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Abstract 

The application of 3D grain-based modelling techniques is investigated in both small and large 

scale 3DEC models, in order to simulate brittle fracture processes in low-porosity crystalline rock. Mesh 

dependency in 3D grain-based models (GBMs) is examined through a number of cases to compare 

Voronoi and tetrahedral grain assemblages. Various methods are used in the generation of tessellations, 

each with a number of issues and advantages. A number of comparative UCS test simulations capture the 

distinct failure mechanisms, strength profiles, and progressive damage development using various 

Voronoi and tetrahedral GBMs. Relative calibration requirements are outlined to generate similar macro-

strength and damage profiles for all the models. The results confirmed a number of inherent model 

behaviors that arise due to mesh dependency. In Voronoi models, inherent tensile failure mechanisms are 

produced by internal wedging and rotation of Voronoi grains. This results in a combined dependence on 

frictional and cohesive strength. In tetrahedral models, increased kinematic freedom of grains and an 

abundance of straight, connected failure pathways causes a preference for shear failure. This results in an 

inability to develop significant normal stresses causing cohesional strength dependence. In general, 

Voronoi models require high relative contact tensile strength values, with lower contact stiffness and 

contact cohesional strength compared to tetrahedral tessellations. Upscaling of 3D GBMs is investigated 

for both Voronoi and tetrahedral tessellations using a case study from the AECL’s Mine-by-Experiment at 

the Underground Research Laboratory. An upscaled tetrahedral model was able to reasonably simulate 

damage development in the roof forming a notch geometry by adjusting the cohesive strength. An 

upscaled Voronoi model underestimated the damage development in the roof and floor, and overestimated 

the damage in the side-walls. This was attributed to the discretization resolution limitations. 
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Chapter 1 

Introduction 

Underground openings are constructed at various depths, ranging from shallow urban 

tunnels at less than 50 meters below surface, to deep mining tunnels at over a kilometer in depth. 

The main objective for a design engineer is to maintain stability of the excavation for the desired 

lifetime, at the lowest possible cost. In the simplest sense, the rock mass can be described as 

intact rock composed of various mineral grains, subdivided by interspersed fractures and 

discontinuities throughout the domain, for example joints and faults. While the intact rock 

strength is straightforward to quantify by conducting laboratory experiments, the strength and 

failure mechanics of the rock mass are more difficult to properly estimate. Intact rock samples are 

not representative of the damaged nature of rock at a large field scale.  

In the design of excavations, numerical modelling and analytical solutions are typically 

used as tools to estimate stresses and deformations around an excavation. To determine the 

strength of the rock mass, the Hoek-Brown failure criterion (Hoek & Brown, 1980) is commonly 

used. It essentially lowers the intact strength curve based on the characteristics of joints in a rock 

mass. The further addition of the Geological Strength Index (GSI) in the formulation of the 

criterion allowed for geological observations made in the field to be directly applied to the 

strength criterion (Hoek et al., 2002). While this method is useful for many rock engineering 

applications, it is not suitable for addressing the strength of hard, brittle rock with limited joints at 

high depth. In these cases, the Hoek-Brown strength criterion does not properly account for the 

initiation, propagation, and coalescence of cracks at high GSI values, which results in an entirely 

different set of strength thresholds (Carter et al., 2008). As a result, classic continuum method of 

stress analysis (using Hoek-Brown or Mohr-Coulomb constitutive models) will not properly 
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model failed regions, which can lead to unexpected failure mechanisms once designs are applied 

in real-world cases. 

Advances in computing capabilities over the past several years have resulted in the ability 

to use Distinct Element Method (DEM) software to simulate the behavior of rock as an 

assemblage of distinct blocks or particles (Cundall & Hart, 1992). This has led to the widespread 

incorporation of Discrete Fracture Networks (DFNs) in DEM models (Dershowitz, 1979), and a 

number of Synthetic Rock Mass (SRM) tools (Mas Ivars, et al., 2011). The SRM builds on the 

capabilities of DEM software to model discrete blocks interacting with one another. Intact rock 

material is represented as an assemblage of distinct particle representing grains, which are free to 

move and interact with one another based on defined contact properties. The macroscopic 

behavior is governed by the creation of new fractures and the mobilization of pre-existing ones. 

This allows for the potential to simulate the initiation, propagation, and coalescence of fractures 

in rock masses at the laboratory and tunnel scale to a more realistic degree.  

 Deep Geological Repositories 

In Canada, Ontario Power Generation (OPG) has proposed the development of a Deep 

Geological Repository (DGR) at the Bruce nuclear site in the municipality of Kincardine, Ontario 

(Nuclear Waste Management Organization, 2011a). The repository will function for the storage 

of low- to intermediate-level nuclear waste at a timeframe of 1 million years. The proposed DGR 

will be located at a depth of 680m within a massive, low-permeability limestone called the 

Cobourg formation. The limestone is overlain by 200m of very low-permeability shale acting as a 

vertical cap, which is overlain by 480m of mixed sedimentary rock (Nuclear Waste Management 

Organization, 2011b). This has been determined to be a very favorable geological setting for the 

storage of nuclear waste. Figure 1.1 shows a conceptual schematic of the proposed DGR site.  
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Figure 1.1: Proposed layout of the DGR below on the site of the Bruce nuclear plant (after 

NWMO, 2011a). 

The specifications for a DGR generally outline that it be excavated within a low-

permeability sedimentary or crystalline formation, in order to maximize geomechanical stability 

and discourage material transport through the rock. This means that rocks such as limestone, 

granite, and gneiss will be likely targets for emplacement room excavations. With typical DGR 

rooms reaching at least 500 meters in depth, the hard, brittle host rock will develop excavation 

induced damage directly adjacent to the excavation wall (Nuclear Waste Management 
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Organization, 2011c). As previously mentioned, this is due to the distinct fracturing behavior in 

brittle rocks under high stress. The geometry of these damaged zones is formally known as the 

Excavation Damaged Zone (EDZ), is controlled by the crack initiation (CI) and crack damage 

(CD) thresholds for the rock in which the excavation is occurring, in combination with the in-situ 

stress conditions. The EDZ is of significant importance to DGR design since the fractures 

developed adjacent to the emplacement room create a primary conduit for radionuclides to escape 

into the geosphere (Diederichs et al., 2014).  

 Problem Statement and Research Objectives 

It is of great importance to develop tools to aid in the simulation and prediction of the 

EDZ for applications in nuclear waste repository design. The simulation of microcracking in 

brittle rock typical in nuclear waste applications can be accomplished using a distinct element 

grain-based model (GBM). In a GBM, rock microstructure is represented using an assemblage of 

small, angular grains that more properly define the shape of mineral grains in crystalline rock 

(Potyondy, 2010). The DEM formulation allows that these grains can detach, rotate, and slide 

against each other, leading to the progressive development of fracture pathways. Various authors 

have investigated the application of grain-based models for the simulation of microcracking in 

laboratory testing, mainly in two-dimensions using the DEM codes PFC (Itasca Consulting Group 

Inc., 2015) and UDEC (Itasca Consulting Group Inc., 2014). In PFC, the grains are modelled as 

rigid disks (or spheres in 3D) bonded at single contact points, however concerns exist as to 

whether proper crack initiation and failure mechanics can be simulated (Diederichs, 2007). With 

the use of UDEC, the more realistic angular grain morphologies can be created by using a 

Voronoi tessellation for small and large scale simulations (e.g. Christianson et al., 2004; Kazerani 

& Zhao, 2010). Recent developments have included the representation of grains using tetrahedral 

tessellation similar to a finite element mesh (Gao & Stead, 2014; Kazerani, 2013). The primary 

goal of this thesis is to examine the application of these methods using three-dimensional meshes 



 

5 

 

(also described as tessellations) implemented in 3DEC (Itasca Consulting Group Inc., 2013a), and 

examine the mesh dependency in these models at the small and large scale. The industry currently 

lacks a verified and practical tool to examine fracture development in three-dimensional 

excavation applications. Furthermore, little work has been done to quantify the effect of mesh 

dependency, so there is little evidential basis for choosing to use either Voronoi or tetrahedral 

grains. Justification using the argument of mechanical biases, while valid, is currently 

circumstantial at best. Calibration requirements will likely differ based on the differing grain 

morphology. The following points outline the objectives of the research conducted in this thesis: 

Small Scale Applications: 

 Calibrate the 3D tetrahedral and Voronoi tessellations to established laboratory 

strength results for a brittle rock, and determine the relative calibration requirements 

based on the tessellation type. 

 Observe the effect of different grain morphologies on the strength, damage 

development, and failure behavior. This will lead to recommendations related to the 

ideal methods for generation of the GBM tessellation. 

 Determine the sensitivity of the CI, CD, and UCS thresholds to changes in each 

contact microproperty defined in the GBM. This will lead to mechanical insights and 

recommendations for the calibration of the damage and strength thresholds.  

 Identify the limitations when using 3D GBMS in 3DEC with regard to computational 

efficiency and stability. 

 For all of the above objectives, compare the response of the tetrahedral and Voronoi 

models, in order to identify inherent biases of the models towards certain behaviors. 

 Identify the advantages and limitations of each method. 
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Large Scale Applications: 

 Establish recommendations for excavation-scale GBM generation to ensure model 

efficiency and stability, and identify any significant limitations. 

 Apply calibrated microproperties from numerical laboratory simulations to a tunnel 

model. 

 Calibrate GBM microproperties to match EDZ development and compare to initial 

input parameters from numerical laboratory simulations. 

 For all of the above objectives, compare the response of the tetrahedral and Voronoi 

models, in order to identify inherent biases of the models towards certain behaviors. 

 Identify the advantages and limitations of each method. 

 Thesis Structure 

This thesis will contain 7 chapters. The following is a summary of each chapter: 

Chapter 1 introduces the context for this research work with respect to modelling of 

brittle rock damage using the DEM. The research objectives are outlined in this chapter. 

Chapter 2 focuses on a literature review divided into three sections. The first section 

briefly discusses general failure mechanisms in underground excavations. The second section 

discusses the various numerical modelling methods used to simulate rock failure. Finally, the 

third section provides a review of the failure mechanisms commonly observed in small scale 

laboratory samples. 

Chapter 3 focuses on a literature review of the common DEM and hybrid software codes 

available for use in brittle rock simulation. The latter part of this chapter takes a more in-depth 
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look at generation of 2D GBMs in UDEC using tetrahedral and Voronoi grains. The existing 

literature regarding laboratory scale simulations is examined.  

Chapter 4 introduces the methodology for development of 3D GBMs in 3DEC. Model 

generation, calibration, and fracture behavior are examined using UCS test simulations for both 

Voronoi and tetrahedral GBMs.  

Chapter 5 extends on the work from Chapter 4. This chapter takes an in-depth look into 

the sensitivity of various model parameters on the damage development and thresholds. This 

includes an in-depth comparison of the damage sensitivity between the tetrahedral and Voronoi 

assemblages. 

Chapter 6 investigates the upscaling of GBMs using 3DEC for excavation-scale EDZ 

applications. The AECL’s Mine-by-Experiment test tunnel is used as a case study in order to 

calibrate the 3D GBMs to the observed EDZ. This includes a comparison between the capabilities 

and limitations of the tetrahedral and Voronoi assemblages in excavation-scale GBMs. 

Chapter 7 provides a summary of the findings in this thesis and concludes with future 

recommendations of work.  
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Chapter 2 

Literature Review 

 Introduction 

For underground openings in hard rock, failure is generally a function of the rock 

strength, orientations of pre-existing discontinuities, and the in-situ stress conditions present in 

the rock mass (Martin et al., 1999). Different combinations of these two factors lead to a variety 

of predominant failure mechanisms as outlined in Figure 2.1. This chart shows that instability can 

be caused by structurally-controlled mechanisms, stress-controlled mechanisms, or a combination 

of the two. Rock mass classification systems exist to quantify the strength and support 

requirements of rock masses based on geological and engineering parameters. The most widely 

known and utilized systems are the RMR system (Bieniawski, 1973), the Q-rating system 

(Barton, Lien, & Lunde, 1974), and GSI (Marinos & Hoek, 2000). These classification systems 

are effective at mid-range rock-quality values where the rock mass behavior is controlled by the 

inter-block shear strength (Carter et al., 2008).  

At the upper and lower ends of rock competence, the above-mentioned classification 

systems become ineffective (Marinos, Marinos, & Hoek, 2005). At the lower end, the rock is so 

weak and has so many discontinuities that it squeezes into an excavation opening, with little 

influence of the rock mass structure. At the upper end where the rock is more massive, the in situ 

rock mass strength is dependent on the material strength as opposed to that of the collective intact 

pieces, and the rock exhibits brittle behavior (Carter, Diederichs, & Carvalho, 2008). The failure 

mechanisms occurring in brittle rock can mistakenly be interpreted as natural discontinuities in 

the rock surrounding an excavation, leading to inappropriate support applications. Furthermore, 

the commonly utilized continuum-based yield models such as the Mohr-Coulomb and Hoek-

Brown failure criteria do not hold true for highly-stressed massive rock failure (Martin, Kaiser, & 
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McCreath, 1999). Classic finite element simulations using typical plasticity constitutive relations 

will not properly model the fracture development and propagation characteristic of massive, 

brittle rock.  

 

Figure 2.1: Expected failure mechanisms of rock masses at various levels of in-situ stress 

and fracturing (after Martin et al., 2001). 

 

Modified hard-rock failure criteria can be used in conjunction with numerical modelling 

codes to attempt to simulate these failure mechanisms and observe the effect of parameter 

sensitivity. This chapter will provide a literature review on hard rock failure mechanisms as 

observed in underground openings, as well as an introduction the current numerical methods used 

to simulate these mechanisms.  This will lead to a discussion in the next chapter on the specific 
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numerical tools that have been assembled to model distinct fracture development. The final part 

of this chapter will look at the failure modes in laboratory samples, which provides a basis for the 

numerical simulations performed later in this thesis. 

 Conventional Criterion for Rock Failure 

2.2.1 Mohr-Coulomb Failure Criterion  

The Mohr-Coulomb failure criterion is commonly used in both continuum soil and rock 

applications to represent an elastoplastic material behavior assuming isotropic conditions. It is 

also commonly used as a slip model to define the strength criterion of discontinuities. The 

criterion relates the shear stress (τ) to the normal stress (σn) using Equation 2.1: 

𝜏 = 𝑐 +  𝜎𝑛𝑡𝑎𝑛𝜙 (2.1) 

where c is the cohesion, 𝜎𝑛 is the normal stress, and 𝜙 is the angle of internal friction. Given the 

principal stresses, the normal and shear stresses on that plane can be calculated using a Mohr’s 

circle. This method is attractive based on its relative simplicity for engineering application 

compared to other criteria. However, it does not account for the influence of rock mass structure 

on the material strength and deformation behavior (Hudson & Harrison, 2000). 

2.2.2 Hoek-Brown Failure Criterion 

The Hoek-Brown failure criterion (Hoek & Brown, 1980) is another empirical failure 

criterion which relates the major and minor principal stresses to form a curve for estimating rock 

mass strength. The Hoek-Brown criterion differs from the Mohr-Coulomb criterion in that it 

forms a non-linear strength curve, incorporating input values from both laboratory testing and 

geological observations, and modelling confinement dependence. Since its inception in 1980, the 

criterion has undergone several updates in order to address issues such as applicability to very 
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weak rock masses, and conversion of Hoek-Brown parameters to equivalent Mohr-Coulomb 

parameters (Hoek & Brown, 1997). The criterion is defined by the following equation: 

𝜎1
′ =  𝜎3

′ +  𝜎𝑐𝑖(𝑚𝑏
𝜎3

′

𝜎𝑐𝑖
+ 𝑠)𝑎 (2.2) 

where 𝜎1
′ and 𝜎3

′  are the major and minor principal effective stresses respectively, 𝜎𝑐𝑖 is the intact 

rock UCS, 𝑚𝑏 is the Hoek-Brown constant for the rock mass, reduced from the intact material 

constant 𝑚𝑖, and 𝑠 and 𝑎 are constants dependant on characteristics of the rock mass. These 

constants work to degrade the intact rock strength curve (s = 1, a = 0.5) to a rock mass strength 

curve. In practical terms, the constant m signifies frictional strength of the rock, working to 

control the steepness of the Hoek-Brown curve (higher m value leads to a steeper curve). The 

value of mi varies depending on the mineralogy, composition, and grain size of the intact rock in 

question (Hoek, Wood, & Shah, 1992).  The constant s is a measure of fracture intensity or rock 

mass condition, analogous to the cohesion of the rock. The constant a works to control the 

curvature of the strength envelope (Eberhardt, 2012). 

2.2.3 Geological Strength Index 

Originally, the Rock Mass Rating, or RMR (Bieniawski, 1973) was used as an input for 

calculation of the Hoek-Brown constants due to its acceptance by the rock engineering 

community at the time. However, it falls apart in many instances, particularly for weaker rock 

masses. This resulted in the development of the Geological Strength Index (GSI) (Hoek & 

Brown, 1997; Hoek, Carranza-Torres, & Corkum, 2002). It was developed to address the strength 

of a rock mass based on the structural character and condition of discontinuities. It is based on the 

notion that a jointed rock mass will be inherently weaker than an intact rock sample (Figure 2.2). 

The “intact” strength curve is representative of a rock mass that is relatively massive (high GSI 

value), correlating to a laboratory sample. As the rock mass becomes increasingly blocky and 
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disturbed, or the condition of discontinuities deteriorates, the same rock mass should be weaker, 

and therefore is assigned a lower GSI value. Using the GSI, the Hoek-Brown constants can be 

estimated using the following equations: 

 

𝑚𝑏 = 𝑚𝑖 exp (
𝐺𝑆𝐼−100

28−14𝐷
)  (2.3) 

 

𝑠 = exp (
𝐺𝑆𝐼−100

9−3𝐷
)  (2.4) 

 

𝑎 =
1

2
+

1

6
(𝑒

−𝐺𝑆𝐼

15 −  𝑒−
20

3 ) (2.5) 

 

where D is a damage parameter to account for blast damage and stress relaxation. A value of 0 for 

D represents intact rock, while a value of 1 represents a damaged in-situ rock mass. The strength 

of the rock mass can be adjusted by changing the value of D to represent a more massive or 

damaged rock mass. 

For the application of this criterion in brittle rocks, the condition of the rock mass is generally 

restricted to a small area of the GSI chart (GSI > 65), as shown in Figure 2.3. This includes hard, 

crystalline rocks such as granite and gneiss that are relatively massive. The reliability of the 

Hoek-Brown criterion becomes limited in this range since it does not account for tensile damage 

development and inhibition of frictional strength development near excavation boundaries 

(Diederichs, 2007). Using the established Hoek-Brown criterion would result in a great 

overestimation of the material strength leading to an inadequate support design. Modifications to 

the input parameters for the Hoek-Brown criterion when dealing with brittle rocks are discussed 

in the next section of this chapter.  



 

13 

 

 

Figure 2.2: Scaling of the Hoek-Brown strength curve based on the characteristics of the rock mass 

using GSI (after Eberhardt, 2012). 

 

 

Figure 2.3: Chart for determining the GSI of a rock mass. The area where this chart is not applicable 

(for brittle rock at GSI > 65) is highlighted in grey (after Diederichs, 2007). 
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 Hard Rock Failure Mechanisms 

2.3.1 Structurally-controlled Failure 

In underground openings excavated at shallow depth in low to moderately jointed rock, 

the development of unstable blocks or wedges is the primary failure mechanism (Hoek, Kaiser, & 

Bawden, 2000). Underground wedges are formed through the combination of 4 non-parallel 

planes, with one being the excavation surface. These wedges will fall or slide along joint surfaces 

under the influence of body forces (Hudson & Harrison, 2000). Numerically, the susceptibility to 

failure is governed by the shear strength of discontinuities, which is defined using a Mohr-

Coulomb criterion (see Equation 2.1). The strength of discontinuities (τ) is dependent on material 

properties (c and ϕ) on the confinement (σn) provided by the surrounding rock mass. Falls occur 

when the block detaches from the roof due to confinement loss combined with intersecting joints, 

resulting in a downward, gravity driven movement (Diederichs, 1999). Sliding involves 

movement along either a single discontinuity (planar failure), or along a line of intersection of 

two discontinuities (wedge failure).  

2.3.2 Stress-controlled Failure (Brittle Failure) 

When creating openings in massive to blocky rock mass with high in-situ stresses, stress-

controlled brittle failure can occur. While structural failure is the result of movement due to the 

intersection of joint planes, brittle failure is controlled by the micromechanical properties of the 

rock, in combination with changing in-situ stresses around an opening. In general, brittle failure 

occurs in the form of spalling or strain-bursting. This is due to tensile fracturing processes in the 

rock leading to the formation of fractures adjacent to the excavation boundary, oriented parallel to 

the direction of maximum principal stress. These conditions can be quite difficult to support and 

dangerous for workers due to the energy that can be stored in the rock, leading to a violent release 

in some cases. 
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2.3.2.1 Damage Thresholds in Laboratory Testing 

Various stages of brittle rock damage development are observed in the accumulated data 

laboratory UCS tests, as shown in Figure 2.4. The three important values that can be interpreted 

from the UCS test data are the crack closure (CC) threshold, crack initiation (CI) threshold, and 

crack damage (CD) threshold (Diederichs & Martin, 2010). The brittle fracture process in UCS 

tests is summarized in the following stages (Diederichs, 2003; Diederichs, 2007; Cai & Kaiser, 

2004; Diederichs, Kaiser, & Eberhardt, 2004): 

1. Initial closure of pre-existing flaws and openings due to increasing axial stresses. 

2. Crack initiation at a stress level of 0.3 to 0.5 UCS, signifying the beginning of stable 

crack growth. Since this signifies the initiation of crack opening in the lateral direction, a 

distinct increase in the volumetric strain dilation can be observed. These cracks propagate 

parallel to the direction of the maximum principal stress. 

3. Unstable crack growth beginning at a stress level of 0.7 to 0.8 UCS, associated with 

permanent axial deformations. A reversal in the volumetric strain slope is also a 

characteristic observation. 

4. Coalescence resulting in the formation of macro-scale shear bands at the peak strength. 

The onset of the various damage thresholds can also be readily observed through 

monitoring acoustic emission (AE) data from laboratory testing (Diederichs et al., 2004). Initially, 

the closure of pre-existing openings results in a small amount of background AE events. The 

crack initiation threshold is signified by a distinct AE event increase above background noise, 

essentially the beginning of significant AE accumulation. After crack initiation, stable crack 

growth is signified by a steady increase in the number of AE events. At the onset of unstable 

crack growth (signifying the CD threshold), the number of AE events increases sharply from the 

constant trend during stable crack growth. This can also be seen in Figure 2.4. 
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Figure 2.4: Stages of damage development in laboratory testing of brittle rock (after Martin 

et al., 2001). 

2.3.2.2 In-situ Damage Development 

Spalling is defined as the development of extensile fractures under compressive loading. 

The initiation of stress-induced failure in a tunnel occurs when the ratio of maximum tangential 

boundary stress compared to the intact UCS exceeds a value of 0.3 to 0.5 (Martin, 1997), which 

defines the CI threshold from laboratory testing. At this point, fractures begin to open due to 

tensile failure, but only to a certain extent near the excavation wall since the confinement 

provided deeper into the rock prevents the cracks from coalescing and propagating. After spall 

development, a number of columnar pieces of rock persist adjacent to the tunnel wall, and 

continue to be pressured by the surrounding rock. A high amount of potential energy can be 

stored and released, and this becomes a form of buckling failure leading to violent rupture of a 
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wall called strain-bursting. Spalling and strain-bursting lead to excessive overbreak and dynamic 

conditions, resulting in modifications to design requirements normally used in non-brittle rock 

(Kaiser & Cai, 2012). Diederichs (2007) proposed a relationship between the Hoek-Brown 

parameter mi (which essentially measures the UCS to tensile strength ratio) and UCS to predict 

spall and strain-burst potential, as shown in Figure 2.5. 

 

Figure 2.5: Chart for predicting spalling and strain-burst potential (after Diederichs, 2007). 

Brittle damage typically forms in a well-defined notch geometry extending into an 

excavation. Martin (1999) proposed an empirical relationship for the depth of brittle fracture 

based on the maximum tangential wall stress to intact rock strength ratio (Figure 2.6). This was 

done using an elastic stress analysis with the inclusion of brittle Hoek-Brown parameters s = 0.11 

and m = 0. Using these parameters assumes that stress-controlled failure is dominated by 

cohesion loss, as opposed to conventional elastoplastic analyses where frictional strength 

dominates the constitutive behavior from the beginning. In brittle rock, the frictional strength is 
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mobilized only after the rock mass is sufficiently damaged and cohesion is essentially lost (Cai & 

Kaiser, 2004; Hajiabdolmajid, Kaiser, & Martin, 2003).  

 

Figure 2.6: Empirical prediction of the depth of brittle damage development, based on a 

number of case studies (after Martin et al., 1999). 

Diederichs (2007) proposed a second, more rigorous methodology for characterizing the 

constitutive behavior of brittle rocks. The theoretical approach involves the implementation of a 

bi-linear criterion, accounting for the distinct damage thresholds affecting fracture development 

(Figure 2.7). A lower bound threshold defines damage initiation, marking the onset of new 

damage accumulation and acoustic emission around an excavation. Below this threshold, no 

damage accumulates in the surrounding rock. The dependence of confinement on fracture 

propagation is highlighted with the inclusion of a spalling limit threshold. At low confinement, 

and above the damage initiation threshold, spalling occurs with the development of fractures 

adjacent to the tunnel boundary. The spalling limit captures the fact that the spalling process will 
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self-stabilize in areas further away from the excavation boundary. Damage will still accumulate 

but the added confinement keeps the rock stable. The slope of the spalling limit can vary from 

steep to shallow depending on factors such as heterogeneity, surface effects, damage, and stress 

rotation (Diederichs et al., 2004). The upper bound defines where the criterion conforms to 

laboratory scale strength. At high confinements this means that cracks oriented parallel to the 

maximum principal stress direction interact, forming shear bands and resulting in shear failure.  

 

Figure 2.7: Bi-linear failure criterion for representing the damage thresholds in brittle rock 

(after Diederichs, 2007). 

This bi-linear criterion can be applied to a non-elastic numerical model using brittle 

Hoek-Brown parameters. Lower bound values are used to define the peak strength of the 

modelled material, while upper bound values define the residual strength. The following 
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methodology is suggested by Diederichs (2007) to determine the appropriate brittle Hoek-Brown 

peak and residual parameters: 

1. Determine the damage initiation threshold, σ*di, from acoustic emission data, and set ainit 

to 0.2. 

2. Determine the systematic damage threshold, σ*sd, from acoustic emission or radial strain 

data, and set asyst to 0.25. 

3. Obtain a reliable estimate or measurement of tensile strength, T. 

4. For both the damage initiation and systematic damage thresholds, calculate the 

appropriate values for m and s: 

s = (σ*/UCS)1/a      (2.6) 

a = s(σ*/|T|)          (2.7) 

 Numerical Modelling Methodologies for Rock Failure 

Numerical modelling can be used to assist engineers in excavation design, for problems 

where analytical solutions cannot be used. It is quite beneficial since many different scenarios and 

sensitivity cases can be tested. There are several different methods used to model rock 

excavations and numerical laboratory tests; the most commonly used are described in this section. 

When choosing a numerical code to simulate rock mass behavior, there are generally two broad 

methods that must be considered - continuum and discontinuum methods. Continuum methods 

treat the rock mass as one continuous body, with displacement compatibility strictly enforced 

between elements (Jing, 2003). On the other hand, discontinuum methods treat blocky rock mass 

as a collection of distinct blocks, with the ability to separate and interact due to the presence of 

contact laws. The choice is dependent on the degree of jointing in a rock mass, as shown in 

Figure 2.8.  
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Figure 2.8: Various degrees of jointing in four excavation modelling scenarios, with 

different suitable numerical methods. (a) Continuum method. (b) Either continuum method 

with joint elements or discontinuum method. (c) Discontinuum method. (d) Continuum 

method with equivalent parameters accounting for degree of rock mass damage (after Jing, 

2003). 

For the discussion to follow, two continuum methods will be examined - the finite 

element method and the finite difference method. The discontinuum method discussed will be the 

distinct/discrete element method.  

2.4.1 Finite Element Method 

The finite element method (FEM) is applied in various fields of science and engineering. It is 

useful for complex continuum problems (involving complex geometries, material properties, or 

boundary conditions) where analytical solutions cannot be used. It was the first numerical method 

with enough flexibility to handle material heterogeneity, non-linear deformations, complex 

boundary conditions, in-situ stresses, and gravity, making it an ideal candidate for modelling rock 

mechanics problems (Jing & Hudson, 2002). An implicit solution scheme is used, in which an 
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approximate equilibrium solution to a problem is obtained without the use of an iterative stepping 

process. For rock and soil analysis, a common FEM software package is RS2 (Rocscience Inc., 

2016). The general FEM solution process is described below.  

The FEM formulation involves three steps: domain discretization, local approximation, 

and assemblage and solution of the global stiffness matrix (Jing, 2003). The entire model domain 

is initially discretized into small sub-domains (finite elements). The elements and boundary lines 

are connected at nodal points. Using input material properties and boundary conditions the 

unknown values (e.g. displacement) at each node are determined. A Global Stiffness Matrix is 

used to control the material behavior of each node individually, as well as its impact on the 

neighboring nodes and the system in general. The goal is to reach an equilibrium state after 

boundary conditions are applied through the displacement of nodal points. The computed values 

at each node are used to evaluate the element interior by interpolation of nodal values. 

Some of the main advantages of the FEM are: widespread use - with many codes 

available for geomechanical purposes, ability to employ variable mesh element sizes, and relative 

ease of model and mesh generation for the user. Some of the disadvantages of the FEM are: large 

memory requirements for the formation of big matrices, joints modelled with continuum 

assumptions (i.e. no contact detection or ability to open and translate relative to another element), 

and great sensitivity to mesh size (Jing, 2003). 

2.4.2 Finite Difference Method 

The finite difference method (FDM) is implemented in the numerical codes FLAC and 

FLAC3D (Itasca Consulting Group Inc., 2012). These codes are intended to model a continuous 

medium with the ability to incorporate, at most, a sparse amount of joints (due to the lack of 

contact detection algorithms, as with the FEM). In the FDM, the problem domain is subdivided 

into a set of small quadrilateral zones. In contrast to the FEM formulation, the FDM uses an 
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explicit time-marching scheme to simulate the model’s evolution based on small loading steps. 

For the specified domain, difference equations are established based on the equations of motion 

and the constitutive equations of the rock. The out of balance forces are calculated at a node, and 

used for constructing and integrating the equations of motion. These equations are sequentially 

solved over a series of time steps of a small time duration, in order to obtain displacements and 

subsequently stress changes in the medium based on the defined constitutive relations. In general, 

this is a time-based integration of the governing equations to obtain the displacements and state of 

stress at individual nodal points within the domain (Brady & Brown, 2013).  

Some of the main advantages of the FDM are: Low memory requirements since large 

matrices are not formed as in the FEM (Itasca Consulting Group Inc., 2012), complex constitutive 

behaviors such as strain softening can be modelled without causing instability, and no local trial 

functions are employed to approximate the PDE around sampling points (Jing, 2003). Some of 

the disadvantages of the FDM are: large amounts of time to reach an equilibrium solution due to 

the iterative time-marching process, and slow execution if there are great contrasts in material 

stiffness or element sizes (Itasca Consulting Group Inc., 2012). 

2.4.3 Distinct Element Method 

Both FEM and FDM analyses are primarily used in cases where a rock is defined as a 

continuum, though they have the capacity to incorporate a few intermittent joints, faults, or zones 

of weaker material. In the case of blocky rock mass, the behavior of the system is governed by 

movement and interaction of distinct blocks caused by the presence of discontinuities such as 

joints. In this case, it is beneficial to use the distinct element method (DEM). The basics of the 

DEM are similar to what was described for discontinuum methods in general: the rock domain is 

represented as an assemblage of rigid or deformable convex blocks or particles, which have 

contacts that are assigned constitutive relations. The contacts must be constantly updated as the 
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blocks move and interact with one another. If the blocks are made deformable, they are 

discretized with either a finite element or finite difference mesh. An explicit time-marching 

solution scheme can be used in order to solve the equations of motion for the block system, 

allowing the evolution of the system to be monitored. With the constant movement and 

interaction of blocks, this is quite desirable. An implicit scheme can be applied for the 

discontinuous deformation analysis method (DDA) (Shi, 1994), but it will not be discussed in this 

thesis.  

Of major interest here is a brief discussion on the representation of contacts (Jing, 2003; 

Itasca Consulting Group Inc., 2014; Hart, 1993). When physical block contacts are at a specified 

distance away from one another, a numerical contact between the two blocks is recognized 

automatically. This can come in various forms depending on the interaction (e.g. edge-edge, 

point-edge), each resulting in the application of an appropriate physical law. The contact 

interaction is governed by a normal stiffness spring, and shear stiffness spring. Contact forces are 

determined at sub-contacts based on the amount of deformation or overlap, in conjunction with 

the contact stiffness. Various linear or non-linear constitutive laws can be utilized; one of the 

most common is a Coulomb slip criterion similar to the Mohr- Coulomb formulation in Section 

2.2.1. At each time step in the explicit solution scheme, the velocities, displacements, and 

accelerations are calculated by integrating Newton’s equations of motion for the discontinuous 

system. Contact forces and stresses are then determined based on the assigned constitutive 

relations for the contact.  

Two commonly used explicit DEM codes are the particle-based code PFC (Itasca 

Consulting Group Inc., 2015), and the block-based codes UDEC (Itasca Consulting Group Inc., 

2014), and 3DEC (Itasca Consulting Group Inc., 2013a). The specific mechanics and application 

of these codes will be discussed further in the next chapter. The main advantage of using these 
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DEM codes is that the evolution of physical instability can be modelled, and the method is 

designed to model interaction of blocks. The disadvantage is that solution times are generally 

much slower than in continuum methods. In addition, a high amount of joints can cause the 

formation of bad quality blocks which may cause model instability and slow down the calculation 

cycle.  

 Rock Fracture Mechanisms in Laboratory Testing of Brittle Rock 

Looking at the way in which rock fractures in a laboratory setting under failure 

conditions, and recreating those mechanisms in numerical models can provide an excellent 

foundation for eventually upscaling grain-based models for practical applications such as pillar 

and tunnel stability analysis.  According to Mohr-Coulomb failure theory, the theoretical major 

failure plane in soil and rock is inclined at an angle defined by Equation 2.8: 

ϴ =  45˚ +  Φ/2 (2.8) 

where Φ is the material friction angle, and ϴ is the angle up from the direction of minor principal 

stress (Chowdhury et al., 2009). In a uniaxial or triaxial compression test this means that the 

theoretical failure plane is inclined at the specified angle relative to the horizontal, as depicted in 

Figure 2.9. Of course, it should also be noted that this may not always be a good prediction of the 

Φ value for a material if laboratory tests deviate from the ideal testing condition predicted in the 

theory. In a simple numerical model of a compression test using a grain-based model, where 

testing conditions and the rock material are simulated to be ideal, there is optimism that these 

failure angles can be reproduced in three dimensions under Mohr-Coulomb slip criteria.  
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Figure 2.9: Inclination of the major failure plane with respect to the major and minor 

principal stress in a UCS test. 

The various modes of failure in rock laboratory testing were investigated in detail by 

Basu et al. (2013). He performed UCS tests, BTS tests, and point load tests on granite, schist, and 

sandstone samples from mines in India. A total of 76 samples were tested under uniaxial 

compression, and six different failure methods were observed: Axial splitting, shearing along a 

single plane, double shear, multiple fracturing, along foliation, and Y-shaped. The different 

failure modes are illustrated in Figure 2.10. In general, the main mode of failure in the granite 

samples was axial splitting at low UCS values (< 90 MPa), and a mix of axial splitting, shearing 

along a single plane, and multiple fracturing at higher UCS values. The schist samples mainly 

failed along well-defined foliation planes, as expected, while the sandstone samples failed mainly 

in shear along a single plane, but exhibited almost all of the failure modes. 
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Figure 2.10: Common failure modes exhibited in UCS tests of rock (after Basu et al., 2013). 

The development of large fractures in uniaxial testing occurs when pre-existing 

microcracks are loaded with the major compressive stress and some (at certain orientations) begin 

to close. When the tensile stress at the crack tips exceeds the tensile strength, wing cracks 

propagate in a direction parallel with the major compressive stress, which is the vertical direction 

in the case of a uniaxial test (Bobet & Einstein, 1998). Basu extends this by hypothesizing that 

axial splitting occurs when microcracks do not impede the propagation of the wing cracks in the 

vertical direction, so they extend to the ends of the specimen. Furthermore, shear failure occurs 

due to the coalescence of nearby wing cracks from different microcracks, in order to release strain 

energy. This is illustrated in Figure 2.11. According to Diederichs et al. (2004), even though the 

sample is in compression, the amount of tensile cracks dominates the amount of shear cracks 

developed with a ratio of 50:1, and little macroscale failure occurs after the major shear band 

formation. Wawersik et al. (1970) also performed a series of uniaxial and triaxial compression 

tests on rock to investigate the failure modes of brittle rock, and came to the same conclusions 

that in UCS tests, both axial and shear faulting are predominant. He added that the relative 

predominance depends on a variety of factors such as anisotropy, grain size, and rock strength, 

but that axial fracturing (seen as spalling near the edges of the sample) generally precedes 

faulting and characterizes fracture initiation at 50 to 90% of the UCS. The interior of the sample 

experiences triaxial conditions resulting in the development of shear fractures. It was seen that in 
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very homogenous samples with small grain sizes the predominant failure mechanism was shear 

fracturing (both in the interior and at the boundary), with little to no axial splitting. This is due to 

the inability to develop significant locally induced tensions responsible for axial splitting.   

 

Figure 2.11: Formation of cracks in a UCS sample showing: (a) Axial splitting when 

microstructure does not impede wing crack propagation; (b) Shear failure when wing 

cracks coalesce and propagate (after Basu et al., 2013). 

 Summary 

This chapter provided a review of the literature pertinent to the brittle failure of intact and in-

situ rock. In underground excavations, failure occurs through either structurally controlled 

mechanisms, or brittle stress-controlled mechanisms. Brittle failure is characterized by damage 

thresholds, based on the formation and interaction of tensile fractures. At low confinements, and 

near an excavation boundary, failure occurs in the form of spalling, forming a notch geometry. At 

higher confinements, damage accumulates and can eventually lead to shear failure. Modified 

constitutive relationships can be used in various numerical modelling software to simulate the 

proper failure behavior in brittle rock. At the small scale, damage thresholds can be determined 

by conducting UCS tests with stress-strain and acoustic emission monitoring. Various brittle 

failure behaviors can be observed in UCS tests, including axial splitting and various forms of 
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shear failure. The type of failure is dependent on the loading conditions and internal makeup of 

the rock. 
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Chapter 3 

2D DEM Methods for Simulation of Brittle Rock Behavior 

 Introduction 

Brittle failure mechanisms occur at the grain scale in rock, involving the propagation of 

fractures along grain boundaries and associated interaction of grains. As a result, it is desirable to 

develop numerical tools which closely replicate these processes involving solid body interaction. 

Pseudo-blocks (representing grains) can be modelled in classic continuum models (FEM and 

FDM) using joints elements with defined contact strength and stiffness values. However, the use 

of joints in continuum models is only really applicable for cases with a few sparsely spaced 

joints. Continuum models do not properly model contact detection, so blocks cannot separate or 

interact with one another (Jing, 2003). Methods exist to predict the extent of brittle damage in 

hard rock using continuum methods (e.g. Diederichs, 2007; Hajiabdolmajid et al., 2002) by 

defining specific brittle parameters. However, these methods cannot simulate the progressive 

crack development and propagation, or the proper interaction between discrete grain faces and 

blocks that occurs during the stressing of a rock mass.  

The distinct element method (DEM), where the rock material is defined as a collection of 

distinct blocks or particles, can be used to simulate these desired micro-processes since the 

collection of individual grains can be modelled. These grains, modelled as polygonal blocks, can 

slide, rotate, and detach from one another. With the relative ease of generating DEM models and 

the increasing power and memory capabilities of computers, using DEMs is a very effective 

option for modelling brittle fracture processes. Numerical codes which combine finite element 

and discrete element capabilities are also available. This chapter will initially focus on a literature 

review of the various DEM and hybrid numerical codes currently applicable to the simulation of 
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brittle rock failure in 2D. 3D methods have not been as thoroughly investigated to this point; they 

will be a focus of discussion in the next chapter. Finally, literature on applications of 2D DEM 

codes for brittle damage modelling will be examined, in order to establish the current state of 

grain-based modelling methods. 

 Y-Geo 

Y-Geo is a Finite/Discrete Element Method (FDEM, or FEMDEM) code combining 

continuum mechanics with the ability to model discontinuous behavior with the inclusion of 

discrete elements. Y-Geo overcomes some of the limitations of the FDEM Y-Code proposed by 

Munjiza (2004), with the development of several algorithms to address rock engineering 

problems (Mahabadi et al., 2012). The model domain is discretized into three-noded triangular 

elements together with four-noded cohesive crack elements between the triangular element edges. 

The continuum portion of the model is assigned a linear elastic constitutive model, as the strength 

degradation and fracture development occurs at the crack elements (Munjiza, 2004). The crack 

elements are distributed with the original mesh; therefore, the fracture trajectories are dependent 

on the assigned mesh topology (Figure 3.1). A sufficiently small element size must be used to 

simulate proper fracture mechanisms (Munjiza & John, 2002). They are used to simulate a zone 

of non-linear material behavior which forms ahead of the crack tip, called the Fracture Process 

Zone (FPZ) (Labuz & Shah, 1985). Within the FPZ, bonding stresses are transferred from the 

material to the crack element using decreasing functions of the displacement discontinuity across 

the crack elements (relative displacement between adjacent triangular element edges).  

The normal bonding stress controls the development of Mode 1 fractures, and decreases 

to a residual value where the crack tip opening becomes traction-free. For Mode 2 fractures, a 

Mohr-Coulomb slip model is defined based on a tangential bonding stress, which is a function of 

the slip and normal stress on a fracture. Once critical slip is reached, the tangential bonding stress 
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is gradually reduced to a residual value representing pure frictional resistance. This friction law 

continues to be applied after the crack element is broken. When the traction free surface is 

created, that part of the model transitions from continuum to discontinuum behavior.  The crack 

element is removed and discrete bodies are permitted to translate, rotate, and detect new contacts 

as in a typical DEM formulation (Lisjak & Grasselli, 2014). Figure 3.2 shows an example of the 

fracture development in Y-Geo.  

 

Figure 3.1: (a) Representation of triangular continuum elements with crack elements between 

element boundaries. (b) Constitutive behavior of crack elements (after Lisjak, 2013a). 

 

Figure 3.2: Application of Y-Geo for simulation of EDZ development around a circular tunnel within 

anisotropic clay shales (after Lisjak and Grasselli, 2013b). 
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 ELFEN 

ELFEN (Rockfield, 2016) is a commercial software package which falls under the same 

FDEM umbrella as Y-Geo, geared towards simulating fracture development in 2D and 3D for 

geomechanics and other applications such as glass design. As with other FDEM formulations, the 

domain is initially modelled as a continuum using finite elements. A non-associative Mohr-

Coulomb elasto-plastic model is implemented, with shear strength parameters defined as a 

function of effective plastic strain (Lisjak & Grasselli, 2014). The simulation of fracturing is 

controlled by a fracture energy approach. In compression, this is defined using a Mohr-Coulomb 

crack model in combination with an anisotropic smeared crack model. In tension, a number of 

anisotropic rotating crack models can be used. These techniques are described in detail in Klerk 

(2000). Using these techniques allows for failure to dominate in an orientation normal to the 

maximum extensional strains (Owen & Feng, 2001). Figure 3.3 shows an example of a UCS test 

simulation performed using ELFEN. 

 

Figure 3.3: ELFEN simulation of uniaxial compression of rock (after Klerck, 2004). 

In the rotating crack model, a discrete crack is introduced when the tensile strength in a 

principal stress direction reaches zero and is oriented orthogonal to this direction (Klerck, Sellers, 
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& Owen, 2004). At this point, a non-local failure map is created for the entire domain specifying 

a weighted failure factor of adjacent elements for each node. A fracture plane is inserted through 

the failed node with a failure factor greater than unity in the direction orthogonal to tensile 

strength degradation. This fracture does not generally coincide with the boundaries of the finite 

elements within proximity to the failed nodal point, and rather goes through the elements in the 

failure direction (Figure 3.4a). A mode 1 fracture opens in one of two ways. Intra-element 

fracturing involves the dynamic re-meshing of the area through which the fracture plane 

intersects, redefining the surrounding elements in order to create an opening directly parallel to 

the fracture direction (Figure 3.4b). This method may cause the generation of poor quality 

elements during the re-meshing process which may compromise the stability and calculation time 

of the model. Inter-element fracturing creates a fracture opening using the existing element 

boundaries to define a trajectory closest to the orientation of the fracture, similar to the fracture 

propagation in Y-Geo (Figure 3.4c). This method may be less favorable since the fracture 

propagation will be governed by the existing mesh topology.  

 

Figure 3.4: (a). Weighted average nodal failure direction, with fracture plane geometry 

extending through elements. (b) Intra-element fracturing. (c) Inter-element fracturing 

(after Klerck, 2004). 
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 Bonded Particle Model 

The bonded particle model (BPM) for rock is implemented in the numerical code PFC 

(Itasca Consulting Group Inc., 2015). It is used to simulate the dynamic response of a particle-

based system, where damage occurs when bonds break. In the BPM, the grain network is 

represented as rigid circular particles in 2D (or spheres in 3D), which can be assigned a 

distribution of diameters to correspond to the heterogeneous distribution of grain sizes in rock. 

These particles are of finite mass, and can translate and rotate independently of one another. The 

circular particles are connected by bonds which are assigned a normal stiffness, shear stiffness, 

and friction coefficient. There are two types of bonds used in the BPM - contact bonds and 

parallel bonds. Contact bonds model adhesion of two particles over a very small area of contact, 

and moments are not resisted. The bond fails if the normal or shear force is greater than the bond 

strength. Parallel bonds feature elastic springs distributed over a finite length on the contact plane, 

with the ability to resist moments. Using this logic, the overall assembly simulates the existence 

of a cement glue between the particles.  

Using the BPM offers the ability to model the development and evolution of damage in 

rock through the breaking of bonds, without the need for modified constitutive relations to define 

damage thresholds. It has been used in a wide range of studies related to modelling progressive 

damage development in laboratory tests and in brittle rock surrounding excavations (e.g. 

Diederichs et al., 2004; Hazzard and Young, 2000; Potyondy and Cundall, 2004; Martin, 1997). 

A few significant limitations do exist with the method. It has been found that in order to match 

the UCS of laboratory samples, the tensile strength remains too high, while the friction angle 

remains too low (Potyondy & Cundall, 2004). The issue of tensile strength can be overcome 

using clumping to develop a grain structure, or by using a flat-jointed BPM logic (Potyondy, 

2012). Diederichs (2007) notes that PFC is effective for modelling the brittle damage thresholds, 

but not for modelling the behavior at the peak strength. For large-scale simulations, the use of the 
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BPM can be time consuming. As a result, it is possible to combine the BPM with a surrounding 

FDM domain for faster computation. This was done by Potyondy and Cundall (2004), using PFC 

in combination with the FDM code FLAC, in order to simulate the notch development in the roof 

of AECL’s Mine-by-Experiment Test Tunnel (Figure 3.5).  

 

Figure 3.5: PFC used in combination with FDM to simulate notch development in the 

AECL-URL Test Tunnel. (a) Model setup. (b) Notch development from damage 

accumulation (after Potyondy, 2004). 

 

 UDEC Grain-Based Models 

3.5.1 Overview of Fundamental Mechanics 

The Universal Distinct Element Code (UDEC) is a two-dimensional DEM numerical 

program for simulating the response of discontinuous media under static or dynamic loading 

(Itasca Consulting Group Inc., 2014). An overview of the distinct element method is provided in 

Chapter 2. UDEC can model a collection of discrete blocks with prescribed constitutive relations 

for both the continuous blocks and the contacts. This platform can be used to generate models 

which feature an assemblage of interlocked grains representative of rock microstructure. This is 
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known as a grain-based model (GBM), which provides a useful tool for simulating damage 

development and evolution in brittle rocks. In a GBM, individual grains are represented as 

polygonal blocks of convex topology. The blocks can either be modelled as rigid or deformable. 

In the case of the latter, any desired constitutive relationship can be assigned to the deformable 

blocks. For GBMs it is generally recommended to apply a simple linear elastic constitutive model 

for the blocks, since failure is governed by the behavior of the contacts (i.e. blocks themselves 

will not fail). The mechanical interaction between two grain contacts is governed by the contact 

constitutive model (Itasca Consulting Group Inc., 2014). Each contact is assigned a normal 

stiffness (kn) and a shear stiffness (ks). Failure in shear is governed by a Coulomb slip model, 

where the shear stress is defined as a function of the cohesive strength (C), normal stress (σn), and 

the frictional strength (𝜑): 

|𝜏𝑠|  ≤ 𝐶 +  𝜎𝑛 tan 𝜑 =  𝜏𝑚𝑎𝑥    (3.1) 

then, 

∆𝜏𝑠 =  −𝑘𝑠∆𝑢𝑠       (3.2) 

or else for: 

|𝜏𝑠|  ≥ 𝜏𝑚𝑎𝑥     (3.3) 

then 

𝜏𝑠 = 𝑠𝑖𝑔𝑛(∆𝑢𝑠)𝜏𝑚𝑎𝑥    (3.4) 

where ∆𝑢𝑠 is the shear displacement increment. In the normal direction, the constitutive law is a 

linear relationship between kn and the normal displacement increment (Δun): 

∆𝜎𝑛 =  −𝑘𝑛∆𝑢𝑛    (3.5) 
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There is a limiting tensile strength for each contact; if it is exceeded, then σn = 0. A visual 

representation of the contact constitutive relationship used in GBMs is shown in Figure 3.6. Once 

again, failure along contacts is the primary mechanism in grain based models, and the macro-

failure behavior is primarily governed by the contact properties and not the block properties.  

 

Figure 3.6: Constitutive model for micro-contacts (after Kazerani and Zhao, 2010). 

As discussed in Chapter 2, brittle damage can be simulated in FEM and FDM models 

using modified Hoek-Brown (or Mohr-Coulomb) brittle parameters, based on the concept of a bi-

linear failure criterion (Diederichs, 2007). Hajiabdolmajid et al. (2002) used this approach to 

simulate the notch formation in brittle rock at the AECL-URL test tunnel near Pinawa, Manitoba, 

using a continuum model. He implemented the cohesion-weakening frictional-strengthening 

(CWFS) model, which gradually mobilizes friction as damage is accumulated in the rock, while 

decreasing cohesion. This method was implemented in 3DEC GBMs by Ghazvinian et al. (2014), 

and the numerical implementation is summarized in Figure 3.7. In general, the peak contact 
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friction angle is set to zero until failure occurs. At this point, the friction angle is abruptly 

increased to a higher residual value. Simultaneously, the contact cohesion is originally set to a 

peak value, which is decreased to a lower value (0 in the case of this study). The tensile strength 

relationship does not change in this method, as the original peak contact tensile strength is 

decreased to zero upon failure.  

 

Figure 3.7: (a) Sequential mobilization of cohesion and frictional contact shear strength. (b) 

CWFS constitutive relationship for grain contacts (after Ghazvinian et al., 2014). 

3.5.2 UDEC Trigon Grain-based Models 

A UDEC trigon model is defined as a GBM consisting of an assemblage of small 

triangular blocks used to represent individual grains within a rock domain. The triangular grains 

are perfectly interlocked so there is not inherent porosity within the model. In the trigon logic, the 

tetrahedral tessellation is generated in UDEC by first subdividing the domain into small 
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polyhedral blocks. These blocks are then subdivided into several triangular blocks, which make 

up the trigon assemblage (Gao et al., 2016). The generation of triangles can also be performed 

using a similar process to that used in the generation of a triangular mesh using the Delaunay 

triangulation. 

In UDEC, the individual blocks can be made either rigid or deformable using a triangular 

mesh. As a result, a mesh will be superimposed on the triangular layout of the trigon block 

assembly. This can exactly match the tetrahedral blocks or can be made finer so that each triangle 

has several zones within it. Since the individual trigon grains are created as good quality 

triangles, the secondary triangular meshing usually produces a good quality mesh within a 

reasonable computational timeframe. The size of the BBM grains can be easily modified by 

specifying a different average edge length in the generation of the triangular grains. 

Very few examples exist examining the application of triangular grain-based models to brittle 

rock simulation. Gao and Stead (2014) investigated the ability of their 2D trigon logic to model 

brittle fracturing at the lab and field scale. This review focuses on the lab-scale observations. 

They simulated various laboratory tests including unconfined compression tests, confined 

compression tests, and Brazilian tests. 3D cases were also investigated, but these will be 

discussed later in this thesis. They initially completed a number of parametric studies in order to 

identify the sensitivity of applied material properties to strength properties and mechanical 

behavior for a number of cases. Below is a summary of the main points from their studies: 

 Block Size: The block size has a significant effect on the mechanical behavior of the 

sample. Three UCS tests were simulated with block edge lengths of 7mm, 6mm, and 

4mm. In each case, a different combination of shear failure and splitting were observed, 

as shown in Figure 3.8. This showed that a different assembly or size of grains will easily 

change the failure mechanism due to the relocation of preferential fracture paths. In 
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general, it is recommended that the grain size be as close to the actual grain size as 

possible. If this cannot be achieved due to computational limitations, it should be small 

enough that it does not affect the fracture development.  

 

Figure 3.8: Influence of block size on the fracture development in numerical UCS tests 

using trigon logic. The grain size decreases from left to right (after Gao and Stead, 2014). 

 

 Contact Stiffness: The simulated Young’s Modulus is directly dependent on the normal 

stiffness (kn) and shear stiffness (ks) of the contacts between trigon grains. For a constant 

kn/ks ratio, the Young’s Modulus of the material generally increases. In addition, for a 

constant kn value, increasing the ks/kn ratio also increased the Young’s Modulus up to a 

ratio of 1, where any further increase showed little effect of the material deformability. 

 Contact Cohesion and Friction Angle: The material cohesion and friction angle were 

derived from a series of confined compression tests. The contact cohesion and friction 

were altered individually to observe their influence on the material properties. It was 
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found that the material cohesion is predominately controlled by the contact cohesion, 

while the material friction angle is predominately controlled by the contact friction angle. 

 Contact Tensile Strength: The material tensile strength is directly controlled by the 

contact tensile strength; as the contact strength increases, so does the material strength. It 

was shown that the material/contact tensile strength remained constant at a value of about 

0.66. 

Using these studies, they came up with a proposed calibration procedure for the material 

properties. The material Young’s Modulus should be calibrated by setting the Young’s modulus 

of the blocks to the material Young’s Modulus and varying kn and ks/kn (iteratively if necessary) 

to match the material Young’s Modulus and Poisson’s ratio respectively. The material tensile 

strength, cohesion, and friction angle should all be calibrated by adjusting their corresponding 

contact strength component.  

Gao and Stead proceeded to explore the failure mechanisms of a brittle coal material in 

uniaxial compression, triaxial compression, and Brazilian tensile testing simulations using the 

trigon model. Fish routines were written to capture the incremental crack accumulation in both 

shear and tension, which were useful for identifying the crack initiation and crack damage 

thresholds in UCS tests. The models showed a predominance of shear crack behavior, which 

mainly develops after the CD threshold is reached and progresses significantly up to the peak 

strength where it begins to slightly taper. Tensile cracks began to slowly develop at the CI 

threshold, and significantly increasing in number when the peak strength was reached. The post-

peak behavior showed the development of a larger tensile crack down the side of the sample and 

a diagonal shear fracture. Furthermore, a new damage parameter D21 is introduced, which is 

defined as a ratio of the length of the cracks created to the area of the sample for improved 
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evaluation of rock damage. In triaxial tests, the sample failed through the development of a major 

shear fracture stretching diagonally across the sample, with little to no splitting failure.  

A key observation from this study is the fact that the total amount of shear cracks greatly 

outnumbers the amount of tensile cracks when using the trigon logic. This is due to the fact that 

the triangular grains have no inherent porosity, therefore wing cracks cannot develop at the pore 

boundaries, as is the case in PFC models, as seen in Diederichs (1999). The effect of porosity was 

shown by creating a trigon sample with a distribution of voids. When tested under uniaxial 

compression conditions, tensile crack initiation was seen initiating at pore boundaries, and 

propagating parallel to the applied load. In addition, tensile cracks dominated over shear cracks. 

3.5.3 UDEC Voronoi Grain-based Models 

The Voronoi tessellation is commonly applied in many fields including science, 

engineering, and art. In a domain with a set of distributed seeds, the Voronoi diagram subdivides 

the domain into small sub-domains such that every location within that subdomain is closest to 

one seed point. It should be noted that the dual graph of the Voronoi tessellation corresponds to 

the Delaunay triangulation for the same set of points. A Voronoi tessellation is very useful for the 

formation of a GBM since the individual Voronoi polygons produced feature very heterogeneous 

grain shapes and sizes that roughly resemble the shape of mineral grains, or at least more closely 

than other methods.  

Voronoi tessellations can be used to produce individual deformable grains with contact 

properties using UDEC, much like what is done with the trigon tessellation. In fact, a trigon 

tessellation can begin as a Voronoi tessellation and be subdivided into triangular grains that form 

the trigon logic to reduce boundary effects. Compared to the triangular grains used in the trigon 

logic, which have similar shapes and dimensions, Voronoi tessellations are more readily 

heterogeneous in shape and size. The seed positions can easily be modified to produce a different 
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assembly of Voronoi grains in order to modify the failure mechanics of the model to match a 

desired behavior. As with the trigon logic, Voronoi grains are made deformable in UDEC using a 

triangular mesh within the grains. Furthermore, there is also no inherent porosity, as all grain 

faces share a boundary with an adjacent grain. The size of the Voronoi grains can be modified by 

increasing or decreasing the desired number of cells during generation. 

A number of authors have published their work on the use of 2D Voronoi tessellations in 

DEM models, in order to simulate brittle damage of rock in laboratory tests and larger scale 

applications. Similar to Gao and Stead (2014), Kazerani and Zhao (2010) developed a 

methodology for calibrating 2D GBMs in UDEC. They performed numerous sensitivity analyses 

on the relationship between macro and micro-parameters, and calibrated the micro-properties to 

the macro-behavior of an Augig Granite sample. In general, the recommended calibration process 

is similar to that used in other studies.  

The effect of grain-scale heterogeneity in UDEC GBMs was investigated by Lan et al. 

(2010). This was done by creating two UDEC GBM models with vastly differing geometric 

properties and using them to simulate a UCS test. The first model had a micro-homogenous grain 

distribution, where the grains were all roughly equal size and shape. The second model had a very 

heterogeneous grain shape and size distribution more representative of a true grain assemblage. It 

was found that the grain-heterogeneity had a significant effect on the distribution of the tensile 

stress field under compression. The homogeneous sample developed few tensile cracks compared 

to the heterogeneous sample, and had a much more uniform tensile stress field which led to a 

much higher compressive strength, as shown in Figure 3.9. This also led to a higher crack 

initiation threshold. The main point to take away from this research is that Voronoi GBMs should 

be constructed with inherent grain heterogeneity in order to properly develop strain-localization 
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and heterogeneous tensile stresses throughout the model. The CI threshold is defined as the point 

at which there is a distinct change in the tensile crack density accumulation.  

 

Figure 3.9: Principal stress distribution in the middle of a UCS model along the line A-B. 

Lighter regions represent compression, while darker regions represent tension (after Lan et 

al., 2010). 

Finally, Gao et al. (2016) examined the effects of grain and property heterogeneity on the 

strength and failure mechanics of a low-porosity sandstone using a UDEC GBM model, similar to 

the work performed by Lan et al. (2010) previously discussed. Their work extended these 

findings by making the individual Voronoi grains breakable, and subsequently discretizing the 
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model. This was performed by first creating the polygonal grain network, and subsequently 

adding intra grain bonds forming triangular sub-grains. The sub-grains were then discretized 

using triangular elements. The individual mineral types were distributed within the network, and 

distinct material properties were assigned for the grains, grain-grain contacts, and intra-grain 

contacts based on the mineral. It is of note that they found that the CI threshold is underestimated 

when using non-breakable grains. 
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Chapter 4 

Simulating Laboratory-Scale Brittle Failure in 3D Grain-Based Models 

using 3DEC 

 Introduction 

Simulation of brittle microfracturing processes in rock can be accomplished in 3D models 

using the distinct element method (DEM). Rock is composed of an assemblage of small grains 

which collectively form the rock’s microstructure. The individual grains have boundary faces 

which interact with surrounding grains, and have contact properties such as stiffness, cohesion, 

tensile strength, and friction angle. This means that the macro-behavior of rock is directly 

associated with the contact properties. It is important to understand the interaction of grains at the 

micro-scale when examining macro-failure in brittle rocks since the formation, coalescence, and 

propagation of small cracks ultimately governs the overall failure behaviour. Utilizing the DEM 

code 3DEC (Itasca Consulting Group Inc., 2013a), a rock domain can be modelled as a 3D 

assemblage of rigid or deformable blocks to represent the grain microstructure. This follows on 

the discussion about UDEC GBMs in Chapter 3 with a similar approach, since UDEC is the basis 

for the formulation of 3DEC (see Chapter 2.4.3).  

The push for the application of grain-based models has been spurred by various concerns 

with the accuracy of bonded-particle models (Potyondy & Cundall, 2004). In 3DEC, grain faces 

are modelled as discontinuities acting as distinct boundary interactions between blocks (Itasca 

Consulting Group Inc., 2013b), so that individual grains can detach, rotate, and slide against one 

another. The grains have full contact with one another, so there is no porosity inherently 

introduced in the model. Laboratory-scale 3D GBM simulations can be used as a building block 

for potentially larger scale GBM applications (e.g. nuclear waste repository design).  
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There are currently two types of grain assemblages used for generating 3D GBMs in 

3DEC – Voronoi and tetrahedral tessellations (Figure 4.1). Both of these methods were discussed 

in Chapter 3 for implementation in UDEC (triangular/trigon grains were used in 2D). The current 

state of computing power has made it feasible to explore the use of these methods for 

micromechanical modelling in geomechanics, and a few authors have investigated their 

application in 3D simulations. Ghazvinian et al. (2014), and Lan and Martin (2013) both 

modelled uniaxial compressive strength (UCS) tests of the Lac du Bonnet granite using 3D 

Voronoi tessellations. Gao and Stead (2014) modelled a weak, brittle coal using a 3D version of 

their trigon logic tessellation, and a 2D simulation of the collapse of a coal roof using UDEC.  

 

Figure 4.1: Two types of grain assemblages used for 3DEC GBMs: (a) tetrahedral 

tessellation, where the basic grain shape is a four-sided tetrahedron; (b) Voronoi 

tessellation, where each grain is a convex, abstractly-shaped polyhedron with many faces. 
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There are clear differences in the grain morphology and arrangement of these two 

tessellations, which causes major differences in how the grains interact under applied stress in a 

model. The added three-dimensionality increases the number of faces on each grain compared to 

2D UDEC models. It is important to have 3D tools to simulate the behavior of grains when they 

are surrounded from all orientations with added degrees of freedom, and without plane-strain 

conditions. This can create new preferential failure paths or restrictions not examined in 2D 

models, which can alter the failure mechanism and strength thresholds. An analysis in 3D also 

adds the ability to model more complex geometries and stress conditions.  

Due to the rough surfaces of the Voronoi grains, axial splitting is a likely failure mode as 

opposed to shear failure. On the other hand, tetrahedral or triangular grains generally form 

smooth connected surfaces that lead to predominant shear failure pathways. From a geometric 

perspective, Voronoi tessellations introduce heterogeneity in the shape and size of grains 

producing a close resemblance to actual mineral grain morphologies. Voronoi grains can also be 

altered to different aspect ratios in order to simulate anisotropic behaviors in rock (Ghazvinian et 

al., 2014). Trigon/tetrahedral grains are always shaped as clean, four-faced tetrahedral blocks, so 

true mineral grain morphologies cannot be created. 

With two options available for grain-based modelling, it is generally unclear whether one 

method is preferred over the other (authors have argued both ways). This instills a lack of 

confidence in using these methods for practical applications. Voronoi tessellations clearly provide 

more realistic grain morphologies, but at a high computational expense and with a higher 

potential for model instability due to small faces and edges. The tetrahedral tessellation, while 

more simplistic, is much easier to implement in complex excavation geometries, and produces 

clean geometries that are much more computationally efficient.  
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The intent of the following three chapters is to investigate the mesh dependency of 3D 

GBMs. This will include a comparison of the capabilities and limitations of the Voronoi and 

tetrahedral models for geomechanical simulations of brittle fracture processes in 3D. This type of 

work is needed to gain understanding of the sensitivities and inherent characteristics of each of 

these two methods. This chapter will first introduce the methods for generating the two types of 

tessellations, and proceed to investigate the comparative requirements for calibrating these two 

types of 3D GBMs. Numerical UCS tests will be performed to simulate the behavior of the well-

studied and documented Lac du Bonnet granite. 

 GBM Generation Methods 

4.2.1 Voronoi Tessellations and Generation 

A Voronoi tessellation is a partitioning of an n-D space into regions based on distances to 

a seed point. For each seed point, its corresponding Voronoi cell is a region consisting of all 

points closer to that seed point than any other. Based on the seed positions, each cell can have a 

different number of edges, with varying sizes and aspect ratios. All of the cells in a Voronoi 

tessellation are convex polyhedra. 

Neper (Quey et al., 2011) is a free polycrystal generation and meshing software which is 

used to generate 3D Voronoi tessellations. A defined number of convex Voronoi polycrystals are 

created in Neper from a list of seeds, within a defined convex domain bounded by planes. The 

polycrystals have full boundary contact with one another, therefore the output tessellation has a 

zero initial porosity condition. Once the tessellation is generated, Neper can output a list of face 

coordinates for each polycrystal which can be imported into 3DEC. Tessellations generated using 

Neper without any implemented corrections will naturally underestimate true grain-size 

variability, and overestimate the number of grain neighbours (Quey et al., 2011). 
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Voronoi tessellations generated in Neper can either be imported into 3DEC “as 

generated”, or they can be modified using a number of techniques. For the purposes of this 

research, the “as generated” tessellation is defined as a Poisson Voronoi tessellation, where seed 

positions are randomly chosen from a uniform distribution. A centroidal Voronoi tessellation (Du 

et al., 1999) is one where the cell seed position and centroid coincide, using a number of 

iterations to move the cell seed closer to the centroid. The number of iterations can be limited to 

produce a partial centroidal tessellation, where the seed position is moved closer to the centroid 

but not completely. If a large number of iterations are used, the tessellation approaches an optimal 

centroidal tessellation, which resembles a honeycomb pattern with completely homogenous 

grains. Hardcore and Laguerre Voronoi logics can also be implemented to modify the tessellation 

style, but will not be investigated in this research.  

Since individual Voronoi grains are composed of a high number of faces, very small edge 

lengths are common in Poisson Voronoi tessellations and partial centroidal Voronoi tessellations. 

This can cause issues in the generation of high-quality tetrahedral meshes within the polycrystals 

for deformable grain analyses. Neper has a built in regularization process (Nygards & 

Gudmundson, 2002) to address this issue, which involves the removal of small edges below a 

certain tolerance level. This is achieved by deleting a small edge and replacing the two existing 

vertex points at either end of the edge with one new vertex. This subsequently results in small 

changes to the morphology of all grains within the tessellation domain, most significantly 

reducing the average number of faces per grain. The intensity of the regularization process can be 

controlled by the number of iterations specified. Although this technique does a very good job at 

cleaning the model geometries, it does not completely eliminate edge lengths smaller than the 

specified tolerance in 3DEC, which will still cause issues in the meshing process. When this is the 

case, it is necessary to iteratively mesh the model with a progressively smaller mesh size, while 

dividing very problematic blocks into several smaller sub-blocks.  
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4.2.2 Tetrahedral Tessellations and Generation 

The tetrahedral tessellation used in GBMs is defined by an assemblage of four-sided 

tetrahedral blocks, similar to the arrangement of a 3D finite-element mesh. It is different from a 

Voronoi tessellation since each block is constrained to 4 triangular faces, whereas in Voronoi 

blocks, the number of sides will vary depending on the seed positions. The arrangement of the 

tessellation in 3DEC is developed using a method similar to the Delaunay triangulation. As in the 

Voronoi tessellation, a set of seed points is defined in an n-D Euclidean space. The Delaunay 

triangulation creates a set of triangles where no points lie inside the circum-hypersphere of any 

triangle. Furthermore, Delaunay triangulations maximize the minimum angle of all angles in the 

triangulation, which works to reduce the number of long, skinny triangles as much as possible.  

Tetrahedral tessellations in 3D can be created in general using any software which 

develops tetrahedral meshes for a defined model domain. The mesh geometry data must then be 

converted to a format readable in 3DEC and imported. Directly in 3DEC, a tetrahedral 

tessellation is generated by first zoning the convex model domain with a tetrahedral mesh of a 

desired edge length, using the internal meshing algorithm. The face coordinates of each 

tetrahedral element are exported as block coordinates to transform the mesh into a collection of 

individual tetrahedral blocks, which can then be individually zoned. This is a very easy way to 

obtain a simple tetrahedral tessellation, however it is essentially impossible to customize the mesh 

in 3DEC to have varying sizes. A program such as RS3 (Rocscience Inc., 2013) can be used to 

develop 3D meshes in the same fashion that can be imported into 3DEC as a block file by 

obtaining the tetrahedron coordinates. Using RS3 allows the user to adjust the grading, offset, and 

density of the mesh in various locations around the model in a simple fashion. 
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4.2.3 Voronoi and Tetrahedral Tessellations: Discussion on Generation Considerations and 

Issues 

Generating tessellations for GBMs is a non-trivial task since the overall grain structure 

has a direct effect on the behaviour of the model. It has been shown that grain heterogeneity has 

an effect on the damage thresholds and strength of a GBM (Lan et al., 2013). Introducing and 

analyzing the effect of controlled grain-size distributions on model behaviour is not pursued in-

depth in this paper. As a result, the mean grain-size in the tetrahedral tessellation will correspond 

closely to the size of most grains, unless altered with grading factors. For the Voronoi 

tessellations, the degree of grain size heterogeneity is controlled mainly by the initial seed 

positions, or the amount of centroidal logic iterations introduced (which acts to vary the seed 

positions). Even with the alteration of seed positions, true grain size distributions will likely not 

be achieved without the use of external methods to generate seed positions corresponding to the 

desired distribution. 

Absolute grain size is another important characteristic of grain-based models, and directly 

correlates to the overall model computation time. It is desirable to create models with grain-sizes 

similar to the actual grain-size of a desired rock, as long as they are computationally feasible. For 

tetrahedral tessellations used in UCS test models, it is possible to use small grain sizes close to 

the approximate mean grain size of a desired rock while achieving reasonable computation times. 

Computation time is directly affected by the number of contacts that need to be updated for every 

model time increment. Tetrahedral blocks have less faces than Voronoi tessellations, therefore 

each grain is more efficient, and so more grains can be used. For Voronoi tessellations, it is 

currently unrealistic to use the same number of grains as the desired rock in 3D. Aside from the 

computational burden, grains that are too small will have very small grain edges leading to a 

mesh with poor geometry. The geometries must be clean to allow a quality mesh to be generated, 

while the grain size must be small enough to allow realistic failure mechanisms to occur. There 
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should be 10 to 25 grains across the width of the model to minimize the influence of grain size on 

the peak strength (Fabjan et al., 2015). A balance must be achieved between maintaining a 

reasonable computation time and reducing the grain size to the smallest possible state.  

With both tetrahedral and Voronoi tessellations, close attention needs to be afforded to 

the internal arrangement of grains, not just the exterior appearance. Grain boundary orientation 

heterogeneity controls the tensile stress generation inside a brittle rock specimen under 

compression, affecting the crack initiation stress and peak strength (Bewick et al., 2012). In the 

tetrahedral mesh generation in 3DEC, tetrahedral elements line up with the boundaries of the 

model (both far-field and excavation boundaries). This linear effect comes in a tiered fashion, 

with 2-3 layers of linear grains developed in from the boundaries. These linearly assembled 

grains can result in an artificial preferred failure path which may enhance the likelihood of well-

defined shear failure near boundaries. Figure 4.2 shows the shearing behaviour in a UCS test 

model with vertically linear grains on the sides, where it can be seen that predominant sub-

vertical shearing occurs along the sidewall boundary grains. In Voronoi tessellations, a similar 

issue is generally seen in models with a decent amount of centroidal logic iterations (~ >15). The 

effect of boundary grains can be minimized by cutting the model shape out of a large cube of 

grains, keeping the number of centroidal logic iterations low, or reducing the grain size near 

excavation boundaries. 
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Figure 4.2: (a) Linearly aligned grains at the boundaries in tetrahedral block models. (b) Formation 

of linear preferential failure planes coincident with artificial boundary grain orientation.  

 Numerical Simulation of UCS Tests using 3DEC GBMs 

4.3.1 UCS Test Model Geometric Configuration 

UCS test models will be used in this chapter to simulate the material behaviour of the Lac 

du Bonnet granite using both tetrahedral and Voronoi tessellations. The Lac du Bonnet granite 

was chosen to perform these simulations because it is a well-studied and documented brittle rock. 

An abundance of literature exists on laboratory testing of the rock, providing an excellent 

collection of data on the strength properties. Furthermore, the small scale investigations 

performed in this chapter and the following chapter of this thesis will directly feed into a large 

scale investigation involving a tunnel excavated in the Lac du Bonnet granite. The Lac du Bonnet 
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granite has an average grain size of 5 mm, but ranges from 3 to 7 mm (Martin, 1993). It would be 

ideal to approach these grain size values as closely as possible in 3DEC GBMs.  

Cylindrical model domains made up of distinct grains are created with a diameter of 50 

mm and a length of 125 mm for all simulations, corresponding to a length/diameter ratio of 2.5:1, 

as suggested by the ISRM (2014). The model geometry for a regularized Voronoi tessellation run 

through 8 centroidal logic iterations is shown in Figure 4.3(a). This model has approximately 

5000 grains, made deformable using tetrahedral zones in 3DEC. Zoning of the individual grains 

must often be performed in an iterative manner using smaller zones for lower quality grain 

geometries. Grains with extremely poor geometry must be split into a number of smaller 

fragments in order to reduce the associated poor zone aspect ratios. Figure 4.3(b) shows the 

model geometry for a tetrahedral tessellation with approximately 35000 grains, and also made 

deformable using tetrahedral zones. A finer tessellation can be created with the tetrahedral 

method in a quicker time frame compared to the Voronoi tessellation, since the tetrahedral grains 

are generated with much better geometries than Voronoi grains. As a result, the average grain size 

of the tetrahedral model can more closely resemble the grain size of the actual rock being 

modelled, although not resembling the true morphology of the grains, as discussed in Section 4.1. 

The average edge length of the tetrahedral grains in the tetrahedral model is about 3 mm. For the 

Voronoi tessellation, much larger grain sizes had to be used to ensure practical computation times 

and reduce the number of very small block edges, as discussed previously. The grain size varies 

from very small (< 1 mm) to around 7 mm, which still falls within the appropriate range. 
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Figure 4.3: Numerical setup for 3DEC UCS test models. (a) Cylindrical Voronoi model, and (b) 

cylindrical tetrahedral model. (c) Model geometry and monitoring setup. Axial stress is estimated by 

averaging the ZZ stress in a cube within the center of the model. Displacement monitoring points are 

placed near the top and lateral boundaries of the model, in order to estimate axial and lateral strains 

respectively. 

4.3.2 Monitoring and Boundary Conditions 

A constant velocity of 0.01 m/s is applied vertically to the boundary on the top and 

bottom of the sample to develop axial stresses. This velocity is low enough to ensure that the 

model maintains numerical stability while solving within a practical timeframe. Measurements of 

axial stress are obtained by selecting all the grains within a 20 mm x 20 mm x 20 mm cube in the 

center of the cylinder, and averaging the ZZ stress amongst those grains. The axial displacements 

are calculated by placing several displacement history monitoring points at the top of the cylinder 

and averaging the vertical displacement. Finally, the lateral displacements are calculated by 

placing several displacement history monitoring points around the boundary of the cylinder and 
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averaging the horizontal displacement values. Displacements are converted to the appropriate 

strain values based on the dimensions of the sample. The general setup of boundary conditions 

and measuring points is shown in Figure 4.3(c).  

4.3.3 Property Calibration Methodology 

3DEC GBMs differ from classic continuum models in that material properties must be 

assigned for two distinct components of the model - the continuum area within blocks, and the 

contacts between blocks. The grains can be defined as either rigid or deformable; in this case 

grains are modelled as deformable. The contact micro-properties govern the ability of the grains 

to shear and dilate with respect to one another, in the same fashion as joints. Since the interaction 

of grains is a defining property of GBMs, the macro-behaviour of the model is governed by the 

contact micro-properties as opposed to the grain continuum properties. It is necessary to calibrate 

the contact micro-properties to closely match the observed macro-behaviour of a rock sample in 

terms of elastic properties, strength, and damage development. The following properties must be 

considered for calibration of a GBM, using a Coulomb slip model for contacts as defined in 

Chapter 3.5.1: 

 Grain Young’s Modulus: E 

 Grain Poisson’s Ratio: v 

 Contact Normal Stiffness: (kn) 

 Contact Shear Stiffness (ks) 

 Contact Tensile Strength (T) 

 Contact Residual Tensile Strength (Tr) 

 Contact Cohesion (c) 

 Contact Residual Cohesion (cr) 

 Contact Friction Angle (φ) 
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 Contact Residual Friction Angle (φr) 

Rules for the calibration of Voronoi and tetrahedral GBMs have been proposed by various 

authors for UDEC and 3DEC GBMs (e.g. Gao and Stead (2014); Kazerani and Zhao (2010); 

Ghazvinian et al., (2014)), with similar rules documented for the calibration of GBMs created in 

PFC (Potyondy, 2004). These rules are used as a basis for calibration of the numerical samples in 

this research. Since many parameter sensitivity studies related to material properties have been 

performed by the aforementioned authors, they will not be repeated in this study. It is an iterative 

process to fine tune a numerical sample to the desired macro-parameters which involves 

achieving a balance between all the variables involved. The general rules for GBM calibration 

were verified by the author using 3DEC GBMs; a summary of these rules is as follows: 

 

 Set the number of grains in the GBM based on the expected grain size (or as close to 

it within computational limitations) 

 Set the elastic constants (Young’s Modulus and Poisson’s ratio) of the grains to 

values based on laboratory testing or literature on the grains composing the sample; 

adjust as necessary to acquire proper strength characteristics 

 Adjust the normal/shear stiffness ratio of the contacts (kn/ks) to match the Poisson’s 

ratio 

 Adjust the value of the shear stiffness (kn) to match the Young’s Modulus 

 Adjust the c/T ratio and residual friction angle to match the UCS and crack initiation 

threshold value 
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The last point above mentions the adjustment of various parameters in order to obtain an 

appropriate crack initiation threshold value. This is seen as a bit of a vague argument. Little work 

has been done to evaluate the parameter sensitivity with respect to the damage development as 

the sample progresses towards its peak strength, although this has been recommended in various 

sources of literature. Of interest is also the comparative difference in calibration requirements and 

sensitivity in Voronoi and tetrahedral tessellations, as well as the parameter sensitivity on the 

crack damage threshold value. This will be an area for deeper investigation in the next chapter. 

 Comparing Calibration Requirements of Tetrahedral and Voronoi Tessellations 

Comparatively, the model geometries for tetrahedral and Voronoi tessellations 

significantly differ in grain size requirements and grain morphology. As a result, it cannot be 

assumed that both types of tessellations will require the exact same micro-parameters to arrive at 

a similar model response. As mentioned previously, due to the difference in grain morphology 

and arrangement, the grains interact with each other in distinct ways, as shown in Figure 4.4. 

Tetrahedral grain arrangements encourage the formation of smooth shear planes due to the 

simplicity of the tetrahedral shape arrangement. Voronoi grains, on the other hand, more closely 

represent the roughness of true mineral grains, resulting in undulating shear failure paths 

representative of the presence of asperities. Since the grain interiors are modelled as continuous 

and elastic, distinct failure cannot occur through the grains. In order to move, Voronoi grains 

must rotate over one another and wedge each other apart. With the large, round shape of Voronoi 

blocks, it is difficult for grains to displace relative to one another. As a result, it is much easier for 

the grains to separate normal to one another, resulting in an affinity for tensile splitting as 

opposed to shear failure. 
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Figure 4.4: 2D sections through 3DEC GBMs, showing inherent fracture pathways developed in 

GBMs highlighted in red. (a) Morphology of Voronoi grains creates rough, undulating fracture 

pathways that discourage shear failure mechanisms (b) Formation of smooth pathways encouraging 

shear failure in tetrahedral models.  

In addition to the differences in grain interaction between tetrahedral and Voronoi 

tessellations, differences in the grain arrangements within either the tetrahedral or Voronoi realm 

may also result in different calibration requirements. Of particular interest within tetrahedral 

tessellations is the effect of boundary grains on the model response. For Voronoi tessellations, it 

is of interest to compare the response of semi-centroidal tessellations with regular Voronoi 

tessellations. As discussed previously, the overall morphology of grains in Voronoi tessellation 

can be altered by adjusting the amount of centroidal iterations used in the tessellation generation. 

The semi-centroidal tessellation features more rounded, homogenous grains compared to a 

regular tessellation which has a higher variation in grain sizes and aspect ratios, and will be 

applied in this analysis.  
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4.4.1 Model Setup 

To investigate the comparative calibration requirements of tetrahedral and Voronoi GBMs, 

the following tetrahedral and Voronoi grain arrangements were generated to represent cylindrical 

UCS test samples (Figures 4.5 and 4.6): 

 Figures 4.7 and 4.8 show a comparison of the grain volume statistics for the tetrahedral 

and Voronoi models respectively (See Appendix A for FISH code). The T1 and T2 models have a 

similar grain volume distribution, with comparable mean and standard deviations. The Voronoi 

models have exactly the same mean grain size, however the standard deviation is much higher in 

the V2 model due to the higher amount of grain shape heterogeneity. The tetrahedral models 

mainly differ in the boundaries, while the Voronoi models differ in their grain size and shape 

heterogeneity.  

Tetra 1 (T1) Model: Tetrahedral tessellation generated and unaltered in 3DEC to observe the 

effect of distinct boundary grain structure on the model response (~35000 grains) 

Tetra 2 (T2) Model: Tetrahedral tessellation generated using external software to reduce 

boundary effects on the grain structure (~37000 grains)  

Voronoi 1 (V1) Model: Centroidal Voronoi tessellation (8 iterations) with 5000 grains 

Voronoi 2 (V2) Model: Regular Voronoi tessellation with 5000 grains 
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Figure 4.5: Cylindrical tetrahedral models used for UCS test calibration investigations in this 

chapter: (a) Tetra 1 (T1), which was created in 3DEC from a 3D Delaunay triangulation. It can be 

seen that using this method causes the development of linear arrangements of grains near the 

boundaries; (b) Tetra 2 (T2), which was created using external software RS3, adjusted to reduce the 

boundary effects seen in T1. 
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Figure 4.6: Cylindrical Voronoi models used for UCS test calibration investigations in this chapter: 

(a) Voronoi 1 (V1), which is a centroidal (8 iteration) Voronoi tessellation, showing a high degree of 

sphericity and homogeneity; (b) Voronoi 2 (V2), which is a regular Voronoi tessellation, showing a 

higher degree of heterogeneity in grain morphologies compared to V1.  
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Figure 4.7: Grain volume distribution for the tetrahedral block models (T1, T2). Both show a high 

proportion of grain volumes near the mean grain volume value, since the grains are quite 

homogenous. 
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Figure 4.8: Grain volume distribution for the Voronoi block models (V1, V2).  Both show a greater 

deviation from the mean grain volume value, implying there is more grain-size heterogeneity than in 

tetrahedral block models. 
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Figure 4.9 shows the grain contact dip distribution for one of the models (See Appendix 

A for FISH code). It was found that all 4 models showed a similar normal distribution of contact 

dip orientations. There is a significantly higher number of steeply inclined faces compared to sub-

horizontal faces. This appears to be an inherent property of the model generation.  

 

 

Figure 4.9: Distribution of grain contacts in the V1 model, which is similar to the distribution in the 

other models. There is naturally a high proportion of steeply dipping contacts. 

4.4.2 Case 1 Study: Same Input Micro-properties 

In order to obtain a direct comparison of the strength and damage characteristics of the 

tetrahedral and Voronoi GBMs, the Case 1 Study uses identical input micro-parameters for all of 

the models. Table 4.1 lists the input properties, which were obtained by performing a preliminary 

calibration of the V1 model to a UCS of approximately 200 MPa, Young’s modulus of about 69 

GPa, and Poisson’s ratio of 0.2, without calibration of the damage properties. These properties 

were chosen to represent typical values for the Lac du Bonnet granite (Martin, 1993). The 

calibration was performed using the calibration rules outlined in Section 4.3.3. Figure 4.10 shows 
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an example of several trial runs performed leading to the approximate calibration of the strength 

curve by altering the contact properties.  

Table 4.1: Input microproperties for Case 1 GBMs 

Block Young’s Modulus (E) 100 GPa  Contact Cohesion (c) 80 MPa 

Block Poisson’s Ratio (v) 0.29  Contact Tensile Strength (T) 60 MPa 

Density 2700 Kg/m3  Contact Normal Stiffness (kn) 9.0 x 1013 Pa/m 

   Contact Shear Stiffness (ks) 1.8 x 1013 Pa/m 

   Contact Peak Friction Angle (φ) 0º 

   Contact Residual Friction Angle (φr) 20° 

 

 

Figure 4.10: Process of calibrating the microproperties of the GBM by conducting a UCS tests with 

initial chosen properties, obtaining a material response, adjusting parameters, and repeating. This is 

done using a trial and error process until a desired response is obtained.  
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4.4.2.1 Results 

Figure 4.11 shows a comparison of the resultant stress-strain curves for each of the 

models, while Figure 4.12 shows a cross section through each of the models to display the failure 

mechanism. The V1 model shows the expected strength curve since it was calibrated to obtain the 

initial input parameters. The failure mechanism consists of the accumulation of many sub-vertical 

tensile fractures. The accumulation of axial cracks lining up to form a shear band is slightly 

evident. The development of a clean fracture plane does not occur, likely due to the restrictions 

caused by the extremely rough failure surfaces (due large grain sizes). The T1 and T2 models 

both have a significant lower UCS at around 130 MPa, and just slightly higher for the T1 model. 

This is likely due to the fact that the T1 model is slightly stiffer than the T2 model due to the 

boundary grain arrangement, resulting in a slightly higher Young’s modulus. This is also evident 

by the fact that the post-peak behavior is much more brittle in nature compared to the T2 model. 

The failure mechanism for both the T1 and T2 models appears to be purely cohesional, with a 

well-defined shear plane at an angle of about 45 degrees. The V2 model, which has more 

heterogeneous grains than the V1 model, also shows predominant tensile crack, but this model 

has a slightly lower Young’s modulus, and significantly lower UCS than the V1 model. It appears 

that the grain heterogeneity likely induces greater tensile stress accumulation at the tips of cracks, 

resulting in higher amounts of dilation.  
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Figure 4.11: Stress-strain responses of the tetrahedral (T1, T2) and Voronoi (V1, V2) GBMs, using 

the same input microproperties in Case 1. The Voronoi models show significantly higher stiffness 

compared to the tetrahedral models. However, the V2 model shows a peak strength value similar to 

the tetrahedral models. 

 

Figure 4.12: Failure mechanisms after the peak strength is reached in tetrahedral (T1, T2) and 

Voronoi (V1, V2) GBMs. The tetrahedral models show dominant shear plane development with little 

tensile fracture development. On the other hand, the Voronoi models show high amount of sub-

vertical cracks, while subtly showing the development of a shear band. 
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The results show that by using the same input parameters on different GBM tessellations, 

different stress-strain profiles and failure mechanisms are generated. Figures 4.13 - 4.16 show a 

comparison of the progressive damage accumulation (signified by the number of failed sub-

contacts in shear and tension) as a function of the accumulated axial strain. Both the tetrahedral 

models show a significantly higher accumulation of shear cracks compared to tensile cracks, with 

most of the initial damage accumulating near the peak strength. Conversely, both the Voronoi 

models show a more realistic damage pattern, with tensile crack initiation early on in loading, 

followed by the development of shear cracks later in the loading cycle, corresponding to the crack 

damage threshold. Still, there remains a higher number of tensile cracks than shear cracks at all 

points in both the pre- and post-peak realms.  

 

Figure 4.13: Damage profiles for T1 model, showing the accumulated number of failed sub-contacts 

in shear, tension, and the combined total.  There are high amounts of shear failure relative to tensile 

failure. The onset of shear and tensile failure development is also quite sudden near the peak 

strength.  
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Figure 4.14: Damage profiles for T2 model, showing a similar behavior to the T1 model. The amount 

of shear cracks dominates tensile crack development. 

 

Figure 4.15: Damage profiles for V1 model, showing initial tensile crack development followed by 

shear crack development at a later stage. 
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Figure 4.16: Damage profiles for V2 model, showing a similar behavior to the V1 model. Due to the 

high computation times for this model, the post-peak failure was not progressed as far as the other 

models. As a result, damage profiles do not taper off as in the other models.  

To further illustrate the pattern of damage accumulation, a FISH routine was written in 

3DEC to record the orientation of failed contacts, along with the associated applied axial stress at 

the moment of failure. Figure 4.17 shows the plotted failed-contact orientations as axial stress is 

accumulated for the T2 model (similar profile as T1, so it is not shown), up to the approximate 

UCS value. This once again shows little damage development early on in the loading cycle. The 

distribution of failed contacts, while sparse, is quite random. Near the UCS value, two distinct 

accumulations of failed contact orientations develop at around 30 to 50-degree angles, with a 

comparatively smaller amount of damage accumulated at high angles signifying shear failure. 

This type of pattern shows a CI value essentially equal to the CD value, culminating in the 

development of a well-defined shear plane. The 45-degree inclination of the shear plane seen in 
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the model after peak strength is reached corresponds to the failed contact dip angle with the 

highest accumulation of events. 

 

Figure 4.17: Failed contact orientations as a function of axial stress accumulation in the T2 model, 

showing a concentration of contacts failing in shear at around a 30 to 50-degree dip. Very little 

contact failure is seen until the axial stress is in proximity to the UCS.  

Figure 4.18 shows the failed-contact orientations with respect to axial stress for the V1 

model (which is similar to the V2 model, so it is not shown here). A defined area where damage 

begins to accumulate systematically is found at about 50 MPa, corresponding to the model CI 

threshold. The failed contact orientations lie between about a 70 to 90-degree dip, corresponding 

to predominant tensile failure as shown previously in Figure 4.12. As the axial stress is increased, 

the failed contacts remain in the steep angle region, up to a value of about 140 MPa where sparse 

amounts of lower-angle contacts begin to accumulate. Systematic development of much 

shallower failed contacts begins to occur at around 175 MPa, corresponding to the CD threshold. 

The Voronoi models show a more realistic damage profile for the input parameters. 
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Figure 4.18: Failed contact orientations as a function of axial stress accumulation in the V1 model, 

showing sub-vertical failed contacts at low axial stress values, progressing to the development 

systematic failure of lower angle contacts in shear near the peak strength. 

4.4.3 Case 2 Study: Individual Calibration 

From the results of Case 1, it is clear that different calibration requirements are necessary 

for the tetrahedral and Voronoi models to match the desired macro-properties as well as the 

proper pattern of damage accumulation. It should be noted that a very high tensile strength was 

used in the Case 1 study (much higher than the actual rock tensile strength), which further 

encouraged the predominance of shear failure in the tetrahedral models, while simulating more 

realistic damage thresholds for the Lac du Bonnet granite in the Voronoi models. The Case 2 

study looks at a comparison of the calibration requirements between the Voronoi and tetrahedral 

models to produce a similar macro-response and damage profile.  

Using the recommended calibration rules described in Section 4.3.3, the models are 

individually calibrated to the properties of the Lac du Bonnet granite, producing a similar stress-

strain curve as shown in Figure 4.19.  A comparison of the required micro-properties is shown in 

Table 4.2. The friction angle was kept constant at 20 degrees, as its effect on the damage profile 
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and strength will be assessed in the next chapter. The most significant difference between the two 

models is in the tensile strength. In order to simulate a realistic CI threshold, the tensile strength 

was lowered significantly to 15 MPa. With this tensile strength, the CI threshold was found to be 

about 75 MPa in the T1 model, and 60 MPa in the T2 model. Significantly higher stiffness values 

were necessary for the contacts in the tetrahedral model, with a lower ratio between the normal 

and shear stiffness values compared to the Voronoi model. The tetrahedral model also required a 

significantly higher cohesion value to increase the peak strength.  

Figure 4.20 shows the new damage plots for the T1 and T2 models. They show relatively 

similar trends in shear and tensile crack development; the T2 model shows a higher magnitude of 

cracks since there are slightly more faces compared to the T1 model. From these graphs, it is 

evident that the T1 model has a more abrupt onset of significant tensile and shear cracking near 

the UCS compared to the T2 model, which shows a relatively smooth transition. The tetrahedral 

models now have a damage profile more similar to the Voronoi profile, with early tensile crack 

dominance followed by the development of shear cracking closer to the peak strength. There is a 

slightly higher relative proportion of shear to tensile cracks near the peak strength and 

progressing post-peak in the tetrahedral models.  

 

Figure 4.19: Calibrated stress-strain curve for all the GBM models in Case 1. 
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Table 4.2: Calibration requirements for GBMs relative to V1 calibration. 

 V1 V2 T1 T2 

T (MPa) 60 1.0*V1 0.25*V1 0.25*V1 

c (MPa) 80 1.55 *V1 1.6*V1 1.65*V1 

Kn (Pa/m) 9.0e13 1.2*V1 2.4*V1 2.5*V1 

Ks (Pa/m) 1.8e13 1.8e13 0.6*V1 0.6*V1 

φr 20° 

 

 

Figure 4.20: Damage development profiles for calibrated T2 model, showing a closer resemblance to 

the Voronoi models than in the Case 1 study. 
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As another comparison for the tetrahedral tessellation, plots of the failed contact 

orientations as a function of axial stress were developed for the T1 and T2 models, as done 

previously in the Case 1 study. Figures 4.21 and 4.22 show the orientation plots for the T1 and T2 

models respectively, along with a cross section through each model to show the fracture 

development. In the T1 model, there is a defined collection of cracks failing at angles of 90 to 40 

degrees to the horizontal, beginning at around 50% of the UCS. This is not seen in Figure 4.20 

since there is a high abundance of tensile cracks which clouds this observation. The development 

of these cracks appears to be more severe at lower values of axial stress and slowly tapering off. 

The cross section shows the development of a few random cracks, but without the distinct shear 

failure plane common to tetrahedral models. This is likely caused by interlocking due to the 

presence of the boundary grains. Even though the peak strength is reached in the simulation, there 

was very little transition from tensile to shear cracking near the peak strength, consistent with the 

observations of the damage profiles.  

The T2 model now shows a damage profile which more closely resembles the Voronoi 

model, which shows an abundance of high angle failure planes corresponding to tensile cracking, 

followed by relatively sparse development of shear cracks as axial stress increases. A significant 

amount of well-distributed lower angle cracks develop near the peak strength at over 90% of the 

UCS leading to the development of a distinct shear plane at a higher angle than in the Case 1 

studies. The development of both shear and tensile cracking is evident in the cross section. This 

model shows a much better correlation to damage development and failure mechanisms of a hard, 

brittle rock than the T1 model. The ability to develop both shear and tensile cracks in a UCS test 

can be simulated in the T2 model, while vaguely simulated with the coarse grain sizes in the 

Voronoi models.  
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Figure 4.21: Failed contact orientations as a function of axial stress accumulation in the calibrated 

T1 model. The actual model response is also shown on the chart.  

 

 

Figure 4.22: Failed contact orientations as a function of axial stress accumulation in the calibrated 

T2 model. The actual physical model response is also shown on the chart. This shows a more accurate 

representation of the brittle damage evolution, with initiation of sub-vertical tensile cracks, at about 

30% of the UCS value. Near the UCS value, shallower angle shear cracks begin to systematically 

accumulate. 
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 Other Comparisons 

One of the outcomes of interest to potential users of these methods is the computation 

time comparison to reach the peak stress in a UCS test. In general, a Voronoi model with 5000 

grains takes significantly longer to reach the peak strength than the tetrahedral tessellation with 

over 30000 grains used in these studies. The computation time of the Voronoi model is dependent 

on the number of grains, as well as the density of the assigned discretization. As a practical 

exercise, the number of tetrahedral blocks within the UCS test model was increased (and the size 

of the tetrahedral zones decreased to correlate with the decreased tetrahedron size) until the model 

computation time was about the same as a Vororoi model with 5000 blocks, maintaining the same 

zone size as in the previous studies. The number of grains required to reach the peak strength in 

about the same time as the Voronoi model was about 96000. This equates to a 

tetrahedron/Voronoi grain number ratio of about 19/1.  

As a final calibration exercise, the calibrated tetrahedral tessellation material properties 

were applied to the V1 model and used to simulate a UCS test. This was done to verify that these 

parameters will produce a vastly different strength curve in a Voronoi model. The results of the 

analysis are shown in Figure 4.23. As expected, the Young’s modulus increases by approximately 

24%, and the UCS increases by approximately 25%. The corresponding damage plots show that a 

significant increase in tensile cracking relative to shear cracking is evident before the peak 

strength is reached. 
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Figure 4.23: (a) Stress-strain curve and (b) damage response for the V1 model using the calibrated 

T2 model input parameters. The model shows significantly higher strength compared to calibrated 

V1 model. Tensile damage development also begins to occur at a lower axial strain value relative to 

the VI model.  

 Summary and Conclusions 

 This chapter provided an overview of the generation and calibration of 3D GBMs created 

in 3DEC. There are two tessellation types that can be used to create these GBMs – tetrahedral 

tessellations and Voronoi tessellations. The characteristic grain shape in the tetrahedral 

tessellation is a 4-faced tetrahedron. The arrangement of tetrahedral grains results in the 

formation of smooth grain edge pathways that encourage macro-shear failure. Tetrahedral 

tessellations also employ a relatively homogeneous grain morphology and inability to customize 

grain size distributions during generation. Voronoi grains are randomly generated polyhedrons 

with varying size and shape arrangements. These grains more closely resemble the true shape of 

mineral grain within a rock. Due to the slightly rounded nature of these grains, rough, undulating 

failure surfaces must be followed, so these models do not fail in shear as readily as tetrahedral 

models. Instead, Voronoi assemblages more readily exhibit tensile failure due to internal grain 

wedging resulting in a predisposed nature towards axial splitting. The accumulation of tensile 

cracks developing a subtle shear band was noted. It is likely that with smaller grain sizes, a shear 

band will develop in addition to the tensile cracks. 
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 Due to the mechanical differences in failure behavior caused by the grain geometries and 

arrangements, it was hypothesized that tetrahedral and Voronoi models would have different 

calibration requirements. A series of different tetrahedral and Voronoi models were created to 

simulate UCS tests in 3DEC, using the same input parameters for an initial case. This showed the 

distinct differences in the strength curves and damage development. The Voronoi models had a 

much higher Young’s modulus and UCS than the tetrahedral models when the same input 

parameters were used. In addition, a regular Voronoi tessellation reached a lower peak strength 

compared to the centroidal tessellation. In terms of damage development, the Voronoi models 

showed an initial abundance of tensile failure, followed by the development of shear failure 

closer to the UCS. In the tetrahedral models, failure was predominantly shear-based up to the 

peak strength. 

When the models were individually calibrated to produce the same macro-response, the 

following adjustments were required: 

 The Voronoi models required a much higher contact tensile strength than tetrahedral 

models to achieve proper UCS values and damage development. The calibrated contact 

tensile strength of the tetrahedral models was much lower, and close to the actual 

laboratory-determined value. 

 To produce a similar Young’s Modulus, the tetrahedral models required much higher 

contact stiffness values. This was necessary to mitigate early shear slipping that was 

evident when using the calibrated Voronoi parameters.  

 Tetrahedral models required a much higher cohesion value compared to the centroidal 

Voronoi model to achieve a proper UCS. This is likely necessary since the cohesion has 

to make up for the relatively lower tensile strength contribution. This highlights a key 

aspect of dominant shear failure models. 
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 The regular Voronoi tessellation produced a similar peak strength response to the 

tetrahedral models. The grain size and shape heterogeneity likely caused increased tensile 

stresses resulting in a much lower peak strength. 

With the applied adjustments to the micro-parameters, a comparable model response was 

achieved for both the strength curves and damage development for the two tessellation methods. 

These adjustments also allowed the tetrahedral model to develop more visible extensile fractures 

than with the Voronoi parameters, as well as a switch from predominant shear failure only, to 

predominant tensile failure followed by shear failure of contacts for the T2 model. The studies 

performed in this chapter substantiate the fact that tetrahedral and Voronoi models require 

different amounts of parameter calibration.  
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Chapter 5 

Sensitivity Analysis of Damage-related Microproperties in 3D 

Laboratory-Scale Grain-based Models  

 Introduction 

In order to calibrate a GBM, the contact micro-properties (cohesion, tensile strength, 

friction angle, stiffness) must be adjusted to match the desired macro-response of the model. The 

rules for calibration of GBM macro-behaviour (e.g. Ghazvinian et al., 2014; Gao and Stead, 

2014) were developed by conducting sensitivity analyses on each of the contact microproperties, 

in order observe their effect on a number of strength parameters (e.g. Young’s Modulus, UCS). 

The microproperties can be adjusted in many different ways to obtain the same UCS, for 

example. However, this may result in significant changes to other macro-strength properties. The 

main point here is that calibration involves a balance (and potentially compromise) between many 

different microproperties. When attempting to model brittle rock using DEM methods, it is of 

great importance to understand how the various microproperties alter the patterns of damage 

development in the model. The established calibration rules suggest that calibration of the 

damage initiation threshold, CI, is performed by adjusting the residual friction angle, cohesion, 

and tensile strength (Ghazvinian et al., 2014). While this is recommended in the literature, there is 

currently no specific basis for this based on microproperty sensitivity studies. 

It was shown in Chapter 4 that the calibration requirements vary greatly between the 

Voronoi and tetrahedral GBMs created in 3DEC. This was attributed to their differing grain 

morphologies and arrangements. A case study was performed to observe the macro-response of 

Voronoi and tetrahedral GBMs, by assigning the same microproperties. In general, the Voronoi 

models showed a very stiff response and a predisposition towards tensile failure. When the same 
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microproperties were applied to the tetrahedral models, they exhibited a predisposition towards 

shear failure, resulting in an abundance of failed contacts in shear relative to tension. In order to 

calibrate these models to the same behavior, the microproperties must be adjusted in very 

different ways. For the Voronoi model, a high tensile strength was applied to prevent an 

overabundance of tensile failure. This necessitated a relatively low cohesion value as well. For 

the tetrahedral model, high cohesion values coupled with lower tensile strength values were 

necessary to encourage early tensile failure. In addition, tetrahedral models required much higher 

contact stiffness values in order to simulate the appropriate stiffness response.  

This analysis described above suggests that the calibration of the damage thresholds will 

also be subject to mesh dependency. It is of interest in this chapter to perform a number of studies 

to understand the sensitivity of the CI and CD thresholds to variations of the contact 

microparameters. This will be done by performing a number of UCS tests using 3DEC GBMs 

with varying microproperties. Damage thresholds will be estimated by monitoring the 

accumulated damage with increasing applied stress. The methods for this are discussed in the 

next section. These studies will be performed using both Voronoi and tetrahedral block models, in 

order to investigate the mesh dependency inherent in damage development.  

 Experimental Methods 

For the studies in this chapter, two GBMs will be used to represent UCS test samples: 

 The T2 model (Chapter 4.6) is used as the representative tetrahedral block model, 

with about 37000 grains. 

 A regularized centroidal Voronoi model (6 iterations) with 5000 grains, similar to 

the V1 model (Chapter 4.6).  

For both cases (tetrahedral and Voronoi), the macro- Poisson’s ratio and Young’s Modulus values 

are maintained at 0.2 and 69 GPa respectively (representing the Lac du Bonnet granite), so the 

stiffness values and block material properties are unchanged from the analyses in Chapter 4 (See 
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Table 4.2). Monitoring and boundary conditions are outlined in Chapter 4.5.2. As with the models 

in Chapter 4, a CWFS approach (Hajiabdolmajid et al. , 2002) is used simulate a bilinear failure 

criterion for the contacts. The peak friction angle of the contacts is set to zero, while the residual 

friction angle is set to a non-zero value. Furthermore, the peak cohesion is set to a non-zero value, 

while the residual cohesion is set to zero (see Figure 3.7). 

 Within a 3DEC GBM, a microcrack is formed when a block contact fully or partially 

fails. This can occur in either shear or tension, based on the constitutive relations assigned to the 

contact, outlined in Equations 3.1 – 3.5 (Chapter 3.5.1).  It is well-documented that the onset of 

tensile cracking in brittle rock occurs at stress levels around 0.3-0.5 UCS (Diederichs et al., 

2004). Cracks form sub-parallel to the orientation of the maximum principal stress (vertical in 

UCS tests). The onset of systematic damage accumulation occurs at stress levels of about 0.7 to 

0.8 UCS (Diederichs et al., 2004). This involves the development of more shallow-dipping shear 

cracks. The CI threshold can be defined by the onset of steeply dipping contact failure. The CD 

threshold can be defined where the onset of significant contact shear failure initiates.  

 A FISH routine was written in 3DEC to determine the dip of any failed contact, along 

with its associated axial stress value (See Appendix A for FISH code). This data is then plotted on 

a graph to show the evolution of the crack orientation as the axial stress approaches the peak 

strength. The method of plotting values is outlined in Figure 5.1. Using this data, it will be 

possible to locate the onset of crack initiation and systematic damage development for each of the 

simulations conducted in this chapter (Figure 5.2). 
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Figure 5.1: Methodology for plotting failed contact dip data in a UCS test simulation.  

 

Figure 5.2: Chart filled with failed contact orientation data from the entire UCS test up to 

the peak strength. CI is obtained at the onset of sub-vertical contact failure. CD is obtained 

where shallow angle contacts begin to fail systematically, representative of shear crack 

formation.  
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 The sensitivity studies are conducted by individually varying the contact cohesion, 

contact tensile strength, and contact residual friction angle in both the tetrahedral and Voronoi 

block models. For each property variation, the resultant CI, CD, and UCS is recorded based on 

interpretation of its failed contact orientation plot. These are plotted on a graph to show the trends 

in the various damage thresholds with respect to the changing microproperty. The following is an 

overview of the damage sensitivity studies to be conducted: 

Tetrahedral Block Model: 

Residual Friction Angle (φ): Varied from 10 to 45 degrees, keeping c = 110 

MPa and T = 20 MPa.  

Cohesion (c): Varied from 100 to 140 MPa, keeping φ = 20° and T = 20 MPa. 

Tensile Strength (T): Varied from 10 to 50 MPa, keeping φ = 20° and c = 110 

MPa. 

 

Voronoi Block Model: 

Residual Friction Angle (φ): Varied from 10 to 45 degrees, keeping c = 80 MPa 

and T = 60 MPa.  

Cohesion (c): Varied from 60 to 120 MPa, keeping φ = 20° and T = 60 MPa. 

Tensile Strength (T): Varied from 20 to 100 MPa, keeping φ = 20° and c = 80 

MPa.  

 

 Results of Damage Sensitivity Studies 

Plots showing the sensitivity trends of each of the studies are shown in Figures 5.3 – 5.8. 

Below is a summary of the findings for each case, with a discussion to follow in the next section: 
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Tetrahedral Block Model: 

Residual Friction Angle (φ): CI and CD are unchanged with varying φ, while the UCS increases 

gradually with increasing φ. Residual frictional strength is theoretically mobilized when shear 

failure begins to dominate the model response (i.e. near the CD and peak strength thresholds), and 

at lower axial stress values the contacts fail almost entirely in tension (so no effect on CI). The 

UCS value increases asymptotically with an increasing residual friction angle, likely due to the 

increased resistance to the development of macro- shear planes at higher residual friction angles. 

Surprisingly, the CD threshold is not affected. This could signify that no frictional strength is 

mobilized until failure occurs. 

Cohesion (c): The contact cohesion contributes to the shear strength of the grain contacts just like 

the friction angle. As a result, varying the contact cohesion has no effect on the CI threshold, 

where tensile processes are dominant. Increasing the contact cohesion results in an increase in the 

UCS, as well as a CD threshold value which increases at a rate similar to the increase in UCS. 

This shows the mobilization of cohesional strength throughout the loading of the numerical 

sample.  

Tensile Strength (T): The CI threshold signifies the beginning of steady extensional fracture 

opening, mainly parallel to the direction of the maximum principal stress. Therefore, the CI 

threshold is directly affected by the tensile strength. Since this stage of damage development does 

not involve shear fracture development, it is expected that cohesion and friction play no role at 

that point, which is reaffirmed by the results of the two previous analyses. The tensile strength 

appeared to have a slight effect on the UCS at lower values, but a large effect on the CI threshold 

value for the analyzed range of tensile strength values, as expected. It is also shown that the CI 

threshold quickly converges to the CD value with increasing tensile strength. This signifies that 

low tensile strength is necessary to prevent the transition to shear failure.  
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Voronoi Block Model:  

Residual Friction Angle (φ): Voronoi model showed a slightly different trend in residual friction 

angle sensitivity compared to the tetrahedral block model. The CI threshold values remain 

unchanged with increasing friction as expected, and the UCS increases with increasing friction, as 

seen in the tetrahedral block model. The difference is that the CD threshold value begins to 

gradually increase at friction angle values greater than 20 degrees. This likely signifies that a 

small amount of frictional strength is mobilized as the stresses increase towards the UCS. 

Cohesion (c): Increasing the contact cohesion directly increases the UCS, but also has an equal 

effect on the CD threshold value. This shows that in addition to frictional strength mobilization, 

cohesional strength mobilization is evident as stress is accumulated. The CD/UCS value remains 

at a fairly constant value for the Voronoi tessellation, around 90% of the UCS with increasing 

cohesion. The CI threshold once again remains constant, as expected since shear behavior is not 

mobilized at lower stresses.   

Tensile Strength (T): Due to the size and shape of the Voronoi grains, the movement and 

separation of grains is generally driven by tensile opening of fractures due to grains rotating over 

one another. As a result, it is difficult to produce very well defined shear failure bands like those 

seen in the tetrahedral models, even with lower values for the friction angle, cohesion, and tensile 

strength. With increasing values of the contact tensile strength for the Voronoi tessellation, a 

roughly linear increase in the UCS and CD occurs. This is likely due to the fact that the failure 

mode is generally always a form of tensile splitting, so an increased contact tensile strength 

naturally provides resistance to the lateral macro-dilation of the sample. The CI value also 

increases with increased contact tensile strength, as expected, but appears to level out as the c/T 

ratio approaches 1.  
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Figure 5.3: Effect of contact residual friction angle on the crack initiation, crack damage, 

and peak strength thresholds in tetrahedral models. 

 

Figure 5.4: Effect of contact cohesion on the crack initiation, crack damage, and peak 

strength thresholds in tetrahedral models. 
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Figure 5.5: Effect of contact tensile strength on the crack initiation, crack damage, and peak 

strength thresholds in tetrahedral models. 

 

Figure 5.6: Effect of contact residual friction angle on the crack initiation, crack damage, 

and peak strength thresholds in Voronoi models. 
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Figure 5.7: Effect of contact cohesion on the crack initiation, crack damage, and peak 

strength thresholds in Voronoi models. 

 

Figure 5.8: Effect of contact tensile strength on the crack initiation, crack damage, and peak 

strength thresholds in Voronoi models. 
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 Discussion 

 The sensitivity studies performed on the various contact strength parameters uncover 

many similarities and differences in the tetrahedral and Voronoi tessellations, with respect to the 

strength and damage characteristics. This reveals some of the inherent mechanical characteristics 

of each tessellation. It is useful in this discussion to visualize the relative behaviours of the 

tetrahedral and Voronoi models from the above studies. Figure 5.9 shows a graph of the damage 

thresholds normalized by UCS (CI/UCS, and CD/UCS), as a function of the contact residual 

friction angle for both the tetrahedral and Voronoi models on the same graph. Figure 5.10 and 

Figure 5.11 also show the normalized damage thresholds as a function of the other two 

parameters studied in this chapter – the contact cohesion and the contact tensile strength. The 

discussion that follows will examine the observations from the individual studies and comparative 

charts. 

 

Figure 5.9: Comparing the sensitivity of normalized damage thresholds in Voronoi and 

tetrahedral tessellations by altering the contact residual friction angle. 
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Figure 5.10: Comparing the sensitivity of normalized damage thresholds in Voronoi and 

tetrahedral tessellations by altering the contact cohesion. 

 

 

Figure 5.11: Comparing the sensitivity of normalized damage thresholds in Voronoi and 

tetrahedral tessellations by altering the contact tensile strength. 
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5.4.1 Uniaxial Compressive Strength Sensitivity 

 It is evident that increasing the contact cohesion or residual friction angle increases the 

UCS of the model in both tessellations. In the tetrahedral model, it was found that the UCS 

showed little change with respect to a changing contact tensile strength. This can be attributed to 

the fact that the tensile strength controls damage development well below the UCS value. Likely 

due to the inherent shear failure mechanism predominant in a tetrahedral block model, failed 

contacts in shear begin to accumulate rapidly at higher stresses close to the UCS, controlling the 

failure behavior. Since a Coulomb slip model is employed for the grain contacts, the cohesion and 

friction angle directly affect the ultimate strength of the contacts at this point. The effect of tensile 

processes is overpowered by shear mechanisms at high stress close to the peak stress, leaving the 

tensile strength variance as relatively insignificant in the progression to ultimate strength for the 

tested values.  

In the Voronoi model, the UCS increases with an increase in any of the parameters, 

including the contact tensile strength. This is expected, since the predominant form of failure is 

the tensile process of axial splitting. An interesting observation from the tetrahedral model case is 

the slightly lower UCS with the lowest input contact tensile strength (10 MPa). This suggests that 

at lower tensile strength values, there is likely a point where a low tensile strength value will 

overpower the inherent shear mechanism. This leads to a lower UCS value, and the development 

of more defined vertical fracturing similar to the Voronoi model, as shown in Figure 5.12. As 

mentioned in Chapter 5, with all parameters equal, the centroidal Voronoi model shows a much 

higher UCS than the tetrahedral model. The gap is closed in the tetrahedral model by increasing 

the cohesion. This is further evidence of the shear strength dependency in tetrahedral models. 



 

97 

 

 

Figure 5.12: Tetrahedral model with a tensile strength of 10 MPa, showing the development 

of tensile macro-fractures, similar to the Voronoi model. 

5.4.2 Crack Initiation and Damage Threshold Sensitivity 

CI Threshold: 

 In both tetrahedral and Voronoi models, the absolute value of CI is only changed by 

varying the tensile strength. Once again, this is expected since the CI threshold is dominated by 

tensile failure of contacts. Therefore, as expected, the CI value is completely unaffected by 

varying the other parameters. In the tetrahedral model, variance in the contact tensile strength has 

no effect on the UCS, and only a slight effect on the CD threshold. Since increasing the tensile 

strength from 10 to 50 MPa increases the CI threshold significantly, it eventually converges to the 

CD threshold with increasing tensile strength. In the Voronoi model, the CI threshold and 

CI/UCS ratio increase with increasing contact tensile strength, albeit at a much lesser degree. This 

difference in the rate of change of the CI value signifies that in the Voronoi model, the pre-CD 

threshold damage is highly controlled by tensile mechanisms, more so than in the tetrahedral 
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model. This can once again be attributed to the predisposition towards shear failure in tetrahedral 

models, and tensile failure in Voronoi models. Every little increase in contact tensile strength 

further encourages the faster transition from tensile to shear failure. A lower tensile strength is 

necessary to overcome this preferential behavior, in order to simulate proper damage 

accumulation processes. The Voronoi model already has a predisposed nature towards tensile 

failure, so increasing the tensile strength does not limit the damage development as significantly.  

CD Threshold: 

The CD threshold is dominantly controlled by the contact cohesion in the tetrahedral 

model, while the contact tensile strength and residual friction angle have relatively little 

influence. At the CD threshold, shear failure begins to become prominent, so failure of contacts is 

dependent on the shear properties. In this study, the peak contact friction angle of 0 degrees is left 

unchanged with an increasing residual value. Varying the contact residual friction value has little 

effect on the CD threshold, but varies the UCS value. One explanation is that the shear stresses 

must be very high to encourage shear failure, while the compressive normal stresses must be low 

enough not to encourage the transition to frictional dependence. This means that the damage 

behavior remains purely cohesional, never reaching the residual, frictional-based strength 

dependence region (Figure 5.13). This makes sense, since the assemblage of the tetrahedral grains 

encourages the movement of grains in shear with smooth pathways, and the internal normal 

stresses are not enough to mobilize friction. A low tensile strength is required to allow for tensile 

failure in the CI region to combat the presence of high shear stress. 
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Figure 5.13: CWFS criterion implemented for the GBM contacts. For tetrahedral block 

models, frictional strength is not mobilized because contacts likely fail at high shear stress 

values, with low enough compressive normal stresses. Changing the residual friction angle 

(causing an upward rotation of the upper bound curve) has little effect since the failed 

contacts are so far to the left of the graph.  

In contrast to the tetrahedral model, the CD threshold in the Voronoi model is controlled 

by a combination of the contact tensile strength, cohesion, and residual friction angle (at values 

higher than 20 degrees). This is because damage development in Voronoi grains is governed by 

wedging and rotation of the grains, utilizing a combination of shear and tensile mechanisms. It is 

interesting that the contact residual friction angle has a small but still significant effect. A 

possible explanation is that contacts are failing in shear to contribute to the development of 

tensile failure. This is evident by examining the damage orientation progression with stress 

accumulation graphs. Contacts begin to fail in tension at angles of approximately 90 +/- 15 for 

many of the model runs, increasing progressively as axial stress accumulates to approximately 90 

+/- 30, which includes failure in both tension and shear. In the tetrahedral modes, the deviation 
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from a vertical failed contact is much smaller - the deviation as the axial stress remains at less 

than 20 degrees for most models before the CD threshold.  

The increase in CD with increasing friction angle likely signifies that Voronoi models 

exhibit at least a bit of frictional strength mobilization. It was shown that the tetrahedral model 

likely exhibits no frictional mobilization due to the high shear stresses and relatively low normal 

stresses. By increasing the residual friction angle in Voronoi models, the upper bound damage 

threshold rotates upwards. It would only cause an effect on the damage thresholds if it intersected 

data points with high normal stresses (Figure 5.14). Below the 20-degree value, tensile stresses 

are likely high enough to show no effect. It is expected that Voronoi models will develop and 

maintain high normal stresses due to the constant wedging of blocks, causing the dominant tensile 

failure mechanisms. Due to the tenacity of the Voronoi tessellation, the high normal stresses are 

likely maintained, along with the shear stresses.  

Other Notes: 

The CI/UCS ratio is consistently higher in the tetrahedral models than in the Voronoi 

models. The CI/UCS ratio also appears to be underestimated for the Voronoi model for most of 

the model run in this study, with values mostly at or below 0.3. The CD/UCS values fall into a 

range of mainly 0.8 to 0.9, which is on the high end. The author believes that these values are, at 

the worst case, upper range estimates. The interpretation of the CD threshold from the damage 

accumulation and orientation charts results in a possible error of around 0.1, so the CD/UCS 

values could acceptably be interpreted as 0.7 to 0.9.  
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Figure 5.14: CWFS criterion implemented for the GBM contacts. For Voronoi block 

models, shear stresses are likely combined with a wide distribution of normal stresses. This 

means that a small amount of the failed contacts fall within the frictional dependence realm. 

Increasing the residual friction angle rotates the upper bound threshold upwards, meaning 

less contacts mobilize frictional strength, increasing CD. At a low enough residual friction 

angle, the lower bound threshold is too low to show frictional dependence.  

 Summary and Conclusions 

 In this chapter, a series of sensitivity studies were conducted to examine and compare the 

effect of varying contact strength parameters on the micro-damage accumulation in grain-based 

models. Two grain tessellation techniques were used to create two distinct numerical UCS test 

models – a tetrahedral tessellation, and a Voronoi tessellation. The morphology and arrangement 

of the grains in these two models are significantly different, resulting in greatly differing 

preferential failure mechanisms.  Numerical simulations of UCS tests were conducted using 

varying values of contact cohesion, contact tensile strength, and contact residual friction angle for 

both model types. Data was collected on the UCS, failed contact orientations, CI threshold, and 
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CD threshold, and presented in graphical form to highlight the sensitivity trends. Some of the key 

findings from these studies are summarized below: 

 The contact residual friction angle did not influence the damage development or damage 

thresholds in the tetrahedral models. In the Voronoi models, it influenced the UCS and 

CD threshold. This revealed the fact that tetrahedral models rely on cohesional strength, 

while Voronoi models rely on a combination of frictional and cohesional strength. 

 As expected, increasing the contact cohesion increased the CD threshold and UCS in both 

models at similar rates, while having no influence on crack initiation. This shows that 

cohesion is directly related to the development of late stage shear mechanisms. 

 Crack initiation in tetrahedral model was highly sensitive to the assigned contact tensile 

strength value. It should be assigned to a value near the actual laboratory tensile strength 

to properly simulate tensile fracture accumulation at the expected CI value. Voronoi 

models required much higher contact tensile strength values than tetrahedral models to 

achieve proper crack initiation.  

 The tetrahedral models show consistently higher CI/UCS and CD/UCS ratios for the 

same input parameters.  

This research provides an examination of the damage related sensitivity of GBMs, which has 

typically not examined in detail in previous work. The findings in this research show that the 

characteristic morphologies of tetrahedral and Voronoi tessellations cause differences in the 

damage development at the laboratory scale. This further illustrates the fact that Voronoi and 

tetrahedral tessellations cannot employ the same input values. While these studies were 

performed for small scale samples, the results can be used to guide the calibration of GBMs in 

larger scale applications such as excavation design in brittle rock.  
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Chapter 6 

Upscaling of 3D GBMs to simulate damage around excavations in 

brittle rock 

 Introduction 

As discussed in Chapter 3, there are currently a variety of numerical tools capable of 

modelling fracture processes in brittle and quasi-brittle materials in both two- and three-

dimensions. It has been shown that continuum codes such as RS2 or FLAC/FLAC3D can be 

utilized successfully to simulate brittle damage zone geometries by utilizing modified brittle 

Hoek-Brown or equivalent Mohr-Coulomb brittle parameters (Hajiabdolmajid et al., 2002; 

Diederichs, 2007). However, in this method, since a continuum formulation is utilized, the 

individual mesh elements do not open to form cracks or interact with each other in any way. It is 

necessary to utilize DEM or Hybrid codes to model a distinct assemblage of grains which can 

translate and interact with one another to simulate fracture processes.  

The previous chapters examined the generation and application of 3DEC GBMs, 

specifically using either a tetrahedral tessellation or a Voronoi tessellation, by simulating UCS 

tests. This gave insight into the capabilities, sensitivities, and inherent limitations of each method 

with respect to calibration, fracture development, and damage accumulation at the laboratory 

scale. This chapter intends to further examine the mesh dependency in 3D GBMs by creating 

large-scale models in 3DEC to simulate damage development in underground tunnels. One 

example is a relevant study that was conducted to simulate spalling fractures in the ASPO HRL 

using UDEC (Lan et al., 2013), with the application of a very fine, graded Voronoi tessellation. 

The industry currently lacks a verified and practical tool to model damage zones in 3D excavation 

applications. The various studies performed on the application of GBMs for the development of a 
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numerical laboratory (in this thesis and in the literature) should be seen as a stepping stone for 

practical use of GBMs in large scale models.  

 Case Study: AECL’s Mine-by-Experiment  

Atomic Energy of Canada Ltd. (AECL) commissioned the development of the 

Underground Research Laboratory (URL), where the Mine-by-Experiment was conducted. 

Located in Pinawa, Manitoba, Canada, the URL was excavated within the massive Lac-du-

Bonnet granite batholith. This granite is representative of many granitic intrusions of the 

Precambrian Canadian Shield (Martin & Stimpson, 1994). For the Mine-by-Experiment, a 3.5-

meter-diameter circular test tunnel was excavated using a careful non-damaging excavation 

procedure, at a depth of 420 meters (Figure 6.1). The objective of this experiment was to 

investigate brittle failure processes under well studied and understood conditions. It was also an 

objective to use the Mine-by-Experiment as a proxy to assess the predictive capability of 

numerical models in capturing the geometry of the brittle failed zone (Hajiabdolmajid et al., 

2002).  

It was necessary to obtain very precise information on the stress conditions as well as the 

strength characteristics of the Lac du Bonnet granite. The in-situ principal stresses at the 420 level 

were precisely measured to be: σ1 = 60 +/- 3 MPa, σ2 = 45 +/- 4 MPa, and σ3 = 11 +/- 2 MPa. σ1 

plunges at about 11-14 degrees, and the tunnel was approximately excavated in the direction of σ2 

(Martin, 1997). Since the tunnel axis was oriented approximately in the direction of the 

intermediate principal stress, the maximum compressive stress would be concentrated in the roof 

and floor of the tunnel. This was done to encourage the development of excavation induced 

damage. Excavation of the tunnel resulted in the development of spalling failure in the roof and 

floor (evident in the floor after tunnel muck was removed). A v-shaped notch formed in the areas 
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of maximum compressive stress (Figure 6.2). The final depth of the notch in the roof was about 

1.3 times the radius of the tunnel (Martin, 1997). 

 

Figure 6.1: Conceptual layout of the AECL’s URL near Pinawa, Manitoba (after Read & Martin, 

1996). 

In laboratory tests, the CI threshold of the Lac du Bonnet granite was found to be about 

30-40% of the UCS, corresponding to the first development of tensile cracks parallel to the 

direction of maximum principal stress (Martin, 1993). It was found in-situ that crack initiation 

occurs at a value of 30% of the undisturbed sample strength. Typically, the CD threshold falls 

between 70-80% of the UCS in laboratory samples before failure occurs at the UCS (Diederichs 

et al., 2004). However, it was found that tangential stresses around the tunnel reach about 100 to 

120 MPa in the area of notch development when spalling initiates (Martin, 1997). This means that 

spalling initiates in-situ at a stress of only 50-60% of the laboratory UCS. Thus, it is proposed 

that, in-situ, the rock accumulates more crack damage at a lower stress and therefore undergoes a 

more pronounced weakening behavior (Read & Martin, 1996).  
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Figure 6.2: Brittle failure processes causing the formation of a notch geometry in the AECL’s URL 

test tunnel (after Diederichs, 2007). 

 Tetrahedral Model Generation for Large-scale Problems 

 There are two methods used to generate the tetrahedral tessellation for large scale GBMs. 

The first method is performed directly in 3DEC using the internal mesh generation algorithms. 

The desired model domain is created and subsequently zoned using a 3D tetrahedral mesh. The 

tetrahedral zones are converted to equivalently-shaped blocks using a FISH conversion routine, 

and then these tetrahedral blocks are made deformable using tetrahedral zoning in 3DEC. The 

second method involves a similar process, where the tetrahedral mesh generation performed using 

external generators such as Kubrix (Itasca Consulting Group Inc., 2014b), or numerical software 

such as the 3D finite-element program RS3 (Rocscience Inc., 2013). The tetrahedral zones are 

then converted to equivalent 3DEC blocks and imported into 3DEC using another set of FISH 

routines.  



 

107 

 

There are several benefits of using external sources for mesh generation. The first is the 

added flexibility in mesh customization provided by other software programs. It is generally more 

difficult to perform these customizations directly in 3DEC. The second is the ease and flexibility 

of creating complex excavation geometries in external software. Directly in 3DEC, complex 

functions must be written to create geometries such as elliptical or horseshoe-shaped caverns. 

Finally, on a related note, excavations are created in 3DEC by using several joints to cut the 

geometry out of a solid block, which is not done in programs such as RS3. The construction joints 

used for these cuts unfortunately extend all the way through the model domain to the external 

boundaries. When discretization is subsequently performed, the zones preferentially line up with 

these construction joints. It is desirable for grain assemblages to be random in nature, and this can 

result in the formation of unwanted preferential failure pathways. A summary point here is that 

care must be taken when performing GBM generation directly in 3DEC. In this research, 3DEC 

and RS3 meshes will be used to generate grain assemblages. Figure 6.3 shows a horseshoe shaped 

cavern excavated within a tetrahedral grain tessellation generated using RS3. 

 

Figure 6.3: Horseshoe-shaped cavern surrounded by a tetrahedral tessellation, created using an RS3 

mesh.  



 

108 

 

 Voronoi Model Generation for Large-scale Problems 

 3D Voronoi tessellations are constructed in this research using Neper (Quey et al., 2011), 

which is a software package for polycrystal generation and meshing. Background on the Voronoi 

tessellation and the capabilities of Neper is provided in Chapter 4. There is currently no available 

software that is capable of generating 3D Voronoi tessellations with customization for 

geomechanical engineering applications (i.e. tessellations that can be constructed based on 

desired excavation geometries), and this capability is not available in Neper. Neper is used to 

generate a solid convex domain of Voronoi grains. The block geometries are exported to a file 

which can be read by 3DEC, which is a quite beneficial feature of Neper. It is recommended that 

centroidal logic is used in the generation of the Voronoi tessellation. This creates more rounded 

Voronoi polyhedra that contribute to better quality mesh generation and faster computation times. 

Regularization is also recommended to remove very small edges. The use of regular Poisson 

Voronoi tessellations will run very slowly and likely cause model stability issues. 

Excavations must be created using a series of joints to form the enclosed shape of the 

desired excavation, cut into the imported Voronoi block. Voronoi blocks have many very small 

edges and faces, so cutting these blocks may result in the formation of poor quality blocks. This 

can cause model instability due to the collapse of poor blocks, or issues with zone generation (the 

need for very fine zoning in areas of poor block geometries). As a result of this, the model 

generation and/or cutting process can be an iterative process to produce a stable model. Figure 6.4 

shows two examples of large scale models that can be generated in 3DEC.  
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Figure 6.4: Voronoi pillar model utilizing a regular Poisson Voronoi tessellation, and a square tunnel 

model utilizing a centroidal Voronoi tessellation of 30 iterations.  

 Numerical Simulation of the AECL URL Test Tunnel 

6.5.1 Numerical Setup 

 In Chapters 4 and 5, tetrahedral and Voronoi models were compared in terms of 

calibration and damage development using laboratory scale simulations. In this chapter, it is of 

interest to compare the capability of these tessellations to model damage around excavations, in 

addition to the necessary calibration adjustments that must be made compared to the laboratory 

simulations (i.e. scale dependency). The case study described in this chapter of the AECL Mine-

by-Experiment tunnel within the Lac du Bonnet granite will be recreated using 3DEC GBMs. The 

goal is to recreate the brittle damage development resulting in the formation of notches in the roof 

and floor. Both the Voronoi and tetrahedral tessellations have been calibrated to the approximate 

strength and damage behavior of the Lac du Bonnet granite, using numerical UCS simulations 

(methods are described in Chapters 4 and 5). The calibrated macro-properties and input micro-

properties are summarized in Table 6.1. The upscaled simulations will employ the use of the 
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CWFS model applied to contact properties (Ghazvinian, Diederichs, & Quey, 2014), which was 

shown to properly simulate the damage processes in laboratory test simulations.  

 The generated tunnel model geometries are shown in Figure 6.5. The model domain was 

created with boundaries extending far enough from the excavation walls to prevent stress 

interaction with the boundary. Creating a domain composed entirely of grains to this extent in 3D 

would be computationally expensive, and likely impractical. In both cases, a small square region 

around the tunnel is modelled using grains, which is surrounded by a continuum domain, as 

described in Jing (2003). This significantly reduces the computation time, allowing for the use of 

smaller grain sizes. The continuum portion of the model is glued to the discontinuum portion 

using an infinite strength boundary. The continuum portion of the model is assigned properties to 

match the mechanical response of the grain-based domain in order to ensure a smooth transition 

of stresses across this boundary.  

Table 6.1: Initial Input Macro- and Micro Properties from Laboratory Test Simulations 

 Voronoi Block Model Tetrahedral Block Model 

Block Young’s Modulus (E) 100 GPa 

Block Poisson’s Ratio (v) 0.29 

Density 2700 Kg/m3 

Contact Cohesion (c) 80 MPa 130 MPa 

Contact Tensile Strength (T) 60 MPa 15 MPa 

Contact Normal Stiffness (kn) 9.0 x 1013 Pa/m 19 x 1013 Pa/m 

Contact Shear Stiffness (ks) 1.8 x 1013 Pa/m 8.0 x 1013 Pa/m 

Contact Peak Friction Angle (φ) 0° 0° 

Contact Residual Friction Angle 

(φr) 
20° 20° 
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Figure 6.5: Numerical setup of the tetrahedral and Voronoi tunnel models, utilizing a central GBM 

surrounded by a continuum boundary, calibrated to the same material response as the GBM domain. 

The radius of the tunnel is 1.75 meters, to match the geometry of the Mine-by-Experiment. 

On the subject of grain sizes, it can be seen that a slightly finer tessellation is produced 

for the tetrahedral model compared to the Voronoi model. In these up-scaled models, it is 

impractical to run a model using actual grain sizes, which are on the order of millimeters and 

centimeters. It is possible to do this for 2D models, as shown by Lan et al. (2010), but 3DEC 

currently does not have the computational speed to practically handle this many contacts. For the 

Lac du Bonnet granite, the grain size ranges from 3 to 7 mm (Martin, 1993). With the tetrahedral 

tessellation, an average grain edge length of approximately 20 to 30 centimeters is achieved in the 

generated model. These grains have good geometries, and are easily discretized with tetrahedral 

mesh elements of equal size. As a result, tetrahedral tessellations do not suffer the same model 

stability issues seen in the Voronoi tessellation. A practical average grain diameter of about 30 to 

40 centimeters is achieved for the Voronoi tessellation at the time this thesis was written. 
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6.5.2 Modelling Results 

6.5.2.1 Tetrahedral Model Results and Discussion 

 The results of the preliminary analysis for the tetrahedral tessellation are presented in 

Figure 6.6. For the input calibrated properties, absolutely no damage is developed in the roof, 

while minor tensile and shear contacts fail in the walls. This signifies that the walls are 

experiencing the appropriate tensile stresses to invoke minor failure, but the parameters are 

collectively too strong to cause damage in the roof. As discussed in Section 6.2, maximum 

principal stresses in the roof of about 100 to 120 MPa were sufficient to cause a zone of damage 

development. Figure 6.7 shows verification that these stresses develop in an area matching the 

depth and geometry of the expected notch failure, however no contact failure is developed (note 

that the maximum compressive stress in 3DEC is negative by convention, so it is shown as the 

minimum principal stress in the figure). In tetrahedral models, the onset of shear failure (signified 

by reaching the CD threshold or the UCS) is mainly governed by the contact cohesion, as 

discussed in Chapter 5. Therefore, calibration of the model should be performed by lowering the 

contact cohesion in order to reduce the in-situ damage threshold in the roof region.  

 

Figure 6.6: Damage developed around tunnel boundary using calibrated small scale micro-

parameters in the tetrahedral model. No damage develops in the roof or floor of the tunnel. 
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Figure 6.7: (a) Zone of compressive stresses greater than 100 MPa developed in the roof of the 

tetrahedral model, matching well with the stresses shown in (b), from Hajiabdolmajid et al., 2002. 

A small sensitivity analysis was performed to observe the effect of contact cohesion on 

the damage development. The contact cohesion was varied from 100 to 130 MPa, while keeping 

all other parameters constant. A progressive increase in the amount of failed contacts in the roof 

and floor is seen with a decrease in the contact cohesion (Figure 6.8). At a contact cohesion value 

of 112 MPa (about 14% lower than the calibrated contact cohesion), the damage accumulation in 

the roof and floor forms a geometry that corresponds with the depth of the notch developed in the 

Mine-by-Experiment test tunnel (Read and Martin, 1996). This forms a distinct region separated 

from the tensile failure region in the wall. This area of brittle damage development is more 

rounded than notch-shaped; this is attributed to the coarse size of the tessellation. With the 

development of a damaged zone in the roof, an area of stress relief is created, causing the zone of 

high compressive strength to move further away from the boundary. This was shown in a 

continuum model created to simulate the notch formation using brittle Hoek Brown parameters, 

as has been done by various authors (Diederichs, 2007; Martin, 1997; Hajiabdolmajid et al., 

2002). The simulated zone of stress is comparable in 3DEC tetrahedral model (Figure 6.9). With 

the calibrated parameters, the model shows the appropriate confinement dependant brittle 

behavior characteristic of the CWFS model at the large-scale.  
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Figure 6.8: Progression of damage development from (a) to (d) with increasing contact tensile 

strength. (d) represents the simulation using calibrated small-scale micro-parameters. A decrease in 

the contact cohesion directly increases the size of the notch in the roof and floor of the tunnel, while 

having little effect on the damage accumulation in the walls. 
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Figure 6.9: (a) FEM simulation of the brittle damage in the URL Test Tunnel, using brittle Hoek-

Brown parameters. The migration of the zone of compressive stress greater than 100 MPa into the 

rock mass is shown. (b) Compressive stresses greater than 100 MPa in the roof and floor of the 

calibrated tetrahedral tunnel model after damage accumulates. It shows a good resemblance to the 

contiunuum model.  
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6.5.2.2 Voronoi Model Results and Discussion 

The results of the preliminary analysis for the Voronoi model are presented in Figure 

6.10. Extensive tensile damage develops in the walls, extending much further into the rock than in 

the tetrahedral model. The onset of shear failure occurs all around the tunnel perimeter, but values 

of shear and normal displacement indicate that fracturing does not progress. Furthermore, a 

defined notch geometry is not produced, although there is randomly distributed shear and tensile 

damage in the roof. This signifies that the input tensile stresses were too low, resulting in an 

underestimated in-situ CI threshold. In Voronoi models, the CI threshold is distinctly controlled 

by the contact tensile strength. In order to reduce the area of tensile development in the tunnel 

walls it is necessary to lower the laboratory-calibrated contact tensile strength. Another small 

sensitivity study was conducted, but this time by observing the effect of lowering and raising the 

contact tensile strength. The results, shown in Figure 6.11, confirm that increasing the contact 

tensile strength reduces the extent of tensile failure in the side-walls to reasonable estimates, but 

does not change the amount and location of shear failure events. Even with a lowered tensile 

strength and evident tensile failure in the roof and floor, a zone of stress relief adjacent to the 

tunnel boundary is not evident, suggesting no significant rock damage has occurred. The zone is 

equivalent to the stressed zone found in the tetrahedral model with no failure (Figure 6.12). 



 

117 

 

 

Figure 6.10: Damage developed around tunnel boundary using calibrated small scale micro-

parameters in the Voronoi model, showing a large extent of tensile failure in the walls, with small 

amounts in the roof and floor. 

 

 

Figure 6.11: Effect of varying contact tensile strength on the amount of failed contacts around the 

Voronoi tunnel. Decreasing the contact tensile strength increases the extent of the tensile damage 

zone in the side-walls.  
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Figure 6.12: Compressive stresses in the roof and floor of the Voronoi tunnel model with low tensile 

strength (40 MPa). While tensile failure was developed, a zone of stress relief is not developed.  

Variation of shear strength properties has almost no effect on the damage development 

around the tunnel in the Voronoi model. Decreasing the contact cohesion very slightly expands 

the region of shear failure outwards, but is almost insignificant. Varying the residual contact 

friction angle also has little effect on the extent of damage. This is likely due to the internal 

interlocking of Voronoi blocks in the roof. The Voronoi grains must push against other grains and 

rotate outwards in order to move, resulting in a predisposition towards tensile failure. Shearing 

throughout the entire perimeter of the model likely occurs as a consequence of the wedging action 

in Voronoi grain assemblies, causing boundaries sub-parallel to the loading direction, or at crucial 

angles to fail in tension (Bewick et al., 2012). This effect is amplified by the fact that relatively 

large grains must be used due to significant computation times required for Voronoi GBMs. A 

significant amount of internal grain structure wedging is required to cause any significant contact 

displacement, especially trying to move over such large, rounded grains. This is supported by the 

fact that contact shear and normal displacements are very low (shown in Figure 6.13), even with a 

high amount of tensile failure in the model with reduced tensile strength. This is all to say that the 
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generation of proper fracture processes is inhibited by the grain-size constraints of 3D Voronoi 

models.  

 

 

Figure 6.13: (a) Normal displacement contours, showing extensional movement (white) and 

compressional movement (black). (b) Shear displacement magnitude contours around the tunnel, 

with white signifying areas of highest shear displacement (at the perimeter of the tunnel, as 

expected). For both cases, the displacement values are very small. This is likely due to the 

interlocking of the coarse, rounded grains.  
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 Summary and Conclusions 

Upscaled 3D GBMs were created in 3DEC to simulate the brittle response of a tunnel 

constructed in crystalline rock, based on the case study from AECL’s Mine-by Experiment. It was 

of interest to quantify the necessary adjustments that need to be made to the calibrated micro-

parameters from small scale numerical laboratory tests. This study was also used to investigate 

the mesh dependency in upscaled models, since tetrahedral and Voronoi tessellations show 

distinct mechanical preferences in grain behavior under stress. The final goal was to identify the 

limitations of these methods.  

The tetrahedral tunnel GBM properly portrayed the stress distributions around the 

excavation and reasonably simulates the development and extent of the distinct areas of failure 

expected in the side-walls, roof, and floor. Relative to the micro-properties calibrated for the Lac 

du Bonnet granite in small scale UCS simulations, the contact cohesion had to be reduced by 

about 14% in order to produce an appropriate damage extent. This was necessary to reduce the in-

situ CI threshold in the roof and floor of the tunnel. Based on these results, the use of the 

tetrahedral tessellation in the simulation of brittle damage around excavations appears promising. 

Furthermore, it is much easier to develop complex excavation shapes and clean grain geometries 

using tetrahedral grains, which results in dependable model stability and more efficient 

computation times. Further work must still be done to verify this method against other case 

studies to bring it to maturity, in both the small and large scale.  

The Voronoi tunnel GBM used in this study did not accurately model the brittle processes 

around the excavation. This model used a coarser grain size than the tetrahedral model due to 

slower computation times. This is attributed to the large amount of faces in each grain, and the 

abundance of poorly shaped grains and elements in the model, which is an inherent issue in 3D 

Voronoi models. Implementing the calibrated small-scale micro-parameters, the upscaled tunnel 
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model exhibited a small area containing contacts failed in shear all around the perimeter of the 

tunnel. Significant tensile failure occurred in the side-walls, to a depth of around one tunnel 

diameter, with a small amount of tensile failure in the roof and floor. The extent of this tensile 

failure was reduced to a reasonable level by increasing the tensile strength by about 66%, but 

completely eliminating the tensile failure in the roof and floor. Varying the other shear-based 

parameters yielded little change in the model behavior. It is suggested that significant interlocking 

of the coarse, rounded Voronoi grains is preventing significant normal or shear deformations 

along grain boundaries necessary to induce fracturing. Further work must be done with finer 

Voronoi grains to be able to make conclusions on the feasibility of this method for excavation 

scale applications.  

The main limitation in the application of upscaled 3D GBMs is the computational 

expense of running these models at the time this thesis was produced. It was necessary to use 

relatively coarse block sizes to represent the rock microstructure around the tunnel, which likely 

decreased the accuracy of the models. It is expected that in the coming years, with increases in 

computational power, and with an expected decrease in the computation times in future versions 

of 3DEC, that finer tessellations and larger model geometries will be more feasible than they are 

at the moment. Future work should also investigate the effect of grain-property heterogeneity, and 

the gradual advance of the tunnel in 3D to examine if stress rotation effects at the face can be 

properly simulated (Diederichs et al., 2004).  
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Chapter 7 

Conclusions and Recommendations for Future Work 

 Conclusions 

The development of safety cases for the design of Deep Geological Nuclear Waste 

Repositories is ongoing, requiring a confident analysis of the geomechanical behavior of the rock 

in which emplacement rooms will be constructed. In order to provide evidence of the expected 

response of the rock around these excavations, it is necessary to have a number of verified 

analysis tools. These tools take many forms, such as laboratory test procedures, simulation 

methodologies and tools, and new characterization methods. In terms of geomechanics, it is 

necessary to have numerical tools which are capable of realistically simulating the fracture 

processes of the rock in which these repositories will be constructed. These tools will assist 

engineers in proposing appropriate excavation methods, geometries, and support requirements to 

maintain stability of the excavations and prevent the development of pathways for radionuclide 

transport.   

The research conducted in this thesis examined the application of 3D grain-based models 

(GBMs) for simulation of brittle fracture processes in crystalline rock. The overlying goal of this 

work is to add to the toolbox of practical numerical simulation methods in order to improve our 

ability to simulate brittle fracturing. Work has been done independently on the implementation of 

3D trigon logic (Gao & Stead, 2014) and 3D Voronoi tessellations (Ghazvinian et al., 2014) in 

order to evaluate the applicability of these methods to fracturing modelling using 3DEC. In 

addition, many authors have investigated the use of 2D GBMs for the same purpose using UDEC 

(e.g. Kazerani & Zhao, 2010; Gao and Stead, 2014; Lan et al., 2013). This research expands on 

this collection of knowledge in a number of ways. Calibration studies led to recommendations 
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and new insight into the appropriate approaches and input parameter requirements for generating 

GBMs with both tetrahedral and Voronoi grains in order to produce the most realistic and 

effective simulations. Various sensitivity analyses were conducted at the small and large scale on 

contact micro-parameters. This led to an understanding of their influence on damage development 

and on how to modify the parameters in order to obtain a certain response. Overarching all this 

work was the constant comparison of the capabilities and limitations of the tetrahedral and 

Voronoi tessellations, leading to a quantification of the inherent mesh dependencies of 3DEC 

GBMs. The following sub-sections provide a brief summary of the important findings in this 

thesis. 

7.1.1 GBM Mesh Dependencies in Small Scale Simulations 

Tetrahedral and Voronoi block models exhibit significantly different inherent mesh 

dependencies due to the shape and arrangement of individual grains. In terms of mechanical 

behavior, it has been suggested that Voronoi arrangements predominantly fail in tension due to 

the internal wedging of blocks and the formation of rough undulating fracture pathways 

(Ghazvinian et al., 2014). This process is achieved through a combination of shearing and 

extension of Voronoi polygons, but shearing is discouraged due to the tenacity of the assemblage 

at the modelled grain sizes. Tetrahedral arrangements fail in shear due to the formation of smooth 

fracture pathways and the increased kinematic freedom of the four-faced grains.  

It was shown in Chapter 4 that using the same input parameters, grain contacts in 

tetrahedral models exhibit significantly higher amounts of shear failure compared to Voronoi 

models, which exhibit significantly higher amounts of tensile failure. Furthermore, Voronoi 

models show a stiffer model response and higher peak strength. In order to simulate appropriate 

pre-peak tensile damage accumulation, tetrahedral models must be assigned higher contact 

cohesion and significantly lower contact tensile strength values compared to Voronoi models. 
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When using a regular Poisson Voronoi tessellation, the required shear strength parameters more 

closely mimic those of the tetrahedral tessellation.  

 Mesh dependencies are also evident in the calibration of crack initiation and damage 

thresholds. In both the models, the CI threshold is solely controlled by the tensile strength, as 

expected. Since tetrahedral arrangements encourage shear failure mechanisms, the interaction of 

grains imposes shear stress development without significant compressive normal stresses to 

provide internal confinement. Lower tensile strength and higher cohesion are necessary to 

produce proper CI and CD thresholds. The latter is confirmed by the fact that in tetrahedral 

models, CD is mainly controlled by the contact cohesion. This means that the onset of shear 

failure occurs mainly due to high shear stress accumulation combined with low normal stresses, 

signifying that the CD threshold is purely controlled by cohesional strength. The fact that varying 

the residual contact friction angle only controls the UCS verifies that the frictional strength 

component is not mobilized in any way up to the peak strength. This means that the tetrahedral 

tessellation only shows cohesional strength mobilization due to low normal stresses.  

In Voronoi tessellations, the CD threshold is controlled by all three contact strength 

properties, but it can be argued that it is mainly influence by frictional mechanisms. The internal 

movement of Voronoi grains causes the initiation of friction strength dependence before the peak 

strength is reached. This is evident based on the fact that increasing the residual friction angle 

beyond 20 degrees results in the need for extra applied stress to cause critical shear movements. 

At 20 degrees and below, Voronoi grains are less restricted in shear movement, resulting in lower 

overall tensile stresses and more sliding on grain boundaries. This causes the onset of shear 

failure to be governed by additional tensile crack development and cohesion dependence due to 

contacts with low normal stresses like in the tetrahedral models.  



 

125 

 

In summary, the damage studies in Chapter 5 suggest that the morphology of the Voronoi 

grains encourages proper frictional strength mobilization before CD is reached. The residual 

friction angle should be assigned a value of 20 degrees or higher to properly mobilize friction. 

Due to the low normal stresses developed in tetrahedral models due to the shear predominance, 

frictional strength is not mobilized.  

7.1.2 Upscaling of GBMs for Excavation Damaged Zone assessment 

Methods for the generation of upscaled GBMs for the simulation of excavation damage 

response were identified. Using tetrahedral tessellation generation methods allows for more 

versatility in the creation of excavation model geometries. They are easier to generate, can 

employ a smaller grain size, and are more numerically stable due to the high quality grain 

geometries. Voronoi tessellations offer better representation of grain geometries and distributions, 

with added flexibility to modify grain morphologies. However, it is necessary to use slightly 

larger grain sizes compared to the tetrahedral models. Due to limitations in computational power, 

it is only feasible to create upscaled GBMs with grain sizes on the order to tens of centimeters. At 

the moment, it is impractical to represent anywhere close to the true grain sizes in 3D models.  

In the upscaled tetrahedral model, the extent of damage zone development was primarily 

governed by the contact cohesion. Lowering the contact cohesion, while keeping other parameters 

(from numerical UCS tests) constant, yielded an appropriate response model response. This is due 

to the cohesional strength dependence inherent in tetrahedral block models. The results 

reasonably mimicked the results of a case study from the URL Mine-by Experiment test tunnel. 

Even with relatively large grain sizes, an appropriate response was obtained – this is attributed to 

the added degrees of freedom afforded by tetrahedral grains. A similar response could not be 

achieved in the Voronoi model. Using the small scale micro-parameters, the extent of tensile 

damage in the tunnel walls was overestimated, requiring a significant increase in the tensile 



 

126 

 

strength to remedy. Notch development in the roof could not be achieved. This is attributed to the 

large grain sizes employed in the model. Significant interlocking of the coarse, rounded Voronoi 

grains prevented normal or shear deformations along grain boundaries. Smaller grains must be 

used in order to properly simulate damage development.  

7.1.3 Recommended GBM Modelling Approach 

It is the opinion of the author that significant work should be invested in progressing the 

use and understanding of 3D tetrahedral block models at this time. They have been shown to 

reasonably simulate the brittle damage mechanisms in both small and large scale models with 

appropriate calibration. The high quality block morphologies lead to greater model stability 

compared to the Voronoi block models, and they are much easier to implement. For small scale 

simulations such as UCS tests, it is recommended to use an appropriate method to reduce the 

effect of boundary grains in tetrahedral block models. It was shown that when tessellations are 

created directly in 3DEC, there exists a layered sequence of boundary grains that have a 

significant influence the model behavior. For large scale simulations, excavation geometries can 

either be created using block cutting in 3DEC (which may result in the formation of bad quality 

elements and blocks), or through the use of external software (e.g. RS3).  

The work in this thesis has shown that 3D Voronoi block models can currently be used to 

reasonably simulate brittle damage development in small scale models. However, the feasible 

grain sizes are still much too large. Due to the rounded nature of these large Voronoi grains, 

significant interlocking occurs in three dimensions and it is quite difficult for fracture pathways to 

propagate. As a result, it is essentially impossible to develop defined shear bands in combination 

with tensile cracks commonly seen in UCS tests. This holds true for large scale models also, 

where no damage processes can be simulated near excavation boundaries with the size of the 

Voronoi grains. It is not recommended at this time to progress the use of 3D Voronoi tessellations 
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in large-scale models unless smaller grain sizes are used. It is also likely that the calibration 

requirements for the 3D Voronoi model will be influenced by the use of smaller grains (or, put 

another way, the current Voronoi grain size contributes to the significant difference in calibration 

requirements compared to the tetrahedral tessellation).  

 Recommendations for Future Work 

The fundamental mechanical behavior of 3D grain-based systems at the small and large 

scale is highly governed by mesh dependencies, as suggested by the results presented in this 

thesis. It has been clearly demonstrated that the grain shape influences the damage thresholds and 

fracture mechanisms in the system. Care must be taken when employing GBMs for simulating 

damage around excavations; the studies performed in this thesis contribute to an increased 

understanding of these mesh dependencies. This work adds to the collection of research 

supporting the application of GBMs for geomechanical purposes (in 2D and 3D). There are a few 

areas of future research that are recommended by the author in order to address various 

assumptions and limitations in the methods presented:  

Grain Property Heterogeneity and Size Distribution 

 Real assemblages of mineral grains contain a spatial distribution of properties and sizes 

(Lan et al., 2010). The results presented in this study assume homogenous grain properties, both 

in the interior and at the contacts. Furthermore, the grain size distributions are a function of the 

generation procedure and not representative of the true distributions. Heterogeneities are critical 

in the development of localized tensile stresses (Bewick et al., 2012) that can govern the 

development of fractures and influence the strength of the model. It would be beneficial to further 

the work in this thesis by adding an analysis on the effect of heterogeneities on the behavior of 

the 3DEC GBMs. 
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Further Case Study Examinations 

 The small and large scale studies in this thesis were performed for an analysis of hard, 

low-porosity crystalline granite. However, DGRs are being proposed in both crystalline and 

sedimentary settings. It would be beneficial to verify the accuracy of 3DEC GBMs for other rock 

types with different strength and damage behaviors. An example would be the application of 

3DEC GBMs to model the failure processes of the bedded clay shales of Mont Terri (Lisjak et al., 

2013b).  

Inclusion of Other Components of a SRM 

GBMs have been used to model intact, massive crystalline rock in this study. However, 

the intact grain assemblages are only one component of the Synthetic Rock Mass (SRM) 

formulation (Mas Ivars, et al., 2011). The other component is the various discontinuities (e.g. 

joints, fractures, faults) present in a rock mass at a field scale. The next logical step in developing 

the 3DEC GBM after understanding the model behavior is the inclusion of these discontinuities in 

3D, with the potential inclusion of a Discrete-Fracture Network (DFN) at the large scale. Other 

components that could be applied and examined are the inclusion of material porosity and fluid 

interaction.  

Additional research in these proposed areas, and in other relevant areas not mentioned 

here, will help to further the understanding of these methods and gain confidence in their 

application. 
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Appendix A 

Collection of Selected FISH Routines 

A.1 FILENAME: b_vol.3ddat 
 

;===3DEC FISH routine to output the block volume distribution in a model===== 

 

define volume  

 

 ;initialize counters and array 

 bi = block_head 

 array bvol(nblock) 

 total = 0. 

 num = 1 

 min_block_volume = b_vol(bi) 

 max_block_volume = b_vol(bi) 

  

 ;accumulate volume data for the model 

 loop while bi # 0 

  vol = b_vol(bi) 

  total = total + vol 

  bvol(num) = vol 

  if vol < min_block_volume then 

   min_block_volume = vol 

  endif 

  if vol > max_block_volume then 

   max_block_volume = vol 

  endif 

  num = num + 1 

  bi = b_next(bi) 

 endloop 

  

 ;calculate the mean value of the data 

 mean = total/nblock 

  

 ;calculate the variance of the data 

 sum = 0. 

 loop n (1,nblock) 

  dif = (bvol(n) - mean)^2 

  sum = sum + dif 

 endloop 



 

136 

 

 var = sum/nblock 

  

 ;calculate standard deviation 

 sdev = sqrt(var) ; standard deviation 

 sdev2 = 2*sqrt(var) ;two standard deviations 

  

 ;loop through and arrange data into groups 

 ndiv = 2.0*sdev2/10.0 

 mini = mean - sdev2 ; minimum value of bin boundaries 

 if mini < 0 then 

  mini = 0 

  ndiv = (mean + sdev2)/10.0 

 endif 

 maxi = mean + sdev2 ; maximum value of bin boundaries 

   

 ;define boundaries for bins  

 min1 = mini 

 min2 = mini + ndiv 

 min3 = mini + 2.*ndiv 

 min4 = mini + 3.*ndiv 

 min5 = mini + 4.*ndiv 

 min6 = mini + 5.*ndiv 

 min7 = mini + 6.*ndiv 

 min8 = mini + 7.*ndiv 

 min9 = mini + 8.*ndiv 

 min10 = mini + 9.*ndiv 

 min11 = mini + 10.*ndiv 

  

 ;define counts for bins 

 count1 = 0 

 count2 = 0 

 count3 = 0 

 count4 = 0 

 count5 = 0 

 count6 = 0 

 count7 = 0 

 count8 = 0 

 count9 = 0 

 count10 = 0 

 count11 = 0 

 count12 = 0 

  

 ;assign block volume values to bins 

 loop i (1,nblock) 
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  if bvol(i) <= min1 then 

   count1 = count1 + 1 

  endif 

  if min1 < bvol(i) & bvol(i) <= min2 then 

   count2 = count2 + 1  

  endif 

  if min2 < bvol(i) & bvol(i) <= min3 then 

   count3 = count3 + 1 

  endif 

  if min3 < bvol(i) & bvol(i) <= min4 then 

   count4 = count4 + 1 

  endif 

  if min4 < bvol(i) & bvol(i) <= min5 then 

   count5 = count5 + 1 

  endif 

  if min5 < bvol(i) & bvol(i) <= min6 then 

   count6 = count6 + 1 

  endif 

  if min6 < bvol(i) & bvol(i) <= min7 then 

   count7 = count7 + 1 

  endif 

  if min7 < bvol(i) & bvol(i) <= min8 then 

   count8 = count8 + 1 

  endif 

  if min8 < bvol(i) & bvol(i) <= min9 then 

   count9 = count9 + 1 

  endif 

  if min9 < bvol(i) & bvol(i) <= min10 then 

   count10 = count10 + 1 

  endif 

  if min10 < bvol(i) & bvol(i) <= min11 then  

   count11 = count11 + 1 

  endif 

  if min11 < bvol(i) then  

   count12 = count12 + 1  

  endif 

 endloop 

 

 ;create x table values 

 p = get_table(1) 

 xtable(1,1) = min1 

 xtable(1,2) = min2 

 xtable(1,3) = min3 

 xtable(1,4) = min4 
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 xtable(1,5) = min5 

 xtable(1,6) = min6 

 xtable(1,7) = min7 

 xtable(1,8) = min8 

 xtable(1,9) = min9 

 xtable(1,10) = min10 

 xtable(1,11) = min11 

 xtable(1,12) = maxi 

  

 ;create y table values 

 ytable(1,1) = count1 

 ytable(1,2) = count2 

 ytable(1,3) = count3 

 ytable(1,4) = count4 

 ytable(1,5) = count5 

 ytable(1,6) = count6 

 ytable(1,7) = count7 

 ytable(1,8) = count8 

 ytable(1,9) = count9 

 ytable(1,10) = count10 

 ytable(1,11) = count11 

 ytable(1,12) = count12 

 

 ;print out block distribution statistics 

 local hh = out(' ') 

 local ii = out('============== Block Volume Statistics ==============') 

 local jj = out('Mean Block Volume = ' +string(mean)) 

 local kk = out('Variance = ' +string(var)) 

 local ll = out('Standard Deviation = ' +string(sdev)) 

 local mm = out('Minimum Block Volume = ' +string(min_block_volume)) 

 local nn = out('Maximum Block Volume = ' +string(max_block_volume)) 

  

end 

@volume 
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A.2 FILENAME: face_orientation.3ddat 
 

;=====3dec fish routine to export file with grain face orientations 

 

def gface 

 

array data(1000) 

status = open('orientationdata.dat',1,1) 

 

bi = block_head 

loop while bi # 0 

   fi = b_face2(bi) 

 loop while fi # 0 

   

     a1 = face_nx(fi) 

    a2 = face_ny(fi) 

a3 = face_nz(fi) 

 

     b1 = 0. 

     b2 = 0. 

     b2 = 1. 

 

     dotprod_ = a1*b1 + a2*b2 + a3*b3 

     mag_a = sqrt((a1^2) + (a2^2) + (a3^2)) 

     mag_b = sqrt((b1^2) + (b2^2) + (b3^2)) 

     costheta = dotprod_/(mag_a*mag_b) 

     theta_rad = acos(costheta) 

     theta_ = theta_rad*(180/pi) 

 

     data(1) = string(theta_) 

     status = write(data,1) 

 

    fi = face_next(fi) 

 endloop 

 

   bi = b_next(bi) 

endloop 

 

status = close 

end 
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A.3 FILENAME: crack_orientation.3ddat 
 

;FISH routine to output a text file with failed sub-contact orientations, as a function of axial stress 

 

;axial stresses averaged in a cube in the middle of the cylindrical model 

def ax_stress 

 whilestepping 

 str = 0. 

 count_ = 0. 

 ib = block_head 

 loop while ib # 0 

  bz = b_zone(ib) 

  loop while bz # 0 

   if z_z(bz) < 0.0725 & z_z(bz) > 0.0525 & z_y(bz) > -0.01… 

& z_y(bz) < 0.01 & z_x(bz) > -0.01 & z_x(bz) < 0.01 then 

    str = str + z_szz(bz) 

    count_ = count_ + 1 

   endif 

   bz = z_next(bz) 

  endloop 

  ib = b_next(ib) 

 endloop 

 ax_stress = -1*(str/count_) 

end 

@ax_stress 

 

def count_crack 

count_crack = count_shear + count_tens 

cpnt = contact_head 

loop while cpnt # 0 

if c_mat(cpnt) # 2 

  sub_cpnt = c_cx(cpnt) 

  loop while sub_cpnt # 0 

   count=count+1 

   if cx_ispare(sub_cpnt) = 10 

    if cx_state(sub_cpnt) = 1 

     count_shear = count_shear + 1 

     cx_ispare(sub_cpnt)= 1 

     c_ind = cx_contact(sub_cpnt) 

     a1_ = c_nx(c_ind) 

     a2_ = c_ny(c_ind) 

     a3_ = c_nz(c_ind) 

     b1_ = 0. 
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     b2_ = 0. 

     b3_ = 1. 

     dotprod_ = a1_*b1_ + a2_*b2_ + a3_*b3_ 

     mag_a = sqrt((a1_^2) + (a2_^2) + (a3_^2)) 

     mag_b = sqrt((b1_^2) + (b2_^2) + (b3_^2)) 

     costheta = dotprod_/(mag_a*mag_b) 

     theta_rad = acos(costheta) 

     theta_ = theta_rad*(180/pi) 

     scracks(1) = string(ax_stress) + ',' + string(theta_) 

     status = write(scracks,1) 

       

          endif 

     

    if cx_state(sub_cpnt) = 3 

 

     count_tens = count_tens + 1 

     cx_ispare(sub_cpnt)= 3 

       

     c_ind = cx_contact(sub_cpnt) 

     a1_ = c_nx(c_ind) 

     a2_ = c_ny(c_ind) 

     a3_ = c_nz(c_ind) 

     b1_ = 0. 

     b2_ = 0. 

     b3_ = 1. 

     dotprod_ = a1_*b1_ + a2_*b2_ + a3_*b3_ 

     mag_a = sqrt((a1_^2) + (a2_^2) + (a3_^2)) 

     mag_b = sqrt((b1_^2) + (b2_^2) + (b3_^2)) 

     costheta = dotprod_/(mag_a*mag_b) 

     theta_rad = acos(costheta) 

     theta_ = theta_rad*(180/pi) 

     tcracks(1) = string(ax_stress) + ',' + string(theta_) 

     status = write(tcracks,1) 

       

          endif 

     

     

      

   endif 

 

   sub_cpnt = cx_next(sub_cpnt) 

  end_loop 

  endif 

  cpnt=c_next(cpnt) 



 

142 

 

 end_loop 

  

end  

 

set @count_shear =0 

set @count_tens =0 

set @count=0 

  

@count_crack  

 

hist @count_crack nstep 100 

hist @count_shear nstep 100 

hist @count_tens nstep 100 

print @count 
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A.4 FILENAME: ucs_granite.3ddat 

 
;Example code for UCS test simulation in 3DEC 

new 

set atol 0.001 

 

;---------------------------------------------------------------------------- 

 

;input saved ucs sample model that is already zoned 

rest voro_reg_cent.3dsav 

 

damp local 

 

;set block and contact properties for rock: 

prop mat 1 ymod 100.e9 prat 0.29 den 2700 

prop jmat 1 jkn 9.e13 jks 1.8e13 jcoh 80.e6 jten 60.e6 jfric 0. res_fric = 30. 

 

;open file to write failed contact orientation list as a function of axial stress 

def openfile 

 status = open('voro_cracks_tension100_coh80_fric30.dat',1,1) 

 array scracks(1000) ;shear crack array 

 array tcracks(1000) ;tensile crack array 

end 

@openfile 

 

;----------------------------------------------------------------------------- 

 

;Initiate loading at top of sample to 0.01 m/s downwards, bottom 0.01 m/s upwards 

bound zvel -0.01 range z 0.125 

bound zvel 0.01 range z 0. 

 

;----------------------------------------------------------------------------- 

;Record contact breaking 

 

def no_del 

 naa = naa + 1 

 ii = out('contact deleted') 

end 

 

def no_sub_cont 

 nbb = nbb + 1 

; ii = out('sub-contact deleted') 

end 
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set @naa = 0 

hist @naa 

set @nbb = 0 

hist @nbb 

 

call fishcall.3dfis  

set fishcall @$FC_CONT_DEL @no_del 

set fishcall @$FC_SUBCONT_DEL @no_sub_cont 

 

;--------------------------------------------------------------------------------- 

 

;call fish function to determine axial stresses in middle of sample and record failed sub-contacts 

call crack_orientation.3ddat 

 

;--------------------------------------------------------------------------------- 

 

;fish function to find axial strains based on gridpoints at top of model 

def ax_strain 

 whilestepping 

 ig = gp_near(0.0375,0.025,0.125) 

 igg = gp_near(0.0125,0.025,0.125) 

 iggg = gp_near(0.025,0.0375,0.125) 

 igggg = gp_near(0.025,0.0125,0.125) 

 iggggg = gp_near(0.025,0.025,0.125) 

 ax_disp = (gp_zdis(ig) + gp_zdis(igg) + gp_zdis(iggg) + gp_zdis(igggg) + 

gp_zdis(iggggg))/5. 

 ax_strain = 2*ax_disp/0.125 

end 

 

;-------------------------------------------------------------------------------- 

 

;fish function to find lateral strains based on gridpoints near the edge of model 

def lat_strain 

 whilestepping 

 lg = gp_near(0.05,0.0,0.0625) 

 lgg = gp_near(0.05,0.0,0.08) 

 lggg = gp_near(0.05,0.0,0.045) 

 lgggg = gp_near(0.0,0.0,0.0625) 

 lggggg = gp_near(0.0,0.0,0.08) 

 lgggggg = gp_near(0.0,0.0,0.045) 

 lat_disp = (gp_xdis(lg) + gp_xdis(lgg) + gp_xdis(lggg))/3. ;+ gp_xdis(lgggg) + 

gp_xdis(lggggg) + gp_xdis(lgggggg))/3. 

 lat_strain = 2*lat_disp/0.05 
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end 

 

;-------------------------------------------------------------------------------- 

 

;add stress strain history 

hist add fish @ax_stress 

hist add fish @ax_strain 

hist add fish @lat_strain 

hist unbal 

 

step 100000 

 

def closefile 

 status = close 

end  

@closefile 
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A.5 FILENAME: rs3_to_flac3d.3ddat 
 

;transfer tetrahedral element node data from rs3 to flac3d 

 

;=====================Initial Steps=========================== 

;need to open rs3 compute file in text editor 

;--> copy node list into new file, call it 'nodes2.dat' 

;--> copy element list into  new file, call it 'elements.dat' 

 

new 

def tetgen 

 

 fname = 'nodes2.dat' 

 node_num = 34052 

 ele_num = 209434 

 

 array numbers(34052) 

 array data(50)   

 array elementss(209434) 

 array eone(50)  

 array nums(209434) 

 array numms(209434) 

 array group(209434) 

  

 status = open(fname,0,1) 

 status = read(numbers,34052) 

 status = close 

 status = open('zoneimp.flac3d',1,1) 

 data(1) = '*GRIDPOINTS' 

 status = write(data,1) 

 loop i (1,34052) 

  data(1) = 'G ' + string(i) + ', ' + string(parse(numbers(i),3)) + ', ' + 

string(parse(numbers(i),5)) + ', ' + string(parse(numbers(i),7)) 

  status = write(data,1)  
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 endloop 

 

 status = close 

 

 status = open('elements.dat',0,1) 

 status = read(elementss,209434) 

 status = close 

 

 loop j (1,209434) 

  str = string(parse(elementss(j),5)) 

  strr = substr(str,2) 

  nums(j) = string(strr) 

 endloop 

 

 count_ = 0 

 loop k (1,209434) 

  stt = string(parse(elementss(k),8)) 

  length = strlen(stt) 

  if length = 2 then 

   sttt = substr(stt,1,1) 

  endif 

  if length = 3 then 

   sttt = substr(stt,1,2) 

  endif 

  if length = 4 then  

   sttt = substr(stt,1,3) 

  endif 

  if length = 5 then 

   sttt = substr(stt,1,4) 

  endif 

  numms(k) = string(sttt) 

 

  svv = string(parse(elementss(k),10)) 

  sbb = substr(svv,9,9) 
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  smm = int(sbb) 

  if smm = 0 then  

   count_ = count_ + 1 

   group(count_) = k 

  endif   

 endloop 

 

 status = open('zoneimp.flac3d',2,1) 

 eone(1) = ' '  

 eone(2) = '*ZONES' 

 status = write(eone,2) 

 loop i (1,209434) 

  eone(1) = 'Z T4 ' + string(i) + ', ' + string(nums(i)) + ', ' + 

string(parse(elementss(i),6)) + ', ' + string(parse(elementss(i),7)) + ', ' +string(numms(i))  

  status = write(eone,1) 

 endloop 

  

 eone(1) = ' ' 

 eone(2) = '*GROUPS' 

 eone(3) = 'ZGROUP excavate' 

 status = write (eone,3) 

 

 loop m (1,count_) 

  eone(1) = group(m) 

  status = write(eone,1) 

 endloop 

  

status = close 

end 

@tetgen 

;===once finished call file in flac3d==== 
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A.6 FILENAME: flac3d_to_3dec.3ddat 
 

;flac3d fish function to list gridpoints associated with zone faces in a 3dec file 

def facewrite 

 

;assign null material to excavated zones 

;NOTE - Do not give any zone group names with 4 letters, will mess up 'aa' if statement below 

command 

model mech null range group excavate 

endcommand 

 

array nums(100000) 

count_ = 0 

status = open('poly.3dec',1,1) 

 

p = zone_head 

loop while p # null 

 str = z_model(p) 

 aa = strlen(str) 

 if aa # 4 then 

 loop i (1,4) 

  pg = z_gp(p,i) 

  if i = 1 then 

   x_1 = gp_xpos(pg) 

   y_1 = gp_ypos(pg) 

   z_1 = gp_zpos(pg) 

  endif 

  if i = 2 then 

   x_2 = gp_xpos(pg) 

   y_2 = gp_ypos(pg) 

   z_2 = gp_zpos(pg)  

  endif 

  if i = 3 then 

   x_3 = gp_xpos(pg) 
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   y_3 = gp_ypos(pg) 

   z_3 = gp_zpos(pg) 

  endif 

  if i = 4 then 

   x_4 = gp_xpos(pg) 

   y_4 = gp_ypos(pg) 

   z_4 = gp_zpos(pg) 

  endif 

 endloop 

  

 count_ = count_ + 1 

 nums(1) = ';block' + string(count_) 

 status = write(nums,1) 

  

 nums(1) = 'poly &' 

 nums(2) = 'face' + ' ' + string(x_1) + ' '+ string(y_1) + ' ' + string(z_1) + ' ' + string(x_2) + 

' '+ string(y_2) + ' ' + string(z_2) + ' ' + string(x_3) + ' '+ string(y_3) + ' ' + string(z_3) + ' &' 

 nums(3) = 'face' + ' ' + string(x_1) + ' '+ string(y_1) + ' ' + string(z_1) + ' ' + string(x_4) + 

' '+ string(y_4) + ' ' + string(z_4) + ' ' + string(x_2) + ' '+ string(y_2) + ' ' + string(z_2) + ' &' 

 nums(4) = 'face' + ' ' + string(x_4) + ' '+ string(y_4) + ' ' + string(z_4) + ' ' + string(x_3) + 

' '+ string(y_3) + ' ' + string(z_3) + ' ' + string(x_2) + ' '+ string(y_2) + ' ' + string(z_2) + ' &' 

 nums(5) = 'face' + ' ' + string(x_3) + ' '+ string(y_3) + ' ' + string(z_3) + ' ' + string(x_4) + 

' '+ string(y_4) + ' ' + string(z_4) + ' ' + string(x_1) + ' '+ string(y_1) + ' ' + string(z_1) 

 nums(6) = ' ' 

 status = write(nums,6) 

 endif 

 

 p = z_next(p) 

  

endloop 

status = close 

 

end 

@facewrite 

 

;====now call poly.3dec in 3DEC======= 


