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Abstract

Following Gaia Data Release 2, observations of spiral structure in the vertical phase

space of the Milky Way have been made. In this thesis we set out to explain these

structures, using a combination of analytic modeling, simulations, and Dynamic Mode

Decomposition to study explicitly their formation and evolution in the presence of

self gravity. In doing so, we have demonstrated the first application of DMD to

collisionless, self-gravitating systems.

We show by comparison of self-gravitating and independent-particle simulations

in a realistic Milky Way model, that the timescale of phase space spiral formation is

drastically dependent on whether or not stars mutually interact. This is followed by

the proposition that mutually interacting stars in a background potential conducive to

oscillations can produce a persisting spiral in their phase space distribution, existing

on much longer time scales than predicted by traditional kinematic phase mixing

arguments.

Our proposition is investigated with use of Dynamic Mode Decomposition, which

facilitates determining eigenfunctions of the time evolution operator of a system from

data snapshots. We apply this to two one-dimensional models for the vertical struc-

ture of the Milky Way: the homogeneous slab, and the isothermal plane. We found
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that the eigenfunctions, or modes, determined for a self-gravitating system under-

going phase mixing comprise a set of modes similar to what is expected from linear

perturbation theory. Particularly, the disequilibrium distribution function can be

modeled as the superposition of an equilibrium mode and a combination of pertur-

bative modes, all computed directly from snapshots of the system.

DMD solutions are determined for the isothermal plane model with a variable

relative dominance of self-gravity and background potential. We find that there is

a regime of relative dominance where modes of the distribution function containing

pronounced spiral structure can persist on extremely long time scales. This implies

that a single snapshot of a phase space spiral could belong to an evolution where the

distribution function remains in a spiral for long times, driven by mutual interactions,

as opposed to the spiral being a short lived transient response as in kinematic phase

mixing.
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LAMOST Large Sky Area Multi-Object Fibre Spectroscopic Telescope

GDR2 Gaia Data Release 2
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Symbols

Note that almost every quantity represented by a symbol in this thesis is explicitly

defined in the context where it is used, and subscripts are intended to be descriptive.

Most of the time, there should be little confusion regarding the meaning of symbols.

If it is not clear what a symbol is however, the following table may be of use.

Symbol Meaning

pc parsec (unit), 1 pc ≈ 31× 1015 m

H Hamiltonian function

Φ potential energy

q, q canonical position vector and scalar

p, p canonical momentum vector and scalar

(R, φ, z) cylindrical coordinates

t time

ẋ total time derivative of quantity x

T orbital period

A oscillatory amplitude

Lz angular momentum along the z axis

f distribution function

ρ spatial density
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P probability

[F,G] Poisson bracket of functions F and G

Rc guiding radius

ν epicyclic vertical frequency

κ epicyclic radial frequency

∇2 Laplacian operator

G gravitational constant

ε arbitrary dimensionless quantity

θ canonical angle coordinate

J canonical action

ω frequency

xk x× 103

xM x× 106

ψ radial potential component in 3, perturbative mode potential in 4

χ vertical component of a separable potential

σ velocity dispersion

δ Kronecker delta function

Ω orbital frequency (2) or vector of frequencies (4)

x arbitrary vector

A continuous time evolution operator

A discrete time evolution operator

X DMD data matrix

X′ time shifted DMD data matrix

Σ singular value matrix
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U,V context dependent arbitrary matrices

U† Hermitian conjugate of U

U+ Moore-Penrose pseudo-inverse of U

Φ = (φ1,φ2, ...φr) matrix of DMD modes φi

Ξ matrix of eigenvectors

λ eigenvalue

Λ matrix of eigenvalues

Pn Legendre Polynomial of degree n

α live fraction
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Chapter 1

Introduction

In many areas of physics, the goal is to describe the time evolution of systems, detail-

ing the mechanisms that dictate their behavior. This goal is shared by researchers of

galactic dynamics, with the somewhat unique complication that galaxies cannot be

observed over any significant interval of time. In fact, due to the disparity between

the timescales of our Galaxy and human civilization, we are permitted effectively only

a single snapshot of its time evolution. Despite this, researchers have made incredible

progress in constructing models for the behavior of the Milky Way and other galaxies.

Although observations are constrained to a single time, an astounding amount

information has been collected by astrometric surveys such as SEGUE (Yanny et al.,

2009), RAVE (Steinmetz et al., 2006), LAMOST (Cui et al., 2012), and most recently

Gaia (Gaia Collaboration et al., 2018a,b). The last of which has ushered in a new

era for astrophysics with its unprecedented detail of stellar kinematic information.

The Gaia mission, launched in 2013 aims to map the positions and velocities of

approximately one billion stars by 2022. As of the time of this thesis, the recent Gaia

data release 2 (GDR2) has covered roughly seven million stars. Following this, both

new and previously discovered phenomena have been observed in higher resolution
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than ever possible before.

Arguably one of the most exciting results from GDR2 are the phase space spirals

first presented in Antoja et al. (2018), and studied further by Binney and Schoenrich

(2018), Bland-Hawthorn et al. (2019b), Michtchenko et al. (2019). The authors found

that when adopting galactocentric cylindrical coordinates (R, φ, z), a spiral pattern

emerged in a histogram in (z, vz), appearing similar to what can be expected from

phase mixing in an anharmonic potential. Additionally, when coloring bins in the

(z, vz) grid by corresponding median radial and azimuthal velocities, more pronounced

spirals appeared. This is a strong indication of disequilibrium in the Galaxy, and

explicit coupling between the vertical and in-plane motion of the stars.

Observation of the GDR2 spirals has opened a number of questions about their

origin, and the mechanism of their evolution. Authors have proposed that these

phenomena are the result of a single perturbing event, such as interaction between

the Milky Way and the Sagittarius dwarf galaxy (Laporte et al., 2019), along with

estimates of the perturbation time (Antoja et al., 2018). In this thesis we address

questions about the structure and evolution of the GDR2 spirals.

We hypothesize that the GDR2 phase space spirals are long lived phenomena, al-

lowed to persist on much longer time scales than predicted from kinematic phase mix-

ing, by the mutual gravitation of the stars. Although this cannot be verified directly

because of the aforementioned restrictions on the time interval in which the Galaxy

may be observed. We present a hopefully compelling sequence of arguments based on

theory and simulations informed by accepted models prevalent in the literature. Ad-

ditionally, we employ the modern numerical method Dynamic Mode Decomposition

(DMD) to construct models for an eigenfunction based mechanism by which phase
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space spirals can evolve.

This document is organized as follows. We begin in Chapter 2 with a brief overview

of the GDR2 spirals, and background on the various concepts and techniques used

throughout the main body of work. We then provide two manuscripts of self contained

papers, one published and one in review in Chapters 3 and 4 respectively. The first

paper focuses on the formation of the GDR2 spirals assuming a perturbation, and

the second pertains to studying the effect of self gravity with DMD. As these two

chapters are written as self contained manuscripts, they contain most of the relevant

literature review in their introductory sections. Chapter 5 summarizes our findings,

and discusses their potential significance to the community. We end with a discussion

of future work that builds on what we have presented here.
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Chapter 2

Background

This chapter serves as a review of important concepts and equations used in the two

self contained manuscripts in Chapters 3 and 4. The goal here is to hopefully fill any

gaps in knowledge between readers of this thesis and the intended audience of the

included manuscripts. Literature reviews for the two manuscripts can be found in

their respective introductions.

2.1 Spirals in the Gaia Data

As the work presented in this thesis does not make direct use of survey data, de-

tails about the Gaia survey itself are omitted. Here we provide a brief summary of

the GDR2 phase space spirals so the reader may approach Chapters 3 and 4 with

knowledge of the observation on which they are based.

The GDR2 spirals are shown in Fig. 2.1. The data used to produce this figure

is a subset of the ∼ 7 million GDR2 stars with velocity information, where we have

selected only the stars lying in a thin radial annulus of width ∆R = 500 pc centered

on R = 8.25 kpc. This is a slightly larger selection region than that used in Antoja

et al. (2018), but we believe it makes the structure easier to see.



2.2. CYLINDRICAL SYMMETRY 5

Figure 2.1: Recreation of the original observation of the GDR2 spirals from Antoja
et al. (2018). The grid is composed of bins with size ∆z = 0.025 kpc and
∆vz = 1.5 kms−1.

Although faint, one can see a one armed spiral in the left-most panel of Fig. 2.1

which shows logarithmic number density in the (z, vz) grid. The spiral pattern is

significantly more pronounced in the center and right-most panels, where the bins

have been colored by median vφ and vR respectively.

2.2 Cylindrical Symmetry

To make progress in understanding the GDR2 spirals, we assume cylindrical symmetry

in the Galaxy throughout this work. This is an obviously incorrect assumption, but

is necessary for the scope of the projects described here. We now outline a general

axisymmetric framework for galactic dynamics frequently employed in the literature.

Consider a system in cylindrical coordinates (R, φ, z), with the general Hamilto-

nian

H =
1

2

(
p2
R +

p2
φ

R2
+ p2

z

)
+ Φ(R, z), (2.1)
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where the potential Φ(R, z) does not depend on the azimuthal coordinate. In the

context of the Galaxy, the center of the cylindrical coordinate system is placed at the

center of the galaxy, with the mid-plane of the Galactic disc at z = 0.

Looking at Hamilton’s equations for the azimuthal coordinate we have

dpφ
dt

= −∂H
∂φ

= 0, (2.2)

and

dφ

dt
=
∂H

∂pφ
=
pφ
R2
. (2.3)

So from equation 2.2 one sees that pφ is a constant of motion. Noting that Rφ̇ = vφ, we

have from equation 2.3 that vφ =
pφ
R

, where we recognize pφ = Rvφ as the magnitude

of angular momentum along the z-axis, Lz. The Hamiltonian can then be written as

H =
1

2

(
p2
R + p2

z

)
+ Φeff(R, z, Lz), (2.4)

where Φeff = L2
z

2R2 + Φ is the effective potential. The system is now two dimensional,

depending only on the vertical and radial phase space coordinates, constrained by the

effective potential.

To emphasize an important feature of the effective potential, consider the partic-

ular case where the vertical dependence is some concave-up even function of z, and

the radial dependence is logarithmic (Binney and Tremaine, 2008). We then focus on

the radial component, considering the potential at z = 0, such that it is a function

only of R. The radial dependence of the effective potential is then the sum of a long

range attractive potential from the logarithmic Φ(R, 0), and a short range repulsive

potential from the inverse square law in the angular momentum dependent term.
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Figure 2.2: Plot of the effective potential, showing its minimum at the guiding radius.
The blue line is the radial component of the potential at z = 0, the
magenta line is L2

z/2R
2, and the black line is the radial component of the

effective potential at z = 0.

This is shown in Fig. 2.2, which highlights the local minimum present in the effective

potential at a radius away from the origin. This minimum corresponds to the guiding

radius, Rc (Binney and Tremaine, 2008), which is occupied by circular orbits with

angular momentum Lz. Explicitly, the guiding radius is the radius at which

(
∂Φeff

∂R

)
z=0

= 0. (2.5)

The stars in the Galaxy do not in general follow circular orbits, but if one considers

stars with nearly circular orbits, equations of motion can be obtained via Taylor series

about the guiding radius and the midplane. Expanding the effective potential in a

Taylor series yields

Φeff(R, z) ≈ Φeff(Rc, 0) + 1
2
κ2(R−Rc)

2 + 1
2
ν2z2, (2.6)

where
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κ2 =

(
∂2Φeff

∂R2

)
, ν2 =

(
∂2Φeff

∂z2

)
. (2.7)

Truncating the series such that terms of order (R−Rc)z
2 and higher are omitted as

we have done here is called the epicycle approximation, and has been used extensively

to study the properties of orbits in Milky Way like galaxies. It follows from equation

2.6, that in the epicycle approximation, stars undergo simple harmonic motion in

the vertical and radial directions, with respective frequencies κ(Rc) and ν(Rc). In

Chapter 3 we will discuss extensions of this approximation, in which higher order

coupling terms are included in the potential.

2.3 Phase Mixing

Phase mixing will be mentioned frequently throughout Chapters 3 and 4, as it is an

essential part of discussions regarding the GDR2 spirals in the literature. To convey

the concept, we describe the occurrence of phase mixing in simple one-dimensional

systems.

Consider a one dimensional system of N particles with canonical position and

momentum (q, p), described by the Hamiltonian

H = 1
2
p2 + Φ(q), (2.8)

where the potential, Φ(q) is a concave-up, even function of q such that energetic

particles will oscillate. Whether or not phase mixing occurs will depend on the

particular form of the potential. The system will phase mix if the frequency of a

particle’s oscillation depends on its position in phase space. This means that as a
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distribution of particles evolves, some orbits will complete faster than others, causing

the distribution to disperse as time progresses. For systems with multiple degrees of

freedom, this can be achieved with coupling between degrees of freedom (see Chapter

3), but in a one dimensional system this requires the frequency of oscillation to depend

directly on a particle’s position in the (q, p) plane.

We now consider a particular initial condition for the system, choosing N normally

distributed particles centered on (0, 1/2). This equates to giving all of the particles

an impulse perturbation to their velocities. An initial condition of this form can be

seen in the top left panel of Fig. 2.3. If the potential is harmonic, all members of the

distribution have the same frequency, and the cloud of particles simply rotates in the

(q, p) plane. If the potential contains higher order terms this is no longer the case.

To highlight this, let us consider the Duffing oscillator, with potential

Φ(q) = 1
2
q2 + 1

4
q4. (2.9)

This potential yields a rather complicated exact expression for the frequencies, so we

will employ a simple approximation here, which is valid for small oscillatory ampli-

tudes. We have from Amore and Fernández (2005) that the approximate period of

particles in the Duffing oscillator is given by

T ≈ 4π√
4 + 3A2

, (2.10)

where A is the oscillatory amplitude, and is the maximum value of q reached by each

particle.

We have integrated the equations of motion for the Duffing oscillator, and shown
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Figure 2.3: Time evolution of a Gaussian cloud of particles in the Duffing oscillator
potential. This demonstrates the transition from a compact distribution
to a spiral from phase mixing.

the evolution of the distribution in Fig. 2.3. One can see that the initially compact

cloud of particles smears out over time, eventually resembling a spiral. As it is

impossible to follow the trajectories of individual particles in Fig. 2.3, partial orbits

for five particles are shown in Fig. 2.4. We have started each of the trajectories

at their maximal displacement to make clear the relation between amplitude and

period. It can be seen how within less than a single orbital period, the particles begin

to disperse, ultimately leading to spiral structure when many particles are allowed to

evolve for several periods.
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Figure 2.4: Partial orbits of five particles in the Duffing oscillator potential integrated
for equal times. The initial position of each particle corresponds to their
oscillator amplitude. Note the inverse relationship between amplitude
and period expected from equation 2.10.

2.4 Distribution Functions

Throughout Chapters 3 and 4 we will frequently refer to the distribution function

(DF). Here we provide a simple overview of DFs drawing from Chapter 4 of Binney

and Tremaine (2008). Much of galactic dynamics is formulated in terms of DFs,

since systems of interest typically consist of enormous numbers of particles, it is not

feasible to study the individual trajectories of every particle in the system. So just

like in statistical mechanics, we define for a system with phase space coordinates

(q,p) a distribution that determines the probability of finding any given particle in

a particular region in phase space, f(q,p, t). Demanding that the DF be normalized,

such that
∫
f(q,p, t)d3qd3p = 1 ∀t, it follows that the probability of finding a particle

in some region of phase space, R at a given time is
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P [(q,p) ∈ R](t) =

∫
R
f(q,p, t)d3qd3p. (2.11)

It follows that the spatial distribution of stars in the coordinates q can be obtained

from the DF by integrating over momenta. That is, the distribution that describes

the probability of finding a star at a particular location is

ρ(q, t) =

∫
f(q,p, t)d3p. (2.12)

So the DF provides a probabilistic description of the behavior of the entire system

throughout its time evolution. To make full use of this, one then needs to know how

the DF itself evolves in time. Much like a mass distribution in fluid mechanics, the

probability described by the DF must be conserved. It follows then that the DF

should satisfy a kind of continuity equation,

df

dt
=
∂f

∂t
+
dq

dt

∂f

∂q
+
dp

dt

∂f

∂p
= 0. (2.13)

This is called the collisionless Boltzmann equation (CBE). Since throughout this

thesis we work within the framework of Hamiltonian mechanics, it is convenient to

write the CBE in terms of the Hamiltonian as

df

dt
=
∂f

∂t
+ [f,H] = 0, (2.14)

where [F (q,p), G(q,p)] = ∂F
∂q

∂G
∂p
− ∂G

∂p
∂G
∂q

is the Poisson bracket.
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2.5 Self-Gravitating Systems

The focus of much of this thesis is on the importance of self-gravity in modeling the

GDR2 spirals. Here we describe the general theory of self gravitating systems, outlin-

ing the basic equations that will be referenced with assumed knowledge in Chapters

3 and 4.

We have already introduced the DF and the CBE, but we need one more com-

ponent for a complete description of self-gravitating systems. In such systems, the

Hamiltonian includes a mutual interaction term, which contributes the potential en-

ergy from the gravitational force acting between every particle in the system. That is,

the potential includes both external forces described by Φe and mutual interactions

Φs, such that the total potential is

Φ(q, t) = Φe(q) + Φs(q, t), (2.15)

where Φs takes into account the Newtonian gravitational force acting between each

pair of particles. This can be related to the DF by its correspondence to the spatial

distribution of particles in equation 2.12, and the well-known Poisson equation,

∇2Φs(q, t) = 4πG

∫
f(q,p, t)d3p. (2.16)

A DF and total potential that satisfy equations 2.14 and 2.16 completely describe

the evolution of a self gravitating system. In equilibrium, the distribution function is

independent of time. We denote an equilibrium solution to the CBE by the DF and

potential pair, f0(q,p), Φ0(q), and note that the equilibrium DF and Hamiltonian

satisfy
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[f0, H0] = 0, (2.17)

which is required for the DF to be time-independent and satisfy the CBE.

Now that we have introduced DFs and the CBE, we mention the Jeans theorem

(Binney and Tremaine, 2008), which will come up in Chapter 4 and is of use in

determining perturbative modes of equilibrium DFs. The Jeans theorem states that

an equilibrium solution of the CBE is a function only of the integrals of motion. That

is, when we write f0(q,p) it really means f0(I(q,p)), such that the dependence of f0

on the phase space coordinates is through the integrals of motion. Conversely, any

function of the integrals of motion is an equilibrium solution to the CBE.

2.5.1 Linearized Collisionless Boltzmann Equation and Perturbations

In this thesis we are concerned with non-equilibrium solutions of the CBE, but deter-

mining such solutions directly is quite difficult. Here we describe an approximation

that facilitates estimating the behavior of self-gravitating systems in disequilibrium.

Throughout this section, we will work in one dimension to simplify the notation.

Let us consider a system in disequilibrium that is close to some equilibrium solu-

tion of the CBE, with small linear perturbations such that the total DF and potential

are given by

f(q, p, t) = f0(q, p) + εf1(q, p, t), Φ(q, t) = Φ0(q, t) + εΦ1(q, t), (2.18)

where the perturbations f1 and Φ1 are similar in magnitude to the equilibrium solu-

tion, and |ε| << 1. It follows that the total Hamiltonian is H = H0 + εΦ1.

Substituting the perturbed Hamiltonian and DF into the CBE yields



2.5. SELF-GRAVITATING SYSTEMS 15

ε
∂f1

∂t
+ [f0, H0] + ε[f1, H0] + ε[f0,Φ1] + ε2[f1,Φ1] = 0. (2.19)

Recalling that [f0, H0] = 0, and dropping terms of order ε2, we arrive at

∂f1

∂t
+ [f1, H0] + [f0,Φ1] = 0, (2.20)

which is called the linearized collisionless Boltzmann equation.

2.5.2 Action-angle Variables

We do not make heavy use of action-angle variables in this thesis, however they are

mentioned with assumed knowledge in Chapter 4, and are necessary for the derivation

of perturbative modes outlined in Chapter 2.5.3. This topic is quite extensive, and

requires involved machinery to describe in detail. In the interest of simplicity, we

provide here only the most basic description as sufficient background for Chapters

2.5.3 and 4.

Consider a Hamiltonian system of N degrees of freedom with the usual canonical

phase space coordinates (q,p), which for definiteness we assume admits N isolating

integrals of motion, J = (J1, J2, ...JN). Now suppose there exists a canonical transfor-

mation that maps the coordinates (q,p) to new coordinates denoted (θ,J), where θ

are called angles, and J actions. That is, the momenta in the new coordinate system

are the integrals of motion.

Noting that by definition of a canonical transformation, Hamilton’s equations are

invariant under our transformation, let us apply Hamilton’s equations to these new

coordinates. First taking the equations for the momenta we have
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dJ

dt
= −∂H

∂θ
= 0, (2.21)

where the last equality comes from the fact that J̇ = 0 by definition of an integral of

motion. Equation 2.21 directly implies that the Hamiltonian is independent of the

angles, θ, and is a function of the actions, H = H(J). Turning now to the equation

for the angles, we have

dθ

dt
=
∂H

∂J
= Ω(J). (2.22)

Now since Ω(J) are functions of the integrals of motion, they are themselves constant,

so Ω̇ = 0. Equation 2.22 can then be integrated to yield the time dependence of the

angles,

θ(t) = θ(0) + Ωt. (2.23)

So we have that in the new coordinate system (θ,J), the coordinates θ increase

linearly with time, and the momenta are constant for all times making the evolution

of the system trivial. It is typical to define the angles such that a single orbit of the

system is completed upon an increase in angle by 2π. This means that the Ωi are the

orbital frequencies of the system.

2.5.3 Perturbative Modes

We now discuss the methodology by which one may solve the linearized CBE for the

perturbative DF and potential, particularly in the case of determining true modes of

the perturbed system. This is the basis for the discussion in Chapter 4.3. To be clear,
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by mode we mean a perturbation that can persist without external forcing (Binney

and Tremaine, 2008), and in particular we will study the case where the perturbation

f1 is a true mode, oscillating at a single fixed frequency. To describe this procedure,

we need to make use of action-angle variables, which we have described in Chapter

2.5.2.

Consider again a perturbed DF and potential of the form in equation 2.18, and

now suppose that we have a transformation to action angle variables, (q, p)→ (θ, J)

for the unperturbed Hamiltonian, H0. The total DF and Hamiltonian are then written

as

f(θ, J, t) = f0(J) + εf1(θ, J, t), H = H0(J) + Φ1(θ, J, t), (2.24)

where it is important to note that the equilibrium DF and Hamiltonian are functions

only of the action, a result of the Jeans theorem (see Chapter 2.5). Applying the

linearized CBE from Chapter 2.5.1 we have

∂f1

∂t
+
∂f1

∂θ

∂H0

∂J
− ∂f1

∂J

∂H0

∂θ
+
∂f0

∂θ

∂Φ1

∂J
− ∂f0

∂J

∂Φ1

∂θ
= 0, (2.25)

where ∂f0
∂θ

= ∂H0

∂θ
= 0, and from equation 2.22, ∂H0

∂J
= Ω(J). The linearized CBE then

becomes

∂f1

∂t
+ Ω

∂f1

∂θ
− ∂f0

∂J

∂Φ1

∂θ
= 0. (2.26)

At this point, we recall that the system is necessarily periodic in the angle variable,

so we may produce Fourier series in θ. We expand the perturbative DF and potential

as



2.5. SELF-GRAVITATING SYSTEMS 18

f1(θ, J, t) =
∑
m

f1,m(J, t)eimθ, Φ1(θ, J, t) =
∑
m

Φ1,m(J, t)eimθ. (2.27)

Each of the individual terms in the Fourier series must independently satisfy the

linearized CBE, so we have

∂fm
∂t

+ iΩmfm = imΦm
∂f0

∂J
, (2.28)

where the common factor of eimθ in all of the terms has been divided out. Next

we multiply equation 2.28 by eiωt where ω is the complex temporal frequency of the

perturbation. Demanding that the system be in equilibrium for t ≤ 0, and that Im{ω}

be sufficiently large for fme
iωt to approach zero as t approaches infinity, we integrate

the resulting equation with respect to time, effectively performing a temporal Fourier

transform. This results in

i(mΩ− ω)f̃m = im
∂f0

∂J
Φ̃m. (2.29)

Rearranging for f̃m we have the coefficients for a Fourier series in θ of f̃1

f̃m(J, ω) =
∂f0

∂J

mΦ̃m(J, ω)

mΩ− ω
, (2.30)

so we may write

f̃1(θ, J) =
∑
m

f̃m(J, ω)eimθ. (2.31)

At this point we demand that the perturbation is a mode oscillating at a single

frequency. In such a case the time dependence of a single mode is proportional to
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eimω, and f1 is given in the time domain by a single term in a temporal Fourier series.

That is, we just multiply equation 2.31 by a complex exponential,

f1(θ, J, t) =
∑
m

f̃m(J, ω)ei(mθ−ωt). (2.32)

To get this into the form we will use in Chapter 4, it is instructive to write it out as

f1(θ, J, t) =
∑
m

∂f0

∂J

Φ̃me
−iωt

m2Ω2 − ω2

(
Ωm2eimθ + ωmeimθ

)
, (2.33)

where we note that Re{m2eimθ} is an even function of m, and Re{meimθ} is an odd

function of m. So the second term in the brackets of equation 2.33 will not contribute

to the real part of f1 in the sum over m. We may then write the real component of

the mode DF as

Re{f1(θ, J, t)} =
∂f0

∂J

∑
m

ΩΦ̃m cos(mθ − ωt)
Ω2 − ω2/n2

. (2.34)

In the case of real ω (the case for the model in Chapter 4.3) the time dependence is

just a simple rotation of the structure in the (θ, J) plane defined by

Re{f1(θ, J)} =
∂f0

∂J

∑
m

ΩΦ̃m cos(mθ)

Ω2 − ω2/n2
. (2.35)

The expression in equation 2.35 is what we will use in Chapter 4 when describing the

perturbative modes of the homogeneous slab model.
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2.6 Abel Transform

We will make use of the Abel Transform in Chapter 4, which assumes knowledge of

the transform and its invertibility. Here we simply state the Abel transform and its

inverse.

Consider two functions, h(x) and g(y) of the variables x and y. If they are related

by the integral equation

h(x) =

∫ ∞
x

g(y)dy

(y − x)α
, (2.36)

and the power in the denominator of the integrand, α is in the interval (0, 1), then

h(x) is the Abel Transform of g(y) Binney and Tremaine (2008). It follows that g(y)

is the inverse Abel transform of h(x), and is given by

g(y) = −sin(πα)

π

∫ ∞
y

dh

dx

dx

(x− y)1−α . (2.37)
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Chapter 3

Emergence of the Gaia Phase Space Spirals from

Bending Waves

This chapter is a manuscript published in Monthly Notices of the Royal Astronomical
Society, Volume 484, Issue 1, March 2019. It is included as it appears in the journal
with the permission of the co-author Lawrence M. Widrow.

Abstract

We discuss the physical mechanism by which pure vertical bending waves in a stellar

disc evolve to form phase space spirals similar to those discovered by Antoja et al. in

Gaia Data Release 2. These spirals are found by projecting Solar Neighbourhood stars

onto the z − vz plane. Faint spirals appear in the number density of stars projected

onto the z− vz plane, which can be explained by a simple model for phase wrapping.

More prominent spirals are seen when bins across the z − vz plane are coloured by

median vR or vφ. We use both toy model and fully self-consistent simulations to show

that the spirals develop naturally from vertical bending oscillations of a stellar disc.
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The underlying physics follows from the observation that the vertical energy of a star

(essentially, its “radius” in the z−vz plane) correlates with its angular momentum or,

alternatively, guiding radius. Moreover, at fixed physical radius, the guiding radius

determines the azimuthal velocity. Together, these properties imply a link between

in-plane and vertical motion that lead directly to the Gaia spirals. We show that the

cubic R − z coupling term in the effective potential is crucial for understanding the

morphology of the spirals. This suggests that phase space spirals might be a powerful

probe of the Galactic potential. In addition, we argue that self-gravity is necessary to

properly model the evolution of the bending waves and their attendant phase space

spirals.

3.1 Introduction

Gaia Data Release 2 (GDR2) (Gaia Collaboration et al., 2018a), which includes mea-

surements of the six-dimensional phase space coordinates for some seven million stars,

has afforded astronomers an unprecedented picture of the local stellar kinematics in

our Galaxy (Gaia Collaboration et al., 2018c). Arguably, the most intriguing result

from the nascent analysis of this data set has been the discovery of spiral patterns in

certain phase space projections of Solar Neighborhood stars by Antoja et al. (2018).

They selected stars in a circular arc that spanned 8◦ in Galactic azimuth φ and a

range in Galactocentric radius R from 8.24 kpc to 8.44 kpc. They then computed

the number density distribution of the ∼900k stars within this region as a function

z and vz, the position and velocity in the direction perpendicular to the Galactic

midplane. The resulting plot showed a spiral pattern of 1-2 complete wraps within a

region of the z − vz plane extending to ∼ 700 pc in |z| and ∼ 40 km s−1 in |vz|. More
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prominent spirals appeared when they “coloured” the z− vz plane by median vR and

vφ. Antoja et al. (2018) interpreted the spirals as a telltale sign of phase wrapping

and were able to explain their general morphology by a simple model for the local

gravitational potential.

In this paper, we delve deeper into the physics of the “Gaia spirals”. Our hy-

pothesis is that a pure bending wave naturally evolves to form spiral patterns in the

(z, vz, vφ, vR) phase space. (For a different take on some of the same ideas, see Binney

and Schoenrich (2018).) Bending waves are a natural feature of disc galaxies. The

most conspicuous examples are the warps seen in edge-on galaxies (See Binney (1992)

and Sellwood (2013) for reviews of galactic warps.). These warps amount to a bend-

ing of both HI and stellar discs from the midplane by ∼ 1−3 kpc. Recently, Xu et al.

(2015) found asymmetries in the number counts of stars above and below the disc at

Galactocentric radii between 12 kpc and 18 kpc, which they interpreted as evidence

for ripples or corrugations in the disc. In addition, Schönrich and Dehnen (2018)

found wavelike patterns in the mean vertical motion of Solar Neighbourhood stars

as a function of Lz, the angular momentum about the rotation axis of the Galaxy.

Since Lz is roughly proportional to guiding radius (at least, where the rotation curve

is approximately flat) these velocity ripples may well be the velocity counterpart to

those seen in number counts (Chequers et al., 2018). Further evidence for bending

and breathing modes has been seen in both number counts and bulk motions of Solar

Neighbourhood stars (see, for example, Widrow et al. (2012); Williams et al. (2013);

Carlin et al. (2013); Yanny and Gardner (2013); Gaia Collaboration et al. (2018a);

Bennett and Bovy (2018)). They can be excited by a passing satellite (Widrow et al.,

2012; Feldmann and Spolyar, 2015; Gómez et al., 2013, 2017), spiral structure or the
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bar (Debattista, 2014; Monari et al., 2015), or even shot noise in an N-body simulation

(Chequers and Widrow, 2017).

In this paper we sidestep the issue of what perturbs the disc by imposing an initial

ad hoc vertical perturbation. The excitation of bending and breathing waves due to

a passing satellite is discussed in detail by Widrow et al. (2014b) and demonstrated

in N-body simulations of both isolated discs in discs in fully cosmological simulations

by Gómez et al. (2013); Feldmann and Spolyar (2015); Gómez et al. (2017); Chequers

et al. (2018). In essence, these exitations are the early stages of the disc-heating events

discussed in Toth and Ostriker (1992) and Sellwood et al. (1998). The excitation of

perturbations in the context of phase space spirals using the impulse approximation

is discussed in Binney and Schoenrich (2018).

In Section 2 we consider a series of toy-model simulations where test particles

are evolved in time-dependent, axisymmetric potentials. These simulations allow us

to illustrate the essential physics of phase space spirals and, in particular, highlight

the importance of the non-separable nature of the effective potential for disc stars.

In Section 3, we then demonstrate the link between bending waves and phase space

spirals in a fully self-consistent disc-bulge-halo model of the Milky Way using standard

N-body methods. We conclude in Section 4 with a summary of our results and

suggestions for further investigations of these ideas.

3.2 Kinematic Spirals

3.2.1 Distribution Function

Consider a distribution of test particles in a time-independent, axisymmetric potential

Φ (R, z). All particle orbits admit two integrals of motion: the angular momentum
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about the symmetry axis Lz = Rvφ and the total energy E = 1
2
v2 + Φ (R, z). If the

potential is an additively separable function, that is, if it can be written in form

Φ (R, z) = ψ(R) + χ(z) , (3.1)

then the vertical energy

Ez =
1

2
v2
z + Φ(R, z)− Φ(R, 0) (3.2)

is also an integral of motion. In this case, it is convenient to define the planar energy

Ep = E − Ez. Even if the potential cannot be written in the form given by equation

3.1, the vertical energy is approximately conserved for particles on nearly circular

orbits (Binney and Tremaine, 2008).

Analytic functions of Ep, Ez, and Lz can be used as the building blocks for a disc

that is close to equilibrium. Following Kuijken and Dubinski (1995) we consider the

quasi-isothermal distribution function (DF)

f(Ez, Ep, Lz) =
g

σzσ2
R

exp

[
− Ep − Ec

σ2
R

− Ez
σ2
z

]
(3.3)

where Ec is the energy of a particle on a circular orbit with angular momentum Lz,

and g, σR, σz, and Ec are functions of Lz.

The function g(Lz) determines the radial profile of the surface density, which is

obtained by integrating the DF over velocities and z. Furthermore, the guiding radius

Rc for a particle on a circular orbit is an implicit function of Lz. Thus, we can use

Rc, which is an integral of motion, as a proxy for radius R when constructing the DF.

For example, an exponential disc is obtained by choosing g ∝ exp (−Rc/Rd).



3.2. KINEMATIC SPIRALS 26

Our interest here is in stars in the Solar Neighbourhood. We are therefore led to

consider the idealized case where

g(Lz) ∝ δ(Lz − Lz0). (3.4)

The density is then given by

ρ(R, z) ∝ exp

[
− Φeff (R, 0)− Ec

σ2
R

− Φz (R, z)

σ2
z

]
(3.5)

where Φeff(R) = Φ(R, 0)+L2
z0/2R

2 is the effective potential for a particle with angular

momentum Lz0 and Φz (R, z) ≡ Φ(R, z)−Φ (R, 0). Note that the peak of the radial

distribution of particles coincides with the minimum of the effective potential, that

is, the guiding radius of a particle with angular momentum Lz0. The main advantage

of this DF is that it easily sampled. It is, however, too simplistic for our purposes as

we now describe.

In the DF given by equation 3.3, the angular momentum determines a particle’s

guiding radius and hence the probability distribution functions for a particle’s phase

space coordinates R, z, vR, vφ, and vz. If we introduce a bending perturbation to this

DF, that is, if we displace the DF in either z or vz, then the distribution will phase

wrap in the z − vz plane producing a spiral pattern similar to the one seen in the

number counts. However, since the DF is separable in z − vz and R− vR − vφ, spiral

patterns will not appear when the z − vz plane is coloured by median vR or vφ.

Of course, in a real galaxy one has a distribution of stars in Lz at a given R.

To mimic this effect while retaining the simplicity of equation 3.4 we consider a

superposition of two delta-function distributions,
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g(Lz) = α1δ(Lz − Lz1) + α2δ(Lz − Lz2) , (3.6)

which we refer to as populations 1 and 2. In what follows, we assume that α1 = α2 =

0.5 and choose Lz1 and Lz2 so that the two guiding radii are 7.41 kpc and 7.94 kpc,

respectively. Furthermore, we assume that σR and σz are given by

σR(Rc) = σR,0e
−(Rc−Rs)/2Rd

σz(Rc) = σz,0e
−(Rc−Rs)/2Rd

(3.7)

with Rd = 2.1 kpc, σR,0 = 26 km s−1, and σz,0 = 16 km s−1.

3.2.2 R− z Coupling in the Potential

In this section we consider a toy model potential that allows us to isolate the effect

R−z coupling terms in the effective potential have on phase space spirals. Recall that

in the epicycle approximation (Binney and Tremaine, 2008) one expands the effective

potential to terms quadratic in R−Rc and z. To the extent that the approximation

holds, stars execute simple harmonic motion in R and z. Of course, without the

higher order terms in the potential, all stars would orbit in the z − vz plane at the

same frequency and phase space spirals would never develop.

As discussed above, the vertical energy Ez is conserved so long as the potential

is additively separable. We first consider a model for the potential that is additively

separable but includes higher order terms in z and R−Rc. As we’ll see, spirals appear

in this model but lack many of the qualitative features seen in the data. We then

augment this model with an (R−Rc) z
2 term. This term, along with an (R−Rc)

3
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term, are the leading corrections to the epicycle approximation. The spirals in this

case have a richer phenomenology than the ones in our separable model and and share

many of the features with the spirals seen in Gaia DR2.

Kinematic Spirals in an Additively Separable Potential

Consider an additively separable potential given by equation 3.1 with

χ(z) = ab2

√
z2

b2
+ 1 + cz2 (3.8)

and

ψ(R) =
v2
o

2
ln
(
R2 +R2

o

)
. (3.9)

The form of the vertical potential χ is similar to that from the Oort problem analysis

of Kuijken and Gilmore (1989) while ψ is the logarithmic potential (see, for example,

Binney and Tremaine (2008)), which gives a flat rotation curve for R � R0. In

what follows we choose a = 0.07 Myr−2, b = 23 pc and c = 0.006 Myr−2, which

give a vertical potential consistent with models for the vertical potential in the Solar

Neighborhood (See Widrow et al. (2014b).). We also choose vo = 217 kms−1 and

Ro = 6.1 kpc to give a radial potential consistent with the realistic Milky Way model

considered in Section 3.2.3.

We next sample the DF for 500k particles. Properties of the initial conditions are

exhibited in Fig. 3.1 and 3.2. The top panel of Fig. 3.1 shows the number density

of stars as a function of Galactocentric radius for the two distributions. Evidently,

the model has the desired property that the distribution of stars at a given radius

comprises an admixture from the two Lz populations. The bottom panel shows the
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Figure 3.1: Properties of the initial conditions for the test-particle simulation de-
scribed in Section 3.2.2. In the top panel we show a normalized histogram
of the particle number as a function of R for populations 1 (black) and
2 (magenta), with a bin size of ∆R = 0.06 kpc. In the middle panel we
show the distributions of stars in the two populations as a function of R
and vz while in the bottom panel we show distributions as a function of
R and vφ.

distribution of stars as a function of R and vφ. Since vφ = Lz/R, the distribution at

a given radius is essentially the sum of two delta functions with population 1 stars

having a lower azimuthal velocity than the population 2 stars at the same R. Finally,

in the middle panel, we show the distribution in R and vz. We note that stars at

smaller R preferentially come from the higher Lz distribution and have a higher σz.

Fig. 3.2 shows the z − vz plane coloured by mean vφ. Stars at large radii in the

z− vz plane, that is, stars with high Ez preferrentially come from stars in population

1, which have lower vφ, as seen in the bottom panel of Fig. 3.1.

The initial DF shown in Fig. 3.2 is perturbed by displacing it by 30 km s−1 in vz.

The particles are then evolved using a standard leap-frog algorithm for 300 Myr and

the results are shown in Fig. 3.3. The number density shows the spiral pattern typical
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Figure 3.2: The z − vz plane colored by mean vφ for the simulation described in
Section 3.2.2. The bins have size ∆z = 0.05 kpc, and ∆vz = 3 kms−1.
Bins with fewer than 10 particles are ignored.

of phase wrapping. Stars orbit the z−vz plane in a clockwise sense and since those at

large Ez have a lower vertical epicycle frequency, the DF quickly develops a trailing

spiral. Also shown is the z− vz plane coloured by mean vR and vφ. Here, the pattern

is essentially featureless, apart from the imprint of the number density distribution:

With our separable potential the in-plane and vertical epicyclic motions completely

decouple.

Kinematic Spirals in a Coupled Potential

Next we consider the addition of a R− z term to the toy model potential:

Φ(R, z) = ψ(R) + χ(z) + ξ(R−Rs)z
2 . (3.10)

Rs is a constant radius characteristic of the distribution (If a Taylor expansion of the

effective potential is performed for each Lz population, Rs is replaced by Rc(Lz)). For

illustrative purposes, we choose ξ = −0.24 Myr−2kpc−1 and Rs = 8 kpc. These values

are consistent with the cubic terms that arise in realistic Milky Way potentials. The

main effect of the new term is to introduce a linear dependence in R to the vertical
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Figure 3.3: Number density and mean radial and azimuthal velocities in the z − vz
plane for the toy model considered in Section 3.2.2 (toy model with ad-
ditively separable potential). Top panel shows the number density. Bins
in the middle and lower panels are coloured by vR and vφ, respectively.
Bin sizes and particle number threshold are the same as in Fig. 3.2.

epicyclic frequency. In particular the difference between the vertical frequency for a

population 1 star with Rc = 7.41 kpc and a population 2 star with Rc = 7.94 kpc is

0.25 Myr−1.

As before we sample an initial distribution (equation 3.3) with 500k particles,

perturb it and integrate the perturbed distribution for 300 Myr. The results are

shown in Fig. 3.4. Not surprisingly, the spirals that appear in the z − vz number

density distribution are virtually identical to the ones that appear in our separable

model. However, the vR and vφ spirals are qualitatively different. In particular,

there are gradients across the spiral arms and along their inner and outer edges. The
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Figure 3.4: Same as Fig. 3.3 but for the model considered in Section 3.2.2 (toy model
with R− z coupling included in the potential).

addition of the (R−Rs)z
2 term implies a coupling between the in-plane and vertical

epicyclic motions.

3.2.3 Realistic Milky Way Potential

We conclude this section on test-particle simulations by considering a realistic Milky

Way potential that comprises an exponential disc, an NFW halo (Navarro et al., 1997),

and a Hernquist bulge (Hernquist, 1990). We approximate the disc as a superposition

of three Miyamoto-Nagai potentials (Miyamoto and Nagai, 1975; Smith et al., 2015).

The potential is similar to the MWPotential2014 model included with the Galpy

code (Bovy, 2015), but the specific model we used can be defined in Galpy using

HernquistPotential(a=0.035, amp=0.5), MN3ExponentialDiskPotential(amp=7,
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Figure 3.5: Circular speed curve for the Milky Way potential discussed in Section 3.2.3
(dashed curves) and self-consistent model discussed in Section 3.3 (solid
curves). For each model we show the total circular speed (black curves)
and contributions from the bulge (red) disk (green) and halo (blue).

hr=2.8/8, hz=0.3/8, sech=True) and NFWPotential(amp=5, a=1.4). The de-

composition of the circular speed curve into the three components is shown in Fig. 3.5.

The results are shown in Fig. 3.6. The number density spiral is a bit more tightly

wound than our previous example implying a stronger gradient in the vertical fre-

quency with Ez. More striking are the differences between the vR and vφ spirals seen

here and in our previous examples. In particular, there are now prominent gradients

along the edges of the spirals. For example, along the inner edge of the vφ spiral,

the stars alternate between high azimuthal velocity (red) and low azimuthal velocity

(blue) five times in a little over 360◦. The fact that the variations in vφ are strongest

along the edges of the spirals makes sense since these stars have the largest Ez where

the effect of the coupling term is the largest.
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Figure 3.6: Same as Fig. 3.3 but for the model considered in Section 3.2.3 (realistic
model for the Milky Way potential).

3.3 Phase Space Spirals with Self-Gravity

In the previous section, we considered test particles in a fixed axisymmetric potential.

The evolution of their DF was therefore governed by kinematic phase mixing. Test

particles were used by de la Vega et al. (2015) in their study of bending and breathing

modes and by Antoja et al. (2018) and Binney and Schoenrich (2018) to explain the

Gaia spirals. However, as stressed by Hunter and Toomre (1969) (see also Sparke and

Casertano (1988)) there are two effects associated with a bending perturbation of a

disc: the restoring force of the unperturbed disc on the perturbation and the potential

associated with the perturbation acting on the unperturbed disc. In effect, the test-

particle models treat the former and ignore the latter. In linear perturbation theory,
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both effects enter at the same order. It follows that self-gravity will be important for

the evolution of bending waves and phase space spirals.

In this Section we present results from simulations of a fully self-consistent disc-

bulge-halo system. The initial conditions are generated with GalactICS, which

uses a disc DF given by equation 3.3 with g(Lz) chosen to yield an exponential profile

for the surface density (See Kuijken and Dubinski (1995); Widrow et al. (2008)).

The model parameters are chosen so that the rotation curve decomposition into the

three components matches the realistic Milky Way model introduced in the previous

section, as shown in Fig. 3.5. We use 1M particles for the halo and 200K particles

for the bulge. To boost mass resolution near the solar circle, we sample the region of

the disc between 6.5 kpc and 9.5 kpc with 5M particles and the remainder with 1M

particles. The particles in the ring then have a mass of about 1300 M� or about 28

times less massive than the particles in the rest of the disc.

We introduce an ad hoc bend to the disc by applying a velocity perturbation to

both low and high resolution disc stars of the form

δvz = v0e
−(R−R0)2/2δ2R cosφ (3.11)

where we choose v0 = 30 km s−1, R0 = 8 kpc, and δR = 500 pc. Thus, initially one

side of the disc will bend to the North while the other will bend to the South.

The system is evolved for 1 Gyr with a timestep of 105 years and a Plummer soft-

ening of 50 pc. Face-on maps of the mean vertical velocity for the 250 Myr, 500 Myr,

and 1 Gyr snapshots are shown in Fig. 3.7. In making this figure we reoriented the

disc so that the direction corresponding to the smallest eignevalue of the moment of

inertia tensor and the angular momentum vector were normal to the plane of the map.
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Figure 3.7: Face-on maps for the mean vertical velocity. Left-most top panel shows
the initial conditions for both self-consistent and test-particle simulations.
From left to right, one then has maps for the 250 Myr, 500 Myr, and 1 Gyr
snapshots. The top row shows results for the self-consistent simulation
while the bottom row shows results for the test particle simulation.

Since the perturbation introduces a small angular momentum, when we reorient the

disc, the region far from the perturbation is given a small z-velocity in the opposite

sense of the perturbation, as seen, for example, in the upper-left panel.

To gain a handle on the effect self-gravity has on the evolution of bending waves, we

also follow the evolution of low and high resolution disc particles under the assumption

that the background potential is fixed and given by the unperturbed potential of the

model. The face-on maps of the mean vertical velocity are shown in Fig. 3.7. We see

in the bottom three panels that the kinematic bending waves are rapidly damped,

presumably due to phase mixing. By 500 Myr, the vertical velocity signal is entirely

due to particle noise and, as one can clearly see in the figure, is significantly less in

the annulus dominated by low mass particles. Conversely, in the upper panels we see

that the bending waves persist with roughly constant amplitude through to 1 Gyr.
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Clearly, self-gravity is crucial to the persistence of bending waves in discs.

We next search for phase space spirals in a manner similar to what was done

in Antoja et al. (2018) with GDR2. In particular, we select stars in a circular arc

between 7.5 kpc and 8.5 kpc and over a range in φ that spans 1 rad. This region

typically contains 250k particles, or about 1/20 of the total number of particles in

our high-resolution ring. The number of stars here is thus a factor of 3− 4 less than

the number of stars in the arcs considered by Antoja et al. (2018). On the other hand,

our arc is about five times wider in R and seven times wider in φ than the one they

chose. Thus, even with our ring of low mass particles, our simulations have poorer

particle and spatial resolution in comparison with the data.

The number counts and mean vr and vφ across the z−vz plane are shown in Fig. 3.8

and Fig. 3.9 for the same three snapshots that were used in Fig. 3.7. Spirals are found

in both mean vR and vφ with an amplitude of ∼ 10− 20 km s−1, which is comparable

to, though somewhat smaller than, the amplitude of the initial perturbation. As

expected, the pattern winds up over time. In the vφ panel of Fig. 1 from Antoja

et al. (2018), one observes roughly one and a half wraps within |z| < 700 pc. Our

self consistent simulation appears to reach a comparable pattern around t ' 1 Gyr,

though by this time, the pattern is becoming difficult to discern.

The phase space spirals are more distinct in the test particle run. Indeed, a

spiral pattern can been easily seen in the number counts, which is not the case in

the self-consistent simulation. The degree of winding seen in the self-consistent and

test-particle runs is fairly similar through the 500 Myr snapshot. However, by 1 Gyr,

the test-particle run shows a tightly wound spiral with four phase space wrappings

within |z| < 1 kpc while the self-consistent run shows about half that many.
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Figure 3.8: Number density and mean vR and vφ maps for the self-consistent simula-
tion. Each row has the same format as in figures in Section 3.2. From left
to right, the columns are for the 250 Myr, 500 Myr, and 1 Gyr snapshots.

The patterns seen in Figs. 3.9 and 3.8 as well as Fig. 3.7 can be understood as

follows. In our test particle simulation, the evolution of the phase space DF is driven

entirely by phase mixing in an analytic, time-independent, axisymmetric potential.

It is therefore not surprising that over time, the DF develops intricate, fine-grained

patterns such as those seen in the 1 Gyr panel of Fig. 3.9. These patterns are typically

washed out when one maps moments of the DF, as in Fig. 3.7. By contrast, when self-

gravity is included, the disc develops persistent vertical oscillations, as seen in Fig 3.7,

that is roughly constant between 500 Myr and 1 Gyr. The spiral pattern seen in the

1 Gyr panel of Fig. 3.8 may well be a manifestation of these persistent oscillations.
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Figure 3.9: Same as Fig. 3.8 but for the test particle simulation.

Two effects may explain why the spirals in our self-consistent simulation are less

well-defined than in the test-particle case. First, the disc in the self-consistent sim-

ulation can develop non-axisymmetric features, such as spiral structures, in addition

to the features that arise from the initial perturbation. Thus, the particles that end

up in the circular arc used in Fig. 3.8 will have been subjected to a more complicated

forcing function than those in the test-particle run. Second, particles in the self-

consistent run experience two-body relaxation effects not present in our test-particle

simulation. However, the two-body relaxation time for the disc is longer than the du-

ration of the simulation by several orders of magnitude. We also note that additional

simulations indicate that our results are relatively insensitive to choice of softening
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length and time-step. Nevertheless, no N-body simulation is perfectly collisionless.

The combination of these effects may explain why the spiral patterns that arise when

including self gravity are not as well-defined as those with test particles.

3.4 Conclusions

In this paper we have focused on three facets of phase space spirals. First, spirals

similar to those found in Gaia DR2 naturally arise when the disc experiences a bending

perturbation. In general, a passing satellite will cause the disc to bend (Toth and

Ostriker, 1992; Sellwood et al., 1998; Widrow et al., 2014b; Binney and Schoenrich,

2018), and within a few dynamical times these bends lead to spirals in the z − vz −

vR−vφ space. Second, the non-separable nature of the effective potential is crucial for

understanding the morphology of the spirals. This effect, which appears at cubic and

higher order in the Taylor expansion of the effective potential, implies a coupling of

the in-plane and vertical epicyclic motions and leads to variations in vR and vφ across

and along the edges of the spirals. Finally, self gravity appears to be an essential

ingredient in any study of bending waves in discs.

The results from our toy-model simulations suggest that by studying the mor-

phology of phase space spirals, we can probe the detailed structure of the Galactic

potential. In particular, one might gain a handle on the coefficients of cubic and

quartic terms in the Taylor expansion of the effective potential near the Sun and

beyond, once future data releases from Gaia become available.

The natural way forward is to test these ideas with different models for the Galac-

tic potential. Studies of this type will allow us to determine just how sensitive the

phase space spirals are to the potential. Such a program should be straightforward
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to accomplish with kinematic models where test particles are used as probes. How-

ever, our self-consistent simulations suggest that these models may miss the essential

physics of self-gravity in the perturbed disc. Unfortunately, self-consistent simula-

tions are computationally expensive, and the mass and spatial resolution that can be

achieved, especially if one aims to study a large parameter space, are well below the

resolution available in the data.
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Abstract

We investigate the spatiotemporal structure of simulations of the homogeneous slab

and isothermal plane models for the vertical motion in the Galactic disc. We use

Dynamic Mode Decomposition (DMD) to compute eigenfunctions of the simulated

distribution functions for both models, referred to as DMD modes. In the case of

the homogeneous slab, we compare the DMD modes to the analytic normal modes of

the system to evaluate the feasibility of DMD in collisionless self gravitating systems.

This is followed by the isothermal plane model, where we focus on the effect of

self gravity on phase mixing. We compute DMD modes of the system for varying
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relative dominance of mutual interaction and external potential, so as to study the

corresponding variance in mode structure and lifetime. We find that there is a regime

of relative dominance, at approximately 4 : 1 external potential to mutual interaction

where the DMD modes are spirals in the (z, vz) plane, and are nearly un-damped.

This leads to the proposition that a system undergoing phase mixing in the presence

of weak to moderate self gravity can have persisting spiral structure in the form of

such modes. We then conclude with the conjecture that such a mechanism may be at

work in the phase space spirals observed in Gaia Data Release 2, and that studying

more complex simulations with DMD may aid in understanding both the timing and

form of the perturbation that lead to the observed spirals.

4.1 Introduction

Astrometric and radial velocity surveys of the Milky Way such as SEGUE (Yanny

et al., 2009), RAVE (Steinmetz et al., 2006), LAMOST Cui et al. (2012), and Gaia

Data Release 2 (GDR2) (Gaia Collaboration et al., 2018a,b), have revealed a panoply

of phase space structures in the Galactic stellar disc. In the vicinity of the Sun, these

structures include vertical asymmetries in the local stellar number density (Widrow

et al., 2012; Yanny and Gardner, 2013; Bennett and Bovy, 2018), vertical bulk motions

of disc stars (Widrow et al., 2012; Williams et al., 2013; Carlin et al., 2013; Quillen

et al., 2018; Gaia Collaboration et al., 2018b) and phase spirals in z − vz projections

of the stellar distribution function (DF) (Antoja et al., 2018). In addition, there is

evidence for corrugations of the disc (Xu et al., 2015) at distances of 10 to 15 kpc

from the Galactic centre. At even larger radii, there is the prominent warp (Binney,

1992; Sellwood, 2013), as well as evidence for disc stars kicked up to large Galactic
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latitudes (Price-Whelan et al., 2015). Taken together, these observations point to a

disk in a state of disequilibrium.

Perhaps the most intriguing of the aforementioned structures are the phase spirals

in the radial velocity subsample of GDR2 (Antoja et al., 2018). They were first seen

by selecting stars in an arc of about 8 degrees in Galactic azimuth and 200 pc in

Galactocentric radius centered on the Sun and plotting the number density, mean vφ

or mean vR across the z − vz plane. The spirals have now been studied as a function

of position within the disc, action variables, and stellar properties (Bland-Hawthorn

et al., 2019b; Laporte et al., 2019; Li and Shen, 2019).

A heuristic explanation of the spirals is that a local bend in the disc phase mixes

due to the anharmonic nature of the vertical potential (Antoja et al., 2018), while

coupling of the vertical and in-plane motions then leads to the vR and vφ spirals

(Binney and Schoenrich, 2018; Darling and Widrow, 2018). In the simplest imple-

mentation of this picture, one treats stars as test particles in a fixed potential. This

model seems to capture the basic features of the spirals and allows one to estimate

the time at which the initial perturbation that gave rise to them took place (Antoja

et al., 2018). Nevertheless, it leaves several questions unanswered, which include the

following: What perturbed the disc? Can we point to a singular event that drove the

disc from equilibrium or is the disc in a perpetual state of disequilibrium? What is the

underlying DF of the perturbed disc. The phase spirals are likely the de-projection

of the number count asymmetry along the z axis mentioned above to the z − vz

plane. Can we understand the spirals as the projection of some higher dimensional

structure?

A number of candidates have been proposed as the agent of disequilibrium. For
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example, the disc may have been perturbed by a passing satellite galaxy or dark

matter subhalo with the Sagittarius dwarf a prime suspect (Laporte et al., 2019;

Bland-Hawthorn et al., 2019b). On the other hand, the buckling of the stellar bar

has been shown to generate phase spirals in simulations of a Milky Way-like galaxy

(Khoperskov et al., 2019).

The more challenging problem is to discern the phase space DF. Tremaine (1999)

stressed the idea that the dimensionality of the DF can change via phase mixing.

For example, a satellite galaxy that is being tidally disrupted by the gravitational

potential of its host galaxy changes from a six-dimensional structure to a three-

dimensional stream. Tremaine (1999) showed that one can relate changes in the

phase space structure of a system to the eigenvalues of the Hessian matrix for the

Hamiltonian. In principle, the method could be applied to phase mixing in a Galactic

disc.

The main drawback of the phase mixing arguments is that they ignore the self-

gravity of the perturbation, which is clearly important for the development of both

bending and density waves in the disc. In short, when a local region of the disc is

displaced from the midplane, it exerts a perturbing force on the unperturbed disc

that, at least in linear theory, is the same order as the restoring force pulling it back

into the midplane due to the unperturbed disc (Hunter and Toomre, 1969). A striking

example of the importance of self-gravity can be found in the toy model simulations

of bending waves in Darling and Widrow (2018) (Figure 7). Of course, self-gravity

is built into the simulations of Laporte et al. (2019); Bland-Hawthorn et al. (2019a)

and Khoperskov et al. (2019).

These considerations suggest that phase mixing and self-gravity are competing
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effects. A particularly simple toy model in which this competition plays out is the

one-dimensional slab. This system can be thought of as an idealized disc in which all

of the structure is in the direction normal to the midplane. It can be studied using

linear perturbation theory as well as 1D N-body simulations (Mathur, 1990; Weinberg,

1991; Widrow and Bonner, 2015). For an isolated system there exists a trivial zero

frequency normal mode corresponding to the displacement of the system relative to

the midplane as well as a continuous spectrum of modes. If an external restoring force

is included, then the displacement mode no longer has zero frequency. Moreover, if

the DF for the system is truncated in energy, then gaps open up in the continuum

and one has the possibility of additional discrete modes. In general, perturbations of

the system will involve a mixture of discrete modes and modes from the continuum

where the former should lead to eternal oscillations while the latter phase mix on

time-scales related to the gradient of the frequency across the continuum. In his N-

body simulations, Weinberg (1991) found that it was difficult to excite the discrete

modes, presumably because power was leaking into nearby parts of the continuum

where phase mixing was occurring. He did find that the system exhibited oscillations

that were long-lived as compared to its dynamical time.

A similar situation arises when one applies linear perturbation theory to a simple

two-dimensional model for a galactic disc comprising concentric, rotating, razor-thin

rings. This model, which was employed to study warps, is in some sense complemen-

tary to the slab model. If the system is isolated or embedded in a spherical halo,

there is a zero-frequency mode corresponding to the tilting of the system as a whole.

As with the slab model, there is also a continuous spectrum of modes (Hunter and

Toomre, 1969; Sparke and Casertano, 1988). On the other hand, if the system is
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embedded in a flattened halo, then the tilt mode becomes non-trivial and, in fact,

has features similar to those seen in warped galaxies (Sparke and Casertano, 1988).

That said, the discrete warp mode found by Sparke and Casertano (1988) does not

appear to exist when the ring-model disc is immersed in a live halo (Binney et al.,

1998).

Evidently, a proper treatment of stellar dynamics in galactic discs must capture

the physics of both phase mixing and self-gravity. In this paper, we propose that

dynamic mode decomposition (DMD) can provide a route to achieving this end.

DMD was developed in the field of computational fluid dynamics to study problems

involving turbulent flows and jets (Schmid, 2010), and is closely related to Koopman

theory (see Mezić (2005) and Rowley et al. (2009)) It is essentially a dimensionality

reduction algorithm for time-series data with the aim of identifying the dominant

eigenfunctions of a system. At first glance, eigenvalue methods, which generally

require a linear operator, would seem to be incompatible with the nonlinear problem

at hand. The idea is to “lift” the dynamics from the state space, where the dynamics

is governed by nonlinear physics to a space where the dynamics is described by a

linear (generally infinite dimensional) operator, usually referred to as the Koopman

operator (Mezić, 2005). DMD can provide a finite dimensional approximation of this

operator comprised of dominant eigenfunctions of the system. One is left with a low-

dimensional space in which the evolution of the system may be represented linearly

and the dominant structure readily studied. DMD is similar in aim to the methods

in Tremaine (1999) in terms studying structure and its dimensionality. However since

DMD is data driven, the inclusion of self gravity is much simpler as compared to the

process of obtaining an appropriate action space Hamiltonian.
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The layout of the paper is as follows. In Section 4.2 we present a summary of

the DMD method and its connection with the theory of small oscillations. In Section

4.3 we apply DMD to an N-body simulation of the homogeneous slab model. This

system exhibits small oscillations about an equilibrium state, which can be compared

to analytically derived normal modes (Antonov, 1971; Kalnajs, 1973). We then turn,

in Section 4.4, to the isothermal plane, which serves as a simple model for the vertical

structure of a Galactic disc. Our isothermal plane simulations are constructed so that

we can adjust the relative importance of self-gravity and an external potential. In

this case DMD is used to study the interplay between phase mixing and oscillatory

modes. In doing so it helps elucidate the physics of z − vz phase spirals and the

importance of self-gravity. In Section 4.5 we suggest a path forward for using DMD

with full six-dimensional simulation data. Finally, we conclude with a summary and

discussion in Section 4.6.

4.2 Characteristic Oscillations

4.2.1 Small Oscillations

Consider a classical system with n degrees of freedom described by the generalized

phase space coordinates x = (q,p)T . In the neighborhood where oscillations of the

system are small, we consider a linearized Hamiltonian H(q,p) = Φ(q)+K(p), where

both the potential Φ(q) and the kinetic energy K(p) are quadratic forms (Arnold,

1989):

Φ(q) = 1
2
qTBq, K(p) = 1

2
pTCp. (4.1)
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In this case, the equations of motion can be written as a linear operator equation,

dx

dt
= Ax, (4.2)

where

A =

 0 C

−B 0

 . (4.3)

The solution is then given in terms of the eigendecomposition of A,

x(t) =
∑
j

bjφje
ωjt, (4.4)

where φj and ωj are the eigenvectors and eigenvalues of A, that is, Aφj = ωjφj and

the coefficients bj are determined from the initial conditions.

4.2.2 Dynamic Mode Decomposition

In this section, we provide a compact overview of DMD, which draws from the intro-

ductory chapters of Kutz et al. (2016). We consider a nonlinear dynamical system

that is described by some general state vector x(t), which does not necessarily belong

to a Hamiltonian system. The goal of DMD is to determine the best-fit linear model

for the non-linear dynamics. The key idea is that over a sufficiently short time interval

∆t, the dynamics of the system can be approximately described by a linear system

of equations of the form given in equation 4.2 with a solution given by equation 4.4.

With these considerations in mind, we draw m discrete time samples xj from the

system with a sampling period of ∆t. We then construct the equivalent discretized
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system of equations

xj+1 ≈ Axj, (4.5)

where the discrete-time map is given by A = eA∆t. We emphasize here that the states

xj need not be coordinates of the system, but can be any set of observables.

In general, the operator A is not known but is approximated from the data. To

do so, we construct the data matrix

X =


| | |

x1 x2 ... xm−1

| | |

 , (4.6)

and the time shifted data matrix

X′ =


| | |

x2 x3 ... xm

| | |

 . (4.7)

Our system of equations can then be approximated with the matrix equation

X′ ≈ AX. (4.8)

From this, A is estimated by minimizing the matrix norm, ||X′−AX||, which yields

the result

A = X′X+. (4.9)
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Here, X+ denotes the Moore-Penrose pseudo-inverse of X, which can be computed via

singular value decomposition (SVD). As in Press et al. (2002) the SVD of X is defined

by the relation X ≈ UΣV† where † denotes the Hermitian conjugate transpose, Σ

holds the singular values along its diagonal, and U and V are comprised of left and

right orthonormal vectors respectively. Using the SVD, we have that X+ = VΣ−1U†,

with which the discrete-time map becomes

A ≈ X′VΣ−1U†. (4.10)

Our next goal is to obtain the eigendecomposition of A as we did with A in Section

4.2.1 to facilitate understanding the time evolution of the system in terms of dominant

modes. In the spirit of principal component analysis, we assume that the dominant

structure of the system may be described by r < m modes. Recall that in principle

component analysis, when a data matrix X possesses low dimensional structure, it

may be reasonably approximated in a basis spanned by the r column vectors in U of

its SVD corresponding to the r largest singular values. We therefore work with the

projection of A into this r-dimensional subspace,

Ã = U†AU = U†X′VΣ−1. (4.11)

By working with this projection, we drastically reduce the dimension of the discrete-

time map, making its eigendecomposition computationally tractable despite the typ-

ically large data matrices. Doing so also improves the numerical stability of the

pseudo-inverse of X.

We now determine the eigenvalues and eigenvectors of Ã. That is, we solve the
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equation ÃΞ = ΞΛ where Λ is a diagonal matrix whose elements λj, j = 1, . . . r

are the eigenvalues of Ã, and Ξ is a matrix whose columns are the corresponding

eigenvectors. To a good approximation, the r most dominant eigenvalues of A are

the λj while the corresponding eigenvectors, which are often referred to as the DMD

modes, are given by

Φ = X′VΣ−1Ξ =


| | |

φ1 φ2 ... φr

| | |

 . (4.12)

(For a detailed explanation and proof, see Tu et al. (2014).)

We now have all of ingredients necessary to write a series solution for the state of

the system. The solution takes the form of equation 4.4, where as before bj are the

initial amplitudes of the modes, given by b = Φ+x1 =
(
b1 ... br

)T
, and the frequencies

are ωj = ln(λj)/∆t.

In general, λj can be real, imaginary, or complex. The case λj = 1 (ωj = 0) corre-

sponds to a time-independent mode and arises, for example, when one has a system

that is oscillating about some equilibrium configuration. Imaginary λj indicates a

pure oscillating mode, what would usually be referred to as a normal or true mode of

the system. Real λj correspond to pure growing or decaying modes while complex λj

correspond to pure damped or growing oscillations. It is often convenient to split the

modal decomposition into terms with real and complex eigenvalues. In particular,

for a system described by some real function, the DMD eigenvalues come in complex

conjugate pairs and the associated pairs of modes combine to yield real contributions

in the modal decomposition.
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We conclude this Section with a few remarks that relate DMD back to our earlier

discussion of small oscillations in Section 4.2.1. When DMD is applied to a system

that is solvable by the method of characteristic oscillations, say, a linearized system

with n degrees of freedom, it is natural to construct the data matrices from mea-

surements of the n generalized coordinates. One can then use the full discrete-time

map A and expect to obtain the n characteristic or normal modes of the system.

The power of DMD becomes manifest when we consider complex, nonlinear systems

where simple analytic methods fail. In such cases, we can construct the data matrices

using some convenient set of observables, where the r modes that one obtains are data

rather than model driven.

4.3 The Homogeneous Slab

In this section, we apply DMD to the linear oscillations of a self-gravitating, colli-

sionless system of particles about its equilibrium state. For pedagogical reasons, we

take the equilibrium state to have uniform density within a prescribed distance from

the origin. The system was first studied by Antonov (1971) and Kalnajs (1973). Its

simplicity derives from the fact that in the equilibrium state, all particles undergo

simple harmonic motion about the origin. Furthermore, the linear modes are dis-

crete and purely oscillatory. In addition, the DF for these modes can be expressed

as elementary functions of the phase space variables, which we take to be z and vz.

By contrast, the oscillations of the isothermal plane considered in Section 4.4 include

discrete and continuum modes, which can be purely oscillatory or damped and can

only be derived numerically using complex analysis.
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4.3.1 Analytic Considerations

By the Jeans theorem, the DF for an equilibrium, one-dimensional system can be

written as a function of the sole integral of motion, the energy E = v2
z/2 + z2. For

the homogeneous slab, the DF is given by

fK0 (E) =


2−3/2π−2

(
1− E

)− 1
2 , 0 < E < 1

0, otherwise,

(4.13)

where the superscript K signifies that this is the original Kalnajs model. We use

dimensionless units such that the velocity dispersion, extent of the system in z, and

Newton’s constant are all set to unity (Widrow and Bonner, 2015). In these units,

the system has uniform density ρ0 = (2π)−1 in the region |z| ≤ 1, and zero density

for |z| > 1. All particles undergo simple harmonic motion about z = 0 at a frequency

of Ωc =
√

2. Thus the transformation to action angle variables is analytic and has a

simple geometric interpretation:

z = E
1
2 cos(θ), vz = (2E)

1
2 sin(θ) . (4.14)

Note that the phase space distribution is bounded by the ellipse, E = z2 + v2
z/2 = 1.

The normal modes of the system can be derived directly from a set of density-

potential pairs (Antonov, 1971; Kalnajs, 1973; Widrow and Bonner, 2015), which

removes the usual need for the Kalnajs matrix method . Letting Pn be the Legendre

polynomial of degree n, the density and potential of jth mode are written

ψKj (z) = Nj

(
Pj+1(z)− Pj−1(z)

)
, (4.15)
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and

ρKj (z) = − 1
4π

j(j+1)
1−z2 Nj

(
Pj+1(z)− Pj−1(z)

)
, (4.16)

where Nj =
(

2π
2j+1

) 1
2 .

We focus here on the lowest order even and odd parity modes, which correspond

to j = 1 and j = 2, respectively. From equation 4.15 we have

ψK1 (z) =
3N1

2

(
z2 − 1

)
ψK2 (z) =

5N2

2

(
z3 − z

)
.

(4.17)

With use of the appropriate Legendre polynomials and trigonometric identities, these

are written in terms of the action-angle variables as

ψK1 (z) =
3N1

2

(
E cos2(θ)− 1

)
ψK2 (z) =

5N2

2

(
E

3
2

4
cos(3θ) +

(
3E

3
2

4
− E

1
2

)
cos(θ)

)
.

(4.18)

Since both potentials are even in the periodic variable θ, we may write them as

even Fourier series, distinguishing the even and odd parity modes by their Fourier

coefficients. That is,

ψK1 (z) =
∑
n>0

ψ1,n cos(nθ), n ∈ 2Z + 1

ψK2 (z) =
∑
n>0

ψ1,n cos(nθ), n ∈ 2Z.
(4.19)

Comparison of equations 4.18 and 4.19 implies that the relevant Fourier coefficients

are
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ψ1,2 =
3N1E

4
,

ψ2,1 =
5N2

2

(
3E

3
2

4
− E

1
2

)
, ψ2,3 =

5N2

2

(
E

3
2

4

)
.

(4.20)

As in Widrow and Bonner (2015) we can also write the mode DFs as a Fourier series

Re{fj} =
df0

dE

∑
n

2ψj,n cos(nθ)

2− ω2/n2
, (4.21)

where the sum over j is restricted to even values for the even parity modes, and odd

values for the odd parity modes. We therefore have

Re{fK1 (E, θ)} =
dfK0
dE

ψ1,2 cos(2θ)

1− ω2/8

Re{fK2 (E, θ)} =
dfK0
dE

(
2ψ2,1 cos(nθ)

2− ω2
+

2ψ2,3 cos(3θ)

2− ω2/9

)
,

(4.22)

where the derivative term dfK0 /dE is restricted to the domain 0 ≤ E < 1, as it

is infinite at the boundary E = 1. Finally, we obtain ρj by integrating equation

4.22 over vz. Consistency with equation 4.16 then leads to a j’th order polynomial

equation ω2, which can be solved to obtain ω/Ωc = 1.73 for f1, and ω/Ωc = 1.07, 2.80

for f2 (Kalnajs, 1973). Note that in general, there are j modes for a given j and we

therefore have a double series of modes.

4.3.2 DMD Modes of the Homogeneous Slab

We next simulate the homogeneous slab model. The initial conditions are a sample

of N = 2 × 105 equal mass particles drawn from the equilibrium DF. The system

is first evolved for 80 dynamical times. As we will see, during this period it settles

into a new equilibrium state in which the discontinuities in the DF and density are
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Figure 4.1: A single snapshot of the slab simulation, the computed DMD solution,
and the corresponding residual. We show only a single snapshot here,
as the snapshots of the system do not vary in a visually observable way
in the studied time interval. The error is divided by the magnitude of
shot noise fluctuations, σs to highlight the error in the DMD solution
independent of noise in the simulation.

smoothed out. Note that the only source of perturbations is the shot noise from the

finite number of particles. The system is then evolved for an additional 80 dynamical

times and it is this period of the simulation that we use for our DMD analysis.

Snapshots comprise the DF f(z, vz) estimated on a 150 × 150 grid in the z − vz

plane for {|z|, |vz|} < 2 and are sampled at a frequency of 10Ωc. To estimate the DF,

we take the number of particles in each phase space cell, multiply by the particle mass,

and divide by the phase space volume of the cell. Each snapshot is then reshaped

into a single column vector. The set of snapshots are then combined to yield the data

matrices X and X′. These matrices have shapes 22, 500 × 800 and therefore satisfy

one of the conditions of DMD, namely that they be “tall and skinny” Kutz et al.

(2016). The DMD solution is then computed with a rank of r = 35.

Fig. 4.1 shows a single snapshot from halfway through the simulation period used

for the DMD analysis. In the first panel, we show an estimate for the DF. As noted
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above and discussed in more detail below, the discontinuity at E = 1 is smoothed

out. In the middle panel we show the DMD solution while in the final panel, we show

the difference between the two in units of the uncertainty, estimated from root-N

statistics. The residual structure is dominantly random and the errors in each bin lie

within the expected range of fluctuations. There are larger residuals for E ∼ 1, which

we believe correspond to high order structure in the simulation that is not accurately

captured by our relatively low-rank DMD solution. Since the residuals lie within the

statistical expectation, we take the DMD model to be accurate enough to be proceed.

Following Section 4.2.2, and noting that we have a real valued observable, we split

the DMD series solution into separate sums over real and complex modes:

fDMD(z, vz, t) =

r−q∑
j=1

bjφje
ωjt +

q
2∑

k=− q
2

bkφke
ωkt, (4.23)

where the the q complex eigenfunctions and eigenvalues satisfy φ∗k = φ−k and λ∗k =

λ−k respectively. The linear combination of two modes that belong to a conjugate

pair and are weighted by complex amplitudes ak(t) = bke
ωkt is real. That is, for a

conjugate pair of DMD modes, we define the corresponding mode of the DF to be

fDMD
j (z, vz, t) =

∑
l=±k

blφle
ωlt. (4.24)

In Fig. 4.2 we show the signal energy of the mode amplitudes as a function of mode

frequency, alongside lines indicating the theoretical frequencies of the slab model from

Kalnajs (1973). Reassuringly, agreement between the DMD mode frequencies and the

expected ones is excellent.
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Figure 4.2: Mode amplitude signal energy as a function of mode frequency. The
black points correspond to DMD modes, and the lines are plotted at the
theoretical frequencies of the Kalanjs slab model, with blue and red lines
indicating even and odd parity respectively.

We now focus on a few particular DMD modes beginning with the highest am-

plitude mode. This mode has zero frequency, as seen in Fig. 4.2 and corresponds to

the equilibrium state. Its energy distribution fDMD
0 (E), found by integrating the DF

over the angle variable θ, is shown in Fig. 4.3. As mentioned above, the discontinuity

in the energy distribution near E = 1 is smoothed out. (Note that in constructing

fDMD
0 (E) we use the potential for the original homogeneous slab model, which turns

out to be an excellent approximation to the potential for the smoothed distribution.)

We next turn to the ω/Ωc = 1.73, j = 1 and ω/Ωc = 2.80, j = 2 modes. The

analytic DFs for these modes are given in equation 4.22 and plotted in the middle

panels of Fig. 4.4. The frequencies and amplitudes of the corresponding DMD modes

are shown as large diamonds in Fig. 4.2 while the DMD modes themselves are plotted

on the lefthand panels of Fig. 4.4. The main difference between the analytic DFs and

the DMD modes is found just beyond E = 1. Evidently, the DMD modes extend
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Figure 4.3: Equilibrium DFs of the Kalnajs model (black), modified slab model (red),
and the equilibrium DMD mode (blue). In computing fDMD

0 (E) we have
assumed the potential corresponding to the fitted density in equation 4.25.

beyond E = 1 while the analytic modes have a sharp edge there.

Modified Slab Model

The discrepancies between DMD modes and analytic linear modes are clearly related

to the df0/dE factor in equation 4.21. To explore the discrepancies further we return

to our discussion of the zero frequency mode. As seen in Fig. 4.3, the sharp peak and

discontinuity in f(E) is smoothed out in the simulation. Likewise, the discontinuity

in the density is also smoothed out. In fact, the density is well represented by the

fitting formula

ρKM0 (z) =
1

4π

(
1 + erf

(
1− |z|
a

))
, (4.25)

where the constant a corresponds to the width of the transition region from ρ0 = 1/2π

to 0. For our simulation, we find a best-fit value of a = 0.037. This smoothed out
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Figure 4.4: Mode DFs of the DMD solution, the Kalnajs model, and the modified
slab model. The normalization of the three models has been adjusted,
and a rotation has been applied to the DMD modes for easy comparison.

homogeneous slab is different in form, but is the same general idea as the version in

Leeuwin et al. (1993). The potential associated with equation 4.25 can be derived from

the Greens function for the Poisson equation in one dimension and can be expressed

in terms of special functions.

Armed with this density-potential pair, we can then derive the associated equilib-

rium DF via the Abel transform

f(E) = −
√

2

π

∫ ∞
E

dρ

dψ

dψ(
ψ − E

) 1
2

. (4.26)

The integrand in equation 4.26 approaches infinity when the energy and potential

take on similar values. To remedy this, we make a change of variable letting γ =
√

2(ψ − E)
1
2 , such that equation 4.26 becomes
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f(E) = − 2

π

∫ ∞
0

dρ

dψ
dγ. (4.27)

This integral must be evaluated numerically. The resulting DF is shown in Fig. 4.3,

together with f(E) for the homogeneous slab (equation 4.13) and the zeroth order

DMD mode. As can be seen in this figure, the equilibrium distribution function of the

modified slab has a finite and smooth derivative that changes sign in the neighborhood

of E = 1, but otherwise behaves similarly to that of the homogeneous slab model.

The righthand panels of Fig. 4.4 show the linear modes (equation 4.21) with

df0/dE calculated from our smoothed DF. They are qualitatively similar to the DMD

modes in that they change sign for E ' 1 and extend beyond the E = 1 ellipse.

In summary, for this simulation, DMD has constructed a set of modes that in-

clude a zeroth order equilibrium distribution and linear oscillatory perturbations in

a manner reminiscent of perturbation theory. However, unlike perturbation theory,

the zeroth order and linear perturbations are calculated simultaneously and directly

from simulation data, without direct appeal to the underlying physics (i.e., the lin-

earized Boltzmann and Poisson equations). In addition, the DMD analysis does not

require that the perturbations be small. Indeed, the analysis is perfectly applicable

to simulations of nonlinear systems.

4.4 The Isothermal Plane

We now consider the isothermal plane model, first developed by Spitzer (1942) and

Camm (1950), and used as an approximation for the vertical structure of a stellar

disc by Freeman (1978) and van der Kruit and Searle (1981).
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4.4.1 Model Details

In this model, the equilibrium DF and density are given by

feq (z, vz) =
ρ0

(2πσ2
z)

1/2
e−Ez/σ

2
z (4.28)

and

ρeq(z) = ρ0e
−ψ(z)/σ2

z , (4.29)

where Ez is the vertical energy, and σz is the velocity dispersion. For an isolated,

self-gravitating system, the density and potential must satisfy the Poisson equation

and we have

ψeq(z) = 2σ2
z ln cosh (z/z0), (4.30)

where ρ0 = σ2
z/2πGz

2
0 .

Here we split the gravitational force into two parts: a time-independent part,

coming from masses external to the disc, such as the dark halo, and a live part

coming from the disc itself. That is, we write the potential as

ψ(z, t) = ψext(z) + ψlive(z, t), (4.31)

where ψext = (1− α)ψeq and ψlive comes from the disc with masses reduced by a factor

of α relative to what they would be in the isolated case. Thus α, which we call the live

fraction, quantifies the relative dominance of self gravity and the external potential.

In equilibrium, the total potential is just ψeq, but once the system is perturbed, ψlive,
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Figure 4.5: Snapshots of log10(f(z, vz)) for α = 0.2, 0.5, 0.8 from top to bottom. Time
increases in intervals of 85Myr from left to right. The z axis is in units of
kpc, and the vz axis is in units of 100 kms−1. The bin sizes are ∆z = 0.079
kpc and ∆vz = 0.032 kms−1. The same units and bin sizes are used in all
following (z, vz) projections.

ρ, and f all depend on time. For definiteness, we use σz = 20 km s−1 and z0 = 500 pc,

which yields a surface density of Σ = 2z0ρ0 = 60M� pc−2.

To simulate this system we sample N = 105 particles from feq and then impose

a simple bending wave perturbation by shifting the velocities 10 km s−1. This form

of perturbation has been shown to yield spirals in the (z, vz) phase space similar to

that observed in Gaia DR2 (Antoja et al., 2018; Darling and Widrow, 2018; Binney

and Schoenrich, 2018). We then evolve the distribution for four orbital periods, or

approximately 450 Myr. The time evolution of the phase space density for the cases
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α = 0.2, 0.5 and 0.8 are shown in Fig. 4.5.

4.4.2 DMD Modes of the Isothermal Plane

We now apply the DMD algorithm to the isothermal plane simulation data. The data

matrices X and X′ are constructed in the same way as described in Section 4.3.2, and

the DMD solution is again computed with a rank of r = 35. In Fig. 4.6 we show a

comparison of the simulation and DMD solution with residuals for the representative

case of α = 0.2. As with the homogeneous slab, the magnitude of the errors are

within acceptable values given the noise in the simulation, and there is again some

weak systematic structure in the residuals. The systematic structure appears more

pronounced here than for the slab, however most of it can be explained by the DMD

solution attempting to capture the wispy nature of the simulation along the spiral

arm, and essentially over fitting in certain regions. We emphasize that the dominant

structure of the system throughout its time evolution is captured well, and for the

purpose of extracting the dominant modes, we believe this is sufficient.

The decompositions for each live fraction yield a zero frequency equilibrium mode,

and several complex oscillatory modes. In what follows we focus only on the complex

modes. In Figs. 4.7, 4.8, and 4.9 we show the three most dominant modes of the DF

excluding the equilibrium mode, for the live fractions α = 0.8, 0.5, 0.2. As these are

all complex modes, we show only one member of each conjugate pair. We include the

real and imaginary components, as well as the time dependent complex amplitudes.

As indicated by the phase difference in the amplitudes, the modes effectively oscillate

between the real and imaginary components.

In general we obtain a combination of damped and un-damped modes. Un-damped
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Figure 4.6: Comparison of the DMD solution and the simulation data with residuals
for α = 0.2. The error is computed in the same way as in Fig. 4.1. The
snapshots are the same of those in Fig 4.5.

and very weakly damped modes are dominant in the DMD solution. These dominant

modes behave similarly to normal modes, and in some cases are the true modes (like

in section 4.3). They persist on long time scales relative the dynamical time of the

system. Strongly damped modes correspond to transient responses of the system

and the subsequent decay due to phase mixing and Landau damping (Binney and

Tremaine, 2008).

In addition to the mode structures, we can also make use of the corresponding

eigenvalues in understanding the temporal behavior of the modes, and the dimension-

ality of the DMD solution. Recalling that the frequencies are related to the eigenvalues

via ωj = lnλj/∆t, and considering the eigenvalues in polar form, λ = |λ|eiθλ one has
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Figure 4.7: Three most dominant modes aside from the equilibrium mode for the case
α = 0.8. In the right column, the solid and dashed curves correspond to
the real and imaginary components of the amplitudes respectively. The
modes are evaluated on the same grid used for the histograms in Fig. 4.5.
The time axis in the third column is in units of 9.8 Myr.

that the frequencies can be written as

ω = 1
∆t

(
ln |λ|+ iθλ

)
. (4.32)

From equation 4.23, we see that |λ| determines the growth or decay rate of each mode,

while θλ sets the mode oscillation frequency. It is also convenient to define the mode
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Figure 4.8: Same as figure 4.7 for α = 0.5

lifetime

τ =
∆t

ln |λ|
, (4.33)

which we can compare to the orbital period of the system, T . We show in Fig.

4.10 the coordinate system in the complex plane that we will use to interpret the

eigenvalues. This consists of curves of constant lifetime and frequency, indicating

the physical meaning of an eigenvalue’s position in the complex plane. Modes with

|λ| ≈ 1 will persist, while modes with |λ| < 1 will damp on the timescales indicated by
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Figure 4.9: Same as figure 4.7 for α = 0.2

the lifetime curves. Thus, the long term behavior of the system may be approximated

by a sum over modes with eigenvalues near the unit circle. In Fig. 4.11 we show the

eigenvalue spectra for each choice of α on the relevant patch of the plane in Fig. 4.10.

In addition to mapping the modes to lifetime and frequency, these plots provide an

indication of the dimensionality of the phase space structure in the DMD basis, as

they show how many modes will persist through the time evolution of the system.

Note that in this discussion, we are concerned only with the dynamics present

in the simulation. That is, we are using DMD as a diagnostic tool, not for future
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Figure 4.10: The coordinate system used to interpret the eigenvalues corresponding to
the DMD modes. The radial lines are curves of constant mode frequency,
increasing with absolute angle in the plane. The thick circle is the unit
circle, and modes with eigenvalues lying on this curve do not grow or
decay (true modes). Curves inside the unit circle are curves of constant
lifetime for stable modes, with lifetime increasing as they move towards
the unit circle. Curves outside the unit circle are curves of constant
growth rate for unstable modes, with growth rate increasing as they
move away from the unit circle. The solid curves are integer multiples
of orbital period, while the dashed curves go as τ = T/s, s ∈ Z.

state prediction (see Kutz et al. (2016)). We do not then concern ourselves with the

accuracy of the DMD solution outside of the time interval of the simulation.

4.4.3 Mode Interpretation

We now discuss the physical interpretation of the isothermal plane DMD modes,

describing their possible connection to known normal modes in Section 4.4.3, and

their relevance to phase mixing in Section 4.4.3.
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Figure 4.11: Eigenvalues plotted in the complex plane as described in Fig. 4.10. From
left to right, the panels correspond to α = 0.8, 0.5, 0.2. The dashed
curves here correspond to modes lifetimes of T , 2T , 3T and 4T in that
order as they approach the unit circle. There are six eigenvalues that are
not shown in the α = 0.8, as they are well within the τ = T circle, and
correspond to extremely rapidly damped modes that do not contribute
to the dominant structure.

Bending and Breathing Modes

In the case of α = 0.8, where self-gravity dominates the evolution over the external

potential, the dominant modes in rows one and two of Fig. 4.7 share aspects of

their morphology with breathing and bending modes derived in Mathur (1990) and

Weinberg (1991) and further studied in Widrow et al. (2014a) and Widrow and Bonner

(2015). These modes are not damped, and have integer multiple frequencies. The sum

of the conjugate pairs for each of these modes rotate clockwise in the (z, vz) plane with

a pattern speed set by the mode frequency, which is also consistent with theoretical

models. However the modes in the first and second rows of Fig. 4.7 oscillate between
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the structures shown in the real and imaginary components, which differs from the

Weinberg modes. The true modes of the isothermal plane are discrete, but lie very

close to a continuum. As such they have proven difficult to excite in simulations

(Weinberg, 1991). We believe that the modes we see here are mixtures of the true

modes.

Phase Space Spirals

In the cases with moderate or weak self-gravity (α = 0.5 and α = 0.2, respectively)

phase mixing becomes important and the DMD algorithm finds modes with spiral

structure. As these spiral modes capture the structure in the DF we expect from

phase mixing, one might think they are strictly a transient response. Although this is

the case for many of the modes, there are un-damped persisting spiral modes, such as

those in rows one and two of Fig. 4.9. Additionally, the mode in row one of Fig. 4.8,

which is qualitatively similar to a bending mode, has a left-handed spiral structure

apparent in both the real and imaginary components. Although we do not claim

that there are true spiral modes, it is evident that the inclusion of self-gravity in a

phase mixing system allows for persistent, dominant spiral modes. Consequently this

means phase space spirals can persist on longer timescales than expected from pure

kinematic phase mixing, as was argued in Darling and Widrow (2018).

The variation in mode structure and lifetime with live fraction indicates that self

gravity and phase mixing can be thought of as competing effects, and there is a

regime of relative strength of these effects in which spiral modes can persist on long

timescales. We argue then that if the live fraction is in the appropriate regime, phase

space spirals could be observed at a somewhat arbitrary time in the evolution of
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the system, independent of the timing expected from pure kinematic phase mixing.

Under the assumption that stars in the solar neighborhood evolve according to their

mutual interactions in the presence of an external potential, an estimated effective

live fraction for this region of the Galaxy could yield an alternative estimate on the

timing of GDR2 spirals than those made assuming only a background potential.

The result that a system undergoing phase mixing in the presence of self gravity

can possess persisting spiral modes, in combination with the connection between

perturbation theory and DMD demonstrated in Section 4.3, indicates that one may

consider spiral modes as first order perturbations on the equilibrium distribution.

With this, it would be possible to estimate the potential corresponding to perturbative

spiral modes, which may be indicative of the form of perturbations that lead to phase

space spirals like those observed in GDR2.

4.5 Extensions

Thus far we have focused on one-dimensional models. A logical next step is to apply

DMD to full three dimensional simulations. The DMD algorithm itself is robust to

very large data matrices. The challenge is to find an appropriate set of observables

for each snapshot. In the one-dimensional case, we had the luxury of high particle

resolution in the (z, vz) phase space, and consequently could use a high grid resolution

when evaluating f(z, vz). In the case of full three-dimensional simulations, a simple

binning procedure in 6D phase space is unfeasible for anything beyond the coarsest

grid.

Suppose one is interested in using DMD to study the phase spirals found by

Antoja et al. (2018) across the disc. One might imagine the following strategy: First
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sort particles in NR radial bins. For each bin, construct a Fourier series in Galactic

azimuth, keeping only Nφ terms. Then, for each azimuthal mode number m bin

particles in an Nz×Nv grid across the z−vz plane. Finally, for each of the NRNφNzNv

cells, compute the first mmax moments of vR and vφ. For example, with mmax = 2

there are six moments. For NR = 20, Nφ = 9, Nz = Nv = 40, and mmax = 2 we have

approximately 1.7M cells, which would require a simulation with several hundred

million particles, a large but feasible quantity.

On the other hand, if one is interested in spiral structure and warps, then an

approach akin to the Fourier methods introduced by Sellwood and Athanassoula

(1986) and extended to bending waves by Chequers et al. (2018) provide an attractive

alternative. In this case, one computes the surface density and vertical moments of the

DF, such as the mean midplane displacement and mean vertical velocity as functions

of R and φ across the disc. These quantities in a time series are then used to compose

the DMD data matrices.

4.6 Conclusion

We have showed that DMD facilitates an analysis analogous to normal modes, with

great generality in how it may be applied to problems in galactic dynamics. When

applied to time series measurements of phase space density, DMD yields a finite

series solution for the DF. The dominant terms in this series are typically un-damped

or very weakly damped oscillations that can persist on long time scales relative to

the orbital period. Moreover, the method can capture the physics of both phase

mixing and self-gravity. By computing DMD modes, one can describe and study

time-dependent phase space structure throughout its evolution in terms of a just a
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few eigenfunctions and their time-dependent coefficients. This provides a much richer

look at the evolution of structure than typical spectral methods and allows analysis

in terms of very few quantities compared to the full data set yielded by N-body

simulations. The method should be even more powerful in the case of simulations of

the complete 6D phase space.

We have observed how the competing effects of self gravity and phase mixing

manifest in DMD modes. In the presence of both effects, persisting spiral modes arise.

In the DMD solution, the spiral modes are responsible for the apparent phase mixing

in the full DF. The eigenvalues associated with these modes should yield insight

into the timescale of phase space spirals, and the structure of the eigenfunctions

themselves can inform perturbations in the potential associated with non-equilibrium

phenomena.

The observational evidence for a Galaxy in disequilibrium has led to a keen in-

terest in the DF for the stellar disc and specifically the form and timescale of the

perturbations. Since this is inherently a time-dependent problem, numerical studies

are a key component in understanding the complete picture. DMD has the potential

to provide valuable insight into stellar dynamics just as it has in the field of fluid

dynamics.
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Chapter 5

General Conclusions

The common theme throughout the work presented here is the importance of self

gravity in the evolution of phase space structure in the Galaxy, particularly in the

case of vertical phase mixing. Following the observation of the spirals in Antoja et al.

(2018), the topic has been discussed heavily in the literature and remains highly

relevant within the community. Although the self-gravity of stars has been included

in the work of other authors by virtue of self-consistent simulations, to our knowledge

there is no other work focusing particularly on the impact self-gravity has on the

structure and lifetime of the GDR2 spirals. Additionally, this thesis contains the first

ever application of DMD to collisionless self-gravitating systems.

In Chapter 3 we used a simple model for R−z coupling and a realistic Milky Way

model to recreate the GDR2 spirals. It was shown that in the absence of self gravity,

features in the (z, vz, vR) and (z, vz, vφ) spirals not present in the GDR2 spirals could

be observed. However when mutual interactions were included, the results much

more closely resembled the data. Additionally, we compared the winding speed of

the spirals between fully self-consistent and independent-particle simulations. Here

we ran both simulations for the same amount of time, choosing the timing such that
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the (z, vz, vR, vφ) phase space projections at the end of the self-gravitating simulation

were similar to the GDR2 spirals. In this setup, the test particle simulation ended on

spirals far too tightly wound to resemble the GDR2 spirals. This demonstrates that

it is likely insufficient to use pure kinematic phase mixing arguments in estimating

the perturbation time of the GDR2 spiral, and emphasized for the first time in the

literature (at the time the paper was first released) the effect mutual interaction has

on phase mixing processes in the Galaxy.

In Chapter 4 we proposed that DMD may be a useful tool in the analysis of col-

lisionless self-gravitating systems. This proposition was justified by using DMD to

recover modes of the homogeneous slab model, where we demonstrated an interest-

ing connection between DMD and linear perturbation theory. Namely that given a

perturbed system, DMD can determine the equilibrium mode of the simulation under

study, along with oscillatory and damped perturbative modes, without any assump-

tion of the physics of the system. This is quite a powerful result in the context of

galactic dynamics, with the prevalence of DF based modeling, and the growing in-

terest in non-equilibrium models following GDR2. Additionally, since DMD is able

to separate the equilibrium mode from the rest of the system behavior, it may prove

beneficial in determining integrals of motion in complicated systems via the Jeans

theorem.

We then focused in detail on the effects of self gravity on one-dimensional phase

mixing, employing a model with variable relative dominance of the external potential

and mutual interactions, quantified by the parameter we called the live fraction.

Applying DMD to this model yielded a set of eigenfunctions of the DF for different live

fractions. We found that the structure of the DMD modes, and dimensionality of the
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DMD solution depended strongly on the live fraction, and for particular live fractions,

we found un-damped eigenfunctions with strong phase space spiral structure. We

argued that observations of apparent phase mixing may be explained by long lived

spiral structure persisting as modes in the DF. With this we proposed that there is an

ideal regime in which spiral modes in the vertical phase space can persist, but further

work on estimating the effective live fraction for the region of the GDR2 sample is

required.

We believe that the results presented here offer a valuable contribution to galactic

dynamics as they provide explanations for recent and intriguing observations. The

introduction of DMD to galactic dynamics, and the demonstrated connection to linear

perturbation theory could also prove valuable to others in the community looking to

employ data driven techniques to problems ill-approached by traditional methods.

As described in Chapter 4.5, the obvious next step following this work is to apply

DMD to full three dimensional simulations. This project is under way, and has

already shown promise in yielding DMD modes that show explicit coupling between

spiral density waves and galactic warps in a manner similar to that in Masset and

Tagger (1996).

The ultimate goal however would be to construct a method in which one can quan-

tify the agreement between a set of DMD modes and a single data snapshot, particular

a snapshot of survey data. This would facilitate strong support for arguments built

on DMD results. This project is in a very early stage at this time, but we describe

an outline here. If many simulations of Milky Way like galaxies are performed, and

DMD modes are computed for each simulation, a data set consisting of simulation

snapshots and corresponding DMD modes can be produced. It may then be feasible
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to train a probabilistic model such as a neural network to map a galaxy snapshot to a

set of DMD modes, such that given a snapshot, the model estimates the likelihood of

a set of modes. One could then make a quantitative statement about whether spiral

modes obtained via DMD are a good fit for a Galaxy snapshot. Since a set of DMD

modes can yield a time-dependent disequilibrium DF, this method would facilitate

connecting disequilibrium models for the Galaxy to survey data.
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Sagittarius dwarf galaxy in the Gaia data set. Monthly Notices of the RAS, 485:

3134–3152, May 2019. doi: 10.1093/mnras/stz583.

Francine Leeuwin, Francoise Combes, and James Binney. N-body simulations with

perturbation particles. I - Method and tests. Monthly Notices of the Royal Astro-

nomical Society, 262(4):1013–1022, Jun 1993. doi: 10.1093/mnras/262.4.1013.

Z.-Y. Li and J. Shen. Dissecting the Phase Space Snail Shell. arXiv e-prints, April

2019.



BIBLIOGRAPHY 87

F. Masset and M. Tagger. Non-Linear Excitation of WARPS by Spiral Waves in

Galaxies. In R. Buta, D. A. Crocker, and B. G. Elmegreen, editors, IAU Colloq.

157: Barred Galaxies, volume 91 of Astronomical Society of the Pacific Conference

Series, page 363, Jan 1996.

S. D. Mathur. Existence of oscillation modes in collisionless gravitating systems.

Monthly Notices of the RAS, 243:529–536, April 1990.
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S. Lépine, S. Levine, H. Lin, D. C. Long, C. Loomis, R. Lupton, O. Malanushenko,

V. Malanushenko, B. Margon, D. Martinez-Delgado, P. McGehee, D. Monet, H. L.

Morrison, J. A. Munn, E. H. Neilsen, Jr., A. Nitta, J. E. Norris, D. Oravetz,

R. Owen, N. Padmanabhan, K. Pan, R. S. Peterson, J. R. Pier, J. Platson, P. Re

Fiorentin, G. T. Richards, H.-W. Rix, D. J. Schlegel, D. P. Schneider, M. R.

Schreiber, A. Schwope, V. Sibley, A. Simmons, S. A. Snedden, J. Allyn Smith,

L. Stark, F. Stauffer, M. Steinmetz, C. Stoughton, M. SubbaRao, A. Szalay,

P. Szkody, A. R. Thakar, T. Sivarani, D. Tucker, A. Uomoto, D. Vanden Berk,

S. Vidrih, Y. Wadadekar, S. Watters, R. Wilhelm, R. F. G. Wyse, J. Yarger, and

D. Zucker. SEGUE: A Spectroscopic Survey of 240,000 Stars with g = 14-20. Astro-

nomical Journal, 137:4377–4399, May 2009. doi: 10.1088/0004-6256/137/5/4377.


	Abstract
	Acknowledgments
	Statement of Co-authorship
	Abbreviations
	Symbols
	Contents
	List of Figures
	Introduction
	Background
	Spirals in the Gaia Data
	Cylindrical Symmetry
	Phase Mixing
	Distribution Functions
	Self-Gravitating Systems
	Linearized Collisionless Boltzmann Equation and Perturbations
	Action-angle Variables
	Perturbative Modes

	Abel Transform

	Emergence of the Gaia Phase Space Spirals from Bending Waves
	Introduction
	Kinematic Spirals
	Distribution Function
	 R-z  Coupling in the Potential
	Realistic Milky Way Potential

	Phase Space Spirals with Self-Gravity
	Conclusions

	Eigenfunctions of Galactic Phase Space Spirals from Dynamic Mode Decomposition
	Introduction
	Characteristic Oscillations
	Small Oscillations
	Dynamic Mode Decomposition

	The Homogeneous Slab
	Analytic Considerations
	DMD Modes of the Homogeneous Slab

	The Isothermal Plane
	Model Details
	DMD Modes of the Isothermal Plane
	Mode Interpretation

	Extensions
	Conclusion

	General Conclusions

