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Abstract

Nowadays, a wide range of industrial manufacturing processes require high

precision for product manufacturing. Micro dispensing is concerned with

jetting of liquids through nozzles with a typical diameter on the order of

magnitude of 100 microns. In this work, various aspects of micro dispensing

of a Newtonian liquid are studied, including jet break-up and the (equilib-

rium) profile of a printed line on a substrate. Contrary to the investigations

of others, this work is concerned with jets of high Froude (Weber) numbers in

the range of 40 . Fr . 1500 (1 . We . 100). Phenomenological correlations

between the liquid properties, dispensing conditions and the jet break-up ra-

tio are inferred based on dimensional reasoning and a comprehensive set of

experiments. These correlations are used to create maps that indicate sta-

ble dispensing regimes. Furthermore, when the liquid is dispensed from the

nozzle, the jet diameter usually contracts over the jet length. An analytical

solution of the Navier-Stokes equation, valid to describe the shape of gravity-
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driven jets, is modified to obtain a correlation for inertia-driven jets. Finally,

a correlation is derived to (numerically) obtain the three-dimensional profile

of a liquid that is dispensed on a flat substrate.

Keywords: micro dispensing, jet break-up, jet shape, dimensionless

analysis, phenomenological correlation

1. Introduction

A wide range of industrial applications, e.g. in the electronics industry,

requires high precision for the manufacturing of their products [1, 2]. Ma-

terial printing on substrates using direct-write micro dispensing is advanta-

geous for prototyping, where variations in materials properties and product

design are frequent [3, 4]. Unlike conventional deposition techniques, like

photolithography or screen printing, direct-write micro dispensing does not

require a mask and is therefore a flexible, cost effective and rapid fabrication

method [5, 6, 7, 8]. There are several types of direct-write micro dispensing

techniques, where the material is extruded from a nozzle in form of a con-

tinuous liquid jet such as time-pressure dispensing [9], positive displacement

[10] and rotary screw displacement [11, 12]. Comprehensive review on micro

dispensing techniques is available, cf. refs.[13, 14, 15].

Liquids (inks) used in micro dispensing can be distinguished as Newto-

nian or non-Newtonian based on their rheology. Polymer gels, nano com-

posites and nanoparticle inks often show pseudo plastic or thixotropic Non-

Newtonian behavior. There are also many examples where the micro dis-

pensing inks are Newtonian liquids, despite their complexity. These include
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nanoparticle suspensions [16, 17, 18], low filler concentration polymer com-

posites [19] and high viscosity UV curable resins [20, 21, 22]. Newtonian

inks also have important applications in other printing technologies, such

as inkjet printing [23, 24]. Contrary to ink jet printing and other drop-on-

demand methods, micro dispensing facilitates the processing of a wide variety

of liquids with properties like high viscosity, density and surface tension [25].

Continuous dispensing of Newtonian liquids also has relevance for cooling in-

volving the impact of liquid jets on walls [26] or bouncing liquid jets in mold

casting [27]. Hence, we restrict this work to the investigation of Newtonian

liquids.

For successful printing using micro dispensing, three parameters must be

well defined: i) The distance between nozzle and substrate since all jets even-

tually break up with growing length. ii) The jet diameter when contacting

the substrate, which along with the lateral nozzle velocity, determines the

(initial) resolution. iii) The profile f the printed material on the substrate.

This is an important parameter in many applications such as electronic pack-

aging [28], microfluidic devices [29] and micro soldering [30].

Simply, the existence of a stable vertical jet is directly related to the dis-

pensing velocity. Figure 1a) gives a schematic relationship between velocity

and the break-up ratio of a vertical jet according to Grant and Middleman

[31]. The break-up ratio is defined as the length of a stable jet normalized

with the diameter of the dispensing nozzle. At very low velocities, the liquid

simply drips out of the nozzle and does not form a continuous jet. At higher
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Figure 1: a) Schematic correlation between dispensing velocity of a vertical liquid jet and

its break-up ratio. b) Schematic shape of the liquid jet indicating the different regimes

that can occur over the jet length.

dispensing velocities, stable jets are produced and show a linear correlation

between the break-up ratio and velocity. With further velocity increase, the

relationship becomes nonlinear and the break-up ratio peaks and then de-

creases. This work focuses on the linear regime.

Figure 1b) shows the shape of a vertical cylindrical jet within the lin-

ear regime. After discharge from the nozzle, the jet is subjected to gravity.

This results in a continuous constriction of the jet shape, but the interface
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remains steady; this is called the stable jet regime. After a certain length,

the interface becomes rippled and then the jet breaks up into liquid drops.

The jet break-up is a result of an (Rayleigh) instability that develops at the

nozzle [32]. In the linear regime, it is governed by inertia along with capillary

and hydrodynamic interactions at the interface [31]. Lord Rayleigh derived

a relationship for the growth rate of disturbances that form on an inviscid jet

surface in a vacuum as a function of the dimensionless wave number [32, 33].

This theory only considers capillarity and a linear stability analysis predicts

jet break-up when the perturbation amplitude is equal to the jet radius. In

practice, the break-up length also depends on gravity, surface tension and

viscosity of the liquid, density difference of liquid and surrounding medium,

nozzle geometry, along with other parameters [31, 34, 35, 36, 37, 38, 39]. We-

ber extended Rayleigh’s theory by accounting for the liquid viscosity and the

influence of the surrounding (non-viscous) atmosphere [34]. His correlation

for the break-up length can be written in a dimensionless form as

L

d0

= ln

(
rm

δ0

)[

1 + 3Oh

]√
We, (1)

where L is the break-up length, d0 is the nozzle diameter, rm is the (mini-

mum) radius of the stable jet, δ0 is the initial disturbance factor (amplitude),

and Oh andWe are the Ohnesorge and the Weber number, respectively. The

Oh number relates viscous forces to inertial and surface tension forces while

the We number indicates the ratio of inertial to surface tension forces. We-

ber utilized the experimental data of Haenlein [40] to validate the correlation.

For jets with a low velocity, he reported that ln

(
rm

δ0

)

has an average value of

12. Later Grant and Middleman [31] slightly modified eq. (1) by introduction
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of an additional exponent. They proposed that this exponent and ln

(
rm

δ0

)

depend on the Oh number as well. There are more studies concerned with

jet stability; reviews can be found in refs. [41, 42].

The shape of a continuous liquid jet is the subject of numerous investiga-

tions. Generally, the diameter of the jet reduces along the jet length as a re-

sult of gravity. The actual shape of the jet interface in the linear regime is de-

termined by gravity, velocity, density difference between jet and atmosphere,

as well as viscosity of jet liquid and surrounding fluid [43, 44, 45, 46, 47, 42].

The first analytical description of jet shapes dates back to the work of Kirch-

hoff [48] and was based on the concept of potential flows without any exter-

nal forces. Later, Scheuermann used the energy equation, considering surface

tension and viscous forces, to derive a relationship between radius and length

of a stable jet [49]. Several variations of Scheuermann’s jet shape equation

were proposed by others [43, 44, 45, 46] but the general mathematical form

remains unchanged and has the dimensionless form

x̄

F r
=

1

r̄4
j

+
n

r̄j

1

We
−
(
m +

n

We

)
, (2)

where x̄ = x
r0
and r̄j =

rj

r0
are the dimensionless axial and radial position of

the interface with respect to the center of the nozzle orifice, respectively; r0

is the nozzle radius, rj is the jet radius at given distance x, Fr is the Froude

number which reflects the ratio of inertial to gravitational force, and m and n

are coefficients which are either inferred from experiments or approximative

analytical solutions. Scriven and Pigford [50] used the Weisbach equation to

determine the local jet radius and obtained m = 1 and n = 0. Kurabayashi
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[51] included the surface tension forces and proposed m = 1 and n = 8 (as

cited in Ref.[52]). As this equation cannot be directly applied to our experi-

ments, its modification is discussed in the results section.

Another important stage of printing is the deposition of the liquid on the

solid substrate. On the one hand, there is the possibility of splashing if

the jet velocity is too high and the liquid bounces back from the substrate.

This is only observed for relatively long distances between the nozzle and

substrate which are already critical with respect to jet stability. Therefore,

splashing of liquids is not accounted for in this work. On the other hand,

the dispensed liquid may spread or contract on the substrate until an equi-

librium is attained; reviews concerned with (de-)wetting of simple liquids are

available, cf. e.g. Refs [53, 54, 55, 56]. Industrial applications generally use

complex liquids that contain different components such as nano-sized parti-

cles/flakes and viscosifiers which generally change the wetting behavior [57].

Furthermore, the existing models are usually concerned with the wetting of

droplets on a surface. In the case of micro dispensing, however, the liquid is

printed in form of a line. Hence, this study focus on a model which connects

the dispensed liquid with the equilibrium profile of a printed line on a flat

surface. Wetting is considered beyond the scope of the present article.

Despite the numerous correlations that are available for jet break-up

length and shape, they are usually not applicable for micro dispensing pro-

cesses since the experiments were conducted in a regime where the gravita-

tional forces are similar to the inertial forces; i.e. for Fr (and We) numbers
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on the order of magnitude of one. Micro dispensing is generally done with

narrow nozzles resulting in high jet velocities, and considerably larger Fr

and We numbers.

To the best of our knowledge there are no studies which give a compre-

hensive treatise of (Newtonian) liquid jets under the conditions which are

present for micro-dispensing. Thus, the main objectives and the novelty of

the present study are: A thorough investigation of i) the break-up length and

ii) the shape of the interface of a Newtonian (simple) liquid that is dispensed

with high Fr and We numbers; and iii) the mathematical description that

can be used to describe the profile of a (complex) liquid dispensed on a flat

substrate. This article continues with the experimental methods and mate-

rials. Then, it proceeds with the results section, divided in break-up length,

jet shape and the dispensed liquid profile, followed by concluding remarks.
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2. Experimental Methods and Materials

In this section, we specify the experimental setup and the materials. We

conduct experiments to determine the jet break-up length, the shape of the

(stable) jet before break-up and the profile of the dispensed liquid. Dis-

pensing of the liquids is performed with a material dispenser which consists

of an automated XYZ stage (Precision Valve Automation (PVA), Model

DPNT0549, Cohoes, NY, USA), equipped with a micro dispensing valve

FCM100. The experiments are carried out using three different dispensing

nozzles having an inner diameter of 100 μm, 250 μm and 400 μm along with

five exemplary liquid samples. These samples are prepared such that they

cover a wide range of viscosities along with a good variation in density and

surface tension. To achieve this, we mix ethanol and glycerol (Reagent grade,

Sigma-Aldrich Canada Company, Oakville, ON, Canada) in different ratios.

The viscosity of the samples is measured using a rheometer (Model AR 2000,

TA Instruments, New Castle, DE, USA) at 25 °C. The surface tension is

measured using the pendent drop method with a digital goniometer (Model

OCA 15EC, DataPhysics Instruments GmbH, Filderstadt, Germany). The

density of the sample solutions are inferred by dispensing a very defined

amount of the liquid using a Hamilton micro syringe (Model Gastight 1710,

Hamilton Company, Bonaduz, GR, Switzerland) and by weighing its mass

with a semi-microscale balance (Model CPA225D, Sartorius, Germany). The

so-measured properties of all samples, along with a commercial carbon ink

that we use to determine the profile of the dispensed liquid, are summarized

in Table 1.
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Table 1: Physical properties of the samples

Sample Mass

fraction

ethanol / -

Mass

fraction

glycerol / -

Density

/ kg/m3

Viscosity /

kg/(m ∙ s)

Surface

tension /

N/m

sample-1 0.08 0.92 1233.48 0.80 0.052

sample-2 0.24 0.76 1178.37 0.27 0.040

sample-3 0.48 0.52 1077.53 0.05 0.030

sample-4 0.60 0.40 1020.27 0.02 0.025

sample-5 0.80 0.20 916.05 0.005 0.023

carbon ink N/A N/A 1001.63 0.009 0.032

The method to measure the jet break-up length is as follows: Initially, the

liquids are dispensed downwards into ambient air at a constant volumetric

flow rate. The flow rate is controlled by the injection pressure which can be

adjusted with a micrometer located at the dispensing valve. The (average)

jet velocity at the outlet is calculated from the ratio of flow rate and cross-

sectional area of the nozzle. A digital camera (Model DFK 23UM021, The

Imaging Source, Charlotte, NC, USA) is used for capturing digital images of

the jet. The images are processed with the software ImageJ (Version: 1.50i,

U. S. National Institutes of Health, Bethesda, MD, USA) to evaluate the jet

interface and break-up length. The experiments are performed in triplicates

for each flow rate.

To evaluate the liquid profile on the substrate, we dispense a commercial

carbon ink (JR-DEV 79-79-10, Novacentrix, Austin, TX, USA). As substrate,
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we utilize microscope glass slides (Fisher Scientific, Ottawa, ON, Canada).

The 3D surface profile of the dispensed liquid is obtained using a surface

profiler consisting of a digital microscope and a dynamic range sensor laser

with a wavelength of 650 nm (MVP-400, DRS 500, Optical Gaging Prod-

ucts (OGP), Rochester NY, USA). Numerical integration of the mathemat-

ical model that describes the profile is performed with MATLAB (Version:

R2018a, Mathwork, Inc, Natick, MA, USA). The MATLAB code is given in

the Supporting Information to this article.
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3. Results and Discussion

In this section, theoretical considerations and experimental results are

combined to determine the jet break-up length, shape and the profile of the

dispensed liquid. In terms of break-up length, we use dimensional reasoning

along with respective experiments to derive a phenomenological correlation

between the dimensional groups. For the jet shape, we modify Scheuer-

mann’s equation (eq. (2)) to make it applicable for a high Froude and Weber

number regime. Finally, the profile of the dispensed liquid is computed using

a model that is based on the minimization of the potential energy.

3.1. Break-up Ratio

A proper micro dispensing process requires that the liquid is ejected to-

wards the substrate in the form of a continuous jet. Above the critical jet

length, the interface becomes unstable, cf. Figure 1b). We assume that

this break-up length can be correlated to the independent quantities: nozzle

diameter, jet velocity at the nozzle orifice, liquid dynamic viscosity, accelera-

tion due to gravity, liquid density, and liquid-gas interfacial tension according

to

L = f(d0, v, μ, g, ρ, σ). (3)

Here, f is a functional relationship to be derived by the rules of dimensional

analysis. In contrast to other correlations from literature, we include the

gravitational force in our considerations. Our jets feature high Fr numbers

which indicate that they are governed by inertial rather than gravitational

forces. Nevertheless, we assume that gravity contributes to the elongation of

the jet reducing its radius and therefore influences the break-up length.
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In preparation for applying the Buckingham Π theorem [58] to eq. (3),

we note that we have n = 6 relevant (independent) quantities and that the

fundamental physical dimensions are length, mass, and time; i.e., m = 3.

According to the Buckingham Π theorem (n+1)−m = 4 dimensionless groups

are required for the functional relationship. After some transformations, we

arrive at the critical break-up ratio, Froude, Weber and Capillary number;

that is

Ncrit =
L

d0

, F r =
v2

gd0

, We =
v2d0ρ

σ
, Ca =

vμ

σ
. (4)

Despite the reduction from six to four independent quantities, there are

still many experiments needed to infer a correlation. While the amount

of experiments may be manageable, it is difficult to vary only one of the

dimensionless groups at a time. For example, when we vary the dispensing

velocity in the experiment, the We number changes along with all other

(independent) dimensionless groups. Hence, we further reduce the number

of dimensional groups to ease the experimental complexities. Here, we follow

eq. (1) and combine the Ca and We number to the Ohnesorge number

Oh =
Ca

√
We

=
μ

√
ρσd0

. (5)

Hence, we arrive in the functional relationship

Ncrit = F (Oh, Fr), (6)

which also has the advantage that the Oh number can be varied by tailor-

ing the liquid properties while the Fr number is independently controlled

by the flow rate through the nozzle. Note that we also perform a regres-

sion for Ncrit = F (Oh,We) of our experimental data. However, the resulting
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correlation is not satisfying which justifies our approach to consider the grav-

itational force.

First of all, we examine whether our experiments are within the linear

regime of the jet break-up. Figure 2a) shows electronic images of a dispensed

liquid with Oh = 0.05 and increasing Fr numbers. The first image shows

the situation for Fr = 62, where the kinetic energy is not sufficient to form

a stable jet and the liquid drips from the nozzle. For sufficiently high Fr

numbers, a continuous jet with a defined length can be observed. The jet

elongates with increasing Fr numbers as can be seen by comparison of the

images at Fr = 148, 224 and 718. Note that the Fr number contains the

velocity squared and therefore the correlation between Fr number and Ncrit

is nonlinear. Hence, we plot the break-up ratio versus the jet velocity for

the range that we consider in our experiments in Figure 2b). The relation-

ship is, to good approximation, linear confirming that our experiments are

conducted in the (formal) validity range of eq. (1). A respective comparison,

using a constant value of ln

(
rm

δ0

)

= 12, shows large discrepancies with our

experiments. The differences are so significant that they cannot be mitigated

by adjusting the constant which indicates that eq. (1) is not valid for a high

We and Fr number dispensing regime.

3.1.1. Influence of Froude and Ohnesorge Number

To infer the influence of the Oh and the Fr number on Ncrit, a set of

experiments is performed, where we keep one of the dimensionless groups

approximately constant but vary the other. Figure 3) gives the relationship

between Ncrit and Fr for constant values of the Oh number. For the ease
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Figure 2: a) Images of jets with different Fr numbers but a constant Oh number of 0.05.
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148, 224, and 718; b) Break-up ratio versus the jet velocity for different samples.
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of interpretation, we plot the logarithm of the dimensionless groups and dis-

tinguish between a low and a high Oh number range.

In detail, Figure 3a) gives Ncrit versus the Fr number for Oh numbers

in the range from 0.07 to 2.5. For a given Oh number, we find that Ncrit

increases when the Fr number increases. The correlation is, on a log–log

scale, to good approximation linear and all curves have similar slopes. Fig-

ure 3b) shows the relationship between Ncrit and Fr for experiments in the

range of 4 to 10. We again identify linear correlations for experiments with

a constant Oh number. Like with the low Oh number range, we see that the

slopes of these curves are similar but the same but the slopes are considerably

steeper which confirms the division into two Oh number ranges. In either

range, we cannot identify the influence of the Oh number which results in a

data collapse on a single line in order to derive a scaling law. In terms of a

physical interpretation, our results clarify that inertia stabilizes the jet. In

other words, the higher the dispensing velocity (Fr number), and the lower

the influence of the gravitational force, the higher the break-up ratio of a jet.

To get further insights into the dependencies, we plot the logarithm of

the break-up ratio Ncrit versus the logarithm of the Oh number for a given

Fr number in Figure 4. Note that due to the nature of our experimental

setup, it is rather difficult to keep the Fr number strictly constant. Hence,

we cluster the experimental data in a way that the average Fr numbers

between clusters have a significant difference while maintaining a relative

narrow variation within a data group. Here, we have disregarded about 50
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Figure 3: Break-up ratio versus the Froude number for constant values of the Ohnesorge

number: a) Low range with 0.07 ≤ Oh ≤ 2.5 and b) High range with 4 ≤ Oh ≤ 10.

Lines are from linear regression of data with constant Ohnesorge number.

17



-1.0 -0.5 0.0 0.5 1.0

1.2

1.6

2.0

2.4
lo

g(
N

cr
it)

 / 
-

log(Oh) / -

 Fr = 106  ±      9       
 Fr = 160  ± 19     
 Fr = 256  ±    12    
 Fr = 351    ±       5
 Fr = 460  ±    20
 Fr = 741  ±    23
 Fr = 1002 ±    45

a)

-1.0 -0.5 0.0 0.5 1.0
0.4

0.6

0.8

1.0

lo
g(

N
cr

it)
 / 

 F
r  

  /
-

log(Oh) /-

log(Ncrit) =   Fr [0.17⋅log(Oh)+0.76]

b)

Experimental data
3

20

 

3 2
0

Figure 4: a) Break-up ratio and b) scaled break-up ratio versus the Ohnesorge number for

constant (average) values of the Froude numbers.
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% of the experiments because they cannot be grouped and the remaining

experiments are mainly in the low Oh range. We observe that for a given Fr

number, the break-up ratio increases when the Oh number increases. The

correlations between Ncrit and Oh number are linear and have similar slopes,

to good approximation. It seems that the Fr number merely shifts the curves

on the y-axis. We perform a scaling analysis and find that all data collapse

on a single curve, to good agreement, when we scale (normalize) the break-

up ratio with Fr
3
20 as shown in Figure 4b). Hence, we perform a regression

and infer that the data in the low Oh number range can be very reasonably

described by

log(Ncrit) ' Fr
3
20 (0.17 ∙ log(Oh) + 0.76) (7)

with a coefficient of determination of 0.82. The correlation is a good descrip-

tion, as demonstrated in the parity plot 4b), for jets up to Fr ' 1000 and

Oh ' 3. In terms of physical interpretation, we recall that the Oh number

can be considered as the ratio of viscous and inertial and surface tension

forces Oh ∼ Fvis/
√

FinFcap . The results indicate that for a constant jet

velocity (inertial force), increasing the viscosity and/or lowering the surface

tension stabilizes the jet.

We perform two further multivariable regressions for the high Oh num-

ber range as well as for the entire set of experimental data. We infer the

significance of single terms in the correlation by analysis of the variance and

accordingly incorporate or discard them. The regression of the high range

data with 4 ≤ Oh ≤ 10 gives

Ncrit ≈ 93.6 − 0.07 Fr − 11 Oh + 0.03 Fr ∙ Oh, (8)
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with a coefficient of determination of 0.74. The regression of all experimental

data results in

Ncrit ≈ 32.38 + 0.04 Fr + 9.43 Oh + 0.001 Fr ∙ Oh (9)

having a coefficient of determination of 0.73. The very similar coefficients of

determination reveal that the regression of the high Oh number range does

not give a real advantage. Hence, we use correlation eq. (9) for constructing

a dispensing map in the next section.

3.1.2. Liquid Dispensing Map

Based on our work, it is possible to construct a liquid dispensing map

which indicates different jet regimes depending on liquid as well as dispens-

ing properties. This map can be used to choose proper micro dispensing

conditions of various liquids, flow rates, nozzle diameters, and spacing be-

tween nozzle and substrate. More specifically, Figure 5 comprises the liquid

dispensing map which is constructed from a combination of our experimen-

tal results and the phenomenological correlation between the dimensionless

groups given in eq. (9). The region spanning the entire range of Fr num-

bers and below a Oh number of around 0.05, features the regime where the

liquids generally have a very low viscosity. Although continuous jets can be

dispensed in this regime, they are hard to control, decay rapidly and usually

have low break-up ratios, which makes this area rather unsuitable for micro

dispensing. For Oh numbers larger than around 0.05, the map can be divided

into four different regions. These regions are separated by break-up ratio iso-

lines obtained from the regression derived in Section 3.1.1 except the isoline

for Ncrit = 0 which is directly obtained from experimental data. Based on
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our experience, we consider Ncrit values between 50 and 150 as suitable for

micro dispensing. Of course, these values are not intended to be strict limits.

The far left region features relatively low Fr numbers. Here, the kinetic

energy is not sufficient to establish a continuous jet and the liquids drip

from the nozzle. Adjacent to the insufficient energy region, there is a regime

that may be used for continuous dispensing of liquids. Here, stable jets

are observed but Ncrit is below 50 which we consider as the lower limit for

good dispensing; hence, we label it as the transition region. The region

50 . Ncrit . 150 is recommended for dispensing. Here, the break-up ratio

of the jet, at a given Oh number, is almost linearly increasing with the
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Fr number. From the track of the isolines, we can conclude that a liquid

with a low Oh number requires dispensing with a higher Fr number (kinetic

energy) to achieve the same jet length as a very high Oh number liquid. On

the right-hand side, there is another unfavorable region where increasing the

Fr number (jet velocity) decreases the break-up ratio, cf. Figure 1a). In

other words, the high Fr number triggers the development of symmetric and

transverse disturbances which facilitates the instability of the jet interface.

This region is named accordingly and is not recommended for dispensing.

3.2. Jet Shape

When a Newtonian liquid is dispensed under laminar conditions through

a nozzle, the velocity profile is parabolic due to the no-slip condition at the

liquid-solid interface. When the liquid exits the nozzle into a rather invis-

cid medium like air, the velocity profile changes, as a result of the changing

boundary condition, which can alter the jet radius [59, 60]. For a vertical

jet, the jet shape is not only influenced by the liquid properties and the

jet velocity but also by the acceleration due to gravity [59]. The Navier-

Stokes equations can be employed but analytical solutions are only available

for strong simplifications that reduce the complexity of the nonlinear partial

differential equations. If we consider that there is a large density differ-

ence between jet and surrounding, and that there is only a very moderate

change of the interface profile along the jet length, the nonlinear terms in the

Navier-Stokes equation can be neglected. The respective analytical solution

corresponds to eq. (2) with the coefficients m = 1 and n = 4; the derivation is

given in the supplementary information. However, the omission of the non-

linear terms implies that this solution is only a good description for (rather)
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gravity-driven jets where inertial forces have no or little relevance. Indeed,

comparison with the literature reveals that eq. (2) with m = 1 and n = 4 is

used to describe the shape of jets with 0 . Fr . 1 and 0.03 . We . 6.2;

cf. e.g. Refs. [45, 52, 60, 61].

In our experiments, we observe generally two different behaviors with re-

spect to the continuous jet shape; i.e., contracting and non-contracting jets.

Figure 6a) shows a jet that is dispensed at a Fr, We and Oh number of 258,

12 and 1.98, respectively. In this case, we first observe a sudden contraction

in the jet diameter in a short distance from the nozzle. However, the jet

radius quickly recovers to approximately the nozzle diameter. This sudden

contraction is related to the change of boundary conditions at the exit of the

nozzle. The jet radius then continuously decreases over the jet length until

the interface noticeably deforms. When the deformation becomes too strong,

the jet breaks up and droplets are formed. The insets show magnifications

of these different regimes: i) sudden contraction and recover of the jet radius

followed by a continuous moderate contraction and ii) interface deformations

indicating Rayleigh instability regime. A mathematical description of the

continuous moderate contracting jet shape is desired to control the resolu-

tion of the printing process by the distance between nozzle and substrate.

However, we also observe jets without a noticeable contraction in our experi-

ments, cf. Figure 6b). These continuous jets have an approximately constant

radius but still collapse after a certain length. This behavior simplifies the

dispensing process since the resolution of the printing process is independent

of the nozzle to substrate distance, provided there is no splashing induced by
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the high impact velocities. We observe this behavior at rather high Fr num-

bers. Here, it seems that the inertial force is entirely dominating, so that the

gravitational force is not sufficient to elongate (contract) the jet. To obtain

an insight of the conditions which result in non-contracting jet shapes, we use

our experimental data and perform a binary logistic regression. The outcome

of this data analysis is given in Figure 6c). This contour plot gives the prob-

ability whether a jet, at a given Fr and Oh number, measurably contracts

before the Rayleigh instability regime. On a simplified level, we observe that

a jet contraction is most likely for low Fr numbers. A large Oh number ex-

pands the Fr number range where contraction is (probably) observed. This

is understood when we again use the interpretation Oh ∼ Fvis/
√

FinFcap.

Here, we see that an increasing Oh number represents a decreasing influence

of the inertia, which diminishes the shape-stabilizing influence of the high Fr

number. Consequently, non-contracting continuous jets appear most likely

for high Fr and rather low Oh numbers.

Application of eq. (2) with m = 1, n = 4, or any other constant values,

to describe the contracting jet shape in our experiments is not feasible. This

equation is only a good approximation for low Fr number jets. In the next

section, we apply a heuristic correction to the jet shape eq. (2) to expand its

applicability to inertia-driven jets with high Fr numbers.

3.2.1. Modified Jet Shape Equation

At first, we analyze the behavior of the inertia-driven but still contracting

jet shape by selecting eight exemplary experiments which cover a wide range

of parameters. In detail, we choose experiments with Fr and Oh numbers
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varying from around 40 to 1000 and 0.05 to 6, respectively. Next, we perform

a regression of the r̄j and x̄ data of the jet interface to eq. (2) with m = 1, n

= 4. However, the utilization of the actual Fr number in the regression does

not have success. We therefore treat it as a fitting parameter which results

in a very good regression quality. Table 2 gives the experimental parameters

along with the fitted Fr number arising from the data regression.

Table 2: Actual and fitted non-dimensional groups for the regression of the jet shape

eq. (2) (m=1, n=4) to experimental data.

Experiment Fr We Oh | Frfit

Exp-1 43.98 1.63 5.00 1.63

Exp-2 119.58 5.60 1.98 2.10

Exp-3 131.37 1.90 6.32 2.0

Exp-4 241.73 15.41 0.20 2.53

Exp-5 335.77 21.40 0.20 3.54

Exp-6 596.92 38.00 0.20 4.83

Exp-7 718.48 43.91 0.05 6.20

Exp-8 1050.15 62.26 0.48 9.17

We observe that the fitted Fr number is always considerably lower than

the actual one. A plot of the fitted Fr number versus the We number reveals

the linear correlation

Frfit ≈ 1 +
We

8
. (10)

Hence, our heuristic correction results in a modified jet shape equation for
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inertia-driven jets according to

−x̄ =

(

1 +
We

8

)(
1

r̄4
j

+
4

r̄j

1

We
−

(

1 +
4

We

))

. (11)

This equation indicates that the shape of an inertia-driven jet mainly depends

on the ratio of inertial to surface tension forces without the influence of the

gravitational force. This is also indicated by contraction probability contour

plot Figure 6c). In the next subsection, we validate eq. (11).

3.2.2. Validation of the Modified Jet Shape Equation

We test the quality of the modified equation by comparing the computed

and measured jet shape as given in Figure 7a). Here, we use experiments

from the regression data in Table 2. All shapes feature a considerable con-

traction over the jet length. The dimensionless jet radius decreases from

one to roughly half of the initial radius. We observe that jets with low Fr

numbers feature a relatively-higher contraction which as already shown qual-

itatively in the binary regression plot Figure 6b). Comparison of computed

and experimental interface profiles show an excellent agreement given the

simple methodology that we apply to correct the jet shape equation. Next,

we validate the modified equation and test whether it can be used to predict

jet shapes from experiments that were not part of the regression data, cf.

Figure 7b). Again, we find good agreement which confirms that the modified

model can be used to predict the interface profile in a regime of 40 . Fr .

1500; 1 . We . 100 and 0.05 . Oh . 6.

3.3. Dispensed Liquid Profile

When a liquid is dispensed on a surface, the droplet (line) profile is far

from equilibrium and the contact angle changes over time [62]. The transi-
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tion to the equilibrium state is covered by dynamic models while the actual

equilibrium is described with static models. Within the transition from dy-

namic to static state, the droplet goes through different phases; namely,

kinematic, spreading, relaxation and wetting phases [62]. The maximum

spreading radius of a dispensed droplet depends on the liquid density, viscos-

ity, (initial) droplet diameter, solid-liquid interfacial tension along with the

dispensing conditions (impact velocity). Several models are available in the

literature which describe the dynamics of liquid spreading on a flat surface

[63, 64, 65, 62, 66].

The present work is not concerned with the spreading phase since a re-

spective treatment would constitute a major research effort on its own. Here,

we focus on the final equilibrium shape of a dispensed liquid on a flat surface

– as illustrated in Figure 8a) – which is an important parameter in many

industrial applications [28, 30, 29]. The equilibrium state is reached when:

i) there is no further liquid movement on the substrate; ii) the interface be-

tween the air and liquid is symmetrical; iii) the liquid attained the substrate

temperature; and iv) the volume of the liquid is conserved which means that

there is no or hardly any evaporation [28].

Lubarda and Talke studied the static shape of a liquid droplet that is

influenced by gravity. They used an ellipsoidal model based on the min-

imization of the Gibbs free energy and restricted the droplet shape to a

spherical cap. This model accurately determines the droplet shape for con-

tact angles below 120° and droplet sizes on the order of the capillary length
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scale of the liquid [67]. Yeh et al. developed a model for 2D cylindrical and

3D axisymmetrical droplets based on the minimization of the Helmholtz free

energy. This approach results in the augmented Young-Laplace equation for

the droplet shape [68, 69]. Likewise, Berim and Ruckenstein [70] developed a

model for cylindrical and axisymmetric droplet shape and the contact angle

from a microscopic perspective using interaction potentials between the solid

and liquid.

We use the Berim and Ruckenstein approach and correlate it to the dis-

pensing parameters to obtain the 3D profile of a dispensed liquid and compare

it with a corresponding experiment. In detail, we print a 2 cm line of a com-

mercial carbon ink, with the liquid properties listed in Table 1, on a glass

substrate. The ink is dispensed with a (lateral) print head velocity of u =

4 cm/s and with Fr, We and Oh numbers of 295, 5.5 and 0.1, respectively.

The spacing between nozzle and glass substrate is 5 mm and the diameter of

the nozzle is 100 μm. Utilization of eq. (11) clarifies that for these conditions,

the change in jet radius is negligible. The volume V of the dispensed liquid

is calculated according to

V =

∫ td

0

v ∙ A dt, (12)

where A = πd2/4 is the cross sectional area of the nozzle and td is the

dispensing time. The schematic of an equilibrium line profile on a flat surface

is given in Figure 8a). The line has a length of l and a width of w and the

cross-sectional profile of a cylindrical cap. The length of the dispensed line
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is related to the dispensing time according to

l =

∫ td

0

u dt. (13)

A coordinate system for the cross-sectional profile is introduced where the

width of the profile is a function of its height; that is, z(y). The maximum

height of the profile ym is located at the centerline at z(ym). The governing

equation of the cross-sectional profile of a cylindrical droplet per unit length

is then
d2z
dy2

(1 + dz
dy

2
)3/2

+ a φ(y) − λc = 0, (14)

where λc is the Lagrange multiplier for the droplet volume. The correlation

for the interaction energy a and the function φ(y), which relates the size of

the repulsive core κ and the height of the profile, are defined as

a =
4

3

εLS

εLL

ρs

ρ

(
κ

η

)4

; φ(y) =
κ2

(κ + y)3
. (15)

Here, εi are the strength of the interactions between liquid-liquid (i = LL)

or liquid-substrate (i = LS); ρs is the number density of molecules in the

substrate and η is the radius of interaction. To convert eq. (14) into a first

order differential equation, we substitute dz
dy

= p(y) according to

p(y) =
Ψ(y)

√
1 − Ψ2(y)

(16)

where

Ψ(y) = λcy +
aκ2

2(κ + y)2
+ C. (17)
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The cross-sectional (2D) profile of the dispensed line can then be obtained

by solving

z(y) =

∫ y

0

Ψ(y)
√

1 − Ψ2(y)
dy +

∫ ym

0

Ψ(y)
√

1 − Ψ2(y)
dy, (18)

where the second integral corresponds to the position of the contact line z(0).

Finally, the condition of a constant volume is engaged, where the dispensed

liquid is correlated to the (3D) line profile according to

V =

∫ td

0

vAdt = −2

∫ td

0

u dt

∫ ym

0

z(y) dy. (19)

To compute the cross sectional profile with eq. (18), values for a, λc, κ,

ym and z(0) are needed. To calculate the maximum height ym, eq. (19) with

the appropriate dispensed volume constraint is solved. Generally, a is a value

less than 4 to keep the dispensed line stable [70]. Since we have no access to

the properties required to estimate a with eq. (15), it is used as a regression

parameter. In detail, a is chosen such that the experimental cross-sectional

height and width of the profile are matched. The Lagrange multiplier λc can

then be calculated using

λc =
1

ym

[

− 2 +
a

2
−

aκ2

2(κ + ym)2

]

, (20)

where κ = 0.34 nm as the size of the repulsive core is used, cf. Ref.[71].

The numerical integrations to solve for the cross-sectional and the line profile

are performed using the secant method.
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Figure 8b) allows for the comparison of the cross-sectional profiles ob-

tained from model and experiment. A very good agreement is found when

n interaction energy of a = 3.97 is sued which fulfills the constrain a < 4.

Figure 8c) and d) contain a 1.5 mm segment of a measured and computed 3D

profile, respectively. We find good agreement between the profiles both hav-

ing a maximum height of ym= 0.08 mm and a width w ≈ 2 mm. Differences

are obvious at the contact lines. These are mainly related to the evapora-

tion of the ink and wetting/de-wetting effects which are not captured by the

model. Nevertheless, the comparison proves that the present approach cap-

tures the most important features of the micro dispensing process.

4. Concluding Remarks

This study is concerned with various aspects of a direct-write micro dis-

pensing process. In general, successful dispensing depends on the distance

between nozzle and substrate, the jet diameter when contacting the sub-

strate, and the profile of the dispensed liquid on the substrate. In this work,

dispensing of a wide range of Newtonian liquids with varying properties is

investigated.

First, the break-up lengths (ratio) of continuous jets are analyzed since

this is an indication for the maximum possible distance between nozzle and

substrate. Buckingham Π theorem and a set of experiments are employed to

infer a phenomenological correlation between dimensionless groups describing

the break-up ratio of a jet with respect to liquid and dispensing parameters.
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This work clarifies that the experimentally-observed break-up ratios can be

well described with the Froude and the Ohnesorge number. The presence

of the gravitational force in the problem is rather counter-intuitive since the

micro dispensing results in inertia-driven jets and one would assume that

gravity has no influence. Furthermore, correlations for gravity-driven jets

that are available in literature utilize the Weber number which is the ratio

of inertial to surface tension forces. However, the surface tension forces are

already included in the Ohnesorge number and an useful correlation, which

describes the experimental results using Ohnesorge and Weber number, could

not be identified, which validates the present approach to include the Froude

number. Knowledge obtained from experiments and phenomenological cor-

relation is used to construct a map which identifies parameters for successful

direct-write micro dispensing of liquids.

Scheuerman’s equation is modified to describe the radius of the jet inter-

face as a function of jet length as well as liquid and dispensing properties.

The original equation utilizes both Froude and Weber number and is success-

fully applied to gravity-driven jets, but is not applicable for jet shapes from

micro dispensing. The proposed modification results in a very good descrip-

tion of the shape of inertia-driven jets and is solely a function of the Weber

number. This is in agreement with the current observation that at higher

Froude (and low Ohnesorge) numbers, the jet interface does not or hardly

contracts. The modified equation can be used to estimate the resolution of

the dispensed liquids on a substrate.
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Finally, Berim and Ruckenstein’s microscopic model for the 2D shape of

a liquid droplet on a flat surface is engaged. The model is extended and

correlated to the dispensing parameters so that it describes the 3D equilib-

rium profile of a liquid dispensed on a flat and homogenous substrate. The

comparison between model and experiments shows very good agreement but

at the contact lines where there is noticeable influence of evaporation and

wetting/dewetting phenomena.

In this work, rather simple Newtonian liquids are utilized but micro-

dispensing processes also use non-Newtonian suspensions or dispersions with

high solid concentrations. Hence, it would be most interesting to investigate

break-up length, jet shape and line profile of Non-Newtonian liquids in future

work. Additionally, the influence of the impact and the lateral dispensing

velocity deserves further investigations.
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