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Abstract

Nonclassical states of light possess unique properties such as squeezing, antibunching,

and entanglement, which have led to various interesting applications in quantum

computing, quantum teleportation, and quantum information. However, practical

implementation of some of these potential applications are hindered due to our lack

of insight into how to treat loss in the system. The inclusion of loss is very important,

as it can in some cases largely destroy the nonclassical properties of the light. The

focus of this thesis is on squeezed states, as these are one of the most useful and

important quantum states of light. First, I present a theoretical treatment of the

nonclassical properties of squeezed states generated via parametric down conversion

in a leaky cavity. By solving the Lindblad master equation for such a system, I

analytically demonstrate that the exact time dependent solution is a squeezed thermal

state. In addition, I examine the dynamics of generated nonclassical states of light

in lossy coupled-cavity systems. I then apply the formalism developed to a coupled

resonator optical waveguide structure and present the results for squeezed vacuum

states. I next examine the coupled-cavity optical waveguide system as a platform

to produce counterpropagating continuous variable entangled states. Using a tight-

binding approximation, I develop analytic time-dependent expressions for the number

of photons in each cavity, as well as for the correlation variance between the photons
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in different pairs of cavities. These expressions can be used to engineer the pumping

configurations as well as the physical properties of the structure. Finally, employing

a numerical singular value decomposition method, I show how the biphoton wave

function can be Schmidt decomposed numerically, which together with the previously-

developed analytic expressions provides a powerful computational platform. This is

important as it can not only be used to check the validity of the approximations made

in obtaining analytic expressions but can also be used to explore some interesting cases

that were not possible to treat analytically.
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Chapter 1

Introduction

The failure of classical mechanics in describing a variety of phenomena in the 19th and

early 20th centuries led physicists to develop a new theory, called quantum mechanics.

Historically, the first step in the formulation of quantum theory dates back to Max

Planck’s quantum hypothesis in 1900, where he postulated the quantum nature of

light for the first time. He described the spectrum of the thermal radiation of a

blackbody assuming that the energy quanta of the field corresponded to excitations

of harmonic oscillators of a given energy. The second step was made by Einstein, who

described the photoelectric effect assuming that electromagnetic energy is distributed

in discrete quanta, which were first named photons by Lewis in 1926. With advent

of modern quantum theory, it became possible to complete the quantum theory of

the electromagnetic field and in 1927, Dirac gave the first full quantum description

of electromagnetic fields in terms of ensembles of quantum harmonic oscillators, by

applying the general rules of quantization to classical Maxwell theory [1].

In order to describe a quantum system or interpret the results of measurement

on a system in the quantum domain, the concept of state is used, which provides

all the information needed to describe the system. In quantum optics, the states
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of the electromagnetic field are classified as classical or nonclassical, based on their

statistical properties. In any state of the field, even the vacuum, the electric and

magnetic fields at any given time can deviate from their mean. These fluctuations

are one of the most important consequences of quantizing the electromagnetic field

and are responsible for phenomena such as spontaneous emission [2], the zero-point

energy [3], the Lamb shift [4, 5], quantum beats [6] and the Casimir effect [7, 8].

More directly, the noise resulting from these fluctuations sets a limit on the accuracy

of interferometric measurements. In order to better understand these fluctuations,

it is conventional to start with the Heisenberg uncertainty principle, which states

that, for any moving particle such as an electron, the more precisely one measures

the position of the particle, the less accurate one can measure its momentum, and

vice verca. According to quantum mechanics, such parallel uncertainty exist between

any conjugate variables X and Y and has nothing to do with any amendable flaws

in the measurement process. As we will show shortly, for coherent states (the most

classical quantum states of light), the uncertainty in the two quadrature components,

which correspond to measurable quantities, are equally balanced and the uncertainly

product of the field quadratures always has the minimum value allowed by quantum

mechanics. This uncertainty is known as shot noise [9].

Nonclassical states of light possess properties, such as anti-bunching and entan-

glement, which can only be described by quantum theory. One of the most important

and useful nonclassical states of light is the squeezed state, in which the fluctuation

in one of the two conjugate variables is reduced below the shot noise limit.

Historically, although it was not called a “squeezed state” at the time, the first

time the concept of squeezed states appeared in the literature is in a paper by Earle
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Kennard in 1927 [10]. Thereafter, the theory of squeezed light was developed without

any experimental manifestation [11, 12, 13, 14]. Finally, in 1985 Slusher et al. [15]

reported, for the first time, the observation of squeezed states by a four-wave mixing

method with sodium atoms.

As we will show shortly, for a quadrature squeezed state, it is possible to reduce

the uncertainty in the amplitude of the electric field or in its phase. Suppressing the

noise in a particular observable can be used to measure extremely weak signals, such

as found in gravity-wave interferometers [16, 17, 18].

Although quantum uncertainty is a very important feature of quantum theory, per-

haps the most non-classical aspect of quantum mechanics is quantum entanglement.

In 1935, Einstein, Podolski, and Rosen proposed a thought experiment questioning

the completeness of quantum theory. The paper was entitled “Can Quantum Me-

chanical Description of Physical Reality Be Considered Complete?”, which is now

referred to as EPR [19]. According to the EPR paradox, the result of measurement

on one particle of an entangled pair can instantaneously affect the other particle.

Since these entangled particle could affect each other even faster than the speed of

light, Einstein called entanglement “spooky action at a distance”. Motivated by the

EPR paper, Schrödinger coined the term “Verschränkung (German word for entangle-

ment) to describe the correlations between two particles in the EPR experiment [20].

He not only claimed that the entanglement discussed in EPR does not imply an in-

completeness in quantum theory, but he raised it to the center of quantum theory,

stating that “I would not call [entanglement] one but rather the characteristic trait of

quantum mechanics, the one that enforces its entire departure from classical lines of

thought” [20].
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An entangled state of a composite system is, by definition, a state that cannot

be written as a tensor product state of the component systems [21]. These nonclas-

sical states have essential applications in quantum teleportation [22, 23], quantum

computation, and quantum information [24, 25].

Entanglement can be created between pairs or groups of particles such as pho-

tons [26, 27], electrons [28], atoms [29], etc. In the quantum photonics domain, it is

necessary to have sources of entangled photons for many applications. The earliest

method that has been used to generate entangled photon pairs was based on a two-

photon cascade process using a single calcium or mercury atom [30, 31, 32, 33, 34].

Briefly, in this method, an excited electron in an atom decays in a cascade through

an intermediate state. As schematically shown in Fig. 1.1, since the initial and the

final states have both zero angular momentum and the same parity, the emitted pho-

tons need to satisfy the law of conservation of angular momentum, which results in

generating a polarization-entangled state.

Although one can produce polarization entangled photons using the atomic cas-

cade method, this method is not commonly employed, mostly due to the difficulty of

manipulating single-atom sources, and collecting the emitted photon pairs [36, 37].

Therefore, tremendous effort has been expended to achieve more compatible, reliable,

and efficient sources of entangled photon pairs. To date, perhaps the most well devel-

oped process to generate photonic entangled pairs is spontaneous parametric down

conversion (SPDC), which is a second-order nonlinear optical process. Briefly, in this

method a single pump photon of frequency ωP is converted into two signal and idler

photons of frequency ω = ωP/2, which is schematically shown in Fig. 1.2. SPDC has

been implemented in both bulk media and integrated photonic structures. However,
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Figure 1.1: Schematic of cascade decay in an atom. The calcium atom is exited from
the ground state (41S0) to the excited state (61S0) using pump lasers at
406 nm and 581 nm. The atom then decays back to the ground state via
the intermediate state (41P1). L and R denote the polarization state (L:
left circular, R: right circular) of each photon. Taken from [35, 36].

as the size and complexity of quantum information processing systems increase, the

limitations in achieving stability, precision, and small physical size with bulk optical

systems becomes significant. Systems that enable on-chip SPDC and are integrable

with other photonic elements could be used to generate entangled states and are

therefore very promising [38, 39, 40].

Although it is often helpful to think of a particular system of interest as being

separate and isolated from the rest of the universe, when one wishes to consider

the evolution of systems, this simple picture is not sufficient. Essentially all systems

interact with their surroundings and this interaction must often be taken into account.

An open quantum system is defined as a quantum system that is coupled to an
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Figure 1.2: The schematic of the parametric down conversion process. Signal and
idler frequencies are identical in the case of degenerate parametric down
conversion (ωs = ωi = ωp/2).

environment. Unfortunately, most of the nonclassical attributes of light, such as

squeezing and entanglement, are fragile with respect to such coupling, which can

manifest as scattering, material absorption, or thermal noise. In optical systems,

scattering loss is an unavoidable effect that arises from coupling to the environment.

Therefore, it is important to fully explore and understand the effect of loss on the

generation and evolution of the nonclassical properties of light.

The objective of this thesis is to provide new insight into the role of loss on

the dynamics of nonclassical states of light in leaky coupled-cavity systems and to

theoretically investigate the generation and propagation of entangled states in these

lossy systems. In the remainder of this chapter, a basic introduction to the different

states of light is given and their main properties are reviewed. Then a more detailed

introduction to quantum entanglement is given and the two different types of quantum

entanglement, based on discrete and continuous variables, are briefly discussed and

compared. Finally, a detailed discussion is presented of the coupled-cavity systems

in photonic crystal slabs that are used as the entanglement platform in this thesis.
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1.1 Quantum States of Light

Consider a system in which there is only a single mode of the electromagnetic

field. In this system, the single-mode electric field operator can be written as

E(r, t) = i

√
~ω
2ε0

[f(r)be−iωt − f ∗(r)b†eiωt], (1.1)

where b and b† are annihilation and creation operators for a single cavity mode, ω

is the frequency of the mode, and f(r) is the mode field. To quantify the field

fluctuations, we use the quadrature operators

X ≡ b+ b†, (1.2)

Y ≡ −i(b− b†), (1.3)

which play the role of dimensionless position and momentum operators. Using the

fact that photons are Bosons and thus [b, b†] = 1, it is easy to show that the root

mean square (RMS) deviations for the quadratures obey the uncertainty relation

∆X∆Y ≥ 1. (1.4)

Using Eq. (1.1), the field can be expressed in terms of these quadrature operators

as [41, 42, 9]

E(r, t) =

√
~ω
2ε0

[Re{f(r)e−iωt}X − Im{f(r)e−iωt}Y ]. (1.5)

Thus X and Y are proportional to the amplitudes of the two quadratures of the
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electric field. Here we now briefly review three particular states of interest that

play fundamental roles in quantum optics. The first state we introduce is the Fock

state, which is an eigenstate of the harmonic oscillator Hamiltonian and could be

considered as the most particle-like state of light. The second state we will introduce

is the coherent state, which exhibits a high degree of optical coherence and is the

closest quantum state to a classical field. Finally, we will review some of the main

properties of squeezed states of light, which form the core part of my thesis.

1.1.1 Fock states

Fock, or number states, |n〉, are states that have an exact number of photons and

are defined as eigenstates of the number operator N = b†b, i.e.,

N |n〉 = n |n〉 . (1.6)

They are orthonormal and form a complete set for the states of a single mode. Using

the creation operator, it is trivial to show that the number states can be written in

terms of the vacuum state, |0〉, as

|n〉 =
(b†)n√
n!
|0〉 . (1.7)

It can also be shown that the quadrature variances of the Fock state are

(∆X)2 = (∆Y )2 = 2(n+
1

2
), (1.8)

where there is a minimum uncertainty of ∆X = ∆Y = 1 in case of the vacuum state,

|0〉.
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Figure 1.3: Phase space diagram for the vacuum state (n = 0). The disk gives a
representation of the mean and uncertainties of the two quadratures of
quantum mechanical field.

In quantum optics, all quantum states of light can be visualized in a phase space

using a complex amplitude plane whose axes are X and Y . Since these two quadrature

operators do not commute with each other, the state cannot not be well localized in

phase space and there is always a minimum uncertainty in these quadratures, unlike

classical mechanics, where the state of a system can be described by a point in phase

space. The distribution of noise in the two quadratures against each other is shown

in Fig. 1.3 for the vacuum state. As can be seen the uncertainties in both field

quadratures are the same.

While Fock states are potentially useful for quantum information and quantum
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cryptography [43], they are not the most useful representation in cases where the total

number of photons is large. Fock states are also challenging to produce in practice

and there has been tremendous effort to generating single-photon states [44, 45, 46].

1.1.2 Coherent states

Coherent states were first introduced by Glauber in 1963 and are considered the

most classical state of light [47, 48]. The expectation value of the electric field of

a single-mode coherent states is identical to the corresponding classical harmonic

field. A very close approximation to a coherent state can be produced by a laser

operating well above threshold, which perhaps makes it the easiest pure quantum

state to produce. It is common to label a coherent state with the dimensionless,

complex parameter α. A coherent state is the eigenstate of the annihilation operator

b with eigenvalue α, i.e.,

b |α〉 = α |α〉 . (1.9)

Coherent states can be expanded in terms of number states as [49]

|α〉 = e−|α|
2/2
∑

n

αn

(n!)1/2
|n〉 . (1.10)

Using equations (1.2) and (1.3) one can show that the quadrature variances for the

coherent state are

(∆X)2 = (∆Y )2 = 1, (1.11)

which shows that the coherent state is a minimum-uncertainty state.

It is worth mentioning that coherent states can also be defined in a different way
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using a unitary displacement operator D(α) as

|α〉 = D(α) |0〉 , (1.12)

where D(α) = exp
[
αb† − α∗b

]
[47] and has the following properties

D†(α) = D−1(α) = D(−α), (1.13)

D†(α) bD(α) = b+ α, (1.14)

D†(α) b†D(α) = b† + α∗. (1.15)

The uncertainty circle of the coherent state is shown in Fig. 1.4. As can be seen,

it is exactly the vacuum state displaced from the origin by |α|, which can be simply

shown using Eqs. (1.14) and (1.15) [48].

1.1.3 Squeezed states

The fluctuations in coherent and Fock states are equally distributed in both

quadratures. However, it is possible to produce states of light with unequally dis-

tributed quadrature noise. Such a state, in which there is less uncertainty in one

quadrature than in a coherent state, is called a quadrature-squeezed state. Squeez-

ing in one quadrature can lead to a reduction in the uncertainty in the amplitude

of the electric field or in its phase. A squeezed state is also a minimum-uncertainty

state (∆X∆Y = 1) and reducing the noise below 1 in one quadrature consequently

increases the uncertainty in the other quadrature. In the other words, instead of

having uncertainty circle, in the case of squeezed state one obtains an ellipse such as
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Figure 1.4: Phase space diagram for the coherent state (|α〉) for α = 2 + 2i. The
uncertainty distribution of the coherent state in phase space is that of
the vacuum state that has been displaced from the origin by (X0, Y0) =
(Re(α), Im(α)).

shown in Fig. 1.5.

Squeezed states can be obtained using nonlinear optical processes such as four-

wave mixing [15] and parametric down conversion [50], or from resonant fluorescence

of coherently driven single-photon emitters [51, 52, 53, 54], and even from an individ-

ual atom excited by two photons in a cavity [55]. Squeezed states can be generated

in different photonic platforms. For instance, it has also been shown that they can

be generated in photonic crystal microcavities [56] and optical fibers [57, 58] using

second and third order optical nonlinearities, respectively.
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Figure 1.5: Phase space diagram for a squeezed vacuum state for ξ = 0.5 where the
squeezing is in the X quadrature.

The Squeezed vacuum state (SVS) is defined as

|ξ〉 = S(ξ) |0〉 , (1.16)

where S(ξ) is the squeezing operator given by

S(ξ) = exp

[
1

2
(ξ∗b2 − ξb†2)

]
(1.17)

and ξ is the squeezing parameter, which is generally a complex number. We can write

the squeezing parameter in the form ξ = ueiφ, where u is real and positive, and φ is

real. Using Eq. (1.17) and the Baker-Hausdorf lemma [48, 59] we find that for the
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squeezed vacuum state

〈(∆X)2〉 = cosh2(u) + sinh2(u)− 2 sinh(u) cosh(u) cos(φ), (1.18)

〈(∆Y )2〉 = cosh2(u) + sinh2(u) + 2 sinh(u) cosh(u) cos(φ). (1.19)

For φ = 0, these reduce to

〈(∆X)2〉 = e−2u, (1.20)

〈(∆Y )2〉 = e+2u, (1.21)

which demonstrates the cost of squeezing one of the quadratures on the uncertainty

in the other.

Squeezed states of light, as have applications in optical communications [60] and

can be used to measure extremely weak signals, such as found in gravity-wave interfer-

ometers [16, 17, 18]. Moreover, a large number of phenomena have been predicted by

studying the interaction of a squeezed field with atomic systems [61, 62, 63, 64, 65, 66].

It has also been shown that squeezed fields can be employed in some spectroscopic

methods to improve their sensitivity [67, 68, 69]. In addition, squeezed states have

also been shown to be a resource of quantum teleportation [70, 71], quantum er-

ror correction coding [72, 73], continuous variable quantum computing [74], quantum

imaging [75, 76, 77], and clock synchronization [78].

In order to better highlight the difference between the states discussed in this

chapter, in Fig. 1.6 we have schematically demonstrated the time evolution of the

fields and their fluctuations. As can be seen, the vacuum state and coherent state

have constant amplitude uncertainty, while the uncertainty varies periodically for
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Figure 1.6: Phase spaces and electric field oscillations of single mode field of (a) vac-
uum state, (b) coherent state, and (c) squeezed vacuum state (Adapted
from Ref. [79]).

SVSs.

1.2 Quantum Entanglement

After the opening up of the issue of quantum entanglement in the Einstein-Podolsky-

Rosen (EPR) paper [19], wonderful applications and technologies have arisen based on

this purely quantum mechanical phenomenon. For example, entanglement can be used

to enable quantum teleportation [80], quantum dense coding [81] (which increases

the transmission rate of the encoded information through a quantum channel) and

quantum key distribution [82].

Entanglement can be established using discrete variable (DV), such as the po-

larization of a photon or using continuous variable (CV) such as the quadratures of
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beams of light. In a sense, DV can be thought of as digital and CV as analog.

Considering that it is easier to understand the concept of entanglement in DV

rather than CV systems, here we first discuss the DV system of polarization entan-

glement. As mentioned earlier, such an entanglement between a pair of photons can

be obtained using different methods such as atomic cascade and SPDC processes.

Here we focus on the later. Using a down-conversion crystal, Kwiat et al. introduced

a brilliant method of producing polarization-entangled photon pairs relying on non-

linear type-II phase matching [26]. In this method, as schematically shown in Fig. 1.7,

the generated photons are orthogonally polarized. The two cones correspond to the

two different polarizations and the generated photons are emitted along two cones ac-

cording to their polarization. The photons propagating along the lines defined by the

two intersections of the cones might have either vertical or horizontal polarization,

both with equal probability. The phase matching condition (wavevector matching

condition), ~kPump = ~kSignal + ~kIdler, implies that if we find a horizontally-polarized

photon at one of the intersections, then the photon at the other intersection point

must be vertically polarized, and vice versa. The generated entangled states can then

be written as

|ψ〉 =
1√
2

(
|H1, V2〉+ eiφ |V1, H2〉

)
, (1.22)

where H and V represent the horizontal and vertical polarization, respectively, and

φ is the relative phase resulting from the crystal birefringence, which can be manip-

ulated using an additional birefringent phase shifter.

An important question is now how to determine whether entanglement exists

in the system or not. In the DV regime, one of the methods that can be used to

investigate entanglement is the partial trace criterion. According to this criterion,



1.2. QUANTUM ENTANGLEMENT 17

Figure 1.7: Polarization-entangled photon pairs generated by type II SPDC. Taken
from Ref. [83].

which is only for pure states, the state is entangled (separable) if the reduced density

matrix represents a mixed (pure) state. For example, consider the state presented in

Eq. (1.22) for φ = 0. This has density operator

ρ = |ψ〉 〈ψ| =
( |HV 〉+ |V H〉√

2

)(〈HV |+ 〈V H|√
2

)

=
1

2
(|HV 〉 〈HV |+ |HV 〉 〈V H|+ |V H〉 〈HV |+ |V H〉 〈V H|) .

(1.23)

Tracing over the state of the first particle, we find the reduced density operator of

the other particle to be

ρ2 = Tr1(ρ) =
1

2
(|H〉 〈H|+ |V 〉 〈V |) =

I

2
. (1.24)
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Since Tr(ρ2
2) = 1/2 < 1, this is a mixed state, which proves that the original state

|ψ〉 is an entangled state. Another method that can be used for both pure and mixed

states is called the Peres-Horodecki criterion. This criterion, which is also known as

positive partial transpose (PPT), states that for any bipartite system, if a state is

separable, then the partial transpose of the density matrix of any of the subsystems

is a valid density matrix [84, 85].

Although DV systems provide high-fidelity operations, photonic-based DV en-

tanglement is currently limited by the difficulties of single-photon generation and

detection, and by their high sensitivity to optical losses. In contrast, CV entangle-

ment is more robust to loss, and can be more efficiently created and used for the

implementation of quantum protocols [86, 87, 88, 89, 90].

In order to help provide insight into CV entanglement, we consider the two-mode

squeezed vacuum state. Conceptually, The easiest way to produce such a state is to

have two single-mode squeezed vacuum states impinge on a 50 : 50 beam splitter, with

a 90◦ phase difference between the two inputs. It is more convenient to examine this

problem in the Heisenberg representation. Using Eq. (1.17), a single-mode squeezed

vacuum state that is squeezed in Y with ξ = u can be written as

a1 = a
(0)
1 coshu+ a

(0)†
1 sinhu, (1.25)

and the other one squeezed in X is given by

a2 = a
(0)
2 coshu− a(0)†

2 sinhu, (1.26)

where a
(0)
i represent the initial mode annihilation operator. As shown in Fig. 1.8, the
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Figure 1.8: Phase space representation of the two inputs and the two outputs. The
two single-mode squeezed state combine together at the beam splitter to
generate two-mode squeezed states (Adapted from Ref. [91]).

two inputs combine at the 50 : 50 beam splitter. It can be shown that the output

operators will be

b1 = (a1 + a2)/
√

2 = b
(0)
1 coshu+ b

(0)†
2 sinhu, (1.27)

b2 = (a1 − a2)/
√

2 = b
(0)
2 coshu+ b

(0)†
1 sinhu, (1.28)

where b
(0)
1 ≡ (a

(0)
1 +a

(0)
2 )/
√

2 and b
(0)
2 ≡ (a

(0)
1 −a(0)

2 )/
√

2. Following the same procedure

that we used for the single-mode squeezed state, the quadrature operators (X and
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Y ) of the two-mode squeezed vacuum state can be written as

X1 =
(
e+uX

(0)
1 + e−uX

(0)
2

)
/
√

2, (1.29)

Y1 =
(
e−uY

(0)
1 + e+uY

(0)
2

)
/
√

2, (1.30)

X2 =
(
e+uX

(0)
1 − e−uX(0)

2

)
/
√

2, (1.31)

Y2 =
(
e−uY

(0)
1 − e−uY (0)

2

)
/
√

2, (1.32)

where the quadrature operators, X and Y , can be written in terms of b and a using

Eqs. (1.2) and (1.3). The variances of the individual quadratures are calculated as

〈∆X2
i 〉 = 〈∆Y 2

i 〉 = cosh 2u. (1.33)

While each of these individual quadrature operators are “noisy” for large u, the

fluctuations in the relative quadrature operators become

〈[∆(X1 −X2)]2〉 = 2e−2u, (1.34)

〈[∆(Y1 + Y2)]2〉 = 2e−2u, (1.35)

which are “quiet” for large u [92]. In the limit that u −→∞, according to Eqs. (1.34)

and (1.35), a quadrature measurement on X1 (Y1) would provide an exact prediction

of X2 (Y2) and vice versa. Thus, the quadratures of the two states are entangled.

This is one example of CV entanglement.

In order to quantify the entanglement in such a bipartite CV entangled system,
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we introduce the correlation variance between the two output beams as

∆2
1,2 = 〈[∆(X1 −X2)]2〉+ 〈[∆(Y1 + Y2)]2〉 . (1.36)

The inseparability condition proven by Duan et al. [93] and Simon [94] states that

the two outputs are inseparable (and thus show quantum entanglement) if

∆2
1,2 < 4. (1.37)

This is a necessary and sufficient inseparability condition for two-mode states. Using

Eqs. (1.34) and (1.35) in Eq. (1.36) it can be show that the two output beams satisfy

the inseparability condition, Eq. (1.37), as long as u > 0.

In the above example, we used a 50 : 50 beam splitter to combine squeezed beams

and generate the two-mode squeezed state; however, as we will discuss in the following

sections, one can generate such states using nonlinear optical processes instead.

1.3 Integrated Quantum Photonics

Much of the early work on quantum optics, such as the nonlinear optical processes

mentioned above, was done in bulk systems, where the optical elements have a non-

negligible size compared to the wavelength of light. However, the migration from bulk

optics to integrated photonics is highly desirable, since as the size and complexity of

these systems increase, the limitations of working with bulk optics, such as stability,

precision, and physical size, arise. Alongside the observation of physical phenom-

ena such as quantum interference [95, 96] and quantum walks [97, 98] in integrated

structures, it has also been shown in the past few years that quantum computation
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tasks and algorithms can be implemented using an integrated photonic approach [99].

On-chip sources [100, 101, 102], detectors [103, 104], and buffers [105] are some of the

most important elements that are required in an integrated photonic circuit.

Thanks to recent advances in the fabrication of photonic crystals (PhCs), they can

now be integrated with other photonic components, forming an integrated photonic

circuit for use in photonic quantum information processing (PQIP). PhCs are an ideal

platform to achieve a high-quality optical resonator. As shown in Fig. 1.9, PhCs are

artificial periodic structures of dielectric materials with different refractive indices. A

PhC slab, which can be thought as a planar PhC with a finite height, can be achieved

by etching a two dimensional periodic pattern in a slab. It has been shown that the

periodicity of the refractive index in PhCs can result in the formation of a photonic

band gap, forbidding light propagation in certain frequency ranges [106]. The width

of the photonic band gap depends on the index difference between adjacent dielectric

materials. In reality, due to the finite height of the PhC slabs, it is not possible to

have light confinement in all the directions. However, according to the law of total

internal reflection at the boundary of slab with surrounding environment (air), the

light propagation out of the plane of PhC slab can be limited to achieve high quality

factor PhC microcavities. Such an intrinsic out-of-plane radiation can be minimized

by reducing the wave vector component above the light line [107, 108, 109].

As shown in Fig. 1.10, a PhC microcavity and waveguide can be created inside a

PhC slab by introducing a point defect (removing one or more holes) and a line defect

(removing row of holes), respectively [110]. In addition to PhC microcavities and line

defect waveguides, coupled resonator optical waveguides (CROWs) are other inter-

esting elements in integrated photonic circuits. CROWs were first studied by Yariv
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Figure 1.9: A schematic of PhCs in various dimensions. (left) 1D, (middle) 2D, and
(right) 3D PhCs.

Figure 1.10: Schematic of PhC slabs. (a) Top view of a PhC slab with a point defect
created by removing three holes which creates a cavity. (b) Top view of
a PhC slab with a line defect created by removing one row of holes which
creates a waveguide. The canonical designs in (a) and (b) are called a
L3 cavity and W1 PhC waveguide, respectively.

et. al [111] and since then many experimental groups have designed and manufac-

tured CROWs within PhC slabs for different purposes [105, 112, 113, 114, 115, 116].

A CROW, as shown in Fig. 1.11 is a waveguide consisting of weakly coupled opti-

cal cavities along one-dimension, in which light hops between the localized resonator

modes [117].

The tight-binding method [118], which uses localized single-cavity modes as a
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basis, can be applied as a mathematical framework to model light in such a coupled

structure [107, 117]. The main properties of CROWs, such as the bandwidth and

dispersion, can be controlled to some degree by the intercavity coupling strength.

This characteristic is the main advantage of using CROWs compared to conventional

optical waveguides, in which the guiding properties are mostly determined by total

internal reflection. Slow light propagation in CROWs has significant application such

as optical nonlinear interaction enhancement [119] and buffering [120]. Recently,

Notomi et. al reported an on-chip single-photon buffer based on a CROW by coupling

together 400 PhC line defect nanocavities [105].

Unfortunately, the performance of CROWs is highly affected by loss, which is gen-

erally higher than in line-defect waveguides. Generally, the loss in PhC based CROWs

can be divided into extrinsic and intrinsic loss. The former, which is common among

all the photonic crystal based elements, is mainly due to the fabrication imperfections

such as surface roughness on the circumference of an air void. The later, as mentioned

before, originates from the out-of-plane radiation from the cavities. However, intrin-

sic loss in CROWs needs more attention because the quality factor (Q) of CROWs is

not solely determined by the Q of the individual microcavities. In fact, it has been

shown that, the interference of the out-of-plane radiation from the cavities affects the

Q of CROW consequently causing it to depend on the Bloch vector [107, 121].

In this thesis, the generation and evolution of squeezed state of light in a single

cavity in the presence of loss is explained first. Then, moving from a single cavity

to a coupled-cavity structure, the time evolution and propagation of nonclassical

states of light in coupled-cavity structures such as a CROW structure is examined.

The results presented in this thesis are mostly for squeezed vacuum states; however,
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D
d

Figure 1.11: The particular CROW structure with period D formed from defects in
a slab photonic crystal with a square lattice of period d.

in some cases a general formalism is developed, which can be applied to any other

quantum states of light. Finally, regarding the other intended goal of this thesis,

an integrated source of counterpropagating CV entangled states based on coupled-

cavity structures is proposed and modelled. Although, CROW structures are given

particular attention in this thesis, the formalism developed in the following chapters

can be adopted to study other leaky coupled-cavity systems, either analytically or

numerically.

1.4 Thesis overview

This thesis is in manuscript format and its outline is as follows. In Chapter 2,

the role of loss on the generation of squeezed states in leaky cavities via parametric

down conversion method is explored. We derive an analytic solution to the Lindblad

master equation, which governs the evolution of the system, and study the system

under different pumping regimes. In Chapter 3, a tight-binding approximation is used

to study the evolution of nonclassical light, first in a simple lossy system consisting

of two coupled cavities, and then in a more complicated lossy CROW structure. In

Chapter 4, the formalism developed in Chapter 3 is used to study the generation

and evolution of CV entangled states in lossy coupled-cavity systems. In particular,
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analytic time-dependent expressions for the number of photons in each cavity, as

well as for the correlation variance between the light in different pairs of cavities

are presented. In Chapter 5, as an extension of Chapter 4, we consider more general

pumping conditions by employing a numerical Schmidt decomposition of the biphoton

wave function. Finally, conclusions and future directions are presented in Chapter 6.



27

Chapter 2

Squeezed thermal states: the result of parametric

down conversion in lossy cavities

This work is published as Hossein Seifoory, Sean Doutre, Marc. M. Dignam, and

J. E. Sipe, “Squeezed thermal states: the result of parametric down conversion in

lossy cavities,” J. Opt. Soc. Am. B 34, 1587-1596 (2017) [122] and was chosen as

an editor’s pick. This is a purely theoretical work, which examines the important

role of loss in the generation of squeezed states in lossy cavities via parametric down

conversion. All the theoretical works and numerical calculations were accomplished

by me following Prof. Sipe’s theory on squeezed thermal states. I was responsible for

drafting the manuscript which went through several rounds of internal edits before

submission.

Abstract

We investigate theoretically the properties and the temporal evolution of squeezed

states generated using degenerate parametric down conversion in lossy cavi-

ties. We show that the Lindblad master equation, which governs the evolution

of this system, has as its solution a squeezed thermal state with an effective
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temperature and squeezing parameter that depends on time. We derive an-

alytical solutions for the time-evolution of quadrature noise, thermal photon

number, squeezing parameter, and total photon number under different pump-

ing regimes. We also find the steady state limits of the quadrature noises and

discuss the g(2) factor of the generated light inside the cavity in the steady state.

2.1 Introduction

The theory of field quantization has its origins in Dirac’s work of 1927 [1, 49].

One of the most important consequences of quantizing the electromagnetic field is

the existence of vacuum fluctuations. In any state of the field, even the vacuum,

the electric and magnetic fields at any given time deviate from their mean. These

fluctuations are responsible for phenomena such as spontaneous emission [2], zero-

point energy [3], Lamb shift [4, 5], quantum beats [6] and the Casimir effect [7, 8].

More directly, the noise resulting from these fluctuations sets a limit on the accuracy

of interferometric measurements. Squeezed states suppress this noise in a particular

quadrature, and can be used to measure extremely weak signals, such as found in

gravity-wave interferometers [16, 17, 18].

Squeezed states can be obtained using nonlinear optical processes such as four-

wave mixing [15] and parametric down conversion [50], or from resonant fluorescence

of coherently driven single-photon emitters [51, 52, 53, 54], photonic crystal micro-

cavities [56], and even from an individual atom [55].

Kim et al. [123] have studied the statistical properties of the squeezed thermal

states, including the photon number distribution, quasiprobability function, and the
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second order correlation function. They found, for example, that in the weak squeez-

ing limit these states exhibit strong photon-bunching [123]. It has been shown that

the phase sensitivity of Mach-Zehnder interferometry can be enhanced using single-

mode squeezed thermal light [124], and that when a squeezed thermal field is used as

a light source in ghost imaging the visibility will greatly improve [125]. Moreover, a

large number of phenomena have been predicted by studying the interaction of the

squeezed field with atomic systems [61, 62, 63, 64, 65, 66], which was first investigated

by Milburn [126]. It has also been shown that the squeezed fields can be employed

in some spectroscopic methods to improve their sensitivity [67, 68, 69]. In order to

assess the properties and suitability of the light generated in a leaky cavity for the

above-mentioned applications, it is important to quantify the dependence of the pho-

ton noise and degree of antibunching on the pump and loss rates in a pumped, leaky

cavity.

In this paper we investigate a leaky cavity in which a classical pump field is used

to generate a squeezed state via parametric down conversion. We limit ourselves

to only one leaky signal mode and pump this mode at twice its natural frequency.

As such, this problem reduces to determining the photon dynamics of a degenerate

optical parametric oscillator (OPO) where the pump light is treated classically. This

problem has been treated in the past either by determining and solving the dynamic

equations for operator correlation functions by employing the Heisenberg-Langevin

equations [9] (or equivalent), or by solving for the density matrix numerically by, say,

expanding it in a basis of number states [127]. However, in this paper, we show that

the exact solution for the Lindblad master equation for an OPO is the density matrix

of a squeezed thermal state. The problem is therefore reduced to solving three coupled
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ordinary differential equations for the squeezing amplitude, the squeezing phase, and

the thermal photon number. We solve these equations to yield the time-dependent and

steady-state solutions for the quadrature noise, thermal photon number, squeezing

parameter, total photon number and second order correlation function under different

pumping regimes. Our approach has a significant advantage over other strategies that

focus only on determining correlation functions: Even without solving the dynamical

equations the nature of the state is known, and one only needs to determine the time

dependence of three quantities. Moreover, because we solve for the density matrix

directly, determining the statistical properties of the radiation using higher-order

correlation functions is much simpler than solving the coupled Heisenberg-Langevin

equations.

The paper is organized as follows. In section II, we present the model of the

dynamics of the system using Lindblad master equation. In section III, we then

develop a solution to the Lindblad master equation using density matrix method,

which reduces the problem to solving three coupled first-order differential equations

for the squeezing amplitude, squeezing angle and average thermal photon number.

Next, in Section IV, we review some properties of squeezed and squeezed thermal

states and in Section V, we present the results in the weak and strong pumping regime

for squeezed states generated in lossy cavities. Finally, we present our conclusions in

Section VI.

2.2 The Lindblad master equation

There are many ways to achieve squeezed states. Here we focus on degenerate

parametric down conversion using a material with a nonlinear χ(2) response. Briefly,
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in this method a single pump photon of frequency ωP is converted into two signal

photons of frequency ω = ωP/2. The Hamiltonian takes the form

H = ~ωb†b+ ~ωPa†a+ i~χ(2)
eff (b

2a† − b†2a), (2.1)

where a and b are annihilation operators of photons in the pump and signal modes

respectively, and χ
(2)
eff is the effective second order nonlinear susceptibility. In the

parametric approximation, the input photons are assumed to come from a strong

pump which we approximate as a time-dependent coherent state |α(t)〉. This leads

to the following Hamiltonian for the signal photons

H = H0 + (α(t)γb†b† + α∗(t)γ∗bb), (2.2)

where H0 = ~ωb†b and γ is the complex coupling between the pump and signal modes,

which depends on the material properties of the system and the pump-signal mode

overlap. The cavity has a resonance at ω, with a quality factor, Q = ω/Γ, where

Γ is the intensity decay constant of the mode. The dynamics of this system can be

modelled using the Lindblad master equation

ρ̇ = − i
~

[H, ρ] + Γ(bρb† − 1

2
b†bρ− 1

2
ρb†b), (2.3)

where ρ is the density operator [128]. If the pump is on-resonance with the cavity,

then α(t) = α0e
−2iωt, and in the interaction picture

Uint(t) = e−it(γ
∗α∗0bb+γα0b†b†)/~ (2.4)
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is the time evolution operator for t > 0 with the neglect of loss. This has the form

of squeeze operator of S(ξ) = exp
[

1
2
(ξ∗b2 − ξb†2)

]
for ξ = 2iγα0t/~. When acting on

the vacuum, the squeeze operator gives

S(ξ) |0〉 = |ξ〉 , (2.5)

where |ξ〉 is a squeezed vacuum state (SVS). The squeezing parameter is generally

complex, and we write it in the form ξ = ueiφ.

In the presence of loss, the solution is considerably more complicated. One can

calculate the time evolution of the density matrix numerically. Before performing such

a numerical solution, it is advantageous to introduce the dimensionless parameter

℘ ≡ (4α0γ)/(~Γ), which represents the ratio of the pumping strength to the loss rate.

Then, Eq. (2.3) can be rewritten in the interaction picture as

ρ̇

Γ
= − i

~
[H ′, ρ] + (bρb† − 1

2
b†bρ− 1

2
ρb†b), (2.6)

where H ′ = (℘∗~b2 + ℘~b†2)/4, such that the only two parameters that govern the

system are Γt and ℘.

The numerical solution of the Lindblad master equation and consequently the

expectation values of the quadrature operators can be obtained by employing a basis

of number states, as long as the photon number does not become so large that an

impractically large basis is required [127]. In this work, however, we take a different

approach. In the following section, we show that rather than resorting to a numerical

solution to the master equation, the exact solution for the density operator takes

the form of a Squeezed thermal state (STS), where the squeezing parameter and
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effective temperature are determined by a simple set of coupled first order differential

equations.

2.3 Analytic solution of the lindblad master equation

As we show in this section, the solution of Eq. (2.6) can be written exactly as

ρ(t) = S(ξ(t))ρT (β(t))S†(ξ(t)), (2.7)

where S(ξ(t)) is the squeezing operator, ξ(t) depends on time and

ρT (β(t)) = (1− e−β(t)~ω)e−β(t)H0 (2.8)

is a density operator describing a thermal state at an (effective) time-dependent

temperature kBT (t) = 1/β(t). This temperature should of course be distinguished

from the temperature of the reservoir, which by assumption is zero. Thus the evolving

state is a squeezed thermal state. From the form of Eq. (2.7), we see that one can use

this solution to describe the evolution of a variety of initial states, including a vacuum

state, thermal state, squeezed state or squeezed thermal state by simply changing the

initial conditions.

In describing the solution, rather than parameterizing the thermal state using β(t)

it is easier to use

nth(t) ≡
1

eβ(t)~ω − 1
, (2.9)

which is the expectation value of the photon number in the thermal state. Although

we could directly confirm our exact solution by plugging Eq. (2.7) into Eq. (2.3), here
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we derive it by a method that may be useful in related systems when we cannot find

an exact solution but must search for an approximate one. We seek a solution of

Eq. (2.3) of the form

ρ(t) = S(ξ(t))ρ
1/2
T (nth)O(t)ρ

1/2
T (nth)S

†(ξ(t)), (2.10)

where the initial value of nth(t = 0) = 0 is chosen when our initial state is the vacuum.

Comparing Eq. (2.7) with Eq. (2.10), it can be shown that O should be the identity

operator for all times, O(t) = I. From Eq. (2.10), it is easily seen that

O(t) = ρ
−1/2
T S†(ξ)ρ(t)S(ξ)ρ

−1/2
T . (2.11)

As we show in the Appendix A, forcing O(t) to be identity operator for all times

leads to the following three coupled differential equations for squeezing amplitude,

squeezing phase and average thermal photon number:

du(t)

dt
=
i

~
(γα(t)e−iφ(t) − γ∗α∗(t)eiφ(t))− Γcs

2nth(t) + 1
, (2.12)

dφ(t)

dt
= −2ω +

1

~
c2 + s2

cs
(γα(t)e−iφ(t) + γ∗α∗(t)eiφ(t)), (2.13)

dnth(t)

dt
= Γ(s2 − nth(t)), (2.14)

where s ≡ sinhu(t) and c ≡ coshu(t). The last equation shows that the state gains

thermal photons at a rate given by Γ sinh2 u(t) and loses these photons at a rate

Γnth(t). If the system is initially prepared as a pure SVS and if there is no leakage

(Γ = 0), then sinh2 u(t) is simply the number of photons in the system. We later
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show that in a STS, sinh2 u(t) cannot simply be interpreted as the number of photons

produced by the action of the squeeze operator.

In all that follows, we turn on the harmonic pump field at t = 0 such that α(t) = 0

for t < 0 and α(t) = α0e
−2iωt for t > 0, and we take the initial state to be the vacuum

state, so that u(0) = 0. Thus, because sinhu(0) = 0, the right hand side of Eq. (2.13)

is only finite if at t = 0

(γα(t)e−iφ(t) + γ∗α(t)∗eiφ(t)) = 0. (2.15)

We obtain our solution by enforcing this condition for all times. We then see from

Eq. (2.13) that the phase then evolves according to

dφ(t)

dt
= −2ω, (2.16)

which is trivially solved as φ(t) = −2ωt+ φ0. It then follows from Eq. (2.15) that for

t ≥ 0 we must have

Re
{
|γα0|ei(θ−φ0)

}
= 0, (2.17)

where θ is the phase of γα0, i.e. γα0 = |γα0|eiθ. This condition is only met for θ−φ0 =

±π/2. We thus only have to solve Eqs. (2.12) and (2.14) with the conditions given

by Eqs. (2.16) and (2.17). Enforcing these conditions, Eq. (2.12) can be rewritten as

1

Γ

du(t)

dt
=
g

2
− cs

2nth(t) + 1
, (2.18)

where g is a constant given by g = ±4|γα0|/~Γ in which the + sign (- sign) corresponds

to θ−φ0 = −π/2 (θ−φ0 = +π/2) [129]. Finally, the time dependence of nth is given
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by Eq. (2.14). In all that follows, we take θ − φ0 = −π/2, which makes g > 0. As

we shall see, this choice results in initial squeezing in the X quadrature. This is not

restrictive, because it is easy to show that choosing the other phase condition results

in a change in sign of u, which does not change the physical content of the results

but rather simply yields initial squeezing in the Y quadrature.

Before presenting the results for our dynamical equations, we first examine some

of the properties of squeezed thermal states.

2.4 Squeezing and some properties of the squeezed thermal states

To quantify the vacuum fluctuations, we define the annihilation operator in terms

of Hermitian quadrature operators, X and Y , as

b = e−iωt(
X + iY

2
). (2.19)

With this definition of the quadrature operators, we remove the trivial free evolution

in the usual way [130] so that we can focus on the effects of pumping and loss.

The RMS deviations for the quadratures obey the uncertainty relation

∆X∆Y ≥ 1. (2.20)

Both vacuum and coherent states are minimum uncertainty states where the noise

is evenly distributed between ∆X and ∆Y . It is possible to reduce the noise in

one quadrature by increasing the noise in the other. Such squeezing can lead to a

reduction in the uncertainty in the amplitude of the electric field or in its phase.
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The mean photon number of SVS is found to be

〈n〉 = 〈b†b〉 = sinh2(u). (2.21)

The squeezed thermal state is the Bose-Einstein weighted sum of the squeezed number

state. The density matrix operator of a single-mode squeezed thermal state is

ρ =
∞∑

m=0

nmth
(nth + 1)m+1

S(ξ) |m〉 〈m|S†(ξ), (2.22)

where nth is the thermal photon number. The variances of quadrature operators and

the number operator for the squeezed thermal state are [123]

〈(∆X)2〉 = (2nth + 1)e−2u, (2.23)

〈(∆Y )2〉 = (2nth + 1)e2u, (2.24)

and

〈n〉 = 〈b†b〉 = nth cosh(2u) + sinh2(u). (2.25)

Moreover, the correlation between photons can be determined by the normalized

single-mode second order correlation function using creation and annihilation opera-

tors as

g(2) =
〈b†b†bb〉
〈b†b〉2

. (2.26)

Using Eqs. (2.22) and (2.25), the second order correlation function can be written in
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terms of thermal photon number and squeezing parameter as [123]

g(2) = 2 +
(nth + 1

2
)2 sinh2(2u)

(nth cosh(2u) + sinh2(u))2
, (2.27)

which quantifies the intensity fluctuations in a classical picture and photon bunching

in a quantum picture. The corresponding quantity for a lossless cavity can be found

by using Eq.(2.21) in Eq.(2.27); this gives

g(2) = 3 +
1

〈n〉 , (2.28)

which is the result for a SVS.

Note that in our approach, the time-dependent behaviour of the second order

correlation function can be obtained by using our solutions to Eqs. (2.12), (2.13)

and (2.14) for u(t), φ(t) and nth(t) in Eq. (2.27). This highlights one of the advantages

of using our method in comparison to the Heisenberg-Langevin approach in which

one would need to solve nine coupled equations to obtain the second order correlation

function. Moreover, as we show later, one can find a closed-form solution for the

second order correlation function in the steady state using our approach.

2.5 Results

The two coupled Eqs. (2.14) and (2.18) were solved numerically in three different

pumping regimes: weak, critical, and strong. The dynamics of the thermal photon

number and the squeezing amplitude are plotted in Fig. 2.1 for different pumping

regimes. The parameter, g, quantifies the pumping level, with the critical pumping

value, g = 1, marking the dividing line between weak and strong pumping. In the



2.5. RESULTS 39

0 2 4 6 8 10
Γt

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Sq
ue

ez
in
g 
am

pl
itu

de
 (u

)

(a)
g=0.8

g=1.0

g=1.2

0 2 4 6 8 10
Γt

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

Th
er
m
al
 p
ho

to
n 
nu

m
be

r (
n
th
)

(b)
g=0.8

g=1.0

g=1.2

Figure 2.1: The time dependence of (a) the squeezing amplitude and (b) the thermal
photon number in the case of weak pumping (g = 0.8), critical pumping
(g = 1.0) and strong pumping (g = 1.2).

weak pumping regime (g < 1), both the thermal photon number and the squeezing

amplitude saturate and reach a steady state value. In contrast, for strong pumping

(g > 1), both of these quantities increase rapidly, with the thermal photon number

increasing exponentially at long times. Using the time dependence of nth and u and

employing Eqs. (2.23), (2.24) and (2.25), one can calculate the time evolution of the
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quadrature noises and the photon number expectation value. In Fig. 2.2 we plot the

total photon number, the quadrature noises and the product of quadrature noises

(∆X∆Y ) as they evolve in time. Note that for a pure squeezed state, ∆X∆Y = 1,

so the deviation from 1 is a measure of departure from a pure squeezed state.

We consider first the expectation value of the total photon number. As expected,

this increases as g is increased. In the weak pumping regime, we observe that 〈n〉

approaches a steady state value, while in the strong pumping regime 〈n〉 increases

approximately exponentially at later times. We note that in all cases, at early times

(Γt < 1) the average photon number is given approximately by sinh2 u(t), which is

the number of photons in a pure squeezed vacuum state. At longer times, we find

that 〈n〉 is not simply equal to nth(t) + sinh2 u(t) (the addition of the thermal and

“squeezed” photons) and that in the strong pumping regime, the deviation from this

increases rapidly with time.

Now we turn to the quadrature uncertainties. As the value of g is increased, we

see that ∆X decreases, as expected. For the range of g considered, the squeezing

of ∆X is rather modest, only reaching a value of 0.67 for g = 1.2. Of course, if we

increase g further, then much stronger squeezing can be achieved. However, the price

that one pays for the increase in squeezing in X is an increase in ∆Y . In contrast

to the case of a pure squeezed state, the product of the two quadrature uncertainties

does not simply equal 1, except at t = 0. From Eqs. (2.23) and (2.24), we see that

∆X∆Y = (2nth+1), so that this product increases in direct proportion to the number

of thermal photons. We will consider this trade off in more detail when we consider

the strong pumping regime below.
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Figure 2.2: The quadrature noises and the expectation value of the total photon num-
ber as a function of time for (a) weak pumping (g = 0.8) and (b) strong
pumping (g = 1.2).
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Figure 2.3: The product of the quadrature noises as a function of time for g = 1.2
calculated numerically by employing a number state basis. The number
of basis states used in a given calculation is indicated in the legend. The
black solid line represents the semi-analytic result and the dashed line
shows the total photon number.

We close this section by comparing our semi-analytic results with numerical re-

sults obtained by solving for the density matrix in a basis of number states using

QuTiP [127]. In Fig. 2.3, we plot the uncertainty product as a function of time for

g = 1.2 (strong pumping) using this numerical approach with the number of basis

states ranging from 10 to 300. For comparison, we also show (black solid line) the

results found using our semi-analytic approach. We see that for short times (Γt < 2),

the numerical solutions with n ≥ 10 agree with our semi-analytic one. However,

although this is a relatively small g, even a basis of 300 is insufficient for Γt > 12, at

which times the photon number is larger than 20. This result confirms the validity

of our semi-analytic solution, but also demonstrates that generating the numerical

solutions can become impractical in the strong-pumping regime at long times or for

large g.
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2.5.1 Weak pumping regime

In this section, we consider the weak pumping regime (g < 1), with a focus on

the steady state results. The steady state solution is obtained by setting the time

derivatives for u and nth (Eqs. (2.14) and (2.18)) to zero, which gives

sinh2(u) = nssth (2.29)

and

u =
1

2
tanh−1(g), (2.30)

which are in agreement with results from the Langevin equations [131]. Using Eqs. (2.23)

and (2.24) the variances of the quadrature operators in the steady state can be shown

to be

∆Xss =
1√

1 + g
(2.31)

for any g and

∆Yss =
1√

1− g (2.32)

when g < 1. The condition for steady state operation can only be satisfied for weak

pumping (g < 1). These steady-state quadrature uncertainties resulting from sub-

critical pumping have been reported previously [132, 133, 134]. From Eqs. (2.31) and

(2.32), it can be shown that the presence of loss sets a limit on the noise suppression

that can be achieved for a given pumping strength which is given by ∆Xss > 1/
√

2

in the weak pumping regime.



2.5. RESULTS 44

Note that the product of the uncertainties is given simply by

∆Xss∆Yss =
1√

1− g2
, (2.33)

which diverges as g approaches 1. This all indicates that if one is interested in

achieving strong squeezing in one quadrature without excessive stretching in the other,

one should not operate in the weak pumping regime.

Using Eqs.(2.25), (2.29) and (2.30) one can show that in the weak pumping regime

(g < 1), the analytic expressions for the steady state total and thermal photon num-

bers are

nssth =
1−

√
1− g2

2
√

1− g2
(2.34)

and

〈n〉ss =
g2

2(1− g2)
. (2.35)

Using Eqs. (2.29) and (2.30), the second order correlation function in the steady

state for arbitrary g, nssth and 〈n〉ss can be shown to be

g(2)
ss = 3 +

1− g2

g2
, (2.36a)

g(2)
ss = 3 +

1

4nssth(n
ss
th + 1)

, (2.36b)

g(2)
ss = 3 +

1

2 〈n〉ss
. (2.36c)

Considering the same number of photons for both STS in steady state and SVS,

Eqs. (2.36c) and (2.27) reflect both difference and similarity between the second

order correlation function for a steady state STS and a SVS. In order to compare the

bunching in the steady state for a leaky cavity to what one would obtain in a perfectly
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squeezed vacuum state with the same photon number, in the inset to Fig. 2.4 we plot

g(2) as a function of the total photon number. For large 〈n〉, g(2) → 3 for both the

STS and the SVS, while for 〈n〉 → 0, g(2) for a SVS is twice that of a STS with same

〈n〉, but both diverge. This shows that although the loss greatly affects the stretching

in the Y quadrature, it does not greatly affect the photon bunching except for very

low pumping. Therefore, in applications where the desirable property of the squeezed

light is the bunching or antibunching, the cavity loss does not result in a significant

degradation from SVS when 〈n〉 & 1.

In Fig. 2.4 we also plot the thermal and total photon number as a function of g in

the steady state. As can be seen, both nth and 〈n〉 grow as we enhance the pumping

power but at different rates. From Eqs. (2.34) and (2.35), it is easily shown that the

fraction of thermal photons 1/2 as g goes to zero and that, although the number of

photons diverges as g → 1, the fraction of thermal photons goes to zero in the same

limit.

From Eqs. (2.36) and (2.34), it can be shown that the photon bunching decreases

as we increase the pump power in the weak pumping regime. In other words, as shown

in Fig. 2.4, the correlation function drops rapidly with g, reaching 3.2 at g = 0.9, and

finally reaching a value of 3 for g = 1. When the pumping is strong enough such that

there is more than one photon in the cavity, g(2) is only slightly larger than 3. It is well

known that for thermal light g(2) = 2. Therefore, we find enhanced photon-bunching

for our squeezed thermal light relative to thermal light.
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Figure 2.4: The steady-state second order correlation function (solid line), total pho-
ton number (dashed line) and thermal photon number (dotted line) as
a function of pump-to-loss ratio, g. The inset shows the second order
correlation function for a steady state squeezed thermal state generated
with sub-critical pumping (solid) and a squeezed vacuum state (dashed)
as a function of the total photon number.

2.5.2 Strong pumping regime

When one crosses into the strong pumping regime (g > 1), there is no sudden

change in the squeezing in X, and by increasing g beyond unity the steady-state

value of ∆X can be decreased as much as desired. However, ∆Y does not reach a

steady-state value and instead increases in time without bound at an approximately

exponential rate, causing a commensurate increase in ∆X∆Y as the state evolves

further away from an ideal squeezed state. In Fig. 2.5(a), we plot ∆X as a function

of time for four different super-critical values of g. As expected, as g increases,

the steady-state squeezing in X is stronger and approaches the steady state limit

of 1/
√

1 + g. It is clear that when the pump is stronger, the squeezing in X more

rapidly approaches its steady state value. To quantify this, we consider the quadrature
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squeezing at the time when ∆X is just above the steady state limit such that

∆X =
1 + δ√
1 + g

, (2.37)

where δ is the fractional deviation from the steady state limit. We refer to this as the

threshold value. The small solid circles in Fig. 2.5(a) indicate the times when ∆X is

20% above the corresponding steady state limit for each different value of g. As can

be seen, when g is increased, this threshold value is reached much earlier.

We now quantify the deviation from minimal uncertainty squeezing at the thresh-

old point. According to Eqs. (2.23) and (2.24), ∆X∆Y = 2nth + 1. Therefore, the

quantity, 2nth+1 can be used as a parameter to evaluate the deviation from minimum

uncertainty squeezing.

In Fig. 2.5 we plot (2nth + 1) at the δ = 0.1 and δ = 0.2 threshold values as

a function of g. As can be seen, the deviation from minimum uncertainty increases

monotonically with g. However, according to Table 4.1, even for a squeezing of 0.12 in

X (g = 100, δ = 0.2), the stretching in Y is less than a factor of 2 above its minimal

value of 8.4. Although this is certainly not negligible, it is less that the factor of 2

deviation that one obtains for a value of g = 0.8 in the steady state, where there, the

uncertainty in X is 0.74, which is more than 6 times bigger. This shows that strong

squeezing in a lossy cavity is best achieved by strongly pumping the system for a

short time, not by working in the steady state or at long times. The corresponding

Wigner quasiprobability distribution function of the two STSs compared in Table 4.1

are shown in Fig. 2.6. As can be seen, the squeezing in X is much greater for the

g = 100 case, but as expected, the uncertainty in Y is much larger.
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Figure 2.5: (a) The quadrature noise in X as a function of time in the strong pump-
ing regime for g = 5, 10, 50 and 100. The steady state limits given by
Eq. (2.31) are shown as solid lines, while the solid circles indicate the
time when ∆X reaches 20% above the corresponding steady state value
(i.e. δ = 0.2). (b) The quantity (2nth + 1) at the threshold times corre-
sponding to δ = 0.1 and δ = 0.2 as a function of the pump-to-loss ratio,
g.
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Table 2.1: Compares squeezing properties of weak and strong pumping regimes at
δ = 0 and δ = 0.2, respectively.

Pumping regime g δ ∆X ∆Y 2nth + 1

Weak 0.8 0.0 0.7 2.1 1.6

Strong 100.0 0.2 0.1 14.3 1.7

In Fig. 2.7 we plot g(2) as a function of g at the two different threshold values of

∆X corresponding to δ = 0.1 and δ = 0.2. As can be seen, for g greater than about

5, g(2) is close to 3. As g approaches unity g(2) becomes large, but does not diverge.

Note, however, that for the smaller values of g the time taken to reach steady state

increases, and the number of photons in the cavity is rather small. For example, for

g = 1 and δ = 0.1, 〈n〉 = 0.096 and the threshold value is reached at Γt = 0.78.

2.6 Conclusion

In this work, we have examined the time evolution of squeezed states generated

in lossy cavities via degenerate parametric down conversion. We have solved the

Lindblad master equation for parametric pumping of a leaky cavity. We have shown
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Figure 2.7: The second order correlation function at the threshold times correspond-
ing to δ = 0.1 and δ = 0.2 as a function of pump-to-loss ratio, g.

that the exact time-dependent state is a squeezed thermal state, where the thermal

photon number and the squeezing parameters are time dependent.

We have calculated the time dependence of the total and thermal photon num-

bers, the squeezing parameter, the quadrature noise and the second order correlation

function for different ratios of the pump power to the loss coefficient. Moreover, we

have developed analytic expressions for the steady state values of these quantities in

the weak pumping regime and shown that they agree with existing solutions. Finally,

we have analysed their dependence on g in the strong pumping regime.

We have found that although it is not possible to obtain steady-state squeezing

that is greater than 1/
√

2 when the pumping is sub-critical, for super-critical pump-

ing, essentially arbitrarily strong squeezing is possible for large enough pump power.

Moreover, if the duration of the pump is kept sufficiently short, the deviation from

minimal uncertainty can be kept relatively modest. Therefore if one wishes to obtain

strong squeezing in a leaky cavity, as are all real cavities, it is necessary to operate
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in the strong pumping regime and to carefully time the duration and strength of the

pump to achieve the desired squeezing in one quadrature, without obtaining excessive

stretching in the other.

We have found that the squeezed thermal light that is obtained in steady state

in the weak pumping regime results in strong bunching that is comparable to that

found is a pure squeezed vacuum state. Similar bunching can be achieved in the

strong pumping at early times. Thus, such light could be used effectively in some

quantum imaging techniques, such as ghost imaging [125], where the large g(2) results

in a faithful image even when the source has low brightness.

Finally, it should be mentioned that as we increase g to the higher values in the

strong pumping regime, the importance of having analytic solution becomes more

evident since the numerical solution in this regime requires a large number of basis

states for convergence and consequently would be a time and resource consuming

process.
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Chapter 3

Squeezed-state evolution and entanglement in

lossy coupled-resonator optical waveguides

This manuscript is published as Hossein Seifoory and Marc M. Dignam, “Squeezed-

state evolution and entanglement in lossy coupled-resonator optical waveguides”,

Phys. Rev. A 97, 023840 (2018) [135] and has been presented at Photonics North

2018 and Advanced Photonics Congress 2018. Starting from a single cavity in the

previous chapter, in this manuscript we focus on the lossy coupled cavity systems.

We study the evolution of nonclassical light, first in a simple lossy system consisting

of two coupled cavities, and then in a lossy coupled resonator optical waveguide. Al-

though we focus on the squeezed states, the formalism presented in this manuscript

is such that it can be applied to the other states of light as well. All the theoretical

work and the numerical calculations were accomplished by me under the supervision

of Prof. Dignam. I also drafted the manuscript and was responsible for handling the

review process with some input from Prof. Dignam.

Abstract

We investigate theoretically the temporal evolution of a squeezed state in lossy
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coupled-cavity systems. We present a general formalism based upon the tight

binding approximation and apply this to a two-cavity system as well as to a

coupled resonator optical waveguide in a photonic crystal. We derive analytical

expressions for the number of photons and the quadrature noise in each cavity

as a function of time when the initial excited state is a squeezed state in one of

the cavities. We also analytically evaluate the time dependent cross correlation

between the photons in different cavities to evaluate the degree of quantum

entanglement. We demonstrate that loss in such coupled-cavity systems cannot

be treated using simple exponential factors. Finally, we also derive approximate

analytic expressions for the maximum photon number, maximum squeezing and

maximum entanglement for cavities far from the initially excited cavity in a

lossless coupled resonator optical waveguide.

3.1 Introduction

Nonclassical states of light possess properties that can only be described by

quantum theory. One potential attribute of these states is quantum entanglement,

which has potential applications in quantum teleportation, quantum computation,

and quantum information [24, 25]. Both discrete-variables (DVs) and continuous-

variables (CVs) can be used to create quantum entanglement between two distant

quantum systems. However, implementation of DV entanglement currently suffers

from difficulties in single photon generation and detection and from loss in inte-

grated on-chip systems. In contrast, CV entanglement as an alternative to its DV

counterpart can be efficiently created and used for implementation of CV quantum

protocols [86, 87, 88, 89, 90] and has the advantage that the entanglement is general

more robust to loss than systems composed of photon pairs.
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Generally, non-uniformly distributed quadrature fluctuations of squeezed light can

provide CV entanglement [136, 92]. The inseparability criterion, which is based on

the total variance of a pair of canonical conjugates variables, can be used to study the

degree of quantum correlation in CV systems [93, 94]. Although the CV entangled

light has been achieved using bulk setups [89, 136, 137, 138, 139], the migration from

bulk optics to integrated photonics seems inevitable since, as the size and complexity

of these systems increase, the limitations of working with the bulk optics, such as

stability, precision, and physical size, become significant. Due to recent developments

in integrated photonics technology, it is possible to resolve scalability and stability

concerns regarding to bulk optics by generating CV entanglement on a chip [140].

However, the effects of environmental loss, which destroy the nonclassical properties

of light and consequently affect the entanglement [141], is inevitable and needs to be

understood and managed.

Parametric down conversion (PDC) processes, in which a pump photon is annihi-

lated to produce a signal and an idler photon, is one of the methods that can be used

to generate correlated photons [142, 143, 144]. It has been shown that photon pairs

can be generated via PDC in integrated on-chip systems using nonlinear materials

with high second-order nonlinear susceptibility such as AlGaAs [145]. Thanks to the

maturity achieved in fabrication technology and the ability to integrate them with

the other photonic elements, nonlinear waveguides are now a very promising way in

which to generate entangled photons states via PDC [146, 147]. The pumping can be

done either from one end of the waveguide or from the top. However, the latter con-

figuration is more interesting for two key reasons. First, by focusing the pump light

from above on a single-resonant cavity, one can achieve a high intensity of pump light
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in the nonlinear material, which increases the generation rate. Second, it enables the

generation of entangled photons at two distant locations, which is desired in many

quantum communications applications. Such a source of couterpropagating twin pho-

tons has been experimentally demonstrated in an AlGaAs ridge waveguide [146, 147].

This same configuration of top-pumping of a nonlinear waveguide is also very promis-

ing for creating entangled squeezed states. It is this system that we examine in this

paper. The particular system that we will consider is the coupled resonator optical

waveguide (CROW).

CROWs, which were first studied by Yariv et al. [111], can be described as a

waveguide consisting of weakly coupled optical cavities along one-dimension. The

tight-binding method [118, 107], which uses localized single-cavity modes as a basis,

can be applied as a mathematical framework to model the evolution of light in such a

coupled structure. One nice feature of CROWs is that, by adjusting the nature of the

cavities and the separation between the cavities, one can adjust the dispersion and

even the loss to some degree to optimize the system for a particular application [111].

This characteristic is the main advantage of using CROWs compared to conventional

optical waveguides, in which the guiding properties are mostly determined by total

internal reflection and material dispersion. An intrinsic property of CROWs, however,

is scattering loss; this must therefore be included in any treatment of these systems.

As we shall show, the effects of loss on the quantum correlations in these systems is

nontrivial and cannot generally be treated using a simple exponential factor.

In our previous work we studied the generation of SVS in the presence of loss and

showed how the loss affects the generation of squeezed light [122]. Now, what we are

interested in is the evolution and propagation of squeezing and entanglement in lossy
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(a)

(b)

D
d

(c)

Figure 3.1: Schematic picture of (a) two coupled cavities and (b) a CROW structure
and (c) the particular CROW structure with periodD formed from defects
in a slab photonic crystal with a square lattice of period d.

systems. In this work, we develop a general formalism to study the squeezing and the

entanglement in lossy coupled-cavity structures and apply it to a CROW structure.

The CROW is interesting since it has been shown to have potential in generating CV

entangled states between two spatially separated sites [38] and can also be integrated

with other photonic components, such as side cavities [39, 40], forming an integrated

photonic circuit, for use in photonic quantum information processing.

In this paper, we show that the time evolution of the quadrature variances and the

number of photons in each cavity can be explained and parametrized using a tight-

binding approach. This method allows us to calculate the CV correlation variance

between the photons in different cavities. The full analytic study of the squeezed
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state evolution in a lossy coupled-cavity system can provide us with insight into the

influence of coupling and loss on the photon statistics and the nonclassical properties

of the photons inside each cavity. We present the analytic expressions for a general

initial state, but only explicitly present detailed results for an initial state which is a

squeezed vacuum state in one of the cavities.

The paper is organized as follows. In Sec. 3.2, we present the tight-binding for-

malism that is used to obtain the quasimodes [148] of the coupled-cavity system. We

then derive the time-dependent equations for the number of photons, the quadra-

ture noise, and the CV correlation variance in a lossy coupled-cavity system with a

general initial state. In Sec. 3.3, as a test system, we study the state evolution in a

lossy two-coupled-cavity system (see Fig. 3.1(a)), where the initial state is a squeezed

state in one of the cavities. In Sec. 3.4, we apply our approach to examine the same

quantities for the state in the more technologically-interesting CROW structure (see

Figs. 3.1(b) and 3.1(c)), where the initial state is also a squeezed state in one of the

cavities. Finally, in Sec. 4.5, we present our conclusions.

3.2 General formalism

In this section, we first present the general form of tight binding theory and derive

the general expressions for some important quantities such as the time evolution of

photon number, variances of quadrature operators, and correlation variance in lossy

coupled-cavity systems.

Although in this paper we mainly focus on the Squeezed vacuum state (SVS) as

the initial state of the cth cavity, in this section we consider a more general case and

present analytic results for a general initial state.
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Using the tight-binding formalism [149, 107], we can determine the fields and

complex frequencies for the leaky modes of a coupled-cavity system. This formal-

ism allows us to determine the mode fields and frequencies of a lossy coupled-cavity

structure using only one finite-difference time domain (FDTD) calculation.

The modes of a system can be obtained by solving the corresponding homogeneous

Helmholtz equation for the electric field. However, here, due to the leakage in the

system, we employ quasimodes (QMs) which are electromagnetic resonances of an

open (leaky) dielectric structure and are characterized by complex frequencies, ω̃m.

We denote the complex mode field of these QMs by Ñm(r).

Following Fussel and Dignam [107], we begin by expanding the coupled-cavity

QMs, Ñm(r), in terms of single-cavity QMs, M̃q(r), as

Ñm(r) =
∑

q

vmqM̃q(r), (3.1)

where q labels the mode associated with a given cavity, m labels a given coupled-cavity

mode and vmq are the expansion coefficients. The quasimodes are the solutions to

the homogeneous Helmholtz equation for the electric field in the coupled-cavity and

single-cavity structures:

∇×∇× Ñm(r)− ω̃2
m

c2
ε(r)Ñm(r) = 0, (3.2)

∇×∇× M̃q(r)− Ω̃2
q

c2
εq(r)M̃q(r) = 0, (3.3)

where ω̃m ≡ ωm− iγm is the complex frequency for the mth QM of the coupled-cavity

structure and Ω̃q ≡ Ωq − iΓq is the complex frequency of the qth cavity. Also, ε(r)
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and εq(r) are the dielectric material profiles of the full coupled-cavity structure and

the structure that only contains the qth cavity, respectively. The single-cavity modes

and frequencies are calculated using FDTD.

Substituting Eq. (3.1) into Eq. (3.2) and then using Eq. (3.3) leads to the gener-

alized eigenvalue equation,

ÃΩ̃ṽ = Λ̃(Ã + B̃)ṽ, (3.4)

where Λ̃ ≡ Diag{ω̃2
m}, Ω̃ ≡ Diag{Ω̃2

q} and ṽ ≡ {ṽmq} and Ã and B̃ are respectively

the overlap and coupling coefficients between pth and qth cavities with elements defined

as

Ãqp =

∫
d3r εq(r) M̃

∗
q(r) · M̃p(r), (3.5)

B̃qp =

∫
d3r δεq(r) M̃

∗
q(r) · M̃p(r), (3.6)

where δεq(r) ≡ ε(r)− εq(r).

Using the expansion coefficients, vmq, the annihilation operator, bm, for the mth

mode of the coupled-cavity system can be written in terms of the qth individual

single-mode cavity operators, aq, as

bm =
∑

q

ṽ∗mqaq. (3.7)

Although we will be interested in the nature of the states in individual cavities,

the evolution is most simply calculated using the full coupled-cavity annihilation

operators. This evolution is found by solving the adjoint master equation for this

open, lossy system [150]. We have previously shown that for any product of normally

ordered operators, the time dependence of the individual annihilation operators is
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given by

bm(t) = bme
−iω̃mt, (3.8)

where bm = bm(0) is the corresponding operator in the Schrödinger representa-

tion [151] and the time evolution of the creation operator is simply the Hermitian

conjugate of Eq. (3.8).

Using Eqs. (3.7) and (3.8), one can generally write the time-dependent localized

field operator in a coupled-cavity system in terms of expansion coefficients and the

operators at t = 0 as

ap(t) =
∑

mq

ṽ∗mqaqe
−iω̃mtṽmp. (3.9)

Using Eq. (3.9) and its complex conjugate, the time dependent average photon number

in the pth cavity can be written as

〈a†p(t)ap(t)〉 =
∑

mqm′q′

〈a†qaq′〉 ṽ∗mpṽmqṽ∗m′q′ ṽm′pe−i(ω̃m′−ω̃
∗
m)t. (3.10)

Following the same procedure for the quadrature operators, Xp = ap + a†p and Yp =

i(ap − a†p), the time-dependent variances of X quadrature operator in general form

can be shown to be

〈(∆Xp)
2〉 = 1 +

∑

mqm′q′

(
2 〈a†qaq′〉 ṽ∗mpṽmqṽ∗m′q′ ṽm′pe−i(ω̃m′−ω̃

∗
m)t

+ 〈aqaq′〉 ṽ∗mqṽmpṽ∗m′q′ ṽm′pe−i(ω̃m′+ω̃m)t + 〈a†qa†q′〉 ṽ∗mpṽmqṽ∗m′pṽm′q′ei(ω̃
∗
m′+ω̃

∗
m)t
)
.

(3.11)

To obtain the general form of 〈(∆Yp)2〉, one just needs to change the sign of the

last two terms in Eq. (3.11), containing 〈aqaq′〉 and 〈a†qa†q′〉.
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We now study the degree of entanglement between the photons in cavities p and

p′ in a coupled-cavity structure using correlation variance, which is defined as [93, 94]

∆2
p,p′ = 〈[∆(Xp −Xp′)]

2〉 + 〈[∆(Yp + Yp′)]
2〉 . (3.12)

Employing Eq. (3.9) and its complex conjugate in Eq. (3.12), the general form of the

time-dependent correlation variance can be written as

∆2
p,p′ =4 + 4

∑

mqm′q′

(
〈a†qaq′〉

(
ṽ∗mpṽmqṽ

∗
m′q′ ṽm′p + ṽ∗mp′ ṽmqṽ

∗
m′q′ ṽm′p′

)
e−i(ω̃m′−ω̃

∗
m)t
)

− 4
∑

mqm′q′

〈aqaq′〉 ṽ∗mqṽmpṽ∗m′q′ ṽm′p′e−i(ω̃m′+ω̃m)t

− 4
∑

mqm′q′

〈a†qa†q′〉 ṽ∗mpṽmqṽ∗m′p′ ṽm′q′ei(ω̃
∗
m′+ω̃

∗
m)t.

(3.13)

Equations (3.10), (3.11) and (3.13) give the results for general initial conditions. In

the rest of this paper, we assume that at time t = 0, the cth cavity is in an excited state

of light and the rest of the cavities are in the vacuum state; thus, in what follows,

the only nonvanishing terms in Eqs. (3.10), (3.11), and (3.13) are those in which

q = q′ = c. Before proceeding, we first briefly review some of the quantum properties

of different initial states in a single cavity. In Table 4.1 we summarize some properties

of three different initial states: the SVS, squeezed thermal state (STS), and coherent

state. In Table 4.1, η̃ is the coherent state parameter, and nth is the thermal photon

number for the STS. For the SVS and STS, the squeezing parameter is generally

complex, and we write it in the form ξ̃ = ueiφ, where u and φ are the squeezing

amplitude and phase, respectively.
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Table 3.1: The operator expectation values for the SVS, STS, and coherent
state for the cth cavity at t = 0. Here, u and φ are the squeezing
amplitude and phase, respectively, for the SVS and STS, η̃ is the
coherent state parameter, and nth is the thermal photon number
for the STS.

SVS STS Coherent state

〈a†cac〉 sinh2(u) nth cosh(2u) + sinh2(u) |η̃|2

〈acac〉 −eiφ cosh(u) sinh(u) −(nth + 1
2
)eiφ sinh(2u) η̃2

〈a†ca†c〉 −e−iφ cosh(u) sinh(u) −(nth + 1
2
)e−iφ sinh(2u) η̃∗2

The formalism introduced here is used in the following sections to study the tem-

poral evolution of a SVS, first in a simple two coupled-cavity system and then in a

CROW structure. Before moving to the next section, it is worth mentioning that al-

though there are several different methods that can be used to model coupled optical

systems[152, 141], our method, unlike many of the other methods, provides analytic

solutions independent of the number of coupled cavities and so that can be easily used

to treat photons in CROW systems. In addition, unlike previous approaches used to

treat nonclassical states of light in similar structures [153, 141], our method includes

an exact treatment of intrinsic scattering in systems in which there are losses it can

be mode-dependent.

3.3 Two lossy coupled-cavities

We first consider a system consisting of only two identical lossy coupled cavities,

shown in Fig. (3.1(a)). This system supports two QMs, ω̃+ and ω̃− representing

the symmetric and antisymmetric QMs, respectively. It has been shown that in the
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nearest-neighbor tight-binding (NNTB) approximation, the supporting QMs of a two

coupled-cavity system can be written in terms of coupling parameters [113, 154] as

ω̃± ' Ω̃0(1± β̃1/2), (3.14)

where β̃1 ≡ B̃LR. The general quantum states of such a system can be expanded in

terms of the two individual cavity states as

M̃±(r) =
1√
2

(ÑL(r)± ÑR(r)), (3.15)

where ÑL(r) and ÑR(r) are the modes of the left and right cavities, respectively.

Using Eq. (3.7) with v+L = v+R = 1/
√

2 and v−L = −v−R = 1/
√

2, one can also write

the coupled-cavity operators as symmetric and antisymmetric superpositions of the

localized site operators as

b+ =
1√
2

(aL + aR) (3.16)

and

b− =
1√
2

(aL − aR), (3.17)

where aL and aR are the annihilation operators acting on the left and right cavities,

respectively.

To examine the propagation and time evolution of nonclassical light in lossy

coupled-cavity structures, we begin by studying the evolution of squeezed light in

our lossy two-cavity system. Using Eqs. (3.10), (3.11), and (3.13), we study the time

evolution of the quadrature variances and photon statistic of states in both cavities
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to investigate whether the light transferred to the second cavity maintains its non-

classical properties and to determine the correlations between light in the different

cavities.

In all the following equations, the specific state of the cth cavity at t=0 is general.

Table 4.1 can be used to obtain results for specific initial states. However, all plotted

results in this section will be for the initial state where the cth cavity is the left cavity,

which is in a SVS with u = 1.2 and φ = 0. We set ω̃± = ω± − iγ± and for simplicity,

we assume that γ+ = γ− = γ and define ω+ = ω and ω+ − ω− = ∆. We choose

∆ = ω/20 and γ = 0.02∆. The parameters are chosen to demonstrate some of the

key features which are the beating back and forth between the two cavities, the free

oscillations, and the loss in the system.

Using Eqs. (3.10), the time-dependent average number of photons in the cavities

can then be written as

〈a†R(t)aR(t)〉 =
1

4
〈a†LaL〉 (ei(ω̃

∗
+−ω̃+)t − ei(ω̃∗+−ω̃−)t

− ei(ω̃∗−−ω̃+)t + ei(ω̃
∗
−−ω̃−)t),

(3.18)

〈a†L(t)aL(t)〉 =
1

4
〈a†LaL〉 (ei(ω̃

∗
+−ω̃+)t + ei(ω̃

∗
+−ω̃−)t

+ ei(ω̃
∗
−−ω̃+)t + ei(ω̃

∗
−−ω̃−)t),

(3.19)

which can be simplified as

〈a†R(t)aR(t)〉 =
1

2
〈a†LaL〉 e−2γt[1− cos(∆t)] (3.20)

and

〈a†L(t)aL(t)〉 =
1

2
〈a†LaL〉 e−2γt[1 + cos(∆t)]. (3.21)
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As expected for lossy systems, at large times, the number of photons in both cavities

decays to zero at long times, due to the exponential decay coefficient in Eqs. (3.20)

and (3.21).

Following the same procedure as before and using Eq. (3.11), the variances of

quadrature operators can be shown to be

〈∆X2〉(L,R) =1 + e−2γt(1± cos(∆t))
(
〈a†LaL〉

± 1

2
〈aLaL〉 e−i(2ω−∆)t

± 1

2
〈a†La†L〉 ei(2ω−∆)t

)
(3.22)

and

〈∆Y 2〉(L,R) =1 + e−2γt(1± cos(∆t))
(
〈a†LaL〉

∓ 1

2
〈aLaL〉 e−i(2ω−∆)t

∓ 1

2
〈a†La†L〉 ei(2ω−∆)t

)
,

(3.23)

where the upper (lower) signs belong to the left (right) cavity. In Fig. 3.2 (a) we

plot the mean photon number in each cavity as it evolves in time for a SVS. As

can be seen, the photons, which are all initially in the left cavity, periodically move

in time between the two cavities. It is also evident that the mean photon number

gradually decreases due to the scattering loss. The time dependent quadrature noise

in X is shown in Figs. 3.2 (b) and (c) for the left and right cavity, respectively.

The dashed lines indicate the classical limit, below which the quadrature noise is

squeezed. As expected, the quadrature noise in the left cavity is initially less than

this limit (〈∆X(t = 0)〉L = 0.3) since it is a SVS. On the other hand, the right cavity
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Figure 3.2: (Color online) Calculated results for the two coupled-cavity system. (a)
Time evolution of the mean photon number in the left (solid) and right
(dashed) cavities. The time evolution of the quadrature noise in X in (b)
the left and (c) right cavities. The dashed line at 〈∆X〉(L,R) = 1 shows
the classical limit for the quadrature noises. In (d), we plot the CV
correlation variance as a function of time. The dashed line in (d) shows the
inseparability limit below which the light is considered to be entangled.
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at t = 0 is vacuum and consequently has the minimum classical quadrature noise,

∆XR = 1. As the coupled system evolves in time, we can see that the ∆XR falls

below the classical limit and reaches 0.4 at ∆t = π, which confirms that the squeezed

state has been transferred to the right cavity due to the coupling between the two

cavities. In the absence of loss, this squeezing would be identical to the squeezing in

the left cavity at t = 0.

Before moving to the CROW structure, we evaluate the entanglement between

the light in these two cavities. It has been shown that ∆2
L,R < 4 can be considered

as the inseparability criterion for entanglement [93, 94, 140, 155]. Using Eq. (3.13)

and considering the same initial condition as before, the time-dependent correlation

variance is found to be

∆2
L,R =4 + e−2γt

(
4 〈a†LaL〉

− 〈aLaL〉 ei∆t(e−i(2ω+∆)t − e−i(2ω−∆)t)

− 〈a†La†L〉 e−i∆t(e+i(2ω+∆)t − e+i(2ω−∆)t)
)
.

(3.24)

Using Eq. (3.24) for a lossless system and considering the initial excited state in the

left cavity to be a SVS with large squeezing amplitude (u� 1), it can be shown that

the minimum achievable value of ∆2
L,R is 2, which is well below the inseparability

limit. In Fig. 3.2 (d) we plot the CV correlation variance as a function of time. As

can be seen, the correlation variance exceeds the inseparability criterion reaching local

minima close to the times, ∆t = (2l + 1)π/2, where l is an integer. As expected, the

loss affects the degree of inseparability as the system evolves in time. For instance, due

to loss, although the correlation variance at ∆t = 7π/2 is still below the inseparability

limit, it experiences about 22% increase compared to the time ∆t = π/2 where
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∆2
L,R ≈ 2.3.

Before moving to the next section, we note that in this two-cavity system, because

in the numerical results that we plotted, we have made a simplifying assumption

that the loss in the two modes is identical, we obtain only simple exponential decay.

However, if we had not made that assumption, the loss behaviour would become more

complicated; we will see such effects in the next section, were we study the evolution

in a CROW structure.

3.4 Coupled resonator optical waveguides

Although the simple two-coupled-cavity system is a useful testbench for under-

standing the evolution of different states of light in lossy coupled systems, to be more

practical, we examine a CROW structure, in which the light can propagate over a

longer distance. Such a system, consisting of 2N+1 weakly coupled lossy optical cav-

ities along one-dimension with a periodicity D, is schematically shown in Fig. 3.1 (b).

As discussed in Sec. 3.2, this system can be studied using the tight-binding method

which assumes weak coupling between different cavities and uses localized single mode

cavity as a basis.

Assuming that all the cavities are identical and support the same mode, Ω̃p = Ω̃0,

and using the fact that Ãpq = Ãp −q and B̃pq = B̃p −q in Eq. (3.4), then applying

periodic boundary condition and Bloch’s theorem, the tight-binding dispersion can

be written as

ω̃(k) = Ω̃0

√√√√√√√√

1 + 2
N∑
p=1

cos(kpD)α̃p

1 + 2
N∑
p=1

cos(kpD)(α̃p + β̃p)

, (3.25)
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where α̃p ≡ Ã0p and β̃p ≡ B̃0p. Using the NNTB approximation, where only β̃1 6= 0

in Eq. (3.25), we obtain

ω̃(k) ≈ Ω̃0[1− β̃1 cos(kD)], (3.26)

where we used the Taylor expansion of the square root function. It can be seen from

Eq. (3.26), the modes of the CROW experience different loss rates, which can differ

by an order of magnitude [156, 157]. Again from NNTB we obtain

vkp =
eikpD√
N
. (3.27)

We take the cth cavity to be initially in a squeezed vacuum state, while all other

cavities are in the vacuum state. Such a state could be achieved, for example, by

strongly pumping the cth cavity in the presence of spontaneous parametric down-

conversion [158, 48], as long as the pump duration is much shorter than the time

required for transfer to the neighbouring cavities.

Employing Eqs. (3.10) and (3.27), the time dependent average photon number in

the pth cavity can be written as

〈a†p(t)ap(t)〉 =
1

N2

∑

kqk′q′

〈a†qaq′〉 (e−ik(p−q)Deik
′(p−q′)D

× e−iΩ̃0(1−β̃∗1 cos(kD))te−iΩ̃0(1−β̃1 cos(k′D))t).

(3.28)

For our initial conditions, the only nonvanishing expectation value in Eq. (3.28) is
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〈a†cac〉 = sinh2(u). Converting the sums to integrals and using the following equations

∫ π

0

cos(z̃ cos(x)) cos(nx)dx = π cos
(nπ

2

)
Jn(z̃), (3.29a)

∫ π

0

sin(z̃ cos(x)) cos(nx)dx = π sin
(nπ

2

)
Jn(z̃), (3.29b)

where n is an integer and Jn(z̃) is the Bessel function of the first kind of order n [159],

one finds that the time dependent average photon number in the pth cavity is

〈a†p(t)ap(t)〉 = 〈a†cac〉 e−2γt|Jδp(ζ̃1t)|2, (3.30)

where ζ̃1 ≡ Ω̃0β̃1, γ = − Im(Ω̃0), and δp ≡ p − c. To scale the time, we define

τ = 1/Re
{
ζ̃1

}
, which is the minimum time for a pulse to travel one period. In all of

the plots in this section, it is assumed that the cth cavity is the one in the middle of

the CROW structure (c = 0) and it contains a SVS with u = 0.88 and φ = 0, while

the rest are initially in the vacuum state.

The physical parameters of the CROW considered in this paper are from Ref. [107].

The CROW consists of a dielectric slab of refractive index n = 3.4 having a square

array of cylindrical air void of radius a = 0.4d, height h = 0.8d, and lattice vectors

a1 = dx̂ and a2 = dŷ, where d is the period. The cavities are point defects formed

by periodically removing air voids in a line with D = 2d (see Fig. 3.1 (c)). The

complex frequency, Ω̃0, and the complex coupling parameter, β̃1, of the structure are

(0.305− i7.71× 10−5)4πc/D, and 9.87× 10−3 − i1.97× 10−4, respectively.

In Fig. 3.3, we plot the mode frequency and quality factor as a function of the

Block vector for our CROW structure. As can be seen, the group velocity and quality

factor of the modes differs greatly across the first Brillouin zone. In particular, the



3.4. COUPLED RESONATOR OPTICAL WAVEGUIDES 71

group velocity (slope of the frequency plot) is zero at zone center and at the zone

edges. In addtion, the quality factor of the modes at zone centre is 8.3 times larger

than for the modes at the zone edges. This wide variation in the loss of the different

modes has a significant effect on the loss dynamics in the system, as we shall see.

In Fig. 3.4, we plot the number of photons in the pth cavity for p = 0, 2, 4, 6 as a

function of time for both lossy (green) and lossless (dashed grey) systems. As can be

seen, the number of photons in each cavity decreases as the system evolves in time.

However, in addition to the cavity leakage into the environment, coupling between the

cavities also affects the number of photons in each cavity. In the other words, even

in the lossless system (grey), we still see in Fig. 3.4 that, due to the multiple photon

hopping back and forth between the cavities, the maximum number of photons in the

pth cavity gets smaller as p gets larger. The propagation of light between the coupled

cavities is evident in Figs. 3.4 (b-d). As can be seen, as the cavity index increases

from p = 2 to p = 6, a longer time is needed for the photons to travel from the cth

cavity to the pth. If we consider a lossless system, then what one needs to calculate

the time at which the photon number in each cavity reaches the maximum value is

to find the first maximum of the Bessel function. From Ref. [160], it can be shown

that for the cavities far from the cth cavity (large p), the first maximum occurs at the

time

tp
τ
≈ p+ c0p

1/3, (3.31)

where c0 ≈ 0.8. Using Eqs. (3.26) and (3.30), the effective propagation velocity

(defined as the distance to the cavity divided by the time required to reach the
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cavity) is then given approximately by

vp =
pD

tp
≈ vmax(1− c0p

−2/3), (3.32)

where vmax = D/τ is the maximum group velocity, which is about 0.04 of the speed

of light in vacuum for this CROW structure.

Summing the average number of photons in each cavity and applying Neumann’s

addition theorem [159], the total number of photons in the system at time t is given

by

Ntot =
∑

p

〈a†p(t)ap(t)〉 = 〈a†cac〉 e−2γtI0

(
2 Im

(
ζ̃1t
))

, (3.33)

where I0 is the zeroth order modified Bessel function of the first kind. Ignoring the

losses in the system, it can be shown that the total number of photons in the system

is simply sinh2(u) for all t, which is exactly the number of photons in the cth cavity

at time t = 0. Also, note that although I0

(
2 Im

(
ζ̃1t
))

monotonically increases with

time, the total number of photons still decreases as the system evolves in time due

to the dominant exponential factor, e−2γt, in Eq. (3.33). Using a series expansion of

the Bessel function, it can be shown that for the time range considered in this paper,

the total number of photons in the system is accurately given by

Ntot ≈ 〈a†cac〉 e−2γt

(
1 +

(
Im
(
ζ̃1t
))2

)
, (3.34)

where the γ is the decay constant associated with an individual cavity and the term

involving Im
(
ζ̃1t
)

is the correction term which arises due to the averaging of the

losses over all the possible Bloch states. As mentioned earlier and as can be seen in

Fig. (3.3), different Bloch states experience different losses, which explicitly indicates
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Figure 3.3: (Color online) Frequency (left axis) and quality factor (right axis) as a
function of the Bloch vector for the CROW structure. The dashed black
and red lines represent the resonant frequency and the quality factor for
the individual cavity, respectively

that assuming the same loss factor for every mode is not valid for CROW structures

such as this. Thus, an important conclusion of our results is that due to the strong

variation in loss for different Bloch modes, one should not expect exponential decay

in the photon number in a CROW for a general initial state. We examine this effect

more carefully shortly, but first turn to an examination of the quadrature variances

and correlations.

Following a procedure similar to that used to arrive at Eq. (3.30), one can derive

the following expressions for the variances of the quadrature operators in the CROW



3.4. COUPLED RESONATOR OPTICAL WAVEGUIDES 74

0.0

0.4

0.8
P

ho
to

n
nu

m
be

r
p = 0

(a)

0.0

0.1

0.2 p = 2
(b)

0 4 8 12 16

t/τ

0.0

0.1

0.2

P
ho

to
n

nu
m

be
r

p = 4
(c)

0 4 8 12 16

t/τ

0.0

0.1

0.2 p = 6
(d)

Figure 3.4: (Color online) Average photon number in the (a) central, (b) second,
(c) fourth, and (d) sixth cavities as a function of time for the CROW
structure. The dashed grey lines show the cases in which the effects of
loss are ignored. Note the different scaling in (a).

structure:

〈(∆Xp)
2〉 =1 + 2 〈a†cac〉 e−2γt|Jδp(ζ̃1t)|2

+ 〈acac〉 eiδpπJ2
δp(ζ̃1t)e

−2iΩ̃0t

+ 〈a†ca†c〉 e−iδpπJ2
δp(ζ̃

∗
1 t)e

2iΩ̃∗0t

(3.35)
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and

〈(∆Yp)2〉 =1 + 2 〈a†cac〉 e−2γt|Jδp(ζ̃1t)|2

− 〈acac〉 eiδpπJ2
δp(ζ̃1t)e

−2iΩ̃0t

− 〈a†ca†c〉 e−iδpπJ2
δp(ζ̃

∗
1 t)e

2iΩ̃∗0t.

(3.36)

The time dependent quadrature noise in X for lossy and lossless systems is shown in

orange and grey, respectively, in Fig. 3.5 for different cavities in the CROW structure.

As can be seen in Fig. 3.5 (a), due to the nature of SVSs, the quadrature noise in

X is initially less than the classical limit (dashed line), as expected. The coupling

between the cavities and the scattering loss in the system degrades the squeezing in

the cavities as the system evolves in time.

The maximum number of photons and the maximum squeezing in each cavity is

shown in Fig. 3.6. As expected, both the maximum number of photons and squeezing

in the X quadrature decrease as we move away from the central cavity. This is most

evident when comparing the corresponding quantities for the tenth and the central

cavities. The quadrature noise in X and the maximum photon number in the tenth

cavity are 2.4 and 0.05 times the corresponding values at the zeroth cavity, respec-

tively. This figure also shows the effects of loss on the maximum number of photons

and maximum squeezing by comparing the lossy (solid line) and lossless (dashed line)

results. As can be seen, in the absence of loss, the maximum number of photons

is higher, as expected, and the quadrature noise in X is more squeezed, which is in

agreement with our previous results on squeezed state generation in a single lossy

cavity [122].

We now examine the effects of loss in more detail by returning to the results for
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Figure 3.5: (Color online) Quadrature noise in X in the (a) central, (b) second,
(c) fourth, and (d) sixth cavities as a function of time for the CROW.
The deviation from a lossless system, shown with light grey, is evident in
each case. Note the different scaling in (a) and note that there are fast
oscillations that are not observable on this timescale.

photon number. Using Eq. (3.28), one can calculate the ratio, Rp, of the maximum

photon number in the pth cavity in a lossy system to that in an idealized lossless

system as a function of p. In Fig. 3.7 (a) we plot the difference, ∆Rp, between the

exact Rp and what one would obtain using only the single cavity exponential loss,

i.e. assuming that β1 is real (dashed blue line). In the same figure, we also plot the

difference between the exact Rp and an exponential fit to the loss (black line). As can

be seen, both approximate results agree quite well with our results, with the maximum

deviation being only about 0.01 for the selected range of p. This good agreement arises
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because the peaks in the photon number in each cavity is dominated by the Bloch

modes for the photons with the maximum group velocity, which according to Fig. 3.3

are the modes close to k = π/2D with the corresponding quality factor close to Q0.

Now, to contrast this, in Fig. 3.7 (b), we plot the difference, ∆Ntot, between the results

from Eq. (3.33) and 1) Eq. (3.34) (solid black line), 2) the pure exponential term in

Eq. (3.33) (dotted red line), and 3) an exponential fit (dashed blue line). As can be

seen, a purely exponential fit does not agree well with our results. This is due to the

fact our initial condition results in a state that has equal weight in all of the Bloch

modes and therefore that includes the modes with a wide range of group velocities and

quality factors. This shows, that one cannot necessarily assume a simple exponential

decay when treating CROW structures or any other coupled-cavity structures if the

coupled modes have significantly different quality factors. The degree of deviation

from pure exponential decay will depend on the structure and the initial state of the

system.

We now study the inseparability criteria for the squeezed light inside the CROW

structure. Using Eqs. (3.13), the time-dependent correlation variance can be written

as

∆2
p,p′ =4 + 4 〈a†cac〉 e−2γt

(
|Jδp(ζ̃1t)|2 + |Jδp′(ζ̃1t)|2

)

− 4 〈acac〉 e−2iΩ̃0tei(δp+δp
′)π/2Jδp(ζ̃1t)Jδp′(ζ̃1t)

− 4 〈a†ca†c〉 e2iΩ̃∗0te−i(δp+δp
′)π/2Jδp(ζ̃

∗
1 t)Jδp′(ζ̃

∗
1 t),

(3.37)

where the sum of the last three terms needs to be negative for the inseparability

criteria for CVs to be fulfilled.

In Fig. 3.8 we plot the time-dependent correlation variances for different sets of
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Figure 3.6: (Color online) Maximum number of photons (left axis) and minimum
quadrature noise in X (right axis) in the first eleven cavities of the
CROW. The inset shows the minimum correlation variance between dif-
ferent symmetrically-displaced pairs of cavities. The dashed lines show
the same quantities when the system is lossless.

lossy and lossless cavities in blue and grey, respectively. The dashed lines show the

inseparability criteria below which the light is considered to be entangled. Here we

only focus on cases where the two cavities considered are located the same distance

from the central cavity, as this will yield the maximum entanglement; however, using

Eq. (3.37) one can explore the entanglement between any two cavities of the CROW.

As can be seen, the maximum entanglement between each pair of cavities occurs when

the peak in the photon number arrives at those cavities. Indeed, as time passes and
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Figure 3.7: (Color online) Calculated results for the photon numbers in the CROW
structure. (a) The deviation of the maximum photon number ratio from
the pure exponential term in Eq. (3.28) (dashed blue line) and from an
exponential fit (black line), e−at, where a = 1.5 × 10−4 as a function of
p. (b) The deviation of the total photon number from the exact result
of Eq. (3.33) for 1) Eq. (3.34) (solid black line), 2) a pure exponential
factor in Eq. (3.33) (dotted red line), and 3) an exponential fit (dashed
blue line) with fitting parameter a = 3.8× 10−4.

the system evolves in time, the photons either scatter to the environment or move

along the CROW, leading to a reduction in the number of photons in the considered

cavity and consequently a decrease in the degree of entanglement. In order to compare

the entanglement between different sets of cavities, in the inset to Fig. 3.6 we plot the

minimum correlation variance as a function of cavity index, p. The dashed lines show

the results when the effects of loss are ignored. As expected, the difference between

the lossy and the ideal systems is more evident as we get away from the central cavity.

Finally, in order provide better insight into how the maximum number of photons,

the minimum quadrature noise in X, and the minimum correlation variance varies

with cavity number in a lossless CROW system for the cavities far from the central

cavity (large p) when the c = 0 cavity is initially in the SVS, we use asymptotic
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Figure 3.8: (Color online) Correlation variance between different pairs of cavities in
the CROW as a function of time. The results for a lossless system are
shown in light grey.

expansion expressions for the Bessel functions [160] in Eqs. (3.30), (3.35), and (3.37)

to obtain

〈a†pap〉max ≈
c2

1 sinh2(u)

p2/3
, (3.38)

〈(∆Xp)
2〉max ≈ 1− c2

1(1− e−2u)

p2/3
, (3.39)

and

(∆2
p,−p)max ≈ 4

(
1− c2

1(1− e−2u)

p2/3

)
, (3.40)

where c1 = 21/3Ai
(
−21/3c0

)
≈ 0.67, where Ai is the Airy function. It can be seen

that for all of these three quantities the dependance on p is p2/3.
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3.5 Conclusion

In this work, we have examined the time evolution of squeezed states in coupled

cavity systems. We have applied the tight-binding method to evaluate the fields and

complex frequencies for the leaky modes of lossy coupled-cavity system.

We have presented the analytic time-dependent expressions for the photon num-

ber, quadrature noise, and correlation variance in the simple two coupled-cavity sys-

tem and in a lossy CROW structure in terms of Bessel functions.

We have examined how the nonclassical properties of light in one cavity will be

transferred to the other cavities in lossy coupled-cavity systems and have shown how

loss affects properties such as photon number, quadrature squeezing, and entangle-

ment. Moreover, we have studied the maximum values of these three quantities in

both a lossy and a lossless system and have derived approximate analytic expression

for the p-dependance of the maximum values of these three quantities in the absence

of loss.

Our analytic results enabled the investigation of the effects of loss for any CROW

structure that can be modelled using the nearest-neighbour tight-binding approx-

imation. The importance of loss depends on the initial conditions as well as the

single-cavity loss, the group velocity and the loss dispersion of the particular CROW

being studied. We have found that for the CROW structure considered in this work,

the effects of loss are significant and should not be neglected. In particular, we have

shown that when the Bloch modes have very different quality factors, the effects of

loss cannot generally be treated by using a simple exponential loss factor.

Although we have focused on the squeezed states in this work, one can study

the same quantities of the other states of light such as squeezed thermal states and
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coherent states by simply replacing the corresponding quantities in the expressions

provided in this paper.

Finally, it should be mentioned that here, rather than employing a continuous-

wave pump to generate nonclassical light in the central cavity, we have focused on the

time evolution of initially generated squeezed state in the system. The full process

of generation and evolution of squeezed state in a coupled-cavity system and evalu-

ating the dynamics of the continuous variable entanglement in such a system under

continuous-wave pumping will be explored in future work.
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Chapter 4

Counterpropagating continuous variable entangled

states in lossy coupled-cavity optical waveguides
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We present an integrated source of counterpropagating entangled states based

on a coupled resonator optical waveguide that is pumped by a classical pulsed

source incident from above the waveguide. We investigate theoretically the gen-

eration and propagation of continuous variable entangled states in this coupled-

cavity system in the presence of intrinsic loss. Using a tight-binding approxima-

tion, we derive analytic time-dependent expressions for the number of photons

in each cavity, as well as for the correlation variance between the photons in

different pairs of cavities, to evaluate the degree of quantum entanglement. We

also derive simple approximate expressions for these quantities that can be used

to guide the design of such systems, and discuss how pumping configurations

and physical properties of the system affect the photon statistics and the degree

of quantum correlation.

4.1 Introduction

Entangled quantum states have potential applications in quantum teleportation [162,

23], quantum computation, and quantum information [24, 25]. They can either in-

volve discrete variables (DVs), such as the polarization of a photon, or continuous

variables (CVs), such as the quadratures of a beam of light. Although DV sys-

tems provide high-fidelity operations, photonic-based DV entanglement is currently

limited by the difficulties of single-photon generation and detection, and by high

sensitivity to optical losses. In contrast, CV entanglement is more robust to loss,

and can be more efficiently created and used for the implementation of quantum

protocols [86, 87, 88, 89, 90]. Spontaneous parametric down conversion (SPDC), a

second order nonlinear process in which a pump photon is converted into a signal

and an idler photon, is one of the processes that can be used to generate quantum
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correlated states [142, 143, 144]. It has been implemented in both bulk media and

integrated photonic structures. However, as the size and complexity of quantum infor-

mation processing systems increase, the limitations in achieving stability, precision,

and small physical size with bulk optical systems become significant. Systems for

on-chip SPDC, which are integrable with other photonic elements and could be used

to generate CV entangled states involving two spatially separated sites, are therefore

very promising [38, 39, 40].

One such platform involves the use of waveguides made of materials with a large

second order nonlinear optical response, such as AlGaAs, to generate counterprop-

agating, quantum correlated photons [163, 147]. The particular system we consider

here is the coupled-resonator optical waveguide (CROW), in which the waveguide

consists of optical cavities weakly coupled in one dimension. By adjusting the na-

ture of the cavities and the coupling between them, the dispersive properties of the

propagating modes can be controlled [111]. Loss, which can destroy the nonclassical

properties of light [164, 165, 122, 135, 141], can also be controlled to some extent,

allowing at least a partial optimization for particular applications. CROW structures

have been shown to have potential in generating CV entangled states between two

side cavities coupled to the CROW, and as well between spatially separated sites [38].

It is the latter application we study here.

Our integrated source of entangled states is schematically shown in Fig. 4.1. A

pump pulse is incident on a set of central cavities from above. Consequently, in order

for the phase matching condition to be fulfilled, the generated signal and idler modes

propagate in opposite directions in the CROW structure. An important advantage

of such a configuration is the absence of the pump mode in the guided direction.
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D

d

Figure 4.1: Schematic picture of the particular CROW structure with period D
formed from defects in a slab photonic crystal with a square lattice of
period d and height h. The blue region shows the region covered by the
pump. The origin of the coordinate system is at the center of the slab;
i.e., the center of the central cavity.

Moreover, it has also been shown that the properties of the counterpropagating guided

signal and idler modes can be tuned using the spectral and spatial properties of the

pump [147, 166, 167].

The tight-binding (TB) method [118, 107], which uses localized single-cavity

modes as a basis, can be applied to model the evolution of light in such a coupled

structure. Assuming that all the cavities are identical and support the same mode

with complex frequency ω̃F , it has been shown [168] that in the nearest-neighbor

tight-binding (NNTB) approximation the dispersion relation can be written as

ω̃Fk ≈ ω̃F [1− β̃1 cos(kD)]

≡ ωFk − iγFk, (4.1)
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where β̃1, D, and k are respectively the complex coupling parameter, the periodicity

of the CROW, and the Bloch vector component. The imaginary part of the complex

frequency is associated with the loss of the Bloch modes in the CROW. It is clear

from Eq. (4.1) that these modes experience different loss rates; it has been shown

that the rates can differ by an order of magnitude or more [156, 157, 135].

In our previous work, we focused on the time evolution of a state generated in a

coupled-cavity system, and studied the evolution and propagation of squeezing and

entanglement [135]. We presented analytic expressions for a general initial state, but

only presented detailed results for an initial state that was a squeezed vacuum state in

one of the cavities. In this work, we investigate both the generation and propagation

of entangled states in coupled-cavity systems. In addition, we engineer the pump

parameters to produce counterpropagating pulses of the generated signal and idler

modes, which are entangled but are not individually squeezed. Including the effects

of intrinsic propagation loss, we calculate the number of photons in each cavity and

the CV correlation variance of photons in different cavities.

Previous approaches for generating counterpropagating entangled states have fo-

cused on photon pairs and been based either on ridge waveguides with vertical pump-

ing [163, 147], or on periodic waveguides with horizontal pumping [169]. The new

approach of using a CROW has a number of advantages. First, the CROW allows us

to control the group velocity and the frequency at which there is zero group veloc-

ity dispersion. Second, because a CROW can be modelled using a TB method, we

are able to specify and model the effects of intrinsic scattering loss on the generated

CV entanglement as a function of propagation distance, which is important for any

application. Finally, using vertical pumping leads to counterpropagating entangled



4.2. GENERAL THEORY 88

states, with no co-propagating pump at the outputs.

This paper is organized as follows. In Sec. 4.2 we present the general theory

of the generation and the evolution of the generalized two mode squeezed state in

lossy CROWs via SPDC. In Sec. 4.3, we consider the special case of a pump that is

Gaussian in time and space, and derive analytic expressions for the time dependence

of the number of photons and the CV correlations. In Sec. 4.4, we present our results

for a particular CROW in a slab photonic crystal, and discuss how they might be

affected by the pumping configuration and the physical properties of the structure.

Finally, in Sec. 4.5, we present our conclusions.

4.2 General Theory

In order to determine both the generation and evolution of the entangled squeezed

states in the system, we divide the analysis into two separate tasks. First, we study

the creation of the entangled photons via SPDC using the backward Heisenberg

method [170], which is intrinsically a lossless approach. Having determined the initial

entangled states created by the pump, we then include the loss to see how the gener-

ated state evolves in time and how loss affects it. Note that this two-step approach

is valid because, for the parameters considered in this paper, the pump pulse is short

enough that the signal loss is negligible over its duration.

4.2.1 Generation

There are two mode types that are relevant here, the fundamental modes and the

pump modes; we indicate them by F and S respectively. In the SPDC process, two

photons are generated in F modes from one pump photon in mode S. Expanding the
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full displacement field D(r) in terms of the modes of interest, we have

D (r) =

(∫
dk

√
~ωFk

2
DFk (r) âFk

+
∑

m

∫
dq

√
~ωSmq

2
MSmq (r) âSmq

)
+ H.c., (4.2)

where MSmq, ωSmq, and âSmq are the modes, eigenfrequencies and annihilation op-

erators of the pump field, respectively, and DFk, ωFk, and âFk are the corresponding

quantities for the generated signal and idler fields. Note that the integral over k in

Eq. (4.2) and in the rest of the paper (except where explicitly noted) only ranges from

−π/D to π/D. The continuous index, q, is to identify the different pump modes in

3D while m identifies the polarization state. The normalization conditions for the

modes are presented in Appendix B. Here

[
âFk, â

†
Smq

]
= [âFk, âSmq] = 0,

[
âSmq, â

†
Smq′

]
= δmm′δ(q− q′),

[
âFk, â

†
Fk′

]
= δ(k − k′). (4.3)

For convenience we put

âFk → b̂k, âSmq → ĉmq, (4.4)

and the linear Hamiltonian is then given by

HL =

∫
dk ~ωFkb̂†kb̂k +

∑

m

∫
dq ~ωSmqĉ

†
mqĉmq, (4.5)
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where we neglect the zero point energy and use only the real part of ω̃Fk for the mode

frequency. The nonlinear Hamiltonian that should be added to HL to construct the

full Hamiltonian is [170]

HNL = −
∑

m

∫
dk1dk2dqS (k1, k2,m,q) b̂†k1 b̂

†
k2
ĉmq + H.c., (4.6)

where S (k1, k2,m,q) is the coupling coefficient, which is given by

S (k1, k2,m,q) =
1

ε0

√
~ωFk1~ωFk2~ωSmq

8

∫
drχijk2 (r)

×
[
Di
Fk1

(r)Dj
Fk2

(r)
]∗
Mk

Smq (r)

ε0n2 (r;ωFk1)n
2 (r;ωFk2)n

2 (r;ωSmq)
, (4.7)

where n (r;ω) is a real, position and frequency dependent refractive index and χijk2 (r)

is the position-dependent second-order nonlinear susceptibility.

We take the pump to be a classical pulse incident on the slab, which we can

expand as a superposition of the pump modes MSmq (r). We borrow a strategy from

Yang et al. [170] and define asymptotic-in and -out states to be respectively the input

and output states of the nonlinear region at t = 0, taking t = 0 to be the time when

the pump is centred on the slab. For the asymptotic-in state |ψin〉 that describes the

classical pump pulse as a coherent state, we have

|ψin〉 = eα
∑
m

∫
dqφP (m,q)ĉ†mq−H.c. |vac〉 , (4.8)

where α is a complex number, and we normalize the complex function φP (m,q)

according to
∑

m

∫
dq |φP (m,q) |2 = 1. (4.9)
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The expectation value of the displacement field of the pump pulse is then

〈ψin|D (r) |ψin〉 =α
∑

m

∫
dq

√
~ωSmq

2
φP (m,q) MSmq (r) + c.c. (4.10)

and since

〈ψin|ĉ†mqĉmq|ψin〉 = |α|2|φP (m,q)|2 (4.11)

we can identify |α|2 as the expectation value of the number of photons in the pump

pulse. Following the backward Heisenberg picture approach [170], the asymptotic-out

state for the generated photons in the first approximation is then

∣∣ψFout

〉
= e

β√
2

∫
dk1dk2 φ(k1,k2)b̂†k1

b̂†k2
−H.c. |vac〉 , (4.12)

where φ (k1, k2) is the biphoton wave function, which from Yang et al. [170] is given

by

φ (k1, k2) =
2i
√

2πα

β~
∑

m

∫
dqφP (m,q)S (k1, k2,m,q) δ(ωSmq − ωFk1 − ωFk2 ),

(4.13)

where β is a real and positive normalization constant chosen to ensure that
∫

dk1 dk2 |φ (k1, k2) |2 = 1.

While the biphoton wave function in general obeys the symmetry φ (k1, k2) =

φ (k2, k1), it can sometimes be useful to work with a function that breaks this sym-

metry to focus attention on a particular quadrant of (k1, k2) space. In this work,

we will always choose the pump parameters such that to a very good approxima-

tion, φ(k1, k2) is nonzero only when k1 and k2 have opposite signs, as we detail in
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Section 4.3 below. Then, we can write

∫ π/D

−π/D
dk1

∫ π/D

−π/D
dk2 φ (k1, k2) b̂†k1 b̂

†
k2

≈
∫ π/D

0

dk1

∫ 0

−π/D
dk2 φ (k1, k2) b̂†k1 b̂

†
k2

+

∫ 0

−π/D
dk1

∫ π/D

0

dk2 φ (k1, k2) b̂†k1 b̂
†
k2

= 2

∫ π/D

0

dk1

∫ 0

−π/D
dk2 φ (k1, k2) b̂†k1 b̂

†
k2
. (4.14)

We then define

Φ (k1, k2) ≡
√

2φ (k1, k2) Θ (k1) Θ (−k2) , (4.15)

where Θ (k) is the Heaviside function, such that we may rewrite Eq. (4.12) as

∣∣ψFout

〉
= eβ

∫
dk1dk2 Φ(k1,k2)b̂†k1

b̂†k2
−H.c. |vac〉 . (4.16)

Employing a Schmidt decomposition [171, 172], we have

Φ (k1, k2) =
∑

λ

√
pλµλ (k1) νλ (k2) , (4.17)

for pλ > 0 with
∑

λ pλ = 1, where the Schmidt functions are orthonormal,

∫
dkµλ(k)µ∗λ′(k) =

∫
dkνλ(k)ν∗λ′(k) = δλ,λ′ . (4.18)

We extend the sets of µλ(k) and νλ(k) associated with pλ > 0 to form complete sets
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with
∑

λ

µλ(k)µ∗λ(k
′) =

∑

λ

νλ(k)ν∗λ(k′) = δ(k − k′), (4.19)

and with some of the pλ appearing in Eq. (4.17) then equal to zero. Using Eqs. (4.16)

and (4.17), the generated squeezed state can be written as

∣∣ψFout

〉
= Ŝ |vac〉 , (4.20)

where the squeezing operator, Ŝ, can be written as

Ŝ = exp

(
β

∫
dk1dk2

∑

λ

√
pλµλ (k1) νλ (k2) b̂†k1 b̂

†
k2
− H.c.

)

= exp

(∑

λ

rλB̂
†
λĈ
†
λ −

∑

λ

r∗λB̂λĈλ

)
, (4.21)

where rλ = β
√
pλ is the squeezing parameter,

B̂λ ≡
∫
µ∗λ (k) b̂kdk, (4.22)

and

Ĉλ ≡
∫
ν∗λ (k) b̂kdk. (4.23)

Using Eq. (4.19), it can be shown that [B̂λ, B̂
†
λ′ ] = [Ĉλ, Ĉ

†
λ′ ] = δλ,λ′ and [B̂λ, Ĉ

†
λ′ ] =

[B̂λ, B̂λ′ ] = [Ĉλ, Ĉλ′ ] = [B̂λ, Ĉλ′ ] = 0.

The importance of the Schmidt decomposition and the operator transformation is

that it enables us to express the generated state as a generalized two-mode squeezed

state, where the modes are no longer the Bloch modes. As we shall see in the next
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section, this will enable us to easily determine the evolution of the state in the presence

of loss.

4.2.2 Evolution

As mentioned earlier, we have assumed that the loss during the generation process

is negligible. However, the effect of loss cannot be ignored when calculating the

evolution of the generated pulses down the CROW.

Following the formalism presented in our previous work [135] on lossy coupled-

cavity systems, the individual single-mode cavity annihilation operator for the pth

cavity, âp, can be written in terms of the kth mode annihilation operator of the

coupled-cavity-system, b̂k, as

âp(t) =

√
D

2π

∫
b̂k(t)e

ikpDdk. (4.24)

The time evolution of the full coupled-cavity annihilation operator can also be found

by solving the adjoint master equation for this open, lossy system [150]. We have

previously shown that the time dependence of the individual annihilation operators

is given by

b̂k(t) = b̂ke
−iω̃Fkt, (4.25)

where b̂k = b̂k(0) is the corresponding operator in the Schrödinger representation [151].

Using Eqs. (4.24), (4.25), and their complex conjugates, the time dependent average
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photon number in the pth cavity can be written as

〈
â†p (t) âp (t)

〉
=
D

2π

∫ ∫
dkdk′

〈
b̂†kb̂k′

〉
e−i(k−k

′)pDeiω̃
∗
F (1−β̃∗1 cos(kD))te−iω̃F (1−β̃1 cos(k′D))t,

(4.26)

where we have used the lossy dispersion relation of the CROW structure [Eq. (4.1)].

To facilitate the evaluation of
〈
b̂†kb̂k′

〉
, we introduce the restricted operators,

b̂k,+ ≡ Θ (k) b̂k

b̂k,− ≡ Θ (−k) b̂k. (4.27)

Using these operators, we can write

〈
b̂†kb̂k′

〉
=
〈
b̂†k,+b̂k′,− + b̂†k,−b̂k′,− + b̂†k,+b̂k′,+ + b̂†k,−b̂k′,+

〉
. (4.28)

To evaluate each of these terms, we use the following Bogoliubov transformations

Ŝ†b̂k,+Ŝ = Ŝ†
∑

λ

µλ (k) B̂λŜ

=
∑

λ

µλ (k)
[
B̂λ cosh (rλ)− Ĉ†λ sinh (rλ)

]
,

(4.29)

Ŝ†b̂k,−Ŝ = Ŝ†
∑

λ

νλ (k) ĈλŜ

=
∑

λ

νλ (k)
[
Ĉλ cosh (rλ)− B̂†λ sinh (rλ)

]
.

(4.30)
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Using these in Eq. (4.28), we obtain

〈
b̂†kb̂k′

〉
=
∑

λ

(
µ∗λ (k)µλ (k′) + ν∗λ (k) νλ (k′)

)
sinh2 (rλ) . (4.31)

To study the degree of entanglement between the photons in cavities p and p′ in a

CROW, we use the correlation variance, which is defined as

∆2
p,p′ =

〈
[∆(X̂p − X̂p′)]

2
〉

+
〈

[∆(Ŷp + Ŷp′)]
2
〉
, (4.32)

where

X̂p ≡ âp + â†p,

Ŷp ≡ −i(âp − â†p).
(4.33)

It has been shown that ∆2
p,p′ < 4 can be considered as the inseparability criterion for

entanglement [93, 94, 140, 155]. Using Eq. (4.33) in Eq. (4.32), the time-dependent

correlation variance can be written as

∆2
pp′ = 4 + 4

(
〈â†pâp〉+ 〈â†p′ âp′〉 − 〈âpâp′〉 − 〈â†pâ†p′〉

)
. (4.34)

Following a procedure similar to that used to arrive at Eqs. (4.26) and (4.31), one

can derive the other expectation values that are needed to evaluate the variances of

the quadrature operators and the correlation variance in the CROW structure.

4.3 Results for a Gaussian pump pulse

The results of the previous sections are general and independent of the temporal

and spatial form of the pump pulse, as long as φ(k1, k2) is nonzero only when k1 and



4.3. RESULTS FOR A GAUSSIAN PUMP PULSE 97

k2 have opposite signs. However, in this section we consider the special case of a

Gaussian pump pulse incident on the slab, and brought to a Gaussian focus there.

We assume that the slab does not have a significant effect on the pump pulse, and

so take the pump modes to be plane waves in free space and set n(r, ωSmq) = 1 in

Eq. (4.7). Thus, we have

MSmq (r) =

√
ε0em,q

(2π)3/2
eiq·r, (4.35)

where em,q is the polarization unit vector. In what follows, we assume that in the

vicinity of the CROW, the pump is polarized in the y-direction. Thus, we obtain

φP (m,q) = δmyϕ (qx)F (qy, qz) , (4.36)

where

F (qy, qz) =
1

2π

∫
dydz f (y, z) e−i(qyy+qzz), (4.37)

is the Fourier transform of the transverse profile

f (y, z) =

√
2√

πWS

e
− y

2+z2

W2
S e

iqP
y2+z2

2RP , (4.38)

and qP is the value of qx at which φ(qx) peaks. Here RP and WS are the radius

of curvature and spot size, respectively, evaluated at x = 0 and qx = qP . We have

assumed the Rayleigh range to be much larger than the slab thickness, which jus-

tifies the neglect of the Gouy phase. The prefactors have been chosen so that the
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normalization condition Eq. (4.9) becomes

∫
dqx |ϕ (qx)|2 = 1. (4.39)

Neglecting the dependence of the indices of refraction and the frequencies under the

square root on k1, k2, and q, based on the small frequency range of the input pump

pulse and the limited range of the signal and idler photons in the CROW, we can

rewrite the biphoton wave function of Eq. (4.15) as

Φ (k1, k2) =
iα
√
π

β~√ε0

√
(~ωF )2 ~ωSy

∫
dqxϕ(qx)

×
∫

drχijy2 (r)

[
Di
Fk1

(r)Dj
Fk2

(r)
]∗
f(y, z)eiqxx

ε0n4 (r;ωF )

× δ(cqx − ωFk1 − ωFk2 )Θ (k1) Θ (−k2) .

(4.40)

Because we have made the approximation that the transverse profile of the pump

does not depend on frequency (for the frequencies of interest) in Eq. (4.40) we set

ωSyq = cqx in the Dirac delta function.

We now employ the nearest-neighbour tight-binding approximation [107] and ex-

pand the Di
Fk (r) modes in terms of the single-cavity quasimodes, N i

Fp (r), as

Di
Fk (r) =

√
D

2π

∑

p

N i
Fp (r) eikpD, (4.41)

which leads to the lossy frequency dispersion given in Eq. (4.1). The single-cavity
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quasimodes and frequencies are calculated in the standard way using finite differ-

ence time domain calculations [107]. Assuming that the cavity modes are well-

localized [173], we obtain

Φ (k1, k2) =
iαD

2β~√ε0π

√
(~ωF )2 ~ωS

∫
dqxϕ(qx)

×
∑

p

∫
drχijy2 (r)

[
N i
Fp (r)N j

Fp (r)
]∗
f(y, z)eiqxx

ε0n4 (r;ωF )

× e−i(k1+k2)pDδ(cqx − ωFk1 − ωFk2 )Θ (k1) Θ (−k2) .

(4.42)

We define

ϕ(q) =

√
WT/
√

2π exp

{[
−
(

(q − qP )WT

2

)2
]}

, (4.43)

and, because and spatial extent of the single-cavity quasimodes is small relative to

that of the pump field, in the integral in Eq. (4.42) we replace f (y, z) by

f (y = 0, z = pD) ≈
√

2√
πWS

e
− p

2D2

W2
S , (4.44)

to obtain the approximate expression

Φ(k1, k2) =
iαχ̄2

β

√
~ω2

FωSWT

ε0 (2π)3/2
e
−(k1+k2)

2W2
S

4

×
∫

dqx e
− (qx−qP )2W2

T
4 δ(ωSqx − ωFk1 − ωFk2)Θ (k1) Θ (−k2) ,

(4.45)

where

χ̄2 ≡
∫

drχijy2 (r)

[
N i
F0 (r)N j

F0 (r)
]∗

ε0n4 (r;ωF )
eiqP x, (4.46)

is the effective second order susceptibility for the system [174] (See Appendix C for

more details).
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Figure 4.2: Biphoton wave function of Eq. (4.47) for three different pumping con-
figurations: (a) σ+D = σ−D = 0.47, (b) σ+D = σ−D = 0.28, and
(c) σ+ D = 0.14, σ−D = 0.28. In all these three cases we consider
k0 = π/2D.

For ωFk ≡ ωF [1− β1 cos (kD)], which we consider to be a real quantity at this

point, Eq. (4.45) can be rewritten as

Φ(k1, k2) = Q0

∫
dqx e

−(k1+k2)
2W2

S
4 e−

(qx−qP )2W2
T

4 δ

{
qx −

1

c
[ωFk1 + ωFk2 ]

}
Θ (k1) Θ (−k2)

= Q0 exp

(−(k1 + k2)2W 2
S

4

)

× exp

(
−
(

2ωF − β1ωF [cos (k1D) + cos (k2D)]− ωP
2c

)2

W 2
T

)
Θ (k1) Θ (−k2) ,

(4.47)

where

Q0 ≡
iαχ̄2

βc

√
~ω2

FωSWT

ε0 (2π)3/2
. (4.48)

In order to derive analytic expressions for the photon number and correlation

variance as a function of cavity index, p, we need to place further restrictions on the

pump pulse. From the first exponential in Eq. (4.47), we see that the biphoton wave
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function will only be non-negligible if k2 is approximately equal to −k1. Thus we set

k1 → k0 + δ1,

k2 → −k0 + δ2,

(4.49)

where the δi are small relative to WS, where k0 is determined by the central frequency

of the pump, through the equation

ωP = 2ωFk0 = 2ωF − 2β1ωF cos (k0D) . (4.50)

In order to obtain a biphoton wave function for which there is an analytic Schmidt

decomposition, we take k0 = π/(2D) and choose the frequency width parameter, WT ,

of the pulse to satisfy c/WT � ∆, where ∆ = 2ωFβ1. Now, expanding the cosines in

Eq. (4.47) to first order in δ1 and δ2, the biphoton wave function can be rewritten as

Φ(k0 + δ1,−k0 + δ2) =

√
2

πσ+σ−
exp

(
−(δ1 + δ2)2

2σ2
+

)
exp

(
−(δ1 − δ2)2

2σ2
−

)
, (4.51)

where

σ+ ≡
√

2

WS

(4.52)

and

σ− ≡
√

2c

WTβ1ωFD sin (|k0|D)
. (4.53)

Strictly speaking, the biphoton wave function of Eq. (4.51) does not satisfy the re-

striction that it is zero unless k1 > 0 and k2 < 0. However, as long as σ+ and σ− are

chosen to be small enough, then these conditions are satisfied to a very high degree.

In what follows, we shall only consider situations where this is the case. Using the
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normalization condition,
∫

dk1 dk2 |Φ (k1, k2)|2 = 1, it can be shown that

Q0 =

√
2

πσ+σ−
. (4.54)

In Fig. 4.2, we plot three sample biphoton wave functions of the form given in

Eq. (4.51) for different σ+ and σ− for k0 = π/2D.

To graphically illustrate the validity of the assumptions made to obtain Eq. (4.51),

in Fig. 4.3 we plot the dispersion of our CROW. The physical parameters of the

CROW are from Ref. [107]. It consists of a dielectric slab of refractive index n = 3.4

having a square array of cylindrical air voids of radius a = 0.4d, height h = 0.8d, and

lattice vectors a1 = dx̂ and a2 = dŷ, where d is the period. The cavities are point

defects formed by periodically removing air voids in a line with D = 2d (see Fig. 4.1).

The complex frequency, ω̃F , and the complex coupling parameter, β̃1, of the structure

are (0.305 − i7.71 × 10−6)4πc/D, and 9.87 × 10−3 − i1.97 × 10−5, respectively. To

visualize the biphoton wave function superimposed on the CROW dispersion, we plot

Φ(k,−k) for WS = 3D and σ+ = σ− in Fig. 4.3 as well. As can be seen, the first order

expansion of cos(k1D) and cos(k2D) about k0 and −k0 is accurate as the dispersion

within this range is very close to linear. In order for our Schmidt decomposition to

be valid for this structure, σ+D and σ−D cannot be increased significantly beyond

the chosen value of 0.47 otherwise the biphoton wave function will not be confined

to the quadrant where k1 > 0 and k2 < 0. Note that increasing the pump width to

higher values, WS > 3D, increases the accuracy of our approximation, as is evident

from Figs. 4.2(b) and 4.2(c) where WS is 5.05D and 10.10D, respectively.

Before employing a Schmidt decomposition, we present the relation between σ±

and the temporal and spatial full width at half maximum (FWHM) of the pump
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Figure 4.3: The CROW dispersion relation and biphoton wave function. The solid
black line shows the frequency as a function of the Bloch vector for the
CROW structure. The dashed horizontal line gives the pump frequency
divided by two. The dashed green line gives the function Φ(k,−k) for
k0 = π/(2D). The two vertical solid blue lines indicate the FWHM in k,
while the shaded blue region indicates the FWHM in frequency, both of
which can be found from Eq. (4.47) for σ+D = σ−D = 0.47.

pulse. Using Eqs. (4.38) and (4.53), the temporal FWHM of the pump can be written

as

∆tFWHM =
2
√

ln 2τ

σ−D
, (4.55)

where τ ≡ 1/Re(ω̃F β̃1) is the time for a pulse with Bloch vector k = k0 = π/(2D) to

travel one period. Similarly, using Eqs. (4.43) and (4.52), the spatial FWHM of the

pump is found to be

∆rFWHM =
2
√

ln 2

σ+

. (4.56)

Using these two equations, one can obtain a clear understanding of the necessary

pumping conditions. For instance, the quantities considered in Fig. 4.2(a) correspond

to a pump with 3.54τ and 3.54D as the temporal and spatial FWHM, respectively.



4.3. RESULTS FOR A GAUSSIAN PUMP PULSE 104

As we show later, for our CROW, the propagation loss in the system is very small

while the squeezed light is being generated, which validates the neglect of loss during

the generation process.

The special form of the biphoton wave function, Eq. (4.51), allows us to perform

a Schmidt decomposition analytically [175, 176, 177] for σ− ≥ σ+ as

√
2

πσ+σ−
exp

(
−(δ1 + δ2)2

2σ2
+

)
exp

(
−(δ1 − δ2)2

2σ2
−

)
=
∑

λ

√
pλψλ (δ1)ψλ (δ2) , (4.57)

where

pλ = 4σ+σ−
(σ+ − σ−)2λ

(σ+ + σ−)2(λ+1)
, (4.58)

ψλ (δ) = (−i)λ
√ √

2

2λλ!
√
πσ+σ−

× exp

(
− δ2

σ+σ−

)
Hλ

( √
2δ√

σ+σ−

)
, (4.59)

and the Hλ (x) are Hermite polynomials of order λ. Note that the Schmidt number

is given by [178]

K =
1∑
λ p

2
λ

=
σ2

+ + σ2
−

2σ+σ−
. (4.60)

Using Eq. (4.58) for the special case where σ− = σ+ = σ, it can be shown that

the only nonzero term in Eq. (4.63) is for λ = 0. However, in general, one needs to

include several of the Schmidt modes (up to λ = λmax) to accurately represent the

biphoton wave function. To quantify the accuracy of the Schmidt decomposition used

in our calculations, we define an error function as

Err =

√∫
dk1 dk2 |Φ (k1, k2)− ΦApp (k1, k2) |2∫

dk1 dk2 |Φ(k1, k2)|2 , (4.61)

where Φ and ΦApp are the exact and approximate expressions, respectively, given by



4.3. RESULTS FOR A GAUSSIAN PUMP PULSE 105

Eq. (4.51) and

ΦApp(k0 + δ1,−k0 + δ2) =
λmax∑

λ=0

√
pλψλ (δ1)ψλ (δ2) . (4.62)

In Fig. 4.4 we plot the index of the maximum Schmidt mode needed to be included in

ΦApp, in order to ensure Err < 0.1%. For example, as can be seen, when σ− = 2σ+,

one needs to include 6 terms (λmax = 6) to achieve the desired accuracy.
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Figure 4.4: Maximum number of Schmidt modes required to be considered in Φ as a
function of σ+/σ− to ensure Err < 0.1%.

Using these results in Eqs. (4.26) and (4.31), the time-dependent average photon

number in the pth cavity is found to be

〈
â†p (t) âp (t)

〉
=
D

2π
e−2Re(iω̃F (1−β̃1 cos(|k0|D))t)

∑

λ

sinh2 (rλ)

√
2σ+σ−π

2λλ!

×



∣∣∣Hλ

(
S̃p−

)∣∣∣
2

e
−
(

(S̃∗2p−+S̃2p−)
2

)
+
∣∣∣Hλ

(
S̃p+

)∣∣∣
2

e
−
(

(S̃∗2p++S̃2p+)
2

)
 ,

(4.63)
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where

S̃p± =
(
ω̃F β̃1D sin (|k0|D) t± pD

)√σ+σ−
2

. (4.64)

The time-dependent average photon number in the pth cavity when σ+ = σ− can be

simplified to

〈
â†p (t) âp (t)

〉
=

σD√
2π
e−2Re(iω̃F (1−β̃1 cos(|k0|D))t) sinh2 (r0)

×


e
−
(

(S̃∗2p−+S̃2p−)
2

)
+ e

−
(

(S̃∗2p++S̃2p+)
2

)
 .

(4.65)

We note that using Eq. (4.65) for a lossless system, one finds that the total number

of photons in the CROW is 2 sinh2 (r0), independent of σ, which agrees with the total

number of generated photons in any two-mode squeezed state.

Following a procedure similar to that used to arrive at Eq. (4.63), one can derive

the following expectation value for 〈âp(t)âp′(t)〉, which is needed in Eq. (4.34) to

evaluate the variances of the quadrature operators and the correlation variance in the

CROW structure:

〈âp(t)âp′(t)〉 =
D

2π

∑

λ

(−1)λ (cosh(rλ) sinh (rλ)) e
−i2ω̃F (1−β̃1 cos(|k0|D))t

√
2σ+σ−π

2λλ!

×


e−i|k0|(p−p′)DHλ

(
S̃p+

)
Hλ

(
S̃p′−

)
e
−
(

(S̃2p++S̃2
p′−)

2

)
+

ei|k0|(p−p
′)DHλ

(
S̃p−

)
Hλ

(
S̃p′+

)
e
−
(

(S̃2p−+S̃2
p′+)

2

)
 .

(4.66)
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Note that
〈
â†p(t)â

†
p′(t)

〉
is simply the complex conjugate of Eq. (4.66).

In the next section, we will use these equations to determine the photon number

and correlation variance under a variety of different pump conditions.

4.4 Results

Using the expectation values derived in Sec. 4.3, we can now study the photon

evolution and inseparability criteria for the generalized two-mode squeezed light inside

the CROW structure. In Fig. 4.5, we plot the average number of photons in the pth

cavity for p = 0, 40 as a function of time for both a lossy (solid green line) and

lossless (dashed grey line) system. The propagation of light between the coupled

cavities and effect of loss on the number of photons in each cavity is evident in

Figs. 4.5(a) and 4.5(b), where σ+ D = σ−D = 0.47. Because the system and pump

are spatially symmetric, the results are identical for p→ −p. In Fig. 4.5(c), we plot

the time-dependent average photon number in the 40th cavity with β = 2.2 still, but

with the σ+D = 0.14 and σ−D = 0.28. As can be seen, the pulse width is wider for

this smaller σ+, as expected.

Since our input pump state is a coherent state, the number of pump photons is

NP = |α|2. We now examine what the pump parameters will be for a specific case

of interest. We again consider the case where σ+D = σ−D = 0.47; using Eqs. (4.55)

and (4.56) this gives temporal and spatial FWHM for the pump of 295 fs and 3.3µm,

respectively. We choose the CROW material to be Al0.35Ga0.65As due to its high non-

linearity and relatively large bandgap. In addition, we choose the pump wavelength

to be λS = 775 nm, which not only results in generating counterpropagating signal
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and idler photons at the telecommunication wavelength, λF = 1550 nm, but also en-

sures operation below the band gap of Al0.35Ga0.65As. Choosing the periodicity of the

CROW structure to yield a signal central wavelength of 1550 nm, gives D ≈ 0.9µm.

Using Eq. (4.46) and the normalization condition given in Appendix B, χ̄2 for our

structure is approximately given by χ̄2 ≈ χ2/n
2(ωF ), where χ2 ≈ 100 pm/V, appro-

priate for AlGaAs alloys [144, 179, 180], and n ≈ 3.4 at ωF . We now seek to determine

the approximate number of pump photons under the above conditions that will give

a squeezing parameter of 2.2. Employing Eqs. (4.48) and (4.54), the average number

of photons in the pump is found to be 7.4 × 1010, which gives a total pump pulse

energy of approximately 19 nJ. We note that all of the above pump characteristics

are easily achievable from a Ti:Sapphire laser.

In Fig. 4.6 we plot the time-dependent correlation variances for different sets of

lossy and lossless cavities in blue and grey, respectively. Note that there are fast oscil-

lations that are not observable on this time scale. The dashed lines in the insets show

the inseparability criteria below which the light is considered to be entangled. Here

we only focus on cases where the two cavities considered are located the same distance

from the central cavity, as this will yield the maximum entanglement; however, using

Eq. (4.34) one can explore the entanglement between any two cavities of the CROW.

As can be seen in Fig. 4.6(a) and (b), due to the loss in the system, the degree of

entanglement decreases as the system evolves in time, whereas for a lossless system

(the grey color) the degree of entanglement does not change as the light propagates.

In Fig. 4.7 we plot the maximum number of photons for a lossless and lossy CROW

as a function of the cavity index, p. As expected, when loss is included, the number

of photons decreases as we move away from the central cavity. In Fig. 4.7 we also
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Figure 4.5: Average photon number in the (a) central and (b) fortieth cavities of the
CROW as a function of time for σ+D = σ−D = 0.47 and β = 2.2. (c) The
time dependent average photon number for σ+ D = 0.14, σ−D = 0.28,
and β = 2.2. The dashed grey lines show the case in which the effect of
loss is ignored.

plot the minimum correlation variance for the lossless and lossy CROW as a function

of cavity index, p. As can be seen, due to the reduction in the number of photons in

the lossy case, there is a decrease in the degree of entanglement as a function of p.

For instance, the minimum correlation variance at the tenth cavity is 0.9 times the

corresponding value at the one hundredth cavity.

For a general pump, the evolution equations for the photon number and correlation

variance are quite complicated and it is difficult to discern the general behaviour

or the effects of loss from the full equations. However, for the special case where

σ+ = σ− = σ and k0 = π/2D, approximate analytic expressions can be obtained. We
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Figure 4.6: (a-b) Correlation variance between different pairs of cavities in the CROW
as a function of time for σ+D = σ−D = 0.47 and β = 2.2. (c) The
time dependent correlation variance for σ+D = 0.14, σ−D = 0.28, and
β = 2.2. The results for a lossless system are shown in gray.

begin by defining the complex quantity, Ṽ = VR + iVI = ω̃F β̃1D, which enables us to

rewrite S̃2
p± as

S̃2
p± = ((VR + iVI) t± pD)2 σ

2

2
=
(
(VRt± pD)2 + 2i (VRt± pD)VIt− (VIt)

2) σ2

2
.

(4.67)

Considering only the dominant terms in Eq. (4.65), to a very good approximation

one can show that the time at which the photon number in the pth cavity peaks in

a lossless system is tmax = pτ ≈ p/ωFβ1. As can be seen in Fig. 4.5, the photon

number peaks at essentially the same time in both lossy and lossless system. Using

tmax, we are able to derive the following approximate expression for the maximum
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Figure 4.7: Maximum number of photons (left axis) as a function of the cavity in-
dex and minimum correlation variances (right axis) between different
symmetrically displaced pairs of cavities for σ+ D = σ−D = 0.47 and
β = 2.2. The solid black and dashed grey lines represent the results from

Eqs. (4.68) and (4.69) with and without including exp
[
(VItmax)

2 σ2
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]
, re-

spectively.

photon number in the pth cavity (for p > 0) in a lossy system:

〈
a†pap

〉
max
≈ σD√

2π
sinh2 (r0) e−2γF pτe(VIpτ)2 σ

2

2 . (4.68)

Following the same procedure and using Eqs. (4.34) and (4.66), one obtains

(
∆2
p,−p
)
min
≈4 + 4

σD√
2π

(
2 sinh2 (r0)− sinh (2r0)

)
e−2γF pτe(VIpτ)2 σ

2

2 . (4.69)

We note first that both the photon number and the deviation of the correlation

variance from 4 depend linearly on σ. Thus, as expected, the separability is largest

when the pump is short in time and narrow in space (for a fixed squeezing parameter,

r0). Now, according to Eqs. (4.68) and (4.69), under the above-mentioned pumping
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conditions the effect of loss on the maximum number of photons and on the entangle-

ment as a function of p is given by two exponential factors. The first factor accounts

for the intrinsic loss in an individual cavity (which is also the intrinsic loss of the

Bloch mode with k = π/2D). The second factor accounts for the loss dispersion in

the CROW, and results in a reduction in the loss. Of course, these analytic results

are only valid when the effect of the dispersion of the loss is small.

We now consider how well these approximate expressions reproduce the exact

results. In Fig. 4.7, we plot the results of Eqs. (4.68) and (4.69) with (black solid line)

and without (red solid line) including the factor, exp
[
(VIpτ)2 σ2

2

]
. As can be seen, for

this CROW the full approximate analytic expressions very accurately reproduces the

exact results. Moreover, to a very good approximation, one can evaluate Eqs. (4.68)

and (4.69) neglecting the loss-dispersion factor, exp
[
(VIpτ)2 σ2

2

]
. For example, for

σ−D=σ+D = 0.47 and p = 350, the first and the second exponential factors in

Eqs. (4.68) and (4.69) are 0.18 and 1.10, respectively, showing that loss dispersion

only changes the results by 10%. In general, it can be shown that in order to have less

than 10% error in evaluating the photon number and the difference of the correlation

variance from 4, the range of p must be limited to p ≤
√

2/(10VIτσ).

Finally, we now consider the more general cases in which σ− is not necessarily equal

to σ+. Under these conditions, we cannot derive simple expressions for the maximum

photon number and entanglement as a function of p. We present the results of the full

calculations for a lossless system in Table 4.1 for a number of different pump durations

and spatial widths; all other parameters are the same as in the previous plots. As can

be seen, the maximum entanglement is obtained when the pump duration is as short

as possible and the pump width is as narrow as possible (i.e. σ+D = σ−D = 0.47 for
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our system).

We have also performed full calculations for the evolution in the presence of loss

for different pump configurations. In Fig. 4.8, we compare the results of the full

calculations with the results when the loss is incorporated approximately using only

the exponential factor exp{(−2γFpτ)}. We plot the maximum number of photons

and the deviation of the minimum of the correlation variance from the inseparability

threshold of 4 for a lossy system as a function of p for different pumping configura-

tions. As can be seen, for short distances from the central cavity (small p), the effect

of loss on the result can, to a very good approximation, still be explained by only in-

cluding the exponential factor exp{(−2γFpτ)}. However, for the cavities far from the

central cavity (large p), although the general trends can still be predicted by such an

approximation, the difference between the exact and approximation results becomes

pronounced and the validity of this approximation becomes questionable. In order to

show the difference between exact and approximate results for large p, in Fig. 4.9 we

plot the relative difference between the results from the full calculations and those

from approximating the loss in the system by only considering the exponential factor

exp{(−2γFpτ)} as a function of σ+/σ−, for p = 350 and σ−D = 0.47. As expected,

when σ+ = σ−, we obtain a relative error of approximately 5.4%, which is simply due

to the dispersion factor, exp
[
(VIpτ)2 σ2

2

]
. However, in general, the error depends on

σ+/σ−, and is different for the photon number and correlation variance, due to the

different way in which loss dispersion affects these two quantities. As can be seen

in this specific example, evaluating 4 −
(
∆2
p,−p
)
min

using the approximation method

results in a 9% deviation from the results of the full calculations when σ+ = 0.5σ−,

while, the relative difference for the maximum number of photons is always less than
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Table 4.1: The maximum number of photons and the deviation of the minimum of
the correlation variance from the inseparability threshold of 4 in a lossless
system for β = 2.2 and different pumping configurations

σ−D
σ+D

0.28
0.14

0.28
0.28

0.47
0.12

0.47
0.28

0.47
0.47

〈
a†pap

〉
max

1.23 2.24 0.77 2.51 3.74

4−
(
∆2
p,−p
)
min

0.38 0.44 0.58 0.65 0.74

5.4%. It is thus evident that a simple exponential factor will capture the general

effect of loss on the correlation, but it may not be very accurate depending on the

structure and the pump conditions.

4.5 Conclusion

In this work we studied the generation and propagation of entangled states in

lossy coupled-cavity systems. We applied the tight-binding method to evaluate the

fields and complex frequencies for the leaky modes of lossy coupled-cavity system, and

presented analytic time-dependent expressions for the photon number and correlation

variance in a lossy CROW structure. We showed how properties such as the average

number of photons in each cavity and the correlations between cavities are affected

by loss. For the CROW structure considered in this work, we found that as the

light gets far from the central cavity, the effects of loss become more significant and

cannot be ignored. Moreover, we obtained simple, approximate analytic expressions

for the effects of loss on the propagation of the generated light in the CROW, and

have shown that they can be used to predict general trends. However, depending on

the details of the pumping conditions and the CROW structure itself, the accuracy

of this approximation varies, and to get an accurate result, specifically for cavities
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Figure 4.8: (a) Maximum number of photons and (b) the deviation of the minimum of
the correlation variance from the inseparability threshold of 4 for a lossy
system and selected range of cavities for β = 2.2 and different pumping
configurations. The solid lines represent the results from data given in
Table. 4.1 and the exponential factor exp{(−2γFpτ)}, and the markers
show the results from the full calculations.

far from the central cavity, the effect of loss cannot be well-described using a simple

exponential factor that is given by the loss in an individual cavity. Using full numerical

results is suggested for optimization. Yet these analytic results allow researchers to

easily explore the spectral and spatial pumping configurations needed to generate the
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Figure 4.9: Relative deviation of the results by the exponential factor exp{(−2γFpτ)}
from the results of the full calculation as a function of σ+/σ− for p = 350
and σ−D = 0.47.

counterpropagating entangled states in a CROW.
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Chapter 5

Modelling counterpropagating continuous variable

entangled states with more general pumping

configurations

This chapter is an extension to the previous chapter, where here we employ a numer-

ical method to implement the Schmidt decomposition method rather than pursuing

analytical methods. We show that this gives us a much higher degree of freedom in

choosing the pumping parameters. In deriving the analytic results of the previous

chapter, we limited ourselves to the cases in which (1) the central frequency of the

pump chosen to be located at k0 = π/2D, and (2) the pump was Gaussian in time

and space, with σ− > σ+. The former condition enabled us to evaluate the dispersion

relation to a very good approximation with the first-order expansion of cos(kD) about

k0. The later restriction came from Eqs. (4.58) and (4.59), which could only satisfy

Eq. (4.57) for Gaussian pulses with σ− > σ+.

In this chapter, instead of deriving analytical expressions for the quantities of

interest such as the number of photons in each cavity and the correlation variance

between the photons in different pairs of cavities, we employ a numerical method to
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decompose the biphoton wave function (Eq. (4.47)) and present the numerical results.

Note that the CROW modeled in this chapter is the same as the one considered in

Chapter 4.

Here, after reviewing the basics of using singular value decomposition (SVD) to

perform the Schmidt decomposition, we first use this method to redo some of the same

cases presented in Chapter 4 to demonstrate the agreement between the analytical

and numerical results. Then, we study new cases that were not possible to study

using the analytical expressions developed in Chapter 4, including the cases where

k0 6= π/2D, and σ+ > σ−.

5.1 Singular value decomposition (SVD)

As shown in Fig. 5.1, using SVD method, it is possible to decompose a matrix
←→
A

into the product of three matrices
←→
A =

←→
U
←→
D
←→
V T , where

←→
U and

←→
V are orthonormal

and
←→
D is a diagonal matrix with positive entries. In general, the SVD calculation

Figure 5.1: The SVD decomposition of an m×n matrix. Reproduced from Ref. [181].
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can be thought of finding the eigenvectors and eigenvalues of
←→
A
←→
A T and

←→
A T←→A .

The two matrices
←→
U and

←→
V , known as the right and left singular matrices and their

columns are made up of the eigenvectors (”singular vectors”) of
←→
A
←→
A T and

←→
A T←→A ,

respectively. Thus we see that a matrix
←→
A can be decomposed in terms a sum of

rank one matrices (vectors) as

←→
A =

min{m,n}∑

i

di
−→u i
−→v T

i , (5.1)

where di is the ith singular value and −→u i,
−→v i are the corresponding left and right

singular vectors [182]. comparing Eqs. (4.17) and (5.1), it can be seen that what

we are generally referring to as the singular values, di, are actually equivalent to the

square root of the Schmidt coefficients pλ.

To better understand how SVD works, consider a function f(x1, x2) of the form

given by Eq. (4.51) for σ−D = 2σ+D = 0.47

f(x1, x2) =

√
2

πσ+σ−
exp

(
−(x1 + x2)2

2σ2
+

)
exp

(
−(x1 − x2)2

2σ2
−

)
. (5.2)

We first put x1 and x2 on a grid such that f(x1, x2) becomes a m× n matrix, where

m and n are determined by sizes of vectors −→x 1 and −→x 2. We can now see that

decomposing f(x1, x2) is the same as decomposing this matrix. In this example, we

consider a 100 × 100 grid and include all the available modes in our calculations;

however, one can only consider the first few modes and still get an acceptable result

since the di here is negligible for higher orders of modes. The first three sets of

the decomposed modes of f(x1, x2) are shown in Fig. 5.2 with corresponding singular

values of d1 = 0.94, d2 = 0.31, and d3 = 0.10. Using these modes in Eq. (5.1), one can
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retrieve the original function f(x1, x2). In Fig. 5.3, we plot the original f(x1, x2) and

the one obtained from a numerical SVD. As can be seen, although we have discretized

the function in order to be able to perform the numerical SVD, there is a excellent

agreement between the two functions. The validity of the numerical SVD will be

quantitatively demonstrated when comparing the analytical and numerical results in

the following section.
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Figure 5.2: The first three sets of the decomposed modes of f(x1, x2) for σ−D =
2σ+D = 0.47. The size of the considered grid is 100× 100.
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Figure 5.3: The original function f(x1, x2) and the one retrieved via a numerical SVD.
The size of the considered grid is 100× 100.

5.2 Comparing analytical and numerical results

Before exploring the new cases that were not possible to study using the ana-

lytic formalism developed in Chapter 4, it is worth comparing some of the results of

Chapter 4 with the results obtained using the numerical method discussed here.

In this section, to allow direct comparison, we will still expand the cosines in

Eq. (4.47) to first order about k0 and study a simple case in which σ+D = σ−D = 0.47,

k0 = π/2D, and β = 2.2. In Figs. 5.4 and 5.5, we present the numerical results for the

number of photons in a cavity and the correlation variance between the photons in

different cavities, respectively. As can be seen the results are in a very good agreement

with our previous results presented in Figs. 4.5 and 4.6. However, to better reveal

this agreement, we also plot the difference between the numerical and the analytical

results for these two quantities. As can be seen, the differences are on the order of

10−6 and 10−4 for
〈
a†pap

〉
and ∆2

p,−p, respectively.

As mentioned earlier, using the numerical SVD method, it is possible to go beyond

some of the approximations we made to allow us to model the system analytically.
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Figure 5.4: (left) The numerical result for the number of photons in a cavity and
(right) the difference between the number of photons in the analytical and
numerical results in the first-order approximation for σ+D = σ−D = 0.47,
k0 = π/2D, β = 2.2, and p = 40.
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Figure 5.5: (left) The numerical result for the correlation variance and (right) the
difference between the correlation variance in the analytical and numerical
results in the first-order approximation for σ+D = σ−D = 0.47, k0 =
π/2D, β = 2.2, and p = 40. The dashed grey lines show the case in which
the effect of loss is ignored.
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One of these approximations is the expansion of the cosines in Eq. (4.47) to first order

about k0. To show the validity of such a approximation, in Fig. 5.6, we compare the

average number of photons from the full numerical results, including the cosines,

with the analytical results obtained by approximating the cosines in Eq. (4.47) to

first-order about k0 = π/2D. As can be seen, limiting the expansion of the cosine

functions to first order, when evaluating Eq. (4.47), only results in a very small shift

in the result to later time. This shift is due to the small change in the group velocity,

which is always negative for k close to k0 = π/2D. Such a small difference between

the results approves the validity of the approximation made in Chapter 4. However,

note that this approximation is only valid in a small region about k0 = ±π/2D, where

the dispersion relation is almost linear. In the following section, we move away from

k0 = ±π/2D, and show that this can cause a significant change in the results.
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Figure 5.6: (left) The number of photons in a cavity for both full numerical, including
cosines, and analytical results. (right) The difference between the results.
The plots are for 2σ+D = σ−D = 0.28, k0 = π/2D, β = 2.2, and p = 40.
The results for a lossless system are shown in gray.
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5.3 Examining cases where k0 6= π/2D and σ+ > σ−

As mentioned earlier, calculating the biphoton wave function numerically using

SVD method, provides us a higher degree of freedom in choosing our pumping con-

figuration. One of the pump-dependent parameters is k0, which is determined by the

central frequency of the pump and can be chosen to have any value between −π/D

to π/D. It is therefore important to be able to study the cases in which k0 is not

necessarily located at the linear region of the dispersion relation, or more specifically,

the cases where k0 6= ±π/2D.

In Fig. 5.7, we present the results for the average number of photons in a cavity

as function of time for three different cases: k0 = 0.5π/D, 0.65π/D, and 0.35π/D.

In order to clearly demonstrate the effects of choosing k0 on the results, we keep

the other parameters to be identical in all the three cases. As can be seen, light

propagates faster in the CROW when k0 = 0.5π/D and has the same velocity for the

other two cases. This is exactly what one expects, since according to the dispersion

relation, shown in Fig. 4.3, the maximum group velocity occurs at k0 = 0.5π/D and

it can be shown that the group velocities at the other two cases are equal. This

effect, of course, could have been modelled using our analytic method, with just a

different k. However, there is another obvious effect that could not. We see that for

k0 = 0.65π/D and 0.35π/D, the pulses are broadened. This is the result of group

velocity dispersion, which cannot be included using our previous analytic approach.

Another important point extracted from Fig. 5.7 is that although the group velocities

are the same at k0 = 0.65π/D and 0.35π/D, they yield different maximum number

of photons. The reason behind this can be explained by Fig. 3.3, where we plot the

Q of the CROW structure as a function of the Block vector. As can be seen, the Q



5.3. EXAMINING CASES WHERE K0 6= π/2D AND σ+ > σ− 125

of the CROW depends on the Bloch vector, which in this case has a higher value at

k0 = 0.35π/D than at k0 = 0.65π/D.
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Figure 5.7: Average number of photons in a cavity as a function of time for different
k0. The plots are for σ+D = σ−D = 0.28, β = 2.2, and p = 40.

In Fig. 5.8, we compare the correlation variances for these three different cases with

the same set of parameters considered in Fig. 5.7. From this figure, one sees that it

also mirrors many of the same basic features such as the broadening and having slower

velocity when k0 6= π/2D. However, although these two figures demonstrate the effect

of k0 on the the average number of photons in a cavity and the correlation variance

between the photons in a pair of cavities, it is hard to extract precise values for

quantities such as the FWHM, the maximum number of photons, and the deviation

of the minimum of the correlation variance from the inseparability threshold of 4.

Therefore, we summarize these quantities in Table 5.1, where we have used colors to

present different σ−/σ+ ratios. The quantities corresponding to the cases depicted in

Figs. 5.7 and 5.8 are shown in black. As can be seen, having less intrinsic loss in the
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system when k0 = 0.35π/D comparing to k0 = 0.65π/D increases the deviation of

the correlation variance significantly from inseparability value of 4.
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Figure 5.8: Correlation variance between a pair of cavities in the CROW as a function
of time for (a) k0 = 0.5π/D, (b) k0 = 0.65π/D, and (c) k0 = 0.35π/D.
The plots are for σ+D = σ−D = 0.28, β = 2.2, and p = 40.

Finally, due to our numerical method, we are also able to break the other pumping

limitation that we have σ− > σ+. As discussed in Chapter 4, this limitation in our

analytical calculations originates from Eqs. (4.58) and (4.59), which are only valid if

σ− > σ+. However, there is no such a limit when implementing the decomposition

numerically.
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Table 5.1: The maximum number of photons, FWHM of
〈
a†p(t)ap(t)

〉
(in units

of t/τ), and the deviation of the minimum of the correlation variance
from the inseparability threshold of 4 in a lossy system for β = 2.2
and different pumping configurations.

〈
a†pap

〉
max

4−
(
∆2
p,−p
)
min

FWHM

σ−D = σ+D = 0.28 k0 = 0.50π/D 1.80 0.35 8.58

σ−D = 2σ+D = 0.28 k0 = 0.50π/D 0.99 0.30 12.39

2σ−D = σ+D = 0.28 k0 = 0.50π/D 0.99 0.31 12.33

σ−D = σ+D = 0.28 k0 = 0.65π/D 1.26 0.25 11.98

σ−D = 2σ+D = 0.28 k0 = 0.65π/D 0.81 0.19 14.99

2σ−D = σ+D = 0.28 k0 = 0.65π/D 0.82 0.20 15.02

σ−D = σ+D = 0.28 k0 = 0.35π/D 1.48 0.29 12.15

σ−D = 2σ+D = 0.28 k0 = 0.35π/D 0.96 0.23 15.07

2σ−D = σ+D = 0.28 k0 = 0.35π/D 0.97 0.23 15.08

In Table 5.1, we present the results for different pump configurations. The red

rows present the results for the cases where σ−D = 2σ+D = 0.28, while the blue rows

present the opposite cases where 2σ−D = σ+D = 0.28. As can be seen, the high-

est average number of photons and correlation between the photons happens when

σ− = σ+. Moreover, although for each k0, according to Table 5.1, the system shows

an almost identical behaviour for σ− = 2σ+ and 2σ− = σ+, there is an important

difference. To demonstrate the difference between these two cases, in Fig. 5.9 we plot

the calculated correlation variances. As can be seen, when σ−/σ+ = 0.5 the insepara-

bility criteria is met for a longer time than when σ−/σ+ = 2.0. Such a difference could

not be revealed with analytical results due to the limitation in exploring the pumping
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configurations with σ+ > σ− and shows that it is preferable to have σ− ≤ σ+.
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Figure 5.9: Correlation variance between a pair of cavities in the CROW as a function
of time for k0 = 0.35π/D, β = 2.2, and p = 40. The plots are for (blue)
2σ−D = σ+D = 0.28 and (red) σ−D = 2σ+D = 0.28.

5.4 Conclusion

In summary, using a numerical method to decompose the biphoton wave func-

tion, we first demonstrated a excellent agreement with analytical results presented in

Chapter 4. Moreover, we also showed that using numerical methods, we were able to

overcome the limitations we had set to derive the analytical expression in Chapter 4.

Using the numerical SVD calculations together with our previous analytical results,

it is possible to study more general systems and pumping configurations, which we

will discuss in the following chapter.
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Chapter 6

Conclusion and Future Work

6.1 Summary

In this thesis, we studied the generation and the time evolution of nonclassical states

of light in an individual lossy cavity as well as in lossy coupled-cavity structures. We

examined how loss can affect the nonclassical properties of the generated light. Al-

though the formalism developed here can be applied to any coupled-cavity system, we

have mostly focused on CROWs and derived analytic expressions, which allowed us to

investigate some interesting quantities such as CV entanglement between photons in

different cavities. In addition to the exact analytical results, which sometimes obscure

the physics of the system under study, in some cases we have used some approxima-

tions to derive simple expressions, which provide better insight into the properties of

the generated light. Finally, in order to check the validity of the approximations we

made to obtain the analytic results, we have performed numerical calculations, with

the same initial conditions as the analytical result, and have shown that they are in a

very good agreement. These numerical methods allowed us to study some interesting

cases that were not possible to investigate analytically.
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In Chapter 2, we limited ourselves to only a single lossy cavity and examined the

time evolution of a squeezed state generated in such a single mode lossy cavity via

degenerate parametric down conversion. In order to treat loss in our system, we solved

the Lindblad master equation and demonstrated that the exact time dependent state

is a squeezed thermal state. We considered different pumping regimes and developed

analytic expressions for the steady state values of some interesting quantities such

as the total and thermal photon number, the squeezing parameter, the quadrature

noise, and the second order correlation function. These results will be of great interest

to researchers interested in optimizing the squeezed states generated in micro- and

nano-cavities and will help in the development of on-chip sources of squeezed light

for a variety of applications.

In Chapter 3, we studied the time evolution of nonclassical states of light in

coupled-cavity systems. We first considered a lossy coupled-cavity system consisting

of only two cavities where one of the cavities initially contained a squeezed state while

the other was in the vacuum state. This simple system helped us better understand

the propagation and time evolution of nonclassical light in lossy coupled-cavity struc-

tures. We examined how loss affects properties such as photon number, quadrature

squeezing, and entanglement. The next step was to develop a formalism to investigate

the dynamics of nonclassical light in more complicated coupled-cavity systems, such

as a CROW structure. Using the nearest-neighbor tight-binding approximation, we

investigated the same quantities in a lossy CROW and showed that the effects of loss

cannot generally be treated by using a simple exponential loss factor. Although in

this chapter we mainly focused on the squeezed state, the developed formalism can

be applied to the other states such as coherent states and squeezed thermal states,
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and can be used in more complicated coupled-cavity structures.

In Chapter 4, we built on the theory introduced in the Chapter 3. Unlike in

Chapter 3, where we ignored the generation process, in this chapter we both stud-

ied the generation and the time evolution of two-mode squeezed states in a CROW

structure. The main theme of this chapter was to achieve counterpropagating CV

entangled states in the CROW, including loss. In addition to the general formalism

presented in this chapter to calculate the average number of photons in each cavity

and the correlations between cavities under any arbitrary pumping condition, we de-

veloped analytical expressions for the same quantities in the special case of a Gaussian

pump pulse incident on the slab, and brought to a Gaussian focus there. Using these

analytical expressions, we showed how the properties of the system are affected by

loss.

In Chapter 5, we applied the numerical Schmidt decomposition method to the

general formalism developed in Chapter 4. This allowed us to investigate the validity

of the approximations made in deriving analytical time dependent expressions for the

average number of photons in each cavity and the correlations between cavities pre-

sented in Chapter 4. Moreover, using numerical methods, we were able to investigate

more general cases and overcome the limitations we had set to derive the analytical

expressions. Furthermore, the numerical results presented in this chapter opened up

the possibility of studying more general pumping configurations as well as the struc-

tures in which the dispersion relation is not simply given by the nearest-neighbor

tight-binding approximation. We will discuss further the importance of this chapter

in the future work section.
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6.2 Future Work

As discussed in section 6.1, the formalism presented in Chapter 2 was developed

considering a generic single-mode lossy cavity. However, it may be possible to extend

this approach to investigate the dynamics of two mode squeezed states in a two-

mode cavity system. Another interesting way to go might be to apply this theory

to some specific physically-relevant case, such as a ring-resonator cavity side-coupled

to a waveguide pumped by a time-dependent pulse, rather than a continuous wave

(CW) field. The main advantage of using such a structure, which is schematically

shown in Fig. 6.1, is that if the pump field is on resonance with one of modes of

the ring, then the amplitude of the pump field inside the ring-resonator will build

up through constructive interference. The intensity build-up will enhance the optical

nonlinear interaction needed to generate the squeezed states. Using the coupled

differential equations developed in Chapter 2, one could investigate the dynamics of

the generated states in the presence of loss for a general time-dependent pump pulse.

Another interesting integrated photonic structure that can be used to generate a

squeezed state is an individual cavity side-coupled to a coupled-cavity waveguide. The

proposed structure, which is schematically shown in Fig. 6.2, could provide squeezing

at two different sites of the system. The formalism developed in Chapter 2 and 3

allows us to study both the generation and the propagation of the generated squeezed

state in such a system.

The plots demonstrated in Chapters 3 and 4 are based on the structure taken from

ref. [107], which is not necessarily designed to provide maximum robustness against

loss. However, one can engineer coupled-cavity structures such that provide a higher

degree of correlation, are less affected by loss, and thus preserve entanglement longer
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Figure 6.1: Schematic picture of a ring-resonator side coupled to a waveguide. The
pump pulse enters the straight waveguide and couples to the ring-
resonator.

in time and distance. The higher robustness against loss would allow us to investigate

quantum teleportation using our counterpropagating CV-entangled state [183].

Finally, as an extension of the theories developed in Chapters 3, 4, and 5 on

the dynamics of quantum states of light in lossy coupled-cavity structures, one can

study more general cases by going beyond the nearest-neighbor tight-binding approx-

imation. The Wannier function approach, which was developed in 1993 [184], has

been suggested as an efficient method in investigating the properties of PhCs with-

out going through a tight-binding parametrization [185]. Briefly, in this method, the

electromagnetic fields are expanded into the Wannier functions which are directly

calculated from the Bloch functions. Due to the difficulties in calculating the well-

localized Wannier functions, the importance of this approach was largely disregarded
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Figure 6.2: Schematic picture of a L3 cavity side coupled to a CROW.

until Marzari et al. suggested a new method in calculating the maximally-localized

Wannier function in crystalline solids [186]. Since then, the Wannier function ap-

proach has been extended to study different PhC structures such as PhC cavities and

PhC defect waveguides [187, 188, 189].

Wannier functions, Wn~R(~r), are defined as the lattice Fourier transform of the

Bloch functions Mn~k(~r), which for a 2D photonic structures can be written as

Wn~R(~r) =
VWSC

(2π)2

∫

BZ

d2~k e−i
~k. ~RMn~k(~r), (6.1)

where n represents the band index, ~R is the Bravais lattice site vector, and VWSC

denotes the volume of the Wigner-Seitz cell (WSC) [188, 190]. Note that the com-

pleteness, orthogonality, and translation properties of the Bloch functions result in
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the following relations for the the Wannier functions:

∫
d2r ε(~r)W ∗

n~R
(~r) · Wn′ ~R′(~r) = δnn′ δ~R ~R′ (6.2)

and

Wn~R(~r) = Wn~0(~r − ~R). (6.3)

In order to enhance the localization properties of the Wannier functions, one can

instead use generalized Bloch modes in (6.1) by introducing a unitary transformation

Umn(~k) between the bands

Mn~k(~r) −→
Nw∑

m=1

Umn(~k)Mm~k(~r), (6.4)

where Nw is the maximum number of bands there exists for every wavevector ~k. The

problem is then to numerically determining unitary transforms to obtain maximally-

localized Wannier functions. The details of finding these unitary transforms are well

explained in Refs. [186, 188, 189, 190] but are beyond the scope of this chapter.

Using FDTD with periodic boundary conditions, it has been shown that it is pos-

sible to determine the Bloch functions and the exact dispersion relation for different

waveguides. Such a method can be applied to CROWs that have more complicated

dispersion than given by Eq. (3.25). In addition, it is possible to employ the Wannier

functions in place of the single cavity-modes in Eqs.(4.40), (4.41), and (4.45). This

allows us to go beyond the nearest-neighbor tight-binding approximation used to de-

rive the biphoton wave function given in Eq. (4.47). Employing these two features of

Wannier functions alongside the numerical results presented in Chapter 5 provide us
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a better tool to study more complicated structures.
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[43] Nicolas Gisin, Grégoire Ribordy, Wolfgang Tittel, and Hugo Zbinden. Quantum

cryptography. Rev. Mod. Phys., 74:145–195, Mar 2002.

[44] P. Michler, A. Kiraz, C. Becher, W. V. Schoenfeld, P. M. Petroff, Lidong Zhang,

E. Hu, and A. Imamoglu. A quantum dot single-photon turnstile device. Sci-

ence, 290(5500):2282–2285, 2000.

[45] E. Moreau, I. Robert, J. M. Grard, I. Abram, L. Manin, and V. Thierry-Mieg.

Single-mode solid-state single photon source based on isolated quantum dots in

pillar microcavities. Applied Physics Letters, 79(18), 2001.

[46] Zhiliang Yuan, Beata E. Kardynal, R. Mark Stevenson, Andrew J. Shields,

Charlene J. Lobo, Ken Cooper, Neil S. Beattie, David A. Ritchie, and Michael

Pepper. Electrically driven single-photon source. Science, 295(5552):102–105,

2002.

[47] Roy J. Glauber. Coherent and incoherent states of the radiation field. Phys.

Rev., 131:2766–2788, Sep 1963.

[48] Christopher Gerry and Peter Knight. Introductory Quantum Optics. Cambridge

University Press, 2004.

[49] Mark Fox. Quantum Optics: An Introduction. OUP Oxford, 2006.

[50] Ling-An Wu, H. J. Kimble, J. L. Hall, and Huifa Wu. Generation of squeezed

states by parametric down conversion. Phys. Rev. Lett., 57:2520–2523, Nov

1986.



BIBLIOGRAPHY 143

[51] D. F. Walls and P. Zoller. Reduced quantum fluctuations in resonance fluores-

cence. Phys. Rev. Lett., 47:709–711, Sep 1981.

[52] M. G. Raizen, L. A. Orozco, Min Xiao, T. L. Boyd, and H. J. Kimble. Squeezed-

state generation by the normal modes of a coupled system. Phys. Rev. Lett.,

59:198–201, Jul 1987.

[53] Z. H. Lu, S. Bali, and J. E. Thomas. Observation of squeezing in the phase-

dependent fluorescence spectra of two-level atoms. Phys. Rev. Lett., 81:3635–

3638, Oct 1998.

[54] P. Grünwald and W. Vogel. Optimal squeezing in resonance fluorescence via

atomic-state purification. Phys. Rev. Lett., 109:013601, Jul 2012.

[55] A. Ourjoumtsev, A. Kubanek, M. Koch, C. Sames, P. W. H. Pinkse, G. Rempe,

and K. Murr. Observation of squeezed light from one atom excited with two

photons. Nature, 474:623, 2011.

[56] M. G. Banaee and Jeff F. Young. Squeezed state generation in photonic crystal

microcavities. Opt. Express, 16(25):20908–20919, Dec 2008.

[57] R. M. Shelby, M. D. Levenson, S. H. Perlmutter, R. G. DeVoe, and D. F.

Walls. Broad-band parametric deamplification of quantum noise in an optical

fiber. Phys. Rev. Lett., 57:691–694, Aug 1986.

[58] Joel Heersink, Vincent Josse, Gerd Leuchs, and Ulrik L. Andersen. Efficient

polarization squeezing in optical fibers. Opt. Lett., 30(10):1192–1194, May 2005.

[59] Jun John Sakurai. Modern quantum mechanics; rev. ed. Addison-Wesley, Read-

ing, MA, 1994.



BIBLIOGRAPHY 144

[60] Maxim Raginsky and Prem Kumar. Generation and manipulation of squeezed

states of light in optical networks for quantum communication and computation.

Journal of Optics B: Quantum and Semiclassical Optics, 3(4):L1, 2001.

[61] H. J. Carmichael, A. S. Lane, and D. F. Walls. Resonance fluorescence from an

atom in a squeezed vacuum. Phys. Rev. Lett., 58:2539–2542, Jun 1987.

[62] A. S. Parkins and C. W. Gardiner. Inhibition of atomic phase decays by

squeezed light in a microscopic fabry-pérot cavity. Phys. Rev. A, 40:3796–3807,
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Appendix A

Coupled differential equations for u, φ, and nth

In this Appendix, we supply some of the details of the derivation of the key differential

equations, (2.12), (2.13) and (2.14). Using the chain rule, the time derivative of the

O(t) operator can be written as

Ȯ(t) = ȮI(t) + ȮII(t) + ȮIII(t) + ȮIV (t). (A.1)

We now evaluate each of the terms in Eq. (A.1) separately. The first term, ȮI , is

defined as

ȮI =
dρ
−1/2
T

dt
ρ

1/2
T ρ

−1/2
T S†ρSρ

−1/2
T

+ ρ
−1/2
T S†ρSρ

−1/2
T ρ

1/2
T

dρ
−1/2
T

dt
,

(A.2)

which can be written as

ȮI = {J,O}, (A.3)

where

J =
dρ
−1/2
T

dt
ρ

1/2
T = ρ

1/2
T

dρ
−1/2
T

dt
. (A.4)
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Letting x = e−β~ω we have

J =
1

2x

dx

dt
(

x

1− x − b
†b). (A.5)

Using Eq. (2.9), we obtain

J =
1

2x

dx

dt
(nth − b†b). (A.6)

The second term in Eq. (A.1) can be written as

ȮII =ρ
−1/2
T

dS†

dt
Sρ

1/2
T (ρ

−1/2
T S†ρSρ

−1/2
T )

+ (ρ
−1/2
T S†ρSρ

−1/2
T )ρ

1/2
T S†

dS

dt
ρ
−1/2
T ,

(A.7)

which can be written as

ȮII = LO +OL†, (A.8)

where

L = ρ
−1/2
T

dS†

dt
Sρ

1/2
T , (A.9)

L† = ρ
1/2
T S†

dS

dt
ρ
−1/2
T . (A.10)

The squeezing operator has the form of

S(ξ) = e
1
2

(ξ∗b2−ξb†2), (A.11)
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so we have

L =(−is2φ̇)(b†b+
1

2
)

+
1

2
u̇(x−1b†2eiφ − xb2e−iφ)

+
1

2
icsφ̇(x−1b†2eiφ + xb2e−iφ),

(A.12)

where s ≡ sinhu and c ≡ coshu. Noting that L can be written as L = M + iN , we

can finally write ȮII as

ȮII = (M + iN)O +O(M − iN)

= {M,O}+ i[N,O].

(A.13)

We write the third term in Eq. (A.1) as

ȮIII = Ȯ0 + ȮV + ȮL, (A.14)

where the first two terms are from the Hamiltonian evolution, and the third term is

from the Lindblad contribution. In particular,

Ȯ0 = ρ
−1/2
T S†(− i

~
[~ωb†b, ρ])Sρ

−1/2
T (A.15)

and

ȮV = ρ
−1/2
T S†(− i

~
[V (t), ρ])Sρ

−1/2
T , (A.16)
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where V (t) = γαb†b† + γ∗α∗bb, and

ȮL

Γ
= ρ

−1/2
T S†bρb†Sρ

−1/2
T

− 1

2
ρ
−1/2
T S†(− i

~
{b†b, ρ})Sρ−1/2

T .

(A.17)

From Eq. (A.15) we have

Ȯ0

−iω = GO −OG†, (A.18)

where

G = ρ
−1/2
T S†b†Sρ

1/2
T . (A.19)

Writing G as G = P + iQ, where both P and Q are Hermitian, we have

Ȯ0 = −iω[P,O] + ω{Q,O}. (A.20)

Following the same method for Eq. (A.16) and Eq. (A.17) we have

ȮV (t) = − i
~

[P̄ , O] +
1

~
{Q̄, O} (A.21)

and

ȮL = ΓF − 1

2
Γ{P,O} − i

2
Γ[Q,O], (A.22)

where

F = ρ
−1/2
T S†bρb†Sρ

−1/2
T = TOT †, (A.23)

T = ρ
−1/2
T S†bρSρ

1/2
T , (A.24)
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P̄ = −cs(γαe−iφ + γ∗α∗eiφ)

− 2cs(γαe−iφ + γ∗α∗eiφ)b†b

+
1

2
(γα(x−1 + x)c2 + γ∗α∗(x−1 + x)s2e2iφ)b†b†

+
1

2
(γα(x−1 + x)s2e−iφ + γ∗α∗(x−1 + x)c2)bb,

(A.25)

Q̄ = − i
2

(x−1 − x)(γ∗α∗s2e2iφ + γαc2)b†b†

+
i

2
(x−1 − x)(γαs2e−2iφ + γ∗α∗c2)bb,

(A.26)

where both P̄ and Q̄ have units of energy.

We can now assemble the dynamic equation for O(t). From Eqs. (A.3, A.13, A.14,

A.20, A.21, A.22) we have

Ȯ(t) = {J +M + ωQ+
1

~
Q̄, O} − i[ωP +

1

~
P̄ −N,O]

+ ΓTOT † − 1

2
Γ{P,O} − i

2
[Q,O].

(A.27)

Initially O(t = 0) = I. If we want O(t) to remain the identity operator for all time,

then the right hand side of this equation must vanish if O is replaced by I. The

commutators clearly vanish, and we see that the condition that must be satisfied is

2J + 2M + 2ωQ+
2

~
Q̄+ Γ(TT † − P ) = 0. (A.28)

Using Eq. (A.12) and considering L = M + iN we can write

M =
1

2
(L+ L†)

=
1

4
u̇(x−1 − x)((b†)2eiφ + b2e−iφ)

+
1

4
icsφ̇(x−1 − x)((b†)2eiφ − b2e−iφ)

(A.29)
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and

N =
L− L†

2i

= −s2φ̇(b†b+
1

2
)

− 1

4
iu̇(x−1 + x)((b†)2eiφ − b2e−iφ)

+
1

4
csφ̇(x−1 + x)((b†)2eiφ + b2e−iφ).

(A.30)

By considering G = P + iQ and expanding Eq. (A.19) as

G = s2 + (c2 + s2)b†b− cs(x−1(b†)2eiφ + x(b)2e−iφ), (A.31)

we have

P =
G+G†

2
= s2 + (c2 + s2)b†b

− 1

2
cs(x−1 + x)((b†)2eiφ + x(b)2e−iφ)

(A.32)

and

Q =
G−G†

2i

=
1

2
ics(x−1 − x)((b†)2eiφ − (b)2e−iφ).

(A.33)

Eq. (A.24) can also be expanded as

T = x1/2cb− x−1/2seiφb†, (A.34)
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which allows us to write TT † as

TT † = xc2 + (xc2 + x−1s2)b†b− cs(b2e−iφ + (b†)2eiφ). (A.35)

Substituting J,M,Q, Q̄, TT †, P in Eq. (A.28) with Eqs. (A.6, A.29, A.33, A.26, A.32,

A.35), we have

0 =
1

x

dx

dt
(nth − b†b)

+
1

2
u̇(x−1 − x)((b†)2eiφ + (b)2e−iφ)

+
1

2
icsφ̇((b†)2eiφ − (b)2e−iφ)

+ iωcs(x−1 − x)((b†)2eiφ − (b)2e−iφ)

+
i

~
(x−1 − x)(γαs2e−2iφ + γ∗α∗c2)bb

− i

~
(x−1 − x)(γ∗α∗s2e2iφ + γαc2)b†b†

+ Γ(xc2 + (xc2 + x−1s2)b†b− cs(b2e−iφ + (b†)2eiφ))

− Γ(s2 + (c2 + s2)b†b− 1

2
cs(x−1 + x)((b†)2eiφ + b2e−iφ)).

(A.36)

To simplify this a bit, we introduce two Hermitian operators

χ1 = (b†)2eiφ + b2e−iφ, (A.37)

χ2 = i((b†)2eiφ − b2e−iφ). (A.38)

Then

χ1 − iχ2 = 2(b†)2eiφ, (A.39)
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so that

(b†)2 =
1

2
e−iφ(χ1 − iχ2), (A.40)

b2 =
1

2
eiφ(χ1 + iχ2) (A.41)

and in terms of these we can write Eq. (A.36) as

0 =
1

x

dx

dt
(nth − b†b)

+
1

2
u̇(x−1 − x)χ1 +

1

2
csφ̇(x−1 − x)χ2

+ ωcs(x−1 − x)χ2

+
i

2~
(x−1 − x)(γαs2e−iφ + γ∗α∗c2eiφ)(χ1 + iχ2)

− i

2~
(x−1 − x)(γ∗α∗s2eiφ + γαc2e−iφ)(χ1 − iχ2)

+ Γ(xc2 + (xc2 + x−1s2)b†b− csχ1)

− Γ(s2 + (c2 + s2)b†b− 1

2
cs(x−1 + x)χ1)

(A.42)

or

0 = F1χ1 + F2χ2 + F3b
†b+ F4, (A.43)

where

F1 =
1

2
u̇(x−1 − x)

+
i

2~
(x−1 − x)(γ∗α∗eiφ − γαe−iφ)

− Γcs+
1

2
Γcs(x−1 + x),

(A.44)
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where we have used the fact that c2 − s2 = 1,

F2 =
1

2
csφ̇(x−1 − x) + ωcs(x−1 − x)

− 1

2~
(x−1 − x)(c2 + s2)(γαe−iφ + γ∗α∗eiφ)

(A.45)

and

F3 = −1

x

dx

dt
+ Γ(xc2 + x−1s2)− Γ(c2 + s2) (A.46)

and finally

F4 =
1

x

dx

dt
nth + Γ(xc2 − s2). (A.47)

To have a solution we must have

F1 = F2 = F3 = F4 = 0 (A.48)

From Eq. (A.44) and Eq. (A.48) we have

u̇ =
i

~
(γαe−iφ − γ∗α∗eiφ) +

2Γcs

(x−1 − x)

− Γcs
(x−1 + x)

(x−1 − x)
,

(A.49)

which can be written in the form of Eq. (2.12) as

u̇ =
i

~
(γαe−iφ − γ∗α∗eiφ)− Γcs

2nth + 1
. (A.50)

Next, from Eq. (A.45) and Eq. (A.48) we have

1

2
csφ̇+ ωcs− 1

2~
(c2 + s2)(γαe−iφ + γ∗α∗eiφ) = 0 (A.51)
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or

φ̇ = −2ω +
1

~
c2 + s2

cs
(γαe−iφ + γ∗α∗eiφ), (A.52)

Which is in agreement with Eq. (2.13). Turning next to Eq. (A.46) and Eq. (A.48)

we have

1

x

dx

dt
= Γ(xc2 + x−1s2 − c2 − s2), (A.53)

or

dx

dt
= Γ(1− x)(s2(1− x)− x). (A.54)

Now from Eq. (2.9) and reminding that x = e−β~ω, we have

dnth
dt

=
d

dt
(

x

1− x)

=
1

(1− x)2

dx

dt
,

(A.55)

so from Eq. (A.53) we have

dnth
dt

= Γ(s2 − x

1− x)

= Γ(s2 − nth),
(A.56)

which is in agreement with Eq. (2.14).
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Appendix B

Normalization condition for the pump and CROW

modes

In this appendix we present the normalization condition for the modes. Considering

the refractive index of the material to be nondispersive within the range of frequency

considered here, following Yang et al. [170], the normalization conditions can be

written as ∫
dr

D∗Fk(r) ·DFk′(r)

ε0n2(r;ωF )
= δ(k − k′) (B.1)

and ∫
dr

M∗
Smq(r) ·MSm′q′(r)

ε0n2 (r;ωSm)
= δmm′δ(q− q′). (B.2)

Using Eq. (4.41) in Eq. (B.1) we obtain the normalization condition for the single-

cavity modes as ∫
dr
N∗Fp(r) ·NFp′(r)

ε0n2(r;ωF )
= δpp′ . (B.3)
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Appendix C

Derivation details for the biphoton wavefunction

expression of Eq. (4.45)

In this appendix we present an accurate approximate analytic result for the summa-

tion in Eq. (4.42). Starting from Eq. (4.42) we have

S =
∑

p

e
− p

2D2

W2
S e−ip(k1+k2)D. (C.1)

Approximating this sum as an integral, we obtain

S ≈
∫
dp e

− p
2D2

W2
S e−ip(k1+k2)D =

1

D

∫
dp′ e

− p′2

W2
S e−i2πp

′k′ , (C.2)

where p′ = pD and k′ = k1+k2
2π

. Now using

∫ ∞

−∞
e−ax

2

e−2πikxdx =

√
π

a
e−

π2k2

a , (C.3)

we can write

S =
WS

√
π

D
exp

(
−
(

(k1 + k2)WS

2

)2
)
. (C.4)
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One can show numerically that forWS ≥ 2D, the approximation made here is accurate

to within 0.01%.


