
MULTI-MATERIAL MULTI-JOINT TOPOLOGY OPTIMIZATION: A 

UNIFIED APPROACH 

 

 

 

by 

 

Christopher G. Woischwill 

 

 

 

 

 

A thesis submitted to the Department of Mechanical & Materials Engineering 

In conformity with the requirements for 

the degree of Master of Applied Science 

 

 

 

 

 

Queen’s University 

Kingston, Ontario, Canada 

December, 2017 

 

Copyright © Christopher G. Woischwill, 2017 



 

 

ii 

Abstract 

In this research, a methodology and computational tool that solves multi-material topology optimization 

problems while also optimizing the quantity and type of joints between dissimilar materials was developed. 

Multi-material topology optimization is a design optimization technique that can determine the optimal 

distribution of multiple materials within a domain and is typically used to create lightweight designs 

superior to those created by conventional single-material topology optimization. The usefulness of the 

technique is limited, however, since all current approaches for multi-material topology optimization assume 

that all materials are perfectly fused together as a single piece. Since the ideal geometry of a real-world, 

multi-material design is mutually dependent on the configuration of joints, it follows that current 

approaches are insufficient for creating practical multi-material designs. 

The presented methodology uses a novel decomposition approach to determine both the optimal 

geometry of a multi-material design as well as the optimal joint design along the interfaces. By 

decomposing the problem into two simpler subproblems that are solved iteratively, gradient-based 

optimization techniques can be used, facilitating the solution of large problems that cannot be considered 

by combinatorial approaches including genetic algorithms. Since the joining interfaces are interpreted 

directly from multi-material topology optimization results, the shape of the interfaces and the quantity of 

joints connecting dissimilar materials do not need to be defined by the user a priori. By changing the design 

variable definition in each subproblem, the computational tool is able to solve both subproblems using the 

same finite element model provided by the user. Once optimization begins, all model preparation tasks are 

completed automatically by the tool and no further input is needed from the user. 

The methodology and computational tool were verified with three numerical examples. In each 

example, the tool optimized the geometry of a multi-material design to maximize stiffness while also 

minimizing the cost of required joints. This study was the first of its kind to not only consider and optimize 

joints in multi-material topology optimization, but was also the first study to consider multiple types of 

joints in a joining optimization process. 
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Chapter 1 

Introduction 

1.1 Motivation 

The automotive industry may currently be undergoing more change and disruption than at any other 

time in its history. A combination of tightening government regulations and evolving consumer 

market pressures are challenging automakers to significantly improve vehicle fuel efficiency and 

reduce carbon dioxide (CO2) emissions while maintaining vehicle performance, crashworthiness, 

and cost. 

Anthropogenic climate change is a fact. In response to the growing threat of climate 

change, almost all governments across the globe have ratified the Paris Agreement under the United 

Nations Framework Convention on Climate Change with the intention of significantly reducing 

greenhouse gas emissions. The transportation sector—which in 2015 contributed 24% of all 

greenhouse gas emissions in Canada [1]—will continue to be especially impacted through 

government regulations on tailpipe emissions and fuel efficiency. Current Canadian regulations are 

harmonized with the Corporate Average Fuel Economy (CAFE) standards in the United States, 

which regulates the greenhouse gas emissions of vehicles sold in North America between 2017 and 

2025. In 2012, two federal agencies of the United States—the National Highway Traffic Safety 

Administration and the Environmental Protection Agency—introduced a second phase to the 2012–

2016 CAFE standards with the goal of significantly improving vehicle fuel efficiency and reducing 

greenhouse gas emissions. These new standards require each sales-weighted fleet of each 

automaker to emit less than 163 grams of CO2 per mile by 2025, a 33% decrease over the current 

requirement of 243 grams of CO2 per mile in 2017. The 2025 emissions target would be equivalent 
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to an average fuel efficiency of 54.5 miles per gallon (4.3 L / 100 km) if achieved through 

improvements to fuel economy alone [2].  

These major increases in stringency have created an urgent push in both industry and 

academia to develop new technologies that significantly improve vehicle fuel efficiency. Since less 

than 30% of the total energy gained from burning fuel is used to propel the vehicle—and that 

portion is depleted further by losses such as aerodynamic drag and rolling resistance—there are 

several approaches to improve fuel efficiency and reduce CO2 emissions in a vehicle [3]. Recent 

technological initiatives to improve vehicle fuel efficiency include improving powertrain 

efficiencies, reducing aerodynamic and parasitic losses, and reducing the weight of the vehicle. 

Vehicle weight reduction is one of the most promising methods to improve fuel efficiency; 

studies have shown that a 10% reduction in vehicle mass will provide a 6% to 8% improvement in 

fuel efficiency [4]. It follows that for a typical passenger sedan sold in Canada, every 100 kg of 

weight reduction decreases fuel consumption by approximately 0.4 L per 100 km and decreases 

CO2 emissions by approximately 14.5 g per mile [5]. Life cycle assessment models have indicated 

that approximately 58% of these improvements come from downsizing the powertrain due to the 

decrease in vehicle mass, while the remainder comes from the reduced mass alone [4]. 

Since the CAFE standards are sales-weighted, automakers are also greatly incentivized to 

produce and sell more electric vehicles since these emit significantly fewer emissions than non-

electric vehicles. Furthermore, many governments outside North America have announced plans to 

ban the sale of non-electric (gasoline and diesel) vehicles; for example, the sale of non-electric 

vehicles will be banned in Norway by 2025 while France and the United Kingdom will begin 

enforcing their own bans in 2040. At the time of writing, China—the largest vehicle market in the 

world—is also working on a timetable to end production and sales of non-electric vehicles [6]. 

Consumer demand for electric vehicles is increasing; registered plug-in and battery-

powered vehicles registered on roads worldwide increased 60% year-over-year in 2016 and strong 
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growth is expected to carry into 2017 and beyond [7]. This growth is causing a seismic shift in the 

commercial marketplace. Tesla Motors, an all-electric automaker founded in 2003, surpassed 

General Motors in 2017 to become the highest valued automaker by market capitalization in North 

America. To satisfy both consumer demand and regulation compliance, most major automakers are 

planning to significantly expand their electric vehicle portfolio or cease production of non-electric 

vehicles altogether [8], [9]. 

While electric vehicles emit significantly fewer emissions over their lifetimes than non-

electric vehicles, there is still a need to improve energy efficiency of electric vehicles. A major 

barrier to electric vehicle adoption is “range anxiety”, which is the fear that the battery of an electric 

vehicle will run out of power before reaching its destination or a charging station. While there is 

significant growth in the number of electric vehicle charging stations within cities and highways, 

there is still a pressing need to develop electric vehicles with superior energy efficiency and on-

board storage. Vehicle weight reduction has again shown great promise in improving the energy 

efficiency of electric vehicles, thereby increasing their range on a single charge.   

Due to the number and complexity of the systems involved, vehicle weight reduction 

remains a significant challenge for automakers. Weight reduction will only become more 

challenging over time as crashworthiness requirements—which are in direct competition with 

weight reduction efforts due to energy absorption—are expected to continuously tighten. Designers 

currently have three primary approaches for achieving weight reduction without compromising 

crashworthiness: 

1. Optimal design of the geometry. 

2. Replacement of heavy materials (such as carbon steel) with lightweight and high-

performance materials including high-strength steel, aluminum, and composites. 

3. Use of new joining methods and/or advanced methods, such as replacement of mechanical 

joints with adhesives. 
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It is necessary for the designer to utilize a combination of these three approaches to achieve 

maximum weight reduction while satisfying all design criteria; however, there exists no effective 

design methodology with this capability. Multi-material topology optimization—a computational 

tool that determines the optimal distribution of multiple materials within a design domain—is an 

emerging research topic in structural optimization that can simultaneously achieve the first two 

approaches. Current implementations of multi-material topology optimization presented in the 

literature, however, assume that all dissimilar materials are perfectly fused together. This “ideal 

fusing assumption” severely limits the usefulness of the approach to industry since significant work 

is consequently required to interpret the output of the tool into manufacturable multi-material 

designs. Furthermore, the optimality of the design is often lost during the interpretation process 

since the ideal geometry of a multi-material design is mutually dependent on the joint configuration, 

which is not considered in currently available multi-material topology optimization approaches. 

There exists a strong need to develop a computational tool and methodology that can both 

determine the ideal distribution of multiple materials within a design domain in addition to the ideal 

joining configuration between dissimilar materials. If all three approaches for lightweight design 

are coherently integrated into one tool, it would make a tremendous impact to lightweighting efforts 

not only in the automotive industry, but also in many other transportation industries including 

locomotive, aeronautical, and astronautical. 

1.2 Objectives of Research 

While multi-material topology optimization is well explored in the literature, existing approaches 

are insufficient for practical applications since joints between dissimilar materials are not properly 

accounted for. The assumption of ideal fusing (or perfect bonding) along joint interfaces greatly 

limits the usefulness of multi-material topology optimization, since such kind of joining is either 

infeasible or difficult in practice due to poor weldability, cost, differences in material properties, 
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and galvanic corrosion. An intuitive approach would be to add joints everywhere along the joining 

interface to increase structural performance (i.e. the “brute force approach”) since there would be 

many joints to carry and distribute the load; however, since joints have both cost and mass 

associated with them, it is preferable to use as few joints as possible. Topology optimization has 

been used in the literature to determine the optimal quantity and distribution of joints between 

separate components; however, these approaches have always been limited to a single type of joint 

within each design domain (i.e. single-joint topology optimization). There exists no approach in 

the literature or commercial software that can tell a designer what types of joint to use along a 

joining interface. Advanced, real-world multi-material designs typically use several types of joints 

due to differences in costs, mechanical properties, and susceptibility to failure under different 

loading conditions. Moreover, simply combining existing approaches presented in the literature—

including multi-material topology optimization and single-joint topology optimization—and 

executing them in a serial approach would be inadequate at capturing the ideal geometry of a 

physically-permissible multi-material design, since the ideal geometry is mutually dependent on 

the ideal joining configuration. 

 It follows that currently available approaches (and combinations of approaches) presented 

in the literature are completely insufficient for creating realistic and useful multi-material designs. 

The primary goal of this research was to create an effective methodology and computational tool 

that executes multi-material multi-joint topology optimization (MM-MJ-TO), a design approach 

that determines an optimal distribution of multiple materials within a design domain in addition to 

the optimal joint design between those dissimilar materials. To make the approach useful for 

industry, the computational tool must also be able to interface with commercial finite element 

analysis software and solve large topology optimization problems with tens of thousands of 

elements. 

 Therefore, the goals of this research can be written as the following five objectives: 



Christopher Woischwill December 2017 

 

 

 

6 

1. Develop an optimization methodology that determines optimal allocation of joint 

materials, in terms of type, amount, and location. 

2. Eliminate the ideal fusing assumption (or perfect bonding assumption) from multi-material 

topology optimization and study the effect it has on component geometry. 

3. Implement the preceding objectives into one cohesive computational tool and methodology 

that can be applied to industry problems. 

4. Demonstrate that multi-material multi-joint topology optimization can determine a 

physically-permissible multi-material design that is optimized for both mechanical 

performance and joining cost.  

5. Investigate how optimization parameters (e.g. joint costs, mechanical performance 

requirements, etc.) affect the optimized joint design. 

1.3 Contributions 

There exists no prior work in either the literature or industry that considered optimal joint type or 

placement of joints in multi-material topology optimization. All studies of multi-material topology 

optimization assumed that dissimilar materials could be perfectly fused together, which is 

physically impermissible due to both differences in material properties and limitations in joining 

techniques (e.g. weldability). As the first study that not only introduces multi-joint topology 

optimization, but also the integration of joint optimization with multi-material topology 

optimization, this research has novelty and contributes to the field of topology optimization. 

The research in its present form has only been studied with academic problems, but with 

added maturity will be applied to industry-level problems in many different sectors including 

automotive, locomotive, aeronautical, and astronautical. This research would contribute to the 

creation of optimized multi-material designs in industry by reducing the development costs in 
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interpreting multi-material topology optimization results that use the ideal fusing assumption, and 

by optimizing the type and placement of joints between dissimilar materials. 

This work also contributes to the research activities of current and future highly qualified 

personnel (HQP) within the Structural and Multidisciplinary Systems Design Lab at Queen’s 

University. These HQP will continue development of this approach and increase the fidelity of the 

model by including: three-dimensional geometries, stress constraints, non-uniform mesh sizes, and 

more detailed modeling of joint behaviour.  
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Chapter 2 

Topology Optimization: Theory and Concepts 

Contained in this chapter are brief introductions to the concepts of design optimization and 

topology optimization. The purpose of this chapter is to introduce the reader to well-established 

concepts in optimization theory and topology optimization that are used extensively in this 

research. A literature review of advanced topology optimization topics relevant to the research is 

presented in the following chapter. 

2.1 Design Optimization 

In this research, design optimization refers to any computational approach used to determine the 

optimal parameters of a design that minimize a system response (the objective function) subject to 

user-defined requirements on other system responses (the constraint functions). For example, 

design optimization could be used to determine the optimal gauge thickness of a sheet metal 

structure that minimizes the mass of the structure while satisfying all user-defined deflection and 

stress requirements. 

Some design variables and responses commonly used in structural design optimization are 

shown in Table 2-1. Each response can be used in either the objective function or any of the 

constraint functions. Multi-objective optimization refers to using two or more unique responses in 

the objective function—for example, simultaneous minimization of both mass and frequency—but 

these types of problems are not discussed here since they were not within the scope of this research.  
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Table 2-1: Common Optimization Design Variables and Responses 

Design Variables Responses 

Gauge Thickness Mass 

Size Deflection 

Shape Stress 

Material Existence Frequency 

  

Symbolically, the general form of design optimization is expressed as: 

 

 

 

 

minimize

subject to 0 1,2,...,

0 1,2,...,

 design variable , ,
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j e

e l u
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h j m
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  (2.1) 

where   is the vector of design variables,    is the objective function to be minimized,  ig   

are the inequality constraints,  jh   are the equality constraints, mi and me are the number of 

inequality and equality constraints, ρe is the e-th design variable, and ,l u   are the lower and upper 

bounds on the design variables, respectively. 

The optimal design variables  *  are defined as the set of design variables that minimize 

the objective function while also satisfying all constraints. There are several approaches used to 

optimize the system and determine the optimal set of design variables, all of which can be classified 

as either gradient-based methods (e.g. steepest descent method) or non-gradient methods (e.g. 

genetic algorithms). 

Gradient-based methods are optimization algorithms that use derivatives of the objective 

and constraint functions to determine the direction in which to search for a superior solution. Figure 
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2-1 provides an analogy of gradient-based methods, where a blind-folded individual manages to 

find the top of a hill they cannot see by continuously proceeding in directions of elevation increase. 

The individual would know that they were at the top of the hill when elevation no longer increases 

in any direction. The constraints of the optimization problem can be interpreted as fences along the 

side of the hill that restrict the feasible domain of the problem. This analogy is a maximization 

problem, but can still be solved using the optimization statement presented in Eq. (2.1) since the 

maximization of an objective function is equivalent to the minimization of its inverse. 

 

Figure 2-1: Hill climbing example. Using sensitivities to find an optimal solution can be 

thought of as finding the top of a hill while blindfolded. Adapted from Vanderplaats [10]. 

An example of gradient-based optimization is shown in Figure 2-2. In this example, the 

algorithm approaches the local minimum by taking six steps. At each iteration, the algorithm 

evaluates the gradient of the objective function to determine a suitable searching direction, a 

process referred to as sensitivity analysis. After determining the suitable direction, the algorithm 

then “steps forward” in this direction and executes a new sensitivity analysis. This approach 

continues until the algorithm is unable to appreciably improve its solution, at which point the 

algorithm terminates due to convergence. 
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Figure 2-2: Gradient-based optimization. 

The most intuitive approach would be to always move in the direction of steepest descent 

(i.e. the direction where the objective function gradient is most negative), but this approach is less 

efficient than other gradient-based methods including Newton’s method, conjugate gradient 

methods, and Quasi-Newton methods [11]. All numerical examples in this research use Newton’s 

method, which uses the Hessian matrix of the objective function as part of its sensitivity analysis 

to reach convergence much faster than the steepest descent method. 

Non-gradient methods are optimization approaches which do not require the gradient of 

the objective or constraint functions to determine the searching function. The most well-known 

non-gradient approaches are genetic algorithms, which use the principle of natural selection to 

“evolve” towards a superior solution. These approaches are easy to implement and can be applied 

to optimization problems where the gradient of a function cannot be determined; however, these 

approaches cannot be used to solve any complex topology optimization problem [12]. Although 

many non-gradient methods use a global search approach that requires fewer function evaluations 

than full enumeration, even small optimization problems with a few dozen design variables 
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typically require tens of thousands of function evaluations to reach convergence [11]. Using the 

methods of finite differences to execute sensitivity analysis is another non-gradient method, but 

this is seldom used since the sensitivity analysis becomes too computationally expensive in 

problems with many design variables. 

A significant weakness to both gradient-based and non-gradient methods is that only local 

minima—and not the global minimum—are guaranteed to be found in non-convex problems. 

Moreover, almost all optimization algorithms are locally convergent, meaning that the local minima 

they converge at is sensitive to the initial guess. An example of a locally convergent optimization 

algorithm is shown in Figure 2-3. A steepest descent optimization algorithm is used to determine 

the minimum value of the function          
2 2 2 2

3 3 2 2
,

x y x y
f x y e e

     
  . The two plots show the 

optimization history when starting from two different points; each circle represents one function 

evaluation and sensitivity analysis. 

  

Figure 2-3: Local convergence in a non-convex problem. 

When starting from    , 4,0x y   , the optimization algorithm converges to an optimal 

solution of    * *, 1.9, 1.9x y    , which gives an objective function value of  * * ., 1 4yf x   . 

However, when the starting position changes to    , 4,1x y   , the optimization algorithm 

converges to a different optimal solution of    * *, 0.1, 0.0x y    , yielding an objective function 

value of  * * ., 1 0yf x   . Local convergence can be a major limitation in design optimization; 

however, effort is usually not expended into tuning the starting position for topology optimization 

(-4,0)
(-4,1)
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due to the large number of design variables. A strategy for selecting the starting position in topology 

optimization problems is presented later in Section 2.2.3. 

Global optimality is guaranteed in convex problems—which are convex functions over 

convex sets—but all density-based topology optimization approaches considered in this research 

are strictly non-convex. The only method to guarantee global optimality in non-convex problems 

is to exhaustively search and evaluate all solutions, but this is completely infeasible for topology 

optimization problems considered in industry which typically have more than tens of thousands of 

design variables. By convention, “optimality” in topology optimization refers only to local 

optimality since global optimality cannot feasibly be proven. 

For all types of optimization problems, increasing the design freedom will in theory result 

in the same or better global minimum. Examples of increasing design freedom include relaxing 

optimization constraints, expanding the geometry of the design domain, and increasing the number 

of materials considered in multi-material topology optimization. In practice, increasing design 

freedom may result in different or even worse solutions due to the creation of new local minima 

and the local convergence of the optimization algorithm. 

The three most common types of design optimization in computational mechanics are: (1) 

size optimization, (2) shape optimization, and (3) topology optimization. Examples of these three 

types are shown in Figure 2-4. 
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Figure 2-4: From top to bottom: size, shape, and topology optimization. Adapted from 

Bendsøe and Sigmund [13]. 

Both size and shape optimization modify a pre-defined geometry, whereas topology 

optimization finds the optimal geometry within a design domain (i.e. a defined region where 

optimization can distribute material). The design variables in size optimization are the geometric 

parameters of an existing design, such as width or thickness of a part. The design variables in shape 

optimization, however, are the shape and length of predetermined boundaries of the structure. For 

example, size optimization could be used to determine the optimal thickness of a beam, whereas 

shape optimization could be used to determine the optimal shape of a cut-out feature. 

Topology optimization does not require any geometry to be defined before optimization. 

In the most common formulation of topology optimization, the design variables are the existence 

(or density) of each element within a fixed finite element mesh. A fully dense element represents 

solid material, whereas an element with zero density represents elimination of material. Since 

topology optimization does not require any structural geometry to be defined before optimization, 

it is typically employed in the early design stages to determine the optimal distribution of material 

within a domain. Results from topology optimization are then manually interpreted by the designer 
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into a manufacturable design, which is then further optimized using refinement techniques 

including size and shape optimization. 

2.2 Topology Optimization 

Since the seminal work done by Bendsøe and Kikuchi in 1988 [14], topology optimization has been 

an active area of research in computational mechanics. Comprehensive reviews of the field include 

those by Eschenauer and Olhoff [15], Sigmund and Maute [16], Deaton and Grandhi [17], as well 

as the monograph by Bendsøe and Sigmund [13].  

Topology optimization has also been used in a wide range of industry applications by Kim 

and his colleagues. By using topology optimization in conjunction with shape and size 

optimization, Li et al. created optimized designs for an automotive engine cradle (which was nearly 

one fourth of the mass of an initial design domain) and an automotive cross car beam (which 

achieved nearly 40% in mass savings over an existing cross car beam) [18], [19]. Cristello and Kim 

used multi-objective optimization to create an optimized automotive universal joint assembly [20], 

and also used multidisciplinary design optimization to study the trade-offs between mass, 

deceleration during collision, and manufacturability of a hydroformed part [21]. Wong et al. used 

topology optimization and the equivalent static loading method to reduce both mass and cost of an 

aircraft landing gear assembly under dynamic loading [22]. Kim et al. developed the reducible 

design variable method which reduces computational expense in topology optimization problems 

by adaptively eliminating design variables which quickly converge [23].  

2.2.1 Classifications of Topology Optimization 

Most types of topology optimization in continuum structures can be divided into four categories: 

1. Density-based methods, including the Solid Isotropic Material with Penalization (SIMP) 

interpolation scheme. 

2. Boundary variation methods, including the level set and phase field methods. 



Christopher Woischwill December 2017 

 

 

 

16 

3. Hard-kill methods, which includes heuristic updating schemes such as evolutionary 

structural optimization. 

4. Non-gradient methods utilizing state space searches, such as ant colony and genetic 

algorithms. 

Density-based methods have become the predominant method in both the literature and industry 

due to their performance and computational efficiency. Since the other three topology optimization 

categories were beyond the scope of this research, their theory and principles are not discussed. 

Topology optimization is typically used with a fixed finite element mesh, where the 

existence of each element is independently optimized between full material existence (solid) and 

elimination (void). The intuitive approach would be to solve this as a binary integer optimization 

problem where each element can either be kept or eliminated. However, full enumeration of m 

binary variables requires the solutions of 2m objective function evaluations. Since thousands of 

elements (and thus design variables) are required to produce meaningful results in most topology 

optimization problems, binary integer optimization is completely infeasible even with state space 

searches such as the branch and bound method. 

2.2.2 Density-based Topology Optimization with SIMP 

In density-based topology optimization approaches the binary integer optimization problem is 

relaxed into a continuous optimization problem, where the existence of each element can take any 

real value between 1 and some infinitesimal value.1 The elastic modulus and density of each 

element then become functions of material existence; a solid element has nominal material 

properties, whereas a void element has material properties with infinitesimal values. The most 

popular density-based method is the Solid Isotropic Material with Penalization (SIMP) 

                                                      

1 Material existence cannot be equal to zero since this would introduce singularity to the stiffness matrix. In 

the numerical examples presented in this research, a lower bound of 0.01 is used for all design variables. 
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interpolation scheme, which penalizes the stiffness of elements with intermediate existence to 

encourage convergence to discretized solutions which only contains solid and void elements. 

For a two-phase material, the SIMP interpolation scheme formulates the interpolated mass 

of each element (We) as: 

     (1 )A B

e e e e eW v           (2.2) 

where (0,1]e   is the design variable of the element, ve is the volume of the element, and ρA and 

ρB are the physical densities of the two material phases. Similarly, the interpolated elastic modulus 

of each element (Ee) is formulated as:  

       1
p pA B

e e e eE E E       (2.3) 

where EA and EB are the physical elastic moduli of the two material phases and p is a penalization 

factor. Elimination of material in one phase, or void, can be expressed by setting ρB = 0 and EB = 0. 

The effect that penalization has on interpolated elastic modulus (Ee) in a two-phase material 

with one solid and one void phase is shown in Figure 2-5. Six interpolation curves representing 

penalization factors between 1 and 20 are plotted, showing that the stiffness of intermediate 

elements decrease as the penalization factor increases. 
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Figure 2-5: Interpolation of elastic modulus with SIMP. 

Clearly, optimization will be encouraged to use fewer intermediate elements as their 

stiffness becomes increasingly penalized. A comparison of a topology optimization problem solved 

with no penalization (i.e. a penalization factor of 1) and with a penalization factor of 5 is shown in 

Figure 2-6. The results for material existence are shown in a greyscale contour, where black 

represents solid elements and white represents void elements. A full description of the problem 

solved in Figure 2-6 is presented later in Section 2.2.3. 

 
p = 1 

 
p = 5 

Figure 2-6: Effect of penalization on topology optimization solutions. 

The user cannot make the penalization factor arbitrarily large, however, since increased 

penalization causes the slope of the interpolation curve to approach zero and infinity for void and 

solid elements, respectively. This could introduce numerical challenges to the sensitivity analysis 

and cause gradient-based optimization algorithms to fail in determining a suitable searching 
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direction. To reduce the likelihood of errors in the sensitivity analysis, the penalization factor is 

typically not set to values greater than 5.  

It must also be noted that the SIMP interpolation scheme is not a physically-permissible 

material model for all penalization factors. The material properties produced through SIMP must 

satisfy the Hashin-Shtrikman bounds, which define the limits of isotropic material properties that 

can be achieved through microstructure composites of two linearly elastic isotropic materials [24]. 

For a two-dimensional two-phase material with one solid and one void phase, the Hashin-

Shtrikman lower bound trivially simplifies to 0 for all porous combinations and the Hashin-

Shtrikman upper bound is satisfied when: 

 
2 4

,
1 1A A

p
 




 


 
 

  (2.4) 

where νA is the Poisson’s ratio of the solid material phase. It follows that for a material with a 

Poisson’s ratio of 1/3 (such as aluminum), the smallest allowable value for p is 3. The Hashin-

Shtrikman upper bound, along with SIMP interpolation curves corresponding to p = 2 and p = 3 

are plotted against material existence in Figure 2-7. Five sample microstructures that can exist along 

the Hashin-Shtrikman upper bound are also shown. 
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Figure 2-7: Hashin-Shtrikman upper bound and SIMP interpolation scheme. Adapted from 

Bendsøe and Sigmund [25]. 

2.2.3 Problem Formulation and Solution 

The prevalent topology optimization problem definition in the literature minimizes compliance, or 

the sum of element strain energy, subject to an upper constraint on the volume of the structure.2 

Symbolically, this is written as: 
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2 Compliance as it is defined in Eq. (2.5) is actually equal to twice the sum of element strain energy in linear 

materials, but it is convention to assume the two quantities are equivalent since multiplying an objective 

function by a scalar has no effect on optimization. 
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where  C   and  1g   are the objective and constraint functions, f  and u  are the vectors of 

applied loading and static displacements, K  is the global stiffness matrix of the system, and W  is 

the user-defined volume fraction constraint. 

 Although mass minimization subject to a performance requirement (e.g. stress or 

deflection) is often more practical for users since sum of strain energy is difficult to physically 

interpret and evaluate, most topology optimization problems presented in the literature are 

formulated to minimize compliance subject to a volume or mass constraint. Advantages for 

minimizing compliance include: 

1. Smooth and stable convergence behaviour. Since both compliance (sum of element strain 

energy) and volume are global behaviours, sensitivities are well defined for each element 

throughout the structure. Stress and deflection responses at a single point in the structure 

are local behaviours, which could introduce challenges to the optimization process since 

elements far away from where stress and deflection are measured might have infinitesimal 

sensitivities. Stress and deflection constraints cannot be applied to every element since this 

would create optimization constraints for each element, thereby making computational 

costs infeasible in large optimization problems. 

2. Easy formulation and computation of sensitivity. Sensitivity of both compliance and 

volume are easily expressed for each element and are computationally efficient to solve. 

Moreover, calculating objective sensitivities only requires one scalar result (element strain 

energy) for each element, which can be obtained from a single finite element analysis 

without any additional post-processing or smoothing of results. The complete sensitivity 

analysis for compliance minimization is presented later in Section 4.1. Stress constraints 

often use aggregate functions to approximate a global stress measure, requiring additional 

computational effort [26].  
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The conventional optimization algorithm for density-based topology optimization is shown in 

Figure 2-8. The optimization process repeats until the objective function value does not appreciably 

change between iterations. 

 

Figure 2-8: Conventional algorithm of density-based topology optimization. 

The solution of a sample topology optimization problem is presented here. The problem is 

solved using a 99-line topology optimization code written in MATLAB®, which is commonly used 

as a benchmark for topology optimization computational tools in the literature [27]. The model 

optimized by the code is the Messerschmitt-Bölkow-Blohm (MBB) beam, which is a two-

dimensional statically-determinant beam loaded by a force at the centre of the beam. The model 

has 2,400 finite elements of uniform size. To reduce computational costs, a symmetry constraint is 

applied along the direction of the load, which eliminates half of the elements from the model. The 

original model and the reduced model as a result of symmetry constraints are shown in Figure 2-9. 
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Figure 2-9: Geometry and boundary conditions for the original MBB beam model and the 

model reduced by symmetry constraints. Adapted from Sigmund [27]. 

The objective in this example is to minimize compliance subject to a volume fraction 

constraint of 50%. The SIMP penalization factor (p) is equal to 3. Since finding a feasible solution 

is not guaranteed if the initial guess is not within the feasible domain, it is standard practice in 

topology optimization to start from a homogeneous initial solution where each design variable is 

equal to the allowable limit of volume fraction, thus automatically satisfying the volume fraction 

constraint. It is not advised to let the initial design variables be as small as possible since this could 

create challenges in the sensitivity analysis, especially if the SIMP penalization factor is large. It 

follows that in this example, optimization began (Iteration 0) with a uniform distribution of material 

existence equal to 0.5. 

 Figure 2-10 shows the objective function values as well as the design variable solution for 

Iterations 1, 5, 10, 15, 20, and 94 (the iteration at convergence). The constraint function, volume 

fraction, is equal to 0.500 in all iterations.  

ORIGINAL MODEL REDUCED MODEL
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(ITER. 1) Obj. = 1007.0 (ITER. 5) Obj. = 412.5 

 
(ITER. 10) Obj. = 272.7 (ITER. 15) Obj. = 232.2 

 
(ITER. 20) Obj. = 212.5 

 
(ITER. 94) Obj. = 203.3 

Figure 2-10: Topology optimization using the SIMP approach.  

Each plot is generated after the design variable update. This example shows that both the 

number of intermediate (grey) elements as well as the objective function value decrease as topology 

optimization approaches convergence.  

2.2.4 Regularization and Numerical Challenges 

Regularization is a process used to eliminate two common numerical issues in topology: mesh-

dependence and checkerboarding. Mesh-dependence describes how topology optimization finds 

significantly different solutions as the finite element mesh is refined. Mesh refinement in finite 

element analysis (FEA) is typically motivated by an improvement in the accuracy, but in topology 

optimization this has the drawback of leading to the formation of very small features that cannot 

be easily interpreted by the user or manufactured in practice. An example of mesh dependence is 

shown in Figure 2-11. 
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600 ELEMENTS 

 

5400 ELEMENTS 

Figure 2-11: Mesh-dependence in topology optimization. Adapted from Sigmund and 

Petersson [28]. 

Checkerboarding is characterized by alternating solid and void elements in a pattern that 

resembles a checkerboard. These structures are undesirable since they have artificially large 

stiffness-to-mass ratios and manufacturable designs cannot be interpreted from them [28]. Figure 

2-12 shows checkerboarding in the solution of the MBB beam example when regularization is not 

applied. 

  

Figure 2-12: Optimized solution with regularization (left) and without (right). 

The most common regularization technique in both the literature and industrial applications 

is the mesh-independent sensitivity filter proposed by Sigmund [29], where objective function 

sensitivities are filtered before updating the design variables. The filter modifies the sensitivity for 

each element to equal the weighted average of the sensitivities in a fixed neighbourhood. For a 

uniform mesh, the filtered objective sensitivity is calculated by: 
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where 
e




 and 

*

e

 
 
 


 are the original and filtered sensitivity of the e-th element, N is the number 

of neighbouring elements within a circle of radius r, ρe and ρk are the design variables of the e-th 

element and its k-th neighbour, 
k




 is the sensitivity of the k-th neighbour, and dist(k,e) is the 

centre-to-centre distance between the e-th element and its k-th neighbour. Although initially 

formulated as a heuristic method with no mathematical rigor, Sigmund and Maute later 

demonstrated that the filter is equivalent to minimizing compliance for nonlocal elasticity problems 

[30]. 

It is recommended that the filtering neighbourhood contains one layer of adjacent elements. 

It follows that the filtering neighbourhood should be a circle with a radius that is 1.5 times greater 

than the average element size. An example of a filtering neighbourhood is shown in Figure 2-13. 

 

Figure 2-13: Filtering neighbourhood in regularization. 

A disadvantage to filtering sensitivities is that the boundaries between solid and void 

elements become “blurred”, resulting in elements with intermediate existence. The width of the 

blurred section increases as the size of the filtering neighbourhood increases; if the filtering 

neighbourhood contains one layer of adjacent elements, there will be one layer of elements with 

intermediate existence surrounding an element with full existence. Figure 2-14 illustrates how the 

topology optimization solution changes as the size of the filtering neighbourhood increases from 

r
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one to four layers of adjacent elements. It was observed throughout this research that increasing the 

size of the filtering neighbourhood both increases the optimal objective function value and makes 

interpretation of the results more difficult.   

  
ONE LAYER 

 
TWO LAYERS 

  
THREE LAYERS 

  
FOUR LAYERS 

Figure 2-14: Effect of filtering neighbourhood size on solution quality. 

Another common regularization technique is the density filter, which filters the design 

variables after the design variables are updated [31]. The density filter has the advantage of 

producing more discretized results than sensitivity filters; however, this approach is not 

recommended since satisfying the volume fraction constraint after applying the filter is not 

guaranteed. Since the density filter was beyond the scope of this research, its theory and principles 

are not discussed. 

2.2.5 Design Variable Updating 

The 99-line topology optimization code that solved the MBB beam example presented above used 

the Optimality Criteria (OC) method to update the design variables in each iteration. The OC 

method is a heuristic method that updates the material existence throughout the structure to obtain 

a fully-stressed design. The updating scheme increases the material existence in elements with large 

strain energy and reduces the material existence in elements with small strain energy. While the 
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OC method is satisfactory for small academic problems, it is rarely used in industry problems since 

its computational efficiency scales poorly as the number of design variables increases. Most 

researchers and those in industry use the Method of Moving Asymptotes (MMA) as the 

optimization algorithm for large topology optimization problems. 

The Method of Moving Asymptotes is an algorithm that can solve smooth, non-linear 

optimization problems with many design variables. In each iteration, MMA solves a separable, 

convex subproblem which approximates the original problem. Since these subproblems are convex, 

dual or primal-dual methods can be used to solve the subproblems, which can be significantly faster 

than solving the original non-convex problem [32]–[34]. The bounds on design variables—or the 

“moving asymptotes”—are adjusted each iteration to control the rate of convergence. All numerical 

examples presented in this research used MMA subproblems to update the design variables. 
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Chapter 3 

Literature Review 

Contained in this chapter is a review of literature pertinent to this research. The literature review 

includes both multi-material topology optimization approaches as well as joining optimization 

approaches. The most important conclusion from the literature review is that simultaneous joint 

and multi-material topology optimization where the quantity of joints is also a design variable to 

be optimized has not been studied in the literature without resorting to non-gradient approaches, 

which cannot solve large topology optimization problems. Furthermore, there were no approaches 

presented in the literature that optimized the type of joint. It follows that the multi-material multi-

joint topology optimization approach developed in this research is the first unified, gradient-based 

approach that determines an optimal distribution of multiple materials within a design domain in 

addition to the ideal joining configuration between dissimilar materials. 

3.1 Multi-Material Topology Optimization 

Multi-material topology optimization (MMTO) is defined as any type of topology optimization 

where the choice of material is also a design variable to be optimized. For bi-material topology 

optimization, as an example, the problem definition could thus be interpreted as: “what is the 

optimal distribution of up to two materials within a design domain that satisfies user-defined 

constraints?” Multi-material topology optimization is an active research topic in the literature since 

the enhanced design freedom almost always results in solutions that are superior to those obtained 

through conventional single-material topology optimization (i.e. optimal objective function value 

is smaller). 

 The most common MMTO approach is an extension of the Solid Isotropic Material with 

Penalization (SIMP) interpolation scheme described in Section 2.2.2. For a three-phase material 
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with one void component and two solid materials, the interpolated mass and stiffness of each 

element can be calculated by: 

    1 2 1 2, B A B

e e e e e evW         
 

  (3.1) 

         1 2 1 2 21,
p p p

A

e e e e

B

e eE E E       
  

  (3.2) 

where 1 (0,1]e   is the design variable representing existence of material and 2 (0,1]e   is the 

design variable representing the choice of solid material. Here, ρA and EA are the material properties 

of the solid component Material A, whereas ρB and EB are the material properties of the solid 

component Material B. By convention, Material A is both denser and stiffer than Material B. The 

effectiveness of the three-phase SIMP formulation has been demonstrated many times in both 

academic and industry problems [13], [35], [36]. Note that since the Poisson’s ratio is not 

interpolated, both material phases must have the same Poisson’s ratio. Due to this approximation, 

most applications of three-phase SIMP typically only consider types of materials that have similar 

Poisson’s ratios, such as steel, aluminum, and magnesium. Verifying the validity of this assumption 

was beyond the scope of this research. 

The SIMP formulation can be further extended to m-phase materials, but this is often 

limited by computational costs since an extension to m-phase materials requires (m – 1) design 

variables for each element. To reduce computational costs, Yin and Ananthrasuresh proposed a 

continuous peak function that can represent m-phase materials in its interpolation scheme without 

increasing the number of design variables [37]. In the example shown in Figure 3-1, a design 

variable of 0.0 corresponds to Material A, whereas a design variable of 0.3 corresponds to Material 

B. This method has not seen extensive use in the literature since the stationary points in the 

interpolation curve sometimes cause the optimization algorithm to fail in transitioning from one 

material phase to another. Zuo and Saitou represented m-phase materials without increasing the 
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number of design variables by combining SIMP interpolation curves from multiple materials into 

a single piecewise interpolation curve, as shown in Figure 3-2 [38]. Dynamic move limits were 

introduced to discourage optimization from converging at interpolation points where the derivative 

of the interpolation curve is discontinuous. The method has not seen use in the literature since it 

was shown to be very locally convergent; in the numerical examples presented in the original paper, 

adding material phases to the problem definition (and thus increasing design freedom) was shown 

to sometimes result in inferior objective function values. 

 

Figure 3-1: Peak function interpolation. 

 

Figure 3-2: Ordered SIMP interpolation. 

 Several boundary-based approaches to multi-material topology optimization have also 

been proposed in the literature. Boundary-based approaches to topology optimization have a benefit 

of producing crisp and smooth edges in the results with little post-processing effort, but also exhibit 

many issues including slow, oscillatory convergence and a strong dependency on the initial guess 

[39]. Zhou and Wang introduced a phase-field approach based on the Cahn-Hilliard equation, but 

this approach has not seen use in the literature since thousands of iterations were required to reach 

convergence in simple academic models [40], [41]. A more popular multi-material boundary-based 

method is the colour level set method proposed by Wang and Wang, which combined multiple 

level set equations in a principle similar to mixing colours to create new colours [42]. An example 
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of the colour level set is given in Figure 3-3. Note that the colours represent different materials (i.e. 

after the level set functions have been “mixed” together).  

 

Figure 3-3: Colour level set method. Adapted from Wang and Wang [42]. 

There have been several hard-kill multi-material topology optimization methods proposed 

in the literature that use heuristic updating schemes to determine both the material type and 

existence of each material. Ramani proposed a heuristic updating scheme that changed a user-

defined proportion of elements to another material after calculating and ranking the material choice 

sensitivity of every element in each iteration [43], [44]. Fiebig et al. developed a biological growth 

rule similar to evolutionary structural optimization that changed the material state of each element 

depending on the stress values within those elements, as shown in Figure 3-4 [45]. Neither of these 

methods have seen further use in the literature since heuristic methods that do not use the gradient 

of the objective function in optimization typically require many iterations to reach convergence and 

are susceptible to converging at non-optimal results [46]. 

 

Figure 3-4: Heuristic multi-material updating scheme. Adapted from Falkenberg et al. [47]. 

INITIAL FINAL
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All multi-material topology optimization schemes described above assume that all 

elements are perfectly fused together even if they have dissimilar material properties—the ideal 

fusing assumption—and thus are not indicative of real-world design practice when considering 

structural performance and manufacturability. While no approaches have been presented in the 

literature that consider manufacturing processes in multi-material topology optimization, some 

researchers have presented approaches that minimize tensile stress in joining regions to reduce the 

likelihood of failure due to delamination. 

 Liu et al. used a quadratic stress criterion to determine the optimal interface shape between 

two solid geometries made from dissimilar materials that would minimize the likelihood of 

delamination. Although interface delamination was considered, the results were still not 

manufacturable since the physical processes of joining dissimilar materials were not considered. 

Moreover, this method was not integrated with topology optimization and all components and 

materials needed to be defined by the user a priori [48]. An example of the method applied to a 

simple multi-material structure under uniaxial tensile loading is shown in Figure 3-5. 

 

Figure 3-5: Interface shape optimization. Adapted from Liu et al. [48]. 
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Liu et al. combined the colour level set method with the extended finite element method 

(XFEM) to model separation at dissimilar material interfaces in multi-material topology 

optimization and were able to produce results that favourably loaded dissimilar material interfaces 

in compression rather than in tension [49]. Their methodology is contrasted with the perfect fusing 

assumption in Figure 3-6. It must be noted that this methodology still does not produce 

manufacturable results since discrete joint types and geometries were not modeled, i.e. all 

dissimilar materials were still assumed to be unrealistically fused together as a single piece. 

 

Figure 3-6: Optimal designs (a) with perfect fusing assumption; (b) with material interfaces 

considered. Adapted from Liu et al. [49]. 

3.2 Joint Optimization 

To describe the true structural performance and manufacturability of a multi-component design, 

joints between components must be explicitly defined. The simplest approach would be to 

automatically insert joints between all components after optimization, but optimality for either 

structural performance or manufacturability would not be guaranteed. Alternatively, topology 

optimization can be used to determine the quantity and distribution of joints along a pre-defined 

joining interface [50], [51], and has been used in many industrial applications to reduce the quantity 

of joints—including spot welds and adhesive bonds—in automotive structures [52]–[54]. For 

example, Ryberg and Nilsson reduced the number of spot welds in a Qoros 3 body-in-white (BIW) 

by making each of the 1,500 spot welds in the baseline model one designable element in topology 

optimization. Ryberg and Nilsson eliminated 248 spot welds from the BIW by using topology 

(a) (b)



Christopher Woischwill December 2017 

 

 

 

35 

optimization in the commercial solver Altair OptiStruct; all 248 eliminated spot welds are shown 

in Figure 3-7. The limitation with these approaches is that the shape and size of the joining interface 

must be defined by the user before beginning optimization. It follows that these approaches would 

not capture the true optimal design since the mutual dependency between optimal interface shape 

and optimal joint distribution is not included in the optimization process. 

 

Figure 3-7: Spot welds removed through topology optimization in a Qoros 3 body-in-white. 

Adapted from Ryberg and Nilsson [53]. 

Studies that incorporate simultaneous structural topology and joint optimization are 

limited. Early work in the field by Chickermane and Gea modeled joints as microstructures 

embedded within a defined joining domain between two structural design domains, as shown in 

Figure 3-8. A drawback to this method was that both the joining domain and the number of fasteners 

needed to be defined before optimization [55].  

2-layer spot weld

3-layer spot weld
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Figure 3-8: Optimization simultaneously determines the structural topology and the 

locations of embedded microstructures within a defined joining domain. Adapted from 

Chickermane and Gea [55]. 

Similar approaches in recent years viewed joints as small objects of known stiffness and 

geometry embedded within the same design domain of the structure; both the optimal topology of 

the domain and the locations of the embedded objects were then determined simultaneously [56], 

[57]. An example of the simultaneous topology optimization and placement optimization of two 

rigid objects is shown in Figure 3-9. While the shape and size of the rigid objects could be defined 

in such a way to represent joints, the necessity of defining the number of joints a priori limits the 

usefulness of the approach for multi-component topology optimization.  

 

Figure 3-9: Optimization simultaneously determines the structural topology and the 

locations of rigid objects embedded within the same structural design domain. Adapted 

from Zhu et al. [57]. 

Simultaneous joint and structural topology optimization where the quantity of joints within 

a pre-defined joining interface is also a design variable is a well explored topic. An intuitive 

approach would be to define two or more separate design domains for structural topology 
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optimization in addition to a separate design domain for the joining interface. Topology 

optimization would then be used to determine the existence of elements not only within the 

structural design domains, but also within the joining design domains. Li et al. implemented this 

approach with evolutionary structural optimization (ESO) to simultaneously determine the 

optimized topology of multiple structures as well as the number and distribution of fasteners 

between these structures [58]. One of the presented numerical examples of the method is shown in 

Figure 3-10. 

 

Figure 3-10: Simultaneous structure and joint optimization using ESO. Adapted from Li et 

al. [58]. 

Simultaneous joint and structural topology optimization where the quantity of joints within 

the same design domain is also a design variable has only been studied using combinatorial non-

gradient approaches. Saitou et al. used genetic algorithms (GA) to simultaneously optimize the 

topology and geometry of a structure in addition to the location and configuration of joints; 

however, the use of GA severely restricted the size of problems that could be considered [59]–[61]. 

An example of the method is shown in Figure 3-11. Note that the colours of the components simply 
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represent unique components to be connected by “weld” elements, and do not represent choice of 

material. 

 

Figure 3-11: Multicomponent assemblies using genetic algorithms. Adapted from Yildiz and 

Saitou [59]. 

Falkenberg et al. considered adhesive joints in multi-material topology optimization by 

automatically inserting cohesive bonding elements between elements made of dissimilar materials, 

but the heuristic scheme used to update the design variables made the approach unsuitable for large 

problems [47]. Moreover, every component was assumed to be continuously connected by adhesive 

bonds. Other types of joints (e.g. spot welds and mechanical fasteners) were not used, and dissimilar 

materials could not be disconnected (e.g. void patches could not exist between dissimilar materials). 

The process of inserting adhesive bonds between dissimilar materials is shown in Figure 3-12; note 

that each colour represents a different material. 

 

Figure 3-12: Automatically inserting joints between dissimilar materials. Adapted from 

Falkenberg et al. [47]. 

There is no approach in the literature that can determine both the optimal distribution of 

multiple materials within a design domain as well as the optimal distribution of joints between 

JOINT
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dissimilar materials. While each of the approaches summarized in this literature review had 

different capabilities and limitations, none of the studied approaches could cohesively: 

1. Integrate with topology optimization (i.e. the geometry determined by topology 

optimization is affected by the joint configuration, and vice versa). 

2. Optimize the quantity of joints. 

3. Place joints anywhere within the design domain (i.e. joint interfaces are not defined by the 

user a priori). 

4. Insert joints between elements of dissimilar materials and eliminate the ideal fusing 

assumption. 

5. Solve large problems with computationally-feasible optimization methods. 

A summary of the capabilities and limitations for each summarized approach is shown in Table 

3-1. It must also be noted that there were no approaches found in the literature that optimized the 

type of joint (e.g. spot weld or adhesive bond), which was a key objective in this research. 
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Table 3-1: Comparison of Joining Optimization Approaches in the Literature 

 
Integrated with 

TO 

Joint quantity is 

optimized 

Joint positions are optimized and 

embedded within TO domain 

Integrated 

with MMTO 

Computationally 

feasible 
Reference 

 

-- YES -- -- YES [53] 

 

YES -- -- -- YES [55] 

 

YES -- YES -- YES [57] 

 

YES YES -- -- YES [58] 

 

YES YES YES -- -- [59] 

 

YES -- YES YES YES [47] 

 

2-layer spot weld

3-layer spot weld
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Chapter 4 

Problem Formulation 

The goal of the multi-material multi-joint topology optimization (MM-MJ-TO) methodology 

developed in this research was to determine both: (1) the optimal distribution of multiple materials 

within a design domain that minimizes compliance, and (2) the optimal joint design between all 

dissimilar material interfaces that minimizes the cost of joining. The mass of the structure is 

constrained by the user. All derivations and examples presented in this research only consider two 

structural materials and two types of joints; while the methodology can be extended to m-phases of 

materials and joints, this was beyond the scope of this research and was left for future investigation. 

 In this research, the following rules were enforced to make multi-material structures 

physically permissible: 

1. All components of dissimilar materials must either be connected through joints or 

disconnected altogether (i.e. separated by void elements), such that no load can pass 

directly through dissimilar material interfaces. This condition is demonstrated in Figure 

4-1. 

2. Joints can only exist along dissimilar material interfaces; it is assumed that all components 

of a single material can be formed without the need for joining. 

In this research, the two materials to be distributed anywhere within the design domain were named 

Structure A and Structure B, whereas the two joints that can connect Structure A and Structure B 

were named Joint C and Joint D. The mechanical properties of both structure and joint types are 

controlled by the user and can be modified to represent desired materials and joints. 
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Figure 4-1: Unacceptable and permissible material interfaces. 

The complete multi-material multi-joint topology optimization statement is given by: 
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where 
1  and 

2  are the design vectors for structure existence and structure choice, 
3  and 

4  

are the design vectors for joint existence and joint choice, We is the mass of the e-th finite element, 

ve is the volume of the e-th finite element, ρA is the density of Structure A, W is the normalized 

mass fraction constraint, f  and u  are the force and displacement vectors, and K is the global 

stiffness matrix. Functions C and Q are the two objective functions for compliance and joint cost, 

respectively, and function g1 is the constraint function for normalized mass fraction. The 

normalized mass fraction can be physically interpreted as the ratio of optimized mass of the 

structure to the mass of the design domain entirely filled with Structure A. In this research, 

Structure A is the stiffer of the two structure materials. 

STRUCTURE A

STRUCTURE B

STRUCTURE A

STRUCTURE B

JOINT C
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 As shown in Table 4-1, the design vectors 
1  and 

2  control the existence and choice of 

each structure, whereas the design vectors 
3  and 

4  control the existence and choice of each 

joint. Elements with intermediate design variables are not interpreted as physical materials. 

Table 4-1: Interpretation of Design Variables 

Interpretation 
1

e   2

e  3

e  4

e  

Void Structure 0 any value N/A N/A 

Structure A 1 1 N/A N/A 

Structure B 1 0 N/A N/A 

Void Joint N/A N/A 0 any value 

Joint C N/A N/A 1 1 

Joint D N/A N/A 1 0 

 

A difficulty with the optimization problem statement as presented is that the existence of a 

joint within an element is directly dependent on both the existence  1

e  and choice  2

e  of 

structure in all adjacent elements. It follows that the vector lengths of both joint existence  3  

and joint type  4  are unknown before optimization, since both vectors directly represent the 

length of dissimilar material interfaces generated by 
1  and 

2 . Since this dependency cannot be 

formulated in a continuous expression, sensitivity analysis cannot be executed. Thus, the 

optimization problem can only be solved using non-gradient methods such as genetic algorithms, 

which are too inefficient to solve the complex and practical problems typically encountered in 

industry. 
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 To permit the solution of complex problems, this research decomposes the coupled 

problem statement written above into two subproblems which can be solved with gradient-based 

methods: (A) multi-material topology optimization (MMTO), where only the placement and 

selection of two structural materials is considered, and (B) multi-joint topology optimization 

(MJTO), where only the placement and selection of two types of joints is considered. These two 

subproblems are executed sequentially until there is negligible improvement in the optimal 

objective function value for multiple consecutive MJTO subproblems. Both subproblems are 

optimized using the Method of Moving Asymptotes (MMA) presented in Section 2.2.5, and the 

decomposition process which details how information is communicated between subproblems is 

presented in Chapter 5. 

4.1 Multi-Material Topology Optimization (MMTO) 

The goal of each MMTO subproblem is to determine the optimal distribution of two solid materials 

and one void component within a design domain. In these subproblems, the objective to be 

minimized is compliance of the domain and the constraint is normalized mass fraction. Hence, the 

optimization problem is formulated as: 
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  (4.2) 

where all symbols retain their definition from the complete MM-MJ-TO optimization statement 

written in Eq. (4.1). 

Since MMA requires gradients to solve convex approximations, sensitivities for the 

objective function and all constraint functions must be real and continuous. The sensitivity of the 

compliance objective function, C, is derived through the adjoint variable method. Through 
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substituting the linear static condition  Ku f  into the objective function  TC f u , the 

objective function can be rewritten as: 

 TC u Ku   (4.3) 

Alternatively, total compliance can be expressed as the compliance of each element: 

 
T

e e e

e e

eC C u K u     (4.4) 

where Ce is the compliance of the e-th element, 
eu  is the vector of nodal displacements for the e-

th element, and 
eK  is the stiffness matrix of the e-th element. Since the compliance in each element 

is sensitive to both the structure existence and structure choice of each element, the objective 

function must be differentiated with respect to both 1

e  and 2

e . Differentiation using the adjoint 

variable method gives: 

 1,2T e
e ej j

e e

C K
u ju

 

 
 

 
   (4.5) 

where j can be equal to 1 or 2. Since each cell of the element stiffness matrix is scaled by the elastic 

modulus of that element, the derivative of the element stiffness matrix can be written as: 

  0 0 1,2e e
e e ej j j

e e e

K E
E K K j

  

  
  

  
  (4.6) 

where Ee is the interpolated elastic modulus of the element as defined in Eq.  (3.2) in Section 3.1. 

Since every element in the element stiffness matrix eK  is scaled by the interpolated elastic 

modulus, the interpolated elastic modulus is extracted as a scalar multiple. The element stiffness 

matrix divided by the interpolated elastic modulus, written as 0

eK , is not a function of either 
1

e  or 

2

e . Substituting Eq. (4.6) into Eq. (4.5) then gives: 
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 1,2T e e
e ej j

e e e

C E K
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  (4.7) 

which is the formulation most often presented in the literature. A drawback to this formulation is 

that both assembling the matrices and performing matrix operations can be computationally 

expensive. To significantly reduce complexity and computational effort, all matrix operations are 

removed by substituting Eq. (4.4) into Eq. (4.7): 

 1,2e e

j j
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  (4.8) 

The compliance value for the e-th element, Ce, is equal to the element strain energy within that 

element which can easily be read from a plaintext output file of a finite element analysis (FEA).  If 

multiple load cases are considered, then Ce is equal to the sum of the element strain energy within 

the e-th element for each load case. The partial derivative of elastic modulus with respect to the 

two design variables for each element is given by:  
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Substituting Eq. (4.9) and Eq. (4.10) into Eq. (4.8) and collecting terms gives: 
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The sensitivity of the normalized mass fraction constraint is directly differentiated and is given by: 
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After calculating all sensitivities for each element, the objective sensitivities are filtered by the 

mesh-independent sensitivity filter presented in Section 2.2.4. While initially formulated for single-

material topology optimization problems, the filter can be extended to the multi-material topology 

optimization subproblem by: 
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  dist ,k eH r k    (4.16) 

where 
j

e

C






 and 

*

j

e

C



 
 
 

 are the original and filtered sensitivity to the j-th design variable of the e-

th element, N is the number of neighbouring elements within a circle of radius r, and dist(k,e) is the 

centre-to-centre distance between the e-th element and its k-th neighbour. The superscript j can be 

equal to 1 or 2 since objective function sensitivities to structure choice  1  and structure existence 

 2  are filtered independently with the same filtering neighbourhood. 

4.2 Multi-Joint Topology Optimization (MJTO) 

The objective in each MJTO subproblem is to minimize the total joining cost of the domain while 

keeping the compliance of the domain equal to or less than a scalar multiple of the optimal objective 

function value of the initial MMTO subproblem. The scalar multiplier is introduced since the 
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transformation of an ideally-fused model to a physically-permissible model results in a decrease in 

structural performance. Hence, the optimization statement for MJTO is interpreted as: “what is the 

cheapest joint configuration that connects dissimilar components while satisfying slightly relaxed 

structural performance requirements?” 

Symbolically, this is written as: 
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where 
3  and 

4  are the design vectors for joint existence and joint choice, v  is the vector of 

element volumes, QC and QD are the costs per volume of Joint C and Joint D, C  is the constraint 

on total compliance of the domain, and α is a scaling factor applied to the compliance constraint. 

 The MJTO subproblems use the same three-phase Solid Isotropic Material with 

Penalization (SIMP) formulation used in the MMTO subproblems. It follows that the elastic 

modulus for each element within the joint design domain is formulated as: 

         3 4 3 4 41,
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where 3

e  and 4

e  are the design variables for joint existence and joint choice for the e-th element, 

EC and ED are the elastic modulus of Joint C and Joint D, and p is a penalization factor used to 

discourage convergence to solutions with intermediate existence. 

 The sensitivity of the cost objective function, Q, is derived directly for each design 

variable: 
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where ve is the volume of the e-th element. Similarly, the sensitivity of the compliance constraint 

function is derived through the same process as shown before in Section 4.1: 
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The objective of joint cost minimization is analogous to minimizing the weighted volume of the 

joint design domain. Experience has shown that for this objective function, a member-sizing filter 

outperforms the mesh-independent sensitivity filter used in the MMTO subproblems; both the 

objective function value is smaller and the results are easier to interpret since there are fewer 

elements with intermediate densities. A comparison between both filters for an academic volume 

minimization problem is shown in Figure 4-2.  

  

Figure 4-2: Volume minimization with (a) mesh-independent filter; (b) member-size filter. 

The member-sizing filter used in the MJTO subproblems is based on the filter proposed by 

Kim et al. [62], which was originally written as: 
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However, this filter can cause numerical issues in models with fine mesh sizes since N would be 

large while 
k




 would be small, causing the modified sensitivities to increase substantially. This 

filter was improved by replacing the numerator N with the sum of sensitivities in the fixed 

neighbourhood and by scaling the adjacent sensitivities in the denominator by their distance to the 

e-th element. The modified filter extended to MJTO is then written as: 
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  dist ,k eH r k    (4.25) 

where 
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Q
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 are the original and filtered objective function sensitivity to the j-th design 

variable of the e-th element. The superscript j can be equal to 3 or 4 since objective function 

sensitivities to joint existence  3  and joint choice  4  are filtered independently with the same 

filtering neighbourhood. 
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Chapter 5 

Decomposition Process 

To facilitate the solution of the multi-material multi-joint topology optimization (MM-MJ-TO) 

problem, the optimization problem statement is decomposed into two smaller subproblems—multi-

material topology optimization (MMTO) and multi-joint topology optimization (MJTO)—that are 

solved iteratively. The complete algorithm is illustrated in Figure 5-1 and each of the steps are 

described below. An outer loop iteration refers to each iteration of the closed loop shown in Figure 

5-1, whereas an inner loop iteration refers to the optimization iterations within each subproblem. 

 

 1. Start with an initial homogeneous design (as recommended in Section 2.2.3) with 

no joints. 

2. Execute multi-material topology optimization (MMTO) with the ideal fusing 

assumption. 

3. Interpret the MMTO results and simplify the geometry to allow for realistic joining. 

4. Determine the permissible design domains for each type of joint. 

5. Execute multi-joint topology optimization (MJTO). 

6. Terminate if MJTO results are acceptable. 

7. If MJTO results are not acceptable, interpret the results from MJTO and identify 

design domains for MMTO. 

8. Return to Step 2. 
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Figure 5-1: Algorithm of multi-material multi-joint topology optimization. 

A key consideration in topology optimization is mesh size, which is the average dimension 

of all finite elements (FE) in the model. Smaller mesh sizes are advantageous for multiple reasons, 

including: (1) enhanced accuracy in finite element analysis, and (2) better representation of 

complex geometries. The drawback to using a smaller mesh size is that the number of finite 

elements, and thus the computational cost required to execute finite element analysis (FEA) and 

sensitivity analysis, increases. 

 Many two-dimensional FE models used in industry consist of quadrilateral finite elements 

of an approximately uniform size which are too large to accurately represent joints. For example, 

it is not unusual for a complex FE model of a vehicle chassis to use square finite elements that are 
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10 mm wide, whereas a patch of adhesive bond is typically less than 0.2 mm thick. Modelling an 

entire vehicle chassis with a uniform mesh size of 0.2 mm would result in impractical 

computational costs, and thus only the elements representing joints should be made very small. 

Examples of these two approaches are shown in Figure 5-2 and Figure 5-3.  

 

Figure 5-2: Uniform mesh size. 

 

Figure 5-3: Adaptive mesh size. 

To minimize increases to computational expense, thin elements should only be used where 

two components are to be joined. The “intuitive approach” to follow in multi-material multi-joint 

topology optimization (MM-MJ-TO) would be to start with an initial FE model of uniform mesh 

size (since joint locations are not defined a priori), and then insert thin rectangular elements 

between finite elements belonging to different components after each MMTO subproblem. 

This “intuitive approach”, however, is both difficult and time-consuming for complex 

geometries and is not recommended. Therefore, in this research the same FE model was used in 

both the multi-material and multi-joint topology optimization subproblems. Figure 5-4 shows a 

conventional FE model consisting of 9 square elements, whereas Figure 5-5 shows an FE model 

used in MM-MJ-TO which consists of 9 square elements and 27 smaller “connecting” elements. In 

this research, the large square elements are referred to as structure elements and the smaller 

elements between the structure elements are referred to as connector elements. 

220 ELEMENTS 20 ELEMENTS
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Figure 5-4: Conventional FE model. 

 

Figure 5-5: FE model used in MM-MJ-TO. 

 The MMTO and the MJTO subproblems are able to operate on the same FE model by using 

different design variable definitions. In the MMTO subproblems, each structure element and the 

three connector elements adjacent to its bottom and right edges are defined as one design cell, i.e. 

these four elements will share the same design variables  1 2,e e   and thus the same material 

properties. An example of how design cells are defined in the MMTO subproblems is shown in 

Figure 5-6. 

  

Figure 5-6: Design cells in the MMTO subproblem. Since there are 4 elements per design 

cell, there are only 6 design cells within these 24 elements. 

The sensitivity of a design cell is defined as the sum of sensitivities for all elements within 

that design cell: 
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where 
j

c

C






 and 1

j

c

g






 are the objective function and constraint function sensitivities of the c-th 

design cell, whereas 
j

k

C






 and 1

j

k

g






 are the objective function and constraint function sensitivities 

of the k-th element within that design cell. The superscript j can be equal to 1 or 2 since sensitivities 

to structure existence  1  and structure choice  2  are summed independently. 

 It is important to note that the mesh-independent sensitivity filter described before in 

Section 4.1 is applied to design cell sensitivities rather than element sensitivities. Applying the 

filtering neighbourhood to a conventional FE model and to the FE model used in MM-MJ-TO is 

shown in Figure 5-7 and Figure 5-8, respectively. In both cases, there are only 9 sensitivity values 

within the neighbourhood. Research experience has shown that the neighbourhood should be sized 

such that it contains one layer of adjacent design cells. 

 

Figure 5-7: Filtering neighbourhood in a 

conventional FE model. 

 

Figure 5-8: Filtering neighbourhood in an 

MM-MJ-TO FE model. 

Since the purpose of each MMTO subproblem in the outer loop is to determine how the 

optimal distribution of multiple materials changes as joints are added to the structure, all existing 

multi-material interfaces and joints are made non-designable before starting optimization. A design 

cell in an MMTO subproblem is made non-designable if it: (1) contains a joint element, or (2) is 

within n layers of elements to a design cell that contains a joint element. The number of layers of 

elements to reserve as non-designable, n, is a user-defined parameter. 

  

r r
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The purpose of each MJTO subproblem in the outer loop is to determine the optimal joint 

design given a multi-material design. It follows that in the MJTO subproblems, each connector 

element adjacent to two structure elements with dissimilar material properties is defined as one 

design cell, whereas all structure elements and connector elements that are not adjacent to two 

structure elements of dissimilar material are non-designable. 

Since an element is only designable under specific conditions, it follows that the four 

design vectors  1 2 3 4, , ,     will almost certainly have different lengths in each subproblem. A 

simple example of the developed methodology that demonstrates how the length of each design 

vector changes in each subproblem is shown in Figure 5-9. 

 

Figure 5-9: MM-MJ-TO example. 

This example begins with MMTO 1A, the first MMTO subproblem. Here, there are 16 

design cells since there are 16 structure elements in the model, each of which can be made either 

Structure A, Structure B, or void. This process is then followed by MJTO 1B—the first MJTO 

subproblem—which has 10 design cells which can be made either Joint C, Joint D, or void since 

(1) MMTO 1A

(3) MMTO 2A

NON-DESIGN

STRUCTURE A

STRUCTURE B

JOINT C

JOINT D

VOID

(2) MJTO 1B

(4) MJTO 2B
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there are 10 connector elements adjacent to at least two structure elements made of dissimilar 

materials. 

 In MMTO 2A—the second MMTO subproblem—there are only 6 design cells that are not 

adjacent to or contain a joint element (e.g. Joint C or Joint D), so each of these design cells can be 

made either Structure A, Structure B, or void. There are 16 connector elements in MJTO 2B that 

are adjacent to two or more structure elements made of dissimilar materials, so each of these can 

be made either Joint C, Joint D, or void. 

 In this example, elements that were made non-designable in the first outer loop iteration 

retained the same properties throughout the optimization process, which might give the impression 

that interfaces become “locked in” once they become non-designable. Interfaces can still change in 

later outer loop iterations during the geometric simplification process when preparing the model 

for an MJTO subproblem, as discussed later in Section 6.1.  



Christopher Woischwill December 2017 

 

 

 

58 

Chapter 6 

Model Preparation 

After completing a multi-material topology optimization (MMTO) subproblem, the finite element 

model for the following multi-joint topology optimization (MJTO) subproblem is prepared. This is 

accomplished through two steps: 

1. Interpret the multi-material results and simplify the interfaces between components of 

dissimilar materials. 

2. Determine which connector elements are designable. 

All model preparation instructions contained in this chapter are accomplished automatically using 

the commercial software package Altair HyperMesh in batch mode. The batch instructions were 

written in Tool Command Language (Tcl). 

6.1 Interpreting and Simplifying MMTO Results 

Even though the Solid Isotropic Material with Penalization (SIMP) interpolation scheme produces 

physically-permissible material properties when the penalization factor is great enough to satisfy 

the Hashin-Shtrikman bounds in Eq. (2.4) in Section 2.2.2, it is completely infeasible to directly 

manufacture and fuse together all materials produced from a typical topology optimization study. 

Hence, intermediate results from topology optimization must be discretized to either 0 or 1 during 

post-processing for manufacturing feasibility. 

 Raw design variables from the solution of each MMTO subproblem are discretized as per 

the rules below: 

 

1 1 2

1 2ˆ ˆ
1, if 1, if 0.5

0.01, otherwise 0.01, otherwise

e e e

e e

  
 

  
  
 

  (6.1) 
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where  1 2,e e   are the raw design variables for the e-th element,  1 2,ˆ ˆ
e e   are the discretized design 

variables for the e-th element, and 1

e  is a user-defined threshold used to control the mass of the 

discretized design domain (see Appendix A). Since all elements within an MMTO design cell have 

the same design variable, they are all discretized to the same values. 

 An example of the discretization process is shown in Figure 6-1. Here, the structure 

existence of each element  1

e  is contoured from 0 (white) to 1 (black). For elements where 

1 1

e e  , the structure existence is set to 1 (solid). For all other elements, structure existence is set 

to 0 (void). 

 

Figure 6-1: Discretizing raw structure existence results. 

A discretized topology optimization result has different structural behaviour than a “raw” 

(continuous) topology optimization result. Typically, discretized models have inferior stiffness to 

mass ratios than raw computational results, but this is not always the case. The magnitude of 

difference between the two is directly proportional to the number of elements that have an 

intermediate density between 1 and some infinitesimal value. The fewer elements with intermediate 

design variables a topology optimization result has, the better the agreement will be with the 

discretized model. 

 Even if a result has very few elements with intermediate design variables, it is still possible 

that the distribution of dissimilar materials after discretization might appear “jagged” and not ideal 

1

0

1

e
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for joint interfaces. An example of a poor and acceptable material interface is shown in Figure 6-2 

and Figure 6-3. 

 

Figure 6-2: Poor material interface. 

 

Figure 6-3: Acceptable material interface. 

The jagged results shown in Figure 6-2 are due to sensitivity filtering within each MMTO 

subproblem. A drawback to using sensitivity filters in topology optimization is that the elements 

within a layer of width r (the sensitivity filtering radius) between solid and void regions have 

intermediate design variables. Since sensitivities with respect to both structure existence  1  and 

structure choice  2  are filtered independently in MMTO, elements on the boundary between 

Structure A  1 21, 1e e    and void  1 20, 0e e    will have intermediate design variables for 

both structure existence and structure choice. Some of these elements might be discretized as 

Structure A  1 21, 1ˆ ˆ
e e   , whereas others might be discretized as Structure B  1 21, 0ˆ ˆ

e e    or 

even void  1 20, 0ˆ ˆ
e e   . However, not applying a sensitivity filter would result in 

checkerboarding, a highly-undesirable numerical instability in topology optimization introduced 

in Section 2.2.4. 

 Clearly, any computational artifacts from the discretization process (e.g. thin layer of 

dissimilar materials surrounding a component or patchy solid-void boundaries) must be removed 

before determining joint candidates. To reduce joining complexity and thus costs due to joining, a 

heuristic strategy is used to simplify interfaces between dissimilar materials. 
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 For each gamma element (defined as a structure element where 1ˆ 1e  ), the structure 

elements adjacent in the horizontal direction are defined as beta elements, and the structure 

elements adjacent in the vertical direction are defined as delta elements, as shown in Figure 6-4. 

The highlighted elements in the figure represent the elements within the gamma element’s design 

cell. 

 

Figure 6-4: Beta, delta, and gamma elements. 

Then, the following three rules (which are illustrated in Figure 6-5) are applied for all gamma 

elements and repeated for every solid structure element until there is no change in material type for 

any structure element: 

1. If either both beta elements are void  1ˆ 0k   or both delta elements are void  1ˆ 0k  , 

set all elements within the gamma element design cell to void  1ˆ̂ 0e  . 

2. If there are more beta elements made of dissimilar than similar materials to the gamma 

element, change the material type of all elements within the gamma element design cell 

(e.g. from Structure A to Structure B, or vice versa). 

3. If there are more delta elements made of dissimilar than similar materials to the gamma 

element, change the material type of all elements within the gamma element design cell 

(e.g. from Structure A to Structure B, or vice versa). 

δ1

β1 γ β2

δ2
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Figure 6-5: Geometric simplification examples. 

Symbolically, these three rules are represented by: 

 

4
1

1
1

ˆ
ˆ̂ 1, if 0

0, otherwise
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  (6.3) 

where 1ˆ
e  and 2ˆ

e  are the discretized design variables of the gamma element under consideration, 

1ˆ
k  and 2ˆ

k  are the discretized design variables of the k-th beta or delta element, and 
1ˆ̂
e  and 

2ˆ̂
e  

are the updated design variables of the gamma element under consideration. Rule 1 is represented 

by Eq. (6.2), whereas Rules 2 and 3 are represented by Eq. (6.3). 

NO CHANGE CHANGE

11

CHANGECHANGE

RULE 1 RULE 2 RULE 3
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6.2 Joint Candidate Nucleation 

After design variable discretization and geometric simplification, the interface elements between 

dissimilar materials are identified. An interface element is defined as a solid connector element that 

is adjacent to two or more solid structure elements made of dissimilar materials. An example of 

how interface elements are identified in a multi-material result is shown in Figure 6-6. 

 

Figure 6-6: Identifying interface elements (shown with crossed patterns). 

Multi-joint topology optimization is then used to determine where joints should be placed 

along the interface; after an MJTO subproblem, each interface element will either be interpreted as 

Joint C, Joint D, or void. 

 However, not all joints may be suitable for all loading conditions. For example, while 

designers looking to reduce the mass of their multi-material design may find adhesive bonds more 

appealing than heavy mechanical fasteners, designers should be cautious when designing with 

adhesive bonds since they are particularly susceptible to failure due to delamination. Hence, 

adhesive bond joints should be designed in such a way that they carry loading through compression 

and shear rather than through tension [63]. 

 Some common adhesive joint designs used to minimize peeling stresses are shown in 

Figure 6-7. In all examples, the two components are being pulled apart in the horizontal direction. 
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Figure 6-7: Adhesive joint designs. Adapted from Yacobi et al. [64]. 

Only two-dimensional geometries and butt joints—which are prone to failure when using 

some joint types in regions of large peeling stresses—are considered in the current study. Hence, 

not all joint types should be candidates for each interface element. Consider the example in Figure 

6-8, where two components are joined entirely through butt joints. Given the loading scenario, 

Joints #1 and #3 would experience large peeling stresses, whereas Joint #2 would not. It follows 

that if a designer could use two types of joints along these joint seams—one that was susceptible 

to delamination due to peeling and another that was not—the designer could use either joint type 

for Joint #2 but only use the more resilient joint type for Joints #1 and #3. 

 

Figure 6-8: Butt joint example. 

In this research, Joint D was considered susceptible to delamination due to peeling stresses, 

whereas Joint C was not. The suitability of placing Joint D within each interface element was 

quantifiably tested by giving each interface element in the finite element model the same 

mechanical properties as Joint D and then evaluating each interface element using a quadratic stress 

criterion [65], as given by: 

 

2 2 2 2

max max2

max max

| (0,1] OK

| (0,1] failure
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where σt and σc are the tensile and compressive interlaminar stresses measured from a finite element 

analysis, Zt and Zc are the tensile and compressive interlaminar strengths of the material, xy  and 

yx  are shear stresses measured from a finite element analysis, Zs is the shear interlaminar strength 

of the material, and 
max  is the user-defined maximum allowable value for the stress criterion. The 

interlaminar stress is directed perpendicular to the interface axis, as shown in Figure 6-9. If an 

interface element is part of an interface along the x-axis, then σyy is the interlaminar stress; likewise, 

if the interface is along the y-axis, then σxx is the interlaminar stress. 

 

Figure 6-9: Interlaminar and shear stresses of interest for interface elements.  

If the stress in an interface element exceeds the maximum allowable stress criterion, then 

Joint D cannot be a candidate for that element. Since it was assumed in this research that Joint C 

can be placed along any joining interface, each interface element is binned into one of the following 

design domains: (1) Joint C or Joint D or void, and (2) Joint C or void.3 For each element within 

the latter design domain, Joint D is eliminated as a possible joint within that element by forcing the 

design variable of joint choice  4

e  to 1 throughout optimization. 

                                                      

3 It is important to note that the two joint design domains geometrically overlap in regions of low peeling 

stresses. Refer to Appendix B for an example. 
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 All elements in the model other than interface elements are non-designable during an 

MJTO subproblem and can either be made of Structure A, Structure B, or void. Since all design 

variable results from the previous MMTO subproblem were discretized, the model contains no 

structure elements with intermediate material properties before executing an MJTO subproblem. 

6.3 Preparing the MMTO Model 

After executing an MJTO subproblem, the raw design variable results of the interface elements are 

discretized as per the rules below: 

 

3 3 4

3 4ˆ ˆ
1, if 1, if 0.5

0.01, otherwise 0.01, otherwise

e e e

e e

  
 

  
  
 

  (6.5) 

where  3 4,e e   are the raw design variables of the e-th element,  3 4,ˆ ˆ
e e   are the discretized 

design variables of the e-th element, and 3

e  is a user-defined threshold used to discretize the 

joining domain.  

 Design cells for the following MMTO subproblem are then identified; recall that all joint 

elements and structure elements adjacent to joint elements are non-designable using the rules 

outlined in Chapter 5. All designable elements are initialized based on their material type used in 

the previous MMTO subproblem to ensure that the MMTO subproblem starts at a solution similar 

to those obtained in previous subproblems. Since the Method of Moving Asymptotes (MMA)—the 

optimization algorithm used to solve the MMTO subproblems—is not globally convergent, it is 

possible that MMTO subproblems might not find similar solutions in subsequent outer loop 

iterations if design variables are not initialized per their material choice in the previous MMTO 

subproblem. The concept of local convergence was presented in Section 2.1. If similar MMTO 

solutions are not found in each outer loop iteration, the outer loop approach could suffer from 
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oscillatory or unstable convergence. The recommended initial design variables for both structure 

existence  1

,e ini  and structure choice  2

,e ini  are shown in Table 6-1. 

Table 6-1: Recommended Initial Design Variables 

 Structure A Structure B Void 

Structure Existence  1

,e ini  0.8 0.8 0.2 

Structure Choice  2

,e ini  0.8 0.2 0.2 
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Chapter 7 

Results 

Three numerical examples solved using the methodology developed in this research are presented 

in this chapter. The finite element analyses (FEA) and post-processing of the results were done 

using the commercial software programs available within the Altair HyperWorks suite, whereas all 

other routines (including model preparation, sensitivity analysis, and design variable updating) 

were executed using code developed as part of this research. The multi-material multi-joint 

topology optimization (MM-MJ-TO) approach is completed automatically; after the user creates 

the necessary model and configuration files, the outer loop approach will continue until a 

termination criterion is reached. 

 In all examples shown, the Method of Moving Asymptotes (MMA) was used as the 

optimization algorithm for both the multi-material topology optimization (MMTO) and the multi-

joint topology optimization (MJTO) subproblems. The algorithm used two criteria for termination:  

1. The absolute change in all design variables was less than 0.1% for two consecutive inner 

loop iterations. 

2. The relative change in the objective function was less than 0.5% for two consecutive inner 

loop iterations. 

If either of these criteria were satisfied, the subproblem terminated and the optimal feasible solution 

was transferred to the following subproblem. In each subproblem, constraint violation of no more 

than 0.2% was considered feasible. The MM-MJ-TO methodology used the following criteria to 

terminate the outer loop: 

1. Optimal objective function value in the MJTO subproblems—or joining cost—changed by 

less than 2% for two consecutive outer loop iterations. 
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2. Optimal objective function value in the MJTO subproblems increased for two consecutive 

outer loop iterations. 

The objective function values of the MMTO subproblems were not used for termination since it 

was indirectly controlled by the compliance scaling constraint used in the MJTO subproblems. 

 The properties of the five materials used in all numerical examples are shown in Table 7-1. 

The material properties for Structure A and Structure B were selected to represent steel and 

aluminum, respectively. The material properties for void were set to be equivalent to a structure 

material if both structure existence  1

e  and structure choice  2

e  were equal to 0.01 (the lower 

bounds of both design variables). Joint C was intended to represent resistance spot welds, whereas 

Joint D (which is susceptible to failure due to delamination) was intended to represent adhesive 

bonds. The material properties for Joint C and Joint D could not be estimated since effective density 

and elastic modulus of joints between dissimilar materials could not be found in the literature. It is 

shown later in Section 7.2, however, that MM-MJ-TO results are strongly dependent on the ratio 

of elastic modulus of each joint (EC and ED) to the cost per volume of each joint (QC and QD). Since 

the effective costs of each joint were also unable to be estimated, the elastic modulus and costs per 

volume of each joint were arbitrarily selected such that: (1) Joint C was twice as stiff and twice as 

expensive as Joint D, and (2) both Joint C and Joint D were significantly less stiff than the two 

structure materials. 

The failure stresses for Joint D were set to 20 MPa in tension, 40 MPa in shear, and 80 

MPa in compression, and the allowable stress criterion  max  was 0.50. These failure stresses were 

not used within the optimization loop in any subproblem, but were instead used to determine the 

permissible design domains for Joint D during the joint nucleation process as outlined in Section 

6.2. Since the three-phase Solid Isotropic Material with Penalization (SIMP) formulation used in 
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this research does not interpolate Poisson’s ratio, all materials used the same Poisson’s ratio of 

0.33. 

Table 7-1: Material Properties 

 Structure A Structure B Joint C Joint D Void 

Density 

[kg/m3] 
7.85(103) 2.70(103) 7.85(103) 1.30(103) 27.00 

Elastic Modulus 

[GPa] 
210.00 69.00 5.00 2.50 6.90(10-5) 

Example Material Steel Aluminum 
Resistance 

Spot Weld 

Adhesive 

Bond 
-- 

 

In all examples presented in this chapter, the first MMTO subproblem solved in the process 

is stylized as MMTO 1A, the second MMTO subproblem is stylized as MMTO 2A, and so on. 

Similarly, the first MJTO subproblem is stylized as MJTO 1B, followed by MJTO 2B, and so on. 

In three-phase SIMP, it is convenient to use colours in the post-processed figure to denote 

material type. The colour scheme used in post-processing is shown in Figure 7-1; for example, all 

elements that are considered Structure A are shown in red, whereas all elements that are considered 

Structure B are shown in green. The rules for selecting the material type for each element are also 

shown in the same figure. 

STRUCTURE A 
1 1 2, 0.5e e e     

STRUCTURE B 
1 1 2, 0.5e e e     VOID 

1 1

e e   or 3 3

e e   JOINT C 
3 3 4, 0.5e e e     

JOINT D 
3 3 4, 0.5e e e     

Figure 7-1: Colour scheme for post-processed results. 
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7.1 Cantilever Beam 

The first problem considered was the cantilever beam shown in Figure 7-2. In this model, there are 

1,875 structure elements and 5,625 connector elements, all of which are first-order quadrilateral 

elements with a thickness of 1 mm. The dimensions in millimeters of the FE mesh pattern repeated 

throughout the structure is shown in Figure 7-3. The 2400 mm by 600 mm beam is fixed in all 

degrees of freedom on the left side and a static load of 1000 N is applied on the right side. 

  

Figure 7-2: Cantilever beam. Figure 7-3: Mesh size in the 

cantilever beam. 

The user-defined settings used for this numerical example are shown in Table 7-2. These 

parameters were specified before the MM-MJ-TO methodology began and did not change during 

optimization. Note that the initial design variables for joint existence  3

,e ini  and joint choice 

 4

,e ini  were equal to 0.9; this was to ensure that the solution began in the feasible domain to 

increase the likelihood of finding a feasible solution (as discussed in Section 2.2.3). Similarly, the 

initial design variables (DV) for structure existence  1

,e ini  and structure choice  2

,e ini  were set 

equal to the normalized mass fraction constraint (in this case, 0.40) to guarantee feasibility in the 

first iteration of MMTO 1A. 

1000 N 20 4

20

4
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Table 7-2. User-Defined Settings for Cantilever Beam Example 

Multi-Material Topology Optimization Multi-Joint Topology Optimization 

Penalty Factor (p) 3 Penalty Factor (p) 5 

Filter Radius (r) 36 mm Filter Radius (r) 22 mm 

Mass Fraction  W  0.40 Constraint Scaling (α) 1.10 

Geometry Simplification Cost of Joint C (QC) $2 / mm3 

Joint Existence  3

e  0.50 Cost of Joint D (QD) $1 / mm3 

Adjacent Layers (n) 1 Initial DV  3 4

, ,,e ini e ini   0.90 

 

The optimal topology optimization results for each subproblem are shown in Table 7-3. In 

each cell, the optimal objective function value and the constraint function value at the same inner 

loop iteration are presented. Two post-processing effects are applied to enhance legibility of the 

joining region in the MJTO results: (1) the opacity of the structure materials is decreased, and (2) 

joints realized as existent  3 0.50e   are artificially thickened by a factor of 7. Similarly, all non-

designable elements in the MMTO results are bordered and shown as transparent so the non-

designable domains can be easily identified. 

In the MMTO subproblems, the objective was to minimize compliance subject to a 

constraint on the mass of the system. In the MJTO subproblems, the objective was to minimize the 

cost (or weighted volume) of the joining domain subject to a constraint on the compliance of the 

system. The compliance constraint in the MJTO subproblems was equal to the optimal objective 

function value of MMTO 1A (where joints have not been introduced yet) multiplied by a user-

defined scaling factor. A constant compliance constraint was used in each outer loop iteration since 
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continually using the optimal objective function value from the previous MMTO subproblem as 

the constraint would create a positive-feedback loop; as more joints are added, the compliance of 

the following MMTO subproblem would decrease, which would tighten the constraint of the 

following MJTO subproblem and encourage the creation of more joints, and so on. 

Table 7-3: Cantilever Beam Results (Joint Thickness Exaggerated) 

Structure A 

(Steel) 

Structure B 

(Aluminum) 

Joint C 

(Weld) 

Joint D 

(Bond) 
Void 

Multi-Material Topology Optimization Multi-Joint Topology Optimization 

 

(1A) Obj. = 1116.44 mJ; Constraint = 0.40 

 

(1B) Obj. = $9529.84; Constraint = 1229.61 mJ 

  

(2A) Obj. = 1213.00 mJ; Constraint = 0.40 

 
(2B) Obj. = $9191.96; Constraint = 1227.94 mJ 

  

(3A) Obj. = 1198.75 mJ; Constraint = 0.40 

 
(3B) Obj. = $9025.37; Constraint = 1227.83 mJ 
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(4A) Obj. = 1199.05 mJ; Constraint = 0.40 

 
(4B) Obj. = $8631.58; Constraint = 1228.44 mJ 

 
(5A) Obj. = 1232.90 mJ; Constraint = 0.40 

 
(5B) Obj. = $8502.59; Constraint = 1228.12 mJ 

 
(6A) Obj. = 1240.96 mJ; Constraint = 0.40 

 
(6B) Obj. = $8415.26; Constraint = 1228.13 mJ 

 

The optimization process began with MMTO 1A, which was entirely comprised of 

Structure A, Structure B, and void. No joints had been introduced to the structure yet, so all 

components made of dissimilar material were assumed to be fused together using the non-physical 

ideal fusing assumption. The solution was then discretized and simplified using the steps outlined 

in Section 6.1 and design domains for each joint type were identified as per the guidelines in Section 

6.2. The MJTO 1B subproblem then determined where to put each joint type within the joint design 

domains. 

The solution from MJTO 1B was then discretized and the design domain for MMTO 2A 

was identified; as detailed in Section 6.3, all elements in MMTO subproblems are designable except 

for the joint design domains from MJTO 1B and n layers of design cells adjacent to those domains. 

MMTO 2A then found the optimal distribution of Structure A, Structure B, and void within this 
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design domain, and the outer loop process continued. In all MMTO subproblems after the first outer 

loop iteration, the non-designable elements are represented by bordered transparent regions. The 

non-designable domains typically change shape and size during each outer loop iteration as they 

are susceptible to modification during the geometric simplification process (as presented in Section 

6.1) when preparing the MJTO model. 

 It is important to note that all results shown have the same mass; all MMTO subproblems 

used the same mass fraction constraint  W  and a bisection algorithm was used to select the 

structure existence threshold  1

e  that gave the discretized structure in the MJTO model the same 

mass as the raw MMTO results (see Appendix A). Additionally, since all MMTO subproblems 

used the non-physical ideal fusing assumption, these solutions cannot be interpreted as physically-

permissible. All results from the MJTO subproblems, however, forced either joints or void material 

between all components of dissimilar materials, so these results are interpreted as physically-

permissible.  

 The complete convergence history for both MMTO and MJTO are shown in Figure 7-4 

and Figure 7-5, respectively. While each subproblem is a minimization problem, the optimal 

MMTO objective function value generally increased across outer loop iterations since structural 

performance was relaxed in all MJTO subproblems due to the constraint scaling factor. For 

example, the optimal objective function value in MMTO 6A was 11% greater than the optimal 

objective function value in MMTO 1A. The total cost of joints required to satisfy the compliance 

constraint, however, decreased throughout the outer loop process. The optimal objective function 

value in MJTO 6B was 12% less than the optimal objective function value in MJTO 1B, 

demonstrating the success of the MM-MJ-TO methodology. 

It is important to note that compliance was still minimized within each MMTO 

subproblem; for example, the compliance of Iteration 0 in MMTO 1A (a homogeneous solution 
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where all design variables for structure existence  1

e  and structure choice  2

e  were set to 0.4), 

was equal to 27,635.82 mJ, which is more than 22 times larger than the optimal objective function 

value of both MMTO 1A (1,116.44 mJ) and MMTO 6A (1,240.96 mJ). 

 

Figure 7-4: Complete convergence history for MMTO subproblems. Note that the 

compliance value for Iteration 0 (27,635.82 mJ) is beyond the limits of the plot. 

LOOP 1 LOOP 2 LOOP 3 LOOP 4 LOOP 5 LOOP 6

Inner Iteration 0 (27,636 mJ) is beyond the plot limits
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Figure 7-5: Complete convergence history for MJTO subproblems. 

The optimal objective function values for each subproblem (i.e. the smallest objective 

function value within each subproblem) are shown in Figure 7-6. The optimal objective function 

values for each MMTO subproblem (compliance) are plotted against the left axis, whereas the 

optimal objective function values for each MJTO subproblem (joining cost) are plotted against the 

right axis. The computational tool terminated after the sixth outer loop iteration since the optimal 

objective function value for the MJTO subproblems decreased by less than 2% for two consecutive 

outer loop iterations.  

LOOP 1 LOOP 2 LOOP 3 LOOP 4 LOOP 5 LOOP 6
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Figure 7-6: Outer loop convergence history of the cantilever beam example. 

Detailed views of the first MJTO result (1B) and the final MJTO result (6B) are shown in 

Figure 7-7. The elimination of the ideal fusing assumption and the introduction of joints had a 

significant impact on the geometry of the structure. Between the first and final outer loop iterations, 

the volume of Structure A increased by 8%, whereas the volume of Structure B decreased by 10%. 

The length of joining region did not change significantly—262 interface elements in MJTO 1B 

compared to 268 interface elements in MJTO 6B—but the joining region reoriented itself such that 

fewer joints were required to meet the structure performance requirements. In the first outer loop 

iteration, the two structure materials were oriented such that most of the joints were required to 

carry the load of the structure in either compression or tension, whereas in the final outer loop 

iteration, the two structure materials were oriented such that most of the joint elements could carry 

the load of the structure through shear. By reorienting the joints and thus reducing the likelihood 

of failure due to delamination, the methodology could utilize more of the cheaper yet less stiff Joint 

D, which reduced the total cost of joining. 
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Structure A 

(Steel) 

Structure B 

(Aluminum) 

Joint C 

(Weld) 

Joint D 

(Bond) 
Void 

 

Figure 7-7: Comparison between MJTO 1B (top) and MJTO 6B (bottom) for the cantilever beam. Solid joint elements have been 

artificially thickened by a factor of 7 to enhance legibility of the joining region. 
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7.2 C-Clip 

The second problem considered was the C-Clip shown in Figure 7-8. The C-Clip is a 100 mm by 

80 mm plate with a 40 mm by 20 mm cut-out along the right side, discretized into 1,800 structure 

elements and 5,400 connector elements. There are two non-design domains of Structure A at the 

inside tips and one non-design domain of Structure B as shown. All elements are first-order 

quadrilateral elements with a thickness of 1 mm; the mesh size (in millimeters) is shown in Figure 

7-9. The model is constrained at three places with the constrained degrees of freedom shown on 

the schematic, and two opposite-acting loads of 100 N are applied as shown.4 

 
 

Figure 7-8: C-Clip. Figure 7-9: Mesh size in the C-Clip. 

This example used the same material properties and Joint D failure parameters as the 

previous example. The user-defined settings for this model are shown in Table 7-4. As done in the 

previous subsection, non-designable elements in the MMTO subproblems are shown as transparent 

and joint elements in the MJTO subproblems are artificially thickened by a factor of 7. 

                                                      

4 By convention, the translational degrees of freedom in the x-, y-, and z-axes are numbered 1, 2, and 3, 

respectively. The rotational degrees of freedom about the x-, y-, and z-axes are numbered 4, 5, and 6, 

respectively. 

3

123 2

STRUCTURE A STRUCTURE B

100 N

100 N

1.75 0.25

1.75

0.25
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Table 7-4: User-Defined Settings for C-Clip Example 

Multi-Material Topology Optimization Multi-Joint Topology Optimization 

Penalty Factor (p) 3 Penalty Factor (p) 5 

Filter Radius (r) 3 mm Filter Radius (r) 1.875 mm 

Mass Fraction  W  0.35 Constraint Scaling (α) 1.30 

Geometry Simplification Cost of Joint C (QC) $2 / mm3 

Joint Existence  3

e  0.50 Cost of Joint D (QD) $1 / mm3 

Adjacent Layers (n) 1 Initial DV  3 4

, ,,e ini e ini   0.90 

 

The optimal topology optimization results for both subproblems are shown in Table 7-5. 

Table 7-5: C-Clip Results (Joint Thickness Exaggerated) 

Structure A 

(Steel) 

Structure B 

(Aluminum) 

Joint C 

(Weld) 

Joint D 

(Bond) 
Void 

Multi-Material Topology Optimization Multi-Joint Topology Optimization 

 

(1A) Obj. = 3.92 mJ; Constraint = 0.35 

 

(1B) Obj. = $39.25; Constraint = 5.08 mJ 
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(2A) Obj. = 4.92 mJ; Constraint = 0.35 

 

(2B) Obj. = $37.86; Constraint = 5.07 mJ 

  

(3A) Obj. = 4.99 mJ; Constraint = 0.35 

 
(3B) Obj. = $36.08; Constraint = 5.08 mJ 

  

(4A) Obj. = 5.07 mJ; Constraint = 0.35 

 
(4B) Obj. = $35.84; Constraint = 5.07 mJ 

  

(5A) Obj. = 5.08 mJ; Constraint = 0.35 

 
(5B) Obj. = $35.70; Constraint = 5.07 mJ 
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The optimal objective function values for each subproblem are shown in Figure 7-10. As 

before, the optimal objective function values for the MMTO subproblems are plotted against the 

left axis, whereas the optimal objective function values for the MJTO subproblems are plotted 

against the right axis. It must be remembered that compliance is being minimized within each 

MMTO subproblem, and the values shown in Figure 7-10 correspond to the optimal objective 

function value from each subproblem. The optimal objective function value for each MMTO 

subproblem increases each outer loop iteration since structural performance is effectively being 

relaxed by the constraint scaling factor (α) in the MJTO subproblems. 

 

Figure 7-10: Convergence history of the C-Clip example. 

Detailed views of the first MJTO result (1B) and the final MJTO result (5B) are shown in 

Figure 7-11. The effect that eliminating the ideal fusing assumption has on the geometry of the 

structure is clear; the geometry in the final outer loop iteration had more material on the left side 

of the domain (labeled as region A) and less material on the right side of the domain (labeled as 

region B). This resulted in fewer joints being needed to satisfy the compliance constraint, even 

though the shapes and lengths of the dissimilar material interfaces negligibly changed. 

Additionally, the final result used more of the cheaper yet less stiff Joint D material, and less of the 
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stiffer yet more expensive Joint C material. While the geometry of the design domain and the 

loading scenario were symmetric, the geometry in the final result was not perfectly symmetric since 

symmetry was not enforced as an optimization constraint. Any differences in symmetry were likely 

caused by the asymmetric mesh pattern and numerical artifacts during the discretization process. 
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Structure A 

(Steel) 

Structure B 

(Aluminum) 

Joint C 

(Weld) 

Joint D 

(Bond) 
Void 

 

Figure 7-11: Comparison between MJTO 1B (left) and MJTO 5B (right) for the C-Clip. Note the differences in material distribution 

within regions A and B. Solid joint elements have been artificially thickened by a factor of 7 to enhance legibility of the joining region.

A A

BB
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The most important user-defined parameter in the MM-MJ-TO methodology is the 

constraint scaling factor (α); the larger this value is, the fewer joints there will be. Since compliance 

minimization is analogous to stiffness maximization, it follows that increasing the constraint 

scaling factor would make the compliance constraint (or “stiffness constraint”) easier to satisfy in 

each MJTO subproblem. Therefore, fewer joints would be required to carry and distribute the load. 

Conversely, as the “stiffness constraint” becomes tighter, more joints would be required to connect 

the components and distribute the load. To demonstrate this effect, the C-Clip example was 

repeated for several different constraint scaling factors: 1.1, 1.2, 1.3, 1.4, and 1.5. The optimal 

MMTO and MJTO objective function values for each of the studies are shown in Figure 7-12 and 

Figure 7-13, respectively. 

 

Figure 7-12: History of optimal MMTO objective function values for α = {1.1, 1.2, 1.3, 1.4, 

1.5}. 
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Figure 7-13: History of optimal MJTO objective function values for α = {1.1, 1.2, 1.3, 1.4, 

1.5}. 

The optimal topology optimization result from each study is shown in Table 7-6. Note that 

the results from the optimal outer loop iteration (i.e. the subproblem that produced the smallest 

MJTO objective function value) is shown, which might not necessarily be the final outer loop 

iteration before termination.  
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Table 7-6: Constraint Scaling Factor Parameter Study (Joint Thickness Exaggerated) 

Structure A 

(Steel) 

Structure B 

(Aluminum) 

Joint C 

(Weld) 

Joint D 

(Bond) 
Void 

Multi-Material Topology Optimization Multi-Joint Topology Optimization 

α = 1.1 

 

(3A) Obj. = 4.35 mJ; Constraint = 0.35 

 

(3B) Obj. = $74.67; Constraint = 4.31 mJ 

α = 1.2 

 
(3A) Obj. = 4.68 mJ; Constraint = 0.35 

 
(3B) Obj. = $48.85; Constraint = 4.70 mJ 

α = 1.3 

 
(5A) Obj. = 5.08 mJ; Constraint = 0.35 

 
(5B) Obj. = $35.70; Constraint = 5.10 mJ 
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α = 1.4 

 
(3A) Obj. = 5.19 mJ; Constraint = 0.35 

 
(3B) Obj. = $25.99; Constraint = 5.49 mJ 

α = 1.5 

 
(2A) Obj. = 5.46 mJ; Constraint = 0.35 

 
(2B) Obj. = $22.96; Constraint = 5.88 mJ 

 

As expected, the amount of joining material required to satisfy the compliance constraint 

decreased as the constraint scaling factor increased; this is since the “stiffness constraint” became 

easier to satisfy, and thus fewer joints were required to distribute the load. A constraint scaling 

factor between 1.05 and 1.40 is recommended since research experience showed that there are 

diminishing returns in joining cost savings as the constraint scaling factor is increased. Further 

testing is required to properly tune the parameter, but the ideal constraint scaling factor might be 

dependent on problem geometry, load case, and joint material properties. Detailed views of all 

results from the constraint scaling factor parameter study are shown in Figure 7-14. 
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Figure 7-14: Detailed views for the constraint scaling factor parameter study. Solid joint elements have been artificially thickened by a 

factor of 7 to enhance legibility of the joining region.
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Another key consideration in MM-MJ-TO is the cost per volume of each joint. In all 

examples shown thus far, both joints have had the same ratio of cost per volume to elastic modulus. 

If these ratios are adjusted such that one joint has a lower cost per volume to elastic modulus ratio 

than the other joint, then optimization should favour that joint. To test this theory, the C-Clip 

example was repeated with different costs per volume of Joint C (QC): 1.0, 2.0, and 3.0. All other 

parameters, including the cost per volume of Joint D (QD), were unchanged. The MMTO objective 

function values for each of the studies are shown in Figure 7-15, and the MJTO objective function 

values for each of the studies are shown in Figure 7-16. 

 

Figure 7-15: History of optimal MMTO objective function values for QC = {1.0, 2.0, 3.0}. 
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Figure 7-16: History of optimal MJTO objective function values for QC = {1.0, 2.0, 3.0}. 

Note that since the cost per volume of Joint C (QC) changed in each study, the objective of 

MJTO (total joining cost) cannot be fairly compared between studies. A fairer comparison would 

be to compare the joining configurations from each case study, which are shown in Table 7-7.  

Table 7-7: Joint Cost Parameter Study (Joint Thickness Exaggerated) 

Structure A 

(Steel) 

Structure B 

(Aluminum) 

Joint C 

(Weld) 

Joint D 

(Bond) 
Void 

Multi-Material Topology Optimization Multi-Joint Topology Optimization 

QC = 1.0 

 

(4A) Obj. = 5.11 mJ; Constraint = 0.35 

 

(4B) Obj. = $19.86; Constraint = 5.10 mJ 

0

10

20

30

40

50

0 1 2 3 4 5 6

J
o

in
in

g
 C

o
st

 [
$

]

Outer Loop Iteration

1.0 2.0 3.0



Christopher Woischwill December 2017 

 

 

 

93 

QC = 2.0 

  

(5A) Obj. = 5.08 mJ; Constraint = 0.35 

 

(5B) Obj. = $35.70; Constraint = 5.10 mJ 

QC = 3.0 

 
(5A) Obj. = 5.07 mJ; Constraint = 0.35 

 
(5B) Obj. = $44.10; Constraint = 5.88 mJ 

 

Detailed views of the three results are shown in Figure 7-17. As expected, the quantity of 

Joint C in the optimal joining configuration decreased as the cost per volume of Joint C increased. 

It is interesting to note, however, that the quantity of Joint D did not change significantly between 

the QC = 2.0 and QC = 3.0 studies. Due to large peeling stresses along some joint boundaries, Joint 

D could not be placed everywhere, as per the guidelines presented in Section 6.2. A detailed review 

of how the design domains for both types of joints was determined is presented in Appendix B. 
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Void 

 

Figure 7-17: Detailed views of the joint cost parameter study: (left) QC = 1, (middle) QC = 2, (right) QC = 3. Solid joint elements have been 

artificially thickened by a factor of 7 to enhance legibility of the joining region. 
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7.3 MBB Beam 

The third problem considered was the Messerschmitt-Bölkow-Blohm (MBB) beam shown in 

Figure 7-18. The beam is a 1000 mm by 200 mm plate discretized into 12,500 structure elements 

and 37,500 connector elements. All elements are first-order quadrilateral elements with a thickness 

of 1 mm; the mesh size (in millimeters) is shown in Figure 7-19. The model is constrained at two 

places with the constrained degrees of freedom shown on the schematic, and a single load of 1000 

N is applied at the top of the beam. The user-defined settings used for this numerical example are 

shown in Table 7-8. 

 

 

Figure 7-18: MBB beam. Figure 7-19: Mesh size in the MBB beam. 
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Table 7-8: User-Defined Settings for MBB Beam Example 

Multi-Material Topology Optimization Multi-Joint Topology Optimization 

Penalty Factor (p) 3 Penalty Factor (p) 5 

Filter Radius (r) 6 mm Filter Radius (r) 3.75 mm 

Mass Fraction  W  0.30 Constraint Scaling (α) 1.10 

Geometry Simplification Cost of Joint C (QC) $2 / mm3 

Joint Existence  3

e  0.50 Cost of Joint D (QD) $1 / mm3 

Adjacent Layers (n) 1 Initial DV  3 4

, ,,e ini e ini   0.90 

 

The optimal topology optimization results for each subproblem are shown in Table 7-9. 

As done in the previous subsections, non-designable elements in the MMTO subproblems are 

shown as transparent and joint elements in the MJTO subproblems are artificially thickened by a 

factor of 7. 

Table 7-9: MBB Beam Results (Joint Thickness Exaggerated) 

Structure A 

(Steel) 

Structure B 

(Aluminum) 

Joint C 

(Weld) 

Joint D 

(Bond) 
Void 

Multi-Material Topology Optimization Multi-Joint Topology Optimization 

 

(1A) Obj. = 239.18 mJ; Constraint = 0.30 

 

(1B) Obj. = $139.36; Constraint = 263.10 mJ 
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(2A) Obj. = 263.86 mJ; Constraint = 0.30 

 
(2B) Obj. = $128.64; Constraint = 263.10 mJ 

 
(3A) Obj. = 264.73 mJ; Constraint = 0.30 

 

(3B) Obj. = $127.29; Constraint = 263.10 mJ 

 
(4A) Obj. = 257.94 mJ; Constraint = 0.30 

 
(4B) Obj. = $128.34; Constraint = 263.10 mJ 

 

The optimal objective function values for the MMTO subproblems (left axis) and the 

MJTO subproblems (right axis) are shown in Figure 7-20, and detailed views of the first MJTO 

result (1B) and the optimal MJTO result (3B) are shown in Figure 7-21. Although the optimization 

process terminated after the fourth outer loop iteration, the third outer loop iteration is taken to be 

the optimal solution since it had a slightly smaller optimal MJTO objective function value.  

 

Figure 7-20: Convergence history of the MBB beam example. 
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Figure 7-21: Comparison between MJTO 1B (top) and MJTO 3B (bottom) for the MBB beam. Solid joint elements have been artificially 

thickened by a factor of 7 to enhance legibility of the joining region.
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The MBB beam contains 50,000 elements in the design domain (and thus up to 12,500 

design cells in the MMTO subproblem), so the use of combinatorial non-gradient optimization 

approaches such as genetic algorithms would be completely infeasible. However, since the MM-

MJ-TO methodology uses gradient-based optimization, the MBB beam example was solved on a 

desktop computer within a few hours. The CPU times for each subproblem—defined as the amount 

of time in which the central processing unit (CPU) processes instructions—are shown in Table 

7-10. Note that the table only includes the CPU times for the FEA and sensitivity analysis in each 

subproblem; the time required to complete all processes such as plaintext file reading and model 

preparation were not measured and are considered negligible in comparison to the finite element 

analyses. The differences in computational expense are caused by: (1) differences in the number of 

inner loop iterations (since there is one finite element analysis and one sensitivity analysis per 

iteration), and (2) the number of designable elements (computational effort in the sensitivity 

analysis is dependent on the number of design variables). The problem was solved on a Windows 

desktop PC with an Intel i7-5820K CPU clocked at 3.30 GHz and 65,536 MB of DDR4 RAM 

clocked at 2133 MHz. 



Christopher Woischwill December 2017 

 

 

 

100 

Table 7-10: CPU Time for MBB Beam Problem 

Subproblem Iterations 

No. of 

Designable 

Elements 

CPU Time [s] 

FEA Sensitivity Analysis 

MMTO 1A 22 50,000 732.1 487.3 

MJTO 1B 24 549 698.9 33.0 

MMTO 2A 21 47,808 709.7 396.3 

MJTO 2B 23 544 651.0 33.2 

MMTO 3A 21 47,808 686.3 377.7 

MJTO 3B 22 531 609.4 29.0 

MMTO 4A 21 47,852 695.6 356.5 

MJTO 4B 21 584 591.2 28.2 

TOTAL 5375.2 1741.1 
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Chapter 8 

Conclusions 

This research developed a methodology and computational tool that can determine both an optimal 

distribution of multiple materials as well as an optimal distribution of multiple joints between 

dissimilar materials. By both eliminating the non-physical ideal fusing assumption inherent in 

conventional multi-material topology optimization and by optimizing the structure and joint 

configuration together in an iterative approach, the developed methodology significantly reduces 

the effort required to create multi-material designs that are optimized for both structural 

performance and joining cost. The methodology utilizes a decomposition approach, where a bi-

objective optimization problem is decomposed into two distinct subproblems: (1) multi-material 

topology optimization (MMTO), which minimizes the compliance of the system subject to a mass 

constraint, and (2) multi-joint topology optimization (MJTO), which minimizes the cost of joining 

subject to compliance of the system. Since both subproblems are mutually dependent (i.e. the 

distribution of joints is dependent on the distribution of material, and vice versa), the two 

subproblems are repeated in an outer loop approach until no further improvement can be made.  

The functionality of the methodology was demonstrated through three numerical examples. 

In each example, the methodology found the optimal distribution of two structural materials and 

two joint types that minimized both structural compliance and joint cost. It was shown that the 

iterative process used in the developed methodology was successfully able to successfully 

minimize both structural compliance and the total cost of joining. Since the methodology and 

computational tool used gradient-based solvers and commercial software to complete the meshing 

and finite element analyses, the developed methodology is the first physically-permissible MMTO 

approach that can solve large models with tens of thousands of finite elements. 
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Each of the five research objectives identified in Section 1.2 were successfully achieved 

and are addressed below: 

1. Develop an optimization methodology that determines optimal allocation of joint 

materials, in terms of type, amount, and location. The three-phase SIMP formulation 

conventionally used for MMTO was used to determine the optimal distribution of two 

joints and void within a joint design domain. Peeling stresses were used to eliminate 

possible joint locations for types of joints that were considered susceptible to failure due 

to delamination. 

2. Eliminate the ideal fusing assumption (or perfect bonding assumption) from multi-

material topology optimization and study the effect it has on component geometry. By 

forcing all elements between dissimilar materials to either be made Joint C, Joint D, or 

void, the MJTO subproblem eliminates the ideal fusing assumption. The optimal geometry 

of the multi-material design changes in response to this; for example, joining interfaces 

that were initially loaded in tension were re-aligned such that the loads became carried 

through shear and compression.   

3. Implement the preceding objectives into one cohesive computational tool and 

methodology that can be applied to industry problems. The tool is available to the user as 

a single executable file; after creating the necessary input and settings files, the user simply 

needs to run the program and all processes in the methodology will be executed 

automatically. Because the computational tool uses gradient-based solvers and commercial 

software to complete the model preparation and finite element analysis (FEA) processes, 

this tool has the capability to solve large topology optimization problems with tens of 

thousands of elements that are typical in industry. 

4. Demonstrate that multi-material multi-joint topology optimization can determine a 

physically-permissible multi-material design that is optimized for both mechanical 
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performance and joining cost. By alternating between both the MMTO and MJTO 

subproblems, the methodology can optimize for both structural performance (compliance) 

and joining cost. The complete convergence history plots (Figure 7-4 and Figure 7-5 in 

Section 7.1) demonstrate that the total cost of joining (or the optimal objective function 

values of the MJTO subproblems) decreases throughout the outer loop process. 

Concurrently, the optimal objective function values of the MMTO subproblems generally 

increase throughout the outer loop process since structural performance requirements are 

effectively relaxed during all MJTO subproblems due to the constraint scaling factor. 

5. Investigate how optimization parameters (e.g. joint costs, mechanical performance 

requirements, etc.) affect the optimized joint design. As expected, relaxing the compliance 

constraint in the MJTO subproblem reduced the cost of joints required to satisfy the 

compliance requirements. Furthermore, it was shown through manipulating the joint costs 

per unit volume that the methodology always chooses to use more of the joining material 

that has a superior stiffness to cost ratio. Both parameter studies demonstrated that the tool 

is robust and well-behaved. 

It is also worthwhile to revisit Table 3-1 from Section 3.2 which compared the capabilities and 

limitations of several joint optimization approaches presented in the literature. The methodology 

developed in this research was the first joint optimization approach that can cohesively: 

• Integrate with topology optimization (i.e. the geometry determined by topology 

optimization is affected by the joint configuration, and vice versa). 

• Optimize the quantity of joints. 

• Place joints anywhere within the design domain (i.e. joint interfaces are not defined by the 

user a priori). 

• Insert joints between elements of dissimilar materials and eliminate the ideal fusing 

assumption. 
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• Solve large problems with computationally-feasible optimization methods. 

Moreover, by applying the principle of three-phase SIMP to joining optimization, this was the first 

approach that could determine not only the optimal placement of joints but also the optimal type of 

each joint. 

Thus far this methodology has only been applied to academic models, but with increased 

fidelity and maturity will be applied to complex problems typical in industry. Limitations of the 

current implementation include: 

• No more than two structure materials and up to two joint materials. 

• Joint types must be butt joints. 

• Finite element mesh must be two-dimensional, fixed, and repeatable. 

• Objective function of each MMTO subproblem must minimize compliance under a single 

linear static load case. 

Recommendations for further investigation include supporting three-dimensional geometries and 

non-uniform mesh sizes, supporting additional joint types (including lap joints and fasteners), and 

supporting new optimization problem definitions such as structural mass minimization subject to 

stress and deflection requirements. Future investigations could also enhance joint modeling fidelity 

by considering heat-affected zones around joining regions, joint fatigue, and anisotropic materials. 
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Appendix A 

Determining the Structure Discretization Threshold 

In all numerical examples studied in this research, compliance was negatively correlated with mass; 

the heavier a structure was, the smaller the sum of element strain energy (or compliance) was. This 

meant that if one multi-joint topology optimization (MJTO) finite element (FE) model had a mass 

of 1 kg and another MJTO FE model had a mass of 2 kg, the second MJTO FE model would have 

a smaller compliance value and would thus require fewer joints to meet the compliance constraint. 

It follows that joining costs can only be meaningfully compared between multiple MJTO 

subproblems if the mass of each MJTO FE model does not change significantly between outer loop 

iterations. 

Since each MJTO FE model is a discretized interpretation of the previous multi-material 

topology optimization (MMTO) result, the discretization thresholds used to categorize elements 

into three different materials—Structure A, Structure B, and void—strongly control the mass of the 

MJTO FE model. The geometry simplification process outlined in Section 6.1 also has a minor 

impact on the mass of the MJTO FE model. Thus, the discretization thresholds must be chosen 

carefully to produce an MJTO FE model of the desired mass. This becomes especially challenging 

when discretizing MMTO solutions since there are two design variables—structure existence and 

structure choice—for each element. To reduce the number of tuning parameters available to the 

user, the discretization threshold of structure choice  2

e  is always set equal to 0.5 (i.e. equidistant 

to the upper and lower bounds of the design variable). 

The user is thus required to select the structure existence threshold  1

e  that produces the 

desired mass of the structure. Since the structure existence threshold that produces the desired mass 

cannot be explicitly defined, the user must try several different discretization thresholds to arrive 

at the desired mass. To eliminate the need for guesswork from the user, the computational tool 
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developed in this research uses a bisection algorithm to automatically determine a suitable 

discretization threshold without requiring intervention from the user.  

The integration of the bisection algorithm within the computational tool is illustrated in 

Figure A-1 and each of the steps are described below. In each iteration of the bisection algorithm, 

the algorithm chooses a discretization threshold and repeats the design discretization and geometric 

simplification processes outlined in Section 6.1. If the mass of the simplified geometry is not close 

to the desired mass, then the process repeats with a new discretization threshold. The “desired 

mass” is the mass of the optimal result from MMTO 1A (the “ideally fused assumption”), since the 

compliance from MMTO 1A is also used to formulate the compliance constraint for all subsequent 

MJTO subproblems. 

 

 1. Set the discretization bounds a and b to 0.1 and 1.0, respectively. 

2. Set the discretization threshold equal to the midpoint of bounds a and b. 

3. Discretize the domain as per Eq. (6.1). 

4. Simplify the geometry as per Eq. (6.2), Eq. (6.3), and the guidelines presented in 

Section 6.1. 

5. Terminate the bisection process if the mass of the simplified geometry is less than 

and within 0.05% of the desired mass, or if mass did not change since the previous 

bisection iteration. 

6. If the simplified geometry is heavier than the desired mass, set the lower bound a to 

the discretization threshold. Else, set the upper bound b to the discretization 

threshold. 

7. Return to Step 2. 
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Figure A-1: Using bisection to determine the suitable discretization threshold. 

An example of the bisection process used to determine the discretization threshold for 

MJTO 1B of the cantilever beam example (Section 7.1) is presented in Table A-1. The “desired 

mass” used in this process was the raw mass of the final iteration in MMTO 1A, which was 4.518 
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Table A-1: Bisection Process in Cantilever Beam MJTO 1B 

Iteration # Bound a Bound b Threshold  1

e   Mass [g] % Difference 

1 0.1000 1.0000 0.5500 4.766 -5.495 

2 0.5500 1.0000 0.7750 3.808 15.701 

3 0.5500 0.7750 0.6625 4.296 4.899 

4 0.5500 0.6625 0.6063 4.623 -2.325 

5 0.6063 0.6625 0.6344 4.470 1.048 

6 0.6063 0.6344 0.6203 4.555 -0.826 

7 0.6203 0.6344 0.6273 4.512 0.128 

8 0.6203 0.6273 0.6238 4.535 -0.383 

9 0.6238 0.6273 0.6256 4.529 -0.247 

10 0.6256 0.6273 0.6265 4.515 0.060 

11 0.6256 0.6265 0.6260 4.520 -0.042 

12 0.6260 0.6265 0.6262 4.517 0.026 

 

A comparison of the FE models after geometry simplification for the first and final 

bisection iterations are shown in Figure A-2. Note that these screenshots were taken before the joint 

design domains were identified. 



Christopher Woischwill December 2017 

 

 

 

118 

 

Figure A-2: Discretization of cantilever beam MJTO 1B: (a) first bisection iteration; (b) 

final bisection iteration. 

Since the suitable discretization threshold is dependent on the MMTO solution, the 

bisection algorithm must be used to determine a new discretization threshold within each outer loop 

iteration. The discretization thresholds calculated in each outer loop iteration of the cantilever beam 

example are shown in Table A-2.  

  1 0.5500ea  

  1 0.6262eb  
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Table A-2: Discretization Threshold in Each Outer Loop Iteration 

Subproblem Threshold  1

e  Final Mass [g] % Difference 

MJTO 1B 0.6260 4.517 0.026 

MJTO 2B 0.7069 4.517 0.009 

MJTO 3B 0.6458 4.516 0.034 

MJTO 4B 0.6338 4.520 -0.045 

MJTO 5B 0.6849 4.519 -0.037 

MJTO 6B 0.6396 4.516 0.036 
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Appendix B 

Joint Design Domains 

As stated in Section 6.2, it was assumed throughout this research that Joint D is susceptible to 

failure due to delamination. Thus, peeling stresses—defined as tensile interlaminar stresses that 

pull apart joining interfaces—must be considered when determining the design domains for Joint 

D. It was assumed that Joint C is not susceptible to delamination failure and can thus be placed 

anywhere in the structure regardless of stresses. The likelihood of delamination in Joint D is 

determined using Eq. (6.4) from Section 6.2, and is presented again below: 

 

2 2 2 2

max max2

max max

| (0,1] OK

| (0,1] failure

t c
yx xy

t c s sZ Z Z Z

    


  

        
           

        
  (B.1) 

where σt and σc are the tensile and compressive interlaminar stresses measured from a finite element 

analysis, Zt and Zc are the tensile and compressive interlaminar strengths of the material, yx  and 

xy  are shear stresses measured from a finite element analysis, Zs is the shear interlaminar strength 

of the material, and 
max  is the user-defined maximum allowable value for the stress criterion. If 

the stress criterion ε is equal to or greater than 1, then failure due to delamination would occur. In 

all numerical examples presented in this document, the failure stresses for Joint D were 20 MPa in 

tension, 40 MPa in shear, and 80 MPa in compression, and the allowable stress criterion was 0.50. 

The allowable stress criterion was set conservatively at 0.50 since the likelihood of failure 

within each element was determined during model preparation (Section 6.2), rather than during 

optimization. Before executing optimization, each interface element was given the mechanical 

properties of Joint D and a finite element analysis was used to measure stresses in each interface 

element. If an interface element had a stress criterion that was greater than the maximum allowable 

stress criterion, then that element could not become Joint D during optimization. Since most 

interface elements become void during optimization (and thus effectively provide no stiffness), it 
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is possible that some interface elements that had a small stress criterion during model preparation 

might have a large stress criterion after optimization. Therefore, the maximum allowable stress 

criterion should be set to some number less than 1 to accommodate changes during optimization. 

It follows that each interface element was thus binned into one of the following design 

domains: (1) Joint C or Joint D or void, and (2) Joint C or void. Shown in Figure B-1 is the finite 

element model of MJTO 1B of the C-Clip numerical example originally shown in Table 7-5 within 

Section 7.2. The two design domains for joints are clearly shown along the interfaces of dissimilar 

structural materials. It follows that the single-joint design domains (shown in black) correspond to 

regions where interface elements made of Joint D might have failed due to large peeling stresses. 
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Figure B-1: Joining domains in MJTO. For clarity, white denotes a multi-joint design 

domain, whereas black denotes a single-joint design domain. 

JOINT C or VOID

JOINT C or JOINT D or VOID
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