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Abstract

This thesis reports the first successful identification and investigation of turbulent/

non-turbulent interface (TNTI) in airfoil flows – all the previous TNTI studies were

confined to canonical flows such as wakes, jets or flat-plate boundary layers.

In the present study, airfoil TNTIs were detected by the Fuzzy Cluster Method

and confirmed to be physical a posteriori by the distinctive quasi-step jump behaviour

in conditionally-averaged statistics along traverses normal to the TNTIs.

To investigate the kinematics of airfoil TNTIs, the NACA-0012 airfoil flow at 2◦

angle of attack (AoA), chord-based Reynolds number Rec = 100, 000 and Mach num-

ber Ma = 0.5 was simulated. We compared the TNTI statistics in four flow regions:

transitional and turbulent boundary layers, upper and lower wakes. Airfoil curvature

parameters are noticeably affected by the transitional state of the flow; there are only

minor differences between the turbulent-boundary-layer TNTI and the turbulent-wake

TNTI. Downstream of transition, local entrainment is more pronounced on relatively

flat TNTI surfaces.

To investigate the dynamics of airfoil TNTIs, three DNS cases were considered: the

cylinder flow at diameter-based Reynolds number ReD = 10, 000 and Ma = 0.2 with

a symmetric wake and strong vortex shedding, the NACA-0012 flow at 2◦ AoA with a

slightly asymmetric wake and weak vortex shedding, and the NACA-0012 flow at 10◦

AoA, Rec = 60, 000 and Ma = 0.3 featuring a highly asymmetric wake and strong
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vortex shedding. We investigated four subzones of the instantaneous TNTIs: leading

edge (LE), trailing edge (TE), bulge and trough. The zonal conditionally-sampled

invariants of the velocity gradient tensor, enstrophy production and orientation of

local structures suggest that wake TNTI properties depend more heavily on the degree

of vortex shedding and relatively less on the degree of wake asymmetry. Random

relative orientation between the vorticity vector and the TNTI normal is observed in

the trough, which casts doubts on the notion of vortex structure confinement across

the entire TNTI. The turbulent flow near the TE is found to be effective in enstrophy

production, whereas the turbulent flow near the LE is the least effective.

Overall, the present work expanded the TNTI research field into the domain of

aeronautical flow.
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ŝ2; (c) the compressive strain-rate eigenvalue ŝ3. . . . . . . . . . . . . 106
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ate strain-rate eigenvector ŝ2(e2 · ω̂)2; (c) the compressive strain-rate
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Chapter 1

General introduction

1.1 Motivation

Turbulent and non-turbulent interface (TNTI) is a thin zone with a steep gradient of

vorticity magnitude that separates the turbulent fluid on one side from the quiescent

non-turbulent fluid on the other side. It is highly convoluted in space and changes

instantaneously with time. The fluid dynamics across TNTI governs the exchange of

mass, momentum, energy and scalars between the two sides. Accurate identification

of TNTI offers the opportunity to address the fundamental difficulty of locating the

instantaneous position of either attached or separated boundary layer edge on airfoils

where the usual measure of wall-normal distance of 99% of freestream velocity breaks

down. Knowledge about the kinematics and dynamics of TNTI is also useful in

understanding the rate and the mechanism of spreading of turbulent fluid into the non-

turbulent zone. Such knowledge is crucial in studying the growth of turbulent spots

during the late stage of boundary layer transition because the instantaneous boundary

of a turbulent spot is marked by its TNTI [135, 136]. TNTI also plays an important

role in many other flows such as shock wave and turbulent boundary layer interaction
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[87, 143], non-premixed combustion [42, 42, 29], stratified flows [121, 70, 88] and

turbulent gas-liquid two-phase flows [134]. Discussions on the potential applications

of TNTI can be found in Hunt et al. [56] and da Silva et al. [25].

The subject of TNTI has been extensively studied using idealized canonical free-

shear flows [127, 128, 11, 95, 5, 117] and the zero-pressure-gradient, smooth flat-plate

boundary layer (ZPGSFPBL) [18, 13]. However, it remains to be addressed whether a

TNTI can be quantitatively identified in realistic aerodynamic flows where separation

bubble, transition, turbulent boundary layer separation and asymmetric wake co-exist

in a complex spatially-developing fashion. The overall interest of this work is therefore

expanding the TNTI research field into a new area that has more direct relevance to

aeronautical engineering, in particular low-Reynolds-number subsonic airfoil flows.

1.2 Literature review

TNTI is a long-established research field pioneered by Corrsin and Kistler [24] in

the mid 1950s. Literature in the field can be roughly divided into two periods. In

the first period, from 1955 to 2002, limited by the inadequate capabilities of exper-

imental equipment and computational resources, researchers paid more attention to

the intermittency factor of turbulent flow without touching upon the issue of direct

quantifications of TNTI. As a result, the existence of TNTI anticipated by Corrsin

and Kistler [24] was not confirmed. Work in this stage is briefly summarized in

§ 1.2.1. In 2002, using DNS and conditional sampling, Bisset et al. [11] from Stanford

University showed, for the first time, the anticipated quasi-step change of vorticity

magnitude across a wake TNTI. In the second period, from 2002 to present, with

the aid of advanced measurement systems such as particle image velocimetry (PIV)
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and continuously increasing supercomputing power, researchers have been able to ex-

tract quantitative information on the kinematics and dynamics of the TNTIs. The

significant amount of literature in this second period is surveyed in § 1.2.2. And the

papers in § 1.2.2 are grouped based on their relevance to TNTI identification, TNTI

geometrical features, TNTI conditional flow statistics and TNTI entrainment.

1.2.1 Flow intermittency studies

Early studies of TNTI concentrated on the flow intermittency which was introduced

by Townsend [114]. At a fixed location near the edge of a turbulent flow, the motion

is sometimes turbulent and sometimes non-turbulent, and the intermittency factor γ

is the probability that flow at the location is turbulent. The widely used experimen-

tal method to measure γ is called the on-off signal method, which was proposed by

Townsend [115] and modified by Corrsin and Kistler [24]. This method transforms

the output from a hot-wire anemetor into an on-off signal: “on” when the flow is tur-

bulent and “off” when the flow is non-turbulent. This method is direct and has good

performance when γ is low. By using the on-off signal method, Corrsin and Kistler

[24] examined the “free-stream boundaries” of rough-wall boundary layer, plane wake

and round jet. They highlighted the role of a continuous laminar superlayer in the

propagation of vorticity from the turbulent field into the non-turbulent field. Thick-

ness of the laminar superlayer was estimated to be on the order of the Kolmogorov

scale. The input signals to the on-off signal method can be roughly categorized into

two groups: velocity-based signals and passive scalars. Velocity-based signals were

used by Kovasznay et al. [69] and Antonia [3] in boundary layers, Wygnanski and
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Fiedler [138] in mixing layers, Paizis and Schwarz [93] and Gutmark and Wygnan-

ski [48] in jets and Thomas [112] and Boisson et al. [12] in wakes. Passive scalars

(usually temperature) were used to study the intermittent region in various flows,

including boundary layers [20], jets [4, 21], mixing layers [39, 106] and the turbulent

wakes of a cylinder [73, 35, 1]. To acquire accurate intermittency data, threshold

value of the scalar and “hold-time” of the signals are needed. The threshold value is

used to separate the signals representing turbulent flow from those representing non-

turbulent flow, and the “hold-time” is used to eliminate the spurious “non-turbulent”

regions indicated in “turbulent” regions. However, both parameters are difficult to

set properly, and a generic value that is satisfactory in all contexts is unlikely to exist.

Although it is possible to distinguish turbulence from non-turbulence with a probe,

the probe measurement does not permit accurate determination of the TNTI position

or extraction of the detailed flow field near TNTI with high spatial resolution. Visu-

alization methods though providing no quantitative information, played an important

role for an intrinsic understanding of TNTI. The highly contorted three-dimensional

behaviour of the TNTI was visualized by Grant with coloured fluid [46], Fiedler and

Head with smoke [38] and Falco with fog of oil droplet [36].

The Gaussian interface model was first reported by Corrsin and Kistler [24]. They

found that at a fixed location downstream of a circular cylinder, various statisti-

cal variables displayed a random behaviour which could be described as a Gaussian

stochastic process. Several other papers verified this Gaussian behavior [93, 20, 73,

106]. However, highly affected by the shedding vortices, the intermittency properties

in the near wake of a cylinder were not Gaussian [12].

Two outward movement mechanism of TNTI, nibbling [24, 7] and engulfing [46,
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69, 73, 93], were recognized. Nibbling is the direct entrainment of non-turbulent

fluid by the viscous action of the interface and engulfing is associated with large-

scale motions and marked by interface folding or overhangs. After being engulfed,

the non-turbulent fluid still has to go through nibbling to become turbulent. Corrsin

and Kistler [24] suggested the number of overhangs should be small and thus viscous

mechanism dominated the entrainment. The thickness of the laminar superlayer was

estimated at the order of the Kolmogorov scale, and its speed of advance was given by

the Kolmogorov velocity uη = (νε)1/4. Nevertheless, after Townsend [116], the bulk

of the papers held the opinion that engulfing is more important than the nibbling

to entrainment of non-turbulent flow. Kovasznay et al. [69] employed a double hot-

wire anemometer probe separated in the normal direction to detect the intermittent

region of a boundary layer. From the conditionally-averaged results which sampled

the statistics in the turbulent region and the non-turbulent region separately, and

space-time correlation results, the connection between the large-scale motion and

TNTI movement was confirmed. LaReu and Libby [73] observed a significant number

of overhangs, especially at the downstream edge of the interface, which suggested the

importance of the engulfment mechanism. In the wall jet of Paizis and Schwarz [93]

40% of the interfaces exhibited overhangs.

Based on experimental observations, several theories were proposed to describe

the motion of the TNTI and the fluid motion in the vicinity of TNTI. In the paper

of Phillips [97], the energy of the fluctuations in the non-turbulent region was shown

to be inversely proportional to the fourth power of the distance from the TNTI,

and this relationship was proved in later works [14, 15, 69, 112, 35]. Townsend

[116] proposed a growth-decay model. The model consists of a cycle of entrainment
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applicable in the far-wake region, which begins with a quiescent period characterized

by a relatively smooth interface in the large scale sense. In the growth stage of the

cycle, packets on the TNTI keep growing and become the large bulges that eventually

overturn, engulfing a large amount of external fluid. In the decay stage of the cycle,

the interface becomes quiescent again. Kovasznay et al. [69] suggested the structure

of the interface can be regarded as a superposition of randomly arising individual

bursts. Sreenivasan et al. [108] described the entrainment mechanism as a roll-up

vortex sheet due to the Kelvin-Helmoholtz instability which entraps external fluid

all the way into the core of the vortex. Although discrepancies existed, these models

suggested that the engulfing process dominates the entrainment process and is closely

related to the large-scale motions near the interface.

1.2.2 Turbulent and non-turbulent interface

Although the early studies (from 1955 to 2002) covered several aspects about TNTI

such as intermittency, there are still numerous questions regarding the kinematics

and dynamics of TNTI. With the aid of detailed numerical simulations and three-

dimensional velocity measurement systems, it has become possible to measure and

compute the geometrical and statistical properties of TNTIs, and the flow motions

associated with them. In 2002, Bisset et al. [11] reported a DNS to study the

interfaces bounding a far temporally-developing wake. They presented the first direct

evidence confirming the quasi-step jump behaviour of flow statistics across TNTI. In

the same year, Westerweel et al. [129] investigated the flow at the outer boundary of

a submerged self-similar turbulent jet by means of combined PIV and laser-induced

fluorescence (LIF) measurements. Here, we review the more recent works on TNTI
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since 2002.

Identification of TNTI

TNTI is three-dimensional and unsteady, the turbulence around the interface is in-

termittent. As such, TNTI detection is challenging. The commonly used method to

detect TNTI is selecting the iso-surface of an indicator variable. Indicator variables

can be categorized into three groups: passive scalars, vorticity-based variables and

velocity-based variables.

Prasad and Sreenivasan [99] determined the two-dimensional TNTI in an axisym-

metric jet by LIF. A fluorescent dye was added to the jet fluid which made it possible

to discriminate between the turbulent jet fluid and the non-turbulent ambient fluid.

The LIF data was transformed into binary images in which the pixel intensity was

large for regions inside the jet and small for regions outside the jet. However, this

method is only feasible in high Schmidt number flows where molecular diffusion is

negligible, namely liquid flows [108, 129, 127, 50, 128]. Reuther and Kähler [101]

utilized particle image density as the passive scalar in a wall-bounded flow. The pas-

sive scalar approach was proved to be threshold insensitive. However, a large enough

particle density is required to resolve the details of the TNTI, and the application is

limited to experiments using local seeding particles only without global seeding parti-

cles. Another passive scalar employed in experimental studies was temperature. Chen

and Blackwelder [20] and Murlis et al. [84] used temperature to detect boundary-

layer TNTIs [20, 84]. In numerical simulations, a passive scalar can be introduced

[41, 54]. Wu et al. [135] used the non-dimensional temperature as a passive scalar in

incompressible transitional and turbulent boundaries.
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The vorticity-based criteria were also employed to detect the turbulent region

[24, 11, 13]. Specially, the vorticity magnitude, spanwise vorticity and enstrophy were

used in various types of flows such as mixing layers [5, 117, 81, 140], jets [27, 111, 104],

wakes [94, 121] and boundary layers [60, 13, 89]. Although the physical meaning of

vorticity-based indicators are obvious, it is not always effective in revealing an inter-

face. The occurrence of excessive number of islands/pockets both inside and outside

the turbulent region poses difficulties to the vorticity-based indicators [135]. Addi-

tionally, the large magnitude of the near-wall shear may lead to a misidentification

of the non-turbulent region as turbulent.

Some researchers prefer the use of velocity-based criteria to detect TNTI. This

approach alleviates the difficulties of applying vorticity-based criteria in experiments

where the vorticity is hard to acquire. de Silva et al. [28] found that the iso-surface

of the local kinetic energy (LKE) in a frame moving with the free stream provided a

good indicator of the interface. The LKE was used as the indicator in experimental

[18, 96, 134] and numerical [72, 113, 139] investigations of boundary-layer TNTIs, jets

TNTIs[17] and mixing-layer TNTIs [66]. Nolan and Zaki [90] used the magnitude of

the wall-normal and the spanwise velocity fluctuations as a criterion to detect the

boundary of turbulent spots.

Comparison between these three groups of indicators were performed by several

authors. Gampert et al. [41] compared the vorticity magnitude versus the passive

scalar criterion when detecting TNTI in mixing layer with unity Schmidt number

and observed a good agreement between these two methods. Anand et al. [2] found

the ensemble-averaged TNTI properties with vorticity-based interfaces and velocity-

based interfaces were in good agreement. They also proposed an indicator combining
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streamwise velocity and azimuthal vorticity to identify the interface in an axisym-

metric jet. Rehill et al. [100] employed several velocity-based criteria, including

instantaneous wall-normal velocity, instantaneous spanwise velocity, value of Q [59],

value of λ2 [62] and gradient of the finite time Lyapunov exponent [47], to identify tur-

bulent regions. They found the results of different criteria were in general consistent

with carefully chosen threshold values.

In all the aforementioned conventional methods, a threshold value must be cho-

sen for a given indicator variable in order to accomplish TNTI detection. Prasad

and Sreenivasan [99] proposed two approaches to determine the threshold value of

the pixel intensity in the LIF images in their jet TNTI study. The first method was

calculating the histograms of the pixel intensity which was expected to be bimodal.

The two peaks in a histogram graph were associated with background noise (tank

water in their experiments) and turbulent fluid, and a local minimum between the

two peaks was a possible threshold. However, as pointed out in their work, when the

volume of the turbulent flow was much smaller than the tank fluid, the histogram

was not unambiguously bimodal. Therefore, the second method was employed where

the threshold was defined from the probability density function (PDF) of a scalar

quantity (pixel intensity). The PDF curve had two slopes and the threshold value

was located at the turning point. Following Prasad and Sreenivasan [99], Mistry et

al. [83] selected the threshold value as the value at which the plot of the turbulent

area versus the vorticity value displayed a distinct slope change. Bisset et al. [11] and

Chauhan et al. [18, 19] used a value of the indicator corresponding to the background

noise level of the non-turbulent region. Borrell and Jiménez [13] proposed to use the

neck region appearing in the contours of the JPDF between the indicator and the
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wall-normal distance in their boundary layer TNTI research. A neck connected one

high probability region with low-level numerical noise far away from the wall to an-

other high probability region with a high-level of near-wall turbulence. Although the

aforementioned methods help predict a reasonable range of the threshold, the choice

of the precise threshold value within the range is still subjective and dependent on the

user experience. Fan et al. [37] proposed using the threshold-free FCM to identify the

internal uniform momentum zones in boundary layers. FCM is unambiguous, robust

and repeatable. FCM will be described fully in Chapter 2.

More recently, machine learning was introduced to the TNTI identification [136,

75]. Similar to Fan et al. [37], an unsupervised clustering method was used to

categorize input data into two groups, turbulent and non-turbulent by Z. Wu et al.

[136]. Z. Wu et al. [136] used a self-organizing map algorithm and selected sixteen

features containing magnitudes of the instantaneous velocities, magnitudes of the

streamwise and wall-normal velocity fluctuations, magnitudes of the VGT elements

and the streamwise and wall-normal coordinates as inputs of machine learning. The

interface in a transitional boundary layer was successfully identified with their method

[137]. Li et al. [75] used another type of machine learning method, extreme gradient

boosting (XGBoost), which is a supervised classification method and needs labeled

training samples to train the classifier. There were eight input features in their

method, including the kinetic energy of the instantaneous velocity fluctuation and the

invariants of the first- and the second-order algebraic polynomials of the fluctuations

of rate of strain tensor and rate of rotation tensor. They applied this method in their

identification of TNTI in flow past a circular cylinder.
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Geometrical features of TNTI

Since the entrainment of irrotational fluid into the turbulent region occurs across the

TNTI, it is important to know the geometrical features of the TNTI. The scope of

previously published works on TNTI geometrical features covers the distribution of

TNTI location, orientation of TNTI, TNTI thickness, TNTI surface curvature, the

fractal nature of TNTI and interface area.

Corssin and Kistler [24] observed that the PDF of TNTI position is nearly Gaus-

sian and their finding was confirmed by one-point measurement results [93, 20, 73, 106]

and advanced DNS and PIV/particle tracking velocimetry (PTV) studies [128, 49,

41, 18, 6]. However, the distribution of TNTIs in the near wake of a blunt body was

not always Gaussian [12]. Non-Gaussian PDFs of the interface location were also

reported by Wu et al. [135] in boundary layers.

With three-dimensional flow visualization, Borrel and Jiménez [13] reported that

TNTI orientations in the streamwise and spanwise directions were similar. Using the

unit outward normal vector n = (cosαn−x, cosαn−y, cosαn−z) Wu et al. [135] investi-

gated the orientation of laminar boundary layer and freestream turbulence interface

(LBFTI), turbulent spot and freestream turbulence interface (TSFTI) and boundary-

layer turbulence and freestream turbulence interface (BTFTI), and suggested that the

PDF profiles of BTFTI for cosαn−x, cosαn−y and cosαn−z were indistinguishable, while

the profiles of LBFTI were distinct in all three directions. Watanabe et al. [122] found

the dependence of the local entrainment velocity on the orientation of the interface

relative to the flow direction (LE or TE of TNTI). Balamurugan et al. [6] found that

the PDF of the interface orientation resembled a bimodal peak at 50◦(−130◦) and

130◦(−50◦) for the lower (upper) interface in a mixing layer, which was attributed to
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the existence of the large-scale organized motions.

Note that TNTI is a layer with finite thickness rather than a zero thickness surface

connecting the ambient non-turbulent regions with the turbulent core regions. It

has been shown that the interface zone consists of two adjacent layers bridging the

irrotational and turbulent regions: the viscous superlayer and the turbulent sublayer.

The former one is adjacent to the non-turbulent region and the latter to the turbulent

core. The viscous superlayer, which was first hypothesised and treated as the whole

TNTI by Corrsin and Kistler [24], is dominated by viscous effects. The turbulent

sublayer is dominated by inertial effects [118, 13]. The total thickness of TNTI which

is the summation of the thicknesses of these two layers, has always been a controversial

topic [11, 51, 52, 128, 27, 130, 65, 5, 19, 125, 13, 121, 120]. The TNTI thickness was

first quantified by Bisset et al. [11] with the quasi-step jump in the conditional

mean vorticity magnitude profiles. They stated that the mean thickness of TNTI is

comparable to the Taylor scale λ = (15νu′2rms/ε)
1/2 and an order of magnitude larger

than the Kolmogorov scale. da Silva [27] argued that the thickness of the TNTI is

equal to the radius of the large vorticity structures populating the outer boundary of

the free turbulent flows, which scales with the Taylor scale. However, Holzner and

co-authors [51, 52] found the TNTI thickness quantified by enstrophy jump was about

2η. Wantanabe and co-authors [125, 121, 120] measured TNTI thickness in several

types of flows and proposed that the TNTI thickness is roughly 15η: the thickness

of the viscous superlayer is about 5η and the thickness of the turbulent sublayer is

around 10η. Silva et al [104] obtained similar results in planar jets TNTI.

The curvature measurements provide insights into the size of the eddy structures

forming the TNTI. More importantly, the local entrainment velocity was discovered
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to be linked to the local surface curvature of TNTI [131, 130, 132, 94, 61, 82]. In

two-dimensional studies, Mistry et al. [83] and Kohan and Gaskin [67] evaluated

the surface curvature by using the rate of the change of the interface direction. The

concave (convex) surfaces have the negative (positive) changing rate of the inter-

face direction. Mistery et al. [82] argued that the net entrainment arose from the

imbalance between local entrainment and detrainment rate, and the local entrain-

ment was correlated with convex surfaces facing the turbulent side of the jet while

the detrainment was correlated with concave surface. Kohan and Gaskin [67] stud-

ied the jet TNTI and claimed that higher values of the passive scalar were more

likely to occur on the iso-surface points with low curvature (flat regions). In three-

dimensional studies, each nodal point on the surface has two principle curvatures κ1

and κ2. Gaussian curvature is defined as Kg = κ1κ2 and mean curvature is defined

as Km = (κ1 + κ2)/2. The surface types are usually categorized by the relationship

between Kg and Km. Below the parabolic line Kg = K2
m, there are four types of

surfaces: elliptic concave (Kg > 0, Km < 0), elliptic convex (Kg > 0, Km > 0), sad-

dle concave (Kg < 0, Km < 0) and saddle convex (Kg < 0, Km > 0) [32]. Wolf et

al. [130, 132] analyzed the interface of an axisymmetric jet with three-dimensional

PTV and found the viscous term of the entrainment velocity dominated the convex

surfaces and the vortex stretching term dominated the concave shapes (looking from

the turbulent region towards the convoluted interface).

Mandelbrot [76, 77] speculated the fractal nature of TNTI. The description of this

feature of TNTI was traced back to Kovasznay et al. [69]: “In order to define the

interface, one faces the same type of difficulties as in defining the shore line of the sea;

it always depends on the magnification, if you like, on the coarseness of the method of
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detection. The shoreline, on the one hand, may be considered relatively smooth, or,

on the other hand, full of small inlets and islands, depending upon how small details

are taken into account.” The verification of TNTI fractal nature was performed by

Sreenivasan et al. [107, 108]. The box-counting algorithm is widely used to access the

fractal feature of the TNTI. The method tests the geometry of objects under different

observation scales by breaking objects into pieces of box shape on a scale hierarchy

and finding the relationship between the number of pieces and the corresponding

length scale. The fractal dimension obtained from three-dimensional interfaces or

inferred from the two-dimensional intersection of interfaces were generally within the

range from 2.2 to 2.4 [108, 28, 18, 83, 143, 6].

Very recently, Neamtu-Halic et al. [89] performed a detailed analysis to describe

the evolution of the surface area of the TNTI in turbulent stably stratified shear

flow. The stretching term and the curvature/propagation term in the time evolution

equation of the TNTI area (also known as the flame stretching equation) [98] were

investigated. They showed the stretching term contributed more to the growth of the

area while the curvature/propagation term was more associated with the destruction

of the interface area. They also demonstrated that both the stretching and the

curvature/propagation terms produced TNTI area at the LE and destroyed the area

at the TE of the TNTI in proximity of the vortical structures.

Flow statistics in the vicinity of TNTI

Bisset et al. [11] reported the first set of flow statistics conditioned on the distance

from the TNTI and demonstrated quasi-step changes of some conditionally-sampled
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physical quantities such as the tangential velocity component and the vorticity mag-

nitude across their wake TNTI. The conditionally-sampled profiles of flow variables

exhibited much sharper gradients than the profiles of classical (time/space) averages.

The classical averages in the intermittent region usually combines information from

the adjacent turbulent and non-turbulent flow regions and resulted in smoothed mean

profiles. Conditionally-sampled statistics have been widely used in TNTI studies since

Bisset [11]. Westerweel et al. [128] observed significant changes of streamwise velocity

and passive scalar across the TNTI. Taveira and da Silva [109] studied the kinetic

energy budget near jet TNTIs and showed that the maximum of all the terms, ex-

cept the viscous dissipation term, were concentrated in a very narrow region near

TNTI. Wu et al. [135] obtained a comprehensive set of interface-normal statistics of

the LBFTI, TSFTI, BTFTI. They also proposed the procedures for computing the

interface-normal statistics, while traditionally TNTI statistics were sampled along

the wall-normal direction in boundary-layer TNTI [34, 18] or along the coordinate

axes in jet or wake TNTIs [11, 123, 121]. No interface-normal inflection was detected

across the LBFTI for swirling strength, temperature, vorticity magnitude, streamwise

velocity, interface-normal velocity, Reynolds shear stress, or turbulent kinetic energy

[135]. This observation casts doubts on the shear-sheltering hypothesis/theory which

asserted that freestream normal velocity and/or certain high-frequency velocity fluc-

tuations are blocked by the LBFTI due to shear of the perturbed laminar boundary

layer [55]. Recently, by combining conditional average and linear stochastic estima-

tion, Balamurugan et al. [6] provided statistical evidence for the presence of large

vorticity structures along the interface which was suggested by da Silva and Taveira

[27].
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The behaviour of the small scales can be examined through the VGT Aij =

∂ui/∂xj = Sij + Wij = 1/2(∂ui/∂xj + ∂uj/∂xi) + 1/2(∂ui/∂xj − ∂uj/∂xi), where

Sij is the symmetric part (rate of strain) and Wij is the skew-symmetric part (rate

of rotation). Chong et al. [22] defined the invariants of VGT from the roots of the

characteristic equation for Aij. The first invariant P describes the negative trace of

the VGT which is therefore zero for incompressible flows. The second invariant Q

and the third invariant R are usually used to describe the flow topology, and the

JPDF of Q and R has been found to show a “teardrop” shape in incompressible

turbulent flows [92, 105, 23]. da Silva and Pereira [26] investigated the invariants of

the velocity gradient, rate of strain and rate of rotation tensors [22]. The “teardrop”

shape was observed on the turbulent side of the TNTI. However, inside the zone

of the TNTIs, the (R,Q) shapes were confined within the discriminant lines. Wolf

et al. [131] and Watanabe et al. [123] performed the VGT analysis on jet TNTIs

and reported that inviscid entrainment process was closely related to the degree of

the alignment between the vorticity vector and the eigenvector of the rate of strain

tensor. Breda and Buxton [16] studied the behaviour of small-scale turbulence in the

TNTI of a round jet and a fractal jet. They also noticed the drastic change of (R,Q)

distribution from TNTI to the turbulent bulk region, which resulted in a substantial

change of the local Taylor and Kolmogorov length scales. VGT invariants were also

used to investigate compressible turbulent mixing layer TNTIs [117, 81, 140]. Yu et al.

[140] performed the DNS of a temporally-evolving turbulent mixing layer and studied

the evolution of the local topology near the TNTI by investigating different terms

in the time evolution equations of P , Q and R. They considered the interactions

among the invariants, the pressure effects and the viscous effects, and claimed that
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the evolution of the local TNTI topology was mainly associated with the pressure

effect term in the TNTI region.

Watanabe and co-authors conditionally averaged the viscous diffusion and viscous

dissipation, inviscid production terms in the enstrophy transport equation across

the TNTI in boundary layers [126], planar jets [123, 124, 119] and mixing layers

[125]. The results of different flows were in good agreements. The sign of the viscous

diffusion term changed from negative to positive from the turbulent region toward

the interface, which indicated that the enstrophy was transferred from the turbulent

region to the non-turbulent region. Viscous diffusion made the largest contribution

to the enstrophy in the laminar superlayer, and similar results were also observed

by da Silva et al. [26], Holzner et al. [52] and Taveira et al. [110]. From the

turbulent sublayer to the turbulent region, the inviscid production term dominated

the enstrophy production and balanced the viscous dissipation, which was consistent

with the observation of Taveira et al. [110] using Lagrangian statistics.

Entrainment

Across TNTI, nearby irrotational fluid is continuously being incorporated into the

turbulent zone. This process is known as entrainment. During entrainment, there

is an exchange of momentum, energy, vorticity, mass and other properties between

the surrounding non-turbulent fluid and the turbulent stream. The entrainment pro-

cess can be subdivided into nibbling and engulfment. Both processes are found in

flows, while the relative contribution of them to the total entrainment still remains a

controversial question despite intensive numerical and experimental efforts.

Entrainment was initially assumed to be driven by engulfing motions induced
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by large-scale turbulent structures [116]. Engulfing includes several stages: exterior

non-turbulent fluid is ingested by the interior rational turbulent flow and the inter-

face extended; then the engulfed flow is mixed with surrounding fluid particles in a

“stirring” process [30]; and finally the irrotational flow acquired vorticity by viscous

diffusion. Kopp et al. [68] studied the TNTI in the wake of a circular cylinder and

found that the growth of the wake was due to the emergence of “bulges”. However,

the decay and the reappearance of the bulges and other entrainment structures sug-

gested by Townsend’s growth-decay cycle [116] were not observed. The connection

between large-scale motions and engulfing was investigated [11, 58, 57]. It was pro-

posed that the entrainment rate was imposed by the motion of the large-scale eddies

near TNTI.

Some recent investigations [80, 127, 128] have paid more attention to the impor-

tance of small-scale nibbling motions [24] in the entrainment process. Holzner et al.

[51, 52] employed three-dimensional particle tracking to study the small-scale strain

and enstrophy evolution near TNTI of turbulent flow without strong mean shear.

They stated that the entrainment mechanism was characterized by a sequence of

events. The nibbling process started with the amplification of strain by the combined

effect of strain production and pressure-strain interaction. Subsequently, the enstro-

phy experienced a sharp increase which was initially dominated by viscous diffusion

and then by enstrophy production. Finally, production and dissipation of enstrophy

and strain reached equilibrium in the turbulent region. Nibbling was proved to be a

small-scale viscous diffusion process. A more straightforward study by Taveira et al.

[110] introduced millions of particles in a DNS study of a turbulent jet. Only about
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1% of all particles were reported to be engulfed into the turbulent region, which sug-

gested the more important role of nibbling in entrainment. Similar explorations from

Watanabe et al. [120] also attributed the entrained particle movements to small-scale

features.

Nibbling and engulfment can be combined. Sreenivasan et al. [108] showed that

an extensive surface area was created by the large-scale motions which determined

the total entrainment amount, and the small-scale viscous motions took the role of

converting non-turbulent fluid to turbulent. Philip and Marusic [95] simulated jets

and wakes with a large-scale eddy model and acknowledged both engulfing and nib-

bling contributes to the entrainment. They conjectured that engulfed non-turbulent

flow must be nibbled by small-scale eddies to become turbulent, while the small-scale

eddies were able to reach out into the irrotational regime through viscous diffusion.

Chauhan et al. [18] introduced mass flux as a parameter that provided a direct

quantitative insight into the entrainment. They showed that the boundary-layer en-

trainment was characterized by two distinctive length scales which appeared to be

associated with a two-stage entrainment process having a substantial scale separation.

The entrainment velocity associated with the vorticity-based iso-surface was de-

rived by Holzner and Lüthi [53]. They expressed the velocity of iso-surface element

as sum of the fluid velocity and the velocity of the area element relative to the

fluid (entrainment velocity Vn · n). By defining a reference frame moving with the

iso-surface of enstrophy, the total change of the enstrophy was zero, and yielded

Vn = −2ωiωjSij/|∇ω2| − 2νωi∇2ωi/|∇ω2|. The entrainment of TNTI based on the

iso-surface of LKE was proposed by Philip et al. [96]. Philip et al. [96] quantified lo-

cal entrainment by considering the evolution of the LKE in the non-turbulent control
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volume on a frame moving at freestream velocity. The entrainment equals the LKE

flux on the control surface enclosing the non-turbulent control volume.

1.3 Objectives and outline

Although TNTI has been extensively studied in canonical flows such as jets, mixing

layers and flat-plate boundary layers, to the best of author’s knowledge, no study,

neither experimental nor numerical, has explored the subject of TNTI in compressible

airfoil flow. Therefore, the overall objective of this thesis is to expand the TNTI re-

search field into a new area that is more relevant to aeronautical engineering, namely,

airfoil flow, which has many complex features. To accomplish the overall objective,

two specific scientific objectives were set. The first specific objective focuses on the

kinematics of airfoil TNTIs existing in a complex environment including separation

bubble, transition, turbulent boundary layer separation and a slightly asymmetric

wake. Obviously the first technical issue here is to identify airfoil TNTI. Beyond

identification, we aim at comparing the TNTI kinematic statistics in four local re-

gions of the airfoil flow: transitional boundary layer, turbulent boundary layer, upper

wake and lower wake. TNTI geometrical features including height, thickness, orienta-

tion and curvature are also quantified. The second specific objective is to investigate

the dynamics of airfoil TNTIs. The factors of wake symmetry and degree of vortex

shedding are considered through comparisons among flow cases. We also focus on the

relative dynamical importance within the subzones of the instantaneous TNTIs: inter-

face LE, interface TE, interface bulge and interface trough. The connection between

TNTI curvature and local entrainment is also of interest. The thesis is composed of

five chapters.
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Methods are presented in Chapter 2. To acquire accurate airfoil flow field, the

sixth-order, compact finite-difference DNS method of Nagarajan, Lele and Ferziger

[85] is used. Governing equations, spatial discretization and time marching numerical

schemes, and boundary conditions of the method are described in § 2.1. Flow vali-

dation and consistency check including flow over a circular cylinder and flow over a

SD7003 airfoil are extended in § 2.2. The threshold-free TNTI identification method,

FCM [37], is employed in this thesis with slight modification. The implementation and

verification of the modified method is introduced in § 2.3. The conditional method

for sampling statistics along traverses normal to TNTI is presented in § 2.4.

To achieve the first scientific objective, the TNTIs in four categories of airfoil

flow are quantitatively investigated in Chapter 3. We perform a DNS at Ma = 0.5

past a NACA-0012 airfoil at 2◦ AoA, and at a low Reynolds number Rec = 100, 000.

The modified FCM method is used to identify TNTI from DNS airfoil flow field in

conjunction with the LKE as the indicator function. The interface-normal statistics

and TNTI geometrical characteristics are studied. Finally, the possible connection

between the TNTI geometrical features and local entrainment is investigated as well.

In Chapter 4, the second scientific objective is tackled. We study conditionally-

averaged VGT invariants and enstrophy production across the TNTIs of a symmetric

cylinder wake with strong vortex shedding, a slightly asymmetric wake with weak

vortex shedding behind a NACA-0012 airfoil at 2◦ AoA, and a highly asymmetric

wake with strong vortex shedding behind the same airfoil at 10◦ AoA. Conditional

sampling is performed using a novel subzone approach in which four sub-categories of

interface, namely trough, bulge, LE and TE, are identified from each instantaneous

TNTI. The traditional full TNTI sampling approach without the subdivision is also
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used for comparison purpose.

Finally, Chapter 5 summarizes the results of this study.
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Chapter 2

Methods

2.1 Computational methodology

The compressible DNS code of Nagarajan, Lele and Ferziger [85] is used in the present

work. The code solves the compressible Navier-Stokes (N-S) equations on a general

curvilinear system. The spatial discretization is carried out on a staggered mesh

using sixth-order compact finite difference scheme [74]. Fully impact, second-order

accurate, Beam-Warming [8] time marching method is used for the near wall region

(inner zone in Fig. 2.5). Explicit, third-order accurate Runge-Kutta time marching

method is employed for the region far away from wall (outer zone in Fig. 2.5). The

airfoil surface is assumed to be a no-slip adiabatic wall. In the far-field including

upstream and downstream of the airfoil, disturbances are damped by a sponge layer at

the domain boundary. Extensive benchmark and validation studies on the code were

reported previously [86, 78, 79, 64, 63]. A brief description of the numerical schemes

will be provided in this chapter, and more details can be found in Ref. [74, 85].
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2.1.1 Governing equations

The non-dimensional N-S equations that govern the unsteady, compressible flows in

Cartesian coordinates (x1, x2, x3) are

∂ρ

∂t
+

∂

∂xj
(ρuj) = 0

∂ρui
∂t

+
∂

∂xj
(ρuiuj + pδij) =

∂σij
∂xj

∂E

∂t
+

∂

∂xj
[(E + p)uj] = − ∂qj

∂xj
+

∂

∂xk
(ujσjk)

(2.1)

where ρ, uj, p, E, σij and qi are the density, velocity vector, pressure, total energy,

viscous stress tensor and heat flux vector, respectively.

E =
p

γ − 1
+

1

2
ρukuk

σij =
µ

Re
(
∂ui
∂xj

+
∂uj
∂xi
− 2

3

∂uk
∂xk

δij)

qi = − µ

RePr

∂T

∂xi

p =
γ − 1

γ
ρT

(2.2)

Re = ρ∗0c
∗
0L
∗
0/µ

∗
0 is Reynolds number based on the density ρ∗0, velocity c∗0 (the sound

speed), length scale L∗0 and coefficient of viscosity µ∗0 at the reference conditions

(dimensional quantities carry a superscript ∗). Pr = µ∗0C
∗
p/k

∗ is the Prandtl number.

In this work Pr is taken as 0.7 for air. The variation of the dynamic viscosity with

temperature is accounted for by a power law of the form µ/µ∗0 = (T/T ∗0 )0.7.
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2.1.2 High-order compact method for spatial discretization

The compact finite difference method developed by Lele [74] is used for spatial dis-

cretization. The method provides a better representation of small length scales. For

simplicity, a one-dimensional grid (see Fig. 2.1) will be used as an example to briefly

introduce the scheme. On a one-dimensional uniformly spaced grid, the nodes are at

xj = (j − 1) ∆x for j = 0, 1, · · ·, N , where ∆x is the grid spacing.

Figure 2.1: One-dimensional grid for collocated and staggered schemes.

A collocated scheme evaluates the derivative of f at these nodes using the function

values fj = f (xj), and the first derivative f ′ = df/dx at the nodes is given by

α̂f ′j−1 + f ′j + α̂f ′j+1 = b
fj+2 − fj−2

4∆x
+ a

fj+1 − fj−1
2∆x

. (2.3)

By matching coefficients of the Taylor series expansion, the parameters α̂, a and b for

a sixth-order compact scheme are

α̂ =
1

3

a =
2

3
(α̂ + 2)

b =
1

3
(4α̂− 1).

(2.4)

The compact scheme for the second derivative f ′′ on the collocated grids is

α̂f ′′j−1 + f ′′j + α̂f ′′j+1 = b
fj+2 − 2fj + fj−2

4∆x2
+ a

fj+1 − 2fj + fj−1
∆x2

, (2.5)



2.1. COMPUTATIONAL METHODOLOGY 26

with the parameters for a sixth-order scheme

α̂ =
2

11

a =
4

3
(−α̂ + 1)

b =
1

3
(10α̂− 1).

(2.6)

A staggered scheme evaluates the derivative of f using the function values located

half a cell width away (1/2, · · ·, j − 1/2, j + 1/2, · · ·, N − 1/2)

α̂f ′j−1 + f ′j + α̂f ′j+1 = b
fj+3/2 − fj−3/2

3∆x
+ a

fj+1/2 − fj−1/2
∆x

. (2.7)

The coefficients of the sixth-order staggered difference scheme are

α̂ =
9

62

a =
3

8
(−2α̂ + 3)

b =
1

8
(22α̂− 1).

(2.8)

A staggered scheme usually involves midpoint interpolation, which is carried out

by

α̂f Ij−1 + f Ij + α̂f Ij+1 =
b

2

(
fj+3/2 + fj−3/2

)
+
a

2

(
fj+1/2 + fj−1/2

)
, (2.9)

where f Is are the interpolated values. The coefficients for a sixth-order scheme are

α̂ =
3

10

a =
1

8
(10α̂ + 9)

b =
1

8
(6α̂− 1).

(2.10)
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Fourier analysis can be used to quantify the errors of aforementioned schemes

at resolved wavenumbers and to compare with commonly-used central schemes. A

function f(x) that is periodic over the domain [0, L] is considered. For an equally

spaced grid with N + 1 nodes, ∆x = L/N , the Fourier representation of f is

f (x) =

N/2−1∑
k=−N/2

f̂k

(
2πikx

L

)
(2.11)

where i =
√
−1. Since the dependent variables are real, the Fourier coefficients satisfy

f̂k = f̂ ?−k for 1 ≤ k ≤ N/2, and ? denotes the complex conjugate. By introducing a

scaled wavenumber ωf = 2πk∆x/L = 2πk/N and a scaled coordinate s = x/∆x, the

Fourier modes can be simplified as exp(iωfs). The exact first derivative of Eq. (2.11)

with respect to s is f̂ ′k = iωf f̂k. The exact differentiation therefore corresponds to

the straight line ω′f = ωf , except at ωf = π. The modified wavenumber for collocated

differentiation is

ω′f=
a sin(ωf ) + 1/2b sin (2ωf )

1 + 2α̂ cos (ωf )
, (2.12)

and the modified wavenumber for staggered differentiation is

ω′f=
2a sin(ωf/2) + 2/3b sin (3ωf/2)

1 + 2α̂ cos (ωf )
. (2.13)

Fig. 2.2 shows the comparison between the Fourier coefficients of the first derivative

approximations and the exact Fourier coefficients. It is apparent that the compact

finite difference with staggered grid is better than other schemes, especially at high

wavenumbers.

For viscous terms, both sides of Eq. (2.14) can be used to obtain the second order
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Figure 2.2: Modified wavenumber spectrum of the first derivative schemes.

derivative. The left hand side (LHS) is in the conservation form involving two first

derivatives, and the right hand side (RHS) is in the non-conservative form.

∂

∂x

(
µ
∂u

∂x

)
=
∂µ

∂x

∂u

∂x
+ µ

∂2u

∂x2
(2.14)

Assuming µ is uniform in space, the modified wavenumbers of these two methods are

shown in Fig. 2.3. With collocated meshes, non-conservative form performs better

than the conservative form at high wavenumbers.

For staggered grids, the interpolation schemes also need to be considered for the

overall modified wavenumbers. A transfer function is used to evaluate the accuracy

of an interpolation scheme

Tr (ωf ) =
a cos (ωf/2) + b cos (3ωf/2)

1 + 2α̂ cos (ωf )
. (2.15)
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Figure 2.3: Modified wavenumber2 spectrum of the second derivative schemes.

The transfer function above is defined as the ratio of the Fourier coefficient of the in-

terpolated function to the original function and obtained by setting f(s) = exp(iωfs)

in Eq. (2.9). The overall modified wavenumber of this composite operation is the

product of the modified wavenumbers of staggered differencing and the transfer func-

tion of interpolation. Fig. 2.4 illustrates that the overall modified wavenumber of

the coupling scheme has a damping at high wavenumbers and is close to the sixth-

order compact collocated scheme. Therefore, the staggered meshes do not affect the

resolution of the non-linear terms in the governing equations.

Overall, compact finite difference methods perform better at high wavenumbers

than central difference methods with the same order of accuracy. The aforementioned

sixth-order compact schemes are for interior nodes. However, on the boundaries

fourth/fifth-order of accuracy schemes are employed instead. Further details of the
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Figure 2.4: Comparison between the modified wavenumber spectrum of various
derivative schemes and the overall modified wavenumber of interpolation
coupled staggered compact derivative scheme.

compact scheme can be found in Ref. [85].

2.1.3 Time marching method

The grids in the near-wall region needs to be fine enough to resolve the boundary

layer structures, while the resolution requirements in the outer zone away from the

wall are much weaker. The use of an overlap mesh is therefore an ideal choice,

since it naturally accommodates disparate mesh resolution requirement in different

regions of the flow (see Fig. 2.5). The fine mesh size near the wall imposes significant

restrictions on the time step size for explicit time marching schemes. Therefore, a

two step second-order implicit scheme is used in the near-wall inner zone. The outer

zone mesh is much coarser, and a third-order explicit time advancement scheme is

used in the region far away from the wall to reduce computational cost.
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Figure 2.5: The computational domain of the flow over a cylinder.

Explicit time marching with third-order Runge-Kutta scheme

A third-order compact Runge-Kutta scheme [133] is used to advance the governing

equations in the region far from walls. The scheme can be explained using the fol-

lowing example,

dy

dt
= f(y, t). (2.16)

From tn to tn+1, the temporal discretization procedures are expressed as

yn+1/3 = yn +
8

15
∆tf (yn, tn)

yn+2/3 = yn +
1

4
∆tf (yn, tn) +

5

12
∆tf(yn+1/3, tn+1/3)

yn+1 = yn +
1

4
∆tf (yn, tn) +

3

4
∆tf(yn+2/3, tn+2/3),

(2.17)
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where the intermediate time levels tn+1/3 and tn+2/3 are given by

tn+1/3 = tn +
8

15
∆t

tn+2/3 = tn +
2

3
∆t.

(2.18)

Implicit time marching with approximate factorization

The implicit time marching scheme used in the near wall region is based on the two

step approximation factorization scheme of Beam and Warming [8]. Consider the

compressible flow governing equations in the form

∂U

∂t
+G(U) = 0 (2.19)

where U is the vector of dependent variables and G(U) contains the inviscid and

viscous terms. A second-order implicit method is given by

3Un+1 − 4Un + Un−1

2∆t
= −G

(
Un+1, tn+1

)
. (2.20)

Approximate factorization is performed on the right hand, followed by diagonaliza-

tion of the implicit matrix in the x1 and x3 directions. The details of the factorization

can be found in Ref. [85].

2.1.4 Boundary conditions

Non-reflecting boundary

In computational fluid dynamics external flows are simulated on a limited domain,

namely the flows are truncated at outer the computational boundaries. At the outer



2.1. COMPUTATIONAL METHODOLOGY 33

boundaries, artificial disturbances are damped out by a numerical sponge zone. The

damping sponge is used to absorb convected disturbances before they reach the outer

boundary of the computational domain. This is realized by adding a relaxation term

onto the governing equation

− σ (U − Uref ) (2.21)

where

σ = As

(
r − rs
R− rs

)n
(2.22)

rs and R are the start diameter of the sponge and the size of the domain, respectively.

The strength of sponge is strongest at the boundary and decreases in the centripetal

direction until vanishes at rs. Uref is the reference condition to which the flow is

forced, and is chosen to be the mean flow field in the sponge region. For the present

simulations, a sponge region of 96-layer grid points was used at all finite boundaries

(see Fig. 2.5).

Wall boundary

The no-slip and adiabatic conditions are applied to the wall by replacing the mo-

mentum and energy equations with the appropriate constrains on velocity and total

energy. The wall-boundary conditions may therefore be written as

ρuj = 0

∂T

∂x2
= 0

(2.23)
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The no-slip boundary condition at the wall node j = 0 is applied as a linear combi-

nation of the tangential velocity at the nodes j = 1/2, 3/2, 5/2, 7/2, 9/2,

2.4609375u1,1/2− 3.28125u1,3/2 + 2.953125u1,5/2− 1.40625u1,7/2 + 0.2734375u1,9/2 = 0.

(2.24)

The adiabatic condition is applied in a similar fashion, where the interpolation scheme

is replaced with the boundary derivative scheme.

2.2 Code validation and consistency check

2.2.1 Validation using the flow past a circular cylinder

The flow past a circular cylinder at ReD = U∞D/ν = 10, 000 and Ma = 0.2 is

simulated, where U∞ is the freestream velocity, D is the diameter of the cylinder and

ν is the kinematic viscosity. The outer boundary of the computational domain for the

cylinder flow is a large cylindrical shell with a diameter of 90D, but the center of the

outer boundary cylinder is offset from the center of the small solid cylinder by 9.5D

towards the downstream. As a result, the DNS mesh is skewed curvilinear and not

cylindrical. The spanwise dimension of the computational domain is πD. The mesh

size is 640× 1, 151× 96 in the radial, azimuthal and spanwise directions, respectively.

The simulation was advanced 106 time steps and covered a duration of 1, 000D/U∞.

The total wall clock time for this DNS case is 48 months.

To check the accuracy of the DNS results, Fig. 2.6 compares the conventional mean

and second-order turbulent statistics in the near-wake with the PIV measurements

of Dong et al. [31] at the same Reynolds number. Note the experimental results of

Dong et al. [31] are only available in the presented contour plot format. It is seen
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(a) (e)(c)

(d)(b) (f)

Figure 2.6: Comparison between PIV experiments (a, c, e) of Dong et al. [31]
and the present DNS (b, d, f) in the near-wake of the cylinder flow
at ReD = 10, 000. (a) and (b): Mean streamwise velocity Ū1/U∞ with
Ū1/U∞|min = −0.228 and |∆Ū1/U∞| = 0.038. (c) and (d): Streamwise
r.m.s. velocity u′1/U∞ with u′1/U∞|min = 0.1 and |∆u′1/U∞| = 0.025. (e)
and (f): Reynolds shear stress 〈u′1u′2〉/U2

∞ with 〈u′1u′2〉/U2
∞|min = 0.03 and

|∆〈u′1u′2〉/U2
∞| = 0.01. Dashed lines represent negative values.

that very good agreement is obtained in the mean streamwise velocity, turbulence

intensity and Reynolds shear stress.

After the initial transient phase, the simulation was further advanced for a dura-

tion of 500D/U∞ for the energy frequency spectra computation. Fig. 2.7 shows the

energy spectra of the vertical velocity component on the wake centerline 5D down-

stream the cylinder. Although the Reynolds number in Ong and Wallance [91] is

somewhat lower at ReD = 3, 900, based on the well-known plateau of the Strouhal
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Figure 2.7: Comparison between the present DNS and the experimental data of Ong
and Wallance [91] on the frequency spectra of the vertical velocity fluc-
tuations at x = 5D, y = 0.

number profile over a very wide Reynolds number range, the comparison shown in

the Fig. 2.7 is believed to provide valuable consistency check. It is seen that the two

peak frequencies and the high-frequency energy content are well captured by present

DNS.

2.2.2 Consistency check using the flow over a SD7003 airfoil

Another consistency check is carried out using the flow over a SD7003 airfoil at 8◦

AoA, Rec = U∞c/ν = 60, 000 and Ma = 0.2, where c is the chord length of the

airfoil. The outer boundary of the computational domain is a cylindrical shell with a

radius of 33c, and the leading edge of the airfoil is located at the center of the large

cylinder. Periodic boundary condition is applied along the spanwise direction, and the

spanwise domain length is 0.25c. The DNS mesh size is 1, 200×800×96 in the radial,
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(a) (b)

Figure 2.8: Comparison of wall static pressure coefficient Cp and skin friction coeffi-
cient Cf between the present DNS and the simulation data of Garmann
et al. [44] and of Galbraith and Visbal [40].

azimuthal and spanwise directions, respectively. Fig. 2.8 shows time-averaged wall

static pressure coefficient Cp and skin friction coefficient Cf distributions compared

with the literature. The simulation was averaged for 65, 000 time steps and covered

a duration of 10c/U∞ after initial transient phase. The Cp profile of the present

simulation is in better agreement with the large eddy simulation (LES) results of

Garmann et al. [44]. The Cf distribution also reasonably follows the one of Garmann

et al. [44], especially at the turning points.

2.3 TNTI detection method: Fuzzy Cluster Method

After obtaining high-quality DNS data, the first step in the TNTI study is inter-

face identification, which is itself a topic of active research. TNTI identification has

traditionally been accomplished by selecting the iso-surface of an indicator variable.

For a given indicator variable, in order to complete the identification process,
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a suitable threshold value is usually chosen to reveal the corresponding iso-surface,

which is then taken as the TNTI. In many previous studies, the threshold value was

chosen by trial-and-error aided flow visualization. As a step of improvement, Prasad

and Sreenivasan [99] suggested using the (plausible) inflectional point that may exist

in the PDF profile of the indicator variable. To make this method effective, a passive

scalar with similar molecular diffusivity as the fluid has to be included in the design of

the experiment/DNS. Wu et al. [135] employed this method in their DNS studies on

the TSFTI and BTFTI. The present DNS of a NACA-0012 airfoil does not include

a passive scalar. In the identification of the TNTI in a ZPGSFPBL, Borrell and

Jiménez [13] used the neck region appearing in the contours of the JPDF between

vorticity magnitude ω and wall-normal distance. Considerable ambiguity still exists

in these approaches: a distinct inflectional point may not exist in the scalar PDF

profile, and a neck region in the JPDF, even if it exists, actually spans a wide range

of the indicator variable and usually does not yield a single threshold value.

As a notable departure from traditional threshold-based methods, Fan et al. [37]

proposed a threshold-free approach, the FCM, to identify internal interfacial lay-

ers such as uniform momentum zones in wall-bounded flows. This method, which

borrowed ideas from the computer vision research field, groups contiguous and non-

contiguous zones separately according to common flow features. The sequence data

which represent the common flow feature, will be divided into K clusters in each

snapshot. As a key input to the FCM, the selection of K is difficult. For a given

sequence of raw data (see Fig. 2.9 (a)), it is hard to determine the optimal number

of zones. The partition with K = 3 in Fig. 2.9 (b) and the partition with K = 2 in

Fig. 2.9 (c) are both reasonable. However, this problem can be naturally solved by the
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(a) raw data

(b) 𝐾 = 3

(c) 𝐾 = 2

Figure 2.9: Schematic illustration of FCM: (a) raw data, (b) partition with K = 3
and (c) partition with K = 2.

definition of TNTI. For TNTI detection, we need only to separate the turbulent flow

from the non-turbulent flow based on the indicator variable. Therefore, the number

of clusters K is set to 2.

Here the main procedures of applying the FCM of Fan et al. [37] to identify the

interfaces are described. For a given indicator variable (Φ), the entirety of flow data

within a particular snapshot forms a sequence of observations, {Φm}Mm=1 where M

represents the total number of grid points in the snapshot. To group the sequence

data {Φm}Mm=1 into 2 clusters (Πk with k = 1, 2), a cluster analysis is performed.

The similarity between two observations is assessed by the Euclidean distance metric

Dmn = |Φm − Φn|. smk is the membership coefficient, which represents the proba-

bility of an observation (Φm) belonging to the cluster Πk, and
∑K

k=1 smk = 1. ck is

the centroid of the cluster Πk, which is the characteristic value of the cluster and
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corresponds to the average of all observations with the membership function smk.

Note that, with FCM method, each data point can fit into more than one cluster

with different degrees of membership. The closer Φm is to the cluster center ck the

larger its membership corresponding to the particular cluster Πk. After the partition,

observations {Φm}Mm=1 are assigned to the cluster Πk with the highest membership.

The objective function of FCM is defined as J =
∑M

m=1

∑K
k=1(smk)

2(Dmk)
2, where

Dmk is the distance between Φm and ck. The optimal value of the objective function

is obtained via the standard Lagrange multiplier method. The steps of the FCM

algorithm are as follows (see Fig. 2.10).

1. Initialize the cluster centers ck (k = 1, 2).

2. Calculate the membership coefficient smk for each observation with

smk = (
K∑
j=1

(Dmk/Dmj)
2)−1. (2.25)

3. Update the centroid of the clusters with

ck =
M∑
m=1

(smk)
2Φm/

M∑
m=1

(smk)
2. (2.26)

4. If |−→c − −→c0 | ≤ ξ then stop, otherwise repeat step 2 and 3. −→c = {c1, c2}, −→c0 is

the centroid vector from the previous iteration and ξ is a pre-determined error.
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(a)

𝑐1 𝑐1

(b) (c)

𝑐2 𝑐2

Figure 2.10: Schematic illustration of FCM steps: (a) raw data, (b) initialize the
cluster centers ck (k = 1, 2) and (c) calculate the membership coefficient
smk for each observation. Red dots belong to Π1, yellow dots belong to
Π2 and blue dots belong to both clusters.

2.4 Conditional sampling method

2.4.1 Conditional sampling along traverses normal to the TNTI

The ultimate proof of appropriateness of the TNTI identification procedure can be

demonstrated a posteriori through the quasi-discontinuous jump behaviour that ap-

pears in the conditionally-sampled statistics along traverses normal to instantaneous

interfaces. Hypothetically speaking, if no distinct quasi-step change can be found

from any relevant second-order, conditionally-averaged turbulent statistics across the

identified TNTIs, then either the identification procedure is erroneous or the pre-

assumed TNTIs do not exist.

In the present work, the conditional statistics are sampled along the traverses

normal to the instantaneous TNTI (Fig. 2.12), which is quite different from the simple

run-time spanwise and temporal averaging procedure used in the conventional mean

and second-order turbulent statistics sampling. As a matter of fact, the whole concept
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of TNTIs was much in doubt since the 1950s until Bisset et al. [11] found quasi-

step changes across the TNTI in the conditionally-sampled statistics of temporarily-

developing wakes. Since the vector n varies from position to position and from

instant to instant, extracting interface-normal statistics is non-trivial, especially in a

spatially-developing simulation which includes a significant number of instantaneous

flow fields. Almost all previously published conditionally-averaged TNTI statistics

were not sampled along n but along a Cartesian coordinate that is either normal

to the flat-plate (for ZPGSFPBLs) or normal to the symmetry plane (for wakes and

jets). Although Bisset et al. [11] proposed the conditionally-sampling method, they

actually sampled statistics along the Cartesian coordinates.

Following Wu et al. [135], the procedures for computing the interface-normal

statistics in the post-processing stage in the present work are as follows.

1. Identify the interface as described in § 2.3.

2. Extract the interface from a selected raw DNS volume file into a finite element

surface data file based on the identified threshold value. In this extraction process,

coordinates together with unit outward normal vectors n = −∇Φ/|∇Φ| at each

interface nodal point are exported into the finite element surface data file.

3. Compute the flow variable values along the interface-normal traverse for each

nodal point in the finite element interface data file. To achieve this, it is necessary to

perform a three-dimensional interpolation on the selected raw DNS volume file using

geometrical information, such as the surface normal at each interface nodal point,

contained inside the extracted finite element surface data file.

4. Repeat steps 2 and 3 for all raw DNS volume files to be sampled to accumulate

statistics.
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These sequential post-processing steps are executed one by one involving several

pieces of stand-alone third-party software, and it is very difficult to get them fully

automated. Such an elaborate procedure explains the fact that almost all previ-

ously published conditionally-averaged TNTI statistics are actually not normal to

the TNTI.

2.4.2 Checking procedure of conditional sampling along traverses normal

to the TNTI

A simple checking procedure is also included in the statistical sampling procedure

to consider the pockets/islands on the non-turbulent/turbulent side of the interface.

As shown in Fig. 2.11, turbulent region (blue) with a large indicator value and non-

turbulent region (white) with a small indicator value are separated by the TNTI (black

line). Blue circles represent the pockets in the freestream and white circles represent

the islands in the turbulent region. Black dashed lines represent the normal lines

which are determined by the nodes (red dots) and the unit outward normal vector n.

For most of the interface-normal lines, the turbulent side of the lines should stay in

the blue region and the non-turbulent side should stay in the white region. However,

some special lines do intersect island/pocket or re-enter.

To exclude the aforementioned special situations, the ad-hoc checking procedure

is as follows.

1. Generate normal lines passing through the nodes and normal to the TNTI

whose midpoints are on the interface.

2. Interpolate three-dimensional instantaneous indicator Φ onto the lines.

3. Compare the Φ value at each point on a sampling line to the threshold value
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Figure 2.11: Illustration of checking procedure in the statistical sampling.

Φth. If a point on the turbulent side of a normal line has a Φ value smaller than

ϕ× Φth, this sampling line will be terminated at that point, where ϕ is an empirical

parameter between 0 and 0.5. If a point on the non-turbulent side of a normal line

has a Φ value larger than χ×Φth, this particular sampling line will be terminated at

that point, where χ is an empirical parameter between 1.5 and 2.

2.4.3 Subzone conditional sampling along traverses normal to the TNTI

When performing conditional sampling on the extracted TNTIs, the traditional ap-

proach is to sample and average over the entire TNTI. This has the tendency to mask

the structural variations over the interface. We are of the opinion that new flow

physics may be acquired by partitioning each TNTI into physically meaningful sub-

zones and distinguishing the conditional statistics among the subzones. Since nibbling

is accomplished by viscous diffusion on the entire TNTI, there should be no obvious
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Figure 2.12: (a) Sketch of four interface subzones, LE, TE, bulge and trough, of a
TNTI and the interface normal vector n at a point on the TNTI. (b)
Orientation criteria of LE, TE and bulge regions. (c) Height criteria of
trough and bulge regions, and re-entry criterion of trough region.

difference of conditionally-sampled statistics and VGT invariants results between dif-

ferent TNTI positions. In other words, if there are any considerable variations of

statistics across different TNTI subzones, they are likely a result of engulfing.

To explicitly highlight the effect of engulfing on TNTI, four TNTI subzones (LE,

TE, bulge and trough) are sampled separately (Fig. 2.12 (a)) in this study. The LE

and TE in this thesis represent the leading edge and trailing edge of TNTI instead

of the leading and trailing edges of the airfoil which will be referred by full name.



2.4. CONDITIONAL SAMPLING METHOD 46

The identification for LE and TE is based on the TNTI orientation (see Fig. 2.12

(b)). Since the interfaces are highly convoluted in space, the unit outward normal

vector n at each TNTI nodal point is different. LE is defined as the portion of the

TNTI facing the downstream direction of the flow, and TE as the portion facing

the upstream direction of the flow. Specifically, the angle between the freestream

velocity direction and n of LE is within ±45◦, and the angle between the negative

freestream velocity direction and n of TE is within ±45◦. Both height and orientation

information is needed in detecting the bulge on a TNTI. As shown in Fig. 2.12 (c), the

bulge subzone is the out-most part of a TNTI, and its height h should be larger than

the average TNTI height h̄. The outward normal n of a bulge is considered here to be

roughly perpendicular to the direction of the freestream velocity with a deviation of

±30◦. The trough portion of a TNTI is closely related to the engulfing process, where

the non-turbulent side of an interface normal line re-enters the turbulent region, or

the turbulent side of an interface normal line goes back into the non-turbulent region,

both within a short distance (Fig. 2.12 (c)). In the present work, the threshold of a

short distance is set to 0.5λ. As shown in Fig. 2.12 (a), non-turbulent fluid clusters

are usually engulfed into the turbulent region at the position close to the centerline

of the wake. Therefore, the height of trough interfaces should be smaller than the

average height of TNTI. It should be noted that the subzone categorization proposed

in this work is not a complete classification of TNTI.
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Chapter 3

Turbulent and non-turbulent interfaces on a

subsonic airfoil at a low angle of attack

In this chapter, we report a DNS study at Ma = 0.5 and at a low Reynolds num-

ber past a NACA-0012 airfoil at 2◦ AoA. The threshold-free FCM is used for TNTI

identification, corroborated by a JPDF-based method. The TNTIs detected are con-

firmed to be physical a posteriori by the distinctive quasi-step jump behaviour in

conditionally-averaged statistics along traverses normal to the interfaces. The pos-

sible connection between the TNTI curvature and local entrainment is also inves-

tigated. Airfoil TNTI curvature parameters are found to be noticeably affected by

the transitional state of the flow, and at the same time there are only minor dif-

ferences between the TNTIs in the boundary-layer region and in the wake region.

Conditionally-sampled results suggest that there is little propensity for local entrain-

ment to occur on either the LE or TE of the TNTIs. Downstream of transition, local

entrainment is more pronounced on relatively flat TNTI surfaces for both the airfoil

wake and boundary layer.
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3.1 Introduction

Decades of research starting from the 1950s have firmly established the existence of

a TNTI, demarcating the chaotic rotational fluid inside an idealized turbulent free-

shear flow (e.g. jet, mixing layer, wake) or ZPGSFPBL, from its quiescent irrotational

freestream fluid. Studying TNTIs is important to understand the process of entrain-

ment [30, 80, 127, 128], which leads to growth of the turbulent zone and enhanced

mixing.

Aside from entrainment, from an aerodynamics point of view, the TNTI is also

useful in understanding the correlation between instantaneous wall shear stress and

outer irrotational motion (Wu et al. [135]). At high Mach numbers the interface zone

itself may interact with acoustic waves in certain situations [87]. More importantly, for

complex flow on an airfoil, accurate identification of the TNTI offers the opportunity

to address the fundamental difficulty of locating the instantaneous position of either

the attached or the separated boundary-layer edge where the wall-normal distance of

0.99U∞ is not an appropriate measure in such complex flows. Although there have

been some recent preliminary attempts to identify the TNTI in the flat-plate boundary

layer under pressure gradients[113, 139], the field of TNTI research has so far been

rather firmly confined within the realm of flat-plate boundary layers and canonical free

shear flows such as idealized jets, mixing layers and wakes. In this study, we extend the

field of TNTI research into the domain of airfoil flows. Specifically, the issue of TNTI

identification in complex airfoil flows is tackled by applying the threshold-free FCM

recently developed by Fan et al. [37] and cross-checked using a conventional JPDF-

based method. Airfoil TNTIs resolved by the FCM are confirmed to be physical



3.2. CONDITIONALLY-SAMPLED STATISTICS 49

a posteriori by the distinctive quasi-step jump behaviour found in conditionally-

averaged vorticity magnitude and in turbulent kinetic energy along traverses normal

to the interfaces. The issue of TNTI characterization is addressed by statistical

measures of interface zone thickness, outward normal direction of the interface and

interface height. Furthermore, the Gaussian curvature and the mean curvature of

identified TNTIs are extracted and related to the computed local entrainment velocity

through the TNTIs. Details of this work are described next.

3.2 Conditionally-sampled statistics

3.2.1 TNTI identification

A DNS at Ma = 0.5 and at a Rec = 100, 000 past a NACA-0012 airfoil at a 2◦ AoA is

used to study airfoil-flow TNTIs. The outer boundary of the computational domain

is a cylindrical shell with a radius of 50c, and the leading edge of the airfoil is located

at the center of this large cylinder. Homogeneous boundary conditions are applied

along the spanwise direction, and the spanwise domain length is 0.25c. The DNS

mesh size is 1, 200 × 1, 200 × 96 in circumferential, radial and spanwise directions,

respectively. The initial condition was obtained from a two-dimensional Reynolds-

Averaged Navier-Stokes (RANS) computation of the airfoil at the same flow setting

using the SU2 code [33]. The simulation of the AoA = 2◦ case was advanced for

a duration of 115c/U∞ with a total of 660,000 time steps. This DNS case took 36

months wall-clock-time from start to finish the present study.

As shown in Fig. 3.1, the TNTIs in this airfoil flow can be broadly categorized

into three groups: the boundary-layer TNTI group (denoted with subscript BL), the

upper-wake TNTI group (denoted with subscript UW), and the lower-wake TNTI
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group (denoted with subscript LW). The suction side turbulent boundary layer de-

velops from the separation bubble to the trailing edge of the airfoil under surface

curvature effect and adverse pressure gradient. As a matter of fact, the boundary

is initially transitional near the separation bubble. Downstream of the trailing edge,

we limit our attention to the airfoil near-wake region, which is asymmetric due to

the non-zero AoA. The upper wake is influenced by the turbulent boundary layer,

which exits from the suction side of the airfoil, while the lower wake follows the lam-

inar boundary layer from the pressure side. Within each group, due to the strongly

spatially-developing nature of the airfoil flow, the TNTIs are divided into four sub-

surfaces for statistical sampling and flow physics investigation. For the boundary-

layer group, the four sub-surfaces are associated with the initial stage of transition

(BL1), the late stage of transition (BL2), the turbulent boundary layer immediately

downstream of the separation bubble (BL3), and the turbulent boundary layer near

the trailing edge (BL4), respectively. For the wake group, three subzones (W1, W2

and W3) cover the progress of the lower wake transiting from laminar to turbulent.

Inside these subzones, the two flow streams exiting from the pressure-side and the

suction-side of the airfoil have not yet fully mixed. Therefore, distinct upper-wake

and lower-wake TNTI properties are expected. Further downstream in the W4 region,

the upper wake and the lower wake have become fully turbulent, and discrepancies

between the properties of the TNTIUW4 and TNTILW4 are expected to be small.

After obtaining high-quality DNS data, the first step in this TNTI study is in-

terface identification. TNTI identification has traditionally been accomplished by

selecting the iso-surface of an indicator variable, which introduces a large degree

of uncertainty and bias when deciding which indicator variable to choose and what
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Figure 3.1: (a) Illustration of the TNTIs in subsonic low Reynolds number flow past
the NACA-0012 airfoil at a low AoA (2◦). (b) Visualization of instanta-
neous TNTIs over the mid-plane and locations of the subdomains.

threshold value to use. Such a dilemma is particularly pronounced in our complex

spatially-developing airfoil flow.

Prasad and Sreenivasan [99] chose the passive scalar to identify the TNTI in their

jet-flow experiment. In the work of Bisset et al. [11], vorticity magnitude ω was

used as the indicator variable in their DNS study on the TNTI in a temporally-

decaying wake. Although the physical meaning of vorticity magnitude is obvious, it
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is nevertheless not always effective in revealing an interface due to the occurrence of

an excessive number of islands/pockets both inside and outside the turbulent region

[135]. The streamwise velocity component was used by Tichenor [113] in a preliminary

study on the TNTIs in the flat-plate boundary layer with pressure gradients. Chauhan

et al. [18] used a velocity-based indicator, the LKE, to identify the TNTI in their

experimental studies of a ZPGSFPBL. They employed a coordinate system moving

with the freestream velocity U∞ such that the LKE was defined as:

LKE = (u − U∞) · (u − U∞)/2, (3.1)

where u is the instantaneous velocity vector in the stationary Cartesian system. The

LKE indicator was also used in the prelimiary TNTI identification by Yoon et al.[139]

on the flat-plate boundary layer simulation with adverse pressure gradients. Both

Tichenor [113] and Yoon et al. [139] provided limited TNTI identification results

without further pursuing the kinematics and dynamics of their TNTIs.

Here, we use the FCM combined with LKE in our identification of the TNTIs

in complex airfoil flows. The FCM is unambiguous, robust and repeatable but so

far has only been applied in detecting UMZs in ZPGSFPBLs and incompressible

channel flows [37] and in unstably stratified channel flows [103]. Although Fan et al.

[37] mentioned in passing that the method could potentially be applied to TNTIs,

no such effort has been reported so far. In the present work, the FCM method is

applied on all 3D instantaneous fields in each subdomain (indicated in Fig. 3.1) to

detect airfoil-flow TNTI. The procedures are explained in the § 2.3. Since FCM is a

non-threshold method, the LKE values are non-constant on the extracted interfaces

(TNTIs). Nevertheless, we notice that the variation range of the LKE on the TNTIs
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within each subdomain is rather small. The relative difference between LKE on each

nodal point and mean value of each subdomain (ε = |LKE− LKEavg|/|LKEavg|) is

small, where LKEavg is computed by averaging the LKE data of all nodal points

attached to the L number of interfaces, LKEavg = (
∑L

l=1

∑N
n=1 LKEn)/(

∑L
l=1Nl),

where N is the total number of nodal points on each interface. To facilitate the iso-

surface-based local entrainment calculation approach, the present TNTIs are actually

extracted using the iso-surface of LKEavg. In general, the iso-surface of the LKEavg

and the corresponding TNTI extracted by the FCM directly are very similar. As

an example, the TNTIUW4 in Fig. 3.2 (a) was extracted by FCM method and the

TNTIUW4 in Fig. 3.2 (b) was extracted using the iso-surface of the LKEavg, which is

at the same time and in the same spatial region as that in Fig. 3.2 (a). Fig. 3.2 (a)

is coloured by the relative difference (ε), which is generally less than 0.01. However,

the interface directly determined by the FCM (Fig. 3.2(a)) loses some subtle features

of the iso-surface of the LKEavg (Fig. 3.2 (b)).

We performed cross-checks on the present TNTI identification approach using the

iso-surface of the LKEavg against the traditional approach using the neck region in the

JPDF (Watanabe et al. [126]) for all subdomains. Our JPDF is evaluated between

log|2LKE| and the normalized transverse distance. Fig. 3.3 (a) and Fig. 3.3 (b) show

examples of the cross-checks in the BL2 and UW4/LW4 regions, respectively. In

Fig. 3.3 (a), JPDF is defined using the ratio of the volume of fluid with a value pair

log|2LKE| and h/δ to the total volume. h/δ is the normalized transverse distance

in the boundary-layer regions, where h is the normal distance to the airfoil and

δ is the mean boundary-layer thickness. Boundary-layer thickness δ is defined as

the normal distance where the local mean vorticity magnitude falls below 0.005 of
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(a) (b)

Figure 3.2: Visualization of an instantaneous TNTIUW4: (a) identified by the FCM
and coloured by the relative difference ε; and (b) identified by the iso-
surface of the LKEavg and the red arrow denotes an interface unit outward
normal vector n.

the maximum vorticity magnitude across the boundary layer [71]. In Fig. 3.3 (b),

JPDF is defined using the ratio of the volume of fluid with a value pair log|2LKE|

and y/b to the total volume. y/b is normalized transverse distance in the wake

region, where y is the vertical distance the wake center and b is the mean half-wake

width. In Fig. 3.3 the red colour indicates high joint probability and the blue colour

indicates low joint probability. In BL2 region (Fig. 3.3 (a)), there are two separate

red-coloured regions: the small one near the airfoil (0 < h/δ < 0.2) is due to the

high LKE related to near-wall boundary layer turbulence; the large one away from

the airfoil (1 < h/δ < 2) is due to numerical noise [13]. The green tilted neck

region connecting the aforementioned two red zones is the plausible threshold region

of TNTIBL2. The dash-dot-dashed line in Fig. 3.3 (a) is the LKEavg derived from the

FCM, which falls squarely within the neck region. In UW4/LW4 region (Fig. 3.3 (b))
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(a) (b)

Figure 3.3: JPDF between log|2LKE| and the normalized transverse distance. The
dash-dot-dashed lines indicate the LKEavg derived from the FCM. (a)
JPDF between log|2LKE| and h/δ of BL2; (b) JPDF between log|2LKE|
and y/b of UW4 and LW4. Red to blue colors indicate high to low JPDF
levels.

there are three red regions: the small red region occurring near the wake centerplane

(−0.25 < y/b < 0.25) is related to wake turbulence and the other two red regions are

related to numerical noise. Both large regions are connected to the small one by neck

zones. The dash-dot-dashed line in Fig. 3.3 (b) representing the LKEavg of TNTIUW4

and TNTILW4 falls into the middle of two neck zones. It must be pointed out the

magnitude of numerical noise is very low in comparison to boundary-layer turbulence

and wake turbulence - this is evident in Fig. 3.3 by noting the logarithmic scale on

the horizontal axis.

We also found that when the vorticity magnitude is used as the indicator coupled

with the FCM, the resolved TNTI surfaces are not smooth, which poses difficulties

in subsequent studies on surface curvature characterization.
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3.2.2 Interface-normal statistics

The ultimate proof of appropriateness of our TNTI identification procedure is demon-

strated a posteriori through the quasi-discontinuous jump behaviour that appears

in the conditionally-sampled statistics along traverses normal to instantaneous inter-

faces. Vorticity magnitude ω =
√
ω2
x + ω2

y + ω2
z is of interest in TNTI studies because

it has been commonly used as an interface identifier, such as by Borrell and Jiménez

[13]. Fig. 3.4 shows the normalized vorticity magnitude 〈ω〉/〈ω〉TNTI as a function of

the normalized interface-normal distance dn/λ. In the transverse direction, dn = 0

is directly on the TNTIs, dn < 0 denotes the turbulent zones, and dn > 0 denotes

the non-turbulent zones. All conditional mean vorticity magnitudes profiles display

an obvious jump at the TNTIs. Most of the 〈ω〉/〈ω〉TNTI profiles show a quasi-step

jump with a small kink, highlighted by the red arrows. This could be due to the

fact that the outward normal direction decided by −∇LKE/|∇LKE| is not aligned

with the direction of the fastest decrease in the vorticity magnitude, which should

be −∇ω/|∇ω|. The trend of the normalized vorticity magnitude profiles along the

interface-normal direction is as expected: vorticity magnitude is large in the turbu-

lent regions and small in the non-turbulent regions connected by a rapid decrease at

TNTIs. Therefore, the selection of the indicator and the threshold is deemed to be

sound.

Normalized turbulent kinetic energy (〈TKE〉/〈TKE〉TNTI) is shown in Fig. 3.5.

Except for TNTIBL1 and TNTIBL2, the 〈TKE〉/〈TKE〉TNTI profiles decrease from the

turbulent side to the non-turbulent side. The rate of decrease at the interface and

in the non-turbulent region of the lower-wake TNTIs is fairly uniform, as indicated

by the blue lines in Fig. 3.5 (b). In the turbulent region, the 〈TKE〉/〈TKE〉TNTI of
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(a) (b) (c)

Figure 3.4: Normalized vorticity magnitude 〈ω〉/〈ω〉TNTI along the traverse perpen-
dicular to the interface: (a) boundary-layer group; (b) lower-wake group;
(c) upper-wake group. Arrows identify small kinks.

TNTILW1 is approximately 4.5, but other TNTILW profiles are just over 3.0. This

higher level of 〈TKE〉/〈TKE〉TNTI on the negative side of the TNTILW1 arises because

the TKE on the interface TNTILW1 is very small, and this small quantity is used to

normalize the TKE results in Fig. 3.5 (b). Note the LW1 zone is right downstream

of the very thin pressure-side laminar boundary layer, and the local wake flow is in

an early transitional stage and has low turbulent intensity but strong shear. The

difference between the transitional-wake TNTIs and the turbulent-wake TNTIs is

also consistent with the geometric features of lower-wake TNTIs discussed in § 3.3.

The lower/laminar side of the asymmetric wake may acquire turbulence over a very

short distance and the transition process can be rapid. The TNTIUW profiles have

very similar variations on the non-turbulent side. However, the 〈TKE〉/〈TKE〉TNTI

values on the turbulent side from TNTIUW1 to TNTIUW4 increase from 2.1 to 2.8.

The 〈TKE〉/〈TKE〉TNTI profiles for the transitional boundary layers (BL1 and BL2)

decrease on the turbulent side, and the slope of the initial transitional BL1 is steeper

than taht of the late transitional BL2.
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(a) (b) (c)

Figure 3.5: Normalized turbulent kinetic energy 〈TKE〉/〈TKE〉TNTI along the tra-
verse perpendicular to the interface: (a) boundary-layer group; (b) lower-
wake group; (c) upper-wake group. Blue lines indicate the rate of decrease
for 〈TKE〉/〈TKE〉TNTI.

We computed selected conditional statistics with vorticity magnitude as the indi-

cator coupled with the FCM. The procedures of conditional sampling are similar to

the LKE-based calculation, the only difference is that the unit outward normal vectors

are calculated by n = −∇ω/|∇ω|. We found that the quasi-step jump characteristics

and the dimensions of the regions of rapid change captured by the LKE-FCM-based

approach and the vorticity-magnitude-FCM-based approach are similar.

3.3 Interface local geometry

Recent studies by Jahanbakhshi and Madnia [61] on compressible shear layer and

by Mistry et al. [82] on jet suggest that entrainment of the irrotational fluid into

the turbulent region is closely related to the local geometry of the TNTIs. Thus,

prior to considering the issue of entrainment in the present airfoil flow, here in this

section we describe the local geometrical characteristics of the three groups of TNTIs

(boundary layer, upper wake and lower wake). We consider four geometrical aspects
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of the TNTIs: thickness, orientation, height and curvature.

3.3.1 TNTI zone thickness estimation

The TNTI zone thickness is considered as the interface normal dimension of the

zone within which the indicator LKE value changes rapidly with distance dn. To

quantify this thickness, the first-order derivative of the indicator LKE with respect

to dn is calculated, namely, d(〈LKE〉/LKEth)/d(dn). The dimension of the region

that is bounded on both ends by nearly constant slopes of d(〈LKE〉/LKEth)/d(dn) is

therefore approximated as the TNTI zone thickness, see Fig. 3.6. At few locations, a

constant slope of d(〈LKE〉/LKEth)/d(dn) on the turbulent side does not exist. This

is to be expected because the present study is on a complex geometry where the flow

properties change rapidly with spatial coordinates. When this happens, estimation of

the local TNTI zone thickness is skipped. As shown in Fig. 3.6, on the non-turbulent

side of the airfoil flow, the slope is indeed constant with d(〈LKE〉/LKEth)/d(dn) ≈ 0.

On the turbulent side, for most of the locations, a nearly constant slope can also

be discerned. Except for TNTILW1 and TNTIBL1, the thicknesses of all the other

interfaces are on the order of the Taylor micro-scale. To separate different lines in

Fig. 3.6, profiles of TNTIBL2, TNTILW2, and TNTIUW2 are vertically shifted by 1,

profiles of TNTIBL3, TNTILW3, and TNTIUW3 are vertically shifted by 2, and profiles

of TNTIBL4, TNTILW4, and TNTIUW4 are vertically shifted by 3.

Wu et al. [135] found the thickness of BTFTI over the higher Reynolds number

range 2, 400 < Reθ < 2, 800 is estimated to be 0.9λ, and that the thickness of TSFTI

over the lower Reynolds number 800 < Reθ < 1, 200 is roughly 0.7λ. Although the

thickness of both BTFTI and TSFTI scale with the Taylor micro-scale, there is a
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Figure 3.6: TNTI thickness estimation: (a) boundary-layer group; (b) lower-wake
group; (c) upper-wake group.

slight increase from the transitional-region interface to the turbulent-region interface.

This observation is also confirmed in the present study, as the thickness of the late-

transional-boundary-layer TNTI (0.72λ) is less than the turbulent-boundary-layer

TNTI (0.88λ). For idealized turbulent free-shear flow, Gampert et al. [43] found

jet flow TNTI thickness scales with the Taylor micro-scale. As shown in Fig. 3.6,

the thicknesses of the near-wake TNTI are in the range of 0.97λ to 1.81λ. The

thicknesses of the TNTIs in or adjacent to the transitional wakes (δn,LW2 = 1.71λ ,

δn,LW3 = 1.81λ) are slightly larger than the turbulent-wake TNTI thickness (δn,LW4 =

1.30λ). Thicknesses of the upper and the lower-wake TNTIs of asymmetric wakes are

different: the lower/laminar wake TNTIs are thicker than the upper/turbulent wake

TNTIs.

3.3.2 TNTI local orientation

A TNTI’s unit outward normal vector n = (cosαn−x, cosαn−y, cosαn−z) is used here

to describe its local orientation, where αn−x, αn−y, and αn−z denote the directional

angles between n and the positive directions of the three coordinate axes, respectively.
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This approach was used by Wu et al. [135] in their study on the BTFTI. Here, the

unit outward normal vectors pointing from the turbulent side to the non-turbulent

side are calculated by −∇LKE/|∇LKE|.

Fig. 3.7 (a), (c) and (e) present the PDFs of αn−x for the TNTIs in the boundary-

layer group (TNTIBL), the upper-wake group (TNTIUW), and the lower-wake group

(TNTILW), respectively. The PDF of αn−x is defined as the ratio of the area with

a particular value of αn−x to the total TNTI area. Within each group the profiles

of 4 subgroups (corresponding to the indices sketched in Fig. 3.1) are included. The

vertical dashed line represents αn−x = 90◦. If there is no upstream/downstream

preference of the TNTIs, the profiles will be symmetric about the dashed line. If

more TNTI area faces the downstream direction, the profiles will have a propensity

for αn−x < 90◦. Conversely, when more TNTI area faces the upstream direction,

the profiles will have a propensity for αn−x > 90◦. The PDFs of TNTIBL1 and

TNTIBL2 show a large degree of upstream/downstream asymmetry with a propensity

for αn−x < 90◦, which means that these two transitional TNTIs near the separation

bubble have more surface area facing the downstream direction. In comparison, the

PDFs of αn−x for TNTIBL3 and TNTIBL4 associated with the two turbulent boundary

layers further away from the separation bubble are nearly symmetric with negligible

upstream/downstream propensity. Fig. 3.7 (a) and (b) also show that for TNTIBL1 the

PDFs of αn−x and αn−y attain peak values at 85◦ and 5◦, respectively. This suggests

that the early transitional boundary layer at the rear portion of the separation bubble

has a nearly flat TNTI geometry, similar to TNTILW1 (Fig. 3.7 (c) and (d)) of the

lower wake immediately after the TE. As the boundary layer grows on the suction

side away from the separation bubble, and also as the wake develops downstream
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Figure 3.7: PDF for the angles between the interface outward normal vector and the
coordinates axes. The vertical dashed line in the first column represents
αn−x = 90◦. PDFs from top to bottom: boundary-layer group; lower-wake
group; upper-wake group. First column: PDFs for the angle between
interface outward normal and the positive x-axis; and second column:
PDFs for the angle between interface outward normal and the positive
y-axis.

away from the TE, their respective TNTIs become progressively more convoluted.

Note that for easy comparison, the PDF profiles of αn−y for the lower wake group
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are mirrored. The PDF of αn−z is symmetric about αn−x = 90◦ as expected, but not

shown here.

Comparing the PDF profiles of the orientation angles of TNTIUW with TNTILW

can contribute to the quantification of the asymmetry in the upper/lower-wake TNTIs.

The issue of TNTI asymmetry in a temporally- decaying wake (downstream of a

splitter-plate) was studied by Hickey et al. [49]: their initial condition was a turbu-

lent boundary layer on one side of the splitter-plate and a laminar Blasius boundary

layer on the other. They observed a rapid transition on the laminar wake side,

which was dominated by organized mid-size inclined structures. The present airfoil

TE is analogous to the splitter-plate in Hickey et al. [49] in that the suction side

turbulent boundary layer and the pressure-side laminar boundary layer start mix-

ing downstream of the TE. It is seen from Fig. 3.7 (c) and (d) that immediately

after the TE, PDFs associated with the lower side of the wake (TNTILW1) exhibit

strong asymmetry favouring the downstream side. This is in sharp contrast to the

TNTIUW1 associated with the upper wake in the same region, which shows no obvious

upstream/downstream propensity (see Fig. 3.7 (e) and (f)). The distinction between

TNTIUW1 and TNTILW1 is pronounced in all directions whereas the discrepancies be-

tween TNTIUW4 and TNTILW4 are minimal. The region of W4 is from 0.4c to 0.6c (see

Fig. 3.1 (a)) downstream of the airfoil TE. The small discrepancies between TNTIUW4

and TNTILW4 seems to imply that the communication between the laminar side and

the turbulent side of the asymmetric wake is relatively effective so that the TNTIs

on two sides can reach a statistical symmetry of orientation within a short distance.

Highly-wrinkled surfaces will lead to more broadband-like distributions of the

orientation angle PDFs. The degree of wrinkling can be quantified using the folding
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ratio FR, defined here as the ratio between the total area of a TNTI (ATNTI) to its

projected area on to a plane normal to the wall-normal direction for the boundary-

layer group and to the y-axis for the wake groups. From TNTIBL1 to TNTIBL4, folding

ratios are 1.07, 1.56, 2.47, 3.21, respectively. For the upper wake from TNTIUW1 to

TNTIUW4, FR= 2.72, 2.45, 2.32, 2.31, respectively. For the lower wake from TNTILW1

to TNTILW4, FR= 1.04, 1.50, 1.89, 2.31, respectively. The TNTIBL4 and TNTIUW1

have relatively high values of folding ratio, and their PDFs of the orientational angles

are also more broadband-like. The same FR= 2.31 is attained by TNTILW4 and

TNTIUW4, supporting the statistically-symmetric orientation observation in the W4

region.

3.3.3 TNTI height

TNTI height is of significant importance for studying flow structures near and beneath

the interface, see Kwon et al. [72]. The strong connection between BTFTI geometry

and the hairpin vortex structure beneath boundary layer TNTI was reported by Wu

et al. [135].

Fig. 3.8 shows instantaneous visualizations of the identified interfaces (using the

iso-surfaces of the LKEavg) coloured by TNTI height normalized by airfoil chord

length in 12 subdomains. In the wake region, the TNTI height hW is defined as the

distance from the TNTI to the wake centerline. The wake centerline is determined

as the location of the maximum velocity defect. In the boundary-layer regions, the

TNTI height hBL is defined as the normal distance from the TNTI to the airfoil

surface. As indicated by the legends, red and blue colours correspond to large and

small values of normalized TNTI height, respectively. For the boundary-layer group,
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there is a progressive growth of the TNTI height from TNTIBL1 to TNTIBL4. The

same trend is also observed for the lower-wake group from TNTILW1 to TNTILW4. On

the other hand, the height values of TNTIUW1 and TNTIUW4 are slightly larger than

those of TNTIUW2 and TNTIUW3. These instantaneous observations are confirmed

by the averaged TNTI height statistics shown in Table 3.1. The sudden change of

normalized height from hBL/c = 0.022 for TNTIBL4 to hW/c = 0.039 for TNTIUW1

is due to the fact that definitions of height are different between the boundary-layer

group and the upper-wake group.

Data asymmetry can be measured by their skewness. Positive skewness means the

longer tail of the distribution is on the right side of the mean. Conversely, negative

skewness means the longer tail of the distribution is on the left side of the mean.

In the present study, positive skewness suggests the TNTI height is skewed to the

non-turbulent side, and negative skewness means the TNTI height is skewed to the

turbulent side. The absolute value of skewness is used to describe the degree of

asymmetry. If the skewness is 0, the data is perfectly symmetrical, such as the normal

distribution; if the absolute skewness is less than 0.5, the data are fairly symmetrical;

if the absolute skewness is between 0.5 and 1, the data are moderately skewed; and if

the absolute skewness is larger than 1, the data are highly skewed. Fig. 3.10 (a) and

(b) show the PDF of the height of TNTIBL1 and TNTIBL3, respectively. The mean

height for TNTIBL1 and TNTIBL3 is 0.016 and 0.017, respectively; and the standard

deviation is 0.002 and 0.009, respectively. The skewness of TNTIBL1 in Table 3.1 is

0.027, yielding a nearly symmetric distribution with respect to the mean as shown in

Fig. 3.10 (a). The skewness of TNTIBL3 is 0.498 and skewed towards the non-turbulent

side of the flow. As shown in Fig. 3.10 (b) the longer tail on the hBL/c > 0.017 side
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indicates that h′BL = hBL− ¯hBL (as sketched in Fig. 3.9) is more likely to take on large

positive values than large negative values. Results presented in Table 3.1 suggest that

the absolute skewness increases as the boundary layer grows on the suction side away

from the separation bubble. This indicates that the airfoil boundary-layer TNTIs are

skewed towards the direction away from the airfoil. As the wake develops downstream

of the trailing edge, the absolute skewness decreases. The strong positive skewness

of TNTILW1 is due to the distorted local wake centerline. The downwash after the

airfoil TE pushes the wake centerline to the negative y-direction.

Kurtosis is a statistical measure that defines how heavily the tails of a distribution

differ from the tails of a normal distribution, noting that the kurtosis for a standard

normal distribution is 3. The normal distribution of TNTIBL1 and TNTIBL3 are

indicated by the solid line in Fig. 3.10. The kurtosis of TNTIBL1 is 6.525, and as

shown in Fig. 3.10 (a) the PDF bars exceed the solid line near the mean height.

In Fig. 3.10 (b), the PDF bars of TNTIBL3 are close to the normal distribution with

kurtosis slightly lower than 3. Except for TNTIBL1 and TNTILW1, kurtosis of all other

TNTIs is around 3, suggesting that the TNTI height has an approximate normal

distribution. Similar results were observed in forced and unforced wakes [11], in

temporally-developing asymmetric wake [49], and in turbulent boundary layer [18].

3.3.4 TNTI curvature

Curvature, which is the deviation from a plane, is one of the most important geo-

metrical parameters of TNTIs. To define the curvatures of a point P on a surface

S, as shown in Fig. 3.11, we may start from the unit outward normal vector n and

the plane T which is normal to the vector n and tangent to the surface S at P . The
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Figure 3.8: Top view of the instantaneous TNTIs coloured by the normalized TNTI
height h/c. From top to bottom: boundary-layer group; lower-wake
group; upper-wake group. Flow direction is from left to right.

tangent plane contains an infinite number of tangent vectors passing the point P .

Each tangent vector ti and the unit outward normal vector n could define one nor-

mal plane Pi passing P , such as the plane P1 is defined by t1 and n. The curvature
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Figure 3.9: Sketch of boundary-layer TNTI height hBL and mean height h̄BL on the
suction side of airfoil.
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Figure 3.10: PDFs of height (bars) and the normal distribution (solid line) with mean
height and standard deviation: (a) TNTIBL1; (b) TNTIBL3.

of the curve, which is obtained by intersecting the surface S with the normal plane

Pi, is called normal curvature κ. Different normal selection Pi will result in different

normal curvatures. Among all the possible tangent vectors ti, thus normal planes Pi,

the maximum and minimum normal curvatures are called the principle curvatures

κ1 and κ2 of P on the S. Gaussian curvature is defined as Kg = κ1κ2 and mean
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Table 3.1: Statistics of normalized TNTI height h/c.

Mean Deviation Skewness Kurtosis
TNTIBL1 0.016 0.002 0.027 6.525
TNTIBL2 0.016 0.005 0.025 3.193
TNTIBL3 0.017 0.009 0.498 2.804
TNTIBL4 0.022 0.013 0.597 2.833
TNTILW1 0.019 0.004 0.941 4.416
TNTILW2 0.025 0.009 -0.199 3.615
TNTILW3 0.030 0.012 -0.143 2.935
TNTILW4 0.039 0.017 0.169 2.857
TNTIUW1 0.039 0.014 0.250 2.638
TNTIUW2 0.036 0.014 0.226 2.837
TNTIUW3 0.036 0.015 0.214 3.025
TNTIUW4 0.040 0.019 -0.006 2.876

Figure 3.11: Local surface geometry at point P on surface S.

curvature is defined as Km = (κ1 + κ2)/2, which has a dimension of length−1.

Calculating curvature on an irregular triangular mesh is always a challenging task,

especially on extracted highly-wrinkled three-dimensional TNTIs. Rusinkiewicz [102]

proposed a general algorithm for computing curvature on a triangular mesh with the
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following steps. Step (i) is to calculate the second fundamental tensor II over each

triangular mesh surface with a finite-difference approach. The second fundamental

tensor II is a quadratic form of the tangent plane of a smooth surface, and it serves

to define the extrinsic invariants of the surface. Step (ii) is to project the second

fundamental tensor II over a mesh surface onto the orthonormal coordinate system

defined by per-vertex unit outward normal vector n and edge vectors, yielding the

projected tensor II’ on each mesh vertex. Step (iii) is to calculate the eigenvalues

of the projected tensor II’ on each vertex, which are principle curvatures κ1 and κ2.

Step (iv) is to obtain the Gaussian curvature and the mean curvature with Kg = κ1κ2

and Km = (κ1 + κ2)/2. Practically, all curvature estimation techniques need to con-

sider the effects of the neighbourhood size surrounding each vertex. Small neigh-

bourhoods provide better curvature estimates. Large neighbourhoods can enhance

the level of tolerance to noise in surface geometry and smooth curvature estimates.

The above procedure is accomplished in this study by modifying the computer pro-

gram of Ben Shabat and Fischer [10]. Here the per-vertex normal is calculated with

n = −∇LKE/|∇LKE|.

Fig. 3.12 shows the Gaussian curvature (Kg) and the mean curvature (Km) con-

tours of an instantaneous TNTILW4. Positive Kg (red) corresponds to the elliptical

surface and negative (blue) refers to the saddle surface. Positive Km (red) indicates

convex surfaces facing the non-turbulent side and negative (blue) corresponds to con-

cave surfaces. Note that the surface normal vector n in the present work is pointing

from the turbulent side to the non-turbulent side, as shown in Fig. 3.2 (b), which is

opposite to the definination used by Wolf et al. [131] and Jahanbakhshi and Madnia

[61]. As an intrinsic measure of curvature, the different definitions of n will not affect
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Figure 3.12: Curvature of an instantaneous TNTILW4: (a) Gaussian curvature (Kg);
(b) mean curvature (Km).

the Gaussian curvature. However, the mean curvature will be distinct: the convex

surfaces in Wolf et al. [131] and Jahanbakhshi and Madnia [61] face the turbulent

side, whereas in the present work, the convex surfaces face the non-turbulent side.

As depicted in Fig. 3.13 (a), surface types can be categorized using the Gaussian

curvature and the mean curvature. Surfaces located above the parabolaKgλ
2 = K2

mλ
2

have complex curvature. For surfaces that lie below the parabola Kgλ
2 = K2

mλ
2, there

are four basic types of real curvature: elliptic concave, saddle concave, elliptic convex

and saddle convex. Complex curvature surfaces are not observed in the present work,

which is indicated by the zero-percentage (white area) above the Kgλ
2 = K2

mλ
2 in

Fig. 3.14. As an example, Fig. 3.13 (b) shows the distribution of the four basic types

of surfaces on an instantaneous TNTILW4.

Fig. 3.14 shows the JPDF between the mean curvature and the Gaussian curva-

ture on TNTIBL1, TNTIBL4, TNTILW4 and TNTIUW4. In both the boundary-layer
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Figure 3.13: (a) Scheme of four basic types of surface defined by the Gaussian curva-
ture (Kg) and the mean curvature (Km). (b) Distribution of four basic
types of surface on an instantaneous TNTILW4.

region and the wake region, probabilities are higher near the origin and decrease with

increasing curvature. This implies that our airfoil-flow TNTIs are mainly composed

of reletatively flat surfaces. In Fig. 3.14 (a), the JPDF of TNTIBL1 is fairly symmet-

ric about Km = 0. As the boundary layer develops, the JPDF of TNTIBL4 shown in

Fig. 3.14 (b) slightly skews towards negative Km at large curvature values. Fig. 3.14

(c) and (d) are the JPDFs of TNTILW4 and TNTIUW4 and their shapes are similar.

The red and yellow regions are larger on the positive Km side, while the green and

blue regions shift to the negative Km side. This tendency was also observed by Wolf

et al. [130, 132] in their turbulent shear layer TNTI study. The JPDF of TNTILW1,

not shown here, is roughly symmetric about Km = 0, which is similar to the dis-

tribution of TNTIBL1. Also, JPDFs of the turbulent-boundary-layer TNTIs and the
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Figure 3.14: JPDF between mean curvature (Km) and Gaussian curvature (Km) of:
(a) TNTIBL1; (b) TNTIBW4; (c) TNTILW4; (d) TNTIUW4. Contours are
in logarithmic scale. Red to blue range denotes possibility of the JPDF
from high to low.

turbulent-wake TNTIs both moderately skew towards the negative Km values at large

curvatures. It seems that the distributions of Km and Kg on our airfoil-flow TNTIs

are noticeably affected by whether the flow is transitional or turbulent, but there
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is a small difference between the boundary-layer TNTIs and the wake TNTIs. It is

interesting to note that Wolf et al. [130, 132] found that TNTI curvature JPDFs are

similar between turbulent jet and turbulent free shear flows.

Another descriptor of TNTI geometry surface is its curvedness, κ =
√

(κ21 + k22)/2 =√
(2K2

m −K2
g ). The inverse of curvedness 1/κ is approximately the radius of the flow

structure affecting TNTIs. We found that, from TNTIBL2 to TNTIBL4, the most

probable radius is 1.30λ, 0.80λ, 0.79λ, respectively. For the lower wake TNTILW3

and TNTILW4, λ/κ = 1.16, 0.83, respectively. For the upper wake from TNTIUW1

to TNTIUW4, λ/κ takes values of 0.91, 0.85, 0.86, 0.75, respectively. Jahanbakhshi

and Madnia [61] obtained similar results (1.08λ) on their turbulent shear layer at

Ma = 0.2. It is clear that most of our airfoil-flow TNTIs are mainly affected by flow

structures at the Taylor micro-scale. Because TNTIBL1 and TNTILW1 are almost flat

(Fig. 3.8), their curvedness is not calculated.

3.4 TNTI local entrainment

It has been recognized that there are two ways to transport an irrotational fluid

particle into a turbulent zone: large-scale swelling (engulfment) of the non-turbulent

zone, and small-scale viscous diffusion on the TNTI (nibbling). Nibbling is also known

as local entrainment. Philip et al. [96] and Chauhan et al. [18] quantified local

entrainment by considering the evolution of the LKE in the non-turbulent control

volume CV(t) on a frame moving at a freestream velocity U∞. The change of the

LKE inside the CV(t) equals the LKE flux on the control surface S(t) enclosing the
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non-turbulent control volume:

dLKECV(t)/dt =

∫
S(t)

LKE(vi − vIi)nidS +

∫
S(t)

(vj
p

ρ
δij − 2νvjSji)nidS −D, (3.2)

where v = u − U∞ is the velocity in the moving frame, vI is the velocity of an

interface, and Sij = (∂vi/∂xj + ∂vj/∂xi)/2. On the non-turbulent side of the flow,

LKE is approximately zero, leading to dLKECV(t)/dt ≈ 0. As shown by Philip et al.

[96], Eq. (3.2) reduces to:

−
∫
S(t)

LKE(vi − vIi)nidS ≈
∫
S(t)

(−2νvjSji)nidS. (3.3)

The velocity of an interface (vI) can be written as the sum of the fluid velocity (v)

and velocity of the area element relative to the fluid (vn), that is vI = v + vn. The

local entrainment is the normal component of relative velocity Vn = vn · n. Noting

that vI is only none-zero at the interface/TNTI, therefore Eq. (3.3) becomes

− LKEavg

∫
STNTI

(vi − vIi)nidS = LKEavg

∫
STNTI

vn · ndS ≈ −
∫
STNTI

(2νvjSji)nidS,

(3.4)

where the LKE on the interface is constant LKEavg. On the interface, the average

local entrainment velocity could be defined as

〈Vn〉ATNTI ≈ −1/LKEavg

∫
STNTI

(2νvjSji)nidS. (3.5)

Considering all realizations, the average local entrainment velocity of TNTI in

each subzone is ¯〈Vn〉 =
∑L

l=1(〈Vn〉ATNTI)l/
∑L

l=1(ATNTI)l. We found that ¯〈Vn〉 is

0.90uη, 0.67uη, 0.71uη and 0.81uη for TNTIBL1, TNTIBL2, TNTIBL3 and TNTIBL4,
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respectively. Here, the Kolmogorov velocity is defined as uη = (νε)1/4. In the lower-

wake region, ¯〈Vn〉 = 0.69uη, 0.81uη, 0.96uη, 1.11uη for the lower-wake TNTIs from

LW1 to LW4, respectively. In the upper-wake region, ¯〈Vn〉 = 0.59uη, 0.97uη, 0.80uη,

0.69uη for TNTIs from UW1 to UW4, respectively. It is obvious that the local

entrainment velocity is on the order of the local Kolmogorov velocity for all the

airfoil-flow TNTIs considered here. Similar observations were reported by Holzner

and Lüthi [53] in jet flow and by Watanabe et al. [125] in mixing layers.

To study the dependency of local entrainment on TNTI geometry, the volume flow

rate due to nibbling, which is calculated as the product of the instantaneous local

entrainment velocity with the surface area, VndS, is conditionally-sampled on the

TNTI orientation and TNTI curvature. If local entrainment flux is not strongly

affected by the interface orientation, the discrepancy between PDFVndS|αn−x and

PDFαn−x should be minor. This is indeed the case for TNTILW1, TNTIBL1 and

TNTIBL2 (not shown here). For other TNTIs, there are different ranges within which

PDFVndS|αn−x > PDFαn−x . For example, in Fig. 3.15 (a) of TNTIUW1, PDFVndS|αn−x

is larger than PDFαn−x in the range from 78◦ to 80◦, which implies that the local

entrainment is more effective when the interface outward normal is orientated in

this range. In Fig. 3.15 (b) of TNTIUW4, PDFVndS|αn−x is larger than PDFαn−x for

73◦ < αn−x < 115◦. In both cases, the largest discrepancy between PDFVndS|αn−x and

PDFαn−x happens around αn−x = 90◦, which suggests that there is little propensity

for local entrainment to either the leading or trailing edge of the TNTIs. This is

somewhat different from Ref. [82] and Ref. [142] which found a strengthening of

local entrainment on the TNTI leading edge of 0◦ < αn−x < 90◦.

Local entrainment flux VndS is also conditionally-sampled based on the TNTI



3.4. TNTI LOCAL ENTRAINMENT 77

(a) (b)

Figure 3.15: PDFVndS|αn−x (solid line with symbols) and PDFαn−x (solid line) of: (a)
TNTIUW1; (b) TNTIUW4.

(a) (b)

Figure 3.16: Difference between the JPDF of the mean curvature (Km) and the Gaus-
sian curvature (Kg) weighted by local entrainment flux VndS and that
weighted by TNTI area: (a) TNTIBL1; (b) TNTIUW3. Red represents the
strengthening of local entrainment and blue represents the weakening of
local entrainment.

curvature. Fig. 3.16 shows the difference between the JPDF of the mean curvature

and the Gaussian curvature weighted by local entrainment flux VndS, and the same

JPDF weighted by the TNTI local area dS. Fig. 3.16 (a) demonstrates that there is
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no obvious separation between the strengthening (red zone) and the weakening (blue

zone) of local entrainment for TNTIBL1, which is located in the early transitional

region. Similar results are also obtained on other interfaces between the transitional

flow and the freestream flow, namely TNTIBL2 and TNTILW1. On the other hand, our

turbulent TNTIs do exhibit distinct zones in which local entrainment is strengthed

or weakened by curvature. For example, the red zone of Fig. 3.16 (b) suggests that

on TNTIUW3 local entrainment flux is more effective on relatively flat surfaces with

−3λ < Km < 1.5λ. Note small absolute values of Km correspond to relatively flat

TNTI surfaces. With increasing curvature (absolute values of Km become larger)

the conditional JPDF becomes blue, indicating that the local entrainment is weak-

ened there. Philip et al. [94] also observed that local entrainment flux decreased

monotonically with increasing curvedness in their wake TNTI study.
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Chapter 4

Using velocity gradient tensor to study the

turbulent and non-turbulent interfaces of cylinder

and airfoil near wakes

Previous research showed that VGT invariants can be used to extract flow physics near

the TNTIs of idealized mixing layers and jets. In this chapter, we apply this approach

to the TNTIs of cylinder and airfoil wakes with vortex shedding in conjunction with

spatially-developing DNS. The three cases studied are a symmetric cylinder wake with

strong vortex shedding, a slightly asymmetric wake with weak vortex shedding behind

the NACA-0012 airfoil at 2◦ AoA, and a highly asymmetric wake with strong vortex

shedding behind the same airfoil at 10◦ AoA. Conditional sampling is performed on

FCM resolved TNTIs using a novel subzone approach in which each instantaneous

TNTI is subdivided into four categories: trough, bulge, LE and TE. The traditional

full TNTI sampling approach without the subdivision is also used. Results of the

conditionally-sampled statistics, topology and orientation of TNTI local structures

suggest that wake TNTI properties depend more heavily on the degree of vortex
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shedding and relatively less on the degree of wake symmetry. The present subzone-

sampled JPDFs of the second and the third invariants of the VGT are compared with

existing jet and mixing layer observations using the full TNTI sampling approach

and new insights are extracted. Random relative orientation between the vorticity

vector and the TNTI normal is observed in the trough subzone of the present wake

TNTIs, which casts doubts on the notion of vortex structure confinement which states

that the directions of the vorticity vector and the interface normal are relatively

perpendicular to each other across the entire TNTI. The degree of alignment between

the vorticity vector and the eigenvector of the rate of strain tensor is important in

the local production of enstrophy. The turbulent flow near the TE subzone of wake

TNTI is found to be most effective in enstrophy production whereas the turbulent

flow in the LE portion is least effective.

4.1 Introduction

Instantaneous TNTIs are highly convoluted in space and interact with nearby vortex

motions in certain complicated manner that is difficult to decipher. Flow visualization

[135] and conditional sampling of conventional mean and second-order statistics [11]

have traditionally been used in TNTI studies, but these measures are of limited value

from the perspective of acquiring quantitative insight into the connections among

TNTI topology, vortex motion and entrainment. Over the recent years, it has been

realized [26], that invariants of VGT can be utilized to shed light on the topology

and entrainment dynamics of mixing layer and jet TNTIs. Here, we extend this VGT

approach to the domain of statistically asymmetric airfoil wakes and statistically

symmetric cylinder wake. In particular we consider the near-wake region with the
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presence of shedding vortices. Although idealized symmetric-wake TNTIs have been

investigated in the past with the classic approach, very little attention has been paid

to the aeronautically more relevant asymmetric wakes, e.g., airfoil wake at large AoA.

Next we provide a brief review on previous work on wake TNTI, followed by a quick

recount on the use of VGT invariants in jet and mixing layer TNTIs.

Early symmetric-wake TNTI experiments [73, 35, 12] focused on the relatively

simple intermittency factor, i.e., the likelihood for a point to be found on the turbu-

lent side. LaRue et al. [73] reported the intermittency properties were well described

by the Gaussian model in the far wake region of a circular cylinder. Boisson et al.

[12] found that the Gaussian model did not give good prediction on the intermittency

factor in the near wake region. Rather than fluctuating randomly, the near-wake

TNTIs behind a cylinder were affected by vortex shedding and the associated non-

turbulent fluid transported across the center plane from the other side of the wake.

LaRue et al. [73] also reported a significant number of overhangs in the TNTI ge-

ometry, suggesting the importance of the engulfing mechanism of entrainment. Kopp

et al. [68] further investigated the connection between the protrusions/overhangs

of TNTI and the engulfment process in the far wake of a circular cylinder. They

observed that non-turbulent fluid was entrained from the sides and downstream of

the protrusions and supplied energy to the large-scale eddies. They also noted that

incoherent turbulence was produced at the upstream of the protrusions. Bisset et al.

[11] provided the first detailed three-dimensional computational investigation on the

TNTIs of forced and unforced symmetric temporally-developing wakes. The impor-

tance of large-scale engulfing motions was noted and quasi discontinuous jumps in

the conditional mean velocity and temperature profiles at the TNTIs were observed.
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By investigating a temporally-evolving symmetric wake using DNS, Philip et al. [94]

found that the TNTIs were mainly composed of concave surfaces with radii of cur-

vature at the Taylor scale and that local entrainment happened mostly in relatively

flat concave regions. Watanabe et al. [121] identified TNTI in a stably stratified

symmetric temporal wake with enstrophy and potential enstrophy. They found that,

similar to the non-stratified flows, the interface thickness also scaled with the local

Kolmogorov scale.

Hickey et al. [49] simulated a temporally-developing asymmetric wake behind a

splitter plate, which had the initial condition of turbulent boundary layer on the upper

half and the Blasius boundary layer on the lower half. They studied the entrainment

and TNTI in the far wake region. It was found that entrainment was primarily driven

by engulfing, and rotating coherent structures resulted in high variances in the TNTI

height and strong correlations between the upper and the lower-wake TNTIs. Very

recently, Zhang et al. [141] demonstrated the feasibility of capturing the TNTI in

a spatially-developing, slightly asymmetric airfoil flow using FCM [37]. They only

focused on describing the kinematic aspects of the nearly-symmetric-wake TNTI but

without considering the TNTI dynamics.

Chong et al. [22] proposed a method for characterizing local flow topologies in

three-dimensional flows using P , Q and R, which are the first, second and third

invariant of VGT, respectively. In their method, the P -Q-R space is divided into

eight zones corresponding to different flow topologies. The discriminant surfaces S1,a,b,

represented by the equation 27R2 +(4P 3−18PQ)R+(4Q3−P 2Q2) = 0, separate the

real solution region from the complex solution region. The discriminant surface S2,

represented by the equation PQ−R = 0, subdivides the complex zone into unstable
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and stable regions. When P = 0, the S2 surface coincides with the R = 0 plane, and

the S1,a,b surfaces are symmetric with respect to R = 0. Thus, the JPDF map of

(R,Q) is divided into four regions on the P = 0 plan by the discriminant lines and

the R = 0 plane. In many incompressible turbulent flows P = 0 such as homogeneous

isotropic turbulence[92], mixing layer[105] and boundary layer[23], the (R,Q) maps

were found to be strongly correlated between the region with the predominance of

biaxial stretching and the region with strong vortex stretching, exhibiting a typical

“teardrop” shape.

da Silva et al. [26] were the first to introduce tensor invariants into the study

of TNTI. They investigated the invariants of the VGT, the rate of strain tensor,

and the rate of rotation tensor across the TNTIs of jets. The classic “teardrop”

shape was observed on the turbulent side of the TNTI. But inside the zone of the

TNTIs, the shapes were confined within the discriminant lines. Rapid changes in

all the invariants and in the (R,Q) map were noted across the TNTI zone. Wolf

et al. [131] reported that inviscid entrainment process was closely related to the

degree of alignment between the vorticity vector and the eigenvector of the rate of

strain tensor on jet TNTIs. Taveira et al. [110] employed the Lagrangian method to

study statistics across plane jet TNTIs and found that entrainment was largely due

to nibbling. Watanabe et al. [123] studied vortex stretching and compression near

the TNTIs in a spatially-developing jet using DNS. They also found that enstrophy

production near TNTI was affected by the degree of alignment between vorticity

vectors and strain rate eigenvectors. VGT invariants were also used in investigating

compressible turbulent mixing layer TNTIs [117, 81]. Yu et al. [140] performed the

DNS of a temporally-evolving turbulent mixing layer. They studied the evolution of
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local topology near their mixing-layer TNTI by investigating different terms in the

time evolution equations of P , Q, and R. They considered the interactions among

the invariants, the pressure effects, and the viscous effects. It was found that the

evolution of local TNTI topology was mainly associated with the pressure effect term

in the TNTI region.

It is thus evident that the field of asymmetric-wake TNTI is virtually untouched,

especially the sub-field of using VGT invariants to quantify the connection between

wake TNTI topology and vortex dynamics, and using the rate of strain tensor to

quantify factors contributing to the enstrophy production near the wake TNTI. In

this study, we use spatially-developing DNS to explore VGT invariants and enstrophy

production in the vicinity of the TNTIs of both symmetric and asymmetric wakes.

The three flows considered are: the statistically symmetric near wake behind a circular

cylinder, the slightly asymmetric near wake behind the NACA-0012 airfoil at 2◦ AoA,

and the highly asymmetric near wake behind the NACA-0012 at 10◦ AoA. Although

the developing wake of the NACA-0012 airfoil was studied in Ghaemi and Scarano

[45], they focused on identifying normal and reverse hairpin vortices and did not

touch upon the issue of TNTI at all. As shown in Fig. 4.1, the 10◦ AoA airfoil

wake and the cylinder wake have strong shedding vortices, and the shedding vortices

in the AoA = 2◦ airfoil wake are weak. As pointed out by da Silva et al. [25], the

entrainment of irrotational fluid into the turbulent zone across a TNTI occurs through

two mechanisms: engulfing and nibbling. Engulfing arises from the motion of some

large-scale vortex structures impacting a sub-section of a TNTI, whereas nibbling

is accomplished by viscous diffusion occurring on the full TNTI. The near wakes of

the 10◦ AoA airfoil flow and the cylinder flow supply the large-scale vortex motions
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to trigger engulfing, see Fig. 4.1. From the figure, it is evident that the originally

non-turbulent clusters of fluid particles, indicated by red and yellow dashed circles,

are first engulfed across the TNTIs into the turbulent zone. They subsequently mix

with the surrounding fluid and become turbulent. The TNTIs are detected in this

chapter by combining FCM and vorticity magnitude, and the extracted TNTIs are

confirmed to be physical a posteriori by the distinctive a quasi-step jump behaviour

in conditionally-averaged vorticity magnitude profiles. Aside from sampling on full

TNTI as in the traditional approach, conditional sampling is also performed here

in four subzones of each identified instantaneous interface: trough, bulge, LE and

TE, see Fig. 2.12. To study the wake symmetry effect, the upper-wake TNTI, and

the lower-wake TNTI are sampled separately in the airfoil flows. The topology of

the infinitesimal fluid elements in the TNTI zone is studied using the invariants of

the VGT (Q and R) and rate-of-strain tensor (QS and RS) across the interfaces.

Furthermore, factors contributing to the enstrophy production near the wake TNTIs

are investigated.

4.2 Conditionally-sampled statistics

4.2.1 TNTI identification

When the AoA is set to be 10◦, the wake behind the NACA-0012 airfoil is highly

asymmetric with strong vortices shedding from the trailing edge of the airfoil. The

chord-based Reynolds number is 60, 000, and the Mach number is Ma = 0.3. The

DNS mesh size and boundary condition of AoA= 10◦ are same as AoA= 2◦. The

simulation of AoA= 10◦ was advanced for a duration of 100c/U∞ with a total of

620,000 time steps. The wall-clock-time to run this DNS case is 33 months from start
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(a)

(b) (c)
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Engulfing

Engulfing the 2nd
non-turbulent cluster 

Engulfed two
non-turbulent clusters

Engulfing the 1st
non-turbulent cluster

Figure 4.1: (a) Engulfing of non-turbulent fluid into the turbulent zone by shedding
vortices in the near-wake behind the NACA-0012 at 10◦ AoA; (b) near-
wake behind the NACA-0012 at 2◦ AoA; (c) near-wake behind the circular
cylinder.

to finish the present study. The simulation of AoA= 2◦ is introduced in Chapter

3, and the simulation of flow past a circular cylinder is summarized in § 2.2.1. As
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depicted by Fig. 4.1, the flows downstream of the airfoil in the region 1.4c ≤ x ≤ 2.4c

are used to study the TNTIs in the asymmetric near wakes (Fig. 4.1 (a) and (b)).

The wake region of 2D ≤ x ≤ 9D is used to study the TNTIs in the statistically

symmetric cylinder wake with strong shedding vortices (Fig. 4.1 (c)).

In this near-wake TNTI work, the threshold-free FCM [37] coupled with the vor-

ticity magnitude ω (as the common flow feature) is used to detect wake TNTIs. In

Fig. 4.1, white color represents high vorticity magnitude, and solid white lines are

the edges of the turbulent flow/TNTIs in the plane. The specific ωth values for the

three wakes are: ωth,AoA=2◦ = 0.15U∞/c, ωth,AoA=10◦ = 0.33U∞/c, and ωth,Cylinder =

0.15U∞/D. See Chapter 2 for more details about the FCM methods.

To explicitly highlight the effect of engulfing on TNTI, four TNTI subzones (LE,

TE, bulge and trough) are sampled separately in this chapter. The area percentages

of the four TNTI subzones identified using the aforementioned procedure in the three

wakes are summarized in Table 4.1. It should be noted that the subzone categorization

is not a complete classification. Therefore, the sum of each row does not have to be

one hundred.

Table 4.1: Area percentage of different subzones of TNTIs in airfoil/cylinder wake
TNTIs.

Trough Bulge LE TE
AoA= 2◦, UW 7.83 10.87 4.16 7.18
AoA= 2◦, LW 7.75 11.35 4.17 5.89

AoA= 10◦, UW 16.04 7.18 8.66 11.04
AoA= 10◦, LW 18.88 9.12 10.02 11.71

Cylinder 18.64 7.69 8.14 15.45
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Figure 4.2: Normalized vorticity magnitude 〈ω〉/ωth along the traverse perpendicular
to the interface. (a) Full TNTI sampling results; (b) subzone sampling re-
sults of TNTIAoA=10◦,UW; (c) subzone sampling results of TNTIAoA=10◦,LW.

4.2.2 Interface-normal statistics

Here, the interface-normal statistics are sampled using the procedure described in

Wu et al. [135], which obtains the statistics from sampling along the traverse perpen-

dicular to the time-dependent TNTI. The procedures are described in § 2.4. There

are two sets of conditional TNTI statistics in this chapter. The first set is full TNTI

sampling in which the statistics are averaged over the whole interface. The second

set is subzone sampling in which the statistics are averaged over one of the four iden-

tified subzones of TNTI. Both sets of statistics are functions of the interface normal

distance dn.

Fig. 4.2 (a) shows the conditionally-sampled vorticity magnitude 〈ω〉 normalized

by ωth as a function of the normalized interface-normal distance dn/λ. All the con-

ditional mean vorticity magnitude profiles display a quasi-step jump near dn = 0,

demonstrating soundness of the present TNTI identification method. The LW and

UW results of the highly asymmetric airfoil wake display expected differences, and

both are also different from the other two wake cases. Fig. 4.2 (b) and (c) show
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conditional sampling subzone results of TNTIAoA=10◦,UW and TNTIAoA=10◦,LW, re-

spectively. The general tendency along the interface-normal direction is similar to

the full TNTI result (indicated by the solid black lines). On the non-turbulent side

in the trough region, normal sample lines often re-enter the turbulent flow causing

the trough 〈ω〉/ωth profiles to increase with distance dn. Profiles in the other three

subzones are nearly flat on the non-turbulent side as expected. On the turbulent

side, the LE profile in Fig. 4.2 (c) increases to approximately 80 at dn = −5λ which

is higher than other profiles in in Fig. 4.2 (b) and (c). The high vorticity magnitude

near the LE of TNTIAoA=10◦,LW may be due to the existence of large shedding vortices

(see Fig. 4.1 (a)).

The subzone-sampled conditional streamwise velocity profiles, normalized by the

freestream velocity, are presented in Fig. 4.3. In Fig. 4.3 (a) and (b), the TNTIAoA=2◦,UW

profiles are broadly similar to the TNTIAoA=2◦,LW profiles of the corresponding TNTI

subzones for this slightly asymmetric airfoil flow. The conditional mean 〈U〉 increases

from the turbulent side to the TNTI and keeps nearly constant on the non-turbulent

side. When dn > 0, the bulge subzone results (indicated by the green lines with

open square) are higher than others because bulge is at the out-most portion of a

TNTI and is thus adjacent to the higher magnitude freestream flow. The slight de-

crease of the trough subzone results with normal distance on the non-turbulent side

is due to re-entry. The LW profiles in the case of the strongly asymmetric airfoil

wake AoA= 10◦ are presented in Fig. 4.3 (d). They are broadly similar to those in

the cylinder flow (Fig. 4.3 (e)), and both are quite different from those in Fig. 4.3 (a).

In particular at the interface, the LE subzone profile in Fig. 4.3 (d) has a notably

smaller streamwise velocity than in the other cases. This is consistent with a scenario
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Figure 4.3: Normalized streamwise velocity 〈U〉/U∞ along the traverse perpendicu-
lar to the interface. (a) Subzone sampling results of TNTIAoA=2◦,UW;
(b) subzone sampling results of TNTIAoA=2◦,LW; (c) TNTIAoA=10◦,UW; (d)
TNTIAoA=10◦,LW; (e) TNTICylinder.

that when a wake contains strong shedding vortices, the TNTIs are pushed sideways

by the large rotating vortices as sketched in Fig. 4.4 (a). Because the upper wake
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Figure 4.4: (a) Schematic sketch of 〈U〉 across TNTI; (b) an instantaneous contour
of normalized streamwise velocity.

in the strongly asymmetric airfoil flow is less affected by vortex shedding, the UW

subzone-sampled 〈U〉 profiles in Fig. 4.3 (c) are actually more similar to Fig. 4.3 (a)

and (b) than to (d).

Fig. 4.4 (a) depicts two different kinds of conditional mean streamwise velocity

profiles. In the upper wake, the streamwise velocity starts to decrease from the in-

terface and keeps decreasing into the turbulent region. In the lower wake, however,

the decrease of 〈U〉 starts from the non-turbulent region and attains its minimum at

the TNTI. Thereafter, affected by the large vortex, the magnitude of 〈U〉 goes up

again. Actually, the conditionally averaged results are consistent with the instanta-

neous streamwise velocity contours in Fig. 4.4 (b) where the colour range from blue to

red represents the streamwise velocity magnitude from high to low. It is evident that

the normalized instantaneous streamwise velocity near the vortex indicated by the

dashed arrow is larger than 1.0, which is much higher than that in the surrounding

turbulent flows and in the nearby non-turbulent flows. Fast moving vortex structures

have more influence on the streamwise velocity in the LE portion of a TNTI than in
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the other three subzones.

4.3 Velocity gradient tensors analysis

To elucidate the flow topology adjacent to the TNTIs of the three near wakes, VGT

invariants on the TNTIs and in the turbulent region close to the interfaces are cal-

culated. The VGT analysis, proposed by Chong et al. [22], classifies the local flow

topology by studying certain VGT invariants. VGT is calculated by

Aij = ∂ui/∂xj, (4.1)

where ui is the velocity vector. The characteristic equation of the VGT is

λ3i + Pλ2i +Qλi +R = 0, (4.2)

where λi are the eigenvalues of Aij. The first (P ), second (Q) and third (R) invariants

are determined as follows

P = −tr(A), (4.3)

Q =
1

2
(tr(A)2 − tr(A2)), (4.4)

R = −det(A). (4.5)

Splitting Aij into a symmetric Sij and an anti-symmetric Wij component,

Aij = Sij +Wij, (4.6)

where Sij is the rate of strain tensor and Wij is the rate of rotation tensor. They are
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given by

Sij = 1/2(∂ui/∂xj + ∂uj/∂xi) (4.7)

and

Wij = 1/2(∂ui/∂xj − ∂uj/∂xi). (4.8)

The invariants of the rate of strain tensor (PS, QS and RS) and the invariants of the

rate of rotation tensor (PW , QW and RW ) can be calculated by their characteristic

equations respectively, which are similar to Eq. (4.2) - Eq. (4.5). P corresponds to the

dilatation levels of the flow: P > 0 in compressed flow, P < 0 in expanded flow, and

P = 0 in incompressible flow. In the present VGT analysis, compressibility in the

vicinity of the TNTI is weak because the Mach numbers are low (MaAoA=2◦ = 0.5,

MaAoA=10◦ = 0.3 and MaCylinder = 0.2).

Invariants of Sij and Wij are calculated by

PS = −tr(S), (4.9)

QS =
1

2
(tr(S)2 − tr(S2)), (4.10)

RS = −det(S), (4.11)

and

QW = −1

2
tr(W 2). (4.12)

Q can be rewritten as

Q = QS +QW ≈ −1/2SijSij + 1/2WijWji = −1/2SijSij + 1/4ωiωi. (4.13)
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The irrotational term QS = 1/2(P 2
S − SijSji) ≈ −1/2SijSji in Eq. (4.13) is approx-

imately proportional to the viscous dissipation of kinetic energy, 2νS2 = 2νSijSij,

when the magnitude of PS is small. The rotational term QW = 1/4ωiωi is propor-

tional to the enstrophy density, ω2/2 = ωiωi/2, where ωi = εijk∂uj/∂xk. Therefore,

the sign of Q represents the competition between dissipation and enstrophy: Q > 0

means the enstrophy dominates the flow, while Q < 0 indicates strain product dom-

inates the flow. Similarly, R is the balance between dissipation production RS and

enstrophy production EP = 1/4ωiSijωj.

R = RS − EP . (4.14)

Fig. 4.5 shows the normalized conditional mean of 〈Q〉 across the TNTIs. The

profile of 〈Q〉 across the TNTIAoA=2◦,LW is represented by the black dashed line with

solid circles. From the non-turbulent region (dn > 0) towards the TNTI (dn = 0),

〈Q〉 first experiences a slight increase in absolute value due to the increase in the

magnitude of QW as the TNTI is approached. Since 〈QW 〉 should theoretically be

zero in laminar flow, 〈QS〉 almost collapses with 〈Q〉 on the non-turbulent side. Recall

that QS is proportional to the viscous dissipation of turbulent kinetic energy. Viscous

dissipation on the non-turbulent side of jet TNTI was also observed by da Silva

et al. [26]. Across the interface, 〈Q〉 keeps decreasing and reaches a minimum at

dn = −0.68λ. In this region, QS is larger than QW . Thereafter, increased vorticity

results in higher levels ofQW , which in turn causes 〈Q〉 to turn positive at dn = −1.04λ

before reaching a maximum at dn = −1.5λ. The AoA= 10◦ wake (the blue dashed

line) and the cylinder wake (the red dashed line with open circles) exhibit similar

trends. The overall characteristics of all three near-wake 〈Q〉 profiles in Fig. 4.5 are
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Figure 4.5: Full-TNTI-sampled results of normalized 〈Q〉/〈SijSij〉TNTI along the tra-
verse perpendicular to the interface.

consistent with those reported in da Silva et al. [26] for jet TNTI.

For subsequent in-depth analysis, five reference dn positions are chosen for each

wake. The first three are those at which 〈Q〉 reaches minimum, zero and maximum

values, see Table 4.2. The other two positions are dn = 0 and dn = −2λ.

Table 4.2: Locations of minimum, zero and maximum of 〈Q〉 profiles in Fig. 4.5.

AoA= 2◦, LW AoA= 10◦, LW Cylinder
Min −0.68λ −0.32λ −0.56λ
Zero −1.04λ −0.56λ −0.83λ
Max −1.50λ −0.92λ −1.14λ
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4.3.1 R and Q across the TNTI

The three-dimensional P -Q-R space can be divided into several zones to represent

different flow topologies [22] by three surfaces:

S1,a,b : DA = 27R2 + (4P 3 − 18PQ)R + (4Q3 − P 2Q2), (4.15)

S2 : PQ−R = 0, (4.16)

R = 0 (4.17)

DA = 0 in the equation above represents the discriminant surface S1,a,b which is used

to separate real eigenvalues from complex eigenvalues. When DA > 0, there are three

complex eigenvalues of Aij; when DA < 0, there are three real eigenvalues. The

complex region can be subdivided into stable and unstable sections by the S2 surface.

Stable (unstable) topologies indicate that the local streamlines are directed toward

(away from) the critical point. When P = 0, the characteristic equation Eq. (4.2)

becomes

λ3i +Qλi +R = 0, (4.18)

and the discriminant surface Eq. (4.15) becomes

DA = 27R2 + 4Q3. (4.19)

It is clear that, when P = 0, the S2 surface coincides with R = 0. The JPDF

map of (R,Q) is divided into four zones by the discriminant lines in accompany with



4.3. VELOCITY GRADIENT TENSORS ANALYSIS 97

Figure 4.6: Flow topologies in P −Q−R space mapped onto a representative plane
with P = 0, partitioned by the intersections of each plane with the di-
viding surfaces S1,a,b (dash-dot-dotted), and the R = 0 plane (dashed):
SFS, stable focus stretching; UFC, unstable focus compressing; SN/S/S,
stable-node/saddle/saddle; UN/S/S, unstable-node/saddle/saddle.

R = 0. The topologies represented by each zone are summarized in Table 4.3 and

sketched in Fig. 4.6.

Table 4.3: Local flow topologies in the R-Q plane for P = 0.

Zone Type Abbreviation
DA > 0, R > 0 Unstable focus compressing UFC
DA < 0, R > 0 Unstable node/saddle/saddle UN/S/S
DA < 0, R < 0 Stable node/saddle/saddle SN/S/S
DA > 0, R < 0 Stable focus stretching SFS

As already mentioned, Q can be used to assess the relative dominance of strain

versus rotation. When Q >> 0 (above the discriminant lines), the flow is rotation

dominant with R ∼ −1/4ωiSijωj; when Q << 0 (beneath the discriminant lines), the

flow is strain dominant with R ∼ −SijSjkSki/3. Therefore, the condition of DA > 0
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(a) (b)

Figure 4.7: Full-TNTI-sampled JPDFs of (R,Q) near TNTIAoA=10◦,LW: (a) dn = 0;
(b) dn = −2λ.

and R > 0 corresponds to vortex compression whereas the condition of DA > 0 and

R < 0 corresponds to vortex stretching. Furthermore, the condition of DA < 0 and

R > 0 is associated with sheet-like strain vortex structures, and the condition of

DA < 0 and R < 0 is associated with tube-like vortex structures.

Fig. 4.7 (a) and (b) show the JPDFs of (R,Q) on the TNTI (dn = 0) and inside the

turbulent region (dn = −2λ) of TNTIAoA=10◦,LW. As mentioned above, the magnitude

of the first invariant of VGT in the vicinity of the TNTIs is small and the distribution

of P is highly concentrated within (−σP , σP ), where σp is the standard deviation of P .

The JPDFs in § 4.3.1 and § 4.3.2 are accumulated with the condition P ∈ (−σP , σP ).

The contour colours from blue to green to yellow correspond to possibilities from high

to low. On the interface, the values of (R,Q) are all below/within the discriminant

lines which are represented by the black dashed lines. It shows clearly that the

negative 〈Q〉TNTI in Fig. 4.5 is due to purely negative Q values rather than a balance
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of negative and positive values. Thus, the fluid motion on this particular type of

TNTI is purely strain. Fig. 4.7 (b) also shows that the classic “teardrop” shape is

formed inside the turbulent region. Furthermore, we examined (R,Q) maps in other

two wakes at corresponding locations, and found that they are similar to those in

Fig. 4.7. Overall, the present full-TNTI-sampled JPDF (R,Q) maps are consistent

with those reported by da Silva et al. [26] for jet TNTI, and they serve as a reference

for subsequent subzone analysis.

In order to gain deeper insight into the flow topology near the wake TNTIs, next we

study the subzone-sampled JPDF maps. Fig. 4.8 shows subzone-sampled (R,Q) maps

near the TNTIAoA=10◦,LW at three selected locations: dn = 0 (TNTI), dn = −0.32λ

(location of minimum 〈Q〉) and dn = −0.92λ (location of maximum 〈Q〉). The JPDFs

in the first row are for the trough portion, and they are basically similar to the full-

TNTI-sampled results shown in Fig. 4.7. In the bulge portion (second-row), the maps

occupy more areas in the fourth quadrant and there is a stronger alignment with the

right discriminant line. Also, the shape change from Fig. 4.8 (d) to (e) is not as distinct

as that from Fig. 4.8 (a) to (b), which suggests that the effect of strain is sustained

over a longer distance at bulge. The JPDF (R,Q) maps of the TE portion shown in

the fourth row exhibit very strong alignment with the right discriminant line. It is

interesting to note that in Fig. 4.8 (g) the dark green contour (high possibility events)

occupies nearly the same area in the third and the fourth quadrants. The light green

contour (intermediate possibility events) occupies slightly more area in the fourth

quadrant but the proportion is less than in Fig. 4.8 (a), (d) and (j). From Fig. 4.8 (g)

to (h), there is more change in R than in Q because the contours are still roughly

below the discriminant lines but are skewed to the fourth quadrant. This observation
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Figure 4.8: Subzone-sampled JPDFs of (R,Q) near TNTIAoA=10◦,LW. From top to
bottom are results of trough, bulge, LE and TE portion. From left to right
are dn = 0, dn|Qmin = −0.32λ and dn|Qmax = −0.92λ. Colour legend is
same as Fig. 4.7 (a).
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is similar to the findings on the TE of jet TNTIs by Watanabe et al. [123]. They also

reported that JPDFs are distributed nearly equally on both the third and the fourth

quadrants with a clear alignment with R = 0. In the mixing-layer TNTIs of Mathew

et al. [81] where compressibility is pronounced, there is a lobe of outer contours in

the third quadrant.

Although not shown here, the subzone-sampled results for TNTIAoA=10◦,UW re-

semble the corresponding maps shown in Fig. 4.8. The same is also true for the

trough, bulge and TE subzones of TNTIAoA=2◦ . A noted exception is the LE of the

TNTIAoA=2◦ , which exhibits a larger map area in the third quadrant than in the

fourth quadrant, and this preference lasts for a long interface normal distance into

the turbulent zone until dn|Qmax = −1.5λ.

Overall, the full-TNTI-sampled JPDF maps display a preference to the fourth

quadrant, suggesting sheet-like vortex structures. But the subzone-sampled results

show some variations. On the trough, bulge and TE portions of TNTIs, sheet-like

vortex structures dominate. On the LE portion of TNTIs, however, tube-like struc-

tures (third quadrant topology) and sheet-like structures (fourth quadrant topology)

are both important. Previously published papers [73, 68, 11, 49] suggested the im-

portance of the engulfing mechanism in the entrainment process of far wakes. Here,

our subzone-sampled JPDF maps of (R,Q) provide new quantitative information for

the near wakes.

4.3.2 RS and QS across the TNTI

RS and QS are the second and the third invariants of Sij, respectively. As pointed

out in da Silva et al. [26] and Watanabe et al. [123], RS can also be expressed by the
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eigenvalues

RS = −s1s2s3. (4.20)

We denote the eigenvalues si in descending order s1 > s2 > s3, and they represent

the extensive, intermediate and compressive eigenvalues, respectively. When PS = 0,

s1 + s2 + s3 = 0. Thus, the ratio a = s2/s1 can be related to flow geometries on the

JPDF map of (RS, QS),

RS = (−QS)3/2a(1 + a)(1 + a+ a2)−3/2. (4.21)

Similar to the JPDF (R,Q) map, the discriminant lines of (RS, QS) are defined as

DS = 27R2
S + 4Q3

S. (4.22)

The left discriminant line associated with the axisymmetric contraction has the ratio

of s1 : s2 : s3 = 2 : −1 : −1; the right discriminant line associated with axisymmetric

stretching is on the line with s1 : s2 : s3 = 1 : 1 : −2. RS = 0 associated with

two-dimensional flow is represented by s1 : s2 : s3 = 1 : 1 : −2, and biaxial stretching

is defined by s1 : s2 : s3 = 3 : 1 : −4.

Fig. 4.9 (a) and (b) show the JPDFs of (RS, QS) on the TNTI and inside the

turbulent region of the lower wake of the highly asymmetric case AoA= 10◦. The

JPDFs are both within the discriminant lines and have a clear preference to the fourth

quadrant. The dark green contour in Fig. 4.9 (a) representing the most frequent

events aligns with the blue line s1 : s2 : s3 = 2 : 1 : −3, and the light green contour

representing intermediate frequent events is closer to s1 : s2 : s3 = 1 : 1 : −2. In

Fig. 4.9 (b), the dark green and light green contours show the same tendency towards
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Figure 4.9: Full-TNTI-sampled JPDFs of (RS, QS) near TNTIAoA=10◦,LW: (a) dn = 0;
(b) dn = −2λ. Colour legend is same as Fig. 4.7 (a).
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Figure 4.10: Subzone-sampled results of JPDFs of (RS, QS) on the LE of TNTIs: (a)
TNTIAoA=2◦ ; (b) TNTIAoA=10◦ ; (c) TNTICylinder. The red lines repre-
sent upper-wake TNTIs and the blue lines represent lower-wake TNTIs.
Contour levels are same as in Fig. 4.7 (a).

s1 : s2 : s3 = 2 : 1 : −3. In general, the local flow topology near TNTIAoA=10◦,LW can

be described by s1 : s2 : s3 = 2 : 1 : −3, and this tendency is also observed from other

full-TNTI-sampled results in the present work.

Fig. 4.10 presents the subzone-sampled (RS, QS) JPDF maps of the LE portion.
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In Fig. 4.10 (a) and (b), the orange contour lines represent the upper-wake TNTIs

and the green contour lines represent the lower-wake TNTIs of airfoil flows. Not

shown here, the JPDFs in the trough regions are similar to the full-TNTI-sampled

results in Fig. 4.9 (a). The alignment along the right discriminate line is less obvious

in the bulge region results but is more pronounced in the TE region results. The

preferences of the (RS, QS) maps in these three regions approximately follow the

slope of s1 : s2 : s3 = 2 : 1 : −3. Nevertheless, the (RS, QS) maps of the LE region

exhibit high probabilities in both the third and the fourth quadrants. Similar to

the subzone-sampled results of (R,Q), only in the LE portion of TNTIAoA=2◦ do the

(RS, QS) maps occupy larger area in the third quadrant than in the fourth quadrant.

4.4 Enstrophy production

According to Bechlars and Sandberg [9], the enstrophy production EP can be ex-

pressed as

EP = ωiSijωj = 2‖W ‖2‖S‖(p1 + p2 + p3), (4.23)

where ‖ • ‖ is the Hilbert-Schmidt norm of a tensor Tij

‖ • ‖ = (
3∑
i=1

3∑
j=1

|Tij|2)1/2. (4.24)

In Eq. (4.23), pi = ŝi(ω̂ · ei)2, i = 1, 2, 3 are the contributions from each eigenvalue,

where ω̂ = ω/|ω| is the normalized vorticity vector, ŝi = si/
√∑3

j=1 s
2
j is the nor-

malized eigenvalue, and ei is the principle strain direction. In order to investigate

enstrophy production near the wake TNTIs, we evaluate some of these parameters.

Fig. 4.11 (a) shows the magnitude of the rate of strain tensor 〈‖S‖〉 as a function
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Figure 4.11: Normalized magnitude of the rate of strain tensor 〈‖S‖〉/〈‖S‖〉TNTI along
interface-normal traverse: (a) full TNTI sampling for all the cases; (b)
subzone sampling for the case TNTIAoA=2◦,LW.

of dn for the five TNTIs, and all the profiles exhibit a quasi-step jump at the interface.

Compared with the vorticity magnitude results in Fig. 4.2 (a), the wake symmetry

has less effects on 〈‖S‖〉 than on 〈ω〉. The two black lines representing the upper and

lower-wake TNTI of AoA= 2◦ almost collapse, so do the two blue lines for AoA= 10◦.

Fig. 4.11 (b) displays the subzone results for TNTIAoA=10◦,LW. Profiles of bulge, LE

and TE portions also have a quasi-step jump behaviour across the TNTI. Due to

re-entry, the trough profile increases with dn the non-turbulent side.

According to Ref. [110, 123], irrotational fluid particles initially acquire enstrophy

by viscous diffusion (nibbling) on the TNTI, and later by inviscid enstrophy produc-

tion. The negligible production of enstrophy on the TNTIs also can be inferred from

Fig. 4.2 and Fig. 4.11, which show nearly zero values at dn = 0. Therefore, in the

present enstrophy production study, the reference locations are chosen to be away

from TNTI which are at dn|Qmax and dn = −2λ. The specific positions of dn|Qmax

are given in Table. 4.2.
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Figure 4.12: Full-TNTI-sampled PDFs of the normalized eigenvalues ŝi at dn|Qmax:
(a) the extensive strain-rate eigenvalue ŝ1; (b) the intermediate strain-
rate eigenvalue ŝ2; (c) the compressive strain-rate eigenvalue ŝ3.

(a) (b) (c)

Figure 4.13: Subzone-sampled PDFs of the normalized eigenvalues ŝi at the position
dn|Qmax = −0.92λ for the case TNTIAoA=10◦,LW: (a) the extensive strain-
rate eigenvalue ŝ1; (b) the intermediate strain-rate eigenvalue ŝ2; (c) the
compressive strain-rate eigenvalue ŝ3.

Fig. 4.12 shows the PDFs of the three normalized eigenvalues ŝi at dn|Qmax. The

four airfoil wake results nearly collapse: the PDFs of ŝ1 display a plateau in the

range of 0.5 < ŝ1 < 0.8 and reach the small cut-off level of 10−2 at 0.39 and 0.87;

the PDFs of ŝ2 occupy more area on the positive side with a peak at 0.25 and reach
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Figure 4.14: Full-TNTI-sampled PDFs for the degree of alignment between the unit
outward normal vector n and vorticity vector ω̂ at: (a) dn = 0; (b)
dn|Qmax; (c) dn = −2λ.

the small cut-off level at −0.39 and 0.42; the PDFs of ŝ3 have a peak at −0.8 and

reach the small cut-off level at −0.88 and −0.42. The PDFs of the cylinder wake

represented by the red lines are similar to the PDFs of the airfoil wakes but are

more broadbanded. Fig. 4.13 depicts the subzone results ŝi near the LW of 10◦ AoA.

There are some minor variations among different portions of TNTI at dn = −0.92λ,

and these differences almost vanish by dn = −2λ (not shown here).The magnitude

of the extensive eigenvalue ŝ1 shows a roughly equal distribution from 0.4 to 0.8,

the intermediate eigenvalue ŝ2 has more positive values than negative ones indicating

more extension than compression, and the third compressive eigenvalue ŝ3 peaks at

the large magnitude values (about −0.8) exceeding the maximum magnitudes of ŝ1

and ŝ2.

The degree of alignment between the TNTI unit outward normal vector n and

the vorticity vector ω̂, and between the strain-rate eigenvectors ei and the vorticity

vector ω̂ are investigated next. Fig. 4.14 shows the full-TNTI-sampled PDFs of the

scalar product of n and ω̂ on the TNTIs and inside the turbulent region. On the

interface, PDFs are large for |n · ω̂| = 0 and small for |n · ω̂| = 1. Thus, majority
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Figure 4.15: Subzone-sampled PDFs for the degree of alignment between the unit
outward normal vector n and vorticity vector ω̂ on the TNTIs: (a)
TNTIAoA=2◦,LW; (b) TNTIAoA=10◦,LW; (c) TNTICylinder.

TNTI 𝒏
𝝎

Figure 4.16: Sketch of relative orientation between n and ω̂: rotating structure is
confined to the TNTI with ω̂ roughly normal to n.

of the vorticity structures are parallel to n and perpendicular to the interfaces. In-

side the turbulent region, the PDFs are basically flat which indicates random relative

orientation between n and ω̂. Fig. 4.16 shows a sketch of the relative orientation be-

tween n and ω̂. When a vorticity structure is confined to the TNTI, its corresponding

vorticity vector is roughly normal to the TNTI normal and parallel to the tangential

direction. Confinement of vortex structures on TNTI was reported in jets [110], in
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Figure 4.17: Full-TNTI-sampled PDFs for the degree of alignment between the vor-
ticity vector ω̂ and the eigenvectors ei at the position dn|Qmax: (a)
the extensive strain-rate eigenvector e1; (b) the intermediate strain-rate
eigenvector e2; (c) the compressive strain-rate eigenvector e3.

mixing layers [140] and in a temporally-developing symmetric wake [11]. Fig. 4.15,

however, shows something different. The trough portion of TNTIs (the blue lines

with open squares) in Fig. 4.15 are roughly constant at one. Such random relative

orientation between the vorticity vector and the TNTI normal in the trough subzone

has not been reported before. This is perhaps because previous researchers did not

sample the trough region separately as in the present study. The green lines with

open squares representing bulge region in Fig. 4.15 (b) and (c) are also flat suggesting

random relative orientation as well. This is quite different from the jets TNTI results

of Watanabe et al. [123] who reported that ω̂ is normal to n. In fact, the present

subzone alignment results cast doubts on the existing notion that the perpendicu-

lar relative direction between ω̂ and n is universal throughout different portions of

TNTI.

Fig. 4.17 shows the degree of alignment between ei and ω̂ using full TNTI sam-

pling at the position dn|Qmax. PDF profiles for all the five wake TNTIs display a
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Figure 4.18: Subzone-sampled PDFs for the degree of alignment between the vortic-
ity vector ω̂ and the eigenvectors ei at dn|Qmax = −0.92λ for the case
TNTIAoA=10◦,LW: (a) the extensive strain-rate eigenvector e1; (b) the
intermediate strain-rate eigenvector e2; (c) the compressive strain-rate
eigenvector e3.

consistent picture: random relative orientation between the vorticity vector and the

first eigenvector e1, good alignment between vorticity vector and the second eigen-

vector e2, and nearly orthogonal between vorticity vector and the third eigenvector

e3. The subzone-sampled PDFs in Fig. 4.18 exhibit similar trends to the full TNTI

sampled results. There are some quantitative variations among the set of curves in

Fig. 4.18 (c) due to interface orientation, but they all follow the same trend.

The overall impact on enstrophy production from the eigenvalue magnitude and

the degree of alignment between the vorticity vector and the corresponding eigen-

vector is shown in Fig. 4.19. At dn|Qmax, the profiles obtained by the full TNTI

sampling are close to each other. For the extensive eigenvalue ŝ1 (Fig. 4.19 (a)), a

small peak at ŝ1(e1 · ω̂)2 = 0 connects to a shoulder region from 0.1 to 0.5, and the

profiles reach the cut-off level at approximately 0.8. For the intermediate eigenvalue

ŝ2 (Fig. 4.19 (b)), the profile is asymmetric and the PDF covers more area on the side

of ŝ2(e2 · ω̂)2 > 0 indicating that the second eigenvalue makes more contribution to
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Figure 4.19: Full-TNTI-sampled PDFs of enstrophy production from the eigenval-
ues at the position dn|Qmax: (a) the extensive strain-rate eigenvector
ŝ1(e1 · ω̂)2; (b) the intermediate strain-rate eigenvector ŝ2(e2 · ω̂)2; (c)
the compressive strain-rate eigenvector ŝ3(e3 · ω̂)2.

(b)(a) (c)

ω⋅ω⋅

Figure 4.20: Subzone-sampled PDFs of enstrophy production from the eigenvalues
at the position dn|Qmax = −0.92λ for the case TNTIAoA=10◦,LW: (a) the
extensive strain-rate eigenvector ŝ1(e1 · ω̂)2; (b) the intermediate strain-
rate eigenvector ŝ2(e2 · ω̂)2; (c) the compressive strain-rate eigenvector
ŝ3(e3 · ω̂)2.

the vortex stretching than compression. The profiles reach the cut-off level at approx-

imately −0.3 and 0.35, respectively. Fig. 4.19 (c) shows the PDFs of the compressive

eigenvalue ŝ3, where the ŝ3(e3 · ω̂)2 is always negative and associated with vortex

compression. In general, ineffective vortex compression implies more contribution to
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Figure 4.21: (a) Full-TNTI-sampled PDFs of normalized enstrophy production at the
position of dn|Qmax from the TNTIs. (b) Subzone-sampled PDFs of
normalized enstrophy production at the position dn|Qmax = −0.92λ for
the case TNTIAoA=10◦,LW.

enstrophy production. In Fig. 4.19 (c), ŝ3(e3 · ω̂)2 profiles reach distinct peak near

zero, which means the third eigenvalue is ineffective in the vortex compression. Al-

though the normalized magnitude of the third eigenvalue ŝ3 is larger than ŝ1 and ŝ2

(recall Fig. 4.12), the poor alignment (non-parallel and nearly orthogonal) between

the third eigenvector and the vorticity vector (recall Fig. 4.17) causes low contribution

to vortex compression from the term ŝ3(e3 · ω̂)2. In Fig. 4.20, subzone-sampled PDFs

of ŝi(ei · ω̂)2 for the case TNTIAoA=10◦,LW are shown. From Fig. 4.20 (b) it can be

seen that the LE portion (red dashed line) is less effective in the vortex stretching but

more effective in vortex compression than other subzones, especially the TE (orange

solid line). In Fig. 4.20 (c), the profile of the TE subzone exhibits most ineffective

characteristics in vortex compression. Considering that the intermediate eigenvalue

is effective in vortex stretching and the compressive eigenvalue is ineffective in vortex

compression, we can expect the best overall performance in enstrophy production in

the TE subzone of the present TNTIs.
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The combined effects of the three eigenvalues on enstrophy production is shown

in Fig. 4.21. All PDFs are skewed towards the positive side suggesting that vortex

stretching dominates the flow motion near the present wake TNTIs at dn|Qmax. The

subzone results (Fig. 4.21 (b)) show that the turbulent flow in the TE subzone is most

effective in enstrophy production, which is consistent with the results in Fig. 4.20 (b),

and the turbulent flow in the LE subzone is less effective.

The effects of several contributing factors to enstrophy production are individually

evaluated including the magnitude of strain rate tensor ‖S‖, eigenvalues of strain

rate tensor si, and the degree of alignment between the vorticity vectors and the

eigenvectors (ω̂ · ei)2. The full-TNTI-sampled results are similar for different TNTIs,

while the subzone-sampled PDF results exhibit some interesting characteristics. First

of all, the PDFs of |ω̂ · n| in the trough subzone of the TNTIs are almost flat for all

three wakes. Thus, the TNTI normal vector and the vorticity vector do not have a

preferred alignment on the trough region of the present wake TNTIs. Additionally,

the random relative orientation between the TNTI normal and the vorticity vector is

found in the bulge region for the two wakes with strong shedding vortices. Secondly,

the flow near TE portion is found to be most effective in vortex stretching, while

the flow near LE takes more effects on vortex compression. Therefore, the enstrophy

production depends on the location of interfaces, and TE portion of a wake TNTI

contributes most to the enstrophy production.



114

Chapter 5

Conclusions

Previous TNTI research was limited to flat-plate boundary layer and idealized free

shear flows such as jets, wakes and mixing layers. Through this study we have ex-

tended the field of TNTI research into the domain of subsonic airfoil flow, in which

separation bubbles, transition, turbulent boundary layer separation and asymmetric

wakes co-exist in a complex spatially-developing environment. We performed three

direct numerical simulations: a NACA-0012 airfoil flow at a 2◦ AoA, Rec = 100, 000,

and Ma = 0.5, a NACA-0012 airfoil flow at a 10◦ AoA, Rec = 60, 000, and Ma = 0.3,

a circular cylinder flow at ReD = 10, 000, and Ma = 0.2.

The FCM was used for TNTI identification in conjunction with either the LKE or

the vorticity magnitude as the indicator function. The original FCM is threshold-free,

and a TNTI directly resolved by the FCM possesses locally varying (within a very

small range) indicator values, which poses some difficulty for subsequent evaluation of

the local entrainment velocity. In this thesis, we averaged the FCM indicator results

and computed an averaged threshold to facilitate the computation of local entrain-

ment velocity on TNTIs. All threshold values are found to be within the plausible

neck region determined by an independent JPDF-based TNTI identification method.
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More importantly, the extracted TNTIs are confirmed to be physical a posteriori by

the distinctive quasi-step jump behaviour observed in both conditionally-averaged

vorticity magnitude and turbulent kinetic energy along traverse normal to the inter-

faces.

The TNTI statistics such as curvature and local entrainment were compared across

the four sub-categories in the flow past a NACA-0012 airfoil at 2◦ AoA: transitional

boundary layer, turbulent boundary layer, upper wake and lower wake. TNTI ge-

ometrical characteristics were studied from the viewpoints of interface zone thick-

ness, interface outward normal direction and interface location. It is found that the

TNTI zone thickness is, in general, at the order of the Taylor micro-scale. Some

small differences exist between TNTI zone thicknesses in the transitional region and

those in the turbulent region. In the transitional wake and the transitional bound-

ary layer, PDF results of the interface directional angles exhibit a large degree of

upstream/downstream asymmetry with a propensity for αn−x < 90◦, which indicates

that TNTIs in the transitional regions have more surface area facing the downstream

direction. Similar PDF measurements associated with TNTIs in the turbulent re-

gions are, on the other hand, nearly symmetric with negligible upstream/downstream

propensity.

The Gaussian curvature and the mean curvature for all identified airfoil-flow

TNTIs were calculated. It is shown that the radius of the most probable struc-

tures on the surfaces is at the order of the Taylor microscale. The percentages of

the concave surfaces and the convex surfaces are almost equal. Airfoil-flow TNTI

curvature parameters are found to be noticeably affected by the transitional state

of the flow, and at the same time there are only minor differences between TNTIs
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in the boundary-layer region and those in the wake region. In other words, there

are statistical similarities between the transitional-boundary-layer TNTIs and the

transitional-wake TNTIs. Furthermore, there are also statistical similarities between

the turbulent-boundary-layer TNTIs and the turbulent-wake TNTIs.

The possible connection between the TNTI curvature and the local entrainment

was investigated. The average local entrainment velocities on the present airfoil-flow

TNTIs are at the order of the Kolmogorov velocity. Conditionally-sampled results

suggest that there is little propensity for local entrainment to either LE or TE of

the TNTIs. Downstream of the transition, local entrainment is more effective on

relatively flat TNTI surfaces for both the airfoil wake and the boundary layer.

Using spatially-developing DNS, we studied conditionally-averaged VGT invari-

ants and enstrophy production across the TNTIs of a cylinder wake and two airfoil

wakes with shedding vortices. Based on wake symmetry, the symmetric circular cylin-

der wake and the nearly symmetric wake downstream the NACA-0012 at 2◦ AoA were

contrasted with the highly asymmetric wake behind the NACA-0012 at 10◦ AoA.

Based on the size of shedding vortices, the cylinder wake and the high AoA airfoil

wake with strong vortex shedding were compared with the low AoA airfoil wake with

weak vortex shedding. The two statistically asymmetric airfoil wakes were further

divided into the upper wake and the lower wake. Therefore, there were five sets of

wake TNTI statistics in the present study. Conditional sampling was performed using

a novel subzone approach in which four sub-categories of interface, trough, bulge, LE

and TE, were identified from each instantaneous TNTI. The traditional full TNTI

sampling approach without the subdivision was also used for comparison purpose.

For the two wakes with strong vortex shedding, conditionally-sampled streamwise
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velocity profiles are found to be similar near the TNTIs. Specifically, near the LE

of these TNTIs, conditional mean streamwise velocity attains higher values on the

turbulent side than on the interface. It indicates that in these two wakes the vortices

move faster on the turbulent side than on the TNTIs, and they push the interfaces

forward.

To understand the topologies and the deformation of the infinitesimal fluid ele-

ments, invariants of VGT on the TNTIs and on the turbulent side near the TNTIs

were studied. The JPDF maps of the second and third invariants of the VGT (R,Q)

are within the discriminant lines and tilt to the fourth quadrant on the TNTIs, and

the classic “teardrop” shape is formed in the turbulent region. The JPDF maps of the

second and the third invariants of the rate of strain tensor (RS, QS) show that the fluid

elements near the TNTIs are preferentially characterized by s1 : s2 : s3 = 2 : 1 : −3,

which means the local flow structures are biaxially stretching. More interestingly,

the present subzone-sampling-based JPDF maps of (R,Q) and (RS, QS) display re-

markably different characteristics in the trough, bulge, LE and TE of the wake

TNTIs. Specifically, the trough results are similar to the results sampled from the

entire TNTI. The JPDF maps in the bulge and TE regions show more alignment

along the right discriminate line in the fourth quadrant. And the preferences of the

(RS, QS) maps in trough, bulge and TE regions approximately follow the slope of

s1 : s2 : s3 = 2 : 1 : −3. Nevertheless, the (R,Q) maps of the LE region exhibit high

probabilities in both the third and the fourth quadrants, which represent tube-like

and sheet-like flow structures, respectively. Although high probability in the third

quadrant is observed on the LE of the TNTIs of all three wakes, it is interesting to

note that only in the case of airfoil wake with weak vortex shedding does the likelihood
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of the third quadrant events exceeds the fourth quadrant events.

The effects of several contributing factors to the production of enstrophy are indi-

vidually evaluated including the magnitude of strain rate ‖S‖, eigenvalues of strain

rate si, and the degree of alignment between the eigenvectors and the vorticity vector

(ω̂ · ei)2. It is found that although the third eigenvalue s3 has a large magnitude,

s3(ω̂ · ei)2 is ineffective in vortex compression due to the poor alignment between the

vorticity vector and the third eigenvector. The subzone sampling results show that

the turbulent flow near the TE portion of the present wake TNTIs contributes most to

vortex stretching/enstrophy production, and the flow near the LE portion of the in-

terfaces contributes more to vortex compression. The effectiveness of the TE portion

is mostly due to the intermediate eigenvalue, which is efficient in vortex stretching

but inefficient in vortex compressing. The impact of the compressive eigenvalue of

the rate of strain tensor on enstrophy production is weak.

The relative orientation between the vorticity vectors and interface normal were

investigated. The full-TNTI-sampled results for the three wakes show that near the

TNTIs, the vorticity structures are confined within the interface zone with the vor-

ticity vectors perpendicular to the TNTI normal; and in the core region of turbu-

lent flows, there is no preferred alignment direction. However, the present subzone-

sampled results show that the PDFs of |ω̂ · n| in the trough region of the TNTIs are

almost flat for all three wakes. Thus, the interface normal and the vorticity vector

do not have a preferred alignment on the engulfing-trough region of the wake TNTIs.

Additionally, random relative orientation between the TNTI normal and the vorticity

vector is found in the bulge region for the two wakes with strong shedding vortices.

In summary, this work expands the TNTI field into a new area that is more
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relevant to aeronautical engineering, namely, airfoil flow. Deeper insights on the

airfoil flow TNTIs are obtained by overcoming several technical challenges, including

identifying TNTI from DNS airfoil flow fields with FCM, sampling along traverses

normal to TNTI with both the conventional full-TNTI approach and a refined subzone

approach, calculating curvature on the highly convoluted surface, and quantifying

local flow topology and enstrophy production near TNTI.
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