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Abstract

In this work, I will describe a new statistical tool: the canonical bicoherence, which

is a combination of the canonical coherence and the bicoherence. I will provide its

definitions, properties, estimation by multitaper methods and statistics, and esti-

mate the variance of the estimates by the weighted jackknife method. I will discuss

its applicability and usefulness in nonlinear quadratic phase coupling detection and

analysis for multivariate random processes. Furthermore, I will develop the time-

varying canonical bicoherence for the nonlinear analysis of non-stationary random

processes. In this thesis, the canonical bicoherence is mainly applied in two types

of data: a) three-component geomagnetic field data, and b) high-dimensional brain

electroencephalogram data. Both results obtained will be linked with physical or

physiological interpretations. In particular, this thesis is the first work where the

novel method of “canonical bicoherence” is introduced and applied to the nonlinear

quadratic phase coupling detection and analysis for multivariate random processes.
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Chapter 1

Introduction

For stationary time series, many time series analysis methods only use the power

spectrum, which carries second-order statistical information but suppresses phase

information of the processes. If the process is Gaussian, then the first- and second-

order statistics are enough to describe all properties of the time series. However,

most real-world signals are not Gaussian, and unsurprisingly, higher-order statisti-

cal information to deal with such things as degrees of nonlinearity and deviations

from normality, should be considered. The higher-order spectrum (HOS), called the

polyspectrum [19], which is defined in terms of the higher-order statistics of a signal,

can provide additional information and, in some applications, has been proved to

be a very effective tool, especially for “non” processes and systems: non-Gaussian,

non-linear, non-stationary, non-minimum phase, non-causal and non-additive ones.

Swami et al. have presented an extensive bibliography on higher-order statistics

[162]. There are some other bibliography and tutorial papers on higher-order statis-

tics (spectra) [106, 94, 111, 118, 45]. Brillinger’s tutorial paper [22] is also a useful

source of information about the polyspectrum.
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The attraction of the polyspectrum is due to several unique features and ad-

vantages which they offer over the ordinary second-order spectrum [162]. First,

polyspectra of order greater than two are identically zero for Gaussian data only,

and consequently, polyspectra-based techniques have been exploited to discriminate

between Gaussian and non-Gaussian random signals. Second, polyspectra convey

both amplitude and phase information of signals, thus they can be used in analyzing

non-minimum phase non-Gaussian processes and non-causal systems. Third, it is

natural to use polyspectra in the analysis of nonlinear processes and systems, such

as in the identification of nonlinear systems and tests for nonlinearity [19, 77, 134].

Fourth, short-time and evolutionary polyspectra offer new perspectives on the data,

for the analysis of non-stationary and nonlinear data [63, 100, 101, 69].

The higher-order spectrum analysis has found wide application in digital signal

processing, such as quadratic phase coupling, the deconvolution problem, time delay

estimation, electroencephalography (EEG) signal analysis, imaging through turbu-

lence, blind channel equalization, harmonic retrieval, biological signal processing,

detection and classification of non-Gaussian signals, source separation of mixtures of

signals, analysis of chaotic systems, non-stationary and cyclo-stationary analysis and

so forth. Examples include those applications in the fields of geophysics, geoscience,

oceanography, economic time series, biomedicine and telecommunications. It might

be noted that Brillinger’s paper in 1965 [19] ends on a pessimistic note:

“· · · . Experience with real random variables indicate that higher order
moments are typically not efficient estimates of scientifically relevant pa-
rameters; consequently as the specifications of stochastic processes become
tighter, polyspectra are likely to prove less pertinent in a similar manner.”

It must be admitted that papers on the theory of higher-order spectra probably
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greatly outnumber those where the theory is applied, and that better higher-order

spectrum estimates are available after Brillinger’s comments.

Higher-order spectral analysis of nonlinear univariate random processes have been

thoroughly studied. The simplest case of the polyspectrum, the third-order spectrum

(called the bispectrum because it is a function of two frequencies), is the Fourier

transform of the third-order cumulants [175, 71, 138, 73]. One of the primary ap-

plications of the bispectrum and its normalized form, bicoherence, is for analyzing

nonlinear quadratic phase coupling (QPC) of a time series [120, 118, 124, 76]. It has

been widely-used in the analysis of ocean waves, various physical time series and EEG

data, see references [71, 6, 53, 29, 34, 28, 74].

Higher–order spectral analysis has been extended to nonlinear multivariate prob-

lems straightforwardly [20]. Most multivariate, multichannel, and multivariate higher–

order spectra deal with random processes with only two or three components, e.g.,

[48, 161, 33, 88, 57, 5, 86, 56, 87, 140]. Only some simple cases of nonlinear QPC anal-

ysis for multivariate random processes have been considered, e.g., two-channel QPC

parameter estimations by auto/cross-bispectrum of two channels [132], a straightfor-

ward extension of bicoherence estimation to two-dimensional random processes [33].

Since many observations made by modern instruments are multivariate, or vector-

valued, or both, new techniques or methods are required for higher-order spectral

analysis of nonlinear multivariate random processes, with a reasonable amount of

memory and computation time.

The main intention of this thesis is to develop multitaper higher-order spectral

analysis for nonlinear multivariate random processes. These results are applicable to

the higher-order spectral analysis of multichannel processes, vector-valued processes,
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spatial processes, processes with several variables, or processes with a mixture of

these. The time series could be the data sampled in time, space, or other dimensions,

and they are common in many fields, e.g., economics, optics, geophysics, engineering,

biomedicine and physiology. For simplicity, I use multivariate random processes (sig-

nals) in the rest of this thesis, but refer to a more general class of signals. Although

I use the time series x(t) in this thesis for a multivariate random process, implicitly

indexed by time, t, the techniques can be applied in a more general class of data.

It is well-known that canonical coherences give relatively compact descriptions of

the linear relations between two multivariate time series. The object of this thesis is to

describe a new frequency analysis method, that is a similarly compact description of

the quadratic relations of multivariate random processes. Assessment of the nonlinear

couplings among different variables would give new insights into nonlinear features of

multivariate random processes. The identification of nonlinear couplings and analysis

of components’ contribution could be an important step toward the development of

new nonlinear models for multivariate signals.

There are four main concerns in this thesis: (1) Defining the canonical bicoherence

(CBC), which is a link of the canonical coherence and the bicoherence, and estimat-

ing it using multitaper methods (MTM). Of primary interest in this thesis is the fact

the optimal weights of CBC can reveal information about quadratic nonlinearities

of multivariate signals, and the proportion of their components in the overall non-

linear mechanism. (2) Developing a two-step QPC detector for multivariate random

processes by the first CBC and the first canonical biphase (CBP). (3) Applying the

multitaper CBC to geomagnetic data analysis. (4) Developing a time-varying CBC

for non-stationary multivariate signals and applying it in the EEG data analysis.
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The structure of this thesis is as follows:

• The first part of the thesis (Chapter §2) consists of an introduction and review

of basic concepts, and a description of motivations for this thesis. In particular,

chapter §2 gives a brief description of the necessary background in stationary

multivariate random processes, canonical coherence, higher-order spectrum and

its multitaper estimates.

• Chapters §3 to §6 are the main body of this thesis, providing new definitions,

discussing their properties and statistics, introducing a QPC detector for multi-

variate signals, and applying them to geomagnetic field and EEG data analysis.

More specifically chapter §3 describes the main idea of this thesis, the canon-

ical bicoherence, using Kim and Powers’ normalization. The feasibility of the

canonical bicoherence in detecting the QPC of multivariate signals is explained

theoretically, illustrated by an example, and verified by numerical simulations.

This chapter also presents a method to compute multitaper canonical bicoher-

ence (MTCBC) estimates using three singular value decompositions (SVDs).

Appendix A describes the computation of multitaper canonical bicoherence de-

fined by an alternative symmetric normalization.

Chapter §4 presents the approximate asymptotic distribution of canonical bico-

herences and the estimation of statistical properties of MTCBC estimates by the

weighted jackknife method. We define canonical biphases (CBP’s) and develop

a two-step QPC detector for multivariate signals. Its detection performance is

demonstrated by Monte Carlo simulations.
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Chapter §5 applies canonical bicoherence analysis to the terrestrial geomag-

netic field. It starts with a brief introduction to geomagnetic data. Multitaper

spectral analysis shows that: a) solar p-modes are imprinted in the terrestrial

geomagnetic fields, and b) spectrum peaks are observed at sum frequencies

of fundamental low frequency solar p-modes. Using the canonical bicoherence

analysis, the possibility of low frequency solar p-modes inter-modulating and

resulting in high energy at their sum frequencies is investigated.

Chapter §6 describes time-varying canonical bicoherence defined by the short-

time weighted Fourier transform, for nonlinear analysis of non-stationary mul-

tivariate signals, and demonstrates its application in EEG data analysis.

• Finally, in chapter §7, I will summarize the main contributions of my work

in the higher-order spectral analysis of multivariate signals and discuss some

future work.
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Chapter 2

Background and Motivations

The main intention of this thesis is to develop multitaper higher-order spectral anal-

ysis for nonlinear multivariate random processes. Before commencing our analysis we

begin with some background and by defining the terms used.

2.1 Stationary Multivariate Random Processes

We begin with some principal assumptions of multivariate random processes in this

thesis. One principal assumption concerning a p-variate random process x(t) =

(x1(t), . . . , xp(t)), with the sampling index t ∈ Z and Z = {0,±1,±2, . . . ,±∞},

is that it is mth-order jointly stationary and satisfies a mixing condition.

Definition 2.1 (mth-Order Jointly Stationary). A p-variate random process x(t) is

called mth-order jointly stationary if the probability structure of any collection of k

elements of the process is invariant to time shifts for all k ≤ m, no matter which

variables these k elements are chosen from.
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Assumption 1 (Mixing Condition of Order m). All kth order cumulants of a p-

variate mth order joint-stationary random process x(t) exist and satisfy
∞
∑

τ1=−∞

· · ·
∞
∑

τk−1=−∞

(|τ1| + · · ·+ |τk−1|) · |cj1...jk
(τ1, . . . , τk−1)| <∞, (2.1)

for all j1, . . . , jk ∈ {1, . . . , p}, and k = 1, . . . , m. cj1...jk
(τ1, . . . , τk−1) is the cross-

cumulant of series xj1(t), . . . , xjk
(t),

cj1...jk
(τ1, . . . , τk−1) = cum{xj1(t+ τ1), . . . , xjk−1

(t+ τk−1), xjk
(t)}, (2.2)

where cum(·) denotes the cumulant.

It is common practice to subtract any nonzero mean from the data before further

processing, and because the zero-mean case is usually easier to analyze, multivariate

random processes are assumed to have zero-means in this thesis. Similarly, as in the

case of zero–mean univariate wide sense stationary (WSS), or second-order stationary,

random processes [41], a wide sense stationary p-variate random process, x(t) =

(x1(t), . . . , xp(t)), has a Cramér spectral representation

x(t) =

∫ 1
2

− 1
2

ei2πftdX(f), (2.3)

where dX(f) = (dX1(f), dX2(f), . . . , dXp(f)) is a p-variate orthogonal increment

process, with {dXj(f)}p
j=1 defined as in, e.g., [41, 49, 126]. The spectral density

matrix of x(t) is defined as

Sxx(f)df = E{d†X(f)dX(f)}, (2.4)

where E{·} is the expected value or statistical average of the ensemble, and the

superscript † denotes a complex conjugate transpose. The spectra of the individual

component series are the diagonal elements of this matrix,

Sxjxj
(f)df = E{|dXj(f)|2}, (2.5)
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j = 1, . . . , p. Similarly, for zero-mean multivariate stationary processes, x(t) and y(t),

with orthogonal increments dX(f) and dY(f) that are defined similarly to (2.3), the

cross–spectrum is defined as

Sxy(f)df = E{dX†(f) dY(f)}. (2.6)

Coherence is used to describe frequency–domain correlations between two random

processes, [126, 32, 43, 164], and is a measure of linear dependence. Specifically, for

two multivariate random processes, p-variate x(t) and q-variate y(t) defined similarly

to (2.3), their coherence matrix, in a general form, is

Cxy(f) =
(

E{dX†(f)dX(f)}
)−1/2

E{dX†(f)dY(f)}
(

E{dY†(f)dY(f)}
)−1/2

. (2.7)

The (j1, j2)
th entry of the complex coherence matrix Cxy is defined by

Cxj1
yj2

(f) =
Sxj1

yj2
(f)

√

Sxj1
xj1

(f)Syj2
yj2

(f)
, (2.8)

where Sxj1
yj2

(f) is the (j1, j2)
th entry of the cross-spectrum matrix Sxy(f), j1 =

1, . . . , p and j2 = 1, . . . , q. It is common to plot Cxj1
yj2

(f) as both magnitude–

squared–coherence (MSC), |Cxj1
yj2

(f)|2, and phase tan−1{ Im{Cxj1
yj2

(f)}

Re{Cxj1
yj2

(f)}
}, where Re{·}

and Im{·} denote real and imaginary parts, respectively. For two univariate series

(p = q = 1), coherence is extremely useful, but for more complicated multivariate

problems, one is quickly overwhelmed by the sheer number of combinations.

2.1.1 Restricted Spectral Representation

In this thesis we are attempting to analyze a finite set of discrete–time bounded data

defined for integer t on 0 ≤ t ≤ N − 1. Although N is finite, we assume that it is

large enough to resolve all details of interest in the spectrum and bispectrum. We
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approximate the general spectral representation (2.3) with

x(t) ≈
∫ 1

2

− 1
2

ei2πftX(f)df, fort ∈ {0, 1, . . . , N − 1}, (2.9)

so we are approximating dX(f) with X(f)df , where X(f) = (X1(f), . . . ,Xp(f)), and

Xj(f) is the ordinary discrete Fourier transform of xj(t), j = 1, . . . , p. In addition to

simplicity of notation, there are three reasons for using the ordinary Fourier transform

in place of dX(f):

1. Definition (2.9) corresponds to the notation used in the physics literature and

specifically to that of Kim and Powers, [93], whose standardization we follow.

2. Definition (2.3), while standard for second–order process theory [49, 126], intro-

duces significant mathematical complications in higher–order problems that do

not exist in applications. The notation dX(f) appears to have been first used

for higher–order processes in 1953 by Blanc–Lapierre and Fortet [16], Ch.10 §2,

but its usual interpretation was shown by Kolmogorov [96] to be invalid in some

cases. Consequently, restrictions were added [153, 103]. These complications

arose because they were attempting to force a generalized Fourier transform to

represent physically impossible situations. Specifically, the representation was

supposed to be valid for stationary, non–Gaussian processes with: first, infi-

nite time; second, non-bandlimited signals in continuous time; and third, cases

where higher moments may not exist. None of these complications exist in real

measured data and, in fact, both [153] and [103] comment on the artificiality of

the problem. It is stated in [153]:

“· · · . However, for k > 2 the example given by A.N. Kolmogorov
in [3] shows that there exist processes of the class S(k) which do not
belong to the class Φ(k). Nevertheless, the artificiality of the example
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given by Kolmogorov gives a basis for hoping that the class Φ(k) is
sufficiently large.”

3. A feature of multitaper analysis is that one can approximate dX(f) with a local

expansion in Slepian functions. These local expansions correctly reproduce the

data [166] and so are trivially sufficient. This expansion was introduced in [167]

and has been used in bispectrum estimates, see, e.g., [165, 14].

Thus we approximate the definition (2.4) with Sxx(f) = E{X†(f)X(f)}, and similar

expressions for the cross–spectrum. The intent of this notation is to represent x(t) for

all t of interest, possibly for a much larger time than the sample duration, that is for a

large, but finite duration. Similarly, we exclude data that cannot be measured phys-

ically, thus we have a finite set of measurements. These measurements are bounded

so can be represented by an ordinary Fourier transform. Similarly, moments of all

order exist. (This does not imply that their statistical properties will be “nice”.)

2.2 Canonical Coherence

Next, turning to multivariate problems, the obvious approach of computing coher-

ences between all possible pairs of series, or bispectra on all possible combinations

of three series, results in being quickly overwhelmed by the sheer number of cases.

If one has p series, the spectra and cross–spectra (2.8) is a p × p matrix and it re-

sults in p(p − 1)/2 coherence estimates. With p = 5 series one thus has 10 separate

coherence estimates so that at every frequency one expects one of the 10 estimates

to be above the nominal 90% significance level for individual coherence estimates.

When, as above, there are two sets of p series each, there are p2 coherence estimates

between the components of the two sets. Moreover, if one has N samples in the time
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domain, one normally considers approximately N estimates in the frequency domain,

so statistics must be done carefully.

Canonical correlations were first developed by Hotelling in the 1930’s to describe

the linear dependence between two multivariate data sets [80, 125, 68, 3]. The basic

idea is that if x1(t) and x2(t) represent a p–variate and q–variate, respectively, zero–

mean data vectors, implicitly both indexed by time, one chooses a p–vector α(1) and

a q–variate vector α(2), so that the scalar random variables

u(1) = x1α
(1) and u(2) = x2α

(2) (2.10)

have V ar{u(1)} = V ar{u(2)} = 1, and E{u(1)u(2)} is maximized. The solution of this

problem is contained in most texts on multivariate analysis and signal processing,

see, e.g., [91, 3, 107, 147], with a very clear exposition given in Chapter §43 of [89].

Despite this, they state (Vol. 3, pg 305):

“The results of canonical correlation analysis are even more difficult to
interpret than those of component analysis. · · · The literature of the
subject has few examples of useful practical applications; · · · ”

and, while more examples have appeared since this was written in 1966, interpretation

remains difficult for soft science data, such as social science and economics data.

The extension of the canonical correlation to the frequency domain description

of the interaction between multivariate random processes, the canonical coherence, is

discussed in [68, 21] and, in §10.4 of [125], Pinsker shows that the mutual information

between two multivariate series is defined by their canonical coherences. The multi-

taper canonical coherence was developed in [171] to analyze the correlation between

vector–valued data sampled on two spacecraft with further examples given in [166].

Suppose two stationary processes x(t) and y(t), which have p and q variates
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respectively, are stationary to the sixth-order and the sixth-cumulant function is

summable and finite, their spectra and cross-spectra matrix, partitioned into blocks

of size p and q, is

Σ =







Σxx Σxy

Σyx Σyy






, (2.11)

where Σxx is the matrix of spectra and cross-spectra for x(t), Σyy is the matrix of

spectra and cross-spectra for y(t), and Σxy (= Σ†
yx) is the matrix of cross-spectra

between x(t) and y(t), with the (j1, j2)
th element is the cross-spectrum between xj1(t)

and yj2(t), j1 = 1, . . . , p and j2 = 1, . . . , q. Instead of having to examine p × q

coherence between the two sets, there is only at most r = min{p, q} nonzero canonical

coherences.

In canonical coherences, the procedure is to choose an optimum linear combination

of the measurements within each set such that the magnitude–squared–coherence

(MSC) between two resulting series are maximized in the frequency domain. Assume

p ≤ q, there are at most p nonzero canonical coherences between x(t) and y(t), the

maximal one of which is called the first (or largest) canonical coherence.

Definition 2.2 (jth Canonical Coherence). The jth canonical coherence, ρj, of two

jointly stationary random processes x(t) and y(t) with p and q variates, respectively,

is

ρj =
β

†
jΣyxαj

√

α
†
jΣxxαj · β†

jΣyyβj

, j = 1, . . . ,min{p, q}, (2.12)

where the complex column vectors αj and βj are of dimension p and q, respectively,

and chosen to make

1. the magnitude–squared–coherence of linear combinations xαj and yβj, |ρj|2, as
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large as possible, and

2. xαj and yβj are incoherence with previous j − 1 pairs of linear combinations,

i.e., β
†
jΣyxαk = 0 and β

†
kΣyxαj = 0 for all k ≤ j − 1.

The following theorem gives a way to compute canonical coherences.

Theorem 2.1. For p ≤ q, the magnitude–squared canonical coherences are eigenval-

ues, {̺j}p
j=1, of the equation

det[ΣxyΣ
−1
yy Σyx − ̺Σxx] = 0, (2.13)

with ̺1 ≥ ̺2 ≥ · · · ≥ ̺p. They can also be expressed as eigenvalues of the equation

ΣxyΣ
−1
yy Σyxα = ̺Σxxα, or

ΣyxΣ
−1
xx Σxyβ = ̺Σyyβ.

The largest eigenvalue ̺1 is called the first magnitude–squared canonical coherence

(MSCC), |ρ1|2, [68], [3]. The jth eigenvectors, αj and βj, define the jth canonical

coherence, ρj in (2.12), j = 1, . . . , p.

Multiplying Σ
−1/2
xx on both sides of the first eigenvalue equation above, one can

have

Σ−1/2
xx ΣxyΣ

−1
yy ΣyxΣ

−1/2
xx

(

Σ1/2
xx α

)

= ̺
(

Σ1/2
xx α

)

. (2.14)

Since the matrix A = Σ
−1/2
xx ΣxyΣ

−1
yy ΣyxΣ

−1/2
xx is Hermitian, i.e., A† = A, the eigen-

value ̺ is always real. Also the eigenvalue equation can be written, in the form of a

singular value decomposition [147], as

Σ−1/2
xx ΣxyΣ

−1/2
yy = F†KG. (2.15)

The matrices F = {α1, . . . ,αp}, G = {β1, . . . ,βq}, and K is the diagonal matrix of
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singular values:

K =























(Kr 0) , if p ≤ q






Kr

0






, if p ≥ q

where the r × r diagonal matrix Kr = diag{√̺1, . . . ,
√
̺r}, r = min{p, q}.

At last, in the statistical literature for analogues of canonical correlations between

three, or more, multivariate sets, the earliest that we have found is Wilk’s 1935 paper

[179] that gives a test for independence of k sets. This predates Hotelling’s famous

1936 paper [80] that defined canonical correlation and showed how to estimate the

relations between two sets of variables, not just test if they are independent. Much of

the early work is summarized in [91] which appears to have given the first statistically

useful procedures that extend canonical analysis to several sets of variables.

Canonical correlation/coherence is a linear model and is thus unable to describe

nonlinear relationships between several data sets. Various approaches, based on arti-

ficial neural network and kernel methods, have been proposed to generalize nonlinear

canonical correlation analysis [81, 99, 98, 82]. These methods, however, “are rather

complicated and prone to overfitting”[31]. Consistent extensions of these methods to

the frequency domain do not seem to be known.

2.3 Higher-Order Spectra of Multivariate Random

Processes

By taking the mth-order statistical information of processes into account, the higher-

order spectrum (HOS) is a useful tool in digital signal processing and statistics.
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Because of properties of cumulants, most HOS techniques are developed in terms of

cumulants instead of moments [73]. While the definitions of the higher-order spectrum

are usually based on the mth-order cumulants, instead of mth-order moments, of a

stationary process [23], this thesis uses the definition from the moments of a stationary

process [118] since the primary interest of this thesis is the simplest case: bispectral

analysis. For zero–mean processes, the second– and third–order cumulants are equal

to their second– and third–order moments, respectively, it follows that a zero–mean

process’ cumulant bispectrum is same as its moment bispectrum.

If a discrete and real p-variate random process x(t), t ∈ Z, is stationary of order m

and satisfies the Assumption 1 (mixing condition of order m), we define the mth-order

moment spectrum of the real series xj1(t), . . . , xjm
(t) as

S
(m)
j1,...,jm

(f1, . . . , fm−1) =

∞
∑

τ1=−∞

· · ·
∞
∑

τm−1=−∞

mj1,...,jm
(τ1, . . . , τm−1)e

−i2π(τ1f1+···+τm−1fm−1),

(2.16)

where mj1,...,jm
(τ1, . . . , τm−1) is the mth-order moment of series xj1(t), . . . , xjm

(t), the

subscript j1, . . . , jm = 1, . . . , p, and frequencies f1, . . . , fm−1 ∈ [−1
2
, 1

2
], [15, 19, 20].

The analytic properties of the higher-order spectra, which are similar to those of the

second-order spectra, are described in detail in [24] and [25] for univariate random

processes and in [20] for multivariate random processes.

Using the Cramér representation of a stationary process, the mth-order moment

spectrum of series xj1(t), . . . , xjm
(t) can be expressed as

S
(m)
j1,...,jm

(f1, . . . , fm−1)df1 · · ·dfm−1 = E{dXj1(f1) · · · dXjm−1(fm−1)dX
∗
jm

(

m−1
∑

j=1

fj)},

(2.17)
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where ∗ denotes the complex conjugate. It can readily seen that

dXj1(f1) · · · dXjm−1(fm−1)dX
∗
jm

(

m−1
∑

j=1

fj) =

m
∏

j=1

∣

∣dXjj
(fj)

∣

∣ · eiφj1,...,jm (f1,...,fm−1), (2.18)

with fm =
∑m−1

j=1 fj and the phase

φj1,...,jm
(f1, . . . , fm−1) =

m−1
∑

j=1

φjj
(fj) − φjm

(
m−1
∑

j=1

fj), (2.19)

called the cross-polyphase of the cross-polyspectrum. In considering these represen-

tation, bear in mind Kolmogorov’s objections and subsequent restrictions on the class

of processes discussed earlier. Also, for m > 3 problems are likely to be worse than

they are for the bispectrum (when m = 3). The mth-order moment spectrum in the

equation (2.17) is replaced by

S
(m)
j1,...,jm

(f1, . . . , fm−1) ≈ E{Xj1(f1), . . . ,Xjm−1(fm−1)X ∗(

m−1
∑

j=1

fj)} (2.20)

in this thesis, where Xji
(f) is the discrete Fourier transform of finite observations of

xji
(t), ji = 1, . . . , p.

The higher-order spectrum of complex processes will not be considered in this

thesis. The complex case is much more complicated than when the data is real-valued

because, there are 2n different definitions for nth-order moments of a complex process

depending on how the conjugate operators are placed [148, 149]. Even in second-

order problems it is common to only consider the “normal” case of complex-valued

random variables, that is those (in the zero–mean case) for which V ar{Re{z}} =

V ar{Im{z}} and E{Re{z}} = E{Im{z}} = E{Re{z}Im{z}} = 0. Mooers [115]

(see comments in [112]) gives an example using non-normal data. Thus with complex

data, one may have a “non-normal Gaussian” distribution.
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2.3.1 Polynomial Phase Coupling

An immediate consequence of the definition (2.18) and (2.19) is that when signal

components at frequencies f1, . . . , fm−1 and fm of xj1 , . . . , xjm−1 and xjm
, respectively,

are independent of each other, or there is a random phase relationship among them,

the magnitude of the cross-polyspectrum S
(m)
j1,...,jm

(f1, . . . , fm−1) will average to a very

small value. Otherwise, when these frequencies are coupled, the magnitude of the

cross-polyspectrum will have an impulse at the poly-frequency (f1, . . . , fm−1, fm).

This is the phenomena of polynomial phase coupling (PPC), a generalization of that of

quadratic phase coupling (QPC), which is described clearly by Nikias [120]. We define

the (m− 1)th-order polynomial phase coupling by generalizing a concise definition of

quadratic phase coupling by Raghuveer in [131].

Definition 2.3 ((m− 1)th-Order Polynomial Phase Coupling). m frequency compo-

nents of a random process located at the frequencies f1, . . . , fm with phases φ1, . . . , φm,

respectively, are said to be (m−1)th-order polynomial phase coupled if fm =
∑m−1

j=1 fj

and φm =
∑m−1

j=1 φj.

mth-order spectrum measures the presence of (m− 1)th-order phase coupled com-

ponents of stationary processes. For example, when m = 3, bispectrum measures

the presence of quadratic phase coupled components, and when m = 4, trispectrum

measures the presence of cubic phase coupled components.

2.3.2 Bicoherence of Multivariate Random Processes

Next, to describe nonlinear relations between series, the bispectrum and bicoher-

ence deserve special mention since they are simplest members of the general class
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of polyspectra [19] that define higher, > 2, moments of stochastic processes in the

frequency domain. For three series, x(t), y(t), and z(t) defined as in (2.9) for p = 1,

the bispectrum is defined by

Bxyz(f1, f2) = E{X (f1)Y(f2)Z∗(f1 + f2)}, (2.21)

and describes their joint third moments. The bispectrum is zero for Gaussian pro-

cesses and has many symmetries, [120]. The simplest example is that first two fre-

quencies f1 and f2 are interchangeable, i.e., Bxxz(f1, f2) = Bxxz(f2, f1).

The first definition of bicoherence, most likely introduced by Tukey [18], parallels

that of coherence:

bxyz(f1, f2) = cb
Bxyz(f1, f2)

√

Sx(f1)Sy(f2)Sz(f1 + f2)
. (2.22)

The constant cb has been problematic, but the major problem is that bxyz(f1, f2) is not

bounded by any obvious parallel of the Cauchy–Schwartz inequality. This definition

has the advantage of symmetry, and was used in the reference [19, 24, 78, 21, 77, 137,

79]. Although this is referred to as the bicoherence [120, 118, 13], it is more suitable

to call it a skewness function because its absolute value is not strictly bounded in the

unit interval.

The second definition appears in [92, 93, 134, 52], motivated by nonlinear three-

mode mixing in plasmas, and is

bk:xyz(f1, f2) =
Bxyz(f1, f2)

√

E{|X (f1)Y(f2)|2}Sz(f1 + f2)
. (2.23)

The major advantage is that |bk:xyz(f1, f2)| ≤ 1 so that its interpretation is similar to

ordinary coherence and, in well–defined input–output situations (such as the original

plasma problem), is reasonable. The definition is not symmetric, hence with equal

validity, one could choose either E{|X (f1)Z(f1 + f2)|2}Sy(f2) or E{|Y(f2)Z(f1 +
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f2)|2}Sx(f1) instead of the denominator one could use in (2.23), an implicit admis-

sion that most data is nonstationary. A value of |bk:xyz(f1, f2)| close to unity indicates

a strong quadratic nonlinearity. The amplitude of the cross-bicoherence can be in-

terpreted as the contribution of quadratic nonlinear interaction between fundamental

modes of oscillation at frequencies f1 and f2 to the energy at their sum frequency

f1 +f2. Unless noted, the whole thesis uses the second normalization, called Kim and

Powers’ normalization.

Assume x(t) = (x1(t), x2(t), . . . , xp(t)), t ∈ Z, is a discrete, zero-mean, jointly

stationary, p-variate random process, and suppose the third-order cross-moments of

three components xj1 , xj2 and xj3 of x(t), j1, j2, j3 = 1, . . . , p, is

Rj1,j2,j3(τ1, τ2) = E{xj1(t+ τ1)xj2(t+ τ2)xj3(t)}, (2.24)

then its 2-D Fourier transform

Bj1,j2,j3(f1, f2) =

∞
∑

τ1=−∞

∞
∑

τ2=−∞

Rj1,j2,j3(τ1, τ2)e
−i2π(f1τ1+f2τ2) (2.25)

for |f1| ≤ 1
2
, |f2| ≤ 1

2
, is called the cross-bispectrum of processes xj1(t), xj2(t) and

xj3(t), at the bifrequency (f1, f2). There are a total of p3 − 2p auto– and cross–

bispectra of a p-variate random process.

Since the third-order cross-cumulants do not preserve all of the symmetries of the

third-order auto-cumulants, the cross-bispectrum does not preserve the symmetries

of the auto-bispectrum in the f1-f2 plane. Therefore, the principle domain (PD)

of the bispectrum, the triangular region {(f1, f2)|0 ≤ f1 ≤ f2, f1 + f2 ≤ 1
2
}, can

not describe the cross-bispectrum, which should be computed in the whole region

{(f1, f2)|0 ≤ f1, f2 ≤ 1
2
}. If j1 = j2 = j3 = j, bj(f1, f2) is referred to as the auto-

bicoherence, or the bicoherence for short, of the process xj(t), j = 1, . . . , p.
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Cross-bicoherence is a computation for one, two or three components of a mul-

tivariate signal, it does not account for all the higher-order structure information of

the multivariate signal.

2.3.3 Multitaper Higher-Order Spectra Estimates

Estimates of higher-order spectra are prone to be noisy and statistically inconsistent,

or worse, anticonsistent, meaning that their variance is proportional to the sample

size. (This is formally derived for estimates of the variance of the bispectrum es-

timated from stationary Gaussian data, where the true bispectrum is zero.) The

problems are particularly severe when small data sets are available, or when the data

comes from a non-stationary process. The usual approaches of higher-order spec-

tra estimators, e.g., (1) weighted Fourier transforms of sample moments [134], (2)

frequency-domain averages by multiple-dimensional weight functions [139, 105, 2],

and (3) time-average complex demodulates [65, 78], are extensions of those in the

well-established second-order power spectrum estimators, but going from one to two

or more frequencies introduces many difficulties and complications.

Multitaper methods are described in numerous papers and books. (A recent check

on Google for “multitaper” returned over 20,000 reference lists.) It is widely believed

that the multitaper polyspectrum estimate is superior to other existing estimates

[14], owing to the desirable property of orthogonal discrete prolate spheroidal se-

quences (DPSS), also called the Slepian sequences, being optimally resistant to spec-

tral leakage at a chosen frequency band of width 2W for a sequence of N samples.

Slepian sequences were developed by Slepian for signal processing and analysis in

[155, 156, 157, 158, 154]. References to multitaper bispectrum estimates are given in
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[165, 10, 11, 12, 13, 177].

In the multitaper method, a set of K = ⌊2NW ⌋ − 1 Slepian sequences, in the

form ν(k)(N,W ) (or ν(k) for short), k = 0, . . . , K − 1, is used for the estimation of

the K eigencoefficients, X̂k(f) =
∑N−1

t=0 x(t)ν
(k)
t e−i2πft, of a discrete random process,

x(t), t = 0, . . . , N − 1, as functions of frequency f .

Let x(0), . . . ,x(N − 1) be N observations from the p-variate, zero-mean, jointly

stationary discrete-time random process x(t) = (x1(t), . . . , xp(t)), t ∈ Z, its kth eigen-

coefficient is

X̂k,j(f) =
N−1
∑

t=0

xj(t)ν
(k)
t e−i2πft, (2.26)

for k = 0, . . . , K − 1 and j = 1, . . . , p. The time-average multitaper estimate of mth-

order spectrum and cross-spectrum average the weighted products of the complex

demodulate [165] of the random process x(t), over time [14],

Ŝ
(m)
j (f) =

1

Um

∑

k∈K

(

m
∏

i=1

X̂ki,ji
(fi)

)

P
(m)
k , (2.27)

where X̂ki,ji
(fi) is the kth

i eigencoefficient of xji
(t), the vector index j = [j1, . . . , jm]

denotes the involved components of processes ji ∈ {1, . . . , p}, frequencies are f =

[f1, . . . , fm] with
∑m

i=1 fi = 0, and the subscript index k = [k1, . . . , km] holds the

combination of tapers applied, ki ∈ {0, . . . , K − 1}. K is the set of all m-tuples

(k1, . . . , km) such that ki ∈ {0, . . . , K − 1}. The number of all elements in K is

|K| = Km.

The weight factor in the multitaper mth-order spectrum or cross-spectrum esti-

mate (2.27) is

P
(m)
k =

N−1
∑

t=0

m
∏

i=1

ν
(ki)
t , (2.28)

and the normalization factor Um =
∑

k∈K(P
(m)
k )2. The time-average estimate Ŝ

(m)
j (f)
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is approximately unbiased for slowly-varying mth-order spectra.

Tapers with high sidelobe levels, those higher-order Slepian tapers, are prone

to produce leakage. For processes with a large dynamic range, these tapers will

contribute significantly to increase the variance of higher-order spectrum estimators.

Therefore, unlike the Shannon number ⌊2NW ⌋ − 1 in multitaper power spectrum

estimates, only K = ⌊2NW ⌋ − 3 or even fewer of the lowest-order tapers are used

in higher-order spectrum estimates [12]. The reason for this is that, if the dynamic

range of a spectrum, the ratio of Rs =
maxf{S(f)}

minf{S(f)}
, that of a bispectrum is at least R

3/2
s ,

possibly much larger. Because ranges of Rs ≥ 1010 are not uncommon in physical

applications, this means that sidelobe levels below 10−15 may be routinely needed for

estimating bispectra. Also, unlike the ordinary second-order spectrum that cannot

vanish on an interval without violating the Paley-Wiener condition, the bispectrum

can be identically zero.

2.4 Motivations

As summarized above, canonical coherence investigates the linear dependence of sta-

tionary multivariate random processes, and whose bicoherence is also defined and

explained its capability in detecting quadratic phase coupling. This thesis is going to

answer the question:

How to investigate quadratic phase couplings of multivariate signals by higher-

order spectra?

Simply estimating conventional bicoherences on all possible combinations of scalar

components is both complicated and even more bewildering than described above for
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coherences. As an example, consider the possible interactions between three com-

ponents in just one set of vector magnetic field data. In the linear case, one would

normally treat such a problem by rotating the components as in [142] so they can be

easily described in terms of the geometry of their polarization ellipse or similar phys-

ical descriptions and, at worst, there are just three distinct coherence estimates to

consider. In contrast, a bispectrum involves three frequencies, f1, f2, and f3 = f1+f2,

each of which can be chosen from any of the three components. The first two frequen-

cies are interchangeable in some cases, so one has 18 estimates of cross–bicoherences

plus three estimates of auto–bicoherences. Worse, these estimates are made for many

choices of f1 and f2, so there are ∼ N2 estimates, and there will usually be many cases

where estimates exceed, say, the 99.9% level in some of the 21 estimates. Indeed, with

21 estimates for a given f1, f2 pair, one usually expects to find one of them above

the standard 95% level. In many of the areas where these methods are expected to

be used, analysis of space and geophysical data, as well as related engineering prob-

lems, the statistical problems are compounded because much of this data contains

many nearly periodic components and second-order statistics have bimodal or mix-

ture distributions, see [169, 8, 166]. Thus, without prior knowledge about possible

couplings, how does one make reliable inferences? Moreover, the statistical properties

of conventional bispectrum estimates are known to be so poor as to be anticonsistent

[104, 165], so the problem is compounded and questions about the utility of bispectra

persist [113].

Since many observations made by modern instruments are multivariate, or vector–

valued, or both, a new technique is required for higher-order spectral analysis of

multivariate random processes, at a reasonable cost of memory and computation.
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A new idea, the canonical bicoherence, will be introduced for nonlinear analysis

of multivariate signals. Its definitions, multitaper estimates and applications will be

discussed in detail in the following four chapters.
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Chapter 3

Canonical Bicoherence and

Multitaper Estimates

The central theme of this and the following chapters is a new definition: the canonical

bicoherence (CBC), a combination of the canonical coherence and the bicoherence,

which, as we show later, is an effective tool for analyzing quadratic nonlinearities in

multivariate random processes. In this chapter, the definition and properties of canon-

ical bicoherence are presented. The feasibility of canonical bicoherence in detecting

quadratic phase coupling (QPC) of multivariate signals is explained theoretically and

illustrated by an example. Canonical bicoherences are defined using Kim and Powers’

normalization, and estimated by multitaper methods to achieve reliable estimates, at

a reasonable cost of memory and computation. A sequence of three singular value

decompositions are used to compute the canonical bicoherence efficiently. Numerical

simulations are used to show the feasibility of this technique in QPC detection.
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3.1 Introduction

The object of this chapter is to describe the canonical bicoherence, which is a compact

description of the quadratic phase relations of a multivariate random process. When

the dimension of the process is reduced to one, the canonical bicoherence is the

conventional bicoherence.

For a zero-mean, at least sixth-order jointly stationary p-variate random process

x(t), t ∈ Z, canonical bicoherence analysis seeks three vectors α(1), α(2) and α(3) at

every bifrequency (f1, f2), such that the linear combinations

u(1) = xα(1), u(2) = xα(2) and u(3) = xα(3) (3.1)

have the magnitude of their cross-bicoherence maximized. Instead of having to ex-

amine p3 − 2p auto/cross-bicoherences, there are at most p canonical bicoherences.

The first canonical bicoherence is our primary interest.

The canonical bicoherence is defined based on the normalized auto/cross-bicoherence,

which has two different normalization ways: “standard” (2.22) and Kim and Powers’

(2.23). For the canonical bicoherence, this choice of normalization is not solely a

matter of definition and convenience, but has significant consequences for the estima-

tion. The canonical bicoherence using Kim and Powers’ normalization will be used

throughout the thesis, while the definition and computation of an alternative canoni-

cal bicoherence by “standard” normalization, which is normalized by the products of

spectra then is not bounded to the unit interval, are described in Appendix A.

In both definitions, canonical bicoherences are estimated by multitaper methods,

which have several advantages:

27



• By employing prolate spheroidal wave functions, i.e., Slepian functions, as ta-

pers, the estimates of the matrix of higher-order spectra and cross-spectra have

low bias.

• By constructing the eigencoefficient matrix (see detail in §3.4), it is possible

to compute the canonical bicoherence efficiently by three or four singular value

decompositions (SVDs). It avoids the potential loss of numerical accuracy by

estimating the inverses of higher-order spectral and cross-spectral matrix di-

rectly.

• Using a series of orthogonal windows, these eigencoefficients can be treated

as uncorrelated data. Jackknifing over windows (that is, witholding one or

more Slepian tapers), the corresponding eigencoefficients, in calculations, allows

estimation of the bias and the variance of the canonical bicoherence estimates.

This chapter is organized as follows. In §3.2, canonical bicoherences are defined.

§3.3 explains its feasibility in detecting QPC of multivariate random processes, and

shows how the weight vector reveals the information about the contribution of every

component to the quadratic phase couplings. §3.4 provides the multitaper canonical

bicoherence estimates. Numerical examples in §3.5 verify the feasibility of canonical

bicoherence in QPC detection for multivariate random processes. Concluding remarks

are drawn in §3.6.
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3.2 Definition of Canonical Bicoherence

The canonical bicoherence (CBC) is a combination of the cross-bicoherence and the

canonical coherence. Assume that x(t) = (x1(t), . . . , xp(t)) is a real and at least sixth-

order jointly stationary random process with zero-means, and the Fourier transforms

of its N finite observations {x(t)}N−1
t=0 is X(f) = (X1(f), . . . ,Xp(f)). Let complex

column vectors α(l) = (α
(l)
1 , . . . , α

(l)
p )′ where ′ denotes the transpose, the linear com-

binations of x(t), x(l)(t) = x(t)α(l), l = 1, 2, 3, have the Fourier transforms

X (l)(fl) = X (fl)α
(l), (3.2)

where f3 = f1 + f2. The metrology of computing the canonical bicoherence is to find

optimal vectors, {α(l)}3
l=1, to make the magnitude of the cross-bicoherence of x(1)(t),

x(2)(t) and x(3)(t), i.e., the magnitude of

b123(f1, f2) =
E{X (1)(f1)X (2)(f2)X (3)∗(f1 + f2)}

√

E{|X (1)(f1)X (2)(f2)|2}E{|X (3)(f1 + f2)|2}
, (3.3)

maximized.

From (3.2), one has

X (1)(f1)X (2)(f2) = X(f1)α
(1)X(f2)α

(2)

= [X(f1)α
(1)] ⊗ [X(f2)α

(2)]

= [X(f1) ⊗ X(f2)] · [α(1) ⊗ α(2)], (3.4)

where ⊗ is the Kronecker product. Then the terms in the numerator and denominator

of the cross-bicoherence (3.3) are

E{X (1)(f1)X (2)(f2)X (3)∗(f1 +f2)} = α(3)†E{X†(f1 +f2)[X(f1)⊗X(f2)]}[α(1) ⊗α(2)],

E{|X (1)(f1)X (2)(f2)|2} = [α(1)⊗α(2)]†E{[X(f1)⊗X(f2)]
†[X(f1)⊗X(f2)]}[α(1)⊗α(2)],
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and

E{|X (3)(f1 + f2)|2} = α(3)†E{X†(f1 + f2)X(f1 + f2)}α(3).

Denote the vectors

Y1×p2(f1, f2) = X(f1) ⊗ X(f2),

βp2×1 = α(1) ⊗ α(2),

γp×1 = α(3),

and the matrices

Σ11 = E{Y†(f1, f2)Y(f1, f2)},

Σ22 = E{X†(f1 + f2)X(f1 + f2)},

Σ21 = E{X†(f1 + f2)Y(f1, f2)},

where Σ11, Σ22 and Σ21 are p2 × p2, p × p and p × p2 matrix, respectively. Σ11 is

the matrix of trispectra and cross-trispectra for x(t) at the trifrequency (f1, f2,−f1),

Σ22 is the matrix of spectra and cross-spectra for x(t) at the frequency f1 + f2, and

Σ21 = Σ
†
12 is the matrix of bispectra and cross-bispectra for x(t) at the bifrequency

(f1, f2). The elements of the higher-order spectra and cross-spectra matrix, Σ11, Σ22

and Σ21, are shown as follows, where the argument ji = 1, . . . , p, i = 1, . . . , 4.

• The ((j3 − 1)p+ j4, (j1 − 1)p+ j2)
th element of the matrix Σ11 is

E{X ∗
j3

(f1)X ∗
j4

(f2)Xj1(f1)Xj2(f2)},

which can be interpreted as the cross-trispectrum of random processes xj1(t),

xj2(t), xj3(t) and xj4(t) at the tri-frequency (f1, f2,−f1), i.e. S
(4)
j1j2j3j4

(f1, f2,−f1).

• The (j2, j1)
th element of the matrix Σ22, i.e.

E{X ∗
j2(f1 + f2)Xj1(f1 + f2)},
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is the cross-spectrum of random processes xj1(t) and xj2(t) at the frequency

f1 + f2, S
(2)
j1j2

(f1 + f2).

• The (j3, (j1 − 1)p+ j2)
th element of the matrix Σ21 is

E{X ∗
j3(f1 + f2)Xj1(f1)Xj2(f2)},

or the cross-bispectrum S
(3)
j1j2j3

(f1, f2) of random processes xj1(t), xj2(t) and

xj3(t), at the bifrequency (f1, f2).

One can write the cross-bicoherence (3.3) as

b123(f1, f2) =
γ†Σ21β

√

β†Σ11β · γ†Σ22γ
, (3.5)

which has the same form as the canonical coherence. As in canonical coherence, one

can define the jth canonical bicoherence as follows:

Definition 3.1 (jth Canonical Bicoherence). The jth canonical bicoherence at the

bifrequency (f1, f2), bj(f1, f2), of a p-variate, zero-mean, real and at least sixth-order

jointly stationary random process, x(t) = (x1(t), . . . , xp(t)), t ∈ Z, is

bj(f1, f2) =
|γ†

jΣ21βj|
√

β
†
jΣ11βj · γ†

jΣ22γj

, j = 1, . . . , p, (3.6)

where the matrices Σ11, Σ22 and Σ21 are defined as above, the complex column vectors

βj and γj are of dimension p2 and p respectively, and chosen to make

1. the magnitude of the coherence of linear combinations Y(f1, f2)βj and X(f1 +

f2)γj, bj(f1, f2), as large as possible, and

2. Y(f1, f2)βj and X(f1 + f2)γj have zero coherence with the previous j − 1 pairs

of linear combinations.

Specifically, the first canonical bicoherence is defined as follows.
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Definition 3.2 (First Canonical Bicoherence). The first canonical bicoherence is

the maximum magnitude of the cross-bicoherence of linear combinations x(t)α(l),

l = 1, 2, 3, of a zero-mean, at least sixth-order jointly stationary, p-variate random

process, x(t), for all p-dimensional column vectors α(l), l = 1, 2, 3, at the bifrequency

(f1, f2), i.e.,

b1(f1, f2) = max
α

(1),α(2),α(3)∈Cp
|b123(f1, f2)| , (3.7)

where b123(f1, f2) is given by (3.3), and Cp is the set of complex column vectors of

dimension p.

As the canonical correlation [68], the standard solution of jth squared canonical

bicoherence, b2j (f1, f2), j = 1, . . . , p, is the jth largest eigenvalue of the canonical

matrix,

Σ−1
11 Σ12Σ

−1
22 Σ21. (3.8)

Canonical bicoherences are bounded by the unit interval, i.e., 0 ≤ b1(f1, f2) ≤

b2(f1, f2) ≤ · · · ≤ bp(f1, f2) ≤ 1, for all bifrequencies (f1, f2). The jth canonical

bicoherence can also be interpreted as the jth canonical coherence between the Kro-

necker product of the Fourier transforms at two frequencies, X(f1) ⊗X(f2), and the

Fourier transform at the sum of these two frequencies, X(f1 + f2).

It is well-known that the canonical coherence is invariant to the unitary transforms

of random vectors β and γ. Denote by U(l), l = 1, 2, 3, the unitary matrix with

U(l)†U(l) = Ip, so Ũ = U(1)⊗U(2) is also an unitary matrix with (U(1)⊗U(2))†(U(1)⊗

U(2)) = Ip2. Since β = α(1) ⊗ α(2), one has (U(1)α(1)) ⊗ (U(2)α(2)) = (U(1) ⊗

U(2))(α(1) ⊗α(2)) = Ũβ. Therefore, the canonical bicoherence is also invariant to the

unitary transforms of random vectors α(l), l = 1, 2, 3.
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3.3 Feasibility of QPC Detecting

Quadratic phase coupling (QPC) is the situation where quadratically nonlinear in-

teraction between two harmonic components of a process contribute to the power

of the sum and/or difference frequencies. Such a phenomenon that results in the

phase relation of three harmonic components same as their frequency relation, i.e.,

f3 = f1±f2 and φ3 = φ1±φ2, is called QPC. For example, if the harmonic signal x(t),

containing two sinusoid signals with frequencies fi and φi, i = 1, 2, passes a quadratic

nonlinear system (shown as in Figure 3.1), the output signal y(t) contains quadratic

phase coupled components, such as the sinusoid components with frequencies f1, f2

and f1 +f2. Canonical bicoherence, as we show later, preserve the ability of detecting

QPC.

(f1, φ1)
(f2, φ2)

- y(t) = x2(t) + x(t)

Quadratic Nonlinear

-

(f1, φ1)
(f2, φ2)
(2f1, 2φ1)
(2f2, 2φ2)
(f1 + f2, φ1 + φ2)
(f1 − f2, φ1 − φ2)

Figure 3.1: An example of generating quadratic phase coupled signal.

By straightforward linear algebra, the cross-bispectrum of x(1)(t), x(2)(t) and

x(3)(t) can also be written as

E{X (1)(f1)X (2)(f2)X (3)∗(f1 + f2)} =
∑

j1,j2,j3∈{1,...,p} α
(1)
j1
α

(2)
j2
α

(3)∗
j3

Bj1j2j3(f1, f2)

= γ†Σ21β, (3.9)

where Bj1j2j3(f1, f2) = E{Xj1(f1)Xj2(f2)X ∗
j3(f1+f2)} is the cross-bispectrum of the j1,

j2 and jth
3 components of the process x(t), and α

(l)
j is the jth component of the vector
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α(l), j = 1, . . . , p. According to (3.3), (3.6) and (3.9), the jth canonical bicoherence

is the jth maximized magnitude of linear combinations of cross-bispectrum of all

possible three components of the multivariate process x, i.e., |γ†
jΣ21βj |, under the

constraints β
†
jΣ11βj = 1 and γ

†
jΣ22γj = 1. If x(t) contains no quadratic phase

coupled component at the bifrequency (f1, f2), all its auto/cross-bispectra will be

zero (Bj1j2j3(f1, f2) = 0 for all j1, j2 and j3), as will all canonical bicoherences.

Only when at least one Bj1j2j3(f1, f2) is non-zero, can one get non-zero canonical

bicoherences. If one Bj1j2j3(f1, f2) is largest at the bifrequency (f1, f2), the weight

vector w = β⊗γ∗, with the (j1, j2, j3)-th element being α
(1)
j1
α

(2)
j2
α

(3)∗
j3

, will highlight it,

then the jth canonical bicoherence, bj(f1, f2), will also show a peak at the bifrequency

(f1, f2). The higher the peak |Bj1j2j3 |, the larger the absolute value of the weight

|α(1)
j1
α

(2)
j2
α

(3)∗
j3

|. Therefore, the weight vector w = β ⊗ γ∗ reveals the information of

the proportion of power in all components of processes contributing to the overall

QPC nonlinearity.

To define these concepts more precisely, consider a simple bivariate discrete ran-

dom process of the form

x(t) =







∑4
i=1 a1i cos(2πfit+ φi)

∑4
i=1 a2i cos(2πfit+ φi)






, (3.10)

t ∈ Z, f2 > f1 > 0, f3 = f1 + f2, f4 = f2 − f1, φ3 = φ1 + φ2, φ4 = φ2 − φ1, φ1

and φ2 are both independent, uniformly distributed random variables over [−π, π].

{a1i}4
i=1 and {a2i}4

i=1 are constant non-negative scales. For simplicity, only the terms

cos[2π(f1τ1 +f2τ2)] and cos[2π(f1τ1 +f4τ2)] are fully expanded to show its third-order
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cross-moments,

Rj1,j2,j3(τ1, τ2) =
aj11aj22aj33

4
cos[2π(f1τ1+f2τ2)]+

aj11aj24aj32

4
cos[2π(f1τ1+f4τ2)]+· · · ,

(3.11)

j1, j2, j3 = 1 or 2. Consequently, if any of the coefficients of the term cos[2π(f1τ1 +

f2τ2)] is non-zero, i.e., aj11aj22aj33 6= 0, the canonical bicoherence will show a peak at

the bifrequency (f1, f2), and if any of the coefficients of the term cos[2π(f1τ1 + f4τ2)]

is non-zero, i.e., aj11aj24aj32 6= 0, the canonical bicoherence will show a peak at

the bifrequency (f1, f2 − f1) if f2 ≥ 2f1, or (f2 − f1, f1) if f2 < 2f1 in the re-

gion {(f1, f2)|0 ≤ f1, f2, f1 + f2 ≤ 1
2
}. Correspondingly, the weight vector w =

{w111, w112, w121, w122, w211, w212, w221, w222} at (f1, f2) and (f1 − f2, f1) are

1
∏

i=1,2,3(a
2
1i + a2

2i)
1/2

{a11a12a13, a11a12a23, . . . , a21a22a13, a21a22a23}, (3.12)

and

1
∏

i=1,2,4(a
2
1i + a2

2i)
1/2

{a11a14a12, a11a14a22, . . . , a21a24a12, a21a24a22}, (3.13)

respectively, where the product aj11aj22aj33 or aj11aj24aj32 corresponds to the weight

value wj1j2j3, j1, j2, j3 = 1 or 2. Therefore, even the estimated canonical bicoherences

of some processes show identical peaks at a bifrequency, their corresponding weight

vectors will reveal information about how different components contribute to the

overall nonlinear couplings.

In §3.5, the first canonical bicoherences of computer-generated test data will be

estimated by multitaper methods, and their weight vector estimates, ŵ, will be given

to support the theoretical analysis here.
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3.4 Multitaper CBC Estimates by SVDs

In this section, multitaper methods are used to estimate the higher-order spectra

matrix, then they are substituted into the formula shown in §3.3 to compute mul-

titaper canonical bicoherences by three SVDs. The idea of block averaging (either

overlapping or non-overlapping) will be used in the canonical bicoherence estimation

because,

• it efficiently handles very long time series by breaking the time series into blocks

with a reasonable size;

• it releases some requirements on the stationarity of the whole time series by

considering the time series to be stationary in small blocks; and

• it is important in the canonical or conventional bicoherence estimation [119],

and without the block averaging one may obtain false canonical or conventional

bicoherence peaks where no QPC exists.

Segment the time series into L (overlapping or non-overlapping) blocks, each having

N samples, and define the K × p eigencoefficient matrix X(l)(f), l = 1, . . . , L, as

X(l)(f) =













X̂ (l)
0,1(f) · · · X̂ (l)

0,p(f)

...
...

...

X̂ (l)
K−1,1(f) · · · X̂ (l)

K−1,p(f)













,

where X̂ (l)
k,j(f) is the kth eigencoefficient, in the lth segment, of the jth variate, xj(t)

with N observations (x
(l)
j (0), . . . , x

(l)
j (N − 1)), i.e.,

X̂ (l)
k,j(f) =

N−1
∑

t=0

x
(l)
j (t)ν

(k)
t e−i2πft, (3.14)
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k = 0, . . . , K − 1, j = 1, . . . , p and l = 1, . . . , L. Compose a KL × p eigencoefficient

matrix M(f) as

M(f) =



















X(1)(f)

X(2)(f)

...

X(L)(f)



















,

where X(l)(f) is the eigencoefficient matrix of the lth segment. Let M1 = M(f1),

M2 = M(f2) and M3 = M(f1 + f2), and define a product of M1 and M2

M1 ⊙K M2 =



















X(1)(f1) ⊗X(1)(f2)

X(2)(f1) ⊗X(2)(f2)

...

X(L)(f1) ⊗X(L)(f2)



















as a K2L × p2 matrix. The notation ⊙K denotes a hybrid of the Hadmard and

Kronecker products. That is, the Kronecker products are taken element-by-element

(as in a Hadamard product), but each element consists of K rows of the matrices.

The lth block of M1 ⊙K M2 is the Kronecker product of lth blocks of M1 and M2,

i.e., X(l)(f1) ⊗ X(l)(f2), l = 1, . . . , L. By substituting the time-average multitaper

estimates of mth-order spectrum Ŝ
(m)
j (f), m = 2, 3, 4, into the higher-order spectra

and cross-spectra matrices Σ11, Σ22 and Σ21, one has matrix estimates

Σ̂22 =
1

KL
M

†
3M3,

Σ̂11 = [M1 ⊙K M2]
† · [EL ⊗ P(4)] · [M1 ⊙K M2],

Σ̂21 = M
†
3 · [EL ⊗P(3)] · [M1 ⊙K M2],

and Σ̂12 = Σ̂
†
21, where EL is a L-dimensional diagonal matrix with all elements on the

diagonal line are 1
L
. The weight matrix P

(3)

K×K2 has entries P
(3)
k1,k2K+k3

= 1
U3
P

(3)
(k1,k2,k3)

,
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and P
(4)

K2×K2 has entries P
(4)
k1K+k2,k3K+k4

= 1
U4
P

(4)
(k1,k2,k3,k4)

, k1, k2, k3, k4 = 0, . . . , K − 1.

The weight factors P
(m)
k are defined as (2.28). The jth squared multitaper canonical

bicoherence (MTCBC), b̂2j (f1, f2), is the jth largest eigenvalue of the sample canonical

matrix

Σ̂−1
11 Σ̂12Σ̂

−1
22 Σ̂21. (3.15)

Because of the potential loss of numerical accuracy, it is desirable not to estimate

the inverses of the higher-order spectral and cross-spectral matrices directly. In [171],

Thomson presented the multitaper canonical coherence computed by three singular

value decompositions. We will also apply this technique [66] to the computation of

multitaper canonical coherences as below.

Denote the real matrix T = EL⊗P(4), which is symmetric and can be decomposed

as T = [T
1
2 ]†T

1
2 , and let B = EL ⊗ P(3). Suppose the SVDs of these two matrices

are

T
1
2 [M1 ⊙K M2] = U1S1V

†
1,

1√
KL

M3 = U2S2V
†
2,

and substitute them into Σ̂21, one has

Σ̂21 = [
√
KLV2S

†
2U

†
2] · B · [T− 1

2U1S1V
†
1]. (3.16)

Let Q = U
†
2[
√
KLBT− 1

2 ]U1, then the estimated canonical matrix

Σ̂−1
11 Σ̂12Σ̂

−1
22 Σ̂21 = [V†

1]
−1S−1

1 Q†QS1V
†
1. (3.17)

Therefore, the jth largest eigenvalue of the sample canonical matrix (3.17), the jth

MTCBC, b̂2j (f1, f2), is also the jth largest eigenvalue of the matrix Q†Q, which has real

eigenvalues. So, if the SVD of Q = USV†, the magnitude of its jth largest singular

value, |Sjj|, is the jth MTCBC estimate, b̂j(f1, f2). |S11| ≥ |S22| ≥ · · · ≥ |Spp|. The
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corresponding optimal linear vectors are

β̂j = V1S
−1
1 vj , and

γ̂j = V2S
−1
2 uj ,

where vj and uj are the jth column vectors of V and U, respectively. The weight

vector ŵ = β̂⊗γ̂∗, with the (j1, j2, j3)
th element being α̂

(1)
j1
α̂

(2)
j2
α̂

(3)∗
j3

, indicates the pro-

portion of power in particular j1, j2 and j3 components owing to quadratic nonlinear

couplings.

To summarize, the brief procedure of computing the multitaper CBC estimates

by three SVDs is as follows:

1. Segment the time series into L blocks, compute eigencoefficients {X (l)
k,j(f)} as

(3.14), and compose the eigencoefficient matrix M1, M2 and M3, at each bifre-

quency (f1, f2).

2. Decompose the estimated eigencoefficient matrices T
1
2 [M1 ⊙K M2] = U1S1V

†
1

and 1
KL

M3 = U2S2V
†
2.

3. Decompose the matrix Q = U
†
2[
√
KLBT− 1

2 ]U1 = USV†, then the magnitude

of the jth largest singular value, |Sjj|, is the jth multitaper CBC, b̂j(f1, f2), and

the jth optimal weight vector is ŵj = [V1S
−1
1 vj ] ⊗ [V2S

−1
2 uj ]

∗. j = 1, . . . , p.

3.5 Numerical Evaluations

The feasibility of detecting QPC of multivariate random processes using multitaper

canonical bicoherences is best illustrated by examples. We consider bivariate ran-

dom processes, which have the general form of (3.10) in §3.3. One realization of the
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(possibly noisy) x(t) is considered, and the goal is to estimate the first CBC of the

observed signals. The frequencies are chosen as f1 = 0.1523 and f2 = 0.1992, and

the phases φ1 and φ2 are random variables from a uniform distribution on [−π, π] for

each simulation. We show results from simulations using four cases, whose coefficients

{a1i}4
i=1 and {a2i}4

i=1 are tabulated as in Table 3.1. For comparison purposes, coef-

ficients were chosen to make all four cases have nonlinear couplings at bifrequencies

g1 = (f1, f2) and g2 = (f2−f1, f1), but have different contributions to couplings from

two components. Ideal weight vectors at these two bifrequencies were computed as

(3.12) and shown in Table 3.1.

Table 3.1: Coefficients of processes and ideal weight vectors w at bifrequencies g1 =
(f1, f2) and g2 = (f2 − f1, f1).

Case I Case II Case III Case IV

a1 = {1, 1, 1, 1} a1 = {1, 1, 0, 1} a1 = {1, 1, 1, 0} a1 = {2, 2, 0, 1}
a2 = {0, 0, 0, 1} a2 = {0, 0, 1, 0} a2 = {1, 1, 0, 1} a2 = {1, 1, 1, 2}

bifrequency g1 g2 g1 g2 g1 g2 g1 g2

(1,1,1) 1 1√
2

0 1 0.5 0 0 4

5
√

5

(1,1,2) 0 0 1 0 0 0 0.8 2

5

√
5

(1,2,1) 0 1√
2

0 0 0.5 0.5 0 8

5
√

5

(1,2,2) 0 0 0 0 0 0.5 0.4 4

5
√

5

(2,1,1) 0 0 0 0 0.5 0 0 2

5

√
5

(2,1,2) 0 0 0 0 0 0 0.4 1

5
√

5

(2,2,1) 0 0 0 0 0.5 0.5 0 4

5
√

5

(2,2,2) 0 0 0 0 0 0.5 0.2 2

5
√

5

Note: a1 = {a11, a12, a13, a14} and a2 = {a21, a22, a23, a24}. The index (j1, j2, j3) corresponds to the
weight component wj1j2j3 . j1, j2, j3 = 1 or 2.

There are 20 non-overlapping data blocks with 256 samples in each block, and the

time-bandwidth product of the Slepian tapers is NW = 2.5. Only ⌊2NW ⌋ − 3 = 2

lowest tapers are applied in the estimate of Σ21. We show below simulations run under

two scenarios: 1) no observation noise and 2) having non-Gaussian noise. For both
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scenarios, first multitaper canonical bicoherence estimates are shown in filled contour

plots. For clarity of presentation, only the triangular region {(f1, f2)|0 ≤ f1, f2, f1 +

f2 ≤ 1/2} is presented. Further, only the multitaper canonical bicoherence estimates

of the first case are plotted. The plots of other three ones are similar to those of the

first one, so they are not displayed here. The contour lines indicate the first canonical

bicoherences. In these plots, light shades represent low canonical bicoherence values

while dark shades indicate high canonical bicoherence values. Estimates in two small

regions (shown by dashed box in the plot), centered by bifrequencies, g1 = (f1, f2) =

(0.1523, 0.1992) and g2 = (f2 − f1, f1) = (0.0469, 0.1523), are shown in two small

plots at upper– and lower–right corners of figures.

3.5.1 Noise-Free Signal

The filled contour plot of first multitaper canonical bicoherence estimates are shown

in Figure 3.2, which essentially shows the presence of nonlinear QPC at the bifre-

quency (f1, f2), arising from nonlinear self-interaction of the first component of the

process, and at (f2 − f1, f1), arising from mixing nonlinear interaction between two

components. Theoretically the canonical bicoherences are nonzero only at (f1, f2)

and (f2 − f1, f2), and zero elsewhere.

The magnitudes of corresponding weight vectors ŵ, at bifrequencies g1 and g2,

are tabulated in Table 3.2. Where the ideal weights are non-zero are highlighted in

bold. It can be observed that they are quite close to the theoretical values.
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Figure 3.2: First multitaper canonical bicoherences, b̂1(f1, f2), of the test signal (Case
I) without noise, in the principal domain of bicoherence. The total width
of each inset plot is 0.03125.

Table 3.2: Magnitudes of weight vectors |ŵ| of noise-free signals.

Case I Case II Case III Case IV

bifrequency g1 g2 g1 g2 g1 g2 g1 g2

(1,1,1) 0.9961 0.7064 0.0372 0.9997 0.4726 0.0031 0.1684 0.3584
(1,1,2) 0.0740 0.0211 0.9993 0.0186 0.0957 0.031 0.7925 0.1841
(1,2,1) 0.0468 0.7071 0.0001 0.0107 0.4908 0.5010 0.0807 0.7135
(1,2,2) 0.0035 0.0211 0.0015 0.0002 0.0994 0.5012 0.3798 0.3665
(2,1,1) 0.0037 0.0110 0.0001 0.0075 0.4913 0.0038 0.0824 0.1753
(2,1,2) 0.0003 0.0003 0.0015 0.0001 0.0995 0.0038 0.3876 0.0901
(2,2,1) 0.0013 0.0096 0.0000 0.0009 0.5050 0.4988 0.0393 0.3507
(2,2,2) 0.0001 0.0003 0.0002 0.0000 0.1022 0.4990 0.1851 0.1801
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3.5.2 Contaminated Signal

For these simulations, the bivariate sinusoid signals x(t) are contaminated by non-

Gaussian noise ζ(t), i.e. x′(t) = x(t) + ζ(t). Suppose ζi(t) = c[ϑi(t)− 1], with c1 and

c2 being scalar, and ϑi(t) being an exponential distributed process with a unit mean,

i = 1, 2, and ϑ1(t) and ϑ2(t) are independent of each other. The signal-to-noise ratio

(SNR) is defined as

SNR
d
= 10 log10

[

E{x2
i (t)}

E{ζ2
i (t)}

]

, i = 1, 2. (3.18)

In the simulations, the SNR of either component is 0dB.

Figure 3.3 shows a filled contour plot of first multitaper CBC of the contaminated

test data for case I. It can be observed from the Figure 3.3 that there are obvious

peaks at bifrequencies (f1, f2) = (0.1523, 0.1992) and (f2 − f1, f1) = (0.0469, 0.1523).

The estimated weight vectors in Table 3.3 also agree well with the ideal ones in Table

3.1.

Table 3.3: Magnitudes of weight vectors |ŵ| of contaminated signals.

Case I Case II Case III Case IV

bifrequency g1 g2 g1 g2 g1 g2 g1 g2

(1,1,1) 0.9982 0.7043 0.0870 0.9957 0.5343 0.0029 0.1110 0.3702
(1,1,2) 0.0451 0.0732 0.9959 0.0914 0.1793 0.0027 0.8042 0.1885
(1,2,1) 0.0270 0.7020 0.0020 0.0073 0.4430 0.5063 0.0523 0.7076
(1,2,2) 0.0012 0.0730 0.0231 0.0007 0.1486 0.4828 0.3791 0.3604
(2,1,1) 0.0274 0.0136 0.0001 0.0131 0.5032 0.0068 0.0545 0.1762
(2,1,2) 0.0012 0.0014 0.0011 0.0012 0.1688 0.0065 0.3949 0.0898
(2,2,1) 0.0018 0.0164 0.0002 0.0024 0.4048 0.5170 0.0258 0.3538
(2,2,2) 0.0001 0.0017 0.0022 0.0002 0.1358 0.4930 0.1871 0.1852
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Figure 3.3: First multitaper canonical bicoherences b̂1(f1, f2) of the contaminated test
signals (Case I), with SNR = 0dB. The expanded regions are as de-
scribed in Fig 3.2.

These simulation results, for both noise-free signals and contaminated ones, sug-

gest that

• multitaper canonical bicoherence estimates works well for showing peaks when

multivariate processes have quadratic phase coupled components; and

• the weight vector ŵ reveals the information about the proportion of power in

all components contributing to quadratic phase couplings, and it agrees with

the theoretical analysis in §3.3.

44



3.6 Summary

In this chapter, we have defined and described canonical bicoherences of multivariate

random processes. Since the strength of the nonlinear interaction originating from

components of random processes is shown by the linear combination of cross-bispectra,

the canonical bicoherence analysis can aid in identifying the distribution and strength

of nonlinearity.

Canonical bicoherences using Kim and Powers’ normalization have a similar form

to canonical coherences, are bounded by the unit interval, are able to show the exis-

tence of QPC, and provide a good estimate of the degree of QPC at related frequency

pairs. Multitaper methods were used to estimate CBC’s, because of their advantages

by applying multiple Slepian sequences. Three singular value decompositions were

used to get reliable canonical bicoherence computations efficiently.

Simulation results indicated the feasibility of the CBC in detecting nonlinear QPC

and identifying the distribution and strength of QPC nonlinearities.
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Chapter 4

Statistics of CBC and QPC

Detection

4.1 Introduction

In the previous chapter, Chapter §3, we have defined canonical bicoherences (CBC’s),

proposed their multitaper estimates, and showed their feasibility for detecting quadratic

phase coupling (QPC) of multivariate random processes. Canonical bicoherences are

able to identify the existence of quadratic phase couplings at related frequency pairs,

provide a good estimate of their levels, and aid in revealing the information about

contributions of nonlinearity from all components, in the analysis of multivariate ran-

dom processes. In this chapter, I will discuss the statistical properties of canonical

bicoherences and their estimates, define canonical biphases (CBP’s), and develop a

statistical test to detect QPC for multivariate signals.

This chapter is organized as follows. In §4.2, approximate asymptotic distributions
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of CBC’s are discussed. §4.3 presents the jackknife variance estimates of CBC esti-

mates, by applying the weighted jackknife method over tapers and segments. Next,

§4.4 defines canonical biphases, presents a two-step statistical QPC test using the

first CBC and the first CBP, and describes numerical simulation results showing the

detection probability of this test. Concluding remarks are drawn in §4.5.

4.2 Distributions of CBC’s

4.2.1 Approximate Asymptotic Distribution

Previous works show that if a stationary process has absolutely summable cumu-

lants, its squared bicoherence estimate has an approximate asymptotic noncentral

chi-square χ2
ν′(λ′) distribution with the degrees-of-freedom (dof), ν ′, and the non-

centrality parameter, λ′, [72, 54, 55, 77]. The jth canonical bicoherence, bj(f1, f2),

is defined as the jth largest magnitude of the cross-bicoherence, |b123(f1, f2)|, of lin-

ear transforms of a p-variate random process x(t)α(1), x(t)α(2) and x(t)α(3), where

x(t) = (x1(t), . . . , xp(t)). Similarly, the jth squared canonical bicoherence, b2j (f1, f2),

has an approximate asymptotic noncentral chi-square distribution, i.e.,

L{b̂2j(f1, f2)} a.a.∼ χ2
ν′

j
(λj(f1, f2)), (4.1)

where ν ′j and λ′j(f1, f2) are the degrees-of-freedom and the non-centrality parameter

of the noncentral chi-square distribution, χ2
ν′(λ′j(f1, f2)), j = 1, . . . , p. L(x) denotes

the distribution of x, and
a.a.∼ denotes being approximately asymptotically distributed.

Using the approximation of χ2
ν′ by κχ2

ν [1], we have that the jth squared CBC estimate
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is approximately asymptotically κjχ
2
νj

-distributed, with the parameters of fitting dis-

tributions κj and νj being estimated from the estimate, b̂2j , as follows:

κ̂j =
E{b̂2j}
ν̂j

,

ν̂j =
2E2{b̂2j}
V ar{b̂2j}

,

j = 1, . . . , p. The empirical expectation mean E{b̂2j} and empirical variance V ar{b̂2j}

are computed from Monte Carlo simulations. As suggested in [72], when the true

squared CBC approaches 0, i.e., b2j → 0, one has E2{b̂2j} ≈ V ar{b̂2j}, then the degrees-

of-freedom ν̂j ≈ 2 if b2j approaches 0.

4.2.2 Numerical Simulations

The following numerical simulations show that a chi-square distribution κχ2
ν is an

appropriate approximation of the distribution of first squared multitaper CBC esti-

mates, b̂21. Consider a bivariate process of the form

x1(t) = cos(2πf1t+ φ1) + cos(2πf2t+ φ2) + a · cos(2πf3t+ φ3)

+ a′ cos(2πf3t+ φ1 + φ2),

x2(t) = cos(2πf1t+ φ1) + cos(2πf2t+ φ2),

t ∈ Z, with f3 = f1 + f2. Phases φ1, φ2 and φ3 are all independent, uniformly

distributed random variables over [−π, π]. a ∈ [0,∞) is a constant positive scale to

adjust the degree of quadratic phase coupling. a′ = 1 in these simulations. The true

first squared CBC of this bivariate process is b21 = 1/(a2 + 1) ∈ (0, 1]. Simulation

results come from 5,000 realizations, each generating L = 20 short data segments

with N = 256 points in each segment. The time-bandwidth product of the multitaper
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estimates is NW = 2.5, the number of Slepian tapers is K = 4, and only the first two

tapers are used to estimate the canonical bispectrum. Figure 4.1 shows the empirical

(light curves) and fitted (dark curves) κχ2
ν probability distributions of first squared

multitaper CBC, b̂21. The number of bins in the histogram is 100. From left to right,

the true squared CBC’s are b2 = 0, 0.1, 0.2 and 0.5. The dashed curve is the fitted

κχ2
2 for the squared CBC estimates with b2 = 0.
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Figure 4.1: Empirical (light curves) and fitted (dark curves) κ1χ
2
ν1

probability distri-

butions of first squared multitaper CBC estimate, b̂21. From left to right,
the true first squared CBC are b21 = 0, 0.1, 0.2 and 0.5. The dashed curve
is the fitted κχ2

2 for the estimates with b21 = 0.
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It can be observed from Figure 4.1 that:

• The distribution of first squared multitaper canonical bicoherence (MTCBC)

estimates can be asymptotically well approximated by a κχ2
ν distribution.

• The approximate asymptotic distribution approaches a central chi-square dis-

tribution with two degrees-of-freedom when the true first canonical bicoherence

decreases to zero, similar as the discussion in [54], and it approaches a Gaussian

distribution when the QPC degree increases to one, similar as the discussion in

[55].

4.3 Jackknife Multitaper CBC

The jackknife method, originally from [129, 114], and described in detail in [50, 51, 44],

is a standard statistical resampling technique used to estimate the variance of pop-

ulation parameters, without making restrictive assumptions of estimates being ap-

proximate independently and identically distributed. Almost since the discovery

of multitaper methods, the jackknife has been used in multitaper spectral anlay-

sis [123, 173, 168, 172]. As mentioned in Chapter §3, one advantage of multitaper

methods is that they apply a series of orthonormal windows, i.e., Slepian sequences,

so eigencoefficients can be treated as uncorrelated data. In multitaper spectrum es-

timates, these eigencoefficients can further be treated as exchangeable data and the

unweighted jackknife method can be applied directly over tapers, or non-overlapping

segments, or both. In the multitaper canonical bicoherence estimates, however, the

estimation bias by omitting the eigencoefficient corresponding to the kth Slepian se-

quence is different for different k, k = 0, . . . , K − 1. Instead, a generalized jackknife
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method, the weighted jackknife method [180], will be used over tapers and segments,

to estimate the variances of the multitaper canonical bicoherence estimates.

We consider the delete-one jackknife variance estimate of first squared MTCBC,

since it is the best form of the delete-d jackknife to use in most problems [151].

Assume that we use K Slepian tapers and L segments to estimate CBC’s, since

different tapers have different effects on the bias of the multitaper CBC estimate, we

use the weighted delete-one jackknife method, over both K tapers and L segments.

By deleting one taper in one segment of the eigencoefficient matrix in turn, the delete-

one eigencoefficient matrix M\kl(f) is the one that withholds the kth eigencoefficients

in the lth segments, i.e.,

M\kl(f) =

































X̂ (1)
0,1 (f) X̂ (1)

0,2 (f) · · · X̂ (1)
0,p (f)

...
...

...
...

X̂ (l)
k−1,1(f) X̂ (l)

k−1,2(f) · · · X̂ (l)
k−1,p(f)

X̂ (l)
k+1,1(f) X̂ (1)

k+1,2(f) · · · X̂ (l)
k+1,p(f)

...
...

...
...

X̂ (L)
K−1,1(f) X̂ (L)

K−1,2(f) · · · X̂ (L)
K−1,p(f)

































,

k = 0, . . . , K − 1, l = 1, . . . , L, where \ is the set-theoretic sense of “without”. Con-

sequently, we have the delete-one matrix Q\kl obtained from the delete-one eigenco-

efficient matrix M\kl, by the same way of computing the matrix Q from M. The

corresponding jth multitaper canonical bicoherence, (b̂j)\kl, is the magnitude of the

jth largest eigenvalue of the matrix Q\kl. The average

(ln b̂2j )\• =
1

KL

L
∑

l=1

K−1
∑

k=0

(ln b̂2j )\kl, (4.2)

defines the logarithm of the jth squared MTCBC estimated by jackknife, where • is

the statistical sense of averaged over. The jackknife variance estimate of the logarithm

51



of b̂2j is given by

V ar{ln b̂2j} =
(KL− 1)2

L(KL− 1/2)

L
∑

l=1

K−1
∑

k=0

wk

[

(ln b̂2j )\kl − (ln b̂2j )\•
]2
, (4.3)

where the factor (KL − 1)/(KL − 1/2) is used to get a reasonably accurate esti-

mate of variance [168]. The weight factors {wk}’s are non-negative scalars and satisfy

∑K−1
k=0 wk = 1. Since tapers with high sidelobe levels, the higher-order Slepian tapers,

are prone to produce the bispectrum leakage, omitting their corresponding eigen-

coefficients will have less effect on the delete-one CBC estimates compared to the

lower-order Slepian tapers. Therefore, wk should be chosen larger for higher tapers,

i.e., wo ≤ w1 ≤ · · · ≤ wK−1. It should be mentioned here that one can simplify singu-

lar value decompositions (SVDs) [66], i.e., if the SVD of a full-rank matrix is known,

the SVD of the matrix with one row deleted can be obtained by some transforms of

the original SVD, so there is not too much work to compute jackknife variances of

MTCBC estimates. Another point to note is that (4.3) is similar to Lehmann’s test

for homogeneity of variances [102], which considers L = V ar{ln(σ̂2)}.

In §4.2, it has been shown that the jth squared multitaper CBC has an approxi-

mate asymptotic central chi-square distribution with νj degrees-of-freedom, then the

variance of its logarithm is

V ar{ln b̂2j} = ψ′(νj/2), (4.4)

where ψ′ is a trigamma function [7]. If the estimated jackknife variance has a sig-

nificant difference from the expected value, one should be careful about the CBC

estimates and look for the causes of this difference.

Figure 4.2 shows jackknife variances of ln(b̂21), with the bivariate process in a same

form as that in §4.2.2. The abscissa shows the true first squared CBC, b21. The solid
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curve shows the theoretical variances, ψ′(ν̂1/2), with the degrees-of-freedom ν̂1 of

fitted κ̂1χ
2
ν̂1

probability distributions. The dashed curve shows the weighted jackknife

variance estimates with wk = {1
7
, 2

7
, 2

7
, 2

7
}, and the dotted curve shows the unweighted

jackknife ones. Results come from 1,000 realizations, each generating L = 20 data

segments with N = 256 points. The time-bandwith product of multitaper estimates

is NW=2.5.
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Figure 4.2: The curves show jackknife variances of ln(b̂21). The horizontal abscissa
shows the true first squared CBC, b21.

From Figure 4.2, one can observe that

• The variance of ln(b̂21) increases with decreasing true first squared canonical
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bicoherence value, b21.

• The weighted jackknife method works well for estimating the variances of ln(b21).

• The weighted jackknife method produces significantly better variance estimates

than the unweighted jackknife one for the multitaper CBC estimates.

The difference between theoretical values, ψ′(ν1/2), and weighted jackknife variance

estimates, σ2
jack, is probably the result of using finite samples, segments with jackknife

method applied not being independent as assumed, or the weight factors {wk} not

being optimized here.

4.4 QPC Detector by the first CBC and CBP

Without the assumption of phase randomization, CBC’s can have large values even if

no QPC exists, consequently the corresponding detection will have erroneous high

false alarm rates [58, 59]. Using only the CBC’s (the magnitudes of the cross-

bicoherence of linear combinations of multivariate random processes) is not enough

for a reliable QPC detection. For a univariate process containing QPC components at

the bifrequency (f1, f2), i.e., φ(f1 ± f2) = φ(f1)± φ(f2) if f3 = f1 ± f2, an important

feature is that its biphase ϕ(f1, f2) = φ(f1±f2)− [φ(f1)±φ(f2)] is zero. This fact has

been used with the peak values of conventional coherences in two-step QPC detectors

for univariate processes [58, 60, 110]. Here we define canonical biphases, which have

statistical distributions similar to conventional biphases and can be combined with

canonical bicoherences in a statistical QPC test for multivariate random processes.

Detection probabilities of this test, at a given significance level, were obtained from

Monte Carlo simulations.
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4.4.1 Canonical Biphase

We begin with the definition of canonical biphases for the statistical QPC test. Similar

to the QPC detectors based on biphases [58], we introduce a QPC test of multivariate

random processes based on canonical biphases, which are defined as follows:

Definition 4.1 (jth Canonical Biphase). The jth canonical biphase at a bifrequency

(f1, f2), ϕj(f1, f2) (ϕj for short), of a p-variate, zero-mean, real and at least sixth-

order jointly stationary random process, x(t) = (x1(t), . . . , xp(t)), t ∈ Z, is

ϕj(f1, f2) = arctan
Im[Bj(f1, f2)]

Re[Bj(f1, f2)]
, (4.5)

j = 1, . . . , p, where Bj(f1, f2) = |γ†
j |a · Σ21 · |βj|a, Σ21 is the higher-order cross-

spectral matrix of x(t) at the bifrequency (f1, f2), and |βj|a and |γj|a are two vectors

with their elements are absolute values of corresponding elements in optimum complex

column vectors βj and γ
†
j, respectively, for the jth CBC of x(t), bj(f1, f2), ordered

with b1 ≥ b2 ≥ · · · ≥ bp. Σ21, βj and γj are all defined in chapter §3.

In this definition, Bj(f1, f2) = |γ†
j |a ·Σ21 · |βj|a uses absolute-value vectors |βj|a =

(|βj1|, |βj2|, . . . , |βjp2|)′ and |γ†
j |a = (|γ∗j1|, |γ∗j2|, . . . , |γ∗jp|), where |βjk| is the absolute

value of the kth element of the optimal vector βj, and |γjl| is the absolute value

of the lth element of the optimal vector γj, j = 1, . . . , p, k = 1, . . . , p2 and l =

1, . . . , p. This is because the vectors βj and γj chosen by the SVD solution for

the jth canonical bicoherence, bj(f1, f2), always make the phase of the jth canonical

bispectrum, γ
†
jΣ21βj zero, j = 1, . . . , p.

Since

Bj(f1, f2) =
∑

j1,j2,j3∈{1,...,p}

|α(j,1)
j1

α
(j,2)
j2

α
(j,3)
j3

| · Bj1j2j3(f1, f2), (4.6)

55



where α(j,l) denotes the lth optimal weight vector for the jth canonical bicoherence,

j = 1, . . . , p and l = 1, 2, 3, the phase of Bj(f1, f2) is the weighted average of the

phases of all auto/cross-bicoherences Bj1j2j3(f1, f2), i.e.,

ϕj(f1, f2) =
∑

j1,j2,j3∈{1,...,p}

|α(j,1)
j1

α
(j,2)
j2

α
(j,3)
j3

| · φj1j2j3(f1, f2), (4.7)

where φj1j2j3(f1, f2) is the phase of Bj1j2j3(f1, f2), j1, j2, j3 = 1, . . . , p. It is known

that the biphase estimate is approximately normally distributed and its variance can

be expressed approximately as a function of true bicoherence [55, 150, 58]. Therefore,

the jth canonical biphase estimate is also approximately normally distributed, i.e.,

L(ϕ̂j) ≈ N (ϕj, σ
2
j ). (4.8)

Its variance is the weighted average of the variances of biphases,

σ2[φj1j2j3(f1, f2)] ≈
1

ν

(

1

b2j1j2j3
(f1, f2)

− 1

)

, (4.9)

where ν is the degrees-of-freedom, and bj1j2j3(f1, f2) is the true cross-bicoherence of

xj1(t), xj2(t) and xj3(t). The variance of the jth canonical biphase is

σ2
j =

∑

j1,j2,j3∈{1,...,p}

|α(j,1)
j1

α
(j,2)
j2

α
(j,3)
j3

|2 · σ2[φj1j2j3(f1, f2)]

≈ 1

ν

(

1

b2j (f1, f2)
− 1

)

, (4.10)

where bj(f1, f2) is the jth true CBC, j = 1, . . . , p. This approximation is not valid

when the b21 is low so that σ2
1 have a very large number, since the canonical biphases

always fall in the range [−π, π] and it is impossible for the variance to exceed 4π2. If

K−3 Slepian sequences and L non-overlap segments are used in multitaper canonical

bispectrum estimates, the degrees-of-freedom is ν = (K−3)L. Usually, the estimate,

b̂j(f1, f2), is substituted in (4.10) to replace the true value of bj(f1, f2) for computing

σ̂2
j , j = 1, . . . , p.
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Figure 4.3: The curves show approximate variances σ2
1 , and empirical variances σ̂2

1

(“Empirical σ2
1”) of 1,000 first multitaper canonical biphase estimates,

φ̂1.

Numerical simulations in Figure 4.3 show the empirical variances agree with theo-

retical ones well. Here we only show the estimated and approximate variances of the

first canonical biphase of a bivariate random process, in the form of x(t) in §4.2.2.

The horizontal abscissa shows the true b21. Results are from 1,000 realizations, each

generating L data segments with N = 256 samples. The time-bandwidth product

was fixed at NW = 2.5, and the different data segments, L, were chosen as L = 5, 10

and 20 to give 10, 20 and 40 degrees-of-freedom, respectively. σ2
1 is the approximate

variance computed using (4.10) by replacing the true first canonical bicoherence b1

by the multitaper estimate b̂1, and σ̂2
1 (“Empirical σ2

1”) is the empirical variance of
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1,000 first canonical biphase estimates. It can be observed from Figure 4.3 that the

variances of first multitaper canonical biphases can be approximated by (4.10) well,

except when the true b21 is low.

4.4.2 QPC Detector

For multivariate random processes, a statistical QPC test can be developed in a

hypothesis testing framework in terms of the first canonical bicoherence (CBC) and

the first canonical biphase (CBP). Only when one observes spectrum peaks at f1,

f2, and f1 ± f2 on one or more components of the process, peak values of the first

CBC, b̂1(f1, f2), and small (close to 0) values of the first CBP, ϕ̂1(f1, f2), can the

null hypothesis of QPC existing at the bifrequency (f1, f2) be accepted at a given

significance level.

Suppose the hypotheses is

H0 : QPC present at the bifrequency (f1, f2),

H1 : QPC not present at the bifrequency (f1, f2).

Under H0, the true canonical biphase ϕ1(f1, f2) = 0, since

L
(

ϕ̂1(f1, f2)

[ 1
ν
( 1

b̂21(f1,f2)
− 1)]1/2

)

≈ N (0, 1), (4.11)

the test for ϕ̂1 may be sized as

P (ϕ̂1 > ϕα/2|H0) = α/2,

P (ϕ̂1 < −ϕα/2|H0) = α/2,

at a given significance level α. The critical value is

ϕα/2 = cα/2

[

1

ν

(

1

b̂21(f1, f2)
− 1

)]
1
2

, (4.12)
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where the scale factor cα/2 can be determined from the upper tail of a standard normal

distribution.

In practice, when the estimate b̂1 → 0, the critical value ϕα/2 → ∞, which make

the acceptance region of the null hypothesis H0 (QPC existing) be unacceptable large.

This contradicts the fact that there is a large probability that no QPC exists if the

first canonical bicoherence is very small. To reduce the detection error of accepting

H0 when it is false, the above test, based on the first canonical biphase only, is used

under the condition of b̂1 > b0, where b0 is a predetermined threshold and chosen to

make the corresponding critical value cα/2

√

1
ν

(

1
b20
− 1
)

= ϕ0. The modified critical

value of the first canonical biphase is min(ϕα/2, ϕ0).

The gray region in Figure 4.4 shows the schematic acceptance region of QPC

detection when ϕ0 = π/4, similar to the schematic plots in [58]. Figure 4.4 also

shows two other thresholds, b0’s, when ϕ0 are π/2 and π/8. Obviously, if a larger

ϕ0 has a higher threshold b0 and a larger accept region, then it has higher detection

probability (PD) and higher false alarm rate (PFA), and vice versa.

Consider the simple two-dimensional discrete random process of the form as in

§4.2.2, with Gaussian noise added,

y(t) =







x1(t)

x2(t)






+







c1ϑ1(t)

c2ϑ2(t)






. (4.13)

ϑi(t) is Gaussian noise, and ci is chosen to make each variant has desire signal-to-noise

ratios (SNRs), i = 1, 2. The SNR is defined same as in §3.5.2.
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Figure 4.4: The schematic acceptance region of the QPC detection, when b0 is chosen

to make the corresponding critical value cα/2

√

1
ν

(

1
b20
− 1
)

= ϕ0. The

degrees-of-freedom is ν = 80. The gray region corresponds to ϕ0 = π/4.
Other two dashed lines show two thresholds b0’s when ϕ0 are π/2 and
π/8, respectively.

The coefficients a and a′ are chosen to obtain different degrees of quadratic phase

couplings. The data are divided into L = 20 segments and each segment contains

N = 256 samples. The time-bandwidth product of Slepian sequences is NW = 2.5.

The detection performances of the above method for different QPC degrees are plotted

in Figure 4.5. The lowest line corresponds to the detection probability when no QPC
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component exists in the data (a = 1 and a′ = 0). The significance level is α = 0.05,

and the threshold b0 = 0.3670 (or b20 = 0.1347) is chosen by ϕ0 = π/4. Results come

from 1,000 simulations.
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Figure 4.5: Empirical performances of the QPC test for bivariate random processes
y(t) (as in §4.2.2 with Gaussian noise added)with different degrees of
QPC, by the first CBC and the first CBP. The significance level is α =
0.05, and the threshold b0 = 0.3670 is chosen by ϕ0 = π/4.

From Figure 4.5, it can be observed:

• Generally this QPC test for multivariate random processes based on their first

CBC’s and first CBP’s works well at keeping false alarm rates low, because the
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acceptance region decided by ϕ0 = π/4 is not wide. It can be expected that a

wider acceptance region with larger ϕ0 will result in higher detection probability

(or lower detection error rate) and a higher false alarm rate.

• The higher QPC degree (b2), the higher detection probability (PD). When

the QPC degree b2 → 0, the PD approaches the PFA, the probability of QPC

wrongly detected while no QPC component existing in the tested multivariate

process.

• Within the limits of the simulation, QPC is detected with probabilities of 99.9%,

95% and 76% for b2 = 1, 0.8 and 0.5, respectively. Their detection probabilities

decrease gradually until −8dB, after that PD’s fall off more rapidly. When b2

are relatively low, e.g., b2 ≤ 0.2, the PD’s are low. At high SNRs the PFA is

pretty low, approximately 7.5%, a little higher than the nominal 5% significance

level.

• At low SNRs (≤ −15 dB), detection probabilities approach 15%, for all QPC

degrees b2 ∈ [0, 1]. It is because at low SNRs, the signals are overwhelmed by

noise, whose canonical biphases are uniformly distributed in [−π, π]. The prob-

ability that the first canonical biphase falls into [−π/4, π/4] will be 1/4 (25%)

if no constraint on the first canonical bicoherence is applied. Under the condi-

tion that the first canonical bicoherence should be larger than a predetermined

threshold, b0, the true PFA (15%) is definitely smaller than 25%.

• To improve the PD of multivariate processes with moderate QPC degrees, ϕ0

should be chosen larger to widen the QPC acceptance region, at the cost of a

higher PFA.
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Figure 4.6 shows how the detection probability, PD, varies with the threshold,

b0, when the SNR=0 dB. When b0 = 0, there is no constraint for the first canonical

bicoherence in the detection, and the detection probabilities are highest. For higher

b0, when the QPC degree is smaller than the threshold, i.e. b21 < b20, the PD will fall

to 0 very rapidly with the increase of b0. When b0 → 1, all PD’s fall to zero, and

no QPC can be detected. For this case, the threshold b0 ∼ 0.3 is a good choice as a

trade-off between PD and PFA.
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Figure 4.6: Empirical performances of the QPC test vary with the threshold, b0, for bi-
variate random processes, y(t), with different degrees of QPC. SNR=0dB
and the significance level is α = 0.05.
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In summary, the QPC test consisting of first estimating the first CBC followed by

the first CBP, at the bifrequency (f1, f2), is performed as follows:

1. Estimate the first canonical bicoherence, b̂1(f1, f2), by three SVDs as described

in Chapter §3. If b̂1 < b0, where b0 is a predetermined threshold, the null

hypothesis H0 is rejected and this test ends. Otherwise, continue to step 2.

2. Compute σ̂2
1 as (4.10) with the estimate value, b̂1(f1, f2), and for a given signif-

icance level, α, compute the threshold, ϕα/2, from (4.12).

3. Substitute the optimal weight vector estimates, γ̂1 and β̂1, into B1(f1, f2) =

|γ̂†
1|a ·Σ21 · |β̂1|a, and compute the first canonical biphase, ϕ̂1, using (4.5).

4. If |ϕ̂1| > min(ϕα/2, ϕ0), reject the null hypothesis, H0, that there exists QPC at

the bifrequency (f1, f2); otherwise, the null hypothesis, H0, is accepted.

This procedure can be shown by a flow chart in Figure 4.7. This statistical QPC

test is valid in keeping the probability of falsely accepting the null hypothesis (PFA)

flat and close to the critical level α. Finally, we note that there are situations where

the angle difference of QPC components, φ(f1 ± f2) − (φ(f1) ± φ(f2)), could be a

constant other than 0; the change of the test are obvious by considering the canonical

biphase still has a normal distribution but a non-zero mean.
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Figure 4.7: Flow chart of the QPC detector using the first CBC and the first CBP.

4.5 Summary

This chapter has shown that the jth squared CBC, b̂2j , has an approximate asymptotic

κjχ
2
νj

-distribution, j = 1, . . . , p. Numerical simulations show that it is an accurate

approximation of the distribution of b̂21. The variances of the logarithms of multitaper

CBC estimates are estimated using the weighted jackknife method, by applying it

over tapers and segments. Numerical simulations show that it well matches with

theoretical values. We also defined canonical biphases and developed a two-step
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QPC test, whose test statistics are based on the first CBC and the first CBP. The

detection probability of this statistical test is found by Monte Carlo simulations and

depends on the true QPC degree, b21, and the predetermined threshold, b0.

Before looking at the applications of the canonical bicoherence, we make a com-

parison between it and the conventional bicoherence in different aspects in Table 4.1.

Table 4.1: Comparison of the CBC with the conventional bicoherence.

Bicoherences Canonical Bicoherences

Values should be estimated? p3 − 2p auto- and cross-
bicoherences

at most p canonical bico-
herences, the first CBC b1

is of the primary interest.
Providing the information about the pro-
portion of all components contributing to
the overall QPC nonlinearity degree?

NO. YES, by optimal weight
vectors w.

Statistical tests and interpretation? Difficult and complicated. A simple and practical
two-step QPC detector.

Computation Complexity Conventional bicoherence
estimates for all p3 − 2p
auto/cross-bicoherences.

Three singular value de-
compositions of matrix
with K2L×p2, KL×p and
p × p2 dimensions.

Compared with the conventional bicoherence analysis, the canonical bicoherence

analysis of a p-variate random process needs less statistical values to estimate, has

much simpler QPC detector available, and provides additional information about the

proportion of all components contributing to the overall QPC nonlinearity degree. Al-

though the computation of the canonical bicoherence at each bifrequency needs three

singular value decompositions of matrix with K2L × p2, KL × p and p × p2 dimen-

sions, compared with p3 − 2p conventional bicoherence estimates, this computation

complexity is acceptable.
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Chapter 5

CBC In Geophysical Research

This chapter describes the applications of canonical bicoherences (CBC’s) in the non-

linearity analysis of the terrestrial geomagnetic fields.

It has been widely believed, but still controversial, that the solar activity, espe-

cially the solar p-modes in the frequency range ∼ 250µHz to > 5000µHz [174, 166],

have significant effects on the variations of Earth’s magnetic fields. The power spec-

tral analysis of the three-axis magnetometer data shows peaks near lower-frequencies

(2000 ∼ 4000µHz) and the higher-frequencies (around 7000µHz). The peaks at low

frequencies correspond to the solar p-modes, but the higher frequency ones do not

have such a simple explanation. Possibly these harmonic peaks at higher frequencies

could be the imprints of some unresolved solar modes, and it is also possible that

they are nonlinear interaction between two lower frequency solar p-modes at their

sum frequencies. The multitaper canonical bicoherence analysis of the data shows

evidence that the peaks at higher frequencies are quadratic phase coupling products

of the lower frequency solar p-modes. The nonlinear interaction between two solar

p-modes produces the power at their sum frequencies.
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5.1 Geomagnetic Fields

The Earth’s magnetic fields, generated by electrical currents flowing in the fluid outer

core, change with locations, and on time scales from milliseconds, seconds to decades

to millions of years [30]. Geomagnetic fields have obvious daily variations, and usually

has maximum values in the mornings and minimum values in the afternoons. Slow

variations of the terrestrial magnetic field are usually measured by fluxgate magne-

tometers. The geomagnetic field vector, B, is described by three components and

measured in the unit of the nanotesla (nT).

It has been widely believed since the late of 1960s that the solar activity has

significant effects on the variations of terrestrial magnetic fields. Ground-based and

space-based observations of ultra low frequency (ULF) pulsations with frequencies

in the Pc5 range (1700–6700 µHz) have been reported for decades, i.e., peaks were

observed around 500 µHz [75], around 480 µHz [38], between 300 µHz and 400 µHz

[136, 83], at discrete frequencies f = 250, 500, 800 and 1000 µHz [121], and at discrete

frequencies f = 1300, 1900, 2600 and 3400 µHz [141, 143, 144, 178, 61, 176]. The

Earth’s ultra low frequency (ULF) pulsations, i.e., Pc5 pulsations, have both seasonal

and diurnal variations.

The possibility that such discrete magnetospheric pulsations might arise directly

from oscillatory sources inherent in the solar wind has been studied [97, 109, 145, 90].

They suggested that the ULF oscillatory changes in solar wind dynamic pressure cause

the simultaneous distortion of the Earth’s magnetic field and deflection of the solar

wind around the Earth, to balance between the internal magnetic pressure against

the external dynamic pressure [90]. This turbulent flow excites resonances in the

various “cavities” between Earth’s bow shock, magetopause and ionosphere, see e.g.,
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[144]. Such resonance, however, are generally low Q (between 2 and 10), indicating

a generally high rate of energy dissipation relative to the oscillation frequency, while

the peaks seen in the spectrum are generally narrow, corresponding to that expected

for solar modes.

Several works have shown that the solar wind contains imprints of solar gravity (g)

modes and pressure (p) modes [174, 170, 166]. In this study, we will offer evidence

that solar oscillations are the source of ULF pulsations observed in the terrestrial

magnetic fields, which contain imprints of solar modes too.

5.1.1 Geomagnetic Field Data

Most of the data used in this section comes from the Lucent Technologies/Bell Lab-

oratories fluxgate magnetometer at McMurdo Station (latitude: 77.85S, longitude:

166.67E) in the Antarctic. The three components are oriented North, East, and

down and denoted H, D, and Z, respectively. the data is filtered and sampled once

every 10 seconds. The data used here begins at the start of day 001 to the end of day

060, 2000 and has no missing data or obvious spikes (with a period of ∼5 minutes)

that, in other data, has indicated instrumental problems. As an example, the data

collected on Jan 1st (day 001) in 2000, after subtracting mean values over the whole

period of day 001–060, 2000, are displayed in Figure 5.1.

It has been known for many years, see the history in [36], that geomagnetic activity

varies seasonably and has more subtle effects due to the Moon, so is nonstationary.

The geomagnetic field is that a mixture of many underlying oscillations so, if very long

periods would be analyzed their non-stationary character would not give statistical

results close to the truth, nor be able to identify particular processes leading to
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responses in the magnetosphere.
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Figure 5.1: The magnetic field data after removing mean values, at the Earth’s Mc-
Murdo station (H,D,Z) on Jan 1st (day 001) of 2000. The data is sampled
once every 10 seconds and average of the entire 60 day records was sub-
tracted before plotting.

It has been found that the detected discrete ULF’s were stable within 5–10%

over time intervals ranging between a few hours and several months [143, 178], and

frequencies represent the average (most frequently occurring) eigenfrequencies of the

magnetospheric cavity but are subject to variability in response to the changing nature
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of the waveguide [108]. Because of this, it was necessary to choose shorter and more

stationary data intervals, which correspond to homogeneous physical situations.

5.1.2 Data Preprocessing

Before further frequency analysis, the data should be preprocessed. The 10-second

data were reduced to 1 minute, using a low-pass filter. The down-sampled data is

then prewhitened by an autoregressive (AR) prediction error filter with the autocor-

relations estimated from a direct multitaper spectrum estimate [37]. The prewhitened

data, instead of the raw, is usually used in the analysis, because prewhitening removes

the overall shape of the spectrum, reduces its range, maintains high adaptive weights,

and makes one more focused on the frequencies of interests. In this case, an autore-

gression of order 5 is chosen to compromise between the effectiveness of prewhitening

the data and the complexity of the model.

In the following spectral and canonical bicoherence analysis, data is divided into

several overlapping blocks, which can be considered stationary and be able to resolve

underlying spectrum. Solar p-modes are acoustic standing waves in the outer half

of the Sun, in the frequency range ∼ 250 µHz to > 5000 µHz, with their periods

ranging from about an hour down to a few minutes. The frequency of a p-modes with

“quantum numbers”, l, m, and n, is given asymptotically by

vl,m,n ≍ vr ·m+ v0[
1

2
(l +

1

2
) + n + α] + · · · (5.1)

where v0 ≈ 135µHz, −l ≤ m ≤ l, and the rotational splitting term vr ≈ 440nHz

but depends on the particular mode [174, 166]. Different l,n’s, like (l,m, n) and

(l+2, m, n− 1), can have very similar frequencies. In this thesis, we use the notation

pl,n (omitting m) for the solar p-modes with quantum numbers l and n. To achieve
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the frequency resolution less than 440nHz of the solar p-modes in the frequency-

domain data analysis [174], one data block of the McMurdo magnetic field data,

which is down-sampled to one sample every minute, should contains samples in at

least continuous ∼ 26.3 days. In the following analysis, all estimates use 30-day blocks

(longer than one 27-day Sun’s rotation cycle) offset by five days with NW = 4.5 and

K = 8 Slepian windows used in each block.

5.2 Spectral Analysis

Figure 5.2 illustrates the multitaper power spectrum estimates of the H (or north)

component of the preprocessed McMurdo data, from day 001 to the end of 060 of

2000. Each data block covers 30 days, and the overlap rate is 83.3% (25 days). The

lowest horizontal dotted line is an estimate of the base level [169], the lower 5% point,

and the above three dashed lines mark four to twelve standard deviations above the

base level. Numerous peaks at both solar p-mode frequencies (mostly those of low

spherical harmonic degree, l) and their sum frequencies are observed in Figure 5.2.

Some of the solar p-mode frequencies at which spectrum peaks are at least 4 standard

deviations above background are highlighted by dashed vertical lines. Modes were

chosen so that the labels did not overlap. Vertical dotted lines in Figure 5.2 show

that peaks at some frequencies where they are sums of two solar p-modes.

The Sun has an acoustic cutoff frequency of ∼5100 µHz [85], so p-modes are not

observed optically in this high frequency band. Although discrete high frequency p-

modes do exist [84], there is no obvious reason for their frequencies to be sums of lower

frequency p-modes, and the frequencies of these modes depend strongly on solar ac-

tivity, so they normally will not remain coherent for more than a few days. Moreover,
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modes at the sum frequencies are not observed in the spectra of the interplanetary

magnetic field (IMF) data from the Advanced Composition Explorer (ACE) space-

craft, at the Lagrangen (L1) point, between the Earth and the Sun. Consequently, the

peaks in the spectrum of the geomagnetic field data at sum frequencies of two solar

p-modes do not have a simple explanation. Here, the canonical bicoherence analysis

is applied for this three-component geophysical data, to investigate the possibility

of quadratic phase coupling between oscillations at solar p-mode frequencies in the

geomagnetic field data.
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Figure 5.2: Multitaper power spectrum estimates of the prewhitened magnetic field
(H or north component) at McMurdo, from day 001 to 060 of 2000. The
time-bandwidth is NW = 4.5, and K = 8. Each data block covers 30
days, and the overlap rate is 83.33% (25 days).
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Suppose the frequency set of solar p-modes is Fp, and the power spectrum of H, D

and Z components are SH(f), SD(f) and SZ(f), respectively. Assume a bifrequency

set of low-degree solar p-modes, Bp = {(f1, f2)}, which includes bifrequencies (f1, f2)

with frequencies, f1 ∈ Fp and f2 ∈ Fp, satisfying:

[SH(f1) ≥ SH0‖SD(f1) ≥ SD0‖SZ(f1) ≥ SZ0]

& [SH(f2) ≥ SH0‖SD(f2) ≥ SD0‖SZ(f2) ≥ SZ0]

& [SH(f1 + f2) ≥ SH0‖SD(f1 + f2) ≥ SD0‖SZ(f1 + f2) ≥ SZ0] ,

where ‖ and & denote logic “or” and “and”, respectively. Sx0 = Sx
base + 4Sx

sd is

the power spectrum threshold value for the x component to choose spectrum peaks,

Sx
base is the estimated spectrum baseline of the x component [169], and the Sx

sd is the

estimated standard deviation of the x component, x = H,D and Z.

Although there are thousands of solar modes, only 128 low-degree solar p-modes

(from p0,1 = 257.88 µHz to p0,28 = 3984.403 µHz with spherical harmonic degree

0 ≤ l ≤ 6) are included in the frequency set Fp. Frequencies of these 128 solar

p-modes are obtained from [35] and [127]. For the McMurdo data set, the set Bp

contains 747 bifrequencies with power spectrum peaks at f1, f2 and f1 + f2.

5.3 CBC Analysis

In the geomagnetic field data analysis, the frequency resolution is high (δf = 0.1272

µHz), so it is difficult to plot all the first multitaper CBC estimates, b̂1(f1, f2), with

both two frequencies f1 = 106

60
· m1

M
µHz and f2 = 106

60
· m2

M
µHz with M = 131072

and 0 ≤ m1, m2 ≤ 65536. Since what we are interested is whether spectrum peaks

at frequencies f3 = f1 + f2, where f1 and f2 are frequencies of solar p-modes, is the
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consequence of nonlinear modulation of oscillations at solar p-mode frequencies, we

plot the multitaper CBC estimates, b̂1(f1, f2), in a smaller bifrequency region Fp×Fp

(µH,µHz) in Figure 5.3, where Fp is the frequency set of solar p-modes. The threshold

value b0 = 0.3593 for φ0 = π/4 is shown at the color bar of the figure. Some high

canonical bicoherence values (≥ 0.55) are observed.
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Figure 5.3: First multitaper CBC estimate, b̂1(f1, f2), with f1 ∈ Fp and f2 ∈ Fp. The
detection threshold, b0, is set at 0.3593.

Let the bifrequency set Qp denotes a subset of Bp, which include all bifrequencies

in Bp at which QPC are detected. Figure 5.4 shows bifrequencies (f1, f2) ∈ Bp by
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black squares and those in Qp by red circles. The first canonical bicoherence threshold

value corresponding to φ0 = π/4 is b0 = 0.3593, and the significance level is α = 0.05.

QPC are detected at about 17.8% of the bifrequencies in the set Bp. Lowering the

threshold will get too many detections to separate visually on the plot.
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Figure 5.4: Bifrequencies in the sets Bp and Qp are shown by black squares and red
circles, respectively, if the threshold value is Sx0 = Sx

base + 4Sx
sd for the

bifrequency set Bp. QPC are detected at about 17.8% of the bifrequencies
in the set Bp.

Despite the large number of QPC detections shown in Figure 5.4, comparing it
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with all bifrequencies we tested, we conclude that the large number of QPC detections

is not overwhelming.

Table 5.1 lists some low-degree frequencies f1 or f2 in the solar p-modes set Fp

with significant spectrum peaks, and Table 5.2 lists some of their corresponding bifre-

quencies (f1, f2) with significant spectrum peaks observed at their sum frequencies

f1 + f2 and QPC detected at the bifrequency (f1, f2). We define an approximate

signal-to-noise ratio (SNR) for the x component, x = H,D and Z, by

ρx(f) =
Ŝx(f) − Sx

base

Sx
sd

, (5.2)

and ρ(f) = max{ρH(f), ρD(f), ρZ(f)}, where Ŝx(f) is the estimated power spectrum

of the x component at the frequency f , and Sx
base and Sx

sd are defined as above.

Table 5.1: Some p-mode frequencies with significant peaks
.

Index Frequency (f µHz) modes ρ(f) (dB)

1 404.49 p0,2 9.93
2 680.54 p0,4 6.69
3 825.37 p0,5 7.59
4 1472.73 p1,9 6.69
5 1686.60 p0,11 6.43
6 2156.70 p1,14 6.96
7 2629.73 p0,18 9.12
8 2963.38 p1,20 6.94
9 3033.70 p0,21 7.01
10 3098.17 p1,21 7.27
11 3168.49 p0,22 6.90
12 3233.21 p1,22 6.66
13 3368.63 p1,23 8.16
14 3626.12 p3,24 8.05

Similar results were obtained from the geomagnetic field data collected at dif-

ferent times or at different ground-based stations or observatories. Table 5.3 lists
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Table 5.2: Some detected QPC components at low-degree solar p-modes
.

Index (f1, f2) (µHz,µHz) f1+f2 ρ(f1 + f2) (dB) b̂1 ϕ̂1 (degree o)

1+7 (404.49,2629.73) 3034.21 6.84 0.42 -0.11π -20
1+14 (404.49,3626.12) 4030.61 6.31 0.44 -0.08π -14
2+12 (680.54,3233.21) 3913.75 6.38 0.42 -0.06π -11
2+13 (680.54,3368.63) 4049.17 6.82 0.44 -0.12π -22
2+14 (680.54,3626.12) 4306.67 6.19 0.46 0.04π 7
3+6 (825.37,2156.71) 2982.08 7.00 0.49 0.11π 20
3+7 (825.37,2629.73) 3455.10 6.31 0.38 0.09π 16
3+9 (825.37,3033.70) 3859.07 6.04 0.52 -0.07π -13
3+13 (825.37,3368.63) 4194.01 7.66 0.52 0.07π 13
4+5 (1472.73,1685.59) 3158.32 6.27 0.49 0.0003π 0.05
4+14 (1472.73,3626.12) 5098.85 7.73 0.48 0.07π 13
6+6 (2156.70,2156.70) 4313.41 6.05 0.40 0.04π 7
8+11 (2963.38,3168.49) 6131.87 6.13 0.43 -0.17π -31
8+12 (2963.38,3233.21) 6196.59 7.33 0.49 -0.09π -16
9+9 (3033.70,3033.70) 6067.40 6.04 0.42 0.04π 7
9+10 (3033.70,3098.17) 6131.87 6.13 0.47 0.11π 20
9+13 (3033.70,3368.63) 6402.33 6.04 0.46 -0.12π -22
9+14 (3033.70,3626.12) 6659.83 6.13 0.53 0.03π 5
10+12 (3098.17,3233.21) 6331.38 7.19 0.46 -0.02π 4

Note: The hypothesis of harmonic components being quadratic phase coupled at the bifrequency
(f1, f2) is tested at the significance level α = 0.05 with threshold value φ0 = π/4 and b0 = 0.3593.
The indexes are same as those in Table 5.1.

the percentages of quadratic phase coupled bifrequencies in the set Bp, i.e., the ra-

tios of the element numbers in Qp and Bp,
|Qp|
|Bp|

, for some other geomagnetic data,

when the test procedure, significance levels and threshold values are all same as those

in the analysis of the McMurdo data. The data, collected at the South Pole sta-

tion, comes from the Lucent Technologies/Bell Laboratories fluxgate magnetometer

measurements. The data, collected at the Ottawa, Cambridge Bay, and Honolulu

geomagnetic observatories, are provided by the national institutes that support them

and INTERMAGNET (www.intermagnet.org). The average percentages of quadratic

phase coupled bifrequencies is about 20%.

We suggest that the detected quadratic phase coupling is a result of significant
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Table 5.3: Percentages of QPC bifrequencies in the set Bp

.

Station Time: Day(Year) Percentages Station Time (Day/Year) Percentages

SPA 257–346 (2000) 28.13% (max) SPA 045–104 (2001) 18.3%
SPA 282–341 (2003) 14.67% SPA 001–090 (2004) 20.00%
SPA 212–271 (2005) 16.82% SPA 304–363 (2007) 27.72%
MCM 090–179 (2002) 11.97% MCM 204–263 (2003) 13.68%
MCM 185–244 (2005) 19.59% MCM 169–258 (2006) 20.41%
OTT 182–241 (2004) 5.96% (min) OTT 152–211 (2005) 19.89%
OTT 091–150 (2006) 14.97% OTT 001–060 (2007) 18.42%
CBB 152–211 (2004) 21.97% CBB 182–241 (2005) 21.46%
CBB 274–333 (2006) 18.49% CBB 001–060 (2007) 14.55%
HON 001–060 (2004) 22.23% HON 274–333 (2005) 19.02%

SPA–South Pole station (latitude: 90S, longitude: 0E);
MCM–McMurdo station (latitude: 77.85S, longitude: 166.67E);
OTT–Ottawa observatory (latitude: 77.85N, longitude: 166.67E);
CBB–Cambridge Bay observatory (latitude: 69.123N, longitude: 254.969E);
HON–Honolulu observatory (latitude: 21.32N, longitude: 202.0E);

quadratic nonlinearity in geomagnetic fields, which may contain nonlinear inter-

modulations of the fundamental solar p-modes at low frequencies, based on the above

results, as well:

• The empirical performances of the QPC test by the first CBC and the first CBP

(with same significance level α = 0.05 and threshold value φ0 = π/4), illustrated

in Figure 4.5, show that this QPC detector keeps the false alarm rate low

(around the significance level 5%) for SNR greater than zero. In geomagnetic

data, approximate SNRs at these frequencies of interest are higher than 6 dB,

and the QPC detection probability is around 20%, which is obviously higher

than the false alarm rate.

• Compared with the detection probability of the simple bivariate signal (4.13),

∼ 50%, for the QPC level b̂21 ≈ 0.25 (the estimated first multitaper CBC of
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geomagnetic data), the probability of detection in the geomagnetic data, ∼

20%, is low. Some reasonable explanations for this difference are: (1) Even

with spatially resolved data like that from GONG (http://gong.nso.edu/data),

one does not detect all the modes all the time. (2) Solar modes are excited

by turbulence and so have random amplitudes and phases, their life time are

approximately 10 days to 2 weeks [122]. (3) The incidence angle of polarization

of the interplanetary field may depend on frequency and rotate then have an

canonical biphase for QPC other than 0. This analysis has not considered these

situations.

Note that all the modes we have identified have low values of l, the spherical harmonic

degree describing modes of the Sun.

5.4 Summary

This chapter described an application of CBC’s and CBP’s in the nonlinearity anal-

ysis of geomagnetic field data. First multitaper CBC estimate is used to analyze the

probability of quadratic phase couplings of those low-frequency solar p-modes im-

printed in the terrestrial magnetic field. Simulation results show that low frequency

p-modes of the Sun may interact nonlinearly and produce intermodulation compo-

nents at the sums of these fundamental frequencies of solar oscillations. They may

also produce power in their difference frequencies, but we cannot confirm this because

of the overall “red” characteristic of geomagnetic spectra.
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Chapter 6

Time-Varying CBC and EEG

Analysis

In this chapter, we introduce time-varying canonical bicoherence (CBC) by short-

time weighted Fourier transforms and apply it in the dynamic electroencephalography

(EEG) data analysis.

6.1 Electroencephalography

Electroencephalography (EEG) is the recording of the electrical potentials (activity)

produced by the brain. Special sensors (electrodes) are uniformly distributed over the

scalp and hooked by wires to a computer (see Figure 6.1, generated by EEGLAB [46],

for the location of the electrodes). EEG visual patterns are correlated with functions,

dysfunctions and diseases of the central nervous system, thus emerging as one of the

most important diagnostic tools of neurophysiology. One of most important uses of

EEG is to diagnose, identify, classify and localize epilepsy, which is a nervous system
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disorder that produces intense, abnormal electrical activity (spikes) in the brain after

accompanied by paroxysms and muscle spasm. Historically, the EEG has been the

most useful tool for its evaluation, now complemented with the advances in imaging

techniques, especially the ones achieved by Magnetic Resonance Imaging (MRI).
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Figure 6.1: Scheme of the locations of surface electrodes. Notation: F means frontal;
C, central, P, parietal, T, temporal, O, occipital, and the Electrooculog-
raphy (EOG) monitors eye movement. The plot was generated using the
EEGLAB software [46].

6.1.1 Rhythm and Artifact

Since the beginning of electroencephalography in humans in 1929 by Hans Berger

[9], the study of different types of rhythmicities of the brain and their relation with

different pathologies and functions has been an important subject of neuroscience,
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physiology and neurophysiology research [130]. Brain oscillations, compared in Table

6.1, were divided by frequency bands that have been associated with different brain

states, functions or pathologies [117, 159].

Table 6.1: Brain Oscillations.

Type Frequency
(Hz)

Location Normally active in

Delta 0.5 – 3.5 frontally in adults, pos-
teriorly in children; loca-
tions are correlated with
different pathologies.

babies; adults in deep sleep.

Theta 3.5 – 7.5 infancy and childhood; enhanced during
sleep, drowsiness or arousal in older chil-
dren and adults.

Alpha 7.5 – 12.5 most pronounced in oc-
cipital and posterior loca-
tions; both sides.

adults during wakefulness, under relax-
ation and mental inactivity conditions;
best seen with eyes closed.

Beta 12.5 – 30 best defined in central
and frontal locations; both
sides, symmetrical distri-
bution.

active, busy or anxious thinking, active
concentration; enhanced upon expectancy
states or tension; less amplitude than alpha
waves.

Gamma 26 – 60 certain cognitive or motor functions;
gained popularity after the cellular level
experiments; showing their relation with
linking of stimulus features into a common
perceptual information (building) theory.

Most of the cerebral oscillation observed in the scalp EEG falls in the range of

1–20 Hz. The predominant physiological Alpha rhythm (most pronounced at the

back of the head), occurs in a frequency range of 7–12.5 Hz during the relaxed state

of healthy subjects with their eyes closed, while broader frequency characteristics are

obtained for open eyes. Activity below or above the range 1–20 Hz is likely to be

an artifact of non-cerebral origin [135] under standard clinical recording techniques.

For instance, temporal muscle activations typically induce relatively strong 20-60 Hz
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activity at temporal electrodes, while saccadic eye blinks produce unusually strong

(1-3 Hz) low frequency activity at frontal electrodes (see channel “EOG1” as the

gray circles shown in Figure 6.3). Some EEG artifacts, due to head movements, eye

movements, blinking, muscle activity, heart beat, poor grounding of electrodes etc.,

have specific activity and scalp topographies that are more easily identifiable in the

frequency domain. Artifacts that contaminate the EEG signals with very low am-

plitudes often require more restrict recordings or make any analysis or interpretation

difficult. Recall, for example, that power lines in Europe and North America are 50

and 60 Hz, respectively, and 25 and 30 Hz sub–harmonics are common and overlap

the EEG frequency band.

6.2 Time-Varying CBC of Non-Stationary Processes

6.2.1 Motivation

The pioneered investigations using bispectral analysis in the quantification of quadratic

phase coupling (QPC) between EEG signal components has been established in 1969

[95]. Since then, a number of EEG studies have been published using the mathemat-

ical tools of higher order spectra, e.g., [152, 28, 163, 64, 116, 146, 4, 74, 27]. Gener-

ally, an assumption of stationarity is inappropriate for real EEG data and, therefore,

methods for bispectra analysis of non-stationary signals have been introduced in EEG

analysis, e.g., [146, 74].

For a high-dimensional EEG signal, the number of possible auto/cross-bicoherence

overwhelms the researcher and, for example on page 663 of [28], it is stated:

“· · · . With a full page of 6 three-dimensional plots for each 4 or 9 or
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17 s segment, each pair of electrodes, and each file, for the 11 subjects,
there are ≫ 500 pages of this one kind of readout, before considering the
statistical assessment of means and other analyses.”

In this chapter, we will develop time-varying canonical bicoherences with multita-

per methods, and apply them to investigate the quantification of transient quadratic

phase couplings of multichannel EEG signal in a human cognitive process. The prob-

lem of extensive computation and interpretation by conventional bicoherence will be

resolved using the techniques of CBC.

6.2.2 Time-varying CBC

Approaches for time-varying bispectral analysis or higher-order spectra analysis for

non-stationary stochastic processes have been developed in some papers and books,

e.g., [119, 63, 62, 17, 69, 101]. Here we use the short-time weighted Fourier transform,

also called the Gabor transform, which applies Fourier transforms to time-evolving

windows of data smoothed with an appropriate function [40, 39, 128]. This approach

partially satisfies the stationarity requirement by considering the signals to be sta-

tionary in small time segments [42].

For a non-stationary, real and discrete-time process x(t), t ∈ Z, its short-time

weighted Fourier transform is defined as

X (t, f) =

∞
∑

s=−∞

x(s)h(s− t)e−i2πfs, (6.1)

where h(t) is a moving block filter. Then using Kim and Powers’ normalization [92],

the time-varying bicoherence is defined as

b(t, f1, f2) =
B(t, f1, f2)

√

E{|X (t, f1)X (t, f2)|2}S(t, f1 + f2)
, (6.2)
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where the time-varying bispectrum B(t, f1, f2) and spectrogram S(t, f1 + f2) are de-

fined as

B(t, f1, f2) = E{X (t, f1)X (t, f2)X ∗(t, f1 + f2)}, and

S(t, f1 + f2) = E{|X (t, f1 + f2)|2},

respectively. While this approach may seem ad-hoc, it is worth recalling that it has a

reasonable history with time-varying polyspectrum being discussed at least as early

as Brillinger’s 1965 paper [19].

Denote the row vector of short-time Fourier transforms, of a p-variate, zero-mean,

real and non-stationary random process x(t) = (x1(t), . . . , xp(t)) with t ∈ Z, as

X(t, f) = (X1(t, f), . . . ,Xp(t, f)),

and matrices

Σ11 = E{[X(t, f1) ⊗ X(t, f2)]
†[X(t, f1) ⊗ X (t, f2)]},

Σ22 = E{X†(t, f1 + f2)X(t, f1 + f2)},

Σ21 = E{X†(t, f1, f2)[X(t, f1) ⊗X(t, f2)]},

which are p2 × p2, p × p, and p × p2 matrix, respectively. Time-varying canonical

bicoherences are defined using a parallel definition to that used in Chapter §3, as

follows:

Definition 6.1 (jth Time-Varying Canonical Bicoherence). The jth time-varying

canonical bicoherence, bj(t, f1, f2), at the bifrequency (f1, f2), of a p-variate, zero-

mean and real random process x(t) = (x1(t), . . . , xp(t)) with t ∈ Z, is

bj(t, f1, f2) =
|γ†

jΣ21βj |
√

β
†
jΣ11βj · γ†

jΣ22γj

, j = 1, . . . , p, (6.3)
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where the matrices Σ11, Σ22 and Σ21, defined above, all depend on time t. The com-

plex column vectors βj and γj are of dimension p2 and p, respectively, are similarly

chosen to make:

1. the magnitude of coherence of linear combinations [X(t, f1) ⊗ X(t, f2)]βj and

X(t, f1 + f2)γj, bj(t, f1, f2), as large as possible at time t, and

2. [X(t, f1) ⊗ X(t, f2)]βj and X(t, f1 + f2)γj have zero coherence with previous

j − 1 pairs of linear combinations at time t.

6.2.3 Multitaper Estimates

Multitaper methods have been used in the time-frequency analysis of EEG data [181,

70]. In the following, we will use multitaper methods to estimate time-varying CBC.

The process is similar to that in Chapter §3, except the K×p eigencoefficient estimate

matrix X(l)(f), l = 1, . . . , L, in Chapter §3, is replaced by

X(l)(t, f) =













X̂ (l)
0,1(t, f) · · · X̂ (l)

0,p(t, f)

...
...

...

X̂ (l)
K−1,1(t, f) · · · X̂ (l)

K−1,p(t, f)













,

where X̂ (l)
k,j(t, f) is the short-time weighted (by kth Slepian sequence) Fourier trans-

form, in the lth segment, of the jth component’s samples x
(l)
j (t) with N observations

(x
(l)
j (0), . . . , x

(l)
j (N − 1)), i.e.,

X̂ (l)
k,j(t, f) =

N′

2
∑

s=−N′

2

x
(l)
j (t+ s)ν(k)

s e−i2πfs, (6.4)

k = 0, . . . , K−1, j = 1, . . . , p and t = N ′

2
, . . . , N− N ′

2
. N is the number of all samples,

and N ′ + 1 is that of sliding small segments.
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Note that this definition differs from the usual filtered version (6.1) in that the

samples are obtained within the blocks. Typically, when, as here, data is limited,

the choice of the filter h(t) in (6.1) is restricted and one must make a compromise

between a filter with a very short impulse response and poor frequency resolution

or, alternatively, a long impulse response with good frequency selectivity. The latter

choice, however, results in very few output samples. Because of their optimum energy

concentration properties and completeness, the Slepian sequences give an optimum

compromise. Schematically, if one expands over an entire block of N samples

yk(t0, f) =

N−1
∑

t=0

x(t0 + t)ν
(k)
t e−i2πft, (6.5)

one can form the complex demodulate

x(t, t0, f) =

K−1
∑

k=0

yk(t0, f)ν
(k)
t . (6.6)

Sample x(t, f) at the Nyquist rate ∆ = 1
2W

, if one set

tj = (j − 1

2
) · ∆, j = 1, . . . , 2NW, (6.7)

because the ν(k)’s are strictly bandlimited, the Shannon sampling theory shows that

x(tj , t0, f) represents the signal in (f −W, f +W ). Regarded as a filter with impulse

response indexed by the base time t0, x(0, t0, f) and x(N−1, t0, f) represent maximum

and minimum phase filters. The moving block filter h(t) in (6.1) corresponds to zero

phase.

6.3 Data

To investigate the quantification of transient quadratic phase couplings of EEG sig-

nal in cognitive processes, we used event-related EEG data from a ‘Go/NoGo’ visual
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categorization task (see the detail description of task in [47]). Briefly, one healthy

human subject responded after been shown a target-image as quickly and accurately

as possible. The response time (rt) should be less than 1000 milliseconds (ms), oth-

erwise any response was considered as a no-go response. The EEG was recorded at a

128 Hz sampling rate using a 32-electrode scalp montage with all channels referenced

to the vertex electrode (Cz). Recorded data before preprocessing is shown in Figure

6.2.
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Figure 6.2: Part of raw EEG, described in [47] and plotted using EEGLAB [46]. The
vertical “square” lines show the time when visual stimulus have been
shown, and “rt” ones show the time when the subject respond.

A low-pass filter of 50 Hz is applied to this data, before epoch extraction and

artifact removal. Data trials, each having 384 samples, were extracted surrounding

each stimulus, extending from 1000 ms before to 2000 ms after stimulus onsets, to give
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reasonable time-frequency resolution. The mean value in the pre-stimulus baseline

(-1000 to 0 ms) was subtracted from each individual trial, since baseline differences

between data trials arise from low frequency drifts or artifacts. Examples of EEG

artifacts (low frequency artifacts by blinking eyes, linear trends from electrode drift,

and signal discontinuities from electrical artifacts) are shown in Figure 6.3. Trials are

separated by vertical dashed lines.
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Figure 6.3: Examples of EEG artifacts. Vertical dashed lines separate different trials.

Data were then pruned of noticeable artifacts by careful visual inspection, resulting

in 50 relatively “clean” data trials. The first five of which are plotted in Figure 6.4.

The data is sampled about once every 8 ms.
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Figure 6.4: First five 3-second EEG data after the artifacts removal.

The mean response time of these 50 trials is 417 ms, and the response time mainly

varies in the range of 350–500 ms. This observation will be used in time-varying

canonical bicoherence analysis, to reveal the relation between couplings of fundamen-

tal brain waves and the dynamic cognition process driven by visual stimuli.

Multitaper power spectrum estimates of all channels of the EEG data, with time-

bandwidth product NW = 3, are generated by EEGLAB and shown in Figure 6.5.

Three scalp topographical maps, show the scalp distribution of power at 6, 10 and 22

Hz from left to right. In Figure 6.5, one may observe:

1. Obvious peaks in the range 8–12 Hz, corresponding to the predominant physi-

ological Alpha rhythm;
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2. In agreement with Table 6.1, the Alpha rhythm is most active in the posterior

regions of the head, and Theta and Beta waves below and above this range, are

seen in the frontal and central locations.
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Figure 6.5: Multitaper power spectrum of EEG with NW = 3. The notations above
the frequency axis show the usual wave classification described in Table
6.1.

6.4 Canonical Bicoherence Analysis

For the dynamic EEG signal collected at many electrodes, the (time-varying) canon-

ical bicoherence is an appropriate technique for the analysis of EEG nonlinearities

and localizing frequency couplings.
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6.4.1 Spatial Difference

Before looking at how canonical bicoherences change before and after stimulus, we

compare canonical bicoherences at different locations. Canonical bicoherence can be

very local, and activities in different frequency ranges occur in different locations.

Although the majority of neighboring electrode sites are quite similar at a given

moment, low and high canonical bicoherence plots are often side by side, in adjacent

locations [28]. Data from electrodes at locations T7 and T8 (on the ears) are not

included in the following EEG data analysis. Using all 50 artifacts-removed three-

second EEG trials, first multitaper CBC’s, b̂1(f1, f2), are computed and shown in

Figure 6.6 in eight different regions of the brain: EOG, frontal, frontal-central, central,

central-pariental, pariental, pariental-occipital, and occipital regions, which contain

electrodes listed in Table 6.2. The time-bandwidth product of Slepian sequences is

NW = 3.

Table 6.2: Electrode Channel Groups.

Group Location Channels
1 EOG EOG1, EOG2
2 Frontal FPz, F3, Fz, F4
3 Frontal-Central FC5, FC1, FC2, FC6
4 Central C3, C4, Cz
5 Central-Parietal CP5, CP1, CP2, CP6
6 Parietal P7, P3, Pz, P4, P8
7 Parietal-Occipital PO7, PO3, POz, PO4, PO8
8 Occipital O1, Oz, O2
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Figure 6.6: First multitaper canonical bicoherence estimate, b̂1(f1, f2), of the EEG
data in eight brain regions.

94



It can be observed from Figure 6.6 that:

1. At all locations, first multitaper canonical bicoherences show peaks at bifre-

quencies (f1, f2) ∈ R1, where both frequencies f1 and f2 are in the range of

Alpha rhythm (7.5–10 Hz), and R1 = [7.5, 10] × [7.5, 10](Hz,Hz).

2. Canonical bicoherence estimates show peaks at bifrequencies (f1, f2) ∈ R2,

where both frequencies f1 and f2 are in the range of Delta rhythm (0.5–3.5

Hz), and R2 = [1.5, 3] × [1.5, 3](Hz,Hz). Peaks are primarily observed in the

central-pariental region.

3. Canonical bicoherence peaks at bifrequencies (f1, f2) ∈ R3, where the low fre-

quency f1 (< 3 Hz) is in the range of Delta rhythm and the other high frequency

f2 is in that of Beta rhythm (15–22.5 Hz), and R3 = [1.5, 3]×[15, 22.5](Hz,Hz).

Peaks are mainly observed in the frontal, frontal-central and occipital regions.

4. The canonical bicoherence mountain of EOGs in the upper-right corner (f1 > 20

Hz and f2 > 20 Hz) might be due to muscle artifacts caused by eye movements.

Applying the two-step QPC test in Chapter §4, we detect quadratic phase coupled

components at the bifrequencies shown in Figure 6.7. The threshold value b0 = 0.3593

for φ0 = π/4, and the significance level is α = 0.05. Bifrequencies detected in

the frontal, frontal-central and occipital regions of the brain are shown by black

crosses, red circles and blue squares, respectively. At most bifrequencies where the

first multitaper CBC estimate shows peaks, QPC is detected.
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Figure 6.7: Bifrequenices with QPC detected in the EEG signal.

6.4.2 Time-varying Multitaper CBC

Let N ′ = 64 (here N = 384), sliding short-time intervals by one sample, with the

resultant time resolution is ∼ 7.8 ms. The time-bandwidth product is chosen to

be NW = 3 with the number of Slepian sequences K = 5, and the time-varying

multitaper bicoherences and canonical bicoherences are computed from all 50 artifact-

removal trials.

Before showing the time-varying CBC, the time-varying multitaper bicoherences

of every electrode are studied. In this case p = 1 and the CBC reduces to the ordinary
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bicoherence. Marginal values of time-varying multitaper bicoherences, b̂(t, f1, f2),

b̂(t) =
1

Ni

∑

(f1,f2)∈Ri

b̂(t, f1, f2), (6.8)

averaged over the bifrequency regions Ri, are computed as a function of time t,

i.e., b̂(t), where Ni is the number of bifrequencies (f1, f2) in the region Ri, i = 1, 2, 3.

Figure 6.8 shows the bicoherence estimates of all 32 electrodes (light gray solid curves)

and their means (bold black solid curves), in the bifrequency region R1, R2 and R3

(from top to bottom). The left vertical arrows show the time (0 ms) of visual stimulus

being shown, and the right vertical dashed arrows show the mean response time (417

ms).

It can be observed from Figure 6.8 that

1. In the bifrequency region R1, the time-varying bicoherences, b(t), achieve their

maximum values around 0 ms, when the visual stimulus was shown to the

subject, and achieve their minimum values around 300–500 ms (approximate

response time determined in [47]) after the stimulus. It may suggest a counter

relationship between the self-coupling of Alpha waves (in the frequency range

7.5–12.5 Hz) and the brain’s visual cognition process.

2. Although the mean values, b(t), of all channels show an obvious peaking 300–

400 ms after the visual stimulus, in the bifrequency region R2, the time-varying

bicoherences, b(t), show different patterns for different locations. Those at the

back region of the brain show mountains starting about 200–250 ms before the

visual stimulus, while those at the front region show mountains about 300–400

ms after the visual stimulus. Self-coupling of Delta waves (in the frequency
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range 1.5–3 Hz) at the frontal and frontal-central part of the head may corre-

spond to the brain reaction to the visual stimulus.

3. The bicoherences of all channels and their means begin to increase after the

visual stimulus in the bifrequency region R3, and achieve their maximum values

around 300–600 ms (approximate the response time reported in [47]) after that.
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Figure 6.8: Multitaper bicoherences of the EEG data at all electrodes (gray light
curves) and their mean values (dark bold curves) in the bifrequency region
R1, R2 and R3, respectively (from top to bottom). The left vertical
arrows show the time (0 ms) of the visual stimulus being shown, and the
right vertical dashed arrows show the mean response time (417 ms).

Since it has been believed that the Beta waves correspond to active, busy or
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anxious thinking, and active concentration, temporally correlated oscillations in neu-

ronal networks are crucial for the development of functional circuits between neurons

in adult cats [160], and functional couplings between low Delta waves and high Beta

waves in the human neonate have been observed in the EEG of healthy infants [74],

our main interest is to analyze the functional couplings between the low frequency

Delta waves and the high frequency Beta waves, which plays an important role to

understand development of functional circuits between neurons. Since these func-

tional coupling between low and high frequencies are demonstrated mainly at frontal,

frontal-central and occipital parts of the head (see Figure 6.6), we only compute the

time-varying first multitaper canonical bicoherence (MTCBC) of EEG data collected

by electrodes at these locations, which are

FPz, F3, Fz, F4, FC5, FC1, FC2, FC6, O1, Oz and O2,

so p = 11.

Marginal values of time-varying first CBC estimates, {b̂1(t, f1, f2)}(f1,f2)∈R3
,

b̂1(t) =
1

N3

∑

(f1,f2)∈R3

b̂1(t, f1, f2), (6.9)

are averaged over the bifrequency regions R3, and computed as a function of time t,

i.e., b̂1(t). Estimates using multitaper methods are shown in Figure 6.9. The gray

solid, gray dotted and gray dashed curves show the averages of time-varying first

MTCBC of the EEG signal in the bifrequency region R3 = [1.5, 3]×[15, 22.5](Hz,Hz),

b̂1(t), at frontal, frontal-central and occipital regions of the head, respectively. b̂1(t)

computed from all these three regions is shown by the black solid curve. The vertical

arrow shows the response time (417 ms).
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Figure 6.9: First time-varying multitaper canonical bicoherences (MTCBC) estimate,
b̂1(t), of the EEG data at frontal (gray solid), frontal-central (gray dotted)
and occipital (gray dashed) regions of the head, in the bifrequency region
R3, respectively. b̂1(t) of EEG at all these three regions is shown by the
black solid curve. The vertical arrow shows the time (0 ms) of the visual
stimulus being shown, and the vertical arrow shows the mean response
time (417 ms).

It can be seen from Figure 6.9 that

1. The time-varying canonical bicoherences are spatially localized.

2. The variations of degree of functional couplings between low frequency Delta

waves and high frequency Beta waves, b1(t), are different at different brain

regions. b1(t) increases first at the occipital region around 187 ms after the
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visual stimulus, then at the frontal region around 300 ms, and finally at the

frontal-central region around 480 ms, after the visual stimulus being shown.

3. The time-varying canonical bicoherences of EEG signal from the frontal, frontal-

central and occipital brain regions, shown by the solid black curve, show obvious

increase around 400 ms (close to mean response time 417 ms) after the visual

stimulus, and reach their highest values within the time range of 450–650 ms

after the beginning of the visual stimulus.

Optimal weights, described in detail earlier in §3.3, obtained when computing

CBC’s, are useful to demonstrate the contribution of the different spatial regions of

the brain to functional couplings. Figure 6.10 shows the activation of the approximate

proportions of brain regions to the functional quadratic phase couplings, at time t.

These times are shown by the number at the left of each plot in ms. Self-couplings at

all p = 11 electrodes are described by circles at the electrode position, and the size of

the jth channel component is determined by and proportional to the absolute value of

weight, |ŵ(j−1)p2+(j−1)p+j|, and the color of that is determined by and proportional to

the absolute product of the weight and the time-varying first CBC estimate, b̂1(t), i.e.,

|ŵ(j−1)p2+(j−1)p+j|b̂1(t) , j = 1, . . . , 11. The absolute value |ŵq| · b̂1(t) is normalized

and bounded by the unit interval [0, 1], q = 1, . . . , p3. The higher the absolute value

the weight, the bigger the radius and the darker red the color of the circle. Couplings

between two electrodes are described by lines, and the width of the line between the jth
1

and jth
2 electrodes is determined by and proportional to the maximal absolute values

of weights related to these two components, i.e., wj1,j2 = max{|ŵ(j′1−1)p2+(j′2−1)p+j′3
|}

for j′1, j
′
2, j

′
3 = j1 or j2, and at least two of j′1, j

′
2 and j′3 are different. The color of the

line is determined by and proportional to the absolute product |ŵj1,j2 · b̂1(t)|, which
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is normalized by the same way of defining the colors of circles in the figure.
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Figure 6.10: Frames showing the activation of the approximate proportions of brain
regions to the functional quadratic phase couplings, as determined by
the first multitaper CBC estimate, b̂1(t), and the corresponding weight,
ŵ(t).

We have several observations from Figure 6.10:

1. The back region (with the occipital electrodes) of the brain is the earliest region

responding to the visual stimulus and shows quadratic phase couplings between

the fundamental Beta and Delta rhythms. It begins to show stronger QPC from
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187.5 ms approximately, when the b1(t) of the occipital channels (see Figure 6.9)

begin to increase significantly. Couplings mainly occur at the back region of

the brain until about 282 ms.

2. From about 469 ms, the frontal region (with frontal electrodes) of the brain

begins to contribute most to the functional coupling of Beta and Delta waves.

3. The most active duration of the brain is about 469–719 ms, when the frontal and

occipital regions of the brain interact with each other to produce the functional

couplings.

The observations obtained from Figure 6.10 agree with those in Figure 6.9. A

movie is available in the supplementary file, to show the activation of time-varying first

MTCBC and how different regions of brain contribute to the overall QPC nonlinearity.

6.5 Summary

In this chapter, we developed the time-varying canonical bicoherence using short-

time weighted Fourier transforms and introduced its multitaper estimates. It has

been applied in analyzing the quadratic phase couplings of non-stationary EEG data.

The analysis results show that the time-varying canonical bicoherence is an effective

technique in distinguishing quadratic phase couplings of fundamental brain waves,

monitoring the variations of the QPC nonlinearities and localizing the brain regions

which contribute to the couplings most. The above analysis is based on the EEG data

of one subject. The analysis results could be verified by analysis of multiple subjects,

but suitable data is currently unavailable.
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Chapter 7

Summary and Conclusions

In summary, the main contributions of this thesis are the following:

• It introduces a new statistical and signal processing tool: the canonical bicoher-

ence (CBC), using Kim and Powers’ normalization. The canonical bicoherence

combines the idea of the cross-bicoherence and that of the canonical coherence,

and provides an effective method for the nonlinear quadratic phase coupling

(QPC) analysis for multivariate signals. Since the strength of the nonlinear

interaction originating from components of random processes is shown by the

linear combination of cross-bispectra, the canonical bicoherence analysis can

aid in identifying the distribution and strength of quadratic nonlinearities. As

was shown with the multiple-channel EEG data, the canonical bicoherence has

several advantages over conventional bicoherence estimates for multivariate ran-

dom process This new statistical tool can be applied in a variety of fields, when

nonlinear coupling within multivariate processes is present or suspected, but

needs to be analyzed and quantified.
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• It uses a Kronecker product device in the definition of the canonical bicoher-

ence, and this idea could be useful for extending standard canonical correlation

analysis to more than two channels while keep consistent with prior definitions

of canonical correlation between two multivariate random processes.

• It develops the multitaper canonical bicoherence estimates, by three (or four)

singular value decompositions, and their statistical properties.

• It applies the weighted Jackknife method, over tapers and non-overlapping seg-

ments, to compute the variances of multitaper canonical bicoherence estimates.

• It defines the canonical biphases, develops a new QPC detector for multivariate

random processes based on its first canonical bicoherence and first canonical

biphase, and provides empirical detection performances by Monte Carlo simu-

lations.

• It defines the time-varying canonical bicoherence, which provides information

about the time evolution of frequency couplings. Although not a strict definition

of canonical bicoherence for non-stationary multivariate random processes, it

works well in dynamic EEG signal processing and shows reasonable physiological

interpretation.

• It demonstrated two applications of the canonical bicoherence in real data anal-

ysis:

– QPC nonlinearity analysis of geomagnetic fields. The first mul-

titaper canonical bicoherence has been applied in a nonlinear analysis
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of ground-based geomagnetic field data. These results show that lower-

frequency p-modes of the Sun appear interact nonlinearly and produce

intermodulation components at their sum frequencies. (There may be dif-

ference frequencies as well, but these are not apparent because of the higher

noise levels at lower frequencies.)

– QPC nonlinearity analysis of the dynamic EEG signal. The time-

varying CBC has been used to investigate nonlinear couplings between

fundamental brain waves originated from different spatial regions of the

brain, in stimulus-driven cognition processes.

Obviously this new method can be extended to a more general form. Normalized

polyspectrum is a quantitative tool to determine the statistical significance of poly-

nomial phase couplings. Paralleling the definition of the canonical bicoherence, the

normalized canonical polyspectrum, combining the canonical coherence and the nor-

malized higher-order spectrum, can be defined and used to detect polynomial phase

coupling of one or between two multivariate signals. One may, however, encounter

difficulties of their visualization and interpretation.

It also has a few questions related with the canonical bicoherence should be con-

sidered in the future:

• What is the information in the remaining p − 1 canonical bicoherences and

canonical biphases? In the univariate time series analysis, finite parameter

nonlinear models, e.g., the bilinear mode [133, 26, 67, 134], have been devel-

oped based on its bispectrum to describe the series. Once a multivariate time

series is found to have nonlinear quadratic phase coupled components, is it pos-

sible, by using all p canonical bicoherences ({bj(f1, f2)}p
j=1), canonical biphases
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{ϕj(f1, f2)}p
j=1, and canonical coordinates ({βj(f1, f2)}p

j=1 and {γj(f1, f2)}p
j=1),

to find a finite parameter nonlinear model (e.g., a multivariate bilinear model)

to describe the multivariate time series?

• What is the performance difference between the multitaper canonical bicoher-

ence estimate using overlapped segments and the one using contiguous non-

overlapping segments?

• What is the maximum likelihood estimation of canonical bicoherences? This

thesis has shown that the squared canonical bicoherence estimates, b̂2j , have an

approximate asymptotic κjχ
2
νj

distribution.

• How does one optimize the weight w in the jackknife multitaper canonical bico-

herence estimates? In the jackknife multitaper power spectrum estimates, the

delete-one estimates are still approximately unbiased for the slow-varying spec-

tra, because the weight can be adapted. In the jackknife multitaper canonical

bicoherence estimates presented in this thesis, however, the delete-one estimates

have bias, since no adaptive weight introduced in the procedure of the estima-

tion. If the estimation θ̂i by excluding the ith observation (e.g. ith Slepian

taper) has different bias for different i, and the average of all delete-one esti-

mate θ̂\• = 1
K

∑K−1
i=0 θ̂\i is also biased, how to optimize the weight {wi}K−1

i=0 to

make the jackknife variance

V ar{θ̂} =
(K − 1)2

K(K − 1/2)

K−1
∑

i=0

wi(θ̂\i − θ̂\•)
2 (7.1)

be reasonable for most time series.

• How does one formalize a strict definition of the canonical bicoherence for non-

stationary random processes?
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• We gave an apparently successful application of the time-varying canonical bi-

coherence in clinical EEG data. The analysis results in this thesis should be

verified by analysis of multiple subjects.

To conclude, at various points in this thesis, we have noted pessimistic comments

about conventional estimates of higher-order spectra and bispectra. Here, in contrast,

both Figure 5.4 (and the associated Table 5.2 and Table 5.2) and Figure 6.9 give

results that easily pass Lord Rutherford’s dictum “If your experiment needs statistics,

you should have done a better experiment.”, but with the modification that good

experiments need to be analyzed using good statistical methods.
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Appendix A

Second Definition of CBC

A.1 Definition

In Chapter 3, we have defined the canonical bicoherence (CBC) using the Kim and

Powers’ normalization of the cross-bicoherence. That definition makes the absolute

value of canonical bicoherences bounded above by one. An alternative form for the

cross-bicoherence, bj1j2j3(f1, f2), is given as (2.22), which is normalized by the product

of spectra of the processes xj1(t), xj2(t) and xj3(t), and is symmetric, but is not

bounded by the unit interval [72].

Based on this standard normalization of the cross-bicoherence, the metrology of

computing the canonical bicoherence, of a p-variate, zero-mean, real and at least sixth-

order jointly stationary random process x(t) = {x1(t), . . . , xp(t)} with t ∈ Z, is to

find optimal linear combinations α(l) (l = 1, 2, 3), which make the linear combinations

α(l)′x all have unit spectrum, i.e.,

E{|X (l)(fl)|2} = α(l)†E{X †(fl)X (fl)}α(l) = 1, (A.1)
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and the magnitude of the linear combinations of their cross-bispectrum (3.9), written

as a function of three weight vectors,

f(α(1),α(2),α(3)) = |E{X (1)(f1)X (2)(f2)X (3)∗(f1 + f2)}|, (A.2)

maximized.

Here, only the first canonical bicoherence is defined using the standard normal-

ization. Denote the spectrum matrix C(l) with the (i, j)th entry being Si,j(fl) =

E{X ∗
i (fl)Xj(fl)}, i.e., the cross-spectrum of process xi(t) and xj(t) at the frequency

fl, where l = 1, 2, 3, f3 = f1 + f2, i, j = 1, . . . , p. The first canonical bicoherence is

defined in an alternative way as follows:

Definition A.1 (Alternative Definition of First Canonical Bicoherence). The first

canonical bicoherence, b1(f1, f2), of a p-variate, zero-mean, real and at least sixth-

order jointly stationary random process, x(t) = {x1(t), . . . ,xp(t)} with t ∈ Z, at the

bifrequency (f1, f2), is

b1(f1, f2) = max
α

(1),α(2),α(3)∈Cp

f(α(1),α(2),α(3))
∏3

l=1 α(l)†C(l)α(l)
, (A.3)

where the complex column vectors α(l), l = 1, 2, 3, are all of dimension of p.

Since this canonical bicoherence is also defined as the magnitude-maximized cross-

bispectrum of linear combinations of the process under some constraints, it is also

able to detect QPC of multivariate random processes, and the optimal weights also

reveals the information about the proportion of power of all components contributing

to the QPC.
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A.2 Multitaper Estimates

Let M(f) be theKL×p eigencoefficient estimate matrix, M 1 = M(f1), M 2 = M(f2)

and M 3 = M(f1+f2) as in §3.4, the multitaper estimates of spectra and cross-spectra

matrix is

Ĉ(l) =
1

KL
M

†
l Ml, (A.4)

for l = 1, 2, 3. Suppose the singular value decomposition (SVD) of the eigencoefficient

matrix is

1√
KL

Ml = UlSlV
†
l , (A.5)

where Ul is a KL×p matrix, Sl, and Vl are p×p matrices. We have the orthogonality

U
†
l Ul = V

†
l Vl = Ip, where Ip is a p-dimensional identical matrix. Without loss of

generality, we assume the linear vectors are

α(l) = VlS
−1
l u(l), (A.6)

where the column vector u(l) satisfies u(l)†u(l) = 1, therefore, the definitions of α(l)

satisfy the requirements of unit spectra of xα(l), i.e., α(l)†Ĉ(l)α(l) = 1, l = 1, 2, 3. We

also have

Mlα
(l) =

√
KLUlu

(l). (A.7)

Let the weight matrices P
(3)

K×K2, B = EL ⊗P(3), M1 ⊙K M2, and the multitaper bis-

pectra and cross-bispectra matrix estimate Σ̂21 are defined as in §3.4, the multitaper
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cross-bispectrum estimate (A.2), which is average over L segments, is

f(α(1),α(2),α(3)) = α(3)†M
†
3 · B · [M1 ⊙K M2][α

(1) ⊗ α(2)]

=
√
KLu(3)†U

†
3B[M1 ⊙K M2][(V1S

−1
1 ) ⊗ (V2S

−1
2 )][u(1) ⊗ u(2)]

= u(3)†A[u(1) ⊗ u(2)],

where the matrix

A =
√
KLU

†
3B[M1 ⊙K M2][(V1S

−1
1 ) ⊗ (V2S

−1
2 )]. (A.8)

Since u(l), l = 1, 2, 3, all have unity norm, u(1) ⊗ u(2) also has unity norm, i.e.,

[u(1) ⊗ u(2)]†[u(1) ⊗ u(2)] = 1. Let ũ = u(1) ⊗ u(2) and ṽ = u(3), the problem of

computing the multitaper CBC becomes that of seeking the optimal vectors ũ and ṽ

with unity norms to maximize the magnitude of g(ũ, ṽ) = ṽ†Aũ, i.e.,

b̂1(f1, f2) = max
ũ∈Cp2 ,ṽ∈Cp

∣

∣ṽ†Aũ
∣

∣

s.t. ṽ†ṽ = ũ†ũ = 1.

If the SVD of the matrix A is A = USV†, the maximal value achieved from the

above optimal problem, the first multitaper CBC, is the magnitude of the largest

singular value, |S11|, and the corresponding optimal weight vectors ũ and ṽ are the

first column vectors of V and U, respectively. The weight vector ŵ, which reveals of

the proportion of power of all components contributing to the QPC, is

w̃ = α(1) ⊗ α(2) ⊗ α(3)∗

= [(V1S
−1
1 ) ⊗ (V2S

−1
2 ) ⊗ (V3S

−1
3 )∗][u(1) ⊗ u(2) ⊗ u(3)∗]

= [(V1S
−1
1 ) ⊗ (V2S

−1
2 ) ⊗ (V3S

−1
3 )∗][ũ ⊗ ṽ∗].

To summarize, four SVDs are needed to obtain this alternative first multitaper
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canonical bicoherence estimate, and the brief procedure of its computation is as fol-

lows:

1. As the step 1) in §3.4 of this thesis.

2. Decompose the eigencoefficient matrix, 1
KL

Ml = UlSlV
†
l , l = 1, 2, 3.

3. Decompose the matrix A = U
†
3B[M1⊙M2][(V1S

−1
1 )⊗(V2S

−1
2 )] = USV†, then

the magnitude of the first singular value, |S11|, is the first multitaper canon-

ical bicoherence estimate, and the optimal weight vector is w̃ = [(V1S
−1
1 ) ⊗

(V2S
−1
2 ) ⊗ (V3S

−1
3 )∗][ũ ⊗ ṽ∗].

A.3 Comparison of Two Definitions and Estimates

Table A.1: Comparisons of two definitions of first canonical bicoherence

Kim and Powers’ Normalization Standard Normalization

Definition maximize maximize
|E{X (1)(f1)X (2)(f2)X (3)∗(f1+f2)}|√

E{|X (1)(f1)X (2)(f2)|2}E{|X (3)(f1+f2)|2}
|E{X (1)(f1)X (2)(f2)X (3)∗(f1+f2)}|√

E{|X (1)(f1)|2}E{|X (2)(f2)|2}E{|X (3)(f1+f2)|2}
Solution Largest singular value of Largest singular value of

Q = U†
2[
√

KLBT− 1
2 ]U1 A = [S−1

3 ]†V†
3Σ̂21[(V1S

−1
1 ) ⊗ (V2S

−1
2 )]

Bound Bounded by the unit interval No upper bound
Quantity A good estimate of the degree of

QPC
Not related to the degree of QPC directly

Computation Three SVDs Four SVDs

For the canonical bicoherence, the choice of normalization not only is a matter of

choice and convenience but has empirical consequences, e.g., its estimation method.

Both of these two definitions are able to detect QPC of multivariate random processes

and reveal the information about proportion of power of all components contributing
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to the QPC. Table A.1 lists some differences between these two definitions of first

canonical bicoherence, b1(f1, f2).

This thesis discussed the canonical bicoherences using Kim and Powers’ normal-

ization, because they are bounded by the unity interval and provide a good estimate

of the degree of QPC at related frequency pairs.
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