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Abstract

In this thesis, a second-order continuous-time saddle-point dynamics is introduced

that mimics Nesterov’s accelerated gradient flow dynamics. We study the convergence

properties of this dynamics using a family of time-varying Lyapunov functions. In

particular, we study the convergence rate of the dynamics for classes of strongly

convex-strongly concave functions. For a class of quadratic strongly convex-strongly

concave functions and under appropriate assumptions, this dynamics achieves global

asymptotic convergence; in fact, further conditions lead to an accelerated convergence

rate. We also provide conditions for both local asymptotic convergence and local

accelerated convergence of general strongly convex-strongly concave functions.

i



Acknowledgments

I would like to thank my supervisor, Professor Bahman Gharesifard, for his help

and guidance throughout my time at Queen’s. From hiring me as a summer student

through supervising my Master’s, without his advice and belief in me, I would not

be where I am today.

As well, I would like to express my graditude to Professor Serdar Yüksel, both for
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Chapter 1

Introduction

Recently, the scale of applications of both constrained and unconstrained optimization

problems has increased dramatically, leading to the need for algorithmic solutions that

can achieve faster convergence rates. While classical higher-order gradient methods

can be a suitable candidate, these algorithms are impractical for large-scale problems

due to their computational demand. As such, finding lower-order gradient algorithms

that can achieve accelerated convergence rates is of importance.

The study of accelerated methods for gradient flow dynamics has been an active

area of research over the last few decades. Momentum methods were initially intro-

duced by Polyak [29], while the most well-known is Nesterov’s classical accelerated

gradient flow dynamics [22]. These methods have had a large impact on many areas

in optimization, including composite optimization [27], stochastic optimization [16]

and nonconvex optimization [12], as well as machine learning [18]. Up until recently,

the majority of research on accelerated gradient flow dynamics has been in discrete-

time; the continuous-time version of Nesterov’s accelerated gradient flow dynamics

was recently proposed in [33] as a second-order differential equation. This has led to

the characterization of a suite of continuous-time accelerated gradient flow dynamics.
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A key property of these dynamics is that, through a careful discretization [36, 5], they

provide variants of Nesterov’s accelerated gradient flow dynamics in discrete time.

Many applications which involve optimizing an objective function are however

constrained; consider, for example, the problem of maximizing distance traveled sub-

ject to a restraint on fuel consumption. Here, one is interested in finding dynamics

which converge to the saddle points of the corresponding Lagrangian. Such dynamics

(known as saddle-point or primal-dual dynamics) in discrete time have been stud-

ied extensively in the literature, see for instance [20, 26, 19]. More recently, ac-

celerated convergence rates for primal-dual problems have been studied in discrete

time [11, 37, 32].

The study of continuous-time saddle-point dynamical systems for constrained op-

timization goes back to [1]; the recent work [7] extends these classical results in several

directions by utilizing techniques from Lyapunov theory and nonsmooth analysis to

provide conditions under which these dynamical systems are provably asymptotically

convergent to the set of saddle points. However, the characterization of their asymp-

totic convergence rate remains challenging; recent progress can be found in [6, 8, 30].

The main objective of this work is to characterize continuous-time dynamical systems

that achieve accelerated convergence rates for constrained optimization problems.

1.1 Statement of Contributions

The main contribution of this work is the design of the continuous-time dynamics

that mimics Nesterov’s accelerated flow in both the primal and dual updates. We

study the convergence properties of this dynamics for strongly convex-strongly con-

cave functions and provide the following three contributions.
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First, in Theorems 4.1.1 and 4.2.1, conditions for the fast convergence of a class

of strongly convex-strongly concave quadratic functions are provided. In particular,

by designing a time-varying Lyapunov candidate, we prove that under appropriate

assumptions involving the coupling of the two arguments of the underlying strongly

convex-strongly concave quadratic function, the trajectories of the dynamical system

approach the saddle point at a fast rate, in the same sense as the one in [36] for

gradient flows.

Secondly, Theorems 5.1.1 and 5.1.3 provide conditions for the asymptotic con-

vergence of strongly convex-strongly concave functions by considering the functions

as a combination of their quadratic component and their non-quadratic components

separately. Then, by utilizing both perturbation and Lyapunov arguments, local

asymptotic convergence is proven.

Finally, Theorem 5.2.1 proves that, given appropriate assumptions, the proposed

dynamics achieves a locally exponential convergence rate for strongly convex-strongly

concave functions.

1.2 Organization

This thesis is organized as follows: In Chapter 2, mathematical preliminaries, and an

overview of gradient flow dynamics, saddle-point dynamics, and their respective con-

vergence rates is provided. In Chapter 3, the dynamics (3.2) are presented, and the

concept of rate of convergence is presented. Chapter 4 provides results on the conver-

gence properties of the dynamics (3.2) for strongly convex-strongly concave quadratic

functions. In Chapter 5, we present results on the convergence of the dynamics for

general strongly convex-strongly concave functions, along with corollaries on specific
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cases of quartic functions. Examples and simulations of the results are presented in

Chapter 6. Finally, in Chapter 7 future research directions are discussed.



5

Chapter 2

Background

2.1 Mathematical Preliminaries

Throughout this work, we let R,R≥0,R>0,Z,Z>0 denote the set of real, nonnegative

real, positive real, integer, and positive integer numbers, respectively. For n,m ∈ Z>0,

the set of real-valued n×m matrices is denoted Rn×m. We denote the values of golden

ratio, i.e. the roots of φ2 − φ− 1 = 0, by

φ1 =
1 +
√

5

2
and φ2 =

1−
√

5

2
.

A positive-definite (respectively positive-semidefinite) symmetric matrixA ∈ Rn×n,

is denoted by A � 0 (respectively A � 0). We label the eigenvalues of a symmetric

matrix A ∈ Rn×n by λ1(A) ≥ λ2(A) ≥ · · · ≥ λn(A). The n × n identity matrix is

denoted by In. We denote the zero vector by 0.

A function F : Rn×Rm → R is convex-concave if it is convex in the first argument

and concave in the second. A differentiable function f : Rn → R is strictly convex if
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for all x, y ∈ Rn, it satisfies

f(y) > f(x) +∇f(x)>(y − x).

A differentiable function f : Rn → R is µ-strongly convex if for some µ > 0, and for

all x, y ∈ Rn, it satisfies

f(y) ≥ f(x) +∇f(x)>(y − x) +
µ

2
‖x− y‖2.

A function F : Rn × Rm → R is µ-strongly convex-strongly concave if it is µ-strongly

convex in the first argument and µ-strongly concave in the second. A saddle point

(x∗, y∗) ∈ Rn × Rm of F satisfies

F (x∗, y) ≤ F (x∗, y∗) ≤ F (x, y∗),

for all x ∈ Rn and y ∈ Rm. For a differentiable strongly convex-strongly concave

function, ∇xF (x∗, y∗) = ∇yF (x∗, y∗) = 0 if and only if (x∗, y∗) is the saddle point of

F .

A function f : Rn → Rm is L-Lipschitz continuous if for some L > 0, and for all

x, y ∈ Rn, ||f(x)− f(y)|| ≤ L||x− y||. The proofs of many of our results rely on the

following results from matrix theory.

Definition 2.1.1. (Kronecker Product [15]): Let A ∈ Rm×n and B ∈ Rp×q. Then
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the Kronecker Product of A and B is denoted by A⊗B and is defined as

A⊗B =


a11B . . . a1nB

...
. . .

...

am1B . . . amnB

 ,

which lies in Rmp×nq.

Theorem 2.1.2. (Weyl and Dual Weyl Inequalities [14]): Let A and B be

symmetric matrices in Rn×n. Then for 1 ≤ i, j ≤ n and i + j − 1 ≤ n, the Weyl

inequality holds, i.e.,

λi+j−1(A+B) ≤ λi(A) + λj(B).

Similarly, for 1 ≤ i, j ≤ n and i+ j − n ≥ 1, the dual Weyl inequality holds, i.e.,

λi+j−n(A+B) ≥ λi(A) + λj(B).

Theorem 2.1.3. (Sylvester’s Criterion [14]): Let A be a symmetric matrix in

Rn×n. Then A is positive-semidefinite if and only if all of the principal minors of

A are nonnegative. Further, A is positive-definite if and only if all of its leading

principal minors are positive.

2.2 Lyapunov Theory

We now recall classical Lyapunov theory, in particular Lyapunov’s second method,

which is a useful tool for proving the convergence of a dynamical system. For a map
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f : Rn → Rn, consider the autonomous dynamical system

ẋ = f(x). (2.1)

Before continuing we provide the following definitions.

Definition 2.2.1. (Equilibrium Point [17]): An equilibrium point of the sys-

tem (2.1) is a point x∗ such that f(x∗) = 0.

Definition 2.2.2. (Stability [17]): An equilibrium point x∗ is:

• locally stable if, for each ε > 0, there exists δ = δ(ε) > 0 such that

||x(0)− x∗|| < δ ⇒ ||x(t)− x∗|| < ε,

for all t ≥ 0.

• locally asymptotically stable if it is stable and δ can be chosen such that

||x(0)− x∗|| < δ ⇒ lim
t→∞

x(t) = x∗.

Without loss of generality we can assume that 0 is an equilibrium point of (2.1).

A Lyapunov function is defined as follows

Definition 2.2.3. (Lyapunov function [17]): Let V : Rn → R be a continuously-

differentiable function such that the following hold

• V (0) = 0.

• V (x) > 0 for all x ∈ U\{0}, where U ⊂ Rn is a neighbourhood including the

origin.
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• LfV (x) = ∂V
∂x

dx
dt
≤ 0 for all x ∈ U where Lf is the Lie derivative of V along the

flow f , given by (2.1).

Then V is a Lyapunov function for the dynamical system (2.1).

We now provide Lyapunov’s second method.

Theorem 2.2.4. (Lyapunov’s Second Method [17]): Consider the dynamical

system (2.1). If there exists a Lyapunov function V for the system (2.1) on a neigh-

bourhood U, the equilibrium point x = 0 is locally stable. Furthermore, if the Lyapunov

function additionally satisfies

LfV (x) < 0

for all x ∈ U\{0}, the equilibrium point is locally asymptotically stable.

2.3 Gradient Descent

We now discuss the classical unconstrained optimization problem and consider a

variety of algorithms used to determine solutions. In particular, we focus on first-

order gradient schemes and their corresponding convergence rates. The problem is

defined as follows: Let f : Rn → R be a continuously differentiable convex function.

The unconstrained optimization problem is then

min
x∈Rn

f(x). (2.2)

A classical method for determining solutions of (2.2) is gradient descent [3], and can

be described both by a discrete-time algorithm or a continuous-time dynamics. The
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continuous-time dynamics is given by

ẋt = −∇f(xt). (2.3)

. Meanwhile, the discrete-time iterative algorithm is given by

xk+1 = xk − εk∇f(xk), (2.4)

where εk ∈ R>0 is the step-size of the algorithm at iteration k, and the sequence

{εk}k∈Z>0 satisfies

∞∑
k=1

ε2k <∞
∞∑
k=1

εk =∞.

In both the iterative algorithm and the ODE framework, the equilibrium points are

the solutions to (2.2). The drawback of the classical gradient descent method given

above is that convergence to a solution of (2.2) is slow. In particular, if x∗ is a such

solution, for the discrete-time algorithm [33], and similarly the continuous-time case,

the gradient descent method achieves the rates

f(xk)− f(x∗) ≤ O(1/k).

. As such, while effective, methods for solving (2.2) achieving faster rates have been

researched extensively.
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2.4 Accelerated Gradient Descent Methods

The research on improving the convergence rate of optimization schemes to solve

the problem (2.2) has led to the introduction of momentum and accelerated gradient

descent methods. The first results on momentum methods can be attributed to

Polyak [28, 29]. Polyak proposed the following dynamics [29] as a method of obtaining

a faster rate of convergence than classical gradient descent,

mẍt = −∇f(xt) +mẋt, (2.5)

where m ∈ R>0 can be considered as ‘mass’. This dynamics was presented with the

corresponding discretization

xk+1 = xk −∇f(xk) +m(xk − xk−1). (2.6)

This method is called the Heavy Ball Method, as (2.5) matches the equation for the

motion of a body with mass m in a potential field. The term mẋt in (2.5), respectively,

m(xk−xk−1) in (2.6), is the ‘momentum’ term, adding the weight of the previous step

to the current step. While this method achieves faster convergence for some classes

of functions, only local convergence of the result was proved in the original work of

Polyak, and that is under the assumption of strong convexity [29].

Following Polyak’s work, there was minimal work on solving (2.2) using momentum-

based dynamics until recently. Instead, the research focused on ‘accelerated’ gradient
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descent methods proposed by Nesterov in 1983. In [22], Nesterov proposed the fol-

lowing discrete-time accelerated gradient descent algorithm

xk = yk−1 − s∇f(yk−1) (2.7a)

yk = xk +
k − 1

k + 2
(xk − xk−1), (2.7b)

where s is the fixed step-size. This algorithm was proved to solve (2.2) with the

following rate:

Theorem 2.4.1. ([22, Theorem 1]): Let f : Rn → Rn be a convex function with a

L-Lipschitz continuous gradient and minimizer x∗. Then, if the sequence {xk}k∈Z>0

is constructed as in (2.7), with s ≤ 1/L,

f(xk)− f(x∗) ≤ O(1/sk2).

This result was proved using the method of estimate sequences, which are defined

as follows.

Definition 2.4.2. (Estimate Sequence [23]): A pair of sequences {φk(·)}k∈Z>0

and {λk}k∈Z>0 , λk ≥ 0, is called as estimate sequence of a function f : Rn → R if

lim
k→∞

λk = 0

and for any x ∈ Rn and all k ≥ 0 we have

φk(x) ≤ (1− λk)f(x) + λkφ0(x).
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By the following result, it is clear that an estimate sequence is useful in that the

convergence rate of the algorithm can be derived directly from the rate of convergence

of the sequence {λk}.

Lemma 2.4.3. ([23, Lemma 2.2.1]): If for some sequence {xk}k∈Z>0 we have

f(xk) ≤ φ∗k ≡ min
x∈Rn

φk(x),

then f(xk)− f(x∗) ≤ λk(φ0(x∗)− f(x∗)).

As the estimate sequence technique allows for the direct derivation of the rate

of convergence, modifications of Nesterov’s original algorithm (2.7) were suggested

using estimate sequences. These include [2] and [25], achieving rates of O(1/k2) and

O(1/k3), respectively.

Recently, there has been a significant amount of research connecting Nesterov’s

accelerated gradient descent algorithms with a continuous-time approach to the op-

timization problem (2.2) (see, for example, [9, 10]). In particular, in [33] the exact

continuous-time limit of the algorithm (2.7) is determined. This limit is the following

second-order ordinary differential equation (ODE)

ẍt +
3

t
ẋt +∇f(xt) = 0, (2.8)

with the relation between the step size in (2.7) and the time parameter t in being

t = k
√
s, see [33]. It is interesting to note that Nesterov’s first-order accelerated

gradient descent scheme is modeled by a second-order ODE. The following result

illustrates that the convergence rate achieved in (2.7) is maintained by the ODE (2.8).

Theorem 2.4.4. ([33, Theorem 3]): Let f : Rn → R be a convex, continuously
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differentiable function with a Lipschitz-continuous gradient and let x∗ be the minimizer

of f . Then if xt is the unique global solution to (2.8), with initial condition x0 and

ẋ0 = 0,

f(xt)− f(x∗) ≤ O(1/t2),

for all t > 0.

Another point of interest is that the constant 3 in the second term of (2.8), which

comes from Nesterov’s original algorithm (2.7), can be replaced by any larger value

while still maintaining the convergence rate of O(1/t2). Using this fact, for strongly

convex functions, a faster convergence rate can be proven.

Theorem 2.4.5. ([33, Theorem 8]): Let f : Rn → R be a µ-strongly convex,

continuously differentiable function with minimizer x∗. Then, if Xt is the solution to

the ODE

ẍt +
r

t
ẋt +∇f(xt) = 0,

where r ≥ 3, we have

f(Xt)− f(x∗) ≤ O(t−
2r
3 ).

This connection has led to further research on accelerated methods through ODEs,

including from a variational framework in [35] and [36], which we discuss next.
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2.5 Variational Approach to Accelerated Gradient Descent

Before discussing the variational approach to accelerated gradient descent methods for

solving the problem (2.2) taken in [35] and [36], we require the following definitions.

Definition 2.5.1. (Bregman Divergence [35]): Let h : Rn → R be a distance-

generating function that is continuously differentiable and convex. Then, the Bregman

divergence is defined as

Dh(y, x) = h(y)− h(x)− 〈∇h(x), y − x〉.

An important case of the Bregman Divergence is the Euclidean case, where h(x) =

1
2
‖x‖2. In this case Dh(y, x) = 1

2
‖y − x‖2.

Definition 2.5.2. (Bregman Lagrangian [35]): Let T ⊂ R≥0 be an interval of

time and let Xt, Vt : T → Rn be continuously differentiable curves. Let αt, βt, γt :

R≥0 → R be arbitrary smooth functions satisfying

β̇t ≤ eαt (2.9a)

γ̇t = eαt . (2.9b)

For a continuously differentiable convex function f : Rn → R, the Bregman La-

grangian is the map BL : Rn × Rn × R→ R defined by

BL(Xt, Vt, t) = eαt+γt
(
Dh(Xt + e−αtVt, Xt)− eβtf(Xt)

)
. (2.10)

Before continuing, we make the following remark.
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Remark 2.5.3. The curves Xt and Vt can be considered as position and velocity

functions, respectively. Then, the functions αt, βt and γt represent the weighting

of the velocity, Vt, the potential function, f , and the damping of the Lagrangian,

respectively, while the equations in (2.9) are known as the ideal scaling conditions. •

We now define the variational problem presented in [35] and [36] used to solve

the problem (2.2). First, let T = [t0, t1] be an interval of time and denote the set

of all continuously differentiable curves X : T → Rn satisfying boundary conditions

X(t0) = x0 and X(t1) = x1 by X. The variational problem is then defined as: Let

BL : Rn × Rn × R→ R be the Bregman Lagrangian. Then, over the set of curves X,

minimize the functional

J(X) =

∫
T
BL(X(t), Ẋ(t), t)dt.

A necessary condition for a curve to minimize the functional J is that it solves the

Euler-Lagrange equation (see, for example, [4, Theorem 4.38]). Following [35], un-

der the ideal scaling conditions (2.9), the Euler-Lagrange equation for the Bregman

Lagrangian is found to be

Ẍt + (eαt − α̇t)Ẋt + e2αt+βt
[
∇2h(Xt + e−αtẊt)

]−1

∇f(Xt) = 0. (2.11)

This can also be written as

d

dt
∇h(Xt + e−αtẊt) = −eαt+βt∇f(Xt), (2.12)

which removes the requirement of invertibility of the Hessian of h. The following
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theorem gives that the solutions of the Euler-Lagrange equation (2.11) solve the

minimization problem (2.2) at an accelerated rate.

Theorem 2.5.4. ([35, Theorem 2.1]): If the ideal scaling conditions (2.9) holds,

the solutions to the Euler-Lagrange equation (2.11) satisfy

f(Xt)− f(x∗) ≤ O(e−βt),

where x∗ is the minimizer of the function f .

This result is proved using a time-varying Lyapunov function, an approach that

will be used throughout this thesis.

Now, we discuss the relationship between the solutions to the variational problem

and the accelerated gradient descent methods. Consider the Bregman Lagrangian

with the following parameters, indexed by p > 0,

αt = log p− log t (2.13a)

βt = p log t+ logC (2.13b)

γt = p log t, (2.13c)

for some constant C > 0. These parameters satisfy the ideal scaling conditions (2.9)

and lead to the following Euler-Lagrange equation

Ẍt +
p+ 1

t
Ẋt + Cp2tp−2

[
∇2h

(
Xt +

t

p
Ẋt

)]−1

∇f(Xt) = 0. (2.14)

By Theorem 2.5.4, the convergence rate achieved is O(1/tp), which when p = 2

matches the continuous-time limit of both Nesterov’s accelerated mirror descent
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scheme [24] and when p = 3, the continuous-time limit of Nesterov and Polyak’s

accelerated cubic-regularized Newton’s method [25]. Furthermore, in the Euclidean

case, when p = 2, we have that (2.14) is equal to the continuous-time limit of Nes-

terov’s accelerated gradient descent scheme (2.8), found in [33].

2.5.1 Discretization

As the variational continuous-time approach presented in [35] and [36] is used to

provide a more intuitive way to understand accelerated gradient descent schemes

such as those presented by Nesterov (as in [22, 24, 25]), it is necessary to be able

to directly relate the ODEs with a discrete-time algorithm. As such, discretizations

of the ODEs generated by the Euler-Lagrange equations of the Bregman Lagrangian

must be studied.

We now discuss the discretization of (2.14) to provide discrete-time accelerated

gradient descent algorithms achieving convergence rates matching Nesterov’s original

algorithm (2.7). First, (2.14) can be written as the following system of equations:

zt = xt +
t

p
ẋt (2.15a)

d

dt
∇h(zt) = −Cptp−1∇f(xt). (2.15b)

In [35], it is shown that under a standard Euler discretization, these dynamics do

not necessarily converge, let alone provide a convergence rate of O(1/εkp) (where

ε ∈ R>0 is the step size of the discretization), even though the continuous-time

dynamics provide a rate of O(1/tp). However, using a discretization that maintains

three sequences, based upon Nesterov’s accelerated mirror descent [24] and accelerated
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cubic-regularized Newton’s method [25], one can obtain an accelerated convergence

rate. From [35], consider the following discretization of (2.15)

xk+1 =
p

k + p
zk +

k

k + p
yk (2.16a)

zk = argmin
z

{
Cpk(p−1)〈∇f(yk), z〉+

1

ε
Dh(z, zk−1)

}
. (2.16b)

Here k(p−1) denotes the rising factorial, that is k(p−1) = k(k+ 1)...(k+ p− 2). In this

discretization a third sequence, {yk}k∈Z>0 is maintained for updating the sequence

{xk}k∈Z>0 . In order to achieve the convergence rate O(1/εkp), this sequence must

satisfy the following condition

〈∇f(yk), xk − yk〉 ≥Mε
1
p−1‖∇f(yk)‖

p
p−1
∗ , (2.17)

in which M is a constant greater than 0, and ‖ · ‖∗ denotes the operator norm. This

condition is arbitrary, in that it is constructed such that the proof of the following

result holds. Before providing the result we require the following definition on uniform

convexity.

Definition 2.5.5. (Uniform Convexity [35]): Let h : Rn → R be a distance-

generating function and let p ∈ Z>0\{1}. Then h is σ-uniformly convex of order p if,

for all x, y ∈ Rn,

Dh(y, x) ≥ σ

p
||y − x||p.

We note that the case when p = 2 is the definition of strong convexity. We now

provide the result on the convergence rate of (2.16).
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Theorem 2.5.6. ([35, Theorem 3.1]): Let h : Rn → R be 1-uniformly convex of

order p ≥ 2, and suppose the sequence {yk} satisfies (2.17) for all k ≥ 0. Then if

C ≤Mp−1/pp, the algorithm (2.16) with initial condition x0 = z0 has the convergence

rate

f(yk)− f(x∗) ≤ O

(
1

εkp

)
.

Further discretizations of the Euler-Lagrange equation (2.11) explored using discrete-

time Lyapunov functions can be seen in [36]. In these results, the ideal scaling con-

dition (2.9a) is chosen such that β̇t = eαt . In this work, we will focus on another

dynamics derived from the Bregman Lagrangian for the case of strongly convex func-

tions.

2.5.2 Strongly Convex Functions

In this section, and for the remainder of the thesis, we consider the standard Euclidean

distance function, that is h(x) = 1
2
‖x‖2. Following [36], for a strongly convex function

f : Rn → R, consider the following dynamics

ẋt =
1

β̇t
(zt − xt) (2.18a)

żt = −ẋt −
β̇t
µ
∇f(xt). (2.18b)

This dynamics is the Euler-Lagrange equation for the following Lagrangian, closely

related to the Bregman Lagrangian

L(x, ẋ, t) = eγt+βt+αt
(µ

2
e−2αt‖ẋ‖2 − f(x)

)
. (2.19)
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Using the fact that the function f is strongly convex rather than just convex, the

dynamics (2.18) can achieve an exponential convergence rate.

Proposition 2.5.7. ([36]): Let f : Rn → R be a µ-strongly convex function with

minimizer x∗. Then, under the dynamics (2.18)

f(xt)− f(x∗) ≤ O(e−βt).

As this result is proven for a general smooth function βt, an exponential rate is

achieved, rather than the polynomial rate achieved by (2.15). However, one should

note that depending on the choice of βt, these dynamics can produce a multitude

of convergence rates, which can be seen by the choice of βt leading to the dynam-

ics (2.15). Of further interest, however, is that the following discretization of the

dynamics (2.18)

zk+1 − zk = τk

(
xk − zk −

1

µ
∇f(xk)

)
(2.20a)

τk(xk − zk) = yk − xk (2.20b)

yk+1 = xk −
1

L
∇f(xk), (2.20c)

in which τk is the discretization of β̇t and L is the Lipschitz coefficient of the gradient of

f , maintains the exponential convergence rate [36]. To conclude this section, we note

that since the dynamics (2.18), and its discretization (2.20), achieve a convergence rate

exceeding the polynomial rate provided by Nesterov’s algorithm and other variants

of it provided earlier, a modification of this dynamics will be considered in the main

results of this work.
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2.6 Constrained Optimization and Saddle Points

The results and dynamics described in the preceding sections are all effective meth-

ods for solving the unconstrained optimization problem (2.2). However, in many

engineering applications, it is common to see constrained optimization problems of

the following form:

Let f : Rn → R be a convex, continuously differentiable function and let I,J ⊂

Z>0. Let {hi}i∈I and {gj}j∈J be collections of smooth functions. Then consider the

problem

min
x∈Rn

f(x)

subject to hi(x) = 0

gj(x) ≤ 0. (2.21)

To solve the problem (2.21), the gradient descent methdods described above are

no longer sufficient. Instead, one is interested in finding dynamics that converge

to the saddle points of the Lagrangian associated with the function. Saddle-point

dynamics (also known as primal-dual dynamics) are the natural analogues to gradient

descent dynamics for constrained optimization. The first research into continuous-

time saddle-point dynamical systems appears in [1], with the Arrow-Hurwicz method

for finding the saddle points.

Theorem 2.6.1. (Arrow-Hurwicz Gradient Method [1]): Let F : Rn × Rn →

R be a continuously differentiable strictly convex-strictly concave function. Then,
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consider the following system of differential equations:

ẋ = −∇xF (x, y) (2.22a)

ẏ = ∇yF (x, y). (2.22b)

Then, if (x(t), y(t)) is a solution to the system (2.22) with initial condition (x0, y0),

and (x(t), y(t)) converges to a point (x∗, y∗), (x∗, y∗) is a saddle point of f .

Note that for general convex-concave functions, the Arrow-Hurwicz method will

not necessarily converge. Recently, in [7], techniques from Lyapunov theory and non-

smooth analysis have been utilized to provide conditions under which these dynamics

are convergent to the set of saddle points for more general classes of functions. The

following result proves asymptotic stability for strictly convex-concave and convex-

strictly concave functions.

Proposition 2.6.2. ([7, Corollary 4.2]): Let F : Rn × Rm → R be continuously

differentiable and either strictly convex-concave or convex-strictly concave. Then,

under the dynamics (2.22), the set of saddle points is globally asymptotically stable,

and the dynamics converge to a point.

Further results are proven in [7] for global and local asymptotic convergence of

the dynamics (2.22) for classes of functions including convex-linear, linear-concave

and quasiconvexity-quasiconcavity. Characterizing their asymptotic convergence rate

remains challenging, and recent progress can be found in [6, 8, 30].

As in the unconstrained optimization problem, the convergence rate of algorithms

for constrained optimization problems is also of significant interest. As such, in
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discrete-time, convergence rates for saddle-point dynamics have been studied exten-

sively. In [26] a rate of O(1/
√
k) is achieved, while in [19], [21] and [38] a convergence

rate of O(1/k) is proven. Further, a rate of O(1/k2) is proven in [13]. Recently, there

has been research into accelerated convergence schemes for primal-dual problems in

discrete-time. Accelerated discrete-time convergence rates are given in [32] and [5],

achieving rates of O(1/k) and O(1/k2). Further, in [31] a linear convergence rate of

O(θk) (0 < θ < 1) is proved under the assumption that the Lagrangian is strongly

convex-strongly concave.

In [11] and [37], accelerated convergence rates for the saddle-point problem with

only linear equality constraints are studied. In [37], a discrete-time convergence rate

of O(1/k2) is provided for a first-order scheme. In [11], a variational approach to the

saddle-point problem, similar to the method in Section 2.5 is presented. A continuous-

time dynamics that achieves an exponential convergence rate of O(e−βt) is presented,

but requires the calculation of the inverse of the Hessian of the objective function.

An O(1/k2) discrete-time convergence rate is also proved, as well as an O(1/kp) rate

for higher-order gradient schemes.

Finally, in [34], accelerated convergence rates for the discrete-time saddle-point

problem are provided for functions that are strongly convex-concave and also for

functions that are non-convex in one variable. For strongly convex-concave functions

a rate of O(1/k2) is achieved, matching that of [5], while relaxing the requirements

on the class of functions considered. A rate of O(1/k(1/3)) is provided for functions

that are convex in only one of their variables.

In this thesis, we study continuous-time dynamics for the saddle-point problem

using an analysis similar to the variational approach for accelerated gradient descent.
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Chapter 3

Problem Statement

The main focus of this work is to study accelerated methods for solving the constrained

optimization problem (2.21). We state the problem considered precisely as follows.

Problem 3.0.1. Let F : Rn × Rm → R be a continuously differentiable, µ-strongly

convex-strongly concave function. Then, find an algorithm that solves

min
x∈Rn

max
y∈Rm

F (x, y). (3.1)

Our goal is to provide dynamics such that an accelerated rate of convergence to

the saddle point can be achieved. To do so, we consider
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ẋ(t) = β̇t(z(t)− x(t)) (3.2a)

ż(t) = −β̇t(z(t)− x(t))− β̇t
µ
∇xF (x(t), y(t)) (3.2b)

ẏ(t) = β̇t(w(t)− y(t)) (3.2c)

ẇ(t) = −β̇t(w(t)− y(t)) +
β̇t
µ
∇yF (x(t), y(t)), (3.2d)

where x(t), z(t) ∈ Rn, y(t), w(t) ∈ Rm for all t ≥ 0, and αt, βt : R≥0 → R are

smooth functions such that β̇t = eαt . Throughout this work, we use the mapping

Φ : R2n+2m × R2n+2m → R2n+2m × R2n+2m to refer to the vector field corresponding

to (3.2). The following result establishes that the equilibrium points of (3.2) are

saddle points of the function F .

Lemma 3.0.2. Let F : Rn×Rm → R be a strongly convex-strongly concave function

and suppose that (x∗, z∗, y∗, w∗) is an equilibrium point of (3.2). Then (x∗, y∗) is a

saddle point for the function F .

Proof. Let (x∗, z∗, y∗, w∗) be an equilibrium point of (3.2). Then, it is evident that

x∗ = z∗, y∗ = w∗, and hence ∇xF (x∗, y∗) = ∇yF (x∗, y∗) = 0. Therefore (x∗, y∗) is a

saddle point of F .

Our objective in this work is to provide conditions such that the dynamics (3.2)

achieves a convergence rate of O(e−βt), matching the rate for the unconstrained op-

timization problem proven in [36].
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Remark 3.0.3. Since the study of saddle-point dynamics is motivated by the con-

strained optimization problem (2.21), the Lagrangians corresponding to the prob-

lem (2.21) are (strongly) convex-linear functions. As such, the results in this work,

which are solely for strongly convex-strongly concave functions, do not directly apply

to solving the problem (2.21). However, through regularization the dynamics (3.2)

can be used to obtain approximate solutions, and through numerical simulations the

dynamics appear to converge to the solutions of the problem (2.21). In addition,

the saddle-point problem can also be motivated as a method to find Nash equilibria

in zero-sum games [7], in which case the objective function can be strongly convex-

strongly concave.

3.1 Rate of Convergence

For the unconstrained optimization problem (2.2), the convergence rate is usually

measured with respect to the function x 7→ f(x) − f(x∗), where x∗ is the minimizer

of f . For the constrained optimization problem (3.1), however, the convergence rate

is typically measured with respect to the function η(F ) : Rn × Rm → R≥0 given by

η(F )(x, y)=(F (x, y∗)− F (x∗, y∗)) + (F (x∗, y∗)− F (x∗, y)) (3.3)

where (x∗, y∗) is a saddle point of F [31]. Throughout this work, we use η to charac-

terize the convergence rate in our results. We will also introduce a variation of the

convergence function (3.3), which will be used in proving our results, given by

η(ã,b̃)(F )(x, y) = ã(F (x, y∗)− F (x∗, y∗)) + b̃(F (x∗, y∗)− F (x∗, y)), (3.4)
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where ã, b̃ ∈ R>0 such that ã ≥ b̃. Throughout this thesis, we denote the set of

(ã, b̃) ∈ R2 such that ã, b̃ ∈ R>0 and ã ≥ b̃ by Ξ. An element of the set Ξ will

be denoted by ξ = (ã, b̃). Since (x∗, y∗) is a saddle point of F , by definition, this

function is non-negative. This function will be referred to as the weighted convergence

function throughout this work. The following result justifies the use of the weighted

convergence function to obtain the rate of convergence for the problem (3.1).

Lemma 3.1.1. Let F : Rn × Rm → R be a µ-strongly convex-strongly concave func-

tion, and let (x∗, y∗) be its saddle point. Let (ã, b̃) ∈ Ξ. Then,

b̃η(F )(x, y) ≤ η(ã,b̃)(F )(x, y) ≤ ãη(F )(x, y).

The presence of the constants ã and b̃ allows for flexibility in the stability analysis

of the dynamics (3.2) to follow. In Chapter 6, the weighted convergence function will

be discussed further, including simulations illustrating the flexibility it provides.
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Chapter 4

Quadratic Results

In this chapter, we provide results on the convergence of the dynamics (3.2) for a class

of strongly convex-strongly concave quadratic functions in which the saddle point is

at the origin.

Before providing our results, we note that throughout we will consider functions

F : Rn × Rm → R where n = m to simplify the presentation of the results.

4.1 Asymptotic Convergence of Strongly Convex-Strongly Concave Quadratic

Functions

Theorem 4.1.1. Let F : Rn × Rn → R be a µ-strongly convex-strongly concave

function defined by

F (x, y) = x>Ax− y>By + αx>y,
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where A and B are positive-definite symmetric matrices in Rn×n, and α ∈ R. Suppose

that

α2 <min(2λn(A)λn(B)φ2
2,

2λn(A)λn(B)φ2
2(λ1(B) + 3µ

2
)

λ1(B)φ1 + λ1(B)
,

2λn(A)λn(B)φ2
2(λ1(A) + 3µ

2
)

λ1(A)φ1 + λ1(A)
,

2λn(A)λn(B)φ2
2(λ1(A) + 3µ

2
)(λ1(B) + 3µ

2
)

(λ1(A)φ1 + λ1(A))(λ1(B)φ1 + λ1(B))
,

2λn(A)λn(B)φ2
2(λ1(B) + 3µ

2
)2

(λ1(B)φ1 + λ1(B))2
). (4.1)

Then the trajectories of the pair of first and third components of (3.2) converge asymp-

totically to the origin.

Before providing the proof, we make the following notational remark.

Remark 4.1.2. In each of the proofs to follow, we shall make use of the variables

x(t), z(t), y(t) and w(t). For simplicity of the presentation, we drop the dependency

on t. In addition we shall let q = (x, z, y, w) ∈ R4n. •

Proof. We use a class of Lyapunov candidates to prove the result. Let

V (q, ξ) = ãx>Ax+ b̃y>By +
µ

2
||x∗ − z||2 +

µ

2
||y∗ − w||2. (4.2)

This function is clearly nonnegative; we show there exists ξ ∈ Ξ such that LΦV (q, ξ) <

0, where LΦ denotes the Lie derivative along the flow Φ, given in (3.2). We now prove

that under the assumptions of Theorem 4.1.1 such a ξ does exist. We take the Lie
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derivative of (4.2) along the flow Φ to obtain

LΦV (q, ξ) =2ã〈Ax, ẋ〉+ ãα〈ẋ, y∗〉+ 2b̃〈By, ẏ〉 − b̃α〈ẏ, x∗〉 − µ〈x∗ − z, ż〉

− µ〈y∗ − w, ẇ〉.

Substituting z, ż, w and ẇ using (3.2), we have

LΦV (q, ξ) =
(

2ã〈Ax, ẋ〉+ ãα〈ẋ, y∗〉+ 2b̃〈By, ẏ〉 − b̃α〈ẏ, x∗〉
)

+ 〈x∗ − 1

β̇t
ẋ− x, µẋ+ β̇t(2Ax+ αy)〉

+ 〈y∗ − 1

β̇t
ẏ − y, µẏ − β̇t(−2By + αx)〉.

Now, noting that

〈x∗ − 1

β̇t
ẋ− x, µẋ+ β̇t(2Ax+ αy)〉 =〈x∗ − 1

β̇t
ẋ− x, µẋ〉+ β̇t〈x∗ − x, (2Ax+ αy)〉

− 〈ẋ, 2Ax+ αy〉

and

〈y∗ − 1

β̇t
ẏ − y, µẏ − β̇t(−2By + αx)〉 = 〈y∗ − 1

β̇t
ẏ − y, µẏ〉 − β̇t〈y∗ − y, (−2By + αx)〉

+ 〈ẏ,−2By + αx〉,

we obtain

LΦV (q, ξ) =〈x∗ − 1

β̇t
ẋ− x, µẋ〉+ β̇t〈x∗ − x,∇xF (x, y)〉 − 〈ẋ, 2Ax+ αy〉
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+ 〈y∗ − 1

β̇t
ẏ − y, µẏ〉 − β̇t〈y∗ − y,∇yF (x, y)〉+ 〈ẏ,−2By + αx〉

+ 2ã〈Ax, ẋ〉+ ãα〈ẋ, y∗〉+ 2b̃〈By, ẏ〉 − b̃α〈ẏ, x∗〉,

since ∇xF (x, y) = 2Ax + αy, and ∇yF (x, y) = −2By + αx. By applying µ-strong

convexity-strong concavity, we have

LΦV (q, ξ) ≤〈x∗ − 1

β̇t
ẋ− x, µẋ〉 − 〈ẋ, 2Ax+ αy〉+ 〈y∗ − 1

β̇t
ẏ − y, µẏ〉

+ 〈ẏ,−2By + αx〉 − β̇t(x>Ax− y>By + αx>y − (x∗>Ax∗ − y>By

+ αx∗>y) +
µ

2
‖x∗ − x‖2)− β̇t(−(x>Ax− y>By + αx>y) + x>Ax

− y∗>By∗ + αx>y∗ +
µ

2
‖y∗ − y‖2) + 2ã〈Ax, ẋ〉+ ãα〈ẋ, y∗〉+ 2b̃〈By, ẏ〉

− b̃α〈ẏ, x∗〉.

By cancelation and rearranging, we obtain

LΦV (q, ξ) ≤〈x∗ − 1

β̇t
ẋ− x, µẋ〉 − 〈ẋ, 2Ax+ αy〉+ 〈y∗ − 1

β̇t
ẏ − y, µẏ〉

+ 〈ẏ,−2By + αx〉 − β̇t(x>Ax− y∗>By∗ + αx>y∗ − x∗>Ax∗ + y>By

− αx∗>y +
µ

2
‖x∗ − x‖2 +

µ

2
‖y∗ − y‖2) + 2ã〈Ax, ẋ〉+ ãα〈ẋ, y∗〉

+ 2b̃〈By, ẏ〉 − b̃α〈ẏ, x∗〉.

Now, since ẋ = β̇t(z − x), and ẏ = β̇t(w − y), we have that

LΦV (q, ξ) ≤β̇t〈x∗ − z, µ(z − x)〉 − β̇t〈z − x, 2Ax+ αy〉+ β̇t〈y∗ − w, µ(w − y)〉
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+ β̇t〈w − y,−2By + αx〉 − β̇t(x>Ax− y∗>By∗ + αx>y∗

− x∗>Ax∗ + y>By − αx∗>y +
µ

2
‖x∗ − x‖2 +

µ

2
‖y∗ − y‖2)

+ β̇t(2ã〈Ax, z − x〉+ ãα〈z − x, y∗〉+ 2b̃〈By,w − y〉 − b̃α〈w − y, x∗〉).

Expansion of the inner products and norms now gives

LΦV (q, ξ) ≤x− β̇t(−µ〈x∗, z〉+ µ〈x∗, x〉+ µ〈z, z〉 − µ〈z, x〉+ 2〈z, Ax〉+ α〈z, y〉

− 2x>Ax− α〈x, y〉 − µ〈y∗, w〉+ µ〈y∗, y〉+ µ〈w,w〉 − µ〈w, y〉

+ 2〈w,By〉 − α〈w, x〉 − 2y>By + α〈y, x〉+ x>Ax− y∗>By∗

+ αx>y∗ − x∗>Ax∗ + y>By − αx∗>y +
µ

2
(〈x∗, x∗〉 − 2〈x∗, x〉

+ 〈x, x〉) +
µ

2
(〈y∗, y∗〉 − 2〈y∗, y〉+ 〈y, y〉)− 2ã〈Ax, z〉+ 2ãx>Ax

− ãα〈z, y∗〉+ ãαx>y∗ − 2b̃〈By,w〉+ 2b̃y>By + b̃α〈w, x∗〉

− b̃αx∗>y).

Now, by factoring and noting that

µ

2
(〈x∗, x∗〉 − 2〈x∗, z〉+ 〈z, z〉) =

µ

2
‖x∗ − z‖2

µ

2
(〈y∗, y∗〉 − 2〈y∗, w〉+ 〈w,w〉) =

µ

2
‖y∗ − w‖2,

we have

LΦV (q, ξ) ≤− β̇t(−x>Ax− y>By +
µ

2
〈x, x〉+

µ

2
〈y, y〉+

µ

2
〈z, z〉+

µ

2
〈w,w〉

+ 2〈z, Ax〉+ 2〈w,By〉+
µ

2
‖x∗ − z‖2 +

µ

2
‖y∗ − w‖2 − µ〈z, x〉
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− µ〈w, y〉+ α〈z, y〉 − α〈w, x〉 − y∗>By∗ + αx>y∗ − x∗>Ax∗

− αx∗>y − 2ã〈Ax, z〉+ 2ãx>Ax− ãα〈z, y∗〉+ ãαx>y∗ − 2b̃〈By,w〉

+ 2b̃y>By + b̃α〈w, x∗〉 − b̃αx∗>y). (4.3)

Finally, by bringing in the negative and using the fact that x∗ = y∗ = 0, after

reordering the terms, we obtain

LΦV (q, ξ) ≤β̇t
(
− 2ãx>Ax− 2b̃y>By + x>Ax+ y>By − µ

2
〈x, x〉

− µ

2
〈y, y〉 − µ

2
〈z, z〉 − µ

2
〈w,w〉 − 2〈z, Ax〉

− 2〈w,By〉+ µ〈z, x〉+ µ〈w, y〉 − α〈z, y〉+ α〈w, x〉

+ 2ã〈Ax, z〉+ 2b̃〈By,w〉

− ãαx>y∗ + b̃αx∗>y − µ

2
||z||2 − µ

2
||w||2

)
. (4.4)

We then note that we can write the above as LΦV (q, ξ) ≤ β̇tq
>MA(ξ)q, where MA(ξ)

is defined as

MA(ξ) =



(1− 2ã)A− µ
2
In (ã− 1)A+ µ

2
In 0 α

2
In

(ã− 1)A+ µ
2
In −µIn −α

2
In 0

0 −α
2
In (1− 2b̃)B − µ

2
In (b̃− 1)B + µ

2
In

α
2
In 0 (b̃− 1)B + µ

2
In −µIn


.

(4.5)

Then, in order to prove there exists ξ ∈ Ξ such that LΦV (q, ξ) < 0, we need to

show there exists ξ such that MA(ξ) is negative-definite. Equivalently, −MA(ξ) is
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positive-definite. As such, we consider the matrix −MA(ξ), written as in (4.6), with

submatrices C(ξ), D, and E(ξ) ∈ R2n×2n such that:

−MA(ξ) =



(2ã− 1)A+ µ
2
In (1− ã)A− µ

2
In 0 −α

2
In

(1− ã)A− µ
2
In µIn

α
2
In 0

0 α
2
In (2b̃− 1)B + µ

2
In (1− b̃)B − µ

2
In

−α
2
In 0 (1− b̃)B − µ

2
In µIn


=

C(ξ) D

D> E(ξ)



(4.6)

By the Schur complement conditions, see [3], we have that−MA(ξ) is positive-definite

if the following hold:

C(ξ) � 0 (4.7)

E(ξ)−D>C(ξ)−1D � 0. (4.8)

We now determine conditions on ã and b̃ such that (4.7) and (4.8) are satisfied using

the Weyl and dual Weyl inequalities. We consider the first constraint, C(ξ) � 0, or

equivalently, λ2n(C(ξ)) > 0. First note that we can write the matrix C(ξ) in the

following form:

C(ξ) =(ã− 1)


 1 −1

−1 0

⊗ A
+

µ

2


 1 −1

−1 1

⊗ In
+ ã


1 0

0 0

⊗ A
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+
µ

2


0 0

0 1

⊗ In
 .

Applying the dual Weyl inequality gives

λ2n(C(ξ)) >(ã− 1)

λ2


 1 −1

−1 0


× λn(A)


+
µ

2

λ2


 1 −1

−1 1


× λn(In)

+ ã

λ2


1 0

0 0


× λn(A)


+
µ

2

λ2


0 0

0 1


⊗ λn(In)


=(ã− 1)λn(A)φ2. (4.9)

To get a lower bound on ã, we apply the Weyl inequality to λ1(C(ξ)) obtaining

λ1(C(ξ)) ≤(ã− 1)

λ1


 1 −1

−1 0


× λ1(A)


+
µ

2

λ1


 1 −1

−1 1


× λ1(In)

+ ã

λ1


1 0

0 0


× λ1(A)


+
µ

2

λ1


0 0

0 1


⊗ λ1(In)


=(ã− 1)(λ1(A)φ1) + ãλ1(A) +

3µ

2

= ã(λ1(A)φ1 + λ1(A))− λ1(A)φ1 +
3µ

2
. (4.10)
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Noting that the condition C(ξ) � 0 requires λ1(C(ξ)) > 0, using (4.10) we have that

ã >
λ1(A)φ1 − 3µ

2

λ1(A)φ1 + λ1(A)
. (4.11)

Then, to satisfy the requirement that λ2n(C(ξ)) > 0, by (4.9), we have the constraint

ã < 1. We now consider the constraint E(ξ)−D>C(ξ)−1D � 0, or equivalently, that

λ2n(E(ξ) − D>C(ξ)−1D) ≥ 0. Noting that D>D = α2

2
I2n, we apply the dual Weyl

inequality to determine the following:

λ2n(E(ξ)−D>C(ξ)−1D) >λ2n(E(ξ))

+ λ2n(−D>C(ξ)−1D)

=λ2n(E(ξ))− λ1(C(ξ)−1D>D)

=λ2n(E(ξ))− α2

2
λ1(C(ξ)−1)

=λ2n(E(ξ))− α2

2λ2n(C(ξ))
. (4.12)

By similarity of E(ξ) with C(ξ), we obtain

λ2n(E(ξ)) > (b̃− 1)λn(B)φ2. (4.13)

Combining inequalities (4.9), (4.12), and (4.13) with the requirement that λ2n(E(ξ)−

D>C(ξ)−1D) ≥ 0 gives

λ2n(E(ξ)−D>C(ξ)−1D) >(b̃− 1) (λn(B) (φ2))

− α2

2

(
1

(ã− 1)λn(A)φ2

)
≥ 0.
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Rearranging this equation places the following constraint on b̃:

b̃ < 1− α2

2(1− ã)λn(A)λn(B)φ2
2

. (4.14)

Finally, we recall from [3] that the Schur complement condition for positive-definiteness

can also be written as: if E(ξ) � 0 and C(ξ)−DE(ξ)−1D> � 0, then −MA(ξ) � 0.

Using this formulation and the same procedure as above, we conclude that

b̃ >
λ1(B)φ1 − 3µ

2

λ1(B)φ1 + λ1(B)
. (4.15)

Now, we note that constraints (4.11) and (4.15) must be combined with the fact that

ã and b̃ are defined as positive real numbers. This leads to the following four cases

to consider:

(i) λ1(A)φ1 ≤ 3µ
2

and λ1(B)φ1 ≤ 3µ
2

(ii) λ1(A)φ1 ≤ 3µ
2

and λ1(B)φ1 >
3µ
2

(iii) λ1(A)φ1 >
3µ
2

and λ1(B)φ1 ≤ 3µ
2

(iv) λ1(A)φ1 >
3µ
2

and λ1(B)φ1 >
3µ
2
.

What remains to show is that, for each case there exists a pair (ã, b̃) ∈ Ξ that

satisfies the constraints (4.11), (4.14), and (4.15), along with ã < 1. We provide the

calculations for (iv) and omit the others as they follow similarly. Thus, we assume

the conditions of (iv) hold.

Let ã and b̃ be in the following intervals:

ã ∈ (
λ1(A)φ1 − 3µ

2

λ1(A)φ1 + λ1(A)
, 1− α2(λ1(B)φ1 + λ1(B))

2λn(A)λn(B)φ2
2(λ1(B) + 3µ

2
)
) (4.16a)
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b̃ ∈ (
λ1(B)φ1 − 3µ

2

λ1(B)φ1 + λ1(B)
, 1− α2

2(1− ã)λn(A)λn(B)φ2
2

), (4.16b)

such that (ã, b̃) ∈ Ξ. Then, since we have that

α2 < min

(
2µ2λn(A)λn(B)φ2

2

λ1(A)λ1(B)φ2
1

,
2λn(A)λn(B)φ2

2(λ1(B) + 3µ
2

)2

(λ1(B)φ1 + λ1(B))2

)
,

by the assumptions of Theorem 4.1.1, the pair (ã, b̃) satisfies the constraints (4.11), (4.14),

and (4.15), giving MA(ξ) ≺ 0. As such, there exists ξ ∈ Ξ such that the matrix

MA(ξ) is negative-definite, completing the proof; the other cases are proved analo-

gously, which finishes the proof.

Before continuing on to our fast convergence result, we make the following remark.

Remark 4.1.3. (On the parameter α): An important note is that the parameter

α can be generalized to be any symmetric matrix in Rn×n, without significant modi-

fications to the above proof. However, the choice of a real number is made because in

the case when F : Rn ×Rm → R where n 6= m, the algebra complicates significantly.

This choice is maintained in all of the results to follow. •

4.2 Fast Convergence of Strongly Convex-Strongly Concave Quadratic

Functions

In this section, we begin by providing a result for strongly convex-strongly concave

quadratic functions F : Rn ×Rn → R. We follow this with a corollary for the case of

scalar-valued functions.
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Theorem 4.2.1. Let F be a µ-strongly convex-strongly concave function defined by

F (x, y) = x>Ax− y>By + αx>y,

where A and B are positive-definite symmetric matrices in Rn×n, and α ∈ R. Suppose

that

α2 <min(2λn(A)λn(B)φ2
2,

2µλn(A)λn(B)φ2
2

λ1(B)φ1

,
2µλn(A)λn(B)φ2

2

λ1(A)φ1

,

2µ2λn(A)λn(B)φ2
2

λ1(A)λ1(B)φ2
1

,
2λn(A)λn(B)φ2

2µ
2

λ1(B)2φ2
1

). (4.17)

Then the trajectories of the dynamics (3.2) satisfy

η(F )(x(t), y(t)) ≤ O(e−βt), ∀t ≥ 0.

Proof. We use a time-varying Lyapunov function to prove the result. Let

V (q, ξ, t) =eβt
(
ãx>Ax+ b̃y>By +

µ

2
‖x∗ − z‖2 +

µ

2
‖y∗ − w‖2

)
, (4.18)

where ξ ∈ Ξ; this function is clearly nonnegative. To obtain the convergence rate, it

is sufficient to prove that there exists a ξ ∈ Ξ such that V is a Lyapunov function.

We define

Ṽ (q, ξ) =ãx>Ax+ b̃y>By +
µ

2
‖x∗ − z‖2 +

µ

2
‖y∗ − w‖2. (4.19)

To show that V is a Lyapunov function, it is sufficient to prove that there exists a
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ξ ∈ Ξ such that LΦṼ (q, ξ) ≤ −β̇tṼ (q, ξ). We now prove that the prior holds un-

der the assumptions of the result and then illustrate that this finishes the proof. To

begin, we note that the function Ṽ is exactly the Lyapunov function (4.2) from Theo-

rem 4.1.1. As such, by a calculation similar to the one in the proof of Theorem 4.1.1,

Ṽ satisfies (4.3), i.e.

LΦṼ (q, ξ) ≤− β̇t(−x>Ax− y>By +
µ

2
〈x, x〉+

µ

2
〈y, y〉+

µ

2
〈z, z〉+

µ

2
〈w,w〉

+ 2〈z, Ax〉+ 2〈w,By〉+
µ

2
‖x∗ − z‖2 +

µ

2
‖y∗ − w‖2 − µ〈z, x〉

− µ〈w, y〉+ α〈z, y〉 − α〈w, x〉 − y∗>By∗ + αx>y∗ − x∗>Ax∗

− αx∗>y − 2ã〈Ax, z〉+ 2ãx>Ax− ãα〈z, y∗〉+ ãαx>y∗ − 2b̃〈By,w〉

+ 2b̃y>By + b̃α〈w, x∗〉 − b̃αx∗>y). (4.20)

Rearrangement of (4.20) gives

LΦṼ (q, ξ) ≤− β̇t
(
ãx>Ax+ ãαx>y∗ + b̃y>By − b̃αx∗>y +

µ

2
‖x∗ − z‖2

+
µ

2
‖y∗ − w‖2

)
− β̇t

(
ãx>Ax+ b̃y>By − x>Ax− y>By +

µ

2
〈x, x〉

+
µ

2
〈y, y〉+

µ

2
〈z, z〉+

µ

2
〈w,w〉+ 2〈z, Ax〉+ 2〈w,By〉 − µ〈z, x〉

− µ〈w, y〉+ α〈z, y〉 − α〈w, x〉 − y∗>By∗ + αx>y∗ − x∗>Ax∗

− αx∗>y − 2ã〈Ax, z〉 − ãα〈z, y∗〉 − 2b̃〈By,w〉+ b̃α〈w, x∗〉
)
.
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Note that LΦṼ (q, ξ) ≤ −β̇tṼ (q, ξ) + β̇tq
>M(ξ)q, where M is defined as

M(ξ) =



(1− ã)A− µ
2
In (ã− 1)A+ µ

2
In 0 α

2
In

(ã− 1)A+ µ
2
In −µ

2
In −α

2
In 0

0 −α
2
In (1− b̃)B − µ

2
In (b̃− 1)B + µ

2
In

α
2
In 0 (b̃− 1)B + µ

2
In −µ

2
In


.

(4.21)

To prove that there exists ξ ∈ Ξ such that LΦṼ (q, ξ) ≤ −β̇tṼ (q, ξ), we need to show

there exists ξ such that M(ξ) is negative-semidefinite. Equivalently we show that

−M(ξ) is positive-semidefinite; we consider the matrix −M(ξ) written as in (4.22),

with submatrices C(ξ), D, and E(ξ) ∈ R2n×2n.

−M(ξ) =



(ã− 1)A+ µ
2
In −(ã− 1)A− µ

2
In 0 −α

2
In

−(ã− 1)A− µ
2
In

µ
2
In

α
2
In 0

0 α
2
In (b̃− 1)B + µ

2
In −(b̃− 1)B − µ

2
In

−α
2
In 0 −(b̃− 1)B − µ

2
In

µ
2
In


=

C(ξ) D

D> E(ξ)



(4.22)

By the Schur complement conditions we have that −M(ξ) is positive-semidefinite if

the following hold:

C(ξ) � 0 (4.23)
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E(ξ)−D>C(ξ)−1D � 0. (4.24)

We now determine constraints on ã and b̃ such that (4.23) and (4.24) are satisfied

using the Weyl and dual Weyl inequalities. We consider the first constraint, C(ξ) � 0,

or equivalently, λ2n(C(ξ)) > 0. First note that we can write the matrix C(ξ) in the

following form:

C(ξ) = (ã− 1)


 1 −1

−1 0

⊗ A
+

µ

2


 1 −1

−1 1

⊗ In
 .

Applying the dual Weyl inequality gives

λ2n(C(ξ)) ≥(ã− 1)

λ2


 1 −1

−1 0


× λn(A)


+
µ

2

λ2


 1 −1

−1 1


× λn(In)


=(ã− 1)λn(A)φ2. (4.25)

To get a lower bound on ã, we apply the Weyl inequality to λ1(C(ξ)) obtaining

λ1(C(ξ)) ≤(ã− 1)

λ1


 1 −1

−1 0


× λ1(A)

 (4.26)

+
µ

2

λ1


 1 −1

−1 1


× λ1(In)


=(ã− 1)(λ1(A)φ1) + µ. (4.27)
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Noting that the condition C(ξ) � 0 requires λ1(C(ξ)) > 0, using (4.27), we have that

ã > 1− µ

λ1(A)φ1

(4.28)

Then, to satisfy the requirement that λ2n(C(ξ)) > 0, by (4.25), we have the constraint

ã < 1. We now consider the constraint E(ξ)−D>C(ξ)−1D � 0, or equivalently that

λ2n(E(ξ) − D>C(ξ)−1D) ≥ 0. Noting that D>D = α2

2
I2n, we apply the dual Weyl

inequality to determine the following:

λ2n(E(ξ)−D>C(ξ)−1D) ≥λ2n(E(ξ))

+ λ2n(−D>C(ξ)−1D)

=λ2n(E(ξ))− λ1(C(ξ)−1D>D)

=λ2n(E(ξ))− α2

2
λ1(C(ξ)−1)

=λ2n(E(ξ))− α2

2λ2n(C(ξ))
. (4.29)

By similarity of E(ξ) with C(ξ), we obtain

λ2n(E(ξ)) ≥ (b̃− 1)λn(B)φ2. (4.30)

Combining inequalities (4.25), (4.29), and (4.13) with the requirement that λ2n(E(ξ)−

D>C(ξ)−1D) ≥ 0 gives

λ2n(E(ξ)−D>C(ξ)−1D) ≥(b̃− 1) (λn(B) (φ2))

− α2

2

(
1

(ã− 1)λn(A)φ2

)
≥ 0.
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Rearranging this equation places the following constraint on b̃:

b̃ ≤ 1− α2

2(1− ã)λn(A)λn(B)φ2
2

. (4.31)

Finally, we recall from [3] that the Schur complement condition for positive-semidefiniteness

can also be written as: if E(ξ) � 0 and C(ξ) − DE(ξ)−1D> � 0, then −M(ξ) � 0.

Using this formulation and the same procedure as above, we conclude that

b̃ > 1− µ

λ1(B)φ1

. (4.32)

Now, we note that constraints (4.28) and (4.32) must be combined with the fact that

ã and b̃ are defined as positive real numbers. This leads to the following four cases

to consider:

(i) µ
λ1(A)φ1

≥ 1 and µ
λ1(B)φ1

≥ 1

(ii) µ
λ1(A)φ1

≥ 1 and µ
λ1(B)φ1

< 1

(iii) µ
λ1(A)φ1

< 1 and µ
λ1(B)φ1

≥ 1

(iv) µ
λ1(A)φ1

< 1 and µ
λ1(B)φ1

< 1.

What remains to show is that, for each case there exists a pair (ã, b̃) = ξ ∈ Ξ that

satisfies the constraints (4.28), (4.31), and (4.32), along with ã < 1. We provide

the calculations for (iv) and omit the others due to similarity. Thus, we assume the

conditions of (iv) hold.

Now, let ã and b̃ be in the following intervals:

ã ∈ (1− µ

λ1(A)φ1

, 1− α2λ1(B)φ1

2λn(A)λn(B)φ2
2µ

) (4.33a)
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b̃ ∈ (1− µ

λ1(B)φ1

, 1− α2

2(1− ã)λn(A)λn(B)φ2
2

] (4.33b)

such that (ã, b̃) ∈ Ξ. Then, since we have that

α2 < min

(
2µ2λn(A)λn(B)φ2

2

λ1(A)λ1(B)φ2
1

,
2λn(A)λn(B)φ2

2µ
2

λ1(B)2φ2
1

)
,

by the assumptions of Theorem 4.2.1, the pair (ã, b̃) satisfies the constraints (4.28), (4.31),

and (4.32), giving M(ξ) � 0. As such, there exists ξ ∈ Ξ such that the matrix M(ξ)

is negative-semidefinite, and as such there exists ξ such that LΦṼ (q, ξ) ≤ −β̇tṼ (q, ξ).

The other cases are proved analogously and to illustrate that this proves the conver-

gence rate we note the following

V (q, ξ, t) =eβt
(
ãF (x, y∗)− b̃F (x∗, y) + (b̃− ã)F (x∗, y∗)

+
µ

2
‖x∗ − z‖2 +

µ

2
‖y∗ − w‖2

)
≥eβt(ãF (x, y∗)− b̃F (x∗, y) + (b̃− ã)F (x∗, y∗))

=eβtη(ã,b̃)(F )(x(t), y(t)).

Then, since LΦṼ (q, ξ) ≤ −β̇tṼ (q, ξ) implies LΦV (q, ξ, t) ≤ 0, we have that

eβtη(ã,b̃)(F )(x(t), y(t)) ≤ V (q0, ξ, 0),

for all t ≥ 0. This further implies that η(ã,b̃)(F )(x(t), y(t)) ≤ O(e−βt). Then, by

Lemma 3.1.1, we have η(F )(x(t), y(t)) ≤ O(e−βt) for all t ≥ 0, as claimed.
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Before continuing we make the following remark.

Remark 4.2.2. (On the use of the weighted convergence function): We

wish to emphasize the importance of using the weighted convergence function to

characterize the convergence rate; rather than choosing a single Lyapunov candidate

and checking the conditions of Theorem 2.2.4, we consider an entire class of Lyapunov

candidates, characterized by the variables ã and b̃. In particular, for most examples

η(F ) itself, i.e., with ã = b̃ = 1, is not a Lyapunov function. Illustrative examples are

included in Chapter 6. •

We now provide a corollary for the scalar case; as will become clear in the proof,

the result is slightly stronger than the one implied by Theorem 4.2.1.

Corollary 4.2.3. Let F : R × R → R be a µ-strongly convex-strongly concave

function defined by

F (x, y) = ax2 − by2 + αxy,

where a, b ∈ R>0, and α ∈ R. Assume 2α2 < µ2. Then the trajectories of the

dynamics (3.2) satisfy

η(F )(x(t), y(t)) ≤ O(e−βt), ∀t ≥ 0.

Proof. Similar to the proof of Theorem 4.2.1, we will use the time-varying Lyapunov

candidate (4.18) to prove the result. We prove that there exists ξ ∈ Ξ such that the

matrix M(ξ) is negative-semidefinite. To simplify the algebra, we use the substitu-

tions ā = aã, b̄ = bb̃ and ξ̄ = (ā, b̄). We show that there exists ξ̄ such that MR(ξ̄) is

negative-semidefinite, where MR(ξ̄) is as in (4.34).
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MR(ξ̄) =



−µ
2
− ā+ a µ

2
+ ā− a 0 α

2

µ
2

+ ā− a −µ
2

−α
2

0

0 −α
2

−µ
2
− b̄+ b µ

2
+ b̄− b

α
2

0 µ
2

+ b̄− b −µ
2


(4.34)

Sylvester’s Criterion (Theorem 2.1.3) provides the following four constraints that

when satisfied, MR(ξ̄) is negative-semidefinite:

ā ∈
(
a− µ

2
, a
)

b̄ ∈
(
b− µ

2
, b
)

4(a− ā)(b̄− b+
µ

2
) > α2 α2 > 12(b̄− b+

µ

3
)(a− ā).

To satisfy these conditions we let ã and b̃ be in the following intervals:

ā ∈ (a− µ

2
, a− α2

µ
), and (4.36a)

b̄ ∈ (b− µ

2
, b)
⋂

(b− (
µ

2
− α2

4(a− ā)
), b− (

µ

3
− α2

12(a− ā)
)). (4.36b)

The condition that ā < a− α2

µ
guarantees that the second interval in (4.36b) is well-

defined. By the assumption that 2α2 < µ2, we have both that (4.36a) is well defined

and the intersection in (4.36b) is non-empty. Thus, by choosing ξ̄ = (ā, b̄) from the

above intervals such that ā ≥ b̄, we have that MR(ξ̄) is negative-semidefinite, which

completes the proof.

A result on the convergence of the dynamics (3.2) for strongly convex-strongly

concave quadratic functions in which the saddle point is not at the origin will be
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included in Chapter 5 to conclude our discussion on quadratic functions.
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Chapter 5

Fast Convergence for Strongly Convex-Strongly

Concave Functions

In this chapter, we present results for the local asymptotic and fast convergence of

general strongly convex-strongly concave functions as extensions upon the quadratic

results provided in Chapter 4. We additionally discuss the reasons for the locality of

the results, and provide some useful corollaries.

5.1 Asymptotic Convergence of Strongly Convex-Strongly Concave Func-

tions

In this section, we will provide two results proving local asymptotic convergence

of the dynamics (3.2). The first uses a perturbation argument on the Lyapunov

candidate (4.18) used in the proofs of Theorems 4.1.1 and 4.2.1. The second result

will be proved using a second Lyapunov function.

Theorem 5.1.1. Let F : Rn × Rn → R be a µ-strongly convex-strongly concave

function whose saddle point is at (x∗, y∗). Let h(x, y) = x>Ax − y>By + αx>y with

A,B ∈ Rn×n positive-definite symmetric matrices, and α ∈ R such that h is strongly
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convex-strongly concave with coefficient µh ≥ µ. Then, let g(x, y) = F (x, y)−h(x, y).

Now, define the following constants

ψ1 = min{(1− µ

λ1(A)φ1

)λn(A), (1− µ

λ1(B)φ1

)λn(B),
µ

2
}

ψ2 = max{2‖A‖, 2‖B‖, µ}.

Suppose that g(x, y) satisfies

‖∇g(x− x∗, y − y∗)‖ ≤ ψ1µ

ψ2

‖q− q∗‖

in a neighbourhood I of the equilibrium point of the dynamics (3.2), corresponding to

the saddle point. Then, if the conditions of Theorem 4.2.1 are satisfied, the first and

third components of the trajectories of the dynamics (3.2) are locally asymptotically

stable to the saddle point.

Proof. Without loss of generality, we assume the saddle point is at the origin. Let

V (q, ξ) = ãx>Ax+ b̃y>By +
µ

2
‖z‖2 +

µ

2
‖w‖2. (5.1)

The function is nonnegative; we show that there exists ξ ∈ Ξ such that LΦV (q, ξ) < 0

for all q ∈ I. Let f̃ , g̃ : R4n → R4n be defined as

f̃(q) =



z − x

−(z − x)− 1
µ
(2Ax+ αy)

w − y

−(w − y) + 1
µ
(−2By + αx)
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g̃(q) =



0

− 1
µ
∇xg(x, y)

0

1
µ
∇yg(x, y)


.

First, we have that

LΦV (q, ξ) =
∂V

∂q
(β̇t(f̃(q) + g̃(q)))

=
∂V (q, ξ)

∂q
(β̇tf̃(q)) +

∂V (q, ξ)

∂q
(β̇tg̃(q)).

Since the assumptions of Theorem (4.2.1) are satisfied, we have that for some ξ

LΦV (q, ξ) < −β̇tV (q, ξ) +
∂V (q, ξ)

∂q
(β̇tg̃(q))

< −β̇tV (q, ξ) + β̇t‖
∂V (q, ξ)

∂q
‖‖g̃(q)‖.

Now, since ‖g̃(q)‖ = 1
µ
‖∇g(q)‖, to illustrate LΦV (q, ξ) < 0 it is sufficient to show

−β̇tV (q, ξ) + β̇t‖∂V (q,ξ)
∂q
‖( 1

µ
‖∇g(q)‖) < 0 for all q such that ‖q‖ 6= 0. We first note

that

ψ1‖q‖2 < V (q, ξ), and (5.2)

‖∂V (q, ξ)

∂q
‖ ≤ ψ2‖q‖. (5.3)

We thus have

−β̇tV (q, ξ) + β̇t‖
∂V (q, ξ)

∂q
‖( 1

µ
‖∇g(q)‖) < 0
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⇒ ‖∂V (q, ξ)

∂q
‖( 1

µ
‖∇g(q)‖) < V (q, ξ), (5.4)

by rearragement and cancelation of the term β̇t. Then, applying (5.2) and (5.3), we

have that if

ψ2‖q‖(
1

µ
‖∇g(q)‖) < ψ1‖q‖2

⇒ ‖∇g(q)‖ < ψ1µ

ψ2

‖q‖,

holds, then (5.4) is satisfied. Therefore, under the assumptions of Theorem 5.1.1

there exists ξ ∈ Ξ such that LΦV (q, ξ) < 0, for all q ∈ I, and as such, the first

and third components of the dynamics (3.2) are locally asymptotically stable to the

saddle point.

Before moving on to the second result, we make the following remark.

Remark 5.1.2. (On the selection of A and B in h.): Even though the function

h in Theorem 5.2.1 can be chosen arbitrarily as far as the indicated conditions are

satisfied, one natural choice is allowing A = ∇xxF (0, 0) and B = −∇yyF (0, 0), since

∇xxF � 0 and ∇yyF ≺ 0. •

Next, let F : Rn×Rn → R be a µ-strongly convex-strongly concave function with

a saddle point at (x∗, y∗) and let g : Rn×Rn → R. Let GA : R4n×Ξ→ R. We define

GA(q, ξ) :=(x∗ − z)>∇xg(x, y) + ã(z − x)>∇xg(x, y∗)

+ (w − y∗)>∇yg(x, y) + b̃(y − w)>∇yg(x∗, y)

bA(ξ)> :=

(
−α(1 + ã)y∗> (ãαy∗ + µx∗)> α(1 + b̃)x∗> (−b̃αx∗ + µy∗)>

)
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p1(ξ) :=y∗>By∗ + x∗>Ax∗ − µ

2
x∗>x∗ − µ

2
y∗>y∗.

We are now ready to state the result.

Theorem 5.1.3. Let F : Rn × Rn → R be a µ-strongly convex-strongly concave

function whose saddle point is at (x∗, y∗). Let h(x, y) = x>Ax − y>By + αx>y with

A,B ∈ Rn×n positive-definite symmetric matrices, and α ∈ R such that h is strongly

convex-strongly concave with coefficient µh ≥ µ. Then, let g(x, y) = F (x, y)−h(x, y).

Then, if there exists ξ ∈ Ξ and a neighbourhood U ⊂ R4n such that

sup
q∈U

pA(q, ξ) < 0, (5.5)

where pA : R4n × Ξ→ R is given by

pA(q, ξ) = q>MA(ξ)q + bA(ξ)q +GA(q, ξ) + p1(ξ),

and MA(ξ) is as in (4.5), the first and third components of the trajectories of the

dynamics (3.2) are locally asymptotically stable to the saddle point.

Proof. Let

VA(q, ξ) = ãF (x, y∗)− b̃F (x∗, y) + (b̃− ã)F (x∗, y∗) +
µ

2
||x∗ − z||2 +

µ

2
||y∗ − w||2.

(5.6)

We show that there exists ξ ∈ Ξ and neighbourhood U ⊂ R4n such that
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LΦVA(q, ξ) < 0 for all q ∈ U. To this end, by the definition of F , we have that

VA(q, ξ) =

(
ã(x>Ax− y∗>By∗ + αx>y∗)− b̃(x∗>Ax∗ − y>By + αx∗>y)

+ (b̃− ã)(x∗>Ax∗ − y∗>By∗ + αx∗>y∗) +
µ

2
‖x∗ − z‖2 +

µ

2
‖y∗ − w‖2

)
+ ãg(x, y∗)− b̃g(x∗, y) + (b̃− ã)g(x∗, y∗). (5.7)

Now, define

VA1(q, ξ) =ã(x>Ax− y∗>By∗ + αx>y∗)− b̃(x∗>Ax∗ − y>By + αx∗>y)

+ (b̃− ã)(x∗>Ax∗ − y∗>By∗ + αx∗>y∗) +
µ

2
‖x∗ − z‖2

+
µ

2
‖y∗ − w‖2, (5.8)

and

VA2(q, ξ) =ãg(x, y∗)− b̃g(x∗, y) + (b̃− ã)g(x∗, y∗). (5.9)

By taking the Lie derivative of VA1(q, ξ) along the flow Φ, we have

LΦVA1(q, ξ) =2ã〈Ax, ẋ〉+ ãα〈ẋ, y∗〉+ 2b̃〈By, ẏ〉 − b̃α〈ẏ, x∗〉 − µ〈x∗ − z, ż〉

− µ〈y∗ − w, ẇ〉.

Substituting z, ż, w and ẇ using (3.2) gives

LΦVA1(q, ξ) =
(

2ã〈Ax, ẋ〉+ ãα〈ẋ, y∗〉+ 2b̃〈By, ẏ〉 − b̃α〈ẏ, x∗〉
)
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+ 〈x∗ − 1

β̇t
ẋ− x, µẋ+ β̇t(2Ax+ αy +∇xg(x, y))〉

+ 〈y∗ − 1

β̇t
ẏ − y, µẏ − β̇t(−2By + αx+∇yg(x, y))〉.

Now, noting that

〈x∗ − 1

β̇t
ẋ− x, µẋ+ β̇t(2Ax+ αy)〉 =〈x∗ − 1

β̇t
ẋ− x, µẋ〉+ β̇t〈x∗ − x, (2Ax+ αy)〉

− 〈ẋ, 2Ax+ αy〉

and

〈y∗ − 1

β̇t
ẏ − y, µẏ − β̇t(−2By + αx)〉 = 〈y∗ − 1

β̇t
ẏ − y, µẏ〉 − β̇t〈y∗ − y, (−2By + αx)〉

+ 〈ẏ,−2By + αx〉,

we obtain

LΦVA1(q, ξ) =〈x∗ − 1

β̇t
ẋ− x, µẋ〉+ β̇t〈x∗ − x,∇xh(x, y)〉 − 〈ẋ, 2Ax+ αy〉

+ 〈y∗ − 1

β̇t
ẏ − y, µẏ〉 − β̇t〈y∗ − y,∇yh(x, y)〉+ 〈ẏ,−2By + αx〉

+ 2ã〈Ax, ẋ〉+ ãα〈ẋ, y∗〉+ 2b̃〈By, ẏ〉 − b̃α〈ẏ, x∗〉

+ 〈x∗ − 1

β̇t
ẋ− x, β̇t∇xg(x, y)〉+ 〈y∗ − 1

β̇t
ẏ − y,−β̇t∇yg(x, y)〉,

since ∇xh(x, y) = 2Ax + αy, and ∇yh(x, y) = −2By + αx. By applying strong
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convexity-strong concavity and the fact that µh ≥ µ, we have

LΦVA1(q, ξ) ≤〈x∗ −
1

β̇t
ẋ− x, µẋ〉 − 〈ẋ, 2Ax+ αy〉+ 〈y∗ − 1

β̇t
ẏ − y, µẏ〉

+ 〈ẏ,−2By + αx〉 − β̇t(x>Ax− y>By + αx>y − (x∗>Ax∗ − y>By

+ αx∗>y) +
µ

2
‖x∗ − x‖2)− β̇t(−(x>Ax− y>By + αx>y) + x>Ax

− y∗>By∗ + αx>y∗ +
µ

2
‖y∗ − y‖2) + 2ã〈Ax, ẋ〉+ ãα〈ẋ, y∗〉+ 2b̃〈By, ẏ〉

− b̃α〈ẏ, x∗〉+ 〈x∗ − 1

β̇t
ẋ− x, β̇t∇xg(x, y)〉+ 〈y∗ − 1

β̇t
ẏ − y,−β̇t∇yg(x, y)〉.

By cancelation and rearranging, we obtain

LΦVA1(q, ξ) ≤〈x∗ −
1

β̇t
ẋ− x, µẋ〉 − 〈ẋ, 2Ax+ αy〉+ 〈y∗ − 1

β̇t
ẏ − y, µẏ〉

+ 〈ẏ,−2By + αx〉 − β̇t(x>Ax− y∗>By∗ + αx>y∗ − x∗>Ax∗ + y>By

− αx∗>y +
µ

2
‖x∗ − x‖2 +

µ

2
‖y∗ − y‖2) + 2ã〈Ax, ẋ〉+ ãα〈ẋ, y∗〉

+ 2b̃〈By, ẏ〉 − b̃α〈ẏ, x∗〉+ 〈x∗ − 1

β̇t
ẋ− x, β̇t∇xg(x, y)〉

+ 〈y∗ − 1

β̇t
ẏ − y,−β̇t∇yg(x, y)〉.

Now, since ẋ = β̇t(z − x), and ẏ = β̇t(w − y), we have that

LΦVA1(q, ξ) ≤β̇t〈x∗ − z, µ(z − x)〉 − β̇t〈z − x, 2Ax+ αy〉+ β̇t〈y∗ − w, µ(w − y)〉

+ β̇t〈w − y,−2By + αx〉 − β̇t(x>Ax− y∗>By∗ + αx>y∗

− x∗>Ax∗ + y>By − αx∗>y +
µ

2
‖x∗ − x‖2 +

µ

2
‖y∗ − y‖2)

+ β̇t(2ã〈Ax, z − x〉+ ãα〈z − x, y∗〉+ 2b̃〈By,w − y〉 − b̃α〈w − y, x∗〉)

+ β̇t〈x∗ − z,∇xg(x, y)〉 − β̇t〈y∗ − w,∇yg(x, y)〉.
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Expansion of the inner products and norms now gives

LΦVA1(q, ξ) ≤− β̇t(−µ〈x∗, z〉+ µ〈x∗, x〉+ µ〈z, z〉 − µ〈z, x〉+ 2〈z, Ax〉+ α〈z, y〉

− 2x>Ax− α〈x, y〉 − µ〈y∗, w〉+ µ〈y∗, y〉+ µ〈w,w〉 − µ〈w, y〉

+ 2〈w,By〉 − α〈w, x〉 − 2y>By + α〈y, x〉+ x>Ax− y∗>By∗

+ αx>y∗ − x∗>Ax∗ + y>By − αx∗>y +
µ

2
(〈x∗, x∗〉 − 2〈x∗, x〉

+ 〈x, x〉) +
µ

2
(〈y∗, y∗〉 − 2〈y∗, y〉+ 〈y, y〉)− 2ã〈Ax, z〉+ 2ãx>Ax

− ãα〈z, y∗〉+ ãαx>y∗ − 2b̃〈By,w〉+ 2b̃y>By + b̃α〈w, x∗〉

− b̃αx∗>y) + β̇t〈x∗ − z,∇xg(x, y)〉 − β̇t〈y∗ − w,∇yg(x, y)〉.

Now, by factoring and noting that

µ

2
(〈x∗, x∗〉 − 2〈x∗, z〉+ 〈z, z〉) =

µ

2
‖x∗ − z‖2

µ

2
(〈y∗, y∗〉 − 2〈y∗, w〉+ 〈w,w〉) =

µ

2
‖y∗ − w‖2,

we have

LΦVA1(q, ξ) ≤− β̇t(−x>Ax− y>By +
µ

2
〈x, x〉+

µ

2
〈y, y〉+

µ

2
〈z, z〉+

µ

2
〈w,w〉

+ 2〈z, Ax〉+ 2〈w,By〉+
µ

2
‖x∗ − z‖2 +

µ

2
‖y∗ − w‖2 − µ〈z, x〉

− µ〈w, y〉+ α〈z, y〉 − α〈w, x〉 − y∗>By∗ + αx>y∗ − x∗>Ax∗

− αx∗>y − 2ã〈Ax, z〉+ 2ãx>Ax− ãα〈z, y∗〉+ ãαx>y∗ − 2b̃〈By,w〉

+ 2b̃y>By + b̃α〈w, x∗〉 − b̃αx∗>y) + β̇t〈x∗ − z,∇xg(x, y)〉
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− β̇t〈y∗ − w,∇yg(x, y)〉.

(5.10)

Now, taking the Lie derivative of VA2(q, ξ), we have

LΦVA2(q, ξ) =ã〈∇xg(x, y∗), ẋ〉 − b̃〈∇yg(x∗, y), ẏ〉

=β̇t(ã〈z − x,∇xg(x, y∗)〉 − b̃〈w − y,∇yg(x∗, y)〉).

(5.11)

Then, by summing and rearranging (5.10) and (5.11), we get

LΦVA(q, ξ) ≤β̇t
(
− 2ãx>Ax− 2b̃y>By + x>Ax+ y>By − µ

2
〈x, x〉

− µ

2
〈y, y〉 − µ

2
〈z, z〉 − µ

2
〈w,w〉 − 2〈z, Ax〉

− 2〈w,By〉+ µ〈z, x〉+ µ〈w, y〉 − α〈z, y〉+ α〈w, x〉

+ 2ã〈Ax, z〉+ 2b̃〈By,w〉+ y∗>By∗ − αx>y∗

+ x∗>Ax∗ + αx∗>y + ãα〈z, y∗〉 − b̃α〈w, x∗〉

+ 〈x∗ − z,∇xg(x, y)〉 − 〈y∗ − w,∇yg(x, y)〉

+ ã〈∇xg(x, y∗), z − x〉 − b̃〈∇yg(x∗, y), w − y〉

− ãαx>y∗ + b̃αx∗>y − µ

2
||x∗ − z||2 − µ

2
||y∗ − w||2

)
. (5.12)

We note that we can write (5.12) as LΦVA(q, ξ) ≤ β̇tpA(q, ξ). Then, since by assump-

tion we have that there exists ξ ∈ Ξ and neighbourhood U such that

sup
q∈U

pA(q, ξ) < 0,
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we have that LΦVA(q, ξ) < 0 for all q ∈ U. As such VA(q, ξ) is a Lyapunov function on

the neighbourhood U, implying that the first and third components of the trajectories

of the dynamics (3.2) are locally asymptotically stable to the saddle point.

Remark 5.1.4. (Comparison of asymptotic results): While the conditions of

Theorem 5.1.1 do appear simpler than those for Theorem 5.1.3, it is not possible to

identify which of the results provides a larger invariant set upon which the dynam-

ics (3.2) are asymptotically stable. In addition, we note that while the conditions of

Theorems 5.1.1 and 5.1.3 appear to be complicated, in some cases it is possible to

compute the sets I and U explicitly, as will be seen in Corollary 5.3.2. •

5.2 Fast Convergence of Strongly Convex-Strongly Concave Functions

In this section, we provide conditions for the local fast convergence to the saddle

point of general strongly convex-strongly concave functions. The result is similar in

form to Theorem 5.1.3 for local asymptotic convergence. Before stating the result,

we define the following functions. Let F : Rn × Rn → R be a µ-strongly convex-

strongly concave function with a saddle point (x∗, y∗) and let g : Rn × Rn → R be a

differentiable function. Let G : R4n × Ξ→ R. Then define the following

G(q, ξ) :=(x∗ − z)>∇xg(x, y) + ã(z − x)>∇xg(x, y∗)

+ (w − y∗)>∇yg(x, y) + b̃(y − w)>∇yg(x∗, y)

+ ãg(x, y∗)− b̃g(x∗, y) (5.13)

b(ξ)> :=

(
−αy∗> ãαy∗> αx∗> −b̃αx∗>

)
(5.14)

p0(ξ) :=(1− ã)x∗>Ax∗ + (1− b̃)y∗>By∗
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+ (b̃− ã)(αx∗>y∗ + g(x∗, y∗)). (5.15)

Theorem 5.2.1. Let h(x, y) = x>Ax − y>By + αx>y with A,B ∈ Rn×n positive-

definite symmetric matrices, and α ∈ R such that h is strongly convex-strongly concave

with coefficient µh ≥ µ. Let F : Rn×Rn → R be a µ-strongly convex-strongly concave

function whose saddle point is at (x∗, y∗) and let g(x, y) = F (x, y)− h(x, y). Then, if

there exists ξ ∈ Ξ and neighbourhood U ⊂ R4n such that

sup
q∈U

p(q, ξ) ≤ 0 (5.16)

where p : R4n × Ξ→ R is defined by

p(q, ξ) = q>M(ξ)q + b(ξ)>q +G(q, ξ) + p0(ξ), (5.17)

and M(ξ) is as in(4.21), the trajectories of the dynamics (3.2) locally satisfy

η(F )(x(t), y(t)) ≤ O(e−βt)

for all t ≥ 0.

Proof. We use a time-varying local Lyapunov function to prove the result. Let

V (q, ξ, t) =eβt
(
ãF (x, y∗)− b̃F (x∗, y) + (b̃− ã)F (x∗, y∗) +

µ

2
‖x∗ − z‖2 +

µ

2
‖y∗ − w‖2

)
,

(5.18)

where ξ ∈ Ξ; this function is clearly nonnegative. To obtain the convergence rate, it

is sufficient to prove that there exists ξ ∈ Ξ such that V is a Lyapunov function in
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the neighbourhood U. We define

Ṽ (q, ξ) =ãF (x, y∗)− b̃F (x∗, y) + (b̃− ã)F (x∗, y∗)

+
µ

2
‖x∗ − z‖2 +

µ

2
‖y∗ − w‖2. (5.19)

We show that there exists ξ ∈ Ξ such that LΦṼ (q, ξ) ≤ −β̇tṼ (q, ξ) for all q ∈ U,

where LΦ denotes the Lie derivative along the flow Φ, given in (3.2). We now prove

the prior and then illustrate that this finishes the proof. To this end, note that

Ṽ (q, ξ) is exactly VA(q, ξ), defined in (5.6). Then, relabeling VA1(q, ξ) = Ṽ1(q, ξ) and

VA2(q, ξ) = Ṽ2(q, ξ), from (5.8) and (5.9), respectively, we have Ṽ (q, ξ) = Ṽ1(q, ξ) +

Ṽ2(q, ξ). Beginning by taking the Lie derivative of Ṽ1(q, ξ) along the flow Φ, and

utilizing the calculations from the proof of Theorem 5.1.3, we achieve (5.10), i.e.

LΦṼ1(q, ξ) ≤− β̇t(−x>Ax− y>By +
µ

2
〈x, x〉+

µ

2
〈y, y〉+

µ

2
〈z, z〉+

µ

2
〈w,w〉

+ 2〈z, Ax〉+ 2〈w,By〉+
µ

2
‖x∗ − z‖2 +

µ

2
‖y∗ − w‖2 − µ〈z, x〉

− µ〈w, y〉+ α〈z, y〉 − α〈w, x〉 − y∗>By∗ + αx>y∗ − x∗>Ax∗

− αx∗>y − 2ã〈Ax, z〉+ 2ãx>Ax− ãα〈z, y∗〉+ ãαx>y∗ − 2b̃〈By,w〉

+ 2b̃y>By + b̃α〈w, x∗〉 − b̃αx∗>y) + β̇t〈x∗ − z,∇xg(x, y)〉

− β̇t〈y∗ − w,∇yg(x, y)〉. (5.20)

Rearrangement of (5.20) then gives

LΦṼ1(q, ξ) ≤− β̇t
(
ãx>Ax+ ãαx>y∗ + b̃y>By − b̃αx∗>y +

µ

2
‖x∗ − z‖2

+
µ

2
‖y∗ − w‖2

)
− β̇t

(
ãx>Ax+ b̃y>By − x>Ax− y>By +

µ

2
〈x, x〉
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+
µ

2
〈y, y〉+

µ

2
〈z, z〉+

µ

2
〈w,w〉+ 2〈z, Ax〉+ 2〈w,By〉 − µ〈z, x〉

− µ〈w, y〉+ α〈z, y〉 − α〈w, x〉 − y∗>By∗ + αx>y∗ − x∗>Ax∗

− αx∗>y − 2ã〈Ax, z〉 − ãα〈z, y∗〉 − 2b̃〈By,w〉+ b̃α〈w, x∗〉

− 〈x∗ − z,∇xg(x, y)〉+ 〈y∗ − w,∇yg(x, y)〉
)
.

Now, adding and subtracting the constant terms (b̃− ã)(x∗>Ax∗ − y∗By∗ + αx∗>y∗)

from the expansion of (5.18) (See (5.7)), we obtain

LΦṼ1(q, ξ) ≤− β̇t
(
ãx>Ax+ ã(y∗>By∗ − y∗>By∗) + ãαx>y∗ + b̃(x∗>Ax∗ − x∗>Ax∗)

+ b̃y>By − b̃αx∗>y +
µ

2
‖x∗ − z‖2 +

µ

2
‖y∗ − w‖2 + (b̃− ã)(x∗>Ax∗

− y∗>By∗ + αx∗>y∗)− (b̃− ã)(x∗>Ax∗ − y∗>By∗ + αx∗>y∗)

)
− β̇t

(
ãx>Ax+ b̃y>By − x>Ax− y>By +

µ

2
〈x, x〉+

µ

2
〈y, y〉+

µ

2
〈z, z〉

+
µ

2
〈w,w〉+ 2〈z, Ax〉+ 2〈w,By〉 − µ〈z, x〉 − µ〈w, y〉+ α〈z, y〉

− α〈w, x〉 − y∗>By∗ + αx>y∗ − x∗>Ax∗ − αx∗>y − 2ã〈Ax, z〉

− ãα〈z, y∗〉 − 2b̃〈By,w〉 − 〈x∗ − z,∇xg(x, y)〉+ 〈y∗ − w,∇yg(x, y)〉
)
.

Then, by factoring, we have

LΦṼ1(q, ξ) ≤− β̇t(Ṽ1(q, ξ)) + β̇t

(
− ãx>Ax− b̃y>By + x>Ax+ y>By − µ

2
〈x, x〉

− µ

2
〈y, y〉 − µ

2
〈z, z〉 − µ

2
〈w,w〉 − 2〈z, Ax〉 − 2〈w,By〉+ µ〈z, x〉

+ µ〈w, y〉 − α〈z, y〉+ α〈w, x〉+ y∗>By∗ − αx>y∗ + x∗>Ax∗ + αx∗>y

+ 2ã〈Ax, z〉+ ãα〈z, y∗〉+ 2b̃〈By,w〉 − b̃α〈w, x∗〉+ (b̃− ã)(x∗>Ax∗
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− y∗>By∗ + αx∗>y∗)− ãy∗>By∗ − b̃x∗>Ax∗ + 〈x∗ − z,∇xg(x, y)〉

− 〈y∗ − w,∇yg(x, y)〉
)
.

(5.21)

Now, taking the Lie derivative of Ṽ2(q, ξ) we have

LΦṼ2(q, ξ) =ã〈∇xg(x, y∗), ẋ〉 − b̃〈∇yg(x∗, y), ẏ〉

=β̇t(ã〈z − x,∇xg(x, y∗)〉 − b̃〈w − y,∇yg(x∗, y)〉).

(5.22)

By summing (5.21) and (5.22) we obtain

LΦṼ (q, ξ) ≤− β̇t(Ṽ1(q, ξ)) + β̇t

(
− ãx>Ax− b̃y>By + x>Ax+ y>By − µ

2
〈x, x〉

− µ

2
〈y, y〉 − µ

2
〈z, z〉 − µ

2
〈w,w〉 − 2〈z, Ax〉 − 2〈w,By〉+ µ〈z, x〉

+ µ〈w, y〉 − α〈z, y〉+ α〈w, x〉+ y∗>By∗ − αx>y∗ + x∗>Ax∗

+ αx∗>y + 2ã〈Ax, z〉+ ãα〈z, y∗〉+ 2b̃〈By,w〉 − b̃α〈w, x∗〉

+ (b̃− ã)(x∗>Ax∗ − y∗>By∗ + αx∗>y∗)− ãy∗>By∗ − b̃x∗>Ax∗

+ 〈x∗ − z,∇xg(x, y)〉 − 〈y∗ − w,∇yg(x, y)〉+ ã〈z − x,∇xg(x, y∗)〉

− b̃〈w − y,∇yg(x∗, y)〉
)
.

Finally, by adding and subtracting β̇tṼ2(q, ξ) = β̇t(ãg(x, y∗)−b̃g(x∗, y)+(b̃−ã)g(x∗, y∗)),
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we have

LΦṼ (q, ξ) ≤− β̇t(Ṽ1(q, ξ) + Ṽ2(q, ξ)) + β̇t

(
− ãx>Ax− b̃y>By + x>Ax+ y>By

− µ

2
〈x, x〉 − µ

2
〈y, y〉 − µ

2
〈z, z〉 − µ

2
〈w,w〉 − 2〈z, Ax〉 − 2〈w,By〉+ µ〈z, x〉

+ µ〈w, y〉 − α〈z, y〉+ α〈w, x〉+ y∗>By∗ − αx>y∗ + x∗>Ax∗ + αx∗>y

+ 2ã〈Ax, z〉+ ãα〈z, y∗〉+ 2b̃〈By,w〉 − b̃α〈w, x∗〉+ (b̃− ã)(x∗>Ax∗

− y∗>By∗ + αx∗>y∗)− ãy∗>By∗ − b̃x∗>Ax∗ + 〈x∗ − z,∇xg(x, y)〉

− 〈y∗ − w,∇yg(x, y)〉+ ã〈z − x,∇xg(x, y∗)〉 − b̃〈w − y,∇yg(x∗, y)〉

+ ãg(x, y∗)− b̃g(x∗, y) + (b̃− ã)g(x∗, y∗)

)
.

(5.23)

Now, note that (5.23) can be written as LΦṼ (q, ξ) ≤ −β̇t(Ṽ (q, ξ)) + β̇tp(q, ξ), where

p is defined in (5.17). Then, since by the assumption there exists ξ such that

supq∈U p(q, ξ) ≤ 0, we have that LΦṼ (q, ξ) ≤ −β̇t(Ṽ (q, ξ)) for all q ∈ U. Thus (5.18)

is a Lyapunov function on U. We now illustrate that this completes the proof. First,

note that since LΦṼ (q, ξ) ≤ −β̇tṼ (q, ξ), we have LΦṼ (q, ξ) < 0 outside the equilbir-

ium set. Secondly, we see that

V (q, ξ, t) =eβt
(
ãF (x, y∗)− b̃F (x∗, y) + (b̃− ã)F (x∗, y∗)

+
µ

2
‖x∗ − z‖2 +

µ

2
‖y∗ − w‖2

)
≥eβt(ãF (x, y∗)− b̃F (x∗, y) + (b̃− ã)F (x∗, y∗))

=eβtη(ã,b̃)(F )(x(t), y(t)).
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Then, the fact that LΦV (q, ξ, t) < 0 for all q ∈ U\{(x∗, y∗)} implies that there exists

an invariant neighbourhood W ⊂ U inside which eβtη(ã,b̃)(F )(x(t), y(t)) ≤ V (q0, ξ, 0)

for all t ≥ 0. This further implies that η(ã,b̃)(F )(x(t), y(t)) ≤ O(e−βt) within W.

Then, by Lemma 3.1.1, we have that η(F )(x(t), y(t)) ≤ O(e−βt) holds locally for all

t ≥ 0, as claimed.

Remark 5.2.2. In only proving local convergence to the saddle points for the dy-

namics (3.2), Theorems 5.1.1, 5.1.3 and 5.2.1 are quite restrictive. As asymptotic

convergence to the saddle point for strongly convex-strongly concave functions can

be achieved globally by the standard saddle-point dynamics (2.22) it does appear

that using the dynamics (3.2) is a regression from the traditional method. However,

our simulations suggest that the area for which the dynamics converge appears to be

large, leading to the belief that less restrictive sufficient conditions could be found.

Thus, while we have only proven local convergence, a different Lyapunov function

could potentially be used to prove convergence for the dynamics (3.2), perhaps even

globally. It is also important to note that the quadratic results obtained in Chapter 4

can be considered as special cases of the general results provided in this chapter. As

those results are global, it shows that for at least certain cases, the dynamics (3.2)

do converge globally. Finally, even though the conditions for the asymptotic and fast

convergence of general strongly convex-strongly concave functions are complicated,

in the following section it shall be shown that classes of functions exist for which they

can be computed explicitly. •
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5.3 Corollaries

In this section, we provide two corollaries of Theorem 5.2.1. In particular, we consider

the case when g(x, y) = cx2 + dy2, which is a quadratic function in which the saddle

point is not at the origin, and the case in which the function g(x, y) = ε(x4 − y4),

where x, y ∈ R and ε ∈ R>0. For the first corollary, we show that global convergence

can be achieved, while for the second, the sets I and U, given in Theorem 5.1.1 and

Theorem 5.2.1, respectively, are calculated explicitly.

In the first corollary, we consider scalar functions of the following form

F (x, y) = ax2 − by2 + αxy + cx+ dy,

where a, b ∈ R>0 and α, c, d ∈ R. It is straightforward to calculate that the saddle

point, (x∗, y∗), of F is the following

x∗ =
−2bc− αd
4ab+ α2

y∗ =
2ad− αc
4ab+ α2

.

We now state the result.

Corollary 5.3.1. Let F : R × R → R be a µ-strongly convex-strongly concave

function defined by

F (x, y) = ax2 − by2 + αxy + cx+ dy

where a, b ∈ R>0 and α, c, d ∈ R. Denote the saddle point of F by (x∗, y∗), let

(ã, b̃) ∈ Ξ and let the matrix M(ξ) be defined as (4.21). In addition, define the
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following:

bL(ξ)> =

(
−αy∗ ãc− c+ ãαy∗ αx∗ d− b̃d− b̃αx∗

)
(5.24)

pL(ξ) =(1− ã)ax∗2 + (1− b̃)by∗2 + (b̃− ã)(αx∗y∗)

+ (1− ã)cx∗ + (b̃− 1)dy∗. (5.25)

Then, if there exists ξ ∈ Ξ such that

ã ∈ (1− µ

2a
, 1− α2

µa
), (5.26a)

b̃ ∈ (1− µ

2b
, 1) ∩ (1− (

µ

2b
− α2

4(1− ã)b
), 1− (

µ

3b
− α2

12(1− ã)b
)), (5.26b)

and

−1

4
bL(ξ)>M(ξ)−1bL(ξ) + p0(ξ) ≤ 0,

the trajectories of the dynamics (3.2) satisfy

η(F )(x(t), y(t)) ≤ O(e−βt)

for all t ≥ 0.

Proof. First, we note that this is the case of Theorem 5.2.1 in which g(x, y) is de-

fined as cx + dy. In this case the function p, given in (5.17), simplifies to p(q, ξ) =

q>M(ξ)q + bL(ξ)>q + pL(ξ), with M(ξ) given in (4.21), bL(ξ) in (5.24) and pL(ξ)

in (5.25). Then, by Theorem 5.2.1, we obtain fast convergence if there exists ξ ∈ Ξ
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and neighbourhood U ⊂ R4 such that

max
q∈U

q>M(ξ)q + bL(ξ)>q + pL(ξ) ≤ 0. (5.27)

Let q∗ denote the optimizer of (5.27). Then, if there exists ξ ∈ Ξ such that the

first and second-order optimality conditions are satisfied on a neighbourhood U, fast

convergence is achieved. The first-order optimality condition, ∇p(q∗, ξ) = 0, is solved

by q∗ = −1
2
M(ξ)−1bL(ξ). We can then calculate p(q∗, ξ) = −1

4
bL(ξ)>M(ξ)−1bL(ξ)+

pL(ξ). Next, the second-order optimality condition, given by ∇2p(q∗, ξ) ≺ 0, solves to

2M(ξ) ≺ 0. As the optimality conditions do not depend on q, we let U = R4. Then,

if there exists ξ satisfying the assumptions of Corollary 5.3.1, we have M(ξ) ≺ 0 and

p(q∗, ξ) ≤ 0 for all q ∈ R4, and (5.27) is satisfied, proving that global fast convergence

is achieved.

We conclude our discussion on the convergence of the dynamics (3.2) by provid-

ing conditions for the fast convergence of a class of quartic strongly convex-strongly

concave functions.

Corollary 5.3.2. Let F : R × R → R be a µ-strongly convex-strongly concave

function defined as by

F (x, y) = ax2 − by2 + αxy + ε(x4 − y4)

where a, b, ε ∈ R>0 and α ∈ R. Let the matrix M(ξ) be defined as (4.21). Addition-

ally, suppose that 2α2 < µ2. Let ξ ∈ Ξ such that ã and b̃ satisfy (5.26a) and (5.26b)
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respectively, and define

ψ1 = min{(1− µ

aφ1

)a, (1− µ

bφ1

)b,
µ

2
}

ψ2 = max{2a, 2b, µ}.

Finally, define the set

I = {q ∈ R4 | ||q||2 < ψ1µ

4ψ2ε
} (5.28)

Then, for all trajectories of the dynamics (3.2) such that q0 ∈ I, there exists a finite

T ∈ R>0 such that

η(F )(x(t), y(t)) ≤ O(e−βt)

for all t ≥ T .

Before stating the proof for the corollary, we provide the following lemma.

Lemma 5.3.3. Let F : R×R→ R be a µ-strongly convex-strongly concave function

defined as

F (x, y) = ax2 − by2 + αxy + ε(x4 − y4)

where a, b, ε ∈ R≥0 and α ∈ R and let ξ ∈ Ξ. Let the set I be defined as (5.28). Then,

under the dynamics (3.2), the set I is invariant.

Proof. First, we note that the set I satisfies the conditions of Theorem 5.1.1 and as

such the Lyapunov function (5.1) is negative for all q ∈ I. Then, to prove that the



5.3. COROLLARIES 71

set I is invariant, it suffices to show

V (qt, ξ) < V (q0, ξ)⇒ ||qt − q∗|| < ||q0 − q∗||,

where q0 ∈ I is the initial condition of the trajectory, qt is the point on the trajectory

at time t > 0, and q∗ is the equilibrium point of the trajectory. First, note that

q∗ = 0. Then, we have the following

V (qt, ξ) < V (q0, ξ)

ãax2
t + b̃by2

t +
µ

2
z2
t +

µ

2
w2
t < ãax2

0 + b̃by2
0 +

µ

2
z2

0 +
µ

2
w2

0,

which clearly implies ||qt|| < ||q0||, completing the proof.

We now provide the proof of Corollary 5.3.2.

Proof. We first note that this corollary is the case of Theorem 5.2.1 in which g(x, y)

is defined by ε(x4− y4). For this case, we calculate the function p, given in (5.17), to

be

p(q, ξ) =− 4ε(1− ã)x3z − 3εãx4 − 4ε(1− b̃)y3w − 3εb̃y4

− q>M(ξ)q.

Then, by Corollary 5.3.2, we have that M(ξ) ≺ 0, and as such λ1(M(ξ)) < 0. We

then note

p(q, ξ) ≤− 4ε(1− ã)x3z − 3εãx4 − 4ε(1− b̃)y3w − 3εb̃y4

− λ1(M(ξ))||q||2
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=− 4ε(1− ã)x3z − 3εãx4 − λ1(M(ξ))(x2 + z2)

− 4ε(1− b̃)y3w − 3εb̃y4 − λ1(M(ξ))(y2 + w2)

Then we can define the set Uε,ξ as follows

Uε,ξ ={(x, z, y, w) | 4ε(ã− 1)x3z − 3εãx4 + λ1(M(ξ))(x2 + z2) ≤ 0

and 4ε(b̃− 1)y3w − 3εb̃y4 + λ1(M(ξ))(y2 + w2) ≤ 0}.

We note that Uε,ξ is non-empty, as any q = (x, z, y, w) satisfying x = z and y = w

lies inside the set. Then, by definition, for all q ∈ Uε,ξ we have that p(q, ξ) ≤ 0. Thus

supq∈Uε,ξ p(q, ξ) ≤ 0, and applying Theorem 5.2.1 proves that there exists an invariant

neighbourhood W upon which η(F )(x(t), y(t)) ≤ O(e−βt) holds. In addition, by

Theorem 5.1.1 and Lemma 5.3.3, for all trajectories beginning in I, the dynamics (3.2)

converge asymptotically to the origin. Thus, after finite time T , the trajectories

beginning in I reach the neighbourhood W, after which η(F )(x(t), y(t)) ≤ O(e−βt).

This completes the proof.
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Chapter 6

Examples and Simulations

In this chapter, we provide a variety of examples and simulations of the results pre-

sented in this thesis. We demonstrate that the effectiveness of the dynamics (3.2) by

comparing it with the standard saddle-point dynamics (2.22) for the classes discussed.

As well, we will use the examples to demonstrate the usefulness of the weighted con-

vergence function used in the Lyapunov analysis. Throughout this section, we let

βt : R→ R be given by ct, where c ∈ R.

Remark 6.0.1. It is important to note that the following simulations are sensi-

tive to the discretization of the accelerated dynamics (3.2). As a discretization of

the dynamics is not guaranteed to maintain the exponential convergence rate of the

continuous-time dynamics, the following plots do not necessarily illustrate an expo-

nential convergence rate. The study of discretization is an important part of future

research. •
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6.1 Simulations of Quadratic Results

We begin with an example for the quadratic case, that satisfies the conditions of

Theorem 4.2.1.

Example 6.1.1. Let F : R2 × R2 → R be defined as

F (x, y) = x>

 2 −1

−1 3

x− y>

4 2

2 3

 y + 0.25xy. (6.1)

One can easily verify that F is 2.764-strongly convex-strongly concave; by Theo-

rem 4.2.1, we have that η(F )(x(t), y(t)) ≤ O(e−βt) under the dynamics (3.2). In

Figure 6.1, we plot the values of η(F ) for both the standard saddle-point dynamics,

and the dynamics (3.2) for multiple initial conditions. Then, in Figure 6.2, we have

depicted the value of the Lyapunov candidate (4.18) along the dynamics (3.2).

Figure 6.1: The values of the function η(F ) for the function (6.1) along standard and
accelerated saddle-point dynamics are shown; the initial conditions are
shown in brackets.

•
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Figure 6.2: The values of the Lyapunov function (4.18) along the dynamics (3.2) for
the function (6.1) with (ã, b̃) = (0.9, 0.8).

Example 6.1.2. Let F : R× R→ R be given by

F (x, y) = 2x2 − 3y2 + 0.2xy + 2x+ y. (6.2)

One can verify that F is 4-strongly convex-strongly concave and the saddle point of

F lies at (−0.5075, 0.1498). Taking ξ = (0.85, 0.8), which satisfies (5.26), we calculate

−1
4
bL(ξ)>M(ξ)−1bL(ξ)+p0(ξ) = 0, and as such, by Corollary 5.3.1, η(F (x(t), y(t)) ≤

O(e−βt) for all t ≥ 0. We have plotted x and y under the dynamics (3.2) in Figure 6.3

to illustrate that the dynamics converge to the saddle point of F . In Figure 6.4, we

plot the values of η(F ) for varying initial conditions for both the standard saddle-point

dynamics and the dynamics (3.2) to illustrate the faster convergence rate.

6.2 Quartic Examples

In this section, we will consider examples for the convergence of functions of the form

F (x, y) = ax2 − by2 + αxy + ε(x4 − y4).



6.2. QUARTIC EXAMPLES 76

Figure 6.3: The values of the first and third components of the dynamics (3.2) for
the function (6.2).

Figure 6.4: The values of the function η(F ) for the function (6.2) along standard and
accelerated saddle-point dynamics are shown; the initial conditions are
shown in brackets.

We will consider simulations of the dynamics (3.2), as well as discussing the conditions

of both Theorem 5.2.1 and Corollary 5.3.2, focusing in particular on the neighbour-

hood of convergence.

Example 6.2.1. We begin this example by considering the function

F (x, y) = 2x2 − 3y2 + 0.25xy + 0.5(x4 − y4). (6.3)
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In Figure 6.5, we provide the values of the function η(F ) under the standard saddle-

point dynamics and the dynamics (3.2) from initial conditions of (x0, z0, y0, w0) =

(1, 1,−1,−1). In addition, to illustrate that the conditions of Theorem 5.2.1 are

Figure 6.5: The values of the function η(F ) for the function (6.3) along standard and
accelerated saddle-point dynamics are shown.

satisfied, in Figure 6.6, we plot the values of the function (5.17) along the trajectory

of the dynamics. We note that we have used ξ = (0.85, 0.8) in this example. Then,

Figure 6.6: The values of the function (5.17) for the function (6.3) along the trajectory
of the accelerated saddle-point dynamics.

we have that p(q) = −0.3x3z − 1.275x4 − 0.4y3w − 1.2y4 − q>M(ξ)q, and the set
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U0.5,ξ is defined as

U0.5,ξ ={(x, z, y, w) | − 0.3x3z − 1.275x4 + λ1(M(ξ))(x2 + z2) ≤ 0

and − 0.4y3w − 1.2y4 + λ1(M(ξ))(y2 + w2) ≤ 0}.

satisfies supq∈U p(q, ξ) ≤ 0. Then, Figure 6.6 demonstrates that for ξ = (0.85, 0.8)

the set U0.5,ξ 6= ∅, and as such the dynamics (3.2) converge locally at a fast rate for

the function (6.3) by Theorem 5.2.1. •

Before our next example, we make the following remark.

Remark 6.2.2. In Corollary 5.3.2, we provide the condition that fast convergence

is achieved for all trajectories that begin within the set (5.28). However, we wish to

note that for the above result, while Theorem 5.2.1 is satisfied by the initial condition

(1, 1,−1,−1), this does not lie within the set I that corresponds to (6.3). This

illustrates that Corollary 5.3.2 provides only a sufficient condition. •

In the following example, we demonstrate that fast convergence is achieved for all

trajectories beginning inside the set I.

Example 6.2.3. We consider the function

F (x, y) = 5x2 − 2y2 + 0.15xy + 0.4(x4 − y4). (6.4)

First, we note that F is 4-strongly convex-strongly concave and that ξ = (0.7, 0.3)

satisfies the conditions of Corollary 5.3.2. Then, the set I in (5.28), is given by

I = {q ∈ R4 | ||q||2 < 0.214}. (6.5)
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By Corollary 5.3.2, for all trajectories beginning in I, the dynamics (3.2) achieve fast

convergence to the origin. By Theorem 5.2.1, this corresponds to the function p (See

(5.17)) being non-positive over the trajectories.

In Figure 6.7, the value of the function p is plotted for 100 simulations of the

dynamics (3.2) with inital conditions randomized in (6.5), illustrating that fast con-

vergence is achieved for trajectories beginning in I.

Figure 6.7: The values of the equation (5.17) for the function (6.4) along the trajec-
tories of the accelerated saddle-point dynamics for 100 randomized initial
conditions inside I.

Secondly, by Lemma 5.3.3, the set (6.5) is invariant under the dynamics (3.2). To

illustrate this fact in Figure 6.8 we plot the norm squared of the trajectories of (3.2)

from 100 randomized initial conditions in (6.5). We note that the fact that the values

depicted in Figure 6.8 converge to zero for each of the trajectories corresponds to the

convergence of the dynamics to the saddle point at the origin for the function (6.4).

Finally, in Figure 6.9, we plot both the norm squared of the trajectories of (3.2)

and the values of the function p (See (5.17)) from 100 randomized initial conditions

outside of the set (6.5). We note that the convergence of the values in Figure 6.9(a) to

zero indicates that from these initial conditions the dynamics converge to the saddle
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Figure 6.8: The values of the function ||q||2 along the trajectories of the accelerated
saddle-point dynamics for 100 randomized initial conditions inside I; the
black line indicates the boundary of I.

point. In addition, since the p values plotted in Figure 6.9(b) are all negative, fast

convergence is achieved by Theorem 5.2.1. This indicates that while in Corollary 5.3.2

we only prove fast convergence for trajectories beginning in (6.5), the actual set upon

which fast convergence is achieved is larger.

•

6.3 Weighted Convergence Function

Example 6.3.1. This example shows that the candidate function V defined in (4.18)

might fail to be a Lyapunov function if one employs η instead of η(ã,b̃) (even when

fast convergence can be achieved). Consider the function F : R× R→ R defined by

F (x, y) = 2x2 − y2 − 0.975xy. (6.6)

It is easy to check that F is 2-strongly convex-strongly concave. Now, we note that

α = −0.975 satisfies the conditions of Corollary 4.2.3, that is 2α2 < µ2. In Figure 6.10,
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(a) The values of the function ||q||2 along
the trajectories of the accelerated
saddle-point dynamics for 100 ran-
domized initial conditions outside of
the set I; the black line indicates the
boundary of I.

(b) The values of the equation (5.17) for
the function (6.4) along the trajec-
tories of the accelerated saddle-point
dynamics for 100 randomized initial
conditions outside of the set I.

Figure 6.9

we plot both the values of the Lyapunov candidate (4.18) with ã = b̃ = 1, and with

the values (ã, b̃) = (0.6, 0.2). This plot then illustrates that one can achieve fast

convergence even when the standard Lyapunov candidate one would consider, that

is (4.18) with ã = b̃ = 1, is not a Lyapunov function. •

In the following two examples we shall consider the function

F (x, y) = x>Ax− y>By + αxy (6.7)
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Figure 6.10: The values of the Lyapunov candidate (4.18) along the dynamics (3.2)
for the function (6.6) for (ã, b̃) = (1, 1) and (ã, b̃) = (0.6, 0.2).

where A,B ∈ R10×10 are symmetric positive definite matrices defined as

A =



3 0 −1 0 0 −1 0 0 0 0

0 3 0 −1 0 0 −1 0 0 0

−1 0 3 0 0 0 0 0 0 −1

0 −1 0 3 0 0 0 −1 0 0

0 0 0 0 2 −1 0 0 0 0

−1 0 0 0 −1 5 0 −1 0 −1

0 −1 0 0 0 0 3 −1 0 0

0 0 0 −1 0 −1 −1 4 0 0

0 0 0 0 0 0 0 0 2 −1

0 0 −1 0 0 −1 0 0 −1 4



(6.8)
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B =



2 0 −1 0 0 0 0 0 0 0

0 3 0 0 −1 0 0 0 −1 0

−1 0 3 0 0 0 −1 0 0 0

0 0 0 5 −1 0 0 −1 −1 −1

0 −1 0 −1 7 −1 −1 −1 0 −1

0 0 0 0 −1 5 −1 0 −1 −1

0 0 −1 0 −1 −1 5 0 0 −1

0 0 0 −1 −1 0 0 3 0 0

0 −1 0 −1 0 −1 0 0 4 0

0 0 0 −1 −1 −1 −1 0 0 5



. (6.9)

In addition α ∈ R will change throughout the examples.

Example 6.3.2. In this example, we consider the function (6.7) with two different

α values. In Figure 6.11 we let |α| = 0.07, while in Figure 6.12 we let |α| = 0.12.

We recall that the proofs for the fast and asymptotic convergence of quadratic

functions of the form (6.7) (Theorems 4.2.1 and 4.1.1) are proved using classes of

Lyapunov functions, paramaterized by variables ã and b̃. Figures 6.11 and 6.12 illus-

trate the sets of (ã, b̃) pairs such that the Lyapunov candidates for asymptotic and

fast convergence ((4.2) and (4.18), respectively) are Lyapunov functions, shown in

blue and green, respectively. Two important observations can be made from these

graphs.

First, the set of (ã, b̃) pairs that characterize a Lyapunov function for fast conver-

gence is a subset of the set that characterizes Lyapunov functions for asymptotic con-

vergence. This illustrates that the conditions for asymptotic convergence of quadratic
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Figure 6.11: The sets of (ã, b̃) pairs such that the Lyapunov candidates (4.2)
and (4.18) are Lyapunov functions for the function (6.7) with |α| = 0.07.

Figure 6.12: The sets of (ã, b̃) pairs such that the Lyapunov candidates (4.2)
and (4.18) are Lyapunov functions for the function (6.7) with |α| = 0.12.

functions (Theorem 4.1.1) are, in fact, weaker than those for fast convergence (The-

orem 4.2.1), as expected. Second, the plots illustrate that as the absolute value of α

increases, the size of the sets of (ã, b̃) pairs such that the Lyapunov candidates (4.2)

and (4.18) are Lyapunov functions for the dynamics (3.2) decreases. This can be

thought of as the functions becoming ‘less strongly convex-strongly concave’. As the

term αxy is linear in each variable, it clearly is not a strongly convex-strongly concave

function. Then, as α increases, it begins to dominate the strongly convex-strongly
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concave part of (6.7), that is the quadratic part. Since it is the properties of strongly

convex-strongly concave functions that allow for the fast convergence rate, as the

linear term begins to dominate, fast convergence is harder to achieve.

•

Example 6.3.3. In this example, we consider the function (6.7) for α values ranging

from 0.03 to 0.15. In Figure 6.13, we plot the regions of (ã, b̃) pairs that achieve

asymptotic and fast convergence. The area outlined in black indicates the area where

fast convergence is achieved and asymptotic convergence is indicated by the coloured

lines. We note that as α increases the area in which both fast and asymptotic con-

vergence is achieved decreases, as expected. In addition, we see that there exist α

values such that asymptotic convergence can be achieved, while fast convergence is

not. This is shown by the purple line, encompassing the smallest area on the graph.

•

Figure 6.13: The sets of (ã, b̃) pairs such that the Lyapunov candidates (4.2)
and (4.18) are Lyapunov functions for α = 0.03, 0.07, 0.11 and 0.15.
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6.4 Trigonometric Example

In the following example, we will consider a class of strongly convex-strongly concave

functions that include a trigonometric term. In this example we provide a neigh-

bourhood such that the conditions of Theorem 5.2.1 are satisfied, proving that fast

convergence is achieved locally.

Example 6.4.1. We consider the following function

F (x, y) = 2x2 − 3y2 + 0.25xy − ε cos(x), (6.10)

where ε ∈ R>0. It is easy to verify that F is 3-strongly convex-strongly concave

and that the saddle point is at the origin. Throughout this example we shall use

ξ = (0.85, 0.8). We are able to calculate

p(q, ξ) = 0.85ε(z − x) sin(x)− εz sin(x)− 0.85ε cos(x) + 0.8ε+ q>M(ξ)q. (6.11)

For the remainder of the example we shall use ε = 1. Then, the set

U = {q ∈ R4 | 0.85(z − x) sin(x)− z sin(x)− 0.85 cos(x) + 0.8− 0.1377(x2 + z2) < 0},

(6.12)

is an open neighbourhood of the origin such that supq∈U p(q, ξ) < 0. In Figure 6.14,

we plot the inequality defining the set (6.12) to illustrate that the set is non-empty.

From Figure 6.14 we can see that an open neighbourhood for x and z exists

around the origin, and we note that the neighbourhood (6.12) can be completed by

allowing (y, w) ∈ R2. As such, we see there does exist an open neighbourhood of the
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Figure 6.14: The area satisfying the inequality defining the set (6.12) is shown in red.

origin such that (5.16) is satisfied, proving that local fast convergence is achieved by

Theorem 5.2.1. We conclude the example with plots confirming the above findings. In

Figure 6.15, we compare the convergence of the function (6.10) for the dynamics (3.2)

and the standard saddle-point dynamics. In Figure 6.16(a), we plot the values of the

Lyapunov candidate (5.18) along the trajectory of the dynamics and in Figure 6.16(b)

we plot the value of the function p (6.11) along the trajectory, both illustrating

that (5.18) is a Lyapunov function and fast convergence is achieved.

Figure 6.15: The values of the function η(F ) for the function (6.10) along standard
and accelerated saddle-point dynamics are shown.
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(a) The values of the Lyapunov func-
tion (5.18) along the dynamics (3.2)
for the function (6.10) with (ã, b̃) =
(0.85, 0.8).

(b) The values of the function (6.11) for
the function (6.3) along the trajec-
tory of the accelerated saddle-point
dynamics.

Figure 6.16

•
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Chapter 7

Conclusions and Future Work

7.1 Summary

In this thesis, we have introduced a second-order continuous-time saddle-point dy-

namics and studied its convergence properties for classes of strongly convex-strongly

concave functions. For quadratic strongly convex-strongly concave functions it was

shown that under assumptions on the coupling between the two arguments that the

dynamics converge globally to the saddle point at an accelerated rate. In particular,

the rate is exponential with respect to a smooth function βt. For general strongly

convex-strongly concave functions, conditions were provided illustrating that the ex-

ponential convergence rate can be achieved locally. The results were proven by deriv-

ing the convergence rate from a class of time-varying Lyapunov functions. In addi-

tion, weaker conditions for local asymptotic convergence of the dynamics for strongly

convex-strongly concave functions were provided, and proven using both Lyapunov

and perturbation arguments. Finally, conditions for the exponential convergence of

a class of quartic strongly convex-strongly concave functions were provided, in which

an exact local neighbourhood where convergence is achieved could be calculated.
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7.2 Future Work

The work in this thesis can be extended with further research in both continuous-time

and discrete-time, as well as applications in distributed optimization and problems

in machine learning.

• (Continuous-time): First, as the results presented in Chapter 5 are local

results, one may wish to explore the possibility of either global convergence

(asymptotic or accelerated) of the dynamics (3.2), or an explicit area of local

convergence. To approach this one could consider a different class of Lyapunov

candidates than those presented in this thesis, which could allow for larger re-

gions of convergence. One could also consider further corollaries of the results in

Chapter 5, focusing on finding invariant regions as determined in Corollary 5.3.2.

Another direction of research in continuous-time would be considering the con-

vergence of a larger class of functions than strongly convex-strongly concave.

Of particular interest would be considering the convergence of convex-linear

functions under the dynamics (3.2), as the Lagrangian for many constrained

optimization problems lie in that class.

• (Discrete-time): Our results are restricted to the presentation of a continuous-

time dynamics. However, for application it is desirable to have a discrete-time

saddle-point dynamics that achieves accelerated convergence rates. As such, a

direction for future research is to explore discretizing the dynamics presented,

while maintaining the exponential convergence rates that are achieved for the

classes of strongly convex-strongly concave functions presented.
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• (Distributed Optimization): One could explore the application of the dy-

namics (3.2) to the distributed optimization problem described as follows: Let

fi : R → R be a collection of n continuously differentiable (strongly) convex

functions. Then, consider the problem

min
x∈R

n∑
i=1

fi(x).

This unconstrained optimization problem can then be written as a constrained

optimization problem as follows:

min
(x1,x2,...,xn)

n∑
i=1

fi(xi)

subject to x1 = x2 = · · · = xn.

This then is a constrained optimization problem and has a corresponding La-

grangian. By applying the dynamics (3.2), one can obtain continuous-time

distributed dynamics to solve this problem with an accelerated convergence

rate.

Finally, one further direction of research is the application of the dynamics (3.2) to

machine learning problems, such as reinforcement learning, in order to achieve an

accelerated learning rate.



BIBLIOGRAPHY 92

Bibliography

[1] K. Arrow, L Hurwicz, and H. Uzawa. Studies in Linear and Non-Linear Pro-

gramming. Stanford University Press, Stanford, California, 1958.

[2] A. Auslender and M. Teboulle. Interior Gradient and Proximal Methods for

Convex and Conic Optimization. SIAM Journal on Optimization, 16(3):697–

725, 2006.

[3] S. Boyd and L. Vandenberghe. Convex Optimization. Cambridge University

Press, 2009.

[4] F. Bullo and A. D. Lewis. Geometric Control of Mechanical Systems, volume 49

of Texts in Applied Mathematics. Springer, New York, 2004.

[5] A. Chambolle and T. Pock. On the ergodic convergence rates of a first-order

primal-dual algorithm. Mathematical Programming, 159(1-2):253–287, 2016.

[6] J. Chen and V. K. N. Lau. Convergence Analysis of Saddle Point Problems in

Time Varying Wireless Systems - Control Theoretical Approach. IEEE Trans-

actions on Signal Processing, 60(1):443–452, 2012.



BIBLIOGRAPHY 93

[7] A. Cherukuri, B. Gharesifard, and J. Cortés. Saddle-point dynamics: condi-

tions for asymptotic stability of saddle points. SIAM Journal on Control and

Optimization, 55(1):486–511, 2017.

[8] J. Cortés and S. K. Niederländer. Distributed Coordination for Nonsmooth

Convex Optimization via Saddle-Point Dynamics. Journal of Nonlinear Science,

2019. To appear.
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