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Abstract

The degree of ambiguity of nondeterministic finite automata (NFA) has been studied

significantly since at least the 1980s. Roughly speaking, the degree of ambiguity

counts the number of accepting computations of an NFA.

To get a more comprehensive understanding of the branching complexity of NFAs,

we introduce and study the string path width and depth path width measures. The

string path width on a string w counts the number of all accepting and non-accepting

computations on w, and the depth path width on an integer ` counts the number

of all accepting and non-accepting computations of a length `. We focus on cases

where these measures are finite, that is, there is some input which has maximal string

or depth path width. We give algorithms to decide the finiteness of the string and

depth path width of an NFA. The latter algorithm relies on structural properties that

characterize NFAs with finite depth path width, and the former is based on existing

algorithms to compute the degree of ambiguity. We give upper bounds for the finite

string and depth path width of an NFA or a DFA (deterministic finite automaton).

It is well known that acyclic NFAs define exactly the class of finite languages. We

consider less restrictive conditions that define the class of nearly acyclic NFAs. An

NFA is nearly acyclic if it does not have two cycles where one can be reached from

the other. It is shown that the nearly acyclic NFAs are exactly the NFAs with finite

depth path width.

We study and introduce variants of existing subregular language families. We

establish (non)-inclusion relationships for these new classes, relative to each other



and their existing counterparts. Additionally we show that an infinite hierarchy

exists within the most powerful new family, generalized word-definite languages.

We examine the structural limitations and give maximal examples of nearly acyclic

NFAs. We also show that nearly acyclic NFAs recognize the class of generalized word-

definite languages. For nearly acyclic DFAs, we establish a stronger correspondence:

they recognize all generalized word-definite languages, and any DFA recognizing a

generalized word-definite language must be nearly acyclic.
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Chapter 1

Introduction

The relationships between deterministic and nondeterministic finite automata have

been well-studied since Rabin and Scott’s work [28]. There exist many collections

of finite automata complexity theory results, both in surveys such as [2, 9, 10, 11],

and in textbook resources such as [6, 35, 40]. Deterministic Finite Automata (DFAs)

and Nondeterministic Finite Automata (NFAs) are known to be equivalent in rep-

resentational power [35]. That is, they are both capable of representing exactly the

class of regular languages. However, for any positive integer m, there exists an m-

state NFA whose equivalent incomplete DFA will have 2m states. Unfortunately, this

bound cannot be improved, as it is known that this bound is tight [21]. More recently,

various metrics for measuring the complexity of finite automata have been examined.

There has been especially much work relating these complexity measures with the

nondeterminism of a machine, such as [3, 8, 21, 24, 30]. Such metrics include, but are

not limited to: the degree of ambiguity [1, 8, 15, 21, 25, 41], tree width [14, 24, 26],

and advice [14, 15].
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1.1 Ambiguity

An NFA is said to be unambiguous if it has at most one accepting computation on

any string [18, 21, 22, 23]. The degree of ambiguity of an NFA N on a string w

[1, 8, 30, 41] is the number of accepting computations of N on w. The degree of

ambiguity of an NFA N is the greatest degree of ambiguity of N on a string w. If an

NFA is ambiguous, then it is either finitely or infinitely ambiguous.

If an NFA is finitely ambiguous, then it is either unambiguous or constantly am-

biguous, and there is some string which has a maximal degree of ambiguity. An NFA

is said to be y-ambiguous if it has at most y accepting computations on any string

[41].

If an NFA is infinitely ambiguous, then it is either polynomially or exponentially

ambiguous [18, 20]. That is, we can measure the unbounded degree of ambiguity as

a function of the input word’s length. An NFA N is polynomially ambiguous if there

exists some polynomial function p(`) such that on any input of length `, the degree

of ambiguity of N is upper bounded by p(`) [20, 21]. By definition, the degree of

ambiguity of an NFA can be at most exponential [21].

Unfortunately, in general, restricting the degree of ambiguity of an NFA does not

help to reduce the size of its equivalent DFA. In [20], Leung shows that there exists a

stream of m-state exponentially ambiguous NFAs whose equivalent DFA will require

2m states, and whose equivalent polynomially ambiguous NFA will require 2m − 1

states. Leung extends the result in [21] by showing that there exists a stream of

m-state unambiguous NFAs whose smallest equivalent DFA has 2m− 1 states, where

m ≥ 3. Jiang and Ravikumar show in [17] that minimizing an unambiguous NFA is

NP-Complete.
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Given an arbitrary NFA, it is by no means obvious what is its degree of ambiguity.

However, there are polynomial-time algorithms to determine the degree of ambiguity

of an NFA. In [41], Weber and Seidl give algorithms to check whether an m-state

NFA with an alphabet of size k has a polynomial or exponential degree of ambiguity.

The time complexity of the algorithms to decide the polynomial degree of ambiguity

is O(m6 · k), that is, the algorithm computes the minimal degree of a polynomial

bounding the growth rate of ambiguity. The time complexity of the algorithm to

decide whether the NFA has an exponential degree of ambiguity is O(m4 · k).

1.2 Tree Width

The tree width 1 of an NFA N on a string w [24] is the number of complete and

incomplete computations of N on w. The tree width of an NFA N is the greatest

tree width of N on a string w. Originally, the tree width was defined in terms of the

number of leaves in a computation tree, but it is equivalent to the number of different

computations. In [14] Hromkovič calls the tree width measure “leaf size”, and in [15],

they call the tree width measure “leaf complexity”.

If the tree width of an NFA N on any string is bounded, N is said to have finite

tree width. An NFA N has finite tree width if there do not exist any nondeterministic

cyclical transitions [24]. If N is an m-state NFA with finite tree width, then the tree

width of N is at most 2m−2 [24].

As in the case of ambiguity, unbounded tree width can be measured as a function

of input word length. In [14], it is shown that the tree width of an m-state NFA is

either bounded by a constant, between linear and polynomial, or is 2Θ(m), and there

1Note that the tree width of an NFA is unrelated to the tree width of a graph.
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is an algorithm to decide which of the cases hold.

In contrast to ambiguity, the relationship between finite tree width and nonde-

terminism is much stricter. An upper bound and a tight lower bound construction

showing at most polynomial size blow-up are given in [24].

1.3 Contributions of the Thesis

By combining the notions of ambiguity and tree width, we offer a hybridized metric

for measuring an NFA’s branching 2. We introduce a measure called string path

width that counts the number of complete accepting and non-accepting computations

of a finite automaton on a given string. The string path width can be viewed as

the middle ground between the tree width and the degree of ambiguity, which were

considered earlier in the literature. We leverage existing results for the degree of

ambiguity and for tree width to assist in the development of characterizations, and

upper and lower bounds for the string path width of NFAs and DFAs. We give a

polynomial time algorithm to decide whether or not the string path width associated

to a nondeterministic finite automaton is bounded. While the string path width

measure seems equally related to tree width and ambiguity, the characterization for

finite string path width is not as simple as the one for tree width. Our algorithm to

decide whether or not an NFA has a bounded string path width relies on the more

involved algorithm for deciding whether or not the degree of ambiguity of an NFA is

finite [1, 41].

Furthermore, to measure the total branching of a finite automaton on all possible

2Here and elsewhere in the thesis we say “branching” in an informal way to to mean the degree
of path expansion during a computation. This should be distinguished from the technical definition
of branching for NFAs as introduced in [7].
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strings, we introduce the depth path width measure. The depth path width counts

the number of accepting and non-accepting computations of a given length. We

show that there are necessary and sufficient conditions for a finite automaton to

have infinite depth path width, based on the existence of cycles satisfying certain

technical requirements. This characterization yields a polynomial time algorithm to

decide whether or not the depth path width measure associated to a nondeterministic

finite automaton is bounded. Our algorithm for this decision problem has a lower

polynomial degree in its worst case run-time than the algorithm for deciding whether

or not the degree of ambiguity associated to a nondeterministic finite automaton is

bounded.

Language families obtained as restrictions of regular languages are called subregu-

lar language families, and have been studied extensively in the literature [3, 12, 13, 33,

34, 38]. Many such families are defined by a regular expression obtained in some way

from finite languages and the set of all words, Σ∗. As the second topic, we introduce

and study variants of subregular language families that are obtained by replacing Σ∗

in the original definition either by the star of a word, or by a finite union of stars

of words. The former definitions are called word-variants of the original classes, and

the latter definitions are called dictionary-variants. We perform a systematic anal-

ysis of the inclusion relationships between five existing subregular language families

and their unary variants, word-variants, and dictionary-variants. We also show that

there exists an infinite hierarchy contained inside of the most powerful new subregular

language family, the generalized word-definite languages.

It is well known that acyclic finite automata characterize exactly the finite lan-

guages [3]. As the last topic, we consider acyclic finite automata and an extension,
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called nearly acyclic finite automata. An NFA N is said to be nearly acyclic if N

does not contain two (different) cycles where a state of the second cycle is reachable

from the first cycle. This characterization is developed to allow maximal behaviour

while still guaranteeing finite depth path width and string path width.

Because of this, these nearly acyclic finite automata act as a connective charac-

terization to bring together the depth path width and the new subregular languages.

We give upper bounds for the string path width and depth path width of (nearly)

acyclic (non) deterministic finite automata. We show that the nearly acyclic finite

automata recognize exactly the generalized word-definite languages. We also show

that deterministic nearly acyclic finite automata have a one-to-one correspondence

with generalized word-definite languages. We have yet to find further meaningful

characterizations for the NFAs recognizing subregular classes lying between finite

and generalized word-definite languages.

1.4 Outline

Chapter 2 outlines several definitions, required either as reference material, or as

supporting metrics. Chapter 3 introduces and studies the string path width measure,

which can be viewed as an intermediate variant of the existing degree of ambiguity and

tree width measures. Chapter 4 discusses the depth path width, an extension of the

string path width. Chapter 5 delves into subregular languages, expands the subregular

hierarchy with 9 new language families, and contains proofs for the inclusions and

non-inclusions. Chapter 6 introduces acyclic NFAs and nearly acyclic NFAs, and

studies their structural and language properties. Chapter 7 summarizes our results,

gives several open problems and future directions, and concludes the presentation.
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The work in this thesis studies various restricted classes of NFAs and their lan-

guages in the hopes of finding new subclasses of NFAs with tighter bounds on their

determinization blow-up. We draw specific attention to the following:

• Chapter 3.2: Algorithm 1, which gives a linear-time transformation for an NFA

N , allowing any algorithm for deciding the degree of ambiguity of N to instead

be used to decide the string path width of N .

• Chapter 4.2: Theorem 8, which shows the computability of deciding whether

or not an NFA has finite depth path width, and lays the groundwork for the

polynomial-time Algorithm 2, which decides whether or not an NFA has finite

depth path width.

• Chapter 5: Theorems 9, 10, and 19, whose results relate the newly developed

subregular languages to the existing subregular languages.

• Chapter 6.2: Theorems 29 and 30, and Corollary 22, which give the maximal

depth path width and string path width of different acyclic automata.

• Chapter 6.3: Theorems 31 and 33, Corollaries 25 and 28, and Conjectures 4 and

6, which summarize the most important results related to structural properties

of nearly acyclic finite automata.

• Chapter 6.3: Theorems 38, 41, and 42, and Corollary 28, whose results show

the relationships between different nearly acyclic automata and generalized word

definite languages.
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Chapter 2

Preliminaries

Here we recall the basic notions of nondeterministic and deterministic finite automata

(NFAs and DFAs), as well as related notions like accepting computations, and the

language accepted by an NFA. Also we introduce some notions related to the number

of transitions in an NFA that will be needed for our measures in the later sections.

By an alphabet Σ, we mean a finite set of symbols (or characters). The infinite set

of finite strings over Σ is denoted Σ∗.

Definition 1 (Nondeterministic Finite Automata). An NFA, N = (Q,Σ, δ, q0, Qf ),

is a 5-tuple where:

• Q is the finite set of states in N.

• Σ is the finite set of alphabet characters.

• δ is the partial transition function defined as Q× Σ→ 2Q.

• q0 is the initial state.

• Qf is the set of final states.
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We allow the transition function of an NFA to be incomplete. An extension of

NFAs allows transitions on the empty string. An ε-NFA has a transition function

defined as Q×Σ∪{ε} → 2Q. It is well known that every NFA with ε-transitions has

an equivalent ordinary NFA with the same number of states [40]. Therefore, in this

work we do not consider NFAs with ε-transitions.

A deterministic finite automaton (DFA) is a special case, where there exists no

more than one transition per character per state. That is, some transitions may be

undefined.

Definition 2 (Deterministic Finite Automata). An NFA, N = (Q,Σ, δ, q0, Qf ), is a

DFA iff:

∀c ∈ Σ,∀q ∈ Q, |δ(q, c)| ≤ 1

Definition 3 (Streams). A sequence of regular languages, (Li, i ≥ k) = (Lk, Lk+1, . . .),

is called a stream. Each language in the stream is of the same form, and is only dif-

ferent in relation to its i parameter [4].

We extend this notion of streams to apply to automata. A sequence of automata,

(Ni, i ≥ k) = (Nk, Nk+1, . . .), is called a stream. Each automata in the stream is of

the same form, and is only different in relation to its i parameter.

Next we define the complete computations of an NFA, and the languages accepted

by an NFA.

Definition 4 (Computations). Given some NFA N and some string w ∈ Σ∗, if the

transition function of N is defined such that each character of w can successively

be used to transition in N , then we say that w has a defined computation in N . A

defined computation of N is an accepting computation if it ends in a final state. The
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set of strings recognized by N , noted as DC(N), consists of all w ∈ Σ∗ that have a

defined computation. The set of strings accepted by N , noted as L(N), consists of all

w ∈ Σ∗ that have an accepting computation. The set of strings of length x recognized

(accepted) by N is noted as DC(N)x (L(N)x, respectively). Note that if all states of

N are final, then DC(N) = L(N).

Since our definition of NFAs allows for an incomplete transition function, it is

possible for a computation to also be incomplete.

Definition 5 (Incomplete Computation). Given some NFA N and some string w ∈

Σ∗, if the transition function of N is defined such that N halts partway through its

computation on w, then we say that w has an incomplete computation in N .

Example 1. For the automaton, N , given in Figure 2.1:

Figure 2.1: Example for computation metrics

• DC(N) = {ε, a, b, ab, ba, abc}

• DC(N)2 = {ab, ba}

• L(N) = {ab, ba, abc}

• L(N)3 = {abc}
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For each complete computation in an NFA, there is an ordered sequence of states

associated with that computation.

Definition 6 (Paths). Given an NFA, N = (Q,Σ, δ, q0, Qf ), some string w ∈ Σ∗, and

a starting state, q ∈ Q, a path through N on w is an ordered set of states representing

the visited states during a computation of N on w.

Definition 7 (Distinctness). We say that two paths, P1 = (a1, . . . , ax) and P2 =

(b1, . . . , by), are distinct if |P1| 6= |P2|, or there exists some integer i, 1 ≤ i ≤

min(x, y), such that ai 6= bi. We say that two paths, P1 = (a1, . . . , ax) and P2 =

(b1, . . . , by), have distinct terminal states if ax 6= by.

If a state cannot be reached from the initial state, or if it cannot ever reach a final

state, then it cannot be used in any accepting computation. We recall the following

notions related to such useless states.

Definition 8 (Trimness [29, 41]). Let N = (Q,Σ, δ, q0, Qf ) be an NFA. N is accessible

if there is at least one path from q0 to every other state in N . N is co-accessible if

from every state, there is at least one path leading to some q ∈ Qf . N is trim if it is

both accessible and co-accessible.

For any trim NFA, every state except the initial state must have at least one

incoming transition. This gives the following lower bound:

Corollary 1. For any trim NFA, N = (Q,Σ, δ, q0, Qf ), |δ| ≥ |Q| − 1.

In anm-state NFA, any one state has at mostm transitions per alphabet character.

Any further added transitions would result in a duplicate transition. This gives the

following upper bound:
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Corollary 2. For any trim NFA, N = (Q,Σ, δ, q0, Qf ), |δ| ≤ |Σ| · |Q|2.

We recall the following conditions that allow us to test whether the language

accepted by an NFA is empty or is infinite.

Lemma 1 (Empty Languages [28]). For any NFA N with m states, L(N) is non-empty

iff there exists some string w ∈ L(N), such that |w| < m.

Lemma 2 (Infinite Languages [28]). For any NFA N with m states, L(N) is infinite

iff there exists some string w ∈ L(N), such that m ≤ |w| ≤ 2m.

The only way that a language can be infinite is if there is a cycle in its NFA.

Definition 9 (Cycles [35]). A cycle is a path of length at least two, which starts and

ends in the same state.

Definition 10 (Cyclical Transition). A cyclical transition is any transition appearing

in a cycle.

Definition 11 (Simple Cycles [35]). A simple cycle is a cycle in which there are no

repeated states.

Without loss of generality, the metrics examined in the thesis assume that all

cycles are simple cycles.

Example 2. For the automaton, N = (Q,Σ, δ, q0, Qf ), given in Figure 2.2:

• δ(1, b) = 2, and δ(2, a) = 1 are the cyclical transitions.

• States 1 and 2 form the simple cycle (1, 2).
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Figure 2.2: Example for cycles

Next we introduce definitions and notation related to measuring the number of

transitions originating from a given state, and the number of nondeterministic tran-

sitions originating from a given state.

The transition width of a state q of an NFA is defined as the total number of

transitions leading out of q on all alphabet symbols.

Definition 12 (Transition Width). Let N = (Q,Σ, δ, q0, Qf ) be an NFA. The tran-

sition width of a state q ∈ Q is defined as: TW (q) =
∑
c∈Σ

|δ(q, c)|.

The maximal transition width of an NFA is defined as the greatest transition

width of any state in the NFA.

Definition 13 (Maximal Transition Width). Let N = (Q,Σ, δ, q0, Qf ) be an NFA.

The maximal transition width of N is defined as: maxTW (N) = max
q∈Q

(TW (q)).

By definition, NFAs have a finite number of states. So there are also a finite

number of possible outgoing transitions per state. Since from any state any individual

alphabet symbol can only lead to each other state once, we get the following:

Corollary 3. Let N = (Q,Σ, δ, q0, Qf ) be an NFA. Then maxTW (N) ≤ |Σ| · |Q|.

For deterministic machines, this bound is much smaller, and strictly dependent

on the size of the alphabet.
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Corollary 4. Let D = (Q,Σ, δ, q0, Qf ) be a DFA. Then maxTW (D) ≤ |Σ|.

While transition width counts all transitions originating from a state, the non-

deterministic degree of a state q of an NFA counts the total number of transitions

leading out of q on a fixed alphabet symbol.

Definition 14 (Nondeterministic Degree). Let N = (Q,Σ, δ, q0, Qf ) be an NFA. The

nondeterministic degree of a state q ∈ Q is defined as: ND(q) = max
c∈Σ

(|δ(q, c)|).

The maximal nondeterministic degree of an NFA is defined as the greatest non-

deterministic degree of any state in the NFA.

Definition 15 (Maximal Nondeterministic Degree). Let N = (Q,Σ, δ, q0, Qf ) be

an NFA. The maximal nondeterministic degree of N is defined as: maxND(N) =

max
q∈Q

(ND(q)).

The nondeterministic degree of a state examines the outgoing transitions of a state

on only one alphabet symbol. Because of this, the maximal nondeterministic degree

of an NFA is bounded by the total number of states in the NFA.

Corollary 5. Let N = (Q,Σ, δ, q0, Qf ) be an NFA. Then maxND(N) ≤ |Q|.

Because the alphabet symbol is fixed, DFAs have a very limited maximal nonde-

terministic degree.

Corollary 6. Let D = (Q,Σ, δ, q0, Qf ) be a DFA. Then maxND(D) ≤ 1.

To further clarify the difference between these branching metrics, we give an ex-

ample NFA and list several values for each metric.

Example 3. For the NFA, N = (Q,Σ, δ, q0, Qf ), given in Figure 2.3:
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• TW (0) = 3, ND(0) = 1

• TW (1) = 2, ND(1) = 2

• maxTW (N) = 3, maxND(N) = 2

• DC(N) = {ε, a, b, c, ab, ba, aba}

• L(N) = {c, ab, ba, aba}

Figure 2.3: Example for branching metrics

It is often useful to compartmentalize an NFA, based on which states are reachable

from a specific starting point.

Definition 16 (Sub-Reachable Automata). Let N = (Q,Σ, δ, q0, Qf ) be an NFA. A

sub-reachable automaton of N is defined as: SRN,q′0
= (Q,Σ, δ, q′0, Qf ), where some

q′0 ∈ Q is the new initial state.

Finally, we recall several notions relating to the ambiguity of an NFA, as it is

defined in [1, 8, 14, 25, 41].
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The degree of ambiguity of an NFA N on a given string w ∈ Σ∗, denoted as

da(N,w), is the number of paths in N which are accepting computations for w. The

degree of ambiguity of a given NFA N noted as da(N), is the greatest degree of

ambiguity of any input word on N .

Definition 17 (Degree of Ambiguity [41]). Let N = (Q,Σ, δ, q0, Qf ) be an NFA.

da(N) = sup
w∈Σ∗

(da(N,w)).

Unfortunately, many NFAs have an infinite amount of ambiguity. That is to say,

as the input string becomes longer, the degree of ambiguity grows larger.

Lemma 3 (Finite Ambiguity [41]). Let N = (Q,Σ, δ, q0, Qf ) be an NFA. Then N is

finitely ambiguous iff da(N) 6=∞.

Deciding whether or not an NFA is infinitely ambiguous can be done in polynomial

time.

Lemma 4 ([41]). For any NFA N = (Q,Σ, δ, q0, Qf ) it is decidable in O(|Q|6 · |Σ|)

on a random-access-machine whether da(N) =∞.

If an NFA is finitely ambiguous, then it must be bounded by some function of its

properties.

Lemma 5 ([41]). For any finitely ambiguous NFA N = (Q,Σ, δ, q0, Qf ) such that

|Q| = m, da(N) is at most of order 2O(m·log2m).

If an NFA is infinitely ambiguous, then it is either polynomially or exponentially

ambiguous.

Lemma 6 ([41]). Let N = (Q,Σ, δ, q0, Qf ) be an NFA where da(N,w) ∈ O(|w|x) for

some constant x. It can be decided in O(|Q|6 · |Σ|) time what the value of x is.
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The different requirements of exponential ambiguity make it easier to test for than

polynomial ambiguity.

Lemma 7 ([41]). For any NFA N = (Q,Σ, δ, q0, Qf ) it is decidable in O(|Q|4 · |Σ|)

whether or not N is exponentially ambiguous.

Next we give several results related to the tree width, as it is defined in [15], [24]

and [25].

The tree width of an NFA N on a given string, w ∈ Σ∗, denoted as twN(w), is the

number of complete and incomplete computation paths of N on w. The tree width of

a given NFA N , noted as tw(N), is the greatest number of complete and incomplete

computation paths of any input word on N [24].

Definition 18 (Tree Width [24]). tw(N) = sup
w∈Σ∗

(twN(w)).

Since tree width counts incomplete computations, it is trivial to create an NFA

which will have infinite tree width. Any NFA which has a nondeterministic cyclical

transition will have infinite tree width. If an NFA has finite tree width, then it is

exponentially bounded.

Lemma 8 (Finite Tree Width [24]). Let N = (Q,Σ, δ, q0, Qf ) be an NFA with finite

tree width such that |Q| = m. Then tw(N) ≤ 2m−2.
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Chapter 3

String Path Width

Here we blend the degree of ambiguity and the tree width into a new metric. The

string path width of an NFA N on a string w counts all complete computations of

N on w. This means it will count the non-accepting computations that the degree

of ambiguity doesn’t count, but it won’t count the incomplete computations that the

tree width does count.

Definition 19 (String Path Width). Let N = (Q,Σ, δ, q0, Qf ) be an NFA, and let

w ∈ Σ∗ be a string. Then SPW (N,w) is the number of distinct paths in N resulting

in a computation on w.

Example 4. For the NFA N = (Q,Σ, δ, q0, Qf ) given in Figure 3.1:

• SPW (N, ab) = 2, paths {(0, 1, 0), (0, 1, 2)}

• SPW (N, aaaa) = 1, path {(0, 1, 0, 1, 0)}

• SPW (N, abab) = 3, paths {(0, 1, 0, 1, 0), (0, 1, 0, 1, 2), (0, 1, 2, 2, 2)}

• SPW (N, ababab) = 4, paths {(0, 1, 0, 1, 0, 1, 0), (0, 1, 0, 1, 0, 1, 2), (0, 1, 0, 1, 2, 2, 2),

(0, 1, 2, 2, 2, 2, 2)}
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• SPW (N, (ab)x) = x+ 1, such that x ≥ 1

Figure 3.1: String Path Width Example

3.1 Bounds

We begin by establishing some elementary bounds on the string path width measure.

Theorem 1 (SPW NFA Upper Bound). Let N = (Q,Σ, δ, q0, Qf ) be an NFA where

|Q| = m, and let w ∈ Σ∗ be a string. Then

SPW (N,w) ≤ (maxND(N))|w| ≤ m|w|

Proof. Let N = (Q,Σ, δ, q0, Qf ) be an NFA where |Q| = m and |Σ| = k, and let

w ∈ Σ∗ be a string. When the transition function is fully saturated, every state has

k transitions to each of the m states, and |δ| = k ·m2. From Corollary 5, we know

maxND(N) ≤ m. Since each state q ∈ Q has ND(q) = m, we get maxND(N) =

m. Since we are looking at a specific string, each transition utilized during some

computation of w on N requires a specific character. For each transition there are

maxND(N) different destinations with the required character. So then there are

(maxND(N))|w| paths when computing w with N .

Theorem 2 (SPW DFA Upper Bound). Let D = (Q,Σ, δ, q0, Qf ) be an DFA, and

let w ∈ Σ∗ be a string. Then SPW (D,w) ≤ 1.
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Proof. Let D = (Q,Σ, δ, q0, Qf ) be a DFA where |Q| = m and |Σ| = k, and let w ∈ Σ∗

be a string. Since D is deterministic, from Corollary 6 we know maxND(D) ≤ 1.

When the transition function is fully saturated, every state has k outgoing transitions,

and |δ| = k·m. Since we are looking at a specific string, each transition utilized during

some computation of w on D requires a specific character. Since D is deterministic,

there is no choice as to which transition to use with each character. So then there is

at most one path when computing w on D.

Theorem 3 (SPW NFA/DFA Lower Bound). There exists an NFA, N = (Q,Σ, δ, q0, ∅),

such that SPW (N,w) = 0 for all w ∈ Σ∗.

Proof. Let N = (Q,Σ, δ, q0, Qf ) be an NFA, such that |δ| = 0. Since there are no

accepting states, L(N) = Ø. Since there are no transitions, DC(N) = {ε}. This

means that there are no paths in N for any string.

3.2 String Path Width of an NFA

We define the string path width of an NFA N as the supremum of the string path

widths of N on all strings.

Definition 20 (Supremal String Path Width). Let N = (Q,Σ, δ, q0, Qf ) be an NFA.

Then supSPW (N) = sup
w∈DC(N)

(SPW (N,w)).

Since the degree of ambiguity only counts paths resulting in accepting computa-

tions and the string path counts the accepting and non-accepting computations, the

string path width of an NFA N on a string w will always be at least as great as the

degree of ambiguity of N on w.
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Corollary 7. Let N = (Q,Σ, δ, q0, Qf ) be an NFA, and let w ∈ Σ∗. Then da(N,w) ≤

SPW (N,w), and by extension, da(N) ≤ supSPW (N).

The degree of ambiguity is only equal to the string path width when all compu-

tations are accepting.

Corollary 8. Let N be an NFA. Then da(N) = supSPW (N) iff all of its states are

final.

We utilize existing complexity results and algorithms for ambiguity to acquire

results for the string path width of an NFA. First we establish a transformation to

take an NFA and create a version of it where its degree of ambiguity is equal to its

string path width.

Theorem 4. For any NFA N , a linear-time transformation can be applied to create

N’, such that da(N’)=supSPW(N).

Proof. The algorithm does not add any states, and only unreachable states are re-

moved. Since neither ambiguity nor string path width examine unreachable states,

this can be done without ill effect. In fact, because all states are reachable and final

in the transformed version, it is guaranteed to be trim.

Algorithm 1 Path Metric Transformation

1: Let N = (Q,Σ, δ, q0, Qf ) be an NFA.
2: Remove all unreachable states from N .
3: Create a copy of N , call it N ′.
4: Mark all states in N ′ as final.
5: Now L(N ′) = DC(N), and da(N ′) = supSPW (N).

For an NFA N = (Q,Σ, δ, q0, Qf ), the algorithm is O(|δ| + |Q|) to create a copy

of N , and O(|Q|) to mark all states as final. So Algorithm 1 runs in linear time with

respect to the number of states and transitions.
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Using the transformation from Algorithm 1, and the result from Lemma 4 for

deciding whether or not an NFA has infinite ambiguity, we get the following:

Corollary 9. For any NFA N = (Q,Σ, δ, q0, Qf ) it is decidable in O(|Q|6 · |Σ|) on a

random-access-machine whether supSPW (N) =∞.

Combining the transformation from Algorithm 1, and the upper bound on the

degree of ambiguity from Lemma 5, we get the following:

Corollary 10. For any NFA N = (Q,Σ, δ, q0, Qf ) where |Q| = m, if supSPW (N) 6=

∞, then supSPW (N) is at most of order 2O(m·log2m).

If an NFA does not have finite string path width, then it must be bounded by

some polynomial or exponential function of its input string length.

Combining the transformation from Algorithm 1, and the algorithm from Lemma

6 for determining the polynomial degree by which an NFA’s ambiguity is bounded,

we get the following:

Corollary 11. Let N = (Q,Σ, δ, q0, Qf ) be an NFA where supSPW (N,w) ∈ O(|w|x)

for some constant x. The value of x can be decided in O(|Q|6 · |Σ|) time.

Combining the transformation from Algorithm 1 and the algorithm from Lemma

7, we get the following:

Corollary 12. For any NFA N = (Q,Σ, δ, q0, Qf ) it is decidable in O(|Q|4 · |Σ|)

whether or not N has exponential string path width.

The string path width is also related to the tree width measure considered by

Palioudakis et al. [24]. Differing from string path width, the tree width of an NFA

N on a string w also counts the incomplete computations of N on w. The tree width
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of N on a string w will then always be at least as great as the string path width of

N on w. They are only equal when there are no incomplete computations in N .

Corollary 13. Let N = (Q,Σ, δ, q0, Qf ) be an NFA, and let w ∈ Σ∗. Then SPW (N,w) ≤

twN(w), and by extension, supSPW (N) ≤ tw(N).

For an NFA to have finite tree width, it must not have any nondeterministic

cyclical transitions [24]. This condition is much more restrictive than those which

cause an NFA to have infinite string path width. Therefore, there exist NFAs which

will have finite string path, but will not have finite tree width.
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Chapter 4

Depth Path Width

We introduce the depth path width of an NFA N on an integer ` as the number

of distinct computations in N of length `. This metric can be viewed as a broader

version of the string path width; while the string path width counts distinct paths

on a specific string w, the depth path width counts distinct paths on all strings of a

length |w|.

Definition 21. Let N = (Q,Σ, δ, q0, Qf ) be an NFA, and let ` ∈ N. Then

DPW (N, `) =
∑
w∈Σ`

SPW (N,w)

Example 5. For the NFA N = (Q,Σ, δ, q0, Qf ) given in Figure 4.1:

• DPW (N, 1) = 2, paths {(0, 0), (0, 1)}

• SPW (N, 2) = 3, paths {(0, 0, 0), (0, 0, 1), (0, 1, 1)}

• SPW (N, 3) = 4, paths {(0, 0, 0, 0), (0, 0, 0, 1), (0, 0, 1, 1), (0, 1, 1, 1)}

• SPW (N, x) = x+ 1
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Figure 4.1: Depth Path Width Example

Since the depth path width counts all strings of a given length `, if there is only

one string of length ` then the depth path width can only count one string.

Lemma 9. Let N = (Q,Σ, δ, q0, Qf ) be an NFA with a unary alphabet, and let w ∈ Σ∗

be a unary string. Then DPW (N, |w|) = SPW (N,w).

4.1 Bounds

Again we begin by establishing some elementary bounds on the depth path width

measure.

Theorem 5 (DPW NFA Upper Bound). Let N = (Q,Σ, δ, q0, Qf ) be an NFA where

|Q| = m and |Σ| = k, and let ` ∈ N. Then

DPW (N, `) ≤ (maxTW (N))` ≤ (m · k)`

Proof. Let N = (Q,Σ, δ, q0, Qf ) be an NFA where |Q| = m and |Σ| = k, and let

` ∈ N. When the transition function is fully saturated, every state has k transitions

to each of the m states. This results in each state q ∈ Q having the maximal tran-

sition width, TW (q) = k · m. Since each state has maximal transition width, then

maxTW (N) is also maximal. Since we are looking at all computations of a certain

length, there are no restrictions on which characters can be used to transition. From
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any state during the computation, there are maxTW (N) different combinations of

transition destination and character label. So then there are (maxTW (N))` distinct

computations of length ` in N .

Theorem 6 (DPW DFA Upper Bound). Let D = (Q,Σ, δ, q0, Qf ) be a DFA where

|Q| = m and |Σ| = k, and let ` ∈ N. Then

DPW (D, `) ≤ (maxTW (D))` ≤ k`

Proof. Let D = (Q,Σ, δ, q0, Qf ) be a DFA where |Q| = m and |Σ| = k, and let

` ∈ N. When the transition function is fully saturated, every state has k transitions

(one per alphabet character) leading out. This results in each state q ∈ Q having

a maximal transition width of TW (q) = k. Since each state has maximal transition

width, maxTW (D) is also maximal. Since we are looking at all computations of a

certain length, there are no restrictions on which characters can be used to transition.

So then there are (maxTW (D))` paths of length ` in D.

Theorem 7 (DPW NFA/DFA Lower Bound). There exists an NFA, N = (Q,Σ, δ, q0, Qf ),

such that DPW (N, `) = 0 for all ` ≥ 0.

Proof. Let N = (Q,Σ, δ, q0, Qf ) be an NFA, such that |δ| = 0. Since there are no

accepting states, L(N) = Ø. Since there are no transitions, DC(N) = {ε}. This

means that there are no paths in N for any string.

4.2 Depth Path Width of an NFA

We define the depth path width of an NFA N as the supremum of the depth path

widths of N on all computation lengths.
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Definition 22 (Supremal Depth Path Width). Let N = (Q,Σ, δ, q0, Qf ) be an NFA.

Then supDPW (N) = sup
0<`

(DPW (N, `)).

Extending the equality between the string path width and depth path width for

unary strings from Lemma 9 to the NFA versions of string path width and depth

path width, we get the the following:

Lemma 10. Let N = (Q,Σ, δ, q0, Qf ) be an NFA with a unary alphabet. Then

supDPW (N) = supSPW (N).

Here we define a tree structure to represent all possible computations in an NFA,

on all possible strings. The number of nodes at a given depth will then correspond

to the depth path width of that depth. This tree structure will be used to formalize

conditions when the depth path width of an NFA is infinite.

Definition 23 (Path Tree). Let N = (Q,Σ, δ, q0, Qf ) be an NFA, and let ` ∈ N. The

path tree TN,` is a finite tree where the nodes are labelled by elements of Q, and the

edges are labelled by elements of Σ. We define the structure of TN,` inductively by

first defining TN,0 to be the tree with one node labelled as q0, and no edges. Now we

define the process to create TN,`:

• Let L be the set of leaf nodes in TN,`−1 with distance `− 1 from the root.

• If a leaf x ∈ L is labelled by state q, then for each δ(q, c) = q′, c ∈ Σ, and

q′ ∈ Q, we add to x a child y labelled by q′, and the edge between x and y is

labelled with c.

We give the following example to help clarify the structure of path trees.
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(a) Example NFA (b) Path Tree for Figure 4.2(a)

Figure 4.2: Example NFA and Corresponding Path Tree

Example 6. For the NFA N in Figure 4.2(a), the path tree in Figure 4.2(b) is TN,3.

Definition 24 (Pruned Path Trees). A pruned path tree T p
N,` for some NFA N and

some ` ∈ N is created from TN,`, by recursively removing all leaf nodes which have

a distance smaller than ` from the root node. This results in a tree where every leaf

node has exactly distance ` from the root.

Directly from the above definitions we get the following properties of pruned path

trees.

Corollary 14. If TN,` has at least one leaf node at depth `, then all leaf nodes in T p
N,`

will be at depth `. If TN,` has no leaf nodes with depth `, then T p
N,` is the empty tree.

Corollary 15. Let TN,` be the path tree of some NFA N and for some ` ∈ N. Then

any node in TN,` has at most maxTW (N) children.
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By Corollary 14, the leaves of a pruned path tree of depth ` are exactly all leaves

of the path tree having depth `. This means that the number of leaves of a pruned

path tree also gives the depth path width on a given depth.

Corollary 16. Let N be an NFA, and let ` ∈ N. Then DPW (N, `) is equal to the

number of leaves in T p
N,`.

Now we give a proof showing the necessary and sufficient conditions for an NFA

to have an infinite depth path width.

Theorem 8. Let N = (Q,Σ, δ, q0, Qf ) be an NFA. Then supDPW (N) = ∞ iff the

following 3 properties hold:

i). N has a cycle Cq involving a state qc, such that TW (qc) ≥ 2.

ii). There exists some state qa ∈ δ(qc, y) such that qa is in cycle Cq, for some y ∈ Σ.

iii). There exists some state qb ∈ δ(qc, z) such that (qa 6= qb or y 6= z), and

|DC(SRN,qb)| =∞, for some z ∈ Σ.

Proof. −→

Let N = (Q,Σ, δ, q0, Qf ) be an NFA such that supDPW (N) =∞. Let |Q| = m,

and |Σ| = k. Let `1 = 2m, `2 = 4m, `3 = 6m. Let TN,`1 , TN,`2 , and TN,`3 be path

trees for N.

By Corollary 15, no node in TN,`3 has more than maxTW (N) children. Because

supDPW (N) = ∞, there exists some x ∈ N such that x > `1, and DPW (N, x) >

DPW (N, `1). Let x ≥ 4m. By Corollary 16, T p
N,x > T p

N,`1
(for the number of leaves

in each). This means at least one of the nodes in TN,x with distance at least 2m from

the root has TW ≥ 2; let this node be qc. Since qc has a distance of at least 2m from
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the root, and there are only m different states, qc must be in a cycle. Let qc’s two

transitions be defined as qa ∈ δ(qc, y), and qb ∈ δ(qc, z), such that qa 6= qb, or y 6= z.

Let P1 be the path (qc, qa, . . . , qc), such that no state other than qc repeats. That is,

P1 is the path of a simple cycle, C1.

If qa = qb, and y 6= z: Then there is a second simple cycle C2, where the path P2

of C2 is the same as P1, but the character used to transition from qc to qa is different

than in P1. Then |DC(SRN,qb)| =∞, since qb is in a cycle.

Otherwise, qa 6= qb: Since there must exist a leaf node at depth x from qb, there

must exist a path from qb and onwards such that x − 1 more transitions are used.

Since x ≥ 4m, the distance from qb to a leaf node, qn, is at least 2m− 1. So then the

path P3 = (qb, . . . , qn) must contain a cycle. So then |DC(SRN,qb)| =∞.

←−

Let N = (Q,Σ, δ, q0, Qf ) be an NFA, such that i), ii), and iii) hold. Let qc be the

cyclical divergence point, in cycle Cq, and let the cycle reachable from qb be Cb. Let

qd be the first state of cycle Cb.

Let P0 be the path (q0, . . . , qc), with length n0 (i.e., the prefix, leading up to the

first cycle). Let P1 be the path (qc, qa, . . . , qc), with length n1 (i.e., the path of the

cycle Cq). Let P2 be the path (qb, . . . , qd), with length n2 (i.e., the infix leading to the

second cycle). Let P3 be the path (qd, . . . , qd), with length n3 (i.e., the second cycle,

Cb). Let

f(x) = {(P0 + (P1)n3·i + P2 + (P3)n1·j) | i, j ≥ 0, i+ j = x}

Trivially, n1 and n3 are factors of n1 · n3, and so paths P1 and P3 do not need to

be the same length; all paths in f(x) will have length n0 + n2 + (x · (n1 · n3)). Since
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f(x) is counting only some of the paths in N ,

|f(x)| ≤ DPW (N, n0 + n2 + (x · (n1 · n3)))

Expanding the set notation of f(x), we get (4.1):

f(x) = {

(P0, P
x·n3
1 , P2),

(P0, P
(x−1)·n3

1 , P2, P
n1
3 ),

. . . ,

(P0, P
n3
1 , P2, P

(x−1)·n1

3 ),

(P0, P2, P
x·n1
3 }

(4.1)

The number of paths contained in f(x) is directly related to how many ways in which

i+j = x can hold. As x grows, i+j = x allows more values for i and j. Because of this,

it can be seen that |f(x)| is strictly increasing as x increases. Since lim
x→∞
|f(x)| =∞,

and |f(x)| ≤ DPW (N, n0 + n2 + (x · (n1 · n3))), we get supDPW (N) =∞.

As a consequence of Theorem 8, we have:

Corollary 17. If an NFA N = (Q,Σ, δ, q0, Qf ) has a state involved in two or more

cycles, then supDPW (N) =∞.

Since there are necessary and sufficient conditions for an NFA to have infinite

depth path width, there are also methods of checking whether an NFA has these

conditions.

Analysis of Algorithm 2: Creating the copy of N takes Θ(m+ |δ|) time and space.
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Algorithm 2 Deciding if an NFA has infinite depth path width

1: Let N = (Q,Σ, δ, q0, Qf ) be an NFA where |Q| = m and |Σ| = k.
2: Create a copy of N , call it N ′.
3: Create an adjacency matrix M , where M [qa, qb] is the minimum distance from

state qa ∈ Q to state qb ∈ Q.
4: infinityCondition = False
5: for all qc ∈ Q do
6: for all qa ∈ δ(qc, y) and qb ∈ δ(qc, z) such that (qa 6= qb or y 6= z) do
7: if M [qa, qc] 6=∞ then
8: Set initial state of N ′ to be qb
9: if |DC(N ′)| =∞ then

10: infinityCondition = True
11: end if
12: end if
13: end for
14: end for
15: return infinityCondition

Creating the adjacency matrix for N takes Θ(m3) time and Θ(m2) space using the

Floyd-Warshall algorithm [6]. Each of the three for all statements multiplies the inner

complexity by Θ(m), as there are m3 triples of the form (qa, qb, qc). Checking whether

|DC(N ′)| =∞ takes O(m+ |δ|) time using Tarjan’s Strongly Connected Components

algorithm [39]. So then the worst-case runtime is

O(m+ |δ|+m3 +m3 · (m+ |δ|)) = O(m3 · (m+ |δ|))

Recall from Corollary 2 that |δ| ≤ k · m2. So we replace |δ| and rewrite the

worst-case runtime as

O(m3 · (m+ k ·m2)) = O(k ·m5)

It is interesting to note that our algorithm for checking if an NFA has infinite
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depth path width is of a smaller polynomial degree than the algorithm for checking if

an NFA has infinite string path width, even though the string path width of a given

NFA N is always less than or equal to the depth path width of N . This is similar

to how it is more complex to check for polynomial ambiguity than it is to check for

exponential ambiguity [1, 18, 20, 21].

Now that we have established the necessary and sufficient conditions which cause

an NFA to have infinite depth path width, we seek to characterize the NFAs which

always have finite depth path width. In the following chapter, we recall and establish

several language theory results which will later be required as a basis to describe the

languages recognized by NFAs with finite depth path width.
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Chapter 5

Subregular Families

As an aside to the graph-structure related work studied in the thesis thus far, we

recall several existing subregular language families, and introduce several new ones.

By a subregular language family we mean a class of languages properly contained in

the regular languages.

There are many subregular families, but perhaps the most common example is the

class of finite languages [3, 31]. A good deal of research has been completed concerning

the properties of subregular languages, and their equivalent finite automata [3, 12, 13,

33, 34, 38]. We draw specific attention to Theorems 9, 10, and 19, whose proofs are

non-trivial and give the most information relating the new subregular families to the

old ones. All of the results in this chapter are summarized at the end of the chapter

by Figure 5.1.

The following definitions concern existing subregular languages.

Definition 25 (Star Languages [12]). A language L is a star language if L = H∗ for

some regular language H.

Definition 26 (Generalized Definite Hierarchy [3]). A language L is:
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1. Combinational if L = Σ∗H, for some H ⊆ Σ.

2. Non-initial definite if L = Σ∗H, for some finite language H ⊆ Σ∗.

3. Definite if L = L1

⋃
Σ∗L2 for some finite languages L1, L2 ⊆ Σ∗.

4. Generalized definite if L = E∪
y⋃

i=1

GiΣ
∗Hi, for some finite languages E,Gi, Hi ⊆

Σ∗, and y ∈ N.

Unfortunately, many subregular languages in these families will have an equivalent

minimal DFA with infinite depth path width. Having Σ∗ as part of a language means

that there will be at least |Σ| self-loops on at least one state in any representative

NFA or DFA. From Corollary 17, we know that no NFA with finite depth path width

can have a state involved in more than 1 cycle. So when |Σ| ≥ 2, any NFA whose

language has Σ∗ as an infix will have infinite depth path width. If Σ is unary, then only

a single self-loop is required to represent Σ∗, and this does not cause infinite depth

path width. We first examine subregular languages which came from restricting the

Σ∗ in ways which prevent infinite depth path width. Then we examine the unary

versions of the existing subregular languages, since they may also have finite depth

path width. We conclude the chapter by giving proofs for the non-inclusions of all

new subregular language families.

5.1 Subregular Word-Variants and Dictionary-Variants

Here we take several existing subregular language families and modify them to allow

their representative NFAs to have finite depth path width. We substitute Σ∗ for the

star of a word, or a dictionary.
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Definition 27 (Dictionary). D = (w∗1 + . . .+ w∗d) =
d⋃

i=1

(w∗i ); wi ∈ Σ∗

The word-variants are the same as their counterparts in Definitions 25 and 26,

with all instances of Σ∗ replaced by the star of some word. The dictionary-variants

are the same as their counterparts in Definitions 25 and 26, with all instances of Σ∗

replaced by a dictionary, as in Definition 27. However, making these substitutions

renders each word-variant and dictionary-variant incomparable to its counterpart.

Definition 28 (Generalized Word-Definite Hierarchy). A language L is:

1. Word-Star (WS) if L = w∗, for some w ∈ Σ∗.

2. Word-Combinational (WC) if L = w∗H, for some H ⊆ Σ, or H = {ε}, and

w ∈ Σ∗.

3. Non-Initial Word-Definite (NIWD) if L = w∗H, for some finite language H ⊆

Σ∗, and w ∈ Σ∗.

4. Word-Definite (WD) iff L = L1 ∪w∗L2, for some finite languages L1, L2 ⊆ Σ∗,

and w ∈ Σ∗.

5. Generalized Word-Definite (GWD) if L = E ∪
y⋃

i=1

Giw
∗
iHi, for some finite lan-

guages E,Gi, Hi ⊆ Σ∗, w ∈ Σ∗, and y ∈ N.

Definition 29 (Generalized Dictionary-Definite Hierarchy). A language L is:

1. Dictionary-Star (DS) if L =
d⋃

i=1

w∗i , for wi ∈ Σ∗, and d ∈ N.

2. Dictionary-Combinational (DC) if L = (
d⋃

i=1

w∗i )H, for some H ⊆ Σ or H = {ε},

wi ∈ Σ∗, and d ∈ N.
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3. Non-Initial Dictionary-Definite (NIDD) if L = (
d⋃

i=1

w∗i )H, for some finite lan-

guage H ⊆ Σ∗, wi ∈ Σ∗, and d ∈ N.

4. Dictionary-Definite (DD) if L = L1 ∪ (
d⋃

i=1

w∗i )L2, for some finite languages

L1, L2 ⊆ Σ∗, wi ∈ Σ∗, and d ∈ N.

5. Generalized Dictionary-Definite (GDD) if L = E ∪
y⋃

i=1

[Gi(
di⋃
j=1

w∗i,j)Hi] for some

finite languages E,Gi, Hi ⊆ Σ∗, wi,j ∈ Σ∗, and y, di ∈ N.

Since the generalized word-definite and generalized dictionary-definite classes al-

low for the finite union of finite languages, and because there is no upper bound on

the size of a finite language, we want to normalize these classes in some way.

Theorem 9 (Generalized Word-Definite Normal Form). If a language is generalized

word-definite, then it can also be described as L =
z⋃

i=1

viw
∗
i xi, for some v, w, x ∈ Σ∗,

and z ∈ N.

Proof. Let L be some generalized word-definite language, L = E ∪
y⋃

i=1

Giw
∗
iHi, for

some finite E,Gi, Hi ⊆ Σ∗, wi ∈ Σ∗, and y ∈ N. Because E,Gi, Hi are finite, they

can be described using the following regular expressions, for ei, gi,`, hi,` ∈ Σ∗:

E = (e1 + . . .+ ea), Gi = (gi,1 + . . .+ gi,b), Hi = (hi,1 + . . .+ hi,c)

Using the distributive law of union with Gi, Hi and wi, we get (5.1):

y⋃
i=1

Giw
∗
iHi =

y⋃
i=1

((gi,1w
∗
i hi,1+. . .+gi,1w

∗
i hi,c)+. . .+(gi,bw

∗
i hi,1+. . .+gi,bw

∗
i hi,c)) (5.1)

Now that all of the sub-languages have been expanded, it can be seen that L is

described by the union of a finite number of components of the form vw∗x. To be
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more precise, L can be described as the union of
y∑

i=1

|Gi| · |Hi| components of the form

vw∗x, and |E| strings of the form u, for u ∈ Σ∗. More generally, this means that

L =
z⋃

i=1

viw
∗
i xi for some vi, wi, xi ∈ Σ∗, and some z ∈ N.

When describing generalized word-definite languages, this disjunctive normal form

is utilized for ease and consistency of description.

Definition 30. If L =
y⋃

i=1

viw
∗
i xi, for some v, w, x ∈ Σ∗, and some y ∈ N, then L is

a GWDy language.

In [27], generalized word-definite languages are called Union of Single Loops (USL)

languages. In [32], GWDy languages are characterized in the following way.

Lemma 11 ([32]). The number of words of the same length is bounded by a constant

C iff L can be represented as a finite union of C components of the form xy∗z, where

x, y, z ∈ Σ∗.

Now that these languages have been normalized and related to existing results,

we establish an infinite hierarchy between the subclasses of GWD.

Theorem 10. GWDy ( GWDy+1

Proof. Let pi be the ith prime, i ∈ N. Let Ly+1 = {(api)∗ | 1 ≤ i ≤ y + 1}. It can be

seen that Ly+1 ∈ GWDy+1. For the sake of contradiction assume that Ly+1 ∈ GWDy,

that is, we can write

Ly+1 = u1w
∗
1v1 + . . .+ uyw

∗
yvy, (5.2)

for some strings ui, vi, wi, i = 1, . . . , y. Denote bi = |wi| and ci = |uivi|. Since Ly+1 is
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a unary language, (5.2) can be rewritten in terms of the lengths of strings as in (5.3):

y+1⋃
i=1

{x · pi | x ≥ 0} =

y⋃
i=1

{ci + x · bi | x ≥ 0}. (5.3)

Claim 1. For each 1 ≤ i ≤ y, ci is divided by some pj, j ∈ {1, . . . , y + 1}.

Proof of Claim 1. For the sake of contradiction assume that ci is not divided by any

of the pj’s. Now the value Zi = ci + (
y+1∏
j=1

pj) · bi is in the right side of (5.3). On the

other hand, Zi cannot be divisible by any of the primes pj, 1 ≤ j ≤ y + 1, which

means that Zi is not in the left side of (5.3). This is a contradiction.

Claim 2. For each 1 ≤ i ≤ y, there exists j ∈ {1, . . . , y+ 1} such that pj divides both

ci and bi.

Proof of Claim 2. Consider a fixed i ∈ {1, . . . , y}. Let A ⊆ {1, . . . , y + 1} be the set

of indices r such that pr divides ci and B ⊆ {1, . . . , y+ 1} be the set of indices r such

that pr divides bi. By Claim 1 we know that at least A is non-empty. For the sake

of contradiction assume that A ∩B = ∅. Denote by C the complement of A, that is,

C ⊆ {1, . . . , y+ 1} consists of all indices r such that pr does not divide bi. The value

Vi = ci + (
∏
j∈C

pj) · bi is in the right side of (5.3). We argue that no pj, 1 ≤ j ≤ y + 1

can divide Vi which then means that Vi is not in the left side of (5.3) and yields the

contradiction. Primes pj with j ∈ A divide ci but do not divide (
∏
j∈C

pj) · bi (since

A ∩ B = ∅) and, hence, do not divide Vi. Primes pj with j 6∈ A, divide (
∏
j∈C

pj) · bi

but do not divide ci, and hence do not divide Vi. Hence no pj, 1 ≤ j ≤ y + 1 divides

Vi, concluding the proof of Claim 2.

Without loss of generality we can assume that, for all 1 ≤ i ≤ y, bi 6= 0 or ci 6= 0.

Note that if bi = ci = 0 the corresponding term uiw
∗
i vi in the right side of (5.2)
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represents only the empty string and could be removed.

Now by Claim 2, for each 1 ≤ i ≤ y, bi and ci are both divided by some of the

primes, denote this by pji . This means that pji is the only one of the primes that can

be “represented” by bi and ci, that is,

{ci + x · bi | x ≥ 0} ∩ {p1, . . . , py+1} ⊆ {pji}.

Note that if bi and ci are divided also by some other prime besides pji then the above

intersection is empty.

Since all elements p1, . . . , py+1 are in the left side of (5.3), by the Pigeon-hole

Principle we conclude that the (5.3) cannot hold.

Since Theorem 10 takes advantage of the properties of primes, it can be seen that

the infinite generalized word-definite hierarchy does not depend on the alphabet’s

size.

We now show that the nested unions of a generalized dictionary-definite language

can be collapsed into a single union of finitely many components of the form vw∗x

for v, w, x ∈ Σ∗.

Lemma 12 (GWD = GDD). Generalized dictionary-definite languages are equivalent

to generalized word-definite languages.

Proof. Let L1 be some generalized dictionary-definite language,

L1 = E1 ∪
y⋃

i=1

[Gi(

di⋃
j=1

w∗i,j)Hi]

Because E,Gi, Hi are finite, they can be described using the following regular
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expressions, for ei, gi,`, hi,` ∈ Σ∗:

E = (e1 + . . .+ ea), Gi = (gi,1 + . . .+ gi,b), Hi = (hi,1 + . . .+ hi,c)

There is one dictionary of size di for each value of i. If di = 1, then the dictionary

is the set {w∗i }, and the dictionary is just the star of some word wi ∈ Σ∗. If di ≥ 2,

then by using the distributive law of union:

y⋃
i=1

Gi(

di⋃
j=1

w∗i,j)Hi =

y⋃
i=1

(Giw
∗
i,1Hi + . . .+Giw

∗
i,di
Hi)

Recall from (5.1) that
y⋃

i=1

Giw
∗
iHi =

z⋃
k=1

vkw
′∗
k xk,

for some vk, w
′
k, xk ∈ Σ∗, and for z =

y∑
i=1

|Gi| · |Hi|. By extension,

y⋃
i=1

(Giw
∗
i,1Hi + . . .+Giw

∗
i,di
Hi) =

z⋃
k=1

vkw
′∗
k xk

for some vk, w
′
k, xk ∈ Σ∗, and for z =

y∑
i=1

|Gi| · di · |Hi|.

So then for any generalized dictionary-definite language L = E∪
y⋃

i=1

Gi(
di⋃
j=1

w∗i,j)Hi,

we can create a GWDz language equal to L, for z = |E|+
y∑

i=1

|Gi| · di · |Hi|.

Now we show that for any generalized word-definite language, there exists a gen-

eralized dictionary-definite language which can simulate it. Let L2 be some GWDy

language,

L2 = E2 ∪
y⋃

i=1

viw
∗
i xi
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We construct a dictionary-definite language L3, where all of the dictionaries have

size 1.

L3 = E3 ∪
y⋃

i=1

[Gi(
1⋃

j=1

w∗i,j)Hi] = E3 ∪
y⋃

i=1

[Giw
∗
iHi]

It can be seen that L3 is a generalized word-definite language. So then for any gen-

eralized word-definite language, we can create an equivalent generalized dictionary-

definite language.

This means that generalized word-definite languages are the same as generalized

dictionary-definite languages.

Since generalized word-definite languages allow a finite union of components of

the form vw∗x, all of the words from a generalized dictionary-definite language’s

dictionaries can be represented with a slight expansion on the size of the outer union.

However, since none of the other word-variants allow this finite union of words, they

cannot represent all of the words from a dictionary. So then this equivalence holds

only for these two classes.

For any of the other subregular language families given in Definition 26, the word-

variant is a special case where the dictionary’s size is 1.

Lemma 13. Except for the generalized word-definite and generalized dictionary-

definite languages, each of the word-variant language classes is a strict subset of the

corresponding dictionary-variant language class.

Proof. The inclusion follows from the observation that a word is always a dictionary

of size one. The strictness of the inclusions is not difficult to show. We show by

properties of dictionaries that there exists a dictionary-definite language for which

there is no equivalent word-definite language.
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Let D = ∅ ∪ (a∗ + b∗){ε} be a dictionary-definite language. Now we attempt to

create a word-definite language, L = L1 ∪ w∗L2 to simulate D. Clearly there is no

way to represent (a∗+ b∗) using just w∗, and no other part of L can contain a Kleene-

star. So then word-definite languages are a strict subset of dictionary languages. The

strictness of the other inclusions holds similarly.

As a result of Lemmas 12 and 13, we get the following:

Corollary 18. Dictionary-definite languages are a strict subset of generalized word-

definite languages.

Next we establish a number of strict inclusions between word-languages, star-

languages, and dictionary-languages.

Theorem 11 (WS ( Star). Word-star languages are a strict subset of star languages.

Proof. From Definitions 25 and 28, it can be seen that word-star languages are a

special case of star languages, when H = {w}. So then word-star languages are a

subset of star languages.

Now we will show that word-star languages are a strict subset of star languages.

Let S2 be a star language, S2 = H∗, such that H = (a+ b). For the sake of contradic-

tion, assume that we can create a word-star language, S1 = w∗, for some w ∈ Σ∗, such

that S1 = S2. Since S1 is a word-star language, S1 contains at most one string of any

given length. (a+b)∗ contains two strings of length 1, and so it cannot be a word-star

language. Therefore, word-star languages are a strict subset of star languages.

Since word-star languages are so restricted, they are the lowest class in our en-

tire hierarchy. They are the bottom rung, connecting the star-languages with the

generalized definite languages.
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Theorem 12 (WS ( WC). Word-star languages are a strict subset of word-combinational

languages.

Proof. From Definition 28, it can be seen that word-star languages are a special case

of word-combinational languages, when H = {ε}. So then word-star languages are a

subset of word-combinational languages.

Now we will show that word-star languages are a strict subset of word-combinational

languages. Let L be a word-combinational language, L = (ab)∗c, such that a, b, c ∈ Σ.

For the sake of contradiction, assume that we can create a word-star language, S = w∗,

for some w ∈ Σ∗, such that S=L. If c is included in w, then S contains strings with

multiple c’s, and S 6= L. If c is excluded from w, then there are no strings in S

containing c’s, and S 6= L. In either case, we have a contradiction. So then we

cannot create a word-star language which recognizes the word-combinational lan-

guage L. Therefore, word-star languages are a strict subset of word-combinational

languages.

This strict inclusion occurs because word-combinational languages allow a suffix

of length 0 or 1, while word-star languages do not allow for any suffix.

Recall from Lemma 13 that any word-variant is a special case of the dictionary-

variant where the dictionary’s size is 1. By repeating the construction from Theorem

12 and interpreting each star of a word as the star of a dictionary of size 1, we get

the following:

Corollary 19. Dictionary-star languages are a strict subset of dictionary-combinational

languages.

A similar strict relationship holds between families when we don’t restrict the

length of the suffix.
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Theorem 13 (WC ( NIWD). Word-combinational languages are a strict subset of

non-initial word-definite languages.

Proof. From Definition 28 it can be seen that word-combinational languages are a

special case of non-initial word-definite languages, when the finite component H con-

tains strings of maximally length 1. So then word-combinational languages are a

subset of non-initial word-definite languages.

Now we will show that word-combinational languages are a strict subset of non-

initial word-definite languages. Let L1 be a non-initial word-definite language, L1 =

(ab)∗cc, such that c ∈ Σ. For the sake of contradiction, assume that we can create

a word-combinational language, L2 = w∗H, for some H ⊆ Σ and w ∈ Σ∗, such that

L1 = L2.

If c is included in w, then L2 contains strings with more than 2 c’s, and L2 6= L1.

Since there are strings containing c’s in L1, and w can’t contain any c’s, it must be

that c ∈ H.

If c is included in H, then since H ⊆ Σ, either H = {c}, {a, c}, {b, c}, or {a, b, c}.

In all cases, string cc ∈ L1 is not in L2, since there is maximally one c in any string

w∗H.

So then in all cases, there is a contradiction. So then we cannot create a word-

combinational language which recognizes the non-initial word-definite language L1.

Therefore, word-combinational languages are a strict subset of non-initial word-definite

languages.

This strict inclusion occurs because non-initial word-definite languages allow any

finite number of suffixes of any length, while word-combinational languages only allow

for a suffix of length 0 or 1.
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Recall from Lemma 13 that any word-variant is a special case of the dictionary-

variant where the dictionary’s size is 1. By repeating the construction from Theorem

13 and interpreting each star of a word as the star of a dictionary of size 1, we get

the following:

Corollary 20. Dictionary-combinational languages are a strict subset of non-initial

dictionary-definite languages.

A similar strict relationship holds between families when we allow for finite and

non-finite components.

Theorem 14 (NIWD ( WD). Non-initial word-definite languages are a strict subset

of word-definite languages.

Proof. From Definition 28, it can be seen that non-initial word-definite languages are

a special case of word-definite languages, when L1 = ∅. So then non-initial word-

definite languages are a subset of word-definite languages.

Now we will show that non-initial word-definite languages are a strict subset of

word-definite languages. Let D be a word-definite language, D = c ∪ (ab)∗, such

that c ∈ Σ. For the sake of contradiction, assume that we can create a non-initial

word-definite language, I = w∗H, for some w ∈ Σ∗ and H ⊆ Σ∗, such that I = D.

To capture the repetition of the Kleene-star in D, let w = ab. Since c /∈ ab, c cannot

be in w. Then the only place it can be in I is H, and then I = (ab)∗c. However, now

I 6= D, which is a contradiction. So then we cannot create a non-initial word-definite

language which recognizes the word-definite language D.

Therefore, non-initial word-definite languages are a strict subset of word-definite

languages.
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Here we are able to establish a strict inclusion because word-definite languages

allow for a finite part and an infinite part, while non-initial word-definite languages

only allow for the infinite part.

Recall from Lemma 13 that any word-variant is a special case of the dictionary-

variant where the dictionary’s size is 1. By repeating the construction from Theorem

14 and interpreting each star of a word as the star of a dictionary of size 1, we get

the following:

Corollary 21. Non-initial dictionary-definite languages are a strict subset of dictionary-

definite languages.

Now that we have shown the inclusion relationships between all of the new word

and dictionary-variants, we want to establish some connection between the new lan-

guage families and their existing counterparts.

5.2 Unary Definite Hierarchy

Consider some language over a unary alphabet. Since Σ is unary, Σ∗ is also the star

of a word of length 1. However, a word can have any finite length, while Σ∗ is the

repetition of a single symbol. This leads to the following result:

Lemma 14. For any of subregular language families in Definition 26, the unary

variant is a strict subset of the word variant.

Since unary languages carry different properties than non-unary languages, we

examine here the unary generalized definite hierarchy.

Theorem 15 (U− C ( U− NID). Unary combinational languages are a strict subset

of unary non-initial definite languages.
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Proof. Let L = a∗aa, a unary non-initial definite language. For the sake of contra-

diction, assume that L is unary combinational. So then L = a∗aa can be rewritten

as L = a∗H, for H = {ε} or H ⊆ Σ. Since Σ is unary, either H = {ε} or H = {a}.

So then either a∗aa = a∗, or a∗aa = a∗a, and in either case we have a contradiction.

So then L is not unary combinational. So then unary combinational languages are a

strict subset of unary non-initial definite languages.

Again we are able to establish, for the unary variants, a strict inclusion between

combinational and non-initial definite classes. This is because combinational lan-

guages allow 0 or 1 characters as a suffix, while non-initial definite classes allow any

finite language as a suffix.

Theorem 16 (U− NID ( U− D). Unary non-initial definite languages are a strict

subset of unary definite languages.

Proof. Let L = aa
⋃
a∗aaaa, a unary definite language. For the sake of contradiction,

assume that L is unary non-initial definite. So then L can be rewritten as L = a∗H,

for some finite H. If ax ∈ H, for some x < 4, then a∗H allows for aaa. Since

aaa /∈ L, the minimal element of H must be ay such that y ≥ 4. But now aa /∈ a∗H,

and aa ∈ L. So in both cases there is a contradiction. Then L is not unary non-

initial definite. So then unary non-initial definite languages are a strict subset of

unary definite languages.

Again we are able to establish, for the unary variants, a strict inclusion between

non-initial definite and definite classes. This is because non-initial definite languages

do not allow for a separate finite and infinite parts.
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Up until this point in the hierarchy, the inclusions are the same as for the non-

unary versions. We now take advantage of the aforementioned unary properties to

show equivalence between the top two classes in the unary variant hierarchy.

Theorem 17 (U− D = U−GD). Unary definite languages are equivalent to unary

generalized definite languages.

Proof. Consider the unary generalized definite language L = E∪
x⋃

i=1

GiΣ
∗Hi, for some

finite languages E,Gi, Hi ⊆ Σ∗. Since unary language concatenation is commutative,

L can be rewritten as L = E ∪ Σ∗
x⋃

i=1

GiHi, where
x⋃

i=1

GiHi is a finite language.

We construct a unary definite language D = D1∪Σ∗D2, for some finite languages

D1, D2 ⊆ Σ∗, such that D = L. Let D1 = E, and let D2 =
x⋃

i=1

GiHi. Now D =

D1 ∪ Σ∗D2 = L.

We finish the inclusions of the unary generalized definite hierarchy by showing

that it is contained within the bottom half of the generalized word-definite hierarchy.

Theorem 18 (U− D ⊂ NIWD). Unary definite languages are a subset of non-initial

word-definite languages.

Proof. Let D be some unary definite language, D = D1 ∪ a∗D2. We construct non-

initial word-definite language N = w∗H, such that D = N . Since D1 is finite,

D1 = (ax1 + . . . + axh), such that xi < xi+1 for 1 ≤ i < h. Since D2 is finite,

D2 = (ay1 + . . .+ ayj), such that yi < yi+1 for 1 ≤ i < j.

If y1 ≤ x1, then D1 doesn’t affect D, and D = a∗ay1 (and it is easy to see that D

is non-initial word-definite).

If y1 > x1, then: Set w = (ay1)∗. Set H = D1∪ (ay1 +ay1+1 + . . .+a2y1−2 +a2y1−1).

Now N = (ay1)∗(ax1 + . . .+ axh + ay1 + . . .+ a2y1−1), and N = D.
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Therefore, unary definite languages are a subset of non-initial word-definite lan-

guages.

Now that we’ve shown that any unary definite language can be simulated by a

non-initial word-definite language, we show that the reverse is not true.

Theorem 19 (U− D ( NIWD). Unary definite languages are a strict subset of

non-initial word-definite languages.

Proof. Let L = (aa)∗, a non-initial word-definite language. This can be viewed as

the language {a2x | x ≥ 0}. For the sake of contradiction, assume that L is unary

definite. So then L can be rewritten as L = L1 ∪ a∗L2, for some finite L1,L2. Let

L2 = {ax1 , . . . , axy}, such that xi < xi+1 for 1 ≤ i < y.

If any xi is even, then taking the a∗ to be a1 results in a string whose total length

is odd, which should not be allowed.

If any xi is odd, then taking the a∗ to be ε results in a string whose total length

is odd, which should not be allowed.

If L2 is the singleton set {ε}, then taking the a∗ to be a1 results in a string whose

total length is odd, which should not be allowed.

In every case, there is a contradiction. So then L is not unary definite, and unary

definite languages are a strict subset of non-initial word-definite languages.

5.3 Incomparable Subregular Families

Here we show the non-inclusions between language classes, to complete the hierarchy.

First we show that the star language hierarchy does not cross over into the gen-

eralized word-definite hierarchy.
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Theorem 20 (Star not in GWD). There exist star languages that are not generalized

word-definite.

Proof. Recall from Lemma 11 that the number of words of the same length in any

generalized word-definite language is bounded by a constant. Star languages do not

have this property. So then there are star languages which are not generalized word-

definite. As an example, take star language L = (a+ b)∗. For every x ∈ N, |L∩Σx| =

2x.

Unary combinational languages are extremely restricted, and are almost a unifying

lowest class for the entire hierarchy.

Theorem 21 (UC not in Star). There exist unary combinational languages that are

not star languages.

Proof. Let L = a∗a be a unary combinational language. L is not a star-language

because it does not contain the empty word.

Unary combinational languages are also not a part of the dictionary hierarchy.

Theorem 22 (UC not in DS). There exist unary combinational languages that are

not dictionary-star languages.

Proof. Let L = a∗a be a unary combinational language. L is not a dictionary-star

language because it does not contain the empty word.

Now we show that the lowest family in the generalized definite hierarchy is incom-

parable with the greatest family in the generalized word-definite hierarchy.

Theorem 23 (C not in GWD). There exist combinational languages that are not

generalized word-definite languages.
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Proof. Recall from Lemma 11 that the number of words of the same length in any

generalized word-definite language is bounded by a constant. Combinational lan-

guages do not have this property. So then there are combinational languages which

are not generalized word-definite. As an example, take combinational language

L = (a+ b)∗(a+ b). For every x ∈ N, |L ∩ Σx| = 2x.

We also have that the lowest family in the generalized word-definite hierarchy is

incomparable with the generalized definite hierarchy.

Theorem 24 (WS not in GD). There exist word-star languages that are not gener-

alized definite languages.

Proof. Let L = (a∗ba∗)∗ be a star language. L is not generalized definite because it

contains multiple separated Kleene-star operators.

We finish by showing that the the parent families of word-star languages are

incomparable to each other.

Theorem 25 (DS not in Star). There exist dictionary-star languages that are not

star languages.

Proof. Let L1 = a∗ + b∗ be a dictionary star language. Assume for the sake of

contradiction that we can create star-language L2 = H∗, such that L2 = L1. If

H = (ab), or H = (a+ b), or H = (a∗ + b∗), then H∗ permits the string ab, which is

not in L. There are no ways for H to contain characters a and b while keeping them

separate, because of the outer Kleene-star. Then in every case there is a contradiction.

So then L1 is not a star language because there no way to write a∗ + b∗ as H∗, for

some regular H.
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5.4 Summary of Inclusions Between Subregular Families

To conclude section 5, we summarize the inclusion relationships established in the

previous subsections between the known subregular language families and the corre-

sponding word-variants and dictionary-variants of these families.

In Figure 5.1, the following shorthands are used:

1. GD,D,NID,C: generalized definite, definite, non-initial definite, combinational.

2. U−GD,U− D,U− NID,U− C: unary equivalents of classes defined in item

1.

3. GWD,WD,NIWD,WC,WS: generalized word-definite, word-definite, non-initial

word-definite, word-combinational, word-star.

4. GDD,DD,NIDD,DC,DS: dictionary equivalents of word-classes defined in item

3.

An arrow pointing downwards indicates a relationship between the nodes where

each child node is a strict subset of its parent node. If there is no connection between

two nodes, then the two classes are incomparable.
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Figure 5.1: Subregular Family Hierarchies
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Chapter 6

Restricted Finite Automata

The definitions of many interesting subregular languages do not allow the use of

Kleene-star, but instead allows the use of Ø. Since Ø = Σ∗, these subregular lan-

guages capture the behaviour of Σ∗ without using any Kleene-stars. However, an

NFA recognizing Ø is the same as an NFA recognizing Σ∗.

Therefore, while certain subregular language families do not need the Kleene-star

operator in their regular expression, they still require cyclical transitions in their rep-

resentative NFA. The only subregular language family whose members never require

a cycle in their representative NFA is the class of finite languages.

We draw specific attention to the following:

• Chapter 6.2: Theorems 29 and 30, and Corollary 22, which concern the depth

path width and string path width of acyclic NFAs.

• Chapter 6.3: Theorems 38, 41, and 42, and Corollary 28, which concern the

language properties of finite depth path width NFAs.

• Chapter 6.3: Theorems 31 and 33, Corollaries 25 and 28, and Conjectures 4

and 6, which summarize the most important results related to the structural
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properties of finite depth path width NFAs.

6.1 Types of NFAs

For our purposes we will consider all NFAs with infinite depth path width to be of the

same class, regardless of the degree of growth. We consider the following classification

of NFAs:

1. NFAs with infinite depth path width.

2. NFAs N with finite depth path width such that DPW (N,m) = 0, where m is

the number of states of N .

3. NFAs N with finite depth path width such that DPW (N,m) 6= 0, where m is

the number of states of N .

NFAs of class 2 correspond directly to Acyclic NFAs, discussed in section 6.2.

NFAs of class 3 correspond directly to Nearly Acyclic NFAs, which are introduced

and discussed in section 6.3.

6.2 Acyclic Automata

An NFA N is acyclic (aNFA) if the transitions of N do not contain a cycle. An aNFA

with a deterministic transition function is called an acyclic DFA (aDFA). First we

recall several results concerning these acyclic NFAs.

Lemma 15 ([3]). Let N be a trim NFA. Then N is acyclic iff DC(N) and L(N) are

finite.

Lemma 16 ([3]). A language L is finite iff there is an aNFA which recognizes L.
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We present the following algorithm to create an acyclic NFA with a maximal

transition relation. The idea of this algorithm is to fix the number of states, then

saturate each state with transitions leading to every future state. By doing so, the

cardinality of the transition relation is maximized, but no cycles are formed. Adding

any further transitions would result in the creation of a cycle, or a duplicate transition.

Algorithm 3 Creating the aNFA with a maximal transition relation

Require: m ≥ 1, and an alphabet Σ, such that |Σ| = k
1: Create states Q = {q0, . . . , qm−1}
2: for 0 ≤ i ≤ m− 2 do
3: for i+ 1 ≤ j ≤ m− 1 do
4: for all c ∈ Σ do
5: Add a transition, δ(qi, c) = qj
6: end for
7: end for
8: end for

An abstraction of the m-state aNFA with a maximal transition relation con-

structed in Algorithm 3 is given in Figure 6.1:

Figure 6.1: Acyclic NFA with Maximal Transition Function

An acyclic NFA which has the transition structure described in Algorithm 3 will

reach the following upper bound:
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Theorem 26 (aNFA |δ| Upper Bound). Let N = (Q,Σ, δ, q0, Qf ) be an aNFA where

|Q| = m and |Σ| = k. Then |δ| ≤ k ·
(
m
2

)
.

Proof. Let N = (Q,Σ, δ, q0, Qf ) be some aNFA where |Σ| = k and |Q| = m. Since N

is acyclic, we can define a partial order on statesQ by setting that state q ∈ Q precedes

state p ∈ Q if and only if p is reachable from q. The minimum element in the ordering

of states is the initial state q0. The initial state has maximally k · (m− 1) transitions,

when all alphabet characters lead to all other states. Every successive state will have

one fewer possible transition destination than its immediate predecessor. So then:

• TW (q0) ≤ k · (m− 1)

• TW (q1) ≤ k · (m− 2)

• . . .

• TW (qm−2) ≤ k · (m− (m− 1)) = k

• TW (qm−1) = 0

Creating a summation for the transition widths of each state, we get:

k ·
m∑
i=1

(m− i) = k · (m− 1) · m
2

= k ·
(
m

2

)

Because the transition width of the states decreases with predictable regularity,

we end up with the binomial coefficient
(
m
2

)
. This is very similar to the series of

triangular numbers,
(
x+1

2

)
[36]. We have m instead of (m + 1) because the first
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triangular number is 1, but a 1-state aNFA has 0 transitions, and an m-state aNFA

has at least one state with no outgoing transitions.

For deterministic machines, the upper bound on the cardinality of the transition

relation is much more closely related to the size of the alphabet.

Theorem 27 (aDFA |δ| Upper Bound). Let D = (Q,Σ, δ, q0, Qf ) be an aDFA where

|Q| = m and |Σ| = k. Then |δ| ≤ k · (m− 1).

Proof. Let D = (Q,Σ, δ, q0, Qf ) be an aDFA where |Q| = m and |Σ| = k. Since D is

deterministic, no state q ∈ Q can have a transition width greater than k. Since D is

acyclic, D must have at least one state with no outgoing transitions. So then there

are as many as (m − 1) states having maximally k transitions each, leading to the

following summation:
m−1∑
i=1

k = k · (m− 1)

6.2.1 Depth Path Width of an Acyclic NFA

Now that the notion of a maximal aNFA has been established, an upper bound for its

depth path width can be determined. Note that removing transitions from an NFA

can never increase its depth path width. This means that to derive an upper bound

for the depth path width of an m-state aNFA, we can use the m-state aNFA that has

a maximal transition relation.

Theorem 28 (Unary supDPW(aNFA) Upper Bound). Let N = (Q,Σ, δ, q0, Qf ) be a

unary aNFA where |Q| = m. Then supDPW (N) ≤
(

m−1
bm−1

2
c

)
.
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Proof. Let (Ni, i ≥ 1) = (N1, N2, N3, . . .) be the stream of unary aNFAs with max-

imal |δ|, where each Ni has i states. In N1, there are no paths of any length. In

N2, there is maximally one path of length 1: (q0, q1). In N3, there are maximally

two paths of length 1, {(q0, q1), (q0, q2)} and one path of length 2. In N4, there are

maximally three paths of length 1, {(q0, q1), (q0, q2), (q0, q3)}, three paths of length 2,

{(q0, q1, q2), (q0, q1, q3), (q0, q2, q3), and one path of length 3. In N5, there are max-

imally four paths of length 1, {(q0, q1), (q0, q2), (q0, q3), (q0, q4)}, six paths of length

2, {(q0, q1, q2), (q0, q1, q3), (q0, q1, q4), (q0, q2, q3), (q0, q2, q4), (q0, q2, q3, q4)}, four paths of

length 3, {(q0, q1, q2, q3), (q0, q1, q2, q4), (q0, q1, q3, q4), (q0, q2, q3, q4)}, and one path of

length 4.

We extend this construction in Table 6.1, giving the upper bounds for DPW (N, `)

on different values of m and `. This table was acquired by inducting on each aNFA

with maximal |δ|, for each m.

Table 6.1: Maximal Depth Path Width of a Unary Acyclic NFA

` | m 1 2 3 4 5 6 7 8 9
1 0 1 2 3 4 5 6 7 8
2 0 0 1 3 6 10 15 21 28
3 0 0 0 1 4 10 20 35 56
4 0 0 0 0 1 5 15 35 70
5 0 0 0 0 0 1 6 21 56
6 0 0 0 0 0 0 1 7 28
7 0 0 0 0 0 0 0 1 8
8 0 0 0 0 0 0 0 0 1

Looking at the pattern in Table 6.1 for the first few machines, we acquire a number

of equations: (6.1a) and (6.1b) give the base depth path width values, when either

the number of states or the length of the computation is 1. (6.1c) gives the end

behaviour, for when the length of the computation is at least as large as the number
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of states. (6.1d) gives the recurrence relation for the depth path width upper bound.

DPW (N1, `) = 0 (6.1a)

DPW (Nm, 1) = m− 1 (6.1b)

DPW (Nm, `) = 0; ` ≥ m (6.1c)

DPW (Nm, `) = DPW (Nm−1, `) +DPW (Nm−1, `− 1) (6.1d)

Note that the relationship in (6.1d) is exactly the same recurrence relation as

Pascal’s triangle recursion rule [42]. However, because supDPW (N1) = 0 and

supDPW (N2) = 1 (i.e., the base-case is offset), we instead use m− 1 to get (6.2):

supDPW (Nm) ≤ sup
1≤`≤m−1

(
m− 1

`

)
(6.2)

From [37], we have (6.3):

sup
1≤x≤y

(
y

x

)
=

(
y

by
2
c

)
(6.3)

Combining (6.2) and (6.3), for a unary aNFA Nm we get (6.4):

supDPW (Nm) ≤
(
m− 1

bm−1
2
c

)
(6.4)

Note that the calculation in the previous proof indicates that the largest possible

depth path width of an m-state aNFA is obtained by strings of length, roughly, m
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divided by two.

We improve the availability of the result in Theorem 28 by showing that it is also

the upper bound for the string path width of an acyclic NFA. Recall from Lemma

10 that for any unary NFA, the depth path width is equal to the string path width.

This is because any string Σ` is equivalent to a`, for some a ∈ Σ and some ` ∈ N,

so there is maximally one unary string of any given length. If we take a unary NFA

and label all transitions with k alphabet characters, then no string is added which

has a greater string path width than what had already existed. So then the maximal

string path width of a unary NFA is the same as the maximal string path width of a

non-unary NFA.

Corollary 22 (supSPW(aNFA) Upper Bound). Let N = (Q,Σ, δ, q0, Qf ) be an aNFA

where |Q| = m. Then supSPW (N) ≤
(

m−1
bm−1

2
c

)
.

Proof. By Theorem 28 it is sufficient to show that the maximal string path width of

an m-state aNFA is at most the maximal depth path width of an m-state unary aNFA.

Let N be an arbitrary m-state aNFA. The value supSPW (N) is upper bounded by

the depth path width of a unary m-state aNFA obtained from N by replacing all

transitions of N by the same symbol.

We now extend the upper bound for unary aNFAs from Theorem 28 to apply to

aNFAs with any size alphabet. The result involves the maximization of the product

of two different components, one of which is increasing while the other is decreasing.

Theorem 29 (supDPW(aNFA) Upper Bound). Let N = (Q,Σ, δ, q0, Qf ) be an aNFA

where |Q| = m. Then supDPW (Nm) ≤ sup
bm−1

2
c≤`≤m−1

k` ·
(
m−1
`

)
.
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Proof. Let N = (Q,Σ, δ, q0, Qf ) be the aNFA with maximal |δ| where |Q| = m and

|Σ| = k. In Table 6.1, the upper bounds on the depth path width for unary aNFAs

are given. In a non-unary aNFA, each transition may be labelled with as many as k

characters. This means that the depth path width is multiplied by up to a factor of

k for each level of depth.

Let ` be an integer to represent the depth, such that 1 ≤ ` ≤ (m − 1). In the

unary aNFA, the depth path width is greatest when ` = bm−1
2
c. This is because after

this point, increasing ` decreases the value of
(
m−1
`

)
. But in the non-unary aNFA,

the depth path width is affected by the alphabet branching at each state. So as `

is increasing, k` is also increasing. So then the value of ` must be chosen such that

k` ·
(
m−1
`

)
is maximized:

supDPW (Nm) ≤ sup
bm−1

2
c≤`≤m−1

k` ·
(
m− 1

`

)
(6.5)

6.2.2 Depth Path Width of an Acyclic DFA

For large enough alphabet sizes, the acyclic DFAs will eclipse their unary nondeter-

ministic counterparts in depth path width. In an m-state acyclic DFA D, when all

states can lead to every future state, then D’s transition structure can be at least as

great as that of the maximal m-state unary acyclic NFA, as in Theorem 28. So then

the depth path width of an acyclic DFA with a large enough alphabet is at least as

great as the maximal depth path width for unary acyclic NFAs.

Corollary 23. For each m ∈ N, there exists an m-state aDFA D = (Q,Σ, δ, q0, Qf )

with |Σ| ≥ m− 1, which has supDPW (D) ≥
(

m−1
bm−1

2
c

)
.
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As an initial upper bound, we note that an acyclic DFA with m states and k

alphabet letters will always have a lower possible depth path width than an acyclic

NFA with the same number of states and alphabet characters.

Corollary 24. Let D = (Q,Σ, δ, q0, Qf ) be an aDFA where |Q| = m and |Σ| = k.

Then supDPW (D) < sup
bm−1

2
c≤`≤m−1

k` ·
(
m−1
`

)
.

We show that this upper bound is further restricted, due to the properties of

acyclic and deterministic machines.

Theorem 30 (supDPW(aDFA) Upper Bound). For an aDFA D with m states and

k alphabet characters, supDPW (D) ≤ km−1.

Proof. Let D be an aDFA, such that D = (Q,Σ, δ, q0, Qf ), |Q| = m, and |Σ| = k.

Recall that since D is deterministic, each state q ∈ Q has TW (q) ≤ k. So then the

number of computations of length ` is upper bounded by k`. Since D is acyclic, the

longest possible computation is of length m − 1. So then the maximal number of

computations of length m− 1 is km−1. Then also supDPW (D) ≤ km−1.

The machine in Figure 6.2 is an example of an aDFA with m states and k alphabet

characters whose depth path width is km−1.

Figure 6.2: Chain Acyclic DFA with Maximal Depth Path Width

In an acyclic DFA D, where D has m states and k alphabet characters, a chain

structure as in Figure 6.2 causes the greatest depth path width. Even if k ≥ m−1 and

D’s transition structure can mimic the maximal unary acyclic NFA as in Corollary

23, we still have
(

m−1
bm−1

2
c

)
≤ (m− 1)m−1 ≤ km−1.
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6.3 Nearly Acyclic Automata

The nearly acyclic characterization was created to qualify the most powerful NFAs

which still enforce finite depth path width. Recall from Theorem 8 that there are

properties which are necessary and sufficient to cause an NFA to have infinite depth

path width. So then any NFA which does not have these three properties will neces-

sarily have finite depth path width.

Definition 31 (Nearly Acyclic). Let N be an NFA. Then N is nearly acyclic (naNFA)

iff it does not have two different cycles, C1 and C2, such that a state in C2 is reachable

from a state in C1. An naNFA with a deterministic transition function is called a

nearly acyclic DFA (naDFA).

Note that an NFA N satisfies the conditions of Definition 31 if and only if N

does not satisfy the conditions of Theorem 8 that characterize automata with infinite

depth path width. This means that Definition 31 gives the most general class of NFAs

that have finite depth path width.

Since there are a finite number of states, and the nearly acyclic property puts

limitations on the reachability between cycles, there is also a limitation on the total

number of cycles in a nearly acyclic NFA.

Lemma 17. Let N = (Q,Σ, δ, q0, Qf ) be a trim naNFA, such that |Q| = m. Then N

has maximally (m− 1) cycles.

Proof. Let N = (Q,Σ, δ, q0, Qf ) be a trim naNFA, such that |Q| = m. If q0 is in

a cycle C, then since N is an naNFA, C is the only cycle in N . Since N is nearly

acyclic, by Corollary 17, any state q ∈ Q can be in at most one cycle. So then if q0

is not in a cycle, then the maximum number of cycles is |Q− {q0}| = m− 1.
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An abstraction of the maximal m-state naNFA with m− 1 cycles offered in The-

orem 17 is given in Figure 6.3:

Figure 6.3: Maximally Cyclical Nearly Acyclic NFA, for Lemma 17

6.3.1 Bounds on Nearly Acyclic NFAs

Now that we have this new restricted class of NFAs, we want to describe the upper

limits of their representational power. First we give an observation on the relationship

between the number of cycles and the number of states. Since self-loops increase the

number of transitions without increasing the number of states, we have the following:

Lemma 18. Let N = (Q,Σ, δ, q0, Qf ) be an naNFA with maximal |δ| for its number

of states. Then any cycles in N are self-loops.
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Now we establish an upper bound on the cardinality of a nearly acyclic NFA’s

transition relation. The result is surprisingly close to the upper bound for acyclic

NFAs.

Theorem 31 (naNFA |δ| Upper Bound). Let N = (Q,Σ, δ, q0, Qf ) be an naNFA

where |Q| = m and |Σ| = k. Then |δ| ≤ k ·
(
m
2

)
+ 1.

Proof. Let (Ni, i ≥ 1) = (N1, N2, N3, . . .) be the stream of naNFAs where each Ni has

i states and a maximal transition function δi. By Lemma 18, any cycles in Ni will be

self-loops.

• For N1, |δ1| ≤ 1 (a single self-loop).

• For N2, |δ2| ≤ k + 1 (a link of degree k, and a single self-loop).

To create Nm+1, such that m ≥ 1: Let Nm = (Qm,Σ, δm, q0, Qf ) be the maximal

naNFA, such that |Qm| = m, and |Σ| = k. Take Nm and add one state qi, which

becomes the new initial state:

(i) If Nm is acyclic:

To qi we add (m · k) outgoing transitions. Each alphabet character will lead to

each of the m states. Since Nm is acyclic, we also add a self-loop to qi.

|δm+1| ≤ k ·m+ |δm|+ 1

From Theorem 26 we know |δm| ≤ k ·
(
m
2

)
. We use this inequality to get (6.6):

|δm+1| ≤ k · (m+

(
m

2

)
) + 1 (6.6)
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(ii) If Nm is nearly acyclic, and not acyclic: Let Cm be the cycles of Nm. Since Nm

is not acyclic, |Cm| ≥ 1. From Lemma 17, we know |Cm| ≤ m − 1. Since |δm|

is maximal, all of the cycles in Cm are self-loops. Let QC
m ⊆ Qm be the set of

states which can reach a cycle.

(a) If we do not add a self-loop to qi: To qi up to k transitions leading to each

of the other m states can be added. The following is the recurrence relation

for the |δm+1| upper bound.

|δm+1| ≤ k ·m+ |δm|

Creating a closed form, we acquire (6.7):

|δm+1| ≤ k ·
(
m+ 1

2

)
+ 1 (6.7)

(b) If we add a self-loop to qi: Since qi has a self-loop, it can’t lead to any

of the |QC
m| states which can reach self-loops. We add k transitions to qi

leading to each state not in QC
m. The recurrence relation for the |δm+1|

upper bound is given in (6.8):

|δm+1| ≤ k · (m− |QC
m|) + |δm|+ 1 (6.8)

We see that the value of the right-hand side of inequality (6.7) will always be

greater than the value of the right-hand side of inequality (6.8), whenNm is an naNFA.

Because |QC
m| ≥ 1, adding one self-loop transition on qi means losing out on k · |QC

m|

other possible transitions leading from qi. If Nm is an aNFA, then |QC
m| = 0, and the
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right-hand side of (6.6) is equal to the right-hand side of (6.8). So then regardless of

how Nm+1 is created, |δm+1| ≤ k ·
(
m+1

2

)
+ 1. So then |δm| ≤ k ·

(
m
2

)
+ 1.

An abstraction of the m-state naNFA with a maximal transition relation con-

structed in Theorem 31 is given in Figure 6.4. Note that there are other nearly

acyclic NFAs which do not have a self-loop on the starting state, and are still able

reach the same upper bound on the size of its transition relation.

Figure 6.4: Maximal Nearly Acyclic NFA with Start-State Cycle

Cyclical transitions don’t increase the depth path width of a nearly acyclic NFA

on their own, as there is at most one cycle per path. The cycles only increase the

depth path width by allowing every path to have a complete computation of length

at least m, so that all of the branching can be measured simultaneously.

We present a stream of nearly acyclic NFAs whose structure is based upon the

stream of acyclic NFAs with maximal depth path width presented in Theorem 28.

Theorem 32. For all m ∈ N, there exists an m-state unary naNFA N such that

supDPW (N) = 2m−1.

Proof. Let (Ni, i ≥ 1) = (N1, N2, N3, . . .) be the stream of naNFAs with maximal |δ|,

a self-loop on the starting state, and each Ni has i states.
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Since there is a cycle on q0, and each Ni is nearly acyclic, no other state can be

part of a cycle. Since q0 leads to every state, each Ni is the maximal i-state aNFA

with an additional self-loop on q0.

Let ` ∈ N be some arbitrary length. In N1, there is one path for every length,

{(q0)`}. In N2, there are maximally two paths for every length, {(q0)`, ((q0)`−1, q1)}.

In N3, there are maximally three paths of length 1, {(q0, q0), (q0, q1), (q0, q2)}, and four

paths for every greater length, {(q0)`, ((q0)`−1, q1),((q0)`−1, q2), ((q0)`−2, q1, q2)}. InN4,

there are maximally four paths of length 1, {(q0, q1), (q0, q2), (q0, q3), (q0, q4)}, seven

paths of length 2, {(q0, q0, q0), (q0, q0, q1), (q0, q0, q2), (q0, q0, q3), (q0, q1, q2), (q0, q1, q3),

(q0, q2, q3)}, and eight paths for every greater length, {(q0)`, ((q0)`−1, q1), ((q0)`−1, q2),

((q0)`−1, q3), ((q0)`−2, q1, q2), ((q0)`−2, q1, q3), ((q0)`−2, q2, q3), ((q0)`−3, q1, q2, q3)}.

We extend this construction in Table 6.2, giving the upper bounds forDPW (Nm, `)

for various values of m and `. This table is acquired by inducting on each naNFA

with maximal |δ|, for its number of states.

Table 6.2: Depth Path Width of a Unary Nearly Acyclic NFA

` | m 1 2 3 4 5 6 7 8 9
1 1 2 3 4 5 6 7 8 9
2 1 2 4 7 11 16 22 29 37
3 1 2 4 8 15 26 42 64 93
4 1 2 4 8 16 31 57 99 163
5 1 2 4 8 16 32 63 120 219
6 1 2 4 8 16 32 64 127 247
7 1 2 4 8 16 32 64 128 255
8 1 2 4 8 16 32 64 128 256

Looking at the pattern in Table 6.2 for the first few machines, we get the following

equations: (6.9a) and (6.9b) give the base-case values for the depth path width, when

either the number of states or the length of the computation is 1. (6.9c) gives the
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end behaviour, when increasing the length of the computation does not increase the

depth path width. (6.9d) gives the recurrence relation for determining DPW (Nm, `).

DPW (N1, `) = 1 (6.9a)

DPW (Nm, 1) = m (6.9b)

DPW (Nm, `) = 2m−1; ` ≥ m− 1 (6.9c)

DPW (Nm, `) = DPW (Nm−1, `) +DPW (Nm−1, `− 1) (6.9d)

Note that the relationship in (6.9d) is exactly the same recurrence relation as

Pascal’s triangle recursion rule [42]. The recursive relationship between the naNFAs

in (Ni, i ≥ 1) is the same as that of the acyclic NFAs in the stream from Theorem 28.

However, since here each path contains a cycle, no branch ever terminates. Hence,

DPW (Nm, `) never decreases as ` increases.

We improve the applicability of the result in Theorem 32 by comparing its result

to that of the string path width. Recall from Lemma 10 that for any unary NFA,

the depth path width is equal to the string path width. This is because with a unary

alphabet, any string w ∈ Σ` is equivalent to a`, for some a ∈ Σ and some ` ∈ N, so

there is maximally one unary string of any given length. If we take a unary NFA and

label all existing transitions with k alphabet characters, then no string is added which

has a greater string path width than what had already existed. So then the maximal

string path width of an m-state unary NFA is the same as the maximal string path

width of an m-state NFA with arbitrary alphabet size.

Corollary 25. For all m ∈ N, there exists an m-state unary naNFA N such that



6.3. NEARLY ACYCLIC AUTOMATA 72

supSPW (N) = 2m−1.

We extend the result from Theorem 32 to apply to nearly acyclic NFAs with

alphabets of any size.

Theorem 33. For all m ∈ N, there exists an naNFA N = (Q,Σ, δ, q0, Qf ) where

|Q| = m and |Σ| = k, such that supDPW (N) = km−1 · 2m−1.

Proof. LetN = (Q,Σ, δ, q0, Qf ) be a unary naNFA where |Q| = m, and supDPW (N) =

2m−1 as in Theorem 28. The values in Table 6.2 correspond to the depth path width

of N , as a unary machine. In a non-unary machine, each transition (which is not in

a cycle) may have all of an alphabet’s characters labelling it. Let Σ′ be an alphabet,

where |Σ′| = k. The maximum number of non-cyclical transitions in any computation

is m − 1. So then for each computation of length m − 1 through the unary naNFA

N , there are km−1 computations in the naNFA with k alphabet characters. So then

supDPW (N) = km−1 · 2m−1.

We present the following conjecture, followed by a discussion on why we believe

it to hold.

Conjecture 1. For all m ∈ N, there exists an m-state naNFA N such that N has a

self-loop on its initial state, and N has maximal depth path width for its number of

states.

Let N = (Q,Σ, δ, q0, Qf ) be an naNFA where |Q| = m, and N has maximal depth

path width for its number of states. Let C be the number of cycles in N . Let qa ∈ Q

be some state not involved in a cycle. Let qc ∈ Q be some state that is involved in a

cycle. It can be seen that qa increases supDPW (N) by TW (qa) − 1 each time it is

passed. Let P be a path through N which contains both qa and qc:
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1. If P = (q0, . . . , qa, . . . , qc) or P = (qa, . . . , qc), then there cannot exist a cycle

before qc, and so the transition width of qa only affects supDPW (N) once.

2. If P = (q0, . . . , qc, . . . , qa) or P = (qc, . . . , qa), then because a cycle precedes qa,

the transition width of qa can affect supDPW (N) multiple times.

So then any non-cycle state qa with TW (qa) ≥ 2, will cause supDPW (N) to be

greater if there is a path of the form (q0, . . . , qc, . . . , qa), rather than if there is a path

of the form (q0, . . . , qa, . . . , qc). So the earlier a cycle can be reached, the greater the

number of states it will affect in this way. We then want to minimize the length of

the shortest path from the initial state to each cycle state. The machine will then be

one of the two following forms, depending on the number of cycles:

1. For N , if C = 1: This machine does not need to contain any paths of the form

(qa, . . . , qc). If the cycle is placed on the initial state, then all paths are of the

form (qc, . . . , qa). This means that the branching from every state will increase

supDPW (N) more than once.

2. For N , if C ≥ 2: This machine is of the form given in Figure 6.5. Note that

we do not make any claims about N ’s structure after the cycles have occurred,

just that the cycles must be of this form.

Note that no self-loop can be on the initial state, because then there would

be maximally one cycle. So then this machine contains paths of the form

(qa, . . . , qc), and the branching of the initial state only affects supDPW (N)

once.

If Conjecture 1 holds, then the following result on the maximum depth path width

of unary nearly acyclic NFAs also holds.
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Figure 6.5: Nearly Acyclic NFA with Maximal Depth Path Width and C Cycles

Conjecture 2. For any m-state unary naNFA N , supDPW (N) ≤ 2m−1.

If Conjecture 1 holds, then along with the equivalence used in Corollary 25 we get

the following:

Conjecture 3. For any m-state naNFA N , supSPW (N) ≤ 2m−1.

If Conjecture 1 holds, then we also get the following result on the maximum depth

path width of nearly acyclic NFAs with any alphabet size.

Conjecture 4. For any naNFA N = (Q,Σ, δ, q0, Qf ) where |Q| = m and |Σ| = k,

supDPW (N) ≤ km−1 · 2m−1.

Conjectures 2, 3, and 4 hold if Conjecture 1 holds because naNFAs with a self-loop

on their initial state cannot have any other cycles, implying that the constructions

used in Theorems 32 and 33 and Corollary 25 are upper bounds.
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6.3.2 Bounds on Nearly Acyclic DFAs

When looking at deterministic machines, the upper bound on the number of transi-

tions is still primarily bounded by the alphabet size. But, the allowance of sink state

cycles offers a slight increase on the upper bound for the cardinality of an naDFA’s

transition function, as compared to the upper bound for aDFAs.

Theorem 34 (naDFA |δ| Upper Bound). Let D = (Q,Σ, δ, q0, Qf ) be an naDFA

where |Q| = m and |Σ| = k. Then |δ| ≤ k · (m− 1) + 1.

Proof. Let (Di, i ≥ 1) = (D1, D2, D3, . . .) be the stream of naDFAs with maximal |δ|,

where each Di has i states. By Lemma 18, any cycles in Di will be self-loops.

Because each Di is deterministic, if a state q has a self-loop labelled with some

c ∈ Σ, then there can be no other transition from q using label c. Since the self-loop

could have been a non-cyclical transition, and increases |δ| either way, it just prevents

this state leading to future states which are a involved in a cycle. So then self-loops

should only be in sink states, where there couldn’t otherwise be any transitions.

• For D0, |δ0| = 0.

• For D1, |δ1| ≤ 1 (a single self-loop).

• For D2, |δ2| ≤ k + 1 (a link of degree k, and a single self-loop).

To create Dm+1, such that m ≥ 1: Let Dm = (Qm,Σ, δm, q0, Qf ) be the maximal

naNFA, such that |Qm| = m, and |Σ| = k. Take Dm and add one state qi, which

becomes the new initial state. Since Dm+1 must be deterministic, it can only have

k more transitions than Dm. The recurrence relation for the |δm+1| upper bound is

given in (6.10):

|δm+1| ≤ k + |δm| (6.10)
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Creating a summation to close the recurrence relation of (6.10), we get (6.11):

|δm+1| ≤ 1 +
m∑
i=1

k = (k ·m) + 1 (6.11)

So then |δm| ≤ k · (m− 1) + 1.

For large enough alphabet sizes, the nearly acyclic DFAs will eclipse their unary

nondeterministic counterparts in depth path width. In an m-state nearly acyclic DFA

D, when all states can lead to every future state, then D’s transition structure can be

at least as great as that of the maximal m-state unary acyclic NFA, as in Theorem 32.

So then the depth path width of a nearly acyclic DFA with a large enough alphabet

is at least as great as the maximal depth path width for unary nearly acyclic NFAs.

Corollary 26. For each m ∈ N, there exists an m-state naDFA D = (Q,Σ, δ, q0, Qf )

with |Σ| ≥ m, which has supDPW (D) ≥ 2m−1.

Note that the restriction on the minimum alphabet size for this property to hold

is greater for nearly acyclic DFAs than it is for acyclic DFAs. This is because the

initial state has transitions leading to itself and all other states, and any given state’s

transition width is bounded by the alphabet’s size.

However, even m-state acyclic DFAs can easily have depth path widths which

surpass the m-state unary nearly acyclic NFA upper bound of 2m−1. Since nearly

acyclic DFAs can be at least as great in structure as acyclic DFAs, we can use the

value acquired in Theorem 30 as a lower limit on the upper bound for the depth path

width of an naDFA.

Corollary 27. Let D = (Q,Σ, δ, q0, Qf ) be an naDFA where |Q| = m, |Σ| = k, and

k ≥ m, such that D has maximal depth path width for its number of states. Then
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supDPW (D) ≥ km−1.

Since nearly acyclic DFAs are a restricted version of nearly acyclic NFAs, we can

use the maximum depth path width from Conjecture 4 as a conjectured strict upper

bound for the maximal depth path width of an naDFA.

Conjecture 5. Let D = (Q,Σ, δ, q0, Qf ) be an naDFA where |Q| = m and |Σ| = k.

Then supDPW (D) < km−1 · 2m−1.

To start narrowing the gap for the maximal depth path width of nearly acyclic

DFAs, we modify the acyclic DFA structure from Figure 6.2 and arrive at Figure 6.6:

Figure 6.6: Chain Nearly Acyclic DFA with Initial-State Cycle

Note that the character used in the self-loop cannot also be used in the transition

from the first state to the second state, as the machine is deterministic. Analyzing

machines of the form given in Figure 6.6 yields a non-tightening bound for the depth

path width of a nearly acyclic DFA.

Theorem 35. For all m ∈ N, there exists an naDFA D = (Q,Σ, δ, q0, Qf ) where

|Q| = m and |Σ| = k, such that supDPW (N) = km−1.

Proof. Let D = (Q,Σ, δ, q0, Qf ) be an naDFA where |Q| = m and |Σ| = k, and D

is of the form given in Figure 6.6. Note that |δ| = k · (m − 1), which is less than

maximal for naDFAs, but no further transitions can be added to δ. We examine the

depth path width for each computation length to acquire the depth path width of D.
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• DPW (D, 1) = 1 + (k − 1) = k

• DPW (D, 2) = 1 + (k − 1) + (k − 1) · k = k2

• . . .

• DPW (D,m− 2) = 1 + (k − 1) + . . .+ (k − 1) · km−3 = km−2

• DPW (D,m− 1) = 1 + (k − 1) + . . .+ (k − 1) · km−2 = km−1

• DPW (D,m) = km−1

So then supDPW (D) = km−1.

The depth path width of machines of the form given in Figure 6.6 is the same as

the maximal depth path width of an acyclic DFA, shown in Theorem 30. Note that

all finite paths (that is, ones which do not use the cyclical transition) of the same

length will share the same sequence of visited states, and only their labelling strings

will differ.

We now show the existence of m-state nearly acyclic DFAs who have maximal

cardinality of their transition relation, and still don’t have a depth path width greater

than in Theorem 35. By adding a cycle to the sink-state in the acyclic DFA given in

Figure 6.2, we get the NFA in Figure 6.7:

Figure 6.7: Chain Nearly Acyclic DFA with Sink-State Cycle

Now we show that machines of the form given in Figure 6.7 have the same depth

path width as machines of the form given in Figure 6.6.
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Theorem 36. For all m ∈ N, there exists an naDFA D = (Q,Σ, δ, q0, Qf ) where

|Q| = m and |Σ| = k, and |δ| = k · (m− 1) + 1, such that supDPW (D) = km−1.

Proof. Let D = (Q,Σ, δ, q0, Qf ) be an naDFA where |Q| = m, |Σ| = k, and D is of

the form given in Figure 6.7. We examine the depth path width for each computation

length to acquire the depth path width of D.

• DPW (D, 1) = k

• DPW (D, 2) = k2

• . . .

• DPW (D,m− 2) = km−2

• DPW (D,m− 1) = km−1

• DPW (D,m) = km−1

So then supDPW (D) = km−1.

The depth path width of machines of the form given in Figure 6.7 is the same as

the depth path width of an acyclic DFA, shown in Theorem 30. Note that adding the

self-loop cycle to the final state increases the total number of transitions, but does

not affect the depth path width of the nearly acyclic DFA.

In any nearly acyclic DFA, if we have a cyclical transition on some non-sink state,

then that state is allowed one fewer non-cyclical transition. We consider here an

augmented nearly acyclic DFA which is allowed one nondeterministic transition. The

goal of this examination is to show how determinism restricts the maximal depth

path width of a nearly acyclic DFA.
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Figure 6.8: Augmented Nearly Acyclic DFA

Note that while the machine in Figure 6.8 is not a true nearly acyclic DFA, the

cardinality of its transition relation remains upper bounded by the same maximum

value as for nearly acyclic DFAs.

Now we show that machines of the form given in Figure 6.8 have a greater depth

path width than machines of the form given in Figures 6.6 and 6.7.

Theorem 37. For all m ∈ N, there exists an augmented naDFA D = (Q,Σ, δ, q0, Qf )

where |Q| = m, |Σ| = k, |δ| = k · (m − 1) + 1, and one transition in δ is allowed to

be nondeterministic, such that supDPW (D) > km−1.

Proof. Let D = (Q,Σ, δ, q0, Qf ) be an augmented naDFA where |Q| = m, |Σ| = k,

and D is of the form given in Figure 6.8. We examine the depth path width for each

computation length to acquire the depth path width of D.

• DPW (D, 1) = 1 + k

• DPW (D, 2) = 1 + k + k2

• . . .

• DPW (D,m− 2) = 1 + k + . . .+ km−3 + km−2

• DPW (D,m− 1) = 1 + k + . . .+ km−2 + km−1

• DPW (D,m) = 1 + k + . . .+ km−2 + km−1
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So then supDPW (D) = 1 + k + . . .+ km−2 + km−1 =
m−1∑
i=0

ki.

So far, the only way we have been able to create a nearly acyclic machine whose

depth path width exceeds km−1 is to have a nondeterministic transition function.

From our earlier analysis of acyclic machines, we know that the maximum length

of a computation in an m-state aNFA is m − 1. In an m-state naNFA, any compu-

tations of a length greater than m− 1 must be padded with some number of cyclical

transitions. Since the transition width of any individual state in a deterministic

machine is bounded by its alphabet size, we get the following conjecture.

Conjecture 6. Let D = (Q,Σ, δ, q0, Qf ) be an naDFA where |Q| = m and |Σ| = k,

such that D has maximal depth path width for its number of states. Then supDPW (D) =

km−1.

Whether we put cyclical transitions on the initial, intermediate, or sink states,

we are unable to increase the depth path width of nearly acyclic DFAs beyond the

maximal depth path width for acyclic DFAs. We therefore believe that an m-state

acyclic DFA has the same upper bound on depth path width as an m-state nearly

acyclic DFA.

6.3.3 Language Properties of Nearly Acyclic NFAs

Moving on from structural properties and upper bounds, we look at the possible

languages of a nearly acyclic NFA.

Lemma 19. Given some language, R = vw∗x, for some v, w, x ∈ Σ∗, an naNFA N

can be constructed such that L(N) = R.
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Proof. For any v, w, x ∈ Σ∗, such that |v| = a, |w| = b, and |x| = c, the structure in

figure 6.9 is an naNFA with a+ b+ c states:

Figure 6.9: Simple Nearly Acyclic NFA, for Lemma 19

Extending the structure from Figure 6.9, we find that multiple branches of this

form will still produce a nearly acyclic NFA.

Lemma 20. Given two naNFAs, N1 and N2, an naNFA N can be constructed such

that L(N) = L(N1) ∪ L(N2).

Proof. Let N1 and N2 be two naNFAs. Let L(N1) = v1w
∗
1x1, and L(N2) = v2w

∗
2x2, for

some v1, v2, w1, w2, x1, x2 ∈ Σ∗. For any v1, v2, w1, w2, x1, x2 ∈ Σ∗, such that |v1| = a,

|w1| = b, |x1| = c, |v2| = e, |w2| = f , |x2| = g, the structure in Figure 6.10 is an

naNFA with a+ b+ c+ e+ f + g − 1 states.

In fact, we show that there can be any finite number of branches of the form

shown in Figure 6.9, and still we can produce a nearly acyclic NFA. This means that

nearly acyclic property is closed under union.

Theorem 38. A language L can be described as L =
y⋃

i=1

viw
∗
i xi for some v, w, x ∈ Σ∗

and some y ∈ N, iff it can be described by an naNFA.
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Figure 6.10: Union Nearly Acyclic NFA, for Lemma 20

Proof. −→

Let L =
y⋃

i=1

viw
∗
i xi for some v, w, x ∈ Σ∗, some alphabet Σ, and some y ∈ N. By

Lemma 20, the union between two components of the form vw∗x yields a language

which can be described by an naNFA. Using Lemma 20 inductively, successive unions

of components of the form vw∗x will also yield a language which can be described by

an naNFA. So then L has an naNFA representation.

←−

Let N be some naNFA, with alphabet Σ. For all cycles in N , they must be the only

cycle on that path. So then if there exists more than one cycle in N , there must be a

separate path for each of them. So each computation in N that contains a cycle will

be a component of the form vw∗x, for some v, w, x ∈ Σ∗. Let {v1w
∗
1x1, . . . , vtw

∗
t xt}

be the set of all computations containing a cycle, for some t ∈ N. Let {z1, . . . , zu} be
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the set of all computations not containing a cycle, for some u ∈ N. Then

L(N) = (v1w
∗
1x1 + . . .+ vtw

∗
t xt) + (z1 + . . .+ zu)

This can be rewritten as L(N) =
y⋃

i=1

viw
∗
i xi, where y = t + u. In this form,

each computation from {z1, . . . , zu} can just occupy one of the vi labels, and its

corresponding wi and xi labels will be the empty string.

By Theorem 9 we know that unions of languages of the form vw∗x define exactly

the generalized word-definite languages. Combining this result with the result from

Theorem 38, we have:

Corollary 28. The languages recognized by naNFAs consist of exactly the generalized

word-definite languages.

Since nearly acyclic NFAs are the most powerful NFAs which still have finite depth

path width, then generalized word-definite languages are the most complex languages

which can still be represented with finite depth path width.

Because of the commutative nature of unary concatenation, it is trivial to con-

struct an NFA which is not nearly acyclic, but whose language is of one of the lowest

classes in the generalized word-definite hierarchy.

Theorem 39. There exists an NFA N = (Q,Σ, δ, q0, Qf ) such that L(N) is unary

combinational and N is not nearly acyclic.

Proof. In Figure 6.11 the NFA has language a∗aa∗ = a∗a, which is unary combina-

tional. However, it is not nearly acyclic.
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Figure 6.11: Non-Nearly Acyclic Unary Combinational Witness

With a slight modification to the machine shown in Figure 6.11, we show a similar

result with word-star languages.

Theorem 40. There exists an NFA N = (Q,Σ, δ, q0, Qf ) such that L(N) is word-star

and N is not nearly acyclic

Proof. In Figure 6.12 the NFA has language a∗, which is word-star. However, it is

not nearly acyclic.

Figure 6.12: Non-Nearly Acyclic Word-Star Witness

Clearly the relationship between generalized word-definite languages and nearly

acyclic NFAs is rather one directional, and the inverse of Corollary 28 does not hold.

However, the relationship between nearly acyclic DFAs and generalized word-definite

languages is significantly stronger.

Theorem 41. If D is a DFA and L(D) can be written as
y⋃

i=1

viw
∗
i xi for some vi, wi, xi ∈

Σ∗, and some y ∈ N, then D must be a naDFA.
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Proof. Let D be a DFA such that L(D) =
y⋃

i=1

viw
∗
i xi for some vi, wi, xi ∈ Σ∗, some

alphabet Σ, and some y ∈ N. For the sake of contradiction, assume that D is not

nearly acyclic. So then D has at least two cycles, C1, C2, such that C2 is reachable

from C1. Let the length of Ci be ni, for i = 1, 2. Let M be the multiple of n1 and n2,

M = d1 · k1 = d2 · k2, for the smallest integers d1 and d2 which satisfy this equality.

Let v be a string which takes D from the initial state to the starting state of C1. Let

x be a string that takes D from cycle C1 to cycle C2. Let z be a string that takes

cycle C2 to a final state.

For 0 ≤ u ≤ y, define the string:

s(u) = v · (Cu·d1
1 ) · x · (C(y−u)·d2

2 ) · z

We see that s(u) ∈ L(D) for all 0 ≤ u ≤ y. Recalling that the length of Ci is ki, and

di · ki = M , we get

|s(u)| = |v|+ u ·M + |x|+ (y − u) ·M + |z| = |v|+ |x|+ |z|+ y ·M

That is to say, all strings s(u) have the same length.

Since D is deterministic, each s(u) defines a different path. This means that all

of the y + 1 strings must be distinct. This is a contradiction, since from Lemma 11,
y⋃

i=1

viw
∗
i xi has maximally y strings of the same length.

So then D must be nearly acyclic.

The nearly acyclic characterization retains the traditional relationship between

deterministic and nondeterministic machines.
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Theorem 42. For any naNFA N , an naDFA D can be constructed such that L(N) =

L(D).

Proof. Let N be an naNFA. So then L(N) =
y⋃

i=1

viw
∗
i xi, for some v, w, x ∈ Σ∗, and

y ∈ N. Using the powerset construction on N , create a determinized version D.

Since determinization leaves one with the same language, L(N) = L(D). So then

L(D) =
y⋃

i=1

viw
∗
i xi, for some v, w, x ∈ Σ∗. By Theorem 41, since D can be described

this way, it must be an naDFA. So then any naNFA can be simulated by a naDFA.

By combining the results from Theorem 38, Theorem 41, and Theorem 42, we get

the following observation on naDFAs:

Corollary 29. The nearly acyclic DFAs recognize all generalized word-definite lan-

guages. Any DFA recognizing a generalized word-definite language must be nearly

acyclic.

To conclude this chapter, we we give a table summarizing the different bounds of

the restricted classes of NFAs considered in this chapter. Also included in the table

are bounds for the unrestricted NFA and DFA classes considered in Chapters 3 and

4, against which we compare our acquired results.

For Table 6.3, let N = (Q,Σ, δ, q0, Qf ) be an NFA, such that |Q| = m, and |Σ| = k.

Cells containing a (?) are conjectured results. The cell containing a ? is a value which

is still open.
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Table 6.3: Upper Bounds of Metrics for NFA Variants

|δ| supSPW supDPW Determinization
aDFA k · (m− 1) 1 km−1 m

aNFA k ·
(
m
2

) (
m−1
bm−1

2
c

)
sup

bm−1
2
c≤`≤m−1

k` ·
(
m−1
`

)
O(2

k
log2(m)+1 ) [31]

naDFA k · (m− 1) + 1 1 km−1 (*) m
naNFA k ·

(
m
2

)
+ 1 2m−1(*) km−1 · 2m−1 (*) ?

DFA k ·m 1 ∞ m
NFA k ·m2 ∞ ∞ O(2m) [21]
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Chapter 7

Conclusion

We have introduced the string path width measure as a way of compromising between

the degree of ambiguity and the tree width. The depth path width was created to

mirror the string path width measure, without the transition labels mattering. This

graph-theoretic approach to computation branching is what led to the development of

the characterization for nearly acyclic NFAs. These nearly acyclic NFAs allow for the

greatest possible bounded depth path width, while still enforcing that it is bounded.

7.1 Open Problems

The maximal depth path width of nearly acyclic NFAs and DFAs is unknown. If

one can show that the there exists a unary m-state naNFA with maximal depth path

width whose initial state is involved in a cycle, then the bounds given in Theorems

32 and 33, and in Corollary 25 are upper bounds for naNFAs. We have established

a lower and upper limit on the maximal depth path width of nearly acyclic DFAs,

based on worst-case acyclic DFAs and nearly acyclic NFAs. We have also conjectured

that the maximal depth path width of an m-state nearly acyclic DFA is the same as

for an m-state acyclic DFA, but the gap remains open.
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Given an m-state nearly acyclic NFA, we have shown that we can create a nearly

acyclic DFA with an equivalent language. That is, determinizing a nearly acyclic NFA

always yields a deterministic automaton that is nearly acyclic. However, the upper

bound on the number of states in the equivalent nearly acyclic DFA is unknown.

Since acyclic machines are also nearly acyclic, we can use the upper bound for deter-

minization of acyclic NFAs as a lower limit on the upper bound for determinization

of nearly acyclic NFAs. Similarly, we can use the upper bound for determinization

of NFAs as an upper limit to the upper bound for determinization of nearly acyclic

NFAs.

Corollary 30. Let N = (Q,Σ, δ, q0, Qf ) be an naNFA where |Q| = m and |Σ| = k.

Then we can create an naDFA D such that L(D) = L(N), where D requires at least

O(k
m

log2(k)+1 ) states in the worst case, and at most O(2m) states.

The magic number problem is the question of whether there exists a minimal

m-state NFA whose equivalent DFA has α states, for all m ≤ α ≤ 2m [16]. This

problem is an an extension of the bounds on determinization, asking whether or

not any number of states between the lower and upper bound can be achieved. In

[13], the magic number problem was studied with some subregular language families.

For NFAs recognizing generalized definite languages, there do not exist any magic

numbers. That is, for any positive integer m, there exists a minimal m-state NFA

recognizing a generalized definite language whose equivalent DFA has α states, for

all m ≤ α ≤ 2m. There do not exist any magic numbers for NFAs recognizing star-

languages, either. An open question is whether or not there exist any magic numbers

for NFAs which recognize generalized word-definite languages, that is, the class of

nearly acyclic NFAs.
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Throughout the thesis, we considered nearly acyclic machines which were maximal

in some way. For nearly acyclic machines which are less than maximal, its depth path

width will frequently be periodic. By periodic, we mean that the depth path width

of an naNFA will change in a patterned manner.

Example 7. Let N be an naNFA as in Figure 7.1.

Figure 7.1: Nearly Acyclic NFA With Periodic Depth Path Width

Then DPW (N, 1 + 2x) = 2 and DPW (N, 2 + 2x) = 1, for any x ≥ 0.

In any nearly acyclic NFA which has a cycle involving more than one state, the

ability to pad a computation to a specific length can depend on the number of transi-

tions in a cycle. In all nearly acyclic NFAs considered for the upper bounds, we used

only self-loops, and so their depth path widths were never periodic. Having an algo-

rithm to determine whether or not a nearly acyclic NFA has a periodic depth path

width may be interesting. If one knows that the depth path width is periodic, then

one can forego unnecessary computations when determining the depth path width of

an NFA.

The minimization of an m-state DFA is O(m · log(m)) [17]. For an m-state acyclic

DFA, the upper bound on minimization is improved to O(m) [5]. The linear algorithm

given for acyclic DFAs will also provide partial minimization to DFAs with cycles. It
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is unknown whether or not the minimization of nearly acyclic DFAs is better than

O(m · log(m)).

The minimization of general NFAs is PSPACE-Complete [2], but the minimization

of acyclic NFAs is tractable [19]. What is the complexity of minimizing nearly acyclic

NFAs?

In this thesis we have focused on studying NFAs with bounded string or depth

path width. For NFAs where these quantities are unbounded, they can be measured

as a function of the length of the strings. Future work includes studying possible

growth rates of the string path width and depth path width measures. Since the

string path width of an NFA N equals the ambiguity of an NFA obtained from N by

changing all states to be final, the algorithms to determine growth rate of ambiguity

can also be used to determine the growth rate of the string path width. An open

question is whether it is possible to design more efficient algorithms for string path

width that do not rely on the ambiguity algorithms.
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