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Abstract
Multi-frequency Eddy Current (EC) inspection with a transmit-receive probe (two
horizontally offset coils) is used to monitor the Pressure Tube (PT) to Calandria Tube (CT)
gap of CANDU® fuel channels. Accurate gap measurements are crucial to ensure fitness
of service; however, variations in probe liftoff, PT electrical resistivity, and PT wall
thickness can generate systematic measurement errors. Validated mathematical models of
the EC probe are very useful for data interpretation, and may improve the gap measurement
under inspection conditions where these parameters vary. As a first step, exact solutions
for the electromagnetic response of a transmit-receive coil pair situated above two parallel
plates separated by an air gap were developed. This model was validated against
experimental data with flat-plate samples. Finite element method models revealed that this
geometrical approximation could not accurately match experimental data with real tubes,
so analytical solutions for the probe in a double-walled pipe (the CANDU® fuel channel
geometry) were generated using the Second-Order Vector Potential (SOVP) formalism.
All electromagnetic coupling coefficients arising from the probe, and the layered
conductors were determined and substituted into Kirchhoff’s circuit equations for the
calculation of the pickup coil signal. The flat-plate model was used as a basis for an Inverse
Algorithm (IA) to simultaneously extract the relevant experimental parameters from EC
data. The IA was validated over a large range of second layer plate resistivities (1.7 to 174
µΩ∙cm), plate wall thickness (~1 to 4.9 mm), probe liftoff (~2 mm to 8 mm), and plate-toplate gap (~0 mm to 13 mm). The IA achieved a relative error of less than 6% for the
extracted FP resistivity and an accuracy of ±0.1 mm for the LO measurement. The IA was
ii

able to achieve a plate gap measurement with an accuracy of less than ±0.7 mm error over
a ~2.4 mm to 7.5 mm probe liftoff and ±0.3 mm at nominal liftoff (2.42±0.05 mm),
providing confidence in the general validity of the algorithm. This demonstrates the
potential of using an analytical model to extract variable parameters that may affect the
gap measurement accuracy.
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Chapter 1
Introduction
1.1 CANDU® Nuclear Reactor
CANDU® (CANada Deuterium Uranium) reactors are pressurized heavy water nuclear
reactors, developed in Canada for electricity generation. As shown in Figure 1-1 and Figure
1-2, the fuel channels contain the fuel bundles as they are pushed across the reactor core.
Each fuel channel is made up of a 6 m long Zr 2.5% Nb Pressure Tube (PT) with a ~104
mm Inner Diameter (ID) lying within a larger ~129 mm ID Zr-2 Calandria Tube (CT) [3].
A gas annulus is maintained between the tubes to thermally insulate the fuel channel from
the surrounding heavy water moderator in the calandria vessel [3]. The heavy water coolant
of the Primary Heat Transport System (PHTS) flows over the fuel bundles and draws away
the heat produced from the nuclear reactions [3]. The PHTS coolant is then drawn into the
heat exchangers of the CANDU® steam generator to heat the Secondary Heat Transport
System (SHTS) light water coolant. The generated steam powers turbines that produce
electricity [3, 4].

Figure 1-1: A schematic of a CANDU® fuel channel assembly (left) [5] and a schematic of an individual
fuel channel (right) modified from [6].
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Figure 1-2: A complete schematic of the CANDU® nuclear reactor. Image taken from [4] with the
author’s permission.

Pressure, heat, and irradiation induced diametral creep increases the initial ~104 mm PT
inner diameter up to a maximum of 111 mm [7]. This action gradually thins the PT wall
thickness from an average of ~4.2 mm to the allowable minimum of 3.7 mm [3]. The
combination of diametral creep and the sagging of the PT gradually reduces the initial ~8.8
mm PT to CT gap [3]. The gap is maintained by four garter spring spacers which have
either a 4.8 mm (tight fit) or 5.7 mm (loose fit) thickness [3]. If the PT and CT come into
physical contact, the resulting thermal gradient accelerates the ingress of deuterium into
the PT [8]. This deuterium is released from the chemical corrosion of the PT material by
the PHTS coolant [8]. If the deuterium concentration exceeds the Terminal Solid Solubility
(TSS), hydrides may form, which can reduce the fracture toughness of the PT material and
generate hydride blisters [8, 7] on the PT outer diameter. Hydride blistering may result in
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Delayed Hydride Cracking (DHC) of the PT [8]. Therefore, PT to CT contact must be
avoided and routine monitoring of the PT to CT gap is a nuclear safety requirement [9].
EC testing using a transmit-receive probe (two horizontally offset coils) has proven to
be effective for in-reactor inspection. Qualified EC-based gap measurement has extended
the life of the Pickering reactors from the original 2016 shutdown date to a proposed date
of 2022. However, the variation of multiple parameters such as probe liftoff (the
distance between the probe and the conductive sample), probe tilt, PT curvature,
PT resistivity, and PT Wall Thickness (WT) can affect the EC-based PT-CT gap
measurement [7]. While PT WT can be measured by ultrasonic techniques [10],
probe liftoff, and PT resistivity cannot be directly measured by existing experimental
procedures and may cause systematic errors in the gap measurement. Therefore, the
development of a rigorous mathematical model is

a

first

step

in

developing

techniques to perform simultaneous multi-parameter measurements, permitting more
accurate gap measurements and therefore better end-of-life estimates for the reactor.
1.2 Eddy Current Testing
Eddy Current Testing (ECT) is a NDT (Non-Destructive Testing) technique that
applies the principle of electromagnetic induction to inspect conductive structures [11].
A drive coil is excited by a constant amplitude sinusoidal voltage source to produce a
time-varying magnetic field [11]. This magnetic field will induce current loops known as
eddy currents in nearby conductors as per Faraday’s law [11]. The strength of
electromagnetic induction is affected by the frequency of excitation, probe orientation/
position relative to the test-piece and the physical/electromagnetic properties of the
4

conductor(s) [11]. For example, the shape of the conductor(s), the presence of flaws/
defects as well as local variations in wall thickness, resistivity, magnetic permeability,
etc. can influence the flow of ECs in the sample [11]. From Lenz’s law [12], these ECs
generate a magnetic field that opposes changes in the source magnetic field arising
from the drive coil [6] (see Figure 1-3). Consequently, an emf is developed in a nearby
pickup coil, yielding a voltage signal that contains information on the physical and
electrical properties of the conductive structure. A lossy self-inductance is generated by
the coil coupling to the ECs it generates [13, 14]. Similarly, the lossy mutual
inductance is generated when a coil couples to the ECs generated by a neighbouring
coil [13, 14]. A representation of eddy current induction is shown in Figure 1-3. The
effective circuit for the two-coil system (including capacitive and inductive effects) is
shown in Figure 1-4. Variations in the pickup coil signal are commonly displayed on an
impedance plane (Argand diagram of the complex-valued voltage), and the resulting
traces are interpreted to identify their cause.

Figure 1-3: A time-varying magnetic field (blue) induces eddy currents (red) in a nearby conducting
structure, which generate an opposing magnetic field (yellow). Image taken from [15] with permission
from the author.
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Figure 1-4: Equivalent circuit model for a driver-pickup eddy current probe. V1, R1, and C1 are the
power supply voltage, input resistance of the power-supply and input capacitance of the power supply,
respectively. 𝑹, 𝑳, and 𝓛 are the coil resistance, self-inductance and lossy self-inductance, respectively.
The subscripts d and p denote drive and pickup coil, respectively. M and 𝓜 are the mutual and lossy
mutual inductances between the two coils, respectively. V2, R2, and C2 are the pickup-coil voltage, input
resistance of the data-acquisition system and input capacitance of the data-acquisition system,
respectively.

The standard eddy current instrument is comprised of a constant amplitude sinusoidal
voltage source, an amplifier, and a filter to remove unwanted signal artefacts [11]. The
probe is first nulled so the origin of the impedance plane display corresponds to the probe
response on a known calibration standard. The exact mechanism for nulling can vary
between EC instruments (see Section 3.2 for more details). A change in the voltage
measured by the pick-up coil is caused by a change in the coil impedance due to the
presence of a flaw or a local variation in the physical/electrical properties of the sample.
The generated signal is separated into its in-phase and quadrature components. This
separation is achieved by multiplying the measured signal by two reference signals, which
are 0º and 90º out of phase relative to the excitation voltage and integrating the product
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over a specified time. From the orthogonality of sinusoids, two DC signals are extracted
from both reference signals. The in-phase and quadrature signals are the DC signals
obtained from the 0º and 90º out of phase reference signals, respectively. The signals are
then amplified and filtered to remove unwanted noise. The quadrature amplitude is then
plotted against the in-phase amplitude to generate the impedance plane display. A visual
representation of the signal processing operations required to display the experimental
data on an impedance plane display is shown in Figure 1-5. Some relevant impedance
plane features for the CANDU® gap probe are shown in Appendices D and E.

Figure 1-5: Signal processing diagram of a typical EC instrument.

1.3 Literature Survey
The following section presents a review of relevant literature related to CANDU® fuel
channel inspection/qualification, numerical modelling techniques for EC problems and
existing algorithms applied for the PT-CT gap measurement. The literature review should
be considered as preparation for understanding the more detailed topics discussed in the
7

manuscripts attached in Chapter 4 through Chapter 9. Both the forward problem (the
calculation of the probe signal from known experimental parameters), and the inverse
problem (the calculation of experimental parameters from a measured probe signal) are
covered.
1.3.1 Numerical Techniques to Model Eddy Current Problems (The Forward
Problem)
In recent years there has been an increased interest in developing robust numerical
models to interpret Eddy Current (EC) inspection results to meet the life cycle management
requirements of conductive components in aging petrochemical, nuclear, and aerospace
facilities [16, 17, 18]. Analytical modelling provides closed-form solutions to partialdifferential equations that are derived from Maxwell’s equations. This approach yields fast
simulations, and may provide a practical means of interpreting inspection data as well as
extracting relevant experimental parameters. Dodd and Deeds [1, 2, 19, 20] solved some
canonical EC problems with axially-symmetric EC fields. Dodd and Deeds [20, 1, 19] were
able to achieve semi-infinite integral expressions for the solutions of the magnetic vector
potentials by applying the separation of variable method to the boundary value problem
(see Section 2.2.3). This general model permitted highly accurate calculations of coil
impedances in the presence of multi-layered cylindrical conductors [20], finite cylindrical
conductors [21], and stratified planar structures [2]. However, the published solutions
assumed constant amplitude sinusoidal current excitation1 and open circuit pickup coils [1,

1

The constant amplitude current assumption is not necessarily a requirement of Dodd and Deeds
general model per se, but Dodd and Deeds never published solutions for the actual current for voltagecontrolled probes. As such, some authors are unaware that the drive/pickup coil currents are affected by
electromagnetic feedback with nearby conductors when the probe is voltage-driven.
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2, 19, 20]. Under constant amplitude sinusoidal voltage excitations (which is the case for
this work), this assumption is problematic as changing experimental conditions (such as
local variations in the sample’s electrical resistivity, etc.) generate varying feedback
effects, which continuously perturb the driver/pickup current. Recently, Desjardins et al.
[13, 14] published an improvement of Dodd and Deeds [20, 1, 19] solutions, which is valid
for voltage-controlled probes with finite coil impedances, and accounts for all inductive
feedback effects between the driver and pickup coils. The Desjardins et al. [13, 14] model
expands on the number and types of excitation functions that can be analytically modelled,
and accounts for the strong feedback effects that arise in the presence of ferromagnetic
conductors. The general model of Desjardins et al. [13, 14] achieved an excellent
agreement with experiment for a concentric driver-pickup probe encircling a ferromagnetic
tube for a square-wave excitation.
Many of the published solutions for Dodd and Deeds’ [20, 1, 19] and Desjardins’ [13,
14] general models consider at least one infinite boundary condition (such as an infinitely
long rod or infinitely wide plane, etc.) and therefore, the final result is expressed in terms
of a semi-infinite Integral Transform (IT). However, numerically evaluating semi-infinite
integrals can be computationally expensive and are therefore slow to compute. To address
this problem, Theodoulidis et al. [22, 23] proposed the Truncated Region Eigenfunction
Expansion (TREE) formalism, which truncates the domain of interest into finite
dimensions. The final result is expressed in terms of a rapidly-converging series [22, 23].
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Although additional boundary conditions are imposed on the problem, the calculation of a
series expansion was found to be about ten to a hundred times faster than evaluating a semiinfinite integral.
The procedures listed above are not suited for EC problems with non-axially symmetric
EC fields. One relevent example is a probe whose axis is perpendicular to the inner face of
a tube [24]. As shown in Figure 1-6, the ECs take a saddle-shaped path inside the
conductor. In other words, the ECs have an azimuthal and axial directional component. In
this case, it is difficult to derive analytial solutions because the separation of variables
technique is not possible using the magnetic vector potential formalism [25] (see Sections
2.2.3 and 2.2.4).

Figure 1-6: EC field distribution in a curved conductor underneath a transmit-receive probe. Colour
image denotes the relative strength of current density in the system with red being the highest and blue
being the lowest. Image was developed in COMSOL® multi-physics.

The governing Partial Differential Equation (PDE) can be decoupled into two scalar
functions that comprise the Second-Order Vector Potiential (SOVP), which is defined as
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the curl of the magnetic vector potiential [25]. A complete decription of the SOVP
formalism is included in Section 2.2.4. The change of impedance of the coils is calculated
from Auld’s [26] formula and is expressed in terms of a series expansion of eignefunctions.
In this work, the eigenfunctions are expessed in terms of semi-infinite integrals, which arise
from taking a spatial Fourier Transfrom in the axial direction z to simplify the governing
PDE. The SOVP formalism is advantageous because the solution can be expressed by two
scalar functions rather than a three-dimensional vector field. The SOVP formalism has
been successful in modelling a coil near a conductive pipe [24], a coil at an arbitrary
position and orientation near a planar conductor [27, 28] or tube/borehole [24, 29], and the
wobble of a bobbin coil in a tube [30]. From Premel et al. [31], the SOVP formalism can
be generalized for any curvilinear coordinate system and therefore, can be used to model
irregular boundary conditions.
If analytical solutions are not available due to the complexity of the geometry, Finite
Element Method (FEM) models are generally applied [14]. FEM is a numerical technique
that finds an approximate solution to a boundary value problem, which is governed by a
set of PDEs. Some applications include electromagnetism, structural analysis,
thermodynamics, and fluid dynamics. As shown in Figure 1-7, FEM algorithms divide the
problem into small components called finite elements [32]. Figure 1-7 is a FEM mesh of
the gap probe inside the PT with no CT present. The entire set of finite elements, which
approximates the geometry of the boundary value problem is referred to as the mesh [33].
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Figure 1-7: Finite element method mesh of the gap probe inside a pressure tube. A finite element and
node are shown as a blue triangle and a black dot, respectively.

A FEM mesh is described by differential equations and shape functions, where
unknowns are solved at each node [33]. The solutions for the equations inside the finite
elements can be interpolated from the results of neighbouring finite elements [32]. The
FEM software then puts all the solutions for each finite element together to obtain an
approximation of the whole solution [32]. For example, Babbar et al. [34] used an FEM
model to assess the ability for a probe to characterize wall loss in a CANDU ® steam
generator tube arising from fretting. Similarly, Mokros et al. [4] used a FEM model to
simulate a Pulsed Eddy Current (PEC) probe for the inspection of CANDU® trefoil broach
supports for steam generator tubes. FEM models offer a robust technique to obtain
approximate solutions for the boundary value problem when analytical models are
insufficient, although with a substantially greater computational cost. Furthermore, caution
is required to generate a mesh that can accurately represent the boundary value problem
with the lowest computational cost. A flow chart for choosing a numerical method based
on the availability of an analytic solution, coil excitation, and EC field distribution is
presented in Figure 1-8. A relative comparison of the techniques is included in Table 1-1.
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Figure 1-8: A flowchart illustrating the most common techniques for simulating eddy current
problems.
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Table 1-1: Comparison of the different numerical methods for solving EC problems.
Dodd and Deeds/ Desjardin’s Based Methods
Numerical
Method
Advantages

Disadvantages

Finite Element

Integral Transform
(IT)

TREE

-Straightforward
method for
obtaining accurate
solutions to simple
geometries

~101-102 times
faster than the IT
with similar
numerical
accuracy

-Valid for arbitrary EC
fields [24]

-Slow compared to
TREE methods
[22]

-Accuracy
depends on the
size of truncated
domain and
number of terms
in the series [22]

-Twice as many
boundary conditions as
the IT and TREE
methods [24]

-Restricted to
simple geometries
and axially
symmetric EC
fields [15]

SOVP

-~102 times faster than a
FEM model

-101 times slower than
IT implementation, 102
times slower than
TREE [24]

-Robust for
complex
geometries and EC
fields

-Long
computational
times ~105 times
slower than TREE
methods
-Accuracy of
results depends on
mesh quality

1.3.2 Inverse Algorithms for Eddy Current Problems
The extraction of parameters from experimental data is called an Inverse Algorithm
(IA). A robust IA is an important goal for inspection service providers to achieve
accurate measurements. Several numerical methods including Artificial Neural Networks
(ANNs) [35], and Error Optimization Algorithms (EOAs)

[24]

have

been

successful in implementing IAs. ANNs mimic neuron interconnections found in
animal brains and are extremely powerful tools for real-time pattern recognition [36].
ANNs have been used to solve difficult EC problems, such as identifying impedance
plane features [35], and reconstructing crack profiles [37] from measurements. ANNs
are robust, computationally inexpensive and can be used in cases where analytical
14

solutions are difficult to derive. However neural networks must be trained on a data set
that spans all of the expected parameter space, because they do not extrapolate accurately
when data falls outside of its training bounds [36, 38, 39].
Error Optimization Algorithms find the set of unknown experimental parameters that
minimize the error between a numerical model (empirical, analytical or FEM) and
experimental data. This approach is advantageous as a validated model will be able to
account for all experimental parameters present, can be calibrated on a small data set, and
is more likely to lead to accurate extrapolations (particularly in the case of validated
analytical models). Chen and Lei [40] developed an IA to evaluate wall thicknesses in a
single ferromagnetic plate. Ren and Lei [41] applied a similar model to extract all three
wall-thicknesses in a three-layered conductive planar structure using PEC. In addition, Mao
et. al. [24] obtained exact solutions for an EC probe orthogonal to the axis of a long pipe
using the SOVP formalism and used this model to measure wall thickness variation in
ferromagnetic and non-ferromagnetic pipes [42]. Furthermore, more complex problems
such as crack reconstruction, and magnetic induction tomography imaging have been
addressed using this technique [43, 44, 45]. Although error optimization algorithms are the
most robust approach for IAs, they are also the most computationally expensive.
1.3.3 Existing Analytical Models and Inverse Algorithms for CANDU® Fuel
Channel Inspection
Shokralla et al. [17, 46] recently developed an analytical model based on Dodd and
Deeds solutions [1, 19] for the CANDU® gap probe. The solutions were simplified by
approximating the PT and CT as two infinite planar sheets as shown in Figure 1-9. This
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geometric approximation can be made because the tube radius is much larger than the coil
dimensions [17, 7, 47].

Figure 1-9: Cross-sectional view of the eddy current probe above a conducting layered structure. Zone
I is air, Zone II is the near plate, Zone III is the air gap between near plate and far plate, Zone IV is
the far plate and Zone V is air. S is the coil-to-coil spacing, while WTNP and WTFP are the near and
far plate wall thickness, respectively.

Shokralla et al. [17] confirmed the validity of their approximation on the total amplitude
response, measured experimentally, for excitation frequencies greater than 4 kHz.
However, this model treated the non-coaxial transmit-receive configuration as a series of
axially-concentric coils. As shown in Figure 1-10, the pickup coil was approximated as
two concentric pickup coils, with cross-sectional areas overlapping the cross-sections of
the actual pickup coil [17]. The signal difference between the concentric pickup coils was
calculated and normalized by the ratio of the coil-pair volume to the volume of the actual
pickup coil [17].
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Figure 1-10: Section view showing the geometric approximation of the probe made by Shokralla et. al
[17, 46] (left) and the actual probe geometry (right). Image is not to scale.

As per Dodd and Deeds model [19, 20], it was assumed that the drive coil was excited
by a constant amplitude time-harmonic current, when in fact it was excited by a
constant amplitude time-harmonic voltage. As explained in Section 2.2.2, this assumption
limits the full representation of experimental conditions as the coil currents are
continually adjusted by feedback effects. As stated, Shokralla et al. [17, 46] then applied
Principle Components Analysis (PCA) techniques to extract PT-CT gap from EC
measurements over variations in PT resistivities, PT wall thicknesses, and PT to CT gaps
typical of inspection conditions. This allowed for compressed data acquisition, increased
inspection speed, and monitoring for variation in physical parameters using a reduced
number of variables [17, 46]. It was found that the experimental data could be expressed
by the linear superposition of three eigenfunctions [17, 46]. The PCA analysis on
the

analytical

data

revealed

small disagreements

between

analytical

and

experimental results, which were attributed to incomplete representation of the
transmit-receive experimental data by Dodd and Deeds’ model [1, 19].
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1.4 Objectives
The objectives of this thesis are listed as follows:


Develop and validate a rigorous analytical model to simulate the response of a
transmit-receive eddy current probe above a layered conductive planar structure;



Validate the approximation of the fuel channel as flat-plates with FEM modelling;



Develop and validate a rigorous analytical model for a transmit-receive probe that
is orthogonal to the inner face of a double-walled pipe;



Develop a robust Inverse Algorithm (IA), which can extract the probe liftoff, PT
resistivity, and the PT-CT gap from experimental EC measurements.

1.5 Scope, Methodology, and Structure
This thesis is structured in accordance with the manuscript style thesis format, and
contains twelve chapters, six manuscripts, and five appendices. Chapter 2 provides an
overview of relevant theory pertaining to electromagnetic feedback interactions with the
EC probe and the fuel channel, and how validated analytical models were used to extract
experimental parameters from EC data. Experimental technique is covered in Chapter 3,
providing a detailed description of the EC probe, flat plate and tube samples and the
experimental procedure. Six manuscripts are presented in Chapters 4-9. The first
manuscript (Chapter 4), Model of Eddy Current Based Pressure Tube to Calandria Tube
Gap Measurement [48], used a FEM model of a transmit-receive probe above two metal
plates separated by a gap, and compared these results with experimental data. The second
manuscript (Chapter 5), the Solution for a Transmit-Receive Eddy Current Probe Above a
Layered Planar Conductive Structure [49], provides an exact solution for a transmit18

receive probe above two metal plates separated by a gap, which was then validated with
experimental measurements. The third manuscript (Chapter 6) Examination of Dodd and
Deeds Solutions for a Transmit-Receive Eddy Current Probe above a Layered Planar
Structure [50] compares the general model of Dodd and Deeds [1, 2, 19, 20] and Desjardins
et al. [13, 14] with experimental data for the case of a transmit-receive probe above two
metal plates separated by a gap. The fourth manuscript (Chapter 7), Simultaneous
Extraction of Multiple Parameters from a Transmit-Receive Eddy Current Probe above a
Layered Planar Conductive Structure [51], illustrates how the validated flat-plate model
in Manuscript 2 and its Truncated Region Eigenfunction Expansion (TREE)
implementation were used in an algorithm to extract the resistivity of the simulated CT,
the separation between the plates, and probe liftoff from experimental EC measurements.
The fifth manuscript (Chapter 8), Finite Element Modelling of a Transmit-Receive Eddy
Current Probe above a Layered Planar Structure and Inside a Non-Concentric DoubleWalled Pipe [52], uses COMSOL® FEM models to examine the validity of approximating
the non-concentric double-walled pipe geometry of the fuel channel as parallel flat-plates
across a wide range of experimental parameters. Finally, the sixth manuscript (Chapter 9),
An Approximate Solution for a Transmit-Receive Eddy Current Probe inside a NonConcentric Double-Walled Pipe [53] develops an approximate solution for the transmitreceive probe inside and orthogonal to the inner face of a non-concentric double-walled
pipe (the CANDU® fuel channel geometry) using the second order vector potential
formalism. This model was then validated with experimental data. A short discussion on
the six manuscripts is contained in Chapter 10, which explains the progression of the work
for this thesis. Overall conclusions are drawn in Chapter 11. Finally, some areas of future
19

work are identified in Chapter 12, including further measurements that would be beneficial
to the progression of the project and additional analysis techniques to be considered.
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Chapter 2
Theory
This chapter presents a summary of electromagnetic field theory in the context of EC
inspection, and reviews the necessary theory to find analytical solutions to the boundary
value problem.
2.1 Relevant Mathematical Operations
This section provides a brief overview of convolution, Fourier transforms, and Hankel
transforms, which are used throughout the body of this document.
2.1.1 Convolution
Convolution, '*', is a mathematical operation that blends two functions 𝑓(𝑡) and 𝑔(𝑡) of
an arbitrary argument 𝑡. Convolution is represented by an integral, that captures the
amount of overlap between 𝑓(𝑡) as it is shifted over 𝑔(𝑡) [54, 55]. The convolution
operation is defined below [54, 55], where 𝜏 is a dummy variable of 𝑡.
∞

∞

𝑓(𝑡) ∗ 𝑔(𝑡) ≡ ∫ 𝑓(𝜏)𝑔(𝑡 − 𝜏)𝑑𝜏 = ∫ 𝑓(𝑡 − 𝜏)𝑔(𝜏)𝑑𝜏
−∞

(2-1)

−∞

2.1.2 Integral Transforms
In mathematics, an integral transform is any transform T on the function 𝑓(𝑡) into the
transformed function 𝐹(𝑢) of the following form [56]:
𝑡2

𝐹(𝑢) = ∫ 𝐾(𝑡, 𝑢)𝑓(𝑡)𝑑𝑡
𝑡1
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(2-2)

Where 𝑡 is the argument of 𝑓(𝑡) and 𝑢 is the transformed variable of 𝑡. Where 𝐾(𝑡, 𝑢) is
the kernel function and 𝑡1 and 𝑡2 are the limits of integration. Some kernel functions have
an inverse kernel 𝐾 −1 (𝑡, 𝑢), which can provide an inverse transform given as follows:
𝑢2

𝑓(𝑡) = ∫ 𝐾 −1 (𝑢, 𝑡)𝐹(𝑢)𝑑𝑢
𝑢1

(2-3)

Where 𝑢1 and 𝑢2 are the limits of integration for the inverse integral transform. Integral
transforms are a convenient method of simplifying Partial Differential Equations (PDEs)
that would otherwise be difficult to solve. For the purposes of this thesis, the Fourier and
the Hankel transforms will be discussed here.
2.1.3 Fourier Transform
The non-unitary Fourier transform on a time-domain function 𝑓(𝑡) is defined as [57]:
∞

𝐹(𝜔) = ∫ e−𝑗𝜔𝑡 𝑓(𝑡)𝑑𝑡

(2-4)

−∞

Where 𝐹(𝜔) is known as the frequency domain function, 𝑗 is the imaginary unit and 𝜔 is
transformed variable of 𝑡. The inverse Fourier transform is defined as follows:

𝑓(𝑡) =

1 ∞ 𝑗𝜔𝑡
∫ e 𝐹(𝜔)𝑑𝜔
2𝜋 −∞

A list of Fourier transforms used in this work is presented in Table 2-1.
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(2-5)

Table 2-1: Relevant Fourier transforms [15].

Function

Fourier transform non-

Remarks

unitary, angular frequency
𝒅𝒇(𝒕)
𝒅𝒕

(𝑗𝜔)𝐹(𝜔)

Fourier transform of a derivative.

𝒇(𝒕) ∗ 𝒈(𝒕)

𝐹(𝜔)𝐼(𝜔)

Fourier transform of a convolution.

𝟏

2𝜋𝛿(𝜔)

Fourier transform of a constant.

Where 𝛿(𝜔) is the Dirac delta function.
2.1.4 Hankel Transform
The first-order Hankel transform may be used to simplify boundary value problems
with a cylindrical coordinate system. The forward transform is defined as follows [58]:
∞

𝐹(𝛾) = ∫ 𝑟 J1(𝛾𝑟) 𝑓(𝑟)𝑑𝑟

(2-6)

0

Where 𝑟 is the radial coordinate, 𝛾 is the transformed variable of 𝑟, J1 ( ) denotes a firstorder Bessel function of the first kind, and 𝐹(𝛾) the first-order Hankel transform of 𝑓(𝑟).
The inverse transform is given as follows [58]:
∞

𝑓(𝑟) = ∫ 𝛾 J1(𝛾𝑟) 𝐹(𝛾)𝑑𝛾 .

(2-7)

0

Relevant first-order Hankel transforms used throughout this work are given in Table 2-2.
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Table 2-2: Relevant first-order Hankel transform rules [15].

Function

First order Hankel transform

𝒅𝟐 𝒇(𝒓)
𝒅𝒓𝟐

−𝛾 2 𝐹(𝛾)

𝟏 𝒅𝒇(𝒓)
+𝜹(𝒓 − 𝒂)
𝒓 𝒅𝒓

J1 (𝛾𝑎)

𝒇(𝒓)
− constant.
Where 𝑎 is an arbitrary
The integral transforms introduced above are well-suited
𝒓𝟐
for the solution of eddy current boundary value problems involving infinite domains with
parallel interfaces including stratified layered planar structures.
2.2 Electromagnetic Theory
2.2.1 Electromagnetic Field Equations
Eddy current induction in an isotropic and uniform material is described by Maxwell’s
equations, which are shown below in point form [12, 59]:
Gauss’s law for electricity:

𝛁∙𝐄=

𝜌𝑒
𝜖

(2-8)

Gauss’s law for magnetism:

𝛁∙𝐁=0

(2-9)

Faraday’s Law

𝛁×𝐄=−

Ampère’s Law:

𝛁 × 𝐁 = 𝜖µ

𝑑𝐁
𝑑𝑡
𝑑𝐄
+ µ𝐉
𝑑𝑡

(2-10)

(2-11)

Where the free current density J and free charge density 𝜌𝑒 are sources of the magnetic flux
density B and electric field E, respectively. 𝜇 and 𝜖 are the magnetic permeability and the
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electric permittivity of the medium, which quantify a medium’s inclination to forming a
magnetic and electric field, respectively [12, 59].
Analytical models for EC problems with axially symmetric EC fields are generally
achieved by solving the boundary value problem for the magnetic vector potential. The
magnetic vector potential A is defined as follows [12, 59, 60, 61]:
𝛁×𝐀=𝐁

(2-12)

To uniquely define the A field, its divergence is defined by the Coloumb gauge [12, 19],
shown below:
𝛁∙𝐀=𝟎

(2-13)

The E-field is defined by the electric potential in the medium φe and the magnetic vector
potential as follows:
𝐄 = −𝛁φe −

∂𝐀
∂t

(2-14)

An equivalent expression for Ampère’s Law is derived by taking the curl of Eqn. (2-12),
using the vector identity 𝛁 × 𝛁 × 𝑭 = 𝛁(𝛁 ∙ 𝐅) − 𝛁 𝟐 𝑭 [12], where 𝑭 is an arbitrary vector
field:
𝛁 × 𝐁 = 𝛁 × 𝛁 × 𝐀 = 𝛁(𝛁 ∙ 𝐀) − 𝛁 𝟐 𝑨 = −𝛁 𝟐 𝑨
−𝛁 𝟐 𝑨 = 𝜖µ

𝑑𝐄
+ µ𝐉
𝑑𝑡
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(2-15)

The 𝐉-field can now be written in terms of the E-field and A-field by applying Ohm’s law
shown in Eqn. (2-16).
𝐉 = 𝜎𝐄

−𝛁 𝟐 𝑨 = µ𝜖

(2-16)

𝑑𝐄
+ µ𝜎𝐄
𝑑𝑡

(2-17)

Where 𝜎 is the medium’s electrical conductivity, the inclination of establishing a current
density by an electric field in a medium. The term 𝜖

𝑑𝐄
𝑑𝑡

is much less than 𝜎𝐄 for typical

eddy current frequencies (<1MHz) [19], and may be ignored without a significant loss
of accuracy. This simplification, called the quasi-static approximation [12] allows Eqn.
(2-17) to be simplified as:
−𝛁 𝟐 𝑨 = µ𝜎𝐄

(2-18)

If Eqn. (2-18) is evaluated in a domain containing coils, φe is the potential of the voltage
applied to the coil [15, 19]. The electric field 𝑬𝒄𝒐𝒊𝒍 produced by the coil containing a timedependent current is defined as follows [15, 19]:
𝑬𝒄𝒐𝒊𝒍 ≡ −𝛁φe

(2-19)

The magnetic vector potential 𝑨 is then defined as the sum of the magnetic vector potential
arising from induced ECs in the geometry 𝜩 and the contribution from the coil 𝜓. 𝜩 is
solved from the boundary value problem imposed from the conductor geometry, and 𝜓 is
be solved from the coil geometry. 𝜓 is related to the coil voltage as follows [15, 19]:
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−𝛁 𝟐 𝜓 ≡ µ𝜎𝑬𝒄𝒐𝒊𝒍 = −µ𝜎𝛁φe

(2-20)

At last, a partial differential equation expressed only by the magnetic vector potential is
shown below:
𝛁 𝟐 𝜩 − µ𝜎

∂𝜩
= 𝛁𝟐𝜓
∂t

(2-21)

Eqn. (2-18) is known as the diffusion equation and is the basis for solving EC problems
with axially-symmetric fields [15, 19]. A full description of how the magnetic vector
potential formalism is used to solve problems with axially-symmetric EC fields is included
in Section 2.2.3.
As stated in Section 1.3.1, the calculation of vector fields from Eqn. (2-18) is impossible
for an EC problem with a cylindrical coordinate system and non-axially symmetric EC
fields [25]. Unlike a scalar field, which is governed by either a Dirichelt and/or a Neumann
Boundary condition, vector fields must be specified at the boundaries for all three scalar
quantities constituting the vector field [31, 25]. Therefore, it is not possible to obtain three
independent equations for the scalar 𝐴𝑟 , 𝐴𝑧 , and 𝐴𝜙 terms [25]. For problems with arbitrary
EC fields, the Second Order Vector Potential (SOVP) 𝑾-field is introduced. The 𝑾-field
is a mathematical construct used to solve boundary value problems and is derived as
follows. To simplify the problem, the 𝑨-field is separated into a longitudinal 𝐀 𝑳 and
transversal part 𝑨𝑻 as shown below [31, 25].
𝐀 = 𝐀𝑳 + 𝐀𝐓
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(2-22)

The longitudinal (irrotational) scalar function is obtained from the gradient of a scalar
potential function 𝜑𝑚 , while the transverse (divergence free or solenoidal), as we will see
is derived from the curl of a vector field 𝑾, which is defined by two scalar functions [31,
25, 62].
𝐀 L = 𝛁𝜑𝑚

𝛁 × 𝐀L = 0

with

𝐀 T = 𝐀 T1 + 𝐀 T2

with

(2-23)

𝛁 ∙ 𝐀T = 0

(2-24)

Morse and Feshbach [62] have shown that the 𝐀 T1 and 𝐀 T2 vector fields are defined as
follows for a cylindrical coordinate system [31, 25]:
̂𝒛 𝑊𝑏 ) = 𝛁𝑊𝑏 × 𝒂
̂𝒛
𝐀 T1 = 𝛁 × (𝒂

̂𝒛 𝑊𝑎 ) = 𝒂
̂𝒛 𝑊𝑎 + 𝛁
𝐀 T2 = 𝛁 × ( 𝒂

(2-25)

∂𝑊𝑎
∂𝑧

(2-26)

Where 𝑊𝑎 and 𝑊𝑏 are two scalar potential functions that describe the 𝐀 T -field. It should
be noted that the longitudinal part of the electromagnetic field is not required for
representing the magnetic flux density as 𝐁 = 𝛁 × 𝐀 function, because 𝛁 × (𝛁𝜑𝑚 ) = 0
[31, 25]. To simplify the expressions further, the gradient term 𝛁

∂(𝑊𝑎 )
∂𝑧

in Eqn. (2-26)

can also be ignored2 [25]. One can define the 𝑾-field as follows for a cylindrical
coordinate system:

2 This simplification can be made because as we will see, the 𝑾-field is defined as the curl of 𝑨. As the curl of a
gradient is equal to zero, the gradient term can be removed without a loss of accuracy.
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̂𝒛 𝑊𝑎 + 𝒂
̂𝒛 × 𝛁𝑊𝑏 )
𝐀 T = 𝛁 × 𝑾 = 𝛁 × (𝒂

(2-27)

̂𝒛 𝑊𝑎 + 𝒂
̂𝒛 × 𝛁𝑊𝑏 )
𝑾 = (𝒂
The divergence of 𝑾 is therefore derived using Eqn. (2-27) and the vector identity
𝛁 ∙ (𝐀 × 𝑩) = 𝐁 ∙ (𝛁 × 𝑨) − 𝐀 ∙ (𝛁 × 𝑩) [12], where 𝑨 and 𝑩 are arbitrary vector fields:
̂𝒛 𝑊𝑎 + 𝒂
̂𝒛 × 𝛁𝑊𝑏 )
𝛁 ∙ 𝑾 = 𝛁 ∙ (𝒂

(2-28)

̂𝒛 𝑊𝑎 + 𝛁 ∙ (𝒂
̂𝒛 × 𝛁𝑊𝑏 )
𝛁∙𝑾=𝛁∙𝒂
𝛁∙𝑾 =

∂Wa
∂Wa
̂𝒛 ) − 𝒂
̂𝒛 ∙ (𝛁 × 𝛁𝑊𝑏 ) =
+ 𝛁𝑊𝑏 ∙ (𝛁 × 𝒂
∂z
∂z

The scalar potentials 𝑊𝑎 and 𝑊𝑏 satisfy the scalar Helmholtz equations given by Eqns.
(2-29)-(2-30) [24]:
∇2 𝑊𝑎 + 𝑘 2 𝑊𝑎 = 0

(2-29)

∇2 𝑊𝑏 + 𝑘 2 𝑊𝑏 = 0

(2-30)

Where 𝑘 2 = −𝑖𝜔𝜎𝜇. In cylindrical coordinates, the 𝑾-field is expressed in terms of the
more familiar magnetic field as follows [31, 25]:
∂Wa
̂𝒛 + 𝒂
̂𝒛 × 𝛁𝑊𝑏 )
𝑩 = 𝛁× 𝛁× 𝑾 = 𝛁(
) + 𝑘 2 (𝑊𝑎 𝒂
∂z

(2-31)

A procedure for applying the 𝑾-field to solve boundary value problems with non-axially
symmetric EC problems is included in Section 2.2.4.
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2.2.2 Eddy Current Generation
For NDT applications, a time-dependent voltage, or current, is applied to one or more
drive coils, which generates a time-dependent magnetic field. From Faraday’s law, this
magnetic field develops an electromotive force (emf) 𝜀 in nearby conductors and generates
circular current loops known as eddy currents (ECs) [12, 59].
𝜀 = ∮ 𝑬 ∙ 𝒅𝒍 = − ∫

𝜕𝑩
𝑑Φ
∙ 𝒅𝒂 = −
𝜕𝑡
𝑑𝑡

(2-32)

Where 𝒅𝒍 is an infinitesimal arc-length along a current loop in the coil, 𝒅𝒂 is an
infinitesimal area element enclosed by the coil current loop, and Φ is the magnetic flux
defined below [12, 59]:
Φ = ∫ 𝑩 ∙ 𝒅𝒂

(2-33)

The negative sign in Eqn. (2-32) indicates that an induced emf will oppose any changes in
magnetic flux and this observation is referred to as Lenz’s law [12, 59]. As such, these ECs
generate an opposing magnetic field relative to the changes in the source magnetic field.
The electromagnetic coupling between the drive and pickup coil(s) with the opposing
magnetic field changes their electrical impedances. The change of coil impedance can be
measured and used to characterize the physical and electromagnetic properties of the
conducting sample. The strength of inductive coupling is related to the distribution of the
ECs in the sample. A commonly used estimate of the depth of penetration of ECs or skin
depth δ, into a single planar medium is given as:
𝛿=√

2
𝜔𝜇𝜎
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(2-34)

Where ω angular frequency of excitation, and μ is the conductors’ magnetic permeability.
It should be noted that Eqn. 2-34 is derived for a planar tangential magnetic field that is
incident on a planar surface. The actual skin depth arising from a coil-generated magnetic
field, which is normally incident on the conductor will be less than the result given in Eqn.
2-34. An illustration of the skin effect for a coil is shown in Figure 2-1.

Figure 2-1: Eddy current fields in a flat plate conductor with 2 kHz (left) and 64 kHz excitation (right).
Colour indicates relative magnitude of induced current density [A/m2] in the sample. Image was
generated in COMSOL® Multi-Physics.

As shown in Figure 2-2, there are six modes of inductive coupling present in the case of
a transmit-receive probe near a conductor. A lossy self-inductance ℒ is generated by the
coil coupling to the ECs it generates [13, 14]. Similarly, a lossy-mutual inductance ℳ is
generated when a coil couples to the ECs generated by a neighbouring coil [13, 14]. These
lossy terms are complex-valued, frequency-dependent coefficients, that may be obtained
by solving the boundary value problem imposed by the conductive structure [13, 14] (see
Sections 2.2.3 and 2.2.4, and Chapters 4-9).
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a)

b)

Figure 2-2: A visual representation showing all electromagnetic interactions as addressed by (a) Dodd
and Deeds’ model [19, 1, 2] and (b) the model developed by Desjardins et al. [13, 14].

Ignoring the system capacitance, Desjardins et al. [13, 14] derived the voltage signal in
the pickup coil 𝜀𝑝 (𝜔) for a driver-pickup coil system by solving the system of equations
arising from Kirchhoff’s Voltage Law (KVL) (see Figure 1-4). The subscript d and p
denote the drive and pickup coil, respectively.

R d Id (𝜔) = Vex (𝜔) − 𝑗𝜔(Ld + ℒd ) Id (𝜔) − 𝑗𝜔(M + ℳ) Ip (𝜔)
(2-35)
R p Ip (𝜔) = −𝑗𝜔(Lp + ℒp ) Ip (𝜔) − 𝑗𝜔(M + ℳ) Id (𝜔)

(2-36)

Where Vex (𝜔) is the voltage excitation in the drive coil, Id (𝜔) is the drive coil current, and
Ip (𝜔) is the pickup coil current expressed in the frequency domain. The solution for the
pickup coil signal as predicted by Desjardins et al. [13, 14] is given as follows:
𝜀𝑝 (𝜔) = R p Ip (𝜔) = 𝑅𝑝

𝑗𝜔(𝑀 + ℳ)𝑉𝑒𝑥 (𝜔)
(𝑅𝑑 + 𝑗𝜔(𝐿𝑑 + ℒ𝑑 )) (𝑅𝑝 + 𝑗𝜔(𝐿𝑝 + ℒ𝑝 )) + 𝜔 2 (𝑀 + ℳ)2
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(2-37)

Dodd and Deeds’ model [19, 1, 2] does not consider the lossy self-inductive modes, and
assumes that the drive/pickup coil current amplitude is constant and is not affected by the
presence of the conductors or frequency of excitation. For voltage-controlled systems, this
assumption is problematic as the currents are constantly perturbed by the feedback effects
with nearby conductors. In addition, the lossy self-inductance of the drive coil is a major
contributor to the pickup coil signal for the probe described in this work for frequencies
larger than 2 kHz (see Chapter 4) [13, 14]. Experimental measurements with the probe
found that Eqn. (2-37) is only valid for typical EC frequencies (<100 kHz) as capacitive
effects between the probe and sample/environment become significant at higher
frequencies.
At this point, the general model of Desjardins’ et al. [13, 14], which expresses the
electromagnetic feedback between any conductive geometry and probe as incorporated into
Kirchhoff’s equations, has been discussed in depth. The following two sections describe
how ℒ and ℳ are derived when the sample geometry has axisymmetric and arbitrary EC
fields.
2.2.3 Axisymmetric Eddy Current Problems: The Magnetic Vector Potential
Formalism
For problems with axisymmetric EC fields, it is convenient to solve the boundary value
problem in cylindrical coordinates. In this case, the vector Laplacian 𝛁 2 of the magnetic
vector potential (in a region without coils) is given as [13, 14, 15]:
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(2-38)

Where 𝑻 is the matrix transpose. From Eqn. (2-16) and Eqn. (2-17), the 𝑨-field is pointing
in the same direction as the 𝐉-field. As the EC distribution (the 𝐉-field) has only an
azimuthal component and is axially symmetric, it follows that 𝐴𝑟 = 0, 𝐴𝑧 = 0, and

𝜕𝐴𝜙
𝜕𝜙

=

0. Therefore, only the azimuthal component of 𝑨 is non-zero and is shown below [13, 14,
15]:
𝜕 2 𝐴𝜙 𝜕 2 𝐴𝜙 1 𝜕𝐴𝜙 𝐴𝜙
𝑑𝐴𝜙
̂
̂
𝛁 𝐀=[ 2 +
+
−
]
𝒂
=
𝜇𝜎
𝒂
𝝓
𝜕𝑧
𝜕𝑟 2
𝑟 𝜕𝑟
𝑟2
𝑑𝑡 𝝓
2

(2-39)

Eqn. (2-39) combined with appropriate boundary conditions forms the basis of an eddy
current boundary value problem [15]. Axially symmetric planar structures, such as is
shown in Figure 2-3, which is a coil above an infinite half-space enforce the following
boundary conditions at the transition interface (in this case 𝑧 = 𝑧1−2 ) [15]:
1 𝜕𝐴𝜙1
1 𝜕𝐴𝜙2
|
=
|
𝜇1 𝜕𝑧 𝑧 = 𝑧1−2
𝜇2 𝜕𝑧 𝑧 = 𝑧1−2

𝐴𝜙1 |
= 𝐴𝜙2 |
𝑧 = 𝑧1−2
𝑧 = 𝑧1−2
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(2-40)

(2-41)

Figure 2-3: Cross-sectional view of a coil above an infinite half-space, an axisymmetric geometry.

As stated in Eqn. (2-32), Faraday’s law and Lenz’s law predict that the time-dependent
magnetic field arising from the ECs opposes the source magnetic field produced by the
drive coil and generates an emf 𝜀𝑑,𝑝 (𝑡) in neighbouring coils [13, 14]. 𝜀𝑑,𝑝 (𝑡) encompasses
all six inductive modes present for the two coil system presented in Figure 1-4. The
subscripts d and p denote drive and pickup coil, respectively. Ignoring electrical
capacitance for simplicity, the induced emf in the coils for the system described by Figure
1-4 are mathematically described from Kirchhoff’s circuit laws as [13, 14].
𝑅𝑑′ 𝑖𝑑 (𝑡) = 𝑣𝑒𝑥 (𝑡) + 𝜀𝑑 (𝑡)

(2-42)

𝑅𝑝′ 𝑖𝑝 (𝑡) = 𝜀𝑝 (𝑡)

(2-43)

Where 𝑅𝑑′ and 𝑅𝑝′ are the effective resistances of the drive and pickup coil, respectively.
𝑅𝑑′ is the sum of the drive coil resistance and the input resistance of the power supply (100
Ω) that excites the drive coil, and 𝑅𝑝′ is the sum of the pickup coil resistance and the input
resistance of the data acquisition system (11 kΩ). 𝑡 is time, 𝑣𝑒𝑥 (𝑡) is the time-dependent
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voltage applied to the drive coil, 𝑖(𝑡) is the time-dependent current in a particular coil and
𝑅 is the coil resistance. The magnetic vector potential formalism is introduced into Eqn.
(2-32) and can be written as a line integral via Stokes’ theorem [13, 14, 15].
𝜀𝑑,𝑝 (𝑡) = −

𝑑
𝑑
∯ 𝛁 × 𝑨(𝑟, 𝑧, 𝑡) ∙ 𝒅𝑺 = − ∮ 𝑨(𝑟, 𝑧, 𝑡) ∙ 𝒅𝒍
𝑑𝑡 𝑆𝑑,𝑝
𝑑𝑡 𝐶𝑑,𝑝

(2-44)

Where 𝐶𝑑,𝑝 is the path taken by the current in the coil, and 𝑆𝑑,𝑝 is the surface bounded by
the coil cross-section. The emf in a Dirac coil (an infinitesimally thin current loop) of
radius r can be calculated using a scalar function [13, 14, 15]:
𝜀𝑑,𝑝 (𝑡) = −

𝑑
𝑑
2𝜋𝑟𝐴𝜙 (𝑟, 𝑧, 𝑡) = − 2𝜋𝑟𝐴(𝑟, 𝑧, 𝑡)
𝑑𝑡
𝑑𝑡

(2-45)

The emf in a circular multi-turn coil with a rectangular cross-section can therefore, be
calculated by taking an integral sum of the Dirac coils over the volume of the coil and
multiplying by the coil turn density [13, 14, 15]. Taking advantage of the axial symmetry
of the coil, the integral can be evaluated over the rectangular coil cross-section 𝑆𝑑,𝑝 .
𝜀𝑑,𝑝 (𝑡) = −

2𝜋𝑁𝑑,𝑝
𝑑
∯ 𝑟𝐴(𝑟, 𝑧, 𝑡)𝑑𝑟𝑑𝑧
𝐻𝑑,𝑝 (𝑂𝑅𝑑,𝑝 − 𝐼𝑅𝑑,𝑝 ) 𝑑𝑡 𝑆𝑑,𝑝

(2-46)

Where 𝑁𝑑,𝑝 is the number of turns in the coil, 𝐻𝑑,𝑝 is the height of the coil, while 𝑂𝑅𝑑,𝑝
and 𝐼𝑅𝑑,𝑝 are the outer and inner radii of the coil, respectively. The magnitude and timedependence of the magnetic vector potential is solved by defining the convolution of the
Magnetic Vector Potential Impulse Response (MVPIR) function 𝐴̂(𝑟, 𝑧, 𝑡) with the
transient current in the respective coils [13, 14, 15].
𝐴𝑑,𝑝 (𝑟, 𝑧, 𝑡) ≡ 𝐴̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) ∗ 𝑖𝑑,𝑝 (𝑡)

36

(2-47)

This concept can be extended for a multi-coil system by simply adding all the convolution
terms. For the transmit-receive system with two coils, 𝜀𝑑,𝑝 (𝑡) is calculated from Eqn.
(2-48) [13, 14, 15]:
𝜀𝑑,𝑝 (𝑡) =

−2𝜋𝑁𝑑,𝑝
𝑑
∯ 𝑟 (𝐴̂𝑑 (𝑟, 𝑧, 𝑡) ∗ 𝑖𝑑 (𝑡) + 𝐴̂𝑝 (𝑟, 𝑧, 𝑡) ∗ 𝑖𝑝 (𝑡)) 𝑑𝑟𝑑𝑧
𝐻𝑑,𝑝 (𝑂𝑅𝑑,𝑝 − 𝐼𝑅𝑑,𝑝 ) 𝑑𝑡 𝑆𝑑,𝑝

(2-48)

As shown in Eqn. (2-49), the total unit impulse response is a sum of the unit impulse
response of the coils denoted as 𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) and the induced eddy currents in the sample
denoted as 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) [13, 14, 15]. It should be noted that 𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) is solved from the
coil geometry and 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) is solved from the boundary value problem (refer to Chapter
5).
𝐴̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) = 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) + 𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) = 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) + 𝜓̂𝑑,𝑝 (𝑟, 𝑧)𝛿(𝑡)

(2-49)

Using Eqn. (2-49), one can rewrite Eqn. (2-48) as:
𝜀𝑑,𝑝 (𝑡) =

−2𝜋𝑁𝑑,𝑝
𝑑
∯ 𝑟 ((𝛯̂𝑑 (𝑟, 𝑧, 𝑡) + 𝜓̂𝑑 (𝑟, 𝑧, 𝑡)) ∗ 𝑖𝑑 (𝑡)
𝐻𝑑,𝑝 (𝑂𝑅𝑑,𝑝 − 𝐼𝑅𝑑,𝑝 ) 𝑑𝑡 𝑆𝑑,𝑝
(2-50)
+ (𝛯̂𝑝 (𝑟, 𝑧, 𝑡) + 𝜓̂𝑝 (𝑟, 𝑧, 𝑡)) ∗ 𝑖𝑝 (𝑡)) 𝑑𝑟𝑑𝑧

This result is then substituted into Eqns. (2-51)-(2-52). A Fourier transform is then taken
to convert the convolution terms in the time-domain into a product in the frequency domain
(see Section 2.1.3) [13, 14, 15].
𝑅′𝑑 𝐼𝑑 (𝜔) =

−2𝜋𝑁𝑑
𝑗𝜔 ∯ 𝑟 ((𝛯̂𝑑 (𝑟, 𝑧, 𝑡) + 𝜓̂𝑑 (𝑟, 𝑧)) 𝐼𝑑 (𝜔)
𝐻𝑑 (𝑂𝑅𝑑 − 𝐼𝑅𝑑 )
𝑆𝑑
(2-51)
+ (𝛯̂𝑝 (𝑟, 𝑧, 𝜔) + 𝜓̂𝑝 (𝑟, 𝑧)) 𝐼𝑝 (𝜔)) 𝑑𝑟𝑑𝑧 + 𝑉𝑒𝑥 (𝜔)
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𝑅′𝑝 𝐼𝑝 (𝜔) =

−2𝜋𝑁𝑝
𝑗𝜔 ∯ 𝑟 ((𝛯̂𝑑 (𝑟, 𝑧, 𝑡) + 𝜓̂𝑑 (𝑟, 𝑧)) 𝐼𝑝 (𝜔)
𝐻𝑃 (𝑂𝑅𝑝 − 𝐼𝑅𝑝 )
𝑆𝑝
(2-52)
+ (𝛯̂𝑝 (𝑟, 𝑧, 𝜔) + 𝜓̂𝑝 (𝑟, 𝑧)) 𝐼𝑝 (𝜔)) 𝑑𝑟𝑑𝑧

Where 𝑉𝑒𝑥 (𝜔), and 𝐼𝑑,𝑝 (𝜔) are the Fourier transforms of 𝑣𝑒𝑥 (𝑡) and 𝑖𝑑,𝑝 (𝑡), respectively.
The transformed current functions can be removed from the integrals of Eqns. (2-51)(2-52) and the coupled equations can be solved. In anticipation of the final result, one may
define the Kirchhoff coefficients as shown in Eqns. (2-53)-(2-56) [13, 14, 15]:
𝐿𝑑,𝑝 ≡

𝑀≡

2𝜋𝑁𝑘
∯ 𝑟𝜓̂ (𝑟, 𝑧)𝑑𝑟𝑑𝑧
𝐻𝑘 (𝑂𝑅𝑘 − 𝐼𝑅𝑘 ) 𝑆𝑘 𝑑,𝑝

𝑁𝑝
̂ 𝒅 (𝒓, 𝒛) ∙ 𝒅𝒓𝒑 𝑑𝑧
∫∮ 𝝍
𝐻𝑝 (𝑂𝑅𝑝 − 𝐼𝑅𝑝 )
𝐶𝑝

2𝜋𝑁𝑑
̂ 𝒑 (𝒓, 𝒛) ∙ 𝒅𝒓𝒅 𝑑𝑧
≡
∫∮ 𝝍
𝐻𝑑 (𝑂𝑅𝑑 − 𝐼𝑅𝑑 )
𝐶𝑑
ℒ𝑑,𝑝 ≡

ℳ≡

(2-53)

2𝜋𝑁𝑘
∯ 𝑟𝛯̂ (𝑟, 𝑧, 𝜔)𝑑𝑟𝑑𝑧
𝐻𝑘 (𝑂𝑅𝑘 − 𝐼𝑅𝑘 ) 𝑆𝑘 𝑑,𝑝

(2-54)

(2-55)

𝑁𝑝
̂ 𝒅 (𝑟, 𝑧, 𝜔) ∙ 𝒅𝒓𝒑 𝑑𝑧
∫∮ 𝜩
𝐻𝑝 (𝑂𝑅𝑝 − 𝐼𝑅𝑝 )
𝐶𝑝

𝑁𝑑
̂ 𝒑 (𝒓, 𝒛, 𝝎) ∙ 𝒅𝒓𝒅 𝑑𝑧
≡
∫∮ 𝜩
𝐻𝑑 (𝑂𝑅𝑑 − 𝐼𝑅𝑑 )
𝐶𝑑

(2-56)

Where the L and M terms represent the self-inductance of each coil, and the mutual
inductance between the coils. ℒ and ℳ are the lossy self-inductance and lossy mutual
inductances, respectively. As stated, the lossy inductances are complex frequency
dependent terms, which describe the self-coupling and mutual coupling of the coils through
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the fuel channel ECs [13, 14, 15]. The emf in the pickup coil was solved by substituting
Eqns. (2-53)-(2-56) into Eqn. (2-37). The solution for a transmit-receive EC probe above
two metal plates that are separated by an air gap is developed in Chapters 5 and 7 for the
semi-infinite Integral Transform (IT) and TREE representation.
2.2.4 Non-Axisymmetric Problems: The Second Order Vector Potential Formalism
As stated, the magnetic vector potential formalism cannot be used to model problems
with non-axially symmetric EC fields because the separation of variables method cannot
be applied to the governing partial differential equation. Instead, the Second Order Vector
Potential (SOVP) formalism is applied and can be used to derive the expressions for the
lossy feedback coefficients. The change of impedance ∆𝑍 of a coil arising from feedback
with a non-ferromagnetic material is derived from Poynting’s theorem and is given by Auld
[26] as:

∆𝑍 =

1
̂ ) ∙ (𝑬(𝑆) × 𝑩(𝐸𝐶) − 𝑬(𝐸𝐶) × 𝑩(𝑆) )𝑑𝑆
∮ (−𝒏
𝜇0 𝐼 2 𝑆𝐶

(2-57)

Where 𝑬(𝐸𝐶) , 𝑬(𝑆) , 𝑩(𝐸𝐶) , and 𝑩(𝑆) are the electric fields produced by the eddy currents and
the coil, and the magnetic fields produced by the eddy currents and the coil. 𝐼 is the current
̂ is a unit vector normal
in the coil, 𝑆𝐶 is an arbitrary surface that surrounds a conductor, 𝒏
to that surface and 𝑑𝑆 is a surface element of 𝑆𝐶 . One can solve for the vector cross products
using Eqn. (2-24), Faraday’s law 𝛁 × 𝑬 = −𝑖𝜔𝑩 and the vector identity 𝛁 × (𝑈𝑨) =
𝛁U × 𝑨 + 𝑈(𝛁 × 𝑨) [12], where 𝑈 and 𝑨 are an arbitrary scalar potential and vector field,
respectively [25, 26].
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𝑬(𝑆) × 𝑩(𝐸𝐶) = −𝛁 (

∂Wa(𝐸𝐶)
) × 𝑬(𝑆)
∂z

= −𝛁 × (

(2-58)

∂Wa(𝐸𝐶) (𝑆)
∂Wa(𝐸𝐶)
)𝑬 + (
) 𝛁 × 𝑬(𝑆)
∂z
∂z

∂Wa(𝐸𝐶) (𝑆)
∂Wa(𝐸𝐶) (𝑆)
𝑬(𝑆) × 𝑩(𝐸𝐶) = −𝛁 × (
) 𝑬 − 𝑗𝜔 (
)𝑩
∂z
∂z
𝜕𝑊𝑎(𝑠) (𝐸𝐶)
𝜕𝑊𝑎(𝑠)
𝑬(𝐸𝐶) × 𝑩(𝑆) = −𝛁 × (
)𝑬
− 𝑗𝜔 (
) 𝑩(𝐸𝐶)
𝜕𝑧
𝜕𝑧

(2-59)

From the divergence theorem [63, 55] shown below, a surface integral of an arbitrary vector
field can be transformed into a volume integral as follows:

̂ ∙ 𝑭 𝑑𝑆
∫ (𝛁 ∙ 𝑭)𝑑𝑉 = ∮ 𝒏
𝑉

(2-60)

𝑆

Applying the divergence theorem to Eqn. (2-57) and using the results from Eqns. (2-58)(2-59), it is apparent that the first terms in Eqns. (2-58)-(2-59) equate to zero as the
divergence of a curl is equal to zero. Therefore Eqn. (2-57) can be simplified as follows:

∆𝑍 = −

𝜕𝑊𝑎(𝑆)
𝜕Wa(𝐸𝐶)
𝑗𝜔
̂ ∙ (𝑩(𝑆) ×
∮ 𝒏
− 𝑩(𝐸𝐶) ×
) ∙ 𝑑𝑆
2
𝜇0 𝐼 𝑆𝐶
𝜕𝑧
𝜕𝑧

(2-61)

̂=𝒂
̂𝒓 . Using the relations 𝒂
̂𝒓 ∙ 𝑩(𝑺) =
For a cylindrical boundary condition at 𝑟 = 𝑟𝑖𝑛𝑡 , 𝒏
𝜕2 𝑊𝑎(𝑠)
𝜕𝑟𝜕𝑧

̂𝒓 ∙ 𝑩(𝑬𝑪) =
and 𝒂

𝜕2 𝑊𝑎(𝐸𝐶)
𝜕𝑟𝜕𝑧

, Eqn. (2-61) can be written in terms of Wa(𝐸𝐶) and Wa(𝑆)

[25]:
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∆𝑍 = −

𝑗𝜔 ∞ 𝜋 𝜕 2 𝑊𝑎𝑠 𝜕Wa(𝐸𝐶) 𝜕Wa(𝐸𝐶) 𝜕𝑊𝑎𝑠
∫ ∫ (
−
) 𝑟 𝑑𝜑 𝑑𝑧|
𝑟 = 𝑟𝑖𝑛𝑡
𝜇0 𝐼 2 −∞ −𝜋 𝜕𝑟𝜕𝑧
𝜕𝑧
𝜕𝑟𝜕𝑧 𝜕𝑧

(2-62)

Applying Parseval’s theorem for Fourier transforms [30, 55], the impedance change can
be written in terms of the total source SOVP potential arising from the coils 𝐶𝑠 and the total
SOVP potential arising from ECs in the conductor 𝐷𝐸𝐶 [25]:
∞

𝑗𝜔4𝜋 2 ∞
∆𝑍 = −
∫ ∑ 𝛼 2 𝐶𝑠 (𝑚, 𝛼)𝐷𝐸𝐶 (−𝑚, −𝛼)𝑑𝛼
𝜇0 𝐼 2 −∞

(2-63)

𝑚=−∞

Where 𝛼 is the Fourier-transformed variable in the axial coordinate z, and 𝑚 is the
separation variable for the azimuthal component of the SOVP. 𝐶𝑠 is determined only from
the coil geometry and 𝐷𝐸𝐶 is solved from the boundary value problem (see Chapter 9) [25].
In anticipation of the final result, the lossy self and mutual inductances can be easily
derived as follows. The subscripts d and p indicate the drive or pickup coil, respectively.
∞

4𝜋 2 ∞
ℒ𝑑 = −
∫ ∑ 𝛼 2 𝐶𝑆(𝑑) (𝑚, 𝛼)𝐷𝐸𝐶(𝑑) (−𝑚, −𝛼)𝑑𝛼
𝜇0 −∞

(2-64)

𝑚=−∞

∞

4𝜋 2 ∞
ℒ𝑝 = −
∫ ∑ 𝛼 2 𝐶𝑆(𝑝) (𝑚, 𝛼)𝐷𝐸𝐶(𝑝) (−𝑚, −𝛼)𝑑𝛼
𝜇0 −∞

(2-65)

𝑚=−∞

∞

4𝜋 2 ∞
ℳ=−
∫ ∑ 𝛼 2 𝐶𝑆(𝑝) (𝑚, 𝛼)𝐷𝐸𝐶(𝑑) (−𝑚, −𝛼)𝑑𝛼
𝜇0 −∞

(2-66)

𝑚=−∞

The emf in the pickup coil is then solved by plugging Eqns. (2-53)-(2-54) and (2-64)-(2-66)
into Eqn. (2-37). The above three equations provide a novel insight because EC solutions
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in the literature are generally expressed in terms of a coil impedance change rather than a
pickup coil signal [24]. Now the general model of Desjardins et al. [13, 14, 15] can be
expanded for any problem with an analytical solution to Eqns. (2-64)-(2-66). As shown in
Chapter 9 and Appendix D, the general model of Desjardins et al. [13, 14, 15] was used in
conjunction with the SOVP formalism to model the probe response inside a double-walled
pipe and when the probe is tilted above a planar structure.
2.3 Optimization Theory
In mathematics, optimization is the selection of a variable with regard to some criteria
from a set of possible values, which may involve finding the global maximum or minimum
of a pre-defined cost or objective function. For objective functions with smooth double
derivatives, critical points can be found by finding the points where the gradient of the
objective function is zero. As shown in Figure 2-4, not all critical points of an objective
function are necessarily a global minimum/maximum, and extra care is needed to ensure
the optimal solution is obtained.
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𝒔𝒊𝒏(𝒙)

Figure 2-4: A plot of 𝒚 =
to illustrate a function with a single global maximum/minimum and
𝒙
several local maxima/minima.

2.4 Computation of results
The boundary value problems in this work were solved symbolically with Maplesoft’s
Maple® 18 software [64]. The results from Maple® [64] were transferred to Matlab® [65]
for the efficient calculation of the frequency-dependent complex inductance functions ℒ𝑑 ,
ℒ𝑐 and ℳ (described in Chapters 2 and 4). A 2.67 GHz Intel® Core™ Xeon® x 5650 with
12 CPUs was used throughout this work. It was found that ~0.02 s and ~0.5 s are required
to compute the TREE and Integral Transform (IT) calculations for the flat plate model on
a single processor, respectively. Applying parallel computing with 12 processors, one can
achieve 12 calculations simultaneously in ~0.5 s for the IT and about 2 s for the TREE
code. The TREE calculations do not benefit from parallel computing because the overhead
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associated with parallel computing is a significant bottleneck for fast function evaluations
[66]. For this reason, the TREE code was implemented serially. However, parallel
computing using all 12 processors are required to achieve a computation time of ~5 s for a
single calculation of the SOVP model.
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Chapter 3
Experimental Technique
At this point, all aspects of the theory and computation of analytical results have been
introduced. The following chapter describes the details of the experimental validation of
the analytical models.
3.1 Probe Manufacturing and Specifications
The EC probe described in Manuscripts 1 through 6 was constructed by the NDE
group at RMC. The probe body was 3D printed. The coils were secured to the probe body
using epoxy and a protective plastic sheet was placed over the coils. The probe coils were
soldered to the wires of a CAT3 Ethernet cable, which was then connected to a female
RJ45 plug. Another Ethernet cable (~2 m long) connected the probe to the EC instrument.
The self-inductances of the coils were measured with a LCR meter. The mutual
inductance was determined as follows. The probe was placed away from any nearby
conductors to avoid undesirable feedback effects. A Keithley 6221 current source was
used to inject a controlled AC current into the drive coil, and the AC voltage amplitude
generated in the pickup coil was measured using an Agilent DSO-X 2012A digital
oscilloscope. For this experimental setup, the magnitude of induced voltage in the pickup
coils |𝜀𝑝| is related to the drive coil current |Id| as follows:
|𝜀𝑝 | = −𝜔𝑀|Id |

(3-1)

Two measurements were then performed: one with a constant frequency (1 kHz) and
different drive coil current amplitudes (10 mA to 100 mA), and another with a constant
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drive coil current amplitude (100 mA) and different frequencies (1 kHz to 3 kHz). The
mutual inductance was then calculated from the slope of the recorded |𝜀𝑝| and |Id| data.
To further validate the measurement, the positive leads of both coils were connected in
series and the total inductance LT across the negative leads of both coils [67] was
measured. The mutual inductance was then obtained using the following formula [67]:
𝑀=

𝐿𝑇 − (𝐿𝑑 + 𝐿𝑝 )
2

(3-2)

Where Ld and Lp are the drive and pickup self-inductances. It was found that all three
measurements of the mutual inductance agreed with each other within experimental error.
An optimization routine using the fmincon [68] algorithm in MATLAB® was used to
estimate the coil spacing and liftoff difference between the coils based on the measured
mutual inductance in air. The estimated coil separation agreed, within the limits of
uncertainty, with a digital ruler measurement on a photograph of the coils.
3.2 Eddy Current Instrument
An Olympus NDT Multi-scan MS5800 [69] instrument was used to perform the EC
tests. This instrument was chosen because it has an internal power supply, a data
acquisition system, a user-friendly software interface to perform data manipulation, and
can communicate with most computers. Furthermore, the MS5800 automatically
determines the phase and amplitude of the reference signal VREF required to null each
excitation frequency on a known calibration standard, and can perform digital filtering
without the need for additional electronics. An equivalent circuit model of the EC probe
with the MS5800 is shown below in Figure 3-1. The 100 Ω internal resistance of the drive
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coil power supply and the 11 kΩ input resistance of the MS5800 data acquisition system
were also included in the analytical models [69]. The internal capacitances of the power
supply and data acquisition system were ignored for simplicity.

Figure 3-1: Equivalent circuit model for a driver-pickup eddy current probe. V1 and V2 are the power
supply voltage, and the output of the data acquisition system, respectively. 𝑹, 𝑳, and 𝓛 are the coil
resistance, self-inductance and lossy self-inductance, respectively. The subscripts d and p denote drive
and pickup coil, respectively. VREF is a reference voltage to offset the data chosen by the experimenter.
M and 𝓜 are the mutual and lossy mutual inductances between the two coils, respectively.

3.3 Characterization of Flat-Plate Samples
Grade 2 (commercially pure) titanium, Grade 5 6AL-4V titanium, copper, brass,
aluminum, and non-ferromagnetic SS316 stainless-steel sheets were used as samples to
validate the flat plate analytical and FEM models. These samples were specifically chosen
to give a large range of material resistivity (1.7 µΩ∙cm to 174 µΩ∙cm), and wall thickness
(1.2 mm to 6.59 mm) for the evaluation of the analytical model, and to simulate the target
PT (52 µΩ∙cm) and CT (74 µΩ∙cm) materials [11, 70]. Sample thicknesses were measured
using a standard ½” 5 MHz ultrasonic transducer [16] combined with ultrasonic inspection
equipment, manufactured by TecScan™. Ultrasonic measurements were calibrated against
plate edge thicknesses measured with a high precision ball micrometer. The electrical
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resistivities of some of the samples were measured using the four-point method. Thin bars
(~3 mm by ~3 mm by ~10 cm) were cut off of the samples. A Keithley 6221 current source
then injected a controlled DC current (-100 mA to 100 mA in steps of 20 mA) into the
offcut ends. The voltage across a known length was measured using a Keithley 2182A
nanovoltmeter. The electrical resistance of the bar across the fixed length was then
calculated from the slope of the measured voltage versus injected current (Ohm’s law). The
cross-sectional area A and length L of the bar were measured with a high accuracy ball
micrometer and a ruler, respectively. The resistivity ρ of the offcuts were calculated as
follows:
ρ=

𝑅𝐴
𝐿

(3-3)

The resistivities of the remaining flat plate samples were measured with a Nortec EC pencil
probe against known resistivity standards. The impedance plane display of the liftoff
profiles for calibration samples of known resistivity and the sample under investigation
were displayed on a NDT Nortec 19e Eddy Current Flaw Detector. The pencil probe was
operated at high frequencies (~10 kHz to 500 kHz) to eliminate the effect of the sample’s
wall thickness. The liftoff profiles (the trace made on an impedance plane display when the
probe’s liftoff is varied) of the different samples were then collected. The phase was rotated
such that the response to liftoff was in the horizontal direction of the impedance plane [11].
Interpolation between the vertical offsets (on the impedance plane display) of the measured
liftoff profiles of the known calibration samples provided a measurement of the target
sample’s resistivity [11]. A complete description of all the flat plate samples used to
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validate the analytical model over a particular frequency range are shown below in Table
3-1 and Table 3-2. Error analyses of the measured wall thicknesses and resisitivies
shown in Table 3-1 and Table 3-2 are included in Appendices A and B.

Table 3-1: An overview of the plate samples used to validate the model from 1.9 kHz to 16 kHz.

Sample

Description

A
B
C
D
E
F
G
H

Grade 5 Ti-6Al-4V
Grade 5 Ti-6Al-4V
Brass
Copper
(unknown
alloy)
Aluminum
SS-316 Stainless
Grade 5 Ti-6Al-4V
Titanium
Grade
2 Titanium

Thickness [mm]
to 2σ
3.80±0.08
4.26±0.08
3.30±0.04
1.65±0.04
4.85±0.02
1.20±0.01
4.64±0.01
3.18±0.01

As Measured Resistivity
[µΩ∙cm] at 20.0±0.5 ºC
174±2
174±2
6.0±0.5
1.7 3
5.0±0.5
74.5±0.7
174±2
54.0±0.5

Table 3-2: An overview of the plate samples used to validate the model from 0.6 kHz to 1.9 kHz.

Sample
1
2
3
4
5
6
7
8
9
10

Description
(unknown alloy)
(unknown
alloy)
Aluminum
Aluminum
Aluminum (2024-T3)
Aluminum (7075-T6)
Aluminum (6061-T6)
Brass (unknown alloy)
Brass (unknown alloy)
Copper
(unknown
alloy)
Copper
Aluminum

Thickness [mm]
to 2σ
6.54±0.01
1.26±0.01
3.17±0.01
3.12±0.01
3.12±0.01
4.64±0.01
3.27±0.01
6.59±0.01
1.63±0.01
4.81±0.01

100% IACS calibration standard
30% IACS calibration standard
5 32% IACS calibration standard
6 45% IACS calibration standard
3
4
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As Measured Resistivity
[µΩ∙cm] at 20.0±0.5 ºC
4.0±0.5
5.0±0.5
5.75 4
5.39 5
3.83 6
6.0 ± 0.5
6.0 ± 0.5
1.7 3
1.7 3
5.0 ± 0.5

3.4 Characterization of Tube Samples
Several offcuts of real PTs and a 1.43±0.05 mm thick, 129.1±0.1 mm inner diameter,
73.6±0.5 µΩ∙cm resistivity CT were used to simulate in-reactor conditions. The samples
listed in Table 3-3 were deliberately chosen to provide a range of wall thicknesses and
electrical resistivity that would be typical of actual pressure tubes. Error analyses of the
measured wall thicknesses and resisitivies shown in Table 3-3 are included in Appendices
A and C.
Table 3-3: An overview of the tube samples used to validate the real geometry analytical model. All
pressure tubes had a inner diameter of 103±1 mm. Samples were provided by Ontario Power
Generation (OPG®) and Canadian Nuclear Laboratories (CNL®).

Sample

Resistivity [µΩ∙cm]
±0.5 [µΩ∙cm]

Wall Thickness [mm]

#13
#1 Draw
#19
#18
#14
Autoclave
#12
#27
#Y832
#PT-01

53.6
53.6
53.9
52.0
52.2
51.7
56.9
50.8
51.6
51.7

4.05±0.03
5.29±0.05
(4.35-4.43)±0.03
(4.39-4.68)±0.07
3.95±0.01
4.57±0.05
4.00±0.05
(4.22-4.40)±0.03
4.09±0.05
(4.19-4.21)±0.05

st

As shown below in Figure 3-2 and Figure 3-3, the wall thicknesses of the PT samples
were measured at ~10° intervals around their circumference using the same UT
instrumentation and technique described in Section 3.3. The error analysis for the wall
thickness measurement is included in Appendix A.
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Figure 3-2: Circumferential measurement of the wall thickness of sample #18. Sample #18 has the
most extreme wall thickness variation observed in the pressure tube samples.

Figure 3-3: Circumferential measurement of the wall thickness of sample #27. Sample #27 has a
typical wall thickness variation compared to the other pressure tube samples.
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The resistivities of PT #13 through PT #27 in Table 3-3 were measured using the fourpoint method. The same procedure in Section 3.3 was used on ~3 mm thick rings that were
cut from the samples. The remaining sample resistivites were measured using an EC
technique. A two coil differential EC probe was inserted into each tube with a 100 kHz
excitation. Inside the body of the probe, a small piece of commercially pure titanium
(which has a similar resistivity to the PT material) was situated in front of one of the
coils, which effectively shielded the coil from the tube samples. The differential signal
between the coils was then fed into the MS5800 EC instrument. The resistivities
of the known samples (PT #13 through PT #27) were plotted against the measured
signal amplitude and a quadratic fit was applied to the data. The resistivities of samples
#Y832 and #PT-01 were then obtained by substituting their measured signal
amplitudes into the fitted function.
3.5 Eddy Current Measurement Procedure for Flat-Plate Samples
The gap profiles were measured by placing a stack of up to thirteen ~1 mm thick plastic
shims between the NP and FP to create a precise air gap. The shims were progressively
removed to measure the gap profile for the probe. The liftoff profiles were measured by
positioning the probe on top of a stack of up to thirteen plastic shims above the NP metal
sheet. The shims were progressively removed to change the relative probe liftoff over a
range of ~13 mm to 0 mm (contact with the near plate). For measurements with two plates,
it was convenient to null the EC instrument at nominal LO and infinite plate gap (no FP
present). For measurements on a single plate, it was convenient to null the probe at infinite
LO (no conductors present).
52

3.6 Eddy Current Measurement Procedure for Tube Samples
The probe was placed inside PT #13 and was nulled without the presence of a CT
(infinite gap). PT #13 was chosen for this purpose because it was machined to have a
uniform wall-thickness, which would ensure repeatable results. The CT was then added to
the system. The CT was then pushed away from the coils to develop the PT-CT gap profile.
The CT was then removed and the probe was re-nulled on PT #13 to mitigate the effect of
signal drift. PT #13 was removed from the experimental jig and another PT was then added.
The experimental procedure was then repeated for the remaining samples.
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Chapter 4

Model of Eddy Current Based Pressure Tube to Calandria Tube Gap
Measurement

A paper submitted to the 19th World Conference on Non-Destructive Testing, Munich,
Germany, June 13-17, 2016.

Mark S. Luloff 7, 8, Jordan Morelli 8, and Thomas W. Krause 7

Abstract—A Finite Element Method (FEM) model was used to simulate the
electromagnetic response of a transmit-receive coil pair in the presence of two parallel
plates separated by a gap. The work represents a first step to developing a comprehensive
model of eddy current based pressure tube to calandria tube gap measurement in
CANDU® nuclear reactors. The FEM model was used to characterize the effect of
variations in conductor resistivity, plate wall thickness and plate-to-plate gap. The model
was compared with

laboratory

measurements

performed

on

a

variety

of

nonferromagentic conducting plates. Good qualitative agreement between the FEM
model and experimental data was observed across a large range of resistivity (1.7 to 174
⋅Ωµcm), conductor wall thickness,
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probe liftoff, and frequency of excitation, a first step in modelling eddy current response
to variations in pressure tube to calandria tube gap.
4.1 Introduction
In recent years there has been an increased demand for validated Finite Element Method
(FEM) models of eddy current (EC) probes to meet life management requirements of
layered conductive components in aging petrochemical, nuclear and aerospace components
[16, 17, 18]. This is the case for the fuel channels of CANDU® nuclear power plants. Each
of the ~400 fuel channels is made up of a six meter long Zr 2.5% Nb Pressure Tube (PT)
that contains 12 nuclear fuel bundles [3]. The PT is contained within a larger diameter Zr2 Calandria Tube (CT) [3]. A gas annulus is maintained between the PT and CT by four
spacers located at ~1 m intervals along the channel [3]. Monitoring is required in order to
avoid contact conditions, which may result in delayed hydride cracking of the PT [8].
Although EC testing using a transmit-receive probe (two horizontally offset coils) has
proven to be effective for in-reactor inspection, multiple experimental parameters such as
probe liftoff, PT resistivity, and PT Wall thickness (WT) can affect the EC-based PT-CT
gap measurement [17]. While the PT WT can be measured by ultrasonic techniques [10],
there is no known procedure to obtain a direct measurement of the probe liftoff, and PT
resistivity. Therefore, a rigorous model is required to perform a sensitivity analysis of these
variables on gap measurement [7]. To date, no one has developed and validated a FEM
model using experimental data that addresses these variables.
Mathematical models using the well-known Dodd and Deeds [19, 1, 2] solutions have
been employed by Shokralla et al. [17, 46] for this purpose. As shown in Figure 4-1, the
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analytical solutions were simplified by approximating the PT and CT as two infinite planar
sheets. The simulated PT and CT are denoted as the near-plate (NP) and the far-plate (FP),
respectively. This geometric approximation of the fuel channel can be made because the
coils, which are separated by ~11 mm are positioned ~2 mm away from the inner diameter
face of the PT. Therefore, the relative radius of the PT and CT as seen by the coils is large
in comparison to the coil-to-coil spacing and the dimensions of the coils [17]. From
Shokralla et. al. [17, 46] the validity of this approximation on the total amplitude response
has been confirmed experimentally for excitation frequencies greater than 4 kHz [17].

Figure 4-1: A cross-sectional view of the eddy current probe below a conducting layered structure. LO
is the probe liftoff. In the case of a CANDU® fuel channel, the near-plate is the pressure tube and the
far-plate is the calandria tube. S is the coil-to-coil spacing, while WTNP and WTFP are the near and far
plate wall thickness, respectively.

However, the main weakness of the analytical model is that the transmit-receive coil
was approximated as a reflection probe (a concentric coil pair) [17]. As shown in Figure
4-2, the non-coaxial pickup coil was approximated as two concentric pickup coils, whose
cross-sectional areas overlap the cross-sections of the actual pickup coil. Furthermore, it
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was assumed that the coil was excited with a constant amplitude current source rather than
a constant amplitude voltage excitation, which is the actual physical condition. Therefore,
a FEM model may be used to overcome the limitations of the analytical solutions.

Figure 4-2: Section view showing the geometric approximation of the probe made by Shokralla et. al
[17, 46] (left) and the actual probe geometry (right). Image is not to scale.

The finite element model described in this paper solves the boundary problem directly
and circumvents the limitations of existing analytical solutions [17, 46]. Therefore, this
new model can be used to accurately model a wide range of non-destructive testing
applications in the nuclear, oil and aerospace industries, with the particular target of PTCT gap measurement in CANDU® fuel channels. The model is validated using a Near Plate
(NP) to simulate the PT and a series of Far Plates (FPs), simulating the CT, over two orders
of magnitude of resistivity.
4.2 COMSOL® Multi-physics Model
A COMSOL® version 5.1 FEM model was developed using the Magnetic Fields (mf)
and the Electrical Circuit (cir) interfaces. The model utilized two-fold symmetry by
applying a magnetic insulation boundary condition to the plane of symmetry, which cuts
through the centre of both coils. This significantly reduced the required computational
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resources without a loss of accuracy. To reduce the computational cost, linear instead of
quadratic elements were used. One of the major challenges with FEM models is that a
changing geometry (and therefore a changing mesh) will introduce numerical errors. As
shown in Figure 4-3, a stack of far plates was created and a material sweep set a desired
plate to have the material properties of the far plate and the remaining plates to have the
material properties of air. In this way, the material sweep was designed to change the plateto-plate gap without changing the mesh. The drive and pickup coils were connected
electrically in series with 100 Ω and 11 kΩ resistors to account for the input impedances
of the eddy current instrument [69].

Figure 4-3: A screenshot of the COMSOL® model showing the “stacked” approach to modelling the
variable NP-FP gap. In the case of a CANDU® fuel channel, the near-plate is the pressure tube and the
far-plate is the calandria tube.

4.3 Experiment Technique
The following section describes the experimental apparatus and procedures used to take
measurements of the EC PT-CT gap profile. These measurements were performed with
multiple samples of different conductivity simulating the PT (Near Plate) and CT (Far
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Plate) to rigorously test the FEM model over a large range of electrical resistivity and
conductor WT.
4.3.1 Sample Characterization
Eight metal sheets consisting of pure copper, brass, aluminum, non-ferromagnetic SS316 stainless-steel and Grade 5 6AL-4V Titanium were used for the Far Plate (FP) of the
conducting layered structure. The Near Plate (NP) was a sheet of grade 2 (commercially
pure) titanium. The FP samples were specifically chosen to give a large range of material
resistivity and wall thickness for the evaluation of the FEM model. The thicknesses of the
samples were measured with a standard ultrasonic technique using a ½” 5 MHz ultrasonic
transducer [71] and a TecScan™ ultrasonic inspection equipment. Ultrasonic
measurements were calibrated against plate edge thicknesses measured with a high
precision ball micrometer.
The resistivities of the samples were measured with a Nortec EC pencil probe against
known resistivity standards. The liftoff profiles for calibration samples of known resistivity
and the sample under investigation were displayed on a NDT Nortec 19e Eddy Current
Flaw Detector. The pencil probe was operated at high frequencies (~10 kHz-500 kHz) to
eliminate the effect of the sample’s finite wall thickness. The liftoff profiles (the trace made
on an impedance plane display when the probe’s liftoff is varied) of the different samples
were collected. The phase was rotated such that the effect of liftoff was contained in the
horizontal direction of the impedance plane display [11]. As the samples were nonferromagnetic, the vertical offset between the measured liftoff profiles of different samples
was attributed to their relative differences in electrical resistivity [11]. Interpolation
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between the vertical offsets of the liftoff profiles of the known calibration samples provided
the measurement of an unknown sample’s resistivity [11].

Table 4-1: An overview of the physical and electromagnetic properties of the test samples.

9

Sample

Description

Thickness [mm]
to 2σ

As Measured
Resistivity [µΩ∙cm]
at 20.0±0.5 ºC

I

Grade 5 Titanium

3.80±0.08

174±2

II

Grade 5 Titanium

4.26±0.08

174±2

III

Brass
(unknown alloy)

3.30±0.04

6.0±0.5

IV

Copper

1.65±0.04

1.7 9

V

Aluminum
(unknown alloy)

4.85±0.02

4.6±0.5

VI

SS-316 Stainless Steel

1.20±0.01

74.5±0.7

VII

Grade 5 Titanium

4.64±0.01

174±2

VIII

Brass
(unknown alloy)

3.23±0.08

6.0±0.5

IX

Grade 2 Titanium

3.18±0.01

53.9±0.5

Matched a 100% IACS calibration standard
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4.3.2 Plate Gap Measurements for Different Far Plate Samples
The probe was fixed to Sample IX (Grade 2 Titanium) to simulate the NP. It should be
noted that the electrical resistivity of commercially pure titanium is similar to PT material,
which has a nominal resistivity of ~54 µΩ∙cm. Similarly, Sample VI (SS-316) has a similar
WT and resistivity of a real CT. The near-plate was separated from the FP by (up to
thirteen) 1.02±0.05 mm thick plastic shims to create a precise air gap. The shims were
progressively removed to measure the plate gap profile for the probe. As the gain settings
of the eddy current instrument were unknown, the FEM model calculations were matched
to the experimental data using two calibration pieces. First, the FEM model prediction of
zero gap was scaled to match the experimental measurement with Sample IV (copper) as
the FP. Sample IV was chosen as its gap profile has the largest amplitude response. The
phase angle was then adjusted to match the predicted and measured gap profile with
Sample VI as the FP. Sample VI was chosen for this purpose as the match with experiment
is highly sensitive to the chosen phase angle.
4.4 Results
As shown in Figure 4-4 and Figure 4-5, good qualitative agreement is observed between
the experimental data and FEM model over large variations of far-plate resistivity, far-plate
WT, and probe LO. It is notable that the resistivity of the far-plate varies over two orders
of magnitude (1.7-174 cm). However, it is apparent that there exists a phase
discrepancy between the FEM results and the experimental data. In this case it is possible
that the mesh was insufficient to accurately model the depth of penetration into the far61

plate over the large range of gap and far-plate resistivity explored in this model. Other
sources of error include the inability to accurately measure some of the probe dimensions
(especially the coil-to-coil separation and absolute coil liftoffs), and measurement errors in
the sample’s resistivity.
The FEM model provides a means of simulating the eddy current measurement of
pressure tube to calandria tube gap as two layered plates. This model will be examined in
future work with a comparison to experimental data under variable gap conditions in the
real curved PT and CT geometry.

Figure 4-4: An impedance plane display of the experimental data and finite element predictions. A
close-up of the experimental data from Samples II,III and VI are shown in Figure 4-5 at 4 kHz. Plate
gap increases from left to right.
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Figure 4-5: A close up of the impedance plane display for Samples II, III and VI at 4 kHz. Plate gap
increases from left to right.

4.5 Conclusions
The FEM model described in this paper simulates a non-coaxial, transmit-receive EC
probe in layered planar geometry consisting of two non-ferromagnetic parallel plates.
These parallel plates simulate the pressure tube (near plate) to calandria tube (far plate) gap
condition in the fuel channels of CANDU® nuclear reactors for the case of a closely spaced
transmit-receive coil pair. It was found that the FEM model yields a good shape agreement
with experimental data. A small phase discrepancy is attributed to the inability to
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accurately measure some of the probe dimensions. This agreement provides validation of
the model over a large range of far plate wall thicknesses (1.20 to 4.85 mm), far plate
resistivities (1.7 µΩ∙cm to 174 µΩ∙cm) and probe liftoff (contact to essentially infinite).
The apparent discrepancies between the FEM model and experimental results motivate the
examination of analytical-based models.
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Chapter 5

Solution for a Transmit-Receive Eddy Current Probe Above a Layered
Planar Conductive Structure

A paper submitted to the Journal of Non-Destructive Testing and Evaluation (NDT &E)
on June 6th 2016 with pending revisions.

Mark S. Luloff 10, 11, Daniel Desjardins 10, Jordan Morelli 11, and Thomas W. Krause 10

Abstract—Exact solutions for the electromagnetic response of a transmit-receive coil
pair situated above two parallel plates that are separated by a gap have been developed.
The analytical model was used to characterize the effect of variations in probe liftoff,
conductor resistivity, plate wall thickness, and plate-to-plate gap. Closed-form solutions
were obtained by applying Graf’s addition theorem for Bessel functions to simplify
expressions without a loss of numerical accuracy. In this manner, all electromagnetic
coupling coefficients arising from the probe and layered plate conductors could be
determined and substituted into Kirchhoff’s circuit equations to calculate the induced
voltage in the pickup coil. Excellent agreement with experiment was observed for differing
first layer plates (54 µΩ∙cm and 174 µΩ∙cm), second layer plates (1.7 to 174 µΩ∙cm), plate
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wall thickness (~1 to 5 mm), probe liftoff (0 mm to 12 mm), and frequency of excitation
(1.9 to 16 kHz), providing confidence in the general validity of the model.
5.1 Introduction
In recent years there has been an increased demand for analytical models of Eddy
Current (EC) probes to meet life cycle management requirements of layered conductive
components in aging petrochemical, nuclear and aerospace facilities [16, 17, 18]. The
motivation for this paper was to model the response of a transmit-receive EC probe used
to monitor the gap between Pressure Tubes (PTs) and Calandria Tubes (CTs) (within which
the PTs are contained) of CANDU® fuel channels. The PT-CT gap requires monitoring to
avoid contact conditions, which may result in delayed hydride cracking of the PT [7, 8].
Although EC testing using a transmit-receive probe (two horizontally offset coils) has
proven to be effective for in-reactor inspection, multiple experimental parameters such as
probe liftoff, PT resistivity and Wall Thickness (WT) can affect the EC-based PT-CT gap
measurement [17]. While PT WT can be measured by ultrasonic techniques [10], probe
liftoff and PT resistivity cannot be directly measured by existing experimental procedures,
and may cause systematic errors in the gap measurement. The development of a rigorous
mathematical model is a first step in developing techniques to perform simultaneous multiparameter measurements [7, 72]. As a first step, Shokralla et al. [17, 46] recently developed
a mathematical model using analytic solutions derived by Dodd and Deeds [19, 1, 2]. The
solutions were simplified by approximating the PT and CT as two infinite planar sheets
[17]. The simulated PT and CT are denoted as the near-plate (NP) and far-plate (FP),
respectively. The transmit-receive coils were spaced ~11 mm apart and were ~2 mm above
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the inner diameter of the PT, respectively. A cross-section of the transmit-receive probe
and simulated fuel channel is shown in Figure 5-1.

Figure 5-1: Cross-sectional view of the eddy current probe above a conducting layered structure. Zone
I is air, Zone II is the near plate, Zone III is the air gap between near plate and far plate, Zone IV is
the far plate and Zone V is air. S is the coil-to-coil spacing, while WTNP and WTFP are the near and far
plate wall thickness, respectively.

The ~51 mm radius of the PT was large relative to the coil-to-coil spacing. Therefore,
the PT and CT (~64.5 mm radius) could be approximated as a layered planar structure [17].
Shokralla et al. [17] confirmed the validity of this approximation on the total amplitude
response, measured experimentally, for excitation frequencies greater than 4 kHz.
However, this model treated the non-coaxial transmit-receive configuration as a series of
axially-concentric coils. The pickup coil was approximated by two concentric pickup coils,
with cross-sectional areas overlapping the cross-sections of the actual pickup coil [17]. The
signal difference between the concentric pickup coils was calculated, and normalized by
the ratio of the coil-pair volume to the volume of the actual pickup coil [17].
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In 2004, Burke et al. [73] developed the exact solution for the mutual inductance in a
transmit-receive probe above a conductive plate and in air. This solution may be expanded
for a multilayered plate structure following Luquire et al. [74]. Conway [75] independently
reproduced Burke et al.’s [73] solution for a transmit-receive coil in air. Theodoulidis et
al. [27] recently generalized Burke et al.’s [73] solutions for coils at arbitrary positions and
orientations relative to the conductive plate. However, the solutions of Dodd and Deeds
[19, 1, 2], Burke et al. [73], and Theodoulidis et al. [27] only consider open-circuit pickup
coils and a constant amplitude drive coil current. Shokralla et al. [17] also used these
assumptions. Actual EC based measurements are performed under applied time harmonic
voltages (voltage control) with finite coil impedances. As explained in Section 5.2, under
these conditions the constant amplitude alternating current assumption is no longer valid
as the coil source currents are affected by electromagnetic feedback between the coils and
the conducting fuel channel components. Therefore, exact solutions to the coupled
differential equations that describe the electromagnetic interactions between coils and
sample would provide a further refinement of the analytical estimates.
The intrinsic limitations of Shokralla et al.’s model [17], that of a concentric driver
pick-up coil configuration and a constant amplitude current excitation of the drive coil, as
based on Dodd and Deeds solutions [19, 1, 2] have been overcome by the exact analytical
solutions developed in this paper. This was achieved by using a more general model
derived by Desjardins et al. [13, 14], which accounts for all feedback effects present for
a voltage-controlled probe with finite coil impedances. Desjardins et al. [13, 14] validated
these solutions experimentally for a concentric driver-pickup probe encircling a
ferromagnetic tube. Similarly, the model presented in this paper inserts the layered plate
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reflection coefficient from Dodd and Deeds [19] into the Bessel function integral from
Conway’s [75, 76] and Burke et al.’s [73] solution for the mutual inductance of a transmitreceive probe, and the general model of Desjardins et al. [13, 14]. This integral solution,
which only requires computation of one inverse integral for upright coplanar coils, is a
special case of the more general double integral solution by Theodoulidis et al. [27]. This
new model, which does not make any additional assumptions of coil geometries, was found
to be in excellent agreement with experimental data over a broad range of tested physical
parameters. This validation further supports the generality of the voltage-controlled model
developed by Desjardins et al. [13, 14].
5.2 Theory
5.2.1 Application of Desjardins’ et. al General Model to Layered Planar Geometries

As stated above, the transmit-receive probe consists of non-coaxial drive and pickup
coils. A time-harmonic voltage is applied to the drive coil, which generates a time-varying
magnetic field and induces eddy currents in the nearby conducting structures [14]. As
shown in Figure 5-2, there are up to six modes of inductive coupling present in the
configuration of a transmit-receive probe above a conducting plane, when the drive and
pickup coils are assumed not to be in an open-circuit configuration and the drive coil is
excited by a voltage source [14].
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a)

b)

Figure 5-2: A visual representation showing all electromagnetic interactions as addressed by (a) Dodd
and Deeds’ [19, 1, 2] model assuming a constant amplitude drive coil current and (b) the general model
developed by Desjardins et al. [13, 14].

From Faraday’s law, an electromotive force (emf) is induced in the drive and pickup
coils from the changing magnetic flux arising from the drive coil source current. These
forms of electromagnetic coupling are mathematically described as the self-inductance L
and mutual inductance M of the probe [14, 12]. The self and mutual inductances are only
dependent on the coil dimensions and relative spacing. Furthermore, the time-dependent
magnetic field generated by the coils induces eddy currents in the conducting structure.
These ECs generate an opposing magnetic field that produces an additional emf in both
coils as per Lenz’s law [12]. A lossy self-inductance ℒ is generated by the coil coupling to
the ECs it generates [13, 14]. Similarly, a lossy-mutual inductance ℳ is generated when a
coil couples to the ECs generated by a neighbouring coil [13, 14]. These lossy terms are
complex-valued, frequency-dependent coefficients, that may be obtained by solving the
boundary conditions imposed by the conductive structure [13, 14]. As shown in Figure 5-2,
the assumptions required by Dodd and Deeds’ model [19, 1, 2] eliminate four of the six
modes of electromagnetic coupling, thereby limiting the complete representation of
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experimental conditions. For the probe in this work, the lossy self-inductance of the drive
coil is a major contributor to the pickup coil signal under voltage control conditions [13,
14] for frequencies greater than 2 kHz. The lossy self-inductance of the pickup coil has a
smaller (but measurable) effect as the pickup coil has a large resistance and is electrically
connected to the large input resistance of the data acquisition system. The induced timedependent emf 𝜀𝑑,𝑝 from all six inductive modes present for the two coil system is
mathematically described as follows [14]. The subscripts d and p denote the drive and
pickup coil, respectively.
𝑅′𝑑 𝑖𝑑 (𝑡) = 𝑣𝑒𝑥 (𝑡) + 𝜀𝑑 (𝑡)

(5-1)

𝑅′𝑝 𝑖𝑝 (𝑡) = 𝜀𝑝 (𝑡)

(5-2)

Where 𝑅𝑑′ and 𝑅𝑝′ are the effective resistances of the drive and pickup coil, respectively.
𝑅𝑑′ is the sum of the drive coil resistance and the input resistance of the power supply (100
Ω) that excites the drive coil, and 𝑅𝑝′ is the sum of the pickup coil resistance and the input
resistance of the data acquisition system (11 kΩ). 𝑖𝑑,𝑝 (𝑡) is the time-dependent current.
From Desjardins et al. [13, 14], the emf in the drive and pickup coils were obtained by
applying Faraday’s Law to Eqns. (5-1)-(5-2) and then solving the boundary value problem
for the Magnetic Vector Potential Impulse Response (MVPIR) function 𝐴̂𝑑,𝑝 (𝑟, 𝑧, 𝑡). As
shown below, the total MVPIR in the region of air containing the coils is the sum of the
unit impulse responses arising from the coils 𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) and the ECs 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡):
𝐴̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) = 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) + 𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) = 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) + 𝜓̂𝑑,𝑝 (𝑟, 𝑧)𝛿(𝑡)
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(5-3)

Where 𝛿( ) is the Dirac delta function. As shown in the following sections, the MVPIR
functions are used to calculate the ℒ and ℳ terms. The solution for ℒ can be found in [13,
14], but Conway’s solutions [75, 76] are required to calculate ℳ.
5.2.2 Calculation of the Magnetic Vector Potential Impulse Response Function
The impulse response of the coils 𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝑡), was derived from Conway’s solutions
for the mutual inductance between two horizontally offset coplanar coils [75, 76]. The
magnetic vector potential 𝑨𝜹 (𝑟, 𝑧, 𝑡) produced by a Dirac-coil (an infinitesimally thin ring
of current) of radius R, is shown below [75, 76]:
𝑨𝜹 (𝑟, 𝑧, 𝑡) = 𝑖(𝑡)

𝜇
𝒅𝒓′
∮
4𝜋 |𝒓 − 𝒓′|

(5-4)

Where 𝒓 and 𝒓′ are vectors that point to an observation point and a point on the Dirac-coil,
respectively. From [76], Eqn. (5-4) can be expressed as an infinite integral of Bessel
functions:
𝜇 ∞
𝑨𝜹 (𝑟, 𝑧, 𝑡) = 𝑖(𝑡) ∫ 𝑅 𝐽1 (𝛾𝑅) 𝐽1 (𝛾𝑟) 𝑒 −𝛾|𝑧−𝑧′| 𝑑𝛾
2 0

(5-5)

As shown below, 𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) can be solved by substituting 𝑖(𝑡) for 𝛿(𝑡) and taking the
integral sum of all the Dirac-delta contributions over the volume of the coil and then by
multiplying the term by the appropriate turn density. The turn density is the ratio of the
number of coil windings to the cross-sectional area.
𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) =

𝜇 𝛿(𝑡) 𝑁𝑑,𝑝
2𝐻𝑑,𝑝 (𝑂𝑅𝑑,𝑝 − 𝐼𝑅𝑑,𝑝 )

∞

∫
0

[∫

𝑂𝑅𝑑,𝑝

𝐼𝑅𝑑,𝑝

𝑅 𝐽1 (𝛾𝑅) 𝑑𝑅 ∫

−𝐿𝑂

−𝐿𝑂−𝐻𝑑,𝑝

′

𝐽1 (𝛾𝑟)𝑒 −𝛾|𝑧−𝑧 | 𝑑𝑧 ′ ] 𝑑𝛾

(5-6)

Taking the Fourier Transform and comparing Eqn. (5-6) to the inverse Hankel Transform,
𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝜔) can be transformed into 𝛾 space as (5-7) as shown below:
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𝜓̂𝑑,𝑝 (𝛾, 𝑧, 𝜔)
=

𝜇 𝑁𝑑,𝑝
𝐻𝑑,𝑝 (𝑂𝑅𝑑,𝑝 − 𝐼𝑅𝑑,𝑝 ) 2𝛾

[∫

𝑂𝑅𝑑,𝑝

𝐼𝑅𝑑,𝑝

𝑅 𝐽1 (𝛾𝑅) 𝑑𝑅 ∫

−𝐿𝑂

′

𝑒 −𝛾|𝑧−𝑧 | 𝑑𝑧 ′ ]

(5-7)

−𝐿𝑂−𝐻𝑑,𝑝

̂ 𝑑,𝑝 (𝑟, 𝑧, 𝑡) was calculated from the boundary value
The MVPIR arising from the ECs, 𝜩
problem imposed by the conducting layered structure and the position of the coils. For
excitations at low frequencies (<<108 Hz) the quasi-static approximation may be applied
to the magnetic vector potential equation [19].
∇2 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) = 𝜇𝜎

𝑑
𝛯̂ (𝑟, 𝑧, 𝑡)
𝑑𝑡 𝑑,𝑝

(5-8)

For axially-symmetric geometries, Eqn. (5-8) can be rewritten in cylindrical coordinates as
shown below [13, 14]:
(

𝜕2
𝜕2 1 𝜕
1
𝑑
+
+
− 2 ) 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) = 𝜇𝜎 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡)
2
2
𝜕𝑧
𝜕𝑟
𝑟 𝜕𝑟 𝑟
𝑑𝑡

(5-9)

Eqn. (5-9) is simplified into Eqn. (5-10) by applying the Fourier transform in t and the
Hankel transform in r [19].
𝜕2
𝛯̂ (𝛾, 𝑧, 𝜔) = (𝜇𝜎𝑗𝜔 + 𝛾 2 )𝛯̂𝑑,𝑝 (𝛾, 𝑧, 𝜔)
𝜕𝑧 2 𝑑,𝑝

(5-10)

Where 𝜔 and 𝛾 are the transformed variables of t and r, respectively. The general solution
to Eqn. (5-10) is obtained below. 𝐵 (1) (𝛾, 𝜔) and 𝐵 (2) (𝛾, 𝜔) are unknown constants and Λ
is the separation constant [19]:
𝛯̂𝑑,𝑝 (𝛾, 𝑧, 𝜔) = 𝐵 (1) (𝛾, 𝜔)𝑒 𝛬𝑧 + 𝐵 (2) (𝛾, 𝜔)𝑒 −𝛬𝑧

(5-11)

𝛬 = √𝜇𝜎𝑗𝜔 + 𝛾 2

(5-12)

Eqns. (5-11)-(5-12) can be used to develop a system of equations to model the layered
conducting structure. The final results are shown below in in Table 5-1. A map of these
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zones is included in Figure 5-1. Physical boundary conditions were also applied to the
magnetic vector potential in Zones I and V to ensure convergence as z approaches positive
and negative infinity, respectively. In Zones II-V, 𝐴̂𝑑,𝑝 (𝛾, 𝑧, 𝜔) is completely described by
𝛯̂𝑑,𝑝 (𝛾, 𝑧, 𝜔). However, in Zone I the excitation from a particular coil 𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝜔) must
be added [14] to account for the presence of the coil.

Table 5-1: The solutions to Eqn. (5-10) in each zone (see Figure 5-1) for a particular coil.

Zone

Eddy Current Impulse Response Function

I

(1)
𝐴̂𝑑,𝑝 (𝛾, 𝑧, 𝜔) = 𝐵𝐼 (𝛾, 𝜔)𝑒 𝛾𝑧 + 𝜓̂𝑑,𝑝 (𝛾, 𝑧, 𝜔)

(5-13)

II

2
2
(1)
(2)
𝐴̂𝑑,𝑝 (𝛾, 𝑧, 𝜔) = 𝐵𝐼𝐼 (𝛾, 𝜔)𝑒 √𝜇0 𝜎𝑁𝑃 𝑗𝜔+𝛾 𝑧 + 𝐵𝐼𝐼 (𝛾, 𝜔)𝑒 −√𝜇0𝜎𝑁𝑃 𝑗𝜔+𝛾 𝑧

(5-14)

III

(1)
(2)
𝐴̂𝑑,𝑝 (𝛾, 𝑧, 𝜔) = 𝐵𝐼𝐼𝐼 (𝛾, 𝜔)𝑒 𝛾𝑧 + 𝐵𝐼𝐼𝐼 (𝛾, 𝜔)𝑒 −𝛾𝑧

(5-15)

IV

2
2
(1)
(2)
𝐴̂𝑑,𝑝 (𝛾, 𝑧, 𝜔) = 𝐵𝐼𝑉 (𝛾, 𝜔)𝑒 √𝜇0 𝜎𝐹𝑃 𝑗𝜔+𝛾 𝑧 + 𝐵𝐼𝑉 (𝛾, 𝜔)𝑒 −√𝜇0 𝜎𝐹𝑃 𝑗𝜔+𝛾 𝑧

(5-16)

V

(1)
𝐴̂𝑑,𝑝 (𝛾, 𝑧, 𝜔) = 𝐵𝑉 (𝛾, 𝜔)𝑒 −𝛾𝑧

(5-17)

The unknown coefficients in Eqns. (5-13)-(5-17) can be solved by applying the
horizontal planar boundary conditions shown in Eqn. (5-18)-(5-19) and solving at the
interfaces shown in Table 5-2. To streamline this process, a Maple® 18 [64] script was used
to calculate all the B coefficients.
𝐴̂𝑖 |𝑧=𝑍
1 𝑑𝐴̂𝑖
|
𝜇𝑖 𝑑𝑧 𝑧=𝑧

𝑖→𝑖+1

= 𝐴̂𝑖+1 |𝑧=𝑍

=
𝑖→𝑖+1

1 𝑑𝐴̂𝑖+1
|
𝜇𝑖+1 𝑑𝑧 𝑧=𝑧
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(5-18)

𝑖→𝑖+1

𝑖→𝑖+1

(5-19)

Where 𝑧𝑖→𝑖+1 is the location of the interface between consecutive zones shown in Figure
(1)
5-1 and Table 5-2. With all the unknown coefficients solved, 𝐵𝑑 (𝛾, 𝜔) is used to solve
(1)
for ℒ𝑑,𝑝 and ℳ. It should be noted that the expression for 𝐵𝑑 (𝛾, 𝜔) is not shown here due

to its large size (~100 pages).

Table 5-2: List of interfaces with boundary conditions for equations given in Table 5-1. The zones are
defined in Figure 5-1.

Interface

Position z [Arb.units]

I-II
II-III

𝑧=0
𝑧 = 𝑊𝑇𝑁𝑃

(5-20)
(5-21)

III-IV

𝑧 = 𝑊𝑇𝑁𝑃 + 𝐺𝐴𝑃

(5-22)

IV-V

𝑧 = 𝑊𝑇𝑁𝑃 + 𝐺𝐴𝑃 + 𝑊𝑇𝐹𝑃

(5-23)

5.3 Calculation of Lossy Kirchhoff Coefficients
̂ 𝑑,𝑝 (𝛾, 𝑧, 𝜔) known, all the lossy Kirchhoff coefficients of the
With 𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) and 𝜩
coils can be solved. From Desjardins et al. [14], the lossy self-inductances are given as
follows.
ℒ𝑑,𝑝 (𝜔)
=

∞

2𝜋𝑁𝑑,𝑝
𝐻𝑑,𝑝 (𝑂𝑅𝑑,𝑝 − 𝐼𝑅𝑑,𝑝 )

∫ [∫
0

𝑂𝑅𝑑,𝑝

𝐼𝑅𝑑,𝑝

−𝐿𝑂

𝑟𝛾 𝐽1(𝛾𝑟) 𝑑𝑟∫

−𝐿𝑂−𝐻𝑑,𝑝

𝛯̂𝑑,𝑝 (𝛾, 𝑧, 𝜔)𝑑𝑧] 𝑑𝛾

(5-24)

The lossy mutual inductance ℳ𝛿 between the drive coil and a horizontally offset Dirac coil
current loop 𝐶𝑝 of radius 𝑅𝑝 shown in Figure 5-3 is given by:
̂ 𝒅 (𝒓𝒑 , 𝑧, 𝜔) ∙ 𝑑𝒓𝒑
ℳ𝛿 = ∮ 𝜩
𝐶𝑝
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(5-25)

Figure 5-3: The geometry for Graf’s addition theorem for the calculation of the lossy mutual
inductance. The drive coil, whose axis is centered at the origin, is not shown. 𝐫 and 𝛟 are the radial
coordinate and the azimuthal coordinate expressed in the drive coil’s frame of reference. 𝛟′ is the
azimuthal component expressed in the pickup coil’s frame of reference. 𝐑 𝐩 is the radius of the Dirac
coil 𝐂𝐩, and 𝐒 is the horizontal offset between the drive and pickup coil.

Here 𝜩
̂ 𝒅(𝒓𝒑, 𝑧, 𝜔) = 𝛯̂𝑑 (𝒓𝒑, 𝑧, 𝜔)𝒂
̂𝝓, 𝒓𝒑 is a vector that points to a location on the Dirac
coil 𝐶𝑝 and 𝑑𝒓𝒑 is an infinitesimal line element on 𝐶𝑝 . The total lossy mutual inductance
between the coils is derived by taking the integral sum of Eqn. 5-26 over the volume of the
pickup coil 𝑉𝑝 [13, 14, 75, 76] and multiplying this result by the turns density of the pickup
coil.
∞

𝑁𝑝
ℳ=
∯ ∫ 𝛯̂𝑑 (𝛾, 𝑧, 𝜔) 𝛾 𝐽1 (𝛾𝑟)𝑑𝛾 𝑑𝑟𝑑𝑧
𝐻𝑝 (𝑂𝑅𝑝 − 𝐼𝑅𝑝 ) 𝑉𝑝
0

∞ 2𝜋 𝑂𝑅𝑝
−𝐿𝑂
𝑁𝑝
ℳ=
∫ ∫ ∫
[∫
𝛯̂𝑑 (𝛾, 𝑧, 𝜔) 𝑑𝑧
𝐻𝑝 (𝑂𝑅𝑝 − 𝐼𝑅𝑝 ) 0 0 𝐼𝑅𝑝
−𝐿𝑂−𝐻𝑝
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(5-26)

(5-27)

∙ 𝛾 𝐽1 (𝛾√𝑆 2 + 𝑅𝑝2 − 2𝑝𝑅𝑝 cos(𝜙′)) cos(𝜓)𝑅𝑝 ] 𝑑𝑅𝑝 𝑑𝜙′ 𝑑𝛾
The variables in Eqn. (5-27) are defined in Figure 5-3. From [75, 76], the integral with
respect to 𝜙′ in Eqn. (5-27) is highly oscillatory. To address this issue, one may express
Eqn. (5-27) as a Fourier series in 𝜙′ using Graf’s addition theorem, shown below [75, 76]:
cos(𝜓) 𝐽1 (𝛾√𝑆 2 + 𝑅𝑝2 − 2𝑆𝑅𝑝 cos(𝜙′))
∞

(5-28)

= 𝐽1 (𝛾𝑅𝑝 ) 𝐽0 (𝛾𝑆) + 2 ∑ 𝐽𝑚+1 ( 𝛾𝑅𝑝 ) 𝐽𝑚 (𝛾𝑆) cos(𝑚𝜙′)
𝑚=1

Integrating over 𝜙′, the infinite series term equates to zero and therefore Eqn. (5-27) is
simplified as [75, 76]:
ℳ=

∞

2𝜋𝑁𝑝
𝐻𝑝 (𝑂𝑅𝑝 − 𝐼𝑅𝑝 )

∫ [∫
0

𝑂𝑅𝑝

𝐼𝑅𝑝

𝑅𝑝 𝛾 𝐽0 (𝛾𝑆) 𝐽1 (𝛾𝑅𝑝 )𝑑𝑅𝑝 ∫

−𝐿𝑂

−𝐿𝑂−𝐻𝑝

𝛯̂𝑑 (𝛾, 𝑧, 𝜔)𝑑𝑧] 𝑑𝛾

(5-29)

A more general solution for ℳ, which is valid for arbitrary positions and orientations of
the drive and pickup coils above a conductive planar structure is found in [27]. Expressions
for the (normal) self-inductance L and mutual inductance M for horizontally separated coils
can be found in [75, 76, 73]. The emf induced in the pickup coil 𝜀𝑝 for an arbitrary
excitation 𝑉𝑒𝑥 (𝜔) can be solved as follows [14]:
𝜀𝑝 (𝜔) = R p Ip (ω) = 𝑅𝑝

𝑗𝜔(𝑀 + ℳ)𝑉𝑒𝑥 (𝜔)
(𝑅𝑑 + 𝑗𝜔(𝐿𝑑 + ℒ𝑑 )) (𝑅𝑝 + 𝑗𝜔(𝐿𝑝 + ℒ𝑝 )) + 𝜔 2 (𝑀 + ℳ)2

(5-30)

It should be noted that when the pickup coil is in an open circuit configuration, the
electromagnetic coupling modes represented by ℒ𝑝 and L𝑝 in Figure 5-2b are suppressed
and therefore the emf in the pickup coil can be represented by Eqn. (5-31) [14].
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𝜀𝑝 (𝜔) =

𝑗𝜔(𝑀 + ℳ)𝑉𝑒𝑥 (𝜔)
𝑅𝑑 + 𝑗𝜔(𝐿𝑑 + ℒ𝑑 )

(5-31)

5.4 COMSOL® Multi-Physics Model
A COMSOL® version 5.1 FEM model was developed using the Magnetic Fields (mf)
and the Electrical Circuit (cir) interfaces to validate the analytical model. The model
utilized two-fold symmetry by applying a magnetic insulation boundary condition to the
plane of symmetry, which cuts through the center of both coils. This significantly reduced
the required computational resources without a loss of accuracy. To further reduce the
computational cost, linear instead of quadratic elements were applied. One of the major
challenges with FEM models is that a changing geometry (and thus a changing mesh) will
introduce numerical errors. As shown in below, a stack of CTs (both flat sheets and tubes)
were created. A material sweep was used to set one plate to have the material properties of
the CT and the remaining plates to have the material properties of air. In this way, the
material sweep was designed to change the plate-to-plate gap without changing the mesh.
Similarly, the model had a stack of twenty coils (ten for the drive and ten for the pickup)
that were one fifth the height of the drive/pickup coil. These “fifth-coil” stacks were
electronically connected in series with each other. Each “fifth coil” was connected in
parallel to a pull up (109 Ω) or pull down resistor (10-9 Ω). Only five of the “fifth coils”
were connected to the pull-up resistor and the others were effectively shorted out. In
addition, the shorted coils were set to only have one winding with a conductivity of 10 S/m
to force the induced current to run through the pull down resistors. In this manner, the
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liftoff (LO) profiles could be generated without changing the mesh. Screenshots of the
finite element geometries used in this analysis are shown below in Figure 5-4.

Figure 5-4: A screenshot of the COMSOL® model showing the flat plate geometry. The coils are not
shown.

5.5 Experimental Technique
The following section describes the experimental apparatus and procedures used to take
EC measurements of the simulated PT-CT gap profile. These measurements were
performed with multiple Near-Plate (NP) and Far-Plate (FP) samples to rigorously test the
analytical model over a large range of electrical resistivity and plate WT.
5.5.1 Sample Characterization

In this study, Grade 2 (commercially pure) and Grade 5 6AL-4V titanium were used as
NPs. Copper, brass, aluminum, non-ferromagnetic SS-316 stainless-steel, Grade 2
titanium, and Grade 5 6AL-4V Titanium samples were used as the FPs. These samples
were specifically chosen to give a large range of material resistivity and wall thickness for
the evaluation of the analytical model as well as to simulate the target PT (52 µΩ∙cm) and
CT (74 µΩ∙cm) materials [70, 11].
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Sample thicknesses were measured using a standard ½′′ 5 MHz ultrasonic transducer [71,
77] combined with ultrasonic inspection equipment, manufactured by TecScan™.
Ultrasonic measurements were calibrated against plate edge thicknesses measured with a
high precision ball micrometer. The resistivities of the samples were measured with a
Nortec EC pencil probe against known resistivity standards. The impedance plane display
of the liftoff profiles for calibration samples of known resistivity and the sample under
investigation were displayed on a NDT Nortec 19e Eddy Current Flaw Detector. The pencil
probe was operated at high frequencies (~10 kHz-500 kHz) to eliminate the effect of the
sample’s wall thickness. The liftoff profiles (the trace made on an impedance plane display
when the probe’s liftoff is varied) of the different samples were then collected. The phase
was rotated such that the response to liftoff was in the horizontal direction on the
impedance plane display [11]. Interpolation between vertical offsets of the liftoff profiles
of the known calibration samples provided a measurement of the target sample’s resistivity
[11].
Table 5-3: Wall thickness and resistivity of the plate samples.

Sample

Description

Thickness [mm]
to 2σ

As Measured Resistivity
[µΩ∙cm] at 20.0±0.5 ºC

A
B
C
D
E
F
G
H

Grade 5 Ti-6Al-4V Titanium
Grade 5 Ti-6Al-4V Titanium
Brass (Copper-Zinc alloy)
Copper
Aluminum
SS-316 Stainless Steel
Grade 5 Ti-6Al-4V Titanium
Grade 2 (pure) Titanium

3.80±0.08
4.26±0.08
3.30±0.04
1.65±0.04
4.85±0.02
1.20±0.01
4.64±0.01
3.18±0.01

174±2
174±2
6.0±0.5
1.712
4.6±0.5
74.5±0.7
174±2
53.9±0.5

12

Match to 100% IACS calibration standard
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5.5.2 Probe Specifications

The self-inductances and resistances of the coils were measured with a LCR meter and
a digital multi-meter, respectively. The mutual inductance was determined as follows. The
probe was placed away from any nearby conductors to avoid undesirable feedback effects.
A Keithley 6221 current source was used to inject a controlled AC current into the drive
coil, and the AC voltage amplitude generated in the pickup coil was measured using an
Agilent DSO-X 2012A digital oscilloscope. For this experimental setup, the magnitude of
induced voltage in the pickup coils |𝜀𝑝 | is related to the drive coil current |Id | as follows:
|𝜀𝑝 | = −𝜔𝑀|Id |
(5-32)
Two measurements were then performed: one with a constant frequency (1 kHz) and
different drive coil current amplitudes (10 mA to 100 mA), and another with a constant
drive coil current amplitude (100 mA) and different frequencies (1 kHz to 3 kHz). The
mutual inductance was then calculated from the slope of the recorded |𝜀𝑝 | and |Id | data.
To further validate the measurement, the positive leads of the coils in series and measuring
the total inductance LT across the negative leads of the coils [67]. The mutual inductance
was then obtained using the following formula [67]:
𝑀=

𝐿𝑇 − (𝐿𝑑 + 𝐿𝑝 )
2

(5-33)

Where Ld and Lp are the drive and pickup self-inductances. It was found that all three
measurements of the mutual inductance agreed with each other within experimental error.
An optimization routine using the fmincon [68] algorithm in MATLAB® was used to
estimate the coil spacing and liftoff difference between the coils based on the measured
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mutual inductance in air. The estimated coil separation agreed, within the limits of
uncertainty, with a digital ruler measurement on a photograph of the coils.
5.5.3 Eddy Current Instrument

An Olympus NDT Multi-scan MS5800 [69] instrument was used to perform the EC
tests. This instrument was chosen because it has an internal power supply, a data
acquisition system, a user-friendly software interface to perform data manipulation, and
can communicate with most computers. Furthermore, the MS5800 automatically
determines the phase and amplitude of the reference signal VREF required to null each
channel on a known calibration standard, and can perform digital filtering without the need
for additional electronics. An equivalent circuit model of the EC probe with the MS5800
is shown below in Figure 5-5. The 100 Ω internal resistance of the drive coil power supply
and the 11 kΩ input resistance of the MS5800 data acquisition system were also included
in the analytical model [69]. The system capacitances were ignored for simplicity.

Figure 5-5: Equivalent circuit model for a driver-pickup eddy current probe. V1 and V2 are the power
supply voltage, and the output of the data acquisition system, respectively. 𝑹, 𝑳, and 𝓛 are the coil
resistance, self-inductance and lossy self-inductance, respectively. The subscripts d and p denote drive
and pickup coil, respectively. VREF is a reference voltage to offset the data, which is chosen by the
experimenter. M and 𝓜 are the mutual and lossy mutual inductances between the two coils,
respectively.

82

5.5.4 Gap and Liftoff Profile Measurement Procedure

The probe was fixed to either Sample A (Grade 5 6AL-4V Titanium) or Sample H (Grade
2 Titanium) as the NP. The EC instrument was then nulled. The probe and near-plate were
separated from any one of the FP samples by (up to thirteen) ~1 mm thick plastic shims to
create a precise air gap. Shims were removed, during time-based acquisition, to measure
the plate-gap profile for the probe. The liftoff profile of the probe was then measured. For
this experiment only one metal sample was used. A stack of up to thirteen plastic shims
was used to position the probe above the NP metal sheet. The shims were progressively
removed to change the relative probe liftoff, again during time-based acquisition, over a
range of ~13 mm to 0 mm (contact with NP).
5.5.5 Calibration of the Analytical Model

The analytical model was scaled and rotated to match the experimentally measured
voltage response because the gain and phase of the EC instrument were not known, as has
been performed previously for eddy current data [17]. For this adjustment, the phase and
amplitude of the measured signal at an absolute liftoff of 6 mm and infinite plate gap (no
FP present) was set to match the phase and amplitude of the corresponding analytical
prediction. Fine tuning of the phase angle was obtained using the measured change in
response to FP gap for the highest conductivity Sample D (copper). Sample D was chosen
for this purpose as it had the largest amplitude response of all of the samples.

83

5.6 Results and Discussion
As shown below in Figure 5-6 through Figure 5-8, several 8 kHz gap profiles (0 mm to
infinite) for a 3.76 mm Near Plate (NP) and a 1.37 mm, 74 µΩ∙cm Far Plate (FP) were
generated by the finite element and analytical model over a large range of probe liftoff (1.3
mm to 2.5 mm), and NP resistivity (45 µΩ∙cm to 60 µΩ∙cm). Both datasets were nulled at
a NP resistivity of 52.4 µΩ∙cm, 0 mm plate gap, and a probe liftoff of 1.9 mm. These
parameters were chosen to validate the analytical model over a larger range of experimental
parameters expected for in-reactor inspection of CANDU® fuel channels. As shown below,
there is excellent agreement between the finite element solutions and the analytical model
over a wide range of parameters, providing credence in the general application of the
analytical model.

Figure 5-6: 8 kHz impedance plane display of gap profiles (0 mm to infinite) for a 3.76 mm near plate
of varying resistivity (indicated on the figure) and a 74 µΩ∙cm, 1.37 mm far plate. The probe liftoff was
1.3 mm. Both datasets were nulled at a NP resistivity of 52.4 µΩ∙cm, 0 mm plate gap, and a probe liftoff
of 1.9 mm.
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Figure 5-7: 8 kHz impedance plane display of gap profiles (0 mm to infinite) for a 3.76 mm near plate
of varying resistivity (indicated on the figure) and a 74 µΩ∙cm, 1.37 mm far plate. The probe liftoff was
1.9 mm. Both datasets were nulled at a NP resistivity of 52.4 µΩ∙cm, 0 mm plate gap, and a probe liftoff
of 1.9 mm.

85

Figure 5-8: 8 kHz impedance plane display of gap profiles (0 mm to infinite) for a 3.76 mm near plate
of varying resistivity (indicated on the figure) and a 74 µΩ∙cm, 1.37 mm far plate. The probe liftoff was
2.5 mm. Both datasets were nulled at a NP resistivity of 52.4 µΩ∙cm, 0 mm plate gap, and a probe liftoff
of 1.9 mm.

As shown in Figure 5-9 through Figure 5-12, experimental measurements were
compared with analytical model results. Figure 5-9 and Figure 5-10 are the 8 kHz
impedance plane displays of the plate-gap profile with Sample A (Grade 5 Titanium) as
the NP for several FPs. Figure 5-11 is the 8 kHz impedance plane display of the LO profile
with Sample H (Grade 2 Titanium) as the NP at infinite plate-gap (no FP). Figure 5-12 is
the 8 kHz impedance plane display of gap profile with Sample H as the NP and Sample F
as the FP, which simulates real PT and CT resistivities and WT, respectively. Figure 5-12
also includes the predicted gap profile at LO±0.05 mm to illustrate the sensitivity of the
probe to LO variations.
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Figure 5-9: Measured and predicted 8 kHz gap profile for varying far plate samples. Plate gap
increases from right to left. Sample A (Grade 5 Titanium) was used as the near plate. A close up of
Samples H, G, B and F is included in Figure 5-10.

Figure 5-10: A close up image of Figure 5-9, the measured and predicted 8 kHz gap profile for varying
far plate samples. Plate gap increases from right to left. Sample A (Grade 5 Titanium) was used as the
near plate.
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Figure 5-11: Measured and predicted 8 kHz liftoff profile at infinite gap (no FP). Liftoff increases
from right to left. Sample H (Grade 2 Titanium) was used as the near plate.

Figure 5-12: Measured and predicted 8 kHz gap profile for Sample F as the far plate and Sample H
(Grade 2 Titanium) as the near plate. Plate gap increases from right to left.
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As shown below, excellent agreement is observed between the experimental data and
analytical model over large variations of far-plate resistivity (1.7-174 cm), near-plate
resistivity (54 µΩ∙cm and 174 µΩ∙cm), far-plate WT (1 to 5 mm), probe LO (0 mm to 12
mm), and excitation frequencies (1.9-16 kHz). Figure 5-9 indicates that the analytical
model predicts a 0.2-0.4 mm larger gap than the measurements. It was found that Sample
A was slightly bowed, resulting in a non-zero gap when no shims were added. Sample A
was placed on a flat table, and the distance between the middle of the plate and the bottom
of the table was measured at one edge of Sample A using a digital Vernier caliper. The air
gap at the edge was then determined by subtracting this measurement from the thickness
of the table and Sample A. The air gap (at least at the edge of the sample) resulting from
the bowing of Sample A was 0.40±0.05 mm, which agrees with the analytical estimate.
Similarly, Figure 5-11 indicates that the predicted LO profile is smaller than the
experimental measurement. This discrepancy is attributed to measurement error in the
probe liftoff. The model was less accurate when Sample H (Grade 2 Titanium) was used
as the NP and a higher resistivity sample such as F (~74.5 cm) was used as the FP or
when the frequency exceeded 4.2 kHz. These larger errors were attributed to signal
attenuation by the skin effect in the NP and a weaker response to a more resistive FP. This
can be most simply expressed by the skin depth equation given as [12] :
𝜌
𝛿=√
𝜋𝑓𝜇

(5-34)

where f is the frequency of excitation, μ is the conductors’ magnetic permeability and ρ
the resistivity. This decreased sensitivity resulted in a lower signal-to-noise ratio and
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correspondingly greater susceptibility to drift, electrical noise and small variations in
liftoff. As shown in Figure 5-12, a large source of systematic error can arise from variances
in probe liftoff. Sources of systematic error include: the inability to accurately measure
some probe dimensions, measurement errors in sample’s resistivity, and an imperfect
calibration of the model to the experimental data.
5.7 Conclusions
The analytical model described in this paper is an exact solution to a transmit-receive
EC probe used to measure plate gap in layered planar geometry consisting of two nonferromagnetic parallel plates. The model yields excellent agreement with finite element
models and experimental data. Experimental validation was performed over a large range
of far plate (FP) wall thicknesses, (1 to 5 mm), FP resistivities (1.7 to 174 µΩ cm), near
plate resistivities (54 and 174 µΩ cm), probe liftoff (0 mm to 12 mm), and frequencies (1.9,
4.2, 8 and 16 kHz).
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Chapter 6

Examination of Dodd and Deeds Solutions for a Transmit-Receive Eddy
Current Probe Above a Layered Planar Structure

A paper submitted for the 43rd Review of Progress in Quantitative Nondestructive
Evaluation Conference Preceedings, July 17th-22nd, 2016.

Mark S. Luloff 13,14, Jordan Morelli 14, and Thomas W. Krause 13

Abstract—Exact solutions for the electromagnetic response of a transmit-receive coil pair
situated above two parallel plates separated by a gap, were developed using the recently
published general model of Desjardins et al. that account for all electromagnetic
interactions between the voltage-driven probe and the conducting samples. This model was
then compared to the well-known model developed by Dodd and Deeds, which assume a
constant amplitude alternating current and an open-circuit pick-up coil. Both models were
compared with experimental results that measured the gap profile for a Grade 2 Titanium
plate (54 µΩ∙cm) over a SS-316 stainless steel second layer plate (74 µΩ∙cm). These
materials simulated the electromagnetic properties of a Zr 2.5% Nb pressure tube and Zr2 calandria tube, respectively, as found in the fuel channels of CANDU® reactors. It was
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observed that Dodd and Deeds’ general model as applied to this work could not achieve a
good shape agreement with experimental data for excitation frequencies between 2 kHz
and 16 kHz, while the model of Desjardin’s et al. achieved an excellent shape agreement.
6.1 Introduction
In recent years, there has been a large demand for analytical models of Eddy Current
(EC) probes to meet life management requirements of layered conductive structures in
aging nuclear, aerospace, and petrochemical infrastructure components [16, 17, 18]. The
widely-used model derived by Dodd and Deeds [1, 2, 19, 20] is generally used as a
theoretical basis for modeling EC problems [16, 17, 18]. However, Dodd and Deeds’
[1, 2, 19, 20] model is only valid for open-circuit pickup coils and a constant
amplitude alternating drive coil current [17, 46]. For voltage-controlled systems, the
constant amplitude alternating drive coil current assumption is challenged as the coil
currents are constantly perturbed by the feedback effects with nearby conductors. The
open-circuit pickup coil assumption is also problematic because Dodd and Deeds’ model
cannot accurately model an experimental apparatus where the input impedance of the
data acquisition system is not very large, resulting in a non-negligable current in the
pickup coil 15.
The motivation for this paper was to compare Dodd and Deed’s [1, 2, 19, 20] model
with the recently published general model of Desjardins et al. [13, 14] for a transmitreceive eddy current probe above a dual-layered plate structure with finite coil
impedances and a voltage control excitation. The general model of Desjardins et al. is a

15

This is the case for the experimental apparatus described in this work.
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more general case of Dodd and Deed’s model and is valid for voltage control and pickup
coils with finite impedances. In addition Desjardins et al.’s model is accurate enough to
model pulsed excitations where the feedback on the excitation coil becomes significant
(this is especially true for ferromagnetic conducting materials [13, 14]).
6.2 Theory
A transmit-receive probe typically consists of a non-coaxial drive and pickup coil pair.
A time-harmonic voltage is applied to the drive coil, which generates a time-varying
magnetic field and induces ECs in the nearby conducting materials [13, 14]. From
Faraday’s law, an electromotive force (emf) is developed in the drive and pickup coils
from the changing magnetic flux arising from the drive coil source current [13, 14]. These
forms of electromagnetic coupling are mathematically described as the self-inductance L
and mutual inductance M of the probe, respectively [12]. The self and mutual inductances
are only dependent on the coil geometries and their relative spacing. Furthermore, the
time-dependent magnetic field generated by the coils induces eddy currents in the
conducting structure. These ECs generate an opposing magnetic field that produces an
additional emf in both coils as per Lenz’s law [12]. A lossy self-inductance ℒ is generated
by the coil coupling to the ECs it generates [13, 14]. Similarly, a lossy-mutual inductance
ℳ is generated when a coil couples to the ECs generated by a neighbouring coil [13, 14].

These lossy terms are complex-valued, frequency-dependent coefficients, that may be
obtained by solving the boundary conditions imposed by the conductive structure [13, 14].
As shown in Figure 6-1, the assumptions required by Dodd and Deeds’ model
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[19, 20, 2, 1] eliminate three of the six modes of electromagnetic coupling, thereby

limiting the complete representation of experimental conditions. The induced voltage
signal in the pickup coil 𝜀𝑝(𝜔) can be expressed in terms of the drive coil current 𝐼𝑑(𝜔).

Figure 6-1: A visual presentation showing all electromagnetic interactions as addressed by (a) Dodd
and Deeds’ [19, 20, 2, 1] with the constant amplitude drive coil current approximation, (b) Dodd and
Deed’s [19, 20, 2, 1] model without the constant amplitude drive coil current approximation (or
Desjardins et al. [13, 14] with open-circuit pickup coils) and c) the general model of Desjardins et al.
[13, 14]. NP is the near plate and FP is the far plate.
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An equivalent circuit model for the two-coil probe and experimental apparatus used in
this work is shown below in Figure 6-2. For this work, a MS5800 [69] EC instrument was
used as a power supply for the drive coil and a data acquisition system for the pickup coil.
The predicted signal in the pickup coil obtained from Dodd and Deeds’ general model
with and without16 the Constant Amplitude Alternating Current (CAAC) approximation,
and the general model of Desjardins et al. are shown below in Table 6-1.

Figure 6-2: Equivalent circuit model for a driver-pickup eddy current probe. V1 and V2 are the power
supply voltage, and the output of the data acquisition system, respectively. 𝑹, 𝑳, and 𝓛 are the coil
resistance, self-inductance and lossy self-inductance, respectively. The subscripts d and p denote drive
and pickup coil, respectively. VREF is a reference voltage to offset the data, which is chosen by the
experimenter. M and 𝓜 are the mutual and lossy mutual inductances between the two coils,
respectively.

16

This is equivalent to Desjardins et al.’s [12, 13] general model with open circuit pickup coils.
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Table 6-1: A comparison of the three general EC models. CAAC and OC denote Constant Amplitude
Alternating Current and Open Circuit, respectively.

𝜺𝒑 (𝝎)

𝑰𝒅 (𝝎)

𝑗𝜔(𝑀 + ℳ)𝐼𝑑 (𝜔)

𝑉(𝜔)
(𝑅′𝑑 + 𝑗𝜔𝐿𝑑 )

Model
Dodd and
Deeds [19]
with
CAAC.
Dodd and
Deeds [19]
without
CAAC17
Desjardins et
al. [15]

𝑉(𝜔)

𝑗𝜔(𝑀 + ℳ)𝐼𝑑 (𝜔)

𝑗𝜔(M + ℳ)
1+

𝑗𝜔(Lp + ℒp )
R′p

(R′𝑑 + 𝑗𝜔(L𝑑 + ℒ𝑑 ))

𝑉(𝜔)

𝐼𝑑 (𝜔)

(R′𝑑 + 𝑗𝜔(L𝑑 + ℒ𝑑 )) +

𝜔 2 (M + ℳ)2
(R′𝑝 + 𝑗𝜔(L𝑝 + ℒ𝑝 ))

Where 𝑅𝑑′ and 𝑅𝑝′ are the effective resistances of the drive and pickup coil, respectively.
𝑅𝑑′ is the sum of the drive coil resistance and the input resistance of the power supply (100
Ω) that excites the drive coil, and 𝑅𝑝′ is the sum of the pickup coil resistance and the input
resistance of the data acquisition system (11 kΩ).
In many cases (generally with low-inductance pickup coils and non-ferromagnetic test
pieces), Dodd and Deeds’ model [19, 20, 2, 1] yields excellent agreement with experiment
and has been used to successfully model a number of EC problems [78]. However it is
not well known when the Dodd and Deeds model [19, 20, 2, 1] will be less accurate. As
a first step Desjardins et al. [15] derived the following inequality, which when valid,
predicts when Dodd and Deeds model (without the CAAC) [6, 7, 5, 4] will become less
17

This is equivalent to Desjardins et al.’s [12, 13] general model with open circuit pickup coils.
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accurate due to the assumption of an open-circuit pickup coil.
(6-1)
6.3 Experimental 0HWKRG
As described in Ref. [79], the self-inductances of the probe were measured using a
B&K Precision 878B LCR meter. The mutual inductance was measured by injecting a
controlled AC current into the drive coil using a Keithley 6221 current source and
measuring the resulting voltage in the pickup coil using an Agilent DSO-X 2012A digital
oscilloscope.
An Olympus NDT Multi-scan MS5800 [69] instrument was used to perform the EC
tests. This instrument was chosen because it has an internal power supply, a data
acquisition system, a user-friendly software interface to perform data manipulation, and
can communicate with most computers. Furthermore, the MS5800

automatically

determines the phase and amplitude of the reference signal VREF required to null each
channel on a known calibration standard, and can perform digital filtering without the
need for additional electronics. Furthermore, the input resistance of the data acquisition
system (11 kΩ) is comparable to the resistance of the pickup coil, which will test the
limitations of Dodd and Deeds’ model.
In order to obtain the response of the eddy current probe to a change in gap, The probe
was fixed to the NP, which was a 3.18±0.01 mm thick sheet of Grade 2 Titanium (53.9
±0.5 μΩ∙cm). The probe was then nulled. The probe and near-plate were separated from a
1.20±0.01mm thick sheet of non-ferromagnetic SS-316 stainless steel (74.5±0.7 μΩ∙cm)
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by up to thirteen 1.02±0.05 mm thick plastic shims to create a precise air gap. Shims were
progressively removed to measure the plate-gap profile (13 mm to 0 mm) for the probe

6.4 Results and Discussion
The gap profiles for the Grade 2 Titanium NP and SS-316 FP were calculated from the
different analytical models and compared with experimental measurements at 1.9 kHz and
16 kHz, respectively. Figure 6-3 shows the predicted amplitude and phase of the
2 kHz gap profile
model

with

calculated

from

Dodd

and

Deeds

[19,

20,

2,

1]

CAAC and Desjardins et al .’s general model [13, 14] with and without open

circuit pickup coils. Figure 6-4 shows the predicted amplitude and phase of the 16
kHz gap profile calculated from Dodd and Deeds model with CAAC [19, 20, 2, 1],
and Desjardins et al.’s [13, 14] general model with and without open circuit pickup
coils. Figure 6-5 compares the predicted 1.9 kHz and 16 kHz impedance plane displays
of the gap profiles from the three different models. Figure 6-6 and Figure 6-7 compare the
predicted impedance plane display of the 1.9 kHz and 16 kHz gap profile calculated from
Desjardins et al.’s [13, 14] finite-impedance model and Dodd and Deeds [19, 20, 2, 1]
solutions against experimental data.
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Figure 6-3: Predicted amplitude (left) and phase response (right) of the 1.9 kHz plate gap profile.

Figure 6-4: Predicted amplitude (left) and phase response (right) of the 16 kHz plate gap profile.
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Figure 6-5: Predicted impedance plane display of the 2 kHz (left) and 16 kHz (right) plate gap profile.

Figure 6-6: Impedance plane display comparing the analytic models and experimentally measured 1.9
kHz gap profiles. Gap increases from left to right from ~ 0 mm to 13 mm. The data was nulled at 0
mm gap and 1.9 mm liftoff. The Dodd and Deeds model without CAAC was not plotted because after
a scaling and rotation operation achieved a near-perfect match to the general model of Desjardins et
al.
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Figure 6-7: Impedance plane display comparing the analytic models and experimentally measured 16
kHz gap profiles. Gap increases from left to right from ~0 mm to 13 mm. The data was nulled at 0 mm
gap and 1.9 mm liftoff The Dodd and Deeds model without CAAC was not plotted because after a
scaling and rotation operation achieved a near-perfect match to the general model of Desjardins et al.

As shown above in Figure 6-3 at low frequencies (1.9 kHz), there is virtually
no difference between the different models’ prediction of the amplitude response of the
gap profile. Figure 6-6 confirms that the Dodd and Deeds model (with and without
CAAC) [19,

20,

2,

1]

is

a

reasonable

approximation

of

experimental

measurements at low frequencies. In the high frequency regime (16 kHz), there are
large discrepancies between the predicted amplitude and phase responses between three
models. It was found however, that for both the 1.9 kHz and 16 kHz experimental data,
the Dodd and Deeds model without CAAC could be scaled and rotated to match the
Desjardins et al. model without a loss of accuracy. For this reason, the Dodd and Deeds
model without CAAC was not plotted in Figure 6-6 and Figure 6-7. However, as
shown in Figure 6-7, Dodd and Deeds [19, 20, 2, 1] model with CAAC cannot
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achieve a shape agreement with experimental data, while the general model of Desjardins
et al. [13, 14] yields an excellent match. It would seem that because the drive coil has a
small impedance (~102 Ω), its source current is highly susceptible to its lossy selfinductance. In the low frequency regime, the drive coil lossy self-inductance has a
negligible response and therefore, the Dodd and Deeds [19, 20, 2, 1] model with
CAAC is a reasonable approximation.
6.5 Conclusions
This paper compared Dodd and Deeds' [19, 20, 2, 1] and Desjardins et al's [13, 14]
models for the application of a transmit-receive EC probe in layered planar geometry,
consisting of Grade 2 Titanium (54±1 μΩ∙cm), and non-ferromagnetic SS-316 stainless
steel (74.5±0.7 μΩ∙cm). It was observed that at low frequencies (~2 kHz), there was no
detectable difference between the different models’ prediction of amplitude response to
changes in gap between the plates. However, comparison with experimental data showed
that Dodd and Deeds’ model as applied to this work could not achieve a good shape
agreement with experimental data for excitation frequencies of 16 kHz. In contrast, the
general model of Desjardins et al. [9, 10] yielded an excellent match with experimental
data for both excitation frequencies tested. Limitations in Dodd and Deeds [6, 7, 5, 4]
model, including the assumption of a constant amplitude alternating current for voltage
driven probes and approximating the pickup coil as an open circuit, were considered as
the factors that confounded good agreement of the model and experimental results.
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Chapter 7

Simultaneous Extraction of Multiple Parameters from a TransmitReceive Eddy Current Probe above a Layered Planar Conductive
Structure

An unpublished paper

Mark S. Luloff 18,19, Stephane Contant 18,19, Jordan Morelli 19, and Thomas Krause 18

Abstract— A robust Inverse Algorithm (IA) for the simultaneous extraction of desired
inspection parameters, is an important tool for inspection service providers to achieve
accurate measurements and to eliminate systematic errors. A validated analytical model of
a transmit-receive coil pair situated above two parallel plates, separated by an air gap was
used to simultaneously extract up to three experimental parameters: probe liftoff, either
near or far-plate resistivity and plate-to-plate gap from multi-frequency eddy current (EC)
data. Fast computation (~0.02 s per calculation, 2 seconds to perform the IA) was achieved
using the Truncated Region Eigenfunction Expansion technique. The analytical-based
algorithm has good extrapolation capability beyond its calibration range. The analytical
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model was scaled and rotated to match the experimentally measured gap profile (0 mm to
infinite) at nominal liftoff (~2.4 mm) and liftoff profile (nominal LO to infinite) at infinite
gap (no FP) for a Grade 5 Ti-6Al-4V near-plate and a copper far plate. The IA was validated
over a large range of differing first layer plate resistivities (1.7-174 µΩ∙cm), second layer
plate conductivities (1.7 to 174 µΩ∙cm), plate wall thickness (~1 to 6.5 mm), probe liftoff
(~2 mm to 8 mm), and plate-to-plate gap (~0 mm to 13 mm). The IA achieved a relative
error of less than 6% for the extracted FP resistivity and an accuracy of ±0.1 mm for the
LO measurement. At nominal liftoff (~2.4 mm) the algorithm was able to achieve a gap
measurement accurate to ±0.4 mm, and ±0.7 mm over a liftoff range of ~2.4 mm to 7.5
mm. This accuracy and excellent extrapolation capability provides confidence in the
general validity of the algorithm.
7.1 Introduction
In recent years there has been an increased demand for analytical models of eddy
current (EC) probes to meet life cycle management requirements of layered conductive
components in aging petrochemical, nuclear, and aerospace facilities [16, 17, 18]. The gap
between the Pressure Tubes (PTs) and Calandria Tubes (CTs) (within which the PTs are
contained) of CANDU® fuel channels requires regular monitoring to avoid contact
conditions, which may result in delayed hydride cracking of the PT [80, 8]. Eddy Current
(EC) testing using a transmit-receive probe (two horizontally offset coils) oriented
perpendicular to the inner face of the PT has proven to be effective for in-reactor inspection.
However, variances in probe liftoff and PT resistivity may cause systematic errors in the
EC-based gap measurement [17].
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Simultaneous extraction of experimental parameters from EC inspection data is
commonly referred to as an Inverse Algorithm (IA). A robust IA is an important tool
for inspection service providers to achieve accurate measurements, and eliminate
systematic errors. Several numerical methods such as Artificial Neural Networks
(ANNs) [35], and Error Optimization Algorithms (EOAs) [24] have been used to
develop successful IAs. ANNs mimic neuron interconnections found in animal brains
and therefore, are extremely powerful tools for real-time pattern recognition [36].
ANNs have been used to solve difficult

EC

problems

such

as

identifying

impedance plane features [35], and reconstructing crack profiles [37]. ANNs are
robust, computationally inexpensive, and can be used in cases where analytical
solutions are difficult to achieve. However neural networks must be trained on a
data set that spans all of the expected parameter space because they do not extrapolate
accurately when data falls outside its training bounds [36]. EOAs find the set of unknown
experimental parameters that minimize the error between a numerical model (empirical,
analytical or FEM) and experimental data. This approach is advantageous, as a validated
model will be able to account for the essential experimental parameters present, can be
calibrated on a small data set and is more likely to lead to accurate extrapolations
(particularly in the case of validated analytical models). Chen and Lei [40] developed an
EOA to evaluate the Wall Thickness (WT) in a single ferromagnetic plate. Ren and Lei
[41] applied a similar technique to extract all three WTs in a three-layered conductive
planar structure using pulsed eddy current. In addition, Mao et. al. [24] obtained exact
solutions for a probe orthogonal to the axis of a long pipe using the Second Order Vector
Potential (SOVP) formalism and used this model to measure wall thickness variation in
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ferromagnetic and non-ferromagnetic pipes [42]. Furthermore, more complex problems
such as crack reconstruction and magnetic induction tomography imaging have been
addressed using this technique [43, 44, 45]. Although error optimization algorithms are
the most robust approach for IAs, they are also the most computationally expensive.
The IA developed in this work found the set of probe liftoff, resistivity and gap from
experimental EC measurements that minimize the least-squares error between multifrequency experimental measurements and analytical solutions for a transmit-receive coil
pair situated above two parallel plates that were separated by a gap [79]. The flat-plate
approximation of the fuel channel could be made because the transmit-receive coils were
spaced ~11 mm apart and ~2 mm above the 102 mm and 129 mm inner diameter of the
PT and CT, respectively [17]. Therefore, the radius of the PT was large relative to the
coil-to-coil spacing. Shokralla et al. [17] confirmed the validity of this approximation on
the total amplitude response, measured experimentally, for excitation frequencies
greater than 4 kHz.
In this work, a fast IA computation of <1-2 s (when a poor initial guess of the
parameters is given to the solver) was achieved by implementing Truncated
Region Eigenfunction Expansion (TREE) solutions [22, 23]. The simulated PT and
CT were denoted as the near-plate (NP) and far-plate (FP), respectively. A
representation of the analytical model is shown in Figure 7-1.
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Figure 7-1: Cross-sectional view of the eddy current probe above a conducting layered structure. Zone
I is air, Zone II is the near plate, Zone III is air gap between near plate and far plate, Zone IV is the
far plate and Zone V is air. S is the coil-to-coil spacing, while WTNP and WTFP are the near and far
plate wall thickness, respectively.

7.2 Theory
7.2.1 Truncated Region Eigenfunction Expansion (TREE)

Luloff et al. [79] derived exact solutions for a transmit-receive probe located above two
infinite metal plates that were separated by an air gap and validated this model against
experimental measurements. The infinite boundary condition required that the solutions be
expressed in terms of an integral transform, which is computationally expensive to
evaluate. However, Theodoulidis et al.

[22, 23] proposed the Truncated Region

Eigenfunction Expansion (TREE) formalism, which truncates the domain of interest into
finite dimensions. As such, the final result can be expressed as a finite series rather than an
integral [22, 23]. Although additional radial boundary conditions are imposed on the
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problem, the calculation of a series expansion is significantly faster (0.02 s versus 0.5 s)
than the solutions of Luloff et al. [79]. This speed increase is essential as it may take up to
300 iterations to perform the IA for a single multi-frequency measurement when the IA is
given poor initial guesses of the parameters. The following sections describe how these
solutions were derived and applied for the case of a transmit-receive probe above a layered
planar conductive structure.
7.2.2 Eddy Current Fields in a Conductive Structure

As shown below, the Transmit-Receive (TR) probe consists of coplanar drive and
pickup coils, whose axes are normal to the inner face of the metallic tube. A time-harmonic
voltage is applied to the drive coil, which generates a time-varying magnetic field and
induces eddy currents in nearby conducting structures [13, 14, 15]. According to Faraday’s
law, the changing magnetic flux arising from the drive coil current develops a backelectromotive force (emf) in the drive coil and induces an emf in the pickup coil. These
forms of electromagnetic coupling are commonly known as the self-inductance L and
mutual inductance M of the probe [13, 14, 15, 12]. The self and mutual inductances are
only dependent on the coil geometries. Time-dependent magnetic fields generated by the
coils induce eddy currents in the conducting structure. A lossy self-inductance ℒ represents
the coil coupling to the ECs it generates [13, 14, 15]. Similarly, a lossy-mutual inductance
ℳ arises when a coil couples to the ECs generated by a neighbouring coil [13, 14, 15].
These lossy terms are complex-valued, frequency-dependent coefficients that may be
obtained by solving the boundary-valued problem imposed by the conductive structure.
From [13, 14, 15], the total voltage induced in the pickup coil is shown below. The
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subscripts d and p denote drive coil and pickup coil, respectively. A comprehensive map
of the inductive coupling modes for a voltage driven TR probe is included in Figure 7-2
[13, 14, 15].

Figure 7-2: A visual representation showing all electromagnetic interactions operating on a transmitreceive eddy current probe above a conducting structure. NP and FP represent the near plate and farplate, respectively.

The EC-induced emf 𝜀𝑑,𝑝 in the drive and pickup coils can be mathematically described
by the following [14]:
𝑅′𝑑 𝑖𝑑 (𝑡) = 𝑣𝑒𝑥 (𝑡) + 𝜀𝑑 (𝑡)

(7-1)

𝑅′𝑝 𝑖𝑝 (𝑡) = 𝜀𝑝 (𝑡)

(7-2)

Where 𝑅′𝑑,𝑝 is effective coil resistance, 𝑣𝑒𝑥 (𝑡) is the time-dependent voltage excitation
given to the drive coil and 𝑖(𝑡) is the time dependent current. 𝑅𝑑′ is the sum of the drive
coil resistance and the input resistance of the power supply (100 Ω) that excites the drive
coil, and 𝑅𝑝′ is the sum of the pickup coil resistance and the input resistance of the data
acquisition system (11 kΩ). From Desjardins et al. [13, 14, 15], the emf in the drive and
pickup coils are obtained by applying Faraday’s Law to Eqns. (7-1)-(7-2) and then solving
the boundary value problem for the Magnetic Vector Potential Impulse Response (MVPIR)
109

function. As shown below, the total MVPIR 𝐴̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) in the region of air containing a
coil is the sum of the unit impulse responses arising from the coils 𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) and the ECs
𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡).
𝐴̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) = 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) + 𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) = 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) + 𝜓̂𝑑,𝑝 (𝑟, 𝑧)𝛿(𝑡)

(7-3)

As shown in the following sections, the MVPIR functions are used to calculate the ℒ and
ℳ terms. The solution for ℒ can be found in Ref. [13, 14], but Conway’s solutions [75,
76] are required to calculate ℳ.
7.2.3 Calculation of the Magnetic Vector Potential Impulse Response Functions

The magnetic vector potential impulse response function of the coils 𝜓̂𝑘 (𝑟, 𝑧, 𝑡), was
derived from Conway’s [75, 76] solutions for the mutual inductance between two
horizontally offset coplanar coils. The magnetic vector potential 𝑨𝜹 (𝑟, 𝑧, 𝑡) produced by a
Dirac-coil (an infinitesimally thin ring of current) of radius 𝑅′, is shown below [75, 76]:
𝑨𝜹 (𝑟, 𝑧, 𝑡) = 𝑖(𝑡)

𝜇
𝒅𝒓′
∮
4𝜋 |𝒓 − 𝒓′|

(7-4)

Where 𝒓 and 𝒓′ are vectors that point to an observation point and a point on the Dirac-coil,
respectively. From [76], Eqn. (7-4) can be expressed as an infinite integral of Bessel
functions:
𝜇 ∞
′
𝑨𝜹 (𝑟, 𝑧, 𝑡) = 𝑖(𝑡) ∫ 𝑅′ 𝐽1 (𝛾𝑅′) 𝐽1 (𝛾𝑟) 𝑒 −𝛾|𝑧−𝑧 | 𝑑𝛾
2 0
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(7-5)

where z is the axial distance in the cylinder coordinate system relative to the center of the
coil, 𝑟 is the radial distance from the center of the coil, and 𝛾 is the Hankel transformed
variable of the radial distance, respectively. As shown below, 𝜓̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) [81] can be
solved by substituting 𝑖(𝑡) for 𝛿(𝑡), the (Dirac delta function whose argument is time) and
taking the integral sum of all the Dirac-delta contributions over the volume of the coil and
then by multiplying the term by the appropriate turn density, which is the ratio of the
number of coil windings to its cross-sectional area [81].
𝜓̂𝑑,𝑝 (𝑟, 𝑧) =

𝜇 𝛿(𝑡) 𝑁𝑑,𝑝
2𝐻𝑑,𝑝 (𝑂𝑅𝑑,𝑝 − 𝐼𝑅𝑑,𝑝 )

∞

∫

[∫

0

𝑂𝑅𝑑,𝑝

𝐼𝑅𝑑,𝑝

𝑅′ 𝐽1 (𝛾𝑅′) 𝑑𝑅′ ∫

−𝐿𝑂

′

−𝐿𝑂−𝐻𝑑,𝑝

𝐽1 (𝛾𝑟)𝑒 −𝛾|𝑧−𝑧 | 𝑑𝑧 ′ ] 𝑑𝛾

(7-6)

Where 𝑁𝑑,𝑝 is the number of turns in the coil, 𝐻𝑑,𝑝 is the height of the coil, and 𝐼𝑅𝑑,𝑝 and
𝑂𝑅𝑑,𝑝 are the inner and outer radii of the coil. Applying the TREE formalism [81], the semi-

infinite term can be replaced with a series expansion if the solution is truncated at 𝑟 = ℎ.
For this application, ℎ was twenty times the outer radius of the drive coil:

𝜓̂𝑑,𝑝 (𝑟, 𝑧) =

𝜇 𝛿(𝑡) 𝑁𝑑,𝑝
𝐻𝑑,𝑝 (𝑂𝑅𝑑,𝑝 − 𝐼𝑅𝑑,𝑝 )

∞

∑

𝑂𝑅𝑑,𝑝

∫𝐼𝑅

𝑑,𝑝

−𝐿𝑂

𝑅 𝐽1 (𝛾𝑚 𝑅) 𝑑𝑅 ∫−𝐿𝑂−𝐻

′

𝑑,𝑝

𝑒 −𝛾𝑚 |𝑧−𝑧 | 𝑑𝑧 ′ 𝐽1 (𝛾𝑚 𝑟)

𝛾𝑚 [ℎ 𝐽1 (𝛾𝑚 ℎ)]2

𝑚=1

(7-7)

Where 𝛾𝑚 is the mth discrete eigenvalue derived from the boundary condition at 𝑟 = ℎ,
which will be derived shortly. The MVPIR arising from the ECs, 𝛯̂(𝑟, 𝑧, 𝑡) was calculated
from the boundary value problem imposed by the conducting layered structure and the
position of the coils. For excitations at low frequencies (<<1 MHz) the quasi-static
approximation may be applied to the magnetic vector potential equation [19].
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∇2 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) = 𝜇𝜎

𝑑
𝛯̂ (𝑟, 𝑧, 𝑡)
𝑑𝑡 𝑑,𝑝

(7-8)

For axially-symmetric geometries, Eqn. (7-8) can be rewritten as follows in cylindrical
coordinates [13, 14]:
𝜕2
𝜕2 1 𝜕
1
𝑑
( 2+ 2+
− 2 ) 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡) = 𝜇𝜎 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝑡)
𝜕𝑧
𝜕𝑟
𝑟 𝜕𝑟 𝑟
𝑑𝑡

(7-9)

The solution to the radial portion of Eqn. (7-9) is an infinite series of 1st order Bessel
functions. Separation of variables in 𝑟 in Eqn. (7-9) leads to Eqn. (7-10):
𝜕2
𝛯̂ (𝑟, 𝑧) = (𝜇𝜎𝑖𝜔 + 𝛾𝑚 2 )𝛯̂𝑑,𝑝 (𝑟, 𝑧)
𝜕𝑧 2 𝑑,𝑝

(7-10)

The general solution to Eqn. (7-10) is obtained below [81]. 𝐵1 and 𝐵2 are unknown
constants and 𝛾𝑚 is the separation constant in 𝑟 [19]:
∞

𝛯̂𝑑,𝑝 (𝑟, 𝑧) = ∑ (𝐵1 𝑒 𝛬𝑚 𝑧 + 𝐵2 𝑒 −𝛬𝑚𝑧 ) 𝐽1 (𝛾𝑚 𝑟)

(7-11)

𝑚=1

𝛬𝑚 = √𝜇𝜎𝑗𝜔 + 𝛾𝑚 2

(7-12)

As stated, the boundary value problem is truncated at 𝑟 = ℎ. Therefore, the separation
variable 𝛾𝑚 is given as follows [81]:
𝛾𝑚 =

𝑥𝑚
ℎ

(7-13)

Where 𝑥𝑚 is the mth root of the 1st order Bessel function. Eqns. (7-11)-(7-13) can be used
to develop a system of equations to model the layered conducting structure. The final
results are shown below in Table 7-1. A map of these zones is included in Figure 7-1.
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Additional boundary conditions were applied to the magnetic vector potential in Zones I
and V to ensure convergence as z approaches positive and negative infinity, respectively.
̂ (𝑟, 𝑧).
In Zones II-V the total MVPIR is totally represented by the EC contribution 𝜩
However, in Zone I the excitation from a particular coil 𝜓̂𝑘 (𝑟, 𝑧) must be added [14]. In
other words, the boundary value problem is solved independently for both coils in its
respective reference frame in which r = 0 defined at the coils’ axis of symmetry.
𝐴̂𝐼 (𝑟, 𝑧) = 𝜓̂𝑑,𝑝 (𝑟, 𝑧) + 𝛯̂𝐼 (𝑟, 𝑧)

(7-14)

Table 7-1: The solutions to the boundary value problem in each zone (see Figure 7-1).

Zone

Magnetic Vector Potential Impulse Response Function
∞

I

(𝐸𝐶)
𝐴̂𝐼 (𝑟, 𝑧) = 𝜓̂𝑑,𝑝 (𝑟, 𝑧) + ∑ 𝐵𝑑,𝑝 𝑒 𝛾𝑚 𝑧 𝐽1 (𝛾𝑚 𝑟)

(7-15)

𝑚=1
∞

II

2
2
(1)
(2)
𝐴̂𝐼𝐼 (𝑟, 𝑧) = ∑ (𝐵𝐼𝐼 𝑒 √𝜇0𝜎𝑁𝑃 𝑗𝜔+𝛾𝑚 𝑧 + 𝐵𝐼𝐼 𝑒 −√𝜇0𝜎𝑁𝑃 𝑗𝜔+𝛾𝑚 𝑧 ) 𝐽1 (𝛾𝑚 𝑟)

𝑚=1

∞

III

(1)
(2)
𝐴̂𝐼𝐼𝐼 (𝑟, 𝑧) = ∑ (𝐵𝐼𝐼𝐼 𝑒 𝛾𝑚 𝑧 + 𝐵𝐼𝐼𝐼 𝑒 −𝛾𝑚 𝑧 ) 𝐽1 (𝛾𝑚 𝑟)

2
2
(1)
(2)
𝐴̂𝐼𝑉 (𝑟, 𝑧) = ∑ (𝐵𝐼𝑉 𝑒 √𝜇0𝜎𝐹𝑃 𝑗𝜔+𝛾𝑚 𝑧 + 𝐵𝐼𝑉 𝑒 −√𝜇0𝜎𝐹𝑃 𝑗𝜔+𝛾𝑚 𝑧 ) 𝐽1 (𝛾𝑚 𝑟)

(7-18)

𝑚=1

∞

V

(7-17)

𝑚=1

∞

IV

(7-16)

(7-19)

(1)
𝐴̂𝑉 (𝑟, 𝑧) = ∑ 𝐵𝑉 𝑒 −𝛾𝑚 𝑧 𝐽1 (𝛾𝑚 𝑟)
𝑚=1
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(EC)

Where Bd,p in Table 7-1 is an unknown constant, which will be used to solve for the lossy
inductances. The unknown coefficients in Eqns. 7-15 to Eqns. 7-19 can be solved by
applying the horizontal planar boundary conditions shown in Eqns. (7-20)-(7-21) and
solving at the interfaces shown in Table 7-2. To streamline this process, a Maple®18 [64]
script was used to calculate all the B coefficients.
𝐴𝑖 |𝑧=𝑍𝑖−𝑖+1 = 𝐴𝑖+1 |𝑧=𝑍𝑖−𝑖+1
1 𝑑𝐴𝑖
|
𝜇𝑖 𝑑𝑧 𝑧=𝑍

=
𝑖−𝑖+1

1 𝑑𝐴𝑖+1
|
𝜇𝑖+1 𝑑𝑧 𝑧=𝑍

(7-20)
(7-21)
𝑖−𝑖+1

Table 7-2: List of interfaces with boundary conditions for equations given in Table 7-1. 𝑾𝑻𝑵𝑷 ,
𝑾𝑻𝑭𝑷 , and 𝑮𝑨𝑷 are the wall thickness of the near plate, wall thickness of the far plate, and plate gap,
respectively.

Interface

Position z [arb.units]

I- II
II- III

𝑧 = 𝑊𝑇𝑁𝑃 + 𝐺𝐴𝑃 + 𝑊𝑇𝐹𝑃
𝑧 = 𝑊𝑇𝑁𝑃 + 𝐺𝐴𝑃

(7-22)
(7-23)

III- IV

𝑧 = 𝑊𝑇𝑁𝑃

(7-24)

IV-V

𝑧=0

(7-25)

7.2.4 Calculation of the Lossy Kirchhoff Coefficients and Pickup Coil Signal
With 𝜓̂𝑑,𝑝 (𝑟, 𝑧) and 𝛯̂𝑑,𝑝 (𝑟, 𝑧, 𝛾𝑚 ) known, all the lossy Kirchhoff coefficients of the
coils can be solved. Following [79, 76, 75], lossy self and mutual self-inductances are given
as follows [14].

ℒ𝑑,𝑝 =

2𝜋𝑁𝑑,𝑝
𝐻𝑑,𝑝 (𝑂𝑅𝑑,𝑝 − 𝐼𝑅𝑑,𝑝 )

∞

𝑂𝑅𝑑,𝑝

−𝐿𝑂

∑

∫

∫

𝑚=1 𝐼𝑅𝑑,𝑝 −𝐿𝑂−𝐻𝑑,𝑝
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(𝐸𝐶)

𝑟 𝐵𝑑,𝑝 𝑒 𝛾𝑚𝑧 𝐽1 (𝛾𝑚 𝑟) 𝑑𝑧 𝑑𝑟

(7-26)

ℳ=

2𝜋𝑁𝑝
𝐻𝑝 (𝑂𝑅𝑝 − 𝐼𝑅𝑝 )

∞

𝑂𝑅𝑝

∑ ∫

−𝐿𝑂
(𝐸𝐶) 𝛾 𝑧
𝑚

𝑟 𝐽0 (𝛾𝑚 𝑆) 𝐵𝑑

∫

𝑒

𝐽1 (𝛾𝑚 𝑟)𝑑𝑧𝑑𝑟

𝑚=1 𝐼𝑅𝑝 −𝐿𝑂−𝐻𝑝

(7-27)
∞

𝑂𝑅𝑑

2𝜋𝑁𝑑
ℳ=
∑ ∫
𝐻𝑑 (𝑂𝑅𝑑 − 𝐼𝑅𝑑 )

−𝐿𝑂
(𝐸𝐶) 𝛾 𝑧
𝑚

𝑟 𝐽0 (𝛾𝑚 𝑆) 𝐵𝑝

∫

𝑒

𝐽1 (𝛾𝑚 𝑟)𝑑𝑧𝑑𝑟

𝑚=1 𝐼𝑅𝑑 −𝐿𝑂−𝐻𝑑

Where 𝑆 is the horizontal offset between the coils. A more general solution for ℳ, which
is valid for arbitrary positions and orientations of the drive and pickup coils above a
conductive planar structure is found in Ref. [27]. Expressions for the self-inductance L and
mutual inductance M for horizontally separated coils can be found in [75, 76, 73]. The emf
induced in the pickup coil 𝜀𝑝 for an arbitrary excitation 𝑉(𝜔) can be solved as follows [14]:
𝜀𝑝 =

𝑗𝜔(𝑀 + ℳ)𝑉(𝜔)𝑅𝑝
(𝑅𝑑 + 𝑗𝜔(𝐿𝑑 + ℒ𝑑 )) (𝑅𝑝 + 𝑗𝜔(𝐿𝑝 + ℒ𝑝 )) + 𝜔 2 (𝑀 + ℳ)2

(7-28)

Where 𝑗 is the imaginary unit, 𝜔 is the angular frequency of excitation and 𝑅𝑑,𝑝 is the
resistance of a particular coil. A complete derivation of the lossy coefficients is included
in Ref. [79].
7.3 Inverse Algorithm Operation
The purpose of the IA described in this work is to find the set of unknown experimental
parameters that best reproduces the measured EC data over the parameter space given in
Table 7-3. This was achieved using the fmincon [68] algorithm in Matlab® to minimize the
least-squares error between simultaneously measured multi-frequency data and analytical
solutions. These frequencies are chosen to maximize the sensitivity of the error function to
the unknown variables.
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Table 7-3: Constrained optimization parameter bounds for the Near Plate (NP) wall thickness, Far
Plate (FP) resistivity, NP resistivity, plate gap and probe liftoff.

Variable

Lower limit

Upper Limit

NP wall thickness
NP resistivity20
FP resistivity 21
Gap 21
Liftoff

0.5 mm
1 μΩ∙cm
1 μΩ∙cm
0 mm
1 mm

5 mm
200 μΩ∙cm
200 μΩ∙cm
40 mm
100 mm

The fmincon [68] function in Matlab® is a constrained nonlinear optimization routine
that estimates the minimum of a scalar function of several variables starting from an initial
estimate [82, 83]. For this application, the initial estimate is given as the estimated liftoff,
plate gap, and NP or FP resistivity. The Hessian (the square matrix of second partial
derivatives for a scalar function [84]) and gradient for the analytical model could not be
determined analytically so the active-set algorithm was used as a solver. Active-set
optimization finds the solution to the Karush-Kuhn-Tucker equations, which are necessary
conditions for optimality in constrained optimization problems [82, 83]. This is achieved
by transforming the optimization problem into a smaller quadratic programming subproblem that can be easily solved and used as the basis of an iterative process [82, 83].
After each iteration, fmincon updates an estimate of the Hessian and the Lagrangian using
the Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm [82, 83]. This iterative process
is used to perform a line search starting from an initial estimate that will converge to a local
or global minimum [82, 83].

20
21

Only for the 2VIA experiment
Only for the 3VIA experiment
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As shown in Figure 7-3, the algorithm updates the initial guess of the next data set with
the previous calculation to improve performance. It should be noted that if the probe liftoff
(LO), plate gap, NP/FP resistivity are the arguments of the error function, then a single
global minimum is present. However, if the NP WT is an argument of the error function,
other local minima are present and the solver may not converge to the global minimum.
Contour plots of the error function generated from simulated data are included in the
Appendix.

Figure 7-3: A block diagram of the inverse algorithm process.

7.4 Experimental Technique
The following section describes the experimental apparatus and procedures used to
validate the IA. In the first experiment, the liftoff profiles of 10 plates of Aluminum,
Copper, and Brass were measured with no FP present. As shown in Figure 7-4, the inverse
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algorithm extracted the liftoff and NP resistivity from the EC data. As two variables were
extracted, this algorithm is referred to as the Two Variable Inverse Algorithm (2VIA).
Excitation frequencies of 0.6 kHz, 0.96 kHz, 1.6 kHz, and 1.9 kHz were chosen to optimize
the sensitivity to probe LO and NP resistivity.

Figure 7-4: A block diagram of the Two-Variable Inverse Algorithm (2VIA). NP and FP are the near
plate and far plate, respectively.

As shown in Figure 7-5, the second experiment extracted the gap and liftoff profiles for
a number of Near-Plates (NP) and Far-Plates (FP) from EC data. As three variables were
extracted, this algorithm is referred to as the Three Variable Inverse Algorithm (3VIA).
Excitation frequencies of 1.9, 4.2, 8, and 16 kHz were chosen for the 3VIA to optimize the
sensitivity to probe LO, FP resistivity, and plate gap.

118

Figure 7-5: A block diagram of the Three-Variable Inverse Algorithm (3VIA) used to extract the liftoff,
far-plate resistivity and plate gap from measured gap profiles and liftoff profiles. NP and FP are the
near plate and far plate, respectively.

7.4.1 Probe Specifications
As described in Ref. [79], the self-inductances of the probe were measured using a
B&K Precision 878B LCR meter. The mutual inductance was measured by injecting a
controlled AC current into the drive coil using a Keithley 6221 current source and
measuring the resulting voltage in the pickup coil using an Agilent DSO-X 2012A digital
oscilloscope. The 100 Ω internal resistance of the drive coil power supply and the 11 kΩ
input resistance of the Olympus NDT Multi-scan MS5800 data acquisition system were
also included in the analytical model.
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7.4.2 Sample Characterization
Sample thicknesses were measured using a standard ½″ 5 MHz ultrasonic transducer
[71] combined with ultrasonic inspection equipment, manufactured by TecScan™.
Ultrasonic measurements were calibrated against plate edge thicknesses measured with a
high precision ball micrometer. The resistivities of the samples have been characterized
previously [49]. The resistivities of the samples were measured with a Nortec EC pencil
probe against known resistivity standards. The impedance plane display of the liftoff
profiles for calibration samples of known resistivity and the sample under investigation
were displayed on a NDT Nortec 19e Eddy Current Flaw Detector. The pencil probe was
operated between ~10 kHz-500 kHz to eliminate the effect of the sample’s wall thickness.
The liftoff profiles of the different samples as they appeared on the impedance plane
display were then collected. The phase was rotated such that the response to liftoff was in
the horizontal direction [11]. Interpolation between vertical offsets of the liftoff profiles of
the known calibration samples provided a measurement of the target sample’s resistivity
[11]. The sample specifications used in the 2VIA and 3VIA experiment are shown in Table
7-4 and Table 7-5, respectively.

120

Table 7-4: Plate samples used to validate the Two Variable Inverse Algorithm (2VIA).

Sample

1
2
3
4
5
6
7
8
9
10

Wall Thickness

Expected Resistivity

[mm] to 2σ

[µΩ∙cm]

6.54±0.01
1.26±0.01
3.17±0.01
3.12±0.01
3.12±0.01
4.64±0.01
3.27±0.01
6.59±0.01
1.63±0.01
4.81±0.01

4.2±0.5
5.0±0.5
5.75 22
5.39 23
3.83 24
6.0 ± 0.5
6.0 ± 0.5
1.7 25
1.7 25
5 ± 0.5

Description

Aluminum (unknown alloy)
Aluminum (unknown alloy)
Aluminum (2024-T3)
Aluminum (7075-T6)
Aluminum (6061-T6)
Brass (unknown alloy)
Brass (unknown alloy)
Copper
Copper
Aluminum (unknown alloy)

Table 7-5: Plate samples used to validate the Three Variable Inverse Algorithm (3VIA).

Sample

A
B
C
D
E
F
G
H

22
23
24
25

Description

Thickness [mm]

As Measured Resistivity

to 2σ

[µΩ cm] at 20.0±0.5 ºC

3.80±0.08
4.26±0.08
3.30±0.04
1.65±0.04
4.85±0.02
1.20±0.01
4.64±0.01
3.18±0.01

174±2
174±2
6.0±0.5
1.7 25
5.0±0.5
74.5±0.7
174±2
54.0±0.5

Grade 5 Ti-6Al-4V
Grade 5 Ti-6Al-4V
Brass
Copper
Aluminum (unknown alloy)
SS-316
Grade 5 Ti-6Al-4V
Grade 2 (pure) Titanium

Identical to a 30% IACS calibration standard
Identical to a 32% IACS calibration standard
Identical to a 45% IACS calibration standard
Identical to a 100% IACS calibration standard
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7.4.3 Gap and Liftoff Profile Measurement Procedure
The probe was fixed to either Sample A (Grade 5 6AL-4V Titanium) or Sample H
(Grade 2 Titanium) as the NP. The probe and near-plate were separated from any one of
the FP samples by (up to thirteen) 1.02±0.05 mm thick plastic shims to create a precise air
gap. Shims were removed to measure the plate-gap profile for the probe.
The liftoff profile of the probe was then measured. For this experiment only one metal
sample was used. In the first experiment, the probe was simply lifted off of the NP sample.
In the second experiment, a stack of up to five plastic shims (the same ones as in the gap
profile measurement) was used to position the probe above the NP metal sheet. The shims
were progressively removed to change the relative probe liftoff over a range of 0 mm
(contact with the near plate) to ~5.1 mm.
7.5 Calibration of the Analytical Model
As the gain settings of the eddy current instrument were unknown, a procedure was
developed to find the scaling and rotating operations to best match the analytical model to
the experimental data. The 2VIA results were calibrated by scaling and rotating the
analytical model to match the experimentally measured voltage response of Sample 8
(6.59±0.01 mm thick copper) at the minimum liftoff. Fine tuning of the rotation was
obtained using the measured change in response to liftoff for Sample 9 (1.63±0.01 mm
thick copper).
The 3VIA results were calibrated by scaling and rotating the analytical model to match
the experimentally measured voltage response when the probe is in air (infinite liftoff and
infinite gap). Fine tuning of the rotation was obtained by using an optimization routine to
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find the set of phases and absolute probe liftoffs, which minimize the least-squares error
between the analytical model and the measured data. For the 3VIA data, this optimization
routine calibrated the analytical data to the measured gap profiles with Sample A or G as
the NPs and Sample D as the FP and the measured liftoff profiles of Samples A and G at
infinite gap (no FP). For both the 2VIA and the 3VIA, the copper samples were chose for
the calibration datasets because they had the largest amplitude of the samples and their
resistivity matched a known calibration standard.
7.6 Results and Discussion
As shown below, experimental measurements were taken to validate the 2VIA and the
3VIA over a large range of experimental parameters. Figure 7-6 is the 0.6 kHz impedance
plane display of the measured liftoff profiles for the various plates shown in Table 7-4.
Figure 7-7 shows the LO and plate resistivity extracted from the measured Sample 3 (2024T3 Aluminum) liftoff profile. Table 7-6 compares the plate resistivities extracted from the
2VIA to their known values. Figure 7-8 is the measured impedance plane display of the 1.9
kHz gap and liftoff profiles for Samples D (copper) and F (SS-316) as the FP and Sample
A as the NP. Figure 7-9 and Figure 7-10 compare the IA predictions of gap and liftoff
measurements to the actual values with Samples A and D as the NP and FP, respectively.
Table 7-7 and Table 7-8 compare the 3VIA results of the EC to the known values. Figure
7-11 compares all of the 3VIA predictions of plate gap with the actual plate gap for the
datasets listed in Table 7-7. Figure 7-11, therefore characterizes the 3VIA gap accuracy at
nominal probe liftoff (2.42±0.05 mm) with Sample A or G as the NPs. Finally, Figure 712 compares all of the 3VIA predictions of the change in liftoff with the actual change in
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liftoff by placing shims between the probe and the sample for the datasets listed in Table
7-826. Figure 7-12, therefore characterizes the 3VIA liftoff estimates at fixed plate gaps
(~1.02, 2.04, 3.06 or 4.08 mm, respectively) with Sample A or G as the NPs.

Figure 7-6: Measured liftoff profiles for the Two Variable Inverse Algorithm (2VIA) experiment.
Sample numbers (see Table 7-4) are listed on the plot. Liftoff increases from bottom to top.

Figure 7-7: Two Variable Inverse Algorithm (2VIA) results for the measured liftoff profile (0 mm to
40 mm) of Sample 3 (2024-T3 Aluminum).
As this is a plot of the change of liftoff due to the presence of shims underneath the probe, a 0 mm change in
liftoff corresponds to the nominal probe liftoff of 2.42±0.05 mm.
26
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Figure 7-8: Measured 1.9 kHz gap and liftoff profiles for Samples D (copper) and F (SS-316). The
liftoff profiles were maintained at constant plate gaps. Plate gap increases probe liftoff top to bottom
and vice-versa for liftoff. Sample A (Grade 5 Titanium) was used as the near plate.

Table 7-6: A summary of the Two Variable Inverse Algorithm (2VIA) results. Error is reported to one
standard deviation. Error in the IA measurement is the standard deviation of the IA output.

Sample

Description

1
2
3
4
5
6
7
8
9
10

Aluminum (unknown alloy)
Aluminum (unknown alloy)
Aluminum (2024-T3)
Aluminum (7075-T6)
Aluminum (6061-T6)
Brass (unknown alloy)
Brass (unknown alloy)
Copper
Copper
Aluminum (unknown alloy)

Identical to a 30% IACS calibration standard.
Identical to a 32% IACS calibration standard.
29 Identical to a 45% IACS calibration standard.
30 Identical to a 100% IACS calibration standard.
27
28

125

Expected
Resistivity
[µΩ∙cm]
4.2±0.5
5.0±0.5
5.7527
5.3928
3.8329
6.0±0.5
6.0±0.5
1.7 30
1.7 30
5.0±0.5

IA Measured
Resistivity [µΩ∙cm]
at nominal liftoff
4.44±0.02
5.297±0.006
5.75±0.01
5.33±0.04
3.87±0.01
6.50±0.02
6.378±0.003
1.92±0.04
1.779±0.008
5.14±0.02

Figure 7-9: Measured gap profile with a 1.7 mm copper far plate with a 3.8 mm thick Grade 5 Titanium
near-plate. Probe liftoff was fixed at 2.42±0.05 mm.

Table 7-7: A summary of the 3VIA results for measured gap profiles for various NP and FPs. All data
sets had a constant LO of 2.4±0.5 mm. Error is reported to one standard deviation. Both Samples A
and G are Grade 5 Ti-6Al-4V. Error in the IA measurement is the standard deviation of the IA
output.

31

NP

FP

FP material

A
A
A
A
A
A
A
A
A
G
G

D
I
E
F
C
B
G
D
F
D
E

Copper
Grade 2 Titanium
Aluminum (unknown alloy)
SS-316
Brass
Grade 5 Ti-6Al-4V
Grade 5 Ti-6Al-4V
Copper
SS-316
Copper
Aluminum (unknown alloy)

Identical to 100% IACS calibration standard
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pFP
[µΩ∙cm]
1.731
53.9±0.5
5.0±0.5
74.5±0.7
6.0±0.5
174±2
174±2
1.731
74.5±0.7
1.731
4.6±0.5

pFP (IA)
[µΩ∙cm]
1.7±0.1
50.6±0.3
5.22±0.05
71.1±0.6
6.31±0.09
172±1
169±1
1.70±0.04
70.9±0.9
1.69±0.02
5.14±0.06

LO (IA)
[mm]
2.45±0.05
2.43±0.02
2.44±0.02
2.43±0.01
2.43±0.02
2.45±0.01
2.43±0.02
2.40±0.05
2.38±0.01
2.41±0.03
2.39±0.02

Figure 7-10: Measured liftoff profile with a 1.7 mm copper far plate with a 3.8 mm thick Grade 5
Titanium-near plate. Plate gap was fixed at 4.08±0.05 mm.

Table 7-8: A summary of the 3VIA results for measured liftoff profiles for various near and far
plates. ρFP is the resistivity of the far plate, and LO is the probe liftoff. Error is reported to one
standard deviation. Error of the IA measurement is the standard deviation of the IA output.

NP

FP

ρFP (Actual)
[µΩ∙cm]

ρFP (IA)
[µΩ∙cm]

Gap (Actual)
[mm]

Gap (IA)
[mm]

A

F

74.5±0.7

72.0±0.4

2.04±0.05

2.7±0.2

Actual LO range
[mm]
Error = ±0.05 mm
2.42-7.52

A

D

1.732

1.70±0.01

4.08±0.05

4.55±0.03

2.42-7.52

A

I

53.9±0.5

50.16±0.08

1.02±0.05

1.44±0.05

2.42-7.52

G

D

1.732

1.63±0.04

3.06±0.05

3.65±0.01

2.42-7.52

G

I

54±1

49.1±0.3

2.04±0.05

2.53±0.03

2.42-7.52

32

Identical to a 100% IACS calibration standard
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7.52

Figure 7-11: The predicted plate gap obtained from the Three-Variable Inverse Algorithm versus the
actual plate gap. A slope of 1 indicates a perfect mapping between the inverse-algorithm measurement.
The slope of the line was forced to intersect the origin.

Figure 7-12: The predicted change in probe liftoff obtained from the Three-Variable Inverse
Algorithm versus the actual change probe liftoff when shims were placed between the probe and near
plate. A slope of 1 indicates a perfect mapping between the inverse algorithm measurement and the
actual liftoff. The origin corresponds to the initial liftoff of 2.42±0.05 mm. The slope of the line was
forced to intersect the origin.
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As shown above, excellent agreement is observed between the experimental data and
2/3VIA results over a large range of near-plate resistivity (1.7-6 µΩ∙cm, NP WT (1.2 to
6.5 mm) and probe LO (0 mm to ~20 mm). Figure 7-7 indicates that the 2VIA consistently
predicts the NP resistivity within experimental error of the known samples up to ~15 mm
of LO, which is effectively when the probe is no longer sensitive to the plate. The
uncertainty associated with the inverse algorithm at nominal liftoff is due to the variation
observed in the outputs, assuming that the input parameters are fixed (with no uncertainty).
The 2VIA is accurate enough to distinguish between different aluminum alloys.
As shown in Table 7-7, Table 7-8, Figure 7-10, and Figure 7-11, the 3VIA consistently
predicts LO within experimental uncertainty when both Samples A (3.8 mm thick Grade 5
Ti-6Al-4V) and G (4.6 mm thick Grade 5 Ti-6Al-4V) were used as NPs. The 3VIA FP
resistivity was found to yield less than +0.7 mm error in the gap measurement over a ~2
mm-7.5 mm liftoff range, and less than 6% relative error in the NP and FP resistivity
measurements, respectively. As shown in Figure 7-11, for non-zero plate gaps at nominal
liftoff, the 3VIA achieved a ±0.3 mm measurement error to two standard deviations.
However, at zero gap and nominal liftoff the 3VIA achieved systematic measurement
errors between +0.2 mm to +0.91 mm. It was found that the Samples A and G were slightly
bent, resulting in lack of contact at the center position between the plates, when no shims
were present. This explains the systematic gap error when no shims were present. Sample
A was placed on a flat table, and the distance between the middle of the plate and the
bottom of the table was measured at one edge of Sample A using a digital Vernier caliper.
The air gap at the edge was then determined by subtracting this measurement from the
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thickness of the table and Sample A. The air gap (at the edge of the sample) resulting
from the bowing of Sample A was 0.40±0.05 mm, which may explain the discrepancy at
0 mm gap. As shown in Figure 7-12, the 3VIA consistently achieves an estimate of the
probe liftoff to an accuracy of ±0.1 mm to two standard deviations. The main source of
error is attributed to an imperfect calibration of the data.
7.7 Conclusion
A robust Inverse Algorithm (IA), which can simultaneously extract the probe liftoff,
near-plate or far-plate resistivity and gap from multi-frequency EC measurements has
been developed in this work. Fast computation (~1-2s per data set) was achieved by
applying truncated-region eignefunction expansion solutions. The Two Variable Inverse
Algorithm (2VIA) consistently matched the known resistivities of the samples within
uncertainty, and was able to distinguish between five aluminum alloys (7075-T6, 2024T3, 6061-T6 and two unknown alloys). The Three Variable Inverse Algorithm (3VIA)
was validated over a large range of second layer plate resistivities (1.7 to 174 µΩ∙cm),
plate wall thickness (~1 to 4.9 mm), probe liftoff (~2 mm to 8 mm), plate-to-plate gap
(~0 mm to 13 mm). The 3VIA achieved a relative error of less than 6% relative error for
the extracted FP resistivity and an accuracy of ±0.1 mm for the LO measurement. The
3VIA was able to achieve a plate gap measurement with an accuracy of less than ±0.7
mm error over a ~2.4 mm to 7.5 mm probe liftoff and ±0.3 mm at nominal liftoff (2.42
±0.05 mm), providing confidence in the general validity of the algorithm.
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7.8 Appendix
The following section shows contour plots of the objective function with simulated
multi-frequency data at 1.92 kHz, 4.16 kHz, 8 kHz, and 16 kHz. The objective
functionwas the logarithm base ten of the squared error between the simulated data and
estimated parameters. As shown below, two of the five variables are varied over the
limits of the constrained problem and the other three are taken from Table 7-9. The
simulated data parameters therefore, correspond to the global minimum of the error
function. As shown in Figure 7-13 to Figure 7-22, one is guaranteed a single global
minimum except when NP WT is used as an argument in the error function. If NP WT
extraction is required, extra care is needed to ensure the solver converges to the global
minimum.

Table 7-9: The parameters used to generate simulated EC data

Parameter

Value

Near Plate Wall Thickness
Far Plate Wall Thickness
Near Plate Resistivity
Far Plate Resistivity
Plate gap
Probe Liftoff

3.76 mm
1.37 mm
54 μΩ∙cm
74 μΩ∙cm
8 mm
2.5 mm
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Figure 7-13: A contour plot of the error function with estimates of liftoff and near plate wall thickness.
One global minimum is present. Colour bar is in logarithmic units.

Figure 7-14: A contour plot of the error function with estimates of liftoff and plate gap. One global
minimum is present. Colour bar is in logarithmic units.
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Figure 7-15: A contour plot of the error function with estimates of liftoff and near plate resistivity. One
global minimum is present. Colour bar is in logarithmic units.

Figure 7-16: A contour plot of the error function with estimates of liftoff and far plate resistivity. One
global minimum is present. Colour bar is in logarithmic units.
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Figure 7-17: A contour plot of the error function with estimates of near plate wall-thickness and plate
gap. One global minimum and at least two local minima are present. Colour bar is in logarithmic units.

Figure 7-18: A contour plot of the error function with estimates of near plate wall-thickness and near
plate resistivity. One global minimum and at least two local minima are present. Colour bar is in
logarithmic units.
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Figure 7-19: A contour plot of the error function with estimates of near plate wall-thickness and far
plate resistivity. One global minimum is present. Colour bar is in logarithmic units.

Figure 7-20: A contour plot of the error function with estimates of plate gap and near plate resistivity.
One global minimum is present. Colour bar is in logarithmic units.
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Figure 7-21: A contour plot of the error function with estimates of near plate wall-thickness and far
plate resistivity. One global minimum is present. Colour bar is in logarithmic units.

Figure 7-22: A contour plot of the error function with estimates of near plate resistivity and far plate
resistivity. One global minimum is present. Colour bar is in logarithmic units.
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Chapter 8

Finite Element Modelling of a Transmit-Receive Eddy Current Probe
Above a Layered Planar Structure, and Inside a Non-Concentric
Double-Walled Pipe

An unpublished paper

Mark S. Luloff 33,34, Jordan Morelli 34, and Thomas W. Krause 33

Abstract—Analytical solutions for eddy current problems involving curved conductors are
usually approximated as layered flat-plates to simplify the boundary value problem. This
approximation works best if the relative radius of the conductive structure is much larger
than the coil dimensions by ~10 times. However the error resulting from this approximation
is unknown. To address this, Finite Element Method (FEM) models for the electromagnetic
response of a transmit-receive probe situated above two parallel plates separated by a gap,
and inside a non-concentric double-walled pipe were generated and compared. It was
observed that the planar approximation model consistently achieves a good shape
agreement with the actual geometry model, however a noticeable discrepancy is present
that prevents a quantitative match.
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8.1 Introduction
In recent years, there has been a large demand for analytical models of eddy current
(EC) probes to meet life management requirements of layered conductive structures in
aging nuclear, aerospace and petrochemical components [16, 17, 18]. The well-known
solutions derived by Dodd and Deeds [1, 2, 19, 20] are generally applied [17, 46], but are
unsuitable for problems with non-axisymmetric EC fields [16, 17, 18]. One prominent
example is a transmit-receive EC probe whose axis is orthogonal to the axis of a rod or
tube, which is the geometry of a probe used to measure the Pressure Tube (PT) to Calandria
Tube (CT) gap inside a fuel channel [17, 7]. This limitation has been overcome by
approximating the curved geometries as stratified planar structures. Dodd and Deeds [1, 2]
solutions for flat-plate structures were then applied to achieve an approximate model [17,
7, 47]. This geometric approximation works best when the relative tube or rod radius is
much larger than the coil dimensions [17]. The same procedure was used by Chen et al.
[47] to model a probe used to detect flaws in CANDU® steam generator tubes. However,
there has been little research devoted to quantifing the loss of accuracy by applying this
approximation.
In this work, Finite Element Method (FEM) models were developed using COMSOL®
Multi-Physics to simulate the response of the gap probe inside the actual geometry of the
CANDU® fuel channel (a non-concentric double-walled pipe) and below two parallel
plates separated by an air gap. The FEM models were then compared over a large range of
PT resistivity, PT-CT gap and liftoff to quantify the effect of curvature on the probe
response.
138

8.2 Theory
As shown in Figure 8-1, the gap probe consists of drive and pickup coil in the transmitreceive configuration. A time-harmonic voltage is applied to the drive coil, which generates
a time-varying magnetic field and induces ECs in the nearby metal plates [13, 14]. As
shown in Figure 8-1, there are up to six modes of inductive coupling in the configuration
of a transmit-receive probe above a conducting plane when the drive coil is excited by a
voltage source [13, 14]. From Faraday’s law, an electromotive force (emf) is developed in
the drive and pickup coils from the changing magnetic flux arising from the drive coil
source current. These forms of electromagnetic coupling are mathematically described as
the self-inductance L and mutual inductance M of the probe, respectively [13, 14]. The self
and mutual inductances are only dependent on the coil geometries and relative spacing.
Furthermore, the time-dependent magnetic field generated by the coils induces eddy
currents in the conducting structure. From Lenz’s law, these ECs generate an opposing
magnetic field that generates an additional emf in both coils [12]. A lossy self-inductance
ℒ is generated by the coil coupling to the ECs it generates [13, 14]. Similarly, a lossymutual inductance ℳ is generated when a coil couples to the ECs generated by a
neighbouring coil [13, 14]. These lossy terms are complex-valued, frequency-dependent
coefficients that may be obtained by solving the boundary conditions imposed by the
conductive structure [13, 14].
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Figure 8-1: A visual representation showing all inductive interactions present for a transmit-receive
probe near a conductive structure.

8.3 COMSOL® Multi-Physics Model
A COMSOL® version 5.1 FEM model was developed using the Magnetic Fields (mf)
and the Electrical Circuit (cir) interfaces. The model utilized two-fold symmetry by
applying a magnetic insulation boundary condition to the plane of symmetry, which cuts
through the center of both coils. This significantly reduced the required computational
resources without a loss of accuracy. To further reduce the computational cost, linear
instead of quadratic elements were applied. One of the major challenges with FEM models
is that a changing geometry (and thus a changing mesh) will introduce numerical errors.
As shown in below, a stack of CTs (both flat sheets and tubes) were created. A material
sweep was used to set one plate to have the material properties of the CT and the remaining
plates to have the material properties of air. In this way, the material sweep was designed
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to change the plate-to-plate gap without changing the mesh. Similarly, the model had a
stack of twenty coils (ten for the drive and ten for the pickup) that were one fifth the height
of the drive/pickup coil. These “fifth-coil” stacks were electronically connected in series
with each other. Each “fifth coil” was connected in parallel to a pull up (109 Ω) or pull
down resistor (10-9 Ω). Only five of the “fifth coils” were connected to the pull-up resistor
and the others were effectively shorted out. In addition, the shorted coils were set to only
have one winding with a conductivity of 10 S/m to force the induced current to run through
the pull down resistors. In this manner, the liftoff (LO) profiles could be generated without
changing the mesh. In addition, the entire drive and pickup coil stacks were connected in
series with 100 Ω and 11 kΩ resistors to account for the input impedances of the MS5800
eddy current instrument [69]. Screenshots of the finite element geometries used in this
analysis are shown below in Figure 8-2 and Figure 8-3.

Figure 8-2: A screenshot of the COMSOL® model showing the flat plate geometry. The coils are not
shown.
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Figure 8-3: A screenshot of the COMSOL® model showing the actual geometry. The coils are not
shown.

8.4 Results and Discussion
As shown below in Figure 8-4 through Figure 8-8, PT-CT gap profiles for varying LO
(1.3, 1.9, and 2.5 mm), PT resistivity (45, 52.4, and 60 μΩ∙cm), and frequencies (2 kHz, 4
kHz, 8 kHz, and 16 kHz) were generated using the flat-plate approximation [17], and the
real geometry of the fuel channel. Both datasets were nulled at a PT resistivity of 52.4
μΩ∙cm, 0.5 mm PT-CT gap, and 1.9 mm liftoff. All datasets show that the flat-plate
approximation yields an excellent shape agreement with the actual geometry. However,
one can observe a noticeable non-linear amplitude and phase perturbation between the
models. Unfortunately, no single scaling and phase rotation operations to match both
datasets over this range could be found. Further investigation may be required to correct
the flat plate approximation for curvature or to develop analytical solutions for the curved
geometry.
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Figure 8-4: A comparison between the flat plate and real geometry finite element models. Each curve
is a gap profile (0.5 mm to infinite gap). Gap increases from left to right. 𝝆𝑷𝑻 and LO are the
resistivity of the pressure-tube and probe liftoff, respectively. Both data sets nulled at a PT resistivity
of 52.4 μΩ∙cm, 0.5 mm PT-CT gap.

Figure 8-5: A comparison of the predicted PT-CT gap responses for real and planar geometry for a
harmonic excitation of 2 kHz.
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Figure 8-6: A comparison of the predicted PT-CT gap responses for real and planar geometry for a
harmonic excitation of 4 kHz.

Figure 8-7: A comparison of the predicted PT-CT gap responses for real and planar geometry for a
harmonic excitation of 8 kHz.
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Figure 8-8: A comparison of the predicted PT-CT gap responses for real and planar geometry for a
harmonic excitation of 16 kHz.

8.5 Conclusions
This paper compared FEM results for a transmit-receive EC probe in layered planar
geometry, and inside a non-concentric double walled pipe to validate the
geometrical assumption made by Shokralla et. al [17, 46] for thier analytical model for
the inspection of CANDU® fuel channels using layered infinite planar conductors. It
was discovered that although this approximation yields a good shape agreement, the
curvature must be taken into account to achieve a good quantitative match with
experimental measurements.
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Chapter 9

An Approximate Solution for a Transmit-Receive Eddy Current Probe
Inside a Non-Concentric Double-Walled Pipe

An unpublished paper
Mark S. Luloff 35,36, Geoff Klein 35, 36, Stephane Contant 35, 36, Jordan Morelli 36, and
Thomas. W Krause 35

Abstract—Eddy current (EC) testing is used to ensure that the gap between Pressure Tubes
(PTs) and Calandria Tubes (CTs) (within which the PTs are contained) of CANDU® fuel
channels is maintained. Models for the Transmit-Receive (TR) EC coil pair response to
changes in PT to CT gap are being developed to help quantify the effect of variability in
inspection parameters on gap measurement accuracy. To this end, analytical solutions for
a Transmit-Receive (TR) coil pair above a layered planar structure have been developed.
However, it was found that these solutions cannot accurately model eddy current
measurements for a TR probe whose coil axes are perpendicular to the inner face of a nonconcentric double-walled pipe. To address this issue, an approximate solution was
developed using the Second Order Vector Potential (SOVP) formalism applied to the
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simpler geometry of a concentric double-walled pipe. The outer pipe had a varying inner
diameter that approximated the center-to-center tube offset in the non-concentric geometry.
The SOVPs were derived in the cylindrical coordinate system using the Biot-Savart law.
Closed-form solutions were then obtained by expressing the free-space Green’s function
as a product of modified Bessel functions and exponential functions. In this manner, all
electromagnetic coupling coefficients arising from the probe and neighbouring
conductors could be determined and substituted into Kirchhoff’s circuit equations.
Although the SOVP model is slow (5 s per calculation using parallel computing), fast
computation (<0.02 s per calculation without using parallel computing) was achieved by
mapping an analytical model that approximates the non-concentric pipe as two parallel
plates separated by an air-gap to match the SOVP model. Excellent agreement with
experiment was observed for a large range of inner tube resistivities (50.8-56.9 µΩ∙cm),
wall thickness (~3.9 to 4.6 mm), and frequency of excitation (4.2 and 8 kHz), providing
confidence in the general validity of the model.
9.1 Introduction
The motivation for this paper was to derive an analytical model for a Transmit-Receive
(TR) coil pair whose coil axes are perpendicular to the inner surface of double-walled pipe.
This study is essential for modelling an EC probe used to monitor the gap between Pressure
Tubes (PTs) and Calandria Tubes (CTs) (within which the PTs are contained) of CANDU®
fuel channels. The PT-CT gap requires monitoring to avoid contact conditions, which may
result in delayed hydride cracking of the PT [7]. EC testing using a Transmit-Receive (TR)
probe (two horizontally offset coils) has proven to be effective for in-reactor gap
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measurements. However, variances in probe liftoff and PT resistivity can affect the ECbased measurement.
As neither source of systematic error can be directly measured, a rigorous mathematical
model is required to develop algorithms to extract the unknown variables from EC data [7].
A validated analytical model could help establish the sensitivity of the gap measurement
to essential parameter variation. As a first step, Luloff et al. [49, 51] recently developed
the exact solution of the electromagnetic response of a TR probe above two parallel plates,
separated by an air gap. These solutions were found to yield a good shape agreement with
EC data with real tubes. These solutions combine Conway’s [75, 76] solution for the
mutual inductance of a TR probe, Dodd and Deeds’ [19] solution for a coil above a
stratified conductor and the model of Desjardins et al. [13, 14] for voltage-driven probes
(see Figure 9-1). Luloff et al. [51] also developed a robust Inverse Algorithm (IA) to
accurately extract liftoff, resistivity, and plate gap from EC measurements on planar
structures using these flat-plate solutions. However, the flat-plate model cannot accurately
represent experimental conditions present with real PT and CTs, resulting in erroneous IA
measurements. Unfortunately, analytical solutions are difficult to achieve as the PT and
CTs are generally non-concentric due to sag and irradiation induced creep, and the EC
fields are not axially symmetric.
Solutions for a TR probe located inside a concentric double-walled pipe were developed
in this work using the Second Order Vector Potential (SOVP) formalism. The model
presented in this paper is a hybrid between the solutions of Mao et al. [24] for a coil near
a conductive pipe and the recently published general model of Desjardins et al. [13, 14] for
voltage-controlled EC problems. The concentric double-walled pipe approximates a non148

concentric double-walled pipe with a CT of variable inner radius defined as 𝑂𝑅𝑃𝑇 + 𝐺𝐴𝑃.
Where 𝑂𝑅𝑃𝑇 is the outer radius of the PT and GAP is the PT-CT gap as seen by the coils.
This growing CT approximation can be made because the radius of the CT is much larger
than the dimensions of the probe. This new model was found to be in excellent agreement
with experimental data over a broad range of tested inner tube resistivities (50.8-56.9
µΩ∙cm), wall thickness (~3.9 to 4.6 mm), and frequencies of excitation (4.2 and 8 kHz).
This model was used to adjust the layered flat-plate model of Luloff et al. [51] to match
the SOVP results, reducing the computation speed from 5 s per calculation (with parallel
computing) to 0.02 s per calculation (without parallel computing).
9.2 Theory
9.2.1 Identification of Electromagnetic Coupling Modes

The transmit-receive probe in this work consists of a coplanar drive and pickup coil,
whose axes are normal to the inner face of the PT. A time-harmonic voltage is applied to
the drive coil, which generates a time-varying magnetic field and induces eddy currents in
nearby conducting structures [13, 14]. From Faraday’s law, an electromotive force (emf)
is developed in the drive and pickup coils from the changing magnetic flux arising from
the drive coil source current. These forms of electromagnetic coupling are commonly
known as the self-inductance L and mutual inductance M of the probe, respectively [13,
14]. The self and mutual inductances are only dependent on the coil geometry. Timedependent magnetic fields generated by the coils induce eddy currents in the conducting
structure. From Lenz’s law, these ECs create an opposing magnetic field, which generates
an emf in both coils [12]. A lossy self-inductance ℒ is made by the coil coupling to the
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ECs it generates [13, 14]. Similarly, a lossy-mutual inductance ℳ is made when a coil
couples to the ECs generated by a neighbouring coil [13, 14]. These lossy terms are
complex-valued, frequency-dependent coefficients that may be obtained by solving the
boundary-value problem imposed by the conductive structure [13, 14]. From [14], the total
voltage in the pickup coil 𝜀𝑝 is shown below. The subscripts d and p denote the drive and
pickup coil, respectively.
𝜀𝑝 (𝜔) =

𝑗𝜔(𝑀 + ℳ)𝑉𝑒𝑥 (𝜔)𝑅𝑝
(𝑅𝑑 + 𝑗𝜔(𝐿𝑑 + ℒ𝑑 )) (𝑅𝑝 + 𝑗𝜔(𝐿𝑝 + ℒ𝑝 )) + 𝜔 2 (𝑀 + ℳ)2

(9-1)

Where 𝑗 is the imaginary unit, 𝜔 is the angular frequency, 𝜀𝑝 (𝜔) is the induced emf in the
pickup coil, 𝑅 is the coil resistance, and 𝑉𝑒𝑥 (𝜔) is the external voltage applied to the drive
coil. As shown in Figure 9-1, there are up to six modes of electromagnetic coupling present
in the case of a voltage-driven TR probe near a conducting structure [13, 14].

𝑀

𝐿𝑑

𝐿𝑝
ℳ
ℒ𝑝

ℒ𝑑

Figure 9-1: A visual presentation showing all electromagnetic interactions operating on a transmitreceive eddy current probe inside a double-walled tube.
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9.2.2 Boundary Value Problem for a Concentric Double Walled Pipe
Dodd and Deeds [1, 2, 19, 20] and Desjardins et al. [13, 14], only published solutions
for problems for axially-symmetric EC fields using the separation of variables technique
on the magnetic vector potential diffusion equation. As shown in Figure 9-2, ECs generated
from a coil whose axis is perpendicular to a curved surface will take a saddle-shaped path
inside the conductor. Therefore the ECs possess an azimuthal and axial directional
component. In this case, it is impossible to use the separation-of-variables technique as the
vector components of the magnetic vector potential are intercoupled [25].

Figure 9-2: EC field distribution in a curved conductor underneath a transmit-receive probe. Colour
image denotes the relative strength of current density in the system with red being the highest and blue
being the lowest. Image was developed in COMSOL® multi-physics.

To counter this limitation, the Second-Order Vector Potential (SOVP) formalism, which
is valid for arbitrary EC fields was used. The SOVP formalism is advantageous because
three-dimensional problems with arbitrary EC fields can be expressed by two scalar
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functions rather than a vector field [24]. In a cylindrical coordinate system with respect to
the PT, the SOVP W is defined as follows [24].
𝛁×𝛁×𝐖 ≡𝐁
̂𝒛 + 𝒂
̂𝒛 × 𝛁𝑊𝑏
𝑾 ≡ 𝑊𝑎 𝒂

(9-2)
(9-3)

Where 𝑊𝑎 and 𝑊𝑏 are scalar functions that satisfy the scalar Helmholtz equations given by
Eqns. (9-4)-(9-5) [24]:
∇2 𝑊𝑎 + 𝑘 2 𝑊𝑎 = 0

(9-4)

∇2 𝑊𝑏 + 𝑘 2 𝑊𝑏 = 0

(9-5)

Where ∇2 is the scalar Laplacian and 𝑘 2 is given as:
𝑘 2 = −𝑗𝜔𝜎𝜇

(9-6)

From Eqns. (9-2)-(9-3), one may express the SOVP in terms of the magnetic flux strength
field B:
∂Wa
̂𝒛 + 𝒂
̂𝒛 × 𝛁𝑊𝑏 )
𝑩 = 𝛁(
) + 𝑘 2 (𝑊𝑎 𝒂
∂z

(9-7)

The boundary value problem is defined in Figure 9-3. In this work, the non-concentric
double-walled pipe was approximated as a concentric double-walled pipe with a growing
CT. Boundary conditions arising from horizontally offset tubes, which may lead to an exact
solution for a non-concentric double-walled pipe geometry are presented in Ref. [85].
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Figure 9-3: A top view of the boundary value problem of a single coil inside a concentric-double-walled
pipe. Zone 1, which contains the coils is in air. Zone 2 corresponds to the infinitely long metallic tube.
Zone 3 corresponds to the air outside of the metal tube. R is the distance between the observation point
O at coordinates and a point Q on the coil (shown in orange).

Taking a cylindrical coordinate system relative to the PT’s axis of symmetry, the solutions
to Eqns. (9-4)-(9-5) are given as Eqns. (9-8)-(9-14) [24].
∞

Wa1 = ∫

∞

∑ (𝐷𝐸𝐶 𝐼𝑚 (|𝛼|𝑟) + 𝐶𝑠 𝐾𝑚 (|𝛼|𝑟))𝑒 𝑗𝑚𝜑 𝑒 𝑗𝛼𝑧 𝑑𝛼

(9-8)

−∞ 𝑚=−∞
∞

Wa2 = ∫

∞

∑ (𝐷𝑎2 𝐼𝑚 (√𝛼 2 + 𝑗𝜔𝜎𝑃𝑇 𝜇𝑃𝑇 𝑟) + 𝐶𝑎2 𝐾𝑚 (√𝛼 2 + j𝜔𝜎𝑃𝑇 𝜇𝑃𝑇 𝑟) ) 𝑒 𝑗𝑚𝜑 𝑒 𝑗𝛼𝑧 𝑑𝛼

(9-9)

−∞ 𝑚=−∞
∞

Wb2 = ∫

∞

∑ (𝐷𝑏2 𝐼𝑚 (√𝛼 2 + j𝜔𝜎𝑃𝑇 𝜇𝑃𝑇 𝑟) + 𝐶𝑏2 𝐾𝑚 (√𝛼 2 + 𝑗𝜔𝜎𝑃𝑇 𝜇𝑃𝑇 𝑟) ) 𝑒 𝑗𝑚𝜑 𝑒 𝑗𝛼𝑧 𝑑𝛼

−∞ 𝑚=−∞

∞

Wa3 = ∫

(9-10)

∞

∑ (𝐷𝑎3 𝐼𝑚 (|𝛼|𝑟) + 𝐶𝑎3 𝐾𝑚 (|𝛼|𝑟))𝑒 𝑗𝑚𝜑 𝑒 𝑗𝛼𝑧 𝑑𝛼

−∞ 𝑚=−∞
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(9-11)

∞

Wa4 = ∫

∞

∑ (𝐷𝑎4 𝐼𝑚 (|𝛼|𝑟) + 𝐶𝑎4 𝐾𝑚 (|𝛼|𝑟))𝑒 𝑗𝑚𝜑 𝑒 𝑗𝛼𝑧 𝑑𝛼 𝛼

(9-12)

−∞ 𝑚=−∞
∞

Wb4 = ∫

∞

∑ (𝐷𝑏4 𝐼𝑚 (√𝛼 2 + 𝑗𝜔𝜎𝐶𝑇 𝜇𝐶𝑇 𝑟) + 𝐶𝑏4 𝐾𝑚 (√𝛼 2 + 𝑗𝜔𝜎𝐶𝑇 𝜇𝐶𝑇 𝑟) ) 𝑒 𝑗𝑚𝜑 𝑒 𝑗𝛼𝑧 𝑑𝛼

(9-13)

−∞ 𝑚=−∞
∞

Wa5 = ∫

∞

∑ 𝐶𝑎5 𝐾𝑚 (|𝛼| 𝜌)𝑒 𝑗𝑚𝜑 𝑒 𝑗𝛼𝑧 𝑑𝛼

(9-14)

−∞ 𝑚=−∞

Where the coefficients 𝐶 and 𝐷 are unknown constants solved for by imposing the
continuity equations for the W-field, m is the separation variable in the azimuthal
component φ, and α is the Fourier transformed variable of the axial coordinate z. An
additional boundary condition was also applied to the SOVP in Zone 5 (the air outside the
CT) to ensure convergence as 𝑟 approaches infinity. Eqn. (9-8) is the superposition of the
SOVP arising from the presence of the coil 𝐶𝑠 and the SOVP from the induced eddy
currents 𝐷𝑒𝑐 in the fuel channel.
9.2.3 Calculation of the Coil Contribution to the Second Order Vector Potential
The coil contribution to the SOVP 𝐶𝑠𝑠 was derived by solving for the magnetic field
produced by an infinitesimal Dirac delta coil in cylindrical coordinates, followed by taking
the integral sum over the volume of the coil. As shown below, the source SOVP 𝑊𝑎𝑠 for a
Dirac coil (an infinitesimal current loop) can be derived by substituting the Biot-Savart
law shown in Eqn. (9-15) into Eqn. (9-7) [24, 30].
𝑩𝒔 = −

µ0 𝐼
1
𝛁 ∬ 𝒏 ∙ 𝛁𝐐 ( ) 𝒅𝑺
4𝜋
𝑅
𝑆𝑄
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(9-15)

𝑊𝑎𝑠 = −

µ0 𝐼
𝑑𝑧
∬ 𝒏 ∙ 𝛁𝐐 (∫ ) 𝒅𝑺
4𝜋 𝑆𝑄
𝑅

(9-16)

Where the subscript Q indicates a particular coil, R is the distance between an observation
point (r, φ, z) and a point on the coil (rQ, φQ, zQ), (see Figure 9-3), 𝑺 is the surface bounded
̂ is the unit vector orthogonal
by the contour of integration, 𝐼 is the current in the coil and 𝒏
to 𝑺. As shown in Eqn. (9-16), one can solve for 𝑊𝑎𝑠 by plugging Eqn. (9-7) into Eqn.
(9-15) and integrating with respect to z. From [24, 86], the reciprocal of R (the free-space
Green’s function), can be expressed as a product of modified Bessel functions.
∞

∞

1 1
=
∑
𝑅 𝜋

∫ (𝐼𝑚 (|𝛼|𝑟< )𝐾𝑚 (|𝛼|𝑟> ) 𝑑𝛼 𝑒 𝑗𝑚(𝜑−𝜑𝑄 ) 𝑒 𝑗𝛼(𝑧−𝑧𝑄 ) )

(9-17)

𝑚=−∞ −∞

Where 𝑟< and 𝑟> represent the greater and lesser of the 𝑟 and 𝑟𝑄 terms, respectively. As the
coils are situated inside the metal tube, 𝑟 is always greater than 𝑟𝑄 (see Figure 9-3) and
therefore Eqn. (9-17) can be rewritten as Eqn. (9-18).
∞

∞

𝑗µ0 𝐼
𝑒 𝑗𝛼𝑧
𝑊𝑎𝑠 = ( 2 ) ∫ ( ∑ 𝐾𝑚 (|𝛼|𝑟)𝑒 𝑗𝑚𝜑
∬ 𝒏 ∙ 𝛁𝐐 (𝐼𝑚 (|𝛼|𝑟𝑄 )𝑒 −𝑗𝑚𝜑𝑄 𝑒 −𝑗𝛼𝑧𝑄 )𝑑𝑆) 𝑑𝛼
4𝜋
𝛼
−∞

𝑚=−∞

(9-18)

𝑆𝑄

The Cs coefficient can be derived by comparing Eqn. (9-18) to Eqn. (9-8). Cs is solely
dependent on the coil geometry and its orientation with respect to the fuel channel. For an
infinitesimal Dirac-coil, Csδ is given by Eqn. (9-19). For convenience, one may pose Eqn.
(9-19) with respect to a Cartesian coordinate system.
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𝐶𝑠𝛿 (𝑚, 𝛼) =

𝑗µ0 𝐼
𝜕
∬
(𝐼𝑚 (|𝛼|𝑟𝑄 )𝑒 −𝑗𝑚𝜑𝑄 −𝑗𝛼𝑧𝑄 ) 𝑑𝑆
2
4𝜋
𝜕𝑥
𝑆𝑄

𝐶𝑠𝛿 (𝑚, 𝛼) =

𝑗µ0 𝐼
𝜕
∬
(𝐼 (|𝛼|√𝑥𝑄2 + 𝑦𝑄2 ) 𝑒
4𝜋 2
𝜕𝑥 𝑚

yQ
−𝑗𝑚 arctan( )−𝑗𝛼𝑧𝑄
xQ

(9-19)
) 𝑑𝑆

𝑆𝑄

The integral sum of the Dirac-delta coils over the volume of the coils is taken to obtain
the coil coefficient 𝐶𝑠 for a multi-turn solenoid coil centered at 𝑧 = 𝑝. The final result is
shown in Eqn. (9-20).
𝑂𝑅 𝑟0

yQ
𝑗𝜇0 𝐼
−𝑗𝑚 arctan( )
2
2
xQ
𝛽(𝑥𝑄 ) =
∫
∫
(𝐼
(|𝛼|√𝑥
+
𝑦
)
𝑒
sin (𝛼√𝑟02 − 𝑦𝑄2 ) 𝑒 −𝑗𝑝𝛼 ) 𝑑𝑦𝑄 𝑑𝑟0
𝑚
𝑄
𝑄
(𝛼𝜋)2
𝐼𝑅 0

𝐶𝑆 (𝑚, 𝛼) =

(9-20)
𝑁
[ 𝛽(𝐼𝑅𝑃𝑇 − 𝐿𝑂) − 𝛽(𝐼𝑅𝑃𝑇 − 𝐿𝑂 − 𝐻)]
𝐻(𝑂𝑅 − 𝐼𝑅)

Where r0 is the radius of an individual Dirac-delta coil in the z-y plane, 𝐼𝑅𝑃𝑇 is the inner
radius of the tube, LO is the probe liftoff, H is the height of the coil, IR and OR are the
inner and outer radius of the coil, respectively. Eqn. (9-20) was simplified by taking a 10th
order Maclaurin series with respect to 𝑦𝑄 in

𝐼𝑚 (|𝛼|√𝑥𝑄2

+

𝑦𝑄2 )

yQ

and 𝑒

−𝑗𝑚 arctan(

xQ

)

terms,

and a 50th order series in sin (𝛼√𝑟02 − 𝑦𝑄2 ). An alternative series for 𝐶𝑆 (𝑚, 𝛼) is given in
Ref. [29]. In this manner, a closed-form solution to Eqn. (9-20) could be achieved without
compromising numerical accuracy to six decimal places.
9.2.4 Boundary Conditions
The EC contribution to the SOVP 𝐷𝑒𝑐 was derived by substituting Eqns. (9-8) through
(9-14) into the necessary boundary conditions. The continuity equations for the normal and
tangential components of the magnetic field across a material transition at a radius rint are
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given as Eqns. (9-21) through (9-23) [24]. The i and i+1 indices indicate the zone of the
SOVP (see Figure 9-3). For the geometry in this work, all the i zones are in air and the i+1
zones are in the PT or CT metal.
𝜕 2 𝑊𝑎(𝑖+1) 𝑘𝑖+1 2 𝜕𝑊𝑏(𝑖+1) 𝜕 2 𝑊𝑎(𝑖)
−
−
|
=0
𝜕r𝜕𝑧
r
𝜕φ
𝜕r𝜕𝑧 r = rint

(9-21)

𝜕𝑊𝑏(𝑖+1) 1 𝜕 2 𝑊𝑎(𝑖)
1 𝜕 2 𝑊𝑎(𝑖+1)
2
+ 𝑘𝑖+1
−
|
=0
r 𝜕φ𝜕𝑧
𝜕r
r 𝜕φ 𝜕𝑧 r = rint

(9-22)

𝜕 2 𝑊𝑎(𝑖+1)
𝜕 2 𝑊𝑎(𝑖)
2
+ 𝑘𝑖+1 𝑊𝑎(𝑖+1) −
| r = rint = 0
𝜕𝑧 2
𝜕𝑧 2

(9-23)

9.2.5 Calculation of Lossy Self and Mutual Inductances
The impedance change in a coil can be calculated from Auld’s formula [26, 24, 25]
shown in Eqn. (9-24).
∞

4𝜋 2 𝑗𝜔 ∞
ΔZ = −
∫ ∑ 𝛼 2 𝐶𝑆 (𝑚, 𝛼)𝐷𝐸𝐶 (−𝑚, −𝛼)𝑑𝛼
𝜇0
−∞

(9-24)

𝑚=−∞

In anticipation of the final result, the lossy self and mutual inductances can be expressed
as Eqns. (9-25)-(9-27)
∞

4𝜋 2 ∞
ℒ𝑑 =
∫ ∑ 𝛼 2 𝐶𝑆(𝑑) (𝑚, 𝛼)𝐷𝐸𝐶(𝑑) (−𝑚, −𝛼)𝑑𝛼
𝜇0 −∞

(9-25)

𝑚=−∞
∞

4𝜋 2 ∞
ℒ𝑝 =
∫ ∑ 𝛼 2 𝐶𝑆(𝑝) (𝑚, 𝛼)𝐷𝐸𝐶(𝑝) (−𝑚, −𝛼)𝑑𝛼
𝜇0 −∞

(9-26)

𝑚=−∞
∞

4𝜋 2 ∞
ℳ=
∫ ∑ 𝛼 2 𝐶𝑆(𝑝) (𝑚, 𝛼)𝐷𝐸𝐶(𝑑) (−𝑚, −𝛼)𝑑𝛼
𝜇0 −∞
𝑚=−∞
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(9-27)

Where the subscripts d and p denote the drive and pickup coil, respectively. With all the
Kirchhoff coefficients known, the emf in the pickup coil can be easily solved from Eqn.
(9-1). It was found that the infinite series in m was well represented in the range of m=-40
to 40.
9.3 Flat-Plate Model Correction
The main drawback to the SOVP formalism is that the lossy coefficients are expressed
as a truncated series of semi-infinite integrals. A computation speed of ~5 s per calculation
was achieved by applying parallel computing with 12 processors. To counter this
computational bottleneck, a correction procedure was applied to analytical solutions
developed by Luloff et al. [51] that approximate the PT and CT as two parallel plates.
These flat-plate solutions are approximately 250 times faster than the SOVP
implementation [51]. In other works [52], finite element simulations have shown that the
flat-plate solutions yield an excellent shape agreement with the actual solutions, but small
perturbations prevent a quantitative match. Therefore, a corrected flat-plate model could
be used to perform the IA. To account for these perturbations, two LookUp Tables (LUTs)
spanning a large range of parameters were developed for the SOVP and flat-plate solutions.
As shown in Table 9-1, this range was chosen to be larger than the expected experimental
conditions.
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Table 9-1: The range of parameters used to derive the lookup tables for the SOVP and flat-plate
solutions.

Parameter

Minimum

Step

Maximum

Liftoff [mm]

1.5

0.17

3

PT resistivity [μΩ∙cm]

45

1

60

PT-CT gap [mm]

0

1

16

PT wall-thickness [mm]

3

0.22

5

The error (or difference) between the two LUTs was then calculated. For each
frequency (1.9 kHz, 4.2 kHz, 8 kHz and 16 kHz), two 3D plots were generated to
characterize the LUT error function. The x, y coordinates were the flat-plate prediction of
the real component of the pickup coil signal and the flat-plate prediction of the imaginary
component of the pickup coil signal, respectively. The z axis was either the real or
imaginary component of the LUT. The stepwiseglm [87] function in Matlab® was then used
to fit the 3D surfaces as functions of the real and imaginary component of the flat-plate
prediction of the emf. This fitting function was then used to correct the flat-plate model to
match the SOVP LUT. The mapping function could interpolate very well over the
parameter space spanned by the LUT, but has limited extrapolation capabilities. It was
found that the surface could be well described as follows:

𝑧 = 𝐴0 + 𝐴1 𝔑(𝜀𝐹𝑃 ) + 𝐴2 ℑ(𝜀𝐹𝑃 ) + 𝐴3 𝔑(𝜀𝐹𝑃 )ℑ(𝜀𝐹𝑃 )
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(9-28)

Where z is either the real or imaginary component of the LUT error, while 𝔑(𝜀𝐹𝑃 ) and
ℑ(𝜀𝐹𝑃 ) are the real and imaginary component of the flat-plate model prediction of the
pickup coil signal, respectively. The fitting parameters A are shown below in Table 9-2 and
Table 9-3.
Table 9-2: The mapping function coefficients that correct the real component of the emf error
between the flat plate model and the SOVP model.

Frequency [kHz]

A0

A1

A2

A3

1.9

-0.035±0.002

-0.66±0.02

-0.064±0.006

-1.68±0.07

4.16

-0.325±0.003

-0.949±0.009

-0.393±0.006

-1.19±0.02

8

-0.244±0.007

-0.371±0.008

-0.203±0.01

-0.35±0.01

16

-0.184±0.003

-0.191±0.003

-0.15±0.01

-0.16±0.01

Table 9-3: The mapping function coefficients that correct the imaginary component of the emf error
between the flat plate model and the SOVP model.

Frequency [kHz]

A0

A1

A2

A3

1.9

0.0134±0.0008 1.103±0.009

0.0866±0.002

4.02±0.03

4.16

-0.632±0.003

-1.59±0.01

-1.080±0.006

-2.63±0.02

8

0.728±0.005

0.985±0.007

1.173±0.009

1.65±0.01

16

0.207±0.003

0.185±0.003

1.34±0.01

1.26±0.01
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9.4 Experimental Technique
The following section describes the experimental apparatus and procedure used to take
EC measurements of real tubes to validate the analytical solutions.
9.4.1 Probe Specifications
As described in Ref. [79], the self-inductances of the probe were measured using a
B&K Precision 878B LCR meter. The mutual inductance was measured by injecting a
controlled AC current into the drive coil using a Keithley 6221 current source and
measuring the resulting voltage in the pickup coil using an Agilent DSO-X 2012A digital
oscilloscope. The 100 Ω internal resistance of the drive coil power supply and the 11 kΩ
input resistance of the Olympus NDT Multi-scan MS5800 data acquisition system were
also included in the analytical model.
9.4.2 Sample Characterization
In this study, offcuts of multiple PTs and a 1.43±0.05 mm thick, 129.1±0.1 mm inner
diameter, 73.6±0.5 µΩ∙cm CT were used to validate the model. These samples were
specifically chosen to give a range of material resistivity and wall thickness typical of inreactor conditions for the evaluation of the analytical model. The tube thicknesses were
measured using a standard ½” 5 MHz ultrasonic transducer [16] combined with ultrasonic
inspection equipment, manufactured by TecScan™. The ultrasonic measurements were
calibrated against edge thicknesses measured with a high precision ball micrometer. The
resistivity of the tubes were determined by taking a four-point measurements on ~3 mm
thick slices that were cut off of PT #13 through PT #27 in Table 9-4. The four-point
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measurements were performed with a Keithley 6221 current source and a Keithley 2182A
nanovoltmeter. The remaining sample resistivites were measured using an EC technique.
A two-coil differential EC probe was inserted into each tube with a 100 kHz excitation.
Inside the body of the probe, a small piece of commercially pure titanium (which has a
similar resistivity to the PT material) was situated in front of one of the coils, which
effectively shielded the coil from the tube samples. The differential signal between the
coils was then fed into the MS5800 EC instrument. The resistivities of the known
samples (PT #13 through PT #27) were plotted against the measured signal amplitude
and a quadratic fit was applied to the data. The resistivities of samples #Y832 and
#PT-01 were then obtained by substituting their measured signal amplitudes into the
fitted function.

Table 9-4: An overview of the wall thickness and resistivity of the PT samples. All tubes had an inner
radius of 104±1 mm. Samples were provided by Ontario Power Generation (OPG®) and Canadian
Nuclear Laboratories (CNL®).

Sample

Resistivity [µΩ∙cm]
±0.5 [µΩ∙cm]

Wall Thickness [mm]

#13
#1 Draw
#19
#18
#14
Autoclave
#12
#27
#Y832
#PT-01

53.6
53.6
53.9
52.0
52.2
51.7
56.9
50.8
51.6
51.7

4.05±0.03
5.29±0.05
(4.35-4.43)±0.03
(4.39-4.68)±0.07
3.95±0.01
4.57±0.05
4.00±0.05
(4.22-4.40)±0.03
4.09±0.05
(4.19-4.21)±0.05

st
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9.5 Eddy Current Measurement Procedure
The probe was placed inside PT #13 and was nulled without the presence of a CT
(infinite gap). PT #13 was chosen for this purpose because it was machined to have a
uniform wall-thickness, which would ensure repeatable results. The CT was added to the
system. The CT was then moved away from the coils to develop the PT-CT gap profile.
The CT was removed and the probe was re-nulled on PT #13 to mitigate the effect of signal
drift. PT #13 was removed from the experimental jig and another PT was added. The
experimental procedure was repeated for the remaining samples.
9.6 Calibration of the Analytical Model
The analytical model was scaled and rotated to match the measured voltage response
because the gain and phase of the EC instrument were not known. This calibration
procedure has been applied previously for eddy current data [17]. The analytical model
was calibrated by scaling and rotating its prediction of the voltage response at 0 mm gap
with PT #13 to match the experimental measurement. Fine tuning of the rotation was
obtained to match the predicted PT-CT gap profile with the experimental measurement for
PT #13.
9.7 Results and Discussion
To validate the model, the optimal probe liftoff (LO), PT WT, and PT resistivity were
chosen to best fit the experimental data and were compared against the known values. As
shown below, Figure 9-4 and Figure 9-5 compare the measured and predicted 4.2 kHz and
8 kHz impedance plane display with several different PT samples and the best fits to the
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data using the SOVP model. The parameters used for the fitting are shown in Table 9-5Table 9-6. As shown below, for the most part the estimated parameters in Table 9-5-Table
9-6 match the actual values within experimental uncertainty. Some noticeable
discrepancies between the estimated and measured PT WT for samples #18, #27 and #PT01 are attributed to systematic errors in the WT measurement. In addition, the estimated
probe LO between the 4.2 kHz and 8 kHz datasets cannot be harmonized. It is unclear
whether this discrepancy can be attributed to non-ideal effects such as probe signal drift,
the geometric approximation made by the model or an improper calibration to the data. It
should be noted that the probe is extremely sensitive to LO variations and as shown in
other works [51], there exist multiple (but not necessarily realistic) combinations of WT,
PT resistivity and LO, which can achieve good fit to the experimental data.

Figure 9-4: Measured and predicted 4.2 kHz gap profile for different pressure tube samples.
Pressure tube to calandria tube gap increases from left to right.
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Table 9-5: The parameters used to fit the experimental data in Figure 9-4 versus the measured
parameters. LO, 𝛒𝐏𝐓 , and 𝐖𝐓𝐏𝐓 are the probe liftoff, pressure tube resistivity, and the pressure tube
wall thickness, respectively. Resistivities were measured at 20.0±0.1°C.

Figure 9-5: Measured and predicted 8 kHz gap profile for different pressure tube samples. Pressure
tube to calandria tube gap increases from left to right.
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Table 9-6: The parameters used to fit the experimental data in Figure 9-5 versus the measured
parameters. LO, 𝛒𝐏𝐓 , and 𝐖𝐓𝐏𝐓 are the probe liftoff, pressure tube resistivity, and the pressure tube
wall thickness, respectively. Resistivities were measured at 20.0±0.1°C.

9.8 Conclusions
The analytical model described in this paper, which is an approximate solution to a noncoaxial transmit-receive EC probe inside a set of non-concentric metal tubes, yields
excellent agreement with experimental data. The non-concentric double-walled pipe
geometry of the fuel channel was approximated as a concentric double walled pipe, whose
outer pipe radius grew/shrank to simulate varying gap between the tubes. This agreement
provides validation of the model over a range of tube resistivity (50.8 µΩ∙cm to 56.9
µΩ∙cm), and PT wall thickness (~3.9 to 4.6 mm) typical for inspection conditions. Fast
computation (<0.02 s per calculation) was achieved by mapping an analytical model that
approximates the non-concentric pipe as two parallel plates separated by an air-gap to
match the SOVP model.
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Chapter 10
Discussion
Analytical solutions for a transmit-receive probe interacting with a conducting stratified
layer planar structure, and a double-walled pipe have been developed and validated with
experimental data (see Chapter 5 and Chapter 9). These solutions employ the recently
published general model of Desjardins et al. [88, 14, 15] and were found to better
represent experimental conditions than the widely used model developed by Dodd and
Deeds [20] (see Chapter 6). Interestingly, a simple scaling and rotation operation could
remove any discrepancies arising from the assumption of open circuit pickup coils.
However, when the Constant Amplitude Alternating Current (CAAC) approximation in
the drive coil was made (despite it being excited by a constant amplitude voltage),
the phase response of the signal became out of sync. Comparing both models for the
flat plate case and experimental data, it is apparent that the CAAC approximation
cannot achieve a shape agreement with experimental data for frequencies between
2 kHz and 16 kHz (see Chapter 6).
Interestingly, the analytical flat-plate solutions offer a better match to experimental
data than the COMSOL® FEM model, which only achieves a rough shape agreement
(see Chapter 4). This discrepancy was attributed to inaccuracies introduced by the
mesh and uncertainties in how COMSOL® solves the boundary value problem (i.e.
COMSOL® is effectively a black-box). In addition the integral transform and TREE
implementations of the flat-plate solutions are approximately ten thousand and one
million times faster than a FEM model, respectively.
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Further validation of the flat-plate solutions were achieved by developing a robust
Inverse Algorithm (IA), which accurately extracted the plate gap, LO, NP or FP
resistivity from multi-frequency experimental EC data over a large range of experimental
parameters (see Chapter 4). When only LO and NP resistivity were extracted from
measured LO profiles of single plates, the IA could extract the NP resistivity to an
accuracy comparable to a four-point measurement (<±0.5 µΩ∙cm), which allowed the
algorithm to differentiate between five different alloys of aluminum. When NP resistivity,
LO, and gap were extracted from measured gap (contact to infinite gap) and liftoff
profiles (~2 mm to infinite LO) for a two plate system, it was found that the IA achieved
a relative error of 6% for the extracted FP resistivity and an accuracy of ±0.1 mm for the
extracted LO. The inverse algorithm was able to measure the gap with a total estimated
error of ±0.7 mm over a LO range of ~2 mm to 8 mm. At nominal LO, the probe was able
to achieve a systematic error of +0.3 mm. Systematic error in the gap measurement
(between +0.2 mm and +0.91 mm) at 0 mm plate gap, was attributed to the NP samples
having a slight concavity (a non-ideal contact) and an imperfect calibration of the
experimental data (required scaling and rotation).
The validated flat plate model could not accurately represent experimental data with
real PTs and CTs. A FEM model was developed in COMSOL® for the flat-plate
approximation and real geometry of the fuel channel to investigate this issue (see Chapter
8). It was found that the flat-plate approximation yields an excellent shape agreement
with the actual geometry, but an imperfect quantitative match in the signal phase and
amplitude. Therefore a flat-plate approximation of curved geometry is valuable for
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understanding how the EC probe will respond to different experimental parameters (the
reason why the approximation is used widely in industry) but is unsuitable for an
inverse algorithm. To counter this problem, the exact solution for a transmit-receive
probe inside a non-concentric double-walled pipe (the fuel channel geometry) was
developed using the Second-Order Vector Potential formalism [24] and the general
model of Desjardins et al.[88, 14, 15]. This model was shown to agree with the measured
gap profiles with offcuts of real PT and CTs (see Chapter 9). For fast computation, the
SOVP model was used to correct the TREE implementation of the flat-plate solutions.
The experimental apparatus limited the measurement of the LO profile inside the PT and
therefore, this measurement was not investigated in this work. Unfortunately, the
limitations of the SOVP model prevented one from using it as a basis for an inverse
algorithm. It is suspected that the limitation is a result of improperly calibrating the
SOVP model to the data.
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Chapter 11
Conclusions
The goal of this work was to develop a model of eddy current based pressure tube to
calandria tube gap measurement, in order to identify confounding factors that may arise
under in-reactor inspection conditions. The identification and compensation for variation
in these factors may be used to further enhance gap measurement accuracy. In response to
this goal, analytical solutions for a transmit-receive probe above a stratified planar
conductive structure, and inside a double-walled pipe (the geometry of a CANDU® fuel
channel) as well as a robust inverse algorithm to extract relevant parameters from EC data
have been developed in this work. The exact solutions for the stratified layered conductor
were shown to yield excellent agreement with experimental data over a large range of
differing first layer resistivities (54 µΩ∙cm and 174 µΩ∙cm), second layer resistivities (1.7
µΩ∙cm to 174 µΩ∙cm), plate wall thickness (~1 mm to 5 mm), probe liftoff (0 mm to 12
mm), and frequency of excitation (2 kHz to 16 kHz), providing confidence in the general
validity of the model. These new models employ the coupled circuit equation solutions for
the voltage-controlled model of Desjardins et al. [88, 14, 15] and therefore, offer an
improvement on published equations that employ Dodd and Deeds [20] solutions. Dodd
and Deeds [20] solutions were found to be only valid for excitation frequencies less than 2
kHz for the configuration of the coils examined here. The developed analytical models are
approximately ten thousand to one million times faster, and are more accurate than a finite
element model. The validated analytical models were then used as a basis for an inverse
algorithm to accurately extract probe liftoff, resistivity and gap from multi-frequency eddy
current data. The inverse algorithm was found to be accurate enough to distinguish
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between five different aluminum alloys (7075-T6, 2024-T3, 6061-T6 and two unknown
alloys) and to estimate the probe LO to an accuracy of ±0.1 mm, the plate gap with a
less than +0.7 mm systematic error over a LO range of ~2 mm to 8 mm and an accuracy
of ±0.3 mm at nominal LO.
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Chapter 12
Future Work
Several areas of improvement have been identified in order to extend the capabilities
of eddy current inspection of CANDU® fuel channels. First, the limitations of the SOVP
model should be investigated in detail as it may have the potential to extract relevant
parameters from EC data with real tubes. The investigation of a chi-squared analysis of
the error function obtained from the inverse algorithm results in Chapter 7 should be
performed in order to further characterize uncertainties associated with the inverse
parameter calculations. Furthermore, the effect of unideal experimental conditions such
as

the

presence

of

liquid

injection

shutdown

system

nozzles, constrictions,

protrusions, and flaws in the PT have not been investigated in this work. Preliminary
investigation into the effect of probe tilt, is included in Appendix D. FEM
algorithms may be used to model PT deformities. Modeling both of these unideal
experimental conditions simultaneously may be essential for accurately measuring the
fuel

channel

gap

at

spacer

locations

where

the

PT

is

deformed.

An

investigation of the effects of temperature variation on the probe response to changes in gap
has not been conducted and the liftoff profile for experimental data with real tubes has not
been measured with the probe. It is thought that temperature variations will only
significantly affect the resistance of the drive coil and the resistivity of the PT.
Therefore, the measured relationship between both parameters and temperature could
be added to the analytical model. In addition, these analytical models may be used to
find the coil dimensions, position and orientation relative to the sample that will
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optimize the gap measurement and mitigate the effects of tilt, liftoff and resistivity
variations. Further development of the experimental apparatus is required to eliminate
systematic errors in gap and resistivity measurements.
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Appendices
The following sections contain miscellaneous material, which has been divided into
five Appendices. Appendix A considers the error analysis of the ultrasonic measurements
used to measure the wall thickness of the flat-plate and tube samples. Appendices B and C
consider the error analysis of the four-point measurements on the flat-plate and tube
offcuts, respectively. Appendix D investigates the effect of probe tilt on the signal
response. Finally, Appendix E compares the characteristic impedance plane features
arising from varying PT-CT gap, PT resistivity and WT, and probe LO.
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Appendix A: Error Analysis of Ultrasonic Thickness Measurements
A.
As stated in Sections 3.3-3.4, the ultrasonic measurements were calibrated against
plate/tube edge thicknesses measured with a high precision ball micrometer with an
estimated error of ±0.005 mm. To ensure an accurate measurement, the plate/tube edge
thickness measurements were repeated 3-5 times. The plate/tube edge thicknesses were
then reported as the median of the measurements. The error was reported as the quadrature
sum of the standard deviation of the measurements and the instrument uncertainty. For
example, six edge thickness measurements shown below in Table A-1 were taken at 0° for
PT sample #18 (a tube sample). The median and standard deviation of these results is 4.466
mm and 0.003 mm, respectively. Adding the standard deviation of the results and the
experimental uncertainty in quadrature yields an estimate of 4.466±0.006 mm for the tube
edge thickness.

Table A-1: Edge Thickness measurements at 0° for the PT #18

Wall Thickness
Measurement [mm]
Error= ±0.005 mm
4.466
4.466
4.474
4.465
4.464
4.468
184

The UltraSonic (US) transducer was placed over the location where the edge thickness
measurement was taken, and the time-of-flight t (the time for the wave to return to the
transducer) was measured. The US wave first penetrates into the metal sample and reflects
off of the sample’s back-wall. Therefore, the total distance traveled by the reflected US
wave is 2∙WTedge where WTedge is the thickness of the sample at the edge. Therefore, the
speed of sound ν in the sample was determined as follows:
ν=

2 𝑊𝑇𝑒𝑑𝑔𝑒
𝑡

(A-1)

The error in the time measurement was estimated to be 8 ns (twice the resolution of the
time measurement). The error in the speed of sound is therefore given as follows. The δ
symbol denotes the error of a variable.

δν = √(

2
2
2 𝑊𝑇𝑒𝑑𝑔𝑒
2
δt) + ( δ𝑊𝑇𝑒𝑑𝑔𝑒 )
𝑡2
𝑡

(A-2)

The speed of sound as measured at 0°, 40°, and 80° were found to be 4710±20 m/s,
4830±20 m/s and 4860±30 m/s for tube sample #18. The speeds of sound of the material
was then reported as the weighted average of these measurements, yielding an estimate of
4830±70 m/s. From this point, the time-of-flight along the tube circumference was
recorded. The local wall thickness 𝑊𝑇𝑙𝑜𝑐𝑎𝑙 of the sample was derived using the following
equations:
𝑊𝑇𝑙𝑜𝑐𝑎𝑙 =

νt
2
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(A-3)

ν δt 2
t δν 2
δ𝑊𝑇𝑙𝑜𝑐𝑎𝑙 = √(
) +(
)
2
2

(A-4)

For example at 200° on tube sample #18, the time-of-flight was measured at 1864±8 ns.
Therefore, the measured wall thickness at 200° was 4.50±0.07 mm.
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Appendix B: Error Analysis of Four-Point Measurements for Bars Cut
from the Flat Plate Samples
B.
As mentioned in Section 3.3, small bars of height H, length L and width W were cut off
of the larger flat plate samples and a four-point measurement was performed to determine
its resistivity. A Keithley 6221 current source injected a controlled DC current (-100 mA
to 100 mA in steps of 20 mA) into the offcut ends and the voltage across a known length
was measured using a Keithley 2182A nanovoltmeter. The error in the sample’s electrical
resistance 𝑅 was obtained as the error in the slope of the voltage versus current function.
The error in the voltmeter, current injection and calculated resistance of the sample were
found to be negligible in comparison to the other sources of error. As stated, the resistivity
of the samples was given as:

ρ=

𝑅𝐻𝑊
𝐿

(B-1)

Summing up the error in quadrature, the error in the resistivity is given as follows. The δ
symbol denotes the error of a variable.

δρ = ρ√(

δH 2
δL 2
δW 2
) +( ) +( )
𝐻
𝐿
𝑊

(B-2)

For the offcut of Sample F whose physical properties are given in Table B-1, one obtains
a resistivity estimate of 74.5±0.7 μΩ∙cm.
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Table B-1: Physical properties of the Sample F offcut

Symbol

Description

Measurement instrument

Value to 1 σ

R

Electrical Resistance

Four-point measurement with

3.6432±0.0001 Ω

Keithley 6221 current source and
Keithley 2182A nanovoltmeter
H

Cross-section height

High precision ball micrometer

1.22±0.01 mm

W

Cross-section width

High precision ball micrometer

4.24±0.08 mm

L

Bar length

Ruler

253±1 mm
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Appendix C: Error Analysis of Four-Point Measurements on Rings Cut
from the Tube Samples
C.

As mentioned in Section 3.4, small rings of height H, and width 𝑊 were cut off of the
larger flat plate samples and the same four-point measurement procedure defined in
Appendix B was performed to determine its resistivity. In this case, the effective length of
the ring L may be calculated using Eqn. (C-1) for a given wall thickness W, inner diameter
𝐼𝐷 and angle 𝜃 between the voltage leads. The error in the effective length of the ring 𝛿𝐿
is given in Eqn. (C-2). The resistivity of the rings is then calculated using Eqns. (B-1)(B-2). The δ symbol denotes the error of a variable.
𝐿=

𝜃(𝐼𝐷 + 𝑊)
2

𝜃𝛿𝐼𝐷 2
𝜃𝛿𝑊 2
(𝐼𝐷 + 𝑊)𝛿𝜃 2
√
𝛿𝐿 = (
) +(
) +(
)
2
2
2

Figure C-1: The test apparatus for the DC resistance tests.
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(C-1)

(C-2)

Figure C-2: A top view of the PT sample (left) and a side view (right).
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Appendix D: Effect of Tilt for a Probe Situated Above a Conductive
Plane of Finite Thickness
D.

The purpose of this section was to perform a tilt-sensitivity analysis for the transmitreceive probe above a planar structure (similar to the experiment performed in Chapter 5
and Chapter 7). Due to the construction of the jig used to mount the round probe body
above the flat-plate samples, it is likely that the axes of the drive and pickup coils were not
perfectly perpendicular (<3° offset) to the test-piece. The effect of tilt on the probe response
is not well known and therefore analytical modelling may help to understand this problem.
An illustration of the probe orientation as the probe misalignment angle θ is shown below
Figure D-1.

Figure D-1: Schematic of probe-tilt as a function of probe angle. The orange rectangles denote the
cross-section of the drive or pickup coil respectively.
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The geometry of a tilted cylindrical coil above a single planar conductor is presented in
Figure D-2. The axis of the coil runs along the x-z plane as the rotation angle φ of the probe.
The center of the coil is located a distance d above the origin. As θ is adjusted, the right
corner of the coil is a distance l0 above the x-y plane [28]. For a probe body radius of
RPROBE, a probe liftoff LO (defined at θ=0°), l0 and d are easily derived as follows (see
Figure D-1):
𝑙0 = 𝑅𝑃𝑅𝑂𝐵𝐸 − (𝑅𝑃𝑅𝑂𝐵𝐸 − 𝐿𝑂) cos(𝜃) − 𝐼𝑅 sin(𝜃)

𝑑 = 𝑙0 + 𝐼𝑅 sin(|𝜃|) +

𝐻
2

Figure D-2: Geometry of a tilted coil above a single conductive plane of a finite thickness WT.
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(D-1)
(D-2)

From [28], the impedance change of the tilted coil arising from electromagnetic feedback
interactions with the plate is given as:
∞

∞

𝛥𝑍 = 𝑗𝜔2𝜇0 ∫ ∫
0

0

1 (𝑘)
ℎ (−𝑢, −𝑣)ℎ(𝑘) (−𝑢, −𝑣)𝑅 𝑑𝑢 𝑑𝑣
𝑎

(D-3)

Where u and v are the Fourier transformed variables of x and y, respectively. ℎ(𝑘) (𝑢, 𝑣) is
2-D Fourier-transformed normal component of the free-space magnetic field incident on
the surface of the conductor at z=0 arising from the kth coil (either the drive or pickup coil)
given as [28]:
𝑢𝑙
1
ℎ(𝑘) (𝑢, 𝑣) = 𝑗𝑛𝑘 𝑒 −𝑎𝑑 sin ( ) 𝑀(𝑢𝐼𝑅𝑘 , 𝑢𝑂𝑅𝑘 ) 3
2
𝑢

(D-4)

Where nk is the turn density of the coil, and 𝐼𝑅𝑘 and 𝑂𝑅𝑘 are the inner and outer radii of
the particular coil, respectively. The remaining symbols are defined below [28]:
𝜓 = 𝑢 𝑠𝑖𝑛(𝜑) + 𝑗𝑎𝑐𝑜𝑠(𝜑)
𝑥2

(D-5)

𝑀(𝑥1 , 𝑥2 ) = ∫ 𝑥 𝐼1 (𝑥)𝑑𝑥

(D-6)

𝑎 = √𝑢2 + 𝑣 2

(D-7)

𝑥1

Where R is the reflection coefficient for the problem. Following [73], R for a single plate
of finite thickness WT, resistivity σ and relative magnetic permeability μr, is given as
(µr 𝑎 − 𝑎1 )(µr 𝑎 + 𝑎1 )[1 − 𝑒 −2𝑎1 𝑊𝑇 ]
𝑅=
(µr𝑎 + 𝑎1)2 − (µr𝑎 − 𝑎1)2𝑒−2𝑎1𝑊𝑇
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(D-8)

𝑎1 = √𝑎2 + 𝑗𝜔𝜇𝑟 𝜇0 𝜎

(D-9)

One can immediately recognize that Eqn. (D-3) can be used to calculate the lossy self ℒ
inductances of the coils. The superscripts d and p denote the drive and pickup coil,
respectively.
2

∞

∞

ℒ𝑑 = 2𝜇0 𝑛 ∫ ∫
0

0

∞

ℒ𝑝 = 2𝜇0 𝑛2 ∫ ∫
0

∞

0

1 (𝑑)
ℎ (−𝑢, −𝑣)ℎ(𝑑) (−𝑢, −𝑣)𝑅 𝑑𝑢 𝑑𝑣
𝑎

(D-10)

1 (𝑝)
ℎ (−𝑢, −𝑣)ℎ(𝑝) (−𝑢, −𝑣)𝑅 𝑑𝑢 𝑑𝑣
𝑎

(D-11)

The lossy mutual inductance ℳ is calculated in the same way as ℒ, however an extra 𝑒 𝑖𝑣𝑆
term is added as the drive and pickup coil are horizontally offset by a distance S in the y
direction.
∞

ℳ = 2𝜇0 𝑛2 ∫ ∫
0

∞

0

1 (𝑑)
ℎ (−𝑢, −𝑣)ℎ(𝑝) (−𝑢, −𝑣)𝑅 𝑒 𝑗𝑣𝑆 𝑑𝑢 𝑑𝑣
𝑎

(D-12)

The emf in the pickup coil is then solved by plugging in Eqns. (D-10)-(D-12) into (2-37).
As shown in Figure D-3 to Figure D-6, tilt profiles from 0° to 180° were generated for
a simulated PT with a 3.76 mm wall thickness and an electrical resistivity of 52.4 μΩ∙cm.
Surprisingly, the analytical model indicates that the effect of tilt is almost identical to a
liftoff response. To verify this, the tilt profile and LO profiles of the probe were measured
on the grade-2 Titanium sample. The tilt-profile was achieved by simply rolling the probe
on the sample and the LO profile was measured by lifting the probe off of the sample. It
was found that both profiles matched within the experimental measurement of
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the instrument, which confirms the result of the analytical model. Therefore, any
misalignment of probe in the flat-plate sample would manifest itself as a small liftoff
discrepancy.

Figure D-3: Calculated liftoff profiles (1.9 mm to 100 mm) and tilt profiles (0° to 180°) for the gap
probe above a 3.76 mm thick simulated PT with a resistivity of 52.4 μΩ∙cm at 1.9 kHz.

Figure D-4: Calculated liftoff profiles (1.9 mm to 100 mm) and tilt profiles (0° to 180°) for the gap
probe above a 3.76 mm thick simulated PT with a resistivity of 52.4 μΩ∙cm at 4.2 kHz.
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Figure D-5: Calculated liftoff profiles (1.9 mm to 100 mm) and tilt profiles (0° to 180°) for the gap
probe above a 3.76 mm thick simulated PT with a resistivity of 52.4 μΩ∙cm at 8 kHz.

Figure D-6: Calculated liftoff profiles (1.9 mm to 100 mm) and tilt profiles (0° to 180°) for the gap
probe above a 3.76 mm thick simulated PT with a resistivity of 52.4 μΩ∙cm at 16 kHz.
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Appendix E: Impedance Plane Features of PT-CT Gap Inspection
E.

As shown in Figure E-1 and Figure E-2 this section compares the impedance plane
features arising from variations in, probe liftoff, PT-CT gap, PT wall thickness, and PT
resistivity as predicted from the TREE implementation of the flat-plate model at 4.2 kHz.
It should be noted that the general shape of these EC profiles are observed at 1.9 kHz, 8
kHz, and 16 kHz. Figure E-3 compares the impedance plane features developed by
variations in probe liftoff and the inner diameter of the pressure tube.

Figure E-1: Calculated impedance plane features including a LO profile (1.9 mm to 100 mm), a PT
wall-thickness profile (2 mm- 5mm), a gap profile (0 mm to infinite), and PT resistivity profile (45
μΩ∙cm-60 μΩ∙cm) at 4.2 kHz. The intersection point is 1.9 mm LO, 8 mm gap, 54 μΩ∙cm PT resistivity,
and 3.76 mm PT wall thickness.
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Figure E-2: A close up of Figure E-1, which is a calculated impedance plane features including a LO
profile (1.9 mm to 100 mm), a PT wall-thickness profile (2 mm- 5mm), a gap profile (0 mm to infinite),
and PT resistivity profile (45 μΩ∙cm- 60 μΩ∙cm) at 4.2 kHz. The intersection point is 1.9 mm LO, 8 mm
gap, 54 μΩ∙cm PT resistivity, and 3.76 mm PT wall thickness.
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Figure E-3: Comparison between the predicted probe liftoff profile (0.95 mm to 2.95 mm) and Inner
Radius of the Pressure Tube (IRPT) profile (30 mm to 70 mm) generated from the Second order vector
potential model. The Pressure Tube (PT) had a 3.76 mm wall thickness, 52.4 µΩ∙cm resistivity. The
Calandria tube was 1.39 mm thick and a 73.6 µΩ∙cm resisitivity. The probe was operated at 4 kHz and
8 mm of PT-CT gap. The liftoff profile was evaluated at a 51.8 mm IRPT and the IRPT profile was
evaluated at a 1.9 mm probe liftoff.
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