting of an
overlapping positive and negative point monopole. The magnetic field equation for this simple
case is well known. The equation is often shown in vector form as

15

𝑩(𝒓, 𝒎) =

µ0 3𝒓(𝒎 · 𝒓)
𝒎
(
− 3)
5
|𝒓|
|𝒓|
4𝜋

(1)

Where m is the magnetic moment, or strength of the magnet, r is the vector of the sample
location, and µ0 is the magnetic permeability of free space. While the model is a high order nonlinear equation, it is easily computable and can be linearized with respect to some parameters to
more easily solve the equation. It does not however reflect the actual magnetic field of a real
magnet. Despite these drawbacks it is the most widely used magnetic field model reported in
literature for permanent magnet tracking solutions.
A variation of this model, where the magnetic monopoles are separated by a distance has
been used in a commercial system [33] [36] [37]. A simplified equation for the magnetic field
generated by two monopoles is shown below.
𝑩(𝒓, 𝒅) =

µ0
𝒓
𝒓+𝒅
𝒎·( 3−
)
|𝒓|
|𝒓 + 𝒅|3
4𝜋

Figure 2.5: Dipole equation coordinate diagram.
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(2)

In addition to the parameters of the dipole model, the distance between the monopoles 𝒅 is
considered. The tracking system which uses this model utilizes a magnetized needle as the field
source which is approximately 50 mm long and only a few mm wide. Most solutions using the
dipole model employ magnets with much smaller length to diameter ratios, and have not opted to
use the monopole model.
There is much work on accurately modelling the fields of cylindrical permanent magnets [38]
[39] [40] [41] [42] [43] [44] [45] [46] but rarely are these models tested against actual magnetic
field measurements in literature, merely reported and simulated. These methods typically either
model the cylinder surfaces as being charged discs [38] [39], treat the cylinder as a stack of
solenoid coils [40] [41] [43] [46] or assume the outside of the magnet is a sheet of current [42]
[44] [45]. The work presented by Conway [42] used sheets of current to model the field allowing
more generalized equations to be developed. Due to the nature of the geometry of a cylindrical
magnet, the equations often include complete elliptical integrals, a special case of integral that
can only be solved by numerical methods except in the case of degenerate input values. Given
modern computational power, solving elliptic integrals is not a time consuming task and can be
solved in milliseconds by a typical desktop computer [40]. The nature of the equations does
make it difficult to solve for the inputs to the field equation from a given field measurement,
however as the inverse of the elliptic integral must be solved for, which is a less commonly
solved problem and solutions not as widely reported.
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Figure 2.6: Dimensions and coordinate system of a cylindrical magnet.
The physical model published by Derby et al. [40] is typical of these models. The equations
for this model in cylindrical coordinates are shown below.
𝑚𝑤
[𝛽 𝐶(𝑘+ , 𝛾 2 , 1, 𝛾) − 𝛽− 𝐶(𝑘− , 𝛾 2 , 1, 𝛾)]
𝑤+𝜌 +

(3)

𝐵𝜌 = 𝑚[𝛼+ 𝐶(𝑘+ , 1,1, − 1) − 𝛼− 𝐶(𝑘− , 1,1, − 1)]

(4)

𝐵𝑧 =

These equations use cylindrical coordinates to represent the field in terms of the z and ρ
components, 𝐵𝑧 and 𝐵𝜌 . The values of K, z, γ, β and α are as follows.
𝑧± = 𝑧 ± 𝑙
𝑤

𝛼± =

𝑤 −𝜌
𝑤+𝜌

𝑧±

𝛽± =

√𝑧±2 + (𝜌 + 𝑤)2

𝛾=

(3)

𝑘± = √(𝑧±2 +

√𝑧±2 + (𝜌 + 𝑤)2
2𝜋

𝐶(𝑘𝑐 , 𝑝, 𝑐, 𝑠) = ∫
0

(𝑤 − 𝜌)2
𝑧±2 + (𝑤 + 𝜌)2

(𝑐 𝑐𝑜𝑠 2 𝜙 + 𝑠 𝑠𝑖𝑛2 𝜙) 𝑑𝜙
(𝑐𝑜𝑠 2 𝜙

+

𝑝 𝑠𝑖𝑛2 𝜙) √𝑐𝑜𝑠 2 𝜙

+

(4)

(5)

𝑘𝑐2 𝑠𝑖𝑛2 𝜙)

The values of 𝑙 and 𝑤 are the length and width of the cylindrical magnet, and the function
𝐶(𝑘𝑐 , 𝑝, 𝑐, 𝑠) is the elliptic integral. The numerical methods to solve for the magnetic field given
the input parameters of the functions are easily computable and run in a few milliseconds on a
midrange desktop computer, however it is less trivial to find the inverse solution which is desired
for tracking systems.
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For modelling permanent magnets used in tracking solutions, the only simple and practical
models which have been reported in literature are the dipole and monopole models. A complex
annular magnet model will not be shown here for brevity [27] [36]. In the results reported using
the annular model it was noted that the computation time to solve each 6-DOF tracking solution
was 700 sec, whereas dipole and monopole based solutions have a computation time in the order
of 10 msec, making the annular model approximately 5 orders of magnitude slower [27].
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Chapter 3
Magnetic Field Model Verification and Sensor Calibration
3.1 Magnetic Field Model
Based on reported successes in previous work in the literature, we propose to focus on using
the dipole model of the magnetic field. The dipole model is a closed-form solution of magnetic
fields, and at large distances any magnetic field can be approximated as a dipole. The equations
of a dipole field are shown below in vector form as well as a Cartesian form in which the magnet
lies on the origin of the coordinate system.
⃑)=
𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 ∶ 𝐵𝑥 (𝒓

⃑ |2
𝜇0 3𝑥𝑧𝑚
𝜇0 3𝑦𝑧𝑚
𝜇0 𝑚 3𝑧 2 − |𝒓
(𝒓
)
(𝒓
)
⃑
⃑
(
)
𝐵
=
(
)
𝐵
=
(
)
𝑦
𝑧
|𝒓
⃑ |5
⃑ |5
⃑ |5
4𝜋 |𝒓
4𝜋 |𝒓
4𝜋

⃑⃑ (m, 𝑯
⃑⃑⃑ , 𝒓
⃑)=
𝑉𝑒𝑐𝑡𝑜𝑟𝑖𝑧𝑒𝑑 ∶ 𝑩

⃑⃑⃑ ∙ 𝒓
⃑⃑⃑ |𝒓
⃑ )𝒓
⃑ − 𝑯
⃑ |2
𝜇0 𝑚 3(𝑯
(
)
5
4𝜋
⃑|
|𝒓

⃑ = 𝒑
⃑ 𝑠𝑒𝑛𝑠𝑜𝑟 − 𝒑
⃑ 𝑚𝑎𝑔𝑛𝑒𝑡
𝒓

(6)

(7)

(8)

In both equation, B refers to the magnetic field vector, r = [x, y ,z] is the vector pointing
from magnet to the sensor in the measurment coordinate frame, m is the strength of the magnet,
and the permeability of free space is given by 𝜇0 .

In the vectorized equation H denotes a vector

defining the direction of the magnet. The direction of H equivalent to the z direction in the
Cartesian equations, is aligned with the direction of the magnetic field of the magnet along its
axis.
For the vectorized equation, the coordinate systems are as shown in Figure 3.1. Here the
location of the magnet and sensor are defined in a coordinate system A. Note that the value of B
in this equation is measured in the coordinate space A, if the sensor is rotated relative to this
coordinate system the appropriate rotation must be applied to determine the measured field in the
sensor coordinates.
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Figure 3.1: Coordinate systems of vectorized dipole magnet equations. All measurements are in
coordinate frame A.

3.2 Experimental Setup
This work aims to verify the models most often used in permanent magnet based tracking,
and to test more complex models of the field of a cylindrical permanent magnet. Experimental
verification was performed by measuring the magnetic fields of a permanent magnet at many
sampling points where the position and orientation of the magnet can be known relative to the
sensor. The expected magnetic field for a given model at that spatial location can be calculated
and compared to the measured field, allowing a numerical value for the fit of the model to be
computed.
The experimental setup uses a hard plastic board with holes machined into it at regular
intervals to hold mounts for the magnets and sensors. The mounts are rapidly prototyped and of
known dimensions. This allows the positions and orientation of the magnet and sensors to be
constrained to known values and is easily repeatable. The mounts were designed such that the
center of the sensor and the center of the magnet are level, and can be made to be in line with one
another. This allows the sensor to be placed in configurations relative to the magnet where the
position of the sensor can be assumed to be 0 in one of the three coordinate directions of the
magnets coordinate system. The sensors used were PhidgetSpatial Precision 3/3/3 High
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Resolution (Phidgets Inc, Calgary, Alberta, Canada), a sensor package which integrates a 3-axis
magnetometer, accelerometer and gyroscope .

Figure 3.2: Experimental setup with coordinate system labels.

3.3 Sensor Error Model
Careful consideration of error sources is necessary to obtain accurate measurements of
magnetic fields in experiments. The first source of error lies in the measurements returned by
sensor, which without calibration is not able to measure the empirically correct strength of the
magnetic field it is in. Each of the three orthogonal single axis sensors in the package have
different biases and scaling factors which must be accounted for. The following equation shows
the model used for sensor measurements.
𝐵𝑛𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 = 𝑠(𝐵𝑛𝑡𝑟𝑢𝑒 ) + 𝑏 + so (𝐵𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 ) + 𝑛𝑜𝑖𝑠𝑒

(9)

In this model, the measurement value returned by the sensor n is a function of the true field
value at that point 𝐵𝑛𝑡𝑟𝑢𝑒 . The actual field value is shifted by a bias b, scaled by a scaling factor s,
and also has two noise terms. The term Borthogonal is caused by the sensor measuring a small
portion of the fields orthogonal to that axis, and noise represents the zero mean high frequency
22

noise of the sensor. According to manufacturer specifications, the value of so is +/- 0.2% of the
fields in the other axes, and the noise is 1.1 milligauss.
An important element of the sensor error not shown here is it’s maximum measurable field of
5.5 gauss. For the magnets used in the experiments shown here, the sensors became saturated if
the magnet was closer than 5 cm to the sensor. At the edge of the saturation limit the sensors can
provide false measurements, measuring zero fields when it should return +5.5 or -5.5 gauss.

Magnetometer Circuit

Figure 3.3: Location of 3-axis magnetometer package on the Inertial Measurement Unit.
The equations used to model the magnetic field assume the location and orientation of the
magnet are known perfectly. This introduces systematic errors in the experiment as the magnet
and sensors cannot be perfectly aligned with their assumed coordinate systems and cannot be
perfectly located relative to each other. This can be modelled by attaching a coordinate system to
the actual position and orientation of the magnet and sensor, and modelling the error as a
homogenous transformation between the actual and assumed coordinate systems, which accounts
for both rotational and position errors between the coordinate systems.
𝑎𝑠𝑠𝑢𝑚𝑒𝑑
𝑎𝑠𝑠𝑢𝑚𝑒𝑑
𝑇𝑎𝑐𝑡𝑢𝑎𝑙
= [𝑅𝑎𝑐𝑡𝑢𝑎𝑙
0
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𝑎𝑠𝑠𝑢𝑚𝑒𝑑
𝑂𝑎𝑐𝑡𝑢𝑎𝑙
]
1

(10)

In the notation used here, 𝑇𝑎𝑏 refers to a transformation matrix from coordinate system a to
coordinate system b, 𝑅𝑎𝑏 is a rotation matrix from a to b, and 𝑂𝑎𝑏 is the origin of coordinate system
b as located in system a.

3.4 Sensor Calibration
3.4.1 Magnetometer Calibration by Manufacturer
The sensors were first calibrated using the manufacturer’s calibration software tool. This
tool uses the expected background field as a ground truth, and attempts to match the measured
fields to this. First, the expected background field was found using published geological data
from NASA for the area the experiment was performed (http://www.ngdc.noaa.gov/geomagweb/). The sensor is then rotated about in space to collect multiple points from each of the 3-axis
sensors. The magnetic field vectors if plotted should show a sphere, as the vector will always be
of the same magnitude regardless of sensor orientation. Due to errors in the sensor gain, bias and
orientation, the actual shape plotted will be some form of ellipsoid. The software then determines
the gain, bias and rotation to apply to fit this ellipsoid to a sphere defined by the magnitude
provided by the user.

Figure 3.4: Uncalibrated measurement of earth field showing biases and non-orthogonality. The
Z axis shows a large bias.
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The results of this calibration are gain and bias parameters for each sensor, and six factors
which describe the non-orthogonality of the measured ellipse. The orientation of the sensors
relative to the earth field is determined using the built in gyroscopes and accelerometers, and as a
result there is some error in this. As well, to achieve an accurate calibration, the background field
must be known accurately and must be homogenous in the space the probe is calibrated in. As
neither of these condition can be met, this calibration is further refined using more robust
methods.

3.4.2 Calibration Refinement
The manufacturer’s calibration method assumes the background field in the calibration area
is known and is homogenous within the area the sensor is calibrated in. As magnetic field
tracking solutions require a high degree of accuracy in the sensors, this calibration was further
refined using experimental data.
Before any data was collected, the manufacturer’s calibration was performed in the area the
sensor would be mounted for further data collection. The manufacturer’s calibration pre-filters
the raw data, therefore all further calibrations are applied to sensor data which has already been
initially filtered.
In the calibration used, the sensors and magnet were kept in the same orientation relative to
the pegboard. The sensors remained stationary, and the magnet was moved across the pegboard
grid to collect multiple sample points. After placing the sensors on the data collection setup, the
background field of the room was collected for 10 seconds and averaged. At each position, the
sensor collected data for 4 seconds at 125 samples per second. The raw data was averaged to
remove high frequency noise, and the previously collected background field was subtracted
leaving a measurement of only the field of the permanent magnet. By leaving the sensors
stationary, the background magnetic field does not change during the data collection allowing the
initial measurement of the background field to be used to correct future measurements.
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Calibration was done specifically to calibrate the setup for a tracking experiment where it is
desired to know the position and orientation of the sensors and magnets relative to the
measurement coordinate system.
The ground truth position and orientation values of the sensor and magnet are determined
form the positions in which they are mounted on the pegboard. Errors in these positions and
orientations introduce systematic errors that reduce the ability to accurately measure the true
tracking performance of the system. A calibration refinement was done to reduce the error in the
assumed ground truth positions and oreintations of the magnet and sensor to improve the ability
to correctly measure the tracking accuracy. The strength of the magnet estimated during this
calibration as well to fit the measured data, along with scaling errors in each sensor axis. Because
there is no independent measurement available for the magnetic field values, all of these error
sources are solved simultanesouly to find parameters that provide the best fit to the measured
data.
𝑝𝑒𝑔

𝑝𝑒𝑔

𝑝𝑒𝑔

𝑠𝑒𝑛𝑠𝑜𝑟
⃑⃑⃑ , 𝒆
⃑⃑ 𝑚𝑒𝑎𝑠
⃑⃑ 𝑚𝑜𝑑𝑒𝑙 (𝑚, 𝑯
⃑⃑⃑ , 𝒓
⃑ 𝑠𝑒𝑛𝑠𝑜𝑟 , 𝒆
⃑ 𝑚𝑎𝑔 , 𝑅𝑠𝑒𝑛𝑠𝑜𝑟 , 𝒔) = 𝑅𝑠𝑒𝑛𝑠𝑜𝑟 𝒔𝑩
⃑)
𝑬(𝑚, 𝑯
−𝑩

⃑𝒓 = (𝒑
⃑ 𝑝𝑒𝑔
⃑ 𝑝𝑒𝑔
𝑠𝑒𝑛𝑠𝑜𝑟 + ⃑𝒆𝑠𝑒𝑛𝑠𝑜𝑟 ) − (𝒑
𝑚𝑎𝑔 + ⃑𝒆𝑚𝑎𝑔 )

(11)
(12)

The goal of this optimization is to find error parameters that best fit a measurement from the
𝑠𝑒𝑛𝑠𝑜𝑟
⃑ 𝑚𝑒𝑎𝑠
⃑ 𝑝𝑒𝑔
sensor ⃑𝑩
to an expected field at that point from the field model ⃑𝑩
𝑚𝑜𝑑𝑒𝑙 . The dipole model

⃑,
requires knowing the magnet orientation ⃑⃑⃑⃑
𝑯 and the vector from the magnet to the sample point 𝒓
both measured here in the pegboard’s coordinate system. The position of the sensor in pegboard
⃑ 𝑝𝑒𝑔
coordinates is given by it’s assumed position relative to the pegboard 𝒑
𝑠𝑒𝑛𝑠𝑜𝑟 plus some
systematic error position error ⃑𝒆𝑠𝑒𝑛𝑠𝑜𝑟 . Similarly the magnet position plus position error is in
⃑ 𝑝𝑒𝑔
⃑ 𝑚𝑎𝑔 . To compare modelled field values to those
pegboard coordinates defined by 𝒑
𝑚𝑎𝑔 + 𝒆
measured, the measurements from the sensor must be scaled and rotated to the pegboard

26

𝑝𝑒𝑔

coordinate system. The rotation is given by 𝑅𝑠𝑒𝑛𝑠𝑜𝑟 and the scaling in each measurement axis by
𝒔 = [𝑠𝑥 , 𝑠𝑦 , 𝑠𝑧 ]. Lastly the strength of the magnet is given by the scalar value 𝑚.

Figure 3.5: Diagram of calibration parameters.
The Levenberg-Marquardt algorithm was used to solve for the error parameters, with a
damping 𝜆0 of 0.01. The parameters were solved iteratively to begin with, with all of the intial
guesses assuming zero error. As each parameter was solved, it’s solution was used for the
following optimizations. The parameters were solved in the following order: magnet strength,
sensor scaling, magnet position error, magnet orientation, sensor position error, sensor
orientation. After each parameter was solved in this method, the optimizer was run to solve all
parameters simultaneously with the iteratively sovled values as the initial guess. This method
was chosen as it was found that optimizer did not always return sensible values for position and
orientation errors if the magnet strength and sensor scaling were not solved intially, and the
optimizer would have difficulty converging without close initial guesses.
The correction can be visualized by plotting the measured data against the expected data. If
the model is a perfect fit, all of the data points will lie on the line given by 𝑥 = 𝑦 .
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Figure 3.6: Measured vs. modelled magnetic fields before and after calibration, log-log scale.
The above figure shows the results of the calibration for experimentally collected data.
The x and z axis sensors were already well calibrated from the original manufacturer’s
calibration, however the y axis had a scaling factor that was corrected. The measured and
expected values from the dipole model are in close agreement for measurements larger than
approximately 50 milligauss. Calibration results using a different sensor were similar and
showed roughly the same increase in model fit.

28

Figure 3.7: Magnetic field vector plots of uncalibrated (left) and calibrated (right) field.
Measured fields are shown in blue, dipole model field vectors shown in green, the location of the
magnet is shown at the bottom of the figure.
Shown in Figure 3.7 are vector plots showing the measured (in blue) and modelled (in green)
field vector directions, the vector magnitude is not represented. The calibration process can be
seen to show a very obvious improvement in matching the direction of the modelled data to what
was measured.
Given the relatively close fit of the measured data to the data modelled with the dipole
model, it appears that the choice to use such a simple model is justified.
3.4.3 Calibration in a Surgical Workflow
The calibration parameters of the sensor were found to change over the timescale of days to
weeks, but in experiments where data was collected for 20 minutes there was no measurable drift
in the sensor outputs.
In practice, the maufacturer’s calibration would need to be performed at the beginning of
every procedure, and some method of refining this calibration would be necessary as well.
Importantly, the background field must be compensated for and which can only be measured at
the workspace itself. Tools such as a simple jig to hold the magnet at set distances from the
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sensor could make calibration refinement a process that could be done in 5 to 10 minutes, while
the manufacturer’s calibration can be done in one minute.
Electrical noise was not found to be an issue in the experiments done in this work. In
practice, static magnetic fields introduced to the workspace post-calibration would introduce
potentially large errors. This can be mitigated by ensuring potential sources of static fields are
kept at least 40 cm from the sensor. At 40 cm the field of even a very strong permanent magnet
becomes too small to be measured by the sensor.

3.5 Field Model Comparison
Previously reported work has achieved high-accuracy tracking using the dipole model with
little justification. The dipole model is often used as it is simple and provided sufficiently
accurate results.

It was desired to see if the dipole model offered similar accuracy to other

models which would justify its use. The models used for comparison are a monopole model and
a model derived by Derby et al [40].

Figure 3.8: Magnetic field error visualization between monopole and dipole model of magnetic
field.
In Figure 3.8 the difference between monopole and dipole field models is shown over a
typical workspace. The monopole separation was set as the physical size of the magnet. The
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difference, except in the sample points very close to the magnet is near zero, and in fact not
measurable by typical commercial magnetometers. For all practical purposes these field models
are identical for permanent magnets which do not have large length to diameter ratios.

Figure 3.9: Error between Derby physical model and dipole model of magnetic field.
The error between the physical model derived by Derby and the dipole model is much larger
and would likely impact tracking performance. In this work it would found to be challenging to
find a non-linear optimizer which would reliably compute position solutions from this model
however. Given the more extreme difference in magnetic fields this may be a large contributing
factor in errors. It is also possible that the Derby field is not as accurate as desired, as the
published work did no experimental validation on the field measurements.
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Chapter 4
Position Tracking Simulation
4.1 Position Tracking Method
The method used in this work follows the general method used in previously published work
to perform position tracking around a permanent magnet. The method uses the LM non-linear
optimization algorithm to find inputs to the magnetic field model which minimize the error
between the expected field values and the measured field values. The cost function used is shown
below.
2

𝒏

𝑬=

⃑⃑ ) −
⃑ 𝒊 , ⃑𝑯
{∑ 𝐵𝑖𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 (𝒓
𝒊=𝟏

⃑⃑ )}
⃑ 𝒊 , ⃑𝑯
𝐵𝑖𝑚𝑜𝑑𝑒𝑙𝑙𝑒𝑑 (𝒓

(13)

The error is the sum of the differences between each individual magnetic field measurement,
𝐵𝑖𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 and the expected field measurement at sensor i from the model used, 𝐵𝑖𝑚𝑜𝑑𝑒𝑙𝑙𝑒𝑑 . Note
that the sensors used here each measure 3 orthogonal field measurements, which are considered
⃑ 𝒊 is the vector pointing from the magnet to
individually in the cost function. The model input 𝒓
⃑⃑⃑ describes the orientation of the magnet. Because of the symmetry of the
the sensor, and 𝑯
⃑⃑⃑ can be described with only two angles. The error function can be extended to
magnetic field 𝑯
any number of axis measurments, 𝑛, but in this work measurements were limited to either one 3axis sensor or two 3-axis sensors, where n = 3 or n = 6 respectively. As there are 3 unknowns in
solving 3D position, a single 3-axis sensor can provide sufficient information to find a solution.
For solving orientation in 5 degrees of freedom at least two 3-axis sensors are needed.
The LM algorithm was chosen as it is commonly used for this application, and it has been
shown in the literature to offer the strongest balance between speed and accuracy. The algorithm
does require an initial guess of the solution and is not guaranteed to converge to a global
minimum, rather only to a local minimum around the intial solution estimate.
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Given the

symmetry of magnetic fields it is therefore important that the initial guess be reasonably close to
the correct solution. As the data in this work was collected on a grid, solutions were solved by
stepping across the collected points. The initial guess for all points after the first was chosen to
be the previously solved position, which if it were solved correctly would be ½” from the next
position to be solved, as the pegboard holes were machined in half inch intervals. The very first
point solved was provided an intial guess which is known a priori to be close to the correct
solution.

4.2 Tracking Simulator
In practical experiments it is difficult or impossible to control for certain sources of error.
Determining which source of error results in the greatest decrease in accuracy is difficult to
determine without highly controlled experiments. To simplify the process of determining where
to focus efforts on improving tracking accuracy, a simulator was programmed in MATLAB to
closely replicate the tracking experiments. The simulator allows for sources of error to be
introduced in a controlled fashion to isolate their impact on the overall performance. Inputs can
be set as variables in a MATLAB script. The simulator is able to generate field values using both
dipole and Derby models, apply error models and find a position solution in 15 milliseconds on a
desktop computer running Windows 7 with an Intel Core2 Quad CPU at 2.4 GHz and 8 GB of
RAM. The computation time is higher when the simulated tracking performance is poor as the
solver will run for a longer time for each sample. The simulator run time is dominated by the
non-linear equation solving code. Run time will be longer for cases where accuracy is very poor
as the equation solver will take longer for each sample to find a solution, or will fail to converge.
The average time of 15 milliseconds was typical for the simulation results shown in this work
where there was high accuracy in the workspace area close to the magnet, and poor accuracy far
from the magnet.
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4.2.1 Simulator Design
The processing flow of the simulator is shown in Figure 4.1. Using the dipole model, the
simulator generates expected magnetic field measurements returned by the sensor for a given
position and orientation relative to the magnet source. The measurements generated by the model
are considered to be the ground truth values, referred to as ‘expected’ values, that is the magnetic
field value if there were no sources of error. These values are then adjusted to account for sensor
error model and systematic errors in magnet. With errors applied, the values are representative of
what would actually be measured by a sensor in an experiment. The ‘measured’ values are then
used as the inputs into the position solving algorithm. The position tracking error can then be
reported as the difference between the solved position, and the assumed position of the magnet in
the simulated experiment.

The position error is determined exactly as it would be in an

experiment, as the difference between the solved position and the assumed position of the sensor
relative to the magnet, with errors in the assumed ground truth positions taken into account.

Figure 4.1: Simulator operation flow diagram.
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Table 4-1: Simulator Error Options
Systematic Errors

Sensor Error Model

Sensor orientation error

Bias

Sensor position error

Scaling

Magnet orientation error

Noise

Magnet position error

Resolution

Error in estimated magnet strength

Number of samples per measurement

Table 4-1 shows the error options in the simulator. Options are set as variables in a
MATLAB script. In experimental setups, the tracking result error is determined by comparing
the sovled position to a ground truth position, which is determined from the relative position of
the magnet and sensor on the pegboard. As with any physical system the sensor and magnet will
have some error in their actual position and orientation which are accounted for in these errors.
Additionally the strength of the magnet must be solved for from experimental data and will have
some error. The sensor error models refer to the errors intrinsic to the sensor itself, as described
in Chapter 3. The simulator allows for averaging multiple samples at each location to reduce
noise. As the sensor noise is assumed to be zero mean Gaussian there is a simple relationship
between the standard deviation of the noise of a single sample and the standard deviation of the
noise on N averaged samples. If averaging is used rather than actually generate N samples with a
given noise, this relationship is used and a single sample is generated with the reduced noise
expected for that number of averaged samples.
𝜎𝑚𝑒𝑎𝑛 =

1
√𝑁

𝜎

(14)

The simulator records the true field at each sample point, the measured field and the position
tracking error. These values are saved into a .vtk [47] file which are viewable in visualization
programs such as Paraview [48], which was the program used to generate the figures shown here.
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In the following simulations, the values of the error parameters are as follows unless
otherwise stated. The simulation coordinate system had the sensor at the origin, and ran from -26
cm to 26 cm in X, and from 2 to 26 cm in Z, with samples taken every 2 cm.
Table 4-2: Default Simulation Error Parameters
Systematic Errors

Sensor Error Model

Sensor orientation error [°]

[0,0,0]

Bias [mG]

0

Sensor position error [mm]

[0,0,0]

Scaling [%]

100%

Magnet orientation error [°]

[0,0,0]

Noise [mG]

0

Magnet position error [mm]

[0,0,0]

Resolution [mG]

0

Error in estimated magnet

[0]

Number of samples per

1

strength [%]

measurement

4.2.2 Simulated Results with Noise, Sample Averaging and Resolution Limits
The first simulated error source added was the noise of the sensors. It was modelled as zero
mean Gaussian noise, the measured standard deviation from experimental tests was found to be 3
mG on average across each sensor axis, which is slightly higher than the noise of 1.1 mG reported
by the manufacturer.

The higher than rated noise is potentially due to the experimental

measurements picking up environmental noise such as that from computers and the buildings
electrical systems.

Additionally the simulator was programmed to match the measurement

resolution of the sensors used in experiments of 3 mG. The resolution of 3 mG was implemented
by rounding the calculated values to the nearest multiple of 3 mG.
An initial test was performed with no noise or errors and was able to achieve perfect position
tracking to the limits of the numerical accuracy of the machine. The simulated results originally
averaged the measurements over the same number of samples used in experiments which
removed the majority of the effects of the noise. It was found that the number of samples needed
to be averaged could be as low as 5 while still maintaining position errors under 5mm at distances
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up to 20 centimeters as shown in Figure 4.2. In practical experiments the number of samples at
each measurement point was in the hundreds, making it safe to assume that sensor noise was not
greatly affecting the systems tracking accuracy.

Figure 4.2: Simulated tracking error with sensor noise accounted for, and averaging over 5
samples per tracked point.
The sensor resolution however had a large effect on accuracy beyond 20 cm sensor to magnet
distance. The sensor only measures magnetic field magnitude in increments of 3 mG, which is
within an order of magnitude of the actual field magnitude beyond 15 cm, and is equal to or
greater than the field magnitude beyond 30 cm for the magnets used the practical experiments in
this work. As a result of this resolution limit, for any practical system, that is a system using
magnets that are not extremely large, the signal to noise ratio inevitably drops off steeply at
distances beyond 15 cm from the magnet. This is easily seen in Figure 4.3, where tracking error
was under 2 mm below 15 cm, but quickly falls beyond this distance.
Additionally for systems using very small numbers of sensors the resolution limit can affect
accuracy at any point. The resolution limit applies to each invidual axis of the sensor. If the
magnet and sensor are aligned such that the magnetic field vector component is very small in one
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axis, because of the resolution limit that axis will have a much worse signal to noise ratio than the
other axes. This can occur even if the overall magnitude of the magnetic field vector is large
compared to the resolution limit.

Figure 4.3: Simulated error with sensor resolution of 3 mG.
4.2.3 Simulation Results with Sensor Bias and Scaling Errors
The simulator was ran with small sensor bias and scaling errors to determine the pattern seen
in the tracking errors due to these effects, and to determine what the acceptable errors in bias and
scaling are to achieve the desired tracking accuracy with this system.

Scaling errors also

effectively model errors in the strength of the magnet model, as both result in a multiplication of
the measured field. Figure 4.4 shows the tracking error with a scaling error of 5% and no other
sources of error. This error plot is nearly identical to that generated if there is a bias of 1 mG in
each sensor axis shown in Figure 4.5. These simulations further demonstrate the need for highly
accurate calibration as even very small errors result in rapid loss of tracking accuracy at distances
beyond 15 cm from the sensor. The sensitivity to small biases is particularly important, as
incorrectly removing the background magnetic field measured by the sensor results in bias errors.
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If the sensor is moved or rotated even slightly after the background field calibration is performed
it will result in a large loss of accuracy in the system at large distances.

Figure 4.4: Tracking error with 5% sensor scaling error in each axis.

Figure 4.5: Tracking error with 1 mG bias in each sensor axis.
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4.2.4 Simulated Results with Orientation and Position Ground Truth Errors
In practical experiments performed prior to creating the simulator, position and orientation
were calculated in a measurement frame attached to the magnet. In practice the magnet position
and orientation has some small error as the mounts holding the sensor and magnet as well as the
pegboard are not perfectly manufactured. These errors can greatly reduce the accuracy of the
assumed ground truth positions of the magnet and sensor, introducing large systematic errors in
the tracking accuracy due to poor ground truth precision. In analyzing experimental data it was
difficult to determine if the main error sources were in the assumed ground truth positions, or due
to the tracking algorithm performing poorly. The simulator was built to allow the magnet’s actual
position and orientation to be changed to any position and orientation relative to its assumed
location. The goal of these experiments with the simulator were to see how errors in the assumed
ground truth position and orientation would relate to the percieved tracking performance.

The simulation results shown in Figure 4.6 show the effect of angular error in the assumed
orientation of the magnet relative to the measurement coordinate system. The sensor resolution
limit of 3 milligauss was included in these simulations. The performance of this simulation
shows the high sensitivity of permanent magnet tracking to angular errors. Increasing the angular
error from 0.01-0.2 degrees per axis to 1 degree per axis resulted in more degraded tracking
accuracy.
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Figure 4.6: Simulated error with 1 degree angular error on each axis of the magnet, and a sensor
resolution limit of 3 milligauss.
The results of this simulation stress the importance in practical experiments of having highly
accurate knowledge of the relative positions and orientations of the sensors and magnets. Errors
of 1 mm in position or 1 degree in angle resulted in a large decrease in the ability to correctly
measure tracking accuracy.

4.2.5 Summary of Simulator Results
Having simulated all of the sources of error considered in practical experiments and in the
sensor, the primary finding was that the practical tracking experiments done here are highly
susceptible to seemingly small errors in the error models. In particular given the nature of
magnetic fields the field values become very small relative to the sensor accuracy at distances
greater than 15 cm, and a common occurrence in introducing any source of error was poor
tracking performance beyond 15-20 cm distance. The RMS errors for the figures shown in this
chapter are summarized in Figure 4.7.
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An unavoidable source of error which had a large affect is the sensor resolution of 3 mG
which limits practical tracking distances to 20 cm. Even if all other sources of error are calibrated
for and compensated, there was not found a feasible method here to accurately track beyond 20
cm because of the resolution limit.
Small errors in bias, scaling and the assumed orientation of the sensor or magnet were also
found to have relatively large effects on tracking performance.

Other than the sensor noise

which can be removed by oversampling at each field position, there were no error sources which
did not noticeably reduce tracking performance even at magnitudes that were thought to be small
prior to these simulations.
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a) Noise = 3mG, Samples = 5

c) Bias in X, Y and Z sensor axes = 1mG

b) Resolution = 3mG

d) Scaling error in X, Y and Z = 5%

e) Magnet orientation error of 0.5 degrees

f) Magnet orientation error of 1 degree around

around X, Y and Z axes, sensor resolution =

X, Y and Z axes, sensor resolution = 3mG

3mG
Figure 4.7: Summary of results of simulations showing RMS position error between 5 to >25 cm
sensor to magnet distance. All error parameters are zero except as stated in figure descriptions.
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Chapter 5
Position Tracking Experiments
5.1 Initial Position Tracking Experiment
The initial experimental setup used to collect data is shown in Figure 5.1. The magnet and
sensor positions desired were printed on paper. The paper was taped to a wooden table, and the
sensors taped to the paper and table to prevent them from moving during data collection. The
magnet was either laid flat on the table or held in a 3D printed stand to hold it upright. The
tracking results for these experiments were far from what was desired, and resulted in multiple
trial and error attempts to reduce error. This was not successful in reducing the error and led to
writing a simulator to control error sources to determine which error sources caused most
significant errors in the tracking results.

b)

a)

Figure 5.1: Original data collection setup, the magnet was moved across the printed points on a
grid. Figure a) shows the magnet in flat and upright positions, Figure b) shows a detail of the
sensor and magnet mount.
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All of the rapid protoyping used here was done with a Dimension 1200es (Stratasys Inc,
Rehovot, Israel) at a layer accury of 0.254 mm.

5.1.1 Initial Position Tracking Results
The initial tracking results with the experiment did not meet the desired accuracy for the
system. Position errors less than 3 mm were only found when the sensor and magnet were in a
region much smaller than the desired 30 cm3 workspace. The figure below shows the position
error from these experiments.

Figure 5.2: 2D position tracking error from first experiments using a single sensor.
After investigating sources of error using the simulator described in Chapter 4, it was
realized that this experimental setup did not have the accuracy required to achieve the tracking
accuracy desired. Moving the magnet by hand was not repeatable and likely to have small
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position and angular errors which could not be calibrated for as they would be different at every
sample point. Additionally, given the poor constraints on the relative position and orientation of
the magnet to sensor, the data could not be reliably used to calibrate for sensor errors.

5.2 3-DOF Tracking Experiments with Revised Calibration and Data Collection
To make data collection reliable and repeatable a perforated plastic board was used to hold
the magnet and sensors (item #92985T51, McMaster-Carr Supply Company, Elmhurst Illinois,
United States of America). This setup is shown in detail in Chapter 3. Rapidly prototyped
mounts for the sensor and magnet were produced which fit into the pegboard. This was done to
attempt to keep the error between the assumed position and orientation of the sensor and magnet
to the pegboard constant. Additionally the manufacturer’s calibration described in Chapter 3 was
performed prior to data collection for each experiment to account for any potential sensor drift
that had occurred prior to the last calibration. The machined accuracy of the perforated sheet was
not supplied by the manufacturer, but measurements with digital calipers showed the relative
position of the holes was consistent to sub-mm accuracy across the workspace used.
All tracking results shown here assume the magnet orientation is known, tracking is only
done for the 3-DOF position of the magnet. Two separate 3-axis sensors were used to collect
data, mounted 4 cm apart from each other in the X axis of the pegboard, referred to as sensor 1
and sensor 2.

Tracking was performed using data from only sensor 1 unless otherwise stated.

Sensor 1 was located a small distance from the origin of the pegboard coordinate system.

5.2.1 Tracking Results with Revised Experimental Setup Prior to Systematic Error
Calibration
Data was collected over a 20x25 cm square, with the sensors aligned to the XZ plane of the
magnets coordinates and separated by four centimeters.
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Prior to data collection the

manufacturer’s calibration was performed, and the background magnetic field of the experimental
space was measured to be subtracted from all measurements in the presence of the magnet.

Figure 5.3: Position tracking error using data collected on peg board.
The tracking results with the revised setup remained unsatisfactory despite the use of the
manufacturer’s calibration. Based on results from the simulation, it was realized that the poor
tracking performance was likely due to errors in the assumed ground truth positions of the sensor
and magnet.

5.2.2 Tracking Results on Revised Experimental Setup with Systematic Error Calibration
The simulated tracking results found that small systematic errors in the presumed position
and orientation of the magnet and sensors resulted in large increases in position error. Given the
poor tracking results initially compared to what was simulated, it was realized that accounting for
these errors was necessary to be able to measure the tracking performance to the accuracy
desired.
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Using the refined calibration method described section 3.4.2, the position and orientation
errors of the magnet and sensors were found using a non-linear optimization to minimize the error
between the measured and modelled data. The results of this calibration are shown below.
Table 5-1: Calibration Parameters used in Revised Position Tracking Experiment
Euler Angles φ, θ, ψ [deg]

Position Error in

Sensor Scaling

x, y, z [mm]

Factor in x, y, z

Magnet Errors

0.003, 0.0, 0.003

-1.5, -0.17, 0.008

N/A

Sensor One Errors

-0.47, -0.08, 0.56

-0.08, 0.33, -0.07

1.00, 1.00, 1.02

Sensor Two Errors

-0.32, -0.30, 0.61

-0.03, 0.34, -0.07

1.00, 1.00, 1.02

While the calibration errors appear small, insights gained from simulations suggest they are
sufficiently large to measurably impact the tracking performance. The impact of applying these
error parameters on the model fit is shown below.
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a) Before calibration.

b) After calibration.
Figure 5.4: Measured magnetic field data vs modelled data for sensor 1. Perfectly matching data
lies on the line x=y shown.
The calibration effect is subtle on the X and Y axis but makes the fit visibly better on the Z
axis, likely due to the small scaling error of 2% in this axis. Note that these are log-log plots and
a scaling error appears as a constant offset to the line x=y. The model fits for the second sensor
were similar to those for the first sensor shown in Figure 5.4.
The tracking algorithm is identical to that used in the simulator, with the exception that
actual measurements are used instead of generated field values. As with the simulator, the
optimizer used to solve position requires an intial guess of the solution. For the first point, a good
initial guess is provided. Following this, the position guess provided to the optimizer is the
previously solved position solution. The position tracking is performed sequentually across the
collected data as shown in Figure 5.5. All of the collected data was used with the exception of
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two points on sensor two where the field saturated the sensor resulting in erroneous measurement
values.

Figure 5.5: Position solving path along collected data.
The position tracking performance showed a substantial improvement following the
calibration of systematic experimental errors. At best however tracking error was over 5 mm at
the distances between 10 and 15 cm from the magnet. Although this is lower accuracy than
simulated results, it shows improvement over the original tracking results prior to calibrating for
systematic error.
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Figure 5.6: Position tracking error with sensor 1 using revised calibration method and data
collection.
Figure 5.6 and Figure 5.7 show position error for sensor one and two respectively, with RMS
errors shown in Figure 5.8. Both sensors show similar tracking accuracy, with a rapid drop in
accuracy after 10 to 15 cm.

Figure 5.7: Position tracking results with sensor 2, using revised calibration and data collection.
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b) Sensor 2 RMS position error.

a) Sensor 1 RMS position error.

Figure 5.8: RMS position error from tracking with sensor 1 (a) and sensor 2 (b).
As most reported permanent magnet tracking solutions use many sensors, tracking was
extended to use both sensors simultaneously. The tracking performance of this method is shown
in Figure 5.9. The tracking range is not noticably improved when the magnet is far from both
sensors. Along the X-axis however the magnet is between 2 and 4 cm closer to one sensor or the
other at any given point, and in this region the tracking is improved. So long as the magnet is
within 10 cm of at least one sensor, errors under 5 mm can be expected.

Figure 5.9: Tracking error using both sensors.
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The RMS error of the tracking with both sensors is shown in Figure 5.10. The distance from
the magnet to sensors here is calculated as the average of the distance to both sensors. There is
not a large improvement overall, rather for any given distance the error seems to be similar to that
achieved by whichever sensor was more accurate in that distance range.

Figure 5.10: RMS position error for tracking with both sensors.

5.3 Other Methods Attempted to Improve Tracking Accuracy
Based on the simulated tracking accuracy, the sensors should be capable of accurate tracking
at greater distances than those shown above. Two methods attempted to improve the tracking
results are shown here.

5.3.1 Testing Multipole Expansion of Dipole Model
The results with the dipole model showed promise but still did not meet the desired accuracy
requirements of the system. A solution considered to increase accuracy was to look at higher
order terms in the dipole model, as shown in the equation below.
𝑛

⃑⃑⃑ ∙ 𝒓
⃑⃑⃑ |𝒓
⃑ )𝒓
⃑ − 𝑯
⃑ |2
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3(𝑯
⃑⃑ = 0 ∑ 𝑚𝑖 (
𝑩
)
i
4𝜋
⃑|
|𝒓
𝑖= 𝑚
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(15)

The term 𝑚𝑖 , the contribution of each term in the expanded equation, was solved
simultaneously for all coefficients using the Levenberg-Marquardt optimizer to find a set of
coefficients that minimized the error between modelled fields and the measured field values.
Table 5-2: Magnet strength coefficients and field error for expanded dipole model
𝑚3

𝑚4

𝑚5

𝑚6

𝑚7

RMS Field error
(gauss)

Expanded dipole

0.0084

0.0825

0.42

-0.00067

0.00012

0.0781

0

0

0.44

0

0

0.0787

model results
Dipole model
results

Table 5-2 shows the calculated coefficients of the expanded dipole model and the RMS error
of the modelled field versus the measurements.

This optimization was performed for data

collected in a 20x25 cm rectangle around the magnet in it’s ZX plane. The solved coefficients
were negligibly small with the exception of the 4th order term, however the reduction in RMS
field error was less than 1%. It is possible that the small 4th order term may be a result of
measurement errors. This experiment showed that the coefficient for i = 5, which corresponds to
the convential dipole model, was by far the most susbstantial component. Given this it was
decided to continue using the standard dipole model as it has more physical justification as well
as negligible differences in accuracy compared to the expanded model.

5.3.2 2-DOF Tracking Results with Linear Interpolation Model
A final experiment was performed in which the position was solved using linear interpolation
of collected data as the field model. The general algorithm for tracking is identical to those using
the dipole model shown above, with the exception that it was limited to only two position
dimensions. The linear interpolation model assumes the field value at any point is that found by
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linearly interpolation between a field map that has been previously measured. With this model,
position solving proceeds, as normal where it is desired to find a position solution for a given
measurement that minimizes the error between the measured magnetic field and modelled
magnetic field. As with the above methods, the LM algorithm was used to perform the error
minimization.
In this method, a quarter of the collected data was used to make a ‘map’ of the field. The
points kept are the interesection of every other row and column along the pegboard, shown in
Figure 5.11 as the interesctions of the blue lines. The position of each point is known from the
pegboard dimensions, and the magnetic field was measured by the sensors is per previous
experiments. The position of the magnet in the XY plane was found using linear interpolation to
fit the measured magnetic field to the field map.

Figure 5.11: Linear interpolation data point selection.
Position was solved on the field points on the opposite alternating row and columns, that is
the data collected at the peg positions seen boxed by the blue lines in Figure 5.11. This represents
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a relatively dense sampling of the field, as each point which was tracked was no farther 7 mm
from a known measurement point in the field map.
The tracking error from this method is very low. In effect, by creating the model from the
same data collection setup as that used to do the tracking, the systematic errors in determining
ground truth position will be eliminated. Additionally any error due to the dipole model is
completely eliminated. The tracking error is shown in Figure 5.12, where it can be observed that
error stayed below 5 mm as far as 20 cm from the magnet. While there will be lower error due to
the fact this this was run only in 2 dimensions, it still shows a substantial increase in accuracy
from previous methods.

Figure 5.12: 2-D Tracking error with linear interpolation model.
This experiment shows the potential for improvement that exists using current sensors in
permanent magnet tracking, but it is not practical to extend this method to 3D tracking. At the
sampling density used in this experiment which was one sample per 2.54 cm, the field map of a
30x30x30 cm workspace would have approximately 1,728 samples. With such a large number of
data points collected the field map is a large time investement. For systems in which the sensors
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remain static relative to the workspace used, this does offer a potential tracking solution. For
medical purposes however it is desired to have a system which has calibration times in minutes
rather than hours.

5.4 Discussion of Position Tracking Results
The results shown here did not meet the desired tracking accuracy, yet many avenues of
exploration remain to improve tracking results. The approach taken here attempted to use the
same, or similar methods seen in previously published work. Given the lack of success it may be
beneficial to approach novel methods to this problem.
In investigating other avenues of research though it is important to bear in mind the overall
goals of the system proposed here.

The desire for low-cost and complexity is extremely

important for the potential adoption of this system. In medical settings where clinicians and
assistants do not have infinite time per patient, keeping calibration and setup time small is
important. Additionally, small and unobtrustive trackers that are simple to mount to existing
ultrasound probes will make their use less frustrating and more likely to be adopted. If the system
is as large and expensive as existing tracking technologies it would be unlikely to be used. It is
due to the desire to keep the system as small and simple (computationally, and in physical setup)
as possible that the number of sensors used is kept to the lowest possible. Systems with high
numbers of sensors and low sensor to magnet distances have been demonstrated , but go against
the spitit of this work which was to develop a system which is as small and simple as
possible[25].
Computation time is also important, as most tracked ultrasound procedures (such as needle
placement) require real time tracking [9].

57

5.4.1 Potential Methods to Improve Model Accuracy
A fundmamental assumption used in the majority of published work on permanent magnet
tracking is that the dipole model will have sufficiently low error to the actual field to allow for
tracking to be done to a desired degree of accuracy. It may be that the dipole model is wrong
enough to make up for the position errors seen, particularly at smaller sensor to magnet distances.
Two publications in the literature derived field models from first principles to account for the
geometry of the permanent magnet, however both only demonstrated simulated tracking results
[27], [30]. The work of Song et al. did however verify their model against a simulated field
sovler done using ANSYS Maxwell (Ansys Inc, Cecil Township, Pennsylvania. United States of
America), a highly accurate electrometic field simulation software suite to attempt to verify the
model accuracy. Their simulated tracking results showed roughly a 1 mm improvement in
tracking accuracy in simulations compared to the dipole model [27].
Artificial neural networks are another option for modelling the magnetic field of the
permanent magnet, and can be implemented with little assumptions of the underlying model.
Neural networks are modelled after the function of neurons in the brain, and consist of layers of
‘synapses’ which manipulate the data in the calculation. At each layer the inputs from the
previous layer (beginning with the inputs to the system) are modified, and then sent on as inputs
into the subsequent layer. The functions which control how each synapse converts it’s input to
it’s output are trained from some dataset to model the desired system.
A neural network based tracking system for permanent magnets has been demonstrated in
recent literature by Wu et al. [49]. This method showed high tracking accuracy in a 20x20x20
millimeter workspace, with position error under 2 mm. A major drawback to this method is that
the neural network model is only accurate in the region in which it is trained. In the work of Wu,
the training dataset for a 20x20x20 mm workspace consisted of over 44 000 datapoints collected
with a specialized magnetic field mapping tool. Their proposed method only uses the neural
network for the very close-field, and switches to conventional dipole tracking beyond 2cm from
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the magnet. This hybrid method was chosen due to the difficulty in training the neural network
over a large workspace given the incredibly high sampling density used. If smaller training
datasets were used, and simplified training data collection methods were developed it could show
promise.
Many other non-linear system estimation methods also exist, and it has been an ongoing area
of research for some time [50]. A large branch of non-linear system estimation is based on
creating predictive models which can estimate the output of the system at a future time step,
which is not direcetly applicable to permanent magnet tracking. More important are system
models which map a set of inputs to the outputs of the system. Methods include Volterra Series,
Weiner’s Method, amongst many others. Given such a broad history of research into non-linear
modelling is it likely that some existing methods exist which could perform well for permanent
magnet tracking applications.

5.4.2 Alternative Non-linear Optimization Methods
Two published results which used complex analytic models of permanent magnets used
particle swarm optimizers to find the tracking solution [27], [30].

In the particle swarm

optimzation, a number of candidate solutions are chosen in some distribution of the solution
space. The particles each store an independent ‘best solution’ that they have found, and also all
know the current best global solution found. At each iteration the particles move through the
solution space in a gradient that is a function of the currently best known solutions, that is they
move towards both the local beste known solution and global best known solution. Ideally, if the
particle distribution is dense enough the global minimum will be found inside of the solution
space.
Given that the intended applications of magnetic tracking are usually to track a dynamicaly
moving magnet, solutions such as the Kalman filter offer promise [51]. In the context of postiion
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tracking, Kalman filtering in rough terms determines a solution by combining a prediction of the
next position solution based on kinematic models with the expected position derived from
measurements.

As the measured position at any point has some noise associated with it,

combining the prediction from the kinematic models will reduce error in the position estimate.
Kalman filters can be extended by using constrained kinematic models which take into account a
priori knoweldge of how the tracked object will move. This has been demonstrated in an EM
tracked system, where it was desired to track needle insertion positions within a catheter. As the
movement of the needle was constrained by the catheter, it’s motion could be more accurately
characterized leading to improved position tracking accuracy [52].
Another method which could be promising but has not been demonstrated is particle filtering
[53]. Particle filtering has found applicatoins in position tracking based on inertial systems and
RADARs, but has not been attempted in the field of permanent magnet tracking [54]. Particle
filtering is similar to the particle storm opimization in that many estimates are made at each
sample point, but fundamentally they are very different. Particle filtering involves estimating the
value of an internal state of a system based on noisy observations and weighs solution accuracy
based on probabilities.
With the probability distribution function of the state and measurements being known, a set
of estimates of the state are randomly generated based on the PDF of the state. The state estimate
is then chosen as a weighted average of the estimates from each particle, with the weight being
proportional to their likelihood. The particles are then resampled based on their likelihoods,
abandoning unlikely samples. There are many options for resampling algorithms and other
optimizations of particle filters, and in many navigation tasks they can be computed in real time
in MATLAB implementations [54].
For the task of tracking a permanent magnet, it may be possible to implement an accurate
particle filtering solution as the sensors used are relatively simple to characterize and the models
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used tend to be analytic, however a number of methods exist to model non-linear systems with no
assumptions of the underlying nature of the system.

61

Chapter 6
Conclusions
6.1 Summary of Work
In this work a method to track the position of a permanent magnet was implemented and
tested. In order to do this work a calibration method for a magnetic field sensor was also
developed and tested. This method did not offer the degree of accuracy originally desired, but in
the course of trial and error in this work many potential solutions to permanent magnet tracking
problems were tested and shown to be ineffective. This work has demonstrated the need for
extreme care in experimental setup and sensor calibration required to create accurate tracking
systems based on permanent magnetic fields.
This work was able to show that the dipole model of a magnetic field is at least as accurate as
monopole models, and reasonably similar to more complex models which account for magnet
geometry. While none of the models are perfectly accurate, model error in a practical setup is
likely not to be the dominant source of tracking errors.
A simulator for the tracking algorithm was created demonstrating the feasibility of the
algorithms used, as well as demonstrating the sensitivity of the experiments to various error
sources. In particular it was found that small errors in the assumed angles and postions of the
magnet and sensor resulted in large tracking errors. As well, the fundmental measurement
resolution of the sensors used, 3 milligauss, was found to result in severly degraded tracking
accuracy at distances of more than 20 cm for the magnets used.
Lastly a more accurate experiment was demonstrated in which a linear interpolation based
tracking algorithm was shown to produce highly accurate tracking, demonstrating in theory the
feasibility of using permanent magnets as a signal source to perform position tracking. This
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result however required a highly time consuming amount of data collection and may not represent
a feasible way forward in permanent magnet tracking.
Given the difficulty in obtaining accurate results from this method and the lack of similar
systems in literature, it is demonstrated in this work that tracking solutions based on permanent
magnets are non-trivial to implement, and require carefully controlled experimental procedures to
validate and test.

6.2 Future Work
There are a number of direct improvements in accuracy and usability that can be pursued in
this research that were not investigated.
The sensor calibration can be extended to manually attempt to measure effects that in this
work were measured by the manufacturer’s calibration software.

The accuracy of the

manufacturer’s calibration was not experimentally verified, as it is a very non-trivial problem to
generate magnetic fields of known strength and orientation. Access to a machine that can
generate known fixed magnetic fields would allow for a controlled validation of the sensors bias,
scaling and orthogonality.
In this work the tracking solution was only implemented in two and three degrees of
positional freedom, however this could be extended to the full three spatial and two rotational
degrees which can be solved using conventional magnetic field models. Recently published work
by Song et al. using tube shaped magnets has demonstrated the ability to track a full 6-DOF
solution using permanent magnets which could also be investigated.
Sensor fusion could combine tracking results between the magnetic system and any other
tracker to improve accuracy. In particular with tracked ultrasound, speckle correlation can be
used to determine approximate position and angular differences between adjacent ultrasound
images. This data could be fused with the magnetic tracking to provide full 6-DOF tracking, with
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the exception of some singularities.

Additionally each sensor used had a full inertial

measurement unit which could be fused with the magnetic field data.
Many published works in this field use a large number of sensors. While one of the goals of
this work was to keep the system as simple and inexpensive as possible, the benefit of adding a
small number of sensors was not investigated. Knowing as well that the tracking accuracy is
highly degraded beyond 15 cm, it may be of interest to investigate sensor arrangements that keep
the magnet to sensor distance below 15 cm. It could be a fruitful avenue of research to find
arrangements of sensors that remain easy to calibrate and assemble/dissasemble for clinical use.
The simulator which was written could be useful for finding optimal sensor arrangements.
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