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Abstract

In a paper by Biro et al. [7], a novel twist on guarding in art galleries is introduced.

A beacon is a fixed point with an attraction pull that can move points within the

polygon. Points move greedily to monotonically decrease their Euclidean distance

to the beacon by moving straight towards the beacon or sliding on the edges of the

polygon. The beacon attracts a point if the point eventually reaches the beacon.

Unlike most variations of the art gallery problem, the beacon attraction has the

intriguing property of being asymmetric, leading to separate definitions of attraction

region and inverse attraction region. The attraction region of a beacon is the set of

points that it attracts. For a given point in the polygon, the inverse attraction region

is the set of beacon locations that can attract the point.

We first study the characteristics of beacon attraction. We consider the quality

of a “successful” beacon attraction and provide an upper bound of
√

2 on the ratio

between the length of the beacon trajectory and the length of the geodesic distance

in a simple polygon. In addition, we provide an example of a polygon with holes in

which this ratio is unbounded.

Next we consider the problem of computing the shortest beacon watchtower in

a polygonal terrain and present an O(n log n) time algorithm to solve this problem.

In doing this, we introduce O(n log n) time algorithms to compute the beacon kernel
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and the inverse beacon kernel in a monotone polygon. We also prove that Ω(n log n)

time is a lower bound for computing the beacon kernel of a monotone polygon.

Finally, we study the inverse attraction region of a point in a simple polygon.

We present algorithms to efficiently compute the inverse attraction region of a point

for simple, monotone, and terrain polygons with respective time complexities O(n2),

O(n log n) and O(n). We show that the inverse attraction region of a point in a simple

polygon has linear complexity and the problem of computing the inverse attraction

region has a lower bound of Ω(n log n) in monotone polygons and consequently in

simple polygons.
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Chapter 1

Introduction

Consider a powerful stationary electromagnet in a room. We drop an iron ball some-

where in the room and turn on the magnet. In the attraction of the magnet the ball

moves towards the magnet until it hits an obstacle or a wall. Then it may continue

its movement by sliding along the edges of the obstacle or along the wall. Eventually

the ball will either reach the magnet or it gets stuck in a corner or behind an obsta-

cle. Given the floor map of the room, the location of the electromagnet and/or the

location of the ball, we can ask several questions about the outcome of this scenario.

Some of these questions are as follows:

– Does the ball eventually reach the magnet? In other words, does the magnet

attract the ball?

– (If not) Where is the final location of the ball?

– What is the set of all starting locations of the ball that the magnet can attract?

– What is the the set of all magnet locations that a ball with a fixed starting

location can reach?
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– Is there a location in the room such that a magnet in that location can attract

any ball regardless of its starting location?

We can use a geometric model to represent this scenario and to help us answer these

questions. We introduce this model as follows. A polygon, possibly with holes, rep-

resents the room or more precisely the floor map of the room. The position of the

magnet is defined as a point in the polygon. We call this point a “beacon”. The

original location of the ball is also represented by a point in the polygon. Note that

we ignore the velocity and the acceleration of the ball. We assume that the point

representing the ball moves greedily to minimize its Euclidean distance to the beacon.

This model is known as the “beacon model” and was introduced by Biro et al. [7] in

2011.

We continue by describing a real-world application of the beacon model. Consider

a dense network of sensors in a rural area. In practice, it is common that routing be-

tween two points in the network is performed by greedy geographical routing, where

a node sends the message to its closest neighbour (by Euclidean distance) to the

destination [18, 30]. Depending on the geometry of the network, greedy routing may

not be successful between all pairs of nodes. Thus, it is essential to determine nodes

of the network for which this type of routing works. In particular, it is important to

compute points that can send a message to all nodes of the network and points that

can receive a message from all nodes.

This application motivated Biro et. al [7] to introduce the notion of beacon at-

traction, as a new variation of visibility. Visibility problems in a geometric domain
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are well studied in computational geometry. The basic art gallery problem asks for

the minimum number of guards to cover an input polygon which represents the art

gallery. A guard covers a point if it “sees” that point, in other words, if they are

“visible” to each other. Many authors have introduced new variations of the art

gallery problem by modifying the concept of “visibility” [1, 28, 19]. Conventionally, a

guard sees a point if the straight line of sight between the guard and the point is not

obstructed by any walls or obstacles. In the beacon model, a beacon sees (attracts)

a point if the point can successfully reach the beacon via greedy routing.

The beacon model can also be applied to planning a path for an autonomous

robot, such as Roomba, towards its “home base”. The robot does not have a map of

its environment and simply follows the signal emitted from its charger (home base).

We can represent this scenario in the beacon model by considering the charger as the

beacon. Now the robot follows the attraction path of a point (on the starting location

of the robot) towards the beacon.

In this dissertation, we study the beacon model and develop several efficient al-

gorithms to answer questions regarding this model. In doing so, we design faster

algorithms to solve previously known problems and present more insightful charac-

teristics of the beacon model.

This dissertation is organized as follows. In the following section, we review related

work and previous results on the topic. In Chapter 2, we formally define the beacon

model and present definitions, notations and preliminaries. In Chapter 3, we discuss
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the characteristics of the beacon model and present new results on the quality of a

“successful” attraction. In Chapter 4, we present faster algorithms to compute the

beacon kernel and inverse beacon kernel in different polygonal domains. In addition,

we revisit the problem of computing the shortest watchtower to guard a 2D terrain,

using the properties of beacons, and we present an efficient algorithm to solve it.

In Chapter 5, we study the problem of computing the inverse attraction region of a

point and present efficient algorithms to solve it in different polygonal domains. In

Chapter 6, we conclude our results and discuss remaining open problems.

1.1 Related Work

Art gallery problems are well studied in computational geometry. The basic problem,

posed by Klee in 1973 [24], asks for the minimum number of guards sufficient to cover

the interior of an n-wall art gallery. Shortly after, Chvátal proved an upper bound

on the minimum number of guards. He showed that bn/3c guards are sometimes

necessary and always sufficient to cover a polygon with n vertices [12]. His proof was

later simplified by Fisk, who gave an argument using graph 3-coloring [14].

In the following years, many different variations of the art gallery problem were

studied [27, 31]. Many authors introduced new variations of art gallery problem by

modifying the concept of “visibility”. Conventionally, a guard sees a point if the line

of sight between the guard and the point is not obstructed by any walls or obstacles.

Other variations of visibility such as modem visibility [1] (two points are k-modem

visible if the line segment connecting them crosses at most k walls), link visibility [28]

(two points are k-link visible if they can be connected by a chain with at most k links

such that the chain does not intersect any walls), sliding cameras [19] (the guard
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moves along a line segment and uses an orthogonal visibility to see points) are con-

sidered by different studies.

In 2011 Biro et al. [7] introduced the beacon model as a new variation of the art

gallery problem. They studied the combinatorics of guarding a polygon with beacons

and showed that
⌈
n
2

⌉
beacons are sometimes necessary and always sufficient to suc-

cessfully route between any pair of points in a simple n-gon. They also showed that

finding a minimum cardinality set of beacons to cover a simple polygon is NP-hard.

In 2013, Biro et al. [6] presented a polynomial time algorithm for routing between two

fixed points using a discrete set of candidate beacons in a simple polygon and gave a

2-approximation algorithm where the beacons are placed with no restrictions. They

also showed that in a polygon P , the attraction region of a beacon can be computed

in O(n) time and space if P is simple, and O(n+h log1+ε h) time, O(n) space if P has

h holes. For polygons with holes, Biro et al. [8] showed that
⌈
n
2

⌉
− h− 1 beacons are

sometimes necessary and
⌈
n
2

⌉
+h−1 beacons are always sufficient to guard a polygon

with h holes. Combinatorial results on the use of beacons in orthogonal polygons have

been studied by Bae et al. [2, 3] and by Shermer [26]. For more details on previous

results on beacons see Biro’s PhD thesis [5].

In practice, it is common that routing between two points in a sensor network

is performed by greedy geographical routing, where a node sends the message to its

neighbour which is closest to the destination. Several studies have been published

on greedy routing in sensor networks [9, 18]. Unfortunately, greedy routing is not
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always successful. As a common approach, the network is decomposed into compo-

nents, where greedy routing is likely to perform well [13, 29, 35]. In 2012, Tan and

Kermarrec [30] showed that it is NP-hard to partition a polygon with holes into a

minimum number of regions such that, within each region, greedy routing is always

successful. They also showed that the length of an attraction path in each region is at

most 3 times the length of the shortest path. In Chapter 3, we provide an improved

upper bound on the ratio of the length of a successful attraction path over the length

of the shortest path.

1.2 Contributions

The main contributions of this thesis are:

1. We show that in a simple polygon, the length of a “successful” beacon attraction

is at most
√

2 times the length of the shortest path. In polygons with holes, we

show that the length of a beacon attraction can be arbitrary longer than the

length of the shortest path.

2. We show that the problem of computing the beacon kernel of a monotone (or

a simple polygon) has an Ω(n log n) time lower bound. Then we provide an

optimal algorithm to compute the beacon kernel in a monotone polygon.

3. We provide an O(n log n) time algorithm to compute the inverse beacon kernel

of a monotone polygon.

4. We introduce the problem of finding the shortest beacon watchtower in a polyg-

onal terrain and present an O(n log n) time algorithm to solve it.
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5. We present algorithms to efficiently compute the inverse attraction region of a

point for simple, monotone, and terrain polygons with respective time complex-

ities O(n2), Θ(n log n) and Θ(n). We show that the inverse attraction region of

a point in a simple polygon has linear complexity and the problem of computing

the inverse attraction region has a lower bound of Ω(n log n).

Preliminary results in this thesis appeared in [20, 21, 22].
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Chapter 2

Preliminaries

Let P be simple polygon in the plane with vertices v1, v2, ..., vn in counter-clockwise

order. The polygon P is monotone with respect to the line L if every line orthogonal

to L intersects P in at most one connected component. Throughout this dissertation,

without loss of generality, we assume that L is the x-axis. Let u and v be the first and

last vertices of the monotone polygon M in lexicographic order. The upper (lower)

chain of M is the ordered set of edges from u to v in clockwise (counter-clockwise)

order. We define a terrain polygon1 as a monotone polygon with one of its chains

consisting of a single line segment. A watchtower is a vertical line segment incident

to a monotone chain.

Let p and q be two points inside P . The Euclidean shortest path (geodesic path)

between p and q, SP (p, q) is a path inside P that connects p and q and among all such

paths has the smallest length. We use |SP (p, q)| to denote the length of SP (p, q).

The union of Euclidean shortest paths from p to all vertices of P is called the shortest

path tree of p and is denoted by SPT (p). Guibas et al. [16] presented a linear time

1A terrain polygon is sometimes called a “monotone mountain”.
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algorithm to compute SPT (p). Note that SP (p, q) only turns at reflex vertices of P

and has the so called outward convex property, i.e. the angle facing the exterior of P

at every turn on SP (p, q) is convex [15]. The parent of a node u 6= p in SPT (p) is

the last reflex vertex on SP (p, u) which is not u. For proofs and details on shortest

paths, see [15, Ch. 3].

A beacon is a point b inside P that can induce an attraction pull toward itself

everywhere in P . When the beacon b is activated, points in P move greedily to

minimize their Euclidean distance to b. A point p in the interior of P moves along

the ray ~pb until it reaches b or hits the boundary of P . In the latter case, it may

still reduce its Euclidean distance to b by sliding on the boundary of P . A point in

P is attracted by b if its Euclidean distance to b is eventually decreased to 0. The

attraction region of a beacon b is the set of all points in P that b can attract. Biro et

al. [6] presented a linear time algorithm to compute the attraction region of a beacon

in a simple polygon. We use AR(b) to denote the attraction region of b. Note that

the attraction region is closed, i.e. b attracts all points on the boundary of AR(b).

If a point d ∈ P (which is not b) remains stationary in the presence of b, then d is

called a dead point. The set of points in P with fixed resting point d is called the

dead region of d with respect to b (Fig 2.1). A beacon watchtower is a beacon at the

top endpoint of a watchtower.

In general, in the attraction pull of a beacon, the path of a point alternates between

moving along the ray towards b and sliding along the boundary of P . It eventually

either reaches b or gets stuck on a dead point. The boundary between two dead



10

regions, or a dead region and the attraction region of b is called a split edge. We call

a split edge that separates the attraction region of the beacon from a dead region a

separation edge (Fig 2.1). Let s be a split edge for the beacon b. Biro et al. [6] showed

that s is a line segment inside P on a line going through b and some reflex vertex

r. More precisely, s is a line segment from r along the ray
−→
br to the next boundary

point of P (See [5] for details). To describe this occurrence we say that r introduces

s.

Figure 2.1: Attraction and dead regions (shaded regions) of a beacon b. Split edges
are r1q1 and r2q2. The line segment r1q1 is a separation edge while r2q2
is not. Points d1 and d2 are the dead points.

Let e be an edge of P and let L be the supporting line of e. Let h be the orthogonal

projection of b on L (Fig 2.2 (a) and (b)). As h is the point with the shortest distance
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to b among all points on L, sliding on e is always towards h. If h lies on e (Fig 2.2

(b)), a point sliding on e will reach h and remains on h. Otherwise, it slides all the

way to the endpoint of e closer to h. If moving straight towards b from this endpoint

is possible (Fig 2.3 (a)), the point moves straight towards b. Otherwise depending on

the location of the orthogonal projection of b on the supporting line of the adjacent

edge, the point either slides on the new edge (Fig 2.3 (b)) or remains stationary on

the endpoint (Fig 2.3 (c)).

Figure 2.2: Sliding on an edge e is towards the orthogonal projection of the beacon
on the supporting line of e.

Figure 2.3: Three cases when a point slides to an endpoint of e. (a) It moves straight
towards b. (b) It slides on the adjacent edge. (c) It stays stationary on
the endpoint. Here h′ is the orthogonal projection of b on the supporting
line of the adjacent edge of e.
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We use the term attraction trajectory to indicate the movement path of a point

p from its original location to its resting point, while attracted to the beacon b.

Whenever p is attracted to b, we use AT (p, b) to denote the attraction trajectory

of p towards b. We use |AT (p, b)| to denote the length of AT (p, b). The attraction

trajectory alternates between a straight movement towards the beacon and a set of

consecutive sliding movements (Fig. 2.4). An edge of attraction trajectory is called a

pull edge if it is oriented towards the beacon, otherwise it is called a slide edge.

Figure 2.4: The attraction trajectory alternates between a straight movement to-
wards the beacon and a set of consecutive sliding movements.

Let r be a reflex vertex incident to edges e1 and e2. Let H1 be the half-plane

perpendicular to e1 at r that contains e1. Let H2 be the half-plane perpendicular

to e2 at r that contains e2. The dead wedge of r (deadwedge(r)) is defined as the

intersection of H1 and H2 (Fig 2.5).

Lemma 1. A reflex vertex r introduces a split edge for a beacon b if and only if b is

inside the dead wedge of r.
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Proof. Let e1 and e2 be edges adjacent to r, and for the purposes of this exposition

we assume that the edges are oriented so that a vertical line through r separates

e1 \ {r} and e2 \ {r} such that e1 is to the left of e2. Let b be a beacon inside the

dead wedge of r and without loss of generality to the left of r (Fig 2.5). Consider h

the orthogonal projection of b onto the supporting line of e2, and observe that it lies

below r. Therefore, any point that is pulled to the edge e2 by the attraction pull of b

cannot slide past the vertex r. Let Γ be the ray in the direction of
−→
br from r and let

s be the line segment between r and the first intersection of Γ with the boundary of

P . In the attraction of b a point immediately to the right of s will reach e2 and slide

towards h, while a point immediately to the left of s will avoid any collision with e2

and pass r. In other words the final destination of those two points will be different

and therefore by definition, s is a split edge of b. Note that r is the farthest point to

b in some neighbourhood on both e1 and e2.

Now let b′ be a beacon outside of the dead wedge of r and without loss of gener-

ality to the left of r, as shown in Fig 2.5. The orthogonal projection of b′ onto the

supporting line of e2 lies above r. Therefore any point that is pulled to the edge e2 by

the attraction of b′, does slide past the vertex r. Therefore no split edge is introduced

by r for b′.

Note that beacon attraction is not symmetric. As an example, in Fig 2.5, the

beacon b does not attract the point q while a beacon located on q does attract b. The

inverse attraction region of a point p is the set of all beacons in P that can attract

p. We use IAR(p) to denote the inverse attraction region of p.
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Figure 2.5: The dead wedge of a reflex vertex r shown by the red angle arc. The
half-planes H1 and H2 are perpendicular to e1 and e2, respectively. The
line segment s is the split edge of b introduced by r.

The beacon kernel of a polygon P , bker(P ) is the set of points in P that can

attract all points in P (Fig 2.6). The inverse beacon kernel of P , invker(P ) is the

set of points that are attracted by all points in P (Fig 2.7). Biro [5] presented O(n2)

time and space algorithms to compute the beacon kernel and inverse beacon kernel

of a simple polygon. A simple polygon P is called a routable polygon if for any two

points x and y in P , x attracts y. Note that by definition, the beacon kernel and the

inverse beacon kernel of a routable polygon is the whole polygon.

We say a point x ∈ P is routed to a point y ∈ P via b if and only if b can attract

x and y can attract a point located on b.

Let S be a set of n non-vertical line segments. We denote the x-coordinates of

the leftmost and rightmost points of s ∈ S by left(s) and right(s), respectively. The

segment s can be considered as the function s(x) in the interval [left(s), right(s)].
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Figure 2.6: Beacon kernel. Points to the right of w are in the dead wedge of r, thus
they are not in the beacon kernel.

Figure 2.7: Inverse beacon kernel. Points to the right of s are not in the attraction
region of v, thus they are not in the inverse beacon kernel.

The upper envelope of S is defined as a function of x as follows [17]:

envelope(S, x) = max
(
−∞, {s(x) | s ∈ S and left(s) ≤ x ≤ right(s)}

)

Informally the upper envelope of S is the portion of the segments in S visible from

y = +∞ (Fig. 2.8). Hershberger [17] presented an optimal O(n log n) time algorithm

to compute the upper envelope of n line segments. The lower envelope of S is defined
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similarly.

Figure 2.8: The upper envelope of the line segments is shown in red.
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Chapter 3

Beacon Attraction Characteristics

Let P be a simple polygon with n vertices. We begin by presenting lemmas on the

size of the angle between two consecutive edges of an attraction trajectory.

Lemma 2. Consider the movement of a point p in the attraction of a beacon b. Let

αi denote the angle between the i-th pull edge and the next slide edge on AT (p, b)

(Fig. 3.1). Then αi is greater than π/2.

Proof. Recall that a pull edge is always towards b and a slide edge on an edge e is

towards the orthogonal projection of b on e. Consider the right triangle with vertices

b, the orthogonal projection of b on the supporting line of the slide edge, and vi the

vertex common to the i-th pull edge and the next slide edge (the coloured triangle in

Fig. 3.1). Note that in this right triangle, the angle of the vertex vi must be acute.

Therefore, the angle of αi, which is the complement of v, is greater than π/2.

Note that similarly the angle between the i-th pull edge and the previous slide

edge is also greater than π/2.
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Figure 3.1: The angle between a straight movement and the next immediate slide
movement is always greater than π/2.

Lemma 3. The size of the angle between two slide edges with a common endpoint is

greater than π/2.

Proof. Let e be an edge of P , and let b be a beacon in P . Without loss of generality,

assume that e is horizontal and in the attraction of b a point on e slides all the way

to the left endpoint of e and the interior of the polygon is above e (See Fig. 3.2).

Consider the vertical line L that passes through the left endpoint of e. In an attrac-

tion trajectory, the Euclidean distance towards the beacon monotonically decreases.

Therefore, b is to the left of L and below the supporting line of e. Now any new

slide edge with an angle less than π/2 with e results in an increase to the Euclidean

distance towards b, which is a contradiction.

Figure 3.2: The angle between two consecutive slide edges is greater than π/2.



19

Lemma 4. During the movement of p on its beacon trajectory, the shortest path

distance of p away form its original location monotonically increases.

Proof. For the sake of contradiction, let s be the first point that during the movement

of p, the shortest path away from p decreases. Let u be the last reflex vertex (before s)

common to the attraction trajectory and the shortest path. Without loss of generality

assume that the line ub is horizontal and u is to the left of b. Note that on a

pull edge with an arbitrary starting reflex vertex w, the shortest path away from w

monotonically increases, and therefore, as w is a reflex vertex on SP (p, s), s cannot

be on a pull edge, and thus it is on a slide edge. The line ub is horizontal, therefore,

a series of slide edges will result in a decrease in the shortest path towards u only if

during the movement of p on these edges, its x-coordinate decreases. This results in

an increase in the Euclidean distance towards b, which is a contradiction.

Next we explore conditions under which reflex vertices of P are shared by AT (p, b)

and SP (p, b).

Observation 1. AT (p, b) does not necessarily pass through all reflex vertices on

SP (p, b) (see Fig. 3.3).

The following two lemmas indicate which reflex vertices are always common to

SP (p, b) and AT (p, b).

Lemma 5. Assuming that p does not see b, let vk be the last reflex vertex on the

shortest path from p to b. Then AT (p, b) passes through vk.
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Figure 3.3: The attraction trajectory AT (p, b) does not necessarily pass through all
reflex vertices of SP (p, b) even if the polygon is routable.

Proof. Consider the visibility polygon of b in P , i.e. all points in P visible to b. A

window of b is the boundary between points that are visible and points that are not

visible to b. This window can be computed by extending bvk from vk to the first

intersection with the boundary of P . Observe that vk is the base of a window (shown

in dashed red in Fig. 3.4).

Note that any path from p to b must cross this window. In the attraction of b, a

point on the window will move towards b and therefore it moves along the window

until it reaches vk. Thus, we conclude that AT (p, b) passes through vk.

Let SP (p, b) be the polygonal chain p, v1, v2, ..., vk, b and assume that b attracts

p. We call the edge vivi+1 ∈ SP (p, b) a separating diagonal1 if cutting through vivi+1

partitions P into two sub-polygons such that b and p are not in the same sub-polygon.

Lemma 6. Let vivi+1 ∈ SP (p, b) be a separating diagonal. Then at least one of vi or

vi+1 is on AT (p, b).

1Some authors call this an inflection edge [23] or an eave [15].
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Proof. Without loss of generality, assume that the line segment vivi+1 is horizontal

and vi is to the left of vi+1. We extend vivi+1 from each endpoint until it intersects

the boundary of P . Let wi (wi+1) be the first intersection of the extension from vi

(vi+1) with the boundary of P (Fig. 3.4).

Figure 3.4: Proof of Lemma 6. The coloured region indicates the possible positions
of p.

The line segment viwi cuts P into two sub-polygons. Due to outward convexity of

the shortest path, p belongs to the sub-polygon below viwi. Similarly, vi+1wi+1 cuts

P into two sub-polygons and b belongs to the sub-polygon above vi+1wi+1. There are

two cases to consider.

Case 1: b is below the supporting line of vivi+1. We show that AT (p, b) passes

through vi. Consider a point on the open line segment viwi. In the attraction

of b, this point cannot move above viwi (directly) without a slide movement. As

vi and wi are mutually visible, the only slide movement that can move a point

above viwi occurs at vi. Therefore, the attraction trajectory must pass through

vi.
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Case 2: b is on or above the supporting line of vivi+1. We show that AT (p, b) passes

through vi+1. Consider a point on the open line segment wivi. This point cannot

move below vivi+1 (directly) without a slide movement. Similarly, as vi and vi+1

are mutually visible, the only slide movement is through vi+1. Therefore, the

attraction trajectory of p passes through vi+1.

Thus we have shown that at least one of vi or vi+1 is on AT (p, b).

3.1 The length of the attraction trajectory

We compare the lengths of AT (p, b) and SP (p, b) to the Euclidean distance between

p and b.

Lemma 7. The attraction trajectory can rotate an arbitrary number of times around

b and the length of AT (p, b) and SP (p, b) can be arbitrarily longer than the Euclidean

distance between b and p (See Fig. 3.5).

Figure 3.5: The attraction trajectory AT (p, b) and SP (p, b) follows the polygon
boundary and may rotate an arbitrary number of times around b.
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Proof. Let b be a beacon which we assume is at the origin of a plane coordinate

system. Let m be an arbitrary positive integer. We partition the plane into m equal

angles around b so that each angle has a degree of θ = 2π/m (in Fig. 3.5, m = 16 and

θ = π/8). Next we construct a spiral shape as follows. We begin at a point p on the

negative side of the x-axis and going counter-clockwise we draw a line segment from

p orthogonal to the next line. We continue this process to obtain a polygonal spiral.

This polygonal chain approximates the Archimedean spiral [32]. It is straightforward

to construct a simple polygon by adding a convex chain around the spiral as in

Fig. 3.5. Now consider the movement of p in the attraction of b. It slides along the

spiral and eventually it is attracted by the beacon. By increasing the value of m, we

can arbitrary increase the length of AT (p, b).

In order to determine the quality of the attraction trajectory we compare its length

to the length of SP (p, b). We partition AT (p, b) into maximal sub-paths that alter-

nately coincide with and diverge from SP (p, b). We then show that each maximal

divergent sub-path of AT (p, b) is at most
√

2 longer than the corresponding part of

SP (p, b).

Let u and v be points common to both SP (p, b) and AT (p, b) such that, AT (p, b)

diverges from SP (p, b) at u and only returns to a common point at v. We call the

subpath of AT (p, b) between the points u and v the uv fragment of AT (p, b). We use

the notation F (u, v) to denote the uv fragment of AT (p, b).

Without loss of generality we assume that the input is oriented so that the line

from the point u to the beacon b, denoted by Lu,b is horizontal, with u to the left of b
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and v above Lu,b. We adopt a polar coordinate system with polar reference point b,

with the components r (the distance of the point to b) and φ (the counter clockwise

angle between the axis and a line joining b to the point). Note that SP (u, v) does not

go below the line Lu,b, because otherwise F (u, v) and SP (u, v) will intersect before

they reach v.

Lemma 8. Let F (u, v) be the uv fragment of AT (p, b) oriented as described above.

The traversal of F (u, v) from u to v monotonically decreases in its r-coordinate and

is non-increasing in the φ-coordinate.

Proof. Note that the r-coordinate represents the Euclidean distance between b and

(the current position of) p. Therefore by the definition of beacon model the r-

coordinate monotonically decreases.

Recall that every attraction trajectory is made up of two types edges, pull and

slide edges. Observe that the φ-coordinate stays constant as a moving point p is

pulled along a pull edge. We complete the proof by showing that the φ-coordinate

decreases along all slide edges. Observe that a slide edge can begin at a vertex of

polygon P or begin from a point interior to a polygon edge. We consider each of

these two cases separately.

If a slide begins on a polygon vertex, i.e. u is a vertex, then it does so because there

is no direct pull to b. This implies that the φ-coordinate must decrease along the slide.

For the case where a slide begins at an interior point we consider the closed curve

obtained by concatenating F (u, v) and SP (u, v) (See Fig. 3.6). Observe that this
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closed curve bounds a simply connected subset of the simple polygon P . (Note: This

is the crucial point where the absence of holes in P is necessary.) Based on the

orientation assumptions, the interior of this simply connected region lies to the left

in a counter clockwise traversal of F (u, v). Therefore, if a slide begins from a point

interior to a polygon edge again the φ-coordinate must decrease along the slide.

u

v

b

Figure 3.6: A simple closed subset of polygon P is bounded by concatenating F (u, v)
and SP (u, v).

We have established the characteristics of a maximal fragment of AT (p, b) that

diverges from SP (p, b). Using these characteristics we obtain an upper bound on the

length of this divergent fragment.

Figure 3.7: An attraction trajectory is shown in red. Note that we have not drawn
portions of the polygon where the sliding occurs. The green path shows
a longer attraction trajectory than the original red one.



3.1. THE LENGTH OF THE ATTRACTION TRAJECTORY 26

Theorem 1. In a simple polygon P , for any two points b, p ∈ P , |AT (p, b)| <
√

2 |SP (p, b)|.

Proof. We partition AT (p, b) alternating between fragments that are congruent to

SP (p, b) and fragments that are divergent from SP (p, b). We only need to consider

the divergent fragments. Consider one such divergent fragment beginning at u and

ending at v as given above, and described as the uv fragment of AT (p, b). Let F (u, v)

be used to denote the uv fragment of AT (p, b). Let |uv| denote the length of the line

segment uv. As |uv| ≤ |SP (u, v)|, it is sufficient to show that

|F (u, v)|
|uv|

<
√

2.

In Fig. 3.7 the red path represents a fragment F (u, v) of the attraction trajectory

AT (p, b). We convert this path to a longer one by considering each slide to end on a

right angle with the line going through b and the end of slide (shown in green). Next

we convert to an even longer attraction trajectory by forcing each slide to be parallel

to the green ones but with an end point located on the edge uv (shown in blue in

Fig. 3.8). Note that parts of the blue and the green chains that do not collide form a

trapezoid where the angle between the two green segments is greater than π/2. This

guarantees that the blue chain is longer than the green chain.

Now consider a triangle bounded by two adjacent blue line segments and the

portion of uv between these two line segments. As the angle between the blue line

segments is at least π/2, the total length of the blue path is at most
√

2 times the

length of uv.
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Figure 3.8: Converting to a longer attraction trajectory.

3.2 The length of the attraction trajectory in a polygon with holes

In this section we show that in polygons with holes, the length of the attraction

trajectory may be arbitrarily longer that the length of the shortest path between b

and p. Fig. 3.9 illustrates an example with this property. In this figure, holes are

represented as thin spiral shapes which are approximated by a polygonal chain similar

to the case shown in Fig. 3.5. The length of the shortest path between b and p is

roughly equal to the length of the line segment bp, while the attraction trajectory

slides on each spiral portion, and therefore it can be arbitrarily long.
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Figure 3.9: The attraction trajectory can be arbitrarily longer than the shortest path
in a polygon with holes.
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Chapter 4

Beacon Watchtower and Beacon Kernels

In this chapter we address the Shortest Beacon Watchtower Problem:

Given a 2D terrain T with n vertices, the goal is to find the shortest length beacon

watchtower b, that guarantees that for any pair of points x, y ∈ T , x can be beacon

routed to y via b.

We show that the Shortest Beacon Watchtower Problem is closely related to the

problems of computing the beacon kernel and the inverse beacon kernel of monotone

polygons, and we present O(n log n) time algorithms to solve these problems.

4.1 Computing the shortest beacon watchtower

Let t1, t2, ..., tn denote vertices of a terrain T ordered from left to right. We construct

a monotone polygon T ′ (called a terrain polygon) by adding two new vertices tn+1

and tn+2 to T with the same y-coordinate, where tn+1 has the same x-coordinate as tn

and tn+2 has the same x-coordinate as t1 (Fig 4.1). The y-coordinate values of these

two points are chosen big enough so that for any points p ∈ tn+1tn+2 and q ∈ T the

interior of the line segment pq does not intersect T . This can be done in linear time.
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Suppose li is the line going through the edge titi+1, and qi and q′i are the intersections

of li with vertical lines going through t1 and tn, respectively. Let q be the point with

the highest y-coordinate among all qi and q′i (1 < i < n). We set the y-coordinates

of tn+1 and tn+2 to be the y-coordinate of q. In this way, any pair of points on T can

be routed via an arbitrary point on tn+1tn+2.

Figure 4.1: Constructing the terrain polygon T ′ from T . Note that tn+1 and tn+2 are
illustrated closer to T than they actually are.

The solution to the shortest beacon watchtower problem is a point with mini-

mum vertical distance to T that can attract all points on the terrain and in return

is attracted by all points on the terrain. Therefore, the solution is located in the

intersection of the beacon kernel and the inverse beacon kernel of T ′.

Using Biro’s quadratic time algorithms [5] on computing the beacon kernel and in-

verse beacon kernel of a simple polygon results in an O(n2 log n) time algorithm to
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compute the shortest beacon watchtower. By exploiting properties of monotone ter-

rains we show that the shortest beacon watchtower can be found in O(n log n) time.

Our solution consists of four steps; 1) computing the beacon kernel of T ′, 2) com-

puting the inverse beacon kernel of T ′, 3) computing their intersection and 4) finding

the shortest vertical distance between the resulting polygon and the terrain. Next we

show how to perform each of these steps in O(n log n) time.

4.2 Computing the beacon kernel of a monotone polygon

Biro [5] presents an algorithm to compute the beacon kernel of a simple polygon which

runs in O(n2) time. In this section we improve his result for monotone polygons and

present an optimal algorithm to compute the beacon kernel of a monotone polygon

in Θ(n log n) time.

Let P be a simple polygon and let r1, r2, ..., rm be the set of reflex vertices of P .

Let Wi denote the dead wedge of ri and let Ci denote its complement. Biro [5]

showed that the beacon kernel of P is the set of points in P which are outside of all

dead wedges of reflex vertices of P , so bker(P ) = (
⋂m
i=1Ci) ∩ P .

We start with computing the beacon kernel of a terrain polygon T by an incre-

mental algorithm in two steps. We collect all left rays of dead wedges that extend

to the left and cut out all points of T vertically below these rays. Then we do the

same with the right rays of dead wedges that extend to the right and intersect the

resulting two polygons. This strategy works well if every dead wedge has one ray
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extending to the left and the other extending to the right. However, there may be

cases where both rays extend in the same direction, as shown in (Fig 4.2). The next

lemma shows that any dead wedge that has two rays extending in the same direction

can be replaced by a wedge with one of the rays extending in a vertical direction.

Note that since T is x-monotone, left and right are well-defined.

Lemma 9. Let r be a reflex vertex of a terrain polygon T where its dead wedge W

is not x-monotone. Without loss of generality assume that both edges of W extend to

the right of r. Let W ′ be the wedge between the right edge of the dead wedge of r and

a vertical downward line going through r (Fig 4.2). In the computation of the beacon

kernel of T (bker(T ) = (
⋂m
i=1Ci) ∩ T ) we can substitute the complement of W with

the complement of W ′ and achieve the same result.

Proof. Let p be a point in T which resides in W ′ but not in W . We need to show

that p is not in the bker(T ), i.e., there exist a point in P that p does not attract.

Consider h the orthogonal projection of p on the supporting line of the left edge of r.

In the attraction of p, a point located on r will slide on the left edge of r. Since T is

monotone, this movement decreases the x-coordinate of the point. Note that p is to

the right of r and its x-coordinate is greater than the x-coordinate of r, and therefore

a point located on r will never reach p. Thus, p does not attract r and therefore it is

not in the beacon kernel of T . Note that as p is not in the bker(T ), even though p is

not in the dead wedge of r, it must be in the dead wedge of some other reflex vertex

r′. In addition, r′ is a vertex with a x-coordinate greater than the x-coordinate of r

and smaller than the x-coordinate of p.
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Figure 4.2: The complement of the dead wedge W is not x-monotone. However, W
can be replaced by W ′ resulting in an x-monotone complement.

For monotone polygons we have the following lemma.

Lemma 10. The beacon kernel of an x-monotone polygon M is x-monotone.

Proof. The beacon kernel of M can be constructed by intersecting the complement

of dead wedges with M . If the dead wedge of a reflex vertex is x-monotone then its

complement is also x-monotone. If a dead wedge is not x-monotone, then by Lemma 9,

we can substitute its complement by an x-monotone shape. As the intersection of x-

monotone polygons is also x-monotone, we conclude that bker(M) is x-monotone.

Lemma 9 illustrates that the beacon kernel of a terrain polygon T can be con-

structed by discarding points vertically below a set of dead wedge edges. Let B be a

bounding box of T and let S be the set of dead wedge edges. Note that S is actually a

set of rays. Let S ′ be the set of line segments resulting from intersecting S with B. We

add the bottom edge of B to S ′ and compute the upper envelope of S ′ in O(n log n)
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time using the algorithm of Hershberger [17]. Note that the upper envelope of a set

of line segments is a function of x and therefore it is a monotone chain with respect

to the x-axis. It is straightforward to compute the polygon C, the set of points in B

lying on or above the upper envelope. The beacon kernel of T is the set of all points

in T vertically above all dead wedge edges, therefore, bker(T ) = T ∩ C. As both

T and C are monotone polygons with respect to the x-coordinate their intersection

can be computed in linear time by using a vertical sweep line. Therefore, the beacon

kernel of a terrain polygon can be computed in O(n log n) time.

Theorem 2. The beacon kernel of a terrain polygon can be computed in O(n log n)

time.

A monotone polygon with respect to the x-coordinate can be partitioned into two

chains, the upper chain and the lower chain. We consider each chain separately and

compute points above (below) all dead wedges of the lower (upper) chain, respectively.

Then, the beacon kernel is computed by intersecting the resulting shapes. As both

of these shapes are monotone, their intersection is computed in linear time.

Corollary 1. The beacon kernel of a monotone polygon can be computed in O(n log n)

time.

4.2.1 Lower bound on computing the beacon kernel

Next we show that computing the beacon kernel of a terrain polygon has an Ω(n log n)

lower bound by reducing the problem of computing the upper envelope of a set of

lines to this problem. Let L be a set of n non-vertical lines in the plane. The upper

envelope of L is the set of all points vertically above all lines in L. The upper envelope

of a set of lines is essentially the lower convex hull of a set of points in the dual plane
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[4, Ch. 11.4]. Therefore the upper envelope of lines can be computed in O(n log n)

time, and has an Ω(n log n) lower bound. Here we reduce this problem to the problem

of computing the beacon kernel of a terrain polygon in linear time.

Given a set of lines L, let ls and lb be the lines with the smallest and biggest

slopes, respectively. Lines ls and lb can be found in linear time. Note that if we

intersect L with the lines x = −∞ and x = +∞ the highest intersections belong to lb

and ls, respectively. In other words, the rightmost edge (ray) of the upper envelope

is part of lb and the leftmost edge (ray) is part of ls. We compute the intersection

of ls with all other lines and draw a vertical line Vs through the leftmost intersection

point. Similarly we compute the intersection of lb with all other lines and draw a

vertical line Vb through the rightmost intersection point (Fig 4.3). Computing Vb and

Vs takes linear time. The idea is to compute the portion of the upper envelope of L

inside the strip bounded by Vs and Vb by converting the problem to the problem of

computing the beacon kernel of a terrain polygon and then add the area between Vs

and ls and between Vb and lb to acquire the actual upper envelope of L.

Let L1 be the (possibly empty) set of lines in L with a positive slope and let L2

be the (possibly empty) set of lines with a negative slope. We construct a terrain

polygon as follows:

For each line l in L1 we create a reflex vertex on l to the right of Vb. The left edge

of this reflex vertex is vertical and its right edge is perpendicular to l. Note that by

this construction the left edge of the dead wedge of the reflex vertex is part of l to
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Figure 4.3: The strip between Vs and ls.

the left of the reflex vertex (Fig 4.4). Let l1, l2, ..., lm be the lines in L1 (without any

particular order). We place the reflex vertex rb1 on l1 closely to the right of Vb. If l2

is above rb1 we simply add an upward vertical edge adjacent to the right edge of r1.

We place rb2 on the intersection of this vertical line and l2 (see vertex r2 in Fig 4.4).

If l2 is below rb1 then we extend the right edge of rb1 until it is below l2. Then we add

rb2 by adding an upward vertical edge and place r2 on the intersection of this vertical

edge and l2 (see vertex r3 in Fig 4.4). In either case rb2 can be constructed in constant

time. We continue this process until all the vertices are added.

For each line li in L2 we create a reflex vertex rsi on l to the left of Vs. The right
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Figure 4.4: Adding vertices to the lines of L1 (with a positive slope). The dead wedge
of each reflex vertex is shown in green.

edge of this reflex vertex is vertical and its left edge is perpendicular to l. The pro-

cess is a mirror image of the previous case and reflex vertices rs1, r
s
2, ..., r

s
k are added

accordingly.

For the last step of the construction, consider a horizontal line below rb1, r
s
1 and

the intersection of ls and lb (Fig 4.5). The left (vertical) edge of rb1 and the right edge

of rs1 are extended to intersect this line. Now consider a horizontal line Lh above all

reflex vertices, the intersection of Vb with lb and the intersection of Vs with ls. We add
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two upward vertical edges, one incident to the right edge of rbm and one incident to the

left edge of rsk until they intersect this horizontal line. This finishes the construction

of the terrain polygon T . If Ls or Lb is empty then the vertical edge is simply the

portion of Vs or Vb between the two horizontal lines, respectively. This step can be

done in linear time, therefore, the overall time complexity of the construction is O(n).

Figure 4.5: The constructed terrain polygon for 6 lines.

Lemma 11. Let K be the portion of the beacon kernel of T between Vs and Vb. The

lower chain of K is the upper envelope of L between Vs and Vb.

Proof. Remember that the beacon kernel is the set of points outside all dead wedges
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of reflex vertices. In the terrain polygon T this is equal to all points above all dead

wedges. By our construction the portion of each line of L bounded by Vs and Vb is a

part of an edge of a dead wedge of some reflex vertex and the lemma follows.

If we have the beacon kernel of T then we can compute the upper envelope of L as

follows. As the beacon kernel of a terrain polygon is monotone, K is also monotone.

By Lemma 11, the lower chain of K is the upper envelope of L between Vs and

Vb. We add the appropriate portions of ls and lb to the lower chain of K to obtain

the upper envelope of T . Apart from computing the beacon kernel, the rest of the

process requires linear time. As computing the lower envelope of a set of lines has an

Ω(n log n) lower bound [33], we have the following theorem.

Theorem 3. The problem of computing the beacon kernel of a simple polygon (or a

monotone polygon) has an Ω(n log n) lower bound.

Corollary 2. The time complexity of computing the beacon kernel of a monotone

polygon is Θ(n log n).

4.3 Computing the inverse beacon kernel of a monotone polygon

Biro [5] showed that a point is in the inverse beacon kernel of a polygon P , if it belongs

to the attraction region of all vertices of P . Then by computing the attraction region

of each vertex of P in linear time and computing the intersection of these attraction

regions using an arrangement, he presented a quadratic time algorithm to compute

the inverse beacon kernel of a polygon. Here, we present an algorithm that runs in

O(n log n) time and computes the inverse beacon kernel of a terrain polygon. Later

in Theorem 5, we show how to extend this result and compute the inverse beacon
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kernel of an arbitrary monotone polygon in O(n log n) time.

Consider the terrain polygon T ′ constructed from the given terrain T . We compute

the inverse attraction kernel of T ′ in two steps. Let the right (left) attraction region

of a vertex v be the set of points that are attracted by v and reside to the right (left)

of v. Let the right (left) inverse beacon kernel of T ′ be the set of points that are

attracted by all vertices to their right (left).

Lemma 12. A point q is in the left inverse beacon kernel of a monotone polygon M

(with respect to the x-coordinate) if and only if it belongs to the right attraction region

of all vertices of M which lie to the left of q.

Proof. If q is in the left inverse beacon kernel then it is attracted by all vertices to

its left, and therefore, it is part of the attraction region of all vertices to its left. Now

assume q is in the right attraction region of all vertices of M to its left. Consider

a vertical line through q. Let M ′ be the part of M to the left of this vertical line.

Consider a triangulation of M ′. As the inverse attraction region of q is convex with

respect to M ′ [5], all points on the edges of the triangulation attract q.1 This in

return implies that any point inside each triangle also attracts q and therefore q is in

the left inverse beacon kernel of M ′ and M .

In each step of our algorithm we compute one of the left and right inverse beacon

kernels. By definition the intersection of these inverse beacon kernel is exactly the

inverse beacon kernel of T ′. We use a new approach to compute the left inverse beacon

kernel which allows us to reduce the time complexity to O(n log n). Let ri be a reflex

1A sub-polygon Q ⊆ P is convex with respect to the polygon P if the line segment connecting
two arbitrary points of Q either completely lies in Q or intersects P .
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vertex of T . Note that ri may introduce a split edge in the computation of right

attraction regions of some vertices. A point to the right of or below any split edge

of a right attraction region, cannot belong to the left inverse beacon kernel. Among

all split edges introduced by ri, we are interested in the one which prevents the most

points from residing in the left inverse beacon kernel. Let Qri be the portion of T ′

to the left of this split edge (Fig 4.6). We claim that the intersection of the polygons

Qri (for all reflex vertices, ri) is the left inverse beacon kernel of T ′.

Figure 4.6: The shaded area is Qri the portion of T ′ to the left of the steepest split
edge of ri as defined in Lemma 13. Here si and sj are the split edges of
ri, and si is the steepest split edge.

Lemma 13. Let r1, r2, ..., rk be the set of reflex vertices of T ′ which introduce a split

edge in the computation of the right attraction region of at least one vertex of T ′.

Let si be the steepest split edge among all the split edges introduced by ri, that is,

the clockwise angle between si and an upward vertical ray emanating from ri is the
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smallest among all split edges introduced by ri (Fig 4.6). Let Q =
⋂k
i=1Qri, where

Qri is the portion of T ′ to the left of si. Then Q is equal to the left inverse beacon

kernel of T ′.

Proof. Let q be a point of T ′ not in Q. We show that q does not belong to the

inverse beacon kernel of T ′. As q /∈ Q there exists a reflex vertex r, where q is to the

right of a split edge s introduced by r. Let s be the split edge of the right attrac-

tion region of the vertex v with r. This implies that q is not in the right attraction

region of v and therefore by Lemma 12, q is not in the left inverse beacon kernel of T ′.

Now let q be a point of T ′ in Q. We show q belongs to the inverse beacon kernel

of T ′. For the sake of contradiction, let us assume that q is not in the left inverse

beacon kernel of T ′ and thus by Lemma 12, there exists a vertex v, where q is not in

the right attraction region of v. Therefore, q is to the right of the separation edge of

v introduced by some reflex vertex r. By the construction of Qr, q is not in Qr which

contradicts that q ∈ Q.

Corollary 3. The left inverse beacon kernel of a terrain polygon is monotone.

Proof. This follows from the definition of Q in lemma 13.

Note that in Lemma 13 reflex vertices that do not introduce any split edges are

ignored. A reflex vertex r does not introduce a split edge for any right attraction

region, if no vertex to the left of r resides in the dead wedge of r.

Next we present an algorithm that computes the left inverse beacon kernel of a

terrain polygon. Later in Theorem 4, we show that the time complexity of the algo-

rithm is O(n log n). The right inverse beacon kernel is computed symmetrically.
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The algorithm starts by setting the buddies of vertices of T . The buddy of a vertex

v is defined as the leftmost reflex vertex r such that the dead wedge of r intersects

the chain (of T ) between r and v (Fig 4.7). If no such reflex vertex exists then v

does not have a buddy. At first, we set the buddy of some of the vertices as follows.

For each reflex vertex r, the first (rightmost) vertex v, which lies to the left of r and

belongs to the dead wedge of r is found and the initial buddy(v) is set to r. With

this construction, v is the first vertex to the left of r for which r introduces a split

edge. Later we set the buddy of other vertices and we may change the buddy of v

to another reflex vertex located between v and r. Buddies are used to efficiently find

the steepest split edges of reflex vertices.

Figure 4.7: Setting buddies. buddy(v1) = ∅, buddy(v2) = ∅, buddy(v3) = ∅,
buddy(v4) = v3, buddy(v5) = v3, buddy(v6) = v3, buddy(v7) = v6,
buddy(v8) = v6, buddy(v9) = v6, buddy(v10) = v6, buddy(v11) = v6,
buddy(v12) = v6, buddy(v13) = v12. Note that initially buddy(v8) is set
to v5, but later in line 17 of SetBuddies it changes to v6.
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Function SetBuddies(T )

1: for i = 1 to m do {Find the first vertex to the left of ri in the dead wedge of ri}

2: Let vj be the left neighbour vertex of ri in T .

3: if vj is in the dead wedge of ri then

4: Set buddy(vj) to ri.

5: else

6: let li be the first intersection of the left edge of the dead wedge of ri and T .

7: Let vs be the first vertex of T located on or to the left of li.

8: if li exists then

9: Set buddy(vs) to ri.

10: end if{else ri does not introduce a split edge.}

11: end if

12: end for

13: for i = 2 to n do {Buddies are set/changed to the leftmost appropriate reflex

vertex}

14: if buddy(vi) is not set and buddy(vi−1) is set then

15: buddy(vi) = buddy(vi−1)

16: else if buddy(vi) is located to the right of buddy(vi−1) then

17: buddy(vi) = buddy(vi−1)

18: end if

19: end for
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Algorithm LeftInverseKernel

Input. Terrain T , terrain polygon T ′.

Output. Left inverse beacon kernel of T ′, i.e. the set of points p ∈ T such that p is at-

tracted by all vertices of T to its left.

1: Let v1, v2, ..., vn be the ordered set of vertices of T from right to left.

2: Let r1, r2, ..., rm be the ordered set of reflex vertices of T from right to left.

3: SetBuddies(T )

4: for i = 1 to m do

5: Find the vertex v such that buddy(v)=ri and among all other vertices vj such

that buddy(vj)=ri, the clockwise angle between the line vri and a vertical

upward ray through ri is the smallest {Fig 4.6}.

6: if such a vertex v exists then

7: Let ρ be the ray along the line vri emanating from ri and let q be the first

intersection of ρ with T ′.

8: Add riq to the list of cut edges C.

9: end if{else ignore ri}

10: end for

11: return Polygon R = CutOutBelow(C, T ′) {Discard the sub-polygon located

below each cut edge}

The procedure CutOutBelow(C, T ′), returns a polygon by cutting T ′ through all

edges of C and discarding the sub-polygon that is located below (or to the right of)

a cut edge. Later in Lemma 16, we show how to efficiently perform this task. Note
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that by our construction, vertices with the same buddy are consecutive and vertices

without a buddy are {v1, v2, ..., vk} (1 ≤ k ≤ n), for the biggest k where these vertices

attract all points of T ′ to their right. Therefore, we safely ignore these vertices in the

construction (by cutting) of the left inverse beacon kernel.

Lemma 14. The function SetBuddies correctly sets the buddy of each vertex (Fig 4.7).

Proof. In steps 4 and 9 of SetBuddies the first vertex v to the left of r such that the

dead wedge of r intersects the chain between r and v is found. Therefore the dead

wedge of r intersects the chain between r and all other vertices to the left of v. The

for-loop of step 13 preserves the invariant that the buddy is set to the leftmost reflex

vertex by setting the buddy of vi to the current leftmost appropriate reflex vertex.

In order to prove that the algorithm correctly computes the inverse beacon kernel,

we show that the output of the algorithm is the polygon that is obtained by discarding

points of T ′ below the steepest split edges.

Lemma 15. R is equal to Q =
⋂m
i=1Qri (of Lemma 13).

Proof. Note that the algorithm discards points below a set of split edges. For each

reflex vertex ri, the algorithm selects a vertex v such that buddy(v) = r and discards

points below the split edge of v with respect to r. Let Ri be the sub-polygon resulting

from discarding points below the calculated split edge of ri. By definition, Qi ⊆ Ri,

and therefore Q ⊆ R.

We prove R ⊆ Q by contradiction. Assume there exists a point q ∈ R, where

q /∈ Q. Therefore, there exists at least one reflex vertex r such that q /∈ Qr. Let r be

the leftmost reflex vertex with this property. Let the steepest split edge s of r (i.e.
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the cut edge of Qr) be the split edge of v (and r). If buddy(v) = r then the algorithm

chooses s as the cut edge of r and q cannot belong to R. So suppose buddy(v) =

r′ 6= r. By the definition of buddies, r′ is the leftmost reflex vertex of T such that its

dead wedge intersects the chain between r′ and v. Therefore r′ is to the left of r. Note

that (Fig 4.8) r′ is above the line vr, as otherwise (v, r′) makes a steeper split edge

than (v, r). Now consider Qr′ . It is constructed by cutting through the split edge of

v and r′ or some steeper split edge of r′. In both cases q cannot belong to Qr′ , which

contradicts the assumption that r is the leftmost reflex vertex with q /∈ Qr.

Figure 4.8: The split edge of v emanating from r, ru, is completely to the right of
the split edge of v emanating from r′, r′u′.

Lemma 15 states the correctness of the algorithm. Next we analyse the time

complexity of the algorithm.

Lemma 16. CutOutBelow(C, T ′) can be done in O(n log n) time.



4.3. COMPUTING THE INVERSE BEACON KERNEL OF A
MONOTONE POLYGON 48

Proof. We find the set of all points in a terrain polygon vertically above a set of

(collected) line segments. This is done by adding the bottom edge of the axis aligned

bounding box of T ′ to the set of line segments and computing the upper envelope

of this set. The axis aligned bounding box of T ′ can be computed in linear time.

Using an algorithm due to Hershberger [17] the upper envelope is constructed in

O(n log n) time. Then we construct a polygon by considering all points above the

upper envelope and inside the bounding box of T ′ and intersect it with T ′. As the

constructed polygon is monotone, the intersection is computed in linear time and the

process takes a total time of O(n log n).

Theorem 4. The inverse beacon kernel of the terrain polygon T ′ is a monotone

polygon and can be computed in O(n log n) time.

Proof. The inverse beacon kernel of T ′ is the intersection of its right and left inverse

beacon kernels. As both of these polygons are monotone, their intersection is also

monotone.

As T ′ is a monotone polygon a triangulation of T ′ can be computed in linear time

and then T ′ can be preprocessed in linear time to answer ray shooting queries in

O(log n) time [11]. We use ray shooting to find the intersection of the left edge of the

dead wedge of each reflex vertex and the terrain in O(log n) time (in step 6 of the

Setbuddies function). After this, setting the buddies of vertices requires linear time.

While processing a reflex vertex ri and setting the buddies, we save a pointer to the

first vertex v with buddy(v) = ri. As vertices with the same buddy are consecutive,

starting from v we can find the direction of the cutting split edge of ri in time propor-

tional to the number of vertices that have ri as their buddy. Then the actual split edge
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is computed in O(log n) time using ray shooting. Each vertex has only one buddy and

therefore the overall time complexity of finding all the cutting split edges is O(n log n).

By lemma 16, CutOutBelow(C, T ′) runs in O(n log n) time. Thus, the total time

complexity of the algorithm is O(n log n) and the left and right inverse beacon kernels

are computed in O(n log n) time. As both of these polygons are monotone, their

intersection can be computed in linear time and the total time complexity of finding

the inverse beacon kernel of a terrain polygon is O(n log n) time.

The method presented for computing the inverse beacon kernel of a terrain polygon

can be extended to compute the inverse beacon kernel of a monotone polygon in

O(n log n) time. Let M be a monotone polygon. Without loss of generality, assume

that M is monotone with respect to the x-axis. Similar to Lemma 13, we can define

the left inverse beacon kernel of M .

Lemma 17. Let r1, r2, ..., rm be the set of reflex vertices of M that introduce a split

edge in the computation of the right attraction region of at least one vertex of M .

Let si be the steepest split edge among all the split edges introduced by ri (i.e. the

smaller angle between this split edge and the vertical ray emanating from v and going

through M is the smallest, see Fig 4.9). Let Qi be the sub-polygon to the left of si.

Q =
⋂m
i=1Qri is equal to the left inverse beacon kernel of M .

Proof. As si is a split edge, if a point q ∈M is not in Qi then it does not belong to the

left inverse beacon kernel. Now consider a point q ∈ Q. For the sake of contradiction,

let us assume q does not belong to the left inverse beacon kernel of M . Therefore,

there exists a vertex v where q is not in the right attraction region of v. Thus, q

is to the right of a separation edge s of v introduced by some reflex vertex r. By
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construction, Qr is to the left of s. This implies that q does not reside in Qr which is

a contradiction.

Figure 4.9: Steepest split edges in a monotone polygon.

Let MU and ML be the upper and lower chains of M . From ML we construct a

terrain polygon ML′ similar to the construction of T ′ from T and compute the inverse

beacon kernel of ML′. From MU we construct MU ′ which is also a terrain polygon

and contains points below MU (the construction is similar to ML′ but the resulting

polygon is upside down compared to ML′). As both ML′ and MU ′ are terrain poly-

gons, their inverse beacon kernels are monotone and are computed in O(n log n) time.

In order to compute the inverse beacon kernel of M , we modify the computation

of inverse beacon kernels of ML′ and MU ′; when computing the cut edge of a reflex
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vertex r (step 7 of LeftInverseKernel), ray shooting is performed in M rather than

ML′ or MU ′. This is done to discard points that are excluded from the inverse beacon

kernel of M (rather than ML′ or MU ′) due to r. We claim that the intersection of

the resulting polygons is the left inverse beacon kernel of M .

Figure 4.10: The steepest split edge of r.

Lemma 18. The intersection of the left inverse beacon kernels of MU ′ and ML′,

where the cutting edges are computed in M , is the left inverse beacon kernel of M .

Proof. Using Lemma 17 we need to show that the steepest split edge of a reflex vertex

r computed in ML′ (MU ′) lies on the same line as the steepest split edge of r in M .

Without loss of generality, let r be a reflex vertex of M which also belongs to ML′

and let the steepest split edge of r in M be s (Fig 4.10). Consider s to be the split

edge of the vertex v with r. For the sake of contradiction, assume v ∈ MU ′. Now
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consider a vertical ray lr shooting downward from v. If the intersection of this ray

with ML is a vertex, then this vertex is also in the dead wedge of r and its split edge

with r is steeper than its split edge with v which is a contradiction. Otherwise let e

be the edge of ML that the ray intersects. At least one of the endpoints of e, eu, is

located below the line vr, as otherwise v lies below e. Therefore the split edge of eu

has a steeper angle with lr than the split edge of v (i.e. s), which contradicts the fact

that s is the steepest split edge of r.

We have that the left inverse beacon kernel of ML′ (where the split edges are

computed in M) is the portion of M to the left of all steepest split edges of reflex

vertices of the lower chain of M . Similarly the left inverse beacon kernel MU ′ (where

split edges are computed in M) is the portion of M to the left of all steepest split edges

of reflex vertices of the upper chain of M . The intersection of these two polygons is

the part of M to the left of all steepest edges of reflex vertices of M . By Lemma 17,

this is exactly the left inverse beacon kernel of M .

To this point we showed that in order to find the steepest split edge of a reflex

vertex r, we only need to check vertices on the same chain as r. By performing our

SetBuddies algorithm separately for each chain we find the cutting split edges of all

reflex vertices. Let RC the be set of all cutting split edges of the reflex vertices on

the lower chain and Let R be the sub-polygon to the left of RC . The same argument

as the one in Lemma 15 holds for monotone polygons and therefore R is exactly the

polygon to the left of all steepest split edges of reflex vertices on the lower chain. Let

UC the be set of all cutting split edges of the reflex vertices on the upper chain and

Let U be the sub-polygon to the left of UC . Similarly U is the polygon to the left
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of all steepest split edges of reflex vertices on the upper chain. By Lemma 18, the

intersection of R and U is the left inverse beacon kernel of M .

Next we show how to efficiently discard points to the right of cutting split edges

and compute the left inverse beacon kernel.

Lemma 19. Discarding all points to the right of cutting split edges of a monotone

polygon can be done in O(n log n) time.

Proof. Similar to Lemma 16 we compute the upper envelope of cutting edges of reflex

vertices on the lower chain. Then we compute the lower envelope of the cutting

edges of reflex vertices on the upper chain. All points of M between these two chains

are points to the right of all cutting edges. Both the lower and upper envelope are

computed in O(n log n) time and are monotone. Because the upper and lower envelope

are monotone, points between them can be computed in linear time. The resulting

polygon is monotone and can be intersected with M in linear time.

Theorem 5. The inverse beacon kernel of a monotone polygon M is monotone and

it can be computed in O(n log n) time.

Proof. The definition of Q in Lemma 17 implies that the left (right) inverse beacon

kernel of a monotone polygon is monotone. By Lemma 19, the left and right inverse

beacon kernels of M are computed in O(n log n). The inverse beacon kernel of M is

the intersection of these two monotone polygons. Therefore, it is monotone and the

total time needed to compute it is O(n log n).
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4.4 An efficient algorithm to compute the shortest beacon watchtower

To compute the shortest beacon watchtower we intersect the kernel and inverse bea-

con kernel of the terrain polygon T ′ (in linear time). Let K be the resulting set

of points. Even though K may not be connected, as both kernels are monotone K

is monotone. The shortest beacon watchtower is a point on K with the minimum

vertical distance to T . In order to compute the minimum vertical distance between

two monotone polygonal chains (T and the lower chains of K) we use a sweep from

left to right, where the vertices are the events. As both chains are piecewise linear, in

each event we compute the vertical distance between the two chains and if necessary

update the shortest distance. This process takes linear time and therefore the overall

time complexity is O(n log n).

Theorem 6. The shortest beacon watchtower of a polygonal terrain can be computed

in O(n log n) time.
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Chapter 5

Inverse attraction region

Biro presented an algorithm for computing the inverse attraction region of a point

q in a simple polygon P [5]. Unfortunately his algorithm has a technical gap.1 The

algorithm begins by constructing an arrangement AP of lines to partition P with the

idea that for any two points inside a particular region, either both or none attract q.

The arrangement AP contains three types of lines:

1. Lines through edges of P ,

2. Lines through a reflex vertex and perpendicular to one of the edges incident to

this reflex vertex (i.e lines supporting edges of the dead wedge of reflex vertices),

3. Lines through q and each reflex vertex of P .

As far as we know Biro’s proof [5] of the following property for AP , is correct.

1Personal communication with Michael Biro and Joseph Mitchell
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Property 1: If b1 and b2 belong to the same region of AP and the reflex vertex

r is a split vertex relative to b1 (i.e. r introduces a split edge for b1) then r is also a

split vertex relative to b2 [5].

The example in Fig. 5.1 illustrates that property 1 is not sufficient to guarantee

that points in the same region have the same attraction behaviour with respect to q.

Consider the line L going through the reflex vertices r1 and r2 and let s and t be two

points close to and on opposite sides of L. Even though r2 introduces a split edge

for both s and t, it is easy to see that s cannot attract q while t can. This example

suggests that additional lines need to be added to the arrangement.

Figure 5.1: An example where the arrangement in [5] does not work. Point s cannot
attract q while t can. Also observe that point s′ can attract q while t′

cannot.

The example in Fig. 5.1 implies that it is necessary to add some of the lines going

through pairs of reflex vertices of P to the arrangement. As a polygon may have O(n)
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reflex vertices, this adds an additional O(n2) lines with an arrangement of O(n4) re-

gions.

We construct a new arrangement of O(n2) complexity which correctly groups to-

gether points in P .

Our arrangement AP contains three types of lines:

1) Lines through edges of SPT (q),

2) Lines through the edges of the dead wedge of a reflex vertex of P ,

3) Lines through edges of the polygon.

Note that lines of the third type are added to AP to distinguish points that are

inside or outside of P .

Lemma 20. If b1 and b2 belong to the same region of AP then either both or neither

attract q.

Proof. For the sake of contradiction and without loss of generality assume b1 attracts

q while b2 does not attract q. Let r be the split vertex that separates q from the

attraction region of b2 (i.e. r introduces a split edge for b2 that separates q from the

attraction region of b2). Without loss of generality let us assume that q is to the left

of this split edge, s2 (Fig. 5.2). As b1 and b2 are in the same region of Ap, b1 is also

in the dead wedge of r and r introduces a split edge for b1. As b1 attracts q, q lies to

the right of this split edge s1.

We have two cases:
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1) Both s1 and s2 have an (upper) endpoint on a common edge e (Fig. 5.2a). In this

case q lies in the triangle formed by s1, s2 and e. This triangle is contained in P , and

therefore q sees r and the line segment connecting r and q is in SPT (q). Therefore,

the line qr forces b1 and b2 to be in two different regions of AP , a contradiction.

2) Edges s1 and s2 have (upper) endpoints on different edges of P (Fig. 5.2b). Let the

endpoint of s1 lie on e and the endpoint of s2 lie on e′. Notice that the left endpoint

of e′ is located between s1 and s2. Now consider the shortest path between q and r. If

q and r see each other directly then the supporting line of the line segment qr belongs

to AP and similar to the previous case we have a contradiction. If q and r cannot

see each other directly then there exists a reflex vertex r′ between s1 and s2 such

that the shortest path between q and r passes through r′. Now by the construction

the line rr′ is in AP which forces b1 and b2 to be located in two different regions, a

contradiction.

Figure 5.2: Split edges of b1 and b2.

Theorem 7. The inverse attraction region of a point in a simple polygon can be

computed in O(n3) time and O(n2) space.
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Proof. There are O(n) lines in the arrangement. Therefore the number of regions in

the arrangement is O(n2) and for each region we can check whether a candidate point

can attract q in linear time [6], resulting in the O(n3) time complexity.

Corollary 4. The boundary edges of the inverse attraction region lie on the lines of

arrangement AP .

Later in Section 5.4, we present an O(n2) algorithm to compute the inverse at-

traction region in a simple polygon.

5.1 Inverse attraction region in a monotone polygon

In the previous section we showed that lines passing through edges of SPT (q) and

through edges of dead wedges form the boundaries between regions that attract q and

those that don’t. For the case of monotone polygons we show that a much smaller

subset of these boundary edges suffice.

Let M be a monotone polygon and let q be a point in M . We begin by studying

the effect of a single reflex vertex on the inverse attraction region of q. Let v be a re-

flex vertex of M with el and er the left and right adjacent edges of v, respectively. Let

q ∈ M be a point to the right of v. Our goal is to distinguish all beacon placements

to the left of v that do not attract q because they are blocked by an edge incident

to v. To do so, first we assume that there are no reflex vertices between q and v (i.e

no reflex vertex exists simultaneously to the left of q and to the right of v) and find

points to the left of v that cannot move q past a vertical line through v.
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We show that a ray passing through v can be used to bound a subpolygon of M

so that any beacon placed within that subpolygon cannot attract the point q. This

ray can be defined in one of two ways yielding what we call a blocking ray. The two

cases of blocking rays are described as follows:

Figure 5.3: The effect of a single reflex vertex on the inverse attraction region of a
point. Case 1 blocking ray: q1 lies below L1: beacons below Γ1 cannot
attract q1. Case 2 blocking ray: q2 lies above L1 and to the right of v:
beacons below Γ2 cannot attract q2.

Case 1 blocking ray: q1 ∈ M is a point to the right of the reflex vertex v and

below the line L1 orthogonal to er at v. Observe that L1 passes through the left edge

of the dead wedge of v. According to attraction properties (Fig. 2.3), a beacon in

M below L1 and to the left of v cannot attract q1 past the vertical line through v,

and therefore it does not attract q1. Thus we can express the effect of v by a ray Γ1

emanating from v extending to the left along L1. No point below Γ1 can attract q1.

We call Γ1 the blocking ray of v relative to q1.
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Case 2 blocking ray: q2 ∈ M is a point to the right of v and above L1. Let

Γ2 be the ray emanating from v extending to the left along the line q2v. Note that

Γ2 is in the dead wedge of v. Consider a beacon b to the left of v. If b is to the

right of Γ2 then the attraction path of q2 will intersect er and by considering the

orthogonal projection of b on the supporting line of er, we see that b cannot pass q2

over v. Now assume b is to the left of Γ2. Here the line segment q2b will not intersect

er and therefore b can move q past over v. Here Γ2 is the blocking ray of v relative to q2.

We define the blocking region of a reflex vertex v relative to q as points of M which

are below the blocking ray of v relative to q. Informally, the blocking region of v is

the set of beacon locations that cannot attract q due to v. Note that a point in the

blocking region of v (in both cases) is in the dead wedge of v.

Although our goal is to compute the inverse attraction region of a fixed point, it

is useful to compare the blocking regions of two points relative to a particular reflex

vertex.

Lemma 21. Let v be a reflex vertex of M . Let q and q′ be two points of M such that

q′ is on the open line segment qv. If there are no reflex vertices between v and q, then

the blocking regions of q and q′ (relative to v) are equal.

Proof. Consider the cases in Fig. 5.3. It is easy to verify that when q′ lies on the

(open) line segment qv, the blocking rays of q and q′ are the same. Therefore, their

blocking regions are equal.

Lemma 22. Let q be a point close to the left edge of v. Consider the clockwise

rotation of q around v to a vertical position. During the rotation, the blocking region
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of v relative to q never increases.

Proof. During the rotation, as long as q is below L1 (see Fig. 5.3), the blocking

region of q remains the same. While q is rotated from L1 to a vertical position, the

blocking ray of v relative to q will rotate clockwise from L1 to a vertical downward

ray. During this time the blocking region of q (i.e. points in M below the blocking

ray) monotonically gets smaller until it is empty. Therefore, during the rotation the

blocking region of q is non increasing.

Next we consider the effect of two reflex vertices on the inverse attraction region

of a point. Let v and v′ be the only two reflex vertices of M . If a point q ∈ M is

located between v and v′ then any attraction trajectory of q can at most have one of

v and v′ on its path and therefore the effect of v and v′ can be considered separately.

Therefore we focus on the inverse attraction region of the point q which lies to the

right of both reflex vertices. Without loss of generality assume v is on the lower chain

and v′ is on the upper chain of M .

Case 1) If q is visible to both v and v′, we claim that any attraction trajectory of

q can at most pass through one of these reflex vertices. The attraction trajectory of

q to a beacon b passes through v only if b is below the ray −→qv and passes through v′

only if b is above the ray
−→
qv′ (Fig. 5.4). As q sees both v and v′ there does not exist a

beacon both below −→qv and above
−→
qv′. Therefore at most one reflex vertex can affect

the attraction trajectory and in the computation of the inverse attraction v and v′

are considered separately. We conclude that a point inside the blocking regions of v

or v′ cannot attract q.
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Figure 5.4: If q sees both v and v′, no attraction trajectory of q can intersect both v
and v′ and in the computation of the inverse attraction region, v and v′

are considered separately. Here points that cannot attract q are shaded.

Case 2) Otherwise, without loss of generality assume that q can see v but not v′

(Fig. 5.5). We classify the points to the left of v′ into two groups: i) points above the

ray −→qv and ii) points below −→qv. Let p be a point in group i. Consider π the attraction

trajectory of q in the attraction of p. As p is located above −→qv, π does not intersect

the adjacent edges of v. We conclude that p can attract q if and only if p is not in

the blocking region of v′ (relative to q). Now assume that p is a point in group ii.

In this case π will intersect v or the right edge of v. Therefore, p attracts q if and

only if p can move q from its initial position to v (i.e. p is above the blocking ray

of v relative to q) and p can attract v (i.e p is below the blocking ray of v′ relative to v).

Next we show how to combine the two groups of case 2.

Lemma 23. If q sees v but not v′ then points in the blocking region of v relative to

q and points in the blocking region of v′ relative to v are the only points that cannot

attract q.
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Proof. It is obvious that a point in the blocking region of v relative to q does not

attract q, because it cannot move q past over v. So we only need to argue about

points to the left of v′. Let p be a point in group ii (i.e. p is a point to left of v′ and

below −→qv). By the previous argument p attracts q if and only if p can move q from

its initial position to v and p can attract v. Therefore, p cannot lie in the blocking

region of v (relative to q) and it cannot lie in the blocking region of v′ relative to v

and so the lemma follows.

Now let p be a point in group i (i.e. p is to the left of v′ and above −→pv). Note

that as q does not see v′, p also lies above the line vv′ (see Fig. 5.5). Recall our case

analysis in Fig. 5.3. If the relative position of v with respect to v′ lies in case 1 (which

is the case in Fig. 5.5), then the blocking region of v′ relative to v is all points in the

left side of the dead wedge of v′. The attraction trajectory of q in the attraction of

a point in group i intersects the right edge of v′. Therefore a point in group i can

attract q if it is not located on the left side of the dead wedge of v′. This is precisely

the blocking region of v′ relative to v.

Now assume that the relative position of v to v′ lies in case 2 of Fig. 6. Recall that

the blocking ray of v′ relative to v is the ray from v′ in the direction of the vector
−→
vv′.

As points above the qv are also above vv′, all points of group i reside in the blocking

region of v′ relative to v and lemma follows.

We can now present an algorithm to compute the inverse attraction region of a

point in a monotone polygon.
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Figure 5.5: Points that cannot attract q are shaded.

Algorithm InverseAttractionRegion

Input. Monotone polygon M and a point q ∈M .

Output. Inverse attraction region of q, that is, beacon locations in P that attract q.

1: Compute SPT (q), the shortest path tree from q to each vertex of M .

2: for each reflex vertex r that sees q do

3: Discard points in the blocking region of r relative to q

4: end for

5: for each pair of consecutive reflex vertices v, v′ in SPT (q) (v = parent(v′)) do

6: Discard points in the blocking region of v′ relative to v.

7: end for

8: return The remaining polygon

Theorem 8. Algorithm InverseAttractionRegion correctly computes the inverse at-

traction region of an input point q in a monotone polygon.

Proof. We use proof by contradiction. First assume that p is a point that can attract

q and is discarded by the algorithm. Without loss of generality we assume p is to
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the left of q. If p is discarded in step 3 of the algorithm then let v be the rightmost

reflex vertex responsible for discarding p. Note that q and v see each other, and p is

in the blocking region of v therefore it is also in the dead wedge of v. As p is also

to the left of v, p cannot attract any points on the right adjacent edge of v. Since p

attracts q, the attraction trajectory of q to p must pass above v. Here in order for

q to pass above v, there must exist an edge e between v and q such that q slides on

e and moves above the line pv. This implies that e blocks the visibility of v and q,

which is a contradiction.

Assume p is discarded in step 6 due to s, where s is the directed open edge of

SPT (q) from v to v′. Note that due to the monotonicity of M both v and v′ are to

the right of p and to the left of q. Consider πpv the attraction trajectory of v to p

(Fig. 5.6). As p is discarded when the pair (vv′) is processed, in the absence of other

reflex vertices p cannot attract v. Since v and v′ are visible, no attraction trajectory

(towards p) can slide through s. By lemma 21 the blocking region of all points on s

are equal and by lemma 22 no points below s can have a blocking region smaller than

the blocking region of v. Therefore (even in the presence of other reflex vertices) no

points on πpv can be attracted by p and thus p does not attract v. Now we show that

p cannot attract q as well. We consider two cases:

1) v and v′ lie on different chains of M . Here, s partitions M into two sub-polygons

and p and q are in different sub-polygons. Note that by lemma 21 the blocking region

of v relative to any point on s is precisely the blocking region of v relative to v′. This

implies that p cannot attract any point on s. Let π be the attraction trajectory of q

to p. As p and q are on different sides of s, π crosses s. Let x be the intersection of
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π and s. As p cannot attract x, we conclude that it cannot attract q.

2) v and v′ are on the same monotone chains. Let w be the first intersection point

of the ray
−→
vv′ with M to the right of v (Fig. 5.7). Note that as the shortest path is

outward convex, the parent of v in SPT (q) lies in the sub-polygon to the right of the

line segment vw. Therefore, vw partitions M into two sub-polygons where p and q are

in different sub-polygons. By lemma 21 the relative blocking region of v′ relative to

any point on vw is exactly the blocking region of v′ relative to v. As p cannot attract

v, it cannot attract any point on vw. If p attracts q then the attraction trajectory

must intersect uw which is a contradiction.

Now suppose p is a point that cannot attract q and is not discarded by the algo-

rithm. Let t be the separation edge of the attraction region of p such that p and q

are in different sides of t. Let v′ be the reflex vertex that introduces t and M1 be the

sub-polygon that contains q (Fig. 5.6). Observe that v = parent(v′) in SPT (q) is in

M1 because the shortest path is outward convex. Therefore, p does not attract v and

p lies in the blocking region of v′ relative to v. With our construction when the pair

(v, v′) ∈ SPT (q) is processed, p will be discarded.

We use a result of Hershberger [17] that computes the upper envelope of a set S of

n non-vertical line segments in O(n log n) time. The upper envelope of S is defined as

the portion of the segments in S visible from y = +∞. The lower envelope is defined

symmetrically.

Lemma 24. The time complexity of the Algorithm InverseAttractionRegion is O(n log n).
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Figure 5.6: Attraction trajectory of v. Here, p cannot attract v.

Figure 5.7: No point on vw can be attracted by p. Therefore p cannot attract q.

Proof. In order to achieve an O(n log n) time complexity, we first collect all blocking

rays and then discard points in blocking regions. Let B be an axis aligned bounding

box of M . By intersecting the blocking rays with B (and adding the top and bottom

edges of B) we have a collection of blocking line segments. If the blocking line

segment originated from a reflex vertex of the lower (upper) chain, then we need

to discard points of M that are vertically below (above) this line segment. Using

Hershberger’s algorithm [17], we construct the upper (lower) envelope of blocking

line segments of vertices of the lower (upper) chain in O(n log n) time and obtain

two monotone polygons. The intersection of these two polygons with M is the set of
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points below all upper chain blocking rays and above all lower chain blocking rays.

As the intersection of monotone polygons can be computed in linear time, the total

complexity is O(n log n).

5.2 Inverse attraction in a terrain polygon

Let M be a terrain polygon and let L be a vertical line through q. The line L par-

titions M into two terrain polygons. We consider each of these polygons separately

and discard points that cannot attract q in each polygon. Here we explain how this

is done for M1, the polygon to the left of L. Let R1 be all rays of R that extend

from right to left. We present a linear time algorithm to discard points below the

rays in R1. The algorithm starts by traversing M1 from right to left. Events are

reflex vertices with a blocking ray that extends to the left. The algorithm preserves

the invariant that at each event point the computed polygon to the right is the set of

points in M1 vertically above all current blocking rays Γ1,Γ2, ...,Γi. Furthermore, the

algorithm stores and updates a convex set C which is the upper envelope of current

rays intersected by a bounding box of the polygon.

Algorithm DiscardingBelowRays

Input. A terrain polygon M1. A set R = Γ1,Γ2, ...,Γm of blocking rays all extending

to the left.

Output. A polygon P obtained by discarding points in M1 vertically below the rays

in R.

1: Order R such that Γi is the blocking ray of the reflex vertex ri and ri is to the

left of ri+1 for all i = 1, 2, ...,m− 1.
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2: Let C be an axis aligned bounding box of M1.

3: Let Vi be the vertical line through ri and Hi be the half-plane to the left of Vi.

4: Let polygon P be the subset of M1 between V1 and a vertical line through q.

5: for i = 1 to m do

6: C = C ∩Hi

7: if ri is in C then

8: Intersect C with the half-plane above the supporting line of Γi by walking on

the edges of C from right to left and finding the first edge of C that intersects

Γi.

9: Add to P all points of M1 between Vi and Vi+1 that are also in C

10: end if

11: end for

12: return P

The algorithm computes the upper envelope of rays Γ1,Γ2, ...,Γi between Vi and

Vi+1 and intersects the result with the portion of M1 between Vi and Vi+1 (Fig. 5.8).

Therefore, the output are points of M above all blocking rays. Before we analyze

the time complexity of the algorithm, we show that it is safe to ignore rays of reflex

vertices that start below some current blocking regions (step 6).

Lemma 25. If ri /∈ C then Γi does not contribute to P .

Proof. Let Γi be the blocking ray of ri and ri /∈ C. Let Γj (j < i) be the leftmost

ray above ri. Consider the parent of ri in SPT (q). If rj is the parent of ri then the

blocking ray of ri relative to rj will be on or under the ray −→rjri, therefore all points in

the blocking region of ri are also in the blocking region of rj. Now assume w 6= rj is
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Figure 5.8: Discarding points below rays.

the parent of ri and therefore w lies above the ray −→rirj. Consider the blocking ray of

ri relative to w. It lies on or below the line riw and so below the line rirj. Therefore

in both cases the blocking region of ri can be ignored.

Lemma 26. Algorithm DiscardingBelowRays runs in O(n) time.

Proof. We use a sequential search in both step 7 intersecting C ∩ Hi and in step 9

intersecting the upper envelope of Γi with C. In each case once we step over an edge

we eliminate it forever. Thus the overall complexity of the algorithm is O(n).

Theorem 9. The inverse attraction region of a point in a terrain polygon can be

computed in Θ(n) time.

5.3 Lower Bound

Theorem 10. Computing the inverse attraction region of a point in a monotone (or

a simple polygon) has a lower bound of Ω(n log n).
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Proof. Our proof is a reduction from the problem of computing the lower envelope

of a set of lines L, that has a lower bound of Ω(n log n) [33]. Let l : y = mx+ b be a

line in L. The dual of l is define as the point l∗ := (m,−b). Let lb and ls denote the

lines in L with the biggest and smallest slope, respectively. Note that the leftmost

(rightmost) edge of the lower envelope of L is part of lb (ls). Let s be the vertical

strip through the leftmost and rightmost vertices of the lower envelope of L (Fig. 5.9).

Note that s can be found in linear time by computing all of the intersections of lb

and ls with lines in L. In the following we show how to compute the lower envelope

of L within s. Then the actual lower envelope of L can be computed in linear time

by adding cones between s and lb and between s and ls.

Figure 5.9: The strip s can be found in linear time.

Without loss of generality assume that the dual of the lines of L are inside a

bounding box of size ε above the x-axis. Therefore, the slope of each line is positive

and the difference between the highest and lowest slope is arbitrarily small. We
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construct a monotone polygon as follows. The right side of the polygon is comprised

of an axis aligned rectangle R with its top edge above the intersection point of lb and

ls, its right/left edge to the right/left of the right/left edge of s, and its bottom edge

starting from the lower vertex of the first corridor (Fig 5.11). Note that R can be

computed in linear time and it contains all vertices of the lower envelope of L.

Figure 5.10: Adding a corridor for a line of L.

We construct a “zigzag” corridor to the left of R. For each line of L, starting

from an arbitrary line l, we add a corridor perpendicular to l which extends above

the next arbitrarily chosen line (Fig 5.10). Then we add a corridor with a slope equal

to 1 going downward until it hits the next line. This process is continued until two

corridors are added for each line of L.

We fix the point p to be the left vertex on the upper chain of the leftmost corridor.

Consider the inverse attraction region of p in the constructed monotone polygon. A

point in R can attract p, only if it is below all lines of L, i.e. only if it is in the
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lower envelope of L. In addition the point needs to be above the line Lu, where Lu

is the rightmost line perpendicular to a lower edge of the corridors with a slope of -1

(Fig 5.11). In order to have all vertices of the lower envelope in the inverse attraction

region, we need to guarantee that Lu is to the left of the leftmost vertex of the lower

envelope, w. Note that w can be found in linear time. Let Lp be a line through w

with a scope equal to -1. Let q be the intersection of Lp with ls. We start the first

corridor of the zigzag to the left of q. As the lines have similar slopes this guarantees

that Lu is to the left of vertices of the lower envelope. Now it is straightforward to

compute the lower envelope of L in linear time given the inverse attraction region of

p.

Figure 5.11: The final monotone polygon constructed for 3 lines.

5.4 A quadratic algorithm to compute the inverse attraction region

Let p be a point inside a simple polygon P with n vertices. In this section, we show

how to compute the inverse attraction region of p in quadratic time. Let uv be an
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edge of SPT (p), where u = parent(v). Recall that we use the arrangement Ap to

compute the inverse attraction region of p with lines:

1. Supporting lines of edges of the dead kwedge of each reflex vertex of P ,

2. Supporting lines of edges of SPT (p),

3. Supporting lines of edges of P .

We associate three lines of arrangement Ap to uv; supporting line of uv and the

two supporting lines of the edges of the deadwedge of v. By focusing on the edge uv,

we study the local effect of the reflex vertex v on IAR(p), and we show that

1. Exactly one of the associated lines to uv may contribute to the boundary of

IAR(p). We call this line the effective associated line of uv (Fig. 5.12).

2. The effect of v on the inverse attraction region can be represented by at most two

half-planes, which we call the constraining half-planes of uv. These half-planes

are along the effective associated line of uv (see the next section).

3. Each constraining half-plane has a domain, which is a sub-polygon of P that it

affects.

Our algorithm to compute the inverse attraction region uses an arrangement which

is a subset of the arrangement Ap. By excluding non-effective lines from our arrange-

ment, we present an algorithm that computes IAR(p) in O(n2) time.
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Figure 5.12: An example of an inverse attraction region with effective associated
lines to each reflex vertex. Points in the coloured region attract p. Here
L1, L2, L3, L4 and L5 are respectively the associated lines of the reflex
vertices a, b, c, d and e.

5.4.1 Computing constraining half-planes

Let uv be an edge of SPT (p), where u = parent(v). We extend uv form u until we

reach w, the first intersection with the boundary of P (Fig. 5.13). Cutting through

uw, we partition P into two sub-polygons. Let Pp be the sub-polygon that contains

p. Any path from p to the outside of Pp passes through uw. Thus a beacon outside

of Pp that attracts p, must necessarily be able to attract at least one point on the

line segment uw. In order to determine the local attraction behaviour caused by the

vertex v, and to find the effective line associated to uv, we focus on the attraction

pull on the points of uw (particularly the vertex u) rather than p. By doing so we

detect points that cannot attract u, or any point on uw, and mark them as points
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that cannot attract p. In other words, for each edge uv ∈ SPT (p) we detect a set of

points in P that cannot attract u locally due to v. The attraction of these beacons

either causes u to move to a wrong sub-polygon, or their attraction cannot move u

past v (see the following two cases for details). Later in Theorem 11, we show that

this suffices to detect all points that cannot attract p.

Figure 5.13: The possible locations of p with respect to the shortest path edge uv.

Let a and b be the edges incident to v. Let H(a) be the half-plane orthogonal to

a (at v) that contains a, and let H(b) be the half-plane orthogonal to b (at v) that

contains b. Depending on whether u is in H(a) ∪H(b), we consider two cases:

Case 1: u is not in H(a) ∪H(b) (Fig. 5.14).

We show that in this case the supporting line of uv is the only line associated to v

that may contribute to the boundary of IAR(p), i.e. it is the effective line associated



5.4. A QUADRATIC ALGORITHM TO COMPUTE THE INVERSE
ATTRACTION REGION 78

Figure 5.14: u is not in H(a) ∪H(b).

to uv. Let q be an arbitrary point on the open edge a. As u is not in H(a) ∪H(b),

the angle between the line segments uq and qv is less than π/2. Consider an arbitrary

attraction trajectory that moves u straight towards q. By Lemma 2, any slide move-

ment of this attraction trajectory on the edge a, moves away from v. Now consider

q to be on the edge b. Similarly any slide on the edge b moves away from v. Thus,

the line segment uv can only be crossed once in an attraction trajectory of u (and

similarly any other points on the line segment uw). Note that this crossing movement

happens via a pull edge. We use this observation to detect a set of points that do not

attract u and in return p.

Now consider L the supporting line of the edge uv. It partitions the plane into two

half-planes La (that contains the edge a) and Lb (that contains the edge b). Without
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loss of generality, assume that the parent of u in SPT (p) lies on Lb. Recall that uw

partitions P into 2 sub-polygons and Pp is the sub-polygon that contains p. We define

sub-polygons Pa and Pb as follows. Consider ρa the ray originating at v, perpendicular

to L extending to La. Let za be the first intersection of ρa with the boundary of P .

We use Pa to denote the sub-polygon of P induced by vza that contains the edge a.

Similarly, consider ρb the ray originating at v, perpendicular to L extending to Lb.

Let zb be the first intersection of ρb with the boundary of P . We use Pb to denote

the sub-polygon of P induced by vzb that contains the edge b (Fig. 5.14).

Lemma 27. No point in Pa ∩ Lb can attract p.

Proof. Let b1 be a point in Pa ∩ Lb (Fig. 5.14). As b1 ∈ Lb any straight movement

from u to b1 is towards the edge b and therefore in the attraction of b1, no point

on uw can enter Pa directly without sliding on b. As we explained earlier, any slide

on the edge b moves away form v, and therefore, b1 cannot attract u. Similarly b1

cannot attract any point on uw. As the attraction trajectory of p towards b1 must

pass through uw, b1 cannot attract p.

Lemma 28. No point in Pb ∩ La can attract p.

Proof. Assume b2 is a point in Pb∩La (Fig. 5.14). The beacon b2 is in La, thus in the

attraction of b2, no points on uw can cross uv without sliding on a. As we explained

earlier, any slide on the edge a moves away from v. Therefore, b2 cannot attract u or

any point on uw, and so it cannot attract p.

In summary, in case 1, the effect of uv is expressed by two half-planes Lb affecting

the sub-polygon Pa, and La affecting the sub-polygon Pb. We call La and Lb the

constraining half-planes of uv. We call Pa and Pb the domain of the constraining
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half-planes Lb and La, respectively. In addition, we call Pa ∩ Lb and Pb ∩ La the

constraining regions of uv. Later in Corollary 5, we show that L is the only effective

line associated to uv.

Figure 5.15: u is in H1 ∪H2.

Case 2: u is in H(a) ∪ H(b) (see Fig. 5.15). Without loss of generality assume

u can see part of the edge b. Similar to the previous case, we define the sub-polygon

Pp; let w be the first intersection of the ray −→vu with the boundary of P as depicted in

Fig. 5.15. Note that uw partitions P into 2 sub-polygons. Let Pp be the sub-polygon

that contains p. Now let ρ be the ray originating at v, along the extension of b. Let

z be the first intersection of ρ with the boundary of P . We use Pa to denote the

sub-polygon induced by vz that contains a. We detect points in Pa that cannot move

u (pass v) into Pa.



5.4. A QUADRATIC ALGORITHM TO COMPUTE THE INVERSE
ATTRACTION REGION 81

Lemma 29. No point in Pa ∩H(b) can attract p.

Proof. Assume b1 is a point in Pa ∩H(b). As b1 is in H(b) the orthogonal projection

of b1 on the supporting line of the edge b also lies in H(b). Therefore, as b1 is in Pa, it

does not attract any point on the open edge b. Consider the attraction trajectory of

u with respect to b1. As b1 is below the supporting line of uv, u cannot enter Pa via

a pull edge. In addition, u cannot slide on b to reach v. Therefore b1 cannot attract

u (or similarly any point on uw). Thus it does not attract p.

In summary, in case 2, the effect of uv on IAR(p) can be expressed by the half-

plane H(b). We call H(b) the constraining half-plane of uv, Pa the domain of H(b)

and we call Pa ∩ H(b) the constraining region of uv. Later in Corollary 5, we show

that the supporting line of H(b) is the only effective line associated to v.

By combining these two cases, we prove the following theorem.

Theorem 11. A beacon b can attract a point p if and only if it is not in a constraining

region of any edge of SPT (p).

Proof. By Lemmas 27, 28 and 29, if b is in the constraining region of an edge

uv ∈ SPT (p) then it does not attract p.

Now let b be a point that cannot attract p. We need to show that b is in the

constraining region of at least one edge of SPT (p). Let s be the separation edge of

AR(b) such that b and p are in different sub-polygons induced by s (see Fig.5.16).

Note that as the attraction region of a beacon is connected [5], there is exactly one

such separation edge. Let v be the reflex that introduces s and let u be the parent of
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v in SPT (p). By Lemma 1 b is in the deadwedge of v. In addition, as the attraction

region of a beacon is connected, b attracts v. We claim that b is in a constraining

region of the edge uv ∈ SPT (p). First we show that b cannot attract u. Consider

SP (p, u), the shortest path from p to u. If SP (p, u) crosses s at a point q then u

cannot be the parent of v in SPT (p), because we can reach v with a shorter path by

following SP (p, u) from p to q and then reaching v from q. Therefore, SP (p, u) does

not cross s, so p and u are in the same sub-polygon of P induced by s. As b does not

attract p, we conclude that b does not attract u.

Figure 5.16: The split edge s partitions P into two sub-polygons such that b is in a
different sub-polygon than p and u. By definition Pp is the sub-polygon
that contains p.

Now depending on the relative position of u and v (whether u is in H(a) ∪ H(b) or

not), we consider two cases. We show that in each case, b is in a constraining region

of uv.

Case 1: u is not in H(a) ∪ H(b) (Fig. 5.14). In addition, we have shown that
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b does not attract u, b is in the deadwedge of v, and b attracts v. Let L be the

supporting line of uv, and similar to the previous case analysis let La and Lb be the

constraining half-planes and let Pa and Pb be the domains of Lb and La, respectively.

Without loss of generality, assume that b is in the half-plane Lb (Fig. 5.17). We show

that b belongs to Pa.

Figure 5.17: As b is in Lb the separation edge s extends through La. The attraction
trajectory of v is depicted in green.

As b ∈ Lb, the separation edge s extends from v through La. Consider sub-

polygons of P resulting from cutting P through s. Beacon b does not attract p, and

thus b belongs to the sub-polygon to the left of s. Beacon b attracts v and is in the

deadwedge of v, Thus, in the attraction of b, v will enter Pa via a slide move. We



5.4. A QUADRATIC ALGORITHM TO COMPUTE THE INVERSE
ATTRACTION REGION 84

claim that v cannot leave Pa afterwards. Consider the supporting line of ρa which

is a line orthogonal to uv at v. As u is not in H(a) ∪H(b) and the deadwedge of v

is equal to H(a) ∩H(b), the deadwedge of v completely lies to one side of this line.

Therefore, in the attraction of any beacon inside the deadwedge of v (such as b), a

point q on ρa moves straight towards the beacon along the ray
−→
qb. In other words,

in the attraction pull of b no point inside Pa can leave Pa. Therefore, b ∈ Pa and so

b ∈ Pa ∩ Lb. By definition, b belongs to a constraining region of uv.

Case 2: u is in H(a) ∪H(b) (Fig. 5.15). In addition, we have shown that b does

not attract u, b is in the deadwedge of v and b attracts v. Without loss of generality,

assume that the input is oriented as in Fig. 5.18. The beacon b does not attract u

and thus it belongs to the sub-polygon to the left of s. As b is in the deadwedge of

v, it is also in H(b), the constraining half-plane of uv. Similar to the previous case,

as b attracts v, AT (b, v) never crosses ρ to leave Pa and therefore, b is in Pa. Thus,

b ∈ Pa ∩H(b) and it belongs to the constraining region of uv.

Corollary 5. Consider the edge uv ∈ SPT (p). If u is not in H(a) ∪H(b) (case 1),

then among three associated lines to uv only the supporting line of uv may contribute

to the boundary of IAR(p). If u is in H(a) ∪H(b) (case 2), then among three asso-

ciated lines to uv only the supporting line of H(b) may contribute to the boundary of

IAR(p), where H(b) is the half-plane orthogonal to the incident edge of v that u can

partially see.
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Figure 5.18: u is in H1 ∪H2.

5.4.2 Computing the inverse attraction region

We showed that an edge e ∈ SPT (p) defines one or two constraining regions such that

no points in these constraining regions can attract p. Now we present an O(n2) time

and space algorithm to compute IAR(p) in a simple polygon P . Our algorithm uses

an arrangement of “line segments”. This arrangement is a subset of the arrangement

used in Theorem 7, that is, each line segment of our arrangement lies on a line of the

arrangement used in Theorem 7.

Let C be a constraining half-plane of the edge uv ∈ SPT (p) (u = parent(v)) with

the supporting line LC . Let PC be the constraining region of uv that C affects. Note

that by definition, a boundary point of PC either lies on the boundary of P or on the

line LC . Therefore, PC ∩LC is the set of line segments on LC that may contribute to

the boundary of IAR(p).
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Initially, our arrangement A includes all edges of P and has one region. For each

edge of SPT (p), we compute its constraining half-planes. Then for each constraining

half-plane C, we find LC and PC and add line segments of PC ∩ LC to A. Note

that crossing a line segment in the arrangement results in either entering or exiting

a constraining region. We have the following lemma.

Lemma 30. Let r be a region in A. Points in r belong to the same set of constraining

regions.

In addition for each line segment of the arrangement, we store which side of the

line segment is in the constraining region. Then we traverse the dual graph of A

starting from the region that contains p. The number of constraining regions that

affects this region is zero. Then moving from the current region to a neighbour region,

we update the number of constraining regions. If this number is zero, then points in

the region are not in any constraining region, and thus the region is in IAR(p).

Construct(A)

Input. Simple polygon P , and a point p ∈ P .

1: Let arrangement A be an empty arrangement of line segments.

2: Add edges of P to A.

3: Compute SPT(p).

4: for each edge −→uv ∈ SPT(p) do

5: Compute the constraining half-planes of uv.

6: for each constraining half-plane C of uv do

7: Let LC be the supporting line of C.
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8: Find PC using the ray perpendicular to L at vertex v, extending outside of

C.

9: Intersect LC with PC to obtain a set of line segments SC .

10: Update A by adding SC to A.

11: end for

12: end for

Algorithm 1

Input. Simple polygon P , and a point p ∈ P .

Output. Inverse attraction region of p.

1: Construct(A).

2: Let r0 be the region of A that contains p.

3: Set C(r0), the number of constraining half-planes affecting r0, to 0.

4: Initial IAR(p) = r0.

5: Traverse the dual graph of A starting from r0.

6: for each region ri do

7: if the movement from ri−1 to ri enters a constraining half-plane then

8: C(ri) = C(ri−1) + 1.

9: else

10: C(ri) = C(ri−1)− 1.

11: end if

12: if C(ri) = 0 then

13: Add ri to IAR(p).
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14: end if

15: end for

16: return IAR(p).

Theorem 12. Algorithm 1 correctly computes IAR(p) in O(n2) time using O(n2)

space.

Proof. Let ab be a line segment of A, that is not an edge of P . Crossing ab from an

arbitrary point results in either entering or exiting a constraining region. Therefore,

the number of constraining half-planes affecting two neighbouring regions differs by

one, which can be updated in constant time. Therefore, the algorithm correctly com-

putes the number of constraining regions that affects each region. By Theorem 11 if

this number is zero then all points in the region attracts p.

As for the time complexity, for each edge uv ∈ SPT (p), we compute its constrain-

ing half-planes which is done in constant time. Recall that PC is computed using a

ray perpendicular to LC at v, and so PC and PC ∩LC can be computed in linear time.

Therefore, the arrangement A is constructed in O(n2) time using O(n2) space, which

determines the time and space complexity of the algorithm.

5.5 The complexity of the inverse attraction region

In this section we show that in a simple polygon P the complexity of IAR(p) is linear

with respect to the size of P .
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We classify the vertices of the inverse attraction region into two groups: 1) vertices

that are on the boundary of P , and 2) internal vertices. We claim that there are at

most a linear number of vertices in each group. Throughout this section, without loss

of generality, we assume that no two constraining half-planes of different edges of the

shortest path tree are co-linear. Note that we can reach such a configuration with a

small perturbation of the input points, which may just add to the number of vertices

of IAR(p).

Biro [5] showed that the inverse attraction region of a point in a simple polygon

P is convex with respect to P . Therefore, we have at most two vertices of IAR(p)

on each edge of P , and thus there are at most a linear number of vertices in the first

group.

We use the following property of the attraction trajectory to count the number of

vertices in group 2.

Lemma 31. Let L be the effective line associated to the edge uv ∈ SPT (p), where

u = parent(v). Let b be a beacon on L ∩ deadwedge(v) that attracts p. Then the

attraction trajectory of p passes through both u and v.

Proof. Consider the two cases in section 3.1 (Fig. 5.14 and Fig. 5.15). Recall that w

is the first intersection of the vector −→vu with the boundary of P , and cutting through

the line segment uw partitions P into two sub-polygons such that b and p are in

different sub-polygons. And thus AT (b, p) passes through uw. In case 1 (Fig. 5.14),

as L is the supporting line of uv, in the attraction pull of b, a point on uw moves

along the line segment vw and meets both u and v. In case 2 (Fig. 5.15), as b is on
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L, it is below the supporting line of vw and therefore, AT (p, b) can pass uw and uv

only through u and v via a slide edge, respectively.

Next we define an ordering on the constraining half-planes. Let C be a constrain-

ing half-plane of the edge uv ∈ SPT (p) (u = parent(v)), and let C ′ be a constraining

half-plane of the edge u′v′ ∈ SPT (p) (u′ = parent(v′)).

We say C ≤ C ′ if and only if |SP (p, v)| ≤ |SP (p, v′)|.

We use a charging scheme to count the number of internal vertices. An internal

vertex resulting from the intersection of two constraining half-planes C and C ′ is

charged to C ′ if C ≤ C ′, otherwise it is charged to C. In the remaining of this

section, we show that each constraining half-plane is charged at most twice. Let PC

and P ′C denote the constraining regions related to C and C ′, respectively. And let

LC and LC′ denote the supporting lines of C and C ′, respectively. In the previous

section we showed that the line segments LC ∩ PC are the only parts of LC that may

contribute to the boundary of IAR(p). Let s ∈ LC ∩ PC be a segment outside of the

deadwedge of v. The next lemma shows that s does not appear on the boundary of

IAR(p), and we can ignore s when counting the internal vertices of IAR(p).

Lemma 32. Let s ∈ LC ∩ PC be a segment outside of the deadwedge of v. Then s

(or a part of s with a non-zero length) does not appear on the boundary of IAR(p).

Proof. By Lemma 1 v does not introduce a split edge for any point on s and thus v (or

the edge uv) does not have an effect on the destination of the points on different sides

of s (in the attraction pull of b). As we assume that no two constraining half-planes
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of different edges of the shortest path tree are co-linear, no constraining half-plane of

any other vertex is co-linear with s, and the lemma follows.

We define L̃C = LC ∩ PC ∩ deadwedge(v) and L̃C′ = LC′ ∩ PC′ ∩ deadwedge(v′).

By Lemma 32, L̃C and L̃C′ are the subset of LC and LC′ that may appear on the

boundary of IAR(p), therefore, the intersection points of all L̃C and L̃C′ are the

only possible locations for internal vertices of IAR(p). Consider an internal vertex a

resulting from the intersection of L̃C and L̃C′ (Fig. 5.19).

Figure 5.19: The charging scheme for an internal point. We charge the vertex a to
the constraining half-plane form v, i.e. C. The inverse attraction region
of p is the shaded region.

Lemma 33. Let a = L̃C ∩ L̃C′ be an internal vertex of IAR(p) and let C ′ ≤ C

(Fig. 5.19). Then all points on L̃C are in the domain of C ′.

Proof. Consider a beacon on a. By Lemma 31, AT (p, a) passes through both v′ and

v. As C ′ ≤ C, we have that |SP (p, v′)| ≤ |SP (p, v)|, and therefore, by Lemma 4

AT (p, a) reaches v′ before v. Recall from the proof of Theorem 11 that AT (a, v′)

does not leave the domain of C ′ and thus v belongs to the domain of C ′. Without

loss of generality, assume that L̃C′ is horizontal and the constraining half-plane of C ′



5.5. THE COMPLEXITY OF THE INVERSE ATTRACTION
REGION 92

is below this horizontal line and a is to the left of v′ (Fig. 5.20).

For the sake contradiction, assume L̃C 6⊂ PC′ and so L̃C must intersect the boundary

of the domain of C ′. This happens only if v is below the supporting line of L̃C′ and to

the left of a (Fig. 5.20). Let z be the closest point on the line segment v′a to a that

AT (a, v′) passes through. Consider the polygonal chain PC = AT (v′, a) ∪ aw ∪ wv′.

The chain PC does not cross any edges of P , and at the same time, there are points

on P inside and outside of this chain; adjacent vertices of v′ are outside of PC and

the point z (and at least one adjacent vertex to z) is inside of PC. This contradicts

the simplicity of P .

Figure 5.20: Assumptions of Lemma 33. The chain PC is shown in red.

We charge a to C if C ′ ≤ C, otherwise we charge it to C ′. Assume a is charged

to C. By Lemma 33, all points on L̃C to one side of a belong to the domain of C ′



5.5. THE COMPLEXITY OF THE INVERSE ATTRACTION
REGION 93

and therefore are in C ′. Thus, C cannot contribute any other internal vertices to this

side of a. This implies that C can be charged at most twice (once from each end)

and as there are a linear number of constraining half-planes, we have at most a linear

number of vertices of group 2, and we have the following theorem.

Theorem 13. The inverse attraction region of a point p has linear complexity in a

simple polygon.

Figure 5.21: A constraining half-plane may contribute O(n) vertices of group 2 to
the inverse attraction region. Here the inverse attraction region of p is
coloured.

Note that, as illustrated in Fig. 5.21, a constraining half-plane may contribute

many vertices of group 2 to the inverse attraction region, but nevertheless it is charged

at most twice.
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Chapter 6

Summary and Conclusion

We showed that the length of the attraction trajectory is at most
√

2 of the length of

the shortest path, indicating that beacon attraction is not only inexpensive to com-

pute but also efficiently short. It remains an open question whether this bound is

tight. We conjecture that it is tight, i.e., for any small positive number ε, there exists a

simple polygon P and points b, p ∈ P such that
√

2−ε < |AT (p, b)| / |SP (p, b)| <
√

2.

In [30] Tan and Kermarrec present a routing protocol which is at most 7 times longer

than the shortest path. In their paper they consider the attraction trajectory to be

at most 3 times longer than the shortest path. Our result immediately improves their

approximation ratio to 4+
√

2. We hope that this result will further motivate the use

of greedy routing in various applications.

Then we solved the shortest beacon watchtower problem in O(n log n) time and

O(n) space. In order to do this, we presented O(n log n) time algorithms to compute

the beacon kernel and the inverse beacon kernel of a monotone polygon. We also

showed that the problem of computing the beacon kernel of a monotone polygon (or

a simple polygon) has an Ω(n log n) lower bound. It remains open to determine a
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non-trivial lower bound for computing the inverse beacon kernel. Some other inter-

esting open problems are 1) computing the inverse beacon kernel of a simple polygon

in sub-quadratic time, 2) as some pair of points on the terrain can attract each other

and do not need a watchtower, how can one compute the shortest watchtower in this

case where both routing via the watchtower and direct routing is allowed, 3) extend-

ing the result to 3D by including techniques presented in [34].

Finally, we presented algorithms to efficiently compute the inverse attraction re-

gion of a point for simple, monotone, and terrain polygons with respective time com-

plexities O(n2), O(n log n) and O(n). We showed that the inverse attraction region

of a point in a simple polygon has linear complexity and the problem of computing

the inverse attraction region has a lower bound of Ω(n log n) in monotone polygons

and consequently in simple polygons. It remains open whether the inverse attraction

region of a point in a simple polygon can be computed in sub-quadratic time.
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