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Abstract 

Due to the growing concerns associated with fossil fuels, emphasis has been placed on clean and 

sustainable energy generation. This has resulted in the increase in Photovoltaics (PV) units being integrated 

into the utility system. The integration of PV units has raised some concerns for utility power systems, 

including the consequences of failing to detect islanding. Numerous methods for islanding detection have 

been introduced in literature. They can be categorized into local methods and remote methods. The local 

methods are categorically divided into passive and active methods. Active methods generally have smaller 

Non-Detection Zone (NDZ) but the injecting disturbances will slightly degrade the power quality and 

reliability of the power system. Slip Mode Frequency Shift Islanding Detection Method (SMS IDM) is an 

active method that uses positive feedback for islanding detection. In this method, the phase angle of the 

converter is controlled to have a sinusoidal function of the deviation of the Point of Common Coupling 

(PCC) voltage frequency from the nominal grid frequency. This method has a non-detection zone which 

means it fails to detect islanding for specific local load conditions. If the SMS IDM employs a different 

function other than the sinusoidal function for drifting the phase angle of the inverter, its non-detection 

zone could be smaller. In addition, Advanced Slip Mode Frequency Shift Islanding Detection Method 

(Advanced SMS IDM), which has been introduced in this thesis, eliminates the non-detection zone of the 

SMS IDM. In this method the parameters of SMS IDM change based on the local load impedance value. 

Moreover, the stability of the system is investigated by developing the dynamical equations of the system 

for two operation modes; grid connected and islanded mode. It is mathematically proven that for some 

loading conditions the nominal frequency is an unstable point and the operation frequency slides to another 

stable point, while for other loading conditions the nominal frequency is the only stable point of the system 

upon islanding occurring. Simulation and experimental results show the accuracy of the proposed methods 

in detection of islanding and verify the validity of the mathematical analysis. 
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Chapter 1 

Introduction 

Renewable energy is defined as the energy that is collected from replenishing resources 

such as sunlight, wind, ocean waves, geothermal heat etc. Among the renewable energy resources, 

solar has gained the most attention. Global implementation of photovoltaics has grown 

exponentially for more than two decades. During this period of time, photovoltaics (PV), also 

known as solar PV, have evolved from small scale applications to becoming a mainstream 

electricity source. Based on the International Energy Association [1], solar PV electricity 

generation will continue to grow rapidly worldwide. Solar PV electricity generation by region is 

portrayed in Figure 1-1. 

 

Figure 1-1 Solar PV electricity generation by region 

The integration of renewable energy sources and energy storage have raised some concerns 

for utility power systems. One of the main concerns is islanding detection that is enforced by grid 

interconnection regulatory standards such as UL1741 [2], IEEE 1547 [3], IEEE 929-2000 [4]. 

According to these standards, islanding is “a condition in which a portion of the utility system that 

contains both load and distributed resources remains energized while isolated from the remainder 
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of the utility system”. Therefore, islanding detection is an integral part of any grid connected power 

converter. 

The isolation point is generally on the low voltage distribution line when an islanding 

condition exists, but islanding may occur on the higher voltage distribution or transmission line. 

The islanding condition examined in this thesis occurs when the low voltage distribution line is 

interrupted. Islanding may occur as a result of the following conditions: 

 A fault that is detected by the utility and results in opening a disconnecting device; 

 Accidental opening of the normal utility supply;  

 Intentional disconnection for servicing at a point on the utility; 

 Human error or intentional trouble-making in the utility equipment operation; 

 Act of nature such as thunder storms, earthquakes, floods, etc. 

There are many different reasons for islanding detection and preventing islanding when PV 

inverters are connected to the utility grid. Safety, liability, and maintaining the quality of power are 

among the most important reasons to prevent islanding. Utilities are liable for providing quality 

power to the costumers. Therefore, they require anti-islanding for PV inverters for the following 

reasons: 

 When islanding occurs the utility has no control over the voltage and the frequency in the 

island. This situation creates the possibility of damage to the customers equipment; 

 Reclosing in to an island may result in restriping the line or damaging the distributed 

resource equipment or damaging the other connected equipment, because of out of phase 

closure; 

 Islanding may interfere with the manual or automatic restoration of normal service by the 

utility; 

 Islanding may create a safety hazard for utility line workers by causing a line to remain 

energized which is assumed to be disconnected from all energy sources. 
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The last reason and its implication to safety is the most important reason for utilities to prevent 

islanding. 

1.1 Thesis Contribution 

The followings are the main contributions of this thesis: 

1. A comprehensive comparison of all the available islanding detection methods has been 

provided. The advantages and disadvantages of each category of the methods have been 

illustrated, giving the reader a general idea of how to select a method for a specific 

application. 

2. A new slip mode frequency shift islanding detection method has been introduced. The new 

method has a smaller non detection zone than the conventional slip mode frequency shift 

islanding detection method for the same value of maximum allowable phase shift. 

3. A method has been introduced for adaptively changing the design parameters of the 

conventional slip mode frequency shift islanding detection method. The method 

periodically measures the local load impedance and calibrates the parameters of the SMS 

IDM, so the PV inverter can detect islanding for any loading condition. 

4. A stability analysis of the inverter for two modes of operations, grid connected mode and 

islanded mode of operation, has been provided using nonlinear analysis techniques. 

1.2 Thesis Outline 

The thesis is outlined as follows; 

 Chapter 2 gives a brief review of all the islanding detection methods in the 

literature by categorizing them into remote methods and local methods. This 

chapter investigates the most popular methods in each category by providing the 

advantages and disadvantages of each method. 

 Chapter 3 gives a method to calculate and compare the NDZs of the passive and 

the active methods. This chapter concludes that SMS IDM has the smallest NDZ 
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compared to the other two methods with no effect on the power quality when the 

inverter is connected to the grid. 

 Chapter 4 presents a new slip mode frequency shift islanding detection method 

(SMS IDM) which uses a non-sinusoidal function for drifting the inverter phase 

angle and has a smaller NDZ area compared to the SMS IDM with sinusoidal 

function. This chapter presents the advanced version of the conventional slip mode 

frequency shift islanding detection method (SMS IDM). In this method the 

parameters of SMS IDM change based on the local load impedance value. The 

parameter values are calibrated periodically by measuring the impedance of the 

local load.  

 Chapter 5 investigates the stability of the system by developing the dynamical 

equations of the system for two operation modes; grid connected and islanded 

mode. The stability of the system in each mode has been determined using the 

dynamic equations of the system in each mode of operation. Mathematical theories 

have been used in this chapter to aid the dynamic analysis of the system. 

 Chapter 6 presents the simulation and the experimental results validating the 

theoretical analysis and the equations of the islanding detection methods. Also, this 

chapter presents the testing procedure of the islanding detection methods using a 

laboratory prototype of a single phase grid connected PV inverter.  
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Chapter 2 

Literature Review 

2.1 Introduction 

Numerous methods for islanding detection have been introduced in literature [5]. These 

methods can be categorized into local methods and remote methods. Remote methods [6]-[7], also 

referred to as communication based methods, have a small non-detection zone (NDZ) but have a 

higher implementation cost and a more complicated implementation than local methods. The local 

methods are categorically divided into passive and active methods. Passive methods detect 

islanding by measuring the point of common coupling (PCC) voltage and the inverter output 

current [8]-[18]. These methods are inexpensive and simple to implement, but they fail to detect 

islanding when the local load power consumption closely matches the output power generation of 

the inverter. The active methods inject intentional disturbances into the utility grid and measure the 

grid's signals to detect whether islanding has occurred [19]-[24]. Active methods generally have 

smaller NDZs, but the injecting disturbances will slightly degrade the power quality and reliability 

of the power system. In the following sections these methods have been explained in more detail. 

2.2 Remote Methods 

2.2.1 Use of Power Line Carrier Communications  

Using power line carrier communication (PLCC) could be a useful way to detect 

islanding [25]. PLCC systems send a low energy signal along the power line. Figure 2-1 shows the 

configuration using a PLCC systems for islanding detection. Since the line is used as the 

communication link between the transmitter and receiver, it is possible to use the PLCC signal as 

a continuity test of the line. A simple device can be used at the customer-side of the point of 

common coupling (PCC) to detect the absence or the presence of the PLCC signal. A PLCC 

transmitter (T) sends the low voltage signal and the receiver (R) receives the signal. If the PLCC 
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signal disappears at the receiving end of the line, it indicates a break in the continuity of the line 

and the inverter can be commanded to stop working. The receiver can be a part of the inverter 

system, be separate and communicate with the inverter, or be completely separate with its own 

circuit breaker. When the PLCC signal is lost, the receiver can force the inverter to cease operation 

or it can open its switch to isolate the inverter and the local load from the rest of the grid. 

 

Figure 2-1 Power Line Carrier Communications installation 

 In order for the PLCC signal to be effective, it should have three characteristics. First, the 

PLCC signal should be sent from the utility-end to the customer-end. Second, the PLCC system 

should use a continuous carrier; if the carrier is intermittent it is not possible to differentiate between 

the loss of the signal due to a break and the loss of a signal due to a cessation of transmission. Third, 

the signal should have a proper frequency to propagate well through the distribution network to 

which all of the inverters are connected. A high frequency is not a good choice of frequency, as the 

transformers’ series filter block the high frequency signals. This necessitates the generation of low 

frequency signals. Sub-harmonic signals; i.e., the signals which their frequencies are lower than 

the nominal frequency value, are preferred. These signals propagate easily through the distribution 

system and the sub-harmonic signal is not mistaken by any other signals as they are not easily 

produced in normal operating conditions. 

Inverter

Load

R T

Utility GridCircuit Breaker
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 The PLCC-based islanding detection method has several advantages, especially pertaining 

to a high density of distributed generation sources. This method does not have any NDZs in the 

normal range of the local loads which guarantees an effective method of islanding detection. 

Secondly, it requires no degradation of the inverter’s output power quality and it has no adverse 

effect on the system transient response. Thirdly, it is possible to use this method for multiple 

inverters in the utility system with any penetration level, any size, and any type of distributed 

generation inverters. Fourthly, only one transmission is required for a wide range of the utility 

system area. 

 The PLCC based islanding detection method has large disadvantages and weaknesses in 

its implementation. In this method, a transmitter that is capable of sending a PLCC signal should 

be implemented in the utility system. These kinds of transmitters exist but they are expensive and 

they are only economical in very high density distributed generation areas. In addition, the 

implementation of the receiver is only economical for very large PV systems. For most low-power 

PV systems, such as residential PV systems, adding such a system to the main system would result 

in a considerably higher cost. 

 The PLCC-based islanding detection method fails to detect islanding for some local load. 

Some load in the island can replicate the PLCC signal even if a sub-harmonic signal is used. For 

example, when motors are subjected to externally applied vibrations they can draw some harmonic 

current which, in islanded mode of the operation, can make a harmonic voltage on the PCC. 

Therefore, it is possible for receivers to detect these signals as the PLCC signals and fail to 

disconnect the inverter, resulting in an islanding condition. Furthermore, Ferro-resonance, or 

nonlinear resonance, produce sub-harmonic signals in the system and could cause the PLCC based 

method to fail to detect islanding. 
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2.2.2 Intertripping 

 Like the PLCC based method, this method relies on communication between the utility and 

the PV inverters [26]. The difference between this method and the PLCC-based method is that the 

intertripping method does not use the power line as a communication link. Microwave and 

telephone lines could be used as the communication link between the utility and the inverters. In 

this method when a utility switch opens, a small transmitter which is equipped on the switch sends 

a signal to all the distributed generation inverters. Therefore, the disconnection of a line is directly 

reported to the inverters and they could cease operation. 

 This method has a few drawbacks. Firstly, it is necessary to add transmitters to all the 

switches, which could lead to an islanding situation. It is obvious that such an addition would make 

the switches more expensive and, thus, this method is less economical. Secondly, if the telephone 

is used as the communication link between switches and PV inverters, a telephone wiring must be 

connected to all the PV inverters and switches in a potential island. This problem could be 

overcome if microwave is used as the communication link, but using microwave needs signal 

repeaters or boosters to make sure there is no coverage hole in the area with potential islanding. 

This method could be effective if the main weaknesses is overcome. In essence, this method has 

no NDZ and will not fail for any loading conditions. 

2.2.3 SCADA  

SCADA (Supervisory Control and Data Acquisition) is a system for remote monitoring 

and control that operates with coded signals over communication channels. Usually an extensive 

communication and sensing network exists within a utility system. The utility systems use a 

network to control their own systems by monitoring the system states. Utility systems use sensing 

instrumentation devices from the highest transmission voltage level to the lowest voltage level. 

This instrumentation includes all voltage sensors, current sensors, and other metering devices like 

frequency meters and active or reactive power meters. The availability of the instrumentation and 
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communication devices all over the grid makes the SCADA cover the majority of the grid as shown 

in Figure 2-2. Involving inverters in the SCADA system could be a solution to detect unintentional 

islanding [27], [28]. 

 

Figure 2-2 Distribution of SCADA in the power system  

The use of SCADA for islanding detection is straightforward. The SCADA is used to detect 

unintentional islanding by monitoring the parameters of the entire distribution system, such as 

voltage and frequency. If the parameter can still be detected from the disconnected area, the 

occurrence of islanding is detected. This method is highly effective in detecting unintentional 

islanding if the system is properly instrumented and controlled. For example, when a PV is 

installed, a voltage sensing device and a communication device can be installed in the local part of 

the utility system. If the voltage sensor at the local part senses a voltage while the utility system is 

disconnected from that part, an alarm could be sounded or a proper action could be taken. 

The use of SCADA for islanding detection has some drawbacks. The main drawback of 

this method is similar to the intertripping method. All of the inverters in the utility system need 

instrumentation and communication links which add some expense to the implementation of the 

PV system. Another major problem with this method is that SCADA does not go below the 

substation level, and below the substation level is where islanding is likely to happen. If the 
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drawbacks of this method are overcome, the system is properly instrumented, and communication 

links are available, then this method could detect islanding.  

2.2.4 Impedance Insertion 

 In this method, a low impedance branch, usually a capacitor bank, is installed at the utility-

side of the potential islanding area [29]. The configuration of the capacitor bank and the switch 

installation is shown in Figure 2-3. When the switch on the grid-side at point b opens, the capacitor 

branch switch is commanded to close after a short delay. If the local load was a type of load that 

causes difficulty in islanding detection, then the insertion of the capacitor bank in the island would 

make a large deviation in the phase angle and frequency of the island voltage. Therefore, the 

Under/Over Frequency Relays would detect the frequency deviation and disconnect the inverter 

from the rest of the utility grid. 

 

Figure 2-3 Installation of the capacitor bank for islanding detection purpose  

In this method there must be a short delay between the opening of the main grid switch and 

the closing of the capacitor bank switch. This is because if the local load is highly inductive, there 

would be a large deviation of frequency upon the disconnection. Therefore, adding a large 

capacitance load could make a balanced load and prevents islanding detection by the Under/Over 

Frequency Relays. As such, the short interval between the opening and closing of the switches is 

necessary to make sure the islanding is detected by the relays 

Inverter

Load

Utility Grid

Capacitor Bank
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 In theory, a resistor bank could be used as the impedance for insertion at the grid-side. Such 

a large resistor could cause a large voltage drop at point A. But in the real world, using a capacitor 

bank is preferred to the resistor bank, since the design of the capacitor bank is the same as the one 

which functions as a reactive power support for the utility.   

 The two advantages of this methods are it being an extremely effective method in islanding 

detection and the high availability of the required capacitors to make the method functional. This 

method is highly effective in islanding detection as long as a short delay is allowed between the 

opening of the grid switch and the closing of the capacitor bank switch. Also, the capacitor banks 

could be used both for islanding detection and reactive power support. If the capacitor bank is being 

used when the grid switch opens, the capacitor could be switched out shortly after to cause a major 

deviation in the operating frequency. 

 Impedance insertion has several drawbacks. Firstly, adding a large capacitor bank to the 

utility adds a great expense to the PV installation and makes it economically unfeasible. Secondly, 

there might be several switches on the line leading to the potential islanding area, requiring several 

capacitor banks to be inserted for each of the switches. It is obvious that adding more capacitor 

banks would add more expense to the distributed generation system. Thirdly, due to the required 

delay-time and speed of the capacitor banks’ action, this method is slower than other methods.  

2.3 Local Methods 

2.3.1 Passive Methods 

2.3.1.1 Islanding Detection by Standard Protection Systems 

 All grid connected PV inverter systems are required to have Under Voltage Relay (UVR), 

Over Voltage Relay (OVR), Under Frequency Relay (UFR), and Over Frequency Relay (OFR). 

These relays disconnect the inverter system from the utility grid when the magnitude or frequency 

of the voltage at the point of common coupling (PCC) go below or above a certain limit. These 

protection relays can be digitally implemented in the control system of the inverter. Figure 2-4 
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shows the configuration of this method [30]. When the utility switch is closed and the inverter and 

local load are connected to the main grid, active and reactive power 𝑃𝑃𝑉 + 𝑗𝑄𝑃𝑉 flows from the PV 

inverter to the PCC and active and reactive power 𝑃𝑙𝑜𝑎𝑑 + 𝑗𝑄𝑙𝑜𝑎𝑑 flows from the PCC to the local 

load. Summation of the PV inverter power and local load power is the power that flows from the 

utility to the PCC. 

∆𝑃 = 𝑃𝑙𝑜𝑎𝑑 − 𝑃𝑃𝑉  (2-1) 

∆𝑄 = 𝑄𝑙𝑜𝑎𝑑 − 𝑄𝑃𝑉 (2-2) 

Equations (2-3) and (2-4) represent the relation of active and reactive power of a RLC parallel load 

to the voltage magnitude and frequency. 

𝑃𝑙𝑜𝑎𝑑 =
𝑉𝑝𝑐𝑐
2

𝑅
 (2-3) 

𝑄𝑙𝑜𝑎𝑑 = 𝑉𝑝𝑐𝑐
2 [

1

𝜔𝐿
− 𝜔𝐶] (2-4) 

When the utility switch opens, ∆𝑃 and ∆𝑄 will become zero and only the PV inverter power will 

flow to the local load. The behavior of the island depends on the ∆𝑃 and ∆𝑄 right before opening 

the switch, which can be denoted as ∆𝑃−  and ∆𝑄− . There are four cases possible in which 

OVR/UVR and OFR/UFR will detect islanding and disconnect the inverter from the utility. It 

should be noted that PV output current is controlled to be in phase with PCC voltage so 𝑄𝑃𝑉 is zero. 

∆𝑃− > 0 ∶ In this case, the active power produced by the PV inverter is less than the active 

power consumed by the load (𝑃𝑙𝑜𝑎𝑑 > 𝑃𝑃𝑉). Therefore, a portion of the load power comes from the 

utility. So as Equation (2-1) represents, when the switch opens, ∆𝑃 has been forced to be zero. In 

other words, the available power for the load decreases and as Equation (2-3) represents, decreasing 

the load power will decrease the magnitude of the voltage at PCC. The decrease in the magnitude 

of the voltage can be detected by the Under Voltage Relay. 

∆𝑃− < 0 ∶ In this case, the active power produced by the PV inverter is less than the active 

power consumed by the load (𝑃𝑙𝑜𝑎𝑑 < 𝑃𝑃𝑉). Therefore, the surplus power flows back to the utility 
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grid, but when the switch opens the surplus power flows into the load. Based on Equation (2-3), 

increasing the load power will decrease the magnitude of the voltage at the PCC. The increase in 

the magnitude of the voltage can be detected by the Over Voltage Relay. 

∆𝑄− > 0 ∶ This case corresponds to a load in which the reactive power is inductive. As 

mentioned earlier, 𝑄𝑃𝑉 is zero, so when the switch opens, ∆𝑄 becomes zero and based on Equation 

(2-2), the load reactive power becomes zero. This means that the inductive part of the load must 

drop and the capacitive part of the load should increase. As Equation (2-4) represents, by increasing 

the frequency, the bracketed part of the equation becomes zero and 𝑄𝑙𝑜𝑎𝑑  becomes zero. The 

increase in frequency can be detected by the Over Frequency Relay. 

∆𝑄− > 0 ∶ This case corresponds to a load in which the reactive power is capacitive. 

Opening of the utility switch forces the load reactive power to become zero which means the 

capacitive part of the load should drop and the inductive part of the load should increase. As 

Equation (2-4) represents, by decreasing the frequency, the bracketed part of the equation becomes 

zero and 𝑄𝑙𝑜𝑎𝑑 becomes zero. The decrease in frequency can be detected by the Under Frequency 

Relay. 

UVR/OVR and UFR/OFR islanding detection methods have some advantages. First of all, 

they are low cost methods. The relays already exist and are required for several reasons other than 

islanding detection. Also several other methods of islanding detection act in a way to produce 

abnormal amplitude or frequency of the voltage, and rely on the voltage and frequency relays to 

detect islanding. Another advantage of these methods are that they do not degrade the output quality 

of the inverter and do not impact the system transient response. 

The main drawback of UVR/OVR and UFR/OFR islanding detection methods are their 

large non detection zone. If the variation of voltage and frequency after opening of the utility switch 

is not big enough to force the relays to disconnect the inverter, the methods will fail to detect 
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islanding. The analytical analysis of the non-detection zone of these methods are given in Chapter 

3. 

 

Figure 2-4 Passive protection for the inverter 

2.3.1.2 Voltage Phase Jump Detection 

 This method involves monitoring the phase angle between the terminal voltage and the 

output current for a sudden jump [31]. Under normal operating conditions, the inverter output 

current is synchronized with the utility voltage by detecting the rising edge and falling edge of the 

PCC voltage. This synchronization is done through a Phase Locked Loop. A basic schematic of a 

PLL is shown in Figure 2-5. The first block is the input filter block which removes noise and higher 

harmonics from the input signal. The next block is the phase comparator block which generates an 

output signal with an amplitude that is proportional to the phase error between the input signals. In 

this case the filtered signal and voltage controlled oscillator (VCO) output signal are the two input 

signals for the phase comparator. In most PLLs, the phase comparator uses the time between zero 

crossings of the two input signals to determine the phase error. The loop filter removes the 

oscillating component of the phase comparator. Therefore, the DC output signal of the loop filter 

makes the VCO adjust its output in order to have zero phase error between the input signals. In a 

PV inverter the input signal is the PCC or the terminal voltage, and the VCO output signal provides 

the reference signal for the inverter current. Therefore, the function of the PLL in the inverter 
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system is to synchronize the terminal voltage and current of the inverter. In the Phase Jump 

Detection method, islanding can be detected by measuring the DC output signal of the loop filter 

and comparing it with a threshold. 

 

Figure 2-5 General block diagram of a Phase Locked Loop (PLL) 

 The explanation of the Phase Jump Detection method operation is shown in Figure 2-6. 

When the utility switch opens, the PCC voltage is not fixed to the utility voltage anymore while the 

inverter current is still following the reference signal waveform provided by the PLL. This happens 

because the synchronization of the PCC voltage and inverter current occurs at the zero crossings. 

Between the zero crossings, the inverter current has a fixed current reference but the phase angle 

of the PCC voltage, which is same as the load voltage, must be the same as before the utility 

disconnected. Therefore, the phase of the voltage jumps to a new phase. At the next zero crossing 

of the voltage and current, the phase error angle difference can be used to detect islanding. If the 

phase error is greater than a threshold value, then the inverter controller can stop the inverter from 

energizing the load and prevent the islanding. 

 The Phase Jump Detection method has several advantages. First of all, the implementation 

of this method is easy and straightforward. All PV inverters have a PLL for synchronization. The 

only requirement needed to be added is the capability of disconnecting the inverter when the phase 

error goes beyond the threshold. Also, this method is a passive method and has no impact on the 

inverter output power quality nor transient response. 
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Figure 2-6 Voltage and current of the inverter in Phase Jump Detection method 

 The main weakness of this method is the difficulty of choosing a threshold which can 

assure a reliable islanding detection and does not result in frequent false trips. For example, starting 

of particular loads, such as motors, often cause a sudden jump of the phase angle and could lead to 

a false detection of islanding. Also, the Phase Jump Detection method fails for loads which have 

zero phase angle at the nominal frequency of the grid. Thus, this method can shrink the non-

detection zone of the UVR/OVR and UFR/OFR islanding detection method but cannot make it 

zero.  

2.3.1.3 Harmonic Measurement 

 In this method, the Total Harmonic Distortion (THD) of the voltage at the point of common 

coupling is measured [32]. If the THD goes beyond a specific limit, the inverter control system 

stops the inverter from injecting power to the PCC. Under normal operating conditions when the 

utility grid is connected, the PCC voltage is a stiff voltage with a very low THD ( THD ≅ 0). Also, 

when the utility is connected, the PV inverter harmonics will flow to the low impedance grid. So 

since these harmonic currents are always kept very small and the grid impedance is very small, the 

harmonic currents produce a small amount of distortion on the PCC voltage.  
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 When islanding occurs, the PV inverter output current causes the harmonics on the voltage 

to increase. A PV inverter, like all other switching power converters, produce some harmonics at 

its output current. A requirement for grid connected PV inverters is to not produce current with 

more than 5% THD of its full rated current. When the utility disconnects the harmonic current flow 

into the load, and since the load impedance is larger than the grid impedance, the harmonic current 

will produce a large harmonic on the PCC voltage. The change in the voltage harmonic level can 

be detected by the PV inverter system, and if the level exceeds a threshold, the PV inverter control 

system can cease the inverter from injecting power. 

 The harmonic detection method has a similar problem and weakness point to the phase 

jump detection method which is the difficulty of setting the threshold for reliable islanding 

detection. It is not always possible to find a threshold which detects islanding and does not lead to 

a wrongful detection while the inverter is still connected to the utility. The threshold must be higher 

than the expected utility voltage THD and lower than the THD that will be produced by the inverter 

in the islanding conditions. We know that for most grid connected inverters the maximum allowable 

THD of voltage is 5%, so in the case of resistive load, the PCC voltage harmonic after causing the 

islanding will be 5%. But if the load is not purely resistive, which is possible for most loading 

conditions, the total harmonic distortion of the PCC voltage after causing the islanding might be 

less than 5%. The reason for this is due to the fact that the parallel RLC load can act as a filter and 

removes the higher order current harmonics, decreasing the voltage THD level.  

Besides the previous problem, which makes choosing a threshold difficult, the following 

reasons could make it a more difficult method to employ. In reality, the utility voltage harmonic 

level could be higher than zero. For example, power converters which have harmonic at the 

frequencies which utility has resonance could increase the utility THD in normal operating 

conditions. Moreover, transient voltage disturbances, especially the large ones, such as switching 

of big capacitor banks, could be mistaken by the PV inverter system as an increase in the THD. 
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Therefore, choosing a limit for the threshold is impossible. The only solution for this problem is to 

use digital signal processing and harmonic signature recognition. However, implementing these 

signal processing tools to the inverters will make it more expensive and not economically feasible. 

2.3.2 Active Methods 

2.3.2.1 Output Power Variation 

 Usually PV inverters are controlled to appear as a current source for the utility. Equation 

(2-5) shows the output current of a PV inverter. 

𝑖𝑖𝑛𝑣(𝑡) = 𝐼
∗sin (𝜔𝑡 + 𝜃) (2-5) 

In the Output Power Variation method [33], a variation is posed periodically to the 

amplitude of the output current. The periodic variation of the current amplitude is shown in 

Figure 2-7. This variation in the current could cause a variation in the terminal voltage. When the 

utility is connected, the variation in the current does not cause any major variation of the PCC 

voltage. But when the utility is disconnected, the variation in the current amplitude will cause a 

detectable voltage variation on the PCC. Monitoring this voltage variation can be used for islanding 

detection. Since the inverter is measuring the rate of the voltage change to the rate of current change 

(
𝑑𝑣𝑝𝑐𝑐

𝑑𝑖𝑖𝑛𝑣
), this method is also called “Impedance Measurement”. 



 

19 

 

 

Figure 2-7 A sample of output power variation  

The primary advantage of this method is its small non-detection zone for a single phase 

inverter with a local load that has a larger impedance than the utility network. When islanding 

occurs, even if the local load and the PV inverter have balanced power, the variation of the power 

by the inverter will disturb this balance and make the relays disconnect the inverter from injecting 

power. 

This method has two main drawbacks. First of all, in the case of multiple inverters, the 

effectiveness of the method decreases. This is because when multiple inverters are connected to the 

grid, the amount of variation that is introduced by each inverter is reduced and will not be enough 

to be detectable by the voltage relays. In other words, when multiple inverters are injecting power 

to the PCC at the same time, the small variation of an inverter will not be detectable anymore. For 

example, let us assume that 10 inverters are connected to the PCC. Each of these are designed to 

inject 1 p.u. of power with a periodic variation of 0.2 p.u. of power every few cycles. The simulation 

for the multiple case phenomena is given in Figure 2-8. By comparing this figure with Figure 2-7, 

it can be seen that in the single inverter case, 0.2 p.u. variation makes a large enough variation to 

be detectable by the filters. But in the multiple inverter case, the variation is very small and cannot 

be detected. This problem can be solved if the variation in all the inverters are synchronized. But 
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synchronizing the inverters is impossible since they do not have any communication link between 

them.  While communication links could be added between them, doing so would make the PV 

inverter system more complicated and more expensive.  

In addition to the multiple inverter problem, the Output Power Variation method has 

another drawback. If the utility grid impedance is large, then the variation of the inverter output 

power could cause some problems, such as voltage flickers, grid instability, and false tripping. 

Moreover, even for a very strong grid, the impedance of the utility source is not zero. Therefore, it 

is necessary to set a threshold for the rate of the voltage change to the rate of current change. This 

gives rise to the NDZ of the method and if the local load impedance is less than the threshold, the 

method will fail to detect the islanding. 

 

Figure 2-8 Output power variation for multiple inverters 

2.3.2.2 Detection of the impedance at a specific frequency 

This method is similar to the Harmonic Measurement method. The difference between 

these two methods is that the Harmonic Measurement method is a passive method and this method 

is considered to be an active method since the PV inverter injects a harmonic current with a specific 

frequency into the PCC. When the utility is connected, the harmonic current flows into the grid 

because the utility impedance is lower than the load impedance at that frequency. Therefore, no 
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abnormal voltage can be seen at the PCC point. When the utility disconnects, the harmonic current 

flows into the load. Since the load is linear, the current harmonic can make a harmonic voltage on 

the load terminal or the PCC point. The harmonic voltage can be measured and be used for islanding 

detection. 

This method has some drawbacks, which are similar to the Harmonic Measurement 

method. It is not always possible to find a threshold which detects islanding and does not lead to a 

wrongful detection while the inverter is connected to the utility. It is possible to overcome this 

problem when sub-harmonic frequency is used. Sub-harmonic frequency current is not desirable 

from the utility-side as it can cause improper equipment action. Moreover, in the multiple inverter 

case, the amplitude of the voltage at that harmonic could increase even if the utility has a small 

impedance value. This increase in the harmonic voltage amplitude can cause false tripping when 

the utility is connected. 

The non-detection zone of this method is similar to the Harmonic Measurement method. 

Since the parallel RLC load can act as a filter, it is possible for a load to filter the injected harmonic 

current in the islanding situation. In this case, the harmonic voltage amplitude will not be large 

enough to make the relays to disconnect the inverter from the utility.  

2.3.2.3 Active Frequency Drift 

 The Active Frequency Drift (AFD) method can be easily implemented in the PV inverter. 

In this method, the output current of the inverter is slightly distorted to have a continuous trend to 

increase the frequency [34]. When the utility is connected to the grid, the current distortion cannot 

change the frequency of the voltage at the point of common coupling. When the inverter 

disconnects from the utility grid, the frequency of the PCC is forced to drift upwards or downwards. 

Equation (2-6) represents the current of the PV inverter. 

𝑖𝑖𝑛𝑣(𝑡) = 𝐼
∗sin (2𝜋(𝑓 ∓ 𝛿𝑓)𝑡) (2-6) 
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Where f is the frequency of the PCC voltage in the previous cycle. The waveform of the distorted 

current is shown in Figure 2-9.  

When the inverter is connected to the utility, the frequency drift causes a small distortion 

in the current waveform, as can be seen from the Figure 2-9, and the current goes to zero for a small 

period of time, tz . The ratio of this time to half of the voltage waveform period (Tv) is referred to 

as the “chopping fraction” (cf). 

𝑐𝑓 =
2𝑡𝑧 
𝑇𝑉

 (2-7) 

 

Figure 2-9 Voltage and current in the Active Frequency Drift method 

The phase angle between the current fundamental component and PCC voltage can be expressed 

as: 

𝑡𝑧
2
𝑇𝑣
=
𝜃𝐴𝐹𝐷
2𝜋

 (2-8) 

𝜃𝐴𝐹𝐷 = 𝜋𝑓𝑡𝑧 = 𝜋𝑓 (
1

𝑓
−

1

𝑓 + 𝛿𝑓
) =

𝜋𝑓

𝑓 + 𝛿𝑓
 (2-9) 

When this current is applied to a resistive load in an island condition, the voltage will follow the 

distorted current. The distorted voltage waveform goes to zero in a shorter time than the sinusoidal 

voltage before the islanding occurs. This causes the zero crossing of the voltage to occur sooner, 

which results in a phase error between the PCC voltage and the inverter current. The inverter then 

𝑡𝑍  

𝑇𝑉  
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increases the frequency to remove the phase error, but the increase in the frequency makes the 

voltage zero crossing happen before it is expected and increases the phase error again. The increase 

of the phase error makes the frequency increase and the increase in the frequency continues until 

the OFR/UFR disconnects the inverter from the PCC. 

 The active frequency drift method has a few drawbacks. First of all, frequency drifting 

degrades the output power quality of the inverter. This is because when the utility is connected, the 

current will have some sort of distortion. Secondly, in the case of multiple inverters, there should 

be an agreement between all the inverters connected to the utility to bias the frequency in the same 

direction. If some of the inverters force the frequency upward and others force the frequency 

downward, in the case of islanding they will cancel out each other and thus islanding cannot be 

detected. Thirdly, discontinuous current waveforms might radiate some radio frequency interfering 

waveforms. The analytical analysis of the non-detection zone of this method is given in Chapter 3. 

2.3.2.4 Sandia Frequency Shift 

 Sandia Frequency Shift (SFS) is the extension of the Active Frequency Drift method. The 

difference between this method and the Active Frequency Drift method is the modification of the 

chopping fraction [35]. In the Active Frequency Method the chopping fraction is a constant preset 

value, but in this method the chopping fraction is a function of the frequency deviation of the PCC 

voltage frequency from the nominal grid frequency. 

𝑐𝑓 = 𝑐𝑓0 +𝐾(𝑓𝑝𝑐𝑐 − 𝑓𝑔𝑟𝑖𝑑)  (2-10) 

Where 𝑐𝑓0 is the constant chopping factor, 𝑓𝑝𝑐𝑐 is the measured PCC voltage frequency, 𝑓𝑔𝑟𝑖𝑑 is 

the line nominal frequency and K is the accelerating factor. The phase angle between the current 

fundamental component and the PCC voltage can be expressed as: 

𝜃𝑆𝐹𝑆 =
𝜔𝑡𝑧
2
= 𝜋𝑓𝑡𝑧 =

𝜋𝑐𝑓(𝑓)

2
 (2-11) 
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When the PV inverter is connected to the utility, there is no frequency difference between the PCC 

frequency and nominal frequency. Therefore, the chopping factor is equal to 𝑐𝑓0 and the inverter 

output current is similar to the Active Frequency Drift method working in the normal condition. In 

this situation, the method attempts to increase the frequency but the utility prevents any change in 

the frequency. When the utility disconnects, the frequency of the PCC increases due to the constant 

part of the chopping factor (𝑐𝑓0). When the frequency increases, the error in the frequency increases 

and the chopping factor increases as well. The increase in the chopping factor further increases the 

frequency of the PCC and this continues until the frequency goes beyond the protection limit. The 

increase of the frequency is detected by the OFR/UFR and the relays disconnect the inverter from 

the point of common coupling. Drawbacks of this method are similar to the Active Frequency Drift 

method which is explained in Section 2.3.2.3.  

2.3.2.5 Slip Mode Frequency Shift 

Slip Mode Frequency Shift Islanding Detection Method (SMS IDM) is one of the local 

active methods which uses positive feedback for islanding detection [36]. It applies positive 

feedback to the phase angle of the inverter. SMS IDM is implemented through the PLL 

implementation. Consider there is no SMS in the inverter control system and the phase angle of the 

current and voltage is controlled to be zero all the time. In this case, if the frequency of the islanded 

section is perturbed downward, a negative phase error would be detected by the PLL. Therefore, 

the PLL would reduce its frequency to make the output current and voltage in phase. Now consider 

the inverter output current phase angle follows the SMS IDM phase angle characteristic. When the 

frequency of the islanded section increases, the SMS IDM characteristic causes a positive phase 

error to the PLL and the PLL increases its frequency. When the frequency increases, the phase error 

increases and makes the PLL further increase the frequency. Therefore, the PLL control acts in the 

wrong direction to correct the error. This condition will continue until the phase angle of the 
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inverter output current and phase angle of the local load become equal. The inverter output current 

can be described by Equation (2-12). 

𝑖𝑖𝑛𝑣(𝑡) = 𝐼
∗sin (𝜔𝑡 + 𝜃𝑆𝑀𝑆) (2-12) 

The phase angle of the inverter current is controlled to have a sinusoidal function of the 

deviation of the PCC voltage frequency from the nominal operating frequency of the utility system. 

The SMS IDM phase angle characteristic is described by Equation (2-13). 

𝜃𝑆𝑀𝑆 =
𝜋

180
𝜃𝑚sin (

𝜋

2

𝑓 − 𝑓𝑔

𝑓𝑚
) (2-13) 

Where 𝜃𝑚 and 𝑓𝑚 are the parameters of the SMS IDM characteristic, 𝜃𝑚 (degree) is the maximum 

phase shift, 𝑓𝑚 (Hz) is the frequency at which the maximum phase shift occurs, f is the system 

operating frequency, and 𝑓𝑚 is the normal operating frequency of 60 Hz or 50 Hz of the utility. 

When the inverter is connected to the utility, the solid frequency of the PCC voltage provides a 

zero phase angle for the inverter, but when islanding occurs, the frequency of the PCC varies 

upward or downward based on the direction of the perturbation. The steady state value of the 

frequency can be calculated as the frequency at which the phase angle of the inverter and the phase 

angle of the local load are the same. 

𝜃𝐿𝑜𝑎𝑑 + 𝜃𝑆𝑀𝑆 = 0 (2-14) 

𝜃𝐿𝑜𝑎𝑑 = −tan
−1(𝑅(2𝜋𝑓𝐶 −

1

2𝜋𝑓𝐿
)) (2-15) 

Graphically, the steady state point is at the intersection of the SMS IDM phase response 

curve and the load phase response curve, as shown in Figure 2-10. If the steady state frequency lies 

outside of the allowable range of the frequency, then the OFR/UFR will detect the exceeding limit 

of the operating frequency and will disconnect the inverter from the PCC. 
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Figure 2-10 Phase angle of the load (dashed line) versus the phase angle characteristic of the SMS 

IDM (Sinusoidal curve) 

 It will be shown in following chapters that SMS IDM is a highly effective method for 

islanding detection and does not have any drawbacks compared to the other methods described in 

this chapter. The only weakness is its non-detection zone which will be analytically discussed 

in Chapter 3. 

2.4 Chapter Conclusion 

This chapter categorizes all the available islanding detection methods into two general 

categories, remote methods and local methods. This chapter explains that the remote methods have 

a small non-detection zone, while these methods have a higher implementation cost and a more 

complicated implementation. Also this chapter subcategorizes the local methods into passive 

methods and active methods. It has been explained that the passive methods use the voltage and/or 

the frequency at the PCC to detect islanding while the active methods inject disturbances into the 

PCC and measures the effects of the disturbances to detect islanding. In addition, this chapter 

investigates the most popular methods in each category by providing the advantages and the 

disadvantages of each method. 
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Chapter 3 

Non-Detection Zone Calculation for the Islanding Detection Methods 

3.1 Introduction  

The previous chapter categorizes the available islanding detection methods into two 

general categories by providing the advantages and the disadvantages of each method. The main 

objective of this thesis is to introduce a novel islanding detection method for a single phase grid 

connected inverter. Since the remote methods are very complicated to implement, the local methods 

are better implementation options for this application. This chapter analytically calculates the NDZ 

of the passive methods and the active methods. 

3.2 Non-Detection Zone Definition  

A Non-Detection Zone (NDZ) is defined as the range of the local load for which an 

islanding detection method fails to detect islanding. Generally, the NDZ is used to compare 

different types of islanding detection methods. For some islanding detection methods, such as the 

remote methods or some passive methods, the NDZ cannot easily be analytically calculated. 

However, the NDZ of passive islanding detection by the standard protection system and three active 

methods, for which their theories of operation were explained in Chapter 2, can be mathematically 

calculated. These calculations will be explained in this chapter. 

 Islanding detection methods are usually tested under the IEEE 1741 Standard 

conditions [2]. The procedure for the tests for islanding detection are explained in detail in Chapter 

6. The testing system contains an inverter, which is connected to the point of common coupling, 

and a parallel RLC load. The Figure 3-1 shows the circuit for the testing condition. The inverter 

works in the current control mode. The voltage reference is provided by the utility at the PCC.  
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Figure 3-1 IEEE Std. 1741 test system for islanding detection methods  

In order to calculate the NDZ for the islanding detection methods, we need to first calculate the 

equivalent load model. 

3.3 Local Load Equivalent Model 

 In the IEEE 1741 Standard, the load that is used as the local load for islanding detection 

tests is a parallel RLC load. The reason for choosing a parallel RLC load is because most of the 

islanding detection methods fail to detect islanding for some range of the RLC loads. It is worth 

mentioning that nonlinear loads or constant power loads do not make for any difficulty in islanding 

detection for most of the islanding detection methods. In the following sections, the equations for 

the phase angle and the magnitude of the parallel RLC load are derived. The equations show that 

the magnitude and phase angle are dependent on the operating frequency of the system. These 

equations will help us to better understand the behavior of different islanding detection methods.  

3.3.1 Load Quality Factor 

 The quality factor of a parallel RLC load is defined as: 

𝑄𝑓 = 2𝜋
𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑒𝑛𝑒𝑟𝑔𝑦 𝑠𝑡𝑜𝑟𝑒𝑑 

𝑡𝑜𝑡𝑎𝑙 𝑒𝑛𝑒𝑟𝑦 𝑙𝑜𝑠𝑡 𝑖𝑛 𝑎 𝑝𝑒𝑟𝑖𝑜𝑑
 (3-1) 

Thus the quality factor is calculated as: 

Inverter

Utility Grid

PV

RCL

PCC

Circuit 

Breaker
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𝑄𝑓 =
2𝜋(

1
2𝐶𝑅

2𝐼𝑚
2 )

𝜋𝑅𝐼𝑚
2

𝜔0

= 𝑅𝜔0𝐶 =
𝑅

𝜔0𝐿
= 𝑅√

𝐶

𝐿
 

(3-2) 

It is worth mentioning that the parallel RLC load quality factor is not dependent on the system 

frequency. 𝜔0 is the angular resonant frequency of the load. We know that the resonant frequency 

of the load is: 

𝜔0 =
1

√𝐿𝐶
 (3-3) 

3.3.2 Impedance of the parallel load 

3.3.2.1 Phase Angle 

 The impedance of a parallel RLC load is given by: 

𝑍𝑙𝑜𝑎𝑑 =
1

1
𝑅 +

1
𝑗𝜔𝐿 + 𝑗𝜔𝐶

=
1

1
𝑅 − 𝑗(

1
𝜔𝐿 − 𝜔𝐶)

 
(3-4) 

The phase angle of the load is: 

𝜃𝑙𝑜𝑎𝑑 = 𝑡𝑎𝑛
−1 [𝑅(

1

𝜔𝐿
− 𝜔𝐶)] (3-5) 

The phase angle of the load can be written as a function of the quality factor and the frequency of 

the load by substituting Equation (3-2) into Equation (3-5). 

𝜃𝑙𝑜𝑎𝑑 = 𝑡𝑎𝑛
−1 [𝑄𝑓(

𝜔0
𝜔
−
𝜔

𝜔0
)] = 𝑡𝑎𝑛−1 [𝑄𝑓(

𝑓0
𝑓
−
𝑓

𝑓0
)] (3-6) 

 The load phase angle versus frequency curves are shown in Figure 3-2 and Figure 3-3. As 

it can be seen from Figure 3-2, for larger 𝑄𝑓, the variation of the phase angle is larger for a certain 

value of variation in the system operating frequency. Also, one can see from Figure 3-3 that the 

intersection of the zero phase angle line and the phase angle versus frequency curve always takes 

place at the resonant frequency. 
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Figure 3-2 Load phase angle versus frequency for different values of quality factor (Q) 

 

Figure 3-3 Load phase angle versus frequency for different values of resonance frequency (f0) 

3.3.2.2 Magnitude 

 Using Equation ( 3-2) and Equation ( 3-4), the impedance value of the RLC load is 

calculated as: 

|𝑍𝑙𝑜𝑎𝑑| =
1

√ 1
𝑅2
+ (

1
𝜔𝐿 − 𝜔𝐶)

2

=
𝑅

√1 + 𝑄𝑓
2(
𝑓0
𝑓
−
𝑓
𝑓0
)2

 
(3-7) 

Equation (3-7) is plotted in Figure 3-4 for various values of 𝑄𝑓 and frequency. 
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Figure 3-4 Magnitude of the RLC load impedance value for different values of quality factor and 

resonance frequency 

As one can see from the above figure, for larger values of 𝑄𝑓, the variation of the load impedance 

value is larger for a given variation in the system frequency. Usually, most practical loads in the 

real world have small values of 𝑄𝑓  (𝑄𝑓 < 2.5). When the system frequency varies within the 

allowable range of the OFR/UFR (∆𝑓 = %1), the variation of the voltage magnitude will be very 

small and be considered negligible. Therefore, for the small power mismatches, OFR/UFR devices 

are more effective than the OVR/UVR in the detection of islanding. 

3.4 NDZ of passive methods in ∆𝑷 and ∆𝑸 space 

As mentioned earlier, all grid connected PV inverters are required to work with unity power 

factor to deliver the maximum kWh to the grid. Therefore, the active power and reactive power of 

the inverter before disconnecting from the grid can be expressed as: 

𝑄𝑃𝑉 = 0 (3-8) 

𝑃𝑃𝑉 = 𝐼𝑃𝑉𝑉𝑝𝑐𝑐 (3-9) 

Where the 𝐼𝑃𝑉 is the rms value of the inverter current and the 𝑉𝑝𝑐𝑐 is the rms value of the PCC 

voltage, which is the same as the grid voltage 𝑉𝑔 before disconnection of the inverter from the grid. 
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The active and reactive power consumption of the load before grid disconnection can be calculated 

as: 

𝑄𝑙𝑜𝑎𝑑 =
𝑉𝑝𝑐𝑐
2

𝜔𝑝𝑐𝑐𝐿
− 𝑉𝑝𝑐𝑐

2 𝜔𝑝𝑐𝑐𝐶 = 𝑄𝑓𝑃𝑙𝑜𝑎𝑑(
𝑓0
𝑓𝑝𝑐𝑐

−
𝑓𝑝𝑐𝑐
𝑓0
) (3-10) 

𝑃𝑙𝑜𝑎𝑑 =
𝑉𝑝𝑐𝑐
2

𝑅
 (3-11) 

Where 𝜔𝑝𝑐𝑐 is equal to the nominal grid angular frequency 𝜔𝑔. When the utility disconnects, the 

active and reactive power mismatch between the inverter and the load could make the magnitude 

and the frequency of the PCC voltage to change. If the changes are large enough to activate the 

Under Voltage Relay (UVR)/Over Voltage Relay (OVR) or Under Frequency Relay (UFR)/Over 

Frequency Relay (OFR), the islanding can be prevented, but if the changes are small, the relays fail 

to detect islanding. In this section the NDZs of the passive islanding detection method using the 

standard protection relays have been investigated. 

3.4.1 NDZ due to the active power mismatch 

In this section, it is assumed that the inverter is operating in the constant current control 

mode. When the grid disconnects, the voltage of the PCC can be described as: 

𝑉𝑝𝑐𝑐 = 𝑅𝐼𝑃𝑉 (3-12) 

So the active power mismatch, which has been normalized based on the PV inverter active power, 

can be calculated as: 

∆𝑃

𝑃𝑃𝑉
=
𝑃𝑙𝑜𝑎𝑑 − 𝑃𝑃𝑉

𝑃𝑃𝑉
=

𝑉𝑔
2

𝑅 − 𝑉𝑔𝐼𝑃𝑉

𝑉𝑔𝐼𝑃𝑉
=

𝑉𝑔
2

𝑅𝑉𝑔𝐼𝑃𝑉
− 1 (3-13) 

Substituting Equation (3-12) into Equation (3-13), we have: 

∆𝑃

𝑃𝑃𝑉
=

𝑉𝑔
2

𝑉𝑔𝑅𝐼𝑃𝑉
− 1 =

𝑉𝑔

𝑉𝑝𝑐𝑐
− 1 (3-14) 
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We know that if the PCC voltage magnitude is within the allowable range of UVP/OVP, then the 

islanding cannot be detected. Therefore, the active power mismatch range which leads to the failure 

of the relays in detection of islanding can be calculated as: 

𝑉𝑔

𝑉𝑝𝑐𝑐,𝑚𝑎𝑥
− 1 ≤

∆𝑃

𝑃𝑃𝑉
≤

𝑉𝑔

𝑉𝑝𝑐𝑐,𝑚𝑖𝑛
− 1 (3-15) 

Based on IEEE 1741 Standard [2], the UVR/OVR trip is between 88% and 110% of its nominal 

voltage value. Therefore, the active power mismatch range can be calculated as: 

𝑉𝑔

1.1 𝑉𝑔
− 1 ≤

∆𝑃

𝑃𝑃𝑉
≤

𝑉𝑔

0.88𝑉𝑔
− 1 (3-16) 

−0.0909 ≤
∆𝑃

𝑃𝑃𝑉
≤ 0.1363 (3-17) 

3.4.2 NDZ due to the reactive power mismatch 

Since the inverter is generating no reactive power, the reactive power mismatch will be 

equal to the load reactive power consumption before disconnection of the grid. 

∆𝑄

𝑃𝑃𝑉
=
𝑄𝑙𝑜𝑎𝑑 
𝑃𝑃𝑉

=

𝑄𝑓𝑃𝑙𝑜𝑎𝑑(
𝑓0
𝑓𝑔
−
𝑓𝑔
𝑓0
)

𝑃𝑃𝑉
= 𝑄𝑓 (

𝑓0
𝑓𝑔
−
𝑓𝑔

𝑓0
)
𝑉𝑔

𝑉𝑝𝑐𝑐
 (3-18) 

If the PCC voltage frequency is within the allowable range of the UFR/OFR, then the frequency 

relays will fail to detect islanding. In calculation of the boundaries due to reactive power mismatch, 

we consider that there is also an active power mismatch between the inverter and the load. So the 

boundaries of the NDZ can be calculated as: 

𝑄𝑓 (
𝑓𝑚𝑎𝑥
𝑓𝑔

−
𝑓𝑔

𝑓𝑚𝑎𝑥
)

𝑉𝑔

𝑉𝑝𝑐𝑐,𝑚𝑎𝑥
≤
∆𝑄

𝑃𝑃𝑉
 ≤ 𝑄𝑓 (

𝑓𝑚𝑖𝑛
𝑓𝑔

−
𝑓𝑔

𝑓𝑚𝑖𝑛
)

𝑉𝑔

𝑉𝑝𝑐𝑐,𝑚𝑎𝑥
 (3-19) 

𝑄𝑓 (
𝑓𝑚𝑎𝑥
𝑓𝑔

−
𝑓𝑔

𝑓𝑚𝑎𝑥
)

𝑉𝑔

𝑉𝑝𝑐𝑐,𝑚𝑖𝑛
≤
∆𝑄

𝑃𝑃𝑉
 ≤ 𝑄𝑓 (

𝑓𝑚𝑖𝑛
𝑓𝑔

−
𝑓𝑔

𝑓𝑚𝑖𝑛
)

𝑉𝑔

𝑉𝑝𝑐𝑐,𝑚𝑖𝑛
 (3-20) 

Equation (3-19) is calculated for the maximum allowed voltage and Equation (3-20) is calculated 

for the minimum allowed voltage. 
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As one can see in Figure 3-5, the NDZ area varies with the value of 𝑄𝑓 and is smaller for 

smaller values of 𝑄𝑓. Also it can be seen from the figure that the lower percentage of the ∆𝑄 can 

trigger the UFR/OFR devices. Therefore, the passive IDM is more sensitive to the reactive power 

mismatch. 

 

Figure 3-5 NDZ due to the active and the reactive power mismatch 

3.5 NDZ of the active methods in 𝑸𝒇 and 𝒇𝟎 space 

As one can see from Figure 3-5, the NDZ area is different for different values of quality 

factor. Thus, the NDZ mapping in the ∆𝑃  and ∆𝑄  space is not the best way to compare the 

effectiveness of different islanding detection methods. In this section, another method for mapping 

the NDZ area for active islanding detection methods is introduced. As mentioned earlier the 

frequency protection relays are more sensitive than the voltage protection relays, so tripping the 

frequency relays can be done with less disturbances. Therefore, most of the active islanding 

detection methods employ a strategy to drift the operating frequency of the islanded system and 

trip the UFR/OFR devices. Since the inverter operates with the unity power factor, the frequency 

of the islanded system will be equal to the resonance frequency of the load. Resonance frequency 

is the only frequency that the inductance and the capacitance of the load cancel each other out and 
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the reactive power of the load becomes zero. In other words, the resonance frequency of the load 

is the only frequency that satisfies Equation (3-21). 

𝑄𝑙𝑜𝑎𝑑 = 𝑄𝑃𝑉 = 0 (3-21) 

Moreover, for all active methods, the final phase angle of the inverter has to be equal to the phase 

angle of the load. As it can be seen from Equation (3-6), the load phase angle is a function of the 

load quality factor and resonance frequency. Therefore, mapping the NDZ in the 𝑄𝑓 and 𝑓0 space 

could be a good choice for showing and comparing different NDZ methods. 

 For mapping the NDZ in the 𝑄𝑓 and 𝑓0 space, we use the fact that the final steady state 

frequency occurs when the phase angle of the load is equal to the phase angle of the inverter. 

𝜃𝑙𝑜𝑎𝑑(𝑓) = 𝜃𝑖𝑛𝑣(𝑓) (3-22) 

By substituting Equation (3-6) into Equation (3-21) we will have: 

tan−1 [𝑄𝑓(
𝑓

𝑓0
−
𝑓0
𝑓
)] = 𝜃𝑖𝑛𝑣(𝑓) (3-23) 

By taking the tangent of both sides of the above equation, the simplified equation will be: 

𝑓0
2 +

tan(𝜃𝑖𝑛𝑣(𝑓))𝑓

𝑄𝑓
− 𝑓2 = 0 (3-24) 

The resonance frequency can be solved as a function of the islanding frequency, inverter phase 

angle, and the quality factor of the load. 

𝑓0 =
𝑓

2𝑄𝑓
[− tan(𝜃𝑖𝑛𝑣(𝑓)) + √tan

2(𝜃𝑖𝑛𝑣(𝑓)) + 4𝑄𝑓
2] (3-25) 

In order to calculate the NDZ, the islanding frequency (𝑓) can be set to the frequency threshold 

(𝑓𝑚𝑎𝑥, 𝑓𝑚𝑖𝑛).  The resonance frequency (𝑓0) can be calculated by varying the value of the quality 

factor (𝑄𝑓). 
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3.5.1 NDZ of AFD IDM 

The operating principle of this method is given in Section 2.3.2.3. It has been explained 

that the phase angle between the PCC voltage and the fundamental component of the inverter can 

be expressed as: 

𝜃𝐴𝐹𝐷(𝑓) =
𝜋𝛿𝑓

𝑓 + 𝛿𝑓
 (3-26) 

To calculate the NDZ boundaries of this method, Equation ( 3-26) should be substituted into 

Equation (3-25). 

𝑓0,𝑚𝑎𝑥 =
𝑓𝑚𝑎𝑥
2𝑄𝑓

[− tan(𝜃𝐴𝐹𝐷(𝑓𝑚𝑎𝑥)) + √tan
2(𝜃𝐴𝐹𝐷(𝑓𝑚𝑎𝑥)) + 4𝑄𝑓

2] 

             =
𝑓𝑚𝑎𝑥
2𝑄𝑓

[− tan(
𝜋𝛿𝑓

𝑓𝑚𝑎𝑥 + 𝛿𝑓
) + √tan2(

𝜋𝛿𝑓

𝑓𝑚𝑎𝑥 + 𝛿𝑓
) + 4𝑄𝑓

2] 

(3-27) 

𝑓0,𝑚𝑖𝑛 =
𝑓𝑚𝑖𝑛
2𝑄𝑓

[− tan(𝜃𝐴𝐹𝐷(𝑓𝑚𝑖𝑛)) + √tan
2(𝜃𝐴𝐹𝐷(𝑓𝑚𝑖𝑛)) + 4𝑄𝑓

2] 

            =
𝑓𝑚𝑖𝑛
2𝑄𝑓

[− tan(
𝜋𝛿𝑓

𝑓𝑚𝑖𝑛 + 𝛿𝑓
) + √tan2(

𝜋𝛿𝑓

𝑓𝑚𝑖𝑛 + 𝛿𝑓
) + 4𝑄𝑓

2] 

(3-28) 

Figure 3-6 shows the boundaries of the NDZ of this method for different values of  𝛿𝑓. The NDZ 

area has been mapped in the 𝑄𝑓 and 𝑓0 space. 
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Figure 3-6 NDZ area of AFD IDM 

3.5.2 NDZ of SFS IDM 

The operating principle of this method is given in Section 2.3.2.4. It has been explained 

that the phase angle between the PCC voltage and the fundamental component of the inverter can 

be expressed as: 

𝜃𝑆𝐹𝑆(𝑓) =
𝜋𝑐𝑓(𝑓)

2
 (3-29) 

To calculate the NDZ boundaries of this method, Equation ( 3-29) should be substituted into 

Equation (3-25). 

𝑓0,𝑚𝑎𝑥 =
𝑓𝑚𝑎𝑥
2𝑄𝑓

[− tan(𝜃𝑆𝐹𝑆(𝑓𝑚𝑎𝑥)) + √tan
2(𝜃𝑆𝐹𝑆(𝑓𝑚𝑎𝑥)) + 4𝑄𝑓

2] 

             =
𝑓𝑚𝑎𝑥
2𝑄𝑓

[− tan(
𝜋𝑐𝑓(𝑓𝑚𝑎𝑥)

2
) + √tan2(

𝜋𝑐𝑓(𝑓𝑚𝑎𝑥)

2
) + 4𝑄𝑓

2] 

(3-30) 

𝑓0,𝑚𝑖𝑛 =
𝑓𝑚𝑖𝑛
2𝑄𝑓

[− tan(𝜃𝐴𝐹𝐷(𝑓𝑚𝑖𝑛)) + √tan
2(𝜃𝐴𝐹𝐷(𝑓𝑚𝑖𝑛)) + 4𝑄𝑓

2] 

            =
𝑓𝑚𝑖𝑛
2𝑄𝑓

[− tan(
𝜋𝑐𝑓(𝑓𝑚𝑖𝑛)

2
) + √tan2(

𝜋𝑐𝑓(𝑓𝑚𝑖𝑛)

2
) + 4𝑄𝑓

2] 

(3-31) 

Figure 3-7 shows the boundaries of the NDZ of this method. 
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Figure 3-7 NDZ area of SFS IDM 

3.5.3 NDZ of SMS IDM 

The operating principal of this method has been given in Section 2.3.2.5. The phase angle 

of the inverter is controlled to have a sinusoidal function of the deviation of the islanded system 

frequency from the nominal grid frequency. 

𝜃𝑆𝑀𝑆(𝑓) =
𝜋

180
𝜃𝑚sin (

𝜋

2

𝑓 − 𝑓𝑔

𝑓𝑚
) (3-32) 

The boundaries of the NDZ can be calculated by substituting Equation (3-32) into Equation (3-25). 

𝑓0,𝑚𝑎𝑥 =
𝑓𝑚𝑎𝑥
2𝑄𝑓

[− tan(𝜃𝑆𝑀𝑆(𝑓𝑚𝑎𝑥)) + √tan
2(𝜃𝑆𝑀𝑆(𝑓𝑚𝑎𝑥)) + 4𝑄𝑓

2] 

=
𝑓𝑚𝑎𝑥
2𝑄𝑓

[− tan(
2𝜋

360
𝜃𝑚sin (

𝜋

2

𝑓𝑚𝑎𝑥 − 𝑓𝑔

𝑓𝑚
))

+ √tan2(
2𝜋

360
𝜃𝑚sin (

𝜋

2

𝑓𝑚𝑎𝑥 − 𝑓𝑔

𝑓𝑚
)) + 4𝑄𝑓

2] 

(3-33) 

𝑓0,𝑚𝑖𝑛 =
𝑓𝑚𝑖𝑛
2𝑄𝑓

[− tan(𝜃𝑆𝑀𝑆(𝑓𝑚𝑖𝑛)) + √tan
2(𝜃𝑆𝑀𝑆(𝑓𝑚𝑖𝑛)) + 4𝑄𝑓

2] (3-34) 
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=
𝑓𝑚𝑖𝑛
2𝑄𝑓

[− tan(
2𝜋

360
𝜃𝑚sin (

𝜋

2

𝑓𝑚𝑖𝑛 − 𝑓𝑔

𝑓𝑚
)) + √tan2(

2𝜋

360
𝜃𝑚sin (

𝜋

2

𝑓𝑚𝑖𝑛 − 𝑓𝑔

𝑓𝑚
)) + 4𝑄𝑓

2] 

 

Figure 3-8 and Figure 3-9 show the NDZ area of the SMS IDM for different values of 𝜃𝑚 and 𝑓𝑚. 

 

 

Figure 3-8 NDZ of SMS IDM for 𝒇𝒎=3 and different values of 𝜽𝒎 

 

Figure 3-9 NDZ of SMS IDM for 𝜽𝒎=15 and different values of 𝒇𝒎 
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3.6 Chapter conclusion  

As explained earlier, among the available islanding detection techniques, the local methods 

are the most economically feasible methods to implement. The NDZs of the local methods, passive 

methods and active methods have been calculated in the previous sections. As it has been explained 

earlier, the passive methods fail to detect islanding when the active and the reactive power 

mismatch is small. Therefore, one of the active methods should be selected for the purpose of 

islanding detection. In the previous section, the NDZs of three active methods have been calculated. 

 

Figure 3-10 NDZ comparison of the three active methods 

As one can see from Figure 3-10, SMS IDM has the smallest NDZ compared to the other two 

methods. Moreover, SMS IDM has no effect on the power quality when the inverter is connected 

to the grid, while other active methods degrade the power quality to some extent. Therefore, SMS 

IDM has been chosen for an islanding detection technique for a single phase grid connected PV 

inverters.  
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Chapter 4 

Slip Mode Frequency Shift Islanding Detection Method 

4.1 Introduction 

The NDZ of three active methods have been calculated and compared in the previous 

chapter. SMS IDM has been chosen for islanding detection method for this application since it has 

the smallest NDZ compared to the other methods and has no effect on the power quality when the 

inverter is connected to the grid. This chapter explains how to design the characteristic parameters 

of the SMS IDM to not have any stable operating point in the allowable range of the frequency 

operation. In addition this chapter introduces a new SMS IDM which employs a different function 

other than the sinusoidal function for drifting the phase angle of the inverter. Its non-detection zone 

is smaller and the method will be more reliable for larger variations of the loading conditions. 

Lastly, this chapter introduces Advanced Slip Mode Frequency Shift Islanding Detection Method 

(Advanced SMS IDM) which eliminates the non-detection zone of the SMS IDM. In this method 

the parameters of SMS IDM change based on the local load impedance value. 

4.2 SMS IDM Parameter Design 

The operating principle of the SMS IDM has been explained in Chapter 2. The phase angle 

characteristic of the inverter in this method is given as follow, 

𝜃𝑆𝑀𝑆(𝑓) =
𝜋

180
𝜃𝑚sin (

𝜋

2

𝑓 − 𝑓𝑔

𝑓𝑚
) (4-1) 

The steady-state point is at the intersection of the load phase angle and the SMS IDM phase angle 

characteristic. The intersection point can be either stable or unstable as outlined in the following 

equations. The intersection point is a stable point if: 

𝑑𝜃𝑆𝑀𝑆
𝑑𝑓

<
𝑑𝜃𝑙𝑜𝑎𝑑
𝑑𝑓

 (4-2) 
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and the intersection point is an unstable point if : 

𝑑𝜃𝑆𝑀𝑆
𝑑𝑓

>
𝑑𝜃𝑙𝑜𝑎𝑑
𝑑𝑓

 (4-3) 

Figure 4-1 shows an example for a stable and an unstable intersection point. 

 

Figure 4-1 SMS IDM phase angle characteristic with an unstable intersection point (load 1) and a 

stable intersection point (load 2)  

The SMS IDM characteristic parameters of the SMS IDM should be designed such that 

there is no stable operating point in the allowable range of the frequency operation. In other words, 

the phase angle of the inverter should increase faster than the phase angle of the load in order to 

ensure the SMS IDM can work in the worst case scenario. The rate of the change of phase angle 

deviation to frequency can be calculated by taking the derivative of the Equation (4-4) with respect 

to 𝑓. 

𝜃𝑙𝑜𝑎𝑑(𝑓) = 𝑡𝑎𝑛
−1 [𝑄𝑓(

𝑓0
𝑓
−
𝑓

𝑓0
)] (4-4) 

𝑑𝜃𝑙𝑜𝑎𝑑(𝑓)

𝑑𝑓
=
𝑑 {𝑡𝑎𝑛−1 [𝑄𝑓(

𝑓0
𝑓
−
𝑓
𝑓0
)]}

𝑑𝑓
=
180

𝜋

𝑄𝑓(−
𝑓0
𝑓2
−
1
𝑓0
)

1 + 𝑄𝑓
2(
𝑓0
𝑓
−
𝑓
𝑓0
)2

 (4-5) 
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The rate of changes of SMS IDM phase angle can be calculated by taking the derivate of Equation 

(4-6) with respect to 𝑓. 

𝜃𝑆𝑀𝑆(𝑓) = 𝜃𝑚sin (
𝜋

2

𝑓 − 𝑓𝑔

𝑓𝑚
) (4-6) 

𝑑𝜃𝑆𝑀𝑆(𝑓)

𝑑𝑓
=
𝑑 {𝜃𝑚𝑠𝑖𝑛 (

𝜋
2
𝑓 − 𝑓𝑔
𝑓𝑚

)}

𝑑𝑓
=
𝜋

2

𝜃𝑚
𝑓𝑚
𝑐𝑜𝑠 (

𝜋

2

𝑓 − 𝑓𝑔

𝑓𝑚
) (4-7) 

By substituting Equation (4-5) and (4-7) into Equation (4-3), the condition for the parameters 

design can be obtained as: 

𝜋

2

𝜃𝑚
𝑓𝑚
𝑐𝑜𝑠 (

𝜋

2

𝑓 − 𝑓𝑔

𝑓𝑚
) >

180

𝜋

𝑄𝑓(−
𝑓0
𝑓2
−
1
𝑓0
)

1 + 𝑄𝑓
2(
𝑓0
𝑓
−
𝑓
𝑓0
)2

 (4-8) 

As mentioned earlier the parameters should be chosen to have no stable point in the allowable range 

of operation. The worst case occurs when the resonance frequency is equal to the nominal frequency 

of the grid. Therefore, if the condition represented in Equation (4-8) is satisfied for 𝑓 = 𝑓𝑔 = 𝑓0, 

the SMS IDM could slide the frequency point to a different point than the nominal grid value (60 

Hz). 

𝜋

2

𝜃𝑚
𝑓𝑚
𝑐𝑜𝑠 (

𝜋

2

𝑓 − 𝑓𝑔

𝑓𝑚
)|
𝑓=𝑓𝑔

>
180

𝜋

𝑄𝑓(−
𝑓0
𝑓2
−
1
𝑓0
)

1 + 𝑄𝑓
2(
𝑓0
𝑓
−
𝑓
𝑓0
)2
|

𝑓=𝑓0=𝑓𝑔

 
(4-9) 

𝜃𝑚 ≥
12𝑄𝑓𝑓𝑚

𝜋2
 (4-10) 

The following is an example of designing the parameters of the SMS IDM for a load with 𝑄𝑓 =

2.5 and 𝑓0 = 60 𝐻𝑧 is given. 

𝜃𝑚 ≥
12 × 2.5 × 𝑓𝑚

𝜋2
 (4-11) 
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The value of 𝜃𝑚 can be set by choosing a value for 𝑓𝑚 , the frequency for which the maximum 

phase shift occurs. 

𝑓𝑚 = 3 𝐻𝑧 (4-12) 

𝜃𝑚 = 10
° (4-13) 

4.3 Failure of SMS IDM 

In the previous section, how to set the parameters of SMS IDM for a given loading 

condition to have no stable point at the nominal frequency was explained. The main drawback of 

the conventional SMS IDM is that if the loading condition changes, the new loading condition 

could fall in the NDZ of the method. Figure 4-2 graphically shows the case scenario when the 

quality factor of the load changes and the new loading condition line has a stable point at nominal 

frequency. Figure 4-3 also shows how the variation of the loading condition puts the new loading 

condition in the NDZ of the method. 

 

Figure 4-2 SMS IDM characteristic and the initial load and the new load line 
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Figure 4-3 NDZ of the SMS IDM and the initial and the new loading condition 

4.4 New SMS IDM 

As it was explained earlier, in the case of load variation, the new loading condition could 

lie inside the non-detection zone area. In this section it is shown that if the SMS IDM employs a 

different function other than the sinusoidal function for drifting the phase angle of the inverter, its 

non-detection zone could be smaller. The cube root of the frequency deviation from the nominal 

grid frequency could be a good choice for the new function. The phase angle of the inverter is given 

in the following equation, 

𝜃𝑖𝑛𝑣(𝑓)

{
 

 𝐾√𝑓 − 𝑓𝑔
3

                                   𝑖𝑓 |𝑓 − 𝑓𝑔| < 𝑓𝑚

𝐾√−(𝑓 − 𝑓𝑔) + 2𝑓𝑚
3

            𝑖𝑓 |𝑓 − 𝑓𝑔| > 𝑓𝑚

 (4-14) 

The phase angle characteristic of this method is shown in Figure 4-4. 
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Figure 4-4 Phase angle characteristic of the new SMS IDM 

The NDZ boundaries of the SMS IDM with this new function can be calculated as: 

𝑓0,𝑚𝑎𝑥 =
𝑓𝑚𝑎𝑥
2𝑄𝑓

[− tan(𝜃𝑛𝑒𝑤−𝑆𝑀𝑆(𝑓𝑚𝑎𝑥)) + √tan
2(𝜃𝑛𝑒𝑤−𝑆𝑀𝑆(𝑓𝑚𝑎𝑥)) + 4𝑄𝑓

2] 

             =
𝑓𝑚𝑎𝑥
2𝑄𝑓

[− tan(𝐾√𝑓𝑚𝑎𝑥 − 𝑓𝑔
3

) + √tan2(𝐾√𝑓𝑚𝑎𝑥 − 𝑓𝑔
3

) + 4𝑄𝑓
2] 

(4-15) 

𝑓0,𝑚𝑖𝑛 =
𝑓𝑚𝑖𝑛
2𝑄𝑓

[− tan(𝜃𝑛𝑒𝑤−𝑆𝑀𝑆(𝑓𝑚𝑖𝑛)) + √tan
2(𝜃𝑛𝑒𝑤−𝑆𝑀𝑆(𝑓𝑚𝑖𝑛)) + 4𝑄𝑓

2] 

             =
𝑓𝑚𝑖𝑛
2𝑄𝑓

[− tan(𝐾√𝑓𝑚𝑖𝑛 − 𝑓𝑔
3

) + √tan2(𝐾√𝑓𝑚𝑖𝑛 − 𝑓𝑔
3

) + 4𝑄𝑓
2] 

(4-16) 

The boundaries of the NDZ is graphically shown in Figure 4-5. K is the only parameter of this 

method that needs to be determined. This parameter could be designed based on the maximum 

possible phase angle shift.  
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Figure 4-5 NDZ boundaries of the new SMS IDM 

4.5 Comparison of the SMS IDM with the new function and the SMS IDM with 

sinusoidal function: 

In order to see the superior operation of this function compared to the sinusoidal function, 

the same values of maximum phase angle shift and the frequency at which this phase angle occurs 

have been chosen for the two functions. The value of K can be calculated for the example in 

Section 4.2 which is a load with 𝑄𝑓 = 2.5 and 𝑓0 = 60 𝐻𝑧 and the SMS IDM parameters of 𝜃𝑚 =

10 and 𝑓𝑚 = 3. 

10 = 𝐾√3
3

⇒ 𝐾 = 6.93 (4-17) 

Figure 4-6 shows the NDZ boundaries of these two methods. The marked area shows the 

difference between the two NDZ areas. As it can be seen from the figure, the new function has a 

smaller NDZ. This means that for a given initial load, the variation of the load that could lead to 

the failure of the method with the new function is larger than the method with sinusoidal function. 
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Figure 4-6 Comparison of NDZ boundary of the new SMS IDM and sinusoidal SMS DIM 

Figure 4-7 shows the phase angle characteristic of the SMS IDM with the sinusoidal 

function and the new function. The black dotted line represents the initial load phase angle line 

with 𝑄𝑓 = 2.5. The red line and the blue line represent the limits for the load for which the 

sinusoidal SMS IDM and the new SMS IDM, respectively, still detecting the islanding. As it can 

be seen from the figure, the initial load in the new SMS IDM has a larger margin than the sinusoidal 

SMS IDM to change before the method fails. 

 

Figure 4-7 Comparison of the load limit for which each of the methods fail 
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The graph shown in Figure 4-8 represents the maximum allowable variation of a load with 

𝑄𝑓 = 2.5 and with different values of resonance frequency before the load enters the NDZ area of 

the method. As it can be seen, the maximum allowable variation is larger for the new function. 

 

Figure 4-8 Maximum allowable variation of the quality factor for an initial load with 𝑸𝒇 = 𝟐. 𝟓 for 

different resonance frequencies 

4.6 Advanced Slip Mode Frequency Shift Method 

In the previous section, a new function for drifting the phase angle of the inverter has been 

introduced. The SMS IDM has a smaller NDZ when the new function has been employed. As it 

can be seen from Figure 4-5, even for the new function, the NDZ of the method is not zero. In this 

section a method has been introduced to completely remove the NDZ of the SMS IDM for any 

loading condition. 

4.6.1 The algorithm of the Advanced SMS IDM 

As it has been shown earlier in Section 4.2, the parameters of the SMS IDM could be 

designed based on the value of 𝑄𝑓 to make sure that the load is not in the NDZ of the method. It 

has also been shown that if the value of 𝑄𝑓 changes, the new loading condition could lie in the 

NDZ area. Therefore, if the value of 𝑄𝑓 could be calculated and calibrated periodically and the 

parameters of SMS IDM could be set based on the calculated value of 𝑄𝑓, SMS IDM will always  
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Figure 4-9 Algorithm of the Advanced SMS IDM 

detect islanding in any loading condition. This means that the NDZ of the method has been 

completely removed. 

The intersection point is stable if the slope of the load phase response curve at the 

intersection point is greater than the slope of the SMS IDM phase response curve at that same point. 

Conversely, the intersection point is unstable if the slope of the load phase response is smaller than 

the slope of the SMS IDM phase response curve. When an intersection point is stable, upon the 

islanding happening, the method cannot slip the frequency operating point out of the allowable 
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range. Therefore, the frequency operating point stays at the nominal frequency and SMS IDM fails 

to detect islanding.  

Advanced SMS IDM is a modified version of conventional SMS IDM, which utilizes an 

algorithm to set the value of 𝜃𝑚 and 𝑓𝑚 automatically to ensure that islanding will be detected. The 

algorithm is shown in Figure 4-9. The first step in the Advanced SMS IDM algorithm is to set the 

initial values for the parameters 𝑓𝑚  and 𝜃𝑚 by using the initial calculated load impedance value. 

The initial load impedance value is calculated at the initializing stage of the inverter. Section 4.2 

explained how to set the parameters of SMS IDM for a given load. 

𝑄𝑓 = 2𝜋𝑓0𝑅𝐶 = 𝑅𝑋𝑐 = 𝑅ℎ𝑋ℎ,𝑐 (4-18) 

𝜃𝑚 ≥
12𝑄𝑓𝑓𝑚

𝜋2
 (4-19) 

After setting the initial values of 𝑓𝑚  and 𝜃𝑚, the inverter is ready to inject power to the 

grid.  It is known that the value of the local load might change during the inverter operation. The 

parameters of SMS IDM must always be calibrated to not have a stable point at the intersection of 

the load phase angle line and SMS IDM phase angle characteristic. Therefore, in the next step of 

the algorithm, the slope of the load phase angle and the slope of SMS IDM phase angle 

characteristic are calculated. Equation (4-20) and Equation (4-21) show how to calculate the slope 

of the load line and the slope of SMS IDM characteristic at the fundamental frequency. 

𝑚𝑙𝑜𝑎𝑑 =
𝑑𝜃𝑙𝑜𝑎𝑑(𝑓)

𝑑𝑓
=
180

𝜋

𝑄𝑓(−
𝑓0
𝑓2
−
1
𝑓0
)

1 + 𝑄𝑓
2(
𝑓0
𝑓
−
𝑓
𝑓0
)2
|

𝑓=𝑓0=𝑓𝑔

=
6𝑄𝑓

𝜋
 

(4-20) 

𝑚𝑆𝑀𝑆 𝐼𝐷𝑀 =
𝑑𝜃𝑆𝑀𝑆(𝑓)

𝑑𝑓
|
𝑓=𝑓𝑔

=
𝑑 {𝜃𝑚𝑠𝑖𝑛 (

𝜋
2
𝑓 − 𝑓𝑔
𝑓𝑚

)}

𝑑𝑓
=
𝜋

2

𝜃𝑚
𝑓𝑚
≅
𝜃𝑚
𝑓𝑚

 (4-21) 

In the next step of the algorithm, the value of the calculated slopes are compared. If the value of 

𝑚𝑆𝑀𝑆 𝐼𝐷𝑀 is greater than 𝑚𝑙𝑜𝑎𝑑, it means the initial intersection point is an unstable point. Upon 

the islanding happening, the point will slide to one side of the curve and will settle at a point which 
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is further than 𝑓𝑚, as shown for Load 1 in Figure 4-10. In this case, the values of 𝑓𝑚  and 𝜃𝑚 are 

set as final values for Advanced SMS IDM characteristic parameters. If the value of 𝑚𝑆𝑀𝑆 𝐼𝐷𝑀 is 

smaller than 𝑚𝑙𝑜𝑎𝑑 , the intersection point will be a stable point in the allowable range of the 

frequency, which is not desirable for us. Load 2 in Figure 4-10 represents such a load with a stable 

operation point at the intersection. In this case, the algorithm increases 𝑚𝑆𝑀𝑆 𝐼𝐷𝑀 by decreasing the 

value of 𝑓𝑚 by ∆𝑓𝑚 and increasing the value of 𝜃𝑚 by ∆𝜃𝑚 and checks the condition again. The 

values of 𝑓𝑚 and 𝜃𝑚 change until the condition for an unstable point becomes true. After this, the 

values of 𝑓𝑚  and 𝜃𝑚 are set as the final values for Advanced SMS IDM characteristic parameters.  

 

Figure 4-10 Comparison of 𝒎𝒍𝒐𝒂𝒅 and 𝒎𝑺𝑴𝑺 𝑰𝑫𝑴 for determining the stability of the intersection point 

The operation of the algorithm for setting the parameters is shown graphically in 

Figure 4-11. As mentioned earlier, the local load might change during the inverter operation. 

Therefore, periodic calibration of the parameters is needed to ensure the NDZ of this method is 

always zero and that islanding will be detected in the required time frame. The parameter calibration 

can be done every 10 to 20 minutes. The last step of the algorithm is comparing the frequency value 

with the lower limit and upper limit of the allowable frequency range. If the frequency exceeds this 

limit at any time, the islanding is detected and the inverter shuts down. 

 

 
NO 
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Figure 4-11 Graphical representation of the algorithm, a) the initial condition, b) the load condition 

has been changed, c) the algorithm has set new parameters for SMS IDM based on the new loading 

condition 

4.6.2 Local Load Impedance Calculation 

The quality factor of a parallel RLC load is defined as: 

𝑄𝑓 = 𝑅𝜔0𝐶 =
𝑅

𝜔0𝐿
 (4-22) 
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The quality factor can be calculated if the values of the load resistor is known beside the value of 

either the load inductor or the load capacitor. In the following section a method for measuring the 

local load impedance value is presented. 

At the initializing stage of a grid-connected inverter, the impedance of the local load can 

be calculated. It is possible to calculate the impedance at a harmonic frequency by injecting a 

harmonic current by the PV inverter into the PCC and measuring the voltage response. It is assumed 

that the utility voltage does not contain any harmonics, so when the inverter is connected to the 

grid the utility line inductance will be part of the calculated impedance. Figure 4-12 shows the 

equivalent circuit at a harmonic frequency. 

 

Figure 4-12 Equivalent circuit of the inverter and the grid at a harmonic frequency 

Equation (4-23) represents the calculation of the equivalent impedance. 

𝐻(𝑗𝜔ℎ) =
𝑉𝑝𝑐𝑐(𝑗𝜔ℎ)

𝐼𝑖𝑛𝑣(𝑗𝜔ℎ)
= 𝑅ℎ,𝑒𝑞 + 𝑗𝑋ℎ,𝑒𝑞 (4-23) 

Where 𝑅ℎ,𝑒𝑞  is the equivalent resistance and 𝑋ℎ,𝑒𝑞  is the equivalent reactance at the harmonic 

frequency. The measured transfer function can be calculated using the voltage and current at the 

specific frequency. As it can be seen from the equations, the amplitude and the phase angle of the 

voltage and the current at a specific frequency are required for the transfer function measurement. 

𝑅ℎ,𝑒𝑞 =
𝑉𝑟𝑚𝑠
𝐼𝑟𝑚𝑠

cos (∠𝑉 − ∠𝐼) (4-24) 

𝑋ℎ,𝑒𝑞 =
𝑉𝑟𝑚𝑠
𝐼𝑟𝑚𝑠

sin(∠𝑉 − ∠𝐼) (4-25) 
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Since the reactance is calculated in a harmonic frequency, the equivalent reactance of the load will 

be approximately equal to the load capacitor reactance. In other words, the reactance of the load 

inductor is negligible since the reactance of the load at the harmonic frequency is ℎ times bigger 

than the nominal reactance and the capacitor reactance is ℎ  times smaller than the nominal 

reactance. Therefore, as Equation ( 4-26) represents, the total calculated reactance will be the 

parallel of the load capacitor reactance and the grid line reactance. 

1

𝑋𝑒𝑞
=
1

𝑋𝐶
+
1

𝑋𝐿𝑔
 (4-26) 

The following procedure explains how to determine the value of the load capacitor 

reactance from the total calculated reactance. If we calculate the impedance for two different 

harmonics, such as fifth and seventh, the value of the load capacitor reactance can be calculated by 

solving the system of linear equations which have been represented in Equation (4-27). 

{
 
 

 
 
1

𝑋5,𝑒𝑞
=
5

𝑋𝐶
+

1

5. 𝑋𝐿𝑔
1

𝑋7,𝑒𝑞
=
7

𝑋𝐶
+

1

7. 𝑋𝐿𝑔

 (4-27) 

It is worth noting that different harmonic current injections do not need to be instantaneous; 

different harmonics can be injected for two different time intervals. Figure 4-13 shows the block 

diagram of the procedure for the local load impedance calculation. As it can be seen from the figure, 

a band pass filter is required for extracting the harmonic signal from the main signal. The transfer 

function of the filter is given in Equation (4-28).  

𝐻(𝑠) =
𝐵𝑠

𝑠2 +𝐵𝑠 + 𝜔0
2 (4-28) 

The center frequency of the filter should be always tuned to the injected harmonic current 

frequency. Therefore, the center frequency should be obtained from the PLL. 
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Figure 4-13 Block diagram of the local load impedance calculation 

4.7 Chapter Conclusion 

This chapter presents a new slip mode frequency shift islanding detection method (SMS 

IDM). This new method uses a non-sinusoidal function for drifting the inverter phase angle. The 

Non-Detection Zone (NDZ) of the SMS IDM with sinusoidal function has been calculated and it 

has been shown that if the quality factor and/or the resonance frequency of the load changes during 

the inverter operation time, SMS IDM with sinusoidal function fails to detect islanding for a 

specific range of variation. It is shown in this chapter that SMS IDM with the new function has a 

smaller NDZ area compared to the SMS IDM with sinusoidal function. In addition, an algorithm 

for automatically setting the parameters of the SMS IDM is introduced. In this algorithm, by 
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injecting a harmonic current by the PV inverter and processing the PCC voltage signal, the local 

load impedance is calculated. An adaptive band pass filter and an OSG based PLL is proposed for 

extracting the harmonic signals from the ambient signals. It has been shown that the non-detection 

zone of the conventional SMS IDM method has been completely eliminated and the PV inverter 

can detect islanding in any loading condition. 
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Chapter 5 

Stability Analysis 

5.1 Introduction 

The main objective of this chapter is to provide a stability analysis for the inverter and its 

control system by developing a mathematical model. The developed mathematical model uses the 

general block diagram of the system which shows the relationship between the individual blocks. 

Each individual block of the system helps us to determine the differential equations that represent 

the dynamic behavior of each block.  

The stability analysis has been performed for two modes of inverter operation; grid-

connected mode and islanded mode. The stability of the system in each mode has been determined 

using the dynamic equations of the system in each mode of operation. Several mathematical 

theories have been used in this chapter to aid the dynamic analysis of the system. A brief review of 

the mathematical theories has been provided in this chapter. 

5.2 Mathematical Theories 

5.2.1 Lyapunov Stability 

Stability theory plays a very important role in the systems theory [37]-[38]. There are a 

few different types of stability for dynamical systems, such as the stability of equilibrium points, 

the stability of periodic orbits, and input-output stability. This chapter is concerned with the 

stability of the equilibrium points. In other words, this type of stability is concerned with the 

stability of the solutions of the differential equations, which describe the dynamics of the system 

near an equilibrium point. Stability of the equilibrium points is usually characterized by Lyapunov 

Stability. 

 Consider an autonomous nonlinear dynamical system,  
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�̇� = 𝑓(𝑥(𝑡))                   𝑥(0) = 𝑥0 (5-1) 

Where 𝑥(𝑡)  ∈ 𝐷 ⊆ 𝑅𝑛 denotes the system state vector, 𝐷 is an open set containing the origin, and 

𝑓: 𝐷 → 𝑅𝑛. Suppose that 𝑓 has an equilibrium at 𝑥𝑒 so that 𝑓(𝑥𝑒) = 0. 

 The equilibrium is Lyapunov Stable, if for every 𝜖 > 0 there exists a 𝛿 > 0 such that, if 

‖𝑥(0) − 𝑥𝑒‖ < 𝛿, then for every 𝑡 ≥ 0 we have ‖𝑥(𝑡) − 𝑥𝑒‖ < 𝜖. 

 The equilibrium is Asymptotically Stable, if it is Lyapunov Stable and there exists a 𝛿 > 0 

such that, if ‖𝑥(0) − 𝑥𝑒‖ < 𝛿, then lim
𝑡→∞

‖𝑥(𝑡) − 𝑥𝑒‖ = 0. 

 The equilibrium is Exponentially Stable, if it is Asymptotically Stable and there exists 𝛼 >

0, 𝛽 > 0, 𝛿 > 0 such that if ‖𝑥(0) − 𝑥𝑒‖ < 𝛿 , then ‖𝑥(𝑡) − 𝑥𝑒‖ ≤ 𝛼𝑒
−𝛽𝑡‖𝑥(0) − 𝑥𝑒‖ 

for all 𝑡 ≥ 0. 

Conceptually, the meaning of the above terms are as follows: 

 “The equilibrium point is Lyapunov Stable” means that solutions starting “close enough” 

to the equilibrium point remain “close enough” forever. 

 “The equilibrium point is Asymptotically Stable” means that solutions starting “close 

enough” not only remain close enough but also eventually converge to the equilibrium 

point. 

 “The equilibrium point is Exponentially Stable” means that solutions not only converge, 

but in fact converge faster than or at least as fast as a particular known rate 

𝛼𝑒−𝛽𝑡‖𝑥(0) − 𝑥𝑒‖. 

Lyapunov function, 𝑉(𝑥), can be used to determine the Lyapunov stability of a dynamical 

system. Lyapunov function is introduced as follows for a system �̇� = 𝑓(𝑥), having an equilibrium 

point at 𝑥 = 0. Consider a function, 𝑉(𝑥) ∶ 𝑅𝑛 → 𝑅 such that: 

 𝑉(𝑥) = 0 if and only if 𝑥 = 0 

 𝑉(𝑥) > 0 if and only if 𝑥 ≠ 0 
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 �̇�(𝑥) =  
𝑑

𝑑𝑡
𝑉(𝑥) = ∑

𝜕𝑉

𝜕𝑥𝑖
𝑓𝑖(𝑥) ≤ 0

𝑛
𝑖=1  for all values of 𝑥 ≠ 0 (negative semidefinite), then 

the equilibrium point is stable 

 �̇�(𝑥) =  
𝑑

𝑑𝑡
𝑉(𝑥) = ∑

𝜕𝑉

𝜕𝑥𝑖
𝑓𝑖(𝑥) < 0

𝑛
𝑖=1  for all values of 𝑥 ≠ 0 (negative definite), then the 

equilibrium point is asymptotically stable 

The main idea behind the Lyapunov function is that if the total energy of a system is dissipated, 

then the system must be stable. In order to make it more clear, consider a physical system like a 

vibrating spring and a mass and consider the energy of the system. If the system loses energy over 

time and never restores energy, then eventually the system stops at a point and rests at a final resting 

state. Furthermore, the main benefit of the Lyapunov function is that by observing how an energy 

like function, 𝑉(𝑥) changes over time, we might conclude a system is stable without solving the 

nonlinear equations. The following are a few candidates for defining the Lyapunov function: 

 Size of a state and/or output error  

 Size of deviation from true parameters 

 Energy difference from desired equilibrium points 

 Combination of the above candidates 

5.2.2 Singular Perturbation Theory 

Sometimes one encounters dynamical systems in which the derivatives of some of the 

states are multiplied by a small positive parameter [39]-[45]. This means that the scales for the 

dynamics of the states are different. When the small parameter ε is multiplying the derivative as in 

the following system, 

{
�̇�(𝑡) = 𝑓(𝑥, 𝑦, 𝑡)                     𝑥(0) = 𝑥0
휀�̇�(𝑡) = 𝑔(𝑥, 𝑦, 𝑡)                   𝑦(0) = 𝑦

 (5-2) 

the analysis of such systems is achieved with the aid of the Singular Perturbation Theory. The 

purpose of Singular Perturbation Theory is to investigate the behavior of solutions of the system 

when 휀 → 0 for 0 ≤ 𝑡 < +∞. 
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5.2.2.1 The Tikhonov Theorem 

Tikhonov theorem concerns the continuity properties of solutions to systems of ordinary 

differential equations with respect to a scalar parameters multiplying a part of the derivatives [46]. 

The following theorem was obtained by Tikhonov. 

Consider the initial value problem  

�̇�(𝑡) = 𝑓(𝑥, 𝑦, 𝑡)                     𝑥(0) = 𝑥0
휀�̇�(𝑡) = 𝑔(𝑥, 𝑦, 𝑡)                   𝑦(0) = 𝑦0

 (5-3) 

Where 𝑥 ∈ 𝐷 ⊆ 𝑅𝑛  and 𝑦 ∈ 𝐷 ⊆ 𝑅𝑚 , 𝑓 and 𝑔  are vector functions of the corresponding 

dimensions, and 휀  is a small positive scalar parameter. Under the constraints of the following 

assumptions: 

a) We assume that a unique solution of the initial value problem exists and suppose this holds 

also for the reduced problem. 

{
�̇�(𝑡) = 𝑓(𝑥, 𝑦, 𝑡)                     𝑥(0) = 𝑥0
0 = 𝑔(𝑥, 𝑦, 𝑡)                   𝑦(0) = 𝑦

 (5-4) 

with solutions 𝑥(𝑡) and 𝑦(𝑡). The above system is called degenerate system. 

b) We suppose that 0 = 𝑔(𝑥, 𝑦, 𝑡) is solved by 𝑦(𝑡) = ∅(𝑥, 𝑡). We also suppose that 𝑦(𝑡) is 

an asymptotically stable solution of equation 

𝑑𝑦

𝑑𝑡
= 𝑔(𝑥, 𝑦, 𝑡) (5-5) 

c) 𝑦(0) is contained in an interior subset of the domain of attraction of  𝑦(𝑡) = ∅(𝑥, 𝑡) in the 

case of parameter values 𝑥 = 𝑥(0) and  𝑡 = 0. 

Then we have  

lim
𝜀→∞

𝑥𝜀(𝑡) = 𝑥(𝑡),                    0 < 𝑡 ≤ 𝐿 
(5-6) 

lim
𝜀→∞

𝑦𝜀(𝑡) = 𝑦(𝑡),                    0 < 𝑑 ≤ 𝑡 ≤ 𝐿 
(5-7) 

Where 𝐿 and 𝑑 are constants independent of 휀. 
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5.2.3 Internal Model Principle 

In this section we are concerned with disturbance rejection and the reference tracking in 

which the disturbance or the reference signals have known structure. In this scenario the controller 

can reject the disturbance or track the reference by incorporating the model of the disturbance or 

the reference signals within itself. Figure 5-1 shows the system investigated in this section. 

 

Figure 5-1 Internal model principle control  

If the reference signal or the disturbance satisfies the differential equation, 

𝑑𝑛

𝑑𝑡𝑛
𝑟(𝑡) + 𝛾𝑛−1

𝑑𝑛−1

𝑑𝑡𝑛−1
𝑟(𝑡) + ⋯+ 𝛾1

𝑑

𝑑𝑡
𝑟(𝑡) + 𝛾0𝑟(𝑡) = 0 (5-8) 

Then taking the Laplace transform, 

[𝑠𝑛 + 𝛾𝑛−1𝑠
𝑛−1 +⋯+ 𝛾1𝑠 + 𝛾0 ]⏟                      

Γ(s)

𝑅(𝑠) = 0 
(5-9) 

The internal model principle states [47] that if the disturbance or a reference signal which has Γ(s) 

as the generating polynomial, then using a controller of the form 

𝐶(𝑠) =
𝐷(𝑠)

Γ(s)
 (5-10) 

can reject the effect of the disturbance and cause the output to track the reference. 

5.3 General Block Diagram of the System 

In this section, the general block diagram of the system has been provided. Figure 5-2 

shows the general block diagram of the inverter when it is connected to the utility grid. The general 

block diagram helps us to better understand the relation between the individual blocks of the 
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system. Since the main objective of this chapter is to provide a stability analysis of the system, we 

need to provide the state space representation of the system. In control engineering, a state-space 

representation is a mathematical model of a physical system as a set of input, output and state 

variables related by first-order differential equations. In the following sections, the state space 

representation of each of these blocks have been calculated. 

 

 

Figure 5-2 General block diagram of the system 

5.3.1 Phase Angle Generation Block 

5.3.1.1 Phase Locked Loop 

One important part of all grid connected inverters is the grid synchronization unit. This unit 

provides the reference signal to the inverter to synchronize its output current with the utility grid 

voltage. This unit is also responsible for measuring the grid operating frequency. The ability to 

measure the grid frequency is a necessity in almost all of the active islanding detection methods. A 

lot of methods have been provided in the literature for the grid synchronization technique [48]-[58]. 
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The Orthogonal System Generation (OSG) based PLL method is one of the popular methods among 

the available methods. Figure 5-3 shows the block diagram of the PLL. There are a few techniques 

for generation of the two orthogonal signals. Second Order Generalized Integrator (SOGI) have 

been used for generation of the two orthogonal signals. 

 

Figure 5-3 Orthogonal System Generation (OSG) based PLL block diagram 

In this section the state space representation of the PLL using the differential equations 

representing the system have been provided. Figure 5-4 shows the state space representation of the 

SOGI. Since the SOGI system has two integrators, the dynamic of the system can be determined 

by two state variables. 

 

Figure 5-4 SOGI block diagram 
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�̇�1 = −𝜔𝑔𝐾𝑆𝑂𝐺𝐼𝑥1 −𝜔𝑔𝑥2 +𝜔𝑔𝐾𝑆𝑂𝐺𝐼𝑣𝑔 (5-11) 

�̇�2 = 𝜔𝑔𝑥1 (5-12) 

As it can be seen from Figure 5-5 the PLL uses a 𝛼𝛽 to 𝑑𝑞 transformation followed by a PI 

controller. The state representation of this block has been shown in Figure 5-5. Two state variables 

have been used to represent the system variables. Equations (5-13) and Equation (5-14) represents 

the state space equations of the block diagram. 

�̇�3 = 𝑥4 + 𝐾𝑝𝑥1𝑐𝑜𝑠𝑥3 + 𝐾𝑝𝑥2𝑠𝑖𝑛𝑥3 (5-13) 

�̇�4 = 𝐾𝑖𝑥1𝑐𝑜𝑠𝑥3 + 𝐾𝑖𝑥2𝑠𝑖𝑛𝑥3 (5-14) 

 

Figure 5-5 PLL block diagram 

5.3.1.2 Islanding Detection Block 

Block diagram shown in Figure 5-6 represents the relation of the islanding detection block 

with other blocks in the system’s general block diagram.  
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Figure 5-6 Islanding detection block diagram 

As it has been explained in previous chapters, the islanding detection method gets the input, 

which is the frequency of the system, from the PLL. The following equation represents the 

output/input relation of the block. 

𝜃 = 𝑓(�̇�3) (5-15) 

Where 𝑓 is a function of the operating frequency and is unique for each islanding detection method. 

It should be noted that when the PLL is operating in the steady state the value of �̇�3 is equal to 𝑥4. 

This is because in the steady state, 𝑥1 is exactly in phase with the sinusoidal input and 𝑥2 is the 

orthogonal signal of the input. Therefore, the following equation is satisfied in the steady state, 

𝐾𝑝𝑥1𝑐𝑜𝑠𝑥3 + 𝐾𝑝𝑥2𝑠𝑖𝑛𝑥3 = 0 (5-16) 

By substituting the above equation in Equation (5-13) we have, 

�̇�3 = 𝑥4 (5-17) 

𝜃 = 𝑓(𝑥4) (5-18) 

The term of phase angle (𝜃 ) is added to the phase angle of PLL (𝜃) and then the summation of these 

two are the phase angle which has been used for current reference generation. 

𝜃 = 𝜃 + 𝜃 (5-19) 

𝜃 = 𝜃 + 𝑥3 (5-20) 

𝑖𝑟𝑒𝑓 = 𝐼
∗ sin(𝜃 ) = 𝐼∗ sin(𝑥3 + 𝜃 ) (5-21) 
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The reference current is then compared with the output current of the inverter (𝑖𝑔) and then the 

error is passed through a controller. 

𝑒 = 𝑖𝑟𝑒𝑓 − 𝑖𝑔 = 𝐼
∗ sin(𝑥3 + 𝜃 ) − 𝑖𝑔 (5-22) 

5.3.2 Current Controller 

The Proportional Resonant controller has been chosen for the current controller of the 

single phase grid connected inverter [59]-[61]. The transfer function of a PR compensator is given 

in Equation (5-23). 

𝐺𝑃𝑅(𝑠) =
𝐾𝑃𝑅𝑠

𝑠2 +𝜔2
 (5-23) 

In this section the state space representation of the controller has been presented. Since the 

controller has two integrators, two state variables are enough to describe the dynamical behavior 

of the controller. Figure 5-7 shows the block diagram of the controller. 

 

Figure 5-7 PR controller block diagram 

The following equation represents the differential equations of the system. 

�̇�𝑃𝑅,1 = K𝑃𝑅𝐼
∗ sin(𝑥3 + 𝜃 ) − K𝑃𝑅𝑖𝑔 +𝜔𝑔𝑥𝑃𝑅,2 (5-24) 

�̇�𝑃𝑅,2 = 𝜔𝑔𝑥𝑃𝑅,1 (5-25) 
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5.3.3 The Inverter Model 

The current controller provides the duty cycle ratio to the switches (d). In this section we 

calculate the output voltage of the inverter based on the duty cycle ratio. The dc value of the 

switching voltage in each cycle has been considered as the output of the inverter. 

 

Figure 5-8 Output switching voltage of the inverter 

𝑣𝑜 = 𝑑𝑉𝑑𝑐 + (1 − 𝑑)(−𝑉𝑑𝑐) = (2𝑑 − 1)𝑉𝑑𝑐 = (2𝑥𝑃𝑅,1 − 1)𝑉𝑑𝑐 (5-26) 

The duty cycle of the switches is the output of the PR controller block diagram. The above equation 

can be rewritten using the state variable 𝑥𝑃𝑅,1 as follows 

𝑣𝑜 = (2𝑥𝑃𝑅,1 − 1)𝑉𝑑𝑐 (5-27) 

The output port of the inverter is connected to the L filter. Figure 5-9 shows the relationship 

between the output voltage of the inverter and the inverter current and the grid voltage. 

 

Figure 5-9 The connection of the L filter to output of the inverter  

The following equation represents the differential equation of the output of the inverter. 

 𝑉𝐷𝐶  

−𝑉𝐷𝐶  

 𝑑  1− 𝑑 

 𝑣𝑜  

 𝑖𝑔  
 𝐿𝑓  

 𝑣𝑔  
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𝑑𝑖𝑔

𝑑𝑡
=
1

𝐿𝑓
(𝑣𝑜 − 𝑣𝑔) (5-28) 

𝑑𝑖𝑔

𝑑𝑡
=
1

𝐿𝑓
((2𝑥𝑃𝑅,1 − 1)𝑉𝑑𝑐 − 𝑣𝑔) (5-29) 

5.3.4 The local load model 

The local load is a parallel RLC load which can be described with two state variables. The 

voltage of the PCC and the current of the load inductor can be chosen as the state variables 

representing the dynamical behavior of the system. For the following equations, the inverter current 

is considered as the input. Figure 5-10 shows the local load with its state variables. 

 

Figure 5-10 Local load and the state variables 

The following differential equations represents the dynamic behavior of the local load. 

𝑖𝑔 = 𝑖𝐿 + 𝑖𝐶 + 𝑖𝑅 (5-30) 

𝑖𝑔 = 𝑖𝐿 + 𝐶
𝑑𝑣𝑔

𝑑𝑡
+
𝑣𝑔

𝑅
 (5-31) 

𝑑𝑣𝑔

𝑑𝑡
=
1

𝐶
𝑖𝑔 −

1

𝑅𝐶
𝑣𝑔 −

1

𝐶
𝑖𝐿  (5-32) 

𝑑𝑖𝐿
𝑑𝑡

=
1

𝐿
𝑣𝑔 (5-33) 

5.4 Grid Connected operation mode  

When the inverter works in the grid connected operation mode, the PLL provides the phase 

angle reference for the current controller block. We know that when the inverter is connected to 

RCL

𝑖𝑔  

𝑣𝑔  

𝑖𝐿 



 

70 

 

the grid, the operating frequency is constant, so the output phase angle of the islanding detection 

block is zero. Moreover, the local load does not impact the dynamic behavior or the stability of the 

inverter, since it is connected in parallel with the inverter and the grid. Therefore, in this mode of 

operation, the dynamic of the system is just the dynamic of the PLL block. In this section, stability 

analysis of the PLL block has been conducted. 

5.4.1 Stability Analysis of Phase Locked Loop 

5.4.1.1 Decomposition of the System to the Slow and Fast System 

 In this section, the stability of the phase locked loop has been investigated. Equations (5-

11) to Equation (5-14) describe the dynamical model of the system. Singular perturbation theory 

decomposes the system to two different systems, fast system and slow system. Equation (5-34) 

represents the fast system equations and Equation (5-35) represents the slow layer equations. 

{
휀�̇�1 = 𝑔1(𝑥1, 𝑥2, 𝑥3, 𝑥4)

휀�̇�2 = 𝑔2(𝑥1, 𝑥2, 𝑥3, 𝑥4)
 (5-34) 

{
�̇�3 = 𝑓1(𝑥1, 𝑥2, 𝑥3, 𝑥4)

�̇�4 = 𝑓2(𝑥1, 𝑥2, 𝑥3, 𝑥4)
 (5-35) 

Figure 5-11 and Figure 5-12 shows the geometry of the fast system and the slow system. 

 

Figure 5-11 Geometry of the fast system 
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Figure 5-12 Geometry of the slow system 

Consider the differential equation of the system in Equation (5-34). Based on Equations 

(5-11) and (5-12), the value of 휀 is equal to 
1

𝜔𝑔
 . Since the value of 휀 is very small, the above 

equations becomes the degenerate system. 

{
 

 
𝑥1 = 𝜑1(𝑥3, 𝑥4)

𝑥2 = 𝜑2(𝑥3, 𝑥4)

�̇�3 = 𝑓1(𝑥1, 𝑥2, 𝑥3, 𝑥4)

�̇�4 = 𝑓2(𝑥1, 𝑥2, 𝑥3, 𝑥4)

 (5-36) 

Where 𝜑1 and 𝜑1 are the algebraic solution for the following equations. 

{
0 = 𝑔1(𝑥1, 𝑥2, 𝑥3, 𝑥4)

0 = 𝑔2(𝑥1, 𝑥2, 𝑥3, 𝑥4)
 (5-37) 

Tikhonov’s theorem states that as 휀 → 0, the solution of the system with two sets of 

differential equations represented in Equation (5-34) and Equation (5-35) approaches the solution 

of the degenerate system as long as the stability holds for the fast system. In order to check the 

stability of the fast system, we need to calculate the eigenvalues of the fast system. 

𝐴 = (
−𝜔𝑔𝐾𝑆𝑂𝐺𝐼

𝜔𝑔

−𝜔𝑔
0
) (5-38) 

𝐸𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒𝑠: det(𝑆𝐼 − 𝐴) = 0 ⇒ det (
𝑆 + 𝜔𝑔𝐾𝑆𝑂𝐺𝐼 𝜔𝑔

−𝜔𝑔 𝑆
) = 0 (5-39) 
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𝑆2 +𝜔𝑔𝐾𝑆𝑂𝐺𝐼𝑆 + 𝜔𝑔
2 = 0 ⇒ 𝑆1,2 =

−𝜔𝑔𝐾𝑆𝑂𝐺𝐼 ±√𝜔𝑔
2(𝐾𝑆𝑂𝐺𝐼

2 − 4)

2
 (5-40) 

As it can be seen from above equation, the real parts of the eigenvalues are negative, so the fast 

system is asymptotically stable. Therefore, the solution of the system approaches the solution of 

the degenerate system. Figure 5-13 and Figure 5-14 shows the trajectory of the slow state variables 

versus the fast state variables. As it can be seen from the figures, the fast variables get to the final 

steady state before the slow variable gets to the final steady state. 

 

Figure 5-13 Trajectory of 𝒙𝟒 versus 𝒙𝟏 and 𝒙𝟐 

 

Figure 5-14 Trajectory of 𝒙𝟑 versus 𝒙𝟏 and 𝒙𝟐 
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 Equation (5-41) represents the algebraic solution of the fast system when 휀 → 0. 

{
𝜑1 = 𝑉𝑔𝑠𝑖𝑛(𝜔𝑔𝑡)

𝜑2 = −𝑉𝑔𝑐𝑜𝑠(𝜔𝑔𝑡)
 (5-41) 

Based on Tikhonov’s theorem, the solution of the system approaches the solution of the generate 

system. Therefore, 𝜑1 and 𝜑1 can be substituted in Equation (5-13) and Equation (5-14). In other 

words, the solution of the fast system can be substituted in the slow system as follows: 

�̇�3 = 𝑥4 + 𝐾𝑝𝑥1𝑐𝑜𝑠𝑥3 + 𝐾𝑝𝑥2𝑠𝑖𝑛𝑥3 ⟹ 

�̇�3 = 𝑥4 + 𝐾𝑝𝑉𝑔𝑠𝑖𝑛(𝜔𝑔𝑡)𝑐𝑜𝑠𝑥3 − 𝐾𝑝𝑉𝑔𝑐𝑜𝑠(𝜔𝑔𝑡)𝑠𝑖𝑛𝑥3 ⟹ 

�̇�3 = 𝑥4 + 𝐾𝑝𝑉𝑔𝑠𝑖𝑛(𝜔𝑔𝑡 − 𝑥3) 

(5-42) 

�̇�4 = 𝐾𝑖𝑥1𝑐𝑜𝑠𝑥3 + 𝐾𝑖𝑥2𝑠𝑖𝑛𝑥3  ⟹ 

�̇�4 = 𝐾𝑖𝑉𝑔𝑠𝑖𝑛(𝜔𝑔𝑡)𝑐𝑜𝑠𝑥3 + 𝐾𝑖𝑉𝑔𝑐𝑜𝑠(𝜔𝑔𝑡)𝑠𝑖𝑛𝑥3 ⟹ 

 �̇�4 = 𝐾𝑖𝑉𝑔𝑠𝑖𝑛(𝜔𝑔𝑡 − 𝑥3) 

(5-43) 

The above equations will be used in the next section to determine the Lyapunov stability analysis 

of the PLL. 

5.4.1.2 Lyapunov Stability of the PLL 

SOGI based PLL, which has been used for this application, is a nonlinear system. As it has 

been explained earlier, the dynamical behavior of the system can be represented with four state 

variables. Also, the PLL dynamic system can be reduced to the degenerate system. In this section, 

the solution of the degenerate system has been used to find a function which can be used for 

determining the Lyapunov stability of the dynamical system. The Lyapunov function can be the 

size of deviation from true parameters. The following function is a possible candidate for the 

Lyapunov function, which is the size of the deviation of 𝑥3 and �̇�3 from 𝜃 and 𝜔𝑔, respectively. 

𝑉(𝑥) =
1

2
𝑒𝜃
2 +

1

2
𝑒𝜔
2  (5-44) 

𝑒𝜃 = 𝜔𝑔𝑡 − 𝑥3 (5-45) 
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𝑒𝜔 = 𝜔𝑔 − �̇�3 = 𝜔𝑔 − 𝑥4 − 𝐾𝑝𝑥1𝑐𝑜𝑠𝑥3 − 𝐾𝑝𝑥2𝑠𝑖𝑛𝑥3 (5-46) 

The following steps helps us to determine the Lyapunov stability of the system. 

 𝑽(𝒙) = 𝟎 if and only if 𝒙 = 𝟎 : The function introduced in Equation (5-44) is zero if and 

only if 𝑒𝜃 and 𝑒𝜔 are zero. 

 𝑽(𝒙) > 0 if and only if 𝒙 ≠ 𝟎 : Also the introduced function is positive for all non zero 

values of 𝑒𝜃 and 𝑒𝜔 

 �̇�(𝒙) =  
𝒅

𝒅𝒕
𝑽(𝒙) = ∑

𝝏𝑽

𝝏𝒙𝒊
𝒇𝒊(𝒙) < 𝟎

𝒏
𝒊=𝟏 ∶  The last assumption is to check whether the 

derivate of the introduced function is negative definite.  

The derivate of the function has been calculated as follows. It is worth noting that in the following 

calculations, the solution of the fast system has been substituted in the slow system. 

�̇�(𝑥) = 𝑒𝜃𝑒�̇� + 𝑒𝜔𝑒�̇� (5-47) 

Equation (5-48) represents the calculation of 𝑒�̇� 

𝑒𝜃 = 𝜔𝑔𝑡 − 𝑥3

𝑑

𝑑𝑡
→ 𝑒�̇� = 𝜔𝑔 − 𝑥3̇ (5-48) 

By substituting Equation (5-42) into Equation (5-48) we have 

𝑒�̇� = 𝜔𝑔 − 𝑥4 − 𝐾𝑝𝑉𝑔𝑠𝑖𝑛(𝜔𝑔𝑡 − 𝑥3) (5-49) 

By substituting Equation (5-43) into Equation (5-46) we have 

𝑒𝜔 = 𝜔𝑔 − 𝑥4 − 𝐾𝑝𝑥1𝑐𝑜𝑠𝑥3 − 𝐾𝑝𝑥2𝑠𝑖𝑛𝑥3 = 𝜔𝑔 − 𝑥4 − 𝐾𝑝𝑉𝑔𝑠𝑖𝑛(𝜔𝑔𝑡 − 𝑥3) (5-50) 

By comparing Equation (5-49) and Equation (5-50) we can see that 

𝑒�̇� = 𝑒𝜔 (5-51) 

The following equations represent the calculation of 𝑒�̇�. It is easier to simplify Equation (5-50) by 

substituting Equation (5-45) into it. 

𝑒𝜔 = 𝜔𝑔 − 𝑥4 − 𝐾𝑝𝑉𝑔𝑠𝑖𝑛(𝜔𝑔𝑡 − 𝑥3) = 𝜔𝑔 − 𝑥4 − 𝐾𝑝𝑉𝑔𝑠𝑖𝑛(𝑒𝜃) (5-52) 
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𝑒�̇� = −𝑥4̇ − 𝐾𝑝𝑉𝑔𝑒�̇�𝑐𝑜𝑠(𝑒𝜃) (5-53) 

By substituting Equation (5-43) into the above equation we have 

𝑒�̇� = −𝐾𝑖𝑉𝑔𝑠𝑖𝑛(𝜔𝑔𝑡 − 𝑥3) − 𝐾𝑝𝑉𝑔𝑒�̇�𝑐𝑜𝑠(𝑒𝜃) (5-54) 

The above equation can be further simplified by substituting Equation (5-45) into the above 

equation.  

𝑒�̇� = −𝐾𝑖𝑉𝑔𝑠𝑖𝑛(𝑒𝜃) − 𝐾𝑝𝑉𝑔𝑒�̇�𝑐𝑜𝑠(𝑒𝜃) (5-55) 

After individually calculating all the terms of Equation (5-47) we can calculate the final value of 

�̇�(𝑥) as follows. 

�̇�(𝑥) = 𝑒𝜃𝑒�̇� + 𝑒𝜔𝑒�̇� = 𝑒𝜃𝑒𝜔 + 𝑒𝜔 (−𝐾𝑖𝑉𝑔𝑠𝑖𝑛(𝑒𝜃) − 𝐾𝑝𝑉𝑔𝑒𝜔𝑐𝑜𝑠(𝑒𝜃)) (5-56) 

In order to simplify the above equation we linearize the 𝑠𝑖𝑛(𝑒𝜃) and 𝑐𝑜𝑠(𝑒𝜃) around zero as 

follows, 

�̇�(𝑥) = 𝑒𝜃𝑒𝜔 −𝐾𝑖𝑉𝑔𝑒𝜔𝑒𝜃 − 𝐾𝑝𝑉𝑔𝑒𝜔
2  (5-57) 

If the value of 𝐾𝑖 is set in a way that 𝐾𝑖𝑉𝑔 = 1 then we have 

�̇�(𝑥) = −𝐾𝑝𝑉𝑔𝑒𝜔
2  (5-58) 

Since the derivate of the introduced Lyapunov function is negative definite, the system is 

asymptotically stable around the equilibrium point.  

5.5 Islanded Operation Mode 

In this section, the stability of the islanding detection methods when islanding occurs has 

been investigated. In the islanded mode of operation, the grid is not available, so the dynamic of 

the local load affects the dynamics of the system. 

5.5.1 Dynamic Equation of the System 

Figure 5-15 shows the block diagram of the system when islanding occurs. 
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Figure 5-15 Block diagram of the system in the islanded mode of operation 

The following differential equations represent the dynamic behavior of the system. 

�̇�1 = −𝜔𝑔𝐾𝑆𝑂𝐺𝐼𝑥1 −𝜔𝑔𝑥2 +𝜔𝑔𝐾𝑆𝑂𝐺𝐼𝑣𝑔 (5-59) 

�̇�2 = 𝜔𝑔𝑥1 (5-60) 

�̇�3 = 𝑥4 + 𝐾𝑝𝑥1𝑐𝑜𝑠(𝑥3 + 𝜃 ) + 𝐾𝑝𝑥2𝑠𝑖𝑛(𝑥3 + 𝜃 ) (5-61) 

�̇�4 = 𝐾𝑖𝑥1𝑐𝑜𝑠(𝑥3 + 𝜃 ) + 𝐾𝑖𝑥2𝑠𝑖𝑛(𝑥3 + 𝜃 ) (5-62) 

�̇�𝑃𝑅,1 = K𝑃𝑅𝐼
∗ sin(𝑥3 + 𝜃 ) − K𝑃𝑅𝑖𝑔 +𝜔𝑔𝑥𝑃𝑅,2 (5-63) 

�̇�𝑃𝑅,2 = 𝜔𝑔𝑥𝑃𝑅,1 (5-64) 

𝑑𝑖𝑔

𝑑𝑡
=
1

𝐿𝑓
((2𝑥𝑃𝑅,1 − 1)𝑉𝑑𝑐 − 𝑣𝑔) (5-65) 

𝑑𝑣𝑔

𝑑𝑡
=
1

𝐶
𝑖𝑔 −

1

𝑅𝐶
𝑣𝑔 −

1

𝐶
𝑖𝐿  (5-66) 
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Phase Angle Generation Block

d

 𝑖𝑔   𝐿𝑓   𝑣𝑔  

 𝐿  𝐶  𝑅  𝑉𝐷𝐶  

 𝑓  𝑉𝑔 

𝜃 

𝜃  𝜃  
𝐼∗ 
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𝑑𝑖𝐿
𝑑𝑡

=
1

𝐿
𝑣𝑔 (5-67) 

𝜃 ̇ = 𝑓̇(𝑥4)𝑥4̇ (5-68) 

The dynamic equations of the system have ten (10) state variables. The following section helps us 

to make the dynamic system simpler by reducing the number of sate variables. 

5.5.2 Reducing the state variables 

The first step in simplifying the dynamic equations of the system is to use the theorems 

explained in Section 5.2.2. Based on Tikhonov’s theorem, the solution of the fast dynamic system 

can be replaced into the slow dynamic system. Therefore, variables 𝑥1 and 𝑥2 can be removed by 

replacing their solution into the differential equations representing 𝑥3 and 𝑥4. We know that 𝑥1 and 

𝑥2  are the state variables for the SOGI system and the solution of the SOGI system are two 

orthogonal signals. Therefore, for an input such as 𝑣𝑔 the output of the SOGI will be one signal 

which is exactly in phase with the input (𝑣𝑔,𝛼) and one signal which is orthogonal to the input 

(𝑣𝑔,𝛽). The following equations show the simplified differential equation for PLL. 

�̇�3 = 𝑥4 + 𝐾𝑝𝑣𝑔,𝛼𝑐𝑜𝑠(𝑥3 + 𝜃 ) + 𝐾𝑝𝑣𝑔,𝛽𝑠𝑖𝑛(𝑥3 + 𝜃 ) (5-69) 

�̇�4 = 𝐾𝑖𝑣𝑔,𝛼𝑐𝑜𝑠(𝑥3 + 𝜃 ) + 𝐾𝑖𝑣𝑔,𝛽𝑠𝑖𝑛(𝑥3 + 𝜃 ) (5-70) 

The next step in simplifying the dynamic equations of the system is to eliminate the state 

variables of the current controller and the inverter. Figure 5-16 shows the block diagrams of the 

current controller and the inverter with respect to the input current reference and the output signals, 

which is the output current of the inverter. 
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Figure 5-16 Block diagram of the current controller and the inverter 

In the above figure, the current controller is the proportional resonance controller and the plant is 

the inverter transfer function with an L filter. The following equations represent the transfer 

function of the controller and the inverter with an L filter. 

𝐶(𝑠) =
𝐾𝑃𝑅

𝑠2 +𝜔2
 (5-71) 

𝑃(𝑠) =
1

𝐿𝑓𝑠
 (5-72) 

𝐼𝑟𝑒𝑓(𝑠) =
𝐼∗

𝑠2 +𝜔2
⇒ Γ(s) = 𝑠2 +𝜔2 (5-73) 

Since the PR controller has the same generating polynomial as the reference signal, based 

on the theory given in Section 5.2.3, the output rejects the disturbance and tracks the reference. In 

order to make the idea behind the theory clearer, we can calculate the transfer function of the error 

to the input reference signal. 

𝐸

𝑅
(𝑠) =

1

1 + 𝐶(𝑠)𝑃(𝑠)
 (5-74) 

The center frequency of the PR controller is always tuned to the current reference frequency which 

is acquired from the PLL. Since the gain of the PR controller at the center frequency is very large, 

the error is always zero.  

𝐸

𝑅
(𝜔) =

1

1 + 𝐶(𝜔)𝑃(𝜔)
=
1

∞
= 0 (5-75) 

Current Controller Inverter

+

_

Input Current 

Reference

Disturbance

Output

𝐶(𝑠) 𝑃(𝑠) 

𝑊(𝑠) 

𝑖𝑔  

𝑣𝑜  

𝑣𝑔  

+

_

𝐼∗sin(𝜔𝑡) 
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Based on the above equation, the current controller and the inverter generate the required 

current at the output of the inverter with no error. Also, we know that the dynamic of the inverter 

is slower than the dynamic of a parallel RLC load. Therefore, the dynamic of the PR controller and 

the inverter can be neglected from the dynamical equations of the system and the current of the 

inverter can be considered as the input for the system. Figure 5-17 shows the simplified block 

diagram of the system. 

 

Figure 5-17 Simplified block diagram of the system in the islanded operation mode 

5.5.3 Dynamic Equations of the Reduced System 

The following equations represent the dynamic equations of the system after reducing the 

number of the state variables. 

�̇�3 = 𝑥4 + 𝐾𝑝𝑣𝑔,𝛼𝑐𝑜𝑠(𝑥3 + 𝜃 ) + 𝐾𝑝𝑣𝑔,𝛽𝑠𝑖𝑛(𝑥3 + 𝜃 ) (5-76) 

�̇�4 = 𝐾𝑖𝑣𝑔,𝛼𝑐𝑜𝑠(𝑥3 + 𝜃 ) + 𝐾𝑖𝑣𝑔,𝛽𝑠𝑖𝑛(𝑥3 + 𝜃 ) (5-77) 

𝑑𝑣𝑔

𝑑𝑡
=
1

𝐶
𝑖𝑔 −

1

𝑅𝐶
𝑣𝑔 −

1

𝐶
𝑖𝐿  (5-78) 

𝑑𝑖𝐿
𝑑𝑡

=
1

𝐿
𝑣𝑔 (5-79) 

𝜃 ̇ = 𝑓̇(𝑥4)𝑥4̇ (5-80) 

Inverter

PLL

Islanding

+
+

fVg

Sine

 𝑖𝑔  
 𝑣𝑔  

𝜃 

𝜃  𝜃  

 𝐿  𝐶  𝑅  𝑖𝐿 
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As it can be seen from the above equations, the nonlinear terms and the input are oscillating 

functions; sine and cosine. One possible solution for turning the oscillating terms to DC values is 

to transform the variables from the stationary frame to a rotating frame. In other words, by 

transforming the equations to a rotatory frame, the oscillating terms become DC values. Therefore, 

the dynamic equations changes to a set of linear equations. 

The following transformation can be used for transforming the signals from the stationary 

frame to the rotating frame. 

[
𝑋𝛼
𝑋𝛽
] = [

sin (𝜔𝑔𝑡) cos (𝜔𝑔𝑡)

−cos (𝜔𝑔𝑡) sin (𝜔𝑔𝑡)
] [
𝑋𝑑
𝑋𝑞
] (5-81) 

Also this transformation can be inversed as follows: 

[
𝑋𝑑
𝑋𝑞
] = [

sin (𝜔𝑔𝑡) −cos (𝜔𝑔𝑡)

cos (𝜔𝑔𝑡) sin (𝜔𝑔𝑡)
] [
𝑋𝛼
𝑋𝛽
] (5-82) 

The following equations represent the dynamic equations of the PLL when the transformation has 

been applied to the voltage of PCC (𝑣𝑔): 

𝑣𝑔,𝛼 = sin(𝜔𝑔𝑡) 𝑉𝑔,𝑑 + cos(𝜔𝑔𝑡)𝑉𝑔,𝑞 (5-83) 

𝑣𝑔,𝛽 = − cos(𝜔𝑔𝑡) 𝑉𝑔,𝑑 + sin(𝜔𝑔𝑡)𝑉𝑔,𝑞 (5-84) 

By replacing Equation (5-83) and Equation (5-84) into Equation (5-76) and Equation (5-77) we 

have 

�̇�3 = 𝑥4 + 𝐾𝑝 [sin(𝜔𝑔𝑡)𝑉𝑔,𝑑 + cos(𝜔𝑔𝑡)𝑉𝑔,𝑞]𝑐𝑜𝑠(𝑥3 + 𝜃 ) + 𝐾𝑝[− cos(𝜔𝑔𝑡)𝑉𝑔,𝑑

+ sin(𝜔𝑔𝑡)𝑉𝑔,𝑞] 𝑠𝑖𝑛(𝑥3 + 𝜃 ) 
(5-85) 

�̇�4 = 𝐾𝑖 [sin(𝜔𝑔𝑡)𝑉𝑔,𝑑 + cos(𝜔𝑔𝑡)𝑉𝑔,𝑞]𝑐𝑜𝑠(𝑥3 + 𝜃 ) + 𝐾𝑖[− cos(𝜔𝑔𝑡)𝑉𝑔,𝑑

+ sin(𝜔𝑔𝑡)𝑉𝑔,𝑞] 𝑠𝑖𝑛(𝑥3 + 𝜃 ) 
(5-86) 

The above equations can be further simplified as follows: 

�̇�3 = 𝑥4 + 𝐾𝑝 𝑉𝑔,𝑑[sin(𝜔𝑔𝑡) 𝑐𝑜𝑠(𝑥3 + 𝜃 ) − cos(𝜔𝑔𝑡)𝑠𝑖𝑛(𝑥3 + 𝜃 )]

+ 𝐾𝑝𝑉𝑔,𝑞[cos(𝜔𝑔𝑡) 𝑐𝑜𝑠(𝑥3 + 𝜃 ) + sin(𝜔𝑔𝑡) 𝑠𝑖𝑛(𝑥3 + 𝜃 )] 
(5-87) 
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�̇�4 = 𝐾𝑖 𝑉𝑔,𝑑[sin(𝜔𝑔𝑡) 𝑐𝑜𝑠(𝑥3 + 𝜃 ) − cos(𝜔𝑔𝑡)𝑠𝑖𝑛(𝑥3 + 𝜃 )]

+ 𝐾𝑖𝑉𝑔,𝑞[cos(𝜔𝑔𝑡) 𝑐𝑜𝑠(𝑥3 + 𝜃 ) + sin(𝜔𝑔𝑡) 𝑠𝑖𝑛(𝑥3 + 𝜃 )] 
(5-88) 

By using the trigonometric identities, the above equations change to the simpler forms as follows: 

�̇�3 = 𝑥4 − 𝐾𝑝 𝑉𝑔,𝑑sin(𝑥3 −𝜔𝑔𝑡 + 𝜃 ) + 𝐾𝑝 𝑉𝑔,𝑞cos(𝑥3 −𝜔𝑔𝑡 + 𝜃 ) (5-89) 

�̇�4 = −𝐾𝑖 𝑉𝑔,𝑑sin(𝑥3 −𝜔𝑔𝑡 + 𝜃 ) + 𝐾𝑖 𝑉𝑔,𝑞cos(𝑥3 −𝜔𝑔𝑡 + 𝜃 ) (5-90) 

It is worth nothing that the inverter current must be transformed to the rotating frames. But since 

the current is single phase, it must be passed through a SOGI filter to make two orthogonal signals 

and then use the transformation for two orthogonal signals. 

𝑖𝑔,𝛼 = 𝐼
∗ sin(𝑥3 + 𝜃 ) (5-91) 

𝑖𝑔,𝛽 = −𝐼
∗ cos(𝑥3 + 𝜃 ) (5-92) 

𝐼𝑔,𝑑 = 𝐼
∗ sin(𝜔𝑔t) sin(𝑥3 + 𝜃 ) + 𝐼

∗ cos(𝜔𝑔𝑡) cos(𝑥3 + 𝜃 ) = 𝐼
∗cos (𝑥3 −𝜔𝑔𝑡 + 𝜃 ) (5-93) 

𝐼𝑔,𝑞 = 𝐼
∗cos(𝜔𝑔𝑡) sin(𝑥3 + 𝜃 ) − 𝐼

∗ sin(𝜔𝑔t) cos(𝑥3 + 𝜃 ) = 𝐼
∗sin (𝑥3 −𝜔𝑔𝑡 + 𝜃 ) (5-94) 

In Section 5.3.4 it was explained that the dynamic of a parallel RLC load can be represented with 

two state variables. Therefore, two components of the PCC voltage when transformed to the 

rotating frame, 𝑉𝑔,𝑑 and 𝑉𝑔,𝑞 , are enough for dynamic representation of the parallel RLC load. The 

following equations represent the dynamic of a parallel RLC load with two new state variables. 

�̇�𝑔,𝑑 =
1

𝐶
𝐼𝑔,𝑑 −

1

𝑅𝐶
𝑉𝑔,𝑑 −

𝜔𝑔

𝐿𝐶
𝑉𝑔,𝑞 (5-95) 

�̇�𝑔,𝑞 =
1

𝐶
𝐼𝑔,𝑞 −

1

𝑅𝐶
𝑉𝑔,𝑞 +

𝜔𝑔

𝐿𝐶
𝑉𝑔,𝑑 (5-96) 

By substituting Equation (5-93) and Equation (5-94) into Equation (5-95) and Equation (5-96) we 

have 

�̇�𝑔,𝑑 =
1

𝐶
𝐼∗cos (𝑥3 − 𝜔𝑔𝑡 + 𝜃 ) −

1

𝑅𝐶
𝑉𝑔,𝑑 −

𝜔𝑔

𝐿𝐶
𝑉𝑔,𝑞 (5-97) 
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�̇�𝑔,𝑞 =
1

𝐶
𝐼∗sin (𝑥3 − 𝜔𝑔𝑡 + 𝜃 ) −

1

𝑅𝐶
𝑉𝑔,𝑞 +

𝜔𝑔

𝐿𝐶
𝑉𝑔,𝑑 (5-98) 

As one can see from Equation (5-89), Equation (5-90), Equation (5-97), and Equation (5-98) after 

transforming the variables from the stationary frame to the rotating frame, all the dynamic equations 

contain DC values with some terms of sin (𝑥3 −𝜔𝑔𝑡 + 𝜃 ) and cos (𝑥3 −𝜔𝑔𝑡+ 𝜃 ).  

We know that 𝑥3 is the output phase angle of the PLL and is the product of the operating frequency 

and time. We define a new variable as follows: 

𝑒𝜃 = 𝑥3 −𝜔𝑔𝑡 (5-99) 

�̇�𝜃 = �̇�3 −𝜔𝑔 (5-100) 

By rewriting the equations based on the new variable we have: 

�̇�𝜃 = 𝑥4 − 𝐾𝑝 𝑉𝑔,𝑑sin(𝑒𝜃 + 𝜃 ) + 𝐾𝑝 𝑉𝑔,𝑞cos(𝑒𝜃 + 𝜃 ) − 𝜔𝑔 (5-101) 

�̇�4 = −𝐾𝑖 𝑉𝑔,𝑑sin(𝑒𝜃 + 𝜃 ) + 𝐾𝑖 𝑉𝑔,𝑞cos(𝑒𝜃 + 𝜃 ) (5-102) 

�̇�𝑔,𝑑 =
1

𝐶
𝐼∗cos (𝑒𝜃 + 𝜃 ) −

1

𝑅𝐶
𝑉𝑔,𝑑 −

𝜔𝑔

𝐿𝐶
𝑉𝑔,𝑞 (5-103) 

�̇�𝑔,𝑞 =
1

𝐶
𝐼∗sin (𝑒𝜃 + 𝜃 ) −

1

𝑅𝐶
𝑉𝑔,𝑞 +

𝜔𝑔

𝐿𝐶
𝑉𝑔,𝑑 (5-104) 

Since the operating frequency of the inverter is close enough to the nominal frequency of the 

system, the value of 𝑒𝜃 is small enough to linearize the system around the equilibrium points. The 

following equations represent the linearized dynamic equations: 

�̇�𝜃 = 𝑥4 − 𝐾𝑝 sin(𝑒𝜃
∗ + 𝜃 ∗) 𝑉𝑔,𝑑 − 𝐾𝑝𝑒�̇�

∗ cos(𝑒𝜃
∗ + 𝜃 ∗) 𝑉𝑔,𝑑

∗𝑒𝜃 − 𝐾𝑝𝜃 ̇
∗ cos(𝑒𝜃

∗ + 𝜃 ∗) 𝑉𝑔,𝑑
∗𝜃  

+𝐾𝑝 cos(𝑒𝜃
∗ + 𝜃 ∗)𝑉𝑔,𝑞 − 𝐾𝑝𝑒�̇�

∗ sin(𝑒𝜃
∗ + 𝜃 ∗)𝑉𝑔,𝑞

∗𝑒𝜃 − 𝐾𝑝𝜃 ̇
∗ sin(𝑒𝜃

∗ + 𝜃 ∗)𝑉𝑔,𝑞
∗𝜃 − 𝜔𝑔 

(5-105) 

�̇�4 = 𝐾𝑖 sin(𝑒𝜃
∗ + 𝜃 ∗) 𝑉𝑔,𝑑 − 𝐾𝑖𝑒�̇�

∗ cos(𝑒𝜃
∗ + 𝜃 ∗) 𝑉𝑔,𝑑

∗𝑒𝜃 − 𝐾𝑖𝜃 ̇
∗ cos(𝑒𝜃

∗ + 𝜃 ∗) 𝑉𝑔,𝑑
∗𝜃  

+𝐾𝑖 cos(𝑒𝜃
∗ + 𝜃 ∗)𝑉𝑔,𝑞 − 𝐾𝑖𝑒�̇�

∗ sin(𝑒𝜃
∗ + 𝜃 ∗)𝑉𝑔,𝑞

∗𝑒𝜃 − 𝐾𝑖𝜃 ̇
∗ sin(𝑒𝜃

∗ + 𝜃 ∗)𝑉𝑔,𝑞
∗𝜃  

(5-106) 

�̇�𝑔,𝑑 = −
1

𝐶
𝑒�̇�
∗𝐼∗sin(𝑒𝜃

∗ + 𝜃 ∗)𝑒𝜃 −
1

𝐶
𝜃 ̇∗𝐼∗sin(𝑒𝜃

∗ + 𝜃 ∗)𝜃 −
1

𝑅𝐶
𝑉𝑔,𝑑 −

𝜔𝑔

𝐿𝐶
𝑉𝑔,𝑞 (5-107) 
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�̇�𝑔,𝑞 =
1

𝐶
𝑒�̇�
∗𝐼∗cos(𝑒𝜃

∗ + 𝜃 ∗)𝑒𝜃 +
1

𝐶
𝜃 ̇∗𝐼∗cos(𝑒𝜃

∗ + 𝜃 ∗)𝜃 −
1

𝑅𝐶
𝑉𝑔,𝑞 +

𝜔𝑔

𝐿𝐶
𝑉𝑔,𝑑 (5-108) 

𝜃 ̇ = −𝐾𝑖𝑓̇(𝑥4
∗) sin(𝑒𝜃

∗ + 𝜃 ∗) 𝑉𝑔,𝑑 − 𝐾𝑖𝑓̇(𝑥4
∗)𝑒�̇�

∗ cos(𝑒𝜃
∗ + 𝜃 ∗) 𝑉𝑔,𝑑

∗𝑒𝜃 

−𝐾𝑖𝜃 ̇
∗ 𝑓̇(𝑥4

∗)cos(𝑒𝜃
∗ + 𝜃 ∗) 𝑉𝑔,𝑑

∗𝜃 − 𝐾𝑖 𝑓̈(𝑥4
∗)sin(𝑒𝜃

∗ + 𝜃 ∗) 𝑉𝑔,𝑑
∗𝑥4 

+𝐾𝑖 𝑓̇(𝑥4
∗)cos(𝑒𝜃

∗ + 𝜃 ∗)𝑉𝑔,𝑞 − 𝐾𝑖𝑒�̇�
∗𝑓̇(𝑥4

∗) sin(𝑒𝜃
∗ + 𝜃 ∗)𝑉𝑔,𝑞

∗𝑒𝜃 

−𝐾𝑖𝜃 ̇
∗ 𝑓̇(𝑥4

∗)sin(𝑒𝜃
∗ + 𝜃 ∗)𝑉𝑔,𝑞

∗𝜃 + 𝐾𝑖 𝑓̈(𝑥4
∗)cos(𝑒𝜃

∗ + 𝜃 ∗) 𝑉𝑔,𝑞
∗𝑥4 

(5-109) 

5.5.4 Stability Analysis 

In this section the stability analysis of the islanding detection methods has been provided. 

In order to investigate the stability of the intersection points of the load phase angle and the 

islanding detection methods phase angle, the eigenvalues of the dynamic system around the 

intersection points are required. The following section calculates the eigenvalues of the dynamic 

system for different islanding detection methods. 

5.5.4.1 Stability Analysis of the Intersection Points for SMS IDM with the Sinusoidal 

Function 

As it was explained in Chapter 4, the intersection points of the load phase angle and the 

SMS IDM phase angle can be stable or unstable. In this section we calculate the eigenvalues of the 

dynamic system for the intersection points for two cases. Case I occurs when the slope of the local 

load is smaller than the slope of the sinusoidal function at the nominal frequency. In this case, the 

grid frequency is an unstable point and the system has two other stable operation points. Case II 

occurs when the slope of the local load is larger than the slope of the sinusoidal function and the 

grid frequency is the only intersection point which is a stable point. Figure 5-18 shows Case I and 

II with the intersection points. 



 

84 

 

 

Figure 5-18 Case I and II for SMS IDM  

As it can be seen from Equation (5-109) the phase angle of the SMS IDM and its derivatives are 

required for the dynamic equations, 

𝜃 (𝑥4) = 𝑓(𝑥4) =
𝜋𝜃𝑚
180

sin (
𝜋

2

𝑥4
2𝜋 − 60

𝑓𝑚
) (5-110) 

𝜃 ̇(𝑥4) = 𝑓̇(𝑥4) =
𝜋𝜃𝑚
720𝑓𝑚

cos (
𝜋

2

𝑥4
2𝜋
− 60

𝑓𝑚
) (5-111) 

𝜃 ̈(𝑥4) = 𝑓̈(𝑥4) = −
𝜋𝜃𝑚

2880𝑓𝑚
2 sin (

𝜋

2

𝑥4
2𝜋 − 60

𝑓𝑚
) (5-112) 

Also since the voltage of PCC (𝑣𝑔) is set to have zero phase shift in the stationary frame, by 

transforming the PCC voltage to the rotating frame we have, 

𝑉𝑔,𝑑
∗ = 𝑉 (5-113) 

𝑉𝑔,𝑞
∗ = 0 (5-114) 

By substituting the above equations into Equation (5-105) to Equation (5-109) we have, 

�̇�𝜃 = −𝐾𝑝𝑒�̇�
∗ cos(𝑒𝜃

∗ + 𝜃 ∗) 𝑉⏟                
𝑀11

𝑒𝜃 + 1⏟
𝑀12

𝑥4−𝐾𝑝 sin(𝑒𝜃
∗ + 𝜃 ∗)⏟            

𝑀13

𝑉𝑔,𝑑 
(5-115) 

Case ICase II

A

B

C
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+𝐾𝑝 cos(𝑒𝜃
∗ + 𝜃 ∗)⏟          

𝑀14

𝑉𝑔,𝑞 −𝐾𝑝𝜃 ̇
∗ cos(𝑒𝜃

∗ + 𝜃 ∗) 𝑉⏟              
𝑀15

𝜃  

�̇�4 = −𝐾𝑖𝑒�̇�
∗ cos(𝑒𝜃

∗ + 𝜃 ∗) 𝑉⏟              
𝑀21

𝑒𝜃 −𝐾𝑖 sin(𝑒𝜃
∗ + 𝜃 ∗)⏟            

𝑀23

𝑉𝑔,𝑑 

+𝐾𝑖 cos(𝑒𝜃
∗ + 𝜃 ∗)⏟          

𝑀24

𝑉𝑔,𝑞 −𝐾𝑖𝜃 ̇
∗ cos(𝑒𝜃

∗ + 𝜃 ∗) 𝑉⏟              
𝑀25

𝜃  
(5-116) 

�̇�𝑔,𝑑 = −
1

𝐶
𝑒�̇�
∗𝐼∗sin(𝑒𝜃

∗ + 𝜃 ∗)
⏟              

𝑀31

𝑒𝜃 −
1

𝑅𝐶⏟  
𝑀33

𝑉𝑔,𝑑 −
𝜔𝑔

𝐿𝐶⏟
𝑀34

𝑉𝑔,𝑞 −
1

𝐶
𝜃 ̇∗𝐼∗sin(𝑒𝜃

∗ + 𝜃 ∗)
⏟              

𝑀35

𝜃  
(5-117) 

�̇�𝑔,𝑞 =
1

𝐶
𝑒�̇�
∗𝐼∗cos(𝑒𝜃

∗ + 𝜃 ∗)
⏟              

𝑀41

𝑒𝜃 +
𝜔𝑔

𝐿𝐶⏟
𝑀43

𝑉𝑔,𝑑 −
1

𝑅𝐶⏟  
𝑀44

𝑉𝑔,𝑞 +
1

𝐶
𝜃 ̇∗𝐼∗cos(𝑒𝜃

∗ + 𝜃 ∗)
⏟            

𝑀45

𝜃  
(5-118) 

𝜃 ̇ = −𝐾𝑖𝑒�̇�
∗ 𝜋𝜃𝑚
720𝑓𝑚

cos(
𝜋

2

𝑥4
∗

2𝜋
− 60

𝑓𝑚
)cos(𝑒𝜃

∗ + 𝜃 ∗) 𝑉

⏟                                
𝑀51

𝑒𝜃 

+𝐾𝑖
𝜋𝜃𝑚

2880𝑓𝑚
2 sin (

𝜋

2

𝑥4
∗

2𝜋
− 60

𝑓𝑚
)sin(𝑒𝜃

∗ + 𝜃 ∗) 𝑉
⏟                            

𝑀52

𝑥4−𝐾𝑖
𝜋𝜃𝑚
720𝑓𝑚

cos (
𝜋

2

𝑥4
∗

2𝜋
− 60

𝑓𝑚
) sin(𝑒𝜃

∗ + 𝜃 ∗)
⏟                          

𝑀53

𝑉𝑔,𝑑  

+𝐾𝑖
𝜋𝜃𝑚
720𝑓𝑚

cos (
𝜋

2

𝑥4
∗

2𝜋
− 60

𝑓𝑚
)cos(𝑒𝜃

∗ + 𝜃 ∗)
⏟                          

𝑀54

𝑉𝑔,𝑞−𝐾𝑖 [
𝜋𝜃𝑚
720𝑓𝑚

cos (
𝜋

2

𝑥4
∗

2𝜋
− 60

𝑓𝑚
)]2 𝑐𝑜𝑠 (𝑒𝜃

∗ + 𝜃 ∗) 𝑉𝑔,𝑑
∗

⏟                                
𝑀55

𝜃  

(5-119) 

The following equation represent the dynamic equation of the system in the matrix form: 

(

 
 

𝑒𝜃
𝑥4
𝑉𝑔,𝑑
𝑉𝑔,𝑞

𝜃 )

 
 

̅̅ ̅̅ ̅̅ ̅̅ ̅̅̇

=

(

 
 

𝑀11 𝑀12 𝑀13 𝑀14 𝑀15
𝑀21 0 𝑀23 𝑀24 𝑀25
𝑀31
𝑀41
𝑀51

0
0
𝑀52

𝑀33 𝑀34 𝑀35
𝑀43
𝑀53

𝑀44
𝑀54

𝑀45
𝑀55)

 
 

(

 
 

𝑒𝜃
𝑥4
𝑉𝑔,𝑑
𝑉𝑔,𝑞

𝜃 )

 
 
  (5-120) 

For each case, the values of the equilibrium points have been put into Equation (5-120). The 

frequency and the phase angle value at the equilibrium points are shown in  

Table I. 

𝑥4
∗ = 𝜔𝑒 (5-121) 

𝑒𝜃
∗ = 𝜔𝑒𝑡 − 𝜔𝑔𝑡 = (𝑓𝑒 − 𝑓𝑔)𝑡 = (𝑓𝑒 − 60)𝑡 (5-122) 
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𝜃 ∗ = 𝜃 𝑒 =
𝜋𝜃𝑚
180

sin (
𝜋

2

𝑥4
∗

2𝜋 − 60

𝑓𝑚
) (5-123) 

 

Table I Equilibrium points of SMS IDM 

 𝑸𝒇 𝒇𝒐(𝑯𝒛) 𝜽𝒎(°) 𝒇𝒎(𝑯𝒛) 𝒇𝒆(𝑯𝒛) �̃�𝒆(°) 

Case I, point A 1.5 60 10 3 0 0 

Case I, point B 1.5 60 10 3 63.5 9.65 

Case I, point C 1.5 60 10 3 56.5 -9.65 

Case II, point A 2.5 60 10 3 0 0 

 

Case I, point A 

Equation (5-124) shows the real parts of the eigenvalues of matrix M for this case. 

(

 
 

−251.32
−251.32
−1100.00
−9.99𝑒 − 5
4.03𝑒 − 19)

 
 

 (5-124) 

As it can be seen from the above equation, there is one eigenvalue with a positive real part. 

Therefore, point A in case I is an unstable point. 

Case I, point B & C 

Equation (5-125) shows the real parts of the eigenvalues of matrix M for this case. 

(

 
 

−288.56
−288.56
−1092.48
−7.00𝑒 − 9
−1.01𝑒 − 4)

 
 

 (5-125) 

As it can be seen from the above equation, all the eigenvalues have negative real parts so point B 

and C are the stable points. Based on the calculations provided in Equation (5-124) and Equation 
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(5-125), for Case I, point A is an unstable operation point and upon islanding happening, the 

operating point slides to either point B or C. 

Case II, point A 

Equation (5-126) shows the real parts of the eigenvalues of Matrix M for this case. 

(

 
 

−288.56
−288.56
−1092.48
−7.00𝑒 − 9
−1.01𝑒 − 4)

 
 

 (5-126) 

As the above equation shows, the real parts of all the eigenvalues are negative so point A for Case 

II is a stable point. Therefore, in case of islanding happening, the operating frequency stays at the 

nominal frequency and SMS IDM fails to detect islanding. 

5.6 Chapter Conclusion 

This chapter investigated the stability of the system by developing the dynamical equations 

of the system for two operation modes, grid connected and islanded mode. In grid connected mode 

the local load dynamic does not affect the dynamic of the system and the stability of the system is 

determined by the stability of the PLL. Since the PLL is a nonlinear system, the Lyapunov stability 

of the PLL has been proved using non-linear analysis techniques. Also this chapter investigated the 

stability of the system in the islanded operation mode. In this operation mode, the dynamic of the 

parallel RLC load plays an important role in the dynamic of all the system. Stability of each 

equilibrium point in the islanded mode of operation is determined by finding the eigenvalues of the 

matrix which describes the dynamics of the system. Lastly, this chapter mathematically proved that 

for some loading conditions, the nominal frequency is an unstable point and the operation frequency 

slides to another stable point, while for other loading conditions, the nominal frequency is the only 

stable point of the system upon islanding occurring. 
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Chapter 6 

Simulation and Experimental Results 

6.1 Introduction 

In this Chapter, the simulation results validate the theoretical analysis and the equations of 

the islanding detection methods. Also this chapter presents the testing procedure of the islanding 

detection methods using a laboratory prototype of a single phase grid connected PV inverter. The 

investigated islanding detection methods include the passive method by the standard protection 

system and the active methods which have been explained in Chapter 4. All the methods have been 

tested under the islanding test procedure. The step by step explanation of this testing procedure 

have been explained in next section. 

6.2 Testing Procedure 

In this thesis, the following testing procedure has been performed for all the islanding 

detection methods. This procedure has five (5) steps as follows: 

1. First of all, the inverter needs to provide all the active power of the local load. In order 

to do that, the inverter needs to get connected to the resistor of the local load and the 

output current of the inverter needs to be set to have the nominal voltage of the grid on 

the PCC. 

2. In the next step, the inductor and the capacitor of the load are added to the output of 

the inverter. The resonance frequency of the load inductor and capacitor should be 

equal to the nominal grid frequency. 

3. In the last two steps, the inverter works in the off grid mode. The purpose of the last 

two steps is to calibrate the output of the inverter to provide active power of the local 

load with zero reactive power injection. But in this step the inverter is going to get 

connected to the utility grid. Synchronization is the most important issue for 
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connecting an inverter to the utility grid. In order to synchronize the inverter with the 

utility grid, the phase angle of the inverter is required. PLL measures the grid’s voltage 

phase angle and generates the current reference signal for the current controller. To 

connect the inverter and the local load to the utility grid, switch S1 get closed while 

the DC source, which emulates the solar panel in our prototype, is connected. In this 

step no gating signals have been applied to the switches.  

4. In this step the inverter starts injecting power to the PCC. Power injection has been 

done by applying the gating signals to the switches. The gating signal should be applied 

when the PLL is stable and is working in the steady state mode.  

5. The last step is to make the islanding condition by opening the switch S1. When the 

switch S1 opens, the inverter and the local load get disconnected from the grid and the 

inverter, and the load makes an unintentional islanding. The islanding detection 

methods have to detect islanding within 2 seconds after opening of switch S1. 

6.3 Passive Method using Standard Protection Method 

As it has been explained earlier, the frequency and the voltage of the PCC should be in the 

allowable range of operation. Based on IEEE Std 1741, the inverter needs to get disconnected from 

the PCC if the voltage and/or frequency of the PCC exceeds the normal range.  

6.3.1 Islanding Detection Due to the Active Power Mismatch 

When the PCC voltage is in the range of Table II, the inverter has to cease energizing the 

PCC within the clearing time as indicated. The clearing time is the time between islanding 

occurrence and inverter ceasing to energize the PCC. 
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Table II Allowable range of voltage magnitude 

Voltage Range (% of base voltage) Clearing time (Second) 

V<50 0.16 

50<V<88 2.00 

110<V<120 1.00 

120<V 0.16 

 

Figure 6-1 PCC voltage and the inverter output current when Vpcc<50% (Islanding happens at t=1 

and is detected in 80 msec) 

 

Figure 6-2 Experimental waveforms of PCC voltage and the inverter output current when 

Vpcc<50% (Islanding is detected in 56 msec) 

 

Islanding Happens Islanding Detected

Islanding Happens Islanding Detected
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Figure 6-3 PCC voltage and the inverter output current when 50%<Vpcc<88% (Islanding happens 

at t=1 and is detected in 88 msec) 

 

 

Figure 6-4 Experimental waveforms of PCC voltage and the inverter output current when 

50%<Vpcc<88% (Islanding is detected in 64 msec) 

 

 

 

Islanding Happens Islanding Detected

Islanding Happens Islanding Detected
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Figure 6-5 PCC voltage and the inverter output current when 110%<Vpcc<120% (Islanding happens 

at t=1 and is detected in 64 msec) 

 

 

 

Figure 6-6 Experimental waveforms of PCC voltage and the inverter output current when 

110%<Vpcc<120% (Islanding is detected in 56 msec) 

 

 

Islanding Happens Islanding Detected

Islanding Happens Islanding Detected
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Figure 6-7 PCC voltage and the inverter output current when 120%<Vpcc (Islanding happens at t=1 

and is detected in 52 msec) 

 

 

Figure 6-8 Experimental waveforms of PCC voltage and the inverter output current when 

120%<Vpcc (Islanding is detected in 48 msec) 

 

 

Islanding Happens Islanding Detected

Islanding Happens Islanding Detected
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6.3.2 Islanding Due to the Reactive Power Mismatch 

When the PCC frequency is in the range of Table III, the inverter has to cease energizing 

the PCC within the clearing time as indicated. The clearing time is the time between islanding 

occurrence and the inverter ceasing to energize the PCC. 

Table III Allowable range of operating frequnecy 

Frequency (Hz) Clearing time (Second) 

f<59.3 0.16 

60.5<f 0.16 

 

Figure 6-9 PCC voltage and the inverter output current when f < 59.3 (Islanding happens at t=1 and 

is detected in 112 msec) 

 

Figure 6-10 PCC voltage’s frequency when f < 59.3 (Islanding happens at t=1 and is detected in 112 

msec) 

Islanding Happens Islanding Detected

Islanding Happens Islanding Detected
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Figure 6-11 Experimental waveforms of PCC voltage and the inverter output current when f < 59.3 

(Islanding is detected in 96 msec) 

 

 

Figure 6-12 DSP digital output of PCC voltage’s frequency when f < 59.3 (islanding is detected in 96 

msec) 
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Figure 6-13 PCC voltage and the inverter output current when 60.5 < f (Islanding happens at t=1 and 

is detected in 104 msec) 

 

 

Figure 6-14 PCC voltage’s frequency when 60.5 < f (Islanding happens at t=1 and is detected in 104 

msec) 

 

 

 

 

 

Islanding Happens Islanding Detected

Islanding Happens Islanding Detected
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Figure 6-15 Experimental waveforms of PCC voltage and the inverter output current when 60.5 < f 

(Islanding is detected in 128 msec) 

 

 

Figure 6-16 DSP digital output of PCC voltage’s frequency when 60.5 < f (islanding is detected in 128 

msec) 
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6.4 Non Detection Zone of the Passive Method using the Standard Protection 

Method 

As it has been explained in Chapter 3, when the active and the reactive power mismatch 

are not large enough, the passive methods using standard protection system fail to detect islanding. 

In this section, the experimental and the simulation results have been presented which confirms 

when 88% < V < 110% and 59.3 < f < 60.5, passive methods fail to detect islanding. 

 

Figure 6-17 PCC voltage and the inverter output current when 59.3 < f <60.5 and 88% < V < 110% 

(Islanding happens at t=1 and the passive method fails to detect islanding) 

 

Figure 6-18 PCC voltage’s frequency when 59.3 < f <60.5 and 88% < V < 110% (Islanding happens 

at t=1 and the passive method fails to detect islanding) 

Islanding Happens

Islanding Happens
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Figure 6-19 Experimental waveforms of PCC voltage and the inverter output current when 59.3 < f 

<60.5 and 88% < V < 110% (the passive method fails to detect islanding) 

 

 

Figure 6-20 DSP digital output of PCC voltage’s frequency when 59.3 < f <60.5 and 88% < V < 110% 

(the passive method fails to detect islanding) 
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6.5 Slip mode frequency shift islanding detection method 

In this section the simulation and the experimental results of slip mode frequency shift 

islanding detection method for two loads with 𝑄𝑓 = 0.5 and 𝑄𝑓 = 1.5 , which have the resonance 

frequency of 60 Hz, have been presented. The islanding tests have been performed for three 

different values of SMS IDM characteristic parameters (𝜃𝑚 and 𝑓𝑚). 

 

Figure 6-21 PCC voltage and the inverter output current for load with 𝑸𝒇 = 𝟎. 𝟓 and SMS IDM 

parameters of 𝜽𝒎 = 𝟏𝟎 and 𝒇𝒎 = 𝟑 (Islanding happens at t=1 and is detected in 176 msec) 

 

Figure 6-22 PCC voltage’s frequency for load with 𝑸𝒇 = 𝟎. 𝟓 and SMS IDM parameters of 𝜽𝒎 = 𝟏𝟎 

and 𝒇𝒎 = 𝟑 (Islanding happens at t=1 and is detected in 176 msec) 

Islanding Happens Islanding Detected

Islanding Happens Islanding Detected



 

101 

 

 

 

Figure 6-23 Experimental waveforms of PCC voltage and the inverter output current for load with 

𝑸𝒇 = 𝟎. 𝟓 and SMS IDM parameters of 𝜽𝒎 = 𝟏𝟎 and 𝒇𝒎 = 𝟑 (islanding is detected in 160 msec) 

 

 

Figure 6-24 DSP digital output of PCC voltage’s frequency for load with 𝑸𝒇 = 𝟎. 𝟓 and SMS IDM 

parameters of 𝜽𝒎 = 𝟏𝟎 and 𝒇𝒎 = 𝟑 (islanding is detected in 160 msec) 
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Figure 6-25 PCC voltage and the inverter output current for load with 𝑸𝒇 = 𝟎. 𝟓 and SMS IDM 

parameters of 𝜽𝒎 = 𝟏𝟎 and 𝒇𝒎 = 𝟓 (Islanding happens at t=1 and is detected in 160 msec) 

 

 

Figure 6-26 PCC voltage’s frequency for load with 𝑸𝒇 = 𝟎. 𝟓 and SMS IDM parameters of 𝜽𝒎 = 𝟏𝟎 

and 𝒇𝒎 = 𝟓 (Islanding happens at t=1 and is detected in 160 msec) 
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Figure 6-27 Experimental waveforms of PCC voltage and the inverter output current for load with 

𝑸𝒇 = 𝟎. 𝟓 and SMS IDM parameters of 𝜽𝒎 = 𝟏𝟎 and 𝒇𝒎 = 𝟓 (islanding is detected in 250 msec) 

 

 

Figure 6-28 DSP digital output of PCC voltage’s frequency for load with 𝑸𝒇 = 𝟎. 𝟓 and SMS IDM 

parameters of 𝜽𝒎 = 𝟏𝟎 and 𝒇𝒎 = 𝟓 (islanding is detected in 250 msec) 

 

 

Islanding Happens Islanding Detected

zoom

60

40

20

0

50

30

10

25 50 75 100 125 150 175 200 225
ms

Islanding Happens Islanding Detected



 

104 

 

 

Figure 6-29 PCC voltage and the inverter output current for load with 𝑸𝒇 = 𝟎. 𝟓 and SMS IDM 

parameters of 𝜽𝒎 = 𝟓 and 𝒇𝒎 = 𝟓 (Islanding happens at t=1 and is detected in 144 msec) 

 

 

Figure 6-30 PCC voltage’s frequency for load with 𝑸𝒇 = 𝟎. 𝟓 and SMS IDM parameters of 𝜽𝒎 = 𝟓 

and 𝒇𝒎 = 𝟓 (Islanding happens at t=1 and is detected in 144 msec) 
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Figure 6-31 Experimental waveforms of PCC voltage and the inverter output current for load with 

𝑸𝒇 = 𝟎. 𝟓 and SMS IDM parameters of 𝜽𝒎 = 𝟓 and 𝒇𝒎 = 𝟓 (islanding is detected in 210 msec) 

 

 

Figure 6-32 DSP digital output of PCC voltage’s frequency for load with 𝑸𝒇 = 𝟎. 𝟓 and SMS IDM 

parameters of 𝜽𝒎 = 𝟓 and 𝒇𝒎 = 𝟓 (islanding is detected in 210 msec) 

 

 

 

Islanding Happens Islanding Detected

zoom

Islanding Happens Islanding Detected

60

40

20

0

50

30

10

25 50 75 100 125 150 175 200 225
ms



 

106 

 

 

Figure 6-33 PCC voltage and the inverter output current for load with 𝑸𝒇 = 𝟏. 𝟓 and SMS IDM 

parameters of 𝜽𝒎 = 𝟏𝟎 and 𝒇𝒎 = 𝟑 (Islanding happens at t=1 and is detected in 144 msec) 

 

 

Figure 6-34 PCC voltage’s frequency for load with 𝑸𝒇 = 𝟏. 𝟓 and SMS IDM parameters of 𝜽𝒎 = 𝟏𝟎 

and 𝒇𝒎 = 𝟑 (Islanding happens at t=1 and is detected in 144 msec) 
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Figure 6-35 Experimental waveforms of PCC voltage and the inverter output current for load with 

𝑸𝒇 = 𝟏. 𝟓 and SMS IDM parameters of 𝜽𝒎 = 𝟏𝟎 and 𝒇𝒎 = 𝟑 (islanding is detected in 128 msec) 

 

 

Figure 6-36 DSP digital output of PCC voltage’s frequency for load with 𝑸𝒇 = 𝟏. 𝟓 and SMS IDM 

parameters of 𝜽𝒎 = 𝟏𝟎 and 𝒇𝒎 = 𝟑 (islanding is detected in 128 msec) 
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6.6 Non Detection Zone of SMS IDM 

In Chapter 4 it has been explained that in the case of load variation, the new loading condition 

could lie inside the non-detection zone area of SMS IDM. In this chapter the simulation and the 

experimental results verify the case when the SMS IDM characteristic parameters are initially set 

as 𝜃𝑚 = 5 and 𝑓𝑚 = 5 for load 𝑄𝑓 = 0.5 and then the load quality factor changes to 𝑄𝑓 = 1.5.  

 

Figure 6-37 PCC voltage and the inverter output current for load with 𝑸𝒇 = 𝟏. 𝟓 and SMS IDM 

parameters of 𝜽𝒎 = 𝟓 and 𝒇𝒎 = 𝟓 (SMS IDM fails to detect islanding) 

 

Figure 6-38 PCC voltage’s frequency for load with 𝑸𝒇 = 𝟏. 𝟓 and SMS IDM parameters of 𝜽𝒎 = 𝟓 

and 𝒇𝒎 = 𝟓 (SMS IDM fails to detect islanding) 

Islanding Happens

Islanding Happens



 

109 

 

 

 

Figure 6-39 Experimental waveforms of PCC voltage and the inverter output current for load with 

𝑸𝒇 = 𝟏. 𝟓 and SMS IDM parameters of 𝜽𝒎 = 𝟓 and 𝒇𝒎 = 𝟓 (SMS IDM fails to detect islanding) 

 

 

Figure 6-40 DSP digital output of PCC voltage’s frequency for load with 𝑸𝒇 = 𝟏. 𝟓 and SMS IDM 

parameters of 𝜽𝒎 = 𝟓 and 𝒇𝒎 = 𝟓 (SMS IDM fails to detect islanding) 
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6.7 New SMS IDM 

In this section the simulation and the experimental results verify that the new SMS IDM 

has a smaller NDZ than the original SMS IDM. It means the new SMS IDM detects islanding for 

the load that the original SMS IDM fails to detect islanding for. 

 

Figure 6-41 PCC voltage and the inverter output current for load with 𝑸𝒇 = 𝟏. 𝟓 and new SMS IDM 

parameters of 𝑲 = 𝟐. 𝟗𝟐 (Islanding happens at t=1 and is detected in 128 msec) 

 

Figure 6-42 PCC voltage’s frequency for load with 𝑸𝒇 = 𝟏. 𝟓 and new SMS IDM parameters of 𝑲 =

𝟐. 𝟗𝟐 (Islanding happens at t=1 and is detected in 128 msec) 
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Figure 6-43 Experimental waveforms of PCC voltage and the inverter output current for load with 

𝑸𝒇 = 𝟏. 𝟓 and new SMS IDM parameters of 𝑲 = 𝟐. 𝟗𝟐 (Islanding is detected in 128 msec) 

 

 

Figure 6-44 DSP digital output of PCC voltage’s frequency for load with 𝑸𝒇 = 𝟏. 𝟓 and new SMS 

IDM parameters of 𝑲 = 𝟐. 𝟗𝟐 (Islanding is detected in 128 msec) 
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6.8 Impedance Calculation 

It has been explained in Section 4.5 that the NDZ of the new SMS IDM is not zero. 

Therefore, a method called Advanced SMS IDM has been introduced. This method calculates the 

local load impedance and changes the parameters of the SMS IDM based on the algorithm, which 

has been explained in Section 4.6. The simulation and the experimental results shows the local load 

impedance calculation and the validity of the islanding detection when the load quality factor 

changes from 0.5 to 1.5. 

 

Figure 6-45 (a) PCC voltage and the inverter output current for the local load impedance calculation 

(b) 5th harmonic current injection period (c) 7th harmonic current injection  

5
th

 harmonic injection 7
th

 harmonic injection

zoom zoom
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(b)

(c)
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It is worth noting that the impedance calculation was done every 10 minutes. Also, the harmonic 

current injection lasted for only 0.2 seconds for each harmonic. Therefore, the harmonic current 

injection has no effect on the output power quality of the inverter.  

 

Figure 6-46 Calculated value of the local load’s resistance ( R=30 ) 

 

Figure 6-47 Calculated values of the total reactance for 5th harmonic ( Xeq,5=18 )  

 

Figure 6-48 Calculated values of the total reactance for 7th harmonic ( Xeq,7=-65 )  
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Figure 6-49 Experimental waveforms of PCC voltage and the inverter output current (5th harmonic 

current injection) for the local load impedance calculation 

 

Figure 6-50 Experimental waveforms of PCC voltage and the inverter output current (7th harmonic 

current injection) for the local load impedance calculation 

zoom

zoom
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Figure 6-51 DSP digital output of the calculated value of the local load’s resistance ( R=8 ) 

 

Figure 6-52 DSP digital output of the calculated values of the total reactance for 5th harmonic ( 

Xeq,5= 5) 

 

Figure 6-53 DSP digital output of the calculated values of the total reactance for 7th harmonic ( 

Xeq,7=-18) 
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6.9 Advanced SMS IDM 

 

Figure 6-54 PCC voltage and the inverter output current for load with 𝑸𝒇 = 𝟏. 𝟓 and Advanced SMS 

IDM (Islanding happens at t=1 and is detected in 60 msec) 

 

 

Figure 6-55 PCC voltage’s frequency for load with 𝑸𝒇 = 𝟏. 𝟓 and Advanced SMS IDM (Islanding 

happens at t=1 and is detected in 60 msec) 

 

 

 

 

Islanding Happens Islanding Detected

Islanding Happens Islanding Detected



 

117 

 

 

Figure 6-56 Experimental waveforms of PCC voltage and the inverter output current for load with 

𝑸𝒇 = 𝟏. 𝟓 and Advanced SMS IDM (Islanding is detected in 48 msec) 

 

 

Figure 6-57 DSP digital output of PCC voltage’s frequency for load with 𝑸𝒇 = 𝟏. 𝟓 and Advanced 

SMS IDM (Islanding is detected in 48 msec) 
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Chapter 7 

Conclusion and Future Work 

7.1 Conclusion 

The integration of renewable energy sources and energy storage have raised some concerns 

for utility power systems. One of the main concerns is islanding detection that is enforced by grid 

interconnection regulatory standards. This thesis gives a brief review of all the islanding detection 

methods in literature by categorizing them into remote methods and local methods. Remote 

methods have a small non-detection zone (NDZ) but have a higher implementation cost and a more 

complicated implementation logistically than local methods. The local methods are categorically 

divided into passive and active methods. Passive methods detect islanding by measuring the point 

of common coupling (PCC) voltage and the inverter output current. These methods are inexpensive 

and simple to implement, but they fail to detect islanding when the local load power consumption 

closely matches the output power generation of the inverter. The active methods inject intentional 

disturbances into the utility grid and measure the grid's signals to detect whether islanding has 

occurred. Active methods generally have smaller NDZs, but the injecting disturbances will slightly 

degrade the power quality and reliability of the power system.  

This thesis gives a method to calculate and compare the NDZs of the passive and the active 

methods. This thesis concludes that SMS IDM has the smallest NDZ compared to the other two 

methods with no effect on the power quality when the inverter is connected to the grid. In addition, 

this thesis presents a new slip mode frequency shift islanding detection method (SMS IDM) which 

uses a non-sinusoidal function for drifting the inverter phase angle and has a smaller NDZ area 

compared to the SMS IDM with sinusoidal function. Moreover, this thesis presents the advanced 

version of the conventional slip mode frequency shift islanding detection method (SMS IDM). In 
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this method the parameters of SMS IDM change based on the local load impedance value. The 

parameter values are calibrated periodically by measuring the impedance of the local load. 

This thesis provides the stability analysis for two modes of inverter operation; grid-

connected mode and islanded mode. The stability of the system in each mode has been determined 

using the dynamic equations of the system in each mode of operation. In addition, this thesis 

mathematically proves that for some loading conditions the nominal frequency is an unstable point 

and the operation frequency slides to another stable point, while for other loading conditions the 

nominal frequency is the only stable point of the system upon islanding occurring. 

This thesis validates the theoretical analysis and the equations of the islanding detection 

methods by providing the simulation and the experimental results. The experimental results are 

taken using a laboratory prototype of a single phase grid connected PV inverter. 

7.2 Future Work 

This thesis has provided major contribution to research involving islanding detection 

methods for single phase grid connected inverters. However, there are areas to be investigated 

further. The following can be conducted in future work: 

 In this thesis, the islanding detection methods for one inverter connected to the grid 

has been investigated. Since the integration of the PV inverters in the utility grid 

are increasing, islanding detection methods for the case of multiple inverters 

connected to the PCC can be investigated. 

 In this thesis, the voltage of the utility grid is considered as an ideal sinusoidal 

voltage source with no harmonic. The introduced islanding detection methods can 

be investigated under the distorted utility voltage with harmonics. 

 In this thesis, an L filter has been selected for the output filter of the inverter. A 

filter with one inductor has the simplest dynamic equation among all other types 
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of the filter. The dynamics of the system with an LCL filter or an LC filter can be 

investigated for the operation modes of the inverter. 
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Appendix A 

A.1 Output Filter Design 

The output filter of the inverter reduces the switching harmonic currents in the output of 

the inverter. There are several types of filters; L, LC, and LCL are some of the output filters that 

usually have been used for single phase grid connected inverters. The filter topologies are given in 

Figure A. 1. 

 

Figure A. 1 (a) L Filter (b) LC Filter (c) LCL Filter 

The output filter of the inverter is chosen to be a simple L filter. Three steps should be 

taken to design an inductor; 1) core selection, 2) number of turns needed to obtain the required 

inductance, and 3) choosing a wire size. The following procedure will lead us to design an inductor 

for our application.  

First of all, the value of the inductor must be determined. A total inductor with L=2.6 mH 

is sufficient for the output filter of the inverter in this thesis. The next step for designing an inductor 

is to choose a proper magnetic core. Magnetic Powder core products, MPP, Kool Mµ, High Flux, 

and Xflux are distributed air cores that are primarily used for power inductor applications. MPP 

cores have the lowest core loss, and are available in industry at a reasonable price. Therefore, MPP 

cores have been chosen for our application. 

After choosing the type of the core, one specific core should be selected out of the available 

cores with different sizes and permeability. Next, we need to calculate the product of 𝐿. 𝐼2 for the 

inductor. 

Inverter Inverter Inverter

(a) (b) (c)

 𝐿  𝐿 

𝐶 

 𝐿 

𝐶 

 𝐿 
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𝐿 = 2.6 (𝑚𝐻) 𝑎𝑛𝑑 𝐼 = 5 (𝐴)  → 𝐿1𝐼
2 = 66.25 𝑚𝐻𝐴2  (A-1) 

The 𝐿. 𝐼2 value of each inductor should be located on the core selector chart which is given in 

Figure A. 2. The intersection of the 𝐿. 𝐼2 values with the core selection line gives us a range of 

options to choose the core. The core with part number 55195 is chosen for 𝐿. 

 

Figure A. 2 Core selector chart 

The next step is to calculate the number of turns needed. Equation (A-2) gives an approximation 

for the number of turns needed. 

𝑁 = √
𝐿 × 103

𝐴𝐿
  (A-2) 

Where 𝐴𝐿 is the inductance factor in 𝑛𝐻/𝑇2, which can be obtained from the core data sheet. In 

this equation, the worst case negative tolerance (-8%) should be considered for the value of 𝐴𝐿. 

𝑁 = √
𝐿1 × 10

3

𝐴𝐿1
= √

2600 × 103

264.04
≅ 102 (A-3) 
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The last step is to choose a wire size for winding the inductor. The wire table in Table IV 

helps us choose a proper wire size. Based on the current rating of the inverter and available wires, 

AWG #14 has been chosen for winding the inductor. 

Table IV Wire size table 

 

A.2 Voltage Sensor 

The output terminal voltage of the inverter is required for the control purpose of the system. 

A sensor is needed to measure the terminal voltage of the inverter. There are a few different types 

of voltage sensors which use different configurations. In this thesis, the voltage sensor which uses 

a Power Transformer (PT) to sense the voltage has been used. One of the advantages of using a PT 

for voltage measurement is that the PT provides an electric isolation between the main circuit and 

the sensor. This isolation makes sure that no electric faults or malfunctions will pass from the high 

voltage side to the DSP at the low voltage side. Figure A. 3 shows the analog implementation of 

this voltage sensor. 
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Figure A. 3 Analog implementation of the voltage sensor 

As it can be seen from the figure, a power transformer is connected to the output terminal 

of the inverter. The secondary side voltage of the PT has been divided by two resistors. After this 

stage, the voltage of point ‘A’ is fed to an Operational Amplifier (Op-Amp) and its output is given 

to the Analog to Digital Converter (ADC) PIN of the DSP. The Op-Amp is responsible for changing 

the amplitude and the DC offset of the voltage to make it suitable for the DSP desired level. The 

input of the DSP ADC PIN must be between 0 – 3 V. All the parameters of the sensor should be 

designed to change the nominal input voltage (110 AC) to a corresponding voltage level between 

0 – 3 V.  

A.3 Current Sensor 

Besides the output terminal voltage, the inverter output current is required for the control 

system. A sensor should be designed to measure the current. There are a few types of current 

sensors. In this application, a hall-effect sensor has been used to measure the output current. The 

hall-effect sensor provides an electric isolation between the main power circuit and the sensor 

circuit. The analog implementation of the sensor is shown in Figure A. 4.  
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Figure A. 4 Analog implementation of the current sensor 

As it can be seen from the figure, the sensor output is a voltage which has a magnitude 

relative to the magnitude of the current passing into the sensor. In order to change the output voltage 

of the hall-effect sensor to be proper for the DSP conversion from analog to digital, an Op-Amp 

has been used.  

A.4 Gate Drive 

One of the most widely used methods to supply power to the high side gate drive circuitry 

of the high voltage gate drive IC is the bootstrap power supply. This bootstrap power supply 

technique has the advantage of being simple and low cost. The operation of this circuit was 

explained earlier in this section. Com, VDD, VB, HO, LO and VS are the connection pins of the 

IC. Com and VDD are connected to the ground and the power supply of the IC respectively. The 

HO and LO are connected to the gates of the high side switch and low side switch and the VS is 

connected to the output of the inverter. 

When the VS is pulled down to the ground (meaning the low side switch is turned on and 

high side switch is turned off), the bootstrap capacitor 𝐶𝑏𝑜𝑜𝑡 charges through the diode from the 

power supply. In order for the high switch to be turned on, the gate voltage of the switch must be 

higher than the source voltage. Therefore, when the low side switch turns off, the VS voltage level 

reaches the inverter output voltage level and the bootstrap diode gets turned off. In this case, the 
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VB voltage gets charged to the output voltage plus the VDD. Therefore, the gate to the source 

voltage difference gets to the VDD and the high side switch turns on. 

 

 

Figure A. 5 Bootstrap gate drive circuit 

A.5 DSP 

The inverter control system including the current controller, SOGI PLL and the proposed 

islanding detection method have been implemented digitally using a Digital Signal Processor. In 

this thesis a TMS320F28335 Experimenter Kit has been used as the digital signal processor. The 

DSP kit is shown in Figure A. 6. 

Forward Euler method, Backward Euler method, and Trapezoidal method are a few of the 

discretization methods for digital implementation of the transfer function of the PLL, current 

controller. The Trapezoidal method is chosen in this thesis to discretize the transfer functions. 

Trapezoidal method is described as: 

𝑦(𝑛) = 𝑦(𝑛 − 1) +
𝑇𝑠
2
[𝑢(𝑛) + 𝑢(𝑛 − 1)] (A-4) 

In this method, 
1

𝑠
 is approximated by: 
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𝑇𝑠
2

1 + 𝑧−1

1 − 𝑧−1
 (A-5) 

 

Figure A. 6 DSP TMS320F28335 Experiment Kit 

This C2000 Experimenter Kit is based on the C2000 Delfino™ TMS320F28335 MCU, 

which features a 150 MIPS processing core with floating point support, 512 KB integrated flash, 

18 PWM channels with high resolution capability, 12-bit 12.5 MSPS ADC, capture interfaces, QEP 

interfaces, serial connectivity, among other features. In this section, initializing and setting the 

control registers of the peripherals has been explained. 

These functions are required for the initialization of the DSP Code: 

Initialize System Control: 

InitSysCtrl(); 

This function sets the clock frequency of the PLL of the CPU. In F28335 DSP, the clock 

frequency has the pre-set value of 150 MHZ. In this project the default clock frequency has been 

used. Also, this function enables all the peripherals. 

Initialize PIE(Peripheral Interrupt Expansion) Control: 

InitPieCtrl(); 

This function resets all the registers of the peripherals. Also, this function disables all the 

peripherals interrupts and clears the peripheral flags. 
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Initialize the PIE vector table: 

InitPieVectTable(); 

This function initializes the PIE vector table with pointers to the shell Interrupt Service 

Routines (ISR). All the interrupts that are used in this project should be re-mapped to ISR functions 

found within this file. In this project ePWM interrupt has been used. 

PieVectTable.EPWM1_INT = &epwm1_isr; 

After initializing the DSP, the control registers of Analog to Digital conversion and the ePWM are 

required to be set. 

ADC Configuration: 

In this project the output voltage and the output current signals are required in the control 

system. The following register determines the required number of Analog to Digital conversions. 

AdcRegs.ADCMAXCONV.all = 0x0002;       // Setup 2 conv's on SEQ1 

Also the ADC pins which have been used for conversion should be determined. Following registers 

set the active ADC pins. 

AdcRegs.ADCCHSELSEQ1.bit.CONV00 = 0x3; // Setup ADCINA3 as 1st SEQ1 conv. 

AdcRegs.ADCCHSELSEQ1.bit.CONV01 = 0x2; // Setup ADCINA2 as 2nd SEQ1 conv. 

ePWM Initialization: 

The frequency of the ePWM signals could be set using the following register. In this project 

the switching frequency is 20 KHz and the TBRD value have been set for this frequency.  

EPwm1Regs.TBPRD = 3750;                        // Set timer period 

The ePWM have been set to count up and down in this project. 

EPwm1Regs.TBCTL.bit.CTRMODE = TB_COUNT_UPDOWN; // Count up 

The compare register value should be initialized first. This register value is updated from the current 

controller loop which is in the main body of the code. 

EPwm1Regs.CMPA.half.CMPA = 750; 
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Complimentary switching signals are required for the switches of a leg in the inverter. The 

following registers provide two complimentary signals for the gate of the switches on a leg. 

EPwm1Regs.AQCTLA.bit.CAU = AQ_TOGGLE;             // Set PWM1A on Zero 

EPwm1Regs.AQCTLA.bit.CAD = AQ_TOGGLE; 

EPwm1Regs.AQCTLA.bit.ZRO = AQ_CLEAR; 

 

EPwm1Regs.AQCTLB.bit.CAU = AQ_TOGGLE;           // Set PWM1A on Zero 

EPwm1Regs.AQCTLB.bit.CAD = AQ_TOGGLE; 

EPwm1Regs.AQCTLB.bit.ZRO = AQ_SET; 

 

 

 

 

 


