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Abstract 

In this thesis, different approaches are developed and compared to deal with a noninvertible Fisher 

Information Matrix (FIM) when designing sequential model-based (e.g., A, D, and V-optimal) 

experiments. Proposed approaches for dealing with this problem include: i) a “leave out” approach where 

problematic parameters are identified and left out of the design problem (LO approach), ii) a pseudo-inverse 

approach where the Moore Penrose pseudo inverse is used (PI approach), iii) an approach where modelers 

select new experiments based on their prior knowledge without using a formal experimental design 

technique (MS approach), a simple Bayesian approach that adds prior parameter knowledge to the FIM 

when designing experiments and therefore making it inventible. This study focuses on sequential A- and 

V-optimal design because these optimality criteria are relatively easy for modelers to interpret and are the 

most readily usable design criteria for situations where the FIM is noninvertible. Different case studies are 

investigated including two case studies involving production of pharmaceutical agents. The results for 

comparing LO, PI and MS approaches indicated that LO is the superior approach on average compared to 

two other approaches for both A- and V-optimal experiments. In addition, results indicated that, designing 

experiments using either LO or PI approaches are better than picking the corners of the design space as new 

experimental conditions, even for situations where the FIM is noninvertible. Next, a simple Bayesian 

approach is developed that adds the prior parameter knowledge to the FIM and makes in invertible for 

sequential MBDoE. Comparing the results of the Bayesian and LO approaches indicated that, the Bayesian 

approach is superior than the LO approach for MBDoE and the LO is better on average for parameter 

estimations. 
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Chapter 1 

Introduction 

1.1 Background 

Mathematical models, either empirical or fundamental (mechanistic), are useful for design, 

control, and optimization of chemical and pharmaceutical production processes.1–6 Empirical 

models are easy to build because they do not require a deep understanding of the process and only 

knowledge of the process inputs and outputs and sufficient informative data is enough. 7–11 

However, empirical models suffer from the disadvantage of not being able to accurately predict the 

system behavior for conditions that are not sufficiently similar to those during model 

development.12–14 Therefore, fundamental/mechanistic models based on the physics and chemistry 

of the system are more desired.14–17  

The process for developing mathematical models involves several steps as shown in Figure 

1.1. The first step is to develop an understanding about the underlying system that is being modeled 

and define the objective of mathematical modeling. Then a set of simplifying assumptions is used 

to reduce the complexity of the underlying system and to be able to derive models’ equations as 

shown in Figure 1.1.  Mathematical models (both empirical and fundamental models) for chemical 

and pharmacological engineering systems often contain unknown parameters that require 

estimation using informative data, so that reliable predictions can be obtained.3,18–21 The term 

informative data is somewhat subjective and depends on the situation where data will be used. For 

example, if the purpose of data collection is for estimating model’s parameters, then informative 

data means data that will be effective for accurate parameter estimation. After obtaining 

experimental data, parameters are estimated using available data. The modeler my also use 

estimability analysiss22 to confirm that all parameters in the model are estimable or to select a subset 

of parameters for estimation. Finally, performance of the model can be tested. If the model is 
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sufficiently accurate for its intended purpose, the model-building process can stop.  Otherwise, the 

process will be repeated until the model is ready for use.  

Sometimes available experimental data are not sufficiently informative for model building 

and validation, as such modeler developers need to obtain more informative data to achieve reliable 

parameter estimates and therefore reliable model predictions.23–26 Since experimental runs are often 

expensive and it is (sometimes) difficult to run customized experiments, it is important to carefully 

design experimental settings, extract information from data, and use the data as effectively as 

possible to accurately estimate model parameters (Figure 1.1).27,28  

 

Figure 1.1. Steps for mathematical model developments 

Different design of experiment (DoE) strategies can be applied to obtain improved 

parameter estimates and model predictions.29,30 Figure 1.2 shows a 23 full factorial design for set 

of experiments that has three factors (e.g., temperature, concentrations and pressure), with each two 

levels (low and high). All 8 experiments should be performed for the DoE system shown in Figure 

1.2 to fully understand the effect of each factor (and their interactions) on the behavior of the 

system.  Factorial and fractional-factorial DoEs are commonly used because they are easy to 

implement and interpret.29,31 However, there are some drawbacks that make factorial and fractional 

factorial designs inappropriate for certain conditions including: (i) although they are good for 

developing empirical models, they do not take into account the structure of fundamental nonlinear 

models; (ii) they do not consider any prior information about parameters; (iii) they require a fixed 
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number of runs (e.g., eight in the example in Figure 1.2), which may be expensive or unreasonable 

in some situation; (iv)  doing runs of some of proposed corner points may turn out to be unsafe or 

infeasible for some other reasons;  and (v) they do not take into account results from previous 

experiments that may already have been performed.30 

 

Figure 1.2.  An example of a 𝟐𝟑 factorial design 

To overcome the difficulties associated with factorial designs, optimal model-based design 

of experiment (MBDoE) techniques (e.g., A, D, E, G, I, L, T, and V-optimal designs) can be used 

to select appropriate experimental settings that will lead to accurate parameter estimates and model 

predictions.32–35  MBDoE has some of the benefits of factorial designs and solves some drawbacks 

of factorial designs as shown in Figure 1.3. Although MBDoE techniques are more computationally 

expensive, they connect fundamental models to the proposed experiments and can take into account 

some prior knowledge about the underlying system when determining new experimental settings.36 

Using MBDoE, it is possible to design any appropriate number of experiments that match the 

resources available to the model developer (see Figure 1.3). Model-based optimal design of 

experiments can be used for any modeled system including linear, nonlinear, steady-state or 

dynamic.30 
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Figure 1.3. MBDoE takes into account the structure of the model and it can be used to design any 

number of experiments 

Given an initial model and initial guesses for its parameters, an optimal experimental 

design technique tends to make the elements of the parameter variance/covariance matrix small to 

minimize uncertainties in parameter estimates and model predictions.37,38 These uncertainties are 

computed using the elements of the Fisher Information Matrix (𝐅𝐈𝐌).36,39 The FIM is a measure of 

amount information in sample data 𝐘 = [𝑦1, 𝑦2, … . 𝑦𝑁]𝑇 about unknown parameters 𝛉 =

[𝜃1, 𝜃2, … 𝜃𝑝]
𝑻
. Suppose that a random variable 𝐘 ∈ 𝐑𝑁 are measured with the probability density 

function 𝑓(𝐘, 𝜃). The log-likelihood function of parameter 𝛉 ∈ 𝐑𝑝 given sample data 𝐘 ∈ 𝐑𝑁 is 

defined as: 

𝑙(𝛉|𝑦1, 𝑦2, … . 𝑦𝑛) =  
1

𝑁
∑ log[𝑓(𝑦𝑖 , 𝜽)]𝑁

𝑖     (1.1) 

The unscaled FIM, 𝐅𝐈𝐌𝐮𝐬, can be defined using expected values the second derivatives of 

a log-likelihood function (i.e., 𝑙(∙)) with respect to the parameters 𝛉:40 

𝐅𝐈𝐌𝐮𝐬 = E {
𝜕2

𝜕𝜃2 [
1

𝑁
∑ log(𝑓(𝑦𝑖 , 𝜽))𝑁

𝑖 ]}      (1.2) 

Consider 𝐘 ∈ 𝐑𝑁 can be defined as: 

𝐘 = g(𝐮, 𝛉) + 𝛆        (1.3) 
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where g(∙) is a vector of model predictions determined using experimental settings u and 

parameters 𝛉 ∈ 𝐑𝑝 and 𝛆 ∈ 𝐑𝑁 is the independent and normally distributed random noise. The 

unscaled FIM can be defined as:41   

𝐅𝐈𝐌𝐮𝐬 = STΣ−1S       (1.4) 

where S ∈ R𝑁×𝑃 is sensitivity matrix evaluated at a known value of parameter 𝛉 (i.e., 𝛉∗ which is 

the maximum likelihood estimates of the θ or best initial guesses) with 𝑖𝑗th element defined as: 

𝑆𝑖𝑗 =
∂

∂θj
𝑔𝑖(𝑢, 𝜃𝑗)|

𝛉=𝛉∗
        (1.5) 

and Σ−1 is (usually) diagonal matrix of measurement variances. 

The FIM is used to calculate uncertainties in parameter estimates. In many chemical and biological 

systems, mathematical models are nonlinear in both the parameters and the explanatory variables. 

Accordingly, the sensitivity function used for computation of the FIM (and therefore the MBDoE 

settings) relies on the unknown parameter values.42,43 Thus, if the initial parameter values differ too 

much from the true values of the parameters, the optimized experimental designed settings are not 

actually optimal. In this situation, sequential experimental design can be used to update parameter 

estimates in various steps during the design of experiments, thereby leading to more reliable final 

estimates.44 Sequential model-based optimal design techniques are powerful and popular because 

information about model equations and past data are used by the optimizer when selecting the best 

new experimental conditions.   

Sequential MBDoE has been used for a variety of mathematical model developments in 

chemical and pharmacochemical engineering systems.45–47 For example, sequential D-optimal 

design has been used to investigate the sustained release of quetiapine tablets, which are used for 

the treatment of schizophrenia, bipolar disorder, and depressive disorder.45 Similarly, Alipoor et 

al., (2016) used a D-optimality criterion to build a model that predicts developmental changes in 

living tissues and Holland-Letz (2017) has used D-optimality to develop a model for LD-50 

prediction for a variety of drugs.46,47 Bauer et al., (2000) compared sequential and non-sequential 
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model-based optimal design for a urethane kinetic model.48 They used the A-optimal design 

criterion to design new experimental settings. Their results showed that the confidence intervals 

(CIs) for the final parameter estimates, based on the settings from sequential optimal design, were 

much narrower than corresponding CIs from a traditional non-sequential design. Sequential A-

optimal design has also been used for estimating parameters in chemical reaction models by Pinto 

et al., (1989) and Thompson et al., (2010).27,49 Similarly,  Ford and Sivey (1980) and Agarwal and 

Brisk (1985), showed that sequential D-optimal designs were effective for improving parameter 

estimates and model predictions in their nonlinear models.50 

  A-, D- and E-optimal designs focus on improving the precision of the parameter estimates 

and do not pay specific attention to how and where the model will be used 27. V-optimal designs 

(also known as Q-optimal designs) minimize the average variance of model predictions at settings 

specified by the model developer.23,27,51,52 There are few applications of V-optimal design in the 

literature. Liu and Neudecker (1995) and Goos & Syafitri (2014) designed experiments using the 

V-optimality criterion for predicting properties of mixtures of several components.51,52 Francois et 

al. (2004) compared model-based G- and V- optimal designs for several linear and nonlinear 

models and showed that V-optimal design resulted in better model predictions for their case study.23 

Then, they used the V-optimality criterion to obtain experimental settings for developing nonlinear 

calibration models. Sequential model-based V-optimal design was used by Thompson et. al, (2010) 

to get good model predictions for a molecular-weight-distribution model for Ziegler-Natta-

catalyzed polyethylene.27  

1.2 Research Motivation 

Parameter estimation and MBDoE computations often rely on the inverse of the Fisher 

Information Matrix (FIM).42,43 The FIM is important in both parameter estimation and MBDoE 

because it connects the parameters to the experimental settings. Sometimes when model developers 

want to estimate parameters or select optimal experimental settings, the FIM is noninvertible due 
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to the model structure or insufficient experimental data at the current stage of the model 

development.53 Therefore, unique parameter estimates and unique solution for the MBDoE settings 

cannot be obtained.54 

Many studies have investigated the problem of the parameter estimation when the FIM is 

singular or ill-conditioned.55,56,65–67,57–64 These methods can be divided into four major categories: 

parameter subset selection (e.g. references55–57), pseudoinverse methods (e.g. references58–60), 

Tikhonov regularization (e.g. references61–64) and Bayesian approaches (e.g. references65–67). 

Parameter subset selection deals with the ill-conditioning problem using a model-reduction 

perspective.57 Usually, parameters are ranked from most-estimable to least-estimable. Those 

parameters that are ranked as least influential (or recognized as problematic parameters), are fixed 

at their nominal values and the rest are used in the parameter estimations and MBDoE calculations. 

Alternatively, a pseudoinverse method approximates the inverse of the FIM when it is required 

during MBDoE.58 The third approach is Tikhonov regularization, which adds a small positive 

values to the diagonal elements of the FIM to make the FIM invertible.61 Finally, the Bayesian 

approach uses prior parameter information to augment the FIM.66 There is little information in the 

literature regarding which of these approaches is better for sequential MBDoE. 

The main objective of the current thesis project is to evaluate the effectiveness of a 

parameter subset selection method, a pseudoinverse method, and a simple Bayesian approach when 

designing sequential A- and V-optimal experiments using a noninvertible FIM. The subset 

selection methodology that is used, is based on the research of Yao et al., (2003) and Thompson et 

al., (2009) who rank the parameters in their models so that problematic parameters can be identified 

and left-out.68,69 The columns of the FIM corresponding to the left-out parameters are then removed 

and so the resulting reduced FIM can be inverted. New experimental settings are selected using 

this reduced FIM, 𝐅𝐈𝐌𝐫. This approach is called Leave Out or LO approach is this research. In the 

second approach, a Moore-Penrose pseudoinverse is used when computing of the inverse of the 
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FIM to obtain the optimal settings (Pseudoinverse or PI approach). In the third approach, new 

experimental settings are determined using a relatively simple Bayesian approach. In this proposed 

method prior parameter uncertainties are used to construct a prior FIM which is added to the FIM 

corresponding to the new experiments. The resulting overall FIM invertible and is used in the 

design calculations (Bayes approach). Parameter estimates and model predictions based on 

sequential designed experiments are compared for the three approaches using Monte Carlo 

simulations and several linear and nonlinear case studies. The nonlinear case studies that are 

considered, are related to production of pharmaceutical agents and are of interest to our industrial 

sponsor Eli Lilly and Company.  

This PhD research has been performed on case studies involving small molecule models 

and its objective is to design sequential model-based experiments that lead to better fundamental 

models of pharmaceutical production. The methodologies presented in this research are not limited 

to the small-molecule pharmaceutical production models and they can also be used for other 

pharmaceutical, biological and chemical-process models. I anticipate that chemical and 

biochemical companies can benefit from this research when they are building fundamental models 

for use during process design, optimization and scale up. 

1.3 Thesis Outline 

The remainder of this thesis is organized as follows. Chapter 2 contains background 

information concerning the FIM, and the LO and PI approaches for MBDoE are compared for 

sequential A-optimal design using linear and nonlinear regression case studies. In Chapter 3, a more 

complex nonlinear case study is used for investigating the effectiveness of the LO and PI 

approaches for sequential A- and V-optimal MBDOE. In Chapter 4, a simple Bayesian approach is 

proposed and its effectiveness is compared with the LO approach using Monte Carlo simulations 

and the nonlinear case study from Chapter 3. Finally, overall conclusions and recommendations 

are provided in Chapter 5. 
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Chapter 2 

Sequential model-based A-optimal design of experiments when the 

Fisher Information Matrix is noninvertible* 

2.1 Summary 

Sequential model-based optimal design of experiments (e.g., A-, D-, and E- optimal design) 

is a well-known technique for selecting experimental conditions that lead to informative data for 

obtaining reliable parameter estimates and model predictions. An important computational step for 

selecting new model-based experiments is to compute the inverse of the Fisher information matrix 

(FIM) which may not be invertible. In this study, three different methodologies for selecting new 

experiments are compared for situations where the FIM is noninvertible. The first approach finds 

and leaves out problematic parameters that make FIM noninvertible and then designs experiments 

using a reduced FIM (LO approach). The second approach uses a Moore-Penrose pseudoinverse 

of the FIM in A-optimal design calculations (PI approach). The third methodology is an ad hoc 

approach which does not require optimization. In this MS approach the modeler selects settings at 

corners of the specified design space. Comparisons are made using two linear regression models 

and a nonlinear dynamic model for production of a pharmaceutical agent. Monte Carlo simulation 

results show that experimental settings obtained by LO and PI approaches give better parameter 

estimates on average than the MS approach, with the LO approach giving the best estimates in 20 

of 24 linear situations studied. The LO approach also gives the best parameter estimates on average 

for the nonlinear pharmaceutical model. 

 

                                                      

*Shahmohammadi, A.; McAuley, K. B. Sequential Model-Based A-Optimal Design of 

Experiments When the Fisher Information Matrix Is Noninvertible. Ind. Eng. Chem. Res. 2019, 58 

(3), 1244–1261. https://doi.org/10.1021/acs.iecr.8b03047. 
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2.2 Introduction 

Fundamental models, either empirical or mechanistic, perform pivotal roles in design, 

control, and optimization of chemical and biochemical processes.1 These models often contain 

unknown parameters that are estimated using experimental data. Experimental runs may be 

expensive and time-consuming, especially if new operating conditions lie outside of the range of 

routine operating conditions for the system. Therefore, experiments should be designed carefully 

to save time and effort, while obtaining sufficient information for achieving reliable parameter 

estimates and model predictions.2 Common ways of selecting appropriate experimental settings are 

by using optimal Model-Based Design of Experiments (MBDoE) (e.g., A-, D- and E- optimal 

designs). Using MBDoE methods, it is possible to account for model structure when selecting new 

experimental settings and to design any number of experiments that match the resources available 

to the model developer.3,4 

MBDoE techniques select experimental conditions that are expected to make uncertainties 

in the parameter estimates or model predictions as small as possible.3 For this purpose, variances 

of the resulting parameter estimates and model predictions are computed using the inverse of  the 

Fisher Information Matrix (FIM).5 The FIM is important for both MBDoE and parameter 

estimation as it carries information about how the parameters influence the model predictions, as 

well as information about the uncertainties associated with experimental data.6  For models that are 

linear in the parameters, the FIM depends only on the experimental settings and measurement 

uncertainties.7,8 For nonlinear models, which are widely used to describe chemical and biological 

systems, computation of the FIM relies on linearization of the model equations around estimated 

or assumed parameter values.5,9 Thus, if the assumed parameters values differ too much from the 

true values of the parameters, the MBDoE settings may not be optimal.10 In this situation, sequential 

experimental design can be helpful. Sequential optimal designs provide opportunities to update the 

model parameters as new data become available. 11 In addition, sequential designs can incorporate 
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information from old experiments, which might have been collected with other objectives in mind 

and thus may contain only limited information.10 Nevertheless, accounting for prior data when 

planning new experimental runs can save time and experimental effort.11,12 Using a sequential 

experimental design, it is possible to change the experimental protocols (e.g., change the bounds 

of the design space) after each round of experimentation has been done and new information 

becomes available.  

Many of the most common MBDoE techniques such as A-, D- and E- optimal design, focus 

on the modeler’s desire to improve precision of the parameter estimates.13 Other MBDoE 

techniques, such as V-optimal design, focus on achieving accurate model predictions at operating 

conditions of interest to the model user.14 As shown in Table 2.1, minimizing the trace of the inverse 

of the FIM in the A-optimal design corresponds to minimizing the total parameter variance.15,16 

Because A-optimal design focuses on the trace, it does not consider information about correlation 

among the parameter estimates, which is contained in the off-diagonal elements of the FIM. D-

optimal design, which is more popular, minimizes the determinant of the inverse of the FIM, which 

corresponds to minimizing the volume of the parameter joint confidence region.3,9,15 Minimizing 

the E-optimal criterion minimizes the uncertainty in the worst-case direction in the parameter 

space.17 As such both D-optimal and E-optimal designs consider the off-diagonal elements of the 

FIM. Several other less-popular optimal design criteria also rely on the inverse of the FIM (not 

shown in Table 2.1).18,19 

The T-optimal design criterion in Table 2.1 maximizes the trace of the FIM and, as such, 

does not require the inverse of the FIM when finding optimal design settings. Atkinson and 

Fedorov20 showed that the T-optimal objective function is effective for use in MBDoE aimed at 

model discrimination because the criterion is related to the maximum difference in predictions 

between two models. To our knowledge, T-optimal designs have not been used in studies aimed 

primarily at obtaining precise parameter estimates or reliable model predictions, presumably 
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because it is difficult to relate the trace of the FIM to uncertainties in parameter estimates and 

model predictions. As a result, T-optimal design is not considered in the current study. 

Table 2.1. Optimality criteria for model-based design of experiments13–17,20 

Optimal Criterion Description Eq. # 

𝐽𝐴 = trace((𝐅𝐈𝐌)−1) 

A-optimal design minimizes sum of diagonal 

elements of the inverse of the FIM, which is 

equivalent to minimizing the total parameter 

variance. 

(2.1.1) 

𝐽𝐷 = det((𝐅𝐈𝐌)−1) 

D-optimal design minimizes the determinant of the 

inverse the FIM, which is equivalent to the volume 

of the joint confidence interval of the parameters. 

(2.1.2) 

𝐽𝐸 = 𝜆𝑚𝑎𝑥(𝐅𝐈𝐌−1) 

E-optimal design minimizes the largest eigenvalue of 

the FIM, thereby minimizing the uncertainties in the 

worst-case direction in the parameter space. 

(2.1.3) 

𝐽𝑉 = trace(𝐖(𝐅𝐈𝐌)−1𝐖𝐓) 

V-optimal design minimizes the variance of model 

predictions at user-specified operating conditions of 

interest, which are specified using matrix 𝐖. 
(2.1.4) 

𝐽𝑇 = −trace((𝐅𝐈𝐌)−1) 

T-optimal design maximizes the trace of the FIM and 

is used to discriminate between two rival models by 

treating one model as the true model. The selected 

experiments maximize the sum of squares of lack of 

fit for the second model. 

(2.1.5) 

Unfortunately, MBDoE calculations using the first four optimality criteria in Table 2.1 

encounter numerical problems if the FIM is singular or nearly singular.13 A singular FIM is also 

problematic for parameter estimation, because an invertible FIM is required for obtaining unique 

parameter estimates.21 A singular FIM can be attributed to the model structure (a structural 

identifiability problem) or to a lack of informative experimental data for parameter estimation (a 

practical identifiability problem, also known as an estimability problem).22–24 The parameters of a 

model are structurally identifiable if unique estimates for the parameters could be obtained using 

sufficient noise-free observations from well-designed experiments and an error-free model.21 

Identifiability problems are addressed by reparametrizing the model or by changing its structure 

(e.g., by making simplifying assumptions). Methods for investigating structural identifiability 
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include: a Taylor-series-expansion approach,25 a generating-series approach,26 a similarity 

transformation approach,27 a differential algebra approach,28,29 and an iterative identification 

approach.30  

Model parameters are known to be estimable (practically identifiable) if unique parameter 

estimates can be obtained using the available experimental data.24 A simple approach to assess 

parameter estimability is to check the rank of the FIM.31 If the rank of the FIM is lower than the 

number of parameters in the model, the FIM is noninvertible and the model parameters cannot be 

estimated uniquely.32 Estimability problems can be addressed by conducting additional informative 

experiments or by simplifying the model.24  

In many chemical and biological systems, it is common for modelers to develop 

fundamental models with a large number of kinetic and transport parameters (e.g., 20 to 80 

parameters).33–42 For example, Yue et al. considered a systems biology model with 64 parameters 

of which 8 were estimable from the available data.40 When designing new experiments (using E-

optimal design), they considered only these 8 estimable parameters to prevent having a singular 

FIM. Similarly, Thompson et al. modeled an ethylene co-polymerization process using 33 

parameters.42 They found that 25 out of 33 of parameters were estimable using available industrial 

data. These estimable parameters were ranked using an orthogonalization method, which ranks 

parameters from most-estimable to least-estimable. The 8 parameters that could not be ranked, due 

to numerical difficulties resulting from a singular FIM, were subsequently left out of Thompson’s 

MBDoE calculations. Thompson et al. then performed A-, D- and V-optimal sequential MBDoE 

calculations using the resulting reduced FIM, but they did not evaluate the effectiveness of the 

resulting designed experiments. Thompson’s methodology for parameter ranking and finding 

problematic parameters to be left out of the MBDoE calculations is used in the current study and is 

referred to as the LO approach. Using Thompson’s LO approach, the left-out parameters and their 

uncertainties are not included in the design. However, because of the orthogonalization-based 
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ranking process, the left-out parameters tend to have very little influence on the model predictions 

or are already well known based on prior knowledge.24,42 

More recently, Srinath and Gunawan considered a model for describing recombinant E. 

coli growth with 31 unknown parameters. They indicated that only 15 out of 31 parameters are 

structurally identifiable.43 Although they did not design any experiments, they suggested that 

MBDoE should consider only the 15 identifiable parameters. Similarly, Barz et al. performed A-, 

D- and E- optimal MBDoE for a chromatography process with six parameters, focusing on only a 

subset of four parameters to make the reduced FIM invertible.44 Lopez et al. from the same research 

group considered A-, D- and E-optimal MBDoE for a fed-batch fermentation process, focusing on 

a subset of the model parameters chosen to make the reduced FIM invertible.44,45 They simulated 

the resulting sequential experiments and noted that “the algorithm is not robust regarding the 

number of parameters which can be identified” using this methodology. Furthermore, Lopez et al. 

expressed concern that designing experimental settings, based on the reduced FIM and 

corresponding simplified model, provides no information about whether selected optimal runs can 

be used effectively for obtaining information for the original ill-conditioned problem.45 As such, 

the problem of a singular FIM during sequential MBDoE requires further exploration.  

Modelers would benefit from having more-reliable methods for dealing with noninvertible 

FIMs during MBDoE. As indicated in the studies above, one approach for dealing with a 

noninvertible FIM is to make simplifying assumptions about parameters requiring estimation. An 

alternative approach, considered for the first time in the current study, is to use a pseudoinverse 

(PI) to deal with singular or ill-conditioned FIMs. The Moore-Penrose PI is popular in the 

mathematical modeling and parameter estimation literature because it has attractive mathematical 

properties and results in unique parameter estimates.46–51 Nevertheless, the resulting parameter 

estimates may be unreliable.47 Other approaches for dealing with singular/ill-conditioned FIMs 

during parameter estimation include Tikhonov regularization approaches such as ridge regression 
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and LASSO estimation52,53 and Bayesian methods54, which are beyond the scope of the current 

study, but will be considered in future MBDoE studies. 

Researchers often use Monte Carlo (MC) simulations to assess the effectiveness of parameter 

estimation and MBDoE methods.55–59 MC simulations are popular because they enable modelers to 

generate a large number of simulated datasets without the time and expense required to conduct 

actual experiments.55 An additional benefit of MC simulations is that assumed true values of the 

model parameters can be used to generate simulated data. As a result, parameter estimates can be 

compared with the corresponding true values. For example, in the study by Bois et al. a MC 

simulation was used to check if their Bayesian MBDoE approach led to accurate parameter 

estimates for a butadiene toxicokinetic model.57 Similarly, Cho et al. used MC simulations to 

investigate the effectiveness of a parameter subset selection methodology.58 

The objective of the current study is to explore and evaluate methodologies for selecting 

sequential experiments to gain accurate parameter estimates when the FIM is noninvertible. For 

this purpose, three different approaches are compared: the first approach is to find problematic 

parameters and leave them out of the subsequent A-optimal design calculations (LO approach). 

Variants of this methodology have been used in a small number of MBDoE studies,42,44,45 but the 

effectiveness of this technique has not been tested systematically. The second approach, which is 

proposed as an alternative, employs a pseudo-inverse of the FIM (PI approach) during A-optimal 

design. In the third ad hoc approach, which does not involve optimization, the modeller selects 

corners of the design space where experimental results are not already available (MS approach). 

The main performance criterion used for assessing the effectiveness of the three methodologies is 

the sum of squared deviations between the resulting parameter estimates and the true values used 

to generate the simulated data. This performance criterion is consistent with the A-optimal MBDoE 

criterion.10,45  Note that D- and E-optimal designs are not considered in the current study because, 

for situations where the FIM is noninvertible, there is no similar performance criterion that can be 
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readily used to assess the effectiveness of the methodologies (i.e., when the FIM is noninvertible, 

the inverse of the FIM does not have a true determinant  or  true eigenvalues). The current study 

uses MC simulations and case studies involving linear and nonlinear models to compare the 

effectiveness of the LO, PI and MS approaches when selecting new experiments. Our goal is to 

find out whether using the LO approach, which prioritizes more influential (and less-well-known) 

parameters over problematic parameters, tends to produce more or less reliable results than using 

the PI and MS approaches. 

First, background information concerning the FIM is provided and notation is introduced 

regarding orthogonalization-based parameter ranking and the Moore-Penrose PI. The LO and PI 

approaches for MBDoE are then described and are compared using linear and nonlinear regression 

case studies. The nonlinear case study is based on a dynamic multi-response model for semi-batch 

production of a pharmaceutical agent of interest to our industrial sponsor. Results are presented 

showing that the LO approach is better than the PI approach for most of the situations considered, 

and that both approaches tend to be more effective than the ad hoc MS method.  

2.3 Background Information 

2.3.1 Fisher Information matrix for linear and nonlinear models 

Consider the following linear regression model: 

𝐘 = 𝐗𝛃 + 𝛆         (2.1) 

where 𝐘 ∈ 𝑅𝑁 is the vector of measured responses, 𝐗 ∈ 𝑅𝑁×𝑝 is the matrix of design settings for 

the independent variables, 𝛃 = (𝛽1, 𝛽2, … , 𝛽𝑝)
𝑇
is the vector of all unknown model parameters and 

𝛆 ∈ 𝑅𝑁 is the additive random noise, which is normally and independently distributed with mean 

zero and constant variance 𝜎2. Note that 𝑁 is the number of measurements and 𝑝 is the number of 

parameters. Assuming that 𝛽1 is a y-intercept, the design matrix 𝐗 is of the form: 
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𝐗 =

(

 

𝟏 𝒙𝟏 𝟏 𝒙𝟏 𝟐 … 𝒙𝟏 𝒑−𝟏

𝟏 𝒙𝟐 𝟏 𝒙𝟐 𝟐 … 𝒙𝟐 𝒑−𝟏

⋮
𝟏

⋮     ⋮     ⋮
𝒙𝑵 𝟏 𝒙𝑵 𝟐 …

⋮
𝒙𝑵 𝒑−𝟏)

 

𝑵×𝒑

     (2.2) 

and the FIM is a 𝑝 × 𝑝 matrix60: 

𝐅𝐈𝐌 = 𝐗𝑻𝚺−𝟏𝐗         (2.3) 

where  𝚺 =  𝜎2 𝐈 is the variance-covariance matrix of the measured responses and 𝐈 is an 𝑁 × 𝑁 

identity matrix. Note that, in this study, the variance-covariance matrix is assumed to be diagonal. 

This is because, it is common for modelers to know about uncertainties for individual types of 

responses. However, to assign off-diagonal elements of a variance-covariance matrix, a modeler 

would need information about correlation among measured responses. For situations where there 

is not enough information to estimate all the parameters, it would be unusual for a modeler to have 

such detailed information about the variance-covariance matrix. 

  For linear regression models, the design matrix 𝐗 and therefore the FIM do not depend on 

the parameter values. For models that are nonlinear in the parameters a sensitivity matrix, 

analogous to the design matrix in equation (2.2), is obtained by linearizing model equations around 

the initial parameter guesses 𝛉𝟎 ∈ 𝑅𝑝 or the updated parameter values.5 Consider a multi-response 

nonlinear model of the form: 

𝐘 = 𝐠(𝐝, 𝛉) + 𝛆        (2.4) 

where 𝐘 is stacked vector of observations, 𝐝 is a vector of settings for the decision variables used 

in running the experiments, 𝛉 ∈ 𝑅𝑃 is the vector of unknown parameters and 𝛆 is the vector of 

additive random noise corresponding to the measurements in 𝐘, which is assumed to be normally 

and independently distributed. Note, that the vector function 𝐠 may be comprised of solutions to a 

system of differential equations corresponding to a variety of different types of responses. For a 

multi-response model with 𝑣 different response variables, 𝑛 run conditions and 𝑟 sampling times, 

the measurement vector 𝐘 has dimension 𝑁 = 𝑣𝑛𝑟. The corresponding local sensitivity matrix 

𝐒 ∈ 𝑅𝑁×𝑝 has the following element in the 𝑖th row and 𝑗th column: 
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𝑆𝑖𝑗 =
𝜕g𝑖(𝐝,𝛉)

𝜕𝜃𝑗
|
𝜃𝑘≠𝑗

        (2.5) 

which is computed based on linearization around 𝛉0 ∈ 𝑅𝑝 or the current best vector of parameter 

estimates. For situations where the parametric sensitivities cannot be computed analytically, 

difference approximations can be obtained by perturbing each parameter value one at a time. To 

ensure dimensional consistency and incorporate information about uncertainties in the 

measurements and initial estimates of the parameters, Thompson et al.61 scaled the elements of the 

𝑆𝑖𝑗 to form a scaled local sensitivity matrix 𝐙: 

𝑍𝑖𝑗 = 𝑆𝑖𝑗

𝑠𝜃𝑗

𝑠𝑦𝑖

         (2.6) 

where 𝑠𝜃𝑗
is a scaling factor related to the uncertainty in the initial value of the 𝑗th model parameter 

value and 𝑠𝑦𝑖
 is a user-supplied estimate of the standard deviation of the 𝑖th measurement. 𝑠𝜃𝑗 is 

specified by the modeller using knowledge about any prior parameter estimation investigations or 

based on judgement about physically reasonable values of the parameters. If 𝑠𝜃𝑗
 is large, it means 

that the modeler is very uncertain about the reasonableness of the initial value of 𝜃𝑗, prior to 

conducting new experiments. By contrast a small value of 𝑠𝜃𝑗  indicates that the value of 𝜃𝑗 is 

known precisely, based on prior experience.61 For example, in the study by Thompson et al.,61 some 

of the standard deviations for parameter estimates by Kou et al.,62 were used as scaling factor in 

Thompson’s new model. For the parameters that were not previously estimated by Kou et al., 

Thompson used his judgment about those parameters to assign values of 𝑠𝜃𝑗
. The scaled 𝐙 matrix 

is used to calculate a local FIM for models that are nonlinear in the parameters: 

𝐅𝐈𝐌 = 𝐙𝑇𝐙          (2.7) 

Note that 𝚺−1 does not appear in equation (2.7) because the variance-covariance information is 

already incorporated via the scaling factors 𝑠𝑦𝑖
. The scaling in equation (2.6) corresponds to an 

assumption that the variance-covariance matrix is diagonal. 



 

26 

 

2.3.2 Parameter estimation when the FIM is noninvertible or ill-conditioned 

In situations where the FIM is noninvertible or ill-conditioned, it is often useful to 

determine a subset of estimable parameters in a model and to leave the rest of the parameters at 

their nominal values.24 The resulting simplified model with fewer estimated parameters often leads 

to smaller mean-squared error (MSE) for model predictions compared to the original model with 

all the parameters estimated.63 The parameters that are fixed at their nominal values are usually 

those that have small effects on the model predictions or have correlated effects with more-

influential parameters. A third category of commonly left-out parameters is those whose values are 

relatively well known by modeler, i.e., parameters whose sensitivity coefficients are scaled using 

small values of 𝑠𝜃𝑗
. In many situations, a modeller will fix the left-out parameters at their initial 

values (selected based on estimates in the literature or the modeler’s judgement) to improve the 

estimation of the other parameters that are poorly known.24 In other situations, the modeler my 

make simplifying assumptions to remove all or some of the left-out parameters from the model 

equations.64 

The problem of selecting the best subset of parameters for estimation has long been of 

interest and several methods have been developed to select appropriate parameter subsets from the 

original model to form a simpler model with fewer parameters to be estimated.65–72 A widely used 

orthogonalization technique (see Table 2.2), developed by Yao et al.72 and Thompson et al.,61 can 

be used to rank parameters from most-estimable to the least-estimable so that problematic 

parameters that make the FIM noninvertible or ill-conditioned can be identified and fixed at their 

nominal values. The method was developed for dynamic models that are nonlinear in the 

parameters, but it can also be used for ranking parameters in algebraic or partial differential 

equation models. The orthogonalization technique in Table 2.2 uses the design matrix (i.e., the 

scaled sensitivity matrix 𝐙), to rank the parameters while accounting for uncertainties in the initial 

parameter guesses and for correlated effects of the parameters.  
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As shown in Table 2.2, the ranking starts with computation of the magnitude (sum of 

squares) of each column of the scaled sensitivity matrix 𝐙 (i.e., step 1 in Table 2.2). In step 2, the 

column with largest magnitude from 𝐙, which corresponds to the most-estimable parameter, is 

selected and put into the matrix 𝐗𝑘. For the first iteration, 𝑘 = 1. In step 3, correlation with the 

effects of the remaining (unranked) parameters is removed by regressing all of the original columns 

in the 𝐙 matrix on the columns in 𝐗𝑘, using equation (2.2.1). Using equation (2.2.2), the residual 

matrix 𝐑𝑘 is computed by subtracting �̂�𝑘 from the original 𝐙 matrix. In this step, the columns in 

the 𝐙 matrix that are highly correlated with columns in 𝐗𝑘 will have small magnitudes in 𝐑𝑘. In 

step 4, the magnitudes of the columns of 𝐑𝑘 are computed. The column with largest magnitude 

corresponds to the next most-estimable parameter that will be chosen from 𝐙. In step 5, 𝐗𝑘 is 

augmented by including the column for the next-most-estimable parameter and to form 𝐗𝑘+1. 

Continuing this process for 𝑘 = 2, 3, … , 𝑝 (by repeating steps 2 to 5) produces a ranked list of up 

to 𝑝 parameters. The ranking stops if 𝐗𝑘
𝑇𝐗𝑘 (the reduced FIM) becomes noninvertible so that only 

a subset of the parameters can be ranked. The parameter that makes 𝐗𝑘
𝑇𝐗𝑘 singular and any 

unranked parameters are then specified as problematic parameters that make the FIM 

noninvertible. 

The orthogonalization technique is used for ranking parameters from most-estimable to 

least-estimable and for finding problematic parameters that lead to a noninvertible FIM.68 

However, estimating all of the rankable parameters sometimes leads to overfitting of the available 

data and may not lead to accurate parameter estimates.24 To address this issue, Wu et al.73 proposed 

a MSE-based model-selection criterion, 𝑟𝑐𝑐, (see Table 2.3) to select parameters for estimation that 

will lead to the smallest total mean-squared error for model predictions.73 The smallest value of 𝑟𝑐𝑐 

corresponds to the parameter subset that is expected to provide the best model predictions. In this 

way, 𝑟𝑐𝑐 helps to prevent overfitting of the model and to prevent parameter estimates from moving 

far away from their initial guesses, which might be based on considerable prior knowledge.73 
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Overfitting is undesirable because, although it may lead to a good fit to the data, it may lead to poor 

predictions at new conditions.  

Table 2.2 Orthogonalization algorithm 61,72 

1. Compute the sum of squares (i.e., the Euclidean norm) of each column in the scaled 

sensitivity matrix 𝐙. Select the column with the largest magnitude as the most estimable 

parameter. Set 𝑘  =  1. 

2. Put the 𝑘 columns from 𝐙 that correspond to parameters that have been ranked into 

matrix 𝐗𝑘 

3. Use 𝐗𝑘 to predict columns in 𝐙 using ordinary least squares: 

�̂�𝑘 = (𝐗𝑘
𝑇𝐗𝑘)

−1
𝐗𝑘

𝑇𝐙 (2.2.1) 

             and calculate the residual matrix: 

𝐑𝑘 = 𝐙 − �̂�𝑘 (2.2.2) 

4. Calculate the magnitude of each column in 𝐑𝑘. The (𝑘 + 1)th-most estimable parameter 

corresponds to the column in 𝐑𝑘 with the largest magnitude. 

5. Put the columns corresponding to the 𝑘 + 1 parameters that have been ranked in matrix 

𝐗𝑘. 

6. Advance the iteration counter 𝑘 by one and repeat Steps 2–5, until all parameters are 

ranked or until it is impossible to perform the least-squares prediction of 𝐙 in step 3 due 

to matrix singularity. 

Table 2.3. Critical ratio 𝑟𝑐𝑐 for comparing candidate parameter subsets73 

1. Use weighted least-squares regression to estimate parameters using different parameter 

subsets where the objective function for parameter estimation is: 

𝐽 = ∑(
𝑦𝑖 − g𝑖

𝑠𝑦𝑖

)

2𝑁

𝑖=1

 (2.3.1) 

where 𝑦𝑖 is the value of the 𝑖th response variable, g𝑖 is the corresponding predicted value 

and 𝑠𝑖 is the uncertainty associated with the measurement 𝑦𝑖. 

2. For the model with each candidate subset of parameters, compute 𝑟𝐶,𝑘 from: 

𝑟𝐶,𝑘 = (𝐽𝑘 − 𝐽𝑝)/(𝑝 − 𝑘) (2.3.2) 

where 𝐽𝑘 is the optimal value of 𝐽 for a candidate parameter subset with 𝑘 estimated 

parameters and 𝐽𝑝 is the optimal value of 𝐽 when all 𝑝 parameters are estimated. 

3. For the model with each candidate parameter subset, compute Wu’s corrected critical ratio: 

𝑟𝐶𝐶,𝑘 =
𝑝 − 𝑘

𝑁
(𝑟𝐶𝐾𝑢𝑏,𝑘 − 1) (2.3.3) 

where 

𝑟𝐶𝐾𝑢𝑏,𝑘 = 𝑚𝑎𝑥 (𝑟𝐶,𝑘 − 1 ,
2

𝑝 − 𝑘 + 2
𝑟𝐶,𝑘) (2.3.4) 

4. Select the model with candidate parameter subset that leads to the smallest value of 𝑟𝑐𝑐. 
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Wu’s 𝑟𝑐𝑐 critical ratio can be used to compare several candidate parameter subsets and to 

choose for estimation the subset of parameters that leads to the smallest 𝑟𝑐𝑐. The critical ratio 𝑟𝑐𝑐 is 

often combined with the orthogonalization-based ranking technique (in Table 2.2)  to determine 

the appropriate parameter subset for estimation, as shown in Table 2.4, thereby preventing 

overfitting.36,74–76 For this purpose, the orthogonalization algorithm is used to rank as many 

parameters as possible. Next, weighted least-squares regression is used to estimate the first 

parameter in the ranked list, with all others fixed at their initial guesses. Next, the top two 

parameters are estimated, followed by the top three and so on, until all of the ranked parameters 

have been estimated. For each parameter subset (i.e., for 𝑘 = 1,2, …) 𝑟𝑐𝑐 is computed using 

equations (2.3.1) to (2.3.4) in Table 2.3. The parameter subset with the smallest value of 𝑟𝑐𝑐 is 

selected for estimation. Wu’s methodology in Table 2.4 is used in the current study for selecting 

parameters to estimate using data from the designed experiments (i.e., from the old experiments 

combined with the new sequential experiments). 

Table 2.4. 𝑟𝑐𝑐 + Orthogonalization method for parameter subset selection77 

1. Rank model parameters from most-estimable to least-estimable using the orthogonalization 

technique in Table 2.2. 

2. Use weighted least-squares regression to estimate the first parameter from the list, with all 

others fixed at initial guesses. Next, estimate the top two parameters, followed by the top 

three and so on, until all the ranked parameters have been estimated using objective function 

(2.3.1). If all 𝑝 parameters could not be ranked due to a noninvertible FIM, assume that 𝐽𝑝  =

 𝐽𝑘𝑚𝑎𝑥
, where 𝑘𝑚𝑎𝑥 is the number of parameters that were ranked before X𝑘

𝑇X𝑘 became 

noninvertible. 

3. Compute the critical ratio: 

𝑟𝐶,𝑘 = (𝐽𝑘 − 𝐽𝑝)/(𝑝 − 𝑘) (2.4.1) 

for 𝑘 = 1. . . 𝑝 – 1. Where 𝐽𝑘 is the objective function when the top 𝑘 parameters have been 

estimated and 𝐽𝑝 is the objective function for estimating all p parameters. 

4. For each 𝑘, compute Wu’s corrected critical ratio in equation (2.3.3) in Table 2.3. 

5. If all values of 𝑟𝑐𝑐,𝑘 are greater than zero, then select all 𝑝 parameters for estimation; 

otherwise select the value of 𝑘 corresponding to the lowest value of 𝑟𝐶𝐶,𝑘 as the appropriate 

number of parameters to estimate from the ranked list.  
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In least-squares regression, an alternative to selecting a subset of the parameters for 

estimation when the FIM is singular is to use a pseudoinverse (PI) of the FIM. The most popular 

PI in the statistics literature is the Moore-Penrose PI.47,49,78–80 For a noninvertible FIM, the Moore-

Penrose PI relies on singular value decomposition: 

𝐅𝐈𝐌 = 𝐔𝐒𝐕 = [𝐮1 𝐮2] [
𝐬1 0
0 0

] [𝐯1 𝐯2]       (2.8) 

where matrices 𝐮1 and 𝐯1 correspond to nonzero singular values in the diagonal matrix 𝐬1 and 𝐮2 

and 𝐯𝟐 correspond to zero singular values (or singular values below a prescribed cut off value). The 

Moore-Penrose PI for the FIM is defined as: 

𝐅𝐈𝐌∗−1 = 𝐮1𝐬1
−1𝐯1         (2.9) 

2.3.3 Sequential optimal design 

Sequential optimal design is used to incorporate information about previous data while 

designing new experiments.5,9,11 When designing sequential experiments for a linear model in the 

form of equation (2.1), the matrix of the experimental setting for the previous experiments, 𝐗𝐨𝐥𝐝, 

and the proposed new experimental settings, 𝐗𝐧𝐞𝐰, are stacked into an overall matrix:10,42,81 

𝐗 = [
𝐗𝐨𝐥𝐝

𝐗𝐧𝐞𝐰
]         (2.10) 

For linear models, the rows of 𝐗𝐨𝐥𝐝 correspond to settings for preliminary experiments that 

have been conducted previously. Each row in 𝐗𝐧𝐞𝐰 corresponds to potential settings for new 

experiments that will be performed in future (based on the sequential MBDoE). In this way, 

information from the new sequential experiments is used to augment the FIM. The augmented 𝐅𝐈𝐌 

is then used for parameter estimation. Assuming that a y-intercept will be estimated, the design 

matrix for the proposed sequential experiments, 𝐗𝐧𝐞𝐰, is: 

𝐗𝐧𝐞𝐰 =

(

 

1, 𝑥1 1, 𝑥1 2, … , 𝑥1 𝑝−1

1, 𝑥2 1, 𝑥2 2, … , 𝑥2 𝑝−1

⋮
1, 𝑥𝑢 1, 𝑥𝑢 2, … , 𝑥𝑢 𝑝−1)

       (2.11) 
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where x𝑙 k are the values of decision variables (or functions of decision variables) for the 𝑙th (𝑙 =

1,2,… , 𝑢) operating conditions that are selected by the optimizer. Similarly, for a nonlinear model 

in the form of the equation (2.4), the scaled sensitivity matrix 𝐙 can be constructed as: 

𝐙 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰
]         (2.12) 

where 𝐙𝐨𝐥𝐝 is the scaled sensitivity matrix for the experiments that have been already conducted 

and 𝐙𝐧𝐞𝐰 is the scaled sensitivity matrix for new experimental settings that will be selected by the 

optimizer. The matrix of settings for the old experimental data 𝐙𝐨𝐥𝐝 contains 𝑛𝑜𝑙𝑑 rows and 𝑝 

columns, where 𝑛𝑜𝑙𝑑 is the number of available measured values from the old experiments and  𝑝 

is the number of parameters in the model. For example, if the old dataset contains three different 

responses and for each response there are 10 measurements, then 𝑛𝑜𝑙𝑑 = 30.42  

To determine sequential A-optimal design settings, the optimizer selects operating 

conditions that lead to rows in 𝐙𝐧𝐞𝐰 (or 𝐗𝐧𝐞𝐰) so that 𝐽𝐴 = trace(𝐅𝐈𝐌−1) = trace((𝐙𝑇𝐙)−1) is 

minimized (see Table 2.1) while 𝐙𝐨𝐥𝐝 (or 𝐗𝐨𝐥𝐝) is fixed. When the FIM is noninvertible it is not 

possible to compute 𝐽𝐴 without making some approximations. Alternatively, in some situations it 

may be possible to conduct preliminary experiments to make the FIM invertible. However, 

especially for complicated nonlinear models, it is often difficult for a modeler to find experiments 

that make the FIM invertible. 

2.4 Procedure for Comparing the LO, PI and MS Approaches 

In this study, two possible approaches for dealing with a singular FIM during sequential 

A-optimal design are proposed and compared to an ad hoc approach for selecting new experimental 

settings. The first approach is to use the orthogonalization technique shown in Table 2.2 to find 

problematic parameters and then leave them out of the experimental design calculations. These 

problematic parameters are fixed at their nominal values. The nonproblematic parameters (in the 

ranked list) are then used to compute the reduced FIM denoted by 𝐅𝐈𝐌𝐫. The number of columns 



 

32 

 

in 𝐅𝐈𝐌𝐫 is equal to the number of parameters that could be ranked before 𝐗𝑘
𝑇𝐗𝑘 becomes singular. 

𝐅𝐈𝐌𝐫 is then used in objective function (2.1.1) in Table 2.1 in place of the FIM to obtain A-optimal 

experimental settings for this reduced problem. Because problematic parameters are left out of the 

analysis, we refer to this optimization approach as the LO method. For the second approach, the 

Moore-Penrose PI of the 𝐅𝐈𝐌, 𝐅𝐈𝐌∗−1
, is used in place of 𝐅𝐈𝐌−1 in objective function (2.1.1) and 

we refer to this approach as the PI method. Results for LO and PI approaches are compared with 

an ad hoc approach where the modeler randomly chooses new experimental settings at lower or 

upper bounds for the decision variables. This approach is called the MS (Modeler Selected) 

approach.  

The procedure in Table 2.5 shows how MC simulations are used to compare the 

effectiveness of the LO, PI and MS approaches for sequential MBDoE when the 𝐅𝐈𝐌 is 

noninvertible and a number of candidate new experiments are selected (i.e., 𝐿 = 1 or L = 2). In the 

first step in Table 2.5, a simulated dataset is generated for the old experimental settings. In step 2, 

the initial sensitivity matrix 𝐙 is computed as 𝐙 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰𝟎

] where 𝐙𝐨𝐥𝐝 corresponds to the old 

experimental settings and 𝐙𝐧𝐞𝐰𝟎
 is computed from the initial guesses of the decision variables for 

the new experiments. In step 3, the LO approach is used to obtain new experimental settings using 

A-optimal design. For this purpose, the initial 𝐙 matrix computed in step 2 and the 

orthogonalization algorithm (see Table 2.2) are used to rank the parameters. Problematic 

parameters are found and left out of the 𝐙 matrix to form a reduced 𝐙𝐫 matrix which is used to 

obtain 𝐅𝐈𝐌𝐫 = 𝐙𝐫
𝑇𝐙𝐫. Then 𝐅𝐈𝐌𝐫 is used in place of the 𝐅𝐈𝐌 in the A-optimal objective function 

(see Table 2.1) to obtain new experimental settings. After obtaining the new experimental settings 

for the LO approach, the parameters are ranked using the updated 𝐙 matrix. If the set of unranked 

(left-out) parameters changes, the LO approach is repeated using the updated Z matrix until the 

ranked list does not change. In step 4 of Table 2.5, the PI approach (in parallel with the LO 



 

33 

 

approach) is used to select new sequential A-optimal settings based on the same 𝐙𝐨𝐥𝐝 matrix as in 

step 2. For this purpose, the pseudoinverse 𝐅𝐈𝐌∗−1
 is used in place of 𝐅𝐈𝐌−1 in the A-optimal 

objective function to obtain new experimental settings. In step 5 (also in parallel with LO and PI 

approaches), corners of the design space are chosen randomly each time a design is required. In 

step 6 (in series), selected settings for the LO, PI and MS approaches are used to generate a 

simulated dataset for each approach. In step 7, the old dataset, along with the simulated new dataset 

for each approach, is used to estimate model parameters and make predictions. This process is 

repeated multiple times, starting from step 1 so that the effectiveness of the three methods can be 

compared. 

The procedure shown in Table 2.5 is used to compare the LO, PI and MS approaches using 

MC simulations where the true parameter values are assumed to be known. However, in real 

situations, where model developers conduct actual experiments, the true parameter values are not 

known. In this situation, modelers often assess the precision of parameter estimates by computing 

confidence intervals, which rely on the inverse of the FIM.34 When the FIM is noninvertible, 

confidence intervals are computed by either fixing some of the parameters at nominal values or by 

using the pseudoinverse of the FIM to compute the variance-covariance matrix. Unfortunately, 

these approaches may not result in reliable insights about parameter uncertainties, especially when 

models are nonlinear. 

The main performance criteria for comparing the effectiveness of the LO, PI and MS 

approaches is 𝑆𝑆𝐷𝜃 in equation (2.5.1), which is the sum of squared deviations between the 

parameter estimates obtained from the simulated datasets and their true parameter values used to 

generate the Monte Carlo (MC) simulations. In addition, 𝑆𝑆𝐷𝑌 in equation (2.5.2) is used to 

compare the effectiveness of the three approaches for obtaining accurate model predictions. 𝑆𝑆𝐷𝑌 

is the sum of squared deviations between the model predictions for the simulated dataset 

corresponding to 𝐙𝐨𝐥𝐝 and the corresponding predictions using the true parameter values. The 
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fmincon optimizer from MATLAB was used to find optimal values of the decision variables for 

both the LO and PI approaches. Optimizations were started from multiple different initial guesses 

to reduces the chances of converging to a local optimum rather than the global optimum, for both 

MBDoE and parameter estimation. 

Table 2.5. Procedure for comparing the effectiveness of the LO, PI and MS approaches for 

designing sequential experiments 

1. Generate data for the old experimental settings (i.e., settings corresponding to 𝐙𝐨𝐥𝐝) using 

MC simulation. 

2. Form the initial 𝐙 matrix as 𝐙 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰
], where 𝐙𝐨𝐥𝐝 corresponds to the settings in the old 

data set and 𝐙𝐧𝐞𝐰 is obtained using initial guesses for decision variables for the new 

experiments. 

3. LO method: Use the orthogonalization method in Table 2.2 to find any problematic 

parameters that lead to non invertibility of the 𝐅𝐈𝐌. Remove columns associated with these 

problematic parameters to obtain a reduced matrix 𝐙𝐫 and compute 𝐅𝐈𝐌𝐫 = 𝐙𝐫
𝑇𝐙𝐫. Use 

𝐅𝐈𝐌𝐫
−𝟏 in place of 𝐅𝐈𝐌−𝟏 in objective function (2.1.1) to select optimal values of the 

decision variables. Using the updated 𝐙 matrix, re-rank the parameters and update the list of 

problematic parameters. If the list of left-out parameter changes, update 𝐙𝐫 and 𝐅𝐈𝐌𝐫
−𝟏  and 

repeat the optimization. Continue until the list of the left-out parameters does not change.  

4. PI method: Use 𝐅𝐈𝐌∗−𝟏
 instead of 𝐅𝐈𝐌−𝟏 in objective function (2.1.1) to determine optimal 

values of the decision variables. 

5. MS method: Assign values for each decision variable randomly at the corresponding lower 

or upper bound. 

6. For each of the three approaches: Use true values of the parameters 𝛉𝐭𝐫𝐮𝐞 and noise 

variances 𝜎𝑖
2 to generate simulated data for the proposed new experiments obtained by the 

LO, PI and MS approaches. 

7. Estimate parameters from available (old and new) simulated data. For each simulated dataset 

calculate 𝑆𝑆𝐷𝜃 and 𝑆𝑆𝐷𝑌: 

 𝑆𝑆𝐷𝜃 = ( �̂� − 𝛉true)
𝑇
𝚺𝛉

−𝟏( �̂� − 𝛉true)  (2.5.1)  

 𝑆𝑆𝐷𝑌 =  (𝐘𝐨𝐥𝐝 − 𝐘𝐨𝐥𝐝
𝐧.𝐟)

𝑇
𝚺−𝟏(�̂�𝐨𝐥𝐝 − 𝐘𝐨𝐥𝐝

𝐧.𝐟)  (2.5.2)  

where �̂� ∈ 𝑅𝑝 is the vector of estimated parameters (including the fixed values of any 

parameters that were held at initial guesses) and 𝛉𝐭𝐫𝐮𝐞 is vector of true parameter values. 

𝚺𝛉 ∈ 𝑅𝑝×𝑝 is a diagonal matrix with squared parameter uncertainties corresponding to the 

scaling factors 𝑠𝜃𝑗
. In equation (5.2.2), 𝐘𝐨𝐥𝐝

𝐧.𝐟 ∈ 𝑅𝑁 is the vector of noise-free values for the 

settings in the old dataset and 𝐘𝐨𝐥𝐝 is the corresponding vector of predicted values. 𝚺 ∈ 𝑅𝑁×𝑁 

is a diagonal matrix of measurement variances. 
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2.5 Linear Regression Example 

Consider the following  linear model with seven parameters59: 

Model 1: 𝑦𝑖 = 𝛽1 +  𝛽2 𝑥𝑖1 + 𝛽3 𝑥𝑖2 + 𝛽4 𝑥𝑖3 + 𝛽5 𝑥𝑖4 + 𝛽6 𝑥𝑖5 + 𝛽7 𝑥𝑖6 + 𝜀𝑖 (2.13) 

where 𝜀𝑖 is additive random error that is identically and independently distributed and follows a 

normal distribution with zero mean and constant variance.59 True values of the parameters are: 

𝛃𝐭𝐫𝐮𝐞 = (𝛽1   𝛽2   𝛽3   𝛽4   𝛽5   𝛽6   𝛽7 )
𝑇 = (1   

1

2
    

1

3
    

1

4
    

1

5
    

1

6
    

1

7
)
𝑇

    (2.14) 

The design matrix 𝐗 ∈ 𝑅𝑁×𝑝 corresponding to the old experimental runs is of the form: 

𝐗𝐨𝐥𝐝 = (𝐗𝐜𝟏
    𝐗𝐜𝟐

     𝐗𝐜𝟑
   𝛾𝐗𝐜𝟏

+ (1 − 𝛾)𝐗𝐜𝟒
    𝛾𝐗𝐜𝟐

+ (1 − 𝛾)𝐗𝐜𝟓
     𝐗𝐜𝟏

    𝐗𝐜𝟐
)    (2.15) 

where 𝐗𝐜𝑣
(𝑣 = 1,2,… , 5) are orthogonal column vectors: 

𝐗𝒄𝟏
𝐓 = (1     1     1      1     1      1      1      1      1      1      1      1      1      1      1      1) 

𝐗𝒄𝟐
𝐓 = ( 1  − 1     1  − 1     1  − 1    1  − 1    1  − 1    1  − 1    1 − 1    1 − 1)  

𝐗𝒄𝟑
𝐓 = (−1  − 1    1    1  − 1  − 1    1    1  − 1   − 1     1    1  − 1  − 1    1   1) (2.16) 

𝐗𝒄𝟒
𝐓 = (−1  − 1  − 1  − 1      1     1    1     1  − 1  − 1  − 1  − 1    1   1   1   1) 

𝐗𝒄𝟓
𝐓 = (−1   − 1  − 1  − 1  − 1  − 1  − 1  − 1   1    1     1    1    1    1    1    1) 

As a result, 𝐗𝐨𝐥𝐝 ∈ 𝑅16×7. The first three columns of 𝐗𝐨𝐥𝐝 are independent and the fourth 

and fifth can be correlated depending on the value of 𝛾 (i.e., if 𝛾 = 0 the first five columns are 

orthogonal and as 𝛾 → 1  the 4th and 5th columns become highly correlated with the first and 

second). The 6th  and 7th columns are the same as the first and second columns because the previous 

experimenter held 𝑥𝑖5 constant and used the same settings for 𝑥𝑖6 as for 𝑥𝑖1.59 

The second linear-regression model of interest in this study contains quadratic terms in 

place of 𝑥𝑖5 and 𝑥𝑖6:   

Model 2: 𝑦𝑖 = 𝛽1 +  𝛽2 𝑥𝑖1 + 𝛽3 𝑥𝑖2 + 𝛽4 𝑥𝑖3 + 𝛽5 𝑥𝑖4 + 𝛽6𝑥𝑖1
2 + 𝛽7𝑥𝑖2

2 + 𝜀𝑖 (2.17) 

This model has the same true parameter values (see equation (2.14)) as Model 1. Eghtesadi and 

McAuley59 expressed Model 1 in deviations around the vector of parameter initial guesses, 𝛃𝟎 =

 (𝛽1 0   𝛽2 0   𝛽3 0   𝛽4 0   𝛽5 0   𝛽6 0   𝛽7 0 )
𝑇, which may contain non-zero values: 

𝐘 − 𝐗𝛃𝟎 = 𝐗(𝛃 − 𝛃𝟎) + 𝛆        (2.18) 
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They considered two different sets of parameter initial guesses and uncertainties, i.e., {𝛃𝟎 =

1.1 𝛃𝐭𝐫𝐮𝐞, 𝐬𝛃 = 0.1𝛃𝟎} and  {𝛃𝟎   =  1.5𝛃𝐭𝐫𝐮𝐞, 𝐬𝛃 = 0.5𝛃𝟎} along with two values for the 

correlation factor (i.e., 𝛾 = 0.1 and 𝛾 = 0.9) and three values for noise variance (i.e., 𝜎2 = 0.001, 

𝜎2 = 0.1 and 𝜎2 = 10). Eghtesadi and McAuley59 used these initial guesses and uncertainties to 

compare the LO and PI approaches in a study aimed at determining whether the LO or PI approach 

is better for parameter estimation when no new experiments are envisioned. Their results showed 

that the subset selection technique tends to give noticeably better model predictions than the Moore-

Penrose pseudoinverse method when the FIM is not invertible. In this study, two sets of parameter 

initial guesses and their uncertainties59 are used to compare the effectiveness of the LO, PI and MS 

approaches for selecting new experiments. For each set of parameter initial guesses and 

uncertainties, six different combinations involving two correlation factor values (i.e., 𝛾 = 0.1 and 

0.9) and three noise variance values (𝜎2 = 0.001, 0.1 and 10) are considered. 

When selecting conditions for new sequential experiments, lower and upper bounds for all 

of the decision variables are set at -2 and 4, respectively, indicating that the modeler is permitted 

to select experiments over a wider range of conditions than was used in the old experiments. When 

designing sequential A-optimal experiments, Model 1 has six decision variables (i.e., 

𝑥𝑖1, 𝑥𝑖2, … , 𝑥𝑖6) and Model 2 has four (i.e., 𝑥𝑖1, 𝑥𝑖2, … , 𝑥𝑖4) for each new proposed run. 1000 sets of 

simulated data were generated using the old settings in 𝐗𝐨𝐥𝐝. Then 1000 sets of new simulated data 

were obtained using each design approach (see steps 4 and 5 in Table 2.5). For this linear case 

study, the LO, PI and MS approaches are compared for six different situations i.e., LO-LO, LO-PI, 

PI-LO, PI-PI, MS-LO and MS-PI. For example, LO-LO indicates that the leave out method is used 

for selecting the sequential experiments (i.e., using objective function (2.1.1) with 𝐅𝐈𝐌−𝟏 replaced 

by 𝐅𝐈𝐌𝐫
−𝟏) and for subsequent parameter estimation (see Table 2.4). Similarly, LO-PI indicates 

that the LO method is used for designing new experiments and then the PI method is used for 

parameter estimation. 
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First, results and discussion are presented for selecting one new experiment using available 

old experiments provided in equations (2.15) and (2.16). Different scenarios (i.e., LO-LO, LO-PI, 

PI-LO, PI-PI, MS-LO and MS-PI) with different combinations of correlation factors and noise 

variances are considered. Then, the available information (i.e., parameter estimates and available 

data) from one new designed setting are used to select another new experiment using LO, PI and 

MS approaches in a sequential procedure. Finally, results are provided for selecting multiple 

parallel experiments using LO, PI and MS approaches (e.g., designing two or three new 

experiments). The quality of the resulting parameter estimates (and model predictions) are then 

compared using 𝑆𝑆𝐷𝛽 (see equation (2.5.1)) and 𝑆𝑆𝐷𝑌 (see equation (2.5.2)), respectively. Note 

that, in this linear case study, the parameters are specified using the vector 𝛃 ∈ 𝑅𝑝 (instead of 𝛉). 

The approach that leads to the smallest mean and median for 𝑆𝑆𝐷𝛽  (based on 1000 MC simulations) 

is considered to be the best approach for selecting new sequential experiments. 

2.5.1 Results and Discussion for the Linear Case Study 

Table 2.6 provides the median (𝑆𝑆𝐷𝛽𝑀𝑒𝑑) and mean ( 𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽) for the resulting 𝑆𝑆𝐷𝛽  values 

obtained from MC simulations with 𝛃𝟎 = 1.1 𝛃𝐭𝐫𝐮𝐞 , 𝐬𝛃 = 0.1𝛃𝟎 (good initial guesses and low 

uncertainties). Similarly, Table 2.7 shows the results for MC simulation using a second set of 

parameter initial guesses and uncertainties (i.e., 𝛃𝟎   =  1.5𝛃𝐭𝐫𝐮𝐞, 𝐬𝛃 = 0.5𝛃𝟎). Boxes with green 

shading in the tables indicate the best (smallest) values of the median and mean for 1000 values of 

𝑆𝑆𝐷𝛽 in the corresponding column. Similarly, boxes with yellow shading in Table 2.6 and Table 

2.7 highlight the worst (largest) values. 

For Model 1 in Table 2.6 the LO-LO approach results in the smallest median and mean 

values for 𝑆𝑆𝐷𝛽 for all combinations of 𝛾 and 𝜎2, indicating that the resulting parameter estimates 

tend to be closer to their true values on average compared to the other approaches. By contrast, the 

MS-PI approach gives the worst results for parameter estimates for most of the correlation and 
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noise settings considered, with the PI-PI approach giving the worst results for MC simulations with 

the lowest correlation and noise variance. Using Model 2, the LO-LO approach gives the best 

parameter values on average in four out of six situations, with PI-LO producing the best results 

when the initial data are poor (i.e., with correlation setting 𝛾 = 0.9 and 𝜎2  = 0.1 or 10). The worst 

approach is PI-PI when 𝛾 = 0.1 and MS-PI when 𝛾 = 0.9. Similar results are shown in Table 2.7 

for situations with reasonable parameter initial guesses and higher initial parameter uncertainties. 

In Table 2.7, the LO-LO approach leads to the smallest mean and median for 𝑆𝑆𝐷𝛽 for both models 

in five of the six different combinations of 𝛾 and 𝜎2. The two worst approaches for Model 1 are 

PI-PI (three combinations) and MS-PI (three combinations). Similarly, for Model 2 the worst 

approach is PI-PI in four of six cases and MS-PI in two of six situations. 

Figure 2.1 shows boxplot corresponding to one of the situations for Case 1 and Model 1 

(with low correlation factor 𝛾 = 0.1 and medium 𝜎2 = 0.1). As expected, from the corresponding 

entries in Table 2.6, the LO-LO approach tends to give the best values for 𝑆𝑆𝐷𝛽, with parameter 

estimates closer to their true values, on average, compared to the other approaches. Figure 2.1 

confirms that the MS-PI and MS-LO approaches result in higher variability for 𝑆𝑆𝐷𝛽 compared to 

the other approaches. In summary, this linear regression case study suggests that design settings 

obtained using the LO approach tend to be superior for obtaining good parameter estimates 

compared to design settings obtained using PI and MS approaches. As expected, the LO and PI 

approaches performed better than MS because they used an optimizer that takes into account the 

structure of the model when selecting new experiments. Note that no convergence problems related 

to the subsets of parameters that were selected occurred using the LO approach. 

As expected, the LO approach for parameter estimation was better on average compared 

to the PI approach (i.e., results for LO-LO, PI-LO and MS-LO are better than LO-PI, PI-PI and 

MS-PI, respectively). Similar trends have been observed by Eghtesadi and McAuley who compared 

LO and PI approaches for parameter estimation.59 In addition, Feldmann et al. showed that the PI 
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approach tends to give unreliable parameter estimates in study comparing PI and Bayesian 

approaches.82 

Table 2.6. Median and mean values of 𝑆𝑆𝐷𝛽 obtained using 𝛃𝟎 = 1.1𝛃𝐭𝐫𝐮𝐞 and 𝐬𝛃 = 0.1𝛃𝟎 when 

one new experiment is designed and conducted 

  Model 1 

  𝛾 = 0.1  𝛾 = 0.9 

 
 

𝜎2  
=  0.001 

𝜎2  
=  0.1 

𝜎2 = 10  
𝜎2  
=  0.001 

𝜎2  =  0.1 
𝜎2 = 

10 

LO-LO 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 1.59 5.51 39  3.34 5.73 41 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  1.71 16.04 971  11.92 401.90 37300 

LO-PI 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 3.26 50.09 4408  22.59 1982.57 200805 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  3.37 57.14 5140  30.38 2800.87 276485 

PI-LO 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 1.65 5.55 43  3.72 5.76 43 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  1.85 16.48 992  13.67 403.17 36534 

PI-PI 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 7.33 49.59 4278  25.51 1997.28 199908 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  7.32 56.95 4997  34.48 2797.20 279270 

MS-LO 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 2.03 5.75 41  3.85 6.03 42 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  2.35 30.00 2021  25.52 924.41 81634 

MS-PI 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 3.62 70.53 6608  36.24 3380.97 338103 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  4.38 119.20 11586  62.02 5913.75 591344 

  Model 2 

  𝛾 = 0.1  𝛾 = 0.9 

 
 

𝜎2  
=  0.001 

𝜎2  
=  0.1 

𝜎2 = 10  
𝜎2  
=  0.001 

𝜎2  =  0.1 
𝜎2 = 

10 

LO-LO 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.0008 0.0111 0.45  0.0032 0.018 0.46 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.0009 0.0232 1.34  0.0134 0.500 40.27 

LO-PI 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.0042 0.0336 2.98  0.0186 1.473 146.86 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.0042 0.0376 3.37  0.0245 2.061 205.68 

PI-LO 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.0015 0.0158 0.48  0.0034 0.014 0.46 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.0016 0.0248 1.77  0.0136 0.398 36.77 

PI-PI 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.0049 0.0496 4.96  0.0169 1.686 168.60 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.0049 0.0649 6.49  0.0232 2.321 232.09 

MS-LO 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.0009 0.0152 0.46  0.0036 0.018 0.47 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.0011 0.0272 1.60  0.0173 0.625 48.39 

MS-PI 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.0027 0.0387 3.68  0.0194 1.820 181.82 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.0019 0.0517 5.03  0.0310 2.968 296.68 

 

 



 

40 

 

Table 2.7. Median and mean values of 𝑆𝑆𝐷𝛽 obtained using 𝛃𝟎 = 1.5𝛃𝐭𝐫𝐮𝐞 and 𝐬𝛃 = 0.5𝛃𝟎 when 

one new experiment is designed and conducted 

  Model 1 

  𝛾 = 0.1  𝛾 = 0.9 

 
 𝜎2  =  0.001 

𝜎2  

=  0.1 

𝜎2 = 

10 
 

𝜎2  

=  0.001 
𝜎2  =  0.1 

𝜎2 = 

10 

LO-LO 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.1467 0.4705 0.882  0.3340 0.5834 0.91 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.1475 0.4943 6.174  0.3389 5.5579 201.61 

LO-PI 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.9190 0.6044 24.371  0.4739 11.1335 1073.9 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.9180 0.6623 28.037  0.5286 15.2211 1504.1 

PI-LO 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.1567 0.4787 0.902  0.3352 0.5735 0.92 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.1577 0.4988 6.959  0.3389 4.3084 204.93 

PI-PI 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.9191 1.1654 23.806  1.0012 11.2839 1077.1 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.9181 1.1903 27.812  1.0582 15.8674 1502.2 

MS-

LO 

𝑆𝑆𝐷𝛽𝑀𝑒𝑑
 0.1504 0.4829 0.9105  0.3786 0.5877 0.95 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.1564 0.6636 13.093  0.4694 10.9168 427.37 

MS-PI 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.3595 0.8687 36.196  0.6153 18.2956 1818.7 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.4376 1.0588 62.763  0.7404 32.1482 3179.8 

  Model 2 

  γ = 0.1  γ = 0.9 

 
 𝜎2  =  0.001 

𝜎2  

=  0.1 

𝜎2 = 

10 
 

𝜎2  

=  0.001 
𝜎2  =  0.1 

𝜎2 = 

10 

LO-LO 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.0102 0.3671 0.8826  0.2934 0.4679 1.028 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.0103 0.3824 5.2365  0.2977 4.3107 231.95 

LO-PI 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.0973 1.2220 21.578  1.0236 11.8341 1105.6 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.0974 1.2634 25.273  1.0911 16.4150 1547.8 

PI-LO 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.0151 0.5011 0.8899  0.3066 0.5866 0.909 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.0154 0.5626 7.8094  0.3095 5.6207 204.54 

PI-PI 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.1119 1.2733 27.506  1.0952 11.9137 937.05 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.1119 1.4349 35.514  1.1616 16.3942 1307.9 

MS-

LO 

𝑆𝑆𝐷𝛽𝑀𝑒𝑑
 0.0115 0.4405 0.9769  0.3647 0.5572 1.099 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.0118 0.5459 7.8381  0.4196 7.8784 311.76 

MS-PI 
𝑆𝑆𝐷𝛽𝑀𝑒𝑑

 0.0653 0.6391 22.070  0.5755 12.1577 1192.2 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝛽  0.0349 0.7173 31.174  0.5973 19.4808 1911.1 
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Figure 2.1. Boxplots for 1000 sets of parameter estimates obtained using LO, PI and MS 

approaches for Model 1 when only one new experimental run is designed.  Results are shown for 

the situation with a low correlation factor (𝛾 = 0.1) for the old experiments, a medium noise 

variance (𝜎2 = 0.1) and good initial parameter guesses (𝛃𝟎 = 1.1𝛃𝐭𝐫𝐮𝐞 & 𝐬𝛃 = 0.1𝛃𝟎) 

Although the objective of the A-optimal design is to obtain precise parameter estimates, it 

is also interesting to compare the quality of the model predictions (at settings corresponding to the 

old data values). Table 2.8 shows the median and mean of 𝑆𝑆𝐷𝑌 when the resulting parameter 

estimates for LO, PI and MS approaches are used to obtain model predictions at 𝐗𝐨𝐥𝐝. The results 

in Table 2.8 are for a situation where good parameter initial guesses (i.e., 𝛃𝟎 = 1.1𝛃𝐭𝐫𝐮𝐞 and 𝐬𝛃 =

0.1𝛃𝟎) are available. The green shading in Table 2.8 corresponds to the smallest values of the 

median (𝑆𝑆𝐷𝑌𝑀𝑒𝑑) and mean ( 𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌) for 𝑆𝑆𝐷𝑌. Similarly, the yellow shading corresponds to the 

worst (i.e., largest values) of the median and mean for 𝑆𝑆𝐷𝑌. As shown in Table 2.8, the LO-LO 

approach tends to give model predictions with smallest median and mean values for 𝑆𝑆𝐷𝑌. For 
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some of the situations, model predictions using LO-LO, PI-LO and MS-LO approaches are the 

same on average. MS-PI gives the worst model predictions on average for all situations, and in five 

out of six situations, the model predictions resulting from MS-PI, LO-PI and PI-PI are the same. 

Results obtained using worse initial parameter guesses and higher associated uncertainties gave 

similar trends.83  

Table 2.8. Median and mean values of 𝑆𝑆𝐷𝑌 for Model 1 and Model 2 

  Model 1 

  𝛾 = 0.1  𝛾 = 0.9 

 
 𝜎2  =  0.001 

𝜎2  

=  0.1 
𝜎2 = 10  𝜎2  =  0.001 

𝜎2  

=  0.1 
𝜎2 = 10 

LO-LO 
𝑆𝑆𝐷𝑌𝑀𝑒𝑑

 0.0047 0.17 6.65  0.0034 0.19 6.88 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 0.0052 0.30 20.43  0.0043 0.30 20.33 

LO-PI 
𝑆𝑆𝐷𝑌𝑀𝑒𝑑

 0.0051 0.47 47.40  0.0047 0.47 47.40 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 0.0056 0.51 51.94  0.0052 0.51 51.94 

PI-LO 
𝑆𝑆𝐷𝑌𝑀𝑒𝑑

 0.0047 0.20 7.57  0.0036 0.21 7.60 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 0.0052 0.31 21.04  0.0043 0.31 20.75 

PI-PI 
𝑆𝑆𝐷𝑌𝑀𝑒𝑑

 0.0051 0.47 47.40  0.0047 0.47 47.40 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 0.0058 0.51 51.94  0.0052 0.51 51.94 

MS-LO 
𝑆𝑆𝐷𝑌𝑀𝑒𝑑

 0.0047 0.19 7.20  0.0036 0.20 7.25 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 0.0052 0.31 20.27  0.0043 0.31 20.55 

MS-PI 
𝑆𝑆𝐷𝑌𝑀𝑒𝑑

 0.0058 0.47 47.40  0.0047 0.47 47.40 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 0.0063 0.51 51.94  0.0052 0.51 51.94 

  Model 2 

  𝛾 = 0.1  𝛾 = 0.9 

 
 𝜎2  =  0.001 

𝜎2  

=  0.1 
𝜎2 = 10  𝜎2  =  0.001 

𝜎2  

=  0.1 
𝜎2 = 10 

LO-LO 
𝑆𝑆𝐷𝑌𝑀𝑒𝑑

 0.0047 0.19 7.10  0.00351 0.20 7.13 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 0.0052 0.30 19.50  0.00436 0.31 19.65 

LO-PI 
𝑆𝑆𝐷𝑌𝑀𝑒𝑑

 0.0051 0.47 47.40  0.00474 0.47 47.40 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 0.0057 0.51 51.94  0.00519 0.52 51.94 

PI-LO 
𝑆𝑆𝐷𝑌𝑀𝑒𝑑

 0.0047 0.17 7.12  0.00372 0.18 7.53 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 0.0052 0.28 21.09  0.00457 0.29 20.60 

PI-PI 
𝑆𝑆𝐷𝑌𝑀𝑒𝑑

 0.0051 0.47 47.40  0.00474 0.47 47.40 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 0.0057 0.51 51.94  0.00519 0.52 51.94 

MS-LO 
𝑆𝑆𝐷𝑌𝑀𝑒𝑑

 0.0047 0.20 7.71  0.00354 0.20 7.22 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 0.0052 0.32 19.87  0.00434 0.31 19.98 

MS-PI 
𝑆𝐷𝑌𝑀𝑒𝑑

 0.0054 0.47 47.40  0.00474 0.47 47.40 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 0.0060 0.51 51.94  0.00519 0.52 51.94 
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The procedure above was repeated for selecting an additional new experiment in a 

sequential procedure (i.e., performing an 18th experiment based on information from the old 16 runs 

and the previous new experiment). For this purpose, the parameter estimates obtained from the MC 

simulations described above were used as initial guesses when selecting the new (18th) experiment. 

For this case, the FIM becomes invertible and the resulting parameter estimates for all approaches 

are improved compared to the results in Table 2.6 and Table 2.7 It should be noted that the matrices 

of prior experimental settings used by the LO method tend to be different from the prior settings 

used by PI approach. Therefore, these approaches resulted in different optimal settings for the new 

sequential experiments. The results indicated that the LO-LO approach results in the best parameter 

estimates on average.83   

To investigate whether the conclusions from Table 2.6, Table 2.7, Table 2.8 and Figure 2.1 

above are applicable when designing several sequential experiments at the same time, the 

effectiveness of the various approaches was compared when two new experiments were selected 

(results not shown). Designing two new experiments adds two new rows to the 𝐗 matrix 

simultaneously. For both Models 1 and 2 and all of the 𝐗𝐨𝐥𝐝 settings considered, adding two new 

rows to 𝐗 is sufficient to make the 𝐅𝐈𝐌 invertible. As a result, LO and PI approaches select the 

same experiments, corresponding to the true A-optimal design, giving better parameter estimates 

and model predictions on average than the optimization-free MS approach.83  

In summary, the linear regression models and prior data described in equations (2.13) to 

(2.18) were used to compare the effectiveness of the LO and PI approaches for sequential A-optimal 

design when the 𝐅𝐈𝐌 is noninvertible. These approaches were also compared with a traditional MS 

approach where the modeller selects new experiments at corners of the permissible design space. 

In total, 24 different situations were investigated using 1000 MC simulations each. The LO-LO 

approach gave the best parameter estimates in 20 of 24 situations and the PI-LO approach gave the 

best results in 4 of 24 situations. Both the LO and PI approaches for designing experiments were 
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always better on average than the MS approach, indicating that the A-optimal design using either 

a reduced 𝐅𝐈𝐌 or pseudoinverse of the 𝐅𝐈𝐌 is more effective than selecting experimental settings 

in an ad hoc fashion. The LO and PI design approaches give identical results in situations where 

enough new data can be collected to make the 𝐅𝐈𝐌 invertible. Because the results confirm that the 

LO approach is superior to the PI approach when estimating parameters, the LO method is used for 

parameter selection and estimation in the nonlinear case study.  

2.6 Nonlinear Regression Example 

A nonlinear case study for production of a pharmaceutical agent is considered in this 

section. The main objective of the case study is to illustrate sequential model-based A-optimal 

design for a nonlinear system. A secondary objective is to compare the effectiveness of the LO, 

PI and MS approaches when the FIM is noninvertible. To compare the effectiveness of the 

approaches, 𝑆𝑆𝐷𝜃 (see equation (2.5.1) in Table 2.5) and 𝑆𝑆𝐷𝑌 (see equation (5.2)) are computed 

for each approach. The best approach is considered to be the one that results in the lowest mean 

and median for 𝑆𝑆𝐷𝜃. 

Consider a semi-batch reaction system and associated nonlinear dynamic model that are of 

interest to our industrial sponsor. This system uses a Michael addition reaction scheme for addition 

of an organic component with a carbonyl functional group (the Michael donor) to an organic 

component with a carbon-carbon double bond (the Michael acceptor) using a base catalyst.84 The 

corresponding reaction mechanism is shown in Table 2.9, where 𝐴𝐻 is the Michael donor, 𝐵 is a 

basic catalyst, 𝐶 is the Michael acceptor, 𝑃 is the product and 𝐵𝐻+, 𝐴−, and 𝐴𝐶− are reaction 

intermediates.  

The semi-batch reaction starts (at time 𝑡 = 0) with 𝑉𝑟0 = 59.2 mL of solution containing 

𝐴𝐻 with concentration 𝐴𝐻0 as shown in Figure 2.2. After 15 minutes, a solution containing 𝐵 with 

concentration 𝐵𝑖𝑛 is added to the reactor with a constant flow rate 𝑓𝐵 = 2.6 × 10−3L/min over a 

30 second period. After 50 minutes from the start of the process, a solution containing 𝐶 with 
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concentration 𝐶𝑖𝑛is slowly added to the system with a constant flow rate 𝑓𝐶 = 5.86 × 10−5L/min 

over a period of 210 min.  Finally, a small amount of solvent is added to the system with constant 

flow rate 𝑓𝑆 = 7 × 10−3L/min over a 30 second period to rinse the feed tubing. 

Table 2.9. Michael addition reaction mechanism. 

 

 

Figure 2.2. Reaction steps for Michael addition reaction 

The forward and reverse reaction rates and the kinetic dynamic model for the Michael 

addition reaction are shown in Table 2.10 where 𝐶𝑖 is the concentration of 𝑖th component in the 
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reactor, 𝑘𝑗 is the 𝑗th reaction rate coefficient and 𝐾𝑒𝑞 is the equilibrium constant for reaction 

(2.9.2). The measured responses are the concentrations of AH, B and P over time. 

Table 2.10. Reaction rates and dynamic kinetic model for the Michael addition reaction system 

𝑟1 = 𝑘1𝐶𝐴𝐻𝐶𝐵  (2.10.1) 

𝑟2 = 𝑘2𝐶𝐴−𝐶𝐶 (2.10.2) 

𝑟−2 =
𝑘2

𝐾𝑒𝑞
 𝐶𝐴𝐶− (2.10.3) 

𝑟3 = 𝑘3𝐶𝐴𝐶−𝐶𝐴𝐻 (2.10.4) 

𝑟4 = 𝑘4𝐶𝐴𝐶−𝐶𝐵𝐻+ (2.10.5) 

𝑑𝑉𝑟
𝑑𝑡

= 𝑓 (2.10.6) 

𝑑𝐶𝐴𝐻

𝑑𝑡
= −𝑟1−𝑟3 −

𝑓

𝑉𝑟
𝐶𝐴𝐻 (2.10.7) 

𝑑𝐶𝐵

𝑑𝑡
= −𝑟1+𝑟4 −

𝑓

𝑉𝑟
𝐶𝐵 +

𝑓𝐵 × 𝐵𝑖𝑛

𝑉𝑟
 (2.10.8) 

𝑑𝐶𝐴−

𝑑𝑡
= 𝑟1−𝑟2 + 𝑟−2 + 𝑟3 −

𝑓

𝑉𝑟
𝐶𝐴− (2.10.9) 

𝑑𝐶𝐵𝐻+

𝑑𝑡
= 𝑟1−𝑟4 −

𝑓

𝑉𝑟
𝐶𝐵𝐻+ (2.10.10) 

𝑑𝐶𝐶

𝑑𝑡
= −𝑟2 + 𝑟−2 −

𝑓

𝑉𝑟
𝐶𝐶 +

𝑓𝐶 × 𝐶𝑖𝑛

𝑉𝑟
 (2.10.11) 

𝑑𝐶𝐴𝐶−

𝑑𝑡
= 𝑟2 − 𝑟−2 − 𝑟3−𝑟4 −

𝑓

𝑉𝑟
𝐶𝐴𝐶− (2.10.12) 

𝑑𝐶𝑃

𝑑𝑡
= 𝑟3+𝑟4 −

𝑓

𝑉𝑟
𝐶𝑃  (2.10.13) 

𝑓 = 𝑓𝐶 + 𝑓𝐵 + 𝑓𝑆 (2.10.14) 

𝑦𝐴𝐻 = 𝐶𝐴𝐻 + 𝜀𝐴𝐻 (2.10.15) 

𝑦𝐵 = 𝐶𝐵 + 𝜀𝐵 (2.10.16) 

𝑦𝑃 = 𝐶𝑃 + 𝜀𝑃 (2.10.17) 

Typical values of 𝐴𝐻0, 𝐵𝑖𝑛 and 𝐶𝑖𝑛 are shown in Table 2.11. In the current case study, we 

assume that data are available from an initial experiment conducted using these settings for the 
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decision variables. Figure 2.3 shows a sample dataset obtained from a pharmaceutical production 

experiment, based on the settings in Table 2.11. The estimated standard deviations for the 

measurements are 𝑠𝐴𝐻 = 0.0036 M, 𝑠𝐵 = 0.0016 M and 𝑠𝑝 = 0.017 M, respectively. As shown in 

Figure 2.3, measurements are available for 𝐴𝐻, 𝐵 and 𝑃, but not for 𝐶. In this study, MC 

simulations with the noise levels above are used to generated simulated datasets. True values of the 

kinetic coefficients shown in Table 2.12 are used along with the model in Table 2.10 to generate 

the simulated data. To select new sequential experiments, decision variables are new values for 

𝐴𝐻0, 𝐵𝑖𝑛 and 𝐶𝑖𝑛. In this case study, lower bounds for these three decision variables are set at 1/3 

of the respective values in Table 2.11 and upper bounds are set at three times the respective values 

in Table 2.11. 

Table 2.11. Typical initial conditions and feed stream concentrations 

Decision Variable Values 
 𝐴𝐻0 0.4206   M 

𝐵𝑖𝑛 1.7004   M 
 𝐶𝑖𝑛 1.8271   M 

 

Figure 2.3. Measured concentration profiles for AH, B and P from industrial dataset 
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Consider designing one new dynamic experiment using the A-optimal objective function 

𝐽𝐴 = trace((𝐙𝑇𝐙)−1) while accounting for the prior experimental data shown in Figure 2.4. In this 

situation, the overall scaled sensitivity matrix is 𝐙 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰
] as indicated in equation (2.12). In this 

case study, elements of 𝐙𝐨𝐥𝐝 are computed using difference approximations by solving the model 

equations in Table 2.10 and perturbing the kinetic coefficients one-at-a-time by 5% from the initial 

guesses. This perturbation size was chosen to be large enough that the influence of the perturbations 

is large compared to the small numerical errors that arise when solving the differential equations. 

The lower and upper bounds of the parameters and one set of possible parameter initial guesses are 

shown in Table 2.12. In this study, 100 sets of parameter initial guesses are selected in each MC 

simulation to ensure that the results are reliable for different parameter initial guesses. 

The elements of 𝐙𝐨𝐥𝐝 are scaled using the initial parameter uncertainties 𝑠𝜃𝑗
 and 

measurement uncertainties 𝑠𝑦𝑖
 as shown in equation (2.6). 𝑠𝜃𝑗

 is selected as half of the distance 

between the lower and upper bounds (see Table 2.12) for the jth parameter in the vector of 

parameters 𝛉 = [𝑘1, 𝑘2, 𝑘3, 𝑘4, 𝐾𝑒𝑞]
𝑇
. Values of 𝑠𝑦𝑖

 are set at the corresponding standard deviations 

for the measurements 𝑦𝐴𝐻 , 𝑦𝐵 and 𝑦𝑃. As shown in Figure 2.3, in each experimental run 60 

measurements are collected for each measured component at a variety of time points, resulting in 

180 rows in 𝐙𝐨𝐥𝐝 (i.e., 60 rows for each of the three concentrations). Because there are five kinetic 

coefficients in the vector of parameters, 𝐙𝐨𝐥𝐝 contains five columns:  
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 𝐙𝐨𝐥𝐝 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝜕𝐶𝐴𝐻

𝜕𝑘1

𝑠𝑘1

𝑠𝑦𝐴𝐻

|
𝑡1

  ⋯   
𝜕𝐶𝐴𝐻

𝜕𝐾𝑒𝑞

𝑠𝐾𝑒𝑞

𝑠𝑦𝐴𝐻

|
𝑡1

 

⋮ ⋱ ⋮
𝜕𝐶𝐴𝐻

𝜕𝑘1

𝑠𝑘1

𝑠𝑦𝐴𝐻

|
𝑡60

⋯   
𝜕𝐶𝐴𝐻

𝜕𝐾𝑒𝑞

𝑠𝐾𝑒𝑞

𝑠𝑦𝐴𝐻

|
𝑡60

    
𝜕𝐶𝐵

𝜕𝑘1

𝑠𝑘1

𝑠𝑦𝐵

|
𝑡1

 ⋯   
𝜕𝐶𝐵

𝜕𝐾𝑒𝑞

𝑠𝐾𝑒𝑞

𝑠𝑦𝐵

|
𝑡1

 

⋮ ⋱ ⋮

     
𝜕𝐶𝐵

𝜕𝑘1

𝑠𝑘1

𝑠𝑦𝐵

|
𝑡60

 ⋯   
𝜕𝐶𝐵

𝜕𝐾𝑒𝑞

𝑠𝐾𝑒𝑞

𝑠𝑦𝐵

|
𝑡60

 
𝜕𝐶𝑃

𝜕𝑘1

𝑠𝑘1

𝑠𝑦𝑃

 |
𝑡1

 ⋯
𝜕𝐶𝑃

𝜕𝐾𝑒𝑞

𝑠𝐾𝑒𝑞

𝑠𝑦𝑃

|
𝑡1

⋮ ⋱ ⋮

     
𝜕𝐶𝑃

𝜕𝑘1

𝑠𝑘1

𝑠𝑦𝑃

|
𝑡60

  ⋯  
𝜕𝐶𝑃

𝜕𝐾𝑒𝑞

𝑠𝐾𝑒𝑞

𝑠𝑦𝑃

|
𝑡60]

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

   (2.20)  

Elements of the initial 𝐙𝐧𝐞𝐰 matrix are computed from initial guesses for the decision 

variables, using simulations involving initial guesses for the parameters and the same scaling as for 

the corresponding elements of 𝐙𝐨𝐥𝐝 . When one new dynamic experiment is designed, with 𝑦𝐴𝐻 , 

𝑦𝐵 and 𝑦𝑝  to be measured at 60 sampling intervals, 𝐙𝐧𝐞𝐰 also has 180 rows and five columns. 

Together, 𝐙𝐨𝐥𝐝 and the initial 𝐙𝐧𝐞𝐰 are used to compute the overall scaled sensitivity matrix 𝐙 ∈

𝑅360×5. An optimizer is used to find updated values of the decision variables, which influence the 

elements of 𝐙𝐧𝐞𝐰 (but not 𝐙𝐨𝐥𝐝) thereby influencing the value of 𝐽𝐴. 

Table 2.12. Parameter true values, initial guesses and lower and upper bounds 

 True values Initial guesses Lower bound Upper bound 

𝑘1(M
−1. min−1) 0.012 1 0 10 

𝑘2(M
−1.min−1) 5.5 1 0 10 

𝑘3(M
−1.min−1) 4 1 0 10 

𝑘4(M
−1.min−1) 8 1 0 10 

𝐾𝑒𝑞(M
−1) 62 10 0 100 
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2.6.1 Results and discussion for Michael addition reaction case study 

2.6.1.1 Designing one new experiment 

The procedure shown in Table 2.5 was used to compare the effectiveness of the LO, PI and 

MS approaches for selecting new experiments for this nonlinear model. When designing 

experiments using the LO approach a cut-off value of 106 for the condition number of the 𝐅𝐈𝐌 was 

used to identify problematic parameters that should be left out of 𝐅𝐈𝐌𝐫 in the A-optimal design 

calculations. Similarly, when designing new experiments using the PI approach, any small singular 

value that led to a condition number larger than 106 was fixed at exactly zero, so that equations 

(2.8) and (2.9) could be used to compute the pseudoinverse 𝐅𝐈𝐌∗−𝟏
. This cut-off value was chosen 

somewhat arbitrarily. The default setting for computing pseudoinverses in MATLAB is 10−12 for 

the smallest singular value. We chose to use 106 for the condition number instead to be consistent 

with the cut-off value used when computing 𝐅𝐈𝐌𝐫  in the LO approach. Also, because the elements 

of 𝐙 are computed using numerical solution of ODEs and difference approximations, singular 

values near 10−12 might reflect numerical noise more than reflecting the true influence of the model 

parameters. Therefore, to avoid this problem the condition number of 106 was used as a cut-off 

value for computing the pseudoinverse. 

To compare the effectiveness of the LO, PI and MS approaches, 10 old synthetic datasets 

were generated using the true parameter values in Table 2.12. For each sets of synthetic old data, 

parameters were selected and estimated for use in linearization (i.e., when constructing the scaled 

sensitivity matrix 𝐙 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰
]). Next, for each old dataset, the LO and PI methods were used (see 

Table 2.5) to select A-optimal settings for one new batch experiment (i.e., one set of decision 

variables for each old dataset for each approach). To increase the probability that the optimizer 

converged to the global minimum, eight different corners of the design space shown in Table 2.13 

were used as starting points for the optimizer for both LO and PI approaches. Conditions 
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corresponding the smallest value of  𝐽𝐴  (i.e., with 𝐅𝐈𝐌𝐫
−𝟏 or 𝐅𝐈𝐌∗−𝟏

 in place of 𝐅𝐈𝐌−𝟏) were 

selected. For the MS approach, settings were randomly chosen at corners of the design space shown 

in Table 2.12 (with each decision variable set at either its lower or upper bound). For each set of 

old data and corresponding settings obtained by the LO, PI and MS approaches, 30 simulated new 

datasets were generated (i.e., 300 simulated datasets overall for each approach). After performing 

the new simulated experiments, the LO approach for parameter estimation was used in all cases 

(see Table 2.4) and 𝑆𝑆𝐷𝜃 and 𝑆𝑆𝐷𝑌 were computed for each approach.  

Table 2.13. Eight different initial guesses for decision variables used as starting points for the 

optimizer to find A-optimal settings for LO and PI approaches and to find comparator settings for 

MS approach 

Corners # 𝐴𝐻0 𝐵𝑖𝑛 𝐶𝑖𝑛 

1 0.1402 0.5668 0.6090 

2 1.2618 0.5668 0.6090 

3 0.1402 5.1012 0.6090 

4 1.2618 5.1012 0.6090 

5 0.1402 0.5668 5.4813 

6 1.2618 0.5668 5.4813 

7 0.1402 5.1012 5.4813 

8 1.2618 5.1012 5.4813 

Table 2.14 shows the most commonly selected A-optimal settings based on the LO and PI 

approaches. Using the old data set alone to select and estimate parameter, parameters 𝑘4 and 𝐾𝑒𝑞 

were left out of the ranked list and the estimation. After designing one new experiment using the 

LO approach, 𝐾𝑒𝑞 was the only left-out parameter. For the PI approach, two singular values were 

set to zero because of the cut off on the condition number. As shown in Table 2.14, the experiments 

selected using the LO and PI approaches are quite different. The reason for this difference is 

because the LO approach focuses on the four most influential parameters (i.e., 𝑘1, 𝑘2, 𝑘3, 𝑘4 ) and 

fixes 𝐾𝑒𝑞 at its initial guess. However, the PI approach focuses on the three largest singular values 

of the FIM which depend on all five parameters. It is interesting that the corners of the design space 
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were not selected by either the LO or PI approach, presumably due to the nonlinearity of the model. 

Note that the MS approach does not involve any optimization and the selected settings are not 

shown in Table 2.14.   

Table 2.14. Most common A-optimal setting obtained from LO and PI approaches 

 A-optimal settings 

 LO PI 
 𝐴𝐻0 0.9807 M 0.9198 M 

𝐵𝑖𝑛 0.6544 M 1.2421 M 
 𝐶𝑖𝑛 4.9936 M 5.0628 M 

The sum of squared deviations of the parameter estimates from their true values, 𝑆𝑆𝐷𝜃, 

and of the model predictions from their noise-free values, 𝑆𝑆𝐷𝑌, were computed for the each of 

300 MC simulations for all three approaches. Table 2.15 and Figure 2.4 summarize the results for 

𝑆𝑆𝐷𝜃 for all approaches. The LO approach results in the best parameter estimates, on average with 

the smallest median and mean values for 𝑆𝑆𝐷𝜃 compared to the other approaches. For the PI 

approach, variability in parameter estimates is smaller than for the other two approaches. The 

results for LO and PI approaches are superior to those for the MS approach, on average, indicating 

that designing A-optimal experiments using the LO or PI approach leads to better parameter 

estimates, on average, compared to the MS approach for the current example. 

Table 2.15. Parameter estimation results for the LO and PI approaches for designing one new 

experimental  

 LO-LO PI-LO MS-LO 

𝑆𝑆𝐷𝜃,𝑀𝑒𝑑 0.0612 0.0747 0.2072 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝜃 0.0994 0.1086 0.2873 
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Figure 2.4. Box plots for 300 sets of 𝑆𝑆𝐷𝜃 results obtained using the settings selected for LO, PI 

and MS approaches 

Resulting model predictions are compared using the 𝑆𝑆𝐷𝑌 criterion in Table 2.16 and 

Figure 2.5. Based on these results, the LO approach gives the smallest median and mean values for 

𝑆𝑆𝐷𝑌 compared to the other approaches and the MS approach gives the worst results on average. 

These results suggest that, for situations with noninvertible FIMs, it is advantageous to design 

sequential experiments using either 𝐅𝐈𝐌𝐫
−𝟏 or 𝐅𝐈𝐌∗−𝟏

  rather than simply picking the corners of 

the design space as new settings to obtain informative data.  

Table 2.16. Model prediction results for the LO and PI approaches for designing one new 

experimental setting 

 LO-LO PI-LO MS-LO 

𝑆𝑆𝐷𝑌,𝑀𝑒𝑑 1.5664 2.5299 3.4852 

𝑆𝑆𝐷̅̅ ̅̅ ̅
𝑌 2.1821 3.1114 4.3777 
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Figure 2.5. Box plots for 300 sets of 𝑆𝑆𝐷𝑌 obtained using the settings selected for LO, PI and MS 

approaches 

2.6.1.2 Designing two new experiments simultaneously  

The effectiveness of LO, PI and MS approaches were also investigated when designing 

two new experiments. In this situation, the overall 𝐙 matrix consists of three parts 𝐙 = [

𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰,𝟏

𝐙𝐧𝐞𝐰,𝟐

], 

where 𝐙𝐨𝐥𝐝 corresponds to the old experimental settings shown in Table 2.11 and 𝐙𝐧𝐞𝐰,𝟏 and 𝐙𝐧𝐞𝐰,𝟐 

correspond to the two new experimental runs which are selected simultaneously by optimizer. 

Similar, to designing one experiment, the corners of the design space are chosen as starting points 

for the optimizer (see Table 2.5). After obtaining two new experiments for all three approaches, 

300 simulated datasets were generated, and parameters estimated. For parameter estimation, 𝑘4 

was left out using the orthogonalization method (see Table 2.2) for all three approaches. Next, the 

Wu’s 𝑟𝑐𝑐 critical ratio (see Table 2.3) was used to decide on the number of parameters to estimate 

from the ranked list. The resulting median and mean for 𝑆𝑆𝐷𝜃 for all approaches became smaller, 

as expected, indicating that the quality of the parameter estimates improves as more data are 

available for parameter estimation. Similar to designing one new experiment, the LO approach was 
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superior, on average, to the two other approaches for both parameter estimation and model 

predictions when the FIM is noninvertible (not shown).  

The LO and PI approaches were also compared for situations where all four responses (i.e., 

AH, B, C and P) were measured and included when constructing the 𝐙 matrix. In this situation the 

𝐅𝐈𝐌 is invertible. As a result, the LO approach did not leave any parameters out of the design 

procedure. Also, the PI approach used the actual inverse of the FIM. Therefore, the optimal settings 

obtained by LO and PI were the same, as shown in Table 2.17. 

Table 2.17. A-optimal settings obtained for LO and PI approaches when the 𝐅𝐈𝐌 is invertible 

 A-optimal settings 

 LO PI 
 𝐴𝐻0 0.8163 M 0.8168 M 

𝐵𝑖𝑛 1.9255 M 1.9225 M 
 𝐶𝑖𝑛 5.4786 M 5.4687 M 
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Chapter 3 

Sequential Model-Based A- and V-Optimal Design of Experiments for 

Building Fundamental Models of Pharmaceutical Production 

Processes†* 

3.1 Summary 

Sequential model-based A- and V-optimal experimental designs are known to be effective 

for maximizing the information content of data, leading to reliable parameter estimates and model 

predictions. A- and V-optimal designs require inversion of the Fisher Information Matrix (FIM), 

which may be noninvertible especially for fundamental models with many parameters. In this study, 

two different methodologies for selecting sequential approximately A- and V-optimal experiments 

are compared for situations where the FIM is noninvertible. The first approach, called Leave Out 

(LO) approach, finds and leaves out problematic parameters that make the FIM noninvertible and 

the second approach, called Pseudoinverse (PI) approach, uses a Moore-Penrose pseudoinverse of 

the FIM. Comparisons are carried out using a Michaelis Menten reaction dynamic model for 

production of a pharmaceutical agent. Monte Carlo simulations indicate, for both A- and V-optimal 

situations, that designed experiments using the LO approach are superior to designs obtained by 

the PI approach. 

  

                                                      

*Shahmohammadi, A.; McAuley, K. B. Sequential Model-Based A- and V-Optimal Design of 

Experiments for Building Fundamental Models of Pharmaceutical Production Processes. Comput. 

Chem. Eng. 2019. 
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3.2 Introduction 

Application of mathematical models for chemical and pharmacological processes is 

widespread since they can provide valuable information for process design and simulation.1 

Especially in pharmaceutical production processes, mathematical models offer crucial information 

at multiple stages in the drug development and scale-up the process, thereby saving time and effort. 

Empirical models are commonly used to aid the development of pharmaceutical production 

processes by providing equations that link experimental inputs to the outputs of interest.2–6 The 

main disadvantage of the empirical models is that they are usually not suitable for obtaining 

predictions for dynamic process behavior nor for predicting behavior outside the range of 

experimental conditions used in model development. For this reason, mechanistic (fundamental) 

models developed based on the physics and chemistry of the system are more desired.2,7 

Fundamental models play a key part in the Quality by Design (QbD) paradigm.5,6,8,9 QbD 

requires systematic incorporation of scientific knowledge and risk assessment principles to develop 

pharmaceutical products that lie within the acceptable predefined range required for patient 

safety.8–10. Mechanistic models are also used by pharmaceutical companies to develop continuous 

manufacturing processes, which are replacing traditional batch processes.9,11,12 Having predictive 

models that can relate process inputs (i.e., raw material attributes) to the model outputs (i.e., product 

attributes) is advantageous because models can be used for valuable quantitative risk assessments 

are multiple stages of the drug production process.12 Application of fundamental models for a 

variety of pharmaceutical processes has been discussed by several researchers.5,11,13–16 For example, 

Hallow et al., (2010) developed a fundamental model to describe lactamization and ethanolysis 

reactions in a pharmaceutical production process.5 Benyahia et al., (2012) developed a plant-wide 

fundamental model for a continuous pharmaceutical manufacturing process with several unit 
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operations.11 Poós and Szabó (2017) developed a fundamental model to investigate the effects of 

operating parameters that influence simultaneous heat and mass transfer in a fluidized bed dryer.13  

Fundamental models of chemical or biochemical processes often contain many unknown 

parameters that require estimation using informative experimental data.17 It is advantageous to 

carefully select experimental settings using a formal experimental design technique prior to 

performing new experiments.18 A variety of model-based design of experiment (MBDoE) 

techniques has been developed to assist modelers in selecting experiments that maximize the 

information content of the data.19 Most common MBDoE techniques (e.g., A-, D- and E- optimal 

designs) have been developed to improve the quality of the parameter estimates,20 while other 

techniques (e.g., G- and V- optimal designs) assist modelers in improving the quality of model 

predictions at desired operating conditions.21 There are also MBDoE techniques (e.g., T-optimal 

design) aimed at model discrimination (i.e., to select the best model among several rival models).22 

Using MBDoE techniques is advantageous because they take into account the structure of the 

model as well as parameters and measurement uncertainties when selecting new experiments.23,24 

Using MBDoE, it is straightforward to select any number of experiments that match available 

resources for experimentation.25 

Conventional MBDoE techniques involve solution of nonlinear constrained optimization 

problems to minimize uncertainties in parameter estimates or model predictions.20 As indicated by 

the objective functions in Table 3.1, these MBDoE calculations rely on the inverse of the Fisher 

Information Matrix (FIM).26,27 The FIM plays a significant role in MBDoE and parameter 

estimation problems because it carries information about how the model predictions are affected 

by changes in parameter values.26,28 For models that are linear in the parameters, the FIM is 

independent of the parameter values. However, for nonlinear models (which are commonly used to 

describe chemical and biochemical systems), the FIM is computed based on linearization of the 

model around its parameter values.18,19,29–31 Since the true parameter values are unknown, estimated 
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or assumed parameter values are used. If parameter values used for linearization differ too much 

from their true values, the selected experimental settings obtained using MBDoE might be 

ineffective.32 To avoid this problem, experiments can be designed and performed sequentially to 

update parameter values and experimental protocols (e.g., changes in the bounds of the design 

space) as new experimental information becomes available.33 Sequential MBDoE is also appealing 

because it provides an opportunity to incorporate information from any old experimental data that 

may have been collected for other purposes. These old data may contain limited, but helpful, 

information to aid parameter estimation and design of new experiments.32,34 

Table 3.1 Optimality criteria for model-based design of experiments20–22,26,27,35 

Optimality Criterion Description Eq. # 

𝐽𝐴 = trace((𝐅𝐈𝐌)−1) 
A-optimal design minimizes total parameter 

variance. 
(3.1.1) 

𝐽𝐷 = det((𝐅𝐈𝐌)−1) 
D-optimal design minimizes the volume of the joint 

confidence interval for the parameters. 
(3.1.2) 

𝐽𝐸 = 𝜆𝑚𝑎𝑥(𝐅𝐈𝐌−1) 

E-optimal design minimizes the largest eigenvalue 

of the FIM, thereby minimizing the uncertainties in 

the worst-case direction in the parameter space. 

(3.1.3) 

𝐽𝐺

= max (diag(𝐖(𝐅𝐈𝐌)−1𝐖𝐓)) 

G-optimal design minimizes the maximum 

variance of model predictions at user-specified 

operating conditions of interest, specified using a 

matrix 𝐖. This is equivalent to minimizing the 

largest value of the diagonal elements of 

𝐖(𝐅𝐈𝐌)−1𝐖𝐓. 

(3.1.4) 

𝐽𝑇 = −trace((𝐅𝐈𝐌)−1) 

T-optimal is used to discriminate between two rival 

models by treating one model as the true model. 

The selected experiments maximize the sum of 

squares of lack of fit for the second model. 

(3.1.5) 

𝐽𝑉 = trace(𝐖(𝐅𝐈𝐌)−1𝐖𝐓) 

V-optimal design minimizes the total variance of 

model predictions at user-specified operating 

conditions of interest, which are specified using 

matrix 𝐖. This is equivalent to minimizing the 

trace of 𝐖(𝐅𝐈𝐌)−1𝐖𝐓. 

(3.1.6) 

Model users are often interested in using mathematical models to predict system responses 

over a region of interest.24 As shown in Table 3.1, G- and V-optimal designs focus on selecting 

experiments for obtaining accurate predictions at operating condition specified by the modeler. 
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These important settings, where reliable predictions are desired, are specified using the matrix W. 

G-optimal design minimizes the maximum variance of the model predictions and V-optimal design 

minimizes the total variance of the model predictions at the settings of interest.21,24 In this way, G-

optimal design selects experiments to improve the worst-case model predictions at conditions 

specified by the matrix W. By contrast, V-optimal design selects experiments to improve the model 

predictions for all settings of interest in the W matrix.24 There are relatively few applications of G- 

and V-optimal designs in the literature.21,36–39 Wong (1994) compared G-optimal design with A-, 

D- and E-optimal designs for a variety of polynomial models.38 Liu and Neudecker (1995) and 

Goos & Syafitri (2014) designed V-optimal experiments for predicting properties of mixtures of 

several components.21,36 Francois et al. (2004) used G- and V- optimal designs for a univariate 

nonlinear calibration model.37 Sequential model-based V-optimal design was used by Thompson 

et. al, (2010) to obtain accurate model prediction for the molecular-weight-distribution of ethylene 

copolymers produced using Ziegler-Natta-catalyzed.40 In the this thesis, V-optimal design is 

considered for selecting experimental settings in a pharmaceutical production process where there 

is a desire to reduce the variance of model predictions at settings of interest. To reduce parameter 

variance, we will also consider A-optimal designs, which have been more widely used.26,27,32,41–43  

Obtaining A- and V-optimal experimental settings, using objective functions (3.1.1) and 

(3.1.6), requires an invertible FIM. However, for complex chemical and biochemical models with 

many unknown parameters, the FIM may not be invertible.40–53 A singular FIM causes problems 

in both designing experiments and parameter estimation.54 Reasons for a noninvertible FIM are 

problems with i) structural identifiability and ii) practical identifiability. A structural identifiability 

problem arises when the model is not well-structured so that unique estimates for the parameters 

cannot be obtained, even using a large quantity of noise-free data with well-designed 

experiments.55,56 Structural identifiability issues can be addressed by obtaining new types of 

observations and by updating the model structure to include these observed responses. Also, the 
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model can be reformulated or reparameterized to remove the non-identifiable parameters.57–60 

Several different approaches have been developed to investigate structural identifiability problems 

including: a Taylor-series-expansion approach,61 a generating-series approach,62 a similarity 

transformation approach,63 and a differential algebra approach.55,64 Practical identifiability (also 

known as estimability) problems result from using insufficient experimental data during parameter 

estimation.57,65 A simple approach for investigating estimability is to check if the FIM is of full 

rank.65 If the rank of the FIM is lower than the number of parameters, the parameters cannot be 

estimated uniquely using the available experimental data.66 Conducting more experiments may 

resolve estimability problems.57 Note that the current thesis focuses mainly on problems of practical 

identifiability (estimability). 

A noninvertible FIM arises in many chemical, biochemical and pharmacological systems 

because experimental data may be limited and the models are often complex with a large number 

of unknown parameters (e.g., 10-80 parameters).8,40,44–46,48–53,67–70 Several studies have addressed 

the problem of a noninvertible FIM when designing experiments using MBDoE.40–43,45,71 Common 

approaches include parameter subset selection e.g.,72–74 pseudoinverse methods e.g.,75–77 Tikhonov 

regularization e.g.,78–81 and Bayesian approaches e.g.82–84.  In a recent study, we considered the 

problem of a noninvertible FIM when selecting A-optimal settings using several case studies 

including a nonlinear dynamic model of a pharmaceutical production process.85 We compared the 

effectiveness of two approaches: i) use of a Moore-Penrose pseudoinverse (PI) of the FIM in place 

of  𝐅𝐈𝐌−𝟏 when optimizing objective function in equation (3.1.1) and ii)  use of a parameter-subset 

selection technique to find problematic parameters, which are left out of the optimization, resulting 

in a reduced FIM, 𝐅𝐈𝐌𝐫. These case study results suggest  that A-optimal MBDoE using 𝐅𝐈𝐌𝐫 

leads to better parameter estimates than the Moore Penrose PI. One shortcoming of our previous 

study is that the investigations were carried out on simple models (i.e., linear models and a 
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relatively simple nonlinear example). Further investigation on more complicated nonlinear models 

is required to validate the results. 

To our knowledge, there are no studies that address the problem of noninvertible FIM 

when selecting sequential V-optimal settings. An investigation into how to handle a singular FIM 

during V-optimal design is conducted in the current study. We are also interested to find out if it is 

better to fix problematic parameters (LO approach) at their nominal values to avoid creating an ill-

conditioned problem or if it is better to use Pseudoinverse (PI approach) to address ill-conditioning 

during sequential MBDOE.  Therefore, the two main objectives of the current study are i) to use a 

more complicated pharmaceutical model to test conclusions from our previous study on how to 

handle noninvertible FIMs during A-optimal design and ii) to investigate the effectiveness of PI 

and LO methodologies for selecting sequential V-optimal settings when the FIM is noninvertible. 

In addition, we compare the resulting A-optimal and V-optimal experimental designs to explore 

the benefits of V-optimal designs when accurate predictions are desired. The fundamental dynamic 

model investigated in this study is based on the system described by Domagalski et al. (2015),2 

which uses Michaelis−Menten kinetics and enzyme-catalyzed reactions86 of interest to our 

industrial sponsor. 

First, background information regarding the FIM and sequential A- and V-optimal design 

are presented. Next, details of the parameter-subset selection and Moore Penrose PI are provided, 

along with the procedure used for comparing the LO and PI approaches. The pharmaceutical case 

study and the corresponding dynamic model are then presented. Results obtained using Monte 

Carlo (MC) simulations are provided, revealing that the LO approach is superior to the PI approach 

when the FIM is noninvertible, for both A- and V-optimal designs. Finally, results for A-optimal 

and V-optimal designs are compared with results from a more traditional approach where the 

modeler selects conditions from the corners of the permissible operating space.   

 



 

72 

 

 

3.3 Background Information 

3.3.1 Fisher Information Matrix for Nonlinear Models 

Consider a nonlinear model of the form: 

𝐘 = 𝐠(𝐝, 𝛉) + 𝛆        (3.1) 

where 𝐘 ∈  𝐑𝑁 is a vector of stacked measured responses obtained from experimentation, g is the 

solution of a set of algebraic or differential equations that describe the behavior of the experiments, 

𝐝 ∈ 𝐑𝑟×𝐷 is a matrix of experimental settings (for 𝑟 runs with 𝐷 decision variables specified for 

each run). 𝛉 ∈ 𝐑𝑝 is the vector of model parameters and 𝜺 ∈ 𝐑𝑁 is the vector of random 

measurement noise, which is assumed to have a diagonal covariance matrix 𝚺 ∈ 𝐑𝑁×𝑁. Note that, 

for dynamic multi-response models with 𝑛 sampling times per run and 𝑣 response variables, the 

total number of data values is 𝑁 = 𝑛𝑣𝑟. A complete list of symbols and acronyms is provided in 

the nomenclature section at the end of the manuscript. 

Computation of the FIM for nonlinear models in the form of equation (3.1) depends on a 

parametric sensitivity matrix S ∈ 𝐑𝑁×𝑝. The elements of S:  

𝑆𝑖𝑗 =
𝜕g(𝐝,𝛉)

𝜕𝜃𝑗
|
𝜃𝑘≠𝑗

        (3.2)  

matrix may be obtained by linearizing the model around its initial parameter guesses 𝛉𝟎 ∈ 𝐑𝑝. 

Elements of S are scaled using measurement uncertainties and parameter uncertainties  to form a 

scaled local sensitivity matrix Z with elements 87: 

𝑍𝑖𝑗 = 𝑆𝑖𝑗

𝑠𝜃𝑗

𝑠𝑦𝑖

.         (3.3) 

The scaling factor 𝑠𝑦𝑖
 is a user-specified uncertainty for the 𝑖th measurement, which might be 

obtained from replicated experiments. Similarly, 𝑠𝜃𝑗
 is a user-specified uncertainty for the initial 

guess of the 𝑗th parameter.  Based on the modeler’s knowledge or assumption about what values 

might be reasonable.40 As such, a small value of 𝑠𝜃𝑗
 indicates that the modeler is confident about 



 

73 

 

the initial guess for the 𝑗th parameter. Scaling the elements of the sensitivity matrix is advantageous 

because it accounts for the modeler’s level of confidence about measurements and initial parameter 

guesses and it makes the elements of the sensitivity matrix dimensionless.87 The FIM can be 

computed from the scaled sensitivity matrix: 

𝐅𝐈𝐌 = 𝐙𝑇𝐙         (3.4) 

When designing sequential model-based optimal experiments, Z contains two parts: 

𝐙 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰
]         (3.5) 

where 𝐙𝐨𝐥𝐝 corresponds to experimental settings and data from old experiments. The elements of 

𝐙𝐧𝐞𝐰  depend on the settings for new sequential experiments that will be designed. As a result,  𝐙𝐨𝐥𝐝 

(which contains 𝑁𝑜𝑙𝑑 = 𝑛𝑜𝑙𝑑𝑣𝑜𝑙𝑑𝑟𝑜𝑙𝑑 rows and 𝑝 columns) is fixed during sequential MBDoE and 

elements of  𝐙𝐧𝐞𝐰 are determined based on the new experimental settings obtained by optimizer.  

The W matrix for V-optimal design is a scaled sensitivity matrix obtained based on 

operating the conditions of interest to the modeler. The elements of W are: 

𝑊𝑖𝑗 =
𝜕g(𝐝𝐰,𝛉)

𝜕𝜃𝑗

𝑠𝑦𝑖

𝑠𝜃𝑗

|
𝜃𝑘≠𝑗

        (3.6) 

where the 𝐝𝐰 ∈ 𝐑𝒓𝒘×𝑫 is the matrix of operating conditions of interest for  𝑟𝑤 sets of operating 

conditions at which accurate predictions are desired. 

To obtain a sequential A- or  V-optimal design, the optimizer selects values of the operating 

conditions that minimize 𝐽𝐴 = trace(𝐅𝐈𝐌−1) = trace((𝐙𝑇𝐙)−1) or 𝐽𝑉 =

trace(𝐖(𝐅𝐈𝐌−1)𝐖𝐓) = trace(𝐖(𝐙𝑇𝐙)−1𝐖T). When designing experiments using several 

sequential in steps, the sensitivity matrix 𝐙𝐨𝐥𝐝 is updated after each round of experiments to include 

additional rows resulting from the most recent experiments. It is also common to update 𝐙𝐨𝐥𝐝 by 

re-linearizing around the improved parameter values obtained using the full sets of experiments to 

date.   
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3.3.2 Approaches for dealing with a noninvertible FIM for parameter estimation  

 When the FIM is noninvertible only a subset of the model parameters can be estimated 

uniquely.41,74,88,89 In this situation, the modeler may find problematic parameters that lead to 

noninvertiblity and fix them at their nominal values, so that the remaining (nonproblematic) 

parameters can be estimated. The problem of finding the subset of parameters that can be and 

should be estimated has long been of interest to many research groups.72,89–95 An orthogonalization-

based ranking approach (see Table 3.2) developed by Yao et al. and Thompson et al.87,89 has been 

used by many researchers e.g.47,74,96–102. This orthogonalization approach ranks parameters from 

most-estimable to least-estimable to find the problematic parameters that make the FIM 

noninvertible. 

Steps used in the orthogonalization-based parameter ranking methodology are shown in 

Table 3.2. In step 1, the magnitude (i.e., sum of squares) of each column of Z is computed. In step 

2, the parameter that corresponds to the column with the largest magnitude is selected as the most-

estimable parameter. This column is put into the matrix 𝐗𝑘 (i.e., 𝑘 = 1 for the first iteration). In 

step 3, using equation (3.2.1), the columns of the Z matrix are regressed onto columns of 𝐗𝑘 . 

Residual matrix 𝐑𝑘 is computed using equation (3.2.2) to remove correlation between unranked 

parameters, and parameters that have been already ranked.  In step 4, magnitudes of the columns 

of 𝐑𝑘 are computed and the parameter corresponding to the column with the largest magnitude is 

selected as the next-most-estimable parameters. In step 5, 𝐗𝑘is augmented by including the column 

from Z corresponding to this parameter, resulting in 𝐗𝑘+1. Steps two to five are continued for 𝑘 =

2,3, . . 𝑝 to produce a ranked list of up to 𝑝 parameters. The ranking procedure stops after the 

iteration when 𝐗𝑘
𝑇𝐗𝑘 (i.e., the reduced FIM) becomes noninvertible. Problematic parameters (those 

that are unranked when the invertibility problem occurs) tend to be parameters that have small 

influence on model predictions of the available (or proposed) data, have effects that are correlated 

with those of other parameters, or have values that are well known by the modeler (i.e., parameters 
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with relatively small 𝑠𝜃𝑗
). Unranked parameters can be fixed at their nominal values or can be 

removed from the model via simplifying assumptions.57,87  

The orthogonalization-based ranking approach is helpful for avoiding numerical problems 

during parameter estimation. Nevertheless, estimating all of the ranked parameters may lead to 

overfitting of the available data.72,73,103 When a model suffers from overfitting, it may give an 

acceptable fit to the data but could lead to poor predictions for new settings that are not used during 

parameter estimation.72 To avoid overfitting and to obtain accurate model predictions, Wu et 

al.(2011) developed a mean-squared-error (MSE) parameter subset selection criterion.103 Table 2.3 

and Table 2.4 in Chapter 2 showed the detailed procedure for computing Wu’s critical ratio, 𝑟𝑐𝑐, 

and using it (along with the orthogonalization algorithm in Table 3.2) to select a subset of 

parameters that should be estimated. The parameter subset with the smallest value of the 𝑟𝑐𝑐 is the 

one that is expected to give predictions with the smallest MSE (at conditions where experimental 

results are available). The methodology in Table 2.3 and Table 2.4 in Chapter 2 has been used for 

parameter subset selection and estimation in variety of models (e.g.,  Cui et al., 2015; Woloszyn et 

al., 2013; Karimi, Schaffer and McAuley, 2012; Cui et al., 2013; Zhao et al., 2013) and will be 

used as a part of current study. 

A common alternative to parameter subset selection for avoiding a noninvertible FIM 

during parameter estimation is to use a pseudoinverse (PI) of the FIM. The Moore Penrose PI, 

𝐅𝐈𝐌∗−1
, which is the most popular PI in the statistics literature (e.g., Greville, 1959; Rao, 1966; 

Nayak and Foudriat, 1974; Eldén, 1982; Li and Yeh, 2012) is computed using: 

𝐅𝐈𝐌 = 𝐔𝐒𝐕 = [𝐮1 𝐮2] [
𝐬1 0
0 0

] [𝐯1 𝐯2]       (3.7) 

𝐅𝐈𝐌∗−1 = 𝐮1𝐬1
−1𝐯1         (3.8) 

where 𝐮1 and 𝐯1 correspond to nonzero singular values (i.e., 𝐬𝟏) of the FIM and 𝐮2 and 𝐯𝟐 

correspond to zero or very small (smaller than a predefined threshold) singular values of the FIM. 
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Other methods to address a noninvertible/singular FIM include using Bayesian approaches e.g.,83 

or Tikhonov regularization approaches (e.g., LASSO estimation or ridge regression78,79).  

Table 3.2. Orthogonalization algorithm 87,89 

7. For each column of scaled sensitivity matrix 𝐙, compute the sum of squares (i.e., the 

Euclidean norm). Select the column with the largest magnitude as the most estimable 

parameter. Set 𝑘  =  1. 

8. Construct the matrix 𝐗𝑘 by including the 𝑘 selected columns from 𝐙 that correspond to 

parameters that have been ranked. 

9. Use 𝐗𝑘 to predict columns in 𝐙 using ordinary least squares: 

�̂�𝑘 = (𝐗𝑘
𝑇𝐗𝑘)

−1
𝐗𝑘

𝑇𝐙 (3.2.1) 

       and calculate the residual matrix: 

𝐑𝑘 = 𝐙 − �̂�𝑘 (3.2.2) 

10. Calculate the magnitude of each column in 𝐑𝑘. The (𝑘 + 1)th-most estimable parameter 

corresponds to the column in 𝐑𝑘 with the largest magnitude. 

11. Put the columns corresponding to the 𝑘 + 1 parameters that have been ranked in the matrix 

𝐗𝑘. 

12. Advance the iteration counter 𝑘 by one and repeat Steps 2–5, until all parameters are ranked 

or until it is impossible to perform the least-squares prediction of 𝐙 in step 3 due to matrix 

singularity. 

In the current thesis, the methodology shown in Table 3.2 is adapted for use in sequential 

A-and V-optimal designs, to deal with the noninvertible FIM. As in our recent work, this approach 

is called the LO approach, and the effectiveness of the LO approach for MBDoE is compared with 

a Moore-Penrose-based PI approach. Often modelers might be interested in estimating the full sets 

of parameters, however, due to estimability (and possibly structural identifiability) problems, it 

might be impossible to estimate all of the parameters using the available dataset. In this situation, 

modelers might be interested in getting more informative data. The LO and PI approaches can help 

with sequential MBDoE to obtain data that will lead to better parameter estimates and model 

predictions even if the full set of parameters cannot be estimated uniquely using the new data. After 

obtaining new data and estimating a large subset of parameters, modelers may decide to fix the 

remaining parameters at their nominal values or to remove them by simplifying the model.  
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3.4 Procedure for Comparing the LO and PI Approaches 

Table 3.3 summarizes how MC simulations are used in this study to compare the LO and 

PI approaches. The first step is to generate simulated old experimental data. Next, a subset of the 

parameters is estimated from the old data.  In step 3, initial guesses for the decision variables and 

the parameter estimates from step 2 are used to form an initial 𝐙𝐧𝐞𝐰 matrix, 𝐙𝐧𝐞𝐰𝟎, and 𝐙𝟎 =

[
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰𝟎
]. In step 4, the LO approach is used to design sequential A- or V-optimal experiments based 

on the reduced FIM, 𝐅𝐈𝐌𝐫. Note that for V-optimal design a reduced W matrix, 𝐖𝐫, is also 

constructed based on the ranked (nonproblematic) parameters. In step 5, the PI approach is used to 

select approximate A- or V-optimal settings. In step 6, simulated data are generated for the settings 

obtained from the LO and PI approaches. In step 7, parameters are estimated using the simulated 

data (old and new) for both approaches and 𝑆𝑆𝐷𝜃 and 𝑆𝑆𝐷𝑌𝑊
 are computed for each approach 

using equations (3.3.1) and (3.3.2). Steps 1 to 7 are repeated 100 times (i.e., starting from 100 

different old simulated datasets) so that boxplots can be constructed for the values of 𝑆𝑆𝐷𝜃 and 

𝑆𝑆𝐷𝑌𝑊
, to compare the effectiveness of the LO and PI approaches. The reason for repeating the 

procedure 100 times is that we found 100 times is sufficient to show clear patterns in the behavior 

of the two approaches so that informed decisions can be made. A larger number of MC simulations 

could be conducted but would require additional computational expense, especially for the 

nonlinear parameter estimations. 

𝑆𝑆𝐷𝜃 in equation (3.3.1) is a measure of closeness of parameter estimates to their 

corresponding true values (used to generate the simulated data). This criterion is related to the A-

optimality criterion and, as such, is useful for comparing the effectiveness of the LO and PI 

approaches for A-optimal design when the FIM is noninvertible. Similarly, 𝑆𝑆𝐷𝑌𝑊
 is a measure of 

how close the model predictions are to the noise-free system outputs at the conditions of interest. 

This criterion is related to the V-optimality criterion and, as such, is useful for comparing the 

effectiveness of the LO and PI approaches for V-optimal design.  Note that, in real experimental 
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design situations, true parameter values are unknown, and the modeler designs new sequential 

experiments only once. The MC simulation results in the current article are valuable because they 

shed light on which approach, i.e., LO or PI, would be better on average for selecting new 

experimental conditions. 

Table 3.3. Procedure for comparing the effectiveness of LO and PI approaches for designing 

sequential A- and V-optimal experiments 

3. Use MC simulations to generate simulated data for old experimental settings (i.e., settings 

corresponding to 𝐙𝐨𝐥𝐝), using the true parameter values 𝛉𝐭𝐫𝐮𝐞 and noise variance 𝜎𝑖
2 . 

4. Estimate parameters from the old synthetic data using the orthogonalization + 𝑟𝑐𝑐 method in 

Table 2.4 in Chapter 2. 

5. Use the parameter estimates from step 2 and initial guesses for the decision variables to 

construct 𝐙𝐧𝐞𝐰𝟎 as well as 𝐙𝟎 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰𝟎
], where  𝐙𝐨𝐥𝐝.  

6. LO method: Rank parameters using the orthogonalization method in Table 3.2 and 𝐙𝟎. 

Ranking stops when 𝐗𝐤
𝐓𝐗𝐤 (in step 2 of Table 3.2) becomes noninvertible (i.e., condition 

number > a user-specified cut-off value). Fix the remaining unranked (problematic) 

parameters at their initial values. Form the reduced sensitivity matrix 𝐙𝐫 using the ranked 

parameters and compute 𝐅𝐈𝐌𝐫 = 𝐙𝐫
𝑇𝐙𝐫. 

 A-optimal design: Use 𝐅𝐈𝐌𝐫 in the objective function (3.1.1) in Table 3.1 to select 

approximately A-optimal values of the decision variables.  

 V-optimal design: Form the reduced sensitivity matrix 𝐖𝐫 for the conditions of interests. 

Use 𝐅𝐈𝐌𝐫 and 𝐖𝐫 in objective functions (3.1.6) in Table 3.1 to select approximate V-

optimal values of the decision variables.  

Using the updated 𝐙 matrix, re-rank the parameters and update the list of problematic 

parameters. If the list of left-out parameter changes, update 𝐙𝐫, 𝐅𝐈𝐌𝐫
−𝟏 (and 𝐖𝐫 if applicable) 

and repeat the optimization. Continue until the list of left-out parameters does not change.  

7. PI method: Use 𝐅𝐈𝐌∗−𝟏
 in place of 𝐅𝐈𝐌−𝟏 in objective functions for A- or V-optimal design 

to determine optimal values of the decision variables. A user-specified cut-off for the 

condition number is used to determine the number of singular values considered in 𝐅𝐈𝐌∗−𝟏
. 

8. For each approach (i.e., LO and PI): Use true values of the parameters 𝛉𝐭𝐫𝐮𝐞 and noise 

variances 𝜎𝑖
2 to generate simulated data for the proposed new experiments. 

9. Estimate parameters from available data (old and new) and compute: 𝑆𝑆𝐷𝜃and 𝑆𝑆𝐷𝑌𝑊
 

𝑆𝑆𝐷𝜃 = ( �̂� − 𝛉true)
𝑇
𝚺𝛉

−𝟏( �̂� − 𝛉true)  (3.3.1) 

𝑆𝑆𝐷𝑌𝑊
=  (𝐠(𝐝𝐰, �̂�) − 𝐠(𝐝𝐰, 𝛉𝐭𝐫𝐮𝐞))

𝑇
𝚺−𝟏 (𝐠(𝐝𝐰, �̂�)

− 𝐠(𝐝𝐰, 𝛉𝐭𝐫𝐮𝐞)) 
 (3.3.2) 

where �̂� ∈ 𝑅𝑝 is the vector of estimated parameters (including the fixed values of any 

parameters that were held at initial guesses) and 𝛉𝐭𝐫𝐮𝐞 is vector of true parameter values. 

𝚺𝛉 ∈ 𝐑𝑝×𝑝 is a diagonal matrix containing squared values of the user provided parameter 

uncertainties 𝑠𝜃𝑗
.  

10. Repeat steps 1-7 for 100 MC simulations 
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3.5 Michaelis−Menten Case Study 

3.5.1 Reaction scheme and dynamic model 

The nonlinear dynamic batch-reactor model considered in the current study involves 

Michaelis−Menten kinetics for production of a pharmaceutical agent. The reaction scheme in 

Figure 3.1 was used by Domagalski et al. (2015) to build an empirical model using conventional 

DoE and response surface methodology.2 As shown in Figure 3.1, the reaction scheme starts with 

a reversible reaction between reagent SM1 and catalyst D to generate intermediate SM1 ∙ D. Next, 

intermediate SM1 ∙ D reacts with reagent SM2 to form the product P, releasing the catalyst D. The 

reaction scheme includes formation of four impurities:  product P and SM2 may react to form 

impurity I1, SM1 may hydrolyze due to the presence of water to form I2, catalyst D may deactivate 

with water to form impurity I3, and P may thermally degrade to form impurity I4. Simulated data 

generated by Domagalski et al., are consistent with the fundamental model equations in Table 3.4, 

which describe the time evolution of the reactants and product concentrations in a batch reactor. 

Equations (3.4.11) to (3.4.14) indicate that the concentrations of SM1, D, SM2, and P are measured, 

and these measurements have experimental errors.  

 

Figure 3.1 Reaction scheme for Michaelis−Menten case study 
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Domagalski et al. (2015) reported a simulated dataset resulting from 60 different 

experimental settings selected using three rounds of virtual experimentation (i.e., 16 fractional 

factorial experiments and 4 center-point runs in each round of experimentation). Table 3.5 provides 

the conditions for the center-point experimental run in their first round of experimentation. We 

assume that data from four old replicate runs at these conditions are available to the modeler, so 

these center-point settings are used to construct 𝐙𝐨𝐥𝐝. To reduce the complexity of the modeling 

problem, it is assumed that the volume of the solution and the water content are constant at 𝑉 =

1.0 L and 𝐶𝐻2𝑂 = 0.10 M, respectively. The duration of the simulated batch experiment is 6.0 h 

with measurements taken every 45 minutes, resulting in 9 sampling times, including the initial time 

𝑡 = 0.  As a result, each run involves 4 ×  9 =  36 measured values (i.e., 9 values each for 𝑦𝑆𝑀1, 

𝑦𝐷, 𝑦𝑆𝑀2 and 𝑦𝑃). 

Table 3.4 Dynamic kinetic model 

 d𝐶𝑆𝑀1

d𝑡
= −𝑘1𝑓𝐶𝑆𝑀1𝐶𝐷 +

𝑘1𝑓

𝐾𝑒𝑞
𝐶𝑆𝑀1𝐷 − 𝑘4𝐶𝑆𝑀1𝐶𝐻2𝑂 (3.4.1) 

 

 d𝐶𝐷

d𝑡
= −𝑘1𝑓𝐶𝑆𝑀1𝐶𝐷 +

𝑘1𝑓

𝐾𝑒𝑞
𝐶𝑆𝑀1𝐷 + 𝑘2𝐶𝑆𝑀2𝐶𝑆𝑀1𝐷 − 𝑘5𝐶𝐷𝐶𝐻2𝑂 (3.4.2) 

 

 d𝐶𝑆𝑀1𝐷

d𝑡
= 𝑘1𝑓𝐶𝑆𝑀1𝐶𝐷 −

𝑘1𝑓

𝐾𝑒𝑞
𝐶𝑆𝑀1𝐷 − 𝑘2𝐶𝑆𝑀2𝐶𝑆𝑀1𝐷 (3.4.3) 

 

 d𝐶𝑆𝑀2

d𝑡
= −𝑘2𝐶𝑆𝑀2𝐶𝑆𝑀1𝐷 − 𝑘3𝐶𝑆𝑀2𝐶𝑃 (3.4.4) 

 

 d𝐶𝑃

d𝑡
= 𝑘2𝐶𝑆𝑀2𝐶𝑆𝑀1𝐷 − 𝑘3𝐶𝑆𝑀2𝐶𝑃 − 𝑘6𝐶𝑃 (3.4.5) 

 

 d𝐶𝐻2𝑂

d𝑡
= −𝑘4𝐶𝑆𝑀1𝐶𝐻2𝑂 − 𝑘5𝐶𝐷𝐶𝐻2𝑂 

(3.4.6)  

 d𝐶𝐼1

d𝑡
= 𝑘3𝐶𝑆𝑀2𝐶𝑃 

(3.4.7)  

 d𝐶𝐼2

d𝑡
= 𝑘4𝐶𝑆𝑀1𝐶𝐻2𝑂 

(3.4.8)  

 d𝐶𝐼3

d𝑡
= 𝑘5𝐶𝐷𝐶𝐻2𝑂 

(3.4.9)  

 d𝐶𝐼4

d𝑡
= 𝑘6𝐶𝑃 

(3.4.10)  

 𝑦𝑆𝑀1 = 𝐶𝑆𝑀1 + 𝜀𝑆𝑀1 (3.4.11)  

 𝑦𝐷 = 𝐶𝐷 + 𝜀𝐷 (3.4.12)  

 𝑦𝑆𝑀2 = 𝐶𝑆𝑀2 + 𝜀𝑆𝑀2 (3.4.13)  

 𝑦𝑃 = 𝐶𝑃 + 𝜀𝑃 
(3.4.14)  
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Table 3.5 Initial conditions for center-point batch reactor operation at 𝑇 =  40 ℃ 

State variable Units Initial condition 

𝐶𝑆𝑀1 M 1 

𝐶𝐷  M 0.05  

𝐶𝑆𝑀2  M 1.15 

𝐶𝑆𝑀1𝐷 M 0 

𝐶𝑃  M 0 

𝐶𝐻2𝑂   M 0.10 

𝐶𝐼1  M 0 

𝐶𝐼2  M 0 

𝐶𝐼3  M 0 

𝐶𝐼4  M 0 

Domagalski et al., (2015) used assumed true values of the kinetic coefficients (see  

Table 3.6) to generate simulated data with independent normally-distributed random errors. 

Values in  

Table 3.6 can be used to compute kinetic and equilibrium coefficients at different 

temperatures from the Arrhenius expressions: 

𝑘𝑖(𝑇) = 𝑘𝑖,𝑟𝑒𝑓 exp(−
𝐸𝑎,𝑖

𝑅
(

1

𝑇
−

1

𝑇𝑟𝑒𝑓
))      (3.9) 

𝐾𝑒𝑞1
(𝑇) = 𝐾𝑒𝑞1,𝑟𝑒𝑓 exp(−

Δ𝐻1

𝑅
(

1

𝑇
−

1

𝑇𝑟𝑒𝑓
))     (3.10) 

where 𝑘𝑖 is the 𝑖th kinetic coefficient, 𝑅 is universal gas constant, 𝑇 is the temperature in K, and 

𝑇𝑟𝑒𝑓 = 313.15 K = 40 C is a reference temperature. In equation (3.10), 𝐾𝑒𝑞1
 is the equilibrium 

kinetic coefficient for the reaction 1, and Δ𝐻1 is corresponding reaction enthalpy.  

In the current study, parameter values in  

Table 3.6 and measurement noise variances in Table 3.7 are used to generate simulated 

datasets. Measurement variances in Table 3.7 are consistent with the variability of the center-point 

runs reported by Domagalski et al. (2015). Figure 3.2 compares simulation results obtained using 

the true parameter values in  
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Table 3.6 with simulated data obtained at 40 ℃. The noise levels (𝜎𝑆𝑀1
2 = 4.8 ×

10−2 M2 , 𝜎𝐷
2 = 2.1 × 10−4 M2, 𝜎𝑆𝑀2

2 = 5.2 × 10−2 M2, 𝜎𝑃
2 = 5.0 × 10−2 M2) for generating 

simulated data points in Figure 3.2 are consistent with those shown in Table 3.7. As shown in 

Figure 3.2b, the concentration of the catalyst drops rapidly to ≈ 0.007 M, due to reaction (1f). Two 

different scenarios are considered in this case study: i) operation at 𝑇 = 𝑇𝑟𝑒𝑓 = 40 ℃, and ii) 

operation at a variety of different temperatures between 35 ℃ and 45℃. It is assumed that the 

temperature is controlled accurately at the desired set points.  Design of A- and V-optimal 

experiments for both scenarios is described below, with further details provided in the Appendix 

B. 

 

Table 3.6 True values of the kinetic coefficients and equilibrium constant 2 

 Units                Value at 40 C 𝐸𝑎,𝑖 or Δ𝐻1 (J.mol−1) 

 𝑘1𝑓  M−1s−1 1.09 × 10−01 5.00 × 104 

𝐾𝑒𝑞  M−1  9.33 −1.00 × 104 

𝑘2  M−1s−1 3.39 × 10−03 4.25 × 104 

𝑘3 M−1s−1 1.09 × 10−06 9.00 × 104 

𝑘4  M−1s−1 1.17 × 10−05 9.50 × 104 

𝑘5 M−1s−1 1.93 × 10−06 9.75 × 104 

𝑘6  s−1 1.87 × 10−08 8.00 × 104 

 

Table 3.7 Measurement variances used for generating simulated data 
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Measured response (M) 𝜎𝑦𝑖
2    (M2) 

𝑦𝑆𝑀1 4.8 × 10−2 

𝑦𝐷  2.1 × 10−4 

𝑦𝑆𝑀2 5.2 × 10−2 

𝑦𝑃  5.0 × 10−2 

 

 
Figure 3.2. Simulated data (symbols) and noise-free concentration profiles (curves) obtained at 40 

C using experimental settings in Table 3.5, kinetic coefficients in  

Table 3.6 and measurement errors in Table 3.7, i.e., a) SM1; b) D; c) SM2; d) P. 

Scenario I.  In the first scenario, the parameter vector contains six forward kinetic 

coefficients and 𝐾𝑒𝑞1 (i.e., 𝛉 = [𝑘1𝑓 , 𝐾𝑒𝑞 , 𝑘2, 𝑘3, 𝑘4, 𝑘5, 𝑘6]
𝑇
). In the MBDoE and parameter 
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estimation calculations, the parameter lower bounds are set at zero   (i.e., all the kinetic coefficients 

are positive) and their upper bounds are 5 times their corresponding true values in  

Table 3.6. For designing A- or V-optimal experiments in scenario I, the decision variables 

are the initial concentrations for the reactants SM1, D  and SM2 (i.e., 𝐝 = [𝐶𝑆𝑀10
, 𝐶𝐷0

, 𝐶𝑆𝑀20
]
𝑇

). 

Table 3.8 shows lower and upper bounds for these decision variables, which permit 

experimentation over a wider range of conditions than was considered by Domagalski et al., (2015). 

Table 3.9 shows four settings that are assumed to be of particular interest to the modeler, because 

of the low catalyst levels that are assigned.  In the V-optimal design calculations these settings are 

used to construct 𝐖. Note that the lowest catalyst level (0.0091 M) in Table 3.9 is lower than the 

lower bound for 𝐶𝐷0 in Table 3.8.  This situation is considered in Scenario I because it illustrates 

the flexible nature of V-optimal designs, wherein the specified operating conditions of interest are 

permitted to be outside of the range of conditions where the modeler is currently willing to 

experiment.  

Table 3.8  Lower and upper bounds for the decision variables for the scenario I 

Decision variables (M) Lower bound (M) Upper bound (M) 

𝐶𝑆𝑀10
 0.10 1.5 

𝐶𝐷0
 0.01 0.5 

𝐶𝑆𝑀20
 0.10 1.5 

Table 3.9  Operating conditions of interest where accurate model predictions are desired for 

scenario I 

 𝐂𝐒𝐌𝟏𝟎
(M) 𝐂𝐃𝟎

 (M) 𝐂𝐒𝐌𝟐𝟎
 (M) 

𝑪𝑰𝟏 1.11 0.011 1.22 

𝑪𝑰𝟐 1.11 0.011 1.33 
𝑪𝑰𝟑 0.91 0.0091 1.22 

𝑪𝑰𝟒 0.91 0.0091 1.33 

Scenario II. In the second scenario, temperature is considered as an additional decision 

variable, i.e., 𝐝 = [𝐶𝑆𝑀10
, 𝐶𝐷0

 , 𝐶𝑆𝑀20
, 𝑇]

𝑇
. As a result, the parameter vector contains the seven 
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parameters from scenario I, along with Δ𝐻  for reaction I and six activation energies, i.e., 𝛉 =

[𝑘1𝑓,𝑟𝑒𝑓 , 𝐾𝑒𝑞1,𝑟𝑒𝑓 , 𝑘2,𝑟𝑒𝑓 , 𝑘3,𝑟𝑒𝑓 , 𝑘4,𝑟𝑒𝑓 , 𝑘5,𝑟𝑒𝑓 , 𝑘6,𝑟𝑒𝑓 , 𝐸1𝑓 , Δ𝐻1, 𝐸2, 𝐸3, 𝐸4, 𝐸5, 𝐸6]
𝑇

. Lower and 

upper bounds for all parameters are set at zero and five times the corresponding true values.  Lower 

and upper bounds for decision variables 𝐶𝑆𝑀10
, 𝐶𝐷0

 , and 𝐶𝑆𝑀20
 are the same as in scenario I, with  

𝑇 bounded between 35 ℃ and 45 ℃. Table 3.10 shows eight different operating conditions (at low 

catalyst conditions with high and low temperatures) where accurate model predictions are desired. 

These settings are used to compute W for Scenario II. 

Table 3.10  Eight operating conditions of interest for obtaining accurate model predictions in 

scenario II 

 𝐂𝐒𝐌𝟏𝟎
(M) 𝐂𝐃𝟎

 (M) 𝐂𝐒𝐌𝟐𝟎
 (M) 𝐓 (℃) 

𝑪𝑰𝟏 1.11 0.011 1.22 35 

𝑪𝑰𝟐 1.11 0.011 1.33 35 

𝑪𝑰𝟑 0.91 0.0091 1.22 35 

𝑪𝑰𝟒 0.91 0.0091 1.33 35 

𝑪𝑰𝟓 1.11 0.011 1.22 45 

𝑪𝑰𝟔 1.11 0.011 1.33 45 

𝑪𝑰𝟕 0.91 0.0091 1.22 45 

𝑪𝑰𝟖 0.91 0.0091 1.33 45 

3.6 Results and Discussion 

3.6.1 Scenario I: Operation at 𝟒𝟎 ℃ 

Using the old data alone and initial parameter guesses chosen randomly between their 

lower and upper bounds, only 5 out of 7 parameters could be ranked because the FIM was 

noninvertible. For all initial parameter guesses tested (10 sets of values chosen randomly between 

lower and upper bounds) parameters 𝑘5 and 𝑘6 were left out of the ranked list using the 

orthogonalization algorithm in Table 3.2. Figure 3.3 shows parameter subsets that were selected 

using Wu’s 𝑟𝑐𝑐 criterion (see Table 2.4 in Chapter 2), and their frequencies for the 100 sets of 

simulated old experiments. The parameter subset that was selected most often using the old data is 
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𝛉𝐬𝐮𝐛 = [𝑘2 , 𝐾𝑒𝑞]
𝑇
 using 71 out of 100 simulated old datasets. Estimated values of the selected 

parameters (along with fixed values of the left-out parameters) were used to compute the initial 

elements of 𝐙 and 𝐖.  

 

Figure 3.3 Frequency of selected and estimated subset of parameters using 𝑟𝑐𝑐 criterion for 100 

simulated old datasets 

Table 3.11 shows the A-optimal settings that were selected using the LO and PI approaches 

in 100 MC simulations. Six different sets of conditions were selected using the LO approach and 

five were selected using the PI approach. In the most frequently selected conditions using the LO 

approach (LO-A-1), 𝐶𝐷0 is at its upper bound. In the most frequently selected condition for the PI 

approach (PI-A-1), both 𝐶𝐷0 and 𝐶𝑆𝑀20 are at their upper bounds. To obtain the experimental 

settings shown in Table 3.11, the LO approach ranked 𝑘2 as the top parameter followed by 𝐾𝑒𝑞 

most of the time. Using the LO approach, 𝑘6 always (and sometimes 𝑘5 also) was left out and fixed 

at its nominal value. The PI approach fixed three singular values at zero in most cases when 

selecting new experiments. 
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Table 3.11 A-optimal settings for one sequential run selected by the LO and PI approaches 

LO approach 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) Frequency from 100 simulations 

LO-A-1 0.6773 0.5000 0.1029  60 

LO-A -2 0.7726 0.5000 1.5000  17  

LO-A -3 1.4838 0.3514 1.5000   13    

LO-A -4 1.5000 0.5000 1.0762   6      

LO-A -5 1.4969 0.4123 0.1036  2          

LO-A -6 0.9222 0.5000 0.3393  2          

PI approach 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) Frequency from 100 simulations 

PI-A -1 0.7185 0.5000 1.5000  47  

PI-A -2 0.6696 0.4997 0.1052  26  

PI-A -3 0.9109 0.5000 1.5000   25    

PI-A -4 0.8417 0.1937 1.3397  2       

PI-A -5 1.1049 0.1460 1.5000  1          

New data were generated using the settings in Table 3.11 and parameters were estimated 

100 times using the combined old and new data. Figure 3.4 shows the subsets of the parameters 

that were estimated and their corresponding frequencies. The most commonly estimated parameters 

using experiments designed using the LO approach are 𝑘1𝑓 and 𝐾𝑒𝑞1
; the PI approach resulted in 

𝐾𝑒𝑞1
 and 𝑘2 being estimated most often.  
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Figure 3.4 Frequency of selected and estimated parameter subsets for 100 (a) LO datasets and (b) 

PI datasets. 
Figure 3.5 shows corresponding boxplots for 𝑆𝑆𝐷𝜃 (see Table 3.3) obtained using the 

various settings in Table 3.11. The results indicate that the LO approach is superior to the PI 

approach, on average, for this case study. These results are consistent with our previous study 

involving a Michael addition reaction with 5 parameters.85 

 
Figure 3.5 Boxplots for 100 values of 𝑆𝑆𝐷𝜃 when designing one sequential A-optimal experiment 

using LO and PI approaches 
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The performance of the LO and PI approaches for providing an accurate estimate of 

individual parameters was also investigated. As shown in Figure 3.6, both LO and PI approaches 

resulted in more accurate estimates for 𝑘2 and 𝐾𝑒𝑞. The main difference between the results for the 

two approaches is in estimating 𝑘1𝑓, 𝑘3 and 𝑘4, where the LO approach provides more accurate 

parameter estimates on average compared to the PI approach. Note that 𝑆𝑆𝐷𝜃𝑖
 is computed from:  

𝑆𝑆𝐷𝜃𝑖
= ∑ (

𝜃𝑖
𝑡𝑟𝑢𝑒− �̂�𝑖𝑙

𝑠𝜃𝑖

)100
𝑙=1

2

       (3.11) 

where 𝜃𝑖𝑙 is the estimate (or corresponding fixed value when the parameter is not estimated) of the 

𝑖th parameter using the 𝑙th MC simulation. 

 

Figure 3.6 𝑆𝑆𝐷𝜃𝑖
 for each parameter obtained when designing one A-optimal experiments using 

LO and PI approaches.  

Similarly, the LO and PI approaches were also compared for selecting V-optimal 

experiments. As shown in Figure 3.7 boxplots for 100 values of 𝑆𝑆𝐷𝑌𝑊 when designing one 

sequential V-optimal experiment using LO and PI approaches, the LO approach results in model 

predictions that are closer, on average, to the corresponding noise-free values.  Table 3.12 

summarizes the selected settings for sequential V-optimal designs using LO and PI approaches. 
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The most frequent settings selected by the LO approach has 𝐶𝐷0 near the lower bound and 𝐶𝑆𝑀20 at 

the upper bound. The second most frequent design chosen by the LO approach (LO-V-2) has 𝐷0 

and 𝑆𝑀20 at the upper bounds. The PI approach tends to also select 𝐶𝐷0 and 𝐶𝑆𝑀20 at the upper 

bounds. Note that, after designing several additional experiments, all parameters became 

identifiable and resulted in invertible FIMs. Due to invertibility of the FIM, the LO and PI 

approaches resulted in identical settings for the A-optimal designs and identical settings for the V-

optimal designs (results not shown). 

 

 

Table 3.12 V-optimal settings selected by LO and PI approaches and their frequencies 

LO approach 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) Frequency from 100 simulations 

LO-V-1 0.7578 0.0797 1.5000  49  

LO-V -2 0.7640 0.5000 1.5000  23  

LO-V -3 1.5000 0.5000 1.4964  14     

LO-V -4 1.1046 0.0979 1.5000  13       

LO-V -5 0.9442 0.1313 1.5000  1          

PI approach 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) Frequency from 100 simulations 

PI-V -1 0.7251 0.5000 1.5000  90  

PI-V -2 1.1287 0.2393 1.5000  10  
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Figure 3.7 boxplots for 100 values of 𝑆𝑆𝐷𝑌𝑊 when designing one sequential V-optimal 

experiment using LO and PI approaches 

3.6.2 Scenario II: operation at a variety temperature between 35 and 45 ℃ 

 In this scenario, the LO and PI approaches were used to simultaneously select two new 

sequential A- and V- optimal experiments for a situation where the temperature effect was 

considered, resulting in a more complicated model with 14 parameters. Similar to scenario I, 100 

sets of simulated old data were generated, and parameters were estimated for use in A- and V-

optimal designs. Using the old experimental settings alone, 𝑘6, H and all of the activation of 

energies were left out of the ranked list, as expected, because there was no temperature variation in 

the old data. From the ranked list only 𝑘3 was estimated in 73 out 100 MC simulations and in the 

remaining 27 MC simulations 𝑘3 and 𝑘2 were estimated together. 

Table 3.13 shows the A-optimal settings that were selected. Note that, for all 100 MC 

simulations, the LO approach ranked 𝐾𝑒𝑞1
, 𝑘2, 𝑘3, 𝑘4, 𝐸2 and Δ𝐻 and always left out 𝑘6 , 𝐸3, 𝐸5 

and 𝐸6. The other five parameters were sometimes selected for consideration in 𝐅𝐈𝐌𝐫. For example, 
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𝑘5 was selected in 53 out of 100 MC simulations and 𝐸1𝑓 was selected in 77 out 100 MC 

simulations. As shown in Table 13, the selected temperature settings for the new runs were at either 

lower or upper bound using the LO approach. However, for the PI approach, temperatures were 

sometimes at the bounds and sometimes and sometimes in between. Using the LO approach, the 

optimizer never chose to replicate the same experiment. However, using the PI approach, the 

optimizer selected the same settings for both new experiments 45% of time. Figure 3.8 compares 

𝑆𝑆𝐷𝜃 values obtained by the LO and PI approaches for designing two sequential A-optimal 

experiments. As in scenario I, the LO approach provides superior results, on average compared to 

the PI approach. 
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Table 3.13 A-optimal settings selected by LO and PI approaches and their frequencies 

 LO approach 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) T (℃) Frequency from 100 simulations 

LO-A-1 
1.350 0.080 1.500 45.00 

 50  
1.500 0.173 1.428 35.00 

LO-A -2 
1.500 0.500 0.100 35.00 

 35  
0.818 0.134 1.500 35.00 

LO-A -3 
1.500 0.500 0.100 45.00 

 15     
1.500 0.308 0.914 35.00 

 PI approach 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) T (℃) Frequency from 100 simulations 

PI-A-1 
0.734 0.500 1.500 45.00 

 45  
0.734 0.500 1.500 45.00 

PI-A-2 
0.815 0.069 1.459 44.77 

 26  
0.595 0.470 1.441 44.88 

PI-A-3 
1.500 0.500 1.454 45.000 

 13  
0.724 0.500 1.500 42.00 

PI-A-4 
1.318 0.244 1.341 37.21 

 6  
0.756 0.435 1.439 40.61 

PI-A-5 
0.729 0.194 1.482 35.67 

 6  
1.486 0.294 1.497 35.00 

PI-A-6 
0.760 0.406 1.500 45.00 

 2  
0.834 0.207 1.500 35.00 

PI-A-7 
0.100 0.500 0.103 45.00 

 2  
0.778 0.500 1.500 45.00 

 
Figure 3.8 Comparison of LO and PI approaches for designing two sequential A-optimal 

experiments for the scenario II 
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The LO and PI approaches were also used to design two new sequential V-optimal 

experiments (see Table 3.14). The LO approach resulted in three different sets of design settings 

with most popular conditions selected 52% of the time. No replicate experiments were selected. In 

all 100 MC simulations, the LO approach selected 𝐶𝐷0 close to the lower bound and 𝐶𝑆𝑀20 at its 

upper bound. The selected temperatures were always at the lower or upper bound. The PI approach 

also resulted in three different sets of run conditions using the 100 MC simulations. The second 

most popular settings (selected 32% of the time) resulted in a replicated experiment. Figure 3.9 

compares boxplots for 100 values of 𝑆𝑆𝐷𝑌𝑊 obtained using the LO and PI approaches, indicating 

that the LO approach is superior to PI for this case study.  

Table 3.14 V-optimal settings selected by LO and PI approaches and their frequencies 

 LO approach 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎 (M) 𝐂𝐒𝐌𝟐𝟎 (M) T (℃) Frequency from 100 simulations 

LO-V-1 
1.2421 0.0166 1.5000 45.000 

 52  

1.5000 0.0250 1.5000 35.000 

LO-V-2 
1.4873 0.0674 1.5000 45.000 

 38  
0.7710 0.0500 1.5000 45.000 

LO-V-3 
1.3129 0.0377 1.5000 45.000 

 10     
0.8637 0.0585 1.5000 45.000 

 PI approach 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎(M) 𝐂𝐒𝐌𝟐𝟎(M) T (℃) Frequency from 100 simulations 

PI-V-1 
0.842 0.090 1.292 42.568 

 59 
0.624 0.139 1.500 35.000 

PI-V-2 
0.814 0.047 1.500 45.000 

 32  
0.814 0.047 1.500 45.000 

PI-V-3 
1.432 0.040 1.500 45.00 

 9  
0.761 0.382 1.500 45.00 
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Figure 3.9 Comparison on LO and PI approaches for designing two sequential V-optimal 

experiments for the scenario II 

Finally, A- and V-optimal designs were compared to illustrate the effectiveness of the LO 

methodology for their intended uses. As shown in Figure 3.10, the A-optimal designs produced 

better parameter estimates, on average, than the corresponding V-optimal designs.  By contrast, the 

V-optimal designs resulted in better model predictions, on average, at the conditions of interest.  

The LO A- and V-optimal designs were both superior to a traditional approach (MS) where the 

modeler selects new conditions (randomly) from the corners of the operating space.  Figure 3.11 

summarizes the parameters that were estimated using the proposed LO A- and V- optimal MBDOE 

methodologies. In all 100 A-optimal design calculations, parameters 𝐾𝑒𝑞1
, 𝑘2, 𝑘3, 𝑘4, 𝐸2 and Δ𝐻 

were estimated. Figure 3.11b shows that fewer parameters tended to be estimated from the V-

optimal experiments, with 𝐾𝑒𝑞1
, 𝑘2, and Δ𝐻  estimated most of the time. Parameters 𝑘6, 𝐸3, 𝐸5 and 

𝐸6 were never estimated from the either A- and V-optimal experiments, presumably due to their 

relatively small influence on the model predictions and their highly correlated effects with other 
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parameters. On average 6.0 parameters were estimated following the A-optimal experiments were 

as only 4.9 parameters were estimated from the V-optimal experiments. This result is not surprising 

because the objective of the A-optimal design is to ensure that all the parameters are close to their 

true values, regardless of their influence on the model predictions whereas V-optimal design 

focuses on obtaining parameter values that lead to reliable predictions at the settings of interest.  

In summary, the results indicate that it is worth using an optimizer to perform MBDoE 

calculations when the FIM is noninvertible (due to the limited data and the experimental resources). 

We recommend using the LO approach, rather than a PI approach, because better results were 

obtained on average, for the scenarios that were considered.  A benefit of the proposed sequential 

MBDoE strategy, compared to traditional DoE is that any number of experiments can be designed, 

based on the model and the data that are currently available.  Parameters that are not estimable from 

the available data are held at their initial guesses base on prior knowledge or scientific judgment.  

Additional parameters are automatically included in the estimation as additional information 

becomes available. After performing each round of experimentation, additional sequential 

experiments can be designed, and these experiments can be simulated to assess which additional 

parameters are likely to become estimable based on the anticipated data. Modelers who are 

interested in estimating parameters that are excluded from the parameter subset, can explore the 

causes of non-estimability (e.g., using identifiability techniques (Balsa-Canto et al., 2010; Petersen 

et al., 2001; McLean and McAuley, 2012)) and may find that  additional measurements (e.g., 

concentrations of intermediate species) are required to obtain unique estimates of the non-estimable 

parameters. Based on the results in this case study and from those provided in our previous paper, 

the LO approach seems to have superior results on average compared to the PI approach.  

It is not possible for us to prove the effectiveness of the proposed LO approach using limited case 

studies. To confirm the general validity of these results, further testing with additional models and 

data sets is warranted. Comparisons should also be made with sequential Bayesian design methods. 
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Given that D-optimal is the most commonly used MBDoE technique,20,23,26,30,40 it would be 

beneficial to evaluate the performance of the Leave Out approach for designing D-optimal 

experiments. Unfortunately, it is not straightforward to select a fair criterion to compare D-optimal 

LO and PI approaches. Recall that the 𝑆𝑆𝐷𝜃 criterion is a good match for A-optimality and the 

𝑆𝑆𝐷𝑌𝑤 criterion is a good match for V-optimality. When the FIM is noninvertible, the determinant 

of the true FIM is zero and there is no obvious way to compute a simple criterion related to the 

joint confidence region for the parameters. As a result, D-optimal designs were not considered in 

the current case study. 

 

Figure 3.10 Boxplots for comparing (a) 𝑆𝑆𝐷𝜃 and (b) 𝑆𝑆𝐷𝑌𝑊 obtained by A- and V-optimal 

designs and MS approach. 
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Figure 3.11 Estimated parameters after using LO methodology to design two new experiments, 

based on 100 MC simulations. 
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Chapter 4 

Using Prior Parameter Knowledge During Sequential Model-Based 

Optimal Design of Experiments when the Fisher Information Matrix is 

Noninvertible 

4.1 Summary 

Sequential model-based optimal design of experiments (e.g. A-, D-, E- and V-optimal 

design) is often used for selecting experimental runs. Although model-based optimal design criteria 

have appealing features, sometimes it is not possible to compute the corresponding objective 

function because the Fisher Information Matrix (FIM) is not invertible. In our previous study, we 

used a parameter-subset selection methodology which ranks parameters from most estimable to 

least estimable and finds the problematic parameters that lead to a noninvertible FIM (i.e., the 

Leave Out or LO approach). We showed that by fixing these problematic parameters at their initial 

guesses and using a reduced FIM, appropriate sequential experiments can be obtained. The 

problems with the LO approach are that i) it can be computationally expensive due to its iterative 

nature ii) some parameters are left out of the design calculations. In this study, we propose a simple 

Bayesian approach that accounts for prior parameter information and that makes the FIM 

invertible. We investigate the effectiveness of the proposed Bayesian approach compared to the LO 

approach for designing sequential A- and V-optimal experiments. The effectiveness of the Bayesian 

and LO approaches for parameter estimation are also compared. A nonlinear case study involving 

the production of pharmaceutical agents were used. The results indicate that the Bayesian approach 

is superior and faster than LO approach for design of experiments and the LO approach is better 

for parameter estimation on average, for presented case study.  
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4.2 Introduction 

For many years, mathematical models have been used to assist chemical and 

pharmaceutical industries in the development, analysis, design, and control of chemical processes.1–

6 Mathematical models are used to minimize byproducts and pollutants and to maximize product 

quality and profit.3,4 Especially for pharmaceutical industries, mathematical models offer valuable 

potentials for the development of continuous manufacturing processes which are becoming more 

widespread.7–9 In addition, with the FDA (Food and Drug Administration) mandating the use of the 

Quality by Design (QbD) paradigm in pharmaceutical product and process development, the use 

of mathematical models in every stage of the drug development is important.9–13 Having accurate 

models that can connect the process inputs to the process outputs (e.g., the product critical quality 

attributes, CQAs) is important for quantitative risk assessment and process development.7,8,14–19  

Mathematical models for pharmaceutical product development can be either empirical or 

mechanistic (fundamental).10,11,17–23 Although empirical models are commonly used for 

pharmaceutical processes, they cannot reliably predict the system behavior outside the range of the 

operating conditions used for model development.24 Therefore, fundamental models based on 

underlying chemistry and physics are mostly preferred.18,20,25–27 These models usually contain 

unknown parameters that have physical or chemical meaning and require estimation using 

experimental data.28,29 To obtain informative data, it is advantageous to carefully plan the 

experiments using design of experiment (DoE) techniques.30 As shown in Table 4.1, Model-based 

optimal design of experiments (MBDoE) select experiments that are expected to minimize 

uncertainties in parameters estimates or model predictions.31–37 MBDoE techniques are effective 

because they account for the structure of the model as well as parameter and measurement 

uncertainties when selecting new optimal run conditions.38,39 Other benefits of MBDoE techniques, 

compared to traditional factorial designs, are that they can be used to design any number of 

experiments, e.g., one, three or seven experiments depending on available resources for 



 

114 

 

experimentation.32,40–42 MBDoE techniques have been developed to satisfy a variety of objectives 

including minimizing total variances of parameter estimates, minimizing the average variance of 

model predictions, and designing experiments for model discrimination.32,41 

Table 4.1 shows several MBDoE objective functions that have been used for development 

of chemical and pharmaceutical production models.31,32,35,43–45 If modelers are interested in 

obtaining accurate parameter estimates for their model, A-, D- or E- optimal designs can be 

selected.46–49 G- and V-optimal designs focus on obtaining accurate model predictions at specified 

operating conditions of interest to the modeler.32,50–53 T-optimal designs have been used for 

selecting experimental settings for model discrimination.44 All of these MBDoE techniques in 

Table 4.1 (aside from T-optimal design) require the inverse of the Fisher Information Matrix (FIM) 

when selecting experimental settings.31,32,35,43,45 The FIM carries information about how changes 

in parameter values can affect the model predictions and is therefore crucial for both MBDoE 

calculations and parameter inference.45,54 For models that are linear in the parameters, the FIM 

does not depend on the parameter values. For nonlinear models, however, which are common in 

chemical and pharmaceutical applications, computation of the FIM requires linearizing the model 

around some nominal parameter values.46–49 If these parameter values are significantly different 

from the corresponding true values, the selected MBDoE settings may lead to experimental data 

that are not very informative.55 

To alleviate this problem, sequential MBDoE can be used.46,56 Sequential designs are 

appealing because they enable updating of the parameter values, as well as the experimental 

strategy, as more data become available.57 In addition, using sequential experimental designs, it is 

possible to account for old experimental data that might have been collected for other objectives 

than model development, but still, contain some useful information.55,58 

Computation of the objective functions for sequential MBDoE is problematic if the FIM 

is noninvertible or ill-conditioned. Typical causes for this kind of problem can be limited 
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experimental data, strong correlations between the influence of different parameters, and 

parameters with no/little influence on the model predictions.31,45,59,60 In chemical, biochemical and 

pharmacological systems, models often contain a large number of kinetic and transport parameters 

(e.g., 10-80 parameters) which may result in noninvertible/ill-conditioned FIMs.16,61–69 The 

resulting ill-conditioned or singular FIM may lead to numerical failures and erroneous conclusions 

by the optimizer.34,70–73 To avoid this problem, several of approaches have been considered during 

sequential MBDoE calculations including: parameter subset selection e.g.,33,34,60,74 pseudoinverse 

methods, e.g.,75,76 Tikhonov regularization, e.g.,72,77–79 and Bayesian approaches, e.g. 36,37,80.  

The parameter subset selection approach deals with an ill-conditioned MBDoE problem 

using a model-reduction perspective.34,73,82 In one methodology, parameters are ranked from most-

estimable to least-estimable so that problematic (low-ranked) parameters can be recognized and 

fixed at their nominal values.34,83 In this way, experiments can be designed using a reduced and 

well-conditioned FIM. Alternatively, pseudoinverse methods can be used to approximates the 

inverse of the FIM (e.g., using the Moore-Penrose pseudoinverse) during MBDoE calculations.75 

In Tikhonov regularization, a small penalty term is added to the diagonal elements of the FIM to 

make it invertible for sequential MBDoE computations.60,72,78,79 The additive penalty term is chosen 

somewhat arbitrarily, however, several research articles have discussed approaches for selecting 

appropriate penalty terms.78,79 For models that are linear in the parameters, the FIM in the objective 

function for Bayesian MBDoE is a specific type of Tikhonov regularization where the penalty terms 

account for prior knowledge about parameters. However, for nonlinear models, the situation can 

be considerably more complex depending on how the nonlinearity is treated.37,84–86 
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Table 4.1. Optimality criteria for model-based design of experiments 76,81 

Optimality Criterion Description Eq. # 

𝐽𝐴 = trace((𝐅𝐈𝐌)−1) 
A-optimal design minimizes total parameter 

variance. 
(4.1.1) 

𝐽𝐷 = det((𝐅𝐈𝐌)−1) 
D-optimal design minimizes the volume of the 

joint confidence interval for the parameters. 
(4.1.2) 

𝐽𝐸 = 𝜆𝑚𝑎𝑥(𝐅𝐈𝐌−1) 

E-optimal design minimizes the largest 

eigenvalue of the FIM, thereby minimizing the 

uncertainties in the worst-case direction in the 

parameter space. 

(4.1.3) 

𝐽𝐺

= max (diag(𝐖(𝐅𝐈𝐌)−1𝐖𝐓)) 

G-optimal design minimizes the maximum 

variance of model predictions at user-specified 

operating conditions of interest, specified using 

a matrix 𝐖. This is equivalent to minimizing the 

largest value of the diagonal elements of 

𝐖(𝐅𝐈𝐌)−1𝐖𝐓. 

(4.1.4) 

𝐽𝑇 = −trace((𝐅𝐈𝐌)−1) 

T-optimal is used to discriminate between two 

rival models by treating one model as the true 

model. The selected experiments maximize the 

sum of squares of lack of fit for the second 

model. 

(4.1.5) 

𝐽𝑉 = trace(𝐖(𝐅𝐈𝐌)−1𝐖𝐓) 

V-optimal design minimizes the total variance 

of model predictions at user-specified operating 

conditions of interest, which are specified using 

matrix 𝐖. This is equivalent to minimizing the 

trace of 𝐖(𝐅𝐈𝐌)−1𝐖𝐓. 

(4.1.6) 

There is little information in the literature regarding which of the above approaches is most 

effective for sequential MBDoE settings when the FIM is noninvertible. In two previous articles, 

we considered several pharmaceutical case studies involving noninvertible FIMs. Two different 

approaches were compared for both A- and V-optimal designs:  i) a subset selection based approach 

that leaves out problematic parameters (LO approach); ii) a simpler approach that uses a Moore-

Penrose pseudoinverse in place of the 𝐅𝐈𝐌−𝟏 in the corresponding objective functions (PI 

approach).76,81 These case studies suggest that the Leave Out (LO) approach is often superior to the 

pseudoinverse (PI) approach for designing both A- and V-optimal experiments.76,81 One of the 

shortcomings of the subset-selection-based LO approach is that it can be complicated and 
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computationally expensive due to changes in the subset of parameters that is left out during MBDoE 

calculations. This problem motivates us to find a more convenient approach to deal with 

singular/ill-conditioned FIMs during MBDoE.  

The focus of the current study is on simplified Bayesian approaches for dealing with 

singular/ill-conditioned FIMs during MBDoE. Bayesian approaches have been used in several past 

MBDoE studies for chemical and biochemical systems e.g.85–91 The main benefit of the Bayesian 

MBDoE framework is that it readily accounts for prior knowledge about reasonable values of the 

model parameters.92 However, many researchers have raised concerns about the use of Bayesian 

approaches in practical engineering systems.37,86,93,94 Disadvantages of the Bayesian approach 

include concerns about the reliability of the assumptions that are made when specifying appropriate 

Bayesian MBDoE objective functions.37,85,86 Undesirable computational complexity can also arise 

depending on the assumptions that are made. As a result, Bayesian MBDoE has not enjoyed 

widespread applications in chemical process modeling. 

The main objective of the current chapter is to formulate and test a simple Bayesian 

MBDoE approach that is readily usable by modeler developers. The effectiveness of the proposed 

Bayesian approach is compared to that of the LO approach for designing A- and V-optimal 

experiments when the FIM is noninvertible. We use the pharmaceutical case study of Domagalski 

et al., (2015), which is of interest to our industrial sponsor.18 The associated dynamic model uses 

Michaelis−Menten kinetics and enzyme-catalyzed reactions to describe the production of a 

pharmaceutical agent.95 

The remainder of this chapter is organized as follow. First, background information 

regarding the FIM and sequential A- and V-optimal design are presented. Next, details of the 

Bayesian and parameter-subset selection approaches for parameter estimation and experimental 

design are presented. Next, a simple Bayesian approach is presented to overcome the difficulty of 

MBDoE when the FIM is noninvertible and procedures for comparing the Bayesian and LO 
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approaches are presented. The pharmaceutical case study and the corresponding dynamic model 

are then descripbed. Results obtained using Monte Carlo (MC) simulations are provided, revealing 

that the proposed Bayesian approach is superior to the LO approach for MBDoE when the FIM is 

noninvertible.    

4.3 Background Information 

4.3.1 Fisher Information Matrix for Nonlinear Models 

A nonlinear model can be expressed using the following form: 

𝐘 = 𝐠(𝐝, 𝛉) + 𝛆        (4.1) 

where 𝐘 ∈  𝐑𝑁 is a vector of stacked measured responses, g is the solution of a set of equations 

that describe the behavior of the system, 𝐝 ∈ 𝐑𝑟×𝐷 is a matrix of experimental settings (for 𝑟 runs 

with 𝐷 decision variables specified for each). 𝛉 ∈ 𝐑𝑝 is the vector of model parameters and 𝜺 ∈

𝐑𝑁 is the vector of random measurement noise with diagonal covariance matrix 𝚺𝐲 ∈ 𝐑𝑁×𝑁. For 

dynamic multi-response models with 𝑛 sampling times per run and 𝑣 response variables, the total 

number of data values is 𝑁 = 𝑛𝑣𝑟.  

Elements of the FIM for a nonlinear model in the form of equation (4.1), are obtained using 

a parametric sensitivity matrix S ∈ 𝐑𝑁×𝑝. The elements of S can be computed by linearizing the 

model around some assumed parameter values:96,97 

𝑆𝑖𝑗 =
𝜕g(𝐝,𝛉)

𝜕𝜃𝑗
|
𝜃𝑘≠𝑗

        (4.2)  

where 𝑆𝑖𝑗 is the element of the 𝐒 matrix in the 𝑖th row and 𝑗th column. Usually the best available 

parameter initial guesses 𝛉𝟎 ∈ 𝐑𝑝 (based on old estimates or the modeler’s prior knowledge) are 

used for linearization.82,98 The elements of 𝐒 matrix are scaled using parameter uncertainties, 𝑠𝜃𝑗
, 

and measurement uncertainties, 𝑠𝑦𝑖
, which reflect the modeler’s prior knowledge:99 

𝑍𝑖𝑗 = 𝑆𝑖𝑗

𝑠𝜃𝑗

𝑠𝑦𝑖

                   (4.3) 
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where 𝑍𝑖𝑗 is the element of the scaled sensitivity matrix 𝐙 in the 𝑖th row and 𝑗th column. The scaling 

factor 𝑠𝜃𝑗
 is assigned by the modeler to indicate the modeler’s knowledge about the accuracy of 

the initial guess for the 𝑗th parameter used for linearization. If 𝑠𝜃𝑗
 is very small, it indicates that the 

modeler has considerable prior knowledge about 𝑗th parameter value. Similarly, 𝑠𝑦𝑖
 is a user-

specified uncertainty for the 𝑖th measurement, which might be obtained from replicated 

experimental runs.34 Using these scaling factors makes the elements of the sensitivity matrix 

dimensionless.99 Using the scaled sensitivity matrix, 𝐙, the FIM can be computed as: 

𝐅𝐈𝐌 = 𝐙𝑇𝐙         (4.4) 

 Scaled sensitivity matrix Z, for sequential MBDoE, contains two parts:76,81 

𝐙 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰
]         (4.5) 

where 𝐙𝐨𝐥𝐝 corresponds to experimental settings and data from old experiments. The elements of 

𝐙𝐧𝐞𝐰  depend on the settings for new sequential experiments that will be designed. As a result,  𝐙𝐨𝐥𝐝 

is fixed during sequential MBDoE and the elements of  𝐙𝐧𝐞𝐰 are determined by the optimizer.  

For designing V-optimal experiments, computation of another matrix, W, is also required. 

The W matrix is a scaled sensitivity matrix with elements computed based on operating conditions 

of interest to the modeler:76,81 

𝑊𝑖𝑗 =
𝜕g(𝐝𝐰,𝛉)

𝜕𝜃𝑗

𝑠𝑦𝑖

𝑠𝜃𝑗

|
𝜃𝑘≠𝑗

        (4.6) 

where the 𝐝𝐰 ∈ 𝐑𝒓𝒘×𝑫 is the matrix of operating conditions where accurate predictions are desired. 

Optimizers for sequential A- or  V-optimal design, select experimental settings (values of 

operating conditions) that minimize 𝐽𝐴 = trace(𝐅𝐈𝐌−1) = trace((𝐙𝑇𝐙)−1) or 𝐽𝑉 =

trace(𝐖(𝐅𝐈𝐌−1)𝐖𝐓) = trace(𝐖(𝐙𝑇𝐙)−1𝐖T). When a series of sequential experiments is 

designed, the new experimental settings are used to compute 𝐙𝐧𝐞𝐰 and the model parameters are 

updated using the new data. After each sequential design, the elements of 𝐙𝐨𝐥𝐝 are updated using 

the new parameter values and the number of rows in 𝐙𝐨𝐥𝐝 increases due to recent experiments.  
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4.3.2 Parameter estimation with a noninvertible FIM 

When estimating parameters, the FIM should be invertible, otherwise unique estimates for 

parameters cannot be obtained.31,40,59,60 The problem of a noninvertible/singular FIM can be 

attributed to the structure of the model (a structural identifiability problem) or to lack of informative 

experimental data for parameter estimation (a practical identifiability (estimability) problem).100–

102 If there is a structural identifiability problem, then even performing a large number of well-

chosen experiments will not make the FIM invertible. New types of measurements or a revised 

model structure is required so that unique estimates can be obtained.102,103 For example, the model 

can be reformulated to remove parameters that lead to non-identifiability.98,104–110 Estimability 

(practical identifiability) problems arise when there is not enough informative data to estimate all 

of the parameters in the model.96,102 A simple approach to check for estimability problems is to 

compute the rank of the FIM.96 If the rank is less than the number of parameters, then the model 

suffers from estimability problems (and could also suffer from structural identifiability problems 

as well).102,111 

To overcome the problem of a noninvertible FIM during parameter estimation, a 

regularization approach is required.78–80,112 A common regularization approach is to estimate only 

a subset of model parameters that are estimable with the remaining (inestimable/problematic) 

parameters fixed at their nominal values.74,82,83,113,114 Many researchers have developed approaches 

for finding and estimating a subset of model parameters using available experimental data.83,115–121 

A commonly used orthogonalization-based ranking approach.82,97,122–127 was developed by Yao et 

al., (2003) and Thompson et al., (2009) to rank parameters from the most-estimable to the least-

estimable and find the problematic parameters that lead to a noninvertible FIM.83,99 

Table 4.2 shows computational steps for the orthogonalization-based parameter ranking 

approach developed by Yao et al. and Thompson et al. The ranking starts by computing the 

magnitude (i.e., the sum of squares) of each column of the scaled sensitivity matrix Z (Step 1). 
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Next, the parameter corresponding to the column with the highest magnitude is selected as the 

most-estimable parameter and included in the matrix 𝐗𝒌 (Step 2). Note that, for the first parameter 

𝑘 = 1. In step 3, using equation (4.2.1), the columns of the Z matrix are regressed onto columns of 

𝐗𝑘 . Residual matrix 𝐑𝑘 is computed using equation (4.2.2) to remove the correlation between 

unranked parameters and parameters that have been already ranked (𝐑𝑘 has the same dimensions 

as the 𝐙 matrix). Note that columns corresponding to parameters with high correlations with the 

most-estimable parameters (those whose columns included in 𝐗𝒌) will have small values in 𝐑𝒌 

matrix. The next most-estimable parameter is the one with the largest magnitude among columns 

of 𝐑𝒌.  In step 5,  the column corresponding to the next most-estimable parameter is selected from 

the original 𝐙 matrix and included in 𝐗𝑘, resulting in matrix 𝐗𝑘+1. Steps two to five are continued 

for 𝑘 = 2,3, . . 𝑝 to produce a ranked list of up to 𝑝 parameters. The ranking stops when all the 

parameters are ranked or at the iteration where 𝐗𝑘
𝑇𝐗𝑘 (the reduced FIM) becomes noninvertible. If 

noninvertiblity occurs at any step of the ranking procedure, the remaining, unranked parameters 

are recognized as problematic parameters.  Problematic parameters are those that have small/no 

influence on the model response, have correlated effects with other highly-ranked parameters or 

have values that are already well known (i.e., small 𝑠𝜃𝑗
) by the modelers.83,102  Unranked parameters 

can either be fixed at their nominal values or can be removed from the model using simplifying 

assumptions.99,102 

Using an orthogonalization-based ranking approach is advantageous during parameter 

estimation to avoid numerical problems that would arise due to a noninvertible FIM. However, 

estimating all of the ranked parameters may lead to overfitting of the available data.118,128,129 A 

model with overfitting problems may provide a good fit to the data, but could result in poor 

predictions for new settings.118 To avoid this problem, Wu et al. (2011) used mean-squared-error 

(MSE) ideas to develop a parameter subset selection criterion called 𝑟𝑐𝑐 (the corrected critical 

ratio).128 A detailed description of Wu’s 𝑟𝑐𝑐 criterion is provided in Table 2.3 and Table 2.4 in the 



 

122 

 

Chapter 2. The 𝑟𝑐𝑐 criterion can be computed for models that estimate different number of 

parameters from the ranked list (with the remaining parameters fixed). The subset of model 

parameters that corresponds to the smallest value of 𝑟𝑐𝑐, is expected to provide the best 

predictions.102,130 The procedure in Table 2.3 and Table 2.4 in Chapter 2 have been used in a variety 

of fundamental modeling studies (e.g.,  Cui et al., 2015; Woloszyn et al., 2013; Karimi, Schaffer 

and McAuley, 2012; Cui et al., 2013; Zhao et al., 2013) and will be employed for parameter 

estimation in the current sequential MBDoE study. 

Table 4.2. Orthogonalization algorithm 83,99 

1. Compute the magnitude (i.e., the Euclidean norm) of each column in the 𝐙 matrix. Select the 

column with the largest magnitude as the most estimable parameter. Set 𝑘  =  1. 

2. Construct the matrix 𝐗𝑘 by including the 𝑘 selected columns from 𝐙 that correspond to 

parameters that have been ranked. 

3. Use 𝐗𝑘 to predict columns in 𝐙 using ordinary least squares: 

�̂�𝑘 = (𝐗𝑘
𝑇𝐗𝑘)

−1
𝐗𝑘

𝑇𝐙 (4.2.1) 

       and calculate the residual matrix: 

𝐑𝑘 = 𝐙 − �̂�𝑘 (4.2.2) 

4. Calculate the magnitude of each column in 𝐑𝑘. The (𝑘 + 1)th-most estimable parameter 

corresponds to the column in 𝐑𝑘 with the largest magnitude. 

5. Put the columns corresponding to the 𝑘 + 1 parameters that have been ranked in the matrix 

𝐗𝑘. 

6. Increase the iteration counter 𝑘 by one and repeat Steps 2–5, until all parameters are ranked 

or until it is impossible to perform the least-squares calculation in step 3 due to matrix 

singularity. 

A popular alternative approach to parameter subset selection is to use Bayesian parameter 

estimation.80,94,134–136 Sometimes a modeler may have prior knowledge about parameters (i.e., may 

be willing to make assumptions about reasonable parameter values and their uncertainties). 

Assuming that there exists a set of prior estimates or initial guesses, �̂�0, for the  parameter values 

and assumed prior variance/covariance matrix 𝚺0, then the objective function for Bayesian 

weighted least-squares parameter estimation is:37,94,136 
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 �̂�𝐵 = argmin
𝛉

{∑
(𝑦𝑖 − 𝑔(𝑥𝑖 , 𝛉))

2

𝑠𝑦𝑖
2

𝑁

𝑖=1

      +    (𝛉 − �̂�0)
𝑇
𝚺0

−1(𝛉 − �̂�0)}   (4.7)  

In equation (4.7) 𝚺0 is a user-specified 𝑝 × 𝑝 matrix, which is usually diagonal. Based on the 

objective function in equation (4.7), an unscaled FIM, 𝐅𝐈𝐌𝐮𝐬
𝐁 , for Bayesian parameter estimation 

has the following form:137,138 

 𝐅𝐈𝐌us
B = 𝐒T𝚺𝐲

−𝟏𝐒 + 𝚺𝟎
−𝟏  (4.8)  

where 𝚺𝐲
−𝟏 is a diagonal matrix of user-specified measurement variances. In equation (4.8), the first 

term on the right-hand side accounts for information contain the data and the second term accounts 

for prior information about the parameters, specified by the modeler. 

The advantage of using equations (4.7) and (4.8) is that they account for the modeler’s 

prior knowledge about parameter values and their uncertainties when estimating parameters and 

computing confidence intervals. In addition, the prior information improves the conditioning of the 

FIM (by increasing the size of the diagonal elements as in Tikhonov regularization) helping to 

solve problems associated with noninvertible FIMs.139,140 One concern that has often been 

expressed concerning Bayesian estimation is that it results in the estimation of all the parameters, 

even those where the data contains little or no information about them. A second concern is that 

modelers have difficulties in specifying their prior uncertainty levels for poorly known parameters. 

They worry that misleading prior information could lead to unreliable parameter estimates and 

associated decisions. In the current study, the objective function in equation (4.7) will be used for 

the Bayesian parameter estimation and the results will be compared with those from a parameter 

subset selection approach. 

4.3.3 Sequential MBDoE 

In our previous articles, we proposed an approach for sequential MBDoE for situations 

where the FIM is noninvertible.76,81 This methodology which is called Leave Out (LO) approach 

was developed based on the orthogonalization-based ranking technique provided in Table 4.2. To 
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use the LO approach, parameters are ranked using orthogonalization technique and those that are 

recognized as problematic parameters are left out of the design (by fixing them at their initial 

guesses) to form a reduced FIM, 𝐅𝐈𝐌𝐫. The reduced FIM is then used for sequential MBDoE. 

Although the LO approach provided superior results compared to a pseudoinverse approach for the 

case studies considered, it can be computationally expensive due to its iterative nature. The main 

problem is that the subset of the parameters that is considered in the design can change iteration to 

iteration greatly complicating the search for the optimal experimental condition. 

As an alternative to the LO approach, Bayesian MBDoE can be used. Bayesian MBDoE is 

a powerful technique for designing experiments because it incorporates prior information into the 

design procedure.36,87,89,92,141 The Bayesian experimental design framework uses “utility functions” 

that measure the anticipated information gain due to the data.142 In this way, Bayesian MBDoE 

settings are those that maximize the expected value of the utility function given the model and the 

prior information.37,84,142 In a popular approach, Lindley (1995) defined the expected utility 

function, 𝑈(𝐝): 

𝑈(𝐝) =  ∬𝑢(𝐝|𝛉, 𝐘)𝑃(𝛉, 𝐘|𝐝)𝑑𝛉𝑑𝐘      (4.9) 

where 𝑢(𝐝|𝛉, 𝐘) is a utility function, given model parameters, 𝛉 ∈ 𝐑𝒑, and the experimental 

outcome 𝐘 ∈ 𝐑𝐍, obtained using experimental settings 𝐝 ∈ 𝐑𝑟×𝐷. An important step in Bayesian 

MBDoE is to select an appropriate utility function, 𝑢(𝐝|𝛉, 𝐘), that reflects the goal of the 

experimentation. For example, one may decide to maximize the Kullback-Leibler distance between 

the prior and posterior probability distribution for the parameters:36,37,85,141,142 

𝑈1(𝐝) =  ∬ ln[𝑃(𝛉|𝐘, 𝐝)] 𝑃(𝛉, 𝐘|𝐝)𝑑𝛉𝑑𝐘     (4.10) 

Assuming Gaussian distribution for the parameters, objective function (4.11) is Bayesian D-

optimal design.37,92,143 For simplicity, consider a linear regression model of the form 𝐘 = 𝐗𝐓𝛉 + 𝛆, 

where 𝐗 ∈ 𝐑𝑁×𝑝  is the design matrix for the linear regression model. Chaloner and Verdinelli 
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(1995) showed that maximizing the objective function in equation (4.11) corresponds to 

minimizing the following Bayesian D-optimal objective function: 

𝐽𝐵−𝐷 = det {[𝜎−2𝐗𝐓𝐗 + 𝚺𝟎
−𝟏]

−1
}      (4.11) 

where 𝜎−2𝐗𝐓𝐗 is the 𝐅𝐈𝐌 for a single response linear regression model with measurement variance 

𝜎2 and 𝚺𝟎
−𝟏 is the assumed prior variance-covariance matrix for the parameters. The 𝐗 matrix can 

be defined as a specific form of the unscaled sensitivity matrix (see equation (4.2)) for the linear 

regression model. 

Similarly, Chaloner and Verdinelli (1995) showed that the Bayesian A-optimal objective 

function for a linear regression model: 

𝐽𝐵−𝐴 = trace {[𝜎−2𝐗𝐓𝐗 + 𝚺𝟎
−𝟏]

−1
}      (4.12) 

can be obtained from the expected utility: 

𝑈2(𝐝) =  ∬(𝛉 − �̂�0)
𝑇
Σ0

−1(𝛉 − �̂�0)𝑃(𝛉, 𝐘|𝐝)𝑑𝛉𝑑𝐘    (4.13) 

Objective functions (4.11) and (4.12) are for situations where the model is linear and 

single-response with a Gaussian prior assumed for the parameters. For nonlinear models, analytical 

solutions for the double integrals in equations (4.10) and (4.13) are far more difficult to obtain. As 

such, simplifying assumptions have been used to develop approximate Bayesian D- and A- optimal 

objective functions for use in mathematical model development.37,142 Two common approaches for 

simplifying these objective functions are i)  a sampling approach which uses numerical 

integration84,139 and ii) an asymptotic approach which uses the linearized form of the model to 

design experiments.84,144 The sampling approach becomes computationally expensive for models 

with a large number of parameters or for systems with large number of measurements.37,86,139  

Therefore, Asymptotic approach is more convenient to be used, especially for larger-scale 

nonlinear models.37,145,146 
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Considering that a nonlinear model can be linearized around its parameter initial guesses, 

then the term 𝜎−2𝐗𝐓𝐗 + 𝚺𝟎
−𝟏 in equations (4.11) and (4.12) is a special case of equation (4.8) (i.e., 

the unscaled FIM for Bayesian parameter estimation, 𝐅𝐈𝐌us
B ) because X is the unscaled sensitivity 

matrix, 𝐒, for a linear model. In this way, we can derive the D-optimal MBDoE objective functions 

for multi-response nonlinear models by replacing 𝜎−2𝐗𝐓𝐗 + 𝚺𝟎
−𝟏 by  𝐒𝐓𝚺𝐲

−𝟏𝐒 + 𝚺𝟎
−𝟏:140 

 𝐽𝐵−𝐷 = det {(𝐒T𝚺𝐲
−𝟏𝐒 + 𝚺𝟎

−𝟏)
−1

}      (4.14) 

Objective function (4.14) is sometimes called a locally objective function, because, the S 

matrix is obtained by linearizing the model around its best available parameter values or initial 

guesses.31,48,140,141 As suggested by Box and Lucas (1959), the prior variance-covariance matrix, 

𝚺𝟎
−𝟏, is often neglected because modelers may not have informative prior information about 

parameter values, resulting in non-Bayesian D-optimal MBDoE corresponding to objective 

function (4.1.3) in Table 4.1. However, considering 𝚺𝟎
−𝟏 in the objective function (4.14) can 

improve the conditioning of the 𝐅𝐈𝐌 while incoporating  the prior information about plausible 

parameters values into the design. The prior information becomes less important as additional 

experiments are performed and more data become available. Similar to Bayesian D-optimal 

experiments, Bayesian A- and V-optimal experiments can be obtained by minimizing: 

𝐽𝐵−𝐴 = trace {(𝐒T𝚺𝐲
−𝟏𝐒 + 𝚺𝟎

−𝟏)
−1

}      (4.15) 

𝐽𝐵−𝑉 = trace {𝐖𝑇(𝐒T𝚺𝐲
−𝟏𝐒 + 𝚺𝟎

−𝟏)
−1

𝐖}     (4.16) 

4.3.4 Proposed Bayesian Methodology for MBDoE with A noninvertible FIM 

It is convenient to scale the sensitivity matrix S to produce scaled sensitivity matrix Z, i.e., 

by multiplying both sides of 𝐅𝐈𝐌us
B  by 𝚺𝟎 giving: 

 𝐅𝐈𝐌B = 𝐒T𝚺𝟎𝚺𝐲
−𝟏𝐒 + 𝚺𝟎𝚺𝟎

−𝟏 = 𝐙𝐓𝐙 + 𝐈𝐩×𝐩  (4.17)  
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where Z is the scaled sensitivity matrix defined in equation (4.3) and 𝐈𝐩×𝐩 is a 𝑝 × 𝑝 identity matrix. 

Note that the scaling parameters 𝑠𝜃𝑗
 in equation (3) is selected to be prior standard deviation for 

𝑗th parameter specified by the modeler which is the square root of 𝑗th diagonal element of  𝚺𝟎. 

Also, 𝑠𝑦𝑖
 is the measurement standard deviation corresponding to the square roots of the diagonal 

elements of 𝚺𝒚. In equation (4.17), the 𝐙𝐓𝐙 term on the right-hand-side accounts for information 

in the data and the identity matrix accounts for prior information specified by the modeler. 

Therefore, the Bayesian A- and V-optimal experiments can be obtained by minimizing: 

 𝐽𝐵−𝐴
∗ = trace (𝐅𝐈𝐌B−1

) = trace ((𝐙𝐓𝐙 + 𝐈𝐩×𝐩)
−1

)  (4.18)  

 𝐽𝐵−𝑉
∗ = trace (𝐖(𝐅𝐈𝐌B−1

)𝐖𝐓) = trace (𝐖(𝐙𝐓𝐙 + 𝐈𝐩×𝐩)
−1

𝐖T)  (4.19)  

The benefit of using 𝐅𝐈𝐌B−1
in place of 𝐅𝐈𝐌−𝟏 is that, it can easily remove the problem of 

a singular FIM by taking into account prior knowledge about reasonable parameter values. As in 

other forms of Tikhonov regularization, positive numbers are added to the diagonal of the FIM 

thereby improving conditioning. Objective functions (4.18) and (4.19) are simple Bayesian 

objective functions for Bayesian MBDoE which can be readily used by the modelers who have 

scaled their sensitivity matrices for the purpose of orthogonalization and parameter subset selection. 

The only additional assumption that the modeler is required to make is that the prior scaling 

information for each parameter corresponds to a Gaussian distribution. 

In the current article, the proposed Bayesian approach MBDoE is compared with the 

previously-developed LO approach for MBDoE using a nonlinear case study involving the 

production of a pharmaceutical agent. We are interested in investigating whether it is better (and 

under what conditions) it is better to incorporate prior knowledge about parameters to deal with a 

noninvertible FIM or it is better to remove the problematic parameters from the design. 

Investigations are also carried out on the robustness of the Bayesian and LO approaches to the 

accuracy of the prior parameter information. Although the focus of this study is on the design of 

experiments, we investigate the effect of Bayesian and LO method parameter estimation. We are 
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interested in whether it is better to use the Bayesian approach and estimate all of the parameters or 

it is better to estimate only a subset of the parameters when the data are limited. In addition, the 

computational requirements of the two approaches are compared. 

4.4 Procedure for Comparing the proposed Bayesian Approaches with the LO 

approach 

Comparisons of the Bayesian and LO approaches are performed using Monte Carlo (MC) 

simulations for four different situations: Bayes-Bayes, LO-LO, Bayes-LO, and LO-Bayes. 

Situation Bayes-Bayes indicates that the Bayesian approach is used for MBDoE and the Bayesian 

approach (see equation (4.7)) is used for subsequent parameter estimation. Similarly, situation LO-

LO indicates that the LO approach is used for both MBDoE and parameter estimation. 

All four situations are compared for designing both A- and V-optimal experiments. The 

comparison criterion used for judging the effectiveness of A-optimal designs is the sum of squared 

deviations of parameter estimates from their true values: 

𝑆𝑆𝐷𝜃 = ( �̂� − 𝛉true)
𝑇
𝚺𝟎

−𝟏( �̂� − 𝛉true)      (4.20) 

where �̂� ∈ 𝐑𝑝 is the vector of estimated parameters (including the fixed values of any parameters 

that were held at initial guesses using the LO approach) and 𝛉𝐭𝐫𝐮𝐞 is the vector of true parameter 

values which is known during MC simulations. 𝚺𝟎 ∈ 𝐑𝑝×𝑝 is a diagonal matrix containing squared 

values of the user-provided prior parameter standard deviations 𝑠𝜃𝑗
. 𝑆𝑆𝐷𝜃 in equation (4.20) is a 

measure of closeness of parameter estimates to their true values used to generate the simulated data. 

This criterion is related to the A-optimality criterion and, as such, is useful for comparing the 

effectiveness of the Bayes-Bayes, LO-LO, Bayes-LO, and LO-Bayes approaches for designing A-

optimal experiments. Similarly, for V-optimal designs, the comparison criterion is the sum squared 

deviations of the model predictions from the noise-free system outputs at conditions of interest: 

𝑆𝑆𝐷𝑌𝑊
=  (𝐠(𝐝𝐰, �̂�) − 𝐠(𝐝𝐰, 𝛉𝐭𝐫𝐮𝐞))

𝑇
𝚺𝐲

−𝟏 (𝐠(𝐝𝐰, �̂�) − 𝐠(𝐝𝐰, 𝛉𝐭𝐫𝐮𝐞))  (4.21) 
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This criterion is related to the V-optimality criterion and, as such, is useful for comparing the 

effectiveness of the four approaches for V-optimal design.  Note that, in real experimental design 

situations, true parameter values are unknown, and the modeler designs a new series of sequential 

experiments only once. In the comparisons performed in this article, 100 MC simulations are 

performed for each situation to shed light on which approach, would be better on average for 

selecting new experimental conditions and estimating parameters. 

4.4.1 MBDoE and parameter estimation using Bayesian approaches (Bayes-Bayes) 

Table 4.3 provides the computational steps for the Bayes-Bayes approach for obtaining 

sequential A- and V-optimal experiments using MC simulations. For this purpose, old simulated 

data are generated (step1). Next, using the simulated old data, parameters are estimated using the 

Bayesian approach (see equation (4.7)). In step 3,  parameter estimates from step 2 and the old 

experimental settings are used to form 𝐙𝐨𝐥𝐝. Also, initial guesses for the decision variables are used 

to form an initial 𝐙𝐧𝐞𝐰 matrix. 𝐙𝐨𝐥𝐝 and 𝐙𝐧𝐞𝐰𝟎 are then used to form initial 𝐙𝟎 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰𝟎
]. In step 

4, 𝐙0 is used to form the scaled Bayesian Fisher Information Matrix, 𝐅𝐈𝐌𝐁 (see equation (4.17)). 

Then 𝐅𝐈𝐌𝐁−𝟏
 is used in the Bayesian objective function for sequential A- or V-optimal design (See 

equations (4.18) and (4.19)) to obtain new experiments settings. In this step, the optimizer picks 

operating settings corresponds to 𝐙𝐧𝐞𝐰 while 𝐙𝐨𝐥𝐝 is always fixed. Detailed computational steps for  

𝐙𝐨𝐥𝐝 and 𝐙𝐧𝐞𝐰 is provided in the Appendix B. After obtaining MBDoE settings, new simulated data 

are generated in step 5. Next, using the simulated old and new data, parameters are estimated and 

𝑆𝑆𝐷𝜃 and 𝑆𝑆𝐷𝑌𝑊
 are computed using equations (4.20) and (4.21). Steps 1 to 6 are repeated 100 

times so that the values of 𝑆𝑆𝐷𝜃 and 𝑆𝑆𝐷𝑌𝑊
 can be used to construct boxplots for comparing the 

Bayes-Bayes results with results from the other approaches. We found 100 MC simulations is 

sufficient to see clear patterns in the behavior of the four approaches that are tested. 
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Table 4.3. Computational steps for Bayes-Bayes approach for sequential A- and V-optimal 

MBDoE 

1. Use MC simulation to generate simulated old data for old experimental settings (i.e., settings 

corresponding to 𝐙𝐨𝐥𝐝), using the true parameter values 𝛉𝐭𝐫𝐮𝐞 and true noise variances. 

2. Estimate parameters from the old synthetic data using the Bayesian objective function in 

equation (4.7). 

3. Use the parameter estimates from step 2 and old experimental settings to construct 𝐙𝐨𝐥𝐝. Use 

the same parameter estimates and initial guesses for the decision variables for construction 

of 𝐙𝐧𝐞𝐰𝟎 to form 𝐙𝟎 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰𝟎
].  

4. Use 𝐙𝟎 to construct 𝐅𝐈𝐌𝐁. Then use 𝐅𝐈𝐌𝐁−𝟏
in Bayesian objective functions (20) and (21) 

to obtain A- and V-optimal experimental settings. 

5. Use true values of the parameters 𝛉𝐭𝐫𝐮𝐞 and the true noise variances to generate simulated 

data for the proposed new experiments. 

6. Estimate parameters from the available data (old and new) using the Bayesian objective 

function in equation (4.7). Then, compute 𝑆𝑆𝐷𝜃 (see equation (4.20)) from parameters 

obtained using the A-optimal design and 𝑆𝑆𝐷𝑌𝑊
 (see equation (4.21)) from parameters 

obtained using the V-optimal design. 

7. Repeat steps 1-6 for 100 MC simulations 

4.4.2 MBDoE and parameter estimation using the LO approaches (LO-LO) 

Table 4.4 shows the computational steps for the LO-LO approach for designing sequential 

A- and V-optimal experiments and then estimating the model parameters. The main difference 

between the steps shown in Table 4.4 and in Table 4.3 (for Bayes-Bayes) is that the LO approach 

is used to deal with the noninvertible FIM when designing experiments in step 4.76,81 For this 

purpose, parameters are ranked from most-estimable to least-estimable using the orthogonalization 

technique (see Table 4.2). Those parameters that are recognized as unranked/problematic 

parameters are left out of the design by fixing them at their initial guesses. Next, the reduced FIM, 

𝐅𝐈𝐌𝐫, is constructed including only the ranked parameters. Then, the A- and V-optimal 

experiments are designed using 𝐅𝐈𝐌𝐫
−𝟏 in place of 𝐅𝐈𝐌−𝟏 in objective functions (4.1.1) and (4.1.6), 

respectively. The second difference between Bayes-Bayes and LO-LO approaches is that, the LO 

approach is used for parameter estimation in steps 2 and 6.76,81 The main problem with 
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implementing the LO-LO approach is that computations in step 4 can take a long time due to 

changes in the list of left-out parameters. 

Table 4.4. Computational steps for LO-LO approach for sequential A- and V-optimal MBDoE 

1. Use MC simulation to generate simulated old data for old experimental settings (i.e., settings 

corresponding to 𝐙𝐨𝐥𝐝), using the true parameter values 𝛉𝐭𝐫𝐮𝐞 and true noise variances. 

2. Estimate parameters from the old synthetic data using the Bayesian objective function in 

equation (4.7). 

3. Use the parameter estimates from step 2 and old experimental settings to construct 𝐙𝐨𝐥𝐝. Use 

the same parameter estimates and initial guesses for the decision variables for construction 

of 𝐙𝐧𝐞𝐰𝟎 to form 𝐙𝟎 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰𝟎
]. 

4. Rank parameters using the orthogonalization method in Table 4.2 and 𝐙𝟎. Ranking stops 

when 𝐗𝐤
𝐓𝐗𝐤 (in step 2 of Table 4.2) becomes noninvertible (i.e., condition number > a user-

specified cut-off value). Classify the remaining unranked parameters as problematic 

parameters and fix them at their initial values. Form the reduced sensitivity matrix 𝐙𝐫 using 

the ranked parameters and compute 𝐅𝐈𝐌𝐫 = 𝐙𝐫
𝑇𝐙𝐫. 

 A-optimal design: Use 𝐅𝐈𝐌𝐫 in the A-optimal objective function to select approximately 

A-optimal values of the decision variables.  

 V-optimal design: Form the reduced sensitivity matrix 𝐖𝐫 for the conditions of interest. 

Use 𝐅𝐈𝐌𝐫 and 𝐖𝐫 in the V-optimal objective function to obtain the optimal decision 

variables.  

Using the updated 𝐙 matrix, re-rank the parameters and update the list of problematic 

parameters. If the list of left-out parameters changes due to information in the proposed 

new experiments, update 𝐙𝐫, 𝐅𝐈𝐌𝐫
−𝟏 (and 𝐖𝐫 if applicable) and repeat the optimization. 

Continue until the list of left-out parameters does not change.  

5. Use true values of the parameters 𝛉𝐭𝐫𝐮𝐞 and the true noise variances to generate simulated 

data for the proposed new experiments. 

6. Estimate parameters from the available data (old and new) using the LO approach. Then, 

compute 𝑆𝑆𝐷𝜃 (see equation (4.20)) from parameters obtained using the A-optimal design 

and 𝑆𝑆𝐷𝑌𝑊
 (see equation (4.21)) from parameters obtained using the V-optimal design. 

7. Repeat steps 1-6 for 100 MC simulations 

4.4.3 MBDoE using the Bayesian approach and parameter estimation using the LO 

approach (Bayes-LO) 

The computational steps for this approach are similar to those provided for Bayes-Bayes 

(see Table 4.3). The only difference between Bayes-LO and Bayes-Bayes is that parameters are 

estimated (in steps 2 and 6) using the LO approach. 
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4.4.4 MBDoE using the LO approach and parameter estimation using the Bayesian 

approach (LO-Bayes) 

The computations for LO-Bayes are similar to those for LO-LO provided in Table 4.4. The 

differences are that the parameter estimation in steps 2 and 6 is performed using Bayesian parameter 

estimation. As a result, all of the parameters are estimated rather than just a subset.  

4.5 Michaelis−Menten Case Study 

4.5.1 Reaction scheme and dynamic model 

The case study considered in the current article uses a nonlinear kinetic model based on a 

Michaelis−Menten batch reaction for the production of pharmaceutical agents (see reaction scheme 

in Figure 1). Domagalski et al. (2015) used this case study to develop empirical models based on 

conventional DoE and response surface methodology.18 We have used the same case study to 

develop and test the LO approach for V-optimal MBDoE in previous work.76 The reaction starts 

with reagent SM1 reacting with catalyst D and generating intermediate SM1.D via the reversible 

reaction (1) in Figure 4.1. Next, the intermediate SM1.D reacts with reagent SM2 to make the 

product and release the catalyst D (i.e., reaction (2)). There is also a possibility of generating several 

impurities due to the presence of water content. As such, SM2 might react with product P and 

generate impurity I1, SM1 may be hydrolyzed to form impurity I2, D might be deactivated with 

water to make impurity I3, and P might thermally degrade and generate impurity I4. Table 4.5 

provides a fundamental dynamic model for the Michaelis−Menten batch reaction system. Equations 

(4.5.11) to (4.5.14) show that the concentrations of SM1, D, SM2, and P are measured, and these 

measurements have experimental errors. 
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Figure 4.1. Reaction scheme for Michaelis−Menten case study 18 

Table 4.5 Dynamic kinetic model for the Michaelis−Menten batch reaction system 76 

 d𝐶𝑆𝑀1

d𝑡
= −𝑘1𝑓𝐶𝑆𝑀1𝐶𝐷 +

𝑘1𝑓

𝐾𝑒𝑞
𝐶𝑆𝑀1𝐷 − 𝑘4𝐶𝑆𝑀1𝐶𝐻2𝑂 (4.5.1) 

 

 d𝐶𝐷

d𝑡
= −𝑘1𝑓𝐶𝑆𝑀1𝐶𝐷 +

𝑘1𝑓

𝐾𝑒𝑞
𝐶𝑆𝑀1𝐷 + 𝑘2𝐶𝑆𝑀2𝐶𝑆𝑀1𝐷 − 𝑘5𝐶𝐷𝐶𝐻2𝑂 (4.5.2) 

 

 d𝐶𝑆𝑀1𝐷

d𝑡
= 𝑘1𝑓𝐶𝑆𝑀1𝐶𝐷 −

𝑘1𝑓

𝐾𝑒𝑞
𝐶𝑆𝑀1𝐷 − 𝑘2𝐶𝑆𝑀2𝐶𝑆𝑀1𝐷 (4.5.3) 

 

 d𝐶𝑆𝑀2

d𝑡
= −𝑘2𝐶𝑆𝑀2𝐶𝑆𝑀1𝐷 − 𝑘3𝐶𝑆𝑀2𝐶𝑃 (4.5.4) 

 

 d𝐶𝑃

d𝑡
= 𝑘2𝐶𝑆𝑀2𝐶𝑆𝑀1𝐷 − 𝑘3𝐶𝑆𝑀2𝐶𝑃 − 𝑘6𝐶𝑃 (4.5.5) 

 

 d𝐶𝐻2𝑂

d𝑡
= −𝑘4𝐶𝑆𝑀1𝐶𝐻2𝑂 − 𝑘5𝐶𝐷𝐶𝐻2𝑂 

(4.5.6)  

 d𝐶𝐼1

d𝑡
= 𝑘3𝐶𝑆𝑀2𝐶𝑃 

(4.5.7)  

 d𝐶𝐼2

d𝑡
= 𝑘4𝐶𝑆𝑀1𝐶𝐻2𝑂 

(4.5.8)  

 d𝐶𝐼3

d𝑡
= 𝑘5𝐶𝐷𝐶𝐻2𝑂 

(4.5.9)  

 d𝐶𝐼4

d𝑡
= 𝑘6𝐶𝑃 

(4.5.10)  

 𝑦𝑆𝑀1 = 𝐶𝑆𝑀1 + 𝜀𝑆𝑀1 (4.5.11)  

 𝑦𝐷 = 𝐶𝐷 + 𝜀𝐷 (4.5.12)  

 𝑦𝑆𝑀2 = 𝐶𝑆𝑀2 + 𝜀𝑆𝑀2 (4.5.13)  

 𝑦𝑃 = 𝐶𝑃 + 𝜀𝑃 (4.5.14)  
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In the paper by Domagalski et al., 3 rounds of simulated experiments were performed. In 

each round, they conducted 16 fractional-factorial + 4 center point runs (i.e., 20 experiments in 

each round and 60 overall). Table 4.6 shows Domagalski’s center point setting for their first round 

of experimentation. We assumed that data for the 4 replicated center-point runs in Table 4.6 are 

available for construction of Zold. The step-by-step computation of the Zold using these center-

point runs is provided in the Appendix B. In addition, we assume that the water concentration and 

the solution volume are 𝐶𝐻2𝑂 = 0.10 M and 𝑉 = 1.0 L respectively, and are constant during 

experimentations. The duration of the simulated batch experiment is 6.0 h with measurements taken 

every 45 minutes, resulting in sampling at 9, including the initial time 𝑡 = 0.  As a result, each run 

involves measurements of 4×  9 =  36 measured values (i.e., 9 values each for 𝑦𝑆𝑀1, 𝑦𝐷, 𝑦𝑆𝑀2 and 

𝑦𝑃). 

Table 4.6 Initial conditions for center-point batch reactor operation at 𝑇 =  40 ℃ 

State variable Units Initial condition 

𝐶𝑆𝑀1 M 1 

𝐶𝐷  M 0.05  

𝐶𝑆𝑀2  M 1.15 

𝐶𝑆𝑀1𝐷 M 0 

𝐶𝑃  M 0 

𝐶𝐻2𝑂   M 0.10 

𝐶𝐼1  M 0 

𝐶𝐼2  M 0 

𝐶𝐼3  M 0 

𝐶𝐼4  M 0 

Table 4.7 shows the assumed true kinetic coefficients used by Domagalski et al., for 

generating simulated data using independent and normally-distributed random errors. The true 

parameter values are used to compute true kinetic and equilibrium coefficients in the current study 

using the Arrhenius expressions: 
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𝒌𝒊(𝑻) = 𝒌𝒊,𝒓𝒆𝒇 𝐞𝐱𝐩(−
𝑬𝒂,𝒊

𝑹
(

𝟏

𝑻
−

𝟏

𝑻𝒓𝒆𝒇
))      (4.22) 

𝑲𝒆𝒒𝟏
(𝑻) = 𝑲𝒆𝒒𝟏,𝒓𝒆𝒇 𝐞𝐱𝐩(−

𝚫𝑯𝟏

𝑹
(
𝟏

𝑻
−

𝟏

𝑻𝒓𝒆𝒇
))     (4.23) 

where 𝑘𝑖 is the 𝑖th kinetic coefficient, 𝑅 is the universal gas constant, 𝑇 is the temperature in K, and 

𝑇𝑟𝑒𝑓=313.15 K = 40 C is a reference temperature. In equation (4.23), 𝐾𝑒𝑞1
 is the equilibrium 

kinetic coefficient for reaction (1), and Δ𝐻1 is the reaction enthalpy.  

Table 4.8 provides the measurement noise-variances used in this study for generating 

simulated data 76 Figure 4.2, shows one set of simulated old data generated using the values in 

Table 4.7 and Table 4.8. As shown in the simulated true response in Figure 4.2, consumption of 

catalyst D is initially very fast and then it gets released via reaction (2) as the product is formed. 

Table 4.7. True values of the kinetic coefficients and equilibrium constant 18 

 Units                Value at 40 C 𝐸𝑎,𝑖 or Δ𝐻1 (J. mol−1) 

𝑘1𝑓  M−1s−1 1.09 × 10−01 5.00 × 104 

𝐾𝑒𝑞  M−1  9.33 −1.00 × 104 

𝑘2  M−1s−1 3.39 × 10−03 4.25 × 104 

𝑘3 M−1s−1 1.09 × 10−06 9.00 × 104 

𝑘4  M−1s−1 1.17 × 10−05 9.50 × 104 

𝑘5 M−1s−1 1.93 × 10−06 9.75 × 104 

𝑘6  s−1 1.87 × 10−08 8.00 × 104 

 

Table 4.8. Measurement variances used for generating simulated data 

 
Measured response (M) 𝜎𝑦𝑖

2    (M2) 

𝑦𝑆𝑀1 4.8 × 10−2 

𝑦𝐷  2.1 × 10−4 

𝑦𝑆𝑀2 5.2 × 10−2 

𝑦𝑃  5.0 × 10−2 
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Figure 4.2. Simulated data (symbols) and noise-free concentration profiles (curves) obtained at 

40 C using experimental settings in Table 4.6, kinetic coefficients in Table 4.7 and measurement 

errors in Table 4.8. i.e., a) SM1; b) D; c) SM2; d) P. 

For this case study, we consider two different MBDoE situations with selection of operating 

conditions for experiments that will be conducted at the reference temperature of 40 ℃. It is 

assumed that the temperature is controlled accurately at the desired set point for each run.  Design 

of A- and V-optimal experiments for both scenarios is described below, with further details 

provided in the Appendix B. In this situation, the temperature is fixed at 40 ℃, which results in 

seven parameters in the vector of parameters including six forward kinetic coefficients and one 

equilibrium constant, 𝐾𝑒𝑞 (i.e., 𝛉 = [𝑘1𝑓, 𝐾𝑒𝑞 , 𝑘2, 𝑘3, 𝑘4, 𝑘5, 𝑘6]
𝑇
). These seven parameters lead to 

seven columns in scaled the sensitivity matrix 𝐙. For this scenario, the decision variables are the 

initial concentrations for the reactants SM1, D, and SM2 (i.e., 𝐝 = [𝐶𝑆𝑀10
, 𝐶𝐷0

, 𝐶𝑆𝑀20
]
𝑇
). The 
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lower and upper bounds for these decision variables are provided in Table 4.9. The user supply 

settings of interest where model predictions are desired, are presented in Table 4.10. These settings 

are used to construct the W matrix for V-optimal designs. As shown in Table 4.10, some of these 

settings are outside of the bounds for the decision variables. These settings of interest specified 

because the modeler might be interested in predicting system behavior at settings outside of the 

current routine experimentation. Detailed instructions for constructing 𝐖 using the settings in 

Table 4.10, the current parameter best values and the model equations  in are provided in the 

Appendix B. 

Table 4.9.  Lower and upper bounds for the decision variables for the scenario I 

Decision variables (M) Lower bound (M) Upper bound (M) 

𝐶𝑆𝑀10
 0.10 1.5 

𝐶𝐷0
 0.01 0.5 

𝐶𝑆𝑀20
 0.10 1.5 

Table 4.10.  Operating conditions of interest where accurate model predictions are desired for 

Scenario I 

 𝐂𝐒𝐌𝟏𝟎
(M) 𝐂𝐃𝟎

 (M) 𝐂𝐒𝐌𝟐𝟎
 (M) 

𝑪𝑰𝟏 1.11 0.011 1.22 

𝑪𝑰𝟐 1.11 0.011 1.33 

𝑪𝑰𝟑 0.91 0.0091 1.22 

𝑪𝑰𝟒 0.91 0.0091 1.33 

For Bayesian parameter estimation, prior parameter guesses and uncertainties are required. 

The prior parameter guesses appear in the vector �̂�0 in equation (4.7), where the corresponding 

prior parameter variances are the diagonal elements of 𝚺0. The initial parameter guesses and prior 

uncertainties are also used in LO parameter estimation. The prior parameter guesses are used to 

obtain the sensitivity coefficients in Z, and the prior parameter standard deviations are used as 

scaling factors 𝑠𝜃𝑗
 (see equations (4.2) and (4.3)). As a result, the prior parameter information 

influences which parameters are left-out and remained fixed at their initial values. Three different 
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cases are considered (using 100 MC simulations conducted for each case) to investigate the effect 

of the size of the prior parameter uncertainties on the resulting designed experiments, parameter 

values and model predictions. For all three cases, parameter initial guess 𝜃𝑗0 are selected randomly 

from normal distributions with true mean 𝜃𝑗 and true standard deviation 𝑠𝜃𝑗
 where  𝜃𝑗 is the true 

value for 𝑗th parameter (see Table 4.7). Table 4.11 provides information about how the parameter 

initial guesses were randomly selected in all three cases. The reason for considering the three 

different cases in Table 4.11 is to investigate the effect of the accuracy of prior parameter 

knowledge assumed by the modeler. Case III is used to investigate what happens when modelers 

mistakenly believe that they know more about the plausible parameter values than is warranted. 

The objective is to investigate whether Bayesian or LO approach is more robust to misinformed 

prior information.   

Table 4.11. Selection of parameter initial guesses from normal distributions 

 
Normal Distribution for 

the  𝑗th parameter 

Rules for selection of 

parameter initial guess 𝜃𝑗0 

Case I: 

Informative initial guess 
𝑁(𝜇: 𝜃𝑗, 𝜎: 𝑠𝜃𝑗

=
1

5
𝜃𝑗) 

Discard any parameter initial 

guess beyond 𝜃𝑗 ±3 𝑠𝜃𝑗
  and 

select again 

Case II: 

Moderately informative initial 

guess 

𝑁(𝜇: 𝜃𝑗, 𝜎: 𝑠𝜃𝑗
=

1

2
𝜃𝑗) 

Discard any parameter initial 

guess beyond 𝜃𝑗 ±3 𝑠𝜃𝑗
  and 

selected again 

Case III: 

Misinform initial guess 
𝑁(𝜇: 𝜃𝑗, 𝜎: 𝑠𝜃𝑗

=
1

5
𝜃𝑗) 

Select initial guess all from 

the tails of the distribution, 

beyond 𝜃𝑗 ±3 𝑠𝜃𝑗
 

 

As in previous chapters, the ode45 function in MATLAB was used to solve the ODEs in 

this study. For this purpose, both relative tolerance (RelTol) and absolute tolerance (AbsTol) for 

the ODE solver in MATLAB were set at 10−8. In addition, all optimizations for sequential model-

based experiments were performed using fmincon solver and for parameter estimations lsqnonlin 

function in MATLAB was used. The optimization algorithm selected for fmincon was interior-
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point and for lsqnonlin was  trust-region-reflective with tolerances set at TolX = 1−8 and TolFun = 

1−8 for both algorithms. 

4.6 Results and Discussion 

4.6.1 Case I: Results when informative parameter initial guesses are used 

As shown in Table 4.11, the 100 initial guesses for 7 parameters were selected from a 

normal distribution with standard deviation  𝑠𝜃𝑗
=

1

5
𝜃𝑗. Next, parameters were estimated using both 

Bayesian and LO approaches from the simulated old data. Figure 4.3 shows the frequency of 

ranking position when estimating parameters using LO approach from simulated old data. As 

shown, 𝑘2 was always ranked as the most-estimable parameter, followed by 𝐾𝑒𝑞. Parameter 𝑘1𝑓 

was the third ranked paremter 86% of the times and 𝑘3 was the third ranked parameters 14 % of 

the times. Parameters 𝑘5 and 𝑘6 were always left out of the ranked list. This is because, the 

experimental data does not provide very much information about 𝑘5 and 𝑘6, since impurities 𝐼3 

and 𝐼4 are not measured during experimentation. The only information about 𝑘5 and 𝑘6 comes 

from measurements of the concentrations of catalyst D and product P, which are affected by a 

variety of other reactions in addition to reactions 5 and 6. Next, Wu’s 𝑟𝑐𝑐 criterion was used to 

decide which parameters should be estimated from the ranked lists. The parameter subset 𝛉𝐬𝐮𝐛 =

[𝑘2, 𝐾𝑒𝑞]
𝑇

 was always estimated and parameters 𝑘1𝑓, 𝑘3, 𝑘4, 𝑘5 and 𝑘6 were always fixed at their 

prior values. 
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Figure 4.3. Frequency of ranking position when estimating parameters from old data using LO 

approach for parameter estimation in Case I where informative prior parameter values.  

The estimated parameters from old data are then used to design A- and V-optimal 

experiments. Table 4.12 provides the selected experimental settings obtained by each of the Bayes-

Bayes, LO-LO, Bayes-LO, and LO-Bayes approaches. The optimizer for the Bayes-Bayes 

approach picked 𝐶SM10
between its lower and upper bound, 𝐶D0

 at the upper bound, and 𝐶SM20
 at 

the lower bound in all 100 MC simulation. The LO-LO approach resulted in two different sets of 

A-optimal settings. For designing experiments using the LO-LO approach (with parameters 𝑘5 and 

𝑘6 were left out) the optimizer picked 𝐶SM10
 at the upper bound and 𝐶SM20

 at the lower bound. For 

𝐶D0
, the optimizer converged to the upper abound most of the times but three times it picked lower 

bound as the optimal setting. As expected, the selected settings for Bayes-Bayes and Bayes-LO 

situations are similar. The only difference when designing experiments using the two approaches, 

is the parameter values that are used for constructing the 𝐙 matrix in the 𝐅𝐈𝐌B in equation (4.17). 

For the LO-Bayes situation, the optimizer selected experimental setting at or close to the upper 

bounds for all three decision variables, with parameters 𝑘5 and 𝑘6 left out of the design calculations. 
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The computation time for both Bayesian and LO approaches were compared. For this 

purpose, 10 MC simulations were run using each of Bayes-Bayes and LO-Bayes approaches. These 

two approaches use the Bayesian approach for parameter estimations and estimate all of the 

parameters. Therefore, it is possible to isolate the effects of the Bayesian and LO approaches on 

computation time during sequential MBDoE.  Both computations were run in a core i5 laptop with 

8 GB RAM. The investigation revealed that, the computations for 10 MC simulations required 

using Bayes-Bayes 512 second and the LO-Bayes required 899 second. Although this difference is 

relatively small for the current case study, we anticipate that the larger differences could occur for 

a model with larger parameters.  

Table 4.12. A-optimal settings for one sequential run selected by the Bayes-Bayes, LO-LO, Bayes-

LO, and LO-Bayes for Case I 

Bayes-Bayes 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) Frequency from 100 simulations 

Bayes-Bayes-A1 0.69 0.50 0.10 100 

LO-LO 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) Frequency from 100 simulations 

LO-LO-A1 1.50 0.50 0.10 97  

LO-LO-A2 1.50 0.01 0.10 3  

Bayes-LO 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) Frequency from 100 simulations 

Bayes-LO-A1 0.73 0.50 0.10 100 

LO-Bayes 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) Frequency from 100 simulations 

LO-Bayes-A1 1.50 0.50 1.42 100 

Figure 4.4 provides boxplots for 100 values of 𝑆𝑆𝐷𝜃 for all four approaches when settings 

for one new A-optimal experiments are selected. The Bayes-LO approach is the superior approach 

on average resulting in the smallest mean and median for 𝑆𝑆𝐷𝜃 compared to other approaches. To 
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obtain these Bayes-LO results, the LO approach for parameter estimation estimated the parameter 

subset 𝛉𝑠𝑢𝑏 = [𝑘2, 𝐾𝑒𝑞]
𝑇
using the combined old and new data in all 100 MC simulations. The 

results in Figure 4.4 suggest that designing experiments using the proposed modified Bayesian 

approach (i.e., with the equation (4.18) as the objective function) is superior to designing 

experiments using the LO approach (because the Bayes-Bayes results are better than LO-Bayes and 

the Bayes-LO results are better than LO-LO). In addition, for this case study, parameter estimation 

using the LO approach is superior to the Bayesian approach (i.e., Bayes-LO is better than Bayes-

Bayes and LO-LO is better than LO-Bayes). 

 

Figure 4.4. Boxplots for 100 values of 𝑆𝑆𝐷𝜃 from Case I when designing one sequential A-optimal 

experiment using Bayes-Bayes, LO-LO, Bayes-LO, and LO-Bayes approaches 

The four approaches were also compared for designing one new sequential V-optimal 

experiment. Table 4.13 summarizes the selected V-optimal experimental settings for Case I of the 

four approaches. The Bayes-Bayes approach selected 𝐶SM10 close to its upper bound, 𝐶D0 at the 

lower bound, and 𝐶SM20 at the upper bound. Similar to the A-optimal design, the LO-LO approach 

resulted in two different sets of experimental settings for V-optimal designs. 89% of the time the 

optimizer picked the setting for 𝐶SM10 at the upper bound, 𝐶D0 close to the upper bound, and 𝐶SM20 
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at the lower bound using the LO-LO approach. The remaining 11% of the time, the LO-LO 

approach selected 𝐶SM10 between its lower and upper bound and 𝐶D0 and 𝐶SM10 at their respective 

upper bounds. As expected the Bayes-Bayes and Bayes-LO designs are similar. For the LO-Bayes 

approach, the optimizer picked 𝐶SM20 at the lower bound, 𝐶D0 at the upper bound and 𝐶SM10 

somewhere in between. 

Table 4.13. V-optimal settings for one sequential run selected by the LO-LO, LO-Bayes, Bayes-

LO, and Bayes-Bayes 

Bayes-Bayes 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) Frequency from 100 simulations 

Bayes-Bayes-V1 1.50 0.01 0.10 100 

LO-LO 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) Frequency from 100 simulations 

LO-LO-V1 1.50 0.39 0.10 89  

LO-LO-V2 0.81 0.50 1.50 11  

Bayes-LO 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) Frequency from 100 simulations 

Bayes-LO-V1 0.94 0.01 1.50 100 

LO-Bayes 

# 𝐂𝐒𝐌𝟏𝟎 (M) 𝐂𝐃𝟎   (M) 𝐂𝐒𝐌𝟐𝟎 (M) Frequency from 100 simulations 

LO-Bayes-V1 0.77 0.50 0.10 100 

Figure 4.5 shows boxplots for 100 values of 𝑆𝑆𝐷𝑌𝑤 obtained using the V-optimal 

experiments and the old data. The Bayes-LO approach is superior on average compared to the other 

approaches. The second-best approach for this case study is the Bayes-Bayes approach which 

resulted in estimation of all of the parameters which is different than Bayes-LO approach where 

only two parameters 𝑘2 and 𝐾𝑒𝑞 were estimated. As in Figure 4.4, the proposed Bayesian approach 

is superior on average to the LO approach for the design of experiments, and the LO approach is 

superior for parameter estimation. 
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Figure 4.5 Boxplots for 100 values of 𝑆𝑆𝐷𝑌𝑤 from Case I when designing one sequential V-

optimal experiment using Bayes-Bayes, LO-LO, Bayes-LO, and LO-Bayes approaches 

4.6.2 Case II: Results when moderately-informative initial guesses are used 

Figure 4.6 shows the frequency of ranked parameters (i.e., Figure 4.6a) using the LO 

approach and old data and the frequency of the selected subset of parameters for estimation (i.e., 

Figure 4.6b) using the old data. In this case, the Wu’s 𝑟𝑐𝑐 criterion selected the parameter subset 

𝛉𝐬𝐮𝐛 = [𝑘2, 𝐾𝑒𝑞]
𝑻
 70% of the time and parameters subset 𝛉𝐬𝐮𝐛 = [𝑘1𝑓 , 𝑘2, 𝐾𝑒𝑞]

𝑻
30% of the time. 

 

Figure 4.6 Frequency of (a) ranking position and (b) estimated parameters, when estimating 

parameters from old data using LO approach for parameter estimation in Case II 
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Figure 4.7 compares the boxplots for the 100 values of 𝑆𝑆𝐷𝜃 for four approaches when 

designing one A-optimal setting in Case II. As in Case I, the Bayes-LO approach provides the best 

parameter values on average. The main difference between the results from Case I and Case II is 

that the LO approach tended to estimate more parameters in Case II, due to higher initial parameter 

uncertainty. Three parameters (i.e., 𝑘1𝑓, 𝑘2 and 𝐾𝑒𝑞 ) were estimated 66% of the time based on the 

old data and the new data from the A-optimal experiment. In Case I, only two parameters were 

estimated using the combined old and new data.  

 

Figure 4.7 Boxplots for 100 values of 𝑺𝑺𝑫𝜽 from Case II when designing one sequential A-optimal 

experiment using Bayes-Bayes, LO-LO, Bayes-LO, and LO-Bayes approaches 

Figure 4.8 shows boxplots for 100 values of 𝑆𝑆𝐷𝑌𝑤 when designing one new V-optimal 

experiment for Case II. As indicated, the Bayes-LO approach is the superior compared to the other 

approaches.  
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Figure 4.8 Boxplots for 100 values of 𝑺𝑺𝑫𝒀𝒘 from Case II when designing one sequential V-

optimal experiment using Bayes-Bayes, LO-LO, Bayes-LO, and LO-Bayes approaches 

4.6.3 Case III: Results when misinformed initial guesses are used 

In this case, 100 sets of initial guesses for the parameter were selected randomly from the 

extreme tails of the normal distribution (i.e., beyond of 3 standard deviations from the mean). Any 

inappropriate negative values for the parameters that are known to be positive were discarded. 

Similarly, inappropriate positive values ΔH1 were also discarded and new random selection were 

made. Next, 100 sets of synthetic old data were generated and parameters were estimated using 

Bayesian and LO approaches for each set of synthetic old data. 

Figure 4.9 provides boxplots for 𝑆𝑆𝐷𝜃 values obtained using old data and new A-optimal 

experiments. Even with the misinformed prior information the Bayes-LO approach provides the 

bests parameter estimates values on average. Similarly, as shown in Figure 10, the Bayes-LO 

approach provide the best predictions at the conditions of interest based on the old data and new v-

optimal experiments. 
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Figure 4.9 Boxplots for 100 values of 𝑆𝑆𝐷𝜃 from Case III when designing one sequential A-

optimal experiment using Bayes-Bayes, LO-LO, Bayes-LO, and LO-Bayes approaches 

 

 

Figure 4.10 Boxplots for 100 values of 𝑆𝑆𝐷𝑌𝑤 from Case III when designing one sequential V-

optimal experiment using Bayes-Bayes, LO-LO, Bayes-LO, and LO-Bayes approaches 
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In Summary, simple Bayesian approach was developed to design sequential model-based 

experiments when the FIM is noninvertible. The results for the proposed Bayesian approach were 

compared with the LO approach developed in the previous chapters. In addition, the festiveness of 

the Bayesian and LO approach was also compared for parameter estimation. Four different 

situations, i.e., Bayes-Bayes, LO-LO, Bayes-LO and LO-Bayes, were investigated. The Bayes-

Bayes indicated that the Bayesian approach is used for both MBDoE and parameter estimation. 

Similarly, LO-LO is for situations where LO is used for both MBDoE and parameter estimation. 

Also, three different cases with information content of prior parameter information is considered: 

i) informative prior parameter knowledge; ii) moderately informative; iii) misinformed parameter 

prior knowledge. The results suggested that, Bayes-LO (i.e., Bayesian approach for MBDoE and 

LO approach for parameter estimations) is superior to other approaches in all three cases. Results 

also, indicated that the proposed Bayesian approach is superior to LO approach for MBDoE and 

the LO approach is superior to Bayesian approach for parameter estimations, specialty for situations 

where misinformed parameter prior knowledge was used.  
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Chapter 5 

Conclusions and Recommendations 

Computations of sequential model-based optimal design of experiments run into numerical 

difficulties if the Fisher Information Matrix (FIM) is noninvertible. In this study, we propose and 

tested four different approaches for dealing with a noninvertible FIM during sequential MBDoE. 

These approaches include: i) using a parameter subset selection technique to find the problematic 

parameters and leave them out of MBDoE computations (the Leave Out or LO approach); ii) using 

a pseudoinverse of the FIM in place of 𝐅𝐈𝐌−1 in sequential MBDoE objective functions (the PI 

approach); iii) using an ad hoc approach which selects the corners of the design space as new 

experimental settings (a modeler selected or MS approach); iv) using a simple Bayesian approach 

to incorporate the prior parameter information into the MBDoE and make the FIM invertible (a 

Bayesian approach). In Chapter 2 and Chapter 3 we investigated the effectiveness of the LO, PI 

and MS approaches using a variety of linear and nonlinear case studies. In chapter 4, a comparison 

was carried out on the effectiveness of the Bayesian approach and the LO approach. 

Initially in Chapter 2, LO, PI and MS approaches were compared for dealing with a 

noninvertible Fisher Information Matrix (𝐅𝐈𝐌) when new A-optimal experiments are designed. 

Monte Carlo simulations are used to generate simulated data for each approach so that the LO, PI 

and MS approaches can be compared using two linear case studies and a nonlinear Michael addition 

reaction example. Investigations for the linear regression models were carried out using six 

different scenarios (LO-LO, LO-PI, PI-PI, PI-LO, MS-LO and MS-PI) where LO-LO indicates 

designing experiments with the LO approach and using an orthogonalization-based LO approach 

for parameter estimation. Similarly, LO-PI indicates that the LO approach was used for design of 

experiments and PI was used for parameter estimation. Two different cases for parameter initial 

guesses and parameter uncertainties were considered with different levels for correlation factor and 
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measurement noise variance. For 20 of the 24 situations studied using the two linear regression 

models, the LO-LO approach gave the best parameter estimates (closer to their true values) 

compared to the other approaches. For the other 4 situations, the PI-LO approach gave the best 

parameter estimates, on average, with results similar to the LO-LO approach. The MS-PI approach 

was the worst on average. Model predictions obtained using the LO-LO approach were also 

superior on average to the other approaches. When designing two new experiments, the selected 

settings for the LO and PI approach became the same because the additional rows in the design 

matrix made the 𝐅𝐈𝐌 invertible. The resulting parameter estimates and model predictions using the 

LO and PI approaches were superior to the MS approach, as expected. Regardless of the 

methodology used for selecting experimental conditions, using the LO approach for parameter 

estimations was always better on average or the same as the PI approach for parameter estimation. 

Therefore, the LO approach (and not the PI approach) was used for parameter estimation in the 

nonlinear case study. 

In Chapter 2, a semi-batch Michael addition reaction system was used in the nonlinear case 

study. Design of sequential A-optimal experiments for this nonlinear model was demonstrated so 

that other modelers will be able to easily use the A-optimal methods tested in this study for their 

own nonlinear models. The LO, PI and MS approaches were compared for dealing with a 

noninvertible 𝐅𝐈𝐌 when selecting sequential A-optimal experiments. The LO approach resulted in 

more informative settings, on average, compared to the PI and MS methods, which led to the best 

parameter estimates and model predictions on average. Furthermore, the results indicate both LO 

and PI approaches are superior to the MS approach. For situations where two rather than one 

sequential experiment was designed, the LO approach also gave the best results. As expected, the 

LO and PI approaches gave the same A-optimal settings when additional responses were measured 

so that the FIM became invertible.  
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In Chapter 3, LO and PI approaches were compared for dealing with a noninvertible 

𝐅𝐈𝐌 when designing A- and V-optimal experiments for a more complex nonlinear model. 

Similar to Chapter 2, Monte Carlo simulations were used to generate simulated data for 

each approach so that the LO and PI approaches could be compared using a nonlinear 

Michaelis Menten dynamic reaction model. Two scenarios were considered: i) operations 

at 40℃, ii) operation at temperatures between 35 ℃ and 45 ℃ .   

The LO and PI approaches were compared for both scenarios, revealing that the LO 

approach is superior on average for both A- and V-optimal sequential designs. The results 

confirm that, even when the FIM is non-invertible, A-optimal settings are more effective 

for improving the parameter estimates and V-optimal settings are more effective for 

improving model predictions at operating conditions of interest. 

Although, the LO approach was superior to the PI and MS approaches for both A- 

and V-optimal designs, it can be computationally expensive because it leaves out some of 

parameters during experimental design calculations, and the list of left-out parameters can change 

from iteration to iteration, requiring reiteration until the list undergoes no further change. In 

Chapter 4, a simple Bayesian approach was proposed to deal with noninvertible FIM 

during MBDoE by taking into account the prior parameter knowledge. The effectiveness 

of the proposed Bayesian approach for A- and V-optimal experiments was compared with 

the LO approach using the Michaelis Menten dynamic reaction model from Chapter 3.  In 

addition, the Bayesian and LO approaches were compared for parameter estimation. The results 

indicated that the Bayesian approach is superior and faster than LO approach for design of 

experiments and the LO approach is better for parameter estimation on average, for the presented 

case study. 
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 I believe that the Bayesian and LO procedure described in this study will be helpful 

for designing experiments for chemical and biochemical processes. I recommend to further 

investigate the effectiveness of the Bayesian MBDOE approach by considering the 

temperature effect in the Michaelis Menten dynamic reaction model, thereby increasing 

the number of model parameters and the number of decision variables. In addition, we 

recommend to perform these analyses for other more complex models with larger number 

of parameters.  The results should be confirmed using sequential MBDOE with different 

numbers of new experiments considered at the various stages of the sequential design 

process.  In this study we focused on A- and v-optimal experiments, it would be good if 

analysis can be performed on designing D-optimal experiments using the proposed 

methodologies. For this purpose, an appropriate criterion should be developed to be able 

to investigate the effectiveness of the proposed approaches for the D-optimal design.  

Perhaps it would be appropriate to consider a problem where the FIM is initially non-

invertible, but it can become invertible after several sequential design steps, making it 

possible to estimate all of the parameters and compute an approximate volume for their 

final joint confidence region. 
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Appendix A 

Graphical representation of Table 3.3 for comparing LO and PI 

approaches 

 

Figure A1. Procedure for comparing LO and PI approaches for designing sequential A-

optimal experiments 
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Figure A2. Procedure for comparing LO and PI approaches for designing sequential V-

optimal experiments 
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Appendix B 

Procedure for Designing Sequential A- and V-Optimal Experiments 

The procedure shown in Table B1 is used to design A- and V-optimal experiments 

for both scenarios, so that the effectiveness of the LO and PI approaches can be compared. 

For the LO approach, a somewhat arbitrary cut-off value of 106 for the condition number 

of the 𝐅𝐈𝐌 is used to identify problematic parameters that should be left out of 𝐅𝐈𝐌𝐫. 

Similarly, for the PI approach, the same cut-off value is used to compute the pseudoinverse 

𝐅𝐈𝐌∗−𝟏
. Fmincon optimizer in MATLAB is used to compute A- and V-optimal 

experimental settings. To increase the probability that the optimizer converges to the global 

minimum (rather than a local minimum) the corners of the design space as well as the 

center-point were used as initial guesses for the optimizer for both LO and PI approaches. 

Table B1 shows the 9 different initial guesses when selecting A- and V-optimal designs for 

scenario I. For the scenario II, 17 corresponding initial guesses are used. For parameter 

estimation, the lsqnonlin optimizer is used along with a variety of parameter initial guesses 

to enhance the probability of converging to global optima for the parameters. The 

parameter initial guesses are randomly selected between their corresponding lower and 

upper bounds. Note that, in all the optimization calculations in this study no convergence 

problems were encountered, but local optima were obtained when starting at some initial 

guesses. 
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Table B1. Initial guesses for A- and V-optimal designs for scenario I 

Corners # 𝐂𝐒𝐌𝟏𝟎
(M) 𝐂𝐃𝟎

 (M) 𝐂𝐒𝐌𝟐𝟎
 (M) 

1 0.1 0.01 0.1 

2 1.5 0.01 0.1 

3 0.1 0.50 0.1 

4 1.5 0.50 0.1 

5 0.1 0.01 1.5 

6 1.5 0.01 1.5 

7 0.1 0.50 1.5 

8 1.5 0.50 1.5 

9 0.8 0.25 0.8 

 

B1 Constructing Z and W matrices for Scenario I 

Computations of 𝐙𝐨𝐥𝐝, 𝐙𝐧𝐞𝐰 and 𝐖 are provided in this section for Scenario I of the 

paper. Note that, for Scenario II, the computation is similar. In Scenario I, the vector of 7 

parameters leads to 7 columns in the scaled sensitivity matrix 𝐙 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰
]. In each 

experiment in the old datasets, 9 measurements are collected for each measured component 

(i.e., SM1, D, SM2 and P), resulting in 144 (i.e., 4 × 4 × 9) rows in 𝐙𝐨𝐥𝐝. In the current 

case study, elements of 𝐙𝐨𝐥𝐝 are computed by solving dynamic sensitivity equations and 

applying appropriate scaling factors (see equation (3.3)). The sensitivities 𝑆𝑖𝑗 are computed 

along with model equations using ode solver, ode45, in MATLAB with tolerances 

specified to ensure accurate model predictions and sensitivities. Scaling factors 𝑠𝑘𝑗
 are set 

at half of the corresponding distances between the lower and upper bounds. Similarly 

scaling factors 𝑠𝑦𝑖
 are set at the square roots of 𝜎𝑦𝑖

2  (i = SM1,D, SM2, P) from Table 7 

giving: 
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𝐙𝐨𝐥𝐝 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝜕𝐶𝑆𝑀1

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑆𝑀1

|
𝑡1,𝑟1

 ⋯    
𝜕𝐶𝑆𝑀1

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑆𝑀1

|
𝑡1,𝑟1

 

⋮ ⋱ ⋮
𝜕𝐶𝑆𝑀1

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑆𝑀1

|
𝑡9,𝑟1

⋯   
𝜕𝐶𝑆𝑀1

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑆𝑀1

|
𝑡9,𝑟1

      
𝜕𝐶𝐷

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝐷

|
𝑡1,𝑟1

⋯           
𝜕𝐶𝐷

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝐷

|
𝑡1,𝑟1

 

⋮ ⋱ ⋮

      
𝜕𝐶𝐷

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝐷

|
𝑡9,𝑟1

 ⋯          
𝜕𝐶𝐷

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝐷

|
𝑡9,𝑟1

   
𝜕𝐶𝑆𝑀2

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑆𝑀2

|
𝑡1,𝑟1

     ⋯
𝜕𝐶𝑆𝑀2

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑆𝑀2

|
𝑡1,𝑟1

   

⋮ ⋱ ⋮

   

𝜕𝐶𝑆𝑀2

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑆𝑀2

|
𝑡9,𝑟1

⋮

⋯  

𝜕𝐶𝑆𝑀2

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑆𝑀2

|
𝑡9,𝑟1

⋮

     
𝜕𝐶𝑃

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑃

 |
𝑡1,𝑟4

 ⋯         
𝜕𝐶𝑃

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑃

|
𝑡1,𝑟4

⋮ ⋱ ⋮

       
𝜕𝐶𝑃

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑃

|
𝑡9,𝑟4

  ⋯          
𝜕𝐶𝑃

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑃

|
𝑡9,𝑟4 ]

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

     (B1) 

Because runs 1 to 4 have the same condition the first 36 rows are repeated 4 times. When 

one new dynamic experiment is designed, with 𝑦𝑆𝑀1 , 𝑦𝐷 , 𝑦𝑆𝑀2 and 𝑦𝑃  to be measured at 

9 sampling times, 𝐙𝐧𝐞𝐰 contains 36 rows and seven columns. The elements of 𝐙𝐧𝐞𝐰 depend 

on the values of the decision variables. Fmincon optimizer is used to find updated values 
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of the decision variables (i.e., 𝐶𝑆𝑀10, 𝐶𝐷0, 𝐶𝑆𝑀20  , to optimize 𝐽𝐴. For V-optimal design a 

W matrix is also required: 

 
𝐖 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝜕𝐶𝑆𝑀1

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑆𝑀1

|
𝑡1,𝑟𝑤1

 ⋯   
𝜕𝐶𝑆𝑀1

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑆𝑀1

|
𝑡1,𝑟𝑤1

⋮ ⋱ ⋮

    
𝜕𝐶𝑝

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑃

|
𝑡9,𝑟𝑤1

⋯           
𝜕𝐶𝑝

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑃

|
𝑡9,𝑟𝑤1

𝜕𝐶𝑆𝑀1

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑆𝑀1

|
𝑡1,𝑟𝑤2

 ⋯   
𝜕𝐶𝑆𝑀1

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑆𝑀1

|
𝑡1,𝑟𝑤2

⋮ ⋱ ⋮

    
𝜕𝐶𝑝

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑃

|
𝑡9,𝑟𝑤2

⋯           
𝜕𝐶𝑝

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑃

|
𝑡1,𝑟𝑤2

𝜕𝐶𝑆𝑀1

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑆𝑀1

|
𝑡1,𝑟𝑤3

 ⋯   
𝜕𝐶𝑆𝑀1

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑆𝑀1

|
𝑡1,𝑟𝑤3

⋮ ⋱ ⋮

    
𝜕𝐶𝑝

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑃

|
𝑡9,𝑟𝑤3

⋯           
𝜕𝐶𝑝

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑃

|
𝑡1,𝑟𝑤3

𝜕𝐶𝑆𝑀1

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑆𝑀1

|
𝑡1,𝑟𝑤4

 ⋯   
𝜕𝐶𝑆𝑀1

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑆𝑀1

|
𝑡1,𝑟𝑤4

⋮ ⋱ ⋮

    
𝜕𝐶𝑝

𝜕𝑘1𝑓

𝑠𝑘1𝑓

𝑠𝑦𝑃

|
𝑡9,𝑟𝑤4

⋯           
𝜕𝐶𝑝

𝜕𝑘6

𝑠𝑘6

𝑠𝑦𝑃

|
𝑡1,𝑟𝑤4]

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 (B2)  

The W matrix has 144 rows i.e., 36 rows for each operating condition of interest from the 

Table 3.9. 

B2 Constructing Z and W matrices for Scenario II 

For this scenario, the vector of 14 parameters leads to 14 columns in 𝐙 = [
𝐙𝐨𝐥𝐝

𝐙𝐧𝐞𝐰
]. 

Parameter uncertainties are obtained based on their corresponding lower and upper bounds. 

The 𝐖 matrix contains 288 rows corresponding to the conditions in Table 10. 

 

 


