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Abstract 

The first objective of this research was to develop closed-form and numerical probabilistic methods of 

analysis that can be applied to otherwise conventional methods of unreinforced and geosynthetic 

reinforced slopes and walls. These probabilistic methods explicitly include random variability of soil 

and reinforcement, spatial variability of the soil, and cross-correlation between soil input parameters 

on probability of failure. The quantitative impact of simultaneously considering the influence of 

random and/or spatial variability in soil properties in combination with cross-correlation in soil 

properties is investigated for the first time in the research literature. Depending on the magnitude of 

these statistical descriptors, margins of safety based on conventional notions of safety may be very 

different from margins of safety expressed in terms of probability of failure (or reliability index). The 

thesis work also shows that intuitive notions of margin of safety using conventional factor of safety 

and probability of failure can be brought into alignment when cross-correlation between soil 

properties is considered in a rigorous manner.  

The second objective of this thesis work was to develop a general closed-form solution to compute the 

true probability of failure (or reliability index) of a simple linear limit state function with one load 

term and one resistance term expressed first in general probabilistic terms and then migrated to a 

LRFD format for the purpose of LRFD calibration. The formulation considers contributions to 

probability of failure due to model type, uncertainty in bias values, bias dependencies, uncertainty in 

estimates of nominal values for correlated and uncorrelated load and resistance terms, and average 

margin of safety expressed as the operational factor of safety (OFS). Bias is defined as the ratio of 

measured to predicted value. Parametric analyses were carried out to show that ignoring possible 

correlations between random variables can lead to conservative (safe) values of resistance factor in 

some cases and in other cases to non-conservative (unsafe) values. Example LRFD calibrations were 

carried out using different load and resistance models for the pullout internal stability limit state of 



   

 

iii 

 

steel strip and geosynthetic reinforced soil walls together with matching bias data reported in the 

literature.  
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Co-authorship 

Chapter 2 

Sina Javankhoshdel derived a closed-form solution for the case of slopes with undrained cohesive 

soil. Using the closed-form solution, a probabilistic slope stability design chart was developed for 

these types of soil slopes. Sina Javankhoshdel also carried out probabilistic analysis of c- soil slopes 

using the SVSlope software (Fredlund and Thode 2011). A series of probabilistic slope stability 

design charts were developed for c- soil slopes to calculate factor of safety and probability of failure 

in the same chart. The cross-correlation between soil strength parameters and the influence of 1D 

spatial variability of soil properties were also investigated using the SVSlope software for slopes with 

c- soil. The chapter was published as a full paper in the Canadian Geotechnical Journal 

(Javankhoshdel and Bathurst 2014). 

Chapter 3 

Sina Javankhoshdel developed a Visual Basic code to carry out probabilistic analysis of unreinforced 

slopes using limit equilibrium methods together with Monte Carlo simulation considering cross-

correlation between soil input parameters. In this chapter the influence of cross-correlation between 

random soil parameters on probability of failure of simple slopes was examined in more depth. A new 

closed-form solution was derived by Sina Javankhoshdel similar to the one presented in Chapter 2 

for slopes with undrained cohesive soil. Using the Visual Basic code and carrying out Monte Carlo 

simulation, a new series of probabilistic slope stability design charts for c- soils similar to the charts 

presented in Chapter 2 were presented. These new charts allow the user to calculate factor of safety 

and probability of failure with and without considering negative cross-correlation between c and  and 
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positive cross-correlation between c and , and  and . The chapter was published as a full paper in 

the Canadian Geotechnical Journal (Javankhoshdel and Bathurst 2016a). 

Chapter 4 

Sina Javankhoshdel developed a Visual Basic code to carry out probabilistic analysis of geosynthetic 

reinforced slopes using a limit equilibrium method together with Monte Carlo simulation considering 

the random variability of soil strength parameters and reinforcement tensile strength and also cross-

correlation between soil input parameters. Two main failure mechanisms in reinforced slopes were 
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soil input parameters for each failure mechanism were investigated and the output results were 

compared. The chapter was published as a full paper in the journal Geosynthetics International 
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Chapter 5 

A closed-form solution for the case of a simple limit state function with one load and one resistance 

term was developed by Dr. Bathurst and Sina Javankhoshdel. The formulation considers contributions 

to probability of failure (or reliability index) due to model type, uncertainty in bias values, bias 

dependencies, uncertainty in estimates of nominal values for correlated and uncorrelated load and 

resistance terms, and average margin of safety expressed as the operational factor of safety (OFS). 

Different load and resistance models for the pullout internal stability limit state of steel strip 

reinforced soil walls were provided by Dr. Bathurst. Sina Javankhoshdel developed a Macro-enabled 

Excel spreadsheet for Monte Carlo simulation analysis. Sina Javankhoshdel carried out the Monte 

Carlo simulations and also used the closed-form solution to find the probability of failure and 

compared the results. Example calculations using different load and resistance models for the pullout 
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internal stability limit state of steel strip reinforced soil walls together with matching bias data 

reported in the literature were presented. The chapter was published as a full paper in the journal 

Georisk (Bathurst and Javankhoshdel 2016). 

Chapter 6 

Dr. Bathurst and Sina Javankhoshdel derived a general closed-form solution and used it to compute 

the true probability of failure (or reliability index) of a simple linear limit state design function with 

one load term and one resistance term expressed in a load and resistance factor design (LRFD) format. 

Sina Javankhoshdel developed a Macro-enabled Excel spreadsheet for Monte Carlo simulation 

analysis. Example LRFD calibrations were carried out by Sina Javankhoshdel using different load and 

resistance models for the pullout internal stability limit state of steel strip and steel grid reinforced soil 

walls together with matching bias data reported in the literature and provided by Dr. Bathurst. The 

Chapter is in review for publication as a full paper in the ASCE Journal of Geotechnial and 
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Chapter 1 

Introduction 

 General 1.1

Slope stability charts are used routinely to estimate the factor of safety of slopes with isotropic, 

homogeneous soil properties and simple geometry. Taylor (1937) published design charts to calculate 

factor of safety for simple homogeneous slopes in cohesive and cohesive-frictional (c-) shear 

strength soils. Since Taylor’s work, other researchers have developed slope stability charts for simple 

slopes with c- soils. Michalowski (2002) used a kinematic approach of limit analysis with a log-

spiral failure mechanism while Baker (2003) and Steward et al. (2011) used conventional limit-

equilibrium circular slip analyses to produce their charts. All of these methods are deterministic and 

the resulting charts can be shown to give the same factor of safety for the same slope and soil 

properties.  

Several attempts have been reported in the literature to produce design charts to quantify the benefit 

of planar polymeric soil reinforcement materials (geosynthetics) to increase the stability of steep 

slopes. Schneider and Holtz (1986), Tensar (1988; 2003), Leshchinsky and Boedeker (1989), 

Jewell (1991) and Bathurst and Jones (2001) provided stability design charts for simple reinforced 

slopes using limit-equilibrium methods to produce design charts. These deterministic design charts 

provide the minimum number, length and spacing of reinforcement layers required to achieve a target 

minimum factor of safety against collapse.  

A shortcoming of all these design charts for unreinforced and reinforced soil slopes with simple 

geometry is that an appreciation of the probability of failure of the slope cannot be made. Probability 

of failure depends on the level of uncertainty in the input parameters. For example, if the soil 
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properties and reinforcement properties are treated as random variables, then it is possible that two 

slopes with nominal identical soil properties, the same slope geometry and the same nominal 

reinforcement properties may have the same factor of safety based on conventional deterministic 

analysis. However, they may have different probabilities of failure because of differences in 

variability of the soil and reinforcement properties. In fact, the assessment of probability of slope 

failure is further complicated because soil properties also have spatial variability. Therefore, it is 

desirable for geotechnical engineers to be able to estimate factor of safety for simple slopes and their 

corresponding probabilities of failure from a single set of design charts. However, production of 

design charts for the estimate of probability of failure of simple unreinforced slopes with c- soils and 

conventional slip circle geometry and probabilistic design charts for reinforced soil slopes have not 

been attempted before the research described in this study was begun.  

 Prior related work 1.2

1.2.1 Probability concepts and tools in slope stability analysis 

Morgenstern (1995), El-Ramly (2001) and Phoon and Kulhawy (1999a) classified geotechnical 

uncertainties into three categories: parameter uncertainty that refers to uncertainty of input 

parameters, model uncertainty that refers to inaccuracies associated with imperfect theories or 

mathematical formulations used to estimate real soil behaviour, and human uncertainty due to errors, 

omissions or mistakes during the analysis, design, construction and service life phases. As reported by 

Duncan (2000), conventional slope stability practice based on the safety factor approach is logical as 

they are experience based. However, it is common to use the same value of factor of safety for a given 

type of application, such as long-term slope stability, without regard to the degree of uncertainty 

involved in its calculation. Reliability calculations (reliability is one minus probability of failure) 

provide a method of evaluating the combined effects of uncertainties, and a way to distinguish 
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between conditions where uncertainties are particularly high or low. Nevertheless, in the context of 

the research in this study only uncertainty in the selection of material properties is considered. 

Reliability tools have been applied to slope stability analysis using the readily understood concept of 

“probability of failure” as a complement to the traditional “factor of safety”. (Li and Lumb 1987; 

Christian et al. 1994; Griffiths and Fenton 2004; Li et al. 2009; Griffiths et al. 2011; Low et al. 

2011; Zhang et al. 2011; Chan and Low 2012). There are various methods of probabilistic analysis 

of slopes reported in the literature. Griffiths et al. (2010) divided them into four major methods: 1) 

Point estimate method (PEM) (Christian and Baecher 2002); 2) First-order, second-moment method 

(FOSM) (Tang et al. 1976); 3) First-order reliability method (FORM) (Low and Tang 1997; Low 

2007); and 4) Monte Carlo Simulation (Rubinstein 1981; Ang and Tang 1984). PEM, FORM, 

FOSM are approximate methods that calculate the probability of failure based on the moments of the 

performance function. Monte Carlo simulation is the most versatile and robust method and is 

facilitated by modern computing power. Monte Carlo simulation in the context of probabilistic slope 

stability analysis involves in the following order: 1) sampling random variables from prescribed 

distributions, 2) calculating a factor of safety for a trial failure mechanism using the selected input 

parameters, and 3) computing the probability of failure directly by dividing the number of simulations 

with factor of safety less than one by the total number of simulations. Another advantage of this 

approach is that the method precision can be calculated based on the number of variables and desired 

level of confidence in the computed probability of failure. In addition, the Monte Carlo method is 

flexible, and can accommodate different probability density functions and correlated variables 

(Fredlund and Thode 2011). 

1.2.2 Deterministic slope stability analysis  

A deterministic slope stability method is needed as the basis of a probabilistic slope stability analysis. 

The most common analysis methods are the limit equilibrium method (LEM) and the finite element 
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method (FEM) (Matsui and San 1992). Limit equilibrium methods of slices are the most common 

due to their simplicity and familiarity (Alkasawneh et al. 2008). These methods vary in their 

treatment of static indeterminacy (Fredlund and Krahn 1977). Equilibrium conditions that are 

satisfied include: 1) some or all interslice forces (Fellenius 1936; Janbu 1968); 2) moment and/or 

some forces (Taylor 1937; Bishop 1955); and 3) moment and all forces (Morgenstern and Price 

1965; Spencer 1967; Sarma 1979).  

Limit equilibrium methods for reinforced slopes include circular slip (Kitch 1994), log-spiral 

(Leshchinsky and Boedeker 1989) and two-part wedge methods (Bathurst and Jones 2001) that 

have been modified to include the stabilizing contribution of the reinforcement layers. While these 

methods can give quantitative differences in some cases, the differences are not large enough for 

practical purposes. The circular slip and two-part wedge methods can be argued to be the most 

practical because they are easy to formulate. These limit equilibrium methods can be programed to 

output the tensile forces in the reinforcement layers that are required to satisfy equilibrium. The utility 

of the programs can be extended to account for any slope geometry, a wide range of geotechnical soil 

properties and stratigraphy, pore water pressure and surcharge loading (Woods and Jewell 1990; 

Jewell 1996).  

1.2.3 Probabilistic slope stability analysis  

Soil properties have random and spatial variation. The random variability of the soil is an inherent 

property resulting primarily from the natural geologic processes that produced the soil mass in situ 

(Phoon and Kulhawy 1999). The influence of the random variability of soil strength parameters on 

probability of failure of slopes using conventional limit equilibrium slip circle analysis has been 

explored by Li and Lumb (1987), Chowdhury and Xu (1993), Christian et al. (1994), Low et al. 

(1998), Hassan and Wolff (1999), Griffiths and Fenton (2004), Hong and Roh (2008), Ching et 

al. (2009), Mbarka et al. (2010). These researchers considered slopes having one or more isotropic, 
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homogeneous soil layers with random strength values described by a single cumulative distribution 

function.  

Soil properties vary spatially as a result of the depositional and post depositional processes (Lacasse 

and Nadim 1996). The spatial variability of the soil properties can be investigated using spatial 

correlation length defined as the distance in which soil properties are highly correlated. A large spatial 

correlation length value implies that the soil property is highly correlated over that length, resulting in 

a smooth variation within the soil profile. Conversely, a small value indicates that the fluctuations of 

the soil property are large (Vanmarcke 1977b). To study spatial variability of soil properties, random 

field generation techniques can be implemented in the probabilistic slope stability analysis of slopes. 

The commonly used techniques are the variance reduction method (Vanmarcke 1983), midpoint 

method (Low et al. 2007) and local average subdivision method (Fenton and Vanmarcke 1990). 

Wu and Wang (2011) investigated the influence of these three random field modeling methods on 

probabilistic slope stability analysis. They concluded that differences in the results obtained using 

these three methods are negligible and from a practical analysis point of view can be ignored. The 

influence of spatial variability of soil properties on probability of failure using conventional limit 

equilibrium slope stability analyses and random field generation techniques has been investigated by 

Catalan and Cornell (1976), Li and Lumb (1987), Mostyn and Soo (1992), Christian et al. 

(1994), El-Ramly et al. (2002), Low (2003), Low et al. (2007), Hong and Roh (2008), Cho (2010) 

and Wang et al. (2011). Important contributions to the influence of spatial variability of soil 

properties on stability of slopes have been made by Griffiths and Fenton (2004), Griffiths et al. 

(2009) and Huang et al. (2010) using the random finite element method (RFEM). 

Possible correlations between random values of shear strength parameters that can influence the 

probability of failure estimates for slopes have been noted by Nguyen and Chowdhury (1985). These 

correlations are quantified by the cross-correlation coefficient Negative correlations between c 
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andhave been reported from laboratory measurements (Lumb 1970; Yucemen et al. 1973; 

Cherubini 2000; Forrest and Orr 2010; Hata et al. 2012). A negative cross-correlation coefficient 

is computed when the cohesive soil strength component (c) decreases with increasing friction angle 

(). The uncertainty (or spread) in estimates of soil shear strength is smaller when there is a negative 

correlation between random values of c and  compared to the case of uncorrelated random values. Le 

(2014) and Griffiths et al. (2009) investigated the effect of positive cross-correlation between c and  

in soil slopes with spatial variability using the random finite element method (RFEM) method.  

In reinforced slopes, the reinforcement layers will also have some random variability. The influence 

of the random variability of soil strength properties and reinforcement properties on probability of 

failure of slopes using conventional limit equilibrium analyses has been investigated by Ferreira et 

al. (2016), Kitch et al. (1994; 2011), Ishizuka et al. (2009) and Menaa and Talaaiche (2013). Low 

and Tang (1997) used a spreadsheet method to investigate the reliability of reinforced embankments 

on soft ground.  

 Probability of failure of simple limit state functions for soil-structure interaction 1.3

problems 

The margins of safety for limit states in geotechnical soil and soil-structure problems are best 

quantified by an estimate of probability of failure or equivalently the reliability index (). The starting 

point for reliability analysis is to define a performance function that includes the load and resistance 

terms in the limit state. The limit state formulation is often prescribed in design guidance documents 

and depending on the problem may have a few or many input parameters. Some parameters may be 

treated as deterministic, but others are random variables. In order to carry out rigorous reliability 

analysis the frequency distributions of the random variables must be known. For some simple limit 

states, closed-form solutions for probability of failure can be derived explicitly from probability 
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theory concepts. Examples are the equations reported by Griffiths and Fenton (2004) for simple 

cohesive soil slopes and Harr (1987) for bearing capacity of a shallow footing in a cohesive-frictional 

soil with cross-correlation between c and . Alternatively, Monte Carlo simulation can be used. In the 

latter approach, frequency distributions are randomly sampled and the probability of failure is 

computed as the number of times the ratio of the resistance side to load side is less than an acceptable 

value (e.g. factor of safety Fs ≤ 1).  

A particular class of simple linear limit state functions is a function with one load term and one 

resistance term. The load and resistance side terms are uncorrelated but both sides include a random 

variable that represents bias in the estimate of nominal load and resistance values. Bias is the ratio of 

measured (actual) load or resistance value to the corresponding predicted (nominal) load or resistance 

value. This quantity can capture all sources of uncertainty in the calculation of bias values. These 

sources are due to the intrinsic accuracy of the deterministic model representing the mechanics of the 

limit state under investigation, random variation in input parameter values, spatial variation in input 

values, quality of data, and consistency in interpretation of data when data are gathered from multiple 

sources (the typical case) (Bathurst et al. 2011a; Allen et al. 2005). The terms total bias and model 

bias have been used in the literature to represent this random variable. The term method bias (or 

simply bias for brevity) can also be adopted to recognize that different bias statistics will be generated 

depending on the accuracy of the underlying deterministic load and resistance models that appear in 

the limit state function.  

Method bias values are random values that are most often assumed to be lognormal distributed and 

can be characterized by mean and standard deviation. However, these distributions are determined 

from a population of physical test measurements with each measurement divided by a predicted value. 

The predicted value is computed using the model (equation) for analysis (e.g. the equation 

recommended in a design guidance document to compute nominal load or resistance value) with best 
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estimates (e.g. mean values) selected from a range of possible input parameter values. The choice of 

measured value as the numerator in the definition of bias (as opposed to nominal load value) is 

required to ensure that estimates of probability of failure are actual probabilities of failure. 

Ideally, the mean of bias values for both load- and resistance-side terms is close to one, the coefficient 

of variation (COV) of bias values is small and there are no significant correlations between bias 

values and predicted values for both load and resistance terms in the limit state function. In reality, as 

one or more of these conditions deviates from the ideal case, the computed probability of failure for a 

limit state function will change.  

There is a well-known closed-form solution for the calculation of probability of failure (or reliability 

index ) based on independent lognormal distributions for load and resistance values (e.g. Phoon 

2008). However, this equation does not include the statistical quantities of load and resistance bias 

values and cross-correlations between bias values and matching predicted load and resistance values.  

 LRFD calibration of simple limit state design functions 1.4

The load and resistance factor design (LRFD) approach for geotechnical structures is now accepted 

practice in North America. Limit states design equations cast within a LRFD framework appear in 

design codes and design guidance documents for shallow footings, piled foundations, soil nail walls, 

unreinforced and mechanically stabilized earth (MSE) retaining structures (CSA 2014; AASHTO 

2014; Lazarte et al. 2015; FHWA 2009). Useful reviews of the development of limit state design 

practice in North America can be found in the contributions by Becker (1996a, b), Withiam et al. 

(1998), Goble (1999), Paikowsky (2004), Allen (2013) and Fenton et al. (2016). 

LRFD calibration involves finding values of load and resistance factor, so that the probability that the 

limit state will be satisfied is below a target acceptable value. While the use of design equations 
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expressed within a LRFD framework is familiar to most engineers, the procedures to carry out LRFD 

calibration are less well understood and vary from simple to complex depending on the application 

and the methodology adopted to find the load and resistance factors. The most common approach for 

LRFD calibration is based on reliability theory and first-order, second-moment (FOSM) analysis. This 

approach leads to simple closed-form solutions to compute the resistance factor as a function of a 

prescribed load factor(s) and a target probability of failure (or reliability index). The expressions 

contain mean and coefficient of variation (COV) estimates of the distributions for load and resistance 

(method) bias values that are treated most often as random lognormal variables (e.g. Allen 2005; 

Allen et al. 2005).  

Examples of the general approach for LRFD calibration of simple linear limit state functions have 

been published by Allen et al. (2005), Bathurst et al. (2011a, b, 2012), Bathurst (2014), Bathurst 

and Miyata (2015) and Huang et al. (2012). The limit state examples used in this prior work 

correspond to the internal stability design of MSE walls. These limit states are particularly well-suited 

to demonstrate the general approach because large databases of measured reinforcement loads from 

instrumented walls under operational conditions are available as are collections of data from 

laboratory reinforcement rupture and pullout testing.     

In this prior related work it was assumed that probability of failure at design time was due only to 

uncertainty in underlying model accuracy (method bias) while nominal resistance and load terms were 

treated as deterministic (i.e. uncertainty in the magnitude of the input parameters when the limit state 

function is used for design was not considered). Furthermore, possible correlations between method 

bias and nominal values of resistance and load on computed probability of failure or LRFD calibration 

outcomes were ignored. Ignoring dependencies of this type may result in the true probability of failure 

being under- or over-estimated, or the computed resistance factor may be conservative or non-

conservative for design when method bias statistics are used to perform LRFD calibration. The result 



   

 

10 

 

is that fair comparisons between competing design outcomes using different load and resistance 

models within the same LRFD framework cannot be assured. In other words, load and resistance 

factors that have been calibrated for different design approaches may not guarantee the same 

minimum probability of failure.  

Bathurst et al. (2008) showed that a strategy to consider bias dependencies was to compute a set of 

resistance or load factors that vary with nominal (predicted) values. However, they noted that this 

reduced the utility of any LRFD equation. In some cases the underlying load and resistance equations 

have been adjusted empirically to avoid these dependencies (e.g. Huang et al. 2012; Miyata and 

Bathurst 2012a, b, c; Yu and Bathurst 2015; Allen and Bathurst 2015). 

 Research tools  1.5

1.5.1 Unreinforced and reinforced slopes 

In this numerical investigation, two different tools were used for probabilistic slope stability analysis 

of unreinforced and reinforced slopes. The first tool was commercial slope stability software packages 

Slope/W (Geo-Slope Ltd. 2012), SVSlope (Fredlund and Thode 2011) and Slide 6.0 (RocScience 

Inc. 2010). All three software packages use conventional circular slip slope stability methods to 

calculate factor of safety along with classical probabilistic analysis to find the corresponding 

probability of failure. Slope/W and SVSlope programs have the option of including spatial variability 

and cross-correlation of strength parameters of the soil in the probabilistic analysis. However, the 

SVSlope software package was used most often in this study because it has a selection of slope 

stability methods (e.g. circular slip, non-circular slip and finite-element stress analysis method) along 

with different sampling techniques of probabilistic analysis to calculate probability of failure (Monte 

Carlo simulation, Latin Hypercube). In addition, two-dimensional spatial variability can be also 

considered in probabilistic analysis with the SVSlope software package. 
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The second tool was a Visual Basic code developed by the candidate to carry out probabilistic 

analysis of slopes using circular slip limit equilibrium analysis. Monte Carlo simulation was 

implemented in the code. Random variability of reinforcement properties can be considered in this 

software. Also, cross-correlation between all soil input parameters can be considered in this software 

which is not available in commercial software packages. 

1.5.2 Probability of failure and LRFD calibration of simple soil-structure interaction limit 

state equations  

Probability theory was used to develop the closed-form solutions reported in Chapters 5 and 6 of this 

thesis. Useful background to the derivation of the closed-form solutions reported here for the first 

time can be found in publications by Fenton and Griffiths (2008) and Phoon (2008). 

A Visual Basic code written by the applicant embedded in an Excel spreadsheet is used in this study 

to carry out Monte Carlo simulation to calculate probability of failure of simple limit state functions 

for soil-structure interaction problems (Chapter 5) and also probability of failure for the LRFD 

calibration of simple limit state design functions (Chapter 6). These codes were used to verify the 

accuracy of the closed-form solutions which are the main objectives of these chapters. 

 Objectives of the research program 1.6

The major research objectives of this thesis work were: 

1) Develop a closed-form solution to calculate probability of failure of simple homogenous 

cohesive slopes with variable soil properties and link this solution to the conventional circular 

slip factor of safety method by (Taylor 1937). Produce probabilistic slope stability design 

charts.  
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2) Carry out numerical simulations of unreinforced slopes with a range of slope angles and 

cohesive-frictional soils having a range of strength properties using the SVSlope software 

package (Fredlund and Thode 2011). Produce probabilistic design charts for simple 

homogenous unreinforced soil slopes with cohesive-frictional soils.  

3) Investigate the influence of 1D spatial variability of cohesive and cohesive-frictional soil 

strength parameters on probability of failure of simple slopes using the SVSlope software. 

4) Investigate the influence of cross-correlation between soil strength parameters on probability 

of failure. Develop a closed-form solution to calculate probability of failure for cohesive soil 

slopes, and probabilistic slope stability design charts for slopes with cohesive-frictional soil 

that explicitly include the influence of cross-correlation between soil parameters.  

5) Investigate the influence of random variability of soil properties and random variability of 

reinforcement properties on probability of failure in simple reinforced slopes. Develop 

probabilistic design charts for simple reinforced slopes that can be used for a preliminary 

estimate of the factor of safety and corresponding probability of failure in the same charts. 

6) Develop a closed-form solution for the reliability analysis of simple linear limit state 

functions with one resistance term and one load term that accounts explicitly for the influence 

of model type, bias and input parameter variability on reliability analysis. Include in 

formulation development the uncertainty in the selection of nominal load and restistance 

values used at time of design. Verify the accuracy of this closed-form solution using Monte 

Carlo simulation and demonstrate the general approach using bias data reported in the 

literature for the pullout limit state in steel reinforced soil walls. 

7) Extend the methodology and formulations above to load and resistance factor design (LRFD) 

format for a simple linear limit state design function with one resistance term and one load 

term. Develop the solution for calculation of the resistance factor in this limit state 

formulation for the case of a prescribed target reliability index and load factor. Include the 
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concept of level of understanding as recently adopted in the Canadian Highway Bridge 

Design Code (CSA 2014). Demonstrate the general approach using the same bias data in the 

previous objective and validate numerical outcomes using Monte Carlo simulation. Identify 

the major implications to current and future editions of USA (AASHTO 2014) and Canadian 

(CSA 2014) LRFD design specifications. 

 Impact 1.7

Current practice in geotechnical slope stability analysis and simple soil-structure interaction problems 

is to treat them as deterministic. In order to consider uncertainty in slope engineering and simple soil-

structure limit state analysis and design it is necessary to implement probabilistic concepts and 

methods into the analysis and design process. However, most geotechnical engineers are not familiar 

with uncertainty concepts and the selection and quantification of input parameters within a 

probabilistic framework. The current study will have the following impact on current geotechnical 

slope stability and simple limit state design of soil-structure interaction problems in practice: 

1) Provide tools that will move current slope stability practice towards probabilistic-based 

analysis and design. 

2) Provide simplified probabilistic slope stability design charts which are convenient tools for 

geotechnical engineering practitioners.  

3) Increase fundamental understanding of the mechanics of reinforced slope structures. 

4) Improve the understanding of the influence of the spatial distribution of random soil 

properties on the stability of unreinforced slopes. 

5) Based on the results of this study, practicing geotechnical engineers will be better equipped to 

carry out risk analysis, risk management and hazard forecasting for unreinforced and 

reinforced slopes. 
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6) The development of a closed-form solution for the probability of failure of simple limit state 

functions that includes all sources of uncertainty fills a gap in the current geotechnical 

probabilistic analysis and design of simple soil-structure interaction problems. These tools 

will allow the next editions of the Canadian Highway Bridge Design Code (CSA 2014) and 

the AASHTO (2014) specifications to include load and resistance factors computed from the 

rigorous application of reliability theory. The most pressing need for this work is the LRFD 

calibration of internal limit states for the internal stability of reinforced soil walls constructed 

with geosynthetic and steel reinforcing elements.  

 Outline of the thesis 1.8

This thesis consists of eight chapters, including Chapter 1 (Introduction) and Chapter 8 

(Conclusions and Recommendations). Chapters 2 to 7 are written in manuscript form for separate 

publication. Each is self-contained and independent of the other chapters with its own introduction, 

results, conclusions and references. Each chapter focuses on a specific issue of the entire research 

program. 

In Chapter 1 (this chapter), an outline of the research program and the main objectives are presented. 

Chapter 2 presents the results of the probabilistic analysis of unreinforced slopes with cohesive and 

c- soil slopes. A closed-form solution is derived in this chapter for slopes with undrained cohesive 

soil slopes. A series of design charts to calculate factor of safety and probability of failure for the case 

of slopes with c- soil is provided in this chapter. In this chapter, cross-correlation between soil input 

parameters and also spatial variability of soil properties is also investigated. The commercial SVSlope 

software (Fredlund and Thode 2012) was used in this chapter for the probabilistic analysis.  
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In Chapter 3, a Visual Basic code written by the author was used to investigate the influence of 

cross-correlation between soil strength parameters on probability of failure. A similar closed-form 

solution and probabilistic design charts similar to those in Chapter 2 are presented in this chapter, 

including cross-correlation between soil strength parameters. The development of the closed-form 

solution and equations for the Monte Carlo simulations considering the cross-correlation between soil 

input parameters are also presented in this chapter. 

Chapter 4 reports the results of the probabilistic analysis of reinforced slopes. In this chapter, two 

major failure mechanisms of internal and external failure in reinforced slopes are investigated. Results 

are presented for both purely frictional and c- soil slopes with and without cross-correlation between 

soil strength parameters. The Visual Basic software written by the author was used for the 

probabilistic analyses in this chapter. 

Chapter 5 shows a derivation of a closed-form solution to calculate reliability index for a simple limit 

state function for simple soil-structure problems, considering cross-correlation between nominal load 

and load bias and nominal resistance and resistance bias. Monte Carlo simulation results and results of 

the closed-form solution are compared in this chapter. Examples of reliability analysis of different 

combinations of reinforcement load model and pullout resistance model and their corresponding bias 

statistics are also presented in this chapter. 

Chapter 6 reports a derivation of a general closed-form solution and its application to compute the 

true reliability index (or probability of failure) of a simple linear limit state design function with one 

load term and one resistance term expressed in load and resistance factor design (LRFD) format. 

Parametric analyses are carried out to show that ignoring possible correlations between random 

variables can lead to conservative (safe) values of resistance factor and in other cases to non-

conservative (unsafe) values. Example LRFD calibrations are carried out using different load and 
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resistance models for the pullout internal stability limit state of steel reinforced soil walls together 

with matching bias data reported in the literature. 

In Chapter 7, the main findings of this thesis are summarized and recommendations are given for 

further research. 
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Chapter 2 

Simplified probabilistic slope stability design charts for cohesive and c- 

soils
1
 

 Introduction 2.1

Slope stability charts are used routinely to estimate the factor of safety of slopes with isotropic, 

homogeneous soil properties and simple geometry. Taylor (1937) published design charts to calculate 

the factor of safety for simple homogeneous slopes in clays with single-value undrained shear 

strength. These charts are found in various forms in Geotechnical engineering textbooks. In the same 

publication (1937), Taylor presented charts to compute the factor of safety for simple slopes with 

cohesive-frictional (c-) shear strength soils. These charts have the disadvantage that they require an 

iterative procedure to determine the factor of safety. Since Taylor’s work, other researchers have 

developed slope stability charts for simple slopes with c- soils. Michalowski (2002) used a 

kinematic approach of limit analysis with a log-spiral failure mechanism while Baker (2003) and 

Steward et al. (2011) used conventional limit equilibrium circular slip analyses to produce their 

charts. All of these methods are deterministic and the resulting charts can be shown to give the same 

factor of safety for the same slope and soil properties. The advantage of the work by Steward et al. 

                                                      

 

1
  A version of this chapter has been published as: 

Javankhoshdel, S. and Bathurst, R.J. 2014. Simplified probabilistic slope stability design charts for cohesive and 

c-ø soils. Canadian Geotechnical Journal, 51(9): 1033-1045. 
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(2011) is that they produced a single chart for c- soils which does not require an iterative approach to 

calculate the factor of safety.  

A shortcoming of all these design charts is that an appreciation of the probability of failure of the 

slope cannot be made. For example, if the soil properties are treated as random variables then it is 

possible that two slopes with nominally identical soil properties and the same slope geometry can 

have different probabilities of failure because of differences in variability of the soil properties. In 

fact, the assessment of probability of slope failure is further complicated because soil properties also 

have spatial variability.  

The influence of the random variability of soil strength parameters on probability of failure of slopes 

using conventional limit equilibrium slip circle analysis has been explored by Li and Lumb (1987), 

Chowdhury and Xu (1993), Low et al. (1998) and Hong and Roh (2008). These researchers 

considered slopes having one or more isotropic, homogeneous soil layers with random strength values 

described by a single cumulative distribution function. The influence of spatial variability of soil 

properties on probability of failure using conventional limit equilibrium slope stability analyses has 

also been investigated by Christian et al. (1994), El-Ramly et al. (2002), Low et al. (2007), Cho 

(2010) and Wang et al. (2010). Important contributions to the influence of spatial variability of soil 

properties on stability of slopes have been made by Griffiths and Fenton (2004), Griffiths et al. 

(2009) and Huang et al. (2010) using the random finite element method (RFEM). All of the above 

prior work has improved understanding of the quantitative and qualitative influence of the random 

and spatial distribution of soil strength properties on the margin of safety of slopes in probabilistic 

terms. However, production of design charts for the estimate of probability of failure of simple slopes 

with c- soils and conventional slip circle geometry has not been attempted.  

The primary objective of the current study was to develop a series of design charts for simple slopes 

that combine quantitative estimates of the conventional factor of safety with matching estimates of the 
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probability of failure considering random values of cohesive and frictional shear strength components 

having lognormal distributions. Two series of design charts are presented.  

The first chart is an extension to the Taylor’s chart for purely cohesive soil cases (i.e. undrained shear 

strength parameters  = u = 0, c = su and total unit weight ). The resulting design chart is equivalent 

to a chart published by Griffiths and Fenton (2004) for the case of variability in undrained shear 

strength only. The current study complements this earlier work by including a useful closed-form 

expression for calculation of probability of failure for slopes with random values of undrained shear 

strength and unit weight.  

The second series of design charts are for c- soils. They were developed from results of Monte Carlo 

simulation using the probabilistic circular slip slope stability analysis option in the commercially 

available the SVSlope software package (Fredlund and Thode 2011). Together, the two series of 

charts cover soil slope cases with cohesive and cohesive-frictional soils. Thus this chapter provides a 

convenient single reference for geotechnical engineers to make estimates of the conventional factor of 

safety and probability of failure for idealized slopes with simple geometry and a wide range of soil 

properties.  

This chapter also investigates the influence of cross-correlation of strength parameters and spatial 

variability on estimates of probability of failure taken from the design charts. 

 Slope stability design charts for cohesive soils 2.2

 General 2.2.1

The chart developed for purely cohesive soil cases in this chapter use the factor of safety (Fs) 

computed from Taylor’s chart as the independent (input) parameter. The factor of safety is calculated 

as: 
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[2.1] u
s

s

s
F  = 

γHN
   

 

where su is undrained shear strength,  is total unit weight, H is the height of slope and Ns is a stability 

number which depends on the slope angle () and depth factor (D) where DH is the depth from slope 

crest to a firm stratum (Figure 2.1). Slope angle  and height H are considered to be deterministic.  

The following text shows the details leading to a general expression that is used later to calculate the 

probability of failure for the case of su as a random variable with lognormal distribution and  as a 

constant value or to consider both su and  as uncorrelated random variables with lognormal 

distribution.  

From probability theory a random variable Z with a lognormal distribution will have a probability of 

failure Pf that can be expressed as: 

 

[2.2]   lnZ
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lnZ

lna μ
P  = p Z < a  = Φ

σ

 
 
 

  

 

where,  is the cumulative standard normal distribution function, and μlnZ and lnZ are the mean and 

standard deviation of the normally distributed random variable lnZ. In this development, Z is the 

factor of safety Fs defined by Equation 2.1. If su and  in Equation 2.1 are defined as uncorrelated 

lognormal distributed random variables with mean values of su and , respectively, and Ns and H are 

constant values, then the mean value and standard deviation of logarithmic values of Fs can be 

calculated as follows (Ang and Tang 1984): 
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[2.4] 
s u

2 2

lnF lns lnγσ  = σ  + σ  

 

Here, lnsu and ln are mean values of lnsu and ln, respectively, and lnsu and ln are their 

corresponding standard deviations. These parameters can be calculated as follows: 
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Parameters COVsu and COV are coefficients of variation of variable su and , respectively. Recall that 

coefficient of variation is the ratio of standard deviation to mean value. The coefficient of variation of 

Fs is due only to the variability in uncorrelated random variables su and  and is calculated as: 

 

[2.9] 
s u

2 2

F s γCOV  = COV  + COV                                             

 

Algebraic manipulation leads to the following expanded general expression for Equation 2.2 for a = 

Fs = 1: 
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Here, F̅s in the denominator is the mean factor of safety computed using mean values of su and as 

follows: 

 

[2.11] us
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Equation 2.10 was used to generate the design curves in Figure 2.2 using the NORMSDIST function 

for  in Excel. For the case of variability in su only, then COV = 0 in Equation 2.10 and calculated 

probabilities of failure are the same as previously reported by Griffiths and Fenton (2004). If a 

reader uses a characteristic value for su that is less than the mean value, μsu, then the resulting 

deterministic estimate of F̅s will be less and the corresponding probability of failure (Pf) will be 

greater than those values shown in the chart by unquantifiable amounts. 

 Stability charts for cohesive soils 2.2.2

The solid curves plotted in Figure 2.2 show results of calculations using Equations 2.9 and 2.10 for a 

range of coefficient of variation for Fs that captures the spread in both su and  values. To use this 

chart the mean factor of safety is computed using Equation 2.11 with Ns taken from Taylor’s Chart 

(Figure 1). The quantity COVFs is computed using the coefficients of variation for su and  as shown 

in the figure.  
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It can be seen that as the mean factor of safety, F̅s, increases for any constant level of variability 

in su and , the probability of failure decreases, which is expected. Also, for F̅s > 1, increasing the 

spread in soil parameter values increases the probability of failure. Interestingly, for F̅s < 1, 

increasing COV of the soil shear strength and/or unit weight decreases the probability of failure for 

values of COVFs < 1. The explanation for this behaviour is that when F̅s is greater than one, the ratio 

inside  in Equation 2.10 always increases from a negative value for COVFs = 0.1 to a positive value 

for COVFs = 8. However, when F̅s is less than one, the ratio decreases or increases depending on the 

value of F̅s but is always positive. From a practical point of view, slopes with F̅s< 1 are considered to 

have failed regardless of the corresponding computed probability of failure (Pf) value and the 

behaviour noted above is of academic interest only.  

Based on recommendations by Phoon and Kulhawy (1999), a reasonable range for the coefficient of 

variation for su is COVsu = 0.1 to 0.5 and for  is COV ≤ 0.1. Hence, curves of practical interest are 

between COVFs = 0.1 and 0.5 in Figure 2.2 corresponding to the shaded region. The solid lines and 

the dashed lines in Figure 2.2 show the differences in computed probability of failure with and 

without considering the small contribution of variation in  to computed probabilities of failure. For 

the curves with COVFs < 1 there is a small difference between solid and dashed lines, but for COVFS > 

1 the differences are not visibly detectable. Hence, for practical purposes the solid lines in Figure 2.2 

can be used for both cases. It should be noted that ignoring variability in soil unit weight leads to the 

same chart published by Griffiths and Fenton (2004) (dashed curves in Figure 2.2). They used the 

same probability theory described here together with the assumption of a lognormal distribution for su 

only.  

In addition, a slope stability problem should be treated as a system of potential slip surfaces instead of 

calculating probability of failure for the most critical slip surface (e.g. Chowdhury and Xu 1995). In 

such a system, probability of failure depends on the probability of failure of each slip surface and also 

the correlation between the probabilities of failure of different slip surfaces. However, for 
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homogenous cohesive soil slopes, the system probability of failure is identical to the probability of 

failure of the critical slip surface provided that the probability of failure along different slip surfaces is 

highly correlated (the case here). 

The accuracy of the design chart in Figure 2.2 was confirmed by comparing a selection of chart 

values with the results of Monte Carlo simulation runs using the conventional Simplified Bishop’s 

method of analysis in the SVSlope software package (Fredlund and Thode 2011). Probability of 

failure values obtained using the SVSlope software were slightly higher (a few percent) than 

corresponding values from Figure 2.2 but this can be ascribed to differences in the calculation of 

probability of failure. The Floating Method is used in the numerical computation of probability of 

failure and is explained later in this chapter. The advantage of the approach leading to Figure 2.2 is 

that the probability of failure can be computed easily using the closed-form expression described by 

Equation 2.10. 

Also shown on Figure 2.2 is an example for the case of F̅s = 1.5 and COVFs = 0.5; this is essentially 

the same example given by Griffiths and Fenton (2004). This combination gives a probability of 

failure of 26%. In practice, a (mean) factor of safety of 1.5 would not be expected to match a 

probability of failure as high as 26%; indeed, experienced geotechnical engineers would anticipate no 

probability of failure. An implication of this outcome is the possibility that actual random variability 

in soils for the simple cases considered here is less than COV = 0.5. Another explanation is that 

spatial variability of soil with otherwise the same statistical properties may modify the slope margin 

of safety in probabilistic terms. The influence of spatial variability on predicted probabilities of failure 

in Figure 2.2 is investigated later in this chapter.  
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 Cohesive-frictional soils 2.3

 General 2.3.1

For simple slopes with cohesive-frictional soils an iterative procedure is necessary to calculate factor 

of safety using Taylor’s stability chart (Taylor 1937). The chart proposed by Steward et al. (2011) 

has the advantage that the critical slope factor of safety can be computed without iteration (Figure 

2.3). They used the Slope/W slope stability software package (Geo-Slope Ltd. 2012) to generate the 

data for their chart. Their design chart also identifies the type of failure circle (not shown here). The 

failure circles are mostly shallow toe circles; only for shallow slopes with low strength parameters do 

the critical slip circles move below the toe elevation. In the Steward et al. (2011) chart the input 

parameters are c/(Htan and slope angle . The output parameters are c/(HFs) and tan/Fs. If the 

degree of mobilization of both strength components is assumed equal at failure, as was done in the 

development of their chart and in the numerical calculations to follow, then the factor of safety in the 

normalized cohesive and frictional strength terms is the same. 

In the current study, the SVSlope software package (Fredlund and Thode 2011) was used to 

carryout circular slip (Simplified Bishop’s method) analyses together with the Floating Method option 

for probabilistic analyses (described later). A series of program runs were first used to confirm that 

the Steward et al. (2011) chart values were accurate and that both the Slope/W and SVSlope software 

packages gave the same critical factor of safety and the same probability of failure for the same input 

parameters. For factors of safety greater than one (values of practical interest) this agreement was 

verified. There were minor discrepancies for some cases when the factor of safety was less than one, 

but this was less of a practical concern.  

The matrix of computer runs was based on a range of values μc/(Htanμ (where mean values of c,  

and  are expressed asμc,  respectively) and slope angle  from 10° to 90° to cover the range in 

the original Steward et al. (2011) chart. For each combination of these parameters, the analyses were 
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repeated for a range of coefficients of variation for c and COVc and COV, respectively). Both 

variables were assumed to be lognormal distributed and uncorrelated. Based on recommendations by 

Phoon and Kulhawy (1999) the range of COV for the two strength parameters was taken as COVc = 

0.1 to 0.5 and COV = 0.1 to 0.2. They note that COV < 0.1 and hence in the analyses to follow 

variability in  is ignored (COV = 0). The number of Monte Carlo simulations for each case was 

4500. This number was calculated automatically by the SVSlope software based on the number of 

variables (two in this study) and to ensure that repeating the same number of simulations would give 

the same probability of failure at a 90% confidence level. This condition was verified independently 

by the writers by repeating a number of trial cases with number of simulation runs up to 30000. The 

probability of failure from all Monte Carlo simulations was computed as the number of factors of 

safety less than one divided by the total number of Monte Carlo simulations.  

 Example results for c- soils 2.3.2

Figure 2.4 shows an example of numerical results for μc/(Htanμ = 0.2 and μ = 30°. This figure is 

general for different combinations of μc, and H as long as μc/(Htanμ = 0.2. The (deterministic) 

mean values of F̅s that appear on the horizontal axis can be taken directly from the Steward et al. 

(2011) chart. As before, the values for μc, μandμare mean values which are the best estimate of 

each soil property. The curves in the figure show the influence of different combinations and 

magnitude of coefficients of variation for the two strength parameters (c and ). The value of COV 

has been capped at 0.2 consistent with the typical upper range value reported by Phoon and Kulhawy 

(1999). The general trends and shape of the Pf - F̅s curves are familiar from the cohesive soil design 

curves presented earlier (Figure 2.2). As before, for each mean factor of safety greater than one 

computed deterministically, the probability of failure increases as the COVs of the strength 

parameters increase. Also shown on the plot is the example case for F̅s = 1.5 and COVc = 0.5. In this 

plot the predicted probability of failure is 8%. This estimate may still be considered high based on 

experience, but it is much lower than the value of 26% for the same mean factor of safety in Figure 
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2.2. However, Figure 2.4 is not general and hence the lower probability of failure noted here is not 

always the case. For example, Figure 2.5 shows numerical results for the probability of failure for a 

range of μc/(Htanμ values and for maximum spread in  and c strength component values (i.e. 

COV = 0.2 and COVc = 0.5). It can be noted that the curves are progressively more truncated at the 

low end of F̅s as the magnitude of μc/(Htanμ increases. Each truncation point corresponds to the 

maximum slope angle  = 90° that can be computed with μc ≥ 0 and μ = 30° in the Steward et al. 

(2011) chart. Figure 2.5 also shows that for F̅s= 1.5 and typical maximum variability in c and , the 

probability of failure is about 18%, which again appears high for a slope with F̅s = 1.5 based on 

experience.  

Results of calculations presented in Figures 2.4 and 2.5 are useful since they provide insight into the 

relationship between probability of failure, mean factor of safety and normalized strength parameter 

μc/(Htanμfor an example with fixed variability in c and  and  input parameters. However, they 

are not general and hence their practical utility for design is limited. In the next section, general 

design charts are presented using all results from Monte Carlo simulation of simple slopes with c- 

soils. 

 Simplified probabilistic slope stability design charts for c- soils 2.3.3

Figures 2.6 through 2.11 are simplified probabilistic stability design charts for the general case of 

cohesive-frictional (c-) soils with μ = 20, 25, 30, 35, 40 and 45°. The input parameters to compute 

the conventional factor of safety F̅s are μc/(Htanμand  as in the Steward et al. (2011) chart. 

Hence, these charts provide an estimate of the conventional factor of safety for a slope using mean 

estimates of the slope soil properties. Other values of μc/(Htanμcan be interpolated between the 

long dash lines.  

Superimposed on these charts are solid lines corresponding to probabilities of failure (Pf) assuming 

maximum variability in the strength properties based on recommended values by Phoon and 
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Kulhawy (1999) (i.e. COVc = 0.5 and COV = 0.2). These curves are taken to 0.01% probability of 

failure. Silva et al. (2008) reported that Pf = 0.01% (annual probability of failure) corresponds to an 

earth dam designed to a factor of safety of 1.5 using above average level of engineering. The short 

dash lines in the figures show example probability of failure curves using lower estimates of the 

spread in c and  (i.e. COVc = 0.1 and COV = 0.1). The spread of each set of these probability curves 

is less because the COV for c and  values is smaller. For these sets of curves, lines corresponding to 

probability of failure of 1% and 0.01% are very close; therefore, only lines corresponding to 1% 

probability of failure are shown in the charts.  

The accuracy of Figures 2.6 through 2.11 was confirmed for the same ratios of μc/(Htanμbut 

using different values of μc,  and H in the SVSlope software.  

For simple slope cases with the same slope angle  and μc/(H) but other mean friction angles 

between 20° and 45°, the mean factor of safety can be linearly interpolated with mean friction angle to 

sufficient practical accuracy as demonstrated by the plot in Figure 2.12. The logarithm of the 

corresponding probability of failure also varies smoothly with mean friction angle showing that log-

linear interpolation between charts for Pf values is reasonable. The accuracy of the interpolation 

curves was confirmed using the SVSlope software and a range of other values of μ COVc and 

COV. The arrows in Figure 2.12 show that for the example case  = 45°, μ = 37° and μc/(H) = 

0.05, the corresponding mean factor of safety is 1.42 and the probability of failure is 7%.  

 Discussion 2.4

 Influence of method of analysis 2.4.1

 There are two options (Fixed and Floating Methods) in the SVSlope software to find the critical slope 

and assign a probability of failure. The Fixed Method first locates the critical slip surface based on a 

conventional deterministic slope stability analysis. Then, the factor of safety of this single slip circle is 
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recalculated using random values of the input soil parameters (i.e. Monte Carlo simulation). The 

probability of failure is then computed as the fraction of outcomes with factor of safety less than one. 

In the Floating Method, each trial slip surface is reanalyzed using random variables of the soil input 

parameters. The probability of failure is then calculated as before using all computed factors of safety 

from all simulations on all trial circles. This approach is computationally more expensive but it is 

more general and in principle should give a more accurate estimate of the true critical slip surface 

based on maximum probability of failure. Hence, the Floating Method was used to generate the data 

to construct the design charts for c-soil cases in this study.  

It can be noted that Fixed and Floating methods were found to give the same mean factor of safety 

(Equation 2.1) and probability of failure (Equation 2.10) for the case of cohesive soil slopes with no 

spatial variability in soil parameters (i.e. the values in Figures 2.1 and 2.2).  

For cohesive and c- soil cases when spatial variability is considered, results using the Fixed Method 

were found to give lower probabilities of failure than the Floating Method. However, the relative 

magnitude of the difference in Pf using both methods is less for the c-soil cases than the cohesive 

soil cases. These observations are consistent with the remarks made by Cho (2010). 

 Influence of cross-correlation between c and  2.4.2

The cross-correlation () between strength parameters is considered to incorporate the dependency 

between c and . A negative correlation between c and  is reported in literature (Yucemen et al. 

1973; Lumb 1970; Cherubini 2000) and implies that low values of friction angle are associated with 

high values of cohesion and vice versa. The uncertainty in the calculated shear strength is smaller 

when negative correlation between c and  is considered rather than the combined uncertainty in the 

two parameter values used to model the shear strength.  

Figure 2.13 shows probability of failure versus mean factor of safety for the example slope with 

μc/(Htanμ= 0.2 and COVc = 0.5 and COV = 0.2 and μ = 30 and different cross-correlation 
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coefficients -1 <  < 0 (= 0 means that c and  are uncorrelated parameters and  = -1 means that c 

and  are highly correlated parameters). In Figure 2.13, the curve with  = 0 is the same example 

curve shown in Figure 2.4 which has probability of failure of 8% for the corresponding mean factor 

of safety equal to 1.5. It can be seen in Figure 2.13 that for F̅s ≥ 1.08 the probability of failure Pf 

decreases as the correlation coefficient  becomes more negative. The implication is that the 

probabilities of failure from Figures 2.6 to 2.11 are conservative for design. 

 Influence of spatial variability of c and  2.4.3

Spatial variability of soil strength parameters can be considered in the SVSlope software using the 

Distance Option (sampling distance). This option uses the local average subdivision (LAS) method 

described by Fenton and Vanmarcke (1990) to model soil random fields in probabilistic slope 

stability analysis. Sampling distance in the SVSlope software is equal to the scale of fluctuation. The 

inset drawing in Figure 2.14 shows a constant distance (equal to scale of fluctuation) (L) located 

along the arc length (L) of the circular slip. If distance L is equal to or greater than the arc length, 

then the same soil properties taken from random sampling are assigned to all slices during each 

circular slip analysis. This is the default case used to generate the previous design charts. If the 

distance (L) is less, new random soil values using the same soil property statistics for the control 

case are assigned to each L segment. These random values are assigned to all slices whose base mid-

point falls within the same L segment. The correction method used in the SVSlope to treat a 

truncated L segment located at the end of the arc length has been taken from Vanmarcke (1983). 

The method is described in the software manual and for brevity is not repeated here.  

 The scale of fluctuation is taken as a twice the spatial correlation length θ (El-Ramly et al. 2003). A 

large spatial correlation length value implies that the soil property is highly correlated over that 

distance, resulting in a smooth variation within the soil profile. Conversely, a small value indicates 

that the fluctuations of the soil property are large (El-Ramly 2001). Soil properties are typically more 
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variable in the vertical direction than the horizontal direction. El-Ramly (2001) and Phoon and 

Kulhawy (1999) suggested values of autocorrelation length between 10 to 40 m and 1 to 3 m in the 

horizontal and vertical directions, respectively. Figure 2.14 shows the influence of spatial variability 

of soil strength parameters on probability of failure for an example slope. The upper curve represents 

the idealized condition of no spatial variability in soil shear strength and is general. The dashed curves 

are for the case with  = 27°, H = 10 m, D = 2 and  = 17 kN/m
3
 and different scale of fluctuation. 

The figure shows that as scale of fluctuation decreases (and spatial variability of shear strength 

increases) the probability of failure decreases and all dashed curves are sensibly less than the control 

case for F̅s > 1. Hence, for this case, Figure 2.2 can be considered to give upper-bound estimates of 

probability of failure and is thus conservatively safe for design. However, the potential influence of 

spatial variability on probability of failure will decrease as the height of the slope decreases because 

autocorrelation lengths are independent of slope height and geometry. 

Cho (2007) reported two examples of probabilistic circular slip analysis using layered c- soils with 

high factors of safety (F̅s > 1.5). These examples also gave decreasing probabilities of failure with 

decreasing scale of fluctuation consistent with the trends in Figure 2.14 for the same range of factor 

of safety.  

Figure 2.15 shows the influence of normalized scale of fluctuation on probability of failure for simple 

slope geometry and c- soil properties identified in the caption. It can be seen that for F̅s > 1, the 

probability of failure decreases with decreasing scale of fluctuation. The upper bound curve (Θ = ∞) is 

the case when L ≥ L (spatial variability is not considered). The lower limit on Pf occurs when each 

slice is resampled. In the limit of a very small slice width (x) the curves converge to the 

deterministic value which is of no practical value. Furthermore, only those curves that correspond to a 

scale of fluctuation at least twice the autocorrelation length of the soil properties are of practical value 

as noted earlier.  
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 Random finite element method (RFEM) 2.4.4

An alternative approach to investigation of the influence of spatial variation on probability of failure 

of slopes is the use of the random finite element method (RFEM). Important references on this 

approach are given in the introduction and in the textbook by Fenton and Griffiths (2008). The 

method involves creation of a finite element mesh with each element assigned a random property 

value. The distribution of property values may be random or spatially distributed. The soil is assumed 

to behave as a linear-elastic plastic material and each finite element mesh with an assignment of soil 

properties is taken as one realization. The finite element program redistributes soil strength to satisfy 

the failure criterion and global equilibrium under gravity loading for each realization. If the number of 

iterations to meet convergence criteria is greater than a prescribed number, then the realization is 

assumed to represent failure. As in the probabilistic slope stability method used in this chapter, the 

number of realizations that fail divided by the total number of simulations is the probability of failure.  

At the time of the current study, RFEM slope stability methods are research tools and have yet to be 

adopted by geotechnical engineers in practice and implemented in commercial slope stability 

programs. However, the advantage of the RFEM approach is that geometry of the critical failure 

mechanism is not constrained, as is the case for conventional circular slip slope stability methods. 

Each simulation will seek out the weakest path. This means that estimates of probability of failure for 

the same nominal slope may be different between the RFEM slope stability approach and the 

probabilistic slope stability approach adopted in the current study.  

Griffiths and Fenton (2004, 2009) and Griffiths et al. (2010) have shown that conventional 

probabilistic slope stability analyses of the type used in the current study for cohesive soils may give 

non-conservative design outcomes in some cases if spatial variability in the soil properties is not 

considered. Griffiths and Fenton (2004) carried out random finite element method modelling of 

cohesive soil slopes for the case when spatial variability in the soil properties is considered. They 

showed that when spatial variability was included in the distribution of su for cases with deterministic 
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F̅s > 1.37 and COVsu = 0.5, the probability of failure was less when spatial variability was included. 

The same is true in Figure 2.14 for F̅s > 1 which was developed using the same slope geometry and 

soil properties as Griffiths and Fenton (2004). The difference in the breakpoint value of 

deterministic F̅s = 1.37 in their work and F̅s = 1 (Figure 2.14) is related to the difference in the way 

the critical mechanisms are identified using these two methods and how spatial variability of soil 

properties is assigned to these two very different approaches to probabilistic slope stability analysis. 

In many cases, the practical minimum (mean) factor of safety for design of slopes is 1.5. Hence, the 

differences noted above can be argued to be more of academic interest than practical concern.  

 Conclusions 2.5

The slope stability design charts developed in the current study apply to slopes with simple geometry 

and random values of soil shear strength parameters su, c, and  

The utility of the first chart (Figure 2.2) is that it allows the well-known Taylor (1937) chart (Figure 

2.1) for cohesive soil slopes to be extended to include an estimate of the probability of failure for each 

conventional mean factor of safety estimate. The chart in Figure 2.2 can be used for soils having a 

range of coefficient of variation in su and  matching the range reported in the literature. Alternatively, 

the probability of failure can be calculated directly using the closed-form expression (Equation 2.10) 

and values for the uncorrelated mean and coefficient of variation for the lognormal distributions for su 

and .  

The second series of charts (Figures 2.6 through 2.11) allow the conventional factor of safety to be 

estimated for simple slopes with cohesive-frictional (c-) soil strength and simultaneously estimate 

the corresponding probability of failure. These charts are presented for the case of maximum typical 

estimates of coefficient of variation in c and . In this chapter, charts for μ = 20°, 25°, 30°, 35°, 40° 

and 45° and μc ≥ 0 are presented. For other friction angle values within this range, the factor of safety 

can be interpolated between charts.  
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The charts presented in this chapter are also useful for geotechnical engineers to check computer-

based probabilistic slope stability analysis outcomes against baseline cases. 

Effects of cross-correlation between strength parameters and spatial variability of strength parameters 

on probability of failure are also considered in this chapter. For F̅s > 1.08 and a negative cross-

correlation between strength parameters c and  (the usual case) probabilities of failure were less than 

values for the idealized case of uncorrelated strength parameters. There is evidence in the related 

literature that spatial variability in soil strength properties can also influence the probability of failure 

for a soil slope. The probabilistic slope stability analyses of the type carried out in this study showed 

that considering soil spatial variability will decrease the probability of failure of a slope with F̅s > 1 

when compared to the nominal identical simple slope case with random variability in soil shear 

strength values. Hence, the probabilities of failure using the design charts in this chapter may be 

considered to be conservative estimates (i.e. safe) for the analysis and design of simple slopes.  

Finally, it should be noted that estimating the variability of any soil property is difficult in practice 

and this challenge is compounded when estimates of spatial variability are attempted for real world 

cases. Consequently, the charts presented in this chapter are useful for preliminary upper-bound 

estimates of the conventional factor of safety and probability of failure of simple slopes with idealized 

soil conditions and simple failure geometries (i.e. circular). In real world cases failure surfaces are 

often irregular and therefore difficult to prescribe, and strongly coupled to spatial heterogeneity 

beyond the scale of fluctuations in soil properties (e.g. layered soils). For cases involving layered soils 

and more complicated surface geometry, probabilistic slope stability analyses can be carried out using 

available commercial software packages or spreadsheet-based methods (e.g. Low et al. 1998, 2007; 

Low 2003; Wang et al. 2010). Probabilistic slope analyses with layered soils introduce additional 

challenges with respect to the number of searches to find the most critical mechanism. Strategies to 

reduce computational effort for these cases can be found in the papers by Ching et al. (2009, 2010) 

and Wang et al. (2010).   
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An important contribution of this chapter is that it provides a link between probabilistic slope stability 

analyses and the classical factor of safety approach which up until now has been difficult to 

understand by many geotechnical engineers. By using simple cases this link is not obscured by more 

complicated real world cases, complex mathematics and unfamiliar terminology. The conservative 

outcomes using the idealized probabilistic approaches in this chapter with respect to classical factor of 

safety expectations are explained. This chapter alerts the reader to the influence of real world random 

and spatial variability of soil properties and large-scale heterogeneity due to layering on computed 

probability of failure of slopes. 
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Figure 2.1 Taylor’s slope stability chart for cohesive soils (Taylor 1937) 
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Figure 2.2 Probability of failure (Pf) versus (deterministic) mean factor of safety (F̅s) for 

cohesive soil slopes with lognormal distribution of undrained shear strength (su) and unit 

weight (). Note: Shaded region is the practical range. Dashed lines are for cases with COV 

= 0 
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Figure 2.3 Slope stability design chart for cohesive-frictional soils (after Steward et al. 

2011).  
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Figure 2.4 Probability of failure (Pf) versus (deterministic) mean factor of safety (F̅s) for 

value of μc/(Htanμ= 0.2 with μ = 30° and a range of COV for strength parameter values 
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Figure 2.5 Probability of failure (Pf) versus (deterministic) mean factor of safety (F̅s) for 

COVc = 0.5 and COV = 0.2 and a range of μc/(Htanμ
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Figure 2.6 Probabilistic slope stability design chart for μ= 20° and COVc = 0.5, COV = 0.2 

and COVc = COV = 0.1  
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Figure 2.7 Probabilistic slope stability design chart for μ= 25° and COVc = 0.5, COV = 0.2 

and COVc = COV = 0.1 
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Figure 2.8 Probabilistic slope stability design chart for μ= 30° and COVc = 0.5, COV = 0.2 

and COVc = COV = 0.1 
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Figure 2.9 Probabilistic slope stability design chart for μ= 35° and COVc = 0.5, COV = 0.2 

and COVc = COV = 0.1 
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Figure 2.10 Probabilistic slope stability design chart for μ= 40° and COVc = 0.5, COV = 

0.2 and COVc = COV = 0.1 
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Figure 2.11 Probabilistic slope stability design chart for μ= 45° and COVc = 0.5, COV = 

0.2 and COVc = COV = 0.1 
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Figure 2.12 (Deterministic) mean factor of safety and probability of failure from Figures 2.6 

to 2.11 versus mean friction angle μfor a range of μc/(H) for slopes with  = 45° and 

COVc = 0.5, COV = 0.2 
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Figure 2.13 Probability of failure (Pf) versus (deterministic) mean factor of safety (F̅s) for 

COVc = 0.5 and COV = 0.2 and with μ = 30° for negative values of cross-correlation 

between c and 
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Figure 2.14 Example of influence of sampling distance on probability of failure (Pf) for slope 

for  = 27°, H = 10 m, D = 2,  = 17 kN/m
3
, COVsu = 0.5 and COV = 0  
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Figure 2.15 Probability of failure (Pf) versus (deterministic) mean factor of safety (F̅s) for COVc = 

0.5 and COV = 0.2 with μ = 30° for different normalized scale of fluctuation (= L/H) 
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Chapter 3 

Influence of cross-correlation between soil parameters on probability of 

failure of simple cohesive and c- slopes
2
 

 Introduction 3.1

Slope stability charts are used routinely to estimate the conventional factor of safety of unreinforced 

slopes with isotropic, homogeneous soil properties and simple geometry. Design charts by Taylor 

(1937), Michalowski (2002), Baker (2003) and Steward et al. (2011) are just a few examples to 

calculate the factor of safety for cohesive (c) and cohesive-frictional (c-) soil slopes. These design 

charts are based on the deterministic kinematic approach of limit analyses or deterministic limit 

equilibrium methods of analysis. An important limitation of deterministic methods for conventional 

slope stability analyses is that nominal similar slopes may have the same factor of safety but different 

probabilities of failure. This is attributed to random and spatial variability of slope soil properties.  

A closed-form solution is presented in Chapter 2 to calculate probability of failure for cohesive soil 

slopes (c = su > 0,  = u = 0). The probability of failure is calculated directly using the mean value of 

the factor of safety and coefficient of variation (COV) of soil cohesion and unit weight (). A similar 

                                                      

 

2
 A version of this chapter has been published as: 

Javankhoshdel, S. and Bathurst, R.J. 2016. Influence of cross-correlation between soil parameters on probability 

of failure of simple cohesive and c- slopes. Canadian Geotechnical Journal 53 (5), 839-853. 
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equation for the case of random variability in cohesive soil strength only has been published by 

Griffiths and Fenton (2004).  

A series of slope stability charts for c- soils are also produced in Chapter 2 that have the advantage 

that they do not require an iterative approach to calculate the factor of safety, and they include in the 

same chart an estimate of the probability of failure using the random variability of soil properties 

expressed by the coefficient of variation (COV) as inputs. The ranges of COV values in these charts 

are 0.1 < COVc < 0.5, 0.1 < COV< 0.2 and COV< 0.1 for soil cohesion, friction angle and unit 

weight, respectively. Recall that coefficient of variation (COV) is the ratio of standard deviation to 

mean value. 

In the related work presented in Chapter 2 for cohesive and c- soil cases, the implications of possible 

correlations between input parameters on probability of failure outcomes were recognized and some 

quantitative examples provided.  

Possible correlations between random values of shear strength parameters that can influence 

probability of failure estimates for slopes have been noted by Nguyen and Chowdhury (1985). These 

correlations are quantified by the cross-correlation coefficient Negative correlations between c 

andhave been reported from laboratory measurements (Lumb 1970; Yucemen et al. 1973; 

Cherubini 1997, 2000; Forrest and Orr 2010; Hata et al. 2012). A negative cross-correlation 

coefficient is computed when the cohesive soil strength component (c) decreases with increasing 

friction angle (). The uncertainty (or spread) in estimates of soil shear strength is smaller when there 

is a negative correlation between random values of c and  compared to the case of uncorrelated 

random values. Le (2014) and Griffiths et al. (2009) investigated the effect of positive and negative 

cross-correlation between c and  in soil slopes with spatial variability using the random finite 

element method (RFEM).  
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There is little data available to quantify correlations between c and unit weight , and between  and 

Matsuo and Kuroda 1974; Parker et al. 2008). A positive correlation coefficient for these 

random variables is most often assumed in the literature (Chowdhury and Xu 1993; Low and Tang 

1997; Sivakumar Babu and Srivastava 2007). 

In the current study the influence of cross-correlation between random soil parameters on probability 

of failure of simple slopes is examined in more depth. For the case of cohesive soil slopes, the 

influence of positive cross-correlation between cohesion and unit weight is investigated using a 

closed-form solution and also numerically using Monte Carlo simulation. For the case of c- soils, the 

effect of negative cross-correlation between strength parameters (c and ) and negative and positive 

correlation between c and , and  and , respectively, are also investigated using Monte Carlo 

simulation. New probabilistic slope stability design charts for c- soils similar to the charts presented 

in Chapter 2 are presented. These new charts allow the user to calculate factor of safety and 

probability of failure with and without considering negative cross-correlation between c and  and 

positive cross-correlation between c and , and  and . 

The results of analyses presented in this chapter and Chapter 2 are restricted to the case of random 

variability of soil parameters. The influence of spatial variability of soil parameters is not considered.  

The next section provides a summary explanation of how cross-correlations between random 

variables can be formulated for use in Monte Carlo simulations.  

 Cross-correlation between input parameters 3.2

 General  3.2.1

The Monte Carlo simulation technique can be used to generate the probability distribution of a 

function of multiple random variables from the probability distributions of the contributing random 

variables. A random variable X can be computed as: 



 

69 

 

 

[3.1] X = σZ + μ   

 

Here, Z is the standard normal variable (mean  and standard deviation  = 1) corresponding to 

the variable X. The normal probability distribution of each random variable is considered to be 

known. Values of Z can be calculated using the cumulative standard normal distribution function 

RMSDIST) inExcel. 

 Covariance matrix 3.2.2

In general, a multivariate Gaussian (normal) distribution of n random variables, denoted by X = (X1, 

X2,…, Xn), has a symmetrical n x n covariance matrix given by: 

 

 [3.2] 

n11 12 1

21 22 2n
ij

nnn1 n2

cvar cvar ... cvar

cvar cvar ... cvar
Λ = [cvar ] = 

... ... ...

cvar cvar ... cvar

 
 
 
 
 
  

  

 

where the element cvarij is the covariance of random variables Xi and Xj expressed as:  

 

 [3.3] ij i j
cvar = COVARIANCE(X , X )  

 

The terms on the main diagonal are the squares of the standard deviation (variance). If all random 

variables are uncorrelated, then all terms except those on the main diagonal are zero. 

Based on probability theory, if two normal random variables Xi and Xj are correlated, then the cross-

correlation coefficient () between Xi and Xj expressed as 
X ,Xi j

ρ can be calculated as:  
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[3.4] 
X ,Xi j

i j

i j

X ,X

X X

cvar
ρ = ρ  = 

σ σ
 

 

Here,
iXσ and 

jXσ are the standard deviation of the random variables Xi and Xj, respectively. 

Therefore, the covariance matrix can be rewritten as: 

 

[3.5] 

2
n1 1,2 1 2 1,n 1

2
n2,1 2 1 2 2,n 2

ij

2
n n nn,1 1 n,2 2

σ ρ σ σ ρ σ σ

ρ σ σ σ ρ σ σ
Λ = [σ ] = 

ρ σ σ ρ σ σ σ

 
 
 
 
 
 
 
 

 

 

 In this study the covariance matrix with 3 x 3 elements was used matching the case for three random 

variables. Each pair of variables is cross-correlated with  denoted as 

: Cross-correlation between cohesion and friction angle 

: Cross-correlation between cohesion and unit weight 

: Cross-correlation between friction angle and unit weight 

The covariance matrix can now be defined as: 

 

 [3.6] 

2
c c c γ1 2

2
c γ1 3

2
γ c γ γ2 3

σ ρ σ σ ρ σ σ

Λ = ρ σ σ σ ρ σ σ

ρ σ σ ρ σ σ σ
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Using this covariance matrix and mathematical developments reported by Nguyen and Chowdhury 

(1985), three correlated random variables can be computed as follows: 

 

[3.7] c c1
c = σ Z + μ  

 

 [3.8] 2
1 1 1 2

 = ρ σ Z + σ 1 ρ Z +  μ
  

   

 

 [3.9] 
2

γ 3 1 2 2 3 1 2
γ γ γ2 1 2 2 322

11

σ (ρ ρ ρ ) (ρ ρ ρ )
γ = ρ σ Z + Z + σ 1 ρ + Z + μ

1 ρ1 ρ

 



 

 

Here, cσ , σ
and σ are the standard deviations of the three random variables, and Z1, Z2 and Z3 are the 

corresponding standard variables.  

The above development is based on normal distribution of input parameters. In this study all input 

parameters are assumed to be lognormal distributed. Therefore, to use the above equations, random 

variables and cross-correlation coefficients must be transformed from lognormal to normal values. 

Transformation equations (e.g. for ) are as follows: 

 

 [3.10] 
2

ln ln 
1

μ  = ln(μ )  σ
2   

 

 [3.11] 2 2
lnσ  = ln(1 + COV )  

 

The cross-correlation coefficient for c and  is as follows: 



 

72 

 

 [3.12] 
1

2 2

c

1

c

ln(1+ρ COV COV )
ρ (ln , lnc)=

ln(1+COV )ln(1+COV )





  

 

Here, ln σ  and ln μ   are standard deviation and the mean value of the lognormal values of . 

Quantities COV and μ   are coefficient of variation and the mean value of  and cCOV  is the 

coefficient of variation of c. Quantity 1ρ (ln , lnc)  is the cross-correlation coefficient for lognormal 

values of c and , and 1
ρ is the cross-correlation coefficient for c and  introduced earlier.  

Analytical developments presented here are simplified for the case of cohesive soil slopes where only 

random variables su and  can be correlated. Here, c is replaced by su denoting undrained soil shear 

strength. For this case, 1 = 3 = 0 and the covariance matrix is 2 x 2 as follows: 

 

[3.13] u u

u

2

s 2 s γ

2

2 γ s γ

σ ρ σ σ

ρ σ σ σ
Λ =

 
 
  

 

 

Random variables su and  are now expressed by the following equations: 

 

[3.14] 
u uu s s1

s  = σ Z + μ  

 

[3.15] 2
γ γ γ1 3

γ = ρσ Z + σ 1 ρ Z + μ  

 

where  = 2 is used to simplify presentation.  
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Previous researchers have assumed values of cross-correlation coefficient (1) between c and  of -0.7 

and -0.2, and (2) between c and  and (3) between  and  of 0.2 and 0.7 (Wu 2013; Sivakumar 

Babu and Srivastava 2007). As mentioned in the introduction, there is little data available to confirm 

that these ranges of cross-correlation coefficient for c and  and  and  are reasonable However, in 

the current investigation similar ranges of were used in order to identify trends in analysis 

outcomes. 

Ching and Phoon (2012) used the same procedure to create a multivariate probability distribution 

function for five correlated soil parameters for cohesive soil slopes and showed that there is a cross-

correlation of about 0.7 between undrained cohesion and effective stress which is comparable to the 

upper-bound value of reported in the literature. 

 Coupled Simplified Bishop’s circular slip analysis method and Monte Carlo 3.3

simulation 

In each Monte Carlo realization, three different random numbers between 0 and 1 are generated. Next, 

standard normal variables (Z1, Z2 and Z3) are calculated based on the standard deviation and mean 

value of the random variables. Then, random variables for c, and  are computed using Equations 

3.7 through 3.9. For each set of random input parameters, the factor of safety is calculated for all slip 

surfaces using the Simplified Bishop’s circular slip analysis method and the minimum factor of safety 

recorded for that set of random variables. Finally, the probability of failure from all Monte Carlo 

simulations is computed as the number of factors of safety less than one divided by the total number 

of Monte Carlo simulations. This procedure was implemented in a Visual Basic code that coupled the 

Monte Carlo simulation with the Simplified Bishop’s circular slip method. In this study, 10000 and 

5000 Monte Carlo simulations were used for models with three and two random variables, 

respectively. 
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 Analytical method for cohesive soil slopes 3.4

The probabilistic slope stability design chart developed for purely cohesive soil cases presented in 

Chapter 2 uses the factor of safety (Fs) computed from Taylor’s chart as the independent (input) 

parameter. The factor of safety is calculated as: 

 

[3.16] u
s

s

s
F  = 

γHN
 

 

where su is undrained shear strength,  is total unit weight, H is the height of slope and Ns is a stability 

number which is a function of slope angle () and depth factor (D) where DH is the depth from slope 

crest to a firm stratum (Figure 3.1). Height H and slope angle  are considered to be deterministic.  

From probability theory, probability of failure (Fs < 1) for the case of lognormal input parameters can 

be expressed as: 

 

[3.17]   s

s

lnF

f s

lnF

μ
P  = p F  < 1  = Φ

σ

 
 
 
 

 

 

where,  is the cumulative standard normal distribution function, and lnFs and lnFs are the mean and 

standard deviation of the normally distributed random variable lnFs. In this development, the factor of 

safety Fs is defined by Equation 3.16. If su and  in Equation 3.16 are correlated and lognormal 

distributed random variables with mean values of su and  respectively, and Ns and H are constant 

values, then the mean value and standard deviation of logarithmic values of Fs can be calculated using 

general formulations published by Ang and Tang (1984), hence: 
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[3.18] 
s ulnF lns lnγ sμ  =  μ μ ln(HN )   

 

 [3.19] 
s u

2 2 2

lnF lns lnγ ucvar(lns , lnγ)σ = σ  + σ  2  

 

Here, lnsu and ln are mean values of lnsu and ln, respectively, lnsu and ln are their corresponding 

standard deviations, and ucvar(lns , lnγ) is covariance between lnsu and ln. These parameters can be 

calculated as follows using the transformations introduced earlier: 

 

[3.20] 
u u

2 2

lns sσ  = ln(1 + COV )  

 

[3.21] 
u u u

2

lns s lns

1
μ  = ln(μ ) σ

2
  

  

[3.22] 
2 2

lnγ γσ  = ln(1 + COV )  

 

[3.23] 
2

lnγ γ lnγ

1
μ  = ln(μ ) σ

2
  

 

[3.24] 
uu u lns lnγcvar(lns , lnγ) = ρ(lns , lnγ) σ σ  

 

Parameters COVsu and COV are coefficients of variation of variable su and , respectively. Parameter 

uρ(lns ,lnγ)  is the cross-correlation coefficient between lnsu and ln and is defined as: 
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[3.25] u

u

s γ

u

lns lnγ

ln(1+ ρCOV COV )
ρ(lns , lnγ)=

σ σ
                                                          

 

Here,  in the numerator is the cross-correlation coefficient between su and . Algebraic manipulation 

leads to the following expanded general expression for Equation 3.2: 

 

[3.26] 

u

s

u u

2

s

2

γ

s
2 2 2

s γ s γ

1 + COV
ln / F

1 + COV
 p[F  < 1] = Φ

ln((1 + COV )(1 + COV )/(1+ρCOV COV ) )

  
  
  

  
 
 
 
 

 

                                                                   

Parameter F̅s is the mean factor of safety computed using mean values of su and as follows: 

 

[3.27] 
us

s

γ s

μ
F =

μ HN
        

                                                     

Equation 3.26 with  = 0 was used in Chapter 2 to generate the design chart in Figure 3.2 for 

cohesive soil slopes using the NORMSDIST function for  in Excel. 

The solid curves plotted in Figure 3.2 show results of calculations using Equation 3.26 with  = 0, 

for a range of coefficient of variation for Fs that captures the spread in both su and  values. The mean 

factor of safety is computed using Equation 3.27 with Ns taken from Taylor’s Chart (Figure 3.1). 

The quantity COVFs is computed using:  
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[3.28] 
s u

2 2

F s γCOV  = COV  + COV          

 

The range for the coefficient of variation for su is COVsu = 0.1 to 0.5 and for  is COV ≤ 0.1. Hence, 

curves falling within the shaded area in Figure 3.2 are of practical interest (i.e. between COVFs = 0.1 

and 0.5). 

 Example results 3.5

 Cohesive soil slopes 3.5.1

Figure 3.3a shows the influence of cross-correlation between random values of soil cohesion (su) and 

unit weight () on probability of failure (Pf). The values of the probability of failure for the same mean 

values of factor of safety and values of  = 2 = 0.7, 0, 0.7 are shown with three combinations of 

COVsu = 0.1, 0.5 and 4, and constant COV = 0.1. For COVsu = 0.1 and COVsu = 0.5, negative  

values increase probability of failure compared to the case with  = 0, while positive  values 

decrease probability of failure. However, for COVsu = 4, negative  values decrease probability of 

failure and positive values increase probability of failure. This reversal occurs when COVsu = 1 in 

Equation 3.26. It should be noted that the case of negative correlation between su and  is of 

academic interest, but plotting these cases helps to identify trends in the figure plots. 

In Figure 3.3a, the difference between probabilities of failure for different values of  is greater for 

lower values of COVsu. For example, for Fs = 1.3 and COVsu = 0.1, Pf = 0.04%, 3.5% and 8% for  = 

0.7, 0 and 0.7 respectively, while for the same Fs = 1.3 but for COVsu = 0.5, Pf = 35%, 37% and 39% 

for  = 0.7, 0 and 0.7 respectively. The reason is, for lower values of COVsu, the magnitudes of 

COVsu and COV are similar and the effect of cross-correlation between cohesion and unit weight on 

probability of failure is greater. However, for COVsu = 4, COV is negligible compared to COVsu and 

the effect of cross-correlation between cohesion and unit weight on probability of failure is less. The 
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trends described here are also apparent when the reliability index 
1

f(P )   is used to quantify 

the margin of safety as shown in Figure 3.3b. Reliability index rather than probability of failure is the 

preferred choice of parameter in reliability theory-based design codes. 

The maximum possible range of the cross-correlation coefficient is 1 ≤  ≤ 1. Figures 3.4a and 3.4b 

show the influence of changing cross-correlation coefficient from 0.7 to 0.7 on probability of failure 

for different mean values of factor of safety using Equation 3.26. The upper bound value of  is close 

to the maximum value used by Sivakumar Babu and Srivistava (2007) who examined the influence 

of cross-correlation between the same parameters but for the case of bearing capacity of shallow 

foundations. In Figure 3.4a, combinations of COVsu = 0.5 and COV = 0.1, and in Figure 3.4b, 

COVsu = 0.2 and COV = 0.1 are presented. In these figures for Fs > 1, probability of failure decreases 

with increasing , while for Fs < 1, probability of failure increases with increasing . This influence 

results from the location of the mean values of input parameters relative to the limit state function as 

explained by Griffiths et al. (2009). In the case of Pf < 0.5 (mean values of Fs are on the safe side of 

the limit state function Fs > 1), increasing  decreases probability of failure and for Pf > 0.5 (when the 

mean values of Fs are on the unsafe side of the limit state function Fs < 1) increasing  increases the 

probability of failure. The explanation for this trend is related to the negative and positive sign of  

when Pf > 0.5 and Pf < 0.5 respectively, and the influence  on the magnitude of .  

In Figure 3.4b, probability of failure is less than Figure 3.4a for the same value of Fs and because 

of the lower value of COVsu = 0.2 in Figure 3.4b compared to COVsu = 0.5 in Figure 3.4a. 

Superimposed on these figures are the results of numerical probabilistic slope stability analysis using 

a Visual Basic code written by the writers to implement the coupled Simplified Bishop’s circular slip 

analysis method and Monte Carlo simulation described earlier. The closed-form solutions and 

numerical results are judged to be in good agreement. This gives confidence that the numerical code 
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used later in this chapter for c- soil cases is correct based on comparison with available analytical 

solutions which exist only for cohesive soil slope cases with simple geometry.  

Figures 3.4a and 3.4b illustrate that the difference between the probabilities of failure for different 

values of  for the same value of Fs is greater in Figure 3.4b (COVsu = 0.2). This result is clearer in 

Figures 3.5a and 3.5b where the ratio of probability of failure for 0.7 <  < 0.7 to the probability of 

failure corresponding to  = 0 is plotted for COVsu = 0.5 and COVsu = 0.2, respectively. The 

probability of failure corresponding to  = 0 is taken from Figure 3.2 with COV = 0.1. It can be seen 

that the difference between normalized probabilities of failure for the same value of Fs and for 

different values of  in Figure 3.5a is lower than the same case in Figure 3.5b. For example, in 

Figure 3.5a for Fs = 2, the highest value of Pf /Pf ( = 0) is 1.28 and the lowest is 0.66, while in 

Figure 3.5b for the same value of Fs, the highest value of Pf/ Pf ( = 0) is 6.7 and the lowest is about 

zero. 

The shaded region in Figure 3.2 corresponds to the practical range of COVsu and COV as mentioned 

in the previous section. For cases where there is a correlation between undrained cohesive soil 

strength (su) and soil unit weight, it is expected that this correlation is positive (i.e.  > 0) 

(Chowdhury and Xu 1992; Sivakumar Babu and Srivastava 2007). Figure 3.6a shows two sets of 

curves. The curves with symbols correspond to probability of failure versus factor of safety for 

lognormal distributed uncorrelated random values of cohesion and unit weight (Figure 3.2 with COV 

= 0.1). The nearest lower dashed curve corresponds to the same distribution of random lognormal 

cohesion and unit weight values but with cross-correlation coefficient  = 0.7. As before, probability 

of failure decreases for increasing positive cross-correlation coefficients and Fs > 1, and the influence 

of positive cross-correlation on probability of failure is greater for lower values of COVsu. The results 

of the same analyses are presented in Figure 3.6b using reliability index (). 
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 Numerical solution of c- soil slopes 3.5.2

Figure 3.7 shows the model used to investigate the influence of cross-correlation between soil 

parameters on probability of failure for simple soil slopes with c- soil strength properties. Mean 

values of soil properties shown in Figure 3.7 were kept the same in numerical calculations. The only 

deterministic parameter that was changed was the slope angle (). Probability of failure was 

calculated for four different values of (mean) factor of safety and for different combinations of cross-

correlation coefficient for pairs of soil parameters. Factor of safety (Fs) and probability of failure (Pf) 

were calculated using the coupled Simplified Bishop’s analysis method and Monte Carlo simulation 

described earlier.  

In these examples, the input parameters (c,  and ) were assigned values of coefficient of variation 

which are estimated upper limits, i.e. COVc = 0.5, COV = 0.2 and COV = 0.1 (Phoon and Kulhawy 

1999).  

Figure 3.8 shows the influence of cross-correlation between cohesion and friction angle. The values 

of probability of failure for the same mean values of factor of safety and values of 1 = 0.5, 0, 0.5 are 

presented in this figure. The choice of -0.5 and 0.5 was made because these values fall in the middle 

of the range of values reported by Sivakumar Babu and Srivastava (2007). For Fs > 1, the curve 

with a negative cross-correlation coefficient value has the lowest probability of failure and the curve 

with positive cross-correlation has the highest probability of failure. For example, for Fs = 1.21 the 

curve with positive cross-correlation between c and  gives Pf = 30% and the case with negative cross-

correlation corresponds to Pf = 14.5%. However, for Fs < 1, the trend is reversed. This is due to 

changes in the area under the distribution curve of the mean factor of safety when the mean value of 

the factor of safety is located on the right- or left-hand side of Fs = 1. Griffiths et al. (2009) also 

noted that increasing the correlation between c and  will always increase Pf if Pf < 0.5 and increasing 
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the correlation between c and  will always decrease Pf if Pf > 0.5. A detailed explanation can also be 

found in the Chapter 2.  

For the case of a negative cross-correlation between c and  (which is most likely based on the 

literature) the probability of failure is lower. These results are qualitatively the same as those 

presented in Chapter 2 using the commercially available program the SVSlope (Fredlund and Thode 

2011) to investigate the effect of negative cross-correlation between soil strength parameters on 

probability of failure. The results of positive cross-correlation between c and , presented in Figure 

3.8 are consistent with Le (2014) who noted that if c and  are perfectly positive cross-correlated, the 

probability of failure increases compared to the case where there is no cross-correlation; this was 

attributed to dominant occurrences of local failure mechanisms over global failure mechanisms. 

However, at the time of this study program the SVSlope is restricted to cases with cross-correlation 

between soil cohesion and friction angle only. To investigate the influence of cross-correlation 

between c and  and  and  the numerical code developed by the writers was used. 

Figure 3.9 presents the effect of different combinations of the values of 1, 2 and 3 on probability of 

failure for the same mean values of the factor of safety for the c- slope in Figure 3.7. The dashed 

line corresponds to cases with uncorrelated input parameters. For simplicity, 2 = 3 (cross-correlation 

between c and  and  and are the same). Positive cross-correlations between c and  and between  

and  have been reported in the literature as mentioned in the introduction. However, negative values 

of 2 = 3 and positive values of 1 were also investigated in this study to identify trends. It can be 

seen in this figure that values of 1 = 0.5 and 2 = 3 = 0.5 gave the lowest probability of failure, 

while cases with other values of cross-correlation (e.g. 1 = 0.5 and 2 = 3 = 0.5) resulted in higher 

probability of failure. For example, for the value of Fs = 1.21, the case with 1 = 0.5 and 2 = 3 = 

0.5 corresponds to Pf = 9%, while the case with 1 = 0.5 and 2 = 3 = 0.5 gives Pf = 31%. Therefore, 

for the more reasonable case of negative cross-correlation between c and  and positive cross-
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correlation between the other pairs of soil parameters, the lowest probability of failure was computed 

for all Fs > 1.  

In Figure 3.9, excluding the curves with the highest and lowest probability of failure, the curve with 

1 = 2 = 3 = 0.5 has the lowest probability of failure (e.g. for Fs = 1.21, Pf = 19 %) compared to the 

case with no correlation (e.g. for Fs = 1.21, Pf = 25%) and the case with 1 = 2 = 3 = +0.5 (e.g. for Fs 

= 1.21, Pf = 29%). This implies that the cross-correlation between c and controls the value of the 

probability of failure provided that COVc and COV are higher than COV. For this case, 1 has 

greater influence on the probability of failure. 

Figure 3.9 considers only the example slope case in Figure 3.7 and therefore is not general. 

Furthermore, 1 = -0.5, 2 = 3 = 0.5 are not the highest absolute values reported in literature. Figures 

3.10 through 3.15 are simplified probabilistic stability design charts for the general case of cohesive-

frictional (c-) soils with μ = 20°, 25°, 30°, 35°, 40° and 45° and values of the cross-correlation 

coefficient equal to 1 = -0.7, 2 = 3 = 0.7. These cross-correlation values are the maximum values 

reported in the literature and thus give the lowest value of the probability of failure. They are very 

close to the values used by Sivakumar Babu and Srivastava (2007). They are used in these new 

charts to show the maximum difference between probabilities of failure with and without cross-

correlation between input parameters.  

Figures 3.10 through 3.15 are similar to probabilistic slope stability design charts for c- soil slopes 

presented in Chapter 2 which assumed no cross-correlation between soil parameters. These new charts 

complement the series of previous charts by the writers by including the influence of maximum cross-

correlation between parameters. The calculation of Fs remains unchanged from the previous charts in 

Chapter 2.  

The solid contour lines in Figures 3.10 through 3.15 correspond to probability of failure for upper-

bound values of spread in soil input values assumed as COVc = 0.5, COV = 0.2 and COV = 0.1 and 
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uncorrelated soil property values. These curves are very similar to the previous charts by the writers 

with the exception that in the earlier charts COV = 0. The difference in numerical outcomes is 

negligible for the uncorrelated parameter cases. Superimposed on these plots are the red dashed 

contour lines that correspond to the probability of failure for upper-bound values of COVc and COV 

and COV with negative cross-correlation between c and , and a positive cross-correlation between c 

and , and  and 1 = -0.7, 2 = 3 = 0.7). 

The advantage of Figures 3.10 through 3.15 over the earlier charts by the writers is that the influence 

of uncorrelated and highly correlated soil strength parameters on the probability of failure for simple 

slopes with the same mean value of the factor of safety is easily detectable. Probability of failure for 

other combinations of cross-correlation coefficients will fall between the two limiting (upper-bound 

and lower-bound) cases in these charts. 

 Conclusions 3.6

The influence of the magnitude of cross-correlation between lognormal distributed random values of 

undrained shear strength (su) and bulk unit weight () on probability of failure was investigated in this 

chapter for the case of simple unreinforced slopes. The closed-form solution reported in Chapter 2 and 

also by Griffiths and Fenton (2004) was extended to include the cross-correlation coefficient () 

between undrained cohesive strength and unit weight. A numerical code for the solution of the 

coupled Simplified Bishop’s circular slip method and Monte Carlo simulation was used to examine 

the influence of cross-correlation between lognormal distributed random values of c,  and . The 

same code was used to verify the accuracy of the closed-form solution for the case of cohesive soil 

slopes. 

The main conclusions and contribution of this chapter to probabilistic analysis of simple slopes are 

summarized below: 
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The magnitude of probability of failure is of most interest for cases when the traditional factor of 

safety is positive but close to one. For these cases the assumption of uncorrelated random variables of 

undrained cohesive strength (su) and () for cohesive slopes leads to higher probability of failure than 

may be intuitively expected based on magnitude of factor of safety. For example, for the case of 

uncorrelated values with COV = COVsu = 0.1 and Fs = 1.3, the probability of failure is Pf = 3.5% 

(Figure 3.2) which is counter intuitive (i.e. too high). However, for the same conditions and cross-

correlated random values giving  = +0.7, the result is Pf = 0.04% (1/2500) which is judged to be 

more reasonable. Hence, an important conclusion from this work is that positive correlation between 

su and  is a possible explanation for the apparent discrepancy in expected margins of safety using 

conventional deterministic slope stability methods with low but safe values of Fs, and margins of 

safety expressed probabilistically. 

A series of probabilistic design charts are presented in Chapter 2 for simple slopes with uncorrelated 

random values of c,  and . Cross-correlation between random variables can be quantified by the 

cross-correlation coefficient  and this coefficient introduced into numerical codes. An important 

contribution of this chapter is the formulations that are necessary to compute cross-correlated random 

values of c,  and  that have lognormal distributions. These equations are expressed with 

conventional statistical quantities of mean and coefficient of variation (COV) and can be used directly 

in coupled slope stability analysis (Simplified Bishop’s method) and the Monte Carlo simulations. 

Using the methodology presented in this chapter, six different probabilistic slope stability design 

charts for six different values of friction angle are presented similar to the charts presented in Chapter 

2. However, these new charts complement the earlier series of charts by considering the influence of 

upper-bound values of COVc, COV and COV representing the spread in random variability of soil 

input parameters plus the influence of maximum likely cross-correlation between soil parameters.  

This study demonstrates that for cases where large probabilities of failure are computed using 

uncorrelated random input values, the decrease or increase in probability of failure is not of practical 
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concern (i.e. Pf values are very high). However, this study demonstrates scenarios where Pf using 

uncorrelated random values gives an unsatisfactory (high) probability of failure but introduction of 

practical values of cross-correlation between input values leads to a lower Pf value which is safer (i.e. 

for Pf < 0.5 and a negative cross-correlation between c and , and a positive cross-correlation between 

c and , and  and ).  

A practical outcome from this study is that the original simplified probabilistic slope stability charts 

presented in Chapter 2 for cohesive and cohesive-frictional cases based on uncorrelated soil properties 

are conservative (safe) for design. 

There are important limitations to the results presented in this chapter. As noted in the introduction, 

spatial variability of soil properties is not considered. A preliminary quantitative appreciation of the 

influence of spatial variability on computed probability of failure for simple slopes with uncorrelated 

soil parameters has been explored in the Chapter 2. Finally, it should be noted that the range in 

magnitude of cross-correlation parameters used in analyses has been based on maximum values 

reported in the literature. However, there is a lack of physical data to justify the range. Nevertheless, 

using a wide range of cross-correlation coefficients proved useful to identify trends in analysis 

outcomes. 
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Figure 3.1 Taylor’s slope stability chart for cohesive soils (Taylor 1937). 
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Figure 3.2 Probability of failure (Pf) versus (deterministic) mean factor of safety (F̅s) for 

cohesive soil slopes with lognormal distribution of uncorrelated undrained shear strength (su) 

and unit weight (). Note: Shaded region is the practical range. Dashed lines are for cases 

with COV = 0 (from Chapter 2). 
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Figure 3.3 a) probability of failure (Pf) and b) reliability index () versus (deterministic) 

mean factor of safety (F̅s) for cohesive soil slopes with lognormal distribution of correlated 

undrained shear strength (su) and unit weight (), a range of cross-correlation coefficient (), 

COVsu = 0.1, 0.5 and 4, and COV = 0.1.  

 

a) probability of failure (Pf)  

 

b) reliability index () 
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Figure 3.4 Effect of cross-correlation coefficient () on probability of failure for different 

mean values of factor of safety and COVsu = 0.5 and 0.2 using closed-form solution (solid 

lines) and numerical results using Monte Carlo simulation (dashed lines). Note: COV = 0.1. 

 

a) COVsu = 0.5 

 

b) COVsu = 0.2 
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Figure 3.5 Effect of cross-correlation coefficient () on normalized probability of failure for 

different mean values of factor of safety with COV = 0.1 and COVsu = 0.5 and 0.2.  

COVsu = 0.5 

 

a) COVsu = 0.5 

 

b) COVsu = 0.2 
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Figure 3.6 a) Probability of failure (Pf) and b) reliability index () versus (deterministic) 

mean factor of safety (F̅s) for cohesive soil slopes with lognormal distribution of undrained 

shear strength (su) and unit weight () and a range of COVsu. Note: Lines with symbols 

correspond to  = 0. Each nearest dashed line is the matching curve with  = 0.7. 

 

a) probability of failure (Pf)  

 

b) reliability index () 
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Figure 3.7 Example slope model geometry and mean soil property values for c- soil slope 

example. 
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Figure 3.8 Influence of cross-correlation between c and  on probability of failure of the 

slope in Figure 3.7 with mean values of c,  and  shown in the figure. 
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Figure 3.9 Effect of different combinations of 1, 2 and 3 on the probability of failure in c-

 slopes. Parameter is the cross-correlation coefficient between c and , is the cross-

correlation coefficient between c and  and  is the cross-correlation coefficient between 

and 
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Figure 3.10 Probabilistic slope stability design chart for μ= 20° and COVc = 0.5, COV = 

0.2 and COV = 0.1 with 1 = 2 = 3 = 0 and 1 = -0.7, 2 = 3 = 0.7.  
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Figure 3.11 Probabilistic slope stability design chart for μ= 25° and COVc = 0.5, COV = 

0.2 and COV = 0.1 with 1 = 2 = 3 = 0 and 1 = -0.7, 2 = 3 = 0.7. 
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Figure 3.12 Probabilistic slope stability design chart for μ= 30° and COVc = 0.5, COV = 

0.2 and COV = 0.1 with 1 = 2 = 3 = 0 and 1 = -0.7, 2 = 3 = 0.7. 
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Figure 3.13 Probabilistic slope stability design chart for μ= 35° and COVc = 0.5, COV = 

0.2 and COV = 0.1 with 1 = 2 = 3 = 0 and 1 = -0.7, 2 = 3 = 0.7.  
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Figure 3.14 Probabilistic slope stability design chart for μ= 40° and COVc = 0.5, COV = 

0.2 and COV = 0.1 with 1 = 2 = 3 = 0 and 1 = -0.7, 2 = 3 = 0.7. 
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Figure 3.15 Probabilistic slope stability design chart for μ= 45° and COVc = 0.5, COV = 

0.2 and COV = 0.1 with 1 = 2 = 3 = 0 and 1 = -0.7, 2 = 3 = 0.7. 
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Chapter 4 

Deterministic and probabilistic failure analyses of simple geosynthetic 

reinforced soil slopes
3
 

 

 Introduction 4.1

Geosynthetic reinforced soil slopes can be designed using modified conventional deterministic limit 

equilibrium-based methods with failure mechanisms described by a circular arc (Kitch 1994), log-

spiral (Leshchinsky and Boedeker 1989) and two-part wedge geometries (Bathurst and Jones 

2001; Jewell 1991). These modifications include the stabilizing contribution of the reinforcement 

layers that are intersected by potential slip surfaces. While these methods can give quantitative 

differences in some cases, the differences are typically not large in practical terms. These limit-

equilibrium methods typically provide factors of safety against reinforcement rupture and pullout 

modes of failure. The utility of these methods is that they can be extended to account for any slope 

geometry, a wide range of geotechnical soil properties and stratigraphy, pore water pressure, 

surcharge loading and pseudo-static seismic forces (Woods and Jewell 1990; Jewell 1996). For more 

complicated slope problems, commercially available computer programs are now used routinely to 

                                                      

 

3
 A version of this chapter has been published as: 

Javankhoshdel, S. and Bathurst, R.J. 2016b. Deterministic and probabilistic failure analysis of simple 

geosynthetic reinforced soil slopes. Geosynthetics International (ahead of print)  

(http://dx.doi.org/10.1680/jgein.16.00012). 

http://dx.doi.org/10.1680/jgein.16.00012
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perform these calculations (e.g. Slope/W - Geo-Slope Ltd. (2012); SVSlope - Fredlund and Thode 

(2011); Slide 6.0 - RocScience Inc. (2010); among others).  

An important limitation of deterministic methods for conventional slope stability analyses is that 

nominal similar slopes may have the same factor of safety but different probabilities of failure. This is 

attributed to random and spatial variability of soil properties. Examples of the quantitative influence 

of soil property uncertainty on estimates of probability of failure of unreinforced soil slopes have been 

demonstrated in Chapters 2 and 3 using conventional limit equilibrium-based methods of slope 

analysis coupled with Monte Carlo simulation (e.g. Cho 2010 is also an example). Similar 

investigations using the random finite element method (RFEM) have also shown the important 

influence of soil uncertainty on probability of failure (e.g. Griffiths and Fenton 2004; Huang et al. 

2010; among others). It is reasonable to assume that the uncertainty in soil properties will also 

influence estimates of probability of failure for reinforced soil structures. This line of investigation 

and the link between the conventional deterministic (factor of safety) estimates and probability of 

failure has attracted less attention. This study is an attempt in this direction. 

 Prior related work  4.2

Kitch (1994) and Kitch et al. (2011) investigated two example reinforced slopes with simple 

geometry using a circular-slip method of slices approach. The reinforcement arrangement was first 

determined using design charts by Schmertmann et al. (1987) that are based on linear and two-part 

wedge analyses that satisfy only force equilibrium. Kitch (1994) and Kitch et al. (2011) showed that 

for a specific uniform length of the reinforcement layers, there is a minimum reinforcement tensile 

strength to ensure that the failure mechanism is always external (i.e. the critical failure mechanism 

passes just beyond the reinforced soil mass). For tensile strength values greater than this minimum 

value, there is no change in the value of the deterministic factor of safety. They also identified the 

conditions that lead to internal failure mechanisms where the critical failure geometry is contained 

wholly within the reinforced soil zone. These internal failures occurred when reinforcement lengths 
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were greater than a critical length. In such cases with constant reinforcement length, the factor of 

safety of the slope varied only with the strength of the reinforcement. They pointed out that for the 

cases investigated, there is an abrupt change between these two types of failure mechanism where the 

critical mechanism falls partially within the reinforced soil zone. The deterministic analyses of the 

slopes were then extended to compute margins of safety in probabilistic terms. This showed that 

random variability in soil properties is more important than the random variability of reinforcement 

tensile strength. Also, they compared the values of the probability of failure for different failure 

mechanisms and different values of coefficient of variation for the soil friction angle and 

reinforcement strength and showed that external failure mechanisms give a higher probability of 

failure compared to internal failure mechanisms. A wider range of simple geosynthetic reinforced soil 

slope cases are examined in the current study than those reported in this earlier related work by of 

Kitch (1994) and Kitch et al. (2011).  

Ferreira et al. (2016) also carried out probabilistic analysis of simple reinforced soil slopes using 

coupled limit equilibrium-based circular slip method of analyses and Monte Carlo simulation. They 

used the computer software program Slide 6.0 (RocScience Inc. 2010). The objective of their work 

was to compute reliability indices for nine example cases designed according to Eurocode7 (CEN 

2004). Reliability index is the preferred parameter in design codes to quantify margins of safety in 

probabilistic terms. As part of their investigation, the influence of random variables for soil shear 

strength, soil-geosynthetic interface shear strength, tensile strength of the reinforcement, unit weight 

of the soil and magnitude of surface distributed surcharge loads were considered. In the current study, 

the structures investigated are not linked to a particular design code. However, where observations 

made by Ferreira et al. (2016) can be compared to the results in the current study, these comparisons 

are made.  
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 Scope of current investigation 4.3

In the current investigation, deterministic and probabilistic analyses using Monte Carlo simulation are 

carried out on slopes with a wide range of purely frictional soils (c = 0, > 0) and cohesive-frictional 

soils (c > 0,  > 0), reinforcement properties, number of reinforcement layers, reinforcement length 

and slope geometry. Here, c is the soil cohesive strength component and is the soil friction angle. 

The link between unreinforced and reinforced slopes with the same factor of safety is also 

demonstrated. Chapters 2 and 3 showed the important influence of cross-correlation between soil 

input parameters in cohesive-frictional unreinforced slope cases on probability of failure outcomes. 

Possible correlations between random values of shear strength parameters that can influence the 

probability of failure estimates for an example excavation have been noted by Nguyen and 

Chowdhury (1985). The influence of cross-correlation between soil strength parameters and unit 

weight on probability of failure for reinforced soil slopes was not considered in the prior related work 

by Kitch (1994), Kitch et al. (2011) and Ferreira et al. (2016). Low and Tang (1997) included 

cross-correlation between soil input parameters in their formulation for reliability-based LEM analysis 

of reinforced embankments on soft ground. However, they did not investigate the quantitative effects 

of cross-correlation on probability of failure in any examples. The effect of cross-correlation is 

investigated for the first time in a systematic manner for the case of simple reinforced soil slopes in 

the current study. 

The methods of analysis in this investigation are based on computations that use conventional limit 

equilibrium-based methods for each analysis (e.g. each trial circular slip analysis). This approach is 

most familiar to practicing geotechnical engineers. More recently the random finite element method 

(RFEM) has been used to carry out probabilistic failure analyses of simple unreinforced soil slopes 

(e.g. Griffiths and Fenton 2004; Huang et al. 2010; among others) and simple reinforced soil slopes 

(Luo et al. 2016). This approach has provided valuable lessons and insight for probabilistic analysis 
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of simple unreinforced soil slopes, but at the time of writing is largely a research tool that has not 

been widely adopted in practice.  

 Problem definition and general approach  4.4

Potential failure mechanisms for simple reinforced soil slopes are illustrated in Figure 4.1. In the 

current study, the soil extends below the toe of the slope which permits failure mechanisms to 

penetrate the foundation. A similar condition was assumed by Kitch (1994) and Kitch et al. (2011). 

Ferreira et al. (2016) constrained all trial slip surfaces to pass through the toe of the slope and above 

the elevation of the toe.  

Figure 4.1c shows a possible composite failure mechanism which in the current study is identified as 

a transition mechanism between internal and external failure mechanisms.  

Figure 4.2a and 4.2b show example slopes with n = 4 and n = 9 reinforcement layers, respectively. 

For n = 4 and n = 8 layer cases, the height of the slope is H = 5 m and  = 20 kN/m
3
, and for n = 9 the 

height is H = 10 m and  = 16 kN/m
3
. Shorter intermediate secondary layers that are often used to 

locally stabilize the face of a reinforced soil slope were not considered in this investigation in order to 

simplify analyses. The different values of  considered in models with 8 and 9 reinforcement layers 

were purposely selected to investigate the possible influence of magnitude of soil unit weight on 

probability of failure. However, analyses presented later in the chapter show that for the case of 

purely frictional soil slopes,  does not affect deterministic or probabilistic results.  

The pullout capacity of each reinforcement layer is computed as (e.g. BS8006 2010): 

 

[4.1]  e i vP 2L C c tan    
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where Le is the anchorage length (distance between the free end and intersection of the reinforcement 

layer with the failure surface), v is the vertical effective stress at the anchorage length, Ci is the 

pullout interaction coefficient. In this study Ci = 0.9 which is a typical value for geogrid reinforcement 

products in select sands (Cowell and Sprague 1993). However, analyses showed that there is no 

sensible difference between numerical results using Ci ≥ 0.5. Pullout is typically not the controlling 

limit state in reinforced slope design with the possible exception of reinforcement layers placed at 

very shallow depths. However, Huang and Bathurst (2009) showed that default estimates of pullout 

capacity using Equation 4.1 for geogrid-sand combinations (i.e. frictional soils) were excessively 

conservative (safe) when compared to measured pullout loads particularly at shallow depths. 

 In all the reinforced slope examples, the reinforcement layers are uniformly spaced at s = 1 m or less 

which is consistent with Geoguide 6 (2002) recommendations. The failure mechanisms in the current 

study were constrained to exit at or beyond the slope toe. As a check it was found that in all analyses 

cases carried out with a free exit point, the critical slip circle always passed through or beyond the toe.  

In this study, a Visual Basic code was written by the authors for the analysis of reinforced slopes. The 

code couples Monte Carlo simulation together with the Simplified Bishop’s method to carry out 

probabilistic slope stability analysis. Hereafter, the code is given the acronym PRSS which stands for 

Probabilistic Reinforced Slope Stability. To verify the PRSS code, example cases were run for the 

same slope and reinforcement properties and arrangement using the commercial software programs 

SVSlope (Fredlund and Thode 2011), Slope/W (Geo-Slope Ltd. 2012) and Slide 6.0 (RocScience 

Inc. 2010). All four programs gave the same factor of safety to the third decimal place when carrying 

out conventional deterministic analysis of the same slope.  
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 Deterministic slope stability analysis 4.5

4.5.1 Purely frictional soil slopes (c = 0,  > 0) 

4.5.1.1  Influence of reinforcement length and tensile strength on failure type 

Results of deterministic analysis showed that for each value of slope angle and for constant minimum 

length, Fs is constant for values of reinforcement tensile strength (T) greater than the minimum value 

to generate only external failure. Here the layer reinforcement strength is denoted as T and is assumed 

to be the same for all layers. Also, for a constant minimum tensile strength (equal or lower than the 

threshold tensile strength obtained for external failure), Fs is constant for the values of reinforcement 

length greater than the minimum value to generate only internal failure mechanisms. Therefore, for 

each slope case, it is possible to generate a single contour plot of factors of safety for external and 

internal failure mechanisms (Kitch et al. 2011). However, the minimum values of reinforcement 

tensile strength and reinforcement length are in general different for external and internal failure 

mechanisms. 

Figure 4.3 shows the combinations of minimum values of reinforcement length and minimum tensile 

strength to generate only external (open symbols) failure mechanisms. In other words, all other 

combinations of reinforcement length and strength falling above these plots for each slope angle case 

will result in external failure mechanisms only. On the same figure are plots showing combinations of 

reinforcement length and tensile strength below which only internal failure mechanisms will occur 

(solid symbols). The figure shows that there is a transition between these two types of behaviour 

which becomes more pronounced with increasing slope angle. For a slope with  = 45° and all other 

conditions the same (i.e. H = 5 m, n = 4,  = 20 kN/m
3
,  = 30°, c = 0), the two plots are essentially 

the same and thus describe a unique locus of reinforcement length and strength that neatly divide 

slope failure mechanisms into external and internal types. This qualitative result is also true for cases 

with  = 30° <  <  = 45°. Also shown in this figure are the corresponding factors of safety (Fs). The 
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same string of factor of safety values applies to all plots in this figure. For each plot the factor of 

safety to generate each data point increases with increasing L and T. Figure 4.3 shows that the plots 

for internal failure mechanism become steeper with increasing slope angle and the plots for external 

failure mechanism become flatter over those portions that do not overlap. The computational effort to 

generate similar curves for steeper slopes increased significantly because numerical outcomes become 

more sensitive to changes in search radii which become smaller with increasing slope steepness. For 

this reason the maximum slope angle is  = 84° in Figure 4.3. The transition between internal and 

external failure mechanisms noted earlier for steep slope cases corresponds to composite failure 

mechanisms of the type shown in Figure 4.1c.  

Figure 4.4 shows contour plots for the factor of safety for the same example slope in Figure 4.3 with 

 = 45°. The upper region corresponds to external failure mechanisms and the lower region 

corresponds to internal failure mechanisms. The locus of points dividing the two regions in Figure 4.4 

matches the same curve for  = 45° in Figure 4.3 for Fs ≥ 1.1. Similar figures can be generated for 

other slope angles. Figure 4.5 is such an example for  = 76°.  

The same slope conditions to produce the external failure mechanisms in Figures 4.4 and 4.5 with a 

wider range of slope angles can be used to generate the plots in Figure 4.6. The figure shows 

minimum values of the sum of normalized reinforcement tensile strength (T/(H
2
tan (f)) plotted 

against the normalized reinforcement length (L/H) for different slope angles and factors of safety to 

generate external failure mechanisms only. Here, f is the factored soil friction angle computed as: 
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This figure shows that for a fixed value of Fs and increasing slope angle the minimum total 

reinforcement tensile strength to generate only external failure mechanisms increases while the 

minimum reinforcement length to height ratio decreases.  

4.5.2 Slopes with c- soil 

Adding a small value of cohesion to the soil allows slopes to be built at a steeper angle and/or with 

weaker reinforcement layers (Leshchinsky et al. 1986). The effect of cohesion on the reinforcement 

minimum length and minimum tensile strength to generate only external and only internal failures 

was investigated in the current study. Combinations of normalized reinforcement length (L/H) and 

sum of reinforcement tensile strength (T/H
2
tanf) for purely frictional soil and c- soil cases are 

presented in Figure 4.7. This figure is general for the case of  = 45° and c/Htan = 0 and 0.04. It 

can be seen in this figure that for the same factor of safety the addition of a small amount of cohesion 

reduces the required normalised sum of available tensile strength and reinforcement length for 

external and internal failure mechanisms. 

 Probabilistic slope stability analysis 4.6

4.6.1 General 

In this study, probabilistic slope stability analysis of reinforced slopes was carried out using the PRSS 

code that couples Monte Carlo simulation and the circular slip Simplified Bishop’s method. The 

advantage of using the PRSS code is that cross-correlation between soil strength parameters can also 

be considered and the reinforcement tensile strength can also be treated as a random variable. The 

program has the option to select the Fixed and Floating search method to find the critical factor of 

safety in probabilistic analyses. In this study, the Fixed method is used (i.e. find the critical failure 

first using a conventional search and then carry out Monte Carlo simulation), provided the location of 

the critical slip surface is known for both failure mechanism cases. However, if random variability of 

the reinforcement tensile strength is not considered (available reinforcement strength is treated 
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deterministically), Fixed and Floating methods for the case of purely frictional soil slopes give the 

same results (Chapter 2). It should be noted that the results of analyses in the current study showed 

that the slip circle geometry with the lowest factor of safety was the same mechanism that generated 

the highest probability of failure.  

Estimates of the coefficient of variation of friction angle, cohesion and unit weight of soil are COV = 

0.2, COVc = 0.5 and COV = 0.1, respectively (Phoon and Kulhawy 1999). Soil properties may also 

have spatial variability, which is not considered in this study. Soil random variability is also expected 

for reinforced soil slopes. However, for these slopes there is also the potential influence of random 

variability of reinforcement strength and pullout capacity on probability of failure. Ferreira et al. 

(2016) assumed coefficient of variation of reinforcement strength values in the range of COVT = 0.01 

to 0.10 and Kitch et al. (2011) in the range of 0.20 to 0.27. Bathurst et al. (2011b) examined a large 

database of geogrid tensile tests before and after installation damage and showed that variability in the 

available tensile strength of geogrid reinforcement after installation may be as high as COVT = 0.2 in 

some extreme cases. In the current study, COVT = 0.15 is used for the variation of the tensile strength 

of the geosynthetic reinforcement. This value is a conservative (i.e. high) estimate based on rigorous 

reliability-based analysis of the combined effect of installation damage and creep on the design tensile 

strengths of a wide range of typical geosynthetic soil reinforcement products (Bathurst and Miyata 

2015). Variability in pullout capacity is considered in this study as a result of random variability of  

and c. Nevertheless, pullout seldom controls slope stability and estimates of pullout capacity using the 

pullout model expressed by Equation 4.1 are very conservative (on average) as mentioned earlier. It 

should be noted that values of c,   and T that appear in probabilistic calculations are mean values 

consistent with the understanding that these parameters are random variables. These mean values are 

assumed a priori to be the nominal values that would be used in matching deterministic analyses.  

Figure 4.8 presents probability of failure versus factor of safety for the following example case with  

= 45°, H = 5 m, n = 4,  = 20 kN/m
3
,  = 30° and c = 0) using the PRSS code and SVSlope software. 
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In both program probabilistic analyses,  was assigned random variability with COV = 0.2 and all 

other parameters were taken as deterministic. The differences in numerical outcomes using the two 

codes are not practically different. Additional analysis comparisons considering the random 

variability in reinforcement properties was not possible since the SVSlope does not have this option 

available  

For probabilistic analyses to follow using the PRSS code for purely frictional soil slopes, the two 

random variables are soil friction angle,  and reinforcement tensile strength, T and they are assigned 

COV = 0.2 and COVT = 0.15, respectively.  

Numerical results showed that the random variability of the reinforcement tensile strength using the 

Fixed method for external failure mechanism cases did not change the value of the probability of 

failure. For internal failure mechanism cases where the critical slip surface intersects all the 

reinforcement layers, random variability of the reinforcement strength had a negligible effect on 

probability of failure. This outcome is demonstrated further in the next section.  

In agreement with lessons learned in Chapter 2, 5000 and 10000 Monte Carlo simulations were shown 

to be sufficient to compute Pf in the probabilistic analysis to follow for the cases of two and three 

random variables, respectively. For probabilistic analysis cases and practical values of Fs ≥ 1.5, 50000 

Monte Carlo simulations were used in order to generate enough instances of failure to reliably 

compute low probabilities of failure. 

4.6.2 Probabilistic analysis results for purely frictional soil slopes (c = 0,  > 0) 

4.6.2.1 External failure cases 

Figure 4.9 shows the results of probabilistic slope stability analysis to find the maximum probability 

of external failure for reinforced slopes with a mean value of  = 30°. Different number of 

reinforcement layers, different slope angles, heights and unit weight were investigated. By focusing 



 

115 

 

on maximum probabilities of failure, it is possible to examine trends in numerical outcomes while 

generating results that are conservative (safer) for design.  

The first step to generate this figure was to find the critical combination of reinforcement length and 

tensile strength to just generate a (deterministic) external failure for a target factor of safety. Example 

combinations of L and T for a particular slope case to just generate an external failure for a range of 

prescribed factors of safety are the loci of joint internal and external failure L and T data in Figures 

4.4 and 4.5. Next, for each critical mechanism (circular slip) corresponding to these conditions a 

probabilistic analysis using the Fixed method was carried out with COV = 0.2 and COVT = 0.15.   

Figure 4.9 shows that changing the slope angle, reinforcement tensile strength, reinforcement length 

and number of reinforcement layers does not change the maximum probability of failure. For the same 

(deterministic) value of Fs corresponding to the critical external failure mechanism, Pf is the same. 

This is because the location of the critical slip surface passes just beyond the reinforced zone, and 

hence the values of Fs and Pf depend only on the factored soil strength. 

Based on the observations made above it is possible to create a single chart with plots of maximum 

probability of external failure versus factor of safety for different factored soil friction angles as 

shown in Figure 4.10. To use the chart, the user first selects a target factor of safety (Fs) to generate 

only an external failure. Next the nominal friction angle () is converted to a factored friction angle 

using Equation 4.2. The corresponding curve in the figure is used to determine the maximum 

probability of external failure. Hence, this figure provides an upper-bound estimate of probability of 

failure. Increasing the length of the reinforcement will change the failure mechanism from external to 

internal or transition, which will increase the factor of safety (e.g. as seen in Figures 4.4 and 4.5) and 

decrease the maximum probability of failure.  

The chart in Figure 4.10 covers a range of slope angles  = 20° to 90° and again Pf is independent of 

the strength of the reinforcement for the simple slope geometry and soil conditions assumed here. To 
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use this figure consider the following example with  = 39° and a value of factor of safety from 

conventional deterministic analysis of Fs = 1.4. The corresponding f = 30° and the maximum 

probability of failure is about 10% as shown in the figure.  

 It can be seen in Figure 4.10 that for the same mean value of Fs, slopes with higher values of f have 

a greater maximum probability of failure. This is because slopes with stronger soil (higher f) can 

generate an external failure with lower tensile strength reinforcement layers and shorter length. As the 

factored soil friction angle becomes greater the critical external failure mechanisms become more 

shallow.  

The value of Fs in Figure 4.10 ranges from 1 to 2, and Pf values are less than about 55%. However, a 

typical slope is designed for Fs ≥ 1.5. To better focus on this practical range of factor of safety 

additional analysis cases were carried out using a larger number of Monte Carlo simulations (i.e. 

50000/analysis case) to more accurately calculate Pf values for cases with small probabilities of 

failure. The results are plotted with semi-log axes in Figure 4.11 for clarity. Silva et al. (2008) 

reported that Pf = 0.01% corresponds to an earth dam designed to a factor of safety of 1.5 using an 

above average level of engineering. However, a value of 0.01% is well below the plots in Figure 4.11 

for the range of Fs values evaluated (1.5 ≤ Fs ≤ 2.2). However, recall that this chart is for maximum 

probability of failure. An over-estimation of probability of failure for unreinforced homogeneous soils 

with frictional and c- soils was noted in Chapter 2. Explanations for this outcome were attributed to 

the constraint imposed by the circular slip geometry which prevents the critical failure mechanism 

from finding the true weakest failure path in a slope with one or more random soil properties. A 

second explanation was the influence of cross-correlation between soil properties and spatial 

variability of soil properties which can significantly reduce the probability of failure for the same 

mean (nominal) factor of safety. The same effects can be expected for simple reinforced slopes. The 

influence of cross-correlation between strength parameters for purely frictional and c- soils on 

probability of failure is explored later in this study. 
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Figure 4.12 shows a comparison between probabilities of external failure of reinforced slopes and 

unreinforced slopes with the same homogenous soil properties, same simple geometry, and the same 

mean values of Fs. It should be noted that for unreinforced slopes with the simple geometry assumed 

in this study and purely frictional soil, Fs = tan()/tan(). Therefore, for a target value of Fs for 

unreinforced slopes for each value of  there is only one slope with  = . However, as demonstrated 

earlier, it is possible to get the same Fs (Figure 4.6) and Pf (Figure 4.9) for reinforced slopes at other 

slope angles that fail externally by changing the length and tensile strength of the reinforcement. The 

location of the critical failure surface is much closer to the slope face for an unreinforced slope 

compared to the external failure mechanism for the matching reinforced slope with the same f. 

However, Figure 4.12 shows that for unreinforced slopes and reinforced slopes with the same mean 

value of Fs, the difference between probabilities of failure is negligible. An increase in probability of 

failure with increasing f is detectable for the curves with f = 40° and 45° for unreinforced and 

reinforced cases. However, this difference is negligible, even for the largest difference case 

corresponding to f = 45°.  

Nevertheless, reinforcement layers allow slopes to be built at steeper angles. Identified in Figure 4.12 

is the data point for an unreinforced slope with f = 20°,  = 20° which corresponds to Fs = 1.5 and Pf 

= 3.9%. However, Figure 4.9 shows that for reinforced slopes with the same values of Fs and f that 

fail externally, the value of Pf = 3.9% is independent of slope angle. Thus, for the same values of Fs 

and Pf, a reinforced slope can be constructed to a steeper angle. 

4.6.2.2 Internal failure cases 

To change the failure mechanism from external failure to internal failure, longer reinforcement layers 

must be used if other parameters are kept the same (e.g. see Figure 4.3). Although visually difficult to 

detect in Figure 4.13, the data points for the internal failure curve correspond to slightly greater 

reinforcement lengths than the matching external failure data points at the same factor of safety. In 

other words, changing the reinforcement length by 0.01 to 0.05 m was enough to trigger a change 
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from external failure to internal failure type in these examples. Nevertheless, while the factor of safety 

is practically the same for each reinforcement length the difference in the maximum probability of 

failure for internal and external mechanisms increases with increasing reinforcement length (or factor 

of safety). Furthermore, the lower curve shows that the probability of internal failure decreases 

rapidly with the increasing reinforcement length. 

Figure 4.14 shows the effect of slope angle on the probability of internal failure. The results are for 

cases with n = 9 reinforcement layers, slope angle 45° ≤  ≤ 76° and  = 30°. The curves show that 

increasing , decreases the probability of internal failure for the same mean factor of safety (Fs). The 

explanation for this trend is that for the same value of friction angle, steeper slopes require stronger 

reinforcement layers to achieve the same factor of safety; therefore the probability of failure decreases 

for the steeper slopes. However, it can also be seen in Figure 4.14 that the difference in the 

probability of failure for different values of slope angle is small (e.g. for the worst case scenario with 

Fs = 1.2, Pf = 10% for  = 76°, while Pf = 16% for  = 45°); therefore, the case with  = 45° is likely 

the most conservative case (i.e. maximum probability of failure) for reinforced slopes with internal 

failure mechanisms. Hereafter, all reinforced slope examples with an internal failure correspond to 

slopes with  = 45° because these slopes give the maximum Pf values.  

Figure 4.15 shows the influence of random variability of the reinforcement tensile strength (COVT = 

0 and 0.15) on maximum probability of internal failure for the same mean values of Fs. It can be seen 

that for the same mean value of Fs, some cases with COVT = 0.15 have a small but detectable higher 

probability of failure. However, the difference between the probabilities of internal failure with and 

without random variability in reinforcement tensile strength is negligible. These results are consistent 

with the observation by Ferreira et al. (2016) that small COV values for the reinforcement tensile 

strength do not influence the value of probability of internal failure in a meaningful way. In the 

calculations to follow the tensile strength was assigned a constant value of COVT = 0.15.  
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Figure 4.16 presents the effect of number of reinforcement layers on the maximum probability of 

internal failure. In this figure, results are for cases with n = 4, 8 and 9,  = 45° and friction angle  = 

30°. It can be seen that for the same value of slope angle and friction angle, the number of 

reinforcement layers has negligible effect on the value of the probability of failure. Similar sets of 

curves could be generated for other slope angles using the same geometry, reinforcement layers and 

soil properties. It should be noted that in order to generate the same curves with the same factor of 

safety the tensile strength for each case had to be adjusted, e.g. H = 5 and n = 8 had about half the 

strength of the same slope with n = 4 layers.  

Data generated for Figures 4.14 and 4.16 can be used to produce internal slope stability charts similar 

to Figure 4.10 but for maximum probability of internal failure. Figure 4.17 presents such a chart for 

 = 45°, different values of f and 1 ≤ Fs ≤ 2. To generate data for this chart for a target value of Fs, 

critical combinations of T and L values to generate internal failure only were found first. Then, 

probabilistic analyses using the Fixed method were carried out to calculate the maximum (upper-

bound) probability of failure for the corresponding deterministic factor of safety (Fs). Figure 4.17 

shows that for the same mean value of Fs, plots with higher f values have a higher maximum 

probability of failure. The reason is that the probability of internal failure depends largely on the value 

of the tensile strength of the reinforcement. For slopes with stronger soil (higher f), the required 

tensile strength of the reinforcement layers to achieve the same Fs value is lower; therefore, increasing 

f increases Pf.  

It should be noted that, as mentioned earlier, the minimum factor of safety for unreinforced slopes 

with purely frictional soils is Fs = tan()/tan(). Hence, for f = 45° and  = 45° reinforcement is not 

required. Therefore, to generate the upper curve in Figure 4.17,  = 50° was used in the calculations 

for reinforced slopes with internal failure and f = 45°. This problem does not arise for probability of 

external failure charts, provided that the probability of failure is the same for different values of slope 

angle with the same mean value of Fs.  
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Figure 4.18 extends Figure 4.17 to the range 1.5 ≤ Fs ≤ 2.2 and values of maximum Pf ≤ 20% (similar 

to Figure 4.11). Calculations were carried out with 50000 Monte Carlo simulations to detect small 

values of Pf. The lower shaded region in this figure corresponds to practical ranges of Fs and Pf based 

on recommendations by Silva et al. (2008) (i.e. Fs ≥ 1.5 and Pf ≤ 0.01%). It can be seen in this figure 

that combinations of relatively low values of f and high values of Fs are required to generate 

maximum probabilities of failure that fall in this region.  

It should be noted that higher probabilities of failure may be acceptable in the case of internal failure 

of reinforced soil slopes based on similarities to other high strength-redundant soil structure systems. 

For example, for reinforced soil walls a target probability of failure of 1% for internal limit states 

under operating conditions is assumed for load and resistance factor design (LRFD) calibration (Allen 

et al. 2005; Bathurst 2014, 2011a, 2011b, 2012). A similar 1% probability of failure has been 

adopted for LRFD calibration of single piles when placed within a group of piles (Paikowsky et al. 

2004) and for soil nails (Lazarte 2011). The rational for this target probability of 1% is that if one 

reinforcement element fails, the lost load can be shed to other remaining elements. Of course, this 

argument cannot be applied to the case of external failure and thus the maximum target probability of 

external failure of reinforced slopes should not exceed 0.01%, which is consistent with the 

recommended value for unreinforced soil slopes by Silva et al. (2008). The 1% probability of failure 

criterion is shown as the upper line in Figure 4.18. This criterion is achievable for a much lower 

range of factors of safety and higher factored friction angle than for the 0.01% criterion. 

Figure 4.19 shows a comparison of maximum probabilities of failure for the same mean values of Fs 

for external and internal failure cases and slopes with  = 45° and f = 30° and 40° (data plots taken 

from Figures 4.10 and 4.17). Figure 4.19 shows that for the same mean value of Fs, maximum 

probability of external failure is higher than for internal failure for the same factored friction angles. 

Also, the differences between maximum probabilities of internal and external failure decrease with 
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increasing f values. It should be noted that the difference in maximum probabilities of internal and 

external failure will increase with increasing slope angle (see Figure 4.14). 

Figure 4.20 truncates and then extends Figure 4.19 data into the range 1.5 ≤ Fs ≤ 2.2 and values of Pf 

≤ 20%. It can be seen in this figure that, for the same mean value of Fs, the difference between 

maximum probabilities of internal and external failure is greater for lower values of f. As before, the 

lower shaded region in this figure corresponds to reasonable acceptable values of Pf for external 

stability design, i.e. Pf ≤ 0.01%. Similarly, the upper line at Pf = 1% represents a reasonable upper 

bound value for internal stability design. An important practical lesson from this figure is that for the 

same mean value of Fs, changing the failure mechanism from external to internal type decreases the 

maximum probability of failure significantly for the lower factored friction angle case (f = 30°). For 

example, for Fs = 1.8, maximum Pf = 1.6% for external failure mechanisms and maximum Pf = 0.1% 

for internal failure mechanisms; this is a 16 fold improvement. Furthermore, for the same factored 

friction angle case, ensuring an internal failure mechanism occurs means that the maximum 

probability of failure will be less than Pf = 1% for all cases with (say) Fs ≥ 1.6.  

These points suggest that the strategy for optimal design is to identify the minimum values of 

reinforcement length and tensile strength during design that just generate an internal failure (e.g. using 

Figures 4 and 5).  

 Probabilistic analysis results for c- soil slopes  4.7

Figure 4.21 shows probabilistic analysis results for external failure for reinforced slopes with c- 

soils. It should be recalled again that values of c,   and T that appear in this chapter are mean values 

consistent with the understanding that these parameters are random variables. Values of c = 1.8 to 10 

kPa were selected to give normalized values of c/Htan= 0.05 and 0.1. Similar to the case of purely 

frictional soil slopes presented earlier (Figure 4.10), maximum probability of external failure 

increases with increasing f. There are no practical differences between curves with different 
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normalized cohesion and the same factored friction angle. Again, maximum Pf depends only on the 

factored friction angle f and mean factor of safety for the range of input values considered. 

Figure 4.22 presents a comparison of maximum probabilities of internal and external failure with and 

without cohesion for the same mean value of Fs. The probabilities of failure correspond to the same 

example cases reported for the deterministic analyses in Figure 4.7. It can be seen in Figure 4.22 that 

for the same mean value of Fs, an additional small value of cohesion (c/Htan = 0.04) has small 

(external) or negligible (internal) effect on reducing the probability of failure. However, a small 

additional cohesive strength component does reduce the minimum length and minimum tensile 

strength of the reinforcement for slopes that have only external or only internal failure mechanisms as 

discussed earlier for the results in Figure 4.7. 

Figure 4.23 shows the effect of changing the slope angle on probability of external and internal 

failure of reinforced slopes with c- soil for c/Htan= 0.02 and c = 2 kPa. It can be seen that, similar 

to the case of purely frictional soil slopes, increasing the slope angle reduces probability of internal 

failure of the reinforced slopes (Figure 4.14). However, changing the slope angle has negligible 

influence on the probability of external failure of the reinforced slopes (Figure 4.9). 

 Cross-correlation between soil strength parameters 4.8

4.8.1 General 

Correlations between random values of soil shear strength parameters and unit weight can be 

quantified by the cross-correlation coefficient (). Negative correlations between c and,have 

been reported from laboratory measurements (Lumb 1970; Yucemen et al. 1973; Cherubini 2000; 

Forrest and Orr 2010; Hata et al. 2012) and these data are summarized by Wu (2013). However, 

there is little data available to quantify correlations between c and , and  and between c and , 

and between  and Matsuo and Kuroda 1974; Parker et al. 2008). A positive cross-

correlation coefficient of these random variables is most often assumed in the literature (Chowdhury 
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and Xu 1993; Low et al. 2007; Sivakumar Babu and Srivastava 2007). Stuedlein et al. (2011) 

reported the measured values of  and  for a reinforced retaining wall; a value of 3 = 0.22 can be 

calculated using data reported in their paper. Data reported by Lee and Singh (1968) from direct 

shear box testing of laboratory Ottawa sand was analyzed by the writers and a value of 3 = 0.57 for  

and  was calculated. In the current study the maximum value of the cross-correlation coefficient 

between  and  was assumed as 3 = 0.7. For c- soil cases, the cross-correlation between c and  

was assumed as 1 = 0.7. For convenience, the cross-correlation coefficient between c and  and  

and  are assumed to be the same, hence 2 = 3 = 0.7 (Sivakumar Babu and Srivastava 2007).  

In related investigations in Chapters 2 and 3 that were focused on probabilistic analysis of simple 

unreinforced soil slopes, it was pointed out that probabilities of failure matching typical acceptable 

minimum factors of safety appear to be too large based on the experience of geotechnical engineers. 

However, it was demonstrated that for a typical acceptable minimum factor of safety of 1.5, the 

introduction of cross-correlation between c and  strength parameters reduced predicted probabilities 

of failure to values that were much lower and thus closer to what would be expected based on 

experience.  

For the first time the influence of cross-correlation of random soil parameters on probability of failure 

of simple reinforced slopes is examined in the current study.  

4.8.2 Unreinforced slopes 

Investigations showed that for the case of unreinforced slopes with purely frictional soils, cross-

correlation between  and  does not have any influence on the probability of failure for any Fs value. 

This is not unexpected since for these conditions Fs = tan()/tan(). However, it was shown in 

Chapter 3 that cross-correlation between c and , c and  and  and  has significant influence on the 

value of probability of failure for slopes with c > 0. Also, considering the cross-correlation between 

soil strength parameters reduces the value of probability of failure. 
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4.8.3 Reinforced slopes 

The influence of cross-correlation between  and on probability of external failure for purely 

frictional reinforced slopes was examined. Results showed that the probability of failure was not 

influenced by cross-correlation between  and . The reason is that reinforced slopes with external 

failure mechanisms behave similar to unreinforced slopes with the same soil properties (i.e. for the 

same mean value of Fs, probability of failure is very close to unreinforced slopes as shown in Figure 

4.12).  

Figure 4.24 shows maximum probability of internal failure for purely frictional reinforced soil slopes 

( = 45°) with and without cross-correlation between  and  (3 = 0.7 and 0) versus mean value of Fs 

in the range 1.5 ≤ Fs ≤ 2.2. It can be seen that for 3 = 0.7 the maximum probability of failure 

decreases compared to the case with no cross-correlation. However, the decrease in Pf is less for 

larger values off. The upper and lower shaded regions in this figure corresponds to acceptable Pf 

values for design, i.e. Pf ≤ 1% and 0.01%, respectively. It can be seen that considering cross-

correlation moves a larger portion of all the curves to less than Pf = 1%. Furthermore, maximum 

probabilities of failure values may be judged to be reasonable based on expectations by experienced 

geotechnical engineers using conventional factors of safety (e.g. for Fs = 1.8 and f = 30°, Pf = 0.1 % 

for 3 = 0 and Pf = 0.01% for 3 = 0.7).  

The pairs of plots in Figure 4.24 encompass a large range of possible cross-correlation between  and 

 Stuedlein et al. (2011) reported a value of 3 = 0.22 which falls between these limits. This is the 

only value available in the literature for a granular backfill that was actually used in a typical 

reinforced earth structure. By comparing the plots in Figures 4.10, 4.20 and 4.24 it can be concluded 

that probabilities of failure presented in Figure 4.10 give upper bound values regardless of failure 

mechanism type and are thus conservative (i.e. safer) for design. 
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Figure 4.25 presents the effect of cross-correlation between soil input parameters on probability 

failure of reinforced c- soil slopes with internal and external failure mechanisms. In this figure soil 

and reinforcement properties are similar to those used to generate the data in Figure 4.7. It can be 

seen in Figure 4.25 that considering the upper-bound values of cross-correlation between soil input 

parameters, decreases the probability of failure for both internal and external failure mechanisms. This 

outcome is different than the results for reinforced slopes with purely frictional soil where the cross-

correlation between  and  decreases probability of failure of the internal failure mechanism only 

(Figure 4.24). The reason is, as mentioned earlier, reinforced slopes with an external failure 

mechanism behave similar to unreinforced slopes. Thus, similar to unreinforced slopes with c- soil, 

considering the cross-correlation between soil input parameters reduces probability of failure 

(Chapters 2 and 3), while in the case of purely frictional soil, cross-correlation does not change the 

value of probability of failure. 

  Conclusions 4.9

This study reports the results of the probabilistic slope stability analysis of reinforced slopes using 

coupled Monte Carlo simulation together with circular slip Simplified Bishop’s method and 

implemented within a program (PRSS) written by the authors. Two main mechanisms of failure of 

geosynthetic reinforced slopes were investigated; external failure mechanisms that comprise of critical 

slip surfaces that pass beyond the reinforced zone and internal mechanisms where critical slip surfaces 

intersect all the reinforcement layers. However, a transition mechanism (composite) between internal 

and external failure types may develop for steep slope cases. 

The study demonstrates that for the simplifying assumptions adopted here, there are minimum values 

of reinforcement tensile strength and reinforcement length which will generate only external failure 

mechanisms. For tensile strength greater than this minimum value, there is no change in the values of 

factor of safety and probability of failure. Increasing the minimum reinforcement length with constant 

or lower minimum values of reinforcement tensile strength changes the failure mechanism from 
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external failure to internal failure type with the same mean value of Fs. Contour plots can be generated 

for different values of slope angle that identify the combinations of reinforcement tensile strength and 

reinforcement length that will generate each type of failure mechanism (e.g. Figure 4.4 and Figure 

4.5). 

The results of probabilistic analyses in this chapter are most often expressed in terms of maximum 

probability of failure. This approach made it possible to examine trends in numerical outcomes while 

generating results that are conservative (safer) for design.  

Probabilistic analyses showed that the magnitude of the maximum probability of an external failure 

mechanism is not changed by changing the reinforcement properties for the same factor of safety. 

Maximum probability of failure in these cases depends only on the value of the factored friction 

angle; therefore it is possible to have a maximum probabilistic slope stability chart for the case of 

purely frictional soil with external failure mechanisms and for different values of the factored friction 

angle (e.g. Figure 4.10). Comparison of maximum probability of failure of reinforced slopes with an 

external failure mechanism type with unreinforced cases with the same factor of safety and same 

value of the factored friction angle shows that the maximum probability of failure of the reinforced 

slopes is the same as the unreinforced slopes. The reason for this observation is that the maximum 

probability of failure calculated for external failure mechanism depends only on soil properties. 

For internal failure mechanism cases, the probability of failure decreases with increasing slope angle 

due to the change in the reinforcement tensile strength required to meet the same target value of factor 

of safety. However, reinforced slopes with  = 45° have the highest maximum probability of failure. 

Nevertheless, a probabilistic slope stability chart can be generated for this slope angle condition that 

gives conservative values for maximum probability of failure. 
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This study also showed that for the same factor of safety, maximum probability of failure is lower for 

internal failure mechanism cases compared to external failure mechanism cases when all other 

conditions are the same.  

Probabilistic analysis for c- soil slopes showed that having a small value of cohesion does not have a 

detectable influence on the value of probability of failure for the case of internal failure mechanisms. 

However, a small value of cohesion decreases the minimum required length and tensile strength to 

generate internal and external failure mechanisms. Also, it is shown in this study that similar to the 

results for the case of purely frictional soil, maximum probability of failure depends on the value of 

the (factored) friction angle f for different values of the ratio of c/Htan. 

The investigation of the cross-correlation between  and  for purely frictional soils showed that, for 

the case of unreinforced slopes and reinforced slopes with external failure mechanisms, there is no 

change in the values of maximum probability of failure. For the case of reinforced slopes with internal 

failure mechanisms, positive cross-correlation between  and  decreases the maximum probability of 

failure. However, for c- soil slopes with cross-correlation between all soil input parameters the 

maximum probability of failure for both internal and external failure mechanisms decreases with 

increasing magnitude of cross-correlation coefficients.  

The results of this investigation are of value to geotechnical engineers for the preliminary 

probabilistic design of simple reinforced soil slopes. The charts that appear in this study can be used 

to estimate reinforcement lengths to control the type of failure while providing a conservative (i.e. 

maximum) estimate of probability of failure for the type of failure mechanism. The same charts 

provide a link between conventional factors of safety in design charts published by others and 

probability of failure. Probabilities of failure that have been accepted for other strength redundant 

soil-structure systems are identified on these charts. These charts can be generated because they report 

maximum probabilities of failure. This study demonstrates that the reason these are maximum 



 

128 

 

probabilities of failure is that possible correlations between soil input properties are ignored. Finally, 

it should be noted that the influence of spatial variability of soil input parameters has not been 

examined in this study.  
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Figure 4.1 a) External failure mechanism, b) Internal failure mechanism c) Transition failure 

mechanism. 

 

 

a) 

 

b) 
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Figure 4.1 (continued) 

 

c)  
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Figure 4.2 Example slope with: a) Four layers of geosynthetic reinforcement (n = 4) and H = 

5 m, b) Nine layers of geosynthetic reinforcement (n = 9) and H = 10 m. 

 

a) 

 

b) 
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Figure 4.3 Minimum values of reinforcement length (L) and tensile strength (T) to generate 

only internal failure mechanisms and only external failure mechanisms (H = 5 m, n = 4,  = 

20 kN/m
3
,  = 30°, c = 0). 
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Figure 4.4 Contour plots for Fs values corresponding to internal and external failure 

mechanisms for  = 45°, H = 5 m, n = 4,  = 20 kN/m
3
,  = 30° and c = 0. 
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Figure 4.5 Contour plots for Fs values corresponding to internal, transition and external 

failure mechanisms for  = 76°, H = 5 m, n = 4,  = 20 kN/m
3
,  = 30° and c = 0. 
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Figure 4.6 Minimum normalized reinforcement tensile strength versus minimum normalized 

reinforcement length to generate only external failure for reinforced slopes for H = 5 m, n = 

4,  = 20 kN/m
3
,  = 30° and c = 0. 
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Figure 4.7 Comparison of minimum length to height ratio and sum of normalized tensile 

strength to generate only external or only internal failure for reinforced slopes with purely 

frictional soil and c- soil with c = 5 kPa ( = 45°). 
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Figure 4.8 Comparison of probabilistic results using PRSS code and SVSlope software for 

the slope geometry shown in Figure 2a with  = 45°, H = 5 m, n = 4,  = 20 kN/m
3
,  = 30°, 

c = 0 and COV = 0.2.  
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Figure 4.9 Maximum probability of external failure versus (deterministic) factor of safety for 

reinforced slopes with different slope angle, height, number of reinforcement layers and soil 

unit weight (Note: Unfactored (mean) friction angle is  = 30°). 
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Figure 4.10 Maximum probability of external failure (Pf) for reinforced soil slopes with 

factored friction angle (f) versus mean factor of safety in the range 1.0 ≤ Fs ≤ 2.0 . 
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Figure 4.11 Maximum probability of external failure (Pf) for reinforced soil slopes with 

factored friction angle (f) versus mean factor of safety in the range 1.5 ≤ Fs ≤ 2.2. 
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Figure 4.12 Comparison of probabilities of external failure for reinforced slopes and 

unreinforced slopes with the same mean value of Fs and  = 20° to 90°. 
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Figure 4.13 Maximum probabilities of external and internal failure for reinforced soil slopes 

with  = 45° and  = 30° versus the length of the reinforcement layers, L. (H = 5 m, n = 4). 
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Figure 4.14 Effect of slope angle on probability of internal failure. 
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Figure 4.15 Effect of constant tensile strength (COVT = 0) and random variability in 

reinforcement tensile strength (COVT = 0.15) on maximum probability of internal failure for 

slopes with  = 45°. 
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Figure 4.16 Effect of number of reinforcement layers on maximum probability of internal 

failure for slopes with  = 30°. 
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Figure 4.17 Maximum probability of internal failure for reinforced soil slopes with slope 

angle  = 45° and different values of factored friction angle f versus mean factor of safety Fs 

in the range 1.0 ≤ Fs ≤ 2.0. 
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Figure 4.18 Maximum probability of internal failure for reinforced soil slopes with different 

values of factored friction angle f versus mean factor of safety in the range 1.5 ≤ Fs ≤ 2.2 for 

slopes with  = 45°. 
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Figure 4.19 Maximum probabilities of external and internal failure for reinforced soil slopes 

with factored friction angle f = 30° and 40° versus mean value of Fs ( = 45°). 
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Figure 4.20 Maximum probability of external and internal failure for reinforced soil slopes 

with f = 30° and 40° versus mean value of Fs in the range 1.5 ≤ Fs ≤ 2.2 ( = 45°). 
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Figure 4.21 Maximum probability of external failure for reinforced soil slopes with different 

factored friction angle f and normalized cohesive shear strength (c/Htan) versus mean 

value of Fs. 

 

 

 

 

 

 

 

 



 

156 

 

Figure 4.22 Effect of normalized cohesive shear strength (c/Htan) on maximum 

probability of internal and external failure for reinforced soil slopes ( = 45°). 
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Figure 4.23 Effect of slope angle on probability of internal and external failure for reinforced 

soil slopes (c = 2 kPa). 
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Figure 4.24 Probability of maximum internal failure for purely frictional reinforced soil 

slopes with and without cross-correlation between  and  (3 = 0.7 and 0) versus mean value 

of Fs in the range 1.5 ≤ Fs ≤ 2.2 ( = 45°). 
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Figure 4.25 Comparison of maximum probabilities of internal failure for reinforced slopes 

with and without cross-correlation between soil input parameters in c- soil slopes (1 = 2 = 

3 = 0, 1 = -0.7 and 2 = 3 = 0.7) ( = 45°). 
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Chapter 5 

Influence of model type, bias and input parameter variability on reliability 

analysis for simple limit states in soil-structure interaction problems
4
 

 Introduction 5.1

The margins of safety for limit states in geotechnical soil and soil-structure problems are best 

quantified by an estimate of probability of failure or equivalently the reliability index (). The starting 

point for reliability analysis is to define a performance function that includes the load and resistance 

terms in the limit state. The limit state formulation is often prescribed in design guidance documents 

and depending on the problem may have a few or many input parameters. Some parameters may be 

treated as deterministic but others are random variables. In order to carry out rigorous reliability 

analysis the frequency distributions of the random variables must be known. For some simple limit 

states, closed-form solutions for probability of failure can be derived explicitly from probability 

theory concepts. Examples are the equations reported by Griffiths and Fenton (2004) and also 

presented in Chapter 2 for simple cohesive soil slopes and Harr (1987) for bearing capacity of a 

shallow footing in a cohesive-frictional soil with cross-correlation between c and . Alternatively, 

Monte Carlo simulation can be used. In the latter approach, frequency distributions are randomly 

                                                      

 

4
 A version of this chapter has been published as: 

Bathurst, R.J. and Javankhoshdel, S. 2016d. Influence of model type, bias and input parameter variability on 

reliability analysis for simple limit states in soil-structure interaction problems. Georisk (ahead of print) 

(http://dx.doi.org/10.1080/17499518.2016.1154160). 
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sampled and the probability of failure is computed as the number of times the ratio of the resistance 

side to load side is less than an acceptable value (e.g. factor of safety F ≤ 1).  

In this study, we focus on a particular class of simple linear limit state functions with one load term 

and one resistance term. The load and resistance side terms are uncorrelated but both sides include a 

random variable that represents bias in the estimate of nominal load and resistance values. Bias is the 

ratio of measured (actual) load or resistance value to the corresponding predicted (nominal) load or 

resistance value. In this study, this quantity captures all sources of uncertainty in the calculation of 

bias values. These sources are due to the intrinsic accuracy of the deterministic model representing the 

mechanics of the limit state under investigation, random variation in input parameter values, spatial 

variation in input values, quality of data, and consistency in interpretation of data when data are 

gathered from multiple sources (the typical case) (Bathurst et al. 2011a; Allen et al. 2005). The 

terms total bias and model bias have been used in the literature to represent this random variable. In 

this study, we have adopted the term method bias (or simply bias for brevity) to recognize that 

different bias statistics will be generated depending on the accuracy of the underlying deterministic 

load and resistance models that appear in the limit state function.  

Method bias values are random values that are assumed to be lognormal distributed and can be 

characterized by mean and standard deviation. However, these distributions are determined from a 

population of physical test measurements with each measurement divided by a predicted value. The 

predicted value is computed using the model (equation) for analysis (e.g. the equation recommended 

in a design guidance document to compute nominal load or resistance value) with best estimates (e.g. 

mean values) selected from a range of possible input parameter values. The choice of measured value 

as the numerator in the definition of bias (as opposed to nominal load value) is required to ensure that 

estimates of probability of failure are actual probabilities of failure as described later in this chapter 

and in Appendix A.  
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Ideally, the mean of bias values for both load- and resistance-side terms is close to one, the coefficient 

of variation (COV) of bias values is small and there are no significant correlations between bias 

values and predicted values for both load and resistance terms in the limit state function. In reality, as 

one or more of these conditions deviates from the ideal case, the computed probability of failure for a 

limit state function will change.  

In this study, we first formulate a linear limit state function with one load term and one resistance 

term. The well-known closed-form solution for the calculation of probability of failure (or reliability 

index ) based on independent lognormal distributions for load and resistance values (e.g. Phoon 

2008) is extended to include statistical quantities of load and resistance bias values and cross-

correlations between bias values and matching predicted load and resistance values. The closed-form 

solution is general and considers the case for both correlated and uncorrelated nominal load and 

nominal resistance values. The accuracy of the formulation is demonstrated by comparing predicted  

values with results of Monte Carlo simulation. 

A sensitivity analysis is performed that demonstrates the quantitative influence of limit state function 

accuracy (mean and spread of bias values), dependencies (cross-correlations between bias values and 

predicted (nominal) load and resistance values), uncertainty in nominal values and average margin of 

safety (defined as the operational factor of safety) on probability of failure.  

Finally, an example with actual measured data and computed bias statistics for different load and 

resistance models is used to demonstrate the practical consequences of choice of load and resistance 

models and bias statistics on true probability of failure for the internal pullout stability limit state for 

reinforced soil walls with uncorrelated nominal load and nominal resistance values.  

 Formulation of limit state functions with one resistance term and one load term 5.2

Consider the following simple limit state function with one resistance term (Rm) and one load term 

(Qm): 
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[5.1] m mg = R –  Q   

 

Here g is a random variable representing the margin of safety, and Rm and Qm are random 

uncorrelated measured (actual) resistance and load values, respectively. The equivalent performance 

function with g redefined as g/Qm is: 

 

[5.2] m

m

R
g = –  1

Q
 

 

where m
s

m

R
F  = 

Q
 is the true (actual) factor of safety.  

Most often, predicted (nominal) values of resistance and load used in limit state design functions can 

be expected to vary from measured values for soil-structure problems. The ratio of measured to 

predicted value is method bias (or bias for brevity) introduced earlier and now given the symbol  in 

this study. Bias values and bias statistics can be used to transform predicted (nominal) values of load 

(Qn) and resistance (Rn) to measured (true) values of load (Qm) and resistance (Rm) in Equation 5.2 so 

that computed probabilities of failure are estimates of actual probabilities of failure. Thus, resistance 

bias (R) and load bias (Q) are random variables computed as: 

 

[5.3a] m
R

n

R
λ  = 

R
 

 

[5.3b] m
Q

n

Q
λ  = 

Q
 

Substituting Equation 5.3a and 5.3b into Equation 5.2 gives 



 

164 

 

 

[5.4] R n

Q n

R
g 1

Q


 


 

 

It can be noted that n

n

R
F = 

Q
is equivalent to the factor of safety used in conventional allowable stress 

design and R

Q

λ

λ
is a correction applied to the nominal factor of safety to calculate the true factor of 

safety.  

Assuming all variables on the right side of Equation 5.4 are random distributed, then the probability 

of failure [Pf = P(g < 0)] can be computed using a closed-form solution or using Monte Carlo 

simulation provided statistical quantities describing the mean and spread of each distribution are 

known. 

For the case of perfect load and resistance models and no variability in the contributions to bias as 

identified in the previous section, then R = Q = 1 and the probability of failure using Monte Carlo 

simulation is simply the number of times n

n

R
F = 1

Q
  in a large number of trials.  

The perfect case in geotechnical engineering can be understood to be an unlikely occurrence, 

particularly for soil-structure interaction problems. However, bias values are most often not available 

to correct estimates of probability of failure. Hence, reliability analyses carried out in practice and 

reported in the geotechnical research literature seldom consider the contribution of bias as defined in 

this study. Fortunately, there are some soil-structure interaction problems for which bias values are 

available. Examples are bias values computed from results of pile load tests (e.g. Paikowsky et al. 

2004) and measurements from instrumented reinforcement layers in mechanically stabilized earth 

(MSE) walls (e.g. Bathurst et al. 2008, 2011a, 2011b, 2012). 
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 Probability of failure (reliability index ) 5.3

In this study, a closed-form solution for probability of failure [Pf = P(g < 0)] expressed as reliability 

index () is developed where g is the performance function described by Equation 5.2. Hence:  

 

[5.5]  m mP(g < 0) = P(R /Q < 1) = 1  β   

 

Here, Φ is the standard normal cumulative distribution function (NORMSDIST in Excel) and  is the 

reliability index. Assuming lognormal distributed random variables then: 

  

[5.6] 
m m

m m

R R
ln ln

Q Q

β = μ σ
 
 
 
 

 

 

The numerator and denominator are the mean and standard deviation of the lognormal distribution of 

Rm/Qm, respectively. Derivations presented in Appendix A lead to the following expression for 

 

[5.7]

 

n QR n

Q n n R

n R n Q n R n Q n n

2 2

Q λλ R

2 2

λ Q R λ

2 2 2 2 2 2 2

R λ Q λ 1 R λ 2 Q λ 3 R Q

(1 + COV )(1 + COV ) μ μ
 ln  

μ μ (1 + COV )(1 + COV )

β =

ln (1 + COV )(1 + COV )(1 + COV )(1 + COV )(1 + ρ COV COV ) (1 + ρ COV COV ) / (1+ρ COV COV )

 
 
 
 

 
 

 

 

The notation format adopted here is that  denotes mean, COV denotes the coefficient of variation 

(standard deviation/mean) and 1 and 2 are cross-correlation coefficients for random variables Rn and 

R, and Qn and Q, respectively. Subscript n denotes predicted (nominal) value. As before,  denotes 
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bias value, R represents resistance and Q is load. The derivation details in Appendix A leading to 

Equation 5.7 assume that all random variables are lognormal distributed. Computed bias values for 

the example that appears later in this chapter are shown to be lognormal distributed as have similar 

data for other types of MSE wall structures (e.g. Bathurst et al. 2008, 2011a, 2011b, 2012) and 

resistance (pile capacity) data for piled foundations (e.g. Paikowsky et al. 2004). For the pile load 

data, the load bias values were close to one and the spread in nominal load values was small meaning 

that normal distributed nominal load values and normal distributed load bias values could be treated 

as lognormal distributed with no practical loss in accuracy for LRFD calibration (Allen 2005). 

Assuming that the distributions for Rn and Qn are lognormal distributed offers analytical simplicity. 

Assuming that nominal values of Rn and Qn are also uncorrelated (3 = 0) also simplifies Equation 

5.7 as follows: 

 

[5.8]

 

n QR n

Q n n R

n R n Q n R n Q

2 2

Q λλ R

2 2

λ Q R λ

2 2 2 2 2 2

R λ Q λ 1 R λ 2 Q λ

(1 + COV )(1 + COV ) μ μ
 ln  

μ μ (1 + COV )(1 + COV )

β =

ln (1 + COV )(1 + COV )(1 + COV )(1 + COV )(1 + ρ COV COV ) (1 + ρ COV COV )

 
 
 
 

 
 

 

 

The assumption of uncorrelated nominal values is assumed a priori in LRFD calibration (Allen et al. 

2005) to reflect that geotechnical engineers use nominal values in LRFD design practice regardless 

that load and resistance sides in some limit state design equations are related because the same 

(random) soil properties may appear in the underlying deterministic load and resistance equations for 

these limit states. On the other hand, there are soil structure interaction problems where Qn and Rn 

values are clearly uncorrelated, e.g. pile load and pile capacity. The internal limit state for 

reinforcement tensile rupture in a MSE wall is another example (Bathurst and Miyata 2015). In the 

example used later in this chapter, the nominal values for reinforcement load (Qn) and (pullout 



 

167 

 

capacity) resistance (Rn) are taken from two separate databases. Hence, Qn and Rn data points cannot 

be paired and are thus uncorrelated.  

Ignoring for the moment arguments in favour of treating Rn and Qn as uncorrelated variables, Figure 

A.1 in the Appendix A shows that for an example case of increasing values of 1 =  the differences 

in magnitude of reliability index decrease but the assumption of uncorrelated Rn and Qn (i.e. 3 = 0) is 

always conservative (i.e. safe for design). 

Bathurst et al. (2011a) introduced the term operational factor of safety (OFS) where: 

 

[5.9] 
R R R n

Q Q Q n

n R

n Q

R
OFS F

Q

  

  

        
       
        
     

 

  

The operational factor of safety adjusts the conventional factor of safety (F), computed as the ratio of 

nominal resistance (
nn RR   ) and nominal load (

nn QQ   ), by the ratio of mean bias in prediction 

of resistance values and mean bias of prediction of load values.  

Equation 5.7 simplifies considerably for cases where (for example) there are no cross-correlations 

(i.e. dependencies) between bias values and predicted values and there is (say) no spread (error) in 

bias values (idealized case) and Rn and Qn are uncorrelated variables. For these conditions: 

 

[5.10] 
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This expression can be found in the literature (e.g. Harr 1987; Phoon 2008). 
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 Sensitivity analyses 5.4

In this section, the quantitative influence of method accuracy on probability of failure is explored 

using Equation 5.8 and Monte Carlo simulation. However, as a first step, the number of MC 

simulations required to generate a stable estimate of reliability index  was investigated. The number 

of MC simulations used in this study was 50,000. Figure 5.1 shows that this number is adequate to 

achieve a stable estimate of . Figures 5.2 through 5.6 show that there is no practical difference in  

values using the closed-form solution (Equation 5.8) and MC simulation. The advantage of the 

closed-form solution is that it provides insight, is easy to code and allows smooth plots to be 

generated. Nevertheless, with 50,000 MC realizations, each data point in these figures was generated 

in less than one minute using a Visual Basic code embedded in an Excel spreadsheet running on a 

desktop computer with two 3.6 GHz processors. Hence, strategies to reduce computation time, such as 

the Latin Hypercube Sampling technique, were not necessary.   

Method accuracy is quantified by the mean and COV of bias values and cross-correlations between 

bias values and nominal load and resistance values described in the previous section. In the analyses 

to follow the nominal factor of safety is assumed as n

n

R

Q

F 1


 


. The actual value in design can 

range from (say) 1.5 to a very large number because typical design of soil-structures such as earth 

retaining walls requires that multiple limit states be satisfied as well as prescribed minimum values for 

some structure dimensions regardless that the computed factor of safety is excessive with respect to 

recommended minimums. Huang et al. (2012) gave an example where the probability of failure for 

pullout of steel strip MSE walls was well below the Pf = 1/100 value ( = 2.33) that has been 

recommended for load and resistance factor design (LRFD) calibration for highly strength-redundant 

MSE wall systems (Allen et al. 2005) (i.e. safer); this was because the reinforcement length was 

controlled by a minimum length criterion unrelated to the pullout limit state. Minimum probability of 
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failure used for calibration of LRFD serviceability limit states for highly redundant foundation 

systems such as piles can be as low as Pf = 1/10 ( = 1.28) (Naghibi et al. 2014). 

Figure 5.2 shows that as factor of safety (or operational factor of safety) increases, reliability index 

increases (probability of failure decreases), which is expected. The effect of correlations between 

nominal values of load and resistance values and corresponding bias values can be seen in the figure. 

Positive correlations decrease  (increase probability of failure) while negative values increase  

(decrease probability of failure). The data show that for a given OFS value there is a wide range of 

possible  values depending on the value of  = 1 = 2 in the range -0.5 ≤  ≤ 0.5 examined.  

Figures 5.3 and 5.4 focus on the influence of 1 and 2 for a fixed value of OFS = 5. In Figure 5.3 

with 2 as the independent parameter, for 2 < 0 the reliability index at a fixed value of 2 decreases 

for the case 1 = 2 to 1 = -2. For 2 > 0, the reliability index becomes smaller at a fixed value of 2 

in the order of 1 = -2, 1 = 0 and 1 = 2. The same general trends appear in Figure 5.4 with 1 as 

the independent parameter. However, for the case of 1 = -2, the reliability index increases with 

increasing value of 1. The differences in trends and magnitude of  between these two figures can be 

understood by examining the denominator terms with 1 and 2 in Equation 5.8. 

Figures 5.5 and 5.6 show that the reliability index increases (probability of failure decreases) as the 

uncertainty in the selected random variables decreases. However, the trend in each set of COV values 

is reversed for plots with 1 and 2 taken as the independent parameter. 

Taken together, Figures 5.2 through 5.6 demonstrate that for the range of COV and  values 

investigated, values of  can vary widely depending on the combination of method accuracy (bias 

statistics), spread in input values and strength of dependencies between bias values and corresponding 

nominal values. The range in reliability index values corresponds to probabilities of failure varying by 
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three orders of magnitude or more. This range can have a great impact on design decisions and 

assessment of risk. 

 Example 5.5

 Background  5.5.1

In this example, we consider the ultimate limit state function for pullout failure of a steel strip 

reinforcement layer in a mechanically stabilized earth (MSE) wall with no surcharge at the backfill 

surface. The maximum nominal tensile reinforcement load in a layer can be computed as (AASHTO 

2014; PWRC 2014): 

 

[5.11] n v v vQ = KS = KS zγ  

 

Here, K is coefficient of earth pressure which varies linearly from Ka = 1sin  /1+sin  at the top of 

the wall to Ko = 1 – sin  at depth of z = 6 m and remains constant for z > 6 m. Term  is the friction 

angle of the soil. The other parameters in Equation 5.11 are Sv = vertical spacing between layers, v 

= vertical stress at elevation of reinforcement layer = z where  is the unit weight of the soil. In this 

example, two load models are considered. Load Model 1 is based on the current method used in Japan 

and described in the PWRC (2014) design manual. The second approach (Load Model 2) considers 

an improved model developed by Miyata and Bathurst (2012a) which has the same general form for 

the calculation of K but with coefficients applied to each of K and Ko to improve the accuracy of the 

model on average. These empirical coefficients were determined by back-fitting to a large database of 

measured load data for steel strip walls constructed with soils falling into different classification 

types.  
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The expression for nominal maximum pullout capacity on a force per running length of wall basis is 

(AASHTO 2014; PWRC 2014): 

 

[5.12] 
* *

n e c v e cR = 2F L R = 2F L Rσ γz  

 

Here, F
*
 = dimensionless empirical factor, Le = anchorage length, Rc = coverage ratio (= 1 for 

continuous horizontal layer in the running length of the wall) and other parameters have been defined 

previously. The dimensionless factor F* is computed as a function of soil friction angle and has a total 

of three dimensionless coefficients. 

Miyata and Bathurst (2012b) collected data from pullout box tests reported in the Japanese literature 

and examined the accuracy of the PWRC version of the default pullout model described by Equation 

5.12. Using pullout load bias data, they proposed a new model with the same number of empirical 

coefficients (i.e. three) which improved the accuracy of the pullout load prediction on average. In this 

investigation the current PWRC pullout equation is called Pullout Model 1 and the modified equation 

by Miyata and Bathurst (2012b) is called Pullout Model 2. In both cases, the data are restricted to 

cases with z ≤ 20 m corresponding to the maximum allowable height of these walls according to 

Japanese practice (PWRC 2014).  

Subsets of the load and resistance bias databases collected by Miyata and Bathurst (2012a, b) are 

used in the current study to compute  for different combinations of load and resistance (pullout) 

models. The nominal values for reinforcement load (Qn) and (pullout capacity) resistance (Rn) are 

taken from these two separate databases. Hence, Qn and Rn data points cannot be paired and are thus 

treated as uncorrelated. To carry out calculations for , estimates of 
nQCOV and 

nRCOV are required. 

Variability in estimates of nominal load and resistance values using the load and resistance (pullout) 

equations introduced above is due to uncertainty in friction angle of the soil and unit weight. Only 
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nominal values were reported for the data sets used in this example. However, reasonable estimates 

for the coefficient of variation of engineered granular fills are COV = 0.10 and COV = 0.05 

(Baecher and Christian 2003). Hence the variability in Qn and Rn assuming no correlation between  

and , or the correlation is weak, is 
n n

2 2

Q R γCOV = COV = COV  + COV = 0.11. A value of 0.10 

is used in the calculations to follow.  

 Load model and pullout model bias statistics 5.5.2

Figure 5.7 shows a plot of measured versus predicted load data using Load Model 1 for steel strip 

reinforced soil walls. This model under-predicts measured values slightly (
Q

 1.12 ) and has a 

spread (COV) in accuracy computed as
Q

COV = 0.332 . Figure 5.8 shows a plot of load bias (Q) 

versus predicted (nominal) load (Qn). There is small correlation between these random variables 

computed as 2 = -0.083. The cumulative distribution function (CDF) plot for Load Model 1 bias data 

is plotted in Figure 5.9. The bias data is judged to be satisfactorily described by a lognormal 

distribution. Similar data is presented for Load Model 2 proposed by Miyata and Bathurst (2012a) 

in Figures 5.10, 5.11 and 5.12. Again, load bias data are reasonably lognormal distributed (Figure 

5.12). Bias values and cross-correlation coefficients are similar for both models. Although it can be 

argued that Load Model 2 is slightly better on average. Bias statistics for both load models are 

summarized in Table 5.1. 

Figure 5.13 shows a plot of measured versus predicted pullout capacity data using Pullout Model 1 

and the corresponding plot of pullout bias versus predicted pullout capacity is presented in Figure 

5.14. While model bias data can be seen to be reasonably approximated by a lognormal distribution 

(Figure 5.15) the model is poor since it underestimates pullout capacity by almost 50% (i.e. 

R
1.45  ) and there is a strong negative correlation (dependency) between resistance (pullout) bias 

values and predicted values (Figure 5.14). In practical terms, this means that the prediction accuracy 
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of the model is strongly influenced by the magnitude of the computed nominal pullout capacity which 

is undesirable. Bias data for an improved Pullout Model 2 proposed by Miyata and Bathurst (2012b) 

are presented in Figures 5.16, 5.17 and 5.18. The average accuracy of this model is much improved (

R
   1.08 versus 1.45) and the undesirable dependency noted above is much reduced (i.e.1 = -

0.170 versus -0.622). Bias statistics for both resistance (pullout) models are summarized in Table 5.1. 

The bias values shown in Table 5.1 can be seen to fall within the range of values explored in the 

previous section. 

 Results of reliability index calculations 5.5.3

Table 5.2 presents a summary of reliability index () values calculated using both Equation 5.8 and 

Monte Carlo simulation. The table shows that Monte Carlo simulation results for  are in practical 

good agreement with values using the closed-form solution (Equation 5.8).  

For any pair of load and resistance models used to compute , there is a detectable lower  value 

when the negative cross-correlations (dependencies) between bias values and corresponding load and 

resistance nominal values are ignored (i.e.  = 1 = 2 = 0). As an example, consider F = 5 and Load 

Model 1 and Pullout Model 1 (see shaded cells in Table 5.2d); ignoring dependencies gives  = 3.59 

(Pf = 1/6000) while considering dependencies results in  = 4.03 (Pf = 1/36000). Hence, for this 

example, ignoring dependencies is not expected to have a practical impact on design (i.e. probabilities 

of failures are very low). However, ignoring dependencies for the same combination of models and F 

= 2.5 (see shaded cells in Table 5.2b) has a practical impact; ignoring dependencies gives  = 2.25 (Pf 

= 1/82) while considering dependencies results in  = 2.52 (Pf = 1/170). These two  values bracket  

= 2.33 (Pf = 1/100) which is the recommended target value for LRFD internal limit state calibration 

for these highly strength-redundant MSE wall systems (Allen et al. 2005).  
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 Conclusions 5.6

This study is focused on contributions of uncertainty to the calculation of probability of failure of 

simple limit state functions due to model type, bias and bias dependencies, and estimates of nominal 

values for uncorrelated load and resistance terms. Often ignored in calculations of probability of 

failure (or  values) are the quantitative effects of method bias and bias dependencies on numerical 

outcomes. Here, bias is defined as the ratio of measured to predicted load or resistance. Bias 

dependency refers to cases where method accuracy (i.e. bias) is a function of the nominal estimate of 

load and resistance values in the limit state function. Including bias statistics in reliability analyses 

allows the true probability of failure to be computed rather than a value that assumes that the only 

uncertainty in a limit state function is the choice of nominal input values that appear in the underlying 

deterministic equations. The other sources of uncertainty include the accuracy of the underlying 

deterministic models that describe the mechanics of the limit state under consideration, random and 

spatial variability of the soil properties used to calibrate the model, quality of data and consistency in 

interpretation of data. 

In the current study, general closed-form equations that consider the overall margin of safety 

(operational factor of safety), bias and bias dependencies, correlated and uncorrelated nominal load 

and resistance values and uncertainty in nominal values for load and resistance terms were derived 

from basic reliability theory and verified using MC simulation. However, analyses are focused on 

cases with uncorrelated nominal load and resistance values which can be justified based on typical 

LRFD practice.  

The operational factor of safety (OFS) provides a link to the conventional notion of factor of safety. 

Sensitivity analyses demonstrate that (as expected) the operational factor of safety (OFS) plays a 

major role on the estimate of probability of failure. However, bias dependencies (expressed by cross-

correlation coefficient ) can also influence computed reliability index (or equivalently probability of 

failure) values. Large increases or decreases in  are possible for the case of strong correlations 
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between bias values and nominal estimates of load and resistance values that appear in limit state 

functions of the type investigated here.  

For the example pullout limit state examined in the current study, negative correlations between bias 

values and predicted (nominal) values were identified in the source data. These negative correlations 

resulted in higher estimates of  (lower probability of failure) compared to matching calculations with 

cross-correlations ignored. Hence, ignoring these dependencies would result in safer designs. 

However, negative correlations cannot be assumed a priori for any limit state function of the type 

explored here. Bias dependencies can be expected for poor models used in simple limit state design 

functions and these dependencies may be positively or negatively correlated with predicted (nominal) 

values. For example, if load and resistance bias correlations are both positive, or one bias value is 

strongly positively correlated, then estimates of probability failure will be non-conservative for design 

if these bias dependencies are ignored.   
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Table 5.1 Bias statistics for load and pullout (resistance) models 

 n Mean bias COV bias Cross-correlation coefficient,  

Load Model 1 93 1.12 0.332 -0.083 

Load Model 2 93 1.00 0.334 -0.103 

     

Pullout Model 1 36 1.45 0.392 -0.622 

Pullout Model 2 36 1.08 0.350 -0.170 

Note: n = number of data points 
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Table 5.2 Computed reliability index () for operational factor of safety OFS = 2, 2.5, 3 and 

5, and
n nQ RCOV = COV = 0.10   

a) F = 2 

  Pullout Model 1 Pullout Model 2 

  -0.62 0 -0.17 0 

Load Model 1 -0.08 2.03 (2.04) 1.83 (1.83) 1.38 (1.39) 1.35 (1.35) 

 0 2.01 (2.02) 1.81 (1.83) 1.37 (1.38) 1.33 (1.30) 

Load Model 2 -0.10 2.29 (2.33) 2.06 (2.05) 1.63 (1.62) 1.59 (1.58) 

 0 2.25 (2.27) 2.03 (2.02) 1.60 (1.60) 1.56 (1.57) 

 

b) F = 2.5 

  Pullout Model 1 Pullout Model 2 

  -0.62 0 -0.17 0 

Load Model 1 -0.08 2.52 (2.55) 2.27 (2.26) 1.86 (1.85) 1.81 (1.80) 

 0 2.49 (2.52) 2.25 (2.24) 1.83 (1.83) 1.79 (1.78) 

Load Model 2 -0.10 2.77 (2.79) 2.50 (2.47) 2.10 (2.10) 2.05 (2.04) 

 0 2.73 (2.77) 2.47 (2.46) 2.07 (2.07) 2.02 (2.01) 
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c) F = 3 

  Pullout Model 1 Pullout Model 2 

  -0.62 0 -0.17 0 

Load Model 1 -0.08 2.91 (2.95) 2.63 (2.58) 2.24 (2.23) 2.19 (2.18) 

 0 2.88 (2.90) 2.60 (2.54) 2.22 (2.21) 2.16 (2.16) 

Load Model 2 -0.10 3.17 (3.16) 2.86(2.80) 2.49 (2.48) 2.43 (2.39) 

 0 3.12 (3.15) 2.82 (2.75) 2.46 (2.45) 2.39 (2.37) 

 

d) F = 5 

  Pullout Model 1 Pullout Model 2 

  -0.62 0 -0.17 0 

Load Model 1 -0.08 4.03 (4.01) 3.63 (3.68) 3.33 (3.41) 3.24 (3.21) 

 0 3.98 (4.05) 3.59 (3.54) 3.29 (3.30) 3.21 (3.26) 

Load Model 2 -0.10 4.29 (4.27) 3.86 (3.93) 3.58 (3.60) 3.49 (3.54) 

 0 4.22 (4.17) 3.81 (3.87) 3.53 (3.59) 3.44 (3.49) 
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Figure 5.1 Reliability index  versus number of Monte Carlo (MC) simulations 
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Figure 5.2 Influence of operational factor of safety (OFS) and cross-correlation between bias 

and nominal values for the case of 1 = 2 on reliability index (

n R n QR QCOV  COV  COV  COV  0.5     ). 
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Figure 5.3 Influence of cross-correlation between load bias and load (2) on reliability index 


n R n QR λ Q λOFS = 5, COV = 0.2 and COV = COV = COV = 0.5 ). 
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Figure 5.4 Influence of cross-correlation between resistance bias and resistance (1) on 

reliability index 
n R n QR QOFS  5, COV  0.2 and COV  COV  COV  0.5      ) 
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Figure 5.5 Influence of cross-correlation between resistance bias and resistance (1) on 

reliability index -OFS  5 , 
n R n QR QCOV  0.2 and COV  COV  COV      

0.5 and 0.35). 
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Figure 5.6 Influence of cross-correlation between load bias and load (2) and magnitude of 

COV of random variables on reliability index -OFS  5 , 

n R n QR Q, COV  0.2 and COV  COV  COV       0.5 and 0.35).  
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Figure 5.7 Measured versus predicted load (Load Model 1). 
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Figure 5.8 Resistance bias versus predicted load (Load Model 1). 
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Figure 5.9 Cumulative distribution function (CDF) plot for Load Model 1. 
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Figure 5.10 Measured versus predicted load (Load Model 2). 
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Figure 5.11 Resistance bias versus predicted load (Load Model 2). 
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Figure 5.12 Cumulative distribution function (CDF) plot for Load Model 2. 
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Figure 5.13 Measured versus predicted pullout capacity (Pullout Model 1). 
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Figure 5.14 Resistance bias versus predicted pullout capacity (Pullout Model 1). 
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Figure 5.15 Cumulative distribution function (CDF) plot for Pullout Model 1 bias. 
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Figure 5.16 Measured versus predicted pullout capacity (Pullout Model 2). 
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Figure 5.17 Resistance bias versus predicted pullout capacity (Pullout Model 2). 
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Figure 5.18 Cumulative distribution function (CDF) plot for Pullout Model 2 bias. 
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Chapter 6 

LRFD calibration for simple soil-structure limit states considering model 

type, bias and input parameter variability
5
 

 Introduction  6.1

The load and resistance factor design (LRFD) approach for geotechnical structures is now accepted 

practice in North America. Limit states design equations cast within a LRFD framework appear in 

design codes and design guidance documents for shallow footings, piled foundations, soil nail walls, 

unreinforced and mechanically stabilized earth (MSE) retaining structures (CSA 2014; AASHTO 

2014; Lazarte et al. 2015; FHWA 2009). Useful reviews of the development of limit state design 

practice in North America can be found in the contributions by Becker (1996a, b), Withiam et al. 

(1998), Goble (1999), Paikowsky (2004), Allen (2013) and Fenton et al. (2016). 

The simple linear limit state design functions that are the focus of this study have the form: 

 

[6.1] n Q nR Q 0      

 

where Rn and Qn are nominal resistance and load terms, respectively, and φ and Q are the 

corresponding resistance and load factors. In this chapter only one load term is considered. 

                                                      

 

5
 This chapter contains material that is under preparation for submission as a journal paper in collaboration with 

Dr. Bathurst and Tony M. Allen. 
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LRFD calibration involves finding values of load and resistance factor, so that the probability that the 

limit state will be satisfied is below a target acceptable value. While the use of design equations 

expressed within a LRFD framework is familiar to most engineers, the procedures to carry out LRFD 

calibration are less well understood and vary from simple to complex depending on the application 

and the methodology adopted to find the load and resistance factors. The most common approach for 

LRFD calibration is based on reliability theory and first-order, second-moment (FOSM) analysis. This 

approach leads to simple closed-form solutions to compute the resistance factor as a function of a 

prescribed load factor(s) and a target probability of failure (or reliability index). The expressions 

contain mean and coefficient of variation (COV) estimates of the distributions for load and resistance 

(method) bias values that are treated most often as random lognormal variables (e.g. Allen 2005; 

Allen et al. 2005).  

Examples of the general approach for LRFD calibration of simple linear limit state functions having 

the form of Equation 6.1 have been published by Allen et al. (2005), Bathurst et al. (2011a, b, 

2012), Bathurst (2014), Bathurst and Miyata (2015) and Huang et al. (2012). The limit state 

examples used in this prior work correspond to the internal stability design of MSE walls. These limit 

states are particularly well-suited to demonstrate the general approach because large databases of 

measured reinforcement loads from instrumented walls under operational conditions are available as 

are collections of data from laboratory reinforcement rupture and pullout testing.     

In this prior related work, it was assumed that the probability of failure at design time was due only to 

uncertainty in underlying model accuracy (method bias) while nominal resistance and load terms were 

treated as deterministic (i.e. uncertainty in the magnitude of the input parameters when the limit state 

function is used for design was not considered). Furthermore, possible correlations between method 

bias and nominal values of resistance and load on computed probability of failure on LRFD 

calibration outcomes were ignored. Ignoring dependencies of this type may result in the true 

probability of failure being under- or over-estimated, or the computed resistance factor may be 
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conservative or non-conservative for design when method bias statistics are used to perform LRFD 

calibration. The result is that fair comparisons between competing design outcomes using different 

load and resistance models within the same LRFD framework cannot be assured. In other words, load 

and resistance factors that have been calibrated for different design approaches may not guarantee the 

same minimum probability of failure.  

Bathurst et al. (2008) showed that a strategy to consider bias dependencies was to compute a set of 

resistance or load factors that vary with nominal (predicted) values. However, they noted that this 

reduced the utility of any LRFD equation. In some cases, the underlying load and resistance equations 

have been adjusted empirically to avoid these dependencies (e.g. Huang et al. 2012; Miyata and 

Bathurst 2012a, b, c; Yu and Bathurst 2015; Allen and Bathurst 2015).  

In this chapter, general closed-form solutions to compute the reliability index (or probability of 

failure) and the resistance factor in Equation 6.1 are developed from probability theory. Possible 

correlations between method bias and predicted nominal values of load and resistance are included 

explicitly in the formulations. Uncertainties associated with the choice of nominal load and resistance 

values at design time are also included. Recommendations for the choice of COV of nominal values 

are linked to the concept of project level of understanding recently adopted in the Canadian Highway 

Bridge Design Code (Fenton et al. 2016). 

Parametric analyses are carried out to show that ignoring possible correlations between random 

variables can lead to conservative (safe) values of resistance factor and in other cases to non-

conservative (unsafe) values. Example LRFD calibrations are carried out using different load and 

resistance models for the pullout internal stability limit state of steel strip and steel grid reinforced soil 

walls together with matching bias data reported in the literature. The results demonstrate the practical 

influence of model type, method bias statistics including dependencies, and operational factor of 

safety on computed resistance factors.  



 

202 

 

 Probability of failure for simple limit state functions 6.2

 Preliminaries 6.2.1

The true estimate of the reliability of a simple limit state with one resistance term and one load term 

can be estimated from a linear performance function of the form:  

 

[6.2] m

m

R
g   1

Q
    

 

where, Rm is the measured resistance and Qm is the measured load term. The probability of failure for 

this limit state performance function [Pf = P(g < 0)] will depend on the distribution of random 

variables Rm and Qm and can be expressed as:  

  

[6.3] m mP(g < 0) = P(R /Q < 1)   

 

The link between nominal load (Qn) and resistance (Rn) values and corresponding measured values is 

made by the following transformations:  

 

[6.4] m R nR λ R  

 

[6.5] m Q nQ λ Q   

 

where R and Q are introduced as method bias for resistance and load terms, respectively. These 

quantities transform nominal values estimated from the load and resistance models, to the true 

measured values. Substituting into Equation 6.2 gives:  
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[6.6] R n

Q n

R
g 1

Q


 


 

 

The probability P (g < 0) at design time is now a function of four different random variables.  

 Nominal load and resistance values at time of design 6.2.2

Nominal values Rn and Qn will have some level of uncertainty at design time. For example, many load 

and resistance models in soil-structure interaction problems will require the designer to input soil 

properties which have an intrinsic uncertainty (e.g., friction angle and unit weight). Thus, any closed-

form solution with one or more soil properties as an input parameter must have uncertainty in the 

estimate of the nominal value. The level of uncertainty can be expressed by the coefficient of 

variation (COV) which may be recalled is the ratio of standard deviation to the mean value. Here we 

adopt the following notation, and 
nQCOV and 

nRCOV for the coefficient of variation of the nominal 

load and resistance values, respectively. 

Fenton et al. (2016) describe a framework that captures the notion of uncertainty in estimates of 

nominal load and resistance values based on project level of understanding. The approach has been 

adopted by the Canadian Highway Bridge Design Code (CHBDC) in Canada (CSA 2014). There are 

three levels: 

High understanding: extensive project-specific investigation procedures and/or knowledge are 

combined with prediction models of demonstrated quality to achieve a high level of confidence with 

performance predictions, 

Typical understanding: typical project-specific investigation procedures and/or knowledge are 

combined with conventional prediction models to achieve a typical level of confidence with 

performance predictions, 
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Low understanding: limited representative information (e.g. previous experience, extrapolation from 

nearby and/or similar sites, etc.) combined with conventional prediction models to achieve a lower 

level of confidence with performance predictions. 

These three levels of understanding are intended to capture the uncertainty that results from the 

quantity and quality of data that are available at design time to characterize the required design input 

parameters, and uncertainty in ground stratigraphy and spatial variability of the data gathered. These 

levels of understanding also allow the designer to consider his/her confidence in the suitability of the 

underlying resistance and load models that appear in the limit state design equation selected by the 

designer for the project. In the CHBDC, routine structures are expected to fall in the “typical 

understanding” category. However, project situations with issues such as three dimensional effects, 

geometry and surcharge conditions that may be difficult to quantify within the framework of the 

selected design model allow a lower level of understanding to be selected.  

The confidence that the designer has using the limit state equation may be based on past experience. 

For example, if the designer has experience with the design approach based on a large number of 

similar project cases, then a higher level of understanding can be assumed. On the other hand, if the 

designer is using a particular design approach for the first time, then level of understanding may be 

expected to be less.  

It would be ideal if pro forma rules could be agreed upon by the design community to define levels of 

understanding for each limit state. However, the likelihood of a consensus for all, or any, limit states 

is a challenge. Furthermore, such a set of rules could have the unintended consequence of stifling the 

contribution of experience and judgement on the selection of level of understanding. However, each 

designer can self-evaluate by developing their own criteria.  

Uncertainties in the choice of input values for limit state design equations at design time are separate 

from notions of method bias discussed next. The latter concerns the accuracy of the limit state design 
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equations when measured load and resistance values can be compared with predicted values using the 

same design equations. Method bias statistics are computed independently of any particular design 

project and most often are based on measured loads from structures that have been well-constructed 

and performed satisfactorily.  

Resistance factors reported in the CHBDC for each limit state are tabulated for each level of 

understanding and increase in magnitude in the order of low, typical and high understanding. Becker 

(1996b) summarized LRFD practice and noted that uncertainty in selection of nominal resistance 

values for foundation design was likely in the range of 0.1 to 0.3 reflecting the uncertainty in ground 

parameters. In this chapter, we assume values of 
nQCOV and 

nRCOV  of 0.1, 0.2 and 0.3 for high, 

typical and low understanding, respectively.  

At the time of this paper there are no recommendations in AASHTO (2014) to address issues of 

uncertainty in the selection of nominal values for design. The choice of level of understanding 

introduced here is based on judgement and experience, but the general approach provides flexibility 

by allowing the designer to consider sources of project input parameter uncertainty that are 

independent of the intrinsic accuracy of the underlying design method when selecting a resistance 

factor for the limit state equation. An important practical benefit of the approach is that designers are 

rewarded with higher resistance factors as level of understanding increases and thus achieve better 

(cheaper) design outcomes (Fenton et al. 2016). 

The choice of nominal load and resistance values may also be influenced by the anticipated quality of 

construction of the project. The general approach described here does not prevent the engineer from 

decreasing Rn and/or increasing Qn in Equation 6.1 from values computed using the load and 

resistance equations in the limit state design equation of interest. If a designer wishes to consider the 

possibility of lower quality construction for a particular project this can be accommodated by using a 

higher nominal load value and/or a lower nominal resistance value which is the same as using a lower 
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factor of safety in conventional ASD practice and a higher probability of failure within a reliability-

based framework. This means that quality of construction can be separated from the choice of level of 

understanding used to select the resistance factor. Stated alternatively, a designer does not anticipate 

poor construction when selecting a design method and/or they should not be encouraged to do so.    

 Method bias and bias statistics 6.2.3

The term method bias introduced in Chapter 5 is used in this chapter. Method bias values are 

computed by dividing measured values by the corresponding predicted resistance (or load) value 

using a closed-form solution (i.e. R m nλ R / R and Q m nλ Q / Q ). The magnitude and distribution 

of these bias values will depend on:  

1) Accuracy of the underlying deterministic equations that represent the mechanics of the limit 

state being considered (often called model bias),  

2) Random and spatial variation in the input parameter values used to compute bias values,  

3) Transformation errors from one type of physical measurement to another,  

4) Consistency in interpretation of data when data are gathered from multiple sources to 

compute bias values (the typical case) (Allen et al. 2005).  

An example used later in the chapter is the ratio (bias) of measured pullout capacity from a 

conventional pullout box test to the predicted pullout capacity using a pullout capacity equation used 

for design. In some cases, such as the rupture limit state for steel strip reinforcement, the resistance 

bias statistics are computed as the mean of tensile rupture values from a series of tension tests and the 

COV of these values.  

Clearly the population of data used to compute bias statistics is different from the data that is used at 

design time. However, if the model used to compute the predicted value for each bias value is the 

same model used at time of design, and the materials and general conditions used in the design fall 

within the same envelope of materials and test conditions used to compute bias values, then Equation 
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6.6 is reasonable. In other words, the statistical characteristics of bias values determined from testing 

can be assumed to apply at design time. This is a fundamental assumption that has been adopted in 

previous related LRFD calibration work by the writers and others to compute load and resistance 

factors for simple linear limit states considering method bias (Allen et al. 2005).  

 Probability of failure (or reliability index) 6.2.4

Now consider the idealized case where there is no method bias and thus measured (actual) and 

predicted random values have the same log-normal distribution. Assume also that both load and 

resistance values are uncorrelated (the typical assumption in design). The reliability index () using 

first-order, second-moment (FOSM) analysis can be calculated as:  

 

[6.7] 

n

n

n n

2

Q

2

R

2 2

R Q

(1 + COV )
 ln F  

(1 + COV )
β =

ln (1 + COV )(1 + COV )

 
 
 
 

 
 

 

 

The reliability index  is related to the probability of failure as follows: 

 

[6.8] m mP(g < 0) = P(R /Q < 1) = ( β)   

 

where, Φ is the standard normal cumulative distribution function (NORMSDIST in Excel). 

Parameter F in Equation 6.7 is the conventional factor of safety expressed as: 

 

[6.9] n

n

Rn

n Q

R
F

Q
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where nominal values for predicted load and resistance terms are assumed to be mean values for these 

random variables (
nQ  and 

nR , respectively). Equation 6.7 can be found in textbooks (Harr 1987; 

Phoon 2008). Equation 6.7 assumes that reliability index  is a function of factor of safety and 

uncertainty in the values of nominal load and resistance selected by the designer for the limit state 

design equation. The accuracy of the underlying deterministic models used in the limit state design 

equation is not considered directly. 

Now consider the case where nominal load and resistance values are treated deterministically and bias 

values are lognormally distributed and uncorrelated; then: 

 

[6.10] 

Q QR R

Q R Q R

R Q R Q

2 2

λ λλ λ n

2 2

λ λ λ n λ

2 2 2 2

λ λ λ λ

(1 + COV ) (1 + COV ) μ μ R
 ln F   ln  

μ (1 + COV ) μ Q (1 + COV )

β = =

ln (1 + COV )(1 + COV ) ln (1 + COV )(1 + COV )

   
   
   
   

   
   

 

 

Equation 6.10 assumes that reliability index  is a function of factor of safety selected by the 

designer and uncertainty in the accuracy of the underlying deterministic models used in the limit state 

design equation. Uncertainty in the values of nominal load and resistance selected by the designer for 

the limit state design equation is not considered explicitly. 

Equation 6.10 has been used in Chapter 5 as the starting point for LRFD calibration by substituting F 

= Q/φ where Qis load factor and φ is resistance factor in Equation 6.1 (e.g. Allen et al. 2005; 

Bathurst et al. 2008). For a prescribed load factor and target reliability index () the value of 

resistance factor can be deduced. The relationship between the factor of safety and load and resistance 

factors provides a link to past practice using conventional allowable stress design (ASD). The 
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connection between expressions for reliability index and resistance factor in LRFD calibration is 

developed later in the chapter. 

It is convenient to introduce the following term as the operational factor of safety (OFS) in Equation 

6.10 (Huang et al. 2011): 

 

[6.11] 
R R n

Q Q n

R

Q

OFS F
 

 

     
    
     
   

 

 

This quantity can be understood to be the true (operational) factor of safety, which is the design factor 

of safety (F) corrected for the average over-estimation and/or under-estimation of nominal load and 

resistance values (i.e. method bias) with respect to true (measured) load and resistance values. As the 

mean resistance bias (
Rλμ ) increases and the mean load bias decreases (

Qλμ ) the true (operational) 

factor of safety increases and the value of  increases (i.e. probability of failure decreases). Typically 

in conventional ASD the resistance models tend to under-estimate resistance, and load models tend to 

over-estimate loads. This can explain why margins of safety expressed in probabilistic terms are often 

much larger than may be intuitively expected based on the design factor of safety.  

In Equation 6.10, method bias, describing uncertainty due to such factors as the underlying model 

accuracy, is not connected to uncertainty in nominal values used at design or possible correlations 

between nominal design values and bias values. A general solution based on reliability theory that 

explicitly includes these relationships has been developed in Chapter 5 and can be expressed as:  

[6.12] 
n QR n

Q n n R

n R n Q n R n Q n n

2 2

Q λλ R

2 2

λ Q R λ

2 2 2 2 2 2 2

R λ Q λ R R λ Q Q λ RQ R Q

(1 + COV )(1 + COV ) μ μ
 ln  

μ μ (1 + COV )(1 + COV )

β =

ln (1 + COV )(1 + COV )(1 + COV )(1 + COV )(1 + ρ COV COV ) (1 + ρ COV COV ) / (1+ρ COV COV )
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The notation format adopted here is that  denotes mean, COV denotes the coefficient of variation 

(standard deviation/mean) and R and Q are cross-correlation coefficients for random variables Rn 

and R, and Qn and Q, respectively, and RQ is the cross-correlation coefficient for random variables 

Rn and Qn. Subscript n denotes predicted (nominal) value. As before,  denotes method bias value, R 

represents resistance and Q is load.  

The conversion from reliability index to the probability of failure can be made using Equation 6.8. 

The accuracy of Equation 6.12 was confirmed in Chapter 5 using Monte Carlo simulation. 

In the remainder of the chapter, nominal load and resistance values are assumed to be uncorrelated 

(i.e. RQ = 0). This is most often the assumption in the LRFD design of geotechnical structures. This 

assumption also simplifies Equation 6.12 by removing the last parenthetical term in the denominator.  

 Relationship between method bias statistics and nominal load and resistance statistics 6.2.5

The link between bias statistics, uncertainty in nominal values at design time and Equation 6.12 can 

be explained by reference to Figure 6.1. The plots in the figure show bias values plotted against 

nominal values. Recall that nominal values are the same values used to compute each bias value (i.e. 

R m nλ R / R and Q m nλ Q / Q ). Method bias distributions are represented schematically by the 

frequency distributions that appear on the right side of the two plots. If the mean of the resistance bias

Rλμ 1 , then the resistance model is accurate on average. As this value becomes less, then the 

schematic distribution on the right side of the plot will move downward and the model can be 

understood to become less conservative. As the spread in the distribution resistance method bias 

values increases (i.e. 
RλCOV increases) then the resistance model can be understood to be less 

accurate.  
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The same ideas apply to the plot for load bias values and nominal loads in the right-side plot. 

However, in this case as the mean of load bias value moves from 
Qλμ 1  to a lower value the model 

becomes more conservative. 

If there is a significant increasing or decreasing trend in the bias values with nominal values 

(correlation) then the bias values (or method accuracy) can be understood to depend on the magnitude 

of computed nominal value. Good models have the means of bias values close to one, COV of bias 

values that are small and distributions of bias values that are independent of nominal values (i.e. trend 

lines are horizontal in the two plots in Figure 6.1 and thus bias values are uncorrelated with nominal 

values). A linear decreasing trend of bias values with increasing the nominal value will result in a 

negative value of Pearson’s a positive trend will yield a positive value of . Details to compute  

from paired data sets can be found in statistics textbooks. 

Now consider the influence of choice of nominal value of resistance (Rn) and load (Qn) value by the 

engineer at design time. The choice of nominal value will have some uncertainty about the nominal 

value identified as the mean value 
nRμ and 

nQμ in the plots in Figure 6.1. As the engineer’s 

confidence in the choice of nominal values increases, the spread in the schematic frequency 

distributions at the bottom of the two plots will decrease (i.e. 
nRCOV and 

nQCOV will become less). 

The engineer may also decide to use a lower (safer) value of nominal resistance and thus shift the 

schematic frequency distribution for nominal resistance to the left. The same engineer may decide to 

use a higher (safer) value of nominal load and thus shift the schematic frequency distribution for 

nominal load to the right. Either or both of these actions will increase the probability of failure (or 

equivalently reduce the reliability index) if the COV of both distributions remain unchanged. This 

outcome can be appreciated by examining the OFS term (Equation 6.11) that appears in the 

numerator of Equation 6.12.  
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However, if the bias values are correlated with nominal values as shown in the two plots in Figure 

6.1, then the average accuracy of the limit state function prediction will change with the magnitude of 

the choice of nominal value at design time and thus the probability of failure will also change. These 

interactions are captured in Equation 6.12.  

 Probability of failure for simple limit state design functions and calculation of resistance 6.2.6

factor 

The previous section is useful to explain the link between nominal loads used in design and method 

bias statistics that quantify the underlying accuracy of the design method. The transition to computing 

the probability of failure for a limit state design function with prescribed load and resistance factors 

can be made by substituting F = Q/φ into Equation 6.11 for the OFS term and rewriting Equation 

6.12 as: 

 

[6.13]
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The introduction of the ratio of load to the resistance factor puts a constraint on the value of reliability 

index . If  is chosen as a minimum acceptable reliability index value for design and the load factor 

is prescribed, then the corresponding resistance factor can be computed as:  

 

[6.14] 
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Equation 6.14 is the main objective of this chapter. The derivation of Equations 6.12, 6.13 and 6.14 

can be found in Appendix B. 

 Influence of ratio of load and resistance factor and bias statistics on reliability index  6.2.7

Equations 6.12 and 6.13 show that if a design engineer selects a value of F = Rn/Qn > Q/φ then the 

reliability index value will be greater than the value used to carry out the LRFD calibration provided 

all other terms remain unchanged. Stated alternatively, the limit state design will have a lower 

probability of failure than the maximum acceptable value. Equation 6.12 allows the difference in the 

reliability index to be computed (or equivalently the probability of failure using Equation 6.8) and 

Equation 6.13 when the statistics for all random variables are available. At design time the engineer 

can only conclude that the probability of failure for the design limit state function is less than the 

value used to calibrate the limit state if F = Rn/Qn > Q/φ; but the actual value is unknown. This is 

typically a satisfactory outcome for most designers.  

Method bias statistics can be seen to be a major contributor to the estimate of reliability index for 

probabilistic design (Equation 6.12) and for the calculation of the resistance factor for LRFD 

calibration (Equation 6.14). As the bias value statistics identified above change, the corresponding 

reliability index () computed using Equation 6.13 will change for the same ratio of load and 

resistance factor.  

If the underlying deterministic models are very poor, then empirical adjustments to these models may 

be required in order to achieve sensible values for load and resistance factors (e.g. load factor values 

equal to or greater than one and resistance factor values equal to or less than one) (e.g. Bathurst et al. 

2012; Allen and Bathurst 2015).  

Recall that the derivations of Equations 6.13 and 6.14 assume that all random variables are 

lognormally distributed. Computed bias values for the examples that appear later in the chapter are 
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shown to be lognormally distributed as have similar data for other types of MSE wall structures (e.g. 

Bathurst et al. 2008, 2011a, b, 2012) and resistance (pile capacity) data for piled foundations (e.g. 

Paikowsky 2004). For the pile load data, the load bias values were close to one and the spread in 

nominal load values was small meaning that normal distributed nominal load values and normal 

distributed load bias values could be treated as lognormally distributed with no practical loss in 

accuracy for LRFD calibration (Allen 2005).  

The influence of choice of ratio of F = Q/φ and selected bias statistics is explored next. Ten scenarios 

are considered as shown in Table 6.1. Mean bias values of one and COV bias values of 0.30 shown in 

the table correspond to design methods that are judged to be relatively accurate. This is because the 

bias values are one on average and the spread in bias values (and 
QλCOV ) is about 30%, which is a 

practical typical lower bound for soil structures with engineered fills (Allen and Bathurst 2015). The 

value of 
Rλμ = 2 corresponds to the case where a resistance model is conservative for design; e.g. this 

value means the predicted resistance value is 50% of the actual (measured) value on average. The 

value of 
Qλμ = 0.3 corresponds to the case where a load model is very conservative for design; e.g. 

this value means the predicted load value is about three times the actual (measured) value on average. 

Dependencies between bias values and nominal values are quantified using the cross-correlation 

parameter . A value of zero implies that there is no correlation between any pair of these parameters, 

which is the implicit assumption made in LRFD calibrations to date (e.g. Allen et al. 2005) or cross-

correlations have been detected, but purposely ignored for simplicity (Bathurst et al. 2008). A 

negative  value means that bias values decrease linearly with increasing magnitude of nominal value. 

Conversely, a positive  value means that bias values increase linearly with increasing magnitude of 

nominal value. The range 0.70 ≤  ≤ 0.70 has been chosen in this investigation to clearly identify 

trends in computed  values.  
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In the set of calculations to follow, the estimates of the nominal load and resistance are assumed to 

have uncertainty expressed as COV values of 30% quantified as
n nR QCOV COV 0.30  . This value 

can be understood to capture the uncertainty in the estimate of the load or resistance due to random 

variability of input parameters such as the strength and unit weight of the soils at design stage, which 

may appear in one or both load and resistance sides in limit state equations, confidence in the design 

model and the like. This value of COV is likely at the high end for soil-structures according to Becker 

(1996b) and Fenton et al. (2016) and thus matches the case of low understanding of project 

conditions, according the definitions described earlier. Values in the range of 0.1 to 0.3 are used later 

in the chapter.   

Results of calculations are shown in Figure 6.2. The value of 
Qγ 1.35

OFS = F = 1.5
φ 0.90
   serves as 

a point of reference on the horizontal axis and corresponds to the perfect situation of no error in the 

method used to predict load and resistance on average (i.e. 
R Qλ λμ =  μ 1.00 ). This is an unlikely 

occurrence in practice as demonstrated in the earlier related work by the writers (e.g. Allen et al. 

2005; Bathurst et al. 2011a; 2012; Allen and Bathurst 2015). For a fixed value of 
Qγ

F = 
φ

, the 

combination of more conservative load and resistance models (i.e. decreasing mean load bias, 
Qλμ and 

increasing mean resistance bias, 
Rλμ ) drives the operational (true) factor of safety higher, increasing 

the reliability index  or equivalently, decreasing the probability of failure (Pf).  

Superimposed on Figure 6.2 are horizontal lines representing target  values of interest and the 

corresponding probabilities of failure (Equation 6.8). A value of  = 2.33 corresponds to a 

probability of failure of Pf = 1/100. This value has been adopted for limit states for highly strength-

redundant soil structures such as the ultimate tensile rupture limit state in MSE walls and compression 

load failure of piles (Withiam et al. 1999; Allen 2005; Allen et al. 2005; Paikowsky 2004). In these 
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systems, the load lost by a single failed reinforcement layer in a MSE wall or a single pile in a group 

of piles is carried by neighboring elements and so failure of the system is less likely to occur.  

The observation that OFS is most often in excess of 1.5 is one possible explanation why structures 

such as MSE walls designed with Q = 1.35 and  = 0.90 have demonstrated low incidences of tensile 

element and pullout failure that can be traced to flaws in fundamental design concepts for these 

systems under typical operational conditions. The excessive inaccuracy (conservativeness) of the 

methods used to predict nominal values of load and resistance values are typically responsible for 

additional margins of safety.  

Negative correlations between bias values and nominal values for the same OFS will further increase 

the reliability index (i.e. reduce the probability of failure). Positive correlations between bias and 

nominal values will decrease the reliability index for the same OFS value. These trends can be 

appreciated by inspecting the terms in the denominator of Equation 6.14 that contain products of 

COV of nominal and bias quantities and cross-correlation coefficient. However, based on the plots in 

Figure 6.2 it appears that positive correlations have less quantitative effect in reducing  than 

negative values do in increasing  for the same OFS value. 

Finally, the accuracy of the closed-form solution (Equation 6.13) was checked using Monte Carlo 

(MC) simulation. The details are given in Appendix C. The MC simulations were carried out to at 

least Pf = 1/10000. Over this range there was no practical difference between the data plotted in 

Figure 6.2 and MC simulation results (Figure C.1). 

 Calculation of resistance factor () 6.2.8

Equation 6.14 can be used to compute the value of  for a given load factor (Q), target reliability 

index value ( = T) and a corresponding set of bias statistics (including cross-correlations) for the 

limit state and soil-structure system under consideration. The results of calculations using the bias 

statistics for the 10 cases in Table 6.1 are shown in Figure 6.3. The minimum value for the prescribed 
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load factor is one in these plots since the expectation in LRFD design codes is that Q ≥ 1. Similarly, 

the expectation is that  ≤ 1. Clearly this constraint is violated for many of the data points in these 

plots. However, it is worth commenting here that there is no theoretical reason why resistance factors 

cannot be greater than 1; it is simply a convention that they will not be. 

Table 6.2 provides a summary of selected values for different combinations of  and Q for different 

bias statistics cases. The highlighted entries in the table represent inadmissible values of the resistance 

factor for the limit state under consideration and the range of bias statistics. In some cases, the 

resistance factor can be adjusted to satisfy  ≤ 1 by accepting a higher reliability index value for the 

limit state (or equivalently a lower probability of failure, Pf). An example is Case 10 (compare Figure 

6.3a ( = 2.33) and Figure 6.3c ( = 3.54)). The lesson here is that for some limit state equations the 

method bias statistics are such that a value of  ≤ 1 in combination with a reasonable margin of safety 

expressed in probabilistic terms (i.e.  or Pf) is not possible. The only solution is to improve the 

accuracy of computed nominal load and/or resistance values in the original limit state equation by 

developing new models and/or empirically adjusting existing models. An example is demonstrated in 

the paper by Bathurst et al. (2012). 

 Example LRFD calibration for pullout limit state for steel grid and steel strip 6.3

reinforcing elements in MSE walls 

6.3.1 General 

The limit state considered here is for the ultimate pullout failure of a horizontal reinforcement layer 

consisting of a steel grid element in one data set and a steel strip in the other. The nominal maximum 

tensile reinforcement load (Qn = Tmax) is computed using an equation of the following form: 

 

[6.15] max v vT  = S Kσ  
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Here, Sv is the contributory area of each layer which is based on the vertical and horizontal spacing of 

the reinforcing elements, K is the lateral earth pressure coefficient, which is a function of the peak 

friction angle of the reinforced soil backfill, and v is the vertical stress acting at the elevation of the 

reinforcement element. Details of the calculation of K vary depending on the load model and 

reinforcement type. Load Model 1 in this study for the steel grid and steel strip cases corresponds to 

the Simplified Method in AASHTO (2014). Load Model 2 is a modified equation proposed by 

Huang et al. (2012) to improve the accuracy of the prediction of Tmax for steel strip walls. The 

differences in the models are related to the empirical coefficients that appear in the calculation of 

parameter K. The resistance term for the general limit state formulation in this study is the nominal 

ultimate pullout capacity (Rn = Pmax) and is computed using an equation of the following form: 

 

[6.16] 
*

max v eP  = 2F σ bL  

 

Here, F* is a dimensionless empirical interface shear coefficient, v is the vertical pressure at the 

elevation of the reinforcement strip (as before), b is the strip width and Le is the anchorage (pullout) 

length. Pullout Model 1 for steel strips in this study can be found in the PWRC (2003) design 

guidance document used in Japan and is very similar to the model found in the corresponding 

documents in the USA (FHWA 2009; AASHTO 2014). Pullout Model 1 for steel grids follows the 

default model recommended in the two USA documents just mentioned. Pullout Model 2 for steel 

strip and steel grid reinforcement types are improved models proposed by Miyata et al. (2012b) and 

Yu and Bathurst (2015), respectively. The improved models differ from the original formulations by 

using different expressions for the empirical F* coefficient in order to improve the pullout bias 

statistics with respect to mean of bias values, spread (COV) in bias values and to remove bias 

dependencies (i.e. cross-correlations between bias and predicted (nominal) pullout values).  
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The details of the load and pullout models introduced here are not important to the objectives of the 

current study. These models have been chosen because they exhibit a range of accuracy and they 

come with sufficient bias data to quantitatively demonstrate the influence of combinations of load and 

resistance models of different accuracy on LRFD calibration outcomes. The interested reader is 

directed to the references cited above for model details. 

6.3.2 Bias statistics 

It is fortunate that load and resistance bias data are available for internal stability limit states for some 

MSE wall (soil-structure) systems. In this study, data collected by Bathurst et al. (2011a), Huang et 

al. (2012), Miyata et al. (2012b) and Yu and Bathurst (2015) are used. Method bias statistics have 

been computed for each load and pullout model introduced in the previous section using measured 

reinforcement loads from full-scale instrumented wall structures and resistance values from laboratory 

pullout box tests. Bias mean and standard deviation (or COV) can be determined from cumulative 

distribution function plots of the standard normal variable plotted against bias values. For brevity, this 

technique is not described here and the reader is directed to earlier related publications by the writers 

(Allen et al. 2005; Bathurst et al. 2011; Bathurst 2014). Recall that bias is the ratio of measured 

value (load or pullout capacity) divided by the predicted (nominal) value (i.e. using the corresponding 

load or pullout model). Bias statistics for each model type for steel grid and steel strip cases are 

summarized in Table 6.3.  

It should be noted that for each predicted (nominal) soil input parameter value, the best estimate of 

soil parameter was assumed as the mean (average) of that (random) value. Cautious estimates of soil 

input values which are often used in design and are less than mean values were not used in 

calculations of the nominal load and pullout capacity using any of the models described above. This 

was done purposely to simplify interpretation of bias data and to avoid picking one of a number of 

recommendations that appear in the literature regarding the selection of “characteristic” soil parameter 

values (e.g. see Becker 1996b; Fenton et al. 2016).  
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Bias statistics, which are developed from actual measurements most often reflect good construction 

practice. For example, the internal MSE limit states load data collected by the writers were taken from 

walls, which were well-constructed and performed well after the end of construction. Hence, 

empirically adjusted load models that were improved using the same bias values reflect good 

construction practice. Similarly, the pullout data were taken from tests carried out using similar test 

protocols and with a uniformly high (but typical) standard of care. As noted earlier, the opinion of the 

writers is that if a designer wishes to consider the possibility of lower quality construction for a 

particular project this can be accommodated by using a higher nominal load value (Qn) and/or a lower 

nominal resistance value (Rn), which is the same as using a lower factor of safety in conventional 

ASD practice.  

Figures 6.4 and 6.5 show plots of bias values versus nominal values using the load and resistance 

(pullout) models introduced earlier. Superimposed on each plot are horizontal lines representing the 

bias mean and ±1 standard deviation in the spread of bias values. The improvement of the modified 

models over the original models can be detected visually by the reduction in the spread in bias values, 

mean of bias values closer to one and linear trend lines with shallower slope. Figures 6.4a and 6.4c 

are examples of bias data that are strongly negatively correlated with nominal load values. This is an 

undesirable outcome since it means that the accuracy of these load models vary with magnitude of 

nominal value; this leads to erroneous LRFD calibration outcomes if this cross-correlation is simply 

ignored, which has been the case to date.  

6.3.3 Load factor (Q)  

For a prescribed target probability of failure (or target T value) either φ or Q must be assumed in 

order to give a unique solution. Typically, Q is selected first based on a load exceedance criterion. For 

example, during the development of the AASHTO (2014) and Canadian (CSA 2014) LRFD highway 

bridge design codes, the load factor for vehicle loads on bridges was selected so that the factored 

nominal load would not exceed measured load data in 97% of cases (i.e. two standard deviations 
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below the mean of load bias values) (Nowak 1999; Nowak and Collins 2000; Allen et al. 2005). 

This value corresponds to a load factor computed using the following equation with nQ = 2 and a 

distribution of vehicle loads that is normal distributed: 

 

[6.17]  
Q QQ λ Q λγ = μ 1 + n ×COV  

 

Alternatively, the load factor corresponding to a specified load exceedance criterion can be computed 

as the bias value for which the fraction of bias values greater than that value equals the exceedance 

value. This is the same as plotting a cumulative distribution plot of load bias and finding the bias 

value that corresponds to the target exceedance value on the vertical axis. Examples using load bias 

data for tensile load in steel strip and steel grid walls are shown in Figure 6.6. 

From this plot, it can be seen that a 3% exceedance value corresponds to a load factor Q = 1.47 and 

1.60 for steel grid and steel strip walls, respectively. For MSE walls the reinforcement load is based 

on earth pressures which are a function of peak friction angle (). For resistance side calculations a 

5% exceedance criterion can be interpreted from European practice as discussed by Fenton et al. 

(2016). The same rationale can be argued to apply for the load side since earth pressures are a 

function of  as well. Adopting the 5% exceedance criterion leads to load factor values of 1.42 and 

1.51 for steel grid and steel strip walls, respectively, based on the available load bias data.  

According to AASHTO (2014), the load factor for the reinforcement tensile rupture limit state is 

1.35. The data in Figure 6.6 shows that this load factor would result in actual (measured) load values 

exceeding the predicted nominal value in 14% and 11% of cases for steel grid and steel strip walls, 

respectively. The selection of load factor could also be based on past practice which is the case for Q 

= 1.35 in the AASHTO (2014). Miyata and Bathurst (2012b) gave an example for the case of steel 

strip reinforced soil walls where, consciously or not, past practice led to measured reinforcement 
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loads that exceeded predicted loads in 37% of cases. This exceedance level corresponds to a lower 

load factor of Q = 1.12 for steel grid walls and Q = 1.07 for steel strip walls. Clearly, for the same 

load bias distributions different accepted exceedance levels will give different load factors. More 

importantly, because it is reasonable to assume that load bias data will vary between different wall 

types and for different load models, a single load factor value applied to different data sets may not 

always imply the same load exceedance expectation. Fortunately for the two reinforced wall types in 

this study the differences in exceedance values are for practical purposes the same over the range of 

0.1 to 0.4. The disadvantage of 3% and 5% exceedance levels discussed above is that these values 

correspond to the upper tail of load bias data where data points are relatively sparse and sharp changes 

in the distribution may be present; this is the case for the steel strip load bias data in this example. 

Hence, the choice of the load factor is less certain compared to values located at lower portions of the 

CDF plot (at least for this data set).  

The choice of exceedance value to estimate the load factor must ultimately be left to the code writers. 

In the example calculations to follow, a range of values was investigated and calibration outcomes 

tabulated for Q = 1.00, 1.35 and 2.00.  

 Results of LRFD calibration 6.4

The results of example LRFD calibrations are plotted in Figures 6.7, 6.8 and 6.9 and summarized in 

Tables 6.5, 6.6 and 6.7. The three series of figures and tables correspond to

n nR QCOV COV 0.30  , 0.20 and 0.10 matching the three levels of understanding (confidence) 

discussed earlier and based on current Canadian design practice (CSA 2014; Fenton et al. 2016). The 

choice of which value to use in practice is subjective and in design practice will depend on the level of 

confidence in the models used to carry out the limit state design and knowledge of project-specific 

site conditions.  

The following general observations can be made:  
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1. For each case with the same value of  and Q, the magnitude of the resistance factor () 

increases with decreasing values of 
n nR QCOV COV . As discussed above, decreasing 

magnitude of these COV values can be understood to be increasing confidence in the 

predicted values for resistance and load sides in the limit state under consideration here. More 

confidence in the predicted value means that the factored pullout capacity for design is larger. 

2. As expected from Equation 6.14 and illustrated in Figure 6.3, the computed resistance factor 

() for each case increases linearly with load factor Q. However, the slope of the lines and 

the magnitude of  at a particular value of Q decrease with increasing target reliability index 

. 

3. For the steel strip scenarios summarized in Table 6.5, the computed resistance factor for Case 

1 (considering cross-correlation) is greater than the computed resistance factor for Case 2 

(ignoring cross-correlation). For example, see highlighted cells in Table 6.5. The relative 

difference in computed  increases with decreasing reliability index. The same trends are true 

for steel strip Case 3 (considering cross-correlation) and Case 4 (ignoring cross-correlation), 

and steel grid Case 5 (considering cross-correlation) and Case 6 (considering cross-

correlation). The cross-correlation between bias values and predicted values are negative for 

both load and resistance sides for these combinations (Table 6.4). 

4. The practical implications of the negative correlations noted here is that ignoring these cross-

correlations results in lower resistance factors and thus more conservative pullout design 

outcomes. For example, for Case 1 and 2 (steel strip) for  = 2.33, 
n nR QCOV COV 0.30   

and Q = 1.35, the resistance factor is 0.57 and 0.35, respectively. Hence, ignoring the 

cross-correlations reduces pullout capacity by 61%. For the same scenarios and  = 3.09 and 

3.54, the reduction in pullout capacity is 51% and 48%, respectively. 

5. For steel strip Case 3 (considering cross-correlation) and Case 4 (ignoring cross-correlation), 

and steel grid Case 5 (considering cross-correlation) and Case 6 (considering cross-
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correlation), the differences considering and ignoring cross-correlations are much less 

because the negative cross-correlations between bias and predicted values are weaker.  

6. For steel grid Case 7 (considering cross-correlation) and Case 8 (ignoring cross-correlation) 

the computed resistance factor considering cross-correlation is lower. This is because the 

cross-correlation values are both positive on load and resistance sides. Admittedly, the 

differences are not of practical importance because the cross-correlation values are small in 

magnitude. However, this outcome is important because bias statistics for other soil-structure 

interaction problems could have larger positive cross-correlations in which case, ignoring 

cross-correlations would result in non-conservative (less safe) designs.  

 Use of calibrated limit state equation for project-specific design 6.5

In this study a distinction between the LRFD calibration and LRFD implementation is made using the 

example of the pullout limit state design equation for steel reinforced MSE walls. However, they are 

connected. At the time of design when the calibrated limit state design equation is used, the 

uncertainty in the choice of characteristic soil values at design stage is addressed by the choice of the 

resistance factor linked to project level of understanding. In addition, the designer can use a cautious 

estimate of nominal load and resistance values to ensure a larger margin of safety at the time of 

design.  

In this paper, bias statistics were developed from actual measurements that reflect typical (but good) 

construction practice. For example, the majority of the internal MSE limit states load data collected by 

the writers were taken from walls, which were well-constructed and performed well after the end of 

construction. Hence, empirically adjusted load models that were improved using the same bias values 

reflect typical good construction practice. Similarly, the pullout data were taken from tests carried out 

using similar test protocols and with a uniformly high (but typical) standard of care.  
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Discussions thus far have not addressed the influence of quality of construction on design outcomes 

for walls that may not be as well-constructed as the baseline walls in the LRFD calibration databases. 

The opinion of the writers is that the quality of construction should not be built into LRFD 

calibrations. At the time of design an engineer should not normally anticipate poor construction. 

Instead, the designer should develop high quality construction specifications together with 

enforceable construction quality assurance (QA) and quality control (QC) programs. For the unusual 

situation where the designer is not confident that QA/QC programs will ensure project specifications 

are met and the wall may not perform as intended, the designer may decide to increase the level of 

safety in the design (i.e., decrease the probability of failure). This can be done in Equation 6.1 by 

decreasing Qn and/or increasing Rn, which is equivalent to increasing the magnitude of the calibrated 

load factor and/or decreasing the magnitude of the calibrated resistance factor. The magnitude of these 

project-specific adjustments is left to engineering judgment and experience. As noted earlier in the 

paper, Equation 6.12 with F = Rn/Qn > Q/φ and Equation 6.13 with F = Q/φ (which assumes that the 

limit state design Equation 6.1 is just satisfied), can be used to quantify the higher reliability index 

value that results using a higher safety factor.  

If a monitoring program is included as part of the project construction specifications, then a lower 

level of safety (i.e., higher probability of failure) may be justified. In this case, Rn and Qn in Equation 

6.1 can be decreased and/or increased, respectively. This is equivalent to rewarding the designer by 

decreasing the load factor and/or increasing the resistance factor. The lower reliability index can be 

computed using Equation 6.12 with F = Rn/Qn < Q/φ.  

It should be noted that a successful construction monitoring program should also include clear actions 

when performance limits (alert levels) are exceeded. A comparable example can be taken from 

tunneling projects where deformation monitoring above the tunnel bore is conducted, and alert levels 

are established. If the alert levels are reached, the tunneling contractor must take action to prevent 

further deformation, and even partially restore the original condition.  
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Examples of minimum levels of post-construction monitoring of MSE walls can be found in the 

guidelines produced by Gerber (2012). Examples of high-quality post-construction monitoring of 

MSE walls using instrumentation can be found in the paper by Bathurst (1991) and Allen and 

bathurst (2014a, b). 

 Conclusions 6.6

Closed-form solutions to estimate the reliability index and resistance factor for a simple linear limit 

state design equation with one load term were derived from probability theory. The equations are 

unique in the LRFD calibration literature to the best knowledge of the writers, because they consider 

explicitly the influence of cross-correlations between method bias and nominal values for load and 

resistance terms, and also consider the variability in the nominal load and resistance values at time of 

design.   

The accuracy of the closed-form solution to compute the reliability index () was confirmed using 

Monte Carlo (MC) simulation. The advantages of the closed-form solutions for  and resistance factor 

() over MC simulations are that they are easy to implement in a spreadsheet. Furthermore, the 

structure of the equations provides insight regarding the contribution of method bias statistics (which 

includes model accuracy), uncertainty in nominal load and resistance values (e.g., level of 

understanding or confidence in the limit state design equation for the project it is being used for), and 

potential bias dependencies on the calculation of  for a given target reliability ( = T) and 

prescribed load factor (Q).  

The calculations in this paper demonstrate that for load and resistance models with very poor accuracy 

it may not be possible to compute sensible values of the resistance factor (i.e.,  ≤ 1).  

The presence of correlations between nominal (predicted) load and resistance values and matching 

bias values can lead to large differences in the computed reliability index and resistance factor 

compared to values computed assuming that cross-correlations are not present. Ignoring these 
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dependencies could in some cases lead to unsafe design outcomes and in other cases could lead to 

excessively conservative design outcomes.  

In order to carry out LRFD calibrations which are fair for all design methods for a particular category 

of structures, it is important that these calibrations consider bias dependencies of the type described 

here when they are present. If this is not done, then a consistent and equal reliability index (or 

probability of failure) cannot be assumed to be true for different design options for structures within 

the same function category. 

While the focus of the paper is on LRFD calibration, the paper attempts to link LRFD calibration to 

LRFD design using the example of the pullout limit state for steel reinforced MSE walls. For example 

the concept of “level of understanding” developed by Fenton et al. (2016) and included in the 

CHBDC (CSA 2014) is used both for calibration and design. In addition, scenarios where the design 

engineer may wish to effectively exceed or decrease the target reliability index used for calibration of 

a limit state design function are identified.  

Finally, while the LRFD calibration methodology and LRFD limit state equation implementation have 

been expressed in quantitative terms, the importance of judgement and experience for both LRFD 

calibration and project-specific design cannot be overstated.  
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Table 6.1 Bias statistics for example cases 

 

 Resistance (method) bias Load (method) bias 

Case 
Rλμ  

RλCOV  R 
Qλμ  

QλCOV  Q 

1 1.00 0.30 0.00 1.00 0.30 0.00 

2 2.00 0.30 0.00 0.30 0.30 0.00 

3 1.00 0.50 0.00 1.00 0.50 0.00 

4 2.00 0.50 0.00 0.30 0.50 0.00 

5 1.00 0.30 0.70 1.00 0.30 0.70 

6 2.00 0.30 0.70 0.30 0.30 0.70 

7 1.00 0.50 0.70 1.00 0.50 0.70 

8 2.00 0.50 0.70 0.30 0.50 0.70 

9 1.00 0.50 0.70 1.00 0.50 0.70 

10 2.00 0.50 0.70 0.30 0.50 0.70 

n nR QCOV COV 0.30   
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Table 6.2 Computed resistance factor  using Equation 6.14 and a range of  and 

load factorQ. Note: highlighted values are inadmissible since  > 1.0 

 

 
Case 1  Case 2  Case 3  


Q Q Q 

 1 1.35 2 1 1.35 2 1 1.35 2 

2.33 0.25 0.34 0.51 1.70 2.29 3.39 0.16 0.22 0.32 

3.09 0.16 0.22 0.33 1.09 1.47 2.17 0.09 0.12 0.18 

3.54 0.13 0.17 0.25 0.83 1.13 1.67 0.06 0.08 0.12 

          

 
Case 4  Case 5 Case 6 

 
Q Q Q 

 1 1.35 2 1 1.35 2 1 1.35 2 

2.33 1.07 1.44 2.13 0.51 0.69 1.02 3.39 4.57 6.78 

3.09 0.59 0.79 1.17 0.41 0.55 0.81 2.72 3.67 5.43 

3.54 0.41 0.56 0.82 0.36 0.48 0.72 2.38 3.22 4.77 

 
Case 7  Case 8  Case 9  


Q Q Q 

 1 1.35 2 1 1.35 2 1 1.35 2 

2.33 0.38 0.51 0.75 2.52 3.40 5.03 0.10 0.13 0.19 

3.09 0.27 0.37 0.55 1.83 2.47 3.66 0.04 0.06 0.09 

3.54 0.23 0.31 0.46 1.52 2.05 3.03 0.03 0.04 0.06 

          

 
Case 10    

 
Q   

 1 1.35 2       

2.33 0.64 0.86 1.27       

3.09 0.30 0.40 0.59       

3.54 0.19 0.25 0.37       

n nR QCOV COV 0.30   
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Table 6.3 Steel strip and steel grid bias statistics for load and (pullout) resistance. 

 

a) Steel strip 

Load Model 1 Load Model 2 

Qλμ  
QλCOV  Q 

Qλμ  
QλCOV  Q 

1.06 0.48 0.348 0.93 0.38 0.211 

Note: data from Huang et al. (2012) 

 

Resistance (pullout) Model 1 Resistance (pullout) Model 2 

Rλμ  
RλCOV  R 

Rλμ  
RλCOV  R 

1.45 0.392 0.622 1.08 0.350 0.170 

Note: data from Miyata et al. (2012b) 

 

 

b) Steel grid  

Load Model 1  

Qλμ  
QλCOV  Q    

0.89 0.44 +0.032    

Note: data from Bathurst et al. (2011a) 

 

Resistance (pullout) Model 1 Resistance (pullout) Model 2 

Rλμ  
RλCOV  R 

Rλμ  
RλCOV  R 

1.18 0.38 0.338 0.99 0.34 +0.093 

Note: data from Yu and Bathurst (2015) 
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Table 6.4 Bias statistics combinations for example steel strip and steel grid cases. 

 

  Load bias  Resistance bias 

Case  
Qλμ  

QλCOV  Q  
Rλμ  

RλCOV  R 

 

1 

S
te

el
 s

tr
ip

 

 

1.06 

 

0.48 

 

0.348 

 

 

1.45 

 

0.392 

 

0.622 

2 1.06 0.48 0  1.45 0.392 0 

3 0.93 0.38 0.211  1.08 0.35 0.17 

4 0.93 0.38 0  1.08 0.35 0 

 

5 

S
te

el
 g

ri
d
 

 

0.89 

 

0.44 

 

0.032 

 

 

1.18 

 

0.38 

 

0.338 

6 0.89 0.44 0  1.18 0.38 0 

7 0.89 0.44 0.032  0.99 0.34 0.093 

8 0.89 0.44 0  0.99 0.34 0 
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Table 6.5 Summary of computed resistance factors using example case method bias statistics 

with 
n nR QCOV COV 0.30   (low level of understanding) and target reliability indices  = 2.33, 

3.09 and 3.54. 

a) Steel strip 

 Case 1 

Case 2 

Q = R = 0) 

Case 3 

Case 4 

Q = R = 0) 

Q 

 

1 1.35 2 1 1.35 2 1 1.35 2 1 1.35 2 

2.33 0.42 0.57 0.85 0.26 0.35 0.52 0.30 0.41 0.61 0.26 0.35 0.52 

3.09 0.29 0.39 0.57 0.15 0.20 0.30 0.19 0.26 0.39 0.16 0.21 0.31 

3.54 0.23 0.31 0.45 0.11 0.15 0.22 0.15 0.20 0.30 0.12 0.16 0.23 

 

b) Steel grid 

 Case 5 

Case 6 

Q = R = 0) 

Case 7 

Case 8 

Q = R = 0) 

Q

 

1 1.35 2 1 1.35 2 1 1.35 2 1 1.35 2 

2.33 0.30 0.41 0.60 0.27 0.36 0.54 0.23 0.31 0.45 0.24 0.32 0.47 

3.09 0.18 0.25 0.37 0.16 0.21 0.32 0.13 0.18 0.27 0.14 0.19 0.28 

3.54 0.14 0.19 0.28 0.12 0.16 0.23 0.10 0.13 0.20 0.10 0.14 0.21 
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Table 6.6 Summary of computed resistance factors using example case method bias statistics 

together with 
n nR QCOV COV 0.20   (typical level of understanding)and target reliability 

indices  = 2.33, 3.09 and 3.54. 

a) Steel strip 

 Case 1 

Case 2 

Q = R = 0) 

Case 3 

Case 4 

Q = R = 0) 

Q

 

1 1.35 2 1 1.35 2 1 1.35 2 1 1.35 2 

2.33 0.43 0.58 0.86 0.31 0.41 0.61 0.33 0.44 0.65 0.31 0.42 0.62 

3.09 0.29 0.39 0.58 0.19 0.25 0.37 0.23 0.32 0.47 0.20 0.27 0.40 

3.54 0.23 0.31 0.46 0.14 0.19 0.28 0.18 0.25 0.37 0.15 0.21 0.31 

 

b) Steel grid 

 Case 5 

Case 6 

Q = R = 0) 

Case 7 

Case 8 

Q = R = 0) 

Q

 

1 1.35 2 1 1.35 2 1 1.35 2 1 1.35 2 

2.33 0.35 0.47 0.69 0.32 0.43 0.63 0.27 0.37 0.54 0.28 0.38 0.56 

3.09 0.22 0.30 0.44 0.16 0.22 0.33 0.17 0.23 0.34 0.18 0.24 0.36 

3.54 0.17 0.23 0.34 0.15 0.20 0.30 0.13 0.17 0.26 0.14 0.18 0.27 
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Table 6.7 Summary of computed resistance factors using example case method bias statistics 

with 
n nR QCOV COV 0.10   (high level of understanding) and target reliability indices  = 

2.33, 3.09 and 3.54. 

a) Steel strip 

 Case 1 

Case 2 

Q = R = 0) 

Case 3 

Case 4 

Q = R = 0) 

Q

 

1 1.35 2 1 1.35 2 1 1.35 2 1 1.35 2 

2.33 0.41 0.55 0.81 0.34 0.46 0.68 0.37 0.50 0.74 0.35 0.47 0.70 

3.09 0.27 0.36 0.54 0.22 0.29 0.43 0.26 0.35 0.51 0.24 0.32 0.47 

3.54 0.21 0.29 0.42 0.16 0.22 0.33 0.21 0.28 0.41 0.19 0.25 0.37 

 

b) Steel grid 

 Case 5 

Case 6 

Q = R = 0) 

Case 7 

Case 8 

Q = R = 0) 

Q

 

1 1.35 2 1 1.35 2 1 1.35 2 1 1.35 2 

2.33 0.37 0.50 0.74 0.35 0.48 0.71 0.31 0.42 0.62 0.32 0.43 0.63 

3.09 0.24 0.33 0.49 0.23 0.31 0.46 0.20 0.27 0.41 0.21 0.28 0.42 

3.54 0.19 0.26 0.38 0.18 0.24 0.35 0.16 0.21 0.32 0.16 0.22 0.32 
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Figure 6.1 Relationship between bias statistics and nominal load and resistance statistics 

including possible dependencies. 
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Figure 6.2 Reliability index () versus operational factor of safety (OFS) for different 

combinations of bias statistics for case with limit state design function (Equation 6.1) is just 

satisfied. 

 

 

 

 

 

 

 

 

 

 



 

242 

 

Figure 6.3 Calculated resistance factor  versus load factor Q for different target  values 

and bias statistics in Table 6.1. 

 

a)  = 2.33 (Pf = 1/100) 

 

 

b) = 3.09 (Pf = 1/1000) 

 

c) = 3.54 (Pf = 1/5000) 



 

243 

 

Figure 6.4 Steel strip load and resistance (pullout) bias values versus calculated (nominal) 

values. Note: n = number of data points. 

 

 

a) Load Model 1 (original) 

 

 

b) Load Model 2 (modified) 
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Figure 6.4 (continued) 

 

c) Pullout Model 1 (original) 

 

d) Pullout Model 2 (modified) 
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Figure 6.5 Steel grid load and resistance (pullout) bias values versus calculated (nominal) 

values. 

 

a) Load 

 

b) Pullout Model 1 (original) 

 

c) Pullout Model 2 (modified)  
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Figure 6.6 Example cumulative distribution (fraction) plot of load bias data for tensile loads in steel 

grid walls and steel strip walls under operational conditions (data from Bathurst et al. 2011a; 

Huang et al. 2012). Note: n = number of data points. 
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Figure 6.7 Resistance factor versus load factor for steel strip and steel grid load example cases and 

different target reliability indices and low level of understanding (
n nR QCOV COV 0.30  ). Note: 

bias statistics for cases are given in Table 6.4. 

 
a) Steel strip ( = 2.33, Pf = 1/100) 

 
b) Steel strip ( = 3.09, Pf = 1/1000) 

 
c) Steel strip ( = 3.54, Pf = 1/5000) 
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Figure 6.7 (continued) 

 

d) Steel grid ( = 2.33, Pf = 1/100) 

 

e) Steel grid ( = 3.09, Pf = 1/1000) 

 

f) steel strip ( = 3.54, Pf = 1/5000) 



 

249 

 

 

Figure 6.8 Resistance factor versus load factor for steel strip and steel grid load example cases and 

different target reliability indices and typical level of understanding (
n nR QCOV COV 0.20  ). 

Note: bias statistics for cases are given in Table 6.4. 

 
a) Steel strip ( = 2.33, Pf = 1/100) 

 
b) Steel strip ( = 3.09, Pf = 1/1000) 

 
c) Steel strip ( = 3.54, Pf = 1/5000) 
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Figure 6.8 (continued) 

 
d) Steel grid ( = 2.33, Pf = 1/100) 

 
e) Steel grid ( = 3.09, Pf = 1/1000) 

 
f) Steel strip ( = 3.54, Pf = 1/5000) 
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Figure 6.9 Resistance factor versus load factor for steel strip and steel grid load example cases and 

different target reliability indices and typical level of understanding (
n nR QCOV COV 0.10  ). 

Note: bias statistics for cases are given in Table 6.4. 

 
a) Steel strip ( = 2.33, Pf = 1/100) 

 
b) Steel strip ( = 3.09, Pf = 1/1000) 

 
c) Steel strip ( = 3.54, Pf = 1/5000) 
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Figure 6.8 (continued) 

 
d) Steel grid ( = 2.33, Pf = 1/100) 

 
e) Steel grid ( = 3.09, Pf = 1/1000) 

 
f) Steel strip ( = 3.54, Pf = 1/5000) 
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Chapter 7 

Summary, Conclusions and Recommendations for Future Research 

7.1 General  

The work presented in this thesis has two parts: 1) numerical investigation and probabilistic analysis of 

unreinforced and reinforced slopes, and 2) development of closed-form solutions for the calculation of 

reliability index (or probability of failure) for simple soil-structure limit state equations and related load and 

resistance factor design (LRFD) calibration. The findings of this work are expected to be of value for the 

analysis, design and construction of these structures. This chapter summarizes the major results and 

conclusions drawn from each chapter in the thesis. Recommendations for future related research work are 

also provided.  

7.2 Summary and conclusions 

Design charts to estimate the factor of safety for simple slopes with c- soils are available in the literature. 

However, factor of safety is an imperfect measure to quantify the margin of safety of a slope because 

nominal identical slopes with the same factor of safety can have different probabilities of failure due to 

variability in soil properties. In Chapter 2, simple circular slip slope stability charts for  = 0 soils by 

Taylor (1937) and c- soils published by Steward et al. (2011) are extended to match estimates of factor of 

safety to corresponding probabilities of failure. A series of new charts are provided that consider a practical 

range of coefficient of variation (COV) for cohesive and frictional strength parameters of the soil. The data 

to generate the new charts were produced using conventional probabilistic concepts together with closed-

form solutions for cohesive soil cases and Monte Carlo simulation in combination with conventional limit 

equilibrium-based circular slip analyses using the program SVSlope for c- soil cases. The charts are a 
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useful tool for geotechnical engineers to make a preliminary estimate of the probability of failure of a simple 

slope without running Monte Carlo simulations.  

Chapter 3 focuses on the calculation of probability of failure of simple unreinforced slopes and the 

influence of the magnitude of cross-correlation between soil parameters on numerical outcomes. A general 

closed-form solution for cohesive slopes with cross-correlation between cohesion and unit weight was 

investigated and results compared with cases without cross-correlation. Negative cross-correlations between 

cohesion and friction angle and positive cross-correlations between cohesion and unit weight, and friction 

angle and unit weight were considered. The factors of safety and probabilities of failure for the slopes with 

uncorrelated soil properties were obtained using the probabilistic slope stability design charts in Chapter 2. 

Results for cohesive soil slopes and positive cross-correlation between cohesion and unit weight are shown 

to decrease probability of failure. Probability of failure also decreased for increasing negative cross-

correlation between cohesion and friction angle, and increasing positive correlation between cohesion and 

unit weight, and friction angle and unit weight. An important outcome of the work presented here is that 

cross-correlation between random values of soil properties can reduce the probability of failure for simple 

slope cases. Hence, the probabilistic design charts in Chapter 2 for simple soil slopes with uncorrelated soil 

properties are conservative (safe) for design. This study also provides one explanation why slope stability 

analyses using uncorrelated soil properties can predict unreasonably high probabilities of failure when 

conventional estimates of factor of safety suggest a stable slope.  

Reinforced slopes with horizontal layers of geosynthetic reinforcement can have different mechanisms of 

failure. In Chapter 4, two major mechanisms of failure of reinforced slopes are investigated. External 

mechanisms occur when the critical slip surface passes beyond the reinforced zone. Internal mechanisms are 

characterized by failure surfaces that intersect all of the reinforcement layers. For a target value of the factor 

of safety, and a specific value of the reinforcement length, there is a minimum value of the reinforcement 
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tensile strength to generate only external mechanism types. For greater reinforcement strength values there is 

no change in the mechanism of failure and the value of the factor of safety. On the other hand, increasing the 

minimum reinforcement length while keeping the reinforcement tensile strength equal or less than the 

minimum value obtained for an external failure mechanism, will generate an internal mechanism type with 

the same mean value of factor of safety. In this chapter, probabilistic slope stability analysis of these two 

mechanisms is carried out using Monte Carlo simulation of slopes with different purely frictional and 

cohesive-frictional (c- soils and different slope angles. Margins of safety are expressed in terms of 

conventional factor of safety and in terms of maximum probability of failure. The cross-correlation between 

soil strength parameters is also considered in this chapter. An important outcome from this work is that it 

demonstrates that by considering practical values of cross-correlation coefficient between soil strength 

parameters, the maximum probability of failure for both internal and external failure mechanisms for 

reinforced slopes is reduced.  

In Chapter 5, a general closed-form solution to compute the true probability of failure of a simple limit state 

function with one load term and one resistance term is derived. The formulation considers contributions to 

probability of failure due to model type, uncertainty in bias values, bias dependencies, uncertainty in 

estimates of nominal values for correlated and uncorrelated load and resistance terms, and average margin of 

safety expressed as the operational factor of safety (OFS). The accuracy of the formulation is verified by 

comparing computed  values with results of Monte Carlo simulation. A sensitivity analysis demonstrates 

the quantitative influence of the contributing random variables on reliability index. Computed probabilities 

of failure that ignore bias dependencies are shown to under-estimate or over-estimate probabilities of failure 

depending on the whether or not positive or negative cross-correlations exist between load and resistance 

bias values and the corresponding nominal load and resistance values. Example calculations using different 

load and resistance models for the pullout internal stability limit state of steel strip reinforced soil walls 



 

256 

 

 

together with matching bias data reported in the literature are presented. The results demonstrate the practical 

influence of model type, bias statistics including dependencies, and operational factor of safety on computed 

probabilities of failure.  

In Chapter 6, a general closed-form solution is derived and used to compute the true reliability index (or 

probability of failure) of a simple linear limit state design function with one load term and one resistance 

term expressed in load and resistance factor (LRFD) format. The formulation considers contributions to 

probability of failure due to model type, uncertainty in method bias values, bias dependencies, uncertainty in 

estimates of uncorrelated nominal values for load and resistance terms, and average margin of safety 

expressed as the operational factor of safety. Uncertainty in the choice of nominal values for design is linked 

quantitatively to the concept of project level of understanding that has been recently adopted in Canadian 

design practice. All random variables are assumed to be lognormally distributed. Parametric analyses are 

carried out to show that ignoring possible correlations between random variables can lead to conservative 

(safe) values of resistance factor and in other cases to non-conservative (unsafe) values. Example LRFD 

calibrations are carried out using different load and resistance models for the pullout internal stability limit 

state of steel reinforced soil walls together with matching bias data reported in the literature. The results 

demonstrate the practical influence of model type, method bias statistics including dependencies, and 

operational factor of safety on computed resistance factors. The methodology for LRFD calibration of simple 

limit state design equations described in this chapter is of interest to code developers for future editions of 

the National Building Code of Canada, Canadian Highway Bridge Design Code and the American 

Association of State Highway and Transportation Officials (AASHTO) LRFD Bridge Design Specifications. 

7.3 Recommendations for future work 

 In the probabilistic analyses carried out in this study, the circular slip Simplified Bishop’s method 

was used for the deterministic part of the analysis to calculate the factor of safety in each Monte 



 

257 

 

 

Carlo realization. There are other more rigorous limit equilibrium methods of analyses available 

such as Morgenstern-Price method and Spencer method. These rigorous methods can be used 

together with Monte Carlo simulations to carry out probabilistic analysis of unreinforced and 

reinforced slopes. However, probabilistic analysis using these methods together with Monte Carlo 

simulation will be slower than the method used in the current study. To overcome this problem, 

Monte Carlo simulations can be accelerated using the Latin Hypercube Sampling method. 

 

 Probabilistic slope stability design charts presented in Chapters 2 and 3 have the advantage of 

considering a range of coefficient of variation of input parameters and considering a wide range of 

cross-correlation coefficient. However, the values of the probability of failure presented in these 

charts are still high for high factors of safety. Introducing spatial variability of soil properties is a 

possibility to further reduce the probability of failure. The development of similar probabilistic slope 

stability design charts to those presented in Chapters 2 and 3 but also considering upper-bound and 

lower-bound values of spatial correlation length are recommended for further research. 

 

 For the case of reinforced slopes, results presented in this study only consider the random variability 

of soil properties and reinforcement tensile strength. The cross-correlation between soil input 

parameters is also considered. However, the influence of spatial variability of soil properties on 

probability of failure for these types of structures is not considered. For well-constructed slopes and 

embankments with soils compacted in thin lifts it may be possible to have very low spatial 

correlation lengths. However, physical measurements remain elusive in the literature for these 

structures. Compaction specifications for built slopes and embankments are written with the intent to 

minimize both random (low COV values) and spatial variability of constructed fill properties. 
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Therefore, the influence of spatial variability of soil properties should be investigated together with 

low values of coefficient of variation of soil properties in constructed reinforced slopes. 

 

 Clearly the slope analyses described here are idealized cases. This was done purposely to focus 

attention on probabilistic analyses without clouding interpretation and understanding by using more 

advanced soil constitutive models and more complex ground conditions. Advanced soil constitutive 

models and more complex ground conditions can be used for probabilistic analysis in future studies. 

 

 The random finite element method (RFEM) (Griffiths and Fenton 2004) and random limit 

equilibrium methods (1D and 2D RLEM) (Cho 2010) are the possible approaches to investigate the 

influence of spatial variability of soil strength parameters on probability of failure of slopes with 

cohesive and cohesive-frictional soil. The RFEM approach uses a combination of 2D random field 

theory, Monte Carlo simulation, and the finite element method employing the strength reduction 

technique. The 1D RLEM uses a random field along a prescribed path through a soil domain 

matching a circular arc associated with the limit equilibrium slope stability method (Chapter 2). The 

2D RLEM approach uses the limit equilibrium method mapped onto the same 2D random field as 

the 2D RFEM approach (and Monte Carlo simulation). These two methods (2D RFEM and 2D 

RLEM) can also be used to investigate the combined influence of spatial variability of soil properties 

and cross-correlation between soil strength parameters on the computed probability of failure. There 

may be some conditions where numerical outcomes are similar between methods and where they are 

not. The limitations of each analysis method can be determined and implications to analysis and 

design can be identified. These comparisons can be done for the case of slopes with simple and 

complex geometry. For the case of simple slopes with undrained cohesive strength soil, results 
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considering 1D and 2D spatial variability using random limit equilibrium method (RLEM) and 

random finite element method (RFEM) of analysis can be compared. 

 

 The results of deterministic and probabilistic analysis of slopes with linear increasing undrained 

cohesive strength have been reported in literature. The influence of isotropic and anisotropic spatial 

variability of soil properties in the case of constant and linear undrained cohesive strength can be 

investigated using 2D RLEM and 2D RFEM approaches. Also, the combined effect of spatial 

variability of soil properties and cross-correlation between soil strength parameters can also be 

investigated by generating cross-correlated random fields and using 2D RLEM and 2D RFEM 

approaches.  

 

 An advantage of the 2D RFEM approach is that critical failure mechanisms in each Monte Carlo 

simulation are not constrained (Griffiths and Fenton 2004). However, at the end of analyses it is 

difficult to quantify the volume of the failed soil mass which may be of interest to the geotechnical 

engineer in real-world cases. The 1D and 2D RLEM approaches make it possible to assign a 

probability on the distance of the failure surface entry point measured from the crest of the slope. 

This probability can be calculated for different case scenarios and recommendations regarding the 

location of critical slip surface for slopes with and without spatial variability can be provided. 

 

 In Chapters 5 and 6, the limit state function has only one load and one resistance term. However, a 

general case with more than one load term (e.g. dead load and live load) should be investigated by 

developing a closed-form solution similar to the equations provided in Chapters 5 and 6. If this is 

not possible, Monte Carlo simulation can be used to compute the corresponding reliability index (or 

probability of failure). 
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Appendix A 

 Derivation of Equations 5.7 and 5.8 

Consider the following simple linear limit state function with one (measured) resistance term (Rm) and one 

(measured) load term (Qm): 

 

[A.1] m mg = R  Q  

 

The probability of failure for this limit state function [Pf = P(g < 0)] with lognormal random distributions of 

measured resistance and measured load is: 

 

[A.2] m mP(g < 0) = P(R /Q < 1) = ( β)   

  

Here, Φ is the standard normal cumulative distribution function (NORMSDIST in Excel) and  is the 

reliability index: 

 

[A.3] 

m

m

m

m

R
ln

Q

R
ln

Q

μ

β
σ
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The numerator and denominator are the mean and standard deviation of the lognormal distribution of Rm/Qm, 

respectively. The ratio of measured value to predicted (nominal) value is called bias. Here, R and Q are 

introduced as resistance bias and load bias, respectively; hence: 

 

[A.4] m n RR R λ  

 

[A.5] m n QQ Q λ  

 

where Rn and Qn are predicted (nominal) resistance and load values, respectively. If nominal and bias values 

are random and lognormal distributed, then: 

 

[A.6] m
n R n Q

m

R
ln  = lnR + lnλ lnQ lnλ

Q
   

 

The mean of ln values of Rm/Qm is: 

 

[A.7] 
m n R n Q

m

R lnR lnλ lnQ lnλ
ln

Q

μ = μ + μ μ μ   

 

The following transformations are now used to express the terms in the right hand side of Equation A.7 in 

terms of mean (X) and covariance (COVX) of a random variable X: 
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[A.8] 
2

lnX X lnX

1
μ  = ln(μ ) σ

2
  

 

And 

 

[A.9] 
2 2

lnX Xσ  = ln(1 + COV )  

 

Equation A.6 can now be written as: 

 

[A.10] 
m n n R R n n

m

2 2 2

R R R λ λ Q Q
ln

Q

1 1 1
μ   = ln(μ ) ln(1 + COV ) + ln(μ ) ln(1 + COV )  ln(μ ) +  ln(1 + COV ) 

2 2 2
    

 

Or 

 

[A.11] 
n QR n

m

Q n n Rm

2 2

Q λλ R

R 2 2
ln

λ Q R λQ

(1 + COV )(1 + COV ) μ μ
μ  = ln  

μ μ (1 + COV )(1 + COV )

 
 
 
 

 

 

When two random variables X and Y are correlated, the variance can be calculated as 

 

[A.12] Var(X Y) = Var(X) + Var(Y)  2cov(X,Y)   

 

where  
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[A.13] X Ycov(X,Y) = ρ(X,Y)σ σ  

 

The variance of the performance function g with lognormal distributed random variables Rm and Qm is: 

 

[A.14] m mVar(lng) = Var(lnR  lnQ )   

 

[A.15] n R n Q n nVar(lng) = Var(lnR + lnλ ) + Var(lnQ + lnλ )  2cov(lnR ,lnQ )   

 

and  is the cross-correlation coefficient. Therefore, Equation A.15 with correlated bias and predicted 

variables is expressed as: 

 

[A.16] 

n R

n Q

n n

n R n R lnR lnλ

n Q n Q lnQ lnλ

n n lnR lnQ

Var(lng) = Var(lnR ) + Var(lnλ ) + 2ρ(lnR , lnλ )σ σ  

+ Var(lnQ ) + Var(lnλ ) + 2ρ(lnQ , lnλ )σ σ

 2ρ(lnR , lnQ )σ σ

 

 

 For a lognormal distributed random variable X the following identity can be used: 

 

[A.17] 
2 2

lnX XVar(lnX) = σ  = ln(1 + COV )  

 

Therefore, Equation A.16 can be rewritten as: 
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[A.18] 

g n R n R

n Q n Q

n

2 2 2 2 2

ln R λ n R R λ

2 2 2 2

Q λ n Q Q λ

2

n n R

σ  = ln(1 + COV ) + ln(1 + COV ) + 2ρ(lnR , lnλ ) ln(1 + COV )ln(1 + COV )  

+ ln(1 + COV ) + ln(1 + COV ) + 2ρ(lnQ , lnλ ) ln(1 + COV ) ln(1 + COV )

 2ρ(lnR , lnQ )  ln(1 + COV )ln(1 
n

2

Q+ COV )

 

 

The cross-correlation coefficients for the correlated random variables in this equation can be computed using 

the following approximations: 

 

[A.19] 
n R

n R

1 R λ

n R
2 2

R λ

ln(1 + ρ COV COV )
ρ(lnR , lnλ ) = 

ln(1 + COV )ln(1 + COV )
 

 

[A.20] 
n Q

n Q

2 Q λ

n Q
2 2

Q λ

ln(1 + ρ COV COV )
ρ(lnQ , lnλ ) = 

ln(1 + COV )ln(1 + COV )
 

 

[A.21] 
n n

n n

3 R Q

n n
2 2

R Q

ln(1 + ρ COV COV )
ρ(lnR , lnQ ) = 

ln(1 + COV )ln(1 + COV )
 

 

Equations A.18, A.19, A.20 and A.21 lead to: 

 

[A.22] 
n R n Q

g

n R n Q n n

2 2 2 2

R λ Q λ

ln 2 2 2

1 R λ 2 Q λ 3 R Q

(1 + COV )(1 + COV )(1 + COV )(1 + COV )
σ  = ln

(1 + ρ COV COV ) (1 + ρ COV COV ) / (1+ρ COV COV )
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Substituting Equation A.11 and A.22 into Equation A.2 leads to following expression for reliability index 

:

 

[A.23 – Equation 5.7]

 

n QR n

Q n n R

n R n Q n R n Q n n

2 2

Q λλ R

2 2

λ Q R λ

2 2 2 2 2 2 2

R λ Q λ 1 R λ 2 Q λ 3 R Q

(1 + COV )(1 + COV ) μ μ
 ln  

μ μ (1 + COV )(1 + COV )

β =

ln (1 + COV )(1 + COV )(1 + COV )(1 + COV )(1 + ρ COV COV ) (1 + ρ COV COV ) / (1+ρ COV COV )

 
 
 
 

 
 

 

 

If where Rn and Qn are uncorrelated then 3 = 0 and: 

 

[A.24 – Equation 5.8]

 

n QR n

Q n n R

n R n Q n R n Q

2 2

Q λλ R

2 2

λ Q R λ

2 2 2 2 2 2

R λ Q λ 1 R λ 2 Q λ

(1 + COV )(1 + COV ) μ μ
 ln  

μ μ (1 + COV )(1 + COV )

β =

ln (1 + COV )(1 + COV )(1 + COV )(1 + COV )(1 + ρ COV COV ) (1 + ρ COV COV )
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Figure A.1 Influence of cross-correlation between nominal load (Qn) and nominal resistance (Rn) 

(3) on reliability index  for 1 = 2 
nROFS = 5, COV = 0.2 and

R n Qλ Q λCOV = COV = COV = 0.5 ). 
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Appendix B 

 Derivation of Equation 6.13 

Consider the following simple linear limit state function with one (measured) resistance term (Rm) and one 

(measured) load term (Qm): 

 

[B.1] m mg = R  Q  

 

The probability of failure for this limit state function [Pf = P(g < 0)] with lognormal random distributions of 

measured resistance and measured load is  

 

[B.2] m mP(g < 0) = P(R /Q < 1) = ( β)   

 

Here, Φ is the standard normal cumulative distribution function (NORMSDIST in Excel) and  is the 

reliability index: 

 

[B.3] 

m

m

m

m

R
ln

Q

R
ln

Q

μ

β
σ
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 The numerator and denominator are the mean and standard deviation of the lognormal distribution of 

Rm/Qm, respectively. The ratio of measured value to predicted (nominal) value is called bias. Here, R and Q 

are introduced as resistance bias and load bias, respectively; hence: 

 

[B.4] m n RR R λ  

 

[B.5] m n QQ Q λ  

  

The limit state design equation of interest is: 

 

[B.6] n Q nφR γ Q 0   

  

where  and Q are the resistance and load factor, respectively, and Rn and Qn are predicted (nominal) 

resistance and load values, respectively. Therefore: 

 

[B.7] 
Q

n n

γ
R Q

φ
  

  

Assuming that Rn and Qn are chosen from a distribution of values, then Equation B.7 can be restated 

assuming that nominal values are mean values of possible nominal resistance and load values, hence: 
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[B.8] 
n n

Q

R Q

γ
μ  =  μ

φ
 

 

Because
Qγ

φ
is deterministic, Equations B.8 can be rewritten as: 

 

[B.9a] 
n n

Q

R Q

γ
Ln(μ ) = Ln( ) + Ln(μ )

φ
 

 

[B.9b] n

n

R Q

Q

μ γ
Ln( ) = Ln( ) 

μ φ
 

 

If nominal and bias values are random and lognormal distributed then: 

 

[B.10] m
n R n Q

m

R
ln  = lnR + lnλ lnQ lnλ

Q
   

 

The mean of ln values of Rm/Qm is: 

 

[B.11] 
m n R n Q

m

R lnR lnλ lnQ lnλ
ln

Q

μ = μ + μ μ μ   
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The following transformations are now used to express the terms in the right hand side of Equation B.11 in 

terms of mean (X) and covariance (COVX) of a random variable X: 

 

[B.12] 
2

lnX X lnX

1
μ  = ln(μ ) σ

2
  

 

And 

 

[B.13] 
2 2

lnX Xσ  = ln(1 + COV )  

 

Equation B.11 can now be written as: 

 

[B.14] 

n

m n R R n

nm

Q Q

R 2 2 2

R R λ λ Q
ln

QQ

2

λ λ

μ 1 1 1
μ   = ln( ) ln(1 + COV ) + ln(μ ) ln(1 + COV ) +  ln(1 + COV )

μ 2 2 2

1
           ln(μ ) + ln(1 + COV ) 

2

 



 

 

Substituting Equation B.9b in Equation B.14 we have: 

 

[B.15a] 

m n R R n

m

Q Q

Q 2 2 2

R R λ λ Q
ln

Q

2

λ λ

γ 1 1 1
μ   = Ln( ) ln(1 + COV ) + ln(μ ) ln(1 + COV ) +  ln(1 + COV ) 

φ 2 2 2

1
 ln(μ ) + ln(1 + COV )

2
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Or 

 

[B.15b] 
n QR

m

Q n Rm

2 2

Q λλ Q

R 2 2
ln

λ R λQ

(1 + COV )(1 + COV ) μ γ  
μ  = ln  

μ φ (1 + COV )(1 + COV )

 
 
 
 

 

 

When two random variables X and Y are correlated, the variance can be calculated as: 

 

[B.16] Var(X Y) = Var(X) + Var(Y)  2cov(X,Y)   

 

where  

 

[B.17] X Ycov(X,Y) = ρ(X,Y)σ σ  

 

The variance of the performance function g with lognormal distributed random variables Rm and Qm is: 

 

[B.18] m mVar(lng) = Var(lnR  lnQ )   

 

[B.19] n R n Q n nVar(lng) = Var(lnR + lnλ ) + Var(lnQ + lnλ )   2cov(lnR , lnQ )   

 

and  is the cross-correlation coefficient. Therefore, Equation B.19 with correlated bias and predicted 

variables is expressed as: 
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[B.20] 

n R

n Q

n n

n R n R lnR lnλ

n Q n Q lnQ lnλ

n n lnR lnQ

Var(lng) = Var(lnR ) + Var(lnλ ) + 2ρ(lnR , lnλ )σ σ  

+ Var(lnQ ) + Var(lnλ ) + 2ρ(lnQ , lnλ )σ σ

 2ρ(lnR , lnQ )σ σ

 

 

 For a lognormal distributed random variable X, the following identity can be used: 

 

[B.21] 
2 2

lnX XVar(lnX) = σ  = ln(1 + COV )  

 

Therefore, Equation B.20 can be rewritten as: 

 

[B.22] 

m n R n R

m

n Q n Q

n

2 2 2 2 2

R R λ n R R λ
ln

Q

2 2 2 2

Q λ n Q Q λ

2

n n R

σ  = ln(1 + COV ) + ln(1 + COV ) + 2ρ(lnR , lnλ ) ln(1 + COV )ln(1 + COV )  

+ ln(1 + COV ) + ln(1 + COV ) + 2ρ(lnQ , lnλ ) ln(1 + COV ) ln(1 + COV )

 2ρ(lnR , lnQ )  ln(1 + COV )ln
n

2

Q(1 + COV )

 

 

The cross-correlation coefficients for the correlated random variables in this equation can be computed using 

the following approximations (Fenton and Griffiths 2008): 

 

[B.23] 
n R

n R

1 R λ

n R
2 2

R λ

ln(1 + ρ COV COV )
ρ(lnR , lnλ ) = 

ln(1 + COV )ln(1 + COV )
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[B.24] 
n Q

n Q

2 Q λ

n Q
2 2

Q λ

ln(1 + ρ COV COV )
ρ(lnQ , lnλ ) = 

ln(1 + COV )ln(1 + COV )
 

 

[B.25] 
n n

n n

3 R Q

n n
2 2

R Q

ln(1 + ρ COV COV )
ρ(lnR , lnQ ) = 

ln(1 + COV )ln(1 + COV )
 

 

Equations B.22, B.23, B.24 and B.25 lead to: 

 

[B.26] 
n R n Q

m

m n R n Q n n

2 2 2 2

R λ Q λ

R 2 2 2ln
Q 1 R λ 2 Q λ 3 R Q

(1 + COV )(1 + COV )(1 + COV )(1 + COV )
σ  = ln

(1 + ρ COV COV ) (1 + ρ COV COV ) / (1 + ρ COV COV )

 
 
 
 

 

 

Substituting Equation B.15b and B.26 into Equation B.3 leads to following expression for reliability index 



 

[B.27] 
n QR

Q n R

n R n Q n R n Q n n

2 2

Q λλ Q

2 2

λ R λ

2 2 2 2 2 2 2

R λ Q λ 1 R λ 2 Q λ 3 R Q

(1 + COV )(1 + COV ) μ γ
 ln  

μ φ (1 + COV )(1 + COV )

β =

ln (1 + COV )(1 + COV )(1 + COV )(1 + COV )(1 + ρ COV COV ) (1 + ρ COV COV ) / (1 + ρ COV COV )

 
 
 
 

 
 

 

 

If Rn and Qn are uncorrelated, then 3 = 0. Redefining R = 1 and Q = 2 for resistance and load bias cross-

correlation coefficient terms for clarity, leads to: 
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[B.28] 

n QR

Q n R

n R n Q n R n Q

2 2

Q λλ Q

2 2

λ R λ

2 2 2 2 2 2

R λ Q λ R R λ Q Q λ

(1 + COV )(1 + COV ) μ γ
 ln  

μ φ (1 + COV )(1 + COV )

β =

ln (1 + COV )(1 + COV )(1 + COV )(1 + COV )(1 + ρ COV COV ) (1 + ρ COV COV )

 
 
 
 

 
 

 

 

Rewriting gives: 

 

[B.29] 

n QR

Q n R

n R n Q n R n Q

2 2

Q λλ Q

2 2

λ R λ

2 2 2 2 2 2

R λ Q λ R R λ Q Q λ

(1 + COV )(1 + COV ) μ γ
ln

μ φ (1 + COV )(1 + COV )

β ln (1 + COV )(1 + COV )(1 + COV )(1 + COV )(1 + ρ COV COV ) (1 + ρ COV COV )

 
  
 
 

 
 

 

 

and then: 

 

[B.30] 

 

n QR

Q n R

n R n Q n R n Q

2 2

Q λλ Q

2 2

λ R λ

2 2 2 2 2 2

R λ Q λ R R λ Q Q λ

(1 + COV )(1 + COV ) μ γ

μ φ (1 + COV )(1 + COV )

exp β ln (1 + COV )(1 + COV )(1 + COV )(1 + COV )(1 + ρ COV COV ) (1 + ρ COV COV )



 
 

 

 

Finally, isolating  gives: 

 

[B.31] 

 

n QR

Q n R

n R n Q n R n Q

2 2

Q λλ

2 2

λ R λ

Q
2 2 2 2 2 2

R λ Q λ R R λ Q Q λ

(1 + COV )(1 + COV ) μ

μ (1 + COV )(1 + COV )
 φ γ

exp β ln (1 + COV )(1 + COV )(1 + COV )(1 + COV )(1 + ρ COV COV ) (1 + ρ COV COV )
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Appendix C 

 Monte Carlo simulation procedure for LRFD calibration (Chapter 6) 

Monte Carlo simulation 

General 

The Monte Carlo (MC) simulation technique can be used to generate the probability distribution of a 

function of multiple random variables from the probability distributions of the contributing random 

variables. A random variable X can be computed as: 

 

[C.1] X =σZ + μ  

 

Here, Z is the standard normal variable (mean  and standard deviation  = 1) corresponding to the 

variable X. The normal probability distribution of each random variable is considered to be known. Values 

of Z can be calculated using the standard normal distribution function RMSDIST) inExcel. 

Covariance matrix 

In general, a multivariate Gaussian (normal) distribution of n random variables, denoted by X = (X1, X2,…, 

Xn), has a symmetrical n x n covariance matrix given by: 
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[C.2] 

cov cov ... cov
11 12 1n

cov cov ... cov
21 22 2nΛ = [cov ] = 

ij ... ... ...

cov cov ... cov
n1 n2 nn

 
 
 
 
 
 
  

 

 

where the element covij is the covariance of random variables Xi and Xj expressed as: 

 

[C.3] cov = COVARIANCE(X , X )
ij i j

 

  

The terms on the main diagonal are the squares of the standard deviation (variance). If all random variables 

are uncorrelated, then all terms except those on the main diagonal are zero. 

Based on probability theory, if two normal random variables Xi and Xj are correlated, then the cross-

correlation coefficient () between Xi and Xj expressed as ρ
X ,X

i j

can be calculated as: 

 

[C.4] 

cvar
X ,X

i j
ρ = ρ  = 

X ,X σ σi j X X
i j

 

 

Here, 
iXσ and 

jXσ are the standard deviation of the random variables Xi and Xj, respectively. Therefore, the 

covariance matrix can be rewritten as: 
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[C.5] 

2
n1 1,2 1 2 1,n 1

2
n2,1 2 1 2 2,n 2

ij

2
n n nn,1 1 n,2 2

σ ρ σ σ ρ σ σ

ρ σ σ σ ρ σ σ
Λ = [σ ] = 

ρ σ σ ρ σ σ σ

 
 
 
 
 
 
 
 

 

 

In this study the covariance matrix with 4 x 4 elements was used matching the case for two pairs of cross-

correlated random variables (load and load bias, and resistance and resistance bias). Each pair of variables is 

cross-correlated with  denoted as 

Q: Cross-correlation between load and load bias 

R: Cross-correlation between resistance and resistance bias 

The covariance matrices can now be defined as: 

 

[C.6] 

n n Q

nQ Q

n n R

n nR R

2
Q Q Q λ

2
Q Qλ λ

2
R R R λ

R R R Rλ λ

σ ρ σ σ 0 0

ρ σ σ σ 0 0
Λ = 

0 0 σ ρ σ σ

0 0 ρ σ σ ρ σ σ

 
 
 
 
 
 
 
 
 

 

 

Using this covariance matrix and mathematical developments reported by Nguyen and Chowdhury (1985) 

and also reported in Chapter 3, four correlated random variables can be computed as follows: 

 

[C.7]  
nn Q Q 1n

Q  = μ COV Z + 1  

 



 

279 

 

 

[C.8]  Q QQ Q λ 1 λ Q 2
Q

2
λ

 λ  = μ ρ COV Z + COV 1 ρ Z + 1  

 

[C.9]  
nn R 3nRR   = μ COV Z + 1  

 

[C.10]  R RR R λ 3 λ R 4
R

2
λ

 λ  = μ ρ COV Z + COV 1 ρ Z + 1  

 

Here,
Qn

μ ,
Qλ

μ ,
nRμ and 

Rλ
μ  are the means of the four random variables Qn, Q, Rn and R, respectively, and

COV
nQ

, COVQ

, COV
nR

and COV
R

are the corresponding coefficients of variation. Parameters Z1, Z2, Z3 and 

Z4 are standard variables.  

The above equations assume normal distributions of input parameters. In this study all input parameters are 

assumed to be lognormal distributed. Therefore, to use the above equations, random variables and cross-

correlation coefficients must be transformed from lognormal to normal values. Transformation equations for 

lognormal mean variables for the load side are: 

 

[C.11] 
2

μ
μ  = ln( )

1 + COV

n

n

n

Q
lnQ

Q

 

 

[C.12] 
2

μ
μ  = ln( ) 

1 + COV







Q

Q

Q

ln  
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The cross-correlation coefficient for 
Q

λ  and 
n

Q  is as follows: 

 

[C.13] 
Q

2 2
lnQ Q n Q

n Q

n Q

Q

Q

ln(1 + ρ COV COV )

ρ ρ (ln , ln ) 
ln(1 + COV )ln(1 + COV )

Q




   

 

Here, 
n

Qμ  and 
n

ln Qμ  are mean values of Qn and nlnQ . Quantities μQ
and μ Qln  are mean values of Q 

and Qlnλ . Quantity Q n Q lnQρ (ln , ln ) = ρQ λ  is the cross-correlation coefficient for lognormal values of Q 

and Qn, and Q is the cross-correlation coefficient for Q and Qn introduced earlier.  

A similar set of equations can be constructed for the resistance-side terms; hence: 

 

[C.14] 
2

μ
μ  = ln( )

1 + COV

n

n

n

R

R

lnR  

 

[C.15] 
2

μ
μ  = ln( ) 

1 + COV






R

R

R

ln  

 

The cross-correlation coefficient for R and Rn is as follows: 

 

[C.16] 

R

R

2 2
lnR R n R

n R

n

R

R

ln(1 + ρ COV COV )
ρ ρ (lnR , ln )

ln(1 + COV )ln(1 + COV )
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The coefficients of variation of lnQn, lnQ, lnRn and lnR are as follows: 

[C.17] n

n

n

2

Q

lnQ

lnQ

ln(1+ )
=

COV
COV

μ
 

 

[C.18] 
Q

Q

2

λ

lnλ

Qlnλ

ln(1+ )
=

COV
COV

μ
 

 

[C.19] n

n

n

2

R

lnR

lnR

ln(1+ )
=

COV
COV

μ
 

 

[C.20] R

R

2

λ

lnλ

Rlnλ

ln(1+ )
=

COV
COV

μ
 

 

Now Equations C.7 through C.10 can be re-written as follows: 

 

[C.21]   
nn lnQ lnQ 1n

Q 1 = exp μ COV Z +  

 

[C.22]   Q QQ lnQ lnλ 1 lnλ lnQ 2
Q

2
lnλ

 1λ  = exp μ ρ COV Z + COV 1 ρ Z +   

 

[C.23]   
nn lnR 3nlnR

R  1 = exp μ COV Z +  
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[C.24]   R RR lnR lnλ 3 lnλ lnR 4
R

2
lnλ

 1λ  = exp μ ρ COV Z + COV 1 ρ Z +   

 

The development to follow shows how the performance function corresponding to the limit state design 

Equation 6.1 is formulated and executed for Monte Carlo simulation. 

From Equations 6.2, 6.4 and 6.5: 

 

[C.25] n R n Qg = R λ Q λ  

 

Rearranging and redefining g as g/Qn gives: 

 

[C.26] n
R Q

n

R
g = λ λ

Q
  

 

For the case of no variation in the nominal values of Qn and Rn and using Equation 6.1 and Equation B.8 

(Appendix B), then: 

 

[C.27] n

n

RQn

n Q

μγR

Q φ μ
   

 

Gives: 
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[C.28] 
Q

R Q

γ
g = λ λ

φ
  

 

This performance function has been reported previously by Bathurst (2014) and can be used directly with 

constant values of Q and  for the case of no variation in the nominal values of Qn and Rn. This equation has 

been used in Monte Carlo simulations and shown to give the same value for  as Equation 6.12 (Allen et al. 

2005; Bathurst 2014). 

Now consider the case of random values of Qn and Rn. The performance function of interest is Equation 

C.26 and computation steps for each MC realization are as follows: 

1. Generate random values of the standard variables Z1, Z2, Z3 and Z4. 

2. Compute μ
nlnQ  using Equation C.11 with 

nQμ = 1. 

3. Compute μ
nlnR  using Equation C.14 with 

n n

Q

R Q

γ
μ μ

φ
 from Equation C.27. 

4. Compute μ Qln using Equation C.12 and μ Rln  using Equation C.15. 

5. Compute cross-correlation coefficients lnQ (Equation C.13) and lnR (Equation C.16). 

6. Compute
nlnQCOV ,

QlnλCOV ,
nlnRCOV and 

RlnλCOV using Equation C.17 through C.20. 

7. Compute random variables Qn, Q, Rn and R using Equations C.21 through C.24. 

8. Compute g using Equation C.26. 

This procedure is repeated until a sufficient number of outcomes with g < 0 are generated to confidently 

compute the probability of failure as the ratio of number of outcomes with g < 0 divided by the total number 

of realizations. A total of 50,000 realizations was found to be adequate to generate a stable and confident 

estimate of probability of failure as low as Pf = 1/10000 for each simulation case.  
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The results of MC simulations are shown in Figure C.1 together with results using Equation 6.13 for the 

same range of data. The two approaches give the same outcomes from a practical point of view.  

 

Figure C.1 Comparison of computed reliability index () using closed-form Equation 6.13 and 

Monte Carlo (MC) simulation. 
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